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The research presented in this work addresses open questions regarding (i) the funda-

mental understanding of powder compaction, and (ii) the complex mechanical response of

particle-binder composites under large deformations. This work thus benefits a broad range

of industries, from the pharmaceutical industry and its recent efforts on continuous manufac-

turing of solid tablets, to the defense and energy industries and the recurrent need to predict

the performance of energetic materials. Powder compacts and particle-binder composites are

essentially confined particulate systems with significant heterogeneity at the meso (particle)

scale. While particle mechanics strategies for modeling evolution of mesoscale microstruc-

ture during powder compaction depend on the employed contact formulation to accurately

predict macroscopic quantities like punch and die wall pressures, modeling of highly nonlin-

ear, strain-path dependent macroscopic response without a distinctive yield surface, typical

of particle-binder composites, requires proper constitutive modeling of these complex defor-

mation mechanisms. Moreover, continued loading of particle-binder composites over their

operational life may introduce significant undesirable changes to their microstructure and

mechanical properties. These challenges are addressed with a combined effort on theoretical,

modeling and experimental fronts, namely, (a) novel contact formulations for elasto-plastic

particles under high levels of confinement, (b) a multi-scale experimental procedure for as-

sessing changes in microstructure and mechanical behavior of particle-binder composites

due to cyclic loading and time-recovery, and (c) a finite strain nonlinear elastic, endochronic

plastic constitutive formulation for particle-binder composites.
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CHAPTER 1. INTRODUCTION

1.1 Motivation

Confined particulate systems, particularly powder compacts and densely loaded partic-

ulate composites, are one of the most commonly used type of materials, with extensive

applications in manufacturing processes of critical industries like pharmaceuticals, ceramics,

energy, automotive, construction, food and metallurgy (Figure 1.1). The versatility, manip-

ulability and applicability of these materials have made them a subject of active scientific

research, particularly in the area of predictive modeling of meso and macroscopic behavior

of these materials under confinement. While the development of predictive and computa-

tionally efficient models capable of accurately describing the behavior of confined granular

media would positively impact manufacturability, waste reduction, quality and price of the

end product, the same for particle-binder composites such as energetics would significantly

reduce the risks associated with handling, storage and transportation of these materials.

1.2 Background

1.2.1 Deformation Mechanisms

Both powder compacts and particle-binder composites have been found to contain sig-

nificant heterogeneity at the meso (particle) scale, which has a fundamental impact on their

macroscopic behavior. Powder compacts consist of a disordered blend of powder particles

with different particle size distributions. Macroscopic compaction pressure in these ma-

terials is supported by contact and deformation of the particles as forces get transmitted

throughout the system, forming a heterogeneous contact network of force chains (Majmudar

& Behringer, 2005; Makse et al., 2000; Blair et al., 2001; Chan & Ngan, 2005). Concurrently,

particulate composites, or particle-binder composites, consist of hard particles or fillers (car-

bon, tungsten carbide, silica, etc.) embedded in the matrix of a soft material (polymers, soft



2

Confined Particulate Systems

Particulate CompositesPowder Compacts

Automotive Parts Construction Material

Electrical Appliances

Pharmaceutical Tableting

Powder MetallurgyCeramics Defense

Food

Figure 1.1. The applications of confined particulate systems. Images are allowed for reuse
under their respective licenses. Image sources: Pexels (http://www.pexels.com/) and Adobe
Stock ( c©Author Name - http://stock.adobe.com/).

metals, etc.). Under mechanical load, the main load bearing mechanism is the contact force

chain network formed by the filler particles, while the matrix has a bulk effect on the load

transfer (Liu et al., 2014a; Topin et al., 2007) and a confining effect on the initial rearrange-

ment of the filler particles. Additionally, the presence of filler particles introduces significant

inelastic phenomenon in the macroscopic mechanical response of particle-binder composites

(Dargazany et al., 2014). For example, filled elastomers (Bergström & Boyce, 1998; Miehe

& Keck, 2000) typically exhibit stress-softening or Mullins effect (Mullins, 1948, 1969) and

hysteresis (Netzker et al., 2010) under the application of cyclic load.

1.2.2 Multi-scale Modeling Strategy

In conformity with the evident complexity of the microstructural evolution and macro-

scopic deformation mechanisms of these materials, a multi-scale modeling strategy for con-

fined particulate systems has been identified in the current literature (Figure 1.2). Each of

the modeling techniques in this strategy is discussed separately in the coming sections.

http://www.pexels.com/
http://stock.adobe.com/
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Figure 1.2. Multi-scale modeling strategy for confined particulate materials.

Continuum Contact Mechanics

At the meso-scale, the most fundamental modeling procedures involve the application of

continuum contact mechanics, where individual particles are treated as bulk material and

their contact behavior is modeled using large deformation continuum mechanics. Models

proposed in this category typically utilize computer simulation techniques such as the Finite

Element Method (FEM). For confined granular systems, finite element models for the com-

paction of two dimensional (Gethin et al., 2002; Procopio & Zavaliangos, 2005) and three

dimensional (Chen et al., 2007; Frenning, 2008; Harthong et al., 2009, 2012) granular pack-

ings using discrete meshed spherical particles have been proposed, collectively known as the

Meshed Distinct Element Method (Harthong et al., 2009). For particle-binder composites,

models based on the framework of Cohesive Finite Element Method (CFEM) (Zhong &

Knauss, 1997; X. Allan Zhong, 2000; Matous̆ & Geubelle, 2006; Barua & Zhou, 2011) have

been proposed to capture inter-particle contact interactions and damage nucleation due to

particle-binder interfacial dewetting under both quasi-static and dynamic impact loading.

For the specific case of energetic Polymer-Bonded Explosives (PBXs), these models are capa-
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ble of predicting the formation of local hotspots due to frictional heating at particle-particle

and particle-binder interfaces, which is important for efficient design of the detonation mech-

anism of these materials.

While meso-scale continuum contact mechanics is the most accurate predictive modeling

technique for large deformation response of confined particulate materials, it suffers from

the prohibitive limitations of the computational cost of performing finite element simula-

tions. For instance, MDEM-based models are at most capable of simulating the macroscopic

response of an assembly of a few hundred particles (Harthong et al., 2009). Therefore, it

is not suitable for performing simulations of a realistic representative volume of particulate

systems such as pharmaceutical tablets, which may contain a packing of millions of particles.

Analytical Contact Formulations

To enable large-scale simulations of realistic granular packings, meso-scale analytical

contact formulations have been developed, which essentially are closed-form solutions of

the relationship between three important physical quantities representing particle-particle

contact, i.e.

1. Contact displacement (γ), which is the displacement of centers of mass of the contacting

particles

2. Contact force (P ), which is the force due to pressure developed at the contact between

the particles, and

3. Contact radius (a), which is the radius of the approximately circular contact developed

between the contacting particles.

Analytical contact formulations, or contact laws, are developed by taking several simplifying

assumptions with regards to particle and contact geometry, material’s mechanical properties,

loading configuration, and boundary conditions. Therefore, the predictions of these formu-

lations may not be as accurate as those of models based on continuum contact mechanics.

Nevertheless, their computational efficiency due to being closed-form expressions enables

them to be applicable to discrete simulations of a realistically large number of particles.
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The foundational concepts of analytical contact formulations were pioneered by Hertz

(1882), who proposed a contact law for linear-elastic spherical particles by solving an ap-

proximate problem for frictionless contact between paraboloids of revolution, where the

contacting surfaces are assumed as elastic half-spaces. For this assumption to hold, the de-

formations at the contact are assumed to be small as compared to the the dimensions of the

contacting bodies and the relative radii of curvature of the contacting surfaces. By assuming

an ellipsoidal pressure distribution over the circular contact area, Hertz derived closed-form

expressions for relating the three physical quantities P , a and γ, given by

P = ηHγ
3/2 (1.1)

where ηH = 4
3

(
1−ν1

E1
+ 1−ν2

E2

)−1 (
1
R1

+ 1
R2

)−1/2

, and

a =

(
1

R1

+
1

R2

)−1/2

γ1/2 (1.2)

In the above expressions, R1 and R2 are the radii of the two spheres and (E1, ν1) and (E2, ν2)

are their respective elastic mechanical properties (Young’s modulus and Poisson’s ratio).

Since its development in 1882, the Hertz theory is one of the most commonly applied

contact laws to model normal contact between elastic solids of revolution, with extensive

applications in mechanical characterization of nano and micro particles using single parti-

cle compression experiments (King & Bourgeois, 1993; Liu et al., 1998; Wang et al., 2005;

Egholm et al., 2006; Zhang et al., 2007; Yan et al., 2009; Marigo et al., 2014; Portnikov

& Kalman, 2014), made possible with fairly recent nanoindentation and micro-compression

testing technology. However, in the context of confined particulate systems where multiple

particles form a heterogeneous contact network, the predictions of Hertz theory are limited

by its local character (Argatov et al., 2017), i.e., the multiple contacts on a single particle

are treated as independent of each other, with contact force and area determined from the

local deformation at each contact. For dense granular packings with high relative densities

(typically ∼0.9 for pharmaceutical tablets according to Hancock et al. (2003)), this charac-

teristic is found to be untrue due to significant contact interactions at large deformations
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Hertz (1882)

Confined Granular System
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Schematic of Loading Configuration
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P i
2

<latexit sha1_base64="fFyDMlIHJXKKQa1lCV3eO9ZLAcg=">AAAB63icbVDLSgMxFL2pr1pfVZdugkXoqsx04WNXcOOygmML7VgyaaYNzSRDkhHKUPAP3LhQcesPufNvTB8LbT1w4XDOvdx7T5QKbqznfaPC2vrG5lZxu7Szu7d/UD48ujcq05QFVAml2xExTHDJAsutYO1UM5JEgrWi0fXUbz0ybbiSd3acsjAhA8ljTol1UtB84L16r1zxat4MeJX4C1JpFM/VEwA0e+Wvbl/RLGHSUkGM6fheasOcaMupYJNSNzMsJXREBqzjqCQJM2E+O3aCz5zSx7HSrqTFM/X3RE4SY8ZJ5DoTYodm2ZuK/3mdzMaXYc5lmlkm6XxRnAlsFZ5+jvtcM2rF2BFCNXe3YjokmlDr8im5EPzll1dJUK9d1bxbF0YV5ijCCZxCFXy4gAbcQBMCoMDhGV7hDUn0gt7Rx7y1gBYzx/AH6PMHmSiPdg==</latexit><latexit sha1_base64="fM2yLFkmLBYJwgZGeXswji9quG8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp7JbsOqt4EU8VXBtoV1LNs22odlkSbJCWfobPOhBxat/qDf/jenHQVsfDDzem2FmXphwpo3rfju5tfWNza38dmFnd2//oHh49KBlqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw+up33yiSjMp7s0ooUGM+4JFjGBjJb/xyLrVbrHkVtwZ0CrxFqRUz9fky/nkttEtTjo9SdKYCkM41rrtuYkJMqwMI5yOC51U0wSTIe7TtqUCx1QH2ezYMTqzSg9FUtkSBs3U3xMZjrUexaHtjLEZ6GVvKv7ntVMTXQYZE0lqqCDzRVHKkZFo+jnqMUWJ4SNLMFHM3orIACtMjM2nYEPwll9eJX61clVx72wYZZgjDydwCmXw4ALqcAMN8IEAg2d4g3dHOK/Oh/M5b805i5lj+APn6wdzi5Da</latexit><latexit sha1_base64="fM2yLFkmLBYJwgZGeXswji9quG8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp7JbsOqt4EU8VXBtoV1LNs22odlkSbJCWfobPOhBxat/qDf/jenHQVsfDDzem2FmXphwpo3rfju5tfWNza38dmFnd2//oHh49KBlqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw+up33yiSjMp7s0ooUGM+4JFjGBjJb/xyLrVbrHkVtwZ0CrxFqRUz9fky/nkttEtTjo9SdKYCkM41rrtuYkJMqwMI5yOC51U0wSTIe7TtqUCx1QH2ezYMTqzSg9FUtkSBs3U3xMZjrUexaHtjLEZ6GVvKv7ntVMTXQYZE0lqqCDzRVHKkZFo+jnqMUWJ4SNLMFHM3orIACtMjM2nYEPwll9eJX61clVx72wYZZgjDydwCmXw4ALqcAMN8IEAg2d4g3dHOK/Oh/M5b805i5lj+APn6wdzi5Da</latexit>

P
NP2
2

<latexit sha1_base64="yjkTULlf3BmBUAO9zobAOYeMmGM=">AAAB83icbVDLSsNAFL2prxpf9bFzEyxCVyXpRt0VBHElEYwttDFOppN26GQSZyaFEvIdblyouPVn3Pk3Th8LbT1w4XDOvdx7T5gyKpVtfxulldW19Y3yprm1vbO7V9k/uJdJJjDxcMIS0Q6RJIxy4imqGGmngqA4ZKQVDi8nfmtEhKQJv1PjlPgx6nMaUYyUlnz3Ib8JcjdoFEXQCCpVu25PYS0TZ06qTfPo6hEA3KDy1e0lOIsJV5ghKTuOnSo/R0JRzEhhdjNJUoSHqE86mnIUE+nn06ML61QrPStKhC6urKn6eyJHsZTjONSdMVIDuehNxP+8Tqaicz+nPM0U4Xi2KMqYpRJrkoDVo4JgxcaaICyovtXCAyQQVjonU4fgLL68TLxG/aJu3+owajBDGY7hBGrgwBk04Rpc8ADDEzzDK7wZI+PFeDc+Zq0lYz5zCH9gfP4A9h+Scg==</latexit><latexit sha1_base64="zJPCSvDzAaX4s4YQv0okzkCkrXc=">AAAB83icbVDLSsNAFL2prxpf9bFzM1iErkrajborCOJKIhhbaGOYTCft0MnDmUmhhCz8CjcuVNz6M25E8GOcPhbaeuDC4Zx7ufceP+FMKsv6MgpLyyura8V1c2Nza3untLt3K+NUEOqQmMei5WNJOYuoo5jitJUIikOf06Y/OB/7zSEVksXRjRol1A1xL2IBI1hpybXvsisvs716nnt1r1S2qtYEaJHUZqTcMA8u5MPnt+2VPjrdmKQhjRThWMp2zUqUm2GhGOE0NzuppAkmA9yjbU0jHFLpZpOjc3SslS4KYqErUmii/p7IcCjlKPR1Z4hVX857Y/E/r52q4NTNWJSkikZkuihIOVIxGieAukxQovhIE0wE07ci0scCE6VzMnUItfmXF4lTr55VrWsdRgWmKMIhHEEFanACDbgEGxwgcA+P8AwvxtB4Ml6Nt2lrwZjN7MMfGO8//qqUuQ==</latexit><latexit sha1_base64="zJPCSvDzAaX4s4YQv0okzkCkrXc=">AAAB83icbVDLSsNAFL2prxpf9bFzM1iErkrajborCOJKIhhbaGOYTCft0MnDmUmhhCz8CjcuVNz6M25E8GOcPhbaeuDC4Zx7ufceP+FMKsv6MgpLyyura8V1c2Nza3untLt3K+NUEOqQmMei5WNJOYuoo5jitJUIikOf06Y/OB/7zSEVksXRjRol1A1xL2IBI1hpybXvsisvs716nnt1r1S2qtYEaJHUZqTcMA8u5MPnt+2VPjrdmKQhjRThWMp2zUqUm2GhGOE0NzuppAkmA9yjbU0jHFLpZpOjc3SslS4KYqErUmii/p7IcCjlKPR1Z4hVX857Y/E/r52q4NTNWJSkikZkuihIOVIxGieAukxQovhIE0wE07ci0scCE6VzMnUItfmXF4lTr55VrWsdRgWmKMIhHEEFanACDbgEGxwgcA+P8AwvxtB4Ml6Nt2lrwZjN7MMfGO8//qqUuQ==</latexit>

P
NP1
1

<latexit sha1_base64="kdQkV7I6s2ZLjFOkuZkFCBaYiQw=">AAAB83icbVBNS8NAEJ3Urxq/6sfNy2IReiqJF/VWEMSTRDC20Ma42W7bpZtN3N0USsjv8OJBxat/xpv/xm3rQVsfDDzem2FmXpRyprTjfFmlpeWV1bXyur2xubW9U9ndu1NJJgn1ScIT2YqwopwJ6mumOW2lkuI44rQZDS8mfnNEpWKJuNXjlAYx7gvWYwRrIwXefX4d5l7oFkXohpWqU3emQIvE/SHVhn1w+QAAXlj57HQTksVUaMKxUm3XSXWQY6kZ4bSwO5miKSZD3KdtQwWOqQry6dEFOjZKF/USaUpoNFV/T+Q4VmocR6Yzxnqg5r2J+J/XznTvLMiZSDNNBZkt6mUc6QRNEkBdJinRfGwIJpKZWxEZYImJNjnZJgR3/uVF4p/Uz+vOjQmjBjOU4RCOoAYunEIDrsADHwg8whO8wKs1sp6tN+t91lqyfmb24Q+sj2/zFZJw</latexit><latexit sha1_base64="lk4o0jbb2wP9IBzzjNEydlKLsUM=">AAAB83icbVDLSsNAFL3xWeOrPnZuBovQVUncqLuCIK4kgrGFNobJdNIOnTycmRRKyMKvcONCxa0/40YEP8bpY6GtBy4czrmXe+8JUs6ksqwvY2FxaXlltbRmrm9sbm2Xd3ZvZZIJQl2S8EQ0AywpZzF1FVOcNlNBcRRw2gj65yO/MaBCsiS+UcOUehHuxixkBCstec5dfuXnjm8XhW/75YpVs8ZA88Sekkrd3L+QD5/fjl/+aHcSkkU0VoRjKVu2lSovx0IxwmlhtjNJU0z6uEtbmsY4otLLx0cX6EgrHRQmQles0Fj9PZHjSMphFOjOCKuenPVG4n9eK1PhqZezOM0UjclkUZhxpBI0SgB1mKBE8aEmmAimb0WkhwUmSudk6hDs2ZfniXtcO6tZ1zqMKkxQggM4hCrYcAJ1uAQHXCBwD4/wDC/GwHgyXo23SeuCMZ3Zgz8w3n8A+6CUtw==</latexit><latexit sha1_base64="lk4o0jbb2wP9IBzzjNEydlKLsUM=">AAAB83icbVDLSsNAFL3xWeOrPnZuBovQVUncqLuCIK4kgrGFNobJdNIOnTycmRRKyMKvcONCxa0/40YEP8bpY6GtBy4czrmXe+8JUs6ksqwvY2FxaXlltbRmrm9sbm2Xd3ZvZZIJQl2S8EQ0AywpZzF1FVOcNlNBcRRw2gj65yO/MaBCsiS+UcOUehHuxixkBCstec5dfuXnjm8XhW/75YpVs8ZA88Sekkrd3L+QD5/fjl/+aHcSkkU0VoRjKVu2lSovx0IxwmlhtjNJU0z6uEtbmsY4otLLx0cX6EgrHRQmQles0Fj9PZHjSMphFOjOCKuenPVG4n9eK1PhqZezOM0UjclkUZhxpBI0SgB1mKBE8aEmmAimb0WkhwUmSudk6hDs2ZfniXtcO6tZ1zqMKkxQggM4hCrYcAJ1uAQHXCBwD4/wDC/GwHgyXo23SeuCMZ3Zgz8w3n8A+6CUtw==</latexit>

P 1
1

<latexit sha1_base64="d1Zf26ggotD69QiucvupsPoO7Ek=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9j14OMW8OIxgmuEZA2zk9lkyOzMMtMrhBDwD7x4UPHqD3nzb5w8DppY0FBUddPdFWdSWPT9b6+wsrq2vlHcLG1t7+zulfcP7qzODeMh01Kb+5haLoXiIQqU/D4znKax5M14cDXxm4/cWKHVLQ4zHqW0p0QiGEUnhY2HoBN0yhW/5k9BlkkwJ5V68Uw/AUCjU/5qdzXLU66QSWptK/AzjEbUoGCSj0vt3PKMsgHt8ZajiqbcRqPpsWNy4pQuSbRxpZBM1d8TI5paO0xj15lS7NtFbyL+57VyTC6ikVBZjlyx2aIklwQ1mXxOusJwhnLoCGVGuFsJ61NDGbp8Si6EYPHlZRKe1i5r/o0LowozFOEIjqEKAZxDHa6hASEwEPAMr/DmKe/Fe/c+Zq0Fbz5zCH/gff4AQo2PPQ==</latexit><latexit sha1_base64="Usx84/jlaOvhWg34uK/slAYes4Y=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9gVfN0CXsTTCq4JJGuYncwmQ2ZnlplZISz5Bg96UPHqD+Xm3zh5HDSxoKGo6qa7K0o508Z1v53Cyura+kZxs7S1vbO7V94/eNAyU4QGRHKpmhHWlDNBA8MMp81UUZxEnDaiwfXEbzxRpZkU92aY0jDBPcFiRrCxUuA/eh2vU664NXcKtEy8OanUi+fy5Wx863fK43ZXkiyhwhCOtW55bmrCHCvDCKejUjvTNMVkgHu0ZanACdVhPj12hE6s0kWxVLaEQVP190SOE62HSWQ7E2z6etGbiP95rczEl2HORJoZKshsUZxxZCSafI66TFFi+NASTBSztyLSxwoTY/Mp2RC8xZeXSXBau6q5dzaMKsxQhCM4hip4cAF1uAEfAiDA4Bne4N0Rzqvz4XzOWgvOfOYQ/sD5+gEc8JCh</latexit><latexit sha1_base64="Usx84/jlaOvhWg34uK/slAYes4Y=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9gVfN0CXsTTCq4JJGuYncwmQ2ZnlplZISz5Bg96UPHqD+Xm3zh5HDSxoKGo6qa7K0o508Z1v53Cyura+kZxs7S1vbO7V94/eNAyU4QGRHKpmhHWlDNBA8MMp81UUZxEnDaiwfXEbzxRpZkU92aY0jDBPcFiRrCxUuA/eh2vU664NXcKtEy8OanUi+fy5Wx863fK43ZXkiyhwhCOtW55bmrCHCvDCKejUjvTNMVkgHu0ZanACdVhPj12hE6s0kWxVLaEQVP190SOE62HSWQ7E2z6etGbiP95rczEl2HORJoZKshsUZxxZCSafI66TFFi+NASTBSztyLSxwoTY/Mp2RC8xZeXSXBau6q5dzaMKsxQhCM4hip4cAF1uAEfAiDA4Bne4N0Rzqvz4XzOWgvOfOYQ/sD5+gEc8JCh</latexit>

P 2
1

<latexit sha1_base64="Y4BzvhCKlKTWtgaufawyi3Bc4Tc=">AAAB63icbVDLSgMxFL2pr1pfVZdugkXoqsx04WNXcOOygmML7VgyaaYNzSRDkhHKUPAP3LhQcesPufNvTB8LbT1w4XDOvdx7T5QKbqznfaPC2vrG5lZxu7Szu7d/UD48ujcq05QFVAml2xExTHDJAsutYO1UM5JEgrWi0fXUbz0ybbiSd3acsjAhA8ljTol1UtB8qPf8Xrni1bwZ8CrxF6TSKJ6rJwBo9spf3b6iWcKkpYIY0/G91IY50ZZTwSalbmZYSuiIDFjHUUkSZsJ8duwEnzmlj2OlXUmLZ+rviZwkxoyTyHUmxA7NsjcV//M6mY0vw5zLNLNM0vmiOBPYKjz9HPe5ZtSKsSOEau5uxXRINKHW5VNyIfjLL6+SoF67qnm3LowqzFGEEziFKvhwAQ24gSYEQIHDM7zCG5LoBb2jj3lrAS1mjuEP0OcPRBKPPg==</latexit><latexit sha1_base64="ut+7N3Qg2InpDTaC4rANpTErrU0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp7JbsOqt4EU8VXBtoV1LNs22odlkSbJCWfobPOhBxat/qDf/jenHQVsfDDzem2FmXphwpo3rfju5tfWNza38dmFnd2//oHh49KBlqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw+up33yiSjMp7s0ooUGM+4JFjGBjJb/xWO163WLJrbgzoFXiLUipnq/Jl/PJbaNbnHR6kqQxFYZwrHXbcxMTZFgZRjgdFzqppgkmQ9ynbUsFjqkOstmxY3RmlR6KpLIlDJqpvycyHGs9ikPbGWMz0MveVPzPa6cmugwyJpLUUEHmi6KUIyPR9HPUY4oSw0eWYKKYvRWRAVaYGJtPwYbgLb+8Svxq5ari3tkwyjBHHk7gFMrgwQXU4QYa4AMBBs/wBu+OcF6dD+dz3ppzFjPH8AfO1w8edZCi</latexit><latexit sha1_base64="ut+7N3Qg2InpDTaC4rANpTErrU0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahp7JbsOqt4EU8VXBtoV1LNs22odlkSbJCWfobPOhBxat/qDf/jenHQVsfDDzem2FmXphwpo3rfju5tfWNza38dmFnd2//oHh49KBlqgj1ieRStUKsKWeC+oYZTluJojgOOW2Gw+up33yiSjMp7s0ooUGM+4JFjGBjJb/xWO163WLJrbgzoFXiLUipnq/Jl/PJbaNbnHR6kqQxFYZwrHXbcxMTZFgZRjgdFzqppgkmQ9ynbUsFjqkOstmxY3RmlR6KpLIlDJqpvycyHGs9ikPbGWMz0MveVPzPa6cmugwyJpLUUEHmi6KUIyPR9HPUY4oSw0eWYKKYvRWRAVaYGJtPwYbgLb+8Svxq5ari3tkwyjBHHk7gFMrgwQXU4QYa4AMBBs/wBu+OcF6dD+dz3ppzFjPH8AfO1w8edZCi</latexit>

P i
1

<latexit sha1_base64="Z3FlWvUS+AMDzu9QQ9fp4GToAr8=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9j14OMW8OIxgmuEZA2zk9lkyOzMMtMrhBDwD7x4UPHqD3nzb5w8DppY0FBUddPdFWdSWPT9b6+wsrq2vlHcLG1t7+zulfcP7qzODeMh01Kb+5haLoXiIQqU/D4znKax5M14cDXxm4/cWKHVLQ4zHqW0p0QiGEUnhY0H0Qk65Ypf86cgyySYk0q9eKafAKDRKX+1u5rlKVfIJLW2FfgZRiNqUDDJx6V2bnlG2YD2eMtRRVNuo9H02DE5cUqXJNq4Ukim6u+JEU2tHaax60wp9u2iNxH/81o5JhfRSKgsR67YbFGSS4KaTD4nXWE4Qzl0hDIj3K2E9amhDF0+JRdCsPjyMglPa5c1/8aFUYUZinAEx1CFAM6hDtfQgBAYCHiGV3jzlPfivXsfs9aCN585hD/wPn8Al6WPdQ==</latexit><latexit sha1_base64="73t1aVaiRgoTpGLEFv5BpNJDIak=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9gVfN0CXsTTCq4JJGuYncwmQ2ZnlplZISz5Bg96UPHqD+Xm3zh5HDSxoKGo6qa7K0o508Z1v53Cyura+kZxs7S1vbO7V94/eNAyU4QGRHKpmhHWlDNBA8MMp81UUZxEnDaiwfXEbzxRpZkU92aY0jDBPcFiRrCxUuA/so7XKVfcmjsFWibenFTqxXP5cja+9TvlcbsrSZZQYQjHWrc8NzVhjpVhhNNRqZ1pmmIywD3aslTghOownx47QidW6aJYKlvCoKn6eyLHidbDJLKdCTZ9vehNxP+8VmbiyzBnIs0MFWS2KM44MhJNPkddpigxfGgJJorZWxHpY4WJsfmUbAje4svLJDitXdXcOxtGFWYowhEcQxU8uIA63IAPARBg8Axv8O4I59X5cD5nrQVnPnMIf+B8/QByCJDZ</latexit><latexit sha1_base64="73t1aVaiRgoTpGLEFv5BpNJDIak=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoOQU9gVfN0CXsTTCq4JJGuYncwmQ2ZnlplZISz5Bg96UPHqD+Xm3zh5HDSxoKGo6qa7K0o508Z1v53Cyura+kZxs7S1vbO7V94/eNAyU4QGRHKpmhHWlDNBA8MMp81UUZxEnDaiwfXEbzxRpZkU92aY0jDBPcFiRrCxUuA/so7XKVfcmjsFWibenFTqxXP5cja+9TvlcbsrSZZQYQjHWrc8NzVhjpVhhNNRqZ1pmmIywD3aslTghOownx47QidW6aJYKlvCoKn6eyLHidbDJLKdCTZ9vehNxP+8VmbiyzBnIs0MFWS2KM44MhJNPkddpigxfGgJJorZWxHpY4WJsfmUbAje4svLJDitXdXcOxtGFWYowhEcQxU8uIA63IAPARBg8Axv8O4I59X5cD5nrQVnPnMIf+B8/QByCJDZ</latexit>

✓i
1

<latexit sha1_base64="D1ucJgNuS+eZ53K/iJcH4hhafOI=">AAACF3icbVDLSgNBEJz1GeMr6tHLYCJ4CrtB0GPAi8cI5gHZNfROZpMhsw9meoW45DcET/on3sSrR3/Es5NkDyaxoKGo6obq8hMpNNr2t7W2vrG5tV3YKe7u7R8clo6OWzpOFeNNFstYdXzQXIqIN1Gg5J1EcQh9ydv+6Gbqtx+50iKO7nGccC+EQSQCwQCN5FZcHHKEB9FzKr1S2a7aM9BV4uSkTHI0eqUftx+zNOQRMgladx07QS8DhYJJPim6qeYJsBEMeNfQCEKuvWyWeULPjdKnQazMREhn6t+LDEKtx6FvNkPAoV72puK/HoKfThYVMXpaSoPBtZeJKEmRR2weJkglxZhOS6J9oThDOTYEmBLmH8qGoIChqbJoinKWa1klrVrVsavOXa1cv8wrK5BTckYuiEOuSJ3ckgZpEkYS8kxeyZv1Yr1bH9bnfHXNym9OyAKsr1+IrqAn</latexit><latexit sha1_base64="D1ucJgNuS+eZ53K/iJcH4hhafOI=">AAACF3icbVDLSgNBEJz1GeMr6tHLYCJ4CrtB0GPAi8cI5gHZNfROZpMhsw9meoW45DcET/on3sSrR3/Es5NkDyaxoKGo6obq8hMpNNr2t7W2vrG5tV3YKe7u7R8clo6OWzpOFeNNFstYdXzQXIqIN1Gg5J1EcQh9ydv+6Gbqtx+50iKO7nGccC+EQSQCwQCN5FZcHHKEB9FzKr1S2a7aM9BV4uSkTHI0eqUftx+zNOQRMgladx07QS8DhYJJPim6qeYJsBEMeNfQCEKuvWyWeULPjdKnQazMREhn6t+LDEKtx6FvNkPAoV72puK/HoKfThYVMXpaSoPBtZeJKEmRR2weJkglxZhOS6J9oThDOTYEmBLmH8qGoIChqbJoinKWa1klrVrVsavOXa1cv8wrK5BTckYuiEOuSJ3ckgZpEkYS8kxeyZv1Yr1bH9bnfHXNym9OyAKsr1+IrqAn</latexit><latexit sha1_base64="D1ucJgNuS+eZ53K/iJcH4hhafOI=">AAACF3icbVDLSgNBEJz1GeMr6tHLYCJ4CrtB0GPAi8cI5gHZNfROZpMhsw9meoW45DcET/on3sSrR3/Es5NkDyaxoKGo6obq8hMpNNr2t7W2vrG5tV3YKe7u7R8clo6OWzpOFeNNFstYdXzQXIqIN1Gg5J1EcQh9ydv+6Gbqtx+50iKO7nGccC+EQSQCwQCN5FZcHHKEB9FzKr1S2a7aM9BV4uSkTHI0eqUftx+zNOQRMgladx07QS8DhYJJPim6qeYJsBEMeNfQCEKuvWyWeULPjdKnQazMREhn6t+LDEKtx6FvNkPAoV72puK/HoKfThYVMXpaSoPBtZeJKEmRR2weJkglxZhOS6J9oThDOTYEmBLmH8qGoIChqbJoinKWa1klrVrVsavOXa1cv8wrK5BTckYuiEOuSJ3ckgZpEkYS8kxeyZv1Yr1bH9bnfHXNym9OyAKsr1+IrqAn</latexit><latexit sha1_base64="D1ucJgNuS+eZ53K/iJcH4hhafOI=">AAACF3icbVDLSgNBEJz1GeMr6tHLYCJ4CrtB0GPAi8cI5gHZNfROZpMhsw9meoW45DcET/on3sSrR3/Es5NkDyaxoKGo6obq8hMpNNr2t7W2vrG5tV3YKe7u7R8clo6OWzpOFeNNFstYdXzQXIqIN1Gg5J1EcQh9ydv+6Gbqtx+50iKO7nGccC+EQSQCwQCN5FZcHHKEB9FzKr1S2a7aM9BV4uSkTHI0eqUftx+zNOQRMgladx07QS8DhYJJPim6qeYJsBEMeNfQCEKuvWyWeULPjdKnQazMREhn6t+LDEKtx6FvNkPAoV72puK/HoKfThYVMXpaSoPBtZeJKEmRR2weJkglxZhOS6J9oThDOTYEmBLmH8qGoIChqbJoinKWa1klrVrVsavOXa1cv8wrK5BTckYuiEOuSJ3ckgZpEkYS8kxeyZv1Yr1bH9bnfHXNym9OyAKsr1+IrqAn</latexit>
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Figure 1.3. Comparison of Hertz (1882) theory and the nonlocal contact formulation by
Gonzalez & Cuitiño (2012) for confined granular systems.

(Mesarovic & Fleck, 2000). This limitation was overcome by Gonzalez & Cuitiño (2012),

who proposed the nonlocal contact formulation to provide an accurate description of the

force-deformation behavior at contacts of particles pressed to high relative densities. The

formulation is a direct extension of the Hertz theory and follows the work of Tatara (1989)

to express the total deformation at a particle contact as the sum of local (Hertz) applied de-

formation and nonlocal deformations resulting from the other contacts on the same particle.

Since the material behavior is assumed to be purely elastic, the principle of superposition

allows the sum of deformations to be applied at each contact.
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Figure 1.3 shows a comparison the Hertz (1882) theory and the nonlocal contact formu-

lation (Gonzalez & Cuitiño, 2012) in the context of confined granular systems. It is evident

that any two particles in contact within the heterogeneous contact network are additionally

in contact with their immediate neighboring particles. Therefore, if the two contacting par-

ticles are isolated, they are assumed to be subjected to a general configuration of contact

forces acting at the centers of each contact. According to the Hertz (1882) theory, each of

the contact forces evolve independently of one another as a function of the local deforma-

tion at each contact. Therefore, the contact force P is given by Equation (1.1), which is

a function of the local contact displacement γ and the mechanical properties and geome-

try of the contacting particles. Conversely, the nonlocal contact formulation (Gonzalez &

Cuitiño, 2012) considers the nonlocal contributions to the contact displacement by each force

P i
k (k = 1, 2, i = 1, ..., NPk), denoted by wP ik and estimated from the Boussinesq solution

(Johnson, 1985; Timoshenko & Goodier, 1970) for a point load on an elastic half space. The

final solution to wP ik is given by

wP ik '
(1 + νk)P

i
k

4πRkEk

[
−2(1− νk)− 2(1− 2νk) sin (θik/2) + (7− 8νk) sin2 (θik/2)

]

sin (θik/2)
(1.3)

According to the above equation, wP ik for each force P i
k is a function of the material properties

(Ek, νk) and geometry (Rk) of the particle k, as well as the angular distance θik of the force

from the considered contact. By invoking the principle of superposition, the total nonlocal

displacement γNL at the contact between the two particles is given by

γNL =
∑

k=1,2

NPk∑

i=1

wP ik (1.4)

and thus the contact force P is given by

P = ηH (γ + γNL)3/2 (1.5)

Figure 1.4 shows the applied load vs. deformation plots for the contacts of a single rubber

sphere of radius R = 10 mm pressed between two rigid plates. In the figure, experimental
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Figure 1.4. Comparison of Hertz (1882) theory and the nonlocal contact formulation by
Gonzalez & Cuitiño (2012) for confined granular systems.

results reported by Tatara (1989) are compared with the analytical predictions of the Hertz

theory and the nonlocal contact formulation, as well as numerical results from FE simula-

tion of the compression performed on (1/8)th of the sphere (owing to geometric and loading

symmetries). The FE model of the sphere was meshed with 500,000 hexahedral elements of

type C3D8R with 515,201 nodes. The material properties for analytical formulations were

taken as E = 1.85 MPa and ν = 0.48 (Tatara, 1989; Tatara et al., 1991), while a compress-

ible Neo-Hookean hyperelastic material assumption with material constants corresponding

to these material properties was applied in the FE simulation to adequately model large

nonlinear elastic deformations.

From the figure, it is evident the Hertz theory predictions deviate from the experimental

and FE results at very small deformations (∼5%), while the predictions of the nonlocal con-

tact formulation are in excellent agreement for deformations ranging up to 40% (equivalent

to relative density of ∼0.9 in confined granular systems). Moreover, the NLC formulation

predictions were obtained within a few seconds, compared to about 5 hours taken ti obtain

the FE results. This demonstrates the high computational efficiency of closed-form analyt-

ical contact formulations as compared to models based on continuum contact mechanics,



9

as well as their applicability towards performing large-scale simulations involving granular

packings of a realistic number of particles.

While predictive analytical contact models for elastic particles provide essential insight

into the microstructure evolution and large deformation macroscopic behavior of confined

particulate systems, key progress in this regard entails the development of closed-form con-

tact formulations for particles exhibiting elasto-plastic behavior, since most particulate mate-

rials undergo large permanent deformations under confined conditions. However, the contact

response of elasto-plastic particles is found to be highly complex and spanning multiple dis-

tinct deformation regimes. From finite element study of the compression of elasto-plastic

spheres, Mesarovic & Fleck (2000) and Tsigginos et al. (2015) showed that the contact be-

tween two spheres primarily undergoes four distinct deformation modes: (1) fully elastic at

small deformations, (2) elasto-plastic or ‘contained plastic’ mode, (3) fully plastic or ‘uncon-

tained plastic’ mode, and (4) large deformation plasto-elastic mode.

For small elastic deformations, the Hertz (1882) theory is sufficient to model the contact

response. For elasto-plastic contact deformations, where the plastically deforming zone is

‘contained’ below the contact, spherical cavity expansion models have been proposed using

small-strain approximation for elastic-perfectly plastic (Johnson, 1985; Studman et al., 1977;

Hardy et al., 1971) and elastic-plastic power law hardening materials (Gao et al., 2006;

Mata et al., 2006). These models assume that a hemispherical region directly beneath

the contact area can be approximated by a hemispherical core of radius a (equal to the

contact radius) which is subjected to the hydrostatic component of stress, p̄. A plastically

deforming hemispherical shell surrounds the core, the boundary of which is at a state of

stress that satisfies the von-Mises yield criterion. Rest of the material outside the plastic

shell deforms elastically. For small-strain models, by assuming a radial symmetry of stresses

and displacements outside the hydrostatic core, the mean contact pressure and subsequently

the force-displacement relationship have been obtained from the solutions of spherical shell

expansion by Hill (1950).

For deformations in the fully plastic regime, where the plastically deforming zone breaks

out to the contact and the surrounding free surface (‘uncontained’ mode), Biwa and Stor̊akers

(Biwa & Stor̊akers, 1995; Stor̊akers et al., 1997) formulated an analytical contact model
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by reducing the moving boundary contact problem of a curved rigid indenter deforming

a half space to a stationary one, where the dependence of particle velocities and strain

rates on the indentation magnitude (i.e., the contact radius) is removed through appropriate

transformations. This approach makes the solution self-similar (Spence & Temple, 1968),

and therefore the contact model is commonly known as the similarity solution. The solution,

however, assumes small-strain kinematics and rigid-plastic power law hardening behavior

(stress σ = κε1/m, where κ is a representative strength and m is the hardening exponent)

without consideration of particle elasticity, thus limiting its application to small-deformations

within the fully plastic regime.

With the onset of finite deformation plasticity, multiple contacts on a particle in confined

particulate systems cannot be treated as independent due to significant contact interactions

(Mesarovic & Fleck, 2000), and, therefore, local contact laws such as the similarity solution

and others developed by Thornton & Ning (1998), Vu-Quoc et al. (1999), Brake (2012, 2015)

and Rathbone et al. (2015) are no longer applicable. Additionally, at high relative densities

close to 1, the plastic incompressibility causes the particles to support stress through elastic

compression. This stage, referred to as the ‘low compressibility’ regime (Tsigginos et al.,

2015), is characterized by dominant contact interactions and rising compaction pressure. In

the context of a general loading configuration, the systematic development of an analytical

contact formulation capable of predicting these contact interactions at later stages of com-

paction remains an open problem. However, initial progress was made by Harthong et al.

(2009, 2012), who proposed a semi-empirical contact model for rigid-plastic power law hard-

ening spheres based on MDEM results of the compaction of spherical particles in a simple cu-

bic lattice. The model presents the contact force as the product of a stiffness and the contact

displacement, where the stiffness consists of two terms. The first term describes the contact

stiffness for the case of unconfined compression of a single particle between two rigid plates,

or equivalently, the simple contact of two particles. The second, singular term is dependent

on the relative density of the particle within its voronoi cell (Gellatly & Finney, 1982) as it

is compressed by its immediate neighbors, and describes the plastic incompressibility of the

particles at high relative densities by approaching infinity as the relative density approaches

1. Frenning (2013) proposed a contact model for a particle under a general configuration
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of contact forces, albeit limited in applicability to moderate deformations. By following the

work of Fischmeister & Arzt (1983) and Montes et al. (2006), he proposed that the deformed

configuration of a sphere with multiple contacts can be approximated by a truncated sphere

of a radius larger than that of the initial, undeformed particle. The radius of the truncated

sphere is estimated by equating the average pressure on the particle due to the contact forces

to the average volumetric pressure due to elastic compression. With the evaluated radius

R, the contact force Pi on each contact i is given by Pi = Hπ [R2 − (Ro − γi/2)2], where

H is the material’s hardness (Tabor, 1951), Ro is the initial particle radius and γi is the

displacement at the ith contact. The model, however, is limited to moderate deformations

due to inability to describe contact areas after contact impingement (Harthong et al., 2012)

and the large contact pressures during the ‘low compressibility’ regime. Later, Frenning

(2015) extended this model to include these physical deformation mechanisms, albeit for the

particular case of hydrostatic triaxial compaction.

For particle-binder composites, analytical contact laws capable of describing particle-

binder-particle interactions, as well as particle-particle contact behavior when surrounded

by a binder, are currently under development (Baker & Gonzalez, 2020).

Discrete Systems Modeling

As discussed previously, the main objective behind development of analytical contact

laws is to enable large-scale simulations of the compaction of a realistic number of particles,

and to predict the macroscopic response of confined particulate systems by scaling up their

meso-scale contact behavior. Such simulations are performed by utilizing discrete numerical

methods capable of modeling the static and dynamic behavior of granular materials. One

of the most common and rapidly developing numerical technique is the Discrete Element

Method (DEM), which is a Lagrangian approach for tracking the motion and effect of a large

number of particles in time. Since its initial development by Cundall & Strack (1979), the

method has been widely accepted and extensively employed to study particle rearrangement,

microstructure evolution and macroscopic densification process during powder compaction

(Sheng et al., 2002; Martin et al., 2003; Martin & Bouvard, 2003; Martin et al., 2006; Skrinjar
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& Larsson, 2004; Belheine et al., 2009; Harthong et al., 2009; Jerier et al., 2011; Rojek et al.,

2016). Advantages of this method include flexibility towards incorporating variety of contact

behavior, including normal and tangential (frictional) contact, formation and breakage of

solid bridges and attractive forces such as cohesion and adhesion, as well as the capability

to consider non-spherical particle shapes. However, being a dynamic solver, DEM employs

a time integrator (Rougier et al., 2004) to solve for the position and velocity of each particle

during a particular time step, and therefore, suffers from a conditional numerical stability

that imposes a limitation on the size of the time step (Burns et al., 2019). The solution

instability also increases with higher compaction, thus requiring very small time steps at

large deformations which increases the computational cost of the simulation. Additionally,

to simulate a quasi-static compaction process, the requirement of a small strain-rate usually

results in a significantly long simulation time (Sheng et al., 2004). Consequently, most DEM

simulations of large granular packings are solvable up to a relative density of about 0.8,

which is not sufficient to obtain a typical powder compact.

Recently, another discrete modeling technique, referred to as the particle mechanics ap-

proach (Gonzalez & Cuitiño, 2016; Yohannes et al., 2016, 2017; Gonzalez et al., 2018; Poor-

solhjouy & Gonzalez, 2018; Gonzalez, 2019) has been developed to predict the microstructure

evolution of granular packings of spherical particles. It is a highly computationally efficient

numerical technique that describes each individual particle in the powder bed, and the collec-

tive rearrangement and deformation of particles that results in a compacted specimen. The

approach considers rate-independent material behavior and models the compaction process

as sequence of quasi-static loading steps. During each load step, a set of nonlinear equations

for the equilibrium configuration of each particle is defined by a suitable analytical contact

formulation and solved by a computationally efficient optimization approach based on the

trust region method (Coleman & Li, 1996; Conn et al., 2000) (for more details on the im-

plementation of trust-region based optimization, please ref. Gonzalez & Cuitiño (2016) and

Gonzalez (2019)). Being an inherent time-independent quasi-static approach, particle me-

chanics calculations provide complete control over the size of the loading step, thus allowing

the solution to be stable at large deformations. Consequently, particle mechanics simulations
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are solvable up to a relative density close to 1, which is sufficient to study the macroscopic

response of any powder compaction process.

Continuum Systems Modeling

Constitutive models based on small and large deformation continuum mechanics have

been been the conventional methods used for describing the macroscopic response of confined

particulate systems. Continuum-based models assume the particle media as homogeneous

material and define the stress-state at every material point by constitutive equations that

relate stress with the applied strain. Although these models neglect mesoscopic deformation

mechanisms, they have been extensively used to model densification and macroscopic stress

response for industrial powder compaction processes and to predict the mechanical response

of particle-binder composites under variety of loading conditions.

For confined granular systems, the framework of many continuum mechanical models

has been developed from models proposed originally to study geological materials, such as

Drucker-Prager (Drucker & Prager, 1952), Cam-Clay plasticity (Schofield & Wroth, 1968)

and Cap plasticity (Drucker et al., 1957) models. For instance, the Drucker-Prager Cap

(DPC) plasticity model (DiMaggio & Sandler, 1971) has been developed by adding a cap yield

surface to the Drucker-Prager model to allow for material hardening and dilatancy control

during inelastic deformation. Often implemented in Finite Element (FE) codes, the DPC

model has been used extensively for analysis of metal (Coube & Riedel, 2000; Almanstötter,

2015), ceramic (Aydin et al., 1996) and pharmaceutical (Michrafy et al., 2002; Sinka et al.,

2003; Cunningham et al., 2004; Sinka et al., 2004; Wu et al., 2005; Han et al., 2008; Sinha

et al., 2010) powder compaction. For compaction of metal powders, where plasticity effects

may show very early during the loading process (Häggblad, 1991), models based on yield-

surface free endochronic plasticity (Khoei et al., 2002; Bakhshiani et al., 2002, 2004) have

been proposed. The endochronic theory (Valanis, 1970) considers material behavior during

the entire load path as elasto-plastic, thus eliminating the requirement of a yield surface that

classical plasticity theories employ to describe the onset and evolution of a material’s plastic

behavior.
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For particle-binder composites, many constitutive models have been developed over the

years in the context of large deformation continuum mechanics (Miehe & Keck, 2000; La-

iarinandrasana et al., 2003; Ayoub et al., 2014; Dargazany et al., 2014; Österlöf et al., 2016;

Raghunath et al., 2016; Plagge & Klppel, 2017; Guo et al., 2018a,b). The efficacy of a con-

stitutive model for these materials in particular lies in the capability to account for inelastic

phenomenon such as irreversible molecular slipping at the filler-binder interface (Kaliske &

Rothert, 1998; Netzker et al., 2010), micro-cracking and interfacial debonding, cyclic stress-

softening or Mullins effect (Mullins, 1948, 1969), hysteresis, and permanent deformations.

To model such material behavior, nonlinear rheological models have been frequently em-

ployed. For instance, a zener-type viscoelastic rheological model was developed by Ayoub

et al. (2014) for filled rubber-type materials based on the network alteration theory (Marck-

mann et al., 2002; Chagnon et al., 2006). To capture rate-independent plasticity effects of

filled rubbers, multi-yield-surface models based on a parallel combination of Prandtl elements

(Kaliske & Rothert, 1998) and yield-surface-free endochronic plasticity model (Netzker et al.,

2010) have been proposed.

1.3 Identifying Research Gaps

As discussed in the previous section, the nonlocal contact formulation for elastic confined

granular systems (Gonzalez & Cuitiño, 2012) is an accurate and efficient analytical tool for

predicting the force-deformation behavior at the contacts of particles in a highly confined

environment. However, it still has wide scope for improvement in the context of predicting the

complete contact behavior and further relaxing the limiting assumptions of the Hertz theory.

A successful description of inter-particle contact response entails prediction of both contact

force and contact area. Since the nonlocal deformations also affect inter-particle contact

boundaries, they must be accounted for in the contact radius-displacement relationship.

Additionally, the limiting assumption of parabolic contacting profiles is also incorporated in

the nonlocal contact formulation due to it being a direct extension of the Hertz theory. This

assumption is mathematically defined as a one-term truncation of the Taylor series expansion

of the undeformed contacting profiles. Therefore, the associated error in calculation of the
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contact pressure distribution can be reduced by adding higher-order terms of the Taylor

series to increase the accuracy of the profile function.

With regard to availability of predictive contact formulations for elasto-plastic confined

granular systems, it is found that the current state-of-the-art contact formulations, such

those developed by Harthong et al. (2009) and Frenning (2013, 2015), lack a consistent

material or loading-condition dependence. For instance, the singular stiffness term in the

contact law developed by Harthong et al. (2009) does not consider elastic compressibility,

thus predicting very high contact forces at relative densities close to 1 for all material types

regardless of their elastic behavior. On the other hand, the contact formulation proposed by

Frenning (2013, 2015) does consider elastic compressibility, although solely for the specific

case of hydrostatic compaction.

In the context of particle-binder composites, efforts are focused specifically on under-

standing the growing need of the defense and energy sector to develop the capability of

predicting the performance and safety of energetic composite materials, particularly Plastic

Bonded Explosives (PBX) that are commonly used in ammunition and warheads. These

materials have explosive crystals embedded in a polymeric binder, where the binder provides

structural integrity to the ammunition and protection from weak impact loads. Due to the

hazardous nature of these materials, they must be designed to detonate and perform un-

der a very specific external stimulus. However, due to a variety of loading conditions that

these materials intermittently undergo during handling, storage and transportation over their

operational life, undesirable changes in their mechanical behavior and microstructure may

render them unpredictable and therefore, unsafe. While a number of independent experi-

mental (Funk et al., 1996; Idar et al., 1998; Wiegand, 2000; Thompson et al., 2002; Idar et al.,

2002; Grantham et al., 2004; Wiegand & Reddingius, 2005; Williamson et al., 2007; Drodge

& Williamson, 2016) and constitutive modeling (Bardenhagen et al., 1998; Le et al., 2010;

Yang et al., 2018) studies have been conducted over the years to understand and predict

the mechanical response of energetic materials to different loading conditions, the current

open literature lacks a systematic experimental and modeling procedure to understand and

quantify the microstructural evolution of PBX and changes in their mechanical behavior due
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to periodic application of mechanical load while allowing a time period of material recovery

and aging.

1.4 Thesis Goal and Objectives

The goal of this thesis is to address the identified research gaps and challenges in predict-

ing the microstructural evolution and mechanical behavior of confined particulate materials

through experimental, particle mechanics and continuum constitutive modeling techniques.

The specific objectives of the proposed thesis research are:

1. Develop closed-form analytical formulations to correct the elastic nonlocal contact for-

mulation by including nonlocal and curvature corrections to the inter-particle contact

area and profile functions of the contacting surfaces.

2. Develop contact formulations for elasto-plastic confined granular systems that are pre-

dictive at high relative densities and applicable to particle mechanics simulations.

3. Develop a systematic and reproducible experimental procedure to visualize and quan-

tify the evolution of mesoscale microstructure and mechanical properties of particle-

binder composites due to repeated quasi-static cyclic loading followed by time-recovery

or aging.

4. Complement the experimental efforts by developing a large deformation constitutive

model to characterize and predict the mechanical stress-strain response of particle-

binder composites.
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CHAPTER 2. CONTACT RADIUS AND CURVATURE CORRECTIONS TO THE

NONLOCAL CONTACT FORMULATION ACCOUNTING FOR MULTI-PARTICLE

INTERACTIONS IN ELASTIC CONFINED GRANULAR SYSTEMS

This chapter and associated appendices A and B were published in the International Journal
of Engineering Science, Volume 133, Ankit Agarwal and Marcial Gonzalez, Contact radius
and curvature corrections to the nonlocal contact formulation accounting for multi-particle
interactions in elastic confined granular systems, pages 26-46, Copyright Elsevier (2018).

2.1 Introduction

The extensive applications of powder compaction, especially in manufacturing processes

of critical industries like pharmaceutics, ceramic, energy, food, and metallurgy, make it a

subject of intense research in the scientific community. Development of predictive and com-

putationally efficient models that could accurately describe the behavior of granular media

during compaction would directly impact optimality in manufacturing, waste reduction, and

price and quality of the end product.

Macroscopic behavior of confined granular systems has been conventionally described by

continuum-based models, which consider granular media as a continuous system, and hence

have minimal emphasis on the behavior at particle scale. Many of these models were origi-

nally developed for analyzing the behavior of geological materials, such as Drucker & Prager

(1952), Cam-Clay plasticity and Cap plasticity models. More recently, the Drucker-Prager

Cap (DPC) plasticity model (DiMaggio & Sandler, 1971), where a cap yield surface is added

to the Drucker & Prager model to allow for material hardening and dilatancy control dur-

ing inelastic deformation, has been used for analysis of metal, ceramic and pharmaceutical

powder compaction. Although requiring an elaborate mechanical testing procedure for cali-

bration of model parameters (Cunningham, Sinka & Zavaliangos, 2004), the DPC model is

widely used due to its adaptability to finite element method (Sinka, Cunningham & Zavalian-

gos, 2004). However, accuracy of the model response, especially during the decompression
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(unloading) phase, relies heavily on the design of calibration experiments (Sinha, Curtis,

Hancock & Wassgren, 2010) and proper elastic constitutive modeling (Han, Elliott, Ben-

tham, Mills, Amidon & Hancock, 2008). In order to incorporate microstructural properties

of the granular system into its global behavior, discrete models have been proposed, where

contact behavior of individual particles is taken into account. Numerical methods in this

category, such as dynamic discrete element methods (Cundall & Strack, 1979; Zhu, Zhou,

Yang & Yu, 2008) and quasi-static particle mechanics approaches (Gonzalez & Cuitiño, 2016;

Yohannes, Gonzalez, Abebe, Sprockel, Nikfar, Kiang & Cuitiño, 2016; Gonzalez, Poorsol-

hjouy, Thomas, Liu & Balakrishnan, 2018), are used in combination with a suitable contact

formulation to predict the macroscopic behavior of compacted granular systems and, thus,

predictability is heavily dependent on the contact law involved. The Hertz (1882) contact

law for linear-elastic materials and similarity solution by Stor̊akers, Biwa & Larsson (1997)

for viscous-plastic power law hardening materials are fairly predictable at small deforma-

tions and low relative densities of powder compacts. However, due to the occurrence of

contact interactions at higher deformations, as pointed out by Mesarovic & Fleck (2000) in

their study of elasto-plastic spheres, their predictions become increasingly deviant due to

the assumption of independent contacts. This was partially overcome by introducing a local

relative density parameter in contact laws curve-fitted to finite element simulations of small

three-dimensional packings (Harthong, Jérier, Dorémus, Imbault & Donzé, 2009). Finally,

a systematic and mechanistic connection between macroscopic and particle level behaviors,

using continuum and discrete models respectively, was recently proposed (Poorsolhjouy &

Gonzalez, 2018) to capture the anisotropic evolution of a die-compacted systems.

Several efforts towards experimental characterization of confined granular systems have

also been made to understand the deformation behavior at granular scale, and to provide an

efficient validation tool for the analytical contact formulations. Of particular interest is the

mechanical response of single particles under confined conditions, most commonly studied

using uniaxial compression experiments (Liu, Williams & Briscoe, 1998; Lu, Tung, Hung,

Shiau & Hwang, 2001; Shima, Tatara, Iio, Shu & Lucero, 1993; Tatara, Shima & Lucero,

1991; Topuz & Okay, 2009; Zhang, Kristiansen & Liu, 2007). Recently, an apparatus has

been developed for triaxial testing of single particles (Jonsson, Gr̊asjö, Nordström, Johansson
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& Frenning, 2015), providing a more realistic insight into the behavior of individual particles

during powder compaction.

For elastic confined granular systems, relaxing the underlying assumptions of the Hertz

contact theory that limit its applicability to small deformations could be the key to achieving

predictability at moderate to large deformations. Significant efforts in this direction have

been made by Zhupanska (2011), who relaxed the small-strain Hertz assumption of consid-

ering contacting surfaces as elastic half spaces by proposing an analytical solution to the

boundary value problem of an elastic sphere subject to contact stresses on a finite region of

its surface and supported at its center. The results showed that the Hertz pressure distri-

bution remained accurate for relatively large contact areas. Recently, Argatov et al. (2017)

explored the concept of far points in Hertz contact problems, emphasizing the limitations of

the ”local character” of Hertz predictions. A major contribution in this regard is the nonlocal

contact formulation for confined granular systems by Gonzalez & Cuitiño (2012), which pro-

vides an accurate and mechanistic description of the force-deformation behavior at contacts

of a linear-elastic spherical particle subject to multiple contact forces, a typical configuration

in particulate systems compressed to high relative densities. It follows the work of Tatara

(1989) and relaxes the classical contact mechanics assumption of independent contacts by

invoking the principle of superposition to express the deformation at a particular contact as a

sum of local (i.e., Hertzian) deformation and nonlocal deformations generated by other con-

tact forces acting on the same particle. The nonlocal contact formulation has recently been

employed successfully to study the die-compaction of large frictionless non-cohesive granular

systems comprising weightless elastic spherical particles (Gonzalez & Cuitiño, 2016).

A complete description of the inter-particle contact behavior in confined granular systems

includes determination of both contact force and area with respect to particle deformation.

While critical macroscopic quantities like compaction pressure and the reaction from die

walls are directly related to inter-particle contact forces, the prediction of contact area is

needed to estimate strength formation in the compacted solid (Gonzalez, 2019). In addition,

the evolution of contact area is associated with contact impingement, i.e., with the merger of

neighboring contacts. Since the assumption of circular contacts no longer remains valid after

contact impingement, the predictions of a contact formulation may not be representative
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of real contact behavior beyond the occurrence of this phenomenon, making an accurate

determination of contact areas ever so important.

In the context of the nonlocal contact formulation (Gonzalez & Cuitiño, 2012), nonlocal

mesoscopic deformations are derived from the Boussinesq solution (Johnson, 1985; Timo-

shenko & Goodier, 1970) of an elastic half-space under a concentrated force. The components

of these deformations normal to the contact surface constitute the nonlocal contribution to

the contact displacement, for which a closed-form solution has been obtained (Gonzalez &

Cuitiño, 2012). However, the derivation of an analytical solution for nonlocal components

radial to the contact center, that contribute to the evolution of contact radius, remains an

open problem. Therefore, part of the work presented in this chapter is concerned with the

development of an analytical framework for predicting nonlocal effects in the evolution of

inter-particle contact area. The analysis presented is in the spirit of Tatara’s (1991) work

on expanded contact radius during uniaxial compression of rubber spheres.

An important aspect of this nonlocal contact formulation is that it is a direct extension

of the classical Hertz contact theory. When nonlocal effects are neglected, the formulation

reduces to Hertz theory. Therefore, any correction introduced in the Hertz solution should,

in turn, improve the accuracy of the formulation. The second analysis presented in this

chapter is concerned with the improvement of the formulation using contact pressures of

higher accuracy. A solution of higher accuracy is obtained by correcting the description of

the profiles of contacting surfaces through higher order terms in the Taylor series expansion

of the profile functions. This methodology, termed curvature correction, is similar to the

one reported by Cattaneo (1947) for solids of revolution and Luo (1958) for general solids.

Closed form solutions of contact force and radius in terms of displacement are obtained for

two-, three- and four-term curvature corrections.

Finally, a validation of the two proposed corrections is performed by comparison of the

analytical predictions of contact force and radius versus deformation for compression of

rubber spheres under various loading configurations with finite element simulations and

experimental measurements.

The chapter is organized as follows. The deformation of an elastic sphere in a confined

granular system under the action of multiple contact forces is discussed in Section 2.2. The
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analytical formulation for predicting nonlocal effects in the evolution of the contact radius

is then presented in Section 2.3. In Section 2.4, a curvature corrected nonlocal contact

formulation is discussed. Section 2.5 presents a numerical and experimental validation of

contact radius and curvature corrections. Finally, a summary and concluding remarks are

presented in Section 2.6.

2.2 Deformation of an Elastic Sphere in a Confined Granular System under the

action of a Distributed Surface Pressure

The deformation of a linear elastic sphere with radius R, Young’s modulus E and Pois-

son’s ratio ν is considered under the action of a distributed pressure and a general loading

configuration of multiple contact forces. By approximating the deformation with an axially

symmetric field, a cylindrical coordinate system defined in Figure 2.1 is adopted. The ref-

erence coordinates are denoted by X : (r, z), while the deformed coordinates are denoted

by x : (r′, z′). The general loading configuration is represented by (Pi, θi), where Pi are the

forces acting on the sphere’s surface and θi are their angular distances with respect to z or

z′ axis.

