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ABSTRACT

Shankman, Daniel Ph.D., Purdue University, May 2020. Local Langlands Correspon-
dence for Asai L. and Epsilon Factors. Major Professor: Freydoon Shahidi.

Let E/F be a quadratic extension of p-adic fields. The local Langlands corre-
spondence establishes a bijection between n-dimensional Frobenius semisimple rep-
resentations of the Weil-Deligne group of E and smooth, irreducible representations
of GL(n, E). We reinterpret this bijection in the setting of the Weil restriction of
scalars Res(GL(n), E/F), and show that the Asai L-function and epsilon factor on
the analytic side match up with the expected Artin L-function and epsilon factor on

the Galois side.



Viil

INTRODUCTION
Local Langlands correspondence for general reductive groups

Let k be a local field of characteristic zero, and W}, the Weil-Deligne group of k.
To each finite dimensional, complex, Frobenius semisimple representation p of W/,
and each nontrivial unitary character 1 of k, there is an associated Artin L-function
L(s, p) and e-factor €(s, p, 1), both meromorphic functions of the complex variable s

[Ta79]. There is also the gamma factor

L(l — 5 pv)e(s, P, ¢)

v(s,p, 1) = L(s.p)

where p" is the contragredient of p.

Let G be a connected, reductive group over k. To each irreducible, admissible
representation 7 of G(k), each continuous, finite dimensional complex representation
r of the L-group G of G whose restriction to the connected component of LG is
complex analytic, and each nontrivial unitary character v of k, there are associated
a conjectural L-function L(s,m,r) and epsilon factor €(s,m,r,1). The conjectural

gamma factor (s, m,r,1) is defined by

L(1 —s, 7Y, r)e(s,m r )
L(s,m,r) '

7(57 7r7 717 w) =

These factors are defined in many special cases, in particular by the Langlands-Shahidi
method ([Sh81], [Sh90]).
The conjectural local Langlands correspondence (LLC) predicts the following:

1. A partition of the classes of irreducible, admissible representations of G(k) into

finite sets, called L-packets.
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2. A bijection from the set of L-packets to the set of classes of admissible homo-

morphisms of W] into “G (8.2 of [Bo79]).

3. For each representation r of “G, an equality of L and epsilon factors

L(s,m,1) = L(s,7 0 p),

(s, m,r 1) = €e(s,r0p, 1),

whenever 7 is an element of an L-packet corresponding to p, and whenever the

left hand sides can be defined.

Parts 1 and 2 of the LLC are notably established for archimedean groups [Kn94],
tori [Yu09], and the general linear group. For archimedean groups, the left hand
sides of part 3 are defined as the right hand sides. For GL,,, part 3 is established for
the standard representation ([He00], [HaTa01], [Sc13]), and for the symmetric and
exterior square representations [CoShTs17].

We remark that whenever the partition and bijection of parts 1 and 2 are estab-
lished for G, they are also established for the group Resy /i, G, where kq is a local field
contained in £k (8.4 of [Bo79]). Here Resyy, denotes Weil restriction of scalars. This
procedure is compatible with the existing correspondence for archimedean groups and

for tori.

The Asai representation

Let E/F be a quadratic extension of characteristic zero local fields. Let M be the
group Resg/r GL, obtained by Weil restriction of scalars. Then M is a connected,
reductive group over F, with M(F) = GL,(E). The L-group “M can be identified
with the semidirect product of GL(V) x GL(V) by Gal(E/F), where V is an n-
dimensional complex vector space, and Gal(E/F) acts by 0.(T,S) = (S,T), where o



is the nontrivial element of Gal(E/F). We define the Asai representation % : ‘M —
GL(V ® V) by
R(T,S)=T®S,

Z(o)(v@v) =1 ®0v.

Now let 7 be an irreducible, admissible representation of GL,,(F), corresponding to
the Frobenius semisimple representation p : Wj — GL(V') under the local Langlands
correspondence. As explained in 8.4 of [Bo79], this corresponds to an admissible

homomorphism

p:Wh— "M

which we can explicitly describe as follows: identifying W} as a subgroup of W,

choose a z € W}, which is not in W,. Then

(p(a)vp(za'zil?lE) ifae Wé‘

(p(az™t, za, o) if a g W,

Thus 7 <+ p is the local Langlands correspondence for M. Our main result, which we
formulate in various equivalent ways in (2.6.3), is that the equality of epsilon factors

holds for the Asai representation:

Main Theorem. If w is an irreducible, admissible representation of GL,(FE), and p
is the n-dimensional Frobenius semisimple representation of W, corresponding to ,

then
(s, m, H,) = €(s, % 0 p, ).

Remark. The equality of L-functions

L(s,m, %) = L(s,% o p)
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is already a theorem due to Henniart (Theorem 5.2 of [Hel0]). Henniart proved the

existence of a root of unity ¢ such that

Cy(s,m, &, ) = (s, % 0 p, ).

As we explain in (2.7), since Henniart knew the gamma factors were equal up to a
root of unity, he was able to deduce the equality of L-functions.

In our work, we show the exact equality of the gamma factors (Theorem 2.6.3.6).
This is to say, we show that ( = 1. Using Henniart’s method, we recover the equality of

the L-functions, and finally deduce the equality of epsilon factors (Corollary 2.6.3.7).

The Asai L-function L(s, 7, %) and epsilon factor €(s, m, %, 1) can be defined using
the Langlands-Shahidi method [Go94]. Granting the local Langlands correspondence
for archimedean groups, and its compatability with Weil restriction of scalars, our
Main Theorem holds trivially in the archimedean case, because the left hand side is
equal to the right hand side, by definition. Thus our main interest in the theorem is
in the p-adic case.

Asai L-functions were originally considered by T. Asai in [As77]. He considered
the case of a real quadratic extension K of @, and associated an L-function L(f, s)
to a Hilbert modular form f of K/Q. This was central to the work of Harder,
Langlands, and Rapoport in their work on Tate’s conjecture for Hilbert modular
surfaces [HaLaRa86]. When f is a normalized newform, L(f, s) has a factorization
over the places of Q. The local factor of L(f, s) at the rational primes p which do not
split in K is of the type defined above.

Summary of the proof of the Main Theorem

As we mentioned in the Remark above, Henniart’s argument (2.7.1) reduces the
main theorem to the problem of showing the equality of gamma factors (Theorem
2.6.3.6) on both sides. This already holds in the case where F' is archimedean, or

when F' is nonarchimedean and 7 has an Iwahori fixed vector.
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Chapter One of this thesis is a review of the Weil and Weil-Deligne group for
characteristic zero local and global fields. We define these groups and explain how
L-functions may be attached to their representations.

In Chapter Two, we give a summary of the Langlands-Shahidi method, and explain
how the Asai factors are defined using this method. We also prove a multiplicativity
result for Asai factors. We summarize the Bernstein-Zelevinsky classification of irre-
ducible, admissible representations of GL,, for a p-adic field, state our main theorem,
and at the end of the chapter give an exposition of Henniart’s proof of the equality
of Asai L factors with the corresponding Artin L factors.

Our proof of Theorem 2.6.3.6 is global. One realizes the extension E/F as the
completion of a quadratic extension of number fields K /k, and realizes various repre-
sentations of GL,(F) as local components of cuspidal automorphic representations I1
of GL,(K). On the Galois side, one realizes various representations of the local Weil
group W as coming from representations 3 of the global Weil group Wy. The global
functional equations of L-functions associated to II and ¥ are compared in a way that
a finite number of local gamma factors on each side can be isolated and compared.
This is the content of Chapter Three. The idea behind this global method was carried
out successfully by Cogdell, Shahidi, and Tsai in their proof of the local Langlands
correspondence for symmetric and exterior square epsilon factors in [CoShTs17].

One part of the global argument, called stable equality (Proposition 3.2.2.2), relies
a purely local result, called analytic stability (Proposition 3.2.2.8). Analytic stability
states that the Asai gamma factor of a supercuspidal representation only depends on
its central character, up to highly ramified twist.

The proof of analytic stability is long, and occupies Chapters Four and Five. In
Chapter Five, we apply Shahidi’s local coefficient formula to write the Asai gamma
factor of a supercuspidal representation as a Mellin transform of a partial Bessel
integral. Chapter Four is a detailed analysis of the partial Bessel integral, in particular
its asymptotic erpansion. It is through the asymptotic expansion of partial Bessel

integrals that the analytic stability result falls out. A similar asymptotic expansion
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was developed by Cogdell, Shahidi, and Tsai in [CoShTs17], and our approach in
Chapter Four closely follows theirs.

Normalization of Langlands-Shahidi local factors

It should be pointed out that the Langlands parameterization of the semisimple
conjugacy classes in the L-group given in Langlands’ paper Euler Products [La7l] is
different from the one we use in this thesis. The parameterization in Fuler Prod-
ucts leads to the appearance of contragredients in the local factors occurring in the
Langlands-Shahidi method. Our change in the parameterization will remove the con-
tragredients throughout the theory and is farily formal.

Thus in our notation, the Langlands-Shahidi gamma factor (s, m,r, 1) denotes
what is normally written in the literature as (s, 7, 7",%). The same goes for the
other local factors. See Theorem 2.2.20.1 and the remarks below it.

The discrepancy comes from the definition of Langlands’ L-function L(s,7,r) in
the unramified case and the choice of Harish-Chandra map: if G is a split group
over a p-adic field k, and 7 is an unramified representation of G(k), then the Satake
isomorphism attaches to 7 an unramified character y, of the k-points of a maximal
k-split torus T of G.

If we let T be a maximal torus in *G, and X (YT) the additive group of rational

characters of “T, the Harish-Chandra map
A T(k) — Homz(X(T),Z) = X(*T)

induces an isomorphism of T(k)/T(O) with X (YT), and therefore identifies x, with
an element A, of Homg,,(X (*T),C*) = LT. Then Langlands defines

L(s,m,7) = det(1 — ¢ *r(A;)) "
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Here g is the number of elements in the residue field of the ring of integers Oy of k.

There are two ways to define A. One way is

(n, A(t)) = —log, [n(t)]. (n € X(T))

This is how Langlands defines it in Problems in Automorphic Forms [La70]. The

other way is

(n, A(t)) = log, n(t)|.

This is how Langlands defines it in [La71]. Shahidi defines his local factors so that
his local L-functions L(s,7,r) agree with those of Langlands in the case where 7 is
unramified and A is defined in the second way: (n, A(t)) = log, [n(t)].

We take the opposite definition of A, following the convention of [La70]. We do
this so that the Langlands-Shahidi gamma factors will agree with the Artin factors
under the version of the local Langlands correspondence which we state in (2.3.8).

We remark that Fuler Products, although it was published a year later than Prob-
lems in Automorphic Forms, is actually earlier material, as it was a monograph based
on lectures given by Langlands at Yale in the spring of 1967.

These adjustments are not serious and do not affect the main results of the
Langlands-Shahidi method in any significant way, nor their proofs. The main differ-
ence is that Shahidi states many results in terms of subrepresentations of parabolically
induced representations, and with our adjustment we must use instead use quotients.
We remark that if Hr is the Harish-Chandra map defined in (2.2.16), then our choice
of A satisfies A = —Hr.



1. THE ARITHMETIC THEORY

In this chapter, we review the theory of local and global Weil groups and their rep-

resentations. Our primary references are [Ta79] and [BuHe06].

1.1 The Weil group of a p-adic field
1.1.1 The basic setting

Let F' be a p-adic field, i.e. a finite extension of Q,. Let O be the integral closure
of Z, in F'; it is a discrete valuation ring whose unique maximal ideal we will denote
by pr. Let @w = wp denote a uniformizer for F'. The residue field Kk = kr of OF is a
finite field of characteristic p. Let ¢ = gr be the number of elements of k. We fix an

absolute value | - | = | - |p on F, normalized so that a uniformizer has value ¢~

1.1.2 The maximal unramified extension

Let F be an algebraic closure of F'. Let F'™* be the maximal unramified extension
of F inside F. The integral closure of Op in F'™ is a local ring, whose residue field
R identifies as an algebraic closure of k. The Galois group of F" over F' can be

identified with the Galois group over & over k.



1.1.3 Definition of the Weil group and geometric Frobenius

Let I be the inertia group of F. It is the Galois group of I over F'™*. Since the
Galois group of F™" over F' identifies with that of & over x (1.1.2), we have an exact

sequence of topological groups
1 — Ir — Gal(F/F) — Gal(k/k) — 1.

The local Weil group Wr is defined to be the subgroup of those 7 € Gal(F/F) which
induce on & an automorphism of the form z + ¢ for some n € Z. Any element of
Wp which induces an automorphism of the form 2 — 29~ will be called a geometric
Frobenius. If ¢ is a geometric Frobenius of Wg, then ® has infinite order, and Wg
is the semidirect product of the inertia group and the cyclic group generated by .

The choice of ® yields a split exact sequence of groups
1l=Ip=>Wrp—=72—-0

and therefore a bijection of sets Wr — Ir X Z. We give Wr the product topology,
where [ is assumed to have its usual profinite topology, and 7Z is given the discrete
topology. Then W is a locally profinite topological group, i.e. a Hausdorff topological
group in which every neighborhood of the identity contains a compact open subgroup.

The topology on Wr is defined independently of the choice of ®.

1.1.4 Galois representations as representations of the Weil group

The topology on W defined in (1.1.3) is not the induced topology from Gal(F'/F).
However, the inclusion of Wy into Gal(F'/F) is continuous with dense image. In fact,
Gal(F/F) is the profinite completion of Wg. Therefore, if (p,V) is a continuous,
finite dimensional, complex representation of Gal(F/F), then p is determined up to
isomorphism by its restriction to Wg. Moreover, p is irreducible if and only if p|w,.

18.



For the rest of (1.1), “representation” will mean “continuous, finite dimensional,
complex representation,” unless specified otherwise. If (p, V') is a representation of
Wg, we will say that p is a Galois representation if it is the restriction to Wg of
a representation of Gal(F/F).

By an “abstract representation” of a group H, we will mean a group homomor-
phism of 7 of H into the group GL(V') of linear automorphisms of a complex vector
space V', where V' is not necessarily finite dimensional.

Note that if H is a locally profinite group, for example Wy, I, or Gal(F/F),
and (p,V) is an abstract representation of H whose underlying space V is finite
dimensional, then p is continuous if and only if the kernel of p is an open subgroup of
H. This follows from the fact that GL(V') has a neighborhood of the identity which

contains no nontrivial subgroups.

1.1.5 Weil group norm

If w € W, then there is a unique integer n such that w induces the automorphism
x+— 29" on . We define the norm ||w|| of w to be ¢". This norm is multiplicative
(||lww'|| = ||w|| - ||w’||). The inertia group is the group of norm one elements of W,
and an element is a geometric Frobenius (1.1.3) if and only if it has norm ¢~

The norm map is a continuous homomorphism of Wy into C*, i.e. a one dimen-
sional representation. If (p, V') is a representation of Wgr, and s € C, we may then
define a representation p|| - ||* of W with underlying space V' by w +— p(w)||w||®. If
p is irreducible, there always exists an s such that pl|| - || is a Galois representation
(1.1.4) ([BuHe06], Proposition 28.6).

A character of a topological group will always mean a continuous homomorphism
of that group into the multiplicative group of complex numbers. A character x of Wg

will be called unramified if it is trivial on the inertia group. If x is an unramified

character of W, then there exists a complex number s such that y(w) = [|w||*. The



real part of s is uniquely determined, while the imaginary part of s is determined up
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logq-

to an integer multiple of

1.1.6 The relative setting

Let £ be a finite extension of F. Then F is also an algebraic closure of E,
and we have E" = FEF". In this way, we can define the Weil group Wg of E
in the same way that we have defined the Weil group of F. In fact, we will have
Wg = Wrp N Gal(F/E), and the inclusion of Wy into Gal(F/F) induces a bijection
of Wgr/Wg onto Gal(F/F)/Gal(F/FE).

In particular, [E' : F] = [Wp : Wg|, and if E is a Galois extension of F, then
Wr/WEg can be identified with the Galois group of E over F.

Just as have we have defined the norm || - || for Wr (1.1.5), we also define the
norm for Wg. This can be done by simply restricting the norm on Wr to Wg. Thus

there is no need to distinguish between different norms, e.g. || - ||r or || - ||

1.1.7 Definition of local Artin L-functions

Let (p, V) be a representation of Wr. Then V¥ the set of v € V which are fixed
pointwise by I, is a subrepresentation of p. If ¢ is a geometric Frobenius of W,
then p(®) is well defined as a linear map on V# | independent of the choice of ®. The
local Artin L-function is defined by

L(s, p) = det(1 — qz"p(®) |y 1r) "

It is a nonzero meromorphic function of the complex variable s. In fact, its inverse
is a polynomial in ¢~%. If p is irreducible, then L(s,p) = 1 unless p is a nontrivial
unramified character, i.e. p is one dimensional and trivial on the inertia group.

We remark that Artin originally defined his L-functions the other way, replacing

® by its inverse, the arithmetic Frobenius.



1.1.8 Inductivity and additivity of L-functions

Let H be a subgroup of a group G. If (p, V) is an abstract representation of H, let
Ind% p be the representation of G induced by p. This is the representation of G whose
underlying space consists of all functions f : G — V satisfying f(hg) = p(h)f(g) for
all g € G and h € H, and G acts on these functions by right translation.

Let E be a finite extension of F'. Identify the Weil group of E as a subgroup of
the Weil group of F' as in (1.1.6). If (p, V) is a representation of Wy, then Indg/p p =

Ind%é p is continuous as a representation of Wgr, and we have
L(s,Indg/r p) = L(s,p).

That is, L-functions are inductive ([Ta79], equation (3.3)). Also, L-functions are

additive, which is to say that if
0—=p —=p—p"—0
is an exact sequence of representations of W, then

L(S, P) = L<S7 pl>L(87 p”)'

1.1.9 The abelianized Weil group

Let W2 denote the abelianization of W, i.e. the quotient of Wg by the closure of
its derived group. The continuous inclusion of W into Gal(F'/F) induces a continu-
ous injection of WP into Gal(F/F)*® = Gal(F**/F), where F'®* denotes the maximal
abelian extension of F' inside F'.

Actually, the abelianization of W2P can be defined directly, without reference to

W itself. Recall that the Galois group of F''* over F' identifies with the Galois group



of K over k, where k is the residue field of F' (1.1.2). We have an exact sequence of

topological groups
1 — Gal(F®/F"™) — Gal(F®™/F) — Gal(&/k) — 1

and W2P (or rather, its image inside Gal(F3"/F)) can be defined to be the subgroup
of those 7 € Gal(F?"/F) which induce on & an automorphism of the form z + x4
for some n € Z. Any element of W2 which induces an automorphism of the form
z— 27 will be called a geometric Frobenius of Wab, If @ is a geometric Frobenius
of WaP| then ® has infinite order, and W2P is the direct product of Gal(F?"/F") and
the cyclic group generated by ®. The choice of ® yields a split exact sequence of
abelian groups

1 — Gal(F*™/F™) - W& - Z -0

and therefore an isomorphism of abelian groups W> — Gal(F**/F™) x Z. We give
W2 the product topology. Then W2P is a locally profinite group, and its topology
is defined independently of the choice of ®. In fact, the topology which we have just
defined on W2" is the same as the quotient topology coming from Wi.

The topology on W2 is not the induced topology from Gal(F2?/F). However, the
inclusion of W2 into Gal(F?"/F) is continuous with dense image, and Gal(F®"/F)

is the profinite completion of WaP.

1.1.10 Local class field theory

By the main results of local class field theory, there exists a unique isomorphism
of topological groups Art = Arty : F* — W2P which sends uniformizers to geometric
Frobenius elements, and such that if F is a finite abelian extension of F, the kernel

of the induced map

F* — W2 — Gal(F*/F) — Gal(E/F)



is Ng/p(E*), the image of the norm. We will call this isomorphism the local Artin

map. In more traditional treatments of local class field theory, the local Artin map
1

is defined to be the composition F* 2% Wab —y Gal(F*/F) 222 Gal(F™ /F).

1.1.11 Identification under the local Artin map

If F is a finite extension of F' (not necessarily Galois or abelian), then the ho-
momorphism W2> — W2 induced by inclusion Wg C We corresponds to the norm

under the Artin reciprocity map:

Artg
F* [17ab
— E

JNE/F l (1.1.11.1)
P2 e,
The norm || - || on Wr (1.1.5), being continuous, is well defined as a continuous
homomorphism on W2P. One advantage of defining the local Artin map in the way
we have is that the norm on W2" is compatible with the normalized absolute value

on F"
|| Artp(2)|| = |2z|F. (z € F7)

Since the normalized absolute value on E can be defined in terms of the normalized
absolute value on F' by |y|g = |Ng/r(y)|r, the commutativity of the diagram in
(1.1.11) gives a proof that the restriction to Wg of the norm || - || on W is equal to
the norm on Wpg, as we have remarked in (1.1.6).

Assume F is a Galois extension of F'. Let z € Wg, and let 7 be the image of z in

Wg/Wg = Gal(E/F). Then the diagram

AI‘tE
* ab
Er —— Wj

. l (1.1.11.2)

Artp
F* [I/'ab
- E



is commutative, where ¢, denotes conjugation by z (w — zwz"1).

1.1.12 Self dual measures and Fourier transform

Let dx be a Haar measure on F. Let v be a nontrivial additive character of F,
i.e. a continuous homomorphism of F' into C*. Note that v is automatically unitary,
because F' is the union of its compact open subgroups. Define €°(F) (resp. €.°(F*))
to be the algebra of locally constant and complex valued functions on F' (resp. F™)
which vanish outside a compact set. If f € €°(F), the Fourier transform fis an

element of €>°(F) defined by

There is a unique choice of Haar measure on F' (depending on v) such that the Fourier

inversion formula

f(@) = f(~x)

holds for all f € €>°(F). We will call such a measure self dual (with respect to ).
Given 1, we will always assume that the Haar measure dz on F' is chosen to be self

dual.

1.1.13 Local factors for nonarchimedean GL;

Let x be character of F* = GL;(F) (assumed always to be continuous, but not
necessarily unitary). We say that x is unramified if x is trivial on O}, and otherwise

we say x is ramified. We define the local analytic L-function

(1—-¢*x(w@))™' x unramified
L(s,x) =
1 x ramified.



It is a meromorphic function of the complex variable s. Note that when x is unram-
ified, x(w) is independent of the choice of uniformizer w.

Let 1 be a nontrivial character of F. Assume the Fourier transform on F' is
defined according to the character v and the Haar measure dx which is self dual with
respect to ¢ (1.1.12). Let d*z be any Haar measure on F*, for example %. There is
a meromorphic function €(s, y, ) of the complex variable s, with the property that

for any f € €°(F"*),

Jpo f(@)x(@) M| da
L<1 -5, X71>

Jp- [(@)x(@)|z]* d*x
L(s, x)

= e(s, X, %)

([Ta79], equation (3.21)). We call €(s, x,%) the local epsilon factor. It is a mono-
mial in the variable ¢~*. We also define the local gamma factor ~(s, x, %) by

6(87 X5 77Z})L<1 — 5, Xﬁl) )

(s, x, %) = L0s.x)

The conductor of ¥ is defined to be the largest integer d such that v is trivial on
pz?. The conductor of x is defined to be 0 if x is unramified, and the smallest
natural number f such that y is trivial on 1 + p? if x is ramified.

Let d and f be the conductors of ¥ and x. Assume that x is ramified. If we take
the Haar measure d*z = 9, then

||

/ X(@) |z "y (z)d"x = Ve itk = A (1.1.13.1)

zE€F* 0 ithk+#—-d—f.
ordpe(z):k: 7& f

Thus the gamma factor can be calculated formally as an integral
W)™ = [ x@)elv(@)da
F*

even though the right hand side does not converge absolutely.
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1.1.14 Definition of local factors for characters of the Weil group

Let p be one dimensional representation of Wp, i.e. a character. Then p can be
identified with a character of W2, so that y = Art~'(p) is a character of F*. Here
Art is the local Artin map of (1.1.10). Then we have

L(s,p) = L(s,x)

where the left hand side was defined in (1.1.7), and the right hand side was defined
in (1.1.13). We define

e(s,p, ) = €(s,x, %)
Y(s,p,0) = (8, X, ¢)
so that

6(57 P ¢>L(1 — 5, pil)
L(s, p) '

v(s,p, ) =

1.1.15 The Grothendieck group of Wy

If (p, V) is a representation of Wg, then p need not be semisimple, i.e. V' need not
decompose into a direct sum of irreducible representations. However, p always has a
composition series, i.e. a sequence 0 = V5 C V; C --- C V, =V of subrepresentations
of p such that each quotient representation V;/V;_; is irreducible. We define the
semisimplification pg of p to be the semisimple representation V; /Vo®- - @V, /V,_1.
Up to isomorphism, it does not depend on the choice of composition series, and p is
semisimple if and only if p is isomorphic to its semisimplification.

A representation (p, V') of W is semisimple if and only if the image of a geometric
Frobenius of Wr in GL(V) is diagonalizable ([BuHe06], Proposition 28.7). In fact,
since we are dealing only with representations in characteristic zero, it suffices for a

nonzero power of the image of a geometric Frobenius to be diagonalizable.
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Let R(Wp) be the Grothendieck group of W, which is the free abelian group on
the isomorphism classes of (continuous, finite dimensional) irreducible representations
of Wg. If pis a representation of W, let [p]| be the image of p in R(Wr): by definition,
this is the sum of the classes of the composition factors of p. We have [p@p'] = [p]+[p'],
and more generally if

0—=p —=p—p"'—0

is an exact sequence of representations of Wy, then [p] = [p] + [p"]. Tt follows that
o] = [pss]-
A typical element of R(Wr) is nq[p1] + - - - + n,[p,] for irreducible representations
p; of Wg and integers n;. We define the degree of such an element to be ny+---+n,.
Let E be a finite extension of F. Since Indg/r is an exact functor from the
category of representations of Wg to representations of W, it is well defined as a

function R(Wg) — R(Wp). Then for any representation p of Wg, we have

1.1.16 Local factors for representations of Wp

We have defined the epsilon factor €(s, p, 1) for one dimensional representations
of Wg (1.1.14). More generally, Deligne has shown the existence of epsilon factors for

general representations of Wy ([De72]):

Theorem 1.1.16.1. (Deligne) There is a unique function € which associates to each
finite extension E of F, each nontrivial character g of E/, and each representation
p of Wg a meromorphic function €(s, p,1g) such that:

(i): (s, p,¥E) = €(s, x,¥r) if p is a one dimensional representation corresponding
to a character x of Wg as in (1.1.14).

(ii): €(s, p, ) is additive in the variable p of representations of Wg (hence well

defined on R(Wg)).



12

(iii): If F C E C E’ are finite extensions of F', and [p] € R(Wg:) has degree zero,
then

€(s, [pl,¥E o Trgg) = €(s,Indg/ e p], VE).

(iv): If x is the character w +— ||wl||*® of Wg for some complex number sy, and p is

a representation of Wg, then

6(87 PX, ¢E‘) = 6(3 =+ So, P, 7v/}E)

The epsilon factor €(s, p, ¥g) turns out to always be a monomial in ¢z°. Although
epsilon factors are not inductive in general (only in degree zero), there is an induction

formula for them:

)\(E/F, ¢)dimp6<37 P, 7/) o TrE/F) = E(Sa IndE/F(p)7 %U)

where A(E/F,1) is the Langlands lambda function ([BuHe06], Section 30.4). We

finally define the gamma function (s, p, %) by

6(57 P TP)L(l — 5 IOV>
L(s, p)

’7(87 P ¢) =

where p¥ is the contragredient of p. Like epsilon factors, gamma factors are additive,

and satisfy the inductivity formula:

ME/F, ¢)dimp7(57 p, Yo TrE/F) = (s, IHdE/F(/)), ) (1.1.16.1)

for all finite extensions E of F' and all representations p of Wg.
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1.1.17 Tensor induction

Let G be a group, and let H be a subgroup of G which is of index 2. Let z be an
element of G which is not in H. If (p, V) is a representation of H, let (o,V & V') be

the representation of G' given by

(p(g)v, p(zgz~' ') ifge H

(p(gz=" ), p(zg)v) if g & H.

a(g)(v,v) =

Up to isomorphism, this representation does not depend on the choice of z, and in
fact this representation is isomorphic to the induced representation Ind% p (1.1.8). An
isomorphism is given by sending a function f : G — V satisfying f(hg) = p(h)f(g)
to the pair (f(1), f(2)).
Similarly, we define a representation of G with underlying space V' ® V' by the

formula

p(g)v @ p(zgz~' W' ifge H

g-(v @) =
plgz" W @ p(zg)v  if g & H.

We call this the representation of G obtained from p by tensor induction, and

denote it by ® Indg p. Up to isomorphism, it does not depend on the choice of z.

1.1.18 Tensor induction and composition series

Let G, H, and z be as in the last section.
Lemma 1.1.18.1. Let (p1, V) and (p2, W) be representations of H. Define a repre-

sentation 6 of G with underlying space (V@ W) @& (V@ W) by

L, (P1(9)v @ pa(zgz)w, pi(zg2~ )" @ pa(g)w’)  if g € H
5(g).(v@w,v @uw'") =

(p1(gz™" )W @ pa(zg)w', pr(zg)v @ pa(gz~"w)  if g € H.

Then § = Indg p1® (p2 o), where 1, denotes conjugation by z (g — zgz!).
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Proof: Consider the restriction of  to H. Then §|g = (p1®(p20t.))B((proL,)Rp2).

Since 22 € H, we have p o 1,2 = p for any representation p of H, and therefore

(prot,)®@ps = ((prot,) ®pay)oi,e

(

((prot)®pa)orson,
((prot2) ®(p2ots)) o,
(

I

p1® (p201:))0 L.

This implies that

5|H%J(p1®p20Lz)EB(,O1®pQOLz>OLz

which is exactly the restriction of Ind$ p; ® (pz0t.) to H (given in the form (1.1.7)).
One checks that these isomorphisms actually intertwine the action of GG, not just H.
O

If V' is a complex vector space which is equal to a direct sum V; & --- @ V,, then

V ® V is equal to a direct sum

[évz@v;}@[ D VioV)e Ve V).

i=1 1<i<j<r

The same procedure allows us to decompose a representation obtained by tensor

induction:

Lemma 1.1.18.2. Suppose that (p, V') is a representation of H which decomposes as
a direct sum of subrepresentations (p1, Vi) @ --- @ (p,, V). Then (2 Ind$ p,V @ V)

decomposes as a direct sum of subrepresentations

®Inde—@®IndeZ® P Indfp @ (pjor).

1<i<y<r

Proof: This follows from direct computation and applying Lemma 1.1.18.1. [J
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If instead of a direct sum of subrepresentations, we have a filtration of subrep-
resentations of p, then we can find a corresponding filtration of subrepresentations

®Ind% p as in Lemma 1.1.18.2.

Lemma 1.1.18.3. Suppose that (p,V') is a finite dimensional representation of H.
Let (Vi,p1), ...y (Viey pr) be the composition factors of a composition series of p. There

15 a sequence of subrepresentations of ® Indg P
O=LogCLiC---CVQRV
for which the following representations show up as the quotients L;/L; 1:
®Indgpi 1<e<r

Indgpi®(pj0Lz):1§i<j§r.

Proof: Let W be a subrepresentation of V' such that V/W is irreducible. Let 7
be the quotient map V' — V/W, let p be the corresponding representation of H on
V/W, and let p; be the representation of H on W. Then (® Ind%,V ®V) has W @ W
as a (G-stable subspace, with W @ W = ® Indg p1-

We will investigate the representation (V ® V')/(W @ W) of G. First, note that
the quotient map 7 @ 7 : (V @ V,®Ind% p) — (V/W @ V/W,®1Ind% p) is a G-linear
map with kernel W@V +V @ W.

We next define a linear map
T-WV+VW - WeV/W)e (V/WeW)
as follows: if r e W@V, and y € V® W, then we set

T(z+y) = ((Aw @ m)(2), (T @ 1w)(y))-



16

This is well defined, since W @ VNV @ W =W & W. Furthermore, T is surjective
with kernel W ® W, and the induced representation on the image of T is easily seen
to be isomorphic to

Ind% 5 ® (py o ¢s).

The computation is the same as that for Lemma 1.1.18.1.

We have found subrepresentations
WeW CWeV4+VeV VeV

whose quotients are of the form in the statement of the lemma. If W is irreducible,
we are done. If W is not irreducible, then we take a subrepresentation W, of W
such that W/Wj is irreducible, and iterate the same procedure with the inclusion
WoWy CWoW. I

We finally note that tensor induction commutes with taking the contragredient.

Lemma 1.1.18.4. Suppose that (p, V') is a representation of H. Let (p¥,V*) be the
contragredient representation of H, where V* = Homg¢(V,C) is the dual space of V.
Then

©nd$(p") = (@ nd§ p)".

Proof: The underlying space of the first representation is V* @ V*, while the
underlying space of the second representation is (V' ® V)*. An isomorphism of these
vector spaces is defined by sending an elementary tensor v*®@w* to the linear functional
on V ®V defined by

VR w — (VT v)(w*, w).

It is immediate that this isomorphism intertwines the action of G. [
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1.1.19 Tensor induction and twisting by characters

If n is a character of H, and p is a representation of G, then ® Indg 7 is a character
of G, and
® Indf; (pn) = (® Indf p)(® Indf x).

Let E/F be a quadratic extension of p-adic fields. Identify the Weil group Wg of £
as a subgroup of index two of Wr (1.1.6). If p is a representation of Wy, we will write

® Indg,F p instead of ® Ind%g p-

Lemma 1.1.19.1. Let E/F be a quadratic extension of p-adic fields. Let p be a
character of the Weil group Wg.

(i): If p is an unramified character of Wg, then ®Indg/pp is an unramified
character of Wg. More specifically, if || - || is the Weil group norm, and p = || - ||*°
for a complex number sy, then ® Indg/p p = || - ||**.

(ii): The character @ Indg,p p can be made highly ramified by choosing p to be
highly ramified.

Proof: (i) is a straightforward computation, and (ii) can be seen by identifying
Wab and W2 with F* and E* via local class field theory. One uses the fact that
the homomorphism W2 — W2aP coming from the inclusion map Wr C W identifies

with the norm E* — F*. O

1.2 The Weil-Deligne group of a p-adic field

As in the previous section, every representation of a locally profinite group will be
assumed to be finite dimensional, complex, and continuous. Let F' be a p-adic field.
Recall that a representation of Gal(F'/F) is completely determined by its restriction
to the local Weil group Wgr. The class of representations of the Galois group is
therefore a subset of the class of representations of the Weil group.

In order to formulate the local Langlands correspondence, which relates the finite

dimensional representations of this chapter to (usually infinite dimensional) represen-



18

tations of reductive groups, it will be necessary to further expand the class of finite
dimensional representations which we will consider. The natural way to do this is by

extending the Weil group Wr to a larger group called the Weil-Deligne group.

1.2.1 Definition of the Weil-Deligne group

Let G be a profinite group, and let R be the ring of locally constant functions from
G to Q. Then R is a zero dimensional ring, and g — {f € R : f(g) = 0} defines a
homeomorphism of G onto Spec R. In this way, GG is naturally an affine group scheme
over Q with global section R.

Let F' be a p-adic field, and let Wr be the Weil group of F'. Each coset of the
inertia group Ir in W is a scheme over Q, being isomorphic to Ir. Since W is the
disjoint union of these cosets, we can regard Wr as a scheme over Q. In fact, the
group structure of Wr makes Wr into a group scheme over Q.

Let G, be the additive group over Q. We define the Weil-Deligne group W of
F to be the Q-group scheme G, x Wg, where Wr acts on G, by w.x = ||w||x. The
Weil-Deligne group is neither affine nor of finite type.

1.2.2 Representations of the Weil-Deligne group

The group of C-rational points W (C) = Homg(SpecC, W}.) can be identified
with the semidirect product of C by W}, where Wr acts on C by w.x = ||w||z.
Actually, we will always identify W/, with its C-rational points.

Let V be a finite dimensional complex vector space. The following three objects

are in bijective correspondence, and can be naturally identified:
e A morphism of group schemes W}, xg Spec C — GL(V).

e A group homomorphism C x Wr — GL(V) whose restriction to W is contin-

uous, and whose restriction to C is a morphism of varieties.
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e A pair (p, N), where p is a (continuous, finite dimensional, complex) represen-
tation of Wr with underlying space V', and N is a nilpotent linear operator on

V such that p(w)Np(w)™ = |Jw||N for all w € Wkg.

Any of these three objects will be called a representation of W}.. We will explain the
equivalence of the second and third notions. Given p and N of the third description,
we extend p to a homomorphism on Wj, = Cx Wy by sending (x,w) to exp(zN)p(w).
Given a homomorphism p’ : Wi — GL(V) of the second description, we first let p
be the restriction of p’ to Wr. The restriction of p’ to C, being a one parameter
subgroup of the complex Lie group GL(V'), must be of the form z +— exp(zN) for a
unique linear operator N of V. But being a morphism of varieties, the series defining
exp(zN) must also be a polynomial in x, so N must be nilpotent.

In light of these equivalences, we can say that a representation of Wr is the same
thing as a representation of W}, whose nilpotent operator is zero. Since the kernel of
the nilpotent operator is Wg-stable, it is clear that a representation of W} is never
irreducible unless it is actually just a representation of Wg, i.e. its nilpotent operator

18 zero.

1.2.3 Operations on Weil-Deligne representations

If (p/,V) is a representation of Wj = C x Wg, we have shown in the previous
section that we can identify p’ with the triple (p,V, N), where p = p/|w,, and N is
the derivative at = 0 of the map x — p'[c(x). If an operation is applied to p’
(direct sum, tensor product, contragredient), it is useful to to know the underlying
WEeil representation and nilpotent operator.

Let p) = (p1, V1, N1) and pfy = (p2, Vo, N2) be two representations of Wj. Then
we have

P ® ph = (Vi ® Va, p1 ® pa, N1 & No)

PL&py=(Vi® Vo, p1 @ p2, Ni @1+ 1@ Ny)
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pllv = (pi/u V*u _Nl\/)

where ¥ denotes the contragredient.

1.2.4 The special representations Sp(m)

For m > 1, define Sp(m) to be the following m-dimensional representation of
W.: the underlying space is the m dimensional vector space Cey @ - - - @ Ce,,_1, the
underlying representation of W is given by w.e; = ||w||’¢;, and the nilpotent operator
N is given by

€i+1 if ¢ 7& m—1
N@Z‘ =
0 ifi=m—1.
If (p,V) = (p,V,0) is a representation of Wg, then p ® Sp(m) can be thought of in

the following way: the underlying Weil representation is the direct sum

m—1
penll-lle--a- " V)
i=0
and the nilpotent operator is given by

(V0y ey Um—2y Um—1) > (0,01, .oy Upp—2).

1.2.5 Classification of Weil-Deligne representations

A representation of Wy, is said to be Frobenius semisimple if its restriction to
W is semisimple. A representation of W7, is said to be indecomposable if it cannot
be written as a direct sum of two proper subrepresentations.

Every indecomposable, Frobenius semisimple representation p’ of W7, is isomor-
phic to p ® Sp(m) for an irreducible representation p of Wy and a positive integer
m. It is a represention of W (in the sense that the nilpotent operator is zero) if and

only if m = 1. The class of p and the integer m are determined by p'.
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If p' is a representation of W} which is Frobenius semisimple, then there exist

irreducible representations p1, ..., p, of Wr and positive integers my, ..., m, such that
p'=p1®Sp(m1) & - & pr @ Sp(m,.).

The pairs (p;, m;) are uniquely determined.

1.2.6 Induced representations

Let E be a finite extension of F'. As usual, we will consider Wg as a subgroup
of W (1.1.6). Since the norm on Wy restricts to the norm on Wg, the inclusion
homomorphism of Wy into Wy induces an inclusion homomorphism of Wy, into Wr.
We have [Wj : Wg] = [E : F].

Let p/ = (p,V,N) be a representation of W,. Consider the induced representa-
tion Ind%; P of Wg, and an element f : Wj — V of the underlying space of this

representation. Since for x € C, we have
f(z) = exp(zN) f(1wy)
we see immediately that f +— f|w, defines an isomorphism of Wpg-representations
Indmw/’:; o — Ind%g p.

We can then identify Indmw/:g p’ with the representation Indg/r p of W, together with
the nilpotent operator T' given by (T - f)(w) = exp(||w||N)f(w). We will write

Indg,/p p’ instead of Indwwfl’:j o
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1.2.7 Local factors for Weil-Deligne representations

Let p' = (p,V, N) be a Frobenius semisimple representation of Wj. Then py =

Ker N is a subrepresentation of p. We define the L-function and epsilon factor by

L(S’ P/) = L($> pN)

L<1 — S, p\/) L(87 p,)
L(S,p) L<1_3aplv)'

€(s, 0/, 9) = €(s,p, )

Here v is a nontrivial character of F', and the factors on the right hand side were
defined in (1.1.7) and (1.1.16). The epsilon factor remains a monomial in ¢~*. The

gamma factor is again defined by

6(87 pla 77Z))L<1 — 5 pr)
L(s, p') '

v(s, 0, 0) =

Notice that (s, p', 1) = (s, p,¥). That is, the gamma factor depends only on the

underlying Weil representation.

