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The current doctoral dissertation addresses the optimization of cooled high-pressure turbines 

during the aircraft mission. To comply with the ambitious targets set by ACARE 2050, the overall 

propulsive system should be optimized along the trajectory. Hence, a global model of the engine 

is needed to quantify the overall engine performance and select the optimal turbine along the 

trajectory, which highlights the interconnection between optimization and engine modeling. The 

detailed analysis of the turbine components is however vital to analyze the aerothermal phenomena. 

This thesis presents optimal cooled turbine tip designs that demonstrate a superior performance 

during an entire engine transient. The improvement of efficiency is obtained by optimizing the 

shape of the cooled turbine tip, considering all the phenomena associated with clearance variations. 

Optimal turbine blade tip designs not only enhance the aerodynamic performance, but they also 

reduce the thermal loads on one of the most vulnerable parts of the gas turbine. A multi-objective 

optimization was performed using a differential evolution strategy and Computational Fluid 

Dynamics software to solve Reynolds-Averaged Navier-Stokes equations. The results showed the 

strong impact of the over-tip coolant flows on the over-tip flow field. A detailed model for the 

scaling of tip convective heat flux based on Green’s functions was developed to predict the overtip 

heat flux at various gaps and engine conditions. The turbine aerothermal models integrated with 

the mathematical model of the entire engine were used to assess the effect of an improved turbine 

design on the overall gas turbine performance. Finally, this thesis proposes an experimental 

approach to validate the numerical models of the turbine aerothermal performance. This 

experimental procedure relies on an extensive computational analysis which resulted in the 

development of an unprecedented facility. This new facility, built at Purdue University, will be 

extensively used to evaluate transients with ad-hoc instrumentation designed using CFD. This 

work proposes a methodology to extrapolate the experimental results to engine conditions, in terms 

of aerothermal performance focusing on tip flow.  
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 INTRODUCTION 

1.1 Background 

During recent years, the dynamic analysis of jet engines has become key to the design and 

optimization of future engines [1]. Compared to steady-state simulations, the modeling of engine 

transients presents additional challenges [2]. Critical features to be modeled are: 

 Variation of tip clearance in response to changes in terms of mechanical and thermal loads. 

 The transient heat transfers due to variations in flow and metal temperatures. 

 Change of coolant ratio during a transient. 

These effects become even more relevant when dealing with compact engines [3]. The rotating 

blades are smaller, however, the running gap between stationary and moving parts cannot be 

miniaturized beyond a certain level. Therefore, the resulting relative size of the gap is higher than 

in conventional engines. Because the area-to-volume ratio increases, the heat transfer is enhanced, 

which requires a precise estimation. It has been shown how scaling down an engine significantly 

impacts component efficiencies and cooling requirements [4]. 

In high-pressure turbines, the gap between the casing and the rotor tip, called tip gap, is responsible 

for about 1/3 of the energy loss [5]. The optimization of the turbine tip geometry offers wide 

potential to improve the performance of the turbine stage and as a result the specific fuel 

consumption of the entire gas turbine. Results in the literature [6] show that an increase of 0.001” 

in the tip clearance, causes an increase of 0.1% of SFC. The trend becomes even more relevant for 

transients of military aircraft, where maneuvers are even more abrupt, and the engine conditions 

are extreme. Kawecki [7] indicates that the High-Pressure Turbine (HPT) is the component where 

we can observe the most significant impact of the variation of clearance in terms of performance. 

Furthermore, the turbine tip surface is subjected to high levels of heat transfer, which limit the 

operational life of the component [8]. The increase of tip clearance in high-pressure turbines has 

been proven to be one of the major contributors to the degradation of engine performance [9].  

To constrain the over-tip flow different solutions can be proposed. Shrouded turbines demand 

special cooling and result in high stresses to the blade root [10]. Unshrouded rotor designs such as 

flat tips and squealer-like geometries are less constrained from thermal or mechanical stresses but 
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penalize the rotor aerodynamic performance. Alternative designs, such as winglets, can increase 

efficiency [11] but suffer from increased cooling demands [12]. 

The turbine overtip flow is characterized by tight clearances, with pressure gradients 

counterbalanced by viscous effects. Hence, non-dimensional analysis based on the boundary layer 

is inadequate and therefore, the use of an adiabatic wall temperature is questionable. Hence, the 

complex heat transfer requires a detailed analysis which cannot be expressed using the classical 

Newton heat convection approach.  An alternative approach to predict the convective heat transfer 

problem across the turbine rotor tip is offered by Discrete Green’s Functions, applying linearity of 

the energy equation in the solid domain with constant thermal properties. The Discrete Green 

Function is a matrix of coefficients that relate the increment of temperature observed in a surface 

with the heat flux integrated on the same surface. The coefficients are calculated using the 

temperature response of the cell to a heat flux pulse imposed at different locations, relying on the 

superposition principle. 

 

1.2 Research Objectives 

The aim of this work is organized into a primary objective and three secondary objectives.  

 The main aim is the development of a dynamic model of compact engines to evaluate the 

turbine performance during the transient. 

The three secondary objectives are: 

 The aerothermal optimization of a cooled turbine tip over a given trajectory. This objective 

includes the development of tools to analyze the performance of a high-pressure turbine 

during transient operation. The analysis will consider the variation of clearance, and 

cooling requirements during a transient. 

 The development of models based on Green’s Functions to retrieve rotor tip convective 

heat flux. When dealing with tight clearances, the traditional models of convective heat 

flux fails. Hence, we must build models that are scalable for various inlet conditions and 

values of tip gap. 

 The development of experimental procedures for future validation of the dynamic engine 

model. This objective includes methods to validate the turbine performance prediction, the 

heat flux calculations and the model of the turbine component. 
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1.3 Research Methodology 

To achieve the objectives of this work, the following research strategy is adopted: 

Aerothermal optimization of the tip shape for a cooled high-pressure turbine.  

The first step is the development of an optimization methodology for a fixed clearance and for a 

given cooling configuration. The tip shape will be parametrized to design a number of rims, with 

arbitrary shape. For each rim configuration, the code will build the associated fluid domain, mesh 

it, and solve it with RANS simulations. This procedure will give a set of optimized tips, for a given 

flight condition. 

The second step of the procedure is an analysis of the “robustness” of the design to inlet flow and 

geometrical parameters. This study will indicate how the performance enhancements hold when, 

simulating a real flight trajectory, we perturb the turbine cooling and the clearance. 

The third step is the optimization of the tip shape considering the variability of the tip clearance 

during an engine transient. A set of tip clearance will be identified, based on a collocation method, 

and multiple CFD simulations in these points will be run. The procedure will give tip geometries 

that perform optimally not in a single point but over the entire envelope. These sections are based 

on numerical tools, specifically RANS-based CFD. 

 

Scalable models of rotor heat flux 

In conventional models for convective heat transfer, the local heat flux is expressed as a linear 

function of the local wall and adiabatic wall temperature (or inlet total temperature). This local 

approach does not account for all the physics phenomena when dealing with complex flows.  

The first step of this section is to derive a methodology, based on Green’s Functions, that is suitable 

to model the heat flux in tight gaps. The blade tip and casing are subdivided into small elements 

where heat pulses are individually applied. Through numerical simulations based on RANS, the 

response of the walls in terms of heat flux is derived and assembled into a matrix.  

The second step is to summarize the results into a matrix that will indicate how much the 

temperature in a single element affect the entire domain, and not only the element itself like in the 

traditional approach. This calculation will be repeated for multiple clearances to identify the 

dependence of the Green’s Function matrix on the value of clearance.  
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The third step is to investigate how the matrix scales when the turbine conditions are varied, and 

when the clearance changes. Several corrections for the matrix elements based on the wall 

temperature will be considered. 

 

Evaluate a compact engine during a transient. 

The first step of the engine analysis is the selection of the modeling strategy, the engine baseline, 

and the trajectory. A compact turbojet with a single shaft is designed, in order to isolate the effect 

of the turbine performance. 

The second step is to integrate the modeling of the following modules into the T-MATS 

environment: 

− Calculation of turbine performance in function of tip clearance, operating point, inlet 

conditions. The module implements the calculation of the turbine map, based on these 

inputs. 

− Calculation of convective heat flux in function of tip clearance, cooling effectiveness, inlet 

temperature. This module is based on the scaling of the Green’s Function matrices. 

− Simulation of the thermomechanical behavior of the components. This component allows 

retrieving the deformations of casing, rotor and blades and the consequent change in 

clearance. 

The last step is to connect these three calculation blocks to the turbine component in the engine 

model and to couple the model with an iterative Newton-Raphson solver to simulate the engine 

performance over a transient. 

After the numerical simulations of the engine transient, we will propose the design of an 

experiment in a new turbine facility at Purdue University [13] to validate the numerical predictions. 

A numerical model of the wind tunnel was developed, to model the experiments with the same 

approach used for the engine transient. 

Efforts are dedicated to the selection of the experimental setup, to validate CFD. The experiment 

would allow to identify the flow features and verify that the CFD correctly predicts them. The 

work proposes a strategy for the measurements of tip flow topology in a cascade, considering the 

effect of the relative motion between blade and casing. 
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The last step is to add considerations for future experimental validation of the Green’s function 

approach, assessing the uncertainty of the methodology, when associated with experimental 

measurement. 

Figure 1.1 shows a summary of the proposed research methodology. 

 

Figure 1.1: Summary of the methodology 

 

1.4 Thesis Outline 

This research proposal has been divided into three chapters, following the logic of the methodology: 

- Chapter 2: this chapter explains the methodology and the results of the tip optimizations, 

and the robustness analysis. Detailed analysis of tip loss mechanism in optimal tips is 

presented, with quantification of leakage flow and its effect on the losses breakdown and 

an assessment of the effect of cooling. 
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- Chapter 3: shows the theoretical background, the methodology and the results of the 

calculation of convective heat flux based on Green’s Function approach. A simple test case 

will be presented to demonstrate the method, which will then be applied to the turbine tip 

case. The final section will describe the scaling with tip gap and inlet flow. 

- Chapter 4: will show the strategy for the implementation of the system modeling, based on 

the conclusions of the previous two chapters. The modules will be included in a transient 

engine model, whose structure will be described. The chapter will first present a steady 

analysis of the engine sensitivity to turbine tip variations and will then move to the transient 

analysis of the engine performance in a deceleration-reacceleration trajectory. 

- Chapter 5: the last chapter will summarize the main conclusions, highlighting the results 

from each chapter and their connections.  
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 TIP DESIGN FOR TRANSIENTS OF HIGH-PRESSURE 

TURBINES 

2.1 Tip Flows in High-Pressure Turbines 

Numerous experimental and numerical studies have shown the effect of the tip gap on heat flux 

and efficiency of unshrouded turbines. The nature of the flow within the tip gap can be transonic 

or even feature complex supersonic shock structures [14] depending on the running clearance [15]. 

When the clearance is relatively large, the flow distribution in the over-tip gap is conventional, 

with flow passing from pressure to suction side. At tight clearances, however, viscous effects 

dominate, and the profile is divided into several inlet and outlet regions. Consequently, tailored 

strategies to reduce the tip losses must be adapted to the configuration and running conditions. 

In the past few years, this approach has motivated numerous researchers to optimize the turbine 

tip shape to enhance rotor aerothermal performance [16]. De Maesschalck et al. documented a 

reduction in the over-tip heat flux using carved geometries, and more recently, three-dimensional 

optimization of uncooled tip geometries with special squealer designs showed significant benefits 

in terms of heat flux and efficiency [17]. The decrease in heat flux and increase in efficiency was 

due to a change of the flow field within the tip gap region. The authors above used evolutionary 

optimization algorithms to retrieve geometries in a timely manner. 

Additionally, the operating conditions of modern high-pressure turbines often require dedicated 

airfoil cooling. As turbine inlet temperatures continue to rise, the judicious usage of coolant flow 

becomes vital [18]. However, this coolant flow will interact significantly with the tip gap flow 

[19]. Hence, it is essential to optimize the tip structures with all relevant coolant feeds also modeled 

[20]. 

The main contributions to unshrouded turbine losses due to tip flows are: 

- Potential flow due to the pressure gradient. The difference between high pressure on the 

pressure side and low pressure on the suction side drives the flow across the overtip region. 

This potential flow can be modeled for simplified geometries knowing the tip gap area, and 

the local discharge coefficient. 

- Boundary layer in blade and shroud: due to the small size of the tip gap, a proper definition 

of the boundary layer may not be straightforward. The establishment of the boundary layer 
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and separations can cause acceleration and deceleration regions that affect the velocity 

profile in the entire gap. 

- Scraping vortex due to viscous effect. The velocity profile close to the wall is twisted due 

to relative motion between blade and wall. The shear-induced by this motion causes 

scraping vortices that rotate in the opposite direction of the tip leakage vortex. 

A description of tip losses mechanism is provided by Denton [21] for shrouded and unshrouded 

rotor blades. Bindon [22] explains how the quantity of leakage flow alone is not sufficient to 

explain the tip losses, providing a breakdown of the losses (tip, mixing and secondary) based on 

traverse measurement in a turbine cascade. 

A total number of 10 RANS CFD simulations were run to characterize the effect of tip gap on the 

tip leakage and rotor performance. The simulations were performed with FINE/Turbo, a solver that 

will be described and validated in the Appendix. Different sets of boundary conditions were used 

to assess the dependency of the flow characterization on the wall condition. 

Most of the analysis available in the literature focuses on medium to large tip gaps, which are 

investigated with either numerical tools or in annular cascades neglecting the blade rotation. These 

studies conclude that the viscous effects are confined in a very small region close to the casing, 

and that most of the flow field is dominated by the pressure gradient. In large gaps, the typical tip 

flow will enter on the pressure side and move with a constant angle towards the suction side. The 

air starts flowing over the pressure side, where a small recirculation bubble starts to develop due 

to the large gap. The flow reattaches right after the bubble, and then migrates with constant angle 

towards the suction side. These characteristics can be observed in the Mach number contours in 

Figure 2.1, which shows the tip flow topology is depicted in a plane aligned with the tip flow 

direction. Three tip gaps (0.55, 1.0 and 1.45%) are shown. On the top, there is a representation of 

the Mach number in the entire tip gap from PS to SS. We can clearly see how the flow accelerates 

from a low Mach number on the PS to a higher one on the SS, but in this case still lower than the 

Mach number of the main flow close to the top portion of the blade suctions side (colored in 

orange/light red in the contours). Below, there is a zoom on the pressure side region, to better 

highlight the flow entrance area and the separation bubble. It can be noticed that when the gap is 

small, on the left column, there is almost no recirculation bubble. As the distance between blade 

and casing increases, the bubble starts growing till occupying approximately 20% of the gap in the 

radial direction. As the recirculation region grows in height, it also grows in length, pushing the 
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reattachment line further away from the pressure side. On the bottom of Figure 2.1, the isolines of 

Mach number are added to the contour. This allows visualizing the effect of the recirculation 

bubble on the acceleration profile of the overtip flow. 

 

Figure 2.1: Mach number contours in a section perpendicular to the axis for three clearances. The 

entire section is shown on top, a zoom on the pressure side area is depicted in the center with 

streamlines and in the bottom with isolines of Mach number. 

 

The reattachment lines associated with the separation bubble, which are also visible in the large 

gap geometries in the bottom of Figure 2.2, progress continuously from leading to trailing edge, 

close to the pressure side. However, the flow topology manifests different characteristics when the 

tip clearance becomes tighter [15]. Figure 2.2 describes the tip surface flow features for different 

values of clearance. The color contours represent wall pressure and are used to qualitatively 

describe the pressure gradient across the blade tip surface. The surface streamlines are vector lines 

based on the shear stress vector, and they represent the local direction of the velocity close to the 

wall. On the top left corner, the blade with the smallest clearance is reproduced. When the gap is 

only 0.1% of the blade span, the flow field appears to be dominated by viscous effects. The front 

portion of the suction side is an inlet, and a portion of flow enters on the suction side and is ejected 

right after still from the suction side. Analogously, due to viscous forces induced by the rotation 

of the shroud, a fraction of leakage flow enters on the suction side in the leading edge area and 

exits on the pressure side.  
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Only the rear section of the airfoil presents a “typical” flow field with flow passing from pressure 

to suction side, driven by the pressure gradient. This flow topology shows that for small gaps the 

effect of the relative motion between blade and casing affects the entire flow field, while for large 

tip gaps the rotation effects stay confined in the casing region due to the small size of the boundary 

layer (like shown in [22]). 

 

 

Figure 2.2: Tip surface streamlines for 4 different tip gaps, with isothermal walls, over contours 

of static pressure. 

 

On the top right corner, the figure depicts an intermediate clearance case with 𝛿 ℎ⁄ = 0.55%. As 

the gap grows larger, the flow close to the tip starts feeling less the presence of the rotating casing. 

The pressure side is now entirely an inlet, while most of the suction side, approximately the rear 

80%, is an outlet. The only region characterized by a non-conventional flow field is the leading 

edge area, where the flow enters and exit on the front 20% of the suction side. The two contours 

on the bottom of the figure represent two relatively large tip clearances (𝛿 ℎ⁄ = 1.0% 𝑎𝑛𝑑 1.45% 

on the left and right respectively). The main difference between the 1.0 and the 1.45 clearance lies 
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in the extension of the separation bubble, which is larger on the second case. This can be observed 

as well in Figure 2.1. 

In the tight gap, we have concluded that the relative rotation of the shroud has a large effect on the 

flow topology. In order to demonstrate it, three different simulations were run with different 

boundary conditions. The surface streamlines are depicted in Figure 2.3. 

 

Figure 2.3: Tip surface streamlines for tight gap (𝛿 ℎ⁄ 0.1%) with isothermal walls (left), with 

adiabatic walls (center) and with adiabatic walls and rotating casing (right). 

 

On the left, the isothermal case previously showed in Figure 2.2 is reported as reference. The same 

rotor geometry is then simulated with adiabatic walls (center image) and with adiabatic wall and a 

casing rotating with the same rotational speed as the blade. It can be observed that without heat 

flux the viscous effects are slightly less important than in the isothermal case. In the central figure, 

the front portion of the suction side is still an outlet but the extent of this area is reduced compared 

to the left plot. The inflection point, where the gas begins to leave the airfoil is shifted upstream 

due to the lack of heat flux. This suggests that the heat transfer between fluid and wall modifies 

the flow properties, the velocity and consequently the static pressure distribution as depicted in the 

colored contour. The right figure illustrates the flow topology in absence of relative motion 

between blade and casing. Even though the gap is still tight, the viscous effects, i.e. the presence 

of a boundary layer, does not modify the direction of the leakage flow since the shear stress on the 

tip is aligned with the direction of the pressure gradient. 

We analyze the rotor performance at each clearance in the isothermal and adiabatic case. The 

mechanical efficiency is calculated in each case as: 

𝜂 =
𝜏𝜔

𝑚̇𝑖𝑛𝐶𝑃𝑇02 [1 − (
𝑃03
𝑃02

)

𝛾−1
𝛾

]

 
(2.1) 
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The results are plotted Figure 2.4, where on the abscissa the tip clearance is reported as a 

percentage of the blade span. On the ordinate, Δ𝜂 is calculated by subtracting the efficiency at zero 

clearance in the isothermal case to the efficiency in each case. 

 

Figure 2.4: Variation of efficiency in function of clearance. 

 

The black dotted line represents the isothermal efficiency for a range of clearance ranging from 0 

to 1.45% of the blade span. The curve decreases monotonically as the clearance increases, showing 

a fairly linear trend, with a slightly smaller slope for tight clearances. The meaning of the slope in 

this kind of graph is the tip clearance exchange rate: an increase of 1.0% of clearance is traded 

with 2.0% of efficiency. The blue line shows the efficiency in the adiabatic case; in this 

configuration, the efficiency is higher because there is no energy loss in the transferring process 

to the wall. The difference between the blue and the black lines is approximately constant over the 

range of clearances under examination. Hence, the effect of heat flux on rotor performance is 

qualitatively independent of the tip clearance. The red dots represent the adiabatic efficiency 

retrieved from the isothermal case using the method described in [23]. The equation used in this 

calculation is: 
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∆𝐻 = 𝑇03 (
𝑞𝑠𝑡𝑎𝑡𝑜𝑟

𝑇01
+

𝑞𝑟𝑜𝑡𝑜𝑟

(𝑇02 + 𝑇03) 2⁄
) (2.2) 

 

The adiabatic case with the rotating casing is included in Figure 2.5, colored in gold. The difference 

with the adiabatic case is larger for tight clearances, below 0.3%, or large clearances, larger than 

0.8%, while the two curves are closer for intermediate gaps. This indicates that the effect of relative 

motion has a large effect on rotor performance even for large gaps. The effect of casing motion 

will be investigated in depth in the following sections. 

 

Figure 2.5: Variation of efficiency in function of clearance for isothermal rotor, adiabatic rotor 

and adiabatic rotor with rotating casing. 

 

For the turbine operation, the efficiency is not the only relevant parameter. The engine operating 

point will be affected by the changes to the turbine map, i.e. the machine capacity as well. When 

the tip gap is modified, the leakage flow over the blade intuitively increases. The flow has indeed 

a larger effective area to leak through, and the pressure gradient is not expected to have major 

modifications. However, the tip flow has an effect also on the passage mass flow as described in 

[21]. Figure 2.6 shows the variation of tip leakage mass flow with an increase of tip gap. The curve 

initiates in zero, which is clearly the case of null tip clearance, and continuously increases with the 
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size of the gap. The trend is overall linear, except for the tight clearances. On the right, the variation 

of mass flow in the entire passage is plotted. While the leakage flow increases, the total mass flow 

increases monotonically with the rise of the tip gaps. 

 

Figure 2.6: Leakage mass flow (left) and passage mass flow (right) as a function of the tip 

clearance. 

 

The change in mass flow is due to a variation of the flow direction at the rotor outlet. In other 

words, the leakage flow causes a blockage that is a function of the tip clearances and can reduce 

the stage mass flow.  

Figure 2.7 depicts the flow angle variations from different values of tip clearances. The black 

dotted line is the mass flow-averaged flow angle extracted from the CFD, while the red line shows 

the flow angle calculated using the correlation proposed by Hubert [24]. The empirical correlation, 

based on experiments in a cascade and described in Section 4.2.1, consistently overpredicts the 

changes of flow angle compared to the CFD. Nonetheless, the range of angles estimated is similar 

and goes from zero to a maximum of three degrees in the case of the RANS simulations, and 5 

degrees in the case of the correlation. 
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Figure 2.7: Variation of flow angle at the rotor exit; calculated with CFD (black dashed line), vs. 

predicted with correlation proposed by Hubert [24] (red line). 
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* Section partially published in Andreoli, V., Braun, J., Paniagua, G., De Maesschalck, C., Bloxham, M., 

Cummings, W. and Langford, L., 2019. Aerothermal Optimization of Fully Cooled Turbine Blade Tips. 

Journal of Turbomachinery, 141(6), p.061007. 

2.2 Tip Design for Enhancement of Turbine Performance 

Optimal turbine blade tip designs have the potential to enhance aerodynamic performance while 

reducing the thermal loads on one of the most vulnerable parts of the gas turbine. This section 

focuses on the modeling of turbine tips, and the optimization of turbine performance with novel 

tip designs. A novel optimization strategy of the tip shape of a cooled high-pressure turbine blade 

is proposed; where the simultaneous enhancement of the stage aerodynamic efficiency is targeted 

while minimizing the blade tip heat load. 

 

 Single Clearance Tip Optimization*  

Initially, this work introduces a novel strategy to perform a multi-objective optimization of the tip 

geometry of a cooled turbine blade. A parameterization strategy generates arbitrary rim shapes 

around the coolant holes on the blade tip. Each tip geometry performance is assessed using steady 

Reynolds-Averaged Navier-Stokes simulations with the k-ω SST model for turbulence closure. 

The fluid domain is discretized with hexahedral elements, and the entire optimization is performed 

using identical mesh characteristics in all simulations. This is done to ensure an adequate 

comparison among all investigated designs. Isothermal walls are imposed at engine-representative 

levels to compute the convective heat flux for each case. The optimization objectives are a 

reduction in heat load and an increase in turbine stage efficiency. The multi-objective optimization 

is performed using a differential evolution strategy. Improvements were achieved in both the 

aerodynamic efficiency and heat load reduction, relative to a conventional squealer tip 

arrangement. Furthermore, this work demonstrates that the inclusion of over-tip coolant flows 

impacts the over-tip flow field and that the rim-coolant interaction can be used to create a 

synergistic performance enhancement. 

Figure 2.8 shows the baseline CFD configuration, integrating a fully cooled rotor with a standard 

squealer tip. The boundary conditions included inlet radial profiles of total pressure and total 

temperature, together with an exit radial profile of static pressure (Table 1). The blade was cooled 

with multiple rows of cooling holes along the pressure side and several cooling holes on the tip 

cap. The inlet conditions for the cooling holes were modeled using total pressure, total temperature 

and a velocity direction. 
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Figure 2.8: Baseline stage. 

 

Table 2.1: CFD boundary conditions. 

Boundary Condition 

Inlet P0, T0 

Outlet Static pressure profile 

Cooling holes P0, T0, velocity direction 

Hub/casing/blade No slip isothermal wall 

 

The baseline was meshed in Numeca Hexpress using 10.5 million cells and a y+ below one to 

guarantee to model the viscous sublayer. A grid sensitivity study was performed to ensure 

insensitivity to the discretization size. The flow field was calculated with Numeca FINE/Open by 

solving the RANS equations with the k-omega-SST turbulence model as closure equations. 

In order to reduce the computational cost of the optimization, the entire stage was simulated only 

for the baseline tip; the alternative tip geometries were then assessed with CFD calculations of the 

rotor only. Data from the inlet rotor plane of the baseline were extracted (Figure 2.9a) and imposed 

at the inlet of the rotor only simulation, similar to the strategy used by De Maesschalck et al. [17]. 

The different geometries were discretized following a two-domain strategy: a lower block (b, grey) 
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was meshed only once and used for all the tip designs, while an upper block (in red in Figure 2.9b) 

was generated for each geometry. 

 

Figure 2.9 Rotor mesh strategy. 

 

Optimization routine 

Figure 2.10 shows the overall optimization strategy, which is used to generate, mesh, solve and 

post-process a random rotor tip geometry from 40 design parameters. This routine is coupled to a 

multi-objective differential evolution optimizer CADO [25], which is based on the NSGA-II 

algorithm [26]. The optimizer is initialized by a Design of Experiments [DoE], which used a 

fractional factorial approach [27]. For this optimization, minimum heat load and maximum 

efficiency are selected as the two competing objectives. The optimization was performed on a tip 

clearance to span ratio of 0.73%.  

  

Figure 2.10: Full optimization routine. 
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The purpose of the parameterization is to build geometries with arbitrary numbers of rims and 

shapes. Figure 2.11 is a visual representation of the parameterization strategy used to obtain the 

random rim profiles. A description of each step is provided below. 

− A Bezier surface is constructed in a square domain with a set number of control points 

(Figure 2.11a), where each of the control points can vary between 0 and 1. All the points of 

the iso-line at 0.5 are identified and used to define the centerline of the rims (e.g. black line 

in Figure 2.11a). 

− The centerline of the rims is mapped to the blade tip profile. The centerline is adjusted to 

guarantee a minimum thickness of the rims. 

− In accordance with manufacturing limitations, rims are merged when they are too close and 

sharp corners are smoothed (Figure 2.11c).  

− An additional step is included to ensure that none of the rims pass over or interfere with the 

cooling holes. If the rims are too close to a cooling hole, the rim is moved until the 

interference is eliminated (Figure 2.11d).  

