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ABSTRACT

Pilla, Michael R. Ph.D., Purdue University, August 2020. Spectra of Composition
Operators on the Unit Ball in Two Complex Variables. Major Professor: Carl C.
Cowen.

Let ¢ be a self-map of By, the unit ball in C2. We investigate the equation
Cyf = Af where we define Cyf := f o ¢, with f a function in the Drury Arveson
Space. After imposing conditions to keep C, bounded and well-behaved, we solve
the equation Cyf = A\f and determine the spectrum o(Cj) in the case where there
is no interior fixed point and boundary fixed point without multiplicity. We then
investigate the existence of one-parameter semigroups for such maps and discuss

some generalizations.



1. INTRODUCTION
1.1 Background

Let ¢ be a self map of the unit ball By = {z € CV | |2]*+-- -+ |2n]? < 1} in CV,
not an automorphism. We assume ¢ is not a constant function. In the case of the
disk I, work by Koenig in 1884, presuming ¢(0) = 0 and ¢'(0) = A where 0 < |A| < 1,

demonstrated that the functional equation, known as Schroeder’s equation,

foop=Af
has an essentially unique solution in the disk [22]. Of course, there is nothing special
about the interior fixed point at 0. One can always conjugate by an automorphism
of the disk to send any interior fixed point to the origin. Except for the identity,
recall that Schwarz lemma tells us that there are no other fixed points in the disk.
Assuming some additional hypotheses, Enoch [13] and Bridges [5] were able to extend
this result to analytic self maps of By with interior fixed point.

Now, it may also be the case that our self map of the ball ¢ has no interior fixed
points. If ¢ has no interior fixed points in the disk, then it is well known that there
is a privileged fixed point a on the boundary such that iterates of ¢ converge to a on
compact subsets of the disk. This privileged point is called the Denjoy-Wolff point.
MacCluer demonstrated an analogue of this for By [24]. In particular, suppose ¢ is a
holomorphic, fixed point free self-map of By. Then there exists a unique point ( on
the boundary such that the iterates of ¢ converge uniformly to { on compact subsets
of By. We will also call this point the Denjoy-Wolff point. It also follows from [24]
that

1—[o(2)? _



where we call d({) the dilation coefficient of ¢ for reasons to be explained below.
This dilation coefficient will further partition the cases where we have an attractive

boundary fixed point and will be the focus of our attention.

1.2 Geometric Function Theory in By

In the disk, investigations of the function theoretic properties of Cy make frequent
use of the fact that an analytic function in the disk has nontangential limit at ¢ € JD

in the nontangential approach region given by

L) ={zeD[|z = ([ <a(l-[z[)}

where o > 1.
In several variables, this is not sufficient. Instead, we must use a more restricted

notion of convergence.

Definition 1 Let ( € 0By and let I'(t) define a curve from [0,1) to By such that
I' = ¢ ast — 1. Next, let v(t) = (['(t),()C be the orthogonal projection of T' onto the
complex line through 0 and (. A curve is called restricted if the following criteria are
satisfied:

T =

1im—2—0 and K;VL <
=11y 1=yl

for some constant M.
We say that f : By — CN has restricted limit L at ¢ if lim, ¢ f(z) = L along

every restricted curve.

Intuitively, the second criteria is telling us that the projection 7(t) resides in a
nontangential approach region in the copy of the unit disk lying in the complex line
through 0 and ¢.

We will also make use of the generalized Julia-Carathéodory theorem, the proof

and full statement of which can be found in [27] as Theorem 8.5.6 or [10] as Theorem



2.81. For ¢ € OBy, we let ¢¢(2) = (¢(2),(), the coordinate of ¢ in the direction of
¢. We will also let ¢'(z) represent the Jacobian matrix of ¢. We state the truncated

version with the relevant equivalences here for convenience.

Theorem 2 (Julia-Carathéodory theorem in By) Let ¢ be an analytic map from

By into itself and let ( € OBx. Then the following are equivalent:

1. d(¢) = liminf, (1 — |¢(2)|)/(1 — |z]|) < oo where the limit is taken as z ap-

proaches ¢ unrestrictedly in By.

2. The map ¢ has restricted limit n at ¢, where |n| =1 and D¢g,(2) = (¢'(2)¢,n)

has finite restricted limit at C.
Given these conditions, (¢'(z)(,n) has restricted limit d(¢) at C.

Thus, by the Julia-Carathéodory theorem in By, the complex directional deriva-
tive D¢ has a radial limit at ¢ which is called the dilation coefficient of ¢. It is called
the dilation coefficient due to its connection to Julia’s lemma in By and its geometric

interpretation. We recall it here for convenience.

Lemma 3 (Julia’s Lemma in By) Suppose ¢ is in OBy with d({) < co. Suppose

a, — ¢ satisfies

lim 1— |¢(an>’2 _

n—oo 1 — |an‘2

d(¢)

and lim,, .. ¢(a,) = n where n is in OBy. Then for every z in By

11— (¢(2),mP
1—[o(2)]?

If welet E(k,¢) = {z € By | |1 — (2,0)]*> < k(1 — |2]*} denote the ellipsoid

1= QP

1—[z?

< d(¢)

internally tangent to the unit sphere at ( with center ¢, then ¢ maps the ellipsoid

TR
E(k, () into the ellipsoid F(d(¢)k,n) (see [10] Lemma 2.77).
Suppose ¢ is an analytic map from the ball By into itself with no interior fixed

points. As we saw, MacCluer demonstrated in [24] that there exists a unique point



¢ € 0By, which we call the Denjoy-Wolff point of ¢, with ¢({) = ¢ such that the
iterates of ¢ converge uniformly to ( on compact subsets of By. It also follows

from [24] that

R e (4]
0< d(C) :hmzlgfal——w S 1

and thus by the Julia-Carathéodory theorem in By, the complex directional derivative
D,¢ has radial limit d(¢) at ¢ so that Dc¢¢(¢) = (¢'(¢)(,¢) < 1. Uniqueness follows
from Julia’s lemma in By. Suppose (; and (5 are distinct fixed points on the boundary
of By such that d(¢;) < 1 and d(¢) < 1. Set E(k, () ={z € By | |1 — (2, )] < k(1 —
|2|?)}. Then we see geometrically that E(k,(;) and E(k, () are ellipsoids internally
tangent to the unit sphere at (; and (s, respectively. Recall that Julia’s Lemma in
By tells us that ¢ maps the ellipsoids E(k,(;) and E(k,(y) into the corresponding
ellipsoids and E(d(¢1)k, (1) and E(d((2)k, (2), respectively. Choose ky and ky so that

the closed ellipsoids E(k1,¢1) and E(ko, () are tangent to each other at w in By.
Then ¢(w) is in E(ky, (1) U E(ka, (o) = {w}, contradicting the hypothesis that ¢ does

not have a fixed point in By.

We state it here for reference.

Theorem 4 If ¢ is an analytic map of the ball By into itself that has no fized points
in the ball, then there is a unique fized point ¢ (the Denjoy- Wolff point) of ¢ on the
boundary with d(¢) < 1. If ¢(b) = b with |b| = 1, not the Denjoy- Wolff point, then
d(b) > 1.

For the case when ( is the Denjoy-Wolff point, by the generalized Julia-Carathéodory
Theorem we have d(¢) = (¢'(¢)(,() = a. The dilation coefficient partitions our self
maps of the ball into three classes, depending on the fixed point behavior of ¢. We

define these as follows.

Definition 5 An analytic map ¢ from By into By is called

o clliptic if ¢ fixes an interior point of By



o hyperbolic if ¢ has no fized point in By and dilation coefficient a < 1

e parabolic if ¢ has no fized point in By and dilation coefficient o = 1.

1.3 A Uniform Approach to Solving Schroeder’s Equation

In the disk, Cowen approached the problem of solving Schroeder’s equation in a
uniform way using linear fractional maps [9]. Under quite general conditions, it was
shown that a nonconstant analytic map ¢, not an automorphism, from the disk into
the disk can be intertwined with a linear fractional map ® and an analytic map o

such that

Poo=00¢

where ¢ maps the disk into a domain  with & mapping 2 onto 2. We have the

following commutative diagram:

D—"4D

Q250
If Q is the smallest set containing o(D) for which ®(Q2) = Q, then the model
parameters (o, 2, ®) will be unique up to holomorphic equivalence. The classification
depends on the behavior near the Denjoy-Wolff point a. The model results in the

following four cases:
i. (plane/dilation) Q2 = C, o(a) =0, and ®(z) = sz where 0 < |s| < 1.
ii. (plane/translation) Q = C, o(a) = 0o, and ®(2) = z + 1.

iii. (half plane/dilation) Q@ = {z | £z > 0}, o(a) = 0, and ®(z) = sz where

0<s<l.

iv. (plane/dilation) Q = {z | Sz > 0}, o(a) = 00, and ®(z) = z £ 1.



We next turn our attention to Schroeder’s equation fo¢ = Af. We would like to

interpret this as an eigenvalue equation. We start with the following definition.

Definition 6 If H is a vector space of functions defined on a set X, given a function

f: X = X, we define the composition operator Cy by

Cof = fod.

