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ABSTRACT

Kobayashi, Daigo M.S., Purdue University, May 2020. Exploration of Compressed
Sensing for Satellite Characterization. Major Professor: Carolin Frueh Professor.

This research introduces a satellite characterization method based on its light
curve by utilizing and adapting the methodology of compressed sensing. Compressed
sensing is a mathematical theory, which is established in signal compression and which
has recently been applied to an image reconstruction by single-pixel camera observa-
tion. In this thesis, compressed sensing in the use of single-pixel camera observations
is compared with a satellite characterization via non-resolved light curves. The as-
sumptions, limitations, and significant differences in utilizing compressed sensing for
satellite characterization are discussed in detail. Assuming a reference observation
can be used to estimate the so-called sensing matrix, compressed sensing enables to
approximately reconstruct resolved satellite images revealing details about the specific
satellite that has been observed based solely on non-resolved light curves. This has
been shown explicitly in simulations. This result implies the great potential of com-
pressed sensing in characterizing space objects that are so far away that traditional

resolved imaging is not possible.



1. INTRODUCTION

The space around the Earth is occupied by 900,000 man-made objects which are lem
or larger [1]. Most of them are fragments of unused spacecraft, generated by random
collisions between objects. These fragments can be a new source of collisions and
hence the population growth of small debris is said to be exponential even without
any launches of spacecraft [2]. In order to protect satellites from such a threat, it
is necessary to detect new objects, track the detected objects, and characterize the
tracked objects to predict their locations at any given time. These are the core ideas
of space situational awareness (SSA). As a part of the SSA, this research focuses on
the characterization of unknown space objects around Earth.

The main goal of the characterization is to determine the size, shape and atti-
tude of unknown space objects. There exist some methods to tackle this problem by
using an imaging approach. One of the most acclaimed examples is the FGAN Track-
ing and Imaging Radar (TIRA) [3], which consists of a 34-m parabolic antenna, an
L-band traking radar and a high-resolution Ku-band imaging radar. This Ku-band
radar was used to investigate the cause of the malfunction of the Advance Earth
Observation Satellite (ADEOS) in 1997 and researchers succeeded in finding dislo-
cated solar panels based on the radar image as shown in Figure 1.1 (b). Douglas
et al. [4] suggested an imaging method for space objects under strong atmospheric
turbulence. They modified multi-frame blind deconvolution (MFBD) algorithm for
aperture-diverse data and used a bootstrap approach in post-processing to obtain
high-resolution images of the Hubble Space Telescope (HST) in simulations. The
simulations are implemented by assuming optical observations with and without a
wave front sensor. These methods deal with 10-m size satellites in Low Earth orbit

(LEO). Low Earth orbits have an altitude up to 1000 km above the Earth surface.



However, in fact, most earth-orbiting objects are too small or remote to be imaged

by even the most state-of-the-art ground-based instrument.

(b)

slant range /m
)

Fig. 1.1.: (a) The TIRA facility, (b) Radar image of ADEOS used in damage
analysis [3], p.130, p.134

On the other hand, light curve-based method can be applied to objects in higher
orbits including geosynchronous orbits with an altitude of 35786 km. The basic idea
is to estimate shape or orientation of an object based on its light curve, which is a
time history of intensity of light reflected on an object. This approach has been used
to characterize celestial objects. M.Kaasalainen ad J.Torppa [5] [6] succeeded in ob-
taining a three-dimensional shape of asteroids including a nonconvex object. Later,
light curve-based approach has also been used for artificial satellites. However, char-
acterization of man-made objects requires additional efforts because of their complex
surface properties, unstable attitudes, and highly concave shapes. Calef et al. [7]
utilized thermal emissions and light curve to recover the three-dimensional shape of
an object, assuming its orientation with respect to the observer is known and the
object is convex. Linares et al. [8] used angles data and light curve to estimate a

most probable shape of an object by using Unscented Kalman Filter. Linares and



Crassidis [9] obtained shape and surface parameters of a space object by Bayesian
inversion approach. Recently, Furfaro et al. [10] used a deep learning method to clas-
sify the shape of space objects into four categories. Fan, Friedman and Frueh [11]
implemented the light curve inversion considering a fact that real observations are
greatly affected by noise and the conditions to obtain sufficient data for inversion in
realistic settings.

Although much improvement has been made for the light curve inversion problem,
it is still challenging to estimate attitude, shape and surface parameter simultaneously.
Even when concentrating on the shape inversion problem alone, the problem is an
ill-posed problem, which often has multiple solutions and ambiguities. Therefore, this
research proposes an imaging method which reconstructs a resolved image of observed
space objects based solely on the non-resolved light curve data. The method to be
used is based on the so-called compressed sensing. Compressed sensing theory is
capable of reconstructing an image that would be accurate enough to help estimate
shape and surface parameters as engineers did with TIRA. Moreover, since light
curves are available from almost all near-Earth objects, this method would also be
applicable to geosynchronous objects, which cannot be imaged by previous imaging
approaches.

Compressed sensing (CS) is a novel signal compression theory, which is capable
of recovering compressible unknown signals from small number of random measure-
ments even if they are inaccurate and incomplete. It compresses a signal as a linear
measurement by using a so-called sensing matrix and reconstructs it by solving an
optimization problem. The number of measurements required by CS is far fewer than
those required by the traditional Shannon/Nyquist sampling theorem. Thus, it has
given a paradigm shift in signal processing field. In the field of aerospace engineer-
ing, there have been some applications to enjoy this benefit. Aguilera et al. [12] [13]
used CS in a synthetic aperture radar (SAR) tomography to improve the quality of
reconstructions. Daponte et al. [14] used CS framework to design radio frequency

(RF) sensors for localization and tracking of non-cooperative RF emitters. In re-



mote sensing, CS led to a new onboard instruments called MPST and SPMT camera,
which need less storage space and less power consumption than classical CCD cam-
eras [15] [16]. It is also possible to apply CS to obtain clear pictures from incomplete
measurements [17]. However, there are no examples of CS applications to a light
curve measurement.

Under some assumptions, a light curve of an object can be regarded as an object
image compressed by atmospheric noise, which is considered as a pseudo-sensing
matrix in CS framework. However, the more significant difference from the CS is
that there is no information available about this pseudo-sensing matrix. Thus, the
main interest of this research is how to estimate the original satellite image in the
absence of pseudo-sensing matrix. One possible approach is to estimate a sensing
matrix and a correct image at the same time by dictionary learning technique.

Dictionary learning is a learning method which has drawn a huge attention in
signal processing community in the past ten years. It was first proposed by Olshausen
and Field [18] in the context of studying brain cells. The basic idea is to find a
common basis matrix to sparsely represent millions of images. This matrix is called
a dictionary. The learned dictionary helps remove image noise [19], detect image
edges [20], recognize image patterns [21], compress images [22] [23] or obtain super
resolution [24] in a CS framework. Although these goals appear very different from the
main interest of this research, there is a significant mathematical similarity between
the estimation of the sensing matrix and the dictionary learning problem.

Another possible approach to estimate a sensing matrix and a resolved satellite
image is to utilize a previous or simultaneous observation of a known satellite. This
approach is similar to the technique called adaptive optics [25]. In astronomical ob-
servations, a star is obscured by unwanted wavefront distortions due to atmospheric
turbulence. Adaptive optics technique removes the effect of the distortions by ob-
serving a reference star or an artificial laser-generated reference star [26]. This idea

is also feasible for estimating a sensing matrix.



The organization of this thesis is as follows. In Chapter 2, light curve and ren-
dering technique are introduced. The purpose of this chapter is to present the basic
concept of light curve along with rendering technique. Using this rendering technique,
satellite synthetic images are generated in Chapter 5. In Chapter 3, the method of
compressed sensing and one specific application, a single-pixel camera are introduced.
The concept of this single-pixel camera is important to understand the similarity be-
tween the compressed sensing and a light curve measurement. In Chapter 4, the
method of dictionary learning is introduced along with one of its applications, de-
noising. The dictionary learning algorithm and the denoising algorithm is used in
Chapter 5. In Chapter 5, the adaptation of the theory to the actual imaging of a
satellite is shown via simulations. First, a simple problem with the knowledge of a
sensing matrix is investigated through two simulations. The difference between these
two simulations is the way of modeling a light curve. The first simulation uses a real-
istic light curve model while the second simulation uses a simpler adapted light curve
model. In the subsequent section, dictionary learning approach is used to estimate
a satellite image in the absence of a sensing matrix under two different assumptions.
In the first simulation, a patch-based method is used to simplify the problem. In
the second simulation, the same simulation is implemented without the patch-based
method. Finally, in the last section, additional assumption is made to estimate a
satellite image. A sensing matrix is still assumed to be unknown but a reference light

curve and corresponding satellite images are assumed to be known.



2. LIGHT CURVE AND RENDERING

In this chapter, a method for a light curve simulation is introduced, followed by a
result of light curve simulation of a GEO satellite. Subsequently, an overview of
rendering technique is introduced. The light curve simulation and rendering share a

common ground, and light curve can be regarded as an unresolved image of an object.

2.1 Light Curve Simulation

A light curve is defined as a series of brightness measurements of an observed ob-
ject [27]. Tt is often plotted as magnitude versus time or phase as shown in Figure 2.1.
In this case, the vertical axis shows the magnitude of an asteroid and the horizontal

axis shows a fraction of the assumed period of the asteroid.

1345 4383 Suruga 1
13.50 |- Period: 3.4066 + 0.0004 h Amp: 0.11 :
13.55}+
13.60 .
13.65 -
13.70
13.75
13.80
13.85}
13.90
13.95
14.00
14.05}+

Reduced Magnitude(V) alpha(5.6°)

JDo(LTC): 2457302.689460

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

Fig. 2.1.: Light curve plot of 4383 Suruga [27], p.3



The magnitude is a measure of brightness, where the smaller magnitude means
the brighter object. It is often defined relative to the brightness of the Sun. It is

formulated as follows:

mag(t) = magsu — 2.5logy, {%} (2.1)

where magsu, is @ magnitude of the Sun (magsw, = —26.74), I(t) is the intensity of
light from the object which is a function of time ¢, and [ is the intensity of the Solar
intensity.

The intensity of the light curve is observed by collecting the light which is reflected
off the surface of the space object and received by the observer. Therefore, it depends
on the surface properties, such as shape and materials, and attitude of the object. For
example, the satellite covered with aluminum (Al) tends to reflect more intense light
compared to the one covered with silicon carbide (Sic) which absorbs most incoming
light [28]. Moreover, the intensity also depends on astrophysical geometry between
the object, the observer and the Sun since the intensity is determined by direction of
incoming and outgoing light fluxes on the object.

The goal in the light curve simulation is to compute the intensity I(¢), which is
a summation of the intensity of the light reflected from all the illuminated surfaces
of the object in the direction of the observer. Figure 2.2 shows the flowchart of this

simulation scheme.

— Visiblity Check

/ Vvl
—/ Lighteurve > Start

N

Reflection

‘-:_./." Object Geometry, /
A Computation

/ 7
Materials /—' Orbit Data Vand

— — / / /

Ray Tracing ‘

<= Seli-Shadowing =

Fig. 2.2.: Simulation Flowchart [28]
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(a) Positions of mesh, observer and the Sun (b) Reflection on a mesh

Fig. 2.3.: Reflection on one mesh

However, before discussing a light reflection on a satellite, it is prudent to start
with a reflection model of one single flat facet. Here this facet is called a mesh and its
light intensity is computed by using BRDF model. Figure 2.3 shows the corresponding
vectors. Its intensity I; is computed with respect to the solar intensity [29]:

A

L =1 ——
" (Ftopo)?