Example 1.2.7.1. Let p be a representation of Wr. Consider the representation
p @ Sp(m) of Wr. The underlying space of this representation is the direct sum of
m copies of V', as in (1.2.4). We see that the kernel of the nilpotent operator is the
representation (p|| - ||, V) of W, so

L(s, p@Sp(m)) = L(s, pl| - [|") = L(s + m — 1, p).

1.2.8 Inductivity and additivity for Weil-Deligne representations

If p}, pl, are representations of Wy, then

L(s, py & py) = L(s, p})L(s, p)

€(s,p) ® ph),0) = €(s, py,)e(s, ph,1)).
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However, these factors are not additive over short exact sequences. On the other

hand, the gamma factors are additive, i.e. if
0= py = py = p3 =0
is an exact sequence of representations of W, then

Y(s, Py ) = (s, pi, )V (s, P, ).

This is because the gamma factor only depending on the underlying representation of
Wr (1.2.7), and the gamma factor of a Weil representation is additive. L-functions of
Weil-Deligne representations are inductive, and gamma and epsilon factors of Weil-
Deligne representations satisfy the same inductivity rule as Weil representations. If

p' is a representation of Wy, for a finite extension E of F', then
L(s,Indg/r p') = L(s, p')

)‘(E/F> w)dimp’e(s’ p/7 @b o TrE/F) = €<37 IndE/F(p/)7 ¢)
)‘(E/F7 ¢)dimp'7(87 P/» ,4/} o TrE/F) = ’Y(Sa IndE/F(pl)a ’QZ))

where A\(E/F, 1) is the Langlands lambda function (1.1.6).

1.2.9 Weil-Deligne representations as representations of Wy x SLy(C)

There is another way to think of Frobenius semisimple Weil-Deligne representa-
tions which is useful in considering tempered representations (see 1.2.10). If p/ =
(p, V,N) is a Frobenius semisimple representation of W7, there are unique elements
h, f € End(V) such that p(w)fp(w)™ = ||w||~'f and p(w)hp(w)™* = h for all
w € Wg, and such that N, h, f form an sly-triple, which is to say:

[, N]=2N [h, f]==2f [N, f]=nh
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where [X,Y] = XY — Y X. We construct a representation 7 of Wgr x SLy(C) by

defining
—v(w
(w) = exp(— 5 log()h)p(w) (w e W)
where v(w) = —log, ||w||, and defining 7|sL,c) to be the unique complex analytic

representation of SLy(C) whose tangent space map is given by

— N
0 0
1 0

— h
0 -1
0 0

— f.
1 0

If 7 is a representation of Wr x SLy(C) whose restriction to SLy(C) is algebraic, then
we can recover p' = (p,V, N) by
1
w2
p(w) = 7(w, ), N=dr
][~ 00
Proposition 1.2.9.1. o' — 7 defines a bijection from Frobenius semisimple rep-
resentations of W, to representations of Wr x SLy(C) whose restriction to Wg is
continuous, whose restriction to SLy(C) is algebraic, and for which the image of a

geometric Frobenius is semisimple.

Proof: This is essentially the Proposition of Section 6 of [Ro94]. [
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1.2.10 Tempered and square integrable Weil-Deligne representations

Let p' = p ® Sp(m) be an indecomposable Frobenius semisimple representation
of Wi, for p an irreducible representation of Wr and m > 1. We will say that p’ is
square integrable if det(p|| - || ) is a unitary character of Wp.

If p’ is an arbitrary Frobenius semisimple representation of W, we will say that

P is tempered if all its indecomposable constituents are square integrable.

Lemma 1.2.10.1. If ' is tempered, then so is its contragredient, and L(s, p") has no

poles for Re(s) > 0.

Proof: We may assume that p’ is square integrable, and write p’ = p ® Sp(m) for
an irreducible representation (p, V') of W, and an integer m > 1. If we write p’ in

the form p ® Sp(n) for some representation p of W, we see that n = m and p must

be equal to p"|| - [|7™~Y. Then
m_1 = m—1
Il 17 = 1 175 = (115"
which has unitary composition with the determinant since its contragredient p||-|| ="

has unitary composition with the determinant by assumption. This shows that p'V is

square integrable and hence tempered. As for the L-function, we have

_ m—1
L(S,pl>:L(8,pHH 1):L(S+T>Z>

where ¥ = p|| - || is a representation of Wy such that detoX is unitary. If ¥ has
dimension greater than one, or if ¥ has dimension one but is not trivial on the inertia
group, the L-function is identically 1 and we are done. Otherwise, X is an unramified

character of Wg, 3(®) lies on the unit circle for ® a geometric Frobenius, and

L(s, %)™ = (1—q"%(®))



26

We see that L(s, )~ cannot have a zero with Re(s) > 0. Hence L(s,Y) has no pole
with Re(s) > 0. This implies L(s, p') = L(s+™, ¥) has no pole with Re(s) > —7-1,
and hence no pole with Re(s) > 0. O

There is a criterion for a representation to be tempered using representations of

Wr x SLy(C).

Theorem 1.2.10.2. Let p' be a Frobenius semisimple representation of Wi, and let
T be the corresponding representation of Wg x SLo(C). The following are equivalent:
(i): p' is tempered. (ii): The image of Wg under T is bounded. (iii): The image

of a geometric Frobenius under T has all its eigenvalues on the unit circle.

Proof: This is proved in 5.2.2 of [Ku94]. O

1.2.11 Tensor induction preserves temperedness

Assume that F is a quadratic extension of F. Let z be an element of Wy which
is not in Wpg, so z is an element of W}, which is not in W7,

Let p' = (p,V,N) be a Frobenius semisimple representation of Wj. Recall the
definition of tensor induction (1.1.17). Then ® Indg/pp’ = ®Ind$§ p' is a repre-
sentation of Wi. Its underlying Weil representation is (® Indg/p p, V ® V'), and the
nilpotent operator 7' is easily seen to be N ® 1 + 1 ® ||z|| NV, where z is the chosen
element of W, not in W, which defines ® Indg/r p.

Proposition 1.2.11.1. The tensor induced representation @ Indg,p o’ is Frobenius

semisimple. If p' is tempered, then so is @ Indg,p p'.

Proof: Recall that for a Weil-Deligne representation to be Frobenius semisimple,
it is necessary and sufficient that a nonzero power of a geometric Frobenius element
define a semisimple linear operator (1.1.15). If ® is a geometric Frobenius of W,
then ®2 is a power of the geometric Frobenius of W, and it suffices to show that ®2
defines a semisimple linear operator of V' ® V. The representation ® Indg,r p’ of W
applied to ®? is

p(@?) @ (20727
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which is semisimple because p and hence p(®?) and p(z®227!) are semisimple.
Suppose that p' is tempered. There exist h, f € End(V') as in (1.2.9) such that

N, h, f form an sly-triple, where N is the nilpotent operator of p’. Let ¥ be a geometric

Frobenius of Wg. By the Theorem of 1.2.10, we know that all the eigenvalues of

exp(— 5 loglar)h)p )

lie on the unit circle.
The nilpotent operator of ® Indg/pp'is T = N®1+1®||2||N, and it is straight-
forward to check that if we define

H=h1+1®h

F=fo1+1®]|]2|| 'h € End(V @ V)

then T, H, F' form an sl triple in End(V ® V') and satisfy the required relations of
(1.2.9). Then if ® is any geometric Frobenius of Wg, we are done by the Theorem of

1.2.10 if we can show that all the eigenvalues of the operator
1
eXP(—i log(gr)H)®

on V ® V lie on the unit circle. Since H and ® commute with each other, it will

actually suffice to show that the eigenvalues of
1 1!
exp( 5 log(qr)H)'®

lie on the unit circle, where [ is a positive integer. If E/F is ramified, then gp = qr

and we can take ® = W and [ = 1, so that

1 1 1
exp(—§ log(qF)H)ZCDl = exp(—§ log(gr)h)¥ ® exp(—§ log(gr)h)W¥
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which is unitary. If E/F is unramified, then ¢z = ¢%, ¥ = ®? is a geometric Frobenius

for Wg, and we take [ = 4:

exp(— log(gr) H)'@' = exp(~ log(gs) H)*V?
= (exp(— 5 los(qz) H) V)?

= (exp(—; log(qr)h)¥ ® exp(—; log(qE)h)\I’>

which is unitary. [J

1.3 The Weil group of an archimedean local field
1.3.1 Definition of the Weil group

Suppose that k is an archimedean local field, so that & = C. If k is real, we take
the local Weil group Wj, to be the topological group k&~ U jk ', where j2 = —1, and
jxj~' = o(z), where o is the nontrivial element of Gal(k/k). We have a continuous
surjective homomorphism W, — Gal(k/k) sending j to o, and everything else to 1z.

If k is complex, then we take W} to be k*. The Galois group Gal(k/k) is trivial,
and we have a continuous surjective homomorphism W, — Gal(k/k) defined in the
only possible way, taking everything to 1.

This defines the Weil group of an archimedean local field k. There is no analogue
of a Weil-Deligne group in the archimedean case. For uniformity of notation, we will

define the Weil-Deligne group W/ of an archimedean local field to just be the Weil
group Wi.

1.3.2 Archimedean and nonarchimedean Weil groups

If k is any local field of characteristic zero, and k is an algebraic closure of k, then
we have defined in all cases (k nonarchimedean, real, complex) a local Weil group

W}, together with a continuous homomorphism W, — Gal(k/k) with dense image.
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If K is a finite extension of k (if k is archimedean, then either K = k or K = k),
and we can define a Weil group of Wy by taking the preimage of Gal(k/K) under

1.3.3 Local factors for representations of the archimedean Weil group

Suppose again that k is archimedean. The (continuous, finite dimensional, com-
plex) irreducible representations of W}, are completely classified. When k is complex,
every irreducible representation of W), = C* is just a character of C*. When £ is real,
the irreducible representations of Wj, are either one or two dimensional.

The irreducible representations of W being completely classified, one then obtains
a classification of all semisimple representations of Wj.

We refer to Knapp ([Kn94)) for the definition of the L-function L(s, p) and epsilon
factor €(s, p,1) associated to a semisimple representation p and nontrivial additive
character v of k. These factors are additive over short exact sequences of semisimple
representations and satisfy inductivity formulas: if K is a finite extension of k, p is a

representation of Wy, and v is a nontrivial unitary character of k, then
L(s, p) = L(s,Indg p)

6(87 P ¢ © TrK/k)/\<K/k7 @D)e(& IndK/k P ¢)

where A(K/k,1) is the Langlands lambda function for real groups. Just as in the

nonarchimedean case, the local gamma factor is defined by

6(57/)7 ¢)L(1 -5, pV)
L(s, p) '

V(s p ) = (1.3.3.1)

1.4 The Weil group of a number field

Our main reference for this section is [Ta79].
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1.4.1 Essential properties of the global Weil group

Let k£ be a number field. The construction of the global Weil group Wy is more
complicated than the construction of a local Weil group, and is not important for our
purposes. We refer to [Ta79] for a proof of this construction.

The essential property of the global Weil group is that it is a Hausdorff topological
group Wy, together with a continuous homomorphism ¢ : Wy, — Gal(k/k) with dense
image, and an isomorphism 7y, : A} /k* — W2P, where A}, is the ring of adeles of
k, and W32 is the abelianization of Wj. For each finite extension K of k, Wy =
o 1 Gal(k/K) is a Weil group of K, which is equipped with an isomorphism 7y :
A% /K* — W2 which is compatible with r;, via the “transfer homomorphism” (see

the first section of [Ta79]).

1.4.2 Connection between the global Weil group W, and the local Weil

groups Wy,

For each place v of k, choose an algebraic closure k, of k, and an embedding
i, : k — k, of algebraic closures. Then i, induces an injection Gal(k, /k,) — Gal(k/k)
defined by 7 — i, o 7 0 i,.

Define the Weil group Wy, as in either (1.3.1) or (1.1.3), depending on whether v
is archimedean or not, together with the map Wy, — Gal(k,/k,).

There exists a continuous homomorphism 6, : Wy, — Wj, unique up to inner

isomorphism by an element of Ker ¢, such that the diagram

W, —>— Gal(k/k
o] I
ka E— Gal(E/k

)

v)

is commutative ([Ta79], Proposition 1.6.1).
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1.4.3 L and epsilon factors for the global Weil group

For each place v of k, let 0, be as in (1.4.2). If ¥ : W}, — GL(V) is a representation
of Wy (assumed as usual to be continuous, finite dimensional, and complex), let
Y, = X o6, the “restriction of ¥ to Wy,.” Define the global L-function and epsilon

factor

L(s,%) =[] L(s, %)

e(s,8) = [[ (5,2, 0y)

where ¥ = ®V, is any nontrivial character of Ay/k. For a given character ¥, the
local epsilon factor (s, %,, ¥,) will be equal to 1 at almost all places v, and their
product (s, 3) will not depend on the choice of V.

The infinite product defining the global L-function will converge to an analytic
function of s in some right half plane. Moreover, L(s,>) admits a meromorphic

continuation to the entire complex plane satisfying the functional equation
L(s,%) = €(s,8)L(1 — 5,2Y)

where XV is the contragredient of ¥ ([Ta79], Theorem (3.5.3)). Note that L(s, ") =
[1L(s,%Y).

1.4.4 Global Weil groups in the relative setting

Suppose that K is a quadratic extension of k. Then Wy = ¢! Gal(k/K) is a
Weil group of K, Wk is a normal subgroup of Wy, and we can identify the quotient
Wy /Wi with the Galois group Gal(K/k). For the rest of this section, let us choose
once and for all an element Z in W which is not in Wy, and let & = ¢(Z2).

For each place v of k, the embedding i, : & — k, determines a place w of K which
lies over v: the completion K, is the composite field i,(K)k,, in which i, embeds K

as a dense subfield.
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If k, is properly contained in K,,, then w is the only place of K lying over v. If
not, then there is another place w’ which also lies over v, which we now describe: just
as K, = k,, together with the embedding i, : K — K, is the completion of K at the
place w, we also have that K, = k,, together with the embedding i,067 ! : K — Ky,

is the completion of K at the place w'.

1.4.5 Connection between the global Weil group Wy and the local Weil
groups Wy,

For each place v of k, we have a place w of K lying over v, determined by the
embedding i, : k, — k. Given our Weil group W, — Gal(k,/k,) (1.3.2), we can
define the Weil group Wy, of K, as usual to be the preimage of Gal(k,/K,,) under
this last map, so that [K,, : k,] = [Wk, : Wk, ].

1.4.6 Splitting of places in K/k

We had fixed a continuous homomorphism 6, : Wy, — Wy, defined in (1.4.2),
satisfying a compatability property and unique up to inner isomorphism by Ker 6.
Now for the place w lying over v, determined by the embedding i, : k — k, (1.4.4),
we do the same for Wy, and Wy. We do this simply by taking 6, : Wk, — Wk to
be the restriction of 8, to W, .

Suppose that w is not the only place of K which lies over v. Let w’ be the other
one. Then the map i, = i,057 ' : kK — k, gives an embedding of algebraic closures
of K, K, respectively, through which we obtain a homomorphism Gal(k,/K,) —
Gal(k/K). Then we may take 6, : Wx_, — Wi to be the homomorphism given by
Our (z) = Z0,(x)Z~. We see immediately that the diagram

Wi —2— Gal(k/K)

S

WKw’ E— Gal(E/le)
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is commutative. Of course, under our identifications, K,, = K,, = k,, and Wk, =
Wk, = Whk,.

The point of doing all of this is that in terms of the fixed homomorphisms 6, :
v a place of k, and the choice of Z € W), — Wi, we now have for every place of K a

homomorphism 6, : Wy, — Wk as in (1.4.2).

1.4.7 Tensor induction when K/k does not split at v

Now suppose that (X,V) is a representation of the global Weil group Wx. We
will consider the tensor induced representation (® Indg/, 3,V ® V') of the global Weil
group Wy, (1.1.7) defined by our choice of Z € W}, (1.4.4).We recall that @ Ind /i, 2
is defined by

Y(w) @ X(ZwZ Y if we Wk
w.(vev) =
S(wZ YW @S(Zw)v  if w g Wk.

We will consider the restriction (® Ind K/k ¥)), of this representation of W, to various
Wi, .
Let v be a place of k, and let w be the place of K lying over v as in (1.4.4).
Suppose first that k, = K, so that there is another place w’ of K which lies over
k. Then the image of 6, is contained in Wy, and the representation (® Ind K/k ¥), of
Wy, is given by

a.(v@v') = 3(0,(a))v @ 2(Z0,(a)Z )’

for all a € W,. But recall that under our identifications (1.4.6), Wy, = Wk, = Wk,

0, =0,, and 1z o 0, = 0,,, where 15 denotes conjugation by Z. Therefore, we have

(® IndK/k Z)v = Ew X Zw’

whenever there are two distinct places w and w’ lying over v.
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1.4.8 Tensor induction when K/k splits at v

We remain in the setting of (1.4.7), but now suppose that w is the only place of
K lying over v, so that [K,, : k] = 2. If a € Wy, then 6,(a) lies in Wi if and only if
a is in W, . Consequently, (® Indg/, X), is given for a € W, by

Y(0p(a))v @ X(Z0,(a)Z Y if a € W,
a.(vev) =
Y(0,(a)Z Y @ 2(Z0,(a))v  if a g Wg,.
Let z be any element of Wj, which is not in Wy, . Then 6,(z) is an element of W

which is not in Wy. Consequently, 6,(2)Z~! lies in Wk, and the map v ® v/

v ® 3(0,(2)Z71)v' defines an isomorphism

(®Tndg/ 2)y = @ Indg, ky L
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2. THE ANALYTIC THEORY

In the previous chapter we summarized what we needed from the Galois side. In this
chapter, we do the same on the analytic side. In Section 1, we define the Langlands
dual group of a reductive group, and explain the conjectural objects associated to
its representations. In Section 2, we give a summary of what we will need from
the Langlands-Shahidi method. In Section 3, we give an exposition of the Bernstein-
Zelevinsky (BZ) classification of smooth, irreducible representations of GL,,(k), where
k is a p-adic field. We also summarize the local Langlands correspondence for GL,,
and explain how arbitrary Frobenius semisimple representations of the Weil-Deligne
group are built out of irreducible representations in the same way that arbitrary
smooth, irreducible representations of GL,, are built out of supercuspidals from the
BZ-classification.

In Section 4, we apply the Langlands-Shahidi method in the setting of Weil re-
striction of scalars. As far as we know, the content of Section 4 has not been written
down anywhere in published form, although it is surely known to the experts. Section
5 is an application of the result of Section 4, where we show that certain local factors
showing up in the multiplicativity formula for Asai representations are really Rankin
products.

Finally in Section 6 we define the Asai representation and state our main result,
the equality of the local Asai epsilon factor as defined by the Langlands-Shahidi
method, with the expected epsilon factor on the Galois side via the local Langlands
correspondence. We prove the multiplicativity formula for the Asai gamma factors.

We remark that the equality of the local Asai L-function with the expected L-
function on the Galois side is already a theorem due to Henniart. In fact, Henniart
had shown that the Asai gamma factors were equal up to a root of unity. In Section 7

we explain Henniart’s argument. Our approach to proving our main theorem will be
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to show the exact equality of the gamma factors. On account of Henniart’s result of

the equality of L-factors, we will get the equality of epsilon factors as a consequence.

2.1 The Langlands dual group

The Langlands dual group, or L-group, is a complex Lie group associated to a
connected, reductive group. It is used in defining L-functions, epsilon factors, and
gamma factors on the analytic side. In this section, we explain how the L-group is
defined and state some of its associated properties and conjectures. Our primary

reference for this section is [Bo79].

2.1.1 Based root data

Let G be a connected, reductive group, defined and quasi split over a field k. Let
S be a maximal k-split torus of G, T = Zg(S) a maximal torus of G which is defined
over k, and B a Borel subgroup of G which is defined over k£ and contains T.

Let X(T) be the group of rational characters of T, and XV(T) the group of
rational cocharacters of T. Let ® = ®(G, T) be the set of roots of T in G, and ¢V =
®Y(G,T) the set of coroots of T in G. Then the quadruple (X (T),®, XV(T),dY) is
a root datum. The group G is determined up to k-isomorphism by its root datum.

The choice of the Borel subgroup B determines a set A of simple roots for ® and a
set AV of simple coroots of ®". Then the sextuple R = (X (T), ®, A, XV(T),®", AY)

is a based root datum.

2.1.2 Root vectors and splitting

For each root a € ®, let U, be the corresponding root subgroup. A root vector
for o is an isomorphism x, : G, — U, of algebraic groups over k.
A splitting is a collection x, : o € A of simple root vectors. The group

Aut(G,B, T) of k-automorphisms of G which stabilize B and T acts on the set
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of splittings. Given a splitting x, : @ € A, the group Aut(G,B,T,x, : a € A) of
automorphisms in Aut(G, B, T) which fix the splitting is isomorphic to the group of
automorphisms of the based root datum R.

Furthermore, Aut(G) is the semidirect product of the group of inner automor-

phisms of G and Aut(G,B, T, x, : a € A) ([Sp79], 2.14).

2.1.3 Definition of the L-group

Let I be the Galois group Gal(ks/k), where kg is a separable closure of k. For
each finite Galois extension K of k, let ['x = Gal(K/k). Then I' acts as a group of
automorphisms on X (T) and XV (T), and in fact acts as a group of automorphisms
on the based root datum R and its dual RY = (XY(T),®",AY, X(T), d, A).

Let GV be a connected, reductive group over C, with Borel subgroup BY con-
taining a maximal torus TV, whose based root datum is isomorphic to RY. Let
Xov o a” € AV be a splitting for this based root datum. The choice of this splitting
gives an injection of Aut RY into Aut(GY,BY, T"), as explained in the previous sec-
tion. In this way, the Galois group I' acts as a group of automorphisms of G which
stabilize BY and TV.

The Langlands dual group, or L-group, “G is defined to be the semidirect
product of G by I' according to this action. It is a complex Lie group with connected
component “G° = GV. Up to I'-isomorphism, it does not depend on any of the
choices we have made for B, T, GY,BY, T or the splitting for (G¥,BY, T").

If T splits over a Galois extension K of k, then Gal(k;/K) acts trivially on X (T)
and XV (T), hence trivially on “G°. Then the L-group of G is often identified with
the semidirect product “G° x Gal(K/k).
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2.1.4 Representations of the L-group

By a representation of “G, we will mean a continuous, finite dimensional com-

o

plex representation of “G whose restriction to the complex Lie group “G° is holo-
morphic.

Suppose that G is defined over a number field k. For each place v of k, and
algebraic closure k, of k,, the choice of k-embedding k — k, defines an injection
Gal(k,/k,) — Gal(k/k).

Let G, = G X} k,. Since a based root datum for G is also one for G,, we can

arrange that “G° = G2, so that the inclusion of Gal(k,/k,) into Gal(k/k) defines

an inclusion *G, into “G. If 7 is a representation of “G, we let 7, be the restriction

of r to I'G,.

2.1.5 Identification of L-groups

Let ¢ : G — G’ be an isomorphism of algebraic groups which is defined over k.
If we identify (G, 9B, ¢T) with (G, B, T), we can define the L-group of G’ together

with a corresponding isomorphism ¢ : 'G’ — LG.

2.1.6 Conjectural local factors

Assume that k is a local field of characteristic zero. To each representation r of
LG, each irreducible, admissible representation 7 of G(k), and each nontrivial unitary
character ¢ of k, there is a conjectural local analytic L-function L(s,m,r) and a
conjectural local analytic epsilon factor €(s, 7, r ). There is also the gamma

factor
L(]_ — S, 7Tv, T>€(87 T, ¢)
L(s,m,r) '

V(s ) = (2.1.6.1)

These are defined in many special cases, in particular by the Langlands-Shahidi
method. We give a summary of the method in the next section. There are two

important representations of L-groups which we will define. They are the standard
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representation, and the tensor product. First, if G = GL,,, then the L-group of G can
be identified with GL(V'), where V is an n-dimensional complex vector space. The
identity map r on GL(V) is called the standard representation. The standard
L-function L(s,m,r) is written as just L(s, ) with the r omitted, and the same goes
for the standard epsilon and gamma factor.

Next, suppose G = GL,, x GL,,. Then the L-group of G can be identified with
GL(V) x GL(W), where V and W are complex vector spaces of dimensions n and m.
Let 7 be the tensor product representation *G — GL(V®@W) given by (T, S) — T®S.
An irreducible, admissible representation 7 of G(k) factors as a tensor product m X,
where 7, and 7o are irreducible admissible representations of GL, (k) and GL,,(k),
respectively. Their isomorphism classes are determined uniquely by that of 7. The
Rankin product L-function L(s,m X 7, ) is written as L(s,m X my), and the

epsilon and gamma factors are similarly written, e.g. €(s,m X ma, ).

2.1.7 Conjectural local Langlands correspondence

Assume that k is a local field of characteristic zero, and let W} be the Weil-
Deligne group of k. Recall that for k archimedean, W) is defined to just be the
Weil group. In ([Bo79], 8.1), Borel gives a definition of an admissible homomorphism
¢ : W] — IG. Two admissible homomorphisms are equivalent if they differ by an
inner automorphism of “G®°.

The conjectural local Langlands correspondence (as stated by Borel in [Bo79],

Chap. III) hopes to associate, to a general reductive group G, the following:

e A partition of the set of isomorphism classes of irreducible, admissible repre-

sentations of G(k) into finite sets, called L-packets

e A bijection from the set of equivalence classes of admissible homomorphisms

o W, — LG to the set of L-packets
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such that if 7 is an element of the L-packet corresponding to p’, then

L(s,rop') = L(s,m,1) (2.1.7.1)

e(s,rop ) =e(s,m r 1) (2.1.7.2)

whenever the right hand sides can be defined.

2.1.8 Some special cases of the local Langlands correspondence

Let k be a local field of characteristic zero. For k archimedean, the conjectural
partition and bijection for the local Langlands correspondence for G have been estab-
lished in terms of Langlands classification ([La89], see also [Kn94]). One then typically
defines L(s,m,r) and €(s,m,7,1) to be the left hand sides of equations (2.1.7.1) and
(2.1.7.2), effectively establishing the archimedean local Langlands correspondence for
general reductive groups.

For k nonarchimedean, and G = GL,, the conjectural partition and bijection
have been established. The L-packets are singleton sets, and the bijection is the
celebrated “Local Langlands correspondence for GL,,” proved independently in by
Henniart [He00] in 2000, and Harris and Taylor [HaTa01] in 2001. A new proof was
given by Scholze [Sch10] in 2010. The function field version was proved in 1993 by
Laumon, Rapoport, and Stuhler [LaRaSt93].

For G = GL,, the L-group “G can be identified with GL,(C), and the L and
epsilon factors are shown to agree for r = 1gr,,(c). Establishing the equality of L and
epsilon factors for general r, when the local analytic L and epsilon factors are defined,
is an ongoing task, although the equality has been established in many special cases.

For example, it has been established for » = Sym? and r = A? in by Cogdell,
Shahidi, and Tsai [CoShTs17] and G. Henniart [Hel0]. Henniart proved the equality
of L-functions for these r; he did this by proving first that the gamma factors were

equal up to a root of unity, and then deducing the equality of L-functions as a conse-
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quence. Later, Cogdell, Shahidi, and Tsai proved a crucial “analytic stability” result
which, combined with some global arguments, allowed them to get an exact equality
of the gamma factors.

When G is a torus, the conjectural partition and bijection have been established
by Langlands ([La97], [Yu09]). This is the “local Langlands correspondence for tori.”

In this case, the L-packets are again singleton sets.

2.1.9 The L-group and restriction of scalars

Suppose that E/F is a finite extension of local fields of characteristic zero. Let G
be a connected, reductive group over F, and let G = Resg/r G, the Weil restriction
of scalars of E/F (see (2.4.1)). Then we can identify G(F) = G(F). As Borel ex-
plains in 8.1 of [Bo79], there is a canonical bijection from the set of equivalence classes
of admissible homomorphisms of W, into G, and the set of equivalence classes of
admissible homomorphisms of W}, into “G. So if a conjectural local Langlands cor-
respondence is established for G, then we have also a conjectural local Langlands
correspondence for “G. This bijection is compatible with the local Langlands corre-

spondence for tori and for archimedean groups.

2.2 Langlands-Shahidi method

Let M be a connected, reductive group, quasi split over a characteristic zero
local field k. Let “M be the Langlands dual group of M (2.1.3). In this section,
we give a summary of the Langlands-Shahidi method which defines the L-function
L(s,m,r) and epsilon factor €(s,m,r,1¢) for a nontrivial unitary character ¢ of k,
certain irreducible, admissible representations m of M(k), and certain representations

r of M. Our primary references for this section are [Sh81], [Sh90], and [Sh10].
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2.2.1 The setting

Let G be a connected, reductive group which is quasi split over the local field
k. Let B, T,S be as in (2.1.1). Assume that M is a standard Levi subgroup of a
parabolic k-subgroup P of G which contains B. Let N be the unipotent radical of
P, and let U be the unipotent radical of B. Then By; = BN M is a Borel subgroup
of M with unipotent radical Uy; = U N M.

The choice of B defines a set of simple absolute roots A C & = &(G,T) and
a set Ay C & = O(G,S) of simple relative roots. The parabolic subgroup P is
parameterized by a subset 6 of A, as well as by a subset 0, of A.

2.2.2 LS-representations 1

The L-group “*M of M can be chosen in a natural way as a subgroup of the L-
group LG, since “M° is isomorphic to the standard Levi subgroup of (!:G°,Z B° £ T°)
which corresponds to the subset ¥ of AV.

If “P° is the corresponding standard parabolic subgroup of “G?°, let “IN° be its
unipotent radical, and let “n be the Lie algebra of “IN°. Then *M acts on “n by the
adjoint representation

Ad: ‘M — GL(*n).

The Langlands-Shahidi method defines gamma factors, and consequently L and ep-
silon factors for those representations r which are isomorphic to irreducible con-
stituents of an adjoint representation as above. We shall call such a representation of
LM an LS-representation. The factors will depend only on the isomorphism class
of r, not on the choice of G or the way in which M sits inside G as a Levi subgroup.

More generally, suppose that H is a connected, reductive quasi split group over
k, r is an irreducible representation of “H, and suppose there exists a Levi subgroup
M of a group G as above together with an isomorphism ¢ : H — M of algebraic

groups over k. Then ¢ induces an isomorphism of L-groups ¢" : ‘M — IH. If
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r o " is an LS-representation of M in the above sense, then we will also call r an
LS-representation.

If 7 is an irreducible, admissible representation of H(k), then 7 o ¢! is one of
M(k). Suppose that r is an LS-representation of “H, and the gamma factor, L-
function, and epsilon factor are defined for (7 o ™!, 7 0 p¥). Then we can define the

corresponding factors for H by

7(877-[_7717 w) = ’7(877{- o (p_]-?/r o 90\/7w)

L(s,m,r)=L(s,mop ', ropY)

6(8’ 7T7 T? ¢) = 6(877T o 80_177‘ © 80\/71/))'

These definitions are independent of the choice of isomorphism ¢ as well as the way

in which M sits inside G as a Levi subgroup.

2.2.3 LS-representations 11

The Langlands-Shahidi method actually defines gamma factors for certain rep-
resentations r which are not necessarily irreducible. If rq,...,r; are the irreducible
constituents of such a representation r, then the gamma factor for r will be the prod-
uct of the corresponding gamma factors for the r;. For example, suppose that k is
a number field, M is a maximal Levi, and the adjoint representation of “M on *N
is irreducible. Then r,, the restriction of r to *M, (see 2.1.4), is not necessarily
irreducible, but the gamma factor is still defined.

If 7 is an arbitrary representation of “M whose irreducible constituents r; are
LS-representations, one expects that the L, gamma, or epsilon factor for r should be
the product of the corresponding factors of the r;. But there is at present no way to

ensure that such factors are well defined.
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2.2.4 Splitting and generic characters

Let T be the Galois group of k/k, and let x, : a € A be a splitting for G, B, T
(2.1.2). Then I' acts on the set of splittings. We will say that a splitting is defined
over k if it is fixed by I'. Since G is quasi split, there always exists a splitting which
is defined over k.

Given a splitting x,, : @ € A which is defined over k, every element u of U(k) can

be written as

u=[] xa(aa)

aEA
for a, € k and ' € U(k)ger- Changing the order of the product will change the
element «’, but it will not change any a,. The sum of the a, will lie in k. Given a
nontrivial unitary character v of k (automatically unitary when k is nonarchimedean),

define
w(w) = (Y aa).

a€A
Then y is a character of U(k), called a generic character. It depends on ¢ and
the given splitting. For every unitary character x of U(k) which is nontrivial on each
simple root subgroup, and every choice of 1, there exists a splitting which defines y
in this way.
Also, x, : a € 6 is a splitting for (M, By, T) which is defined over k, and the

corresponding generic character of Un(k) with respect to ¢ is x|upyk)-

2.2.5 Generic representations

Given a nontrivial unitary character ¢ of k, and the corresponding generic char-
acter y of Up(k), an irreducible, admissible representation (m, V') of M(k) is said to
be generic with respect to y, or y-generic, if there exists a nonzero linear functional

AV — C such that A(7(u)v) = x(u)A(v) for all u € Up(k) and v € V. When k is

archimedean, A\ must be a bounded linear functional.
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Note that a given representation of M(k) may be generic with respect to one
generic character, but not with respect to another. However, when M = GL,, or
more generally when M is a product of copies of restriction of scalars of general linear
groups, a representation is generic with respect to one generic character if and only
if it is generic with respect to all generic characters. Furthermore, all supercuspidal
representations of such groups are generic.

Assume k is nonarchimedean. The Langlands-Shahidi method will define L-
functions and epsilon factors for generic representations (with respect to a given
character). But in the case when M = GL,,, or more generally when M is a finite
product of copies of restriction of scalars of general linear groups, we will be able to
define L- and epsilon factors for general irreducible admissible representations (see
2.2.9). When £k is archimedean, the Langlands-Shahidi method defines the gamma
factors for generic representations, but not the L. and epsilon factors. The L and ep-
silon factors in the archimedean case are defined to correspond directly to the factors
on the Galois side under the local Langlands correspondence for archimedean groups
(2.1.8). It is known that the gamma factors defined by the Langlands-Shahidi method
coincide with the corresponding Artin gamma factors ([Sh90], Theorem 3.5, (1) ).

Assume k is nonarchimedean. Let r be an LS-representation of “M (2.2.2), and
7 a generic representation of “M (that is, generic with respect to a given character
¥). The Langlands-Shahidi method defines the gamma factor (s, m,r, ) first. The
L and epsilon factors are consequently defined in terms of the gamma factor. We will
not explain how the gamma factors are defined in general, but we will explain how

the L- and epsilon factors are consequently defined in terms of gamma factors (2.2.9).

2.2.6 Multiplicativity of gamma factors

We return to k being an arbitrary local field of characteristic zero. Let m be an
irreducible, admissible, y-generic representation of M(k). Let M, be a standard Levi

subgroup of M, and suppose there exists an irreducible, admissible representation
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7, of M, (k) such that m is isomorphic to a quotient of I3f .. Here I3f denotes
normalized parabolic induction.

Then a gamma factor for m can be expressed as a product of gamma factors of ,
in a process called “multiplicativity.” Here is one way of stating multiplicativity. Let
r be an LS-representation of “M. The L-group of M, is contained in the L-group of
M. Let rq,...,m; be the irreducible constituents of the restriction of r to “IM,. Then

each r; is an LS-representation of “M,, and

t

7(577T7T7 w> = H7<S77T*7ri7’l/})'

i=1
2.2.7 Removing nonrelevant groups

Suppose that M is a product of quasi split groups My Xy - -+ X M;. Let M, be
the product of the M; with the sth term omitted. A Borel subgroup/maximal torus
for M can be obtained by taking a product of Borel subgroups/maximal tori for the
M;, so we can identify the dual group of M with the product of the dual groups of
the M;. Consequently, the L-groups of M; and M, can be identified as subgroups of
the L-group of M.

Let 7 be an irreducible, admissible representation of M(k). It factors as a tensor
product m; K- - - K, of irreducible, admissible representations ; of the groups M;(k),
their isomorphism classes being determined by that of 7. Let 7; be the representation
of M (k) obtained by deleting ;.

Suppose that r is an LS-representation of “IM whose restriction to ZMY is trivial.

Let 7; be the restriction of r to LMi. Then 7; is also an LS-representation, and

7(87 ™7, Q/’) = ’Y(S, ﬁ—iu fia w)

and the same goes for the L and epsilon factors.

Example 2.2.7.1. Consider the group H = GL, x GL,,, whose L-group we can
identify with GL(V') x GL(W), where V' and W are complex vector spaces of dimen-
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sions n and m. Let m X my be an irreducible, admissible representation of H(k) =
GL, (k) x GL,,,(k), and suppose s is isomorphic to a quotient of ]8%;"1 X GLyny 01 B 0
for a Levi subgroup GL,,, X GL,,, of GL,,. Then m X my is isomorphic to a quotient
of

m X ]GLml X GLmy (01 W oy) = I X GLm, X GLm, (m Moy Koy).

Let H, be the Levi subgroup GL,, x GL,,, x GL,,, of H. The L-group of H, can be
identified with GL(V) x GL(W1) x GL(W3), where Wy, Wy are complex vector spaces
of dimensions my and my with W1 & Wy = W.

The tensor product representation r : YH = GL(V) x GL(W) — GL(V @ W)
sending (T,S) to T® S gives the Rankin product L-function. If we restrict v to "H,,

then r breaks up into two irreducible representations r1 @ ry, where
T LH* — GL(V X Wl), (T, Sl, SQ) =T Sl

r: FH, — GL(V @ Wa), (T, S1,S5) — T ® Ss.
Multiplicativity tells us that
Y(s,m X w2, ) = (s, m Koy Koy, r1,9)y(s, m Koy Koy, m,9)

and the above principle tells us that (s, m Moy X oo, 15, 19) = (s, m X 04,1). Con-

sequently, multiplicativity tells us that
Y(s,m1 X o, ) = (s, 1 X 01, 9)Y(s, M1 X 09, 7).

2.2.8 Langlands classification

Suppose that k is nonarchimedean. If r is an LS-representation, and = is x-
generic, the definition of L(s,m,r) relies on the Langlands classification for p-adic

groups ([Si78], [Ko03]).
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There are two versions of the Langlands classification, one for subrepresentations
and one for quotients. Let M, be a standard Levi subgroup of M, and let 6, be the
subset of 6 defining M.,. The restriction map X (M.,); — X(S) induces an injection
of X(M.,), ®z R into X(S) ®z R. An element v € X(M,), ®z R is said to lie in the
positive (resp. negative) Weyl chamber of M, if (v, 3") is positive (negative) for all
roots # € 6 — 0,.

Theorem. (Langlands classification) Let M, be a standard Levi subgroup of M. If
T« 1S a smooth, irreducible representation of M, (k) which is tempered (see 2.5.5), and

v lies in the positive (resp. negative) Weyl chamber of M., then

M gt ()

has a unique irreducible quotient (resp. subrepresentation) w. If we consider the set
of triples (M., v, m,), where M, is a standard Levi subgroup of M, v is in the positive
(resp. negative) Weyl chamber of M., and m, is a tempered representation of M, (k),

then (M., v, m,) — 7 is bijective (with 7. and 7 each being taken up to isomorphism,).

If 7 is given in the Langlands classification for quotients as a triple (M., v, 7)), then
its contragredient 7" is given in the Langlands classification for subrepresentations

as a triple (M., —v, 7)).

2.2.9 Definition of L. and epsilon factors in terms of gamma factors

Suppose that k£ is nonarchimedean. Once the gamma factors have been defined
by the Langlands-Shahidi method, the L-functions and the epsilon factors are conse-
quently defined by a process which we now explain. Suppose first that 7 is a y-generic

representation of M(k) which is tempered. If r is an LS-representation of “M, the
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gamma factor (s, 7, r,1) is a rational function in ¢=° = ¢, °. It is independent of x.

Let R(X) € C(X) be such that R(q~*) = (s, m,r,1). We can write R uniquely as

PX)

R(X) = aXO‘Q<X)

where a € C*,a € Z, and P, € C[X] are relatively prime with P(0) = Q(0) = 1.
Then we define
L(s,m,r) = P(¢”")"".

