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ABSTRACT 

 

Nonlinear transmission lines (NLTLs) are of great interest for high power microwave 

(HPM) generation because they can sharpen pulses to create an electromagnetic shockwave 

to produce oscillations from 100 MHz to low GHz. NLTLs provide frequency agility, 

compactness, durability and reliability, providing a solid-state radiofrequency (RF) source 

for producing HPM. The essential component of NLTLs is the nonlinear material, typically 

a dielectric that varies with voltage or a magnetic material whose permeability varies with 

current, incorporated in the transmission line in various topologies. This thesis presents an 

alternative approach involving designing composites comprised of nonlinear dielectric 

inclusions (barium strontium titanate (BST)) and/or nonlinear inductive inclusions (nickel 

zinc ferrites (NZF)) in a polymer base host material, analogous to electromagnetic 

interference designs that incorporate stainless steel inclusions of various shapes in a plastic 

to tune the composite’s electromagnetic properties at GHz. Appropriately designing NLTL 

composites requires predicting these effective properties both in linear (for a fixed and low 

voltage and current) and nonlinear regions (permittivity and permeability become voltage 

dependent and current dependent, respectively) prior to designing HPM systems comprised 

of them. As a first step, this thesis evaluates and benchmarks composites models in the 

commercial software CST Microwave Studios (CST MWS) to various effective medium 

theories (EMTs) to predict the permittivity and permeability of composites of BST and/or 

NZF inclusions in the linear regime, compared with experimental measurements. The 

manufacturing and measurement of the nonlinear composites will be briefly discussed with 

an analysis of the homogeneity of a composite sample using 3D X-ray scan. Long-term 
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application of these approaches to predicting the effective nonlinear composite permittivity 

and permeability and future work will be discussed. 
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1. INTRODUCTION 

1.1. Nonlinear transmission lines 

Nonlinear transmission lines (NLTLs) have been used for high-power microwave (HPM) 

generation [1]–[5] and pulse sharpening [6] at frequencies ranging from 100 MHz to low 

GHz in recent decades. NLTLs provide multiple advantages, such as tunability, 

compactness and durability. In addition, NLTLs can be used as a solid-state RF sources 

with more reliability, providing inexpensive construction and less power consumption [5].  

 

Here, we consider two NLTL topologies: (1) lumped element circuits (LEC) with nonlinear 

capacitors and/or inductors and (2) distributed transmission lines using nonlinear materials, 

focusing on gyromagnetic lines. Each design has its own advantages and disadvantages for 

NLTL design, study, or applications. The following sections outline the fundamentals of 

NLTLs for pulse sharpening and microwave generation. The mechanism for microwave 

generation of gyromagnetic lines and hybrid lines will be introduced separately for the 

interest of our work. 

1.1.1. The fundamental of NLTLs 

The essential component of NLTLs is the nonlinear material, which causes the dielectric 

properties to vary with voltage or the magnetic properties to vary with current. From a 

lumped element perspective, one may induce this nonlinearity with nonlinear capacitors 

and/or inductors, as shown in Figure 1, or by a transmission line composed of a nonlinear 

material, such as a ferrite loaded coaxial line, forming a gyromagnetic line [1], [7] in Figure 
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2. Ferroelectric and ferromagnetic materials can provide nonlinearity and tunability in 

NLTLs, meaning that the electric polarization or magnetization varies under an applied 

external electric or magnetic field. Thus, the permittivity or permeability may be voltage- 

or current dependent and current-dependent for ferroelectric or ferromagnetic materials, 

respectively.  

 
Figure 1. (a) 1D NLTL with nonlinear capacitors. (b). A hybrid NLTL with nonlinear capacitors 

and nonlinear inductors © 2018 IEEE [8]. 

 

 

 

Figure 2. A cross-sectional view of the gyromagnetic NLTL with conductors, dielectric, ferrite 

and magnetic fields © 2013 IEEE [1] 

 

Pulse sharpening occurs due to the permittivity and permeability of the nonlinear materials 

changing as the electromagnetic wave propagates through a NLTL. The permittivity and/or 

(a) 

 

(b) 
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permeability of nonlinear materials decreases with increasing voltage and/or current, 

yielding different phase velocities 𝑣𝑝 = [𝜀(𝑉)𝜇(𝐼)]−1/2 , where 𝜀  is permittivity,  is 

permeability, V is voltage, and I is current, for different propagating pulse portions. The 

pulse peak with a higher electric/magnetic field magnitude propagates faster than the 

portion with lower field magnitude, such as the leading edge. Thus, the peak of the pulse 

will catch up to the leading edge, reducing the pulse rise time, and forming a shock wave. 

Figure 3 illustrates that a gradual line containing of several segments is used to gradually 

reduce the pulse width of the input pulse [6]. 

 

 

Figure 3. Schematic of the gradually scaled NLTL © 2005 IEEE [6]. 

 

The following example illustrates the mechanism of oscillation formation, or the transition 

from pulse sharpening to microwave generation. For a nonlinear dispersive lumped 

element transmission line, if the input pulse has a rise time 𝑡𝑟𝑖 on the order of 1/𝑓𝑐, where 

𝑓𝑐 is the Bragg cutoff frequency [3], [9]–[11], given by 

  

𝑓𝑐 =
1

𝜋√𝐿𝐶(𝑉𝑚𝑎𝑥)
 (1) 

where 𝑉𝑚𝑎𝑥 is the maximum voltage for the input pulse, L is the inductance, and C is the 
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capacitance, the reduction of the output pulse rise time or the shock wave front will be 

restrained by the Bragg cutoff frequency. Because the steepness of the shock wave front 

cannot be infinite and is ultimately limited by the relaxation time of the nonlinear materials 

[10]. Additionally, the frequencies of the narrow pulses or shock wave 𝑓𝑠 are limited by 

the Bragg cutoff frequency (𝑓𝑠 < 𝑓𝑐), yielding an array of solitons to form an oscillation at 

the output [3], [10]–[13], as shown in Figure 3. A typical operating 𝑓𝑠 is determined by 

𝑓𝑠 ≈ 𝑓𝑐/2 [3].  

 

Figure 4. An oscillation burst of solitons produced in an LC ladder © 2009 IEEE [10]. 
 

Alternatively, one may use a ferrite in a coaxial transmission line with a bias magnetic field, 

as shown in Figure 2. This is based on damped gyromagnetic precession, and further details 

will be introduced in the gyromagnetic lines section. 

1.1.2. Lumped element circuits NLTLs 

LEC NLTLs are more amenable to mathematically studying the impact of nonlinear 

capacitance and inductance on electromagnetic wave transmission since the circuit 

equations are straightforward to solve and it is experimentally convenient to design systems 
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comprised of nonlinear capacitors and/or inductors. Mathematical models are well 

established for demonstrating pulse sharpening for these scenarios. For instance, the circuit 

equation for a NLTL with nonlinear capacitance C(V) and linear inductance assuming 

𝑉𝑛(𝑡) ≈ 𝑉(𝑥, 𝑡) is given by [14] 

  

𝐿
𝜕2𝐶(𝑉)𝑉

𝜕𝑡2
=

𝜕2𝑉

𝜕𝑥2
+

𝛿2

12

𝜕4𝑉

𝜕𝑥4
, (2) 

where 𝛿  is the length of each segment of the NLTL, 𝐿  is the inductance, 𝐶  is the 

capacitance, V is the voltage, and n represents the nth node of the transmission line. A first-

order linear approximation to the nonlinear capacitance gives [6] 

 𝐶(𝑉) = 𝐶0(1 − 𝑏𝑉), (3) 

where b and 𝐶0  are constants. Combining (2) and (3) suggests that achieving large-

amplitude narrow pulses requires that the capacitance and/or inductance of the LEC NLTLs 

must vary as much as possible and the nonlinearity factor b must be sufficiently large to 

compensate for the dispersion. Alternatively, one may use a positive voltage-dependent 

capacitor, such as a MOS varactor, for edge sharpening and possibly for digital 

transmission [6]. Ref. [6] showed that accumulation-mode MOS varactors induced 

considerable edge sharpening of both rise and fall times. This study also applied a gradual 

scaling technique for both L and C, letting their ratio to be constant for each segment to 

avoid reflections [6]. Numerical methods, such as the Runge-Kutta method [14], and 

commercial software, such as COMSOL [15] and SPICE [16], have been used to solve the 

mathematical models of LEC NLTLs for design optimization and elucidate the physics 

involved. 
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Experiments using LEC NLTLs with commercial-off-the-shelf (COTS) components agree 

well with circuit models [17]. Both experiments and simulations show that placing the load 

across the inductor in the last section of the NLTLs significantly increases oscillation 

amplitudes and efficiency compared to conventional NLTLs [17]. The LEC nonlinear 

capacitive line (NLCL) using commercial-off-the-shelf (COTS) components can generate 

HPM with peak power of tens of MW in agreement with a mathematical model applying a 

hyperbolic tangent function with two fitting parameters to represent the nonlinearity of the 

barium titanate ceramic capacitors [18].  

 

BAE Systems designed another type of NLTL called the nonlinear inductive line (NLIL) 

using nonlinear inductors to achieved 20 MW at 1 GHz with a repetition rate of 1-1.5 kHz 

and tunability of 20% [19]. However, LEC NLILs are relatively long, with typical lengths 

of approximately 6 m [19]. LEC NLTLs have limited reliability because the whole system 

fails if a single component malfunctions. Moreover, using varactors in these designs 

introduces significant challenges since varactors are low voltage devices susceptible to 

either damage or loss of nonlinearity at higher voltages and provide limited frequency 

agility since a given varactors device frequency is not tunable 

1.1.3. Gyromagnetic lines 

Another NLTL topology uses coaxial or parallel plate geometries with nonlinear materials. 

