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ABSTRACT

Yang, Jing Ph.D., Purdue University, May 2020. The error estimation in finite ele-
ment methods for elliptic equations with low regularity. Major Professor: Professor
Zhigiang Cai .

This dissertation contains two parts: one part is about the error estimate for the
finite element approximation to elliptic PDEs with discontinuous Dirichlet boundary
data, the other is about the error estimate of the DG method for elliptic equations
with low regularity.

Elliptic problems with low regularities arise in many applications, error estimate
for sufficiently smooth solutions have been thoroughly studied but few results have
been obtained for elliptic problems with low regularities. Part I provides an error esti-
mate for finite element approximation to elliptic partial differential equations (PDEs)
with discontinuous Dirichlet boundary data. Solutions of problems of this type are
not in H' and, hence, the standard variational formulation is not valid. To circum-
vent this difficulty, an error estimate of a finite element approximation in the W' (Q)
(0 < r < 2) norm is obtained through a regularization by constructing a continuous
approximation of the Dirichlet boundary data. With discontinuous boundary data,
the variational form is not valid since the solution for the general elliptic equations
is not in H'. By using the W' (1 < r < 2) regularity and constructing continu-
ous approximation to the boundary data, here we present error estimates for general
elliptic equations.

Part II presents a class of DG methods and proves the stability when the solu-
tion belong to H'™ where ¢ < 1/2 could be very small. we derive a non-standard
variational formulation for advection-diffusion-reaction problems. The formulation is

defined in an appropriate function space that permits discontinuity across element
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interfaces and does not require piece wise H*(2), s > 3/2, smoothness. Hence, both
continuous and discontinuous (including Crouzeix-Raviart) finite element spaces may
be used and are conforming with respect to this variational formulation. Then it es-
tablishes the a priori error estimates of these methods when the underlying problem
is not piece wise H?? regular. The constant in the estimate is independent of the
parameters of the underlying problem. FError analysis presented here is new. The
analysis makes use of the discrete coercivity of the bilinear form, an error equation,
and an efficiency bound of the continuous finite element approximation obtained in
the a posteriori error estimation. Finally a new DG method is introduced i to over-
come the difficulty in convergence analysis in the standard DG methods and also

proves the stability.



1. INTRODUCTION

Partial differential equations with low regularity arise in many physical modelling
problems. The low regularity usually comes from the non-smoothness of the mod-
ellings, for example, the non-smoothness of the domain, the non-smoothness of the
boundary data and the non-smoothness of the coefficients. The finite element method
(FEM) is the most widely used method for solving PDE problems of engineering and
mathematical models. In the study of FEM, the error estimate plays an important
role, which is one of the main topics of my Ph.D. research. There are two major types
of error estimates for finite element methods, a priori and a posteriori error estimates.
The main feature of a priori estimates is that they give us the order of convergence of
a given method, that is, they tell us the finite element error ||u — uy|| in some norm
||l is O(h*), where h is the maximum mesh size and X is positive. And in adaptive
mesh refinement, a posteriori error estimates are used to indicate where the error is
large and a mesh refinement is then placed in those elements. The process is repeated
until a satisfactory error tolerance is reached. And the low regularity may lead to the
difficulty in the error analysis.

In this chapter, we briefly introduce some examples of the elliptic problems with
low regularity and some preliminaries for finite element methods. In this thesis, bold-
face letters represent vectors, vector fields, or tensors and light- face letters represent
scalar or scalar valued functions. The letter C with or without subscripts denotes a

generic positive constant, possibly different at different occur- rences.

1.1 PDEs with non-smooth boundary data

The partial differential equations with discontinuous boundary data have arisen

in many physical models. The difficulty of this kind of problems is that when the



boundary data is not continuous, the solution will not belong to H' space, and hence,
does not satisfy the standard variational formulation. Even though finite element
approximations may be defined as usual by choosing a value of either g, (z7) or
g, (™) at discontinuous point x € 99, it is difficult to estimate error bound of finite
element approximation due to lack of error equation. In the following, we introduce

two examples of this kind of problems.

1.1.1 Poisson equations with non-smooth boundary data

In [9], Apel, Nicaise and Pfefferer first studied Poisson equations with L? boundary
data.

Consider the boundary value problem
—Au = f, in Q, u=y, on I :=0Q,

with right hand side f € H'(Q2) and boundary data y € L*(T"). We assume ) €
R? to be a bounded polygonal domain with boundary I". Such problems arise in
optimal control when the Dirichlet boundary control is considered in L?(T") only, see
for example the papers |11}20].

This paper introduces the most popular method to solve this kind of problem,
which is the transposition method. It is based on the use of some integration by

parts and leads to the very weak formulation: Find v € U such that
(U, AU)Q = (U, anv)f‘ - (fa U)Qa Vo eV

with (w,v)q := [, wv denoting the L? (G) scalar product or an appropriate duality
product. The main issue is to find the appropriate trial space U and test space
V. The main drawback of the very weak formulation is the fact that a conforming

discretization of the test space should be made by C'-elements.



1.1.2 Stokes equations with non-smooth Dirichlet boundary data

In [3], it provides strict error estimates for different finite element approximations
of the two-dimensional Stokes lid driven cavity flow.

Consider the two-dimensional Stokes driven cavity problem:

—Au+Vp = f in Q,
Veu = 0 in Q,
u =g on 0f)

where (2 is a bounded polygonal domain, u is the velocity, p is the pressure, f is the
external force and g is the velocity boundary data satisfying |, 509 M =0.
The main approach is to regularize the problem by constructing a continuous

approximation to the discontinuous boundary data.

1.2 PDEs with non-smooth coefficients

PDEs with non-smooth coefficients arise in a lot of modelling problems, such as

molecular electrostatics [25], geophysics [26], ecology [27], astrophysics [28§].

Example 1.2.1 Consider the following interface problem (i.e., the diffusion problem

with discontinuous coefficients):
—V - (a(z)Vu)=f in
with homogeneous Dirichlet boundary conditions
u=0 on 0,

where ) is a bounded polygonal domain in R with d =2 or 3; f € L*(Q) is a given
function; and diffusion coefficient a(x) is positive and piecewise constant with possible

large jumps across subdomain boundaries (interfaces):
ax)=a; >0 nQ; fori=1,..n.

Here, ;1" 1 is a partition of the domain ) with Q; being an open polygonal domain.



In [20], Bernardil and Verfiirth studied the error estimates for this kind of problem
and proved the estimates to be robust with respect to jumps of the coefficients. The
key technique is the using of a modification of Clement’s quasi-interpolation operator
which allows to obtain estimates for the interpolation error which are independent of
the size of the jumps of a. But in the analysis, the Quasi-monotonicity assumption
is needed, which is the following:

Quasi-monotonicity assumption. Assume that any two different subdomains €2;
and €); , which share at least one point, have a connected path passing from €); to
(2; through adjacent subdomains such that the diffusion coefficient a(x) is monotone
along this path.

In [22], Cai, He and Zhang proved the robustness of estimations without QMA by

using the efficiency bound of the a posteriori error estimation.

1.3 Preliminaries

The finite element method (FEM) is the most widely used numerical method
for solving partial differential equations in two or three space variables (i.e., some
boundary value problems). To solve a problem, the FEM subdivides a large system
into smaller, simpler parts that are called finite elements. This is achieved by a
particular space discretization in the space dimensions, which is implemented by the
construction of a mesh of the object: the numerical domain for the solution, which has
a finite number of points. The finite element method formulation of a boundary value
problem finally results in a system of algebraic equations. The method approximates
the unknown function over the domain. The simple equations that model these finite
elements are then assembled into a larger system of equations that models the entire
problem. The FEM then uses variational methods from the calculus of variations to

approximate a solution by minimizing an associated error function.



1.3.1 Sobolev spaces and norms

Let  is a bounded open connected set in R4, k € NU {0} and r € [1, 00]. Define
the Sobelov space W*? is defined by

WE(Q) == {u € L"(Q) : D*u € L"(Q), Vo with |a|< k},

where D%u are the weak derivatives of w.