− A constant thickness is added to the centerline to define the solid boundaries of the rim 

(Figure 2.11e).  

− The rim outer lines are smoothed, extracted (Figure 2.11f), and projected from the two-

dimensional plane onto the three-dimensional blade profile. 

 

Figure 2.11: Rim parameterization. 
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A sensitivity analysis was performed to determine the number of control points for the 

optimization. A good compromise between variability of the rim shape and the quantity of 

optimization design parameters was achieved with 40 control points (5 control points across the 

airfoil thickness and 8 control points along the airfoil chord). 

The fluid domain is generated in three steps. First, the borders of each rim from the 

parameterization are passed to the geometry modeler Numeca IGG as lofted surfaces, closed by a 

top and a bottom surface at the blade and cavity radius respectively. Second, each rim from the 

previous step is intersected with a flat blade tip. Third, the rims are subtracted from the base fluid 

domain. Using these steps, any rim configuration created by the parameterization control points 

(Figure 2.12a) can be used to generate a fluid domain for CFD analysis (Figure 2.12b). 

 

Figure 2.12: Fluid domain creation. 

 

An unstructured hexahedral mesh is generated for the upper block and connected to the lower 

block via a non-matching boundary condition. The grid is refined close to the blade tip, in order to 

resolve the small-scale flow structures in the tip gap.  

 

Figure 2.13: Mesh generation. 
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Figure 2.13a illustrates the three levels of refinement in the passage, and Figure 2.13b shows a 

close-up of the grid in the tip gap. For all solid walls, a wall refinement with a y+ below 1 was 

achieved. Figure 6b depicts a detailed view of the coolant holes at the trailing edge of the blade. 

The number of cells was between 3.5 and 4.5 million cells for the upper block, depending on the 

specific geometry under considerations, and 3.3 million for the lower block. 

The steady RANS equations are solved within the reference frame of the rotor, using Numeca 

FINE/Open coupled with the k-omega-SST turbulence model and constant gas properties. The 

solver was validated in previous publications on a cooled high-pressure turbine with squealer tip 

[17], where the static pressure and tip heat flux predicted by CFD show good agreement with the 

experiments in a transient wind tunnel. Post-processing of the simulations is done using Numeca 

CFView at the locations shown in Figure 2.14 below. Rotor efficiency and integrated heat load on 

the top section of the blade are chosen as objectives of the optimization and fed back to the 

optimizer. The efficiency was calculated from the extracted mass flow averaged quantities using 

Equation 1 [28], which includes the expansion of the coolant flow from its own individual feed 

pressure to the downstream stage pressure. 

𝜂 =
𝜏𝜔

𝑚̇𝑖𝑛𝐶𝑃𝑇02 [1 − (
𝑃03
𝑃02

)

𝛾−1
𝛾

] + ∑ 𝑚̇𝑐𝐶𝑃,𝑐𝑇0,𝑐 [1 − (
𝑃03
𝑃0,𝑐

)

𝛾𝑐−1
𝛾𝑐

]

 
(2.3) 

A typical simulation was run on 8 cores of Intel Xeon-E5 processors and took about 11 hours to 

converge. 
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Figure 2.14: Post-processing details. 

 

Pareto front evolution 

Figure 2.15 shows the results of the DoE in terms of the optimization objectives, the aerodynamic 

efficiency and the integral heat flux on the rotor blade tip.  

 

Figure 2.15: Left: results of Design of Experiment. Right: Pareto front evolution. 

 

The values in the figure are referenced to the baseline geometry (green square). The 129 

individuals of the DoE cover a range of 5% in efficiency and 170% in heat transfer. These 

preliminary results suggest improved designs compared to the simple squealer performance, with 
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efficiency improvements up to +0.23% and tip heat load reductions up to 30%. After 32 

optimization iterations and about 450 simulated profiles, significant improvements in efficiency 

and heat flux are observed. Figure 2.15, right combines results from the DoE (Figure 2.15, left) 

with the subsequent 32 optimization iterations (note that each optimization iteration contains 20 

individuals). The first 30 iterations are colored red, while symbols for the last 2 optimization loops 

are colored black. The final Pareto front illustrates that the simple squealer is outperformed by 

several novel shapes with heterogeneous geometrical features. Throughout the iterations, the 

populations move towards the lower-right region of the chart, combining low heat transfer levels 

with high efficiencies. The individuals of the last two populations are closely concentrated on the 

Pareto front, confirming the convergence of the optimization. 

A majority of the geometries of the last two populations offer improved efficiency and a 

simultaneous decrease in heat flux relative to the baseline. Figure 2.16 shows a close-up view of 

the Pareto front. It also highlights the geometries that offer the most efficiency improvement for a 

fixed heat load level. Provisional and non-provisional patents have been submitted for the 

geometries shown in Figure 2.16.  

The tip geometry offering the optimal aerodynamic performance (red diamond) has an increase in 

efficiency of 0.53% with respect to the simple squealer (green square). This enhancement of 

performance is achieved without a considerable change in the tip heat load compared to the 

baseline case. The tip geometry with the lowest heat load, indicated with a blue circle, decreases 

the blade tip heat flux by 65% while increasing the aerodynamic efficiency by 0.25%. 
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Figure 2.16: Results of optimization – Geometry details. 

 

Starting with geometry ‘a’ in Figure 2.16, the highest efficiency is provided by a squealer-like 

profile with a single rim. The rim starts near the trailing edge, which is open and extends along the 

length of the pressure side with a recess or shelf that becomes larger towards the leading edge. The 

rim almost moves in a straight line across the airfoil to the suction surface except for an abrupt 

change near the airfoil max thickness. The abrupt change can be attributed to the rim navigating 

around a cooling hole. Once the rim reaches the suction surface it turns and moves aft along the 

suction side. The rim creates a small recess or shelf in the region adjacent to the blade passage 

throat. After the shelf, the rim remains on the suction side until it ends near the trailing edge.  

Geometry ‘a’ introduces some features that are common to all the tip geometries with enhanced 

aerodynamic performance, including open trailing edges and single continuous, or quasi-

continuous rims (see geometries ‘a’, ‘b’, and ‘c’ in Figure 2.16). Geometries ‘a’, ‘b’, and ‘c’ also 

show that the efficiency and heat flux decrease as the pressure side rim moves closer to pressure 

surface and leading edge. More optimal heat flux configurations introduce additional design 
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characteristics including a rim in the front part of the blade to protect the leading edge area from 

the direct ingestion of hot gas, a suction side recess or shelf, and a rim that passes between the 

most forward tip cap cooling holes.  

Geometry ‘f’, which offers the best heat flux performance, consists of two rims and has an open 

trailing edge. The first rim has the shape of a shepherd’s hook. The hook extends along the leading 

edge and then wraps around the upstream cooling hole location. Aft of the forward cooling hole, 

the rim turns in the direction of the pressure side and then runs along the pressure side until the aft 

tip cap cooling holes. The second rim is located on the suction side. It begins near 25% axial chord 

on the suction side edge of the tip cap. It also creates a small shelf or recess that extends about a 

third of the airfoil downstream. The second rim then resides on the suction side edge of the tip cap 

until it terminates near the most aft tip cap cooling hole. The detailed analysis of the flow features 

and the loss mechanism will be part of the future work. 

 

 Tip Optimization for Multiple Clearances 

When operating during an engine transient, the rotating and stationary components experience 

continuous deformations. This implies that the rotor will not operate at a specified clearance, but 

over a range of different tip gaps. In order to take this into account in our performance optimization, 

tip clearance sensitivity studies for efficiency and heat flux were performed on flat tips and optimal 

designs. 

In these simulations, the casing radius is fixed, and the blade radius is adjusted to set the desired 

value of tip clearance.  In the case of optimized tips, given the complexity of the geometry 

generation procedure, three values of tip clearance are selected with a collocation method based 

on Hermite polynomial [29]. Figure 2.17 shows a sketch of the geometry for different tip 
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clearances, with a plot of the expected result. The nondimensional tip gap, in abscissa, is normally 

used to characterize the flow topology and the effect on efficiency. 

 

Figure 2.17: Collocation method and clearance variation. 

 

The objective of this section is to use the three selected clearances to characterize the trend of 

efficiency and heat flux over the entire range of tip gaps. In order to decouple the effect of gap 

from the effect of off-design performance, all simulations were run at design RPM and inlet 

conditions. 

The analysis is initially run on the profiles identified during the previous tip optimization. In 

particular, we want to verify if the gain of efficiency and the reduction of heat flux are guaranteed 

also for larger clearance than the optimization one. The results are shown graphically in Figure 

2.18, where the green, red, and blue lines represent the baseline, optimal efficiency, and optimal 

heat flux designs, respectively. The abscissa in the graph is the tip clearance. 

The ordinate axis of Figure 2.18 is the change in efficiency. It should be noted that the 

optimizations were performed at the lowest clearance values shown in the plot. The optimal 

designs shown in Figure 2.18 maintain their original efficiency benefits relative to the baseline for 

only a few thousandths of an inch. At some point, the slopes of the baseline and optimal heat flux 

designs change, while the optimal efficiency sensitivity is constant slope across the interrogated 

range. The slope change allows the baseline design to overtake the heat flux design somewhere 

between a clearance change of 0.001” and 0.009”. Additional simulations are required to identify 

the intersection more clearly. 
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Figure 2.18: Tip clearance sensitivities to turbine efficiency for the baseline (green curve), 

optimal efficiency (red curve), and optimal heat flux (blue curve). 

 

The baseline shape overtakes the optimal efficiency once the tip clearance is opened ~0.009” from 

the original tip clearance. These preliminary results indicate the need to optimize over a range of 

clearances instead of a single value if we want a profile that outperforms a baseline over an engine 

transient. The approach of optimizing turbine geometries to desensitize tip clearance variations 

has been proven beneficial in compressors in [30].  

Figure 2.19 illustrates how the optimization strategy for single clearance is adapted to handle a 

range of clearances. The procedure used to generate, mesh, and solve the individuals is analogous 

to the one described in the previous section. The domain creation, in this case, is automatized to 

generate a fluid domain with an arbitrary tip radius. The blade is generated first, using a cylinder 

with a constant radius to cut the blade at the right height. The rims are added to the blade, and the 

cooling holes are subtracted. This blade is then used as a tool to subtract the solid part from the 

fluid domain. 
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Figure 2.19: Methodology of optimization for multiple clearances. 

 

Three different simulations, at the three clearances identified in the previous section, are run. The 

simulations give then multiple values of efficiencies, one for each clearance. 

The selected objectives for the optimization are: 

- Weighted mean of efficiency: we want to maximize the mean efficiency over the entire 

range of tip gaps, and not on the single value. This value is marked in Figure 2.19, right 

with a circle. 

𝜂𝑚𝑒𝑎𝑛 =
∑ 𝑤𝑖𝜂𝑖

∑ 𝑤𝑖
 (2.4) 

In this optimization, all the weights will be set to one for simplicity. However, different 

weights can be applied based on the engine mission. In case there is a design clearance that 

should be prioritized, the relative weight can be increased. 

- Standard deviation of the efficiency: we want to minimize the variance of the efficiency 

over the range of clearances, to ensure a satisfactory level of performance for different 

clearances. This value will be marked with the error bars on Figure 2.19, right. The standard 

deviation is calculated as: 

𝜂𝑠𝑡𝑑 = √
∑(𝜂𝑖 − 𝜂𝑚𝑒𝑎𝑛)2

𝑁 − 1
 (2.5) 

 

Figure 2.20 depicts the evolution of the optimization results. A total of ~400 different geometries 

at three different clearances were simulated. 128 individuals composed the initial Design of 

Experiments and are used as a database to start the iterations of the optimization. The populations 

have 30 individuals each, and the optimization was stopped after a total of 8 iterations.  
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Figure 2.20: Optimization results. The DoE is indicated with white squares, light grey squares 

indicate populations 1 to 5, and dark grey squares indicate populations from 5 to 8. The green, 

red and black squares represent the simple squealer, best efficiency from previous optimization 

and flat tip respectively. 

 

Populations from 1 to 4 are indicated in light grey, while iterations 5-8 are colored in dark grey to 

highlight the evolution towards a Pareto front. Additionally, three reference geometries are 

included in the plot: a flat tip (black square), a simple squealer (green square) and the optimal 

geometry at tight clearance (red square).The performance of the simple squealer is used as a 

reference for both quantities. ∆𝜂𝑚𝑒𝑎𝑛 is calculated as the difference between the efficiency of each 

geometry and the reference efficiency. ∆𝜂𝑅𝑀𝑆𝐷 is calculated as the difference between the RMSD 

and the reference value, normalized with the reference value. The design space is characterized by 

variability of approximately 4% in terms of mean efficiency, and 150% in terms of variations of 

RMSD. A Pareto front can be identified, composed of those geometries where the mean efficiency 
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cannot be further increased without increasing the variability of the efficiency for different 

clearances. The Pareto front is highlighted in Figure 2.21, where optimal individuals are marked 

with different colors. 

The individuals along the Pareto front are identified by colors ranging from blue to orange, and 

the respective geometries are depicted around the central plot in clockwise order (from a to f). The 

geometry marked with a) offers the highest mean efficiency, while maintaining the same 

performance variability offered by the simple squealer. This tip design contains three distinct rims 

in the central area: one on the pressure side, one on the suction side and one at the center of the 

airfoil. The central and PS (pressure side) rims merge in the front area towards the leading edge 

region. Both PS and SS rims do not follow the border of the airfoil but they have a recess that 

allows a small pocket to create. These pockets are features that have already been identified as 

optimal features in the previous optimization. Moving towards individual b) we reduce the mean 

efficiency but at the same time the slope of efficiency in terms of clearance decreases. For this 

geometry, only two rims can be identified. These two walls have distinct origin in the leading edge 

region, and they proceed almost in parallel towards the trailing edge. Compared to the previous 

geometry, the pocket on the pressure side has been heavily reduced, and it is almost disappeared 

while the SS recess has increased. The pressure side rim extends almost till the trailing edge while 

leaving the final part of the trailing edge open. The rim on the suction side interrupts before the 

last cluster of cooling holes. Profile c) presents similar features to b), with two rims with slightly 

increased recesses. It is an interesting trend that the SS wall starts to depart from the airfoil and 

move towards the camber line, where the tip cooling holes are located. This rim keeps migrating 

towards the pressure side in geometries from d to i, trespassing the cooling holes. Additionally, 

geometries ‘f’ to ‘i’ present and additional rim, that may be merged with the pressure side one, and 

covers only the front part of the suction side. 
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Figure 2.21: Zoom of the optimization results to highlight the Pareto front. The green, red and 

black squares indicate the simple squealer, best efficiency from previous optimization and flat tip 

respectively. The geometries located along the Pareto front (indicated with colored squares) are 

depicted in the figures a-i. 

 

Conceptually, geometries that can be found at the top of the Pareto front (like a, b…) offer large 

efficiency improvements exploiting flow features at tight clearance. For this reason, the obtained 

high levels of efficiency degrade faster with the magnitude of tip gap. On the other hand, profiles 

in the lower region of the Pareto front do not enhance the overall mean performance but make it 
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more stable over a given clearance variation. This means that the tip features are selected to make 

the tip flow more insensitive to the actual distance between blades and casing. 

Considering the actual operation in an engine, it is important to quantify the variations in stage 

mass flow for the set of derived airfoils. Figure 2.22 shows the Pareto front described in the 

previous graphs (with the same axis as Figure 2.20), but contoured with mean mass flow over 3 

clearances (left) and RMSD of mass flow (right). 

 

Figure 2.22: Optimization results contoured with mean mass flow (left) and mass flow RMSD 

(right). 

 

In this figure, the squealer (reference geometry) is marked as a triangle with a green border, the 

flat tip is a circle with black border and the optimal geometry from the previous optimization is a 

diamond with red border. In the left figure, we can see that individuals with high variability of 

efficiency have a reduced mass flow, i.e., component capacity. Geometries that offer more stable 

performance, at the expense of mean efficiency, have a larger stage mass flow. This result shows 

that the tip geometry has an effect not only on the tip leakage vortex but also on the overall rotor 

flow field and can produce mass flow variations of more than ~5%. On the right graph, we can see 

a similar graph but colored with the RMSD of the mass flow. This value is extremely relevant 

because it shows how not only the efficiency but the engine operability is affected by variations of 

tip clearance. As in the previous plots, the squealer design is considered the reference value, and 
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the RMSD is normalized. The tip designs that have low variations of efficiency (bottom part in the 

plot) also have lower variations of mass flows. This result is consistent with the intuitive idea that 

a flow field that is robust to tip gaps variation will provide more stable performance in terms of 

both efficiency and capacity. 

Figure 2.23 depicts similar plots, but the contours are mean value and RMSD of heat flux. For this 

optimization, in opposition to what done in the previous single-point optimization, the heat flux is 

not accounted for in the objectives. However, even though it has been decided to prioritize the 

aerodynamic performance, the heat flux is considered for the selection of the optimal geometry. 

 

Figure 2.23: Optimization results contoured with mean tip heat flux (left) and tip heat flux 

RMSD (right). 

 

The 𝑄𝑇𝑜𝑝 indicated in the graph is the integral value of heat flux over the top portion of the blade. 

The considered region is the same previously included in the objective of the optimization. High 

values of both mean and variation of heat flux (red regions) can be found in the lower regions of 

the plots on left and right respectively. This means that profile that have lower variability of 

efficiency have higher mean heat transfer, but also higher variations of heat flux in function of the 

tip gap. Figure 2.24 on top shows the relation between the slope of a line passing through the three 

efficiencies at each clearance. On the abscissa, we can find the efficiency RMSD while on the 

ordinate, we find the slope calculated based on the three geometries. 
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Figure 2.24: Variation of tip clearance exchange rate. 

 

As expected, there is a reasonably linear trend between the line slope and the RMSD of efficiency. 

In the middle plot, the slope is calculated based on the first two clearances only. Hence the 

significance of 𝛿𝜂 𝛿𝐶𝐿1⁄ , in the ordinate in the central figure, is the exchange rate for tight 

clearances. On the bottom plot, the slope is calculated only based on large clearances, so 𝛿𝜂 𝛿𝐶𝐿2⁄  

is the exchange rate for large clearances. It is interesting to notice a large scatter of geometries in 

the two lower figures, showing that a large number of tip designs can offer different behavior at 

tight or large tip gaps. 
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* Section partially published in Andreoli, V., Braun, J., Paniagua, G., De Maesschalck, C., Bloxham, M., 

Cummings, W. and Langford, L., 2019. Aerothermal Optimization of Fully Cooled Turbine Blade Tips. 

Journal of Turbomachinery, 141(6), p.061007. 

 

2.3 Loss Mechanism in Optimal Tip Designs*  

The initial analysis is based on the profiles found in the single-point optimization. The first set of 

selected optimal designs are of the baseline geometry, geometry ‘a’ (optimal efficiency), and 

geometry ‘f’ (optimal heat flux) in Figure 2.16. Figure 2.25 shows the flow field features in these 

three tip designs (baseline, best efficiency and best heat flux from left to right). 

 

Figure 2.25: Details of turbine aerodynamics. 

 

The five axially-spaced cut planes are colored with contours of relative Mach number and are 

included to illustrate the influence of the over-tip leakage on the freestream flow field. The cut 

planes are positioned at 20, 40, 60, 80, and 110% axial chord. To aid in the discussion, the cut 

planes will be referred to by their relative axial position with the first and fifth cut planes being the 

most axially forward and aft planes, respectively. Tip gap streamlines are provided to illustrate the 

characteristics of the over-tip leakage flow. 

At the location of the third axial cut plane, the influence of the over-tip leakage on the freestream 

flow-field is clearly visible as a region of low relative Mach flow near the tip. This low relative 

Mach region coincides with the over-tip leakage vortex, which increases in size in the subsequent 

cut planes. The tip vortex or low Mach region of the optimal geometry is smaller than the baseline 

tip vortex on the third plane. On the fourth cut plane, located at 80% axial chord, the difference 

between the two flow fields is clearly visible. At this axial location, the tip vortex of the baseline 

geometry is twice as large as the optimal efficiency geometry. The differences in the size and 

magnitude of the low relative Mach number regions persist as illustrated by a comparison of the 

fifth cut planes of the baseline and optimal efficiency tip geometries. In this case, the baseline 

geometry still has a large concentrated vortex, while the optimal geometry has a much smaller 

region of low momentum. 
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 For the baseline tip geometry, a majority of the over-tip leakage flow crosses straight over the tip, 

and re-enters the primary gas-path on the suction side. The streamlines that originate in the cooling 

holes are immediately entrained by the over-tip leakage flow. The streamlines that originate near 

the leading edge cross over the squealer rim and are immediately turned toward the suction side. 

These streamlines move directly to the suction side rim and cross it returning to the primary gas 

path.  

The optimal efficiency geometry has no rims on the pressure side close to the leading edge. 

Consequently, a large part of the incoming flow (red streamlines) enters the tip region and travels 

along the length of the airfoil. The streamlines continue on the same trajectory until they approach 

the pressure side rim, where the flow finally turns and crosses over the rim. Once the flow enters 

the channel created by the rim system, it again moves down the length of the airfoil until it reaches 

the suction side rim. It then crosses the suction side rim and re-enters the primary gas path.  

It is noteworthy to compare the gas path re-entry locations of the leading edge streamlines between 

the baseline and optimal efficiency geometries. The baseline geometry leading edge streamlines 

re-enter the primary gas-path between 40 and 60% axial chord, while the optimal geometry 

streamlines re-enter the primary gas-path much farther downstream. In this way, the interaction of 

the rims with the over-tip leakage delays the formation of the tip vortex. An additional advantage 

of the optimal efficiency tip rim system is seen by following the blue and yellow leading edge 

streamlines in the optimal efficiency figure within Figure 2.25. Both of these streamline sets form 

vortices within the rim system. The blue streamlines form a small vortex within the leading edge 

portion of the rim channel. This vortex prevents the flow from immediately crossing over the 

suction side rim. The optimal geometry’s suction side shelf also houses a long vortex system 

(yellow streamlines). It is believed that these vortex systems help to promote blockage, but perhaps 

more importantly, help to turn the over-tip flow in the direction of the primary gas path at the point 

of re-entry.  

The optimal heat flux flow field has characteristics of both the baseline and the optimal efficiency 

fields. Similar to the baseline, the streamlines of the optimal heat flux geometry move more in a 

straight line across the blade tip. Similar to the optimal efficiency field, the formation of multiple 

tip rim vortex structures is also noted.  
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Figure 2.26: Contours of relative total pressure 50% 𝑐𝑎𝑥 downstream of trailing edge. 

 

Figure 2.26 contains relative total pressure contours 50% 𝑐𝑎𝑥 downstream of the trailing edges of 

the baseline, optimal efficiency, and optimal heat flux designs. Starting with the baseline results, 

the loss cores of the tip vortex and the hub and case passage vortices are clearly visible. The hub 

and case passage vortexes have clearly merged. The outer bands of the tip vortex loss core touch 

the outer bands of the passage vortex system, indicating vortex interaction.  

In contrast, the optimal efficiency geometry tip vortex is almost completely detached from the 

passage vortex. This does not only have an effect on the size of the tip vortex but also appears to 

impact the extent and location of the loss cores of the passage vortices, which are much larger and 

more concentrated relative to both the optimal efficiency and the optimal heat flux contours. 

Figure 2.27 depicts the radial distribution of the pitch-wise average of relative total pressure at 

three axial locations labeled ‘a’, ‘b’, and ‘c’. At axial location ‘a’, located approximately at 50% 

of the rotor axial chord, the main differences in relative total pressure lie within the tip region (see 
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Figure 2.27a). This is attributed to the different jet exit conditions in the tip region on the suction 

side. More than 90% of the blade span is relatively unaffected by the changes in the tip geometry.  

 

Figure 2.27: Radial distributions of relative total pressure of the baseline (black lines), optimal 

efficiency (red lines) and optimal heat flux (blue lines) tip geometries. 

 

At the trailing edge (location ‘b’, see Figure 2.27b), three main differences in the radial relative 

total pressure profiles are noted. First, the relative total pressure between 98-100% span is much 

lower for the simple squealer. Second, between 75-98% span, the relative total pressure is higher 

for the simple squealer. Third, between 30-60% span, the relative total pressure of the baseline is 

lower than the optimized tips.  

At location ‘c’, 50% axial chord downstream of the trailing edge, significant mixing has occurred. 

At this location, the relative total pressure loss across the span is lower for the optimized geometry 

except between 55-60% span due to the radial movement of the passage vortex loss cores. In Figure 

2.27c we can see similar trends for the two optimal geometries, an indication that the optimal tip 

geometries similarly impact the mid-span flow field.  
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 Effect of Geometry Variations 

To understand the key design features that improve the aerodynamic performance in optimized 

blades, the optimal geometry is slightly modified to obtain 3 different variants. This is also 

important to guide the design iterations and understand which geometrical features are key to the 

design and which can be sacrificed if needed. In Figure 2.28, the 4 different versions of the optimal 

geometry are depicted. 

 

Figure 2.28: Variants of optimized geometry. 

 

The design on the top left is the one obtained from the optimization; on the top right the front rim 

is extended towards the pressure side, and the leading edge on the pressure side is closed; on the 

bottom left (indicated as ‘Geom 2’) the pocket on the suction side is closed, so that there is no 

recess; ‘Geom 3’ is identical to BestAero except for the trailing edge that is completely closed. 

Figure 2.29 reports the variations of efficiency (left) and mass flow (right) with respect to the 

simple squealer.  
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Figure 2.29: Results for geometry variations. 

 

The efficiency of ‘BestAero’ on the left chart is the result that we already found during the 

optimization. ‘Geom 1’ manages to slightly improve this efficiency. This shows that if we extend 

the rims on the pressure side, to cover the entire axial chord, the efficiency is not penalized. ‘Geom 

3’ provides an efficiency very close to the optimization one, showing once again that the 

performance enhancement is not due to the open trailing edge in the original configuration. The 

only geometry where we observe a drastic drop of efficiency increase is the ‘Geom 2’. This shows 

that the pocket on the suction side is key to the achievement of optimal performance. This result 

also indicates that a possible source of improvement lies in the mixing mechanism between main 

flow and tip leakage flow, after the ejection point in the suction side. 

The change of geometry has an effect on the turbine capacity as well, as shown on the right plot. 

While the ‘BestAero’ configuration has an almost null mass flow variation with respect to the 

squealer, the 3 variants seem to provide up to +0.50% variation (on case of ‘Geom 2’) or -0.50% 

variations (for ‘Geom 1’ and ‘Geom 3’) of passage mass flow. 

Several methods have been proposed over the past years to identify vortical structures. For the 

following analysis, the Q-criterion [31] is used to identify tip vortex and passage vortex. The 

topology identified with this method has then been compared to the one obtained using a 𝜆2 

criterion. Similar structures can be distinguished, as shown in Figure 2.30. 
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Figure 2.30: Vortical structure for Q-criterion (on the left) and 𝜆2 criterion (right). 

 

This is consistent with the results discussed in the literature [32]. Even though operating with non-

zero threshold introduces arbitrary choices in the application of the methods, it has been studied 

how qualitatively they identify similar vortex core structures. The thresholds used for the results 

in Figure 2.30 are selected based on the suggestions in [32].  

The Q-criterion is then selected and used to visualize the vortex topology for simple squealer and 

optimized geometries. Figure 2.31 shows iso-surfaces of Q-criterion contoured with the sign of 

the streamwise viscosity. In this way, we can identify simultaneously the individual vortices but 

also their sense of rotation (whether clockwise or counter-clockwise). Please note that the iso-

surface were cut around mid-gap to remove the uniform vorticity field due to the relative motion 

of the casing. 

