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ABSTRACT

Mathison, Chase O. Ph.D., Purdue University, August 2020. Microlocal Analysis and
Applications to Medical Imaging. Major Professor: Plamen Stefanov.

This thesis is a collection of the three projects I have worked on at Purdue. The
first is a paper on thermoacoustic tomography involving circular integrating detectors
that was published in Inverse Problems and Imaging [21]. Results from this paper
include demonstrating that the measurement operators involved are Fourier integral
operators, as well as proving microlocal uniqueness in certain cases, and also stability.
The second paper, submitted to the Journal of Inverse and Il1l-Posed Problems, is much
more of an application of sampling theory in [27] to the specific case of thermoacoustic
tomography. Results from this paper include demonstrating resolution limits imposed
by sampling rates, and showing that aliasing artifacts appear in predictable locations
in an image when the measurement operator is under sampled in either the time
variable or space variables. We also show an application of a basic anti aliasing scheme
based on averaging of data. The last project moves slightly away from microlocal
analysis and considers the uniqueness in medical imaging of the restricted Radon
transform in even dimensions. This is the classical interior problem, and we show a
characterization of the range of the Radon transform, and from this are able to obtain
a characterization of the kernel of the restricted Radon transform. We include figures

throughout to illustrate results.



1. Introduction

1.1 An Overview of Microlocal Analysis

Classical analysis, or local analysis, is the study of functions defined in a neighbor-
hood of a point x € R"™. The usual tools of classical analysis are in general ineffective
when studying singularities of a function. Microlocal analysis attempts to extend the
ideas of classical analysis to gain more information about a function in the phase
space. This is accomplished by first looking at the Fourier transform of a function,
and the properties of this transform. In this way, we can learn about singularities of a
function near a point (the ”local” of microlocal analysis) and near a certain direction
(the "micro” of microlocal analysis). We present some of the basic ideas of microlocal

analysis which largely follows Chapter I of [34].

1.1.1 The Fourier Transform

The Fourier transform is defined for functions in L'(R™) as follows

FIO)E) = / e f(z) do. (11)

n
The inverse Fourier transform is defined in a similar way for functions in L'(R")

1

F o)) = oy

[ emoteae (1.2)

If a function has more regularity than simply being in the class L'(R"), then this
will manifest in decay at infinity of Fourier transform of the function. The converse
is also true, and is the basis for microlocalization and studying functions and their

singularities in the phase space. As an example of a function with certain smoothness



exhibiting decay in its Fourier transform, if f € L'(R) N C'(R) and f' € L'(R) then
we have (formally, using integration by parts)
FQ) = [ ) da
R
1 ,
=— — [ e " f(z)dx,

i€ | ()
from which we see that | F(f)(€)| = O(|¢|™!). For convenience, we will denote f(€) :=
F(f)(€). Continuing this process, we can see that if f € L'(R) N C*(R) and f9) ¢
L'(R) for each 0 < j < k, then

IF(N)E]=O(¢l"),

where we've used the traditional “Big-O” notation which has the following meaning;:

f(z) = O(g(z)) means Ir > 0 and M > 0 such that for x > r, we have |f(z)| <
Mg ()|

1.1.2 Solving a PDE

Microlocal analysis extends the usual ideas of classical analysis to the phase space,
or more generally, to the cotangent bundle of a smooth manifold. We begin with a

simple motivating example. Suppose we wish to solve the PDE in R™:
(1—Au=f

Here Au = X707 u. One method that might first come to mind is to try to solve

this PDE using the Fourier transform as so:
(I-Au=f = (1+[Ma=]

and from this we see that because 1 + |§|2 # 0 for any ¢ € R", we may take as a

solution for u

()= Gy / e ®



This was obtained by applying the inverse Fourier transform to «. In doing this,
we have implicitly assumed that u and f are members of the space of tempered
distributions §’(R™), which is the dual space to the Schwartz class of functions S(R")

which is defined as

S(R™) = {g € C*(R") | sup ’maﬁﬂg(x)’ < oo for all multi indices o and 5} (1.3)

1.1.3 Finding a Parametrix

In the previous example, we divided by a quantity that was always positive. If we
change the PDE slightly, then we’ll run into trouble when we try to solve it using the

Fourier transform. Let’s examine solutions to the PDE, this time in R?
—Au=f

where again we will assume that u and f are in S(R?). Using the same method as
before, we arrive at the following “solution” for w,

)= Gy /. e ©

But here we have an issue: 1/|£|? is not integrable at the origin in R%. To remedy

this, we’ll find a solution that’s accurate up to a smooth error. Let x(£) be a smooth
function with support contained in a small ball centered at the origin Bs(0) of radius
§ > 0. Further, suppose y = 1 for |¢| < §/2. Then, because f = xf + (1 — x)f, if we

set

i) = L[ e (L= X))
@ = 5 | OE) g

then we can show that v solves not the PDE in question, but the PDE —Av =

f — R(x), where R is a smooth function. To see this, note that

(1= x(E)/© ,
]2

Op,v(x) = L i€t

@ Jo -

and from this it is clear that

ai?}(ilf) _ (2711-)2 /]Rz f?eix{(l — ﬁé‘i))f(g) d¢




which gives

—Av(z) :(2;)2 /}R2 |§|2€ix~§(1 - >|<§(|£2))f(6) de
R U
—or [ e xeni©) de
~f~ Rf(@

where Rf(x) = ﬁ oo €7X(€) f(€) d€. This is the inverse Fourier transform of a
compactly supported function (so also, a function that decays at infinity faster than
any polynomial in ¢), which means that Rf(z) € C*(R?). But why do we care
that v(z) solves the PDE —Av = f — Rf(x) when we were interested in the PDE
—Au = f? If —Av = f+ Rf and Rf is smooth, then we know that f and f + Rf
have the same singularities, for Rf cannot contribute to singularities of f + Rf, as
Rf € C*(R?). This makes this calculus very useful in situations such as medical
imaging, where we might not care about an exact reconstruction of the interior of a
patient, but we do care about the “singularities”, which might represent the presence
of a tumor, or the interface between tissues of different types.

Note that if we define the operator
! we (1= X(9)f(€)
Kf= s [ e e
(2m)% Jre €17
then what we calculated above shows that —A(K f) = (/4 R) f, where R is a smooth-

ing operator. In other words —A o K = I + R, which is what we will take as the
definition of a right parametrix for the operator —A, and in general, for any operator
P, we define a right parametrix K as an operator such that Po K = I + R where R
is a smoothing operator. We may define a left parametrix in a similar way.

We can generalize the above method to find a parametrix for a linear partial

differential operator

P(z,D) = Z aq () D,

laf<m

where a, € C*°(R"), provided the principal symbol

Po(z,§) = Z ao ()€Y,

|a|=m



satisfies the condition
Pula,€) £ 0if € £ 0.

A linear partial differential operator that satisfies this condition is called elliptic.

1.1.4 The calculus of pseudodifferential operators
The symbol class S7(Q,RY)

In the above discussion, we were able to “invert” up to a smooth error some

operators of the form
1
(2m)"

where X C R" and - is the standard inner product on R™. The symbol a(z,£) in the

Au(z) =

[ e=tatn. e ag

Rn

above problems has some key defining features that we will mention now so that we

may deal with operators of the above form in a less ad hoc way.
Definition 1.1.1 (Symbol of order m) Let Q@ C R™. A smooth function a €
C>®(Q2 x R™) will be called a symbol of order m € R if given a compact set K C Q
and multiindexes o and (3, there exists Co g x > 0 such that

070¢ a(w, )] < Cap i (1 + (€))7
for all (x,&) € K x R"™. The space of symbols of order m will be denoted

STH(9, R™)
or when it’s clear from context, simply
5™(Q)

We note that there is a more general symbol class S7'5(2, R"), with 0 < p < 1and 0 <

0 < 1, but the standard symbol class defined above will be sufficient for our purposes.

For later, we denote the spaces S™°(Q) = NyperS™(2) and S(2) = UperS™(2).
Symbols are important because they allow us to define pseudodifferential operators

(¥DOs for short)



Definition 1.1.2 (Pseudodifferential Operator of order m) Let QQ C R"™ be an
open set and let a(x,§) € STH(Q,R"). Let u € Cg°(S2), then the operator Op(a)

defined by
1

Op(a)u = 2n)

[ e=<ate. o) ag (1.4
Rn

is called a (standard) pseudodifferential operator of order m on Q. We denote the
space of pseudodifferential operators of order m on €2 by ¥ (QQ).

A priori, because a(z,£) € C®(Q x R"), we know that Op(a) : C5°(Q2) — C*(Q).
Using standard functional analysis arguments and the transpose operator, it can be
shown that Op(a) may be extended to a continuous linear operator Op(a) : £'(2) —
D'(©2). And in fact, it can be shown (see Theorem 2.1 in [34]) that if a € S™(Q),
then Op(a) : H(Q) — H*™(Q), for any real number s. We denote the spaces
U=2(Q) = Nper¥Y™ () and V() = UperY™(2). It is a fact that if P € UW=°(Q)
then P : £'(2) — C*(Q), or in other words ¥~>°(€2) is the space of regularizing
operators. In the microlocal calculus, we consider two WDOs A and B equivalent if
A— B e ¥>®(Q).

One question one might ask about the definition of a WDO is: is this even well
defined? In other words, does the integral in question even converge? This is clear
because by assuming u € C§°(R"™), it is a fact [30] that given any N € N, we have

lim [¢|]a()] = 0.

|§]—o0

So then, for any N € N, there is some Ry > 0 such that for |£| > max{1, Ry}, we
have |a(€)] < [£]7V < w, where C' > 2V, We also know |a(x, &) < (1 + [£])™.
So, taking N large enough so that m— N < —(n+1), we see that the integral defining
Op(a) is absolutely convergent.

Very often we will work with so called classical symbols. These are symbols written

as an asymptotic expansion

CL(I’, f) ~ Z am—j(xv 5)7

J=0



where a,,_;(z,&) € C*(R?") with a,,_;(z, &) positively homogeneous of order m — j
in the ¢ variable for |{| > 1. The sum is asymptotic in the sense that

a(@,6) =) ap(w,€) € S"VTHQ),

=0
for each N > 0.
A more general way to define WDOs is to make use of the Fourier transform to

write

1

Op(@)(u( (@) = s [ ala uly)dy

where we either require that the integration be performed as noted, or the integral
to be interpreted in the oscillatory sense. From this representation, it’s clear that
we could also allow a to depend on y as long as it satisfies a similar semi-norm
estimate as above, i.e., given compact K C Q x Q and «, 5,7 multiindexes, there

exists C(a, 8,7, K) > 0 such that
050,07 alz,y, &)l < C(1+ [¢))™ 1,

for all (z,y) € K and £ € R". We then call those a(z,y,£) € C®(Q2 x 2 x R")
satisfying these semi-norm estimates amplitudes of order m, but we will mostly only
be interested in symbols, and use amplitudes only when their use simplifies proofs.
By Theorem 4.1 in [34], there is no loss in using either symbols or amplitudes, as
symbols are simply amplitudes independent of y, and given an amplitude a(z,y, §),
there exists a symbol a(x, &) such that Op(a) = Op(a) + R where R is a smoothing
operator, which is considered negligible in the microlocal calculus.
Note that a differential operator is of the form
P(z,D) = Y  an(z)D"
|la|<m
and by virtue of the inverse Fourier transform, we may write (formally)

Plo.Djule) = X prante)z ( [ eate) de)

laj<m

=2 (2i)n /R e aq ()€ (E) dE.

|ao| <m




From this, it’s clear (as long as a,(z) € C*°(R")) that P(z, D) is a pseudodifferential
operator of integer order m > 0, and so ¥YDOs are generalizations of (linear) differen-
tial operators. We also saw that the parametrix above for the operator —A is a YDO
of order —2, and the fact that the order of this parametrix is negative indicates that

it is not a partial differential operator.

1.1.5 Transposition, Composition of YDOs

Given inner product spaces X, Y, and a linear operator L : X — Y, the transpose

Lt : Y* — X* is defined so that the following equation holds for all u € X,v € X*,
(Lu,v) = (u, L'v).
In particular, if a € S™(£2,Q,R") and u,v € C§°(2), then

a)u,v :L gz w(y)v(z) dx
Ova)ut) =gz [[ [ alw . ulr)eta) dedy ag

N ///R?m ¢ Ca(y, x, Eu(x)o(y) dy du dé
_ / / /R Oy, €)o(y)ulz) dy do de

=[] e atya—gutyuta) dy dodg
R3n
=(u, Op(a)'v)
which shows that the transpose of a VDO of order m is again a YDO of order m. Its

amplitude is clearly given by b(x,y, &) = a(y, z,—&). In order to compose two ¥DOs,

we notice
Ao Bu(z) = / e @z, y, €)Buly) dy de
= / ez, y, €) / ANy, 2 m)u(z) dz dn dy dE
= / / e/ Ng (2, y, )b(y, 2,m)ulz) dz dn dy dE

From this we see immediately from the first line that in order for ABu to be defined,

we need for Bu to be compactly supported. This leads to the following definition:



Definition 1.1.3 The Y DO B is called properly supported if Bu and B'u have com-

pact support.

Given a WDO P € ¥™(Q), it is always possible to find a properly supported YDO
P € U™(Q) such that P — P € U=(Q), so we assume throughout that all ¥DO’s
are properly supported. We then wish to write ABwu in the following form

ABu = /ei(zy)'gc(:c,y,f)u(y) dy d§
with ¢ an amplitude of order to be determined. We note that
ABu = // @ EHIW=2) N0 (1 b(y, z,n)u(z) dz dn dy dé
-~ / / e e N (2, 2, €)b(z, y, n)uly) dy dn dz d€
= // L (a,y, E)uly) dy dE

where
k(x,y, &) = // WD EM (1, 2, €)b(2,y, ) dz d.

In the second line we swapped y and z in the integral. The integration in the formula
for k(x,y, ) is understood as an oscillatory integral. By differentiating k(x,y, &) it’s
possible to show that k(z,y, &) € S™™(Q, Q) where a € S™(,Q) and b € 5™ (Q,Q).

Composition allows us to define a parametrix for a DO, and in turn elliptic

UDOs:

Definition 1.1.4 (Elliptic YDO) A ¥DO P € ¥™(Q) will be called elliptic if there
exists Q € W™(Q) such that PQ = QP = I mod V~>°. The operator Q will be

called a parametriz of P.

There is an equivalent way to defined elliptic ¥DO’s in terms of symbols, similar to
the definition of an elliptic partial differential operator, but we’ll make use of the

definition above.
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1.1.6 The wave front set of a distribution

Definition 1.1.5 (Conic subset of R") A conic set ' C R™ is any set that is

closed under dilations, i.e. for all A > 0,
yel = Ay el

Definition 1.1.6 (Wave front set of a distribution) Let u € D'(Q) with Q C
R™.  We say that the point (x9,&) € £ X R™ is not in the wave front set of the
distribution u, denoted WF (u), if there ezists a ¢ € C°(Q) with ¢(zo) = 1 and an

open cone I' C R™ 3 &y such that for every N there exists some Cy > 0 with

[F(eu)(€)] < Cn(L+1g) ™

for all ¢ € T'. Elements (x,&) € WF(u) are called singularities of u.

The wave front set of a distribution is a refinement of the singular support of a
distribution, which is the complement of the largest open set on which w is smooth.

One of the key features of WDOs is how they affect the wave front sets of distributions.

Lemma 1.1.1 Properly supported Pseudodifferential operators do not increase wave

front sets of distributions, i.e. if A € V"(Q) and u € £'(Y), then
WF(Au) C WF(u)

This is a generalization of the pseudolocal property for pseudodifferential operators,
which states that sing supp(Au) C sing supp(u), where sing supp(u) is the singular
support of u. If A is an elliptic DO, then because we can find a parametrix B
such that AB — I € ¥=>°(Q), this implies that WF(Au) = WF(u), and similarly
sing supp(Au) = sing supp(u).

