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ABSTRACT

Barhoumi, Ahmad B. Ph.D., Purdue University, August 2020. Orthogonal Polyno-
mials on S-curves Associated with Genus One Surfaces. Major Professor: Maxim L.
Yattselev.

We consider polynomials P,(z) satisfying orthogonality relations
/kan(z)P(Z;N)du(z) =0 for k=0,1,...,n—1

where the measure p is, in general, a complex-valued Borel measure supported on
subsets of the complex plane. In our considerations, we will focus on measures of the
form du(z) = p(z)dz where the function p may depend on other auxiliary parameters.
Much of the asymptotic analysis is done via the Riemann-Hilbert problem and the
Deift-Zhou nonlinear steepest descent method, and relies heavily on notions from

logarithmic potential theory.



1. INTRODUCTION

The story of orthogonal polynomials is an extremely old one, and spans over many
types of orthogonality (classical, Sobolev, non-Hermitian, discrete, etc.) and enjoys
many applications in approximation theory, mathematical physics, and numerical
methods, to name a very few. In this dissertation, we will study orthogonal polyno-
mials satisfying non-Hermitian orthogonality conditions with respect to a variety of
measures supported in the complex plane.

Unlike classical polynomials, the degree of polynomials orthogonal w.r.t a non-
positive weight up to order n may not necessarily be n. This problem comes to the
fore when the support of the measure of orthogonality is a so-called S-contour as-
sociated with a Riemann surface of genus ¢ > 0, and can pose a challenge as far
as asymptotic analysis is concerned. The main objective is to attain large-degree
asymptotic formulas for the first nontrivial appearance of the aforementioned obsta-

cles; polynomials on S-contours associated with genus one Riemann surfaces.

Outline

The rest of this document is organized in the following fashion: in Chapter 2,
we introduce orthogonal polynomials via Padé approximants, and discuss their most
basic properties. Chapter 3 is a very brief survey of results regarding the convergence
Padé approximants in a variety of senses. Chapter 4 is a bird’s-eye-view introduction
to the method we will be heavily relying on to achieve asymptotic results: Riemann-
Hilbert analysis. In Chapter 5, we apply this method of analysis to a specific family
of Jacobi-type orthogonal polynomials whose degrees exhibit a novel mechanism of
degeneration, and state the relevant results. Proofs of these statements are provided

in Chapter 6, and rely on multiple formulas listed in Appendix A. Chapter 7 is devoted



to a different type of orthogonality, so-called varying orthogonality. The analysis of
these polynomials requires some notions from potential theory in external fields, which
are introduced there. The analysis of the corresponding orthogonal polynomials is
provided in Chapter 8. Finally, we consider polynomials corresponding to a cubic
polynomial potential (compared to a degree 1 in Chapter 7) in Chapter 9, with
analysis deferred to Chapter 10.



2. PADE APPROXIMANTS AND ORTHOGONALITY

Consider the following problem: given a function f(z), the objective is to find a ratio-
nal function with prescribed type that agrees with f “as much as possible.” Roughly
speaking, one can view this as an attempt to analytically continue a function of
form (2.1.1) into a larger domain and via these rational approximants. These objects
have fallen in and out of vogue often; they were first considered by Georg Frobenius,
who derived what are now known as Frobenius identities, connecting approximants
of different orders and offering an effective method for explicit computation. Later
on, Charles Hermite used a certain generalization of these rational functions (so-
called Hermite-Padé approximants) to prove the transcendence of e. His student,
Henri Padé, arranged these approximants, now known as Padé approximants in ta-
bles (Padé tables) and studied structural properties of these tables. Much of this
and more on computation and application of Padé approximants can be found in
Baker and Graves-Morris books [1,2]. We will be mainly interested in questions of
convergence of Padé approximants.

In this chapter, we introduce the precise formulation of the problem described
above, and connect it with orthogonal polynomials. To move on with our study, we
will need to recall some basic facts about orthogonal polynomials and their various
properties and how they apply to Padé approximation. The theory of orthogonal
polynomials is an old one with deep roots, and so we will confine the discussion to
matters relevant in the forthcoming chapters. For a general reference on orthogonal
polynomials, see the classic book of Szeg6 [3] and the more recent book by Stahl and
Totik [4]. We then state and prove Markov’s theorem, the first (and one of the few)

results regarding convergence of approximants.



2.1 Padé Approximants at Infinity

Counsider the function
oo

f(z) = Z"H (2.1.1)

i=0
We seek polynomials P,, Q),, with deg P, < n so that

Ro(2) = (Puf — Qu)(2) = O (anﬂ) | (2.1.2)

Equation (2.1.2) imposes 2n + 1 conditions on 2n variables, and hence always has a
nontrivial solution, and no solution is such that P, = 0. We let P, denote the monic

polynomial.

Definition. The nt* diagonal Padé approximant

/nls(e) = 20 2.13)

While the pair (Q,, P,) that solves (2.1.2) may not be unique (for one, we can
multiple both by constants, but more serious non-uniqueness can arise), the following

still holds
Proposition 2.1.1. The ratio Q, /P, is unique.

Proof. Suppose there exists two pairs of solutions to (2.1.2), (Q,, P,) and (Q,, P,),
then

(Pnf_Qn)(z):Zn+1 +
(pnf_Qn)(z) = ntl RERRRE

where ¢, ¢ may vanish (this corresponds to approximants over-interpolating at infin-
ity). Eliminating f and noting that deg P,,deg P, < n yields

~ ~ k

but, since the left hand side is polynomial, we conclude that QuPy — QuP, =0 —
Qn/Pn = Qn/ﬁn O



While we will focus most of our attention on the diagonal Padé approximants

defined above, It is still important to make the following definition:

Definition. Let P,, @Q),, be polynomials with deg P, < n, deg @,, < m that satisfy

(Pl = Q)2 =0 () (214
Then the ratio
[m/ns(2) = i:((;)) (2.1.5)

is the Padé approximant of type (m, n).

Much like the diagonal case, equation (2.1.4) imposes n + m + 1 conditions on
n + m variables, and hence always has a nontrivial solution, and no solution is such
that P, = 0. Arranging all Padé approximants into a table yields the Padé Table.
For more on this and the structure of this table, see [1].

In the special case where {p;}32, is a sequence of numbers that coincides with the

set of moments of some compactly supported Borel measure p, i.e.

Mi:/xi du(xz) for =0,1,..

then we can write

f(z) = /dM—(I) (2.1.6)

z—x

Properties of polynomials P, will depend on the nature of this measure p, with the
most important property (for us) being orthogonality. Suppose (2.1.1) converges in
{]z| > R} for some R > 0 and let I' C {|z| > R} be any curve encircling infin-
ity. Then, it follows from (2.1.6), an interchange of integrals, and an application of

Cauchy’s theorem that for k =0,1,....n — 1

0— /kawnf—cgn)(x) d — /ka(Pnf)(x) dz = /zk Po(z) du().  (2.1.7)

Hence, we arrive at non-hermitian orthogonality relations, dubbed so for the

lack of a conjugation,

/zk P,(z) du(z) =0 for k=0,1,...,n—1. (2.1.8)



2.2 The Case of a Positive Measure on R

The problem of existence of a measure as in (2.1.6) and its uniqueness goes by
many names, but the case of a positive measure supported on R goes by the Ham-
burger moment problem. We will not be concerned with this problem too much,
but for more see [5, Chapter 2 Section 7] or [6, Chapter 2] (amongst many others).

We note the resolution of the existence portion of the Hamburger problem.

Theorem 2.2.1. Given a sequence of real numbers {u;}2,, then a solution to the
Hamburger problem exists if and only if the Hankel matrices [u;4;];;—, are positive

definite for all n € N.

With this in mind, it follows that

Mo M1 M2t fin
M1 M2 p3 ot Mg
Dy =det (il o =1 . . o >0 (2.2.1)
M Hpn  Hpg1 -0 U2n
and we can construct
Ho  H1 2 - Hn
. M1 p2 @3t Uyl
P,(z) = : : S o, Px)=1 (2.2.2)
Dn—l
Hn—1 Hn Hn+1 - Hon—1
1 T x2 . "

this formula makes orthogonality clear while showing that deg P, = n.

Definition. The orthonormal polynomials, denoted with the lowercase p,(z), are
polynomials that satisfy
[ pnla) pule) du(o) = 6 (22

where 0,,, = 0 or 1 according to whether m # n or m = n, respectively.



These polynomials are related to the monic polynomials by a normalizing factor

knP,(x) = p,(x). Looking at (2.2.2) and (2.1.8), we see that

ky =

Dt 1
D, and i /OO Pi(z) du(x). (2.2.4)

n

In the following subsections, we follow [3] to highlight the main properties of P, when

[ 1s a positive measure.

2.2.1 Three-Term Recurrence Relation

A celebrated and well-studied property of orthogonal polynomials is the three-

term recurrence relation

TP, (x) = Pyy1(x) + BuPo(x) + 2 P,_1(z) (2.2.5)
where
K >
ap = knl and B, = k2 - /_Oo xP,(z)d p(z). (2.2.6)

This can be verified by noting that the polynomial zP,(x) can be written as a linear
combination of {P(z)}}*;, and applying (2.1.8) to solve for the coefficients yields
(2.2.5). In fact, it was shown by Favard in [7] that the converse also holds: given
, Bn € R, polynomials defined by (2.2.5) and initial conditions P_;(z) = 0, Py(z) =
1 form a family of polynomials orthogonal with respect to some positive measure f.

Applying the above result to the expression p,1(2)pn(y) — pu(2)pnii(y) yields
the Christoffel - Darboux formula

- b Poa(@)pa(y) = Pal@)Pnia ()
;pi(x)pi(y) = T vy (2.2.7)

where, by considering the limit x — y, we arrive at a special case

Zp? (z) = % (01 (2)pn (@) — 1 () ppaa () (2:2.8)



2.2.2 Zeros

Observe that the zeros of P, () all lie in the convex hull of supp(x). Indeed, from
the orthogonality condition (2.1.8) we have

/ P(x) dp(x) = 0
supp(u)

which implies that P,(x) must change signs at least once within the interval. Label
the zeros z;, [ = 1,...,n. Then we have that x; is in the convex hull of supp(u) for

[ <n. Now suppose that [ < n, then this contradicts the relation

/ R =) e ) dua) =0

since the integrand has constant sign.
In fact, when supp(p) = [a, b] (i.e. supp(p) is convex), the zeros of P,(x), P,i1(2)

satisfy the following interlacing property:

Theorem 2.2.2. Leta =29 < 771 < 23 < --- < T, < Tpy1 = b be the the zeros of

P,(x), then in each interval [x;, x;11] lies exactly one zero of P,i1(x).

Proof. Consider two consecutive zeros of p,(z), z; and x;41, ¢ € [1,n — 1]. Then
P! (z;)P)(xi11) < 0. Furthermore, it follows from (2.2.8) that P/ (x;)P,41(z;) < 0
and P! (z;41)Pni1(xi41) < 0. Taking the product of the left hand side of the last
two inequalities yields P,y1(x;)Poy1(zi41) < 0, which implies the existence of an
odd number of zeros of P,.; in the interval [z;,x;,1]. Furthermore, observe that
P!(z,) > 0 and so, P,i1(x,) < 0, but since P,(zr) — +o00 as x — +00, we have
that P,.1(x) must possess one zero between z,, and x,1. Similar argument yields at
least one zero of P, in [zg, x1], and since P,;1(x) has only n + 1 zeros, the result

follows. O]

2.2.3 Gauss-Jacobi Quadrature Formula

In fact, orthogonality with respect to a positive measure supported on an interval

grants us the following quadrature formula:



Theorem 2.2.3. Let a < z1 < @3 < -+- < x, < b be the zeros of P,(x). Then,

dN;, i =1,2,....,n so that

b
/ Q) du(x) = MQ) + -+ MQ() (2.2.9)

for any polynomials Q@ with deg @) < 2n — 1. In fact, \; are given by

i = /ab (P/(xi”((;)_ zi))Q du(z) >0 (2.2.10)

and satisfy
M+ A= p([a,b]). (2.2.11)

Proof. We begin by constructing the Lagrange interpolating polynomial L(z) of de-

gree n, which agrees with ) at nodes 1, ..., z,. This can be written explicitly as

La) = Y Q) i = 3 Qah (o),

It follows then that @ — L is divisible by P,, and hence (Q) — L)(z) = (P, -7)(x) where

degr < n — 1. Hence,

n

_ / L) du(z) = 3" Qe

@ =1

/;Q(:r;) du(x) = /abL(x) dp(x) + /ab Po(2)r(z) du(z)

where we write

b x
i ::/a P Fulw) du(z).

To see (2.2.10), (2.2.11), we simply need to apply (2.2.9) to the polynomials Q(z) =
I2(z), Q(z) = 1, respectively. O

2.2.4 Markov’s Theorem

We now state and prove the first result regarding the convergence of Padé approx-

imants



10

Theorem 2.2.4. Let p be a positive Borel measure with supp(p) = [a,b] C R and f
be as in (2.1.6). Then

n/nli(z) = f(z) as n— oo
locally uniformly" in C \ supp(u)

Proof. The first and main observation is that we can write

n

[n/nls(2) =

i=1

Ai

z — T

(2.2.12)

where \;’s are as in Theorem 2.2.3. Indeed, we can write for some A’

(i ij;i> (2.2.13)

=1

00
=0

/i) =Y S = Y

1
Sit1
i=1 i

Since, by definition,

we conclude that

11 1\ [ x o
T T Ty A5 |
aoay e )\

However, by Theorem 2.2.3, the same equation holds with A} replaced with \;. Since
the above matrix is a Vandermonde and z;’s are distinct (zeros of P, are simple, see
Section 2.2.2), it is invertible and we must have A\ = \; for i = 1,2,...,n.

Let w, = Z?:l A0z, , where we added n to the subscript to emphasize the
dependence on n. WLOG, suppose u([a,b]) = 1 (otherwise, all €’s below need to be
adjusted by a factor of 1/u([a,b])). Then, it follows from the above computation that

/() = [ 22

zZ—XT

by “locally uniform convergence” on a domain D we mean uniform convergence on compact subsets

of D.
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and since for z € C\ [a,b] the function is continuous (in x) on [a, b], showing

Z—x
convergence of [n/n]; is equivalent to showing p, — p weakly. The later follows from

the density of polynomials in C([a, b]) (Stone - Weierstrass’ theorem) and the identity

[ 7@ aute) = [ 760 i

granted to us by Theorem 2.2.3. Uniformity follows by observing that, given any
compact subset K C C\ [a,b], the family [n/n]; is analytic and uniformly bounded

on K, and hence normal. O

2.3 The Case of a Complex-Valued Measure

While orthogonal polynomials on R will be our spiritual guides (and offer a good
source of computable examples), when allowing for complex-valued measures we will
concern ourselves with Borel measures supported on compact subsets of C, not just
R. With the assumption of positivity of the measure dropped, definition (2.2.2) no
longer guarantees as many properties as in the previous case. First and foremost,
we no longer have deg P, = n, since the associated Hankel determinants are not
necessarily positive-definite (in fact, the formula that appears in (2.2.2) must now be

considered with extreme care). The best one can say is that deg P, < n.
Ezample (Bad Example). Consider polynomials orthogonal with respect to the mea-
sure dpu(x) = w(x) dz, x € [0, 00) where

w(z) = sin(27 log z) exp (—log*(z)) .

n+1

Using the substitution u = logx — , one immediately arrives at the identity

/ 2"w(x)de =0 for n=0,1,2,..
0

In particular, this implies that the function Py = 1 satisfies (2.1.8) for any n € N,

and so does any polynomial for that matter!
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Proposition 2.3.1. Let i be a complex-valued Borel measure supported on a subset
of C and for which all moments exist. Then, the minimal-degree monic polynomial

P,(z) satisfying
/szn(z) du(z) =0 for k=0,1,...n—1 (2.3.1)

is unique. Here and in all that follows, integral is taken over supp(u) unless it is

stated otherwise.

Proof. Suppose to the contrary that there exists another monic polynomial ]Sn(z)
with deg P, = deg P, that satisfies (2.1.8). Then, the polynomial (P, — P,)(z) also
satisfies (2.1.8), but deg(P, — P,) < deg P,, contradicting minimality. O

For the rest of this document, we will denote by P, this minimal degree polynomial.
The loss of positivity costs us all the information we had about zeros, we cannot even
count the number of zeros of P,. However, Figure 2.1 suggests that zeros do have some

peculiar structure. It is reasonable to think that in the case of algebraic functions,

Fig. 2.1. Zeros of polynomials Pj5¢ associated with fi(z) = /1 — % + =5

the structure of the zero-attracting curve depends on the location of branch points,
however, it turns out that this not all, see Figure 3.1 in Chapter 3 for example.
In the next chapter, we will explore questions regarding the location of zeros,

convergence of approximants, and degree of P,,.
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3. CONVERGENCE OF PADE APPROXIMANTS

In this chapter, we will briefly mention some of the early results on convergence
of Padé approximants, starting with the earliest result by Robert de Montessus de

Ballore’s theorem [8]

Theorem 3.0.1. Let f(z) be a function meromorphic in the disk |z| < R with n poles

at distinct points zq, 22, ..., 2, With
0<|z| <z <+ < z| < R.
Let my, be the multiplicity of the pole at z, and M =", _, mg, then

f(z) = lim [L/M];(2)

L—oo

locally uniformly in {z | |z| < R, z # z, k=0,1,...,n}.

For a proof and discussion, see [1]. After this, results focused on weaker notions
of convergence of approximants, with the first result being that of John Nuttall [9],
with later refinements by Jean Zinn-Justin and Christian Pommerenke. To move any
further into the modern theory will require some notions from potential theory, which
we will recall in this chapter as well, with the main references being [10] and [11]. We
use the language of potential theory to introduce the body of work on now commonly
known as Gonchar-Rakhmanov-Stahl (GRS) theory, named after Andrei Gonchar,

Evguenii Rakhmanov, and Herbert Stahl.
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3.1 Convergence in Measure

The first theorem is due to Nuttall.

Theorem 3.1.1 (see [9]). Let f(z) be a function meromorphic in a compact region

D c C. Then, given any €,6 > 0 and j € Z, there is Ny so that VN > Ny,

In/n+jlp(z) — f(2)] <e
for all z € D., where m (D \ D,) < 4.

Here we already begin to see potential theory seeping in, as the original proof
relies on Pdlya and Szegé’s work in [12]. Later, Zinn-Justin generalized the result
above to sequences [Ly/My|s, k = 1,2, ... with the property that for any 0 < A < 1,
ﬁ 1

A
<MK<)\

The next upgrade of this type came from Pommerenke in [13], who allows for essential
singularities, and refines the size of the exceptional set. To state his result, we will

need some notions from potential theory.

3.2 Convergence in Capacity

Definition. Let i be a Borel measure with compact support in C, then the loga-

rithmic energy of p is defined to be
) == [ [1oglz = ol dut2)duta) = [ 0"(:) dute)
where U*(z) is the logarithmic potential of s.

Definition. A set K is said to be polar if for every u as above supported on K,
I(p) = —oo.
Definition. The capacity of a set K is

Cp(K) _ einfl(u)

where the infimum is taken over all Borel probability measures .
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It is clear from this definition that a set is polar if and only if its capacity is
zero, and this notion helps us gauge what sets are “close” to being polar. We say a
property holds quasi-everywhere (q.e.) if it holds off of a polar set. In fact, due
to the inequality (see [10, Theorem 5.3.5] for a proof)

m(K) < m(cp(K))?, (3.2.1)

a property that holds g.e. holds a.e., while the opposite is not true. For example, the
usual Cantor set has positive capacity, but measure zero (see [14, Chapter 5, Section
6.4] for a proof).

We are ready to state Pommerenke’s result:

Theorem 3.2.1 (see [13]). Let K C C be a compact set with cp(K) = 0 and let f(z)
be (single-valued and) meromorphic in C\ K. Then, fore, § >0, r>1, 0 <A <1

1
there exists mq such that for m > mgy and A < moz

n— N
[[m/n]; — f(z)] <€
when |z| <7, z & Ky, where cp(Kpy,) < 6.

Definition. A sequence f,,, n =1,2,..., is said to converge to f in capacity in a

domain D if for any € > 0 and every compact K C D N C, we have

Jim cp({z € K | |(f = fu)(2)] > €}) =0

That is to say, Theorem 3.2.1 implies the convergence in capacity of [m/n]; to f.
The requirement that f be single-values is important here, and given a function f
defined by its series at infinity as in (2.1.1), it is not necessarily clear whether or not
the function is single-valued as we proceed by analytic continuation into the finite

plane. However, we can handle a subclass of such functions.
Definition. A function f is said to belong to the Stahl class, denoted f € S, if

1. f has a continuation along any arc originating at infinity that belongs to some

set C\ £y,
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2. Cp(Ef) = 0,

3. there exists points in C\ E; at which f possesses at least two distinct continu-

ations.

Definition. Given f € S, a compact set K C C is said to be admissible if C\ K is

connected and f is meromorphic and single-values there.

The following theorem is due to Herbert Stahl, and summarizes work done in

[15-18]

Theorem 3.2.2. Gwen f € S, there exists a unique admissible compact Ay such
that cp(Ay) < cp(K) for any admissible compact K and Ay C K for any admissible
K satisfying cp(K) = cp(Ay). Furthermore, Padé approxzimants [n/n|s(z) converge
to f in logarithmic capacity in Dy := C\ Ay.

The problem of finding a continuum containing a finite set of points, which would
be the problem of finding Ay when f were algebraic, is also known as Chebotarev’s
Problem. The curves traced out by zeros of the orthogonal polynomials in Figure
2.1 are exactly those minimal capacity branch cuts, and Figure 3.1 below further
shows how the monodromy of the function f dictates the connectedness of the zero-

attracting curve.

3.2.1 Anatomy of A;

In fact, Stahl provides many characterizations of this compact set A in his works

cited above.

Theorem 3.2.3. Let Ay be as in Theorem 5.2.2. Then,
Ap=EUE U A,

where Ey C FEy, Ey consist of isolated points to which f has continuation from the
point at infinity leading to at least two distinct function elements, and A; are open

analytic arcs.
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Fig. 3.1. Zeros of polynomials Pj5y associated with fo(z) = /1 — % + =

Definition. The Green function of a domain D, denoted gp(z;00) is defined by

the following properties:
1. gp(z; 00) is non-negative and subharmonic in C\ {oo}, and harmonic in D\ {co}
2. gp(z;00) =log|z| + O(1) as z — oo
3. gp(z;00) =0q.e. on C\ D

Definition. The (unique) equilibrium measure of a compact, nonpolar set K is a
Borel measure satisfying

I(peq) = inf I(v) (3.2.2)

where the infimum is taken from the set of Borel probability measure on K. It is
a matter of checking and applying Frostman’s Theorem (see [10, Theorem 3.3.4] for
example) to see that for a domain D 5 co we have

Utea(z) — I(pteq) for z € C

gp(z;00) =
00 for z = o0

We this in mind, we characterize the set Ay using the following S-property:
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Theorem 3.2.4. Let 0/0n* be the one-sided normal derivatives on |JA;. Then

ang ang

where the domain Dy was defined in Theorem 3.2.2. This is equivalent to

our U+
o~ o= " UAj (3.2.4)

where p is the equilibrium measure of 0Dy

Observe that since A; are analytic arcs, it follows that all points in A; are regular
(in the sense of Ransford, see [10, Theorem 4.2.2]) and so, gp,(2) is identically zero
on [JA;. In particular, combining this with the S-property implies that gp f(z) can
be harmonically continued across each A; using the reflection principle.

The final characterization, and the one we will often resort to, requires the follow-

ing definition.

Definition. Given a function @)(z) meromorphic on a domain D, a trajectory (re-

2

spectively, orthogonal trajectory) of the quadratic differential Q(z)(dz)* is a max-

imal arc along which

Q(=(1) (2'(1))* > 0 (respectively, Q(=(t))(='(t))* < 0)

for any smooth parametrization z(¢) : [0,1] — C. The critical points of the
quadratic differential Q(z)dz? are the zeros and poles of Q(z). A trajectory is said
to be critical if it is incident with a finite critical point, and said to be short if it is
incident with only finite critical points. Finally, the critical (orthogonal) graph of

the quadratic differential Q(z)dz? is the union of all critical (orthogonal) trajectories.

Theorem 3.2.5. Let
h’Af(z) = 28ngf(Z)a

where 20, := 0, —1i0,. Then, function hif is holomorphic in Dy, has a zero of order

2 at infinity, and the arcs A; are critical trajectories of the quadratic differential

—hif (2)d22.
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Note that if the function f is algebraic, then the set of singularities Ey U E} is

finite, and so thf is rational. In fact, the quadratic differential takes on the form

()

where A = (2 —a1) - - (2 — a,) where a;’s are some of the branch points of f and V'

is a uniquely determined polynomial.

3.3 Stronger Notions of Convergence

We saw that in the real case, Markov’s theorem asserts convergence of [n/n|s
locally uniformly in some region of C, and the natural questions is: does a similar
statement hold true in the general case? The Baker-Gammel-Wills conjecture

asks the following:

Given a function f meromorphic in the unit disk, there exists an infi-
nite sequence of natural numbers A(f) such that, along this subsequence,
[n/n]; converge to f locally uniformly on compact subsets of the disk

omitting poles.

Unfortunately, this is not true. Doron Lubinsky observed in [19] that the Roger-
Ramanujan continued fraction with a carefully chosen value of ¢ is a counter-example.
This continued fraction is meromorphic in the unit disk and is not algebraic. Later
on, Viktor Buslaev in [20] found yet another counter-example, this time it was an
algebraic function holomorphic in the unit disk. The main obstacle is the appearance
of what are known in the approximation theory circles as “wandering” or “spurious”
poles, see Figure 3.2. Wandering poles were observed earlier,see [21] for example.
While a general convergence statement may not be attainable, restricting to Markov
fuctions as in (2.1.6) allows us to not only prove convergence in certain cases, but

even quantify the convergence.
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(a) Zeros of Py (b) Zeros of Pigo

Fig. 3.2. Poles of approximants to fa(z) = /1 — Z% + Z%. Note the two

zeros that appear to not lie on the zero-attracting curve.

3.4 Quantifying Markov’s Theorem

The first result in this direction is due to Sergi Bernstein and Gabor Szeg6

Theorem 3.4.1. Let q(x) be a positive polynomial on [—1,1] and

dp(x) = N z € [-1,1],
then
Pa(2) =70 (T + q¥V) (2) (3.4.1)
(),
() (2) = 2 )

(3.4.2)

for all n > %deg q, where p, are the orthonormal polynomials associated with p and

S, is the unique holomorphic and non-vanishing function in C \ [~1,1] such that

|S5|> = q on [—1,1]. Explicitly,

3G B(2) — (s (3:43)

where ®(2) = 2+vV22 -1, V22 —1=24+0(1) as z — o0, q(2) = H?iglq(z—zj), and

1 for zeC\[-1,1].
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Observe that this is an exact formula for polynomials p,,, not an asymptotic one.
Later, Nuttall-Singh generalized this. To state their result, we make a definition

motivated by Stahl’s work (see Theorems 3.2.2, 3.2.3, 3.2.4)

Definition. A compact set A with a connected complement is called an algebraic
S-contour if

A:EOUE1UUA]

where Aj’s are open analytic arcs, Ey U E; is a finite sets, Ej consists of points that
are the endpoint of exactly one A;, while E; consists of points that are endpoints of

at least 3 Aj’s.

Theorem 3.4.2 (see [22]). Let A be an algebraic S-contour and Ex C (EyU Ey) be

the set of points with odd valence. Define

wi(2) == H (z—¢€) where 279 'wa =1 as z— o0
ecEa

Furthermore, let g be a non-vanishing polynomial on A and

1 1 dx
fa(2) = i /A r —zq(z)wi(r)

Then,
2 v (2)

(fg =) (2) = wa(2) (\1,7(10) + Q\Ifg)> (2)7

where functions WY (2) are known as Baker-Akhiezer functions, and will be defined

in Chapter /.

Maxim Yattselev replaced 1/¢(z) with a holomorphic weight in [23], and later on,
along with Laurent Baratchart in [24] and Alexander Aptekarev in [25] extended the
result in a different direction, replacing wa with any algebraic function with branch
points in generic position, i.e. points in Ey U E; have valence at most 3. The main
difference between these results and Nuttall-Singh is that formulas for the orthogonal
polynomials and error of approximation are not exact, but asymptotic. These are

the so-called strong asymptotics of orthogonal polynomials. In this work we show
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that we can allow for points of valence 4 at the price of considering possibly sparser
subsequences of indices. In the next chapter, we state the precise problem at hand and
introduce a certain Riemann surface 98 on which functions describing the asymptotics

of polynomials P, are naturally defined.
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4. THE RIEMANN-HILBERT PROBLEM

To study the large degree asymptotics of orthogonal polynomials, we will employ
the nonlinear steepest descent analysis of Riemann-Hilbert problems (RHPs). The
following will drive our analysis: suppose we are given a sufficiently smooth contour
A with some orientation and a jump matrix J(s,n) defined for s € A, where n is a
parameter. By solving a RHP, we mean (roughly speaking) finding a matrix-valued
function M that is analytic on C \ A satisfying RHP-M

1. M(z,n)=I+0 <§) as z — 00,

2. M (s,n)=M_(s,n)J(s,n) for s € A\ {end points U points with valence >

3}

One is immediately faced with the question of existence of a solution. The following
theorem asserts such existence in a specific setting. For a proof, see [26, Corollary

7.108] or [27, Theorem 5.1.5].

Theorem 4.0.1. Let RHP-M be as above, and assume that for some fixed N and

€ > 0 we have

for n > N. (4.0.1)

C
| J = I||2a)nzee(a) < e

Then, for n large enough, RHP-Mis uniquely solvable, and

C

M-I < —
IM =< )

(4.0.2)

holds locally uniformly on C\ A.
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4.1 Riemann-Hilbert Problem for Orthogonal Polynomials

Henceforth, we will consider polynomials P, satisfying (2.1.8) with measure dy =
p(z,n)dz, z € A where A is a finite union of smooth arcs and ' |p(z,n)| ~ |z —
e|*, a, > —1, where e is an endpoint or cusp of A, and are otherwise holomorphic in
a neighborhood of A. In this setting, the associated Padé approximants are defined
by the relation (2.1.2) with

f(z)zi./ M, zeC\ A
A

21 s—z

Lemma 4.1.1. Let polynomial P, be as above. Furthermore, suppose P, and R, 1

(see (2.1.2)) are such that
deg(P,) =n and Ry,_1(z)~z" as z— 0. (4.1.1)

Let k1 be a constant such that k,_1R,—1(z) = z~"[1 + o(1)] near infinity. Then the

matrix

Y = (4.1.2)
kn—lpn—l(z) kn—an—l(z)

solves the following RHP (denoted RHP-Y ):

a) Y is analytic in C\ A and lim Y (2)z7"% = I?:
(a) y ;

Z—00

1 p(s,n)
(b) Y has continuous traces on A that satisfy Y . =Y _ ;

0 1

In what follows we write |g1(2)| ~ |g2(2)| as z — zo if there exists a constant C' > 1 such that
C7ag1(2)] < 192(2)| < Clg1(2)| for all z close to 2.

1 0
2Hereafter, we set o3 := ( ) and I to be the identity matrix.
0 -1
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(c) Y behaves like

11\
@ if ae > 0,
1 1
1 log|z — €| _
Y(z)=<¢ O if . =0, as z —e.
1 logl|z — €|
1 [z —e|*™ ‘
if —1<a, <0,
1 |z—e|*

\

Conversely, if RHP-Y s solvable, then its solution necessarily has the form (4.1.2)
and the polynomial P, and the function R, satisfy (4.1.1).

Sketch of Proof. In the forward direction, RHP-Y (a) follows from (4.1.1), RHP-Y (Db)
follows from the Plemelj-Sokhotski formulas (see [28]), while RHP-Y (c¢) follows from
the integral representation

Ro(z) = % /A %dx (4.1.3)
and properties of Cauchy integrals (see [28, Section 8]). The converse direction follows

from similar considerations and is shown in, for example, [25]. O

Remark 4.1.2. Observe that the orthogonality relations we have described in Chapter
2, the weight of orthogonality p was assumed to be independent of n. However, such

varying orthogonality appears naturally, and will be discussed extensively in Chapter

7.

This while this is not a RHP of the type discussed in the beginning of this chapter,
once the initial RHP is established, the analysis follows a series of transformations to

arrive at a “small norm problem.” The following are the highlights.
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4.2 First Transformation

To begin solving this problem, one normalizes the behavior of Y at infinity in the

following fashion

T(z):=Y(z)-exp(—ng(z)os), (4.2.1)
1

where the function g, hereafter the g-function is chosen so that T =1 4+ O (—)
z

For this to happen, g must
1. be analytic on C\ A,
2. be bounded on A,
3. satisfy g(z) ~Inz as z — 0.

It follows from RHP-Y (b) that,

e_n(9+ _g*)(s) p(S’ n)en(g++g*)(s)
T, (s)=T_(s) (4.2.2)
0 e(g+—9-)(s)
Since the eventual goal is to arrive at a RHP whose jumps is close to I for large n,

(4.2.2) forces the requirements
4. (9+ —g-)(s) €iR for s € A

5. There is a constant ¢ (known as the Robin or modified Robin Constant)

such that p(s,n)e™9++9-=96) is bounded as n — oo.