This is independent of ¢ and Y.
If 7 is a x-generic representation of M(k) which is quasi-tempered, then there
exists an unramified character p of M(k) such that mp is tempered. There exists a

complex number sy such that (s + s, mu, 7,1) = (s, 7, 7,1). We then define
L(s,m,r) = L(s+ so, T, ).

Since the gamma factor and L-function for quasi-tempered y-generic representations,
the epsilon factor is consequently defined by equation (2.1.6.1).

Now let 7 be an arbitrary x-generic representation of M(k). By the Langlands
classification for p-adic reductive groups (2.2.8), there exists a standard Levi subgroup
M. of M and a quasi-tempered representation 7, of M, (k) with positive Langlands

parameter such that 7 is a quotient of
]1\1\//11* T

Since 7 is y-generic, so is m,. If ry,...,r, are the irreducible constituents of the

restriction of 7 to “M,, then multiplicativity tells us that

t

v(s,m ) = [T (s, e, 73, ). (2.2.9.1)

=1
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We consequently define
t

L(s,m,r) =[] L(s, 7, 75). (2.2.9.2)

=1

Then the epsilon factor €(s, m, 7, 1) is defined by equation (2.1.6.1), and we have

t

e(s,m,r, ) = [[ els, m, 72, 0). (2.2.9.3)

i=1
2.2.10 Local factors for nongeneric representations

Suppose that k is nonarchimedean, and every quasi-tempered representation of
every Levi subgroup of M is generic with respect to every generic character. This
is the case for GL,, or more generally for a finite product of restriction of scalars
of general linear groups. Then for every LS-representation r of “M, we can define
the gamma factor, epsilon factor, and L-function for every irreducible, admissible
representation 7 of M(k). One uses the Langlands classification to realize 7 as a
quotient of Iff m. as in (2.2.8), and then one defines L(s,m,r) and €(s,m,,) by
means of equations (2.2.9.2) and (2.2.9.3) above. Then equation (2.2.9.1) holds for
v(s, 7,1, 1)

Furthermore, multiplicativity as stated in (2.2.6) and the property (2.2.7) hold for

’}/(87 ﬂ-? T? ¢)‘

2.2.11 Local Langlands correspondence for tori and Langlands-Shahidi

gamma factors

Assume that k is nonarchimedean. The group T'(k) has a unique maximal compact
subgroup which is open in T'(k). A character y of T (k) is said to be unramified if it is
trivial on this subgroup. Suppose 7 is an irreducible, admissible generic representation
of M(k). Assume that m has a nonzero Iwahori fixed vector. Equivalently, 7 is

isomorphic to a subquotient of IMy for some unramified character x of T(k).
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Let p : W), — LT be the admissible homomorphism corresponding to y by the
local Langlands correspondence for tori. If 7 is an LS-representation of “M, we may
consider the restriction of 7 to a representation of “T. Then ([Sh90], Theorem 3.5,
(1))

Vs, mr ) = (s, 0p,0).

Under the conjectural local Langlands correspondence for general reductive groups
(2.1.7), it is expected that 7 should be parameterized by a homomorphism p’ : W, —
LM. It is also expected that the restriction of p’ to Wj, should equal p. Since the

gamma factor is determined by its underlying Weil representation, this will imply

7(57 ﬂ-’ T? w) = 7(87 ro p’? w)

2.2.12 Local Langlands correspondence for real groups and Langlands-

Shahidi gamma factors

Suppose that k is archimedean, 7 is an irreducible, admissible representation of
M(k), and r is an LS-representation. Let p' : W] = W, — M be the Langlands
parameterization for 7 (2.1.8). Suppose that 7 is generic, so that the gamma factor
v(s,m,r,1) is defined by the Langlands-Shahidi method. Then this gamma factor
agrees with the one on the Galois side ([Sh90], Theorem 3.5, (1)):

Y(s, 7, 10) = (8,70 p', ).

We then define

L(s,m,r) = L(s,rop), e(s,m,r,0) = e(s,70p,1).
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2.2.13 Local factors and contragredients

Let k be a local field of characteristic zero. In all situations where the gamma
factor y(s,m,r, 1) is defined by Shahidi’s method, the gamma factors (s, m, ", 1)

and y(s, 7", r, 1) are also defined, and we have

y(s,m, Y ) = (s, 7,1, 0)
L(s,7¥,r) = L(s,m,r")

(s, r, ) = e(s,mrY ).

2.2.14 The global functional equation

Suppose that k is a number field, and M is a quasi split group over k. Let
T be a maximal torus of M which is defined over k, and B a Borel subgroup of M
containing T which is defined over k. There is a global analogue of a generic character
x of Unm(Ay), where Uy is the unipotent radical of Byg. The generic character is
defined in terms of a nontrivial character ¥ = ®1, of A/k. Then x factors as a
tensor product of characters y, of Up(k,), generic with respect to 1, and a given
global splitting.

Let K be the smallest field containing k& over which T splits. Let wqg | vy be an
extension of places of K/k for which [K : k] = [K,, : k], and suppose that M, does
not split over any proper subfield of K,,. Then we can identify ZM = LM,. Let r
be an LS-representation of “IM,, regarded as a representation of “M.

Let I be a cuspidal automorphic representation of M(Ay) which is globally generic
with respect to y. Then II factors as a tensor product of unitary, x,-generic, irre-

ducible, admissible representations m, of M(k,). We then set

L(s,II,r) = H L(s,my,Ty)-
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The right hand side converges to an analytic function of s in some right half plane, and
L(s,I1,r) admits a meromorphic continuation to the entire complex plane satisfying

a global functional equation
L(s, I, 7r) = €(s, I, r)L(1 — s, 11", 1)

where €(s, I, 7) = [T e(s, Ty, T, ) ([Sh10], Theorem 8.4.5). The global epsilon factor
e(s,I1,r) is actually a finite product, since €(s, m,, 7y, %,) = 1 whenever 7, and v, are

unramified.

2.2.15 A special case of the Langlands-Shahidi method

Since we will need it later, we will explain in this section a special case of
how gamma factors are defined. Suppose throughout this section that k& is nonar-
chimedean, and G,T,S,M,P,N,B, U, By, Uy are as before. Let W(G,T) =
Ng(T)/T be the Weyl group of T in G, and W(G, S) = Ng(S)/T = New(S(k))/T(k)
the relative Weyl group.

We also will assume that:

e P is a maximal k-parabolic.
e The adjoint action r of “M on In is irreducible.

e The root system ®(G,S) is reduced.

2.2.16 Harish-Chandra map

The maximal k-parabolic subgroup P is defined by a simple root « € A C X(S).
Let (—,—) be a symmetric, positive definite bilinear form on X(T) ®7; R which is
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both T' = Gal(k/k) and W (G, T)-invariant. Let p be half the sum of the roots of T

in N, let o be any root of T in G whose restriction to X (S) is «, and define

~ <a17 OC/)
a = :
2(p, )"
This will not depend on the choice of form (—,—), nor on the choice of o/. We

may restrict @ to an element of X (An) ®z R, where Ay is the split component of
M, and then identify & as an element of a3; = X (M), ®z R, where X (M) is the
group of rational characters of M which are defined over k. This is on account of
the fact that restriction of rational characters of M to Ay defines an injection from
X (M), onto a subgroup of finite index of X (App), and consequently an isomorphism
an — X (Am) ®z R.

We can identify the dual vector space Homg(ays, R) of a3, with
ap = Homgz (X (M), R).

The pairing (—, —) : a3y X ap — R extends to a pairing (—, —) : aypc X am — C,

where ayg e = apy @r C. If Hyp : M(E) — ay is the Harish-Chandra map defined by

Hwn(g)(x) = log, [x(9)]

then for any v € aj;c, we can define a (continuous, complex valued) character of
M(k) by q,i”’HM(_». A character of this form on M(k) is called unramified. This
generalizes the definition of an unramified character of the torus T(k) defined in

(2.2.11).



95

2.2.17 Canonical Weyl group representatives in terms of a splitting

Let 8 € A be a simple root of S in G. For each root 3 of T in G restricting to S,
we have a root vector x5 : G, — Up from the splitting. There exists a unique root

vector x_z G, — U—B such that

lies in the derived group of G(k) and normalizes T. Then all the m; commute with

each other, and we define

Bls=p
The image of wgz in W(G,S) is the simple reflection wg corresponding to 3.
Now for any element w € W (G, S), we take a reduced decomposition (g, , ..., Wg,)

and define a representative

W= wWg, - Wp,

of w. This will be independent of the choice of reduced decomposition. In this

way, we have a canonical Weyl group representative w of every element @ of W (G, S).

2.2.18 Self dual measures

Let 8 be a simple root of S in G. Let § be a root of T in G which restricts to 3.
The roots of T in G which restrict to  are all simple, and form a Galois orbit. Let
K3 be the splitting field of B , the intersection of all subfields of k over which B splits.
The roots of T which restrict to S are 7.3, as 7 runs through the k-embeddings of
K into k.

The root subgroup Ug is the product of all the U_ 5. and in fact Ug is isomorphic

to ReSKB /k Up. Consequently, our splitting chosen earlier gives an isomorphism of
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Ujs(k) onto the additive group K, and we can choose a Haar measure on Ug(k)
corresponding to the self dual Haar measure on Kz with respect to ¢ o Tr K /k- This
Haar measure will not depend on the choice of root 3 restricting to S.

Now suppose [ is any root of S in G. There exists a w € W(G, S) such that .3
is a simple root. Let w be the canonical representative of @ defined in (2.2.17). Then
wUg(k)w™' = Uy 4(k), and we transfer on Ug(k) the self dual measure on Uy (k)
just defined. This measure does not depend on the choice of w, only on % and the
initial splitting x5 : § € A.

Consider a Zariski-closed subgroup Uy of U which is defined over k£ and normalized
by T. Then as a variety over k, Uy is the product of the root subgroups it contains.

We take products of measures just defined and obtain a Haar measure on Ug(k).

2.2.19 Whittaker functionals for induced representations

There is a unique element wy, € W(G,S) which maps A — a into A and sends
o to a negative root. Let wy be a representative of wy. The group M/ = woMuwy*
is a standard Levi subgroup of G. Let P’ be the corresponding standard parabolic,
and N’ its unipotent radical. We call P’ the parabolic subgroup associated to P. If
P = P’, then P is called self associate.

Suppose that 7 is an irreducible, admissible x-generic representation of M (k). Let
7y = mq MO and let I(s, 7) = IS,

If X is a x-Whittaker functional of 7, then A, (s, 7) is one for I(s, ), defined by

A(s,m)f = / (f(zn), \) dn’ (2.2.19.1)

N'(k)

where x is a representative of the inverse of wy, and the Haar measure dn’ on N'(k)
is defined as in (2.2.18).
Some explanation of the formula (2.2.19.1) is in order. First, the integral as given

does not converge for general f (it does converge if f is supported inside the open set
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P (k)wy 'N'(k) of G(k)); rather the integration is really defined over a suitably large
open compact subgroup Ny of N’(k) (depending on f), with the property that the
value of the integral does not change if NV, is replaced with any larger open compact
subgroup ([Sh10], Theorem 3.4.7).

Second, in order for (2.2.19.1) to actually define a Whittaker functional, the rep-
resentative x must be compatible with x in the sense that y(zuxz™') = x(u) for any
u € Upp(k), where Uppy = UNM'. The canonical Weyl group representative of w !
from (2.2.18) is compatible with x in this sense.

In the following section (2.2.20), we will take x to be the canonical representative
of wp~* (which is generally not the same as the inverse of the canonical representative
wp of ). In the case that P is self associate, we have iy = Wy ', and both z and

27! are compatible with .

2.2.20 Definition of the Shahidi local coefficient

Let wy(m) be the representation of M/(k) given by wy(m)(m') = m(wy 'm'wy).
Since M’ is also a maximal k-parabolic subgroup of G, we can define the analogous
representation I(s,wy(m)) of G(k) obtained by normalized induction from P’(k) to
G(k), and its Whittaker functional A, (s, wo(7)).

We have an intertwining operator
A(s,m) : I(s,m) — I(—s,wp(m))
defined for Re(s) sufficiently large by a Gelfand-Pettis integral

Als.mf(9) = [ flug'n'g)dn’

N’ (k)
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There exists a meromorphic function C\ (s, ) on C, called the Shahidi local coef-

ficient, such that
Cy (8, m)Ax (=5, wo(m)) 0 A(s, m) = Ay (s, m).

For each root A of S in N, choose a root 3 of T restricting to 3, and let Kj be the
splitting field of 5. The Langlands lambda function A(K 5/k, ) is independent of the
choice of 3. Define

Mwo, ) = [T ME3/k, ).

BE®(N,S)

Theorem 2.2.20.1. (Shahidi) The gamma factor and local coefficient are related by

Cy(s,m) = Mwg, ) (s, m, 7, 9).

This is a special case of Theorem 3.5 of [Sh90], and can be considered a definition
of y(s,m,r,1). We remark that we are using an unconventional normalization of
Shahidi’s gamma factors. Our term ~(s,m, 7, 1) is what is normally written in the
literature as v(s,m, 7", ).

The change from ) to 1 is done to agree with Proposition 3.4 of [KeSh88], as well
as Theorem 3.1 of [Sh85] when the presence of lambda functions were first noticed.

The removal of the contragredient from r comes from the way Langlands’ L-
function L(s,7,r) is defined in the unramified case. We refer to [La70] or [La71] for
the details. In this situation, k is p-adic, M and 7 are unramified, and 7 is attached

to a semisimple conjugacy class A, in “M. Langlands defines
L(s,m,r) = det(1 — r(A;)g %) .

The assignment 7 +— A, depends on a choice of Harish-Chandra map. Our choice
of Harish-Chandra map in this situation would be that of [La70], page 7, which
Langlands refers to as v. Shahidi’s choice is that of [La71], page 7, which Langlands

refers to as A. The relationship between these choices is A = —wv. Consequently,
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the semisimple conjugacy class A, we assign to 7 is the inverse of the one used by
Langlands in [La71], and the unramified L-function L(s, 7, ) in [La70] would be called
L(s,m,r") in [LaT7l].

The Langlands-Shahidi local factors are defined to coincide with those of Lang-
lands in the unramified case. Following [La71] leads to the appearance of contragre-
dients in the Langlands-Shahidi method, while following [La70] removes them.

The reason we follow [La70] is that the resulting Langlands-Shahidi factors agree
with the Artin factors under the version of the local Langlands correspondence stated

in (2.3.7).

Example 2.2.20.2. Suppose k is p-adic, G = GLy, M = GL; x GLy, and N s
the group of upper triangular matrices in G with 1s on the diagonal. If 7 s the

representation of M(k) given by

131
= x1(t1)xa(t2)
to

for two characters x; of k*, then the local coefficient turns out to be
CX(Sa 7T) = 7(87 XlX;lv ¢)

where the right hand side is the gamma factor defined in (1.1.13).

2.2.21 Unramified twists and gamma factors

Assume k is nonarchimedean. Let sg be a complex number, let 7 be a generic

representation of M(k), and let my = 7q'*0®#™M(=) Then ([Sh90], Theorem 3.5, (2))

7(877T07r7w) = ’7(8+8077T7T7 w) (22211)

Note that since we are using a different normalization of Shahidi’s local factors

(2.2.20), this formula must also be adjusted from its original statement.
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When every quasi-tempered representation of M (k) is generic (for example, when
M = GL,), the gamma factors, L-functions, and epsilon factors can be defined for
arbitrary irreducible, admissible representations m of M(k), not just generic ones

(2.2.10). Then the same formula (2.2.21.1) holds for arbitrary m. We also have

L(s,mo,7) = L(s + so,m,7).

2.3 Classification of smooth, irreducible representations of GL, (k)

Throughout this section, k is a nonarchimedean local field of characteristic zero.
If H is a connected, reductive group over k, then an irreducible, admissible represen-
tation of H(k) is the same thing as an irreducible, smooth representation of H(k).

In this section, we review the local Langlands correspondence (LLC) for GL,(k),
which gives a bijection between smooth irreducible representations of GL, (k) and
n-dimensional Frobenius semisimple representations of the Weil-Deligne group W/.
In order to do this, we need to state the Bernstein-Zelevinsky classification theorems,
which explain how arbitrary smooth irreducible representations of GL, (k) are built
out of supercuspidal representations of smaller GLs. Our primary references for the
Bernstein-Zelevinsky classification are [Ze80], [Rod82], and Chapter 14.5 of [GoHull].

We can summarize the LLC as follows: there is a bijection between supercuspi-
dal representations of GL,, (k) and irreducible representations of the local Weil group
Wy. Granting this bijection, the correspondence for general smooth irreducible rep-
resentations of GL,, (k) follows from the fact that arbitrary representations of GL,, (k)
are built out of supercuspidals in a compatible manner in which arbitrary Frobenius

semisimple representations of W) are built from irreducibles.

2.3.1 Normalized parabolic induction for GL,

Let M be a standard Levi subgroup of GL,(k), i.e. a subgroup of the form

GL,, (k) x - -+ x GL,, (k), where the n; are positive integers whose sum is n. Let P
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be the standard parabolic corresponding to M, and N the unipotent radical of P.
If © is a smooth, irreducible representation of M, then m decomposes as a tensor
product m X --- X 7., where 7; is a smooth, irreducible representation of GL,, (k).
The isomorphism classes of the m; are uniquely determined by 7. The representation
7 is supercuspidal if and only if all the 7; are supercuspidal.

We may extend 7 to a representation of P by making it trivial on N. Let
IndCLn (%) m .- X, orjust Indm X --- X7, designate the smooth representation
of GL, (k) obtained from P by normalized parabolic induction. In (2.2) we used I5-"

to denote normalized parabolic induction, and in the more traditional notation,

1
nd® 7 ®. ..’ = ndSe® 62

dGLn(k)

where dp is the modulus character of P. Explicitly, In 7 consists of all locally

constant functions f from GL, (k) to the underlying space of m which satisfy

N

f(mng) = m(m)op(m)= f(g)

forallm € M,n € N, g € G, and GL, (k) acts on these functions by right translation.

2.3.2 A basic classification result

Here is a basic classification theorem of smooth, irreducible representations of

QL. (k).

Theorem 2.3.2.1. ([Ze80], Proposition 1.10) Let w be a smooth, irreducible repre-
sentation of GL, (k). Then there exists a partition (ny,...,n,) of n and irreducible,
supercuspidal representations m;, 1 < i <1 of GL,, (k) such that © is a subquotient of
Ind*®m K. . K7,

If (myq,...,mu) is another partition of n, and 7,1 <1i <71’ are irreducible, super-
cuspidal representations of GLy,,(k), such that 7w is a subquotient of Ind“En®) 7t g

-, then r =1, and after some permutation, n; = m; and 7; = w,. Moreover,
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the n; can be permuted in such a way that 7 is a subrepresentation or quotient of

Ind“*® 1 K ... X .

The unordered tuple (7, ..., ) of supercuspidal representations is called the su-
percuspidal support of 7.

The Bernstein-Zelevinsky classification gives a more detailed classification of smooth,
irreducible representations of GL, (k) in terms of supercuspidal representations. We

will formulate it in order to state the local Langlands correspondence (2.3.4).

2.3.3 The unique irreducible quotient associated to an interval

If 7 is a smooth representation of GL,(k), and z is a complex number, let 7(z)
be the smooth representation 7|det(—)|* of GL,(k). It is of course irreducible, or
supercuspidal, if and only if 7 is, and for 7 irreducible and z; real, we have m(z;) =
7(z2) if and only if z; = 2. This is on account of the fact that if z; # 2z, then the
central characters of 7(z;) and m(z2) will be different.

By an interval, we will mean a set of isomorphism classes of supercuspidal rep-
resentations of GL,, of the form {m, 7(1),...,7(m —1)}. We define the length of such

an interval to be m, and the degree of such an interval to be nm.

Proposition 2.3.3.1. (/Rod82], Proposition 9) Let A = {7, m(1),...,m(m — 1)} be
an interval of length m and degree n. Then Ind™® 7 X 7(1) X --- K 7(m — 1)
has a unique irreducible quotient and a unique irreducible subrepresentation. The

supercuspidal support of this irreducible quotient is (w,w(1),...,m(m — 1)).

We will denote this unique irreducible quotient by Q(A).

2.3.4 The Bernstein-Zelevinsky classification theorem

Let A ={m,7w(1),...,m7(m—1)} and A" = {7/, 7'(1), ..., 7'(m'— 1)} be two intervals
of lengths m and m/, and degrees nm and n’m’, so that m and «n’ are representations

of GL,, (k) and GL,/ (k).
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We define a partial ordering on the set of isomorphism of supercuspidal represen-
tations by saying that o is less than or equal to o3 if 05 = 01(m) for some nonnegative
integer m. If oy and o, are representations of different size general linear groups, then
01 and o9 are incomparable.

We will say that A and A’ are linked if n = n/, neither of A or A’ is a subset of
the other, and A U A’ is an interval. We say that A precedes A’ if A and A’ are
linked, and the minimal element of A is smaller than the minimal element of A'.

If Ay, ..., A, are intervals, we say that Ay, ..., A, satisfy the “does not precede
condition” if whenever ¢ < j, A; does not precede A;. By permuting the indices,
it is always possible to ensure that an ordered list of intervals satisfies the “does not

precede” condition.

Theorem 2.3.4.1. (Zelevinksy)
(i): Suppose that Ay, ..., A, are intervals of degrees di,...,d, which satisfy the

“does mot precede” condition. Then

IndStas+a® Q(A) K-’ Q(A,)

has a unique irreducible quotient, which we denote by Q(Aq, ..., A,). This induced
representation is irreducible if and only if no two of the intervals A;, A; are linked.

(ii): Every smooth, irreducible representation of a general linear group is isomor-
phic to a representation Q(Aq, ..., A,) of the form (i).

(iii): If AL, ..., Al is another collection of intervals which satisfy the “does not
precede” condition, and Q(Aq, ..., A,) = Q(A], ..., Al)), then r = 1', and the indices
can be permuted so that A; = Al.

If Ay = {m, mi(1), ..., mi(m; — 1)}, then the supercuspidal support of Q(Aq, ..., A;)

is the unordered tuple (m;(j) : 1 <i<r 1<j<m;—1).

The original formulation of this theorem, using subrepresentations instead of quo-
tients, is Theorem 6.1 of [Ze80]. This version, formulated by Rodier, can be found as

Theorem 3 in [Rod82].
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2.3.5 Tempered and square integrable representations

Let m be a representation of the group G of rational points of a connected, re-
ductive group over k, and let r be a positive real number. We say that « is L" if
the central character of 7 is unitary, and if for any matrix coefficient f of m, the
integral [ |f(g)|" dg is finite, where Z is the center of G. We say that 7 is square
integral(j{(za (resp. tempered) if it is L? (resp. L*T€ for every € > 0). We say that 7
is essentially square integrable (resp. quasi-tempered) if some twist of 7 by an
unramified character is square integrable (tempered).

Under the Bernstein-Zelevinsky classification, a representation of GL, (k) is es-
sentially square integrable if and only if it is of the form Q(A). A representation
T =Q(Ay,...,A,) is tempered if and only if each Q(A;) is square integrable ([Rod83],
Propositions 11-13). If this is the case, then no two of the intervals A; or A; are
linked, so 7 is fully induced by the Q(4;). This follows from the fact that if Q(4A;)
is square integrable, then it has a unitary central character, which means that the

central character of m; X - -+ X m;(m; — 1) must be unitary as well.

2.3.6 Connection with the Langlands classification

In this section, we relate the Bernstein-Zelevinsky classification to the Langlands
classification (2.2.8). We will rely on two facts about induced representations. First,
if m; is a smooth representation of GL,, (k) for 1 <i<r,n=mn;+---+n,, and Il is

the representation Indm X - - - X 7, of GL,(k), then

[(z) =Indm(2) X - K m,(2)
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for all z € C. Second, suppose that each 7; is itself induced from a smooth represen-

tation oy, X --- Ko, ; of a Levi subgroup of GL,, (k), Then

Indm X--- R, =Ind <Ind (011 ® - Koy, )W KInd (o1, K- &ajﬁr)>
= Indam X--- &O’j“r.

Suppose that 7 is a representation of GL, (k), given in the Bernstein-Zelevinsky clas-
sification by intervals Ay, ..., A,. For each 1 < ¢ < r, there is a unique z; € R such
that Q(A;)(—=z;) is square integrable. We arrange the order on the intervals A; so
that

yllez...zxnl>y2:xn1+1:...:xn2>...:ys_

One can check that this arrangement of the intervals satisfies the “does not precede
condition,” so 7 is the unique irreducible quotient of Ind Q(A;) X --- K Q(A,). Now
for 1 <i<s,and n;_; +1 < 7 <mn; (taking ng = 0), let A;- be the interval obtained

by twisting each element of A; by |det(—)|%. Then
Q(A)(—yi) = Q(A))

is square integrable, and by (2.3.5), none of the intervals A’ for n; 1 +1 < j < n; are
linked, so if we set

mo=ndXL, G Q(A))

then 7; is irreducible and tempered. Now

T =m X - Xy
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is a tempered representation of a standard Levi subgroup M of GL, (k). If we let
Dy, ..., Dy be the determinant maps on the blocks of M, then v =y, Dy + - - - + ysDs
lies in the positive Weyl chamber of M. The Langlands classification tells us that

Ind 7T*q<"’HM(*)>

has a unique irreducible quotient. But since
mi(y) = Imnd XL, QA (v:) = Ind KL, L Q(A)

we have

Ind 7r*q<”’HM(*)> =Indm(y) X Kmy(y)

= Ind &, Ind R, Q(A;)

=nj—1

= Id Q(A) B - R Q(A,).

We have expressed 7 as a unique irreducible quotient in the Langlands classification.

2.3.7 Local Langlands correspondence for GL,

Recall the local Artin map Art = Arty : k* — W32» (1.1.10), which sends a
uniformizer to a geometric Frobenius. The local Artin map gives the “local Langlands
correspondence for GLi (k) = k*.” That is, x — x o Art™" defines a bijection between
smooth irreducible representations (characters) of GL1(k) = k* and characters of W.
Notice that a one dimensional Frobenius semisimple representation of W/ is the same
thing as a one dimensional represenation of W.

More generally, there is the local Langlands correspondence for GL,(k), which
gives a bijection between smooth, irreducible representations of GL,, (k) and n-dimensional
Frobenius semisimple representations of W/. Let A,, be the set of isomorphism classes
of smooth, irreducible representations of GL, (k), and let G,, be the set of isomorphism

classes of n-dimenional Frobenius semisimple representations of W}.
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Theorem 2.3.7.1. (Local Langlands Correspondence) There is a unique collection of

bijections A, — G, : n > 1 satisfying the following properties:

1. The bijection for n = 1 is the correspondence y — x o Art™! given just above

by the local Artin map.

2. If m; corresponds to pl; (i =1,2), then

L<377Tl X 7T2) = L(Sap/l ® IOI2>

6(57 T X T2, w) = 6(57 pll ® p/27 w)
for all nontrivial characters 1 of k.

3. If m corresponds to p', then the contragredient 7 of © corresponds to the con-

tragredient p’v of p'.

4. If m corresponds to p', then the central character w, of ® corresponds to det p

under the local Artin map.

5. If w corresponds to p', and a character n of k* corresponds to a character x of

Wi, then m(x o det) corresponds to p' @ .

The theorem was proved for p-adic fields independently by Henniart [He00] and
Harris and Taylor [HaTa01]. A new proof was given later by Scholze [Sc10].

2.3.8 A description of the local Langlands correspondence

Under the local Langlands correspondence, irreducible supercuspidal represen-
tations correspond to irreducible representations of the Weil group. It is difficult to
describe the local Langlands correspondence explicitly, but granting a correspondence
between the supercuspidals and the irreducibles, the remaining representations may

be described as follows:
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Suppose that 7 is a smooth, irreducible representation of GL, (k) which occurs in
the Bernstein-Zelevinsky classification as Q(Aq, ..., A,), where A; = (m;, m; (1), ..., m;(m;—
1)) is an interval of length m;, and 7; is an irreducible supercuspidal representation.
Suppose that m; corresponds to an irreducible representation p; of the Weil group Wy.

Then 7 corresponds to

o' = EP pi @ Sp(my).

i=1
Furthermore, 7 is tempered in the sense of (2.3.5) if and only if p’ is tempered in the

sense of (1.2.10).

2.3.9 Galois representations and the local Langlands correspondence

Suppose that p and p’ are Galois representations (1.1.4) of dimensions n; and
ne. Let n = ny + ng, and let II, m, 7" be the smooth, irreducible representations of
GL,(k), GL,, (k), GL,, (k) which correspond to p @ p', p, and p’ respectively.

Write p and p’ as a direct sum of irreducible Galois representations:

pP=p1D---Dps

/

pr=pe - ap

and let m;, m/ be the supercuspidal representations corresponding to p;, pi. Since the
p; and p} and Galois representations, none of the singleton intervals {m;} or {m}} are

linked, so II, 7, 7" are fully induced from their supercuspidal supports (2.3.5):
II=Ind""®X.. R, K7, K- K7

7 = IndGtn (%) T X X

7' = Ind%t® 1 K. .. Kol
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Then

IndGLn(k) X 7'(" _ IndGLn(k) <IndGLn1 (k) ™ X..-X 7TS> X (IndGL”2(k) 7'('1 X...X Wg)

=Ind*"® K. Ko, X7, K- K

= II.

2.3.10 Local Langlands correspondence and field automorphisms

Suppose that o is an automorphism of k& which fixes @Q,, so that o defines an
isomorphism of p-adic fields k¥ — ok. We have the Weil groups W) and W, and the
local Langlands correspondence of (2.3.7) holds for each.

Then o defines an isomorphism of Weil groups W, — Wy, w + 7or~ 1. This
isomorphism extends naturally to an isomorphism of Weil-Deligne groups. If p' is
an n-dimensional, Frobenius semisimple representation of W} which corresponds to
a smooth, irreducible representation = of GL,(k), then p o ¢, is an n-dimensional
representation of W/, which corresponds to the smooth, irreducible representation
moo~ ! of GL,(ck).

In particular, suppose E/F is a quadratic extension of p-adic fields, o is the
nontrivial element of Gal(E/F), and z is any element of W which is not in Wg. If o/
is an n-dimensional, Frobenius semisimple representation of Wy, and 7 is the smooth,
irreducible representation of GL,(E) corresponding to p’ under the local Langlands

correspondence, then p’ o, corresponds to wo 0.

2.3.11 Example: principal series representations of GL,

It is interesting to interpret the non-supercuspidal representations of GLg(k) in
terms of two dimensional Frobenius semisimple representations of W}. Suppose that 7
is an irreducible representation of GLy(k) which is not supercuspidal. Then according

to the Bernstein-Zelevinsky classification, it must be a constituent of a principal
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series. This is to say, there exist characters x; and y, of £* such that 7 is isomorphic

dGL2(k)

to a subquotient of In X1 X x2. Such a realization of 7 is almost unique. To

describe the possibilities without repetition, we can reduce to three cases.

1. The first case is where 7 is isomorphic to Q(Aj, Ay), where the singleton in-
tervals A; = {x;} are not linked. In other words, x; # x2(%1). In this case,

7 = Ind x; X x5 is irreducible and infinite dimensional, and we have

L(s,m) = L(s,x1 ® x2) = L(s, x1)L(s, x2)-

2. The second case is where 7 is isomorphic to (A1, Ag) as before, but the in-
tervals A; are linked. In order to arrange the “does not precede” condition, we
must order the intervals so that y; = x2(1). If we set x = x3, then 7 is the
unique irreducible quotient of Ind x(1) X y. Actually, this quotient turns out to
be one dimensional, so 7 is a character of GLa(k). In terms of L-functions, we
have

L(s,m) = L(s,x(1) ® x) = L(s + 1, x)L(s, x).

3. The last case is where 7 is isomorphic to Q(A), where A = {x, x(1)} for a
character x of k*. Here 7 is the unique irreducible quotient of Ind x X x(1). It

is infinite dimensional and essentially square integrable, and we have

L(s,m) = L(s,x ®Sp(2)) = L(s + 1, x).

It is also interesting to recall in this situation how the L-function can be read from
the gamma factor in the tempered case (see (2.2.9) and (2.7.3)). Let us consider the
third case above, where 7 is essentially square integrable and hence quasi-tempered.

Even if 7 is not tempered in this case, the L-function can be read from the gamma
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factor. The underlying representation of the Weil group of xy ® Sp(2) is x @ x(1), and

since the gamma factor only depends on the restriction to Wy, we have

Y(s,m,0) = (s, x & x(1),¥) = e(s, x X(1),¢)L(1 — s, X )L(=s, >§_1)‘

L(s,x)L(s + 1,

Then L(—s,x !)/L(s,x) cancels out to become a constant times a monomial in g%,
and can be absorbed into the epsilon factor. The L-function L(s + 1, x) can then be
read off from here as the inverse of the numerator of (s, m, 1), realized as a simplified
rational function in ¢~*.

In the second and third cases, the underlying representations of W), are the same,
and so the gamma factors are identical. But in the second case, the L-function
cannot be read from the gamma factor, because characters of GLy(k) are never quasi-
tempered.

To recover the L-functions from the gamma factors in the first and second cases
as in (2.2.9), one must realize 7 in the Langlands classification and possibly apply
multiplicativity, if 7 cannot be twisted by an unramified character to become tem-

pered.

2.4 Welil restriction and local coefficients

In the next few sections, we will show the compatibility of gamma factors defined
by the Langlands-Shahidi method in the setting of restriction of scalars (Theorem
2.4.9.1). Although it should be possible to prove compatibility in much greater gen-
erality than we do, we will work in a very special case, since it is all that we will
need.

What we will do is follow the arguments from (2.2.15) to (2.2.20) and show that the
local coefficient is independent of whether it is calculated in the setting of restriction of
scalars or not. Since the gamma factor is related to the local coefficient by Shahidi’s
theorem (Theorem 2.2.20.1), we will then establish our desired result on gamma

factors.
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2.4.1 Definition of Weil restriction of scalars

Let K/k be a finite extension of fields of characteristic zero. The fiber product
functor H — H x; K from the category of linear algebraic groups over k to the
category of linear algebraic groups over K has a right adjoint Resg/, called the Weil
restriction of scalars. That is, Resg;, is a functor from the category of linear algebraic
groups over K to the category of linear algebraic groups over k, such that for any

linear algebraic groups G over k£ and H over K, there is a bijection
Hom g gp (G X K, H) = Homy g, (G, Resg /i, H)

natural in G and H. When [K : k] = 2, and G is a linear algebraic group over k, there
is a particularly nice construction of G = Resg/,(G xj, K) (which we abbreviate as
simply Resk/,(G)) which will be used. Let k be an algebraic closure of k containing
K, and let I' = Gal(k/k). As a group over k, G is given on closed points by

G(k) = G(k) x G(k)
with T' acting on G(k) by

(r(z),7(y)) if 7 € Gal(k/K)

(r(y),7(x)) if 7 € Gal(k/K).

(2, y) =

Thus G(K) = G(K) x G(K), and G(k) identifies with G(K).

2.4.2 Some hypotheses on our groups

Let E/F be a quadratic extension of p-adic fields with nontrivial automorphism
o € Gal(E/F). Let G be a split reductive group over F, regarded as a group over
E. Let T be a maximal torus of G which is defined over F', and let B be a Borel

subgroup of G containing T. Let P be a maximal parabolic subgroup of G containing
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B, with Levi decomposition P = MN. Suppose that the adjoint action r of “M on
Ly is irreducible.

For each algebraic variety Z which is defined over E, let Z = Resg/r Z. Then G
is a quasi split group over F' with Borel subgroup B and maximal torus T, and P is

a maximal F-parabolic subgroup of G with Levi decomposition P = MN.

2.4.3 Maximal and maximal split tori

Over an algebraic closure, we can identify the maximal torus T of G with the
product T x T. The image S of the diagonal embedding T — T is a maximal F-
split torus of G, and under this isomorphism we have a natural identification of the
character lattices X (T) and X (S). This identifies the roots (resp. positive roots)
(resp. simple roots) of T in G with respect to B, with those of S in G with respect
to B.

The diagonal embedding of Ng(T) into G induces an isomorphism of the Weyl
group W(T,G) of T in G with the Weyl group W (S, G) of S in G, and under this
isomorphism, the action of W (T, G) on X(T) identifies with that of W (S, G) on
X(S).

2.4.4 Identifying characters of M and M

The maximal parabolic subgroup P of G is defined by the choice of a simple root
a of T in B. If we identify o with a simple root of S in B, then P = MN is also
defined by «a.

We can identify X(M) = X (M) x X(M), and for a character (x1, x2) € X(M),
we have that (x1, x2) is defined over F' if and only if x5 = 0.x;. Thus we can identify
X(M)r = X(M), and hence ay;c = dypc-
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We have M = M x M, with M(F) = {(m,o(m)) : m € M(E)}. Let (m,o(m)) €
M(F). and let (x,o0.x) be an element of X (M)p. Then

(00, i ((m.0.(m)
gp = [x(m)a.x(a(m)))|r

= [x(m)ox(m)|r
= |Ng/r(x(m))|r
= [x(m)|e

JHyng(m
_ foHalm)

From here we can immediately conclude the following. Suppose we identify:

® ayc = Oyc

If 7 is a smooth, irreducible representation of M(F') = M(FE), and v is an element
of ajp ¢ = ayppc, then the representations Iﬁwqg’HM(fn and [ﬁﬂqgﬂm(_» of G(F) =
G(F) obtained by normalized parabolic induction are equal.

Note that normalized parabolic induction is the same in both cases, because the

modulus characters of P(F') = P(E) are equal.

2.4.5 Identifying Weyl group invariant forms

From any symmetric, nondegenerate, W (G, T)-invariant bilinear form (—, —) on

X(T), we get a symmetric, nondegenerate, W (G, T) and Gal(E/F)-invariant form
(—,—)1 on X(T) = X(T)® X(T) by

(O, X1)s (x2s X5))1 = (X1, x2) + (X1, Xa)-
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If p is half the sum of the roots of T in B, then (p, p) is half the sum of the roots of
T in B. If « is the simple root of T in G which defines P, then («,0) is a root of T
in G whose restriction to the maximal split torus S of T is «.

It is then straightforward to check that under the identification ay; e = app e, the

element & of (2.2.16) is the same whether it is calculated for G or for G.

2.4.6 Identifying splitting and Weyl group representatives

For each root 3 of T in B, we have the root subgroup Ug of U. If we interpret 3
as a root of S in B, then the root subgroup of § in U is the restriction of scalars Ug.
The simple roots of T in B come in pairs, as a; = (@, 0) and ay = (0, ), where «
is a simple root of T in G. Given a splitting x, : G, — U, : @ € A which is defined
over E (that is, all the x,, are defined over F), we get a splitting for the simple roots

of T by taking the pairs

Ty CE'—)(:E,I)

Xq, : Gy = U, U,
0T x—(1 x)\

Xa, : Gg > U, U,

This splitting is defined over F. Thus we have two related splittings for G and G,
through which we define canonical Weyl group representatives and generic characters.
It follows from (2.2.4) that if we identify the normalizer of T(F) in G(F') with the
normalizer of S in G(F') vian +— (n,n), then the canonical Weyl group representatives
(2.2.17) for W(G,T) are the same as the canonical Weyl group representatives for
W(G,S).

It also follows from (2.2.4) that if ¢ is a nontrivial character of F', and we identify
U(F) = U(E), then the generic character x of U(F') coming from 1 and the splitting
for G, is equal to the generic character x of U(E) coming from ¢ o Trg,r and the
splitting for G.
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2.4.7 Local coefficients are unchanged by restriction of scalars

Now let 7 be a smooth, irreducible representation of M(F) = M(FE). Then 7 is
generic with respect to x if and only if it is generic with respect to x. The induced
representation I(s,7) is the same whether we are considering it as a representation
of G(F) or G(E).

The self dual Haar measure on N'(F) = N'(E) of (2.2.18), is the same, regardless
of the field over which the group is considered, a xy-Whittaker functional for 7 is the
same as a yx-Whittaker functional for . The canonical Weyl group representative
wy is same regardless of the field over which the groups are considered. So is the
intertwining operator A(s,7) and the Whittaker functionals A\ (s,7) = A (s, 7). It
follows from here that

Cy(s,m) = C\(s,m). (2.4.7.1)

That is, the local coefficient does not depend on whether we consider 7 as a generic

representation of M(FE) or of M(F).

2.4.8 Adjoint action of the L-group

Let 7 be the adjoint action of “M on “n. Since M is split, we will identify
LM = “MP°. Recall we are assuming that r is irreducible. The L-group of M can be
identified with the semidirect product of “M x LM by Gal(E/F), where o acts by
o.(z,y) = (y,7).