A spherical cap of base radius a deforms to a flat circular surface of radius a′ under the

action of an ellipsoidally distributed pressure p proposed by Hertz (1882) and given by

p(r) = p̄m

√
1− r2

a2
(2.1)

where p̄m = 3P/2πa2 is the maximum value of the pressure and P is the effective contact

force. The displacement of the elastic cap is represented by a deformation mapping ϕ(X),

given by




r′

z′



 = ϕ(X) =





r + u(r) +
NP∑
i=1

uPi(r)

R−
√
R2 − r2 + w(r)−

NP∑
i=1

wPi(r)





(2.2)
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<latexit sha1_base64="gsGEybWWZiun1qWNP4K49g2Cbmo=">AAAB8XicbVDLSgNBEOz1EWN8RT16WQyCp7Cbix4DXjwmYB6YhDA76U2GzM4uM71CWPIXXjwo4tWf8Bu8iT/j5HHQxIKGoqqb7q4gkcKQ5305G5tb27md/G5hb//g8Kh4fNI0cao5NngsY90OmEEpFDZIkMR2opFFgcRWML6Z+a0H1EbE6o4mCfYiNlQiFJyRle67NEJi/UxM+8WSV/bmcNeJvySlaq7+/QEAtX7xszuIeRqhIi6ZMR3fS6iXMU2CS5wWuqnBhPExG2LHUsUiNL1sfvHUvbDKwA1jbUuRO1d/T2QsMmYSBbYzYjQyq95M/M/rpBRe9zKhkpRQ8cWiMJUuxe7sfXcgNHKSE0sY18Le6vIR04yTDalgQ/BXX14nzUrZ98p+3aZRgQXycAbncAk+XEEVbqEGDeCg4BGe4cUxzpPz6rwtWjec5cwp/IHz/gPbCJMu</latexit><latexit sha1_base64="JHSzOEYaAi1NhjLZGKSQKYjKGMM=">AAAB8XicbVA9SwNBEJ2LGmP8ilraLAbBKtyl0TJgY5mA+cAkhL3NXrJkb+/YnRPCkR8hiGChiI2F/8TSTvwzbj4KTXww8Hhvhpl5fiyFQdf9cjJr6xvZzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPLqd+85ZrIyJ1jeOYd0M6UCIQjKKVbjo45Eh7qZj0CkW35M5AVom3IMVKtvb98XD3Vu0VPjv9iCUhV8gkNabtuTF2U6pRMMkn+U5ieEzZiA5421JFQ2666eziCTm1Sp8EkbalkMzU3xMpDY0Zh77tDCkOzbI3Ff/z2gkGF91UqDhBrth8UZBIghGZvk/6QnOGcmwJZVrYWwkbUk0Z2pDyNgRv+eVV0iiXPLfk1WwaZZgjB8dwAmfgwTlU4AqqUAcGCu7hCZ4d4zw6L87rvDXjLGaO4A+c9x9RyJUG</latexit><latexit sha1_base64="JHSzOEYaAi1NhjLZGKSQKYjKGMM=">AAAB8XicbVA9SwNBEJ2LGmP8ilraLAbBKtyl0TJgY5mA+cAkhL3NXrJkb+/YnRPCkR8hiGChiI2F/8TSTvwzbj4KTXww8Hhvhpl5fiyFQdf9cjJr6xvZzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPLqd+85ZrIyJ1jeOYd0M6UCIQjKKVbjo45Eh7qZj0CkW35M5AVom3IMVKtvb98XD3Vu0VPjv9iCUhV8gkNabtuTF2U6pRMMkn+U5ieEzZiA5421JFQ2666eziCTm1Sp8EkbalkMzU3xMpDY0Zh77tDCkOzbI3Ff/z2gkGF91UqDhBrth8UZBIghGZvk/6QnOGcmwJZVrYWwkbUk0Z2pDyNgRv+eVV0iiXPLfk1WwaZZgjB8dwAmfgwTlU4AqqUAcGCu7hCZ4d4zw6L87rvDXjLGaO4A+c9x9RyJUG</latexit><latexit sha1_base64="YWNlk6ZpLErABMups/JrlK9vQJQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQXPRa8eKxgP7ANZbOdtEs3m7A7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/PCVApDnvftbGxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBFgiR2U40sDiV2wsnt3O88oTYiUQ80TTGI2UiJSHBGVnrs0xiJDXIxG1SqXs1bwF0nfkGqUKA5qHz1hwnPYlTEJTOm53spBTnTJLjEWbmfGUwZn7AR9ixVLEYT5IuLZ+6lVYZulGhbityF+nsiZ7Ex0zi0nTGjsVn15uJ/Xi+j6CbIhUozQsWXi6JMupS48/fdodDISU4tYVwLe6vLx0wzTjaksg3BX315nbTrNd+r+fdetVEv4ijBOVzAFfhwDQ24gya0gIOCZ3iFN8c4L86787Fs3XCKmTP4A+fzB+UckPw=</latexit>

✓NP
<latexit sha1_base64="dcVfDYrF8IY2wIpPh5haRD/Ufdg=">AAAB83icbVBNS8NAEJ34WetXrUcvi0XwVJJe9Fjw4kkq2A9oQthsN+3SzSbsToQSCv4KLx4U8eqf8ea/cftx0NYHA4/3ZpiZF2VSGHTdb2djc2t7Z7e0V94/ODw6rpxUOybNNeNtlspU9yJquBSKt1Gg5L1Mc5pEknej8c3M7z5ybUSqHnCS8SChQyViwShayfdxxJGGxV3YmoaVmlt35yDrxFuSWrMax08A0AorX/4gZXnCFTJJjel7boZBQTUKJvm07OeGZ5SN6ZD3LVU04SYo5jdPyYVVBiROtS2FZK7+nihoYswkiWxnQnFkVr2Z+J/XzzG+Dgqhshy5YotFcS4JpmQWABkIzRnKiSWUaWFvJWxENWVoYyrbELzVl9dJp1H33Lp3b9NowAIlOINzuAQPrqAJt9CCNjDI4Ble4c3JnRfn3flYtG44y5lT+APn8wdGdZNC</latexit><latexit sha1_base64="jnW8+5fpoTtg4eZyLt72F4Ols4Q=">AAAB83icbVBNS8NAEN3Ur1q/aj16WSyCp5L0oseCF09SwX5AE8pmO2mXbjZhdyKU0L/hxYMiXv0z3vw3btMetPXBwOO9GWbmhakUBl332yltbe/s7pX3KweHR8cn1dNa1ySZ5tDhiUx0P2QGpFDQQYES+qkGFocSeuH0duH3nkAbkahHnKUQxGysRCQ4Qyv5Pk4A2TC/H7bnw2rdbbgF6CbxVqTeqkUF2sPqlz9KeBaDQi6ZMQPPTTHImUbBJcwrfmYgZXzKxjCwVLEYTJAXN8/ppVVGNEq0LYW0UH9P5Cw2ZhaHtjNmODHr3kL8zxtkGN0EuVBphqD4clGUSYoJXQRAR0IDRzmzhHEt7K2UT5hmHG1MFRuCt/7yJuk2G57b8B5sGk2yRJmckwtyRTxyTVrkjrRJh3CSkmfySt6czHlx3p2PZWvJWc2ckT9wPn8AvGCUWg==</latexit><latexit sha1_base64="jnW8+5fpoTtg4eZyLt72F4Ols4Q=">AAAB83icbVBNS8NAEN3Ur1q/aj16WSyCp5L0oseCF09SwX5AE8pmO2mXbjZhdyKU0L/hxYMiXv0z3vw3btMetPXBwOO9GWbmhakUBl332yltbe/s7pX3KweHR8cn1dNa1ySZ5tDhiUx0P2QGpFDQQYES+qkGFocSeuH0duH3nkAbkahHnKUQxGysRCQ4Qyv5Pk4A2TC/H7bnw2rdbbgF6CbxVqTeqkUF2sPqlz9KeBaDQi6ZMQPPTTHImUbBJcwrfmYgZXzKxjCwVLEYTJAXN8/ppVVGNEq0LYW0UH9P5Cw2ZhaHtjNmODHr3kL8zxtkGN0EuVBphqD4clGUSYoJXQRAR0IDRzmzhHEt7K2UT5hmHG1MFRuCt/7yJuk2G57b8B5sGk2yRJmckwtyRTxyTVrkjrRJh3CSkmfySt6czHlx3p2PZWvJWc2ckT9wPn8AvGCUWg==</latexit><latexit sha1_base64="EBYYW0TEAPV+1b7pHaG7xj9Xy2s=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4Kkkveix48SQV7Ac0IWy2k3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZelElh0HW/nY3Nre2d3cpedf/g8Oi4dnLaNWmuOXR4KlPdj5gBKRR0UKCEfqaBJZGEXjS5nfu9J9BGpOoRpxkECRspEQvO0Eq+j2NAFhb3YXsW1upuw12ArhOvJHVSoh3WvvxhyvMEFHLJjBl4boZBwTQKLmFW9XMDGeMTNoKBpYolYIJicfOMXlplSONU21JIF+rviYIlxkyTyHYmDMdm1ZuL/3mDHOOboBAqyxEUXy6Kc0kxpfMA6FBo4CinljCuhb2V8jHTjKONqWpD8FZfXifdZsNzG96DW281yzgq5JxckCvikWvSInekTTqEk4w8k1fy5uTOi/PufCxbN5xy5oz8gfP5AxefkaQ=</latexit>

P1
<latexit sha1_base64="EWyDaF5XXt6F2J8Le1YKsWVJdpg=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUA2hNnJ3WTI7OwyMyuEJb9hY6GIrf/gN9iJP+NskkITDwwczrmXe+YEieDauO6XU9ja3inulvbK+weHR8eVk9OOjlPFsM1iEateQDUKLrFtuBHYSxTSKBDYDaa3ud99QKV5LO/NLMFBRMeSh5xRYyXfj6iZBGHWnA+9YaXq1twFyCbxVqTaKLa+PwCgOax8+qOYpRFKwwTVuu+5iRlkVBnOBM7LfqoxoWxKx9i3VNII9SBbZJ6TS6uMSBgr+6QhC/X3RkYjrWdRYCfzjHrdy8X/vH5qwptBxmWSGpRseShMBTExyQsgI66QGTGzhDLFbVbCJlRRZmxNZVuCt/7lTdKp1zy35rVsG3VYogTncAFX4ME1NOAOmtAGBgk8wjO8OKnz5Lw6b8vRgrPaOYM/cN5/AN0Vk7Y=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJRk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTTBJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiCSaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/AFPVlY4=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJRk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTTBJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiCSaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/AFPVlY4=</latexit><latexit sha1_base64="He40bPAJjWDRohzEe1nLm7viB0g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkahFSj4BK7hhuBg1QhjUOB/XB2V/j9J1SaJ/LRzFMMYjqRPOKMGiv5fkzNNIzyzmLkjeoNt+kuQTaJV5IGlOiM6l/+OGFZjNIwQbUeem5qgpwqw5nARc3PNKaUzegEh5ZKGqMO8mXmBbmyyphEibJPGrJUf2/kNNZ6Hod2ssio171C/M8bZia6DXIu08ygZKtDUSaISUhRABlzhcyIuSWUKW6zEjalijJja6rZErz1L2+SXqvpuU3vwW20W2UdVbiAS7gGD26gDffQgS4wSOEZXuHNyZwX5935WI1WnHLnHP7A+fwB5ymRhA==</latexit>

P2
<latexit sha1_base64="UDjqeUbaqmlj/Pej1lh+36KTSDY=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTI7Owyc1cIS37DxkIRW//Bb7ATf8bJo9DEAwOHc+7lnjlhKoVB1/1yClvbO8Xd0l55/+Dw6LhyctoxSaYZb7NEJroXUsOlULyNAiXvpZrTOJS8G05u5373gWsjEnWP05QHMR0pEQlG0Uq+H1Mch1HenA3qg0rVrbkLkE3irUi1UWx9fwBAc1D59IcJy2KukElqTN9zUwxyqlEwyWdlPzM8pWxCR7xvqaIxN0G+yDwjl1YZkijR9ikkC/X3Rk5jY6ZxaCfnGc26Nxf/8/oZRjdBLlSaIVdseSjKJMGEzAsgQ6E5Qzm1hDItbFbCxlRThramsi3BW//yJunUa55b81q2jTosUYJzuIAr8OAaGnAHTWgDgxQe4RlenMx5cl6dt+VowVntnMEfOO8/3pmTtw==</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsTuY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+ammCSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEEkwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/AVVZlY8=</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsTuY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+ammCSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEEkwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/AVVZlY8=</latexit><latexit sha1_base64="Zq7aGSxcTRIg7HRpv+cLAUEPwb8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKUw6LrfTmVre2d3r7pfOzg8Oj6pn571TJJpxrsskYkehNRwKRTvokDJB6nmNA4l74ezu8LvP3FtRKIecZ7yIKYTJSLBKFrJ92OK0zDKO4tRa1RvuE13CbJJvJI0oERnVP/yxwnLYq6QSWrM0HNTDHKqUTDJFzU/MzylbEYnfGipojE3Qb7MvCBXVhmTKNH2KSRL9fdGTmNj5nFoJ4uMZt0rxP+8YYbRbZALlWbIFVsdijJJMCFFAWQsNGco55ZQpoXNStiUasrQ1lSzJXjrX94kvVbTc5veg9tot8o6qnABl3ANHtxAG+6hA11gkMIzvMKbkzkvzrvzsRqtOOXOOfyB8/kD6K2RhQ==</latexit>

Pi
<latexit sha1_base64="H6fCgUr/lmHbmF74bnw2SRGeYIo=">AAAB9XicbVDLSgMxFL1Ttdb6qrp0EyyCqzLTjS4Lbly2YB/QjiWTZtrQTDIkGaUM8x9uXCji1l/wG9yJP2Om7UJbDwQO59zLPTlBzJk2rvvlFDY2t4rbpZ3y7t7+wWHl6LijZaIIbRPJpeoFWFPOBG0bZjjtxYriKOC0G0yvc797T5VmUtyaWUz9CI8FCxnBxkp3gwibSRCmzWyYsmxYqbo1dw60TrwlqTaKre8PAGgOK5+DkSRJRIUhHGvd99zY+ClWhhFOs/Ig0TTGZIrHtG+pwBHVfjpPnaFzq4xQKJV9wqC5+nsjxZHWsyiwk3lKverl4n9ePzHhlZ8yESeGCrI4FCYcGYnyCtCIKUoMn1mCiWI2KyITrDAxtqiyLcFb/fI66dRrnlvzWraNOixQglM4gwvw4BIacANNaAMBBY/wDC/Og/PkvDpvi9GCs9w5gT9w3n8A/jKU+g==</latexit><latexit sha1_base64="/tIt7S4VhLsIlPkLubLDUw2gmAo=">AAAB9XicbVA9SwNBFHwXNcb4FbW0WQyCVbhLY8qAjWUC5gOSM+xt9pIle3vH7p4SjvsRNmJjoYiW/g9LO/HPuJek0MSBhWHmPd7seBFnStv2l5VbW9/Ibxa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yUXmd26oVCwUV3oaUTfAI8F8RrA20nU/wHrs+UkjHSQsHZTKdsWeAa0SZ0HK9Xzz++P+7q0xKH32hyGJAyo04VipnmNH2k2w1Ixwmhb7saIRJhM8oj1DBQ6ocpNZ6hSdGmWI/FCaJzSaqb83EhwoNQ08M5mlVMteJv7n9WLt19yEiSjWVJD5IT/mSIcoqwANmaRE86khmEhmsiIyxhITbYoqmhKc5S+vkna14tgVp2naqMIcBTiGEzgDB86hDpfQgBYQkPAAT/Bs3VqP1ov1Oh/NWYudI/gD6/0HdPKW0g==</latexit><latexit sha1_base64="/tIt7S4VhLsIlPkLubLDUw2gmAo=">AAAB9XicbVA9SwNBFHwXNcb4FbW0WQyCVbhLY8qAjWUC5gOSM+xt9pIle3vH7p4SjvsRNmJjoYiW/g9LO/HPuJek0MSBhWHmPd7seBFnStv2l5VbW9/Ibxa2its7u3v7pYPDtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yUXmd26oVCwUV3oaUTfAI8F8RrA20nU/wHrs+UkjHSQsHZTKdsWeAa0SZ0HK9Xzz++P+7q0xKH32hyGJAyo04VipnmNH2k2w1Ixwmhb7saIRJhM8oj1DBQ6ocpNZ6hSdGmWI/FCaJzSaqb83EhwoNQ08M5mlVMteJv7n9WLt19yEiSjWVJD5IT/mSIcoqwANmaRE86khmEhmsiIyxhITbYoqmhKc5S+vkna14tgVp2naqMIcBTiGEzgDB86hDpfQgBYQkPAAT/Bs3VqP1ov1Oh/NWYudI/gD6/0HdPKW0g==</latexit><latexit sha1_base64="Y9uYbPNgGBS9FK4iETnCsNQE1pk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4A2lsl00g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMnSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbTm9zvPnJtRKzucZZwP6JjJULBKFrpYRBRnARh1poPMzEfVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+tkg9JxdWGZEw1vYpJAv190ZGI2NmUWAn85Rm1cvF/7x+iuG1nwmVpMgVWx4KU0kwJnkFZCQ0ZyhnllCmhc1K2IRqytAWVbEleKtfXiedRt1z696dW2s2ijrKcAbncAkeXEETbqEFbWCg4Rle4c15cl6cd+djOVpyip1T+APn8wcIVZLI</latexit>

PNP
<latexit sha1_base64="4qlmcGTBaJpPYDQzi73X22wapJc=">AAAB+XicbVDLSgMxFL1TX7W+xrp0EyyCqzLTjS4LblxJBfuAdhgyaaYNzSRDkimUoeCHuHGhiFv/xJ1/Y6btQlsPJBzOuZecnCjlTBvP+3ZKW9s7u3vl/crB4dHxiXta7WiZKULbRHKpehHWlDNB24YZTnupojiJOO1Gk9vC706p0kyKRzNLaZDgkWAxI9hYKXTdQYLNOIrz1jzM70N7uzWv7i2ANom/IrVmNY6fAKAVul+DoSRZQoUhHGvd973UBDlWhhFO55VBpmmKyQSPaN9SgROqg3yRfI4urTJEsVT2CIMW6u+NHCdaz5LIThY59bpXiP95/czEN0HORJoZKsjyoTjjyEhU1ICGTFFi+MwSTBSzWREZY4WJsWVVbAn++pc3SadR9726/2DbaMASZTiHC7gCH66hCXfQgjYQmMIzvMKbkzsvzrvzsRwtOaudM/gD5/MH5MuVPw==</latexit><latexit sha1_base64="RYoeew8LIsuuNDjTkoaOos992uU=">AAAB+XicbVDLSgMxFL3xWetrrEs3wSK4KjPd6LLgxpVUsA9ohyGTZtrQTGZIMoUy9E/cuFDErX/izr8xM+1CWw8kHM65l5ycMBVcG9f9RlvbO7t7+5WD6uHR8cmpc1br6iRTlHVoIhLVD4lmgkvWMdwI1k8VI3EoWC+c3hV+b8aU5ol8MvOU+TEZSx5xSoyVAscZxsRMwihvL4L8IbC3U3cbbgm8SbwVqbdqUYl24HwNRwnNYiYNFUTrgeemxs+JMpwKtqgOM81SQqdkzAaWShIz7edl8gW+ssoIR4myRxpcqr83chJrPY9DO1nk1OteIf7nDTIT3fo5l2lmmKTLh6JMYJPgogY84opRI+aWEKq4zYrphChCjS2rakvw1r+8SbrNhuc2vEfbRhOWqMAFXMI1eHADLbiHNnSAwgye4RXeUI5e0Dv6WI5uodXOOfwB+vwBWsWWVw==</latexit><latexit sha1_base64="RYoeew8LIsuuNDjTkoaOos992uU=">AAAB+XicbVDLSgMxFL3xWetrrEs3wSK4KjPd6LLgxpVUsA9ohyGTZtrQTGZIMoUy9E/cuFDErX/izr8xM+1CWw8kHM65l5ycMBVcG9f9RlvbO7t7+5WD6uHR8cmpc1br6iRTlHVoIhLVD4lmgkvWMdwI1k8VI3EoWC+c3hV+b8aU5ol8MvOU+TEZSx5xSoyVAscZxsRMwihvL4L8IbC3U3cbbgm8SbwVqbdqUYl24HwNRwnNYiYNFUTrgeemxs+JMpwKtqgOM81SQqdkzAaWShIz7edl8gW+ssoIR4myRxpcqr83chJrPY9DO1nk1OteIf7nDTIT3fo5l2lmmKTLh6JMYJPgogY84opRI+aWEKq4zYrphChCjS2rakvw1r+8SbrNhuc2vEfbRhOWqMAFXMI1eHADLbiHNnSAwgye4RXeUI5e0Dv6WI5uodXOOfwB+vwBWsWWVw==</latexit><latexit sha1_base64="rpwUuIazvgE7Vg8bNMiTqiiqzbI=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZnpRpcFN66kgn1AOwyZNNOGZpIhyRTK0D9x40IRt/6JO//GTDsLbT2QcDjnXnJyopQzbTzv26lsbe/s7lX3aweHR8cn7ulZV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+a3hV+b0aVZlI8mXlKgwSPBYsZwcZKoesOE2wmUZy3F2H+ENrbrXsNbwm0SfyS1KFEO3S/hiNJsoQKQzjWeuB7qQlyrAwjnC5qw0zTFJMpHtOBpQInVAf5MvkCXVllhGKp7BEGLdXfGzlOtJ4nkZ0scup1rxD/8waZiW+DnIk0M1SQ1UNxxpGRqKgBjZiixPC5JZgoZrMiMsEKE2PLqtkS/PUvb5Jus+F7Df/Rq7eaZR1VuIBLuAYfbqAF99CGDhCYwTO8wpuTOy/Ou/OxGq045c45/IHz+QO19ZOh</latexit>

R
<latexit sha1_base64="EcsBLW/FGOPFzS2S8BTsL6g5u/o=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMJuGm3EgI1lIuYCyRJmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRQa/WHg4//PYc45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjq2neukeleSxvzThBP6IDyUPOqLFW/aZXLLlldybyF7wFlC4/ChcPAFDrFT+7/ZilEUrDBNW647mJ8TOqDGcCJ4VuqjGhbEQH2LEoaYTaz2aDTsiJdfokjJV90pCZ+7Mjo5HW4yiwlRE1Q72cTc3/sk5qwnM/4zJJDUo2/yhMBTExmW5N+lwhM2JsgTLF7ayEDamizNjbFOwRvOWV/0KzUvbcsld3S9UKzJWHIziGU/DgDKpwDTVoAAOER3iGF+fOeXJenbd5ac5Z9BzCLznv3wAojn8=</latexit><latexit sha1_base64="fvIeCM/+I4PimXJX+Y8suA/h1sg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZXPQiBrx4TMQskAyhp1OTtOlZ6O4RwpAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyu3srq2vpHftLe2d3b3CvsHDRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfXk3y5j1KxePoVo8S9ELaj3jAGdXGqt10C0Wn5ExFlsGdQ/Hyw75I3r/sarfw2enFLA0x0kxQpdquk2gvo1JzJnBsd1KFCWVD2se2wYiGqLxsOuiYnBinR4JYmhdpMnV/d2Q0VGoU+qYypHqgFrOJ+V/WTnVw7mU8SlKNEZt9FKSC6JhMtiY9LpFpMTJAmeRmVsIGVFKmzW1scwR3ceVlaJRLrlNya06xUoaZ8nAEx3AKLpxBBa6hCnVggPAAT/Bs3VmP1ov1OivNWfOeQ/gj6+0H8aiP8w==</latexit><latexit sha1_base64="fvIeCM/+I4PimXJX+Y8suA/h1sg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZXPQiBrx4TMQskAyhp1OTtOlZ6O4RwpAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyu3srq2vpHftLe2d3b3CvsHDRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfXk3y5j1KxePoVo8S9ELaj3jAGdXGqt10C0Wn5ExFlsGdQ/Hyw75I3r/sarfw2enFLA0x0kxQpdquk2gvo1JzJnBsd1KFCWVD2se2wYiGqLxsOuiYnBinR4JYmhdpMnV/d2Q0VGoU+qYypHqgFrOJ+V/WTnVw7mU8SlKNEZt9FKSC6JhMtiY9LpFpMTJAmeRmVsIGVFKmzW1scwR3ceVlaJRLrlNya06xUoaZ8nAEx3AKLpxBBa6hCnVggPAAT/Bs3VmP1ov1OivNWfOeQ/gj6+0H8aiP8w==</latexit><latexit sha1_base64="MOijIrw/40tfmWwLZkYPN6C8CE8=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0UpLYWIKRjwQuZG+Zg5W9vcvungm58AtsLDTG1p9k579xgSsUfMkkL+/NZGZekAiujet+O4Wt7Z3dveJ+6eDw6PikfHrW0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHssHM0vQj+hY8pAzaqzUuh+WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp1KqeW/VabqVRy+MowgVcwjV4cAMNuIMmtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+mkYzC</latexit>

2a
<latexit sha1_base64="3eo3bBu5P1u5QpDHaKBzvH9wYN8=">AAAB6XicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGMZxVwgWcLZyWwyZHZ2mZkVwhLwAWwsFLH1IXwPO9/GyaXQxB8GPv7/HOacE6aCa+N5387K6tr6xmZhy93e2d3bLx4cNnSSKcrqNBGJaoWomeCS1Q03grVSxTAOBWuGw+tJ3nxgSvNE3ptRyoIY+5JHnKKx1l0Fu8WSV/amIsvgz6F09elePgJArVv86vQSmsVMGipQ67bvpSbIURlOBRu7nUyzFOkQ+6xtUWLMdJBPJx2TU+v0SJQo+6QhU/d3R46x1qM4tJUxmoFezCbmf1k7M9FFkHOZZoZJOvsoygQxCZmsTXpcMWrEyAJSxe2shA5QITX2OK49gr+48jI0KmXfK/u3XqlagZkKcAwncAY+nEMVbqAGdaAQwRO8wKszdJ6dN+d9VrrizHuO4I+cjx+Hwo7K</latexit><latexit sha1_base64="EEjG3ortVltkrvw1dUSdNzONJbY=">AAAB6XicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLKOYCyRJmJ7PJkNnZZeasEELewMZCEds8hO9hI76Nk0uhiT8MfPz/Ocw5J0ylMOh5305ubX1jcyu/7e7s7u0fFA6P6ibJNOM1lshEN0NquBSK11Cg5M1UcxqHkjfCwc00bzxybUSiHnCY8iCmPSUiwSha675MO4WiV/JmIqvgL6B4/eFepZMvt9opfLa7CctirpBJakzL91IMRlSjYJKP3XZmeErZgPZ4y6KiMTfBaDbpmJxZp0uiRNunkMzc3x0jGhszjENbGVPsm+Vsav6XtTKMLoORUGmGXLH5R1EmCSZkujbpCs0ZyqEFyrSwsxLWp5oytMdx7RH85ZVXoV4u+V7Jv/OKlTLMlYcTOIVz8OECKnALVagBgwie4AVenYHz7Lw57/PSnLPoOYY/ciY/eVGQPg==</latexit><latexit sha1_base64="EEjG3ortVltkrvw1dUSdNzONJbY=">AAAB6XicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLKOYCyRJmJ7PJkNnZZeasEELewMZCEds8hO9hI76Nk0uhiT8MfPz/Ocw5J0ylMOh5305ubX1jcyu/7e7s7u0fFA6P6ibJNOM1lshEN0NquBSK11Cg5M1UcxqHkjfCwc00bzxybUSiHnCY8iCmPSUiwSha675MO4WiV/JmIqvgL6B4/eFepZMvt9opfLa7CctirpBJakzL91IMRlSjYJKP3XZmeErZgPZ4y6KiMTfBaDbpmJxZp0uiRNunkMzc3x0jGhszjENbGVPsm+Vsav6XtTKMLoORUGmGXLH5R1EmCSZkujbpCs0ZyqEFyrSwsxLWp5oytMdx7RH85ZVXoV4u+V7Jv/OKlTLMlYcTOIVz8OECKnALVagBgwie4AVenYHz7Lw57/PSnLPoOYY/ciY/eVGQPg==</latexit><latexit sha1_base64="pGOnU/bG3HgIr3n3LDf7Zs8YCNg=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl0aLQM2llHMByRH2NvMJUt2947dPSEc+Qc2ForY+o/s/Ddukis08cHA470ZZuZFqeDG+v63t7G5tb2zW9or7x8cHh1XTk7bJsk0wxZLRKK7ETUouMKW5VZgN9VIZSSwE01u537nCbXhiXq00xRDSUeKx5xR66SHOh1Uqn7NX4Csk6AgVSjQHFS++sOEZRKVZYIa0wv81IY51ZYzgbNyPzOYUjahI+w5qqhEE+aLS2fk0ilDEifalbJkof6eyKk0Zioj1ympHZtVby7+5/UyG9+EOVdpZlGx5aI4E8QmZP42GXKNzIqpI5Rp7m4lbEw1ZdaFU3YhBKsvr5N2vRb4teDerzbqRRwlOIcLuIIArqEBd9CEFjCI4Rle4c2beC/eu/exbN3wipkz+APv8wcuOo0N</latexit> 2a0

<latexit sha1_base64="xaCCXKoOgwp1BlMBKmnDm5Ej6QE=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrcJuGm3EgI1lRHOBZAmzk7PJkNnZZWZWCEvAF7CxUMTWd/A97HwbJ5dCE38Y+Pj/c5hzTpAIro3rfju5ldW19Y38ZmFre2d3r7h/0NBxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8HqSNx9QaR7LezNK0I9oX/KQM2qsdVehp91iyS27U5Fl8OZQuvosXD4CQK1b/Or0YpZGKA0TVOu25ybGz6gynAkcFzqpxoSyIe1j26KkEWo/m446JifW6ZEwVvZJQ6bu746MRlqPosBWRtQM9GI2Mf/L2qkJL/yMyyQ1KNnsozAVxMRksjfpcYXMiJEFyhS3sxI2oIoyY69TsEfwFldehkal7Lll79YtVSswUx6O4BjOwINzqMIN1KAODPrwBC/w6gjn2Xlz3melOWfecwh/5Hz8AOhXjvs=</latexit><latexit sha1_base64="/MZtL4TnVzvXssTnn24Z6D0EQDA=">AAAB6nicbZC7SgNBFIbPeo3rLWppMxhEq7CbRhsxYGMZ0VwgWcLsZDYZMju7zJwVQsgj2FgoYqnv4HvYiG/j5FJo4g8DH/9/DnPOCVMpDHret7O0vLK6tp7bcDe3tnd283v7NZNkmvEqS2SiGyE1XArFqyhQ8kaqOY1Dyeth/2qc1++5NiJRdzhIeRDTrhKRYBStdVuiJ+18wSt6E5FF8GdQuPxwL9K3L7fSzn+2OgnLYq6QSWpM0/dSDIZUo2CSj9xWZnhKWZ92edOiojE3wXAy6ogcW6dDokTbp5BM3N8dQxobM4hDWxlT7Jn5bGz+lzUzjM6DoVBphlyx6UdRJgkmZLw36QjNGcqBBcq0sLMS1qOaMrTXce0R/PmVF6FWKvpe0b/xCuUSTJWDQziCU/DhDMpwDRWoAoMuPMATPDvSeXRenNdp6ZIz6zmAP3LefwDZ5pBv</latexit><latexit sha1_base64="/MZtL4TnVzvXssTnn24Z6D0EQDA=">AAAB6nicbZC7SgNBFIbPeo3rLWppMxhEq7CbRhsxYGMZ0VwgWcLsZDYZMju7zJwVQsgj2FgoYqnv4HvYiG/j5FJo4g8DH/9/DnPOCVMpDHret7O0vLK6tp7bcDe3tnd283v7NZNkmvEqS2SiGyE1XArFqyhQ8kaqOY1Dyeth/2qc1++5NiJRdzhIeRDTrhKRYBStdVuiJ+18wSt6E5FF8GdQuPxwL9K3L7fSzn+2OgnLYq6QSWpM0/dSDIZUo2CSj9xWZnhKWZ92edOiojE3wXAy6ogcW6dDokTbp5BM3N8dQxobM4hDWxlT7Jn5bGz+lzUzjM6DoVBphlyx6UdRJgkmZLw36QjNGcqBBcq0sLMS1qOaMrTXce0R/PmVF6FWKvpe0b/xCuUSTJWDQziCU/DhDMpwDRWoAoMuPMATPDvSeXRenNdp6ZIz6zmAP3LefwDZ5pBv</latexit><latexit sha1_base64="qxEsjxV7AflgeTaKackCPtYLjTQ=">AAAB6nicbVBNT8JAEJ3iF+IX6tHLRmL0RFoueiTx4hGjBRJoyHbZwobtttmdmpCGn+DFg8Z49Rd589+4QA8KvmSSl/dmMjMvTKUw6LrfTmljc2t7p7xb2ds/ODyqHp+0TZJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+Hkdu53nrg2IlGPOE15ENOREpFgFK300KCXg2rNrbsLkHXiFaQGBVqD6ld/mLAs5gqZpMb0PDfFIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BC81ZfXSbtR99y6d+/Wmo0ijjKcwTlcgQfX0IQ7aIEPDEbwDK/w5kjnxXl3PpatJaeYOYU/cD5/AI7PjT4=</latexit>

P1
<latexit sha1_base64="EWyDaF5XXt6F2J8Le1YKsWVJdpg=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUA2hNnJ3WTI7OwyMyuEJb9hY6GIrf/gN9iJP+NskkITDwwczrmXe+YEieDauO6XU9ja3inulvbK+weHR8eVk9OOjlPFsM1iEateQDUKLrFtuBHYSxTSKBDYDaa3ud99QKV5LO/NLMFBRMeSh5xRYyXfj6iZBGHWnA+9YaXq1twFyCbxVqTaKLa+PwCgOax8+qOYpRFKwwTVuu+5iRlkVBnOBM7LfqoxoWxKx9i3VNII9SBbZJ6TS6uMSBgr+6QhC/X3RkYjrWdRYCfzjHrdy8X/vH5qwptBxmWSGpRseShMBTExyQsgI66QGTGzhDLFbVbCJlRRZmxNZVuCt/7lTdKp1zy35rVsG3VYogTncAFX4ME1NOAOmtAGBgk8wjO8OKnz5Lw6b8vRgrPaOYM/cN5/AN0Vk7Y=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJRk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTTBJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiCSaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/AFPVlY4=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJRk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTTBJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiCSaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/AFPVlY4=</latexit><latexit sha1_base64="He40bPAJjWDRohzEe1nLm7viB0g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkahFSj4BK7hhuBg1QhjUOB/XB2V/j9J1SaJ/LRzFMMYjqRPOKMGiv5fkzNNIzyzmLkjeoNt+kuQTaJV5IGlOiM6l/+OGFZjNIwQbUeem5qgpwqw5nARc3PNKaUzegEh5ZKGqMO8mXmBbmyyphEibJPGrJUf2/kNNZ6Hod2ssio171C/M8bZia6DXIu08ygZKtDUSaISUhRABlzhcyIuSWUKW6zEjalijJja6rZErz1L2+SXqvpuU3vwW20W2UdVbiAS7gGD26gDffQgS4wSOEZXuHNyZwX5935WI1WnHLnHP7A+fwB5ymRhA==</latexit>

P2
<latexit sha1_base64="UDjqeUbaqmlj/Pej1lh+36KTSDY=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTI7Owyc1cIS37DxkIRW//Bb7ATf8bJo9DEAwOHc+7lnjlhKoVB1/1yClvbO8Xd0l55/+Dw6LhyctoxSaYZb7NEJroXUsOlULyNAiXvpZrTOJS8G05u5373gWsjEnWP05QHMR0pEQlG0Uq+H1Mch1HenA3qg0rVrbkLkE3irUi1UWx9fwBAc1D59IcJy2KukElqTN9zUwxyqlEwyWdlPzM8pWxCR7xvqaIxN0G+yDwjl1YZkijR9ikkC/X3Rk5jY6ZxaCfnGc26Nxf/8/oZRjdBLlSaIVdseSjKJMGEzAsgQ6E5Qzm1hDItbFbCxlRThramsi3BW//yJunUa55b81q2jTosUYJzuIAr8OAaGnAHTWgDgxQe4RlenMx5cl6dt+VowVntnMEfOO8/3pmTtw==</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsTuY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+ammCSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEEkwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/AVVZlY8=</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsTuY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+ammCSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEEkwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/AVVZlY8=</latexit><latexit sha1_base64="Zq7aGSxcTRIg7HRpv+cLAUEPwb8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKUw6LrfTmVre2d3r7pfOzg8Oj6pn571TJJpxrsskYkehNRwKRTvokDJB6nmNA4l74ezu8LvP3FtRKIecZ7yIKYTJSLBKFrJ92OK0zDKO4tRa1RvuE13CbJJvJI0oERnVP/yxwnLYq6QSWrM0HNTDHKqUTDJFzU/MzylbEYnfGipojE3Qb7MvCBXVhmTKNH2KSRL9fdGTmNj5nFoJ4uMZt0rxP+8YYbRbZALlWbIFVsdijJJMCFFAWQsNGco55ZQpoXNStiUasrQ1lSzJXjrX94kvVbTc5veg9tot8o6qnABl3ANHtxAG+6hA11gkMIzvMKbkzkvzrvzsRqtOOXOOfyB8/kD6K2RhQ==</latexit>
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Figure 2.1. Depiction of deformation of an elastic sphere under the action a general con-
figuration of contact forces, due to a distributed surface pressure p acting on its surface.
The figure on the left denotes the configuration before deformation (reference configuration)
while the figure on the right denotes the deformed configuration.

where z = R −
√
R2 − r2 is used, thus enabling the deformation mapping of surface points

solely in terms of r. Quantities w(r) and u(r) are the vertical and radial displacements of

the cap’s surface points due to local pressure p(r), which can be approximated by means of

Boussinesq solution (Johnson, 1985; Timoshenko & Goodier, 1970), i.e., by

w(r) =
3P (1− ν2)

8a3E
(2a2 − r2) (2.3)

and, according to Tatara (1991), by

u(r) =
(1 + ν)P

4πEr
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 r√

2R

√

1 +

√
1− r2

R2
− 2(1− 2ν)


1− 1√

2

√

1−
√

1− r2

R2




 (2.4)

Quantities uPi(r) and wPi(r) are the nonlocal contributions to radial and vertical dis-

placements induced by the concentrated forces Pi acting on the surface of the sphere. As a
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valid approximation, Gonzalez & Cuitiño (2012) have represented wPi(r) by the value of wPi

at the contact center, i.e., by

wPi(r) ' wPi(0) ' (1 + ν)Pi
4πRE

[−2(1− ν)− 2(1− 2ν) sin(θi/2) + (7− 8ν) sin2(θi/2)

sin(θi/2)

]
(2.5)

The determination of nonlocal radial displacements uPi(r) is addressed in the next section

and it is a major contribution of this work. It is worth noting that if both local and nonlocal

radial displacements are assumed to be negligible, the nonlocal contact formulation proposed

by Gonzalez & Cuitiño (2012) is recovered.

From the above particle deformation analysis, an important conclusion can be drawn.

Although physical quantities, such as pressure and contact radius, compatibility conditions

and equilibrium are defined in the deformed configuration, it is more convenient to work in

the reference configuration. Physical quantities can be easily converted to spacial quantities

by using the deformation mapping ϕ(X) and push-forward operations. This understanding

will be used in the analysis performed in subsequent sections.

2.3 Nonlocal effects in the Evolution of Inter-Particle Contact Area

Now, the evolution of contact surface between two elastic spherical particles i and j of

radius Ri and Rj, and material properties Ei, νi and Ej, νj respectively is considered. The

particles are being pressed together in a general configuration of particles simulating a con-

fined granular system (Figure 2.2). It is proposed that the particles deform to accommodate

a flat contact surface of effective radius a′ij, given by

a′ij = aij +
1

2


 Pij
mL
ij(aij)

+
∑

h∈Ni,h6=j

Pih
mNL
jih(xj,xi,xh)

+
∑

k∈Nj ,k 6=i

Pjk
mNL
ijk(xi,xj,xk)


 (2.6)

where aij is the contact radius in the reference configuration, xi and Ni are the position and

neighbors of particle i, and Pij is the effective contact force between particles i and j. The

factor of 1/2 signifies an average of the radial deformations at the contact due to particles i

and j and their respective neighbors.
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Figure 2.2. Depiction of nonlocal effects on the contact area between two dissimilar particles
being compressed by a general loading configuration. The figure shows a schematic of the
loading configuration, and the contact configuration without (long dashed curve) and with
(solid curve) nonlocal correction. The contact with effective nonlocal correction is depicted
by a short dashed curve, with radius a′ij.

Term mL
ij corresponds to the local contribution to radial deformation of the contact

boundary. Using Equation (2.4) for r = aij, it can be expressed as
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(2.7)

Term mNL
jih corresponds to the nonlocal contribution to the radial deformation of the

contact boundary, given by

1

mNL
jih

=
1

2π

∫ 2π

0

dφ

mNL
jih,Q(xj,xi,xh, φ)

(2.8)

where mNL
jih,Q corresponds to a particular point Q on the contact boundary, given by its angu-

lar position φ with respect to the plane T given by the equation [(xi − xj)× (xi − xh)] · (x−
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xi) = 0 (the plane shown in Figure 2.2). Specifically, mNL
jih,Q is mathematically represented

by

1

mNL
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2πEiRi
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(2.9)

where βjih,Q = ̂xij,Qxixh is the angle between point Q and position coordinates of particles

i and h, given by

βjih,Q = cos−1

[
cos

∣∣∣∣θjih − sin−1

(
aij
Ri

)∣∣∣∣−
(
aij
Ri

)
(1− cosφ) sin θjih

]
(2.10)

and θjih = x̂jxixh is the angle between position coordinates of particles j, i and h. A detailed

derivation of mNL
jih,Q is presented in Appendix A. It essentially entails the calculation of the

radial displacement of point Q on the boundary of the deforming surface due to one of the

forces Pi depicted in Figure 2.1.

In Equation (2.8), mNL
jih is calculated by taking an average of the radial displacements

due to nonlocal forces exerted by particles h on particle i across the contact boundary

between particles i and j. Such averaging is necessary due to the fact that the nonlocal

radial contribution due to a particular force is asymmetric over the contact boundary due

to dependence on variable angle φ. By averaging over φ, the assumed symmetry in the

deformation field is recovered and thus the deformed contact surface is approximated by

a circular surface, although resulting in a shift in the position of its center which will be

neglected in this work (see insert in Figure 2.2 and Appendix A, Equation (A.10)). It

was found that the integral in Equation (2.8) does not have an exact closed-form solution,

however its numerical integration is convergent and is used in further analysis.
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To identify a closed-form approximate solution for mNL
jih amenable to a computationally

tractable implementation, a Taylor series expansion of 1/mNL
jih,Q about aij/Ri = 0 is obtained
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mNL
jih,Q(xj,xi,xh, φ)

=
1 + νi

16πEiRi

[
cos2 (θjih/2) (4νi − 3− cos θjih)

sin (θjih/2)

](
aij
Ri

)

+O
((

aij
Ri

)2
) (2.11)

Similarly, a Taylor expansion of 1/mNL
jih,Q about θjih = π is also obtained

1

2π

∫ 2π

0

dφ

mNL
jih,Q(xj,xi,xh, φ)

=
1

mNL
jih,π

− (1 + νi)(1 + 2νi)

16πEiRi

(π − θjih) +O
(
(π − θjih)2

)
(2.12)

where mNL
jih,π corresponds to the analytical solution of Equation (2.8) for θjih = π, that is

1

mNL
jih,π

=
1 + νi

4πEiRi


 1√

2

√√√√
1−

√
1−

a2
ij

R2
i

−2(1− 2νi)

(
Ri

aij

)

1− 1√

2

√√√√
1 +

√
1−

a2
ij

R2
i







(2.13)

Figure 2.3 presents a comparison of the two approximate analytical solutions obtained

from truncated Taylor expansions at aij/Ri = 0 (Equation (2.11)) and θjih = π (Equa-

tion (2.12)) with the numerical solution of Equation (2.8), by plotting the dimensionless

quantity EiRi/m
NL
jih with respect to θjih for all possible values of θjih ∈

(
sin−1 (aij/Ri) , π

]
.

To gain a better insight into the non-linear dependency of the expressions on aij/Ri and

νi, graphs for three different values of νi (= 0.15, 0.3 and 0.45) are shown, with each graph

having plots evaluated at three different values of aij/Ri (= 0.25, 0.5 and 0.75). Analysis

of the plots suggests that the numerical solution is fairly represented by Equation (2.11)

until it shifts to positive values near θjih = 3π/4. Thereafter, the numerical solution is well

represented by Equation (2.12).
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(a) ν = 0.15 (b) ν = 0.3

(c) ν = 0.45

Figure 2.3. Plots of EiRi/m
NL
jih obtained from truncated Taylor series expansion at aij/Ri = 0

(Equation (2.11), solid curves) and θjih = π (Equation (2.12), dashed curves) versus an-
gular distance θjih, compared with numerical solution of Equation (2.8) (dotted curves).
Graphs for three different values of νi equal to (a) 0.15, (b) 0.3 and (c) 0.45 are presented,
with plots for each evaluated at three different values of aij/Ri (red curves for aij/Ri =
0.25, green for aij/Ri = 0.5 and blue for aij/Ri = 0.75). The lower bound of θjih =
sin−1(aij/Ri) (dashed-dotted lines) for evaluation of nonlocal contributions has also been
delineated in each of the graphs.

Accordingly, a piecewise continuous function is proposed to represent mNL
jih, given by

1

mNL
jih

'





1 + νi
16πEiRi

[
cos2(θjih/2)(4νi − 3− cos θjih)

sin(θjih/2)

−
cos2(θc

jih/2)(4νi − 3− cos θc
jih)

sin(θc
jih/2)

](
aij
Ri

)
θjih ≤ θc

jih

1

mNL
jih,π

− (1 + νi)(1 + 2νi)

16πEiRi

(π − θjih) θjih > θc
jih

(2.14)
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(a) ν = 0.15 (b) ν = 0.3

(c) ν = 0.45

Figure 2.4. Plots of EiRi/m
NL
jih obtained by piece-wise approximate solution Equation (2.14)

(bold solid curves) versus angular distance θjih, compared with numerical solution of Equa-
tion (2.8) (dotted curves). The values of νi and aij/Ri are the same as in figure 2.3.

where θc
jih is the critical value of angular distance at which 1/mNL

jih = 0, given by

θc
jih = π − 16πEiRi

(1 + νi)(1 + 2νi)mNL
jih,π

(2.15)

Figure 2.4 shows a comparison of the numerical solution of 1/mNL
jih and the proposed

piece-wise continuous approximate solution, using the same values of aij/Ri and νi as in

Figure 2.3. The accuracy of the closed-form approximate solution is acceptable and the

computational tractability of the formulation is attained.
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2.4 Curvature correction to the Nonlocal Contact Formulation

In this problem, the contact of two elastic spheres i and j being pressed together by a

general configuration of concentrated forces (Figure 2.2) is considered again. According to

the nonlocal contact formulation (Gonzalez & Cuitiño, 2012), any point within the contact

area satisfies the following compatibility equation

γij = Ri −
√
R2
i − r2

ij +Rj −
√
R2
j − r2

ij + wi(rij) + wj(rij)− γNL
ij (2.16)

where γij is the relative displacement of xi and xj along the direction zij = (xi−xj)/||xi−xj||,
rij is the radial coordinate from axis zij of surface points in the reference configuration, and

wi(rij) and wj(rij) are the vertical displacements of surface points located at rij on spheres

i and j. The last term in the equation, γNL
ij , is the total nonlocal contribution to vertical

displacements induced by all neighbors of the two particles, i.e.,

γNL
ij =

∑

h∈Ni,h 6=j

Pih
nNL
jih(xj,xi,xh)

+
∑

k∈Nj ,k 6=i

Pjk
nNL
ijk(xi,xj,xk)

(2.17)

with nNL
jih derived from Equation (2.5) (Gonzalez & Cuitiño, 2012)

1

nNL
jih

=
(1 + νi)

4πRiEi

[−2(1− νi)− 2(1− 2νi) sin(θjih/2) + (7− 8νi) sin2(θjih/2)

sin(θjih/2)

]
(2.18)

An important assumption of the Hertz theory is that the profile of the undeformed spherical

contact surface is replaced by the first term of its Taylor series expansion, i.e.

Ri −
√
R2
i − r2

ij = Ri

[
r2
ij

2R2
i

+O
(
a4
ij

R4
i

)]
' r2

ij

2Ri

(2.19)

This approximation largely deviates from the exact solution for moderate to high mesoscopic

deformations. However, the error can be controlled by including more terms in the series to

further correct the profile curvature; for example, the first four terms are given by

Ri−
√
R2
i − r2

ij = Ri

[
r2
ij

2R2
i

+
r4
ij

8R4
i

+
r6
ij

16R6
i

+O
(
a8
ij

R8
i

)]
' r2

ij

2Ri

+
r4
ij

8R3
i

+
r6
ij

16R5
i

+
5r8

ij

128R7
i

(2.20)
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Therefore, by adopting a four-term curvature correction, Equation (2.16) simplifies to

wi(rij) + wj(rij) = (γij + γNL
ij )− r2

ijAij

2
− r4

ijBij
8
− r6

ijCij

16
− 5r8

ijDij

128
(2.21)

where

Aij =
1

Ri

+
1

Rj

Bij =
1

R3
i

+
1

R3
j

Cij =
1

R5
i

+
1

R5
j

Dij =
1

R7
i

+
1

R7
j

Next, the pressure distribution pij compatible with Equation (2.21), over the circular

contact region Qij of contact radius aij in the reference configuration (Figure 2.5) is de-

termined. Specifically, for a pressure pij(qij, ωij) acting over an elemental region B of area

qij dqij dωij, the vertical displacement field according to the theory of elasticity (Johnson,

1985, pg. 53) is given by

wi(rij) + wj(rij) =

(
1− ν2

i

πEi
+

1− ν2
j

πEj

)∫ ∫

Qij
pij(qij, ωij)dqijdωij (2.22)

and thus, by using Equation (2.22) in Equation (2.21), one gets

(
1− ν2

i

πEi
+

1− ν2
j

πEj

)∫ ∫

Qij
pij(qij, ωij)dqijdωij = (γij + γNL

ij )− r2
ijAij

2
− r4

ijBij
8

− r6
ijCij

16
− 5r8

ijDij

128

(2.23)

The pressure distribution pij is readily available by following the method reported by

Luo (1958), which involves taking an approximate form of pij to solve the integral, followed

by comparing coefficients of like powers of rij on both sides of the equation. For reference,

the solution method is described in Appendix B. Using the pressure distribution functions,

contact radius-force-displacement relationships for two-term, three-term and four-term cur-

vature corrections are presented next in turn.
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Cij
<latexit sha1_base64="o8xL2ZjYBogAzLy4ep0lT/tuWBc=">AAAB7XicbVA9SwNBEJ2LXzF+xVjaLAbBKuzZaBlIYxnBfEByhL3NXrLJ3u6xuyeEI621jYUiopX/x85/4+aj0MQHA4/3ZpiZFyaCG4vxt5fb2Nza3snvFvb2Dw6PiselplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4rs381j3Thit5ZycJC2IykDzilFgnNWu9jI+mvWIZV/AcaJ34S1Kulj4e3gGg3it+dfuKpjGTlgpiTMfHiQ0yoi2ngk0L3dSwhNAxGbCOo5LEzATZ/NopOndKH0VKu5IWzdXfExmJjZnEoeuMiR2aVW8m/ud1UhtdBxmXSWqZpItFUSqQVWj2OupzzagVE0cI1dzdiuiQaEKtC6jgQvBXX14nzcuKjyv+rUsDwwJ5OIUzuAAfrqAKN1CHBlAYwSM8w4unvCfv1XtbtOa85cwJ/IH3+QNp4pEm</latexit><latexit sha1_base64="DgDQxlHeNOmcgUNokNlqBVYbSKw=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdELQMpLGMYD4gOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLYs60cd1vJ7O2vrG5ld3O7ezu7R/kDwsNLRNFaJ1ILlUrwJpyJmjdMMNpK1YURwGnzWBUnfrNO6o0k+LWjGPqR7gvWMgINlZqVLspG066+aJbcmdAq8RbkGKl8HH/XD5+qHXzX52eJElEhSEca9323Nj4KVaGEU4nuU6iaYzJCPdp21KBI6r9dHbtBJ1ZpYdCqWwJg2bq74kUR1qPo8B2RtgM9LI3Ff/z2okJr/yUiTgxVJD5ojDhyEg0fR31mKLE8LElmChmb0VkgBUmxgaUsyF4yy+vksZFyXNL3o1Nw4U5snACp3AOHlxCBa6hBnUgMIRHeIFXRzpPzpvzPm/NOIuZI/gD5/MHfL6R9A==</latexit><latexit sha1_base64="DgDQxlHeNOmcgUNokNlqBVYbSKw=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdELQMpLGMYD4gOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLYs60cd1vJ7O2vrG5ld3O7ezu7R/kDwsNLRNFaJ1ILlUrwJpyJmjdMMNpK1YURwGnzWBUnfrNO6o0k+LWjGPqR7gvWMgINlZqVLspG066+aJbcmdAq8RbkGKl8HH/XD5+qHXzX52eJElEhSEca9323Nj4KVaGEU4nuU6iaYzJCPdp21KBI6r9dHbtBJ1ZpYdCqWwJg2bq74kUR1qPo8B2RtgM9LI3Ff/z2okJr/yUiTgxVJD5ojDhyEg0fR31mKLE8LElmChmb0VkgBUmxgaUsyF4yy+vksZFyXNL3o1Nw4U5snACp3AOHlxCBa6hBnUgMIRHeIFXRzpPzpvzPm/NOIuZI/gD5/MHfL6R9A==</latexit><latexit sha1_base64="huayjM6HyE0xcz8cSg1WzBrp5Cg=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiXS96JGEi0dMXCCBDemWLhS67abtmpAN/8GLB43x6v/x5r+xwB4UfMkkL+/NZGZelApuLMbfXmlre2d3r7xfOTg8Oj6pnp61jco0ZQFVQuluRAwTXLLAcitYN9WMJJFgnWjaXPidJ6YNV/LRzlIWJmQkecwpsU5qNwc5n8wH1Rqu4yXQJvELUoMCrUH1qz9UNEuYtFQQY3o+Tm2YE205FWxe6WeGpYROyYj1HJUkYSbMl9fO0ZVThihW2pW0aKn+nshJYswsiVxnQuzYrHsL8T+vl9n4Lsy5TDPLJF0tijOBrEKL19GQa0atmDlCqObuVkTHRBNqXUAVF4K//vImad/UfVz3H3CtgYs4ynABl3ANPtxCA+6hBQFQmMAzvMKbp7wX7937WLWWvGLmHP7A+/wBlR+PDQ==</latexit>

aij
<latexit sha1_base64="QfAaqLdmDu92GG7YxTLDkV88RUI=">AAAB7XicbVA9SwNBEJ2LXzF+xVjaLAbBKtzZaBmwsYxgPiAeYW8zSTbZ2z1294RwpLW2sVBEtPL/2Plv3HwUmvhg4PHeDDPzokRwY33/28utrW9sbuW3Czu7e/sHxcNSw6hUM6wzJZRuRdSg4BLrlluBrUQjjSOBzWh0NfWb96gNV/LWjhMMY9qXvMcZtU5q0E7Gh5NOsexX/BnIKgkWpFwtfTy8A0CtU/y66yqWxigtE9SYduAnNsyotpwJnBTuUoMJZSPax7ajksZowmx27YScOqVLekq7kpbM1N8TGY2NGceR64ypHZhlbyr+57VT27sMMy6T1KJk80W9VBCryPR10uUamRVjRyjT3N1K2IBqyqwLqOBCCJZfXiWN80rgV4Ibl4YPc+ThGE7gDAK4gCpcQw3qwGAIj/AML57ynrxX723emvMWM0fwB97nD5fwkUQ=</latexit><latexit sha1_base64="uk7nDQGxdzfPp/eaSg1wHWduEVM=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjeEkgOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLE860cd1vJ7eyura+kd8sbG3v7O4V90t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxeTfzGHVWaSXFrRgkNYtwTLGIEGyvVcSdjg3GnWHYr7hRomXhzUq6WPu6fzw8fap3iV7srSRpTYQjHWrc8NzFBhpVhhNNxoZ1qmmAyxD3aslTgmOogm147RidW6aJIKlvCoKn6eyLDsdajOLSdMTZ9vehNxP+8VmqiyyBjIkkNFWS2KEo5MhJNXkddpigxfGQJJorZWxHpY4WJsQEVbAje4svLpH5W8dyKd2PTcGGGPBzBMZyCBxdQhWuogQ8EBvAIL/DqSOfJeXPeZ605Zz5zAH/gfP4AqsySEg==</latexit><latexit sha1_base64="uk7nDQGxdzfPp/eaSg1wHWduEVM=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjeEkgOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLE860cd1vJ7eyura+kd8sbG3v7O4V90t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxeTfzGHVWaSXFrRgkNYtwTLGIEGyvVcSdjg3GnWHYr7hRomXhzUq6WPu6fzw8fap3iV7srSRpTYQjHWrc8NzFBhpVhhNNxoZ1qmmAyxD3aslTgmOogm147RidW6aJIKlvCoKn6eyLDsdajOLSdMTZ9vehNxP+8VmqiyyBjIkkNFWS2KEo5MhJNXkddpigxfGQJJorZWxHpY4WJsQEVbAje4svLpH5W8dyKd2PTcGGGPBzBMZyCBxdQhWuogQ8EBvAIL/DqSOfJeXPeZ605Zz5zAH/gfP4AqsySEg==</latexit><latexit sha1_base64="n3egpeO9qUSXmCWx+AZdHghqYrk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hVkvegx48RjBPCBZwuxkNplkHsvMrBCW/IMXD4p49X+8+TdOkj1oYkFDUdVNd1ecCm4dxt/BxubW9s5uaa+8f3B4dFw5OW1ZnRnKmlQLbToxsUxwxZqOO8E6qWFExoK148nd3G8/MWO5Vo9umrJIkqHiCafEealF+jkfz/qVKq7hBdA6CQtShQKNfuWrN9A0k0w5Koi13RCnLsqJcZwKNiv3MstSQidkyLqeKiKZjfLFtTN06ZUBSrTxpRxaqL8nciKtncrYd0riRnbVm4v/ed3MJbdRzlWaOaboclGSCeQ0mr+OBtww6sTUE0IN97ciOiKGUOcDKvsQwtWX10nruhbiWviAq3VcxFGCc7iAKwjhBupwDw1oAoUxPMMrvAU6eAneg49l60ZQzJzBHwSfP8Mtjys=</latexit>

A(rij , 0)
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<latexit sha1_base64="TBi/P7IXhzz8g4I8pqliXboMQC0=">AAAB6nicbVA9SwNBEJ2LX0n8ilraLAbBKtzZaBmwsYxoPiA5wt7eXrJkb+/cnRPCkdrKxkIRGwt/kZ3/xs1HoYkPBh7vzTAzL0ilMOi6305hbX1jc6tYKm/v7O7tVw4OWybJNONNlshEdwJquBSKN1Gg5J1UcxoHkreD0dXUbz9wbUSi7nCccj+mAyUiwSha6fa+7/UrVbfmzkBWibcg1XrpMfwAgEa/8tULE5bFXCGT1Jiu56bo51SjYJJPyr3M8JSyER3wrqWKxtz4+ezUCTm1SkiiRNtSSGbq74mcxsaM48B2xhSHZtmbiv953QyjSz8XKs2QKzZfFGWSYEKmf5NQaM5Qji2hTAt7K2FDqilDm07ZhuAtv7xKWuc1z615NzYNF+YowjGcwBl4cAF1uIYGNIHBAJ7gBV4d6Tw7b877vLXgLGaO4A+czx9x549X</latexit><latexit sha1_base64="JP2Bmgbp8xMu2XmpL1+qCGKZtwY=">AAAB6nicbVA9SwNBEJ3zM4lfUUubxSBYSLiz0TJgYxnRfEASwt7eXrJkb+/cnRPCkcbGysZCEVtb/4ydv0Y3H4UmPhh4vDfDzDw/kcKg6345S8srq2vruXxhY3Nre6e4u1c3caoZr7FYxrrpU8OlULyGAiVvJprTyJe84Q8uxn7jjmsjYnWDw4R3ItpTIhSMopWub7tet1hyy+4EZJF4M1Kq5B+Cj+/7k2q3+NkOYpZGXCGT1JiW5ybYyahGwSQfFdqp4QllA9rjLUsVjbjpZJNTR+TIKgEJY21LIZmovycyGhkzjHzbGVHsm3lvLP7ntVIMzzuZUEmKXLHpojCVBGMy/psEQnOGcmgJZVrYWwnrU00Z2nQKNgRv/uVFUj8te27Zu7JpuDBFDg7gEI7BgzOowCVUoQYMevAIz/DiSOfJeXXepq1LzmxmH/7Aef8BwW6REQ==</latexit><latexit sha1_base64="JP2Bmgbp8xMu2XmpL1+qCGKZtwY=">AAAB6nicbVA9SwNBEJ3zM4lfUUubxSBYSLiz0TJgYxnRfEASwt7eXrJkb+/cnRPCkcbGysZCEVtb/4ydv0Y3H4UmPhh4vDfDzDw/kcKg6345S8srq2vruXxhY3Nre6e4u1c3caoZr7FYxrrpU8OlULyGAiVvJprTyJe84Q8uxn7jjmsjYnWDw4R3ItpTIhSMopWub7tet1hyy+4EZJF4M1Kq5B+Cj+/7k2q3+NkOYpZGXCGT1JiW5ybYyahGwSQfFdqp4QllA9rjLUsVjbjpZJNTR+TIKgEJY21LIZmovycyGhkzjHzbGVHsm3lvLP7ntVIMzzuZUEmKXLHpojCVBGMy/psEQnOGcmgJZVrYWwnrU00Z2nQKNgRv/uVFUj8te27Zu7JpuDBFDg7gEI7BgzOowCVUoQYMevAIz/DiSOfJeXXepq1LzmxmH/7Aef8BwW6REQ==</latexit><latexit sha1_base64="21ox3iyjpzCuyLXOLnLtaT7Uiuw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEby4jmA5Ij7G32kiV7e+funBCO/AQbC0Vs/UV2/hs3yRWa+GDg8d4MM/PCVEmLlH57a+sbm1vbpZ3y7t7+wWHl6Lhlk8xw0eSJSkwnZFYoqUUTJSrRSY1gcahEOxzfzPz2kzBWJvoBJ6kIYjbUMpKcoZPuH/t+v1KlNToHWSV+QapQoNGvfPUGCc9ioZErZm3XpykGOTMouRLTci+zImV8zIai66hmsbBBPj91Ss6dMiBRYlxpJHP190TOYmsnceg6Y4Yju+zNxP+8bobRdZBLnWYoNF8sijJFMCGzv8lAGsFRTRxh3Eh3K+EjZhhHl07ZheAvv7xKWpc1n9b8O1qt0yKOEpzCGVyAD1dQh1toQBM4DOEZXuHNU96L9+59LFrXvGLmBP7A+/wB+k2Ngw==</latexit>

rij
<latexit sha1_base64="S/ElSbSSMDoYkZ7pfq3H8L8wZiI=">AAAB7XicbVA9SwNBEJ2LXzF+xVjaLAbBKtzZaBmwsYxgPiAeYW8zSTbZ2z1294RwpLW2sVBEtPL/2Plv3HwUmvhg4PHeDDPzokRwY33/28utrW9sbuW3Czu7e/sHxcNSw6hUM6wzJZRuRdSg4BLrlluBrUQjjSOBzWh0NfWb96gNV/LWjhMMY9qXvMcZtU5q6E7Gh5NOsexX/BnIKgkWpFwtfTy8A0CtU/y66yqWxigtE9SYduAnNsyotpwJnBTuUoMJZSPax7ajksZowmx27YScOqVLekq7kpbM1N8TGY2NGceR64ypHZhlbyr+57VT27sMMy6T1KJk80W9VBCryPR10uUamRVjRyjT3N1K2IBqyqwLqOBCCJZfXiWN80rgV4Ibl4YPc+ThGE7gDAK4gCpcQw3qwGAIj/AML57ynrxX723emvMWM0fwB97nD7IJkVU=</latexit><latexit sha1_base64="uGxIDXAEDHmdr0xTb2bZ7mP4zNc=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjeEkgOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLE860cd1vJ7eyura+kd8sbG3v7O4V90t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxeTfzGHVWaSXFrRgkNYtwTLGIEGyvVVSdjg3GnWHYr7hRomXhzUq6WPu6fzw8fap3iV7srSRpTYQjHWrc8NzFBhpVhhNNxoZ1qmmAyxD3aslTgmOogm147RidW6aJIKlvCoKn6eyLDsdajOLSdMTZ9vehNxP+8VmqiyyBjIkkNFWS2KEo5MhJNXkddpigxfGQJJorZWxHpY4WJsQEVbAje4svLpH5W8dyKd2PTcGGGPBzBMZyCBxdQhWuogQ8EBvAIL/DqSOfJeXPeZ605Zz5zAH/gfP4AxOWSIw==</latexit><latexit sha1_base64="uGxIDXAEDHmdr0xTb2bZ7mP4zNc=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjeEkgOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLE860cd1vJ7eyura+kd8sbG3v7O4V90t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxeTfzGHVWaSXFrRgkNYtwTLGIEGyvVVSdjg3GnWHYr7hRomXhzUq6WPu6fzw8fap3iV7srSRpTYQjHWrc8NzFBhpVhhNNxoZ1qmmAyxD3aslTgmOogm147RidW6aJIKlvCoKn6eyLDsdajOLSdMTZ9vehNxP+8VmqiyyBjIkkNFWS2KEo5MhJNXkddpigxfGQJJorZWxHpY4WJsQEVbAje4svLpH5W8dyKd2PTcGGGPBzBMZyCBxdQhWuogQ8EBvAIL/DqSOfJeXPeZ605Zz5zAH/gfP4AxOWSIw==</latexit><latexit sha1_base64="uCZAuZsiGFDSo7wsVcvHicZ8FJo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hVkvegx48RjBPCBZwuxkNplkHsvMrBCW/IMXD4p49X+8+TdOkj1oYkFDUdVNd1ecCm4dxt/BxubW9s5uaa+8f3B4dFw5OW1ZnRnKmlQLbToxsUxwxZqOO8E6qWFExoK148nd3G8/MWO5Vo9umrJIkqHiCafEeall+jkfz/qVKq7hBdA6CQtShQKNfuWrN9A0k0w5Koi13RCnLsqJcZwKNiv3MstSQidkyLqeKiKZjfLFtTN06ZUBSrTxpRxaqL8nciKtncrYd0riRnbVm4v/ed3MJbdRzlWaOaboclGSCeQ0mr+OBtww6sTUE0IN97ciOiKGUOcDKvsQwtWX10nruhbiWviAq3VcxFGCc7iAKwjhBupwDw1oAoUxPMMrvAU6eAneg49l60ZQzJzBHwSfP91Gjzw=</latexit>

q2
<latexit sha1_base64="Ry+LeIbTXxEylSnv98nbG2VId28=">AAAB6nicbVA9SwNBEJ3zM4lfUUubxSBYhbs0WgZsLCOaD0iOsLe3lyzZ2zt354RwpLaysVDExsJfZOe/cfNRaOKDgcd7M8zMC1IpDLrut7O2vrG5tV0olnZ29/YPyodHLZNkmvEmS2SiOwE1XArFmyhQ8k6qOY0DydvB6Grqtx+4NiJRdzhOuR/TgRKRYBStdHvfr/XLFbfqzkBWibcglXrxMfwAgEa//NULE5bFXCGT1Jiu56bo51SjYJJPSr3M8JSyER3wrqWKxtz4+ezUCTmzSkiiRNtSSGbq74mcxsaM48B2xhSHZtmbiv953QyjSz8XKs2QKzZfFGWSYEKmf5NQaM5Qji2hTAt7K2FDqilDm07JhuAtv7xKWrWq51a9G5uGC3MU4ARO4Rw8uIA6XEMDmsBgAE/wAq+OdJ6dN+d93rrmLGaO4Q+czx9za49Y</latexit><latexit sha1_base64="M3TbLoj53WalPvrr/ltRLFKEXBU=">AAAB6nicbVA9SwNBEJ2LX0n8ilraLAbBQsJdGi0DNpYRzQckR9jb20uW7O6du3tCONLYWNlYKGJr65+x89fo5qPQxAcDj/dmmJkXJJxp47pfTm5ldW19I18obm5t7+yW9vabOk4VoQ0S81i1A6wpZ5I2DDOcthNFsQg4bQXDi4nfuqNKs1jemFFCfYH7kkWMYGOl69tetVcquxV3CrRMvDkp1woP4cf3/Wm9V/rshjFJBZWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LJRZU+9n01DE6tkqIoljZkgZN1d8TGRZaj0RgOwU2A73oTcT/vE5qonM/YzJJDZVktihKOTIxmvyNQqYoMXxkCSaK2VsRGWCFibHpFG0I3uLLy6RZrXhuxbuyabgwQx4O4QhOwIMzqMEl1KEBBPrwCM/w4nDnyXl13matOWc+cwB/4Lz/AMLykRI=</latexit><latexit sha1_base64="M3TbLoj53WalPvrr/ltRLFKEXBU=">AAAB6nicbVA9SwNBEJ2LX0n8ilraLAbBQsJdGi0DNpYRzQckR9jb20uW7O6du3tCONLYWNlYKGJr65+x89fo5qPQxAcDj/dmmJkXJJxp47pfTm5ldW19I18obm5t7+yW9vabOk4VoQ0S81i1A6wpZ5I2DDOcthNFsQg4bQXDi4nfuqNKs1jemFFCfYH7kkWMYGOl69tetVcquxV3CrRMvDkp1woP4cf3/Wm9V/rshjFJBZWGcKx1x3MT42dYGUY4HRe7qaYJJkPcpx1LJRZU+9n01DE6tkqIoljZkgZN1d8TGRZaj0RgOwU2A73oTcT/vE5qonM/YzJJDZVktihKOTIxmvyNQqYoMXxkCSaK2VsRGWCFibHpFG0I3uLLy6RZrXhuxbuyabgwQx4O4QhOwIMzqMEl1KEBBPrwCM/w4nDnyXl13matOWc+cwB/4Lz/AMLykRI=</latexit><latexit sha1_base64="gUGNTlRBUROZ5bblXUsySaa0kbs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfbSaBmwsYxoPiA5wt5mL1myt3fuzgkh5CfYWChi6y+y89+4Sa7QxAcDj/dmmJkXpkpapPTbK2xsbm3vFHdLe/sHh0fl45OWTTLDRZMnKjGdkFmhpBZNlKhEJzWCxaES7XB8M/fbT8JYmegHnKQiiNlQy0hyhk66f+zX+uUKrdIFyDrxc1KBHI1++as3SHgWC41cMWu7Pk0xmDKDkisxK/UyK1LGx2wouo5qFgsbTBenzsiFUwYkSowrjWSh/p6YstjaSRy6zpjhyK56c/E/r5thdB1MpU4zFJovF0WZIpiQ+d9kII3gqCaOMG6ku5XwETOMo0un5ELwV19eJ61a1adV/45W6jSPowhncA6X4MMV1OEWGtAEDkN4hld485T34r17H8vWgpfPnMIfeJ8/+9GNhA==</latexit>

qij
<latexit sha1_base64="cQ1rRwWyon7MrfSDhJscjiSZKgI=">AAAB7XicbVA9SwNBEJ2LXzF+xVjaLAbBKuzZaBmwsYxgPiA5wt5mL9lkb/fc3RPCkdbaxkIR0cr/Y+e/cfNRaOKDgcd7M8zMCxPBjcX428utrW9sbuW3Czu7e/sHxcNSw6hUU1anSijdColhgktWt9wK1ko0I3EoWDMcXU395j3Thit5a8cJC2LSlzzilFgnNe66GR9OusUyruAZ0CrxF6RcLX08vANArVv86vQUTWMmLRXEmLaPExtkRFtOBZsUOqlhCaEj0mdtRyWJmQmy2bUTdOqUHoqUdiUtmqm/JzISGzOOQ9cZEzswy95U/M9rpza6DDIuk9QySeeLolQgq9D0ddTjmlErxo4Qqrm7FdEB0YRaF1DBheAvv7xKGucVH1f8G5cGhjnycAwncAY+XEAVrqEGdaAwhEd4hhdPeU/eq/c2b815i5kj+APv8wewgJFU</latexit><latexit sha1_base64="IvwzBKK86Yof11V0OMSeKEYgFpk=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjmA9IjrC32Us22du97O4J4UhrZWEjqIhg5f+x89+4+Sg08cHA470ZZuYFMWfauO63k1lZXVvfyG7mtrZ3dvfy+4WalokitEokl6oRYE05E7RqmOG0ESuKo4DTejC4mvj1O6o0k+LWjGLqR7grWMgINlaqDdsp64/b+aJbcqdAy8Sbk2K58HH/fH74UGnnv1odSZKICkM41rrpubHxU6wMI5yOc61E0xiTAe7SpqUCR1T76fTaMTqxSgeFUtkSBk3V3xMpjrQeRYHtjLDp6UVvIv7nNRMTXvopE3FiqCCzRWHCkZFo8jrqMEWJ4SNLMFHM3opIDytMjA0oZ0PwFl9eJrWzkueWvBubhgszZOEIjuEUPLiAMlxDBapAoA+P8AKvjnSenDfnfdaaceYzB/AHzucPw1ySIg==</latexit><latexit sha1_base64="IvwzBKK86Yof11V0OMSeKEYgFpk=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjmA9IjrC32Us22du97O4J4UhrZWEjqIhg5f+x89+4+Sg08cHA470ZZuYFMWfauO63k1lZXVvfyG7mtrZ3dvfy+4WalokitEokl6oRYE05E7RqmOG0ESuKo4DTejC4mvj1O6o0k+LWjGLqR7grWMgINlaqDdsp64/b+aJbcqdAy8Sbk2K58HH/fH74UGnnv1odSZKICkM41rrpubHxU6wMI5yOc61E0xiTAe7SpqUCR1T76fTaMTqxSgeFUtkSBk3V3xMpjrQeRYHtjLDp6UVvIv7nNRMTXvopE3FiqCCzRWHCkZFo8jrqMEWJ4SNLMFHM3opIDytMjA0oZ0PwFl9eJrWzkueWvBubhgszZOEIjuEUPLiAMlxDBapAoA+P8AKvjnSenDfnfdaaceYzB/AHzucPw1ySIg==</latexit><latexit sha1_base64="O0LrJFp+FQhkPpmtnIJ31dGBYlM=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiXS96JHEi0dMZCGBDemWLhS67dp2TciG/+DFg8Z49f94899YYA8KvmSSl/dmMjMvSgU3FuNvr7SxubW9U96t7O0fHB5Vj08CozJNWYsqoXQnIoYJLlnLcitYJ9WMJJFg7WhyO/fbT0wbruSDnaYsTMhQ8phTYp0UPPZzPp71qzVcxwugdeIXpAYFmv3qV2+gaJYwaakgxnR9nNowJ9pyKtis0ssMSwmdkCHrOipJwkyYL66doQunDFCstCtp0UL9PZGTxJhpErnOhNiRWfXm4n9eN7PxTZhzmWaWSbpcFGcCWYXmr6MB14xaMXWEUM3drYiOiCbUuoAqLgR/9eV1ElzVfVz373GtgYs4ynAG53AJPlxDA+6gCS2gMIZneIU3T3kv3rv3sWwtecXMKfyB9/kD272POw==</latexit>