This space is equipped with the norm

lulliroi= Y IID"ullro).

|la|<k

When r = 2, the Sobolev space W*%2(2) and W*2(9Q) are denoted by H*(2) and
H#(0R2), and the associated inner product are denoted by (-,)sq and (-, ")saq, re-
spectively. (We omit the subscript €2 from the inner product and norm designation
when there is no risk of confusion.)

And the fractional Sobolev norm is defined as follows(see, e.g., [4,6]). For s = m+t

with integer m > 0 and 0 < ¢ < 1, the norm ||-||s,q is defined by:

1/r

D) =~ D)
s, , dxd
e N S e e

|a)=m

for all v € W*7(Q2).

1.3.2 Variational formulations

Suppose that

H is a Hilbert space ,
V' is a closed subspace € H,

a(-,-) is a bounded, coercive bilinear form on V.

In general, a variational formulation is posted as followed:

Given F € V' find u € V such that a(u,v) = F(v),Yv € V.



Example 1.3.1 Let Q € R2? to be a bounded polygonal domain with boundary T .

Consider the boundary value problem
Au=f, inQ u=g, onl.
Define the solution space
H,(Q)={ve H'(Q):v=gonT}

and

H(Q) ={ve HY(Q):v=0o0nT}.

The corresponding variational problem is to find u € H, gl(Q) such that
a(u,v) = F(v), Vv € Hy(Q),

where a(u,v) = (Vu, Vv) and F(v) = (f,v).



2. GENERAL ELLIPTIC PROBLEMS WITH
NON-SMOOTH DIRICHLET BOUNDARY DATA

Let © be a bounded polygonal domain in R? with boundary 0 = I'p, U 'y and
I'pNTx = 0. Assume that I'p and I'y are connected open sets and that two internal
angles at T'p NTy are less than or equal to /2.

Consider the following general elliptic partial differential equation

—aAu+B3-Vu+cu = f in Q,
u = g, on T'p, (2.0.1)
aVu-n = g, on [y,

where f € L?(Q) and g, € H'?(T'y). Let ['p = U I'p, and the Dirichlet boundary
data g, is piecewise H3/% on I'p, i.e., g, € H¥?*(T'p,) for i = 1,2,...,n. It is easy to
check that g, € W'=V/""(I'p) for all 1 < r < 2 not in H'/?(T'p). Assume that there

exists a positive constant py such that
1
pi= —§V'IB+CZP0>0>

which guarantees the coercivity of the bilinear form of the problem.

Problem ((2.0.1)) has the following regularity property [5]:

Theorem 2.0.1 Let Q2 be a conver polygon. Assume that f € W 17(Q), g, €
W=Yrr(Ty) and g, € WY (p) where 1 < r < 2, then problem (2.0.1) has a

unique solution u € W1 (Q) satisfying

lulliro< Cr (£ l-1mot 195 li-1/mrrp gy ll-1mrry) -

where C,. is a positive constant independent of f, g,,, and g, , but may depend on r.



2.1 Smooth approximation of Dirichlet boundary data g,

To regularize problem ({2.0.1)), we introduce a smooth approximation g. € H*?(I'p)
to the Dirichlet boundary data g,. To this end, let

r(t) = (z(t),y(t)), for0<t<1

be a parametrization of I'p. Without loss of generality, assume that the parametrized
curve is oriented counterclockwise.

Let {t;}_, be a partition of interval [0, 1] such that
O=to<t; < - <tp1=1 (2.1.1)
and that r(t) for t; <t <t;,; is a parametrization of I'p, for i =0, 1,---,n. Let
9p(t) = g5 (x(t), y(t)) and  ge(t) = ge(x(t), y(1)),

where g.(t) = g, (t) ont € [0, 1]\U,[t;, t; + €] for a sufficiently small € > 0 such that

ti+2€<ti+1 forizl, cee, M.
On the interval [t;,t;+¢€| fori =1, -+ n, let g.(¢) be the cubic Hermit interpolant
of g, using data: {g,(t; ), g, (t; ), g, (ti+e), g, (ti+e€)}, where g, (t;7) = lim = g, (¢).
t—t;
That is, g.(t) satisfies the following interpolation conditions:
gék)(ti) = gl(jk)(t;) and ggk)(ti +e) = gfjk)(ti +e) for k=0, 1. (2.1.2)

Let ¢x(t) and 9, (t) for k£ = 0, 1 be the basis function of the Hermit cubic polynomial

on interval [0, 1], then
Go(t) = (t—=1)%(2t + 1), wo(t) =t(t 1)
¢1(t) = (=2t +3), and 1 (t) =3t - 1).
On [t;, t; + €], gc(t) has the form of

9(t) = g,(t) o <t;ti)+9D(ti+e)¢1 (t_tZ)

€

t—t;

—l—&g;(ti)wo( - )—l—eg’D(ti—l—e)djl <t_€ti>.




Remark 2.1.1 Since g(t) is in C'(t;, ti+e) fori = 1,2, , ..., n, hence g € H*(T'p).
It is easy to see that on (t;,t; + €), there exist positive constants cq, ¢1, and ¢y inde-

pendent of € such that
g9e(t) <o, gi(t) <€t and  gl(t) < cpe

To derive the error estimates in Sobolev norms, the following inequalities will be

needed.

Lemma 2.1.2 For anyr € (1,2) and t; € [0,1], i = 1, ..., n defined in (2.1.1)), we

have the following estimates:

ti ti+e _ tz r
/ / =t drdy < Ine (2.1.3)
0 t; |l‘ - y|7”
ite t; _ T
/ / it e o) iy < et (2.1.4)
tit+e Jt; |£E - y|T

Moreover, if 0 < e < 1/2, then

t; ti+e (.flj _ t)2
= dady < €2/2. 2.1.5
/0 / — / (2.1.5)

Proof It suffices to prove (2.1.3]) since (2.1.4]) can be shown in a similar fashion. To

this end, a direct integration gives

tz—‘re _ +e (.CC _ t')l_T _ ZL’I_T
]—/ / ddy—/ x—t;)" . dz. 2.1.6
o= y| LT (210

Let h(z,r) = (x — ;)" , since h(z,1) = 0, there exists a £ € (1, r) such that
h(x,r) B h(x,r) —h(z,1)  Oh
r—1 r—1 B E(L )

= o'z — (¢ — ) " In(e — ;) < —(z — ;)" " ln(z — ),

which, together with (2.1.6)), gives

tit+e 1 ) 1 ) .
I <— (m—ti)ln(x—ti)dxzée §—lne <€’ lne
t;

It follows from a direct integration and Tayler expansion of the function In(1 + z)
at x = 0 that
i - )? 2 2 2 € 2
mdxdy =tie—t;In(t; +¢€) +t; In(t;) = tie — ¢ In(1 + t_) <€/2,
which implies (2.1.5)). This completes the proof of the lemma. [ |



10

With Lemma we are ready to estimate approximation property of g. and its

upper bounds.

Theorem 2.1.3 Let g, and g. be the discontinuous Dirichlet boundary data and its
continuous approximation as previously defined, respectively. Then for any 1 <r < 2

and 1/2 < a < 1, the following estimates hold:

||gD—g€||71“*%,r,FD ,S 62_Tlne_1,

and Hg€’|%/2+a,FD < e ne’!

Here and thereafter, we use the symbol < for less than or equal to up to a constant

independent of € and r .

Proof Let

gD — Ge, t e U?:l(tivti_l_e)a
09 =3gp — ge =
0, otherwise.

From the definition of the fractional Sobolev norm, it follows that

18915y,

ST R
v rp Jrp |z —y|"

— Z/ log|” d:r+22/t]+6/t +6|5g ) =99y Wd:vdy

Pl |z —y|"

z+€ 5
(/ / !g(ﬂdd
P 0.\Un [titite] [T — Yl

1T+ 11+ 11,.