Requirement 4 can be viewed as a compromise: we cannot make both diagonal entries
small simultaneously, and we will settle for oscillatory entries, and enforce requirement
5 to handle the off-diagonal term. Observe that the freedom of introducing /¢ is allowed

to us by simply modifying the above transformation to T' = e(®73/2)Y e(=n(9(2)=£/2))
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4.3 Opening the Lenses

To take care of the oscillatory diagonal terms, the strategy is to consider contours
encircling each arc of A (see Figure 6.1, for example) and transfer the jump onto

those via factorizations in the spirit of

a-b b 1 0 0 b 1 0
- (4.3.1)

0 bla 1/a 1 b 0/) \a 1

One chooses the lenses above judicially so as to guarantee that a is decaying on one
“lip” while 1/a is decaying on the other. This of course heavily relies on the ¢ function

and its properties, and this type of identity will be highlighted in Chapter 8.

4.4 Solving a Riemann-Hilbert Problem

Since the first and last matrices on the right hand side of (4.3.1) are exponentially
small on the lenses (away from A), we can focus on solving a global RHP, where only
the jump on A is considered. These can be explicitly solved via the Szegd function
(cf. Section 5.3) and Theta functions.

To arrive at a RHP whose jumps are close to identity, one also needs to exactly
solve (or prove existence of a solution at least) local RHP’s in neighborhoods of
points where the lenses from above intersect A. These are often solved with the help

of special functions (cf. Section 6.3.2, for example).

4.5 Extracting Asymptotics

Once at this stage, one can apply Theorem 4.0.1, and reversing all the transfor-
mations above yields an asymptotic expression for Y and in turn P,(z) as n — oo.

Large n asymptotics of a solution of a RHP were first acheived by Its in [29, 30],
where he reduced the initial RHP to solving a global problem along with “local”
RHPs. This is an interesting feature of this method of analysis: applying the method

yields asymptotics for all z € C, but requires solving RHP in the whole plane as
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well. The method was generalized and standardized in the work of Deift and Zhou
in [31], and this method (highlighted above) is now known as the nonlinear steepest
descent method, an ode to the integral steepest descent method. In the context
of orthogonal polynomials the early RHP appearances include [32-34], but the first
connection between RHPs and orthogonal polynomials was made in [35,36].

In the next chapter we will return to our original problem of asymptotics of or-

thogonal polynomials and introduce all the key players.
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5. MODEL PROBLEM: ORTHOGONAL POLYNOMIALS
ON A CROSS

A version of this chapter appeared in [37].
To understand the effect of a point of valence 4 in an algebraic S-contour, we
consider the following model problem: the asymptotic behavior of polynomials P,(z)

satisfying non-Hermitian orthogonality relations

/ P, (z)p(x)ds =0, k=0,...,n—1, (5.0.1)
A

where A := [—a,a] U [—ib,ib], a,b > 0, and p(s) is a Jacobi-type weight. These

polynomials correspond to Padé approximants of

f(z)—%/A%, z€C\ A (5.0.2)

where we require the weight p(z) belong to the following class.

Definition. Let ¢ be a positive integer or infinity. We shall say that a function p(s)
on A belongs to the class W, if

(i) pi(s) := pia,(s) factors as a product p;(s) = p;(s)(s — a;)*, where the function
pi(z) is non-vanishing and holomorphic in some neighborhood of A;, a; > —1,

and (z — a;)™ is a branch holomorphic across A\ {a;}, i € {1,2,3,4};
(ii) the ratio (p1p3)(z)/(p2ps)(z) is constant in some neighborhood of the origin;
(i) it holds that p1(0) 4 p2(0) + p3(0) + p4(0) = 0;
(iv) the quantities pgl)(O)/pi(O), 0 <1<, donot depend on i € {1,2,3,4}.

Observe that conditions (ii) and (iii) say that one of the functions p;(z) is fully
determined by the other three. In particular, it must hold that

pa(z) = —(p1 + p2 + p3)(0)(p2/p1p3)(0)(p1p3/ p2)(2)-
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Notice also that Wy, C W, whenever ¢, < ¢, and that p(s) € W if and only if there
exists a function F(z), holomorphic in some neighborhood of A\ {a, as, as, as}, such
that p;(s) = ¢;Fa,(s) for some constants ¢; that add up to zero.

In particular, this class includes functions

4 4
Z C;log(z —a;) and H(z —a;)™,
i=1 i=1

where the constants C; add up to zero and the exponents —1 < «; € Z add up to
an integer, possess branches holomorphic off A that can be represented by (5.0.2) for
certain weight functions in W, (the second function can represented by (5.0.2) up to
an addition of a polynomial of degree Z?Zl a;).

Holomorphy of the weights p;(z) allows one to deform A in (5.0.1) to any cross-like
contour consisting of four arcs connecting the points a; to the origin (some central
point if the weight add up to zero in a neighborhood of the origin). However, Theorem
3.2.2 suggests that the attracting contour is essentially characterized by having the
smallest logarithmic capacity among all continua containing {ay, as, ag, as}. It is also
known from Theorem 3.2.5 (see also [38,39] for the appearance of the same problem
in the geometric function theory literature) that this contour must consist of the
orthogonal critical trajectories of the quadratic differential

(2 — b1)(z — by)d2?
(22 —a?)(22 + b?)

(5.0.3)

for some uniquely determined constants by, by. It can be readily verified that A is the
desired contour and b; = by = 0.

The functions describing the asymptotic behavior of the polynomials P,(z) are
constructed in three steps, carried out in Sections 5.2-5.4; and naturally defined on
a Riemann surface corresponding to A that is introduced in Section 5.1. The main

results are stated in Sections 5.5 and 5.6.
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5.1 Riemann Surface

Let A = UL, A; be as above. Set

w(z) =/ (22 —a?)(22 +b2), z€C\A, (5.1.1)

to be the branch normalized so that w(z) = 2% + O(z) as z — co. Denote by R the
Riemann surface of w(z) realized as a two-sheeted ramified cover of C constructed in
the following manner. Two copies of C are cut along each arc A;. These copies are
glued together along the cuts in such a manner that the right (resp. left) side of the
arc A; belonging to the first copy, say R|R?, is joined with the left (resp. right) side
of the same arc A; only belonging to the second copy, RO,

Fig. 5.1. The arcs A; together with their orientation (solid lines), a schematic
representation of the arcs A; = 7 1(A;) (dashed lines) as viewed from R,
and the chosen homology basis {«, B} projected down from RO,

We denote by 7 the canonical projection 7 : /8 — C and define A := 771(A),
A;=711A)), i€ {1,2,3,4}. Then A is a curve on R that intersects itself exactly
twice (once at each point on top of the origin), see Figures 5.1 and 5.2. We orient

A so that R remains on the left when A is traversed in the positive direction.
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We shall denote by z*, k € {0,1}, the point on M*) with canonical projection z
and designate the symbol -* to stand for the conformal involution that sends z*) into
20-R) ke {0,1}. We use bold lower case letters such as z,t, s to indicate points
on R with canonical projections z,t,s. Since R is elliptic (genus 1), any homology
basis on R consists of only two cycles. In what follows, we choose cycles &, 3 to
be involution-symmetric and such that m(«), 7 () are rectifiable Jordan arcs joining

ai,as and ay, ay, respectively, oriented as on Figures 5.1 and 5.2.

a, X 044 x a
Ay Ay
B 0* As B
e
AQ as
as e » Ao
As A,
R ()
B N>R
a [0, d4 (0.4 a

Fig. 5.2. Schematic representation of the surface ?R (shaded region represents
9{(1)), which topologically is a torus, the arcs Ay, Ag, A3, Ay, and the homol-
ogy basis «, 3.

5.2 Geometric Term

The main goal of this subsection is to define the function ®(z), see (5.2.5), that
will be responsible for the rate of growth of the polynomials @, (z) and is determined
solely by the contour of orthogonality A.

With a slight abuse of notation, let us set

w(z) = (=D*w(z), zeR®\ A, ke{01},
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which we then extend by continuity to A. Clearly, w(z) is a meromorphic function
on R with simple zeros at the ramification points of 9, double poles at co® and

ooV, and otherwise non-vanishing and finite. Thus,

= () wt>>_l e 52.1)

is the holomorphic differential on SR normalized to have unit period on «. In this

case it was shown by Riemann that the constant

B = in (5.2.2)

has positive purely imaginary part. Further, since z/w(z) has simple poles at the
ramification point of PR, simple zeros at co(®) and co*), and behaves like 1/z around

00 the differential
zdz

G(z) =

w(z)

is meromorphic on PR having two simple poles at oo™ and co® with respective
residues 1 and —1. G(z) is also distinguished by having a purely imaginary period
on any cycle on R. Indeed, it is enough to verify this claim on the cycles of any

homology basis. To this end, define

1 1
w=——0¢ G and 7:=-— ¢ G. (5.2.3)
27 Jg 2m J

By deforming « (resp. ) into —A; — Ay (resp. A; + Ay) and using the symmetry
G(z*) = —G(z), one gets that

1 zdz 1
=7=— = - 5.2.4
YT T im rw(z) 2 (5.2.4)

where I' is any positively oriented rectifiable Jordan curve encircling A, which does
verify the claim about G(z) having purely imaginary periods. Let

®(z) == exp {/: G} . 2 € NRap \ {00 00V}, (5.2.5)

3

where Ry g := R\ {ax, B} and the path of integration lies entirely in R g\ {00, 00V }.

The function ®(z) is holomorphic and non-vanishing on SRy g except for a simple pole
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at 00® and a simple zero at co™). Furthermore, it possesses continuous traces on
both sides of each cycle of the canonical basis that satisfy'

P, (s)=—-D_(s), sc€aUp, (5.2.6)
by (5.2.3)—(5.2.4). It is not a difficult computation to check that ®(z)®(z*) =1 and
|®(2)| = exp {(-1)*ga(z;00)}, z€ R (5.2.7)

k € {0,1}, where ga(z;00) is the Green function for C\ A with pole at co.? In fact,

the above properties allow us to verify that

P2 (W) = 2 (z2 il (-1)%@)) , (5.2.8)

a? + b? 2
k € {0,1}. In particular, this implies that the logarithmic capacity of A is equal to
Vva? + b%/2 since

—2z
\/(IQ:—I—Z)Q + O(l) as 2z — (529)

(the sign in (5.2.9) is determined by the fact that ®(a3) = 1 and ®(z) is non-vanishing

@(z(o)) =

on 7 *((—o0, —a))). Observe also that a calculus level computation tells us that

®(0) = ¢(0*) = exp {iarctan (%)} , (5.2.10)

where the point 0 and 0* are defined as on Figure 5.1.

5.3 Szegb Function

It is known since the work of Szeg6 that the finer details of the asymptotics of
Q. (z) are captured by the so-called Szeg6 function, which depends only on the weight
of orthogonality. Below, we construct this function for p(s) € Wj.

Given i € {1,2, 3,4}, fix log p;(s) to be a branch continuous on A; \ {a;}, selected
so that

4
1 « 11
= — —1)"1 ; isfi ——, =1 3.1
V= o ;:1( )'log p;(0) satisfies Re(v) € ( 5 2} (5.3.1)

'Here and in what follows we state jump relations understanding that they hold outside the points
of self-intersection of the considered arcs.

2ga(z;00) is equal to zero on A, is positive and harmonic in C\ A, and satisfies g(z;00) = log |z| +
O(1) as z — oo.
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Further, it can be readily verified that we can set

logw.y (s) = log |wy(s)] + (—1)”% s € A7, (5.3.2)

where, as usual, w,(s) is the trace of (5.1.1) on the positive side of A according
to the chosen orientation. We also let log(p;w.)(s) to stand for log p;(s) + log w.(s)
with the just selected branches. Put

5(2) = e { - 1 f oglpu) (909}, (533

i
where - (s) is the meromorphic differential with two simple poles at z and z* with
respective residues 1 and —1 normalized to have zero period on &. When z does not

lie on top of the point at infinity, it can be readily verified that

5@A@:w@‘ﬁ—(£w@i£)mg (5.3.4)

s —zw(s) t— zw(t)

where Q(s) is the holomorphic differential (5.2.1).

Proposition 5.3.1. Let p(s) € Wy and S,(z) be given by (5.3.3). Define

1
Cp =5 Alog(pw+)Q. (5.3.5)

Then S,(z) is a holomorphic and non-vanishing function in R\ {A U a} with con-

tinuous traces on (AU &) \ {a1, as, a3, a4,0,0"} that satisfy

exp {27ricp}, s €«
Spe(s) = S, (s) (5.3.6)
1/(pwi)(s), s €A

It also holds that S,(2)S,(z*) =1 and ?
|z — ;| 7t/ g5 2 ay,
[So(z )| ~ | (5.3.7)
2| CVRM) g5 Q5 2 — 0,

fori,5 € {1,2,3,4}, where Q; is the j-th quadrant and v is given by (5.3.1).

Proposition 5.3.1 is proved in Appendix B.

3In what follows we write |g1(2)| ~ |g2(2)] as z — 2o if there exists a constant C' > 1 such that
C7ag1(2)] < 192(2)| < Clg1(z)| for all z close to 2.
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5.4 Theta Function

Let Jac(R) := C/{Z+BZ} be the Jacobi variety of )R, where B is given by (5.2.2).
We shall represented elements of Jac(9R) as equivalence classes [s] = {s+ [+ Bm :
l,m € Z}, where s € C. Since R is elliptic, Abel’s map

2 eM s VQ] € Jac(R)

3

is a holomorphic bijection. Hence, given any s € C, there exists a unique zj € R
such that [ S Q} = [s].
Denote by #(¢) the Riemann theta function associated to B, i.e.,
0(¢) == Z exp {miBn”® + 2min(} .
nez

As shown by Riemann, §(¢) is an entire, even function that satisfies
0(C +1+mB) = () exp{ —mim?B — 27im(} (5.4.1)

for any integers [,m. Moreover, its zeros are simple and 6 (¢) = 0 if and only if
[¢] = [(1 + B)/2]. The constant (1 + B)/2, known as the Riemann constant, will
appear often in our computations. So, we choose to abbreviate the representatives of

its “half”-classes by
Ki:=(14+B)/4 and K_:=(1-B)/4, (5.4.2)

i.e., [2K,] = [2K_]. The symmetries of (z) (Q(—z) = —Q(z) = Q(z*)) yield that

(0)
o 1
oo(1)

k € {0,1}, where § = W‘l((—oq —a] U [a,00)) is a cycle on MR oriented from oo to
00(® (on Figure 5.2, § would be represented by the anti-diagonal), which is clearly is
homologous to & + f3.

With ¢, as in Proposition 5.3.1, define

_ 7 00Ua e — (Z1)'KY)
Ty (z) :=exp {mk /a3 Q} Q(f; Q=K,) (5.4.4)
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for k € {0,1} and z € My, where the path of integration lies entirely within DRy .
Tr(z) is a meromorphic function that is finite and non-vanishing except for a simple
pole at oo, see (5.4.3), and a simple zero at z; := Z[c,—(~1)+K.], Where z;, € R is
uniquely characterized by
zg
/ Q=c,— (1)K, + 1 +myB, (5.4.5)
a3

k € {0, 1}, for some ly, mg, l1,my € Z. Furthermore, it follows from the normalization
in (5.2.1), the definition of B in (5.2.2), and (5.4.1) that

exp {27i(k/2 — ¢,)}, s € a,
Ti+(s) = Ti—(s) (5.4.6)

exp {ﬂ'ik}, s e B.

Now we are ready to define the function that will be responsible for the asymptotic
behavior of the polynomials @),,(2). Given p(s) € Wi, let ¢, be defined by (5.3.5).
Set

{0,1} 34(n) :==n mod 2, n€Z,

to be the parity function. Then it follows from (5.2.6), (5.3.6), and (5.4.6) that the
function

U, (2z) = (D"S,Tym)) (2), z€R\A, (5.4.7)

is meromorphic in &\ A with a pole of order n at col?), a zero of multiplicity n — 1
at oo, a simple zero at Z,(n), and otherwise non-vanishing and finite, whose traces
on A satisfy

Uni(s) = Vn(s)/(pwi)(s), s€A, (5.4.8)

and whose behavior around the ramification points of 9 as well as 0%, 0 is governed
by (5.3.7).
5.5 Asymptotics

In this section we formulate the main theorem on the behavior of the polynomials

Qn(2). As was alluded to in the introduction, we do not expect to be able to handle



38

all the possible indices n as @,(s) might have degree smaller than n. One source
of this degeneration already can be seen from (5.4.7) since this function can have a

). In fact, this is the only reason for

pole of order n — 1 at 0@ when Zyn) = oo
the degeneration in the generic cases described in [25]. However, this is no longer the
case for the considered model.

To restrict the indices we need the following, unfortunately very technical, defini-

tion. Let us set

1, Re(v) >0, 0, Re(v) >0,
G = and o:= (5.5.1)
—1, Re(v) <0, 0*, Re(v) <0.
We do not make any choice for ¢, and o when Re(v) = 0. Given p(s) € W, and the
constant ¢, from (5.3.5), define
al(n)A;’n(I)(zz(n))(I)Q(”_l)(o), Re(u) 7§ 0,

Ay = (5.5.2)
0, Re(v)=0,

where oy, := (=1)kTm ke {0,1}, see (5.4.5), and

cpt1/4) Va2 + 2T (1 —qv)
2 V2T

X

Sv b 1/2_§1/V
lm oS (z<0>)] (;_n> ,

z—0,arg(z)=5b7/4

/ L migy (
A, = Age

and
(p2 + p3)(0) 1 (ps+ p)(0)

A, = €WIVP3(O>W or A= (ab)? (p3pa)(0)

depending on whether Re(r) > 0 or Re(v) < 0 (it follows from the last display in

Section B.1, devoted to the proof of Proposition 5.3.1, that the limit in the definition
of the constant A, is indeed well defined).
Given the above constants A, ,, and € € (0,1/2), we define subsequences of allow-

able indices n for the weight p(s) by
N, := {n EN:zp # 00 and 1—A,, > e} ) (5.5.3)

The following proposition states that such sequences are non-empty.
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Proposition 5.5.1. Let N, be given by (5.5.3). If [c,] = [0] or [¢,] = [(1 + B)/2],
then it holds that
2N when |[c,] = [0],

Nye =N, := (5.5.4)
N\ 2N when [c,] =[(1+B)/2].

If [c,] # [0] and [c,] # [(1 + B)/2] while Re(v) € (—1/2,1/2), it holds that
N,.=N, :=N. (5.5.5)

If [e,] # [0] and [c,] # [(1 4+ B)/2], and Re(v) = 1/2, then N, is an infinite sub-
sequence with gaps of size at most 2 (clearly, this is the only case when N, . might

depend on €).

The proof of Proposition 5.5.1 is delegated to Appendix B.

When Re(r) < 1/2, the sequence N, = N, is equal to the whole set of the natural
numbers or consists of every other one. This is consistent with the explanation given
at the beginning of the subsection and is supported by the examples in Sections C.1
and C.2 where two weights p(s) are provided for which Qs,(2) = Q2,11(2). As
mentioned before, this is a generic behavior observed in [25]. On the technical level
this degeneration manifests itself as our inability to construct the “global parametrix”,
see Section 6.2, since we are no longer able to properly renormalize Q,,(z) by ¥, (2(?)
when z,(,) = 00(®.

When Re(v) = 1/2, new phenomenon occurs. The sequence N, . can have gaps of
size 2 depending on the behavior of the constants A,, ,. This suggests that there might
be indices n such that Q,(z) = Qni+1(2) = Qni2(z). Such a possibility can in fact
occur, see Section C.3 for an example. On the technical level, the second condition
in (5.5.3) appears in an attempt to match the behavior of @,(z) at the origin, that
is, during the construction of the so-called “local parametrix”, see Sections 6.3.2
and 6.3.2, and manifests itself through the constants L,;, see (5.5.11).

Recall that the weight p(s) defines two constants: ¢, which says how well the

restrictions of p(s) to different segments A; match each other at the origin, and v,
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defined in (5.3.1). Our analysis does not allow us to handle all possible combinations

of these constants. In what follows we assume that

[0,v/7/2—1) when (=1,

[Re(v)| € 0,1/2) when (=2, (5.5.6)

[0,1/2] when ¢ > 3.

\

This technical condition appears in the rate of decay of the error, which we quantify

by the following exponent:

(3+[Re(v)])(£—2|Re(v)]) ¢ > ARe@)|(1+Re(v)])
{+1+2|Re(v ) — 1-2|Re(v )
dy, = +1+2|Re(v)| [Re(v)| (5.5.7)
£(3—2|Re(v)])—2|Re(v)|(3+2|Re(v)]) .
2(0+3+2[Re(v)]) , otherwise,

where we understand that d, ., = 1/2 4+ |Re(v)|. It is a straightforward computation
to check that requiring positivity of the numerator of d,, in the second line of (5.5.7)
produces restriction (5.5.6). Observe also that dy /o, = 54:_421'
Theorem 5.5.2. Let p(s) € Wy, where { is a positive integer or infinity. Define v by
(5.3.1) and assume that (5.5.6) is satisfied. Let U, (z) be given by (5.4.7) and N, . be
as in (5.5.3) for some € € (0,1/2) fized. Then it holds for all n € N, . large enough
that

Qn(z) = %(1 + Unl(z))\lfn (z(o)) + Y Un2(2) V1 (Z(O)) (5.5.8)

for 2 € C\ A, where 7, := lim,_,,, 2"¥ ! (z(o)) 18 the normalizing constant;
Qu(s) = (1 + vur(9)) (W) + 0 (s)) +
ntna(s) (W1 () + 0L _(5)) (5.5.9)

for s € A°, where \Ifs)i)(s) are the traces of ¥, (2(0)) on the positive and negative sides

of A. The functions v,;(z) are such that
Uni(00) =0 and vn(2) = Loz + O (n’d”) (5.5.10)

where O(+) holds locally uniformly on C\ A in (5.5.8) and on A° in (5.5.9), d,., was

defined in (5.5.7), and L,; are constants given by

oy Aom ( PTiw) o o) Lo/Th)(0)
b = DY ( :fzm-n) @hye oW

pn
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when |m(zg)| < 00, i € {1,2}, where o was defined in (5.5.1) (when |7(zy)| = 0o, the

expressions for Ly; are even more cumbersome and therefore are omitted here).

Notice that the behavior of the polynomials @,(z) is qualitatively different for
Re(v) < 1/2 and Re(r) = 1/2 as the first summand in (5.5.10) is decaying in the
former case by (B.2.1), but does not decay in the latter.

Recall that the traces of ®(z) are unimodular on A, see (5.2.7). Since ¥, (z) =
(S,Tyn))(2)@™(2), it is exactly the sum of the terms (CI)(E)(S))” and ((IJ(,O)(S))n that
creates oscillations describing the zeros of @,(z). Of course, since the traces of
(SpTZ(n))i))(s) are in general complex-valued, the zeros of @,(z) do not lie exactly
on A. However, we do prove that (5.5.9) holds on compact subsets “close” to A°,
where \Ifg)i)(s) are analytically continued from A° into the complex plane with the
help of (5.4.8).

When ¢ < oo, we cannot control the error functions wv,,;(z) around the origin
and therefore cannot describe the polynomials @, (z) there (however, we can extend
(5.5.9) to hold on a sequence of compact subsets of A° that are allowed to approach
the origin with a certain speed at the expense of worsening the rate of decay in the
error estimates). When ¢ = oo, we can provide an asymptotic formula for @Q,(2)
around the origin, but due to its technical nature we placed it at the very end of the
paper in Section 6.6.

Theorem 5.5.2, as well as Theorem 5.6.1 further below, is proved in Chapter 6

with the derivation of some technical identities relegated to Appendix A.

5.6 Padé Approximation

Given p(z) as in (5.0.2), it follows from the orthogonality relations (5.0.1) that

there exists a polynomial P,(z) of degree at most n — 1 such that
R.(2) = (Qup)(2) — Pu(2) = O(27"") as z— o0 (5.6.1)

The rational function [n/n|;(z) = P,(2)/Qn(z) is called the n-th diagonal Padé

approximant to p(z).
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Theorem 5.6.1. Let p(z) be given by (5.0.2) and R, (z) be defined by (5.6.1). In the
setting of Theorem 5.5.2, it holds for all n € N, large enough that

(WRy)(2) = Y (14 031(2)) Ui (219) + Y Un2(2) oy () (5.6.2)

locally uniformly in C\ A, where v,;(2) are the same as in Theorem 5.5.2.
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6. RIEMANN-HILBERT ANALYSIS: CASE OF THE

CROSS

The starting point of the analysis is RHP-Y as stated in Chapter 4 with the weight

peEW

6.1 Opening of the Lenses

Let dp > 0 be small enough so that all the functions p;(z) are holomorphic in

some neighborhood of {|z| < &}. Define A; and A? to be the closed and open

segments connecting the origin and &pe®—1™/4 4 € {1,2,3,4}, that are oriented

towards the origin. Further, let I';_,I";; be open smooth arcs that lie within the

a2
[y Loy
Qo Qo
I I
a Q3+ AQ Al Qlf a
3 > " 1
93— Ag A4 Ql-‘r
I Iy
Oy | Qe
I T,
(2]

Fig. 6.1. The arcs A;, A, and T4, and domains ;4.

domain of holomorphy of p;(z) and connect a; to SoeZDm/4 5 0(2i=3)

wi/4

, respectively.
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(e}

We orient I';x away from a; and assume that no open arcs A7, A? I';1 intersect, see

Figure 6.1. We denote by 2,1 the domain partially bounded by A; and I';4. Let

! 0 , 2 € Qii;
X(z) =Y (2) F1/pi(2) 1 (6.1.1)

I, z ¢§z+ Uﬁl_
Then X (z) satisfies the following Riemann-Hilbert problem (RHP-X):

a) X (z) is analytic in C \ U; AiUAiUFii and lim X(z)z "% =1,
(a) X(z) y \ Ui( ;

Z—00

(b) X (z) has continuous traces on each A%, A% and I';; that satisfy

(

1 0
, seli Ul
1/pi(s) 1
0 pi(s
X, (s)=X_(s) (s é) , sE€A],
—1/Pi\S
1 0 B
1 N 1 a s e A7,
C\pi(s)  pira(s)

where i € {1,2,3,4} and p5 := p;.

(¢) X(2) is bounded around the origin and behaves like

(

11
@ ifOéi>0,
11

1 log|z — a; .
X(z)=12 O if o =0,
1 logl|z — a4

1 |Z — ai\o‘i

if —1<a; <0,

Qg

1 |z—a;
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as z — a; from outside the lens while from inside the lens,

( |z —a;|~* 1
if a; > 0,

|z —a;|7* 1

1 logle —al)

X(z)=<¢ O if o =0,

1 log|z — a4
1 |z —a]™
\ 1 |z —a|™

The following observation can be easily checked: RHP-X is solvable if and only
if RHP-Y is solvable. When solutions of RHP-X and RHP-Y exist, they are unique
and connected by (6.1.1).

6.2 Global Parametrix

Let W, (z) be given by (5.4.7). For each n € N, ., define

py€r

Ny = [0 (=) (@) fwl) ) (6.2.1)
0 v, U, (29) W, (2W) Jw(z)

where the constants v, and 7;;_, are defined by the relations

lim 7,27 "V, (z(o)) =1 and lim~, 2"V, (2(1))/w(z) = 1. (6.2.2)

Z—00 zZ—r00

Such constants do exist, see the explanation after Proposition 5.5.1. The product
YnYi_q assumes only two necessarily finite and non-zero values depending on the
parity of n (when |r(z)| < oo, it is equal to X!, see (A.0.6)). The matrix IN(z)
solves the following Riemann-Hilbert problem (RHP-IN):

(a) IN(z) is analytic in C\ A and lim N(z)z " = I;

Z—00

(b) N(z) has continuous traces on A° that satisfy

N =N O YY) eae

—1/p(s) 0



46

(¢) N (z) satisfies

|Z . ai|—(2ai+1)/4 |Z . ail(Zai—l)/ll
N(z)=0 as  z — ay,
’Z _ a’i|_(2ai+1)/4 ‘Z _ ai|(2ai—1)/4

i€{1,2,3,4}, and

‘Z|(—1)fRe(v) |Z’(—1)J’+1Re(u)
N(z)=0 _ ' as z — 0,
| 2| (-1 Re(®) |Z|(71)]+1Re(v)
where j € {1,2,3,4} is the number of the quadrant from which z — 0 an v is

given by (5.3.1).

Indeed, RHP-IN(a) holds by construction, while RHP-IN (b,c) follow from (5.4.8) and
(5.3.7), respectively (notice that the actual rate of behavior in RHP-NN(c) can be
different if the considered point happens to coincide with z,,) or zl(n_l)). Notice also
that det(IN(z)) = 1 since this is an entire function (it clearly has no jumps and it can
have at most square root singularities at the points a;) that converges to 1 at infinity.

For later calculations it will be convenient to set

e [ STOEO) ST@E G )

(ST /D)D) (ST /) (V) ()
and M (z) := (I + L,/z) M*(z), where L, is a certain constant matrix with zero
trace and determinant defined further below in (6.3.19). Observe that N(z) =
CM*(z)D(z), where

n o0
c—=|" and  D(z) := @ (2(0). (6.2.4)

0 Yno
When Re(v) € (—1/2,1/2), it is possible to take L, to be the zero matrix, but
this would worsen the error rates in (5.5.8) and (5.6.2). When Re(v) = 1/2, our
analysis necessitates introduction of L,. Notice that neither the normalization of
M (z) at infinity not its determinate do not depend on L,. In fact, it holds that
det(M (2)) = det(M*(2)) = (Yar;1) "
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6.3 Local Analysis
6.3.1 Local Parametrix around q;

Let U; be a disk around a; of small enough radius so that p;(z) is holomorphic
around Uj;, i € {1,2,3,4}. In this section we construct solution of RHP-X locally in
each U;. More precisely, we seeking a solution of the following local Riemann-Hilbert
problem (RHP-P,,):

(a,b,c) P, (z) satisfies RHP-X (a,b,c) within Uj;;

(d) Py, (s) = M(s)(I +O(1/n))D(s) uniformly for s € 9U;.

We shall only construct a solution of RHP-P,, as other constructions are almost

identical.

Model Problem

Below, we always assume that the real line as well as its subintervals are oriented

from left to right. Further, we set

I :={z: arg(¢) = £2n/3},

where the rays [ are oriented towards the origin. Given o > —1, let ¥,(() be a

matrix-valued function such that
(a) ®,(¢) is analytic in C\ (/4 UI_ U (—o0,0]);

(b) ¥,(¢) has continuous traces on I, U I_ U (—o0,0) that satisfy

0 1
on (_0070)7
-1 0
lI’a+ — ‘I,Oz—
1 0
. on Ii;
e:l:ma 1
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(c) as ¢ — 0 it holds that

a/2 /2
w=0 Y e = o[BI 0l

[+ gl log |¢| log|¢]

when a < 0 and o = 0, respectively, and

a/2 —a/2 —a/2 —a/2
I e T Y (S

2 ¢l [

when a > 0, for |arg(¢)| < 27/3 and 27/3 < | arg((¢)| < , respectively;
(d) it holds uniformly in C\ (I; U - U (—o00,0]) that

T, (Q)=5() (I+0(CY?)) exp{2¢"205},

¢os/t 1

V2 i1

Explicit construction of this matrix can be found in [40] (it uses modified Bessel and

where S(¢) := and we take the principal branch of ¢1/4,

Hankel functions). Observe that

0 1
S0 =S-(Q) , (6.3.1)

-1 0

since the principal branch of ¢/ satisfies Ci/ 4 = i¢Y* Also notice that the matrix
o3W,(()os satisfies RHP-W,, only with the reversed orientation of (—oo,0] and ..
Conformal Map

Since w(z) has a square root singularity at a; and satisfies w,(s) = —w_(s),

Gar (2) = (% / i?;)z, z e Uy, (6.3.2)

1

s € A, the function

is holomorphic in U; with a simple zero at a;. Thus, the radius of U; can be made
small enough so that (,,(z) is conformal on U;. Observe that sds/w.(s) is purely

imaginary on A§ and therefore (,,(z) maps A; NU; into the negative reals. It is also
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rather obvious that (,, (z) maps the interval (a;, 00)NU; into the positive reals. As we
have had some freedom in choosing the arcs I';4, we shall choose them within U; so
that I'y_ is mapped into I, and I'y; is mapped into /_. Notice that the orientation of
the images of Ay, 'y, T'1_ under (,, (z) are opposite from the ones of (—o0,0],I_, I,.

In what follows, we understand that C;l/ 2(2) stands for the branch given by the

expression in the parenthesis in (6.3.2).

Matrix P,,

According to the definition of the class W, it holds that
p(z) = PT(Z)(CH - Z)m? z € Uy,

where pi(z) is non-vanishing and holomorphic in U; and (a; — z)** is the branch

holomorphic in U \ [a1,00) and positive on A;. Define

rar(2) = Voi(2)(z —a))™?, 2 € U\ Ay,

@1/2 is the principle branch. It clearly holds that

where (z — ay)
(2 —ay)™ = ™ (q) — 2)™, 2 € UT,

where U™ := U; N {#Im(z) > 0}. Then
Tar+(8)ra—(s) = p(s), s € AN,

r2 (2) = p(z)e*™ o € Uf.

al

The above relations and RHP-W,(a,b,c) imply that
P, (2) := E, (2)03%,, (n°C, (2)) 0377 (2) (6.3.3)

satisfies RHP-P,, (a,b,c) for any holomorphic matrix E,, (2).