Di (2.2)

where [ is the solar intensity at 1AU which is about 1365W/m?, A; is the area of
the mesh and 7,p, is the topocentric distance to the satellite. The term p; is called
a phase function which is a ratio between the incoming light flux and outgoing light
flux on the mesh. This phase function consists of two terms: Lambertian reflection

term pramb, i and specular reflection pgpec.i:

Pi = Plamb, i + Dspec,i (23)

Note that the absorption term is neglected assuming the opaque surface. First, the

Lambertian reflection term is computed as:

c, - _  _
Prasnt, i = — (V- Ni)(S - ;) (24)



where C} is the diffuse reflection parameter, which is the amount of light scattered
equally in all directions. V is the-object-to-the-observer vector, IV; is the mesh nor-
mal vector and S is the-object-to-the-Sun vector. On the other hand, the specular

reflection is a mirror-like reflection which is concentrated on a particular direction:

T; Cs (rSun)Q
Pspeci = a2 (25)
Sun

1 if |‘9incoming - 6)outgoz'ng| S 0.5°

T = (2.6)
0 otherwise
where Cj is the specular reflection parameter, rg,, is the solar radius and ag,, is the
distance from the object to the Sun. The coefficient 7; is either 0 or 1 depending on
the angle between the incoming and outgoing light flux. It becomes 1 when the angle
is within half a degree as shown in Eq.(2.6).
Therefore, the light intensity of the flat mesh is computed by substituting Eq.(2.3),
Eq.(2.4) and Eq.(2.5) into Eq.(2.2):
A

(Ttopo)?

L=y %aw»ww»w+””@&W”w} (2.7)

U

Based on this reflection model of one mesh, the light curve of a complete satellite
is computed. First, a 3D satellite geometry is constructed by using Solidworks. The
geometry is modeled as a collection of meshes which are small enough to approximate
curved surface. There are some kinds of meshes depending on the applications. In
this research, triangle meshes are chosen since it is a polygon with the smallest num-
ber of edges and hence it can most accurately model a curved surface of parabolic
antenna of a satellite, for example. The 3D satellite geometry is then characterized
using Meshlab. At this stage, directions of normal vectors of each mesh are verified.
Moreover, Lambertian reflection coefficient and specular reflection coefficient of each
mesh are specified depending on its material.

An example of the 3D satellite model is shown in Figure 2.4. Finer meshes help to
get more accurate light curve especially when considering self-shadowing and observer-

shadowing. Both these shadowing effects are considered by solving an intersection
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problem between a mesh and a light flux. A larger mesh is more likely to have the
intersection with the light flux even if some parts of the mesh is actually not in a
shadow. Therefore, the finer meshes are preferable in light curve simulation. This is
in contrast to computer science, where a flat surface would be represented with fewest

possible triangles.

4028 meshes

Fig. 2.4.: 3D satellite model made of triangle meshes

Second, orbit and attitude of the satellite are specified. The key information is
the direction of each mesh with respect to the Sun and the observer.

Third, light intensity of each mesh is calculated. Before calculating the values,
the visibility of each mesh is checked based on three conditions. The first condition is

an observer’s local horizon. A satellite has to be above the observer’s local horizon:
—V Tops > 0 (2.8)

where V is an object-to-observer vector and 7., is a position vector of the observer
in geocentric frame. If a satellite does not meet this condition at a specific time, its
light curve is not observable. The second condition is a mesh’s local horizon. If the

Sun is "behind” a mesh, the light does not reach to the mesh, so it is not observable.
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Similarly, if the observer is "behind” a mesh, the mesh is not observable. In other

words, the observer and the Sun has to be above a mesh’s local horizon:
Ni . ‘_/ >0 and NZ . {fSun — fsat} >0 (29)

where N; is the i** mesh normal. Fg,, is the position vector of the Sun and 7y is
the position vector of the satellite in geocentric coordinates. The third conditions are
self-shadowing and observer-shadowing. A mesh must not be hidden by other parts
of the satellite. There are two such cases as shown in Figure 2.5. In (a), a light flux
coming into mesh 2 is obstructed by mesh 1, which is referred to as self-shadowing.
In (b), a light flux coming out from mesh 2 is obstructed by mesh 1, which is referred

to as observer-shadowing.

mesh2

Fig. 2.5.: Self-shadowing and observer shadowing

Therefore, the light flux coming in and out on the mesh must not have any inter-
sections with any other meshes. In order to check this intersection problem, Moller-
Trumbore intersection algorithm [30] is used.

The Moller-Trumbore intersection algorithm determines whether a light flux com-
ing from point C' and the triangle P; P, P; have the intersection. Eq.(2.10) represents
an arbitrary point on the light flux from point C, and Eq.(2.11) represents a collection
of all the points in the triangle P, P, Ps.
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Fig. 2.6.: Moller-Trumbore intersection

P=C+ X where A <0 (2.10)
P=P +b(Po—P)+by(Ps— P)

= P1 + 516_1 + 626_2 where 0 S b1 S 1, 0 S bg S 1, b1 + bg S 1 (211)

Substituting Eq.(2.10) into Eq.(2.11) and rearranging the equation gives:

A
|:—.Z/ €1 éQ:| bl =C — P1 (212)
by

Therefore, if the solution of Eq.(2.12) satisfies the conditions:
A<0, 0<b <1, 0<by<1, by +by<1 (2.13)

then the light flux has an intersection with the triangle P, P,P;. This algorithm is
used to check both a vector from the Sun to a mesh and a vector from the observer
to a mesh to see whether it has an intersection with any other meshes.

Finally, a light curve is obtained. The meshes satisfying all the three conditions are

regarded as visible. For each of these visible meshes, the light intensity is computed
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by Eq.(2.2). The summation of the intensities of all the visible meshes is the value of

the light curve I(¢) at specific time:

n A,L

m (Ttopo

I(t) _ IO i TT; Cs (rSun(t))Q} (2‘14)

pa UGun
By computing this intensity in a discrete time frame, a light curve is obtained.

Turning now to an example of a light curve, it is simulated by the following
procedure. A model in Fig 2.8 is used as a 3D satellite model. This model consists
of 4028 meshes and all the meshes are assumed to have the same surface property:
Cy = 0.2, Cs = 0.8 assuming that the satellite is made of aluminum (Al), which
is one of the most common materials for spacecraft. The reflection property highly
depends on finish but its specular reflection coefficient is often assumed to be around
0.8-0.9 [28]. Its orbit is computed based on the TLE data of Astra 1KR satellite
obtained from Space-track organization website [31]. It is propagated for its orbital
period, 1437 minutes by SGP4 propagator. Figure 2.7 shows the orbit of the satellite
in this simulation. The orange arrow shows the direction of the Sun and the red dot
shows the satellite position at the beginning of this simulation. The motion of the
Sun is considered but its direction hardly changes in this short simulation time.

The orientation of the satellite also needs to be defined. Active satellites are tra-
ditionally either spin-stabilized or three-axis stabilized. Here, a three-axis stabilized
satellite is assumed. Since the parabolic antennas always need to be oriented toward
the Earth, one facet of the satellite body (red arrow in Figure 2.8) is fixed to direc-
tion of the geocenter, and another facet (blue arrow in Figure 2.8) is fixed so that
it is always perpendicular to its orbital plane. Therefore, the solar panels are not
always oriented toward the Sun in this simplified simulation. The observer is located
in Berlin and the observation starts at 0 UTC on 1-April-2020. All the parameters

used in this simulation are shown in Table 2.1.
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Table 2.1.: Parameters in the light curve simulation

Name Value / Description
Observer’s location 51.17 N, 10.45 E
Observation duration 0:00:00 am - 11:56:00 pm on 1-April-2020
Lambertian reflection coefficient Cy 0.2
Specular reflection coefficient C, 0.8
Radius of Earth Regrn | 6378.136 km
Radius of Sun Rsyn | 695990 km
Irradiance of the Sun at 1AU Iy 1365 W/m2
Orbit Astra 1IKR (GEO)
Orbit
== Direction of the Sun A
©  Start position of the ob -
© Start positon ofthe satelite |
~ —
e -
o
5003 « -~
< -5000

5
.//; //"/J 5
¢ 104 \>‘ /.‘)//
0 - - {; x10°
.—-'//
y km ¥ km

5 .5

Fig. 2.7.: Satellite orbit in the light curve simulation
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—— Orbit normal

— Center of Earth

Fig. 2.8.: 3D satellite model used for simulation

The result is shown in Figure 2.9. First, the magnitude is around 2.6 but it rapidly
increases. At t = 178 minutes, it decreases sharply but it again starts to increase.
At t = 125 minutes, its change rate becomes slower. At around ¢t = 500 minutes,
the magnitude becomes the largest. At this time step, the satellite almost hides the
Sun from the observer as shown in Figure 2.10 (a). After this, the magnitude gets
smaller and at ¢ = 850 minutes, the magnitude suddenly drops dramatically. At
this time step, the Sun direction is almost perpendicular to the line of sight of the
satellite as shown in Figure 2.10 (b), which means the sunlight is almost parallel to
the solar panel normal. Therefore, before this step, the solar panel does not reflect
sunlight to the observer at all but after this time step, the solar panel starts to reflect
a light to the observer, which explains the sudden drop of the magnitude. Later, the
magnitude gets the smallest around ¢ = 1250 minutes when the solar panel normal is

almost parallel to the sunlight as shown in Figure 2.10 (c).
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Fig. 2.9.: Simulated light curve
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Fig. 2.10.: Position of satellite, observer and the Sun at each time step: (a) t = 500
[min], (b) t = 850 [min], (c) t = 1250 [min)]
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2.2 Synthetic Image Generation by Rendering Technique

This section introduces a scheme for synthetic image generation using rendering
technique. Rendering technique is used to visualize a 3D object in the form of 2D
image. In contrast to the light curves, a resolved image is simulated. The basic idea
is to set an imaginary image plane consisting of grids, which are referred to as pixels,
in front of the observer. As shown in Figure 2.11, a light from the light source reflects
on the surface of the object, passes through one of the pixels in the image plane,
and reaches to an observer. This observed light intensity is assigned to the pixel it
has come through. This process is repeated for all the light fluxes until all the pixel

values are specified. In the following, these steps will be introduced in details [32].

Observer Image plane

Fig. 2.11.: Basic idea of the rendering technique

The first step is to consider a reflection of the meshes. In this step, the brightness
of each mesh of a 3D model is computed. This computation is exactly the same with
the light curve simulation introduced earlier. In a computer graphics field, there are
some options for the reflection models to obtain more realistic appearances. However,

from a physical perspective, a specular and Lambertian reflection model is chosen in
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this research. This also ensures consistency with the light curve simulation. The
brightness I; of the i** mesh is:

A

0 7T(/r'topo)Q

4 77 Co (Tsun)” (TS"”)Q} (2.15)

2
ASun

1 if ‘emcomm - eou oin, | S 0.5°
= g tgeing (2.16)

0 otherwise

Note that A; is the area of the mesh, r,,, is the distance between the observer and
the object, V is the object-to-observer vector, S is the object to the Sun vector, Nj is
the it mesh normal, 7g,, is the solar radius and ag,, is the distance between the Sun
and the Earth. Oincoming and Ooutgoing are the angles of incoming and outgoing light
flux with respect to the mesh normal. C is a specular reflection parameter and CY is
a diffuse reflection parameter. Assuming that the satellite is coated with aluminum,
these parameters are set to be Cs = 0.8, Cy = 0.2 for all the meshes.