Thus we may write Schroeder’s equation as Cy f = Af. We next ask ourselves over
what vector space we are solving the equation. We must then determine when f is
in the appropriate vector space. The vector spaces over which we would like to solve
our functional equation are Hilbert function spaces. We recall that a Hilbert function
space is a Hilbert space of complex-valued functions with pointwise vector operations
along with the property that for each z in our set, the linear functional given by
evaluation at z, f — f(z) is continuous. By the Riesz representation theorem, there
exists a function k, which we will call the kernel function, in the Hilbert space that
induces the linear functional f(z) = (f, k,). In such a case, we call the function k, the
reproducing kernel. A Hilbert function space is also known as a reproducing kernel
Hilbert space (RKHS) or a Hilbert space of analytic functions.. The most celebrated
example in C is the Hardy space H?(D).

Definition 7 For 0 < p < oo, the Hardy space H?(D) is the set of functions analytic
on the unit disk D for which

2T ) do
sup / |f(re?)P— < o0.
0

0<r<1 2m

For 1 < p < oo, H?(D) is a Banach space with norm ||f||, given by the p™ root
of this supremum. The Hardy space H>®(D) is the set of analytic functions that are

bounded in D with supremum norm ||f|so-

When p = 2, one can show, letting f(z) = Z;io a;z7, that an equivalent definition

is given by



HA(D) ={f | 3 lajf* < oo},

If we restrict f to reside in a Hilbert function space, then we may interpret
Schroeder’s equation as an eigenvalue equation over our Hilbert function space for a
composition operator Cj.

Since H?(D) is an infinite-dimensional vector space, we also generalize the notion

of eigenvalues.

Definition 8 Let X be a Hilbert space and T a bounded linear operator from X into
X. The spectrum of T is defined to be

o(T):={\ € C| X —T is not invertible}.

For finite-dimensional vector spaces, the spectrum coincides with the set of eigen-
values. For infinite-dimensional vector spaces, however, the set of eigenvalues is a
subset of the spectrum. If our Hilbert space is H?(D), we do not need to be con-
cerned about the boundedness of the composition operator Cj since one can use
the Littlewood subordination principle to demonstrate that Cy is bounded for every

analytic map ¢ : D — D with

1+]6(0)]\ *
||C¢|| < (m) .

See Corollary 3.7 of [10] for details.
In our case, the strategy to find the spectrum is to start with the equation Flo® =
AF and thus, letting f = F o o, use the model results to determine the spectrum of

the equation

fop=Foocop=Fodoog=AFoo=M\f

In the disk, it is natural to consider Cy acting on the Hardy space H?(D). Our
goal is to make partial steps toward generalizing the results in the disk to the unit

ball By when our self map ¢ has no interior fixed point.



1.4 Linear Fractional Maps in CV

Before we attempt to generalize the results to higher dimensions, we must first

say what it means to be a linear fractional map in CV for N > 1. For N = 1, given

a linear fractional map f(z) = ?jis, recall that one may define the associated matrix
of f as follows:
a b
my =
c d

One can show that m; acts as a linear transformation on complex projective
coordinates (see [25] pg.156). We take the perspective that linear fractional maps in
Cy should have associated matrices which act as linear transformations on complex
projective coordinates. Recall the following construction. We associate the point
2z = (2],29) where z; € CV and 2, € C, z # 0, with the point % € CN. This
associated space is known as the complex projective space CPY. We now consider a

linear transformation in CV which can be represented by a complex matrix as

A B
c* D
where A is an N x N matrix, B and C are column vectors in CV, D € C, and C*

denotes the conjugate transpose of C'. Denote the rows of A by a; for i =1,..., N and

T . [=) . N
B = (bl bN> . For a point in CPP"", we have
22

(a1, 2}) + by 2o
wh A B 2]
Wo C* D 29 (an,2}) + byzs
(21,C) + Dz

where (-, -) represents the standard inner product.



wy . .
Let 2 ~ and w ~ . Then we can associate the above linear transfor-
22 Wa

mation in CPY with the non-linear transformation in CV given by

w— wy ay, ;) + by 2z (an, 2]) + by z
Wo 2,C) 4+ Dz’ 7 (24,C) + Dz

(

<a1,%>+b1 <@N,%>+b[\/’
E oy n &) D

- (<a1,3>+b1 <CLN>7>+5N)

(z,CY+ D’ 7 (2,C)+ D
_ Az+B
- {z,0)+ D’

This is precisely the definition given by Cowen and MacCluer [10] and is the one

we will adopt.

Definition 9 We say ¢ is a linear fractional map in CV if

Az+ B
#z) = (2,C)+ D

where A is an N x N matriz, B and C are column vectors in CN, D € C, and (-, -)

1s the standard inner product.

This class of maps has been studied in more generality by others [16], [26], [29], [31]
and can be demonstrated to share many additional properties with linear fractional

maps in the disk that justify their definition as linear fractional maps [11].

Az+B
(2,C)+D

We define the associated matrix my of the linear fractional map ¢(z) =

to be given by

A B
c* D

m¢:

which, as we saw, is a linear transformation on CPY. If ¢(z) = w and the point
v € C is associated with z, then myv is associated with the point w and vice versa.

A routine calculation also shows that mg,es, = Mg, My, and my-1 = (my) 1.
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1.5 A Uniform Approach in Several Variables

In several variables, an analogue of the linear fractional models used in the disk
will not be adequate. The proof of the existence of the linear fractional models in
the disk cannot be generalized to By due to its critical use of the Riemann mapping
theorem, which fails in Cy for N > 1. This is not the only issue in higher dimensions.
As we will see, to gain any traction for the case when N > 1, further refinement is
needed.

While it can be demonstrated that linear fractional maps induce bounded compo-
sition operators over the standard Hardy spaces (see [11], [20]), one can’t guarantee
much more without additional assumptions. Not only can it be demonstrated that
the composition operator Cy is not necessarily bounded, but one can construct un-
bounded composition operators induced by polynomials [7]! We can, however, classify
the set of linear fractional maps in definition 9 from B, into B, in a similar fashion
as in the disk [8]. We hope to expand on this by including analytic maps under
given conditions. In this classification, both for linear fractional maps and for more
general analytic maps, we exclude two types of maps that we consider degenerate.
We exclude maps that are not invertible as maps of C onto itself and maps of the
ball that do not have a Denjoy-Wolff point. The first type maps the ball into a lower
dimensional affine set and in the latter case one can show that the map acts as a
generalized rotation on an affine subset that has a non-trivial intersection with the
ball.

We find that for the class of linear fractional maps in two complex variables,
Cowen’s model theory generalizes to admit seven cases to be considered [§8]. The
seven cases are determined by the behavior of the map ¢ near the Denjoy-Wolff point
and its characteristic domain. As in the disk, one can show that this classification
is invariant under conjugation by an automorphism. We find that there are three

characteristic domains to be considered. These are the whole space C?, the half space
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H = {(21,22) € C? | Rz; > 0}, and the Siegel half space H? = {(21, 23) € C* | Rz >

|22|%}. We have the following seven cases.

I1.

I1I.

IV.

VL

VIL

. The Denjoy-Wolff point is inside the ball and the characteristic domain is the

whole space. This is the whole space/dilation case.

There are three distinct fixed points, the Denjoy-Wolff point is on the boundary
and the characteristic domain is a half space. This is the half space/dilation

case.

There are three distinct fixed points, the Denjoy-Wolff point is on the boundary
and the characteristic domain is a Siegel half space. This is the Siegel half

space/dilation case.

There is one fixed point of multiplicity three on the boundary and the char-
acteristic domain is the whole space. This is the whole space/Heisenberg

translation-translation case.

There is one fixed point of multiplicity three on the boundary and the character-
istic domain is a Siegel half space. This is the Siegel half space/Heisenberg

translation case.

There are two fixed points with the Denjoy-Wolff point of multiplicity two on
the boundary and the characteristic domain is the whole space. This is the

whole space/translation case.

There are two fixed points with the Denjoy-Wolff point of multiplicity one on
the boundary and the characteristic domain is the whole space. This is the

whole space/asymptotic translation case.

Case I corresponds to the case when ¢ has an interior fixed point, that is, ¢ is an

elliptic map. Cases II and III correspond to the case when ¢ is a hyperbolic map. The

remaining cases correspond to the cases when ¢ is a parabolic map. We reproduce

the results of [8] here for convenience.
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Theorem 10 (The Model for Iteration of Linear Fractional Maps) Let ¢ be
a linear fractional map of By into itself, not an automorphism of the ball and not con-
stant. We can intertwine ¢ with a model linear fractional map ® with characteristic
domain §2, either the half space, Siegel half space, or the whole space, and an open

map o from By into 0 such that

cop=>oo.

If Q is the smallest set containing o(By) for which () = Q, then the model

parameters (o, ), ®) will be unique up to holomorphic equivalence.

We have the following commutative diagram:

BQL)BQ

l” l"
Q220
In addition, there exists a set V', known as the fundamental set, such that V' is an
open, connected, simply connected subset of By such that ¢(V) C V and for every
compact set K in By, there is a positive integer n with ¢,(V) C V with ¢ and o
univalent on V' and with ¢(V') a fundamental set for ® on (.
If our map ¢ is an analytic map that is not a linear fractional map but otherwise
has the same model for iteration as Theorem 10, we will say that ¢ satisfies the

requirements of Theorem 10.