Figure 2 shows a ferrite-filled coaxial geometry referred to as a gyromagnetic line, which 

is generally biased by an external magnetic field [1], [19]–[25]. The biased field may be 

applied using various permanent magnet configurations [19] or a solenoid wrapped around 
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the transmission lines [22]. The coherent precession of the magnetic moment is desirable 

for maximizing microwave power. When a pulse is applied in a gyromagnetic line, with 

the bias field the ferrite is much easier to saturate, allowing more magnetic moments to 

precess around the effective magnetic field [25]. This will induce damped gyromagnetic 

precession, yielding high frequency voltage oscillations on the pulse front for HPM 

generation [3]. The processional motion of magnetization can be mathematically 

determined by the Landau-Lifshitz-Gilbert (LLG) equation [26], [27], given by 

  
𝜕𝒎

𝜕𝑡
= −𝛾𝒎 × 𝑯𝑒𝑓𝑓 + 𝛼𝒎 ×

𝜕𝒎

𝜕𝑡
 (4) 

where 𝒎 is the normalized magnetization, 𝑯𝑒𝑓𝑓 is the effective magnetic field, 𝛾 is the 

gyromagnetic ratio, and 𝛼 is the damping constant, which remains unknown and assumed 

to be 0.01-1 and dependent on loaded materials. Figure 5 graphically describes the LLG 

equation [1].  
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Figure 5. A vector representation of the magnetization dynamics © 2013 IEEE [1]. 

 

Applying the input pulse to the line causes the ferrites to reach saturation, sharpening the 

pulses. Simultaneously the magnetization 𝒎 precesses around the effective magnetic field 

𝑯𝑒𝑓𝑓, described by the first term on the right-hand side (RHS) of (4). With a damping effect, 

represented by the second term on the RHS, the magnetization performs damping 

precession around 𝑯𝑒𝑓𝑓 and will finally align in the direction of 𝑯𝑒𝑓𝑓 [27].  

 

Gyromagnetic NLTLs generate peak RF powers of hundreds of MW with a central 

frequency of approximately 1 GHz [20], [21]. Recently, gyromagnetic NLTLs applying 

simultaneous axial and azimuthal biases show that the azimuthal bias has a direct relation 

with the modulation and compression of the output pulses, obtaining a relatively higher 

efficiency of 20% compared with the efficiency of 10% for most LEC NLTLs [23]. The 

gyromagnetic NLTLs exhibit strong tunability and relatively high peak power and 



9 

 

efficiency. However, corona discharges can limit the operating voltage for gyromagnetic 

lines [28]. 

 

1.1.4. Hybrid NLTLs 

Parallel plate NLTLs using nonlinear ceramic dielectric slabs also have been used for 

soliton and RF generation [29]–[32]. NLTLs combining ferrites and nonlinear ceramic 

dielectric for inducing nonlinear permeability and permittivity, respectively, are referred to 

as hybrid lines (NLHLs). The idea was first proposed for pulse sharpening since it 

facilitates load matching by simultaneously selecting both L(I) and C(V) during pulse 

sharpening by appropriately choosing the functions [33]. For an NLHL, the circuit equation 

can be written in a more general form compared than (2), given by [34] 

  

𝜕

𝜕𝑡
[𝐿(𝐼)𝐶(𝑉)

𝜕𝑉

𝜕𝑡
] =

𝜕2𝑉

𝜕𝑥2
+

𝛿2

12

𝜕4𝑉

𝜕𝑥4
 (5) 

with a first-order linear approximation for nonlinear inductance anlogous to (3) as 

 𝐿(𝐼) = 𝐿0(1 − 𝑑𝐼) (6) 

where 𝑑 is the nonlinearity factor for the inductance. A theoretical study demonstrated 

that an NLHL could increase compression of the output pulse [3], [35]. Another circuit 

simulation suggest that NLHLs have the potential to generate pulses with greater 

oscillation amplitudes and higher frequency and greater frequency tunability by applying 

bias circuits to the nonlinear components at low voltages [32]. A subsequent study at high 

voltages showed an unmatched NLHL can also generate RF oscillations [36], albeit with 
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reduced voltage modulation depth. An experiment of NLHLs using COTS ceramic 

capacitors and commercial ferrite bead inductors showed that NLHLs may achieve RF in 

the MHz range with higher voltage modulation depth compared with non-hybrid lines due 

to stronger nonlinearity [8].  

1.2. Motivation and thesis layout 

This thesis evaluates and explores the feasibility of novel composites comprised of a 

polymer filled with nonlinear dielectric or magnetic inclusions to tune NLTL properties for 

ultimate HPM applications. One may tune the effective permittivity and permeability of 

the composite by varying the volume loading of the nonlinear dielectric inclusions (e.g. 

barium strontium titanate (BST)) and nonlinear magnetic inclusions (e.g. nickel zinc 

ferrites (NZF)) or altering the inclusion shape (e.g. spheres, flakes, or fibers). This is 

analogous to electromagnetic interference designs that incorporate stainless steel 

inclusions of various shapes in a plastic to tune the composite’s electromagnetic properties 

at GHz [37].  

 

Appropriately designing NLTL composites requires predicting these effective properties 

and, ultimately, designing the HPM systems using them. As a first step, this thesis 

benchmarks various effective medium theories (EMTs) to predict the permittivity and 

permeability of various composites of BST and/or NZF inclusions in the linear regime (for 

a fixed low voltage and current).  
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We first apply EMTs to predict AC measurements of permeability and permittivity for 

composites comprised of a polymer with BST and/or NZF spheres. We describe 

preliminary studies applying CST Microwave Studio (CST MWS) to predict the effective 

permittivity and permeability of these composites and compare the results to experiments 

and EMTs. Benchmarking the CST MWS simulations with the measurements will 

ultimately permit efficient assessment of the influence of the inclusion shape, orientation 

(for non-spherical shape), electromagnetic wave propagation, and various EMTs. 

Additionally, CST MWS provides the capability to introduce nonlinear dielectric and 

magnetic properties and ultimately couple the knowledge of composite properties into a 

full HPM system model using a single software.  

 

The remainder of this thesis will proceed as follows. Chapter 2 provides the background of 

the dielectric properties, effective medium theories (EMTs) and their limitations, and 

simulation approaches for determining composite effective properties. Chapter 3 briefly 

introduces the manufacturing procedures of BST, NZF and BST/NZF composites, the 

assessment of composite homogeneity using a 3D X-ray Microscope, and measurement of 

composite dielectric properties in the linear regime. Chapter 4 compares dielectric 

properties from the literature values and our fits of experimental data for BST and NZF 

and uses them as inputs for CST MWS composite models. Chapter 4 also summarizes the 

CST MWS procedure. Chapter 5 compares results for BST, NZF and BST/NZF composite 

simulations to measurements. Chapter 6 discusses future work for improving the present 

models and predicting the effective nonlinear composite permittivity and permeability. 
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2. BACKGROUND 

Many composite designs aim to achieve desired electrical and mechanical effective 

properties [38]. There are two main approaches for determining the effective properties of 

composites: effective medium theories (EMTs) [38]–[42] and computational methods 

[43]–[46]. EMTs, also called mixing rules, have been derived to predict the effective 

properties of composites for mechanical and electrical applications, such as elastic 

metamaterials [39], electromagnetic shielding, radar absorption, electromagnetic 

compatibility [40]. On the other hand, various numerical simulations have been developed 

for determining the effective properties for composites or metamaterials with great success 

[41], [47], [48]. Before examining these theories or simulations for the effective dielectric 

properties, we first introduce the physics behind dielectric properties. 

2.1. The Fundamental of Dielectric Properties 

2.1.1. Polarization 

Unlike conductors, dielectric materials would not conduct electricity when exposed to an 

external electrical field [42]. Instead, the permanent or induced electrical dipole moments 

in dielectrics would allow the dielectrics to be polarized by the external field so that they 

can store electrical energy persistently or transiently. The polarization density P, or simply 

polarization, represents the density of these dipole moments and is given by 

 𝑷 =  
𝑑𝒑

𝑑𝑉
 (7) 

where 𝒑 is the dipole moment and 𝑑𝑉 is the volume element. For magnetic materials, 
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one can write an analogous formula for magnetization M, also called magnetic polarization, 

as 

  𝑴 =
𝑑𝒎

𝑑𝑉
 (8) 

where m is the permanent or induced magnetic dipole moment induced by the spin of the 

electrons or the external current (magnetic field), respectively. Generally, without the 

external field, the permanent dipole moments or permanent magnetic moments are 

randomly oriented due to thermal motion, exhibiting no polarization or magnetization.  

 

Under an alternating electric field, the electrical polarization mechanisms may be classified 

into orientational, atomic and ionic, electronic and interfacial polarization for different 

frequencies [42]. Each mechanism responds to a specific frequency range or occurs for 

certain materials. For example, the electronic polarization occurs at optical and ultraviolet 

frequencies, while the atomic polarization responds at optical and infrared frequencies. 

Both mechanisms are resonant behaviors. At microwave frequencies, the orientational 

(dipolar) polarization occurs when the external field exerts a torque on a dipole moment, 

and the dipole moment will rotate to align with the field, resulting in orientational 

polarization. For a matter that is not completely lossless, the rotation of the dipole will 

induce a friction to contribute to the dielectric losses [49], [50].  

 

2.1.2. Complex permittivity and permeability 

For microwave applications, materials are generally characterized by real permittivity 

(permeability) and loss tangent (magnetic loss tangent) and may be written as complex 
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permittivity (permeability). Here, we connect these quantities with polarization mentioned 

above. Maxwell’s equations for electric and magnetic field in differential form are given 

by [49] 

 ∇ × 𝑬 = −𝑗𝜔𝑩 (9) 

 ∇ × 𝑯 = 𝑗𝜔𝑫 + 𝑱 (10) 

respectively, where 

 𝑫 =  𝜀0𝑬 + 𝑷 (11) 

 𝑩 = 𝜇0(𝑯 + 𝑴) (12) 

with  

𝑬 = electric field [V/m] 

𝑯 = magnetic field [A/m] 

𝑫 = electric flux density or displacement flux [A ∙ s/m2] 

𝑩 = magnetic flux density [V ∙ s/m2] 

𝑱 = electrical current density [A/m2] 

ε0 ≅ 8.854 × 10−12 F/m = permittivity of free space  

𝜇0 ≅ 1.256 × 10−6 H/m = permeability of free space 

𝜔 = angular frequency 

For a dielectric material, the polarization P induced by the external field increases the total 

displacement flux D, as shown in (11), analogous to the magnetization increases the 

magnetic flux density B in (12). If the dielectric material is linear the polarization will be 

linearly related to the field by 
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 𝑷 =  ε0𝜒𝑒𝑬 (13) 

 𝑴 =  𝜇0𝜒𝑚𝑯 (14) 

where 𝜒𝑒  is the electric susceptibility and 𝜒𝑚  represents the magnetic susceptibility. 

