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ABSTRACT

Cao Duo Ph.D., Purdue University, May 2020. Efficient and Accurate Numerical
Methods for Two Classes of PDEs With Applications to Quasicrystals. Major
Professor: Jie Shen Professor.

This dissertation is a summary of the graduate study in the past few years. In
first part, we develop efficient spectral methods for the spectral fractional Laplacian
equation and parabolic PDEs with spectral fractional Laplacian on rectangular do-
mains. The key idea is to construct eigenfunctions of discrete Laplacian (also referred
to Fourier-like basis) by using the Fourierization method. Under this basis, the non-
local fractional Laplacian operator can be trivially evaluated, leading to very efficient
algorithms for PDEs involving spectral fractional Laplacian. We provide a rigorous
error analysis for the proposed methods, as well as ample numerical results to show
their effectiveness.

In second part, we propose a method suitable for the computation of quasiperiodic
interface, and apply it to simulate the interface between ordered phases in Lifschitz—
Petrich model, which can be quasiperiodic. The function space, initial and boundary
conditions are carefully chosen such that it fix the relative orientation and displace-
ment, and we follow a gradient flow to let the interface find its optimal structure. The
gradient flow is discretized by the scalar auxiliary variable (SAV) approach in time,
and spectral method in space using quasiperiodic Fourier series and generalized Ja-
cobi polynomials. We use the method to study interface between striped, hexagonal
and dodecagonal phases, especially when the interface is quasiperiodic. The numer-
ical examples show that our method is efficient and accurate to successfully capture

the interfacial structure.



1. EFFICIENT SPECTRAL METHODS FOR PDES WITH
FRACTIONAL LAPLACIAN

1.1 Introduction

We consider in this part numerical approximation of the spectral fractional Lapla-

cian equation

(=A)sv=f, Ve, (1.1)

with suitable boundary conditions, and parabolic PDEs with spectral fractional Lapla-
cian:

v+ e(=A)2v + N(v,t) =0, Y(x,t) € D:=Qx(0,T], (1.2)

with suitable initial and boundary conditions. In the above, € is a bounded do-
main, (—A)?2 is the spectral fractional Laplacian operator defined by the spectral

decomposition

N1l

(~A)iu(e) = Y @Midu(@), ae(0,2), (1.3)

where { A, ¢, }n>0 are the eigenvalues and eigenfunctions of the Laplace operator —A
with given Dirichlet boundary conditions.

Approximation of spectral fractional Laplacian (1.3) has been the subject of many
investigations recently. For problems with periodic boundary conditions, it is natural
and effective to use Fourier spectral methods e.g., [1-3]. For non-periodic boundary

conditions, there are essentially four different approaches:

e Use space spanned by eigenfunctions of Laplacian operator as approximation
space. An one-dimensional example is considered in [4]. However, since the
eigenfunctions of Laplacian, sinc,x or coscpx, have very poor approximation
properties for non-periodic functions, the convergence of such method is very

slow, even if the solution is smooth.



e Use space spanned by eigenfunctions of discrete Laplacian operator as approx-
imation space. In [5], a spectral-element method is used to construct discrete
eigenfunctions which are then used to approximate the fractional Laplacian

operator.

e Use the Caffarelli-Silvestre extension [6,7]. This approach was first considered in
8] using a finite-element method followed by extension to space-time parabolic
fractional PDEs in [9] and improvements with tensor product finite elements and
adaptivity in [10]. A spectral method for the extended problem is presented
in [11]. A different approach using the Caffarelli-Silvestre extension is given

in [12].

e Use the Dunford-Taylor formula. This formula can be viewed as a semi-analytic
solution of the Caffarelli-Silvestre extension in which the extended direction is
analytically represented by an integral formula. This approach was first adopted

in [13] with a finite-element method in space.

For more detailed presentation on numerical methods for fractional Laplacians (in
spectral form and integral form) and up-to-date references, we refer to two excellent
recent review papers [14,15].

In this part, we focus on the numerical approximation of spectral fractional Lapla-
cian (1.3) with non-periodic boundary conditions. We adopt the second approach.
More precisely, we use space spanned by eigenfunctions of discrete Laplacian oper-
ator where the discretization is done by a Legendre-Galerkin method [16].

It is well-known that only a portion of the discrete eigenpairs are good approxi-
mation of the corresponding exact eigenpairs, so a main question in using the second
approach is whether to use all discrete eigenpairs or only those who are good approxi-
mations of the exact ones. Numerical results in [5] indicated that better results can be
obtained by using all discrete eigenpairs, but no theoretical justification is available

on why spurious discrete eigenpairs should be included in the approximation space.



A main purpose of this paper is to provide a theoretical justification by carrying out
a delicate error analysis.

A main bottleneck in using the second approach is that computing and storing
all discrete eigenpairs in multidomains is usually prohibitively expensive. So another
purpose of this paper is to develop a robust and efficient method to compute discrete
eigenpairs. To this end, we restrict our attention in this paper to rectangular domains,
with the expectation that the method developed here can be extend to more generally
domain using the recently developed novel spectral methods for complex domains
in [17]. Following the idea in [18], we construct eigenfunctions of discrete Laplacian
operator in the Legendre-Galerkin formulation using the so called Fourier-like basis
functions. The benefits of such choice are significant: the construction of Fourier-
like basis functions only involves finding all the eigenpairs of a symmetric positive
definite penta-diagonal matrix, and thanks to the orthonormality of the Fourier-like
basis functions in the underlying inner products, the linear system for approximating
(1.1) is diagonal so its solution can be obtained very efficiently.

We also construct a space-time spectral method for (1.2) by using the approxima-
tion based on the discrete eigenpairs in space and a dual-Petrov Galerkin method in
time. For linear parabolic systems, this method leads to a sequence of one-dimensional
tridiagonal systems that can be easily solved, and nonlinear parabolic systems can al-
so be solved very efficiently with a preconditioned iterative procedure using a suitable
linear parabolic system as a preconditioner.

We highlight below the main advantages of the proposed methods and main con-

tributions of the paper:

e Accuracy: the space spanned by the eigenfunctions of discrete Laplacian oper-
ator with Legendre-Galerkin method has excellent approximation properties: it
leads to exponential convergence for smooth functions, and can double the con-
vergence rate of finite-element methods for problems with corner singularities

which are present in problems with spectral fractional Laplacian.



e Efficiency: Unlike the approaches based on the Caffarelli-Silvestre extension
and Dunford-Taylor formula which involve an extra-dimension, the presence of
the nonlocal fractional Laplacian operator does not introduce any additional
computational complexity so the cost of our proposed methods are essentially
the same as the very efficient spectral-Galerkin method for the Poisson type
equations [16] and dual-Petrov Galerkin method for parabolic type equations

18].

=1
2

e We derived error bounds between the discrete fractional Laplacian (—Ays)
and the fractional Laplacian (—A)?2, which in particular justifies the use of all
discrete eigenfunctions. This approach (results in Section 3.1) can also be used

to other discretization methods such as finite differences and finite-elements.

e We established error analysis of our proposed methods for fractional Laplacian

equation and linear fractional reaction-diffusion equation.

The rest of the paper is organized as follows. In the next section, we construct the
Fourier-like basis functions as the discrete eigenfunctions of fractional Laplacian op-
erator. In Section 3, we provide a complete error analysis of the proposed methods for
fractional Poisson equation and fractional PDE. Numerical experiments for bound-
ary value problem involving spectral fractional Laplacian are carried out in Section
4. In Section 5 we develop efficient methods for space fractional reaction-diffusion

equations. Some concluding remarks are given in the last section.

1.2 Algorithms

We construct below the Fourier-like basis functions which are the eigenfunctions of
discrete fractional Laplacian, and present spectral algorithms for fractional Laplacian
equation and a space-time spectral method for linear parabolic PDEs with spectral
fractional Laplacian on rectangular domains.

Let us first introduce some notations.



e Let R (resp. N) be the set of all real numbers (resp. non-negative integers),

and let Ng = NU {0}.

e We use boldface lowercase letters to denote d-dimensional multi-indexes, vec-
tors and multi-variables, e.g., 3 = (j1, - ,Ja), k = (k1,--- ,kq) and & =
(w1, ,mq). Also, let 1 = (1,1,---,1) € N4 ¢; = (0,---,1,---,0) be the

i-th unit vector in R?, and use the following conventions

a > k< v1§j§d7 Qa; > kj.

e Denote by [£]1, |€]2, |€]s be the I1, 12, [ norm of € in RY, respectively.

1.2.1 Fourier-like basis functions
We consider the following general homogeneous boundary conditions:
a;v(£1) +bju, (1) =0 1< <d. (1.4)

To ensure the well-posedness, we assume that for any 0 < 57 < d, the constants a;-t

and bjE satisfy the following conditions
(i) a; > 0; (i) (a; ) +b; #0, a;b; <0;  (iii) (af)* +bF #0, afbf >0. (1.5)
We first define the one-dimensional spatial approximation space as
Vir = {v € Py : agv(£1) + brv,(£1) = 0}, (1.6)
and denote
hi(x) = Lip(x) + agp L1 (z) + bpLgso(x), 0< k<M -2, (1.7)

where Li(z) is the Legendre polynomial of degree k. It is shown in [19] that, for
boundary conditions in form of (1.4), there exists a unique set {ax, by} such that

hi, € Viga.



We recall below the construction of the Fourier-like basis functions [18]. Denote
by M (with entries m,, = (hy, hy)) and S (with entries s,, = —(hy,hq)) be the
mass matrix and stiffness matrix, respectively. Let E := (epq)pg=0... m—2 be the
matrix formed by the orthonormal eigenvectors of generalized eigenvalue problem of
M and S, and A = diag(My;) be the diagonal matrix with main diagonal being the

corresponding eigenvalues, i.e.,
SE=MEA, E'SE=A, E'ME=1,_,. (1.8)

Then, the Fourier-like basis is given by

M—-2

Sn(r) = Y euhy(x), 0<n<M-2. (1.9)

J=0

Thank to (1.8), it is easy to verify that

(¢M,p7 ¢Mq Z €kpCiq hk7 Z €jqMjkCrkp = ETME)pq = 5pq>
k,j=0 k,j=0
(—Adurp, Prrg) = Z exp€iq(hgs Iy Z €jqSikCrp = ETSE)pq = M,q0pq-
k,j=0 k,j=0
(1.10)
Let us define d-dimensional tensorial eigenfunctions and eigenvalues
¢Mn H¢Mn xj xec:= (_17 1)d7 and )\M,n = <)\M,n17 to 7)\M,nd)T7
and the d-dimensional approximation space
Vit .= span{gn(x) : m € Tor, x € Q}, (1.11)
where the index set
Ty :={n=(n, - ,ng) : 0<n; <M-2,1<j<d}. (1.12)

One verifies by using (1.10) that

(¢M,n7 ¢M,m) - 5mn y (_A¢M,n7 d)M,m) = |>‘M,n|1 5mn> (1'13)



where m,n € 1), and

d
Omn = [ [0myny» 1 Mtnlt = Nty + -+ + Msing- (1.14)

j=0
Indeed, the discrete Laplacian operator —Ay, : Vi4 — Vj¢ can be interpreted as

—A | va» which satisfies
M

<_AM¢M,n7 ¢M,m> = _(Ad)M,na ¢M,m) = ’AM,n|15mn7 V¢M,n7 d)M,m S V]\?{
Then, we arrive at following definition of discrete spectral fractional Laplacian.

Definition 1.2.1 Let {An, @rinfner,, be the discrete eigenpairs of the Laplacian
operator —Ay; on Vid. For any u € 2(—A), the discrete spectral fractional Laplacian
s given by

(—2n)hyu(z) = > GnlMaralf daral). (1.15)

neYy,

where Ty : 2(—A) — Vi¢ denote the orthogonal projection. Moreover, for any
uy € Vi, namely, up(z) = 3, cv, Un®un(®), the spectral fractional Laplacian is
given by

(~2a) Funr () = > Tl Mt arn (). (1.16)

nETM

1.2.2 Spectral method for fractional Laplacian equation

We consider (1.1) with (1.4). Then, our spectral Galerkin method using the
Fourier-like basis functions is as follows:

Find uy; € Vi¢ such that

((Aw) 2w, v) = (f0)0 Vv € V. (1.17)
We write
ug (@) = D limPurrm (). (1.18)
mey

Substituting (1.18) into (1.17) and taking v = ¢y, (), the scheme (1.25) becomes

Y am((=200)% Prtms drm)o = (f, Prim)o- (1.19)

mey



By the orthogonality (1.13) and (1.16), we obtain
a’n: |)\M,’n|1_%fna \V/nETM,

where

fn = (f7 ¢M,n)ﬂ-

Finally, the numerical solutions of (1.17) can be obtained from (1.18).