1.6 The Drury-Arveson Space

Recall that the equation f o ¢ = \f was studied over the Hardy space H?*(D).
In By, the correct generalization of the Hardy space H?*(ID) seems to be the Hilbert
function space known as the Drury-Arveson space H7(By) or just H7 when it is
understood that we are working in the ball. See [30] for a recent survey on the

Drury-Arveson space.
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We began by introducing some basic notation. For z = (z1, ..., z,) € C", we let

n
o (67
=]+
i=1

for every multi-index a = (avy, ..., ) € N". Likewise we write

n n
al = Hai! and |a] = Zai.
i=1 =1

Suppose f(z) is analytic in By so that

f(z)= (Z alze, ...,Za&mza>

We define the Drury-Arveson space H3 to be the reproducing kernel Hilbert space
(RKHS) on By with kernel

B 1
1= {(z,w)

where (-,-) is the standard inner product. For two functions f,g € H? if we have

k(z,w) = ky(2)

Taylor expansions given by

f(z) = anza and g¢g(z) = Zdaza

«

then we define their inner product to be

| _
(foghs = (Fra) = f;—“d

An orthonormal basis is then given by {e,} where

|
€a = 1\/ Mza.
a!

An analytic function f(z) = > caz® is in Hj if

a!
11l = IIf1I* = Z!%FW < 00.
(0%
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For w € By, we have

k(2 w) = ki (2) = ﬁ _ Zo(z,w)” _ ZO |Z— %@aza

which is in H? and

al

flw) = anwa = anMwa<za, 29 = (f, kw)-

Our goal then, will be as follows:

Goal 1 Given an analytic map ¢ : Bs — Bo, not an automorphism, such that ¢ is
in the Siegel half space/dilation case. Find all analytic functions f : Bo — C in the

Drury-Arveson space and all complex numbers X that satisfy the functional equation

Cof = M.

Much of what we do will be applicable to both the Siegel half space/dilation case
and the half space/dilation case. We will make note when we must presume the

former. When applicable we will follow arguments given by [10].
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2. SOLVING SCHROEDER’S EQUATION IN THE
SIEGEL HALF SPACE/DILATION AND HALF
SPACE/DILATION CASE

2.1 Conjugation

Recall that in the case where ¢ has an interior fixed point, we may conjugate by
an automorphism to relocate the interior fixed point to the origin so that we may
assume ¢(0) = 0 without loss of generality. For the case where ¢ has no interior fixed
point and Denjoy-Wolff point on the boundary, we standardize the problem so that
we may presume ¢(e;) = e; without loss of generality, where e; = (1,0) is the “east

pole”. We justify this below.

Lemma 11 Suppose 1 is an automorphism of the ball and suppose 1) = n=1 o ¢ on.
Then f s a solution to fop = Af if and only if g = fon is a solution to goh = Ag.

Proof This follows immediately from the relation

goy = fonoy=fogon=Afon=DAg.

Thus, according to the above lemma, since we are concerned with maps that have
no interior fixed point and a boundary fixed point, without loss of generality we may
conjugate by a rotation to place the Denjoy-Wolff point at e; = (1,0), the “east pole”
of the ball.

For ¢ in the Siegel half space/dilation model or half space/dilation model, we may

further conjugate ¢ by the appropriate automorphisms [8] to attain

cop=Poo
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where ®(2) = (az,82) with a > |3]> and 0 < a < 1 where a = |3]* corre-
sponds to the Siegel half space/dilation model and o > |3|? corresponds to the half
space/dilation model.

As in the disk, our strategy will be to first find the solutions of the equation
Fo® = \F and thus, letting f = F o ¢, determine the solutions of the equation

fop=Foocop=Fodoo=AFoo=M\f
We first need the following theorem.
Lemma 12 Suppose that ¢, V., ®, o, and ) satisfy requirements of Theorem 10.
Suppose X # 0 is a complex number. If F is analytic on Q and F o ® = \F, then

foo=Af where f = Foo. Conversely, if f is analytic on By and fo ¢ = \f, there
s a function F' analytic on Q so that Fo® = AF and f = Foo.

Proof If Fo® = \F, then

fop=Foocop=FodPoo=AoFoo=M\f.

Conversely, if fo¢ = Af, then since ¢ is univalent on V, we may define F on o (V)
by letting F' = f o 0~ so that F o ® = A\F on o(V). Since o(V) is a fundamental
set for ® on Q, we can define F' on Q by F(w) = A% F(®(w)) where k is an integer
large enough so that ®y(w) is in (V). If ¥’ = k + m is another such integer with

m > 0, then

AFF (@ (w) = X E( @y (w)) = A F (O (Pr ()
— Ak (Amﬁ(@k(w))) — AR E(Dy (w))

so that F'is well defined. We see that it satisfies FFo ® = A\F and f = F oo.
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2.2 The Solution to Fo® = \F.

We begin by finding the solution to the equation F'o® = AF' and then use Lemma
12 to transfer the solution to f o ¢ = Af.

Theorem 13 Let ®(2) = (az1, Bze) with a > |B|> and 0 < o < 1 so that ® corre-
sponds to the Siegel half space model or half space model. If § ¢ R or ® is in the half
space model, then F'o ® = AF has a nonzero solution F analytic in C? if and only if
A = akpl for k1 € NU{0} with F(z) = 2¥2L. If B € R and ® is in the Siegel half
space model (so that o = 32), then F o ® = AF has a nonzero solution F analytic in
C? if and only if X = o*B" for k,1 € NU{0} with F(2) = 2F2, or a polynomial of the

form

Fo(z) = Z a2t 2

{k,l|m=2k~+1}
where m s a fixed nonnegative integer and ay can equal O or 1 for each k, L.

Proof Let F(z) = >, 5o arztzh be an analytic function in C2. To avoid triviali-
ties, we presume F(z) # 0. We then proceed to compare coefficients of the Taylor

expansion. Our functional equation then demands

D an(an) (Bz) = F(®(2)) = AF(2) = A _ anzt2

for all z; and z; which implies that

kal
o Blaw = Aag

for all k,1 > 0. Let 8 = re® with 0 # 7p for p integer. Then, for ax, am, # 0 we have

Bl =\ =amp" — oFrlet? = amrte
which implies [ = n, since « is real, from which it follows that k£ = m and therefore

ap; = Amp. Thus if 8 is not real, our solutions must be the monomials z’fzé In such

a case, for each monomial F(z) = ay 2z}, A = o3 satisfies our equation so that
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Fo®(2) = ap(az)*(Bz) = o Blayf 2 = NF(2).

In the case that f3 is real, if a > 2 then again for ay, Gm, # 0 we obtain o*g! =
a™B"™. Since o # 8 and o > 32 implies a > 37 for all positive integers j > 2 (so that

k=m — gn=l only when k = m and n = [

a # (7 for any positive integer j), we have «
and thus F'(z) is a monomial.

If we have ae = 32, we conclude

akf gl = g — )

As before, any monomial F(z) = ay2fz} satisfies our equation with A = o*f'.

For ay = Gy # 0, we must have g2+ = X\ = 52+ which implies 2k + | = 2m + n.

Thus, polynomials of the form

Fn(z) = Z a2y 2h

{k llm=2k+1}
where ay; can equal 0 or 1 for each k, [, satisfy our requirement.

As the simplest explicit example of a polynomial F,(z2), take Fy(z) = 2 + 23.

Then, since a = 32, we have
Fo®(2) = (az1) + (Bz2)* = %21 + %25 = B*(21 + 23) = AF(2).

2.3 The Solution to fo¢p = \f
This brings us to our first new theorem.

Theorem 14 Suppose ¢ is an analytic map, not an automorphism, of the unit ball
By into itself with Denjoy-Wolff point ( in the Siegel half space/dilation or half

space/dilation case with intertwining 0 o ¢ = ® oo and ®(z) = (az1,B22). Then



19

fo¢ = \p has a non-zero solution if and only if X = oS! for nonnegative integers
k,l. Additionally, if 3 ¢ R or a > |B|?, then f is a non-zero solution of fop = a*B'f
for some nonnegative integers k,l if and only if f(z) = cofol, where ¢ is a constant.
If B € R and o = %, then, in addition to the above solutions, the polynomials

fm(2) = ¢ 32 tjm—sirny apoy(2)*aq(2)! where m is a fized nonnegative integer and ay

can equal 0 or 1 for each k,l, are permitted.

Proof Apply Lemma 12 and Theorem 13. [ ]
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3. SPECTRA OF COMPOSITION OPERATORS
INDUCED BY MAPS IN THE SIEGEL HALF
SPACE/DILATION CASE

3.1 Growth Estimates

While we have acquired the analytic solutions desired, we have not completely
solved the problem as the function f is an eigenvector of Cyf = Af if and only if f
is in the Hilbert function space on which the composition operator Cy acts. To help

determine when our functions are in our space, we first find a growth estimate.

