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ABSTRACT

Joodaky, Amin Ph.D., Purdue University, August 2020. Mechanics and Design of
Polymeric Metamaterial Structures for Shock Absorption Applications. Major Pro-
fessor: James Gibert, School of Mechanical Engineering.

This body of work examines analytical and numerical models to simulate the re-
sponse of structures in shock absorption applications. Specifically, the work examines
the prediction of cushion curves of polymer foams, and a topological examination of
a x shape unit cell found in architected mechanical elastomeric metamaterials. The y
unit cell exhibits the same effective stress-strain relationship as a closed cell polymer
foam. Polymer foams are commonly used in the protective packaging of fragile prod-
ucts. Cushion curves are used within the packaging industry to characterize a foam’s
impact performance. These curves are two-dimensional representations of the decel-
eration of an impacting mass versus static stress. The main drawback with cushion
curves is that they are currently generated from an exhaustive set of experimental
test data. This work examines modeling the shock response using a continuous rod
approximation with a given impact velocity in order to generate cushion curves with-
out the need of extensive testing. In examining the x unit cell, this work focuses on
the effects of topological changes on constitutive behavior and shock absorbing per-
formance. Particular emphasis is placed on developing models to predict the onset of
regions of quasi-zero-modulus (QZM), the length of the QZM region and the cush-
ion curve produced by impacting the unit cell. The unit cell’s topology is reduced
to examining a characteristic angle, defining the internal geometry with the cell, and
examining the effects of changing this angle. However, the characteristic angle cannot
be increased without tradeoffs; the cell’s effective constitutive behavior evolves from
long regions to shortened regions of quasi-zero modulus. Finally, this work shows that

the basic y unit cell can be tessellated to produce a nearly equivalent force deflection
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relationship in two directions. The analysis and results in this work can be viewed
as new framework in analyzing programmable elastomeric metamaterials that exhibit

this type of nonlinear behavior for shock absorption.



1. INTRODUCTION

Mechanical shock resulting from phenomenon such as impact, drop, or earthquake are
a sudden (a transient physical excitation) acceleration or deceleration in a structure’s
motion or deformation [1]. While beneficial to applications such as energy harvest-
ing, shock phenomena is mostly a hazard to structures. Structures that experience
sudden or drastic increase in loading are designed to be shock resistant. An example
of this shock resistant are braced frames that are designed to enhance the resistance
of building structures against seismic earthquakes [2]. However, designs for fortifying
structures face limitations. Along with strengthening structures, shock absorbers,
that are placed between the source of loading and a structure, are designed to re-
duce the transmitted shock energy to the structure. For example, researchers have
long studied structures and materials for shoe soles to attenuate the impact shock
transmitted to a person in athletic activities such as running and jumping to lower
biomechanical human body damages [3]. Over the years, several tests and metrics
have been developed to measure shock absorption capacity of a structure in impact
events including cushion curves, efficiency and ideality, shock response spectrum,
damage boundary curve, and other alternative methods.

From handling to transportation, packaged products are susceptible to damage
due to impacts [4]. Mainly made of polymer, closed or open cell foams have been
applied in packaging design to protect products from impacts [5,6]. These foams are
also applied in the auto industry for car seat and helmet designs for protection and
comfort applications [7,§]. Mechanical metamaterials are also used as shock absorbing
structures. These materials and structures whose properties are not commonly found
in nature [9], use complex internal structure to effect material behavior. Researchers

have taken advantage of uncanny properties of metamaterials in many areas such as



electromagnetics, optics, and acoustics [10]. Recently, metamaterials are designed
and studied for shock absorption applications [11].

The present work has two interwoven focuses: 1) providing mechanics based pre-
diction of shock pulses including nonlinear dynamics and higher-order modal interac-
tions, to predict cushion curves for polymer foams, and 2) proposing, manufacturing,
and parameter tuning of a x shape architected structure for enhancing ideality which
is a shock absorption metric. The analytical and numerical models for both works
are validated with experimental results. In this chapter, a background and literature
review is provided for 1) shock absorption metrics, and 2) the shock absorption and

current mechanics models of cellular foams and metamaterials.