1.2.3 Space-time spectral method
We shall start by considering a special case of (1.2) with Nv = fv —g:
v+ e(=A)2v+ fu=yg, V(x,t)eD=Qx(0,T] (1.20)

with the initial condition v(x,0) = ue(x) and boundary conditions (1.4). We shall
extend the algorithm to the general case of (1.2) in Section 5.

We propose below a space-time spectral method for (1.20) based on the Fourier-
like basis in space and a dual-Petrov Legendre-Galerkin formulation in time.

We first decompose the solution v(«,t) into two parts as
v(x,t) = u(x,t) + ug(x), (1.21)

with u(a,0) = 0. Hence, by (1.21) , the equation (1.20) is equivalent to the following

equation
u + e(—A)2u+ fu=f, Y(x,t)€D, (1.22)
where
fla,t) = g(®,1) — (=) Fug(®) — Buo(x),
with

u(z,0) =0, Vel (1.23)

and the boundary conditions (1.4).



Since (1.20) or (1.22) has first order derivative in time, it is suitable to use the
dual-Petrov Legendre-Galerkin method in time direction [18,20]. To simplify the
presentation, we first scale the time interval from (0,7") to (—1,1), and define a pair

of “dual” approximation spaces (in time):
Sv={u€Py:u(-1)=0}, Sy={uePy:ul)=0} (1.24)

Then, after scaling the time interval to (—1, 1), the space-time spectral approximation

of (1.22) is: Find uy, € Vi @ Sy such that
(Ovur, v)p, +e((—Dar) 2ur, v)p + Bug, v)p = (f,v)p, Yo e VT®SE.  (1.25)

We now describe the numerical implementation of (1.25). An obvious choice for V;¢
in space is the Fourier-like basis function {¢nsk }rer,,- As for Sy and S5 in time, we

set
Un(t) = La(t) + Lasa(t),  ¥g(t) = Lg(t) — Lgia (D), (1.26)

and write

wr@ )= 3 i mrtm (@) (t). (1.27)

meTy n=0

Substituting (1.27) into (1.25) and taking v = ¢y p()1;(t), the scheme (1.25) be-

comes
N—-1
anm{(¢M,ma ¢M,p)ﬂ (atwrw w;;)l + E((_AM)%¢M,m7 ¢M,p>ﬂ (wn7 w;k)I
meYy n=0
+ B(Satms Buip)e (s 1)1 b = (f, uipty)p-
(1.28)
Denote
Um = (a(),ma al,ma cee 7aN—1,m)T7
Sén - (at¢n7¢;)f7 mgn = (¢]7¢:>17 (129)

S' = (stn)o<gmen—1, M' = (mp,)o<gnan-1,

fq,p = <f7 ¢M,pw;)D> fm = (f~0,m7 fl,ma ER fol,m)T-
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One may verifies that [18]
sfm = (Oihn, V) = 204n, mfm = (Yn, ;) =0, if |g—n|> 1. (1.30)
Then, from (1.29) and (1.30), we find that (1.25) is equivalent to the following
21 + (A rm|? + BYM Nt = frn, M € Ty (1.31)

Since M is tri-diagonal, the above systems can be efficiently solved.

Finally, we obtain the numerical solutions of (1.25) by (1.27).

1.3 Error analysis

The aim of this section is to perform error analysis for the two spectral algorithms
(1.17) and (1.25) described in the previous section. For the sake of brevity, we shall
restrict ourselves to the cases with homogeneous Dirichlet boundary conditions.

Throughout this section, we assume that a € (0,2), s = § and a # 1.

1.3.1 Approximation of fractional Laplacian

We first recall some results in [21], which play a very important role in the forth-

coming analysis.

Definition 1.3.1 (see, e.q., [21, Appendiz]) Let (X,|| - ||x) and (Y, - |ly) be two

Banach spaces. A linear operator A : P(A) C X — Y with operator norm

| Az||y
[All 2@y = sup
orecr ||2]x

is said to be of type (w, K), if
1. A is densely defined and closed;

2. the resolvent set of —A contains the sector |arg\| < 7 —w, 0 < w < m, and
A+ A)7Y is uniformly bounded in each smaller sector |arg\| < m —w — ¢,

e > 0 with | XA+ A) H gwx) <K for A > 0.
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The following Corollary can be found in [21, Appendix].

Corollary 1.3.1 If A is of type (5, K), then we have
(e + A7 Aullx < (1 + E)lullx,  [(n+ A e@e < Kp' (1.32)

For u € 2(—A) := H*(Q) N H}(Q), the operator —A : H*(Q) — L*(Q) can be
defined via a bilinear form A(-,-) : Hj(Q2) x H}(2) — R, namely

A(u,v) = (—Au,v) = (Vu, Vv), for u,v € H) (), (1.33)

which satisfies continuity and coercivity.

For uys, vy € Vi, the operator —Ay; can be defined by the following bilinear form
<—AMUM, UM> = (VUM, VUM>, Upng, Uy € V]\il[, (134)

which satisfies continuity and coercivity.

Because of the continuity and coercivity, we immediately get the following lemma.

Lemma 1 The operator —A is of type (3,1). Moreover, the operator —Ay is also

of type (3, 1).

Proof According to [21,22], the operator A is is a closed and maximal accretive

operator. On the other hand, we have the following equivalence (see, e.g., [21])
e the operator —A in Q is a closed and maximal accretive operator;
e the operator —A is of type (5, 1);

which will automatically lead to the desired results. Note that —Ay, = —A|Vﬁ, SO

the operator —Ayy is also of type (§,1) (see, e.g., [21]). u

We now turn to fractional Laplacian operator (—A)z.

For u € 2((=A)2) := {u: (-A)2u € L*(Q),u € HO%(Q)}, the operator (—A)

R

can also be defined via a bilinear form

Af v), for wwe HZ(Q).  (1.35)

[N]}e]
—~
=

e
S~—

I
—~
—~

|

>
N~—

vl

£
S
S~

I
—~
—~

|

>
S~—

N[}
S
—~

|

>
S~—
N[}
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By density, the operator (—A)2 can be extended to the Hilbert space

H*(2) = {u =Y et € LX) : [[ufug) = Z ur|* X5, < oo} (1.36)
k=1
The theory of Hilbert scales presented in Chap. 1 of [23] shows that
[H3(Q), L2(Q)], = 2((—A)?), with 6=1—s. (1.37)
This implies the following characterization of the space H?*(€2)
(@) = (@), @), s € 0.,

H(Q) = { HZ(Q) = [HY(Q), LA, 5=

(1.38)

N |—=

1
2

Hi(Q) = [Hy(Q), L2 Q) _,, s €(3.1),

\

1
where H*(Q) and H§(Q), s # £, are the classical fractional Sobolev spaces, and Hg,

denote the Lions-Magenes space, which can be characterized as

b Loy u?(y)

If the boundary of  is Lipschitz, we have H§(Q) = H*(Q) for s € (0, 3]; and H§(Q2)
is strictly contained in H*(Q) for s € (3,1). In particular, we have the strict inclusion

HE\(Q) C HZ () = HE(Q).

Lemma 2 Forv € HO% (Q), a # 1 we have

(—8)50] 2 ol 5 (139)

Proof One derives immediately from (1.38) that the equality holds. [ |
Using the first equality of (1.39), we deduce the following:

45 (1, 0)] S ull s gl s e Tor v e HE (@), .

A3 (0,0 2l for ue HE(9).
From Definition 1.2.1, for any uy, vy € Vi4, the operator (—Ay)2 : Vi — Vi¢ can

be defined via following bilinear form

((=Aur) 2w, vnr) = (=) 5 ung, (—Aar) Tong). (1.41)

The following Lemma can be found in [22, Lemma 4.1].
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Lemma 3 For (0 < s < %, there is a constant C, such that for any vy € VjE,
I(=A) on || < Cl[(=An) onr - (1.42)
For 0 < s <1, there is a constant C, such that for any vy € Vi3,
(=) o[ < Cll(=A) v (1.43)
Therefore, we deduce from Lemma 2 and Lemma 3 that

[((=An) 5w, (—An) 5uar)| S H(=An) 5 uar || 2o || (—Anr) Four | 220

SI(=A) S w2yl (—A) 5 onr]| 220

S lunell g gy llonell 5§ for unr, vnr € Vi, (1.44)
(—Anr) Suar, (= An) )| 2 [1(= D) 5 g [| 720

2 -8 F el By 2 ey o for uas € Vif

Next, we define negative norms by

|lul| s = sup { ﬁz’f{),v € HS} , for s>0. (1.45)

The following Lemma plays a key role in the error analysis.

Lemma 4 For any 0 < s <1 and u € H}(Q) N H*>7*(Q), we have

I(=A)"u = (=An) Thyull (@) < cus [[(=A)u = (= Aa) sl ()

1-s

where ¢y s = c(s) ([l g-s) + ||ul|g-s@))

Proof By virtue of —Ay is of type (5,1) and (—Ay)~" is bounded, we follow the
procedure used in [21], the operator (—Ay,)® can be defined indirectly by

(= Agy) Ty = S20T8) /0 T (e (=) (= A T g, (1.46)

™
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Subtracting from (1.46) a similar expression with M replaced by M', M < M’ we

have

(—AM)SHMU — (—AM/)SHMIU

in(mws 0 0
=S;>L£w*w+vmm*@mmmMm—Aun+«Amr%Ammwwu
+AWMW+emmlw+@&m>%@@mmW—emmmWﬁq.
(1.47)

Moreover, we can derive from (1.32) with X' = 1 and the norm of linear operators

(see, e.g., [24, p102]) upon H~* that
. (1.32)
1+ (=2an)) ™ (= Aa) gl - < 2 Thyruf| (g

and

(i + (=) (e + (= Au)) ™ ((An)Tagu — (= Ay )t |-y

(1.32)
< [(p 4 (=Aw) " e+ (=) "z vy | (= Aan) hyw — (= Aap ) pul| -+(0)

(1.32)
< 2 (=) T — (=D ) g 115 (-
This, along with equation (1.47), yields
| (—=An ) Thyu — (= Ay ) Ty s o)

sin(7s) o
< ) o - + [Mral-o) | s
0

+ (= A s — (—AM')HM/UHH—S(Q)/ M572dﬂ]
1

sin(7s)

. [23_158(HHMUHH*S(Q) + [T ullg-s())

(1 — )65 (— A Ty — (_AM,)HM,UHHW)].
Taking 6 = [|(—2Au)u — (=) || sy / ([Tl -5y + [Tarull g-5o)), we
deduce that
(=) hrw — (=) T ul -+ @)
< () (Ml (@) + I Marruell (@)1 (=2ar)aru = (= Aagr) ozl -

Finally, letting M’ — oo leads to the desired results. [ ]
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1.3.2 Error bounds for (1.17)

To fix the idea, we restrict our attention to Q@ = A4 A = (—1,1). To derive the

error bounds, we take Iy, = IT;;* where I : H2(Q) — Py, satisfy

2.d H]%Jdu u

: 2,d
To measure the truncation error 1I;;"u — u, let us denote

and introduce the non-uniformly weighted Sobolev space B’ with semi-norm and

norim:

[

d 1
A 2 ’
ey = (30 3 N0l ) s Ny = (el + el )

=1 ret,

where the index sets

d
Y, ={reNd:d<r;<r; re€{0,2},i#j; Zrk:T} Vi<j<d (149

k=1

The approximation property of H]%/}d stated below:
Lemma 5 If u € HX(Q) and u € B"(Q) with max(d,2) <r < M + 1 then we have
7d -
L e — ey S MY ([ullazi) + lulgrqy), 1€ [0,2]. (1.50)

Proof Let ITf, : H*(A) — Py be the H?-orthogonal projection on A = (—1,1) such
that
IFu(£1) = w(£l), (IIu)'(£1) = u'(£1).