Theorem 15 Let ¢ be an analytic map from the unit ball C* into itself with Denjoy-
Wolff point n, |n| = 1 and the dilation coefficent d(n) less than or equal to 1. Let
b be another fixed point of ¢ and suppose that ¢ is analytic in a neighborhood of b.
Likewise suppose there is a § > 0 for which |p(z)| < 1 whenever |z — b| < § and
|z| < 1. If o is the model map of ¢ that takes the ball into the Siegel half-space with
cgo¢p =®ooc and P(z,2) = (az1,B2z) with 0 < |B> < a < 1, then for every
p > |3log | 8|/ log Dypp(b)| where Dydy(2) = (¢'(2)b, b), there is a constant M so that

lo(2)| < M|z —b|"?
i a neighborhood of b.

3[log(18)]

Proof Let g = Dypp(b) and r = 5 < ro with |3]? < a =d(n) < 1. WLOG
assume that § is such that if 0 < |z — b] < 0 and |z| < 1 then |Dydy(b) — Dpp(2)| <

ro — 1 as well as |¢(z)] < 1. Now let

K=A{w]|b—w|> 46 and w = ¢(z) for some z with |z| <1 and |b— 2| < d}.
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Then K is a compact subset of the ball such that for z in the ball with [b— z| < 6,
either |b—¢(z)| < 0 or ¢(2) isin K. Thus, for z in the closed ball in a neighborhood of
b, we have that ¢y (2) is in K for some positive integer k. Let 0" = sup{|b—w| | w € K}.

By our intertwining assumption, for positive integer n such that ¢,(z) is in K,
we have 0 o ¢, = ®,, 0 0 where ®,,(21,22) = (@21, 8"29), s0 0 = @, ' 0 0 0 ¢, where
D1 (z1,29) = (@21, 8 "2) is in @, 0 0(K). Since o(K) is a compact subset of
the Siegel half-space, we have |o(2)| < M;|af|™™ where M; = max{|w| | w € o(K)}.
Our goal is then to make an estimate of the integer n for which ¢, (z) is in K.

Let ¢(2) = (¢1(2), p2(z)) and b = (b1, be). Alsolet ¢(t) = tb+(1—t)zfor0 <t <1

be the line segment from z to b. If |b — z| < § then we have

1

b= ¢(2)] =|o(b) — ¢(2)| [b] = [{6(b) — &(2),b)| = ‘<¢(tb+ (1—1)z)

)

0

_ '</01 %WH (1—1)2)dt, b>’ _

/0 (¢'(tb+ (1 —1)2)(b—2)T, b)dt‘

_ '<¢'<b>b, b=l - | 1 (<¢'<b>b7 b — (&' (tb+ (1 Mﬁi - |) b>) o= Z"”’

2[b = 2|[{¢'(b)b, b) — (ro — )| = r|b — 2|.

Now, if |b — ¢(z)| < 0 then by the same reasoning we obtain

b= ¢(6(2))] = r[b = ¢(2)] = 7*[b — 2.

Let n be the least integer such that |b — ¢,,(2)| > 0. Then n is the least integer

for which ¢, (2) is in K. We have §' > |b — ¢,(2)| > r"|b— z|. We isolate n to obtain

4 —_— -1 . . .
n < %. Thus, since |(]? < « implies |a|™ < |8]72", we have that

3log(s’|b—z|~ 1)

|o(2)] < MyfaB|™" < My|p[™ e

log B

= My|b— z|* e = Mylb — 2|7P.
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3.2 The Spectra in the Siegel Half Space/Dilation Case

In this section we will determine the spectrum of a composition operator on the
Drury-Arveson Space in the Siegel Half Space/Dilation Case. Thus ¢ will have
Denjoy-Wolff point ¢ on the unit ball with (¢'(¢)(,{) = a < 1. While some of
our results will hold in great generality, others need additional hypotheses. These
include a smoothness hypothesis on the boundary and a restriction of ¢ to a subset
of analytic maps of the ball known as the Schur-Agler class. We have the following

definition.

Definition 16 The Schur-Agler class S, is the set of all holomorphic mappings ¢ :

B, — B, for which the Hermitian kernel

o) - Ll

is positive semidefinite.

In one variable, every self-map of the disk resides in the Schur-Agler class. This
is not true in higher dimensions. Explicitly, every self-map of the ball By is not
necessarily in the Schur-Agler class for N > 1. It turns out, however, that linear
fractional maps as defined above are in this class [20]. In many ways, this class should
be seen as the appropriate analogue of the unit ball of H°°(D) in the multivariable
setting. See [18] for further justification of this. The assumption that our map is
in this class is invoked due to the fact that, for N > 1, the composition operator
Cy induced by the analytic map ¢ is not necessarily bounded. As noted, one may
even construct polynomials that give rise to unbounded composition operators. For
¢ in the Schur-Agler class, however, the composition operator Cy induces a bounded
composition operator over the standard Hilbert function spaces [19]. This suggests
that maps in the Schur-Agler class should enjoy function-theoretic privileges over
more generic maps of the ball and is the motivation for our assumption.

We began by showing circular symmetry. We utilize a similarity argument which

illustrates a connection between Toeplitz operators and composition operators. In
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the disk, the set of multipliers of the Hardy space H?*(ID) is precisely H*(D) and
thus for f to be a multiplier one only needs to show that f € H>*(D). In order to
generalize to higher dimensions, however, we note that it is not sufficient to show
that f is bounded, that is f € H>(B,). This is because for H3(B,) for n > 1, the
set of multipliers is a proper subset of H*(B,,) (see [30] for an example). We instead
appeal to a positivity argument. We first recall the following properties of positive

semi-definite functions.

e Kernel functions are positive semi-definite. This can easily be seen by the fact
that for a kernel function k(z, w), complex numbers a;, ..., a,, and distinct points

{z1, ..., 2n}, we have

n n n n 2
Z aﬂ%k‘(z‘i, Zj) = <Z ajkzj, azkzl) = Z CijZj Z 0.
i,j=1 j=1 i=1 j=1

e The Schur product, also known as the Hadamard product, of two positive semi-
definite functions is positive semi-definite. Recall that for two matrices M and
N, both of dimension m x n, the Schur product M o N is an m X n matrix given
entry-wise by

(Mo N)ij = (M)ij(N).

Note the following result applies to the Siegel half space/dilation and half space/dilation

case.

Theorem 17 Suppose ¢ is an analytic map of By into itself with intertwining linear
fractional map given by ®(2) = (az1, B20) with a > |B|%. Then for 6 € R the operator
C, acting on H3 is similar to the operator eiQC’(;s. In particular, if X € 0(Cy) then so

is \e? for all real 6.

Proof Since ¢ may be intertwined with ®, there is a map ¢ from the ball into

the Siegel half space or half space (depending on which case we are in) such that

.9 logwy .9 logwy

(0 0¢)(z) = (Poo)(z) for all z in the ball. Let F(w) = e'? Tga ¢'2Tef for w in the
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Siegel half space/half space where log denotes the principal branch of the logarithm.
Then a simple calculation shows F o ®(w) = ¢ F(w). Writing f = F oo we see that
fop=Focogp=Fodoog=e’Foo=c"f. Wenext desire to show that T} and
T 1 are multipliers on H3. We know by [1] that T} is a multiplier of norm at most p

if and only if

p*1 —T5T; > 0.

A simple calculation shows that for 8 > 0 and § € R, we have that

eTiosa e TI8B < 1f(2)] < ¢ Thoga ¢~ Thos

Likewise, for # < 0 and and 8 € R, we have

e Thosa e TsB < 1f(2)] < ¢ Tosa ¢ Zlox P
Since the linear span of kernel functions are dense in H?2, it is sufficient to check
the above equation on linear combinations of kernel functions. Thus, we want to show
that (p®> — f(2)f(w))k(z, w) is positive semi-definite. If § > 0, let p = ¢~ Thoga ¢ 7losp
and if 8 <0 let p = ¢Thsa e7oe7 . Then we have

2 N

Z ckclf Zk Z 0.

7:1

N N
Z aci(p® — f () f Zl Z
=1 =1

Since kernel functions are positive semi-definite and the Schur product of positive

semi-definite functions are positive semi-definite, it follows that (p*— f(2) f(w))k(z, w)
is positive semi-definite. The above argument applies likewise to T% as well and with

a little more algebra this same reasoning works for 8 ¢ R. Thus for h € H?, we have

(TH)T'CTp)(h) = (Tr) 7 (f 0 @) (ho §)) = e (T) ' T;Csh = € (Cyh)

from which we conclude that Cy is similar to e?Cy.
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Since similar operators have the same spectrum, we apply the spectral mapping

theorem to conclude that the spectrum of €?Cy is e times the spectrum of Cy. ®

We next introduce some terminology. The K and M defined below can be +o0

in addition to integers.

Definition 18 We say the sequence of points {zi 2L, in By is an iteration se-

quence for ¢ if ¢p(z) = zpy1 for K <k < M.

Given an iteration sequence {z;}{_ __ of distinct points for ¢, not an elliptic
automorphism (i.e. an automorphism of the ball that fixes an interior point) of the
ball B, onto itself, we have limy_, ., |2x| = 1. Otherwise suppose b were a limit point
of this sequence and |[b] < 1. If a is the Denjoy-Wolff point of ¢ and b = a, then the
pseudohyperbolic distance from b to zj, is greater than the pseudohyperbolic distance
from b to zx, = ¢n(2k,) for n = ko — k1 > 0 which contradicts the assumption that
a subsequence {z, } of the iteration sequence converges to b with k; tending to —oc.
See [10], section 2.6 for further discussion on pseudohyperbolic distances in By. If
b # a , then there is an € > 0 so that D. = {2z | |z — b| < €} is contained in By and
does not contain a. In this case, the iterates of D, converge to a and there is an n
so that ¢,(D.) N D, = 0, which also contradicts the assumption that a subsequence
{2k} of the iteration sequence converges to b with k; tending to —oo.