Qij
<latexit sha1_base64="iKGgW9em85BxuahZCJc9ZsTdCNg=">AAAB+XicbVDLSsNAFL3xWesrPnZuBovgqiTd6LLgxmUL9gFtCJPppB07mYSZSaGEgB/ixoUibsUfceeHuHfSdqGtBwYO59zLPXOChDOlHefLWlvf2NzaLu2Ud/f2Dw7to+O2ilNJaIvEPJbdACvKmaAtzTSn3URSHAWcdoLxTeF3JlQqFos7PU2oF+GhYCEjWBvJt+1+hPWIYJ41cz9j97lvV5yqMwNaJe6CVOqn3x8PANDw7c/+ICZpRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXjZLnqMLowxQGEvzhEYz9fdGhiOlplFgJoucatkrxP+8XqrDay9jIkk1FWR+KEw50jEqakADJinRfGoIJpKZrIiMsMREm7LKpgR3+curpF2ruk7VbZo2ajBHCc7gHC7BhSuowy00oAUEJvAIz/BiZdaT9Wq9zUfXrMXOCfyB9f4Dcz2WXg==</latexit><latexit sha1_base64="izeuLtPNuQ+dj1zsi/u4qqljuBk=">AAAB+XicbVC7TsMwFL0pr1Je4bGxWFRITFXSBcZKLIytRB9SW0WO67SmjhPZTqUqyp+wMIAQa8WPsPEL7Ow4bQdoOZKlo3Pu1T0+fsyZ0o7zaRU2Nre2d4q7pb39g8Mj+/ikpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJv77QmVikXiXk9j2g/xULCAEayN5Nl2L8R6RDBPG5mXsofMs8tOxZkDrRN3Scq1s+939TUb1T37ozeISBJSoQnHSnVdJ9b9FEvNCKdZqZcoGmMyxkPaNVTgkKp+Ok+eoUujDFAQSfOERnP190aKQ6WmoW8m85xq1cvF/7xuooObfspEnGgqyOJQkHCkI5TXgAZMUqL51BBMJDNZERlhiYk2ZZVMCe7ql9dJq1pxnYrbMG1UYYEinMMFXIEL11CDO6hDEwhM4BGe4cVKrSfr1XpbjBas5c4p/IE1+wEVIphW</latexit><latexit sha1_base64="izeuLtPNuQ+dj1zsi/u4qqljuBk=">AAAB+XicbVC7TsMwFL0pr1Je4bGxWFRITFXSBcZKLIytRB9SW0WO67SmjhPZTqUqyp+wMIAQa8WPsPEL7Ow4bQdoOZKlo3Pu1T0+fsyZ0o7zaRU2Nre2d4q7pb39g8Mj+/ikpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJv77QmVikXiXk9j2g/xULCAEayN5Nl2L8R6RDBPG5mXsofMs8tOxZkDrRN3Scq1s+939TUb1T37ozeISBJSoQnHSnVdJ9b9FEvNCKdZqZcoGmMyxkPaNVTgkKp+Ok+eoUujDFAQSfOERnP190aKQ6WmoW8m85xq1cvF/7xuooObfspEnGgqyOJQkHCkI5TXgAZMUqL51BBMJDNZERlhiYk2ZZVMCe7ql9dJq1pxnYrbMG1UYYEinMMFXIEL11CDO6hDEwhM4BGe4cVKrSfr1XpbjBas5c4p/IE1+wEVIphW</latexit><latexit sha1_base64="E6MZ4wGAG3l4YS76sh3nwe3Ha5w=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTd2GXBjcsW7APaECbTSTt2Mgkzk0IJ+RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5tio7u3v7B9XD2tHxyemZfX7RV3EqCe2RmMdyGGBFORO0p5nmdJhIiqOA00Ewvy/8wYJKxWLxqJcJ9SI8FSxkBGsj+bY9jrCeEcyzbu5n7Cn37brTcFZA28QtSR1KdHz7azyJSRpRoQnHSo1cJ9FehqVmhNO8Nk4VTTCZ4ykdGSpwRJWXrZLn6MYoExTG0jyh0Ur9vZHhSKllFJjJIqfa9ArxP2+U6rDlZUwkqaaCrA+FKUc6RkUNaMIkJZovDcFEMpMVkRmWmGhTVs2U4G5+eZv0mw3Xabhdp95ulnVU4Qqu4RZcuIM2PEAHekBgAc/wCm9WZr1Y79bHerRilTuX8AfW5w8V5ZPg</latexit>

B(qij , !ij)
<latexit sha1_base64="Ghx3cE5dThkfR4vHeaKoeMZRCpo=">AAAB/nicbZDLSsNAFIZPvNZ6ixVXbgaLUEFK4kaXRTcuK9gLtCVMppN27GQSZyZCCQVXPofduFDErc/hzrdxmnahrT8MfPznHM6Z3485U9pxvq2l5ZXVtfXcRn5za3tn194r1FWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD64m9cYDlYpF4lYPY9oJcU+wgBGsjeXZB5eley9ld6PTdhTSHs74xLOLTtnJhBbBnUGxUhg/PQNA1bO/2t2IJCEVmnCsVMt1Yt1JsdSMcDrKtxNFY0wGuEdbBgUOqeqk2fkjdGycLgoiaZ7QKHN/T6Q4VGoY+qYzxLqv5msT879aK9HBRSdlIk40FWS6KEg40hGaZIG6TFKi+dAAJpKZWxHpY4mJNonlTQju/JcXoX5Wdp2ye2PScGCqHBzCEZTAhXOowDVUoQYEUhjDK7xZj9aL9W59TFuXrNnMPvyR9fkDpVCXaQ==</latexit><latexit sha1_base64="3APc5jP7ENHdRyU9Tuj1Iac3Kag=">AAAB/nicbZDLSgMxFIYz9Vbrbax05SZYhApSZgTRZdGNywr2Au0wZNK0jU0yY5IRylBw5coHcNuNC0Xc+hzufBvTaRfa+kPg4z/ncE7+IGJUacf5tjJLyyura9n13Mbm1vaOvZuvqzCWmNRwyELZDJAijApS01Qz0owkQTxgpBEMLif1xj2RiobiRg8j4nHUE7RLMdLG8u3CRenOT+jt6LgdctJDKR/5dtEpO6ngIrgzKFby48fn08JT1be/2p0Qx5wIjRlSquU6kfYSJDXFjIxy7ViRCOEB6pGWQYE4UV6Snj+Ch8bpwG4ozRMapu7viQRxpYY8MJ0c6b6ar03M/2qtWHfPvYSKKNZE4OmibsygDuEkC9ihkmDNhgYQltTcCnEfSYS1SSxnQnDnv7wI9ZOy65Tda5OGA6bKgn1wAErABWegAq5AFdQABgkYg1fwZj1YL9a79TFtzVizmT3wR9bnD7gsmDc=</latexit><latexit sha1_base64="3APc5jP7ENHdRyU9Tuj1Iac3Kag=">AAAB/nicbZDLSgMxFIYz9Vbrbax05SZYhApSZgTRZdGNywr2Au0wZNK0jU0yY5IRylBw5coHcNuNC0Xc+hzufBvTaRfa+kPg4z/ncE7+IGJUacf5tjJLyyura9n13Mbm1vaOvZuvqzCWmNRwyELZDJAijApS01Qz0owkQTxgpBEMLif1xj2RiobiRg8j4nHUE7RLMdLG8u3CRenOT+jt6LgdctJDKR/5dtEpO6ngIrgzKFby48fn08JT1be/2p0Qx5wIjRlSquU6kfYSJDXFjIxy7ViRCOEB6pGWQYE4UV6Snj+Ch8bpwG4ozRMapu7viQRxpYY8MJ0c6b6ar03M/2qtWHfPvYSKKNZE4OmibsygDuEkC9ihkmDNhgYQltTcCnEfSYS1SSxnQnDnv7wI9ZOy65Tda5OGA6bKgn1wAErABWegAq5AFdQABgkYg1fwZj1YL9a79TFtzVizmT3wR9bnD7gsmDc=</latexit><latexit sha1_base64="6QLTsXcsgpwL7c8M1vnKg/wvh4o=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiVJCSuNFl0Y3LCvYCbQiT6aQdO5c4MxFKKPgqblwo4tbncOfbOE2z0NYfBj7+cw7nzB8ljGrjed/O0vLK6tp6aaO8ubW9s+vu7be0TBUmTSyZVJ0IacKoIE1DDSOdRBHEI0ba0eh6Wm8/EqWpFHdmnJCAo4GgMcXIWCt0D6+qD2FG7ydnPcnJAOV8GroVr+blgovgF1ABhRqh+9XrS5xyIgxmSOuu7yUmyJAyFDMyKfdSTRKER2hAuhYF4kQHWX7+BJ5Ypw9jqewTBubu74kMca3HPLKdHJmhnq9Nzf9q3dTEl0FGRZIaIvBsUZwyaCScZgH7VBFs2NgCworaWyEeIoWwsYmVbQj+/JcXoXVe872af+tV6l4RRwkcgWNQBT64AHVwAxqgCTDIwDN4BW/Ok/PivDsfs9Ylp5g5AH/kfP4A0I2VUA==</latexit>

�ij
<latexit sha1_base64="HWwZcoAUomWrT4ndENR6edkZpH4=">AAAB8HicbVA9SwNBEJ3zM8avGEubxSBYhTsbLQM2lhHMhyQh7G32kjW7e8funBCOtP4BGwtF0/pz7Pw3bj4KTXww8Hhvhpl5YSKFRd//9tbWNza3tnM7+d29/YPDwlGxbuPUMF5jsYxNM6SWS6F5DQVK3kwMpyqUvBEOr6d+45EbK2J9h6OEdxTtaxEJRtFJ9+1kILqZeBh3CyW/7M9AVkmwIKVKcfL0AQDVbuGr3YtZqrhGJqm1rcBPsJNRg4JJPs63U8sTyoa0z1uOaqq47WSzg8fkzCk9EsXGlUYyU39PZFRZO1Kh61QUB3bZm4r/ea0Uo6tOJnSSItdsvihKJcGYTL8nPWE4QzlyhDIj3K2EDaihDF1GeRdCsPzyKqlflAO/HNy6NHyYIwcncArnEMAlVOAGqlADBgqe4RXePOO9eO/eZN665i1mjuEPvM8f7laSng==</latexit><latexit sha1_base64="KWtpXyX/8eZET5K58bPLaryNGYo=">AAAB8HicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjmA9JjrC32UvW7O4du3vCcaS1srNJoUhaf46d/8bNR6GJDwYe780wMy+IOdPGdb+d3Nr6xuZWfruws7u3f1A8LDV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3U7/5RJVmkbw3aUx9gfuShYxgY6WHTjxg3Yw9jrrFsltxZ0CrxFuQcrU0eR5fHr/UusWvTi8iiaDSEI61bntubPwMK8MIp6NCJ9E0xmSI+7RtqcSCaj+bHTxCZ1bpoTBStqRBM/X3RIaF1qkIbKfAZqCXvan4n9dOTHjtZ0zGiaGSzBeFCUcmQtPvUY8pSgxPLcFEMXsrIgOsMDE2o4INwVt+eZU0LiqeW/HubBouzJGHEziFc/DgCqpwCzWoAwEBr/AG745yxs6HM5m35pzFzBH8gfP5AwFBk2w=</latexit><latexit sha1_base64="KWtpXyX/8eZET5K58bPLaryNGYo=">AAAB8HicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjmA9JjrC32UvW7O4du3vCcaS1srNJoUhaf46d/8bNR6GJDwYe780wMy+IOdPGdb+d3Nr6xuZWfruws7u3f1A8LDV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3U7/5RJVmkbw3aUx9gfuShYxgY6WHTjxg3Yw9jrrFsltxZ0CrxFuQcrU0eR5fHr/UusWvTi8iiaDSEI61bntubPwMK8MIp6NCJ9E0xmSI+7RtqcSCaj+bHTxCZ1bpoTBStqRBM/X3RIaF1qkIbKfAZqCXvan4n9dOTHjtZ0zGiaGSzBeFCUcmQtPvUY8pSgxPLcFEMXsrIgOsMDE2o4INwVt+eZU0LiqeW/HubBouzJGHEziFc/DgCqpwCzWoAwEBr/AG745yxs6HM5m35pzFzBH8gfP5AwFBk2w=</latexit><latexit sha1_base64="4wbwGg+4dnKPsNSVil1ZKiKqNqM=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8lawXPRa8eKxgP6RdSjbNtrFJdkmyQln6K7x4UMSrP8eb/8a03YO2Phh4vDfDzLwolcI6Qr7R2vrG5tZ2aae8u7d/cFg5Om7ZJDOMN1kiE9OJqOVSaN50wkneSQ2nKpK8HY1vZn77iRsrEn3vJikPFR1qEQtGnZceeulI9HPxOO1XqqRG5sCrJChIFQo0+pWv3iBhmeLaMUmt7QYkdWFOjRNM8mm5l1meUjamQ971VFPFbZjPD57ic68McJwYX9rhufp7IqfK2omKfKeibmSXvZn4n9fNXHwd5kKnmeOaLRbFmcQuwbPv8UAYzpyceEKZEf5WzEbUUOZ8RmUfQrD88ippXdYCUgvuSLVOijhKcApncAEBXEEdbqEBTWCg4Ble4Q0Z9ILe0ceidQ0VMyfwB+jzBxmikIU=</latexit>

!ij
<latexit sha1_base64="FUApVLIA5xLdtYY/Kfntmmr5BQY=">AAAB8nicbVC7SgNBFL0bXzG+YixtBoNgFXZttAzYWEYwD9gsYXYym4yZxzIzK4QlrX9gY6EGW7/Gzr9x8ig08cCFwzn3cu89ccqZsb7/7RU2Nre2d4q7pb39g8Oj8nGlZVSmCW0SxZXuxNhQziRtWmY57aSaYhFz2o5HNzO//Ui1YUre23FKI4EHkiWMYOuksKsEHeBezh4mvXLVr/lzoHUSLEm1Xpk+vQNAo1f+6vYVyQSVlnBsTBj4qY1yrC0jnE5K3czQFJMRHtDQUYkFNVE+P3mCzp3SR4nSrqRFc/X3RI6FMWMRu06B7dCsejPxPy/MbHId5UymmaWSLBYlGUdWodn/qM80JZaPHcFEM3crIkOsMbEupZILIVh9eZ20LmuBXwvuXBo+LFCEUziDCwjgCupwCw1oAgEFz/AKb571Xryp97FoLXjLmRP4A+/zB28Kk3o=</latexit><latexit sha1_base64="MJlD72WzI1oPekQ4chbE6W0sUcA=">AAAB8nicbVC7SgNBFL3rM8ZXjFjZDAbBKuwKomXAxjKCecBmCbOTSTJmHsvMrBCWtFa2glgowdavsfNvnDwKTTxw4XDOvdx7T5xwZqzvf3srq2vrG5u5rfz2zu7efuGgWDcq1YTWiOJKN2NsKGeS1iyznDYTTbGIOW3Eg+uJ33ig2jAl7+wwoZHAPcm6jGDrpLClBO3hdsbuR+1CyS/7U6BlEsxJqVIcP75cHD1V24WvVkeRVFBpCcfGhIGf2CjD2jLC6SjfSg1NMBngHg0dlVhQE2XTk0fo1Ckd1FXalbRoqv6eyLAwZihi1ymw7ZtFbyL+54Wp7V5FGZNJaqkks0XdlCOr0OR/1GGaEsuHjmCimbsVkT7WmFiXUt6FECy+vEzq5+XALwe3Lg0fZsjBMZzAGQRwCRW4gSrUgICCZ3iDd896r97Y+5i1rnjzmUP4A+/zB4HmlEg=</latexit><latexit sha1_base64="MJlD72WzI1oPekQ4chbE6W0sUcA=">AAAB8nicbVC7SgNBFL3rM8ZXjFjZDAbBKuwKomXAxjKCecBmCbOTSTJmHsvMrBCWtFa2glgowdavsfNvnDwKTTxw4XDOvdx7T5xwZqzvf3srq2vrG5u5rfz2zu7efuGgWDcq1YTWiOJKN2NsKGeS1iyznDYTTbGIOW3Eg+uJ33ig2jAl7+wwoZHAPcm6jGDrpLClBO3hdsbuR+1CyS/7U6BlEsxJqVIcP75cHD1V24WvVkeRVFBpCcfGhIGf2CjD2jLC6SjfSg1NMBngHg0dlVhQE2XTk0fo1Ckd1FXalbRoqv6eyLAwZihi1ymw7ZtFbyL+54Wp7V5FGZNJaqkks0XdlCOr0OR/1GGaEsuHjmCimbsVkT7WmFiXUt6FECy+vEzq5+XALwe3Lg0fZsjBMZzAGQRwCRW4gSrUgICCZ3iDd896r97Y+5i1rnjzmUP4A+/zB4HmlEg=</latexit><latexit sha1_base64="Pq3+1CGjyt7YUy27V3pW29j0ISc=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4Cj1e9Bjw4jGCWWAyhJ5OTdKml6G7RwhDPsOLB0W8+jXe/Bs7y0ETHxQ83quiql6SCW4dId9BaWNza3unvFvZ2z84PKoen7Stzg2DFtNCm25CLQiuoOW4E9DNDFCZCOgk49uZ33kCY7lWD26SQSzpUPGUM+q8FPW0hCHtF/xx2q/WSJ3MgddJuCQ1tESzX/3qDTTLJSjHBLU2Cknm4oIax5mAaaWXW8goG9MhRJ4qKsHGxfzkKb7wygCn2vhSDs/V3xMFldZOZOI7JXUju+rNxP+8KHfpTVxwleUOFFssSnOBncaz//GAG2BOTDyhzHB/K2YjaihzPqWKDyFcfXmdtK/qIamH96TWIMs4yugMnaNLFKJr1EB3qIlaiCGNntEregtc8BK8Bx+L1lKwnDlFfxB8/gCaR5Fh</latexit>

sij
<latexit sha1_base64="+M4Or/A2A0gWFaQfGYOLPSg7ET0=">AAAB7XicbVA9SwNBEJ2LXzF+xVjaLAbBKtzZaBmwsYxgPiAeYW8zSTbZ2z1294RwpLW2sVBEtPL/2Plv3HwUmvhg4PHeDDPzokRwY33/28utrW9sbuW3Czu7e/sHxcNSw6hUM6wzJZRuRdSg4BLrlluBrUQjjSOBzWh0NfWb96gNV/LWjhMMY9qXvMcZtU5qmE7Gh5NOsexX/BnIKgkWpFwtfTy8A0CtU/y66yqWxigtE9SYduAnNsyotpwJnBTuUoMJZSPax7ajksZowmx27YScOqVLekq7kpbM1N8TGY2NGceR64ypHZhlbyr+57VT27sMMy6T1KJk80W9VBCryPR10uUamRVjRyjT3N1K2IBqyqwLqOBCCJZfXiWN80rgV4Ibl4YPc+ThGE7gDAK4gCpcQw3qwGAIj/AML57ynrxX723emvMWM0fwB97nD7OSkVY=</latexit><latexit sha1_base64="gugVYray1DVKtZHzpuHKbpkfz1w=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjeEkgOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLE860cd1vJ7eyura+kd8sbG3v7O4V90t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxeTfzGHVWaSXFrRgkNYtwTLGIEGyvVdSdjg3GnWHYr7hRomXhzUq6WPu6fzw8fap3iV7srSRpTYQjHWrc8NzFBhpVhhNNxoZ1qmmAyxD3aslTgmOogm147RidW6aJIKlvCoKn6eyLDsdajOLSdMTZ9vehNxP+8VmqiyyBjIkkNFWS2KEo5MhJNXkddpigxfGQJJorZWxHpY4WJsQEVbAje4svLpH5W8dyKd2PTcGGGPBzBMZyCBxdQhWuogQ8EBvAIL/DqSOfJeXPeZ605Zz5zAH/gfP4Axm6SJA==</latexit><latexit sha1_base64="gugVYray1DVKtZHzpuHKbpkfz1w=">AAAB7XicbVA9SwNBEJ2LXzF+xYiVzWIQrMKdIFoGbCwjeEkgOcLeZi/ZZG/32N0TwpHWysJGUBHByv9j579x81Fo4oOBx3szzMwLE860cd1vJ7eyura+kd8sbG3v7O4V90t1LVNFqE8kl6oZYk05E9Q3zHDaTBTFcchpIxxeTfzGHVWaSXFrRgkNYtwTLGIEGyvVdSdjg3GnWHYr7hRomXhzUq6WPu6fzw8fap3iV7srSRpTYQjHWrc8NzFBhpVhhNNxoZ1qmmAyxD3aslTgmOogm147RidW6aJIKlvCoKn6eyLDsdajOLSdMTZ9vehNxP+8VmqiyyBjIkkNFWS2KEo5MhJNXkddpigxfGQJJorZWxHpY4WJsQEVbAje4svLpH5W8dyKd2PTcGGGPBzBMZyCBxdQhWuogQ8EBvAIL/DqSOfJeXPeZ605Zz5zAH/gfP4Axm6SJA==</latexit><latexit sha1_base64="PDPiv8xBphZgv9aK7e1AD4trYPM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hVkvegx48RjBPCBZwuxkNplkHsvMrBCW/IMXD4p49X+8+TdOkj1oYkFDUdVNd1ecCm4dxt/BxubW9s5uaa+8f3B4dFw5OW1ZnRnKmlQLbToxsUxwxZqOO8E6qWFExoK148nd3G8/MWO5Vo9umrJIkqHiCafEeall+zkfz/qVKq7hBdA6CQtShQKNfuWrN9A0k0w5Koi13RCnLsqJcZwKNiv3MstSQidkyLqeKiKZjfLFtTN06ZUBSrTxpRxaqL8nciKtncrYd0riRnbVm4v/ed3MJbdRzlWaOaboclGSCeQ0mr+OBtww6sTUE0IN97ciOiKGUOcDKvsQwtWX10nruhbiWviAq3VcxFGCc7iAKwjhBupwDw1oAoUxPMMrvAU6eAneg49l60ZQzJzBHwSfP97Pjz0=</latexit>

Figure 2.5. Depiction of the circular contact region Qij of contact radius aij under the action
of a distributed contact pressure, with B(qij, ωij) being an elemental region on which the
pressure distribution is considered.

2.4.1 Two-Term Curvature Correction

Pressure distribution (Appendix B.1, Equation (B.20)):
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(2.24)

Contact radius-displacement relationship (Appendix B.1, Equation (B.19)):

a4
ij

(
Bij
3

)
+ a2
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ij ) = 0 (2.25)

which yields only one real and positive solution given by
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(2.26)

Contact force-radius-displacement relationship:
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where

1

E∗ij
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1− ν2
i

Ei
+

1− ν2
j

Ej

and aij(γij + γNL
ij ) is given by Equation (2.26).

2.4.2 Three-Term Curvature Correction

Pressure distribution(Appendix B.2, Equation (B.30)):
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Contact radius-displacement relationship (Appendix B.2, Equation (B.29)):
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which yields only one real and positive solution given by
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where
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Contact force-radius-displacement relationship:
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where aij(γij + γNL
ij ) is given by Equation (2.30).
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2.4.3 Four-Term Curvature Correction

Pressure distribution (Appendix B.3, Equation (B.42)):
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Contact radius-displacement relationship (Appendix B.3, Equation (B.41)):
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which yields only one real and positive solution given by
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(d)

Figure 2.6. Schematic of the loading configurations considered for validation of contact radius
and curvature corrections to the nonlocal contact formulation. (a) Simple Compression, (b)
Die Compression, (c) Hydrostatic Compaction and (d) Die compression with four additional
walls at an angle of 37.5◦ from lateral walls in the y-direction. For each loading configuration,
views in x-z and y-z plane are provided for clarity.
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where aij(γij + γNL
ij ) is given by Equation (2.34).

2.5 Validation of Contact Radius and Curvature Corrections

Validation of contact radius and curvature corrections to the nonlocal contact formulation

was performed by considering four types of loading configurations (Figure 2.6), three of which

simulate the compaction of particles in a simple cubic lattice, namely simple compression

(sphere pressed between two rigid plates, figure 2.6a), die compaction (sphere compressed
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between rigid plates and constrained laterally by rigid walls, figure 2.6b) and hydrostatic

compaction (sphere compressed triaxially by rigid plates, figure 2.6c). The fourth configura-

tion consists of four additional walls perpendicular to the y-z plane between the plates and

lateral walls of a die compaction configuration (Figure 2.6d). Analytical predictions for all

the configurations were compared with detailed finite element simulations, analytical results

obtained from the original nonlocal contact formulation (Gonzalez & Cuitiño, 2012), and

the classical Hertz predictions. For the case of simple compression, predictions were also

compared with experimental measurements (Tatara, 1989; Tatara et al., 1991).

The finite element simulations were performed in ABAQUS on one-eighth of a sphere,

owing to geometric and loading symmetries. Finite deformations were considered and the

material was characterized as compressible Neo-Hookean with energy density of the form

W (λ1, λ2, λ3) =
µ

2

[
J−2/3(λ2

1 + λ2
2 + λ2

3)− 3
]

+
λ

2
(J − 1)2 (2.36)

where λ1, λ2 and λ3 are the principle material stretches, J = det(F) = λ1λ2λ3 and µ and λ are

the Lamé constants. In ABAQUS, C10 = µ
2

and D1 = 2
λ

are the input parameters The elastic

constants used in the simulations correspond to the values of E = 1.85 MPa and ν = 0.48

reported for rubber (Tatara, 1989; Tatara et al., 1991). Following a mesh convergence study,

mesh comprising of 500,000 elements of type C3D8R (8-node linear hexahedral) and 515,201

nodes was chosen. For illustration purposes, a course mesh of 108,000 elements is depicted

in Figure 2.7.

One of the most important factors to be considered while comparing analytical predictions

with numerical simulations, other than the evolution of contact force and contact radius, is

the occurrence of contact impingement. This is a phenomenon that causes the contacts

to no longer remain circular and, thereby, restricts the applicability of the nonlocal contact

formulation. Figure 2.8 provides a geometrical description of the impingement of two contacts

in a spherical particle under a general loading configuration. From the figure, the angular

distance θ12 between the two contacts at the inception of impingement is given by

θ12 = tan−1

(
a′1

R− (γ1/2)

)
+ tan−1

(
a′2

R− (γ2/2)

)
(2.37)
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(a)

(b)

Figure 2.7. Finite-element mesh of one-eighth of a sphere created in ABAQUS. The depicted
mesh is coarser than the final converged mesh, and consists of 108,000 hexahedral elements
and 113,521 nodes. (a) Initial undeformed mesh. (b) Deformed mesh for the fourth loading
configuration of die compression with four additional oblique walls.

Figures 2.9-2.12 present the validation results in form of load-versus-deformation (F/πR2

versus γ/2R) and contact radius-versus-deformation (a′/R versus γ/2R) plots. The figures

also show the values of deformation at which contact impingement occurs for each finite-

element simulation (except simple compression where impingement does not occur)—this

information is extracted by using the contact radius and displacement values obtained from

the simulations in Equation (2.37). It is interesting to note that for all loading configurations

except simple compression, the analytical predictions show an apparent strain-hardening or

stiffening at various deformation levels. This is an artifact of the formulation, which possibly

results from various modeling assumptions made for evaluation of γNL (Gonzalez & Cuitiño,

2012), that limits the range of applicability of the nonlocal contact formulation. Such limited



37

R � �1

2
<latexit sha1_base64="J2cqiJ7795QPfxK02fkc0j35s3k=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1qSbnRZcOOyin1AE8JkOmmHziRhZiLUUPwVNy4Ucalbv8Gdf+P0sdDWAxcO59zLvfeEKWdKO863VVhaXlldK66XNja3tnfs3b2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsLB5dhv3VGpWBLf6mFKfYF7MYsYwdpIgX1wc+ZFEpPc62EhcOCO8uoosMtOxZkALRJ3Rsq1cvv9EwDqgf3ldROSCRprwrFSHddJtZ9jqRnhdFTyMkVTTAa4RzuGxlhQ5eeT60fo2ChdFCXSVKzRRP09kWOh1FCEplNg3Vfz3lj8z+tkOrrwcxanmaYxmS6KMo50gsZRoC6TlGg+NAQTycytiPSxCUObwEomBHf+5UXSrFZcp+JemzROYYoiHMIRnIAL51CDK6hDAwjcwyM8w4v1YD1Zr9bbtLVgzWb24Q+sjx8Er5cS</latexit><latexit sha1_base64="pp8zXzEf/V8gWdra0lXV/KEhYB8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwoSXpRjdCwY3LKvYBTQiT6aQdOjMJMxOhhuCvuHGhiMv6H92581OcPhbaeuDC4Zx7ufeeMGFUacf5spaWV1bX1gsbxc2t7Z1de2+/oeJUYlLHMYtlK0SKMCpIXVPNSCuRBPGQkWbYvx77zQciFY3FvR4kxOeoK2hEMdJGCuzDu3MvkghnXhdxjgI3zyp5YJecsjMBXCTujJSqpdZw+D26qgX2yOvEOOVEaMyQUm3XSbSfIakpZiQveqkiCcJ91CVtQwXiRPnZ5PocnhilA6NYmhIaTtTfExniSg14aDo50j01743F/7x2qqNLP6MiSTUReLooShnUMRxHATtUEqzZwBCEJTW3QtxDJgxtAiuaENz5lxdJo1J2nbJ7a9I4A1MUwBE4BqfABRegCm5ADdQBBo/gGbyCN+vJerHerY9p65I1mzkAf2B9/gCNSpj3</latexit><latexit sha1_base64="pp8zXzEf/V8gWdra0lXV/KEhYB8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwoSXpRjdCwY3LKvYBTQiT6aQdOjMJMxOhhuCvuHGhiMv6H92581OcPhbaeuDC4Zx7ufeeMGFUacf5spaWV1bX1gsbxc2t7Z1de2+/oeJUYlLHMYtlK0SKMCpIXVPNSCuRBPGQkWbYvx77zQciFY3FvR4kxOeoK2hEMdJGCuzDu3MvkghnXhdxjgI3zyp5YJecsjMBXCTujJSqpdZw+D26qgX2yOvEOOVEaMyQUm3XSbSfIakpZiQveqkiCcJ91CVtQwXiRPnZ5PocnhilA6NYmhIaTtTfExniSg14aDo50j01743F/7x2qqNLP6MiSTUReLooShnUMRxHATtUEqzZwBCEJTW3QtxDJgxtAiuaENz5lxdJo1J2nbJ7a9I4A1MUwBE4BqfABRegCm5ADdQBBo/gGbyCN+vJerHerY9p65I1mzkAf2B9/gCNSpj3</latexit><latexit sha1_base64="Wjv67EegX/iRCo/eOaKWXRQsjCo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCy1JN7osuHFZxT6gCeVmOmmHziRhZiLUEPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey24AinIW0ZZmmtNuIimIgNNOML6e+p0HKhWLo3s9SagvYBixkBHQRurbR3cXXiiBZN4QhIC+m2f1vG9XnZozA14mbkGqqECzb395g5ikgkaacFCq5zqJ9jOQmhFO84qXKpoAGcOQ9gyNQFDlZ7Prc3xqlAEOY2kq0nim/p7IQCg1EYHpFKBHatGbiv95vVSHV37GoiTVNCLzRWHKsY7xNAo8YJISzSeGAJHM3IrJCEwY2gRWMSG4iy8vk3a95jo199apNs6LOMroGJ2gM+SiS9RAN6iJWoigR/SMXtGb9WS9WO/Wx7y1ZBUzh+gPrM8fD9uU4Q==</latexit>

✓12
<latexit sha1_base64="pEaKY1Iv77mmGpIbZ+V9g3pr1fY=">AAAB8nicbVDLSgNBEOyNGmN8RT16WQyCp7Cbix4DXjwmYB6wWcLsZDYZMjuzzPQKYclnePGgiFc/wm/wJv6Mk8dBEwsaiqpuuruiVHCDnvflFLa2d4q7pb3y/sHh0XHl5LRjVKYpa1MllO5FxDDBJWsjR8F6qWYkiQTrRpPbud99YNpwJe9xmrIwISPJY04JWino45ghGeR+fTaoVL2at4C7SfwVqTaKre8PAGgOKp/9oaJZwiRSQYwJfC/FMCcaORVsVu5nhqWETsiIBZZKkjAT5ouTZ+6lVYZurLQtie5C/T2Rk8SYaRLZzoTg2Kx7c/E/L8gwvglzLtMMmaTLRXEmXFTu/H93yDWjKKaWEKq5vdWlY6IJRZtS2Ybgr7+8STr1mu/V/JZNow5LlOAcLuAKfLiGBtxBE9pAQcEjPMOLg86T8+q8LVsLzmrmDP7Aef8B+l2TMg==</latexit><latexit sha1_base64="ecBXA1v4cXek2U/6l6djVsxuyN0=">AAAB8nicbVA9SwNBEJ3zI8b4FbW0OQyCVbhLo2XAxjIB8wGXEPY2e8mSvd1jd04IR36EhRYWiljY+Ess7cQ/4+aj0MQHA4/3ZpiZFyaCG/S8L2dtfWMzt5XfLuzs7u0fFA+PmkalmrIGVULpdkgME1yyBnIUrJ1oRuJQsFY4upr6rVumDVfyBscJ68ZkIHnEKUErBR0cMiS9zK9MesWSV/ZmcFeJvyClaq7+/fFw91brFT87fUXTmEmkghgT+F6C3Yxo5FSwSaGTGpYQOiIDFlgqScxMN5udPHHPrNJ3I6VtSXRn6u+JjMTGjOPQdsYEh2bZm4r/eUGK0WU34zJJkUk6XxSlwkXlTv93+1wzimJsCaGa21tdOiSaULQpFWwI/vLLq6RZKfte2a/bNCowRx5O4BTOwYcLqMI11KABFBTcwxM8O+g8Oi/O67x1zVnMHMMfOO8/cR2VCg==</latexit><latexit sha1_base64="ecBXA1v4cXek2U/6l6djVsxuyN0=">AAAB8nicbVA9SwNBEJ3zI8b4FbW0OQyCVbhLo2XAxjIB8wGXEPY2e8mSvd1jd04IR36EhRYWiljY+Ess7cQ/4+aj0MQHA4/3ZpiZFyaCG/S8L2dtfWMzt5XfLuzs7u0fFA+PmkalmrIGVULpdkgME1yyBnIUrJ1oRuJQsFY4upr6rVumDVfyBscJ68ZkIHnEKUErBR0cMiS9zK9MesWSV/ZmcFeJvyClaq7+/fFw91brFT87fUXTmEmkghgT+F6C3Yxo5FSwSaGTGpYQOiIDFlgqScxMN5udPHHPrNJ3I6VtSXRn6u+JjMTGjOPQdsYEh2bZm4r/eUGK0WU34zJJkUk6XxSlwkXlTv93+1wzimJsCaGa21tdOiSaULQpFWwI/vLLq6RZKfte2a/bNCowRx5O4BTOwYcLqMI11KABFBTcwxM8O+g8Oi/O67x1zVnMHMMfOO8/cR2VCg==</latexit><latexit sha1_base64="U22A3mFSapjqpzbgQbbDt3CfemE=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mL1myt3vszgnhyM+wsVDE1l9j579xk1yhiQ8GHu/NMDMvSqWw6PvfXmlre2d3r7xfOTg8Oj6pnp51rM4M422mpTa9iFouheJtFCh5LzWcJpHk3Wh6t/C7T9xYodUjzlIeJnSsRCwYRSf1BzjhSId50JgPqzW/7i9BNklQkBoUaA2rX4ORZlnCFTJJre0HfophTg0KJvm8MsgsTymb0jHvO6powm2YL0+ekyunjEisjSuFZKn+nshpYu0siVxnQnFi172F+J/XzzC+DXOh0gy5YqtFcSYJarL4n4yE4QzlzBHKjHC3EjahhjJ0KVVcCMH6y5uk06gHfj148GvNRhFHGS7gEq4hgBtowj20oA0MNDzDK7x56L14797HqrXkFTPn8Afe5w8EgJEA</latexit>

R � �2

2
<latexit sha1_base64="IHbp6hnWcrqI420GJdXchbEkLP4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1qSbnRZcOOyin1AE8JkOmmHziRhZiLUUPwVNy4Ucalbv8Gdf+P0sdDWAxcO59zLvfeEKWdKO863VVhaXlldK66XNja3tnfs3b2mSjJJaIMkPJHtECvKWUwbmmlO26mkWISctsLB5dhv3VGpWBLf6mFKfYF7MYsYwdpIgX1wc+ZFEpPc62EhcFAd5dVRYJedijMBWiTujJRr5fb7JwDUA/vL6yYkEzTWhGOlOq6Taj/HUjPC6ajkZYqmmAxwj3YMjbGgys8n14/QsVG6KEqkqVijifp7IsdCqaEITafAuq/mvbH4n9fJdHTh5yxOM01jMl0UZRzpBI2jQF0mKdF8aAgmkplbEeljE4Y2gZVMCO78y4ukWa24TsW9NmmcwhRFOIQjOAEXzqEGV1CHBhC4h0d4hhfrwXqyXq23aWvBms3swx9YHz8GN5cT</latexit><latexit sha1_base64="6dEvxuqJJ5apLQlIHhmkibZjgto=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwoSXpRjdCwY3LKvYBTQiT6aQdOjMJMxOhhuCvuHGhiMv6H92581OcPhbaeuDC4Zx7ufeeMGFUacf5spaWV1bX1gsbxc2t7Z1de2+/oeJUYlLHMYtlK0SKMCpIXVPNSCuRBPGQkWbYvx77zQciFY3FvR4kxOeoK2hEMdJGCuzDu3MvkghnXhdxjoJKnlXywC45ZWcCuEjcGSlVS63h8Ht0VQvskdeJccqJ0Jghpdquk2g/Q1JTzEhe9FJFEoT7qEvahgrEifKzyfU5PDFKB0axNCU0nKi/JzLElRrw0HRypHtq3huL/3ntVEeXfkZFkmoi8HRRlDKoYziOAnaoJFizgSEIS2puhbiHTBjaBFY0IbjzLy+SRqXsOmX31qRxBqYogCNwDE6BCy5AFdyAGqgDDB7BM3gFb9aT9WK9Wx/T1iVrNnMA/sD6/AGO0pj4</latexit><latexit sha1_base64="6dEvxuqJJ5apLQlIHhmkibZjgto=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwoSXpRjdCwY3LKvYBTQiT6aQdOjMJMxOhhuCvuHGhiMv6H92581OcPhbaeuDC4Zx7ufeeMGFUacf5spaWV1bX1gsbxc2t7Z1de2+/oeJUYlLHMYtlK0SKMCpIXVPNSCuRBPGQkWbYvx77zQciFY3FvR4kxOeoK2hEMdJGCuzDu3MvkghnXhdxjoJKnlXywC45ZWcCuEjcGSlVS63h8Ht0VQvskdeJccqJ0Jghpdquk2g/Q1JTzEhe9FJFEoT7qEvahgrEifKzyfU5PDFKB0axNCU0nKi/JzLElRrw0HRypHtq3huL/3ntVEeXfkZFkmoi8HRRlDKoYziOAnaoJFizgSEIS2puhbiHTBjaBFY0IbjzLy+SRqXsOmX31qRxBqYogCNwDE6BCy5AFdyAGqgDDB7BM3gFb9aT9WK9Wx/T1iVrNnMA/sD6/AGO0pj4</latexit><latexit sha1_base64="qt7cvbzs59kZXj7D25MCijr3oSw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBhZakG10W3LisYh/QhHIznbRDZyZhZiLUEPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee8KEUaVd99sqrayurW+UNytb2zu7e/b+QVvFqcSkhWMWy24IijAqSEtTzUg3kQR4yEgnHF9P/c4DkYrG4l5PEhJwGAoaUQzaSH376O7CjyTgzB8C59Cv51k979tVt+bO4CwTryBVVKDZt7/8QYxTToTGDJTqeW6igwykppiRvOKniiSAxzAkPUMFcKKCbHZ97pwaZeBEsTQltDNTf09kwJWa8NB0ctAjtehNxf+8XqqjqyCjIkk1EXi+KEqZo2NnGoUzoJJgzSaGAJbU3OrgEZgwtAmsYkLwFl9eJu16zXNr3q1bbZwXcZTRMTpBZ8hDl6iBblATtRBGj+gZvaI368l6sd6tj3lrySpmDtEfWJ8/EWOU4g==</latexit>

P3
<latexit sha1_base64="+Ef/mliu+gAg7on/10QVGDgcTog=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuzGQsuAjWUC5gHZEGYns8mQ2dll5q4QlvyGjYUitv6D32An/oyzSQpNPDBwOOde7pkTJFIYdN0vZ2Nza7uwU9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJbe53Hrg2Ilb3OE14P6IjJULBKFrJ9yOK4yDMGrPB1aBccavuHGSdeEtSqRea3x8A0BiUP/1hzNKIK2SSGtPz3AT7GdUomOSzkp8anlA2oSPes1TRiJt+Ns88IxdWGZIw1vYpJHP190ZGI2OmUWAn84xm1cvF/7xeiuFNPxMqSZErtjgUppJgTPICyFBozlBOLaFMC5uVsDHVlKGtqWRL8Fa/vE7atarnVr2mbaMGCxThDM7hEjy4hjrcQQNawCCBR3iGFyd1npxX520xuuEsd07hD5z3H+Adk7g=</latexit><latexit sha1_base64="FUhjfDygXLbdf4eLx7+hxFsjdGM=">AAAB83icbVBNS8NAFHypWmv9inr0slgETyWpBz0WvHhswX5AE8pmu2mXbjZhdyOU0B/hpRcPigie/CMevYl/xk3bg7YOLAwz7/FmJ0g4U9pxvqzCxuZWcbu0U97d2z84tI+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxje537mnUrFY3OlJQv0IDwULGcHaSJ4XYT0Kwqwx7V/27YpTdeZA68Rdkkq92Pz+mD28Nfr2pzeISRpRoQnHSvVcJ9F+hqVmhNNp2UsVTTAZ4yHtGSpwRJWfzTNP0blRBiiMpXlCo7n6eyPDkVKTKDCTeUa16uXif14v1eG1nzGRpJoKsjgUphzpGOUFoAGTlGg+MQQTyUxWREZYYqJNTWVTgrv65XXSrlVdp+o2TRs1WKAEp3AGF+DCFdThFhrQAgIJzOAJnq3UerRerNfFaMFa7pzAH1jvP1bdlZA=</latexit><latexit sha1_base64="FUhjfDygXLbdf4eLx7+hxFsjdGM=">AAAB83icbVBNS8NAFHypWmv9inr0slgETyWpBz0WvHhswX5AE8pmu2mXbjZhdyOU0B/hpRcPigie/CMevYl/xk3bg7YOLAwz7/FmJ0g4U9pxvqzCxuZWcbu0U97d2z84tI+O2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxje537mnUrFY3OlJQv0IDwULGcHaSJ4XYT0Kwqwx7V/27YpTdeZA68Rdkkq92Pz+mD28Nfr2pzeISRpRoQnHSvVcJ9F+hqVmhNNp2UsVTTAZ4yHtGSpwRJWfzTNP0blRBiiMpXlCo7n6eyPDkVKTKDCTeUa16uXif14v1eG1nzGRpJoKsjgUphzpGOUFoAGTlGg+MQQTyUxWREZYYqJNTWVTgrv65XXSrlVdp+o2TRs1WKAEp3AGF+DCFdThFhrQAgIJzOAJnq3UerRerNfFaMFa7pzAH1jvP1bdlZA=</latexit><latexit sha1_base64="Eix2u8QYFw4Wvx/jB+bp6W4OoPU=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQudFlw47KCfUATymR60w6dTMLMRCihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTpoJr47rfzsbm1vbObmWvun9weHRcOznt6iRTDDssEYnqh1Sj4BI7hhuB/VQhjUOBvXB6V/i9J1SaJ/LRzFIMYjqWPOKMGiv5fkzNJIzy9nx4PazV3Ya7AFknXknqUKI9rH35o4RlMUrDBNV64LmpCXKqDGcC51U/05hSNqVjHFgqaYw6yBeZ5+TSKiMSJco+achC/b2R01jrWRzaySKjXvUK8T9vkJnoNsi5TDODki0PRZkgJiFFAWTEFTIjZpZQprjNStiEKsqMralqS/BWv7xOus2G5za8B7feapZ1VOAcLuAKPLiBFtxDGzrAIIVneIU3J3NenHfnYzm64ZQ7Z/AHzucP6jGRhg==</latexit>

P2
<latexit sha1_base64="UDjqeUbaqmlj/Pej1lh+36KTSDY=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTI7Owyc1cIS37DxkIRW//Bb7ATf8bJo9DEAwOHc+7lnjlhKoVB1/1yClvbO8Xd0l55/+Dw6LhyctoxSaYZb7NEJroXUsOlULyNAiXvpZrTOJS8G05u5373gWsjEnWP05QHMR0pEQlG0Uq+H1Mch1HenA3qg0rVrbkLkE3irUi1UWx9fwBAc1D59IcJy2KukElqTN9zUwxyqlEwyWdlPzM8pWxCR7xvqaIxN0G+yDwjl1YZkijR9ikkC/X3Rk5jY6ZxaCfnGc26Nxf/8/oZRjdBLlSaIVdseSjKJMGEzAsgQ6E5Qzm1hDItbFbCxlRThramsi3BW//yJunUa55b81q2jTosUYJzuIAr8OAaGnAHTWgDgxQe4RlenMx5cl6dt+VowVntnMEfOO8/3pmTtw==</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsTuY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+ammCSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEEkwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/AVVZlY8=</latexit><latexit sha1_base64="Mj3QlNxQvcEGTLI8X9DKEJxsTuY=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWm/Vq/XHGr7hxonXhLUqkXmt8fs4e3Rr/86Q9ikgoqDeFY657nJibIsDKMcDot+ammCSZjPKQ9SyUWVAfZPPMUXVhlgKJY2ScNmqu/NzIstJ6I0E7mGfWql4v/eb3URNdBxmSSGirJ4lCUcmRilBeABkxRYvjEEkwUs1kRGWGFibE1lWwJ3uqX10m7VvXcqte0bdRggSKcwTlcggdXUIdbaEALCCQwgyd4dlLn0XlxXhejG85y5xT+wHn/AVVZlY8=</latexit><latexit sha1_base64="Zq7aGSxcTRIg7HRpv+cLAUEPwb8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKUw6LrfTmVre2d3r7pfOzg8Oj6pn571TJJpxrsskYkehNRwKRTvokDJB6nmNA4l74ezu8LvP3FtRKIecZ7yIKYTJSLBKFrJ92OK0zDKO4tRa1RvuE13CbJJvJI0oERnVP/yxwnLYq6QSWrM0HNTDHKqUTDJFzU/MzylbEYnfGipojE3Qb7MvCBXVhmTKNH2KSRL9fdGTmNj5nFoJ4uMZt0rxP+8YYbRbZALlWbIFVsdijJJMCFFAWQsNGco55ZQpoXNStiUasrQ1lSzJXjrX94kvVbTc5veg9tot8o6qnABl3ANHtxAG+6hA11gkMIzvMKbkzkvzrvzsRqtOOXOOfyB8/kD6K2RhQ==</latexit>

P1
<latexit sha1_base64="EWyDaF5XXt6F2J8Le1YKsWVJdpg=">AAAB83icbVC7SgNBFL0bNcb4ilraDAbBKuym0TJgY5mAeUA2hNnJ3WTI7OwyMyuEJb9hY6GIrf/gN9iJP+NskkITDwwczrmXe+YEieDauO6XU9ja3inulvbK+weHR8eVk9OOjlPFsM1iEateQDUKLrFtuBHYSxTSKBDYDaa3ud99QKV5LO/NLMFBRMeSh5xRYyXfj6iZBGHWnA+9YaXq1twFyCbxVqTaKLa+PwCgOax8+qOYpRFKwwTVuu+5iRlkVBnOBM7LfqoxoWxKx9i3VNII9SBbZJ6TS6uMSBgr+6QhC/X3RkYjrWdRYCfzjHrdy8X/vH5qwptBxmWSGpRseShMBTExyQsgI66QGTGzhDLFbVbCJlRRZmxNZVuCt/7lTdKp1zy35rVsG3VYogTncAFX4ME1NOAOmtAGBgk8wjO8OKnz5Lw6b8vRgrPaOYM/cN5/AN0Vk7Y=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJRk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTTBJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiCSaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/AFPVlY4=</latexit><latexit sha1_base64="5+5MNbVpapQA/xoC3c5iG3vmJRk=">AAAB83icbVC7SgNBFL3rI8b4ilraDAbBKuym0TJgY5mAeUB2CbOT2WTIzOwyMyuEJR9hk8ZCEcHKH7G0E3/G2SSFJh4YOJxzL/fMCRPOtHHdL2djc2u7sFPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E45vc79xTpVks78wkoYHAQ8kiRrCxku8LbEZhlDWmfa9frrhVdw60TrwlqdQLze+P2cNbo1/+9AcxSQWVhnCsdc9zExNkWBlGOJ2W/FTTBJMxHtKepRILqoNsnnmKLqwyQFGs7JMGzdXfGxkWWk9EaCfzjHrVy8X/vF5qousgYzJJDZVkcShKOTIxygtAA6YoMXxiCSaK2ayIjLDCxNiaSrYEb/XL66Rdq3pu1WvaNmqwQBHO4BwuwYMrqMMtNKAFBBKYwRM8O6nz6Lw4r4vRDWe5cwp/4Lz/AFPVlY4=</latexit><latexit sha1_base64="He40bPAJjWDRohzEe1nLm7viB0g=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTd6LLgxmUF+4AmlMn0ph06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkahFSj4BK7hhuBg1QhjUOB/XB2V/j9J1SaJ/LRzFMMYjqRPOKMGiv5fkzNNIzyzmLkjeoNt+kuQTaJV5IGlOiM6l/+OGFZjNIwQbUeem5qgpwqw5nARc3PNKaUzegEh5ZKGqMO8mXmBbmyyphEibJPGrJUf2/kNNZ6Hod2ssio171C/M8bZia6DXIu08ygZKtDUSaISUhRABlzhcyIuSWUKW6zEjalijJja6rZErz1L2+SXqvpuU3vwW20W2UdVbiAS7gGD26gDffQgS4wSOEZXuHNyZwX5935WI1WnHLnHP7A+fwB5ymRhA==</latexit>

a0
1

<latexit sha1_base64="fyQ5JlcRBDPPkxHYqf0tVwGC9XQ=">AAAB63icbVC7SgNBFL3rM8ZXjKXNYBBThd00WgZsLCOYByRLmJ3MJkPmsczMCmHJL9hYKGJh4w/ZiT/jbJJCEw9cOJxzL/feEyWcGev7X97G5tb2zm5hr7h/cHh0XDopt41KNaEtorjS3QgbypmkLcssp91EUywiTjvR5Cb3Ow9UG6bkvZ0mNBR4JFnMCLa5hC8HwaBU8Wv+HGidBEtSaZSr3+8A0ByUPvtDRVJBpSUcG9ML/MSGGdaWEU5nxX5qaILJBI9oz1GJBTVhNr91hi6cMkSx0q6kRXP190SGhTFTEblOge3YrHq5+J/XS218HWZMJqmlkiwWxSlHVqH8cTRkmhLLp45gopm7FZEx1phYF0/RhRCsvrxO2vVa4NeCO5dGHRYowBmcQxUCuIIG3EITWkBgDI/wDC+e8J68V+9t0brhLWdO4Q+8jx/nAI+b</latexit><latexit sha1_base64="uTLDH3iIR48P62G62ZFA3Dq3XXM=">AAAB63icbVA9SwNBEJ2LXzEajbG0WQxiqnCXRsuAjWUE8wHJEfY2e8mS3b1zd08IR36BYGOhiK2dv8ZO/DPuJSk08cHA470ZZuYFMWfauO6Xk9vY3Nreye8W9vaLB4elo3JbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBylfmde6o0i+StmcbUF3gkWcgINpmEzwfeoFRxa+4caJ14S1JplKvfDx93xeag9NkfRiQRVBrCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iyVWFDtp/NbZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ61UvE//zeokJL/2UyTgxVJLFojDhyEQoexwNmaLE8KklmChmb0VkjBUmxsZTsCF4qy+vk3a95rk178amUYcF8nACp1AFDy6gAdfQhBYQGMMjPMOLI5wn59V5W7TmnOXMMfyB8/4DWaGQsA==</latexit><latexit sha1_base64="O+yBvWa59qsY5gHC0jBiuHba/qU=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhCtwl0aLQM2lhHMByRHmNvsJUt2947dPSGE/AUbC0Vs/UN2/hv3kis08cHA470ZZuZFqeDG+v63t7G5tb2zW9or7x8cHh1XTk7bJsk0ZS2aiER3IzRMcMVallvBuqlmKCPBOtHkLvc7T0wbnqhHO01ZKHGkeMwp2lzCq0EwqFT9mr8AWSdBQapQoDmofPWHCc0kU5YKNKYX+KkNZ6gtp4LNy/3MsBTpBEes56hCyUw4W9w6J5dOGZI40a6UJQv198QMpTFTGblOiXZsVr1c/M/rZTa+DWdcpZllii4XxZkgNiH542TINaNWTB1Bqrm7ldAxaqTWxVN2IQSrL6+Tdr0W+LXgwa826kUcJTiHC7iGAG6gAffQhBZQGMMzvMKbJ70X7937WLZueMXMGfyB9/kDQ0mNpg==</latexit>

a0
2

<latexit sha1_base64="tIH3CHXFYTU2sHo0SwO9Hg7hZTY=">AAAB63icbVC7SgNBFL3rM8ZXjKXNYBBThd00WgZsLCOYByRLmJ3MJkPmsczMCmHJL9hYKGJh4w/ZiT/jbJJCEw9cOJxzL/feEyWcGev7X97G5tb2zm5hr7h/cHh0XDopt41KNaEtorjS3QgbypmkLcssp91EUywiTjvR5Cb3Ow9UG6bkvZ0mNBR4JFnMCLa5hC8H9UGp4tf8OdA6CZak0ihXv98BoDkoffaHiqSCSks4NqYX+IkNM6wtI5zOiv3U0ASTCR7RnqMSC2rCbH7rDF04ZYhipV1Ji+bq74kMC2OmInKdAtuxWfVy8T+vl9r4OsyYTFJLJVksilOOrEL542jINCWWTx3BRDN3KyJjrDGxLp6iCyFYfXmdtOu1wK8Fdy6NOixQgDM4hyoEcAUNuIUmtIDAGB7hGV484T15r97bonXDW86cwh94Hz/ohI+c</latexit><latexit sha1_base64="eQHotQjyBks9o5+bzz+E3L4I1b8=">AAAB63icbVA9SwNBEJ2LXzEajbG0WQxiqnCXRsuAjWUE8wHJEfY2e8mS3b1zd08IR36BYGOhiK2dv8ZO/DPuJSk08cHA470ZZuYFMWfauO6Xk9vY3Nreye8W9vaLB4elo3JbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBylfmde6o0i+StmcbUF3gkWcgINpmEzwf1Qani1tw50DrxlqTSKFe/Hz7uis1B6bM/jEgiqDSEY617nhsbP8XKMMLprNBPNI0xmeAR7VkqsaDaT+e3ztCZVYYojJQtadBc/T2RYqH1VAS2U2Az1qteJv7n9RITXvopk3FiqCSLRWHCkYlQ9jgaMkWJ4VNLMFHM3orIGCtMjI2nYEPwVl9eJ+16zXNr3o1Now4L5OEETqEKHlxAA66hCS0gMIZHeIYXRzhPzqvztmjNOcuZY/gD5/0HWyWQsQ==</latexit><latexit sha1_base64="6ekvboUwueiDfb51hjl3380Nvuw=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhCtwl0aLQM2lhHMByRH2NvsJUt2947dOSGE/AUbC0Vs/UN2/hv3kis08cHA470ZZuZFqRQWff/b29jc2t7ZLe2V9w8Oj44rJ6dtm2SG8RZLZGK6EbVcCs1bKFDybmo4VZHknWhyl/udJ26sSPQjTlMeKjrSIhaMYi7Rq0F9UKn6NX8Bsk6CglShQHNQ+eoPE5YprpFJam0v8FMMZ9SgYJLPy/3M8pSyCR3xnqOaKm7D2eLWObl0ypDEiXGlkSzU3xMzqqydqsh1Kopju+rl4n9eL8P4NpwJnWbINVsuijNJMCH542QoDGcop45QZoS7lbAxNZShi6fsQghWX14n7Xot8GvBg19t1Is4SnAOF3ANAdxAA+6hCS1gMIZneIU3T3kv3rv3sWzd8IqZM/gD7/MHRM2Npw==</latexit>

Figure 2.8. Impingement of two contacts of radii a′1 and a′2 at distances
(
R− γ1

2

)
and(

R− γ2

2

)
respectively from the center of a particle of radius R, separated by an angular

distance θ12.

range of applicability exists for simple compression as well, albeit at deformations greater

than 80% that are beyond the scope of this study.

Analysis of the plots suggests that the proposed contact radius and curvature corrections

increase the range of applicability of the nonlocal contact formulation, thereby enabling pre-

dictions at higher levels of deformation. Further improvement is observed with increase in the

order of curvature correction until convergence, which is achieved with a four-term correction.

Quantitatively, the range of applicability of the formulation is increased by roughly 5% for

die compaction, 2% for hydrostatic compaction and 6% for die compaction with additional

walls is observed. Additionally, the corrections enable predictions closer to the geometric

contact impingement, marked by dotted straight lines in the graphs. This is well represented

in the graphs for die compaction, where predictions continue right until the impingement of

vertical and lateral contacts, and for die compaction with additional walls, where predictions

continue until the impingement of vertical and lateral contacts in the x-direction. Interest-

ingly, the analytical predictions for the fourth configuration are remarkably accurate even
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(a)

(b)

Figure 2.9. (a) Load - deformation and (b) contact radius - deformation curves for simple
compression of a rubber sphere. Hertz theory predictions (black-dashed curves), nonlocal
contact formulation results without contact radius and curvature corrections (black curves),
with contact radius and two- (red curves), three- (green curves) and four- (blue curves) term
corrections, finite element solution (gray curves), and experimental measurements (Tatara,
1989; Tatara et al., 1991) (five-pointed stars and triangles) are presented. The convergence
of predictions at a four-term correction is shown in the inserts.
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(a)

(b)

Figure 2.10. (a) Load - deformation and (b) contact radius - deformation curves for die
compression of a rubber sphere. Predictions for vertical loaded contacts are given by solid
curves while predictions for lateral constrained contacts are given by dashed-dotted curves.
Hertz theory predictions (black-dashed curves), nonlocal contact formulation results without
contact radius and curvature corrections (black curves), with contact radius and two- (red
curves), three- (green curves) and four- (blue curves) term corrections, and finite element
solution (gray curves) are presented. The deformation at geometrical contact impingement of
vertical and lateral contacts is marked by a gray dotted line. The convergence of predictions
at a four-term correction is shown in the inserts.
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(a)

(b)

Figure 2.11. (a) Load - deformation and (b) contact radius - deformation curves for hy-
drostatic compression of a rubber sphere. Hertz theory predictions (black-dashed curves),
nonlocal contact formulation results without contact radius and curvature corrections (black
curves), with contact radius and two- (red curves), three- (green curves) and four- (blue
curves) term corrections, and finite element solution (gray curves)) are presented. The de-
formation at geometrical contact impingement of contacts is marked by a gray dotted line.
The convergence of predictions at a four-term correction is shown in the inserts.
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(a)

(b)

Figure 2.12. (a) Load - deformation and (b) contact radius - deformation curves for com-
pression of a rubber sphere according to the loading configuration depicted in Figure 2.6d.
Predictions are represented by solid curves for vertical loaded contacts, dashed-dotted curves
for lateral constrained contacts in x-direction, dashed curves for lateral constrained contacts
in y-direction, and dotted curves for oblique contacts. Hertz theory predictions (bold black-
dashed curves), nonlocal contact formulation results without contact radius and curvature
corrections (black curves), with contact radius and two- (red curves), three- (green curves)
and four- (blue curves) term corrections, and finite element solution (gray curves) are pre-
sented. The deformation at geometrical contact impingement of vertical, oblique and lateral
(y-direction) contacts is marked by a gray dotted line, and that of vertical contacts and
lateral contacts in x-direction by a black dotted line. The convergence of predictions at a
four-term correction is shown in the inserts.
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after the impingement of vertical, oblique and lateral (y-direction) contacts (gray dotted

line), indicating that predictions of the extended nonlocal contact formulation are accurate

until impingement of all the particle contacts. As for the case of simple compression, an

overall improvement in the representation of experimental measurements for both contact

force and radius is observed, which again converges at the four-term curvature correction.

2.6 Summary and Discussion

An analytical framework has been developed for contact radius correction to nonlocal

contact formulations, which accounts for local and nonlocal contributions to the radial de-

formation of contact boundaries due to multiple contact forces acting on a single particle.

Furthermore, a method of curvature correction has been proposed to relax the traditional

assumption of one-term Taylor series representation of undeformed contacting surfaces. For

definiteness, attention has been restricted to elastic spheres in the absence of gravitational

forces, adhesion or friction. Hence, a notable feature of the nonlocal formulation presented

here is that, when no contact radius and curvature corrections are accounted for, it reduces

to the nonlocal contact formulation presented by Gonzalez & Cuitiño (2012) and thus, when

all nonlocal effects and corrections are neglected, it reduces to Hertz theory. A salient fea-

ture of the proposed formulation is that it increases the range of applicability of the nonlocal

contact formulation (Gonzalez & Cuitiño, 2012) and, consequently, it enables accurate pre-

dictions of contact behavior until contact impingement for confined loading configurations.

Specifically, investigation of four different loading conditions (namely simple compression,

die compression within four walls and within six walls, and hydrostatic compaction) have

successfully validated the predictions of the proposed nonlocal formulation with respect to

experimental and detailed finite-element simulation results of rubber particles.

To conclude this chapter, future research directions and possible approaches for extension

of the formulation are mentioned below.

First, the work presented in this chapter together with the nonlocal contact formula-

tion by Gonzalez & Cuitiño (2012) serves as the foundation for conceiving an analytical

elasto-plastic nonlocal contact formulation. Similar to elastic particles, the assumption of
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independent contacts is not valid for particles deforming predominantly plastically in the

range of moderate to high mesoscopic deformations (Mesarovic & Fleck, 2000). Recently,

finite element simulations of linear elastic-perfectly plastic particles (Tsigginos, Strong &

Zavaliangos, 2015) have shown contact interactions at moderate deformations physically

manifesting as coalescence of local plastically deforming zones around individual contacts,

with further deformation leading to the development of a low-compressibility regime when

the contact deformations become predominantly elastic. The systematic investigation of

these interaction effects is a worthwhile direction of future research.