Let M = max{max max|dg|, max max|¢’ |, maxmax|g,|}, by the triangle inequality,
i Ip, i Ip, P i Ip,
we have that

IT <nM"e <e.
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To bound I, it follows from the triangle inequality, the definition of dg, and
Remark that for ¢ = j,

16g(z) — 09(y)|< 19, (@) — g, (W) +]ge(2) — 9e(W)|S |2 — y|+e o — yl.
For i # j, it implies that |x — y|> € and
16g(x) — dg(y)|" < [6g(x) — dg(ts)|"+[dg(y) — dg(t;)|"
S e =t re My — "

Y

Together with Lemma we have that

ti+e ptite
1 < / / [09(x rx—ég( DI,

+ZZ/ /”fwg )=o)

par i lz —y|"

Z/ / |a7—y| S ] Ry

+ZZ/t1+€/ —r’x tz’”"yr— tj"rda?d’y

= |z — 9

A

S e te" - Elnet < ne!
Arguing in a similar way, for y € [t;, t; + €], it follows that

10g()|"< |0g(y) — dg(ta)|"S e "y — til"

Together with Lemma [2.1.2] it implies that

tit+e _
]IngZ/ / ly =l —2 " dedy < ¢ "Ine?
[0,1]\[£,ti+e]

II —yl"
Combining 11, I'l;, and I, implies that

181,y S & e,

which completes the proof of the first inequality.
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To prove the second inequality, since g, € H*?(I'p,), the embedding theorem im-
plies that g, € HY?**(T'p,). With g. = g, — dg, it suffices to estimate 10gell1/2+a,rp-
To this end, it follows from the fractional Sobelov norm and the construction of dg

that

||59H§/2+a,1“p

54/ (2) — 89 ()
= |d dzdy.
R s e e

tjt+e ptite 59 _591 2
E:/ (18g1%+1dg'1 +§:§:/ / ‘|$_MQ)MM@

7j=1 =1

n ti+e 5d' 2
2y | [
— Joanu ftird Ju 12—l

It follows from Remark 2.1.11 and Lemma 2.1.2] that

S [ (st ) S 5

IN

Arguing as before, consider the integral over x € [t;,t; + €| and y € [t;,t; +¢]. For
1 = j, it follows from the triangle inequality, the definition of dg and Remark
that

09 () — 6¢'(y)P< |9 () — ¢., () P+l (x) — gL(y)]PS M + e Ho — y|*.
And for ¢ # j, it implies that

0g'(z) — 6g'(y)|> < 104 (x) — 69/ (t:) — 09 (y) + 04 (¢;)]?

< e to — Pty — P+ M2
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Together with Lemma [2.1.2] it implies that

ti+e ti+e |5g _(Sg/( )|2
Sy [ [ e,

7=1 =1
ti+e ti+e tj+e ‘i[) t ‘2
L S
i=1 j#i
ti+e _4 ‘y tj+e
-I—ZZ/ / dxd +ZZ/ / Padwdy
=1 j#i i=1 j#i

< et et @lne L e < e e
Similarly, it can be proved that
n ti+e 5 / T 2
Z/ / %dxdy <e et
=1 70, 1\U [ti,ti+e] |z =y
Combining all the parts gives that

||59H1/2+ar,3< e **Ine! )

which, in turn, proves the result. [ |

2.2 A priori error estimate

With the continuous approximation g. of the Dirichlet data g, , consider the fol-

lowing regularized problem:

—aAu.+ 3 -Vuc+cu. = f in Q,
Ue = Ge on I'p, (2.2.1)
aVu.-n = g, on I'y,

Let H'(Q) = W12(Q) and let
H, p(Q):={veH(Q) :v=g.onTp} and Hp(Q) := Hy ().

The corresponding variational formulation of the problem in (2.2.1)) is to find u. €
H, p(Q) such that
a(ue,v) = f(v), Vove H)pQ), (2.2.2)
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where the bilinear and linear forms are defined by
a(ue, v) = (aVue, Vo) + (B - Vue, v) + (cue,v) and f(v) = (f,0) + (gy, vy,

respectively.

To discretize problem (2.2.2)), let 7, = {K} be a finite element triangulation of
the domain 2. Denote by hy the diameter of the element K and let h = maxge7, hi.
For each element K € Tj, let P.(K) be the space of polynomials of degree less than
or equal to k.

Denote the continuous linear finite element space associated with the triangulation
by
Vi, = {U € Hl(Q) : U’KE Pl(K) VK € 7-}

Let g. be the linear interpolation of g, and let
Vig. ={veVi:v=¢g onTp} and Vo= V,NHHQ).
Then the finite element approximation is to find u. , € V} 4, such that
a(te, n,vn) = fop), Yup € Vi (2.2.3)

The following theorem gives the detailed error estimates.

Theorem 2.2.1 Let u, u., and uc , be the solutions of (2.0.1), (2.2.1)), and (2.2.3),

respectively. Assume that u, € H'T*(Q) for 1/2 < a < 1, then for 1 < r < 2 and

e = O(h), the following error estimate holds:
|lu — e nllo—2/mo S R T2 n pt

Proof Let I}, be the nodal interpolation operator from H*(2) (s > 1) into V},. Then

by the triangle inequality, the embedding theorem and Theorem [2.0.1, we have
||U - Ue,h||2—2/r7Q
S HU - u6H272/7‘,Q+“u6 - [hu€H2f2/r,Q+H[hue - ue,hH272/r,Q

§ HU - ueHl,r,Q—i_Hue - Ihue||2—2/7‘,Q+HIhue - ue,h||2—2/r,Q

5 CT’”gD - ge||l—l/r,r,FD+||us - Ihue||2—2/r,Q+||]hue — Ue, h |2—2/T‘,Q'
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It follows from the approximation property of I, (see, e.g., [1]), the inverse in-

equality and the fact that u, is in H'**(Q) that

Hue - [hue“2—2/r,Q ,S

S
and that

H[hue - ue,hHZfQ/r,Q 5

AN YA

AN

hQ/TﬂlilHueHlﬁx,Q

p2/rta—l (||g€||a+1/2,rp+||91v ||oc—1/27FN+||fHa_1’Q)

hQ/T_QHIhue - ue,h”O,Q
h2/T?2(HIhU/E - ue”O,Q+||ue - ue,h”(],Q)

hZ/r—Q(hH—a + hZa) ||u€|| a0

W22 (|l gellyorarn gy la-/zry HIfla-10)

Finally for ¢ = O(h) and 1/2 < a < 1, it follows from Theorem that

||U - ue,h||2—2/r,ﬂ

S
S

S

C””gD o ge||1—%7T7FD+h2/T+2a_2”ge||1/2+oz,I‘D
CT (62—r In 6—1)1/7“ + h2/r+2a—2 (6—204 In 6) 1/2
Coh* bt 4 R I

h2/7‘+a—2 In h—l )

This completes the proof of the theorem. [ |

Remark 2.2.2 The order of the error estimate in Theorem [2.2.1| is not optimal when

a < 1 due to the use of the triangle inequality and the L* norm estimate of the finite

element approzimation of u. € H'T*(Q),

e — e nllo.0S B2 ||l 1o,

in the estimate of the difference between the interpolation and the finite element ap-

proximation of uc, || Inue — te nll2—2/rq. In general, the quantity Inue — ue p should be

much smaller than the quantity u. — e p. For example, the former is equal to zero
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for the Poisson equation in one dimension, and one has (see, e.g., [7]) the following
ETPANSION:

e — ucp, = C(z) h* + o(h?)

for smooth u. and for two dimensions. With the assumption

| Thte — e nllooS BT uc] 1o,

the estimate in Theorem may be improved to be the order of h*"™'Inh~!.

2.3 Numerical results

In this section, we report numerical results of solving the elliptic problems with
discontinuous Dirichlet boundary condition. Let @ = (0, 1)? be the unit square,

consider the following problems

—Au+u=1, in{

)

with the discontinuous boundary conditions:

u(z, 1)=1, x€]0,1]
either II; :

u(z,y) =0, (z,y) € 9Q\[0, 1] x {1}

u(z, 1) =1, x€(0,1)
or HQ .

wz,y) =0 (x,y) €0\ (0,1)x{1}.