According to [25, Theorem 4.2], for any u € H*(A) and Jju € L}, »(A) with 2 <r <
M + 1, we have

IT5yw = ull e < MM (ullg= + 1070l -2), 1€ (0,2, (1.51)
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where ¢ is a positive constant independent of M and w. In view of (1.48), we have
% =150 oo o I with TIEY =112, j=1,--- ,d. (1.52)

For clarity, we only prove the results with d = 3, as it is straightforward to extend

the results to the case with d > 3. Using integration by parts, we have

3 3
1A u —w)l* =D (102, (MPu — w) > + / 02, (I u — w) 92 (M u — w)da
j=1 =1 Y A3
1#]

3 3
= D 02 (57w = )P + Y 110005, (7w — w)|* := L1 + .
j=1

4,j=1

i#j
(1.53)
By virtue of (1.51) and (1.52), we obtain that
] < 2 ||a2 <H27(1) _ 2 82 H27(1) H27(2) 2=(3) _ 2
1 > mlMUU)||+||x1MO(MOMUU)H
02, (10w — w2 + |02, 105 o (1Y o T3P u — )12
102, (00 — )2+ 92,15 o (I 0 11w — w)|2) (1.54)

d
-7 T 2 3y ]
< M2 )(||u||§q2 +) HaxjuHX(rfg)eJ + 2 o IO (02 ) — (82,u)|?
j=1
+2/ " o T (02,u) — (82,u) |1 + 2| o T (92, u) — (92, u) || 2.

Hence, it remains to estimate the last three terms in (1.54), and we only need to

consider the last term as they are similar to each other. Then, we can derive from
(1.54) and (1.51) with p = 0 that
2,(1 2,(2 2,(2
T o T2 (82 ) — (02, u)|| < T2 (02,u) — (92,u)|
2,(1 2,(2 2,(1
+ IV (02,0) — (02u)| + 11T — Ty ) (T (02, u) — (9,w)) |

T2 T3 27 T3

< e (Jlullz + 0202, 1l ey + 11052021 omare + 1105 02,020l iy ).

T2 U3

< e (Jlullz + 05202, 1 et 1105202, o )+ oM 2T (02,02,0) — (02,02,
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Applying this argument repeatedly leads to

B <2 ([l +z ozl + 3 105202l

1,7=1
i#]

(1.55)
+ Z ||(9T 48;8; Hi(r%)ei)-

i,7,k=1
i#j Ak

Now, we turn to estimate [5. Similarly, we only consider i = 1, 7 = 2 in I5, since
the other terms in /5 can be derived in a similar fashion. Then, we obtain from (1.52)

and the triangle inequality that
2 1 2,(1 2,(2 2,(3
182, 0y (170w — )| < |9y Doy (T 0 TP 0w — ) || + 1|8, Doy T 0 T (1P 0 — )|

1 X2 T3

< el + (1052020l oo+ 1182,82,05 4 om0, )

Applying this argument repeatedly leads to

I, < M (||u||H2+Z 1077202 ull oo, + Z |077402,02 w3, )

i,j=1 1,7,k=1
i#j i#j#k

(1.56)

According to [25, Lemma 8.8], there holds
00 — ul ey < AT U — u)ll20),

This, together with (1.55) and (1.56) leads to desired result (1.50) with p = 2.
Furthermore, we can follow a similar procedure as above to derive the L?-bound for
Hﬁf’. A combination of the above facts and the standard space interpolation leads to
(1.50) with d = 3. It is straightforward to extend the above derivation to d > 3. This

completes the proof. [ |

Theorem 1.3.1 Let o € (0,2), o # 1 and let u,uy be respectively the solutions of
%

(1.1) and (1.17). Ifu € HZ(Q) and u € H*(Q) N B™(Q) with 2 < m < M + 1, then

we have

@

7 ([l 20+l gy

[N]})

lu—untll 5 ) S M= (lull )+l gm gy ) +eug MEE
() @)
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Proof Then, applying the first Strang Lemma (see, e.g., [26]) to (1.44) , we can

obtain

|u — UMHH%(Q)

—A = —{(=A a
S oinf dllu—wyl g+ SUD ((=A)2wng, vr) - ((—Anr) 2wng, var)
wMEVAjIl ) 0;£UMEV]€} ||(_A)ZUM||L2(Q)

(=) 3wnr, onr) — (= Aar) 3wnr, vnr) }

|UM||H%(Q)

< inf {HU—UJMHH(;(Q)‘F sup

d
wy €Vyy 0Fuy €V

— inf {Hu — wM||H%(Q) + [[(=A) 2wy, — (_AM>%UJM||H_%(Q)} .

eVl

Take wy = H]@’du in the above, we derive from (1.50) and Lemma 4 that

|u — UMHH%(Q)
@ _m a d a a .d
S M= (llullzi) + lulgm ) + 11(=2)% (' — ) + (=A)Fu — (=Au) T ull -5 ).

Thus, it remains to estimate the last term of above equation. By (1.50), the triangle

inequality and Lemma 4, we obtain
a d a a4
(=2)F (I = w) + (=A)Fu — (~Av) P LB ull g

SN =A) 5 (I — )l -5 ) + (=) Fu — (=2n) F L ull -5
%

7d 7d
S 07" = ull 3 ) + cugll(=A)u = (= Aa) Ty u]

)
[, d 115
S M= (Jlullazi) + [ulgmgy) + cug |(=A)u = (=A) " 2 g

H™2(Q)

()

a_,. 2d, 1%
S M:e (HUHHQ(Q) + ’u‘ém(ﬂ)) + C“%Hu — I u‘|[2{2_%(9)

[N]1)

S M3 ([full ) + [ulgm(y) + cus MECET D ([[ul|2(0) + [ul (e

A combination of above facts lead to the desired result. [ |

1.3.3 Error bounds for (1.25)

In the error analysis, we compare the numerical solution with a suitable orthogonal
projection of the exact solution. The orthogonal projection in time W](\),’il D L2 1 (I) —

Sy, is defined by
(77](\)/_11) —, ¢)]7w0,—1 =0, ng € Sn. (157)
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Defining
HYI) = {u:ue H(I) N L2 (1)},

one observes that for any v € H'(I) and ¢ € S,
(&(WN v =), ¢)I = —(W](\),’_lv — v,w0718t¢)17w0,_1 =0, (1.58)

which follows from the fact w®'0,¢ € Sy and the definition (1.57). According to

Theorem 1.1 in [27], we have
Lemma 6 Ifve L?,_,(I) and OFv € L2, , ,(I) for 1 <k <mn, then
10 (™ 0 — ) ||l S N0 0]|gmn—1, 1< m, 1=0,1. (1.59)

For notational convenience, we denote by A™(D) (respectively B"(D)) a func-
tion space consisting of measurable functions satisfying ||u||amp)y < oo (respectively

|| Bn(py < 00), where for integers m > 2 and n > 0,

N

||U||Am(D) = (H ||atu||H2(Q) + |atu|]§M(Q)HiZ o) + H ||U||H2(Q) + |U’§m(Q)Hiio’l(1)> ’

Jullsroy = (1085 0y + 10 Er0n,ay)
Theorem 1.3.2 Leta# 1, > 0 and 8 > 0, and let u, uy, be respectively the solutions
of (1.22) and (1.25). Ifu € L2, ,(I; H*(Q)) N HY(I; L*(Q)) N A™(D) N B*(D) and
Opu € H*2(Q, L2,..—1 (1)) with integers m > 3 and n > 0, then we have

= well .2, oy + 1(=2)5 (= w202,y S N7 Mllze o) + MET [ullan )

o a_a 9 _ o —7n n
+deMEEETm) IIUI|H2<Q>+IUIBm(mHEim (o T AN u“HQ_f(QLQ Ly

o
2

o . 2,d 1-
where djj = c(a )(HH uH[{*? (Q.L2, (D)) + |‘uHH*%(Q,LZL71([))) :

Proof Let us denote uy, := 7rN 11_[2 Ay =112 dﬂj[\)] u and e, ;= uy, — uy. By virtue of
(1.2) with N'(u) = pu — f and (1.25), we have
a(u,v) : = (Opu,v) , + e((—=A)7u, (—A)%U)D + B(u,v), = (f,v)p,
CLM(UL,'U) F= (atUL,/U) << AM)% >D +ﬁ(uLav)D = (f> U)Da S VM X SN:
(1.60)
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which imply

a(u,v) = ay(ur,v), ve Wy ®Sy.
This, along with (1.60), yields
av(er,v) = a(u — ug,v) + aluy, v) — ap (g, v)
= (at(u—ﬂ,;),v) e((— A)i(u—1), (— A)%U)D+5(u—ﬂL,v)D (1.61)
+e((=A) 2y — (—Aw) 2z, v)p,
for all v € Vjy ® S5 Due to (1.58), the above equation can be simplified to
ay(er,v) =(0,(u — 11 %), v),,+ e((—A)F(u—my~ M), (- A)%U)D

—i—ﬂ(u—ﬂL,v)D—l—e((—A)% ( AM)% U)D.

(1.62)

Taking v = 1=ter (€ Vir ® S¥) in above equation, and using Lemma 2, we arrive at

1+t
||6L||L2(Q,Lioyi2(1)) + \/EHeLHH%(Q,LiL,l(I)) + \/BHeLHLQ(Q,L%,,lU))
= llewllzarz, ) + \/EH(—A)%@L\|L2(97L“)L y +VBlewl e, 2,0

2,d a —17172,d
S 10 (u = TL7") | p2g,2, oy + 1(=2)F (= my T ) |22, oy

(1.63)

= Tllxoz, Ly + 1230 = (A3 0l -5 0.2, )y

The first two terms at the right-hand side can be bounded by using Lemma 5 - 6,
(1.58), (1.59) and (1.50) as follows:

7d —m
100w = T w22, oy S M| 10l 20 + 10rul gyl 2,1y

||(_A)%<u_7TN H u)l|L2(Q L21 (D)
je3 07 077 & 2

< (=A)% (u —my U)HLQ(Q,LiL_l(I)) + [y (=A) £ (u — I )HLQ(Q,LZL_I(I))
0,—1 2,d

Slu—myullys oz, @y T le—Ihiullys @z, oy

< Ny + M5 2o + [l ey 2,

u||H%(Q7Lin,n—1(I)) —1(1)’

and
~ 0,—1 2,d 0,—1
= ullaz, an S ™ (=T, o + o= my " e, o
< lu— 113 u||L2 QL2 (D) +HU_7TN7 ull 20,2 2o—1(D)

S./ M m” HUHH2(Q) + ‘uyém(Q)HLQD,—l(D + N nHat u|’L2(Q7Lin,n—l(I))'
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A combination of the above leads to
||€L||L2(Q,Lio,72(1)) + \/E||6L||H%(Q,L11771(I) S M| Orull ey + |atu|§m(Q)HLig,o(1)
+ NﬁnHa?uHH%(Q,Linm_l(I)) + Miim” [[ull 2(0) + ‘uyém(Q)HLQO,_I(I)

+ N0 ull 2z, oy + I(=A) 20 — (— ) 2 a5 @2,y
(1.64)

We can estimate the last term by using an argument similar to that for the proof in

Theorem 1.3.1,
(=25 — (=2an) 30| -5 .02,y
<22 (@ —w) + (=A)2u— (=Aw) 2l -5 g 12 (1))

< N-2% @ = Wl -5 @e, oy + IR = (A E Tl 50

(1.65)
By (1.59) and (1.50), the bound of first term in (1.65) is given by
=22 — Wl -39, 1y SN~ ullysore, o
(L2, (1) (L2, (1) (1.6
< N_n”a?u”H%(QyLin,nfl(I)) + M|l o) + [ulgm Q)||L20 Ly

Then, by Lemma 4, we estimate the last term of (1.65) by

~A)zu U < 4% (— (=
1220 = (=800 2Tl g0,y S AN D)= DG g o

S Al A~y + d |y A - )| 2 1.67)

2
)|’H7%(Q7L2 1( )

+ 0| — T2

TEQL?, <I><>

S dsflu—my"ul?

H*F(Q.L2, _, (1) 8 QL2 (1)

SdiN™ ’”||8”u||

anrg(2—5—m g
3@, ())+d“M2( = ||“||H2<Q>+|“ ém(mHzio,fl(I)'

On the other hand, we have u — v, = u — u, + ¢;,. Then, using Lemma 6 - 1.50,
again yields for a # 1,
(=A% (w =)l 22,y

SNl sz, Ly T MET" || Nl o) + W’ém(ﬂ)”Ljo,_lU)’
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and

||u_aL||L2(Q,LZO’71(I)) S M—’VTLH ||u||H2(Q)+|u é’m(Q)||L20771(I)+N_n||a?u||L2(Q7Lin,n71(I))

Consequently, the desired result follows from above estimates, the triangle inequality

and (1.67). u

1.4 Numerical results for linear fractional equations

In this section, we present some numerical results obtained by the spectral method

(1.17) for (1.1) and the space-time spectral method (1.25) for (1.22).