Matrix E,,

Now we choose E,,(z) so that RHP-P,, (d) is fulfilled. To this end, denote by
V1, Va, V5 the sectors within U; delimited by m(e) Un(B), 7(B) UA;, and Ay Un(x),
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respectively, see Figure 5.1. Let v+ C C\ A be a path from a3 to a; that does not

intersect 7(a),7(B). Further, let 4 := 7~'(y) be a cycle oriented so that v :=

yN RO proceeds from as to a;. Define
exp { f7<o> G} =exp{mi(r —w)} =1, z €W,

K, (2):= exp { f7<0>7o¢G} =exp{—7i(t+w)} =—-1, z€

| e { f7<0>_5 G} =exp{mi(t+w)} =-1, zeVj,
where we used the symmetry G(z*) = —G(z), the fact that + is homologous to
o« + B, see Figure 5.2, and (5.2.3)—(5.2.4). Recalling the definition of ®(z) in (5.2.5)

(the path of integration must lie in PRy ), one can see that

B(=0) = Koy () exp {202()}, 2 € UKLV,

a

Clearly, |K,, (2)] = 1. It now follows from RHP-W,(d) that
P, (s) = Eq ()38 (n°Co, (s)) 031, () K, "7 (s) (I + O(1/n)) D(s)
for s € QU;. Thus, if the matrix
E, (2) = M(2)K}7*(2)r3*(2)038 " (n*Cyy (2)) 03

is holomorphic in Uy, RHP-P,, (d) is clearly fulfilled. The fact that it has no jumps on
Ay, (), 7(B) follows from RHP-N(b), (6.3.1), (5.2.6), and the definition of K, (z).
Thus, it is holomorphic in Uy \ {a1}. Since |rq, (2)] ~ |z — a1|*/2, 871 (n?(,, (2)) ~
|z — ay|73/*, and M (z) satisfies RHP-IN (c) around ay, the desired claim follows.

6.3.2 Approximate Local Parametrix around the Origin

Let 0 < 6 < o, see Section 6.1. We can assume that the closure of Us := {|z| < 0}
is disjoint from 7(e),7(B). In this section we construct an approximate solution of
RHP-X in Us when ¢ < oo and an exact solution of RHP-X in Us when ¢ = oo.

To this end, let functions b;(z), i € {1,2, 3,4}, be defined in U, by

_pitpe o sy e it (6.3.4)

P2 P4 P2 P4

bll
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which are holomorphic and non-vanishing on Us. It follows from item (iv) in the

definition of class W, that

—1=0(z") as z2—0, i€{l1,2,3,4}. (6.3.5)

Notice that b;(z) = b;(0) when ¢ = co. Observe also that b;(0) = b3(0) and by(0) =
b4(0) by item (ii) in the definition of class W,. We are seeking a solution of the
following local Riemann-Hilbert problem (RHP-Py):

(a) Py(z) satisfies RHP-X (a) within Us;

(b) Py(z) satisfies RHP-X (b) within Uy, where the jump matrix on each A? needs

to be replaced by
1 0

i9 G o)

(c) Po(s) = M(s)(I+0O((ns?)~/*~Re(l)) D(s) uniformly for s € 9Us and 6 < &.

Model Problem

A construction, similar the one below, has been introduced in [41], see also [42]
and the book [43, Chapter 2|, in the context of integrable systems. Unfortunately,
the local problem is not stated in the form and generality we need in any of these
references. Thus, for the convenience of the reader, we provide an explicit expression

for the local parametrix.

Let s1,s5 € C be independent parameters and let v € C, Re(v) € (—%,%} be
given by
e (6.3.6)

(we slightly abuse the notation here as the parameter v has already been fixed in
(5.3.1); however, we shall use the construction below with parameters s, so such that
(6.3.6) holds with v from (5.3.1)). Define constants dy, dy by

I(1+v) T(1—v)

o and dy = —s9™
T

d1 = =51 —\/2_’
m

(6.3.7)
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where I'(z) is the standard Gamma function. It follows from the well-known Gamma
function identities that

dydy = iv. (6.3.8)
Denote by D,(¢) the parabolic cylinder function in Whittaker’s notations, see [44,

Section 12.2]. It is an entire function with the asymptotic expansion

—C2/4 N (_1)k F(M+1) 1
Dyu(¢) ~ e ¢ ;r(zg+1)r(u+1—2k) (2¢2)*

(6.3.9)

valid uniformly in each |arg(()| < 3n/4 — €, € > 0, see [44, Equation (12.9.1)].
Let the matrix function Wy, ,,(¢) be given by

D,(2¢)  diD_,1(=2i¢)\ (1 O

dyDy,1(2¢)  D_,(—2i() 0 e mv/2
Dy(=2¢)  diD_,1(=2i¢Q) | [e™ 0
) arg(() S (%77T> )
—dyD,_1(=2¢)  D_,(—2i¢) 0 e /2
D,(=2)  —diD_,1(2i¢)\ [e™ 0
) arg(() S (_%7 _77) )
_dQDl,,l(—QC) D*I/(QIC) 0 €7Til//2

Dy(2¢)  —diD_,4(2i¢)\ (1 0
) arg(() € (07 _%) .
d2Dy,-1(2¢)  D_,(2K) 0 emiv/2

Then, ¥y, ,(() satisfies the following RH problem (RHP-®¥, ,):
(a) Wy, 5, (C) is analytic in C\ (R UIR);

(b) Wy, s, (C) has continuous traces on R UiR outside of the origin that satisfy the

jump relations shown in Figure 6.2;

(c) ¥y s, (¢) has the following asymptotic expansion as ¢ — oo:

1 (0 idy viv—=1) (-1 0 —i—(’)(l

I+ — + = —) (2¢) s e,
20 \d, 0 8¢ 0 1 ¢?

which holds uniformly in C.
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1 0
sy 1 1 s
0 1
e2miv g
0 e-2miv Lo
so 1

Fig. 6.2. Matrices ¥_' W, . . on the corresponding rays.

51,52—

Indeed, RHP-W, ., (a) follows from the fact that D, () is entire, while RHP-W, ., (c)
is a consequence of (6.3.9). The jump relations RHP-W,, ., (b) can be verified using
the identities I'(—v)I'(1 + v) = —n/sin(7v), (6.3.6), and

D,(26) = e Dy(—2¢) + V2T~ (i),

['(—p)
suitably applied with parameter values y = —v,v — 1 and £ = (, —(,i(. For later, it
will be important for us to make the following observation. Define

p

0 0
ds, Re(v) >0, , Re(v) >0,
10
d, = 0, Re(v)=0, and A, := (6.3.10)
0 1
idi, Re(r) <0 » Re(v) <0,
\ 0 0

\

Recall that we set ¢, = 1,0,—1 depending on whether Re(v) > 0, Re(v) = 0, or
Re(v) < 0. Observe that

(I—(2)"d,A,)¥,, ,(C)
= (20" (I + (207 *"d_,A_, + O (TI#)) e=Cos. (6.3.11)
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Conformal Map

Let, as before, Q; stand for the j-th quadrant, j € {1,2,3,4}. Set

Go(2) == ((—1)3'—1/: sds )1/2, ZeUsN Q. (6.3.12)

w(s)
Since w(z) is bounded at 0 and satisfies w(s) = —w_(s), s € A, the branch of the
square root can be chosen so that the function (y(z) is in fact holomorphic in Us with
a simple zero at the origin. Without loss of generality we can assume that ¢ is small
enough for (y(2) to be conformal on Us.

Since the integrand (—1)7"!sds/w(s) becomes negative purely imaginary on A; U
As, the square root in (6.3.12) can be chosen so that arg (¢o(z)) = —7/4, z € A3. As
we have had some freedom in selecting the arcs A;, we shall choose them so that A
and A‘l’ are mapped by (y(z) into positive and negative reals, respectively, while AZ

and A‘Q’ are mapped into positive and negative purely imaginary numbers.

Matrix Py,

Define the function r(z) := r;(2), 2 € Q;, where we let

- . iy P2 . _giv P4 g
r1 =1\ /p1, ro i=ieT ™= r3:= —ie "——, ry:= —ie "\/;m (6.3.13)

\/m? \//)—17
for a fixed determination of \/p;(z). Furthermore, let

4 .
e2mvIs  argz € (—g,O) ,

0 1

Jo=d (6.3.14)

2mivos ™
e 3, argz € (071)7

gz € (1.3) U (-5.-7).

I, argze (g,ﬂ).

S1 = bl(O) = bg(O) and S9 1= bQ(O) = b4(0) (6315)
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Notice that since (p1 + pa + p3 + p4)(0) = 0, the parameters si, sy satisfy (6.3.6) with
v given by (5.3.1). Then

Py(z) == Ey(2)¥s, s, (nl/gco(z)) J 1 (2)r 7 (2) (6.3.16)

satisfies RHP-Py(a,b) for any matrix Eq(z) holomorphic in Us. Indeed, RHP-P(a)
is an immediate consequence of RHP-W . (a). It further follows from RHP-W, . (b)
that the jumps of Py(z) are as on Figure 6.3. To verify RHP-Py(b), it remains to

1 0 0 —T1T9 1 0
so/r3 1 1/rirg 0 —s ¥ /2 1
0 ToTs 0 r17T4
—1/rors 0 —1/rry 0
1 0 omivos 0 —T3T4 1 0
e
si/r3 1 1/rsry 0 —spe 72V [p2 ]

Fig. 6.3. The jump matrices of Py(z).

observe that

—2miv 2miv
T4 = p1, —T1T2 = P2, T2T3 = € P2P4/P1 = pP3, —T3rye = P4,
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since ™2™ = (pyp3)/(paps), and that

_pzmwSl 0:(0) _ 01(0) (l+ ! ) ,

Plg

7“% P1 by

S : b2 (0 1 1

51 2riv P1 P2 b3(0) ( 1 1)

— = —e™bh3(0)= = —b3(0)—— = —+—,

r3 s )P?; o )P3P4 bs \ps  pa
252 b4(0) _ b4(0) (i 4 i)

r P1 by p1 o pi)

Thus, it remains to choose Eg(z) so that RHP-Py(c) is fulfilled.

Matrix E|

Let ~ be the part of Aj that proceeds from as to 0%, see Figures 5.1 and 5.2.

Define

expy — [LG}=®(0), =z 1 3
Ko(z) = Pimh G =0), ceuQ (6.3.17)

exp{ [,G} =®(0"), 2€ QUQy
(5.2.10) immediately yields that |Ky(z)| = 1. Define

Ej(2) .= M*(2)r73(2) K7 (2)J (2)¢, "7 (2), (6.3.18)

see (6.2.3). From RHP-IN (b), the definition of J(z), and the fact that ¢,(z) maps AS
into the negative reals, it follows that Ef(z) is holomorphic in Us \ {0}. Furthermore,
RHP-N(c) combined with the fact that (o(z) possesses a simple zero at z = 0 imply
that E(z) is holomorphic in Us. Observe also that the moduli of the entries of Ef(z)
depend only on the parity of n.

Put for brevity €, 1= (4n)*=1/2 where, as before, g, is equal to 1,0, —1 depend-
ing on whether Re(v) is positive, zero, or negative. Set

dzx €un

L= &0,

where d,,, A, were defined in (6.3.10) and we assume that

E}(0)A,E} 1 (0), (6.3.19)

0# Dy, :=1—dye,.(C(0) B, (6.3.20)
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with

(B (0 EF(0)],, if Re(r) >0,

12

E, =

[E; 1 (0)E§(0)],, if Re(v) <0.

21
Notice that L, is the zero matrix when Re(v) = 0 as d, = 0 by (6.3.10). Let

1

E(2) = (I + L,/2)E}(2)(4n) ™" (I — d,(2n*?(o(2)) " A,). (6.3.21)

Let us show that thus defined matrix Eq(z) is holomorphic at the origin. Indeed, it
has at most double pole there. It is quite simple to see that the coefficient next to
272 is equal to

~dyeyn (4n) 2 (G(0)) T LB (0) A,

which is equal to the zero matrix since A2 is equal to the zero matrix. Using this

1

observation we also get that the coefficient next to 27 is equal to

L, Ej(0)(4n) "7 — ey (4n)/2(¢(0) ™ (E§(0) + L, By(0)) A,

which simplifies to

dy€,p(4n) /2 <1 B dy€yn
¢ (0) D, ((0)

that is equal to the zero matrix by the very definition of D,,.

E, - Dn> E}(0)A,,

Now, recalling the definition of ®(z) in (5.2.5) and of (y(z) in (6.3.12), one can

see that

P(zM), z€ QU Q;,
exp{—(j(z)} =e” h¢ S 1 ’ (6.3.22)

o(20), 2€ QUQ,.
In particular, since D(z) = ®"7%(2(?)) and ®(2?)®(2V) = 1, it follows from (6.3.17)
that
exp {—nG@(2)0s} I 1(2) = I U)K (D),
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For brevity, let H(z) = r?(z)Ky°*(z)J(z). Then we get from (6.3.11) and the
previous identity that

Eo(s) Wi, 5 (n'%0(5)) T~ (s)r 7 (s) =
M (s)H(s) (I +0 ((ngg(s))‘l/z"Re(”"» H'(5)D(s) =
M{(s) <I o) ((n52)‘1/2“Re(”)')) D(s).
It remains to show that (6.3.20) holds for all n € N, .. It follows from (5.5.2) that
it is enough to show that
1

Ay = duenn (65(0)) B, (6.3.23)

Existence of L,

Assume that Re(v) > 0. It can be readily verified that

Ey = YY1 ([E5(0)]12[E5(0)]22 — [E5(0)]22[ E5(0)]12),

where we used the fact that det(Ej(z)) = det(M*(z)) = (7,7:_;)~'. Notice that
dy # 0 by (6.3.8). Using (6.3.18), (6.3.14), and (6.3.17) gives us that [Ej(2)]; is
equal to

;

e ™ (2)[M*(2)]in, arg(z) € (0,7/4),
r1(2)[M*(2)]in, arg(z) € (7/4,7/2),
G (2)2"(0) [M*(2)]ia/72(2), arg(z) € (7/2,7),

r3(2)[M*(2)]n, arg(z) € (m,37/2),

TN (2))io/1a(2), arg(z) € (37/2,2m).

)
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Define
6727Til/,r.1(2)sp(z(0))7 arg(z) € (0,7/4),

r1(2)9,(2?), arg(z) € (7/4,7/2),

S(z) = (5 (2) S, (2M)/(raw)(2), arg(z) € (x/2,7),
r3(z)S, ( ) arg(z) € (m,3m/2),
| eS8, (2W) /(raw)(2), arg(z) € (3/2,2m),

which is a holomorphic and non-vanishing function around the origin. Then we obtain

from (6.2.3), (A.0.6), and (A.0.12) that
E, = 5%(0)®*"(0)Y, X, . (6.3.24)

When |7(z)| = oo, the first condition in the definition of N, . implies that we are
looking only at those indices n for which z,,) = oo, In this case A, = 0 by its
very definition in (5.5.2) and it also follows from Lemma A.0.9 that Y,, = 0 in this
case. Hence, (6.3.23) does hold in this case.

Let now |7(2zy)| < oo and therefore the first condition in the definition of N, .
is void. It follows from (6.3.12) and (5.1.1) as well as the fact that (4(z) maps
{arg(z) = 5w /4} into the positive reals that

1/¢(0) = ™4/ 2ab. (6.3.25)
Since e 2™ = (p1p3)(0)/(p2p4)(0) by (5.3.1), we get from (6.3.13) that

S%(0) = —(p3pa/p2) (0)(2ab) ™ lim 252 (21). (6.3.26)

z—0, arg(z)=>57/4

Observe also that

oriv (P2 p3)(0) (A —v)
pa(0) V2r

by (6.3.7), (6.3.15), and (6.3.4). Then it follows from (A.0.16) and the very definitions

of A,, in (5.5.2) that (6.3.24)—(6.3.27) yield (6.3.23). The proof of (6.3.23) in the

d2:

(6.3.27)

case Re(rv) < 0 is similar.



60

Since |m(z)| < 0o, the quantities Y, and Z,, in (A.0.12) and (A.0.14) are non-zero

and equal to
Tin-n(©) T (2)
W (o) oy D)

where o was defined in (5.5.1). Hence, it follows from (6.3.19), (6.3.23), (6.3.24), and

a computation similar to the one carried out at the beginning of this subsection that

P 1 Wy (0) —®(0)W7, (o)

1/®(0)  =Wym)(0)

Moreover, since Wy(z) = 1/Wy(z) we can rewrite the first row of L, as

A, Wy(o) <

— (—1)¥n)

—~®(0)W,)(0) ) - (6.3.28)

6.4 Final Riemann-Hilbert Problem

In what follows, we assume that § = 9, < dy in Section 6.3.2 when ¢ < oo and
shall specify the exact dependence on n later on in this section. When ¢ = oo, we

simply take d = &y. Set U := U!_,U,. and define
S = (U LA, ) U (UL, (T UTi UA)\T)

see Figure 6.4. We are looking for a solution of the following Riemann-Hilbert problem

(RHP-Z):
(a) Z(z) is analytic in C\ X, and lim, ., Z(2) = I;

(b) Z(z) has continuous traces outside of non-smooth points of ¥,, that satisfy
4

P, (MD)™!, on 9U,,,

Po(MD)", on AUj,
Z, -7 o(M D) 5

1 0 _
MD (MD)™*, on (I'y, Ul )\ U,
1/Pi 1
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Fig. 6.4. Contour ¥,, for RHP-Z (dashed circle represents {|z| = do}).

and

Z+:Z_<

\

0 -
MD (MD)™, on A°\Us,,,
Pitpit1
PiPi+1
P PO p;! AonNU,
0= Pitpi+1 0+ on i on
PiPit+1

(notice that the second set of jumps is not present when ¢ = co as 6,, = dy and

Py(z) is the exact parametrix).

It follows from RHP-P, (d) that the jump of Z on dU,, can be written as

M(s)(I+0O(1/n))M~"(s) =TI+ O.(1/n)

since the matrix M (z) is invertible (its determinant is equal to the reciprocal of

YnYi_1), the matrix M*(z) depends only on the parity of n, see (6.2.3), and the

matrix L, has trace and determinant zero as well as bounded entries for all n € N,



62

and each fixed € > 0, see (6.3.19). Similarly, we get from RHP-Py(c) that the jump

of Z on 0Us, can be written as
Aﬂg(1+o(@&yﬂ%wwﬂ)mr%@
=T+ (I+L,/5)0 ((na2) ") (1 - L, /),

where O(-) does not depend on n. Since L, = O, (n/R™)I=1/2) by its very definition

in (6.3.19), we get that the jump of Z on dUs, can further be written as
I+0, (<n65)—1/2—|ReV| maX{l,nmRe(uﬂ/(néi)}) '
One can easily check with the help of (6.2.1) and (6.2.3) that the jump of Z on

(T, UTe ) \ U is equal to

* 0,0, 1) (sW —‘I’i s
Ininl (14 L,/s) ( ) (=) (I-L,/s)

I o n=-
" (w?p;)(s) ‘1,721_1 (3(1)) — (U, U, 1) (3(1))

— T+ O (e

for some constant ¢ > 0 by (5.4.7) and since the maximum of |®(s(M)| on Ty \ U is

less than 1. The estimate of the jump of Z on Af \ Us, is analogous and yields
I+ 0. (e_cn‘si max {1, n2|Re(”)|/(n5721)}>
for an adjusted constant ¢ > 0, where the rate estimate follows from (6.3.22) as
|<I>(s(1))} = exp {(—1)'Re((5(s)) } = O(e‘c‘s’%), se A\ Us,,

since (p(2) is real on A, U Ay and is purely imaginary on Ay U A,.

Finally, it holds on Af N Us, that the jump of Z is equal to

B0 (ot o)) p (00 pr
1+ (1-5) i P | o) 0

(@4 (5)]15[® 4 ()] —[®.(9)];

I+0(6,)Eo(s)
[‘I’+<S)]§j =[P (8)]15 (4 (5)]2
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by (6.3.5) and (6.3.16), where j = 1 for s € A; U Az and j = 2 for s € Ay U Ay, and
we set for brevity W(z) := ¥, ,(n'/?¢y(2)) (observe also that det(¥(z)) = 1). It
follows from the asymptotic expansion (6.3.9) that D, (x) is bounded for > 0. Thus,
we deduce from the definition of W(z) that the above jump matrix can be estimated

as

I+ 0L E(s)O(1)E; (s) = I + O, (nfe®lgh) |

where the last equality follows from (6.3.18) and (6.3.21) as Ey(z) is equal to a

vo3/2

bounded matrix that depends only on €, multiplied by (4n) on the right.

When ¢ > 4|Re(v)|(1 + |Re(v)|)/(1 — 2|Re(v)|), choose

B 1 1+ 4|Re(v)]
5n—50exp{—2£+1+2‘Re(V)‘lnn . (6.4.1)

Then it holds that n?®®)l/(n§?) = O(1) and
n|Re(l/)\((5n/60)E _ (n<5n/§0>2)—|Re(V)|—l/2 _ n—dy,g

with d,, defined in (5.5.7). Otherwise, take

1 3
5, =0 - nn .
OeXp{ 20+ 3+ 2[Re(v)] n"}

In this case n?Re™)/(n§2) — oo as n — oo and
n|Re(u)|(5n/50)£ — p2lRe(v)| (n(én/do)Q)*\Re(u)FS/Q — e

Since d,, < 1, it holds that the jumps of Z on ¥, are of order I + O (n=%),
where O,(-) does not depend on n. Then, by arguing as in [26, Theorem 7.103 and
Corollary 7.108] we obtain that the matrix Z exists for all n € N, large enough and
that

1Z+ — 1|25, = O(n~%").
Since the jumps of Z on 3, are restrictions of holomorphic matrix functions, the

standard deformation of the contour technique and the above estimate yield that
Z=1I+0.(n"%") (6.4.2)

locally uniformly in C \ {0}.
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6.5 Proofs of Theorems 5.5.2 and 5.6.1

Given Z(z), a solution of RHP-Z, P, (z) and Py(z), defined in (6.3.3) and
(6.3.16), respectively, and C(MD)(z) from (6.2.3) and (6.2.4), it can be readily
verified that

P, (2), zeU;, i€{l1,2,3,4},
X(z):=CZ(2){ Py2), z € Us, (6.5.1)

(MD)(z), otherwise,

solves RHP-X. Given a closed set K C C\ A, the contour %, can always be
adjusted so that K lies in the exterior domain of ¥,. Then it follows from (6.1.1)
that Y (z) = X (2) on K. Formulae (5.5.8) and (5.6.2) now follow immediately from
(4.1.2), (6.1.1), (6.2.3), (6.2.4), and (5.4.7) since

wi_l(z)KZMD)(Z)]li = (1+ Unl(z))\pn<z(i—1)) F Upa(2) Uy (Z(i_l)),

where 14v,1(2), vn2(2) are the first row entries of Z(2)(I+ L, /z). Estimates (5.5.10)
are direct consequence of (6.3.19) and (6.4.2). Relations (5.5.11) follow from (6.3.28).
Similarly, if K is a compact subset of A°; the lens ¥,, can be arranged so that K does

not intersect U U Us,. As before, we get that

(ZMD)(2)ln = ((1+ Un1(Z))\I/n(z(0)) + U ()0, (z(o))) n

(pr10) ™ (2) (L4 0 ()W (20) + 1)W1 ()
for z € ;.\ (UUUs, ). Formula (5.5.9) now follows by taking the trace of [(ZM D)(z)]11
on Ajx\ (UUU(;n) and using (5.4.8).
6.6 Behavior of (),(z) around the Origin when ¢ = co and |Re(v)| < 1/2

Assume that ¢ = co. In this case § = 0, = Jp in (6.4.1) is independent of n
and Py(z) is the exact parametrix (that is, the second group of jumps in RHP-Z(b)
is not present). Assume further that |Re(r)| < 1/2. The definition of the matrix
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function M (z) as (I + L, /z) M*(z) is absolutely necessary when |Re(v)| = 1/2, see
(6.2.3), but can be simplified to M (z) = M*(z) when |Re(v)| < 1/2. That is, we can
take L, to be the zero matrix. In this case the error rate in RHP-P(c) will become

O (nRe)I=1/2) and the matrix Ey(z) will simplify to

Eo(2) = M(2)Kg7 (2)r7(2)J (2)(26) "7, &n = V/no(2),

see (6.3.18) and (6.3.21). Assume now that z is in the second quadrant, in which case
J = I. Tt then follows from (6.3.17) and (6.3.22) that Kg(z) = ®"(2(®)eft. Thus,
we get from (6.3.16) as well as (6.2.1) and (6.2.4) that

o3

Po(z) = Bo(2)¥(&)r3 (), Eolz) = CT'N(2) (ra(2)e /(26,)")
where we write W(() for ¥y, ,,(¢). Now, (4.1.2) and (6.1.1) yield that Q,(z) =

[ X ()11 + p3'(2)[X (2)]12 for z € Q3. Therefore, we get from (6.5.1) that

'Qu(9) = (1 0) Z(5) ([Po(s)]1+ + 95" (5)[Po(s)]2+)

for s € A3 N Us, where [Py(z)]; stands for the i-th column of Py(z). It follows from
the analyticity of Ey(z) in Us that

721Qu(s) = (1 0) Z(9)Bo(s) (1 ()W (En)]s + 13 ()P (&)]2)
since ra(s)r3(s) = ps(s). Using the expression for Ey(z) from above as well as (6.2.1)

and (5.4.8) we get that

vl(s)  w0s) | [(26) A (E)

) (D)‘ o (6.6.1)
Ul (s) ¥ 2(s) ) \ (2i6.)"B,y(6n)

721Quls) = (1 0) Z(5)

for s € Az N Uy, where, since (y(s) has argument —7/4 for s € Ag, we set
Ap(€) = e (Du(2¢) + D1 (2i())
B,(¢) == e (D_,(2i¢) + B,D,-1(20¢))

with a, := —e™/2d;(ro/13)(s) = di(pa/p2)(8), B, .= —e ™/2dy(pa/ps)(s) and dy,ds
given by (6.3.7), which are constants by the definition of W,,. Recall that (1 0) Z(s),
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the first row of Z(s), behaves like (1 + o(1) 0(1)), where o(1) = O(nlRe®)=1/2) "in
the considered case. Therefore, by multiplying (6.6.1) out, we can get an asymptotic
expression for (), (s) around the origin on Aj. Clearly, we can get similar expressions
on the remaining arcs Ay, Ay and Ay.

A computation along these lines can be performed in the case Re(r) = 1/2, but

the resulting formula is even more involved than (6.6.1).

6.7 Concluding Remarks

It is important to note that Jacobi-type functions f € W, have been extensively
studied for any number of branch points p in this connection. In the situation p = 2,
@,’s are, up to a change of variables, the usual Jacobi polynomials whose strong
asymptotics can be found in [3], for example (also, see [40]). Strong asymptotics
of polynomials orthogonal with respect to the weight h(z)(fy — f-)(z), where h(x)
is holomorphic, non-vanishing on a neighborhood of A and a; = —1/2 for all i =
1,2, ..., p were studied in [23] for any p € N. If p is arbitrary, but the points at which
arcs of A meet are univalent or trivalent, and no a; is a trivalent point, then strong
asymptotics were obtained in [25]. This work, along with [45], completely resolves
the situation p = 3 (Vanlessen’s work applies for any p when all a;’s are colinear).
However, in the case p = 4, there remain some non-trivial situations, shown in Figure
6.5. With the result above, the final case in need of analysis is the one depicted in

Figure 6.5(d).

aq Q9 ay asg aq
b2
as aq as Ay
by
Q4 as Q4 Q4 as

Fig. 6.5. Possible non-colinear arrangements of a;’s

a2

a3
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7. VARYING ORTHOGONALITY

A version of this chapter will appear in [46].
All polynomials considered thus far were orthogonal with respect to a measure
du(z) = p(z) dz, z € A C C where the density p(z) depended on z alone. However,

polynomials satisfying a varying orthogonality condition:
/ FP,(2)p(z;N)dz=0 for k=0,1,...,n—1 (7.0.1)
A

where N is a parameter, usually depending on n, crop in applications. We highlight
here the so-called “kissing polynomials” that appear in numerical computation of
oscillatory integrals [47-49], and polynomials that appear in connection with random

matrix theory [50,51], see also [52,53].

7.1 Choice of Contour

As was discussed in Chapter 4, one can still form a matrix Y and consider its
associated RHP. However, we need to make the “correct” choice of the contour A. In
the non-varying case, existence of A was given to us by Theorem 3.2.2, and charac-
terizations followed in Theorems 3.2.3, 3.2.4, and 3.2.5. Unfortunately, the existence
of an S-contour in the varying case is not so clear, and general results are rare. A gen-
eral method of finding S-contours by way of solving a min-max problem is described
in [54]. In the context of varying orthogonality, one must include a non-trivial exter-
nal field to all potential-theoretic objects and in the definition of the S-property. We

rely on [11] as a general reference on potential theory with external fields.

Definition. A weight function w(z) := exp (—=W(z)) on a set K is said to be

admissible if

1. W(z): K — (—00,00] is lower semi-continuous,
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2. W(z) < 0o on a set of positive capacity,

3. If oo € K, then lim (W (z) —log |z|) = co.
|z|— o0

zeK

Definition. The weighted logarithmic energy of a measure u is defined as the

integral

I(y) = / / log (|2 — fw(z)w(z)) du(z)dpu(z)

_ //log (|Z ! x|) dp(z)dp(2) +2/W(z)du(z).

The equilibrium measure of a compact set K associated with weight w is the

unique minimizer of the weighted energy

I, (prw) = inf L, (v)
where infimum is taken over all probability Borel measures supported on K.

Moreover, the measure pix,, is also characterized as the unique measure j satis-

fying the variational condition (see [11] for more on this)

=/ for z € su ,
2UH(2) + W (2) pp(k) (7.1.1)
>/{ forze K.

Definition. A set K comprised of a finite union of analytic arcs is said to have the
S-property with respect to the external field W if it holds that (compare with
Theorem 3.2.4) for a.e. z € K

O(Urso + W) 9(Ursm + W)
. (2) = e (2) (7.1.2)

The following is due to Gonchar and Rakhmanov [55]. Although their result is

more general, this version establishes the importance of S-contours

Theorem 7.1.1. Let D be a domain and A C D be a system of a.e. smooth arcs of

positive capacity. Suppose polynomials P, satisfy an orthogonality relation

/ FP(2)e™ I f(2)dz =0 for k=0,1,...,n—1
A
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where f is holomorphic off A, V' holomorphic on D. If A has the S-property in
W (z) = ReV(2) and if the complement of the support of equilibrium measure fin ,, is

connected, then
1 < )
_ Z 5zk — KA w
n
k=1
where %22:1 0z, 18 the probability counting measure of the zeroes of P,.

Note that this theorem makes no claim regarding the existence of such S-contours,
but simply suggests that the S-property is what we should look for to ever hope to start
our RH analysis of varying orthogonal polynomials. In this chapter we will consider
the external field V)(z) = —iAz, A > 0 to demonstrate some of the difficulties that

arise.

7.2 Kissing Polynomials: One-Cut Case
Consider polynomials P2(z) that satisfy the orthogonality condition
1
/ FPMN2)h(2)e?™ dz =0, for k=0,1,...,n—1, (7.2.1)
-1

where

h(z) = (1 — 2)*(1 + 2)°h*(z) (7.2.2)

and h*(z) is holomorphic in a neighborhood containing the compact set delimited by
vx and [—1,1] (see Theorem 7.2.1 below). Because of the analyticity of the integrand,
one could deform the contour of integration [—1,1] to any smooth arc connecting
z = —11%o z = 1. Then, the question becomes about finding such an arc 7, that has

the S-property.
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7.2.1 Geometry

In [54], Rakhmanov provides yet another characterization of S-curves as a set of
trajectories of quadratic differentials. For the external field Re(Vy(z)), one needs to

look for a measure gy, yx = supp(uy), such that Q,(z) defined by

Qx(z) = </ dsuii) + V/Q(Z))Q = (/i“%@ — ;)2 (7.2.3)

is a rational function, in which case v, is a subset of short critical trajectories of

—Qx(2)(dz)?. Deafio showed in [48] that p, is such that v, is a single arc for all

Aer > A > 0, where A\, is the unique solution of
2+ /A2 +4
2log (%) — VA2, +4=0 (A, ~1.325..). (7.2.4)

The following Theorem appears in [48].
Theorem 7.2.1. Let V)(z) = —iAz and A € [0, A..). Then,

1. there exists a smooth curve vy connecting z = 1 and z = —1 that is a part of

the level set

where

o(2) =2logp(z) +idw(z), ¢(z):=2z+ w(z), (7.2.5)

and w(z) = (22 — 1)Y2 = 2 + O(2) and is analytic outside of yx;

2. the measure

1 24iAz
d —_ - 2Ty
ialz) 271 w(z) .

is the equilibrium measure on 7y in the external field Re(Vy(z)).
3. 7\ has the S-property in the field Re(Vy(z2)).