The next step is a projection of the 3D model onto a 2D plane. In this step,
the geometry of each mesh on the image plane needs to be computed by orthogonal
projection. First, a coordinate transformation matrix is obtained such that an object-
to-viewer vector is parallel to a z-axis in a new Cartesian coordinate. Subsequently, all
the coordinates of the vertices in the 3D model are transformed to this new coordinate.
The z coordinates at this stage are called depths. This will be significant information
in a hidden-surface removal procedure, so it is saved in a certain form. Finally,
the z-coordinates of all the vertices are set to be zero. At this stage, the values of
the coordinates correspond to the satellite dimension, so the values are need to be
stretched to fit into an image. A satellite is considered to be circumscribed by a
rectangle whose edges are parallel to x and y axis. The longer edge is stretched to
the size of one edge of a square image. After this projection step, all the vertices
have been projected regardless of their z-coordinates. This means, even a vertex or
an edge which are supposed to be hidden are displayed in an image. This issue will

be dealt with in a later procedure.
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The third step is a rasterization. In general, an image is expressed on a grid. The
cells of the grid is called pixels and each pixel color is determined by the pixel value.
Therefore, the geometry of the satellite needs to be expressed as a collection of pixels.
This approximation technique is called a rasterization. First, all the coordinate of the
vertices obtained in the previous subsection are rounded to the nearest integers, since
the position of all the pixels in an image is expressed in terms of integer coordinates.
Since all the meshes are triangles consisting of these vertices, the next step is to
rasterize arbitrary triangles.

All triangles are expressed as a collection of line segments. Therefore, it is impor-
tant to know how to rasterize a line segment first. The simplest algorithm for line
segments is known as a DDA (digital differential analyzer) algorithm [32]. Suppose
that a line segment is defined by two points (z1,y;) and (xs,y2) as shown in Figure

2.12, then the slope is given by:

Y2 — Ay
m = — -

= 2.17
To—x1 Az ( )

Note that the slope is positive and smaller than 1:
0<m<1 (2.18)

Ay

(1, 71)

(|x2,y2)

Fig. 2.12.: Line segment in image coordinate
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(a) Pixels generated by high- and low-slope lines (b) Pixels generated by revised DDA algorithm

Fig. 2.13.: Pixels generated by DDA before and after revision

Under this assumption, the best y is computed for each x. In each iteration, = is
increased by 1 and the corresponding y value is computed. Since m is a floating-point

number, the result of mAx needs to be rounded.
y =1y +round(mz) z=1,2,...Azx (2.19)

However, if the slope is greater than 1, this algorithm fails to draw a correct line
segment as shown in Figure 2.13 (a). This issue can be solved by swapping the roles
of x and y, and applying the same algorithm. As a result, Figure 2.13 (b) is obtained.
Next, a procedure of rasterizing a triangle is discussed. The simplest algorithm
is known as a scanline algorithm [32]. Consider a triangle shown in Figure 2.14 (a)
with n lines drawn so that they have intersections with the triangle. These lines are
called scanlines. The first scanline has two intersections P;; and P with two edges
of the triangle. A group of pixels on the line segment P;; P is called a span. The
scanline is specified only by x value on the image plane. Once the scanline is specified,
the intersections on the scanline can be specified by y value. Therefore, a bucket is
created for each scanline to save these intersections as shown in Figure 2.14 (b). As
the scan proceeds, the x values of intersections are saved in proper buckets.
Subsequently, this data structure is used to fill the pixels circumscribed by this

triangle. Given the positions of two intersections, the span between the two inter-
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sections is filled by using the DDA algorithm discussed earlier. This procedure is

repeated for all the scanlines and a triangle image is obtained in the image plane.

Intersections

PN\ (1))
2 P“v\ \P22 x -
N @)~

] leX. .>sz . S N :
— -0
Y HE

(a) Intersections generated by scanlines (b) Data structure for y-x algorithm

Scanlines
Scanlines

Fig. 2.14.: Basic idea of scanline algorithm

Next, pixel values are assigned to each pixel based on the brightness of each mesh
obtained in the first step. There are mainly three ways for this so-called shading
technique: flat shading, Gouraud shading, and Phong shading. The Gouraud shading
and Phong shading determines pixel values so that there are some gradations even in
one mesh. This helps objects in an image look more realistic. However, for simplicity,
this research uses a flat shading, which assigns one solid color in a mesh. This also
helps to create consistency with the light curve simulations. One pixel value in a
mesh is obtained by simply dividing the brightness of a mesh by the total number of
pixels contained in the mesh.

The final step is to remove extra pixels from an image, which is done concurrently
with the rasterization. As can be seen in Figure 2.18, the projection of all the vertices
onto an image plane even shows surfaces (meshes) that are supposed to be hidden
behind. A part of the pixels in these meshes are needed to be removed from an image

in a systematic way. The most widely used approach is the z-buffer algorithm.
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The basic idea of the z-buffer algorithm is as follows. In Figure 2.15, a mesh A is
partly hidden by a mesh B. Pixels in the overlap of A and B have two possible values,
pa and pg, where p4 is a value obtained by brightness of A, and pg is a value obtained
by brightness of B. However, since z5 > z1, the value ppg is chosen. In general, when a
pixel belongs to multiple meshes, a correct pixel value is determined based on a mesh

with the largest z value (depth).

Fig. 2.15.: Z-buffer algorithm

A(z = zp)
Q Scanline

/X

B (z = zp) C(z=2c)

Fig. 2.16.: Bilinear interpolation to compute a depth of an arbitrary point R
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Therefore, the rasterization procedure is slightly modified when considering depths.
When computing the pixel value by DDA algorithm, the depth of the corresponding
point is also computed by bilinear interpolation method. This technique also uses
a scanline. For example, a depth of pixel R is computed as follows. This pixel is
surrounded by a triangle mesh ABC' in Figure 2.16. This pixel is on a scanline which
has intersections P and @) with triangle ABC'. Since the depths of pixels A and B are
known, the depth of P can be obtained by linear interpolation of these two depths.
The depth of ) can also be obtained in a similar way. Given the depths of P and
@, the depth of R can be obtained by linear interpolation of the depths of P and Q.
This is the depth of the pixel R obtained by a triangle mesh ABC' but not necessarily
the true depth of the pixel R. This pixel may belong to other meshes which are closer
to the observer. If it is the case, the mesh ABC' is hidden by other mesh. Thus, this
depth value is saved as a candidate solution. This computation is repeated for all
the pixels on the visible meshes, and every time the depth of each pixel is calculated.
If the depth value is larger than the candidate value, this new value is chosen as a
candidate solution, and the DDA algorithm assigns a signal value to the pixel. If
the depth value is smaller than the candidate value, the DDA algorithm does not do
anything. Sweeping through all the meshes, we get the pixel values considering the
right depth values.

By combining all these techniques: reflection, projection, rasterization, shading
and hidden-surface removal, an image of a 3D satellite model is obtained.

Turning now to an example, a satellite image is constructed based on a 3D satellite
model. Figure 2.17 shows the 3D satellite model. The number of meshes are 4028
and the number of vertices are 2016. The red arrow shows the object-to-Sun vector,
L, and the blue arrow shows the object-to-observer viewer vector, V. The goal is to
obtain an image when this satellite is seen from a direction of V.

First, the coordinate of the satellite is transformed to a new coordinate so that V/

is parallel to a z axis in a new coordinate as shown in Figure 2.18 (a). Subsequently,
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the coordinate is stretched so that it fits into an image frame of size 512 x 512, and

Figure 2.18 (b) is obtained.

Fig. 2.17.: Example of a 3D model

50

100

y y
(a) After coordinate transformation (b) After stretching to image size

Fig. 2.18.: Example of coordinate transformation and projection

This is a projection of the 3D model onto the xy-plane (the image plane). Note
that even a hidden mesh is visible in Figure 2.18 (b). This issue is taken care of by

a hidden-surface removal procedure. Figure 2.19 shows a depth of all the pixels of
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the satellite model computed by bilinear interpolation. The brighter pixel has larger

z-coordinate, which means closer to the observer.

Fig. 2.19.: Depth information of the 3D model

Fig. 2.20.: Example of a synthetic satellite image

The result is shown in Figure 2.20. The upper antenna dish is almost not illumi-
nated, which makes sense since it is almost parallel to the incoming light as shown
in Figure 2.17. Moreover, the solar panel looks brighter than the front panel of the
satellite body since the angle between the solar panel normal and the light flux is
smaller than that of the front panel and the light flux.

However, there are some errors in the image. The most remarkable error is a

mosaic pattern in the image. Ideally, all the meshes in the solar panel, for example,
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should be shown in the same color but it is not the case with this image. This is caused
in a conversion from mesh intensity to pixel values. For example, even if the areas and
normal vectors of two meshes are exactly the same, they are not necessarily expressed
by the same number of pixels. As a result, the pixels in the two meshes have different
values. There are some ways to solve this issue. One way would be to use a different
method to assign a value to a pixel. In the current method, the pixel value assignment
is done in a mesh-wise way which causes this issue. This issue may be solved if the
assignment is done in a facet-wise way. If the meshes are regarded to be on the same
facet, the pixel value assignment is done in the facet independently. Another way
would be to make the meshes even smaller so that each mesh correspond to one pixel.
However, the larger number of meshes makes the computation more expensive.
Another important point to note is that the sum of all the pixel values of this
image is approximately the same with the intensity of the light curve of this satellite.
This is because the BRDF model and flat shading are used in the reflection step to

construct this image. This property will be important in the later chapters.
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3. COMPRESSED SENSING
3.1 Compressed Sensing
3.1.1 Overview

Compressed sensing is a mathematical theory proposed by Candes, Romberg,
Tao [33] [34] and Donoho [35] in 2006. It is also sometimes referred to as compressive
sampling or compressed sampling. It has been widely used in signal compression
method such as JPEG, JEPG2000, MPEG and MP3 standards.

Its advantage is often described by comparing it with a classical sampling theory
in the Nyquist-Shannon framework. The classical sampling scheme consists of two
steps. The first step is a sampling, in which infinite-length continuous-time signals
are digitized by a set of uniformly spaced samples. The Nyquist-Shannon theory [36]
states that the signal can be exactly recovered if the sampling rate is larger than a
specific threshold, which is twice the value of Nyquist rate. However, this Nyquist
rate is high, which makes the amount of samples (represented by a vector with N
elements) too large to store in devices efficiently. This issue is addressed in the
second step: compression. The data is represented in the most concise form in an
allowable distortion range. The most popular compression technique is known as
transform coding. A basis of the high-dimensional samples is found so that it can be
represented with only k£ (< N) coefficients. This overall classical sampling scheme
has a massive redundancy because it needs to sample large amounts of data even
though most of them are discarded in the compression step.

The compressed sensing solves this issue by developing the concept of transform

coding. A signal is sampled directly in a compressed form:

y=®2x (3.1)
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where 7 € RY is a signal, § € R™(m < N) is a measurement, and & € R™¥ is a
so-called sensing matrix. The sensing matrix compresses the signal by mapping a high
dimensional vector into a lower dimensional vector. This enables us to sample a signal
in a sampling rate which is much lower than that of the classical sampling scheme.
If the signal Z is sparse or compressible, which is often the case, and if the sensing
matrix ® satisfies a certain condition, the signal Z is guaranteed to be recovered from

the measurement 3. The background theory is discussed in more details.

Signal models

For the success of the compressed sensing, a signal needs to be either sparse or
compressible. A sparse signal is a vector with only k£ nonzero elements. In other

words, the Ly norm of Z, or the cardinality of Z is k:
T € RY with ||Z]|o = k (K N) (3.2)

However, most signals themselves are not sparse but can be expressed sparsely in
terms of a certain basis. This kind of signal is called a compressible signal, which is

mathematically expressed as follows:
=¥y ¢ RY with |§]lo =k (K N) (3.3)

The matrix ¥ is typically a square matrix and called a sparsifying matrix. With
a closer look at Eq.(3.3), the signal Z is expressed as a linear combination of a few
columns of ¥ chosen by 7. In a signal processing field, this sparsifying matrix is also
called a dictionary, and its columns are called atoms. Therefore, the signal Z is a
linear combination of atoms of the dictionary W.

Equating Eq.(3.1) and Eq.(3.3), a measurement of a compressible signal can be

expressed as follows:

|
I
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|
w,
3

with [|7]o (3.4)
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Discrete cosine transform

One of the most well-known dictionaries is a Discrete Cosine Transform (DCT)
matrix. DCT matrix can represent most natural images sparsely and hence it is often
used for image compression.