Example 1 (with known smooth exact solutions)
We consider first the following smooth exact solutions for (1.1) with homogeneous

Dirichlet boundary conditions:

U([L’) = Spk(x) and U(Qf, y) = Sﬁk;(x)@k;/(y), k? K = 07 1a 27 ) (168>

where {\g, ¢ }r>0 denote the eigenpairs of spectral Laplacian operator on (—1,1), and
have explicit formulas

(k+ 1)7r>2.

o) = sin(y/ (@ + 1)), )\k:< . (1.69)

The corresponding source term can be calculated by using the definition of spectral

fractional Laplacian

F(x) = A2on(@),  Fl@,y) = O+ M) or(@)on(y).

In Fig 1.1, we list the H? -errors in semi-log scale with o = 1.8. The plots in
Fig 1.1 indicate the numerical errors decay exponentially. This is consistent with
the theoretical result in Theorem 3.1 which predicts that for this smooth solution, the

convergence rate is faster than any algebraic rate.

Example 2 (with a unknown weakly singular solution)
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Iogw(H“/ZError)
Iogm(H“'/zError)

Figure 1.1.: (a). H?Z-error in semi-log scale of (1.1) with u(z) = ¢ (x); (b). H?Zz-error in
semi-log scale of (1.1) with u(z,y) = pr(z)ek(y).

We consider now the problem (1.1) with f(z) = 1 and homogeneous Dirichlet
boundary conditions. Since the exact solution is unknown, we use the truncation of

the exact solution
10000

u(z) = YA (L py)ps(a), (1.70)

Jj=0

as the reference solution, where {\;, ¢;}j>o0 are given in (1.69). It is known that the

[NII~)

exact solution has weak singularities at the boundary [10]. In the left of Fig 1.2, we
plot the H2 -error of our Legendre spectral method in log-log scale. We observe that
the convergence rate is clearly O(M™'=%). As a comparison, we also plot the H?% -
error of the Fourier spectral method [1] in the right of Fig 1.2. We observe that the
Fourier spectral method converge at O(M ~05=a/2) “which means the convergence rate
of our method is twice that of Fourier spectral method under H % -norm.

We plot in Fig 1.8 the L*-error of our Legendre spectral method in log-log scale.
While one can not use the usual duality argument to improve the error estimate in
L?-norm, we do observe that the L*-error decays as O(M~'72*), an improvement of

fe3
order o over the Hz2 -error.

Example 3 (a fractional diffusion equation)
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Figure 1.2.: (a). HZ2-error, in log-log scale, of our method for (1.1) with right hand side
term f(x) = 1; (b). H2-error, in log-log scale, of Fourier spectral method in [1] for (1.1)
with right hand side term f(z) = 1.

10°
10293
O 2
4|
§ 10
o —0-a=0.4
)| o)
10 —o-0=0.8
- - oM?8)
——a=1.2
10°F|- - o4
——a=1.6
I O(M-4.2)
10-10 L L ! !
4 24 44 64 84100

Figure 1.3.: L2-error, in log-log scale, of our method for (1.1) with right hand side term
f) =1

As the last ezample, we consider the following fractional diffusion equation

o+ (=A)2u =0, (1.71)
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with the initial conditions: (a) a Gaussian like function e252%/(1-2%) (with homo-
geneous Dirichlet boundary condition); (b) a sigmoid exhibiting sharper gradients
tanh(25x/v/1 — 22) (with Neumann boundary condition). The numerical solution
computed with our space-time spectral method with M = N = 100 at T" = 0.1 are
plotted in Figure 1.4, and the black dotted line is the initial conditions. We observe
that, as expected, the diffusion rate decreases as the fractional power « decreases.

In Fig 1.5, we list the L*-errors of (1.71), compared with an “exact” solution
computed with a refined mesh, in semi-log scale against various M = N at T = 0.1.
We observe an exponential convergence with respect to M = N for our space-time
spectral method, but as a decreases, the rate of convergence also decreases. This is
due to the fact that, with the given initial conditions, the solution is essentially smooth

in the time interval that we considered.

1 - - Initial data
——q=1.2
—o—a=1.4 )
a=1.6 0.5+
—+a=1.8
——a=2

((((((((((
o
e
o
&
e

0.8}

0.6+

5
0"
g

u(x)
u(x)
o

- - Initial data
——q=1.2
—o—q=1.4
a=1.6

L oo™ —4—a=1 8
——a=2

"
ooty
0 e

-1 -0.5 0 0.5 1

Figure 1.4.: Numerical solution of fractional heat equation (1.71) for different o: (a) initial

data: e~257%/(1=2%); (1) initial data: tanh(25z/v/1 — 22).
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Iogw(LZ—Error)
| 2
ogm(L -Error)

Figure 1.5.: L%error for (1.71) at T = 0.1 for different ; (a) initial data ug = e~25¢*/(1-2%).
(b). initial data ug = tanh(25x/v/1 — x2).

1.5 Application to nonlinear fractional equations

The method presented in Section 2 can be used as an effective preconditioner in the
Jacobian-free Newton-Krylov algorithm [28] to solve nonlinear fractional equations

(1.2). More precisely, the linearized (about a function w) equation of (1.2) is:
Lo, = 0w+ (=A)2v + N'(w)v = 0. (1.72)
Hence, with a suitable constant 3, Ly defined by
Lov:= 0w + E(—=A)3v + fu

will be an effective preconditioner for £,. Since v — L,v and v — L L can be
efficiently performed in the space-time approximation space described in Section 2,
we can solve (1.2) efficiently with the the Jacobian-free Newton-Krylov algorithm. In

addition, the following strategies are used:
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e The convergence rate of the Newton-Krylov iteration depends on the quality of
the initial guess. We use the following simple semi-implicit scheme to generate

such an initial guess: Find v/ € Vi s.t.

UTL+1 _ Un . .
(H,wM)—l—(eQ(—A)?UMH,wM)+(N(UM),wM) =0 VYuy € Vi4, (1.73)

where t* are the scaled Legendre-Gauss-Radau points. The above equation can

be easily solved by using the Fourier-like basis of V4.

e To integrate the nonlinear problems (1.2) for a large time interval [0, 7], we can
first divide [0, 7] into a number of smaller intervals [0, 7] = UK, [T;_; — T}, and

apply the space-time spectral method on each interval using the final solution

at the interval [T;_; — T;] as the initial condition for the interval [T; — T},4].

1.5.1 Fractional FitzHugh-Nagumo model

The FitzHugh-Nagumo model is a system of reaction-diffusion equations describ-
ing wave propagation in an excitable medium. It takes the following form (with

a=2):

Ou = —K,(—A)2u + u(l — u)(u —a) — v,
O = €(Pu —yv — 9), (1.74)
Onulon = Opvlan = 0,

where u is a ”fast” variable which describes membrane potential of a cell and v is a
"slow” variable which connects with the medium conductivity by inverse ratio. Here,
we also consider the fractional FitzHugh-Nagumo model, represented by the above
system with o € (1,2), which takes into accounts non-local interactions [1].

Let Q = (—1,1)?, and set the parameters in (1.74) to be a = 0.1,¢ = 0.01, 8 =
0.5,7 = 1,0 = 0. These parameters are considered in [1], and they lead to stable
patterns in the system in the form of re-entrant spiral waves. In our simulations,

the trivial state (u,v) = (0,0) was perturbed by setting the lower-left quarter of
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the domain to v = 1 and the upper half part to v = 0.1, which allows the initial
condition to rotate clockwise to generate spiral patterns. We discretize the spatial
domain using 256 X 256 points, and compute the solution up to 7' = 2000 so that the
solution reaches the steady state.

The steady state rotating solutions at ¢ = 2000, with different diffusion coefficient
K and fractional order «, are presented in Fig. 1.6. we observe similar behaviors
as reported in [1]. Namely, as « decreases, the width of the excitation wavefront
decreases (cf. the top row of Fig. 1.6), which also happens as we decrease the diffusion
coefficient (cf. the bottom row of Fig. 1.6). However, there is also a significant
difference between our simulation with homogeneous Neumann boundary conditions
and the simulation in [1] with a periodic boundary condition: in our simulations,
the rotation angles are more aligned with the boundary which reflects the effect
of the homogeneous Neumann boundary conditions, while in their simulations the

curvatures are essentially uniform.

-0.5 0 05

(d) K, =5x107° (e) K, =3 x 107° (f) K, = 1075

Figure 1.6.: Spiral wave in FitzHugh-Nagumo model for various a and K,; top:

K, =107%; bottom: o = 1.7.
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1.5.2 Fractional Allen-Cahn equation

The Allen-Cahn equation is a reaction-diffusion equation describing the process

of phase separation in crystalline solids. It takes the following form (with o = 2):
o+ (=A)2u+ (u> — 1)u = 0. (1.75)

The fractional Allen-Cahn equation (with a € (1,2)) has received some attention
recently [3,29,30]. In the following, we shall present some numerical results for both

the regular and fractional Allen-Cahn equation. In all computations below, we set

e=0.1.

Solution transition presentation

We then give an example to show the transition process of the solution, see,
e.g., Fig 1.7. In our example, = € [—1,1], t € [0,3000] and 128 x 128 points used to
discretize the region. Here initial solution is selected as u(x, 0) = 1 sin(¥x)(cos(rz) —
1). As mentioned in [1], in @ = 2 and 1.7 cases, the initial solution evolves to an
unstable intermediate equilibrium and then quickly transform to a settlement with
one interface. However in @ = 1.4 case, the unstable state lasts longer and when «
continues decreasing, the final equilibrium will become two waves. In Figure 1.8 we
also plot the initial transition of the solution for @ = 1.4, where ¢ € [0,10]. This

figure shows the sudden transform of the initial state which may not be observed in

Fig. 1.7 because of the large time scale.

width of 1-D interfacial layer

It is well-known that the parameter e represents the interfacial width of the regu-
lar Allen-Cahn equation, and that the interfacial width deceases as o decreases in the

fractional Allen-Cahn equation [3,29,30]. More precisely, it has been observed com-
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3000

Figure 1.7.: Solution transitions in Allen-Cahn equation with ¢ € [0, 3000] for various

Q.

Figure 1.8.: Initial transition of the Allen-Cahn equation with ¢ € [0, 10].
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putationally [30] in and proved in [3] that the interfacial width behaves like O(e/®).

In this example, We take the initial solution to be

1, 0<ax<l,
up(r) = (1.76)
-1, —-1<2<0,
and compute the solution up to time=1 using N = 64, M = 1024 in our space-time
spectral method. In the left of Fig. 1.9, we plot the interfacial layer for different o at
time 7" = 1. And the thickness L is defined to be {z| —1 < x < 1 and |u(z)| < 0.99}
(as is shown in Fig 1.9 (a)). In the right of Fig. 1.9, we plot the interfacial width L

with different o and €, and we observe indeed that as the interfacial width decreases

as a decreases, and behaves like L = O(¢'/%) [3,30].

Interface layer fora=2, 1.6 and 1.2

0.67 . . ;
.005 0.01 0.015 0.02 0.025

Figure 1.9.: (a) Interfacial layers with different «; (b) Layer width L against € for different

values of a.