All of these definitions and concepts have natural generalizations to pseudodiffer-
ential operators on smooth manifolds. We refer the reader to Chapter I, section 5

of [34] for more information.
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1.1.7 Geometrical optics

WDOs are useful when dealing with elliptic operators, but in some cases we wish
to deal with hyperbolic operators, such as the wave operator (. = 9? — c*(x)A, where
c € C®(R"), ¢ > 0 and ¢ = 1 outside of some compact set K C R™. Note that when

¢ =1, it is easy to see that the initial value problem given by

(
Ou(z,t) =0 (x,t) € R" x RT,

u(z,t) |imo=f v e€R™,

katu(%t) imo=9 z€R"

has the solution (for appropriate f and g)

o) = g ([ (i) der [ (5 ) )

It is from this representation for the solution to the constant speed wave equation

that we get the geometric optics ansatz [32]. Suppose we wish to solve the variable

speed wave equation:

(

Oou(z,t) =0 (x,t) € R" x R,

u(z,t) |imo=f v e€R™, (1.5)

Opu(,t) li=o=9g = €R"
\

The geometric optics ansatz states that the solution to this PDE will be of the

following form:

u(x,t) = ; (271r)” /n e'®o (@:1:8) (alyg(:c,t, F(E) + asy(,t,€) Al(ﬁﬁ)) ¢ (1.6)

where ¢ is assumed to be positive homogeneous of order 1 as in the constant speed
case and a;, are each classical symbols of order 0, again as in the constant speed case.

We actually seek aj, ~ > 17 a% (x,t,&) where each a¥, is positive homogeneous of
order —j in ¢ for || large. In other words, we take a;, to be classical symbols

of order 0. Now the idea is to substitute this ansatz into the wave equation and
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cancel terms of the same homogeneity degree. Doing this gives special information
about ¢,, namely that ¢, solves the eikonal equation (9;¢,)* = c*(x)|V.¢,|* with

initial conditions ¢,(0,z,£) = - . This process also gives information about each

k

aj ,, namely that they solve specific transport equations that only depend on ago for

0 <1 < k. Because of this, we are able to solve for each af}a recursively. We use this

process explicitly in Chapter [2] and implicitly in Chapter

1.1.8 Local theory of Fourier integral operators (FIOs)

The form of the solution in (1.6 is an example of what is known as a Fourier

integral operator. In general, Fourier integral operators have the form

Au(z) = / 1) 0, y, €) () dy dE

where a is an amplitude (or symbol) and ¢(z,y, &) must satisfy the following three

conditions:
1. ¢(x,y,&) is real valued

2. ¢(z,y,§) is positive homogeneous of order 1 in &

3. ¢ze#0and ¢y¢ # 0 for £ #0

Any C®(X x Y x (RV\ 0)) function satisfying the above conditions is called a phase
function. It is clear that WDOs are special instances of FIOs with phase function
o(z,y,&) = (x —y) - £ In fact, some authors, such as [7], first define Fourier integral
operators, and then define pseudodifferential operators as special cases of FI1Os.

We require ¢ to satisfy the conditions above so that we may apply the method of
stationary phase to show that the kernel I(¢;a) = [ e®@¥8q(x,y, &) d¢ is C> away

from the characteristic manifold associated with A defined by
S ={(2,4,) € X xY xRV \ 0] ¢ =0} . (1.7)

In other words, the integral above must be interpreted in the oscillatory integral sense.
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1.1.9 The canonical relation associated with an FIO

Assuming ¢ satisfies the above conditions and a(x, y, £) is an amplitude with conic
support contained in X, there is a natural relation associated with the operator A

called the canonical relation. The conditions on ¢ imply that the map

Y 2 (2,9,8) = (2, 02(2,4,6),y, —¢y(2,9,8)) € T"(X x Y)\ 0 (1.8)

is an immersion, whose image we’ll call Cy. This image is a conic Lagrangian sub-

manifold of 7*(X x Y') \ 0 and is called the canonical relation associated with A.

1.1.10 The effect of FIOs on wave front sets

In general, given an FIO, call it A, with canonical relation C', and a distribution

u, we have the following inclusion:
WF(Au) C C o WF(u),

which is analogous to the statement on WDOs and wave front sets. Really, this is
a generalization of the statement for WDOs, because viewing a WDO as a special
instance as an F'10, it is the case that the canonical relation associated with a YDO
is the identity relation. In [14], it is shown that if A is an elliptic FIO (that is, if
A can be inverted up to a smooth error), then, denoting C' as the canonical relation

associated with A, given any distribution u € &£’ it is the case that
WF(Au) = C o WF (u). (1.9)

In other words, singularities of u are moved by the canonical relation in a predictable
way. This makes the microlocal calculus very useful in solving inverse problems related

to the recovery of singularities, such as in medical and geological imaging.
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2. Thermoacoustic tomography with circular integrating

detectors and variable wave speed]|

Thermoacoustic Tomography is a medical imaging method in which a short pulse of
electromagnetic radiation is used to excite cells in some object we wish to image, typi-
cally the organs of a patient. Upon absorbing the EM radiation, the cells in the patient
in turn vibrate, creating ultrasonic waves that then propagate out of the patient and
are measured by any number of methods. Using this measured data, we then try to
reconstruct, in some sense, an image of the inside of the patient. This is a hybrid imag-
ing method which uses high contrast, low resolution EM radiation to excite the cells,
and low contrast, high resolution ultrasound waves as measurement [23|. The hope
is to be able to get an image with good contrast and resolution by combining these
two types of waves. The case of point-wise measurements with constant and variable
wave speed in the region of interest has been studied extensively [18}28,135]. Other
methods of measurement of the ultrasonic waves include measurements with linear
integrating detectors [17], planar integrating detectors [10,[29] and circular integrat-
ing detectors or cylindrical stacks of circular integrating detectors [36,37]. Circular
integrating detectors have a few advantages over linear integrating detectors and pla-
nar integrating detectors, including compactness of the experimental setup [36]. The
case of planar integrating detectors was studied in [29], and that work focused on the
problem with a smooth, variable wave speed. The case of circular (and cylindrical)
integrating detectors with constant wave speed has been studied in [36,[37]. In those
works, explicit formulae are given for reconstruction of an initial pressure density us-
ing full measurements, i.e. measurements for every circular integrating detector of a

fixed radius with center on the unit circle, for all time. That reconstruction is stable

IThis chapter was submitted to and published in the journal Inverse Problems and Imaging [21]
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in the case that the object being imaged is contained in the interior of the circular
integrating detectors, but is unstable for the case that the object lies entirely outside
of the circular integrating detector. The present work focuses on the case of circular
integrating detectors in the plane with a 2 dimensional region of interest, i.e. we are
focusing on the 2 dimensional problem. Further, we do not make a constant wave
speed assumption, we only assume that the wave speed c(z) > 0 is smooth in all of R?
and is 1 outside of a compact subset of R?2. We show that the measurement operator
in this case is a Fourier Integral Operator and compute its canonical relation, which
happens to be a local diffeomorphism, thus allowing us to determine how singularities
in initial data propagate to the measurement data. We also show that this operator
is injective and prove stability of the measurement operator, and in addition we prove
what singularities in the initial data are visible from a fixed open subset of the set
of points on the circle where the measurements are taken in a given time interval.
Lastly, we provide numerical results obtained through simulation in Matlab using

both full and partial data that support our findings.

2.1 Setup

We begin by defining the space of distributions that our initial pressure distribu-

tion must be in. Let

Hp(0) = {f ce@)] [ vipa < oo} ,

where 2 C R? is open and &£'(2) is the space of distributions compactly supported
in 2. This is the natural space in which to take f when the energy of the system
is taken into consideration. Let ||f||%, o) = Jo|VfI*dz. The space Hp(9) is the
completion of C§°(Q2) under the given norm. We know C§°(2) is a normed space
taken with this norm for any open €2 so that Hp(f2) is indeed a normed space with
this norm for any €2 open, and we only work with {2 open and bounded. We further
suppose that Q C B;(0) where B (0) is the unit ball in R? centered at the origin. We

view f as an initial pressure distribution of some object to be imaged represented by
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Q). Then, after exposing {2 to microwave radiation, the ultrasonic waves created solve

the acoustic wave equation given by

¢

OPu(t,xz) = A(x)Au(t,x), (t,r) € R x R?

u(0,2) = f(z), f(z) € Hp (Q) (2.1)

Ou(t, z) |=o= 0, r € R?
\

where 0 < ¢(z) € C*°(R?) is the smooth wave speed, assumed to be known. Outside
of 2, ¢ = 1. The problem of interest is to detect these waves, solutions u(t,x) to the
above wave equation, with detectors located outside of Bg(0), and then using these
measurements, reconstruct the initial pressure distribution f. As mentioned in the
introduction, extensive research has been done in the constant speed case (c¢(z) = 1
for all x € R?) and variable speed case with point detectors in which we assume
access to u |pxr where I' C S l'is open and U C R is some time interval. Research
has also been done for linear and planar integrating detectors in both the constant
and variable speed case, and also circular and cylindrical integrating detectors in the
constant wave speed case. When imaging with these integrating detectors, instead of
assuming direct access to u on some open subset of the boundary of {2, the measured
data is an average of u over a circular detector of radius r centered on the boundary
of the ball of radius R (which we will choose later), and data is assumed to be
collected on an open subset of of this boundary, not necessarily the entirety of the
boundary. The present work considers the problem with variable speed in €2, and
circular integrating detectors. We will have two cases to consider, which we will call
the large radius detector case and the small radius detector case, which are depicted
in Figure 2.1, The large radius detector case is the experimental setup in which €2
is on the “inside” of the circular integrating detectors, and the small radius detector
case is the setup in which € is on the “outside” of the circular integrating detector.
We note as in [36] that since it is possible to fabricate optical fibers out of materials
which have nearly the same acoustical density as the surrounding fluid in which they

are contained, there should be little refraction effects expected, and so we will neglect
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any interference in ultrasonic waves caused by interaction with the circular integrating

detectors.

2.2 Construction

We are interested in seeing what singularities we can recover from rotating a
circular integrating detector around some object that has been heated via microwaves.
To start, we recall that solving the wave equation (as above) up to a smooth error, for
x € R? can be accomplished by use of the geometric optics construction (see Section
3 of [32] or Example 2.1 of chapter VI in [34]). The geometric optics ansatz is that
the solution to ([2.1)) is of the form

1 . ~
) = G 2 [ et ) (e) de.

where each a,(t,z,€) is a classical symbol of order 0, and each ¢, is positive homo-
geneous of order 11in &, i.e. ¢(t,x,\§) = Ao(t, z, &) for A > 0. The motivation behind
this ansatz comes from looking at solutions to for the case ¢ = 1, in which case
the solution to is of the form

u(t,z) = (2%)2 (/ ei(:r-éHiD@ de + /g@-&tm)@dg) .

After substituting our ansatz into , we obtain the following condition: ¢, solves
the eikonal equation: ((¢o):)* = ¢*(x)|V.¢,|* with initial condition ¢,(0,z,&) = z-&.
The eikonal equation is only solvable locally in time, which results in our solution
u(t, z) being only a local solution in time. This will not actually be an issue however,
as we can follow a procedure outlined in the proof of Proposition 3 in [28] to construct
an Fourier integral operator that is defined for all time. The Fourier Integral Operator
that results from this construction is then actually a composition of Fourier Integral
Operators. Because of this, we may assume that the eikonal equation is solvable until

geodesics intersect circular integrating detectors.
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We assumed that a, was a classical symbol of order 0, so we may write
o(t,x, &) ~ Zau (t,z,8),
j7>0

where af )(t, x, &) is positively homogeneous of order —j for || large. Because of this,
after substituting the geometric ansatz solution for u into , we find ¥ (t,z,€)

solves the transport equation

<(3t¢a>(9t — (2)(Vats) - Vi + %(af - 8(@%)@,) a® =0

with initial conditions a%” (0,2, &) = 1/2. The last term on the left hand side of this
equation acts on a? by multiplication. The lower order terms can be calculated
recursively in a similar way.

Note that we may assume that a, = 0 for |{| < R for some R > 0, as this only
affects our solution for u(t, ) by a smooth error [34]. To see this, let x (&) € C5°(R?)
with x > 0, and x = 1 for || < R and x = 0 for [{| > R + € for some R and e

positive. Then the operator M’ defined by

Myf(ta) = [ @ a b0, O (6) de.
is smooth in (¢, z), because for m € N and « a multi-index,
oo ( oo (t,x,€)x ()

is smooth by assumption on ¢, a and y, and compactly supported in &, so that the

integral defining M’ is well defined for any m and «. We then note that

wt:1) = 3 s (f 00 3@t O de+ 1110,

And (1—x(&)a(t, z,£) = 0 in a neighborhood of £ = 0. So, modulo a smooth function,
we may assume that a(t, z,&) = 0 in a neighborhood of £ = 0.

Now in the situation of Thermoacoustic Tomography using circular integrating
detectors around the object we wish to image, the measurements at the detector are

given by the circular Radon transform:
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MF(t,0) = 2i/0 "t C (0. ) da,

™

where C(0,a) = R(cosf,sinf) + r(cosa,sina) is a parametrization of the circular
detector, R is the distance from the origin to the center of the circle, r is the radius of
the circular detector, 6 is the angle made between the positive horizontal axis and the
ray from the origin to the center of the circle, and wu(t, z) is the solution to the IVP
(2.1). The radius of the circular integrating detector, r, must be chosen so that the
detector does not intersect 2. To accomplish this, we must have either r small enough
so that R—r > 1, guaranteeing the detector does not intersect 2 C B;(0), or, we could
fix R = 1 and choose r > 2, in which case () is contained in the interior of the disc
defined by the detector (see Figure . For convenience, we define @ = (cos @, sin ).
We can rewrite M f by using the ¢ distribution:

Mf(t,0) = %/W u(t, z)o(|z — ROI> — r?) dx.

We now plug in our solution for u obtained via the geometric optics construction
and denote by M, and M_ the operators taking o = 4+ and o = — respectively after
substituting the geometric optics solution in M f(¢,6). Then Mf = M, f + M_f,

where

Muf0) =3 [ @m0 b €)(6) della RO —17)da

473

M_f(t,0) = L //R . -8 (t 2, €)f(€)des(|x — ROP> — r?) du.

43

We drop subscripts in the integral for now and consider only M, ,

Mof(0) =15 [ e Oatt ) (6) dele — ROP ~ %) d

43

We make use of the fact that 5- [ eMe=ROP=r") g\ — §(|z — RO> — r2) to say

1 ) ‘ 2 A
My f(t,0) = — / / / O ROT0 0 (1 3 €) f(£) dE d da.
87 R2xRxR2
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Lastly, we unpack the Fourier transform of f to get

1 . . 't
M f(0.0) = g [[[ [ timermtenor a6 )y de i de

where we have identified R? x R? x R x R? with R”. This is an indication that the

measurement operator M, is a Fourier Integral Operator with phase function
O(t,0,y: X, 2,6) = ¢(t,2,€) + M|w — ROP —1%) —y - €.

One issue with the phase function is that ® is not homogeneous of degree one
in the fiber variables (A, z,§), but this can be fixed by making a change of variable.
Let & := x|(€,\)], where |(\,€)] = /A2 + &2+ €2, and define ®(t,0,y;\, 7, &) =
O(t,0,y; A, ﬁ, ¢). This makes ® homogeneous of degree one in the variables (X, Z, £).
Further, the derivatives ‘it,e,/\,a?,g and i)y,)\,;i,f are nonzero for (A, Z,£) # 0, and so this
is a true phase function and we can proceed. After making this change of variable,

we now write M, as

M, f(t,0) = # / / / /R 7 e2EIUAEO G (¢ 7 € ) f(y) dy dé d\ di

where
T

36560 = a (t,m,s) (€.