On the left, the baseline airfoil is showed. The upper and lower passage vortices can be clearly 

distinguished. Given the low aspect ratio of the blade, the passage vortex has a large axial extent 

and it migrates towards midspan. As expected, the lower and upper passage vortices have an 

opposite sense of rotation, highlighted by positive and negative vorticity (red and blue colors). 

Close to the trailing edge the secondary flow dominates the entire flow field and a clean flow can 

no longer be distinguished. Focusing on the tip region, a continuous tip vortex can be identified. 

The leakage flow passes over the continuous rim on the suction side and rolls in clockwise 

direction. The growth of this vortex is continuous over the entire suction side. We can also 

distinguish the scraping vortex on top of this leakage vortex, due to the shear induced by the 
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movement of the casing. This vortex, rotating in a counter-clockwise direction, is confined close 

to the casing because of the blockage of the tip flow. 

 

Figure 2.31: Q criterion iso-surface for simple squealer and optimized airfoil. 

 

On the right, the secondary flow for the optimized tip is shown. Upper and lower passage vortex 

can still be identified, and they are qualitatively similar to the baseline configuration. The zoom 

on the tip region, highlighted in the bottom right, allows identifying two main differences. The tip 

leakage vortex starts now to develop in the recess on the suction side, which provides a platform 

for the vortex growth and keeps it blocked close to the tip region. Once the pocket is over, and the 

rim reaches the suction side, the vortex is interrupted and it migrates towards midspan. The 

blockage induced by the developing tip vortex is drastically reduced, and this leaves room for the 

scraping vortex to grow and migrate towards a lower radius. As the tip vortex starts to grow again, 

is limited in intensity compared to the one in the baseline design. Moreover, it is confined to a 
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higher radius thanks to the blockage induced by the scraping vortex. Being counter-rotating, the 

two vortices do not merge limiting therefore the losses due to the combined secondary/tip flow. 

These characteristics can be encountered in Figure 2.32, where the surface shear stress vector lines 

are depicted over contours of static pressure. 

 

 

Figure 2.32: Shear stress vector lines over contours of wall pressure for simple squealer (left) and 

optimal tip (right). 

 

The surface streamlines are consistent with the vortex cores identified with the Q criterion. On the 

left it can be seen that for the simple squealer the tip vortex grows continuously along the suction 

side until reaching the trailing edge. On the right, we can see that the tip leakage vortex is clearly 

divided into two branches. There is a first half below the suctions ide pocket that is then abruptly 

interrupted. There is a second tip vortex growing in the rear part of the airfoil, which does not mix 

with the first branch. 

Eventually, based on simple turbomachinery theory, the work extracted by a turbine can be 

described as Euler’s work: 

Δ𝐻 = 𝑈2𝑉𝑡2 − 𝑈3𝑉𝑡3 (2.6) 

Hence, it is relevant to investigate the tangential velocity downstream of the turbines. Figure 2.33 

contains a histogram plot of the tangential velocity in a plane half axial chord downstream of the 

rotor trailing edge. The height of each bar represents how much mass flow has that level of 
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tangential velocity. So if the flow were uniform, there would be a single bar with the height of the 

total mass flow. Hence the spread of the bars represents the non-homogeneity of the flow. 

The black bars refer to the simple squealer, while the red bars stand for the optimized geometry. 

First, we can see a large velocity variability in terms of range, since the 𝑉𝑡 ranges from less than -

150m/s to +180 m/s. The averaged values in the two geometries are close, but the distributions 

show different regions (around 50 m/s and for velocities higher than 100 m/s). 

 

Figure 2.33: Histogram of absolute tangential velocity at the turbine outlet for baseline (black 

bars) and optimal geometry (red bars). 

 

Based on Equation 2.6, it can be concluded that a higher tangential velocity at the rotor outlet will 

cause a larger enthalpy drop and consequently a larger work extraction from the turbine. 
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 Analysis of Optimal Profiles for Multiple Clearances 

In this section, we analyze the features that characterize the Pareto front obtained in Chapter 2.2.2. 

 

Figure 2.34: Relative Mach number contours at the outlet and in the tip for geometry ‘a’, ‘b’ and 

‘f’. The different geometries are on each row, and the three clearances are on each column. 
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Figure 2.34 shows three different geometries, coming from the Pareto front identified in Figure 

2.21. The three geometries are identified with ‘a’, ‘b’ and ‘f’ on the plot. 

The geometry ‘a’ has the highest mean efficiency, and its topology is similar to the tip designed 

with the single-point optimization. The geometry has a rim on suction side that is slightly recessed. 

This feature allows the leakage vortex to start growing, and analogously with the previous 

discussion is interrupted at around 70% of the axial length. The scraping vortex has room to 

migrate downwards and it locates between the passage vortex and the leakage flow. This is visible 

in the contour of relative total pressure downstream of the blade, where the two vortex cores are 

clearly identifiable and separate. For the large clearance, geometry ‘a’ still shows two separate 

vortices, but their strength appears to be increased. Hence, the efficiency variability at large 

clearances. As we move to the other two geometries, we have tips that offer a more constant 

performance but with lower mean values. The geometry ‘b’ has a rim close to the suction side, but 

the recess is larger. In this case the vortex and the passage vortices are merged together but seem 

to have distinct cores. The cores appear to be more energized than the previous geometry. Finally 

the third geometry is characterized by a single large vortex that incorporates the incoming 

secondary flow and the tip leakage. This geometry offers low mean efficiency but maintains pretty 

constant performance over a wider range of clearances. It seems that for this type of geometries, 

the losses reduction does not involve phenomena connected to viscous effects that vanish for large 

clearances. For a tip-insensitive performance, the tip should exploit features that involve leakage 

reduction. 
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 Leakage Characteristics 

In the following analysis, the optimal profiles from Chapter 2.2.1 will be considered. Figure 2.35 

visualizes the two optimal geometries (optimal efficiency and optimal heat flux) and the baseline 

case. The mass flow in the tip gap is integrated in the radial direction along the profile for each 

geometry (Figure 2.35a). The red color indicates mass flow entering the tip gap region, while the 

blue color represents mass flow exiting the tip gap region. The vectors indicate the flow direction 

and are proportional in size to the amount of local mass flow. Figure 2.35b illustrates the surface 

streamlines on the blade tip. The yellow color contour on the blade highlights the regions with 

high heat flux (higher than the 175% of the average heat flux on the tip of the baseline squealer). 

Two main phenomena drive the over-tip gap flow field: the pressure gradients and the viscous 

forces. The pressure gradient drives the flow across the tip gap from pressure to suction side. 

Within the reference frame of the rotor, the case has a tangential speed opposed to the blade. Due 

to the fluid viscosity, the case drags a layer of flow from suction to pressure side, against the 

pressure gradient. The size of the tip clearance is one of the main factors that determine the relative 

importance of each phenomenon. For tight clearances the flow is mainly driven by viscosity, while 

for large tips gaps the gas follows the pressure gradients from pressure to suction side. 

The simple squealer is characterized by a leading edge region which acts as an uninterrupted inlet. 

Most of the incoming gas is ingested near the leading edge. The inlet extends along the suction 

surface with the flow monotonically decreasing until an inflection point, indicated by the dashed 

ellipse. The inflection point coincides with the end of the high heat flux region shown in Figure 

2.35b. After this point the suction side acts as an outlet. This distribution is consistent with the 

streamline plots in Figure 2.35b. The first 25% of the blade axial chord of the pressure side also 

acts as inlet, after which small regions of inlets and outlets alternate. Near the trailing edge flow 

again enters the blade tip region. The mass flow distributions for the three geometries suggest the 

influence of both viscous and pressure forces. This is illustrated by the higher number of inflection 

points and abrupt changes in the magnitude of mass flow as seen in Figure 2.35a. 
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Figure 2.35: Tip leakage characteristics. 

  

As previously shown, the optimal efficiency geometry has a large amount of mass flow entering 

from the leading edge due to the absence of the leading edge rim. The leading edge inlet region is 

more concentrated than the baseline. Minimal over-tip leakage is seen entering along the entire 

length of the pressure side with the exception of the trailing edge region. This suggests a balance 

between the viscous and pressure forces. The suction side is characterized by a continuous outlet 

with non-uniform distribution of mass flow. As shown previously, the mass flow exits the suction 

side farther downstream. The large pressure side inlet and suction side outlet are a direct result of 

the absence of a rim.  

In Denton’s seminal work on turbomachinery loss, he shows that the rate of entropy generation for 

the mixing of over-tip leakage flow and the gas-path flow is a function of the stagnation 

temperatures of the flows, the ratio of the velocities, the ratio of the flow rates, the Mach of the 

primary flow stream, and the injection angle of the leakage flow. The optimal efficiency 

configuration has a radially-averaged re-entry angle more aligned with the freestream flow field 

(see the angle callouts of Figure 2.35b). According to Denton’s work, this reduces the entropy 
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generation due to the reintroduction of the leakage flow. This entropy generation reduction is a 

source of efficiency improvement.   

The leading edge region of the optimal heat flux design is characterized by a large inlet, bordered 

by two small outlets at each extremity of the rim. A large outlet on the suction side is observed 

adjacent to the gap between the suction and pressure side rims just downstream of the leading 

edge. Based on the streamlines from Figure 2.25, this outlet is comprised of leading edge and 

cooling flow. The leading edge flow takes a circuitous route to arrive at this outlet, with most of it 

navigating around the pressure side of the leading edge rim and then crossing the airfoil. 

Downstream of this outlet, the flow field is similar to the optimal efficiency geometry. 

Modifications to the tip geometry have a direct impact on the overall tip leakage as the relative 

blockage of the tip gap changes with varying rim placement. In addition, varying rim placement 

changes the blade tip pressure distribution, which changes the tip coolant flow rates given the 

applied boundary conditions described earlier in Table 1. Table 2 summarizes the tip leakage and 

tip coolant levels for the baseline, optimal efficiency, and optimal heat flux designs. The tip 

leakage and tip coolant flow rates are normalized by the total inlet flow rate of the rotor. 

 

Table 2.2: Tip leakage and cooling flow accounting. 

 Baseline Optimal Efficiency Optimal Heat Flux 
𝑚̇𝑡𝑖𝑝,𝑙𝑒𝑎𝑘𝑎𝑔𝑒/𝑚̇𝑝𝑎𝑠𝑠𝑎𝑔𝑒 [%] 0.70% 1.06% 1.19% 

𝑚̇𝑡𝑖𝑝,𝑐𝑜𝑜𝑙/𝑚̇𝑝𝑎𝑠𝑠𝑎𝑔𝑒 [%] 1.03% 0.99% 1.13% 

𝑚̇𝑡𝑖𝑝,𝑙𝑒𝑎𝑘𝑎𝑔𝑒/𝑚̇𝑡𝑖𝑝,𝑐𝑜𝑜𝑙 0.67 1.07 1.06 

 

As Table 2 shows, both the optimal efficiency and optimal heat flux designs significantly increase 

the over tip leakage flow, while the overall coolant flow is less influenced by the rim changes. The 

increase in turbine efficiency for the optimal geometry designs coupled with the increase in tip 

leakage flows suggest that the negative effects of over-tip leakage flow can be minimized with 

careful re-introduction of the leakage flow to the primary gas path. 

A comparison of the ratio of the tip leakage and the tip coolant flow rates is interesting. In the case 

of the optimal efficiency, the leakage rate increases dramatically (50%), while the coolant flow 

rate remains similar to the baseline. In spite of this large increase in tip leakage relative to tip 

coolant, the average heat flux of the blade tip remains relatively the same as the baseline (see 

Figure 2.16). The optimal heat flux design also has a significant increase in over-tip leakage (70%) 
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and an increase in the tip coolant flow (10%). In this case, the blade tip heat flux still decreases 

65%. 

 

 Losses Breakdown 

A simplified explanation of the generation of losses due to tip flow is given by Denton [21]. In 

Denton’s work, the tip vortex is described as an angled jet that mixes with the main flow. This 

approach may be practical for flat blade tips but may not appropriately describe the complex flow 

fields [33] occurring in non-flat tip geometries (e.g., squealer tip designs) [34]. 

 

Figure 2.36: Schematic of the optimized blade with details of axial coordinate. 

 

To understand the tip losses it is necessary to quantify not only the leakage flow, but also the 

leakage characteristics when the jet mixes with the main flow. Figure 2.36 shows a top view of the 

blade, with details of the turbine tip rails. The black lines originate from the leading edge and are 

scattered till the trailing edge with intervals of 10% of the axial chord. These lines will be useful 

for the interpretations of the following graphs where the abscissa is expressed in terms of axial 

location as a percentage of the axial chord.  
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First, the leakage flow through the baseline and the optimized blade are analyzed in Figure 2.37. 

This quantity is a quantitative representation that corresponds to the tip leakage characteristics 

qualitatively showed in Figure 2.35. 

 

Figure 2.37: Left, Tip leakage mass flow for optimized geometry (red) and simple squealer (black). 

Right, Cumulative tip mass flow for optimized geometry (red) and simple squealer (black). 

 

On the left, we can find the local mass flow through the suction side of the baseline and the 

optimized blade. The line at zero mass flow is marked with gold, to have a reference to identify 

the inlet and outlet regions. First of all, it is interesting that a large portion of the suction side, 

approximately the front 40%, is an inlet (negative mass flow) instead of an outlet. This detail is 

consistent with the streamline visualization described in Figure 2.25. The best efficiency geometry, 

indicated with red, has an inlet mass flow in the front 10% of the axial chord that is double than 

the baseline value. While the two geometries tend to have a similar behavior between the 40% and 

50% of the blade, the two trends become sensitively different between the 50% and 80% of the 

axial chord. A final significant difference between the two geometries can be identified in the 

trailing edge region (rear 10% of the axial chord). This feature is due to the best efficiency 

geometry having an open trailing edge vs. the closed trailing edge of the simple squealer. 

On the right, we can see the cumulative integral of leakage mass flow as a function of the axial 

chord. For each axial location, the cumulative sum of mass flow is computed as: 
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∫ 𝑑𝑚̇
𝑧

𝐿𝐸

∫ 𝑑𝑚̇𝑏𝑎𝑠𝑒

𝑇𝐸

𝐿𝐸

⁄ = ∑ 𝑑𝑚̇
𝑖(𝑧)

𝐿𝐸
∑ 𝑑𝑚̇𝑏𝑎𝑠𝑒

𝑇𝐸

𝐿𝐸
⁄  (2.7)  

Since the curves are both normalized with the baseline total mass flow, both lines have origin in 

zero but only the squealer goes precisely to 100% of the leakage mass flow at the trailing edge. 

The difference between the red and the black line at 10% of the axial chord should match the 

difference in leakage flow, as reported in Table 2.2. Consistently with the plots on the left, the 

optimized geometry has a negative leakage flow in the first portion of the blade, which generates 

a difference between the two curves that propagates until the very last portion of the blade, close 

to the trailing edge. This result is an indication that is not only the total leakage flow to determine 

tip losses, but also the location where this flow is injected into the flow. 

According to the model of mixing between two angled jets, the angle of injection plays a 

significant role in the mechanism of generation of losses. For this scope, in Figure 2.38 on the left, 

the flow angle in the tangential direction is shown for both the overtip region and the main flow in 

the passage. On the right graph, we calculate the difference between the leakage flow angle and 

the main flow angle. The closest this value to zero, the more the leakage is aligned to the flow, 

which would imply a reduction of the mixing losses. 

 

Figure 2.38: Relative velocity angle for optimized geometry (red) and simple squealer (black) in 

the main passage (dashed lines) and tip (solid lines) against axial location. 

 

In the front part, the angle distribution is similar between the two geometries. However, in the 

second half of the blade, the two trends depart. The black line (simple squealer) continuously 
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decreases until the trailing edge, increasing the difference with main flow angle as a consequence. 

For the optimal geometry, indicated in red, the value of the flow angle stays high and relatively 

close to the angle of the main flow. This trend is then interrupted at approximately 80% of the 

axial chord, where the rim on the suction side stops and the tip becomes fully open. 

The relative Mach number plays a role as well in the mixing phenomenon. In particular, Denton 

[21] shows that the injection at higher Mach number can be more detrimental. Figure 2.39 

represents the distribution of Mach number along the passage, dashed line, and in tip gap on the 

suction side, solid lines. Again, the trends are similar in the first half of the blade for the optimized 

blade and the simple squealer. However, there is a significant difference between 50 and 80% of 

the blade. In the optimized blade, the leakage flow is more accelerated in the region where the 

relative angle is minimal, which seems to be advantageous to reduce the mixing losses. 

 

Figure 2.39: Relative Mach number for optimized geometry (red) and simple squealer (black) in 

the main passage (dashed lines) and tip (solid lines) against axial location. 
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Finally, the different sources of losses are summarized in Figure 2.40. Previous studies have 

applied this model to analyze tip losses with a simplified approach [35, 36]. The passage is 

discretized into a series of small control volumes in the axial direction, and the following equation 

is assessed in each of them: 

∆𝑠 = 𝑐𝑝

𝑚̇𝑙𝑒𝑎𝑘

𝑚̇𝑚
[(1 +

(𝛾 − 1)

2
𝑀𝑚

2 )
𝑇0𝑐 − 𝑇0𝑚

𝑇𝑚
+ (𝛾 − 1)𝑀𝑚

2 (1 −
𝑉𝑐

𝑉𝑚
cos 𝛼)] (2.8)  

In Figure 2.40, ∆𝑠𝑖 indicates the different sources of losses in the previous equation, where the 

index ‘i ‘goes from 1 to 5. The first term is the ratio of the leakage mass flow and the passage mass 

flow. Hence, the larges the leakage, the higher the entropy raise. The second term is proportional 

to the square of the Mach number at which the mixing is taking place. If the mixing happens at a 

higher Mach number, the model predicts larger losses. The third term becomes relevant when the 

small jet and the main flow have different temperatures. In uncooled turbine blades, this term is 

normally small or even negligible. However, in cooled turbine rotors, the redistribution of leakage 

flow causes different blockage in the overtip gap which affects the coolant flow. Hence, in cooled 

tips, the difference between leakage temperature and main flow temperature can be significant.  
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Figure 2.40: Loss model based on the method described by Denton [21]. 

 

The forth term is proportional to one minus the ratio between the leakage velocity and the passage 

velocity and the fifth term is the cosine of the relative angle between the two flows. These terms 

indicates that the losses are reduced if the two velocities have comparable magnitude, or if the 

angle between the two flows is null. The limiting case has two aligned jets with the same velocity, 

where the second term of the entropy equation would go to zero. 
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Figure 2.40, ‘a’ shows the first term related to the leakage flow ratio. As shown in the previous 

section, the optimized tip does not act through a leakage reduction. Hence we cannot expect this 

term to be the most beneficial in this analysis. In fact, we can see that even though the optimized 

tip works towards leakage reduction in some limited regions, the overall tip flow is higher 

compared to the baseline case. The term number three shows significant differences between the 

two geometries, highlighting the effect of the rails on the distribution of coolant. The term number 

four, which represents the velocity ratio, is close to 1 for the front 50% of the optimal tip, while 

for the squealer, the velocity ratio continuously decreases from leading to trailing edge. This gap 

is due to the recess on the suction side in the optimal tip, which allows the leakage flow to expand 

and accelerates before mixing. The difference between the two tip configurations is canceled out 

when the rim reaches the suction side, around the 80% of the blade. However, in the last 10% of 

the blade where the optimal trailing edge is fully open, the velocity in the optimized tip will 

suddenly increase again. In this section however, the leakage flow is not guided in the direction of 

the main flow but on the contrary is free to directly flow from pressure to suction side. The graph 

‘e’ refers to the cosine of the relative flow angle. Hence, if the angle goes to zero this term will 

tend towards one. This graph shows the largest differences between optimized and baseline blade. 

The red curve lies above the black line everywhere in the suction side. In the squealer, the angle 

between the leakage and the main flow continuously increases from leading to trailing edge. For 

the optimized blade, the term is closed to one for the front 80% of the blade and only has a value 

drop close to the blade 80% where the pocket is abruptly interrupted. Finally, graph ‘f’ shows the 

local increase of entropy for the two geometries, and graph ‘g’ shows the resulting local entropy 

value as predicted by the model and by the CFD (colored in gold). 
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2.4 Effect of Coolant Injection on Optimized Tip Performance 

The cooled rotor configuration used as baseline geometry contains both platform coolant injection 

and blade film cooling. To verify the extent of the results obtained from the optimization, we have 

to characterize the robustness to the amount and location of injected coolant. In particular it needs 

to be verified that performance enhancement due to tip shape can be extrapolated to different 

cooling configurations. In this analysis, two tip geometries are compared: the simple squealer, 

whose performance is always used as reference, and the optimal efficiency from the single point 

optimization (geometry ‘a’ in Figure 2.16). 

 

Effect of Purge Flow  

The first step is to individually turn off the platform cooling in each location. Figure 2.41 shows 

the difference of efficiency for squealer and optimal tip, colored in blue and orange respectively. 

 

Figure 2.41: Effect of purge flow on turbine efficiency. 
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In the first column on the right, indicated with baseline, we find the performance of the two 

geometries in the configuration used for the optimization. The squealer bar is equal to 0% because 

this is the reference value, and the height of the orange bar indicates the efficiency enhancement 

found during the optimization. If all the purge channels are turned off, and the injected mass flow 

is set to null, we find an overall increase of efficiency (two bars indicated with Purge off). The 

difference between the two geometries is kept constant compared to the baseline configuration. 

This result indicates that the optimal geometry is still more efficient than the squealer, even without 

platform cooling. We then analyze individually the contribution of the three injection locations, 

by turning on the casing slot, the angles casing slot and the hub slot. The two straight injections at 

hub and casing do not modify the performance improvements due to the optimal shape while 

modifying the absolute values of efficiency. However, the injection of coolant at an angle appears 

to be detrimental for the optimized turbine performance, that in this case has an efficiency ~0.2% 

lower than the simple squealer.  

 

Figure 2.42: Effect of purge flow on blade heat transfer 
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The injection of platform cooling has a relevant effect on tip heat flux. Figure 2.42 shows the 

integral heat load on the top part of the blade with different purge configurations. The first column, 

indicated with baseline, refers again to the standard configuration. As seen in Figure 2.16, the 

optimal geometry and simple squealer have a similar tip heat load. 

When all the purge slots are turned off, the tip heat load in the squealer increases of approximately 

50% compared to the baseline configuration. In this case, the optimal geometry offers a reduction 

of the 10% of heat load. A similar trend can be seen if only the purge slot is active (last column on 

the right). This indicates that the hub purge does not have a relevant effect on the heat transfer 

phenomena in the tip part of the blade, which is intuitive. 

Based on these results, it can be concluded that the improvements of efficiency that have been 

gained through a tip optimization are not hindered by variations of purge flow. 

 

Effect of Film Cooling 

After analyzing the purge, the effect of coolant injection in the blades is analyzed. There are 

multiple holes on the pressure side, close to the top portion on the blade and along the trailing edge. 

Additionally, there are several holes distributed on the blade tip surface, at various inclination. For 

this analysis, only the tip cooling holes were varied, while the rest of the cooling holes are 

maintained as in the baseline configuration. Figure 2.43 summarizes the results in terms of turbine 

efficiency. The two lines allow to identify the trend for an optimized blade and a simple squealer. 

The two lines can be approximated with linear trends with similar slopes. This allows to quantify 

and exchange rate between total pressure and efficiency. In particular, for pressure variations of 

approximately the 25%, there is an efficiency loss of the 0.6%.  

In the same set of numerical simulations, the effect in terms of variations of heat flux is quantified. 

Also in this case, the two trends are similar, which allows to define a single slope value for both 

of them. In this case, a 25% change of coolant pressure makes the tip heat flux range from the 65% 

to the 110% of the design value. 
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Figure 2.43: Effect of coolant pressure injection on turbine efficiency 

 

To verify that the efficiency improvements will hold without cooling, a simulation without cooling 

in the tip region is performed. Figure 2.45 shows on the left a bar graph with efficiency, while on 

the right heat flux. The orange geometry refers to the optimized tip, while the blue bar refers to the 

squealer. On the left plot, we can see that for baseline cooling configuration the difference in terms 

of efficiency is around 0.5% while for the configurations without cooling it is around 0.3%. On 

the other hand, the heat flux that is the same for both geometries in the baseline configuration is 

suddenly much higher for the optimized tip once we remove the tip cooling. It is interesting that 

for the squealer, the absence of tip cooling only increases the tip heat flux of the 25%. 
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Figure 2.44: Effect of coolant pressure injection on turbine heat flux 

 

 

Figure 2.45: Effect of tip cooling on efficiency (left) and heat flux (right) 



81 

 

 

2.5 Conclusions 

The effect of tip leakage has been assessed in a flat tip geometry at various tip clearances. The 

results indicate that while the flow is dominated by viscous effects when the gap becomes small. 

The size of the gap affects the amount of leakage flow, as well as on its direction. The changes in 

leakage impact the main flow, where the total flow is reduced when the leakage flow increases. 

Then, the tip shape is optimized for a single tight clearance. A multi-objective optimization routine 

is implemented to maximize turbine efficiency while minimizing the tip integral heat load. Results 

show that by changing the number and shape of rail structures on the tip, the efficiency can be 

improved by 0.53% or the heat load can be reduced by 70%. 

An analysis is performed to quantify the sensitivity of the enhanced performance to changes of tip 

clearance. The study highlights that the improvements obtained by optimizing the shape at tight 

clearances are not maintained when the gap grows larger. 

Hence, it was decided to implement a multi-clearance optimization that would consider the turbine 

efficiency at three different gaps: a tight, a medium, and a large one. With this approach, the mean 

efficiency over the three conditions is maximized while reducing the efficiency sensitivity to the 

clearance. 

The optimal profiles are analyzed to identify the mechanism involved in tip losses reduction and 

how is this related to the rim structure. Detailed quantification of tip leakage properties is 

performed, and the losses breakdown is discussed. The interaction between leakage vortex and 

passage vortex is considered to be particularly relevant in this family of small turbines. 

Finally, the turbine performance sensitivity to the coolant is investigated. The purge flow and the 

film cooling are separately varied to assess the effect on turbine efficiency. Two geometries are 

considered: a squealer, and an optimized tip. Variations of coolant mass flows are obtained by 

varying the injection pressure. Results show a reasonably linear trend of performance in function 

of coolant flow. In particular, a variation of -10% of coolant total pressure corresponds to a 

decrease in the efficiency of 0.3% and a heat load reduction of 20%. 
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* Section partially published in Andreoli, V., Cuadrado, D.G. and Paniagua, G., 2018. Prediction of the 

Turbine Tip Convective Heat Flux Using Discrete Green's Functions. Journal of Heat Transfer, 140(7), 

p.071703. 

 SCALING OF CONVECTIVE HEAT FLUX 

3.1 Modeling of Convective Heat Flux*  

In order to calculate the convective heat transfer, we need to define an invariant which normally 

depends on the temperature difference between the flow and the wall.  The simplest and most 

commonly used method is the Newton’s law of cooling based in the definition of a convective heat 

transfer coefficient which multiplies the selected difference of temperatures as specified in 

Equation 5. 