If ¢ is not an elliptic automorphism of the ball By onto itself and zy is a point of the
ball, then 2, = ¢y (zp) defines an iteration sequence of distinct points for £ > 0 or else
there is a least M so that ¢y/(29) = a, the Denjoy-Wolff point of ¢ in Bs, and there
is an iteration sequence of distinct points defined for 0 < k& < M. Moreover, either
there is no point w of By with ¢(w) = zy or we can find z_; so that ¢(z_1) = 2. So
every point of the ball is in at least one iteration sequence {z; }» . of distinct points
for which either M = oo and limy_,o, = a or M is finite and ¢ys(z) = a and either

K = —o0 and limy_, o |2x] = 1 or K is finite and there is no point w in By with

d(w) = zgk.



26

We will be particularly interested in the case {2 }?_ _ in which limj, o 2 = b
where b = (by,by) is a fixed point of ¢ on the boundary of the ball. If b is not
the Denjoy-Wolff point, then we have seen by Theorem 4 that (¢'(b)b,b) > 1. As
mentioned in the introduction, the case in which ¢, an analytic map from By to By,
has interior fixed point ¢ which by conjugation we may presume is 0, was solved in [5]
and [13]. In addition to a few natural conditions on our map ¢, it was determined
that there could also be an arithmetic obstruction called resonance. In the case of
B,, this occurs when the eigenvalues of ¢'(0), given by A\; and Ay, are such that either
A1 = A} or Ay = A" for some non-negative integers n,m > 1. This obstruction only
exists for By with N > 1.

If ¢ is analytic in a neighborhood of b, then there is € > 0 so that ¢ is univalent on
B.={z ||z —b| <€} and ¢! maps B, into itself. If we fix 2y = by, then ¢~ (21, by)
maps the disk D. = {z = (21,b9) | |z — b] < €} into itself. Since ¢~1(b) = b, we
have that b is an attractive interior fixed point of the disk D, and thus, by modifying
the results of [9], we utilize the model theory of linear fractional maps in the disk,

which do not have resonance obstructions, to construct an intertwining and obtain

that there is an analytic map v so that ¢ (b) =0

for z in D.. Since ¢! is univalent near b, so is ¢». Multiplying ) by appropriate
constants of modulus 1 if necessary, without loss of generality we may assume that
© maps the radial segment {rb | 1 — e < r < 1} to a curve tangent to the vector
(1,0) at 0. Now the conformality of ¢ shows that if § > 0 is small enough that the
interval {(r,0) | 0 < r < d} is in ¥(D,), the image of {(r,0) | 0 < r < J§} under
1! is a curve tangent to the radius {rb| 0 < r < 1} in the ball. Now for w so that
w € {(r,0) | 0 < r < &}, defining z_, = ¢~ ((¢/1(b))*w) for k = 0,1, ... gives an
iteration sequence {z;}9____ so that z; has restricted limit b as j approaches negative

infinity. In particular, there are uncountably many such iteration sequences.
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Theorem 19 Let ¢ be an analytic map from the unit ball By into itself, not an
automorphism of the ball, with corresponding composition operator Cy acting on H3.
If b € 0By is a fized point of ¢ with (¢'(b)b,b) > 1 and ¢ is analytic in a neighborhood
of b, then for each p < (¢'(b)b, b>_%, the circle of radius p centered at the origin

intersects the spectrum of Cy.

Proof Suppose that ¢ satisfies the above conditions. Then, as we saw above, the fact

that ¢ is analytic near the boundary fixed point b implies that there are uncountably

many iteration sequences {z; }?:_Oo that have restricted limit b. For a given iteration
1
sequence, let k;(z) = % denote the normalized reproducing kernel for the point
%]

Zj.

Suppose p < p1 < (¢'(b)b,b)"2 with || = p. Let

-1 1

i (1=l ?
hy = A <— k.
jZoo I |Zj|2 !

By the Julia-Carathéodory Theorem in By, we have
1— |z
lim =l ).

oo 1 —|z[?

Thus there is a constant ¢ so that

1 —1 3
|)\|—j—1 1— |ZO|2 ? _ |/\|—j—1 H 11— |Zl+1|2
1— |z - 1= [zf?
I=j
A —Jj —Jj
) )
P1 P1
Since ||k;|| = 1, the series for hy converges absolutely which implies it converges

in Hy. Also (Cj — A)hy is

-

D=

-1 1 -1 1
i 1=zl BYATHE R
J-1 ko, — J e
2. (1 — Iz} 2. 1=z b= ko

p— j=—o0
Moreover, if 0(Cy) does not intersect the circle [A| = p, then (C} — pew)_1 exists

for each real # and we define () by
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1 27 9 1
= * — pe’ do.
Q o /0 ( ¢ — PC )
Now
1 27 " _1 1 2
Qky = —/ (C’; — pe’ ) kodf = —/ hpeiQdQ
2
_ Z / —j— 1@ —j— 16k ’ZO‘ d@
2 1- ’Z]P
]_—OO
1-— |Z()’2 2
— ] k_
(1 — |24 f? '
since i(_;_l)ei(*j*1)9 evaluated from 0 to 27 is zero for all values of j except j = —1.

Thus, writing K,,(z) = ﬁ, the kernel for evaluation at w, we have QK,, = K, |,

-
which means C3Q K, = K,. Since () is a rational function of C'j, they commute and
we have QU K,, = K, also.
For each such iteration sequence {z,})_ _ . the argument above showed that
QK. = QCJK,, = K. Since there are uncountably many such z, their ker-
nel functions span H3 and we get C;Q = QCj = I. But we assumed that ¢ is not
an automorphism, so we have a contradiction. Thus our assumption that o(C,) does

not intersect the circle |A| = p must be false.

Up to this point, our results apply to the half space/dilation and Siegel half
space/dilation cases. We next demonstrate an annulus of eigenvalues that lies in our
spectrum when we are in the Siegel half space/dilation case. In preparation of this,

we first prove the following lemma.

Lemma 20 The function

a0 - (152) (1)

belongs to H? for | € NU{0} and |2k + 1| < 1 where N = {1,2,3,...}.
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Proof First we see that to have G € HZ, G must be holomorphic in the ball so we
must have [ € N U {0} due to the factor z,. Thus [ is a nonnegative integer. We

proceed to determine the restrictions on k£ and [ by cases.

e First suppose that & > 0. In this case (1 + z;)* will be a multiplier of H2 and
thus we may ask when (1 — z;)™%25(1 — 2;) ™! = 24(1 — 2)~*+) is in H2. We

use the generalized binomial expansion formula to obtain

l o
25 B F'n+k+1)
(1— ) 2 T(n+ 1D(k+1) 172

which resides in H3 when

< oQ.

f: I(n+k+1)? n!l!
=~ T(n+1)T(k+1)*(n+1)!

Using Stirling’s approximation to determine the behavior as n — oo, we find

Dot k+0° ol 2 (=) ol ()
D(n+ 120k +10)2 (n +1)! \/%( )n kQL (k:—l)Z(k—l—l) o7(n + 1) (j)n—f—l

- (n+k+ l)2n+2 (kt)- o g 2kH1—2

nnts (n—+ l)n+z+%

where we see that our sum converges when 2—(2k+1) > 1 or 2k+[ = |2k+1| < 1.

e Now suppose k < 0 and k+1 < 0. Then (1 — 2z;)~*+) will be a multiplier of H?
and we consider when 25(1+ 2)~" is in H? where t = —k > 0. Using the above
computation (replacing 1 —z; with 1+ z; makes no difference) by replacing k+1

with ¢, we find that we need

T(n+t)2  nlll 2 ()20 o (L)
Pl + 12002 (n+ D8 V/2mn (2)" 22 (1) /2n(n+1) (22)"
(n+t)2"+t ! 212
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where our sum converges when 2 — (2t —[) = 2 4+ 2k + [ > 1 which implies
2k +1 > —1. Since our conditions £ < 0 and k + [ < 0 imply 2k +1 < 1, we
conclude again that |2k + 1| < 1.

e Now suppose that £ < 0 and £+ > 0. We further break up into two additional
subcases. First suppose 2k + 1 < 0. Then

L+2\* [ 2 l_ 1+2\" [ 2z l(l—zl)k_zé(l—z%)k
1—21 1 — 21 B 1—21 1 — 21 (1 —Zl)k n (]. —21)2k+l.

Since 2k +1 < 0, (1—2z;)~ @+ is a multiplier. Let ¢t = —k so that z4(1—2%)7t =

00 T'(n+t) n
Zn:() I'(n+1)I(¢) Z%

z,. Then we observe the behavior as n — oo of the expression

C(n+6)2 20! (n+t)2nH)-1 nz22npn
T(n+ 1DI(t) (2n +1)! n2tl (9 4 1)z (20 + )20+
~ n2t—2—l‘

Thus in order to converge, we must have 1 < 2 — (2t — ) = 2 + 2k + [ which
implies 2k + [ > —1 which again gives |2k + | < 1.