Remark 7.2.2. In fact, Deano’s proof shows that for A = A.., 7)., is a union of two

smooth curves that meet at 2i/\,,.
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In fact, Theorem 7.2.1(1) can be equivalently stated as follows: ~, is the unique
short critical trajectory of Qx(2)(dz)?, where

) _1(2+1A2)?
22 —1

Qx(z)(dz) (dz)2. (7.2.6)

7.2.2 Asymptotics of Orthogonal Polynomials

Let Ao be as in (7.2.4). In the non-critical case (A < A.), the situation was
described completely for h(x) =1 in [48]. To extend this result to h(z) as in (7.2.2),
we need the following Szeg6 function

Su(2) = exp{w(Z) /w log[(wyh)(x)] dx } (7.2.7)

27i z—x wy (T)

where w is as in (7.2.5) and h*(2) is analytic in a neighborhood containing the compact

set delimited by 7, U [—1, 1]. Properties of S will be discussed in Section 8.1.

Theorem 7.2.3 (Subcritical Case A < \..). Let 0 < A < .. and h(z) be as above.
Then for n large enough, polynomials P} have degree exactly n and locally uniformly

for z € C\ v

PMz) = (sp(;))nexp (— 21;1(2)) (iﬁh(g))) +0 (%)) as n—oo. (7.2.8)

When A = A, the geometry of v, changes. More precisely, 7,,, is no longer an

analytic arc, but rather a union of two analytic arcs meeting at the angle 7/2 at the
point 2i/\.., see [48]. However, by slightly changing the analysis, we may still write

an asymptotic formula for P2.

Theorem 7.2.4 (Critical Case A = \..). Let A = A\, and h(z) be as above. Then
for n large enough, polynomials P have degree exactly n and locally uniformly for

z € C\ v\ and satisfy

Prr(z) = (9"(22)>nexp (—;ZA(Z)) (%h((’;) +0O <%)) as n—oo. (7.2.9)
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7.3 Kissing Polynomials: Two-Cut Case
7.3.1 Geometry

When A > A.. the quadratic differential in (7.2.6) seizes to possess a trajectory
connecting z = —1,z = 1, and we must look for a new differential whose critical
graph is such that [—1,1] can be deformed to align with trajectories of —Q(z) (dz)?
or pass through regions of “exponential decay,” where Re( [ Q2(z)dz) < 0. This
becomes important for the RH analysis (carries out in Chapter 8). To this end, we
rely on Celsus and Silva’s work [56], where they consider a quadratic differential of

the form

Q)\<Z;l‘) — _)\Z(Z — Zk(jg)izl—i- Zk(f))’ and Z)\(x) —r+ % (731)

The following results appear in their work

Theorem 7.3.1. Let A > \.,.. Then, there exists x.(\) € (0,1) for which

Re( 1 QA(s)ds):O, Ox(2) = Qx(2:2.) (7.3.2)

Zx ()

and limy_ o z.(\) = 1. In fact, there exist analytic arcs v1,7s such that 7y, is the

reflection of v across the imaginary axis and

(a) the arc v, starts at z = —1, ends at —z)(z.), and satisfies
Re ( Q}\ﬂ(s)ds) =0 Vzenmy; (7.3.3)
-1

(b) the arc v, being the reflection of v, satisfies
Re (/ Q}\/Q(s)ds> =0 Vzenm.

A

The equilibrium measure in the external field Re(Vy\(2)) on 1 U e is given by

1
dua(s) = = }\/2(3) ds, seyn U (7.3.4)

where (similar to the one-cut case) we take the branch of Q}\/z holomorphic off v1 U~y
and that satisfies

A 1
/1\/2(2) = 51 ++0 (;) as z — 00. (7.3.5)
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Moreover, Celsus and Silva show that the critical graph of —Qy(2)(dz)? is as in

Figure 7.1 below.

Fig. 7.1. Schematic representation of critical graph of —Q\(z) (dz)? in
the supercritical regime near z = —1,z = 1, with z, := z)(z,).

7.3.2 Asymptotics of Orthogonal Polynomials

To present the results when A\ > A.., we construct the main term of the asymp-
totics using the approach of [25] relying on Theta functions, instead of the meromor-

phic differential approach taken in [56]. We begin by defining

= (ZZEEN B o) s = o) (7.3.6)
v(z) = poap—— .z Y1 UY), 2z = 2x(x 3.

where v(z) is holomorphic off 7; U 7, and the branch is chosen so that y(o0) = 1.
Further, set

Az) = w and B(z):= w (7.3.7)

The functions A(z) and B(z) are holomorphic in C \ (y; U2) and satisfy

Ai(s) ==EB(s), s€ (nU)" = (mUr)\{£l,z,—z}. (7.3.8)

The rest of our functions live on a Riemann surface, denoted R, and so we define it

here.
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Riemann Surface

Let R = R, be the Riemann surface associated with the algebraic equation
y* = Qa(2), with Q) as in Theorem 7.3.1. This surface is realized as two copies of
C cut along 7 2 and glued together in such a way that the right side of ; on RO,
the first sheet, is connected with the left side of the same arc on the second sheet,
MW . Furthermore, 7 : 9’8 — C be the natural projection. We will denote points on
the surface with boldface symbols z,t, s and their projections by regular script z, s, t
and F9(z), i € {0,1}, stands for the pull-back under 7(z) of a function F(z) from
M into C\ (71 U7,). Note that for a fixed z € C\ {#1, z,, =%}, the set 7(2)
contains exactly two elements, one on each sheet, and for z € C\ (73 U72) we denote
2B = 771 (2) N MW,

Denote by a a cycle on R that passes through 77!(—%;) and 7'(2,) and whose
natural projection is an arc 4 that smoothly meets 1,7, at z,, —Z, and belongs to
the region delimited by infinite trajectories in Figure 7.1. We assume that w(a) N
(71 U"a) = {2, —%} and orient a towards —z within 98, Similarly, we define
B = 7 !(v1). We orient 3 so that a, 3 form the right pair at 7~'(—z;). Figure 7.2

below is a schematic representation of R.

R0
LT <<
|

—Zx L
_1./.04 ‘\.1

Fig. 7.2. Schematic plot of the Riemann surface R and the cycles o and
B.
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Since this is a surface of genus 1, the linear space of holomorphic differentials is

of dimension 1, and is generated by

H=Hi(z) = (7{‘ wt))l w(Z) (7.3.9)

where w(z®) = (—=1)%[(22 — 1)(z — 2,)(2 +z_*)]1/2 (z) and the branch of the square

root is such that w(z®) = (—1)%22 + O(z) as z — oo. H is normalized so that
¢ H =1, and under this normalization, Riemann showed (see [57, Theorem 2.1], for

example) that
Im(B) >0, where B:= ]{H(z) (7.3.10)
B

Given this normalized differential, we can define the Abel Map A(z) as

A(z) = / H(s) (7.3.11)
1
where the path of integration is chosen to lie in Ry g := R\ {a, B}. This function is

holomorphic on My g that satisfies

(Ay — A)(2) = Lo zepA\m(-=), (7.3.12)

Szeg6 Function

We define a Szegé function entirely analogously to what has been done in Section

5.3. Let

. 1
Sp(z%)) := exp {— f 1og(h)Qz(k>,Z<1_k)} for k=01 (7.3.13)
~1(mUr2)

4mi
where Q&) ,a-x is the meromorphic differential on 2R with simple poles at 2(k) L (1=K)
with residues 1, —1, respectively, and zero period on «. By identical reasoning to that

employed in Proposition 5.3.1, we have the following

Proposition 7.3.2. Let S}, be as above and h(z) = h*(2)(1 — 2)*(1 + 2)? where h*(z)
is holomorphic, non-vanishing in a neighborhood of v1Uv,U5 and h(z) is holomorphic

in a neighborhood of each point of (3 U~a) \ {£1}. Furthermore, define

1
cn = cp(N) = —]{ ( )log(h)?—[. (7.3.14)
T (71Uy2

27
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Then Sy, is holomorphic and non-vanishing on R \ (a U7~ (v, U ) and satisfies
the relation Sy,(2®)) - S,(20~) = 1. Furthermore, Sy, possesses continuous traces on

(U vy Um)) \ {m 1 (£1), 7 (2,), 71 (=2} that satisfy

Shi(8) =Sy _(s) e, s€al{mia) i (=E)) (7.3.15)

1/h(s), se€m(nUy) \{r (£}

Furthermore, we have
Sp(zO) ~ |z —e|7*/2 e e {%1, 2, -5}, (7.3.16)

where a, = 0 for e = z,, —Z,, @ = @ when e =1 and o, = [ when e = —1.

Theta Functions

Just as in Chapter 5, we denote by 6(z) the function defined by the sum
O(u) = Z exp {miBk® + 27iuk} .
keZ
For convenience, we remind the reader of its properties here. This function is holo-

morphic in C and satisfies the quasi-periodicity relations

O(u+ j + Bm) = exp {—7iBm?* — 2mwium} 6(u), j,m € Z. (7.3.17)

It is also known that (u) vanishes only at the points of the lattice [%], where we

remind the reader of the notation [s] = {s+{+Bm : I,m € Z}, see 5.4. Furthermore,

let A denote the continuation of A onto «, B by A, and define 2z, by the equation

_ 1
Alzni) = APY) +en+n (5 + BT) + nk & MoiB, G My €Z (7.3.18)

where p = ilm(z,)/(1 — Re(z,)) and

r=1(\) = 1 Qi\ﬂ(s)ds. (7.3.19)

i Js
Since R is of genus one, A is bijective and equation (7.3.18) defines z,, x uniquely. In

fact, the following holds
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Proposition 7.3.3. Let 7 be given by (7.3.19), 2, = 2Zox(N) as in (7.3.18), and p
as above. Then for any subsequence N, the point 00© is a topological limit point of

{2n1 nen, if and only if oo™ is a topological limit point of {20 }nen. -

The proof of this proposition is deferred to Appendix B. Next, we define

0 (Alz) — Alzan) - %)
0 (A(z) — A(p®) — %)

O i(2) = exp { —27i(mnx + ™) A(2) } (7.3.20)
and F®(z), i € {0,1}, stands for the pull-back under 7(z) of a function F(z) from
MR into C\ (1 Us).

The functions ©,, (z) are meromorphic on MR g with exactly one pole, which is
simple and located at p*), and exactly one zero, which is also simple and located
at z, (observe that the functions O, x(2z) can be analytically continued as multi-
plicatively multivalued functions on the whole surface R; thus, we can talk about
simplicity of a pole or zero regardless whether it belongs to the cycles of a homology
basis or not). Moreover, according to (7.3.12), (7.3.18), and periodicity properties of
0, they possess continuous traces on a, 3 away from 7—!(—%,) that satisfy

exp{ —7i(n+2c)}, sea\{r (-},
@n,;ﬁ(s) = @mk_(s) (7321)

exp{ —2mitn}, se€ B\ {r ' (-z)}

Subsequences N(\,¢)

It will be important for our analysis (see section 8.3.1) that ©,,1(z), defined in

(7.3.20), does not vanish near oo®. Hence, we will consider subsequences N(¢) =

N(), €) defined by
N(A, €) = N(e) := {n eEN: z,, ¢R" Nt ({]z] > 1/5})} :

Then there exists a constant c¢(A, €) > 0 such that ]@;1)1 (00)] > (A €) for n € N(Ae).
Indeed, by its very definition, A(z, ) is a bounded quantity for all n, and hence
using (7.3.18) and the fact that Im(B) > 0, we conclude that nt +m,,  is a bounded



78

quantity. Consider a sequence of constants c¢(n; A, €) so that ]@7(11)1(00)\ > c(n, A €).
Since @S%(oo) # 0 whenever z,; # 00, and by definition of N(e), z,; € R\
<9‘t(0) Nat({]z] > 2/6})), which is compact, we conclude the existence of c(\,¢)
with ¢(n, A, €) > ¢(n, A) > 0.

Note that N(A,€) contains either n or n — 1 for all n > N, for some natural
number N.. To prove this, suppose to the contrary that for any € > 0, there exists n.
such that n., n. — 1 € N(\,€). By the very definition of N(A,¢€), it then holds that
Zno—11, Znel — 00 as € — 0. This implies 1/2 + BT = m + nB for some m,n € Z,

which is false. We are ready to state the asymptotic formula for P(z).

Theorem 7.3.4 (Supercritical Case (A > A\..)). Let A > A, Vi(2) = —i)z, h(z)

as in Proposition 7.3.2, and ¢1(z) = [] 1\/2(8)(18. Then, there exists a constant (}

(defined in (8.3.2)) so that

. ~ 1
P)(z) = ") =6461(2) <(A®T3)1 ,(10)> (2)+ 0O (;)) for n— o0, n€N(\e)
(7.3.22)
locally uniformly for z € C\ ~,.

In the next chapter, we prove Theorems 7.2.3, 7.2.4, and 7.3.4.
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8. RIEMANN-HILBERT ANALYSIS: VARYING
ORTHOGONALITY WITH LINEAR POTENTIAL

A version of this chapter will appear in [46].

Just as discussed in Chapter 4, supposing
deg P) =n, C(PMu,(2))~2""' as z— o0

where we use w,(z) := h(z)e™?, h(z) as in (7.2.1), and

C)e) = 5 [ 12

Y

then the matrix

v [ P e o
kn—lpri\—l(z) kn—lc(Pfi\—lwnxz)

solves RHP-Y. To proceed with the analysis, we follow the standard sequence of

transformations that appears in [48] and was outlined in Chapter 4.

8.1 Subcritical Case; 0 < )\ < A,
8.1.1 Global Analysis
First Transformation

In this setting, and unlike the analysis carried out in Chapter 6, we start with the

construction of the g-function. Let

g(z) = /log(z —s)dpa(s), z€C\ ((—oo,—1)U) (8.1.1)
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where the branch of log(- — s) is holomorphic outside the curve connecting —oo and

s along (—o0,1] U~y and dp,y is given by Theorem 7.2.1. Observe that by its very

definition,
dm(s)
z = | —— 1.2
.9 = [ 2 (812)
and via (7.2.3), we deduce that
Vi(z) — ¢ ?
9(2) = % +/ QY?(s) ds, (8.1.3)
1

where Qim(z) =i\/24+ O (27!) as 2 — oo, integral is taken along a smooth curve

in C\ 7y, and ¢ is chosen so that g(z) = logz + O (27'). In fact, since @, is fairly

explicit, we can calculate ¢ = 2log 2. Using the Plemelj-Sokhotski formulas yields
tpi(s) for s €y,

(9+ —9-)(s) = (8.1.4)
27i for s € (=00, —1),

where we denote ¢(z) := 2 flz }\/ 2(5) ds. One can compute this integral explicitly to

arrive at (7.2.5) in Theorem 7.2.1. Furthermore,
(91 +9g-)(s) =Vi(s) =€ for s €y, (8.1.5)
We are now ready to make the first transformation: let
T(z) := 2"7?Y (z)e "l9() Hlog 2los (8.1.6)
Then, T'(z) solves the following RH problem (RHP-T'):
(a) T'(z) is analytic in C\ v, and lim, o T = I.
(b) T has continuous traces as z — vy \ {1} and

T e_n¢+(5) h(s)
+(s)=T_(s) . bt for s € vy \ {£1}.
en S

(c) T behaves the same way as Y as z — £1.

Indeed, RHP-T'(a), (c) follow from analyticity properties of g while RHP-T'(b) follows

by explicit calculation and using (8.1.5).
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Let v+ be arcs within the domain of holomorphy of h(z) as shown in Figure 8.1

and define

T+

v
-1 1

Fig. 8.1. RHP for Kissing Polynomials: Curves v, and 7,

T(z) z outside the lens
T(z) ! ! th 1
2 z on the upper lens
X(z)= —e ) /h(z) 1 :
T(z) " z on the lower lens

Then X (z) solves (RHP-X):
(a) X(z) is analytic in C\ (7, U~vs) and lim, o X (2) =T

(b) X has continuous traces on (v, U~+) \ {£1} that satisfy

;

0 h(s
(5) for s € vy,
—1/h(s) 0O
X (s) = X_(s)
1 0
for s € v4.
e () /h(s) 1

(8.1.7)



(¢) As z — 1 from outside the lenses,

;

1 |z—1]*
O for —1<a<0
1 |z—1]*
1 loglz—1
O 8| | fora =0
1 logl|z — 1|
1 1
O foraa >0
1 1

while if z — 1 from inside the lenses,

’

O

O

1 |z—1]*
for —1<a<0
1 |z—1]*
log |z —1| logl|z—1
gl=1 logl-1)
log|z — 1] logl|z — 1|
|z —1]* 1
for a > 0
|z —1]* 1

with similar behavior for z — —1.
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Note that Re(2¢(z)) = ¢ — Re(Vi(z)) — 2U*(2) is a non-constant subharmonic

function that vanishes on v, (the last claim follows from the variational condition

(7.1.1)). Since critical trajectories are exactly the set where Re(2¢(z)) = 0, we
conclude that the sign of Re(2¢(z)) must be fixed (locally) on either side of v,. Due
to the S-property (7.1.2), this sign must be the same on either side of v,. Hence, we

deduce from the maximum principle for subharmonic functions that Re(¢(z)) > 0 in

some neighborhood of v,. Therefore, the jumps of X on . are exponentially small.

Global Parametrix

Since jumps on the lenses y. are exponentially small, we temporarily ignore them

and focus on solving the resulting RHP:
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(a) N(z) is analytic in C\ 7, and lim, . N(2) = I,

(b) N has continuous traces as z — vy \ {1} and satisfies

0 h(s)
N, (s)=N_(s) for s € v\ \ {1}
—1/h(s) 0O

We can solve this RH problem with the help of the Szegé function (cf. Section (5.3)):

S(z) = eXp{w(é) /w log[(wy h)(z)] dx } (8.1.8)

z—x  wy(z)

where we use the notation w(z) := (22 — 1)¥/2 for the branch holomorphic in C \ 7y
with w(z) = z 4+ O(1) as z — oo. Observe that S is analytic and non-vanishing in

C \ 7, and satisfies
S (t)S_(t) = (wyh)(t) for t € vy \ {£1}, (8.1.9)

where the above follows by application of the Plemelj-Sokhotski formula. Then, one

can check that IN(z) can be written down explicitly as
1 1/w(z)
N(z) = (S(c0))” S7%(2), (8.1.10)
1/2¢(2)  ¢(2)/2w(z)

where ¢ is as in (7.2.5). Indeed, RHP-IN(a) follows from analyticity properties of

S, ¢, w and the identity
tim 22 o
0 w(z)
while RHP-IN (b) follows from (8.1.9) and

or(t)p_(t) =1 fort ey \ {1} (8.1.11)

Although we will construct separate local parametrices near z = +1, we will need
to note the behavior of N(z) as z — =1, but this can be easily deduced from [28,
equations (8.8) and (8.35)] (cf. proof of Proposition 5.3.1 in Appendix B) and turns

out to be
‘Z _ 1‘—(2a+1)/4 ‘Z _ 1‘(2(1—1)/4

N(z)=0 as z— 1 (8.1.12)
‘Z _ 1‘—(204—&-1)/4 ‘Z _ 1‘(201—1)/4

and the same formula (a replaced by 5 and 1 by —1) holds for z — —1.



84

8.1.2 Local Analysis

Next, we solve the local RHPs at the end points z = +1. The local parametrices
that are involved are common in the literature, and appear in the already mentioned

[40], for example.

Local Parametrix around z =1

Let U; be a disk centered at z = 1 small enough so that h*(z) (see (7.2.2)) is
holomorphic in U;. We seek a matrix P,(z) to solve the following RH problem
(RHP-P,,):

(a, b, ¢) P,(z) satisfies RHP-X (a, b, ¢) within Uy,

(d) Tt holds uniformly for z € OU; that N~ ' (2)P,(2) =1 + O <l>

n
While this is different from the local problem that appeared at the end points in
Chapter 8, the simple transformation P(z) = Pe "%(*)93/2 reduces it to the same
problem, and hence we will refer the reader to Section 6.3.1 for the model problem

and use the same notation, ¥,(z) for its solution.

Conformal Map

Since w(z) has a square root singularity at z = 1 and satisfies w, (s) = —w_(s),

s € 7y, the function
G(2) = (i /1 %)Q _ %gbz(z), cel, (8.1.13)
is holomorphic in Uy with a simple zero at 1. Thus, the radius of Us can be made
small enough so that (;(z) is conformal on Us. Since 7, is exactly the curve where
Re(¢) = 0, it follows that (; maps 7, into the negative reals. Since we had some
freedom in our choice of v, we now define them as the pre-images of I, respectively,

under (;. It is clear in the case A = 0 that v are in the correct half-planes, and by
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continuity of (; w.r.t A, and since for A > 0, 7, is the unique arc emanating from
z =1 with Re(¢(z)) = 0 Vz € v,, we see that 4 are in the correct half-plane for all
A > 0. In what follows, we consider the branch ¢;/*(z) = 10(2).

Matrix P,
Recall that
h(z) = h*(2)(1 — 2)*(1+2)", zeUj,

where (1 — 2)%, (1 + 2)? be functions holomorphic in U; \ [1,00), U; \ (=00, —1],

respectively, and h(z) is holomorphic and non-vanishing in U;. Define
r(2) = Vh ()1 +2)8- (2 = )% z€ U\,
where (z — 1)®/2 has branch cut along . It holds that
(z = 1)% = (1 — 2)*, 2z € UL,

where U are the domains within U; to the left, respectively right, of vy U [1, 00).

Then
r14(s)r1—(s) = h(s), se€nNUi,

(8.1.14)
r(z) = h(z)e*me, z e Uf.
The above relations and RHP-W, imply that
P, (2) := Eo(2)®,(n’C(2))r{ 7 (z)e 293 (8.1.15)

satisfied RHP-P,(a, b, c¢) for any E,(z) holomorphic in U;.

Matrix F,

We will use the freedom of choosing E,, to satisfy RHP-P,(d). To this end, let
E,(2) .= N(2)r*(2)8 ' (n*C1(2)). (8.1.16)

where S is defined in RHP-W,(d). It follows from RHP-IN, (8.1.14), and (6.3.1) that
E,, is holomorphic in U; \ {1}. The fact that S™'(n%()) ~ |z — 1]7%%/4, r73(2) ~
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|z — 1|*?3, coupled with (8.1.12), imply that z = 1 is a removable singularity of E,,
which establishes the holomorphy of E, in U;.

Local Parametrix around z = —1

A similar construction can be carried out in a neighborhood U_; of z = —1 defined

in a fashion similar to U; to arrive at the local parametrix

Py(z) = Eu(2)03%5(n*C_1(2))ogr— e 290 (8.1.17)
where ¢(2) = ¢(2) = 27 , (1(2) = ¢*(2)/16
r1(2) = VE(2) (1 —2)2(z + )2 2 € U\, (8.1.18)

where the branch (z + 1)%/2 is taken with cut along 7. The correct choice of Eg(z)

turns out to be

Eg(z) := N(2)r%(2)S™ 1 (n*¢_1(2)). (8.1.19)

8.1.3 Final Riemann-Hilbert Problem

We now define
NYz), zeC\(hHUU_;UnU~z),
R(z) = X(2){ P.Y2), ze U\ (7U~), (8.1.20)
Py(2), z€Ua\(nUm).

where we orient OUy; clockwise. It follows that R(z) is analytic in U;,U_; and
C\ (U, UU_; U~vs) and that, for s € v2 U U, UAU_,
I+ 0O(e ) forze v \Uy
R, (s)=R_(s) . (8.1.21)
I+0 (%) for z € (0U; UOU_,)
Indeed, for s € v2 N (C\ (U; UU_})),

1 0 0 0

(R-'R.)(s) = N(s) N~'(s) = I+N(s) N“'(s).

e ") /h(s) 1 e () /h(s) 0
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and since and NN is independent of n and Re(¢) > 0 on ~4, see discussion in Section

8.1.1 right after RHP-X, it follows that

—1 —cn
IRZ' Ry — Il (o ne\@mumyy = O (€7 -

As for the second equality, for s € OU; (s € OU_; can be handled similarly)

(RR(9) = PoIN () = N(s) (140 (1) ) N1

n

where the last equality is due to RHP-P,(d). Therefore,

_ 1
|IRZ'Ry — Iz othuov_y) = O (ﬁ)

Since all curves involved are fixed with n and of finite length, all estimates hold in
L2-norm as well. It now follows from [26, Corollary 7.108] that

1
n

R@:I+O() as n — 0o, (8.1.22)

uniformly for z € C\ (y+ U dU; UOU_;). The asymptotic formula of P}(z) outside

the lenses and away from endpoints follow from the observation

PeH=0 ove | '] =eq orne) (! (8.1.23)
" 0 0 h
= ") ([R(2)|11[N(2)]11 + [R(2)]12[N (2)]21) (8.1.24)

_ nale) ([N(z)]n +0 <%>) | (8.1.25)

where the last equality follows from (8.1.22). Finally, observing that by (8.1.3),

- (42 e (123),

from which (7.2.8) follows.

8.2 Critical Case; A = A\,

In the case A\ = A the zero-attracting curve seizes to be smooth, and we must

modify the lenses we consider to the figure shown below.
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T+

v_
-1 1

Fig. 8.2. RHP for Kissing Polynomials: lenses in the critical case

We will define matrices T, X, and N in the same way as way done in the sub-
critical case. However, we will need to perform some local analysis at the midpoint

of vy, which lies at z, = 2i/A,,.

8.2.1 Local Parametrix around z, = 2i/\.,

Let U, be a disk centered at z, = 2i/)\. small enough so that h(z) (see (7.2.2))
is holomorphic in U,. We seek a matrix P.(z) to solve the following RH problem
(RHP-P..):

(a) P.(z) satisfies is holomorphic in U, \ (7, U74),

(b) P.(z) has continuous traces on vy, U7, that satisfy

(

1 0
, SE€EVt N Uc
P B —e ) /h(s) 1
et(s) =P._(s) (8.2.1)
0 h(s)
, 5€ Y, NU
—1/h(s) 0

(¢) P.(z) is bounded as z — 2i/A... Furthermore, it holds uniformly for z € U,
that N~ (2)P.(z) = I+ O (n™1/?).



Model Problem

We seek a matrix C(() that solves the following RHP:
(a) C is holomorphic in C\ R

(b) C has continuous traces on R that satisfy

11
C.(s) =C_(s)
01
(c) C(¢) is bounded as ¢ — 0 and
= (0 b 2
CO)~ [T+ )@ | e
k=0 \0 0

for some by # 0.

This problem appears in [50] and is solved by the matrix

where
b(C) — %642 ) erfC<'—i\/§<)7 Im(C) > 07
erfe(iv2¢),  Im(¢) < 0.

With this definition and using [44, Equation (7.12.1)], we see that by =

Conformal Map

Let
¢(Z)7 S UC,+7
—¢(2), z€U,._,

¢C<z) =

39

(8.2.2)

(8.2.3)

(8.2.4)

(8.2.5)

i T(k+1/2)

V2 25T (1/2)

(8.2.6)

where U, 1 (resp., U, ) is the component of U, to the left (resp., right) of 7,,.. Then,

¢. is holomorphic in U, and since z, = 2i/\., is a simple zero of Qiﬁ f, we have that

|¢c<z) - ch(Z*)l ~ |Z — Z*|2 as 2z —> Z.
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Furthermore, by Theorem 7.2.1, we have that

¢+ (s) = £27mip,, ([s, 1]) for s €, (8.2.7)

and we can see that ¢.(z) is purely imaginary and positive on v,_.(—1, z,) and neg-
ative purely imaginary on vy, (2., 1) where vy, (21, 22), 21,22 € 7a,,. is the segment
of 7, that proceeds from z; to z,. With this in mind, we can define a branch
of (¢e(2) — ¢(2))"/? that is holomorphic and, WLOG (up to restricting U, to a
smaller neighborhood) conformal in U, and maps 7v,,, (=1, z.) N U, — {z | arg(z) =

7/4}, (26, 1) NU. — {2z | arg(z) = 3w/4}. Using this branch, the map

C(2) = —(0e(2) = Pel2:))? (8.2.8)

is conformal, maps vy, (—1,2.) N U, into {z | arg(z) = 57/4} and ~, into R.

Matrix P,

Since h(z) is holomorphic and nonvanishing in U,, we can define a holomorphic

branch of 7(z) := y/h(z). Furthermore, let

0 -1
, < - Uc’+,
J(z) = 1 0 (8.2.9)

I, zeU,._.
Then,

P(2) = E(2)C (V/n/2- C.(2)) T (2)r ™ (z)e o002 (8.2.10)
satisfies RHP-P.(a, b) for any E.(z) holomorphic in U.. Furthermore, by the very
definition of C, J,r, it follows that P, is bounded as z — z.. RHP-P.(d) follows by
letting

E.(z) == N(2)r*(z)J(2) (8.2.11)
and noting the holomorphy of all matrices in U,, expansion (8.2.3), that ¢.(z.) € iR,
and the relation

6—n¢(z)03/2 0 -1 _ 0 -1 €n¢(z)03/2

1 0 1 0
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yield the desired result.

8.2.2 Final Riemann-Hilbert Problem

The final RHP can now be constructed in a manner completely analogous to
(8.1.20) and yields the asymptotic formula for P} (z) in Theorem 7.2.4. Note that
the worse error term is due to a worse matching between the local solution at z = z,

and the global solution IN.

8.3 Supercritical Case; A > A\,

We begin our analysis by deforming [—1,1] to a curve «, that goes along =,
starting at —1 smoothly proceeds in the sector shown in Figure 7.1 from —Z, to z,
along 4 and goes along <, to 1. The initial RHP is as in RHP-Y with p(s;n) :=
h(z)e™ and again we require h(z) to be as in (7.2.2). See Section 7.3.2 for the

definition of the aforementioned curves.

8.3.1 Global Analysis

Because the zero-attracting curve has two connected components, the global anal-
ysis will drastically change, and more complicated functions will appear. Nonetheless,
we still follow the general layout of the steepest descent method.

First Transformation

In the same spirit as the one-cut case, let

o(z) = /log(z — $)dpn(s), z € C\ (=00, —1) U), (8.3.1)
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where log(-—s) is holomorphic outside the curve connecting —oo and s along (—oo, 1]U

7x. Then it follows from (7.2.3) that there is ¢* € C so that

g(z) = Wz = ¢ +¢1(2) and  ¢e(z) = 2/2 Q}\/Q(s)ds, e € {£1, 2., —%},

2
(8.3.2)
where the domain of holomorphy for ¢, is C\ ((—oo, —=1)Ur,) for e = 1, C\ (7\U[1, 0))
for e = —1, and C \ (—o0, —1) U (=1, =Z) Ua(2s,1) U[1,00)) for e € {z,, —Z}.
From Figure 7.1, we immediately deduce that 7 € R (see (7.3.19)) and

:I:27Ti:u)\<[37 1])’ S € 72,
P1+(s) = (8.3.3)
+27ipn([s, 1]) + 27wir, s € 7.

Furthermore, using the fact that p, is a probability measure and definition (7.3.19)
yields

¢, (2) £ 7
$1(2) =9 o-=(2) £mi+2rir , 2€C\((-o0,-1)UnU(l,00)), (83.4)
¢_1(z) £ 2mi + 2miT

and + (resp. —) is chosen when z belongs to the left (resp. right) of (—oo, —1) Uy, U
(1,00), oriented from —oo to 0o, and we use the fact that

_ 1 [ o
=—— Q) (s)ds. (8.3.5)

1
2 7

The later follows from a residue calculation and the reflection symmetry of ~q, 7o,

see [56, Proposition 3.5]. With this, (8.3.3), and (8.3.2) in mind, we can write

(

0, s € (1,00),
i¢1,i<5>7 s € V2,
(9+ —g9-)(s) = { i, s €4, (8.3.6)

i(@ﬁl,i — 27Ti7'), S € Y1,

27, s € (—oo, —1).
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Furthermore,
[ 61(s), se (1),
0, s € 72,
(9+ +9- =V +L)(s) =1 ¢..(s), 5 €7,
2miT, s €,
¢_1(s) + 2mir, s € (—oo,—1).

\

We are now ready to start with our first transformation (cf. Section 8.1.1)

T(z) == "' Y (2)e 9@+ /s,
Then, T solves
(a) T'(z) is holomorphic in C\ 7, and lim, o T = I,

(b) T'(z) has continuous traces on 7, \ {£1, z,, —Z, } that satisfy

(

efn(¢>1,+727ri‘r) h(S)GQnTriT
0 6—n(¢1,,—27ri7-) ’
eni h(s) NPz (5)
T (s)=T_(s) ]
0 e—nmi
e h(s)
0 e |

\

(¢) T'(2) behaves the same as Y as z — +1.

Opening the Lenses

Motivated by the factorization

e_n(¢l,+(s)_c) h(z)enc 1 0
= X
0 e_n((z)l,—(s)_C) 6_n¢1,—(5)/h<8) 1
0 h(z)en®

(8.3.7)
(8.3.8)
S €1,
5 €Y
S € 72,
1 0

Y

e*n¢1,+(3)/h(s) 1
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where C' = 2miT, 0 on 74, 72, respectively, we make the following definitions. Let ~; 1
be arcs within the neighborhood of holomorphy of h(z) as shown in Figure 8.3 below.

7+ proceed from z = —1 to z = —%, while v, 1 proceed from z = z, to z = 1.