Atoms of the N x N DCT matrix are the basis elements of the 2D-DCT and they
are defined as follows [37]:

Suppose Z € RY is a vectorized form of an image X & R™*", it is expressed as a

product between 2D-DCT matrix and a sparse coefficient vector 7:
T = Wyy (3.6)

Since 2D-DCT matrix is an orthogonal matrix, the sparse representation can be

obtained by multiplying the transpose of Ws:
y=wvlz (3.7)

However, this operation is computationally expensive for large images since the size
of Uy is proportional to the square of the image size. The alternative way is first
applying the 1D-DCT matrix ¥, to all the columns of an image, then to all the rows
of the result. This operation is much simpler and faster than Eq.(3.6).

=9 X, (3.8)

where I' is a matrix form of 4. The 1D-DCT matrix €, is obtained by arranging all
the basis elements of 1D-DCT in a column-wise way.

The same computational shortcut is also possible for three dimensional signals.
In this case, 1D-DCT is first applied to the columns, then to the rows, and finally to
the width of the signal.
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Sensing matrix

A sensing matrix is a key concept in compressed sensing for a stable reconstruction.
The measurement by a sensing matrix ® in Eq.(3.4) must not damage the signal.
However, in general, the sensing matrix ® do damage the signal because it has larger
number of columns than that of rows, which makes Eq.(3.4) an underdetermined
problem with infinitely many solutions.

However, here the sparsity of signals comes into play. In order to evaluate stability
of a solution of Eq.(3.4), a measure called Restricted Isometry Property (RIP) [38] is

often used:

Definition 3.1.1 For a matrix D of size m x N (N > m) with Ly-normalized
columns, and for an integer scalar s < m, consider sub-matrices Dy containing s

columns from D. Define 05 as the smallest quantity such that

D—2
VCeRsl—ﬁsgﬂF%b§1+ﬁs (3.9)
Cll2

hold true for any choice of s columns. Then D is said to have an s-RIP with a

constant 0.

If the matrix D in Eq.(3.4) has a k-RIP with a constant J, nearly exact reconstruction
is guaranteed. The key idea is that any subset of k£ columns from D transforms an
arbitrary vector of size £ x 1 without almost any loses or gains of information.
Stability of the solution can be evaluated as follows. As an example, two sparse
vectors, 7 and 4 are considered. A vector 7, has a cardinality of kg and its multipli-

cation with D is equal to ¢y within the error of e:
15— DAoll2 < e (3.10)

On the other hand, a vector 4 is a candidate solution of Eq.(3.4). Since the solution
for Eq.(3.4) is obtained as a sparsest solution as it is discussed in the next section,
the vector 4 has ko nonzeros at most. Assume that this solution also satisfies Eq.(3.4)

within the error of e:

[ —DFl2<e (3.11)
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Now the difference between the two sparse vectors is defined: Ay =4 — 7. The goal
is to show that Lo-norm of A% is small enough to be negligible. It can be readily
shown from Eq.(3.10) and Eq.(3.11) that the product of D and A% is upperbounded
by 2e:

D7 — DAz = DAY, < 2¢ (3.12)
Moreover, A% is a sparse vector with 2kg nonzeros at most:
1Follo + [171lo < 2o (3.13)

Since a matrix D satisfies the RIP property, it follows from Eq.(3.9) and Eq.(3.12)
that

(1= G2 | AY[I2 < [DAY; < 4 (3.14)

Therefore, stability of the solution can be evaluated as follows:

AT = 17— Folls < —= — (3.15)
1 — 20,

Thus, if the matrix D in Eq.(3.4) satisfies the RIP, the solution is shown to be stable.
The next important point is how to design a matrix D so that it satisfies the RIP.
Unfortunately, it is almost impossible to merely verify that a given matrix satisfies

the RIP because of too many possible choices for the sub-matrices Dy in Eq.(3.9).
Surprisingly, Candes [39] showed that a randomness in the matrix guarantees the
RIP. One of the most common matrices in compressed sensing is a Gaussian matrix
whose entries are independent and identically distributed random variables from a
zero-mean, 1/N-variance Gaussian density. It is useful because if a matrix ¢ is a
Gaussian matrix, then the matrix D = ¥® is also a Gaussian matrix regardless of
the choice of W. In this respect, hereinafter this research will use a Gaussian matrix

as a sensing matrix ®.
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Reconstruction

In compressed sensing, a compressible signal  can be reconstructed from its linear

measurement y by seeking the sparsest solution of Eq.(3.4).

4 = argmin||y|lp s.t. y = D% (3.16)

>
I

vy (3.17)

This problem is often referred to as a PO problem. It can be solved by several methods
which will be discussed later.

This PO problem is the most straightforward way to express compressed sensing
in a nutshell. However, it is not the ideal problem to target in practical cases. First
of all, the equality constraint is too strict in practical cases. If the measurement ¥ is
slightly perturbed by noise, the system y = D% will not have a sparse solution at all.
Moreover, the Ly measure is also too strict. Even a slight random perturbation of 7
makes the solution not sparse at all.

There is a more robust alternative for this PO problem:

4 = argmin||y|ly s.t. ||y — D73 < &2 (3.18)

vy (3.19)

=
I

This is referred to as a P0O-epsilon problem. Although this problem is an approx-
imation of the PO problem, it has more benefits. This problem allows e-deviation
between y and D%, which makes it robust to the perturbation of y. The same term
also absorbs the perturbation of the solution if the norm of the noise vector is less
than 1. This is explained as follows.

Suppose the true solution 7, is perturbed by noise:

¥=%0+¢cu withe<1and [Jul, =1 (3.20)
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Then, the L, norm of the residual can be evaluated as follows.

|y — D¥||3 = ||y — D(%0 + cu) |3
= ||(y — D¥y) — eDa)||3

= ¢||Dul; < & (3.21)

Therefore, this PO-epsilon problem can return the solution even with a slight pertur-

bation. Thus, the e-deviation solves the both issues of PO problem.

Reconstruction algorithm: OMP algorithm

There are mainly two methods to solve the PO problem and the P0-epsilon prob-
lem: greedy methods and relaxation methods. The Greedy methods build a solution
by choosing one nonzero element at a time, while the relaxation methods approximate
the problem as a continuous optimization problem.

Here, the OMP algorithm [23] is introduced as an example of Greedy methods [38].
The biggest advantage of the OMP is that it can solve PO-epsilon problem as well
as PO problem. There are two types of equivalent forms of the PO-epsilon problem.
One is a sparsity-constraint problem (Eq.(3.22)) and the other is an error-constraint

problem (Eq.(3.23)).

5 — argmin [[j — DF|Z st. |7l = K (3.22)

j=argmin [7llo st g - D7l <€ (3.23)

The core idea of the OMP algorithm is to approximate the vector y as a linear

combination of the column vectors of D (see Algorithm 1).
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Algorithm 1 Orthogonal Matching Pursuit [23]
Input : Dictionary D, signal g, target sparsity K or target error

Output : Sparse representation 4 such that y ~ D%

Initialization: Set [ := (),7 := 9,7 :=0

while (stopping criterion not met) do

i := argmax ||d77||

I:=(I,7)

1= (D)"Y

ri=y =D
end while

First, the OMP finds an atom with the largest inner product between the cur-
rent residual (line 2) and update the indices I (line 3). Subsequently, the signal is
orthogonally projected to the chosen atoms (line 4), and the residual is computed
again (line 5). This process is repeated until either the sparsity goal or the error goal
is met. Note that given a sequence of indices I = (iy,1is,...,7) and a matrix M, a
matrix M; is a sub-matrix of M consisting of columns indexed by I. Similarly, for a

vector, vy is a sub-vector of a vector v.

Reconstruction algorithm: Batch-OMP algorithm

This paper uses a batch-OMP algorithm [23] because of its fast computation time.
This algorithm is a modified version of the OMP algorithm.

The batch-OMP lowers the computational cost of the OMP by utilizing two key
methods. The first method is an implementation of a progressive Cholesky update
process to avoid an explicit computation of an inversion of D¥ Dy in line 4 of Algorithm
1. The second method is a pre-computation of @ and G. This circumvents an explicit
computation of the residual 7 in line 5 of Algorithm 1. These modifications give a

substantial improvement in computational complexity. Suppose that a dictionary size
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is N x L and a target sparsity is K, then the complexities of the two algorithms are
as follows:

Tomp = K> +2KNL (3.24)

Ty omp = K>+ K*L +2NL (3.25)
For example, if K = \/ZN)/Q and L = 2N, then they are computed as:

Tomp = 2N?P (3.26)

Ty omp = 4.5N? (3.27)

This computation does not take into account the time required to pre-compute G
but it becomes insignificant as the number of signals increases. Rubinstein points out
that for N = 256, the ratio between the two methods approaches to 7.11 for example:

Top 2
- ZVN=~1711 3.28
Ty—omp 4.5\/_ (3.28)
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Algorithm 2 Batch-OMP [23]

Input :a’ = DTy, % = g1y, G = DTD, target error £

Output : Sparse representation 74 such that y ~ D%
Initialization: Set I := (), L';=11], 6°:=0, n:=1
while e"! > ¢ do
k := argmaz ||} 7!
9:=Gp;
if n > 1 then
w := Solve for w{L"'w = g, }
Lt 0
o’ V1 —wTw

L" =

end if

"= (1" k)

c" = Solve for {L"(L")"c = al,
B = G "

am:=a’— g

0" = ()" Bjn

e = gn—l _ 5n + 5n—1

n:=n-+1
end while
y:=0

’_YIH = En

Reconstruction algorithm: ADMM algorithm

While the OMP and batch-OMP algorithms are categorized into greedy methods,

the ADMM (Alternating Direction Method of Multipliers) algorithm [40] belongs to

the group of relaxation methods.
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In relaxation methods, the P0-epsilon problem is approximated by the L;-minimization

problem:
y = argmin [[3]); s.t. ||j — DAIf} < €2 (3.29)

The constraint in Eq.(3.29) is often turned into a penalty by using a Lagrange mul-
tiplier A:

. ) _ 1, _
§ = argmin A3l + 511y - D9|3 (3.30)

On the other hand, the ADMM algorithm deals with the following type of opti-

mization problem:
% = argmin f(Z) + g(T) (3.31)

where the two functions f(Z) and g(z) are easy to minimize individually but the func-
tion f(z)+ ¢(z) is difficult to deal with. This problem can be restated by introducing

a new variable v:
T =argmin f(Z)+g(v) st.z=0 (3.32)

Introducing a Lagrangian multiplier vector u and turning the constraint into penalty,

the Augumented-Lagrangian can be formed as follows:
1
L(z,v,u) = f(z) + 9(2) + 5|z = vll3 + 0" (z = v) (3.33)
_ R
= f($)+g(w)+§||w—v+UI|§ (3.34)

Using this Augumented-Lagrangian, Eq.(3.32) can be expressed as a set of optimiza-
tion problems as follows:
_ . R _ 2
T, = argmin f(T) + §Hx — U1 + U—1]]5 (3.35)
1
O, = argmin g() + S [|Tx — 7 + w1l (3.36)

Uy = Up—1 + T, — Up (3.37)
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Therefore, using Eq.(3.35), (3.36) and (3.37), the problem (3.30) can be written

as follows:
3o = angmin 3] + 517~ 01 + (3.38)
B = argmin _ 5~ DA+ 3|5 — 7+ (3:39)
U = Up—1 + Y — Vg (3.40)

In this way, the problem (3.30) becomes much easier to solve.

First, Eq.(3.38) has a simple quadratic form which has a closed form solution:
% = D"D+ (Db + vy — s 1) (3.41)

Since a matrix D7D + [ is a symmetric positive-definite matrix, Eq.(3.38) can be
easily computed by Cholesky-factorization. On the other hand, it is known that the
problem (3.39) is solved by an algorithm called soft-thresholding [40].