Note that because we assume a(t, x,&) = 0 near £ = 0, there is no singularity caused
by the factor of |(A,€)|* in a(t,Z,&,\). Also, because a is an amplitude of order 0,
we can see that a(t,z, \,§) is an amplitude of order —2, and by [13], M, is a Fourier
integral operator of order —1/2. Note that this change of variable does not affect the

characteristic manifold for ®, which is defined as the variety

2 = {<t7 07 y; )\7 x7€> ’ ®)\7x7£ = O} °
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To see that this set is unaffected, note that

~ T
Sy =0y + D, () |
T <|<5,A>|)A

KA

P,

T

[SPVIK

~ T
b, — D, + D, - ,
e~ Rt (\(m)\)g

so that ®; = 0 if and only if &, = 0, from which it is clear that Ci>,\7275 = 0 if and only
if Dy e = 0.

We wish to find the characteristic manifold and canonical relation associated with
the measurement operator M, . Taking the derivative of ® with respect to (A, z,§),

we see that this gives the system of equations

|z — ROI> —r? =0
s+ 2\(z — RO) =0

e —y =0

We’ve made no assumption on which experimental setup we’ve chosen to examine
so far. There are two different cases, as mentioned above: (1)R —r > 1, which we
will call the small radius case, and (2)R = 1 with r > 2, which we will call the large
radius case. The analysis of these two cases are largely the same, but with a few key

differences. We examine both cases.

2.2.1 Case 1: Small Radius

From the system of equations obtained by looking at the characteristic manifold
of the FIO, we see that ¢ = y, and by the geometric optics construction, z lies on
the geodesic v, £(t) issued from (y,€) where € = £/(c|€|) is the unit covector in the
metric identified with a unit vector, and (v, #(t), c[{|¥, ¢(¥)) = (2, ¢»). Now from the
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first equation, we know that x = (1, x2) must lie on the circular integrating detector
of radius r with center Rf. So z is the intersection of the geodesic 7, ¢ with the
circle defined by |z — R@|?> = r%. There are two of these points of intersection in
general (we will show that the geodesic does not intersect the circular integrating
detector tangentially if the singularity is to be detected), which we label z1 ;(y, &)
and 24 2(y, £). Also denote the times at which these intersections occur ¢t 1(y, &) > 0
and t4 »(y, &) > 0 respectively.

Finally, we have from the second equation ¢, = 2A(R@ — x). This tells us that
Yye(t) is parallel to x — R, provided that A # 0 (in which case v, £(¢) intersects
the circular integrating detector tangentially). Supposing for a moment that A = 0,
then taking magnitudes on both sides of the equation ¢,(t,z,&) = 2A(RO — z), we
obtain |¢,(t,z,§)| =0 = c(y)[¢[|},¢(t)] = 0. This in turn means |, ¢(t)] = 0 as
c(y) # 0 for any y € R? and £ is a non zero vector. But we know near the integrating
detectors, that |, ¢()] = 1, a contradiction, so A # 0 on the characteristic manifold.
And so the geodesic intersects the circular detector perpendicularly. We know that

¢z = c[&]7, ¢(t), And ¢ =1 outside of the region of interest, so that

[Asil == cy)/(2r)[€]l (3, ¢ (tr0))| = cly)/(2r)E].

Note that Ay ;1 > 0 and Ay 2 <0, so that Ay 1 = c(y)/(2r)|¢] and Ay 2 = =X 1. We'll
simply denote Ay := Ay ;. Because Vy,g(t) intersects the circular integrating detector
perpendicularly, it must go through the center of the circular integrating detector, as
outside of £2, we know that ¢ = 1 implies that 7, ¢ is a straight line near the integrating
detectors, and so we see that 8 =, ¢(t11(y,§) +7)/R =, ¢(t+ 2(y,§) — 1)/ R, where
r is the fixed radius of the circular integrating detector. This gives then the entire
characteristic manifold parameterize by (y, £), giving a smooth manifold of dimension

4 consisting of 2 connected parts. Define

Y1 = {1,800y, ), u; A\ (1, 6), 241(y,6),6) | (y,€) € T*(2) \ {0}},

and

E+,2 = {(t+,2(y7 5)7 0(y7 5)7 Y; _)‘+(y7 g)’ x+,2(ya g)? 5) | (ya g) € T*(Q) \ {O}} .
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Then ¥ = >, 1 U, > as a disjoint union.

Figure 2.1. Two different experimental setups shown depending on the
radius of the integrating detector. On the left is the small radius case,
and on the right is the large radius case.

The maps given by
EJr > (ta 97 Y; )\7 z, 6) = (ta 07 Y; (I)ta (1)97 qDy)

are calculated as

R
213 (0,550, 2,8) = (t,8,y; —c(y)lE], ——c(y)€l(@ — (2 - 0)0), =€)

The analysis for 0 = — is the same giving us t_;(y,£) < 0,2_,(y,§) for i = 1,2
and @_. We also see that A\_; < 0 and A_3 > 0. Denote A_ := A_;. We see that the

maps

513 (1,0,5:0,7.6) o (1,0, 5 Fey)lEl, Fclw)l(x — (z-6)8),—¢)

are smooth and of rank 4 making M a non-degenerate FIO (see |34] chapter VIII).
This means the canonical relations associated to the operators M, and M_ are local

graphs given by
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C’:I: = {(t> Oa (pta (1)0; Y, —@y) | (ta 07 Y; /\7 x, g) € E:I:}
= { (ti,m 6, Fc(y)l¢], :Fgc(y)lﬂﬁy,g(ti,z‘) — (@4, 0+)01);y, 5) }

such that (y,€) € T*(Q2) \ 0, where i = 1,2. Here, 0, = v, :(t;1(y,§) +)/R and
0_ =7,:(t-1(y,§) —r)/R. Writing this as a mapping, we have

Ci : (y75) =

(£, 0, Fe()l€], £ 2e()[e] (a1 - 02) 9 eltas £ 1) =7, ¢ltn) )

(£, 0, Fe)lEl FEeW)IE] (222 - 02) 9, eltaz F7) = 7,(t22)) )

Where 24 ; = x4 ,(y,§), 01 = 0.(y,§), and t41 = tL1(y,&) and similarly, t1o =
t+2(y,€). The canonical relations for the operators M, and M_ are each one to two

and of the above form. The above has shown the following:

Theorem 2.2.1 For R —r > 1, the operator Mf = M, f + M_f defined above is
a Fourier Integral Operator of order —1/2 associated with the graphs of canonical

relation given by
CcC=C,uc_,
where
Cy =
R
{(ti,ia 0., Fc(y)[E], £(=1) ?c(y)lf\ (’Y%g(ti,i) — (@44(y,€) - ei)ei) ;y,f) } ,

(tei=1tsi(y, &) and 01 = 0. (y,§)) with (y,§) € T*(2)\ 0 and i = 1,2.

Note that this canonical relation is locally one to four.
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2.2.2 Case 2: Large Radius

In this case, the analysis is almost entirely the same, except there is only one point

of intersection of the geodesic 'yy’é(t) with the circular integrating detector defined by

|z—8| = r (see Figure.1). We then have Xy = {(t+(y,€), 0+(y, &), y: £A(Y,§), 2+(y.€).€) |
(y,€) € T*(R2) \ {0}}, and the canonical relations are given by

Cy =
{00 7l F7eIEl 0 5002) = (0202002799 0.6) € T*(@) V0

Here t+ = tL(y,&), 0+ = 0L(y,&) and 1 = x4(y,£). The canonical relations are

each (local) graphs in this case, and we have an analogous result as in the first case:

Theorem 2.2.2 For R = 1 and r > 2, the operator Mf = M, f + M_f defined
above is a Fourier Integral Operator of order —1/2 associated with the graph of the

canonical relation given by
C=CLuC_,
where
Cy =
(02 Tl F L]0, ) — (- 620820, (0.8 € T 0}
with ty = t4(y,§), 0+ = 0.(y,§) and 1 = v4(y,§).

This canonical relation is locally one to two, as each individual canonical map is
locally one to one.
Note that the maps Cy and C_ are not globally one to 1, although each are locally

one to one, for suppose (looking only at C'; for a moment)

(t(y1,61),0(y1, &), T(y1, 1), wlyr, §1)) = (E(y2, 2), O(y2, &2), T(Y2, &2), w(y2, &2))

where 7(y, &) = —c(y)[¢] and w(y, &) = —1c(y)[€](z—(2-0)0(y, €)) and = = 7, £(t(y, €)).
We'll call z; = x(y;, &) for i@ = 1,2. Then clearly we have t(y1,&1) = t(y2,&2) and
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0(y1,&1) = O0(y2,&), which we’ll just label ¢ and @ respectively. We also clearly
have c(y1)|€1] = c(y2)|&]. Suppose for a moment that (z; — x3) - - = 0 where
0+ = (—sin(f), cos(h)) is the unit vector perpendicular to @. Then note that

w(y1,&1) — w(y2, §2) =1 — (21 - 0)0 — (22 — (72 - 0)0)
=(zy — x9) — [(x1 — 72) - 0]0

Now note that (w(y1, &) —w(y2, £))-0 = 0 and (w(y1, &) —w(ys, &)) -0 = 0. Because
0 and 6 are linearly independent, this shows that w(yy,&;) — w(ya, &) = 0 or in
other words that w(y1,&1) = w(ye, &). This shows that, provided t(y1,&1) = t(y9, &2),
0(y1,&1) = 0(1a,&), c(y)léa] = c(y2)|&] and (21 — @) - 87 = 0, that (y1,&) and
(y2,&2) get mapped to the same point under the canonical relation. However, for ¢

close enough to 1, this will not happen locally.

2.3 Injectivity
2.3.1 Case 1: Small Radius

Let u(t,z) be the solution to (2.1) and ' C S* be open. In local coordinates,
suppose I' is the open interval given by I' = (6;,6s), with 0 < 0; < 0, < 27. Then,
for @ = (cos(#),sin(f)) € I', we have

Mf(t,0)= 2i /027r u(t, Ry cos(0) + rcos(a), Rysin(0) + rsin(a)) do

™

Where Ry is the distance from the origin to the center of the circular integrating
detector. For fixed r > 0, we may view R as variable with R > Ry > 1+ r (i.e.
we may translate the circular integrating detectors away from the region of interest).

We denote this by letting M f(t,0) vary with R and denote the operator then as
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Mf(t,0; R) and note M f(t,0) = M f(t,0; Ry). Let P(t,0,R) = M f(t,0; R). Then

we see that
R?Py(t,0,R) — R(RPr(t,0,R))r — Pyy(t,0,R) =0 (t,0,R) € RT x F
P(t,0,Ry) = M f(t,0) |ger, (t,0) e RT x T, (22)
P(0,0,R) =0, (0,R) €
\Pt(O,Q, R) =0, (0,R) €

where I' = T’ x [Ry,00). This can be seen as follows: first note to save space, u
and all of its partial derivatives are understood to be evaluated at (¢, Rcos(f) +

rcos(a), Rsin(f) + rsin(a)). We have

1 27
Py(t,0,R) = Py / (—Rsin(8))u, + (Rcos(8))u, do,
T
and so we have
Py =
1 27
Py R?sin’(0)ug, — 2R?sin(0) cos(0)uy, + R? cos®(0)uy,
T Jo

— Rcos(0)u, — Rsin(0)u, da.
Noting that
R?sin®(0)uy, + R? cos®(0)uy,,
=R?sin’(0)uy, + R? cos®(0)ug, + R sin?(0)uy, + R* cos®(0)u,,
— (R? cos?(0)uy, + R*sin®(0)uy,)
=R*Au — (R? cos®(0)uy, + R?sin®(0)u,,),

we see that
Pp(t,0,R) =
1 2m
o R?Au — (R? cos®(0)uy, + R? sin®(0)uy, + 2R* sin(0) cos(0)uy,
T™Jo

+Rcos(0)u, + Rsin(f)u,) da.
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Remembering that Au above is evaluated at (¢, Rcos(0) + rcos(a), Rsin(0) +

rsin(a)), where ¢ = 1, we have

Pyo(t,0, R) =
1 2m
gy R*c?Au — (R? cos®(0)ug, + R?sin®(0)uy, + 2R*sin(6) cos(6)u,,
T Jo

+Rcos(f)u, + Rsin(f)u,) da,

so that

1 2w
Pga(t, 9, R) = 2—R2/ Ut da—
0

™

1 2
o / (R? cos®(0) g, + R? sin?(0)uy, + 2R*sin(0) cos(8)uy,+
T Jo

R cos(0)u, + Rsin(0)u,) da,

and

1 2m 1 2m
% ; Uttd&:% (/; Ud()()ttzptt(t,e,R).

So we only need to show that

R(RPR)r =
1 27
o /. (R? cos®(0) gz, + R? sin?(0)uy, + 2R*sin(0) cos(6)u,,+
R cos(0)u, + Rsin(f)u,) da.
This follows from direct calculation and the chain rule.

Rewriting (2.2)) in a more standard form, we have:

( ~
Pu(t,0,R) — L(RP(t,0, R)r)r — = Poo(t.0,R) =0, (t,0,R) € R* x T,
P(t,6, Ry) = M f(t,0) |ser, (t,0) € Rt x T, 2.3
P(0,0,R) =0, (0,R) €T,

th(0797R) :07 (G,R) EF

where again I' = T’ x [Ry,00). We note that (2.3) simply says that P(t,6, R) is a
solution to the constant speed wave equation in polar coordinates with initial condi-

tions P(0,0,R) =0 for R > Ry > 1+, P,(0,0,R) = 0 and P(t,0,Ry) = M f(t,0)
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for t > 0 and 8 € I'. It is well known that the wave equation on an open subset
of R? has a unique solution (See Chapter 6, Section 2 of [33] or Chapter 5, Section
1(d) of [15]), and so the solution to is unique. To show then that M f(t,0) |ser
uniquely determines f, we need to show that Mf(¢,0) |sper= 0 = f(z) = 0 by
the linearity of M. So then, we assume that M f(¢,6) = 0 for t € RT and 0 € T
By the uniqueness of solutions to the wave equation, this tells us that P(¢,0, R) =0
for any (¢,0, R) € R™ x I' x [Ry,00). Let T € R. We may extend u(t, x) in an even
way for |[t| < T so that u is still a solution to the wave equation, and so we may
extend P(t,0, R) in an even way such that P(¢,0, R) = 0 for |t| < T. By finite speed
of propagation, we know that supp w(7,-) C Bi+r(0). Let 6y € I'. Note that the
set A= {(0,R) |60 €T, R> Ro} is open and connected in R?, because I' C S is
an open interval. We know that the circular Radon transform of u(7,-) is 0 for any
0 € I' and for any R > Ry. Further, because the interior of these circular integrat-
ing detectors is just D(0, R) = B,.(R6), we can take R > Ry large enough so that
supp u(T,-) N D(6y, R) = 0, because supp u(T,-) is contained in a bounded set. It
follows then by Theorem 1.2 in [25] that supp w(T), -) is disjoint from U ryeaD(0, R).
So in particular, there is a neighborhood V' of xy = Ry8 such that u(7,z) =0 on V.
T was chosen arbitrarily, so this result holds for all |¢| < T', and so by Tataru’s unique
continuation, u(t,z) = 0 in the domain of influence |¢| + dist(x, xy) < T. So, taking
T large enough so that dist(z,zy) < T for all x € 2, we see that u(0,z) = f(z) =0,
and so M f(t,0) |omxr uniquely determines f.