The domain 2 is partitioned by a uniform triangulation with triangle elements.
Continuous linear finite elements are used for all numerical experiments. Numerical
solutions with boundary conditions II; and II; are respectively depicted in Figures|2.1
and 2.2 with 225 degrees of freedom and in Figures [2.3] and 2.4 with 16129 degrees of

freedom.
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Discrete P1 Solution
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Discrete P1 Solution
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Nr of degrees of freedom: 225

Figure 2.2. I,

Discrete P1 Solution
—

0.6

0.4

B 0.2

Nr of degrees of freedom: 16129

Figure 2.4. I,

Since those two boundary conditions differs only at two points (0, 1) and (1, 1), the

H' norm of the difference of two solutions with the boundary conditions II; and I,

on the domain ) excluding three elements with nodes (0,1) and (1,1) is depicted in

Figure 2.5 It shows that two solutions corresponding to the two boundary conditions

are super close.
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3. DISCONTINUOUS GALERKIN METHODS

Discontinuous Galerkin methods (DG methods) are a class of numerical methods
for solving partial differential equations. They combine the features of the finite
element and the finite volume framework and have been successfully applied to hy-
perbolic, elliptic, parabolic and mixed form problems arising from a wide range of
applications. DG methods have in particular received considerable interest for prob-
lems with a dominant first-order part, e.g. in electrodynamics, fluid mechanics and
plasma physics.

Discontinuous Galerkin methods were first proposed and analyzed in the early
1970s as a technique to numerically solve partial differential equations. In 1973 Reed
and Hill introduced a DG method to solve the hyperbolic neutron transport equation.
Recently, Ayuso and Marini in [12] and Ern, Stephansen, and Zunino in [13] studied
discontinuous Galerkin (DG) finite element methods for advection-diffusion-reaction
problems. Optimal a priori error estimates in suitable norms were established pro-
vided that the exact solution is at least in H3/>*¢, for any € > 0. For comments and
remarks on various DG methods studied by researchers, we refer readers to [12,/13]

and references therein.

3.1 Notations

Throughout the paper, we will use the standard notations for the norms and
seminorms in Sobolev Space. For a domain €2, denote the Sobolev space by W*"(Q2)
equipped with the standard Sobolev norm ||-||s,.q and seminorm |-|5,q, where s is a
real number and 1 <7 < co. When r = 2, W*2(Q) is a Hilbert space and is denoted

by H*(2) with the norm ||-||; o and seminorm |-|sq. (We omit the subscript © from
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the inner product and norm designation when there is no risk of confusion.) To keep

the homogeneity of dimensions, on a domain €2 with diameter L we define

k
[vllf o= L*l2q for ve H*Q), k>0 (3.1.1)
s=0
and
k
[Wllksoni= Y L|vlscq for veWh>(Q), k> 0. (3.1.2)
s=0

3.2 Jumps and Averages

Let 7, = {K} be a finite element triangulation of the domain €. Let hx be the
diameter of the element K € 7T}, and h = maxge7;, hix. Assume that the triangulation
Ty is regular and also the interfaces F' = {0Q; N0, : i,j = 1, ..., n} do not cut
through any element K € 7Tj,.

Let £k be the set of three edges of element K € 7T;,. Denote the set of all edges of
the triangulation 7, by

E=E UE UE,,

where &, is the set of all interior element edges, and £, and &, are the sets of all

boundary edges belonging to the respective I'p and I'y. And define
gpi =£&N Fi.

For each e € &, let h. be the length of the edge e and n. be a unit normal vector
to e. For each interior edge e € &/, choose n, such that 8-n. > 0 and let K and K
be the two elements sharing the common edge e such that the unit outward normal
vector of K coincides with n.. When e € &p+, n. is the unit outward normal vector
and denote the element by KF. For any e € £, denote by v|; and v|T, respectively,
the traces of a function v over e.

Define jumps over edges by
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(
vl —v|f ee&y,
[[U]]e = U|; ee€ér-,
v|F e € &+
\

Let w and w, be weights defined on e satisfying
wi(z)+w, (z) =1, (3.2.1)

and define the following weighted averages by

wy v, +wivl e €&y, who, +w; vl e €&y,
{v(@)}o=q 0l e € &, and {v() }'={ v[} e € &,
v|F e € &r+, vl e € &p+

for all e € €. Denote by {v(x)}. the weighted average of v with w} = w; = 3.
When there is no ambiguity, the subscript or superscript e in the designation of the
jump and the weighted averages will be dropped. A simple calculation leads to the

following identity:

[uv]e = {v}¢ [ule + {u}s, [V].. (3.2.2)
Let e be the interface of elements K and K, i.e., e = 0K} N 0K, and denote

by af and o the diffusion coefficients on K and K, respectively. Denote by
We = {a};,

the weighted average of o on edge e. For boundary edges, set

w, =1, W.=k_

e

if ecl” and w/ =1, W.=k if ecI™ .

e = e
In this paper, in order to guarantee the robust convergence, we take harmonic
q:

ad
ag +ad

weights w® = . Let demin = min{a[, a. } and e max = max{a, a_ }, thus



e

+
200 o

=——
al + o

and Qe min S We S 2O‘e,min-

22

(3.2.3)
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4. ADVECTION-DIFFUSION-REACTION PROBLEMS
WITH NON-SMOOTH COEFFICIENTS

Let Q be a bounded polygonal domain in R? with boundary 9Q = I'p UTy and
IpNTy =0 and let n = (ny1, no) be the outward unit vector normal to the boundary.
Let B = (B, B2)t € Wh=(Q2)2 be the velocity vector field defined on Q. Define inflow
and outflow boundaries of 02 by

I"={red:B(z) n(x)<0} and T"={redQ:B(z) n(x)>0
respectively, and let
I5=rpNT* and T'i=IyNT*

Consider the following advection-diffusion-reaction problem with discontinuous

diffusion coefficients:
— V- (a(z)Vu—Pu)+~vyu=f inQ (4.0.1)
with boundary conditions
u=g, onlp and n- </8“XF;V —aV u> =g, only, (4.0.2)

where f € L2(Q), g, € H/*(T'p), and g, € H /?(T'y) are given functions; Xrs, 18
the characteristic function of the set I'y; and the diffusion coefficient a(x) is non-
negative and piecewise constant on polygonal subdomains of €2 with possible large

jumps across subdomain boundaries (interfaces):
az)=a; >0 in Q; for i=1, .., n.

Here, {€;}, is a partition of the domain 2 with €; being an open polygonal domain.
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For the stability and error analysis, the assumptions on the coefficients introduced
in [12,124] are adopted in this paper:

(1) There exists a constant py > 0 such that
1 .
ple) =5V -B+7=py=0, in; (4.0.3)

(2) The advection field has no closed curves and stationary points. This implies that

there exists a n € W>(Q) such that

8-V > oy = 2Bl o

7 : (4.0.4)

(3) There exists a constant cg > 0 such that
1B(2)|= csllBlliccn, in (4.0.5)

(4) There exists a constant ¢, > 0 such that
210,00 < c,,(m}én p(x) +by), VK €T, (4.0.6)

where T, = {K} is a given shape-regular triangulation of .

Remark 4.0.1 Assumption (5.3a) guarantees the stability of the advection-reaction
part. Also, the following useful inequality is deduced from (3.1.2)) and (4.0.5)) :

3 < el ot 4.0.7
’ ‘1,00,9— [ = s [ cs ( )

4.1 Variational formulations

Following |21], we derive a variational formulation of problem - held
for piecewise smooth test functions. The key of this derivation is the introduction of a
proper solution space in which integrals over inter-edges are well-defined. Moreover,
the proper solution space is crucial for a priori error estimates of the underlying
problem with low regularity.