The Lie algebra “n identifies with “n @ “n, and the adjoint action r of “M on ‘n
is then given by

(9, (X, V) = (r(2) X, r(y)Y)

f(U)(X, Y) = (Y>X)'

Then r is clearly irreducible.
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2.4.9 Gamma factors and Weil restriction of scalars

For 7 a y-generic representation of M(E), the local coefficient and gamma factor

are related by Shahidi’s theorem (2.2.20)

CX(Sﬂ ﬂ—) = 7(3a ™, 1/] o TrE/F)

Since M is split over E, the number A(wo, 1) o Trg/r) showing up in the formula of
Shahidi’s theorem in (2.3.6) will be 1.
If we consider 7 as a y-generic representation of M(F'), then the number A(wo, ¢)

is equal to A\(E/F,v)P™N_Then Shahidi’s formula tells us that

Cy(s,m) = N E/F,0)~ PN (s,m,1,)).

Putting this together with equation (2.4.7.1), we have

/\(E/F’ ¢)_DimN,7(Sv T, ,lvb) = ’7(‘9’ T, ¢ © TrE/F)

We state this as a theorem:

Theorem 2.4.9.1. Let E/F be a quadratic extension of p-adic fields. Let M be a
split reductive group over F', base changed to E. Let r be an LS-representation of
EM, and let r be the representation of (2.4.8). Suppose that M is isomorphic to
a Levi subgroup My of a maximal parabolic subgroup Py = MyNg of some reductive
group, and that under this isomorphism the representation v of “M identifies with the
adjoint action of "My on ‘ng. Then r is an LS-representation of M = Resg/r M,
and

’7(87 T, ¢) = /\(E/Fv w)Dimr'Y(Sa T, 77D © TrE/F)

for any generic representation © of M(E).
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2.5 Weil restriction and Rankin products

Still E/F is a quadratic extension of p-adic fields, and v is a nontrivial character

of F.

2.5.1 Some computations with the L-group of Resg/r GL, x GL,,

We will apply Theorem 2.4.9.1 in particular to the group M = GL,, x GL,,. Let
V and W be complex vector spaces of dimensions n and m. We can identify the
L-group of M with GL(V') x GL(W). Let R be the tensor product representation of
LM
R: ™ — CL(VaW)

R(T,S)=T®S.

This representation satisfies the hypothesis of Theorem 2.4.9.1, since

(g,h) = I

thfl

is an isomorphism of M onto a maximal Levi subgroup of GL,,,, under which R
identifies with corresponding adjoint action.

We can identify the L-group of M = Resg/r GL, x GL,, with
GL(V) x GL(W) x GL(V) x GL(W) x Gal(E/F)

where Gal(E/F) acts by 0.(11, S1, Ts, o) = (Ts, S, T1, S1).-
The corresponding representation R of (2.4.8) has underlying space (V @ W) &
(V@ W), and is given by

(T17 Sl7 T27 52)'(U ® w, U/ ® w/) = (T1U & Slw7 TQU/ & SQw/)
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o (v@w,v @uw) =0 u,vew).

Theorem 2.4.9.1 tells us that if 7 and 79 are generic representations of GL,(F) and

GL,.(E), then

Y(s,m W mo, B,) = ME/F, )" y(s,m1 K ma, R, b o TI"E/F)

= ANE/F, )" (s, m X 72,2 0 TFE/F)-

If m; and w9 are not necessarily generic, then this last equation still holds, since m;
and 7y have generic inducing data. One applies multiplicativity on both sides ((2.2.6)
and Example 2.2.7.1).

2.5.2 The peculiar representation ‘R

In this section we describe the properties of a particular L-group representation
which will show up in the multiplicativity of Asai gamma factors.

Again let M = Resg,r GL;, X GL,,. Let V and W be complex vector spaces of
dimensions n and m, so that the L-group of M again identifies with the semidirect
product of GL(V') x GL(W) x GL(V') x GL(W) by Gal(E/F), with Gal(E/F') acting
by sending (74, S1,Ts, S2) to (Tz, Se, T, S1).

Define a representation R of “M with underlying space (V @ W) @ (V @ W), by

R(Ty, 81, T, S9)(v@w, v @w') = (Tiv® Sew, Thv' @ S1w')

R(o)(v@w,v @w') =W @uw,vew)
Define an automorphism ¢ of M by (z,y,2',9') — (2, 3/, 2’, y). Then ¢ = ! is
defined over F, and if we identify M(F') = GL,,(E) x GL,,(E), then ¢ is defined on
points by

p(z,y) = (z, o(y)).

Let us state this as a lemma.
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Lemma 2.5.2.1. If 7 = m; K7y is a smooth, irreducible representation of M(F) =
GL,(F) x GL,,,(E), then wop is isomorphic to the representation m X (mg00), where
o is the nontrivial element of Gal(E/F).

Now ¢ induces an automorphism ¢V of “M, which sends (71, S1, Ts, S2) to (Ty, Sz, Tb, S1).
Recall the LS-representation R of the last section. It is straightforward to check
that R o @Y = R, and therefore by (2.2.2), for any representation 7 = m X my of
M(F), we have
Y(s,m Ry, R, ) = (s, m K (mg 0 0), R, ).

Putting this together with (2.5.1), we have:

Proposition 2.5.2.2. Suppose that 71Xy is an wrreducible, admissible representation

of M(F) = GL,(F) x GL,,,(E). Then

Y(s,m Wy, R, p) = AME/F, )"y (s,m X (mp00),9 0 Trg/p).

Corollary 2.5.2.3. Suppose that my My is an irreducible, admissible representation

of M(F) = GL,,(E) x GLy(E). Then

L(S,ﬂ'l X WQ,%) = L(S,ﬂ'l X (7'('2 o O'))

Proof: The equality of gamma factors (s, m X e, R, 1)) and (s, m X my 00,9 0
Trg/r), up to a root of unity, suffices to deduce the equality of the L-functions. The
L-functions on both sides are initially defined for tempered representations. Since

a polynomial in ¢z°

is also a polynomial in ¢n°, we see from the definition of the
L-function in the tempered case that the L-functions agree when m X, is tempered.
We also get the equality of L-functions in the quasi-tempered case, since a twist
by an unramified character affects both L-functions in the same way.
We then get the equality of L-functions for general 7m; and 7y, since Langlands

classification is the same whether we formulate it for M(F') or for GL,,(E) x GL,,(E),

and multiplicativity is analogous for both groups. [
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2.6 The Asai representation

We finally state our main result in this section. In (2.6.1), we define the Asai
representation %, which is an LS-representation of the L-group of Resg/r GL,,, where
E/F is a quadratic extension of characteristic zero local fields. The gamma, epsilon,
and L factors as defined by the Langlands-Shahidi method will be called Asai factors.

In (2.6.2), we state the local Langlands correspondence for Resp/p GL, in terms
of the local Langlands correspondence for GL,,, using 8.1 of [Bo79]. If p’ is an admissi-
ble homomorphism from the Weil-Deligne group W, into the L-group of Resg/r GLj,
then the Frobenius semisimple representation % o p’ will be called the Asai repre-
sentation on the Galois side, and the corresponding Artin gamma, epsilon, and
L-functions will be called Asai factors on the Galois side.

In (2.6.3), we state our main theorem, which is the equality of the Asai epsilon
factor with the corresponding Asai epsilon factor on the Galois side. We also cite
two of Henniart’s results in [HelO]. First, Henniart proved the equality of the Asai
gamma factors on both sides, up to a root of unity. Next, Henniart used this equality
to sketch a proof of the equality of the Asai L-functions on both sides. In Section 2.7,
we will flesh out Henniart’s argument in detail and reprove the equality of the Asai
L-functions, granting the equality of Asai gamma factors up to a root of unity.

We remark that, since we know that the Asai L-functions on both sides are equal,
an equivalent formulation of our main theorem is the exact equality of the Asai gamma
factors on both sides. This is the theorem which we will actually prove.

In (2.6.4), we state how our factors are affected unramified twists. Finally in

(2.6.5), we prove a formula for the multiplicativity of the Asai gamma factor.

2.6.1 Definition of the Asai representation

Let E/F be a quadratic extension of characteristic zero local fields, and let

M = Resg/r GL,. As in (2.4.1), we identify M(F) = GL,(F) x GL,(F). Let



82

' = Gal(E/F), with nontrivial automorphism o. We take the Borel subgroup and
maximal torus of M to be the product of the usual ones of GL,,.

The L-group “M can be identified with the semidirect product of “M° = GL,,(C) x
GL,(C) by I'g, where o acts on GL,(C) x GL,(C) by o.(z,y) = (y,z). In fact,
let V be an n-dimensional complex vector space. Then we can identify *M° with
GL(V) x GL(V).

The Asai representation % = %, is defined to be the following representation

of “M with underlying space V ® V:

(T, 5,0™) / ToSv forn=0
S, 0N v =

TV ® Sv  forn=1.
It is an LS-representation, corresponding to the adjoint action of M embedded as a
maximal Siegel levi inside the unitary group U(n,n) of E/F (5.1.2).
2.6.2 Restriction of scalars and tensor induction

Since we have a local Langlands correspondence for GL,, ((2.3.7) in the nonar-
chimedean case and (2.1.8) in the archimedean), we also have one for M by (2.1.9).
Specifically, let V' be an n-dimensional complex vector space, and let

p Wy — GL(V) = "GL,g

be an admissible homomorphism of W}, (2.1.7). Choose a z € Wy which is not in

Wg. Define a homomorphism

¢+ Wi — GL(V) x GL(V) x Gal(E/F) = "M
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(p'(a), p(zaz™1),1) ifa € W
('(az™t),p'(za),0)  ifa & W

Up to equivalence, this does not depend on the choice of z. This association p’ +— p’

is exactly the bijection defined by Borel in (8.1, [Bo79)]).

Proposition 2.6.2.1. The representation Z o p' : Wp — EM s isomorphic to

®@Indg,r p', the representation of Wi obtained from p' by tensor induction (1.1.17).

Proof: Direct computation. [

2.6.3 Statement of our main results

We now state our main theorem. Suppose E/F is a quadratic extension of char-
acteristic zero local fields, and M = Resg/p GL,, . If 7 is an irreducible, admissible
representation of M(F') = GL,(F), and 1 is a nontrivial unitary character of F' (there
is no need to specify that ¢ is unitary when F' is nonarchimedean), the gamma factor
(s, 7, %, 1), L-function L(s,m, %), and epsilon factor e(s,m, %, 1) are all defined by
the Langlands Shahidi method, where % is the Asai representation of (2.6.1).

If p’ is the n dimensional representation of W, corresponding to 7 under the local
Langlands correspondence for GL,(E), define p’ as in (2.6.2). Then 7 — p’ is the
local Langlands correspondence for M.

Let us state formally what we want to prove with our Asai factors. As we explain
below, some of this has already been proved by Henniart in [Hel0], and some of this

1S new.

Theorem 2.6.3.1. Let 7 be an irreducible, admissible representation of GL,(E), and
let p' correspond to w as above. Then:

(i): (Equality of Asai epsilon factors)

e(s,m, &, 0) = e(s, Z o p', )
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(i1): (Equality of Asai gamma factors)

7(87 T, ‘%7 77Z)> = ’7(87 X o Blu ¢)
(#1i): (Equality of Asai L-functions)
L(s,m, %) = L(s,Z o p').

From the general results of the Langlands-Shahidi method, we can already con-

clude that Theorem 2.6.3.1 holds in two particular cases.

Remark 2.6.3.2. Theorem 2.6.5.1 holds in the archimedean case. It also holds in

the p-adic case when ™ has an Iwahori fized vector.

Proof: In either case, the passage from p’ to p’ is compatible with the existing local
Langlands correspondence for archimedean groups or tori (2.1.9). As we remarked
in (2.12), in the archimedean case, the equality of the Langlands-Shahidi gamma
factor with the corresponding Artin gamma factor is a theorem of Shahidi ([Sh90],
Theorem 3.5, (1)). The Langlands-Shahidi L and epsilon factors are by definition the
corresponding Artin factors.

In the nonarchimedean case when 7 has an Iwahori fixed vector, [Sh90], Theorem
3.5 (1) also takes care of the equality of gamma factors on both sides. The equality
of L factors in this case is implied by Henniart’s result which we state below. The
equality of epsilon factors falls out as a result of the equality of gamma and L factors.
OJ

Now we cite two of Henniart’s results (Theorem 5.2 of [Hel0]).

Theorem 2.6.3.3. (Henniart) Assume F' is p-adic. There exists a root of unity
such that

CY(Sa Waﬁv ¢) = ’Y(Sv% © Blv ¢>

Theorem 2.6.3.4. (Henniart) Assume F is p-adic. The equality of L-functions ((iii)
of Theorem 2.6.3.1) holds.
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We have stated our main results in a way that is amenable to the local Langlands
correspondence for general reductive groups. In light of Proposition 2.6.2.1 and the
isomorphism Zop' = ® Indg,r p', we can restate our main theorem in a more practical

way.

Theorem 2.6.3.5. (Equivalent formulation of Theorem 2.6.3.1) Let m be an irre-
ducible, admissible representation of GL,(E), and let p' be the representation of W,
corresponding to m under the local Langlands correspondence for GL,. Then: (i):

(Equality of Asai epsilon factors)

(s, m, Z,1) = e(s,@Indg/pp', 1))

(ii): (FEquality of Asai gamma factors)

7(87 T, %7 ¢) = 7(37 & IndE/F pla 1/))
(iii): (Equality of Asai L-functions)
L(s,m7,Z) = L(s,® Indg/r p')

where @ Indg,p p' is the representation of Wp obtained by tensor induction.

As we remarked above, Henniart had proved the equality of Asai gamma factors
up to a root of unity. The main result of this thesis is the exact equality of the Asai

gamma factors:

Main Theorem 2.6.3.6. The equality of gamma factors ((ii) of Theorem 2.6.3.1,

or equivalently its reformulation in Theorem 2.6.3.5), holds. That is,

’7(87 T, %7 ¢) - 7(87 ® IndE/F pla w>

As a consequence of our main theorem, combined with Henniart’s result of the

equality of L factors, we get the equality of the epsilon factors.
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Corollary 2.6.3.7. The equality of epsilon factors ((i) of Theorem 2.6.3.1, or equiv-

alently its reformulation in Theorem 2.6.3.5), holds. That is,

(s, m, %) = e(s,@Indgp ', ).

Following the corollary our result, together with Henniart’s results, finally estab-
lishes the entirety of Theorem 2.6.3.1.

2.6.4 Unramified twists and Asai factors

Assume that E/F is p-adic. As we will show in Chapter Five, the Asai represen-
tation is defined by embedding M = Resg/r GL, as a Siegel Levi subgroup of the
unitary group G = U(n,n). If & is as in (2.2.16), it is a consequence of Lemma 5.1.3.1
(i) that

(s@ ™) _ | ot (m)|2

for all m € GL,(E) = M(F). It follows from (2.2.21) that

v(s, w| det(=)|5, Z, ) = v(s + 2s0, m, Z, 1)

L(s,m|det(—)|2, Z) = L(s + 2s¢, 7, %#).

Let p’ be a representation of Wj,. By Lemma 1.1.9.1 and Theorem 1.1.16.1, part (iv),

we see that the same effect from an unramified twist occurs on the Artin side:

v(s,@Indg/r p'|] - [0, 9) = (s + 250, @ Indgp p',9)

L(s,®@Indgp || - ||*, %) = L(s 4 250, ® Indg/p p', ¥).
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2.6.5 Multiplicativity of Asai gamma factors

Again assume that E/F is p-adic. Let M, = Resg/r GL,, X GL,, be a standard
Levi subgroup of M. Let 7w be an irreducible, admissible representation of M, (F') =
GL,(E), and suppose that 7 is isomorphic to a quotient of Ijf. 71 Ko, for irreducible
admissible representations m; of GL,,(E).

In order to apply multiplicativity, we must consider the restriction of the Asai
representation Z = %, to “M.,.

Let V be an n dimensional complex vector space, and let V; and V5 be nq; and ny

dimensional subspaces of V' such that V; & V5, = V. Then we can identify

IM = GL(V) x GL(V) x Gal(E/F)
IM, = GL(V}) x GL(V3) x GL(V}) x GL(V3) x Gal(E/F).

Now we can break up V' ® V into three subspaces: V; @ Vi, Vo @ Vs, (V1 @ Vo) &
(Vi ® V5). We see that each subspace is stable under the action of LM, and:

e The subrepresentation (V; ® V) @ (V; ® Va) of “M, is isomorphic to the repre-
sentation R of (2.5.2).

e The restriction of Z|ip, to GL(V)) x GL(V}) x Gal(E/F) is trivial, and the
restriction to GL(V3) x GL(V,) x Gal(E/F) is isomorphic to %Z,,.

e The restriction of Z|iy, to GL(Vs) x GL(V3) x Gal(E/F) is trivial, and the
restriction to GL(V}) x GL(V}) x Gal(E/F) is isomorphic to %, .

Therefore, by (2.2.6) and (2.2.7), we can conclude that

’7(37 T, ’%7 w) = 7(8a 71—17%711’ W’Y(& T2, %n2,¢)7(3, T X 2, 9:{7 ¢>
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But on account of Proposition 2.5.2.2, this last gamma factor is really that of a Rankin

product:

7(57 T, '@a ,QZ}) = 7(57 T, '@nu ’QD)’}/(S, T2, '%nza ?/)))\(E/R ¢)n1n27($> T X (77-200-)’ ,lvboTrE/F)

where o is the nontrivial element of Gal(E/F'). Applying the same reasoning to the

general case, we have:

Theorem 2.6.5.1. Suppose that m is an irreducible, admissible representation of
Resg/r GL,(F) = GL,(E), and 7 is isomorphic to a quotient ofIndGL"(E) mX- - -Xm,.
Then

r

7(8777-7‘%71/)) = HV(&%‘,%W?D) H )‘(E/F7 w)ninj7(877ri X (ﬂ-j Oa)ﬂonrE/F>

i=1 1<i<j<r
where m; is a representation of GL,,(E).

Thus multiplicativity allows us to write an Asai gamma factor as a product of
smaller dimension Asai gamma factors, and a product of Rankin product gamma

factors.

Remark 2.6.5.2. In the case where mX- - -X7,. is quasi-tempered with positive Lang-

lands parameter, Goldberg calculates this same multiplicativity formula for (s, m, %, 1)

(Section 5 of [Go94)).

2.7 Equality of gamma factors implies equality of L-functions

Again E'/F is p-adic. In this section we give a detailed exposition of Henniart’s
proof of the equality of L-functions (Theorem 2.6.3.4), granting his result that the
gamma factors are equal, up to a root of unity (Theorem 2.6.3.3).

The idea is to first prove the equality of L-functions for tempered representations,
making use of the general result that the L-functions for tempered representations

(on either the analytic or Galois side) can be read off from the gamma factors.
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The equality for L-functions of arbitrary representations following from the tem-

pered case using Langlands classification.

2.7.1 The tempered case I

Let p' = (p,V, N) be a representation of the Weil-Deligne group W. Recall that
(1.2.7)
L(s, p') = det(1 — g~*pn(®))

where py is the kernel of N, and ¢ = qp. The function L(s, p')~! is a polynomial in the
variable ¢~%. Let us write L(s, p') ™! = F(q*), for a unique polynomial F(X) € C[X].
It is clear that for 0 € R,

lim L(o,p) = 1.

T—00

Therefore, we must have F'(0) = 1.

2.7.2 The tempered case 11

Suppose that H is a polynomial in C[X] with H(0) = 1. There is a unique rational
function Gy € C(X) such that H(¢*™') = G1(¢™*). If t is the degree of H, then there is
a unique polynomial G € C[X] and a unique ¢; € C such that G1(X) = X 'G(X),
with G(0) = 1.

2.7.3 The tempered case II1

Let 7 be a tempered representation of GL,(F), and let p’ be the corresponding

representation of W;. By Theorem 2.6.3.3 of Henniart, we know that

Cy(s,m, Z, ) =~v(s,@Indg/pp', 1)) (2.2.7.1)
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for some root of unity (. We will show that L(s,7,%) = L(s,®Indg/p p'). There

exists a rational function f € C(X) such that

7(3’ 71‘,,@’1/}) = f(q_s)'
We can find unique o € C,a € Z, and P, Q € C[X] such that f(X) = aXag(—;_(), with
P(0) = Q(0) = 1. Since 7 is tempered, we know that L(s,7,%Z) = P(q¢*)~" (
Now, let F' and H be polynomials for which

L(s,® Indpp p',¢0) = F(¢~*) ", L(s, @ Indgyr ¥, ¥0) = H(q™") ™"

We know that F'(0) = H(0) =1 (2.7.1). We also know that, since 7 is tempered, so
are p" and p'v (2.3.8), and so are ® Indg,p p' and ® Indg/p p’¥ (Proposition 1.2.11.1).
Hence F(q~°) and H(q™®) have no zeroes for Re(s) > 0 (Lemma 1.2.10.1). This
implies that F'(¢~*) and H(¢*') have no zeroes in common whatsoever.

Let ¢,t,G1,G be as in (2.7.2). Then
H(¢"™ ") = Gi(q™") = e1g”G(g™)

and we see that G(¢~*) and F'(¢”*) have no zeroes in common. Therefore, the poly-
nomials G(X) and F(X) must be relatively prime.
We also have e(s, ® Indg/r p', 1) = c¢™ for some ¢ € C and n € Z. Writing

(s, @Indg/p p/, ) L(1 — 5,® Indg/p p')
L(s,®Indg/pp')
-1 (n—t)sF(qis)
Gg™)

v(s,@Indg/r p',¥) =

and putting this together with equation (2.2.7.1) we get

(n—t)s F(qis)

_ -1
=c6 q
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and hence

axe LX) _ oy FX)
Xm0 T ey

The pairs of polynomials P,@Q and F,G are relatively prime, and satisfy P(0) =
Q(0) = F(0) = G(0) = 1. We must conclude that cc;' = a,t —n = a, and
F(X)=P(X),G(X) =Q(X). In particular,

L(s,m,Z)=P(q*) "' = F(¢*)"" = L(s,®@ Indg/r p').

This completes the proof of Theorem 2.2.6.4 in the case where 7 is tempered.

2.7.4 Proof of the quasi-tempered case

Suppose that 7 is a quasi-tempered representation of GL,(E). Let p’ be the
corresponding representation of Wj. There exists a complex number sy such that

7| det(—)|* is tempered. Then by (2.6.4) and (2.7.3), we have

L(s,m, %) = L(s — 2sq, | det(—)|*°, Z)

L(s — 250, @ Indg/r '] - |™)
L

(s,@Indg/pp).

This completes the proof of Theorem 2.2.7.4 in the case when 7 is quasi-tempered.

2.7.5 The general case

Finally, suppose that 7 is an arbitrary smooth, irreducible representation of
GL,(E), and p' is the corresponding representation of W},. Recall that the L-function
L(s, 7, %) is defined using Langlands classification for quotients ((2.2.8) and (2.2.9)).
We use the relationship between Bernstein-Zelevinsky classification and Langlands

classification given in (2.3.6).
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Let Ay, ..., A, be intervals such that 7 = Q(Ay, ..., A,) in the Bernstein-Zelevinsky

classification. Let

Aj = {mj, (1), ..., mi(my; — 1)}

for irreducible supercuspidal representations m; and integers m; > 1. Let p; be the
irreducible representation of Wy corresponding to 7;, and let p}; = p; ® Sp(m;), so
that 7 corresponds to p} @ --- @ pl. under the local Langlands correspondence.

For each 1 < j < r, there is a unique real number z; such that Q(A;)(—z;) =

Q(AY) is square integrable, where
Al = {mj(—;), mj(—2; + 1), .., mi(—a; + my — 1)}

We may assume that the intervals A; are ordered so that

YL= 1= = Ty > Yp = Ayl = 0= Ty > = Y

If for 1 <i<sandn;_;+1<7<mn; (taking ng = 0), we set

0; = Q(Amfﬁl) X--- X Q(A"z)

0; = QA 1) W KQ(AL)

then 7] = Ind §; is irreducible and tempered, and coincides with Q(A;,_ ,4,..., A} ) in
the Bernstein-Zelevinsky classification. Hence 7; = 7/(y;) = Ind ¢; is irreducible and
quasi-tempered, and coincides with Q(A,, ,11,...,Ay,;) in the Bernstein-Zelevinsky
clasification.

Now 7 =7 - K7, (resp. 7 = 7f X--- X 7}) is a quasi-tempered (resp.
tempered) representation of a standard Levi subgroup M of GL,(F). If we let D,
be the determinant on the ith block of M, and let v be the unramified character

1Dy + -+ ysDg of M, then v lies in the positive Weyl chamber of M, and 7 =
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g M=) As we explained in (2.3.6), 7 is the unique irreducible quotient of Ind 7 =
Ind T’q(’/vH]VI(f)>.

Then (2.2.9), Theorem 2.6.5.1, and Corollary 2.5.2.3 give us a multiplicativity
formula for the Asai L-function L(s, 7, %) analogous to that of the Asai gamma

factor:

L(s,m,%) = f[L(s,Ti,%) H L(s, 7, x (1;00))

1<i<j<s
where o is the nontrivial element of Gal(£/F'). On the other hand, if for 1 <i < s
we set

Pi =P 1B B,
then p; corresponds to the quasi-tempered representation 7; under the local Langlands
correspondence, with

p=p® D ps.

Then we have

S

L(s,®Indg/rp’) = HL(S,@IndE/F p‘l) H L(s,p‘i X (,0.] o))

i=1 1<i<j<s

= H L(s,7i, %) H L(s,7,® (1;00))
i=1 1<i<j<s

= L(s,m, %)

where z is an element of Wy that is not in Wx. We have used Lemma 1.1.18.2, the fact
that L-functions of Weil-Deligne representations are additive over direct sums, the fact
that Rankin products go to tensor products under the local Langlands correspondence
(2.3.7), and that composition by o corresonds to conjugation by z under the local
Langlands correspondence (2.3.10). This completes the proof of Theorem 2.6.4 in

general.
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3. PROOF OF THE MAIN THEOREM

In this chapter we prove our main theorem, Theorem 2.6.3.6, which is the equality
of the Asai gamma factor, as defined by the Langlands-Shahidi method, with the
corresponding gamma factor on the Galois side. By Remark 2.6.3.1, the theorem
already holds in the archimedean case. Our proof uses global methods, and is very
general. The methods of proof we use were originally carried out successfully in
[CoShTs17] to prove the equality of the symmetric and exterior square gamma factors,
as defined by Langlands-Shahidi method, with the corresponding factors on the Galois
side.

The method of proof in this chapter depends critically on a highly technical pro-
posotion, called “analytic stability” (Proposition 3.2.2.8). The proposition says that
if two supercuspidal representations of GL,(FE) have the same central character,
then their corresponding Asai gamma factors become equal if the representations
are twisted by a sufficiently highly ramified character. Our proof of analytic stability
is completely local, and we postpone it to Chapters Four and Five. Our method of

proof of stability was originally carried out in [CoShTs17].

3.1 Preliminaries

Before we state the proof of the main theorem, we give an overview of the methods
involved. We also make a remark on the choice of the additive character occurring in

the gamma factors.
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3.1.1 Summary of the proof of the main theorem

We give a summary of the content of this chapter. Our quadratic extension of
p-adic local fields F/F will be realized as the respective completions of a quadratic
extension of number fields K/k at an extension of places wq | vo. We will encounter
certain representations X of the global Weil group Wi, and consider their restrictions
Y to the local Weil groups Wy, . If I1,, is the representation of GL,, (K,,) correspond-
ing to X, via the local Langlands correspondence, our tensor product Il = ®,,I1,, will
be a cuspidal automorphic representation of GL,, (Ak).

We will compare the Artin L-function L(s, ® Imd%’;< Y)) of the tensor induced rep-
resentation of 3 to Wy, and the global Asai L-function L(s,II, R), where R is the
“global Asai representation” and II is realized as a cuspidal automorphic representa-
tion of Resg/, GLy,(Ay).

In considering the global L-functions and their respective functional equations, we
will be able to match up the local factors on both sides at almost all places. What
we will end up with is a finite set S of places of k£ containing vy, such that each place

v € S has exactly one place w of K lying over it, and such that

[17(s.@mdy Sy, 0,) = [ (s, 1T, 2, 0,)

veS vES

where & is the Asai representation of the L-group of Resg, /x, GLy, and ¥ = ®, ¥,
is a nontrivial character of Ay /k.

Our first main result is a “stable version” of our main theorem (Proposition
3.2.2.2): we show that our main theorem holds for supercuspidal representations up
to highly ramified twist. This result uses the idea above of matching up a global Weil
representation with a cuspidal automorphic representation. It also relies the analytic
stability result (Proposition 3.2.2.8) which will be proved later in Chapters Four and
Five. Proposition 3.2.2.2 is done by induction on n, the induction hypothesis being
that stable equality holds for all quadratic extensions of p-adic local fields, not just

the extension E/F we started with.
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Using multiplicativity, we readily remove the supercuspidal assumption in Corol-
lary 3.2.2.9 for the stable version of our main theorem. We next use another global
argument to show that our main theorem holds for monomial representations on the
Galois side (Proposition 3.2.3.1). From there, Brauer’s theorem gives us the main
theorem for Galois representations (Proposition 3.2.4.1). Since irreducible represen-
tations of the local Weil group are unramified twists of Galois representations, we
get the main theorem for supercuspidals. Finally, multiplicativity gives us our main

theorem for arbitrary representations.

3.1.2 On the choice of additive character

Let E/F be a quadratic extension of p-adic fields. The gamma factors v(s, ® Indg/p o', ¥)
and y(s,m, %, 1) depend on a choice of nontrivial character 1) of F'. At several places
in this chapter, F' will be taken to be the completion of a number field £ at a place vy,
and 1 will be assumed to be a local constituent of a nontrivial character ¥ = ®,¥,
of Ag/k such that ¥,, = 1. The extensions E/F and the global field k are variable
throughout the chapter.

Not all characters ¢ of F' = k,, occur as a local constituent of a global character.
Consequently, a given global argument in this chapter will appear to give an equality
of gamma factors only for certain characters . Fortunately, the density of k in F
takes care of this issue.

If a € F, let ¥, be the character = — ¢ (az) of F. Similarly, if a € k, let ¥, be
the character z — U(ax) of Ay /k. Every nontrivial character of F'is equal to v, for a
unique 0 # a € F', and every nontrivial character of Ay /k is equal to ¥, for a unique
0 # a € k. In this way, the characters of F' of the form V,, form a dense set of all
characters.

For fixed s,m, and p/, the factors (s, ® Indg,p p',%s) and (s, 7, %, 1),) are con-

tinuous functions of a € F. Therefore during this chapter, if for a given quadratic
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extension F/F, a given number field k, and a given place vy such that k,, = F, any

equality of the form
7(87®IndE/F PI7¢) = ’Y(Saﬂﬂ%aw) (3121)

is proved to hold for characters ¢ of the form W, , then the equality also holds for
arbitrary 1. Therefore there is no loss of generality in always assuming that v takes

the form U, .

3.2 Proof of the main theorem
3.2.1 Template of the global argument

We return to the notation and conventions of (1.4). In particular, K/k is a
quadratic extension of number fields. In this section we go through a global argument
which will be used repeatedly in the proof of Theorem 2.6.3.6. Let Y be an n-
dimensional representation of the global Weil group Wy, and let ¥ = ®WV, be a
nontrivial character of A;/k with ¥, = 1. Consider the representation ® Indg/, X
of Wy, obtained from ¥ by tensor induction (1.4.7). We have the global L-function

and epsilon factor (1.4.3)
L(S, X Il’ldK/k E) = H L(S, <® IIldK/k E)v)

e(s,@Indg/p X) = [[ e(s, (@ Ind gk X)p, Ty).

The global epsilon factor is actually a finite product. The L-function is initially only
well defined in some right half plane, but admits a meromorphic continuation to all

of C satisfying the global functional equation
L(s,®Indg/k B) = €(s, ® Indg/ ) L(1 — s, (@ Indg i, 2) V). (3.2.1.1)

Let IT,, be the representation of GL, (K, ) corresponding to the semisimplification of

> under the local Langlands correspondence. Suppose that II = ®I1,, is a cuspidal
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automorphic representation of GL,(Ag). We will let H = Resg/, GLy,, and consider
Il = ®,m, as a cuspidal automorphic representation of H(Ay). The L-group of H is
the semidirect product of GL(V') x GL(V') by Gal(K/k), where V' is an n-dimensional
complex vector space, and we can define the global Asai representation R of “H

exactly as in the local case (2.6.1). We have the global L-function and epsilon factor
L(s,II,R) = HL(S,WU, R,)

6(87 H7 R) = H 6(‘97 Ty, RU’ \IJU>

where R, is the composition of “Hy, — “H and R (2.2.14). The global epsilon factor
is a finite product, while the global L-function admits a meromorphic continuation

to all of C and satisfies the global functional equation

L(s, 11, R) = (s, I, R)L(1 — 5,11V, R). (3.2.1.2)

Proposition 3.2.1.1. Ifv is a place of k, and any of the following conditions is met:
(i): There are two places w and w' of K lying over v
(ii): v is archimedean
(iii): v is nonarchimedean and m, has an Iwahori fized vector
then
/7(87 Ty, RIM \II’U) = 7(37 (® IIldK/k Z)va \Ilv)
L(s, 7y, Ry) = L(s, (® Indg /i X))
L(s,m), Ry) = L(s, (® Ind g, X))

) v

(8, Ty, Ry, Uyy) = €(s5, (® Ind g, )y, Uy).
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Proof: Assume we are in the case (i). Then we can identify k, = K,, = K, and
we have

H,, = CGL, x GL,,
IH,, = GL(V) x GL(V)
m, = I, X 11,
V(8 Ty Ryy Wy ) = (8, Iy X My, )
(@Indg/p X)y = Lo @ Lo

where this last equality is from (1.4.7). We then have the equality of gamma fac-
tors, because tensor products go to Rankin products under the local Langlands cor-
respondence. Note that the gamma factor on the Artin side only depends on the
semisimplification of the representation.
Assume that we are not in the case (i), so there is only one place w of k lying over
v. Then
H;, = Resk,, /x, GL,

<® IndK/k E)v =Q Il’lde/kv Ew

where the last equality is (1.4.8). The equality of gamma factors is then exactly the
assertion of Theorem 2.6.3.6, which we have remarked is valid in the cases (ii) and
(iii) (see Remark 2.6.3.2).

Note that for all places v, we have the equality of L factors, since these are
either Rankin products (Rankin product L factors are equal by the local Langlands
correspondence for GL,,), archimedean factors (the analytic L-factors are equal to the
Galois ones by definition), or nonarchimedean factors (since the gamma factors for

Iwahori fixed representations match up, so do the L-factors by Henniart’s argument
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(2.7)). Thus in the cases (i), (ii), (iii) we have also the equality of epsilon factors by
equations (1.3.3.1) and (2.1.6.1). O

Corollary 3.2.1.2. With the notation as above, we have

H ’7(37 71'7”,%, \Ijv) - H /7(57 ®Inde/k:U Yiws \Ijv)

veS veES

where S 1s a finite set of finite places v of k, each of which has only one place w of K
lying over it. We may exclude from S any place v at which m, has an Twahori fired

vector.

Proof: By Proposition 3.2.1.1, the local L. and epsilon factors match up at all
places outside S. We may therefore divide equation (3.2.1.1) by equation (3.2.1.2) to

obtain
11 L(s,my, Ry) ~ 11 (s, my, Ry, ¥y) L(1—s,7),Ry,)
oo L(s, (@Indg /i X)) g €(s, (@ Indgyi X)o, ¥y) L(1 — 5, (@ Indgy, X))

At the places v in S, we know that R, = Z is the Asai representation, and (® Ind ki 3),
is the representation ® Indg, /k, X (1.4.8). Clearing the denominators of this last
equation gets us the desired equality. [

3.2.2 The stable equality

From now on, E/F will be a quadratic extension of p-adic fields. Let m be a
smooth, irreducible representation of GL,(FE), corresponding to an n-dimensional
Frobenius semisimple representation p of Wg. Let n be a character of Wg, which
we identify as a character of E* by local class field theory. Then define m to be
7(n o det). Then 7 corresponds to pn under the local Langlands correspondence
(LLC).

The following lemma is a restatement of (2.6.4). Since we use it repeatedly in this

chapter, we include it here.
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Lemma 3.2.2.1. Let n = ||-||* be an unramified character of Wg, and m a smooth,

irreducible representation of GL,(E). Then
Vs, T, R,10) = (s + 20,7, Z, 1))

v(s,®@Indg/r(on),¥) = v(s + 280, @ Indg/r p, ).

It follows from Lemma 3.2.2.1 that if Theorem 2.6.3.6 holds for a given represen-
tation m, it also holds for unramified twists of 7.
In this section, we prove the following stable version of Theorem 2.6.3.6 for super-

cuspidal representations:

Proposition 3.2.2.2. (Stable equality for supercuspidals) Let m be a supercuspidal
representation of GL,(F), corresponding to an irreducible representation p of Wg.

Then for all sufficiently highly ramified characters n of Wg, we have

v(s, 7m0, %, ) = (s, ® Indg/r(pn), V).

We first prove Proposition 3.2.2.2 in the case n = 1. For this, we require a simple

lemma on idelic characters:

Lemma 3.2.2.3. Let K be a number field, wy, ..., w, finite places of K, and ny,...,n,
characters of K, , ..., K3, . There exists a unitary character 2" = @, 2, of A /K*

such that 2., and n; agree on O, for 1 <i <r, and 2, is unramified at all other

finite places w.

Proof: Consider the compact subgroup w];[oo O; of Aj.. Define a unitary character
X = ®Z, of this compact subgroup by setting 2, =n; for 1 <i <r,and 2, =1
for all other finite places w. Since this compact subgroup has trivial intersection with
K*, we can extend 2 to a unitary character of K* [] O} by making it trivial on

w<oo

K*. Now K* ] O} is closed A%, being the product of a closed set and a compact

w<oo

set. Hence 2 can be extended to a unitary character of A} by Pontryagin duality.

It is trivial on K™, and satisfies the requirements of the lemma. [J
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Lemma 3.2.2.4. Theorem 2.6.3.6 (and hence Proposition 3.2.2.2) holds for the case

n=1.

Note that Proposition 3.2.2.2 follows from Theorem 2.6.3.6, because the local
Langlands correspondence is compatible with twisting by characters.

Proof: In this case, 7 is a character x of E* = Resg/p GL1(F), and the p corre-
sponding to y is a character of Wg. We globalize the situation by finding:

1. A quadratic extension of number fields K/k, with places wq | vg, such that

Ky, =Ek,=F

2. A unitary character 2" = ®.2,, of Ak /K* such that 2., agrees with x on O},
and 2, is unramified for finite w # wy (Lemma 3.2.2.3)

3. A character ¥ = @V, of Ay /k such that ¥, = 1.

We identify 2" as a one dimensional representation of the global Weil group, so that
for each place w of K, the one dimensional representation (2°),, of Wk, (defined
in (1.4.3)) identifies with the character of 2, of K} via the local Artin map. Now
we identify 2" = ®,X, as a cuspidal automorphic representation of Resg /i, GL1(Ay).
Note that if a place v of k£ has only one place w of K lying over it, then X, = 2.
Using the template of the global argument (3.2.1), we have

H 7(87 %ww%a \Ijv) = H '7(3a ®Inde/kv '%.wa \I}v)

veES veES

where S is a finite set of finite places containing vy, such that each place v of S has
only one place w of K lying over it. But since 2, is unramified at every place other
than wy, the situation (iii) of the Proposition 3.2.1.1 applies to allow us to cancel off

all the gamma factors other than at vy, giving us

7(57 t%;l)()a‘%? 1/}) - 7(87 ®IndE/F %w0,¢).
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Now 7 = x agrees with 2, on Oj, hence they differ by an unramified character

|| - ||?° for some complex number sy. Since both gamma factors are compatible with

twisting by unramified characters (Lemma 3.2.2.1), we get the required equality. [J
Now, we will finish the proof of the stability equality theorem by induction on n.

Let us state formally our induction hypothesis:

Induction Hypothesis. Let n > 2. For each integer m < n, each quadratic exten-
sion E/F of p-adic local fields, and each supercuspidal representation m of GL,,(E),
corresponding to an m-dimensional irreducible representation p of the Weil group Wg,

we have

’7(87 ™, %7 ¢) = 7(87 & IndE/F(pn)7 ¢)

for all sufficiently highly ramified characters n of Wg, with necessary degree of rami-
fication depending on E/F, m, and 1.

Assume for the rest of this section that the induction hypothesis holds for a given
n. Let E//F be a quadratic extension of p-adic fields, m a supercuspidal representation
of GL,(F), and p the n-dimensional irreducible representation of Wy corresponding
to m. Our first step in showing that the stable equality theorem holds for n + 1 is to

show “equality at a base point.”