2.3.2 Case 2: Large Radius

Again, we consider u(t, z) a solution to (2.1). We consider only the full data case
I' = S'. Then in this case, in which R = 1, we have that the measurement operator

Mf(t,0) is given by

Mf(t,0) = 2i /27r u(t, cos(f) + ro cos(a), sin(f) + ro sin(a)) da
T™Jo
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where rg > 2 is the fixed radius of the circular integrating detector. We may however

view r as variable, noting the operator with variable detector radius by

Mf(t,0;r) = i/0 Tru(t,cos(@) + rcos(a),sin(f) + rsin(«)) do

27

Where r > rg > 2. Let P(t,0,r) = M f(t,0;r), where § € I and r > 9 > 2. Note
that P(t,0,r0) = M f(t,0) for € T". It follows then that P(¢, 0, r) solves the following
PDE:

(
Py(t,0,r) — %(rPT(t,G,r))r =0 (t,0,r) e R" x T X [rg,0)
P(t,0,ry) = Mf(t,0 t,0) e Rt x T’
(t,0,70) (t,0) (t,0) (2.4)
P(0,0,r)=0 (0,r) €' x [rg,00)
\Pt(ou 97T> =0 (6,7’) el x [T‘(), OO)

We see this as follows: (Again note that v and all of its partial derivatives are under-

stood to be evaluated at (¢, cos(f) + r cos(a), sin(f) + rsin(a)).) We have

1 2m
P.(t,0,r) = 2—/ cos(a)u, + sin(a)uy, dov.
0

™

We integrate by parts to get

1 2m
P.(t,0,r) = %/0 (rsin® @)y, — 2r cos(a) sin(a)uy, + (r cos®(a))u,, da.

Then, we use the fact that
7 8in®(Q) gy + 7 c08? (@)uy, = rAu — 1 co8* (@)U, — rsin®(a)uy,,
to obtain

1 27
P.(t,0,r) = o / rAu — T(COSZ(Oé)um; + 2 cos(a) sin(o)ug, + Sin2(a)uyy) da.
0

We recall that u and its derivatives are evaluated at (t,cos(f) + r cos(a),sin(f) +

rsin(a)) where ¢ = 1, so that Au = uy there and we see that
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P.(t,0,r)
1 21 1 27
=r— / Uy dov — r— / c08? (@) Uy, + 2 cos(a) sin(a)uy, + sin®(a)u,, da
2 0 2 0

1 2
=rPyu(t,0,r) — r2— / Cos2(a)um + 2 cos(a) sin(a)uy, + sin2(a)uyy do
™ Jo

=rPyu(t,0,r) — rP,.(t,0,r).
The last line can be seen by direct calculation of P,.(t,6,r). Rearranging we see
rPy = rP., + P, and then follows. This partial differential equation is the
wave equation with axial symmetry in an open subset of R?, and so solutions to this
equation are again unique by [15}33].

To show that M f(t,0) determines f uniquely for # € I, by the linearity of M, we
need only show that M f(¢,0) = 0 for all (¢,0) =[0,7) xI' = f = 0. We note that
Mf(t,0) =0forall (t,0) € [0,T)xI" = P(t,0,r) =0, because P(t,0,r) = 0 clearly
solves the PDE ([2.4)) in this case, and this solution is unique. For any 7" € R, we know
that supp u(7,-) C By47(0), and so for any finite 7', u(7T',-) has bounded support.
Let 6y € T', T € RT. Let r; = sup{r > ro | C(0y,7)Nsupp u(T,-) # 0}, where C(6y,r)
is the circle centered at 8y with radius r. We know, because supp u(7T,-) C By17(0),
that {r > ro | C(6y,7) Nsupp w(T,-) # 0} is bounded above by 2 + T. Assume that
this set is nonempty so that r; > g is finite. Then we have C(6y, r1)Nsupp u(T,-) # 0
by the compactness of supp u(7,-). Let x € C(6y, 1) Nsupp u(T,-), and let (z,§) €
N*(C(6y,71)). By construction, supp u(7, ) is on one side of C'(6y,71) at x, so that
by Theorem 8.5.6 in |14], we have that (z,£) € WF 4(u(T,-)). Note that as in the
terminology of [25], it is impossible for x to be a C(6y,r1) self mirror point, for
tracing (z, ) back along the geodesic defined by (z, ), we see that the geodesic never
intersects the interior of B(0), which is impossible. So then, there are two cases
we must consider. First we consider the case where the C(6p, 1) mirror point of
x, which we will call Z, is not in the intersection C(6y, 1) N supp u(7),-). Then, by
the compactness of supp u(7T,-), we have u(T,-) = 0 in a neighborhood of Z. We
also have P(T,0,r) = 0 in a neighborhood of (0y,r;) € T x [rg,00). It then follows



32

by Proposition 2.4 of [25] that (z,&) € WFa(u(T,-)), a contradiction to (z,§) €
WF 4(u(T,-)). Tt follows that {r > ro | C'(0o,r) Nsupp u(T,-) # 0} is empty and so
supp u(T,-) C By, (o).

The second case we consider is that 7 is in the intersection C'(6y, r1)Nsupp u(7, ).

We'll show that there then exists 6; € S! and ry > 71, such that
0(01,7‘2) M supp U(Tv ) = {"Z‘}

Assume for now that this is the case, and let (#,&) € N*(C(61,73)). Then again,
we have by construction that supp u(7),-) is on one side of C'(6;,72) at & and so
(,€) € WF4(u(T,-)). It also follows as before that u(T, -) is zero in a neighborhood
of the C(6y,ry) mirror point of Z. We then see again from Proposition 2.4 of [25] that
(z,€) & WF4(u(T,-)), a contradiction. It follows again that supp u(T,-) C B,,(0y).
That f is zero then follows from Tataru’s unique continuation as in the small radius
case.

Now we show the existence of the circle C(6;,r9) with property that
C(6h,72) Nsupp u(T,-) = {7},

mentioned above. We let C'(6y, 1), and x, T be as above. We define the sets C~(6y,71) =
{y € C(bp,71) | (y—60)-00 < 0}, and C*(6p,7m1) ={y € C(b,71) | (y—60)-60 > 0}.
It is clear that B;(0) is contained in the interior of the region bounded by C'~(6y,71)U
L(6y,71), where L(6y,71) is the diameter of C'(6y, 1) defined by the vector 03. We
may assume without loss of generality that x € C~ (6, ), for if not, we may simply
swap the roles of # and Z in what follows. Now x € C~(0y, 1) = T € C*(6y,71),
because x cannot be a C(fy, 1) mirror point, as we have shown. The line ¢(t) defined

by
((t) = B + t(Z — o)

intersects S' at 2 points: 8, and

20, - (2 —6) , .
elzeo—w(l’—eo).

1
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This implies there are two distinct circles with centers on S! such that (z, (Z — 6))
is in the conormal bundle to these circles, namely C(6y,r1) and C(6y,73), where

ro = |Z — 61]. Note that

27— 6y) - 0y,

Ty =|T — (0g — ———5——(T — 0))
i
N 2(x —0y) - 0
:(x—e@(y+i——§ﬁ—ﬂﬂ
51
=ry 1+_2(l’ _TOQO)'G_O >
1

where the last inequality follows because

2(x — 0y) - 0
T € C+(90,’r’1) - w > 0,
7
so that
2(x —0y) -0
1 —+ w > 1.
L
From this we see then that r, = r; + 22=00)-60 Now, we need only show that

1

C (64, 79) Nsupp u(T,-) = {Z}. Clearly by construction, Z is in this intersection. Also
note that by the choice of r1, that C(6y,r) Nsupp u(T,-) = 0 for all r > r1. So let

y € C(61,72). Then, we have using the triangle inequality

ly — 6] >|y — 01 — |01 — 0|

2(2 —6y) -0y, .
:m_-i—?g—ﬁa—ew

=T,

so that |y — @g| > 71, and equality holds only when y — 8y = a(8; — 6,) for some
a > 0, but this is only the case when y = Z. So, we’'ve shown that y € C(0y,r) —
ly — Og| > ry if y # Z. In other words, y # & = y € C(0y,r) for some r > ry, so
that so that y & supp u(T,-), and in particular, y & C(01,r2) Nsupp u(T,-) if y # .

This completes the proof in the large radius case for full data.
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2.4 Stability

It is natural to take f € Hp(Q)) C Hj(Q2) when taking conservation of energy
into consideration. By the above theorems, in both the small and large radius cases,
we have that M f(t,0) is an elliptic FIO of order —1/2. We will model finite time
measurements in [0,7] by premultiplying M f(¢,6) by x € C§°(R) with supp x C
[—1,7] for T < Ty < oo, and x = 1 on [0,7]. Now because M is an FIO of order
—1/2 associated with the graph of the canonical relation C, we have M* is also an
FIO of order —1/2, and it is associated with the canonical relation C~'. M*xM then
is an elliptic pseudodifferential operator of order —1. This implies that a parametrix

B, which necessarily is an elliptic ¥DO of order 1, exists such that
BM*xM =1d — R,

where R is a regularizing operator. We may assume that B is a properly supported

UDO, which means B, B : £'(Q) — £'(Q). From this we see that

| fll 1) S NBM XM fllg1 @) + [[Rf] 22(0)-

B is a continuous linear operator, so we have

[l ) < ClIM* XM fllm20) + [|[Rf || 2200,

for some C' > 0, independent of f. And lastly, M* is a continuous linear operator, so

we have from [14], Cor. 25.3.2.,

1) < CIXM fllmsrzomxsty + 1Rl c2(e)-
Note that because we’ve multiplied M f(t,6) by x and M f(t,6) has 6 support in S,
which is a compact manifold, that xM f(¢,0) has compact support in (0,7 x S,
and so the norm above in H*?2([0,T] x S') is finite. By virtue of the injectivity of
XM f(t,0), we may then write (at the cost of possibly increasing C”)

HfHHl(ﬂ) < C/||XMfHH3/2([0,T]><Sl)'

This gives stability of the measurement operator M.
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Theorem 2.4.1 Let f € Hp(2), and M f(t,0) be defined as the either of the mea-
surement operators above. If x € C§°(R) with x = 1 on [0,T], then we have the

following stability estimate:

Hf”Hl(Q) < CHXMfHH3/2([0,T]><Sl)'

2.4.1 Visible Singularities

A singularity (y, &) € WF(f) is called visible on an open subset U x I" of R x S for
M if it creates a singularity in the measurement data M f |y«r. Now because M f is
an elliptic FIO associated with a local canonical graph C' (See Theorems ,
we know by [14]

WF(Mf) = C o WE(f).

Let (t9,00) € R x S! and let U x T' be an open neighborhood of (ty,8y). By
the above arguments (Theorems 1 and 2), we know that singularities (y, &) € WF(f)
split and travel along geodesics (fyy’g(t),c(y)lﬁ \f'yy’é(t)>, and that this will create a
singularity at (Zg,8p) if and only if the geodesic intersects the circular integrating
detector with center 8y perpendicularly at time ¢y, with no singularity to mask it
intersecting the circular integrating detector at mirror points on the circle (i.e. an
antipodal point in the small radius case, and a C'(, r) mirror point in the large radius
case). Therefore, to determine those singularities of f that are visible from U x T,
we simply trace all geodesics that go through RO back to 2 and see if they have
nonempty intersection with WF(f), see Figure 2.2]

For each (¢,0) € U x I', A € R\ 0, let

Ao = {(7@,%1%9)(?5), /\%(x,@)(tw ||z — ROl =1, (x — RO) -0 > O}
and

Ajpo = {(MZ_TJ)@), My Ra)(t)) ||t — ROl =1, (x — RO) -0 < o} .

T
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Figure 2.2. Singularities that may be visible from 6y € I" in both the cases
(left) R —r > 1 and (right) R = 1,7 > 2 will lie on the geodesics issued
from the integrating detectors.

These are the sets of all points on geodesics intersecting the half circle C*(6,r)
(respectively, C~(#,1)) perpendicularly at time ¢, with tangent vector of magnitude

A. For
(7(1,1;}”’)(75)7 /\%(x,@)(t» € Afpa,

define

~ (7@,@)@),)\%@,1%9)(75)) = (7(@,@)@);)\7(@,%7”)(75)) € Afyx

where 7 is the appropriate mirror point on the circular integrating detector, depending
on the experimental setup. Now, (y,&) € WF(f) is visible from (¢,0) € U x I" if and
only if (y,£) € Aj 4, for some (£,6,A) € U x T x (R\ 0) and ~ (y,&) & WF(f). Let

Biga={,6) | (1,6) € Ay, NWF(f) and ~ (y,£) € WF(f)} .

It then follows from the above arguments that the set of visible singularities is given
by

U By \U By,
(t,0,\)€UXI'x (R\0)

We have shown the following:
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Theorem 2.4.2 Let U x ' C R x S be an open subset, and for each (t,0,)\) €
UxT x(R\O0) let A?,Ee,)\ and Btiﬂ,/\ be defined as above. Then in both the small radius
detector case and the large radius detector case, the singularities of f that are visible

from U x T in the restricted data M f |yxr are given by

U By U By,
(¢,0,\)€U xI'x (R\0)

From this we see that if I' = S and (0,7] C U, where

T =sup inf dist(z,C(60,r)),

zeQ 96[0,271’)

(where the distance is the geodesic distance), then all singularities of f are visible

assuming 1" < oo.

2.5 Numerical Results

To simulate the collection of forward data, we numerically solve the wave equa-
tion with variable wave speed using the implementation of Perfectly Matched Layers
(PML) found in [§] for a number of different smooth initial conditions. This ensures
that measured data will only come from signals inside the region of interest, and not
from reflections at the boundary of the window of computation. Then, we collect sim-
ulated measurement data on the unit circle M f(¢,6) for 0 < 6 < 27 and 0 <t < 5,
for a specific initial condition. In general, the amount of time that we collect data
should depend on the wave speed inside the medium we are imaging, and for the wave
speed we have chosen of 1+ 0.3 sin(8x) cos(5y)n(z,y) with n(z,y) € C5°(B1(0)), t=5s
suffices as an appropriate time range. We've shown the graph of the wave speed in
Figure We then use an iterative solver to reconstruct the smooth initial condition
using the simulated data over the given time interval. The reconstruction shown in
Figure was made using the model R = 1 and r = 2 (the large radius detector
model), with data taken on the full unit circle. An almost identical reconstruction is

obtained if we use the small radius integrating detector model with full data.
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We also run numerical simulations with data taken on an open subset of the unit
circle. Here we take data for 0 € (—7n/2,0), with the same wave speed interior to
the object. We then multiply by a smooth cutoff function so as to not introduce new

singularities into the reconstruction. Results for the partial data case are shown in

Figures [2.5] and [2.6]

Variable wave speed

1.3
1.2
1.1
1

0.9
0.8
0.7

c(x,y) =1+ 0.3sin(8z) cos(by)n(z,y)

Figure 2.3. Variable wave speed of 1 + 0.3sin(8x) cos(5y)n(z,y), where
n(z,y) € 52 (B1(0)).

Initial Image Reconstruction Error
i 2 0.25
1.5 0.2
1 0.15
0.1
0.5 0.05
0

Figure 2.4. Results of reconstruction using R = 1 and r» = 2 model (Large
radius detector model). This reconstruction was made using full data.
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Initial Image Reconstruction Error
2 0.6
L5 2 0.5
: 1.5 0.4
1 1 0.3
0.5 0.2
0.5 0 0.1
0

Figure 2.5. Result of reconstruction with partial data using R = 2, and
r = 0.8 (Small radius detector model). This reconstruction was for 6 €
(—m/2,0). Shown in the figure are the set on which data is collected as
well as some representative circular integrating detectors.