2D kissing balls

We simulate the coalescence of two kissing bubbles, i.e. with the following initial
condition

L (@+plty’<gor(@—3)7+y° <

Y

W=

o (,y) = (L.77)

-1, otherwise.
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Here we take e = 0.1, M = 128. In order to illustrate the effect of changing the value
of fractional derivative o on the character of the solution of fractional Allen-Cahn
equation, we present plots of the solution for different values of fractional order « at
various times in Fig. 1.10 . We observe that in all cases, as time evolves, the two
bubbles coalesce into a single bubble but then shrink and disappear. This is because
Allen-Cahn equation doesn’t conserve mass. On the other hand, when « decreases to

fractional case, the shrinking speed becomes slower.

t=4

=y
<
—

'

'
4
o
-
-
o
-

'
4
o
-

(a) a=2.0

t=4

(b) =18

t=4

(c) a=15

Figure 1.10.: Evolution of solution of fractional Allen-Cahn equation with initial

condition (1.77) for various fractional ordera.
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Velocity of 2-D moving interface

As suggested in [31], in order to predict quantitatively the kinetics of microstruc-
tural evolution, we have to calculate not only the accurate equilibrium profiles but
also the accurate velocity of a moving interface. To compare the influence of frac-
tional order av on the velocity of a moving interface, we consider the two dimensions
Allen-Cahn equation with system size 128 x 128 in domain [—1,1]%. In Fig. 1.11 we
plotted the contour near v = 0 which captures the movement of the interface. At
time t = 0, there is a circular interface boundary with a radius of 74. The order
parameter values inside the circle are assigned to be +1 and —1 outside. Such a
circular interface is unstable and will shrink under the mean curvature. In Fig. 1.12
we compute the radius of the inner circle with respect to time ¢ for different «. It is
numerically observed that the radius of the circle shrinks as R2 — R? = O(t*/?) where

Ry is the initial radius.
1.6 Stochastic pde with fractional laplacian

1.6.1 Formulation

In this section we present one application of our algorithm in stochastic PDE with
polynomial chaos. In this problem setting the fractional order « is a random variable

satisfying certain distribution. The problem we are going to deal with is:
APz, y) = f(z,y) (1.78)

Here y € [—1,1] and satisfy uniform distribution for simple calculation. Following

our previous definition of fractional Laplacian, we have

AP, = N2,
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t=15 =30 =45 1=60 =75
1 1 1 1 1
05 05 05 05 05
0 0 0 0 0
05 05 05 05 05
A A Bl Bl A
4 05 0 05 1 4 05 0 05 1 4 05 0 05 1 4 05 0 05 1 4 05 0 05 1

t=15 =30 =45 =60 =75
1 1 1 1 1
05 05 05 05 05
0 0 0 0 0
05 05 05 05 05
1 1 A 1 1
1 05 0 05 1 1 05 0 05 1 - 05 0 05 1 1 05 0 05 1 1 05 0 05 1

(b) a=1.8

t=15 =30 t=45 1=60 =75
1 1 1 1 1
05 05 05 05 05
0 0 0 0 0
05 05 05 05 05
A Bl Rl Bl A
4 05 0 05 1 4 05 0 05 1 4 05 0 05 1 4 05 0 05 1 4 05 ) 05 1

I
0.5¢ T
0.4f >
%))
>
- 0.3¢ B
o
02/l ——q=2 1
—o—0=1.7
0.1 5—g=1.4 1
—A—a=1.1
0 Il "
0 20 40 60

time

Figure 1.12.: Radius of the circular domain as a function of time obtained with

different fractional order o using time step At = 0.5.
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where ®;(z) are the eigenfunction of Laplacian operator. As mentioned in [32], with
uniform distribution, one should use Legendre polynomials as the basis for stochastic

variable. Thus we have:

M N
AV 2up () = 33w A0 (0) Li(y) = f(ay)

i=1 j=1

Then we take expectation of the equation and get the following inner product:

(@), (@) La(y)) = DY uis(®i(x), @, (2)) NV 2L;(y), Lo(y)) (1.79)

i=1 j=1

= 2 (T Li(Y), Ly(y)) (1.80)

1.6.2 Numerical Examples

We test the solution with:f(x,y) = sin(nz). In Fig. (1.13) a, the stochastic
solution is given, the y axis is the random variable and one could reach different
solution when y varies. Fig. (1.13) b is the expectation of the function u(-,Y = y)
which would be the exact solution of the FPDE.

1.7 Conclusion

In this paper, we developed efficient spectral methods for solving PDEs with frac-
tional Laplacians, and carried out rigorous error analysis for them. The methods are
based on the Fourier-like basis functions which are the eigenfunctions of the discrete
fractional Laplacian with non periodic boundary conditions. Therefore, the nonlocal
fractional Laplacian operator can be naturally handled, leading to simple, efficient
and accurate numerical algorithms. Our numerical experiments demonstrated that
our algorithms are robust, efficient and accurate for a variety of linear and nonlinear
PDEs with fractional Laplacian.

The analytical framework we introduced to estimate the errors between fractional

Laplacian and discrete fractional Laplacian is not restricted to spectral methods and
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can be used to analyze numerical approximations of fractional Laplacian by using
other Galerkin type approximations such as finite-element methods.

We only considered rectangular domains in this paper. However, by using a re-
cently developed spectral method for general domains [17], we expect to be able to

extend the approach proposed here to problems in more general domains.



38

2. EFFICIENT NUMERICAL SCHEME FOR
COMPUTING STABILITY OF QUASI-CRYSTALLINE
INTERFACE

2.1 Introduction

When we mention a modulated structure in space, for a long time in the history we
think of a parallelepiped, typically cubic, unit cell occurring repeatedly in the space.
A few structures easy to imagine include lamellae, cylinder, and sphere structures.
Some complex structures are also observed, such as gyroid structure. Despite they
might seem fancy, we can always cut a unit cell from the structure. These structures
have been found in various systems, including metals, colloids, block copolymer, liquid
crystals, etc. [33-35]. Mathematically, they can be described by periodic functions in
R3. It was not until the 1980s that the first discovery of a 5-fold symmetry structure in
arapidly cooled Al-Mn alloy is reported [36], which is recognized as quasicrystals years
later. Since then, quasicrystals are observed in several other physical systems [37-39).
In quasicrystals, local morphology can be found repeatedly, but one is not able to find
a unit cell. To describe quasicrystals, periodic functions are no longer appropriate
and have been extended to quasiperiodic functions, which can be generated by the
limitation of a periodic function in R™ onto an R?® subspace. In this sense, a periodic
structure can be regarded as special cases of quasicrystals. The most interesting fact
about quasicrystals is that they can form symmetries not allowed by crystallographic
space groups, such as five-, eight-, ten- and twelve-fold rotations and icosahedral
symmetries [40-45].

Studies of quasicrystals have been focusing on the structures themselves. For
the phase transitions involving quasicrystals, we currently know very little. Phase

transitions can typically occur in two different ways. One is that one phase loses
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stability and transforms into another as a whole. The other is that two phases coexist
for some time and the change mainly happens in the transition zone. In the latter, the
transition zone is understood as an interface between two structures. The driving force
of the phase transitions comes from the interface where excess energy is stored. When
modulated phases are involved, the morphology of interfacial more complex, since the
modulated phase possesses different intrinsic structures with different symmetries.
For many materials consisting of modulated phases, the morphology of interface has
a great effect on physical properties, such as elasticity and conductivity.

There are different viewpoints held on the interface. In many works, the interface is
regarded as a transient state [46-48]. One could choose a finite domain, let two phases
occupy part of the domain, and focus on the dynamics showing the movement of the
interface. Studies of this kind are common for the interface between disordered phases
such as water-vapor interface. The interface between modulated phases, however,
usually has a long lifetime and is dependent on relative position and orientation.
It is desirable to view the interface as a steady state under some constraints, so as
to figure out the mechanism of connecting two modulated structures with different
symmetries. From the above setting, it is difficult to control the relative position and
orientation, and typically multiple structures are obtained that could interplay each
other, making it difficult for us to identify the mechanism. Therefore, we choose the
framework proposed in [49]. In that framework, the whole space is divided into three
regions by two parallel planes, the two phases, with each phase being displaced or
rotated, occupy the two on the sides, and a transition zone occurs in between. After
posing the two phases as above, one then chooses the appropriate function space and
boundary conditions that are able to describe both phases and constrain the relative
position and orientation. In this function space, one could then let the system evolve
to a local minimizer, typically under a gradient flow, to obtain the process for the
interface to reach the optimal structure. Under this framework, we would understand

the mechanism more clearly.
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Although the framework in [49] is clear, the numerical methods are not careful-
ly designed previously. Only the special cases are examined where two phases are
matched with common periodicity, and the numerical schemes adopted are naive.
When quasicrystals are put into consideration, further difficulties arise. The first one
is that high-order spatial derivatives will likely be involved, which is common in the
models of quasicrystals. We use the Lifschitz—Petrich free energy [50], a model system
that contains up eighth-order spatial derivatives. The free energy requires conserva-
tion of mass, so the H~! gradient flow will be studied. As a result, we need to solve
a PDE with tenth-order spatial derivatives. To reach the accuracy that will not the
destruct the quasicrystalline structures, it is crucial to choose an appropriate spatial
discretization. Problems of this kind have been studied for capturing the bulk pro-
file [51], where one either needs to use Fourier series of higher dimensional space, or
approximate by the Fourier series in three-dimensional space with a carefully chosen
length of period. In the system for computing the interfacial structure, however, the
Fourier series cannot be adopted directly. This will bring a second difficulty, that is,
to specify the boundary conditions numerically. We need to displace and rotate its
profile into a given position and orientation, then find the boundary conditions and
set them for the interface system. These two steps are trivial for PDE, but become
a problem for the discretized system. For the special cases where common periodic-
ity exists, this problem could be evaded by using the same spatial discretization for
both the bulk profile and the interface system. However, this is no longer applicable
for quasiperiodic interface. Since the spatial discretization will be different, when
implementing the rotation and transformation between different discretization, we
also need to guarantee reasonable accuracy that is able to keep the two phases on
both sides. A third difficulty brought by the high-order spatial derivatives is for the
time discretization of the gradient flow that requires energy stability. An ideal time
discretization would combine energy stability, efficiency and easy implementation.

Taking these difficulties into consideration, the finite difference and finite element

methods that are commonly used in previous works [52-55] are not very convenient,
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because for solving high order PDEs the long grid stencils for high order derivative
discretization will have a problem on accuracy. Spectral-collocation method is also not
appropriate as the quadratures involving derivatives at the boundary points are diffi-
cult to derive [56]. We propose to use the spectral methods for spatial discretization,
which are accurate enough to describe the quasiperiodic structures and are conve-
nient to implement rotation and specify boundary conditions. Spectral methods have
proved to be efficient and accurate for solving PDEs involving high order derivatives
in simple geometries, which have been applied to the third-order KdV equation [57]
and some fourth-order equations [58,59]. Spectral methods embrace the advantage
that the resulting linear system is sparse and well-conditioned, and in some cases fast
direct solvers are available. Theoretical analysis and numerical results have shown
the accuracy and efficiency [57]. For the interface system, we propose to use mix-
ing of Fourier series and generalized Jacobi polynomials as spatial discretization. It
is worth pointing out that when dealing with quasiperiodicity, to describe a system
with certain physical dimension, usually the dimension of computation is necessarily
higher (cf. [51], where four-dimensional Fourier series are needed for two-dimensional
dodecagonal structures). The system to be solved numerically could become very
large if we do not carefully control the size of spatial discretization. The spectral
methods are able to reach adequate accuracy with a relatively small the number of
variables in each dimension. Thus, spectral methods can greatly reduce the size of
the discretized system, thereby improve the efficiency.

For the time discretization, we use the SAV approach proposed recently for gra-
dient flows [60,61]. The SAV approach leads to numerical schemes linearly implicit
with unconditional energy stability. Furthermore, the resulting linear system has con-
stant coefficients that is easy to solve efficiently. This approach is extremely suitable
when the free energy of the gradient flow has a dominant quadratic part, which is
exactly the case for the Lifshitz—Petrich energy. Together with the spectral methods

for spatial discretization, the linear system is block diagonalized so that we can solve
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without much effort. For the Lifshitz—Petrich energy, the convergence of the time
discretization has actually been covered by the analysis in [62].

On applying the above numerical scheme for the quasicrystal interface, we examine
some cases that are not dealt with previously. In particular, apart from the interface
with a periodic structure, we focus on the quasiperiodic cases. These cases include
the interface between periodic phases without common periodicity, or the interface
involving quasicrystals. Some novel structures are presented. From these examples,
we can see the potential of applying our scheme to deal with a larger class of free
energy functionals, such as free energy characterizing long-range pairwise interactions
proposed for 3D icosahedral quasicrystals [43].

The rest of the paper is organized as follows. In Section 2, we describe the basic
setting and discretization. We introduce the Lifshitz-Petrich free energy and the
function space for quasicrystal solutions, followed by explaining the function space
and boundary conditions for the interface system. Then, we discretize using the SAV
scheme, followed by spatial discretization. In two of the three directions we use the
Fourier series. For the other direction, we explain how to construct an approximation
space by Jacobi polynomials. Significant details in the implementation are explained.
Numerical results of interfacial structures will be presented in Section 3. Concluding

remarks are given in Section 4.