1.1 Shock Absorption Metrics

The function of a protective foam or a cushion is two fold: 1) absorb maximum
energy during impact and 2) transmit a force or acceleration to the object that it is
protecting that is below a critical acceleration (g) level that would result in damage.
Over the years, several tests and metrics have been developed to characterize the
shock and vibration transmissibility of cushioning systems. The next section provides

a brief overview of these procedures and/or quantities.

1.1.1 Shock Spectrum

The shock response spectrum (SRS) is a graphical representation of a transient
acceleration pulses’ potential to damage a structure. SRS was designed to character-
ize shock events on general linear systems. However, later it was applied to systems
that exhibit nonlinearities approximated as piecewise functions [12]. The spectrum
was first conceived by Dr. Maurice Biot in his 1932 PhD thesis [13]. He defined
the SRS as the maximum acceleration response from a set of single-degree-of-freedom
oscillators each with a modal frequency over a predetermined range. It can be visual-

ized as an array of single-degree-of-freedom oscillators attached to a rigid base. In its



original conception, Biot assumed that the motion of the oscillators did not affect the
base. A transient shock is applied to base and the maximum acceleration response
of each oscillator is recorded. The shock spectrum is constructed by plotting the
maximum acceleration response of the array of oscillators with their corresponding

modal frequency.
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Figure 1.1. Cushion curves for a hypothetical foam at various drop heights.

1.1.2 Cushion Curve

Cushion curves are determined using the standard ASTM D1596 . In this test
a platten of mass, m, is dropped from a drop height, h, on a sample of a cushioning
material of area A. The main aim is to determine the effect of the static load and
the drop height on the level of shock to which the mass is subjected. Various static
loads o, can be obtained by varying either the mass m or contact area A. The static
load is defined as o5 = mg/A. The shock-absorbing characteristics of the material is
represented as a family of cushion curves, Fig.[1.1l Each individual curve is composed

of the peak accelerations during impacts for a range of static loads for a given drop



height. The size and material composition of the foam used for a given application is
determined by finding the static stress that minimizes the rebound shock pulse within
a predetermined bound. In order to construct a family of curves, it can require over

10,500 drops and 175 hours for a single material [15].

1.1.3 Damage Boundary Curve

Damage boundary curves (DBC) like cushion curves are determined using ASTM
3332 [16]. Damage boundary and cushion curves differ significantly in implementation
and in the information that they convey. Specifically, the drop test determines the
combinations of peak deceleration and shock duration that will produce damage in
the product. While cushion curves are based on a controlled drop, damage boundary
curves are generated from a vertical shock table that drops the package from a known
height. The damage boundary curve has the underlying assumption the packaged
product can be modeled as a linear spring-mass-damper. Typically, the shock table is
used to excite the packaged product to provide a step change in velocity or acceleration
depending on the duration and magnitude of the shock event. Step changes in velocity

and acceleration at the onset of damage are used to draw a boundary curve.

1.1.4 Efficiency and Ideality

Milton and Gruenham [17] examined foams whose constitutive relationship is
strain rate independent or is minimally dependent on strain rate. They proposed two
measures of shock absorption that can be determined from a quasi-static compression
test, ideality (/) and efficiency (E). These metrics are based on the assumption that
the ideal foam transmits a constant force when compressed through its thickness.

The two measures can be formally written as

]:/Em 7 _de and Ez/emide7 (1.1)
0 0 Om

Om€m



where €, is the maximum strain the foam is compressed, and o, is the corresponding
maximum stress. The two measures differ by a factor of i Each quantity depends
on the maximum strain rate at impact and can vary when mapped to the quasi-
static stress-strain curve. Both metrics are ratios of energy, I is the ratio of energy
absorbed between a real foam to an ideal foam at the same level of strain and trans-
mitting constant force, E is the ratio representing the efficiency of energy absorption
of the compressed foam to an ideal foam that is fully compressed that transmits an
equivalent constant force/stress to the product.