Propositon 3.2.2.5. (Equality at a base point) Let n > 2 be an integer, and assume
the induction hypothesis for n. Let wg be any character of E*. Then exists an n-
dimensional irreducible representation py of Wg, with det py corresponding to wgy by
local class field theory, such that if 7o is the supercuspidal representation of GL, (F)

corresponding to po, and n is any character of E*, then

v(s, mon, Z,1) = (s, @ Indg/r(pon), V).

Our proof of equality at a base point will be a global argument. We start with a

lemma of Henniart.
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Lemma 3.2.2.6. Let wy be the character in Proposition 3.2.2.5. There exists a
quadratic extension of number fields K/k, and an n-dimensional complex representa-
tion X of W, with the following properties:

(i): There ezist places wy and vy of K and k, respectively, such that k,, = F and
K,, =F.

(ii): The representation py = Y, of Wk,, = Wg is irreducible, and det X,
corresponds to wy by local class field theory.

(iii): At all finite places w of K with w # wyg, the representation ¥, is not
wrreducible.

(v): If m, is the representation of GL,(K,,) corresponding to the semisimplication
(3w)ss of X by the local Langlands correspondence, then 11 = @, 7, is a cuspidal

automorphic representation of GL, (Ak).

Proof: This is essentially Lemma 3.1 of [CoShTs17]. The only difference is the
lemma only mentions the field K, not the field k. In the proof, one fixes the unramified
extension M of F of degree n, and produces a degree n extension of number fields
M/K and an extension of places w’/w for which M, = M, K,, = E. We can choose
k,M, and K at the same time to satisfy the hypotheses of our modified lemma. [J

Proof: (of Proposition 3.2.2.5) Following the global template (3.2.1), we have

H (s, my, Z,V,) = H v(s, @ Indg, /k, L, Vs)

veES veES

for a finite set S of finite places of k containing vy, where each place v of S has only
one place w of K lying over it. Let T'= S —{wp}. For each place v of T', we know that
¥, is not irreducible, so the semisimplification (X,,)ss decomposes as Xy, 1 G- - - B Xy 1,
for an irreducible representation ¥,,; of Wy, of dimension n,; < n. Let II,,; be the
supercuspidal representation GL,, ,(kK,) corresponding to X, ;. By the induction

hypothesis, we have for all sufficiently highly ramified characters 2, of Wk, , that

(8, i X, Z,0) = (s, ® Ind g, /i, Luwi Zrws V). (3.2.2.1)
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We apply Lemma 3.2.2.3 to find a unitary character 2" = @2, of A% /K*, such that
. 1s unramified for all finite places w with w | v and v € S, %2, agrees with wy
on Oy, and for each v € T with w | v, Z,, is sufficiently highly ramified such that
(3.2.2.1) holds for all 1 <i < ry,.

We now apply the global template again, replacing > by 3.2°, and II by II.2", so
that

11 ~(s, w22, 2, 9,) = [ 7(s, ® Ind i, /i, (B0 Zw), Vo). (3.2.2.2)

ves ves
We have the same set S as before, since %, is unramified for all finite places v & S,
w | v. For v € T, and w | v, we have that II,;%2,,1 < i < r,, is the supercuspidal
support of II,,Z,,, so that after relabeling the II,, ; Z,

I1,%.,, C IndGL"(E)(Hw,l %w) XX (Hw,rw %w)
and therefore multiplicativity (Theorem 2.6.5.1) gives

7(S7Hw%w7‘%a \IJ’U) :ﬁ’y(synw,i%waﬁa \Ijv) H )\(Kw/kva\pv)nwinwj

i=1 1<i<j<ry

7(57 (Hw,i&lf/‘w) X (Hw,j %w o O-w)a \Ijv o Trw/v)

where o, is the nontrivial element of Gal(K,/k,). On the other hand, ¥, .2, has
the irreducible representations ¥, ; 2, as the factors of its composition series, so by

Lemma 1.1.18.3, we have

v(s, ® Indg,, /i, Lw 2w, Vo) = H (s, ® Indk, jk, Luwi Zws Vo)
i=1

H 7(87 Inde/ku Ew,i%w ® (Ew,j %w o Lz)v \Ijv)

1<i<j <t
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where z is an element of Wy, which is not in Wy,. By equation (1.1.16.1), (2) of
Theorem 2.3.7.1, and (2.3.10), we have

A(Kw/kva ‘Ilv)nwinwj/y(su (Hw,i%w) X (Hw,j %w o Uw); ‘Ilv © Trw/v)

= (s, Indg, /b, LwiZw @ (Zwj Zwots), Vy).

Combining this with equation (3.2.2.1), we see that the equality of gamma factors

V(8 Ly Zow, 2, W) = (s, @ Indge,, 1, (B Zw), Yo)

holds for every place v € T. Thus from equation (3.2.2.2), we get

7(87 7.‘—()‘%/'10()7‘9?7 ¢) - 7(57 ® IndE/F(pO%wo)v ¢)

Since %2, and wy agree on O3, they differ by an unramified character, so Lemma
3.2.2.1 completes the proof of equality at a base point. [J
To proceed with the proof of stable equality, we will need the following stability

results on both sides.

Proposition 3.2.2.7. (Arithmetic stability) Let p1, p2 be two representations of Wg
with det py = det po. Then for all sufficiently highly ramified characters n of Wg, we

have

v(s, @ Indg/r(p1n), %) = v(s, ® Indg/r(p2n), V).

Proof: It is a consequence of Deligne’s proof of the existence of the local epsilon
factors that if detp; = det po, then (s, p1m, ¥) = ~(s, pan, ¥) for all characters
U of E and all sufficiently highly ramified characters of n of Wy (Lemma 4.16 of
[De72]). We need only observe that under our hypothesis, we have det ® Indg/r p1 =
det ® Indg,p p2, ® Indg/p(pin) = (® Indg/p p;)(®Indg/pn), and that (® Indg/pn) is
highly ramified if 7 is (Lemma 1.1.19.1 (ii)). O
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The stability result on the analytic side, Proposition 3.2.2.8, is much more difficult.
Our proof, which is the content of Chapters Four and Five, is purely local, and mirrors

the approach taken by Shahidi, Cogdell, and Tsai in [CoShTs17].

Proposition 3.2.2.8. (Analytic stability) Let 71, w5 be supercuspidal representations
of GL,(E) with the same central character. Then for all sufficiently highly ramified

characters n of E*, we have

7(87 ™n, ‘%7 ¢) = V(S7 21, '%7 ¢)

Proof: This proposition will be shown to be equivalent to Theorem 5.1.3.3, whose
proof will occupy the entirety of Chapters Four and Five. [J

Granting the analytic stability result, Proposition 3.2.2.8, we can now finally finish
the proof of stable equality (Proposition 3.2.2.2). Let m be a supercuspidal represen-
tation of GL,(FE), and p the corresponding n-dimensional irreducible representation
of Wg. Let wy be the central character of 7, identified with a character of W, so
that det p = wy. By Proposition 3.2.2.5, there exists an n-dimensional irreducible
representation py of Wg with det pg = det p, such that if 7y is the supercuspidal
representation GL,,(F) corresponding to pg, then

v(s,mon, Z,) = v(s,®@Indgr(pon), V)

for all characters n of E*. Now 7 and 7y have the same central character wy. Taking

7 to be very highly ramified, we have by Propositions 3.2.2.7 and 3.2.2.8,

7(3’ 7”77'%7 'l/}) = ’}/(S, 7T077>%7 @Zj)
= 7(87 ® IndE/F(pOTI)7 ¢)

= (s, @ Indg;r(pn), ¥)-

This completes the proof of the induction step, and the proof of Proposition 3.2.2.2.
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Corollary 3.2.2.9. (Stable equality for general representations) Let m be a smooth,
irreducible representation of GL,(F), corresponding to a Frobenius semisimple repre-
sentation p of Wg. Then for all sufficiently highly ramified characters n of Wg, we

have
v(s, 0, Z,v) = v(s,® Indg,r(pn), ).

Proof: This follows from Proposition 3.2.2.2 and the following facts:

1. If mq, ..., . are supercuspidal representations of smaller GLs with 7 isomorphic

to a subquotient of IndGtn(P)

m X .- X, and p; is the irreducible Weil rep-
resentation corresponding to m;, then the underlying Weil representation of p is

the direct sum of the p;.

2. The gamma factor on the Artin side depends only on the underlying Weil rep-

resentation.
3. The local Langlands correspondence is compatible by twisting of characters.

4. Multiplicativity of gamma factors on both sides (Lemma 1.1.18.3 and Theorem
2.6.5.1), as well as equation (1.1.16.1).

3.2.3 Equality for monomial representations

In this section, we prove the equality of gamma factors when p is a monomial
representation, which is to say a representation of Wx which is induced from a finite

order character of a finite Galois extension of E.

Proposition 3.2.3.1. (Equality for monomial representations) Let B C L C M C
F be fields with M a finite Galois extension of E, and n = [L : E|. Let x be
a character of Gal(M/L), and let p = Indg,p(x). Let m be the representation of

GL,(FE) corresponding to p. Then

V(Svﬂ-aﬁa ¢) = 7(87®IndE/F pa¢)
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The representation p need not be irreducible, but being a Galois representation,
it decomposes into a direct sum of irreducible representations py, ..., p, with degrees
ni, ..., ny. Let m; be the supercuspidal representation of GL,, (E) corresponding to p;.
Then since p is a Galois representation, 7 is fully induced from 7y, ..., 7.

We will require the following lemma of Henniart:

Lemma 3.2.3.2. There exist number fields

ECKCLCM

together with a character % of A} /IL*, and a place w{ of M, such that:

1. If wi,wo,v are the places of L, K,k over which wyj lies, then F = ky,, E =
Ko, L =Ly, M = M.

2. M is Galois over K, with [M : K| = [Myy : Ky,| = [M : E]. Hence wy is the

only place of M lying over wy.
3. Dy = X under local class field theory.

4. LetY = Indﬁi}%?g)(@), so that p = X,,. Then there is a cuspidal automorphic
representation 11 = ®,11, of GL,,(Ak) (where m = [L : E]) such that ¥,

corresponds to m, under the LLC at each place w of K. In particular, m = 11, .

This is Lemma 3.2 of [CoShTs17]. Like Lemma 3.2.2.6, the original statement of
this lemma did not include the field k, but we can easily modify the construction to
include it.

Following the template of the global argument (3.2.1), we have as usual

H 7(57 Hwa%> qjv) = H '7(37 ®Inde/kv Ew; \I/v)

veES veS

where S is a finite set of finite places v of k containing vy, each of which has only one

place w of K lying over it. Note that in the notation of (3.2.1), we have I, = m, for
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each v € S. Let 2" = ®Z, be a character of A% /K* which is very highly ramified
at v € S — {vg} and unramified at all other finite places. We replace > by X2 in

the template of the global argument, giving us

I17(s. 0020, 2,9,) = ] (s, ® Inde, ji, (B Z0), Vo)

vES veS

for the same set S. Note that in our previous notation of writing 2" = ®,X, as a
character of Resg/, GL1(Ay), we have X, = Z,, for each place v € S, which has only
one place w of K lying over it.

By Corollary 3.2.2.9, and the fact that each .2, for v € S—{vg} is highly ramified,

we have equality of the gamma factors at all places v # vy, and therefore

7(57 7T%w07%7 ¢) - 7(87 ® IndE/F(p%wo)7 ¢)

Now %, is unramified and therefore of the form || - ||** for some sy € C, so Lemma

3.2.2.1 concludes the proof of the proposition.

3.2.4 Equality for Galois representations

Using the equality of gamma factors for monomial representations and Brauer’s
theorem, we will prove the equality of gamma factors for all irreducible Galois repre-

sentations.

Proposition 3.2.4.1. (Equality for Galois representations) Let p be an irreducible
n-dimensional Galois representation, and let m be the corresponding supercuspidal

representation of GL,(E). Then

’7(3771-’%7 ¢) = 7(87®IndE/F paqu))
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Proof: Choose z € Wyr which is not in Wg. By Brauer’s theorem, there exist

monomial representations pi, ..., pr, P, ..., pi, N0t necessarily all distinct, such that

t r

No=po@ri=Po
' 1

=1 =

We can compute (s, ® Indg/r X,9) in two ways using Lemma 1.1.18.2. First,

v(s, ® Indg/p X, Y) = H (s, ® Indg,r pi, V) H v(s, Indg/rp; ® (pj o), ).

i=1 1<i<j<r
Second, we can write y(s, ® Indg/p 3, 1) as

t

7(87 ®IndE/F Zﬂﬁ) :7(S7®IndE/F p,@b) H,Y(Sa ®IndE/F p;a,[vb)

=1

H v(s, Indg/rp® (P; 01.),1) H ’Y(S,IHdE/F P; ® (P; 0L.),1).

1<j<t 1<i<j<t

Let 7y, ..., mp, ), ..., T be the smooth, irreducible representations corresponding to the
Galois representations py, ..., pr, 1, ..., pi. Let n;,n, be the degrees of m;, .. Let II

be the smooth, irreducible representation of GL,(F) corresponding to X. Applying
(2.3.9), on the analytic side we have

M=hd*®rsKkmn K. K1, =hd®® K. K.

Then we can apply multiplicativity of gamma factors (Theorem 3.6.5.1) in two dif-

ferent ways:

t

’7(871_["@7 @b) = H")/(S,’/T;,%, w)

=1

[1 ME/E @)™ (s, ) x (70 0),4 0 Trgyp)

1<i<j<t
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and

V(Sa H7 '%7 ¢> :’7(87 T, %7 ¢) H 7(87 i, %7 ¢)
i=1
T AGB/E, 6™ s, 7% (75 0, 100 Trye)

j=1

H )\(E/F,w)nm]’)/(S,ﬂ'z X (ﬂjOU),’QZ)OTI‘E/F).

1<i<j<r

Considering the first way we have applied multiplicativity on both sides, we have that

)‘(E/F7 ¢)n;n;7(8’ W; X (ﬂ-; © O-)a 77Z) o TrE/F) = ’7(87 IndE/F(pz & (pj o Lz))a ¢)

and we also have the equality of y(s, 7}, %, 1) and (s, ® Indg,r p}, ¥) by Proposition
3.2.3.1. Thus
7(57 H7 %7 w> = ’}/(87 ® IndE‘/F 27 7/1)

Now we write out the left and right hand sides of this last equation in the second way
that we have described each. We match up the terms again using the same arguments,
giving us

V(Svﬂ-aﬁa w) = 7(87®IndE/F pa,lvb)

This completes the proof of equality for Galois representations. [

We now complete the proof of Theorem 2.6.3.6. Let 7 be a supercuspidal represen-
tation of GL,(F), and p the corresponding n-dimensional irreducible representation
of Wg. Then there exists an unramified character n of Wg such that pn is a Galois
representation (1.1.5). Identifying n as a character of GL, () through the determi-
nant, we know that 77 corresponds to pn under the local Langlands correspondence.
Proposition 3.2.4.1 tells us that Theorem 2.6.3.6 holds for 77 and pn. Since the gamma
factors on both sides are compatible by twisting by unramified characters (Lemma
3.2.2.1), we see that Theorem 2.6.3.6 holds for supercuspidal representations.

Having established Theorem 2.6.3.6 for supercuspidals, we have Theorem 2.6.3.6

for general representations by the same reductions as in Corollary 3.2.2.9.
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4. ANALYSIS OF PARTIAL BESSEL INTEGRALS

Throughout, E/F is a quadratic extension of p-adic fields, with nontrivial automor-
phism o. If z € E, then we will write T for o(z), and if g is a matrix with entries in
E then g will denote the entrywise application of o to g.

Let G = GL,(FE), A the group of diagonal matrices of G, U the group of upper
triangular unipotent matrices in G, and B = AU the usual Borel subgroup of G. Let
W(G) be the Weyl group of G. Associated to A and U is the set A of simple roots
of Ain U. In this chapter we will fix once and for all an irreducible, supercuspidal
representation m of G with central character w,.

The goal of this chapter is to establish an asymptotic expansion formula for partial
Bessel integrals (Theorem 4.0.2). It is through this formula that we will be able to
establish the stability of the Asai gamma factor for supercuspidal representations
(Proposition 3.2.2.8, equivalently Theorem 5.1.3.3). This stability result is necessary
for the proof of our main result (Theorem 2.6.3.6) given in Chapter Three.

Our asymptotic expansion formula is extremely similar to the one developed by
Cogdell, Shahidi, and Tsai in their proof of stability for exterior square gamma factors
in [CoShTs17]. The proof given in this chapter is essentially the same as theirs. Their
field is F', and our field is E. Their use of the transpose g must be replaced by the

use of the conjugate transpose 'g.
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4.1 Preliminaries

4.1.1 Characters and Weyl group representatives

Let ¢ be a nontrivial character of I, fixed once and for all. Note that v is

automatically unitary. We define a character y of U by the formula

1 aq X*
1 asg
n—1
=1
1 An—1
1

Let eq,...,e, be the standard basis of rational characters of A. Then A = {e; —
€9, ...,€n_1 — €, } is the set of simple roots of A in G corresponding to U. To each

a=e; —e;11 € A, define the canonical representative

Iiy
Wy = c NG(T)
-1 0

]n—i—l

of the corresponding simple reflection w, € W(G). The representatives w, : « € A
give us representatives for every w € W(G): if w € W(G), let (way, ..., ws,) be a
reduced decomposition of w, for a; € A. Then define

W =ty * e,
This will be independent of the choice of reduced decomposition. The Weyl group

representatives are compatible with x in the sense that if w € W(G),u € U, and

wuw™ € U, then x(wuw™) = x(u).
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If wg is the long element of W (G), then the representative w¢g attached to wg is

the matrix

Each parabolic subgroup of G containing B has a unique Levi subgroup M containing
A, with Borel subgroup B N M. The Weyl group W (M) of A in M is a subgroup of
W (G), and has a corresponding long element wjy,. The group M is a block diagonal
sum GL,, (E) x --- x GL,,(F), where ny + - -+ + n; = n, and the representative s

is equal to
I,

Iny

Wy =

4.1.2 Bruhat decomposition

If we W(G), let C(w) be the Bruhat cell BwB. Then G is the disjoint union
of the cells C(w) : w € W(G). This is the Bruhat decomposition for G. Each cell
is open in its closure. The only closed cell is C(1y) = B, and the only open cell is
C(wg). We call C(wg) the big cell. The big cell is dense in G.

In order describe the elements of the Bruhat cells with uniqueness of expression,
we will need to introduce certain subgroups of U. Let U~ be the group of lower
triangular unipotent matrices in G. For w € W(Q), let U} = U Nw 'Uw, and
U, =UNw U w. Then U/ (resp. U, ) is directly spanned by the root subgroups
of those positive roots which remain positive (resp. which are made negative) by w.
Then

C(w) = UwAU,,
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with uniqueness of expression. In fact, the map from U x A x U, to C(w) which

sends (u,a,n) to uwan is a homeomorphism.

4.1.3 Bruhat decomposition for Levi subgroups

If M is a standard Levi subgroup of GG, there is also a Bruhat decomposition for
M. Let Byy = BNM,and Uy, = UNM. If for w € W(M), we let Cpr(w) = BpywByy,
then M is the disjoint union of the cells Cy(w) : w € W(M), each cell is open in its
closure, the only closed cell is Cp (1) = By, and the open cell is Cpy(wpy). We call
C'(wyy) the big cell of M. It is dense in M.

We have

Cy(w) = UpywAU,,

again with uniqueness of expression. In fact, the map from Uy, x A x U, to Cy(w)
seneding (u,a,n) to uwan is a homeomorphism. We remark that U, is already

contained in U),; there is no need to intersect it with U,,.

4.1.4 Functions which are compactly supported modulo the center of GG

Let Z be the center of GG. If S is any locally closed subset of GG containing 7,
let €>°(S;w,) be the space of locally constant functions f : S — C which satisfy
f(zg) = wr(2)f(g) for all z € Z and g € G, and which are compactly supported
modulo Z. This last condition means that there exists a compact set 2 C S such
that if f(g) # 0, then zg €  for some z € Z.

If S’ is an open subset of S containing Z, we can identify €>°(S";w,) as the
subspace of €>°(S;w,) consisting of those functions which vanish on S — S’. If E is
a closed subset of S containing Z, the restriction map €>°(S;w,) — €°(F;w,) is

surjective. Thus the sequence

0= C2(5" 5 wr) = €°(S;wr) = €2(S — S 5wr) = 0
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is exact.

4.1.5 Stripping off the center of G

Let

A/:{ . ZCLZ'EE*}.

Qp

Then A is the direct product of the center Z of G and A’, algebraically and topo-
logically. Let C'(w) = UwA'U,,

w

so that C'(w) = ZC'(w), again with uniqueness of
expression. For g € C(w), let ¢’ be the component of g in C'(w). Thus g = z¢’, with

Z € 4.

Lemma 4.1.5.1. Let w € W(G). Consider the homeomorphism
UxAxU, = C(w)

sending (u,a,u”) to wwau~. If f € €>°(C(w);wy), then there exist compact open

subgroups Uy C U, Uy C U, and a compact set K' C A" such that if f(uwau™) # 0,

w

then v € Uy,u~ € Us, and o' € K.

Here we are uniquely writing a € A as a product za’, with z € Z and o’ € A'.

Proof: There exists a compact set 2 C C(w) such that if f(g) # 0, then zg € 2
for some z € Z. Via the homeomorphism U x Z x A" x U, sending (u, z,a’,u")
to wwza'u~, let Ky, K', Ky be the projections of Q onto U, A, U, . Choose open
compact subgroups U; and U, of U and U, containing K; and Kj, respectively.
Assume g = uwza'u~ € C(w) with f(g) # 0. Then there exists a z; € Z such that

gz1 = uwzzia'u~ € Q. This implies u € K; CUy,d € K', and u™ € Ky C Uy. O
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4.1.6 The Bruhat order and cell closures

We begin with a lemma from group theory.

Lemma 4.1.6.1. Let (W,S) be a Cozeter system. For wy,ws € W, the following are
equivalent:

(i): There is a reduced decomposition of we containing a subexpression which is a
reduced decomposition of wy.

(ii): Every reduced decomposition of we contains a subexpression which is a reduced

decomposition of w.

Proof: This is Corollary 2.2.3 of [BjBr05]. O

If these conditions are satisfied, we write w; < wy. This defines a partial ordering
on (W, S) called the Bruhat order. If W has a long element w;, then multiplication
by w; reverses the Bruhat order, i.e. wy < wy if and only if wyw; > wyw, (Corollary
2.2.5 of [BjBro5]).

The Weyl group W (G), together with the set of simple reflections w,, correspond-
ing to elements of A, is a Coxeter system. If M is a standard Levi subgroup of
G corresponding to the subset 6 of A, then so is W (M), together with the simple
reflections w,, : o € 6.

The Bruhat order on W(G) is related to the closure of Bruhat cells in G. For
wi, wy € W(G), we have w; < wy if and only if C(w;) C C(wy) ([Bo91], Theorem
21.26). Therefore, we have

Clw)y= |J Cw). (4.1.6.1)
W/G/I/Ei,G)

If M is a standard Levi subgroup of G, the same goes for the Bruhat order on W (M)
and the closure of the Bruhat cells of M.
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4.1.7 Weyl group elements which support Bessel functions

Let ® be a root system with base A and Weyl group W. For each § C A, there is

one and only one element wy of W which satisfies the following equivalent conditions:
1. wy maps € into A, and maps A — 6 into the negative roots.

2. We have ((wow) = l(wy) + £(w) for all w in the Weyl group Wy of the root

system spanned by 6, and wy is of maximal length with respect to this property.
3. wo = wpwyp, where wy and wy g are the long elements of W and Wy

If wy satisfies these conditions for some 6, then wy is said to support a Bessel
function, and we can recover 6 as {o € A : wy(a) > 0}. The number of elements of
W which support Bessel functions is 2/4!; there is one for each subset of A.

We will let B(G) be the set of w € W(G) which support Bessel functions, and for
M a standard Levi subgroup of G, we will let B(M) be the set of w € W (M) which
support Bessel functions.

Let w € B(G), and let M be the standard Levi subgroup corresponding to w.
That is, let € be the subset of A to which w corresponds, let P be the parabolic
subgroup of G containing B and corresponding to 6, and let M be the unique Levi

subgroup of P containing A. If we set

A, = ﬂ Ker

a€el

then A,, = Zj, the center of M. Furthermore we have
Uy=U} N=U,

where N is the unipotent radical of P, Uy = U N M, and U}, U, are as in (4.1.2).
The Bruhat order reverses the containment of the Levi subgroups: if w’ € B(G)
corresponds to M’, then w < w’ if and only if M’ C M, if and only if A, = Z); is

contained in A, = Zy.
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If w € B(M) corresponds to a standard Levi subgroup L of M, we often write
w = w¥. In terms of the canonical representatives defined in (4.1.1), it follows from
the second of the three equivalent conditions of w given above that @} = 1y’

Note that w¢ = wMwk,, and even w¢ = wik;.

4.1.8 The open sets (2,

If we W(G), let

It follows formally from equation (4.1.6.1) that €, is open in G, and C(w) is closed
in €2,,. We will be particularly interested in €2, in the case where w supports a Bessel
function. In this case, the cell structure of €2, will parallel that of the cell structure

of the Levi subgroup to which w corresponds.

Lemma 4.1.8.1. Let w = w) € B(G), corresponding to the Levi subgroup M. Let
E={uw € W(G) : w' > w}. Then x — wx defines a bijection W(M) — E. This

bijection preserves the Bruhat order.

Proof: If x € W(M), then {(wx) = {(w) + £(z), where ¢ is the length function.
This implies that a reduced decomposition for wx can be obtained by concatenating
one of w with one of . In particular, wx > w in the Bruhat order, and = — wx
preserves the Bruhat order.

Conversely, suppose that w’ > w. Since w = wgw)s, and multiplication by
wg reverses the Bruhat order, we have wgw’ < wy;. This implies that a reduced
decomposition of wgw’ consists of simple reflections from M. Thus wgw' € W (M),

and if we set * = wywew' € W(M), then v’ = wz. O

Proposition 4.1.8.2. Let w € B(G) correspond to a Levi subgroup M. Then
U o x{w} x M x U, — Q,

(x,m,u) — rwmu
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18 a homeomorphism.

The proposition shows that the Bruhat decomposition in €2, is the same as that
in M with unipotent groups U,-1 and U, tacked on the side of each of the cells
Cy(z):xe W(M).

Proof: By the Bruhat decomposition for M, we have that M is the disjoint union
of the direct products Uy x {z} x Ax U, for x € W(M). Letting w’ = wx, we leave
it to the reader to check that

wUyw™ " =Ul,

u,u,=U,.
Therefore the Bruhat cell Cy(z) is
Unz AU, = w ' wUyw ' wr AU, = w U0 AU,
and since U;_IU;F_l = U as a direct product of topological spaces, we have
U, wwCy(x)U, =U, Ul w'AU; U, = Uw'AU,, = C(w')
and we can conclude that we have a homeomorphism

Uy-1 X {w} X CM(JZ) x U, = C’(w').

The proposition is now a consequence of Lemma 4.1.8.1. [J

It follows from equation (4.1.6.1) that the Bruhat order reverses the containment
of the open sets 2,,. That is, if wy, wy € B(G), then w; < wy if and only if £, C Q.
Note that 2. = G.
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4.1.9 Transferring from ¢>°(Q,;w,) to €°(M;wn)

Let M be a standard Levi subgroup of G. Then €>°(M;w,) was defined to be
the space of locally constant, complex valued functions f on M which are compactly
supported modulo the center of G (not the center of M) and which satisfy f(zm) =
wr(2)f(m) for all z in the center Z of G and all m in M.

Let w € B(G) correspond to M. Proposition 4.1.8.2 shows that 2, has a very
similar structure to M, just with unipotent groups tacked on both sides. If f &

€>°(Qy; wr), define hy € €2°(M;w,) by

hy(m) = / /f(xwmu)mdudx

U, Us
Lemma 4.1.9.1. The assignment f — hy defines a surjection €°(Qy; wr) — €2°(M;wy ).

Proof: Let us first verify the convergence of this integral. Since f is compactly
supported modulo Z, it is easy to see that there are compact open subgroups U, and
Uy of U,-1— and U, such that for every m € M, f(xwmu) # 0 implies x € Uy and
u € Uy. Thus hy(m) is really an integral over the compact set Uy x U;. Thus hs(m)
converges absolutely.

To see that hy lies in €>°(M;wy), note that since M is closed in §2,,, we have that
for each x € U,_, and v € U, the mapping m — f(zwmu) lies in €>°(M;w,). Since
f and x are locally constant, and the integrand vanishes for z and u outside Uy and
Uy, and we see that hy is a finite linear combination of functions in €>°(M;wy), so it
too lies there.

To show that f — hy is surjective, let h € €°(M;w,). Let Uy and U; be small
open compact subgroups of U, _; and U, which are contained in the kernel of x.

Setting
1

meas(Uy) meas(Uy )

f(zwmu) = h(m)

it is straightforward to see that f lies in €°(Qy; wx), and hy = h. O
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4.2 Bessel Integrals on Levi subgroups

In this section, we fix a standard Levi subgroup M of G. Recall that Uy, = UNM,
and wyy is the long element of M.

Let h € €2°(M;w,). We formally define the Bessel integral by the formula

m / / h(xmu)x(zu)dzdu. (m e M)

Unv Unm
We can understand this formula as an integral over part of the Bruhat cell ByymB)y,.
However, this integral generally does not converge. In order to deal with a conver-
gent integral, we modify the definition of the Bessel integral by introducing a cutoff

function

4.2.1 Definition of the partial Bessel integral

Define a right action of Uy, on Mat,(E) by x.u = 1y Wiy zu. If m € M, we
will let Uy, be the stabilizer of m under this action.

Let X C Mat,,(E) be an open compact set, and let ¢ be the characteristic function
of X. Define the partial Bessel integral By(m, h) by

B (m, h) = / / h(zmu) (Tt m'u) x (zu)dedu.

Unt,m \Unt Unmt

Here m/ is the element of M obtained by “stripping off the center” as in (4.1.5). Note
that Upm = Uny. In defining the partial Bessel integral we have removed some
redundancy in uw by taking Uy, modulo its centralizer, and we are only integrating
over those u for which uwy;m/u lies within a certain bound.

In the next section, we will prove the absolute convergence of B,(m, h). For now,

let us show formally that the integral is well defined.
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Lemma 4.2.1.1. If u € Uy, then

u > /h(xmu)gp(tﬂwﬁm'u)x(:vu)dx
Un

is well defined as a function on Ups ., \Upys.

Proof: We need to show that if u; € Uy, then the expression in the statement of

the lemma is unchanged when we replace u by uju. So we begin with the expression

/h(a:mulu)@(t(m)wﬁm'ulu)x(xulu)dw. (4.2.1.1)
Um

Since uy € Upgpm = Unr.o, we have m! = iy gy tm/uy, or witm' = tapytm/uu,.
m ;m’s M ) M M

Therefore
(T y m'uru) = @("a("ariy m'uu) = e(wiy m'e).
Thus (4.2.1.1) is equal to

/h(mmulu)gp(tﬂw;/[lm'u)x(xulu)dx.
Unm

We also have mu; = wys tﬁwﬁm, and so (4.2.1.1) is equal to

/ Wz (tyg fuy gt ymu) o (it m/v) x (wug v de.

Um

We replace by (i ‘iiy;) ) in the integral. We are done if we verify that
X (wn Ty ) = x ()

We observe that replacing w; by u; does not change the value of y, since y is ob-
tained by taking the trace from E to F. We finally use the fact that w; is a block

combination of upper triangular unipotent matrices and w,; is a block combination
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of antidiagonal matrices. The verification then reduces to the case of M = GG, which

is straightforward. [

4.2.2 Convergence of the partial Bessel integral

We now prove the absolute convergence of the partial Bessel function ny (m, h).

We begin by showing the convergence of the inner integral.

Proposition 4.2.2.1. Ifu € U and m € M, then the integral

/ h(zmu)x (zu)dx

Um

converges absolutely.

Proof: Replacing mu by m and taking x(u) out of the integral, it suffices to prove

the absolute convergence of

/ h(zm)x(@)dz. (4.2.2.1)

Um
Since h is compactly supported modulo Z, there is a compact set {2 C M such that
h(m’) # 0 implies m'z € § for some z € Z. Since Uy Z is a closed direct product in
M, the projection Qg of Qm~tNUyZ to Uy, is compact. Clearly €y consists of those
x € Uy for which amz € Q for some z € Z.

It follows that if h(zm) # 0, then x lies in Q. This shows that the integrand of
(4.2.2.1) vanishes outside a compact set, and implies the required absolute conver-
gence. [

The absolute convergence of the outer integral is more subtle and relies on the
fact that orbits of unipotent algebraic groups on affine varieties are closed.

We will briefly review some facts about analytic manifolds over p-adic fields which
we will need. For a general reference, see [Se65]. If k is a p-adic field, and X is a
smooth affine variety over k, then X(k) is an analytic manifold. If H is a linear

algebraic group over k, then H(k) is a p-adic Lie group.
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Suppose that H acts on X as a morphism of varieties, and that this action is
defined over k. Then this induces an analytic action of the Lie group H(k) on the
manifold X (k). The orbits of X (k) under H(k) are locally closed.

Lemma 4.2.2.2. Let x € X(k), and let H(k), be the stabilizer of x in H(k). The
orbit H(k).z is a locally closed submanifold of X, and the natural bijection

H(k) /H(k), — H(k).x

induced by h — h.x is an isomorphism of analytic manifolds.

Proof: This is generally true when H is an analytic Lie group over a characteristic
zero local field acting on an analytic manifold X. The result holds as long as H is a
countable union of compact sets and the orbits of X under the action of H are known
to be locally closed. See [Se65], Chapter IV, § 5, Theorem 4. [J

The proof of the absolute convergence of the partial Bessel function will use
Lemma 4.2.2.2 as well as some nonabelian Galois cohomology. We refer to [Se02]

for the definition and basic properties of nonabelian Galois cohomology. We fix an

algebraic closure k of k and let T' = Gal(k/k).

Lemma 4.2.2.3. Let H be a umipotent linear algebraic group over k. Then H s
connected, and H'(T', H) = 1.

Proof: Since we are in characteristic zero, the exponential map is well defined on
upper triangular unipotent matrices, in which all unipotent groups can be embedded.
The Baker-Campbell-Hausdorff formula applies and gives a bijection between Lie
subalgebras of upper triangular nilpotent matrices and closed subgroups of upper
triangular unipotent matrices. In particular, every unipotent linear algebraic group
is connected in characteristic zero.

So H is connected and therefore split in the sense of § 15 of [Bo91]. Then H
has a composition series 1 = Ny C --- C N, = H of closed, connected k-subgroups

of N such that each quotient N;/N;_; is k-isomorphic to the additive group G,.
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We prove inductively that each H'(T',N;) is trivial. It is a standard result that
HY(T,G,) = HYT,k) = 1 (Chapter X, § 1, Proposition 1 of [Se91]), so this takes
care of the case ¢ = 1.

For general i, we take cohomology of the short sequence sequence
1-N,1—-N,—-G,—0
to obtain a long exact sequence
o= HYT,N;_;) » HY(I,N;) = HY(T,G,) — -+ .

with HY(T',k) = 1, and also H(I',N;_;) = 1 by induction. This implies that
H'(I,N;)=1. O

If € X(k), let H.z be the orbit of z under H. It is a locally closed subvariety of
X which is defined over k. It is not generally true that the set [H.z|(k) of k-rational
points in this orbit is equal to the orbit H(k).z of z under H(k). We only have a
containment H(k).z C [H.z|(k). On the other hand, if H, is the stabilizer of x in H,
then H, is defined over k, and it is obvious that H, (k) = H(k)...

Proposition 4.2.2.4. Assume that H is unipotent. Then all orbits of H(k) on X (k)
are closed. If x € X(k), and H.x is the orbit of x, then [H.z|(k) = H(k).z.

Proof: It suffices to prove the second assertion. Indeed, it is a basic result that
orbits of unipotent algebraic groups on affine varities over algebraically closed fields are
closed (Proposition 4.10 of [Bo91]). In other words, H.z is already a closed subvariety
of X. Passing to k-rational points gives a closed immersion [H.z](z) — X(k) of
topological spaces.

To prove the second assertion, we must use the fact that the short exact sequence
of pointed sets

1-H, - H—Hx—1
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induces a long exact sequence
1 — H(k), — H(k) = [H.2](k) - HY(,H,) — - -

We have used the fact that H, (k) = H(k).z. Since H, is unipotent, Lemma 4.2.2.3
tells us that H*(I", H,) is trivial. Thus the natural injection

H(k).o = H(k)/H(k), — [H.2](k)

is a bijection. [

Now we can prove the convergence of the partial Bessel integral (4.2.1.1). As
before, the group Uy, acts on the space Mat,, (E) of all n by n matrices with entries in
E, by the right action m.u = 1y ‘i, mu. By restriction of scalars, we may identify
Uy and Mat,(F) as the F-points of affine varieties. Under the identification, the
action of Uy, on Mat,,(F) is a morphism of varieties. Proposition 4.2.2.4 applies and
tells us that the orbits of Mat,,(E) under this action are closed.

Now let m € M, and write m = zm/ for z € Z as in 4.1.5. We have

B (m, h) = / W (mu) oty fm/u) x (u)du (4.2.2.1)
U]W,m’\UJ\/[

where the integrand is a locally constant function of u € Ups,/\Un. Let m/.Uyy be
the orbit of m/, which we know is closed in Mat, (E). Let X be the open compact set
in Mat,,(E), of which ¢ is the characteristic function.

Since m’.Uyy is closed in Mat,,(E), the intersection (wy, X) Nm'.Uy, remains com-
pact. Since the natural map p : Ups \Up — m/.Uys is a homeomorphism by Lemma
4.2.2.2, the preimage Y = p~'((wp X) N'm/.Uys) is compact in Upyp \Ups.

Now that we know that integrand of (4.2.2.1) is locally constant and vanishes off

of the compact set Y, we can conclude that it converges absolutely.
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4.2.3 A choice of open compact neighborhood X (V)

In the definition of the partial Bessel integral Bfow (m,h), ¢ is the characteristic
function of an open compact subset of Mat, (E£). We will now fix a choice of such
functions ¢. Let wp be a uniformizer for Op, and let (wg) be the ideal generated by

wr in Og. For each positive integer N, let

We can also describe X (N) as
X(N) = {z € Mat,(E) : z;; € (wp) DN,

Then X (N) is an open compact neighborhood of zero, and the union of the X (N) is
all of Mat,,(E). From now on, ¢y will be the characteristic function of X(N), and
when N is not specified, ¢ will mean ¢y for some N. By abuse of notation, we will

7

say “for sufficiently large ¢” in place of “for sufficiently large N.”
Also, let U(N) be the set of upper triangular unipotent n by n matrices u with
entries in E, such that u;; € (wwp)V=9N for all i < j. Then U(N) is an open compact

subgroup of U, and U is the union of the U(N).
Lemma 4.2.3.1. For u € U(N) and X € Mat,(E), we have pn("uXu) = pon(X).

That is, X (V) is stable under the right action of U(N) by X.u = ‘uXu.
Proof: Let u € U(N) and X € Mat,(E). By taking inverses, we may assume
without loss of generality that X € X (N). First, let A = "uX. We have

A=)
=1

i
Ui Xp; = Y Ui Xnj
=1
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and so the 7jth entry of ‘uXw is

n J
> Awwg =) Aguy
=1 =1

i
=3 > Wi Xnw;

=1 k=1

where each term in the sum lies in

(wF)—(i—k)N(wF)—(k+l—1)N(wF)—(j—l)N — (wF)—(iJrj—l)N_

4.2.4 Pure Bessel integrals

The cutoff function ¢ is necessary for the general convergence of our partial Bessel
integrals. But there are certain circumstances in which the cutoff function can be
omitted in order to simplify computations.

Let w € W(M), and consider the Bruhat cell Cy(w) = UpwAU,, (direct product)
inside M. Let f € €>°(M;w,) be a function whose restriction to C(w) is compactly
supported modulo Z, i.e. whose restriction to Cj(w) lies in €°(Cy(w); wy). Under

this hypothesis we will define the pure Bessel integral of f on the cell Cy(w) by

BM(m, f) = / f(zmu)x(zu)duda

UMXUE

for all m € Cy(w). Our hypothesis on f indicates that the integrand vanishes off of

a compact set.

Remark 4.2.4.1. Generally, the restriction of f to a given Bruhat cell will not be
compactly supported modulo Z. This is because Cyr(w) is generally not closed in M,

but only locally closed. This is why the cutoff function o is necessary for convergence.
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There will be some reoccuring circumstances in which we will be able to use the
pure Bessel integral, however. There is first of all the case where the w = 1y, and so
the cell Cyr(w) = By in question is in fact closed in M.