O, = S\(V + Up—1) (3.42)

(

Ve + Up—1 + A Y+ U < —A

=40 ||’7k + ﬂk—l” <A (343>

Vi + Uk—1 + A Y+ U1 > A
\

Therefore, the overall structure of the ADMM algorithm is described in algorithm 3.

Algorithm 3 ADMM [40]
Input : Signal set g, Dictionary D, number of iterations n

Output : Sparse representation 74 such that y ~ D%
Initialization: Set 4y := 0, vy := 0, up : =0, k:=0
for k=1,...,ndo

Y = (DTD 4+ 1) (Db + vp_1 — Up_1)

U = S\(Yk + Ug-1)

Up = Up—1 + Y — Vg

end for
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3.1.2 Simulation

Now some examples of the compressed sensing are shown. In this simulation, an
image is compressed and then reconstructed by the batch-OMP algorithm. Figure
3.1 shows the image used for this simulation. This image is called Barbara, which is
often used as a benchmark in image processing field [38]. The size of the image is
128 x 128. The sensing matrix is a Gaussian matrix with mean 0 and variance 1/1282
and the compression ratio is 64%. The quality of the reconstructed image is evaluate

based on PSNR (Peak Signal-to-Noise-Ratio) which is defined as follows:
imsize? - d? }

12 — Zoll3

where imsize is an edge length of a square image and d is a dynamic range, which is a
difference between the maximum value and the minimum value in the original image.
Zo is the original image vector and Z is the reconstructed image vector. The PSNR

is a measure for the clearness of images.

Fig. 3.1.: Image Barbara
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Result 2 (PSNR: 24.51)

Fig. 3.2.: Compressed image and two reconstructed results (Result 1:

sparsity-constraint with K = 4000, Result 2: error-constraint with € = 1)

The reconstruction result is shown in Figure 3.2. The leftmost image shows the
compressed image y in a matrix form. Given this compressed image and a sensing
matrix ®, two images are reconstructed. Result 1 shows a solution of a sparsity-
constraint problem (Eq.(3.22)) with K = 4000 and Result 2 shows a solution of an
error-constraint problem (Eq.(3.23)) with € = 1. The calculation time is 358.8 seconds
for Result 1 and 1718.6 seconds for Result 2. The simulations have been performed
on a Dell Precision Tower 5810 computer equipped with an Intel Xeon E5-1650 and
16 GB of RAM running a 64-bit version of Windows 7.

The PSNR value of the result depends on the threshold K or €. The K value
is chosen so that the PSNR value becomes the maximum. Figure 3.3 shows the
relationship between the value K and the PSNR of the result. This figure shows that
the PSNR has become the maximum value when K ~ 4,000 and it gets saturated. On
the other hand, the smaller ¢ results in better PSNR value and longer computation

time. The value of ¢ is chosen so that the computation time is within 30 minutes.
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Fig. 3.3.: Relationship between the sparsity threshold and the PSNR of the result

The PSNR value of the result also depends on the compression ratio. Of course,
a higher compression ratio improves the PSNR value of the result but also increases
the computation time. Figure 3.4 shows the relationship between the compression
ratio and the PSNR value. Empirically, the PSNR value needs to be greater than
~ 20dB for an image to be recognizable. Therefore, the compression ratio needs to

be at least around 50%.

25 T T — 300

— 250

20 / 200

15} g 100

PSNR dB
AN
A\
o
Computation time sec

50

0 0.2 0.4 0.6 0.8 1
compression ratio

Fig. 3.4.: Relationship between the compression ratio and the PSNR /computation
time (under sparsity constraint with K = 4,000)
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3.2 Single-Pixel Camera
3.2.1 Overview

A single-pixel camera is one of the applications of compressed sensing suggested
by Takhar et.al [41]. Figure 3.6 [41] shows a block diagram of a single-pixel camera.
It has been used in a wide variety of fields including three-dimensional imaging [42]

(Figure 3.5) and remote sensing technique [15].

L

32 Time (ns) 52
Temporal signal

; 3D image
Depth map Reflectivity

Fig. 3.5.: Three-dimensional imaging by a single-pixel camera [42]

Mathematical background

Prior to delving into the specifics of a single-pixel camera, it is prudent to reca-
pitulate the measurement process in the compressed sensing framework in detail. As
discussed in the previous section, an image vector = € R™ is measured as a product

of a sensing matrix ® € R™*"’;

(3.45)

|
I
KA
Kl
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where n is a size of one edge of a square image. The k' element of 7 is expressed as

an inner product between a vector z and a k' row of ®:

i n2
yp = Pp 7= [¢k1 gb;mz] = Zﬁbkm (3.46)
=
Tp2 '
These vectors ®;, and Z both have a length of n?, and they are reshaped into matrices,

@, and X respectively:

Ok - ¢k(n2—n+1) Ty ... Tn2-pt1
$p=|: . : X = o (3.47)
Okn - - - Okn2 Ty e Tp2
Since the size of the two matrices are the same, their element-wise product can be
computed. The summation of the element-wise product between these two matrices
are the same with the value of yy:

=) & oX (3.48)

all

Therefore, the measurement vector g in Eq.(3.45) can be obtained by getting the

element-wise product m times. This idea is practiced in a single-pixel camera.

Mechanism of a single-pixel camera

Photodiode Bitstream

Reconstruction

Image

Fig. 3.6.: Single-pixel camera diagram [41], p.5
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Mirror —10°

(@

Fig. 3.7.: (a) Schematic of two mirrors of DMD. (b) A portion of an actual DMD
array with an ant leg for scale [43], p.89

The mechanism of the camera can be explained as follows. First, an incident light
field from the image of interest is collected by the first convex lens. This light field
corresponds to a matrix X in Eq.(3.47). Subsequently, the light field is focused onto
a digital micro-mirror device (DMD) consisting of millions of micro mirrors (Figure
3.7). The light flux from each pixel of the image reflects on a particular mirror of the
DMD in a pixel-wise way. Each mirror can be oriented in two directions: —10° or 10°.
If a light flux is reflected on a mirror orienting in 10°, the light flux can be collected
by the second lens but otherwise, the light cannot be collected. Therefore, these two
directions of the mirror correspond to O-output and l-output respectively. All the
light fluxes from the lens 1 are reflected on DMD with an output of either 0 or 1, and
they are collected by lens 2. The total intensity of the light is measured by a single
photo-diode, processed by A/D converter. This measurement process is repeated m
times and the vector y is obtained. Finally, given 7, the image Z is reconstructed by

compressed sensing scheme.
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Comparison with compressed sensing

These procedures correspond to compressed sensing. The DMD array corresponds
to the matrix @ in Eq.(3.45) and the measurement of the total intensity of light in
the single photo-diode corresponds to the calculation in Eq.(3.48). Each mirror in
the DMD returns a product between a pixel value and either 0 or 1. The summation
of all the products equals to the k' element of §. By repeating this measurement m
times, the all elements of y can be obtained.

The only difference from the compressed sensing is that the elements of the sensing
matrix is limited to either 0 or 1. However, by getting a random mirror pattern, this
sensing matrix also satisfies the RIP condition and hence the reconstruction of an
image is guaranteed. The most simple pattern that can be generated by DMD is a
Rademacher pattern:

Gij = : Pl (3.49)

-1 p=1/2
where p is a probability. Baraniuk [44] showed that a sensing matrix generated by
this pattern satisfies the RIP condition with high probability. Although the DMD

returns only 0 or 1, the Rademacher pattern can be realized by a simple calculation:

0O 1.0 1 11 0 0 1
$ x2
0O 2 0 2 2 2 0 0 2
-1
-11 -1 111 -1 -1 1
First, an image is measured by using a sensing matrix whose element is 1 by proba-
bility of 1/2 and 0 by probability of 1/2. Subsequently, the result of the measurement
is multiplied by 2. An image is again measured by a sensing matrix whose elements
are all 1. By substituting the second result from the first result, an image can be

measured by the Rademacher pattern [45].
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It is also possible to get a Gaussian matrix on the mirror patterns by using a
similar technique called Pulse-width modulation (PWM). Before implementing the
PWM, all the elements in the Gaussian matrix needs to be modified to minimize
the numerical error as much as possible. First, all the values are offset so that the
minimum value becomes zero. Subsequently, they are stretched so that the maximum
value becomes one. Now everything is ready for the PWM. This technique enables
to approximately get an arbitrary value between 0 and 1. In each time sequence, the
mirror can only return 0 or 1. However, by adjusting the number of outputs during
a certain time frame, it gets a decimal value as an average. For example, in Figure
3.8, during a time frame of 5¢, a mirror returns an output of 1 for only ¢ period of
time. In this case, the average signal value during this time frame is 0.2. Therefore,
this method enables us to measure an image by a sensing matrix whose elements
are between 0 and 1. After all the measurements are obtained, they are modified so
that they become equivalent with being measured by a Gaussian matrix. Since the
measurement is a linear operation, the modification is done easily.

pulse width =t
High (1)

Ave. (0.2)

Low (0)

period = 5t

Fig. 3.8.: How to express a positive value less than 1 by PWM

One problem of this approach is a trade-off between an accuracy and an exposure
time. The accuracy of the approximation increases with longer digits of the decimal
number, which needs a longer time frame. Suppose a signal value needed is 0.1234
and let n,, denote the number of measurements to approximate this value. If n, = 102,

12 times out of 10? times are the output of 1 and a signal value obtained is 0.12. On
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the other hand, if n, = 10, a signal value obtained is 0.1234, which is by far more
accurate but takes longer time. Since measurement time increases by an order of 10"
to get m-times more accurate results, it is necessary to consider how much round-off

error is allowed in this measurement process.

3.2.2 Simulation
Algorithm

As mentioned earlier, the only difference between the compressed sensing and
single-pixel camera in a simulation is a way to obtain the measurement. Here, the
mathematical expression for a single-pixel camera and its relationship with com-
pressed sensing are discussed. The goal is to approximate the measurement vector g

which can be obtained by:

1 $11 P12 ... ... OIN U]
Goal: || = [ : (3.50)
Ym ¢m1 ¢m2 cee e (me TN
- - L - AN i
Yy T

where ® is a Gaussian matrix and Z is a vector form of the observed image. First,
all the elements of matrix ® are offset by its smallest element ¢,,;,. Subsequently,
all the elements are stretched by coefficient k& = 1/¢,naz, Where ¢4, is the largest
element after the offset. As a result, a matrix ®py\p whose elements are between 0

and 1 is obtained:

—k(¢11 _¢mzn) k(¢1N _¢mzn) _Q’gll leN_
@DMD _ k(¢21 _ quzn) ce e _ ¢21
_k(¢m1 — ¢mzn) cee e k<¢mN — Qsmzn)_ _éml el e ngN_

(3.51)
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The next step is to approximate the elements of ®pyp by PWM. Each element
QNSij (1<i<m, 1<j<N)isexpressed as a time average of mirror sequences. Let
pl] denote a mirror value corresponding to an element ¢m at time t. Its value is either

Z€ero or one.
py; =0or 1, (3.52)

qblﬁ - pr (353)

ttl

For example, if gf;ij = 0.2 is a target value of the element and p = 5, then the target

mirror pattern is {pu, pw, p”v Pua PU} = {0, 0, 0, 0, 1}.

In a single-pixel camera, an image or scene is measured m times and each measure-
ment corresponds to the i’ row of @py\p in Eq.(3.51). From Eq.(3.51) and Eq.(3.53),

the i"" measurement obtained by DMD is expressed as follows:

Ypmp (i Z Z Pij Ti (3.54)

j 1 t=t1
N
~> iy (3.55)
7=1

However, this value cannot be directly used for reconstruction algorithm and needs
modification because of the offset and stretch operation which is done earlier. From
Eq.(3.51), the relationship between the true Gaussian element and the stretched ele-

ment is given as follows:

Substitution of Eq.(3.56) into Eq.(3.55) gives

N
yDMD Z k ¢z] ¢mm T (357)
j=1

N
j=1 Jj=1
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From Eq.(3.50), the it" element of the true measurement is expressed as
N
y(i) = Z D (3.59)
j=1

Therefore, equating Eq.(3.58) and Eq.(3.59), the true measurement is expressed in

terms of the DMD measurement as follows:

1

N
j=1

Therefore, in a simulation of a single-pixel camera, a measurement of an image by
DMD is simulated by using Eq.(3.54). Subsequently, the obtained value is modified

to a correct value by Eq.(3.60).