Initial Image Reconstruction Error
2 0.5
1.5 0.4
1 0.3
0.2
0.5 0.1
0

Figure 2.6. Result of reconstruction with partial data using R = 1, and
r = 2 (Large radius detector model). This reconstruction was for 6 €
(—m/2,0). Shown in the figure are the set on which data is collected as
well as some representative circular integrating detectors.

2.6 Conclusion and Future Work

We’ve shown in the 2D case that measured data

Mf(t,0) = % /Ozﬂu(t, rcos(a) + Rcos(0),rsin(a) + Rsin(f)) da

can be used to reconstruct f uniquely, up to a smooth error. We showed this for
partial data in the small radius detector case, and for full data in the large radius
detector case. We've also shown stability of the measurement operator for both the
large and small radius case and provided numerical evidence of these findings in both

the large and small radius detector cases. In [36], the 3D case of circular integrating
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detectors in a cylindrical stack (in both the large and small radius cases) is considered.
Microlocally, this problem will be fundamentally different from the 2D analysis a few
ways. For one, it is clear that not all microlocal singularities will be detected, even
if the cylinder has infinite height and the wave speed is constant. This is because
singularities leaving () vertically will never intersect a detector. Second, in the more
practical case of a cylindrical stack of finite height, singularities may leave Q2 that do
not intersect the cylinder, even if they do not leave 2 vertically. These challenges will

be addressed in further work.
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3. Sampling in Thermoacoustic Tomographyf]

3.1 Introduction

This work builds on the theory laid out in [27] on sampling Fourier Integral Op-
erators (FIOs). We discuss the specific application of Thermoacoustic Tomography,
in which case the measurement operator M is an FIO under suitable conditions. We
discuss the theoretical resolution of f given the sampling rate of M f and then discuss
aliasing and averaged data. Lastly we will show empirical evidence of our findings
using numerical simulations.

The experimental set up with regards to thermoacoustic tomography will be
largely the same as in [2, with the exception that the measurement operator M :

5o () = CF,((0,T) x I') will simply be defined by

Mf(t,y) = u(t,y), (t,y) € (0,7) x T,

where u(t, ) solves the acoustic wave equation (2.I)). Note that the measurements
are simply the solution to the wave equation at the boundary instead of the circu-
lar integrating detector set up from the previous chapter. We note that the space

©((0,T) x I') is the space of smooth functions ¢ on (0,7') x I' such that ¢(t,y) = 0

near t = 0.

IThis chapter has been submitted to appear in the Journal of Inverse and Ill-Posed Problems



42

3.1.1 M as an FIO

To obtain an oscillatory integral representation of M, we may use the geometric
optics construction to solve for u(t, x) in (0,7') x R™ up to a smooth error (see [28,32]

for more details). This construction leads to the representation

ult, ) = ﬁ 3 / ¢ 5 q, (1,2, €) f(€) de.
o=+

2
g0

where ¢, are solutions to the eikonal equation (9;p,)° = (2)|Vaoy|2 with initial
conditions ¢, (0,z,&) = x - £. Note that solutions to the eikonal equation are local in
nature, and so this representation of u(t, z) is only valid until some time 77. However,
we may then solve with “initial” conditions (0, x) = u(7}, z) and dyu(t, x) |i—o=
Owu(t, x) |;=7, using the same geometric optics construction. In this way, we can obtain
an “approximate” solution to for all (¢,x). Note by approximate, we mean up
to a smooth error term. This error term could be quite large in the L* sense, but
because it is a smooth term, it is negligible in the calculus of FIOs. It can be shown
that M = M, + M_ is a sum of elliptic FIOs of order 0 associated with locally

diffeomorphic canonical relations that are each (locally) one-to-one mappings (see

i.e. [27,128]). We record the canonical relations C; and C_ here for later use:

Cr 1 (2,8) = (5:(2,6), Yog(5£(7,€)), Flélg, Vi e (52(2,6))) - (3.1)

Here, we have sy (z,&) is the exit time of the geodesic starting at = in the direction
+g71¢, 7,.¢(t) is the point on the geodesic issued from (z,€) at time ¢ and Ve(t) 18
the orthogonal (in the metric) projection of 4, ¢(t) onto 70 (the tangent bundle of
the boundary of €2, so implicitly, we assume that 9 is a at least a C'' manifold). We
assume that the metric induced by g := ¢~2(x)go is non trapping, so that |si(x,&)| <
oo for all (x,&) € T*Q. Note that because each of the canonical relations Cy and C_
are one-to-one, the full canonical relation of the FIO M given by C' = C, UC_ is one-
to-two, which makes intuitive sense as singularities split and travel along geodesics

according to propagation of singularities theory.
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3.2 Preliminary definitions and theorems
3.2.1 Semiclassical analysis

The main definitions and theorems of semiclassical analysis and sampling that we
use come from [27,38]. For a more complete background on semiclassical analysis,
see [38]. Also, for sampling theory relating the thermoacoustic tomography in the
case of a constant speed, we refer the reader to [11]. In sampling the measurement
operator M f, we are interested in how the sampling rates affect our ability to resolve
singularities with high frequency. To model this, we will rescale co-vectors £ by a
factor of 1/h where h is a small parameter. We then examine families of functions (or
distributions) f;, that satisfy certain growth conditions as h becomes small. Because
of this, instead of considering the classical wave front set of a distribution, we consider
the semiclassical wave front set, denoted WF,(f). Note that f is understood here
to be a family of functions f; depending on the parameter h, but we will drop this
subscript when it will not cause confusion. A key tool in analyzing the behavior of the

measurement operator M will be the semiclassical Fourier Transform, defined below.

Definition 3.2.1 (Semiclassical Fourier Transform) The semiclassical Fourier

transform of an h-dependent family of distributions is defined as

Fufn(§) :/e_ixf/hfh(w) d.

If we denote the classical Fourier Transform by F, then we have

Rl =55 ().

Much like in classical analysis, we can use the semiclassical Fourier transform to define

Sobolev norms on certain classes of functions or distributions.

Definition 3.2.2 (h-Tempered family of distributions) The h-dependent fam-

ily fi, of distributions in S’ is said to be h-tempered if
Iall = 2 (€% FAOF e

u; = O(h™) for some s and N. Here, we have (§) = \/1+ [¢°.

is such that || fn|
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Another key tool we will use is the idea of the semiclassical wave front set of an

h-dependent family of distributions.

Definition 3.2.3 (Semiclassical Wave Front Set) The semiclassical wave front
set WFE(fr) of the h-tempered family fy is defined to be the complement of the set of
(zo, &) € R*™ such that there exists ¢ € C°(R™) with ¢(xg) # 0 so that

Fu(@fn) =O(h>)  (in L*)
for & in a neighborhood of &.

This set plays a similar role as the classical wave front set from microlocal analysis,
however in general there is no sort of inclusion between these two sets. As an example

[38], the coherent state

fulz) = 6_|x—xo\2/(2h)eix~§0/h7

has an empty wave front set in the classical sense, as it is a smooth function in both
x and &, however its semiclassical wave front set is WF,(f) = {(x0,&)}. Note also
that the zero section is allowed to be a part of the semiclassical wave front set, unlike
in the classical case. Also, we do not require the semiclassical wave front set to be a
conic set, which is another way that this set differs from the classical wave front set.

We call elements of WF,(f;) singularities.

Definition 3.2.4 (h-YDO) We will use the standard quantization to define semi-
classical pseudodifferential operators. Fiz m and k € R and let a(x,£) € C®(R?™™)
satisfy the following: For every o and 3 multi-indices and every compact set K C R"

there exists some Cy g > 0 such that
| D3 D¢a(w,€)] < Capach()™

for all x € K and £ € R". We then say a(z,§) is a semiclassical symbol of order

< m. Then we define the semiclassical pseudodifferential operator a(x, hD) by

alahD) (@) = ey [ [ e haa, ) ) dy e
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Definition 3.2.5 (Localization in phase space) The h-tempered family fy, is said
to be localized in phase space if for every N € N, there exists some b € C°(R*) and

some hg > 0 and C'y > 0, such that for 0 < h < hg

sup |:1c‘”‘(9£2 (Id —(x,hD)) fu] < CnhY

z€R™

for all multi-indices o and 3. In other words,

Pa,s((Id = ¢(x,hD)) fn) < Cxh™

for every seminorm p, s on S(R™). We then say (Id — ¢(x, hD)) fr, = Os(h>).
Note that because the functions we work with are semiclassically band limited (see
definition , that all functions we work with can be assumed to be localized in

phase space unless otherwise stated.

Definition 3.2.6 (Semiclassical Frequency Set) For each tempered h-dependent

distribution fy, localized in phase space, set

Sulfn) =1& | (x,&) € WFL(fn) for some z € R"}.

This is simply the projection of WFE,(f,) onto the second variable.

Definition 3.2.7 (Semiclassically Band Limited Functions) We say that f), €
C°(R™) is semiclassically band limited (in B) if

1. supp fn is contained in an h-independent set,
2. fn is tempered,

3. there exists a compact set B C R"™ such that for every open U D B, we have for

every N there exists Cy such that
[ Fufu(©)] < CnhN (€)™ fore ¢ U.

Semiclassically band limited functions are those functions that can be recon-
structed up to a smooth error from their samples, much like the band limited func-
tions are those that can be perfectly reconstructed from their samples in the classical

Nyquist Sampling theorem given a small enough sampling rate [19).
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3.2.2 Sampling

The main theorem used in [27] is the following:

Theorem 3.2.1 Assume that 2 C R™, B C R" are open and bounded. Let f, €
C(Q) satisfy

|(Id = ¥ (x, hD)) full = OB fullmpm, Vm > 0, (3.2)

for some ¢ € C§°(R*™) such that suppep C B. Let x € L=(R"™) be such that supp x C
B and x =1 near suppgi).
Assume that W is an invertible matriz so that the images of B under the transla-
tions & — &+ 2n(W*) "k, k € Z", are mutually disjoint. Then for every s € (0,1],
T oo
fulw) = [det WIS~ fulshWk)x (Z-(z = shWE)) + O () full g, (3.3)
kezZn
for every m > 0, and
1l = [ det W((sh)™ > | fa(shWE)* + O(h)| f 3y (3.4)
kezZn
The proof of this theorem essentially follows from the classical Nyquist sampling
theorem and can be found in [24,27]. For all applications in this paper, we take the
matrix W above to be the identity matrix.

We also make use of the following corollary, found in [27]:

Corollary 3.2.2 Let f, be semiclassically band limited with X,(f) C [[(—Bj, B;)
for some B; > 0. Let x; € L¥(R) be supported in [—1,1|" and x;(§;/B;) = m for
EeXu(f). If 0 < s; <m/Bj, then

fulz) = ke%: Fu(sihky, ... sphky,) H Xi (S]lh(x - sjhk‘)) +O0s(h™),
The key take away of this corollary is that if s; < 7/B;, then f, will be accurately
reconstructed from samples up to a small error. Finally, we make heavy use of the
following theorem which relates how classical FIOs effect semiclassical wavefront sets

from [27], where the reader can find the proof.
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Theorem 3.2.3 Let A be an FIO in the class I"™(R™,R™, A) where A C T*(R™ x
R™) \ 0 is a Lagrangian manifold and m € R. Then for every fy, localized in phase

space,
WE(Af)\ 0 C CoWF4(f)\0, (3.5)
where C'= N is the canonical relation of A.

This theorem shows how classical FIOs affect the semiclassical wavefront set away
from the zero section. In particular, the semiclassical wavefront set of Af away from
the zero section transforms in the same way the classical wavefront set does: it is
transformed by the canonical relation associated with A. The main assertion in [27]
is that the sampling requirements of M f given WF(f) are determined by C, the

canonical relation associated with M f.

3.3 Resolution limit of f given sampling rate of M f

Suppose we wish to sample the M f at some fixed sampling rates s; and s,,;. Here
we don’t assume that we know any information about 3, (f), we only wish to see how
fixing a sampling rate on M f affects our ability to resolve singularities of f. Avoiding

aliasing of M f is equivalent to (by Corollary [3.2.2])

(rn) € Ta(Mf) = <=, Il <—,

Sy Syi
where 7 is the dual variable to ¢, and 7 is the dual variable to y, with n; the jth
component of 7. Note that the norms |7| and || are taken in the corresponding
metric. In particular, |n| is taken in the induced norm on the tangent space to the

boundary, which we’ll call gg go. We may use the canonical relation (3.1)) C' associated

with M to write the inequalities above as

’5‘9 =\ szfj < _t wlxg(Si(xaf))jbo,aQ < %

Y

From this we can see that we have that avoiding aliasing is equivalent to

@l < 7 Wl (@ Oslon < o (36)

y]
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For most of the paper, we will assume that gy is Euclidean, although more general

results hold.

3.3.1 The effect of s; on resolution

Consider the first inequality in and assume that s,; is taken small enough so
as to not effect resolution of singularities of f. The first inequality indicates that the
sampling rate s; imposes a limit on the resolution of f such that for fixed x, there
will be higher resolution of singularities of f at points (z,£) where the wave speed
c(x) is slower, and likewise the resolution will be worse at those points (z,§) where
the wave speed is faster. In particular, given the relative sampling rate s;, we cannot

resolve singularities at  with frequency greater than

™

N

c(x)sy
This is a local result. A global estimate for the maximum frequency of a singularity

that is guaranteed to be resolved anywhere given the sampling rate s; is given by

™

&l = (3.7)

Cmax St

This is illustrated in Figures [3.1] and [3.2] below.

A note on figures

All numerical examples before Figure |3.11| were constructed with an initial image
on a 800 x 800 grid in a computational window representing the square [—4,4]?.
This gives a value of Ax = 8/800 = 0.01 before any sort of undersampling occurs.

Additionally, the initial image in most figures is composed of either sums of coherent
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states, or simply cosine functions multiplied by a smooth cutoff function. The wave

speed is taken to be one of the following:

clx,y) =1 (Constant speed case)

(@+1)2492)
(@+1?+°)

c(r,y) =1—0.5e" 0 (Slow speed case)
(@12 4s2)
c(x,y) =1+40.5e" 02 (Fast speed case),

with the exception of Figure[3.3| where the speed is c¢(z,y) = 1+0.5exp(—((z —1)*+
(y + 0.5)%))/0.25). In the first and second cases, we take At = Ax/v/2 ~ 0.0071,
which ensures when we solve the wave equation, the CFL condition is satisfied for the
finite difference scheme we are using, which is the leap frog scheme, in combination
with the PML scheme found in [8]. In the third case, we take At = Az/(1.5v/2) ~
0.00629, again to make sure that the CFL condition is satisfied. We take h = 0.02 in
Figures [3.1] through . Also in all of the images before Figure [3.11] the maximum
(euclidean) length covector in the image is || = 1. We then solve the forward wave
equation in these examples collecting data on the boundary of the square [—2,2]?
until 7" = 6 seconds in the constant and fast speed cases, and until 7" = 12 seconds
in the slow speed case. The values of At and Az have been chosen so that there is
guaranteed to be no aliasing in the collected data before we simulate undersampling.
We then simulate undersampling by taking every m'" sample either in the space or
time variable, where m depends on the specific figure we look at and is specified in the
caption of the image. After simulating undersampling in this way, we resize the image
of the data to its orginal size using the lanczos3 option in the imresize function
of Matlab. We then use a time reversal reconstruction to arrive at our reconstructed
image with aliasing. Depending on the particular image, we may calculate s, and s,
explicitly, which then allows us to compute where the aliasing artifacts will be in the
image by using the canonical relations. For example, in Figure |3.6, we undersample
by taking every 6 time sample and then resize the image back to it’s original size.

This gives s; &= 4.7059 and 7 /s; ~ 0.6676. Using this, we can calculate where a pair
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(x,€) will be mapped under the canonical relation associated with the measurement
operator composed with the shift operator.