The other is the case in which f is already known to be supported inside a union of
certain cells. For example, suppose that M = G, w € W(G), and f € €>°(Qy; wx).
Then since C(w) is closed in §,, the restriction of f to C(w) will be compactly

supported modulo Z .

Let L be a standard Levi subgroup of M, and let w = wywy € W(M). Consider
for a € A, and the element o’ € A’ obtained by stripping off the center of a, the
integral

)= [ elmiaude
Unm,\UL
The following lemma shows that Uy C Up, so the domain of integration makes
sense. Proposition 4.2.2.4 shows that ¢ (a’) converges as an integral over a compact
set.

Since w sends the simple roots of L to positive roots, and all the rest of the simple

roots of M to negative roots, we actually have U, = U N Uy, the unipotent radical

of BN L.

Lemma 4.2.4.2. (Twisted centralizer lemma) Let L C M be standard Levi subgroups
of G. Let w = wywy,.
(i): If a € A, then Unpwa C U NUy = Uy.

(i1): If moreover a € Zy,, then Uprpa = Unr

Proof: (i): We have i = ;. Suppose that u € Uy, S0 that iy 'a =

1

Wy by bau. Rearrange this to i = wpauta gt !

Now au~'a~! is an upper

triangular matrix in Uy, and *u is lower triangular. Now conjugation by iy sends

all the roots subgroups in Uy, to negative roots, and permutes all the other upper

triangular root subgroups. This means that au~!a~! and therefore u must actually

lie in Uy,.
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(i): We already know that both Uy and Upy,, are contained in Uy. For u € Uy,
we have u € Upy .y, if and only if wpiiy a = wy iy wau if and only if iy a =
wyr Wiy ua if and only if wpniy !t = iy iy i, if and only if u € Upyy. O

The transfer factor ¥ shows up in the difference between the partial and pure

Bessel integral.

Proposition 4.2.4.3. Let L. C M be standard Levi subgroups of G. Let f €
€ (M;wy), and suppose that the restriction of f to Cy(w) is compactly supported

modulo Z, where w = wyrwy. Then for sufficiently large ¢ depending on f, we have
By (wa, f) = ¢1' (a')BY (wa, f)

forall a € Zy.

Proof: We can write Uy as a direct product (Uf N Uy)U, = ULU,

w ?

Wlth UL
normalizing U, . Lemma 4.2.4.2 shows that Uy, = Unr is contained in Uy, so in
the partial Bessel integral BQJ (wa, f), we can write the quotient space Ups,\Uns as

a direct product of topological spaces:
UMJU\UM = (UM,u';\UL) X UJ

The quotient measure for Uy, \Up also decomposes as the product of the quotient

measure for Uy, \Up and the Haar measure on U, . Thus we have

B (wa, f) = / / f(zibau)p("wiy wa'v) x (zu)dedu
Unt,wa\Unm Um

= / / f(zaw) (i a'v) x (zu)dedu

Untia\Unm Um

— / / / f(zvauruy) (T Upiy ' upu,)

Unm,o\UL Uy Unm

X(rupuy, )drduyduy,.
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Since a € Zp, we can write f(zwaupu,) = f(zwugw twau,). Since conjugation
by w = wywy, keeps Uy, inside of Uy, we can make the change of variables x +—
z(wurw)7l. We get a cancellation in the argument of y, since by compatibility we

have y(wurw—1) = x(ur). So our partial Bessel integral is

By(u')a, f)= / / /f(xwauw)go(t%tzTLlea/uLuw)X(xuw)dxduwduL.

Unm,w\UL Uy Un

Now in order to separate out integration over Uy, \Uy from the other two integrals,
we finally use our assumption that f is compactly supported modulo Z when restricted
to the cell Cy(w). There must exist a compact open subgroup Uy of U, such that
f(zwau,) = 0 for all z € Upy,a € A, and u,, outside U;. If we take ¢ = ¢y
sufficiently large, then we will have p(“t,gu.,) = ¢(g) for all g € G and u,, € U;. So

for sufficiently large ¢, we will have

Bg(wa, f)= / / /f(xwauw)<p(tzTLwZ1a’uL)X(xuw)dxduwduL

Un,w\UL Uy Um

= / SO(tWU'JZIGIUL)dUL/ /f(xwauw)x(xuw)da:duw
Un,w\UL Uz Un

= ¢y (a")BY (wa, f).
U

Lemma 4.2.4.4. For sufficiently large ¢ depending on f, and all a € Z;, we have
By(wa,f) # 0 if and only if BM (a, f) # 0.

Proof: Since the restriction of f to Cy(w) is compactly supported modulo Z,
there must be a compact set K’ C A’ such that BM (wa, f) # 0 implies o’ € K'. If
we take ¢ sufficiently large, we may guarantee that o(uw,;a’) = 1 for all ' € K'.
Now enlarge ¢ further so that the conclusion of Proposition 4.2.4.3 holds, that is
Bl (wa, f) = ¢1' (a')BM (wa, f) for all a € Zp.

Of course B)(wa, f) # 0 implies BM(wa, f) # 0. Conversely, suppose that
BM(ia, f) # 0. Then o’ must lie in K’. This implies that (i, a’) = 1. We can
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conclude that oM (a’) # 0, since this is essentially the volume of a nonempty compact
open set inside the locally compact space Uy, \Ur. We conclude that Bi‘f (wa, f) # 0.
0

4.2.5 Uniform smoothness of By on the big cell of M

Let h € €°(M;w;). As part of our proof of stability, we will be interested in
finding a function hy € €>°(M;w,) such that:

. BSJDVI(m, h) and Bf(m, hy) agree for m in a “relevant” part of the small cell

) Bi‘,/l (m, hy) has a “uniform smoothness” property for m in the big cell Bys(wyy).

We will make both of these notions precise soon.

Lemma 4.2.5.1. My, Zy (resp. (AN Maer) Zy is an open and finite index subgroup
of M (resp. A). The intersection Maer N Zny = (AN Maer) N Zyy is finite.

Proof: Our Levi subgroup M is a product of block diagonal matrices GL,, (E) x
- x GL,,(E), with n = ny + -+ - + ny. The intersection of Mge, with Z);, which is

the same as the intersection of A N My, with Z; consists of all diagonal matrices

bllnl
bZIng

bt]nt

with b = 1, so this intersection is finite. For an arbitrary element

[
g2

gt



135

in M, it is not difficult to see that b lies in My, 2, if and only if the determinant of
each matrix ¢g; € GL,,(F) lies in (E*)™. Since (E*)™ is open and finite index in E*,
50 18 Myer Zyr inside M. The same argument shows that (AN Mge) Zas is an open and
finite index subgroup of A. [J

We will make use of the pure Bessel integral BM (4.2.2) on the small cell. Since
U; =1, this is defined for b € By, by

B (b.ho) [ flab)x(@)de

whenever hg € €>°(B; wr).

Lemma 4.2.5.2. There exists an hy € €>°(M;w,) such that B (e, hy) where

K = |Z N Mye:|, and BM(c, ho) =0 for ¢ € Zy N Myey, € 7.

.
Kar

Proof: Let S be the set of a’ € A’ such that za’ € Zy N My, for some z € Z.
Since A = ZA' is a direct product, and Z; N My, is finite, so is S. Let V be a
compact open neighborhood of the identity in A" which does not contain any points

in S except for the identity. We define a function hy : A” — C by setting

/ H—L ifd eV
ho(a') =
0 ifa ¢V.

We extend hy to a function on A by setting ho(za') = wr(z)ho(a’). Next, let U; be an
open compact subgroup of Uy, chosen sufficiently small to be contained in the kernel

of x. We extend hy to a function on By, = Uy A by

ho(a)
ho(x(l) _ meas(U1)

if v e U
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It is not difficult to see that hg lies in €>°(Bys; wr), and we may further extend hq to
a function on €>°(M;w,) by the surjectivity of the exact sequence in (4.1.4). Then

for ¢ € A, we have

BM(c, hy) = / ho(xc)x(x)dr = hy(c)

which by construction is H—L if ¢ = e, and is zero if ¢ is in Zy; N Mg, but not in Z. [J
We recall from Proposition 4.2.5.1 that Z,; My, is open and finite index in M,

and Zy; N My, is finite, consisting of diagonal matrices

ClIn1
= el ) (4.2.5.1)
Ct]nt

with ¢; € E* and (" = 1. We will consider all the ways (at most finitely many) a

given m € M can be written as m = m/c, with m’ € My, and ¢ € Z,;. We set

> ho(m')BM(c,h) if m € ZyMge

h1 (m) — ) mec=m

0 1fm ¢ ZMMder~

Note that if m = m/c is a fixed decomposition of a given m, with m’ € My, and
c € Zy, then
ha(m)= > ho(m'€)BY (£ "¢, h).
E€ZpNMyer
We must first check that h; has suitable analytic behavior.
Lemma 4.2.5.3. We have hy € €>°(M;w,).

Proof: Define a map d : Mye, X Zyy — C by

S(m',c) = > ho(m'§)BY (£ e, h).

§€EZpNMger
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It is locally constant and therefore continuous. It also well defined on the quotient
group (Maer X Zp)/(Zar N Mger), where Zp N Mye, is embedded diagonally. This
quotient is isomorphic as a topological group to the open subgroup MgeZy; of M, so
0 identifies with a function there, and this function is precisely our h;. If we extend
hy by zero outside of Mye 2y, it remains locally constant.

Let us make sure that hy(zm) = w;(2)hy(m) for all m € M and z € Z. If
m & MaeeZyr, then neither is zm, so hi(zm) = hy(m) = 0. If m € My Zys, let
m = m/c be a fixed decomposition. Then zm = m/(zc) is a fixed decomposition of

zm, and we have

hi(zm) = > ho(m'€)BM(¢ ze, h)

EGZMnMder

= w,(2) Z ho(m/€)BM (67 ¢, h)

E€ZpNMger

= wr(2)hy(m).

The last thing to check is that h; is actually compactly supported modulo Z. Since hg
is compactly supported modulo Z, there is a compact set {2y in M such that ho(m) # 0
implies zm € g for some z € Z. The same goes for h: there is a compact set €2 in
M such that if a € A and BM(a,h) # 0, then zc € Q for some z € Z. Supposing
hi(m) # 0, we must have m € Mge, Zp. Let m = m/c be a fixed decomposition, so

that
h(m)= > ho(m'§)BY (£ e, h).

§€EZNMger

Since hi(m) # 0, there is at least one & such that ho(m/’¢) and BM (¢ ¢, h) are both

not zero. We then have z;m/¢é € Qg and 226 tc € Q for some 21,20 € Z. Then
zizom = (z1m/€) (26 e) € Q.

We have shown that if hi(m) # 0, then there is a z € Z such that zm lies in the

compact set 2p€2. This completes the proof. [
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It is in hy that we will find our uniform smoothness in the big cell of M. We will

only be able to relate h and h; on the small cell of M.

Proposition 4.2.5.4. For sufficiently large ¢, depending on h and hy, we have
Bﬁjpw(au hl) = Bi/[(aa h)

for all a € Zy;.

Proof: We are in a situation where we can use pure Bessel integrals as in (4.2.4).

By Proposition 4.2.4.3, we have for sufficiently large ¢ that
B, (a,h1) = y;(a’)BY (a, ha)

B,'(a,h) = g1 (a') BY (a, )

for all @ € Zy;. The problem then becomes to show that BM (a, h) = BM(a, h). We

have

ah1 /h1 xa

In order to expand this further, we must decompose each za as a product in Mgye,

and Z;. But already x € My, and a € Z);. Therefore

Ya,h) = / S holw€)BY(E 0, x(@)da

€EZNIdeer

. BM(gah/hoxg X@)dz

gEZMdeer

= > BY(a,h)BY(E ).

§€EZMNMger
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If £ € Zyr N My, it follows from by our construction of hg in Lemma 4.2.5.2 that
BM (&, ho) = 0 unless £ € Z N Mg, in which case BM(&, hg) = wﬁ”—jf), where ) =
’Z N Mder‘- So

BM(a,h) = Y BM(f’la,h)BM(f‘,ho):i > BY(a,h) = BM(a,h).

£€ZNMyer KM ¢czaMye,

OJ

We will finally state the smoothness property we want. Let T" be a subtorus of A,
and let ¢ : T — C be a locally constant function. We will say that ¢ is uniformly
smooth if there exists an open compact subgroup Ty of T' such that ¢(ttg) = ¢(t) for
all t € T and ¢y € Ty.

Now, consider a given a € A, and suppose that a admits a decomposition as bc,
with b € AN Mger and ¢ € Zyy. Recall that (AN Mge) Z s is open and finite index in
A, and that every other such decomposition of a is equal to (b€ 1)(Ec) with € in the

finite intersection Zp; N Mger. Let

ZE\/[ = { . 1C € E*}
Ct]nt

and let ¢ € Z), be the element of Z,; obtained by stripping off the center of ¢ as in

(4.1.5). If we write ¢ = ¢’z with z € Z, then we have
B (wnra, hy) = B (tngbe, hy) = we(2) BY (iagb’, by ).
Theorem 4.2.5.5. For every b € AN Mger,

B (warbc, ha)
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is uniformly smooth as a function of ¢ € Z),;. The open compact subgroup of Z,
occurring in the definition of uniform smoothness will depend on hy and h, but will

be independent of b and .

The theorem says that there exists an open compact subgroup H of Z), such that

for all sufficiently large ¢ and all b€ AN Zy, ¢ € Z),, and ¢’ € H,
B (bl hi) = BY (insbe’ hy).

Proof: Since we are in the big cell, the twisted centralizer in Uy, is always trivial,

SO

Bl (b, hy) = / /h1(wabc'u)go(tﬂb'c’u)X(xu)dudz.
Unm Unm

Now to invoke the definition of Ay, we use the fact that xw,bu is already in My, and

d € Zy. Thus

hi(zabdu) = hy(zinbud) = Y ho(winb 'w)BM (4, h).
E€EZNMger
Set ¢°(z) = p(zc) for ¢ € Zy;. Since each £ € Zyy N Mye, consists of roots of unity
on the diagonal, it is clear that ©%(z) = ¢(£z) = p(x) for all x € M, and so we can

write B (wpbc, hy) as

/ / > ho(zinbE ) BY (&, h)p(ub du) x (zu)dudz

UM UM £EZMdeer

= Y / / ho(ziprb€ ) BM (&¢/, h)¢® (ub'u) x (zu) dudz

§€ZmNMaery),y, Uy,

= > BM(§C’,h)/ /ho(wabg_lu)gocl(tﬂb’f_lu)x(xu)dudac

§€ZMNMger Uns Uns

= > BM(Ed W)BY (ubE " ho).

E€ZpNMger
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We have shown that

B (b hy) = > BY(E, h)BL (wabE Y, ho). (4.2.5.2)
fEZMdeer
We have finally written BZDW (wpbc, hy) in a way in which its uniform smoothness as

a function of ¢ € Z), will become transparent. Consider first the pure Bessel integral

BY(gd h) = [ h(zgd)x(@)d.
Unm
There exists an open compact subgroup Uy of Uy, and a compact set €2 C A, such
that h(za) = 0 implies © € Uy and za € 2 for some z € Z. Since Z),;Z is a closed

direct product in A, the set
0 ={d e Z): 2 € for some z € Z}

is compact. This shows that the function on Uy x Z}, given by (z,c¢) — h(zd)
vanishes outside the compact set Uy x Z,. Since h is also locally constant, there
must exist a compact open neighborhood H of the identity such that h(zd'c”’) = h(xd’)
for all ¢’ € H. We can moreover take H to be a subgroup.

Strip each & € Zy; N Mgyer of its center, writing it as { = 2z with 2z, € Z and
¢ € Z);. We may shrink H even further to ensure that h(zf'c'c”) = h(z¢'d) for all

x €Uy, d € Z)y,d" € H,and all £'. Therefore, each

BY(6¢,h) = wr(z¢) [ h(zg'd)x(a)da
Unm

has the property that BM (£’ h) = BM(&C, h) for all ¢’ € H.
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Now we return to equation (4.2.5.2). Since the entries of H are all units, they do
not affect the scaling of our cutoff function ¢. In other words, ¢ = ¢ for all ¢ € H.

Therefore, we have for all b € AN Mye,, ¢ € Z};, and ¢ € H, that

BZQ/[ (waC,C,/7 hl) = Z BM(ﬁclcﬁa h)Bi/c[’c” (wa§_17 hO)
§E€EZMNMger
= B (unbc hy) = Y BM(EC, B (g, ho)
§€EZMNMaer

= B (tngbc, hy).

It is clear from our construction of H that it only depended on h; and h, not on ¢

and not on b. This completes the proof of the theorem. []

4.3 Partial Bessel integrals on G

We have introduced partial Bessel integrals on Levi subgroups of G = GL,(E).
Now we will consider such integrals on G itself. If f € €°(G;w,), and g € G, the

partial Bessel integral was defined in (4.2.1) by

Bg(g,f) = / / flzgu)p(wig' g'u)x (zu)dedu
U\U U

where U, = {u € U : ¢ 'mig'gu = g} is the twisted centralizer of g, and ¢’ is the
element of G obtained by “stripping off the center” of g. The absolute convergence
of BS (g, f) was established in (4.2.2).

Assume f is a matrix coefficient of our supercuspidal representation 7. The el-
ements wga for a € A in the big cell may be considered as elements on a torus.
Speaking very loosely, the Shahidi local coefficient C, (s, 7) will be shown to be equal
to an integral of Bg(w(;a, f) over the F-points of a subtorus of A. The goal of this
chapter and the next is to show that when 7 is twisted by a very highly ramified char-
acter of G, the local coefficient C (s, m) becomes independent of 7 and only depends

on the central character w, of .
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The way we will do this is by writing BS (iga, f) as a sum of two functions Fy(a)
and Fy(a). The first function, F;, will only depend on the central character of .
The second function, F5, will have a certain “smoothness,” which ensures that when
C\ (s, m) is obtained by integrating F; + I} over the aforementioned torus, the integral
over Fy will vanish when the central character of 7 is very highly ramified, by the
same trick that the integral of a nontrivial character of a compact abelian group is
zero. This will show that C, (s, ) is an integral of a function which depends only on
the central character of m, which will prove the analytic stability we want.

The functions F; and F, come from an inductive process of starting with f and
obtaining successive functions f,, € €>°(G;w,) which are supported inside the open
sets 0, : w € B(G). The process of obtaining these functions is what we will call the

asymptotic expansion of partial Bessel integrals.

4.3.1 A summary of asymptotic expansion

Our process begins with a given f € €°(G;w,). To each maximal (proper) Levi
subgroup M of GG, and each corresponding w = wgwy, € B(G), we will find functions

Ay € €2°(Qy; wr), as well as a function A € €2°(G), such that
B¢ (iga, f) = B¢ (thga, A) + 3 BE (ihca, Aw)

for all a € A. The function A will only depend on the central character w, of T,
not on f (and thus not on m). The function B (wa,A) will be our Fy above. The
sum over the maximal Levis will be our F5. But we are still far from getting the
smoothness property we need for Fs.

We must do an analogous process on each of the open sets €2, and the functions
A, supported inside them. Keep in mind that there is not much difference between
Q, and M: one tacks on two unipotent groups on the ends of M to obtain €2,,.

Accordingly, the analysis of partial Bessel integrals of functions on G' which are sup-
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ported inside €2, reduces to that of partial Bessel functions on M. In particular, our
results of (4.2) will be applied during this part.

We will work on the maximal Levi subgroups M of G, and corresponding w =
wgwy € B(G), one at a time. To each maximal proper Levi subgroup M’ of M, and
each corresponding w' = wewyy € B(G), we will find functions A, € €2°(Qwr; wi),

as well as a function f, € €>°(,), such that
B (wga, Ay) = BS (bga, fu) + Y BS (ea, M)

for all a € A. The function Bg (Wga, fu,) has the kind of smoothness property that we
want. It will come from what we developed in (4.2.5). The functions B (wga, Ay)
still do not yet have the smoothness property we want. We will need to do the same
process again on each Bg (wga, Ay ), expanding it as a “smooth” piece Bg (Wea, fuw)
plus a sum of partial Bessel integrals Bg (wga, Ayr) over all maximal Levi subgroups
of M'.

Eventually, all the Levi subgroups of G will be exhausted, and we will have written
Bg (wga, f) as Bg (wga, A), which only depends on the central character of =, plus
the sum over all 1y # w € B(G) of various partial Bessel integrals B (wqa, f,,) with

the smoothness property we want. The sum of these Bg (wga) will be our F.

4.3.2 Transferring between partial Bessel integrals on (), and on M

Let M be a standard Levi subgroup of G, and let w = wgw,;. We mentioned in

(4.1.9) that we have a surjection €>°(Qy; wr) = €°(M;wy), f — hy given by
hy(m) = / / f(zwmu)x(zu)dudz.
Up-1U,

There is not much difference topologically between €2, and M. We made this precise

in (4.1.8). There is a natural bijection between the Bruhat cells. There is also a
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natural identification of their partial Bessel integrals, as we will make precise with
Proposition 4.3.2.2.
If L C M are standard Levi subgroups of G, let w} = wywy. Note that w} =

;. Before we state Proposition 4.3.2.2, we need a lemma on twisted centralizers.

Lemma 4.3.2.1. If L C M are standard Levi subgroups of G, then
UM,wILWa = UM,wy = Uwf = Uu'}fa

foralla € Zj,

Keep in mind that in the lemma we are considering two different actions, one of
Uy and one of U = Ug.

Proof: The left and right equalities are Lemma 4.2.4.2 (i). For the middle equality,
note that Uy and Uyg are both contained in Ug, by Lemma 4.2.4.2 (ii). If u € Uy,
we have u € Uy if and only if (wa “wiy, Jip'u = p', and we have u € Uye if
and only if (g g )wFu = wf. Since WM = wpipt and WF = wguyt, we see

that these conditions are respectively equivalent to ‘g u = wy. O

Proposition 4.3.2.2. Let f € €>°(Qy;w,), and let h = hy be as above. Then for

sufficiently large @, we have

2 (wy'a, h)

Bg(ifa, f) = B,

for all standard Levi subgroups L C M and all a € Zp,.
Proof: Let a € Z;. By Lemma 4.3.2.1, we have

BG(wLa f)= / /f (xS au)p("wiy  a'u) x (zu) dedu
Ugo\U U

and
BY (wpa, h) = / / h(z' i au' ) (i a'u) x (2/u!) da'du.

U,m\Unm Unt
L
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Since U = U;_IU;F_M we can decompose the integration over U as dx = dx~dx*. We
also have U = U, U} = NU,;, and can decompose integration over U as du = du~du’.

Write 0§ = wgu;' = Wy ;' = w§i? = wiM. Then

fubau) = fle T autu™) = fa"wlw e ) Y autu™).
Since conjugation by w™! takes U}_, to Uj = Uy, we can replace (v 'az™w) by
x' € Uy, and get

friSau) = flaw(x' v au')u™)

where v’ € Uyy.

Decomposing Uyc\U = Uyu\U as (Uyn\U) x N = (Uyn\Un)U,, , we can write

BS (ifa, f) = / / [z (z" b au Y u)p(u (i ta'u)u™)

Uu')ﬁf\UMXUJ 1><U1u
X x(x~u~)dz™ dx} x (@) du™du’

= / ) / [z (z" b au yu)p(u (i a'u)u™)

Uwﬁf \Unm xUnt

X x(z~u")dx™ du} x (@) da'du’.

From the decomposition €, = U, _; x wM x U, , and the fact that f is compactly

supported on €2, modulo Z, there are compact sets Uy C U__1,U; C U, such that
f(z~wmu~) # 0 implies that x= € U; and v~ € U,. If we take ¢ sufficiently large

(depending on Us), then we will have

o(‘u (T td v uT) = p('Tiy ta'u)
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for all v’ € U,. Then

BSGifa )= [ [ S aGefade e(@ita)

U, M\UM><UM U 1 XUy

x x(z=u~) de~du”] x(2'u’) do’du

= / h(z' i au' ) (i a'u) x (/) da’ du

UwﬁJ\UMXUM

= B (w}'a, h).

4.3.3 Moving up the cells, I

Let M be a standard Levi subgroup of G, and let w = wgwy € B(G). Suppose
f € €>°(G;w,) is supported inside the open set €2,. Recall that there is a parallel
cell structure on M as there is on €2,,. The small cell By; in M corresponds to the
smallest cell C(w) in Q,, and in turn, C'(w) is closed in €2,,.

Suppose that Bg(g, f) vanishes for g € C(w). Since Q° = Q,, — C(w) is open
in Q,, we can identify f as an element of the space €>°(€2;w,). Considering all
the maximal Levi subgroups L of M, with corresponding Weyl group elements w' =
wgwy, € B(G), we have inclusions €, C Q,. We will be interested in finding
functions f,» € €°(Qy; wy) such that

BS(g, f) = fZBGgm

The main difficulty in producing such functions entails considering cells of elements

in the Weyl group which do not support Bessel functions: if we set

~ U Quw
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as w’ runs through those elements in B(G) corresponding to maximal Levi subgroups
of M, then Q' — C(w) is a union of cells C(w”) with w” ¢ B(G). We will need to
produce a function f; € €>°(G) which is supported inside Q', i.e. which vanishes on
these cells, and which satisfies Bg(g, f)= Bg(g7 f1) for all g € G.

The process of doing all of this is what we will call moving up the cells. That
is, we will be replacing f by functions in €>°(G;w,) which have smaller support. In
doing this we will even be able to weaken the assumption that Bg(g, f) vanishes on
all of C(w) = UwAU,,,

cell C(w) = UwZyU,,.

and just assume that f vanishes on the relevant part of the

Lemma 4.3.3.1. (Basic lemma) For f € €2°(G,wx), and Uy, Us open compact sub-
sets of U, set

, 1 —
f'(9) = meas(U; X Uz)(U /U) f(urgug) x (uyug) duydus.

Let Uy be given. Then for sufficiently large p,
G _ pa
B@(me) - ng(gaf,)

for all Uy, f, and g.

Proof: We have

BS(g. f") = / f(zgu)e("mig' g'v)x (vu) dedu
U \U U

which is equal to

1
meas(U; x Uy)

// / f(urzguus)o("mig' g'u) x (urugsru) duydusdrdu.
UN\U U Ui xUs
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Since U; x U, is compact, we can interchange the integration as

1
meas(U; x Uy)

/ / /f(ulxguu2)go(tﬂwglg’u)x(ulmxu) dxduduydus.
Ui xUs Ug\U U

1 1.

Make the substitutions z +— u] "z and u +— uu; *:

1
meas(U; x Uy)

/ / /f(xgu)cp(tﬁtﬂwélg’uugl)X(mu) dzxduduy dus.
Ui xUs Ug\U U
Since U, is compact, we can choose ¢ large enough so that o(‘mz 'yus') = ©(y)
for all uy € Uy and y € Mat,(F) (Lemma 4.2.3.1). In this case, the integrand is

independent of u; and us, leaving us with
/ / flegu)p(wig'g'u)x(au) dedu = B (g, f)-
U \U U

U

Let w € B(G), with corresponding Levi M. Let C,.(w) = UwZy N be the relevant
part of the Bruhat cell. It is closed in C(w) = UwAN, hence in Q,. Let 2, =
Qy, — Co(w).

Lemma 4.3.3.2. Let f € €>°(Qy; wx). Suppose that Bg(wa, f) =0 foralla € Zy,.
Then there ezists fo € €°(,;wy) such that for all sufficiently large ¢,

forall g € G.

Proof: Since C'(w) is closed in 2, the restriction of f to C'(w) remains compactly

supported modulo Z. Then we can take open compact subgroups U; C U, U, C N
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such that for all a € A,u € U;n € N the condition f(uwan) # 0 implies that u € Uy

and n € U, . By Lemma 4.2.4.3, we have for all a € Z,,,

B (wa, f) = 5;(a')B%(a, f)

= 3%, (d) / f(zwan)x(zn) drdn

UxN

= 3%,(d) / f(zwan)x(zn) dzdn.
Ui xUy

We are assuming that BS (wa, f) = 0 for all a € Z4. For ¢ sufficiently large, Lemma
4.2.4.4 tells us that also

BY(wa, f) = / f(zwan)x(zn) dxdn =0

UrxUy

forall a € Zy;. Let Uy C Uy be an open compact subgroup such that wUyw=t C Uy.
Let Uy, = Uy Uy C U. Enlarging U, if necessary, we may assume that U;™ normalizes

U, , so that U is a subgroup of U. Define

1

Jolg) = meas(U; x Uy)

/ f(urgua)x(uruz) durdus.
U1 ><U2
This function lies in €°(G;w,), and by Lemma 4.3.2.1, Bg(g,f) = Bg(g,fo) for
all g € G. We are done if we can show that f, vanishes on the relevant part of the
Bruhat cell C,.(w). Let us first evaluate fo(wa) for a € Z);. We expand integration

over U; x Uy as

1

meas(Us X U) / / /f(ulwau;u;)x(u1u§u2_) duyduy dug .
U2+ Uy Uy
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Since a € Zy; and ud € Uy, a and ug commute. Write ujwaud v, = upoud v a.
2 ; 2 2 Usp 2

By assumption, wugw~! € U, so we can make the substitution u; — u; (wugw=1)~*

By compatibility, x(wugw™') = x(us ), so we obtain

meas(Ul x Uy) ///f (wrtbauy ) x (uruy ) dugdug dug

U+U U
for all a € Z);. This removes the dependence of the integrand on 3, so we obtain

meas(Uy")
meas(U; x Uy)

fo(wa) = //f (wpwauy ) x(uyuy ) duyduy (4.3.3.2)

which is a nonzero constant multiple of the pure Bessel function B¢ (wa, f). Since
BC(wa, f) = 0 for all a € Zy;, we therefore have fy(wa) = 0 for all a € Zy;.

To finish showing that fo(g) = 0 for all g € C,(w), suppose that fo(wwaz) # 0
for some u € U,z € N,a € Zy. Then we must have f(ujuwazus) # 0 for some
u, € Uy C U and uy € U. Via the decomposition U, = U, U, , write us uniquely as
uj uy . Using the fact that a € Zy; and wUyw™' C U, and writing uutbazuy in the
“standard form” in C(w) = UwAN as

uubaruy = uju(ug wHwa(ud ) "t rud uy

we have that f(uju(iugw=1)wa(ug) touguy is not zero. This implies
wu(iud ™) € Uy

and (ug) 'augu, € Uy .
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Our assumption that wU;w C U; and Uy normalizes Uy show that u € U; and

x € U, C U,. But then in the definition of f; we can make the substitutions

1

uy > upu~t and ug > 27 s to get

1
~ meas(U; x Uy)

/ / f(uguwazug)x (ugug) dusduy

Uy Us

fo(uwax)

ux o
B measzgﬁ >)< UZ)U/U/ f(uraug)x (uruz) duzdu

= x(uz) fo(wa)

which is a contradiction. UJ

Recall that we have defined Q) to be the complement of C,.(w) in ,. Now
define Q, to be the complement of C(w) in Q,,. Then €2 is open in €, and we can
identify €>°(€2); w,) with those elements of €>°(2,,; w,) which vanish on the Bruhat
cell C(w).

Lemma 4.3.3.3. Let f : C(w) — C be locally constant and compactly supported
modulo Z .

(i): There are open compact subgroups Uy C U,Uy C N, and a compact set
K' C A, such that if f(uwza'n) # 0, then u € Uy,a’ € K, and n € Uy .

(i1): If f vanishes on C,.(w), then K' can be chosen to be disjoint from Z),.

Proof: (i) was already proved in Lemma 4.1.2.1. For (ii), V = {(u,d',n) €
Ux A x N : f(uwa'n) # 0}. Since f is locally constant, V' is a closed (and open)
subset of C(w), and being contained in U; x K’ x Uy, it is compact. Let K” be
the projection of V onto A’. Then K" is compact, and disjoint from A/, since by
hypothesis f vanishes on C,.(w). Now if g = wwza'n € C(w) with f(g) # 0, then also
fu-wa'n) =w,(2)"'f(g) #0, so (u,a’,n) € V. Then u € Uy,a’ € K", and n € Uy .
Thus we can replace K’ by K”. [
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Lemma 4.3.3.4. Let [ € €°(Qu;wy). Suppose that BS (wa, f) =0 for all a € Zyy.
Then there ezists fo € €°(€0,;wy) such that for all sufficiently large ¢,

for all g € Q2y,.

Proof: By the previous lemma, there is an f’ € €>°(C),;w,) (referred to as fy in
that lemma) such that BS (g, f) = BS (g, f') for all g € G. So we may replace f by f’
and assume from the beginning that f € €>°(),; w,), i.e. we may assume f vanishes
on C,.(w).

Take Uy C U,U; € N, K" C A’ as in the previous lemma. The center Z,; is the
intersection of the kernels of the simple of roots of A in M. Since K’ C A’ is compact,
and disjoint from 7}, = A’ N Zy;, there exists a ¢ > 0 such that for every o’ € K,
there exists a simple root o of A in M such that |a(a’) — 1| > c.

Let Uy be an open compact subgroup of Uy, chosen sufficiently large so that the
character

ug — x(wa'ua "t ug )

is nontrivial on U3 for all a’ € K’. Then for all ' € K’,

/ x(wa'uid o ug ) dug = 0.

+
U2

Next, enlarge U, so that it is normalized by U,", and take U, = U U, . Also, enlarge
U, so that it is decomposable as a semidirect product U; Ui, for open compact
subgroups U; and Uy of N and U,,. Further enlarge U;" so that wa'~1Us a’w =t C U
for all @’ € K’, and enlarge U; so that it remains normalized by U;", and the product

U, = Uy U{ remains semidirect.
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Define f; : ©2, = C by

_ / / F(urgus) X (urua) durdus.

Uz Uz

We claim that
fi(wa) = //f(uleLU,Q)X<U1U2)dU1dU2 =0

Us U
for all a € A. Writing a = zd’ for z € Z,a' € A, we clearly have fi(wa) =
wr(2) f1(wa’), so it suffices to show that fi(wa’) = 0. We have

= / //f(ulwa'u;ug)x(ulu;ug)duldugdu;

+ rr—
U2 U2 U1

= / //f(m(wa’uga'_lw_l)a’wug)mduld%—du;
Ut uy U

Suppose by way of contradiction that f;(wa’) 7é 0. Then we know first of all
that @’ must lie in K’. Also, if f(ui(wa'uia’ "™ )iuy ) # 0, then we know that
up (a'ugy a’~tb~t) must lie in U;. Hence we may change variables, replacing u; by

wp (wa'uy ") to get

///f wya'uy ) x (uugd ug ) x (wa'ud o't~ duydug dug
U uy U

—/ x(ud ) x(wa'ud a' "t dug //f (urwa'uy ) x(uruy ) duidus.
uy; U

The first integral is exactly [ x(wa'usa’ Y~ ug ') dus, which we know is zero,
U+
because @’ € K'. This proves that f;(wa’) = 0.
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Next, we want to show that fi(uwa’) = 0 for all u € U. We have as above,

fi(wwa') = / / /f (uyuba’ug uy ) x(wyus uy ) duyduy dug
uf uy Ur

= / //f(uw(wa’u;a’*lw’l)wa’u;)mduldu;du;

+ —_
Ut uy U

If we again suppose by way of contradiction that fi(uwa’) # 0, then we must have
a € K', and if f(uju(wa'uya =" wa'uy) # 0, then uyu(wa'uy a’~to™") must lie
in U;. Since u; € Uy, and (wa'uya’"*w~t) € U C Uy, we must have u € U;. Then
by the definition of fi, we see that fi(uwa’) = x(u)fi(wa’). We just proved that
fi(wa") =0, so also fi(uwa’) = 0.

Finally, we need to show that if v’ € N, then f;(uwa'u’) = 0. This will show that

f1 vanishes on the Bruhat cell C'(w), which will complete the proof. We have

filuwid'u") = / / /f(uluwa’u’u;u;)x(ulujug) duyduy duy
U Uy U

= / //f wpu(wa'u'ud a' "t~ Hwa (ug T ud uy)

utuy U

X x(uruz uy ) duyduy dug .

Note that Uy C Uy normalizes N, so (u3 ‘w/ujy) € N. If the integrand is nonvan-
-1

w'ug)uy) € Uy . Hence uj ~ 1u’u§L e U;y. We

-1

ishing, we must have ' € K’ and (uj ~

can change variables, replacing u; by (ug 'vw'uj ) 'u;, to get

(wwa'u") ///f (uyu(wa'u'ud a' i~ Hia'uy)

vt uy U

X x(uyuguy )x(u') duyduy dug

“/)///f(umwa’u’u;u;)mdulduz—du;

+ yr—
U2 U2 Ui

— X(e) fy (wia) = 0.
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Now, let

1 1

meas(U; X Ug)fl(g) - meas(U; x Uy) //f(ulgw)mdmdm

Uz Uy

folg) =

for all g € Q,,. Then fy € €>°(Q;wx), and fo vanishes on C(w), so fo € (02w, ).
By Lemma 4.3.2.1, we have

for all sufficiently large ¢ and all g € €2,,, which completes the proof. [J

4.3.4 Moving up the cells, II

So far, we have dealt with functions f supported in a relevant open set €2, whose
partial Bessel integrals Bg (—, f) take the value zero on part or all of the small cell
C(w) in §2,. We have shown that the function in question can be replaced by one
which vanishes on the small cell.

The next proposition is more technical. It shows that, asymptotically, the “non-
relevant cells” C(w’) for w’ ¢ B(G) do not contribute to the arguments of the partial
Bessel function, and we may assume that the functions we work with vanish on these

cells.

Proposition 4.3.4.1. Let w € B(G). Let Qo C Qyu1 be U x U and A-invariant
open sets of Q, such that Q1 — Qo is a union of Bruhat cells C(w') for w' ¢ B(G).
Then for any fi € €°(Qw1;wr), there exists fo € €°(Quyo;wx) such that for all
sufficiently large v, we have Bg(g, fo) = Bg(g, f1) forall g € G.

Proof: The complement of €, in €2, is a finite union of Bruhat cells. By the
general theory of actions of linear algebraic groups, closed orbits always exist, so we

can inductively find open sets

Quo=0"CQ' C---CQ=0Q,
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such that each complement Q' —Q'~! is a single Bruhat cell C(w’) which is closed in *
and for which v’ ¢ B(G). By induction, it therefore suffices to prove the proposition
in the special case when the complement 2,1 — €, is a single Bruhat cell C'(w'),
with w’ € B(G).

Since €, is open in €2, 1, the complement C'(w') is closed in €2, ;. Therefore the
restriction of f; to C'(w’) remains compactly supported modulo Z.

Recall that C'(w’) is homeomorphic to U x Z x A’ xU,,. Since A = Z A’ normalizes
U,, we can switch the order, and say that the map U x U, x Z x A’ sending
(u,u, z,a") to ww'u"za' is a homeomorphism. As in Lemma 4.3.2.3, there exist
compact open subgroups U; of U, Uy of U,,, and a compact subset K’ C A’ such
that fi(uw'u=za’) # 0 implies v € Uy,u~ € Uy, and @’ € K'. If we replace U; and
U5 by any larger open compact subgroups, or K’ by any larger compact set, the same
holds.

Let Uy = {ut € U/, : w'utw' € U;}. In general, an exhaustive sequence of
compact open subgroups of U can be obtained by identifying U with affine space
E@® FE & --- and taking those vectors whose entries are bounded above in absolute
value. So we may always choose U; and U, in such a way that the direct product
U, = Uy Uy is a subgroup of U. Note that U;" does not necessarily normalized Uj ,
since U, is not necessarily a normal subgroup of U when w' ¢ B(G).

Let

Uu')’a = {(ul,u2) € U1 X U2 : uw'/auz = u'/a}

be the stabilizer of W'a under the action of U x U. Note that U acts on U x U on

both the right and the left, so we can define for example

Uy Uy - Uy = {(uug,ugu™) s u € Up,u™ € Uy, (ug,u) € Uw/}

Suppose that for uj,us € U and a € A’, we have f(uju'usa’) # 0. Writing

uy = uguy for uf € Ul uy € Uy, we have ujti'uga’ = uy(w'ud w1 )i'uy a’, with
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w'ugw'™t € U. This implies that ujw'ugw'=" € U,u; € Uy, and @’ € K'. Then

(('ugw' =)' uy) € Uy, with
(uy, ug) = (ug ('™ ('ug ™) ufuy) € Uy - Uy - Uy

If we switch the order of our terms, we get a similar result: if f(ujw'a’us) # 0, then

writing ui’'a’'uy = ui’a’'uga’ ~ta’, we get
(u1, (duga™ ")) € Uy - Uy - Uy and @’ € K.