ℎ =
𝑞̇𝑐𝑜𝑛𝑣 𝐴⁄

𝑇𝑓𝑙𝑜𝑤 − 𝑇𝑠𝑢𝑟𝑓𝑎𝑐𝑒
 (4.1) 

In turbomachinery, the definition of 𝑇𝑓𝑙𝑜𝑤  plays a major role in order to obtain the invariant 

coefficient due to the unsteady behavior of the flow in time and in space. If 𝑇𝑓𝑙𝑜𝑤 would be defined 

using the upstream total temperature of the vane or blade, spatial and temporal variations higher 

than 100% would be observed in the experimental calculation of the convective heat transfer [37]. 

These variations are considered not representative of the reality since the thermal boundary layer 

over the blade is much more stable. Therefore, 𝑇𝑓𝑙𝑜𝑤 is commonly defined as the temperature just 

above the thermal boundary layer known as adiabatic wall temperature  𝑇𝑎𝑤 , since it is the 

temperature that the wall reaches in adiabatic conditions. The invariant obtained with this reference 

flow temperature is the adiabatic convective heat transfer coefficient ℎ𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐 . However, in areas 

where the boundary layer is not established, with temporal and spatial fluctuations and aero-

thermal phenomena dominated by viscous forces, the application of the Newton’s law of cooling 

is questionable. This is the case of the turbine blade tip region. 

 

 Green’s Function Method 

The alternative procedure that we introduce in this section is based on the Green Functions 

approach to calculate the convective heat flux through the turbine tip. This technique was initially 

introduced by Sellars [38], who developed the mathematical procedure for a laminar flow in a 

circular tube and a flat plate. Sellars proposed a linear and discretized function to calculate the 
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increment of temperature due to an imposed distribution of heat flux based on the superposition 

kernel function, which is expressed in Equation 6. 

(𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑖𝑛𝑙𝑒𝑡)𝑛,𝑚 = ∑ ∑
𝑞𝑜,𝑖,𝑗̇

𝑐𝑝𝑚̇

𝑚

𝑗=1

𝑛

𝑖=1

𝑔𝑛−𝑖,𝑚−𝑗 (4.2)     

Therefore, the increment of temperature is obtained multiplying a series of coefficients (g*) called 

superposition kernel function by the measured heat flux. These coefficients are structured in a 

matrix of n rows and m columns where i expressed the row location and j express the column 

location of each of the discretized areas. 𝑞𝑜,𝑖,𝑗 is the convective heat rate in the location i,j and 𝑚̇ 

is the mass flow that is entering in the domain. In order to relate this superposition kernel function 

with the adiabatic convective heat transfer coefficient we need to separate the temperature 

increment in two parts [39]. 

(𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑖𝑛𝑙𝑒𝑡)𝑛,𝑚 =  (𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐)𝑛,𝑚 −  (𝑇𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐 − 𝑇𝑖𝑛𝑙𝑒𝑡)𝑛,𝑚  (4.3)  

Where using the superposition kernel function the different parts can be rewritten into Equation 8 

below. Equation 8 also expresses the relationship between the adiabatic convective heat transfer 

coefficient and the green function coefficients. 

(𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐)𝑛,𝑚 =
𝑞𝑜,𝑛,𝑚̇

𝑐𝑝𝑚̇
𝑔𝑖,𝑖 (4.4)  

And  

(𝑇𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐 − 𝑇𝑖𝑛𝑙𝑒𝑡)𝑛,𝑚 = ∑ ∑
𝑞𝑜,𝑖,𝑗̇

𝑐𝑝𝑚̇

𝑚−1

𝑗=1

𝑛

𝑖=1

𝑔𝑛−𝑖,𝑚−𝑗 (4.5)  

Equation 4 shows the increment of temperature that each area of the geometry experiments due to 

heat flux provided in this individual area, while the equation 9 represents the variation of 

temperature due to the heat flux in the neighbor areas. Therefore, the coefficient 𝑔𝑖,𝑖 is independent 

on the inlet temperature and the effect of the heat flux in the surrounding geometry. This coefficient 

is the nexus between the adiabatic convective heat transfer coefficient and the superposition kernel 

function which will be called from now on Discrete Green Function (DGF). Since the adiabatic 

Newton law of cooling is expressed as 

(𝑇𝑤𝑎𝑙𝑙 − 𝑇𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐)𝑛,𝑚 =
𝑞𝑜,𝑛,𝑚̇

ℎ𝑎𝑑,𝑛,𝑚  𝐴𝑠𝑢𝑟𝑓𝑎𝑐𝑒,𝑛,𝑚
 (4.6)  

Hence, the adiabatic convective heat transfer coefficient can be expressed as the Equation below, 

as a function exclusively of the diagonal terms of the Matrix of coefficients 
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ℎ𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐,𝑛,𝑚 =
𝑐𝑝𝑚̇

𝑔𝑖,𝑖  𝐴𝑠𝑢𝑟𝑓𝑎𝑐𝑒,𝑛,𝑚
 (4.7)  

For the sake of comparing different models and cases one can derive a local Nusselt number based 

on the Green Function coefficients. This local Nusselt number is derived from the traditional 

definition of the Nusselt number, and equation 12. 

𝑁𝑢𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐,𝑛,𝑚 =
𝐶 𝑐𝑝𝑚̇/ 𝑔𝑖,𝑖  𝐴𝑠𝑢𝑟𝑓𝑎𝑐𝑒,𝑛,𝑚

𝑘
 (4.8)  

Where reference length is the chord (C) and k is the conductivity of the fluid. 

The Stanton number, expressed in Equation 4.9 [40], is determined using the coefficients of the 

DGF Matrix. 

𝑆𝑡𝑖𝑗 =
 𝑔𝑖,𝑗

𝜌 𝑈∞𝐶𝑝
 (4.9)  

The advantage of this approach with respect to the definition of the adiabatic convective heat 

transfer coefficient lies in the easy calculation of the coefficients, using individual heat transfer 

pulses, and in the accounting of the effect of the spatial neighbor points in the heat calculation of 

the point one is interested in. 

The procedure has been used in a wide range of applications, not only in fundamental flow studies 

[41], but also concerning the convective heat transfer such us microelectronics cooling [39], [42], 

internal turbine blade cooling ([43], [44]) and even turbine film cooling [45]. The present 

methodology is derived from the implementation of linear superposition. The superposition can be 

experimentally achieved by an array of electrical heaters, releasing independent pulses of heat flux. 

The temperature field created by these heat flux pulses defines the Green Function coefficients. 

This approach is equivalent to the Duhamel’s Theorem, widely used to solve analytically unsteady 

heat conduction problems. 

A preliminary analysis of the flow and thermal field of a backward facing step was performed to 

evaluate the behavior of the method in recirculating and velocity-varying flows. The numerical 

validation and uncertainty analysis were carried out using Fluent and imposing different inlet 

temperatures, Mach numbers and inlet pressures.  

This present procedure can be used in a wide variety of practical turbine applications. In general, 

a matrix of coefficients is required to express the relationship between localized heat flux pulses 

to temperature variations along the entire surface. 
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In this manuscript, we extend the application of the Green Functions methodology to turbine tip 

flows. The overtip gap is a delicate region in high-pressure turbines, difficult to cool since high-

temperature gas enters in contact with the blade surface at high speed. In the tip region, the high 

loading acting on the blade combined with relevant viscous effects give rise to complex flow field 

characterized by high Mach number and significant heat flux variations ([14], [46]). In this 

scenario, the classical definition of aerodynamic and thermal boundary layers becomes not 

applicable, especially in case of small clearance, i.e. the gap between rotating blade tip and casing. 

It has been shown how this design parameter largely affects the turbine performance and the heat 

transfer distribution [47]. While turbines with relatively large clearance exhibit conventional flow 

topologies and heat transfer distributions, at smaller clearance the flow physics is completely 

modified [15]. For this reason, there is a need to develop ad-hoc techniques for the description of 

heat transfer phenomena in this area. Large efforts have been done in the past years to improve the 

techniques to retrieve experimentally the blade tip heat load with high accuracy ([48]–[52]) in the 

few laboratories in the world that have the capabilities to perform transient tests of turbines at 

engine similarity. The final purpose of this work is to numerically verify the feasibility of the 

Discrete Green Function approach for future applications in the Turbine Aerothermal Lab at 

Purdue University [13]. 

In this case of study, the numerical work was carried out using Numeca software with a widely 

studied rotor geometry [53] at two different clearances: a nominal and a tight geometry with 

clearances of 1% and 0.1% of the blade height respectively. The tip clearance is defined as the 

height of the gap between the tip of the rotor blade and the shroud internal casing. The selection 

of these two cases aims to the demonstration of this methodology in two extreme operations of the 

rotor blade. The coefficients of the Green Functions matrix were obtained by imposing numerical 

pulses of heat flux in each sub-element all along the turbine tip surface. The increments of 

temperature were estimated and compared against the heat flux applied over the surface for 

different cases. 

The Discrete Green Function approach is a method that evaluates the effect of a spatially 

distributed heat flux on the increments of temperature. Basically, the differential equation is 

linearized and solved using the principle of superposition. The geometry must be discretized and 

a matrix of coefficients related with each discretized division is built assigning certain value of 
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pulses of heat flux and extracting the increment of temperature. Therefore, the energy equation 

regarding convective heat flux can be written as  

𝑞̇𝑖𝑗 = 𝑔𝑖𝑗∆𝑇𝑗, (4.10)  

Where 𝑔𝑖𝑗 is the element of G relating the average temperature increment on the element j to the 

heat flux imposed in the element i.  Each one of these coefficients is calculated by imposing a 

pulse in each one of the discretized elements and retrieving the resulting temperature. The 

superposition technique is then used during the validation, considering that the net effect in heat 

flux on element i is the summation of the effect in each individual element, such as: 

𝑞̇𝑖 =  ∑ 𝑔𝑖𝑗∆𝑇𝑗

𝑛

𝑗=1

 (4.11)  

Or rewritten in matricial form 

𝑞̇ = 𝐺∆𝑇 (4.12)  

where ∆𝑇 is the vector which contains the increment of temperature at each individual division 

and 𝑞̇ is the vector with the averaged heat flux in all the discretized points. The inverse Discrete 

Green’s Function, G-1, a matrix of dimension equal to G, allow the calculation of the increment of 

temperature from the provided heat flux, given an accurate estimate of the adiabatic wall 

temperature. Each element of the array is needed to fulfill [54]: 

∆𝑇𝑖𝑗 = 𝑔𝑖𝑗
−1𝑞̇𝑗 (4.13)  

Or written in matricial form 

∆𝑇 = 𝐺−1𝑞̇ (4.14)  

The increments of temperature are expressed with respect to a reference temperature. A widely 

used approach to define this temperature is to use the adiabatic wall temperature. When dealing 

with numerical simulations, this temperature could be retrieved with a calculation with adiabatic 

walls. This strategy will be used in this research proposal. However, another strategy will be 

explored in order to consider the actual experimental feasibility of the proposed procedure for DGF. 

It is actually challenging to retrieve the adiabatic wall temperature with one experiment in a direct 

way. The coefficients of the Inverse Discrete Green Function can be written as: 

𝑔𝑖𝑗
−1 =

𝑇𝑖𝑗 − 𝑇𝑟𝑒𝑓 𝑖

𝑞̇𝑗
 

(4.15)  
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All the coefficients 𝑔𝑖𝑗
−1 are organized in a matrix 𝐺−1. In order to obtain the direct coefficients g 

of the DGF method we need to calculate the inverse of this matrix. 

For the experimental application of the DGF, first the experiments to measure the 𝑇𝑖𝑗 will be 

necessary. After that, only one extra experiment will be needed to retrieve the reference 

temperature. The most convenient option would be to impose fixed level of heat fluxes over the 

surface, measure the temperature and then express Equation 20 in the form: 

𝑇𝑒𝑥𝑝 − 𝑇𝑟𝑒𝑓−= 𝑔(𝑇𝑟𝑒𝑓)−1𝑞̇𝑒𝑥𝑝 (4.16)  

Where with 𝑇𝑒𝑥𝑝 and 𝑞̇𝑒𝑥𝑝 are vectors of measured wall temperature and imposed heat flux. In this 

expression, 𝑇𝑟𝑒𝑓  is the only unknown and can be easily derived by solving the implicit linear 

system.  

The experimental setup would consist of an array of electric heaters that would be powered 

individually to release a heat flux pulse at a given instant. The temperatures and heat fluxes would 

be measured in discrete points using a combination of thermocouples, high-frequency response 

thin film gauges (single-sided or double-sided), or a high-speed infra-red camera. The selection of 

the most adequate measurement technique is a trade-off between space and time resolution. Once 

the map of heat fluxes and temperatures are obtained for each heat flux, one can determine the 

matrix of coefficients.  

 

 Method Validation 

To retrieve the matrix of coefficients we need to discretize the surface of interest in different zones 

and evaluate the increment of temperature in all zones due to a heat flux pulse. This heat flux pulse 

needs to be applied one at a time in each one of the regions giving as a result the rows of the Green 

function matrix of coefficients. This procedure was previously applied to a backward facing step 

in order to study the main effects of the boundary conditions in a simple geometry with a detached 

and reattached flow structure. Figure 3.1a) shows the evaluated fluid domain where only the 

bottom plate was analyzed. 
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Figure 3.1: a) Numerical domain. b) Nusselt number for isothermal wall conditions. Right: 

Values of the DGF coefficients in the main diagonal, sub-diagonals and super-diagonals of the 

Green Function matrix for the baseline case. 

 

For this reason, the bottom plate, located between the axial position 0.2m and 1m, was discretized 

in 42 strips taking into account the distribution of Nusselt number in the isothermal case, 

represented in Figure 3.1b). Therefore, in order to improve the accuracy, the finer strips were 

discretized in the proximity of the vertical wall of the step, increasing to coarser strips along the 

axial direction of the bottom plate. 

The temperature distribution is obtained using 2D RANS calculations which were performed using 

ANSYS Fluent and imposing pulses of heat flux at each discretized strip. The simulations have 

been performed using Realizable k-epsilon turbulence model without wall functions. 

The 2D RANS simulation allows retrieving the temperature distribution ∆𝑇𝑗𝑖 at every cell. The 

Green’s Function 𝐺𝑖𝑗 defines the following relationship [54]: 

𝑞𝑖1 = 𝐺𝑖𝑗∆𝑇𝑗1 (4.17)  

In different simulations, we have applied a heat flux pulse 𝑞𝑖𝑚  of 10000 W/m2 in each strip. 

Therefore, we have 42 different evaluations from which we can compute the 422  unknown 

elements in 𝐺𝑖𝑗 just tracking the increment of temperature ∆𝑇𝑗𝑚. 

𝑞𝑖𝑚 = 𝐺𝑖𝑗∆𝑇𝑗𝑚 (4.18)  
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In all these calculations the ∆𝑇 must be referenced to the adiabatic wall temperature, which has 

been calculated imposing adiabatic boundary conditions in the analyzed geometry. 

The baseline calculation was performed at ambient pressure, with a flow inlet temperature of 400K 

and an initial wall temperature of 300K. The inlet Mach number was selected as 0.12.  

Figure 3.2 shows the value of the Green Function coefficients of the main diagonal (p=0), two 

super-diagonals (p=-1 and p=-2) and two sub-diagonals (p=1 and p=2). The value of the main 

diagonal represents the effect of the pulse imposed in the temperature increase of the evaluated 

element. This is the term which is related to the adiabatic convective heat transfer coefficient. The 

super-diagonals, p = -1 and p = -2, represent the effect in the temperature rise of the pulse located 

in the upstream strips, the one imposed immediately upstream of the analyzed strip for the case of 

p=1 and the one located 2 positions upstream for the case of p=-2. The same explanation is 

applicable for the sub-diagonals p =1 and p=2, but in this case the effect is provided by the pulses 

located downstream of the analyzed element. 

If we observe the values of the coefficients we can relate them with the aerodynamic phenomena 

occurring in the backward-facing steps. The point where the super-diagonals cross the sub-

diagonals is the stagnation point where the flow is reattached. When the sub-diagonals are over 

the super-diagonals we observe that there is a stronger influence of the downstream pulses due to 

the recirculation bubble and the reverse flow. Downstream of the stagnation point, the flow is 

reattached and the effect of the upstream pulses is higher as the super-diagonals are over the sub-

diagonals. 

The procedure was validated using the measured Stanton number obtained in a backward-facing 

step by Eaton and Hacker [40], at a similar Reynolds number. Fig. 3 shows a good agreement 

between the experimental Stanton number and the evaluated Stanton using the GF calculation. We 

observe a large positive Stanton number at the location where the heat flux is applied, and negative 

values elsewhere. The effect of the local heating is mostly sensed upstream because the flow within 

the recirculating region travels upstream. The local heating influence on the Stanton number 

decays rapidly, and eventually becomes negligible. 
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Figure 3.2: Comparison between experimental data of Eaton and Hacker [40] and the numerical 

calculation of the Stanton number in the recirculating region of the backward facing step. 

 

The evaluation of the backward facing step was the first step in order to validate the procedure 

before assessing more complex geometries, like the overtip region of a high-pressure turbine.
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* Section partially published in Andreoli, V., Cuadrado, D.G. and Paniagua, G., 2018. Prediction of the 

Turbine Tip Convective Heat Flux Using Discrete Green's Functions. Journal of Heat Transfer, 140(7), 

p.071703. 

3.2 Tip Convective Heat Flux*  

The Green function methodology is applied to a state-of-the-art transonic turbine stage that was 

previously characterized in the open literature with numerical and experimental techniques [53]. 

This geometry was experimentally evaluated and the Nusselt number and isentropic Mach number 

were extracted at different locations along the blade span. Two values of tip clearance were 

considered, 1% and 0.1% of blade height respectively. The operational conditions have been 

computed to guarantee the similarity of the turbine to the original geometry in terms of 

dimensionless velocity triangles, Reynolds number and  𝑇𝑏𝑙𝑎𝑑𝑒 𝑇𝑔𝑎𝑠⁄ . The stage inlet total 

temperature was selected considering the capabilities of the wind tunnel, and the remaining 

boundary conditions were derived by scaling the conditions of the original stage. Table 3.1 

summarizes the turbine conditions selected for this study. Uniform total quantities are imposed at 

the stage inlet, while static pressure with radial equilibrium is imposed at the rotor outlet. 

Table 3.1: Turbine operating conditions 

 Unit Value 

T01 [K] 600 

P01 [bar] 2.38 

Ps3 [bar] 0.78 

N [rpm] 7226 

Tblade⁄Tgas [-] 0.67 

The full Hex Multi-Block Structured Mesh of the stage fluid domain was generated using the 

software of the Numeca suite. The grid is particularly refined in the overtip gap in order to resolve 

this flow region with high detail. Since an accurate evaluation of the heat flux is crucial for the 

purpose of this work, the 𝑦 + is maintained below 1 everywhere (below 0.3 in most of the surfaces). 

The initial stage mesh was generated using Numeca/Autogrid5 [55]. The distribution of the grid 

in the tip gap was modified in Numeca/IGG in order to avoid any non-matching of the mesh in the 

rotor tip region. To compute the DGF coefficients, the tip surface was discretized in order to 

impose independent TBC on each patch. In particular, we want to impose a heat flux on a single 

portion of the tip and set the rest of the blade as adiabatic.  
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Figure 3.3: a) Stage mesh and tip gap details. b) Elements used to impose the heat pulses 

 

Figure 3.3a) illustrates the stage composition, a blade to blade view of the computational grid, and 

the details of the mesh in the tip gap for the nominal and tight clearance. Figure 3.3b) shows the 

discretization use for the calculation of the DGF coefficients. The blade was divided in 100 

elements of variable sizes that will be used for the pulses calculations. In order to select the 

appropriate grid, the effect of the mesh element size has been assessed for the stage and the rotor 

calculation. Beside the mesh used for the Green Function calculation, three meshes have been 

investigated: one finer, one coarser and one even coarser. The relevant quantities have been 

extracted and compared, following the approach suggested by Celik [56]. 

 

Figure 3.4: Grid sensitivity study 
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Figure 3.4 shows the effect of the grid size on the stage efficiency and the heat transfer in the blade 

tip region. All the values are expressed as a percentage of the reference efficiency and heat flux 

(marked in red) obtained with the selected mesh. While all the grids provide a good estimation of 

the efficiency, the convergence of the heat flux requires a relatively finer grid. For this reason, 

given the need for accurate computation of the heat transfer for this project, the mesh of 5.5M 

elements was selected. 

The steady RANS simulations have been performed using the Numeca Fine/Turbo solver [57], 

with SST turbulence model. The turbulent kinetic energy and the turbulent dissipation have been 

computed considering a level of turbulence intensity of 2.5%. Stator-rotor interface was computed 

by the solver with a mixing plane approach, i.e. computing the pitchwise average at the stator 

outlet and imposing the profiles at the rotor inlet.  

The turbine stage calculations performed with the CFD tool, the Reynolds Averaged Navier-Stokes 

solver developed by Numeca, were validated using the experimental data reported by Didier at al. 

[58] and the results are shown in Appendix A. Since the calculation of the Inverse Discrete Green 

Function requires a large number of numerical calculations, the reduction of computational cost of 

the single simulation has to be a priority. It is reasonable that by imposing a local heat flux in the 

blade tip the conditions at the stator-rotor interface will not be significantly affected. Therefore, 

the pitchwise averaged profiles at the mixing plane were extracted from a stage adiabatic 

calculation and imposed as inlet condition to the rotor calculations. For each pulse calculation then, 

only the rotor was modeled. 

Isothermal simulations for both clearances were performed in order to assess the levels of heat flux 

per unit surface that take place in the tip region at nominal wall-to-gas temperature ratio. As 

previously discussed, this was one of the criteria used to select the magnitude of the pulse of heat 

flux that should be applied on each surface element. Adiabatic simulations were performed in order 

to retrieve the adiabatic wall temperature averaged on the surfaces for both geometries. 

The simulations with the heat pulses were run using the converged adiabatic case as initial solution. 

The convergence of the DGF simulations have been monitored for some sample cases and a 

suitable number of iterations has been identified and selected for all the simulations. The quantities 

monitored for the convergence were the mass flow, the efficiency and the residuals together with 

the average of the blade surface temperature.  



94 

 

 

In order to simplify the calculation procedure, a semi-automatic procedure has been implemented 

to setup the calculations and post-process them. 

 

 Prediction of the Turbine Tip Temperature 

The effects of the clearance on the rotor performance and heat transfer are investigated. The results 

of the two simulated geometry, with 1% and 0.1% clearance, show how the flow topology and 

heat flux distribution are deeply affected by the clearance. Figure 3.5a) and b) depict the shear 

stress vector lines on the blade tip surface and on the casing, while the color contours represent the 

heat flux per unit surface. 

 

Figure 3.5: a) Shear stress lines and heat flux on blade tip for 1% and b) 0.1% clearance.  c) 

Shear stress lines and heat flux on shroud for 1% and d) 0.1% clearance.   

 

From the top left figure an almost uniform heat flux field can be identified over most part of the 

blade, especially close to the suction side. The highest levels of heat transfer can be distinguished 

close to the leading edge where the flow first impacts on the tip surface. From this region, two 
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main areas are separated by a shear stress line that goes straight towards the trailing edge. In most 

of the blade, between this line and the suction side, the shear stress lines indicate a flow going 

almost straight from pressure to suction side. In the small region between the line and the pressure 

side the flow seems to go against the pressure gradient, towards the blade pressure side. The S-

shaped surface streamlines, together with low levels of heat flux, suggest the presence of a small 

vortex that develops close to the leading edge and grows uninterrupted until the trailing edge. 

When the gap between the blade and the casing becomes smaller, the viscous effects become 

predominant. While the pressure gradient that is established between the pressure side and the 

suction side of the blade would drive the flow towards the low-pressure region, the viscous stress 

works towards the opposite direction. In order to move through the overtip gap, the gas has to 

overcome the resistance due to the relative motion between blade and casing. In the case of a 

relatively large clearance (as in the case of the nominal clearance at 1% of blade height) the 

phenomenon is pressure driven in the majority of the flow field. For this reason, the portions of 

the blade that can be clearly identified as inlet and outlet are the pressure and suction side 

respectively, as intuition would suggest.  

This idea is confirmed by the relative velocity vectors shown in Figure 3.5c) where the pressure 

side can be entirely identified as inlet, while the flow exits on the suction side. Hence, through the 

analysis of the flow topology, we can assert that there is a region where the viscous effects are 

confined and that a large portion of the flow is not majorly affected by them. However, in the case 

of tight clearance this is not valid anymore, since the whole overtip flow is dominated by viscous 

forces. It becomes impossible to distinguish a main flow and a boundary layer, since the whole 

flow in this thin region is entirely dragged by the relative motion between rotating and non-rotating 

components. 

The flow structure generated in case of tight clearance in Figure 3.5b) shows that the blade can be 

divided into three regions. Two regions, in the front and aft part of the blade respectively, are 

characterized by straight shear stress lines. However, while in the aft part of the blade the flow 

direction is from pressure to suction side, in the front portion of the blade the gas, dragged by the 

viscous forces, flows in the opposite direction. There is a third region that can be clearly identified 

in the central part of the suction side, where the surface streamlines enter and exit from the suction 

side. This means that the effect of the relative motion of the shroud is perceived at the blade. 



96 

 

 

Considering the cut at mid-gap (Figure 3.5d) we can see that the flow is even more dominated by 

the viscous effects, since the portion of reverse flow becomes more significant. 

The different flow topologies at the two clearances give origin to two completely different 

distributions of adiabatic wall temperature (Figure 3.6a, b).  

 

Figure 3.6:  a) Adiabatic wall temperature (with shear stress lines) at 1% clearance and b) 0.1% 

clearance c) Relative total temperature with streamlines at 1% and d) 0.1% clearance 

 

While for the 1% clearance the adiabatic wall temperature is similar in magnitude to the average 

total temperature at the rotor inlet, the tight geometry shows a remarkable increase of the adiabatic 

wall temperature. These results are in agreement with what documented in previous works about 

heat transfer phenomena in high pressure turbine with tight clearance [59]. 

The 3D-RANS calculations have been used to retrieve the components of the Inverse Discrete 

Green Function Matrix. The 3D-RANS calculations are then used to retrieve components of the 

Inverse Discrete Green Function matrix. To retrieve the temperature from a given heat flux profile, 

a similar procedure is applied to the turbine blade tip using the Inverse Discrete Green Function 

matrix. The procedure used for the backward-facing step is now applied to the turbine blade tip to 

retrieve the temperature from a given heat flux distribution. The same strategy can be applied 
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however to retrieve the heat flux from temperature measurements. To validate this approach 

several heat distributions have been assessed.  

Figure 3.7 shows the average of the surface temperature on each element as computed with CFD 

(a) and as retrieved using the IDGF (b) for the imposed heat flux distribution (c) on the geometry 

at nominal clearance. 

Figure 3.7 compares the surface temperature distribution obtained using CFD and using the IDGF, 

using a given heat flux distribution. In (a) the surface temperature shown is computed using CFD, 

in (b) the surface temperature is computed using the IDGF. Figure 3.7 also shows the heat flux 

distribution that is imposed on the element (c). Finally, the relative error between the IDGF and 

CFD results is shown in (d).  

 

Figure 3.7: Nominal clearance validation case: a) Temperature distribution calculated with CFD 

b) Temperature distribution predicted with Green Function approach c) Heat flux distribution 

imposed on the tip surface d) Relative temperature error between the calculated CFD distribution 

and the predicted Green Function approach distribution. 

 

In this case there is a good agreement between the temperature computed with CFD and the one 

retrieved from DGF. The error, expressed in percentage of the local temperature, is everywhere 
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below 3%. The maximum levels of mismatch between the two temperature distributions can be 

localized at the central part of the suction side and close to the leading edge.  