Simulation setup and Results

Based on this mathematics, single-pixel camera observation is simulated by using
two different mirror patterns: the Rademacher pattern and the Gaussian pattern. In
both mirror patterns, the Barbara image (Figure 3.1) of size 100 x 100 is sensed by a
sensing matrix of size 6400 x 10000. In compressed sensing, this is directly computed
as a product between the image vector and the sensing matrix. However, in a single-
pixel camera, the image is measured by each row of the sensing matrix independently.
Each row is approximated by ng mirror sequences and this is repeated for 6400 times.
Therefore, a required exposure time in the measurement process can be estimated by

the following formula:
tex =ty X 1y X 6400 (3.61)

Note that ¢, is an exposure time for one mirror pattern, which is assumed to be 1pus.
The value of n, depends on a kind of mirror pattern and a level of approximation. If

the Rademacher pattern is chosen, it always follows that

ny =1 (3.62)
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since only one mirror pattern corresponds to each row of the sensing matrix. On the
other hand, if the Gaussian pattern is chosen, the value of n, depends on how well

the element of the sensing matrix is approximated:
n, = 107 (3.63)

where d is a number of significant digits guaranteed by PWM. The image is recon-

structed by batch-OMP algorithm under sparsity constraint where K = 4, 000.

(PSNR: 20.45)
oy N

Vi AW

Result (PSNR: 20.84)

b ©

Fig. 3.9.: Images reconstructed by single-pixel camera based on different mirror

patterns or exposure time (See Table for more details)

Table 3.1.: Mirror patterns and parameters in Figure 3.9

Result (a) Result (b) Result (c)

Mirror pattern Rademacher Gaussian ~ Gaussian

Required exposure time | 6.4 x 1072 min 64 min 640 min

Figure 3.9 shows the results reconstructed under different mirror patterns and
exposure times described in Table 3.1. Clearly, the Rademacher pattern has an ad-
vantage in the exposure time. However, the Gaussian pattern gives better PSNR
values with longer exposure time because of the better approximation of the sensing

matrix.
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4. DICTIONARY LEARNING

4.1 Background

In a sparse-land model [38], it is assumed that most signals are represented by a

simple linear system:
T =D7 with [|[¥]lo = k (K npixer) (4.1)

where 7 is a signal vector of length npiv, D is a matrix and 7 is a sparse vector. In
this model, the signal ¥ is represented by a linear combination of only k columns of
D. Therefore, "one can consider D as the periodic table of the fundamental elements
in chemistry to describe the signal [38]”. In this case, the matrix D is called a
dictionary of the signal z and its columns are called atoms. For examples, a discrete
cosine matrix ¥ is a most common dictionary for natural images as already discussed

in section 3.1:
T =Wy with ||¥]lo =k (K N) (4.2)

In this case, DCT helps to compress the image signal z.

The main focus of attention in an image processing community is how to design a
dictionary to better describe images accurately with the sparsest possible coefficients.
One of the most straightforward approaches is to choose a pre-constructed dictionary
that best fits a signal of interest. There exist some well-known dictionaries including
Fourier, DCT, Hadamard [46], Wavelet [47], Curvelet [48] and Contourlet [49], most of
which correspond to an inverse transform. Another approach is to adjust parameters
of a certain adaptable dictionaries to fit into the signal. The most famous examples
are Wavelet packets [50] and bandlets [51]. However, these dictionaries are restricted

to a certain type of images. A dictionary which adapts to any kinds of images can be
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found by introducing a new aspect, learning. This is a basic motivation of dictionary
learning.

The dictionary learning starts with a training database of images of interest
{y_cl}fvzl This training database can be totally different types of images, similar type
of images [52] or cropped patches of one image. Based on this database, a common
dictionary D is found so that it describes all the images in the database as accurately

as possible:

where 7; is a representation error vector of the i*" image and e is an upper bound
of the representation error. This learning objective can be formulated as one of the

following optimization tasks:
{D,4:} = argmin ||y;llo  s.t. Vi, |7 — Dy, < e (4.4)
{D, %} = argmin ||7; — Dyill2 s.t. Vi, |[9illo < T (4.5)
Note that the training database and its sparse representation are also represented in
matrices form, X and I' whose columns are z; and 4; respectively. Using this matrix
representation, Eq.(4.4) and Eq.(4.5) are expressed as follows:
{D,T'} = argmin ||ylo st. ||[X —DI|% <e (4.6)
{D,I'} = argmin |X —DI||2 s.t. Vi, |50 < T (4.7)
This optimization problem is clearly not a well-posed problem since a permutation
of atoms in D does not affect the solution if the corresponding elements in 4; are also

permuted. Moreover, the scale between D and #; is not defined. In many cases, this

issue is fixed by setting a constraint such that D has a normalized atoms:
diag {D'D} =1 (4.8)

where diag{-} represents diagonal elements of a matrix and I is an identity matrix.
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4.2 Algorithms

There have been large number of algorithms for solving this dictionary learning
problem. Here, the KSVD (K-singular value decomposition) algorithm [23] [53] and
its modified version, sparse-KSVD algorithm [19] are introduced. Both of these al-
gorithms are in the sparse-land model framework and one of the most fundamental
algorithms used for image compression, image denoising and image deblurring. In
both algorithms, the basic idea is to estimate the dictionary D and the sparse co-
efficient matrix I' are updated alternately. While one of them is fixed, the other is

updated. This cycle is repeated until the stopping criterion is satisfied.
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4.2.1 KSVD Algorithm

Algorithm 4 KSVD [23]
Input : Signal set X, initial dictionary D), target sparsity 7', number of

iterations k
Output : Dictionary D € R™*™ and sparse coefficient matrix I' € R”™ such
that X ~ DT’
Initialization: Set D := D©)
1 forn=1...kdo

2 Vi@ 4; := argmin ||Z; — D¥lls st |70 <T

3 for j=1...ndo

4 D;:=0

5 I := {indices of the signals in X whose representations use Jj}
6 E .= X; - DI

7 {d,g} := argmin||E — dg”||2 s.t. ||d||. =1

8 D;:=d

9 ;= g’
10 end for

11 end for

The algorithm 4 shows the pseudo-code of the KSVD algorithm [23]. In the line 2,
the i"" column of the matrix I" is updated by minimizing the residual under sparsity
constraint. This problem can be solved by any greedy algorithms but in this research,
the batch-OMP algorithm is used. The most innovative part of the KSVD algorithm

is the line 5 and the subsequent lines. The basic idea is to update one particular
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column of D and its corresponding row of I' while keeping the rest of the matrices

maintained:
m 2
IX - Dr|; = || X =) d;7;] (4.9)
j=1 P
2
= {X - Zcm’{} — deyy
k0 P
= | E¢e — de¥/ | (4.10)

where d; is the ¢ column of D and 7/ is the ¢ row of I'.  The minimization of
the right hand side of Eq.(4.10) seems to easily be done by rank-1 approximation via
SVD decomposition while E, is fixed:

{Jg,’_}/g} = argmin ||E, — nyf”% s.t. HcZgHQ =1 (4.11)

However, in fact, a solution of this optimization problem is not the correct solution.
Because of the nature of the SVD, this optimization suggests a dense solution for 7,
although it needs to be a sparse vector.

To obtain the sparse solution by SVD, the update step requires a little ingenuity.
Instead of using all the signals in X, the update step uses only the columns in X
whose sparse representations use the current atom. Let I denote a set of indices of
the signals in X which use the /" atom of the dictionary D, and X; and I'; denote
the sub-matrix of X and I' whose indices are specified by I. Using this notation,

Eq.(4.9) can be modified as:

IX; =Dy ||7 = | X, =Y dA] (4.12)
j=1

2
F

= ||E¢ — dii7 |1

= |E —dg" ||z (4.13)
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Note that 5] is the j'* row of the matrix T';. For simplicity, the following notations
are used: E = Ez =X;— Zk# cfk@,{, d=d;and 5 = ~e¢. Therefore, the minimization
of the right hand side of Eq.(4.13) is formulated as [53]:

{J,g} := argmin ||E — cigTH% s.t. HJHQ =1 (4.14)

This problem can be solved simply by rank-1 approximation via SVD. Although g7
is obtained as a dense solution, the sparsity of the matrix I" is not ruined since g7 is
merely a sub-vector of ﬁjT.

There is an alternative method for SVD to implement rank-1 approximation. Ru-
binstein et.al. [23] suggests a faster iterative process to approximate this computation.
When d is fixed, Eq.(4.14) is expressed as a following problem, which has a closed-form

solution:

g" = argmin ||E — dg"||% = @ =d'E (4.15)
Fdrd ‘
On the other hand, when g is fixed, Eq.(4.14) is expressed as a following problem,
which also has a closed-form solution:
Eg
g9

d = argmin |E — dg” ||3 = (4.16)

The iterative computation of Eq.(4.26) and Eq.(4.16) for a few rounds gives an accu-
rate result for Eq.(4.14).

4.2.2 Sparse KSVD Algorithm
Difficulties of Dictionary learning

The dictionary learning algorithm is a powerful tool but it has some major prob-
lems by its nature. In the following, two of these problems are introduced.

The first problem is a long computational time. In KSVD for example, the mul-
tiplication DI'; by using explicit matrix requires nm operations if the size of the

dictionary D is n x m. This computation is repeated for m iterations, which results
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in a long computation time. On the other hand, a structured matrix such as a sepa-
rable DCT matrix requires less computation time as already discussed in subsection

3.1. Suppose the dictionary D is separable and expressed as
D = Dyep @ Dgep (4.17)

where ® represents a Kronecker product and the size of the separable dictionary Dsp,
is v/n x y/m. This is a property of 2D-DCT matrix. If this property holds, the

multiplication DI'; is equivalent with the following operation:

DI "Dy, (4.18)

sep

where I'; is a matrix obtained by reshaping T'; into a size of /m x /m. This
computation requires only 2n+/m operations. Therefore, if this kind of separable
property can be exploited, this problem can be reduced.

The second problem is that the images of the learning data is restricted to a
small size and a low dimension. Empirically, the KSVD algorithm can only deal with
n < 1000 [38] where the size of the dictionary D is n x m, which means the maximum
image size of the learning data is around 30 x 30. The large size of the dictionary
results in a too long computation time and over-fitting problem due to too many free
variables. One way to circumvent this problem is to apply the dictionary learning to

small image patches instead of a whole image.

Structured dictionary: Double sparsity model

One of the approaches to resolve the difficulties is to assume a certain structure of
a dictionary. The simplest model of such a structured dictionary is a double sparsity

model. In this model, the dictionary is assumed to be written as follows:

where Dy is a fixed base-dictionary with a fast deployment such as a separable DCT.

Moreover, A is a sparse dictionary representation whose columns a; are all sparse.
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This idea is inspired by the fact that a dictionary of an image also looks like an image
and hence it must have a sparse representation.

This double sparsity model has a number of benefits. First of all, this model makes
the computation faster. Since the deployment of Dy is fast and multiplication by a
sparse matrix A is fast, the multiplication by D is also fast. Moreover, the number
of free variables of D is much smaller because of its sparsity. As a result, this model

enables to deal with a larger, higher dimension signals.

Algorithm

Sparse KSVD algorithm [19] is a developed form the KSVD algorithm using the

double sparsity model. It solves the following problem:
{A,f‘} = argmin ||X — D()AI‘H% S.t. VZ, ||dz||0 S To, ||’71||0 S T1 (420)

Rubinstein [19] uses this algorithm to learn a dictionary of size 64 x 100 by 2D-DCT
and a dictionary of size 512 x 1000 by 3D-DCT.