Since K’ is compact, we can enlarge U, to a compact open subgroup which is decom-
posable as Uy = U5TUS ™, such that for all «’ € K’ we have a/'Usa’ C U). Then we

have

fi(uiw'a'ug) # 0 = (uy,uz) € Uy - Uyry - Uy and @' € K. (4.3.4.1)

Since w’ does not support a Bessel function, there is a simple root « such that w'.«
is positive but not simple. If U, is the root subgroup corresponding to «, then
U, C U}, and x is nontrivial on U, yet trivial on w'U,w'™" = U, ,, because this
last root subgroup, being not simple, lies in the derived group of U. Enlarge Uj,
keeping it decomposable, so that y is nontrivial on U, N U, = U, N U,. Then
if necessary, enlarge U; to a larger compact open subgroup Uj so that if for some
a' € K' we have (uy,us) € Uy and uy € U, then u; € U]. Also enlarge U] so that
w'a'Uyta/~'w'=" C U for all o/ € K'.

Define fjj € €2°(Qyr1;wr) by

fo(9) ://fl(ulgUQ)X(ul'UZ)duldUZ-

Us Uy

Consider f{(uw'a’) for a’ € A’. We have

folw'a') = //fl(ulwla,UQ)mdulduz.

Us Uy
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We claim that f{(w'a’) = 0. Note that if o’ & K’, the integrand is the zero function.
So we may assume that o’ € K’. Now let u}, € U, N U, such that x(u}) # 1. Then

() fali'a) = x(wy) [ [ fu(usitau)xures) dusdoy

Uy U1
N (o o T—1 .\
://fl<u1wau2)X(U1U2 ug)dulduz
Uy U
! 1 T N
://fl(uw}au2u2)x(u1u2)du1du2
UL U
—//f1 uq ( w’a’u’2 L Mba ug) x (urug) duy dus.
UL U
Since u)y € Uj, we have that w'a’uya’""w~t € Uj. So we can replace u; by ui (w'a’uya’ 1w =1) =1

and obtain
X(Ulz)fé(w/a,) ://f1(Ulwlaluz)X(Ulm)X(w/alulza/ Ly~ ug) duydug
U, Uy

= x(w'a'uhya' i~ 1u2)//fl(ulw'a’m)x(ulm)duldu2
Us U

= x(i'a'uhya' "M uy) £ ('),
1o, =1

By our choice of o, we know that since u}, € U,, the element w'a’uya’~ '~ uy lies in

a nonsimple root subgroup, on which y is trivial. Thus
X(ug) fo(i'a’) = fo(uw'a’)

and since x(ujy) # 1, we get f{(w'a’) = 0. Thus f{(uw'a’) =0 for all ' € A'.
We now claim that f] vanishes on the entire cell C'(w’). Let g = ujw'za'uy with

uy € Uyuy € U, and let a’ € A’. Suppose that fi(g) = w.(2)fi(ujw'a’uy) # 0. In



160

order for the integral defining f{ to be nonzero, there must exist u; € U] and us € Uj

such that fo(ujujw'a’uyus) # 0. This implies that

(wyul, uyug) € Uy - Uy - Uy and o’ € K’

and hence (uy,u)) € U] - Uyrar - Uj.
So we can write (u},u)) = (uvy, veuy) for (vi,ve) € Uy and uf € Uj,uy € Uj,.

Directly from the definition, we get

Jalehidal) = fi(uuridalvaul) = fy(udii'a'u)

and since u) € U/, we can further change variables to get
Foluyt'a'uy) = x(uyus) f(w'a’) = 0.

This shows that f{ is identically zero on the Bruhat cell C'(w’). Finally, let

1
meas(U] x Uj)

folg) = fo(9)-

By what we just proved, fy vanishes on C'(w’), and since Q1 = Q,0 U C(w'), we
have fy € €>°(Qyo;wr). By Lemma 4.3.3.1, we have for sufficiently large ¢ that
BS (g, fo) = BS (g, f1) for all g € G, which completes the proof. O

4.3.5 The function which only depends on the central character of 7

In the asympotic expansion of the partial Bessel integral of a matrix coefficient of
our supercuspidal representation 7, we are looking to write the partial Bessel integral
as a sum of two terms. One will only depend on the central character w, of 7, not
on 7 itself. The other will have a uniform smoothness property. In this section we

isolate the term which will only depend on the central character of .
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If fe€>X(G;wy), let us define

W/(g) = / f(zg)x(z)da.

U

If f is a matrix coefficient of our supercuspidal representation 7, then W/(—) is an
element of the Whittaker model of 7, and f can be chosen so that W/(e) = 1. See
the proof of Proposition 1.3 of [PaSt08]).

Convention 4.3.5.1. We will fiz once and for all a function fo € €°(G;w,) such
that W/(e) = 1. We will call fy the auxiliary function.

The product group SL,(E)Z is open and finite index in G, and the intersection
SL,(E) N Z is finite. If ¢ € G, we will consider all decompositions g = ¢'c with
g € SL,(F) and ¢ € Z. Define

st 5, fol0)wele) it g € SLu(E)Z

0 if g & SL.(E)Z.

Then f; lies in €°°(G;w,). The proof is identical to that of Lemma 4.2.5.3.

Remark 4.3.5.2. The function f; depends only on the central character w, of m and
on the auziliary funcion that was chosen once and for all. In particular, it does not

depend on 7.

We will make use of the pure Bessel integrals again. If f € €>°(G;w,), the
restriction of f to the small cell B remains compactly supported modulo Z, so we

may define the pure Bessel integral

BE, 1) = [ fab)x(e)de = W (b)

U

for all b € B. By Proposition 4.2.4.3, we have for all sufficiently large ¢ that

Bg(a, f) = ¢c(e)BY(a, f) = ¢G(e)wa(a)W/ (e)



162

for all a € Z.

Lemma 4.3.5.3. Let f € €>(G;w,) be a function for which W/(e) = 1. Then for
all sufficiently large ¢, depending on f and f, we have Bg(a, fi) = Bg(a, f) for all

a€ .

Proof: For sufficiently large ¢, we have

Bg(a, f) = ¢G(e) B (a, f) = ¢G(e)wr(a)W(e) = gG(e)wn(a)

and similarly BG (a, f1) = ¢&(e)wx(a)W /i (e). Since g&(e) # 0 for ¢ sufficiently large,
the problem becomes to show that W/ (e) = 1.
If € U, then since U C SL,(E), we have

:yzmslmm S folat (6 = fola)

| €€ZNSLy (E)

fi()

and therefore

Wh(e) = /fl(x)x(x)dx = /fo(x)mdx = Wh(e)=1.

U

4.3.6 Partitions of unity

The final ingredient in our asympotic expansion formula will make use of partitions
of unity. If X is a locally compact, totally disconnected space, let €>°(X) be the space
of locally constant, and compactly supported complex valued functions on X. Note
that if U is an open set in X, then we have a natural inclusion €>°(U) C €>°(X) by
extending by zero.

The first result we need is elementary, and we omit the proof.
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Lemma 4.3.6.1. (Partitions of unity) Let X be a locally compact and totally discon-
nected topological space, and suppose Uy, ..., Uy are nonempty open subsets of X whose

union is X. If f € €>°(X), then there exist functions f; € €>2°(U;) such that

fi(@) +--+ fi(z) = f(2)

forallz € X.

Proposition 4.3.6.2. Let 2,€),....,C; be open subsets of G such that Z) = €,
ZQ = Qi and QU---UQ = Q. If f € €°(Q;w,), then there exist f; € €°(Qy;wy)
such that

f(@) = fi(@) + -+ fulz)

forall z € G.

Proof: Let p : G — G/Z be the canonical projection, and let X = p(Q),U; =
p(€2;). Then X is an open set in G/Z and is therefore locally compact and totally
disconnected, and X is the union of the U;.

Let E be the support of f. Then p(F) is a compact and open set in G/Z, so
Lemma 4.3.6.1 gives us functions ¢; € €°°(U;) with Char(p(E)) = ¢1 + - - + ¢

Let h; = ¢; o p, so that

Char(E) =hy + -+ hy (4.3.6.1)

as locally constant functions on G. One checks that f; := fh; lies in €°(Q; wr).
Multiplifying equation (4.3.6.1) by f gives us f = f1 + -+ + f;, as required. O

4.4 Asymptotic expansion of partial Bessel functions

We finally arrive at the main result of this chapter. All the ingredients are in
place to prove the asymptotic expansion. It is this expansion which will allow us to

prove the analytic stability result needed for our main theorem. Recall that 7 is an
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irreducible, supercuspidal representation of GL,(E) with central character w,, and

that we have fixed an auxiliary function fy € €>(G;w,) with W/(e) = 1.

Theorem 4.4.0.1. Let f € €>°(G;w,) with W/ (e) = 1. Then there exists a function
fi € €°(G;wy), and for each e # w € B(G) a function f,, € €°(Qy; wx), such that
the following hold:

(i): For all sufficiently large @, we have

Bg(wGa7 f) = Bg(wGa7 fl) + ZBg(wGaa fw)

for all a € A.

(ii): f1 depends only on the auziliary function fy and on the central character w,
of ™, not on m itself.

(iii): For each e # w € B(G), let M be the standard Levi subgroup of G corre-
sponding to w, and let Zy, = {2’ : z € Zy}. For sufficiently large ¢, we have that
Bg(wga, fw) is zero for a & (AN Maer) Zar. Also for sufficiently large ¢, we have that
for every b € AN Mg, the function on Z}, given by

d Bg(wgbc’, fw)

1s uniformly smooth. The open compact subgroup occurring in the definition of uni-
form smoothness is independent of ¢, once ¢ is chosen sufficiently large, and also

independent of b.

We give the proof in several steps.
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4.4.1 Passing from G to the maximal Levis

The first step of the proof comes from (4.3.5). Let f1 € €>°(G; wx) be the function
defined there. By Remark 4.3.5.2, f; only depends on the auxiliary function fy and

on the central character of 7, not 7 itself. By Lemma 4.3.5.3, we have that
Bg(a, [~ f1) =0

for all @ € Z. We can now apply Lemma 4.3.3.4, noting that G = .. The lemma
tells us that there exists an fo € €°(G;w,) which is supported inside Q¢ = G — B

such that for sufficiently large ¢,

BS(g, f— f) = BS(g, f)

for all g € G.

Now consider the open set
O = U Quw

as w runs through all elements of B(G) which correspond to maximal Levi subgroups
of G (this is actually the same as taking the union over all e # w € B(G), since these
are the minimal nonidentity elements in B(G) in the Bruhat order). We have an
inclusion of open sets Q! C Q2 whose complement is a union of Bruhat cells C'(w’) for
w’ ¢ B(G). Proposition 4.3.4.1 applies and gives us a function f3 € €>°(Q';w,) such
that for sufficiently large ¢, Bg (9, f2) = Bg(g, f3) for all g € G. So for sufficiently

large ¢, we have

BS(g. f — f1) = BS(g, f3)

for all g € G.
Now we use a partition of unity. Since Q' is the union of the open sets €, as w

runs through all elements of B(G) corresponding to maximal Levi subgroups of G,
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Proposition 4.3.6.2 gives us functions A, € €>°(Q,;w,) such that f3 = > A,. We

have shown that for sufficiently large ¢, we have

B (g, f) = BS (g, f1) + Y BS (9, Aw) (4.4.1.1)

for all ¢ € G. Here the sum runs only over those w € B(G) corresponding to maximal

Levi subgroups of G.

4.4.2 The next step

Now on each of the functions A,, € €°(Q; wy), for w € B(G) corresponding to a
maximal Levi M of G, we let h = hy,, € €°(M;w,) be as in (4.1.9). By Proposition
4.2.5.4 and Theorem 4.2.5.5, there exists a function hy € €°(M;w,) satisfying two

conditions:

1. For sufficiently large ¢, we have
Bg[(av h) = Bg]z\;/l(aa hl)

for all a € Zy,.

2. The function Bi‘f(wMa, hy) vanishes for a € (AN Mgyer)Zy, and for each b €

AN Mger, the function on Z}, given by
d— Bi‘,/[(lebC/, hl)

is uniformly smooth. The open compact subgroup occuring in the definition of

uniform smoothness is independent of ¢ and b.
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Now by Lemma 4.1.9.1, there exists a function f,, € €°(; wr) such that hy, = hy.
Proposition 4.3.2.2 tells us that for sufficiently large ¢, and for all standard Levi

subgroups L C M, we have
BS (et 'a, Ay) = BY (g a, h)

BS (weiy ' a, fu) = B) (iaivy ' a, hy)

for all a € Z. We apply Proposition 4.3.2.2 in two ways, first with L = M and then
with L = A. Applying this with L = M and noting that w = wgw,;, we have

BS (wa, Ay) = B) (na, h) = BY (ya, i) = BS (wa, fu) (4.1.9.2)

for all a € Z);. Applying this with L = A, we see that ij(wga, fw) satisfies the same

uniform smoothness property as Bg (wpra, hy). This is to say:

e For sufficiently large ¢, BS(wqa, f,,) vanishes for a & (AN Mae)Zy, and for
b € AN Mg, the function defined on 7}, by

¢+ BS (iahd, fu) = BY (iarbc, hy)

is uniformly smooth. The open compact subgroup occuring in the definition of
uniform smoothness is independent of b, and also independent of ¢, once ¢ is

sufficiently large so that BS (wea, f) = BY (wya, hy) for all a € A.

Now we move up to the next level of Levi subgroups. We are still working with a
fixed maximal Levi subgroup M. Since for sufficiently large ¢, we have Bg (wa, Ay —
fw) =0 for all a € Z);, we can proceed exactly as in the last section. Lemma 4.3.3.4
gives us a function fo € €°°(G;w,) which is supported inside €29, = €2, — C(w) such

that for sufficiently large ¢,

Bg(gw/\w - fw) = Bg(9>f2)
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for all g € G. Now consider the open set
O = U Qur

as w' runs through all those elements of B(G) which correspond to maximal Levi
subgroups of M. We have an inclusion of open sets Q' C 2 whose complement is a
union of Bruhat cells C(w”) with w” ¢ B(G). Proposition 4.3.4.1 applies and gives us
a function f3 € €>°(Q'; w,) such that for sufficiently large ¢, Bg(g7 f2) = Bg(g, f3)

for all g € G. So for sufficiently large ¢, we have
Bg(g7Aw - fw) = Bg(% fS)

for all g € G.

Now we use a partition of unity. Since Q' is the union of the open sets Q, as w’
runs over all the elements of B(G) corresponding to maximal Levi subgroups of M,
Proposition 4.3.6.2 gives us functions A,y € €°(Q; w,) such that f3 = Z,Aw’- We

have shown that for sufficiently large ¢, we have
G G G
ng (ga Aw) = ng (ga fw) + Z Bw (97 Aw’)

for all g € g. Here the sum runs only over those w’ € B(G) corresponding to maximal

Levi subgroups of M.

4.4.3 Iterating the previous step

Having applied the process of the previous section to each w € B(G) corresponding
to a maximal Levi subgroup of G, we have obtained functions f,, € €°(Qy; w,) with
the uniform smoothness property, and obtained “error terms” Bg (9, ) over the w’

corresponding to next to maximal Levi subgroups.
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To each maximal Levi subgroup L of each maximal Levi subgroup M of G, we
proceed with Bg (9, A\y) exactly as in the previous section. That is, we produce a

function f,, € €>°(Qr; wx) such that for sufficiently large ¢, the following hold:
e BY(i'a,Ny) = BS(W'a, fu) for all a € Zp.

° ij(wga, fuw) vanishes for a € (AN Lger) Z1, and for b € AN Lye the function
on Zj given by

d Bg(’wgbcl, fw’)

is uniformly smooth. The open compact subgroup of Z; occurring in the defini-
tion of uniform smoothness is independent of b and also independent of ¢ once

@ is large enough.

The difference BS (wga, A )—BS (ea, fur) has an error term indexed by the maximal
Levi subgroups of L. That is, for each w” € B(G) corresponding to a maximal Levi
subgroup of L, there exists a function f,» € €>°(Qyr;wy) such that for sufficiently

large ¢, we have

Bg(tbga, Aw/) = BS(’LDGa, fw/) + Z Bg(wGa, Aw//)

w//

for all a € A.

We do the same process for each A,» on each maximal Levi subgroup of L, ob-
taining a uniformly smooth piece on €2,,» plus an error term over the smaller open sets
Qum for w"” corresponding to even smaller Levis. We collect the uniformly smooth
pieces BY (wga, fu) : € # w € B(G) as we move down the Levi subgroups. Note
that we may obtain multiple uniformly smooth pieces corresponding to the same Levi
subgroup, which we condense into one.

When we eventually move down to the smallest Levi subgroup, A, we will obtain
a uniformly smooth piece Bg (WGa, fuwe), where f,. is supported inside the big cell

Q. = C(wg). Here Ager = 1, so this partial Bessel integral is uniformly smooth on
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all of A’. Since there are no more Levi subgroups below A, there will be no further

error terms, giving us the asymptotic expansion of Theorem 4.0.1.
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5. PROOF OF ANALYTIC STABILITY

Throughout this chapter, E/F denotes a quadratic extension of p-adic fields. The
purpose of this chapter is to prove the analytic stability result, Proposition 3.2.2.8.
The proposition states that the Asai gamma factor of a supercuspidal representation
only depends on the central character up to a highly ramified twist. We begin by
explaining how the Asai gamma factor (s, m, %, 1) arises from the Langlands-Shahidi
method, by embedding Resg/r GL,, as a maximal Levi subgroup M of the even unitary
group G = U(n,n).

The Asai gamma factor is equal to the Shahidi local coefficient C, (s, ), up to a
constant (Lemma 5.1.2.1 and equation (5.1.3.2)). Proposition 3.2.2.8 is then equiv-
alent to the stability of this local coefficient for 7 supercuspidal (Theorem 5.1.3.3).
Thus Theorem 5.1.3.3 is the main result of this section.

In Theorem 6.2 of [Sh02], Shahidi shows how his local coefficient can be expressed
as a Mellin transform of a partial Bessel integral, under certain conditions. Our ap-
proach to proving Theorem 5.1.3.3 will be to apply Shahidi’s local coefficient formula,
and then apply the delicate analysis of partial Bessel integrals which we developed in
Chapter Four.

If o is the simple root corresponding to M, one of Shahidi’s assumptions (As-
sumption 5.1 of [Sh02]) for his local coefficient formula is the existence of an injection
a¥  F* — Zym(F)/Za(F) such that o ¥ = 1. Unfortunately, this assumption is
false in our case. But this difficulty is not too serious: we can embed G in a larger
group Ei, having the same derived group as G, for which the assumption holds. Since
local coefficients only depend on the derived group (as we explain in (5.2.1)), we will
be able to apply Shahidi’s formula after all.

Our main references for this chapter are [Go94] and [Sh02].
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5.1 GL,(E) as a Levi subgroup of the unitary group

In this section, we explain the context in which we will encounter the Asai gamma
factor as defined by the Langlands-Shahidi method. In (5.1.1), we define the unitary
group G = U(n,n), and explain some of its structure. We define a maximal parabolic
subgroup P = MN of G whose Levi subgroup M is isomorphic to Resg/r GL,,.

In (5.1.2), we show how the Asai representation % of the L-group of Resg,r GL,,
occurs as the adjoint action of “M on the Lie algebra of “IN.

In (5.1.3), we define a splitting for G and obtain our canonical Weyl group rep-
resentatives as in (2.2.17). We also state the main result of this section, Proposition
3.2.2.8, which is the stability of the Shahidi local coefficient of supercuspidal repre-
sentations for M in G.

In applying Shahidi’s local coefficient formula (Theorem 6.2 of [Sh02]), we will
need to consider a measure on the quotient space of an open dense subset of N(F')
under a certain p-adic Lie group actions. We develop what we will need for this in

(5.1.4).

5.1.1 Definition of the Unitary Group

Let W be the 2n by 2n matrix

where [,, is the n by n identity matrix. The unitary group G = U(n,n) is defined
to be an outer form of GLsy, with the following Galois action for X € GLy,(F) and
v € Gal(F/F):
7(X) if v =1p
v.X =
Wi(X) Wil £ L
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where (X)) denotes the entrywise action of v on X, and *X denotes the transpose.
In particular, we have

and in fact G splits over E, with G xp E' = GLg, g. Moreover, we see that [' =
Gal(E/F) acts on GLs,(E) by

o X =W'X 'w!

where X is the entrywise application of the nontrivial element o of Gal(E/F) to X,
and so

G(F) = {X € GLoy(E) : WX "W = X}.

If we start with SLy,, instead of GLg,, we can define the special unitary group SU(n, n)
in the same way, and in fact we have SU(n,n) = Gge, the derived group of G.
The verification of the following details are straightforward, and we omit the

proofs.

Proposition/Definition 5.1.1.1. (i): Let T be the mazimal torus of G consisting
of diagonal matrices, and let S be the subtorus of T defined by

T

T

Then S is the mazximal F-split subtorus of T, and in fact Zg(S) = T. Hence G is

quasi split over F, and S is a maximal F'-split torus of both Gqer and G.
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(ii): Let €1, ..., €, be the basis of the character lattice X (S) such that €; sends the

above matrixz to x;. Then

Ap ={e1— €9, ., €q1 — €, 26, }.

1s a set of simple roots for S in G. The corresponding relative root system is of type
Chp.

(iii): Let B be the Borel subgroup (minimal parabolic F-subgroup) of G corre-
sponding to Ap. Let ey, ..., e, be the standard basis of X (T), where e; sends a 2n by
2n diagonal matrix to its ith entry. The set A of simple roots of T in G corresponding

toBis AUBUA', where

A= {61 —€9,...,E6p_1 — €n}

A= {_(€n+1 - €n+2)7 ey —(€2n71 - €2n)}
B ={e, — e }.

(iv): The nontrivial element o € I' = Gal(E/F) switches e; and —e,4; for 1 <i <mn.

Hence the orbits of A under the action of I' are

{ei — €i+1, _(enJri - €n+i+1)}

for 1 <i<mn—1, as well as the singleton set {e, — esn}. In particular, e, — ey, is
the only simple root in A which is defined over F.

(v): Let 0 = Ap —{2¢,}, and let P be the corresponding maximal F-parabolic
subgroup of G. It is self-associate. Let N be the unipotent radical of P, and let M be

the unique Levi subgroup of P containing T. Then

M(F) = {[ " .z € GL.(E)}
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N(F) = { f . X € Mat,(E), ‘X = X}.

5.1.2 The L-group of G

We can identify the L-group “G of G with the semidirect product of GLs,(C)
by Gal(E/F), where Gal(E/F) acts on 'G by 0.X = W!X-'W~1. The L-group
IM of M can be identified with the semidirect product of GL,(C) x GL,(C) by
Gal(E/F), which acts by o.(z,y) = (‘y~', tz~!). The Lie algebra ‘n of the L-group
of N identifies with Mat,,(C), and the adjoint representation r : ‘M — GL(%n) is
given by

r(z,y,1).X =Xy !

r(o).X = "X,
It is irreducible.

Lemma 5.1.2.1. Let m be an irreducible, admissible representation of M(F) =

GL,(E). Then
7(87 7T7 {r? w) = 7(87 Tr? %7 /d})

where X is the Asai representation (2.6.1).

Proof: We can take Resg/p GL, to be the group defined on E-points by GL, (E) x
GL,(F), with Gal(E/F) acting by switching the factors. Define an isomorphism
Resg/r GL, — M of algebraic groups over I by

Let V' be an n-dimensional complex vector space with basis ey, ..., e,. We can identify
the space “n with V ®¢ V, an isomorphism being given by sending the elementary

matrix Fj; to e; ® e;. By identifying M with Resg/r GL,, via the isomorphism given,
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and taking the corresponding isomorphism of L-groups *Resg/p GL, — M, it is
straightforward to check that r now identifies with the representation #. The lemma

is now a consequence of (2.2.2). O

5.1.3 The local coefficient for M inside G

Let a = 2¢, be the simple root of Ar which defines the maximal parabolic sub-
group P, and let
p:n(€1+...+€n)

be half the sum of the roots of S in N. We can identify a with its unique preimage
in A C X(T), and p with its preimage in X(T) ®z R consisting of half the sum of
the roots of T in N.

We will calculate the element & € X(M)p as defined in (2.2.16). Let (—, —)
denote the standard inner product on X (T) ®z R with respect to the basis ey, ..., ea,
of Proposition/Definition 5.1.1.1. It is invariant under the action of the Weyl group
Ng(T)/T and the Galois group Gal(F'/F'), and we can therefore use it to define a.

By definition, @ = (p, a)~'p, where (v, w) = 2122 We calculate

(w,w) *

a=(pa)p=n"lp

which we restrict to the split component Ay; of M, and identify as an element of

X(M)r ®z R. Then we have:

Lemma 5.1.3.1. (i) For s € C, and all m € GL,(E) = M(F),

q;prM m)) |detm|ns/2

qga JHyi(m)) |detm|s/2
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(i) If 7 is a smooth, irreducible representation of GL,(FE), and sy € C, then

(s, 7| det(—)|R, Z, ) = v(s + 250, 7, Z, ).

Proof: (i) is proved in Section 2 of [Go94], and (ii) follows from (i) and (2.2.21).
OJ

We have defined a set of simple nonrestricted roots A. Note that this is not the
usual set of simple roots for GLs,, so the unipotent radical U of B is not the group
of upper triangular unipotent matrices. For each 8 € A, we now define root vectors

x5 : G, — Ug on F-points. If f =¢; — e;41, for i = 1,...,n — 1, we define

Xg(t) = lon +tE; ;11

where E; ;1 is the 2n by 2n matrix with a 1 in the (4,7 4+ 1) position, and zeroes

elsewhere. If f = —(epqi — €npiz1) fori=1,...,n — 1, we define

x5(t) = Ion — tEniintit1-

Finally, if § = a = e,, — es,,, we define

Xa<t> = Xﬁ(t) = Ign + tEn’Qn.

This splitting (2.1.2) x5 : 8 € A is defined over F, in the sense that it is fixed by
the Galois group Gal(F'/F) (2.2.4). Having defined these root vectors, we can then

define our canonical Weyl group representatives as (2.2.17).

Lemma 5.1.3.2. (i): For the set of relative simple roots a; = €;—¢€;41 for1 <i <n—1
and o, = o = 2¢,, we have from the above splitting the following canonical Weyl group

representatives for the corresponding simple reflections wy, ..., w,. First, let

-1 0
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For1 <i<n-—1, we have

Ii 4
C
w; = 1,9
C
In—ia
and
I
) 1
W, =
I
—1
(ii): Let J be the n by n antidiagonal matrix
1
—1

let we and w) be the long elements of G and M, and let wy = wew?. These have

canonical representatives

The splitting defines a generic character (2.2.4) x of U(F) in terms of a fixed

additive character ¢ of F: if u € U(F'), we can write

u= [T xs(ap)v’

BeA
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for ag € F and ' in the derived group of U(F). The sum of the ag : 8 € A lies in
F', and we define

x(u) = (> ap).

BeA

Note that with our choice of representatives, we have
X (u) = x(ouig ") = x (g utin) (5.1.3.1)

for all u € Upq(F) (2.2.19).
If 7 is a generic representation of GL,(F) = M(F), then the Langlands-Shahidi
method defines the Shahidi local coefficient C, (s, 7) (2.2.20). The local coefficient is

related to the Asai gamma factor by the formula
Cy(s,7m) = ME/F, )" (s, 7, %,1)) (5.1.3.2)

where A(E/F,1) is the Langlands lambda function (Theorem 2.2.20.1). Hence the
main result we want to prove in this section, analytic stability (Proposition 3.2.2.8),

is equivalent to:

Theorem 5.1.3.3. Let m; and m be supercuspidal representations of GL,(FE) with
the same central character w. Then for all sufficiently highly ramified characters n of

E*, we have

Cy(s,min) = Cy(s,m2n)
where m;n = m;(n o det).

Our approach to Theorem 5.1.3.3 will be to apply Shahidi’s local coefficient for-
mula (Theorem 6.2 of [Sh02]) and then the Bessel function asymptotics of Chapter
Four. However, the group G is insufficient to apply Shahidi’s formula. In (5.2.2), we
will embed G in a larger group G which has the same derived group, and which has

connected and cohomologically trivial center. The group G satisfies the necessary
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properties to apply Shahidi’s formula. As we explain in (5.2.1), local coefficients only
depend on the derived group, so we will be able to calculate C, (s, ) using G.

Let N be the unipotent radical of the parabolic opposite to N. For n € N(F), we
will need an explicit decomposition of 1y 'n € P(F)N(F) as in Section 4 of [Sh02].

Lemma 5.1.3.4. Let

for X € Mat,(E) and *X = X. Then wy'n € P(F)N(F) if and only if X is
invertible, in which case we can uniquely express iy n = mn'n, with m € M(F),n’ €

N(F),n € N(F). We have

JX 1 I, —X I,
JX I, Xt 1,

This is essentially Lemma 2.2 of [Go94].

5.1.4 Orbit space measures

Shahidi’s local coefficient formula expresses C, (s, 7)"! as an integral with respect
to a measure on the quotient space of N(F') with respect to the action of a certain
group. In this section, we will explicitly construct the measure which we will need,
and show it satisfies the required properties.

Let Uy = M N U. The group Uy (F), which identifies with the upper triangular
unipotent matrices of GL,(F), acts by conjugation on N(F'), which identifies with
the space of n by n Hermitian matrices in Mat,,(E). Under these identifications, the

action of Uy (F') on N(F) is given by

w.X = uX'.



181

In what follows, dr will be an additive Haar measure on either F' or E. We will

repeatedly make use of the fact that if f is an integrable function on F', then

/f(:lf)d$:/f(l’>dl‘.

Given such a measure, d*r will denote a multiplicative Haar measure: either ﬁ on
F* or ﬁ on E*. Here | — |p and | — | are the normalized absolute values on F' and

E, related by |Ng/p(x)|r = |z|p for € E. In particular, if € F, then |z|} = |2|g.

Proposition 5.1.4.1. Let R be the set of elements in N(F) of the form

I, r
L,

where r = diag(ry, ...,,) s an invertible diagonal matriz with entries necessarily in
F. Then:

(i): The elements of R lie in distinct orbits under the action of Unp(F), each with
trivial stabilizer.

(ii): The disjoint union W of the orbits Up(F).r for r € R is an open dense
subset of N(F).

(iii): The map Uy (F) x R — W given by (u,r) — w.r is an isomorphism of
analytic manifolds. In particular, the map W — R sending n to the unique element
of R lying in the same orbit is a submersion of manifolds, so R is the quotient of W
under the action of Un(F') in the category of analytic manifolds.

(iv): Identifying R with (F*)", we place the measure dr = Zﬁl |5t dr; on R.

Then integration over N(F') can be recovered by integration over R:

[ fwyan=[ [ flwryduar. (f € 6=(N(F)))

N(F) R Unp(F)

Here €>°(IN(F')) is the space of locally constant, compactly supported complex

valued functions on N(F).
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Proof: Assume first that n = 2. Then (i), (ii), and (iii) are straightforward to
verify. For (iv), we identify Uy (F') with £, and N(F') with F' x E x F. Explicitly,

this last identification is

a b
B — (a,b,c).
b ¢

Then we have for r = diag(ry,72) € D and f € €°(N(F)),

/ / f(ur)dudr—///f 1+ XT, k19, o) |r2| g da dry dry

R Upm(F)

:///f (r1 + 2T, 219, 19) | 12| £ dry dx dry

F* E F

f(ry,xra, mo)|re| g dry dx drg

I
T— T

!
/

f(ry,x,re) dry dx drg

f(n)dn

%

N(F)

From the second to the third line, we have used the translation invariance of the
measure dr; on F. For the third to the fourth line, we have used the fact that
[ F(rz)dz = |r|5' [ F(z)dx for any Haar measure do on E. Finally we use the fact
fhat integration ovbér F™ is the same as integration over F.

We then proceed by induction on n. Suppose we have verified that R and W work
for a given n. We want to prove the proposition for the corresponding sets Rand W
of size n + 1. Consider the dense open set O of those matrices X € N(F') (of size
n + 1) whose lower right entry « is nonzero. Write

Xo «

X =
‘a x
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for Xy Hermitian of size n and « a column vector. Let

so that

Xo—z a0
un

S
I

0 T

This procedure allows us to descend to size n and utilize our induction hypothesis.
One checks that W consists of those X for which X, — 2z~ 'a‘@ lies in W. The map
X + Xy — 2 'a'@ on O is a submersion: this follows from the general fact that any

map p : F¥ x F*2 — Fk of the form

(D1, oy T, Y1s oy Uky) = (T f1Y1 s Uko)s oo Ty + o (U1 s Yk))

is a submersion, where the f; are analytic maps. Indeed, the Jacobian matrix of p
contains a ky by ky identity matrix.

Since the map X — Xy — 2 'a'@ on O is a submersion, it is in particular an open
map. Hence the preimage W of W is open and dense by induction, giving us (ii). The
other properties (i), (iii), and (iv) are also proved by induction using this method of
descent. []

We also have an action of F'* on IN(F") by scaling each entry. This action commutes
with that of Upg(F'), so we have an action of F* x Up(F) on N(F). Let R’ be the
set of invertible diagonal matrices of the form diag(1,rs,...,7,) in N(F'). Define a
measure on F* (not a Haar measure) by |27 d*z = |2|% ~'dz and a measure dr’ on
R = (F*)"! by

dr' = ﬁ |rilig tdr; = ﬁ Pl |5 d
i=2 =2
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Then we see immediately that R’ is the quotient of R under the action of F*, and

that integration over R can be recovered by integration over R’ and F™*:

/f dr—//fzr )z[E 1 dz dr

R F*
Putting this together with Proposition 5.1.4.1, we have:

Proposition 5.1.4.2. R’ is the quotient of an open dense subset of N(F') under the
action of F* x Up(F), and for f € €°(F), integration over N(F') can be recovered

by integration over R and F* x Un(F):

/f dn—// / Flu(z")|2|% dudz dr'.

R F* Upg(F
5.2 Applying Shahidi’s local coefficient formula

As we mentioned, our approach to Theorem 5.1.3.3 will be to apply Shahidi’s local
coefficient formula (Theorem 6.2 of [Sh02]) and then the Bessel function asymptotics
of Chapter Four. However, the group G is insufficient to apply Shahidi’s formula.
We will embed G in a larger group G which has the same derived group, and which
has connected and cohomologically trivial center. It will have a Levi subgroup M
analogous to M (that is, defined by the same set of simple roots).

In (5.2.1), we will prove some general results about representations of groups
having the same derived group, which we will apply to G and G. We will show in
particular that if 7 is a smooth, irreducible representation of M(F), then there exists
a smooth, irreducible representation 7 of M(F) whose restriction to M(F) contains 7
as a subrepresentation, and that the local coefficients for = and 7 are the same. Thus
we will be able to compute the local coefficient C, (s, 7) using the extended group G.

In (5.2.2), we prove some necessary structural properties for G. In particular,

/7

&) satisfying oo o¥ = 1, which is

we construct an injection o of F* into Z55 F)

necessary for Shahidi’s local coefficient formula.
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In (5.2.3), we apply Shahidi’s local coefficient formula for C, (s, 7)™", not just for
a given supercuspidal representation 7, but simultaneously for highly ramified twists
of 7.

Our main reference for this section is [Sh02].

5.2.1 Reductive groups sharing the same derived group

Consider a connected, reductive group G over F which contains G and shares its
derived group. In this section only, we will denote the group of rational points of a
group H by the corresponding letter H. We will not do this in general, because later
on we will need to consider the group U of upper triangular unipotent matrices in

GL,(E), and we do not want to confuse this with the group U(F’) introduced earlier.

Lemma 5.2.1.1. Let Z be the center of G. Let  be an irreducible, admissible
representation of G, and w a character of Zg.

(i): w can be extended to a character & of Z.

(i): If m is an irreducible, admissible representation of G, then there exists an
wrreducible, admissible representation @ of G whose restriction to G contains T as a
subrepresentation.

(#3): If ™ has central character w, then T can be chosen to have central character

Proof: (i): The groups Zg and Zz each have unique maximal compact open
subgroups K and K, with K = Zz N K. The restriction of w to K is unitary, and
then extends by Pontryagin duality to a character @ of K. We then extend @ to a
character of ZgK by setting @(zk) = @(z)w(k). This is well defined, and moreover
continuous since the product map Zg x K — Z & 1s an open map. Since C* is injective
in the category of abelian groups, w extends to an abstract homomorphism of Z into
C*. This extension is automatically continuous, because its restriction to the open

subgroup K is continuous.
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(ii) and (iii): We first extend 7 to a representation of ZzG by setting 7(zg) =
w(z)m(g). This is smooth and admissible. Since ZzG is of finite index in G, the
smoothly induced representation 7 = Indgag 7 is admissible.

Any irreducible subrepresentation of 7 is easily seen to have central character .
Take a nonzero element in the space of 7 and consider the é—subrepresentation 44
which it generates. Since W is finitely generated and admissible, it is of finite length,
and must contain an irreducible subrepresentation W.

Now the restriction of Wy to G is a finite direct sum of irreducible representations
of G ([Tad92|, Lemma 2.1). Since the map f — f(1) defines a nonzero intertwining
operator from W to the space of m, we see that one of these irreducible representations
must be isomorphic to 7. [

The group G is essentially the same as the group G, but with a larger maximal
torus ’T, which we may take to be one containing T. It has a maximal split torus S
inside T. It has a Borel subgroup B = ’T‘U, which defines a set of simple restricted
and nonrestricted roots identifiable with those corresponding to the triple G, B, S.
The root vectors can be taken from U, giving us the exact same canonical Weyl group
representatives and generic character x as before.

Let P = MN be the maximal self-associate parabolic subgroup of G correspond-
ing to P (that is, defined by the same set of simple roots), with M containing T.

Then M and M also have the same derived group, so we can apply Lemma 5.2.1.1.

Lemma 5.2.1.2. Let 7 be a supercuspidal representation of M = GL,(E) with cen-
tral character w,. Let ® be an irreducible, admissible representation of M whose
restriction to M contains ™ as a subrepresentation, and whose central character w,
extends that of w;.

(i): T is generic, and C\(s,m) = C\ (s, 7).

(ii): Let W be an element of the Whittaker model of m. Then W extends to an
element W in the Whittaker model of 7.

Proof: (i): Let A be a nonzero y-Whittaker functional for m. Let V be the

underlying space of . The restriction of 7 to M is a finite direct sum of irreducible



187

representations, say V = Vi @ --- @ V,, with 7 = V4. Then the map X : (U1, ey V) >
A(v1) is a nonzero Whittaker functional for 7.

Consider the induced representations I(s,m) and I(s,7) of G and G. If 0 #
f € I(s,7), then f is a function from G to V, so we may write f = (fi,.... f,).
We see immediately that the restriction of f; to G is a nonzero element of I(s, ).
Considering the intertwining operators A(s, ) and A(s,7), and the Whittaker func-
tionals A\ (s,m) and A, (s,7), both defined by integration over N(F') with the same
Weyl group representative wy, we see by direct computation that the local coefficient
C, (s, 7) satisfies

Cy (s, T) A (—s,m) 0 A(s, m) fr = A(s, ) fi

making it equal to C, (s, 7).
(ii): There exists an element v in the space of m such that W(m) = A(w(m)v).
We simply define W (1) = A\(7(m)v). O

Now we account for twists of .

Lemma 5.2.1.3. Let n be a character of E*, identified with the character n o det of
M = GL,(E). Let m and 7 be as in Lemma 5.2.1.3. Consider the twisted represen-
tation ) = 7(n o det).

(i): The character n of M extends to a character i of M.

(i1): Consider the twist 7 of @ by n. Then 77 is generic, and C,(s,m) =
O (s, 7).

Proof: (i): By Lemma 5.2.1.1 (ii), there exists an irreducible admissible represen-
tation 77 of M whose restriction to M contains 7 as a subrepresentation. Since 7 is a
character, it follows from the proof of that lemma that 7 is finite dimensional. Since
the derived group of M is SL,(E), 7 must actually be one dimensional, i.e. a charac-
ter. This follows from the fact that the kernel of 7 is an open normal subgroup of M,
and must therefore contain sufficiently small subgroups of the simple root subgroups

of M. These generate SL,(F), and therefore 7 factors through the abelian quotient
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M/ SL,(E). We are done, because a finite dimensional irreducible representation of
an abelian group must be one dimensional.

(i) follows from Lemma 5.2.1.2 applied to the representation 77 of M, whose
restriction to M contains 71 as a subrepresentation. [J

Using Lemma 5.2.1.3 (i), we make the following convention.

Convention 5.2.1.4. For each character n of M = GL,(E), choose once and for all

a character n ofM which extends 7.

5.2.2 The extended group G

We will now construct the group G of the previous section. The goal is to construct
a connected, reductive group G over F which contains G, shares its derived group,
and has connected and cohomologically trivial center. Then Assumption 5.1 of [Sh02]
will be valid for é, allowing us to construct the injection ¥ of F* into ZM(F)/ZG(F)
as in Section 5 of [Sh02]. This will allow us to apply Shahidi’s local coefficient formula
for G.