Finally, suppose k < 0, £+ > 0 and 2k + [ > 0. Then we have

(uﬁﬁk(zz)WHﬁmﬂ_%u+aW“

1—2 L—2z) (L2 (1= )kt
Now we have that (1 + 2;)?**! is a multiplier and by the above calculation
24 (1 — 22)=%+) is in our space when 1 < 2 — (2(k + [) — ) which implies

2k +1 < 1 as desired.

This exhausts all of our cases.
|

We now proceed to determining our annulus of eigenvalues for H%(B,) for the

Siegel half space/dilation case.



31

Lemma 21 Suppose ¢ is an analytic map from Bs into By in the Siegel half-space
model with model map ®(z) = (az1, Bz2) and Denjoy-Wolff point (1,0). If

D=

az < A < a”

then X is an eigenvalue of Cy, on Hj.

Proof It is often useful to map problems in the ball to the Siegel half space, which
one can show is biholomorphic to the ball in two variables via the map from B, to H?

given by W(z) = (Vy(2), ¥a(2)) = <1+—21 Z—2> with inverse U~1(z) = (zl_l 222 )

1—217 1—21 21417 z1+1

Suppose ¢ is in the Siegel half space model so that 0 o ¢ = ® o ¢ for appropriate
o(z) = (01(2),02(2)) and ®(z) = (az1,B22) where ¢ maps the ball into the Siegel
half space. Let

Yz) =T loo(z) = <”1(z)— 203(2) )

1
o1(z) + 17 01(2) + 1
where v : By — By. For A = of8! and F(z) = 2F2 we have f(2) = Foo(z) =
(01(2))" (02(2))". Let G = WU so that f = 0¥l = G o~. From the above lemma
k !
we know that G(z) = <ﬁ> ( f2zl> is in H2 when |2k + 1] < 1. Thus for A = o3

1—2z1 1

we have

A = |kl = |82 = a7 < [N < a3,

Notice that we used the fact that o maps the ball into the Siegel half space. This
is the step where we had to deviate from considering the half space/dilation case.

We next turn our attention toward the spectral radius of Cl.

Lemma 22 If ¢ is in the Siegel half space/dilation or half space/dilation model and
in the Schur-Agler class, then ||Cyl| is bounded on H3 and

(=) <1< ()
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Proof The lower bound is attained by noting that k(z,0) = 1 and

IC31 2 11C3H, 0 = k(60D = (=757 )

The upper bound is obtained by appealing to [19] for our result.
|

Theorem 23 Let ¢ be in the Schur-Agler class and in the Siegel half space/dilation
or half space/dilation case with linear fractional model ®(z) = (az,fz). Then the

spectral radius of ¢ acting on H3 is o 2.

Proof Conjugating by a rotation, we may presume that ¢ has Denjoy-Wolff point
given by (1,0). We will move the problem to the Siegel half-space H? via the bi-
holomorphic map ¥(z) = (}f—ji, 1f—2Z1> Now suppose ¢ has an intertwining map

o : By — H? so that 0 0 ¢ = ® o g. By [19], the spectral radius is given over H> by

1

F(Cy) = Tim (1~ [6,(0)]) 5.

1

It suffices, then, to show that lim, (1 — |#,(0)]*)» = a. Recall that for any
z € By, if w = ¥(2) we have the identity
4

o 2 - - _ 2

By our intertwining hypothesis, ¢ is conjugate to ®(z) = («az;, 822) where ® :
H? — H? We note that ¥(0,0) = (1,0) and ®,(1,0) = (™, 0) with 0 < o < 1. We

calculate

3=

S|=

lim (1 — [¢2(0)[2)* = lim (L (R(a") - \0|2)) —a

n—o00 n—o00 |a" + 1|2
from which our result follows.

Before proceeding further, it will be instructive to say a few words on a special

class of functions known as inner functions.
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Definition 24 Let By be the unit ball in CV. We say a nonconstant function f is
an inner function in By if f € H>®(By) with radial limit f* such that |f*(¢)| =1 for
almost all ¢ € OBy, the boundary of the ball.

For N = 1, where the ball is the unit disk, inner functions play an important
role for factorization theorems, invariant subspaces, and numerous other applications
(see [6] for a recent survey). The most well-known being Blaschke products, which

are functions of the form

faa|

B(z) = e"2™ —
nsi On 1—a,z

where 6 € R, m is a non-negative integer, and {a1, as, ...} is a (not necessarily finite)
sequence with 0 < |a;| < 1 for all 1 < i < oo satisfying the Blaschke condition given
by

Z(l —|an]) < oo.

n>1

These are by no means the only inner functions in the disk. One may even
construct inner functions that have no zeroes in the disk. Consider e:-T with z € D
as an example. In the disk, methods of determining the spectrum of the composition
operator Cy bifurcate into two cases, depending on whether or not ¢ is an inner
function from the disk into itself. While our annulus of eigenvalues determined in
Lemma 21 and spectral radius determined in Theorem 23 did not depend on this
bifurcation, our final result will.

In the ball By for N > 1, things become more complicated. In order for such
functions to exist, they would have to exhibit certain pathological features including
extreme oscillatory behavior near the boundary (see [27], section 19.1). The existence
of such functions for N > 1 was first demonstrated by Aleksandrov [2] and indepen-
dently by Low [23] building on results by Hakim and Sibony [14]. Later the results
were strengthened by Rudin [28], including the fact that this set is dense in the unit
ball of H*(By) in the compact-open topology. While in the disk, inner functions
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are sufficiently well-behaved as to merit further study, we find them to be sufficiently
pathological in B, as to exclude them.

It can be shown that a self map of the disk, analytic in a neighborhood of the closed
disk and not an inner function, must map, at most, a finite amount of points from the
boundary into the boundary (Lemma 1.3, [21]). The generalization of this result is not
immediate due to the critical use of the identity principle and accumulation points in
the case of the disk. In particular, although the identity principle generalizes, zeroes
of a holomorphic function are never isolated and thus requiring an accumulation point
of zeroes puts no restriction on the function [4].

We thus make the hypothesis that our function ¢, analytic in a neighborhood of the
closed unit ball and not an inner function, is such that the set {z € 9By | |¢(2)] = 1}
consists of at most a finite set of points. The generalization that seems to be likely is
that the family of curves {I';} that lie on the boundary of B, such that ¢ maps each

I'; back into the boundary, must be a finite set.

Conjecture 25 Let ¢ be a map of By into itself, analytic in a neighborhood of the
closed unit ball that does not map the ball into a lower-dimensional affine set. The
family of curves {I';} on the boundary of By such that ¢ mapsT'; back into the boundary

s a finite set.

It doesn’t appear that replacing our hypothesis with the above conjecture would
interrupt the validity of our results. From our hypothesis we acquire the following

theorem.

Theorem 26 If ¢ is analytic in a neighborhood of the closed unit ball and does not
map the ball into a lower-dimensional affine set, then there is a positive integer n

such that {z | |on(2)| = 1} is either empty or consists entirely of fixed points of ¢,.

Proof We know by our hypothesis that the set {b € 9By | |p(b)| = 1} is finite.
Denote this set of points by {b;}]*. Given b;, if for some positive integer n, we have

|én(b;)] < 1, then we are done. Otherwise, |¢;(b;)] = 1 for all positive integers
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j. Either ¢, x(b;)) = ¢;(b;) for some positive integers j and k or the iterates of
¢;(b;) form an infinite set of elements where each element is on the boundary and of
magnitude 1, contrary to our assumption. For each b;, we thus have a j; and k; such
that ¢j, 1k, (b;) = ¢;,(b;). Taking n to be the appropriate multiple of the k;’s gives our

result. [ ]

Theorem 27 Suppose ¢ maps the unit ball By into itself and is analytic in a neighbor-
hood of the closed unit ball. Suppose ¢ has Denjoy- Wolff point a on the boundary of the
ball with o = (¢'(a)a,a) < 1. Suppose also that {z; | |¢p(z;)| = 1} = {a, b1, ba, ..., by},
where ¢(bj) =b; for j=1,.... k. If

max{(¢/(b;)b;,0,) 7% | j = 1,2,..,k} < |A| < (¢/(a)a, a) 2
then X is an eigenvalue of Cy on H3(B2) of infinite multiplicity.

Proof We have already seen the results for A\ with az < Al < a~z. Let ry =
min{(¢'(b;)b;,b;) | 7 = 1,2,...,k} and let o = (¢'(a)a,a). Suppose A and A, are
positive numbers satisfying r, : < Ao < A < 1. Circular symmetry will show that the
conclusion will follow if we show \ is an eigenvalue. Since |¢(z)| < 1 for all z € B,
except for the values @ and b; for j = 1, ..., k, we see that for every € > 0, the set

given by

{¢(2) | |z] <1and |z —bj| > efor j=0,1,2,...,k}
is a compact subset of By. Thus by the hypothesis on our model for iteration, there
is a constant M, so that |o(z)| < M, for |z — b;| > e. Since ((b’(bj)bj?bj)’% <o <1,

we have

| log o | log o
log(¢'(b;)bj, bj) — —2log A
By our growth estimate given by Theorem 15 there are M; and ¢; so that

3log o
2log Mg

lo(2)] < M|z — by
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for |z — b;] < ¢;. Thus there is an M so that for z € By, we have

k
_|3loga
o) < M1z — byl #5
j=1
_1
and for ry? < Ag < A < 1. Let z = %. Note that for the values of A under
consideration, x > 0. This implies
k 2‘ log A
3loga 3loga
|U(2)2w‘ < M2 H (‘Z _ bj|_‘2logg)\0’>
j=1
9 k _ | log A ’
:MxH|Z_bJ| log A\g
j=1
Since 0 < A\g < A < 1 implies Egg,\); ’ < 1, the product is seen to be integrable

along the boundary of the unit ball By and thus ¢ is in H3(B;). We conclude that
cach A such that ry 2 < A < a~2, is an cigenvalue of C, on H3(By). Applying circular

symmetry, we conclude our results.