The algorithm 5 shows the overview of the sparse KSVD algorithm. The overall
structure is similar to the KSVD algorithm: the iteration between an update of a

signal representation 4 and an update of a dictionary representation a.
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Algorithm 5 Sparse KSVD [19]

Input : Signal set X, base dictionary Dy, initial dictionary representation
A target sparsity 7', number of iterations k

Output : Sparse dictionary representation A € R™*™ and sparse signal repre-
sentation I' € R™¥ such that X ~ DyAT

Initialization: Set A := A(®)

forn=1...kdo

Vi@ 4; := argmin ||Z; — DoA%;lla s.t. [|[¥]jo < T
for j=1...mdo
A;:=0
I := {indices of the signals in X whose representations use a;}
g = FjT,I
g:=9/llgll2
z = X9 —DoAI';g
a := argmin ||z — Doalls s.t. |ja|lo < T
a = @/HDOGH2
A,
[, := (XTDoa — (DyAT;)"Dga)”
end for
end for

In the line 2 of the sparse KSVD, the i*" column of the matrix I' is updated by
minimizing the residual under sparsity constraint while A is fixed. This problem can
be solved by any greedy algorithms; in this research, the batch-OMP algorithm is
used. In this step, the sparse structure of the dictionary D = DgA speeds up the
computation.

In the line 3 and the subsequent lines, the update of the matrix A is computed
after the update of I'. Similarly to the KSVD algorithm, the update uses only the

columns in X whose sparse representations use the currently updated column a,.
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Let I denote a set of indices of the signals in X which use the column a,, then the

representation error can be expressed as follows:

m 2
|IX; — DAL} = |[X; = Do Y _ a7 (4.21)
=1 F
2
= {XI ~Do ) ad, } — Doasy! (4.22)
il o
_ o~ 2
= ||E; — Doas/ ||, (4.23)

Note that X; and I'; denote the sub-matrix of X and I"' whose indices are specified
by I and 7! is the i'" row of the matrix I';. For simplicity, the following notations
are used: E = E;, = X; — D, Z@'# a;yl, a = ag, g = 4. The minimization of the
right hand side of Eq.(4.23) is formulated as:

{a, g} := argmin |E — ELQTH% s.t. ||allo < To (4.24)

Note that there is no sparsity constraint for g because it is a sub-vector of a sparse
column of I'. This problem can be solved by alternating the update of a and the
update of g. First, g is updated while a is fixed. This problem can be solved by least

squares which has a closed-form solution:

~TTT
- . 79 a"DyE
g = argmin |E — Dyag” || = DI Dy (4.25)
Subsequently, a is updated while g is fixed. This problem is formulated as:
a = argmin ||E — Doag” |3 st |allo < To (4.26)

This problem is not straightforward since a is multiplied from the left and the right.
Rubinstein [19] showed that there is a much easier alternative for this problem under

the constraint that g7g = 1:
a = argmin |Eg — Doal|3 s.t [|allo < Tp (4.27)

This problem can be easily solved by any greedy algorithms. In this research, the
batch-OMP algorithm is used.
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4.3 Denoising Simulation

One of many applications of dictionary learning is to remove noise from an image.
In this section, such a denoising technique is demonstrated by using KSVD and sparse

KSVD algorithms.

4.3.1 Problem Formulation

Suppose that a signal Z is generated by sparse-land model using a dictionary D

and a sparse coefficient vector 7:
z=D7 with ||7]o <T (4.28)
This signal is corrupted by additive noise :
y=Dy+7v with ||o]|s <e (4.29)

where the noise v is often modeled as a Gaussian noise upper-bounded by . The
best way to remove noise from this signal 7 is to find the best pair of D and 4 whose
representation error is within €. Therefore, the denoising problem is formulated as a

following inverse problem:
{#,D} := argmin |5, with ||j — D7yl <e (4.30)

This problem (Eq.(4.30)) looks similar to the dictionary learning problem. However,
one major difference is that this problem only has one image as training database
which is not sufficient at all. This issue is often fixed by a method called patch-based

method, which will be discussed in the next section.
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4.3.2 Patch-Based Method

Patches

14
>
E A
= H-EEEE-- .
r Yy
l Vectorize

| I | |
Y=1 "Y1 Y Yis1Vis2 Yirs Yn
| I | |

Noisy image

Fig. 4.1.: Patch-based method

The basic idea of a patch-based method is to extract small image patches from a
whole image and used them as training database for dictionary learning. This method
has multiple advantages. First, it enables to deal with any size of images by choosing
a proper patch size. Moreover, it is possible to process each patch image in a parallel
way to speed up the computation. Furthermore, it enables to capture local properties
of an image which cannot be captured by global-scale operation.

There are some ways to extract patches. The most straightforward way would be
to divide the whole image into distinct image patches, apply dictionary learning and
merge the result in each patch back to their original locations. This method works
well but the result contains some artifacts in the boundary of the patches [52].

A better alternative is to use overlapped patches as shown in Figure 4.1. A patch
is first extracted from the upper left corner of the whole image. Then, another patch
is extracted from the place one pixel below the first one. This process is repeated
until a patch reaches to the lower end. Once it reaches to the end, the patch returns
to an upper end of the image but one pixel shifted rightward and the same process is

repeated until the patch reaches to the lower right corner. The total number of the



63

overlapped patches is (n — p + 1)? if the whole image size is n x n and the patch size
is p x p. Each image patch is vectorized and concatenated to form a matrix Y of size
p? x (n —p+ 1)% This matrix is used as a training database for dictionary learning

algorithm. The denoising problem can be written as follows:
{I',D} := argmin ||5;]o with |[Y — DI||z <e (4.31)
If the double sparsity model is used, the problem can be written as:
{T',A} := argmin ||3;]|o with ||[Y — DoATL||r < e, Vi, |allo < Tp (4.32)

After each patch is denoised, these results are placed back into their original places

and their values are averaged.

4.3.3 Simulation
Methods

In subsection 3.2.2, three images have been reconstructed by simulating a single-
pixel camera (Figure 3.9). Now, these noisy images are denoised by using KSVD
and sparse KSVD algorithms based on the patch-based method and their results are
compared.

For KSVD algorithm, a patch size is 5 x 5 and a dictionary size is 25 x 25. The
initial dictionary is a 2D-DCT matrix. The constraint for the average representation
error per atom is 5. The number of iterations is 100.

For sparse-KSVD algorithm, the patch size is 5 x5 and a dictionary size is 25 x 100.
The base dictionary is a separable 2D-DCT dictionary of size 10 x 10. The sparsity
constraint for the dictionary is 16 and the constraint for the average representation

error per atom is 5. The number of iterations is 100.
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Fig. 4.3.: Comparison of the learned dictionary

Figure 4.2 shows the result for the denoising by KSVD and sparse KSVD algo-
rithm. Figure 4.2 (a0), (b0) and (c0) are the noisy images obtained by Rademacher
mirror pattern, Gaussian mirror pattern with 64 minutes exposure and with 640 min-
utes exposure time in a single-pixel camera simulation in subsection 3.2.2. Figure 4.2
(al), (bl) and (cl) are the images denoised by KSVD algorithm. Figure 4.2 (a2),
(b2) and (c2) are the images denoised by sparse KSVD algorithm.

In both cases, the PSNR values are greatly improved from the noisy images. The
sparse KSVD algorithm gives better results than that of the KSVD algorithm by

around 0.18-0.2 dB in all three cases. However, the biggest advantage of the sparse



66

KSVD algorithm is its fast computation time. For the KSVD algorithm, it takes
around 39 seconds on average to complete the process for one image. On the other
hand, for the sparse KSVD algorithm, the computation time is only 5.6 seconds
on average. The simulations have been performed on a Dell Precision Tower 5810
computer equipped with an Intel Xeon E5-1650 and 16 GB of RAM running a 64-bit
version of Windows 7.

Figure 4.3 (al), (b1) and (cl) are the dictionaries D obtained by KSVD and Figure
4.3 (a2), (b2) and (c2) are the sparse dictionary representations A obtained by sparse
KSVD after 100 iterations. Each column of the dictionary is reshaped and displayed
as an image. For example, in the sparse KSVD algorithm, the size of the dictionary
representation is 52 x 102. Therefore, in (a2), (b2) and (c2), there are 10 x 10 squares
and the size of each square is 5 x 5.

As it can be seen, the learned dictionary is optimized into a collection of simple
fundamental elements to compose an image. Not surprisingly, Figure 4.3 (al), (bl)
and (cl) share some similar columns since their corresponding images are the same.

Figure 4.3 (a2), (b2) and (c2) consist of sparser columns with cardinality 15.
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5. CHARACTERIZATION OF SATELLITE BY
COMPRESSED SENSING

The main goal of this chapter is to obtain an image of a satellite given its light curve
by using the compressed sensing scheme.
5.1 Adapted Light Curve Model and Simulation Overview

5.1.1 Analogy Between Single-Pixel Camera and Light Curve Measure-

ments

Figure 5.1 shows the comparison between (a) a single-pixel camera measurement,

(b) an ideal light curve measurement and (¢) an attenuated noisy light curve mea-

surement.
@ (b)
7~ 4 £
Light fluxes Light fluxes © Light fluxes
(pixel-wise) (mesh-wise) 5 (mesh-wise)
2 BT

2] T
£ P
<

DMD arr:

\

Photo-diode C? Telescope @ Telescope

Fig. 5.1.: Comparison of a single-pixel camera and a light curve: (a) Observation of
an object by a single-pixel camera, (b) Observation of an object via an ideal light

curve, (¢) Observation of an object via an attenuated noisy light curve
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First, in an observation by a single-pixel camera, the irradiance from an object is
multiplied by a random ratio based on the mirror pattern of a DMD array, and their
total intensity is measured by a photo-diode as shown in Figure 5.1 (a). The mirror
pattern is expressed in a matrix form ®; and it is vectorized to form a vector ®y.
The k'™ measurement process is expressed as an inner product between the mirror

pattern vector and an image vector Z:

T

Yk = (i)g r = [(bkl ¢kn2] = Zﬁbkll’l (5.1)
=1

Tp2

This measurement is obtained at m different times using different but known mirror
patterns and the measurement vector 7 is obtained.

Similarly, in a light curve observation, light fluxes reflected off a satellite are
collected by a sensor. The satellite is modeled as a polygon consisting of small facets
(meshes) and the light fluxes are computed in a mesh-wise way:

n A
T (ropo(t))?

I(t) =1 {Cd (‘71 . Nz)(Sz . N@) + 7i Cs (TSM(t)>2} (5.2)

a%un
1 if mincomin - eoutcomin ’ S 0.5°
7 = ’ ’ (5.3)
0 otherwise

The Eq.(5.2) can be simplified as an inner product between two vectors:

pi(t) n
It) =1"p(t) = [1 1} L =D (5.4)
i=1
pn(t)
where p; denotes a light intensity from the i* mesh
Ai N & A Cs un t 2
T (Ttopo(t))

The Eq.(5.4) is a model for an ideal light curve where all the light fluxes are collected

pi(t) = I {Cd (Vi - Ni)(Si - V) +

2
ASun

without being disturbed as shown in Figure 5.1 (b). However, what can be observed in
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reality is an attenuated noisy light curve collapsed by atmosphere as shown in Figure
5.1 (¢). The light fluxes from a space object pass through a turbulent atmosphere
around the Earth before they reach a ground-based observer. Since the atmosphere
is not even due to small temperature variations, the irradiance of light fluxes get
fluctuated. Some light fluxes may not be affected much while other fluxes may be
weakened severely or reflected off the observer direction. This effect is referred to
as scintillation and often modeled as a random process. Therefore, this attenuated
noisy light curve may be modeled by simply exchanging the vector 1 in Eq.(5.4) for

a Gaussian random vector ¢:

pi(t) N
10 =60 = o1 ... 0| i | =D 0w (5.6)
p®)| T

Interestingly, the Eq.(5.6) is exactly the same form as the Eq.(5.1). Therefore, the
attenuated noisy light curve measurement can be regarded as one measurement in a
single-pixel camera, and the atmospheric noise can be considered as a mirror pattern
in a single-pixel camera, or a sensing matrix in compressed sensing.