Using Ohm’s law 𝑱 = 𝜎𝑬 and complex permittivity 𝜀 = 𝜀′ − 𝑗𝜀′′ = ε0(1 + 𝜒𝑒), (10) can 

be written as 

 ∇ × 𝑯 = 𝑗𝜔(𝜀′ − 𝑗𝜀′′ − 𝑗
𝜎

𝜔
)𝑬 (15) 

where 𝜎  is the conductivity of the material. The term 𝜔𝜀′′ +  𝜎  contributes to the 

dielectric loss and can be considered as the total effective conductivity [49]. If 𝜎  is 

negligible compared with the loss from the dipole moment rotation 𝜔𝜀′′, the loss tangent 

is given by 

 tan 𝛿 =
𝜔𝜀′′ +  𝜎

𝜔𝜀′
≅

𝜀′′

𝜀′
 (16) 

where 𝜀′ = 𝜀𝑟
′ 𝜀0 and 𝜀′′ = 𝜀𝑟

′′𝜀0 are the real and imaginary component of the complex 

permittivity (the relative permittivity 𝜀𝑟 = 𝜀𝑟
′ −𝑗𝜀𝑟

′′ ), respectively. For the complex 

permittivity 𝜀 , the imaginary part of 𝜀  must be negative ( 𝜀′′ > 0 ) due to energy 

conservation [49]. An analogous consideration for (9) can be written as 

 ∇ × 𝑬 = −𝑗𝜔(𝜇′ − 𝑗𝜇′′)𝑯 (17) 

where 𝜇′ − 𝑗𝜇′′ = 𝜇 is the complex permeability and 𝜇′′ represents the loss due to the 

damping of magnetic dipole moments. The magnetic loss tangent is given by 
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 tan 𝛿𝑚 =
𝜇′′

𝜇′
. (18) 

Generally, there is no magnetic conductivity because we did not consider the (fictitious) 

magnetic current density in (9). Additionally, the relative permeability can be written as 

𝜇𝑟 = (𝜇′ − 𝑗𝜇′′)/𝜇0 = 𝜇𝑟
′ −𝑗𝜇𝑟

′′.  

2.1.3. Dispersion and relaxation 

As mentioned above, polarization and magnetization strongly depend on the frequency of 

the field. Thus, the real and imaginary parts of the permittivity and permeability are 

frequency dependent. This dependence is called as dispersion [42], [51]. Figure 6 shows 

typical dispersion curves for the real and imaginary permittivity with different types of 

polarization mechanisms [42].  
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Figure 6. The dependence of the real (solid line) and imaginary (dashed line) permittivity of a 

material with various polarization mechanisms. Reproduced with permission from 

Electromagnetic Mixing Formulas and Applications, Ari Sihvola published by The Institution of 

Engineering and Technology, 1999, DOI: 10.1049/PBEW047E [42]. 

 

Around the microwave frequency range corresponding to the orientational polarization, the 

dispersion curve shows a peak of the imaginary part of permittivity with a drop of the real 

part of permittivity. This variation of the complex permittivity is due to the mobility of the 

dipoles which can be described by the relaxation time 𝜏 or relaxation frequency 𝑓𝑟 with 

𝜏 = 1/(2𝜋𝑓𝑟). The relaxation time is the time required for a dipole moment to align with 

the field [50]. At low frequencies the field variation is slow, allowing the dipoles to keep 

pace with the varying field so that the orientational polarization can fully develop before 

the field changes its direction. Thus, 𝜀′ is almost constant before the drop, while 𝜀′′ is 

proportional to the frequency due to the friction of varying dipoles. As the higher frequency, 

𝜀′  decrease because of the phase lag between the dipoles and the electric field. At 
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frequencies above 𝑓𝑟 , the field variation becomes faster with increasing frequency, 

resulting in less effect on the rotation of dipole moments, and thus both real and imaginary 

part of permittivity decrease [50].  

 

Ferrites, such as NiZn or MnZn ferrites, have permeability spectra characterized by 

different dispersion mechanisms: gyromagnetic spin rotation, domain-wall motion, and 

magnetization rotation [51], [52]. Generally, at RF, the first two mechanisms give a 

resonance-type frequency dispersion and the third one has a relaxation-type dispersion. For 

NiZn ferrites (Ni0.24Zn0.65Fe2.04O4), the complex permeability spectrum can be treated by 

the superposition of the dispersions with different mechanisms [51]. For materials with 

relatively high conductivity such as MnZn ferrites, the eddy current loss must be 

considered in permeability spectra. However, one can ignore the eddy current effect in 

MnZn ferrite composites mixing with binder matrix because of the increase of the 

resistivity of the composites [51], [53].  

2.2. Effective Medium Theories 

Although EMTs were originally derived to predict the effective permittivity of mixtures, 

certain universality from the dielectric homogenization theories allow an EMT equally 

valid and applicable for other effective properties, such as the effective magnetic 

permeability, electric conductivity, thermal conductivity, particle diffusivity, and certain 

elastic properties [42]. For randomly oriented anisotropic inclusions, the mixture can be 

considered isotropic [42], [54]. In addition, inclusions are generally assumed to be 

randomly and homogeneously distributed. 
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2.2.1. Classical EMTs 

Classical EMTs, such as Maxwell-Garnett (MG) formula [55], Bruggeman rule (BR) [56] 

and coherent potential (CP) formula are physically based and have been widely used in 

electromagnetics literature for suspensions of spheres and ellipsoids [42], [57], [58], as 

summarized in Table. 1. The MG formula can be derived from the average fields, the 

coherent potential formula came from the theoretical studies of wave propagation in 

random media [42], [59]. Here, we will briefly introduce the derivation of the MG rule 

from an average static field perspective. For an electrostatic field applied to a two-phase 

mixture, using (11) and (13) gives the effective permittivity of the mixture 𝜀𝑒𝑓𝑓 as: 

 〈𝑫〉 = 𝜀𝑒𝑓𝑓〈𝑬〉 (19) 

where 〈𝑫〉  and 〈𝑬〉  are the volume-averaged flux density and electric field [42], 

respectively. The average flux density and electric field with the corresponding volume 

loadings of each phase are 

 〈𝑫〉 = 𝜀𝑖𝑓𝑬𝑖 + (1 − 𝑓)𝜀𝑒𝑬𝑒 (20) 

and 

 〈𝑬〉 = 𝑓𝑬𝑖 + (1 − 𝑓)𝑬𝑒 (21) 

respectively, where ε𝑒 and ε𝑖 represent the permittivity for the host and the inclusion, 

respectively, and 𝑓  is the volume loading of the inclusions. Assuming 𝑬𝑒  and 𝜀𝑖 

constant gives the effective permittivity can be written as [42] 
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 𝜀𝑒𝑓𝑓 =
𝑓𝜀𝑖𝐴 + 𝜀𝑒(1 − 𝑓)

𝑓𝐴 + (1 − 𝑓)
 (22) 

where 𝐴 is the field ratio 𝑬𝑖=𝐴𝑬𝑒. Defining 𝐴 = 3𝜀𝑒/(𝜀𝑖 + 2𝜀𝑒) for spheres [42] yields 

 ε𝑒𝑓𝑓 = ε𝑒 + 3𝑓ε𝑒

ε𝑖−ε𝑒

ε𝑖 + 2ε𝑒 − 𝑓(ε𝑖−ε𝑒)
 (23) 

for the MG rule. Here, 𝐴 for spheres may be derived from the field analysis of a dielectric 

sphere surrounded by a dipole field perturbation caused by a uniform field. One may also 

derive the MG formula from the Clausius-Mossotti formula by applying the Lorentz local 

field with the depolarization factor of a sphere [42]. Ref. [59] provides additional derivation 

details. 

 

Figure 7. Randomly distributed spherical inclusions as guests in the dielectric host material, 

forming a two-phase mixture. 

 

The Looyenga (LO) [60] and Lichtenecker (LI) [61] mixing formulae were derived by 

differential analysis, as given in Table 1 [54]. A recent study derived the LI formula from 

Maxwell’s equations and charge conservation to a composite with randomly distributed 

and randomly orientated particles [62].  
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Table 1. Classical EMTs for sphere inclusions with MG = Maxwell Garnett, BR = Bruggeman, 

CP = coherent potential, LO = Looyenga, LI = Lichtenecker [42], [55]–[58], [60], [61], [63]. 

 ε𝑒𝑓𝑓 = ε𝑒 + 3𝑓ε𝑒

ε𝑖−ε𝑒

ε𝑖 + 2ε𝑒 − 𝑓(ε𝑖−ε𝑒)
 MG 

 (1 − 𝑓)
ε𝑒−ε𝑒𝑓𝑓

ε𝑒 + 2ε𝑒𝑓𝑓
+ 𝑓

ε𝑖−ε𝑒𝑓𝑓

ε𝑖 + 2ε𝑒𝑓𝑓
= 0 BR 

 ε𝑒𝑓𝑓 = ε𝑒 + 𝑓(ε𝑖 − ε𝑒)
3ε𝑒𝑓𝑓

3ε𝑒𝑓𝑓 + (1 − 𝑓)(ε𝑖−ε𝑒)
 CP 

 ε𝑒𝑓𝑓
1/3 = (1 − 𝑓)ε𝑒

1/3 + 𝑓ε𝑖
1/3

 LO 

 logε𝑒𝑓𝑓 = 𝑓logε𝑖 + (1 − 𝑓)logε𝑒 LI 

 ε𝑒𝑓𝑓 = ε𝑒 + 3ε𝑒

∑ 𝑓𝑖
ε𝑘−ε𝑒

ε𝑘+2ε𝑒

𝐾
𝑘=1

1 − ∑ 𝑓𝑘
ε𝑘−ε𝑒

ε𝑘+2ε𝑒

𝐾
𝑘=1

 MG 

multiphase 

 
ε𝑒𝑓𝑓 = ∏ 𝜀𝑘

𝑓𝑘

𝐾

𝑘=1

 LI 

multiphase 

 

The first three mixing rules are valid for composites containing ellipsoidal inclusions by 

introducing the depolarization factors which are simplified for the application of spherical 

inclusions [42]. The orientations of non-spherical inclusions can greatly impact the 

effective properties of a mixture if the inclusions are not randomly orientated [42], [64]–

[68]. In addition, classical EMTs may be applied for multiphase mixtures [42], [63], as 

summarized in Table 1, but those are not in the focus in this section.  
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2.2.2. Limitations of classical EMTs 

The analysis and derivations above for classical EMTs were based on an electrostatic field. 