It is useful to review the constitutive behavior of a typical polymer foam to better
understand the two metrics. The constitutive behavior characterized by three regions:
at low strains from 0.0 to ~ 0.06 a linear or slightly parabolic elastic region, from 0.06
to 0.6, 2) a region of deformation at near constant stress, and 3) an approximately
linear response with a high tangent modulus for strains greater than 0.7, see Fig. [1.2]
The material behavior in the first region is controlled by cell wall bending and cell
face stretching. At the apex of this region, the collapse of cell walls is due to elastic
buckling. In the second region, cell wall buckling occurs causing large deflection due
to small increases in force. The third region occurs past the plateau and is known
as the densification region; the foam’s cell walls further collapse on themselves and
contact each other when compressed. Ideality is maximized for strains and stresses
in the second region of the constitutive behavior, in regions where the stress is nearly
constant over a range of strains. Efficiency is maximized in the overlap between the
second and third regions, where there is a transition from nearly constant stress to a

rapid change in stress over a finite range of strain.

1.1.5 Alternative Metrics

Suhir [18] for designing shock absorbing systems for microelectronic devices the-
orized that the ideal shock absorber is a device or material that provides a constant

declaration below the critical value in which product damage could occur. In addi-
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Figure 1.2. Stress-strain curves for a hypothetical foam showing regions of maximum
ideality and efficiency. The grey area under the curve indicates the energy absorbed
by the foam at the indicated strain.

tion, they added the constraint that this deceleration must occur within a minimum
stopping distance during the entire time of breaking. Furthermore, they formulated
a metric to calculate the effectiveness of a shock absorber as the product of the max-

imum acceleration and the maximum compression distance

R = Tz Tmaz- (1.2)

Assuming the acceleration is constant, the metric becomes R = —gH, where g is
the acceleration due to gravity and H is the drop height, is the upper limit on per-
formance. Comparing Suhir work to Milton and Gruenham [17], one realizes that
the metric captures both ideality and efficiency. The metric measures ideality by pe-

nalizing non-constant acceleration; and it captures efficiency by requiring a minimal



stopping distance. The minimal stopping distance is directly correlated to a foam

absorbing maximum energy at a given maximum strain level.

1.2 Foams and Architected Structures for Shock Absorption

In this section, cellular foams and metamaterials are briefly introduced. The
following paragraphs provide a survey of literature on the mechanics based models of

foams and the use of architected metamaterials for shock absorption.

1.2.1 Foam Structure

This discussion of the structure of foam is based on descriptions found in Gibson
and Ashby [5]. “A cellular solid is one made up of an interconnected network of
solid struts or plates which form the edges and faces of cells. The cells are polyhedra
which pack in three dimensions to fill space; we call such three-dimensional cellular
materials foams. If the solid of which the foam is made is contained in the cell edges
only (so that the cells connect through open faces), the foam is said to be open-celled.
If the faces are solid too, so that each cell is sealed off from its neighbors, it is said
to be closed-celled; and of course, some of foams are partly open and partly closed”.

Foam is commonly used packaging material for a package to be effective it must
absorb the energy of impacts or of forces generated by deceleration, without subjecting
the contents to damaging stresses. It should be noted that foams are particularly well
suited for this task. The strength of a foam can be adjusted over a wide range through
changes in its relative density. Furthermore, foams can experience large compressive
strains on the order of 0.7 or more, at almost constant stress. This has the consequence
that large amounts of energy can be absorbed by the foam without generating high
stresses.

The deformation behavior of elastomeric, elastic-plastic, and elastic-brittle foams
are shown as compressive stress-strain curve in Fig.[1.3] It was noted earlier that each

stress-strain curve of foams has three distinct regions. While the previous discussion



applied to polymer foams the regions are found in other types of foams. The first
region is linear elastic and it is controlled by cell wall bending in open cell foams
and by cell face stretching if the foam is composed of closed walls. The region has a
Young’s modulus, E*, i.e., the initial slope of the stress-strain curve. When loading is
compressive the second region depends on the foam: 1) a plateau is associated with
collapse of the cells by elastic buckling in elastomeric foam, 2) plastic hinges occur in
a foam which yields (such as a metal); and 3) brittle crushing occurs in a brittle foam
(such as a ceramic). In the third region the cells have almost completely collapsed.
The opposing cell walls touch, and further strain compresses the solid portions of the
cell. This compression results in densification, the final region of rapidly increasing

stress.