 

Figure 3.8: Tight clearance validation case: a) Temperature distribution calculated with CFD b) 

Temperature distribution predicted with Green Function approach c) Heat flux distribution 

imposed on the tip surface d) Relative temperature error between the calculated CFD distribution 

and the predicted Green Function approach distribution. 

 

The equivalent color contours are shown in for the case of tight clearance. The error between the 

two temperature distributions has an average value of 2.9% over the entire blade and is below 10% 

almost everywhere. However close to the leading edge, where the elements are smaller, the error 

reaches values of 20% and the error percentage gets even higher when approaching the trailing 

edge. While in the previous case the variability of the blade temperature was limited to a range of 

100K, in the case of the tight clearance the temperature of the blade goes from an average of 600K 
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in the front part of the blade to peaks of more than 1400K close to the leading edge. This variability 

confirms the high nonlinearity of the heat transfer in this geometry, as already seen in the previous 

section. Moreover, it has to be considered that the adiabatic wall temperature in this case reaches 

high values. It is indeed well known from previous works in the open literature [42] that the 

methodology is sensitive to the errors in adiabatic wall temperature. Therefore, the accurate 

prediction of the temperature in the case of the tight clearance appears more challenging especially 

close to the trailing edge, where 𝑇𝑎𝑤 is large and the area of the sub-elements is small. 

 

 Scaling of Tip Heat Flux 

Scaling with Clearance 

In order to get better insights on the phenomena driving the heat transfer in the two cases, we can 

look at the structure of the respective SGD matrices. Figure 3.9 displays a 3D histogram of the 

matrix components, where the two axes indicate the row and column of the matrix and the bar 

elevation is proportional to the magnitude of the coefficient. If all the sub-elements of the surface 

were not interdependent, the only nonzero elements in the matrix would be along the diagonal. 

This means that a pulse of heat flux in a single element would cause an increase in temperature 

only on the element itself and no effect could be detected on other blade regions. In this scenario, 

using the Discrete Green Function methodology would be equivalent to the use of an adiabatic 

convective heat transfer coefficient ℎ𝑎𝑤  and adiabatic wall temperature 𝑇𝑎𝑤. If we depart from 

the ideal condition of the diagonal matrix, the DGF approach will give different results than the 

ℎ𝑎𝑤approach, because all the interactions between elements are considered. In case of nominal 

clearance (Figure 3.9a) the matrix retrieved from the pulses calculations reveals a structure fairly 

similar to a diagonal matrix. However, some small groups on nonzero extra-diagonal elements can 

be spotted. It is difficult to deduct the relative location of the elements from the matrix, since the 

geometry is complex and the elements are sorted in a column vector. This means that two elements 

that are not adjacent in the matrix can be in the same neighborhood in the blade geometry.  
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Figure 3.9: Histogram of the Inverse Discrete Green Function for a) 1% clearance and b) 0.1% 

clearance 

 

Figure 3.9 left shows that the diagonal values are significantly larger than the rest of the values in 

the matrix. At clearances larger than 1% the local heat transfer is expressed as a function of the 

local temperature differences. This can be articulated using Equation 12, where the Nusselt number 

is a scaled value of the diagonal terms of the Matrix of coefficients. However, for tight clearances, 

Figure 3.9 right indicates that the local heat flux is also function of the temperature in multiple 

neighboring locations. Hence, attempts to express the convective heat transfer for tight clearances 

as a function of the adiabatic flow temperature and a wall temperature are deemed to fail. 

When the clearance becomes smaller (Figure 3.9b) all the sub-elements are highly correlated. The 

histogram in this case shows how in some regions the extra-diagonal terms become even larger 

than the diagonal term in that row or column. The evidence of an important crosstalk between 

blade locations justifies the good agreement that can be obtained using the GDF methodology. 

To gather a better understanding of the dependence of the Green’s Function matrix on the tip gap, 

and additional clearance of 0.6% has been considered. For this additional clearance, the direct and 

inverse Discrete Green’s Function matrices have been derived. The same methodology previously 

described has been implemented, and the results from more the 100 RANS calculations have been 

summarized into the matrix. 

The data has been postprocessed and sorted so that the elements are organized with the same logic 

and the location of each element can be approximately the same independently on the tip clearance. 

Furthermore, the heat transfer is considered in terms of heat flux and not integral value. In this 

way, the magnitude of the matrix elements will have comparable values independently on the 
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element size. The discretized areas are numbered from 1 to 104, where 1 is on the leading edge 

and 104 is on the trailing edge. 

Figure 3.10 shows the results for the three clearances, 0.1% 0.6% and 1.0% at the top middle and 

bottom row respectively.  

 

Figure 3.10: Comparison of three DGF matrices at three different tip gaps. 

 

On the left there is a qualitative color contour of the tip heat flux, while on the right there is a 

representation of the Green’s function matrix for each clearance. The top row is based on a relative 
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tip clearance of 0.1%. The sorted matrix based on heat flux and not on integral values allow to 

better visualize the relevance of the small areas close to the trailing edge. In the region of the 

matrix where both the index ‘i’ and the index ‘j’ are less than approximately 50, i.e. in the top left 

quadrant of the matrix, the diagonal elements dominate. The extra-diagonal elements in that area 

are very small and seem to have non-zero value only immediately below and above the diagonal. 

In the middle region the elements out of the diagonal raise till having a value that is comparable 

to the diagonal terms. This region corresponds to the central part of the blade, where leakage flow 

enters and exits from the suction side. Finally, at the bottom right corner of the matrix we find the 

elements located at the blade trailing edge. Also in this region the cross-talking is dominating the 

heat transfer field but the bar height is in average decreasing. 

As we moved to the 1.0% tip gap, the matrix is almost fully diagonal with small extra-diagonal 

terms located right below or above the diagonal terms. In this case, the main feature characterizing 

the heat transfer field is the height of the diagonal terms. The intermediate gap, shows a flow and 

matricial structure similar to the 1.0%. The separation bubble that can be distinguished on the 

pressure side of the large clearance is now reduced to at least ¼ of its length, which becomes more 

relevant in the trailing edge. While for the 1.0% gap, half of the TE is occupied by a recirculation 

bubble, in the 0.6% case this phenomenon is almost negligible. Consequently, most of the 

differences between the two matrices can be identified in the trailing edge region and in the 

magnitude of the extra-diagonal terms. 

 

Scaling with Inlet Flow 

According to Green’s Function theory, the pulse should produce a consistent effect on the system. 

Hence, the coefficient calculated with different pulse amplitude should be the same as long as the 

value of the pulse is large enough. Figure 3.11 depicts the coefficients calculated based on five 

different pulses, ranging from 100 to 500 kW/m2. When the value of the impulse grows, the 

coefficient decays with a trend similar to an exponential law, fitted by the red line. The overall 

coefficient variation is included in the 0.5% of the final value. 
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Figure 3.11: Trend between heat pulse and wall temperature. 

 

There are different methods in the literature to scale the convective heat flux with the gas-to-wall 

temperature. Some examples are summarized in [60],  where the authors propose various modeling 

approaches of ℎ in function of 𝑇𝑤. One of these methods is based on the assumption that, if the 

relation between ℎ and 𝑇𝑔/𝑇𝑤, we can fit it based on 3 different conditions using the so-called 3-

points method [61]. The power method, demonstrated by Lavagnoli et al. in tip flows [59], is 

applied in this case to evaluate how the exponent changes with the clearance. Since the temperature 

has an effect on the gas properties, like viscosity, tips with smaller gap may show a more relevant 

temperature dependence than large gaps. Figure 3.12 provides an example of the application of the 

power method correction to the tight clearance case. The non-linear expression allows to drop the 

fitting error to values between +20% and -20%. 
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Figure 3.12: Correction of G matrix based on temperature ratio: a) difference of temperature, b) 

heat flux; c) calculated heat flux with the linear method and d) error; e) calculated heat flux with 

power method and f) error 

 

However, the power law may bring to over predicting the trends far from the region where the law 

coefficients are calibrated. Hence, the use of power laws to extrapolate out of the characterized 

region may be challenging. Figure 3.13 shows that for a limited range of wall to gas temperature 

ratios, the linear approximation is satisfactory.  
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Figure 3.13: Trend of heat flux for three tip clearances at different temperature ratios 

 

The graph shows the integral heat flux on the tip as a percentage of a reference value highlighted 

with a red dot. The three lines refer to the trends of heat flux in terms of wall-to-gas temperature 

ratio for three different clearances: a tight, a medium and a large one indicated with black, blue 

and red lines respectively. 

 

3.3 Conclusions 

In the first section of this chapter, an introduction about the Green’s Function method is provided. 

The theoretical description is complemented with one test case that demonstrates the method’s 

application. The procedure is successfully tested in a backward-facing step and compared to 

similar test cases in the literature. 

In the second half of this chapter, the focus is on turbine tip convective heat flux. The challenges 

related to modeling of heat transfer phenomena in the overtip region are highlighted, and a Green’s 

Function based methodology is proposed to overcome them. 

Finally, the scaling of Green’s functions over a range of turbine conditions is studied. In particular, 

the dependence on the tip gap and gas-to-wall temperature ratio are established.  
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 TURBINE MODELING AND EXPERIMENTAL 

PROCEDURES 

4.1 Transient Modeling Approach 

Over the trajectory of an engine, the tip clearance varies continuously due to a variety of different 

phenomena [62]. A typical trajectory can be seen in Figure 4.1, where the abscissa indicates the 

time of the mission, the right ordinate shows the shaft speed, and the left ordinate shows the tip 

clearance.  

 

Figure 4.1: Variation of tip clearance over a given trajectory [62]. 

 

It is evident that changes in shaft rotational speed induce substantial variations in running clearance, 

which can be even +-100% of the clearance for cruise conditions. This change implies that even if 

the engine is designed for a safe running clearance at cruise, this may not be ensured over the 

trajectory and that optimizing the performance of turbomachinery for a given clearance may not 

be sufficient to an optimal performance over a range of RPM. 

In the literature, turbomachinery deformations are broken down into two main categories: 

− Axisymmetric deformation: due to thermal, centrifugal and aerodynamic loads, is the same 

for all the blades (symmetric in the circumferential direction) 
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− Non-axisymmetric deformation: caused by non-symmetric forces, produces an eccentricity 

of the rotor and therefore an unbalance of the loading on each blade 

In general, the loads acting on the engine can be centrifugal, thermal, internal aerodynamic forces, 

thrust loads. These loads can induce both symmetric and non-symmetric deformations. 

Additionally, there are also loads due to flight conditions, like inertial, external aerodynamic forces, 

gyroscopic forces; these loads typically induce asymmetric deformations. 

Given the complexity of the phenomena involved and the large variability of mechanical and 

thermal properties of the engine parts, each component has a different reaction to transient loading. 

This factor makes the dynamic modeling of tip clearance during transient critical and at the same 

time challenging. A reduced model should capture all the involved time-scales in order to 

reproduce the tip gap in detail correctly.  

An important application of this type of analysis in engine design is the simulation of pinch points, 

as highlighted in Figure 4.1. During a fast shaft acceleration, like during take-off, the centrifugal 

speed is rapidly increased and the thermal loads that act on the turbine blade with it. The sudden 

increase of centrifugal force causes a rapid elongation of the blade tip due to structural deformation. 

Given the small size of the blade, the thermal loads will not take long to penetrate the entire blade 

length and cause an additional thermal deformation. The same increase of thermal loads can be 

found on the inner surface of the turbine casing and to a lesser extent on the rotor disc. Nevertheless, 

these are larger parts that have a slower response to increases of temperature, where the rotor is 

the slowest to deform because it is a more massive component. For this reason, in the first phase, 

the casing deformation at a given time instant is smaller than the one of the blades. This causes a 

minimum in the tip clearance indicated as a pinch point. Once the casing starts reacting, the 

clearance becomes more prominent than the cruise value, until the rotor disc expands as well and 

pushes the blade tip to its nominal value. Most of the available studies about the response of 

turbomachinery clearances to engine transient are performed numerically or experimentally on 

large engines, with relatively large running tip gaps. This work focuses on characterizing the tip 

gap evolution over the trajectory of a small turbojet. The engine size profoundly affects the turbine 

performance, as demonstrated in Chapter 2, but also changes the scales of mechanical and thermal 

loads. 
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Figure 4.2:  Disk and blade thermal growth [5]. 

 

The geometry considered in this section is illustrated in Figure 4.3. The simplified assembly 

showed on the left contains a shaft, not included in the numerical model, a solid rotor disc, half a 

turbine stage and a casing composed by a thin layer of abradable and a solid metal casing. A 

summary of the dimensions is shown in the right section of Figure 4.3, while a more detailed 

description of the geometrical parameters is provided in the Appendix. 

 

Figure 4.3: Schematic of the turbine assembly. 

 

The first step to develop a numerical model of the engine is to characterize the time-scales of the 

involved phenomena to decide what can be approximated as steady and what must be characterized 
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as an unsteady phenomenon. While some of these characteristic times are documented in the 

literature for large engines, it is necessary to verify which assumptions still hold for compact 

engine cores. 

The first step is the analysis of the heat flux of the parts; it is well known that normally conduction 

is the slowest phenomenon in a thermal transient. In conduction problems, there are 

nondimensional numbers that can be used to estimate how fast the thermal response of a part will 

be, and which assumptions can be made. A first analysis to characterize the importance of 

temperature gradients within a component is based on the Biot number: 

𝐵𝑖 =  
ℎ𝐿𝑐

𝑘
 (4.1)  

Where ℎ is the coefficient of convective heat flux and 𝑘 is the thermal conductivity of the solid, 

while the characteristic length is defined as 𝐿𝑐 = 𝑉 𝐴𝑠⁄  with 𝐴𝑠 being the surface area. Bergman 

et al. [63] state that if the condition 𝐵𝑖 < 0.1 is valid, then the temperature gradient within the 

solid can be neglected, or in other words, the resistance to conduction in the solid part is small 

compared to the resistance to convection between the fluid and solid at the body surface. In this 

case, the numerical approach of lumped capacitance can be adopted; this is one of the simplest 

methods in conduction since it considers a uniform temperature in the solid and allows to simplify 

significantly the differential equation describing the body temperature in a transient. 

For a given component, the thermal response can be characterized based on a time constant 

calculate as: 

𝜏𝑡 =
𝜌𝑉𝑐

ℎ𝐴𝑠
 (4.2)  

In this equation, 𝑐 is the thermal capacity of the fluid, and 𝜌 is the fluid density. This thermal time 

constant is the coefficient of an exponential law that characterizes the time needed to bring the 

solid to the desired temperature. In particular 𝜏𝑡 is the time at which the solid will achieve 63% of 

the final temperature, in seconds. This value will allow selecting a proper time step to characterize 

the temperature transient in the engine numerical model. 
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Table 4.1: Biot number calculation for turbine components 

 Biot number Time scale [s] 
Rotor disc 0.12 63.62 

Blades 0.03 4.03 

Casing abradable 0.69 4.63 

Casing metal 0.17 44.08 

 

The Biot numbers and time constants for the four main turbine components are reported in Table 

4.1. The blades are the only component for which the Biot is much smaller than 0.1 and the lumped 

capacitance model can be applied, while the other components will require a different modeling 

approach. The time scales for the blades and the thin layer of abradable in the casing are similar, 

below 5 seconds. We can expect them to be the first components to achieve a steady temperature 

during a transient. The metal casing follows with ~45 seconds, and the slowest part to respond is 

the rotor disc which has a time constant higher than 1 minute. 

Transients in convection usually are several orders of magnitude faster than in conduction. For this 

reason, the boundary layer is traditionally assumed to adapt instantaneously to changes to main 

stream conditions in this type of numerical models. Given the peculiar flow regime in tip flows, 

we should assess the validity of this hypothesis. To quantify the time scale of convection, the 

method described in [64] was used. The time needed for the boundary layer to respond to an 

upstream flow change is expressed in function of flow and geometrical parameters. The 

aerodynamic and thermal time scales are slightly different and can both be estimated using the 

method described by Saavedra et al. The time scales obtained are in the order of milliseconds. 

Finally, it is fundamental to understand how the tip clearance models can be used and which the 

requirements of these applications are. One of the primary uses of detailed tip clearance models is 

the design of active tip clearance control systems. Some works related to the requirements of fast 

active tip control are used as a reference to define the strategy of this section. In [65] and [66], the 

response time of actuators is discussed, and reduced models are used to characterize the design 

space. The time steps used in these work to run engine simulations are in the order of 0.1 s. Hence, 

this value is used as a reference to define the strategy for transient modeling. All the phenomena 

with time scales smaller than this value will be modeled using a quasi-steady approach, while the 

slower phenomena will be model with a full unsteady approach. 
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Figure 4.4 shows a summary of the time scales involved in the engine transient problem, in a base 

10 logarithmic scale. The convection is fast compared to the time scales of the engine dynamic 

model. The blade conduction is the fastest of the conduction problems, but still close to the 0.1 

seconds range. 

 

Figure 4.4: System time scales (simulations, conduction and convection). 

 

The rotor disc and casing conduction problems are slow compared to the other time scales, with 

time constants of more than 10 seconds. For this reason, the conduction is modeled as fully 

transient while the convection, pressure and centrifugal loads are treated as quasi-steady. These 

loads are supposed to adapt to a time-changing boundary condition instantaneously.  
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4.2 Tip Clearance Modeling 

 

 Turbine Performance Modeling 

The two modules built to estimate the turbine aerothermal performance are shown in Figure 4.5. 

 

Figure 4.5: Module for turbine performance. 

 

The two modules will be used to retrieve the turbine map and the heat transfer coefficient 

respectively. 

The turbine map is normally expressed in 2D, with the corrected flow on the abscissa, the pressure 

ration on the ordinate and iso-speed lines at different rotational speeds. The points with the same 

value of efficiency are, in this case, simple 2D lines. When we consider the tip clearance, defining 

the turbine map becomes a 3D problem, where the third axis is the value of the tip gap. In the 

performance module, we will retrieve the surface map from the 3D one for a given input clearance 

at each time step. 

𝜂 = 𝜂(𝛿 ℎ⁄ , 𝑡𝑖𝑝 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑦, 𝑚̇𝑐𝑜𝑜𝑙) (4.3)  

We have already demonstrated that the effect of efficiency depends on the tip geometry, so the 

first two variables need to be considered together. However, if it is assumed that the effects of 

clearance and of cooling are independent, the efficiency can be expressed as: 
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𝜂 = 𝜂𝑟𝑒𝑓 +  
𝜕𝜂

𝜕(𝛿 ℎ⁄ )
|

𝑡𝑖𝑝

Δ(𝛿 ℎ⁄ ) + 
𝜕𝜂

𝜕𝑚̇𝑐𝑜𝑜𝑙
Δ𝑚̇𝑐𝑜𝑜𝑙 (4.4)  

Few models are proposed in the literature to model the effect of tip clearance. Most of the available 

data is based on cascade experiments on traditional large turbines. The correlations are able to 

distinguish between shrouded and unshrouded turbines, and some of them include non-flat tip 

structures but only in the case of simple squealers. One of the most adopted relations, for example 

the one used in [67], is based on the empirical model described by Baskharone [68]. 

According to this model, the effect of clearance on efficiency can be calculated as: 

𝜂

𝜂𝑟𝑒𝑓
= 1 − 𝐾 (

𝛿

ℎ
) (

𝑟𝑡

𝑟𝑚
) (4.5)  

Where K is a function of the Zweifel tip loading coefficient, which combines blades parameters 

(solidity) with flow parameters (inlet and outlet flow angles). 

Additional correlations are available, still developed based on linear or annular cascade 

experiments. As an example, Hubert expresses changes in losses and flow angles as a function of 

clearance. 

Δ𝛼2,𝑐𝑙 =
𝑐

𝑔

sin 𝛼∞

𝛿𝑢sin2 𝛼∞
= 𝑓 (

𝛿

𝑐
) (4.6)  

 

Traupel follows the same structure and developed correlations based on turbine testing to include 

the clearance losses in the aerodynamic blade efficiency. The variation of efficiency due to tip 

clearance is expressed as: 

Δ𝜂 = 𝐾𝛿

(𝛿 − 0.002𝑐)𝐷𝑇

ℎ𝐷𝑚
 (4.7)       

Where the value of K is given by an empirical correlation. According to this correlation, the 

efficiency variation would go to zero for a relative tip clearance of 0.2%. 

In alternative, the flow deviation can be calculated as: 

Δ𝛼𝑐𝑙 = 70.5
𝛿

ℎ

𝐷𝑇

𝐷𝑀
− 0.714

𝑔

𝑐
− 0.5° (4.8)   

The Ainley’s equation for tip losses is 
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𝑌𝑐𝑙 = 𝑘
𝛿

ℎ
𝑍 (4.9)  

where k is a constant depending on the rotor configuration (k=0.5 for unshrouded blades) and Z is 

the Ainley’s loading factor. A further modification of this correlation was made by Dunham and 

Came [69] implementing the results from Hubert, and obtained: 

𝑌𝑐𝑙 = 𝑘
𝑐

ℎ
(

𝛿

𝑐
)

0.78

𝑍 (4.10)  

An alternative expression to calculate the efficiency variations in turbine stages with transonic 

relative outlet Mach numbers is given by Kacker and Okapuu as: 

∆𝜂

𝜂0
= 0.93

𝛿

ℎ cos(90° − 𝛼2)

𝐷𝑇

𝐷𝑀
 (4.11)  

Where 𝜂0 is the efficiency at zero clearance. Sjolander [70] models the tip losses with more detail, 

including a breakdown of the different loss components as function of the clearance. However, all 

the described method are based on experimental databases built on a limited range of turbine 

geometries. The equations above have similar structures that consider a purely linear trend of 

efficiency in function of the tip gap. Furthermore, none of the models is complex enough to allow 

the calculation of efficiency for non-traditional squealer tips. 

 

Figure 4.6: Models of efficiency change in function of tip clearance. 
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To show the predictions based on correlations, some of the described models are implemented and 

showed together in Figure 4.6. On the abscissa we find the tip gap as percentage of the blade span. 

On the ordinate, the variation of efficiency is expressed in percentage of the efficiency at zero 

clearance. These lines express the trend of efficiency loss with an increase in clearance. The three 

curves are based on the model (black line, indicated as Model 1), and the curve showed in Bunker’s 

work [5] (blue lines indicated with Model 3 for flat tips in solid line and squealer in dashed line). 

The three models for flat tip collapse on the same trend, showing that most of the models available 

in the literature are based on similar or same experiment database and characterize the same family 

of turbines. For compact turbines, and furthermore with optimized tips, we need to verify how the 

trend compares with the literature one. 

We must now verify how these results compare with the CFD predictions in a rotor of an HP 

turbine for compact core engines. 

In addition to the geometries described in Figure 4.7, two additional tip configurations are selected.  

 

Figure 4.7: Models of efficiency change in function of tip clearance from the literature and from 

CFD in Chapter 2. 

 

In total four different geometries are considered in this section: 

- Baseline squealer 

- Geometry with the highest efficiency from single point optimization 
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- Geometry with highest mean efficiency from multi-clearance optimization 

- Geometry with the same efficiency as squealer but low variability from multi-clearance 

optimization 

 

The four geometries are then compared to the correlation described by Baskharone [68]. Table 4.2 

summarizes the variation of efficiency for the four geometries and for the empirical model from 

the literature in a reference clearance, a tight, medium and large ones. 

 

Table 4.2: Summary of efficiency variations with clearance 

 Δ Efficiency [%] 
 Tight Reference Medium Large 

Geometry 1 0.52 0.00 -0.90 -1.81 

Geometry 2 1.05 0.62 -0.63 -1.87 

Geometry 3 1.02 0.58 -0.57 -1.22 

Geometry 4 -0.21 -0.35 -0.90 -1.55 

Model 1.05 0.80 -0.05 -0.90 

 

 

The easiest way to implement these efficiency variations into the model is to apply a variable gain 

to the torque output. Given a reference condition, in terms of efficiency and torque, we can write 

𝜂𝑟𝑒𝑓 =
𝜏𝑟𝑒𝑓𝜔

𝑚̇Δ𝐻𝑖𝑠
                                 𝜂 =  

𝜏𝜔

𝑚̇Δ𝐻𝑖𝑠
 (4.12)  

Where ref indicates a reference efficiency, i.e. the efficiency of a reference geometry at a reference 

clearance. The torque at each clearance can be calculated as: 

𝜏 =
𝜏

𝜏𝑟𝑒𝑓
𝜏𝑟𝑒𝑓 =  

𝜂

𝜂𝑟𝑒𝑓
𝜏𝑟𝑒𝑓 =

𝜂𝑟𝑒𝑓 + Δ𝜂

𝜂𝑟𝑒𝑓
𝜏𝑟𝑒𝑓 = (1 +

Δ𝜂

𝜂𝑟𝑒𝑓
) 𝜏𝑟𝑒𝑓 (4.13)  

The 𝜏 𝜏𝑟𝑒𝑓⁄  coefficient is hence expressed in function of a reference efficiency and a Δ𝜂 that can 

now be directly imposed using the database in Table 4.2. 

 

Effect of cooling on performance 

The second term in Equation (4.4) is the effect of coolant injection n the turbine performance. It is 

well documented that the injection of coolant in different sections of blade and platform induces a 
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penalty of the turbine aerodynamic efficiency. Some values are documented in the literature as 

reference, as summarized by Kurzke [71] based on the results in [72], [73]. 

Based on the CFD results, we can establish a relation between cooling injection and efficiency 

reduction for baseline and optimal tip in a compact cooled turbine. Figure 4.8 shows the variation 

of efficiency for a wide range of blowing ratio.  

 

Figure 4.8: Change of efficiency as function of cooling mass flow, based on CFD results from 

Chapter 2, for simple squealer (black line) and optimized tip (red line). 

 

On the abscissa, we find the ratio between total cooling flow rate and the main passage flow rate 

while on the ordinate, we report the change of efficiency compared to a nominal condition. The 

black line represents a single squealer, while the red line represents the optimized tip. The section 

that is actually characterized with CFD is indicated by the solid lines, while the dotted lines are an 

extrapolation of the trends based on the CFD results. 

The range of coolant mass flows characterized with CFD ranges from 2.5% to 3.5% of the total 

mass flow, while thanks to the extrapolation a range of 5% can be covered starting from the 

extrapolated uncooled performance. It can be observed that the linear trend fits the CFD results 
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with reasonable accuracy. In particular, the fittings have a 𝑅2 value of 0.9875 and 0.9841 for 

squealer and optimized, respectively. 

From this plot, we can state that the efficiency drop for a 1% change of blowing ratio is -0.63% 

and -0.55% for baseline and squealer respectively. The effect on the efficiency is included in the 

turbine performance model as: 

Δ𝜂 =  𝐶𝑐𝑜𝑜𝑙(𝑚𝑐𝑜𝑜𝑙 − 𝑚𝑐𝑜𝑜𝑙,   𝑟𝑒𝑓)𝑚𝑖𝑛 (4.14)  

This equation is implemented in a dedicated cooling module and the change of efficiency is 

summed to the one due to the change of clearance. 
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 Modeling of Tip Convective Heat Flux 

The Green’s Function module is used to implement the results from Chapter 3 into the engine 

model. The analysis in the convective heat transfer built on   

 

Figure 4.9: Green’s Function module. 

 

The matrices with the coefficients for different clearances are stored as parameters. Once the tip 

clearance is provided at each time step, the Green’s Function matrix will be provided and used 

instead of the convective heat transfer coefficient in the calculations of the thermal expansion of 

blades and casing. 