When treating an electromagnetic wave propagating through a mixture, classical EMTs are 

limited to inclusions with a sufficiently small size compared with the wavelength in the 

mixture so that the mixture may be considered as a homogeneous or effective medium. A 

quantitative criterion, called the quasi-static limit, is approximately given by [58] 

  𝜆

2𝜋
> 𝛿 (24) 

where δ is the size of the inclusions and λ is wavelength in the mixture. 

 

Classical EMTs are generally limited to cases where the volume loading of inclusions is 

low (dilute mixtures) or the electrical contrast is not too great [54]. For example, in the 

application of remote sensing, the contrast between the permittivity of different phases of 

the mixtures is not significant, thus both the MG and BR formals are able to predict the 

effective permittivity with good accuracy [54]. However, in other applications such as the 

composites mixed with a polymer host and metal inclusions, the electrical contrast between 

the phases might be very large [48]. Besides, the volume loadings of inclusions might vary 

from 10% to 80% [48]. Thus, one may apply alternative models for predicting the effective 

properties of such composites.  

2.2.3. Generalized EMTs 

The generalized EMTs (GEMTs) are semi-empirical approaches that have been developed 

by McLachlan [69] and other researchers [37], [38], [70]–[72] for a wide range of 
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frequency and volume loading. The GEMTs were derived from the physically based EMTs, 

such as MG or BR rules, by modifying the original rule with two fitting parameters. A 

typical BR rule based GEMT for a two-phase isotropic composite can be given by [70] 

 (1 − 𝑓)
𝜀𝑒

1/𝑠 − 𝜀𝑒𝑓𝑓
1/𝑠

𝜀𝑒
1/𝑠 + 𝐴𝜀𝑒𝑓𝑓

1/𝑠
+ 𝑓

𝜀𝑖
1/𝑡−𝜀𝑒𝑓𝑓

1/𝑡

𝜀𝑖
1/𝑡 + 𝐴𝜀𝑒𝑓𝑓

1/𝑡
 (25) 

where 𝑠  and 𝑡  are fitting parameters, 𝐴 = (1 − 𝑣𝑐)/𝑣𝑐  with 𝑣𝑐  the percolation 

threshold. Each permittivity may be complex and may be replaced by conductivity or 

permeability. While there are some suggestions for the universality of 𝑠  and 𝑡  with 

0.8 < 𝑠 < 1  and 𝑡 > 1  [71] or 1.5 < 𝑡 < 2  [70], obtaining an accurate predictive 

model for specific mixtures with certain shapes, electric properties of phases still requires 

determining these parameters (s, t, A) via measurements. A general procedure to define 

these parameters is to fit two of them by fixing one in the universal region, for example, 

with fixed 𝑠 = 0.8  t and A can be fitted through all frequency and volume loading of 

interest [38]. While such procedures can make the derived GEMT accurate for specific 

composites, the fitting work and necessary measurements are not trivial and their a priori 

capability (such as for a different inclusion material or shape) is unclear. 

2.3. Simulation of Effective Dielectric Properties 

It has been suggested that computer simulation may be the best solution for predicting the 

effective permittivity of mixtures [37], [73]. Sareni, et al. first presented a simulation 

approach for effective permittivity in the quasi-static limit based on the boundary integral 

equations and the finite element method, suggesting the limitations of standard analytical 
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models for composites with high volume loadings of the dispersed phase [74]. They 

subsequently assessed the impact of geometry, spatial arrangement, and the orientation of 

inclusions in a two-phase system with periodic lattices of inhomogeneities [74], [75].  

 

Myroshnychenko and Brosseau developed a computer code to predict the effective 

permittivity for a system with a homogeneous host containing inhomogeneities of 

randomly oriented hard disks by applying a finite element description, an ordinary Monte 

Carlo sampling, and periodic boundary conditions [76]. They subsequently adapted this 

approach to predict the complex permittivity of a 2D two-phase statistically isotropic 

heterostructures in the quasi-static limit [77], [78]. Their results were compared with the 

GEMT to specifically determine the exponents s and t in (25) [37], [78], [79].  

 

The next two sections will focus on the simulation approach using commercial software, 

such as COMSOL, CST EM studio, CST MWS studio, and relevant numerical methods. 

2.3.1. Electrostatic models 

Cooperating with various EMTs, simulations also have been developed for determining the 

effective dielectric properties of composites using commercial software. The electrostatic 

models are used in COMSOL Multiphysics and CST EM studio [43], [44] for determining 

the composite effective permittivity. By solving the three-dimensional Laplace equation to 

determine the potential and electric field, the relative effective permittivity of the 

composite can be calculated from [43] 
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 𝜀𝑟 = 𝑑
∫ 𝐷 ∙ 𝐸𝑑𝑉

𝜀0𝐴𝑈2
 (26) 

where D and E are the dielectric displacement and electric field, respectively, U is the 

applied voltage, d is the thickness of the sample, A is the area of the composite, as illustrated 

in Figure 8. The model in COMSOL shows that the effective permittivity is proportional 

to the size of the inclusions and the volume fraction, suggesting a rapid increase of the 

effective permittivity above percolation due to the increasing paths of the inclusions 

between the electrodes. 

 

 

Figure 8. An illustration of the effective dielectric constant simulation using the electrostatic 

module of COMSOL © 2009 IEEE [43]. 

 

Two types of models (hard and soft) are applied for the filler and voids [43], [44]. Using 

hard spheres prevent overlaps of particles, standing for the inclusions, while soft spheres 

allow particle intersection that represents voids with more complex geometry. The results 

from the electrostatic model in CST EM agree well with the Lichtenecker (LI) rule for the 

composite with high electrical contrast for filler volume fraction from 5 to 50% [44]. 

Moreover, using CST EM Studio allows the visualization of the electric field distribution 
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within the composite and across the inclusions to assess dielectric failure of the composite 

[44].  

2.3.2. Electromagnetic simulations 

Rather than using electrostatic simulation, 3D electromagnetic simulations are applied in 

CST MWS [41], [45] to determine the effective complex permittivity and permeability 

from transmission (𝑆21) and reflection (𝑆11) characteristics of dielectric composites. After 

obtaining the S-parameters (S11 and S21) of a slab of dielectric composite or metamaterial 

by simulation or measurement for a specific frequency range, methods exist to extract the 

effective refractive index n and impedance z [47], [80] from which one may calculate 

𝜀𝑒𝑓𝑓 = 𝑛/𝑧 and 𝜇𝑒𝑓𝑓 = 𝑛𝑧 [47], [80], [81].   

 

Baer, et al. [45] applied the Baker-Jarvis method [80] to calculate the effective permittivity 

of the composite with low electric contrast at the microwave range with good agreement 

with the Maxwell-Garnett equation. Figure 9 summarizes the procedure which includes 

randomly generating particles, simulating in CST MWS, and calculating of the effective 

permittivity. 
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Figure 9. Diagram of the generation, simulation and calculation process © 2015 IEEE [45]. 

 

 

The robust approach to retrieve the effective permittivity and permeability has been 

programmed into CST MWS as a template based on Ref. [47]. Although this approach was 

mainly developed for a metamaterial slab, it is directly applicable to a homogeneous slab 

as the boundaries of the slab and S-parameters are well determined [47]. As mentioned 

above, the EMTs suggest that once the size of the inhomogeneities is much smaller than 

the wavelength of the electromagnetic wave, a heterogeneous mixture appears 

homogeneous to the wave [42]. Thus, the robust approach [47] is adequate for calculating 

the effective properties of mixtures. 
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3. MANUFACTURING AND MEASUREMENT 

The dielectric properties measurements for BST and/or NZF composites in the linear 

regime allow us to benchmark the models in CST MWS to assess various EMTs for 

determining the dielectric properties of various composites as the preliminary applications. 

This chapter briefly summarizes the manufacturing procedures, assessment on the 

homogeneity of a composite specimen, and dielectric measurement for the composites will 

be briefly discussed. More details will be provided in the dissertation of one of my 

colleagues. 

3.1. Manufacturing of Composites 

The barium-strontium titanate (Ba2/3Sr1/3TiO3, BST) nano-sized powders (TPL, HBS-8000) 

with an average size of 800 nm and NiZn ferrite (NZF, no composition information) 

powders (Power Processing & Tech. (PPT), LLC, FP350) with an average size of 17 μm 

were used. Both powders yielded approximately spherical particles. 

3.1.1. Manufacturing procedures 

We manufactured composites comprised of BST and/or NZF powders in silicone-based 

host PDMS. We considered the volume fractions listed in Table 2.  
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Table 2. Powders volume fractions in composites for manufacturing. 

Single inclusion Mixture 

NZF BST NZF BST 

5 5 5 5 

10 10 5 10 

15 15 10 5 

20 20 10 10 

25 25 10 15 

\ \ 15 10 

 

 

The coaxial mold for making coaxial composites was designed and prepared in advance. 

The mixture containing powders and PDMS was first stirred by hand and mixed in a mixer 

(Thinky Mixer AR-100) for a homogenous distribution of inclusions. The bath sonicators 

(Crest Ultrasonics CP200HT) were used to disperse the nanoparticles and clean the mold 

with detergent powder (Alconox 1104-1 Powdered Precision Cleaner). The mixture was 

then placed in a vacuum chamber (Medline Scientific Jeio Tech 665L Vacuum Oven (OV-

12)) for 30 minutes at 0.1 MPa for degassing; meanwhile, a mold release spray was used 

on the mold applying three coats. The degassed mixture was injected into the mold from 

the bottom to the top while raising the tubing out to prevent introducing voids into the 

mixture. The mold containing the mixture was next placed in the vacuum chamber again 

for further degassing. Finally, the mold was cured using the oven (Blue M LO-136E) at 

100°C for 2 hours. After the mold and mixture cooled down and were separated, the 

composite manufacturing was completed. 