For Figures through [3.15] photo credit for the zebra image used in these
figures is given by: “Mountain Zebra (Equus zebra)” by berniedup is licensed under
CC BY-SA 2.0. We first cropped the original image (which was 1023 x 616) to a
size of 500 x 500. We sample on a finer grid in these examples, 1200 x 1200. From
there we resized the image so that in our 1200 x 1200 grid, the image would lie in the
square [—1.9,1.9]%. Lastly. we multiplied by a smooth cutoff function to smooth the
edges of the image. This is to avoid aliasing artifacts that come from the image edge
instead of the image itself when we collect and undersample data. We solve the wave
equation using constant speed c¢(x,y) = 1, and collect data on the boundary of the
square [—2,2]% as in all other examples. We then simulate undersampling by taking
either every 20" space sample or every 12" time sample, and then resize the image
back to its original size, again using the lanczos3 option in the imresize function of
Matlab. In Figure 15, we then average the data in the space variable using a gaussian
image filter to mitigate the effects of undersampling. We then use time reversal to
arrive at an image reconstruction of the original image, having aliasing artifacts that

are described by the theory in this paper.

3.3.2 The effect of s,; on resolution

Assume now that s; is chosen small enough so as to not effect resolution of singu-
larities of f. The second inequality in (3.6
o2 ilmon < o
tells us that the sampling rate s,; imposes a limit on the resolution of f such that
singularities (z,&) that intersect the boundary 0f) nearly perpendicularly will have
higher resolution than those that hit the boundary nearly tangentially (at a large
angle to the normal vector to 02 at the point of intersection). Also, because |4, ¢(%)],

is constant along the geodesic 7, ¢, we know in particular that |, ((s+£(,§))jlg 00 <
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Original Image Time reversal Wave speed with
reconstruction fast spot

Figure 3.1. Resolution of f given a fixed sampling rate s; of M f(t,y).
The wave speed here c¢(z,y) = 1+ 0.5exp(—((x + 1)? + y*)?/0.25) has
a fast spot centered at x = —1. We can see that this is precisely where
the reconstruction of f has poor resolution when under sampled in the ¢
variable, as explained above. Undersampling is simulated by taking every
7th time sample, and then resizing the image of the data to its original
size.

Vs 6 (84(2,6))|g0.00 = ]g cos(€) where 6 is the angle (in the metric) between 7, ¢(s+(, §))

and 7, ¢(s+(z,§)). This tells us that to avoid aliasing, we must have
T
|€]g cos(f) < —.
Syi
We recall that [¢]2 = ¢*(z) g7 &€;, and in the case that go is Euclidean, we get
T
c(z)[§] cos(f) < —.
Syi

For a fixed relative sampling rate s,;, we cannot resolve singularities (z,¢) of f of

frequency greater than
0

€l =

Note in particular that if § = 7 (i.e. the geodesic v, hits the boundary 0 per-

syic(x) cos(f)

pendicularly), then c(z)[£| cos(d) = 0 < /5,5, and we will always be able to resolve
the singularity at (x,€£). Also note that this is a local result, and as is the case for

s¢ “slow spots” in the speed c(x) give better resolution of singularities in general.
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Original Image Time reversal Wave speed with
reconstruction slow spot

Figure 3.2. Resolution of f given a fixed sampling rate s; of M f(t,y).
The wave speed here ¢(z,y) = 1 — 0.5exp(—((z + 1)? + y*)?/0.25) has a
slow spot centered at x = —1. We can see that this is precisely where the
reconstruction of f has the best resolution when under sampled in the ¢
variable, as explained above. Undersampling is simulated by taking every
7 time sample.

Because ¢(x) < ¢pax, we also get the following estimate for the maximum frequency

of a resolvable singularity, regardless of location:

™

€l =

CmaxSyi €0s(6)
Finally, because 0 < 6 < 7/2, we know 0 < cos(f) < 1, and we have the following
(worst case) global estimate for the maximum frequency of a singularity of f that can

be resolved:

™

N (3.8)

Cmax SyJ

We note that if one wants to be able to resolve singularities of f with frequency

K, then by considering (3.7) and (3.8), the sampling rates s; and s,; of M f should
be taken to be at least

St = 8y <
y KCmaX’
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where ¢y is defined as before. In particular, we recover the result from [27] that for a
semiclassically band limited f;, with essential maximum frequency B in the Euclidean
case that we need to take sampling rates of M f satisfying

™ ™
St < ) Syi S )

- chax chax

to avoid aliasing. These effects are shown in Figure (3.3

3.3.3 CFL condition

We can relate this analysis to numerical solvers of the wave equation. When
solving the wave equation numerically, a typical approach is to discretize the space
and time domain, and use a finite difference scheme. Suppose we wish to simulate
an experiment using a rectangular grid in the space coordinates and we collect data
on the boundary of a square. Further, we assume that gy is Euclidean, and because
the boundary is a rectangle, also the metric induced on the boundary is Euclidean.
Suppose we have fixed each s,; = Az//h < 7/(Bcmax) with a common value s, =
Ax/h, where B is the essential band limit on f, i.e. ¥,(f) C [-B, B]™. Note that by
our choice of s,, there will not be aliasing of M f, provided s; is chosen well, as on
the boundary in this rectangular grid, we have s, = s,, where all of the s,; as above
have a common fixed step size s,. In order to choose s;, we recall that the frequency
set Xp(M f) is contained in the set {(7,7n) | |n| < |7|}. Because f has a semiclassical
band limit of B, we know that mo(X,(Mf)) C {|n| < v/nBcmax}, where my is the
projection onto the second factor. We know this because each |n;| < Bcpax. Also,
by the analysis above, we know that |7| = [£|,, but ||, < max [€|cmax. We also know
that max || < y/nB, so that the largest possible size of |7| given the band limit on
[y 18 \/nBcpax. 1t is then clear that we need s; < m/(y/nBcmax)) to avoid aliasing.
This tells us that we should take At < 7h/(\/nBcmax) = Ax/y/n. Now, the CFL
condition for the leapfrog finite difference scheme ( [1,4,31]) tells us that given a step
size Ax and wave speed ¢(x), that we should take the time step At < Az /(y/NCmax) tO
ensure stability of the finite difference scheme. But Az/(y/ncmax) < Ax/+/n, because
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Cmax > 1. This means, that if we've chosen Az < 7h/(Bcpax), and we choose At
satisfying the CFL condition for the leapfrog finite difference scheme, then there will
be no aliasing in the measured data M f at the boundary. Also, if ¢y.c = 1, then the
CFL condition is identical to the conditions on Az and At required to avoid aliasing
of the measured data M f. This only holds however when the CFL condition is as

above, and this is not the case in all numerical schemes.

Original Image Time reversal Wave speed with
reconstruction fast spot

Figure 3.3. Resolution of f given a fixed sampling rate s,; of the space
variables on the boundary 0€). We can see that the blurring effect is
roughly uniform for points near the fast spot in the wave speed c(z,y) =
1+0.5exp(—((x—1)*+ (y+0.5)?)%)/0.25), but that there are singularities
in the region where ¢ =~ 1 far from the fast spot that are also highly
affected. These singularities hit the boundary with a larger angle to the
outward pointing normal vector, and so we expect lower resolution there.
Undersampling is simulated by taking every 12" space sample.

3.4 Aliasing and artifacts

Now suppose that we know that f, is a semiclassically band limited function with
essential band limit B, so that ¥,(f) C [-B, B]". In order to avoid of M f,, as
mentioned above, we need

T ) i
C(x)|€|go < 8_ |'7;c,§(8:|:(x7€))j|go,an < —

Syj
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We know that |{| < B. We also saw above that [, ((s+(7,¢))jlg00 < |€lgcos(8) <
c(z)|€]g- Letting go be Euclidean (again, more general results hold), so that [{],, =
€], we see that ¢(x)|£] < cmaxB, 80, given the band limit B on Y, (f), we are guaran-

teed to avoid aliasing if

s <
chax

Sqd S .
’ v chax

3.4.1 Under sampling in ¢

Suppose that we have chosen s; such that s; > zZ—. Then, by there will

be aliasing of M f. The error in the reconstruction can be modeled by the frequency

shift operator

2k
Sk:T—)T-i-L.
St

This operator is valid as long as 7+ 2rk /s, € [—m/s;, /5] (see Figure (right)).
If we have not under sampled M f too critically in the ¢ variable, we would expect to
T

Sk B
— A

B

Figure 3.4. The characteristic cone in which 3, (M f) must lie. The cone
on the left shows the possible range of the covector (n,7) which is deter-
mined by the canonical relation associated with M. The image on the
right shows the possible range of covectors (7, 7) after under sampling (in
t). Note that the red regions have been shifted up and down from the
original frequency set by translation due to under sampling.

only see this added error for £ = —1, 1, with more terms added as the under sampling
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becomes worse. As explained in [27], by Egorov’s Theorem, we expect to see artifacts

in a reconstruction of f that can be calculated by the canonical relation

CltoS,oC:(x,8) — (%,€),

where # and £ can be calculated by finding the operator on the left, and C' = C,uC_
as in (3.1). Note that because

Ci(x,8) = (5£(2,8), Y2 (5£(2,€)), FlElgs [V e (s£(2, ),

that the sign of 7 = F|{|, plays an important role when we apply the inverse canonical
transformation. We now calculate C~1 o Sj, o C for C, (We just write C~! instead

of C', as the inverse canonical relation that we apply will depend on the sign of

—|€lg + 27k /s¢):

Cil o Sk o CJF(.??,f) = Cil o Sk(5+<x75)77x,£(3+(x>€))7 _‘€’g7ﬁ;,§<8+($7 f)))

2rk
= Cil(SJr(:Ca 5)7 7I7§(S+<x7 5))7 _’5‘9 + Sit’ ;Yglc,f(s+(x7 5)))

= (Yy,—c(8+(2, ) =V, —c(s54(2,€))) ,
where y = v, ¢(s4(x,€)) is the point of intersection of the geodesic issued from (z, &)
with 962, and ¢ = 4 (s (2. )+ A" where 8, = £, /(€l, — 27/ — Ry g(s4 (2. )P,
where we choose the sign of 5 that matches the sign of |£|, — 27k/s;, and

L Fee(34(2,8)) = a5+ (2,6))
Fee(51(2,€)) = Ape (54 (2, 6))]
Aliasing artifacts are found using this mapping in Figures and below. The

mapping C~! o S), o C_ is calculated in almost an identical fashion, however we have
a change in sign in the 7 variable.
We include a more complicated image reconstruction in Figure [3.12] along with

the collected data in Figure |3.13

3.4.2 Under sampling in y

Now suppose that we have under sampled the y variable, i.e. we have chosen

Syi > gi— for some j = 1,...,n. Then again, we will have aliasing and the error in
max
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Original Image Reconstructed Image

Figure 3.5. Tracing the aliasing artifacts by using geodesics. We have used
the constant wave speed ¢ = 1 for this example. Here we have under sam-
pled in ¢ and show the image of the singularity (x, &) under the canonical
relations given by C;' o S; o C. Note that the low frequency singularity
does not cause artifact, but the high frequency singularity vanishes in the
reconstruction and causes aliasing artifacts. Undersampling is simulated
by taking every 12" time sample.

the reconstruction will involve the frequency shift operator, but now Sy will act on
n; as

27k

Ski’r]j'—>77j+

Syi
This operator is valid as long as n; + i:—f € [—7/syi,m/s,:]. The canonical relation of
the h-FIO (see or ﬂg]] for details and definitions regarding h-FIOs) that operates
on M f as a reconstruction of f will then be given by (again, we only consider C';

here)

27k

Syj

C.i__l o Sk o C+(£L’,§) = 0;1(84_(1’,5),")/z’g(8+(x,€)), _|§’g7;}/.;,§(s+(x’§)) + ej)7

where e; is the unit vector in the ¢/ direction. Note that because the shift operator
here does not affect the sign of 7 = —|¢|,, that we would not expect to see artifacts

coming from the “mixed” canonical relations C 168, 0C4, as we do in the previous
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Original Image Reconstructed Image

Figure 3.6. Artifacts in a reconstructed image with M f under sam-

pled in time variable and a variable wave speed of c(x,y) = 1 —
241)2402)>
0.5 exp(—%). We trace the geodesics to find the image of (z,¢)

under the map Cy o Sy o C as explained above. Undersampling is simu-
lated by taking every 12" time sample.

case of undersampling in the time variable. Also note that, in particular, the form of
C’;l o Sk o C'y implies that the artifacts will have the same frequency as that of the
original image, but perhaps with a space shift. Also, because this operator is valid as
long as n; + 2mk/s,; € [—m/s,i,7/s,:], if the geodesic emanating from (z, &) hits the
boundary 0f2 perpendicularly, then the point (z, &) will be unaffected by this shift in
the reconstruction, i.e. there will be no artifacts that come from (x,&). This is true
because if the geodesic emanating from (x,&) hits 0Q perpendicularly, then n; = 0
and 2rwk/s,; & [—m/syi,7/s,] for any k # 0. Finding these artifacts in practice
follows in much the same way as finding where artifacts occur for under sampling in
the time variable. We illustrate this for the constant speed, Euclidean case in Figure
and see Figure [3.8] for the variable speed case.

We again include a more complicated image reconstruction in Figure along

with the collected data in Figure [3.15
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Original Image Reconstructed Image

Figure 3.7. Artifacts in a reconstructed image with M f under sampled in
space variables. Here we take ¢ = 1. Specifically, M f here was under sam-
pled on the left and right edges of the square. We simulate undersampling
by taking every 15" space sample. Note that there is no artifact in the
reconstructed image coming from the pattern in the upper right corner
of the square, because singularities from this pattern hit the boundary of
the square perpendicularly. Note also that the original singularity still
remains with half its amplitude because we did not under sample along
the bottom edge of the square.

3.5 Averaged data

Suppose that the collected data M f(t,y) has been averaged in the ¢ or y variables
for some reason (in practice this can be done to try to avoid aliasing, or in an attempt
to reduce the noise in data). This can be modeled in a few ways, including taking
a convolution ¢, x M f with a smooth function ¢, = h"¢(-/h) that decreases away
from the origin to 0. To model localized averaging however, we will consider data of
the form QM f(t,y), where @y, is an h-UDO with a principal symbol of the form
q(t,y,7,m) = ¥(a|r|* + bln|*) where ¢ € C§°(R) is decreasing. The effect of Q, is
to limit WF;, (M f), which will in principle remove the high frequency singularities of
M f which will have a smoothing effect. From , we know that because M is a FIO
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Original Image Reconstructed Image

Figure 3.8. Artifacts in a reconstructed image with M f under sam-

pled in space variables and a variable wave speed of c(x,y) = 1 —
2412442 )2
0.5 exp(—%). Specifically, M f here was under sampled on the

top and bottom edges of the square. The artifacts in the reconstruction
have the same frequency as the original, but with a space shift due to
under sampling. We simulate heavy undersampling by taking only every
30t space sample.

associated with the canonical map C' = C, U C_, that the composition QM f can

be written
QuM f = MP,f +O(h™)f,

where P, is a h-UDO with principal symbol py = qg o C' where ¢ is the principal

symbol of Q. So, for Qy, qo, we may calculate

po(2,6) = 5 (100 C1(2,6) + 40 0 C_(5,))

1
= 5 (V@lEf2 + Bl (1 (2, ), o) + W lal€ 2 + B (- (@, )2, )

Suppose we only average the time data in M f(¢,y). This corresponds to taking
b = 0 above to give po(z,§) = ¢ (al¢]?). This symbol takes its minimum values where
£ = A(x) g &€, is maximized. Assuming for a moment that gy is Euclidean, this

means that we expect more blurring at points (z, &) where the wave speed is “fast”.
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Additionally, we expect singularities (z,£) with large frequencies |£| to be blurred
more than smaller frequencies where the wave speed is the same. These effects can

both be seen in Figure |3.9]

Original Image Wave speed with Reconstructed image with
fast spot data averaged in ¢ variable.