𝑄 = 𝑄(𝛿 ℎ⁄ , 𝑡𝑖𝑝 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑦, 𝑚̇𝑐𝑜𝑜𝑙 , 𝑚̇, 𝑇0, 𝑇𝑤) (4.15)  

Analogously with the approach used for the efficiency, if we assume that the effect of clearance 

and the one of cooling are independent, the tip convective heat flux can be expressed as: 

𝑄

∆𝑇
=

𝑄

∆𝑇
|

𝑟𝑒𝑓
+  

𝜕𝑄

𝜕(𝛿 ℎ⁄ )
|

𝑡𝑖𝑝

Δ(𝛿 ℎ⁄ ) +  
𝜕𝑄

𝜕𝑚̇𝑐𝑜𝑜𝑙
Δ𝑚̇𝑐𝑜𝑜𝑙 +  

𝜕𝑄

𝜕𝑚̇
Δ𝑚̇ +  

𝜕𝑄

𝜕𝑇0
Δ𝑇0 (4.16)  

The heat flux is now expressed in function of the difference of temperatures using the Green’s 

Function approach described in Chapter 3. 

However, the heat flux was previously described in function of the temperature at zero heat flux. 

This means that the reference temperature was the adiabatic wall temperature. In this model, we 

want to only have variables that are directly calculated from the engine model. Hence, we select 

the turbine inlet total temperature as our driving temperature. 

𝑄 = 𝐺∆𝑇 = 𝐺(𝑇𝑤 − 𝑇0) + 𝑄𝐼𝑠𝑜𝑇 
(4.17)  

𝐺 = 𝐺(𝛿 ℎ⁄ , 𝑇0/𝑇𝑤) 
(4.18)  



120 

 

 

After changing the reference temperature in this expression, there is a resulting offset indicated 

with 𝑄𝐼𝑠𝑜𝑇. The value of this offset is characterized for multiple clearances and multiple gas to 

wall temperature ratios. The physical meaning of this term is that for simple flows the total inlet 

flow would be the actual temperature driving the heat flux. For complex flows like the tip, using 

the total temperature as reference will induce a residual heat flux. 

The tip has an effect on both heat flux intensity but also flow topology. If the heat flux coefficient 

was affected only in magnitude, the transformation matrices would be perfectly diagonal. However, 

the transformation matrices introduce a rotation of the Green’s function matrices as well. 

 

Figure 4.10: Transform matrices for tight clearances (left) and large clearances (right). 

 

Figure 4.10 shows the two matrices used to interpolate the Green’s Function matrix for any tip 

clearance. The matrix on the left is used for transformations from tight clearances to medium, 

while the one on the right is used for clearances between medium and large values. 

Optionally, the matrices can be scaled to adapt to different engine conditions, following the method 

implemented in [66]: 

𝐺 = 𝐺 (
𝑚̇

𝑚̇𝑑𝑒𝑠
)

0.8

(
𝑇

𝑇𝑑𝑒𝑠
)

0.23

 (4.19)  

Once the matrix is calculated through the Green’s function module, two values are exported: a 

value of integral heat flux, and one value of equivalent convective heat flux coefficient, 

calculated in Equation (4.20):  

ℎ𝑒𝑞 =
∑ (𝐺∆𝑇 ∙ 𝐴𝑖)𝑖

(𝑇0 − 𝑇𝑤) ∑ (𝐴𝑖)𝑖
 (4.20)  
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Effect of cooling 

In the model, the film cooling is implemented in terms of cooling effectiveness. In the CFD, 

however, the wall is assumed isothermal so we cannot directly derive the cooling effectiveness 

from the numerical simulation. Based on the CFD, the effect on the tip heat flux will be quantified 

for different blowing ratios and included in the turbine performance model. 

 

Figure 4.11: Trend of tip heat transfer in function of the coolant mass flow fraction, for simple 

squealer (black line) and optimized tip (red line). 

 

Based on the scaling factor of the heat flux, we assume that this has a direct impact on the cooling 

effectiveness, as: 

𝜂𝑐𝑜𝑜𝑙

𝜂𝑟𝑒𝑓,𝑐𝑜𝑜𝑙
=

𝑄𝑟𝑒𝑓

𝑄
 (4.21)  

Where, consistently with the engine model, 𝜂𝑐𝑜𝑜𝑙 is the cooling effectiveness and is defined as: 
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𝜂𝑐𝑜𝑜𝑙 =
𝑇𝑟 − 𝑇𝑚

𝑇𝑓 − 𝑇𝑚
 (4.22)  

The compressor reference temperature is the cooling inlet temperature, the turbine temperature is 

the mass flow-averaged temperature at the turbine inlet, and the reference temperature is computed 

as the average wall temperature. 

 

 Mechanical and Thermal Modeling 

Kypuros et al. provide a detailed guide for the time-resolved calculation of clearance variations 

through simplified models [74]. The work is based on the solution of the governing equations of 

mechanical and thermal energy, based on assumptions and boundary conditions that are specific 

to each component. A similar approach has been used by Chapman [67] and implemented in the 

library T-MATS to resolve the tip clearance integrated within an engine transient calculation. 

A more detailed approach can be found in [75], where the HPT is modeled with a matricial 

approach. The same work is then used to develop a simplified model to predict the tip clearance. 

The stochastic nature of engine performance can be characterized by modeling the clearance as a 

non-deterministic parameter [76]. 

In a simplified model, the tip clearance can be calculated as: 

𝛿(𝑡) = 𝑟𝑠ℎ𝑟𝑜𝑢𝑑(𝑡) − [𝑟𝑟𝑜𝑡𝑜𝑟(𝑡) − 𝑡𝑏𝑙𝑎𝑑𝑒(𝑡)] (4.23)  

Where the three terms are computed independently for the three components: blade, rotor and 

shroud. 

 

Blade modeling 

The centrifugal forces in the blades vary with the square of the rotational speed. The elongation of 

the blade is function of the initial length, the initial radius, the RPM and the material properties. 

∆𝐿𝑅𝑃𝑀 =
𝜌𝐿2(𝐿 + 𝑟0)𝜔2

𝐸
 (4.24)  

In most of the models available in the literature, the blades are considered thin compared to the 

other components and therefore the temperature gradients on the blade are neglected. For this 

reason, a lumped capacitance model can be used: 
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∆𝐿𝑇𝑒𝑚𝑝 = 𝛼𝑇𝑏𝑙𝑎𝑑𝑒𝐿 (4.25)  

 

The blade temperature is calculated considering the contribution of convective heat flux and 

effectiveness of cooling. The cooling effectiveness is obtained from the previous analysis for 

different values of compressor pressure. 

To summarize, the inputs necessary for the model are: 

 Turbine and compressor temperature, and angular speed 

While the parameters that characterize the part are: 

 Cold geometry parameters (span…) 

 Properties of the material 

 Convection coefficient (this will be derived from the Green’s Function) 

 Film cooling effectiveness (from the robustness study) 

 

Rotor disk modeling 

The centrifugal force in the rotor disk varies with the square of the rotational speed. The elongation 

of the blade is only function of the initial length, the initial radius, the RPM and the material 

properties. 

∆𝑟𝑅𝑃𝑀 =
1

4𝐸
(1 − 𝜈𝑟)𝜌𝑟𝜔2𝑟0

3 (4.26)  

In this study the rotor is considered a uniform disk, where the sides are exposed to coolant and the 

upper surface is exposed to hot flow. The effect of windage is neglected. 

For this reason, like in the case of the blades, the deformation can be expressed as: 

∆𝑟𝑠ℎ𝑟𝑜𝑢𝑑,𝑇 = 𝛼𝑇𝑟𝑜𝑡𝑜𝑟𝑟0 (4.27)  

The rotor temperature is calculated considering the contribution of convective heat flux and 

effectiveness of cooling. 

To summarize, the inputs necessary for the model are: 

− Compressor temperature, and angular speed 

While the parameters that characterize the part are: 

− Cold geometry parameters (radius) 
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− Properties of the material 

− Rotor convection coefficient (this will be derived from the Green’s Function) 

 

Casing modeling 

The casing is modeled as a rink-like structure, with the option of having different layers of material, 

i.e. a layer of abradable and a super alloy. Instead of using a constant heat transfer coefficient, the 

proposed approach to model the heat transfer on the internal casing is through the Green’s function 

matrix. The two main contributors to the casing deflection are the thermal stresses, and the pressure 

differential. 

To summarize, the inputs necessary for the model are: 

− Turbine and compressor pressure and temperature 

While the parameters that characterize the part are: 

− Cold geometry parameters (radius, width…) 

− Properties of the material 

− Convection coefficient (this will be derived from the Green’s Function) 

 

The first step of the transient approach is to validate the dynamic model of the tip clearance, with 

the test case reported by Kypuros [74].  

Figure 4.12 shows an increase of shaft speed from ground idle to maximum power. In the second 

plot we can see how the three components expand following the engine acceleration. The tip 

clearance, in the bottom plot, can be consequently calculated. These results are comparable with 

the values obtained in the paper, which are compared with experimental results. 

 



125 

 

 

 

 

 

 

 

Figure 4.12: Rotor disk and blades, and shroud deformation in response to engine acceleration 

based on the validation test case[74]. 
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4.3 Turbine Modeling in Engine Transient 

 

 Steady State Engine Modeling 

For a potential application to large UAV market, a compact turbojet is considered. The engine 

modeled in this section is a single spool turbojet with a single-stage compressor and a single-stage 

turbine. The main engine parameters are summarized in Table 4.3. 

 

Table 4.3: Summary of engine conditions 

Overall pressure 

ratio 
Mass flow RPM 𝑚̇𝑓𝑢𝑒𝑙 

4 1 kg/s 25000 0.023 kg/s 

 

The turbine relevant parameters are selected in terms of corrected speed, corrected mass flow and 

Mach numbers. The hub to tip radius ratio is kept constant in the turbine scaling procedure. The 

mass flow is calculated once the geometrical parameters, the overall pressure ratio and the turbine 

parameters are constrained. 

 

Figure 4.13: Diagram of the steady-state model. 
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The engine model is built using the components of the Toolbox for the Modeling and analysis of 

Thermodynamic Systems (T-MATS), an environment for engine modeling developed by NASA.  

This toolbox, integrated into Simulink, contains mathematical relations based on thermodynamics 

that allow for quick and reliable modeling of engine components. The T-MATS toolbox contains 

a solver for unsteady simulation (Newton-Raphson solver). This provides a tool to simulate the 

performance of the engine while continuously changing the input parameters. Figure 4.13 shows 

the diagram of the steady-state engine model, with a zoom of the compressor and the turbine, with 

their inputs and outputs. The compressor takes the inlet flow as an input. The parameter called 

“Rc” is an independent parameter that is fed to the component by the solver. This parameter is an 

auxiliary coordinate to move along an iso-speed line on the compressor map. The mechanical 

speed “Nmech” is computed from the difference of torque in compressor and turbine, in this single 

shaft configuration. The mass flow is calculated from the value of R, speed and rotational speed. 

For the turbine, the algorithm is analogous, but the auxiliary coordinate is replaced by the pressure 

ratio. 

 

Figure 4.14: Steady-state engine model. 

 

Figure 4.14 depicts the pressure, on the left ordinate, and the temperature, on the right ordinate, at 

each engine station. The first component is the inlet, where the temperature is kept constant and a 

pressure loss is implemented as a percentage of inlet temperature. The compressor has a pressure 
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ratio close to four, so the pressure increases from 1 to 4 bar, while the temperature raises from 

ambient to a combustor outlet temperature of around 450K. In the burner, the combustion takes 

place at constant pressure, except for a small pressure loss through the component. The temperature 

on the other hand increases to a value higher than 1200K at the turbine inlet. A first expansion 

happens in the turbine, where the power is extracted to keep the compressor operating in this 

condition. Given the higher pressure and temperature at the turbine inlet, the pressure ratio needed 

to generate the power is lower than in the case of the compressor. Hence, the residual momentum 

is expanded through the nozzle and used to generate thrust. The nozzle is modeled with a constant 

throat area dimensioned based on the design mass flow. 

 

Figure 4.15: Compressor (left) and turbine (right) maps, with the steady-state point highlighted 

in the red-edged circle. 

 

Figure 4.15 depicts the compressor and turbine maps on the left and right plots respectively. The 

black lines indicate iso-speed lines, i.e. lines with constant corrected speed defined as 𝑁̃ = 𝑁 √𝜃⁄  

where 𝜃  is calculated as 𝑇0 𝑇𝑟𝑒𝑓⁄ . The abscissa is expressed in terms of corrected mass flow, 

calculated as 𝑚̃ = 𝑚̇√𝜃 𝛿⁄ . The ordinate is the total to total pressure ratio, calculated as an outlet 

to inlet ratio for the compressor and vice versa for the turbine. The maps are scaled from reference 

maps available in the literature following the method described by [77]. The operating point for 
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steady design condition for both turbomachinery is indicated by the red dot. The point is selected 

through the design of the turbomachinery, to have room in the map for off-design conditions. 

 

 Engine Transient Analysis 

The transient model allows an integration of the propulsive system within the airframe model and 

is suitable for an analysis of the aircraft with a holistic approach. In the case of a dynamic 

simulation, the difference between the compressor and turbine torques cannot be set to zero. The 

excess or lack of power is translated into an acceleration or deceleration for the following time-

step. For this reason, the way to control the convergence in the internal loop is by setting the 

maximum number of iterations. The outer loop is based on a Newton-Raphson method with 

Jacobian calculation. A detailed explanation of the algorithm implemented by T-MATS is 

described by Chapman [78].  

A deceleration-reacceleration trajectory is generated in this section by changing the fuel flow 

injected in the combustor. Figure 4.16 illustrates the same two maps used for the steady model, 

exposed to a time-varying trajectory. 

 

Figure 4.16: Compressor map (on the left) and turbine map (on the right) with operating 

conditions over an engine transient. 
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Starting from the compressor map, the design point was located at a speed of 100% of the reference 

speed. As the fuel flow is reduced, the shaft speed drops as well. Since the compressor inlet 

temperature is constant, because there is no temperature change through the inlet, a decrease in 

mechanical speed corresponds to a decrease in corrected speed. For the turbine, on the right, the 

design corrected speed is selected to be 90% of the design speed. During the transient, the shaft 

speed that of course equals the compressor rotational speed, initially decreases and then increases. 

However, a change in fuel flow affects the turbine inlet temperature. A decrease in fuel, and 

consequent decreases in speed, are compensated by a decrease in turbine inlet temperature and 

therefore an increase of corrected speed.  

 

Figure 4.17: On the top: pressure at compressor outlet (solid line), turbine inlet (diamonds) and 

turbine outlet (circles). Middle: temperature at compressor outlet (solid line), turbine inlet 

(diamonds) and turbine outlet (circles). Bottom: RPM and specific fuel consumption in time. 
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Figure 4.17 shows the trends of pressure and temperature in time, due to an imposed sequence of 

fuel flow. On the top graph, the pressure at compressor outlet (solid line), turbine inlet (diamonds) 

and turbine outlet (circles) are shown. The highest pressure is always the compressor outlet, which 

at the initial instant starts at four bar, drops at 2.5 bar when the fuel is decreased, and increases 

back to the initial value once the fuel is brought back to a value higher than the design value. The 

pressure at the exit of the combustor is close to the compressor, except for a minor loss, and the 

turbine outlet pressure marked with circles, is the inlet divided by the pressure ratio that is in the 

range of 2. The middle graph is the trend of temperature in time. The lowest temperature is the 

compressor outlet, followed by the turbine outlet and then the turbine inlet. The drop in fuel flow 

that takes place between 20 and 30 seconds induces a decrease in turbine inlet temperature of about 

500K. Finally, the bottom figure shows the trend in terms of shaft mechanical speed, in rounds per 

minute.  

 

 Engine Sensitivity to Turbine Performance 

A brute force Monte Carlo approach similar to the methodology described by Bunker [79] was 

adopted. Montomoli et al. [80] clarify that the Monte Carlo method coupled with a Meta-Model is  

the main reference for stochastic studies. The method converges to the theoretical solution as long 

as the number of samples (and consequent calculations) is large enough to characterize the entire 

design space. An example of how this approach can be used to assess the effect of tip flow on 

turbine performance is provided in [81].  

In the case of this analysis, the curse of dimensionality normally associated with uncertainty 

quantification problems is avoided by treating all the parameters except for the turbine tip 

clearance as deterministic. The tip clearance and the consequent efficiency variations are modeled 

using a stochastic approach. Given the unknown tip clearance distribution, a normal distribution 

with a given mean and standard deviation is used. 

Figure 4.18 left, shows the distribution of tip clearance that is used for the stochastic analysis of 

the engine. The abscissa indicates the value of tip clearance as percentage of the blade span, while 

the ordinate shows the probability calculated as the ratio between the relative frequency and the 

total count of samples. 
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Figure 4.18: Left, probability distribution of tip clearance with 95% confidence interval. Right, 

effect of tip clearance on the efficiency in three different tip geometries: baseline squealer (black 

line), best efficiency from single clearance optimization (red line), best efficiency from multi-

clearance optimization (blue line). 

 

The mean value of tip clearance is selected as 𝜇 = 1.2% with a standard deviation of 𝜎 = 0.2%. 

Figure 4.18 on the right, summarizes the results derived in Chapter 2 about the effect of tip gap on 

the turbine efficiency for three different geometries. In particular, three configurations are 

analyzed in this section: the baseline squealer, which is considered our reference design, the 

geometry with the highest efficiency designed with a single tip gap optimization (marked with ‘a’ 

in Figure 2.16) and the geometry with the highest efficiency designed with a multi-clearance 

optimization (marked with ‘a’ in Figure 2.21). A total number of 1000 samples are selected to 

characterize the distribution of tip clearance, and for each value the variation of efficiency is 

calculated. Figure 4.19 shows the results in terms of probability of efficiency for each design. 
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Figure 4.19: Histogram of efficiency for three different tip configurations: baseline squealer 

(black), best efficiency from single clearance optimization (red), best efficiency from multi-

clearance optimization (blue). The solid lines indicate the mean values for each distribution. 

 

The distribution is then fed to the steady engine model, which calculates the engine operating 

condition under each turbine efficiency. Figure 4.20 shows the final results from the stochastic 

engine analysis in terms of thrust. We can see that the mean values are consistent with the trends 

identified in the mean values of efficiency. However we can see some distortion in the distributions 

due to the nonlinearity of the engine model and turbomachinery coupling. 
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Figure 4.20: Thrust variations due to efficiency uncertainty for three different tip configurations: 

baseline squealer (black), best efficiency from single clearance optimization (red), best 

efficiency from multi-clearance optimization (blue). The solid lines indicate the mean values for 

each distribution. 

 

In particular, we can see that while the mean values of thrust in the two optimal design are 

approximately the same, the tip optimized over a range of clearances offers a more narrow 

distribution of thrust. This means that from a stochastic perspective, the uncertainty in the 

performance of this component is smaller. 

An additional geometry is used for the engine analysis, this time with the same mean efficiency as 

the simple squealer, but with less efficiency variability over clearance. This geometry is the one 

marked with ‘f’ in Figure 2.21. Figure 4.21 shows the stochastic response of the engine model in 

terms of turbine efficiency variation and thrust percentage. 

The results show that, as expected, the two mean efficiencies (left graph) and thrust (right plot) are 

very similar. The values are identified with black and purple solid lines for the squealer and 

optimized geometry respectively. However, the variability of the performance in the case of the 

optimized tip is almost halved. This conclusion can be made qualitatively by looking at the area 
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covered by the grey histogram (baseline) compared the purple one (optimized). The quantitative 

results, in terms of confidence interval, are shown in Table 4.4. 

 

Figure 4.21: Probability of efficiency and thrust for baseline squealer and marked with ‘f’ in 

Figure 2.21. 

 

After having assessed the effect of uncertainty on turbine efficiency, we must assess the effect on 

the stage mass flow. It has been observed in Chapter 2 that changes in clearance have an effect on 

leakage and passage flow angle, and consequently on exit flow angle and mass flow. This 

uncertainty is added into the model as shown in Figure 4.22. 

Analogously to the approach used for the efficiency, the changes in tip clearance are propagated 

to the calculation of passage mass flow, based on the results shown in Figure 2.6. The turbine map 

is updated using a correction factor that is function of clearance. The updated map is then fed back 

into the model, where the effect on the gas turbine performance is calculated. By using this 

approach, the turbine map is no longer defined as a deterministic entity but a stochastic one instead. 



136 

 

 

 

Figure 4.22: Uncertainty on mass flow induced by clearance variation (left) and effect on thrust 

distribution (right). 

 

The additional uncertainty on engine gross thrust can be identified in the right plot as the difference 

between the grey histogram, where the mass flow changes are neglected, and the yellow histogram. 

Finally, the results are summarized in Table 4.4. The standard deviation is calculated based on 

1000 samples for each case. 

 

Table 4.4: Summary of the sensitivity to tip clearance. 

 Mean value [%] Standard deviation [%] 

Baseline 100.00 0.43 

Best Aero Opt 1 100.33 0.53 

Best Aero Opt 2 100.40 0.40 

Best Aero Opt 3 99.95 0.28 

Baseline + mass flow 100.00 0.56 
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Consistently with the previous section, the baseline indicates the simple squealer. ‘Best Aero Opt 

1’, ‘2’ and ‘3’ indicate the geometry with highest efficiency from single point optimization, the 

geometry with highest mean efficiency from multi-clearance optimization and the geometry with 

the same efficiency as squealer but low variability from multi-clearance optimization respectively. 

The optimal geometries 1 and 2 offer high mean values of thrust, but geometry 2 also offers a 

smaller standard deviation. The highest standard deviation is calculated when the uncertainty in 

both efficiency and mass flow is considered. 

 

 Turbine Tip Effects over an Engine Transient 

The models of the tip clearance for performance, convective heat flux and structural deformation 

are integrated within the engine model as conceptually illustrated in Figure 4.23. The mechanical 

components take as input the predicted convective heat flux and cooling effectiveness and will 

output the dynamic tip clearance. Based on the tip clearance, the turbine aerothermal performance 

will be retrieved and fed to the model to correct the baseline turbine map. 

 

Figure 4.23: Conceptual diagram of the engine model integrated with the clearance mechanical 

and aerothermal. 
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The engine model has two solvers: one for the internal iterations on each time step, and the other 

to iterate in time. 

 

Cruise condition 

The first step is to use a simple model for a quick assessment of clearance changes. The model 

described in the previous section is implemented into the T-MATS based transient engine model 

and used to select the geometries parameters that would allow a rub-safe operation in cruise.  

 

Figure 4.24: Calculation of steady conditions in terms of temperatures. Top: turbine and 

compressor temperature. Middle: shroud, rotor and blades temperature. Bottom: three 

temperatures in the casing, ‘a’ for inner radius, ‘b’ for outer radius and ‘c’ for intermediate 

radius. 
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The input is a constant vector of fuel flow in time. Given an initial guess for shaft speed, the engine 

will tend to go to an equilibrium shaft speed that could be identified as cruise condition. The 

purpose of these simulations is to run for a long time and let the components go to thermal steady 

state. In this way the steady state running clearance can be identified. 

Figure 4.24 shows the temperature trends over a trajectory to achieve steady state. On the top, the 

gas temperatures at the exit of the compressor and at the inlet of the turbine are showed. As 

expected, since the fuel mass flow is constant over time, the temperatures will tend to stabilize to 

a constant value.  

The middle plot depicts the temperatures on shroud, blade and rotor disc, indicated with “rotor”. 

The simulation is run for more than 1000 seconds to allow to achieve steady state. The initial 

temperatures of shroud and rotor disc are close to their final steady state temperature and therefore 

they do not take long to get to a constant temperature, despite their larger size. The blades are the 

smaller components, but they are also the most exposed to the flow. They reach a temperature 

higher than 1000 K and this implies a longer temperature transient. 

The bottom plot highlights the temperature gradient within the casing. The temperature in the 

abradable section, marked as “Ta”, is the highest since it’s directly exposed to the hot flow. The 

“Tb” indicates the temperature of the metallic casing on the outer shroud. The intermediate 

temperature “Tc” is the temperature at the intersection calculated based on the semi-infinite body 

analytical solution. 

Figure 4.25 shows the consequent component deformations. The top figure shows the trends of 

deformations of the three main components in function of time. The deformations are reported in 

absolute dimensions (in millimeters). The shroud has the largest expansion, followed by the rotor 

disc and lastly by the blade. The rotor would normally expand similarly to the casing, but in this 

case the initial temperature is selected close to the final value so the variations are smaller. The 

transient behavior follows the trends previously observed in the temperatures. This is caused by 

the pressure and centrifugal forces responding immediately to changes in the operating conditions, 

while the thermal loads, as previously demonstrated, are the slowest to respond. 
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Figure 4.25: Trends of deflections over time. Top: shroud, rotor and blade deflections. Bottom: 

mechanical and thermal deflections in blades and rotor. 

 

Finally, Figure 4.26 on the left shows the shaft speed in function of time. Given an initial guess of 

speed, the system evolves to a steady value very close to 25000 RPM that was the design target 

speed.  

On the right, the deflections are used to calculate the running clearance over time. On the left 

ordinate the clearance is expressed in absolute terms, with units in millimeters. On the right 

ordinate, the clearance is expressed in percentage of the blade span. This is the value that will be 

fed to the performance module. The tip clearance starts from a minimum of 0.4% up to almost 1.4% 

to then stabilize at around 1.3%. This is selected as an acceptable operation at steady condition 

and the unstressed parameters are fixed to proceed with the transient analysis. 
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Figure 4.26: Left, evolution of shaft speed over time. Right, change of tip clearance over time in 

absolute dimension on the left ordinate and relative dimension in the right ordinate. 

 

Deceleration-reacceleration trajectory 

One of the critical trajectories for a gas turbine operation is the cold restart. This represents a 

challenge from a tip clearance control perspective. This is due to the different time scales involved 

in pressure, centrifugal and thermal loads. In this work we focus on compact engines, and therefore 

compact turbomachinery. The components sizes affect in multiple ways each of these loads and 

the consequent deformations. To characterize the relative importance of these phenomena in 

compact engines, the ratio between deformations due to centrifugal force and to thermal 

expansions can be derived as: 

𝑢𝑟𝑎𝑡𝑖𝑜 =
𝑢𝑅𝑃𝑀

𝑢𝑡ℎ𝑒𝑟𝑚𝑎𝑙
 (4.28)  

This ratio expresses how large are the deformations due to the changes in RPM compared to the 

changes in temperature. This number is relevant to assess the probability of having a pinch point. 

In case this number is very large, then thermal loads can be neglected and the system will be 

dominated by centrifugal loads. In this case, the initial clearance must be large and then it will be 

sealed by the growth of rotor disc and blades. In case this nondimensional number is small, the 

changes of tip clearances due to changes in shaft speed can be neglected. This diminishes the 

danger of having a pinch point because the rotating and stationary point will be deforming with 
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similar time scales and the change of elongations due to centrifugal forces are not sufficient to 

cause a drastic reduction of tip gap. 

To quantitatively estimate the value of 𝑢𝑟𝑎𝑡𝑖𝑜 in the case of the rotor, considering the equations for 

centrifugal and thermal deformations, we can express it as: 

𝑢𝑟𝑎𝑡𝑖𝑜 =

1
4𝐸 (1 − 𝜈𝑟)𝜌𝑟𝜔2𝑟0

3

𝛼𝑇𝑟𝑜𝑡𝑜𝑟𝑟0
=

𝜌(1 − 𝜈𝑟)

4𝛼𝐸
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On the right hand side of Eq. (4.29), the ratio is expressed as the product of three main terms: the 

first terms are mainly a function of the material, the second term is the gas-to-wall temperature 

ratio, whose range of values is normally characterized for cooled and uncooled turbine stages. 