 

We made three or four duplicates of each volume fraction to obtain statistical distribution 

of dielectric properties for each composite with varying volume fractions. The 

measurements will be presented with simulation results in Chapter 5.  



30 

 

3.1.2. Assessment of composite homogeneity 

Composite homogeneity is vital for applying EMTs and CST MWS to predict the dielectric 

properties and for future application of these dielectric composites particularly at higher 

volume fractions. The composite samples were assessed for homogeneity using a 3D X-

ray Microscope (Zeiss Xradia 510 Versa). Figure 10 shows scan results for an exploratory 

analysis with a resolution of 4.9275 m for a combined 15% BST and 10% NZF composite.   

 

The scan clearly shows the distribution of the NZF inclusions, but it could not discern the 

BST particles from the host PDMS. Future studies will perform additional scans with a 

resolution of at least 800 nm to distinguish the BST inclusions. The current scan shows a 

homogeneous distribution of the NZF inclusions except for a few aggregations of the 

inclusions. The largest aggregations have sizes less than 1 mm. Based on the quasi-static 

limit, this size is sufficiently small to assume homogeneous distribution of the inclusions.   

 



31 

 

 

Figure 10. 3D views of interior and exterior of a 15% BST 10% NZF composite. Resolution: 

4.9275 μm; Bin:1; Exposure: 9 s. 

 

3.2.  Dielectric Measurements in Linear Region 

The network analyzer (Keysight FieldFox N9913A) was used to measure the dielectric 

properties of all the manufactured composites. Figure 11 shows the measurement setup. An 

anti-static mat and an anti-static wrist strap were applied during the measurement, while 

gloves were equipped to prevent oils from contaminating surfaces. Calibrations were made 

before composite measurements using the airline (Keysight 85055A Type-N 50 Ω) to 

eliminate systematic errors. The dielectric composites were equipped with the outer 

conductor and inner conductor to form a coaxial transmission line connected with the 

network analyzer. 
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Each composite samples is approximately 50 mm long, which exceeds 𝜆𝑚𝑎𝑥/4 , with 

𝜆𝑚𝑎𝑥 evaluated from the lowest 𝜀𝜇 at 1 GHz from measurements, with an outer diameter 

of 7 mm and an inner diameter of 3 mm. The frequency range was set from 1-4 GHz based 

on the general HPM frequency range of our interests [3], [5].  

 

The power was set to be -15 dBm (voltage: 40 mV). Experiments show that with no bias 

field (linear region), the relative permittivity measurements of the Ba2/3Sr1/3TiO3 thin film 

gives almost the same values at 500 MHz for the powers of -20 dBm and 5 dBm [82]. Thus, 

we assumed the composite measurements at -15 dBm are still in the linear region. Future 

measurements will specifically examine the nonlinearity of the bulk dielectric properties 

of the BST ceramic. 

 

 

Figure 11. The setup of dielectric measurement of composites. 
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4. SIMULATION METHODS 

4.1. Dielectric Properties of NZF and BST 

This section introduces the determination of the dielectric properties of two different types 

of inclusions used in the models due to the situation that the manufactures are not able to 

provide all the dielectric properties for both materials at 1~4 GHz and we have not 

measured these dielectric properties yet.  

 

Although several studies report the dielectric properties of these two materials [82]–[87], 

they might not be applicable to our specific study since the dielectric properties of BST 

and NZF vary with composition, manufacturing procedures, and measuring conditions and 

exhibit significant dispersions [82]–[90]. For example, the relative permittivity of 

Ba2/3Sr1/3TiO3 thin film measured at 12.5 GHz drastically varies with the oxygen pressure 

during deposition [87]. Thus, we must take caution in using the values from those 

measurements in our models for assessing our measurements and the EMTs.  

 

Table 3 shows the known and unknown dielectric properties. Some of them were suggested 

by the manufacturers. The NZF manufacturer did not specify the corresponding frequency 

for the real permeability, while the BST manufacturer could not provide the frequency for 

the loss tangent.  
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Table 3. The dielectric properties of NZF, BST and PDMS. a Our measurements at 1 GHz, b 

Database [91], c NiZn Ferrite (Power Processing & Tech, LLC, FP350) [92], d Ba2/3Sr1/3TiO3 (TPL, 

HBS-8000) [93]. 

 𝜀′ 𝜎 (S/m) 𝜇′ tan 𝛿 tan 𝛿𝑚 

PDMS 2.7377 a 2.5×10-14 b ~1a 0.0114 a 0.0054 a 

NZF N/A 10-7 c 4~6 c N/A N/A 

BST N/A 10-10 d ~1a < 0.01d ~0 a 

 

The temporary approach to obtain the dielectric properties of the NZF and BST in this 

experiment involves fitting the physical based EMTs to our composite measurements, 

using data from the literature to determine the most applicable inputs for the models under 

our current conditions.  

 

Using the conductivities reported in Table 3 for NZF and BST in the EMTs yielded 

imaginary permittivity and permeability in poor agreement with measurements. Instead, 

we applied the composite models in CST MWS to tune the input values to fit with 

measurements based on the order of magnitude suggested in literature for losses, although 

the chemical composition of our NZF is unknown. 

4.1.1. The permeability and permittivity of NZF 

We estimated the dielectric properties of NZF by fitting the experimental values with 

different inputs, applying different classical EMTs and the least-squares method. The 

minimum of the sum of squared residuals indicates the estimated relative permittivity or 

permeability for NZF. We estimate the relative permittivity by minimizing the sum of 

squared residuals S, given by 
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 𝑆 = ∑(𝜀𝐸 − 𝜀𝑚)2

𝑣

 (27) 

where v represents the volume fractions, 𝜀𝐸  is the calculated value from the classical 

EMTs using various assumed values, and 𝜀𝑚  is the experimental value at a specific 

frequency. From NZF composite measurements, the relative permittivity shows almost no 

frequency dependence, while the permeability shows an increasing frequency dependence 

when the volume loading goes higher. Considering the relative permittivity of NZF at 1~4 

GHz as a constant should be acceptable, thus we estimated the permittivity at 1 GHz and 

the permeability at 1~4 GHz, as shown in Figure 12.  

 

(a) 

 

(b) 

 

Figure 12. The estimations from the least squares method for (a) the NZF relative permeability at 

1~4 GHz, (b) the NZF relative permittivity at 1GHz. The applied EMTs: MG: Maxwell- Garnett, 

BR: Bruggeman, CP: coherent potential, LO: Looyenga, LI: Lichtenecker. 

 

The various classical EMTs gave relatively similar values for the real permeability of NZF. 

With increasing frequency, the real permeability decreases, and the estimations get closer, 

as shown in Figure 12 (a). In addition, among all the applied EMTs, the LI rule gives 
𝑟

=

4 at 1 GHz which is in the typical range of 4 < 
𝑟

< 6 provided by the manufacturer. 

However, estimates for 𝜀𝑟 range from 23 (LO) to 52 (LI). Because we have not found 
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measurements indicating that 𝜀𝑟 reaches 100 at GHz frequencies, we do not consider the 

MG from Figure 12 (b) as reasonably estimating 𝜀𝑟 for our experiments.  

4.1.2. The permittivity of BST 

For the permittivity of BST, the use of the assumed inputs from 1 to 1000 the MG rule fails 

to give a minimum of S again, while other classical EMTs give the estimations ranging 

from 51 (LO) to 162 (LI), as illustrated in Figure 13, which are lower than the experimental 

values from two measurements for a Ba2/3Sr1/3TiO3 thin firm [82], [83].  

 

 
Figure 13. Sum of squared residuals for determining the relative permittivity of a BST inclusion. 

The estimations from the least squares method for the relative permeability of BST at 1 GHz. 

 



37 

 

 

Figure 14. The relative permittivity and dielectric losses varying with bias field for two incident 

powers at 500 MHz. Reproduced with permission from Appl. Phys. Lett. 110, 212902 (2017). 

Copyright 2017, American Institute of Physics [82]. 
 

 

Figure 15. Relative permittivity of BST as a function of frequency and bias voltage © 2016 IEEE 

[83]. 

 

Figures 14 and 15 show that the two measurements give almost the same relative 

permittivity for BST (960) at 500 MHz [82] and 1 GHz [83]. In addition, the two 
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measurements exhibit similar voltage dependence of the permittivity. Although we assume 

that there is negligible dispersion from 500 MHz to 1 GHz and that these two measurements 

use the same BST, it is still difficult to definitely conclude that 𝜀′ ≈ 960 is applicable for 

our case. However, this experimental value can be used to provide an order of magnitude 

estimate for a starting point in CST MWS allowing us to tune the permittivity input of BST 

to match our measurements for an initial assessment. 

4.2. Composite Models in CST Microwave Studio 

4.2.1. Composite model design 

The dielectric composite models extend the advancements made in recent simulation and 

theoretical works [45], [47]. The following section presents the simulation procedure for 

determining the relative effective permittivity and permeability of the composites. The 

simulation procedure consists of three steps: (1) generating random spherical inclusions, 

(2) designing the composites model and selecting the simulation settings, and (3) extracting 

the effective properties.   

 

This procedure is similar to that reported in Ref. [45], and summarized in Figure 9. We 

used MATLAB to generate random coordinates for various volume loadings of spherical 

inclusions within a rectangular space with volume V. The total volume of the inclusions 

was simply defined as 𝑉𝑖𝑛 = 4𝑛𝜋𝑟3/3, where r is the radius of an individual spherical 

inclusion and n is the number of inclusions necessary to achieve a volume loading 𝑓 =

𝑉𝑖𝑛/𝑉. The actual volume fractions of the generated inclusions are not exactly equal to the 
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designated ones because of the discrete volume of a single inclusion. Although these errors 

may be mitigated by reducing the inclusion radius, the percentage errors of the simulated 

volume fractions are almost negligible, as shown in Figure 16.  