We now combine the sum of our work to establish the main result.

Theorem 28 Let o be the dilation coefficient of an analytic map ¢, from By into
itself, that resides in the Schur-Agler class and is in the Siegel half space/dilation
model where ¢ is not inner and no slice function of ¢ is inner. Then the spectrum of

¢ acting on H? is given by

0(Cy) = {A ] [N < a7},

Proof Since ¢ is not an inner function, we know by our hypothesis that the set
{z | |¢(2)| = 1} is a finite set. By Theorem 26 there is a positive integer n such that
the set {z | |¢,(2)| = 1} consists of fixed points {a, by, ...by}, where a is the Denjoy-

Wolff point, for some integer k. We know from Theorem 4 that a is the unique point
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in which (¢'(a)a,a) < 1. Now suppose a is the Denjoy-Wolff point for ¢. Then since

a’a =1, we have

(¢n(a)a,a) = ((¢(a)" a,a) = a’ (¢'(a)"a
a’¢'(a)aa” ¢ (a)a---aT¢'(a)a = (aT¢'(a)a)" < 1.
Thus a is the Denjoy-Wolff point for ¢, as well. By Theorem 19 we have that
_1
o(Cy, ) intersects the circle of radius r for 0 < r < r, 2 where 7o = min{(¢},(b;)b;, b;)}.
We also have by Theorem 27 that ¢(C}, ) includes the circle of radius r for r, 2 <

r < a~z. Since Cy, = Cg, we have by the spectral mapping theorem that (Cy)
intersects the circle of radius r for 0 < r < a~2. By Theorem 17 we know that a(Cy)
includes the disk {\ | |A\| < a~2}. Since we are presuming that ¢ is in the Schur-Agler
class, Theorem 23 implies that this circle is exactly the spectrum and our proof is

complete. m

3.3 An Explicit Example

Example 29 We next construct an example of a self map of the ball in C? that

satisfies the requirements of Theorem 28. Consider the linear fractional map given

by

o(2) = (j?’;)

It is clear that ¢ : By — By has no fixed points in the ball and for ¢ = (1,0) we
have ¢ (¢) = ( as the Denjoy-Wolff point with D;¢¢(¢) = i. By [20], linear fractional
maps are in the Schur-Agler class. To conform to our model we put o(z) = e; — 2

and ®(z) = (21, 122) which gives us

7od(z) = (1 - 2123,—%) - G(l —zl),—%@) —doo(z).

Our conditions are satisfied and thus the spectrum of Cy is given by
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o(Cy) = (A eC| A < (i) _ 9

where A\; = [A\2|> and we thus have a Siegel Half Space/Dilation case.

38
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4. SEMIGROUPS IN SEVERAL COMPLEX VARIABLES

4.1 Background

Recall that a one-parameter semigroup for a monoid (S, %) is a map ¢ :

[0,00) — S, such that
i. ¢(0)=1.
. o(s+1t) = d(s) x p(t).
Let By = {(21,..., 2x) € CV | 2N |2:]* < 1} be the unit ball in CV and
T ={¢: By — By | ¢ is a nonconstant analytic map, not an automorphism}.

For ¢ € T, it is clear that the set of iterates {¢,, } under composition for n =0, 1,2, ...,
defines a discrete semigroup. We know that this discrete semigroup can be extended
to a one-parameter semigroup in one complex variable [9]. The proof of this result
depends on Cowen’s model theory of linear fractional maps, as discussed in our intro-
duction, in which we intertwine analytic functions with model linear fractional maps
that fall into four categories classified according to their behavior near the Denjoy-
Wolff point and what is known as the characteristic domain [9]. As we saw, we may
extend the definition of the Denjoy-Wolff point to maps of more than one complex
variable using results by MacCluer [24]. This allows us to analyze the model theory
in higher dimensions. In all cases, we suppose the derivative of our map ¢ at the
Denjoy-Wolff point is not zero. We will use the generalization of this model theory
in two complex variables applied to linear fractional maps in order to define a con-
tinuous one-parameter semigroup on the set of linear fractional maps in two complex
variables.

Of necessity, o will be an invertible linear fractional map and we may write
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p=ctodoo. (4.1)

We can thus define a discrete semigroup for the set {¢,} by

pp=0tod,00 (4.2)

where ®,, is our model linear fractional map.

4.2 Semigroups for Linear Fractional Maps in Two Complex Variables

It can be shown that the eigenvectors of the associated matrix my correspond to
fixed points of ¢ [8]. We assume our maps are invertible and thus we do not have to
consider zero eigenvalues. We may use Jordan form of a matrix to factor my to obtain
my = SAS™! where the columns of S are (generalized) eigenvectors of m, and A is in
Jordan form. Given a linear fractional map ¢ of By into itself and an automorphism

1 of By, we see that

md,mgbm;l = mwSAS’lmi1 = (myS)A(myS) ™"

Thus, not only are our maps are equivalent up to conjugation by an automorphism,
but conjugation by an automorphism yields the same Jordan form matrix A.

We see that, for n = 0,1,2,..., the iterates are given by my, = (my)" = SA"SL.
We then would like to extend this definition by finding an expression for A™ and
replacing n = 0,1,2,..., with ¢t € [0,00). The form of A will depend on which of
the seven cases we are in. Since cases II, III,VI, and VII can be written as direct
sums of lower dimensional associated matrices, our new result will consist of defining
a one parameter semigroup for cases IV and V. We proceed to compute the cases
with Denjoy-Wolff point on the boundary.

In order to define a one-parameter semigroup, we must be sure that our map stays
in our space for fractional iterates. This will follow from the fact that the half-space

and the Siegel half-space are convex domains in C?. We see this as follows.
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It is clear that, since in each case A is in Jordan form (taken so that the off-
diagonal elements are ones on the subdiagonal above the diagonal), each of the model
maps A are associated with a map of the form Az + B.

Now, given two vectors (uy, us) and (wq, w9) in the half-space, we have for ¢ € [0, 1]

§R(tu1 + (1 — t)wl) = t%ul + (1 — t)ERwl >0

and thus the half space is convex.

Given two vectors (uy,u) and (wy,ws) in the Siegel half-space, we have for ¢ €

[0, 1]

R(tuy + (1 — t)wy) = tRuy + (1 — )Rwy > t|ug* + (1 — ) |wy [?
> P lug)® + (1 — )% |wy > > [tug + (1 — t)w,|?
and thus the Siegel half space is convex.

In cases II and III, we have three distinct fixed points and thus m, is diagonaliz-

able. Suppose

A 000
A= 0 /\2 0
0 0 X3

For n, a nonnegative integer, we have my, = (my)" = SA"S™! where

AP0 0
A"=10 X 0
0 0 A}

We may embed this in a continuous semigroup defined by my, = SA'S™! for all

t > 0 where
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A0 0
Al=10 A 0
0 0 X

We then have for s, t > 0,

mg,me, = SA'STISA® S~ = SA S =my,, |

from which it follows that ¢;os = Ppis-

In cases VI and VII, we note that A is given by

A1 0
A=10 X 0
0 0 n

where A may equal 7 depending on whether we are in case VI or VII. Hence we find

Mg, = SA"S~! = S(A" & B")S‘1
with
A7 p AL

A" = and B" = (n"). (4.3)
0o A"

Hence we can embed this into a continuous semigroup defined for all ¢ > 0 by

DA Ut (|
A=1|0 N 0
o 0 7

We check this satisfies the one-parameter semigroup properties by noting

AT 0 A st o ACE L (E )AL 0
AV =Lo x oo x of|=]o0 ALES 0 | =A"
o 0o n)\o o 0 0 s
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and thus

Mg, M, = SALSTISASS™E = SAMTESTT = My
from which it follows that ¢ios = ¢pps.

In cases IV and V, we have one fixed point of multiplicity three. In these cases,

A has the form

a 1 0
A=|0 o 1
0 0 «o

We may assume that the diagonal elements are all 1 as, for A = 1, we have

R

a 1 0 1 A 0
A=10 a 1|=al0 1 X
0 0 « 0 0 1

and any multiple of an associated vector in CV*! is associated with the same vector

in CV. Thus, without loss of generality,

1 X0
A=1fo 1 A
001

It is a straightforward result to show that for n a nonnegative integer we have

mgy, = (my)" = SA™S™! where

We may embed this in a continuous semigroup defined by my, = SA'S™! for all
t > 0 where
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A2t(t—1)
AM=1fo 1 M
0 0 1

We check this satisfies the one-parameter semigroup properties by noting

1 M )\Qt(;—l) 1 )\ )\25(25—1) 1 )\(t+s) >\2(t+s)2(t+s—1)
AN =10 1 M 01 s |=]o0o 1 At+s) | =A"
0 0 1 0 0 1 0 0 1

and thus

mg,me, = SA'STISA® S~ = SA S =my,, |

from which it follows that ¢;0s = Ppis.