2.2 Model and numerical algorithms

2.2.1 Lifshitz—Petrich model and quasicrystal solutions

The free energy for modulated phases might originate from Brazovskii [63], known
as the Landau-Brazovskii model, and is later studied in different context [64-66]. By
modifying the Landau—Brazovskii model, some free energy functionals are proposed

for quasicrystals [50,67,68]. We will consider the Lifshitz—Petrich (LP) free energy
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proposed in [50] and has received much attention. The free energy density in a domain
Q) C R? is given by

1

Bl = s [ {518+ D@+ )07 = 5 = 500+ 10t ar (2)

where r = (z,y,2)", V() is the volume of 2, and ¢ > 0, ¢ > 0, ¢, « are phe-
nomenological parameters. This free energy is simple while is able to describe many
modulated phases including quasicrystals.

The bulk profile of a phase is obtained by minimizing the functional (2.1) when
letting Q0 — R3. If the phase is periodic with the unit cell €, we can verify that

lim E[p(r); Q) = Elo(r); Q. (2.2)

QR3
which is the energy density in the unit cell. However, the limit on the left-hand side
is also suitable for quasicrystals. The free energy is characterized by the first term
involving derivatives. We could see it by taking a simple wave cos(p - r) into the

energy where p is a constant vector. The first term yields

c
1= 1P (@ = IpI")",
indicating that this term favors |p| = 1 or |p| = ¢. This term acts as a role of

wavelength selection that damps out all modes except those near the above two
spherical surface.
No matter for periodic or quasiperiodic phases, the profile could be written in the

following form,
S(r) = D Ok oxp(i ¥ kjbs- 7). (2.3)
j=1

In the above, b; (j = 1,...,n) are n vectors in R® that are linearly independent about
the field of rational numbers Q. It implies that Z?Zl k;b; = 0 for some integers k;
is equivalent to k; = 0. We define the n-dimensional integer vector k and the 3 x n

matrix B as

k=(ki....k)!, B=(by....by). (2.4)
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The profile ¢(r) can then be written as

=Y drexp(ik'B'r). (2.5)

kezn

Taking the profile into the free energy, noticing the linear independence of b; and the

equality
lim — / (ip-r)dr =0, p+0 (2.6)
— -r)dr = .
Qg%?» V() Jq xplp P ’
we obtain
1 2 2\ 2 71
lim Blo(r); 0] = 5 Z( (1= 1BK)* (¢~ |BKP)" — ¢) dnd
« Al A s 1 Al A A
- g Z ¢k1¢k2¢k3 + Z Z ¢k1¢k2¢k3¢k4- (27)
ki1+ko+k3=0 k1+ko+ks+ks=0

From the above expressions, we can see that the structure of a phase weighs heavily
on the 3xn matrix B that is full column-rank on Q. The matrix B determines whether
the phase is periodic: if n < 3, and the column rank of B on R is also n, then ¢ is
periodic in R?; if n > 4, or n < 3 but the column rank of B on R is less than n,
then ¢ is no longer periodic, and is called quasiperiodic. In what follows, we write
down the matrix B, under specific orientation, for three phases we will discuss in this
paper: striped, hexagonal, and dodecagonal, which are drawn in Fig. 2.1. They all
show modulation in at most two directions and are homogeneous in the third, which
we can see from the matrix B. The former two phases are periodic, while the third is
quasiperiodic. Rigorously speaking, the matrix B shall be optimized by minimizing
(2.7). However, we choose to write down directly with |b;| = 1 or |b;| = ¢, which is

an approximation good enough.

e Stiped phase. Because we have two favored wavelength, there are two cases.
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The striped pattern is shown in Fig. 2.1 (a), where two matrices will give
different widths of the stripe. Since the second and the third rows of B are zero,
the phase profile ¢ does not depend on y and z and only shows modulation in

the z-direction.

e Hexagonal phase. Similar to the striped phase, we have two cases.

V3
0 0 5"

B = 1 % , B= q % (29)
0 O 0 O

The third row of B is zero, indicating that profile ¢ is independent of z. The
hexagonal pattern is drawn in Fig. 2.1 (b), where the two matrices will give

different distances between circles.
e Dodecagonal phase. We require ¢ = 2 cos(mw/12), and let

1 0

B = (by, by, by, by) = (2.10)

o l\.’)la N =
o Nl “lﬁ

0 1
0 0
Since the third row of B is zero, the dodecagonal phase only has modulation
in two directions. The value of ¢ is chosen such that it equals to the length of
the vector b; + by. Note that B has four columns. We could verify that the
vectors m; are linearly independent on Q, by noting that 1 and /3 are linearly
independent on Q. Thus, from B we can see that the phase is quasiperiodic.

The pattern is drawn in Fig. 2.1 (c), showing 12-fold symmetries that cannot

be allowed in periodic phases.

2.2.2 General setting for the interface system

As we have mentioned, we divide the whole space into three regions by two parallel

planes x = —L and x = L for some L. We assume that the phase 1 occupies the
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(a) Striped (b) Hexagonal (¢) Dodecagonal

Figure 2.1.: Three patterns formed under LP model.

region x < —L, and the phase 2 occupies the region x > L. The interface will emerge
in the region —L < x < L. In this region, we solve the gradient flow below to let the

interface evolve to the equilibrium state,

0o
= —an, (2.11)
M:£ = (A+1)*(A+¢*)%0 — ep — ad® + ¢°. (2.12)

To make the gradient flow indeed describe the interface for certain relative position
and orientation, we need to specify some conditioins as we explain below.

First, we need to pose the two phases in certain position and orientation. Let us
express the two phase profiles after some rotation and displacement, which we denote
by ¢ff and ¢ff. For T, € SO(3) and d,; € R?, the profile of the phase s (s = 1,2)
becomes

O (r) = o(Tr +dy) = > duexp (ikBUTor +d,))

ks€Zmns

= > (m exp(ikiBids)> exp (iki(TﬁBs)t”'>

ks€Zms

= 3" GE exp (@'kg(T;BS)trs), (2.13)

kscZns

where we denote ¢f, = ¢y, exp(ik!Bd,).
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Figure 2.2.: Setting of the interface problem

Phase 1

y-z Quasiperiodic

The information for x < —L and x > L is translated into the Dirichlet boundary
condition. The function value and the normal derivatives of ¢ on the boundary shall
be identical to the bulk values. Denote 7 = (y, 2)". Then we have

ak
" dak

o" N N
G (—LJ‘)Z@% (=L,7) ¢(L7T):@¢2 (L,7), k=0,1,2,3 (2.14)

Besides, we require the mass equation —L < x < L, so that we impose the Neumann

condition on y,
o

5 =0 (2.15)
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Furthermore, since we are studying a PDE on the whole y-z plane, we need to
specify the function space in the y-z plane in which we solve the PDE. To this end,
let us look back into the phase profile ¢f*. For s = 1,2, let us decompose the rotation
matrix Ty as (Ty,, Ts), where Ty, is the first column, and 7} is the second and third
columns of T,. Then, we write

Of(e ) = Y O exp (kLT B ) exp (iU(TIB)'F),  (216)

ks€Z™s

Define B, = TjBS that is a 2 x n, matrix. For fixed x, ¢f(x,7) is in the function
space

As = { Z ag, (r) exp (zkiéﬁ'ﬁ)} . (2.17)

ksEZ”s
Now, let us consider the 2 x (n; + ny) matrix (By, By). The column rank of this
matrix on Q is n < n; + ny. Therefore, we could find a 2 x n matrix B such that

there exists an n x (ny + ng) integer matrix Z satisfying

We define the function space

A= {a('r) = Z ar(x) exp <ikt1§t'F> } . (2.19)

keZn
It can be verified that A;, Ay C A, since we have
k,

K ~
BZ . (2.20)
0 0

Bk, = (Bl, Bz)

In this sense, the function space A is suitable for both phases. It is easy to verify that
A is closed for linear combination, function multiplication and derivatives. So, if the
initial condition of the gradient flow (2.11)—(2.12) is in A, the solution will remain in
A.

It should be noted that the the definition of the space A depends on B and B,

which are determined by the bulk profile and the rotations 77 and 75. In particular,
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even if the bulk phases are the same, for different rotations, the resulting function
space is also different.
We are now ready to define the inner product,

. 1 1
(u,v) = 911_}1%2 3L5(D) /[-L,L]x@ u(r)v(r)dr = Y Z / ug(z)v_g(z) de.

kecZn [_LaL]

(2.21)

For the second equality, we need to use the fact that B is column full-rank on Q.

The interfacial energy density is defined as

B, = lim E[¢(r);—[L, 1] x @] (2.22)

D—R2

for which we have the energy dissipation,

dE,($) <5E a¢)

We could write ¢f in the form given in (2.19) as follows,

. Kt
o (z) = Z P, exp(ik} BiTi,z), the sum is taken over k = Z 01
k1

(2.24)

Then, the boundary conditions are actually given on the coefficients ¢g(x) by

" o . "

ak
@ﬁf)k(—lj) = 9k w(—L), w%(L) = %(égk(l;)a k=0,1,2,3; (2.25)

and on pg(z) by

O -

For the initial condition, we could construct by a simple mixing ansatz,

P(2) = (1 — (@)1, (7) + a(z) (). (2.27)

where a(x) is a smooth monotone function satisfying a(—L) = 0 and «(L) = 1, which
we could approximate by

1 —tanh(ox)

alx) = 5 : (2.28)
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with o large.

To discretize the gradient flow (2.11)—(2.12), we first present the semi-discretized
scheme in time using the SAV approach that is unconditionally stable, followed by
spatial discretization by generalized Jacobi polynomials. Several details of computa-

tion will be presented, from which the efficiency can be recognized.

2.2.3 SAV approach

For the interface system, we are more interested in the steady state, so we use the

first-order scheme. Let

e+ p
2

Eil¢] = (F(9),1), F(¢)=Co— ¢* — %dﬁ + }ld)‘*. (2.29)

where 8 > 0 is a constant, Cy is chosen such that F(¢) > 0 for any ¢. An auxilliary
variable r(t) = \/E1[¢] is introduced, so that the gradient flow is rewritten as

¢
s
p=(cA+12A+ ¢+ 8)o+ ﬁ)w F'(¢) (2.30)
. F() i
e YR /[L,L]X@ 2/ E1[d] Pedr.

Multiplying above equations with g, % and 2r respectively, integrating the first two

equations and add them together, we achieve the following energy dissipation law:

—dEigf(t)] = %[g((ﬁ + DA+ ), (A+1)(A+¢%)) + g(qﬁ, ¢) + 17 = —(Vp, V).

(2.31)



ol

Let At be a time step, and ¢" denote the numerical approximation to ¢(r) at

t =t,. Then a first-order scheme in time for the above system can be constructed as

follows:
n+1 n
¢ At Qb Alun—i-l
ntl _ 2 ntl AR
P = (A +1)XA+ )2+ B¢ El[MF (¢") (2.32)
n+l _ .n

A / F'(¢m) ¢mt—gn
At oo 2L5(D) Lixo 2v/Ei[on] At

By taking the inner product of the three equations with "t ¢! — ¢" and 2r™+!

dr

respectively and use the equality (b — a,2b) = b* — a® + (b — a)? we will reach

Theorem 1 The scheme (2.32) admits a unique solution and is unconditionally en-

ergy stable in the sense that

é(Ei[anﬂ’rnﬂ] . Ei[qb”, r”])
+ 2 (A DA+ =), B4+ @) - g7)

i §(¢n+1 CP M — ) 4 (T Tn>2> = (Vv (2.33)

where the modified energy is defined as

B

B0, = S((A+ 1A + )" (A + DA +¢)6") + 26", 6") + (") (2:34)

Adaptive time stepping

In our interface system, the energy curve about the time descends drastically at the
early stage but becomes flat afterwards as it approaches the steady state. Therefore,
we adopt an adaptive time stepping method, using small time steps initially and large
time steps when the energy is decreasing slowly. We choose the time step updating
strategy suggested in [69],

Aoz

V1+n|Em(t) — E”(t)|2/At2>’

(2.35)

At,, = mazx (Atmm,
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where t,in, tmae are predetermined minimum and maximum time steps and 7 is a
suitable parameter, taken as n = 1000 in our simulation. Interested readers could

refer to [69,70] for more details.