First, define Za = Resg /F Zg. It is cohomologically trivial by Shapiro’s lemma.
Since the F-points of Zg identifies with F, we can identify the F-points of Zg with
F* x F", and for z = (x,y) € Zg(F), and v € Gal(F/F), we have ~.z = (y(z),7(y))
if v|g = 1g, and v.z = (v(y),v(x)) if v|g = o, where o is the nontrivial element of
Gal(E/F).

We embed Zg into Zg on F-points by sending z € F~ to (z,271), where we
identify x5, with x. This embedding is defined over F. Let K be the finite group
scheme Gg;NZg, where we have Gger = SU(n,n). The product map Gge X rZg — G

induces an isomorphism of algebraic groups

Gder XF ZG

K - G
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which is defined over F. Here we are regarding K as a subgroup scheme of Gger X p Z
on closed points by x — (z,27). Since K C Zg C Zg, we may define in the same
way a group G by -
~ G Xr Zg
G=——7—

K
This group contains Gge, Zg, and G as subgroup schemes, and by passing to F-

points, we immediately arrive at the following proposition.

Proposition 5.2.2.1. G isa connected, reductive group over F. Its derived group

18 Gaer- The center ofé 18 Zé, and

~ TP xpZg
T *rec
K
18 a maximal torus ofa which contains T and is defined over F'. Here TP is the maz-

imal torus of Gaer whose E-points are the diagonal matrices in SLop(E) = Gaer(E).

For the self-associate maximal parabolic subgroup P = MIN analogous to P (that
is, defined by the same set of simple roots), we have

—~ MDXFZNG
M= - 1EZ6
K

where MP is the Levi subgroup of Gq., analogous to M. The group M has center
Zmp XF ZNG
M K

Note that since the torus Zg = Zg is cohomologically trivial by Shapiro’s lemma,
the inclusion

Ziiry! Zary = Za(F)/26(F) © Zg/ Z5(F)

is an equality. We have used the fact that if H is a reductive group over a field k,

then Zy(k) = Zu). We will require a simple lemma on tori.
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Lemma 5.2.2.2. Identify all groups with their F-points. Let H be the subtorus
(r,27 Y 27l 2) of GL | and K a finite subgroup of H containing c = (—1,—1, -1, —1).

m’

Choose for each 0 # x € F a square root \/z, so that

T (Vo Va)K

L
Y \/E? \/E?
is a well defined homomorphism of abstract groups G, — H/K, independent of the

choice of \/x for any x. Then this homomorphism is a morphism of varieties.

Proof: Let X (H) be the character lattice of H. We identify H with G,,, = I and
use the fact that H — X (H) defines an antiequivalence of categories between tori
over F and finite rank free abelian groups. The surjection H — H/K corresponds to

an inclusion

X(H/K) — X (H).

As a finite subgroup of F, K is cyclic and generated by some root of unity ¢ of
order d. Since —1 € K, d must be even. If we let x be the basis of X(H) sending
x € F' to itself, then dy is a basis of X(H/K). The map in the statement of the
lemma is then seen to be the unique morphism of varieties corresponding to the group
homomorphism

X(H/K) = X(G,,)

dx = (d/2)x.

0
Now, we are going to construct the required injection o of F™* into Z5;(F)/Zg(F)

as in Section 5 of [Sh02]. Let L = Zyp X Zg. Since

_ xl, —
Iy (F) = { cx e F}

x 1,
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we can identify L(F) with the three dimensional torus (x,z7!,y, z). For the corre-
sponding group K, we then identify K(F) = {(z,z~,z7 !, z) : 2*" = 1}. Then
L(F)

7 (F) = L/K(F) = K@) = {(z,27 Yy, 2)K(F) : z,y,2 € F'}.

Proposition 5.2.2.3. For each x € F", choose once and for all a square root V.
Define a map G, (F) = Z5(F) by

v (Va Va)K(F).

1 1
) \/E? \/E?
Then this is the map on closed points defined by a cocharacter \ of Zng. It satisfies
(B,\) =1 for the unique B € A restricting to o = €,_1 — €5, and (B,\) =0 for B € A

not restricting to c. The composition
Gm — ZIT/[ — ZM/ZG
maps F-rational points to F-rational, and therefore defines an injection

o F* = Z [ Z5(F).

Proof: Note that (—1,—1,—1,—1) € K(F), so by the previous lemma, \ is a well
defined cocharacter. It clearly pairs with the nonrestricted simple roots in the manner
described. We finally have to check that if € F*, then the image of A(x) in Zg(F)
is an F-rational point.

The torus Zg; splits over £, so all its cocharacters are defined over E. The

projection Zy: — Z/Zg is also defined over E. So we just need to check that if

7 € Gal(F/F), and 7|g # 1p, then 7 fixes the image of A(z) modulo Zg(F). First,
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using the fact that 7(\/7) = £y/z, that (=1, —1,—1,—1) € K(F), and that 7 acts on
MP(F) by 7.(z,y) = (7(y) ™", 7(2)7") we get

TA(x) = £(Vz,
= (Vz,

ff
SV

\/—)()
\/—)()

Next, Zg(F) embeds into Z5(F) as (z,y) — (1,1,2,y)K(F). For A(x) modulo
)

7~

a(F) to be an F-rational point, it suffices to show that 7.\(z

is congruent to A(z)

modulo Zg(F). And this is the case, using the element

(1,1, i,m)K(F) € Z5(F)

and the fact that % = ﬁ for any # € F~ and any choice of square root of z. [J

5.2.3 The local coefficient as a partial Bessel integral

In this section, we let 7 be an irreducible, supercuspidal representation of M(F') =
GL,(F) with central character w. We will finally apply Shahidi’s local coefficient
formula to calculate the local coefficient C (s, 7) in a way that the analysis in Chapter
Four can be applied.

Let N be the unipotent radical of the parabolic subgroup opposite to P. We
will need a nice collection of open compact subgroups N, : k € Z of N(F) to work
with. Note that N(F), like N(F), identifies with the space of Hermitian matrices in
Mat,,(E):

N(F) = { . X € Mat,(E), X = X}.



193

We will define a collection of open compact neighborhoods X (k) of the identity in

Mat,,(E) whose union is the entire space:

(wp)™* (wp)™>* (wp)™™"
[
('WF) 3k

Here wp is a uniformizer for F', and (wr) = wpOp. Of course (wr) = wpOg if E/F

is not ramified, and (wr) = whOp if E/F is ramified. Equivalently,
X(ff) = {.I € Matn(E) : (L'Zj e (wF)_H(H—j_l)}.

We let

N,.=A{ ; ]O eEN(F): X € X(r)}.

Then N, is a sequence of open compact subgroups of N(F) whose union is all of

Lemma 5.2.3.1. Fort € F*, oV(t)N.a"(t)"" only depends on |t|r.

We recall that " : F* — Z&(F)/Zg(F) was the injection defined in (5.2.2).
Proof: Let t € F*. Then a"(t) is an element of 21\7[( ) which is only well defined
modulo Zé( ) However, conjugation by «Y(t) is well defined, and coincides with

conjugation by the F-rational point

tl,
I,

so we see that conjugation by «V(t) of an element X of N(F), identified with a
Hermitian matrix, produces the Hermitian matrix ¢t='X, and this only depends on

it . O
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Recall that in (5.2.1), we chose once and for all an extension of each character n of
M(F) to a character 7j of M(F) (Convention 5.2.1.4). Let & be an irreducible, generic
representation of M(F) whose restriction to M(F) contains 7 as a subrepresentation
and whose central character @ extends w (Lemma 5.2.1.2). Then we have an equality

of local coefficients

Cx(3> 7”7) = Cx(sa 1)

where the left hand side is the local coefficient of M inside G, and the right hand
side is the local coefficient of M inside G.

Let us first compute the character @(wow™") (Section 6 of [Sh02]) of F* which is
defined by

Qo™ M) (t) = @Y (t)ig oY (t) i),

This is well defined as a character of F*, even though aV(t) € Z5;(F') is only well
defined modulo Zg(F'). Here wy was defined in Lemma 5.1.3.2.

Lemma 5.2.3.2. Let t € F*. Identifying M(F) = GL,(E), we have
Qe M) (t) = w(tly,).
In particular, @(wew ') does not depend on the choice of character @ extending

Proof: Choose any square root v/t € F of t, and define

1 _ VI, 1
VHK(F) = | , (W’

1
viln

z=(Vt

1 _ _
t, NG VOIK(F) € Z5(F).

Let 2z € ZM(F) be any F-rational representative modulo ZG(F) of @Y(t). The defini-
tion of @(wew™1)(t) is

@ (zorrg 2y Mivg).
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By the definition of aV(t), there exists a ¢ € Zg(F) such that z = zp9. Then
20t L2 Mg = 21y P2 i, with
R (e (L DK(F)
t~1I,

which lies in Zyg(ry and identifies with the matrix ¢7, in the center of GL,(E). O

Let Z° be the isomorphic image of F* under the homomorphism ¥, and let z € Z°.
Let n be an element of the open dense subset W of N(F) defined in Proposition
5.1.4.1, so that the stabilizer Upg,(F') of n under conjugation by Up(F) is trivial.
Write g 'n = mn/n as in Lemma 5.1.3.4.

We can write wy 'ntg = ny for n; € N(F), so that

ny = Xq(xq)n"

for z, € F* and n” in the derived group of U(F). The element z, lies in F', because

the character a = e,, — e, of T is defined over F' (Proposition/Definition 5.1.1.1 (iii)).
Let us compute the matrices m,n’,n of (5.1.3) and the element z, for special

n € N(F). Recall that both N(F) and N(F) identify naturally with the space of

Hermitian matrices with entries in £. And by Lemma 5.1.3.4, Wy 'n € P(F)N(F) if

and only if the Hermitian matrix corresponding to n is invertible.

Lemma 5.2.3.3. Let v’ = diag(1,7),...,7)) be a diagonal matriz with entries in F*.

Let

Then g 'n = mn'n with m € M(F),n’ € N(F),n € N(F), where
(i): If we identify m with a matriz in GL,(E), then m = (—1)" 1 Jr'~L.
(11): If we identify i with a Hermitian matriz, then n = r'~1.

(i1i): The element x, € F* corresponding to n above is —1.
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Here J is as in Lemma 5.1.3.2. Proof: (i) and (ii) are immediate from the Lemma
5.1.3.4. For (iii), we first need to compute n; = 1y, 'fy. We have
R J I, J L, (=)"Jr'tJ
ny =, nuwy = (—1)" =
—J =t I, —J I,
where the lower right entry z,, of (—1)"Ja’~!J is easily seen to be —1. [J

Now let f be a matrix coefficient of 7, and let

W (m) = / Flum)x(w) du = / Flam)x(@) do (5.2.3.1)
U (F) U

where U is the group of upper triangular unipotent matrices in GL,(E). Then W/
lies in the Whittaker model of 7. It is known that f may be chosen so that W/ is
not identically zero (see the proof of Proposition 1.3 of [PaSt08]), so we may choose

f so that W/(e) = 1.
By Lemma 5.2.1.2, W/ extends to a function M(F) — C in the Whittaker model
of 7. Also call this extension W/. Now that we have defined our lengthy notation,

we can state Shahidi’s local coefficient formula for C, (s, 7).

Theorem 5.2.3.4. (Shahidi) Let m be an irreducible, supercuspidal representation of
GL,(FE) with central character w. Letn be a character of E*, identified as a character
of GL,(E) through the determinant. Assume that n is sufficiently ramified that the
conductor of N is greater than that of w. Then there exists an integer k,, depending

on n, such that for all k > Ky,

CX(377T77)_1 — '7(3,W77n,¢)_1 / W77<17;1)|$a|Ensq<S&+p’HM(m)>
ZOUpn (F)\N(F)

am) [ W rupn(a¥ (wo)u e (o) x(u)duds
Um(F)
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up to a constant depending on the normalization of our measures and on the value of
w(=1)""1. Here @, is the characteristic function of N, and v(s,wn™, ) is the local

gamma factor attached to the restriction of the character wn™ to F™*.

We have already identified the quotient space Z°Up(F)\N(F) in (5.1.4) with the
torus R’. Conjugation by Z° coincides with the action of F* given there, and the
measure dn is the measure dr’.

Proof: This is Theorem 6.2 of [Sh02]. For the convenience of the reader, we will
present the proof here. Let V be the underlying space of #. Our element W/ in
the Whittaker model of 7 is a function given by W/ (m) = \(7(m)v), where ) is a
x-Whittaker functional for 7, and v € V satisfies A(v) = 1.

The Shahidi local coefficient C, (s, 7)) = Cy (s, mn) satisfies

Oy (s, M)A (=5, 100(77)) 0 A(s, 7)) = A\ (s, 7)) (5.2.3.1)

where the right and left hand sides are linear functionals on the induced space (s, 77).
We will choose a nice test function to make the right hand side equal to 1.

Let f : N(F) — V be any locally constant and compactly supported function
with the property that

/ X'(n) f(R)dn = v (5.2.3.2)

where x'(n) = x(tg 'niy). This integral can be evaluated by integrating over any N
with « large enough. There is a unique extension of f to a function on P(F)N(F)
which lies in the induced space I(s,77). If we set h = Ry, (f), the right translate of
[ by g, then the Whittaker functional X, (s, 77) is given by

Mo 7)(h) = [ (b n), Nx(m)dn = [ (f(), ) (R)dn.

N(F) N(F)

Since h is supported inside the big cell P(F)ui,N(F), these are absolutely convergent

Lebesgue integrals which vanish outside of a compact set. The reader may notice
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that the character X’ on the right hand side ought to be y(wgny ) after the change
of variables. Our computations are correct up to a constant, however, and we will
have reason to use Y’ as it is. Since g ? is an element in the center of M(F), we may
write h(iy'n) = wn(ig) 2h(ien) and note that y? = (—1)"*'1, € GL,(E), with
wn (1 ?) = w(—1)"*1. Since we are interested in the stability of the local coefficient,
a calculation up to constant is all that is needed.

Notice that with our choice of h, we have

M, @) () = ([ X f(@)dn, X) = (v, 2) =

N(F)

Now we evaluate the left hand side of equation (5.2.3.1) at h. The integrals defining
the Whittaker functionals A, (s, 77) generally do not converge as Lebesgue integrals;
rather, they are principal value integrals which stabilize over large enough open com-

pact subgroups. To be precise, there exists a kg such that for all K > kg,

A=, i (717)) 0 A(s, 77) () = [ (A(s (1), N (7).

The k¢ can be chosen independently of s, and can be enlarged arbitrarily. We can
choose kg large enough so that N, contains the support of the function iy + h(7)

on N(F). Now for Re(s) sufficiently large, the right hand side is equal to
/ / (h(iig *nny ), N X' (71 )dndn, = / / (g 'nn), N (g )dndig
N )

where N(F')" = W is the open dense subset of N(F') as in Proposition 5.1.4.1 (ii). For
n € N(F)', we may write w, 'n = mn'n as in Lemma 5.1.3.4, so that this expression

is equal to

/ / (mn'nny), \Yx' (1) dndn, = /</X/(ﬁl)h(mn’ﬁﬁl)dﬁl,)\>dn.
N(FYy

N N(FY Ny
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Now in the inner integral, we may change variables n; — n~'n;, as long as 7 lies
in N,. Let ¢, be the characteristic function of N,. Since we are assuming that the

support of the function 7i; + h(7i;) is contained in N, we have

/X (ny)h(mn'nn,)dn, = @. (R /X h(mn'ny)dn,

Ny

AR 15 [ S

= %s(ﬁ)X/(ﬁ)ﬁ(m)ﬁ(m)q<55‘+P:Hmf(m)>v_

We have used the fact that h lies in the induced space I(s,717), as well as equation
(5.2.3.3). Right before the statement of Theorem 5.2.3.4, we had defined W/ to be
the element of the Whittaker model of 7 extending the function of the same name on
M(F). Since W/ (m) = A(7(m)v), we may put this together with equation (5.2.3.1)

and say that

Cy (s, mn)” / pw()q P\ () dn.
N(F)

We next expand this integration over its Up(F')-orbits as in (5.1.4). The torus R
in that section identifies with the quotient space Upn(F)\N(F') of N(F)" under the
conjugation action of Up(F'). Let dn be the measure on Up(F)\IN(F) of Proposition
5.1.4.1. Note that if n € N(F)' is replaced by unu™', then n changes to unu™! and

m changes to wo(u)mu~", where wy(u) = gy "utiry. Then

Cus,mn)™ = [ [ (e YW (o w)mu g (ui )
Unm (F)\N(F) Um(F)

gsatPHy (o (u)mu~1)) X (unu™Y)dudn.



200

We can immediately simplify this formula. By compatibility of wg with x (equation
(5.1.3.1)), the Whittaker functional property of W/, and the triviality of 7 and H

on unipotent elements, we can rewrite this as

Csrm) ™ = [ [ i)W mugn(unu ()
Unm (F)\N(F) Um(F)

q<s&+p,HM(m)>X’(ﬁ) dudn.

Now we apply Proposition 5.1.4.2 to further expand this integration over the orbits
of F* = Z%. We recall that the measure on F* given in that proposition is ]t\}f

times the Haar measure on F*. It is easy to see that [t| = ¢ Hu(@” 1) For

1 1

z = aY(t) € Z° note that when n is replaced by znz~!, m changes to wy(z)mz""! and

n changes to znz ™'

/ / / (1o (2)mz YW (o (2)mzu™ ) (wznz ™ u™) x (u)
(F)O\N(F)

ZOUNM (F Z0 Upg(F)

g{$0t P Hia (o (=m0 1 (o5 o= 1) gy ¢ 20 H it D) g* 2 iy,

Since z lies in the center of M(F) modulo Za(F), we can write uznz 'u! = zunu~tz7L

It is easy to see that for all z = o¥(¢),

(v, H (1o (2))) (—v,H )y (2))

q =4q

for all v € aj; ¢, so we will have a cancellation of modulus characters. It follows from

this and Lemma 5.1.3.1 (ii) that

q(sd,HM(wo(z)z_l)> o q<723d,HM(aV(t))> _ |t’;‘ns
We also have that

(o (2)mz" " YW (i (2)mz""u™") = ij(aig(2) 2~ )n(m)W/ (mu™)
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with @7(g(2)271) = wn(t™'1,) by Lemma 5.2.3.2. If z, is the entry of 7 at the
simple root a, then }/(znz~1) = ¥ (t'z,). Taking this all into account, we may write

Cy(s,mn) ! as

[ wnt mltz g e ey ) W )
ZOUpm (F)\N(F) F* Upnm(F)

on(a” (Ounu oY () x (W)t ry) dud't dn.

Change u to u™! and t to t'z,, so that if we let ©(¢) be the double integral

[ wnazzalzeg ey )
ZOUn (F)\N(F)

/ W (mu) (¥ (t o) u ™ nua (tz ")) x (u)dudn

Um(F)

then we will have

Cyls,mn) ™ = [wn(th) U OM .
F*
Let us identify the character n of M(F) = GL,(F) as a character of E* through the
determinant, so that wn(tl,) = wn™(t). It follows from Lemma 5.2.3.1 that ©(¢) only
depends on the absolute value of t. Therefore, we may expand the integral over F™*

as a sum over the annuli of elements of F' of constant absolute value:

Culs,mn) ™ =Y 0h) [ w@lEedt

keZ ordp(t)=k

Let f be the conductor of v, and d the conductor of wn™. Since wn™ is ramified, we

may apply equation (1.1.13.1) from Chapter One, which tells us that all of the terms
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in the sum are zero except for k = —d — f. Up to a constant depending on w(—1)"*!

and our choice of measures, we obtain

C (s, )7t = y(s,wn™, ) LO(wp* ).

Now inside ©(wp?"/), the only dependence on wp?"/ is in the scaling of the charac-
teristic function ¢,. Recalling that our formula holds for all x greater than or equal
to a given kg, we may simply adjust ko to a new constant, say k,, such that the

formula

Cls,m) ™ =A(swn0)™ [ wn(agfeal g
ZOUM (F)\N(F)
n(m) / W (mu) (¥ (zo)u " nua” (x31)) x (u)dudn
Um(F)

holds up to constant for all K > &,. [

5.3 Proof of Theorem 5.1.3.3

Having successfully applied Shahidi’s local coefficient formula to write C (s, )"
as an integral over the torus R = Z°Up(F)\N(F) in Theorem 5.2.3.4, we now
analyze the integrand, which is itself an integral over Up(F'). We will realize this
integrand as a partial Bessel integral, whose asymptotic behavior we investigated in
Chapter Four. We will apply the main theorem of Chapter Four (Theorem 4.4.0.1),
to prove Theorem 5.1.3.3.

The integral over Z°Up(F)\N(F) is informally called a “Mellin transform.”

In (5.3.1), we briefly review some definitions and notation from Chapter Four, and
then we restate Theorem 5.2.3.4 in that notation. In (5.3.2), we complete the proof
of the main theorem of this chapter, Theorem 5.1.3.3.
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5.3.1 Review of partial Bessel integrals

Let G = GL,,(E) = M(F), B and A the usual Borel subgroup and maximal torus
of G, and U the unipotent radical of B. Let A" = {(1,aq,...,a,) € A}, so that A is
the direct product of A" and the center Z of G. If a € A, let a’ be the element of A’
obtained by “stripping off the center” of a (4.1.5), so that a = a'z for z € Z.

Let W(G) be the Weyl group of G. For w € W(G), we keep our Weyl group
representatives w from (5.1.3). Note that our representatives and generic character
of (5.1.3) coincide with those of Chapter Four (4.1.1). For g € G, there is a unique
w € W(G) such that g lies in the Bruhat cell C(w) = BwB. For a locally closed
subset S of G containing Z, define €°(S;w) to be the space of locally constant
functions f : S — C which are compactly supported modulo Z and which satisfy
f(z9) =w(z)f(g) for z € Z and g € G.

Let f € €°(G;w). For example, f could be a matrix coefficient of 7, because 7

is supercuspidal. Define a map W/ : G — C by
Wi(g) = / flzg)x(x) dz
U

where y is the restriction to U = Up(F) of our generic character of U(F). This
integral converges absolutely (Proposition 4.2.2.1), and there exists a choice of f such
that W/ is not identically zero. In fact, there exist matrix coefficients f of 7 so that
W (e) =1 (see the proof of Proposition 1.3 of [PaSt08]).

Now U acts on G on the right by g.u = g 'wig' gu, where wg = w! is the long
element of G. Let U, be the stabilizer of a given g € G under this action, and let ¢
be the characteristic function of an open compact subset of Mat,,(F). We define the

partial Bessel integral Bg(g, f) by

BS(g, f) = [ W ug)e(‘mig!g'u)x(w) du
U, \U
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where ¢ is the element of obtained from g by “stripping off the center” (4.1.5). The
integral converges absolutely, on account of the fact that f is compactly supported
modulo Z, and that for a p-adic field k, the k-points of orbits of unipotent groups

over k acting on affine k-varieties are closed (4.2.2).

We shall now rewrite the formula in Theorem 5.2.3.4. We write that formula again

here, up to a constant:

Cy(s,m) ™" = y(s,wn™, ¥) ™ / wn (V)| 2o | s g oo (m)

ZOUn (F)\N(F)
n(m) / W (mu) (e (zo)u " nua’ (2,1)) x (v)dudn.
Unm(F)

By the results of (5.1.4), we may identify Z°Up(F)\N(F) with the space R of

matrices of the form diag(1,7%,...,7) with ; € F*. The measure din = dr’ is then

el

the measure

n
! 12t—1 g%, ./
dr —H|ri|F dr;
1=2

where d*r} is the usual Haar measure |7‘ZF on R = (F*)"~!. If n € N(F) corresponds

to r’; i.e.

then writing g 'n = mn'n, we have m = (=1)""1Jr'! = (=1)""higr'™, 0 = 'L,

and x, = —1 (Lemma 5.2.4.3). Note that the matrix J of (5.1.3) is equal to wg, the

representative of the long Weyl group element in GL, (FE).

Lemma 5.3.1.1. With n,m,n as above, we have
(i): wn™(z,) = £1

(ZZ) q<sd+p7HM(m)) _ Zﬁ[Q ’r”;(ﬁn).

Proof: (i) is on account of the fact that x, = —1. (ii) follows from Lemma 5.1.3.1.

O
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Now we look at inner integral over Uy (F) = U. Since z, = %1, it does not affect

the scaling of ¢, giving us
e (zo)u nua (2,1) = @ (u ' nu).

If we identify N(F') with the Hermitian matrices in Mat,(F), and Up(F) with the
group U of upper triangular unipotent matrices with entries in F, then v 'nu is
simply

' = g igr’ M.

Writing W/ (mu) = W/ ((=1)" "' lu) = w(=1)""'W/(r'"u), we see that up to a

constant of w(—1)""! = +1, we have

/ W (mu) g, (v nu) x (u)du
Unm(F)

W (irgr' ) o (g (wer’™)u) x (v)du

Il
S

Bg (wgr'™)

where ¢, is the characteristic function of X (k) = N,. Absorbing the constants 41

into the local gamma factor, and combining everything together, we get
C (S 7”7 —1 — /77 /— 1 . l,f) H |r2‘fsfn+2ifld*r£.
i=2

Finally making the change of variables r’ +— 7/~*

lation of Theorem 5.2.3.4:

, we arrive at the following reformu-

Proposition 5.3.1.2. Let 7 be an irreducible, supercuspidal representation of GL,,(E)
with central character w. Let f be a matriz coefficient of m with W/ (e) = 1. Let n be
a character of E*, identified with a character of GL,(FE) through the determinant. If
n 1s sufficiently highly ramified, then there exists an integer k,, depending on n, such

that
C (S 7”7 /,'7 w(;T‘ f H|T |s+n+1 21d* /

=2
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for all k > k,. Here 7y, is an entire function depending only on w and n, not on .

Remark 5.3.1.3. Proposition 4.3 of [CoShTs17] has a similar formula for the sym-
metric square local coefficient in terms of a partial Bessel integral. The proof is along
similar lines to ours. In their formula, they state that the equality holds for all k
sufficiently large and uniformly over all twists n, while we do not have a statement
of a uniform k working over all n. To establish their uniformity, they go into the
proof of Theorem 6.2 of [Sh01] (which we essentially reproved in Theorem 5.2.3.4) to
give a uniform open compact subgroup N, over all n, over which the p-adic Whittaker
functionals can be calculated as principal value integrals.

Howewver, the argument given there is incorrect. In fact, how the requisite open
compact subgroup N, changes as n becomes more highly ramified seems to be a subtle
and interesting question. For one thing, just because the support of h is very small
modulo ﬁ(F), does not mean the requisite N, can be chosen small.

Fortunately, the uniformity of Kk over n is not necessary for the stability, either
for their case or ours.

We may investigate the change in N, with respect to the change in ramified char-

acter n in the future.

5.3.2 Bessel function asympotics

Lin terms of the par-

Proposition 5.3.1.2 expresses the local coefficient C (s, 71)~
tial Bessel integral. Now we can apply the main theorem of Chapter Four to complete
the proof of supercuspidal analytic stability (Theorem 5.1.3.3, or equivalently Propo-
sition 3.2.2.8). We will review the relevant notation and the main result, Theorem
4.0.1, of Chapter Four.

Let M be a standard Levi subgroup of G. For the standard maximal torus A

of G, the product (A N Mger)Zys is an open and finite index subgroup of A. The
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Levi subgroup M is a block diagonal sum of copies of GL,, : 1 < ¢ < ¢, with
ny+---+n; =n. Let

Z;\/[ = { ) ta; € E*}
a’tInt

Here is the main result we proved in Chapter Four. We fix once and for all an auxiliary

function fy € €>°(G;w) with W/o(e) = 1.

Theorem 4.0.1. Let f € €>°(G;w) with W/(e) = 1. Then there exists an integer
Ko, a function fi € €°(G;w), and for each proper standard Levi subgroup M of G a
function fy € €°(G;w), such that the following hold for all k > Ko:

(i): For all a € A,

B (iga, f) = BS (iga, f1) + Y BS (wga, fu)
M

where the sum is over the proper standard Levi subgroups of G.

(ii): The function f, depends only on the auziliary function fo and the central
character w of .

(#ii): For each proper standard Levi subgroup M of G, the function Bg(wGa, )
vanishes for a & (AN Maer)Zyr, and there exists an open compact subgroup Hy of

Zy; such that

Bg (webd ¢, fur) = Bg (webd, fur)

forallb e AN Myey,d € 23, " € H.
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5.3.3 Finishing the proof of supercuspidal analytic stability

Now we prove Theorem 5.3.1.2. Let m; and 7y be two irreducible, supercuspidal
representations of G with the same central character w. Let f! and f? be matrix
coefficients of m; and 7y, respectively, such that W/ (e) = W/ (e) = 1.

For each sufficiently highly ramified character n of E*, identified with a character
of G, Proposition 5.3.1.2 tells us that there exists an integer x,,, depending on 7, such
that

Culovmn)™ =05 [ (7B (i, ) [T o=’
i=2
for j = 1,2 and all K > k,. Note that s, may become arbitrarily large as 7 is taken
ever more ramified.
We apply Theorem 4.0.2 to each of the functions f! and f2. There exist integers
kg, ke, functions f}, f2 € €°>°(G;w), and for each proper standard Levi subgroup M
of G functions f};, f3;, € €>°(G;w) and open compact subgroups Hi,, Hy; of Z},

such that the conditions of Theorem 4.0.2 hold for each. In particular, if we set

ko = max{k}, k2}, then

B (wga, f') = BS (iga, f}) + % BS (vga, fi)

BS (bga, f*) = B (iga, f7) + Y BS (iga, fi;)
M

for all K > kg and all a € A.

Now we compute C,(s,mn) "t — Cy(s,mn) ! as the integral

/77 BG (wer’ f ) — B¢ (wGT/,f2)> H |Ti|s+n+1—2id*r/'

=2
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This holds for all k > k,. If moreover k > kg, then we can write the difference of the

local coeflicients as

/77 wGr fl) BG (w(ﬂ’ fl ) H |7’i|s+n+1_2id*7“/

=2

()Y | n(r’>(B$N (e, f) — B (ier’, £3)) T I+ ar”
M jy i=2
Now the functions f{ and f? depend only on the auxiliary function fy and on the
central character w, not on 7 and m. So f} = fZ, making the first integral zero.

Now we consider the integrals

n

/ n(r")(BS (wer', fiy) — BE (e’ £3,)) [T Iral % (5.3.3.1)
i=2
as M ranges over the proper standard Levi subgroups of GG. For each such M, let
Hy = Hi, N H3,. Keep in mind that as long as k > kg, H works uniformly for all .
Let
Ry = (AN My ) Zyy N R

Zy(F) = Zy N GLy(F)

Since (A N Maer)Zy is open in A, Ry is an open subgroup of R, and Zj,(F) is a
closed subgroup of Ry;. Each function B (wer’, fi;) vanishes for r’ outside Ry, so
we may rewrite (5.3.3.1) as an integral over Rj;, and expand it as a double integral

over Ry /Z5,(F) and Zy,(F):

/ / ¢ Giar's!, fiy) = BS (iar'a', f3))

R]\{/Z

ﬁ |Tz$; |s+n+172id*x/d*7:,

=2
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For each 1’ € Ry /Z4,;(F), and its representative ' € Ry, we may write 7’ = bc for
some b € AN My and ¢ € Zy;. Even though ' has coefficients in F, b and ¢ may

not. Write ¢ = z¢ for z € Zg and ¢ € Zj,. Since
Bgﬁ (war'z’, fi,) = Bgﬁ (wgbzda', fi) = w(z)BgH (wgbdx', fif)

we may write the double integral as
[ wemo [ [t (BS ibe's’, £ly) - BS (iabe's’, 1))
7, (F)

n

H ‘7"/ ‘s+n+172id*7:/.
i

=2

ﬁ |xl ‘s+n+1721d*x/
=2 '

The subgroup Hy N Z},(F) is open and compact inside Z},(F).

Lemma 5.3.3.1. If n is sufficiently highly ramified so that it is nontrivial on Hys N
Zy(F), then the inner integral

D = / U(x’) <Bgﬁ (wcbc’;p/7 f]%/[) — Bgﬂ (U')Gbclx/,f]%/[)) H ’x;|s+n+1_2id*x’

e
z',(F) ¢
1s zero for all k > kyg.

Proof: Let 2" be an element of Hy, N Z},(F) with n(z”) # 1. We change variables

2/ — 2’2", writing D as

n
/i G/, /1o orl G/, /A /oM s+n+1—2¢ g% ./
/ n(z'z )(B%(wgbcx 2", far) — By, (webdz'x ,fM)) H |2 [T ‘d*
e
Zy (F) !
Since Hyr N Z},(F) is compact, the entries x/ of ” are units, so we have |z}| = 1.
Since also

BS (bgbd 2’2", f3,) = BS (webda!, fl;)

for j = 1,2 and all kK > kg, we obtain D = n(z")D, so D =0. O
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The lemma shows that if 7 is sufficiently highly ramified to be nontrivial on all
the subgroups Hy; N Z),(F) over all the proper standard Levi subgroups M of G,
then

Yu($) /77(7“’) (Bgn(w(;r', M= ng(wGr/’ fQ)) H [ 2i g —
Rl

1=2

for all K > max{r,, ko}. This shows that
Cy(s,mn) ™" = Cy(s,mam) ™' =0

for such 7, which gives us C,(s,mn) = C,(s,mn). This completes the proof of
Theorem 5.1.3.3, and therefore the proof of Proposition 3.2.2.8.



REFERENCES



212

REFERENCES

As77  T. Asai, On certain Dirichlet series associated with Hilbert modular forms
and Rankins method, Math. Ann. 226, pp. 81-94, 1977.

BjBr05 A. Bjorner and F. Brenti, Combinatorics of Coxeter Groups, Springer,
2005.

Bo79  A. Borel, Automorphic L-functions, in Automorphic Forms and Automorphic
Representations, Proc. Sympos. Pure Math. 33, II, AMS, Providence, RI, pp. 27-62,
1979.

Bo91  A. Borel, Linear Algebraic Groups, Springer-Verlag, 1991.

BuHe06  C. Bushnell and G. Henniart, The Local Langlands Conjecture for GL(2),
Grundlehren Math. Wiss. 335, Springer, Berlin, 2006.

CoShTs17  J.W. Cogdell, F. Shahidi, and T.-L. Tsai, Local Langlands correspon-
dence for GL(n) and ezterior and symmetric square e-factors, Duke Math. J. Volume
166, Number 11, pp. 2053-2132, 2017.

DeT72 P. Deligne, Les constantes des équations fonctionelles des fonctions L,
Antwerp 11, Lecture Notes in Math, vol. 349, Springer-Verlag, pp. 501-595, 1972.

Go94  D. Goldberg, Some Results on Reducibility for Unitary Groups and Local
Asai L-Functions, J. reine. agnew. Math. 448, pp. 65-95, 1994.

GoHull D. Goldfeld and J. Hundley, Automorphic Representations and L-functions
for the General Linear Group, Volume II, Cambridge University Press, 2011.

HaLaRa86 G. Harder, R.P. Langlands, M. Rapoport, Algebraische Zyklen auf
Hilbert-Blumenthal-Flachen, Jour. fur die Reine und Angew. Math. 366, pp. 53-120,
1986.

HaTa01 M. Harris and R. Taylor, The Geometry and Cohomology of Some Simple
Shimura Varieties, Annals of Mathematics Studies 151, Princeton University Press,
Princeton, 2001.

HeOO  G. Henniart, Une preuve simple des conjectures de Langlands pour GL(n)
sur un corps p-adique, Invent. Math., 139 (2), pp. 439-455, 2000.

Hel0 G. Henniart, Correspondance de Langlands et fonctions L des carrés extérieur
et symétrique, Int. Math. Res. Not. IMRN, no. 4, pp. 633-673, 2010.

KeSh88  D. Keys and F. Shahidi, Artin L-functions and normalization of intertwin-
ing operators, Ann. Sci. Ecole Norm. Sup. (4), 21(1), pp. 67-89, 1988.



213

Kn94  A. Knapp, Local Langlands Correspondence: The Archimedean Case. Pro-
ceedings in Symposia in Pure Mathematics, Volume 55, Part 2, 1994.

Ko03 T. Konno, A note on the Langlands classification and irreducibility of induced
representations of p-adic groups, Kyushu Journal of Mathematics, Volume 57, Issue
2, pp. 383-409, 2003.

Ku94 S. Kudla, The Local Langlands Correspondence: The Non-Archimedean Case,
Proc. of Symp. Pure Math. 55, part 2, pp. 365-391, 1994.

La70  R.P. Langlands, Problems in the theory of automorphic forms, Lecture Notes
in Math. 170, Springer-Verlag, Berlin-Heidelberg-New York, pp. 18-86, 1970.

La7l  R.P. Langlands, Euler Products, Yale University Press, 1971.

La89  R.P. Langlands, On the classification of irreducible representations of real
algebraic groups, Representation Theory and Harmonic Analysis on Semisimple Real
Lie Groups, Math. Surveys Monographs, vol. 31, Amer. Math. Soc., pp. 101-170,
1989.

La97 R.P. Langlands, Representations of Abelian Algebraic Groups, Pacific Journal
of Mathematics, Vol. 181, No. 3, 1997.

LaRaSt93  G. Lauman, M. Rapoport, and U. Stuhler, D-elliptic sheaves and the
Langlands correspondence. Inventiones Mathematicae. 113 (2), pp. 217338, 1993.

PaSt08 V. Paskunas and S. Stevens, On the realization of mazximal simple types
and epsilon factors of pairs, Amer. J. Math. 130, no. 5, pp. 12111261, 2008.

Rel0  D. Renard, Représentations des groupes réductifs p-adiques, Société Mathe-
matique de France, Cours Spécialisés, Livre - Tome 17, 2010.

Rod82 F. Rodier, Représentations de GL(n,k) ou k est un corps p-adique, Séminaire
Bourbaki (1981-1982) exp. 587, Astérisque 92-93, 1982, pp. 201 218, 1982.

Roh94  D. Rohrlich, Elliptic Curves and Weil-Deligne Group, Centre de Recherces
Mathematiques, RM Proceedings and Lecture Notes, Volume 4, 1994.

Scl0  P. Scholze, The Local Langlands Correspondence for GL n over p-adic fields,
Inventiones mathematicae. 192, 2010.

Se6b  J.P. Serre, Lie Algebras and Lie Groups, Springer-Verlag, 1965.

Se91  J.P. Serre, Local Fields, Springer-Verlag, 1991.

Se02  J.P. Serre, Galois Cohomology, Springer-Verlag, 2002.

Sh81  F. Shahidi, On certain L-functions, Amer. J. Math. 103, pp. 297-355, 1981.

Sh85  F. Shahidi, Local coefficients as Artin factors for real groups, Duke Math. J.,
52(4), pp. 973-1007, 1985.

Sh90  F. Shahidi, A proof of Langlands conjecture on Plancherel measures; Com-
plementary series for p-adic groups, Annals of Math. 132, pp. 273330, 1990.



214

Sh02  F. Shahidi, Local Coefficients as Mellin Transforms of Bessel functions, In-
ternational Mathematical Research Notices, No. 39, pp. 2075-2119, 2002.

Sh10 F. Shahidi, Eisenstein Series and Automorphic L-Functions, American Math-
ematical Society, 2010.

Si78  A. Silberger, The Langlands quotient theorem for p-adic groups, Math. Ann.
236, pp. 95-104, 1978.

Sp79  T.A. Springer, Reductive Groups, in Automorphic Forms and Automorphic
Representations, Proc. Sympos. Pure Math. 33, I, AMS, Providence, RI, pp. 3-27,
1979.

Ta79  J. Tate, Number Theoretic Background, in Automorphic Forms and Auto-
morphic Representations, Proc. Sympos. Pure Math. 33, II, AMS, Providence, RI,
pp. 3-26, 1979.

Tad92 M. Tadié, Notes on representations of non-Archimedean SL(n), Pacific J.
Math. Volume 152, Number 2, pp. 375-396, 1992.

Yu09 J.K. Yu, Local Langlands correspondence for tori, Ottawa lectures on admis-
sible representations of p-adic groups, AMS, 2009.

Ze80 A. Zelevinsky, Induced representations of reductive p-adic groups, II, On
irreducible representations of GL(n), Ann. Sci. Ecole Norm. Sup. (4) 13 , no. 2, pp.
165-210. 1980.



VITA



215

VITA

Daniel Shankman was born March 24, 1992 in Northport, Alabama. He grew up
in Memphis, Tennessee, graduating from White Station High School in May 2010.
He received a Bachelor of Science in mathematics from the University of Tennessee,
Knoxville in December 2013, and the next year began graduate studies at Purdue

University.