~

A

Y1+ 7 T Vo,+
Y1,—- Y2,—
-1 1

Fig. 8.3. Opening the lenses: supercritical regime for kissing polynomials

Denote by €; . the open sets delimited by 7; + and ;. Set

1 0
z € Qiia

X (2) :=T(z) Fe 1@ /h(z) 1 (8.3.9)
1, otherwise.
Then X solves
(a) X(z) is analytic in C\ (7, U~;+) and lim, . X (z) = I,

(b) X (z) has continuous traces on 7, \ {£1, —Z;, 2. } that satisfy RHP-T'(b) on 74, as

well as
(
. 0 h(s
e?nm'rag ( ) , S c ",
_1/h(s) 0
0 h(s)
X+(S):X_(S) ) SG’Y%
“1/h(s) 0
1 0 19
5 5671'7:‘:, t=1,2.
e—”¢1(5)/h(5) 1




95

(¢) As z — 1 from outside the lenses,

(

1 |[z—1¢
@ | | for —1<a<0,
1 |z—1]*
X 1 log|z —1|
(z)=¢ O for « = 0,
1 log|z —1|
1 1
(@) for a > 0.
1 1

\

Furthermore, if 2 — 1 from inside the lenses,

.
1 |z—1]*

for —1<a<,
1 |z—1]*

log|z —1| log|z —1
X(z)=< O 8| | og] | for a =0,
log |z — 1| log|z — 1]

|z —1]* 1
O for a > 0.
|z —1]* 1

\

with similar behavior for z — —1 where [ replaces a.

Global Parametrix

To discuss boundedness properties of ©,,x(z) and for the asymptotic analysis in

the following section it will be convenient to define

B(z), zeRY, Az), zeRO,
M, o(z) = ©,0(2) and M, 1(z) = 0,.1(2)
Az), zenrW, —B(z), zenrW.
(8.3.10)
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These functions are holomorphic on R\ {aU B U 7~ 1(7,)} since the pole of O, x(2)
is canceled by the zero of 3(z). Each function M, ;(2) has exactly two zeros, namely,

2, and co®. Tt follows from (B.3.3) and (7.3.21) that

P

Mv(z(,)li:t(s) = q:My(L?;ijF(S)’ 5 € Y2,

MO (s) = Fe M) _(s), s €, (8.3.11)

My (s) = eCV2mtal (I8 _(s), s € 4.

(

By arguing in the same way as we did in the one cut case (see Section 8.1.1,
see also (8.3.3), (7.3.19)), we see that the jumps on 7, + and off diagonal entry in
the jump on 4 are exponentially small. Hence, the Riemann-Hilbert problem for the
global parametrix is obtained from RHP-X by removing those quantities. Thus, we

are seeking the solution of RHP-IV:
(a) IN(z) is analytic in C\ (y,) and lim,,,, N (2) = I;

(b) N (z) has continuous traces on 7, \ {£1, —Zx, 2.} that satisfy

(

) 0 h(s
62n7r17'0'3 ( ) .S c T,
—1/h(s) 0
N.(s)=N_(s) 0 h(s)
CRS Y2,
~1/h(s) 0
\ o3, s € 9.

We shall solve this problem only for n € N(e) = N(\, €) from Section 7.3.2.
Let the functions M,, x(z) be given by (8.3.10) and S}, be defined by (7.2.7). With
the notation introduced right after (7.3.20), a solution of RHP-IN is given by

Indeed, RHP-N (a) follows from holomorphy of Sj,(z) and M, ;(2) discussed in Propo-
sition 7.3.2 and right after (8.3.10), respectively. Fulfillment of RHP-IN(b) can be
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checked by using (7.3.15) and (8.3.11). It will be important for our analysis that N
be invertible, which it is. Indeed, observe that det(IN(z)) = 1. Indeed, as the jump
matrices in RHP-IN(b) have determinants 1, det(IN(z)) is holomorphic through 4,
4, and 7. It also has at most square root singularities at {£1, z,, —Z; } as explained
right after (8.3.11). Thus, it is holomorphic throughout C and therefore is a constant.
The normalization at infinity implies that this constant is 1.

The behavior of N near the end points of 71, v, will be important for the analysis,

and so we note it here. It follows from (7.3.6), (7.3.7) that

(Mai(2)| ~ |z = el as 2z ee{n (1), n ! (=1),7 (=), 7 (=7)}

(8.3.13)

Combining this and (7.3.16) yields
N ~|z—e| V4 |z e/ ec{+],2, %)} (8.3.14)
where where a, = 0 for e = z,, —Z,, @, = « when e = 1 and a, =  when e = —1.

In fact, for n € N(\€) and for z € R\ 71 (U.U,5) where e € {£1, z,, -z} and U,
is a neighborhood of e of radius ¢ > 0, we can argue in the same way as was done in

Section 7.3.2 to arrive at constants c(e), C(0) > 0 that satisfy

0 < cle) < [Myu(2)] < C(5). (8.3.15)

8.3.2 Local Analysis

In this section, we solve local RHP near points z = +1 and z = z,,—%,. These
local parametrices are standard in the literature, and involve Bessel /Hankel functions
(near z = £1) and Airy functions (near z = z,, —%,). In fact, the parametrices near
z = #£1 have already appeared multiple times in this work, see Sections 6.3.1, 8.1.2

for example.
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Local Parametrices at z = —1,1

The local analysis near z = 41 is very similar to what had been done in the
one-cut case. Let U,, e € {1} be an open disk centered at e with fixed radius A
small enough so that it is in the domain of holomorphy of h*(z) (see the line below

(7.2.1)). We seek a matrix P,, that solves the following RHP-P,:

(a) P, satisfies the same analyticity properties as X within Uk,
(b) P, satisfies the same jump relations as X within U,

(¢c) P.(z) = N(z) L+ O(n')) uniformly on U, as n — oo.

Conformal Map
Let ¢, be as defined in (8.3.2), and define

Ce(2) == Glcbe(Z)) , e€{£l} (8.3.16)

Then, since ¢, ~ |z — e|'/2, it follows that ¢? is conformal in a neighborhood of e
(WLOG, we suppose U, is small enough for this). Furthermore, ¢? maps v, v, into
(—00,0) (see Figure 7.1), and we choose 7; + to be preimages of I, := {z : arg(() =
+97/3}.

Matrix P,

For this problem, we will reuse the model RHP that appeared in Section 6.3.1,
and denote ¥_1(() := 03¥,(¢)os and ¥(¢) := ¥s((). Furthermore, let

I, e=1,
J. = (8.3.17)

e—nﬂi’?’o’g) e = —1.
Then it follows from RHP-W,, definition of r. in Section 6.3.1 (defined analogously
to r,, with p replaced by h),(8.3.2), (8.3.2),(8.3.17), and (8.3.4) that

P.(2) = E (2)®.(n*C.(2))r; 7 (z)e "o D)7/2 ], (8.3.18)

€
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satisfies RHP-P.(a, b). The choice of E. to ensure RHP-P,(c) holds is made below.

Matrix F,
Finally, to satisfy the matching condition RHP-P,(c), we simply need to choose
E.(2) = N(2)J,'r%(2)8, 1 (n*¢.(2)), (8.3.19)

where S, = 03503 (see section 6.3.1 for the definition of S) for e = —1 and S, = S
for e = 1. Holomorphy in U, \ {e} follows from RHP-IN (b), definition of S, while the
behavior of N near e € {£1}, see (8.3.14), the behavior of r, near e, and the fact

that (.(z) possesses a simple zero at e yield holomorphy in UL.

Local Parametrices at z = z,, —Z,

Let Ue, e € {z.,—%} be an open disk centered at e small enough to be within the

domain of holomorphy of h*. We seek a matrix P, that solves the following RHP-P.,:
(a) P, satisfies the same analyticity properties as X within Uk,
(b) P, satisfies the same jump relations as X within UL,

(c) P.(z) = N(z) (I + O (n™')) uniformly on U, as n — oo.

Model Problem

In this setting, we will yet another well-known model problem. Let /. be as in

the previous section and considee the following RHP - A

(a) A is analytic in C\ ((—o0,00) UI_UI;)
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(b) A possess continuous traces on (—oo,00) U I+ and satisfies

(

0 1
y S € <_OO70)>
-1 0
10
A, (s)=A_(s) , s€ Ly,
1 1
1 1
, s€(0,00),
01
\

(¢) It holds uniformly in C\ ((—o0,00) UI_UI,) that

250 —03/4 2 (s, 0 (=1)* i) /2 -k
AQeR e ~ S (5¢)
2 3= \0 &) \(=D* 1

T(3k +1/2) 6k + 1
= — s

BAFEID(k+1/2)" *  6k—1
This problem is solved by the Airy matrix [33,58]. We will write A, := A for

o k>

where so =tg =1 and s, =

e = —Z, and A, := 03A0;3 for e = z,. Furthermore, let
e:l:ﬂi’rwg/2’ e =z,
J.(z2) = 8.3.20
( ) eﬂ-i(il—Q‘r)nog/Q’ e=—7, ( )

where we use + (resp., —) for z to the left (resp. right) of v,.

Confomral Map
Let ¢, be as defined in (8.3.2), and define

2/3
Ce(z) = (—Zcbe(z)) , e €{z, %} (8.3.21)

Then, since ¢. ~ |z — e[*2, it follows that a branch of ¢2/* can be chosen so that
(. is conformal in a neighborhood of e (WLOG, we suppose U, is small enough for
this). Furthermore, we fix the branch so that ¢2/* maps v N 72 into (—00,0) (see
Figure 7.1), and we choose 7; + to be preimages of I := {z: arg(¢) = £27/3}. In
fact, we had some freedom in choosing 7, and we now fix it to (locally) go along the

orthogonal trajectory of —Q(z)(dz)?, so that it is mapped by ¢, into (0, 0).
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Matrix P,

Let r(z) = y/h(z) be a branch holomorphic in U,. It can be readily verified by
using (8.3.4) that

P.(2) == E.(2)A.(n*3((2)) e /20793 (2) T o(2), (8.3.22)

satisfies RHP-P,.(a, b). The choice of E. to ensure RHP-P,(c) holds is made below.

Matrix F,
Let
E.(2) = N(2)J.'r7(2) 8. (n*3¢.(2)) (8.3.23)
where we let S, = 03803 when e = 2z, and S, = S when z = —7%, and define (—¢,)"/°

to be positive on 4. Then, holomorphy of E. in U, \ {e} follows from (8.3.20),
definition of S,, r, and RHP-IN(b). The behavior of N near z = z,, —Z,, described
in (8.3.14), and the fact that (. possesses a simple zero at (. yields holomorphy in U..

8.3.3 Final Riemann-Hilbert Problem

Let ¥ := ([(7a \ (11 U2)) Uit N D) U (UU,), where i € {1,2} and D :=
C\ U.U,, and define

R(z) = X (2) N7, 2 €CA\ (Ul UnUis), (8.3.24)

P l(2), z€U\(mUmis).

where e € {£1,z,,—Z.} and ¢ = 1 when e € {—1,—%}, i = 2 when e € {1, z,}.
Then, it follows that R solves the following RHP-R:

(a) R(z) is holomorphic in C\ ¥ and limeg\x5.—0c R(2) = I;
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(b) R(z) has continuous traces on 3° that satisfy

P.(s)N'(s), s € OU,,
1 0\ |
N(S N~ (8)7 SG’W;‘:QD,
R, (s) = R_(s) e ") [h(s) 1
emm h(s) NPz (5) . R
N _(s) . o N (s), seqynD
e

\
where OU, is oriented clockwise.
It follows that R(z) is analytic in C\ (; + U (U.0U.)) and that, for s € v, + U (U.0U.)

and n € N(e) we have

I+0O/(e=) forze (vig)\Ue,
R,(s)=R_(s) (8.3.25)
I+0O.(n7Y) for z € UOUL,.

The first equality follows from the fact that Re(¢;) > 0 on 'y, which follows from
noting that the formula Re(2¢:(2)) = Re(Vi(z)) — £ — U*(2) implies Re(¢py) is a
non-constant subharmonic function that vanishes on v, (the last claim follows from
the variational condition (7.1.1)). Since critical trajectories are exactly the set where
Re(2¢1(2)) = 0, we conclude that the sign of Re(2¢(z)) must be fixed (locally) on
either side of 71, vo. Furthermore, due to the S-property (7.1.2), the sign of Re(2¢;(z))
must be the same (locally) on either side of v1,7,. Hence, we deduce from the
maximum principle for subharmonic functions that Re(¢;) > 0 in some neighborhood
of 71 U7y. Furthermore, as argued in Section 8.3.1, see (8.3.15), IN is bounded as
N(e) 3 n — oo. Therefore, the jumps of X on ~; + are exponentially small. The
second equality holds again by boundedness of IN with n € N(e¢) and construction of
P, , see RHP-P.(c). Since all contours are fixed with n and are of finite length, we
deduce that
IRT'Ry — I||~(s)nzz) = O(n™h),
Finally, from [26, Corollary 7.108] we conclude that

R(z)=1+0. (l> as  n — 0o, (8.3.26)
n
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uniformly for 2 € C\ (v;+ U (U.0U,)). The asymptotic formula of P(z) outside the
lenses and away from endpoints follows by undoing the above transformations as was

done in [48].

8.4 Concluding Remarks and Future Work

As we will see in Chapter 9 (see Section 9.3), much of the work of attaining
strong asymptotics of orthogonal polynomials via Riemann-Hilbert analysis relies on
identifying the zero-attracting curve associated to the family of polynomials being
investigated. In the setting of the kissing polynomials we studied here, this work was

done in [48] and [56]. However, introducing an algebraic singularity
pn(®) = |2[7(1 — 2)*(1 + 2)%e“*, w=An, A >0,

changes the geometry of the attracting curve in a non-trivial way, since now the
curve must pass through z = 0. This was not the case for kissing polynomials
considered above since the weight of orthogonality was required to be analytic in a
region specifically designed to allow us to deform [—1,1] to 7. Once the geometry
of this new zero-attracting curve is established, the problem becomes amenable to

Riemann-Hilbert analysis.
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9. VARYING ORTHOGONALITY IN POLYNOMIAL
EXTERNAL FIELDS

A version of this chapter will appear in [59].

In the previous chapter, we discussed varying orthogonality in a polynomial ex-
ternal field of degree 1. In this present chapter, we move up in degree and investigate
some of the complications that arise. Consider polynomials satisfying the orthogo-

nality relation
/Pn(z;N)zke_NV(z) dz=0 for k=0,1,...n—1 (9.0.1)
r

where V(z) is a polynomial, N is an integer parameter, and I" is a curve tending to
infinity in both senses in such a way that (9.0.1) converges. Such polynomials appear
in the study of random matrices [50,51,60]. While the RHP 4.1.1 is still valid, its
analysis now relies on deforming I" so as to contain the zero-attracting curve(s) of P,.
The zeros of polynomials satisfying (9.0.1) asymptotically distribute as the weighted
equilibrium measure on an associated S-contour corresponding to the weight function

V. We consider the class of curves

Definition. We say a curve I' € T if ' is an unbounded smooth contour such that
for any parametrization z(s), s € R, of I' there exists ¢ € (0,7/6) and so > 0 for

which

|arg(z(s)) —m/3| < w/6—€, 5> s,
(9.0.2)
larg(z(s)) — 7| < 7/6—¢, < —sp,

where arg(z(s)) € [0,27). The above conditions ensure that integral (9.0.1) is finite

and due to analyticity of the integrand does not depend on a particular I' satisfying

(9.0.2).
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Of course one can still seek a solution of the energy-minimization introduced in
section 7.1. The equilibrium measure p = ur is characterized by the Euler-Lagrange

variational conditions:

=/, z € Jp,
2U"(z) + ReV (2) (9.0.3)
>/, zel \ Jr,

where ¢ = /r is a constant, the Lagrange multiplier, and

U () = - / log |z — s|dp(s)

is the logarithmic potential of p as before. Any I' € T can be used to define P,(z; N)
in (9.0.1), nevertheless, in our tour of the theory of non-Hermitian orthogonal poly-
nomials, starting with the works of Stahl [15-17] and Gonchar and Rakhmanov [55]
that one we saw that one should use the contour whose equilibrium measure has sup-
port with the S-property (7.1.2) in the external field ReV. We shall say that a curve
I' € T is an S-curve in the field ReV, if Jr has the S-property in this field.

Much like we saw in Chapter 7, it is also understood that geometrically Jr is
comprised of critical trajectories of quadratic differentials. Recall that if () is a mero-
morphic function, a trajectory (resp. orthogonal trajectory) of a quadratic differential

—Q(z)dz? is a maximal regular arc on which

_Q(z(s))(z’(s))2 >0 (resp. - Q(z(s))(z'(s))2 < 0)

for any local uniformizing parameter. A trajectory is called critical if it is incident
with a finite critical point (zero or a simple pole of —Q(z)dz?) and it is called short
if it is incident only with finite critical points. We designate the expression critical
(orthogonal) graph of —Q(z)dz? for the totality of the critical (orthogonal) trajectories
—Q(2)dz>.

Henceforth, we will specialize consideration to a cubic potential of the form
1
V(zt) = —§z3 +tz, t€C (9.0.4)

In this setting, [61, Theorem 2.3], reproduced below, asserts the existence of such

S-contours and characterizes them:
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Theorem 9.0.1. Let V(z;t) be given by (9.0.4).

1. There exists a contour I'y € T such that

Iv(rt) = sup ]V<F) (905)

rem

2. The equilibrium measure p; := pr, is the same for every I'y satisfying (9.0.5).

The support J; of p; has the S-property in the external field ReV (z;t).
3. The function
V'(2t d ?
Qz:t) = <£ - / M) . 2eC\J, (9.0.6)
2 zZ—S8
1s a polynomial of degree 4.

4. The support J; consists of some short critical trajectories of the quadratic dif-

ferential —Q(z;t)d2? and the equation

1
dpe(z) = - Qi/Q(z;t)dz, z € Jy, (9.0.7)

holds on each such critical trajectory, where Q'/*(z;t) = 1224+ O(z) as z — oo

(in what follows, Q/?(z;t) will always stand for such a branch).

Remark 9.0.2. Although the equilibrium measure pr is unique, the S-contour I'; is
not. Indeed, we can slightly perturb I'; outside of the support of ur while preserving

the equilibrium measure and the min-max property (9.0.5).

Much information on the structure of the critical graphs of a quadratic differential
can be found in the excellent monographs [62-64]. Since deg @) = 4, J; consists of one
or two arcs, corresponding (respectively) to the cases where Q(z;t) has two simple
zeros and one double zero, and the case where it has four simple zeros. Away from

Jt, one has freedom in choosing I';. In particular, let

U(z;t) :=Re (/Z Ql/Q(s;t)ds) =0, — Re(V(z;t)) — U"(2), (9.0.8)
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where e € J; is any and the second equality follows from (9.0.6) (since the constant
ly := {r, in (9.0.3) is the same for both connected components of J; and is purely imag-
inary on Jy, the choice of e is indeed not important). Clearly, U(z;t) is a subharmonic
function (harmonic away from J;) which is equal to zero J; by (9.0.3). The trajectories
of —Q(z;t)dz? emanating out of the endpoints J; belong to the set {z : U(z;t) = 0}
and it follows from the variational condition (9.0.3) that I'; \ J; C {z : U(z;t) < 0}.
However, within the region {z : U(z;t) < 0} the set I'; \ J; can be varied freely. The
geometry of the set {z : U(z;t) < 0} is described further below in Theorems 9.1.1
and 9.1.2.

9.1 Geometry of I’

The structure of I'; and its dependence on t has been heuristically described
in [65,66] and rigorously in [50], but only in the one-cut region. Let us quickly
recall the important notions from [50].

Denote by C the critical graph of an auxiliary quadratic differential
— (1 +1/s)%ds? (9.1.1)

see Figure 9.1(a). It was shown in [50, Section 5| that C consists of 5 critical tra-
jectories emanating from —1 at the angles 27k/5, k € {0,1,2,3,4}, one of them
being (—1,0), other two forming a loop crossing the real line approximately at 0.635,
and the last two approaching infinity along the imaginary axis without changing the

half-plane (upper or lower). Given C, define
A = {x: 213 EC}.
Further, put Qope_cut to be the shaded region on Figure 9.1(b) and set

Oone—cut = Dy U { =277} U Agie U {72715} U ALy,
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(a) (b)

Fig. 9.1. Schematic representation of (a) the critical graph C; (b) the set A
(solid lines) and the domain Qone—cyt (shaded region).

where Agyi connects —271/3 and e™/3271/3 A, extends to infinity in the direction
of the angle 77 /6 while A, extends to infinity in the direction of the angle /6.
Let

t(z) = (2 - 1)/w
and set
t, =3 9-2/3 — t( _ 271/3)7
Oone—cut := (one—cut),

(9.1.2)
Coplit 1= t<Asp|it>7 Ctl))irth = t(Agirth>7 birth ‘= t(Agirth)v

S = (ter,00), €35 :={z: e ¥/3z € S},

\

see Figure 9.2. The function ¢(z) is holomorphic in Qgpe_cye With non-vanishing deriva-
tive there. It maps Qone_cut ONtO Ogpe_cyt in @ one-to-one fashion. Hence, the inverse
map z(t) exists and is holomorphic.

Below, we adapt the following convention: I'(z1,22) (resp. I'[z1, 25]) stands for
the trajectory or orthogonal trajectory (resp. the closure of) of the differential

—Q(z;t)d2? connecting z; and zy, oriented from 2; to 2o, and F(z, ei(’oo) (resp.
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Oone—cut < S

Fig. 9.2. Domain Ogne—cut (shaded region); 0Ogne—cut consisting of the open

: b
bounded arc Cspit, two open semi-unbounded arcs C,y, and Cpi.y,, and two

points t, and e2mi/ 3ter; the semi-unbounded open horizontal rays S and e2mi/3 g
(dashed lines).

F(ewoo,z)) stands for the orthogonal trajectory ending at z, approaching infinity
at the angle 6, and oriented away from z (resp. oriented towards z).!
The following theorem has been proven in [50, Theorem 3.2] and it describes the

geometry of I', when t € Ogne_cut-

Theorem 9.1.1. Let pu; and Q(z;t) be as in Theorem 9.0.1, J; = supp(p). When
t € Oone_cut, the polynomial Q(z;t) is of the form

Q(z:t) = i(z —a(t)(z = b(t))(z — c(t))*. (9.1.3)
with a(t), b(t), and c(t) given by
at) = x(t) —iv2/Va(t),
b(t) = x(t) +ivV2/Va(t), (9.1.4)
ct) = —ux(t),

where \/x(t) is the branch holomorphic in Ogne_cut Satisfying \/z(0) = e™/3. The set

J; consists of a single arc and

(1) if t € Oone—cut, then J, = T'[a,b] and an S-curve T'y € T can be chosen as

! This notation is unambiguous as the corresponding trajectories are unique for polynomial differen-
tials as follows from Teichmiiller’s lemma.
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Fig. 9.3. Schematic representation of the critical (solid) and critical orthogonal
(dashed) graphs of —Q(z;t)dz? when t € Ogne_cut- The bold curves represent
the preferred S-curve I';. Shaded region is the set {U(z;t) < 0}.

(a) F(e”ioo, a) AT F(b, 6“1/300) when t belongs to the connected component
bounded by S U Cspiir U €>™/3S | see Figure 9.5(a—e);

(b) T'(e™o0,a) UJ,UT(b,c) UT(c,e™/300) whent € S, see Figure 9.3(f);

(¢) T'(e™oo,c) UT(c,a) U J UT (b, e™/300) when t € e*™/35;

(d) I‘(e”ioo, a) UJtUF(b, e‘”i/3oo) UF(e_”i/3oo, c) UF(C, e”i/3oo) when t belongs
to the connected component bounded by S U CP. .., see Figure 9.3(g);

(e) T'(e™oo,c) UT (c,e ™) UL (e7™/300,a) U J, UL (b, e™/300) when t belongs
to the connected component bounded by e*™/*S U Cg ., .

(I) ift =t (resp. t = e2™/3t,), then J; = [a,b], ¢ coincides with b (resp. a), and

an S-curve I'y € T can be chosen as in Case I(a), see Figure 9./ (a).

(I11) if t € Cspiir, then J, =I'[a,c] UTc,b] and an S-curve I'y € T can be chosen as
in Case I(a), see Figure 9.4(b).
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(IV) if t € CE..,, (resp. t € C& .. ), then J; = T[a,b] and an S-curve Ty € T can be
chosen as in Case I(d) (resp. Case I(e)), see Figure 9./(c).

Fig. 9.4. This is a continuation of Figure 9.3 for the case t € Oone—cut-

Now, let Owo—cut := C\ Ogne—cut- Then the following theorem holds.

Theorem 9.1.2. Let puy and Q(z;t) be as in Theorem 9.0.1, J; = supp(ps). When
t € Owwo—cut, the polynomial Q(z;t) is of the form

Q(zt) = %(2 —a1(t)(z = b (1)) (2 — a2(t)) (= — b2(1)) (9.1.5)

with ay(t), bi(t), as(t), and by(t) all distinct. The real and imaginary parts of
a;(t),b;(t) are real analytic functions of Re(t) and Im(t) when t € Owo—cut while
the functions a;(t), b;(t) themselves are not analytic functions of t. Moreover, it holds

that
ar(t),bi(t) = a(t*), bi(t),as(t) — c(t*), and as(t),be(t) — b(t") (9.1.6)

as t — t* with t* € Cg, U {1}, t* € Copiie, and t* € Cyy U {ter}, respectively.

The S-curve I'y can be chosen as
I'(e™o0, ai(t)) U Jy1 UT (bi(t), e’”i/Boo) U F(e’”i/g’oo, az(t)) U Jya UT (ba(t), e’ri/?’oo),

where J; = Ji1 U Jio and Jp,; = F[ai(t)bi(t)], i € {1,2}, see Figure 9.5 (this also

explains how we choose the labeling of the zeros of Q(z;t) in the considered case).
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Remark 9.1.3. Theorem 9.1.2 is the justification for the notation Oyyo_cue: combined
with Theorem 9.0.1 we see that p; is supported on two analytic arcs, which appear

as a special choice of branch cut for Q2.

We prove Theorem 9.1.2 in Section 9.3.

Fig. 9.5. The schematic representation of the critical and critical orthogo-
nal graphs of —Q(z;t)dz2 when t € Owwo—cut- The bold curves represent the
preferred S-curve I';. Shaded region is the set {U(z;t) < 0}.

9.2 Main Results

In this section we assume that ¢ € Owo_ce and Q(z;t), Iy, and J; are as in
Theorem 9.1.2. When it comes to the definition of the contour I';, it will be more
practical for us to change the choice of I'; from the one made in Theorem 9.1.2
by dropping the unbounded trajectories T'(b; (), coe™™/3) and T'(e~™"/300, ay(t)) and
replacing them with a smooth Jordan arc, say I;, connecting b;(t) and as(t) such
that I := I; \ E; lies entirely in the set {U(z;t) < 0} in such a way that there
exists s1(t) € T(b1(t), e ™/300), sy(t) € T'(e ™300, ay(t)) for which T'(by(t),s:(t)) U
[(s2(t),ax(t)) C I7. In what follows we shall write J; = J; 1 U Jio, Jf i= J7y U JPy,
and B, := J; \ Jp = {a1(t), bi(t), az(t), ba(t)}, where Jp; :=T'(a;(t), bi(t)).
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9.2.1 Asymptotics of P,(z;t,N)

To describe the asymptotics of the orthogonal polynomials themselves, we need

to construct the Szegd function of eV 4.

Proposition 9.2.1. Let the constant <(t) be given by

-3 (/ QY2(s; t) ’ (9.2.1)

where, as usual, we use the branch QY?(z;t) = 322 + O(2) as 2 — oo. Then the

function

D@wy:@m{%vwﬁy+%(pﬁéjfiQU$$w>QV%zw} (9.2.2)

is holomorphic and non-vanishing in C \ (J; U I,) with continuous traces on J§ U I?

that satisfy
D, (s5;t)D_(s;t) = V5D, s € J,
(9.2.3)
D, (s;t) = D_(s;t)e*™ O s¢ I?.
We shall also denote by D(z;t) := D(z;t)/D(o0; t) the normalized Szeg6 function.
We prove Proposition 9.2.1 in Appendix B.
To describe the geometric growth of orthogonal polynomials, let us define
Q(z;t) := / QY%(s;t)ds, ze€C\T, (e™00, ba(1)]. (9.2.4)
ba(t)
Observe that U(z;t) = Re(Q(z;t)) as defined in (9.0.8). This function has the fol-

lowing properties.

Proposition 9.2.2. Let the constants 7(t),w(t) be given by

T(t) = —i./ QY(s;t)ds  and w(t):=—-— [ QY*(s:t)ds (9.2.5)

1 I; 7Tl Jia
These constants are necessarily real (in fact, w(t) = p(Jp1), see (9.0.7)). The func-
tion e s holomorphic in C \ (J, U 1,) and there exists a constant {,(t) such that

{V(Z;t) — (,(t)

exp 5

+ Q(z;t)} =z+0(1) as z— . (9.2.6)
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Moreover, Q(z;t) possesses continuous traces on JP U IY that are purely imaginary

on Jy and satisfy

.
eQ+(sit)+Q—(s5t) — 1, s € ‘]150,2’
eQ+ (- (st) — 2mir(®) 5 Jo (9.2.7)
eQ+(s;t) — eQ,(s;t)—Qﬂiw(t)’ sE [;

\

We prove Proposition 9.2.2 in Section 10.1. Observe that it follows from Theo-
rem 9.1.2 that [e2(#)| is less than 1 when U(z;t) < 0 (the shaded areas of Figure 9.5),
is equal to 1 on critical trajectories (black curves), and otherwise is greater than 1.

Another auxiliary function we need is given by (cf. (7.3.7))
B B 1/4 B B —1/4
2\ \z—ay(t) z — ay(t) z—as(t) z — ay(t)

for z € C\ J;, where the branches are chosen so that the summands are holomorphic

in C\ J; and have value 1 at infinity. As explained in Section 10.3.2, this function can
be analytically continued through each side of J; and is non-vanishing in the domain
of the definition.

Finally, given a sequence {NN, },en, we define further below in (7.3.20) functions
©,(z;t), which are certain ratios of Riemann theta functions on the Riemann sur-
face of Q'/2(z;t). To shorten the presentation of the main results, we only discuss
main properties of the functions ©,,(z;t) and defer to Section 10.3 for the detailed

construction and description of further properties (cf. Section 7.3.2).

Proposition 9.2.3. Functions ©,(z;t) are holomorphic in C\ J, U I, with at most

one zero there. These functions have continuous traces on J; U Iy that satisfy

Assume that there ezists a constant N, such that \n — N,| < N, for alln € N. Then

for any 6 > 0 there exists a constant C(t,d, N.) such that

|A(2;1)0,(2; )| < C(t,6,N,), 2z € C\ Ueer,{|z — e <4},
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that is, including the traces on J; U I;. Given € > 0, let N(t,€) be a subsequence
of indices n such that ©,(z;t) is non-vanishing in {|z| > 1/e}. Then there exists a

constant c(t,€) > 0 such that
|©, (005 t)| > c(t,e), n e N(te).

As in the case of Szeg6 functions, we denote the renormalized functions by ¥,,(2;t) =
O(z;t)/O(00;t). Observe that the functions ¥, (z;t) DN (z;t)e" 2= are holomor-
phic in C\ J;.

Proposition 9.2.3 has substance only if the sets N(t,€) have infinite cardinality.

To describe when this happens, let us define

o (Lt o) oo

It follows from the general theory of Riemann surfaces, see Section 10.3.1, that
Im(B) > 0. In particular, any s € C can be uniquely written as z + By for some

z,y € R.

Proposition 9.2.4. Given {N,},en such that |n — N,| < N, for some N, > 0, the
subsequence N(t,€) is infinite for all € > 0 small enough unless there exist integers

d > 0,k, 11,12, my, my such that

§(t) = (11 + Big)/d, w(t)d=(k—1)iy +mid, and 7(t)d= (k—1)is + mad,
(9.2.10)
where at least one of the fractions iy/d, is/d is irreducible, and the sequence {N,} is
such that every nk — N,, is either divisible by d or d/2 when the latter is an integer.
Write ¢(t) = z(t) + By(t), x(t),y(t) € R. If one of the triples w(t),x(t),1 or
7(t),y(t), 1 is rationally independent, then at least one of the integers n,n+1 belongs
to N(t,€) for all 0 < € < e(N,). Furthermore, if there exists an infinite subsequence
{ni} such that Ny, 11— Ny, € {0, 1}, then at least one of the integers n;,n;+ 1 belongs
to N(t,¢€) for all 0 < e <e,.

We prove Proposition 9.2.4 in Section 10.3.3. With all the functions defined above,

the following theorem holds.
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Theorem 9.2.5. Let t € Owyo_cur and { N, }°2; be a sequence such that [n— N,,| < N,
for some N, fized. Let P,(z;t, N) be the minimal degree polynomial satisfying (9.0.1)
and (9.0.4) and

Un(z;t) := Pu(z;t, Nn)e_”(v(“t)_é*)m.

Given € > 0, let N(t,€) be as in Proposition 9.2.3. Then for all n € N(t,¢€) large
enough it holds that

Un(zt) = ((A0,DM ") (2;1) + Oc(n71)) en Q=) (9.2.11)
locally uniformly in C\ Ji; moreover,

Un(sit) = (AﬁnDann)Jr (s: t)enQ+(S;t) + (AﬁnDann) (s t>enQ—(s;t) +0, (nfl)
(9.2.12)

locally uniformly on J7.