 

 

Figure 16. Relative percentage errors of the simulated inclusion volume as a function of volume 

fraction for 0.2 mm radius spherical inclusions. 
 

We considered hard spheres for the inclusions by setting the distance of each arbitrary 

coordinates greater than or equal to 2r to ensure the spherical inclusions did not overlap. 

In addition, the models assume that any air bubbles or voids produced during 

manufacturing are negligible, so we only have to consider the spherical inclusions.  

 

In the second part, a rectangular waveguide was created with volume V to represent the 

host material PDMS. We then saved the generated coordinates of the randomly distributed 

inclusions as text files and transferred them to CST MWS via a self-made CST VBA 

Marcos to generate spheres inserted in the host material PDMS. The front and back (z-

direction) use the open boundary condition, whereas the left and right (x-direction) apply 
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the perfect magnetic conductor (PMC) boundary condition and the top and bottom (y-

direction) use the perfect electric conductor (PEC) boundary condition [94], as shown in 

Figure 17. 

 

 

Figure 17. An illustration of the model in CST MWS. Background material type: normal; 

Boundary conditions: Xmin: Et = 0, Xmax: Et = 0, Ymin: Ht = 0, Ymax: Ht = 0, Zmin: open, Zmax: open. 

 

The time-domain solver was used to solve for the S-parameters. The accuracy of the solver 

is -30 dB, and mesh settings were introduced in the mesh size section. After the solver 

finished, we obtained the S-parameters and extracted the permittivity and permeability 

using a template for post-processing based on the numerical method in Ref. [47].  
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4.2.2. Inclusion size based on the quasi-static limit 

For validating the quasi-static limit of the EMTs, the radius r should be set sufficiently 

small based on the quantitative criterion in (24). The wavelength in the mixture λ can be 

written as  

  

𝜆 =
𝑐

𝑓√𝜀𝑒𝑓𝑓𝜇𝑒𝑓𝑓

 (28) 

where 𝜀𝑟𝑐 and 𝜇𝑟𝑐 are the relative effective permittivity and permeability of the 

composite, and 𝑓 is the frequency. Using the maximum product of relative permittivity 

and permeability based on one of the composite measurements (𝜀𝑒𝑓𝑓𝜇𝑒𝑓𝑓 = 

(6.1297)×(1.4497) = 8.886, for a 25% NZF composite) at the highest frequency (4 GHz) 

in (28) to calculate the shortest wavelength (25.159 mm) among all composites and 

frequencies studied here. This means that the maximum inclusion size to make the quasi-

static limit valid is approximately 4 mm.  

 

However, to obtain a homogenous distribution of inclusions, applying relatively large 

radius of inclusions, such as 1 mm, requires relatively large dimensions of the bulk 

composite (25 mm, 25 mm, 50 mm) in CST. This will induce discontinuities of effective 

dielectric properties which may be induced by resonances [47]. Although the dielectric 

properties at some frequencies rather than a resonance band are equal to that from the 

same model but using a smaller inclusion size and smaller bulk dimensions inducing no 

discontinuities at 1~4 GHz, we decided to use a smaller radius of inclusions considering 

the frequency dependences of some dielectric properties. 
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We tested two different inclusion radii (r = 0.1 mm and 0.2 mm) with the same bulk 

dimensions (2.5mm, 2.5 mm, 5 mm) and the same mesh settings (the minimum mesh 

size: 0.005 mm) in CST composite models with the input values: real permittivity 𝜀𝑖 = 

1000 and real permeability 𝜇𝑖 = 4 for inclusions and 𝜀ℎ = 2.73773 and 𝜇ℎ = 4 for host. 

For both inclusion sizes, the products 𝜀𝑒𝑓𝑓𝜇𝑒𝑓𝑓 are approximately equal to 10.04 at 4 

GHz.  

 

Figure 18. (a) Effective permittivity, and (b) effective permeability of composites with real 

permittivity 𝜀𝑖 = 1000 and real permeability 𝜇𝑖 = 4 for inclusions and 𝜀ℎ = 2.73773 and 𝜇ℎ = 

1 for host.   
 

 

It was noticed that there are small frequency dependences in 𝜀𝑒𝑓𝑓 and  𝜇𝑒𝑓𝑓, as shown 

in Figure 18, and with r = 0.2 mm the data shows relatively larger variation from 1 to 4 

GHz due to greater heterogeneity and inclusion size. We speculated that this variation 

could be induced by the numerical method for extracting 𝜀𝑒𝑓𝑓 and  𝜇𝑒𝑓𝑓 and due to the 

resonance band at frequencies higher than 4 GHz [47], also it could be due to the size (r = 

0.2 mm) is not sufficiently small at higher frequencies for this composite modeling. For r 

= 0.1 mm, the frequency dependences are mitigated and negligible. 
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Additionally, the variation between r = 0.2 mm and 0.1 mm for 𝜀𝑒𝑓𝑓 should be induced 

by the mesh settings, because using the same minimum mesh size of 0.005 mm will result 

in relatively greater error (higher 𝜀𝑒𝑓𝑓) for r = 0.1 mm than for r = 0.2 mm, as detailed in 

the next section.  

 

The first variation (frequency dependence) has similar values with the second one induced 

by mesh size, and both are approximately equal to or less than 2%. We set r = 0.2 mm for 

all composite models for better simulation efficiency. Based on our measurements, most 

composites have the product 𝜀𝑒𝑓𝑓𝜇𝑒𝑓𝑓 ≤ 8.886. Thus, we considered the first variation is 

acceptable and r = 0.2 mm is small enough for the quasi-static limit for current assessments. 

4.2.3. Mesh sizes 

Figure 19 shows a mesh view for a composite model in CST MWS. For the mesh settings 

in the time domain solver, the hexahedral mesh cells outside the rectangular composite 

bulk can be relatively large. In the rectangular composite bulk, the mesh size for the 

inclusions should be set sufficiently small to obtain good accuracy due to the difference of 

the dielectric properties between the host and the inclusions. However, it has been failed to 

set different local mesh properties for the host material PDMS and the BST or NZF 

inclusions to make finer mesh cells for the inclusions or around them. The unified mesh 

size in the rectangular composite bulk considerably increases the simulation time if a fine 

mesh cell size is set for the inclusions.  
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Figure 19. A cut plane of composite geometry demonstrating the meshing for a CST MWS 

simulation. 

 

Moreover, based on our simulation results, if a mesh cell contains a portion of an inclusion 

with higher dielectric properties than host, CST MWS will define the mesh cell as inclusion, 

inducing redundant volume of inclusions and overpredicting effective dielectric properties. 

Thus, a model with ultra-high values of dielectric properties of the inclusions, such as the 

real permittivity of BST, require even finer mesh cells to obtain accurate results, making 

the model very computationally expensive. The relatively large number of inclusion 

conditions required for screening here necessitated defining the simulation mesh sizes to 

achieve acceptable errors with a reasonable simulation time rather than strictly optimizing 

simulation accuracy.  

 

We used adaptive mesh refinement to determine the mesh size/number ranges with 

acceptable accuracy and simulation time for 25% BST (with the highest input 𝜀′ = 960) 
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and 25% NZF (with the highest input 𝜀′ = 52) in the composite models. The mesh settings 

were then manually adjusted based on the ranges for obtaining converged results of the 

effective permittivity.  

 

  

Figure 20. Cut planes demonstrating the meshing for mesh sizes of 0.01 mm (left) and 0.005 mm 

(right). 

 

 

We found that when the minimum mesh size for BST and NZF composite models were set 

to 0.01 mm and 0.02 mm, respectively, further reducing the mesh sizes by half to 0.005 

mm and 0.01mm, respectively would change the results by approximately 3% for a 25% 

composite model, while requiring a significant amount of additional simulation time. For 

example, models with 0.005 mm and 0.01 mm mesh sizes require approximately 72 hours 

and 15 hours to finish, respectively. For composite models with lower volume loadings, 

the variations are less than 3%, since the errors are basically induced by the relatively large 

mesh cells on the inclusion surfaces.  

 

Using 0.005 mm for the mesh size yields the same order of magnitude of mesh cells (~108) 

as in Ref. [45], as shown in Figure 20, but we were not able to run the solver with this mesh 
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size or accuracy. We successfully ran simulations with mesh settings of 0.01 mm and 0.02 

mm for BST and NZF, respectively, for the current assessments. In fact, considering the 

standard deviations of the composite measurements and potential inaccuracy of the inputs 

of the dielectric properties, the errors induced by the mentioned mesh settings should be 

minimal and acceptable for the current calculations.  
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5. RESULTS AND DISCUSSION 

The NZF, BST and combined BST and NZF composite models in CST MWS were 

performed for various volume fractions using the dielectric properties of NZF and BST 

from estimates based on fitting our composite measurements to the classical EMTs and the 

tuned values based on literature measurements for the bulk materials. Then the simulation 

results in CST MWS will be presented compared with the composite measurements and 

the classical EMTs calculations. However, the classical EMTs are limited to the cases 

without strong dielectric contrast, such as the real permittivity and permeability of NZF 

composites.  

5.1.  NZF Composites 

By testing the various estimates using the classical EMTs in CST MWS models, we found 

that the CST simulations agreed best with the measurements when using the estimated real 

permittivity and permeability of NZF from the Lichtenecker (LI) rule. Since classical 

EMTs failed to estimate the imaginary permittivity and permeability of NZF, we used tuned 

values of the loss tangent and magnetic loss tangent to assess the losses of the NZF 

composites. 

5.1.1. Real permittivity and permeability of NZF composites 

The inputs of PDMS for the real permittivity and permeability were set as constants based 

on our measurements, as shown in Figure 27. For the real permittivity of NZF composites,  
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we considered a constant real permittivity of NZF for 1 to 4 GHz as acceptable, since the 

measurements show negligible dispersion in this frequency range.  

 

 

Figure 21. Effective real permittivity and permeability of 5% NZF composite from the 

measurements (with error bars), the LI (Lichtenecker) rule and CST MWS simulation (CST). 
 