2.2.4 Spatial discretization

We are actually approximating the function space A given in (2.19). In the y-z
direction, the function has already been expressed in Fourier series, so we just truncate
according to the indices k. Let us define |k| = max{k;}. The truncation is made
by |k| < N;. Thus, we only need to consider the approximation in the z-direction
for ¢p(x) and pg(x). We need to choose a finite dimensional function space, which
is dependent on the boundary conditions. Because we impose Dirichlet boundary
conditions on ¢} and Neumann boundary conditions on uf(x), we need two different
function spaces. In particular, we use polynomials to form the approximation function
spaces.

Let Wy and Vi be two finite dimensional polynomial spaces. For any polynomial
o(x) € Wy, it satisfies

o o

For h(x) € Vy, it satisfies

LYy - a%h(L) ~0. (2.37)

We will discuss the construction of the two spaces later. Whatever the function spaces
we choose, denote by ¢, (z) the approximation of ¢} (z) that belongs to W + ¢ox (),
where ¢ok(x) is a function satisfying the boundary conditions (2.25). Similarly, we
denote by R (z) the approximation of uj(z) that belongs to Vi.

Denote by ¢ (x,7) and u% (x, 7) the approximation at t,, of ¢ and p, respectively.

Then,
G0, 7) = Y Shulw)exp (iK' B'F). (2.38)

|k|<N1
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Similarly,

P) = > i) exp (iK' B'F). (2.39)

k| <N
The fully discretized scheme of (2.32), in weak formulation, is then given by: find
% in the form (2.38) and p}, in the form (2.39), such that for any vn(x) € Vi,
wy(x) € Wy, and |k| < Ny, they satisfy

n+1 n 5 ~
<¢ A7 — O ,on(z)exp (— z'k:tBtf)> <V,u"+1 Voy(z)exp (— iktBtf)>,

<,u}(,+1,wN( ) exp (z‘ktBt'F)> =

c((A F (A + @)% (A + 1A + Pwy (@) exp (- z‘k:tf?tf))

v ﬁ( n L e (x) exp (— z’k:tétf)> (2.40)
- %;"] <F/(¢?V)7 wy () exp (= iktBtf)>

- FeR) oy ok
At 2/ Ei[oy] At '

In the above, the notation (-,-) is a numerical integration to approximate the inner

product (-, ) and is bilinear, i.e.

(Mai(r) + Agaz(r), b(r)) = Ai(ar(r), (br)) + Aafaa(r), b(r)),
(a(r), Mbi(r) + Aaba(r)) = Ai(a(r), bi(r)) + Aafa(r), ba(r)). (2.41)

We will specify it later.

n+1

By choosing vy = M"er_lk, wy = — ¢ in (2.40) and summing up over k,

n+1

followed by multiplying the last equatlon of by 2r™™", one could reach the discretized

version of energy dissipation about
B
2

Bl "] = S((A+1)(A +)8 (A + (A + )6 + (0, 68) + " (2.42)

Next, we discuss some details in the scheme (2.40).
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Solving the linear system

Define an operator
o(Bk) = (9? — |BE|* +1)(0? — |Bk|* + ¢°). (2.43)

After some calculations, the scheme (2.40) can be simplified into

(Wl—n v ): (Do, Byon) — | BRP(UE, )
AL N N N HNE s UN ),
(it wn) = e(o(BR)ORL, o (Bl)un ) + Blok wx)
il e 2.44
+;TW<F'(¢%),wN($)exp(—szr)>, (2:44)
[ PR o — ok
At Elorl At/

where @7, € Wi + ¢ok, tyg, € V.

Looking at (2.44), we notice that for different k, the equation is only coupled by
the scalar »"*1. We could decouple the equations for different k as described below.
Let ¢;(x) and hj(x) be a basis of Wy and Vi, respectively. We expand ¢}, (z) and
1 (z) by the basis,

Hine (T Z fijhj(x (2.46)

Define the vector yf = (ngk, i), y" = (yg), and the matrices

(Stw)iniz =c(0(BR)¢s, 0(BR)gs, ) + B, 2i2), (2.47)
(SQk)jle = (a hh?a hj2) + ’Bk’ ( Jis ) (2'48)
(S3k)j1j2 :(hju 90]'2)' (2'49)

Then, (2.44) can be written in the form

S % y"
_ (2.50)
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where the matrix S is block diagonal,

S —St
S = diag(Sk), Sk = ”“ ) (2.51)

1
A3k Sk

Therefore, to solve (2.50), we could apply the block Gauss elimination by solving the

equation of the form Sy = b twice.

Numerical integration

We notice that in the scheme (2.44), we need to compute a numerical integration
of the form (F’(u),v). Here, the two functions u(r) and v(r) are given in the form
u(r) = > uk(x)exp(ik'B'F).
|k|<N1

Furthermore, we notice that F” is a third-order polynomial. So, we focus on computing

3 3

the highest-order term (u?, v). Since (u? v) is an approximation of (u3,v), we first

write down the latter according to the definition (2.21),
1
(u?,v) = 3T Z / Upey () Uy (@) Upeg () Vg, () dix. (2.52)
ki+ka+ks+ky [-L.L]

In the z-direction, we choose the Gauss-Lobatto points z; in [—L, L] with the

corresponding weights A;, and approximate an integral as
1 /L
57 /_L flx)de ~ ; A f(z). (2.53)
It remains to calculate

Do g (), (2 ung () vy () (2.54)

ki+ko+ks+ks

This can be done by constructing new Fourier series in R", where we recall that the

n here is the dimension of k: let z = (21,..., z,) and consider
U(z) = Z ug exp(2mik - z). (2.55)
|k|<N1

With the help of the above function, (2.54) can be calculated by n-dimensional FFT.
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2.2.5 Discretization in the z-direction

We describe how to construct the functions spaces Vy and Wy, for which we make
use of the Jacobi Polynomials.

In these two spaces, the boundary conditions are given on x = +L. We could
introduce a scaling ' = /L, so that it is equivalent to consider the functions on the

interval [—1, 1]. For the discussion below, we shall assume L = 1.

Jacobi polynomials

We first recall the classical Jacobi polynomials and their properties. For o, 5 > —1,
let J¥ be the classical Jacobi polynomials which are orthogonal with respect to the
weight function w®?(x) = (1 — 2)*(1 + )% over (—1,1), i.e.

1
/ JoP (2) 0P (2)w™P (z)dz = 7P 6 (2.56)
-1

where
D R = D at Dl + 4 1)
" n W@ n a4+ B+ Dnlln+a+B+1)

and 0,,, is the Dirac Delta symbol. And Jacobi polynomials have the following

(2.57)

properties:

Property 1 Three-term recurrence relationship:

Joh(z) = (a2Pz — b2P) 2P (2) — 2P T2 (2), n > 1

5 5 1 1 (2.58)
Jo(x) =1, J"(z) = §(a+5+2)$+§(a—5)
Property 2 Derivative relationship:
O () = dp T (@), > k, (2.59)
where
r k 1
B (n+k+a+p+1) (2.60)

mk 2Tn+a+p4+1)
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We then recall the generalized Jacobi polynomials (GJP) introduced in [71]:

(

(1—a)*A+2) g z) if k1< -1

n—mng
Tl (@) = (1= 2)~ kTR (@) ifh<—11>—1 (2.61)
(1+ 2) et () if k>—1,1<-1
where n > ng, ng = —(k +1), —k, —I for the above 3 cases respectively and J*! is

classical Jacobi polynomial with k,[ > —1. We now present some basic properties of

GJP:

Property 3 The GJPs are mutually Liaﬁ(x)—orthogonal, i.€e.,

1 _
[ @ @ s =k (2.6

1

where y,’_jf,m is defined in (2.57) and

-, n<—1
n= (2.63)
n, n>—1
Property 4 Vk,l € Z and k, 1 > 1
OLI PN 1) =0, fori=0,1,..,k—1 (2.64)
M (1) =0, forj=0,1,..,1 — 1. (2.65)

thus {J %~'} are natural candidates as basis function for PDEs with the boundary

conditions:

Olu(l) = a;, fori =0,1,....k—1 (2.66)

du(—1) =b;, for j =0,1,....,0 — 1. (2.67)

And we have the similar derivative recurrence relation:
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Property 5 Let k,I,m € N, and if m < k,l then

n—Fk—1Il+ m)' J—k—l-m,—l-l—m

R

(), n>max(k+1,m). (2.68)

Using above properties, GJP and their derivatives can be computed recursively.

Construction of Vy

The polynomials in Vy satisfy the boundary conditions (2.37). We could construct

the basis of Viy, hi(x), is the linear combination of Legendre polynomials L (z),

hi(z) = Li(x) 4+ agLg1(z) + bp Ligi2(x), (2.69)
for k =1,..., N. Legendre polynomials are a special case of GJP with w®?(z) = 1.
More properties about Legendre polynomials can be found in books like [25,72]. Tt
is shown in [19] that there exists a unique set {ay, by }.

Construction of Wy

By Property (4), we choose the basis of Wy as follows that satisfy boundary
conditions (2.36), Define the basis functions using GJPs

oi(z) = clJljrA}’_4(x), l=1,...,<N, (2.70)

where ¢; is the scaling factor such that (92, dip;) = Ok

Construction of ¢ ()

The boundary conditions on ¢, are not homogeneous, so that we need to find a
dok(x) satisfying the non-homogeneous boundary conditions. There are eight condi-

tions in total, so it can be done by using a seventh-order polynomial.



99

Computation of matrix elements

We have specified the basis ¢;(z) and h;(z) above. It remains to calculate the
matrix elements of Sg in (2.51), defined in (2.47)—(2.49). They can be pre-computed
using Property (3) and (5) . Notice that because of orthogonality of polynomials,
Sik, Sor and Ssp are sparse matrices and elements are non-zero on at most 9 sub-
diagonals. When solving the linear equation with the coefficient matrix S, we use
the LU factorization, because the size is 2N x 2N that is moderate. In particular,

since the matrix S, the LU factorization can be done as a preprocessing.

2.2.6 Outline of the numerical method

For the computing of quasiperiodic interfacial structure, we list the outline of

implementation:

e Find the bulk phase profile in the form (2.3) by minimizng the free energy
density (2.2). Impose the desired rotation and displacement by (2.13), from

which the boundary conditions and the initial state come from.

e Find the matrix B, column full-rank on Q, for the space (2.19). Set the bound-
ary conditions (up to third-order derivatives) and initial state using (2.24)-

(2.28).

e Discretize the gradient flow (2.11)—(2.12) in time using SAV approach. We
apply an unconditional energy stable first order scheme in order to reach the

steady state quickly.

e Discretize in space using spectral method. In the y-z plane, we truncate the
Fourier series. In the z-direction, we use generalized Jacobi polynomials in
accordance with the boundary conditions. With non-periodic boundary condi-
tions, this task is not easy using finite difference or finite element method as

instability would arise. Spectral method with generalized Jacobi polynomials
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will generate sparse matrix when dealing with high order derivatives and are

free from this problem.

e Different Fourier modes in y-z can be decoupled under SAV. The nonlinear
terms in the scheme are polynomials. For quasiperiodic functions, it can be

calculated efficiently by higher dimensional FFT.

We must emphasize here that all our derivation depends on that B is column full-rank
on Q. Moreover, the number of columns of B, n, gives the the computational cost,
which is O(NJ'N). Since B depends on the rotations of the two phases, it implies
that under different phases or relative orientations, the computational cost will be

different. We will illustrate it in the numerical examples.

2.3 Numerical simulations
2.3.1 Dirichlet boundary condition

All simulations are conducted on Intel i7-4790 CPU with 3.6GHz. In z-direction,
polynomials order NNV is chosen to be 256 and 512 Gauss-Lobatto points are used to
compute the integrals. The interpolation smoothing parameter ¢ in (2.28) is chosen
to be 250.

We will consider the three phases introduced above, for which the B matrices are
given in (2.8)—(2.10). Note that the third row of B are zero for all the three phases.
So, the three phases can all be place in the x-y plane and homogeneous in z-direction.
When doing the rotation, we also constrain in the x-y plane, i.e. the rotation matrix

T is given by

cosf@ —sinf 0
T@)=| sinf cosh 0 |- (2.71)
0 0 1



61

As a result, in the interface system, only the first row of the two-row B matrix is
nonzero. When determining the column rank of B on Q, we are actually determining

the number of linearly independent real numbers on Q.