Recall that each function v, (z) might have a single zero in C\ J;. If these zeros
accumulate to some point z, along some subsequence of N(¢,¢), then the polyno-
mials P,(z;t, N,) will have a single zero approaching z, along this subsequence by
(9.2.11) and Rouche’s theorem. With this exception, it also follows from (9.2.11) that
P,(z;t, N,) are eventually zero free on compact subsets C \ J;.

The proof of Theorem 9.2.5 is carried out in Chapter 10.

9.3 S-curves

In this section we prove Theorem 9.1.2. We do it in several steps. In Section 9.3.1
we gather results about quadratic differentials that will be important to us throughout
the proof. In Section 9.3.2 we show the validity of formula (9.1.5); that is, we prove
that we are indeed in the two-cut case when ¢t € Ouyo_cut- In Section 9.3.3 we show

that the critical and critical orthogonal graphs of

wi(2) = —Q(z,t)d2?
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do look like as depicted on Figure 9.5. In Section 9.3.4 we describe the dependence
of the zeros of QQ(z;t) on t by showing that the variational condition (9.0.3) and the
S-property (9.0.6) yield that the zeros satisfy a certain system of real equations with
non-zero Jacobian, see (9.3.16) and (9.3.17), and that this system, in fact, is uniquely
solved by them. Finally, in Section 9.3.5 we establish the limits in (9.1.6).

9.3.1 On Quadratic Differentials

To start, let us also recall the following important result, known as Teichmiiller’s
lemma, see [64, Theorem 14.1]. Let P be a geodesic polygon of a quadratic differential,
that is, a Jordan curve in C that consists of a finite number of trajectories and
orthogonal trajectories of this differential. Then it holds that

2(1—9( )2+;rd >_2+ Y ord( (9.3.1)

zeP z€int(P)

where ord(z) is the order of z with respect to the considered differential and 0(z) €
[0,27], z € P, is the interior angle of P at z. Both sums in (9.3.1) are finite since
only critical points of the differential have a non-zero contribution.

Let us briefly recall the main properties of the differential @;(z). The only critical
points of w;(z) are the zeros of Q(z;t) and the point at infinity. Regular points have
order 0, the order of a zero of Q(z;t) is equal to its multiplicity, and infinity is a
critical point of order —8. Through each regular point passes exactly one trajectory
and one orthogonal trajectory of w;(z), which are orthogonal to each other at the
point. Two distinct (orthogonal) trajectories meet only at critical points [64, Theorem
5.5]. As Q(z;1) is a polynomial, no finite union of (orthogonal) trajectories can form
a closed Jordan curve while a trajectory and an orthogonal trajectory can intersect at
most once [63, Lemma 8.3]. Furthermore, (orthogonal) trajectories of w;(z) cannot
be recurrent (dense in two-dimensional regions) [62, Theorem 3.6]. From each critical
point of order m > 0 there emanate m + 2 critical trajectories whose consecutive
tangent lines at the critical point form an angle 27/(m + 2). Furthermore, since

infinity is a pole of order 8, the critical trajectories can approach infinity only in six
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distinguished directions, namely, asymptotically to the lines L_; /5, Lx/s, and Ly s,
where Ly = {2 : 2z =ré r € (—00,00)}. In fact, there exists a neighborhood of
infinity such that any trajectory entering it necessarily tends to infinity [64, Theorem
7.4]. This discussion also applies to orthogonal trajectories. In particular, they can
approach infinity only asymptotically to the lines Lo, Ly/3, and Loy/3.

Denote by G the critical graph of w;(z), that is, the totality of all the critical
trajectories of w;(z). Then, see [62, Theorem 3.5, the complement of G can be written
as a disjoint union of either half-plane or strip domains. Recall that a half-plane (or
end) domain is swept by trajectories unbounded in both directions that approach
infinity along consecutive critical directions. Its boundary is connected and consists
of a union of two unbounded critical trajectories and a finite number (possibly zero)
of short trajectories of w(z). The map z — [ * \/—w; maps end domains conformally
onto half planes {z € C | Re(z) > ¢} for some ¢ € R that depends on the domain, and
extends continuously to the boundary. Similarly, a strip domain is again swept by
trajectories unbounded in both directions, but its boundary consists of two disjoint
wy(z)-paths, each of which is comprised of two unbounded critical trajectories and
a finite number (possibly zero) of short trajectories. The map z f *\/—w@; maps
strip domains conformally onto vertical strips {w € C | ¢; < Re(w) < ¢o} for some
c1,co € R depending on the domain, and extends continuously to their boundaries.
The number ¢y — ¢; is known as the width of a strip domain and can be calculated in

terms of w;(2) as

q
Re / \/_—w‘ (9.3.2)
p
where p, ¢ belong to different components of the boundary of the domain.

9.3.2 Two-Cut Region

We now prove expression (9.1.5). Assume to the contrary that we are in one-cut

case. That is, there exists a choice of a, b, and ¢ such that the polynomial Q(z;t)
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from (9.0.6) has the form (9.1.3). It follows from (9.0.6) in conjunction with (9.0.4)

that
-2+t 1

Q(z;t) = ( 5 P ) (22)) = @ +z+0C (9.3.3)

for some constant C. Then, by equating the coefficients in (9.1.3) and (9.3.3), we

obtain a system of equations

a+b+2c=0,
ab+c +2(a+b)c = —2t, (9.3.4)

2abc + (a + b)c? = —4.

Setting = := (a + b)/2 and eliminating the product ab from the second and third
equations yields

v} —tr—1=0, (9.3.5)

which is exactly the equation appearing before (9.1.2). Given any solution of (9.3.5),
say (t), then a(t), b(t), and ¢(t) are necessarily expressed via (9.1.4). Theorem 9.0.1
and the variational condition (9.0.3) imply that there must exist a contour I'; € T

(this class of contours was defined right after (9.0.2)) such that
U(zt) <0 forall zely, (9.3.6)

see (9.0.8). In what follows, we shall show that no such contour exists in 7 for any
of the three possible choices of z(t) solving (9.3.5) when ¢ € Opyo_cut and Q(z;t) is
given by (9.1.3) and (9.1.4).

In accordance with the above strategy, observe that the solutions of (9.3.5) can

be written as

-\ 1/3
ou(t) = () + 3UZ T welt) = (1 VLS t-) (i3 (9.3.7)
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k € {0,1,2}, with all branches being principal. It can be readily verified that ()
is analytic in C \ (e27/35,S) (here, - means topological closure), see (9.1.2) for the

definition of the ray S, and

2o(t) :€4m/3x1(t€—2m/3>7
x1(t) :64“/%1(%@2“/3), (9.3.8)

wo(t) =1 (7).
Furthermore, noting that the function z(t), defined after (9.1.2), maps Qope—cyr ONtO
Oone—cut, it can be easily checked that x(t) is evaluated as shown on Figure 9.6, where
the dashed lines are the chosen branch cuts of x1(¢). In particular, z(t) can be
analytically continued across Cypiir, C& 1, and Cpiyy, see (9.1.2) and Figure 9.6. In

what follows, we consider what happens in the case of each of these continuations.

Fig. 9.6. Determination of z(t)

Continue z(t) into Owo—cut by either xo(t) or zo(t), that is, analytically across
either CP, ,;, or CZ.,, see Figure 9.6. The first and the last symmetries in (9.3.8) then

yield that w,(z) is either equal to

wi(Z) or wt672m/3(2674m/3).

Since the set Opwo—cut is symmetric with respect to the line L, /3, its rotation by —2m/3
is equal to its reflection across the real axis. Thus, the critical graph w;(z) when
t € Owwo—cut and x(t) is continued by either z5(t) or zo(t) is equal to the reflection

across the real axis or the rotation by 47 /3 of the critical graph of w;, (z) for some t,
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such that ., € Owo_cut- These graphs were studied in [50, Theorems 3.2 and 3.4] and
determined to have the structure as depicted on Figure 9.3(a—c) (or the reflection of
these three panels across the line Lo, /3). A direct examination shows that none of
these critical graphs form a curve in 7 for which (9.3.6) holds (such a curve must
belong to the closure of the gray regions on Figure 9.3).

Suppose now that we continue x(t) by z1(¢), that is, analytically across Cspjie. For
such a choice of z(t), the critical graph of w,(z) was studied in [67] when t € L /3 (in
which case the critical graph is symmetric with respect to Lax/3). In particular, it was
shown that x(t) € Lax/3, no union of critical trajectories join a and b, and no critical
trajectory of @;(z) crosses the line Loy /3 when ¢t € Lz/3MOgwo—cut, see [67, Lemma 3.2].
Since critical trajectories cannot intersect, can approach infinity only asymptotically
to the lines L;/s, Lr/2, and L_r /s, and must obey Teichmiiller’s lemma (9.3.1), the

critical graph of w;(z) must be as on Figure 9.7.

Fig. 9.7. The critical graph of w;(z) when x(t) is analytically continued across
C1sp|it-

Clearly, this critical graph does not yield a curve in 7 for which (9.3.6) holds.
Thus, to complete the proof, we need to argue that the structure of the critical
trajectories of w;(z) remains the same for all ¢ € Oyyo_cut. Observe that it is enough
to show that all the trajectories out of b approach infinity.

Recall that the trajectories emanating out of b are part of the level set {U(z;t) =
0}, see (9.0.8). When t € L3 N Ogpo—cut, these trajectories approach infinity at the
angles —7/6, 7/6, and 7/2, see Figure 9.7. Since the values of U(z;t) analytically
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depend on ¢, the same must be true in a neighborhood of each such ¢. This will remain
so until one of the trajectories hits a critical point different from the one at infinity.
As can be seen from Figure 9.7, this critical point must necessarily be c¢. That is,
as long as U(—=x;t) # 0, the trajectories out of b will asymptotically behave as on

Figure 9.7. When z(t) is continued into Owyo_cut by x1(t), its values lie within the

(a) (b)

Fig. 9.8. Shaded regions represent the domains within which 2x3(¢) (panel a)
and x1(t) (panel b) change when t € Opwo—cut-

gray region on Figure 9.8(b), see also Figure 9.1(b). Respectively, the values 223(t)
lie within the gray region on Figure 9.8(a), see also Figure 9.1(a). It was verified

in [50, Section 5.3] that

9 223 1 3/2
_oit) = 2 1+ =
U(—x;t) Re<3/_1 ( —1—8) ds),

where the path of integration lies within the shaded domain on Figure 9.8(a). Hence,
U(—x;t) = 0 if and only if 22° belongs to a trajectory of —(1 + 1/s)3>ds® emanating
from —1. These trajectories are drawn on Figures 9.1 and 9.8(a) (black lines). Thus,

U(—z;t) # 0 in the considered case as claimed.

9.3.3 Critical Graph of w;(z)

Let, as usual, Q(z;t) be the polynomial guaranteed by Theorem 9.0.1. According
to what precedes, it has the form (9.1.5) when ¢ € Opyo_cut- Recall the properties
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of the differential w;(z) = —Q(z;t)dz? described at the beginning of Section 9.3.1.
In particular, it has four critical points of order 1, which, for a moment, we label as
21(t), z2(t), z3(t), 2z4(t) (these are the zeros of Q(z;t)), a critical point of order —8 at

infinity, and no other critical points. It follows from Theorem 9.0.1(4) and (9.0.3)

with (9.0.8) that
Re (/ 1/2(z;t)dz> =0, (9.3.9)
Tolza(t) 25 (1)

where I';[2;(t), z;(t)] is the subarc of I'; with endpoints z;(t), z;(t) and QL/Q(Z; t) is the
trace of Q'/2(2;t) on the positive side of I',. Equations (9.3.9) imply existence of three
short critical trajectories of w;(z). Indeed, if all three critical trajectories out of a
zero z;(t) approach infinity, then z;(¢#) must belong to a boundary of at least one strip
domain. Let z;(t) be a different zero of ()(z;t) belonging to the other component of
the boundary of this strip domain. Then it follows from (9.3.2) and (9.3.9) that the
width of this strip domain is 0, which is impossible. Thus, each zero of Q(z;t) must
be coincident with at least one short trajectory. Therefore, either there is a zero,
say z4(t), connected by short trajectories to the remaining three zeros or there are
at least two short trajectories connecting two pairs of zeros. In the latter case, label
these zeros by ay(t),bi(t) and as(t),be(t). If the other two trajectories out of both
a1(t) and by (t) approach infinity, one these zeros again must belong to the boundary
of a strip domain with either as(t) or by(t) belonging to the other component of the
boundary. As before, (9.3.9) yields that the width of this strip domain is 0, which,
again, is impossible. Thus, in this case there also exists a third short critical trajectory.
Then we choose a labeling of the zeros so that by(t) and ay(t) are connected by this
trajectory.

Since short critical trajectories cannot form closed curves, there cannot be any
more of them. That is, the remaining critical trajectories are unbounded. Consider
the two unbounded critical trajectories out of z;(¢) in the case where short ones form
a threefold. Since critical trajectories cannot intersect and the remaining zeros are

connected to z;(t) by short critical trajectories, they delimit a half-plane domain and,
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(a) (b) ()

Fig. 9.9. Geometries of the critical graph of w;(z). Shaded regions represent
the open set {U(z;t) < 0}, the white regions represent the open {U(z;t) > 0},
and the red, dashed arcs form I'; \ J;.

in particular, must approach infinity along consecutive critical directions (those are
given by the angles (2k + 1)7/6, k € {0,...,5}, see Section 9.3.1). Clearly, the same
is true for the unbounded critical trajectories out of z5(t) and z3(t) as well as for the
unbounded critical trajectories out of a;(t), bo(t), and the union of the unbounded
critical trajectory out of by(t), the short critical trajectory connecting by (t) to as(t),
and the unbounded critical trajectory out of ay(t) in the case where short critical
trajectories form a Jordan arc.

Now, let U(z;t) be given by (9.0.8). Clearly, U(z;t) is a subharmonic function
which is equal to zero on Jy, see (9.0.3). Since U(z;t) must have the same sign
on both sides of each subarc of J; by the S-property (7.1.2), it follows from the
maximum principle for subharmonic functions that it is positive there. Further, since
trajectories of w;(z) cannot form a closed Jordan curve, all the connected components

of the open set {U(z;t) < 0} must necessarily extend to infinity. Since Re(V(z;t)) is
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the dominant term of U(z;¢) around infinity, see (9.0.8), for any 6 > 0 there exists

R > 0 sufficiently large such that
(SW/375 U Smg U S_W/gvg) N {|Z| > R} C {Z/{(Z;t) < 0},

(So.5U Sanszs US_ars) N{|z| > R} C {U(z;t) > 0},
where Sp s := {|arg(z) — 0| < /6 — §}. Altogether, the critical graph of w;(z) must
look like either on Figure 9.5 or on Figure 9.9.

It remains to show that w;(z) cannot have the critical graph as on any of the
panels of Figure 9.9. To this end, recall that the contour I'y must contain J; and two
unbounded arcs extending to infinity in the directions 7/3 and 7 (blue unbounded
arcs on Figure 9.9). Let I', be obtained from I'; by dropping the short trajectory that
is a part of J;, and whose removal keeps I, connected (this can be done for any of the
panels on Figure 9.9). Observe that I', also belongs to 7. Let u, be the weighted
equilibrium distribution on I'y, as defined in Definition 7.1. Since I'y C I, it holds
that p. € M(I't). Moreover, since p. # pr, Iy (ps) > Iv (), see Definition (7.1).
However, the last inequality clearly contradicts (9.0.5).

We have shown that the critical graph of w,;(z) must look like on Figure 9.5. As
the critical orthogonal and critical trajectories cannot intersect, the structure of the
critical orthogonal graph is uniquely determined by structure of the critical graph.
Now, we can completely fix the labeling of the zeros of Q(z;t) by given the label a; (%)
to one that is incident with the orthogonal critical trajectory extending to infinity

asymptotically to the ray arg(z) = 7.

9.3.4 Dependence on t

We start with some general considerations. Let f(z) and g(z) be analytic functions

of z = x 4+ iy. Consider a determinant of the form
O.Re(f) O,Re(f) =
D =19,Im(f) 0,Im(f) =/,
d0.Re(g) O,Re(g) =
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where the entries of the third column are not important for the forthcoming compu-
tation. Due to Cauchy-Riemann relations it holds that f’ = 9,Re(f) + i0,Im(f) =
OyIm(f) —i0,Re(f). Therefore,

Re(f) —Im(f") = f! if o« S if x
D=lm(f) Re(f) =|=|m(f) Re(f) =*=5| f —ifr x
Re(g)) —Im(¢) *| |Re(¢) —Im(g') = Re(g') —Im(g) =

by adding the second row times i to the first one and then multiplying the second

row by —2i and adding the first row to it. It further holds that

2f if’ * 2f 0 * 0 %
=3 _1f * =3 —lf * =3 f x5
g —Im(g") =* g —ig/2 = g g

where we added the second column times —i to the first one, then added the first
column times —i/2 to the second one, and then factored 2 from the first column, —i
from the second one, and 1/2 from the third row.

Now, let f;(21, 22, 23, 24), 7 € {1,2,3,4,5}, be analytic functions in each variable
z; = x; + iy;. We would like to compute the Jacobian of the following system of

real-valued functions of x1,y1, ..., x4, ys:

Re(f1), Im(f1), Re(f2), Im(f2), Re(fs), Im(f3), Re(fs1), Re(fs). (9.3.10)

That is, we are interested in

Jac =

Re(fu1) —Im(fu) Re(fi2) —Im(fi2) Re(fis) —Im(fis) Re(fis) —Im(fra)
Im(fi1) Re(fir) Im(fiz) Re(fiz) Im(fi3) Re(fis) Im(fia) Re(fia)

Re(fa1) —Im(fa1) Re(fo2) —Im(fo2) Re(fos) —Im(fas) Re(fos) —Im(f2q)
Im(fa1) Re(fa1) Im(fa2) Re(fz2) Im(fos) Re(fzs) Im(fos) Re(f2)

Re(fon) —Im(fs) Re(fs2) —Im(fi) Re(fss) —Im(fs) Re(for) —Im(far)|
Im(f31) Re(fs1) Im(fs2) Re(fs2) Im(fss) Re(fss) Im(fsa) Re(f34)

Re(far) —Im(fn) Re(fiz) —Im(fiz) Re(fis) —Im(fis) Re(fis) —Im(fid)

Re(fs1) —Im(fs1) Re(fs2) —Im(fs2) Re(fss) —Im(fss) Re(fsa) —Im(fss)
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where f;; := 0., f;. By performing the same row and column operations as for the

determinant D above, we get that

fu 0 fie 0 fisz 0 fie O
0 fu 0 fio 0 fi3 0 fu
Jao 0 fao 0 foz O far O
Jaee L10 Ju 0 fm 0 a0 fa
20 fs 0 fz O fiz O fy O
0 fou 0 oo 0 Jyy 0 Jfy
fu Fu fio T fis [ fu Tu
foo Fsi fs2 Fso fss [sz Jou s

Assume further that

fi(z1, 29, 23,24) = 21+ 20+ 23 + 24,
fo(z1, 22,23, 24) = 2120 + 2123 + 2124 + 2223 + 2024 + 2324, (9.3.11)
f3(21, 20, 23, 24) = 222324 + 212324 + 212224 + 212273,

Then, by using the above explicit expressions and subtracting the first (resp. second)

column from the third, fifth, and seventh (resp. fourth, sixth, and eighth), we get

that
Jac = (2i)7!
10 0 0 0 0 0 0
01 0 0 0 0 0 0
¥ k21 — 29 0 21— 23 0 21— 24 0
x %k 0 51—22 0 71—53 0 71—74
Z1 — 29 21 — 23 21— %4
x | 1 1 1 0
(23 + 24) (22 + 24) L (22 + 23) _ ’
Z1— 2 Z1— 2 Z1— 2
. x 0 1 2 : 0 _ 1 ~ 3 : 0 1 4 :
(Z3 + Z4) (Z2 + Z4) (Zo + Z3)
21 — %9 21— Z9 21— 23 Z1 — 23 21— 24 21— Z4
* oK 1 =) 1 —) 1 —)
942 942 Y43 943 Gu4q a4
Z1 — %9 21—22 Z1 — 23 31—23 Z1 — %4 21—34
*ox 1 — 1 p— 1 —)
952 952 953 953 954 G54
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where gji(zl7227z37z4) = (Zl_zi>_1(fji_fjl)<zlu227237Z4)7j € {475} and i € {27374}

Hence,

|21 — 22’2\21 - 23’2\21 - 24’2
2i

Jac =

1 0 1 0 1 0
0 1 0 1 0 1
23+ 24 0 Zo + 24 0 2o + 23 0
0 Zs47 0 Zo4z 0 T+l

ga2 [ 943 43 gaa [

52 G52 953 953 54 G54

Absolutely analogous computation now implies that

|21 — 20|?|21 — 25°|21 — 2|20 — 23[?| 22 — 2uf? | O 1 0 1
2 has has haa has
hss hss hsy hsy

Jac =

where hj;i(21, 29, 23, 24) 1= (22 — 2:) " (gji — 9j2) (21, 22, 23, 24), § € {4,5} and i € {3,4}.
The above expression immediately yields that
Nz =z ks K _
Jac = Ligs| . Lo = H |2 — 2| *Im (kaks), (9.3.12)

21 ks ks| il

where k;(z1, 22, 23, 24) := (23 — 22) "1(gja — 9j3) (21, 22, 23, 24), J € {4,5}. Finally, let

w(z) = /(z — 21)(z — 22) (2 — 23)(2 — 24)
be a branch such that w(z) = 22 + O(z) as z — oo with branch cuts ;2 and 734 that
are bounded, disjoint, and smooth, and where v;; connects z; to z;. Further, select a
smooth arc 35 disjoint (except for the endpoints) from the previous two. Set

fa(z1, 22, 23, 24) ::4/ w(z)dz and  f5(z1, 22, 23, 24) ::4/ w(z)dz, (9.3.13)

Y12 Y32

where we integrate w(z) on the positive side of y15. Let O C {z; # z;, i # j, i,j €

{1,2,3,4}} be a domain such that there exist arcs 7;;(21, 22, 23, 24) with the above
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properties for each (z1,2s,23,24) € O, which, in addition, possess parameteriza-
tions that depend continuously on each variable zi, z9, 23, 24. Then the functions
fi(z1, 22, 23, 24), 7 € {4,5}, are analytic in each variable z; for (21, 22, 23,24) € O.

Furthermore, it can be readily computed that

e e e L e ey = MUY ]

where the integrals are taken over ;5 when j = 4 and 73, when 5 = 5. Trivially,

(9.3.12) can be rewritten as
dz dz
Jac =41z — z*Im (/ —/ —) : (9.3.14)
g ! Y12 U)(Z) Y32 'l,U(Z)
Now, consider the Riemann surface R := {z := (z,w) : w? = (z—21)(z — 22) (2 —
z3)(z — z4)}. Denote by m : R — C the natural projection 7(z) = z and write
w(z) for a rational function on PR such that z = (z,w(2)). Let B := 7 1(y12) and

a = 7 !(y32). Orient these cycles so that

e e ] e nd et

Observe that the cycles o, 3 form the right pair at the point of their intersection and

that |\ {a U B} is simply connected. Hence, the cycles a;, 3 form a homology basis
on R. Since the genus of MR is 1, it has a unique (up to multiplication by a constant)
holomorphic differential. It is quite easy to check that this differential is dz/w(z).
Hence, we get from (9.3.14) that

Jac =[] |z — %/*m (]é wt)fi wt)) >0 (9.3.15)

1<j

when (z1, 29, 23, 24) € O, where the last inequality was shown by Rimeann.
Now, let Q(z;t) = 2(z — a1(t))(z — b1 (t))(z — a2(t))(z — ba(t)) be the polynomial
from Theorem 9.0.1. It can be easily deduced from (9.0.6) that
filay, by, a9, b2) = 0,
f2(a17b17a27b2) = _2t7 (9316)

f3(a17blya2762) = _47
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where the functions f;(z1, 22, 23, 24), @ € {1,2,3}, are given by (9.3.11).

Fix t* € Opyo—cur and let §* > 0 be small enough so that all four disks {|z—z}| < 6*}
are disjoint, where z{ = ai(t*), 25 = bi(t*), 25 = aa(t*), and z; = by(t*). Let
O := {(21, 22, 23, 24) : |2 — 2| < 0*}, I be the point of intersection of {|z — 2| = 0*}
and Ji+, i € {1,2,3,4}, and u} be the point of intersection of {|z — zf| = §*} and
L(by (), as(t*)), ¢ € {2,3}, where, as usual, I'(a,b) is the subarc of the trajectories
of w(z) connecting a and b. Then we can choose 12 = [21, s7] U T'(s7, s5) U [s5, 29],
Yo = [z, ui] UT (uf, ub) Ulus, z0], and v34 = [23, 5| UT'(s3, s3) U[s], z4), where [a, b] is
the line segment connecting @ and b in C. Clearly, the arcs v;; continuously depend

on (21, 22, 23, 24) € O. Now, the relations (9.3.9) can be rewritten as
Re (f4(a1,b1,a2,b2)) =0 and Re (f5 (al,bl,ag,b2>) =0 (9317)

with f;(z1, 22, 23, 24), J € {4,5}, given by (9.3.13), where we set w(z) := Q(z;1).

It follows from (9.3.15) and the implicit function theorem that there exists a
neighborhood of ¢* in which system (9.3.16) and (9.3.17) is uniquely solvable and the
solution, say (aj(t),bi(t),a3(t),b3(t)), is such that the real and imaginary parts of
af(t),bi(t) are real analytic functions of Re(t) and Im(¢) for ¢ in this neighborhood.
These solutions are unique only locally around the point (a;(t*), by (t*), as(t*), bo(t*))
and we still need to argue that they do coincide with the zeros a;(t), b;(t) of Q(z;1)
(of course, it holds that af(t*) = a;(t*) and b} (t*) = b;(t*)).

In what follows, we always assume that ¢ belongs to a disk centered at t* of small
enough radius so that the functions af(t),bf(t) are defined and continuous in this

disk. Let

Q*(zt) == i(z —aj()(z = b(1)(z —a3(t)) (= = b3(t)) and  @j(2) == —Q"(z;t)d2".

Further, let U*(z;t) be defined as in (9.0.8) with Q(z;t) replaced by Q*(z;t). For the

moment, choose the branch cut for Q*(z;t)'/?

as in the paragraph between (9.3.16)
and (9.3.17). Each function &*(z;t) is harmonic off the chosen branch cut and can be

continued harmonically across it by —U*(z;t). Moreover, it follows immediately from
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their definition that the functions U*(z;t) are uniformly bounded above and below
on any compact set for all considered values of the parameter ¢t. Thus, they converge
to U(z;t*) locally uniformly in C\ {a;(t*), b1(t*), as(t*), bo(t*)} as t — t*. Since the
critical graph of w;j(z) is the zero-level set of U*(z;t), it converges to the critical
graph of w(z) in any disk {|z| < R}. Due to relations (9.3.17), the argument at
the beginning of Section 9.3.3 also shows that the critical graph of wj(2) has three
short critical trajectories, which, due to uniform convergence, necessarily connect
al(t) to bi(t), bi(t) to ai(t), and a3(t) to b3(t) (the disk around t* can be decreased if
necessary). Thus, arguing as in Section 9.3.3 and using uniform convergence, we can
show that Figure 9.5 also schematically represents the critical and critical orthogonal
graphs of @} (z). Moreover, let us now take the branch cut for Q*(z;t)Y/2, say J;,
along the short critical trajectories of @ (z) connecting af(t) to b;(t). Then the
shading on Figure 9.5 corresponds to regions where U*(z;t) is positive (white) and
negative (gray).

Define I'f to be the union of the critical orthogonal trajectory w; (z) that connects
infinity to aj(t), its short critical trajectories, and the critical orthogonal trajectory
that connects b5(t) to infinity. Orient it so that the positive direction proceeds from
af(t) to bj(t). Let the measures i be given by (9.0.7) with Q(z;t) replaced by Q*(z; )
and J; replaced by J;. Clearly, each p; is a positive measure. Moreover, it has a unit
mass by the Cauchy theorem and since Q*(z;t)"/? = (22 —t)/2 + 1/z + O(1/2?) due
to (9.3.16), see also (9.3.3). Thus, it holds that

F*(z:t) = Q*(z;t)1/2 i V'(z2;t) _ / dyf (s) -0 (272)

2 z—5
as z — oo and F*(z;t) is holomorphic in C\ J;. It follows from the well known

behavior of Cauchy integrals of smooth densities, see [28, Section 1.8], that the traces
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of F*(z;t) on J; are bounded. It further follows from the Sokhotski-Plemelj formulae,
see [28, Section 1.4], that

Fi(s;t) — F2(s;t)

:Qj(s;t)m o' 1/2 (/Q+wt1/zdw) (/Q+wt1/2d—20)_

= QLs0)? = Q' (i)'~ 2Q4(s:1)* =0

for s € J;. Hence, F*(z;t) is an entire function and therefore is identically zero. This

observation, in particular, yields that

z

U (z;t) :=Re (2 Q*(s;t)1/2d3> =} —Re(V(z;t)) — 20" (2)

b3 (t)
for some constant £}, see also (9.0.8). Since U*(z;t) can be harmonically continued
across J; by —U*(z;t), we get that uy satisfies (7.1.2); that is J; has the S-property
in the field Re(V (z;t)). Since I'y € T, it follows from the uniqueness part of Theo-
rem 9.0.1(2) that pj = ug. In particular, af(t) = a;(t) and b} (t) = b;(¢), i € {1,2}.
Since any compact subset of Owo_cut can be covered by finitely many disks where
the above considerations hold, the functions a;(t), b;(t) continuously depend on ¢ €

Otwo—cut and, moreover, their real and imaginary parts are real analytic functions of

Re(t) and Im(?).

9.3.5 Degeneration of the Support at the Boundary

Fix a t* € 00uyo—cut- Then, it follows that all branch points and short trajectories
remain in a compact subset of the z-plane as t — t* along any path. Indeed, it
was shown in [53, Theorem 5.11] that for a path ¢(s) € Owo_cut, s € [0, 1] functions
ai(t),as(t),bi(t), bo(t) satistying (9.3.9) are uniformly bounded for s € [0,1]. Sup-
pose the points a1 (t*), by (t*), as(t*), ba(t*) are distinct. Implicit function theorem and
the calculation resulting in (9.3.15) implies that ay(t), bi(t), ax(t), bo(t) continuously
extend to0 O0uo—cur- Assuming aq (t*), by (t*), as(t*), ba(t*) are distinct and combining
this with the reasoning of Section 9.3.3 yields the following two possibilities
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(i) degenerates to one of the three critical graphs described in Figure 9.9, or
(ii) maintains the structure described in Figure 9.5.
We start by arguing that option (i) is impossible.

Lemma 9.3.1. Suppose that ast — t* € OOwwo—cur the points {a1(t),b(t), az(t), ba(t)}
remain separated. Then, subject to all the assumptions of Chapter 9, there exists
a neighborhood U of infinity such that any trajectory entering U; within a sector
defined by orthogonal critical directions must tend to infinity along this direction. In
particular, short trajectories of wy must remain in a compact subset of the plane as

t — Otwo—cut-

Proof. Since ay(t), as(t),b(t), b2(t) remain in a compact set, there exists a neighbor-
hood U = {z | |2| > 1/e, € > 0} such that for z € U, we may define ((z) by the
equation

/Z QY% (s;t)ds = 3 +1og(¢) + ¢

where ¢ is an arbitrary constant. Indeed, it follows from (10.1.2) below that if we
write g(z) = f(z) + log(z), f(2) = ap + M as 2 — oo Tt follows from (8.1.4)
z
that f(z) is holomorphic outside any compact set containing I';[ay, by]. Furthermore,
z =V
/ Q2 (s;t)ds = £V, log(2) + f(2).
ba2(?) 2
For a fixed path t(s), s € [0, 1], there is a neighborhood U; = {2 | |z| > R(t), R(t) >

0} such that g_—2‘/<2)

+ f(z) is meromorphic, non-vanishing in U;. Since we need
only ensure the convergence and meromorphy of f(z), it suffices to take R(t) =
27 max;—1 o{|a;(t)], |b;(t)|}. Since R(t) is bounded above, we may chose an optimal
radius R > 0 and use it to define the neighborhood U = {z | |z| > R}. Hence, one
may find a function ¢’(z) meromorphic in U; and with ¢'(z) = z(by + b1z™' +--+)
such that w + f(2) = (¢'(2))?. Finally, the parameter ((z) is defined by the

equation

(¢'(2))" = (¢(2))* + log(¢(2) /)
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for 2 € U, which implies that ((z) is meromorphic in U with {(z) = z(cg+c127 4+ -).

In this variable, the quadratic differential can be represented as

¢

The study of the trajectory structure of this differential was done in [64, Section 7.4]

QY?(2)dz = (3(2 + 1) d¢

and in even more detail in [62, Theorem 3.3] and allows us to make the important
conclusion: a trajectory entering U intersects OU once and tends to infinity along a

critical direction. O

In fact, it holds that trajectories approaching infinity may not change their asymp-
totic direction as t — t*, since they separate domains where U(z; t) changes signs and
since the set {U(z;t) < 0} (respectively, {U(z;t) > 0} ) contain sectors of the form
SosN{|z] > r} (see Section 9.3.2) where r is independent of ¢. Finally, note that due
to the specific topology of the critical graph of w; shown in Figure 9.5, short trajec-
tories may not approach branch points since trajectories of polynomials differentials
cannot have loops. Since tangent vectors to trajectories near branch points may not
become parallel nor intersect, we conclude that option (i) is impossible.