 

 

Figure 22. Effective real permittivity and permeability of 10% NZF composite from the 

measurements (with error bars), the LI (Lichtenecker) rule and CST MWS simulation (CST). 
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Figure 23. Effective real permittivity and permeability of 15% NZF composite from the 

measurements (with error bars), the LI (Lichtenecker) rule and CST MWS simulation (CST). 

 
 

 

 

Figure 24. Effective real permittivity and permeability of 20% NZF composite from the 

measurements (with error bars), the LI (Lichtenecker) rule and CST MWS simulation (CST). 
 

 

 

Figure 25. Effective real permittivity and permeability of 25% NZF composite from the 

measurements (with error bars), the LI (Lichtenecker) rule and CST MWS simulation (CST). 
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The real permeability of NZF shows greater frequency dependence for higher volume 

loading, suggesting a frequency-dependent dielectric spectrum of the permeability of NZF. 

By using the frequency-dependent fitting values of the real permeability of NZF at 1 ~ 4 

GHz, the effective real permeability of the composites in CST MWS models agree well 

with the measurements and LI rule, and the simulation describes the dispersions for all 

volume fractions except for 10% NZF composites, as shown in Figure 21-25. However, 

Figure 26 shows that the measured permeability for the 10% NZF composites is 

unexpectedly low compared to the 5% and 15% loadings (and almost the same as the 5% 

loading). Future studies should reconsider these volume loadings to assess for potential 

measurement, analysis, or material issues.  

 

  

Figure 26. Results comparison of the effective real permittivity (left) and permeability (right) of 

NZF composites as a function of inclusion volume fraction at 1 GHz. The applied effective 

medium theories (EMTs): MG: Maxwell- Garnett, BR: Bruggeman, CP: coherent potential, LO: 

Looyenga, LI: Lichtenecker. 
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Figure 27. Measurements of the dielectric properties of PDMS and air.  
 

5.1.2. Dielectric and magnetic losses of NZF composites 

Since the fitting method using the classical EMTs does not yield estimates for imaginary 

permittivity and permeability of NZF, we considered using the data from the measurements 

in Ref. [84] and [86] as starting points for tuning the inputs in CST MWS. It should be 

noted that the chemical composition of our NZF powder is unknown and might not be the 

same as used in these other studies. 

 

We incorporated the dielectric losses of PDMS based on our measurements reported in 

Figure 27 into our models. Applying the NZF measurement data (tan 𝛿  = 0.006 and 
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tan 𝛿𝑚 = 0.065 at 1 GHz [84]) underestimated the effective imaginary permittivity and 

permeability. After we tuned the inputs to match the composite measurements, we found 

that using tan 𝛿  = 0.06 and tan 𝛿𝑚 = 0.5 for NZF at 1 GHz gave the best fit with the 

composite measurements in order of magnitude, as shown in Figure 28.  

 

Using tan 𝛿 = 0.06 can assess the contribution from the conductivity for the dielectric loss 

of NZF. The relative imaginary permittivity 𝜀′′ can be written as  

  
𝜀′′ = 𝜀𝑑

′′ +
𝜎𝑠

𝜀0𝜔
 (29) 

where 𝜀𝑑
′′ is the loss from the dipole moment rotation (noted that the notations here is 

different from Ch.2, 𝜀′  and 𝜀′′  represent the relative real and imaginary permittivity, 

respectively, for simplicity), 𝜎𝑠  is the conductivity (with an assumption of a static 

conductivity for NZF, and 𝜎𝑠 =  10-7 S/m), 𝜎𝑠/(𝜀0𝜔)  stands for the loss induced by 

conduction. The loss tangent can be written as 

  

tan 𝛿 =
𝜔𝜀𝑑

′′𝜀0 + 𝜎𝑠

𝜔𝜀′𝜀0
=

𝜀′′

𝜀′
 (30) 

where 𝜀′ is the relative real permittivity (with 𝜀′ = 52 for NZF). Applying a frequency 

at 1 GHz, then 𝜀′′  and 𝜎𝑠/(𝜀0𝜔)  in (29) can be calculated as 3.12 and 1.7976×10-6, 

respectively, suggesting a negligible loss contribution from the conductivity. Thus, the 

relative imaginary permittivity 𝜀′′ is approximately equal to 𝜀𝑑
′′. 

 

Since the dipole moment rotation 𝜀𝑑
′′  dominates 𝜎𝑠/(𝜀0𝜔) , we cannot determine a 

frequency-dependent 𝜀′′  or tan 𝛿  by assuming the static 𝜎𝑠  and using appropriate 
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analytical equations. We considered tuning the frequency-dependent loss tangent at other 

frequencies, but the models become computationally expensive when they include the loss 

calculations. Currently, we can only estimate the order of magnitude of the losses at 1 GHz 

for various volume loadings but not frequency-dependent losses ranging from 1 to 4 GHz.  

 

 
Figure 28. Results comparisons of (a) Effective imaginary permittivity and (b) effective 

imaginary permeability of NZF with the tuned values of NZF: tan 𝛿 = 0.06 and tan 𝛿𝑚= 0.5. 

The lines with error bars are from measurements. 
 

If the tuned values tan 𝛿 = 0.06 and tan 𝛿𝑚= 0.5 are correct or close to the actual values, 

the imaginary permittivity and permeability can be calculated as 𝜀𝑁𝑍𝐹
′′  = 3.12 and 𝜇𝐵𝑁𝑍𝐹

′′  

= 2. The calculated imaginary permittivity and permeability are much greater than that of 

PDMS, yielding strong electrical contrasts of the imaginary parts between the host and the 

inclusions. This explains why the classical EMTs do not accurately account for the 

imaginary permittivity and permeability of NZF. 

5.2.  BST Composites 

The EMTs fitting method failed to estimate the real permittivity and the imaginary 

permittivity and permeability of BST. Thus, we considered using the literature values from 

measurements of BST with the same chemical composition (Ba2/3Sr1/3TiO3) as ours. Two 
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measurements reported 𝜀𝐵𝑆𝑇
′  ≈ 960 at 500 MHz [82] and 1 GHz [83]. However, entering 

this value into the CST as an input in BST composite models gave relatively lower results 

compared with measurements, as shown in Figure 29 (a).  

 

We varied 𝜀𝐵𝑆𝑇
′  up to 2500 in 25% BST composite model but remaining the same mesh 

sizes as 0.01 mm due to simulation time constraint, and the results were still lower than the 

measurements, as shown in Table 4. Note that increasing the inclusion permittivity in CST 

MWS requires using a finer mesh size to prevent errors that will overpredict 𝜀𝑒𝑓𝑓 . 

Considering the increase of 𝜀𝑒𝑓𝑓 introduced by increasing 𝜀𝐵𝑆𝑇
′  and the errors induced 

by the relatively large mesh size for higher permittivity inputs, 𝜀𝑒𝑓𝑓  should increase 

significantly in the composite models; however, it did not. This indicates that the real 

permittivity of BST could be even higher than the values used in Table 4. 

Table 4. Effective real permittivity of 25% BST composite models with various tuned inputs of 

the real permittivity of BST compared with measurements. The mesh size of the inclusions 

remains 0.01 mm. 

𝜀𝐵𝑆𝑇
′  960 1500 2000 2500 Measurements 

𝜀𝑒𝑓𝑓 6.87 7.05 7.16 7.23 7.45 

 

However, we cannot currently run the simulations with higher values of 𝜀𝐵𝑆𝑇
′  and finer 

mesh sizes to obtain the best fit with our composite measurements. We will soon receive 

the necessary equipment to measure the real permittivity of our BST to determine the 

precise inclusion parameters to use in the composite theory and simulation. This will 

further elucidate whether the challenges we have encountered arose due to uncertainty in 

inclusion parameters or other mechanisms we have yet to identify.  
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For the current assessment, we used the real permittivity and loss tangent of BST from 

Refs. [82] and [83] ( 𝜀𝐵𝑆𝑇
′   = 960 at 1 GHz, tan 𝛿  = 0.021 at 500 MHz) and the 

measurements of PDMS from Figure 27 in the BST composite models. Figure 29 shows 

the results from this simulation. The imaginary permittivity from simulation agrees well 

with measurement at 1 GHz in terms of orders of magnitude, consistently underpredicting 

experimental results for the real permittivity. This may suggest some common factor 

(perhaps an underestimation of the inclusion permittivity) requires adjustment; however, 

more data is required concerning the dispersions of the effective 𝜀𝐵𝑆𝑇
′′   to further 

benchmark to theory.  

 

Using tan 𝛿  = 0.021 and 𝜀𝐵𝑆𝑇
′   = 960, 𝜀𝐵𝑆𝑇

′′   = 20.16. Using (29) and (30) to calculate 

𝜎𝑠/(𝜀0𝜔) and comparing with 𝜀𝐵𝑆𝑇
′′  = 20.16 suggests that the loss contribution from the 

conductivity is negligible (assuminga static conductivity for BST and 𝜎𝑠 = 10-10 S/m). 

The comparison between the imaginary permittivity 𝜀𝑃𝐷𝑀𝑆
′′  < 0.05 and 𝜀𝐵𝑆𝑇

′′  = 20.16 also 

explains why the classical EMTs failed to yield estimates. 
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Figure 29. Results comparisons of BST composites (a) the effective real permittivity, (b) the 

effective real permeability, (c) the effective imaginary permittivity, (d) the effective imaginary 

permeability. The lines with error bars are from measurements. The inputs in CST MWS for BST: 

𝜀𝐵𝑆𝑇
′  = 960, tan 𝛿 = 0.021 (at 500 MHz), 𝜇𝐵𝑆𝑇

′  = 1, tan 𝛿𝑚= 0. 
 

Figure 30 shows the effective real permittivity varying with volume fractions for BST 

composites. With the same input 𝜀𝐵𝑆𝑇
′  = 960, CST MWS models gave the closest estimates 

to measurements. The BR rule agrees well with measurements when the volume fraction 

is below 20%. Except for the MG rule all other applied classical EMTs generally 

overestimate the effective permittivity. Compared with the data presented in Figure 26 and 

30, the classical EMTs generally fail to give a consistent estimate when the electrical 

contrast gets stronger.  
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Figure 30. Results comparison of real permittivity of BST composites at 1 GHz varying with 

volume fractions. All the classical EMTs applied the same input 𝜀𝐵𝑆𝑇
′  = 960. 