Let u be the solution of problem - , then it is well known from the

regularity estimate [14] that u is in H'#(Q2) for some positive s which could be very
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small. Since f € L?(Q), it is then easy to see that divergences of the diffusion and

advection fluxes, aVu and Bu, are square integrable, i.e.,

aVu, uB € H(div;Q) = {r € L*(Q)?* : V-7 € L*(Q)}. (4.1.1)

Consider the following solution space

VI(Te) = {v € H'(Th) = V- (aVv) € I*(K), VK € T}

for 0 < e < 1, where H*(7},) is the broken Sobolev space of degree s > 0 with

respect to Tp:
H(Ty) = {v e L*Q) :v|g€ HY(K), VK € T,}.
Denote the discrete gradient and divergence operators by
(Viv)lk=V(vlg) and (Vy-7)|xk=V"(7]|k),

for all K € T, respectively.
Multiplying equation (4.0.1)) by a test function v € VT¢(T},), integrating by parts,
and using boundary conditions (4.0.2), we have the following :

(f,v) = (aVyu,Vyv) — Z /[[aVu-nev]]—l—Z gy

ecEUED ecEn €
+ (u, =B - Vv +v) + Z /[[Beuv]] + Z /Beg[,v,
e€EUELy ¥ ¢ e€Ep_ v °

where Ep- = Ep NI~ and [, = B n.. Note that the Dirichlet boundary condition is
used on the inflow boundary. By (4.1.1)), it is easy to see that the normal components

of the diffusion and advection fluxes are continuous across the internal edges. Then

for any e € & and v € VIT(T,),

/e[[aVu ‘nJ{v}*ds =0 and /e[[u,B ‘nJ{v}"ds = 0.
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By identity (3.2.2)) and the Dirichlet boundary condition in (4.0.2), we have that for
all v € VIT(Tp),

(aVpu, Vo) + (u, =B - Vyv +yv) — Z {aVu-n.},[v]

eeEUED €

b3 [kl =0 -Y [o0-3 [ag0 @12

e€EUELL € ecl'y ¥ ¢ ee€p- "€

Since the derivation does not make use of the continuity of the solution, one needs
to impose such a continuity in order to achieve stability. To do so, it is natural and
well-known to stabilize the diffusion and the advection operators by adding proper
jump terms of the solution. Following the idea of [13] (also see [21]), we stabilize the

diffusion operator by adding the following equation :

Z v, ho ' Weu][v] ds :Z %hG_IWe/ Jvds, Yv € VIT(T,). (4.1.3)

ecEUED € ec€p
Since the diffusion operator is self-adjoint, it is then natural to symmetrize the

diffusion part by adding the following equation:

05 / {aVo - nbu[ulds = 05 / 0. (aVv-m.)ds, Yo e VI (T)  (41.4)

ecE UED’ € ecEp’ ©
with ¢ = {-1,0,1}. Both and follow from the continuity of u €
H'5(Q)) and the Dirichlet boundary condition. When 6 = 1, plays a role
of stabilization and, hence, is not needed. For the advection-reaction term,

introduce the following general upwind average:
{Beuts, = Bbou™ + Belfut,  where £ + &5 =1 and £ > 1/2, (4.1.5)

which is more general than that in [12] since £ could be negative. When & = 1,
(4.1.5) is the classic upwind. As pointed out in [23], the jump-stabilization is more
general than the classic upwind. But it is easy to see that the jump-stabilization is

equivalent to (4.1.5)).
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Now, define bilinear forms for u,v € V1*<(T,) by

aqo(u,v) = (aVyu, Vyv)+60 Z {aVv - n.},[u] ds (4.1.6)

ecEUED €
-y / {aVun o [olds+ > / v, h "W u][v] ds
ecEUED € ecEUED €

for 0 € {—1, 0, 1} and
ac(u,v) = (u, =B - Vv + yv) +Z/{Beu}up[[v]] ds + Z /ﬁeuv ds. (4.1.7)
e€ly € €€5F+ €
Define the linear form for v € V!™¢(T;,) by

fov) = (f,v)+ Z %he_IWe/gDUdS-I— Z gyvds

eeEp eeEN €

03 [0,(:90n)ds— 30 [(8-nag,vds

ecEp V€ e€En—

The weak solution of (4.0.1) - (4.0.2)) satisfies the following variational problem:
find u € VI*¢(T,) such that

ag(u, v) = aqe(u, v) + ac(u, v) = fo(v), Yo € V*(T,). (4.1.8)

4.2 Discontinuous finite element approximation

Let Py(K) be the space of polynomials of degree at most k on element K € Tp,.

Denote the discontinuous finite element space associated with the triangulation 7, by
U ={v e L*(Q) : v|ge P(K), VK € T,}.

Discontinuous Galerkin (DG) finite element method is to find u, € UF € VIT<(T;)
such that
ag(up, v) = fo(v), Yo eUyf. (4.2.1)

The method corresponding to # = —1 and the classic upwind was introduced

and analyzed recently in [13] for different boundary conditions. When «a(z) = e,
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the methods corresponding to # = 0, 1 and the classic upwind reproduce the first
two methods in [12]; the third (introduced in [17]) and fourth methods in [12] are
corresponding to (4.2.1)) with the respective classic and general upwind averages for
both the diffusion and advection terms. A prior: error bounds for DG methods had
been established by various researchers (see [12,/13] and references therein) provided
that the solution is at least piecewise H3/?*¢ smooth and that 7, 1s large enough.

In the remainder of this section, we prove the stability that implies the well-
posedness of . To this end, for any v € UJ, define the DG norms for the

diffusion and advection-reaction parts by

Iollz == N> Vavll§ o +llvl? (4.2.2)
with
ol = Y A Welllollls.
eeETUED
and
o2 == 1B+ bo)*0llg o+ > _llct*[v]IG, (4.2.3)

eef

respectively, where by = ||3]|o.co/L, P is a piece wise constant function defined as

P () = min pg(z) = min (%V B+ 7) , VK €T, (5.3a)
K

zeK

and

(5;_%) 667 01'166517

Ce = 4 30, on e € &+, (5.3b)

—%ﬁe, one € &p-.

The DG norm is defined as

1/2
= (llolz+lvl?) (4.2.4)

o1l e



29

4.3 Stability

To prove the stability, we introduce the two useful lemmas as following.

Lemma 4.3.1 For anyu € UF and v € VI*Y<(T},), there exists a positive constant Cy,
depending only on the degree of the polynomial and the triangulation, such that
> [ [taViu- nbulbl|ds < Gl *uloalol, (431)
ecE1UED €

and

{au}uvl|ds < Cylla*Pullogllv]l;- (4.3.2)

>/

ecE1UED

Proof It follows from the definition of W, and the harmonic averages that
2
wy (/o < nge, where w = —,+.
Together with the inverse and the Cauchy-Schwarz inequalities, it gives that

Z /‘{aVu-ne}w[[vﬂ‘ds = Z /‘(w:a:Vu-nj—i—weaeVu.ne)[[v]] ds

ecElUEL € ecEUED” €
< ey bW [o]lloy et Vo ke
ecE1UED w=+,—

< Cilla"*Vullogllvl;,

where C7 may depend on the polynomial degree k and the triangulation 7, is inde-
pendent of o and h.

In a similar way, we obtain that

2 / {oululolfds = 3 / (i afut +w; o u)[o]|ds

ecEUED’ € ecEUER’ €
< oy bW [0]llo Jlat ulo ke
ec€1UED w==+,—

< Golla'ulloglloll;,

Where Cy may depend on the triangulation 7;, and the polynomial degree k. Let
C, = max{Cy, Cy} and this completes the proof of the lemma. [ |
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Lemma 4.3.2 For any function v € U, there exists a positive constant C,, depend-

ing on the minimum angel of the triangulation Ty, of 2, such that

1/2
lavllon< CpL ([l >V aoll§ o +HvllZ) (4.3.3)

where L is the diameter of the domain €.