Finally, the last term is function of the rotor disc geometry and the operating conditions. In 

particular the ratio is directly proportional to the square of the RPM and to the square of the disc 

outer radius, while it is inversely proportional to the turbine inlet temperature. 

Analogously, the same nondimensional number can be written for the blade as: 

𝑢𝑟𝑎𝑡𝑖𝑜 =

𝜌𝐿2(𝐿 + 𝑟0)𝜔2

𝐸
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𝜌

𝛼𝐸

𝜔2

𝑇𝑏𝑙𝑎𝑑𝑒
𝐿(𝐿 + 𝑟0) 

(4.30)  

Considering a blade with a fixed hub to tip ratio, this can be rewritten as  
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(4.31)  

  

The right-hand side of the equation is similar to the one derived for the rotor disc. In this case 

however, the hub to tip ratio is an additional parameter to consider. By performing a parametric 

study on these two nondimensional number, we can characterize different families of engines. 
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Figure 4.27: Ratio between deformation due to centrifugal forces and thermal load for rotor, on 

top row, and blades, bottom row. Values are provided for fixed shaft speed on the left and for 

variable shaft speed on the right. 

 

The left column on Figure 4.27 shows how the ratio between centrifugal and thermal deformations 

for a fixed shaft speed in blades (on the top column) and rotor disc (on the bottom column). As 

clear in the two formulas, this dimensionless number has a quadratic dependence with the hub 

radius. When the turbine is small, like in this work where the turbine radius is less than 0.1 m, the 

deformations due to RPM are less than 5% of the thermal ones in both blades and rotor. However, 

if we move to a more traditional larger turbine size, like 0.4 m, the ratio becomes 60% and 80% 

for blades and rotor respectively. The implication of this different behavior is that in a large engine, 
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the centrifugal force can double or halve the tip gap, while in a small engine the variability of tip 

gap due to RPM can be even negligible. 

We want to assess the turbine performance over a wide range of clearances and operating 

conditions. This is achieved with a deceleration-reacceleration trajectory, generated by imposing 

changes in injected fuel flow over time. In this case, the fuel is kept constant to design fuel-to-air 

ratio for the first 25 seconds. Please note that the initial conditions are set so that the duration of 

the thermal transient is minimized. For this reason, the final temperatures calculated in cruise 

conditions in the previous sections are imposed in this case at time 0 seconds. This means that in 

the very few seconds, the components have already achieved a steady stressed dimension. 

Figure 4.28 depicts the trend of engine shaft speed over time for one of the turbine geometries. 

The initial velocity, set as an initial guess, quickly adapts to a steady value that is kept constant for 

the first 25 s. As the fuel flow is dropped, the shaft speed starts dropping as well, with a small 

delay caused by the rotor inertia. At the end of the deceleration phase, the fuel is kept at a minimum 

level for approximately 50 seconds, from 40 to 90 seconds. Afterwards, the fuel level is increased 

to a value that exceeds that nominal value, and is kept constant until the end of the simulation.  

 

Figure 4.28: Shaft speed over time in a deceleration-reacceleration trajectory. 

 

This type of trajectory causes the engine to explore a range of rotational speeds of approximately 

10% of the design speed. The aim of this trajectory is to quantify the variations of tip clearance 

due to the different time scales between thermal and mechanical deformations and the effect on 
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turbine performance. The performance module is linked to the engine model and three different 

geometries are used in the simulation, together with the correlation modeled by [67]. The trajectory 

is fully simulated with each of the geometry and performance and component deformations are 

extracted. Figure 4.29 shows the system response in terms of tip clearance.  

 

Figure 4.29: Tip clearance evolution over time. Top: trajectory with tight clearance. Bottom: 

trajectory with large clearance. 

 

To extend the range of clearances investigated, two sets of simulations are performed; the 

difference between the two sets lies on the initial blade length. The case with a nominal clearance 
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of 0.75% is shown on the top of Figure 4.29, while the bottom graph refers to the initial condition 

that provides a cruise running clearance of around 1.15%.  

In the top, clearance covers a range between a minimum of 0.6% and a maximum of 1.1% during 

the transient. This is the range that in Chapter II was defined as tight or medium. On the bottom 

plot, the clearance ranges from 1% to 1.55%, covering the range that would be identified as 

medium or large.  

 

Figure 4.30: Turbine performance vs. time for tight clearance (top) and large clearance (bottom). 
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Figure 4.30 shows the turbine responses to the change of tip clearance. As in the previous figure, 

the graph on top represents a trajectory with tight clearance and the one on the bottom a large 

clearance range. The black geometry is the reference geometry, i.e. the simple squealer. The 

geometries 2 and 3 are the optimal geometries designed through a single-clearance and a multi-

clearance optimization respectively. 

The correlation, solid gold line, implements the model described by Baskharone [68]. Initially, in 

the top graph, the two optimized turbines and the correlation lie almost on top of each other, while 

the simple squealer has a negative offset of approximately 0.5%. This is consistent with the results 

from the optimizations. As the clearance starts to change during the transient, all the efficiencies 

drop for slightly less than 1%. It is worthy to notice that the drop calculated with the correlation is 

half of the values calculated with CFD. This means that the correlation systematically 

overestimates the efficiency in this case. The offset becomes even larger in the bottom graph, 

where the distance between the optimal geometries and the correlation is as large as the difference 

compared with the squealer. It is relevant that while the red and blue lines are overlapping in most 

of the range, the blue line, i.e. the optimal geometry at multiple clearances, will hold the 

performance at the end while the red line will decay to meet the black one.   

 

4.4 Development of Experimental Procedures 

This section will describe the development of an experiment that would provide a global validation 

of the described methodology. The validation will focus on: 

- Validation of thermodynamic, mechanical and thermal components used in the engine 

model through the modeling of the wind tunnel 

- Validation of turbine tip flow prediction with steady and unsteady pressure measurements 

- Validation of the Green’s Function approach through heat flux measurements 

The validation experiment is designed for the annular wind tunnel, at the Purdue Experimental 

Aerothermal Lab. The laboratory contains two wind tunnels connected in parallel: a linear, and an 

annular test section. A high-pressure tank, with a total available volume of 51m3 stores air at 150 

bar. The system is coupled with an air heater that can increase the flow temperature up to 1100 K. 

The air can be discharged to a vacuum tank of 253 m3 or directly to the atmosphere. The large 

capabilities of the Zucrow facility, allow to have a unique range of Mach and Reynolds number in 
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the wind tunnels, and to produce both subsonic and supersonic flow. The annular test section has 

two separate disks for vane and rotor, in order to allow for movement with slow rotational speed 

if a preswirler is needed. 

 

Figure 4.31: View of annular test section, and detail of the 3D model. 

 

The test section is designed with large windows for optical access and multiple slots for overtip 

instrumentation. Three large slots, that cover a sector of more than 100 degrees, provide access to 

traverse in the angular and radial direction, both upstream and downstream of the rotor row. 

 

 Numerical Model of the Wind Tunnel 

The wind tunnel model is built using Numerical Propulsion System Simulation (NPSS), initially 

developed by NASA Glenn Research Center to model engines at steady-state and transient 

operation. The models are based on the same thermodynamic equations implemented in T-MATS 

[82], so the models used for the wind tunnel and for dynamic engine analysis are comparable. The 

simulation software is built using an object-oriented approach, based on the programming 

language C++. In general, physical components can be included in the model as “elements” or 

“subelements”. Figure 4.32 represents a schematic of an engine model. The different mechanical 

components like compressor, turbine… are indicated as elements. These components are linked 

together through the use of ports, which are programmed within the element. According to the 

function of each element, a variable amount of ports can be included in the definition. The main 
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flow path would be computed at each fluid port, but also secondary flow ports, shaft ports are 

available to build the respective connections. Additionally, sockets may be included in the 

component. These are channels were calculations that support the element can be plugged in. One 

example is the calculation of the turbine map, or the loss coefficient in a pipe. 

  

Figure 4.32: Schematic of an engine model from [83]. 

 

The solver in NPSS can handle both steady-state and transient operation, at design and off-design 

conditions. All the system variables are divided into independent and dependent variables; the 

correct identification of this attribute is fundamental for the convergence and reliability of the 

simulation. At each solver iteration, the independent variables are varied until the condition on the 

dependent ones is met. Transient simulations are computed as a series of steady-state solutions at 

discrete time steps. The time step can be selected to be constant, or to become smaller in case of 

fast transients. The transient can be solved with different integration methods, implicit or explicit.  

 

4.4.1.1 Component Validation 

In order to understand the behavior of the components, the system is broke down into smaller 

subsystems easier to analyze and troubleshoot. In particular we are interested in identifying a 
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component able to reproduce the phenomena of mass and energy accumulation, and orifice 

components able to include the choked flow limitation.   

 

Comparison between Valve, Pipe and Duct 

The first test case is to verify that the orifice can reproduce the constraint on the mass flow due to 

choking. A simple way to test this capability is to build a simple model composed by an inlet 

infinite reservoir (“Flow start”), an outlet infinite reservoir (“Flow end”) and a duct, pipe or valve 

in between. The back pressure of the outlet is initially constant, as can be seen in Figure 4.33 on 

the left. The value is low enough to obtain a pressure ratio above the critical value. After several 

seconds of steady operation, we start decreasing the back pressure, till half of the initial value. 

Since the component between the two reservoirs was already choked, a further decrease in back 

pressure should not increase the mass flow. As shown in on the right, this happens only when the 

component is a pipe. In the case of valves and ducts, the mass flow shows a small increase, 

meaning that the choking limitation is not included in the component. 
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Figure 4.33: Response of pipes, valves and ducts to a decreasing and increasing pressure 

transient. 

 

Analogously we want to test the mechanism of unchoking of the pipes. In Figure 4.33 we show a 

second test case, but this time the pressure increases in time. On the right, we can see how the mass 

flow changes as we increase the back pressure for the three components. However, for the pipe 

element, the mass flow starts adapting only after the pressure ratio is above a certain value. This 

means that the pipe has first to unchoke. After that point, the mass flow starts depending on the 

outlet pressure as well as on the inlet one. 

 

Volumes in transient operation 

The next step is to test the behavior of volumes under transient conditions. In particular we are 

interested in the capability of replicating mass and energy accumulation. This is critical to 

reproduce the trends of pressure and temperature in the wind tunnel. We have observed in previous 
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work that some features observed in experiments, like temperature overshoots and pressure 

transients, are correctly modelled only if the volumes of the components are considered. 

 

Figure 4.34: Transient simulation of a high pressure reservoir. 

 

In Figure 4.34 we show the results of a simple model composed by a high-pressure reservoir, a 

pipe and a discharge to atmosphere. What we can see is that as the small reservoir depletes, the 

pressure, temperature and density decrease. Consequently, the mass flow will decrease as well, 

due to a lower inlet total pressure in the valve. These simulations show how the volume elements 

can reproduce the changes in gas properties due to an unbalance of mass flow and energy entering 

and leaving the control volume. The following test case was reproduced at higher and lower 

pressure levels, to make sure that the behavior is consistent in all the ranges covered by the gas 

properties database. One thing that has been observed to be critical for the reproduction of the 

transient is the selection of time-step and tolerances. This means that when volumes are included 

in the model, we must perform sensitivity studies on these parameters. 
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Wind tunnel model 

An initial model of the wind tunnel is built using an alternation of volumes and pipes. A schematic 

of the wind tunnel is summarized in Figure 4.35. The tank and all the pipes, settling chamber and 

test section are modeled using Volume elements in NPSS; the valves and orifices are modeled 

using Pipe elements in NPSS. These decisions are based on the results of the single component 

validations. The model can be simulated based on different strategies, analogous to the control 

strategy of the wind tunnel. The simplest approach is to set a fixed value for the area of the 

admission valve. This means that the mass flow will decrease as the reservoir depletes. This is the 

modeled used for the results in Figure 4.35. 

  

 

Figure 4.35: NPSS transient simulation of the wind tunnel model. 
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On the top left we can see how the air starts flowing in the test section only after the fast opening 

valve located right upstream of the settling chamber opens. The difference between the incoming 

and ejected mass flows in the test section produces mass and energy accumulation; this causes 

compression in the test section till a steady state value (in the figure at the bottom left) and an 

initial temperature overshoot (in the figure at the bottom right). We can see on the top right how 

the admission valve and the sonic throat operate at critical conditions during the entire duration of 

the experiment. 

 

4.4.1.2 Annular Wind Tunnel Model Calibration 

The model of the wind tunnel is initially calibrated based on steady state value. This is used as first 

approach because steady numerical models are faster to run. For this reason a set of more than 20 

experiments are analyzed and the flow quantities at steady conditions are extracted. The values are 

used to calibrate pressure losses in valves and pipes. As an example, Figure 4.36 shows the 

calculated discharge coefficient in function of a nondimensional number that characterizes the 

valve Reynolds number. The discharge coefficient is computed as the ratio between the effective 

are (that depends on the flow conditions) and the geometrical area. 

 

Figure 4.36: Model steady calibration. Discharge coefficient of the Venturi flow meter. 
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Some of the experiments, marked with red dots, are used as training dataset to develop the model. 

The trend of discharge coefficient in function of Reynolds number is built by polynomial fitting, 

indicated with red dotted line, and fed back into the NPSS model of the wind tunnel. The remaining 

data, indicated with grey dots, is then used as a validation dataset. The fitting, even though based 

on a few experiments, shows a satisfactory matching. The same operation is repeated for the other 

valves and orifices present in the system. 

Once the system losses are calibrated with a steady approach, we need to perform an unsteady 

calibration to characterize transient phenomena like mass accumulation and heat transfer. 

 

Figure 4.37: Model transient calibration without and with heat transfer through the components. 
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Figure 4.37 shows the experimental results and the model predictions with and without heat 

transfer effects. A transient experiment is replicated, where over approximately 120 seconds the 

mass flow is progressively ramped up in steps from a value of 1.5 kg/s to a final value of 12 kg/s. 

On the top row we can see the comparison between the experiments (marked in red) and the facility 

model where component heat transfer is neglected (marked in black). On the left the graph shows 

the pressure upstream of the Venturi flow meter in function of time, while on the right we can find 

the total pressure upstream of the test section. The same comparison is then proposed in the bottom 

row, where this time the model includes heat transfer effects in pipes and volumes. In the top plots 

there is a difference between the black line and the red dots, which grows larger as time and mass 

flow increase. Since the operation of the wind tunnel is mainly driven by valve and orifice choking, 

and remembering the formula for choked mass flows, it is logical that if temperature drops over 

time the pressure will be affected. In particular, if the flow temperature drops because of heat 

transfer through the wall, the flow pressure will have to drop as well to maintain a given (imposed) 

mass flow. 

For this principle, when we introduce heat flux and replicate in the model the actual temperature 

decay that we observe in the experiment, the difference between pressure in experiments and 

simulations is reduced.  

This can be observed in the two bottom graphs in Figure 4.37, where the red dots (coming from 

experimental measurements) lie almost on top of the numerical predictions (black lines).Figure 

4.38 shows the temperature transient measured in the pipe downstream of the Venturi flow 

meter. In a first NPSS model, where the heat flux through the pipes was neglected, the 

temperature is calculated to be rather constant over time. This, as previously observed, induces a 

miscalculation of the pressure in the wind tunnel. However, once the calculations in the model 

include the hat flux in the wind tunnel components, the model is able to replicate the decay if 

flow temperature measured in the experiments. This trend is indicated with the black line, while 

the experimental temperature is marked with red dots. 
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Figure 4.38: Temperature transient in pipes. 

 

4.4.1.3 Rotating Wind Tunnel Model 

Once the numerical model of the wind tunnel has been validated against experiments in the existing 

wind tunnel, we can plug the model of the turbine and simulate the future operation of the rotating 

rig. There are several options to operate a rotating wind tunnel; one mode is to leave the turbine 

free to spin and generate the transient using a blowdown facility. In this operation mode, as 

modeled in [84], the turbine is initially accelerated to an initial shaft speed lower than the design 

value. Afterward, a valve is suddenly opened and the turbine is hit by a sudden discharge of mass 

flow which causes a turbine acceleration. This acceleration is used to produce a transient in RPM 

and get to the final design speed desired for the experiment. Alternatively, the turbine can be 

connected to an electric motor that can generate or absorb the power in different phases of the test. 

In this operating mode, the shaft speed can be controlled to achieve a constant value over time, or 

an imposed trend of transient speed over time. In both cases, the model of the wind tunnel needs 

an accurate simulation of the turbine performance. The method used to include the turbine 

performance in the NPSS model is similar to the approach used to represent turbomachinery into 
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the T-MATS engine model. Figure 4.39 shows the numerical prediction of the turbine performance 

in the two described operating modes. 

 

Figure 4.39: Numerical simulations of the operation of the rotating wind tunnel. Left: shaft speed 

over time. Right power generated or absorbed by the dynamometer. 

 

In these simulations, a ramp of mass flow is imposed on the admission valve, and the area of the 

inlet valve is adjusted to match the desired values. Once this mass flow reaches the turbine, the 

different operating conditions of the turbine in terms of shaft speed and upstream flow quantities 

continuously change over the transient. Hence the mass flow through the turbine will keep 

changing to operate at a given corrected flow value. The difference between inlet and outlet mass 

flow will be stored in the upstream components and induce pressure and temperature change due 

to mass accumulation. 

Figure 4.40 shows the evolution of mass flow over time in the wind tunnel. In red, the mass flow 

through the admission valve is represented. This flow is imposed to the system, and the black and 

gold line shows the turbine response in the case without and with dynamometer respectively. 
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Figure 4.40: Mass flow in the admission valve (red) and in the turbine (black without 

dynamometer and gold with dynamometer). 

 

 Development of Experimental Procedure to Identify Tip Loss Mechanism 

In this section, we want to outline an experimental procedure to identify the dominant physical 

mechanism in tip flows based on the insights given by the numerical analysis. The purpose is to 

develop a testing strategy for future experiments focused on tip flows in a stationary and rotating 

rig.  

 

Figure 4.41: Methodology to design tip flow experiments in stationary and rotating environment. 
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For this purpose, we will first investigate the effect of testing turbine tips in a non-rotating 

environment, and consequently propose a strategy to optimally select the instrumentation. 

4.4.2.1 Tip Flows in an Annular Cascade 

To design an experiment in an annular cascade, the first factor to understand is the importance of 

the relative motion between the blade and the casing. Being the gap so small, and being the flow 

dominated by viscous effects, the characteristics of the leakage flow will be affected by the shear 

between the stationary and rotating surfaces. 

First, the baseline and optimal geometries will be first simulated in rotation at design condition. 

Then, the casing will be rotated in the same direction of the blade, in order to eliminate the relative 

motion. 

Figure 4.42 shows the trends of turbine efficiency for different casing rotational speed. On the 

abscissa, the shaft speed is reported in percentage of the blade rotational speed, while on the 

ordinate the plot shows the variation of efficiency with respect to the reference case (simple 

squealer at design conditions). The red lines indicate the optimal geometry while the black line is 

the simple squealer. 

 

Figure 4.42: Effect of relative motion between blade and casing. 

 

The difference between the two lines at zero RPM is the efficiency improvement that was obtained 

with the single-clearance optimization. The red line, initially at 0.5%, maintains a constant value 
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till shaft speed of 80% and 100% where the value drops to 0.4%. The black lines on the other hand, 

i.e. the simple squealer, decreases monotonically in the range 0% to 60% shaft speed. In this region, 

the efficiency variation drops from 0 to -0.4%. For shaft speeds higher than the 60%, the difference 

of efficiency starts increasing till the squealer outperforms the optimized blade of a 0.2% for shaft 

speed equal to design speed. This indicates that the squealer performance is heavily penalized by 

the flow structure induced by the relative casing motion. This penalty is maximized for a casing 

RPM of 60%. 

To gather a better understanding of the cause of these results, we analyze the overtip flow topology 

analogously with the method applied in Chapter 2. The overtip surface is discretized in small 

portions and the mass flow and mass flow-averaged quantities are extracted in each element. 

Initially we look at the trends of leakage flow on the suction side, represented in Figure 4.43. On 

the left, the leakage flow in the baseline geometry is represented, while on the right, the optimized 

tip is analyzed. In each figure, the line colors range from dark to light, as the shroud RPM increases 

from o to 100%. Hence for example on the left graph the black line will be the baseline case with 

rotating blade and stationary casing, while the light grey line represents the opposite extreme case, 

where the casing rotates together with the blades at the same shaft speed. This implies that the 

difference between the two curves is entirely due to the relative motion between the casing and 

blade. 

 

Figure 4.43: Axial distribution of leakage mass flow for different casing RPM (baseline on the 

left, optimized on the right). 
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The first feature that can be observed on the left graph is the axial location at which the lines cross 

the zero leakage flow. This point represents the location where the suction side switches from 

being an inlet to being an outlet. From this point downstream, the leakage flow is ejected on the 

suction side and mixes with the main flow, generating mixing losses. In the baseline case this point 

is located at around the 40% of the axial chord, meaning that only the 60% rear portion of the blade 

is effectively acting as a leakage region. As the casing starts to move in the same direction of the 

blade, the blockage due to friction is reduced. For this reason, the point where the leakage switches 

from negative (inward) to positive (outward) moves upstream. In the limit case where the casing 

moves with the blades, the suction side behaves as an inlet only in the front 20%, leaving the 

remaining 80% of the axial chord acting as leakage outlet section. If we consider the front portion 

of the blade, it can be noticed that for stationary casing the leakage flow entering the overtip region 

is higher compared to the rotating shroud case. This means that the viscous forces, which push the 

flow from suction to pressure side, are larger than the pressure gradient effect. This confirms that 

the large region at the front of the blade that acts as an inlet is mainly driven by the relative motion 

between blade and casing. It is interesting to notice that the leakage flow in the rear half of the 

blade appears not to be affected by the casing rotation. Analogous considerations may be made for 

the optimal geometry, whose leakage flow is depicted on the right. The front section that acts as 

an inlet is heavily reduced as the shroud starts to move with the blade. The definition of a unique 

point where the leakage flow becomes positive is not possible in optimized blade tips. The leakage 

flow changes sign in multiple locations, due to the presence of multiple rims and open sections. 

However we can observe that the inlet section is larger in the case of the stationary casing, reducing 

the length of the outlet section.  

Figure 4.44 shows the distribution of Mach number along the tip border, going from leading to 

trailing edge on the suction side. For the baseline geometry, depicted on the left graph, most of the 

effects are seen on the rear 80% of the blade. This result is opposite to what concluded for the 

leakage mass flow; it means that even though the leakage flow is not affected by the rotation in 

the rear side of the blade, the Mach number is. Hence, the change in flow angle must play a role 

as well.  
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Figure 4.44: Axial distribution of relative Mach number for different casing RPM (baseline on 

the left, optimized on the right). 

 

The flow topology in the optimized tip is more complex, but it can be observed that moving the 

case in the same direction of the blade reduces the Mach number in both inlet and outlet portion 

of the suction side. This trend is opposite to the behavior of the simple squealer on the second 

blade half (light grey line on the left plot). 

Finally, Figure 4.45 shows the distribution of flow relative angle with respect to the axial direction. 

On the left we report the distribution for the simple squealer while on the right the results for the 

optimized tip. For the baseline geometry the impact of the case rotation on the flow angle is 

minimal on the front part. It can be noted that in the front 50% of the suction side the flow exits, 

or enter the gap, with a flow angle that is close to zero. In this region, the variation between lines 

at different casing rotational speeds is maximum 10 degrees. In the rear part of the suction side, 

the effect of the change in shroud speed has a large impact on the flow angle. For the nominal 

condition the flow angle is negative and is around -50 degrees in the last 30% of the blade. 

However, when the shroud starts to move the flow angle changes sign and has an average value of 

40 degrees. It must be noted that the mass flow-averaged relative angle of the main passage flow 

in that region was discussed in Section 2.3.4. Hence, the absence of viscous effects makes the 

leakage flow more aligned to the main flow and the turbine stage more efficient. 
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Figure 4.45: Axial distribution of relative flow angle for different casing RPM (baseline on the 

left, optimized on the right). 

 

On the right graph, large differences can be identified both on the front and on the rear section of 

the airfoil. The value of β decreases in all the front 50% of the airfoil with the increase of casing 

rotational speed. The optimized blade in nominal condition has a flow angle of around 40% 

between 50% and 80% of the axial chord. This value, as seen in Chapter 2, is close to the flow 

angle in the main passage. However, when the shroud rotational speed increases this value starts 

dropping to achieve values similar to the ones in the baseline geometry. These considerations, and 

the effect on the mixing losses as calculated in Chapter 2, may explain why the simple squealer 

outperforms the optimized blade in the absence of relative motion between casing and blade. 

These results suggest that in order to replicate the flow features that make the optimal tip more 

efficient than a squealer, we need do either rotate the blade or the casing. However, as seen in 

Figure 4.42, this velocity can be as little as the 20% of the shaft design speed. 

 

4.4.2.2 Experimental Setup for Tip Flow Testing 

Given the location and type of access in the wind tunnel, it is possible to optimally select the 

location of the instrumentation.  
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The purpose of this section is to propose an experiment that would allow to: 

− Characterize the flow features in the tip gap 

− Capture the differences due to the different tip geometries 

 

Spatial characterization in a stationary wind tunnel 

In order to fulfill the first requirement, a first step is to extract the static pressure at the casing and 

select an optimal combination of number and location of static pressure taps to characterize it. 

 

Figure 4.46: Methodology to choose the experimental setup and quantify uncertainty 

propagation. 

 

The method used to perform this section, based on the analysis reported in [85], is based on the 

analysis of CFD results: 

− The wall pressure in the casing and the tip is extracted and considered the “real” pressure 

− Limitations due to measurement techniques are considered 

− The location of the measurement points is selected 

The wall pressure on the stationary casing is analyzed for both baseline and optimized tip geometry 

to identify the flow features and the difference between the two cases. Figure 4.47 shows the 

contour of static pressure fields with the same range. The distribution of pressure upstream of the 

leading edge is similar in both contours: a region of acceleration, with lower pressure can be 

identified towards the suction side, where on the contrary the pressure starts rising close to the 

pressure side due to flow deceleration. However, since the optimized geometry has an open rim 
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on the front part of the pressure side, a major difference can be noticed in this region. On the left, 

the flow accelerates due to area reduction induced by the presence of the rim, while on the right 

the high-pressure flow proceeds almost uniformly towards the center of the blade without major 

velocity changes. 

 

Figure 4.47: Contours of static pressure on the rotor casing for baseline geometry (left) and 

optimal tip geometry (right). 

 

An analogous consideration can be made for the suction side region. The optimized tip has a pocket 

that allows the flow to have a first expansion on the cavity floor before mixing with the passage 

flow. This behavior can be identified by a sudden drop of wall static pressure on the casing on the 

SS of the right contour. Finally, the two geometries show different trends on the trailing edge 

where the optimized blade has no rim, which allow for a direct injection of coolant into the main 

flow. 

Using the data represented in Figure 4.47 as an input, a code is developed to fit the pressure fields 

based on only a few measurement points. The reasoning behind this is that few optical techniques 

can provide a fully spatially characterized pressure field (for example pressure-sensitive paint). In 

alternative, we need to rely on traditional pressure measurements in a few discrete locations. The 

measurement location is bounded to be right upstream of the leading edge, and downstream of the 

trailing edge. We fix the number of axial locations of the measurements to 5 and we proceed to 

vary the number of tangential locations in multiples of 5 and assess how the total number of points 

affect the fitting. The surface interpolation is based on a scattered interpolant using a natural 

algorithm. 
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Figure 4.48: Fitting error vs. number of measurement points in the tangential direction. 