Example 30 Let ¢ be the linear fractional map from B, into By given by

¢( ) Zl+222—|—1 —221+222—|—2
Z) = .
—Zl+22’2+3’ —21+222+3

It can be shown that this map corresponds to case V. We have

Az + B
=D
1 2 1 —1
where A = , B = , C= and D = 3.
-2 2 2 2
Then
121 10—\ (210 001
me=|-2 2 2[=10 5 —% 02 1]]-1 21
-1 2 3 10 o/\oo2/\-40 4

SO\ = % and we have
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1 t(t—1) 9_42 2

1o -1\ (1 ¢ 42U 001 S

me, =0 3 —3]0 1 -1 2 1|=f-t 1 ¢
1o o/\oo 1 —4 0 4 £ 82

which implies

$u(21,22) = <

It is a straightforward calculation to see that ¢y = I and ¢, = ¢.

(2 —12)zy + 2tz + 12 =2tz + 220 + 2t
— 122 + 2tz + 12+ 27 — 122y + 22 + 1242 )

4.3 Classification of Linear Fractional Maps in the Siegel Half Space/Dilation
and Half Space/Dilation Cases

We see in [8], under some very general conditions, a complete classification of
linear fractional maps in C2. We would like to know, given a linear fractional map
¢ from the ball into the ball, which of the seven cases we are in. We first note that,
for a map ¢, we have that ¢ is in case I if and only if ¢ has an interior fixed point
of the ball. This follows from the fact that if ¢ has a interior fixed point in the ball,
then ® has an interior fixed point in o(B;) and case I is the only case where ® has
an interior fixed point. We next note that cases II and III correspond to maps with
three distinct fixed points. Following the reasoning used in [4], we know that for a
map ¢ with three distinct fixed points, the associated matrix mg is diagonalizable. If

we use Jordan form to write my = SAS~! where

A 0 0
A= 0 /\2 0
0 0 X3

then we have
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X000
mp=S10 X 0[S
0 0 Xj

As noted in [8], since ® is an automorphism of Q and o(By) C 2, we get
O~ Yo(By)) C 71(N) = Q and, in general, ®"(c(By)) C N for every positive
integer n. Thus, since (2 is to be the smallest domain satisfying condition (1.2), we
have Q = U2 & "(0(By)).

Given a linear fractional map ¢ with three distinct fixed points, we determine ¢,

using the techniques above and then calculate

‘¢n<zl)’2 + ‘¢n(z2)’2

We want this expression to be inside the ball for sufficiently large n. For conve-
nience we can take ® = ¢ and o(z) = z and ask what space eventually maps the
above expression into the ball. Since the half space and Siegel half-space are holo-
morphically distinct in C?, once we determine the above space, we will be able to

standardize it to a half space or Siegel half space, classifying the map.

4.4 Semigroups for Analytic Maps in Two Complex Variables

In one complex variable, it is known [9] that under very general conditions, an
analytic map ¢ from the disk into the disk can be intertwined with a linear fractional

map @ : Q2 — € and an analytic map ¢ such that

cop=Poc (4.4)

where €2 is the characteristic domain. The proof of this relies on the Riemann Mapping
Theorem which does not hold for CV if N > 1. However, since we know that our
model maps in C? stay in our appropriate space for fractional iterates, we can define

a one-parameter semigroup for a map ¢ by explicitly constructing ¢ and .
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Example 31 In this example, we will construct a map for the Siegel half space/Heisenberg

translation case (case V). We will follow the below commutative diagram where

U(z) = _‘Zr}rl is the Cayley map from By to H? with U~!(z) = (2—:, %) and

oc=woW.

EQL)IBQ

H? —— H?
We will choose w(z) = (1/221,/22) where we take the principal branch of the

1
2

2 1 22 422
o(z) = (21 + ), i and o !(z) = Z;—, 2& . (4.5)
-z +1 -z +1 27 +2 2{+2

Next, we want to choose ® to correspond to case V. By [8], we know that for

square root. One can show w : H? — H?. Then w™!(2) = (32, 23) with

case V, ¢ is equivalent to a Heisenberg translation whose associated matrix has one

Jordan block. Recall that a Heisenberg translation in C? is a linear fractional map of
1 20,

the form hy(z) = Az +b where A = *] and b = (b1, b2)™. Thus we choose our
0 1

map ® to be the Heisenberg translation given by

1 1 1
B(2) = St 2.
(2) (zl + 222—|— 2,22—|— 4)

We then define ¢ = 07! o ®oo. A calculation shows ¢(z) = (¢1(z2), ¢2(2)) where

61(2) 1521 + 29 + 14+ 44/229(21 + 1) +4/2(1 — 22) 4+ 2¢/22(1 — 21)
1 P
—z1+ 22+ 1T+ 4v/220(21 + 1) +4/2(1 — 22) + 2/22(1 — 1)

and

(b ( ) 1622—21+1+8\/22(1—21)
2 2 ) = .
—z1+ 2+ 1T+ 4v/220(21 + 1) +4/2(1 — 22) + 2¢/22(1 — 21)

To define a one-parameter semigroup, we note that
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10 0 10 0\ (1 10)(100
me=101 —3|=1]02 =8[]0 1 1[0 % 3
00 1 00 8/ \oo1/\0oo0 %

and thus
10 o)1 ¢ 22\ 100 1§ 4eD
me, =10 2 —8[]0 1 ¢ 0ol if=]o1 ¢
00 8/ \0oo0 1 00 1 00 1

which gives

o tt+7) t
D(2) = (21 + ~20 + +2).
() (Zl 92 T 4)

Hence we define ¢, = 0~ ! o ®, 00 to be our one-parameter semigroup of ¢. Define

the following:

A :=10242; + 64720 + t2(t 4+ 7)*(1 — 21) + 256t+/225(2 + 1)

+ 32t (t + 7)/2(1 — 22) + 16t°(t + T)\/22(1 — 21)

B :=1024 + 64t%25 + t*(t + 7)%(1 — 21) + 256t+/225(2, + 1)

+ 32t (t + 7)/2(1 — 22) + 16t°(t + T)\/22(1 — 21)
C :=64t*(1 — 1) + 102425 + 512t/ 25(1 — 21)
D :=1024 + 647z + t2(t + 7)*(1 — 21) + 256t/225(2 + 1)

+ 32t(t 4+ 7)/2(1 — 22) + 168°(t + 7)1/ 22(1 — 21).

A calculation shows ¢;(2) = (¢1,(2), ¢9,(2)) where ¢1,(2) and ¢9,(2) are given by

ool IS

gbh(Z) =

and
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qbgt(Z) = E

It is a straightforward calculation to see that ¢y = I and ¢; = ¢.
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5. FUTURE WORK
5.1 Spectra of Maps in Different Model Cases

Recall that our model theory admits seven cases to be considered for analytic
maps of By into itself. While case I (interior fixed point) and case III (Siegel half
space/dilation) are solved, we have made great progress on case 11 (half space/dilation)
as well. We may ask ourselves what the spectra of maps in the other four cases (at-
tractive boundary fixed point with multiplicity) as well. Taken over the Hardy space
in By, work by Bayart [3] along with results by Jiang and Chen [17] solve the problem
for €, when ¢ is a linear fractional map. It remains to show, however, how this

generalizes to analytic maps that have an intertwining.

5.2 Generalized Hardy Spaces

In the disk, the Hardy space is a specific realization of a broader class of Hilbert
function spaces known as weighted Hardy spaces. These are the Hilbert spaces whose
vectors are functions that are analytic in the unit disk with monomials {1, z, 2%, ...}
representing a complete orthogonal set of non-zero vectors for the Hilbert space.
These include well-studied spaces such as the Bergman space and the Dirichlet space.
In several variables, the Drury-Arveson space can likewise be studied as a specific

realization of a broader class of Hilbert function spaces. We define these below.

Definition 32 Let m, [ be positive integers. The space anﬁ(IB%m) is the Hilbert

function space with reproducing kernel

v
(1= (z,w))”
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The space H227 5 can be identified with the space of holomorphic functions f : By —

C which have power series f(2) =>_,_, a;jz'27 such that

118, = 1FIP = ;'““'2(&(5 s

The Drury-Arveson space is obtained by setting 5 = 1 and the Hardy space on
the ball is obtained by setting # = m + 1. The spectral radii of linear fractional
maps has been determined for these spaces [20]. Preliminary results suggesting the

following is true for this more generalized class of Hilbert function spaces.

Conjecture 33 Assuming some natural hypotheses, similar to those given in The-
orem 28, given an analytic map ¢, from the ball into the ball, with no interior fived
point and boundary fized point ¢ (without multiplicity), the spectrum of Cy acting on
H; 5(By) is given by

o(Cy) = (A ]\ < a™ 2}

where o is the radial limit of the complex directional derivative D¢, i.e. the dilation

coefficient.
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