Proof For any piece wise H! function v, the following Poincaré-Friedrichs inequality

is proved in [16]:

1/2
[v]loe< CL (HthH%,sfr > helll[[v]]llﬁ,e> (4.34)

e€eEUED

where C' is a positive constant depending on the minimum angle of the triangulation
Ty, of €.
Since the diffusion coefficient « is piece wise constant, (4.3.4) implies that

1/2
o' *vlloa< CL (Hamvhvuam 2. hJH[[a”%]Hlé,e) :

e€&1UED
for any v € UF.
To show the validity of , it suffices to prove that
Y bM< C (o 2V nolis o+ lolF) (4.3.5)
ec&1UED
for any v € UF.
To this end, let e min = . < of. It follows from the trace inequality and

e

that for each e € £, U Ep,
I3, = IVazv™ = Vaio* |3,
= IIVaz (" =v")+(Va; —ai v,
< 2 (ool e+ Vaz oI, )

< O (WelllollI3 iy IVaVioll s ) -

Multiplying by A ! and summing up over e € £ U Ep imply (4.3.5). This completes

the proof of the lemma. [ |
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To establish the stability of the bilinear form ay(-,-) in the DG norm, we follow
the idea in [12]. To this end, introduce the weight function

p=e"T+K:=x+K, (4.3.6)

where 7 is defined in and K is a positive constant.
Since n € Wl’OO(Q), there exist positive constants i, x2, and x3 such that

X1 <x<x2 and [[Vx[[e< xs. (4.3.7)
Choose the constant IC such that
x1+K>6(1+C,)C,Lys and 2(x;+K) > x2 + K. (4.3.8)
with Cy and C,, defined in Lemma and Lemma [4.3.2] respectively.

Lemma 4.3.3 Let aqg(-,-) and a.(-,-) be the bilinear forms defined in and
, respectively, with e > vo > max{9C?,1}. For any v, € Uy, the following
inequalities hold:

x1+ K

.9 (Vn; PVR) = loallz,  ac(on, ovn) > xallonllz (4.3.9)

and
levnllpa< V5(x1 + K)llonllpe (4.3.10)
Proof By the definition of the bilinear form a4 and the continuity of ¢, we have
ad,e(vm SOUh)

= (aVuon, ¢Vivn) + (@Vion, Vo) +60 Y [(Ve - no){avs}uoa]

eeEUED €

+(0—1) Z /go{aVvh e bow[vn] Z /79 61Wegp vh

ecEUED ecEUED

It follows from the Cauchy-Schwarz inequality, (4.3.7)), and Lemma|4.3.1{and [4.3.2|
that

1/2

(@Viavn, V) < xslla?Vivnlloalla?olloe< XsCpLllvn i3,
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and that

> [(Ve-no{avitulon] < xsCylla'Pvnlloallonlla< xsCoCpLllonll3

eeEUED €

By Lemma [4.3.1] (4.3.8), and the assumption that vy > 9 > max{9C?, 1}, we
g9

have

Y [ elaVunduln] < (e + )Gl Viulloallval,

ecE1UED €

(x1 +K)

<
- 3

(2 vnll3 o +0llvnl2) -

For § € {—1,0,1}, combining the above equality and inequalities gives that

ago(vn,pvn) = (xa+K) (la'*Viul[§ o +0llvnll}) — xsCpLllonlly

2(x1 +K)
—X3OgOpL|||Uh”|?z——3 (||O‘1/2vhvh||8,ﬂ+'70HUhH?)
X1+ K
> (M5F - aranG) nk:
x1+ K
> lonll3-

6

The last inequality used (4.3.8]). And this proves the first inequality in (4.3.9)).
For the advection-reaction part, it follows from the identity that v, Vv, = %Vh(v}%),

integration by parts, and the continuity of ¢ and 3 that
1
=8 Valem) = = [ oB-VuleD) - [ (8- Vond
Q Q

= %/Qviv-(wﬂ)—% Z/@vaiﬁ'n—/g(ﬁ'vwvi

KeTy

= %/ﬂ(v.ﬂ)wi— %/Q(ﬂ-vw)vi — %Z Beplvr]-

ecE V€
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With the definition of ¢, in (5.3b]), a simple computation gives that

53 [Bebil+ X [Badulenl+ T [ s

ec& € ecr € 668F+
1 I _ 1 o 1 2
= _52 eﬁeﬁp(vh + vy, ) [vn] D) Z eﬁewvh""é Z eﬂesmjh
ecér EESF_ €€£F+

+ > [ Bepl&lof + & vp)lonl = D [ ceplon]®

ecEr V€ ecE V€

Combining these two identities gives that

ac(vn, pvn) = (Um—ﬁ'vh(SOUh)Jr%Ovh)JrZ/{ﬁevh}up[[Wh]]Jr Z/ﬁesﬁvi

ec&r Ve ecEpL®

= [G+5V-Bei—; [B-Toni+ Y [avlul?

ecE V€

From (4.0.4) and (4.3.7)), we have
—ﬁ . VSD = (,8 : V?’])@in > 2b0€777 > 260X1-

Together with the definition of p in (5.3al), we obtain that

ac(vn, ovn) > (xa +K) / P + X1 / bovi + (x1 + K) Z ce[on]?
0 Q

ecE V€

Vv

xill (P + 00) Punllg ot Y _llet *[val 3.
ec&

> xallonll?,

which proves the second inequality in (4.3.9)).
To estimate the upper bound of the DG norm of v, Lemma (4.3.7) and

(4.3.8)) give that

lewnlly = lla*?oVaonlliotlla o Velliot D [ b Wep?[oal?

e€EUED €

< (O +K)* + x50, L)l

< 500 +K)onl,
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and that

levallZ = 1@+ o) *puallg o+ > _llet*elual I3
eef

IN

(xz + K)?unllz,
which implies that
levilloe < (50 + K flonlla+(xe + K)?lonll?) "/
< V5(x1 + K)onlle
which proves and, hence, completes the proof of the lemma. [ |

The following lemma is about the approximation results of the Lo-projection in

the DG space, which have been proved in [18] and [19].

Lemma 4.3.4 Let o € Wh°(Q) be the function defined in . For any v, € UF,
let vy, be the Lo-projection of vy into UF, then the following estimates hold:

levn — @Unllpze< ChPlIxlisallvnllon/L,  p=0,1

and

1/2
(Z lpvn — mnae) < ChY||xl coallvnllog/ L,

ec&

where C' is a positive constant independent of IC and L is the diameter of ).

With Lemma 4.3.4] we estimate the upper bounds of the norms ||¢v, — pv, |4 and

llpvr, — @op|e in the following lemma.

Lemma 4.3.5 For any v, € UF, then the following estimates hold:

leon = wonlla< CCplIxI100llvnlla

and

- h 1/2 3
175 - ek € (7) Il 7 00l
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Proof For any function v, € Uf, since a is a piece wise constant function, then
a2y, € UF and o'/?pu, is the L? projection of a'/?puy, into UF.

Lemma [4.3.4] gives that
la! vy, — a' 250 [lpp0< ChUPlIx|h oclla!Ponllon/L, p=0,1

and

1/2
(Z la 2 pv, — al/z@Hae) < R x| o 0lla*onllo./ L.

ecl
Together with the definition of d-norm in (4.2.2)), the fact that aemm < We <

20 min and Lemma [4.3.2] we have

loon = @unllz =l Vilovn — @u)lgat D he ' Welllovn — 20allls,

eeETUED

1/2

< C?