Second, although the work presented in this chapter is a contribution to predictive mod-

eling of confined granular systems, considerable effort is required for modeling of contact

behavior beyond contact impingement. Finite element simulations presented in this chap-

ter show an almost linear increase in contact force with deformation after impingement of

all contacts, indicating a linear force-displacement relationship in this deformation regime.

However, a rigorous analysis of such linear correlation is desirable, if beyond the scope of

this study.
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CHAPTER 3. SEMI-MECHANISTIC CONTACT LAWS FOR LARGE DEFORMATION

UNIAXIAL AND TRIAXIAL COMPRESSION OF ELASTO-PLASTIC PARTICLES

The content of this chapter and associated appendices C, D and E has been submitted to
the International Journal of Solids and Structures, and it is currently under review.

3.1 Introduction

Compacted granular systems, particularly powder compacts, are one of the most com-

monly used types of materials, with extensive applications in manufacturing processes of

critical industries like pharmaceuticals, ceramics, energy, automotive, construction, food,

and metallurgy. The versatility and wide application of these materials have made them a

subject of active research in the scientific community, particularly in the area of predictive

modeling of meso and macroscopic behavior of these materials under confinement. Confined

granular media typically consist of a disordered blend of different powder particles with

different particle size distributions. During compaction, these particles deform by coming

into contact with neighboring particles as forces get transmitted throughout the system, es-

sentially forming a heterogeneous contact network of force chains (Majmudar & Behringer,

2005). The significant heterogeneity of these systems at the granular scale has, therefore, a

fundamental impact on their macroscopic behavior.

Conventionally, the macroscopic behavior of confined granular systems has been described

by continuum models such as Cam-Clay (Puri et al., 1995; Sun & Kim, 1997), Cap (Chtourou

et al., 2002), Drucker-Prager Cap (DPC) (DiMaggio & Sandler, 1971; Cunningham et al.,

2004; Sinka et al., 2004; Han et al., 2008; Sinha et al., 2010), and Endochronic (Khoei et al.,

2002; Bakhshiani et al., 2002, 2004) plasticity models, which consider granular media as

homogeneous material, thereby neglecting the critical behavior at meso (particle) scale such

as particle rearrangement and non-affine deformations. More recently, macroscopic discrete

models have been proposed. The capability of these models to incorporate microstructural
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evolution and properties of the granular system into its global behavior has increased their

popularity and usage in recent years. A commonly used numerical method in this category

is the Discrete Element Method (DEM) proposed by Cundall & Strack (1979), which has

been employed extensively to successfully study and predict densification due to particle

rearrangement and particle-particle elasto-plastic deformation during powder compaction

(Sheng et al., 2002; Martin et al., 2003; Martin & Bouvard, 2003; Martin et al., 2006; Skrinjar

& Larsson, 2004; Belheine et al., 2009; Harthong et al., 2009; Jerier et al., 2011; Rojek

et al., 2016). The discrete particle mechanics approach (Gonzalez & Cuitiño, 2016; Yohannes

et al., 2016, 2017; Gonzalez et al., 2018; Poorsolhjouy & Gonzalez, 2018; Gonzalez, 2019)

is another computationally efficient numerical technique for modeling of highly confined

granular systems. The approach considers rate-independent material behavior and models

the compaction process as a sequence of quasi-static loading steps, where a set of nonlinear

equations for the equilibrium configuration of each particle is formulated and solved during

each step.

While the superiority of discrete models over continuum models in describing the macro-

scopic behavior of confined granular systems is evident, it is worth mentioning that the

predictability of discrete models relies heavily on the employed contact formulation to de-

scribe the contact force-area-deformation relationship between inter-particle contacts formed

before and during the compaction process. Understanding the contact mechanics between

deformable particles has been a problem of interest for several decades. While contact of

elastic particles within the regime of small deformations is fairly understood, thanks to the

classical work of Hertz (1882), the problem becomes more involved and complex with con-

sideration of large deformations and inelastic material behavior. As an initial step towards

formulating an analytical contact law for elasto-plastic particles under large deformations, an

attempt to understand the deformation mechanisms that govern the particle response under

large compression is made. Figure 3.1 represents the normalized contact force-deformation,

contact radius-deformation and contact pressure-deformation responses derived from finite

element simulations of a single elasto-plastic von Mises type power-law hardening spherical

particle under three types of loading configurations in a simple cubic cell, namely simple

axial compression, die compression (axial compression and lateral confinement between four
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(a) (b)

(c)

Figure 3.1. Finite element simulation results of normalized (a) contact force-deformation,
(b) contact radius-deformation, and (c) contact pressure-deformation behavior of an elastic-
plastic power law hardening sphere of radius R = 10mm under three types of loading con-
figurations, namely simple compression (solid curve with circle markers), die compaction
(solid curve with pentagram markers) and hydrostatic compaction (solid curve with cross
markers). The similarity solution proposed by Biwa & Stor̊akers (1995) is also plotted for
comparison, and is shown as dashed curve in all the plots. The material properties used here
correspond to lead (Chen et al., 2007).



47

(a) Simple Compression (b) Die Compaction (c) Hydrostatic Compaction

Figure 3.2. Schematics of loading configurations considered in this study.

rigid walls) and hydrostatic compression (isostatic axisymmetric loading). Schematics of

these loading configurations are depicted in Figure 3.2. The material’s yield surface evolves

according to the following power law (Ludwik, 1909)

σ = σy +Kε
1/n
pl (3.1)

where σ is the current stress, σy is the yield stress, K is a representative strength, n is the

hardening exponent, and εpl is the plastic strain calculated as

εpl = ε− σ

E
(3.2)

where ε is the current strain and E is the Young’s modulus. To perform the simulations,

material properties corresponding to those reported by Chen et al. (2007) for lead, i.e.,

K = 15.5 MPa, n = 2.857, E = 10 GPa and ν = 0.435 were used. To ensure consistency

with the assumption of rigid-plastic power law hardening behavior by previous works on

contact models for spherical indentation (Tabor, 1951; Biwa & Stor̊akers, 1995) and contact

of inelastic solids of revolution (Stor̊akers et al., 1997), the Hollomon’s power law (Hollomon,

1945) is additionally considered

σ = κε1/m (3.3)
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where κ is a representative strength and m is the hardening exponent. By equating power

laws given by Equations (3.1) and (3.3) and adjusting the coefficient values to obtain similar

response curves, Harthong et al. (2009) obtained κ = 20.5 MPa and m = 4.167 for lead.

This value of κ was used to normalize the contact force and the contact pressure in Fig-

ure 3.1. From an observation of the contact response, it is quite apparent that the contact

behavior is heavily dependent on the loading configuration, especially at moderate-to-large

deformations. Particle compression causes an initial elastic deformation, followed by local

plastic deformation at the vicinity of each contact where yielding occurs for the first time.

Initially, the plastic zone is fully contained within the surrounding material which remains

elastic, and, therefore, the contact deformation mode within this regime is termed as a ‘con-

tained’ or ‘elastic-plastic’ deformation mode (Johnson, 1970, 1985; Stronge, 2018). On the

onset of this deformation mode, the contact force and pressure curves become non-linear

with a decreasing slope. The plastic zone quickly expands and breaks out to the free surface,

resulting in a plastic flow of the material surrounding the contact area. This is called an

‘uncontained’ or ‘fully plastic’ mode of deformation (Johnson, 1970, 1985; Stronge, 2018).

During this stage, the contact response exhibits a softening or a reduction in contact pressure

with further deformation. This deformation regime has been previously studied by Frenning

and co-workers (Frenning, 2013; Jonsson et al., 2017) and Tsigginos et al. (2015), who at-

tribute the softening effect to the full mergence of plastically deforming zones around the

contacts. However, the theory of Jackson, Green, and co-workers (Jackson & Green, 2003;

Quicksall et al., 2004; Jackson & Green, 2006) is more intuitive, who postulated that the

flattening or indentation of a sphere onto a surface causes its geometry to approach that of

a compressed column, leading the contact pressure to reduce and approach the material’s

yield or representative strength. Until this point, the contacts can be assumed independent

of each other, yielding similar force, area and pressure evolution regardless of the loading

configuration, resulting in an overlap of the curves at this stage. With further deformation,

the void volume around the particle gets increasingly filled by the material displaced by

plastic deformation. For the case of simple compression, the lateral void volume is infinitely

large. Therefore, material displacement in the lateral direction due to contact deformation

does not affect the contact pressure, which continues to reduce and approach the material’s
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representative strength. However, for die and hydrostatic loading conditions, the void volume

is finite and, therefore, the contact pressure starts increasing again with increasing particle

deformation. This phenomenon, termed ‘geometrical hardening’ by Sundstrom & Fischmeis-

ter (1973) and ‘low compressibility’ regime by Tsigginos et al. (2015), has been previously

studied using finite element simulations of isostatic axisymmetric loading of elastic-perfectly

plastic spherical particles (Tsigginos et al., 2015). It was observed that the increase in con-

tact pressure was the result of a significant increase in the elastic strain energy of the particle

during this stage, indicating that further particle deformation is governed by elastic com-

pressibility of the material. Due to the higher degree of confinement, void filling occurs at

a faster rate during hydrostatic loading as compared to the die loading condition, resulting

in the contact pressure rising at a smaller contact deformation for the hydrostatic loading

configuration as compared to the die configuration. Overall, this phenomenon is observed

the in form of a significant divergence of the response curves of the three cases at this stage,

signifying a strong dependence on the loading configuration at large deformations.

For deformations in the ‘contained’ mode, spherical cavity expansion models for elasto-

plastic indentation of a half space have been proposed for both small (Johnson, 1985;

Studman et al., 1977; Hardy et al., 1971; Gao et al., 2006; Mata et al., 2006) and large

deformations (Liu et al., 2014b). For materials undergoing negligible elastic deformations

and predominant ‘uncontained’ plastic deformations (rigid-plastic power law hardening),

Biwa and Stor̊akers (Biwa & Stor̊akers, 1995; Stor̊akers et al., 1997) formulated a contact

model by reduction of a moving boundary contact problem to a stationary one using self-

similar approach. The model was derived by first solving the fundamental contact problem

of a curved rigid indenter in contact with a deformable half space (Hill et al., 1989), from

which the solution of spherical indentation of a half space and more importantly, contact

of two spheres of different radii and strengths but the same hardening exponent could be

obtained. According to this model, for contact between two spheres (Figure 3.3) of radii R1

and R1, strengths κ1 and κ2, and plastic power-law hardening exponent m, the contact force

(P )-radius (a)-displacement (γ) relationships are given by
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<latexit sha1_base64="NBwWiFsNHU0r0MVrb4rzSOrM1pY=">AAACE3icbVDLSgNBEJyNrxhfUY9eBhPBg4TdXPQY8OIxgnlAsoTeySQZMrO7zPQKcclPCJ70T7yJVz/AH/HsJNmDSSxoKKq6obqCWAqDrvvt5DY2t7Z38ruFvf2Dw6Pi8UnTRIlmvMEiGel2AIZLEfIGCpS8HWsOKpC8FYxvZ37rkWsjovABJzH3FQxDMRAM0ErtcncISkG5Vyy5FXcOuk68jJRIhnqv+NPtRyxRPEQmwZiO58bop6BRMMmnhW5ieAxsDEPesTQExY2fzvNO6YVV+nQQaTsh0rn69yIFZcxEBXZTAY7MqjcT//UQgmS6rIjx00oaHNz4qQjjBHnIFmEGiaQY0VlBtC80ZygnlgDTwv5D2Qg0MLQ1FmxR3mot66RZrXhuxbuvlmpXWWV5ckbOySXxyDWpkTtSJw3CiCTP5JW8OS/Ou/PhfC5Wc052c0qW4Hz9AovYno0=</latexit><latexit sha1_base64="NBwWiFsNHU0r0MVrb4rzSOrM1pY=">AAACE3icbVDLSgNBEJyNrxhfUY9eBhPBg4TdXPQY8OIxgnlAsoTeySQZMrO7zPQKcclPCJ70T7yJVz/AH/HsJNmDSSxoKKq6obqCWAqDrvvt5DY2t7Z38ruFvf2Dw6Pi8UnTRIlmvMEiGel2AIZLEfIGCpS8HWsOKpC8FYxvZ37rkWsjovABJzH3FQxDMRAM0ErtcncISkG5Vyy5FXcOuk68jJRIhnqv+NPtRyxRPEQmwZiO58bop6BRMMmnhW5ieAxsDEPesTQExY2fzvNO6YVV+nQQaTsh0rn69yIFZcxEBXZTAY7MqjcT//UQgmS6rIjx00oaHNz4qQjjBHnIFmEGiaQY0VlBtC80ZygnlgDTwv5D2Qg0MLQ1FmxR3mot66RZrXhuxbuvlmpXWWV5ckbOySXxyDWpkTtSJw3CiCTP5JW8OS/Ou/PhfC5Wc052c0qW4Hz9AovYno0=</latexit><latexit sha1_base64="NBwWiFsNHU0r0MVrb4rzSOrM1pY=">AAACE3icbVDLSgNBEJyNrxhfUY9eBhPBg4TdXPQY8OIxgnlAsoTeySQZMrO7zPQKcclPCJ70T7yJVz/AH/HsJNmDSSxoKKq6obqCWAqDrvvt5DY2t7Z38ruFvf2Dw6Pi8UnTRIlmvMEiGel2AIZLEfIGCpS8HWsOKpC8FYxvZ37rkWsjovABJzH3FQxDMRAM0ErtcncISkG5Vyy5FXcOuk68jJRIhnqv+NPtRyxRPEQmwZiO58bop6BRMMmnhW5ieAxsDEPesTQExY2fzvNO6YVV+nQQaTsh0rn69yIFZcxEBXZTAY7MqjcT//UQgmS6rIjx00oaHNz4qQjjBHnIFmEGiaQY0VlBtC80ZygnlgDTwv5D2Qg0MLQ1FmxR3mot66RZrXhuxbuvlmpXWWV5ckbOySXxyDWpkTtSJw3CiCTP5JW8OS/Ou/PhfC5Wc052c0qW4Hz9AovYno0=</latexit><latexit sha1_base64="NBwWiFsNHU0r0MVrb4rzSOrM1pY=">AAACE3icbVDLSgNBEJyNrxhfUY9eBhPBg4TdXPQY8OIxgnlAsoTeySQZMrO7zPQKcclPCJ70T7yJVz/AH/HsJNmDSSxoKKq6obqCWAqDrvvt5DY2t7Z38ruFvf2Dw6Pi8UnTRIlmvMEiGel2AIZLEfIGCpS8HWsOKpC8FYxvZ37rkWsjovABJzH3FQxDMRAM0ErtcncISkG5Vyy5FXcOuk68jJRIhnqv+NPtRyxRPEQmwZiO58bop6BRMMmnhW5ieAxsDEPesTQExY2fzvNO6YVV+nQQaTsh0rn69yIFZcxEBXZTAY7MqjcT//UQgmS6rIjx00oaHNz4qQjjBHnIFmEGiaQY0VlBtC80ZygnlgDTwv5D2Qg0MLQ1FmxR3mot66RZrXhuxbuvlmpXWWV5ckbOySXxyDWpkTtSJw3CiCTP5JW8OS/Ou/PhfC5Wc052c0qW4Hz9AovYno0=</latexit>

a
<latexit sha1_base64="ODkqpsw3DH235TRK0O/nvAQMaiI=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4kLCbix4DXjxGNA9IltA7mU2GzM4uM7NCDPkEwZP+iTfx6i/4I56dJHswiQUNRVU3VFeQCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41RRVqexiFUrQM0El6xuuBGslSiGUSBYMxjeTP3mI1Oax/LBjBLmR9iXPOQUjZXuS1jqFopu2Z2BrBIvI0XIUOsWfjq9mKYRk4YK1LrtuYnxx6gMp4JN8p1UswTpEPusbanEiGl/PIs6IedW6ZEwVnakITP178UYI61HUWA3IzQDvexNxX89g0E6WVT48GkpjQmv/TGXSWqYpPMwYSqIicm0G9LjilEjRpYgVdz+Q+gAFVJjG8zborzlWlZJo1L23LJ3VylWL7PKcnAKZ3ABHlxBFW6hBnWg0IdneIU358V5dz6cz/nqmpPdnMACnK9ffRicXQ==</latexit><latexit sha1_base64="ODkqpsw3DH235TRK0O/nvAQMaiI=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4kLCbix4DXjxGNA9IltA7mU2GzM4uM7NCDPkEwZP+iTfx6i/4I56dJHswiQUNRVU3VFeQCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41RRVqexiFUrQM0El6xuuBGslSiGUSBYMxjeTP3mI1Oax/LBjBLmR9iXPOQUjZXuS1jqFopu2Z2BrBIvI0XIUOsWfjq9mKYRk4YK1LrtuYnxx6gMp4JN8p1UswTpEPusbanEiGl/PIs6IedW6ZEwVnakITP178UYI61HUWA3IzQDvexNxX89g0E6WVT48GkpjQmv/TGXSWqYpPMwYSqIicm0G9LjilEjRpYgVdz+Q+gAFVJjG8zborzlWlZJo1L23LJ3VylWL7PKcnAKZ3ABHlxBFW6hBnWg0IdneIU358V5dz6cz/nqmpPdnMACnK9ffRicXQ==</latexit><latexit sha1_base64="ODkqpsw3DH235TRK0O/nvAQMaiI=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4kLCbix4DXjxGNA9IltA7mU2GzM4uM7NCDPkEwZP+iTfx6i/4I56dJHswiQUNRVU3VFeQCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41RRVqexiFUrQM0El6xuuBGslSiGUSBYMxjeTP3mI1Oax/LBjBLmR9iXPOQUjZXuS1jqFopu2Z2BrBIvI0XIUOsWfjq9mKYRk4YK1LrtuYnxx6gMp4JN8p1UswTpEPusbanEiGl/PIs6IedW6ZEwVnakITP178UYI61HUWA3IzQDvexNxX89g0E6WVT48GkpjQmv/TGXSWqYpPMwYSqIicm0G9LjilEjRpYgVdz+Q+gAFVJjG8zborzlWlZJo1L23LJ3VylWL7PKcnAKZ3ABHlxBFW6hBnWg0IdneIU358V5dz6cz/nqmpPdnMACnK9ffRicXQ==</latexit><latexit sha1_base64="ODkqpsw3DH235TRK0O/nvAQMaiI=">AAACDnicbVDLSgNBEOz1GeMr6tHLYCJ4kLCbix4DXjxGNA9IltA7mU2GzM4uM7NCDPkEwZP+iTfx6i/4I56dJHswiQUNRVU3VFeQCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41RRVqexiFUrQM0El6xuuBGslSiGUSBYMxjeTP3mI1Oax/LBjBLmR9iXPOQUjZXuS1jqFopu2Z2BrBIvI0XIUOsWfjq9mKYRk4YK1LrtuYnxx6gMp4JN8p1UswTpEPusbanEiGl/PIs6IedW6ZEwVnakITP178UYI61HUWA3IzQDvexNxX89g0E6WVT48GkpjQmv/TGXSWqYpPMwYSqIicm0G9LjilEjRpYgVdz+Q+gAFVJjG8zborzlWlZJo1L23LJ3VylWL7PKcnAKZ3ABHlxBFW6hBnWg0IdneIU358V5dz6cz/nqmpPdnMACnK9ffRicXQ==</latexit>

R1<latexit sha1_base64="At/bXUBy6moWJpRIm1Qkz5/h3mo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVcSEm60WXBjcsqpi20oUymk3boZBJmboQa+g2CK/0Td+LWP/BHXDtts7CtBy4czrkXzj1BIrhGx/m21tY3Nre2CzvF3b39g8PS0XFTx6mizKOxiFU7IJoJLpmHHAVrJ4qRKBCsFYxupn7rkSnNY/mA44T5ERlIHnJK0Ehe5b7nVnqlslN1ZrBXiZuTMuRo9Eo/3X5M04hJpIJo3XGdBP2MKORUsEmxm2qWEDoiA9YxVJKIaT+bhZ3Y50bp22GszEi0Z+rfi4xEWo+jwGxGBId62ZuK/3pIgnSyqPDR01IaDK/9jMskRSbpPEyYChtje9qO3eeKURRjQwhV3Pxj0yFRhKLpsGiKcpdrWSXNWtV1qu5drVy/zCsrwCmcwQW4cAV1uIUGeECBwzO8wpv1Yr1bH9bnfHXNym9OYAHW1y+etZzy</latexit><latexit sha1_base64="At/bXUBy6moWJpRIm1Qkz5/h3mo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVcSEm60WXBjcsqpi20oUymk3boZBJmboQa+g2CK/0Td+LWP/BHXDtts7CtBy4czrkXzj1BIrhGx/m21tY3Nre2CzvF3b39g8PS0XFTx6mizKOxiFU7IJoJLpmHHAVrJ4qRKBCsFYxupn7rkSnNY/mA44T5ERlIHnJK0Ehe5b7nVnqlslN1ZrBXiZuTMuRo9Eo/3X5M04hJpIJo3XGdBP2MKORUsEmxm2qWEDoiA9YxVJKIaT+bhZ3Y50bp22GszEi0Z+rfi4xEWo+jwGxGBId62ZuK/3pIgnSyqPDR01IaDK/9jMskRSbpPEyYChtje9qO3eeKURRjQwhV3Pxj0yFRhKLpsGiKcpdrWSXNWtV1qu5drVy/zCsrwCmcwQW4cAV1uIUGeECBwzO8wpv1Yr1bH9bnfHXNym9OYAHW1y+etZzy</latexit><latexit sha1_base64="At/bXUBy6moWJpRIm1Qkz5/h3mo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVcSEm60WXBjcsqpi20oUymk3boZBJmboQa+g2CK/0Td+LWP/BHXDtts7CtBy4czrkXzj1BIrhGx/m21tY3Nre2CzvF3b39g8PS0XFTx6mizKOxiFU7IJoJLpmHHAVrJ4qRKBCsFYxupn7rkSnNY/mA44T5ERlIHnJK0Ehe5b7nVnqlslN1ZrBXiZuTMuRo9Eo/3X5M04hJpIJo3XGdBP2MKORUsEmxm2qWEDoiA9YxVJKIaT+bhZ3Y50bp22GszEi0Z+rfi4xEWo+jwGxGBId62ZuK/3pIgnSyqPDR01IaDK/9jMskRSbpPEyYChtje9qO3eeKURRjQwhV3Pxj0yFRhKLpsGiKcpdrWSXNWtV1qu5drVy/zCsrwCmcwQW4cAV1uIUGeECBwzO8wpv1Yr1bH9bnfHXNym9OYAHW1y+etZzy</latexit><latexit sha1_base64="At/bXUBy6moWJpRIm1Qkz5/h3mo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVcSEm60WXBjcsqpi20oUymk3boZBJmboQa+g2CK/0Td+LWP/BHXDtts7CtBy4czrkXzj1BIrhGx/m21tY3Nre2CzvF3b39g8PS0XFTx6mizKOxiFU7IJoJLpmHHAVrJ4qRKBCsFYxupn7rkSnNY/mA44T5ERlIHnJK0Ehe5b7nVnqlslN1ZrBXiZuTMuRo9Eo/3X5M04hJpIJo3XGdBP2MKORUsEmxm2qWEDoiA9YxVJKIaT+bhZ3Y50bp22GszEi0Z+rfi4xEWo+jwGxGBId62ZuK/3pIgnSyqPDR01IaDK/9jMskRSbpPEyYChtje9qO3eeKURRjQwhV3Pxj0yFRhKLpsGiKcpdrWSXNWtV1qu5drVy/zCsrwCmcwQW4cAV1uIUGeECBwzO8wpv1Yr1bH9bnfHXNym9OYAHW1y+etZzy</latexit>

R2<latexit sha1_base64="9T0ntbT5hPSwuD8q+pAuBJmHdw0=">AAACEHicbVDLTgJBEOz1ifhCPXqZCCYeDNnlokcSLx7RuEACGzI7zMKE2Udmek1wwzeYeNI/8Wa8+gf+iGcH2IOAlXRSqepOqstPpNBo29/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWMuyyWsWr7VHMpIu6iQMnbieI09CVv+aObqd965EqLOHrAccK9kA4iEQhG0Uhu5b5Xq/RKZbtqz0BWiZOTMuRo9Eo/3X7M0pBHyCTVuuPYCXoZVSiY5JNiN9U8oWxEB7xjaERDrr1sFnZCzo3SJ0GszERIZurfi4yGWo9D32yGFId62ZuK/3pI/XSyqIjR01IaDK69TERJijxi8zBBKgnGZNoO6QvFGcqxIZQpYf4hbEgVZWg6LJqinOVaVkmzVnXsqnNXK9cv88oKcApncAEOXEEdbqEBLjAQ8Ayv8Ga9WO/Wh/U5X12z8psTWID19QugXpzz</latexit><latexit sha1_base64="9T0ntbT5hPSwuD8q+pAuBJmHdw0=">AAACEHicbVDLTgJBEOz1ifhCPXqZCCYeDNnlokcSLx7RuEACGzI7zMKE2Udmek1wwzeYeNI/8Wa8+gf+iGcH2IOAlXRSqepOqstPpNBo29/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWMuyyWsWr7VHMpIu6iQMnbieI09CVv+aObqd965EqLOHrAccK9kA4iEQhG0Uhu5b5Xq/RKZbtqz0BWiZOTMuRo9Eo/3X7M0pBHyCTVuuPYCXoZVSiY5JNiN9U8oWxEB7xjaERDrr1sFnZCzo3SJ0GszERIZurfi4yGWo9D32yGFId62ZuK/3pI/XSyqIjR01IaDK69TERJijxi8zBBKgnGZNoO6QvFGcqxIZQpYf4hbEgVZWg6LJqinOVaVkmzVnXsqnNXK9cv88oKcApncAEOXEEdbqEBLjAQ8Ayv8Ga9WO/Wh/U5X12z8psTWID19QugXpzz</latexit><latexit sha1_base64="9T0ntbT5hPSwuD8q+pAuBJmHdw0=">AAACEHicbVDLTgJBEOz1ifhCPXqZCCYeDNnlokcSLx7RuEACGzI7zMKE2Udmek1wwzeYeNI/8Wa8+gf+iGcH2IOAlXRSqepOqstPpNBo29/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWMuyyWsWr7VHMpIu6iQMnbieI09CVv+aObqd965EqLOHrAccK9kA4iEQhG0Uhu5b5Xq/RKZbtqz0BWiZOTMuRo9Eo/3X7M0pBHyCTVuuPYCXoZVSiY5JNiN9U8oWxEB7xjaERDrr1sFnZCzo3SJ0GszERIZurfi4yGWo9D32yGFId62ZuK/3pI/XSyqIjR01IaDK69TERJijxi8zBBKgnGZNoO6QvFGcqxIZQpYf4hbEgVZWg6LJqinOVaVkmzVnXsqnNXK9cv88oKcApncAEOXEEdbqEBLjAQ8Ayv8Ga9WO/Wh/U5X12z8psTWID19QugXpzz</latexit><latexit sha1_base64="9T0ntbT5hPSwuD8q+pAuBJmHdw0=">AAACEHicbVDLTgJBEOz1ifhCPXqZCCYeDNnlokcSLx7RuEACGzI7zMKE2Udmek1wwzeYeNI/8Wa8+gf+iGcH2IOAlXRSqepOqstPpNBo29/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWMuyyWsWr7VHMpIu6iQMnbieI09CVv+aObqd965EqLOHrAccK9kA4iEQhG0Uhu5b5Xq/RKZbtqz0BWiZOTMuRo9Eo/3X7M0pBHyCTVuuPYCXoZVSiY5JNiN9U8oWxEB7xjaERDrr1sFnZCzo3SJ0GszERIZurfi4yGWo9D32yGFId62ZuK/3pI/XSyqIjR01IaDK69TERJijxi8zBBKgnGZNoO6QvFGcqxIZQpYf4hbEgVZWg6LJqinOVaVkmzVnXsqnNXK9cv88oKcApncAEOXEEdbqEBLjAQ8Ayv8Ga9WO/Wh/U5X12z8psTWID19QugXpzz</latexit>

x1<latexit sha1_base64="U89y0uo2okxFEahqUoQHBVtAMw8=">AAACGXicbVDLSsNAFJ3UV62vqks3g63gQkrSjS4LblxWsA9oY5lMJ+3QySTM3Ig15D8EV/on7sStK3/EtZM2C9t64MLhnHvh3ONFgmuw7W+rsLa+sblV3C7t7O7tH5QPj9o6jBVlLRqKUHU9opngkrWAg2DdSDESeIJ1vMl15ncemNI8lHcwjZgbkJHkPqcEjHRf7QcExp6fPKYDpzooV+yaPQNeJU5OKihHc1D+6Q9DGgdMAhVE655jR+AmRAGngqWlfqxZROiEjFjPUEkCpt1kljrFZ0YZYj9UZiTgmfr3IiGB1tPAM5tZSL3sZeK/HhAvThcVPnlaSgP+lZtwGcXAJJ2H8WOBIcRZTXjIFaMgpoYQqrj5B9MxUYSCKbNkinKWa1kl7XrNsWvObb3SuMgrK6ITdIrOkYMuUQPdoCZqIYoUekav6M16sd6tD+tzvlqw8ptjtADr6xeLIKE4</latexit><latexit sha1_base64="U89y0uo2okxFEahqUoQHBVtAMw8=">AAACGXicbVDLSsNAFJ3UV62vqks3g63gQkrSjS4LblxWsA9oY5lMJ+3QySTM3Ig15D8EV/on7sStK3/EtZM2C9t64MLhnHvh3ONFgmuw7W+rsLa+sblV3C7t7O7tH5QPj9o6jBVlLRqKUHU9opngkrWAg2DdSDESeIJ1vMl15ncemNI8lHcwjZgbkJHkPqcEjHRf7QcExp6fPKYDpzooV+yaPQNeJU5OKihHc1D+6Q9DGgdMAhVE655jR+AmRAGngqWlfqxZROiEjFjPUEkCpt1kljrFZ0YZYj9UZiTgmfr3IiGB1tPAM5tZSL3sZeK/HhAvThcVPnlaSgP+lZtwGcXAJJ2H8WOBIcRZTXjIFaMgpoYQqrj5B9MxUYSCKbNkinKWa1kl7XrNsWvObb3SuMgrK6ITdIrOkYMuUQPdoCZqIYoUekav6M16sd6tD+tzvlqw8ptjtADr6xeLIKE4</latexit><latexit sha1_base64="U89y0uo2okxFEahqUoQHBVtAMw8=">AAACGXicbVDLSsNAFJ3UV62vqks3g63gQkrSjS4LblxWsA9oY5lMJ+3QySTM3Ig15D8EV/on7sStK3/EtZM2C9t64MLhnHvh3ONFgmuw7W+rsLa+sblV3C7t7O7tH5QPj9o6jBVlLRqKUHU9opngkrWAg2DdSDESeIJ1vMl15ncemNI8lHcwjZgbkJHkPqcEjHRf7QcExp6fPKYDpzooV+yaPQNeJU5OKihHc1D+6Q9DGgdMAhVE655jR+AmRAGngqWlfqxZROiEjFjPUEkCpt1kljrFZ0YZYj9UZiTgmfr3IiGB1tPAM5tZSL3sZeK/HhAvThcVPnlaSgP+lZtwGcXAJJ2H8WOBIcRZTXjIFaMgpoYQqrj5B9MxUYSCKbNkinKWa1kl7XrNsWvObb3SuMgrK6ITdIrOkYMuUQPdoCZqIYoUekav6M16sd6tD+tzvlqw8ptjtADr6xeLIKE4</latexit><latexit sha1_base64="U89y0uo2okxFEahqUoQHBVtAMw8=">AAACGXicbVDLSsNAFJ3UV62vqks3g63gQkrSjS4LblxWsA9oY5lMJ+3QySTM3Ig15D8EV/on7sStK3/EtZM2C9t64MLhnHvh3ONFgmuw7W+rsLa+sblV3C7t7O7tH5QPj9o6jBVlLRqKUHU9opngkrWAg2DdSDESeIJ1vMl15ncemNI8lHcwjZgbkJHkPqcEjHRf7QcExp6fPKYDpzooV+yaPQNeJU5OKihHc1D+6Q9DGgdMAhVE655jR+AmRAGngqWlfqxZROiEjFjPUEkCpt1kljrFZ0YZYj9UZiTgmfr3IiGB1tPAM5tZSL3sZeK/HhAvThcVPnlaSgP+lZtwGcXAJJ2H8WOBIcRZTXjIFaMgpoYQqrj5B9MxUYSCKbNkinKWa1kl7XrNsWvObb3SuMgrK6ITdIrOkYMuUQPdoCZqIYoUekav6M16sd6tD+tzvlqw8ptjtADr6xeLIKE4</latexit>
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Figure 3.3. Schematic of the two-particle contact problem, depicting the contact between
two spherical particles of radii R1 and R2. The particles are made of rigid-plastic power law
hardening material with strengths κ1 and κ2 and a common power-law hardening exponent
m. A displacement γ of the centers of mass of the particles located at positions x1 and x2

results in a contact force P and contact area of radius a.

Contact Force:

P = ηPa
2+ 1

m (3.4)

Contact Radius:

a =

(
2c2

A

)1/2

γ1/2 (3.5)

where γ is the relative displacement of the particles

γ = R1 +R2 − ||x1 − x2|| (3.6)

and the geometric parameter A and plastic law coefficient ηP are given by

A =
1

R1

+
1

R2

(3.7)

ηP = πkA1/m

(
1

κm1
+

1

κm2

)−1/m

(3.8)



51

with k = 3 × 6−1/m and c2 = 1.43e−0.97/m (Stor̊akers & Larsson, 1994). To illustrate the

applicability of the contact law, it is plotted for the properties of lead in Figure 3.1 (dashed

curves). It can be seen that the solution is independent of the loading configuration, and

diverges from the response curves at small deformations (∼2 − 3%). This is consistent

with the assumption of small strain kinematics and independent contacts employed for the

derivation of the similarity contact law.

The formulation of an analytical contact law capable of describing the contact behav-

ior at later stages of compression is particularly challenging due to the inapplicability of

the assumptions of independent contacts and small strain kinematics. Besides, the contact

formulation must account for complex phenomena such as softening at moderate strains

and the significant increase in contact pressure evident at large strains for confined loading

conditions. Initial progress in this regard was made by Harthong et al. (2009, 2012), who

proposed a semi-mechanistic contact law for spherical particles with rigid plastic power-law

hardening material behavior through curve fitting of force-deformation FE data of particle

compression under simple, die and hydrostatic loading conditions. The model is based on

a local relative density-dependent stiffness parameter, which is added to the stiffness of the

contact under simple compression to represent the rise in contact force for die and hydrostatic

loading conditions due to plastic incompressibility at large deformations. While the model

is highly predictive at large deformations, it is limited to the force-deformation relationship

and neglects elastic deformations, leading to infinite force as the relative density tends to

unity. Frenning (2013) proposed a truncated sphere model applicable for small-to-moderate

deformations of a spherical particle under a general loading configuration. The model uti-

lizes the plastic incompressibility assumption to relate the average pressure in the particle

due to elastic volumetric strain to the mean pressure generated at the particle contacts. For

the specific case of hydrostatic loading condition, Frenning (2015) later extended the model

to account for contact impingement and low compressibility at large deformations. Olsson

& Larsson (2013a,b, 2016) proposed semi-analytical contact laws for elasto-plastic spheri-

cal particles under simple loading configuration that are predictive at large deformations.

Their formulation is based on the work of Johnson (1970) on the correlation of indenta-
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tion tests performed on elasto-plastic materials to a single master curve dependent on a

non-dimensional material and contact geometry parameter.

While the development of a closed-form analytical formulation for large deformation con-

tact behavior of elasto-plastic confined granular systems remains an open problem, valuable

progress towards achieving this goal can be made by developing the capability to predict the

complete contact behavior, i.e., contact force and contact area, for particles under uncon-

fined and confined compression in a simple cubic packing. In this chapter, a semi-mechanistic

contact formulation for an elastic-perfectly plastic spherical particle under simple, die and

hydrostatic loading configurations is presented. Contact laws for the evolution of contact

pressure and contact radius with deformation are proposed, which enable the determina-

tion of contact force as the product of pressure and area. The contact radius is derived as

a three-term expansion of the curvature-corrected (Agarwal & Gonzalez, 2018) similarity

contact law, where each term corresponds to the contact response under a specific defor-

mation regime (small, moderate and large deformations). The contact pressure is described

in each deformation regime by distinct contact laws that are continuous and differentiable

at the transition from one regime to another. The proposed laws are both material and

loading condition-dependent, accounting for initial elastic and elasto-plastic deformations

and limited elastic compressibility for confined loading conditions (die and hydrostatic) at

large deformations. This is accomplished by calibrating the various model parameters to a

sufficiently large set of finite element simulations, where the set of elasto-plastic material

properties used to perform the simulations is obtained through a space-filling design, thus

ensuring sufficient diversity of the considered material behavior.

The chapter is organized as follows. Section 3.2 describes the space-filling design prob-

lem for acquiring mechanical properties used in the finite element simulations. The finite

element analysis and results are then presented and discussed in Section 3.3. A detailed

description of the semi-mechanistic contact formulation is presented in Section 3.4, followed

by its validation through a comparison of model predictions with the finite element results in

Section 3.5. A preliminary semi-mechanistic analysis of the lateral contacts in the die loading

configuration is presented in Section 3.6. Finally, a summary and concluding remarks are

presented in Section 3.7.
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3.2 Space-Filling Design of Experiments for acquiring Mechanical Properties

and Loading Configurations

To obtain a diverse set of elasto-plastic material properties for our finite element sim-

ulations, the mechanical properties and loading configurations are modeled as variables of

a space-filling design problem (Santner et al., 2013). Therefore, independent variables are

the mechanical properties, i.e. Young’s modulus (E), Poisson’s ratio (ν) and uniaxial yield

stress (σy), and the loading configurations, i.e. simple, die and hydrostatic loading. Another

material-dependent quantity worthy of consideration is either one of the ratios E/(1− ν2)σy

(Mesarovic & Fleck, 2000) and E/σy (Tsigginos et al., 2015), which have been numerically

shown to influence the contact behavior significantly during the initial stages of compression.

Although E/(1−ν2)σy is a more appropriate choice considering the fact that it incorporates

all the properties that influence stiffness, yield and compression behavior of the material,

E/σy is chosen as the final independent variable to ensure minimal nonlinearity in the con-

straints and acquisition of a broader range of material properties. Table 3.1 provides bounds

for the considered independent variables in the space-filling design. The bounds are selected

to encompass the observed mechanical properties of most elasto-plastic materials (thermo-

plastic polymers, metals, alloys, pharmaceutical powders, etc.).

Although the mechanical properties E, ν and σy, and the ratio E/σy are modeled as

separate variables, there is an evident relationship between them. This relationship is incor-

porated into the design problem as a nonlinear constraint, given by

∣∣∣∣
x1/x2 − x3

x1/x2

∣∣∣∣ < TOL (3.9)

Table 3.1. Bounds for the independent variables (mechanical properties) considered in the
space-filling design problem.

Minimum Value Maximum Value
E (MPa) 2000 200000
σy (MPa) 1 500

ν 0.2 0.48
E/σy 100 5000



54

where x1 → E, x2 → σy and x3→E/σy. According to this constraint, the relative difference

between the ratio of variables E and σy and the variable E/σy should be lower than a

specified tolerance. In this study, a tolerance of TOL = 0.005 (0.5%) is assumed.

The formulated design problem was solved in the statistical software JMPR©, Version 14

(2018) using the Fast Flexible Filling (FFF) algorithm, which is capable of incorporating

nonlinear constraints. According to the software’s Design of Experiments documentation

(SAS Institute Inc., 2018), the FFF algorithm starts by balancing the total number of design

points across the total number of combinations of levels n of the categorical variables. For the

given problem, only one categorical variable (loading configurations) is defined with 3 levels

(simple, die and hydrostatic), which implies that for a total of K design points, K/3 points

are allocated to each level. For this study, a total of K = 51 FE simulations were performed.

Therefore, 17 points were allocated to each level, i.e., 17 simulations were performed for each

loading configuration.

Next, a large number of points within the design space defined by the continuous variables

(E, σy, ν and E/σy) are generated, which are then grouped into K/3 (= 17) primary clusters

using a fast Ward’s algorithm (Ward Jr., 1963). Each of the primary clusters are then further

clustered into n (= 3) sub-clusters. Within each primary cluster, a design point is calculated

for each of the sub-clusters by minimizing a Maximum Projection (MaxPro) criterion (Joseph

et al., 2015), which, for the given problem with p = 4 continuous variables and K = 51 total

clusters is defined as

CMaxPro =
50∑

i

51∑

j=i+1

[
4∏

k=1

(xik − xjk)2

]−1

(3.10)

By minimizing the above criterion, product of the distance between potential design points

is maximized in a way that involves all variables, which results in a good space-filling design.

Finally, for each of the K/3 (= 17) primary clusters, one of the n (= 3) categorical levels

is randomly assigned to each of the n (= 3) sub-cluster design points, yielding the total of

K (= 51) design points.

Figure 3.4 provides scatter plots of the design points obtained for the three symmetric

loading configurations, while Table 3.2 provides a complete list of the mechanical properties
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Figure 3.4. Scatter plot of the design points obtained from the space-filling design of me-
chanical properties and loading configurations for the FEA study.

obtained by solving the design problem. It is quite evident that the points are fairly-spaced,

and hence, the obtained mechanical properties can be used further to set-up the FE simula-

tions.

Table 3.2. : List of mechanical properties (arranged in the increasing order of E/σy ratio) and
corresponding loading configurations obtained from the solution of the space-filling design
problem.

Loading
Condition

E (MPa) ν σy (MPa) E/σy

Simple
Compression

36961.79 0.4130 361.11 102.36
20639.45 0.2993 148.54 138.95
84752.72 0.3524 452.13 187.45
150500.27 0.4739 499.21 301.48
172086.58 0.2115 472.34 364.32
101785.47 0.2643 225.81 450.75
190003.52 0.2939 304.09 624.83
75517.00 0.4019 92.86 813.25
196617.68 0.4270 178.85 1099.37
161529.29 0.2046 123.92 1303.46
114577.91 0.3579 76.34 1500.97
88565.10 0.4709 42.09 2104.13

Continued on next page
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Table 3.2 – Continued from previous page
Loading
Condition

E (MPa) ν σy (MPa) E/σy

139990.73 0.2161 54.84 2552.68
52841.85 0.2003 13.95 3786.85
178811.38 0.2582 45.49 3930.52
16555.89 0.4328 3.48 4756.54
193549.09 0.4078 39.13 4946.77

Die
Compaction

49200.85 0.2251 317.80 154.82
57221.17 0.3899 176.03 325.06
146900.23 0.3247 424.97 345.67
199028.86 0.4392 480.79 413.96
180937.93 0.2001 341.00 530.61
41573.92 0.3058 71.21 583.84
141078.40 0.4640 234.62 601.32
118951.98 0.2124 156.49 760.11
184270.83 0.3440 199.86 922.02
21959.27 0.4749 16.08 1365.37
199785.29 0.2841 129.76 1539.61
190786.67 0.3829 78.68 2424.75
5314.12 0.2933 2.01 2643.37
78547.20 0.4264 28.38 2767.69
198038.19 0.4772 51.91 3815.19
160754.07 0.3213 37.41 4297.29
110376.78 0.2204 23.42 4713.79

Hydrostatic
Compaction

2958.14 0.2099 26.39 112.08
57840.71 0.4623 483.90 119.53
65157.56 0.2831 283.64 229.72
135501.57 0.3973 345.15 392.59
194137.98 0.2418 413.75 469.22
79402.31 0.4792 164.35 483.14
198495.80 0.3652 256.71 773.23
143839.36 0.3178 138.24 1040.50
61598.96 0.3370 47.86 1286.97
187812.04 0.4654 114.89 1634.70
131429.64 0.4187 70.02 1876.91
197086.03 0.2014 92.22 2137.09
174002.47 0.2976 61.27 2839.88
34338.87 0.4100 11.20 3065.39
123218.19 0.2344 35.71 3451.00
147336.69 0.4576 31.83 4628.58
95689.98 0.3607 19.17 4992.44
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3.3 Finite Element Analysis

On the account of geometric and loading symmetries, finite-element simulations were

performed on one-eighth of a sphere of radius R = 10mm in ABAQUS. As mentioned

before, the material was characterized as elastic-ideal plastic (hardening exponent m→∞),

satisfying the following constitutive law

σ =





Eε ε ≤ εy

σy ε > εy
(3.11)

Following a mesh convergence study, a mesh comprising of 500,000 linear hexahedral elements

of type C3D8R and 515,201 nodes was chosen for our analysis. For representational purposes,

a courser mesh of 62,500 elements and 66,351 nodes is depicted in Figure 3.5. A total of 51

FE simulations were performed with this model, 17 for each loading configuration (simple,

die and hydrostatic) using the material properties obtained from the space-filling design.

To simulate the extensive particle deformation conditions during powder compaction

process, the contact response for simple compression was evaluated until 50% deformation.

For hydrostatic and die configurations, a state of complete closure of porosity is achieved with

continued particle deformation and material flow. This stage is termed as the zero porosity

limit (Tsigginos et al., 2015), following which the stresses required for further deformation

Figure 3.5. Finite element mesh consisting of linear hexahedral elements of type C3D8R,
created for one-eighth of a sphere in ABAQUS. The depicted mesh is coarser than the final
converged mesh, and consists of 62,500 elements and 66,351 nodes.
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(a) Die Compaction
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(b) Hydrostatic Compaction

Figure 3.6. Schematic of the voronoi cell for (a) die and (b) hydrostatic loading conditions.

are very high and are governed by the bulk modulus of the material. At this stage, the

volume of the particle’s radical voronoi cell (Gellatly & Finney, 1982; Aurenhammer, 1987),

which is the polyhedron formed by the rigid contact planes of the particle, becomes equal to

the particle volume. For hydrostatic and die configurations, this limit can be geometrically

computed if the elastic volume reduction during initial stages of particle compression is

neglected. Considering the voronoi cell dimensions presented in Figure 3.6, the zero porosity

limits are calculated below:

Die Compaction:
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4

3
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Hydrostatic Compaction:
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6
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To fully represent this final stage of particle compression and to account for small elastic

volume reduction during the course of particle compression, contact response was evaluated

until a small deformation beyond the attainment of zero porosity, i.e., 48% for die and 19.5%

for hydrostatic loading configuration.
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Figures 3.7, 3.8, 3.9 and 3.10 show the normalized contact pressure, contact radius and

contact force response of the particles plotted against contact deformation, for simple, hy-

drostatic and die loading configurations respectively. Contact response is plotted for 5 out

of the 17 material property sets for each configuration, with the ratio E/(1 − ν2)σy (re-

ferred to as parameter λ in the rest of this chapter) ranging from minimum to the maximum

value obtained from the space-filling design. Observation of contact pressure response of

the particle under simple loading configuration (Figure 3.7a) indicates a dependence of the

response on material properties during elastic and elasto-plastic regimes of particle com-

pression, where higher response stiffness and larger maximum contact pressure values are

observed with increasing λ. Although, the response curves tend to converge at higher values

of λ, indicating an asymptotic relationship with respect to material properties. Following

the onset of a fully plastic regime, the gradual decreasing trend of contact pressure is ob-

served to be fairly independent of material properties. Similar observations are made in

the contact radius (Figure 3.7b) and contact force (Figure 3.7c) response, with the response

stiffness rising asymptotically with increasing λ for small-to-moderate particle deformation

(∼ 20%) and converging to a single response curve for larger deformation. The effect of

material properties becomes increasingly apparent in the contact response for hydrostatic

loading configuration, where the contact pressure response (Figure 3.8a) follows the trend of

simple loading until about 15% deformation, following which the contact pressure increases

rapidly with increasing particle confinement. Elasticity becomes relevant again during this

regime of particle compression, evident from increasing stiffness of the response and higher

values of pressure with increasing λ, although an asymptotic relationship with respect to

the material parameter is also evident. Similar observations are made again in the contact

radius (Figure 3.8b) and contact force (Figure 3.8c) response, where noticeable dependence

on the value of λ is observed during initial and final compression stages, with the response

stiffness increasing asymptotically with increasing value of the parameter.

For the case of die loading configuration, contact response is plotted for both axially

loaded (or primary) contacts (Figure 3.9) and lateral walled (or secondary) contacts (Figure

3.10). The primary contacts exhibit a response similar to the contacts in hydrostatic load-

ing configuration, with the exception of a higher level of deformation at which the contact
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(a) (b)

(c)

Figure 3.7. Finite element simulation results of normalized (a) contact pressure-deformation,
(b) contact radius-deformation, and (c) contact force-deformation behavior of an elastic-
perfectly plastic sphere of radius R = 10mm under simple compression. Contact response
is depicted with corresponding λ = E/(1 − ν2)σy values for 5 material properties, ranging
from minimum to maximum value of λ among the 17 property values obtained from the
space-filling design.
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(a) (b)

(c)

Figure 3.8. Finite element simulation results of normalized (a) contact pressure-deformation,
(b) contact radius-deformation, and (c) contact force-deformation behavior of an elastic-
perfectly plastic sphere of radiusR = 10mm under hydrostatic compaction. Contact response
is depicted with corresponding λ = E/(1 − ν2)σy values for 5 material properties, ranging
from minimum to maximum value of λ among the 17 property values obtained from the
space-filling design.
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(a) (b)

(c)

Figure 3.9. Finite element simulation results of normalized (a) contact pressure-deformation,
(b) contact radius-deformation, and (c) contact force-deformation behavior at the primary
(axial) contacts of an elastic-perfectly plastic sphere of radius R = 10mm under die com-
pression. Contact response is depicted with corresponding λ = E/(1 − ν2)σy values for 5
material properties, ranging from minimum to maximum value of λ among the 17 property
values obtained from the space-filling design.
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(a) (b)

(c)

Figure 3.10. Finite element simulation results of normalized (a) contact pressure-
deformation, (b) contact radius-deformation, and (c) contact force-deformation behavior
at the secondary (lateral) contacts of an elastic-perfectly plastic sphere of radius R = 10mm
under die compression. Contact response is depicted with corresponding λ = E/(1 − ν2)σy
values for 5 material properties, ranging from minimum to maximum value of λ among the
17 property values obtained from the space-filling design.
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pressure starts rising again (∼ 30%) due to a lower degree of confinement. The secondary

contacts, despite not being subjected to any applied deformation, exhibit an evolution of

contact pressure, area, and force with increasing deformation of the primary contact. In-

terestingly, they exhibit levels of contact pressure and force similar to the primary contacts

at later stages of compression. Such contact behavior is not predictable by a local contact

formulation (for example, the similarity contact law) which treats contacts to be independent

of each other, but a nonlocal contact formulation (ref. Gonzalez & Cuitiño (2012, 2016) and

Agarwal & Gonzalez (2018) for an elastic nonlocal contact formulation) that is capable of

predicting the nonlocal lateral deformation in the secondary contacts as a function of the

applied deformation at the primary contacts. While the systematic development of a nonlo-

cal contact formulation for elasto-plastic particles is currently being pursued by the authors,

a foundational semi-mechanistic analysis of the secondary contacts is presented in one of the

later sections of this chapter.

Figure 3.11 shows a magnified view of the contact pressure response of hydrostatic and

die (both primary and secondary contacts) loading configurations during the ‘low compress-

ibility’ regime. As already explained in the previous sections, particle deformation during

this regime for confined loading conditions is mainly governed by elastic compressibility of

the material, leading to rising contact pressure values during the final stages of compression.

Therefore, the contact response in Figure 3.11 is plotted with respect to material parameter

ζ = B/σy, where B is the Bulk Modulus of the material. An apparent asymptotic relation-

ship of the contact pressure with respect to ζ is observed in all the plots, with the response

stiffness and pressure values rising rapidly with increasing ζ and converging to a single curve

for larger values of ζ.

This section is concluded by pointing out the evident asymptotic relationship between

the contact response and material properties (parameters λ and ζ) during the initial and

final stages of particle compression. This observation provides key insight into the material

dependence of the contact behavior in confined granular systems, which is essential for the

development of accurate and predictive contact models.
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(a) (b)

(c)

Figure 3.11. Finite element simulation results of normalized contact pressure-deformation
behavior of an elastic-perfectly plastic sphere of radius R = 10mm during ‘low compressibil-
ity’ regime (Tsigginos et al., 2015), under (a) hydrostatic compaction, (b) die compression
(primary contacts) and (c) die compression (secondary contacts). Contact response is de-
picted with corresponding ζ = B/σy values for 5 material properties, ranging from minimum
to maximum value of ζ among the 17 property values obtained from the space-filling design
for each loading configuration.
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3.4 Formulation of a Semi-Mechanistic Contact Law

To develop a semi-mechanistic contact law for the large-deformation, material and load-

ing configuration-dependent contact behavior of elastic-ideally plastic spherical particles in

confined granular systems, the two-particle contact problem described by the similarity so-

lution explained in section 3.1 is reconsidered. For the case of an ideally plastic material

(m→∞), the solution for contact force (Equation (3.4)) reduces to

P = 3σyπa
2 (3.14)

This solution corresponds to the definition of material’s hardness, or the average contact

pressure during indentation of a deformable flat surface with a rigid indenter. Hardness, as

defined by Brinell (1900), is the contact force divided by the contact surface area, i.e. P/πa2.

According to the similarity solution, this hardness H is given by

H =
P

πa2
= 3σy = H̄σy (3.15)

Therefore, the hardness is obtained as a coefficient H̄, often termed as the normalized hard-

ness (Olsson & Larsson, 2013a,b, 2016), equal to 3 times the yield strength of the material.

This result is in good agreement with the empirical findings of Tabor (1951), who proposed

the hardness of materials from Brinell indentation tests to given by 2.84σy. However, ob-

servation of the normalized contact pressure vs. deformation plots obtained from the FE

simulations suggests that the proposed value of hardness is higher than the numerically

obtained value for the majority of the particle compression process. Additionally, the pro-

posed hardness is independent of the loading configuration and material properties, which

is not true, as is evident from the observed dependence of the contact response on material

parameters λ and ζ, and its contrasting evolution for simple, die and hydrostatic loading

configurations. Considering these observations, the following contact law is proposed

P (γ;λ, ζ,LC) := H̄(γ;λ, ζ,LC)σyπ{a(γ;λ,LC)}2 (3.16)
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where LC corresponds to the loading configuration. In the next sections, semi-mechanistic

functional relationships for contact radius a and normalized hardness H̄ are proposed from

an analytical framework based on the similarity contact law and the data obtained from FE

simulations.

3.4.1 Semi-Mechanistic Formulation for the Contact Radius

In addition to small-strain kinematics, one of the important limiting assumptions of the

similarity contact law is an approximation of the spherical profile of the contacting surfaces by

paraboloids of revolution. This is done by replacing the profile surface functions by the first

term of their Taylor series expansion. A similar approximation is also assumed for derivation

of the Hertz contact law (Hertz, 1882) for elastic spherical particles. This assumption was

relaxed by Agarwal & Gonzalez (2018), who proposed the method of curvature correction to

re-derive the Hertz solution after considering higher order terms in the Taylor series expansion

of the profile functions. While the method was proposed to improve the predictions of Hertz

law for large deformations, it is utilized in this study to obtain the analytical framework for

a semi-mechanistic contact radius formulation. A detailed derivation of a 2-term curvature

corrected similarity solution is presented in Appendix C. Considering the first three terms

of the Taylor expansion of this solution (ref. Equation (C.25) in Appendix C), the following

contact law is proposed:

a = D1

(
1

A1/2

)
γ1/2 −D3

(
B

A5/2

)
γ3/2 +D5

(
B2

A9/2

)
γ5/2 (3.17)

where A is given by Equation (3.7) and

B =
1

R3
1

+
1

R3
2

(3.18)

According to the above law, the contact radius a is a nonlinear function of the contact

displacement γ between two spherical particles of radii R1 and R2, with material and loading

configuration described by parameters D1, D3, and D5. The proposed law is similar to the

stress-strain contact model proposed for large unconfined compression of microcrystalline
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Figure 3.12. Estimation of parameters D1, D3, and D5 for simple loading configuration.
Plotted discrete values correspond to the values calibrated from FE data, while solid curves
correspond to Di − λ relationships obtained from curve fitting.

cellulose particles by Bommireddy et al. (2019), and is composed of three terms; the first

term corresponds to the small deformation behavior and is similar to the a− γ relationship

derived from self-similarity approach by Biwa & Stor̊akers (1995). The second term describes

the contact response during moderate deformations under the fully plastic regime, where the

overall response undergoes a softening and a dip in the slope of a−γ curve is observed. The

third term describes the large deformation contact response during the ‘low compressibility’

regime in confined loading conditions, where the slope of a− γ curve starts rising again. For

the simple loading condition, the third term models the slight increase in slope of the a− γ
curve in the large deformation fully plastic regime.

The material and loading condition parameters D1, D3, and D5 are given by

Di =
(
bLC
i

) i
2
[
αi tanh

(
βiλ

δi
)]

(i = 1, 3, 5) (3.19)

where each parameter Di (i = 1, 3, 5) is expressed as the product of two nonlinear functions;

a power function of loading condition parameter bLC
i raised to the power of i/2, and an

asymptotic material function of parameter λ with constant αi, coefficient βi and exponent

δi. Simple compression (SC), being the most fundamental loading configuration where the



69

Table 3.3. Estimated values of material function constants αi, βi and δi.

i αi βi δi
1 1.7527 0.3540 0.2633
3 2.3702 0.0411 0.5366
5 3.3715 0.0634 0.4766

Table 3.4. Estimated values of loading condition parameters bLC
i for simple (SC), die (DC)

and hydrostatic (HC) loading configurations.

SC DC HC
bLC

1 1 1.048± 0.00477 1.1701± 0.0276
bLC

3 1 1.1818± 0.00873 2.4002± 0.096
bLC

5 1 1.2352± 0.00641 2.9376± 0.0452

particle remains unconfined, is assigned a loading condition parameter value of bSC
i = 1 (i =

1, 3, 5). Consequently, the material function constants αi, βi and δi are estimated by fitting

the material function to Di values calibrated from FE simulation data of the simple loading

case (Figure 3.12). The estimated values of these constants are listed in Table 3.3. It is

interesting to note that the limiting value of parameter D1 = α1 = 1.7527 is very close

to the value of an equivalent coefficient
√

2c2 = 1.6911 for perfectly plastic materials in

the a− γ relationship derived from self-similar approach (Equation (3.5)), which makes the

small deformation predictions of the proposed contact law consistent with predictions of the

similarity contact law as the material behavior approaches rigid plasticity (λ→∞).

Once the material function constants are known, the values of loading condition param-

eters for die (bDC
i ) and hydrostatic (bHC

i ) compression are estimated from FE simulation

data of the respective loading configurations. The estimated values within 95% confidence

interval are listed in Table 3.4. It is interesting to note that all the parameter values for

the hydrostatic loading condition are higher than those for the die loading condition, which

validates the relationship of the proposed loading condition parameters with the degree of

confinement.
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3.4.2 Semi-Mechanistic Formulation for the Normalized Hardness

As already discussed in the previous sections, particle contacts undergo four major de-

formation regimes during large compression: elastic, elasto-plastic, fully plastic and ‘low

compressibility’ (for confined loading configurations). Since the evolution of normalized

hardness H̄ is found to be significantly different in each of these regimes, we propose distinct

contact laws for each regime in a way that C1 continuity is maintained at the transition from

one regime to another. Hence, the proposed semi-mechanistic formulation is continuous and

differentiable at any given level of particle deformation.

During the elastic regime at small deformations, the well-known Hertz contact theory

(Hertz, 1882) is capable of sufficiently describing the contact response. According to the

theory, normalized hardness H̄ for contact between particles of radii R1 and R2 and material

parameter λ as a function of displacement γ is given by

H̄e =
2

3π
λA1/2γ1/2 (3.20)

where A is given by Equation (3.7), and the superscript “e” is used to denote the elastic

regime. Using Equation (3.20), the slope of H̄ with respect to γ, i.e., ∂H̄/∂γ in the elastic

regime is given by

∂H̄e

∂γ
=

1

3π
λA1/2γ−1/2 (3.21)

The elastic regime transitions to the elasto-plastic regime when yield occurs at a point

beneath the contact surface at H̄ = 1.1 (Johnson, 1985). Using Equation (3.20), the contact

displacement at yield, γy, is given by

γy =
1

A

(
3.3π

2λ

)2

(3.22)
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During the elasto-plastic regime, the non-linear evolution of H̄ with respect to displacement

γ is well-represented by the following relationship

H̄ep = H̄max − c1

[
ln

(
γ|H̄max

γ

)]c2
(3.23)

where the superscript “ep” is used to denote the elasto-plastic regime. The proposed re-

lationship is in spirit of a similar formulation proposed by Olsson & Larsson (2013b) for

the elasto-plastic regime, where H̄ is represented as a function of the Johnson’s parameter

(Johnson, 1970). In the above equation, H̄max and γ|H̄max
are, respectively, the maximum

value of normalized hardness and the contact displacement observed at the transition be-

tween elasto-plastic and fully plastic regimes. Figure 3.13 shows these values plotted against

material parameter λ for all 51 FE simulations. Evidently, H̄max has an asymptotic increas-

ing trend, while γ|H̄max
has an asymptotic decreasing trend with respect to the parameter.

From fitting of the plotted values, we propose the following relationships for H̄max and γ|H̄max

with λ

H̄max = 3.101 tanh
{

0.6746λ0.0829
}

(3.24)

γ|H̄max
= (R1 +R2)

[
exp

(
0.7073

λ0.6547

)
− 1

]
(3.25)

The proposed relationships are also plotted in Figure 3.13 (solid curves), and provide very

good estimates of the values obtained from FE simulations.

Additionally, the elasto-plastic H̄ formulation comprises a coefficient c1 and an exponent

c2, both of which are determined from the condition of C1 continuity at the transition between

elastic and elasto-plastic regimes. Using Equation (3.23), the slope of H̄ with respect to γ

in the elasto-plastic regime is given by

∂H̄ep

∂γ
=
c1c2

γ

[
ln

(
γ|H̄max

γ

)]c2−1

(3.26)

which gives the condition c2 ≥ 1 for the slope given by the above equation to be equal to zero

at γ = γ|H̄max
. By equating the values of H̄ given by Equations (3.20) and (3.23), and its

first derivatives with respect to displacement γ given by Equations (3.21) and (3.26) at the
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(a) (b)

Figure 3.13. Estimation of (a) H̄max and (b) γ|H̄max
as functions of parameter λ. Plotted

discrete values correspond to values obtained from FE data, while solid curves correspond
to relationships obtained from curve fitting.

transition displacement γy given by Equation (3.22) to achieve C1 continuity for evolution of

H̄ between elastic and elasto-plastic regimes, two equations are obtained with two unknowns

c1 and c2. By solving the equations, we get

c2 = ln

(
γ|H̄max

γy

)[
λA1/2γ

1/2
y

3π(H̄max − 1.1)

]
(3.27)

and

c1 = (H̄max − 1.1)

[
ln

(
γ|H̄max

γy

)]−c2
(3.28)

To determine the permissible values of material parameter λ for the fulfillment of condition

c2 ≥ 1, we substitute the expressions for γy, H̄max and γ|H̄max
given by Equations (3.22),

(3.24) and (3.25) in the expression for c2 given by Equation (3.27) to obtain

c2 =
0.1774 ln

[
0.0372A(R1 +R2)λ2 exp

(
0.7073
λ0.6547 − 1

)]

tanh {0.6746λ0.0829} − 0.3547
≥ 1 (3.29)
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For contacting particles of equal radii (R1 = R2 = R), which is the case for our considered

loading configurations, A = 1/2R and R1 +R2 = 2R cancel out each other, making Equation

(3.29) a nonlinear equation in λ. Using Newton Raphson’s method, the solution to the

equation is determined to be λ ≥ 22.08. Therefore, the elasto-plastic H̄ − γ relationship

given by Equation (3.23), and thus the proposed semi-mechanistic contact formulation, is

valid for material parameter λ values greater than or equal to 22.08.

On the onset of a fully plastic regime, the normalized hardness H̄ starts decreasing

gradually from its previously achieved maximum value of H̄max. While we acknowledge

that a number of contact models have been proposed to predict the evolution of hardness

in this regime (see Ghaednia et al. (2017) and references therein), we propose a contact

formulation that incorporates dependence on material properties and loading configuration

while maintaining C1 continuity with other deformation regimes. With this consideration,

the normalized hardness in the fully plastic regime is given by

H̄ fp = H̄max − p
[
tanh

{
q

(
γ − γ|H̄max

R1 +R2

)}
cos

{(
γ − γ|H̄max

R1 +R2

)
− s(γ|H̄min

, q)

}]r
(3.30)

where

s(γ|H̄min
, q) =

(
γ|H̄min

− γ|H̄max

R1 +R2

)
− tan−1

[
2q csch

{
2q

(
γ|H̄min

− γ|H̄max

R1 +R2

)}]
(3.31)

In the above equations, γ|H̄min
is the value of contact displacement at the minimum value of

normalized hardness, i.e., H̄min, while p, q, and r are positive model parameters. According

to the proposed equations, the value of H̄ fp at γ = γ|H̄max
is equal to H̄max, while its slope

with respect to γ, given by

∂H̄ fp

∂γ
= −

(
pr

R1 +R2

)[
tanh

{
q

(
γ − γ|H̄max

R1 +R2

)}
cos

{(
γ − γ|H̄max

R1 +R2

)
− s(γ|H̄min

, q)

}]r−1

×
[
q sech2

{
q

(
γ − γ|H̄max

R1 +R2

)}
cos

{(
γ − γ|H̄max

R1 +R2

)
− s(γ|H̄min

, q)

}

− tanh

{
q

(
γ − γ|H̄max

R1 +R2

)}
sin

{(
γ − γ|H̄max

R1 +R2

)
− s(γ|H̄min

, q)

}]

(3.32)
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(a) (b)

(c) (d)

Figure 3.14. Analysis of the influence of model parameters (a) q, (b) r, (c) p and (d) γ|H̄min

on H̄ fp model response. Solid curves correspond to the reference curve obtained by setting
q = 8, r = 2, p = 1.5 and γ|H̄min

/(R1 + R2) = 0.8, while the other curves (dashed-dotted
and dashed) correspond to those obtained by perturbing one of the parameter values while
keeping other values constant. The value of H̄max and γ|H̄max

/(R1 + R2) corresponds to
λ = 1721.55.

is equal to zero at γ = γ|H̄max
for r ≥ 1. Therefore, when the condition r ≥ 1 is true, the

H̄ fp− γ relationship given by Equations (3.30) and (3.31) is C1 continuous with the H̄ep− γ
relationship given by Equation (3.23).