Next, we show that option (ii) is impossible. Suppose to the contrary that (ii)
were true. This yields a function Q*(z;t) and an associated measure p* defined as in
(9.0.7) that satisfy the relation (9.0.6). However, as discussed in Section 9.3.4, these
relations imply the S-property and characterize the equilibrium measure. Since (ii)
produces a measure that is inconsistent with what was shown in [50], we conclude
that option (ii) cannot hold.

From the previous discussion, we conclude that some branch points must coincide
on 00uo—cut, Where the corresponding critical graphs are shown in Figure 9.4. Since
all branch points satisfy equations (9.3.16), it follows from the first two equations
and the fact that 0 € Ouwo_cut that all four branch points cannot collapse to one
point. Similar considerations of the first and third equation of (9.3.16) yield that
we cannot simultaneously have ay(t*) = by (t*) and a(t*) = bo(t*). Furthermore, the

three branch points coincide only when ¢t = 3 -272/3 ¢ = 3.272/3¢2™/3 (the only
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solutions accessible from Ouyo_cut). To see that the degeneration is of the correct type
(i.e. produces the correct critical graph from Figure 9.4), we allude to the uniqueness
of the S-curves provided in Theorem 9.0.1 and the particular structure of the support
and the differences in the function Q. If t — t* € Cgyit, the support of p, must be a
union of two analytic arcs. If t* € Cf,,, the support must be a union of two disjoint
analytic arcs and )(z;t) has a double root. Finally, if t* € Csyie N Cfipyyy, then Q(2;1)

has a single root of order 3.
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10. RIEMANN-HILBERT ANALYSIS: VARYING
ORTHOGONALITY WITH CUBIC POTENTIAL

A version of this chapter will appear in [59].

We start our analysis with the construction of the g-function, whose properties
were discussed in Proposition 9.2.2. Note that this construction is analogous to what
has been carried out in the analysis of kissing polynomials in the supercritical regime,

see Section 8.3

10.1 Proof of Proposition 9.2.2

Since the arc T'[by, ay] is homologous to a short critical trajectory of —Q(z)dz? and

[[ay, b1] is such a trajectory, see Figure 9.5, these constants 7,w are indeed real. Let

g(z) = /log(z — s)du(s), z€C\T'(e"00,bs], (10.1.1)

where we take the principal branch of log(- — s) holomorphic outside of F(e”ioo, s}

and p is the equilibrium measure defined in (9.0.7). It follows directly from definition

(10.1.1) that
9.9(z) = / dps)

)
zZ— S

where, as usual, 0, := (0, — i0,)/2. Therefore, it can be deduced from (9.0.3) and
(9.0.6) that

Vi(z)—¢

g(z) = T* n szl/Q(s)dS _ M

— +Q(2), (10.1.2)

where, as usual, we take the branch Q'/2(z) = 2%+ O(z), {, is a constant such that

the equality holds that by (notice that Re(¢,) = ¢, see (9.0.3)), and Q(z) is given by
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(9.2.4). Property (9.2.6) clearly follows from (10.1.1) and (10.1.2). In the view of
(10.1.2), let us define

Ge(2) == 2/2 QY%(s)ds, e € {a1, by, az, by}, (10.1.3)

holomorphically in C\ I'(e™ oo, by] when e = by, in C\ I'lay, e™/300) when e = a1, and
in C\ (T'(e™o0,b) UT'(az,e™300)) when e € {by,as}. Clearly, ¢y,(z) = 2Q(2). One
can readily check that
)

Gay (2) £ 27i(1 — w),

Doy (2) = oy, (2) £ 2mi(1 — w) 4 2mir, 2z € C\T, (10.1.4)

Ga, (2) £ 271 + 27iT,
\
where the plus sign is used if z lies to the left of I' and the minus sign if z lies to the

right of it, and

+£2mip(T[s, ba]), s € [(ag, by),
gbei(S) = (1015)
+27ip(D[s, bo]) + 27ir, s € T(ar, by).

The jump relations in (9.2.7) now easily follow from (10.1.4) and (10.1.5).
For future use let us record that (10.1.2), (10.1.4), and (10.1.5) imply that

(

0, s € I'(by,e™?0),
Tdp,+(s), s € T(ag,by),
g+(s) —g-(s) = omi(1 —w), s e T(by,a), (10.1.6)

:I:(ngbQi(s) — 27riT), s € '(ay,by),

271, s € I'(e™oo, ay),
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and that
O, (8), s € T (by, e“i/3m),
0, S € F(&Q,bg),

g+(s) +9-(s) = V(s) + L

¢a2<8)7 s € F(b1>a2)> (1017)

27Ti7', ERS F(al,bl),

| Py (8) + 277, s € T'(e™o0, ay).

10.2 Local Analysis at e € {ay,b1,a0,bo}
Given e € {ay,by,a, by}, let
Ueo:i={z: |z —e| < dep(t)/3}, (10.2.1)

where d. € (0, 1] to be adjusted later and we shall specify the function p(t) at the end

of this subsection. Set
Jo:=UnNJ and I :=UnI\J), (10.2.2)

where the arcs J, and I, inherit their orientation from I' and we assume that the
value of p(t) is small enough so that these arcs are connected. We shall suppose that
I. is a subarc of the orthogonal critical trajectory of —Q(z)dz? emanating from e.

The latter fact and Theorem 9.1.2 yield that
Pe(s) <0, se€l, (10.2.3)

see Figure 9.5. In fact, the same reasoning shows that (10.2.3) holds not only on I,
but on I'(e™o0, a;) when e = a;, on I'(by, e™/300) when e = by, and, for Re(¢.(z)) on
['(by,az) when e € {by,as} (observe that these functions are also monotone on the
respective arcs). Furthermore, each function ¢.(z) is analytic U, \ J. and its traces
on J, satisfy

et (8) = £2mivep(Jy) = 2me™ (], ), (10.2.4)
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where J; . is the subarc of J, with endpoints e and s,

]_, e c {bl,bg},
Ve 1= (10.2.5)

-1, e€{a,as},

and the second equality follows from (9.0.7) and (10.1.3). Since |¢.(2)| ~ |z —e]*/? as
z — e, it follows from (10.2.3) and (10.2.4) that we can define an analytic branch of
(—¢¢)?/3(2) in U, that is positive on I, and satisfies (—¢.)*?(s) = —(ZW/LF(JS,e))W?’,
s € J,. Since (—¢.)*3(2) has a simple zero at e, it is conformal in U, for all radii
small enough. Altogether, (—¢.)?3(z) maps e into the origin, is conformal in U,, and
satisfies

(=0e)*?(Je) C (-00,0),

(=0e)*?(L) < (0,00).

Furthermore, if we define (—¢,.)'/%(z) to be holomorphic in U, \ J, and positive on I,

(10.2.6)

then
(—0) Y (s) = vei(—0e)/%(s), s e .. (10.2.7)

To specify p(t), let p.(t) be the radius of the largest disk around e for which
Jo, I, are connected and in which (—¢.)*?(z) is conformal. Observe that the disk
around e of radius pe(t) cannot contain other endpoints of J besides e. We set
p(t) := min{p.(t)}. Then the disks U, in (10.2.1) are necessarily disjoint. Observe
also that p(t) is non-zero for all t € Oyyo_cut and continuously depends on ¢ due to

continuous dependence on t of ¢.(z), which in itself follows from Theorem 9.1.2 and

(10.1.3).

10.3 Functions A,(z;t)

In this section we prove Proposition 9.2.3 and discuss some related results. Below,
we denote by 9 the Riemann surface defined in Section 10.3.1 with Q(2) = Q(z;1).
We further specify that m(8) = a1, b1], () = ['[by,az], and we consider the
realization of YR with respect to A = 771(.J), where, as before, J = T'[ay, b]UT[ag, bs].
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10.3.1 Riemann Surface

To describe the dependence of ay(t),b1(t), as(t),b2(t) on t, it will be convenient
to work on a certain Riemann surface, rather than the plane. Below, we define this
surface.

Let a1, by, az, by be distinct points in C and Q(z) = (2 —a1)(z—b1)(z —az)(z—ba).
Consider

R={z:=(z,w): v’ =Q()}. (10.3.1)

*

We denote by 7 : /&8 — C the natural projection 7(z) = z and by -* a holomorphic
involution on R acting according to the rule z* = (z, —w). In general, we use notation
z, 8, a for point on M with natural projections z, s, a.

The function w(z) defined by w?(z) = Q(z) is a meromorphic function on R with
simple zeros at the ramification points a, by, as, by, double poles at the points on top
of infinity, and is otherwise non-vanishing and finite. Fix a branch cut J for Q'/?(2).
Then R can be written as D U A UDW  where A := 7~ 1(.J) and the domains D®)
project onto C\ J with labels chosen so that 2w(z) = (—1)¥224+O(z) as z approaches
the point on top of infinity within D®*). For z € C\ J we let 2(*) stand for a point in
D®) with a natural projection z.

Denote by a a cycle on R that passes through b; and a; and whose natural
projection is an arc connecting by and ay. We assume that w(a) N J = {b1, a2} and
orient a towards by within D(®. Similarly, we define B to be a cycle on PR that passes
through @, and b; and whose natural projection is an arc connecting a; and b;. We
orient 3 so that a, 3 form the right pair at b;.

The surface R has genus one. Thus, there exists a unique holomorphic differential
on R normalized to have a unit period on a, say H. In fact, it can be explicitly
expressed as

H(z) = (]i w—l(z)dz) B w™(z)dz. (10.3.2)

We denote by B the other period of H and recall (as shown by Riemann) that

Im(B) >0, B _7{%[ (10.3.3)
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Fig. 10.1. Schematic plot of the Riemann surface YR and the cycles o and
3.

Given the normalized holomorphic differential, we can define Abel’s map as
z
a(z) = H, (10.3.4)
ba
where we restrict z as well as the path of integration to the simply connected region
Rap =R\ {a,B}. It is a holomorphic function in M4 g with continuous traces on
a, 3 away from the point of their intersection that satisfy

-B, sea\{b},
a,(s)—a_(s) = (10.3.5)

1, sepB\{b},
by the normalization of H and the definition of B. Moreover, observe that a(z) con-
tinuously extends to 0R4 g, the topological boundary of R4 g. Similarly to (9.2.5),
let us set
1 1

T= g aw(s)ds and w=—o— ﬁw(s)ds. (10.3.6)

It readily follows from (10.3.5) and (10.3.6) that

7{ (wa)(s)ds = j{ w(s)(ay —a_)(s)ds —j{ w(s)(ay —a_)(s)ds = —27i(w + B7),
89%0‘,5 B e

where 0R g is oriented counter-clockwise, that is, R4 g remains on the left when

O0Ma g is traversed in the positive direction. On the other hand, the function (wa)(z)

is meromorphic in R, g with only two singularities, both polar, at 00 and oo™,
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Moreover, since w(z*) = —w(z) and a(z*) = —a(z), the residues at those poles
coincide. Therefore, it holds that

w4+ Br = _ 1 (wa)(s)ds = —2res,_ o (wa)(z). (10.3.7)

27]'1 MR, 8

As we show in the next section, the above residue has a rather explicit expression

when Q(z), which, obviously, defines w(z), satisfies (9.0.6).

10.3.2 Jacobi Inversion Problem

Let B be given by (10.3.3). Denote by Jac(R) := C/{Z + BZ} the Jacobi variety
of JR. We shall represent elements of Jac(R) as equivalence classes [s] = {s+j+mB :

j,m € Z}, where s € C. Since R has genus one, Abel’s map
ZeR o [ / 74 € Jac(M) (10.3.8)
ba

is a holomorphic bijection. Thus, given s € C there exists a unique 2z € 2R such

that | :2[5] H] = [s].

Proposition 10.3.1. Let 7,w be given by (9.2.5) and < by (9.2.1). Further, let {N,}
be a sequence as in Theorem 9.2.5. Denote by z,r = zZni(t) the unique solution

Z(s, w0 Of the Jacobi inversion problem with

p(0)

Sn(t) == . H+(n—Nys+ (w+Br)n, p=npt):= (

biby — ayas

bg — ag) + (bl — al)’
(10.3.9)

k € {0,1}. Then for any subsequence N, the point co®) is a topological limit point of

{2n1}nen, if and only if oo™ is a topological limit point of {20 }nen. -

To prove the first claim, define

1(z) = (Z_bzz_l“)m, 2eC\J, (10.3.10)
Z— a3z — a
where 7(2) s holomorphic off J and the branch is chosen so that y(co) = 1. Further,
set
A(2) = w and  B(z) := w (10.3.11)
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Observe that the function A(z) was already defined in (9.2.8). The proof of Proposi-
tion 10.3.1 is exactly the same as the proof Proposition 7.3.3 with the correct formulas
for v, A, B, see Appendix B. The behavior of the points 2, ; with respect to n can be
extremely chaotic. Assuming that n — N, is constant, it is known that if the numbers
w and 7 are rational, then there exist only finitely many distinct points z,, ;; when w
and 7 are irrational, all the points z, ; are distinct, lie on a Jordan curve if 1, w and

7 are rationally dependent, and are dense on the whole surface R otherwise [68].

10.3.3 Subsequences N(t, ¢)

As we shall show further below, the functions ©,(z;t) from Proposition 9.2.3
vanish at z,; when it belongs to DO and do not vanish at all when Zy,1 does not
belong to D®. Hence, the subsequences N(¢) = N(t, €) from Proposition 9.2.3 can be

equivalently defined as
N(e):={neN: z,, ¢ DOnr({|z| > 1/e})}.

Set K := {k € Z : r;, = 0} , where ry := minj ez [(1 — k)s + w + BT+ j + Bm].
Let k = N,41 — N,,. Then it follows from (10.3.9) that

[a(znt11) — a(zn1)] = [(1 — k)s +w + Br]. (10.3.12)

If rj, = 0, then [(1 —k)s+w+B7] = [0] and 2,411 = 2,1 due to the unique solvability
of the Jacobi inversion problem. Thus, [(1 — k)5 + w + B7] = [0], means that both
triples w,x,1 and 7,y, 1 are rationally dependent, ¢ = = + By. If r, > 0, choose ¢
to be the largest positive number such that U, C Ra g and |a(z) — a(cc®)| < 7,,/3,
where U, := D' N7~ ({|z] > 1/€}). If neither n nor n + 1 were to belong to N(e;),
then we would have that z,, 1, 2,111 € Ue,. This, in conjunction with (10.3.12), would
imply that 0 < r, < |a(zp411) — a(zn1)| < (2/3)7k, which, of course, is impossible.

Altogether, we proved the following.



144

Lemma 10.3.2. If K = @& and |n — N,,| < N,, then at least one of the integers
n,n + 1 belongs to N(e€) for all ¢ < minjy<on,.41€x. If one of the triples w,x,1 or

7,y, 1 1s rationally independent, then K = @.

If there exists an infinite subsequence {n; };ey such that N, ., — N; € {0, 1} for all
I € N, then at least one of the integers n;, n;+ 1 belongs to N(e) for all € < min{e, €; }
if we show that ro,7 > 0. This is true since [w + B7] # [0] and [¢ + w + Br| # [0],
where the first conclusion holds since w = p;(Jr1) € (0,1) by the very definition in
(9.2.5) and the second one holds by (10.3.7) and the unique solvability of the Jacobi
inversion problem.

Assume that &, k” € K, k¥’ # k”. Then it follows from (10.3.12) that [w + Br] =
(K" —1)¢] and [(K” — k)] = [0]. The latter relation implies the first representation
in (9.2.10) while the former gives the other two. It is easy to see in this case that
K = kK + dZ. That is, if K has at least two elements, then it is an arithmetic
progression, w, 7 are rational numbers, ¢ has rational coordinates in the basis 1, B,
and the second and third relations of (9.2.10) must be satisfied. Thus, we can claim

the following.

Lemma 10.3.3. If K = {k'} and |n — N,| < N,, then there exists an infinite subse-
quence {n;} such that N,,+1 — N,, # k' (recall that k" # 0). Hence, at least one of the
integers n;,ny + 1 belongs to N(e) for all € < minjg<on, 41,52k €x- If not all numbers

w, T, x,y are rational or they all rational but the second and third relations of (9.2.10)

do not hold, then either K = @ or K = {k'}.

Assume now that all three relations of (9.2.10) take place. That is, [w + BT} =
[(k — 1)s] and [ds] = [0] for some integers k, d. It follows from (B.3.5) that

e 1 1 5o (0) o  + Bm
H=-= H:§( H+j+Bm): H+?

ba 2 Jpo o) by 2
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for some j,m € Z, where we use involution-symmetric paths of integration. Notice
that j,m cannot be simultaneously even as this would contradict unique solvability

of the Jacobi inversion problem. Hence,

/p(l) ] |:/€1 + BK,Q:|
M| = [T o
0(0) 2
for some ky, ke € {0,1}, K1 + k2 > 0. Therefore, adding f:ﬁo) H to both sides of
(10.3.9) gives us

{/ : 7-[} = [%B@+(n—Nn)§+(w+BT)n1 = [%B@—l—(nk—]\fn)g] .
50(0)
(10.3.13)

Since ¢ has rational coordinates in the basis 1, B with denominator d, the right-hand
side of (10.3.13) has at most d distinct values that depend only on ¢ € {0,...,d—1},
the remainder of the division of nk — N,, by d. Let z,, o € {0,...,d — 1}, be such

Zo _"_ B
50(0) 2
0)

Clearly, {z,.1}nen C {2, g;(l). Thus, it only remains to investigate when z, = co(®),

that

or equivalently, when [(k; + Br2)/2 + o5] = [0]. Trivially, it must hold that ¢ =
d(2l; — k;)/(2i5), j € {1,2}, for some ly,l; € Z. Since one of the pairs (i;,d) is
co-prime and ¢ € {0,...,d — 1}, this is possible only if o = 0 or ¢ = d/2 (in the

second case, of course, d must be even).

Lemma 10.3.4. If all three relations of (9.2.10) take place, then Jacobi inversion
problem (10.3.9) for z,1 has only finitely many distinct solutions and 00 is one of
them if and only if nk — N, is divisible by either d or d/2 (in this case d must be

even,).

10.3.4 Theta Functions

In this section we will prove Proposition 9.2.3. Recall that Abel’s map (10.3.8) is
essentially carried out by the function a(z) defined in (10.3.4). We shall consider the
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extension a(z) of a(z) to the whole surface JR defined by setting a(s) := a,(s) for
s € aand s € B\ {b;}. Given such an extension and (10.3.9), there exist unique

integers j, , My, such that
a(znk) = &(p(k)) +(n—Ny)s+ (w+Br)n+jorx+Bm,g, ke{0,1}. (10.3.14)
Denote by 6(u) the theta function of one variable associated with B. That is,

O(u) = Zexp {miBk* + 2miuk}, wueC.

keZ

The function §(u) is holomorphic in C and enjoys the following periodicity properties:

0(u+ j 4+ Bm) = exp {—wiBm”® — 2mium} 6(u), Jj,m € Z. (10.3.15)

It is also known that 6(u) vanishes only at the points of the lattice [%]
0

Now, we define ©,,(2;t) from Proposition 9.2.3 by ©,,(z;t) := @n,)l z), where

0 (a(z) —a(znk) — w)

0 (a(z) —a(p®) - 552)

O,.1(2) = exp { —27i(mnx + Tn)a(2)} (10.3.16)

and F¥(z), i € {0,1}, stands for the pull-back under 7(z) of a function F(z) from
D@ into C \ J.

The functions O, ;(z) are meromorphic on PR g with exactly one pole, which is
simple and located at p®), and exactly one zero, which is also simple and located
at z, (observe that the functions O, ;(2z) can be analytically continued as multi-
plicatively multivalued functions on the whole surface 9R; thus, we can talk about
simplicity of a pole or zero regardless whether it belongs to the cycles of a homology
basis or not). Moreover, according to (10.3.5), (10.3.14), and (10.3.15), they possess
continuous traces on a, 3 away from b; that satisfy

exp{ — 2mi(wn 4+ (n — Nn)g)}, se€a)\{b},
@n,k+(s) = @n,k_(s) (10.3.17)

exp{ —2mitn}, se B\ {b}.
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To discuss boundedness properties of ©,,x(z) and for the asymptotic analysis in

the following section it will be convenient to define

B(z), z¢€ DO, A(z), z€ DO,

M, o(z) = ©,0(2) and M, 1(z) = 0,1(2)
A(z), z€ DW, —B(z), ze€ DW,
(10.3.18)

These functions are holomorphic on 9\ {a U B U A} since the pole of O, x(2) is
canceled by the zero of 8(z). Each function M, ;(2z) has exactly two zeros, namely,
2, and co® . Tt follows from (B.3.3) and (10.3.17) that

’

Mﬂi(S) = :F(_l)kMSIZ:F(S% s € I'(ag, by),

M) (5) = F(=1ke M) (s), s € D(ar,by), (10.3.19)

| Myhe(s) = 02RO NI B (s), s € T(by,aa).

It further follows from (B.3.1) and (B.3.2) that [M,x(2)| ~ |z —¢|* as 2 — e €
E = {ay,by, as, by} unless z,,, coincides with e in which case the exponent becomes
1/4. Assume now that there exists N, > 0 such that |n — N,| < N, for all n € N.
Then for each 0 > 0 there exists C(d, N,) independent of n such that

M, 1 (2)] < C(5,N,), z€ 05 :=R\Ueerm {|z —¢| <6}. (10.3.20)

Indeed, let O((Si) =7 1(05) N (DY \ @), i € {0,1}. Observe that {log|M, (2|}
is a family of subharmonic functions in ij’ (the jump of M, x(2) is unimodular on
B). By the maximum principle for subharmonic functions, log|M, x(z)| reaches its
maximum on 80((5“, where the maximum is clearly finite. Since the sequence {n— N, }
is bounded by assumption and the range of a(z) is bounded by construction, so is
the sequences {m,, ; +7n} and {j, +wn}, see (10.3.14) and recall that j,  +wn are
real and Im(B) > 0. Thus, any limit point of {log |M, x(2)|} is obtained by taking
simultaneous limit points of {n — N,,}, {m, x + 0}, and {j,x + wn}, computing the
corresponding solution zy, of the Jacobi inversion problem (10.3.14) and plugging all of

these quantities into the right-hand side of (10.3.16). Hence, all these limit functions
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are also bounded above on the closure of Ogi), which proves (10.3.20). Finally, it holds
that
| My (00" ™) > e, n e Ne), (10.3.21)

for some constant ¢, > 0 and all € > 0 small enough by a similar compactness argu-
ment combined with the definition of N(¢) in Proposition 9.2.3; and the observation

that M, x(z) is non-zero at co'=%) when co=%) £ 2, ;.

10.4 Asymptotic Analysis

With T, as it was defined at the beginning of Section 9.2, we denote by I'[21, 23],
where z1, 2o € I'y, the arc of I'; connecting z1, z5. This is a slight abuse of notation since
I; is not entirely contained in a union of critical trajectories, but will be convenient

for the discussion ahead.

10.4.1 Initial Riemann-Hilbert Problem

As agreed before, we omit the dependence on t. We remind the reader of the
initial Riemann-Hilbert problems for orthogonal polynomials, RHP-Y (see Chapter
4):

(a) Y (2) is analytic in C\ I" and limg\ps.—00 Y (2)27"7% = I
(b) Y (z) has continuous traces on I'\ {aq, b1, as, ba} that satisfy

1 e—NnV(s)

0 1

where, as before, V' (z) is given by (9.0.4).
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The connection of RHP-Y to orthogonal polynomials was first demonstrated by
Fokas, Its, and Kitaev in [35,36] and lies in the following. If the solution of RHP-Y
exists, then it is necessarily of the form

P,(2) (CPe™V)(z)

Y(z) = , (10.4.1)

— - Py1(2) =3 (CPyre ™) (2)

where P,(z) = P,(z;t,N,) are the polynomial satisfying orthogonality relations
(9.0.1), hy, = hy(t, N,,) are the constants that appear in the three-term recurrence

relation (cf. Section 2.2.1)
2P, (2, N) = Pyi1(2;t, N) + Bu(t, N)Po(2;t, N) +¥2(t, N)P,_1(2;t,N), (10.4.2)

granted all the polynomials in (10.4.2) have prescribed degrees, where

7721(t7N) = hn(t7N)/hn—1<t7N)7

(10.4.3)

ho(t,N) = /Pf(z;t, N)e NVED |z,
r

and Cf(z) is the Cauchy transform of a function f given on I, i.e.,

enE) = o [ 1Y

2mi Jp s —z

S.

Observe that if P,(z;t, N) = P,1(z;t, N) with both polynomials having degree n,
then h,(t,N) = 0 and h,1(t, N) = co. More generally, it holds that h,(t, N) is a
meromorphic function of ¢ and so is v2(t, N).

Below, we show the solvability of RHP-Y for all n € N(¢, €) large enough following
the framework of the steepest descent analysis introduced by Dieft and Zhou [42]. The
latter lies in a series of transformations which reduce RHP-Y to a problem with jumps

asymptotically close to identity.

10.4.2 Renormalized Riemann-Hilbert Problem

Suppose that Y (2) is a solution of RHP-Y". Put

T(z):= e”é*(’i‘"/?Y(z)e_”(g(z)M*/Q)"?’, (10.4.4)
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where the function g(z) is defined by (10.1.1) and ¢, appeared in (10.1.2). Then

e~ Mg+(s)=9-(5))  on(g+(s)+9-(s)=V(s)+Llx)+(n—Nn)V(s)

0 e~ (9 (5)=9g+(s))

s € I', and therefore we deduce from (9.2.6), (10.1.6), and (10.1.7) that T'(z) solves
RHP-T:

(a) T'(2) is analytic in C\ I' and lime\rs.—00 T'(2) = I;

(b) T(2) has continuous traces on I' \ {ay, by, as, by} that satisfy

( 1 en(27ri7'+¢a1 (8))+(n—Np)V(s)

, seTl(e™0,ay),

0 1
1 "oy (s)+(n—Nn)V(s) |
T+<S) = T—(S> , S€ I‘(b276771/3oo)7
0 1
eQﬂiwn €n¢a2(s)+(n_]vn)v(8)
. P S 6 ];—‘(b]_7 a2)7
0 e~ 2miwn
\
and
( e byt (5)  p(n=Nn)V(s)
, s €I'(ag, ba),
0 efn¢b27(3) ( 2 2)
T.(s)=T_(s)
efn(¢b2+ (s)—2mir) 627ri7'n+(n_Nn)v(S)
, seT(ay,by).
0 e_n(¢b27(8)—27ri7—) ( 1 1)

\

Clearly, if RHP-T' is solvable and T'(z) is the solution, then by inverting (10.4.4)
one obtains a matrix Y (z) that solves RHP-Y'.
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10.4.3 Lens Opening

As usual in the steepest descent analysis of matrix Riemann-Hilbert problems for

orthogonal polynomials, the next step is based on the identity

e—n(¢52+(s)—0) enC—i—(n—Nn)V(s) 1 0
= X
0 e*TL((Z)bQ,(S)*C) efngbef(s)*(n*Nn)V(S) 1
0 enC-{—(n—Nn)V(s) 1 0
_—nC—(n—Nn)V(s) 0 e~ MPby+ (s)—(n=Nn)V(s)

that follows from (10.1.5), where C' = 27it when s € I'(ay,b1) and C' = 0 when

s € I'(ag, by). To carry it out, we shall introduce two additional system of arcs.

Fig. 10.2. The thick curves represent I' and thiner black curves represent J..
The shaded part represents regions where Re(¢e(z)) < 0. The dashed lines
represent critical orthogonal trajectories.

Denote by J+ smooth homotopic deformations of Jr within the region Re(¢y,(2)) >
0 such that J, lies to the left and J_ to the right of Jr, see Figure 10.2. We shall
fix the way these arcs emanate from e € {aj, b, as,bo}. Namely, let U, be given by

(10.2.1) and (—¢,)?3(z) be as in (10.2.6). Then we require that
arg ((—¢.)3(2)) = +v.(27/3), z€U.N Js, (10.4.5)

where v, is defined by (10.2.5). This requirement always can be fulfilled due to
conformality (—¢.)*?(z) in U, and the choice of the branch in (10.2.6).
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Denote by O the open sets delimited by J. and Jp. Set

, 2€ 0y,
S(z):=T(z){ \Fe " =MV (10.4.6)

I, otherwise.

Then, if T'(z) solves RHP-T', S(z) solves RHP-S:
(a) S(z) is analytic in C\ (I'U J; U J_) and lime\ps.—00 S(2) = I;

(b) S(z) has continuous traces on I'\ {a1,b1,as,by} that satisfy RHP-T'(b) on
['(e™o0,a1), T'(by,as), and T'(by, e™/300), as well as

(

0 e(n—Nn)V(s)
N , S€E F(a,z,bg),
= (n=Na)V(s) 0
0 627ri7'n+(nf]\/n)V(s)
S.(s)=85_(s) _ , s €(ay,b),
_6—27r17-n—(n—Nn)V(s) 0
1 0
, S€Jy.
=Ty ()—(n=Na)V(s)

\

As before, since transformation (10.4.6) is invertible, a solution of RHP-S yields a

solution of RHP-T'.

10.4.4 Global Parametrix

The Riemann-Hilbert problem for the global parametrix is obtained from RHP-
S by removing the quantities that are asymptotically zero from the jump matrices
in RHP-S(b). The latter can be easily identified with the help of (10.1.4) and by

recalling that the constant 7 is real. Thus, we are seeking the solution of RHP-IN:

(a) N(z) is analytic in C\ I'[a;, by] and N (o) = I;
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(b) N(z) has continuous traces on I'(ay, by) \ {b1, as} that satisfy

(

0 =NV (s)

, S € F(CLQ, bg),
e NV () 0

0 e27ri7'n+(n—Nn)V(s)

N, (s)=N_(s) . , sel(ar,b),
_6—27r17n—(n—Nn)V(s) 0
627riwn 0

. , s €T (by,as).

0 6727r1um

We shall solve this problem only for n € N(e) = N(¢, ¢) from Proposition 9.2.3.
Let the functions M, x(z) be given by (10.3.18) and D(z) = D(z;t) be defined by
(9.2.2). With the notation introduced right after (10.3.16), a solution of RHP-IV is

given by

0 1
N(z) = M Y(c0)M(z), M(z):= M,S%(Z) Mél)(z> DWn=mos () (10.4.7)
Mi3() My (2)
Indeed, RHP-IN (a) follows from holomorphy of D(z) and M, x(z) discussed in Propo-
sition 9.2.1 and right after (10.3.18). Fulfillment of RHP-IN(b) can be checked by
using (9.2.3) and (10.3.19). Observe also that det(IN(z)) = 1. Indeed, as the jump
matrices in RHP-IN (b) have unit determinants, det(IN(z)) is holomorphic through
[(ay,b1), ['(b1,as), and T'(ag,be). It also has at most square root singularities at
{a1,b1,as9,by} as explained right after (10.3.19). Thus, it is holomorphic throughout

C and therefore is a constant. The normalization at infinity implies that this constant

is 1.

10.4.5 Local Parametrices

The jumps discarded in RHP-IN are not uniformly close to the identity around the
points e € {aq, by, az,ba}. The goal of this section is to solve RHP-S in the disks U,
see (10.2.1), with a certain matching condition on the boundary of the disks. More

precisely, we are looking for a matrix functions P,(z) that solves RHP-P,;:
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(a) P.(z) has the same analyticity properties as S(z) restricted to U., see RHP-
S(a);
(b) P.(z) satisfies the same jump relations as S(z) restricted to U, see RHP-S(b);
(¢) Pe(z) = N(z)(I+ O(n™")) holds uniformly on U, as n — oc.

Again, we shall solve RHP-P,, only for n € N(e).