  

 

The error fitting, showed in Figure 4.48, is calculated on each CFD point as: 

𝐸𝑟𝑟[%] =
√∑(𝑃̂ − 𝑃)

2

𝑛𝐶𝐹𝐷

100

𝑃0
 

(4.1)  

The error is initially calculated for a total of 25 points and has a value of 3.5%. As the number of 

measurement locations increases, the error starts to drop to finally stabilize to a value around 1%. 

We should highlight that this kind of approach provides a global quantification of the fitting error. 

However, if we are interested in capturing a few flow features, a local fitting approach can be used 

that could further reduce the error. The uncertainty on the pressure measurements is considered to 

calculate an uncertainty error bar on the fitting error. The zoomed region of Figure 4.48 shows the 

red area which indicates the uncertainty on the curve. The lower and upper bounds are obtained 

by applying a constant offset to the measurement equal to the direct measurement uncertainty, 

which on current measurement is approximately 50Pa. 
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Time-resolved unsteady pressure in a rotating wind tunnel 

In this section, the effect of sensor frequency response on the measured tip flow features will be 

assessed. Different frequencies, typical of multiple pressure measurement techniques like Pressure 

Sensitive Paint (PSP), will be considered. For the rotor analysis, the first step is to translate steady 

results coming from RANS-based CFD to the reconstruction of unsteady measurement that could 

be collected in a turbine rig. The traces due to the passing of the airfoils can be seen in Figure 4.49, 

left. The color contour depicts the distribution of static pressure on the rotor shroud as seen from 

the relative frame of the rotor, i.e. an instantaneous snapshot seen from the absolute frame of the 

casing. Observed from the casing, this color contour would be rotating with speed equal 

to 𝜔𝑟𝑠ℎ𝑟𝑜𝑢𝑑, where 𝜔 is the rotational speed and 𝑟𝑠ℎ𝑟𝑜𝑢𝑑is the radius at the inner casing wall. This 

transformation allows us to go from a space coordinate (the tangential direction in the relative 

frame, as shown by the dashed lines in Figure 4.49, right) to a time coordinate (the measurement 

in time in a single point).  

 

Figure 4.49: Left, over tip casing pressure contour. Right, sections where static pressure profiles 

are extracted. 

 

Figure 4.50, left illustrates the static pressure trend at three axial locations. The blue, orange and 

yellow curves are extracted along section 1, 2 and 3 respectively. These lines indicate the variations 

of static pressure across the blade in a single passage. By replicating a single trace (black line in 

Figure 4.50, right) in a periodic fashion, the entire annulus can be reproduced. This reconstructed 

signal (red dashed line in Figure 4.50, right) simulates the unsteady pressure that we could measure 

in a fixed point on the stationary casing over time. The signal is repeated for multiple annulus so 

that our signal is long enough for the analysis.  
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Figure 4.50: Left, wall pressure distribution at three axial locations (blue, orange and yellow 

lines are sections 1, 2, and 3 in Figure 5 respectively). Right: single signal coming from steady 

CFD (black solid line) repeated periodically to simulate blade trace over time (red dashed line). 

  

Given that the signal in Figure 4.50, right is the actual pressure to measure in a single point in 

section 1, we need to verify that the frequency response offered by PSP is sufficient to reconstruct 

the time-resolved pressure distribution. In order to simulate the delay due to the response of the 

measurement system, a series of low-pass filters is implemented at frequencies of 5, 10 and 20 

kHz. In this way we can quantify how much frequency content in the signal is getting lost when 

the high-frequency PSP becomes slower.    

 

Figure 4.51: Left, static pressure trace in section 1 (blue) filtered with cutoff frequencies of 5, 10 

and 20 kHz (orange, yellow and purple lines respectively. Right: signal filtered at 20 kHz, with 

three different steepness levels. 
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Figure 4.51, left shows the original signal in section 1 (blue line) compared with the three filtered 

signals. It can be noticed that for all three frequencies the period is correctly predicted which means 

that the blade passing is detected and we can distinguish between pressure and suction side. 

However, the slowest response (filter of 5 kHz indicated with orange line) is not sufficient to 

actually get the negative and positive peaks of pressure. On the other hand, the 20 kHz filter allows 

to accurately capture both location and amplitude of the local maxima and minima of pressure. 

This indicates that a verified frequency response of 20 kHz from PSP would provide a fully 

resolved trace of overtip pressure. 

Besides the cut off frequency, the steepness of the filter plays a relevant role in the attenuation of 

the high-frequency content. Figure 4.51, right shows the signal filtered with the same cut off 

frequency (20 kHz) but with different slopes. It can be noticed that if the slope is too high, the 

high-frequency content is again missed. This indicates that a detailed dynamic calibration of the 

PSP is needed to verify that relevant components of the signal are not damped.  

Finally, in Figure 4.52, it can be verified how the frequency content of the pressure signal (the 

original is colored in blue) is reduced as we filter the signal. The first three harmonics of the blade 

passing frequency seems to be conserved by the 20 kHz filter (purple lines) while are damped for 

smaller cut off frequencies.  

 

Figure 4.52: FFT analysis of the original signal in section 1, and three filtered signals (cutoff 

frequencies of 5, 10 and 20 kHz indicated with orange, yellow and purple lines respectively). 
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Finally we analyze the frequency requirements to measure pressure traces in the small rotating 

turbine rig, on optimized tips. In this rig the rotational speed is higher and the blades are smaller. 

This makes the measurement more challenging. Two tip geometries are considered, a simple 

squealer and an optimized tip. 

The described approach is used to transform the steady profile into an unsteady pressure trace 

measured in a single point. 

 

Figure 4.53: Static pressure extracted at 25% of axial chord (a) and 50% of axial chord (b) for 

the optimal tip and baseline tip (red and black line respectively. Filtered signals for optimal and 

baseline tips at 25% (‘c’ and ‘e’ graphs) and filtered signals for optimal and baseline tips at 50% 

(‘d’ and ‘f’ graphs). 

 

Figure 4.53 on top (graphs ‘a’ and ‘b’) shows the pressure trace on a fixed axial location at 25% 

of the axial chord and 50% of the axial chord respectively. At the 25% the main difference between 
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the blade tips is on the pressure side, where the squealer has a single rim that continuously covers 

the airfoil bored, while the optimized geometry has a recessed rail. Similar considerations were 

made in the description of Figure 4.47. At the 50% of the axial chord, the main differences are in 

both recesses on the pressure and suction side for the optimized tip. This can be seen in graph ‘b’ 

where the red line shows a deeper fall in the initial descend and also an earlier expansion close to 

the suctions side. 

The plots from ‘c’ to ‘f’ depict the filtered signals with three cut-off frequencies: 10 kHz, 50 kHz, 

and 160 kHz. The first frequency can be achieved by PSP while the last one corresponds to the 

cut-off frequency of fast pressure transducers like Kulite. In all the 4 cases, the curve with the 

highest frequency is able to fully capture the dynamic behavior of the static pressure in the casing. 

The lowest frequency however filters most of the highest frequency features, making the blade 

passing the main phenomenon captured. The 50 kHz frequency provides signals that are still far 

from the original CFD signals, but can provide additional features that allow distinguishing the 

optimized blade from the baseline geometry.
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 Design of Experiments for Validation of Turbine Tip Green’s Function*  

The aim of measuring heat flux in a wind tunnel environment is to eventually retrieve the actual 

heat load on the turbine in engine operation. The accurate reproduction of the aerothermal 

phenomena at scaled conditions is one of the challenges in turbine experimental heat transfer. This 

section focuses on how to use facility measurement to retrieve the convective heat flux in the 

engine. In this approach, we compute the Green Functions coefficient matrix using heat flux pulses 

used to retrieve the increase of temperature in the inner surface of the casing. This coefficients 

matrix is obtained using data with the wind tunnel boundary conditions, and then the matrix is 

applied to the scaled engine conditions, which is the validation case. The method is designed to be 

potentially coupled with an inverse methodology to retrieve the heat flux in the inner casing from 

measurements of temperature on the outer casing. 

 

4.4.3.1 Application of Green’s Function Method to Test in the Annular Wind Tunnel 

First, we need to scale the wind tunnel boundary conditions to get the corresponding engine 

conditions. The inlet and outlet quantities are varied to ensure the matching of the relevant non-

dimensional numbers.  

In particular, pressure ratio (total to static), vane Reynolds number, dimensionless velocity 

triangles, corrected speed and gas to wall temperature ratio in the engine replicate the ones used 

for the wind tunnel. The geometrical parameters were maintained to guarantee geometrical 

similarity, so only the flow parameters and the rotational speed were adjusted. Figure 4.54 shows 

the contours of Mach number at midspan obtained at engine condition (on the top) and wind tunnel 

condition (on the bottom). The results show an excellent agreement between the two Mach 

distributions, which confirms the correct scaling of the flow field. Since the focus of this work is 

the heat flux, we should compare the casing heat flux characteristics in the two cases. 
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Figure 4.54. Mach distribution comparison between the engine simulation and the scaled wind 

tunnel simulation. 

 

 

Figure 4.55: Convective heat flux in an isothermal CFD and adiabatic wall temperature at engine 

and facility conditions. 
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Figure 4.55a) illustrates the convective heat flux on the rotor shroud calculated from CFD at engine 

conditions. Analogously, Figure 4.55c shows the heat flux at wind tunnel conditions. 

Both results are calculated imposing isothermal walls at the same gas to wall temperature ratio. 

Even though the ranges are different, due to higher inlet temperature in the engine conditions, 

similar heat flux distributions can be identified. 

In both cases, the regions of highest heat flux can be encountered on top of the blade leading edge 

region and along the pressure side. On top of the blade tip, we can identify a region of average and 

uniform heat distribution. Areas of lower heat flux can be found in the passage close to the suction 

side where high Mach numbers are achieved. Figure 4.55b and Figure 4.55d depict the contours 

of adiabatic wall temperature for the engine and wind tunnel CFD respectively.  

 

Figure 4.56: Green’s function matrix at experiments conditions. 
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These values are retrieved by imposing adiabatic boundary conditions for blade and endwalls. 

Again, the contours depict similar trends while ranges are different due to the higher driving 

temperature in the engine case. 

Once the tool to compute the engine heat transfer has been assessed, we can evaluate how to 

retrieve the values starting from wind tunnel-based temperature measurements. The approach that 

we propose is based on the Green Function methodology. The full description of the procedure 

can be found in [42] and its application to turbine tips can be found in [86]. The basic idea is to 

discretize the internal casing into small surfaces and to build a superposition matrix that 

characterizes how the temperature in each element affects the heat flux on each other surface. This 

matrix, called superposition Kernel, reproduces the cross-talking between different regions of the 

casing; this is a very relevant phenomenon when the wall has non-homogeneous temperature [39]. 

Figure 4.56 shows the procedure to compute the matrix of the Green Function coefficient, and the 

coefficients obtained for wind tunnel conditions. The diagonal terms relate the local increase of 

temperature with the local heat flux. These terms are normally modeled using a conventional 

approach based on Newton’s law of cooling. The extra-diagonal terms quantify the relevance of 

each element on the other casing areas. The matrix can be then used to retrieve the heat flux 

distribution on the casing, based on measurement of temperature. 

 

4.4.3.2 Uncertainty Quantification 

One of the purposes of this work is to explore the experimental feasibility of the DGF approach in 

a turbine testing environment, an alternative procedure for the retrieval of the reference wall 

temperature was tested.  

The first point is to propose a methodology to retrieve the adiabatic wall temperature. Instead of 

retrieving the adiabatic wall temperature from the adiabatic simulation, the temperature is retrieved 

from an isothermal simulation. The same exact procedure could be used to derive the 𝑇𝑎𝑤 

distribution from an experiment with heating at constant values. The future work consists in 

assessing what is the error on the heat flux, if we used an adiabatic wall temperature retrieved 

experimentally. 

Another key factor while doing experiments is the propagation of uncertainty from the direct 

measurements to the derived quantities. The uncertainty associated with this methodology was 
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evaluated considering the effect of the temperature and heat flux measurements. Using the 

backward facing step, we analyzed the effect of the magnitude of the pulse applied to retrieve the 

coefficients of the Green Functions matrix in each point. The uncertainty is mainly related to the 

uncertainty associated with the temperature readings since this methodology is very sensitive to 

temperature variation. In the case of the backward facing step, we consider that the temperature 

uncertainty is 0.5K and we performed calculations imposing pulses of 10, 100, 1000 and 10000 

W/m2.  

 

Figure 4.57. Uncertainty in the wall temperature estimation associated with a heat flux pulse of 

10000 W/m2 and uncertainty in the temperature measurement of 0.5K. 

 

Figure 4.57 represents the uncertainty associated with heat pulses of 10000W/m2 for the backward 

facing step discussed in Chapter 3. There is a clear dependence on the size of the pulse with respect 

to the uncertainty associated with the method. The larger the pulse, the larger the increment of 

temperature and therefore the smaller the uncertainty. If the pulse is below a certain threshold the 

increment of temperature falls into the uncertainty of the temperature measurement and it is 

unfeasible to apply the method accurately. The uncertainty associated with the calculation with 

10W/m2 is over 400%, being even larger in the smaller elements where the recirculation is placed. 

This is related to the area of the elements, since applying the same heat flux in each element, the 

heat rate is smaller is the elements with a smaller area, which leads to a smaller increment of 

temperature. This dependency of the area may be avoided by imposing similar heat rates in all the 

elements. With larger pulses, the uncertainty is drastically reduced, reaching values of 5% in for 

the case with 10000 W/m2 of pulse magnitude.  



178 

 

 

The uncertainty in the blade tip was evaluated using two different techniques: the sensitivity 

method and the Monte Carlo approach, which is based in the repeatability of the experiments. The 

sensitivity methodology consists of imposing the sensitivity of the measurement techniques to the 

mean level and compare the results using the same procedure. The uncertainty imposed in this case 

is 0.2K for the temperature measurements and 100 W/m2 for the imposed heat flux. The heat flux 

pulse applied to calculate the coefficients is 2·105 W/m2. 

Figure 4.58 a) and b) display the level of uncertainty associated with the calculation of the 

temperature using this method with 1% of clearance and 0.1% respectively.  

 

Figure 4.58. a) Uncertainty associated to the 1% clearance blade tip temperature calculation 

using sensitivity estimation. b) Uncertainty associated to the 0.1% clearance blade tip 

temperature calculation using sensitivity estimation. c) Uncertainty associated to the 1% 

clearance blade tip temperature calculation using Monte Carlo approach. d) Uncertainty 

associated to the 0.1% clearance blade tip temperature calculation using Monte Carlo approach. 

 

The values are slightly higher in the case of the tight clearance in the region of the trailing edge, 

while in the case of the 1% clearance, the uncertainty is more distributed along the blade. It is 

particularly interesting that the higher uncertainty values for the 1% clearance are located along 

the pressure side of the blade. Further analysis of that region shows that the shear stress lines are 

following the pressure side since there is a vortex along this pressure line, and therefore the 
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temperature is higher. In the case of the tight clearance, this vortex is not present but the higher 

temperature in the adiabatic case is located in the trailing edge, where the maximum uncertainty is 

also localized. This shows a clear dependency of the method on the aerothermal phenomena 

occurring in the over-tip region. 

A second methodology was applied in order to evaluate only the method accuracy and uncertainty 

based only in the calculation and independent on the fluid singularities present in the over-tip 

region. A Monte Carlo approach was implemented by numerically adding a large number of 

experiments with random error normally distributed [87]. The uncertainty used for this method 

was 0.2K for temperature measurements and 100 W/m2 for imposed heat flux. In every simulated 

experiment, we allow variations of the measured quantities in a normally distributed fashion with 

the specified standard deviation. The heat flux variation is imposed in each one of the pulses in the 

calculation of the coefficient of the matrix and in the imposed heat flux of the validation case. 

Regarding the temperature, the random error is introduced in the calculation of the reference 

temperature, in the measured temperature of the validation case and in the measured temperature 

of the pulses simulations. 

This method is more experimentally related and make the uncertainty calculation independent of 

the conditions of the flow. Figure 4.58 c) and d) show the results of this calculation for the nominal 

1% clearance and for the tight 0.1% clearance, respectively. The uncertainty associated to the 

random error is higher in the case of the tight clearance by 3K but the uncertainty on the tip of the 

blade is constant in all points, since for this estimation, all the random variations in all the assessed 

elements have been included. This is the reason of the randomly distributed error along the blade 

tip. 

 

4.5 Conclusions 

A turbine representation suitable for an engine transient has been derived and implemented into a 

modeling software. The approach for dynamic engine modeling has been established based on the 

time scales of the phenomena involved. An engine has been designed for this purpose, both in 

terms of the cycle analysis and detailed turbine design. The engine cycle has been simulated at 

design and off-design using steady and dynamic numerical tools. 
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Three dedicated computing modules have been implemented and individually tested. A 

performance module is used to calculate the efficiency variations in function of variations of 

clearance and cooling. A heat flux module implements the Green’s function-based matrix, a 

function of clearance, to calculate the tip heat flux based on gas and wall temperatures. The module 

also updates the cooling effectiveness based on the injected cooling fraction. A thermomechanical 

component computes the mechanical and thermal loads acting on the turbine components, and 

derive the time-resolved running clearance as a result of each component’s deformation. 

A sensitivity study is performed to characterize the tip clearance and the consequent turbine 

performance as stochastic quantities. This study allows defining an averaged engine performance 

with an error band based on uncertainty quantification. 

Finally, the global model is used to study the clearance and performance variations that a compact 

engine undergoes to during a transient in a specific mission. 
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 CONCLUSIONS 

This manuscript presented a methodology to link detailed tip clearance aerothermal analysis and 

optimization to the dynamic model of a compact aircraft engine. While the three different 

objectives were achieved, a number of additional lessons were obtained. 

 

1) Aerothermal optimization of the tip shape for a cooled high-pressure turbine. 

 The effect of tip gap on a compact turbine was investigated, and the relevance of viscous 

effects was quantified. 

 A single clearance optimization strategy was presented, together with the results and a set 

of optimized geometry. Through the tip optimization, the efficiency can be improved by 

0.53% or the heat load can be reduced by 70%. 

 A robustness analysis has been conducted, to highlight the sensitivity of the rotor efficiency 

to tip clearance. 

 Based on the lessons learned, a strategy to optimize the tip shape considering transient 

operation is proposed. The optimization has been implemented, so the future work is to run 

the calculations and analyze the results. 

 The main features of the overtip flow have been analyzed to understand the origin of the 

improvement of performance. Detailed quantification of leakage flow and a breakdown of 

losses was performed. 

 The sensitivity to coolant conditions has been quantified in terms of variations of efficiency 

and tip heat transfer. For those two quantities, a variation of -10% of coolant total pressure 

corresponds to a decrease in the efficiency of 0.3% and a heat load reduction of 20%. 

 

2) Scalable models of turbine tip convective heat flux 

 A model based on Green’s Function applicable to turbine tip has been developed. The 

routine to calculate the matrices and retrieve the heat flux has been implemented and tested 

in a simple test-case. 

 The tip heat flux is analyzed and the Green’s function methodology has been implemented 

to retrieve the convective heat flux in a turbine environment. 
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 The Green’s Function matrix has been calculated for different tip gaps and the features of 

the heat transfer in the turbine tip were discussed. 

 The scaling of the method has been discussed with respect to the tip gap and the flow 

temperature. 

 

3) Evaluate tip clearance effects in a compact engine during transient 

 A methodology to implement tip clearance variations into a dynamic engine model was 

developed to simulate engine transients. A baseline cycle has been selected and the engine 

has been designed, focusing on the turbine. A steady-state model has been developed to 

run design and off-design analysis. 

 A performance module has been programmed to calculate the efficiency variations in 

function of variations of clearance and cooling. A heat transfer module has been 

implemented to retrieve the convective heat flux through Green’s function-based matrix, 

as a function of clearance. The module also updates the cooling effectiveness based on the 

injected cooling. A thermomechanical component computes the mechanical and thermal 

loads acting on the turbine components and is used to compute the deformations and the 

clearance. 

 The dynamic model has been integrated with the three components and used to quantify 

the turbine performance for varying clearance during a given mission. 

 Using a steady model, the sensitivity of gas turbine performance to tip clearance has been 

quantified. The results indicate the need for defining the clearance as a stochastic quantity 

rather than deterministic. 

 The final step is to design the experiment for future validations. A dynamic wind tunnel 

model has been built to validate the modeling of the turbine experimentally. Considerations 

on turbine tip testing in stationary conditions are made based on the CFD results. 

Additionally, the numerical simulations have been used to decide the location and 

characteristics of the instrumentation. Analogously, an experiment to derive turbine 

Green’s Function has been proposed, considering the uncertainties associated with the 

experimental measurements and the scaling. 

  



183 

 

 

APPENDIX 

APPENDIX A. SOLVERS VALIDATION 

 

In this section, validation data is reported for the CFD solvers used in this thesis. Figure A. 1 

depicts the experimental data and the CFD results from Numeca FINE/Turbo in function of the non-

dimensional curvilinear coordinate along the rotor blade surface, zero at the leading edge, negative 

along the pressure side, and positive along the suction side. Figure A.1 a) represents the isentropic 

Mach number at the 85% of the blade span for both pressure and suction side, while Figure A. 1 

b) illustrates the Nusselt number. The leading edge, at minimal Isentropic Mach experiences the 

maximum level of heat flux, and therefore of Nusselt number. As the flow field accelerates along 

the front pressure and suction side, the boundary layer thickens, resulting in a reduction of the 

Nusselt number. Along the front pressure side, the flow is rapidly accelerated in the convex surface 

resulting in a substantial decrease of the Nusselt number, which remains practically constant 

further downstream Nu =700, revealing a laminar/transitional state of the boundary layer. Overall 

the CFD exhibits a good agreement with the experimental results, considering the experimental 

uncertainty. 

 

Figure A. 1: a) Isentropic Mach number (experiments - blue dots, CFD – continuous black line) 

at 85% of the blade span. b) Nusselt number (experiments - blue dots, CFD – continuous black 

line) at 85% of the blade span. 
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Numeca FINE/Open was validated in previous works on a cooled turbine [88].  Figure A. 2, from 

De Maesschalck et al., shows the Nusselt number on the overtip casing of the turbine. Overall, the 

heat flux features compare well between the CFD and the experiments. 

 

Figure A. 2: Validation of the Nusselt number on the overtip casing [17]  
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APPENDIX B. ENGINE MODEL INPUT 

 

Section 'a' - abradable 
 

w 0.025 𝑚 Width 

rin 0.1 𝑚 Inner radius 

rout 0.102 𝑚 Outer radius 

t 0.002 𝑚 Thickness 

A 0.0157 𝑚2 Inner surface area 

As 0.0157 𝑚2 Exposed area 

V 3.17E-05 𝑚3 Volume 

Lc 0.0020 𝑚2 Characteristic length 

h 1000 𝑊 𝑚2𝐾⁄  Heat transfer coefficient 

Material Zirconium Oxide - Properties from Appendix B  

Section 'b' - metal 
 

w 0.025 𝑚 Width 

rin 0.102 𝑚 Inner radius 

rout 0.11 𝑚 Outer radius 

t 0.008 𝑚 Thickness 

A 0.0160 𝑚2 Inner surface area 

As 0.0320 𝑚2 Exposed area 

V 1.33E-04 𝑚3 Volume 

Lc 0.0083 𝑚2 Characteristic length 

h 500 𝑊 𝑚2𝐾⁄  Heat transfer coefficient 

Material Inconel 718 - Properties from Appendix B  

Blade parameters 
 

L 0.0129 𝑚 Blade length 

M 0.168 𝑚 Outer radius 

As 0.027 𝑚 Thickness 

V 2.04E-05 𝑚2 Inner surface area 

Lc 0.00076 𝑚2 Exposed area 

h 1000 𝑊 𝑚2𝐾⁄  Heat transfer coefficient 

Material Inconel 718 - Properties from Appendix B 

 

Rotor parameters 
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w 0.006 𝑚 Width 

rout 0.085 𝑚 Outer radius 

A 0.024 𝑚2 Inner surface area 

As 0.048 𝑚2 Exposed area 

V 1.43E-04 𝑚3 Volume 

Lc 0.006 𝑚2 Characteristic length 

h 500 𝑊 𝑚2𝐾⁄  Heat transfer coefficient 

Material Inconel 718 - Properties from Appendix B 
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APPENDIX C. MATERIAL PROPERTIES 

 

- Inconel 718 

    MatData.T_vec = [21.1111 37.7778 93.3333148.8889 204.4444260 315.5556371.1111 

426.6667 482.2222537.7778 593.3333648.8889 704.4444760 815.5556 871.1111 926.6667

982.2222 1037.7778 1093.3333]; 

    MatData.rho = ones(1,length(MatData.T_vec)).*8193.2518; % kg/m^3, density 

    MatData.nu = [0.2940 0.291 0.288 0.28 0.28 0.275 0.272 0.273 0.271 0.272 0.271 0.276 0.283 

0.292 0.306 0.321 0.331 0.334 0.341 0.366 0.4020]; % Poissons ratio 

    MatData.c = ones(1,length(MatData.T_vec)).*435; % J/Kg-C, specific heat 

    MatData.alpha = [1.27726E-05 1.28E-05  1.31E-05 1.33E-05  1.35E-05 1.37E-05 1.39E-05

1.42E-05 1.44E-05  1.46E-05 1.48E-05  1.50E-05 1.53E-05 1.55E-05  1.57E-05 1.59E-05 1.62E-

05 1.64E-05 1.66E-05  1.68E-05 1.70344E-05]; 

    MatData.k = [11.1972 11.4644 12.3549 13.2455 14.1361 15.0267 15.9173 16.8079 17.6985

18.5891 19.4797 20.3703 21.2609 22.1515 23.0421 23.9326 24.8232 25.7138 26.6044 27.495

28.3856]; % W/m-K, thermal conductivity 

    MatData.E = [199947961502.1710 1.98569E+11 1.95811E+111.93053E+11 1.90295E+11

1.86848E+11 1.8409E+11 1.80643E+11 1.77885E+11 1.74437E+11 1.7099E+11 1.66853E+11

1.63406E+11 1.58579E+11 1.53753E+11 1.46858E+11 1.39274E+11 1.29621E+11

1.19969E+11 1.09627E+11 98595029292.4498]; % Pa, modulus of elasticity 

 

- Zirconium Oxide 

    MatData.T_vec = [21.1111 37.7778 93.3333148.8889 204.4444260 315.5556371.1111 

426.6667 482.2222537.7778 593.3333648.8889 704.4444760 815.5556 871.1111 926.6667

982.2222 1037.7778 1093.3333]; 

    MatData.rho = ones(1,length(MatData.T_vec)).*5.03/1000*100^3; % kg/m^3 

    MatData.nu = ones(1,length(MatData.T_vec)).*0.4; % poissons ratio 

    MatData.c = ones(1,length(MatData.T_vec)).*0.109*4184; % J/kg-K  

    MatData.alpha = ones(1,length(MatData.T_vec)).*8.2e-6; % 1/K, thermal expansion coef. 

    MatData.k = ones(1,length(MatData.T_vec)).*2.93; % W/m-K 

    MatData.E = ones(1,length(MatData.T_vec)).*139e9; % Pa, modulus of elasticity 
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