Figure 3.14 shows the influence of model parameters q, r, p and γ|H̄min
on the response of

H̄ fp. In all figures, the reference model curve (solid line) is obtained by setting p = 1.5, q = 8,

r = 2 and γ|H̄min
/(R1 + R2) = 0.8. The other curves (dashed and dashed-dotted lines) are
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obtained by perturbing one of the parameter values while keeping the other values constant.

The value of H̄max and γ|H̄max
/(R1+R2) in the plots is obtained by setting λ = 1721.55, which

corresponds to the material properties with E/σy = 1500.97 for simple loading case obtained

from the space-filling design (ref. Table 3.2). From the study, it is evident that parameters

q and r predominantly influence the rate of softening of H̄, with r mainly controlling the

rate at the onset of the fully plastic regime and q governing the rate of descent thereafter

until the attainment of a minimum. Parameter γ|H̄min
, as per its definition, predominantly

influences the level of deformation at the minimum, while p regulates the value of H̄min. It is

important to note that the proposed equation models the evolution of H̄ until the point of

minimum, following which the loading condition effects predominate and another formulation

is required to predict the rising pressure values for confined loading configurations.

From the observations of normalized hardness versus deformation data obtained from

FE simulations, it is quite evident that the initial softening response from the onset of the

fully plastic regime is primarily dependent on the material properties and fairly independent

of the loading configuration. Therefore, parameters q and r are identified to be material-

dependent parameters. However, the minimum value of H̄ and the level of deformation

at the minimum is heavily dependent on the loading configuration as well as the initial

rate of softening. Therefore, γ|H̄min
and p are identified to be both material and loading

condition-dependent parameters.

For the case of a simple loading configuration, it is theorized that the contact response

softens until contact pressure approaches the material’s yield strength as the particle ge-

ometry approaches that of a flat disk at γ → R1 +R2 = 2R. Therefore, we obtain

γSC|H̄min
= R1 + R2 = 2R. For confined loading configurations, the contact pressure rises

again during the ‘geometric hardening’ regime due to void filling, as well as occupation of the

voronoi cell faces by the contact surfaces. While void filling causes the elastic energy of the

particle to increase due to material compression, the voronoi cell faces limit the evolution

of contact areas, both of which lead to the increase in pressure. In accordance with this

analysis, we propose the following condition to be true at the minimum:

ρLC,contact
V ρLC,contact

S = Γ (3.33)
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Table 3.5. Expressions for various volume and surface quantities in the minimum H̄ condition
given by Equation (3.33) for all contacts under hydrostatic and primary contacts under die
loading configuration.

DC HC

V LC
voro 8R2 (R− γ/2) 8 (R− γ/2)3

V LC
contact (4/3)R2 (R− γ/2) (4/3) (R− γ/2)3

SLC
face 4R2 4 (R− γ/2)2

Thus, for a particular contact of a particle under a given loading condition, the product of

relative volume density (ρLC,contact
V ) and relative surface area density (ρLC,contact

S ) is equal to

a parameter Γ at the minimum. The relative volume density for a contact is given by

ρLC,contact
V = ρLC

V

(
V LC

contact

V LC
voro

)
=

(
Vparticle

V LC
voro

)(
V LC

contact

V LC
voro

)
(3.34)

where ρLC
V =

(
Vparticle/V

LC
voro

)
is the relative density of the particle’s voronoi cell (Harthong

et al., 2009), Vparticle = (4/3)πR3 is the volume of the spherical particle, V LC
voro is the volume

of the voronoi cell, and V LC
contact is a section of the voronoi cell volume associated with the

contact, which is estimated as the volume of a pyramid with the base as the contact’s voronoi

cell face and apex as the particle’s center of mass. The relative surface area density is given

by

ρLC,contact
S =

SLC
contact

SLC
face

(3.35)

where SLC
contact is the contact area and SLC

face is the area of the contact’s voronoi cell face. Table

3.5 provides expressions for V LC
voro, V LC

contact and SLC
face in terms of particle radius R and contact

displacement γ for all contacts under hydrostatic loading and primary contacts under die

loading configuration.

Figure 3.15 shows the values of Γ obtained from FEA simulations of die (primary contacts)

and hydrostatic loading conditions, plotted against material parameter λ. From the figure, it

is evident that Γ has a weak dependence on both material properties and loading condition,

which results from the material and loading dependence of the contact area. These weak
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Figure 3.15. Plot of Γ values against material parameter λ for die (primary contacts) and
hydrostatic loading conditions. Discrete values correspond to values obtained from FE data,
while the solid plot corresponds to the average Γ value determined for the confined loading
conditions.

effects are neglected by proposing a value of Γ averaged across all the obtained numerical

values for die and hydrostatic loading conditions, which is Γ = 0.0593.

Using Equation (3.33), a detailed derivation of the solution of γ|H̄min
for primary contacts

of die (γDC|H̄min
) and all contacts of hydrostatic (γHC|H̄min

) conditions is presented in Ap-

pendix D. It essentially entails substituting various volume and surface quantities (Vparticle,

V LC
voro, V LC

contact and SLC
face), and contact area SLC

contact = πa2 in Equation (3.33) with their re-

spective expressions for die and hydrostatic conditions to finally obtain a solvable quintic in

terms of the unknown variable γ|H̄min
.

As discussed previously, the parameter p governs the minimum value of normalized hard-

ness, i.e., H̄min. For the case of simple loading configuration, the contact pressure approaches

material’s yield strength, and hence H̄SC
min = 1 at γSC|H̄min

= R1 + R2 = 2R. Consequently,

using Equations (3.30) and (3.31), we have

H̄SC
min = H̄max − pSC

[
tanh

{
q

(
1− γ|H̄max

2R

)}
cos

{(
1− γ|H̄max

2R

)
− s(2R, q)

}]r
= 1 (3.36)
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Rearranging the above equation, we get

pSC =
H̄max − 1[

tanh
{
q
(

1− γ|H̄max

2R

)}
cos
{(

1− γ|H̄max

2R

)
− s(2R, q)

}]r (3.37)

For die and hydrostatic loading conditions, determination of H̄min is not straightforward,

since the contact pressure starts rising at γ = γLC|H̄min
(LC→{DC, HC}) before reaching

the material’s yield strength. However, two prospective values of H̄min can be obtained from

different analysis. The first value is determined as the value of H̄ for the simple loading case

at γLC|H̄min
, i.e.

H̄LC
min,1 = H̄max − pSC

[
tanh

{
q

(
γLC|H̄min

− γ|H̄max

2R

)}

× cos

{(
γLC|H̄min

− γ|H̄max

2R

)
− s(2R, q)

}]r (3.38)

Considering that the initial evolution of normalized hardness during the fully plastic regime

is similar for all loading conditions, a second prospective value of H̄min can be evaluated by

determining an intermediate value of pLC, such that the slope of H̄LC for die and hydrostatic

cases is equal to the slope of H̄SC for the simple case at their points of inflection, i.e. at

the point where the second derivative of H̄ with respect to γ/(R1 + R2) (= γ/2R) is zero.

This inflection point is evident in the H̄ vs. γ/2R curves obtained from FE simulations

for all loading conditions (Figures 3.7a, 3.9a and 3.8a) during the initial softening response,

when the curve changes from concave downward to concave upward. A detailed approximate

solution for this point, denoted by the contact deformation γLC|H̄′′=0/2R (LC→{SC, DC,

HC}) at the point, is presented in Appendix E, where the highly nonlinear equation H̄
′′

= 0

is solved using Taylor series expansion. The approximate solution is obtained as

γLC|H̄′′=0

2R
' γ|H̄max

2R
+

3r tan
{
s(γLC|H̄min

, q)
}

+
[
3(2q2 + 3)(r − 1)(2r + 1)

+9(2r2 − 1) tan2
{
s(γLC|H̄min

, q)
}]1/2

(2q2 + 3)(2r + 1) + 3(r + 1) tan2
{
s(γLC|H̄min

, q)
} (3.39)
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By equating the slope of H̄LC (LC→{DC, HC}) at γLC|H̄′′=0/2R to the slope of H̄SC

at γSC|H̄′′=0/2R, and rearranging the equation, we obtain the intermediate value of pLC

(LC→{DC, HC}), denoted by pLC
o , as

pLC
o = pSC




2qcsch
{

2q
(
γSC|

H̄
′′

=0
−γ|H̄max

2R

)}

− tan
{(

γSC|
H̄
′′

=0
−γ|H̄max

2R

)
− s(2R, q)

}

2qcsch
{

2q
(
γLC|

H̄
′′

=0
−γ|H̄max

2R

)}

− tan
{(

γLC|
H̄
′′

=0
−γ|H̄max

2R

)
− s(γLC|H̄min

, q)
}




×




tanh
{
q
(
γSC|

H̄
′′

=0
−γ|H̄max

2R

)}

× cos
{(

γSC|
H̄
′′

=0
−γ|H̄max

2R

)
− s(2R, q)

}

tanh
{
q
(
γLC|

H̄
′′

=0
−γ|H̄max

2R

)}

× cos
{(

γLC|
H̄
′′

=0
−γ|H̄max

2R

)
− s(γLC|H̄min

, q)
}




r (3.40)

The second value of H̄min at γLC|H̄min
is then given by

H̄LC
min,2 = H̄max − pLC

o

[
tanh

{
q

(
γLC|H̄min

− γ|H̄max

2R

)}

× cos

{(
γLC|H̄min

− γ|H̄max

2R

)
− s(γLC|H̄min

, q)

}]r (3.41)

Figure 3.16 shows the plots of H̄LC
min for die and hydrostatic loading conditions against

material parameter λ. The discrete values (square plots for die and diamond plots for hydro)

are obtained from FE simulation data, while H̄LC
min,1 (dashed curve) and H̄LC

min,2 (dashed-dotted

curve) are plotted using Equations (3.38) and (3.41) respectively for permissible values of

λ ≥ 22.08. From the figure, it is evident that H̄LC
min,1 underpredicts the numerical values of

H̄LC
min, while H̄LC

min,2 overpredicts the values. An average of the two prospective values, plotted

as a solid curve in the figure, accurately predicts the minimum normalized hardness for both

confined loading conditions. Therefore, we represent H̄LC
min as

H̄LC
min =

H̄LC
min,1 + H̄LC

min,2

2
(3.42)
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(a) (b)

Figure 3.16. Plots of H̄LC
min against material parameter λ for (a) die and (b) hydrostatic

loading conditions. Discrete plots (squares for die and diamonds for hydrostatic) represent
values obtained from FE simulation data. H̄LC

min,1 and H̄LC
min,2 are represented by dashed and

dashed-dotted curves respectively. The analytical value of H̄LC
min, given by the average of

H̄LC
min,1 and H̄LC

min,2, is represented by a solid curve.

Consequently, using Equations (3.30) and (3.31), parameter pLC (LC→{DC, HC}) is given

by

pLC =
H̄max − H̄LC

min[
tanh

{
q
(
γLC|H̄min

−γ|H̄max

2R

)}
cos
{(

γLC|H̄min
γ|H̄max

2R

)
− s(γLC|H̄min

, q)
}]r (3.43)

The remaining parameters q and r, determined to be material-dependent parameters, are

calibrated from the H̄ vs. γ/2R FE simulation data of the simple loading case. Figure 3.17

shows the plots of calibrated q and r values against material parameter λ. From fitting of

the plotted values, we propose the following relationships for q and r with λ

q = 14.1819 tanh
(
0.3729λ0.1013

)
(3.44)

r = exp

(
1.6199

λ0.3232

)
(3.45)

For confined loading conditions, following the attainment of a minimum normalized hard-

ness H̄LC
min at contact deformation γLC|H̄min

, the contact pressure rises steadily during the ‘low
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(a) (b)

Figure 3.17. Estimation of material-dependent parameters (a) q and (b) r as functions of
parameter λ for normalized hardness H̄ fp in the fully plastic regime. Plotted discrete values
correspond to values obtained from FE data, while solid curves correspond to relationships
obtained from curve fitting.

compressibility’ regime. During this regime, contact behavior is heavily dependent on the

loading condition due to significant contact interactions. Therefore, contacts in this regime

cannot be treated independent of each other; rather, the contact behavior should be directly

related to the overall particle response under compression. With this consideration, we pro-

pose to model contact response in this regime as a function of the relative density of the

voronoi cell, ρLC
V , where the normalized hardness H̄ is given by

H̄ lc = H̄LC
min − u ln

{
1− l

(
χLC − χLC|H̄min

χLC
zp − χLC|H̄min

)2
}

(3.46)

where the superscript “lc” denotes the ‘low compressibility’ regime, u and l are the model

parameters and χLC = 1/ρLC
V =

(
V LC

voro/Vparticle

)
is the inverse of the relative density. Using

the expressions for V LC
voro in terms of particle radius R and contact displacement γ from Table
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3.5, and Vparticle = (4/3)πR3, the contact deformation γLC/2R (LC → {DC,HC}) in terms

of χLC is given by

γDC

2R
= 1− πχDC

6
,

γHC

2R
= 1−

(
πχHC

6

)1/3

(3.47)

Additionally, χLC|H̄min
is the value of χ attained at H̄LC

min, while χLC
zp is the value of χ at-

tained at the zero porosity limit (Tsigginos et al., 2015), which is the limit of full closure of

porosity and beyond which the contact pressure is governed by the particle’s elastic volume

compressibility. It is given by

χLC
zp =

Vparticle − V LC
el

Vparticle

(3.48)

where V LC
el is the elastic reduction in particle volume until the zero porosity limit is reached.

It is important to note that the normalized hardness given by Equation (3.46) attains its min-

imum value equal to H̄LC
min at χLC = χLC|H̄min

, making it C1 continuous with the normalized

hardness in the fully plastic regime given by Equation (3.30).

The contact pressure beyond the zero porosity limit is given by the elastic volumetric

stress on the particle. Therefore, the normalized hardness in this regime is given by

H̄ev =
B

σy

(
1− Vvoro

Vparticle

)
= ζ(1− χLC) (3.49)

where the superscript “ev” denotes the elastic volumetric regime. By equating the value and

slope of H̄gh given by Equation (3.46) and H̄ev given by (3.49) at χLC = χLC
zp to achieve C1

continuity between the contact formulations for H̄ in the ‘low compressibility’ and elastic

volumetric regimes, we obtain the following relationships between model parameters u and

l and elastic volume reduction V LC
el

u =
VparticleH̄

LC
min − ζV LC

el

Vparticle ln(1− l) (3.50)

V LC
el =

Vparticle

{
2lH̄LC

min + ζ(1− χLC|H̄min
)(1− l) ln(1− l)

}

ζ {2l + (1− l) ln(1− l)} (3.51)
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Figure 3.18. Estimation of model parameter l as a function of material parameter ζ for
normalized hardness H̄gh in the ‘geometrical hardening’ regime. Plotted discrete values
correspond to ln(1 − l) values obtained from calibration of FE data, while the solid curve
represents the relationship obtained from curve fitting.

From the above equations, it is evident that u and V LC
el can be evaluated from a known value

of l. Figure 3.18 shows a plot of the natural log of (1 − l) against material parameter ζ,

where the l values are calibrated from H̄ vs. γ/2R FE simulation data of die and hydrostatic

loading cases. It is interesting to note that the parameter l is independent of the loading

condition, since the ln(1 − l) values for both die and hydrostatic loading conditions fall on

a single trend curve that is a function of ζ. Therefore, it is fair to conclude that l is a

material-dependent parameter.

From curve fitting of the plotted values, we propose the following relationship between l

and ζ

ln(1− l) = ln

(
1

1 + 0.1985ζ1.0222

)

=⇒ l = 1−
(

1

1 + 0.1985ζ1.0222

) (3.52)
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To conclude the analysis, we provide below a summarized form of the semi-mechanistic

contact law for the normalized hardness H̄

H̄ =





= H̄e = 2
3π
λA1/2γ1/2 γ ∈ [0, γy]

= H̄ep = H̄max − c1

[
ln
(
γ|H̄max

γ

)]c2
γ ∈ (γy, γ|H̄max

]

= H̄ fp = H̄max − pLC
[
tanh

{
q
(
γ−γ|H̄max

2R

)}
γ ∈

(
γ|H̄max

, γLC|H̄min

]

× cos
{(

γ−γ|H̄max

2R

)
− s(γLC|H̄min

, q)
}]r

LC→ {SC,DC,HC}

= H̄ lc = H̄LC
min − u ln

{
1− l

(
χLC−χLC|H̄min

χLC
zp −χLC|H̄min

)2
}

γ ∈
(
γLC|H̄min

, γLC
zp

]

LC→ {DC,HC}

= H̄ev = ζ(1− χLC) γ ∈
(
γLC

zp ,∞
)

LC→ {DC,HC}

(3.53)

3.5 Validation of the Semi-Mechanistic Contact Law

The semi-mechanistic contact formulation developed in the previous section was validated

by comparing the contact law predictions of normalized contact radius (a/R), normalized

contact pressure or hardness (H̄ = P/σyπa
2) and normalized contact force (P/σyπR

2) with

data obtained from FE simulations. Figures 3.19, 3.20 and 3.21 present this comparison

for simple, die (primary contacts) and hydrostatic loading configurations respectively. To

validate the material property dependence of the contact formulation, comparative plots

for all loading configurations are provided for the lowest and the highest value of material

parameter λ obtained from the space-filling design. The figures show an excellent agreement

between the numerical FEA data and the analytical contact law predictions, with an accurate

representation of material and loading condition - dependence of the contact behavior.
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(a) (b)

(c)

Figure 3.19. Comparison of the predictions of proposed semi-mechanistic contact formulation
with FE simulation data for a particle under simple compression. Plots of normalized (a) con-
tact radius-deformation, (b) contact pressure-deformation, and (c) contact force-deformation
are depicted. FE data for the lowest value of λ = 123.41 obtained from space-filling design
are denoted by circles, with corresponding contact law predictions denoted by a dashed curve.
FE data with the highest value of λ = 5933.40 are denoted by diamonds, with corresponding
contact law predictions denoted by a solid curve.
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(a) (b)

(c)

Figure 3.20. Comparison of the predictions of proposed semi-mechanistic contact formula-
tion with FE simulation data for primary contacts of a particle under die compression. Plots
of normalized (a) contact radius-deformation, (b) contact pressure-deformation, and (c) con-
tact force-deformation are depicted. FE data for the lowest value of λ = 163.08 obtained
from space-filling design are denoted by circles, with corresponding contact law predictions
denoted by a dashed curve. FE data with the highest value of λ = 4954.40 are denoted by
diamonds, with corresponding contact law predictions denoted by a solid curve.
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(a) (b)

(c)

Figure 3.21. Comparison of the predictions of proposed semi-mechanistic contact formulation
with FE simulation data for a particle under hydrostatic compression. Plots of normalized
(a) contact radius-deformation, (b) contact pressure-deformation, and (c) contact force-
deformation are depicted. FE data for the lowest value of λ = 117.24 obtained from space-
filling design are denoted by circles, with corresponding contact law predictions denoted by
a dashed curve. FE data with the highest value of λ = 5854.69 are denoted by diamonds,
with corresponding contact law predictions denoted by a solid curve.
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3.6 Preliminary semi-mechanistic analysis of the secondary contacts of die load-

ing configuration

For the case of die loading configuration, we have shown the evolution of contact behavior

at the lateral or ‘secondary’ contacts from the FE simulations presented in section 3.3. These

contacts, despite being subjected to zero applied or ‘local’ deformation, develop solely due to

the lateral or ‘nonlocal’ deformation of the particle resulting from axial compression. In this

section, we attempt to lay the foundation of a nonlocal contact formulation capable of pre-

dicting such contact behavior by proposing semi-mechanistic laws relating the deformation

at primary and secondary contacts.

To obtain an estimate of the lateral deformation, we utilize the FE simulations for the

simple loading configuration and post-process the average nodal displacements at the lateral

edge of the (1/8)th sphere (Figure 3.22). Therefore, for a displacement γ/2 at the particle-

plate axial contact (γ for a two-particle contact), we obtain an average nodal displacement

of γs/2 at the lateral edge, where the subscript ‘s’ denotes the equivalent displacement at the

secondary contact in the die loading configuration. It is important to note that, according

to the nonlocal contact formulation (ref. Gonzalez & Cuitiño (2012, 2016) and Agarwal &

�
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Figure 3.22. Schematic of the simple compression of (1/8)th sphere, showing an axial contact
displacement of γ/2 resulting in a lateral edge displacement of γs/2.
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Figure 3.23. Plots of lateral secondary contact displacement (γs) vs. axial primary contact
displacement (γ) obtained from FE simulations of the simple loading configuration. Plots are
depicted for 5 out of the 17 material properties obtained from the space-filling design, ranging
from minimum to maximum value of the material parameter λ. The units of displacement
on both axes is millimeters (mm).

Gonzalez (2018)), each particle contact acquires nonlocal displacement contributions from

all other contacts on the particle. Therefore, as the lateral secondary displacements γs evolve

and become larger, their nonlocal contributions to the primary and other secondary contacts

become significant. Since the development of a complete nonlocal contact formulation for

elasto-plastic particles is beyond the scope of this chapter, we restrict our estimation of

the secondary displacements to the small deformation regime to safely neglect any nonlocal

contributions from the secondary contacts.

From the observation of FE simulation results of normalized hardness for secondary die

contacts (Figure 3.10a), we find that the contact behavior remains within the small deforma-

tion elasto-plastic regime until the primary contact deformation γ/2R reaches 0.1. Therefore,

the lateral secondary displacements are evaluated until the primary contact displacement

reaches γ = 0.1 × 2R = 2mm for R = 10mm. The obtained displacements are plotted in

Figure 3.23 for 5 out of the 17 material properties for simple configuration obtained from

the space filling design, ranging from minimum to the maximum value of material parameter
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(a) (b)

Figure 3.24. Estimation of material-dependent parameters (a) τ and (b) ω as functions of
parameter λ for the relationship between secondary and primary contact displacements γs
and γ. Plotted discrete values correspond to the values obtained from FE data, while solid
curves correspond to relationships obtained from curve fitting.

λ. From the figure, we observe that the evolution of lateral displacement follows a power

law, with the rate of evolution increasing with increasing material compliance (decreasing

λ). Accordingly, we propose the following relationship between the secondary and primary

contact displacement

γs = τγω (3.54)

where τ and ω are material-dependent parameters. Figure 3.24 shows a plot of the discrete

values of these parameters against material parameter λ, obtained by fitting the above

relationship to the secondary vs. primary displacement data for all 17 material properties.

From curve fitting of these calibrated values, we propose the following relationship for τ and

ω with λ

τ =
1

1480.8863 tanh {(5.0261× 10−5) · (λ1.2889)} (3.55)

ω = 5.7775 tanh
{

0.0159
(
λ0.6146

)}
(3.56)
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Figure 3.25. Comparison of secondary displacement (γs) vs. primary displacement (γ)
obtained from the power law given by Equation (3.54) and FE simulations of the simple
loading configuration. Plots are depicted for minimum and maximum value of λ obtained
from the space-filling design. The units of displacement on both axes is millimeters (mm).

The above relationships are also plotted in Figure 3.24, and provide excellent estimates of

the calibrated parameter values. Finally, by using these relationships in the γs−γ power law

given by Equation (3.54), the evaluated secondary displacements are plotted and compared

with the FE values for the minimum and maximum λ in Figure 3.25. The figure confirms

the accuracy of the proposed power law, with an excellent agreement obtained between the

modeled and FE results.

The secondary contact displacement model from Equation (3.54) can now be used to

obtain the contact radius (Equation (3.17)), normalized hardness (Equation (3.20) for elastic

and Equation (3.23) for elasto-plastic regime) and contact force (Equation (3.16)) until the

primary contact deformation reaches 0.1, which denotes the limit of elasto-plastic regime for

the secondary contacts.

Additionally, we have proposed in the previous section that during the ‘low compress-

ibility’ regime, the contact response is a function of the overall particle compression due to

significant contact interactions. Therefore, it is fair to assume that beyond the ‘low com-

pressibility’ regime, all particle contacts are subjected to the same pressure, which is given
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Figure 3.26. Plot of primary deformation (γ/2R) vs. the product of volume and surface rel-
ative densities ρDC,contact

V × ρDC,contact
S for the secondary contacts of die loading configuration.

Plots are depicted for 5 out of 17 material properties for die configuration, ranging from min-
imum to maximum value of λ. The marked points (bold cross markers) correspond to the
points between which the value of γ/2R at ρDC,contact

V ρDC,contact
S = Γ = 0.0593 is interpolated

for λ = 163.08.

by Equation (3.46) in the ‘low compressibility’ regime and Equation (3.49) in the elastic

volumetric regime. For the secondary contacts, the onset of ‘low compressibility’ regime is

predicted by using the minimum hardness condition given by Equation (3.33), where the

product of volume and surface relative densities is given by
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(3.57)

The value of primary deformation γ/2R at the onset can be obtained by interpolating the

γ/2R vs. ρDC,contact
V × ρDC,contact

S data generated by using FE values of the secondary contact

area SDC
contact. Figure 3.26 presents this data for 5 out of the 17 material properties for die

configuration, ranging from minimum to maximum λ. According to Equation (3.33), the



93

Table 3.6. Values of primary contact deformation γ/2R at the onset of ‘low compressibility’
regime for secondary die contacts. Values are provided for 5 out of the 17 material properties
for die loading configuration.

λ γ/2R (Low Compressibility)
163.08 0.4159
386.40 0.4115
1045.79 0.4102
2841.32 0.41
4954.40 0.4098

‘low compressibility’ regime starts when the product of volume and surface relative densities

equals Γ = 0.0593. The deformation values at the fulfillment of this condition are obtained

by cubic interpolation between points on either side of the Γ value, and are listed in Table

3.6 for the five plotted material properties.

Observation of the large deformation normalized contact pressure response of secondary

die contacts from finite element simulations (Figure 3.11c) suggests that while the normalized

hardness H̄ at the onset of ‘low compressibility’ regime (γ/2R ∼ 0.41 from Table 3.6) does

not attain a minimum value, it does fall on an inflection point, following which the evolution

of contact pressure is visibly similar to that of the primary contacts (Figure 3.11b). This

observation confirms the accuracy of our predictions of the onset of the ‘low compressibility’

regime for secondary die contacts.

Figure 3.27 presents a comparison of the predicted evolution of normalized secondary

contact radius and contact force in the small-deformation (elastic and elasto-plastic) regime

with the finite element simulation results. Additionally, Figure 3.28 shows the predicted

vs. FE results of the evolution of normalized hardness in both small and large (beyond ‘low

compressibility’) deformation regimes. Comparative plots are provided for the minimum and

the maximum value of λ for die configuration. Even though an excellent agreement is not

achieved, the predicted results at small deformations are still comparable with the FE data

and of the same order of magnitude. Concurrently, a good agreement between the predicted

and FE results is obtained for normalized hardness in the large deformation regime.
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(a) (b)

Figure 3.27. Comparison of the predictions of small-deformation normalized (a) contact
radius (Equation (3.17)) and (b) contact force (Equation (3.16)) evolution at the secondary
contacts with respect to primary contact deformation with FE simulation data for a particle
under die compression. FE data for the lowest value of λ = 163.08 are denoted by circles,
with corresponding contact law predictions denoted by a dashed curve. FE data with the
highest value of λ = 4954.40 are denoted by diamonds, with corresponding contact law
predictions denoted by a solid curve.
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Figure 3.28. Comparison of the predictions of small and large deformation normalized hard-
ness evolution at the secondary contacts with respect to primary contact deformation with
FE simulation data for a particle under die compression. FE data for the lowest value of
λ = 163.08 are denoted by circles, with corresponding contact law predictions denoted by
a dashed curve. FE data with the highest value of λ = 4954.40 are denoted by diamonds,
with corresponding contact law predictions denoted by a solid curve.
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3.7 Summary and Discussion

A semi-mechanistic contact formulation has been developed for material and loading

condition-dependent contact behavior of an elastic-perfectly plastic spherical particle, as

it is compressed in a simple cubic packing under unconfined (simple axial compression) or

confined (die and hydrostatic compression) loading conditions. Contact laws for the evolution

of contact radius and normalized contact pressure (or hardness) have been proposed, while

the contact force is efficiently determined from the product of contact pressure and area. The

material-dependence is systematically incorporated in the formulation through calibration

of model parameters to a set of 51 single-particle finite element simulations (17 for each of

simple, die and hydrostatic loading conditions), where the diverse set of material properties

is obtained from a space-filling design.

The contact radius is determined as a three-term nonlinear function of the contact dis-

placement, where each term corresponds to the evolution of contact area during a specific

deformation regime, i.e., small, moderate and large deformations. The analytical framework

for the three-term function is obtained by applying the method of curvature-correction to the

small-deformation similarity contact law. The normalized hardness, due to its complex and

distinct evolution in each deformation regime, is modeled as a piece-wise differentiable func-

tion, with distinct contact laws proposed for each regime in a way that the function remains

continuous and differentiable with respect to the contact deformation at all stages of particle

compression. A salient feature of the proposed contact law is its capability to predict the

rise in contact pressure for confined loading conditions during the ‘geometrical hardening’

or ‘low compressibility’ regime as a function of the particle’s elastic compressibility, thus

unraveling critical material-dependent behavior at large deformations. The capabilities of

the contact formulation are successfully validated by attainment of an excellent agreement

between the model and finite element predictions of the evolution of contact radius, pressure

and force with contact deformation for the three considered loading configurations.

Finally, a foundational semi-mechanistic analysis of the lateral walled (secondary) con-

tacts in the die loading configuration is presented. The secondary contacts, despite not

being subjected to any applied deformation, evolve as a result of the lateral expansion of
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the axially compressed particle. The induced deformation at the secondary contacts, termed

as nonlocal deformation, is determined by post-processing the nodal displacements at the

lateral edge of the particle from finite element simulations of the simple loading configura-

tion. Although, this analysis is limited to small deformations to safely neglect any nonlocal

contributions from the secondary contacts themselves. The relationship between primary

and nonlocal secondary contact displacements is modeled as a power law, which is shown to

accurately represent the material-dependent evolution of the secondary displacements. By

using this relationship, the contact response is evaluated at small deformations from the

proposed semi-mechanistic contact formulation. Additionally, by utilizing the assumption

of equal contact pressure at all particle contacts beyond the ‘low compressibility’ regime,

the contact pressure at large deformations for the secondary contacts is determined from

the proposed normalized hardness law. A comparison of the model and finite element pre-

dictions of the secondary contact response shows that while an excellent agreement is not

achieved, the model predicted response is comparable and of the same order of magnitude

as the numerical FE data. With regard to this observation, it is worth mentioning that since

the FE simulations performed in this study were set up for an accurate determination of the

large deformation contact response, a separate finite element study with a finer mesh may

be needed for proper convergence of contact behavior at small deformations. Such a study

will enable a more reliable validation of the modeled response at the secondary contacts, and

is a worthwhile direction of future research.
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CHAPTER 4. EFFECTS OF CYCLIC LOADING AND TIME-RECOVERY ON

MICROSTRUCTURE AND MECHANICAL PROPERTIES OF PARTICLE-BINDER

COMPOSITES

This chapter was published in the ASME Journal of Applied Mechanics, Volume 87(10):
101008 (23 pages), Ankit Agarwal and Marcial Gonzalez, Effects of cyclic loading and time-
recovery on microstructure and mechanical properties of particle-binder composites, Copy-
right ASME (2020).

4.1 Introduction

Particulate composites, or particle-binder composites, consist of hard particles, such as

carbon, tungsten carbide, silica, gravel, and others, in the matrix of a soft material, such

as polymers and soft metals. These materials are used across a wide range of applications

in different contexts. For example, particle-reinforced composites (such as filled elastomers

and concrete, i.e., gravel embedded in a cement matrix) are used to enhance the mechanical

properties of the matrix. Since hard particles increase the load-bearing capacity of the

material, these composites provide an improvement in strength and wear properties over

single material systems. However, they also exhibit significant inelastic phenomena in their

mechanical response (Dargazany et al., 2014), such as Mullins effect (Mullins, 1948, 1969)

and cyclic hysteresis (Netzker et al., 2010) in filled rubbers (Bergström & Boyce, 1998; Miehe

& Keck, 2000).

Plastic-bonded explosives (PBX) are another type of particle-binder composites that

are widely used in ammunition for defense applications. These materials consist of explo-

sive crystals, such as cyclotrimethylenetrinitramine (RDX) and cyclotetraminetetranitramine

(HMX), in the matrix of a binder that primarily includes: (i) a soft polymer, such as

hydroxyl-terminated polybutadiene (HTPB) (Akhavan, 2011) and Estane (Idar et al., 1998),

(ii) a plasticizer, such as bis(2,2-dinitropropyl)acetal (BDNPA), dioctyl adipate (DOA) and

bis(2,2-dinitropropyl)-formal (BDNPF), and (iii) small concentrations of antioxidants, bond-
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ing agents, wetting agents, cross-linkers, stabilizers and catalysts (Daniel, 2006). The poly-

mer acts as a safety envelope for the explosive crystals, inhibiting their movement and

excitation to low amplitude loads and thus reducing their sensitivity to weak impact loads

(Palmer et al., 1993; Rae et al., 2002; Rangaswamy et al., 2010). The plasticizer improves

processability, mechanical properties and also lowers sensitivity (Yılmaz et al., 2014). An-

other major ingredient in PBX may include a metal, such as aluminum, which is often used

as a fuel or booster to enhance blast effects (Prakash et al., 2004; Daniel, 2006).

Characterization and mechanistic understanding of the mechanical behavior of PBX are

of particular interest to the defense community. PBXs are designed to detonate in response

to a very specific external stimulus. However, these composites may be subjected to diverse

loading conditions during their operational life (ranging from high to low strain-rate com-

pression and tension, impact, mechanical vibrations and cyclic loading, among others) that

in turn may alter their microstructure and their mechanical response, rendering them unpre-

dictable and unsafe (Drodge & Williamson, 2016). Several experimental studies have been

performed to analyze the mechanical response and microstructural changes in PBX under dif-

ferent loading conditions. The most commonly used techniques for imparting static and dy-

namic loads are: (i) low strain-rate uniaxial unconfined compression and tension (Funk et al.,

1996; Idar et al., 1998; Thompson et al., 2002), (ii) low frequency base excitation (Paripovic

& Davies, 2013, 2016), (iii) Brazilian test for measuring tensile strength (Grantham et al.,

2004; Williamson et al., 2007), (iv) high strain-rate compression and impact loading using

split Hopkinson pressure bars (Idar et al., 2002; Li et al., 2012; Kerschen et al., 2017), and (v)

dynamic mechanical analysis (Thompson et al., 2012; Drodge & Williamson, 2016). The most

common destructive and non-destructive techniques for observing microstructural changes

are: (i) speckle photography (Palmer et al., 1993) and (ii) scanning electron microscopy

(SEM) (Rae et al., 2002; Chen et al., 2007), that have been used to study fracture surfaces

in PBX following a Brazilian test, (iii) high speed synchrotron X-ray phase contrast imaging

(Hudspeth et al., 2015), which has been used to study in-situ deformation and failure in

PBX under dynamic compression (Parab et al., 2016), and (iv) micro-computed tomogra-

phy, which is an increasingly popular and sophisticated non-destructive imaging technique

capable of characterizing the material in a three-dimensional (3D) space (hua YANG et al.,



99

2014; Al-Raoush & Papadopoulos, 2010; Koloushani et al., 2018; Mukunoki et al., 2016; Yu

et al., 2018; He et al., 2013; Yermukhambetova et al., 2016). In the context of PBX, in-situ

micro-computed tomography (micro-CT) has been used to observe microstructural changes

in material specimens during large uniaxial unconfined compression (Manner et al., 2017;

Chen et al., 2017), with observations of ductile plastic flow to extensive cracking and dam-

age mechanisms like crystal-binder delamination and transgranular fracture. When coupled

with optical deformation measurement techniques like digital image correlation (DIC) (Bruck

et al., 1989) and digital volume correlation (DVC) (Bay et al., 1999), micro-CT has been used

effectively to obtain strain fields and quantify microstructural changes in polymer-bonded

sugar during large unconfined uniaxial compression (Hu et al., 2015, 2016).

The stress-strain response of particle-binder composites, specifically polymer-bonded

sugar under large quasi-static monotonic compression, is typically characterized by four

stages (see, e.g., Chen et al. (2017)). Initially, a nonlinear increase in the slope of the

stress-strain curve is observed, which is attributed to the gradual mating of the machine

platen-specimen surface. This is followed by a predominant elastic deformation of the ma-

terial, where the response curve remains largely linear. The third stage commences with a

nonlinear decline in the slope of the curve, attributed to predominant inelastic deformation

and damage accumulation in the form of particle-binder delamination and slipping, which

results in nucleation of cracks, and it continues until the material reaches its ultimate com-

pressive strength. Subsequently, the material rapidly loses its strength, owing to an extensive

transgranular crack formation during the fourth stage.

It is worth noting that, since the majority of inelastic deformation and damage accumula-

tion without loss of structural integrity occurs within the first three stages of deformation, it

is relevant to study periodic or cyclic loading within the range of moderate to high strains and

to characterize its effect on microstructure and mechanical properties of particle-binder com-

posites. Furthermore, since a material specimen may be subject to such loading conditions

multiple times over its operational life, it is important to study the effect of time-recovery,

degradation or aging (see, e.g., Goldrein et al. (2001)). A systematic study of the simultane-

ous effect of cyclic loading and time-recovery on microstructure and mechanical properties of
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particle-binder composites is not available in the open literature and, thus, it is the central

focus of this work.

This chapter specifically focuses on the qualitative and quantitative characterization of

changes in mechanical behavior and microstructure of particle-binder composites due to the

application of high amplitude quasi-static cyclic compressive loading, before and after a 4-

week time-recovery or aging period. Three compositions that differ in aluminum content

from the mock sugar formulation of PBXN-109 are cast into cylindrical specimens and used

in this study. Microstructural changes in the spatial distribution of the primary components

of the formulation, including pore space, are characterized from micro-CT images.

The chapter is organized as follows. Section 4.2 describes the experimental procedures,

including specimen preparation, experimental apparatus, and the proposed cyclic testing

and aging (recovery) procedure. Section 4.3 provides an analysis of the simple monotonic

compressive response of mock specimens to identify optimum strain levels for cyclic loading.

Section 4.4 presents a detailed analysis of cyclic loading and time-recovery effects on the me-

chanical response of mock specimens. Section 4.5 describes the postprocessing procedure for

the identification of spatial distribution of different components in the formulation, includ-

ing pore space, from micro-CT images. Section 4.6 provides a detailed quantitative analysis

of changes in microstructure due to cyclic loading and time-recovery or aging. Finally, a

summary and concluding remarks are presented in section 4.7.

4.2 Experimental Procedures

4.2.1 Material Preparation and Specimen Geometry

Cylindrical specimens of mock PBX material with dimensions of approximately 1-inch

height and 1-inch diameter were prepared following the procedure by Range et al. (2018).

The specimens were prepared by Ms. Allison Range.1 The formulations used are variations

of PBXN-109 formulation (Lochert et al., 2002), with sugar used as a substitute for RDX to

render the specimens inert. The base formulation is summarized in Table 4.1.

1Allison Range, Ray W. Herrick Laboratories, Purdue University, West Lafayette, IN 47907, USA. Email:
range@purdue.edu
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Table 4.1. PBXN-109 formulation.

Constituent % w/w
RDX 64.000
Aluminum 20.000
R45-HT (Hydroxyl-terminated Polybutadiene Resin) 7.346
Dioctyl Adipate (DOA) 7.346
Antioxidant 2246 0.100
Dantocol DHE 0.260
Triphenylbismuth 0.020
Isophorone Diisocyanate (IPDI) 0.950

The main constituents of the mock specimens are an HTPB binder with equal quantities

of R45-HT resin (Cray Valley USA, LLC) and DOA plasticizer (Sigma-Aldrich USA), sucrose

particles, and spherical aluminum powder (Valimet Inc, Stockton, CA, USA). The sucrose

particles are sieved to a diameter range of 106–355 µm to be comparable in size to RDX

particles. The aluminum powder has an average particle size of 25 µm. To prepare the

specimens, a mixing and casting procedure as described by Range et al. (2018) was followed.

The cast specimens were then cured in an oven for 7 days at 60◦C. Experiments on the

specimens were performed 1-2 months after curing.

To gain insight into the role of additive content, i.e., of aluminum powder, in the evolu-

tion of microstructure and mechanical properties during cyclic loading and aging, the base

(a) 85-00 (b) 85-15 (c) 85-30

Figure 4.1. Mock energetic material specimens.
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formulation was varied to produce specimens of different formulations based on the following

two parameters:

1. Solids loading, which is the weight percentage of solids (sucrose crystals and aluminum

powder) in the overall mixture.

2. Additive content, which is the weight percentage of aluminum powder in the solids.

Specimens of three different formulations were studied, all of whom have 85% solids loading

but differ in additive content, namely 85-00 (0% additive in solids, 0% in total, Figure 4.1a),

85-15 (15% additive in solids, 12.75% in total, Figure 4.1b) and 85-30 (30% additive in

solids, 25.5% in total, Figure 4.1c). The nominal specimen heights (h), diameters (D) and

test performed for 85-00, 85-15 and 85-30 are provided in Tables 4.2, 4.3 and 4.4, respectively.

Table 4.2. Test parameters for 85-00 formulation.

Specimen Nominal Height -
h (mm)

Nominal Diameter
- D (mm)

Test Performed

85-00-01 27.17 ± 0.03 25.68 ± 0.13 Simple compressive loading

85-00-02 26.33 ± 0.01 25.71 ± 0.07 Simple compressive loading

85-00-03 27.05 ± 0.03 25.45 ± 0.12 Simple compressive
loading-unloading

85-00-04 26.60 ± 0.01 25.71 ± 0.10 Simple compressive
loading-unloading

85-00-05 26.32 ± 0.02 25.62 ± 0.09 Compressive cyclic

Table 4.3. Test parameters for 85-15 formulation.

Specimen Nominal Height -
h (mm)

Nominal Diameter
- D (mm)

Test Performed

85-15-01 27.29 ± 0.01 25.66 ± 0.11 Simple compressive loading

85-15-02 26.20 ± 0.01 25.72 ± 0.11 Simple compressive loading

85-15-03 26.55 ± 0.01 25.54 ± 0.11 Simple compressive
loading-unloading

85-15-04 27.25 ± 0.01 25.53 ± 0.10 Simple compressive
loading-unloading

85-15-05 27.38 ± 0.01 25.52 ± 0.15 Compressive cyclic



103

Table 4.4. Test parameters for 85-30 formulation.

Specimen Nominal Height -
h (mm)

Nominal Diameter
- D (mm)

Test Performed

85-30-01 26.70 ± 0.01 25.89 ± 0.10 Simple compressive loading

85-30-02 25.09 ± 0.03 25.54 ± 0.08 Simple compressive loading

85-30-03 26.14 ± 0.02 25.49 ± 0.14 Simple compressive
loading-unloading

85-30-04 25.84 ± 0.02 25.67 ± 0.14 Simple compressive
loading-unloading

85-30-05 26.33 ± 0.02 25.46 ± 0.10 Simple compressive
loading-unloading

85-30-06 26.34 ± 0.02 25.52 ± 0.10 Compressive cyclic

85-30-07 26.08 ± 0.01 25.56 ± 0.07 Compressive cyclic

4.2.2 Experimental Setup

Compressive loading experiments were performed on a MTS Criterion C43 universal test-

ing machine (Figure 4.2). The specimens were compressed between metal platens lubricated

with WD-40 dry lube. Strain-controlled tests were performed at room temperature (72◦F),

and at a strain-rate of 0.001s-1 to produce a quasi-static loading response. A load cell of 500

N capacity was used to obtain the force measurements.

4.2.3 Micro-Computed Tomography

Micro-CT scans were performed on a Bruker Skyscan 1272 instrument (Figure 4.3). The

specimens were fixed to the mounting fixture using adhesive putty, with care being taken to

mount them in a straight, upright position. Table 4.5 presents the optimum scan settings

identified for each of the specimen formulations. The settings were optimized for scan qual-

ity (i.e., good contrast, low beam hardening, and ring artifacts), image quality (i.e., good

resolution, low noise) and scan time. Due to the specimens being larger than the detector’s

field of view at the selected resolution, the scan was carried out at two camera positions

successively to capture the entire width of the specimens. However, the length captured was

still limited by the length of the field of view. Therefore, the middle portion of the specimen
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Figure 4.2. Experimental setup for compressive periodic loading tests, showing (a) MTS
Criterion C43 testing frame, (b) Controlling workstation, and (c) Test specimen (85-00
shown in the figure).

Figure 4.3. The setup for micro-computed tomography, showing (a) Bruker Skyscan 1272
instrument, (b) Controlling workstation, (c) Test specimen (85-00 shown in the figure) fixed
to the (d) mounting fixture, (e) X-Ray detector, and (f) Side visual camera.
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Table 4.5. Optimum micro-CT scan settings.

Scan Settings 85-00 85-15 85-30

Beam Voltage (kV) 70 80 100

Beam Current (µA) 142 125 100

Beam Filter Al 1mm Al 0.5mm + Cu
0.038mm

Cu 0.11mm

Detector Resolution 1632×1092 1632×1092 1632×1092

Voxel Size (µm) 10 10 10

Rotation Angle
(degrees)

0.4 0.4 0.4

Averaging (frames) 6 6 6

Offset Scanning Yes, with two
camera positions

Yes, with two
camera positions

Yes, with two
camera positions

Scan duration 5 hrs 40 mins 6 hrs 15 mins 7 hrs 30 mins

25.4mm

(approx.)
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Figure 4.4. Representation of the scanned portion with respect to the entire length of the
specimen.

of length 10.92 mm was scanned to adequately capture the loading and aging effects for the

entire specimen (Figure 4.4).

4.2.4 Testing Procedure for assessing Cyclic Loading and Time-Recovery Ef-

fects

Figure 4.5 presents the standardized testing procedure employed to identify the depen-

dence of mock energetic specimens on loading history and time-recovery or aging. A period

of 24 hours was selected for re-scanning the specimens after cyclic compressive testing, to
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Figure 4.5. Testing procedure for assessing cyclic loading and time-recovery effects on mock
energetic specimens.

allow sufficient time for scan completion, and to simultaneously capture the material’s de-

pendence on cyclic loading. Before resuming the testing cycle, a resting period of 4 weeks

was allowed for the specimens to capture the aging effect, during which the specimens were

stored in UV protective resealable bags in a temperature-controlled (72◦F) room.

4.3 Identification of Optimal Strain Levels for Cyclic Loading

To understand the basic deformation characteristics of mock specimens, and to estab-

lish a standard procedure for identifying optimal strain levels for cyclic loading, monotonic

compressive loading-unloading tests were performed for each specimen composition.

First, two specimens of each composition were compressed until a chosen maximum strain

level of 30% (see Figure 4.6), and the resulting nominal stress-strain response was studied.

It was observed that the 85-00 specimen exhibits (i) an initial nonlinear behavior (machine-

specimen mating), followed by (ii) an approximately linear increase in stress (predominant

elasticity), succeeded by (iii) a nonlinear response with decreasing slope (predominant plas-

ticity) until a peak stress level (ultimate compressive strength), after which the (iv) stress

decreases rapidly. These observations are in agreement with the previously observed behav-

ior of polymer-bonded sugar under monotonic compression (Chen et al., 2017). In contrast,

85-15 and 85-30 specimens exhibit a predominantly nonlinear response followed by ductile

plastic flow, reaching the peak stress at a much larger ultimate compressive strength; inter-

estingly, the ultimate strength is not reached under 30% strain for 85-30 specimens. These

observations are similar to those reported for aluminized explosives under high strain-rate
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(a) (b)

(c)

Figure 4.6. Uniaxial simple compressive stress-strain response of (a) 85-00-01 and 85-00-02,
(b) 85-15-01 and 85-15-02, and (c) 85-30-01 and 85-30-02 specimens until 30% deformation.

Figure 4.7. Configuration of 85-00-01 (top row), 85-15-01 (middle row) and 85-30-01 (bottom
row) specimens under compression at 5%, 15% and 25% strain.
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compression loading (Rumchik & Jordan, 2007). The increase in compressive strength with

the addition of aluminum is attributed to an increase in inter-particle interactions and, conse-

quently, in load-bearing capacity due to a more densely packed solid phase (i.e., crystals and

aluminum powder). It is additionally noted that the presence of sucrose-aluminum contact

interactions reduces sucrose-binder interfacial area, which in turn arrests extensive interfa-

cial debonding and larger crack formation, leading to a ductile macroscopic deformation.

These observations are supported by the deformed configuration of the loaded specimens

(see Figure 4.7), where extensive crack formation and debonding is observed in the 85-00

specimens while lateral expansion and plastic material flow is observed in 85-15 and 85-30

specimens.

Second, optimal strain levels for cyclic loading of each specimen composition were selected

on the basis of the following two principles:

1. The maximum strain level should ensure sufficient elasto-plastic deformation while

preventing the material from reaching its ultimate compressive strength. Therefore,

for experimental convenience, we chose the maximum stress level to be the nearest

integer function of 80% of the averaged strain at ultimate compressive strength, i.e.,

εmax,cyclic = b0.8 ε̄ultimatee.

2. The minimum strain level should allow for sufficient cyclic deformation while account-

ing for cyclic stress softening (Mullins effect) and ensuring that the specimen remains

in compression after cyclic stabilization. Therefore, we adopted an upper bound equal

to two-thirds of the maximum strain level, i.e., εmin,cyclic ≤ 2 εmax,cyclic/3.

For 85-00 and 85-15 formulations, the values of strain at ultimate strength and the

maximum cyclic strain level obtained from the tested specimens are reported in Table 4.6.

Next, two specimens each of the 85-00 and 85-15 formulations were loaded to their re-

spective maximum strain levels and subsequently unloaded to a stress-free state (see Figure

4.8). A suitable value of the minimum strain level, lying between its upper bound (depicted

by dashed-dotted lines in the figure) and the residual strain (i.e., 1% for 85-00 and 2% for

85-15), was to be chosen. We adopted a minimum strain level of 5% for 85-00 and 8% for

85-15, depicted by dotted lines in the figure. Finally, we verified (and show in the later
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Table 4.6. Maximum cyclic strain values for 85-00 and 85-15 (all values in %).

Strain
85-00-XX 85-15-XX

Type 01 02 01 02

εultimate 10.14 12.00 19.98 19.18

εmax,cyclic 9 16

sections) that, for these chosen optimal strain levels, the specimens remained in compression

during cyclic loading until the attainment of a stabilized cycle, despite the occurrence of

stress softening.

For the 85-30 formulation, an ultimate compressive strength was not reached within

30% deformation and, therefore, the selection of optimal strain levels for cyclic loading was

made based on the identification of the minimum strain level first. To this end, compressive

loading-unloading tests were performed on three specimens for three different maximum

strains, namely 30%, 15% and 9%. The unloading stress-strain curves for each of these

tests are presented in Figure 4.9. It is evident from the figure that the specimens exhibited

large residual strains; interestingly, the residual strain corresponding to a maximum strain

of 30% is slightly larger than the two-thirds bound, i.e., 20%, while the residual strains for

(a) (b)

Figure 4.8. Unloading stress-strain response of (a) 85-00-03 and 85-00-04, and (b) 85-15-03
and 85-15-04 specimens, with calculated maximum cyclic strain level (dashed line), upper
bound on minimum cyclic strain level (dashed-dotted line) and the chosen minimum cyclic
strain level (dotted line).
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Figure 4.9. Unloading stress-strain response of 85-30-03 from 30% strain, 85-30-04 from 15%
strain, and 85-30-05 from 9% strain. The maximum strains are denoted by dashed lines,
while upper bounds on minimum cyclic strain level are denoted by dashed-dotted lines.

15% and 9% are slightly smaller than their respective two-thirds bounds, i.e., 10% and 6%.

Consequently, cyclic compression tests were performed using 10%-15% and 6%-9% minimum-

maximum strain levels (see Figure 4.10). The former test exhibited a stress-free state before

cyclic stabilization, while the latter remained in compression until cyclic stabilization (see

inserts in the Figure 4.10). Therefore, we adopted optimal strain levels of 6%-9% for cyclic

loading of the 85-30 formulation.

(a) (b)

Figure 4.10. Cyclic compressive response of (a) 85-30-06 specimen between 10% and 15%
strain, and (b) 85-30-07 specimen between 6% and 9% strain. Graphs on the top left inset
in each figure show a magnified view of the stress-strain response near the minimum cyclic
strain.
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A detailed analysis of the cyclic response of each mock energetic formulation is presented

in the next section.

4.4 Cyclic Loading and Time-Recovery Effects on the Mechanical Response

Figure 4.12 presents the compressive cyclic nominal stress-strain response of 85-00-05,

85-15-05 and 85-30-07 specimens when loaded between the optimal strain levels selected in

the previous section, i.e., 5%-9%, 8%-16% and 6%-9%, respectively. Figures 4.12a, 4.12c

and 4.12e show the response during initial cyclic testing of virgin specimens, while Figures

4.12b, 4.12d and 4.12f show the response of the same specimens after a 4-week time-recovery

or aging period. Nominal heights of the specimens measured before cyclic testing after

the 4-week period were 26.05 ± 0.02 mm for 85-00-05, 26.95 ± 0.01 mm for 85-15-05, and

25.56 ± 0.01 mm for the 85-30-07 specimen. When compared with the nominal heights of

the specimens in their virgin (untested) configuration (Tables 2, 3 and 4), a residual strain

of ∼1% in 85-00-05, ∼1.57% in 85-15-05 and ∼2% in 85-30-07 specimen is identified after

the recovery period.

Investigation of the mechanical response of the specimens suggested that all three formu-

lations exhibited a response characterized by the following attributes: (1) highly nonlinear

stress-strain response without a distinctive yield point, (2) hysteresis, and (3) cyclic stress

softening with eventual stabilization, which was observed at the 20th cycle for all formula-

tions. It is worth noting that for all compositions there are significant differences between the

cyclic response before and after the time-recovery period. These differences can be quantified

by the following parameters defined for a given cycle (see Figure 4.11):

1. Peak and valley stresses: the maximum σmax,i and the minimum σmin,i values of stress

in the ith (i = 1, . . . , 20) cycle. These stresses are related to the material strength.

2. Cumulative dissipated energy density: the difference between the energy supplied to

the material (i.e.,the area under the loading path) and the energy recovered after a cycle

(i.e., the area under the unloading path), accumulated throughout the cyclic loading.

This energy quantifies cyclic hysteresis and accumulated damage in the material.
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Figure 4.11. Schematic of a cyclic stress-strain curve (first two cycles shown) depicting peak
and valley stresses, dissipated energy, and apparent stiffness.

3. Apparent stiffness: the slope of the line connecting peak and valley stresses in each

cycle, i.e., for the ith cycle, Eapparent,i = (σmax,i − σmin,i)/(εmax,cyclic − εmin,cyclic).

In the following sections, a thorough analysis of cyclic loading and time-recovery effects on

the overall stress-strain response, damage, strength, and stiffness of mock energetic specimens

is presented.

4.4.1 Effects on the overall Stress-Strain Response

It is interesting to note that in the cyclic stress-strain response of all specimen formu-

lations, the first loading path of the virgin material is quite different from the subsequent

reloading paths, including those recorded after the time-recovery period. Excluding the ini-

tial response (until about 3% strain) which is related to gradual mating of machine platen-

specimen surface, the rate of strain hardening is observed to be decreasing with compression

during the first loading path of the virgin material and increasing with compression during

subsequent reloading. A similar observation has been made previously for cyclic compression

of aluminized RDX-based PBX in HTPB binder (Tang et al., 2016), where the authors have

described the initial loading response as sharp oval shaped, and the subsequent response

as crescent shaped. This type of strain hardening has not been observed in other particle-
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(a) 85-00-05 First Test (b) 85-00-05 Test after 4 Weeks
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(c) 85-15-05 First Test (d) 85-15-05 Test after 4 Weeks

1

3
2

(e) 85-30-07 First Test (f) 85-30-07 Test after 4 Weeks

Figure 4.12. Cyclic compressive stress-strain response of (a and b) 85-00-05, (c and d)
85-15-05 and (e and f) 85-30-07 specimens during initial testing and testing after 4 weeks.
Observable response attributes include (1) highly nonlinear stress-strain response without a
distinctive yield point, (2) hysteresis, and (3) cyclic stress softening with eventual stabiliza-
tion (observed at the 20th cycle for all formulations).
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binder composites such as filled elastomers (Bergström & Boyce, 1998; Miehe & Keck, 2000;

Dargazany et al., 2014), where the initial loading response is similar to the response observed

during subsequent reloading.

Another interesting observation is made regarding the effects of loading history and time-

recovery on the first loading path of the aged material. For the 85-15 and 85-30 formulations,

the first loading path of the aged specimen is similar in shape to both the loading response

of the stabilized cycle before aging and to the subsequent reloading paths. However, for the

85-00 formulation, the shape of the first loading path of the aged specimen remains similar

to the first loading path of the virgin material. This permanent change in the mechanical

behavior of aluminized specimens may be attributed to the loading history memory effect

observed in plastic or ductile (polycrystalline) materials (Jiang & Sehitoglu, 1994; Zhang &

Jiang, 2004; Jiang & Zhang, 2008; Paul et al., 2011).

4.4.2 Effects on Damage, Strength and Stiffness

All three formulations show a nonlinear decline in peak and valley stresses (and thus in

strength), and apparent stiffness with cyclic loading, for tests performed both before and after

the time-recovery period (see Figures 4.13 and 4.14). The rate of decline, however, eventually

reduces to zero and cyclic stabilization is observed after the 20th cycle. This weakening and

softening of the material, also known as the Mullins effect, is attributed to the accumulation

of damage. This accumulated damage is also evident from the evolution of cumulative

dissipated energy (see Figures 4.14), and it is typically attributed to mesoscale physical

processes such as bond rupture at polymer-filler interfaces (Blanchard & Parkinson, 1952),

molecular slipping on the filler-particle surface (Houwink, 1956), filler aggregate rupture

(Kraus et al., 1966), among others and so on (see, e.g., Diani et al. (2009) and references

therein for a review of physical interpretations of the Mullins effect).

The effect of loading history and time-recovery on material behavior is evident for the

85-00 formulation. It shows a large increase in peak stress (∼45%), valley stress (∼66%) and

apparent stiffness (∼41%) consistently for all cycles, and a ∼100% increase in both the value

of energy dissipation during the first cycle and its rate of accumulation during subsequent
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(a) (b)

(c) (d)

(e) (f)

Figure 4.13. Plots depicting evolution of peak and valley stresses with cyclic loading of (a
and b) 85-00-05, (c and d) 85-15-05 and (e and f) 85-30-07 specimens. Round data points
indicate peak and valley stress values obtained during initial (virgin) testing, while square
data points indicate values obtained during testing after 4 weeks.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.14. Plots depicting evolution of cumulative dissipated energy and apparent material
stiffness with cyclic loading of (a and b) 85-00-05, (c and d) 85-15-05 and (e and f) 85-30-07
specimens. Round data points indicate energy and stiffness values obtained during initial
(virgin) testing, while square data points indicate values obtained during testing after 4
weeks.
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cycles. In contrast, aluminized formulations (i.e., 85-15 and 85-30) show a small reduction

in peak stress and apparent stiffness during the initial 4-5 cycles after the time-recovery

period. The 85-15 specimen also shows a small reduction in valley stress, which is consistent

with observations of other values. However, the 85-30 specimen shows a consistent increase

in valley stress, although the values may be too small to be captured accurately due to

limitations of the load cell. Interestingly, the rates of energy dissipation before and after

aging are the same, but the values are offset by a significant drop (∼58% for 85-15 and

∼56% for 85-30) observed in the first cycle after the time-recovery period.

The observation of stiffening and strengthening of the 85-00 formulation is consistent

with the proposition of an increase in sucrose particle-particle interactions during the initial

loading of the virgin material. Formation of inter-particle force chains has been previously

observed during high strain-rate compression of polymer-bonded sugar with high solids load-

ing (>80%) (Ravindran et al., 2019), and during quasi-static compression of metal-matrix

composites (Liu et al., 2014a). Specifically, it is argued that the force network within the filler

particles is the main load-bearing mechanism under compression, while the binder matrix has

a bulk effect on load transfer and a confining effect on the initial relative movement of filler

particles (Liu et al., 2014a; Topin et al., 2007). Furthermore, if particle-binder interfacial

debonding occurred at moderate to large deformations, then radial displacement of the soft

polymer matrix would follow and, in turn, inter-particle interactions would be facilitated.

Even if binder rearrangement was partially reversed during the time-recovery period, the

increased proximity of the sucrose particles, as compared to the virgin material, would result

in an apparent increase in load-bearing capacity due to a more densely packed solid phase.

In sharp contrast, large ductile plastic flow and higher irrecoverable damage are observed for

formulations with aluminum micro-sized powder, i.e., for the 85-15 and 85-30 formulations.

As it was noted above, a stiffer force network is formed due to sucrose-aluminum-sucrose

interactions, which results in higher material strength, but plastic irreversible deformation

occurs during cyclic loading, which results in a lack of recovery during the aging period.
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4.5 Identification of the Spatial Distribution of Formulation Components at the

Meso-scale

A systematic procedure for identifying the spatial distribution of the primary components

of each formulation, including pore space, from micro-CT scans was developed. To this end,

the volumetric CT data was first reconstructed using NRecon (Bruker micro-CT) software

to obtain multiple cross-sectional 8-bit gray-scale images along the length of the scanned

portion of the specimen. A total of 1092 volumetric image slices (each image of 10 µm

height, constituting the total scanned height of 10.92 mm) were obtained. To avoid low-

quality images at the top and bottom edges due to cone-beam imaging geometry (Scarfe

& Farman, 2008) of the Bruker micro-CT instrument, 68 image slices from the top and

70 image slices from the bottom were discarded; these values were recommended by the

software. The effective analyzed height was then equal to 9.54 mm. The images were

produced by attributing a gray value from 0-255 to each pixel depending upon its attenuation

coefficient, which in turn depends on the material density. Figure 4.15 shows a schematic of

the histogram of attenuation coefficient values obtained from the middle cross-section of the

85-15 specimen. From the histogram, a range of attenuation values is chosen which is mapped

to the gray-scale. Limits of this range, also known as contrast limits, were chosen as follows:

the lower limit was selected as 0, which is the first peak in the histogram corresponding to air,

while the higher limit was selected as 4%-5% more than the maximum attenuation (density)

observed in the histogram to assure complete visualization of all the material within the

specimen.

In addition to choosing the contrast limits, corrections were applied to the gray-scale

images to reduce the effect of tomography artifacts like beam hardening and ring artifacts,

while Gaussian smoothing (Shapiro & Stockman, 2001) was applied to reduce image noise.

Since these values affect the fundamental gray distribution of the images, they need to be

the same for multiple scans of the same specimen for accurate qualitative and quantitative

comparisons.

The gray-scale images were then further analyzed in the CT-analyzer (Bruker micro-

CT) software, which is capable of performing a wide range of morphometric analyses on
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Figure 4.15. Schematic of the log-scaled histogram of the middle cross-section of the 85-15-05
specimen with respect to the attenuation coefficient of image pixels.

reconstructed scan datasets. A major function of the tool is thresholding, which is the

binarization of a gray-scale image so that a certain range of gray values are assigned the

value 0 (black), while the rest of the gray values are assigned the value 1 (white). Using

thresholding, it is possible to distinguish materials of different densities (gray values) in

the scanned image. However, automatic thresholding algorithms in CT-analyzer are at

most capable of segmenting two-component material systems. Furthermore, due to partial

volume effects in CT images (Wellington & Vinegar, 1987) and extensive mixing of different

materials in particle-binder composites, distinct peaks corresponding to different materials

are not observed in the gray-scale histogram of mock specimens, making segmentation of

multiple components and porosity solely from the gray-scale histogram infeasible.

It bears emphasis that the porosity of the specimen and the volume fraction of its primary

components, i.e., binder, sucrose and aluminum can be analytically computed from the

measurement of specimen’s weight and volume, since mass fractions and densities (binder:

0.907 g/cc, sucrose: 1.59 g/cc, aluminum: 2.7 g/cc) of the components are known. While

weight could be easily measured with good accuracy using a balance, the volume was best

approximated using a combination of CT-analyzer tools and physical measurements. A useful

feature of the software is the ability to wrap the boundary of the Volume of Interest (VOI)

tightly around the boundary of the specimen. Figure 4.16 shows the Region of Interest
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Figure 4.16. A cross-sectional image slice of the 85-15-05 specimen in gray-scale, and its cor-
responding ROI obtained using the “Shrink Wrap” feature available in Bruker CT-analyzer.

(ROI) obtained using this “Shrink Wrap” feature for a cross-sectional image slice of the

85-15-05 specimen. The VOI was then constructed from ROIs created along the entire

length of the scanned portion, and its volume (VVOI) was computed by CT-analyzer’s 3D

morphometric analysis tool. Volume of the entire specimen (V ) was then approximated as

V = VVOI(h/hVOI), where h is the measured specimen height and hVOI = 9.54 mm.

Once specimen porosity and volume fractions of its components were known, gray-scale

ranges corresponding to the measured values were obtained from the 3D voxel gray-scale

histogram available from CT-analyzer. Figure 4.17 shows representative gray-scale ranges

0 50 100 150 200 250
0

0.5

1

1.5

Figure 4.17. 3D voxel histogram of the 85-15-05 specimen showing representative gray-scale
ranges for each specimen component.
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Table 4.7. Measurements of weight, volume and comparison of measured porosity and volume
fractions (VF) with values obtained from CT-analayzer voxel histogram for the three mock
energetic specimens. The identified thresholding ranges are provided for reference.

Specimen Weight
(g)

Volume
(cm3)

Component Measured
VF (%)

CT-
analyzer
VF (%)

Thresh-
olding
Range

85-00-05 15.7524 13.6560

Porosity 19.2480 19.4842 0-33

Binder 19.0790 19.0703 34-95

Sucrose 61.6729 61.4454 96-255

85-15-05 18.9840 13.9674

Porosity 9.3428 9.4371 0-24

Binder 22.4780 22.3999 25-96

Sucrose 61.7609 61.6016 97-244

Aluminum 6.4183 6.5614 245-255

85-30-07 20.0892 13.5762

Porosity 6.1790 6.2632 0-17

Binder 24.4719 24.4512 18-93

Sucrose 55.3738 55.3135 94-216

Aluminum 13.9753 13.9721 217-255

in the 3D voxel histogram of the 85-15 specimen, arranged in the order of increasing density

of components (porosity < binder < sucrose < aluminum). Table 4.7 provides weight and

volume measurements, and it compares the porosity and volume fraction of each component

obtained from the true density of the specimen and the CT-analyzer voxel histogram. The

table also reports the threshold gray-scale ranges identified in the analysis.