< C*CRlIXIIE sollonllz.

which proves the first inequality.
In a similar way, by the fact that p + by is a piece wise constant function and

Lemma [4.3.4, we have that

[+ b0)'(pvn = GUnllp (7 + o) *ulloe/L, p=0,1.
Together with the inequality that
lce|< [|Blloo<=boL, Ve € &

and the fact that h/L < 1, we obtain that

1/2
lpon — punlle = (H P+ bo)'/* (@on — pun)|[6 o+ Z”C o sm)h]]ng)
Qﬂ 2 1G5+ b)Y

ecf
)1/2

2
LC? LQ

< 0 (5)" Il 5l

which proves the second inequality and, hence, completes the proof of the lemma. W
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Lemma 4.3.6 Under the same hypotheses of Lemma for any v, € Uf, there
exist constants x4 and x5 independent of K, such that
aq(vn, pon — 90n) < xalloallz (5.15a)
and that
ac(vh, pvn — pup) < x5(h/L)"? o2 (5.15b)
Proof By the definition of a4p in (4.1.6), the Cauchy-Schwarz inequality, the as-
sumption that 75 > 7o > max9C?, 1, Lemma [4.3.1, and Lemma |4.3.4, we have that

g’ )

aq.0 (Uh, Uy, — SO’Uh)

= (aVon, Va(@on — o) + > / Yol 'Welvn] [0 — purlds
ecE1UED
— Z /{avhvh ne bwlevn — pup]ds + 6 Z /{ozvh ©UR — @up) - N twlon]ds
ecE1UED ecE1UED
Xl ,00
< ol — gunll a2V ol @ — ounll+0 P g2, g ol

< (% + G+ CClixlhco) lvnllallovn = onlla

This proves the validity of with x4 =7, + Cy + CC,|x||1,00,02, independent of
K.

Rewriting the advection - reaction part by integration by parts and using
give that, for any u,v € VI*(Tp),

ac(u,v) = (u,70) + (Vp(uB),v Z/Be uv +Z/6e{U}up v+ [Beuw

ecf e€&r ec+ €
= (04 VB0 + (8- V) <3 [ o7l =Y [ e
ec&r’ € eeF* €
= (u,(y+ V-B)v) + (B-Vyu,v +Z/ceﬂu Z /ﬁe v}
ec&y eel'—UEY ©

Let P be the L, projection of 3 onto Uy, i.e., the space of piece wise constant

with respect to 7, with the following approximation property holds:

18 — PBllocc.o< ChlBl1,00,0- (4.3.11)
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Since PB - Vv, € U, the definition of puy, gives that

/ PB - V(v — @up) = 0.
Q

Combining the identities gives that
ac(vha QD\U-/; - Spvh)

- /(wv-mvh(m—wm /@; o) (B PB)-Vav

—1-2/08 vp][evn —oun] Z /5e vn]{pvn—pun}

ecly 668 _UET

= I+ 11 +1I1+1V.

It follows from (4.0.6)), (4.0.7) and Lemma that

__ 1 __
I = /P"Uh(SOUh — pup) + §/V-ﬁvh(govh — pup)
0 0

_ _ _ bo .
< ¢+ bo) Ponllel| (B + bo) ' (pvn — QOUh)HQ"i‘EHUhHQHQOUh — uplo

1

h _
< (e + E)CEHXHLooH(P + bo)l/QUhHg,Q'

Using (4.3.11)), (4.0.7), Lemma and the inverse inequality gives that

I Do
B”XHlooQ”UhHOQ

IT < Ch|[3|1oo||VhUh||—||X||1oo||Uh||_ C—

By (4.0.4), Lemma and the Cauchy-Schwarz inequality, we have

HI+1V < c(ch;/?uvhﬂno,e) (—nan”? ||x||1oo||vh||)

ec&

B L2
< C(E) ||X||1,oo<Z||Ci/2[[vh]]||3,e+b0||vh||t2>,ﬂ>'

eef

Together with the fact that h/L < 1, we obtain that

5 B 12 )
oo 78 = 9un) < (14 64 D)0 hsma(7) Il

which completes the proof with x5 = (1+¢, + %)C||X||k+17007g. [ |
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Next theorem gives the stability of the variational form.

Theorem 4.3.7 Under the hypotheses of Lemmal[d.3.3] there exist positive constants

ag and hg such that for all h < hg and v, € L{,’f,

sup ae(Um wh)

> aollunllpe. (4.3.12)
wpeut lwnllpe

Proof For any v, € UF, let wy, = pvy, € UF be the Ly projection of vy, onto UF.
First it follows from the triangle inequality, Lemma and Lemma that

levnlloe< (levn — evnllpatllevallne) < Clloallpe.
To show the validity of , it suffices to show that
ag(vn,wp) > Clloallpe- (4.3.13)
To this end, by Lemma and Lemma [£.3.6, we have that

ag (v, Un) = aae(vn, PUL — @Up) + aqe(Vh, PUL)
X1-|—IC
> () Bl

Note that in Lemma the constant y4 is independent of K, so we can choose

IC such that x; + K is bigger that 12y4. Then it follows that
ago(vn, oon) > Xallvnll3-
And in a similar way, then for h < hg we have that
ac(vn, pun) = cllunll?,

with ¢ only depending on x; and xs.
Combining the two inequalities gives (4.3.13)) and, hence, completes the proof of

the theorem. [ ]
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4.4 A priori error estimate

In this section, we establish the a priori error estimate in the norm (4.2.4) for
the discontinuous finite element methods presented.
Let P be the L2-projection in Uf. The standard approximation argument in

20,121] gives that: for u € VI*(T,) N H™(T;,) with e < s <1,

1/2
lo'/2V (u — Pu)||.0< C (Z h%5‘6’||a”2w||§,1(> , (4.4.1)
KeTy,
lu — Pullypx< O ulgipr, 7=0,1,1<p<oco, K€T,. (4.4.2)

Together with the trace inequality, the following estimate holds:
lu— Pulloe < Chi Plulsir k., Ve €&, (4.4.3)
Let fi be the Ly projection of f onto UF, define

osc(fK) = %I\f—fklllox

and
1/2
asc(f) = <Z osc(f,K)2> :
KeTy

Remark 4.4.1 The symbol < wused in this section denotes lower than or equal, up
to a positive constant depending only on the triangulation Ty, the domain ) , the

polynomial degree k, independent of the coefficients of the problem and h.

The next lemma proved in [22| gives a trace inequality of functions with low

regularities.

Lemma 4.4.2 For any K € Ty, assume that v € VIT5(K) and wy, € Py(K), then

the following trace inequality holds:

/(W-n)whds < h P lwnlloe(IV0llox+Hxcl| Avllox).

e
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Lemma 4.4.3 Let u € V'™(T,) N H'™(Q) be the solution of (4.0.1)) with boundary
conditions (4.0.2). Let v € U}, and set € = u—wv. Then on any K € Ty, the following

estimate holds:

h
hiclla2¢llose 5 lla*VeloxtTIV - (BE) + 1€lous+ose(, K).
Proof For any K € T, define
rg = —=V-(aVv)+ V- (Bv)+vyv— fii.

It follows that
hilla 2 A€o = hxa 2|V - (aVu) = V- (aVv)|jox
= hga 2|V (Bu) +yu— f— V- (aVv)|ox

= hKoz_l/2H7“K + fr-1 = f+ V- (BE) + ¥l

IN

hica ™ (IIrcllo.x+IV - (BE) +~€llo.x) + osc(f, K).

Let ¢k be the local interior bubble function on K, then we have
Il S [ (-9 (@¥0)+ V- (80) + 70— fir) et
K
= [ (V-0 V(88 a6+ T — i)
K

_ (— [ avevino + | (f—fk_l—V-(Bé)—vé)erK)
K K
< (laVellrxt (17 (86) 7€l F = forl) x|

S (h 1aVE+IV - (8 +El+If = fimall) lricllo.x-

It follows that

Ircllos S hi laVElox+IV - (B) +vEllox+If = fuillox-



Finally we obtain

hilla' P AE o S o> VE o+ \/_IIV (BE)+7E o, +osc(f, K).
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Theorem 4.4.4 Letu € V'™(T,) (N H'™(Q) be the solution of with boundary
conditions , and u|g€ H'*™55 be the restriction on K € T,. Let u, be the
solution of discrete problem (4.2.1)). There ezists a positive constant C, depending on

the domain, the triangulation T, and the polynomial degree (but independent of mesh

size h and the coefficients of the problem), such that

s 1/2 1/2 1/2 1/2
lu—wlpe < C D b luhsser (il + BB ahiclolY2 o
KeTy

1/2

i lolloco + hicar 1 Blloces ) +ose(f).