Let Ue, J., and I., e € {ay, by, as,b2}, be as in (10.2.1) and (10.2.2). Further, let
A(C) be the Airy matrix [33,58]. That is, it is analytic in C\ ((—oco,00) UL_U L),
Ly :={¢: arg(¢) = +27/3}, and satisfies

(

0 1
, S € (—00,0),
-1 0
1 0
Ai(s)=A_(s) , S€ Ly,
11
11
, s€(0,00),
0 1

\
where the real line is oriented from —oco to co and the rays L. are oriented towards

the origin. It is known that A(({) has the following asymptotic expansion at infinity:

2,+3/2 —os3/4 2 sg 0 (_1)k 1 2 "
A(O)eic?os o ¢ § g (- 3/2) , 10.4.8
o V2 2\ o o) N 1) 80 -

where the expansion holds uniformly in C\ ((—o0,00) U L_U L. ), and

_ T(3k+1/2) RS
T 5AREIT(K+1/2) * T 6k —1

o k>

Soztozl, Sk

Let as write A, := A if e € {b1, b2} and A, := 03A0; if e € {a1,a2}. It can be
easily checked that 03 Aos has the same jumps as A only with the reversed orientation

of the rays. Moreover, one needs to replace i by —i in (10.4.8) when describing the
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behavior of 03 Ao at infinity. Let (.(z) := [ —n(3/ 4)¢e(z)}2/ ® which is conformal in
Ue, see (10.2.6). Further, put

Ia ezb?)

mi(xw)no o
JE(Z) — o(Na=—n)V(z)os/2 emi) 5, €= ao,

e7ri(:|:w—’r)na3, e = b17

(&

—miTnos _
L , € =4y,

where we use w if z lies to the left of I' and use —w if z lies to the right of I'. Then

it can be readily verified by using (10.1.4) that
Po(2) = E(2) A, (C(2)) e G g (), (10.4.9)

satisfies RHP-P,, (a,b) for any matrix E.(z) holomorphic in U,. It follows immedi-
ately from (10.4.8) and the definition of J, that RHP-P,, (c) will be satisfied if

1 —wd) ¢22)
i 1 V2

E.(z):=(NJ ") () (10.4.10)
provided this matrix function is holomorphic in U,, where v, was defined in (10.2.5).
By using RHP-IN(b) and (10.2.7) one can readily check that E.(z) is holomorphic in
U\ {e}. Since (.(z) has a simple zero at e, it also follows from (8.3.12) and the claim
after (8.3.11) that E.(z) can have at most square root singularity at e and therefore
is in fact holomorphic in the entire disk U, as needed.
In fact, it follows from (10.4.8)—(10.4.10) that
1 «— P,
P.(z) ~ N(z) (I +=) ”“(Z)> : (10.4.11)

n nk
k=0

where the expansion inside the parentheses holds uniformly on U, and locally uni-

formly for t € Owo_cut, and for £ > 1

-1 1 —V,l s 0 (_1>k Vel ¢e(z) -
Poralz) =77 —vi 1 ) \0 t) \w(-DM 1 T <_ . ) |
(

10.4.12)
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10.4.6 RH Problem with Small Jumps

Set ¥ = ([(I'\ Jr)UJ; UJ_]ND)U(UIU,), D := C\ UU, We shall show
that for all n € N(¢) large enough there exists a matrix function R(z) that solves the

following Riemann-Hilbert problem (RHP-R):
(a) R(z) is holomorphic in C\ ¥ and limeg\rs.—e0 R(2) = I;
(b) R(z) has continuous traces on X° that satisfy

P.(s)N'(s), s € 0U,,

(RZ'R.)(s) = 1 0
N(s) N7l(s), s€JenD,
o~y ()—(n—=Na)V(s) |

where OU, is oriented clockwise, and

(RZ'R.)(s) =
( 1 €n(27ri7——|—d>a1 (8))+(n—Nn)V(s) '
N(s) N7Y(s), s€T(e"00,a;)N D,
0 1
e2miwn  onga, (8)+(n—Nn)V(s)
N _(s) . N7'(s), s€T(bi,as)ND,
0 e~ 2miwn

1 e (8 Hn—Na)V () |
N(s) N7Y(s), s€T(by,e™300)ND.
0 1

\

Observe that RHP-R is a well posed problem as det(IN(z)) = 1, as explained
after (8.3.12), and therefore the matrix is invertible. Recall also that the entries of
N(z) and N~*(z) are uniformly bounded on ¥ for n € N(e) according to (10.3.20)
and (10.3.21).

To prove solvability of RHP-R, let us show that the jump matrices in RHP-R(Db)
are close to the identity. To this end, set

A(s):=(RZ'R,)(s)— I, seX. (10.4.13)
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Since the entries of N (z) are uniformly bounded on each OU, with respect ton € N(e),
it holds by RHP-P,, (c) and (10.4.11) that

A(s) ~ %i (NPE’ZJZ_l)(S), (10.4.14)

k=0

where the expansion is valid uniformly on QU,. Thus, it holds that
[ Az (u.0v.) = Oe (n_l). (10.4.15)

Moreover, it follows from (10.2.3) and the sentence right after that there exists a
constant Cp < 1, depending on the radii of the disks U,, such that |e®2()| < Cp for
s € T'(by,e™300) N D, |e?21®)| < Cp for s € T(e™o0,a;) N D, and |e?:8)| < Cp for
s € I'(b1, az) N D. Therefore,

0 ee(9)+C)+(n—Nn)V (s)
A(s) = N_(s) N '(s)=0(C}) (10.4.16)
0 0

on (XN D)\ (JyUJ_) since C is either zero or purely imaginary, the entries of N (z)
are bounded and so is the sequences n — N,,, where the subscripts 4= are needed only

on I'(by, az) N D and we used the fact
N_(s)e?™" 3N (s) =1, s€T(ar,bs),
see RHP-IN (b). Similarly, we get that

0 0
_ -1 _ n
AD=NE| e o V9 =0 (10.4.17)

on J1ND for a possibly adjusted constant Cp, where we used the fact that Re(¢,(s)) >
0 for s € Ji \ E, see Figure 6.1.

Equations (10.4.15), (10.4.16), and (10.4.17) show that A(s) is uniformly close to
zero. Since the entries of IN(z) are holomorphic at infinity and e"?(*) is geometrically
small as I' 3 s — oo, A(s) is close to zero in L?norm as well. Then it follows from
the same analysis as in [26, Corollary 7.108] that R(z) exists for all n € N(¢) and it
holds uniformly in C that

R(z) =1+ 0.(n"). (10.4.18)
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10.4.7 Solution of the Initial RHP

Given R(z), N(z), and P.(z), solutions of RHP-R, RHP-IN, and RHP-P,,

respectively, it is a trivial verification to check that RHP-S' is solved by
(RN)(z) in D\[T\Jr)UJyUJ],
S(z) = (10.4.19)
(RPE)(Z) in Ue, e c {al,bl,ag,bz}.

Let K be a compact set in C\ I'. We can always arrange so that the set K lies
entirely within the unbounded component of the contour . Then it follows from

(10.4.4), (10.4.6), and (10.4.19) that
Y (2) = e "B/2(RN)(2)e" 9+ /Dos o e K (10.4.20)
Subsequently, by using (10.4.1) and (10.1.2), we see that
Po(2) = [Y ()] = ([REIIN )+ [RE) 0[N () )2 5060,

Therefore, it follows from (8.3.12) and (10.4.18) that

0
M) (2)

0
M) (c0)

DN (z)  Mi(z)
D= (2) ) (00)
(10.4.21)

Asymptotic formula (9.2.11) now follows from (10.3.20) and (10.3.21), boundedness
of {N,, — m}, and definitions of M, ;(z) in (8.3.10), of ©,(z) right before (7.3.20),

wn(z)e’”Q(Z) = (1 + O, (n’l)) DN () + O, (n’l)

and of ¥, (2) right after Proposition 9.2.3.

Now, let K be any compact set in C\ J. Write K = K; U K5, where K7, K5 are
compact, K does not intersect I' and K> lies entirely within the region {Re(¢y,(2)) <
0}, see Figures 9.5 and 6.1. Again, the lens ¥ can be adjusted so that K lies in the
unbounded component of the complement of ¥. Hence, the estimate (9.2.11) on K,
follows as before. To obtain it on K5, recall that we had a lot of freedom in choosing
I' away from J. That is, I' can be deformed into I'" that avoids K3 and belongs to
{Re(¢p,(2)) < 0} away from J. Then RHP-Y", formulated on I, can be solved exactly
as before since estimates (10.4.16) and (10.4.17) remain the same (with a possibly
modified constant Cp), and therefore (9.2.11) can be shown via (10.4.20)—(10.4.21).
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Finally, take K C J°. It again follows from (10.4.1), (10.4.4), (10.4.6), and
(10.4.19) that

Pa(s) = [Y ()l = ([R()]r ([N (8)]12+ + [N (8)]azq e (7007 NIVED)

[R(s)1i2 (IN(5)]a1s + [IN(5)]apq e Pt (I=nmNaVE))) nov(s) 5 ¢ .
Now, (10.1.6) and RHP-IN(b) yield that
[N(S)]i2+e—n¢b2+(S)—(n—Nn)V(s)+ng+(s) _ [N(S)]il_eng*(s)

for s € J° and i € {1,2}. Hence, we get from (10.1.2) and (10.4.18) that

Yals) = (L+ 0 (1)) (IN ()12 + [N (8)]11-e" ) +
Oc(n™") ([N ()11 €"2+) 4 [N (s)]o1_e"2-)

for s € K. Since the traces Q+(s), s € J, are purely imaginary by (10.1.5), the above
asymptotic formula yields (9.2.12) in the same way (10.4.21) yielded (9.2.11).

10.5 Concluding Remarks

Asymptotics of polynomials satisfying (9.0.1) were considered, in part, to attain
a certain asymptotic expansion, the so-called topological expansion, of the partition
function

N 3
In(t) == / . / H (z; — 2)? He_N(7+tz) dzydzy - - - dzy.
r Dy<j<k<n k=1

This was an extension of work done in [50] where parameters ¢ associated with mea-
sures p; supported on a single arc were considered. While we have chosen to focus on
strong asymptotics of P,(z;t, N), much of the physically relevant quantities rely on
attaining asymptotic formulas for recurrence coefficients 3,,72, which of course can

be done via the formulas

7121(t7 N) = hn(t7 N)/hnfl(tv N),

6n(ta N) = (Pn)n—l - (Pn+1)na

where we write P,(z;t, N) = 2" + 31— (P,)rz". Such results will appear in [59].
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A. THETA FUNCTION IDENTITIES

In this appendix we state a number of identities used in the analysis carried out in

Chapter 5.

Lemma A.0.1. Recall (5.4.2). It holds that

0 0
/ Q=-K_ and / Q=K_, (A.0.1)
as as

where the path of integration lies entirely in Ryp.

Proof. Exactly as in the case of (5.4.3), the symmetries of Q(z) imply that

/ /Q— /ASQ—4/A3AIQ.

The claim now follows from the fact that Az — A is homologous to & — 3. n

Lemma A.0.2. It holds that

O(2z) = exp {—m /a Q} 0o, 2= K+) (A.0.2)

9(]:; Q+Ky)

Proof. 1t follows from (5.4.3) and (5.4.1) that the right hand side of (A.0.2) is a mero-

morphic functions with a simple pole at 0o(?, a simple zero at oo™, and otherwise
non-vanishing and finite that satisfies (5.2.6). As only holomorphic functions on R
are constants, the normalization at as yields (A.0.2). O
Lemma A.0.3. Let ly, 11, mg,my be given by (5.4.5). Then it holds that
D(z0) = (=1)orme M KDG(c, + 2K )/0(c,),
(A.0.3)
D(zy) = (—1)tmemi@HKOg(c,) /0(c, + 2K,).

In particular, when |rw(zy)| < 0o, it holds that

B(20)D(21) = —(—1)l—hrmo=m, (A.0.4)
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Moreover, we have that

®(0) = e™-0(1/2)/0(B/2). (A.0.5)

Proof. Since —2K, = 2K_ — 1, we get from (A.0.2) that

10(c, + 2K_ +moB)

O(z) = eTri(K+fcpflofmoB
(z0) 6(c, + moB)

The first relation in (A.0.3) now follows from (5.4.1). Similarly, we have that

9(c, +myB)

D(2,) = 67ri(—K+—cp—l1—mlB) ’
(z1) 0(c, + 2K, + m1B)

which yields the second relation in (A.0.3), again by (5.4.1). To get (A.0.4), observe
that
0(c, +2K_) = 0(c, + 2K, — B) = —*™0(c, + 2K,)

by (5.4.1). Finally, (A.0.5) follows from (A.0.2) and (A.0.1). O

Lemma A.0.4. Let
X, = lim z_Q\Iln(z(D))\IJn_l(z(l)). (A.0.6)

Z—00

When |m(zk)| < oo, it holds that

4 () (1)
" a2 02 62(0) d)(z)

Proof. Since ®(z)®(z*) =1 and S,(2)S5,(2*) = 1, the desired limit is equal to

(A.0.7)

4 .
7y Do (00”) Tim @ (=) Ty (217),

where we also used (5.2.9). Since —2K, = 2K_ — 1, it follows from (5.4.4) and (5.4.3)

that
miv(n)Ky G(Cp + 2Z(n)K*)
6(0)

Ty (00®) =€
We further deduce from (5.4.4) and (A.0.2) that

= VO(JE Q=+ (—1)0K,)
Q} 0(ZQ+K)

(BTyr)) (2) = exp {—m(n) /

Therefore, it follows from (5.4.3) that

3

0(c, + 2u(n)K;)
6(0)

(®T;(1y) (00 = emit(mK+
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Hence, we get from (A.0.3) that

X, = 4 02(Cp> (_1)l0—11+mo—m1 qD(zO) e
" a2+ b2 62(0) d(2) '
The claim of the lemma now follows from (A.0.4). O

Lemma A.0.5. It holds that

d [ nc0CHKDN . oy i ¢ = KOO+ K )
Proof. See [44, Eq. (20.7.25)] (observe that 6(¢) = 65(7¢|B) in the notation of [44,
Chapter 20]). O

Lemma A.0.6. It holds that

L /a2 + 102 e K+ g2(0) Q(I;S Q—Ko)o( fazg Q+K) | (4.0.9)
2 0(1/2)0(B/2)0( 7 Q—K)O( [ Q+Ky)
Proof. 1t follows from (5.4.1), (5.4.3), and (A.0.1) that
R K0 K )
0( Ja, @ = K)O( o, 2+ Ky)

for some normalizing constant C'. It further follows from (5.2.9), (A.0.2), and (5.4.3)

that
va?+b? , 1/2)6(B/2
B a® + b — lim Zq)—l (Z(O)) — Oeﬂ'lKJr 9( / )9( / )7
2 z—00 6%(0)
which yields the desired result. O

Lemma A.0.7. It holds that

miB/2 0°(1/2)6*(B/2) _ a’ + b
‘ 040)  dab

(A.0.10)

Proof. To prove (A.0.10), evaluate (A.0.9) at a3 to get

0(1/2)0(B/2) V@@ + P e 02(K))
20) 22 2K

Since Az — A is homologous to & — 3, one can easily deduce from Figure 5.1 that

it also holds that

as o* al as 1 1
Lo L L)t s
as as * a; 2 Az—A1+p 2
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where the initial path of integration (except for as) belongs to P4 . Thus, evaluating

(A.0.9) at ay gives us

0(1/2)0(B/2) _ va? + 1 ., °(Ky)
6%(0) 2ib P2(K_)’
where we used (5.4.1). Multiplying two expressions for 6(1/2)0(B/2)/6%(0) yields the

desired result. O

Lemma A.0.8. It holds that

7{{ wiss ;= \/;L;bgemmeu /2)0(B/2). (A.0.11)
Proof. We can deduce from (A.0.2), (A.0.8), and the evenness of the theta function
that
vie =m0 (f 15) 0 Py 0 K)oy 0= K),
aw(s)) wz)0([Z Q+K)I([] Q-K,)
Since ®'(z) = 2®(z)/w(z) by (5.2.5), (A.0.11) follows from (A.0.9). O

Lemma A.0.9. Let

Yo = (Tl Lin-1)/® = Ty (Tin-1)/2)') (0). (A.0.12)

When |m(zy)| = 0o, it holds that Y, = 0, otherwise, we have that

2e™  D(zg) 62(c,)
Va2 + b2 ®2(0) 6%(0)°

where the integers ly, my were defined in (5.4.5).

Y, = (_1)lo+mo+l(n)

(A.0.13)

Proof. Since ®'(z) = 2®(z)/w(z) by (5.2.5), ®'(0) = 0. Therefore,

/
Yo = (Tiu-1y/®) (0) (T / Tuin1y) (0)-
Assume that |7(z5)| < 0o. Then it follows from (5.4.4), (A.0.8), and (A.0.11) that

E(n) / B o) /a2+b2 @*”iK‘FQz(O) T‘z(n) s
(n<n-1>> (=) =~V ) a1/2008/2) (Tz<n—1)>( e

y 0(f:39_cﬂ+ K—)Q(I;SQ_CP_ K—)

HE 0 KO [E 0K
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We further deduce from (5.4.4), (A.0.1), and (A.0.5) that
1 6(c, —B/2)0(c, +1/2)
®(0) 0(1/2)0(B/2)
Since w(0) = iab, we therefore get from (A.0.1) that
Va2 +b2i(—=1)""  emmKegt(0)  0(c,)0(c, + 2K )
2ab  ®2(0) 6%(1/2)6%(B/2) 62(0)
(A.0.13) now follows from (A.0.10) and the first formula in (A.0.3).

(Ton-1)To(m)) (0) =

Y, =

Let now zg = oo)), in which case [c,] = [0]. Since ®(coV) = 0, we get that
Y, = 0. Finally, let z; = coV). Then we have that —c, = —(—=1)¥2K, + [}, + m;B

and therefore

Ti(z) [ 0( [, Q4+ miB+3Ky)
= exp 771/ Q 2
as ([o, Q-+ (m1+1)B—3K,)

{ 2 YO0+ (m+1)B—Ky)
= exp m/ Q} T
a 0( [, Q+mB+Ky)

3
_ e271'i(2m1+1)K_(I)(z)

by (5.4.1) and (A.0.2). As '(0) = 0, it also holds that Y, = 0. O

Lemma A.0.10. Let

Zn = (Tl Tin-1)/® = Tigny (Tyn—1)/®)') (07).. (A.0.14)

1

When |m(zy)| = oo, it holds that Z, = 0, otherwise, we have that
my 2¢7T D(z0) 07(cy)

Z, = (—1)lotmote . A.0.15
(=1) VaZ+ b2 $2(0%) 62(0) ( )
Proof. The proof is the same as in the previous lemma. O

Lemma A.0.11. Let 0g,01 be as in (5.5.2). When |n(zy)| < oo, it holds that

AV a2+b2P(z,
Y, X ' = oypemion YT (z:n) (A.0.16)
2 92(0)
and
. 2 b2 (I) on
Z, X = oo e YT (z:n) (A.0.17)

2 ®2(0%)’
where X, Y,, and Z, are given by (A.0.6), (A.0.12), and (A.0.14), respectively.

Proof. The claim follows immediately from (A.0.7), (A.0.13), (A.0.15), and (A.0.4).
]
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B. PROOFS OF PROPOSITIONS

B.1 Proof of Proposition 5.3.1

It follows from (5.3.4) that Q, ,» = =, , for all z € M such that 7(z) € C and
therefore S,(z)S,(z*) = 1 for such z. Clearly, this relation extends to the points on

top of infinity by continuity. It is also immediate from (5.3.3) and (5.3.4) that

. L w(z log(piwy)(s)  ds
S, (29) ZeXP{_Z 2;1) /A_ g(S—z)( ) (S)} )

i=1 WA+

x exp {2mi(wH)(z)c,}, (B.1.1)

where, for emphasis, we write wja,+(s) for wy(s) on s € A? and

| dt
H(z) = %/M T (B.1.2)

Relations (5.3.6) now easily follow from (B.1.1), (B.1.2), and Plemelj-Sokhotski for-
mulae [28, equations (4.9)]. As for the behavior near a;, note that by [28, equation
(8.8)], the function (wH)(z) is bounded as z — a;. Furthermore, [28, equations (8.8)
and (8.35)] yield that

w(z) log(pswy)(s) ds 1 1/2
. — —Zlog(z — a;)% 1).
27i /A, s—z  wpa+(s) 2 og(z —ai) +0(1)

Since the above integral is the only one with the singular contribution around a;, the
validity of the top line in (5.3.7) follows. As for the behavior near the origin, note
that limg, e.—.0 w(z) = (—1)’"'iab, where, as before, Q; stands for the j-th quadrant.
Recall that each segment A; is oriented towards the origin, see Figure 5.1. Hence, it

follows from [28, equation (8.2)] that

w(z) log(piwi)(s) ds  w(z)log(pswy)(0) . .
T om /A s—z  wa(s) 21 wa,(0) log(2) + Fi(2)
(-1y

=5 log(p;wy)(0)log(z) + Fi(z), =z € Qj,
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where Fj(z) is a bounded function around the origin tending to a definite limit as

z — 0. Thus, summing over i yields

1) [ loglpwn)) o
A

27i s—z  wy(s)

4

= (=1)vlog(z) + ZE(Z)7 z € 9y,

=1

where v was defined in (5.3.1) and we used (5.3.2). Since (wH)(z) is holomorphic

around the origin, the second line in (5.3.7) follows.

B.2 Proof of Proposition 5.5.1

It readily follows from (5.4.5) and (5.4.3) that
[c,] =[k(1+B)/2] & =z = o o zZo = o1k

for k € {0,1} (in which case ®(z,n)) = ®(c0V) =0 = 4,,). On the other hand,
because Abel’s map is a bijection, we also get that |7(z1)| < co < |7(20)| < co. This

proves (5.5.4). Observe that
Apn = Bpuimy®(0)? s =1/2, (B.2.1)

where B, depends only on the parity of n and [®(o)] = 1 by (5.2.10). Hence,
).

A, = 0asn — oo when Re(v) € (—1/2,1/2), which proves (5.5.5). In the remaining

situation,
Ay = B,y exp {2(n — 1)iarctan(a/b) + ilm(v) logn}
by (5.2.10). If | Bymy| # 1, then, in fact, N, = N. Otherwise, we have that
Apnia/Apy = exp {2iarctan(a/b) + ilm(v) log(1 + 2/n)}.

As arctan(a/b) € (0,7/2) and log(1 + 2/n) = o(1), both constants A,,+» and A,,

cannot be simultaneously close to 1.

B.3 Proof of Proposition 7.3.3

To prove the first claim, define

z—1z+2z 1/4 —
v(2) ::( Lzt *) , 2€C\ (11 Um), (B.3.1)

z+1z— 2z,
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where v(z) s holomorphic off J and the branch is chosen so that v(co) = 1. Further,

set
A2) ::w and  B(z) = w (B.3.2)

The functions A(z) and B(z) are holomorphic in C \ (7, U2) and satisfy

Ai(s) ==EB(s), s€ (nUm) :=(mUr)\{*l, z,—z} (B.3.3)

Notice that the equation (AB)(z) = 0 can be rewritten as v4(z) = 1 and has two
solutions, namely, oo and the point p from the line after (7.3.18). In fact, unless
p € (71 Ue)°, it a zero of B(z). Indeed, it is enough to show that v(p) = 1 in the
latter case. Let L; := v*(v;), i € {1,2}, which are unbounded arcs connecting the
origin to the point at infinity. Let L C C\ (7, U72) be an arc connecting the point at
infinity at p. Then y*(L) is a closed curve that contains 1 and does not intersect the
arcs L; and therefore does not wind around the origin. Thus, analytic continuation
of the principal branch of the 1/4-root from 1 along ~*(L) leads back to the value 1
at the point 1. However, this continuation is exactly the continuation of v(z) from
the point at infinity to p along L, which does imply that v(p) = 1 as claimed.
It follows from (B.3.3) that

(B/A)(2), =€ RO, o
B.3.4
—(A/B)(2), zeRY,

is a rational function on PR with two simple zeros 0o(®) and p® and two simple poles
oo and pM) (if it happens that p € (y; U ~)°, then we choose p(® € DR precisely
in such a way that it is a zero of (B.3.4) and p") so it is a pole of (B.3.4); it is, of
course, still true that these points are distinct and W(p(k)) = p). Therefore, Abel’s

o) 000
/ HH/ H] (B.35)
| Jp© p(D)

while the relations (7.3.18), in particular, imply that

/ h H] — V ) ’H] (B.3.6)
o) o)

theorem yields that
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Let zx be a topological limit of a subsequence {z,, »}. Holomorphy of the differential

/"’H /’H+/MH—> H
p(k) (k) p(k)

as © — 0o, where the integral from zj to z,, is taken along the path that projects

‘H implies that

into a segment joining z; and z,,;. The desired claim now follows from (B.3.5),

(B.3.6), and the unique solvability of the Jacobi inversion problem on 9R.

B.4 Proof of Proposition 9.2.1

It follows from (9.0.6) and the choice of the branch of Q'/?(z) that

P2y = 2t 1
QY*(z) = 5 +O(z>

as z — o0o. It further follows from the choice of the constant ¢ in (9.2.1) that

+/ 3c ds 2t Lo ( 1 >
2 — =2 = —
F(bl,ag) sS—Zz QI/Q(S) < 22

as z — 00. Since the product of the above functions behaves like =3V (2)/2+ O(1) as

z — 00, the analyticity properties of D(z) follow. Moreover, since Qi/ *(s) = —QY *(s)
for s € J, we get the first relation in (9.2.3). The second relation in (9.2.3) follows

from Plemelj-Sokhotski formula

o) orate) -5
L(br,az) § — % Q1/2(3> + D(bi,az) S — 7 Ql/Z(S) _ QUQ(Z)

for z € F(bl,ag).
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C. EXAMPLES OF JACOBI-TYPE POLYNOMIALS ON
THE CROSS

In this appendix, we illustrate Theorem 5.5.2 by three examples. In them, we shall
not compute S,(z) and ¢, via their integral representations, (5.3.3) and (5.3.5), but
rather construct a candidate §p(z) with the desired jump over A and the singular
behavior as in (5.3.7). This construction will also determine a candidate constant ¢,.

It is simple to argue that

z

S,(z) = §p(z) exp {QWim/ Q} , ¢, =7¢,—mbB,

3

for some integer m. Using ¢, in (5.4.4), we then construct T y(2) for which it holds

that

~

T,y (2) = T,y (2) exp {—27rim/ Q — mim?B + 27ri(—1)z(”)K+}
with the same integer m. This means that
(SyTiw) (2)/ (S, Tom) (20) = (8, L) (2)/ (8, To) (20

and therefore (5.5.8) and (5.6.2) remain valid with S,(2), T, (2) replaced by §p(z),
ﬁ(n)(z). Furthermore, the value of A,, in (5.5.2) will not change either as the limit
in the definition of A}, will be augmented by e™m1-B) see (A.0.1), that will be offset
by the change in ¢, and oy () = (—1)"0}). Thus, with a slight abuse of notation,
we shall keep on writing S,(2), T,m)(2) below.

C.1 Chebyshév-type case

Let 2p(z) = 1/w(z), in which case it holds that

p(s) =1/ wi(s), s€A,
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where p(z) and w(z) were defined in (5.0.2) and (5.1.1), respectively, and the impli-
cation follows from the Plemelj-Sokhotski formulae and Privalov’s theorem. Using
analytic continuations of w(z) one can easily see that p(s) € W, and v = 0. Since
(pwy)(s) = 1, we get that S,(z) = 1 and necessarily ¢, = 0. Thus, N, = 2N and
zp = oo (21 = 00®). Moreover, we get that Ty(z) = 1 and Ti(z) = 1/®(z), see
(A.0.2). Hence, it follows from (5.2.8) and (5.5.8) that
Qun(z) = 00 (zz T w(z))n,

where it holds that o(1) is geometrically small on closed subsets of C\ A (see [23] for
the error rate in this case). To show that the above result is in a way best possible,
assume that a = b = 1. Recall that the n-th monic Chebyshév polynomial of the first
kind is defined by

2"T,(2) = (z—i— \/227—1>n + (z — V22— 1)n

and is orthogonal to z7, 7 € {0,...,n — 1}, on (—1,1) with respect to the weight

1/+/1 — z2. Hence,

i /A s*T,(s*) p(s)ds =

(- L)mase e (- [) ==

Clearly, the above expression is zero for all even k. Assume now that k = 27 + 1,

j€{0,...,n—1}. Then we can continue the above chain of equalities by

V29T, (x)dx _ (cqy Y9I T, (—2)dx _ ' 99T, (z)dx
0 \/1—I2 0 \/1—1’2 -1 \/1—:132

where the last equality follows from the orthogonality properties of the Chebyshév

=0,

polynomials. Thus, it holds that

Qant1(2) = Qan(2) = Ty, (22)

in this case, which justifies the exclusion of odd indices from N, = N, as for such

indices polynomials can and do degenerate.
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C.2 Legendre-type case
Let p(z) = 5= (log(z* — 1) — log(z? 4 1)), in which case it holds that
p(s) = (=1)', s€A,

i € {1,2,3,4}, where the justification for the implication is the same as before. As
in the previous case, it holds that v = 0. Let \/w(z) be the branch holomorphic in
C\ A such that v/w(z) = z 4+ O(1) as z — co. Further, let

2 b? — a? 12
D, (z) =1/ PSS (22 + 5 + w(z)) ,

be the branch holomorphic in C \ A such that ®.(z) = 2+ O(1) as z — oo. It

easily follows from (5.2.6), (5.2.8), and (5.2.9) that ®,(z) is an analytic continuation
of —® (=) across 7(a) Um(B). It is now straightforward to check that

§,(=0) = 1B, (2) [vu(2)

and thus ¢, = 0. Hence, as in the previous subsection, N, . = 2N and Ty(z) = 1 while

Ti(z) = 1/®(z). Therefore, we again deduce from (5.2.8) and (5.5.8) that

14 O(n-1/2 b2 _ 2 n+1/2
Qan(z) = 2;&%\7}@(2; (22 +— a —|—w(2)) ;

uniformly on closed subsets of C\ A. Again, to show that the above result is best

possible, assume that a = b = 1. Then we can check exactly as in the previous

subsection that
Q2n+1(2) = Q2n(2> = Ly (Z2)>
where L, (z) is the n-th monic Legendre polynomial, that is, degree n polynomial

orthogonal to z7, j € {0,...,n — 1}, on (=1, 1) with respect to a constant weight.

C.3 Jacobi-1/4 case
Let v/2p(2) = 1/y/w(%), in which case it holds that

,0(8) = _14_i/|\/a<3)|7 s€N;, i€ {1’27374}:
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where y/w(z) is the branch defined in the previous subsection. Observe that

(pwy)(s) =i""WVw(s)|, se€ A,

and that v = 1/2. In particular, the constant A, appearing in the definition of A,,
in (5.5.2) is equal to A, = v/2e~™//\/ab.

To construct a Szegd function of p(s), let

CH(E 0K A(JE0 - K,)
RIS T s)

where the path of integration lies entirely in SRy . It follows from (5.4.3) and (A.0.1)

0%(2) :

z E m“’[ﬁ,

further below that ©%(z) is a meromorphic function in PR p with two simple poles,
namely, 0o(®), 0, and two simple zeros co(!), 0*. Moreover, ©2(2) is continuous across
B and satisfies ©%(s) = ©2(s)e ™ ® on « by (5.4.1) and ©%(2)0%*(z*) = 1 by the
symmetries of (¢) and Q(z). Since each individual fraction in the definition of ©2(z)

is injective, we can define a branch ©(z) such that
e ™8 sc
-1, seAzUr!((—o0,—al),

and ©(z)O(z*) = 1. Further, let w!'/*(z) be the branch holomorphic in C\ (AU

(—00,a)) that is positive for z > a. Now, one can verify that ¢, = —B/2 and

1

S,(z™) = @(z(k))w%; (2), ke{0,1}.

Let us now compute A/ appearing in (5.5.2). Since yw(z) — e */*/ab as

Q3 3 z — 0, we get that

lim |Z|S§(Z(O)) = lim z@z(z(o))

z—0,arg(z)=57/4

where the second equality follows from (A.0.1), (A.0.5), (A.0.9), and (A.0.10) further
below. Therefore, it holds that A} = ®(0). It is easy to see from (A.0.1) that
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z90=0,1lp=0,my =1, and z; = 0%, [; = m; = 0. Therefore, o,;,) = —1 and the

condition defining N, . in Proposition 5.5.1 specializes to
|1+ exp {2i(n — o(n)) arctan(a/b) }| > €

by (5.2.10) and since ®(z1)P(2z¢) = 1, see (A.0.4) further below. As T5(0) = 0 and
respectively L,; = 0, we then get that Q,(z), n € N,, is equal to

(T[)(Z(O)) + Oe(nfl)), n € 2N,
Tn (Spq)”) (Z(O))
(Tl(z(o)) + Zfang(To/CD)(z(O)) + (”)e(nfl)), n ¢ 2N,

uniformly on closed subsets of C \ A, where

1 H2-1(0)
(To/T1)'(0) 1 + &2*=1)(0)

for all odd n. When a = b, we further get that L., = —e™/*/[2(Ty/T1)(0)] for

Ln2 =

n € N, . and
Nye={n=4k 4k +1: k € N}.

Assume further that @ = b =1 and let P, ;(x) be the n-th degree monic polynomial
orthogonal on [0,1] to 27, j € {0,...,n — 1}, with respect to the weight function
27341 — 2)~Y4. Then
k 4 -k ' k 4 dy
/s Poi(s )p(s)ds:(l—l—l)/ yPn,l(y)—_ :
A 1 (1 =yt

which is equal to zero for all £ odd by symmetry and for all £ = 45 4+ 2 due to the
factor 1+ i*. When k = 43, j € {0,...,n — 1}, we can further continue the above
equality by

1 1
) dy ; dx
45 4 — J —
4/0 Y Pn,l(y ) (1 — yh)i/s /0 z Pn,l(x)xg/z;(l —z)l/4 0,

where the last equality now holds by the very choice of P, 1(z). Hence, it holds that

Q4n(2’) = Pn,l (24) and Q4n+1(2’) = Q4n+2(2) = Q4n+3(2) = ZPn,2 (2’4),

where the second set of relations can be shown similarly with P, »(z) being the n-th

degree monic polynomial orthogonal on [0, 1] to 27, 7 € {0,...,n—1}, with respect to
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the weight function z'/4(1 —)~"/4. That is, the restriction to the sequence of indices
{n =4k,4k +1: k € N} is not superfluous and the main term of the asymptotics of
the polynomials does depend on the parity of n.
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