Finally, the obtained gray-scale ranges were used to binarize the gray-scale images into

four sets of binary images, each containing voxels representing an individual component.

These binary image sets were then color-coded in MATLABR©, Version 9.4.0 (2018a), as-

signing a specific color to each component (porosity-black, HTPB-red, sucrose-green and

aluminum-blue), and combined to obtain a single set of color-coded slices. Figure 4.18 shows

a schematic of the described post-processing procedure for the identification of individual

specimen components and their spatial distribution. Additionally, Figure 4.19 provides 3D

rendered volume images of the gray-scale and the color-coded representations of the mi-

crostructure of each formulation.
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Figure 4.18. A schematic of the postprocessing procedure of micro-CT scans to reconstruct
the microstructure of the specimen and the spatial distribution of its individual components.
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Figure 4.19. 3D rendered gray-scale and color-coded volume images of (a) 85-00-05, (b)
85-15-05 and (c) 85-30-07 mock specimens, obtained from Bruker CTvox software The color
bars provide the color-code for each component, as well as a representative measure of their
volume fraction.
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4.6 Cyclic loading and Time-Recovery Effects on the Microstructure

In previous sections, it has been established that cyclic loading and time-recovery in-

troduce evident and permanent changes in the macroscopic mechanical response of mock

energetic materials. This behavior is attributed to mesoscale deformation and relaxation

mechanisms that emerge from the presence of a hard phase (sucrose) and a soft phase

(binder) in the microstructure. The soft phase becomes progressively more compliant due to

accumulated damage and particle-binder interfacial debonding. It undergoes homogeneous

or affine deformation under compressive load, it recovers during unloading, and it relaxes

over time. In sharp contrast, the hard phase experiences a collective rearrangement or non-

affine deformation under compressive loading, and it only partially recovers during unloading

and over time due to the irreversible nature of this collective rearrangement. The presence of

a ductile third phase (aluminum) may significantly affect these mesoscale deformation and

relaxation mechanisms by forming permanent sucrose-aluminum contacts and reducing the

sucrose-binder interfacial area—i.e., by arresting interfacial debonding and thus effectively

stiffening the soft phase.

In this section, the proposed mesoscale deformation and relaxation mechanisms are in-

vestigated by characterizing changes in the spatial distribution of the primary components

of each formulation, including pore space, before and after each cyclic test and, thus, before

and after the time-recovery or aging period.

The spatial volume distribution of components in a formulation is determined from the

three-dimensional color-coded micro-CT volume images (see Figure 4.19) using MATLABR©,

Version 9.4.0 (2018a). Distributions in the radial direction are of primary interest, and thus

the VOI is first segmented into three equal discs along its height, next into 20 angular sectors

of equal volume and, lastly, into 20 radial rings (see Figure 4.20). The proposed tessellation

is such that the volume of the resulting elements increases linearly with radial distance,

from 0.179 mm3 at r = 0.6 mm to 7.013 mm3 at r = 12 mm—radial distances beyond 12

mm are excluded from the analysis to eliminate any inconsistencies that may result from

imperfections in the specimen geometry. The volume fraction of sucrose, binder, aluminum

and pore space within each tessellated volume, and the mean and standard deviation values
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Figure 4.20. A schematic of the segmentation procedure of the volume image obtained from
micro-CT into a set of elements for studying changes in volume distribution of the specimen
components along the specimen’s radius.

along the angular direction, are then readily available and compared for scans taken before

and after virgin material testing and testing after 4 weeks in Figures 4.23-4.25, 4.26-4.29 and

4.30-4.33 for specimens 85-00-05, 85-15-05 and 85-30-07 respectively. In the figures, plots

are depicted for each segmented disc (top, middle and bottom), with the volume fraction

plotted against radial position, and standard deviation along the angular direction plotted

as error bars. For additional qualitative comparison of microstructural changes, color-coded

axial cross-sections of the specimens are provided in Figures 4.21 and 4.22. It is evident

from these figures that the majority of the volumetric changes are observed near the core

or center of the specimen. This observation is consistent with in-situ micro-CT studies in

polymer-bonded sugar under quasi-static uniaxial monotonic compression (Hu et al., 2015,

2016) which show that accumulation of damage, in the form of debonding, starts from the

core region and then propagates to the outer region. A detailed characterization of each

formulation is presented next.

The 85-00 formulation shows an increase in the volume fraction of sucrose, and a reduction

in that of binder and porosity, near the core upon the first cyclic loading test (see Figures

4.21a and 4.21b; circle (black) and square (blue) plots in Figures 4.23-4.25). This behavior

is consistent with an affine radial deformation of the soft and debonded binder as it is

compressed by stiffer sucrose crystals, and conversely, a non-affine longitudinal motion of
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(a) 85-00-05: Initial, untested (b) 85-00-05: Initial, after loading

(c) 85-00-05: 4 Weeks, before loading (d) 85-00-05: 4 Weeks, after loading

(e) 85-15-05: Initial, untested (f) 85-15-05: Initial, after loading

(g) 85-15-05: 4 Weeks, before loading (h) 85-15-05: 4 Weeks, after loading

Figure 4.21. Central cross-sectional images along the height (z) of the spatial distribution of
specimen components in the 85-00-05 (a, b, c and d) and 85-15-05 (e, f, g and h) specimens,
shown for scans taken before and after virgin material testing and testing after 4 weeks. In
the images, white indicates Porosity, green indicates Sucrose, red indicates Binder, while
blue indicates Aluminum.

the sucrose crystals to form a denser contact network. Furthermore, this formulation exhibits

a partial reversal of such microstructural rearrangement during the 4-week time-recovery or

aging period (see Figures 4.21b and 4.21c; square (blue) and triangle (red) plots in Figures

4.23-4.25). This reversal or recovery is facilitated by a relaxation over time of residual strains

in the binder. Finally, the second cyclic test reveals trends of binder displacement similar
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(a) 85-30-07: Initial, untested (b) 85-30-07: Initial, after loading

(c) 85-30-07: 4 Weeks, before loading (d) 85-30-07: 4 Weeks, after loading

Figure 4.22. Central cross-sectional images along the height (z) of the spatial distribution
of specimen components in the 85-30-07 specimen, shown for scans taken before and after
virgin material testing and testing after 4 weeks. In the images, white indicates Porosity,
green indicates Sucrose, red indicates Binder, while blue indicates Aluminum.

to those observed during the first test but extended over a larger region, i.e., it indicates

gradual propagation of damage away from the core (Chen et al., 2017) (see Figures 4.21c

and 4.21d; triangle (red) and diamond (brown) plots in Figures 4.23-4.25).

In the 85-15 formulation (see Figures 4.21e and 4.21f, and Figures 4.26-4.29), the spatial

distribution of specimen components is highly inhomogeneous, as observed in the radial and

longitudinal distributions of sucrose and binder, and the angular distribution of aluminum

and porosity. However, the average microstructural rearrangement during the first cyclic test

is observed to be similar to the 85-00 formulation. Although, compared to 85-00, the increase

in volume fraction of sucrose and the reduction in volume fraction of binder and porosity are

observed much closer to the specimen core. This observation indicates an influence of the

aluminum particles on the microstructure evolution. By forming additional contacts with

sucrose, aluminum particles tend to reduce the sucrose-binder interfacial area and resist

particle-binder debonding, thereby reducing the compliance of the binder. The effects of

these contact interactions are observed prominently following partial recovery, where the

deformation mechanisms of binder and sucrose are completely reversed during the 4-week

cyclic test (see Figures 4.21g and 4.21h; triangle (red) and diamond (brown) plots in Figures
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(a) 85-00-05: Sucrose (Top disc) (b) 85-00-05: Sucrose (Middle disc)

(c) 85-00-05: Sucrose (Bottom disc)

Figure 4.23. Comparison of the volume distribution of sucrose in the 85-00-05 specimen.

(a) 85-00-05: Binder (Top disc) (b) 85-00-05: Binder (Middle disc)

(c) 85-00-05: Binder (Bottom disc)

Figure 4.24. Comparison of the volume distribution of binder in the 85-00-05 specimen.
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(a) 85-00-05: Porosity (Top disc) (b) 85-00-05: Porosity (Middle disc)

(c) 85-00-05: Porosity (Bottom disc)

Figure 4.25. Comparison of the volume distribution of porosity in the 85-00-05 specimen.

(a) 85-15-05: Sucrose (Top disc) (b) 85-15-05: Sucrose (Middle disc)

(c) 85-15-05: Sucrose (Bottom disc)

Figure 4.26. Comparison of the volume distribution of sucrose in the 85-15-05 specimen.
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(a) 85-15-05: Binder (Top disc) (b) 85-15-05: Binder (Middle disc)

(c) 85-15-05: Binder (Bottom disc)

Figure 4.27. Comparison of the volume distribution of binder in the 85-15-05 specimen.

(a) 85-15-05: Aluminum (Top disc) (b) 85-15-05: Aluminum (Middle disc)

(c) 85-15-05: Aluminum (Bottom disc)

Figure 4.28. Comparison of the volume distribution of Aluminum in the 85-15-05 specimen.
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(a) 85-15-05: Porosity (Top disc) (b) 85-15-05: Porosity (Middle disc)

(c) 85-15-05: Porosity (Bottom disc)

Figure 4.29. Comparison of the volume distribution of porosity in the 85-15-05 specimen.

4.26-4.29). It is observed that the volume fraction of sucrose decreases near the core, while

the volume fraction of the binder increases. This is the indication of an affine radial motion

of the sucrose crystals away from the specimen core, and a non-affine rearrangement of

the binder towards the core. A similar crystal motion has been observed previously by

Manner and co-workers during in-situ micro-CT analysis of the uniaxial compression of

a PBX formulation (ref. Manner et al. (2017) for more info on the formulation and the

compression study) that undergoes ductile macroscopic plastic deformation.

In the highly aluminized 85-30 formulation (see Figures 4.22a and 4.22b; circle (black)

and square (blue) plots in Figures 4.30-4.33), the prominent effects of aluminum-sucrose

interactions are apparent from the first cyclic test itself, where affine motion of the sucrose

crystals and aluminum particles (clearly observable in Figures 4.32a, 4.32b and 4.32c due to

higher aluminum content) away from the specimen core, and non-affine rearrangement of the

binder towards the core are observed. The same microstructural rearrangement continues
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(a) 85-30-07: Sucrose (Top disc) (b) 85-30-07: Sucrose (Middle disc)

(c) 85-30-07: Sucrose (Bottom disc)

Figure 4.30. Comparison of the volume distribution of sucrose in the 85-30-07 specimen.

(a) 85-30-07: Binder (Top disc) (b) 85-30-07: Binder (Middle disc)

(c) 85-30-07: Binder (Bottom disc)

Figure 4.31. Comparison of the volume distribution of binder in the 85-30-07 specimen.
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(a) 85-30-07: Aluminum (Top disc) (b) 85-30-07: Aluminum (Middle disc)

(c) 85-30-07: Aluminum (Bottom disc)

Figure 4.32. Comparison of the volume distribution of Aluminum in the 85-30-07 specimen.

(a) 85-30-07: Porosity (Top disc) (b) 85-30-07: Porosity (Middle disc)

(c) 85-30-07: Porosity (Bottom disc)

Figure 4.33. Comparison of the volume distribution of porosity in the 85-30-07 specimen.
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during the recovery period and during the 4-week cyclic test (see Figures 4.22c and 4.22d;

triangle (red) and diamond (brown) plots in Figures 4.30-4.33).

4.7 Summary and Discussion

A systematic experimental procedure and quantitative analyses have been proposed to

investigate the effects of cyclic loading and time-recovery (or aging) on the mechanical prop-

erties and microstructure of particle-binder composites. Cast cylindrical specimens of mock

sugar formulations of PBXN-109 differing in the amount of aluminum content (85-00 with

no aluminum, 85-15 with 12.75% w/w aluminum, 85-30 with 25.5% w/w aluminum) were

subjected to quasi-static cyclic compressive loading. The microstructure of each specimen

was imaged before and after cyclic loading using micro-computed tomography. This proce-

dure was repeated after a 4-week time-recovery period. The stress-strain response of each

specimen was quantified using four parameters per loading-unloading cycle, namely peak and

valley stresses (related to material strength), cumulative dissipated energy density (related

to cyclic hysteresis and accumulated damage), and apparent stiffness. The spatial distribu-

tion of primary components in each specimen, including pore space, was postprocessed from

micro-CT images.

The cyclic compressive response of PBXN-109 mock formulations is very similar to that

of filled elastomers. Namely, it exhibits a highly nonlinear elasto-plastic response without

a distinct yield point, hysteresis, and progressive stress softening (or Mullins effect) with

cyclic stabilization. However, in sharp contrast to filled elastomers, these mock energetic

composites exhibit an initial loading path noticeably different from subsequent loading paths.

This nonlinear, path-dependent behavior observed in the macroscopic response is supported

by changes in the mesoscopic spatial volume distribution of formulation components (i.e.,

binder, sucrose, aluminum, and pore space) observed using micro-CT. The quantification of

these effects, before and after cyclic loading and time-recovering, confirmed that this behavior

can be attributed to mesoscale deformation and relaxation mechanisms that emerge from the

presence of a hard phase (sucrose) and a soft phase (binder) in the microstructure. The soft

phase becomes progressively more compliant due to accumulated damage and particle-binder
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interfacial debonding. It undergoes homogeneous or affine deformation under compressive

load, it recovers during unloading, and it relaxes over time. In sharp contrast, the hard

phase experiences a collective rearrangement or non-affine deformation under compressive

loading, and it only partially recovers during unloading and over time due to the irreversible

nature of this collective rearrangement. The presence of a ductile third phase (aluminum)

may significantly affect these mesoscale deformation and relaxation mechanisms by forming

permanent sucrose-aluminum contacts and reducing the sucrose-binder interfacial area—

i.e., by arresting interfacial debonding and thus effectively stiffening the soft phase. In all

formulations, and due to the loading conditions, the majority of microstructural changes

occurred near the core of the cylindrical specimens. Furthermore, in formulations with

aluminum content, the non-affine nature of the deformation field appeared to be anisotropic

(i.e., different longitudinal and radial behavior was observed).

To conclude, the work presented in this chapter serves as the foundation of a future study

of the long-term effects of repetitive cyclic loading and time-recovery on the microstructure

and mechanical properties of particle-binder composites. Such study would entail an execu-

tion of the proposed testing and recovery procedure over several months. The outcome of this

study will provide compelling affirmation of the observations and analyses presented in the

chapter, leading to a better understanding and characterization of the complex mechanical

behavior of particle-binder composites.
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CHAPTER 5. A FINITE-DEFORMATION CONSTITUTIVE MODEL OF

PARTICLE-BINDER COMPOSITES INCORPORATING YIELD-SURFACE-FREE

PLASTICITY

This content of this chapter has been submitted to the International Journal of Plasticity,
and it is currently under review.

5.1 Introduction

Particle-binder composite materials consist of a large concentration of hard particles,

called fillers, randomly dispersed in the matrix of a soft material. Generally, fillers are used

to enhance the mechanical properties of the soft material. For example, filled elastomers

such as carbon black and silica filled rubbers (Rattanasom et al., 2007; Omnès et al., 2008)

have been shown to possess superior stiffness, strength and damping properties over natural

rubber, making them suitable for application in automotive parts such as tires and bearing

seals, and in structures providing vibration and shock isolation to mechanical systems.

Another class of particle-binder composites, called energetic composites or Plastic-Bonded

Explosives (PBX), consists of explosive crystals and, in some formulations, metal fuel pow-

der, embedded in a binder composed mainly of a soft polymer and a plasticizer. Since

their initial development at Los Alamos National Laboratory in 1947, PBXs have been com-

monly used as ammunition in defense applications. Examples of explosives used include

cyclotrimethylenetrinitramine (RDX) and cyclotetra-minetetranitramine (HMX), while the

binder composition includes polymers like hydroxyl-terminated polybutadiene (HTPB) and

Estane, and plasticizers like Dioctyl adipate (DOA) and isodecyl pelargonate (IDP), along

with smaller concentrations of various additives (Akhavan, 2011). In PBX binder, the poly-

mer, apart from providing structural integrity to the explosive, reduces their impact and

vibrational sensitivity (Palmer et al., 1993; Rae et al., 2002; Rangaswamy et al., 2010), while

the plasticizer improves their mechanical properties and processability (Yılmaz et al., 2014).
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The metal fuel, usually aluminum, is used to enhance the blast effects. Therefore, aluminized

PBXs are typically used in naval weapons and missile warheads (Kumar et al., 2010).

Energetic composites are commonly used in applications requiring high mechanical con-

finement or compression (Wiegand, 2000; Wiegand & Reddingius, 2005). Additionally, these

materials may be subjected to diverse loading conditions, ranging from low to high strain-rate

cyclic, vibrational and impact loading during transport, storage and handling over their op-

erational life. Since PBXs are designed to detonate under specific external energy stimulus,

such loading conditions may alter their mechanical response, rendering them unpredictable

and unsafe (Drodge & Williamson, 2016). Therefore, understanding and predicting the me-

chanical response of PBX under different loading conditions is of particular interest to the

defense and propulsion community.

Earlier experimental studies on the mechanical behavior of PBX under uniaxial load

have shown strong dependence on strain rate and temperature (Idar et al., 2002; Thompson

et al., 2002; Williamson et al., 2008). Several constitutive models in the context of small

and large deformation mechanics have been developed to model their rate and temperature-

dependent behavior. For instance, Bardenhagen et al. (1998) proposed a large deformation

viscoelastic model for PBX binder materials using Blatz-Ko hyperelasticity formulation and

a Maxwell element. Clements & Mas (2001) proposed a viscoelastic constitutive theory

for filled polymers using Boltzmann superposition principle, where the filler particles were

modeled as randomly positioned elastic ellipsoidal particles. Composite stress relaxation

functions were developed with their prony series coefficients dependent on filler concentration,

ellipsoidal aspect ratio and polymer moduli. The visco-elastic cracking constitutive model

developed by Bennett et al. (1998) combined a linear viscoelastic Maxwell’s model with an

isotropic damage model by Addessio & Johnson (1990). It was based on the mechanism of

micro-cracking and derived from the statistical crack mechanics approach proposed by Dienes

(1996) for brittle materials. The model was developed to predict the nonlinear stress-strain

response of the material, as well as the strain-softening and nonlinearity observed due to

extensive cracking at larger deformations. The model has since been extensively implemented

in finite element analyses and used to predict the thermo-mechanical behavior of PBX and

study hotspot generation (Rangaswamy et al., 2010; Buechler & Luscher, 2014). In the



138

context of PBX undergoing low-frequency vibrational loading, nonlinear viscoelastic models

for a mass-material system undergoing base excitation were proposed by Paripovic & Davies

(2013, 2016).

While most of the constitutive formulations proposed for PBX model the material as

viscoelastic due to the rubbery nature of the polymer binder, it has been shown that they

can exhibit considerable plastic deformation with increasing confinement. Uniaxial confined

compression tests carried out on inert mock sugar-based specimens for PBX 9501 (Wiegand,

2000; Wiegand & Reddingius, 2005) under different confining pressures revealed increasing

plastic deformation and strain hardening with increasing pressure. Recently, Agarwal &

Gonzalez (2020) conducted unconfined compression tests at room temperature and low strain

rate (10−3/s) on cylindrical specimens of three mock explosive formulations based on PBXN-

109 (Lochert et al., 2002), with sugar as a substitute for the explosive HMX crystals. All

three formulations contained 85% w/w of solids (sugar and aluminum), but differed from

each other by the amount of aluminum content in the solids-composition, namely 85-00 (0%

Al in solids, 0% in total), 85-15 (15% Al in solids, 12.75% in total) and 85-30 (30% additive

in solids, 25.5% in total). The stress-strain response of the 85-00 specimens exhibited a

quasi-brittle behavior (Pijaudier-Cabot et al., 1999), with an initial nonlinear increase in

stress until a peak stress level at around 10-11% strain, followed by strain-softening due

to evolution of microcracks into larger transgranular fracture leading to a loss of strength.

Such behavior has been recorded and studied extensively for many non-aluminized PBX

formulations (Idar et al., 1998, 2002; Rangaswamy et al., 2010). However, the aluminized

specimens (i.e., 85-15 and 85-30 specimens) exhibited a more ductile plastic flow behavior

with strain hardening, indicating that the presence of aluminum could cause the material to

deform plastically even in the absence of confinement.

Additionally, plastic deformation and damage in PBX have been shown to be associ-

ated with hotspot mechanisms (Trumel, H. et al., 2012; Keyhani et al., 2019), thus directly

impacting their ignition characteristics. Therefore, the development of a constitutive model

capable of characterizing the plastic behavior of explosives is extremely important for proper

modeling and prediction of their mechanical behavior. Constitutive models for PBX incor-

porating plasticity have been proposed for cyclic deformation (Le et al., 2010) and mild
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(b)

Figure 5.1. (a) Aluminized mock sugar-based PBX specimen 85-15, and (b) the nominal
stress-strain response under strain-controlled unconfined uniaxial compressive cyclic loading
of the specimen. The response until the attainment of stable cyclic loop is shown in gray,
while the stable cyclic loop is shown in black. Observable response attributes (labeled in the
figure) include: (1) highly nonlinear stress-strain response without a distinctive yield point,
(2) hysteresis, and (3) cyclic stress softening with eventual stabilization.

impact (Yang et al., 2018). However, the models have been developed using small defor-

mation theory, and, therefore, are inapplicable to large deformation mechanical behavior of

explosives.

Lastly, Agarwal & Gonzalez (2020) also conducted large deformation, unconfined cyclic

compression tests of cylindrical sugar-based mock PBX specimens at room temperature and

low strain rate (10−3/s). Figure 5.1b shows the cyclic response of the 85-15 formulation. The

strain-controlled, cyclic compression test was carried out by initially loading the specimen

to 16% strain, and thereafter partially unloading-reloading between 8% and 16% strain.

Observable response attributes (indicated in the figure) include: (1) a non-linear, continuous

elasto-plastic response without apparent yield, (2) hysteresis, and (3) cyclic stress-softening

with eventual stabilization. It is also worth noting that the curvature of the initial loading

path is different from those of subsequent reloading paths. The former is convex and the

latter are concave, indicating irreversible changes in the material behavior during the initial
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loading itself. This behavior has also been previously observed for cyclic compression of

aluminized RDX-based PBX in HTPB binder (Tang et al., 2016).

The mechanical response of filled elastomers and PBX specimens exhibit similar char-

acteristics at large deformations. Constitutive models of filled elastomers have been pro-

posed adopting both phenomenological (see, e.g., Laiarinandrasana et al. (2003); Ayoub

et al. (2014); Österlöf et al. (2016); Guo et al. (2018a,b)) and micromechanical (see, e.g.,

Dargazany et al. (2014); Raghunath et al. (2016); Plagge & Klppel (2017)) frameworks. Ay-

oub et al. (2014) proposed a zener-type visco-hyperelastic constitutive model of rubber-like

materials that accounts for Mullins effect (Mullins, 1948, 1969), continuous stress-softening

and permanent residual strains, utilizing the network alteration theory (Marckmann et al.,

2002; Chagnon et al., 2006). Raghunath et al. (2016) extended the micromechanical dynamic

flocculation model developed by Klüppel (2003) to include time-dependent effects typical of

filled elastomers. The majority of these models attribute the observed hysteresis, and other

inelastic phenomena, to time-dependent viscous overstress in the rubber matrix. In contrast,

only a limited number of models consider these phenomena as time-independent plastic de-

formation mechanisms. A case in point is the phenomenological elasto-plastic constitutive

model proposed by Kaliske & Rothert (1998) that captures the rate-independent process of

internal material friction due to irreversible polymer slippage on the filler surface and plastic

deformation of the filler particles. This multi-yield-surface rheological model is comprised

of a finite number of elasto-plastic Prandtl elements arranged in parallel with an elastic

member. More recently, yield-surface-free endochronic plasticity (Valanis, 1970) was utilized

by Netzker et al. (2010) to model the smooth and hysteretic cyclic stress-strain response of

carbon-black filled rubbers, with higher computational efficiency and less parameters.

In this chapter, an elasto-plastic constitutive formulation with isotropic damage is pre-

sented, which is capable of modeling the cyclic response of mock energetic composite materi-

als. Specifically, a Lagrangian finite-deformation formulation based on additive decomposi-

tion of strain energy (Simo, 1987; Govindjee & Simo, 1991; Holzapfel & Simo, 1996; Holzapfel,

1996, 2002) into elastic and plastic parts is adopted. The formulation uses Ogden’s hyper-

elastic model (Ogden, 1972a,b) to predict the rubber-like nonlinear elastic response of the

polymeric binder, and a hereditary (path-dependent) yield-surface-free endochronic plastic-
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ity theory (Valanis, 1970), based on the concept of internal state variables (Horstemeyer &

Bammann, 2010), to account for irreversible deformations. A discontinuous isotropic damage

model (Kachanov, 1986; Lemaitre et al., 1985) is utilized to model the stress-softening that

occurs during unloading, and an endochronic material scale function (Valanis, 1970; Wu &

Yip, 1981; Yeh, 1995; Lin et al., 2007) is utilized to model progressive cyclic stress softening

and attainment of stable cyclic response. The number of model parameters is a function

of the number of active Ogden terms and endochronic branches, and therefore a significant

number of parameters may need to be identified. Therefore, we develop a parameter identifi-

cation method based on a nonlinear multivariate least-squares problem, which is expected to

be non-convex and affected by multiple local optima. The range of behavior predicted by the

proposed model is demonstrated by calibrating parameters for the 85-15 formulation under

cyclic compression (Agarwal & Gonzalez, 2020). Finally, to gain a better insight into the

dependence of material response on model parameters, the analysis is concluded by studying

the sensitivity of the cyclic compressive response to variations in the estimated values of

endochronic and isotropic damage parameters.

The chapter is organized as follows. The constitutive model is presented in Section 5.2,

followed by Section 5.3 which provides a discrete numerical procedure to solve for stresses

along a loading path. Section 5.4 presents the model parameter identification procedure and

the calibrated material properties of the 85-15 mock PBX formulation. Section 5.5 shows a

detailed sensitivity analysis of the yield-surface-free endochronic plasticity and the isotropic

damage model. Finally, a summary and concluding remarks are presented in Section 5.6.

5.2 Constitutive model

5.2.1 General framework

The finite-deformation constitutive law is based on an additive decomposition of the

Helmholtz free energy density function (Simo, 1987; Govindjee & Simo, 1991; Holzapfel

& Simo, 1996; Holzapfel, 1996, 2002) into elastic and plastic parts and it employs a lo-

cal multiplicative decomposition of the deformation gradient into isochoric and volumetric

contributions. This approach is in contrast to the constitutive formulations based on multi-



142

plicative elastic-plastic decomposition of the deformation gradient (Kröner, 1959; Lee & Liu,

1967; Lee, 1969; Gurtin & Anand, 2005) or additive decomposition of the rate of deformation

tensor (Hill, 1950, 1958; Prager, 1961).

For an isothermal elasto-plastic deformation process, the free energy density function Ψ

is given by

Ψ(C, ζ1, . . . , ζN) = Ψe
vol(J) + Ψe

iso(C̄) +
N∑

j=1

Γi
j(C, ζj) (5.1)

where Ψe
vol(J) and Ψe

iso(C̄) are the volumetric and isochoric elastic strain energy density

functions, dependent respectively on the Jacobian of the deformation J = det(F) and on

the isochoric right Cauchy-Green deformation tensor C̄ = F̄T F̄ (where F̄ = J−1/3F). The

inelastic strain energy
∑N

j=1 Γi
j(C, ζj) is a set of configurational free energy functions Γi

j

(j = 1, . . . , N) that characterizes the inelastic deformation behavior, namely irreversible

slip at particle-particle and particle-binder contacts, plastic deformation and fracture of

particles, among other dissipative mechanisms typical of particle-binder composites. The

path-dependent dissipative potential dependents on the right Cauchy-Green deformation

tensor C and a set of inelastic strain-like second-order tensorial internal variables ζj (j =

1, . . . , N) that represent the inelastic deformation history of the material.

A discontinuous isotropic damage model is utilized to model the stress-softening that

occurs during the unloading of particle-binder composites. For rubber or other polymeric

materials, this phenomenon is known as Mullins effect (Mullins, 1948, 1969), and it has been

phenomenologically described by applying a reduction factor of (1 − D) to the stress of a

hypothetical, undamaged material, whereD ∈ (0, 1] is the scalar damage variable (Kachanov,

1986; Lemaitre et al., 1985). Therefore, the second law of thermodynamics, in the form of

the Clausius-Duhem inequality for an isothermal process, is given by

Dint :=
1

2

S

1−D : Ċ− Ψ̇

=
1

2

[
S

1−D − 2
∂Ψ(C, ζ1, . . . , ζN)

∂C

]
: Ċ−

N∑

j=1

∂Γi
j(C, ζj)

∂ζj
: ζ̇j ≥ 0

(5.2)
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From standard arguments (Coleman & Noll, 1963; Coleman & Gurtin, 1967), the first

term yields the definition of the second Piola-Kirchhoff stress, that is

S = (1−D) 2
∂Ψ(C, ζ1, . . . , ζN)

∂C
= (1−D)

[
Se

vol + Se
iso +

N∑

j=1

Si
j

]
(5.3)

and the second term results in a condition for each Γi
j, that is

S̃i
j : ζ̇j ≥ 0 (5.4)

where the volumetric elastic stress Se
vol, the isochoric elastic stress Se

iso, the inelastic stress
∑N

j=1 Si
j, and the stress-like internal variables S̃i

j (thermodynamically conjugate to ζj) are

given by

Se
vol = J

dΨe
vol(J)

dJ
C−1 (5.5)

Se
iso = J−2/3DEV

{
2
∂Ψe

iso(C̄)

∂C̄

}
(5.6)

N∑

j=1

Si
j = 2

N∑

j=1

∂Γi
j(C, ζj)

∂C
(5.7)

S̃i
j = − ∂Ψ

∂ζj
= −∂Γi

j(C, ζj)

∂ζj
(j = 1, . . . , N) (5.8)

In the above equations, DEV{·} = {·} − (1/3)[{·} : C]C−1 provides the deviator of a

tensor in the reference configuration. It is worth noting that inequality (5.4) is satisfied by

an evolution equation of the following form

ζ̇j = BBBj(C, ζj) : S̃i
j (5.9)

where BBBj is a positive definite fourth-order tensor (Holzapfel, 1996).
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5.2.2 Elastic strain energy

The nonlinear elastic constitutive behavior of rubber-like materials, such as the binder in

the application studied here, is commonly described through hyperelastic material models

(see, e.g., the finite-deformations formulation presented by Mooney (1940); Rivlin (1948);

Ogden (1972a,b); Boyce & Arruda (2000)). Ogden’s hyperelastic model (Ogden, 1972a,b) is

one of the most extensively used models for describing complex nonlinear responses, mainly

due to its flexible series representation with the capability to introduce several model pa-

rameters. Specifically, the isochoric elastic strain energy density Ψe
iso is given by

Ψe
iso(C̄) =

M∑

k=1

µk
αk

(λ̄αk1 + λ̄αk2 + λ̄αk3 − 3) (5.10)

where the isochoric principle stretches are given by λ̄a = J−1/3λa (a = 1, 2, 3) for principal

stretches λa (a = 1, 2, 3). Constants µk and αk (k = 1, . . . ,M) are material parameters that

satisfy the following inequality to enforce stability in the material response

µkαk > 0 ∀ k ∈ [1,M ] , (5.11)

From consistency conditions with respect to linear elasticity at small-strain (Ogden,

1984), the reference (ground-state) shear modulus of the material is given by

µ =
M∑

k=1

µkαk
2

(5.12)

5.2.3 Discontinuous isotropic damage

A discontinuous isotropic damage model (Kachanov, 1986; Lemaitre et al., 1985) is uti-

lized to model the stress-softening that occurs during unloading, i.e., Mullins effect (Mullins,

1948, 1969) for polymeric materials, with scalar damage variable D ∈ (0, 1]. In the spirit of

the damage function proposed by Zúñiga & Beatty (2002) and pseudoelastic damage func-
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tions proposed by Ogden & Roxburgh (1999) and Dorfmann & Ogden (2003), we specifically

define the scalar damage variable as follows

D(C, φmax) = tanhp
(
φmax − φ(|C|)

m

)
(5.13)

where φ(|C|) is the measure of deformation proposed by Beatty and co-workers (Beatty &

Krishnaswamy, 2000; Zúñiga & Beatty, 2002) given by

φ(|C|) = |C| =
√

C : C (5.14)

and where φmax is the maximum deformation level given by

φmax(t) = max
τ∈[−∞,t]

φ(|C(τ)|) (5.15)

The scalar damage variable is then a monotonic function of the deformation measure in

the interval φ ∈ [
√

3, φmax], with positive damage parameters m and p.

5.2.4 Yield-surface-free endochronic plasticity and evolution equation

As explained previously, particle-binder composites, specifically Plastic-Bonded Explo-

sives (PBX), exhibit a non-linear elasto-plastic response without apparent yield. Classical

plasticity theories require a yield surface and thus their applicability is limited for modeling

these composites. In this study, we follow the work of Holzapfel & Simo (1996) and assume

a quadratic relationship between free energy functions Γi
j(C, ζj) and the internal variables

ζj, i.e.

∂Γi
j

∂ζjζk
= 2µjδjkIII (j not summed) (5.16)

where µj are the reference (ground state) shear moduli related to j inelastic processes, δmn

is the Kronecker delta and III is the fourth-order identity tensor.
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By integrating Equation (5.16) twice, the following inelastic strain energy functions are

obtained

Γi
j(C, ζj) = µj|ζj|2 + S∗

j (C) : ζj + Ψ∗
j (C) (j = 1, . . . , N) (5.17)

where S∗(C) and Ψ∗(C) are unknown tensor and scalar-valued functions, respectively. Sim-

ilarly, an evolution or rate equation for the stress-like internal variables is obtained from

Equations (5.8), (5.9) and (5.17), and it is given by

˙̃Si
j + 2µj BBBj(C, ζj) : S̃i

j = −Ṡ∗(C) (j = 1, . . . , N) (5.18)

The inelastic strain energy without apparent yield is realized by adopting the endochronic

plasticity theory developed by Valanis (1970). This theory is strain path-dependent in nature

and it does not require the definition of a yield surface. This theory has been applied

successfully to develop both infinitesimal-strain and finite-deformation plastic formulations

to describe many metals and alloys (Wu & Yip, 1981; Valanis & Lee, 1984; Guo et al., 2016),

concrete (Valanis & Read, 1986), powder compaction (Bakhshiani et al., 2002; Khoei et al.,

2003; Khoei & Bakhshiani, 2004) and, more recently, filled elastomers (Netzker et al., 2010;

Chen et al., 2018). In this work, we specifically assume

BBBj(C, ζj) =
ż(|Ċ|)
2µjγj

III (j = 1, . . . , N) (5.19)

where the intrinsic time scale z is a monotonically increasing measure of the deformation

history, and the memory kernel is given by a set of positive dimensionless material parameters

γj (j = 1, . . . , N) (see, for reference, Hsu et al. (1991) and Khoei et al. (2003)) that defines

the path-dependent behavior of the formulation. It is worth noting that µjγj ≥ 0 for BBBj to

be a positive definite tensor. In addition, we assume

S∗
j (C) = −Se

iso,j(C) = −J−2/3DEV

{
2
∂Ψe

iso,j(C̄)

∂C̄

}
(j = 1, . . . , N) (5.20)
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where Ψe
iso,j are a set of isochoric elastic strain energy functions defined according to the

Ogden’s model as

Ψe
iso,j =

P∑

i=1

µij
αij

(λ̄
αij
1 + λ̄

αij
2 + λ̄

αij
3 − 3) (j = 1, . . . , N) (5.21)

with constants µij and αij such that µijαij > 0 (cf. Equation (5.11)). It is worth noting

that after substituting BBBj and S∗
j according to Equations (5.20) and (5.21) respectively, the

evolution or rate equation (5.18) simplifies to

˙̃S
i

j +
ż(| ˙̄C|)
γj

S̃i
j = Ṡe

iso,j (j = 1, . . . , N) (5.22)

which can be regarded as the nonlinear extension of the one-dimensional isothermal evolution

equation for a standard linear solid proposed by Valanis (1972) (see section 6 of the reference).

Furthermore, by eliminating time dependence on both sides of differential equation and

integrating with respect to the intrinsic time scale z, the classical hereditary or convolution

form is recovered, that is

S̃i
j = S̃i

j,0 +

∫ z

0

Ṡe
iso,j e

− z−z
′

γj dz′ (j = 1, . . . , N) (5.23)

with S̃i
j(z = 0) = S̃i

j,0. Finally, for completeness, we set Ψ∗
j (C) = Ψe

iso,j(C̄) and, therefore,

the reference shear moduli µj in (5.16) are given by

µj =
P∑

i=1

µijαij
2

> 0 (j = 1, . . . , N) (5.24)

5.2.5 Intrinsic time scale and material scale function

The intrinsic time scale z, used in the evolution or rate equation (5.22) for internal

variables S̃i
j, is defined as

ż(|Ċ|) =
|Ċ|
f(z)

(5.25)
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f(z)
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f(z) = c � (c � 1)e��cz
<latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit><latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit><latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit><latexit sha1_base64="MDCmYF7E/kDQEyLiCZGFP6xkueQ=">AAACLHicbVC7SgNBFJ2N7/iKWlo4mAixSNi1UBshYGMZwWggiWF2cjcZMvtg5q6QLFv6NYKV/omNiK2fYO0kbqHRAxcO59wL5x43kkKjbb9aubn5hcWl5ZX86tr6xmZha/tah7Hi0OChDFXTZRqkCKCBAiU0IwXMdyXcuMPziX9zB0qLMLjCUQQdn/UD4QnO0Ejdwl7JK48P6RnllTKvOIdwm1TaLiDr8mScpqVuoWhX7SnoX+JkpEgy1LuFz3Yv5LEPAXLJtG45doSdhCkUXEKab8caIsaHrA8tQwPmg+4k00dSemCUHvVCZSZAOlV/XiTM13rku2bTZzjQs95E/NdD5sbpb0UMxzNp0DvtJCKIYoSAf4fxYkkxpJPmaE8o4ChHhjCuhPmH8gFTjKPpN2+KcmZr+Uuuj6qOXXUuj4q146yyZbJL9kmZOOSE1MgFqZMG4eSePJAn8mw9Wi/Wm/X+vZqzspsd8gvWxxd6Z6az</latexit>

(Wu & Yip, 1981)
<latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit><latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit><latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit><latexit sha1_base64="kOidOjxs1QBp0PzLPO4SJqUHKJ0=">AAACKXicbVC7SgNBFJ2Nrxhfq5ZaDCZKBAm7KTR2ARvLCOYh2SXMTibJkNkHM3fFuKTxawQr/RM7tfUfrJ08CpN44MLhnHvh3ONFgiuwrE8jtbS8srqWXs9sbG5t75i7ezUVxpKyKg1FKBseUUzwgFWBg2CNSDLie4LVvf7VyK/fM6l4GNzCIGKuT7oB73BKQEst8zDnAHsA6Sf5eoydE3zHozNsX5bs02GuZWatgjUGXiT2lGTRFJWW+eO0Qxr7LAAqiFJN24rATYgETgUbZpxYsYjQPumypqYB8Zlyk/EXQ3yslTbuhFJPAHis/r1IiK/UwPf0pk+gp+a9kfivB8SLh7MK7z/OpYFOyU14EMXAAjoJ04kFhhCPasNtLhkFMdCEUMn1P5j2iCQUdLkZXZQ9X8siqRULtlWwb4rZ8vm0sjQ6QEcoj2x0gcroGlVQFVH0hJ7RK3ozXox348P4mqymjOnNPpqB8f0L/r6lWQ==</latexit>

z1
ref

<latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit><latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit><latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit><latexit sha1_base64="VklHPWgfUkYgKOvKmzbsmMespn4=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9dP20z5EeSZ5KEmZZ1bcrTs2ZAa4StyAVUKDp2z/9QYQTToTGDCnVc51YeymSmmJGsnI/USRGeIyGpGeoQJwoL52lz+CFUQYwjKQZoeFM/XuRIq7UhAdmM0+plr1c/NfTKEiyRYWOp0tpdHjjpVTEiSYCz8OECYM6gnldcEAlwZpNDEFYUvMPxCMkEdam1LIpyl2uZZW06zXXqbn39UrjqqisBM7AObgELrgGDXAHmqAFMJiCZ/AK3qwX6936sD7nq2tWcXMCFmB9/wJ8IqRb</latexit>

z2
ref

<latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit><latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit><latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit><latexit sha1_base64="aqcf1P7yobvzR7IoesrZsjzDf3E=">AAACIXicbVDLSsNAFJ34rPUVHzs3g63gqiRdqMuCG5cV7APaGCbTSTt0ZhJmJkIb8i+CK/0Td+JO/A/XTtosbOuBC4dz7oVzTxAzqrTjfFlr6xubW9ulnfLu3v7BoX103FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGN/mfueJSEUj8aAnMfE4GgoaUoy0kXz7tDp9rPtpnyM9kjyVJMyyqm9XnJozA1wlbkEqoEDTt3/6gwgnnAiNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc9QgThRXjpLn8ELowxgGEkzQsOZ+vciRVypCQ/MZp5SLXu5+K+nUZBkiwodT5fS6PDGS6mIE00EnocJEwZ1BPO64IBKgjWbGIKwpOYfiEdIIqxNqWVTlLtcyypp12uuU3Pv65XGVVFZCZyBc3AJXHANGuAONEELYDAFz+AVvFkv1rv1YX3OV9es4uYELMD6/gV92qRc</latexit>

z3
ref

<latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit><latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit><latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit><latexit sha1_base64="j6t3I4mIDd25AlmlhMGVmsv9q0Q=">AAACIXicbVDLSsNAFJ3UV62v+Ni5GWwFVyWpoC4LblxWsA9oY5lMJ+3QmUmYmQhtyL8IrvRP3Ik78T9cO2mzsK0HLhzOuRfOPX7EqNKO82UV1tY3NreK26Wd3b39A/vwqKXCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P77N/PYTkYqG4kFPIuJxNBQ0oBhpI/Xtk8r08bKf9DjSI8kTSYI0rfTtslN1ZoCrxM1JGeRo9O2f3iDEMSdCY4aU6rpOpL0ESU0xI2mpFysSITxGQ9I1VCBOlJfM0qfw3CgDGITSjNBwpv69SBBXasJ9s5mlVMteJv7raeTH6aJCx9OlNDq48RIqolgTgedhgphBHcKsLjigkmDNJoYgLKn5B+IRkghrU2rJFOUu17JKWrWq61Td+1q5fpVXVgSn4AxcABdcgzq4Aw3QBBhMwTN4BW/Wi/VufVif89WCld8cgwVY379/kqRd</latexit>

c/s
<latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit><latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit><latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit><latexit sha1_base64="pnozDecOAqcNc1LtwMdAJlgEiRE=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVc1aQIuiy4cVnBtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHt1G89MqV5LB9wnDA/IgPJQ04JGsmr0Etd6ZXKTtWZwV4lbk7KkKPRK/10+zFNIyaRCqJ1x3US9DOikFPBJsVuqllC6IgMWMdQSSKm/WwWdmKfG6Vvh7EyI9GeqX8vMhJpPY4CsxkRHOplbyr+6yEJ0smiwkdPS2kwvPEzLpMUmaTzMGEqbIztaTt2nytGUYwNIVRx849Nh0QRiqbDoinKXa5llTRrVdepuve1cv0qr6wAp3AGF+DCNdThDhrgAQUOz/AKb9aL9W59WJ/z1TUrvzmBBVhfv9sqnR0=</latexit>

...
<latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit> <latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit> <latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit> <latexit sha1_base64="3dFWmpiU93ptV83PIwKOau9QNko=">AAACE3icbVDLSgMxFM3UV62vqks3wVZwVWaKoMuCG5cV7APaoWQymTY0kwzJnUId+hOCK/0Td+LWD/BHXJu2s9DWAxcO59wL554gEdyA6345hY3Nre2d4m5pb//g8Kh8fNI2KtWUtagSSncDYpjgkrWAg2DdRDMSB4J1gvHt3O9MmDZcyQeYJsyPyVDyiFMCVupW+5NQgakOyhW35i6A14mXkwrK0RyUv/uhomnMJFBBjOl5bgJ+RjRwKtis1E8NSwgdkyHrWSpJzIyfLfLO8IVVQhwpbUcCXqi/LzISGzONA7sZExiZVW8u/usBCdLZX4WPH1fSQHTjZ1wmKTBJl2GiVGBQeF4QDrlmFMTUEkI1t/9gOiKaULA1lmxR3mot66Rdr3luzbuvVxpXeWVFdIbO0SXy0DVqoDvURC1EkUBP6AW9Os/Om/PufCxXC05+c4r+wPn8AdlFnsI=</latexit>

zQ
ref

<latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit><latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit><latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit><latexit sha1_base64="WDhGqp5IlenDVkaodT8fXvSA5p0=">AAACKnicbVDLSsNAFJ3UV62vqEsRBlvBVUmKoMuCG5ct2Ae0MUymk3boTBJmJkIbsvJrBFf6J+6KW7/BtZM2gm09cOFwzr1w7vEiRqWyrJlR2Njc2t4p7pb29g8Oj8zjk7YMY4FJC4csFF0PScJoQFqKKka6kSCIe4x0vPFd5neeiJA0DB7UJCIOR8OA+hQjpSXXPK9MH/scqZHgSTN1k18uiJ+mFdcsW1VrDrhO7JyUQY6Ga373ByGOOQkUZkjKnm1FykmQUBQzkpb6sSQRwmM0JD1NA8SJdJL5Gym81MoA+qHQEyg4V/9eJIhLOeGe3sxSylUvE//1FPLidFmh4+lKGuXfOgkNoliRAC/C+DGDKoRZb3BABcGKTTRBWFD9D8QjJBBWut2SLsperWWdtGtV26razVq5fp1XVgRn4AJcARvcgDq4Bw3QAhg8gxfwBt6NV+PDmBmfi9WCkd+cgiUYXz/CEqiw</latexit>

zQ+1
ref

<latexit sha1_base64="ffv/0JHWfWEuimvbdUdvrUT5lgk=">AAACLHicbVDLSsNAFJ34rPUVdenCwVYQhJIUQZcFNy5bsA9oY5hMJ+3QySTMTIQ2ZOnXCK70T9yIuPUTXDtpI9jWAwNnzrkXzj1exKhUlvVurKyurW9sFraK2zu7e/vmwWFLhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oJvPbD0RIGvI7NY6IE6ABpz7FSGnJNU/Kk/tegNRQBEnjwk7d5PcniJ+mZdcsWRVrCrhM7JyUQI66a373+iGOA8IVZkjKrm1FykmQUBQzkhZ7sSQRwiM0IF1NOQqIdJLpISk800of+qHQjys4Vf9uJCiQchx4ejJLKRe9TPzXU8iL03mFjiYLaZR/7SSUR7EiHM/C+DGDKoRZc7BPBcGKjTVBWFB9D8RDJBBWut+iLsperGWZtKoV26rYjWqpdplXVgDH4BScAxtcgRq4BXXQBBg8gifwAl6NZ+PN+DA+Z6MrRr5zBOZgfP0AtOKpIA==</latexit><latexit sha1_base64="ffv/0JHWfWEuimvbdUdvrUT5lgk=">AAACLHicbVDLSsNAFJ34rPUVdenCwVYQhJIUQZcFNy5bsA9oY5hMJ+3QySTMTIQ2ZOnXCK70T9yIuPUTXDtpI9jWAwNnzrkXzj1exKhUlvVurKyurW9sFraK2zu7e/vmwWFLhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oJvPbD0RIGvI7NY6IE6ABpz7FSGnJNU/Kk/tegNRQBEnjwk7d5PcniJ+mZdcsWRVrCrhM7JyUQI66a373+iGOA8IVZkjKrm1FykmQUBQzkhZ7sSQRwiM0IF1NOQqIdJLpISk800of+qHQjys4Vf9uJCiQchx4ejJLKRe9TPzXU8iL03mFjiYLaZR/7SSUR7EiHM/C+DGDKoRZc7BPBcGKjTVBWFB9D8RDJBBWut+iLsperGWZtKoV26rYjWqpdplXVgDH4BScAxtcgRq4BXXQBBg8gifwAl6NZ+PN+DA+Z6MrRr5zBOZgfP0AtOKpIA==</latexit><latexit sha1_base64="ffv/0JHWfWEuimvbdUdvrUT5lgk=">AAACLHicbVDLSsNAFJ34rPUVdenCwVYQhJIUQZcFNy5bsA9oY5hMJ+3QySTMTIQ2ZOnXCK70T9yIuPUTXDtpI9jWAwNnzrkXzj1exKhUlvVurKyurW9sFraK2zu7e/vmwWFLhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oJvPbD0RIGvI7NY6IE6ABpz7FSGnJNU/Kk/tegNRQBEnjwk7d5PcniJ+mZdcsWRVrCrhM7JyUQI66a373+iGOA8IVZkjKrm1FykmQUBQzkhZ7sSQRwiM0IF1NOQqIdJLpISk800of+qHQjys4Vf9uJCiQchx4ejJLKRe9TPzXU8iL03mFjiYLaZR/7SSUR7EiHM/C+DGDKoRZc7BPBcGKjTVBWFB9D8RDJBBWut+iLsperGWZtKoV26rYjWqpdplXVgDH4BScAxtcgRq4BXXQBBg8gifwAl6NZ+PN+DA+Z6MrRr5zBOZgfP0AtOKpIA==</latexit><latexit sha1_base64="ffv/0JHWfWEuimvbdUdvrUT5lgk=">AAACLHicbVDLSsNAFJ34rPUVdenCwVYQhJIUQZcFNy5bsA9oY5hMJ+3QySTMTIQ2ZOnXCK70T9yIuPUTXDtpI9jWAwNnzrkXzj1exKhUlvVurKyurW9sFraK2zu7e/vmwWFLhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oJvPbD0RIGvI7NY6IE6ABpz7FSGnJNU/Kk/tegNRQBEnjwk7d5PcniJ+mZdcsWRVrCrhM7JyUQI66a373+iGOA8IVZkjKrm1FykmQUBQzkhZ7sSQRwiM0IF1NOQqIdJLpISk800of+qHQjys4Vf9uJCiQchx4ejJLKRe9TPzXU8iL03mFjiYLaZR/7SSUR7EiHM/C+DGDKoRZc7BPBcGKjTVBWFB9D8RDJBBWut+iLsperGWZtKoV26rYjWqpdplXVgDH4BScAxtcgRq4BXXQBBg8gifwAl6NZ+PN+DA+Z6MrRr5zBOZgfP0AtOKpIA==</latexit>

. . . . . . . . . . . .
<latexit sha1_base64="iHFs5bvDflMlEB4uO6Uh662p2Rc=">AAACI3icbVDLSsNAFJ3UV62vqODGzWAruCpJEXRZcOOygn1AG8pkOmmHTiZh5kaosT8juNI/cSduXPgbrp22WdjUCzMczrkHzj1+LLgGx/myCmvrG5tbxe3Szu7e/oF9eNTSUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y9vZnr7gSnNI3kPk5h5IRlKHnBKwFB9+6TSG0Sgc1+lb5edqjMfvArcDJRRNo2+/WOMNAmZBCqI1l3XicFLiQJOBZuWeolmMaFjMmRdAyUJmfbSef4pPjfMAAeRMk8CnrN/HSkJtZ6EvtkMCYx0XpuR/2pA/GS6zPDxYy4NBNdeymWcAJN0ESZIBIYIzwrDA64YBTExgFDFzT2YjogiFEytJVOUm69lFbRqVdepune1cv0yq6yITtEZukAuukJ1dIsaqIkoekLP6BW9WS/Wu/VhfS5WC1bmOUZLY33/AkiqpUs=</latexit><latexit sha1_base64="iHFs5bvDflMlEB4uO6Uh662p2Rc=">AAACI3icbVDLSsNAFJ3UV62vqODGzWAruCpJEXRZcOOygn1AG8pkOmmHTiZh5kaosT8juNI/cSduXPgbrp22WdjUCzMczrkHzj1+LLgGx/myCmvrG5tbxe3Szu7e/oF9eNTSUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y9vZnr7gSnNI3kPk5h5IRlKHnBKwFB9+6TSG0Sgc1+lb5edqjMfvArcDJRRNo2+/WOMNAmZBCqI1l3XicFLiQJOBZuWeolmMaFjMmRdAyUJmfbSef4pPjfMAAeRMk8CnrN/HSkJtZ6EvtkMCYx0XpuR/2pA/GS6zPDxYy4NBNdeymWcAJN0ESZIBIYIzwrDA64YBTExgFDFzT2YjogiFEytJVOUm69lFbRqVdepune1cv0yq6yITtEZukAuukJ1dIsaqIkoekLP6BW9WS/Wu/VhfS5WC1bmOUZLY33/AkiqpUs=</latexit><latexit sha1_base64="iHFs5bvDflMlEB4uO6Uh662p2Rc=">AAACI3icbVDLSsNAFJ3UV62vqODGzWAruCpJEXRZcOOygn1AG8pkOmmHTiZh5kaosT8juNI/cSduXPgbrp22WdjUCzMczrkHzj1+LLgGx/myCmvrG5tbxe3Szu7e/oF9eNTSUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y9vZnr7gSnNI3kPk5h5IRlKHnBKwFB9+6TSG0Sgc1+lb5edqjMfvArcDJRRNo2+/WOMNAmZBCqI1l3XicFLiQJOBZuWeolmMaFjMmRdAyUJmfbSef4pPjfMAAeRMk8CnrN/HSkJtZ6EvtkMCYx0XpuR/2pA/GS6zPDxYy4NBNdeymWcAJN0ESZIBIYIzwrDA64YBTExgFDFzT2YjogiFEytJVOUm69lFbRqVdepune1cv0yq6yITtEZukAuukJ1dIsaqIkoekLP6BW9WS/Wu/VhfS5WC1bmOUZLY33/AkiqpUs=</latexit><latexit sha1_base64="iHFs5bvDflMlEB4uO6Uh662p2Rc=">AAACI3icbVDLSsNAFJ3UV62vqODGzWAruCpJEXRZcOOygn1AG8pkOmmHTiZh5kaosT8juNI/cSduXPgbrp22WdjUCzMczrkHzj1+LLgGx/myCmvrG5tbxe3Szu7e/oF9eNTSUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y9vZnr7gSnNI3kPk5h5IRlKHnBKwFB9+6TSG0Sgc1+lb5edqjMfvArcDJRRNo2+/WOMNAmZBCqI1l3XicFLiQJOBZuWeolmMaFjMmRdAyUJmfbSef4pPjfMAAeRMk8CnrN/HSkJtZ6EvtkMCYx0XpuR/2pA/GS6zPDxYy4NBNdeymWcAJN0ESZIBIYIzwrDA64YBTExgFDFzT2YjogiFEytJVOUm69lFbRqVdepune1cv0yq6yITtEZukAuukJ1dIsaqIkoekLP6BW9WS/Wu/VhfS5WC1bmOUZLY33/AkiqpUs=</latexit>

c/s � (s � 1)e��sz1
ref
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Figure 5.2. Schematic representation of the evolution of material scale function f(z).

where f(z) is a material scale function that represents the transient cyclic behavior of the

material until attainment of a stable response. In its simplest form, f(z) is a monotonically

increasing function for cyclic hardening materials, and a monotonically decreasing function

for cyclic softening materials, that is asymptotic to a saturation value at steady state. A

simple scale function proposed by Wu & Yip (1981) is given by

f(z) = c− (c− 1)e−βcz (5.26)

where βc controls the rate of evolution, and the value at steady state is c > 1, for hardening

materials, and c < 1, for softening materials. Yeh (1995) and Lin et al. (2007) proposed the

following improvements to the scale function

f(z) =
c

s− (s− 1)e−βszref
−
(

c

s− (s− 1)e−βszref
− 1

)
e−βc(z−zref) (5.27)

In the above improved scale function, the additional parameter zref, defined as the value

of z at which the last reversal of the strain path occurred, adds the capability to model

“fading memory” effects exhibited by materials with memory (Coleman, 1964). In turn,

the saturation value at steady state depends on the reference time scale zref. It is equal

to c for zref = 0, i.e., before the first reversal, and approaches c/s for zref → ∞, i.e., at
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cyclic stabilization. It is worth noting that for c > s > 1, the initial saturation value c is

greater than the saturation value c/s at cyclic stabilization, i.e., the scale function describes

the progressive cyclic softening typically observed in particle-binder composites. Figure 5.2

shows a schematic representation of the scale function proposed by Lin et al. (2007). It is

evident from the figure that the rate of evolution of the material scale function is controlled

by βc, whereas the rate of evolution of the saturation value is controlled by βs.

5.2.6 Inelastic stress

The inelastic stress Si
j is determined by using Equation (5.7) with the inelastic strain

energy function defined by Equation (5.17) and by expressing the internal variable ζj in terms

of its conjugate S̃i
j, i.e., using Equation (5.8). The result of this mathematical manipulation

is given by

Si
j = Se

iso,j −
1

µj

∂Se
iso,j

∂C
:
(
Se

iso,j − S̃i
j

)
(5.28)

where the internal variable S̃i
j is determined using the evolution or rate equation (5.22).

5.3 Incremental solution procedure

The constitutive model presented in the previous section is integrated by using an in-

cremental solution procedure with time or loading intervals [n, n + 1]. We assume that the

state of the material, Cn, S̃i
j,n, zn, zref,n, φmax

n , is known at loading step n, and that Cn+1 at

loading step n + 1 is given. The problem is then to determine S̃i
j,n+1, zn+1, zref,n+1, φmax

n+1 at

loading step n+ 1, and the value of the second Piola-Kirchhoff stress Sn+1 which is given by

Sn+1 = (1−Dn+1)

[
Se

vol,n+1 + Se
iso,n+1 +

N∑

j=1

Se
iso,j,n+1

−
N∑

j=1

1

2µj
C̄CCj,n+1 :

(
Se

iso,j,n+1 − S̃i
j,n+1

)] (5.29)
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where

C̄CCj,n+1 = 2

[
∂Se

iso,j

∂C

]

n+1

(5.30)

and

S̃i
j,n+1 =

(1−∆z/2γj) S̃i
j,n + Se

iso,j,n+1 − Se
iso,j,n

(1 + ∆z/2γj)
(5.31)

In the above equations, all quantities other than Dn+1 and ∆z are either known or

depend on the right Cauchy-Green deformation tensor through equations (5.5), (5.6), and

(5.20). The scalar damage variable Dn+1 is computed after updating φmax
n+1 using equation

(5.15). The internal variable S̃i
j,n+1 defined by Equation (5.31) above is obtained by using a

midpoint rule to discretize the evolution or rate equation (5.22), i.e., from

S̃i
j,n+1 − S̃i

j,n +

(
∆z

γj

)(
S̃i
j,n +

S̃i
j,n+1 − S̃i

j,n

2

)
= Se

iso,j,n+1 − Se
iso,j,n (5.32)

The value of intrinsic time scale increment, ∆z, is obtained by using a midpoint rule to

discretize (5.25) together with (5.27), i.e., from

∆z

[
c

s− (s− 1)e−βszref,n+1
−
{

c

s− (s− 1)e−βszref,n+1
− 1

}
e−βc(zn+ ∆z

2
−zref,n+1)

]

− |C̄n+1 − C̄n| = 0

(5.33)

with zn+1 = zn + ∆z and

zref,n+1 =





zn if (φn+1 − φn) · (φn − φn−1) < 0

zref,n otherwise
(5.34)

The above nonlinear equation is solved numerically using a Newton-Raphson method.



151

5.4 Model parameter identification of mock PBX

The range of behavior predicted by the proposed constitutive model is demonstrated

by calibrating parameters for the 85-15 mock PBX formulation under cyclic compression

(Agarwal & Gonzalez, 2020). Therefore, section 5.4.1 presents the incremental procedure for

uniaxial cyclic loading under unconfined lateral conditions and incompressible material as-

sumptions. Section 5.4.2 presents a parameter identification procedure based on a nonlinear

multivariate minimization problem and the least-squares principle. Finally, sections 5.4.3

and 5.4.4 show the results of the parameter identification and the validation of the model,

respectively.

5.4.1 Incremental procedure for uniaxial cyclic loading

The material is assumed to be incompressible, i.e., Jn = 1 and thus C̄n = Cn, due

to the rubber-like behavior of the particle-binder composite. The cylindrical mock PBX

specimen is loading along its axial direction which is coincidental with the e3 of a Cartesian

coordinate system eI , with I = 1, 2, 3. Therefore, the right Cauchy-Green deformation tensor

has principle stretches λI are related by

λ1,n = λ2,n =
1√
λ3,n

(5.35)

and principal directions aligned with the Cartesian axes, i.e., Cn =
∑3

I=1 λ
2
I,neI ⊗ eI . The

specimen is laterally unconfined and the platens that apply the load are frictionless. There-

fore, the only component of second Piola-Kirchhoff stress that is different from zero is S33,n.

The elastic strain energy functions involved in the formulation reduce to

Ψe(λ1, λ2, λ3) =
M∑

k=1

µk
αk

(λαk1 + λαk2 + λαk3 − 3)

Ψe
j(λ1, λ2, λ3) =

P∑

i=1

µij
αij

(λ
αij
1 + λ

αij
2 + λ

αij
3 − 3) (j = 1, . . . , N)

Ψe
vol(J) = −po(J − 1)

(5.36)
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where the last term augments energy density and enforces the material internal or kinematic

constraint imposed by incompressibility, i.e., J = 1, with po being the hydrostatic pressure.

Following the incremental procedure in section 5.3, we assume that the state of the

material, Cn, S̃i
j,n, zn, zref,n, φmax

n , is known at loading step n, and that Cn+1 at loading step

n+ 1 is given. The maximum deformation φmax
n+1 is determined from (5.14) and (5.15) using

φn+1 =

√
λ4

3,n+1 +
2

λ2
3,n+1

(5.37)

The intrinsic time scale increment ∆z is obtained using (5.33) with

|C̄n+1 − C̄n| =
√

2
(
λ−1

3,n+1 − λ−1
3,n

)2
+
(
λ2

3,n+1 − λ2
3,n

)2
(5.38)

and zref,n+1 is updated using (5.34) and zn+1 = zn + ∆z. The stress components in (5.29)

simplify to

Se
11,iso,n+1 = Se

22,iso,n+1 =
M∑

k=1

µkλ
1−αk/2
3,n+1 ; Se

33,iso,n+1 =
M∑

k=1

µkλ
αk−2
3,n+1

Se
11,vol,n+1 = Se

22,vol,n+1 = −po,n+1λ3,n+1 ; Se
33,vol,n+1 = −po,n+1λ

−2
3,n+1

Se
11,iso,j,n+1 = Se

22,iso,j,n+1 =
P∑

i=1

µijλ
1−αij/2
3,n+1 ; Se

33,iso,j,n+1 =
P∑

i=1

µijλ
αij−2
3,n+1

C̄1111,j,n+1 = C̄2222,j,n+1 =
P∑

i=1

µij(αij − 2)λ
2−αij/2
3,n+1 ; C̄3333,j,n+1 =

P∑

i=1

µij(αij − 2)λ
αij−4
3,n+1

(5.39)

where the hydrostatic pressure po,n+1 is obtained from the traction free boundary condition,

i.e., from S11,n+1 = S22,n+1 = 0, using

po,n+1 =
1

λ3,n+1

[
Se

11,iso,n+1 +
N∑

j=1

Se
11,iso,j,n+1

−
N∑

j=1

1

2µj
C̄1111,j,n+1 :

(
Se

11,iso,j,n+1 − S̃i
11,j,n+1

)] (5.40)

and the internal variable S̃i
j,n+1 is readily computed using Equation (5.31).
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5.4.2 Parameter identification method

We have developed a parameter identification method based on a nonlinear multivariate

minimization problem. The proposed constitutive model has 2M + 2P ×N +N + 6 material

parameters, namely

• 2M parameters in the elastic branch: µk and αk (k = 1, . . . ,M).

• 2P ×N elastic parameters in the yield-surface-free endochronic branches: µij and αij

(i = 1, . . . , P ; j = 1, . . . , N).

• N kernel parameters in the yield-surface-free endochronic branches: γj (j = 1, . . . , N).

• 4 material scale function parameters: c, s, βc and βs.

• 2 isotropic damage parameters: m and p.

The method is based on the least-squares principle, for N experimental nominal stress values

T exp
n and corresponding model first Piola-Kirchhoff stress values λ3,nS33,n, and it is given by

min
v∈R2M+2P×N+N+6,εo

1

N
N∑

n=1

[T exp
n − λ3,nS33,n]2

subject to − µkαk ≤ 0 for k = 1, . . . ,M

− µijαij ≤ 0 for i = 1, . . . , P ; j = 1, . . . , N

s− c ≤ 0

v ∈ [vmin,vmax]

(5.41)

where the inequality constraints come from Ogden’s stability conditions (e.g., from equation

(5.11) for the elastic branch), and from the requirement of progressive cyclic softening. Since

the nonlinear optimization problem is expected to be non-convex and affected by multiple

local optima, appropriate bounds are applied on the set of material parameters v. Lastly, the

experimental response of the mock PBX specimen suggests that the initial loading response

is affected by machine/specimen mismatch (Figure 5.1b). Therefore, the initial part of the

response is omitted from the parameter estimation by applying a strain offset εo to the

experimental data and setting stresses for the initial mismatch to be zero.
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(a) (b)

(c) (d)

Figure 5.3. Experimental data and estimated model response for cyclic compression of the
85-15-05 PBX mock specimen, showing the (a) cyclic stress-strain curve, (b) evolution of
apparent stiffness, and (c) cumulative energy dissipation with cyclic loading, and (d) the
experimental and predicted model response of the unloading of specimens 85-15-03 and 85-
15-04 from a strain level of 16%. The dashed-dotted line in (a) represents the value of
machine/specimen mismatch offset εo.

5.4.3 Parameter identification of mock PBX

The nonlinear multivariate problem presented above was solved in MATLABR©, Version

9.4.0 (2018a) using the constrained optimization function fmincon with the default interior-

point algorithm. The resulting estimated stress-strain curve, compared with the experimen-

tally obtained response for the 85-15-05 specimen (ref. Agarwal & Gonzalez (2020) for the
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Table 5.1. Material properties of the 85-15 mock PBX formulation with three yield-surface-
free endochronic branches (N = 3).