 

5.3.  Combined BST and NZF Mixing Composites 

In combined BST and NZF mixing composite models, we applied the inputs of BST and 

NZF from the previous determinations of the dielectric properties. Figure 31-34 show the 

simulation results compared with measurements. The BST & NZF composite models 

generally underestimate the effective real permittivity, while they agree with measurements 

for the effective permeability except 10% BST &15% NZF composites at low frequencies. 

The BST & NZF composite models gave reasonable fit for the effective imaginary 

permittivity and permeability except for the dispersions at higher frequencies.  
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Figure 31. Effective real permittivity for various fractions of combined BST and NZF mixing 

composites. The lines with error bars are from measurements and the symbols from CST 

simulations. 

 

 

  

Figure 32. Effective real permeability for various fractions of combined BST and NZF mixing 

composites. The lines with error bars are from measurements and the symbols from CST 

simulations. 
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Figure 33. Effective imaginary permittivity for various fractions of combined BST and NZF 

mixing composites. The lines with error bars are from measurements and the symbols from CST 

simulations. 

 
 

 

Figure 34. Effective imaginary permeability for various fractions of combined BST and &NZF 

mixing composites with various volume fractions. The lines with error bars are from 

measurements and the symbols from CST simulations. 

 

Despite the lower estimates for the effective real permittivity from the models, the effective 

real permittivity depends more strongly on the total volume loading. However, BST 

inclusions still contribute more to the effective permittivity than NZF inclusions, as shown 
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in Figure 35. Moreover, Figure 36 shows that the effective permeability of the combined 

BST and NZF composites depends only on the volume fraction of the NZF inclusions 

because BST is nonmagnetic.  

 

 

Figure 35. Assessment of effective real permittivity for different total volume fractions of 

combined BST and NZF composites and BST composites. 
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Figure 36. Effective real permeability r of combined BST and NZF composites and NZF 

composites NZF volume loadings of (a) 5% NZF, (b) 10% NZF, (c) 15% NZF. Also included are 

r for the NZF composite alone determined experimentally and using CST simulation or the 

Lichtenecker rule (LI). The permeability depends solely on the permeability of NZF since BST is 

nonmagnetic. 
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6. CONCLUSIONS AND FUTURE WORK 

This thesis assessed various classical effective medium theories (EMTs) and developed a 

simulation approach in CST Microwave Studio (CST MWS) in the quasi-static limit for 

calculating the effective complex permittivity and permeability of nonlinear composites in 

linear region (for a fixed low voltage and current). The CST MWS composite models build 

upon the advancements made in recent simulation and theoretical works [45], [47]. 

 

The nonlinear composites are comprised of a polymer base dielectric PDMS with nonlinear 

dielectric inclusions barium strontium titanate (BST) and/or nonlinear magnetic inclusions 

nickel zinc ferrites (NZF). The ultimate goal of the overall research project is to 

investigating the tuning of the effective permittivity and permeability of the nonlinear 

composite by manipulating the volume loading of the nonlinear inclusions. The nonlinear 

composites will be used in the future designs of novel nonlinear transmission lines (NLTLs) 

to provide additional flexibility in design and potentially increase efficiency and energy in 

the RF output, as detailed in Chapter 1.  

 

The homogeneity of the composites is vital for applying the EMTs and CST MWS to 

predict the effective dielectric properties, as detailed in Chapter 2. We manufactured the 

nonlinear composites with specific procedures for ensuring the homogeneous distributions 

of the inclusions and performed 3D X-ray scans to show the homogeneity of the composite 

samples. Except for a few aggregations of inclusions with sufficiently small sizes according 

to the quasi-static limit, the inclusions may generally be considered homogeneously 

distributed. Various volume fractions were considered for the composite manufacturing, 
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including BST, NZF and BST&NZF composites, as shown in Table 2. Then, the effective 

dielectric properties (complex permittivity and permeability) of the composites were 

measured by using a network analyzer in linear region (power -15 dBm, voltage 40 mV), 

as introduced in Chapter 3.  

 

Because we currently do not have reliable data for the bulk conductivity of the BST and 

NZF inclusions between 1 and 4 GHz, we fit the classical EMTs to our composite 

measurements to estimate the bulk dielectric properties of the BST and NZF inclusions to 

use inputs in the composite simulations in CST MWS. However, this method only works 

for the real permittivity and permeability of NZF; the anticipated conductivities of BST 

and NZF were too low to account for the observed imaginary permittivity and permeability. 

Based on these estimates and literature values, the classical EMTs seem limited to cases 

where the volume loading of inclusions is low or the electrical contrast is not too great, as 

detailed in Chapter 4.  

 

The imaginary permittivity and permeability of NZF from the measurements in Ref. [84], 

[86] at 1 GHz were used in the NZF composite models as starting points for tuning the 

inputs in CST MWS to match with our composite measurements, although the 

compositions of their NZF samples might be different from that of ours. Setting tan 𝛿 = 

0.06 and tan 𝛿𝑚= 0.5 for NZF at 1 GHz gave the best fit with the composite measurements 

in terms of order of magnitude. We have not yet successfully predicted the dispersions of 

the imaginary permittivity and permeability of NZF composites from 1 to 4 GHz due to  
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poor simulation efficiency. We encountered the same challenge when assessing the 

imaginary permittivity of BST composites.  

 

Two measurements of BST (Ba2/3Sr1/3TiO3) at different frequencies (500 MHz and 1 GHz) 

reported the same real permittivity data [82], [83]. By assuming there is no frequency 

dispersion ranging from 500 MHz to 1 GHz and considering the same composition of BST, 

we applied this value with its corresponding loss tangent in the BST composite models for 

current assessments. The resulting effective permittivity with this input and subsequent 

results with tuned values ranging from 1500 to 2500 are all lower than the measurements, 

as shown in Table 4. This may indicate that the actual value of the real permittivity of BST 

is much higher than the input we used.  

 

The current simulation conditions and mesh settings limit the tuning approach in CST 

MWS to estimate the real permittivity of BST and the dispersions of the imaginary 

permittivity and permeability of both BST and NZF. We have not yet successfully set local 

mesh properties for different potions in the model to reduce mesh cells. The unified mesh 

size in the rectangular composite bulk considerably limits the simulation efficiency and the 

accuracy of the models, as detailed in Chapter 4.   

 

Based on the estimates from the classical EMTs, tuned values, and literature data, the NZF, 

BST and BST&NZF composite models in CST MWS were performed for various volume 

fractions and the results were compared with the composite measurements, as detailed in 

Chapter 5.  
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The NZF composite models generally agree well with measurements and the Lichtenecker 

rule for the real permittivity and permeability ranging from 1 to 4 GHz. Though the inputs 

of the electrical and magnetic loss tangent were obtained from tuning the NZF composite 

models and not verified by measurements, the CST MWS models are still able to give 

reasonable fit on the orders of magnitude for the imaginary permittivity and permeability 

of NZF, permitting to assess the losses of the NLTLs comprised of the nonlinear composites 

at a certain frequency.  

 

Although the BST composite models underestimated the effective real permittivity by 

applying the literature value, they still agree with the composite measurements better than 

the classical EMTs, as illustrated in Figure 30. Also, by using the corresponding loss 

tangent at 500 MHz, the BST models can reasonably estimate the electrical losses for 

different volume fractions except for the dispersions at higher frequencies.  

 

The combined BST and NZF composite models agree well with measurements and the LI 

rule for the effective real permeability, although they underestimate the effective real 

permittivity, similar to our observations above for the BST only composites. Again, this 

may arise due to BST actually possessing a higher real permittivity or due to factors not 

currently considered in our theory or simulation.  

 

In summary, the classical EMTs specifically the LI rule and CST MWS composite models 

can estimate the dielectric properties with low electric contrast. For the cases with strong 
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electric contrast, CST MWS models provide better estimations than the classical EMTs. 

Better assessments for the effective real permittivity BST and BST&NZF composites and 

the dispersions for the imaginary permittivity and permeability require measurements of 

the dielectric and magnetic properties of the BST and NZF inclusions.  

 

Future work will measure the dielectric properties of BST and NZF at 1~4 GHz to 

benchmark the composite models in CST MWS. The mesh settings, such as the local mesh 

properties of inclusions, must be improved to increase the simulation performance. The 

validity of the quasi-static limit will be testified by varying the sizes of the inclusions. 

Further simulations may use smaller size of the inclusions to improve the homogeneity of 

the composite models and the quasi-static limit.  

 

Ultimately, successfully benchmarking the spherical model to experimental data in CST 

MWS will permit us to effectively assess the impact of inclusion shape and orientation for 

non-spherical inclusions. A valid simulation tool also allows assessing the exponents s and 

t in the GEMT, which may provide another avenue for accurately predicting the effective 

properties [37], [79]. Based on these concepts, we may develop nonlinear EMTs to describe 

the dielectric (𝜀𝑒𝑓𝑓(𝑓, 𝑉)) and magnetic (𝜇𝑒𝑓𝑓(𝑓, 𝐼)) properties of the nonlinear composites 

for guiding future NLTLs designs. 

 

Understanding the nonlinear behavior of the effective dielectric and magnetic properties of 

the nonlinear composites permits properly tailoring the functions of C(f, V) and L(f, I) for 

pulse sharpening and high-power RF generation in nonlinear hybrid lines (NLHLs) [3], 
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[32]–[36]. Although one study has applied circuit modeling to a nonlinear hybrid lumped 

element transmission line at 50-70 MHz [32], a full, multiscale model starting from the 

development of the transmission line properties to the generation of RF has not been 

designed, particularly at higher operating frequency [3]. Gyromagnetic NLTLs appear to 

be more effective at achieving signals at several GHz with peak power of tens of MW for 

HPM generation [3]. However, applying gyromagnetic precession for HPM generation by 

using nonlinear composites containing NZF powders requires not only predicting the 

nonlinear behavior of composites but also characterizing the precessional motion of 

magnetization when nonlinear composites saturate [1], [25]–[27].   
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