Figure 3.9. Reconstructed image from data that has been averaged in
time variable by applying a 1D gaussian image filter to the ¢ data. We
can see that the reconstructed image is most blurred at the points where
the speed c¢(z) is fast, and there is less blurring where ¢(z) = 1.

Suppose now that we only average data in the spatial variable y. This corresponds

to taking a = 0 above and we get the principle symbol of pg to be

(VW54 (2, ) + V(0L ¢ (s- (2, ))) -

N | —

po(%ﬁ) =

Here the norm is the induced norm on the boundary, which we have noted in this pa-
per as gooq. This symbol takes its smallest values when |, ((s+(z,§))[* is large,
i.e. when the geodesic issued from (z,&) intersects the boundary 02 at a large
angle. In addition, we expect singularities that hit the boundary 0f) perpendicu-
larly to be affected far less by averaging of data in the y variable. In addition,
because |4, (s+(2,8))|* = [£]2 cos®(f+) where 6. is the angle between 4, ((s+(z,§))
and J, ¢(s+ (2, §)) we expect to see more blurring at points with faster speeds or higher
frequency. For constant speeds c, the effect of averaging data in ¢ is uniform in €2,

but the effect is local for averaging in y, due to the blurring depending on the angle
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of intersection made by geodesics. In addition, with a variable speed singularities in
“slow spots” of ¢ will have higher resolution when blurring M f(¢,y) in the y-data,
but their resolution will still depend on how geodesics hit the boundary. The result
is a roughly uniform blurring in fast spots of ¢, and local blurring elsewhere in the

image depending on the geometry determined by ¢ 2gy. This can be seen in Figure

[3.10 below.

Original Image Wave speed with Reconstructed image with
fast spot data averaged in y variable.

Figure 3.10. Reconstructed image from data that has been averaged in
space variable by applying a 1D gaussian image filter to the y data. We can
see from the drawn in geodesics, that singularities that hit the boundary
at a larger angle to the normal vector to the boundary are blurred more
in the reconstructed image after averaging the collected data. Meanwhile,
those singularities that hit the boundary nearly perpendicularly are largely
unaffected by the averaging of the data, at least on one side.

3.6 Anti-aliasing

We can use the above discussion to propose an anti-aliasing scheme. Averaging
the measured data M f(t,y) in the space variable can be accomplished in practice in
many ways, whether by using small averaging detectors, or by vibrating the boundary
0f) where we are taking pointwise measurements. We know then that this can be

modeled by applying the h-UDO @), to M f where is as in the previous section. This
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then allows us to say that Q,M f(t,y) = M P, f(t,y) + O(h*)f. In other words, by
averaging the data in y, we measure P, f(x,§), where Py, is an h-WDO with principle
symbol po(z,£) = qo o C(z,§) and C' is the canonical relation of M, plus some error
term with low order frequencies. We then expect that if we average M f(t,y) in the
y variable before sampling, this should remove some of the shifting aliasing artifacts
that appear when M f(t,y) has been under sampled in y, perhaps at the cost of some
loss of resolution. See Figure for an example of this anti-aliasing scheme in
action.

As a final note, we point out that under sampling in the time variable ¢ can
cause data in F(M f) to shift outside of the characteristic cone, and from this, one
should be able to recover some high frequency singularities from data M f(t,y) under
sampled in t by shifting these singularities back out into the characteristic cone where
they necessarily originated (see Figure . However, we can only recover a small
fraction of the high frequency singularities in this way uniquely in special cases, and
in general we cannot recover the singularities without adding high frequency artifacts

to the reconstructed image.

Original Image Reconstruction from Reconstruction using

undersampled y data anti-aliasing scheme

Figure 3.11. Example showing anti-aliasing scheme in which we first av-
erage the data M f(t,y) in the y variable and then sample this blurred
version given by Q.M f(t,y) in the above notation. We can see that some
of the aliasing artifacts have been removed at the cost of some loss of
resolution.
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Original Image Reconstructed Image

(Undersampled in t)

Figure 3.12. Image of a zebra along with reconstruction from under sam-
pled (in t) data. The wave speed here is constant. High frequencies are
lost due to this under sampling and the result is a heavily blurred image
with aliasing artifacts.

Collected Data Undersampled F(Mf) F(Mf)
(Top edge) Data (undersampled)

Figure 3.13. Collected data and under sampled data in ¢ along with
the associated Fourier transform data for the zebra image above. Note
that the high frequencies in F(M f) have be shifted so that they are
approximately in the band —7/s; < 7 < m/s;, which is what results in
the blurring in the reconstruction.



Original Image Reconstructed Image

(Undersampled in y)
Figure 3.14. Image of a zebra along with reconstruction from under sam-
pled (in y) data. The wave speed here is constant. Note that the sin-

gularities that hit the boundary of the square nearly perpendicularly are
preserved, but there are also a lot of high frequency artifacts in the recon-

structed image.
F(MF) F(MF)

(Top edge) Data (undersampled)

Collected Data Undersampled

Figure 3.15. Collected data and under sampled data in y along with
the associated Fourier transform data for the zebra image above. Under
sampling has resulted in the shifting of frequencies in F(M f) so that
—7/syi < n < m/s,. This moves high frequencies but does not destroy
them, which is what causes the high frequency artifacts in the recon-
structed image above.

65
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4. Non-uniqueness in the region of interest problem for the

Radon transform

4.1 Introduction

The Radon transform is a classical integral transform that takes a function f €
S(R™) and maps it to integrals over all n — 1 dimensional hyperplanes in R"™. This
transform was first studied by Johann Radon in 1917 in his paper [26]. It has since
then been used extensively in the applied sciences especially in medical imaging [5,22].
We can see one of these uses in the case of X-ray imaging, which uses a special instance
of the Radon transform. In the case that we want to recover the X-ray attenuation
f(x) € S(R?) in some object, we have, by definition, X-rays travelling a small distance

Az at z suffer an intensity loss of

From this, it’s clear that if we send X-rays through this object with an initial intensity
Iy and measure the resulting intensity I; (which depends on the direction that the

rays are sent) on the other side of the object, we would obtain

L(L)

| T e

11[( = exp /f

where L is the line along which the X-rays travel. From this it’s clear that the mea-

surements involved are directly related to the Radon transform (which coincides with
the X-ray transform in n = 2 dimensions). Recovery of f(x) given the measurements

I, (L) then is motivation for studying the inverse Radon (and X-ray) transform. We
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are interested in determining when we can recover a local reconstruction of some
function f given information only about the hyperplanes that intersect some neigh-
borhood containing the support of f. This is the so called interior problem for the
Radon transform. It is of interest in medical imaging for instance, where one may
wish to obtain an image of only some region of interest inside the patient. Is it suf-
ficient to only know the Radon transform for hyperplanes intersecting the region of
interest to obtain an image of that region? We will show that in even dimensions,
this is not the case, but in odd dimensions, it is indeed sufficient to obtain an image

of the region of interest.

4.2 Background and definitions
4.2.1 Special functions

We will make use of a few special functions in what follows. Specifically, we will
use spherical harmonics and Gegenbauer polynomials. References for both of these

special functions can be found in Chapter 7 of [22].

Spherical Harmonics

Let P, be the space of all polynomials on R", homogeneous of degree [. That is,

if p € P, then for any A € R, we have
p(Az) = N'p(z).

Polynomials p € P, must have the form
p(x) = Z Cozxaa
|ar|=l
where « is a multiindex. We then let A; C P, be the subspace of P, consisting of

polynomials that are homogeneous of order [ that are also harmonic. Recall that a
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function f is called harmonic if Af = 0, where A is the usual Laplacian operator on

R™ defined by
Af=>0f.
j=1

For n = 1, the only homogeneous, harmonic polynomials are pyo(x) = C, where
C' is a constant, and pi(x) = mx, where m is constant. For n = 2, the spaces A,
(I # 0) can always be spanned by 2 linearly independent functions, namely p; 1 (z,y) =
rtcos(10) and p;o(x,y) = r'sin(lf) where z = r cos(f) and y = rsin(#). That these are
indeed polynomials in x and y can be seen by using trigonometric identities or basic
complex analysis. In higher dimensions, there are even more homogeneous harmonic
polynomials of degree I. Let H; then be the space of functions defined on S"~! that

are obtained by those functions in A; by restricting x to the unit sphere. That is,
Hy={¢|¢=plsn wherepec A}

A function in H; will be called a surface harmonic. It’s clear that H; is a vector space

over C. The dimension of H; is given by [30]

I—1 -3
Ny = (" ("t |
n—1 n—1
Further, H; can be made into a Hilbert space with the usual inner product on S™!,
(f,9) = fgdw.
Sn—l
So then, because we know that we can find N(n,!) linearly independent surface
harmonics in H;, by the Gram-Schmidt orthogonalization procedure, we may say

that
N(n,l
Hy = Span{Yz,k}kz(l ),

where (Y, Y ) = 0 for k # k’. By construction, Y, are eigenfunctions for the
operator Agn-1, the Laplacian on the unit sphere. Because of this, we also have
(Yig, Yy ) = 0 for [ # I'. These Y, will be called spherical harmonics of degree [

and order k.
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Gegenbauer polynomials

The other special functions we use are the Gegenbauer polynomials, denoted by
Cl("_Q)/ 2($) This is the normalized Gegenbauer polynomial of degree [. In general,
the Gegenbauer polynomials C}*, (A > —1/2) are defined in such a way as to be

orthogonal with respect to the inner product

(f.9) = /1 f(@)g(z)(1 — 22 dx.

They are normalized by requiring C{(1) = 1 (this is not a standard normalization,
and is specific to [22]). Some specific cases of Gegenbauer polynomials are Chebyshev
polynomials of the first kind (A = 0), which are denoted T;(z), Chebyshev polynomials
of the second kind (A = 1), which are denoted U;(z) and Legendre polynomials
(A =1/2), which are denoted Py(x).

Calculation of these polynomials may be accomplished by the following recurrence

relations [6, Table 18.9.1] (for A # 0 and A > —1/2):

Ci(z) =1
CMz) =2\

C)Mx) :% 221+ X = 1)C) (z) — (L+2X = 2)C) ,(2)) .

From these recurrence relations, we can see that C?(x) is a polynomial of degree [
in z. It can also be shown from these relations that if [ is even, then C}(z) is an
even function of x, and if [ is odd, then C}}(x) is an odd function of . Note also
that these recurrence relation give the standard normalization of C{(1) = (2X),,/n! [6,

Table 18.6.1], where (z), is the Pochhammer symbol
(@) =2(x+1)(z+2) - (z+n—-1),

and (z)o = 1 by definition. So to get the normalization of C*(x) that we desire, we
may simply use the above relations and then divide each C(z) by (2));/I! to give
C}1) = 1. As mentioned above, the special case A = 0 gives rise to the Chebyshev
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polynomials of the first kind 7;(z), which may be defined by the following functional
equation for |z| < 1:

T)(z) = cos(l arccos x).
In other words, the Chebyshev polynomials of the first kind satisfy the equation
Ti(cos(x)) = cos(lx).
For |z| > 1, we may take the alternate definition

Ti(cosh(z)) = cosh(lx).

4.2.2 The Radon transform

As mentioned in the introduction, the Radon transform is a transform that takes

a function f € S(R™) to its integrals over n — 1 dimensional hyperplanes:

Definition 4.2.1 (Radon transform) For f € S(R™), the Radon transform R is
defined as

Rf(w.p) = / f(x)ds

where dS is the Lebesque surface measure on R™. Here, w € S™ ! and p € R.

Note that because z -w = p <= x-(—w) = —p, it must be the case that
Rf(—w,—p) = Rf(w,p). The classical inversion formula for the Radon transform

is proved in [22] and given below

Theorem 4.2.1 (Inversion of Radon transform) Let f € S(R") and g = RYf.
Then, letting I be the operator defined by

(T f) = €7 f(©),

and letting R* be the dual transform of the Radon transform defined by

R¥(g)(x) = / 90,2 - 0) do,

S'n—l
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then we have for any a <n

1

E— ) 2 SR
202 )1 J

f=

In particular, letting o = n — 1, we obtain the inversion formula

1

—— _JI""R#y.
2027 )1 J

f=

The operator '™ is simply another way of writing (—A)™~1/2_ which is a local

operator when n is odd, but non local when n is even. In [2,3], Cormack showed that

if we expand f(z,y) in a Fourier series (letting r = |(z,y)| and 6 = arg(z + iy)):
Z fi(r)et (4.1)
l=—0

and also expand g(w,p) = Rf(w,p) in a Fourier series:
Z g llw (42)
l=—00

then the Radon transform is a diagonal operator. That is, f; only depends on ¢;, and

vice versa. The relations between the two are given by the following theorem

Theorem 4.2.2 (Cormack, 1963,1964) Let f € S(R?) and g = Rf. Letting r =
|(z,y)| and 0 = argx + iy, and expanding f and g as in and respectively,

then we have the following relations:

filr) =—

1d frgxsm(s/r) ds

7 dr (s2 —r2)1/2g ’

2)1/2

/fl s)T, p/s sds‘

This is generalized in [22]

Theorem 4.2.3 Let f € S(R") and expand f(x) as

=> Z Su(z))Yir(z/|2l).

=0 k=1
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Further, let g = Rf and expand g(w,p) as

N(n,l)

g(w,p) = Z 91 (P)Yik(w).
1=0 k=1
Then we have
o . S\ (n—
fl,k(r) ZC(TL)T’2_n/ (82 B TQ)(n—?))/?Cl( 2)/2 <;> gl(,k: 1)(8) ds, (43)

2

0o (n—3)/2
ant) =152 [T (E) (1) e (aa)
p r r

where
N Vi (U )
272 T(n—2)

['(2) is the usual Gamma function, and for n = 2, we take the limit

lim ¢(n) = —1/=.

n—2+
We will use these formulas to construct examples of nonuniqueness in the interior
problem for the Radon transform.
The Radon transform is closely related to the X-ray transform, and in n = 2

dimensions they coincide.

Definition 4.2.2 (X-ray transform) For f € S(R"), the X-ray transform X is
defined as

X5 = [ fds
xel
where £ is any line in R™.

This chapter will primarily be concerned with the Radon transform, but the results
for the X-ray transform will be similar. As mentioned above, the Radon transform
appears in applications such as medical imaging in which we wish to reconstruct an
image of the interior of a patient given projections obtained by exposing the patient
to X-rays, for instance [5]. These projections are simply the surface integral (line
integral in this case) of the density function f representing the absorption coefficient

of the cells of the patient.
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In [12], it is shown that the Radon transform maps
S(R") — Su(P"),
bijectively, where

n n o is a homogeneous poly-
su®) = {o.e 507 | [ ot 3
R

nomial of order m in w.

and
S(P")={¢ € S(S"" xR) | ¢(~w, —p) = ¢(w,p)} ,
and finally
S(5" x R) =

{qﬁ € C>(S" ' xR) | sup |(1+ |p|k)di];(qu)(w,p) < oo, Vi, k € Z+} .

In other words, given g € Sy (P"), there is a unique f € S(R") such that g = Rf.
The proof of this is nontrivial, and we will use this result to prove the main result of
this chapter. In practice, the condition that p,,(Rf) be a homogeneous polynomial
of order m in w can be tricky to work with, and so we will characterize the range of

the Radon transform in a more practically applicable way.

4.3 Main Results

Theorem 4.3.1 Let g(w,p) € S(S" ! x R). Further, let

be the spherical harmonics expansion of g, where Yii(w) is the k™ basis spherical

harmonic in Hy. Then we have g = Rf for some unique f € S(R™) if and only if
1. For everyl € Z*, we have
gik(=p) = (=1 gix(p)

for each k =1,2,...,N(n,l), and



74

2. For every l € ", we have

U = / P k(p)dp =0

o0

for0<m <1l and each k =1,2,...,N(n,l).