However, there are two important aspects to be considered. The first aspect is
about a mathematical model of the measurement. The attenuated noisy light curve
is simplified to fit into a single-pixel camera model. The validity of this model is
discussed in further detail in the next subsection. The second aspect is the availability
of the sensing matrix. In a single-pixel camera, the sensing matrix is designed so that
it satisfies the RIP condition, and it is used in the reconstruction as well as the
measurement. On the other hand, in a light curve measurement, the sensing matrix
is unknown because it is impossible to know the atmospheric noise that the light
curve is subjected to.

Therefore, the main goal of this research is to bridge a gap between an attenuated
noisy light curve and a single-pixel camera under these simplified assumptions, and
determine applicability of the compressed sensing scheme to the reconstruction of a

resolved satellite image from the light curve.
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5.1.2 Adapted Light Curve Model

As introduced in Eq.(5.6) in subsection 5.1.1, this research models the noisy light

curve as a product between Gaussian random entries and an irradiance vector:

p1(t) i
I(t) = éTﬁ(t) = [¢1 ¢nmesh] = Z Oipi (57)
P ]

where npen 1S a total number of meshes in the 3D model of the satellite. In this
research, this light curve model is referred to as the ”realistic LC model”. In this
model, the mesh-wise product is chosen because it is physically correct in terms of
the process of the noise generation.

However, this realistic light curve model is not straightforward in terms of the
application to compressed sensing. In compressed sensing, an observed satellite is
modeled as an image which consists of pixels. Therefore, it is easier to model the
noise in a pixel-wise way instead of a mesh-wise way to apply the compressed sensing.
Thus, it is assumed that an observed satellite can be modeled as an image. Let &

denote the image vector, then the alternative model can be expressed as follows:

210
I0=6"20)= o . duua] | 0 | =2 o (5.8)
o] T

where npixe is a total number of pixels of the satellite image. In this research this
simplified model is referred to as a "simple LC model”. This model is an adapted
light curve model which is designed to fit into compressed sensing scheme directly.
Turning now to a simulation using this two light curve models, the difference be-
tween these two models and a noise-less light curve is discussed. First, a light curve
is generated without noise under the same settings as in Figure 2.9 in section 2.1.
Second, an attenuated noisy light curve is generated by following the realistic LC

model. Third, an attenuated noisy light curve is generated by modeling the satellite
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as an image of size 256 x 256 and following the simple LLC model. In the both attenu-
ated noisy light curve models, the noise vector is generated from a Gaussian random
variable with mean 0 and variance 1/256? by pseudo-random number generator so
that it is consistent with the sensing matrix required by compressed sensing theory.

Each time step, the pseudo-random number generator is initialized.
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Maisy light curve by simple LC model
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Fig. 5.2.: Comparison of two models for noisy light curve

Figure 5.2 shows the result. The black line is a noise-less light curve which is
exactly the same with Figure 2.9. The red line is a realistic LC model and the blue
line is a simple LC model. The both attenuated noisy light curves have a similar
trend as the noise-less light curve but they are shifted upward, which means they are
fainter than noise-less light curve. This characteristic is the same with a light curve
observed in a real world so these two models appear to be valid. Another remarkable

point is that the simple LC model makes the light curve darker than the realistic
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LC model even though the same kind of noise is added. This is simply because the
number of pixels (=2562) are much larger than the number of meshes (=4028) and
hence the simple LC model is easier to get affected by noise.

Finally, a procedure to construct a sensing matrix from these two light curve
models is considered. In both cases, a satellite needs to be observed m times under
the same geometry with varying atmospheric conditions. Therefore, it is assumed
that either the m measurements are done in a short time or over a moderate time
scale with the satellite being in a geostationary orbit with a stabilized attitude. These
m measurements are concatenated vertically to form a measurement vector. For the

realistic LC model, the measurement vector is expressed as:

A1) (1) (1)

¢ ¢1 cte Nmesh pl

greal = ,6 - = q)meshp (59)
_¢(m) - gm) cet ,gLTrT:AZsh pnmcsh

Similarly, for the simple LC model, the measurement vector is expressed as:

_¢(1)_ :([1) ce 7(’Llp)ixel :Ul
gsimple = T = = (ppixeli' (510)
—plm L N E

Note that ¢* is an atmospheric noise vector in the £ measurement.

In Eq.(5.10), the matrix ®,; is identical with a sensing matrix in compressed
sensing. Therefore, when a simple LC model is used, the target problem is to directly
estimate ®,;ye; and z. On the other hand, in Eq.(5.9), the matrix ®eq, is not identical
to a sensing matrix since p is not an image vector. Therefore, when a realistic LC
model is used, the matrix ®,,., has to be converted to a sensing matrix based on
a relationship between a pixel and a mesh before implementing compressed sensing
scheme. This will be discussed further in simulation A of section 5.2.

To summarize, this research considers two light curve models: the realistic LC
model and the simple LC model. In both cases, an observed satellite is assumed to

be observed from the same orientation under the same light conditions but with m
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different atmospheric noise settings. These two models are different in the way they
take noise into consideration. In the realistic LC model, the noise is applied in a
mesh-wise way. Therefore, this model is physically more accurate but an extra effort
is needed to obtain a sensing matrix. On the other hand, in the simple LC model, the
noise is applied in a pixel-wise way. Therefore, this model is physically less accurate

but more straightforward to apply to compressed sensing.

5.1.3 Simulation Overview

In the following, different satellite image reconstruction scenarios from light curve
measurements using compressed sensing are shown. Their methodology, advantages
and disadvantages as well as their applicability to real world scenarios are discussed.
The first two simulations, A and B solve the satellite image reconstruction problem
from light curve measurements in the presence of exact knowledge of the sensing
matrix. In the simulation A, the realistic LC model is used while in simulation B, the
simple LC model is used. In the simulation A, the limitation of the realistic LC model
is shown so in the later simulations, only the simple LC model is used. In the next
step, it is assumed that the sensing matrix is not known. In the simulation C1 and
C2, the dictionary learning approach is used with and without a patch-based method.
Through these two simulations, it is shown that a patch-based method seems to be
necessary for the success of the dictionary learning in this research. Therefore, the
simulation D uses another approach without using dictionary learning in the absence
of the knowledge of the sensing matrix. In this simulation, a light curve and images
of a reference satellite are assumed to be known. Under these additional assumptions,
a sensing matrix and the resolved satellite image is reconstructed by the compressed
sensing scheme. The overview of the assumptions, approaches and results of the

simulations are shown in Table 5.1.



Table 5.1.: Simulation overview: assumptions, approaches and results

Assumptions
Simulation Approach Result
LC model | Sensing Matrix ®
A realistic LC Given CS Success
B simple LC Given CS Success
C1 simple LC Not Given DL with patch | Success
C2 simple LC Not Given DL without patch | Failure
D1,D2,D3 | simple LC Not Given Reference satellite | Success
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(Note: LC refers to a light curve, CS refers to compressed sensing and DL refers to dictionary

learning.)

5.2 Simulation A: Realistic Light Curve and & Known

5.2.1 Simulation

In this simulation, the satellite light curve is modeled as a realistic LC model.
Assuming that the noise matrix and the correspondence relationship between the
meshes and pixels are perfectly known, an image of the observed satellite is estimated.

The summary of this simulation settings is shown in Table 5.2.

Table 5.2.: Problem settings of the simulation A

Condition Symbol Size Description Assumption
Given U m x 1 realistic LC model Y= Prearp

Given Do M X Nmesh  Pixel-wise noise matrix ~ ®yea ~ N(0,1/ Npixel)
Find T Dpixel X 1 satellite image vector constant




3D satellite model

pixel T
mesh  py
mesh  po .
pixel

pixel

mesh

Prigesn §

/" Pixel-wise

Mesh-wise v
noise
1

noise
cDmeSh . @ L
N S ,
1
1
i
measurement ¥ |«-------—--- 3

l

Compressed sensing solver

l

Solution X

Fig. 5.3.: Flowchart of Simulation A

Unknown image X

75

The procedures for the simulation A is shown in Figure 5.3. First, the light curve

intensity p is corrupted by Gaussian noise matrix ®,., with mean 0 and variance

1/npixer. Note that npicer is @ number of pixels in an image in which the reconstruction

is obtained. This matrix ®,, € R™*"mesh ig converted into a sensing matrix ® &

R™*™pixel hased on the correspondence relationship between meshes and pixels. Note

that m is the number of measurements. Finally, given the sensing matrix ® and the

measurement ¥, the solution Z is obtained by solving the compressed sensing problem.

First, a sparse coefficient vector 4 is obtained by the minimization of Ly-norm, and

subsequently the solution is converted to an image solution Z by using a discrete

cosine transform (DCT) matrix ¥:

4 = argmin [|||o

A

r =Wy

st. ||y — W[5 <&’

(5.11)

(5.12)
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The approximate problem is also solved by ADMM algorithm (Alternating Direction
Method of Multipliers):

. o1 _ i
4 = argmin §||y—¢>‘1’7!|3+A||7||1 (5.13)

vy (5.14)

=
I

Note that A is a Lagrangian multiplier parameter.
The conversion of a matrix P, into a matrix ® is discussed in detail as follows.
A mesh-wise measurement of a light curve is expressed as:
m
J=®ren p= Z ¢rp with @] € Rmmesh (5.15)
i=1
where gz~5f is the i*" row vector of ®,.,. In order to apply compressed sensing scheme,
the measurement needs to be interpreted as a pixel-wise measurement. Therefore,

the goal is to find an alternative expression:
g=®r =) ¢/z with ¢ € R (5.16)
i=1

This conversion is done based on a correspondence relationship between meshes and
pixels, which will be discussed in the following.
The j measurement y; in Eq.(5.15) is a summation of a product between noise

values and intensity values:

Ui = 015 = 1p1 + bapa+ .+ Gu P (5.17)

where p1, po, ..., pn,.., are the intensity of light curve in each mesh, and ¢y, @2, ..., ¢, ..
are the corresponding noise values. These mesh-wise light intensities are expressed as

a summation of pixel-wise light intensities:

n"mesh

ni na
PL=1 Ttk P2= ) Tk Prgen = D Tk (5.18)
k=1 k=1 k=1

Substituting Eq.(5.18) into Eq.(5.17), the measurement is expressed in pixel-wise way:

n"mesh

ni na
y] = ¢]~ Z ilk + ¢2 Z 532]{/‘ + ttt + ¢nmesh Z jnmeshk (519)
k=1 k=1

k=1
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In Eq.(5.19), the pixel intensity values are collected in terms of ¢’s. These terms are

sorted in lexicographical order with respect to the linear index of pixels in an image:

Y =1+ dyxa+ ...+, x =T (5.20)

Npixel Tipixel

Eq.(5.20) corresponds to the j element of the measurement in Eq.(5.16). Therefore,
»F in Eq.(5.20) is the k™ row of the sensing matrix ®,c,).

Therefore, the procedure for converting ®,.,, into ® can be summarized as follows.
First, a mesh-wise noise matrix ®,., is generated from a Gaussian random variable.
Each column vector of ®,., corresponds to a mesh, and each mesh corresponds to
particular pixels in an image. Suppose the column vector ¢, corresponds to a mesh
consisting of pixels pi, pa, ..., Pn, . Suppose there is an empty matrix ® of size m X npixel,
then the vector ¢, is copied and saved in the columns of @ which corresponds to
P1,D25 -5 Pny, -

In the simulation, a satellite is assumed to be in geosynchronous orbit and relati