Material properties of the 85-15 mock PBX formulation

Elastic branch (M = 1)

µ1 = 1.4474 MPa α1 = 10.4933

Initial (ground-state) shear modulus µe =
M∑
k=1

µkαk/2 = 7.5939 MPa

Yield-surface-free endochronic branch 1 (P = 1)

µ11 = 13.5898 MPa α11 = 1.0454 γ1 = 0.0018

Initial (ground-state) shear modulus µi
1 =

P∑
i=1

µi1αi1/2 = 7.1034 MPa

Yield-surface-free endochronic branch 2 (P = 1)

µ12 = 1.2238 MPa α12 = 1.2841 γ2 = 0.0541

Initial (ground-state) shear modulus µi
2 =

P∑
i=1

µi2αi2/2 = 0.7857 MPa

Yield-surface-free endochronic branch 3 (P = 1)

µ13 = 0.5774 MPa α13 = 1.1829 γ3 = 0.4634

Initial (ground-state) shear modulus µi
3 =

P∑
i=1

µi3αi3/2 = 0.3415 MPa

Material scale function

c = 11.1679 s = 1.8178 βc = 423.9661 βs = 5.5234

Isotropic damage

m = 0.0764 p = 0.6429

specific naming convention of the tested mock PBX specimens) is presented in Figure 5.3a,

along with the experimental and model-estimated values of the apparent stiffness (Figure

5.3b) and of the cumulative energy dissipation (Figure 5.3c). The apparent stiffness is cal-

culated as the slope of the line connecting peak and valley stresses in each cycle, while the

cyclic energy dissipation is calculated as the difference between the energy supplied to the

material (i.e., the area under the loading path) and the energy recovered after a cycle (i.e.,

the area under the unloading path). It is interesting to note that an excellent agreement

between the experimental data and the model response is achieved with M = 1, N = 3 and

P = 1. Therefore, the 85-15 mock formulation is well characterized by a total of 17 material
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parameters, listed in Table 5.1, with εo = 1.2%—shown in Figure 5.3a by a dashed-dotted

vertical line.

5.4.4 Validation

A simple validation of the calibrated constitutive law under axial loading is performed

using the unloading experimental response from a strain level of 16% to a stress-free state.

Figure 5.3d shows very good agreement between the experimental unloading curves of spec-

imens 85-15-03 and 85-15-04 (Agarwal & Gonzalez, 2020) and the model predictions. It is

worth noting that while the unloading response remains fairly consistent from specimen-to-

specimen, the loading response from a virgin state could vary considerably and, thus, it is

not shown in the figure.

5.5 Sensitivity analysis of the yield-surface-free endochronic plasticity and the

isotropic damage model

A sensitivity analysis of the cyclic stress-strain response to material properties of the

yield-surface-free endochronic and the isotropic damage models is presented in this section.

Specifically, we investigate the contribution of these material properties while keeping all

other parameter values constant and equal to those obtained for the 85-15-05 mock PBX

specimen.

5.5.1 Yield-surface-free endochronic plasticity

Figure 5.4 presents the influence of initial or ground-state shear moduli, i.e., µ1 (Figure

5.4a), µ2 (Figure 5.4c) and µ3 (Figure 5.4e), and of kernel parameters, i.e., threshold strains

γ1 (Figure 5.4b), γ2 (Figure 5.4d) and γ3 (Figure 5.4f), on the stable cyclic response of

the 85-15-05 mock PBX specimen. Solid curves correspond to the response calibrated to

experimental data, dashed-dotted curves show the effect of reduction in the parameter values,

while dashed curves show the effect of increase in the parameter values. It is evident from

the figures that increase (decrease) in the shear moduli µj significantly increases (decreases)
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(a) (b)

(c) (d)

(e) (f)

Figure 5.4. Stable cyclic response of the 85-15 mock PBX formulation for variations in
yield-surface-free endochronic parameters (a) µ1, (b) γ1, (c) µ2, (d) γ2, (e) µ3 and (f) γ3.
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(a) (b)

(c)

Figure 5.5. Cyclic peak stress of the 85-15 mock PBX formulation for variations in the
material scale function parameters (a) c and s, (b) βc and (c) βs.

the stiffness of the stress-strain response, while increase (decrease) in the threshold strains

γj increases (decreases) the cyclic hysteresis energy. Additionally, the dominant contribution

to these effects is from the first yield-surface-free endochronic branch, i.e., from parameters

µ1 and γ1.

Figure 5.5 presents the influence of material scale function parameters c and s on the

evolution of peak stress with cyclic compression of the 85-15 mock PBX specimen. It is

evident from Figure 5.5a that variation in c results in almost proportional change in the

magnitude of the peak stress of each cycle (see f(z) ≈ c and f(z) → c/s in figure 5.2). In
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(a) (b)

Figure 5.6. Loading-unloading response of the 85-15 mock PBX formulation for variations
in the isotropic damage parameters (a) m and (b) p.

contrast, variation in s does not change the peak stress for the first cycle but it has an almost

inverse proportional effect on the magnitude of the peak stress upon cyclic stabilization.

Similarly, figures 5.5b and 5.5c present the influence of material scale function parameters

βc and βs on the evolution of peak stress. The main effect of increase (decrease) in the value

of βc is to increase (decrease) the magnitude of the peak stress of each cycle in a nonlinear

fashion. In contrast, the main effect of increase (decrease) in the value of βs is to decrease

(increase) the magnitude of the peak stress upon cyclic stabilization in a nonlinear fashion.

These nonlinearities result from the exponential term in equation (5.27).

5.5.2 Isotropic damage model

Figure 5.6 presents the influence of isotropic damage parameters m and p on the loading-

unloading stress-strain response of the 85-15 mock PBX specimen. Both parameters control

the stress-softening behavior during unloading. Specifically, an increase (decrease) in the

values of m and p results in decreasing (increasing) softening. Specifically, the parameter m

exerts a more significant influence on the amount of softening at low strain levels, while p

has greater control over the softening at moderate-to-high strain levels.
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5.6 Summary and discussion

A quasi-static constitutive model for particle-binder composites is presented, which ac-

counts for finite-deformation kinematics, non-linear elasto-plasticity without apparent yield,

cyclic hysteresis and progressive stress-softening before the attainment of stable cyclic re-

sponse. The model is based on an additive decomposition of strain energy into elastic and

inelastic parts, where the elastic response is modeled using Ogden hyperelasticity while the

inelastic response is described using yield-surface free endochronic plasticity based on the

concepts of internal variables and of evolution or rate equations. Stress-softening is modeled

using two approaches; a discontinuous isotropic damage model to appropriately describe the

overall softening between loading and unloading responses, and a material scale function to

describe the progressive cyclic softening until attainment of stable response. The constitutive

model is then based on the deformation mechanisms experimentally observed during cyclic

compression of mock PBX at large strain.

Furthermore, a discrete numerical procedure to solve for stresses along a loading path is

proposed. To determine material properties from experimental cyclic compression data, a

parameter identification method based on a nonlinear multivariate minimization problem is

developed. Specifically, cyclic data for 85-15 mock PBX (Agarwal & Gonzalez, 2020) is used

to demonstrate the range of behavior predicted by the proposed constitutive model and the

effectiveness of the parameter identification method. The capability of the model is estab-

lished from the remarkable model calibration results and validation against the unloading

response from a strain level of 16% to a stress-free state. Finally, a sensitivity analysis of

the cyclic stress-strain response to material properties of the yield-surface-free endochronic

and the isotropic damage models is conducted to establish their influence on the mechanical

response of the studied material.

To conclude, it is suitable to discuss some limitations of the proposed approach and pos-

sible directions for the future extension of the presented analysis. First, the present work

restricts attention to quasi-static, i.e., low strain-rate behavior of particle-binder composites,

thereby neglecting any strain-rate dependent effects in the constitutive model. However, it

is well-known that viscous effects become dominant in these materials at moderate to high
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strain rates. Second, the proposed constitutive model carries an assumption of elasto-plastic

incompressibility, which limits the analysis to particle-binder composites with moderate lev-

els of compressibility. Therefore, the extension of the model to rate-dependent viscous effects

and compressible behavior is a worthwhile direction of future research.
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CHAPTER 6. ANALYSIS OF THE LARGE DEFORMATION CONSTITUTIVE

BEHAVIOR OF PARTICLE-BINDER COMPOSITES

6.1 Introduction

In this chapter, the large deformation constitutive model presented in chapter 5 is utilized

to estimate the mechanical properties and model the stress-strain behavior of the three mock

energetic composite formulations studied in chapter 4. For parameter identification, cyclic

and monotonic compressive experimental data for cylindrical specimens of the three mock

formulations of PBXN-109, namely 85-00, 85-15 and 85-30 is used. A comparative analysis of

the three specimen formulations is then presented, where a correlation between the estimated

mechanical properties and the mechanical behavior as well as composition of the specimens

is identified and detailed.

6.2 Parameter Identification and Comparative Analysis of mock PBX speci-

mens

The constitutive model and parameter identification method presented in Chapter 5

were used to calibrate the virgin cyclic (ref. Figures 4.12a, 4.12c and 4.12e) and monotonic

(ref. Figure 4.6) compressive response of 85-00, 85-15 and 85-30 mock PBX cylindrical

specimens. The calibration results are presented in Figure 6.1, and the estimated material

parameters for each specimen formulation are listed in Table 6.1. As evident from the figure,

an excellent agreement between the experimental data and model response is obtained for

all three formulations. It is important to mention here that the parameter estimation for 85-

15 specimen presented in Chapter 5 considered only the cyclic compressive response, while

both cyclic and monotonic compression data is utilized here for determination of material

properties. Consequently, the material properties for 85-15 listed in Table 6.1 provide a more

accurate representation of the constitutive behavior of the material. Consideration of an even
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(a) (b)

(c) (d)

(e) (f)

Figure 6.1. Comparison of experimental data (dotted) and estimated model response (solid)
of cyclic and monotonic compressive tests conducted on virgin (a and b) 85-00, (c and d)
85-15, and (e and f) 85-30 mock PBX specimens. The omitted initial loading response
attributed to machine/specimen mismatch is designated by a dashed line.
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Table 6.1. Material properties of 85-00, 85-15 and 85-30 mock energetic formulations esti-
mated from their virgin cyclic and monotonic compressive response.

Material Parameters 85-00 85-15 85-30
Elastic branch (M = 1)

µ1 (MPa) 1.1252 0.7483 0.0808
α1 9.2293 10.8969 17.4232

Initial shear modulus µe =
M∑
k=1

µkαk/2 (MPa) 5.1922 4.0768 0.7037

Yield-surface-free endochronic branch 1 (P = 1)
µ11 (MPa) 0.0432 5.6465 12.1770

α11 0.0519 0.8418 1.1832

Initial shear modulus µi
1 =

P∑
i=1

µi1αi1/2 (MPa) 0.0011 2.3766 7.2038

γ1 0.0017 0.0010 0.0018
Yield-surface-free endochronic branch 2 (P = 1)

µ12 (MPa) 0.0068 2.8725 0.0039
α12 0.0661 1.5255 0.0543

Initial shear modulus µi
2 =

P∑
i=1

µi2αi2/2 (MPa) 0.0002 2.1910 0.0001

γ2 0.1723 0.0358 0.0622
Yield-surface-free endochronic branch 3 (P = 1)

µ13 (MPa) - 4.3973 0.6204
α13 - 1.6687 1.2223

Initial shear modulus µi
3 =

P∑
i=1

µi3αi3/2 (MPa) - 3.6688 0.3792

γ3 - 0.3413 0.2388
Material scale function

c 14.9879 29.5182 591.1894
s 1.2592 2.0384 5.9671
βc 125.3399 944.2924 2.0906
βs 212.6798 16.7109 5.7283

Isotropic damage
m 0.0247 0.0863 0.0195
p 0.7619 0.5769 0.3208

larger variety of experimental stress-strain datasets (e.g. shear tests, tensile tests) would

assuredly result in higher accuracy of parameter estimation, however, it may add excessive

complexity to the nonlinear multivariate problem which may lead to non-convergence of the

solution.
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From the observation of calibrated properties of mock PBX specimens in Table 6.1, it is

possible to identify the correlation between the property values and the unique mechanical

behavior of each specimen, and therefore, establish the relationship between material prop-

erties and material composition. For instance, the 85-00 specimen is accurately modeled by

2 endochronic branches, while 85-15 and 85-30 specimens require 3 endochronic branches to

fully represent their mechanical response, which signifies the higher material non-linearity

and more extensive inelastic behavior of the aluminized specimens. Specific trends in indi-

vidual property values are also observed, which are discussed in detail below.

6.2.1 Elastic and Endochronic Branches

In the context of representing the deformation mechanics of energetic materials by a

rheological model with respect to the constitutive formulation presented in Chapter 5, the

elastic branch can be seen as a spring of stiffness µe acting in parallel with endochronic

branches, each of which consist of a spring of stiffness µi
j and a friction element with threshold

strain γj, where j = 1, . . . , N is the jth of a total of N branches. The total stiffness µ of the

material is represented by a sum of the elastic and endochronic moduli, i.e., µ = µe+
∑N

j=1 µ
i
j,

while the threshold strains represent the macroscopic strains at which the inelastic processes,

such irreversible slipping of binder molecular chains on the filler (solid) surface and plastic

deformation of the filler, start to occur (Kaliske & Rothert, 1998; Netzker et al., 2010).

From the calibrated parameter values listed in Table 6.1, the total stiffness of 85-00, 85-15

and 85-30 specimens is found to be 5.1941 MPa, 12.3132 MPa and 8.2868 MPa respectively.

This suggests that the addition of aluminum in the PBX composition increases material

stiffness, however, the stiffness starts to reduce with an increase in the amount of aluminum

in the composition. This postulation is also supported by the evolution of apparent stiffness

during virgin cyclic loading of the three compositions, presented in Chapter 4 (ref. Figures

4.14b, 4.14d and 4.14f). The figures show that the apparent stiffness of the cyclic loops range

between 5-7 MPa for 85-00, 6-11 MPa for 85-15 and 4-11 MPa for 85-30, and therefore, the

experimentally determined average stiffness follows the same order as the modeled stiffness

with respect to the material composition. Another interesting observation lies in the con-
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tribution to the total stiffness by the endochronic branches, which from Table 6.1 is 0.0013

MPa (0.025%) for 85-00, 8.2364 MPa (66.89%) for 85-15 and 7.5831 MPa (91.51%) for 85-30.

Therefore, it is evident that with the activation of inelastic deformation mechanisms, the

elastic material stiffness decreases with increasing aluminization, which is consistent with

the observation of predominantly nonlinear mechanical response and ductile plastic flow to

larger strain levels during monotonic compression in 85-15 and 85-30 as compared to 85-00

(ref. Figures 6.1b, 6.1d and 6.1f).

With regard to the threshold strains γj, the value of strain in the first endochronic branch

(γ1) is very small and comparable in magnitude for all PBX compositions (0.0017 for 85-00,

0.001 for 85-15 and 0.0018 for 85-30), suggesting that all three specimens start exhibiting

inelastic behavior from almost the beginning of the loading process. However, the value

of threshold strain in the second endochronic branch (γ2) is much larger for 85-00 (0.1723)

as compared to 85-15 (0.0358) and 85-30 (0.0622), indicating that more extensive inelastic

processes start occurring at smaller macroscopic strains in the aluminized specimens. When

comparing 85-15 and 85-30 specimens, we observe that although the second threshold strain

is smaller for 85-15, the threshold strain in the third branch is smaller for 85-30 (0.2388)

as compared to 85-15 (0.3413). Therefore, it can be concluded that higher aluminization

leads to the material exhibiting predominant inelastic deformations at a smaller strain. This

conclusion is also supported by observations of higher residual strain in 85-30 (∼2%) as

compared to 85-15 (∼1.57%) after the recovery period following the virgin cyclic loading

tests as presented in Chapter 4.

6.2.2 Material Scale Function

As explained in Chapter 5, the material scale function f(z), which is a function of the

intrinsic time scale z, is used in the constitutive model to represent the progressive cyclic

stress-softening behavior observed during cyclic compression of mock PBX specimens. The

function is given by Equation (5.27) and consists of four material parameters, namely c, s,

βc and βs. The parameter c is the saturation value of the function during initial loading from

zero deformation, when the reference intrinsic time scale zref is equal to zero. If the loading
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Figure 6.2. Influence of variation in the value of material scale function parameter c on the
predicted monotonic compressive response of 85-00 formulation.

remains monotonic, the simpler scale function proposed by Wu & Yip (1981) and given by

Equation (5.26) is recovered. According to this simpler function, the value of f(z) evolves

from 1 as z increases, and approaches c as z → ∞, with the rate of evolution governed by

βc. If c > 1, then f(z) ≥ 1. Therefore, during a loading step, the increment in intrinsic

time scale z is greater than the increment in deformation measure |C| according to Equation

(5.25), which produces a strain-hardening behavior. Conversely, if c < 1, then a strain-

softening response is obtained. This is also true during cyclic loading-unloading, however,

the saturation value evolves from c as zref increases, and approaches c/s as zref →∞ at cyclic

stabilization. If c/s < c, then a progressive stress-softening response is obtained, which, as

already stated, is one of the primary observed deformation mechanisms of mock PBX.

The value of parameter c for the studied mock PBX specimens is seen to increase with

increasing aluminum content in the composition. Specifically, it is much higher for 85-30 as

compared to 85-00 and 85-15 specimens. The reason for this difference lies in the monotonic

compression response of the specimens. Figure 6.2 shows the influence of variation in c from

its estimated value on the monotonic compression response of 85-00 specimen. It is evident

that c controls the occurrence of maximum or ultimate stress in the response, as well as the

magnitude of the ultimate stress, which stems from its representative role as the magnitude

of strain hardening in the material. An ultimate stress is observed in the monotonic response

of 85-00 and 85-15 specimens, with the value of the stress and the strain at which it occurs
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being higher for 85-15 as compared to 85-00. Therefore, the estimated value of parameter c

for 85-15 is comparatively higher than 85-00. However, the 85-30 specimen does not show

an ultimate stress and continues to harden until the maximum applied deformation of 30%;

hence, in accordance with Figure 6.2, the estimated value of c for 85-30 is much higher than

both 85-00 and 85-15. With regard to parameter βc, a correlation between the estimated

values and PBX aluminum content is not observed; rather, the values are closely related to

the evolution of the scale function during monotonic loading and the estimated values of c.

Figure 6.3 shows the influence of variation in βc on the monotonic compression response as

well as the evolution of scale function f(z) with intrinsic time z for the three specimens. It

is evident that for 85-00 and 85-15 specimens, the scale function f(z) reaches its saturation

value c during the monotonic loading process, while the same does not occur for the 85-30

specimen as the material continues to harden beyond the maximum applied strain. For 85-

15 (Figures 6.3c and 6.3d), the saturation value is reached much before the attainment of

ultimate stress, and therefore, any variation in βc has only a slight influence on the loading

response at small strains (∼1%-5%). For 85-00 (Figures 6.3a and 6.3b), the saturation value

is reached near the end of the loading process, and therefore, the influence of variation in βc

on the stress-strain response is comparatively larger than 85-15. For 85-30 (Figures 6.3e and

6.3f), however, any variation in βc has a significant impact on the stress-strain response. It

is specifically observed that βc controls only the evolution of stress, with the stress at any

strain increasing with increasing βc and vice versa. With regard to the magnitude of βc, a

higher value of βc increases the rate of evolution of f(z) and therefore the rate of attainment

of the saturation value. Hence, 85-15 has the highest value of βc (944.2924), followed by

85-00 (125.3399), while 85-30 assumes a much lower value (2.0906).

As discussed before, the role of parameters s and βs in the context of PBX material is to

reduce the saturation value of the scale function f(z) from c to c/s during the cyclic loading

process in order to achieve progressive stress-softening until cyclic stabilization. While s

primarily controls the magnitude of the softening, βs controls the softening rate or the

rate of attainment of cyclic stabilization. From the estimated values of s for the three

specimens, the value of c/s is obtained as 11.9027, 14.4811 and 99.0748 for 85-00, 85-15 and

85-30 respectively, resulting in a reduction of 20.58%, 50.94% and 83.24% in their respective
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(a) (b)

(c) (d)

(e) (f)

Figure 6.3. Influence of variation in the value of material scale function parameter βc on
the monotonic compressive response and the corresponding evolution of the material scale
function f(z) with intrinsic time z, for (a and b) 85-00, (c and d) 85-15, and (e and f) 85-30
mock formulations. The occurrence of ultimate stress in 85-00 and 85-15 is designated in
their respective f(z) evolution plots by a dotted line.
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(a) (b)

Figure 6.4. Plots depicting evolution of (a) the ratio of peak stress for each cycle with respect
to peak stress for the first cycle, and (b) fractional change in peak stress for a cycle with
respect to peak stress for the previous cycle, for cyclic compressive experimental data of
85-00, 85-15 and 85-30 specimens.

saturation values at cyclic stabilization as compared to c. This implies that the magnitude

of softening is the highest for 85-30, followed by 85-15, and the least for 85-00. Concurrently,

the estimated values of βs for the three specimens indicate the highest rate of stabilization

for 85-00 (212.6798), followed by 85-15 (16.7109), and the lowest for 85-30 (5.7283). These

findings with reference to the model parameters are in agreement with the experimental data,

as seen in Figure 6.4, where the ratio of cyclic peak stresses with respect to the first peak

stress (Figure 6.4a) drops the highest for 85-30, followed by 85-15 and then 85-00, while the

change in peak stress with each cycle (Figure 6.4b) approaches zero (i.e., cyclic stabilization)

fastest for 85-00, followed by 85-15 and then 85-30.

6.2.3 Isotropic Damage

It is shown in Chapter 5 that the primary function of the isotropic damage model is

to represent the overall softening between loading and unloading responses during cyclic

loading of particle-binder composites. The model consists of parameters m and p, each of

which have been shown to increase (decrease) the softening effect as their values decrease

(increase). From the sensitivity analysis of the two parameters on the unloading response of
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Figure 6.5. Plot depicting the slope or tangent stiffness of the experimental unloading stress-
strain curve during the first cycle with respect to the unloaded strain for the three mock
PBX compositions.

85-15 presented in chapter 5, it was found that p predominantly affects the softening rate at

higher strains, more specifically, near the beginning of unloading. On the contrary, m exerts

a predominant control at lower strain levels. A closer observation of Figure 5.6 indicates

that the effects of p are dominant during the initial rapid softening (∼15%-16% strain in the

figure), while the influence of m predominates thereafter, when the softening rate decreases.

Figure 6.5 shows the evolution of slope of the first cyclic unloading curve for the cyclic

compressive response of the three mock PBX specimens. The slope is plotted for first 2%

strain after the start of unloading, since it is seen that within this range the unloading curves

of all three specimens begin to curve and the softening rate declines. Therefore, the effects

of both m and p can be studied within this range for the three specimen compositions. From

the figure, it is evident that the 85-30 specimen begins unloading with the highest slope,

and therefore exhibits the highest rate of initial softening, followed by 85-15 and then 85-

00. This is in agreement with the decreasing trend of the estimated p values in Table 6.1

with increasing aluminum content. With further unloading, the slope of the stress-strain

curve drops rapidly for all specimens and then approaches a stable value, indicating a more

linear stress-strain response beyond ∼0.5% unloaded strain. In this region, the influence of

parameter m is predominant and a lower slope indicates a higher softening effect (ref. Figure

5.6a). Therefore, 85-30 again experiences the highest softening in this strain range since it
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has the lowest slope. However, the slope of 85-00 is lower than 85-15 in this range, and

therefore exhibits a higher softening. This is again in agreement with the estimated values

of m in Table 6.1, which is the highest for 85-15, followed by 85-00 and lowest for 85-30.

6.3 Summary

The constitutive behavior and mechanical properties of the three mock sugar formula-

tions of PBXN-109 are determined by utilizing the large deformation elasto-plastic consti-

tutive model and the parameter identification method presented in Chapter 5. An excellent

agreement between the cyclic and monotonic compression experimental data and the model

response is obtained for all three formulations, which confirms the accuracy and versatility

of the estimated mechanical properties. Correlation between the mechanical properties and

the unique stress-strain response of each specimen is identified, which contributes towards

establishing and validating specific trends observed in the property values with respect to the

specimen composition, specifically, the amount of aluminum in the mock PBX. Finally, it is

concluded that each of the estimated material parameters are more than mere numbers and

have a significant contribution towards establishment of the highly complex and nonlinear

mechanical behavior of particle-binder composites under finite strain.
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CHAPTER 7. SUMMARY AND FUTURE WORK

This thesis presents computational and experimental tools and techniques to predict and

understand the microstructural evolution and large deformation mechanical behavior of con-

fined particulate composites, specifically, compacted powders and particle-binder composites.

This work is of particular interest to a broad range of industries that manufacture powder

compaction-based products, such as pharmaceutical, food, construction and powder met-

allurgy, and to the defense and energy sector with the ever-growing need to predict the

performance and safety of energetic composite materials. The challenges of estimating the

macroscopic response of these significantly heterogeneous and non-linear materials are ad-

dressed on both meso (particle) and continuum scale by developing accurate and predictive

experimental, particle mechanics and constitutive models.

Particle mechanics strategies for compacted powder systems employ a contact formula-

tion to predict the evolution of force-deformation behavior at the individual particle-particle

contacts during the compaction process. In chapter 2, the nonlocal contact formulation for

elastic confined granular systems pioneered by Gonzalez & Cuitiño (2012) was extended to

account for both local and nonlocal contributions to the deformation at inter-particle contact

boundaries (i.e., the contact area) due to other multiple contact forces acting on the pair

of contacting particles in a confined environment. Additionally, the original contact formu-

lation was corrected to include higher-order terms in the traditional one-term Taylor series

representation of the undeformed profiles of the contacting surfaces. From the investiga-

tion of different symmetric and non-symmetric loading conditions on single elastic spherical

particles to simulate mesoscale compaction conditions, it was established that the contact

radius and curvature corrections enhance the range of applicability of the nonlocal contact

formulation, providing accurate and fast predictions of the high-density inter-particle contact

behavior up to the analytical limit of contact impingement. These findings were corroborated

by an excellent agreement obtained between the analytical predictions and data collected

from single-particle experiments and Finite Element simulation results.
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While the corrected nonlocal contact formulation is an efficient and effective analyti-

cal tool for understanding the microstructural evolution of confined granular systems, it is

currently limited in application to elastically deforming particles. However, a majority of

compacted granular materials, for instance, pharmaceutical and metal powders, exhibit per-

manent plastic deformations during compaction to produce the final product. To diversify

the application of this research and pave the way towards the development of a nonlocal

contact formulation for elasto-plastic confined granular systems, semi-mechanistic contact

laws for uniaxial and triaxial compression of elastic-perfectly plastic spherical particles were

developed and presented in Chapter 3. A salient feature of these contact laws is that they

are both material and loading-condition dependent, which is also a unique aspect of the

elastic nonlocal contact formulation that makes it predictive at high compaction densities.

Nonlinear contact pressure-deformation and contact radius-deformation relationships were

developed from a sufficiently large set of finite element simulations of three symmetric load-

ing configurations, namely simple (unconfined uniaxial) compression, die (confined triaxial

with rigid lateral walls) compaction and hydrostatic (isostatic axisymmetric) compaction of

single spherical particles. The accuracy and predictive capabilities of these contact laws were

demonstrated with the attainment of an excellent agreement between analytical predictions

and FE results for the three loading configurations within a wide range of elasto-plastic

mechanical properties.

For the second class of confined particulate systems studied in this work, i.e. particle-

binder composites, experimental mechanical testing and 3D imaging methods were developed

and presented in Chapter 4 to understand and quantify the changes in the complex mesoscale

microstructure and macroscopic mechanical response of these materials with repeated cyclic

loading followed by an extended period of recovery. The specific materials of interest are

Plastic Bonded Explosives (PBX), which consist of a heavy concentration of explosive crys-

tals embedded in a polymeric binder. Inch-sized cast cylindrical mock sugar specimens of

PBXN-109 formulation with three compositions differing in the amount of aluminum content

(85-00 with no aluminum, 85-15 with 12.75% w/w aluminum, 85-30 with 25.5% w/w alu-

minum) were studied. The specimens were subjected to large quasi-static cyclic compressive

loading before being allowed a time-recovery period of 4 weeks, following which the test was
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repeated. Three dimensional images of the specimen’s microstructure were obtained from

micro-Computed Tomography before and after each loading test, which were post-processed

to quantify the spatial distribution of the specimen’s porosity and its primary components,

namely sucrose (sugar), binder and aluminum. The mechanical response of the mock PBX

specimens was found to be highly nonlinear and exhibiting several inelastic deformation

mechanisms. More interesting observations were made when the same specimens were cycli-

cally loaded again. With respect to the stress-strain response exhibited during the first test,

the 85-00 specimen showed considerable increase in strength and stiffness, while the 85-15

and 85-30 specimens showed a small reduction in the overall strength and stiffness and exhib-

ited a permanent change in their initial loading stress-strain curve, which became similar to

the cyclic reloading curves. These differing changes in the mechanical response of the spec-

imens with and without aluminum were correlated with the microstructural rearrangement

observed in the specimens before and after the tests and during the recovery period using

post-processed micro-CT data. It was concluded that with cyclic loading, the soft phase

(binder) becomes progressively compliant due accumulated damage and particle-binder in-

terfacial debonding, causing it to exhibit affine deformations in the radial direction, away

from the specimen’s core. On the contrary, the hard phase (sucrose) exhibits a collective

non-affine rearrangement near the specimen’s core to form a stronger inter-particle contact

network, effectively increasing the load bearing capacity of the material. However, the pres-

ence of a ductile third phase (aluminum) alters these mesoscale deformation mechanisms

by reducing the sucrose-binder interfacial area and arresting interfacial debonding, thereby

causing a more ductile plastic material flow and inelastic material memory effects.

To complement the experimental efforts and identify a reliable method to quantify and

predict the large deformation macroscopic mechanical behavior of PBX, a constitutive model

based on nonlinear elasticity and the hereditary yield-surface-free endochronic plasticity

was developed and presented in Chapter 5. While the model was developed on the ba-

sis of observed deformation characteristics of mock PBX, it is also applicable to the the

rate-independent constitutive behavior of similar particle-binder composites such as filled

elastomers. A discrete numerical procedure was proposed for solving model equations and

efficiently calculating stresses along the loading path, along with a reliable parameter identi-
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fication method based on a nonlinear multivariate optimization problem. Finally, in Chapter

6, the model was shown to accurately estimate the large deformation cyclic and monotonic

compressive behavior of the three mock PBX formulations. A reliable correlation between

the estimated mechanical properties and the distinct mechanical response of each specimen

was established to demonstrate the significance of each property value and their role in

uniquely identifying the material composition.

To conclude the work presented in this thesis, it is suitable to identify and mention

possible avenues of extending the work and directions of future research studies.

With regard to confined granular systems, the contact formulation presented in Chapter

3 is limited to elastic-perfectly plastic material behavior. It is, therefore, desirable to extend

the formulation to include strain hardening material behavior. Additionally, the loading-

condition dependence of the formulation is limited to the three symmetric loading conditions

(i.e., simple, die and hydrostatic), whereas a truly nonlocal contact formulation is capable of

predicting contact behavior under any general loading configuration. Therefore, a systematic

semi-mechanistic treatment of the nonlocal plastic contributions through extensive finite-

element simulation studies is envisioned to take the next step forward in the development of

a closed-form nonlocal contact formulation for plastically deforming particles.

With regard to particle-binder composites, as noted in Chapter 4, future work should be

focused on utilizing the proposed experimental and post-processing procedures to study long-

term effects of repetitive loading and recovery over several months on the microstructure and

mechanical properties of the studied energetic materials. Additionally, as noted in Chapter

5, future work with respect to the large deformation constitutive model should be focused on

extending the model to include rate-dependent viscous effects to characterize the moderate-

to-high strain-rate behavior of these materials. Such a study would of course be supported by

an extensive experimental campaign, including high strain-rate loading and stress-relaxation

studies. Future work on including other recovery effects in the model, such as the recovery

of transient cyclic response observed during the subsequent reloading of the mock specimens

is also desirable and recommended.
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APPENDIX A. DETERMINATION OF RADIAL DISPLACEMENT OF A CONTACT

BOUNDARY POINT DUE TO A SINGLE FORCE

Figure A.1 depicts a three dimensional view of a linear-elastic spherical particle under the

action of a concentrated force Pi applied at the origin A of cylindrical coordinates (z, r).

We consider the deformation of a spherical cap of base radius a and center C, situated at

an angular distance θi from the force Pi, due an ellipsoidally distributed pressure given by

Equation (2.1) in section 2.2. The pressure distribution is approximated by an effective

force P applied at C. A point Q on the cap boundary is situated at angle φ from the plane

defined by points A, O and C. Using vector algebra, the angle AOQ, denoted by βQ, can be

expressed as

βQ = cos−1
[
cos
∣∣∣θi − sin−1

( a
R

)∣∣∣−
( a
R

)
(1− cosφ) sin θi

]
(A.1)

The above equation implies that the angular distance between a contact force and any point

on the cap boundary can be represented in terms of a constant reference angle θi and a

variable angle φ. The dependency on angle φ vanishes for the two extreme values of θi, i.e.

0 and π. For θi = 0, which corresponds to the case when Pi = P , Equation (A.1) reduces to

βQ|θi=0 = sin−1
( a
R

)
(A.2)

the above result restates the geometrical fact that the contact force P is equidistant from

any point on the cap boundary, the angular distance being sin−1(a/R). A similar result

is obtained for θi = π, which makes the force Pi equidistant from any point on the cap

boundary. The angular distance in this case becomes

βQ|θi=π = π − sin−1
( a
R

)
(A.3)
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<latexit sha1_base64="L/6kAmtMQn7MGxFkAcSjnoAYJcA=">AAAB9XicbVC7SgNBFL1rfMT4ilraDAbBKuzaaBmwsYxgHpCsYXZyNxkyO7vMzCphyX/YWChi6y/4DRaCX6OzSQpNPDBwOOde7pkTJIJr47pfzkphdW19o7hZ2tre2d0r7x80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6zP3WHSrNY3ljxgn6ER1IHnJGjZVuuxE1wyDM6pNexie9csWtulOQZeLNSaVW+Px+B4B6r/zR7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/WyaekJOrNInYazsk4ZM1d8bGY20HkeBncxT6kUvF//zOqkJL/yMyyQ1KNnsUJgKYmKSV0D6XCEzYmwJZYrbrIQNqaLM2KJKtgRv8cvLpHlW9dyqd23bcGGGIhzBMZyCB+dQgyuoQwMYKHiAJ3h27p1H58V5nY2uOPOdQ/gD5+0H3dyVng==</latexit><latexit sha1_base64="jyoVfUpf6fbXlVKPxEyyRQ8iLvY=">AAAB9XicbVDLSsNAFL2xPmp9VcWVm2ARXJXEjS4LblxWsA9oY5lMb9qhk0mYmSgl5D/cuFDErd/gL7gQXPkpOmm70NYDA4dz7uWeOX7MmdKO82ktFZZXVteK66WNza3tnfLuXlNFiaTYoBGPZNsnCjkT2NBMc2zHEknoc2z5o4vcb92iVCwS13ocoxeSgWABo0Qb6aYbEj30g7Se9VKW9coVp+pMYC8Sd0YqtcLH99vBF9Z75fduP6JJiEJTTpTquE6svZRIzSjHrNRNFMaEjsgAO4YKEqLy0knqzD42St8OImme0PZE/b2RklCpceibyTylmvdy8T+vk+jg3EuZiBONgk4PBQm3dWTnFdh9JpFqPjaEUMlMVpsOiSRUm6JKpgR3/suLpHladZ2qe2XacGCKIhzCEZyAC2dQg0uoQwMoSLiHR3iy7qwH69l6mY4uWbOdffgD6/UHq+iW+A==</latexit><latexit sha1_base64="jyoVfUpf6fbXlVKPxEyyRQ8iLvY=">AAAB9XicbVDLSsNAFL2xPmp9VcWVm2ARXJXEjS4LblxWsA9oY5lMb9qhk0mYmSgl5D/cuFDErd/gL7gQXPkpOmm70NYDA4dz7uWeOX7MmdKO82ktFZZXVteK66WNza3tnfLuXlNFiaTYoBGPZNsnCjkT2NBMc2zHEknoc2z5o4vcb92iVCwS13ocoxeSgWABo0Qb6aYbEj30g7Se9VKW9coVp+pMYC8Sd0YqtcLH99vBF9Z75fduP6JJiEJTTpTquE6svZRIzSjHrNRNFMaEjsgAO4YKEqLy0knqzD42St8OImme0PZE/b2RklCpceibyTylmvdy8T+vk+jg3EuZiBONgk4PBQm3dWTnFdh9JpFqPjaEUMlMVpsOiSRUm6JKpgR3/suLpHladZ2qe2XacGCKIhzCEZyAC2dQg0uoQwMoSLiHR3iy7qwH69l6mY4uWbOdffgD6/UHq+iW+A==</latexit><latexit sha1_base64="xVIkM40LvplFr0iEOkNEFSWIng4=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclYwbXRbcuKxgH9COJZNm2tAkMyQZpQzzH25cKOLWf3Hn35hpZ6GtBwKHc+7lnpwwEdxYjL+9tfWNza3tyk51d2//4LB2dNwxcaopa9NYxLoXEsMEV6xtuRWsl2hGZChYN5zeFH73kWnDY3VvZwkLJBkrHnFKrJMeBpLYSRhlrXyY8XxYq+MGngOtEr8kdSjRGta+BqOYppIpSwUxpu/jxAYZ0ZZTwfLqIDUsIXRKxqzvqCKSmSCbp87RuVNGKIq1e8qiufp7IyPSmJkM3WSR0ix7hfif109tdB1kXCWpZYouDkWpQDZGRQVoxDWjVswcIVRzlxXRCdGEWldU1ZXgL395lXQuGz5u+He43sRlHRU4hTO4AB+uoAm30II2UNDwDK/w5j15L96797EYXfPKnRP4A+/zBwe7ksY=</latexit>

R
<latexit sha1_base64="wvUVOauAfYkk2hiZ6jQcQaFGF+s=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujXYGbCwTMRdIljA7OZuMmZ1dZmaFuOQJbCwUsfUZfBI7S9/EyaXQxB8GPv7/HOacEySCa+O6X05uZXVtfSO/Wdja3tndK+4fNHScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJrkzXtUmsfy1owS9CPalzzkjBpr1W66xZJbdqciy+DNoXT58fBdAYBqt/jZ6cUsjVAaJqjWbc9NjJ9RZTgTOC50Uo0JZUPax7ZFSSPUfjYddExOrNMjYazsk4ZM3d8dGY20HkWBrYyoGejFbGL+l7VTE174GZdJalCy2UdhKoiJyWRr0uMKmREjC5QpbmclbEAVZcbepmCP4C2uvAyNs7Lnlr2aW6q4MFMejuAYTsGDc6jANVShDgwQHuEZXpw758l5dd5mpTln3nMIf+S8/wAZ8I9O</latexit><latexit sha1_base64="6Ow+p3rQK4aoiTcnyb/mqoJ6rJo=">AAAB6HicbZC5TgMxEIZnwxXCFY6OZkWERBV5aaAjEgWUCSKHlESR15lNTLzele1FCqs8AQ0FCNHyAFQ8CR0lb4JzFBD4JUuf/n9Gnhk/FlwbQj6dzMLi0vJKdjW3tr6xuZXf3qnpKFEMqywSkWr4VKPgEquGG4GNWCENfYF1f3A+zuu3qDSP5LUZxtgOaU/ygDNqrFW56uQLpEgmcv+CN4PC2fvd18XbXlru5D9a3YglIUrDBNW66ZHYtFOqDGcCR7lWojGmbEB72LQoaYi6nU4GHbmH1um6QaTsk8aduD87UhpqPQx9WxlS09fz2dj8L2smJjhtp1zGiUHJph8FiXBN5I63drtcITNiaIEyxe2sLutTRZmxt8nZI3jzK/+F2nHRI0WvQgolAlNlYR8O4Ag8OIESXEIZqsAA4R4e4cm5cR6cZ+dlWppxZj278EvO6zfLGJCS</latexit><latexit sha1_base64="6Ow+p3rQK4aoiTcnyb/mqoJ6rJo=">AAAB6HicbZC5TgMxEIZnwxXCFY6OZkWERBV5aaAjEgWUCSKHlESR15lNTLzele1FCqs8AQ0FCNHyAFQ8CR0lb4JzFBD4JUuf/n9Gnhk/FlwbQj6dzMLi0vJKdjW3tr6xuZXf3qnpKFEMqywSkWr4VKPgEquGG4GNWCENfYF1f3A+zuu3qDSP5LUZxtgOaU/ygDNqrFW56uQLpEgmcv+CN4PC2fvd18XbXlru5D9a3YglIUrDBNW66ZHYtFOqDGcCR7lWojGmbEB72LQoaYi6nU4GHbmH1um6QaTsk8aduD87UhpqPQx9WxlS09fz2dj8L2smJjhtp1zGiUHJph8FiXBN5I63drtcITNiaIEyxe2sLutTRZmxt8nZI3jzK/+F2nHRI0WvQgolAlNlYR8O4Ag8OIESXEIZqsAA4R4e4cm5cR6cZ+dlWppxZj278EvO6zfLGJCS</latexit><latexit sha1_base64="5F6vdKZyEVK7daa4I6hm1QWm9Iw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstAzYWCZiPiA5wt5mLlmzt3fs7gkh5BfYWChi60+y89+4Sa7QxAcDj/dmmJkXplIYS+m3V9jY3NreKe6W9vYPDo/Kxyctk2SaY5MnMtGdkBmUQmHTCiuxk2pkcSixHY5v5377CbURiXqwkxSDmA2ViARn1kmN+365Qqt0AbJO/JxUIEe9X/7qDRKexagsl8yYrk9TG0yZtoJLnJV6mcGU8TEbYtdRxWI0wXRx6IxcOGVAokS7UpYs1N8TUxYbM4lD1xkzOzKr3lz8z+tmNroJpkKlmUXFl4uiTBKbkPnXZCA0cisnjjCuhbuV8BHTjFuXTcmF4K++vE5aV1WfVv0GrdRoHkcRzuAcLsGHa6jBHdShCRwQnuEV3rxH78V79z6WrQUvnzmFP/A+fwCl94zA</latexit>

a
<latexit sha1_base64="oAi1ujUyTW7E/qipxQlrPQAIQ9E=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVZi10c6AjWUC5gJJCLOTs8mY2dllZlaIS57AxkIRW5/BJ7Gz9E2cXApN/GHg4//PYc45QSKFsZR+eSura+sbm7mt/PbO7t5+4eCwbuJUc6zxWMa6GTCDUiisWWElNhONLAokNoLh9SRv3KM2Ila3dpRgJ2J9JULBmXVWlXULRVqiU5Fl8OdQvPp4+C4DQKVb+Gz3Yp5GqCyXzJiWTxPbyZi2gksc59upwYTxIetjy6FiEZpONh10TE6d0yNhrN1Tlkzd3x0Zi4wZRYGrjJgdmMVsYv6XtVIbXnYyoZLUouKzj8JUEhuTydakJzRyK0cOGNfCzUr4gGnGrbtN3h3BX1x5GernJZ+W/CotlinMlINjOIEz8OECynADFagBB4RHeIYX78578l69t1npijfvOYI/8t5/ADCsj10=</latexit><latexit sha1_base64="NG0DR1nwRCdOkRSr8E9RK3UqKU0=">AAAB6HicbZC7SgNBFIbPxluMt3jpbBaDYBVmbbQzYKFlAuYCSQizk7PJmNnZZWZWiEuewMZCEVsfwMonsbP0TZxcCk38YeDj/89hzjl+LLg2hHw5maXlldW17HpuY3Nreye/u1fTUaIYVlkkItXwqUbBJVYNNwIbsUIa+gLr/uBynNfvUGkeyRszjLEd0p7kAWfUWKtCO/kCKZKJ3EXwZlC4+Lj/vno/SMud/GerG7EkRGmYoFo3PRKbdkqV4UzgKNdKNMaUDWgPmxYlDVG308mgI/fYOl03iJR90rgT93dHSkOth6FvK0Nq+no+G5v/Zc3EBOftlMs4MSjZ9KMgEa6J3PHWbpcrZEYMLVCmuJ3VZX2qKDP2Njl7BG9+5UWonRY9UvQqpFAiMFUWDuEITsCDMyjBNZShCgwQHuAJnp1b59F5cV6npRln1rMPf+S8/QDh1JCh</latexit><latexit sha1_base64="NG0DR1nwRCdOkRSr8E9RK3UqKU0=">AAAB6HicbZC7SgNBFIbPxluMt3jpbBaDYBVmbbQzYKFlAuYCSQizk7PJmNnZZWZWiEuewMZCEVsfwMonsbP0TZxcCk38YeDj/89hzjl+LLg2hHw5maXlldW17HpuY3Nreye/u1fTUaIYVlkkItXwqUbBJVYNNwIbsUIa+gLr/uBynNfvUGkeyRszjLEd0p7kAWfUWKtCO/kCKZKJ3EXwZlC4+Lj/vno/SMud/GerG7EkRGmYoFo3PRKbdkqV4UzgKNdKNMaUDWgPmxYlDVG308mgI/fYOl03iJR90rgT93dHSkOth6FvK0Nq+no+G5v/Zc3EBOftlMs4MSjZ9KMgEa6J3PHWbpcrZEYMLVCmuJ3VZX2qKDP2Njl7BG9+5UWonRY9UvQqpFAiMFUWDuEITsCDMyjBNZShCgwQHuAJnp1b59F5cV6npRln1rMPf+S8/QDh1JCh</latexit><latexit sha1_base64="rgF1yO3RzEHi0sVft51Np7WdilE=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp6NlgEbywTMByRH2NvMJWv29o7dPSEc+QU2ForY+pPs/Ddukis08cHA470ZZuaFqRTGUvrtbWxube/slvbK+weHR8eVk9O2STLNscUTmehuyAxKobBlhZXYTTWyOJTYCSd3c7/zhNqIRD3YaYpBzEZKRIIz66QmG1SqtEYXIOvEL0gVCjQGla/+MOFZjMpyyYzp+TS1Qc60FVzirNzPDKaMT9gIe44qFqMJ8sWhM3LplCGJEu1KWbJQf0/kLDZmGoeuM2Z2bFa9ufif18tsdBvkQqWZRcWXi6JMEpuQ+ddkKDRyK6eOMK6Fu5XwMdOMW5dN2YXgr768TtrXNZ/W/Cat1mkRRwnO4QKuwIcbqMM9NKAFHBCe4RXevEfvxXv3PpatG14xcwZ/4H3+ALyzjM8=</latexit>

�Q
<latexit sha1_base64="XykOsYCzVS6OcELWlpN23wt15HM=">AAAB7nicbVA7SwNBEJ6LrxhfMZY2i0GwCnc2WgZsLBMwD0hC2NvMJUv2HuzOCeFIa29joYja+Xvs/DduHoUmfjDw8X0zzMznJ0oact1vJ7exubW9k98t7O0fHB4Vj0tNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M791j9rIOLqjSYK9kA8jGUjByUqtro/E+/V+sexW3DnYOvGWpFwtfTy8A0CtX/zqDmKRhhiRUNyYjucm1Mu4JikUTgvd1GDCxZgPsWNpxEM0vWx+7pSdW2XAgljbiojN1d8TGQ+NmYS+7Qw5jcyqNxP/8zopBde9TEZJShiJxaIgVYxiNvudDaRGQWpiCRda2luZGHHNBdmECjYEb/XlddK8rHhuxavbNFxYIA+ncAYX4MEVVOEWatAAAWN4hGd4cRLnyXl13hatOWc5cwJ/4Hz+AOrnkWs=</latexit><latexit sha1_base64="s/iTF5/mvlZtiEj1nrUyaorYOHI=">AAAB7nicbVA9SwNBEJ3zM8avGLGyWQyCVbgTRMuAjWUC5gOSI+xt9pIle3vH7pwQjrRWNjYiioidv8fOf+Pmo9DEBwOP92aYmRckUhh03W9nZXVtfWMzt5Xf3tnd2y8cFBsmTjXjdRbLWLcCargUitdRoOStRHMaBZI3g+H1xG/ecW1ErG5xlHA/on0lQsEoWqnZCTjSbq1bKLlldwqyTLw5KVWKH/fPF0cP1W7hq9OLWRpxhUxSY9qem6CfUY2CST7Od1LDE8qGtM/blioaceNn03PH5NQqPRLG2pZCMlV/T2Q0MmYUBbYzojgwi95E/M9rpxhe+ZlQSYpcsdmiMJUEYzL5nfSE5gzlyBLKtLC3EjagmjK0CeVtCN7iy8ukcV723LJXs2m4MEMOjuEEzsCDS6jADVShDgyG8Agv8OokzpPz5rzPWlec+cwh/IHz+QP9w5I5</latexit><latexit sha1_base64="s/iTF5/mvlZtiEj1nrUyaorYOHI=">AAAB7nicbVA9SwNBEJ3zM8avGLGyWQyCVbgTRMuAjWUC5gOSI+xt9pIle3vH7pwQjrRWNjYiioidv8fOf+Pmo9DEBwOP92aYmRckUhh03W9nZXVtfWMzt5Xf3tnd2y8cFBsmTjXjdRbLWLcCargUitdRoOStRHMaBZI3g+H1xG/ecW1ErG5xlHA/on0lQsEoWqnZCTjSbq1bKLlldwqyTLw5KVWKH/fPF0cP1W7hq9OLWRpxhUxSY9qem6CfUY2CST7Od1LDE8qGtM/blioaceNn03PH5NQqPRLG2pZCMlV/T2Q0MmYUBbYzojgwi95E/M9rpxhe+ZlQSYpcsdmiMJUEYzL5nfSE5gzlyBLKtLC3EjagmjK0CeVtCN7iy8ukcV723LJXs2m4MEMOjuEEzsCDS6jADVShDgyG8Agv8OokzpPz5rzPWlec+cwh/IHz+QP9w5I5</latexit><latexit sha1_base64="6rBCV3/I/AdYMjUt1rzLQADdAVc=">AAAB7nicbVA9SwNBEN2LXzF+RS1tFoNgFfZstAzYWCZgPiA5wt5mLlmyt3fszgnhyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvTJW0yNi3V9ra3tndK+9XDg6Pjk+qp2cdm2RGQFskKjG9kFtQUkMbJSropQZ4HCrohtP7hd99AmNloh9xlkIQ87GWkRQcndQdhIB82BpWa6zOlqCbxC9IjRRoDqtfg1Eishg0CsWt7fssxSDnBqVQMK8MMgspF1M+hr6jmsdgg3x57pxeOWVEo8S40kiX6u+JnMfWzuLQdcYcJ3bdW4j/ef0Mo7sglzrNELRYLYoyRTGhi9/pSBoQqGaOcGGku5WKCTdcoEuo4kLw11/eJJ2bus/qfovVGqyIo0wuyCW5Jj65JQ3yQJqkTQSZkmfySt681Hvx3r2PVWvJK2bOyR94nz8WM49S</latexit>

A
<latexit sha1_base64="X0E2Si8b9Jk694+wAVqYSbs2mek=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQrMKsjXZGbCwTMBdIljA7OZuMmZ1dZmaFuOQJbCwUsfUZfBI7S9/EyaXQxB8GPv7/HOacEySCa0PIl5NbWV1b38hvFra2d3b3ivsHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMryd58x6V5rG8NaME/Yj2JQ85o8ZatatusUTKZCp3Gbw5lC4/Hr4rAFDtFj87vZilEUrDBNW67ZHE+BlVhjOB40In1ZhQNqR9bFuUNELtZ9NBx+6JdXpuGCv7pHGn7u+OjEZaj6LAVkbUDPRiNjH/y9qpCS/8jMskNSjZ7KMwFa6J3cnWbo8rZEaMLFCmuJ3VZQOqKDP2NgV7BG9x5WVonJU9UvZqpFQhMFMejuAYTsGDc6jADVShDgwQHuEZXpw758l5dd5mpTln3nMIf+S8/wAALI89</latexit><latexit sha1_base64="OUYPyF4abe/keJ+bZrDHZ9sXND8=">AAAB6HicbZC5TgMxEIZnwxXCFY6OZkWERBV5aaAjiALKRCKHlESR15lNTLzele1FCqs8AQ0FCNHyAFQ8CR0lb4JzFBD4JUuf/n9Gnhk/FlwbQj6dzMLi0vJKdjW3tr6xuZXf3qnpKFEMqywSkWr4VKPgEquGG4GNWCENfYF1f3Axzuu3qDSP5LUZxtgOaU/ygDNqrFU57+QLpEgmcv+CN4PC2fvd1+XbXlru5D9a3YglIUrDBNW66ZHYtFOqDGcCR7lWojGmbEB72LQoaYi6nU4GHbmH1um6QaTsk8aduD87UhpqPQx9WxlS09fz2dj8L2smJjhtp1zGiUHJph8FiXBN5I63drtcITNiaIEyxe2sLutTRZmxt8nZI3jzK/+F2nHRI0WvQgolAlNlYR8O4Ag8OIESXEEZqsAA4R4e4cm5cR6cZ+dlWppxZj278EvO6zexVJCB</latexit><latexit sha1_base64="OUYPyF4abe/keJ+bZrDHZ9sXND8=">AAAB6HicbZC5TgMxEIZnwxXCFY6OZkWERBV5aaAjiALKRCKHlESR15lNTLzele1FCqs8AQ0FCNHyAFQ8CR0lb4JzFBD4JUuf/n9Gnhk/FlwbQj6dzMLi0vJKdjW3tr6xuZXf3qnpKFEMqywSkWr4VKPgEquGG4GNWCENfYF1f3Axzuu3qDSP5LUZxtgOaU/ygDNqrFU57+QLpEgmcv+CN4PC2fvd1+XbXlru5D9a3YglIUrDBNW66ZHYtFOqDGcCR7lWojGmbEB72LQoaYi6nU4GHbmH1um6QaTsk8aduD87UhpqPQx9WxlS09fz2dj8L2smJjhtp1zGiUHJph8FiXBN5I63drtcITNiaIEyxe2sLutTRZmxt8nZI3jzK/+F2nHRI0WvQgolAlNlYR8O4Ag8OIESXEEZqsAA4R4e4cm5cR6cZ+dlWppxZj278EvO6zexVJCB</latexit><latexit sha1_base64="0OMt4r/L4VyIUdk+iFNQUdlT9a8=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstIzYWCZgPiA5wt5mLlmzt3fs7gkh5BfYWChi60+y89+4Sa7QxAcDj/dmmJkXplIYS+m3V9jY3NreKe6W9vYPDo/Kxyctk2SaY5MnMtGdkBmUQmHTCiuxk2pkcSixHY7v5n77CbURiXqwkxSDmA2ViARn1kmN2365Qqt0AbJO/JxUIEe9X/7qDRKexagsl8yYrk9TG0yZtoJLnJV6mcGU8TEbYtdRxWI0wXRx6IxcOGVAokS7UpYs1N8TUxYbM4lD1xkzOzKr3lz8z+tmNroJpkKlmUXFl4uiTBKbkPnXZCA0cisnjjCuhbuV8BHTjFuXTcmF4K++vE5aV1WfVv0GrdRoHkcRzuAcLsGHa6jBPdShCRwQnuEV3rxH78V79z6WrQUvnzmFP/A+fwCMM4yv</latexit>

O
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Figure A.1. A linear-elastic sphere of radius R under the action of an ellipsoidally distributed
pressure, approximated by an effective force P on a spherical cap of radius a and center C,
with concentrated force Pi acting normally on one of its surface points.

At point Q with coordinates (z, r) :
(
2R sin2(βQ/2), R sin βQ

)
, displacements due to force

Pi along the (z, r) axes, denoted by (Wi,Q, Ui,Q), are given by the Boussinesq solution (John-

son, 1985; Timoshenko & Goodier, 1970) and can be expressed in terms of angle βQ as

Wi,Q(βQ) =
(1 + ν)Pi

2πER

[
sin(βQ/2)

2
+

1− ν
sin(βQ/2)

]
(A.4)

Ui,Q(βQ) =
(1 + ν)Pi

4πER

[
cos(βQ/2)− (1− 2ν) cos(βQ/2)

sin(βQ/2) (1 + sin(βQ/2))

]
(A.5)

Similarly, for the cap center C with coordinates (z, r) :
(
2R sin2(θi/2), R sin θi

)
, displace-

ments due to force Pi along the (z, r) axes, denoted by (Wi,C , Ui,C), can be expressed in

terms of angle θi as

Wi,C(θi) =
(1 + ν)Pi

2πER

[
sin(θi/2)

2
+

1− ν
sin(θi/2)

]
(A.6)

Ui,C(θi) =
(1 + ν)Pi

4πER

[
cos(θi/2)− (1− 2ν) cos(θi/2)

sin(θi/2) (1 + sin(θi/2))

]
(A.7)

The displacement of point Q due to force Pi in the radial direction with respect to center C,

denoted by ui,Q, can be expressed as

ui,Q = [(Wi,Q −Wi,C)êz + (Ui,Q − Ui,C)êr] · t̂ (A.8)
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where t̂ is a unit vector in the radial direction at Q, as shown in figure A.1. Using vector

algebra, it can be proved that the vector t̂ can be expressed in terms of (x, y, z) coordinates

as

t̂ = − cos θi cosφ êx − sinφ êy − sin θi cosφ êz (A.9)

which implies that t̂ in terms of (z, r) coordinates becomes

t̂ = − sin θi cosφêz +

(√
1− sin2 θi cos2 φ

)
êr (A.10)

Substituting t̂ from Equation (A.10) into Equation (A.8), we get

ui,Q = −(Wi,Q −Wi,C) sin θi cosφ+ (Ui,Q − Ui,C)

√
1− sin2 θi cos2 φ (A.11)

Equation (A.11) provides a general definition of the radial displacement of a contact

boundary point on an elastic spherical particle due to a concentrated force acting on the

surface of the particle. After substituting the values of Wi,Q, Ui,Q, Wi,C and Ui,C from

Equations (A.4), (A.5), (A.6) and (A.7) respectively into Equation (A.11), the resulting

final expression for ui,Q in terms of angles θi and φ is given by

ui,Q =
(1 + ν)Pi

2πER




sin θi cosφ {sin(θi/2)− sin(βQ(θi, φ)/2)}
× {sin(θi/2) sin(βQ(θi, φ)/2)− 2 + 2ν}

2 sin(θi/2) sin(βQ(θi, φ)/2)

+

√
1− sin2 θi cos2 φ

[
1

2
(cos(βQ(θi, φ)/2)− cos(θi/2))

−(1− 2ν)

{
1− sin(βQ(θi, φ)/2)

sin βQ(θi, φ)
− cos(θi/2)

2 sin(θi/2)(1 + sin(θi/2))

}]



(A.12)

The above expression can be further reduced to the following form

ui,Q =
Pi
ηi,Q

(A.13)
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where

1

ηi,Q
=

1 + ν

2πER




sin θi cosφ {sin(θi/2)− sin(βQ(θi, φ)/2)}
× {sin(θi/2) sin(βQ(θi, φ)/2)− 2 + 2ν}

2 sin(θi/2) sin(βQ(θi, φ)/2)

+

√
1− sin2 θi cos2 φ

[
1

2
(cos(βQ(θi, φ)/2)− cos(θi/2))

−(1− 2ν)

{
1− sin(βQ(θi, φ)/2)

sin βQ(θi, φ)
− cos(θi/2)

2 sin(θi/2)(1 + sin(θi/2))

}]



(A.14)
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APPENDIX B. CALCULATION OF PRESSURE DISTRIBUTION ON THE CONTACT

SURFACE OF AN ELASTIC SPHERE

Considering the contact configuration presented in Figure 2.2 in Section 2.3, the contact area

is circular and depicted in Figure 2.5 in Section 2.4. Based on the analysis of Luo (1958) and

Cattaneo (1947), the following approximate form of pressure distribution can be assumed at

a radial distance rij.

pij(rij) =
N∑

n=1

ρn

(
1− r2

ij

a2
ij

) 2n−1
2

(B.1)

where N corresponds to the number of Taylor series terms considered in the profile function,

and ρn are N unknown function parameters. For an internal point A in the contact region

at a radial distance rij from the contact center, we can write the following using cosine rule

s2
ij = r2

ij + q2
ij + 2rijqij cosωij (B.2)

Using Equations (B.1) and (B.2), the pressure distribution at elemental region B(qij, ωij)

can be written as

pij(qij, ωij) =
N∑

n=1

ρn

a2n−1
ij

(a2
ij − r2

ij − 2rijqij cosωij − q2
ij)

2n−1
2 (B.3)

Let ζij =
√
a2
ij − r2

ij and δij = rij cosωij. Then Equation (B.3) reduces to

pij(qij, ωij) =
N∑

n=1

ρn

a2n−1
ij

(ζ2
ij − 2δijqij − q2

ij)
2n−1

2 (B.4)
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After substituting the expression for pij(qij, ωij) given by Equation (B.4) in Equation (2.22)

(Section 2.4), the displacement field inside the circular region becomes

wi(rij) + wj(rij) = ūizij(rij) + ūjzij(rij)

=

(
1− ν2

i

πEi
+

1− ν2
j

πEj

)∫ 2π

0

dωij

∫ q1

0

{
N∑

n=1

ρn

a2n−1
ij

(ζ2
ij − 2δijqij − q2

ij)
2n−1

2

}
dqij

(B.5)

where q1 is the positive root of the equation (Johnson, 1985, pg. 60)

q2
ij + 2δijqij − ζ2

ij = 0 (B.6)

given by

q1 = −δij +
√
ζ2
ij + δ2

ij (B.7)

We now consider three cases depending upon the number of Taylor series terms (N) taken in

the profile function. The three cases correspond to N = 2, 3 and 4. We shall now calculate

the pressure distribution for each of these cases.

We first calculate the displacement field for N = 4 and then modify the function accord-

ingly for different cases. First, the internal integrals with respect to dqij for n = 1, 2, 3 and

4 are obtained and given by

∫ q1

0

(ζ2
ij − 2δijqij − q2

ij)
1/2dqij = −1

2
ζijδij +

1

2
(ζ2
ij + δ2

ij)

{
π

2
− tan−1

(
δij
ζij

)}
(B.8)

∫ q1

0

(ζ2
ij − 2δijqij − q2

ij)
3/2dqij = −1

8
ζijδij(5ζ

2
ij + 3δ2

ij) +
3

8
(ζ2
ij + δ2

ij)
2

{
π

2
− tan−1

(
δij
ζij

)}

(B.9)
∫ q1

0

(ζ2
ij − 2δijqij − q2

ij)
5/2dqij = − 1

48
ζijδij(33ζ4

ij + 40ζ2
ijδ

2
ij + 15δ4

ij)

+
5

16
(ζ2
ij + δ2

ij)
3

{
π

2
− tan−1

(
δij
ζij

)} (B.10)

∫ q1

0

(ζ2
ij − 2δijqij − q2

ij)
7/2dqij = − 1

384
ζijδij(279ζ6

ij + 511ζ4
ijδ

2
ij + 385ζ2

ijδ
4
ij + 105δ6

ij)

+
35

128
(ζ2
ij + δ2

ij)
4

{
π

2
− tan−1

(
δij
ζij

)} (B.11)
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When the resulting expression from combination of Equations (B.8), (B.9), (B.10) and (B.11)

is substituted in Equation (B.5), and integrated with respect to ωij from 0 to 2π, the terms

containing ζijδij and tan−1 (δij/ζij) are eliminated. The final form of Equation (B.5) re-

expanded in terms of aij and rij is given by

wi(rij) + wj(rij) = ūizij(rij) + ūjzij(rij)

=

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

4aij

)[
a2
ij

(
2ρ1 +

3

2
ρ2 +

5

4
ρ3 +

35

32
ρ4

)

−r2
ij

(
ρ1 +

3

2
ρ2 +

15

8
ρ3 +

35

16
ρ4

)
+ r4

ij

(
9ρ2

16a2
ij

+
45ρ3

32a2
ij

+
315ρ4

128a2
ij

)

−r6

(
25ρ3

64a4
ij

+
175ρ4

128a4
ij

)
+ r8

ij

(
1225ρ4

4096a6
ij

)]

(B.12)

We now consider the three cases individually.