Proof (<) If condition 1 holds, then because each Yj x(w) = >, _; casw®, it’s clear
that

Zzgm —w)

=0 k=1

(=)' g (0)(=1)"Yi(w) = g(w.p),

so that g is an even function of (w,p) as is required for g to be in the range of the
Radon transform. Next we need to show that u,,g(w, p) is a homogeneous polynomial
in w of order m restricted to the unit sphere. By condition 2, and the fact that the

spherical harmonics expansion converges uniformly to g(w,p) [16], we have

oo N(n,l) m N(n,l)
g =D Y i @iYie@) =Y > g Yip(w
=0 k=1 =0 k=1

Assume for the moment that m is even. Then g, = 0 for every odd [, so the above

sum becomes
m/2 N(n,l)

Hmg = Z Z ,Um.g2],k 2]k )

j=0 k=1

We are interested in this when |w| = 1, so we write this sum adding factors of |w|? to

see this as
m/2 N(n,l)

Hmdg = Z Z /vbmg2] k}/QJ k )|w|2(m/2—j)

1=0 k=1
And because m/2 is an integer, each term above is still a homogeneous polynomial

in w, and it’s easy to see that the order of each term now is m, so that u,,g is indeed
a homogeneous polynomial of order m.

Assume now that m is odd. Then p,, g = 0 for [ even, so we see that

(m+1)/2 N(n,l)

Hmg = Z Z HmG2i—1.kY2i—1.k(w).
Jj=0 k=1
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Using the same idea as in the m even case, we'll rewrite this as (remembering |w| = 1)

(m+1)/2 N(n,l)

Hmg = Z Z P G2j -1 Y2j—1, (w) w2 HD/270)
=0 k=1

Written this way, each term in the sum is clearly a homogeneous polynomial of order
m, and S0 ji,,g is a homogeneous polynomial of order m in w restricted to S*~!. This
then shows that conditions 1 and 2 imply that ¢ € Sy (P") and therefore ¢ = Rf for
some f € S(R").
(=) If g(w,p) = Rf for some f € S(R™), then g € Sy(S"! x R), i.e. g(w,p) is
even in (w,p) and for each m > 0,
[tmg = / p"g(w, p)dp
is a homogeneous polynomial of order m in w restricted to the unit sphere. Note
that it is a fact [30] that a homogeneous polynomial of order m, call it P(z), may be
written uniquely as
) |z|™Py(x)  m even,
P(x) = Pp(x) + |z|*Pp—a(x) + ... +
|z|™ " P () m odd,
where each Pj(x) is a homogeneous polynomial of order j that is harmonic. These

polynomials when restricted to the S"™! are surface harmonics, and so they can be

written as finite sums of spherical harmonics, say P,,_oi = Z;V:(g m=2k) Qrm—2k  Yim—2k ;-
Assume for now that m is even. Then
timg =P (W) + [wW|*Pra(w) + . .. + |[w]™ Py (w)
N(n,m) N(n,m—2)
= Z O./mijmJ(W) + Z Ozm_QJ‘Ym_QJ(W) + ...+ 010,1%71((,&})
=0 §=0

We also have, using the spherical harmonics decomposition of g(w, p):
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So then, using the fact that fswl Yip(w)Yyp(w)do=0forl #1"and k # K, if | > m,
we see by integrating both sides of the previous equation against Y], (w) over S~

that
N(n,l)

0= Hm Lk / Y1 (W)Y g (W) dw
Snfl

=1

=

And then because {Ylk}fj:(?l is an orthonormal basis for H;, we see that we get

0 = tm3i ko

for each kg = 1,..., N(n,1). The proof that condition 2 holds is almost identical if m
is odd.

Now all that’s left to show is that for each I, g;1(—p) = (=1)'gix(p) for each
k=1,...,N(n,l). We know because g = Rf for some f € S(R") that

9(~w, —p) = g(w, p).

We also know that

N(n,l)

g(—w,—p) = Z 916(—p)Yik(—w)

=0 k=1

But Y, (—w) = (—1)'Y;x(w), so by combining the previous two equations, we get

>

=0 k=

N(n,l) N(n,l)

g(=p)(—D)Vir(w) = > gilp)Yir(w).
=0 k=1

—_

Condition 1 then follows again by the orthogonality of the Y] (w) for different [ and

k. [ |

4.3.1 Application: Non-uniqueness in the interior problem

The classical inversion formula for the Radon transform on R”™ involves the oper-
ator (—A)™=Y/2 which is a local operator for n odd, but not in the case of n even.
We’ll look for the moment at n = 2. Because this operator is non local, a natural

question arises: If we wish to construct an image of a specific region of interest inside
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some object, is it enough to know Rf(w,p) for only the hyperplanes (lines in this
case) going through that region? This is known as the interior problem, or region
of interest problem. When n is odd, the answer to this question is yes, because the
inversion formula involves only local operators. In n = 2 however, we will be able to
construct examples where this result proves false. We begin with the inversion for-

mulas for R when f and g are given in terms of a spherical harmonics decomposition

which are shown in (4.3)) and (4.4]).

Theorem 4.3.2 (Non-uniqueness for n = 2 in the interior problem) Fiz a >

0, and let g, € S(R) for each | € Z be such that

1. gi(=p) = (=1)'a(p)

2. pmgr =0 for 0 <m < |l|

3. qi(p) =0 for |p| < a.

Then, letting

and f(x) =D 2 o fl(|$|)€ilargx, we have

Rf(w,p) =0

for |p| < a. In particular, there exists f € S(R?) with |f(x,y)| > 0 for some (z,y)
with |(x,y)| < a such that Rf(w,p) =0 for |p| < a.

Proof Conditions 1 and 2 guarantee that there exists f € S(R?) such that Rf = ¢
where g(w,p) = 3,2 qi(p)e™. Clearly by construction, g(w,p) = 0 for |p| < a.
The formula for f;(r) is given by [22] and taking f(z,y) = > = fi(l(z,y)|)e™ where
0 = arg(z +1y), we have f € S(R?) and Rf = g. All that’s left is to show that there

exists a nontrivial f € S(R?) such that Rf(w,p) = 0 for |p| < a. We know that
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go(p) is some even function in S(R) that is 0 in the region |p| < a. Then clearly
g(w,p) = go(p) satisfies the conditions in Theorem so that go = Rf for

1 [ _ s
fo(r) = ——/ (s> — r2)~1%T, (—) go(s) ds.
T ), r
Note that To(x) = 1, so this becomes
| N Ny
folr) = —— [ (2 =) V2 (s) ds.
Now, for 0 < s < a, we have g{(s) = 0 by assumption, so for 0 < r < a, we may write
| R Ny
folr) == [ (52 =) i) ds

Integration by parts then yields for 0 < r < a

fo(r) = 2 /00 s(s> —12) 7% 2gy(s) ds.

™

From this we see that if go(p) > 0 for all p, and go(p) > 0 for a < p < R for some
R > a, then fy(r) > 0 for some 0 < 7 < a. This shows that only having Rf(w,p) for
lines intersecting the region of interest [p| < a is not sufficient to determine f uniquely
in the region of interest. We show a more general example of non-uniqueness for n = 2

below in Figure [4.1] |

In n = 3 dimensions, and in general in odd dimensions, the inverse Radon trans-
from involves the operator (—A)("_l)/ 2 which is local, and so we do not expect to
have non-uniqueness in the interior problem for odd n. This is easy to see in for [ =0
in the n = 3 case. Suppose go(p) satisfies the conditions of Theorem for n = 3,

and suppose go(p) = 0 for |p| < a. Then for 0 < r < a,
folr) =@ [ ol ds
=c(3)r™! /OO g(()2)(3) ds

=—c(3)rg)(a) = 0.

For even dimensions though, we show a nontrivial example of non-uniqueness below.
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Theorem 4.3.3 (Non-unqgiueness for n = 2m) Fiza >0, and let g, € S(R) for
each 1 € Z* and 1 < k < N(n,l) be such that

1. gz,k(—p) = <_1)lgl,k(p)
2. pmGre =0 for 0 <m <1 and each 1 <k < N(n,l)

3. gik(p) =0 for |p| < a for each l and k.

Then, letting

[e.o]

-n n— n— S n—
fur(r) = e(n)r? / (52 =122 (2) 6l 5) s

T

and f(x) = S7°0 St fun(|al)Yiw(e/|2]), we have
Rf(w,p) =0

for |p| < a. In particular for each m = 2.3,..., there exists f € S(R*™) with
|f(z)| >0 for some x with |z| < a such that Rf(w,p) =0 for |p| < a.

Proof That g(w,p) = o ff:(’f’” 91k(p)Y1 x(w) is in the range of the Radon trans-

form is again clear by conditions 1 and 2 and Theorem [4.3.1] So there exists a unique
f € S(R™) such that Rf = ¢g. Expanding f(z) in a spherical harmonics expansion,

we have

F@)= > fullz)Yir(e/la])

1=0 k=1
where the f;x(r) are given by the formula in the theorem which is proved in [22].

By construction then, because each g, x(p) = 0 for |p| < a, it must be the case that
Rf(w,p) =0 for |p| < a.

To show that f(z) could be non trivial in the region of interest in even dimensions,
suppose n = 2m for some integer m > 2. Then by direct calculation, we can show

that

n—1
d 2

=32y _ ( pym (= 3N — D" 2s
Ty (57 =) 92) = (-1

(s2 — 12)(n+1)/2 ’
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where the double factorial n!! is defined recursively by n!l = n(n — 2)!! with 0!l =
1M = 1. If we take go(s) € S(R) such that go(—s) = go(s) and go(s) = 0 for |s| < a,
then for any 6 > 0, we have for 0 <r <a—9

o0

folr) =yt [ (52 = o?) 092 (s) ds

s
o0

=c(n)r* ™" /(32 — 7’2)(”’3)/29(()"71)(3) ds

a
o0

=(=1)""""te(n)(n — 3)!1(n — 1! / = rj)(n+1)/290(3> ds

a

where the last line follows by repeated integration by parts along with the fact that
g(()ﬂ )(a) = 0 for any  a non-negative integer, and limg_,, so‘géﬁ )(5) = 0 for any «a and
3 that are non-negative integers. It is then clear, because s/(s? — r2)"*1/2 > ( for
s > a, that if we take go > 0 and go(s) > 0 for some s > a, then fy(r) #Z 0 for
0 <r <a—9. This shows an example of non-uniqueness for the interior problem in
every R"” for n even.

To show general non-uniqueness, we may take any ¢ x(p) satisfying the conditions
of Theorem with ¢;,(p) = 0 for |p| < @ for some a > 0 and |g;x(p)| > 0 for

some p > a. Then using the formulas above for f;; and g; 5, we can show in a similar

manner as we did for fy that f;x(r) # 0 for some r < a. [ |

Because the Radon transform is a linear operator, we may also construct additional
examples of non-uniqueness by taking linear combinations of previously constructed

functions that given non-uniqueness.

A note about Figure 4.1

We make a note about how Figure is constructed. To construct the g(w,p)
shown, we start by taking ¢ € C5°((—1,1)) such that ¢(p) = 0 for [p| < 0.3 and
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o(p) = ¢(—p). We also take ¢ > 0 on its support, and ¢(s) ~ 1 for 0.4 < |s| < 0.6.

From there we take

g9(w,p) =Y 9u(p) cos(lw),

where we have

a(p) = sen(p')o(p) (COS(lﬂp) + i by COS(’{??TP)) :

k=0
We solve for the the by so that we are guaranteed to have p,,g,(p) = 0 for 0 < m <
as is required by Theorem [4.3.1} Note that the linear system of equations that are

obtained from the moment conditions

(0g) (b1, .., b)) =0
(prg1)(by, ..., by) =0

(f1—1g1) (b1, ..., b)) =0

is under determined, because p,,g; = 0 automatically if m + [ is odd, so we have
some freedom in choosing the by. We note also that the factor of sgn(p') does not
effect the differentiablitiy of g;, as g;(p) = 0 near p = 0, but does ensure that ¢;(—p) =
(—1)lgi(p) as is required. The top right image in Figure 4.1{ was constructed by taking
R7'(g(w,p)). We accomplish this by using the iradon function from the skimage
module in Python. The bottom left image is simply the top right image multiplied
by a smooth cutoff to show that it is indeed the case that R~!(g(w,p)) # 0 inside the

region of interest 0 < r < 0.3.
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4.4 Conclusion and future work

We showed a more practical characterization of the Radon transform as an oper-
ator R : S(R") — Sy (P") which can be used to construct elements of the kernel of

the restricted Radon transform

R ||p|<a: S(Rn) — SH(]Pm)

= Rf(w,p) ljpl<a -

This is achieved by using classical integral formulas for f and Rf in terms of spherical
harmonics, in which case the Radon transform is a diagonal operator. These formulas
take the form in R™:

2/2 p2 (n—3)/2
gik(p) =|5"" 2|/ (- ) <1— —) fir(r)r" 2 dr,

r2

fualr) =elm)r® [ = ORI (2) gl s s

where ¢(n) and Cl("72)/ ?(z) are defined as above, and the g,; and f;) are the co-
efficients in the spherical harmonics expansions of g and f respectively. For future
work, we would like to use these integral formulas alone to show a similar result to
Theorem [{.3.1] It’s possible using the Funk-Hecke theorem to show that applying
the formula for f;x(r) to the g, x(p) shown above does indeed give back fix(r). We
hope in the future to use the conditions in the hypothesis of Theorem to show
that f;,(r) given above has some regularity properties, which will give a result with

weaker assumptions on g(w, p). Experimentally, this seems to be the case.
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Example of non-uniqueness for R on R?

g(w,p)
1.0 R™(g)(z,y)
1.0 -10
0.5
0.5 -
~ 00 = 0.0
0
05 - =05
-1.0 =5
~1.0 -1
0 45 90 135 180 T

w

R7Y9) lj@w)<025 0.0
1.0 -

0.5 - -—0.2
= 0.0 - ‘ ' 04
_0.5 B . -"
—0.6
—1.0 L '
— 0 1 1.
T 0 45 90 135 180

W

10 .
Figure 4.1. (Top left) Function g(w,p) = >_ aigi(p)e™ constructed so
=0

that g = Rf for some f € S(R?). This function was constructed so that
tmgr = 0 for 0 < m < k in the Fourier series expansion of g, as is required
by Theorem [4.3.1] (Top right) Inverse Radon transform of g. (Bottom
left) R7(g) for |(z,y)| < 0.3. Note that R™!(g)(z,y) is not identically 0
here. (Bottom right) R o R™!(g), which we can see is the same as in the
top left.
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lg(w, ) = Ro R g(w, 2@ llg(p) — Ro R7'g(p)llzasy)

0.07 -
0.25 -
0.06 -
0.05 - 0.20 -
= —
é 0.04 - g 0.15 -
£ M
0.03 - 0.10 |

0.02 -
0.05 -
0.01 -
i i i i i 0.00 T i i i i
0 45 90 135 180 —-1.0-0.5 0.0 0.5 1.0

w p

Figure 4.2. Error in R o R~!'g for the function shown in Figure



Examples of non-uniqueness for R in ROI problem on R?

Lo _folz.y) o filz)
05
= = 00
-0.5
-107
10 Rl fi(z.y)) 10
] ] 0.5 - 0.5
-0.5 o5 053 -0.5
~L057%5 90 135 180 —10, %0 135 1830 -7
w w

Figure 4.3. Simple examples of non-uniqueness for the region of interest
problem. Both fy and f; are nonzero in the region of interest |(z, y)| < 0.3,
but Rfy and Rf; are zero for |p| < 0.3.
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