Proof Define
FE=uv— Pu and FE; = u, — Pu.

It follows from Theorem [4.3.7| and the error equation that

ag(En,vn)  ag(E,vp)

loalloe— llowlloe

aol|Erllpe <
First consider the diffusion part. The definition of aqy in 6f)gives that

ad,g(E,?)h) = (Oéth thh + 0 Z /{aVvh 'I’I,e}w[[ ]]

ecE1UED

_Z /{QVE nebolon] + Z /79 EIW6 Mve]

eeErUED eeEUED

= I1+12+13+14
It follows easily from Lemma and the Cauchy-Schwarz inequality that

I1+ 12 + 14 S || E)allvn]la-
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Using Lemma [4.4.2] Lemma and the Cauchy-Schwarz inequality gives that

13 < ) hPWR [onllloe > <Ha1/2VEH07KW+hKW|\a1/2AEH07Kw>
eEEIUED w=-+,—

< Joully (0 VaElloat 3 hicllai>AE]ox)
KeTy,

IN

bonla(I1EL+ F\IV (BE) + 7Ello i +ose(f) ).

KeTy

Summing up all the terms gives that

aqo(E,vn) S \th|H<|HE|Hd+
% vir

It follows from (4.0.5)), (4.0.7), (4.4.1)-(4.4.3) and the fact that h/L < 1 that

|V - (BB) + yEllox+ose(f) ).

V- (BE)+~Elox = |pE+EV-B8/2+8-VE|ox
S (pllo,ceotBlico)llello.x+18l0.00.0l€]1,x
S R plloso.l s,k HREBllo oo U145k,

and that

1Bl < Y hEarlluliss, -
KeTy,
Hence, we obtain that

g < ok o 12 hllplloson | hrllBlloss
ago(E,on) S lvalla| D hiFegl* (14 + U145, Fose(f) ] -

o a
KeTh, K K

Next consider the convection-reaction part. It follows from the definition of a.

that

CLC(E,Uh) = (E 6 thh‘f’VUh +Z/{ﬂeE}up Uh +Z//8€Evh

ecly 665F+

It follows from the definition of the projection and PB - Vv, € UF that

/Pﬂ-thhE:/P,B~thh(u—Pu):0.
Q Q
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Together with (4.0.7)), the inverse inequality and (4.4.1)) - (4.4.2)), it implies that
/ —B-ViynE = /(P,@ —B) - Viu B
Q Q
S WBliseall Vivwllool Elloo

<S 16 *onllosllby* Elloa

1/2
< lonlle Y- 1862 ol ulis. i
KeTy,

Applying 5 = p— 1V - 3, (E00), (L0 and (L13)-(E13) gives that
1
Eow) = [(6-57 B Ew
Q

_ b
S Gl Elleall(p + bo)vhllo,sfriIIEllo,szllvhllo,n

S lonlle D (IPlloa+1Bllosee) ' By i

KeTy
and
1/2+s 1/2
> [EBblol+ 3 [ BB S honlle 3 NI gl
e€E e€&rt KeTy

Summing up the three parts gives that

1/2+s 1/2 1/2 1/2
alBoon) S Bonlle Do B8 (18162 il Nl 2 0 ) Tl s i
KeTh

Collecting the diffusion and convection-reaction parts implies that

s 1/2 1/2 1/2 1/2
ao(E,v) 3 |||vh|||m( > B lulsse e (il + BLIBIGZ athucliolil2 o
KeTy,

I ol + ey [Bllce) + 05c() )

Together with (4.4.4) and the triangle inequality, it implies that

lu—uiloe S D Wl (@i + il
KeTy,

1/2 1/2

1/2

0 Plolloce + hicar 1 Blloce ) +ose(f).
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4.5 A new discontinuous Galerkin method

In Chapter 3, we stabilize the diffusion operator by adding the following equation

> /%helwe[[u]][[v]] ds =Y %helwe/ Jvds, Vv e V().

eEEIUSD € €€€D
The order h;! may lead to the difficulty in the convergence analysis.
Considering this, for any v € V*¢(T,), denote the tangential derivative along
edge e by

ov

%(VU) = a

And for any v € VI*¢(T,), we add the following term to stabilize :
> [ Wb Tl (To)l ds = 3 whVe [ (g, (Vo) ds
ecEUED € ec€p €
Now, define the new bilinear form for u,v € V**¢(T,) by

Gao(u,0) = (Vi Vi) + S [ h Wl (Va) ]l (Vo)) ds

ecE1UED €

+0 Z /{aVv Nty [u] ds — Z /{aVu-ne}w[[v]] ds

eeErUED € ecE1UED €
for € {—1,0, 1} .
And define the new linear form for v € VI*¢(T;) by

fov) = (f,v)+ Z fyaheWe/’ye(VgD)fye(Vv) ds + Z gyvds

ecép ecén €

+0 Z /gD(va ‘M) ds — Z (B-ne)g, vds.

ectp V¢ ecEp- v ¢

The new variational formulation is to find u € V'*¢(7}) such that
(T, v) = Qap(@, v) + a.(@v) = fo(v), Yo e VF(T).

To discretilize the problem, modify the DG finite element space associated with

the triangulation 7, as

U = {veL*Q) : v|xe Pu(K), VK € Tj, and [v]. =0, Ve € &,
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where 7, = ﬁ J,vds is the average of v on e.

The new DG finite element method is to find u), € @’f such that
Qo (Un, v) = fo(v), Yvel.

For any v € ﬁ,’j, define the norm for the modified DG space by

oz, = lle"2Vaollgo+lvllz+Iv]Z,
where
ol = D heWell[ve(VO)llZ,-
eeEUED

The following lemma implies the equivalence between ||[u]| and h||[v.(Vw)]| in

the DG finite element space.

Lemma 4.5.1 For any v € Zj{E and any e € Er, ||[v]|lo.e and he||[ve(Vw)]|| are equiv-

alent, 1i.e, there exist positive constants c,, and cp; such that

Cm|[V]llo.e< hell [Ve(Va)]l| < earl[[o]o.e

Proof By a scaling argument, it suffices to prove that ||[y.(Vv)]||= 0 implies that
v =0 on e. It follows that

a:e 9 [0 =o.

HV&(VU]]e = [[a ]]e = 8te

Hence, [v]. is a constant, which implies that

1 =l —
bl =Bl - / [v]. ds = [o]. = 0.

Je]
This completes the proof of the lemma. [ ]

Corollary 4.5.2 For any v € Z:l\,'f, aaqp(v,v) and aqe(v,v) are equivalent.
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5. CONCLUSION

In conclusion, this thesis discussed the error estimates in finite element methods
for two typical kinds of non-smooth elliptic problems. Chapter 1 introduced some
problems of low regularity. Chapter 2 discussed the a priori error estimate for elliptic
equations with non-smooth boundary data. Chapter 3 introduced the discontinuous
Galerkin methods, and Chapter 4 discussed the stability of the discontinuous Galerkin
methods, and also the a priori error estimates for this kinds of problems.

The main part of the thesis is about the a priori error estimates. The a posterior
error estimate also plays an important role in the adaptive finite element methods.
For the a posterior error estimate, the low regularity may lead the difficulty in the
analysis of the robustness of the the error estimates. For non-smooth boundary
data problem, if we consider the adaptive finite element methods, we need a local
indicator and a global error estimate. The indicator and error estimate may depend
on the regularization process, which means they depend on €. When ¢ is very small,
the problem may have boundary layers like the singularly perturbed problems. So
the robustness analysis of the error estimates is essential and also may be the main
challenge. The non-smooth coefficients problem may face the similar situation. Since
the coefficients are piece-wise constant, it may have the interior layers. And in the
thesis, we only consider about the diffusion coefficients to be non-smooth. In some
applications, the advection coefficients may be also non-smooth, which is also an

interesting topic.
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