B.1 Case I: Two terms (N=2)

For N = 2, the terms with ρ3 and ρ4 are eliminated from Equation (B.12). Substituting

the modified equation in Equation (2.23) (Section 2.4) with two terms, we have

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

4aij

)[
a2
ij

(
2ρ1 +

3

2
ρ2

)
− r2

ij

(
ρ1 +

3

2
ρ2

)
+ r4

ij

(
9ρ2

16a2
ij

)]

= (γij + γNL
ij )− r2

ijAij

2
− r4

ijBij
8

(B.13)

In order to satisfy Equation (B.13) for all points withing the circular contact region, coeffi-

cients of like powers of rij on both sides must be equal. Hence,

−
(

1− ν2
i

Ei
+

1− ν2
j

Ej

)(
9πρ2

8a3
ij

)
= Bij (B.14)

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

2aij

)(
ρ1 +

3

2
ρ2

)
= Aij (B.15)

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(πaij
4

)(
2ρ1 +

3

2
ρ2

)
= γij + γNL

ij (B.16)
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Solving Equations (B.14) and (B.15) for ρ1 and ρ2, we get

ρ1 =
2aij(3Aij + 2a2

ijBij)
3π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.17)

ρ2 = −8a3
ijBij
9π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.18)

Substituting the expressions for ρ1 and ρ2 obtained above into Equation (B.16), we get an

expression for displacement γij in terms of contact radius aij

γij + γNL
ij = a2

ijAij +
a4
ij

3
Bij (B.19)

Also, by substituting the expressions for ρ1 and ρ2 in Equation (B.1) and rearranging, we

obtain the pressure distribution of the form

pij(rij) =
2aij
π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1(
1− r2

ij

a2
ij

)1/2 [
Aij +

2a2
ijBij
9

(
1 + 2

r2
ij

a2
ij

)]
(B.20)

B.2 Case II: Three terms (N=3)

For N = 3, terms with ρ4 are eliminated. Substituting the modified Equation (B.12) in

Equation (2.23) with three terms, we have

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

4aij

)[
a2
ij

(
2ρ1 +

3

2
ρ2 +

5

4
ρ3

)
− r2

ij

(
ρ1 +

3

2
ρ2 +

15

8
ρ3

)

+r4
ij

(
9ρ2

16a2
ij

+
45ρ3

32a2
ij

)
− r6

ij

(
25ρ3

64a4
ij

)]
= (γij + γNL

ij )− r2
ijAij

2
− r4

ijBij
8
− r6

ijCij

16

(B.21)



204

Since the coefficients of like powers of rij on both sides of Equation (B.21) must be equal,

we get

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
25πρ3

16a5
ij

)
= Cij (B.22)

−
(

1− ν2
i

Ei
+

1− ν2
j

Ej

)(
9π

8a3
ij

)(
ρ2 +

5ρ3

2

)
= Bij (B.23)

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

2aij

)(
ρ1 +

3

2
ρ2 +

15

8
ρ3

)
= Aij (B.24)

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(πaij
4

)(
2ρ1 +

3

2
ρ2 +

5

4
ρ3

)
= γij + γNL

ij (B.25)

solving Equations (B.22), (B.23) and (B.24) for ρ1, ρ2 and ρ3, we get

ρ1 =
2aij(15Aij + 10a2

ijBij + 9a4
ijCij)

15π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.26)

ρ2 = −8a3
ij(5Bij + 9a2

ijCij)

45π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.27)

ρ3 =
16a5

ijCij

25π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.28)

By substituting the expressions for ρ1, ρ2 and ρ3 obtained above into Equation (B.25), we

get

γij + γNL
ij = a2

ijAij +
a4
ij

3
Bij +

a6
ij

5
Cij (B.29)

And by substituting the expressions for ρ1, ρ2 and ρ3 into Equation (B.1) and rearranging,

we obtain the pressure distribution of the form

pij(rij) =
2aij
π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1(
1− r2

ij

a2
ij

)1/2 [
Aij +

2a2
ijBij
9

(
1 + 2

r2
ij

a2
ij

)

+
a4
ijCij

25

(
3 + 4

r2
ij

a2
ij

+ 8
r4
ij

a4
ij

)] (B.30)
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B.3 Case III: Four terms (N=4)

For N = 4, we substitute Equation (B.12) into Equation (2.23) to get

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

4aij

)[
a2
ij

(
2ρ1 +

3

2
ρ2 +

5

4
ρ3 +

35

32
ρ4

)
− r2

ij

(
ρ1 +

3

2
ρ2

+
15

8
ρ3 +

35

16
ρ4

)
+ r4

ij

(
9ρ2

16a2
ij

+
45ρ3

32a2
ij

+
315ρ4

128a2
ij

)
− r6

ij

(
25ρ3

64a4
ij

+
175ρ4

128a4
ij

)

+r8
ij

(
1225ρ4

4096a6
ij

)]
= (γij + γNL

ij )− r2
ijAij

2
− r4

ijBij
8
− r6

ijCij

16
− 5r8

ijDij

128

(B.31)

Since the coefficients of like powers of rij on both sides of Equation (B.31) must be equal,

we get

−
(

1− ν2
i

Ei
+

1− ν2
j

Ej

)(
245πρ4

128a7
ij

)
= Dij (B.32)

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

16a5
ij

)(
25ρ3 +

175

2
ρ4

)
= Cij (B.33)

−
(

1− ν2
i

Ei
+

1− ν2
j

Ej

)(
9π

8a3
ij

)(
ρ2 +

5ρ3

2
+

35

8
ρ4

)
= Bij (B.34)

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(
π

2aij

)(
ρ1 +

3

2
ρ2 +

15

8
ρ3 +

35

16
ρ4

)
= Aij (B.35)

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)(πaij
4

)(
2ρ1 +

3

2
ρ2 +

5

4
ρ3 +

35

32
ρ4

)
= γij + γNL

ij (B.36)

Solving Equations (B.32), (B.33), (B.34) and (B.35) for ρ1, ρ2, ρ3 and ρ4, we get

ρ1 =
2aij(105Aij + 70a2

ijBij + 63a4
ijCij + 60a6

ijDij)

105π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.37)

ρ2 = −8a3
ij(35Bij + 63a2

ijCij + 90a4
ijDij)

315π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.38)

ρ3 =
16a5

ij(7Cij + 20a2
ijDij)

175π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.39)

ρ4 = −128a7
ijDij

245π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1

(B.40)



206

By substituting the expressions for ρ1, ρ2, ρ3 and ρ4 obtained above into Equation (B.36),

we get

γij + γNL
ij = a2

ijAij +
a4
ij

3
Bij +

a6
ij

5
Cij +

a8
ij

7
Dij (B.41)

And by substituting the expressions for ρ1, ρ2, ρ3 and ρ4 into Equation (B.1) and rearranging,

we obtain the pressure distribution of the form

pij(rij) =
2aij
π

(
1− ν2

i

Ei
+

1− ν2
j

Ej

)−1(
1− r2

ij

a2
ij

)1/2 [
Aij +

2a2
ijBij
9

(
1 + 2

r2
ij

a2
ij

)

+
a4
ijCij

25

(
3 + 4

r2
ij

a2
ij

+ 8
r4
ij

a4
ij

)
+

4a6
ijDij

245

(
5 + 6

r2
ij

a2
ij

+ 8
r4
ij

a4
ij

+ 16
r6
ij

a6
ij

)] (B.42)
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APPENDIX C. DERIVATION OF A CURVATURE CORRECTED CONTACT LAW

USING SELF-SIMILAR APPROACH

Figure C.1 shows a magnified view of the contact between two spherical particles of radii R1

and R2, representative strengths κ1 and κ2, and hardening exponent m being pressed along

the normal direction. A Cartesian coordinate system xi (i = 1, 2, 3) and a polar coordinate

system (z, r) is adopted, where (z,x3) is the normal direction that is positive downwards,

and x1−x2 is the plane of contact with r =
√
x2

1 + x2
2. According to Stor̊akers et al. (1997),

the boundary condition at the contact region is given by

u
(1)
3 + u

(2)
3 = γ − f1(r)− f2(r) (C.1)

where u
(1)
3 and u

(2)
3 are the local displacements of any two corresponding surface points on

the spheres 1 and 2 at a distance r from the contact center, γ is the total displacement of

the centers of mass of the two spheres, and f1(r) and f2(r) are the profile functions of the

undeformed contacting surfaces, given by f1(r) = R1−
√
R2

1 − r2 and f2(r) = R2−
√
R2

2 − r2.

To obtain the similarity solution, the profile functions are approximated by the first term of

their Taylor series expansion about r = 0, i.e.

Rl −
√
R2
l − r2 =

r2

2Rl

+O
(
a4

R3
l

)
' r2

2Rl

(l = 1, 2) (C.2)

To control the error associated with this approximation, the profile curvature can be

corrected by including higher order terms of the Taylor expansion. We consider a two term

expansion to approximate the profile functions as

Rl −
√
R2
l − r2 =

r2

2Rl

+
r4

8R3
l

+O
(
a6

R5
l

)
' r2

2Rl

+
r4

8R3
l

(l = 1, 2) (C.3)
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<latexit sha1_base64="eMPqvRlWalxPoksOJrXtX1KfUuQ=">AAACJnicbVDLSsNAFJ3UV62vqCtxM9gKLqQkVdBlwY3LCvYBbQiT6aQdOpmEmYnYhuDXCK70T9yJuPMrXDtpI9jqgQuHc+6Fc48XMSqVZX0YhaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdZX77jghJQ36rxhFxAjTg1KcYKS255kGlFyA19Pxkkp7+0PvUPau4ZtmqWlPAv8TOSRnkaLjmV68f4jggXGGGpOzaVqScBAlFMSNpqRdLEiE8QgPS1ZSjgEgnmb6QwmOt9KEfCj1cwan6+yJBgZTjwNObWUi56GXiv55CXpzOK3Q0WUij/EsnoTyKFeF4FsaPGVQhzDqDfSoIVmysCcKC6n8gHiKBsNLNlnRR9mItf0mrVrWtqn1TK9fP88qK4BAcgRNggwtQB9egAZoAgwfwCJ7Bi/FkvBpvxvtstWDkN/tgDsbnN0v4pk0=</latexit><latexit sha1_base64="eMPqvRlWalxPoksOJrXtX1KfUuQ=">AAACJnicbVDLSsNAFJ3UV62vqCtxM9gKLqQkVdBlwY3LCvYBbQiT6aQdOpmEmYnYhuDXCK70T9yJuPMrXDtpI9jqgQuHc+6Fc48XMSqVZX0YhaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdZX77jghJQ36rxhFxAjTg1KcYKS255kGlFyA19Pxkkp7+0PvUPau4ZtmqWlPAv8TOSRnkaLjmV68f4jggXGGGpOzaVqScBAlFMSNpqRdLEiE8QgPS1ZSjgEgnmb6QwmOt9KEfCj1cwan6+yJBgZTjwNObWUi56GXiv55CXpzOK3Q0WUij/EsnoTyKFeF4FsaPGVQhzDqDfSoIVmysCcKC6n8gHiKBsNLNlnRR9mItf0mrVrWtqn1TK9fP88qK4BAcgRNggwtQB9egAZoAgwfwCJ7Bi/FkvBpvxvtstWDkN/tgDsbnN0v4pk0=</latexit><latexit sha1_base64="eMPqvRlWalxPoksOJrXtX1KfUuQ=">AAACJnicbVDLSsNAFJ3UV62vqCtxM9gKLqQkVdBlwY3LCvYBbQiT6aQdOpmEmYnYhuDXCK70T9yJuPMrXDtpI9jqgQuHc+6Fc48XMSqVZX0YhaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdZX77jghJQ36rxhFxAjTg1KcYKS255kGlFyA19Pxkkp7+0PvUPau4ZtmqWlPAv8TOSRnkaLjmV68f4jggXGGGpOzaVqScBAlFMSNpqRdLEiE8QgPS1ZSjgEgnmb6QwmOt9KEfCj1cwan6+yJBgZTjwNObWUi56GXiv55CXpzOK3Q0WUij/EsnoTyKFeF4FsaPGVQhzDqDfSoIVmysCcKC6n8gHiKBsNLNlnRR9mItf0mrVrWtqn1TK9fP88qK4BAcgRNggwtQB9egAZoAgwfwCJ7Bi/FkvBpvxvtstWDkN/tgDsbnN0v4pk0=</latexit><latexit sha1_base64="eMPqvRlWalxPoksOJrXtX1KfUuQ=">AAACJnicbVDLSsNAFJ3UV62vqCtxM9gKLqQkVdBlwY3LCvYBbQiT6aQdOpmEmYnYhuDXCK70T9yJuPMrXDtpI9jqgQuHc+6Fc48XMSqVZX0YhaXlldW14nppY3Nre8fc3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtdZX77jghJQ36rxhFxAjTg1KcYKS255kGlFyA19Pxkkp7+0PvUPau4ZtmqWlPAv8TOSRnkaLjmV68f4jggXGGGpOzaVqScBAlFMSNpqRdLEiE8QgPS1ZSjgEgnmb6QwmOt9KEfCj1cwan6+yJBgZTjwNObWUi56GXiv55CXpzOK3Q0WUij/EsnoTyKFeF4FsaPGVQhzDqDfSoIVmysCcKC6n8gHiKBsNLNlnRR9mItf0mrVrWtqn1TK9fP88qK4BAcgRNggwtQB9egAZoAgwfwCJ7Bi/FkvBpvxvtstWDkN/tgDsbnN0v4pk0=</latexit>

r
<latexit sha1_base64="YBucpLiYZi1TAegDw/n3MHz68kc=">AAACF3icbVDLSsNAFL2pr1pfVZduBlvBVUmKoMuCG5cV7AOaUCbTSTt0MgkzE6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/yYM6Vt+9sqbWxube+Udyt7+weHR9Xjk66KEkloh0Q8kn0fK8qZoB3NNKf9WFIc+pz2/Olt7vceqVQsEg96FlMvxGPBAkawNpJbd0OsJ36Qyqw+rNbshj0HWidOQWpQoD2s/rijiCQhFZpwrNTAsWPtpVhqRjjNKm6iaIzJFI/pwFCBQ6q8dJ45QxdGGaEgkmaERnP170WKQ6VmoW8284hq1cvFfz2N/SRbVtj0aSWNDm68lIk40VSQRZgg4UhHKC8JjZikRPOZIZhIZv5BZIIlJtpUWTFFOau1rJNus+HYDee+WWtdFZWV4QzO4RIcuIYW3EEbOkAghmd4hTfrxXq3PqzPxWrJKm5OYQnW1y9BDKCW</latexit><latexit sha1_base64="YBucpLiYZi1TAegDw/n3MHz68kc=">AAACF3icbVDLSsNAFL2pr1pfVZduBlvBVUmKoMuCG5cV7AOaUCbTSTt0MgkzE6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/yYM6Vt+9sqbWxube+Udyt7+weHR9Xjk66KEkloh0Q8kn0fK8qZoB3NNKf9WFIc+pz2/Olt7vceqVQsEg96FlMvxGPBAkawNpJbd0OsJ36Qyqw+rNbshj0HWidOQWpQoD2s/rijiCQhFZpwrNTAsWPtpVhqRjjNKm6iaIzJFI/pwFCBQ6q8dJ45QxdGGaEgkmaERnP170WKQ6VmoW8284hq1cvFfz2N/SRbVtj0aSWNDm68lIk40VSQRZgg4UhHKC8JjZikRPOZIZhIZv5BZIIlJtpUWTFFOau1rJNus+HYDee+WWtdFZWV4QzO4RIcuIYW3EEbOkAghmd4hTfrxXq3PqzPxWrJKm5OYQnW1y9BDKCW</latexit><latexit sha1_base64="YBucpLiYZi1TAegDw/n3MHz68kc=">AAACF3icbVDLSsNAFL2pr1pfVZduBlvBVUmKoMuCG5cV7AOaUCbTSTt0MgkzE6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/yYM6Vt+9sqbWxube+Udyt7+weHR9Xjk66KEkloh0Q8kn0fK8qZoB3NNKf9WFIc+pz2/Olt7vceqVQsEg96FlMvxGPBAkawNpJbd0OsJ36Qyqw+rNbshj0HWidOQWpQoD2s/rijiCQhFZpwrNTAsWPtpVhqRjjNKm6iaIzJFI/pwFCBQ6q8dJ45QxdGGaEgkmaERnP170WKQ6VmoW8284hq1cvFfz2N/SRbVtj0aSWNDm68lIk40VSQRZgg4UhHKC8JjZikRPOZIZhIZv5BZIIlJtpUWTFFOau1rJNus+HYDee+WWtdFZWV4QzO4RIcuIYW3EEbOkAghmd4hTfrxXq3PqzPxWrJKm5OYQnW1y9BDKCW</latexit><latexit sha1_base64="YBucpLiYZi1TAegDw/n3MHz68kc=">AAACF3icbVDLSsNAFL2pr1pfVZduBlvBVUmKoMuCG5cV7AOaUCbTSTt0MgkzE6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/yYM6Vt+9sqbWxube+Udyt7+weHR9Xjk66KEkloh0Q8kn0fK8qZoB3NNKf9WFIc+pz2/Olt7vceqVQsEg96FlMvxGPBAkawNpJbd0OsJ36Qyqw+rNbshj0HWidOQWpQoD2s/rijiCQhFZpwrNTAsWPtpVhqRjjNKm6iaIzJFI/pwFCBQ6q8dJ45QxdGGaEgkmaERnP170WKQ6VmoW8284hq1cvFfz2N/SRbVtj0aSWNDm68lIk40VSQRZgg4UhHKC8JjZikRPOZIZhIZv5BZIIlJtpUWTFFOau1rJNus+HYDee+WWtdFZWV4QzO4RIcuIYW3EEbOkAghmd4hTfrxXq3PqzPxWrJKm5OYQnW1y9BDKCW</latexit>

P
<latexit sha1_base64="aNwqu6pIAYPzJp8/7v0QAtjdsxo=">AAACF3icbVDLSsNAFJ3UV62vqks3g63gqiRF0GXBjcsK9gFNKJPppB06mYSZG6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/xYcA22/W2VNja3tnfKu5W9/YPDo+rxSVdHiaKsQyMRqb5PNBNcsg5wEKwfK0ZCX7CeP73N/d4jU5pH8gFmMfNCMpY84JSAkdy6GxKY+EHazurDas1u2HPgdeIUpIYKtIfVH3cU0SRkEqggWg8cOwYvJQo4FSyruIlmMaFTMmYDQyUJmfbSeeYMXxhlhINImZGA5+rfi5SEWs9C32zmEfWql4v/ekD8JFtW+PRpJQ0EN17KZZwAk3QRJkgEhgjnJeERV4yCmBlCqOLmH0wnRBEKpsqKKcpZrWWddJsNx244981a66qorIzO0Dm6RA66Ri10h9qogyiK0TN6RW/Wi/VufVifi9WSVdycoiVYX78IeKB0</latexit><latexit sha1_base64="aNwqu6pIAYPzJp8/7v0QAtjdsxo=">AAACF3icbVDLSsNAFJ3UV62vqks3g63gqiRF0GXBjcsK9gFNKJPppB06mYSZG6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/xYcA22/W2VNja3tnfKu5W9/YPDo+rxSVdHiaKsQyMRqb5PNBNcsg5wEKwfK0ZCX7CeP73N/d4jU5pH8gFmMfNCMpY84JSAkdy6GxKY+EHazurDas1u2HPgdeIUpIYKtIfVH3cU0SRkEqggWg8cOwYvJQo4FSyruIlmMaFTMmYDQyUJmfbSeeYMXxhlhINImZGA5+rfi5SEWs9C32zmEfWql4v/ekD8JFtW+PRpJQ0EN17KZZwAk3QRJkgEhgjnJeERV4yCmBlCqOLmH0wnRBEKpsqKKcpZrWWddJsNx244981a66qorIzO0Dm6RA66Ri10h9qogyiK0TN6RW/Wi/VufVifi9WSVdycoiVYX78IeKB0</latexit><latexit sha1_base64="aNwqu6pIAYPzJp8/7v0QAtjdsxo=">AAACF3icbVDLSsNAFJ3UV62vqks3g63gqiRF0GXBjcsK9gFNKJPppB06mYSZG6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/xYcA22/W2VNja3tnfKu5W9/YPDo+rxSVdHiaKsQyMRqb5PNBNcsg5wEKwfK0ZCX7CeP73N/d4jU5pH8gFmMfNCMpY84JSAkdy6GxKY+EHazurDas1u2HPgdeIUpIYKtIfVH3cU0SRkEqggWg8cOwYvJQo4FSyruIlmMaFTMmYDQyUJmfbSeeYMXxhlhINImZGA5+rfi5SEWs9C32zmEfWql4v/ekD8JFtW+PRpJQ0EN17KZZwAk3QRJkgEhgjnJeERV4yCmBlCqOLmH0wnRBEKpsqKKcpZrWWddJsNx244981a66qorIzO0Dm6RA66Ri10h9qogyiK0TN6RW/Wi/VufVifi9WSVdycoiVYX78IeKB0</latexit><latexit sha1_base64="aNwqu6pIAYPzJp8/7v0QAtjdsxo=">AAACF3icbVDLSsNAFJ3UV62vqks3g63gqiRF0GXBjcsK9gFNKJPppB06mYSZG6GG/IbgSv/Enbh16Y+4dtJmYVsPXDiccy+ce/xYcA22/W2VNja3tnfKu5W9/YPDo+rxSVdHiaKsQyMRqb5PNBNcsg5wEKwfK0ZCX7CeP73N/d4jU5pH8gFmMfNCMpY84JSAkdy6GxKY+EHazurDas1u2HPgdeIUpIYKtIfVH3cU0SRkEqggWg8cOwYvJQo4FSyruIlmMaFTMmYDQyUJmfbSeeYMXxhlhINImZGA5+rfi5SEWs9C32zmEfWql4v/ekD8JFtW+PRpJQ0EN17KZZwAk3QRJkgEhgjnJeERV4yCmBlCqOLmH0wnRBEKpsqKKcpZrWWddJsNx244981a66qorIzO0Dm6RA66Ri10h9qogyiK0TN6RW/Wi/VufVifi9WSVdycoiVYX78IeKB0</latexit>

R1
<latexit sha1_base64="I87bS6kFcyZhOrtZCdOcgtxbNms=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PfcSq9UdqrODPYqcXNShhyNXumn249pGjGJVBCtO66ToJ8RhZwKNil2U80SQkdkwDqGShIx7WezsBP73Ch9O4yVGYn2TP17kZFI63EUmM2I4FAve1PxXw9JkE4WFT56WkqD4bWfcZmkyCSdhwlTYWNsT9ux+1wximJsCKGKm39sOiSKUDQdFk1R7nItq6RZq7pO1b2rleuXeWUFOIUzuAAXrqAOt9AADyhweIZXeLNerHfrw/qcr65Z+c0JLMD6+gWhHZz6</latexit><latexit sha1_base64="I87bS6kFcyZhOrtZCdOcgtxbNms=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PfcSq9UdqrODPYqcXNShhyNXumn249pGjGJVBCtO66ToJ8RhZwKNil2U80SQkdkwDqGShIx7WezsBP73Ch9O4yVGYn2TP17kZFI63EUmM2I4FAve1PxXw9JkE4WFT56WkqD4bWfcZmkyCSdhwlTYWNsT9ux+1wximJsCKGKm39sOiSKUDQdFk1R7nItq6RZq7pO1b2rleuXeWUFOIUzuAAXrqAOt9AADyhweIZXeLNerHfrw/qcr65Z+c0JLMD6+gWhHZz6</latexit><latexit sha1_base64="I87bS6kFcyZhOrtZCdOcgtxbNms=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PfcSq9UdqrODPYqcXNShhyNXumn249pGjGJVBCtO66ToJ8RhZwKNil2U80SQkdkwDqGShIx7WezsBP73Ch9O4yVGYn2TP17kZFI63EUmM2I4FAve1PxXw9JkE4WFT56WkqD4bWfcZmkyCSdhwlTYWNsT9ux+1wximJsCKGKm39sOiSKUDQdFk1R7nItq6RZq7pO1b2rleuXeWUFOIUzuAAXrqAOt9AADyhweIZXeLNerHfrw/qcr65Z+c0JLMD6+gWhHZz6</latexit><latexit sha1_base64="I87bS6kFcyZhOrtZCdOcgtxbNms=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PfcSq9UdqrODPYqcXNShhyNXumn249pGjGJVBCtO66ToJ8RhZwKNil2U80SQkdkwDqGShIx7WezsBP73Ch9O4yVGYn2TP17kZFI63EUmM2I4FAve1PxXw9JkE4WFT56WkqD4bWfcZmkyCSdhwlTYWNsT9ux+1wximJsCKGKm39sOiSKUDQdFk1R7nItq6RZq7pO1b2rleuXeWUFOIUzuAAXrqAOt9AADyhweIZXeLNerHfrw/qcr65Z+c0JLMD6+gWhHZz6</latexit>

R2
<latexit sha1_base64="z+/+akm2vtA5nOUfP2xmad9rAMo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PdqlV6p7FSdGexV4uakDDkavdJPtx/TNGISqSBad1wnQT8jCjkVbFLsppolhI7IgHUMlSRi2s9mYSf2uVH6dhgrMxLtmfr3IiOR1uMoMJsRwaFe9qbivx6SIJ0sKnz0tJQGw2s/4zJJkUk6DxOmwsbYnrZj97liFMXYEEIVN//YdEgUoWg6LJqi3OVaVkmzVnWdqntXK9cv88oKcApncAEuXEEdbqEBHlDg8Ayv8Ga9WO/Wh/U5X12z8psTWID19Quixpz7</latexit><latexit sha1_base64="z+/+akm2vtA5nOUfP2xmad9rAMo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PdqlV6p7FSdGexV4uakDDkavdJPtx/TNGISqSBad1wnQT8jCjkVbFLsppolhI7IgHUMlSRi2s9mYSf2uVH6dhgrMxLtmfr3IiOR1uMoMJsRwaFe9qbivx6SIJ0sKnz0tJQGw2s/4zJJkUk6DxOmwsbYnrZj97liFMXYEEIVN//YdEgUoWg6LJqi3OVaVkmzVnWdqntXK9cv88oKcApncAEuXEEdbqEBHlDg8Ayv8Ga9WO/Wh/U5X12z8psTWID19Quixpz7</latexit><latexit sha1_base64="z+/+akm2vtA5nOUfP2xmad9rAMo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PdqlV6p7FSdGexV4uakDDkavdJPtx/TNGISqSBad1wnQT8jCjkVbFLsppolhI7IgHUMlSRi2s9mYSf2uVH6dhgrMxLtmfr3IiOR1uMoMJsRwaFe9qbivx6SIJ0sKnz0tJQGw2s/4zJJkUk6DxOmwsbYnrZj97liFMXYEEIVN//YdEgUoWg6LJqi3OVaVkmzVnWdqntXK9cv88oKcApncAEuXEEdbqEBHlDg8Ayv8Ga9WO/Wh/U5X12z8psTWID19Quixpz7</latexit><latexit sha1_base64="z+/+akm2vtA5nOUfP2xmad9rAMo=">AAACEHicbVDLSsNAFL3xWeur6tJNsBVclaQIuiy4cVnFtIU2lMl00g6dTMLMjVBDv0FwpX/iTtz6B/6Ia6dtFrb1wIXDOffCuSdIBNfoON/W2vrG5tZ2Yae4u7d/cFg6Om7qOFWUeTQWsWoHRDPBJfOQo2DtRDESBYK1gtHN1G89MqV5LB9wnDA/IgPJQ04JGsmr3PdqlV6p7FSdGexV4uakDDkavdJPtx/TNGISqSBad1wnQT8jCjkVbFLsppolhI7IgHUMlSRi2s9mYSf2uVH6dhgrMxLtmfr3IiOR1uMoMJsRwaFe9qbivx6SIJ0sKnz0tJQGw2s/4zJJkUk6DxOmwsbYnrZj97liFMXYEEIVN//YdEgUoWg6LJqi3OVaVkmzVnWdqntXK9cv88oKcApncAEuXEEdbqEBHlDg8Ayv8Ga9WO/Wh/U5X12z8psTWID19Quixpz7</latexit>

f1(r)
<latexit sha1_base64="PgUTZ+9gJSKsAkGAPQG2Hd1kdhs=">AAACE3icbVDLSgNBEOyNrxhfUY9eBhMhXsJuEPQY8OIxgnlAsoTZyWwyZPbBTK8Ql/yE4En/xJt49QP8Ec9Okj2YxIKGoqobqsuLpdBo299WbmNza3snv1vY2z84PCoen7R0lCjGmyySkep4VHMpQt5EgZJ3YsVp4Ene9sa3M7/9yJUWUfiAk5i7AR2GwheMopE6Zb/vVNRluV8s2VV7DrJOnIyUIEOjX/zpDSKWBDxEJqnWXceO0U2pQsEknxZ6ieYxZWM65F1DQxpw7abzvFNyYZQB8SNlJkQyV/9epDTQehJ4ZjOgONKr3kz810PqJdNlRYyfVtKgf+OmIowT5CFbhPETSTAis4LIQCjOUE4MoUwJ8w9hI6ooQ1NjwRTlrNayTlq1qmNXnftaqX6VVZaHMziHCjhwDXW4gwY0gYGEZ3iFN+vFerc+rM/Fas7Kbk5hCdbXL3mYne8=</latexit><latexit sha1_base64="PgUTZ+9gJSKsAkGAPQG2Hd1kdhs=">AAACE3icbVDLSgNBEOyNrxhfUY9eBhMhXsJuEPQY8OIxgnlAsoTZyWwyZPbBTK8Ql/yE4En/xJt49QP8Ec9Okj2YxIKGoqobqsuLpdBo299WbmNza3snv1vY2z84PCoen7R0lCjGmyySkep4VHMpQt5EgZJ3YsVp4Ene9sa3M7/9yJUWUfiAk5i7AR2GwheMopE6Zb/vVNRluV8s2VV7DrJOnIyUIEOjX/zpDSKWBDxEJqnWXceO0U2pQsEknxZ6ieYxZWM65F1DQxpw7abzvFNyYZQB8SNlJkQyV/9epDTQehJ4ZjOgONKr3kz810PqJdNlRYyfVtKgf+OmIowT5CFbhPETSTAis4LIQCjOUE4MoUwJ8w9hI6ooQ1NjwRTlrNayTlq1qmNXnftaqX6VVZaHMziHCjhwDXW4gwY0gYGEZ3iFN+vFerc+rM/Fas7Kbk5hCdbXL3mYne8=</latexit><latexit sha1_base64="PgUTZ+9gJSKsAkGAPQG2Hd1kdhs=">AAACE3icbVDLSgNBEOyNrxhfUY9eBhMhXsJuEPQY8OIxgnlAsoTZyWwyZPbBTK8Ql/yE4En/xJt49QP8Ec9Okj2YxIKGoqobqsuLpdBo299WbmNza3snv1vY2z84PCoen7R0lCjGmyySkep4VHMpQt5EgZJ3YsVp4Ene9sa3M7/9yJUWUfiAk5i7AR2GwheMopE6Zb/vVNRluV8s2VV7DrJOnIyUIEOjX/zpDSKWBDxEJqnWXceO0U2pQsEknxZ6ieYxZWM65F1DQxpw7abzvFNyYZQB8SNlJkQyV/9epDTQehJ4ZjOgONKr3kz810PqJdNlRYyfVtKgf+OmIowT5CFbhPETSTAis4LIQCjOUE4MoUwJ8w9hI6ooQ1NjwRTlrNayTlq1qmNXnftaqX6VVZaHMziHCjhwDXW4gwY0gYGEZ3iFN+vFerc+rM/Fas7Kbk5hCdbXL3mYne8=</latexit><latexit sha1_base64="PgUTZ+9gJSKsAkGAPQG2Hd1kdhs=">AAACE3icbVDLSgNBEOyNrxhfUY9eBhMhXsJuEPQY8OIxgnlAsoTZyWwyZPbBTK8Ql/yE4En/xJt49QP8Ec9Okj2YxIKGoqobqsuLpdBo299WbmNza3snv1vY2z84PCoen7R0lCjGmyySkep4VHMpQt5EgZJ3YsVp4Ene9sa3M7/9yJUWUfiAk5i7AR2GwheMopE6Zb/vVNRluV8s2VV7DrJOnIyUIEOjX/zpDSKWBDxEJqnWXceO0U2pQsEknxZ6ieYxZWM65F1DQxpw7abzvFNyYZQB8SNlJkQyV/9epDTQehJ4ZjOgONKr3kz810PqJdNlRYyfVtKgf+OmIowT5CFbhPETSTAis4LIQCjOUE4MoUwJ8w9hI6ooQ1NjwRTlrNayTlq1qmNXnftaqX6VVZaHMziHCjhwDXW4gwY0gYGEZ3iFN+vFerc+rM/Fas7Kbk5hCdbXL3mYne8=</latexit>

f2(r)
<latexit sha1_base64="wWLFfz0VpboGGct4UOAir4ncRAk=">AAACE3icbVDLSsNAFL2pr1pfVZdugq1QNyUpgi4LblxWsA9oQ5lMJ+3QySTM3Ag19CcEV/on7sStH+CPuHbaZmFbD1w4nHMvnHv8WHCNjvNt5TY2t7Z38ruFvf2Dw6Pi8UlLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++nfntR6Y0j+QDTmLmhWQoecApQSN1ykG/VlGX5X6x5FSdOex14makBBka/eJPbxDRJGQSqSBad10nRi8lCjkVbFroJZrFhI7JkHUNlSRk2kvneaf2hVEGdhApMxLtufr3IiWh1pPQN5shwZFe9Wbivx4SP5kuK3z8tJIGgxsv5TJOkEm6CBMkwsbInhVkD7hiFMXEEEIVN//YdEQUoWhqLJii3NVa1kmrVnWdqntfK9WvssrycAbnUAEXrqEOd9CAJlAQ8Ayv8Ga9WO/Wh/W5WM1Z2c0pLMH6+gV7RJ3w</latexit><latexit sha1_base64="wWLFfz0VpboGGct4UOAir4ncRAk=">AAACE3icbVDLSsNAFL2pr1pfVZdugq1QNyUpgi4LblxWsA9oQ5lMJ+3QySTM3Ag19CcEV/on7sStH+CPuHbaZmFbD1w4nHMvnHv8WHCNjvNt5TY2t7Z38ruFvf2Dw6Pi8UlLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++nfntR6Y0j+QDTmLmhWQoecApQSN1ykG/VlGX5X6x5FSdOex14makBBka/eJPbxDRJGQSqSBad10nRi8lCjkVbFroJZrFhI7JkHUNlSRk2kvneaf2hVEGdhApMxLtufr3IiWh1pPQN5shwZFe9Wbivx4SP5kuK3z8tJIGgxsv5TJOkEm6CBMkwsbInhVkD7hiFMXEEEIVN//YdEQUoWhqLJii3NVa1kmrVnWdqntfK9WvssrycAbnUAEXrqEOd9CAJlAQ8Ayv8Ga9WO/Wh/W5WM1Z2c0pLMH6+gV7RJ3w</latexit><latexit sha1_base64="wWLFfz0VpboGGct4UOAir4ncRAk=">AAACE3icbVDLSsNAFL2pr1pfVZdugq1QNyUpgi4LblxWsA9oQ5lMJ+3QySTM3Ag19CcEV/on7sStH+CPuHbaZmFbD1w4nHMvnHv8WHCNjvNt5TY2t7Z38ruFvf2Dw6Pi8UlLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++nfntR6Y0j+QDTmLmhWQoecApQSN1ykG/VlGX5X6x5FSdOex14makBBka/eJPbxDRJGQSqSBad10nRi8lCjkVbFroJZrFhI7JkHUNlSRk2kvneaf2hVEGdhApMxLtufr3IiWh1pPQN5shwZFe9Wbivx4SP5kuK3z8tJIGgxsv5TJOkEm6CBMkwsbInhVkD7hiFMXEEEIVN//YdEQUoWhqLJii3NVa1kmrVnWdqntfK9WvssrycAbnUAEXrqEOd9CAJlAQ8Ayv8Ga9WO/Wh/W5WM1Z2c0pLMH6+gV7RJ3w</latexit><latexit sha1_base64="wWLFfz0VpboGGct4UOAir4ncRAk=">AAACE3icbVDLSsNAFL2pr1pfVZdugq1QNyUpgi4LblxWsA9oQ5lMJ+3QySTM3Ag19CcEV/on7sStH+CPuHbaZmFbD1w4nHMvnHv8WHCNjvNt5TY2t7Z38ruFvf2Dw6Pi8UlLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++nfntR6Y0j+QDTmLmhWQoecApQSN1ykG/VlGX5X6x5FSdOex14makBBka/eJPbxDRJGQSqSBad10nRi8lCjkVbFroJZrFhI7JkHUNlSRk2kvneaf2hVEGdhApMxLtufr3IiWh1pPQN5shwZFe9Wbivx4SP5kuK3z8tJIGgxsv5TJOkEm6CBMkwsbInhVkD7hiFMXEEEIVN//YdEQUoWhqLJii3NVa1kmrVnWdqntfK9WvssrycAbnUAEXrqEOd9CAJlAQ8Ayv8Ga9WO/Wh/W5WM1Z2c0pLMH6+gV7RJ3w</latexit>

u
(1)
3

<latexit sha1_base64="IICeMTDU7Rb9di6PQYxjAE0rB5k=">AAACFnicbVC7SgNBFL3rM8ZX1NJmMBFiE3ZjoWXAxjKCeUCyhtnJJBkyO7PMzApx2c8QrPRP7MTW1h+xdpJsYRIPXDiccy+ce4KIM21c99tZW9/Y3NrO7eR39/YPDgtHx00tY0Vog0guVTvAmnImaMMww2k7UhSHAaetYHwz9VuPVGkmxb2ZRNQP8VCwASPYWKlTih+SsneR9i5LvULRrbgzoFXiZaQIGeq9wk+3L0kcUmEIx1p3PDcyfoKVYYTTNN+NNY0wGeMh7VgqcEi1n8wip+jcKn00kMqOMGim/r1IcKj1JAzsZojNSC97U/Ffz+AgThcVNn5aSmMG137CRBQbKsg8zCDmyEg07Qj1maLE8IklmChm/0FkhBUmxjaZt0V5y7Wskma14rkV765arFWzynJwCmdQBg+uoAa3UIcGEJDwDK/w5rw4786H8zlfXXOymxNYgPP1C9iTnzE=</latexit><latexit sha1_base64="IICeMTDU7Rb9di6PQYxjAE0rB5k=">AAACFnicbVC7SgNBFL3rM8ZX1NJmMBFiE3ZjoWXAxjKCeUCyhtnJJBkyO7PMzApx2c8QrPRP7MTW1h+xdpJsYRIPXDiccy+ce4KIM21c99tZW9/Y3NrO7eR39/YPDgtHx00tY0Vog0guVTvAmnImaMMww2k7UhSHAaetYHwz9VuPVGkmxb2ZRNQP8VCwASPYWKlTih+SsneR9i5LvULRrbgzoFXiZaQIGeq9wk+3L0kcUmEIx1p3PDcyfoKVYYTTNN+NNY0wGeMh7VgqcEi1n8wip+jcKn00kMqOMGim/r1IcKj1JAzsZojNSC97U/Ffz+AgThcVNn5aSmMG137CRBQbKsg8zCDmyEg07Qj1maLE8IklmChm/0FkhBUmxjaZt0V5y7Wskma14rkV765arFWzynJwCmdQBg+uoAa3UIcGEJDwDK/w5rw4786H8zlfXXOymxNYgPP1C9iTnzE=</latexit><latexit sha1_base64="IICeMTDU7Rb9di6PQYxjAE0rB5k=">AAACFnicbVC7SgNBFL3rM8ZX1NJmMBFiE3ZjoWXAxjKCeUCyhtnJJBkyO7PMzApx2c8QrPRP7MTW1h+xdpJsYRIPXDiccy+ce4KIM21c99tZW9/Y3NrO7eR39/YPDgtHx00tY0Vog0guVTvAmnImaMMww2k7UhSHAaetYHwz9VuPVGkmxb2ZRNQP8VCwASPYWKlTih+SsneR9i5LvULRrbgzoFXiZaQIGeq9wk+3L0kcUmEIx1p3PDcyfoKVYYTTNN+NNY0wGeMh7VgqcEi1n8wip+jcKn00kMqOMGim/r1IcKj1JAzsZojNSC97U/Ffz+AgThcVNn5aSmMG137CRBQbKsg8zCDmyEg07Qj1maLE8IklmChm/0FkhBUmxjaZt0V5y7Wskma14rkV765arFWzynJwCmdQBg+uoAa3UIcGEJDwDK/w5rw4786H8zlfXXOymxNYgPP1C9iTnzE=</latexit><latexit sha1_base64="IICeMTDU7Rb9di6PQYxjAE0rB5k=">AAACFnicbVC7SgNBFL3rM8ZX1NJmMBFiE3ZjoWXAxjKCeUCyhtnJJBkyO7PMzApx2c8QrPRP7MTW1h+xdpJsYRIPXDiccy+ce4KIM21c99tZW9/Y3NrO7eR39/YPDgtHx00tY0Vog0guVTvAmnImaMMww2k7UhSHAaetYHwz9VuPVGkmxb2ZRNQP8VCwASPYWKlTih+SsneR9i5LvULRrbgzoFXiZaQIGeq9wk+3L0kcUmEIx1p3PDcyfoKVYYTTNN+NNY0wGeMh7VgqcEi1n8wip+jcKn00kMqOMGim/r1IcKj1JAzsZojNSC97U/Ffz+AgThcVNn5aSmMG137CRBQbKsg8zCDmyEg07Qj1maLE8IklmChm/0FkhBUmxjaZt0V5y7Wskma14rkV765arFWzynJwCmdQBg+uoAa3UIcGEJDwDK/w5rw4786H8zlfXXOymxNYgPP1C9iTnzE=</latexit>

u
(2)
3

<latexit sha1_base64="wqP0vk416nBu7iFJjHgvVQRSv2A=">AAACFnicbVDLSsNAFJ34rPVVdelmsBXqpiRxocuCG5cV7APaWCbTSTt0kgkzN0IN+QzBlf6JO3Hr1h9x7bTNwrYeuHA451449/ix4Bps+9taW9/Y3Nou7BR39/YPDktHxy0tE0VZk0ohVccnmgkesSZwEKwTK0ZCX7C2P76Z+u1HpjSX0T1MYuaFZBjxgFMCRupWkoe06l5k/ctKv1S2a/YMeJU4OSmjHI1+6ac3kDQJWQRUEK27jh2DlxIFnAqWFXuJZjGhYzJkXUMjEjLtpbPIGT43ygAHUpmJAM/UvxcpCbWehL7ZDAmM9LI3Ff/1gPhJtqjw8dNSGgiuvZRHcQIsovMwQSIwSDztCA+4YhTExBBCFTf/YDoiilAwTRZNUc5yLauk5dYcu+bcueW6m1dWQKfoDFWRg65QHd2iBmoiiiR6Rq/ozXqx3q0P63O+umblNydoAdbXL9pAnzI=</latexit><latexit sha1_base64="wqP0vk416nBu7iFJjHgvVQRSv2A=">AAACFnicbVDLSsNAFJ34rPVVdelmsBXqpiRxocuCG5cV7APaWCbTSTt0kgkzN0IN+QzBlf6JO3Hr1h9x7bTNwrYeuHA451449/ix4Bps+9taW9/Y3Nou7BR39/YPDktHxy0tE0VZk0ohVccnmgkesSZwEKwTK0ZCX7C2P76Z+u1HpjSX0T1MYuaFZBjxgFMCRupWkoe06l5k/ctKv1S2a/YMeJU4OSmjHI1+6ac3kDQJWQRUEK27jh2DlxIFnAqWFXuJZjGhYzJkXUMjEjLtpbPIGT43ygAHUpmJAM/UvxcpCbWehL7ZDAmM9LI3Ff/1gPhJtqjw8dNSGgiuvZRHcQIsovMwQSIwSDztCA+4YhTExBBCFTf/YDoiilAwTRZNUc5yLauk5dYcu+bcueW6m1dWQKfoDFWRg65QHd2iBmoiiiR6Rq/ozXqx3q0P63O+umblNydoAdbXL9pAnzI=</latexit><latexit sha1_base64="wqP0vk416nBu7iFJjHgvVQRSv2A=">AAACFnicbVDLSsNAFJ34rPVVdelmsBXqpiRxocuCG5cV7APaWCbTSTt0kgkzN0IN+QzBlf6JO3Hr1h9x7bTNwrYeuHA451449/ix4Bps+9taW9/Y3Nou7BR39/YPDktHxy0tE0VZk0ohVccnmgkesSZwEKwTK0ZCX7C2P76Z+u1HpjSX0T1MYuaFZBjxgFMCRupWkoe06l5k/ctKv1S2a/YMeJU4OSmjHI1+6ac3kDQJWQRUEK27jh2DlxIFnAqWFXuJZjGhYzJkXUMjEjLtpbPIGT43ygAHUpmJAM/UvxcpCbWehL7ZDAmM9LI3Ff/1gPhJtqjw8dNSGgiuvZRHcQIsovMwQSIwSDztCA+4YhTExBBCFTf/YDoiilAwTRZNUc5yLauk5dYcu+bcueW6m1dWQKfoDFWRg65QHd2iBmoiiiR6Rq/ozXqx3q0P63O+umblNydoAdbXL9pAnzI=</latexit><latexit sha1_base64="wqP0vk416nBu7iFJjHgvVQRSv2A=">AAACFnicbVDLSsNAFJ34rPVVdelmsBXqpiRxocuCG5cV7APaWCbTSTt0kgkzN0IN+QzBlf6JO3Hr1h9x7bTNwrYeuHA451449/ix4Bps+9taW9/Y3Nou7BR39/YPDktHxy0tE0VZk0ohVccnmgkesSZwEKwTK0ZCX7C2P76Z+u1HpjSX0T1MYuaFZBjxgFMCRupWkoe06l5k/ctKv1S2a/YMeJU4OSmjHI1+6ac3kDQJWQRUEK27jh2DlxIFnAqWFXuJZjGhYzJkXUMjEjLtpbPIGT43ygAHUpmJAM/UvxcpCbWehL7ZDAmM9LI3Ff/1gPhJtqjw8dNSGgiuvZRHcQIsovMwQSIwSDztCA+4YhTExBBCFTf/YDoiilAwTRZNUc5yLauk5dYcu+bcueW6m1dWQKfoDFWRg65QHd2iBmoiiiR6Rq/ozXqx3q0P63O+umblNydoAdbXL9pAnzI=</latexit>

1, m
<latexit sha1_base64="sw14bN/j8K9RMQO4P8wuC/Uu7Jg=">AAACF3icbVC7SgNBFJ2NrxhfUUubwUSwkLCbRsuAjWUE84DsEu5OZpMhM7vDzKwQl/yGYKV/Yie2lv6ItZNkC5N44MLhnHvh3BNKzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6SRWhLZLwRHVD0JSzmLYMM5x2paIgQk474fh25nceqdIsiR/MRNJAwDBmESNgrORX/TFICX3vSlT75Ypbc+fA68TLSQXlaPbLP/4gIamgsSEctO55rjRBBsowwum05KeaSiBjGNKepTEIqoNsnnmKL6wywFGi7MQGz9W/FxkIrScitJsCzEivejPxX89AmE6XFTZ+WkljopsgY7FMDY3JIkyUcmwSPCsJD5iixPCJJUAUs/9gMgIFxNgqS7Yob7WWddKu1zy35t3XK416XlkRnaFzdIk8dI0a6A41UQsRJNEzekVvzovz7nw4n4vVgpPfnKIlOF+/K9qf7g==</latexit><latexit sha1_base64="sw14bN/j8K9RMQO4P8wuC/Uu7Jg=">AAACF3icbVC7SgNBFJ2NrxhfUUubwUSwkLCbRsuAjWUE84DsEu5OZpMhM7vDzKwQl/yGYKV/Yie2lv6ItZNkC5N44MLhnHvh3BNKzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6SRWhLZLwRHVD0JSzmLYMM5x2paIgQk474fh25nceqdIsiR/MRNJAwDBmESNgrORX/TFICX3vSlT75Ypbc+fA68TLSQXlaPbLP/4gIamgsSEctO55rjRBBsowwum05KeaSiBjGNKepTEIqoNsnnmKL6wywFGi7MQGz9W/FxkIrScitJsCzEivejPxX89AmE6XFTZ+WkljopsgY7FMDY3JIkyUcmwSPCsJD5iixPCJJUAUs/9gMgIFxNgqS7Yob7WWddKu1zy35t3XK416XlkRnaFzdIk8dI0a6A41UQsRJNEzekVvzovz7nw4n4vVgpPfnKIlOF+/K9qf7g==</latexit><latexit sha1_base64="sw14bN/j8K9RMQO4P8wuC/Uu7Jg=">AAACF3icbVC7SgNBFJ2NrxhfUUubwUSwkLCbRsuAjWUE84DsEu5OZpMhM7vDzKwQl/yGYKV/Yie2lv6ItZNkC5N44MLhnHvh3BNKzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6SRWhLZLwRHVD0JSzmLYMM5x2paIgQk474fh25nceqdIsiR/MRNJAwDBmESNgrORX/TFICX3vSlT75Ypbc+fA68TLSQXlaPbLP/4gIamgsSEctO55rjRBBsowwum05KeaSiBjGNKepTEIqoNsnnmKL6wywFGi7MQGz9W/FxkIrScitJsCzEivejPxX89AmE6XFTZ+WkljopsgY7FMDY3JIkyUcmwSPCsJD5iixPCJJUAUs/9gMgIFxNgqS7Yob7WWddKu1zy35t3XK416XlkRnaFzdIk8dI0a6A41UQsRJNEzekVvzovz7nw4n4vVgpPfnKIlOF+/K9qf7g==</latexit><latexit sha1_base64="sw14bN/j8K9RMQO4P8wuC/Uu7Jg=">AAACF3icbVC7SgNBFJ2NrxhfUUubwUSwkLCbRsuAjWUE84DsEu5OZpMhM7vDzKwQl/yGYKV/Yie2lv6ItZNkC5N44MLhnHvh3BNKzrRx3W+nsLG5tb1T3C3t7R8cHpWPT9o6SRWhLZLwRHVD0JSzmLYMM5x2paIgQk474fh25nceqdIsiR/MRNJAwDBmESNgrORX/TFICX3vSlT75Ypbc+fA68TLSQXlaPbLP/4gIamgsSEctO55rjRBBsowwum05KeaSiBjGNKepTEIqoNsnnmKL6wywFGi7MQGz9W/FxkIrScitJsCzEivejPxX89AmE6XFTZ+WkljopsgY7FMDY3JIkyUcmwSPCsJD5iixPCJJUAUs/9gMgIFxNgqS7Yob7WWddKu1zy35t3XK416XlkRnaFzdIk8dI0a6A41UQsRJNEzekVvzovz7nw4n4vVgpPfnKIlOF+/K9qf7g==</latexit>

2, m
<latexit sha1_base64="5+EKJ2SNBK27E6VKtLnZz6aB/h8=">AAACF3icbVDLSsNAFJ3UV62vqks3wVZwISXJRpcFNy4r2Ac0odxMJ+2QyWSYmQg19DcEV/on7sStS3/EtdM2C9t64MLhnHvh3BMKRpV2nG+rtLG5tb1T3q3s7R8cHlWPTzoqzSQmbZyyVPZCUIRRTtqaakZ6QhJIQka6YXw787uPRCqa8gc9ESRIYMRpRDFoI/l1PwYhYOBdJfVBteY0nDnsdeIWpIYKtAbVH3+Y4iwhXGMGSvVdR+ggB6kpZmRa8TNFBOAYRqRvKIeEqCCfZ57aF0YZ2lEqzXBtz9W/FzkkSk2S0GwmoMdq1ZuJ/3oawmy6rND4aSWNjm6CnHKRacLxIkyUMVun9qwke0glwZpNDAEsqfnHxmOQgLWpsmKKcldrWScdr+E6DffeqzW9orIyOkPn6BK56Bo10R1qoTbCSKBn9IrerBfr3fqwPherJau4OUVLsL5+AS2Fn+8=</latexit><latexit sha1_base64="5+EKJ2SNBK27E6VKtLnZz6aB/h8=">AAACF3icbVDLSsNAFJ3UV62vqks3wVZwISXJRpcFNy4r2Ac0odxMJ+2QyWSYmQg19DcEV/on7sStS3/EtdM2C9t64MLhnHvh3BMKRpV2nG+rtLG5tb1T3q3s7R8cHlWPTzoqzSQmbZyyVPZCUIRRTtqaakZ6QhJIQka6YXw787uPRCqa8gc9ESRIYMRpRDFoI/l1PwYhYOBdJfVBteY0nDnsdeIWpIYKtAbVH3+Y4iwhXGMGSvVdR+ggB6kpZmRa8TNFBOAYRqRvKIeEqCCfZ57aF0YZ2lEqzXBtz9W/FzkkSk2S0GwmoMdq1ZuJ/3oawmy6rND4aSWNjm6CnHKRacLxIkyUMVun9qwke0glwZpNDAEsqfnHxmOQgLWpsmKKcldrWScdr+E6DffeqzW9orIyOkPn6BK56Bo10R1qoTbCSKBn9IrerBfr3fqwPherJau4OUVLsL5+AS2Fn+8=</latexit><latexit sha1_base64="5+EKJ2SNBK27E6VKtLnZz6aB/h8=">AAACF3icbVDLSsNAFJ3UV62vqks3wVZwISXJRpcFNy4r2Ac0odxMJ+2QyWSYmQg19DcEV/on7sStS3/EtdM2C9t64MLhnHvh3BMKRpV2nG+rtLG5tb1T3q3s7R8cHlWPTzoqzSQmbZyyVPZCUIRRTtqaakZ6QhJIQka6YXw787uPRCqa8gc9ESRIYMRpRDFoI/l1PwYhYOBdJfVBteY0nDnsdeIWpIYKtAbVH3+Y4iwhXGMGSvVdR+ggB6kpZmRa8TNFBOAYRqRvKIeEqCCfZ57aF0YZ2lEqzXBtz9W/FzkkSk2S0GwmoMdq1ZuJ/3oawmy6rND4aSWNjm6CnHKRacLxIkyUMVun9qwke0glwZpNDAEsqfnHxmOQgLWpsmKKcldrWScdr+E6DffeqzW9orIyOkPn6BK56Bo10R1qoTbCSKBn9IrerBfr3fqwPherJau4OUVLsL5+AS2Fn+8=</latexit><latexit sha1_base64="5+EKJ2SNBK27E6VKtLnZz6aB/h8=">AAACF3icbVDLSsNAFJ3UV62vqks3wVZwISXJRpcFNy4r2Ac0odxMJ+2QyWSYmQg19DcEV/on7sStS3/EtdM2C9t64MLhnHvh3BMKRpV2nG+rtLG5tb1T3q3s7R8cHlWPTzoqzSQmbZyyVPZCUIRRTtqaakZ6QhJIQka6YXw787uPRCqa8gc9ESRIYMRpRDFoI/l1PwYhYOBdJfVBteY0nDnsdeIWpIYKtAbVH3+Y4iwhXGMGSvVdR+ggB6kpZmRa8TNFBOAYRqRvKIeEqCCfZ57aF0YZ2lEqzXBtz9W/FzkkSk2S0GwmoMdq1ZuJ/3oawmy6rND4aSWNjm6CnHKRacLxIkyUMVun9qwke0glwZpNDAEsqfnHxmOQgLWpsmKKcldrWScdr+E6DffeqzW9orIyOkPn6BK56Bo10R1qoTbCSKBn9IrerBfr3fqwPherJau4OUVLsL5+AS2Fn+8=</latexit>

Figure C.1. Schematic of the contact between two spherical particles of radii R1 and R2.
The total displacement γ generates a radius of contact a between the two particles.

With this correction, the boundary condition given by Equation (C.1) becomes

u
(1)
3 + u

(2)
3 = γ − r2A

2
− r4B

8
(C.4)

where

A =
1

R1

+
1

R2

and B =
1

R3
1

+
1

R3
2

With the consideration of small-strain kinematics, the field equations together with the

boundary conditions can be summarized as:

ε̇
(l)
ij =

1

2

(
∂u̇

(l)
i

∂xj
+
∂u̇

(l)
j

∂xi

)
(C.5)

∂σ
(l)
ij

∂xj
= 0 (C.6)

σ(l)
e = κl

(
ε(l)e
)1/m

(C.7)

u̇
(1)
3 + u̇

(2)
3 = γ̇, σ

(l)
13 = σ

(l)
23 = 0, r ≤ a (C.8)

σ
(l)
13 = σ

(l)
23 = σ

(l)
33 = 0, r > a (C.9)
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where l = 1, 2 and equations (C.5), (C.6) and (C.7) correspond to compatibility, equilibrium

and constitutive law respectively.

The solution to this problem can be started by first taking a basic assumption that

σ
(l)
ij (xk) = σoij(xk) (l = 1, 2) (C.10)

in order to ensure continuity of traction at the contact region. This in turn also satisfies the

local equilibrium. In addition, scaling the displacements as

u
(l)
i (xk) =

(
κ̄

κl

)m
uoi (xk) (l = 1, 2) (C.11)

where

κ̄ =

(
1

κm1
+

1

κm2

)−1/m

(C.12)

satisfies the complete field equations. With these assumptions, the boundary condition,

Equation (C.4) can be expressed as

uo3 = γ − r2A
2
− r4B

8
(C.13)

and the inhomogeneous rate boundary conditions (Equations (C.8) and (C.9)) can be ex-

pressed as

u̇o3 = γ̇, σo13 = σo23 = 0, r ≤ a (C.14)

σo13 = σo23 = σo33 = 0, r > a (C.15)

The above moving boundary problem can now be converted to a stationary one by remov-

ing the dependence on indentation magnitude (contact radius) through appropriate transfor-
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mations. The kinematic variables, namely particle velocities and strain rates are transformed

first and expressed as

xk = ax̃k (C.16)

u̇oi (xk, a) = γ̇ũoi (x̃k) (C.17)

ε̇oij(xk, a) =

(
γ̇

a

)
ε̃oij(x̃k) (C.18)

With the help of the above scaling, the inhomogeneous rate boundary condition, Equation

(C.14) now reduces to

ũo3 = 1, x̃3 = 0, r̃ ≤ 1 (C.19)

The vertical velocity field u̇o3, when integrated over time, gives the total vertical displace-

ment uo3 which must satisfy the boundary condition given by Equation (C.13). Using the

transformation given by Equation (C.17), we get

∫ t

0

ũo3γ̇ dt = γ − r2A
2
− r4B

8
(C.20)

Variable transformation from t to a and the use of reduced rate boundary condition (Equation

(C.19)) yields a particular Volterra integral equation for γ = γ(a) given by

γ (r)−
∫ r

0

ũo3(r/s)γ′(s) ds =
r2A

2
+
r4B
8
, γ′(a) =

dγ

da
(C.21)

the solution to which is given as

γ(a) =
1

c2

(
a2A

2
+
a4B
8

)
(C.22)

with the eigenfunction c2 given by

c2 = 1− 2

∫ ∞

1

ũo3
r̃3
dr̃ (C.23)
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Equation (C.22) is a quadratic equation in a2, which can be solved algebraically to obtain

the following a− γ relationship

a =

[(
2

B

){
(A2 + 2Bc2γ)1/2 − A

}]1/2

(C.24)

The above a− γ relationship can be expressed as a Taylor series about γ = 0 as follows

a =

(
2c2

A

)1/2

γ1/2 −
(
B2/3c2

2A5/3

)3/2

γ3/2 +

(
72/5B4/5c2

29/5A9/5

)5/2

γ5/2 +O(γ7/2) (C.25)

where the first term of the series corresponds to the a − γ relationship without curvature

correction, proposed by Stor̊akers et al. (1997), while the higher order terms correspond to the

applied curvature correction. Equation (C.25) serves as the motivation behind formulation

of the semi-mechanistic contact radius formulation proposed in Section 3.4 of Chapter 3.
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APPENDIX D. DERIVATION OF THE CONTACT DISPLACEMENT AT MINIMUM

NORMALIZED HARDNESS FOR CONFINED PARTICLE LOADING CONDITIONS

According to the condition of minimum normalized hardness for confined loading configu-

rations given by Equation (3.33), expressions for various volume and surface quantities in

the equation are provided in Table 3.5 for primary contacts under die and all contacts under

hydrostatic loading configurations. The particle volume is given by Vparticle = (4/3)πR3 and

the contact area is given by SLC
contact = πa2 where contact radius a is given by Equation (3.17).

We now proceed to derive Equation (3.33) for the two confined loading cases in terms of the

unknown contact displacement at the minimum.

Die Compaction:

ρLC,contact
V ρLC,contact

S =

(
Vparticle

V LC
voro

)(
V LC

contact

V LC
voro

)(
SLC

contact

SLC
face

)

=
4
3
πR3

8R2
(
R− γ

2

) ×
4
3
R2
(
R− γ

2

)

8R2
(
R− γ

2

) × πa2

4R2

=
π2a2

144R
(
R− γ

2

) = Γ

(D.1)

Now, substituting a in terms of γ from Equation (3.17) with A = 1/R1 + 1/R2 = 2/R and

B = 1/R3
1 + 1/R3

2 = 2/R3, rearranging and simplifying the above equation, we finally get

(
π2D2

5

32R3

)
γ5 −

(
π2D3D5

8R2

)
γ4 +

(
π2D2

3

8R
+
π2D1D5

4R

)
γ3 −

(
π2D1D3

2

)
γ2

+

(
π2D2

1R

2
+ 72RΓ

)
γ − 144R2Γ = 0

(D.2)
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Hydrostatic Compaction:

ρLC,contact
V ρLC,contact

S =

(
Vparticle

V LC
voro

)(
V LC

contact

V LC
voro

)(
SLC

contact

SLC
face

)

=
4
3
πR3

8
(
R− γ

2

)3 ×
4
3

(
R− γ

2

)3

8
(
R− γ

2

)3 ×
πa2

4
(
R− γ

2

)2

=
π2R3a2

144
(
R− γ

2

)5 = Γ

(D.3)

Now, substituting a in terms of γ from Equation (3.17) with A = 1/R1 + 1/R2 = 2/R and

B = 1/R3
1 + 1/R3

2 = 2/R3, rearranging and simplifying the above equation, we finally get

(
π2D2

5

32
+

9Γ

2

)
γ5 −

(
π2D3D5R

8
+ 45RΓ

)
γ4

+

(
π2D2

3R
2

8
+
π2D1D5R

2

4
+ 180R2Γ

)
γ3 −

(
π2D1D3R

3

2
+ 360R3Γ

)
γ2

+

(
π2D2

1R
4

2
+ 360R4Γ

)
γ − 144R5Γ = 0

(D.4)

The quintic equations in terms of the unknown γ, given by Equations (D.2) and (D.4),

are solvable in radicals for given values of D1, D3, D5, R and Γ by the method proposed by

Dummit (1991) (please ref. Trott & Adamchik (2001) for an implementation of the method

in Mathematica, Version 12.0 (2019)). Although the obtained quintic functions have five

roots, there is only one positive real root, the proof of which is described below.

First, we immediately observe that the limits of the quintic functions in Equations (D.2)

(denoted by g(γ)) and (D.4) (denoted by h(γ)) at x → −∞ and x → ∞ are −∞ and ∞
respectively, which means that the functions have at least one real root. Then, we calculate

the derivative of the two polynomials with respect to γ to obtain

g′(γ) = 72RΓ +

[
π2

32R3

(
D5γ

2 − 2RD3γ + 4R2D1

) (
5D5γ

2 − 6RD3γ + 4R2D1

)]
(D.5)

h′(γ) =
45

2
Γ(γ − 2R)4 +

[
π2

32

(
D5γ

2 − 2RD3γ + 4R2D1

) (
5D5γ

2 − 6RD3γ + 4R2D1

)]
(D.6)
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(a) (b)

Figure D.1. Plots of ∆Fi(γ)/4R
2 (i = 1, 2) against material parameter λ for (a) die and (b)

hydrostatic loading configurations.

If it is proved that g′(γ) and h′(γ) are positive in R, then g(γ) and h(γ) are monotonic in

R, meaning that they have only one real root. Both g′(γ) and h′(γ) include an addition of

two terms, where the first term in both functions is evidently positive, while the second term

contains a product of two quadratic functions in γ, given by

F1(γ) = D5γ
2 − 2RD3γ + 4R2D1 (D.7)

F2(γ) = 5D5γ
2 − 6RD3γ + 4R2D1 (D.8)

If these quadratic functions are both positive or negative in R, then the derivative functions

g′(γ) and h′(γ) are positive in R. We thus calculate the discriminants of the two quadratic

functions, given by

∆F1(γ) = 4R2(D2
3 − 4D1D5) (D.9)

∆F2(γ) = 4R2(9D2
3 − 20D1D5) (D.10)

Figure D.1 presents the plots of ∆Fi(γ)/4R
2 (i = 1, 2) against material parameter λ for

die (Figure D.1a) and hydrostatic (Figure D.1b) loading configurations. The plots evidently
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Table D.1. Limiting values of ∆Fi(γ)/4R
2 (i = 1, 2) at λ→∞ for die and hydrostatic loading

configurations.

DC HC
lim
λ→∞

∆F1(γ)/4R
2 −31.76 −300.49

lim
λ→∞

∆F2(γ)/4R
2 −121.70 −1191.71

show that the discriminant values remain negative for λ > 0, with the limiting negative values

at λ → ∞ provided in Table D.1. This analysis proves that the quadratic functions F1(γ)

and F2(γ) are positive in R, and hence derivative functions g′(γ) and h′(γ) are monotonic in

R. Therefore, it is proved that the quintic functions g(γ) and h(γ) have only one real root.

Finally, we observe that g(γ = 0) = −144R2Γ and h(γ = 0) = −144R5Γ. Hence, at

γ = 0, both g(γ) and h(γ) are negative. Therefore, it is also proved that the real root of the

quintic functions is a positive value.



216

APPENDIX E. DERIVATION OF THE CONTACT DISPLACEMENT AT MINIMUM

NORMALIZED HARDNESS FOR CONFINED PARTICLE LOADING CONDITIONS

From the observation of normalized hardness (H̄) vs. contact deformation (γ/2R) curves

obtained from FEA simulations of simple (Figure 3.7a), hydrostatic (Figure 3.8a) and die

(Figure 3.9a) loading configurations depicted in Chapter 3, it is evident that the curves

experience a change in curvature from concave downward to concave upward during the fully

plastic deformation regime. The contact deformation at the inflection point, i.e., the point

of curvature change, can be obtained by setting the second derivative of H̄ with respect to

contact deformation γ/(R1 +R2) (= γ/2R) equal to zero, and solving the resulting equation

for the unknown deformation.

Using Equations (3.27) and (3.28) with R1 = R2 = R, the second derivative of H̄ with

respect to γ/2R is given by

∂2H̄

∂
(
γ

2R

)2 = −pLCr
[
tanh(qx) cos

{
x− s(γLC|H̄min

, q)
}]r [

4q2csch2(2qx) {r − cosh(2qx)}

−2qrcsch(qx)sech(qx) tan
{
x− s(γLC|H̄min

, q)
}

+(r − 1) tan2
{
x− s(γLC|H̄min

, q)
}
− 1
]

(E.1)

where

x =
γ − γ|H̄max

2R
(E.2)

Setting ∂2H̄/∂
(
γ

2R

)2
= 0 and simplifying the resulting equation, we get the following non-

linear equation in unknown x

4q2csch2(2qx) {r − cosh(2qx)} − 2qr csch(qx) sech(qx) tan
{
x− s(γLC|H̄min

, q)
}

+ (r − 1) tan2
{
x− s(γLC|H̄min

, q)
}
− 1 = 0

(E.3)
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Due to the high degree of non-linearity, the above equation cannot be solved analytically.

However, an approximate solution for x can be obtained by reducing the equation to the first

term of its Taylor series expansion at x = 0 (γ/2R = γ|H̄max
/2R). The resulting equation is

given by

x2 − 6r tan
{
s(γLC|H̄min

, q)
}

(2q2 + 3)(2r + 1) + 3(r + 1) tan2
{
s(γLC|H̄min

, q)
} x

− 3(r − 1)

(2q2 + 3)(2r + 1) + 3(r + 1) tan2
{
s(γLC|H̄min

, q)
} = 0

(E.4)

The two solutions to the above equation are given by

x =

3r tan
{
s(γLC|H̄min

, q)
}
±
[
3(2q2 + 3)(r − 1)(2r + 1)

+9(2r2 − 1) tan2
{
s(γLC|H̄min

, q)
}]1/2

(2q2 + 3)(2r + 1) + 3(r + 1) tan2
{
s(γLC|H̄min

, q)
} (E.5)

Among the two solutions, the solution involving a difference of the two terms in the numerator

is always negative, since (2r2 − 1) ≥ r2 and 3(2q2 + 3)(r − 1)(2r + 1) > 0. Therefore, x

is given by the second, positive solution. Consequently, from Equation (E.2), γ/2R at the

inflection point, denoted by γLC|H̄′′=0/2R is approximately given by

γLC|H̄′′=0

2R
' γ|H̄max

2R
+

3r tan
{
s(γLC|H̄min

, q)
}

+
[
3(2q2 + 3)(r − 1)(2r + 1)

+9(2r2 − 1) tan2
{
s(γLC|H̄min

, q)
}]1/2

(2q2 + 3)(2r + 1) + 3(r + 1) tan2
{
s(γLC|H̄min

, q)
} (E.6)
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