Grain boundaries of striped phase

The phrase 'grain boundary” means the interface with two identical phases with
different orientations. The grain boundary of striped phases have been studied exten-
sively. Thus, we start from some grain boundaries as a verification of our numerical
method.

We examine the kink grain boundaries of the striped phases. That is, the phase
1 and phase 2 are both the striped phases of the same type with the first B in (2.8).
The phase 1 is rotated by 77 = T'(#), while the phase 2 is rotated by Ty, = T'(—0).
Recall that we define Bl =T B where Tl is the second and third columns of 7;. In

this case, we calculate that

- - cos - - cos
By = 7B - B =B =
0 0

Therefore, the B matrix can just be chosen as

cos 6

0

B =

It implies that we are actually considering a periodic boundary condition on the
y-direction, which is the special case discussed in [49].

We choose ¢ = 1,0 = 0,e = 1 and g = 2cos(w/12). We consider three different 6,
for which the steady state is reached at ¢ = 5000 shown in Fig. 2.3(a), (b) and (c).
When @ is small, a smooth transition layer will form; for a larger 6§ we observe the
Omega-shaped patterns in the interface; when 6 is near 7/2, a dislocation emerges.

These patterns are identical to the previous studies using different free energy [73-75].
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Grain boundaries of the hexagonal phase

We turn to the grain boundaries of the hexagonal phase. We still consider the
kink grain boundaries, letting 7} = T'(f) and T = T'(—6). The case is different from
the striped phase, because we may have B of different columns. Let us explain it
below.

These results are calculated under ¢ = 1, = 1,€ = 0.15. The B matrix is given
as the first one in (2.9).

We first examine the case when all the four coefficients +sinf and +(3sinf +

ﬁcos@) are rational to each other and the 8 reciprocal basis decays to one. One could

2
V3
4

verify that tanf/+/3 is a rational number in this case. So we could set § = arctan
and it can be shown that the basis is written as

The evolution of interface and energy dissipation are shown in Fig. 2.4.

We then consider examples where only two pairs of coefficients are rational to

each other or tanf/+/3 is not a rational number. In these cases, our phase profile is

written as:

O(.y) = Y Do)V FRin S hcot) (2.72)
k1,k2

For various 6 we have the following interfacial result shown in Fig. 2.5.

Our next simulation is based on the fact that the crystals phase under LP model
will form shape of two different sizes on |k| = 1 and |k| = ¢. We anchor the crystal
phase which reaches minima on |k| = 1 on the left and |k| = ¢ on the right of the
plane. The simulation result is presented in Fig. 2.6 and one observe trilateral bulk

in the interfacial region.

Interface involving the dodecagonal phase

We then simulate the Quasi-crystals with some simplification. After rotation, the

eight reciprocal vector have coefficients sinf, @sin@—i— 50059, %sin9+\/7§0056, cost) and

V3 V3

—sin, —%5>sint + %cos@, —%sin@ + 730039, cosfl. In general, 6 of these 8 reciprocal
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Figure 2.4.: Interfacial transition and energy dissipation of two crystals with § =

V3

arctanT .



Figure 2.5.: Interfacial transition with various 6
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= 10000

(b) ¢

= 30000

(c) ¢

Figure 2.6.: Interfacial transition with big-small crystals
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vectors are linear independent with rational coefficients. However, by setting 6 to be
special number, one could reduce the dimension of reciprocal vectors. For integers r

and s, we have:

o if tand = #3, we have two independent reciprocal vectors with coefficient
sinb  cosf.
2r 7 2s )
e if § = 7, there are three independent reciprocal vectors with coefficient f
V6+v2 V612,
4 Y )

e otherwise, we will have 4 reciprocal vectors sin6, sm9—|— 5C080, —smt9+ fcos@

and cosf.

Due to computation complexity, we here only consider the first two cases, i.e. when

0 = T and when v/3tanf = r/s is a rational number and we have

T y) = Z qgk1,k2 (ZE k1% “"‘9 Zyk2 nge (273)
k1,k2
D Okakoks () ek givks X7 givks 2 (2.74)
k1,k2 ks

The initial and equilibrium profile is shown in Fig. 2.7. The parameters are chosen
as c =150, =1, = 0.015,¢q

Our last example is constructed by combining a cylindrical crystal phase with a
12-fold quasicrystal phase. The equilibrium state and energy dissipation are shown

in Fig.(2.8). To maintain both phases, we take ¢ = 0.00833 and o = 0.5.

2.3.2 Periodic boundary condition

We here list our previous simulations where the phase profile is periodic in x
direction. In such situation, the phase function is periodic in both x and y directions

and can be solved all in frequency space using pseudo-spectral method.



(b) ¢ = 100

Figure 2.7.: Quasicrystal interfacial transition with 6 = arctcm‘/T3
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Figure 2.8.: Crystal-Quasicrystal interfacial transition and energy dissipation.
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Cylindrical crystal phase

We start our simulation from a crystal phase profile. The phase function could be

represented as

o(@,y) = Y Py ppe iR (2.75)

k1,k2

The equilibrium of such crystal has 6-fold symmetry and is shown in Fig. (2.9). The

results are calculated with c =1, = 1,e = 0.15.

Figure 2.9.: 6-fold symmetry crystal equilibrium state

Quasicrystal

We then demonstrate our algorithm on quasicrystals. For quasicrystal with 12-fold

symmetry, we have presented above that the projection matrix has the form:

1 cos% cos’—g 0
S =
N s N s
0 sing  Sing 1

And the 10-fold symmetry quasicrystals have the projection matrix in the following

form:
1 s 27 37
cosT  cosZE  cos<E
S0 = 5 5 5
s .21 - 31
0 sing  sing Sinsg

In this simulations, the parameters are chosen as g5 = 2cos(m/12), q19 = 2cos(w/5), ¢ =

1l,a=1,e =0.015. The equilibrium states for both cases are shown in Fig. (2.10).



(a) 12-fold symmetry (b) 10-fold symmetry

Figure 2.10.: 12-fold and 10-fold symmetry quasicrystal phases

71



72

These simulations verify the accuracy of our scheme and we will apply our scheme

on the following more complicated cases.

Multi-phase Model

LP model is not only effective on one phase model, one may refer to [76] about
multi-phase model. In such Swift-Hohenberg model, the nonlinear part of the free

energy is given as:

f=1 / Ir{rd + god + 4+ 162+t + 01 — 18261 — el (2.76)

where t, 7, 19, go, g1 and g are parameters depending on the interaction between com-
ponents and the thermodynamic conditions, such as temperature. In order to intro-
duce multiple frequency forcing, the LP model and this Swift-Hohenberg model are
combined together by adding two gradient terms into the free energy. The free energy

functional now becomes

Elonon) = {5 [ @iV + D + (74 Qo + Bilon,eal}  (277)

where

Ei[¢p1, ¢0) = /dr(mﬁ% + gods + ¢§ + o7 + tod + ¢11l — Q1P d1 — G2297)

The gradient flow system for the relaxation :

% = —% = —c(v2 + 1)2¢2 — (2799 + 3g0<;5§ + 4¢§) + 29121 + gzdﬁ
% = —5% = (V2 +1)%p; — (2t + 3tgd® + 40°) + 2g202¢1 + Goih

According to [61], we can pose the SAV scheme for gradient flows of multiple

functions ¢, and ¢o:
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9¢i
ot

pi = c[(V+1)%¢] +

= A
r(t)
1 ¢ vh
ry = 2—\/F1 /Q Uia—tld:c
where U; = §E1/0¢; and p; = 0E /d¢;.
It is shown in [76] that the effective phase density ®4, ®5 and P¢ could be

Ui (2.78)

recovered from ¢; and ¢, through

D= 5(61+62), By = (02— 1), e = —b»

And the simulation result is shown in Fig.(2.11).

Modified Non-local model

In the present study, a generic coarse-grained free energy functional is used.

Blo(r)] = [ [ 516060k K)o dkax (2.79)
+g [l - 560+ otk (2.80)

where G(k,k') = G(|k — k'|) is a two-body correlation potential. The term con-
tains G(k, k') describes the free energy cost of inhomogeneity of the system and the
choice of G(k, k') will affect the different dominant modes at particular length scales,
thus promoting different ordered structures. In our model, the corresponding pair

interaction potential of G(k,k’) in the Fourier space is given as

~

G(k) = e M2 (1= k) (¢* = [K*)” =] (2.81)
= e M2 (dy + dok® + duk* + dgk® + dgk®) (2.82)
The constant 7 is subtracted to let G not necessarily positive. In our simulation

n = 1. d;’s are obtained by simplifying the equation and ¢ is the model parameter.

When o is large, say 1, the result after PM will be similar to the ordinary quasicrystal
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(c) ¢1 + P2 (d) ¢2 — 1

Figure 2.11.: Order parameters obtained from minimization of free energy model
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case. For small o, we observe a Mosaic-like pattern. The equilibrium state is shown

in Fig.(2.12).

(a) 0 =0.15 (b)o=1

Figure 2.12.: Modified non-local model steady state with different o

Energy decay

In Fig. (2.13) we plot the modified free energy for the non-local model simulation.
The energy decays fast in the beginning of the simulation and goes down smoothly
in the later time evolution. The top figure in Fig. (2.13) is the energy for ¢ < 100
and the bottom figure is a magnified plot in time region 10 < ¢t < 17. The energy
decay results are pretty similar in other models, thus we only show the energy of this

model.

Interface problems

We start presenting our simulation results on interface problems.

Crystals We first place two small fraction of cylindrical crystals each rotated with
/6 and —7/6 degree in the center of the domain. The bulk will grow to reach the

minima of the free energy. The transition process is shown in Fig. (2.14).
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Quasicrystals We then place two quasicrystal phases in the domain and each are
rotated by 6 = £7/10 respectively. In our final result, ¢ is taken as 1 and we noticed
that when ¢ = 150 the interfacial layer will be transient. The transition process is
given in Fig.(2.15). The final stable state is in 12-fold stability.

Similarly we show the result of two 10-fold symmetry quasicrystals. The result is
shown in Fig.(2.16).

Under LP model, we could also place two cylindrical crystals in the domain. Under
such case, the phase will reach local minima when |k| = ¢q or |k| = 1. We thus place
on the left a cylindrical crystal with |k| = ¢ and on the right a cylindrical crystal
with |k| = 1. The transition process is shown in Fig. (2.17). It is interesting to point
out that during the transition period, a transient 12-fold quasicrystal phase appears.
The six-fold cylindrical phase diffuses to the left and will become the final state in

the whole domain.

Multi-phase model We then put two 12-fold (10-fold) symmetry quasicrystals
formed by multi-phase model each rotated with angle 6. The result is shown in

Fig.(2.18) (and 10-fold result in Fig.(2.19)).

Non-local model Similarly, we could see the pattern of the interfacial problem
using nonlocal free energy. The result of 12-fold and 10-fold results are given in

Fig.(2.20) and Fig.(2.21) respectively.

2.4 Conclusion

We propose a numerical method for computing the interface between two ordered
phases that involves quasiperiodicity. With the properly chosen function space and
boundary conditions to fix the relative orientation and displacement, we solve the
H~! gradient flow of the Lifschitz—Petrich free energy, to let the interface evolve to
its optimal structure. The gradient flow is discretized in time by the SAV approach,

and in space by spectral method with a combination of quasiperiodic Fourier series
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Figure 2.15.: Interface problem for 12-fold symmetry
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Figure 2.19.: Interface problem for 10-fold symmetry under Multi-phase model



Ry AN S T
AL
SRR

S0

I iaT A,

7S

[ R
Fas B

Figure 2.20.: Interface problem for 12-fold symmetry in non-local model

84



Figure 2.21.: Interface problem for 10-fold symmetry in non-local model

85



36

and generalized Jacobi polynomials. We present some typical examples, including the
interface of the striped, hexagonal and dodecagonal phases. In particular, we show
that our numerical method can successfully capture the interfacial structure in the
cases where the interface is quasiperiodic. The method proposed in this work shall be
fundamental for systematic simulations of the interface between ordered structures.
In the future work, we aim to utilize the method to investigate interface involving
other phases, espcially the three-dimensional phases, including the bee/fee spherical

and gyroid that are periodic, and icosahedral quasicrystals.
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