1.2.2 Literature Review of Foams and Cushion Curves

The previous discussion was focused on the quasi-static compressive behavior of
a foam. This section focuses on the dynamic behavior due to impacts. The shock
attenuation properties of a cushion material are experimentally determined using
ASTM D1596 Standard Test Method for Shocking Absorbing Characteristics of Pack-
age Cushioning Materials [14]. In the test, a mass M is dropped from a height H on
a sample cushioning material of area A. The goal of the test is to study the effect of
the static stress o, = Mg/A and drop height on the peak deacceleration of the mass,
as the foam is compressed. The results are represented as cushion curves that plot
peak acceleration during impact versus static stress.

Mathematical models of impact response of packaging systems originated in the
1990’s. Initially, the mathematical predictions were based on an energy balance during
impact. A popular approach was a forced vibration system with foam as a nonlinear
spring and damping, and static weight of dropped mass as the force [19,20]. Based
on a dynamic stress-strain curve method, Burgess [21}22] consolidated all cushion

curves into a single relationship. The method is simple and takes only one data of a
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impact effects on shock absorption of closed-cell foams. The results show transmit-
ted shock is increased due to cell-wall fatigue and rupture. These modeling efforts
significantly reduced the necessary time to determine cushion curves from the ex-
perimental procedures outlined in ASTM D1596 [14]. Dynamic stress from impact
events is added to static analysis in a study by Li et al. [24]. For various parameters
in compression, a series of dynamic factor functions were generated. The predicted
cushion curves were in agreement with those from ASTM D1596 [14].

The models evolved to both analytical solutions and numerical simulations of the
impact. Sek et al. [25] used a computational model based a single degree of freedom
to characterize cushion materials. A vibration model with integrated nonlinear spring
and viscous damping were studied for cushions under impacts [26]. To obtain maxi-
mum accelerations for linearized local strains, velocity was equaled to zero. Including
damping in the model reduced rigid impact to a certain level.

The compressive impact response of expanded polystyrene (EPS) foams with com-
plex shapes were numerically predicted using finite element method (FEM) [27]. Mul-
tiple cycles of loading and unloading in finite element simulations of EPS foams were
studied by Ozturk and Anlas [28]. Cushion curves were better predicted for sin-
gle loading compared to multiple loading cases. Piatkowski et al. [29] proposed a
method of dynamic stress-strain curves determination that assumes the energy den-
sity of foam collisions is obtained from the area under the stress-strain curve. The
method processes the input data for FEM simulations that is helpful in case of limited
access to experimental cushion curves.

With the exception of finite element simulations, these efforts were based on a
lumped parameter approximation of the cushioning foam and impacting mass. The
key to these modeling efforts is to capture both the dissipative and quasi-static stress-
strain behavior of the material. In open-cell foams that are used in car seats, Azizi
et al. [30] developed a single-degree-of-freedom foam-mass system with damping and

nonlinear viscoelastic properties. In order to find steady-state response for the base
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excited system the incremental harmonic balance method was applied. In another

similar study, viscoelastic models [31] were developed.

1.2.3 Brief Introduction to Metamaterials

A meta-material is any architected or engineered material or structure that shows
a property that is not found in natural materials [32]. For example, electrical permit-
tivity € and magnetic permeability p are negative for meta-materials that let waves
flow in a backward fashion. Wegener [10] discussed the application of meta-materials
beyond optics. For example, in pentamode metamaterials, the effective shear mod-
ulus is relatively small comparing to bulk modulus, that makes the complexities of
waves propagation simpler. Wegener mentioned “Metamaterial unit cells could be
constructed that break or buckle to dissipate mechanical shock energy. We also could
work toward active mechanical metamaterials, integrating miniature energy sources
together with sensors, actuators, and feedback loops into the individual unit cells.
Nonlinear and active mechanical metamaterials are wide open for innovation.” The
focus of this work is to establish the use of these artificial materials in impact appli-

cations.

1.2.4 Literature Review of Metamaterials for Shock Absorption

In energy absorption applications, honeycomb structures have long been stud-
ied [33/34]. In modern manufacturing methods such as 3D printing, the design of
honeycomb structures is highly facilitated. In order to present the potential of 3D
printed hyperelastic honeycombs as energy absorbing metamaterials, Bates et al. [35]
manufactured flexible cellular structures by 3D printing thermoplastic polyurethanes
(TPUs) using fused filament fabrication (FFF). The parametric study shows the ad-
vantages of the suggested FFF 3D manufacturing. Namely, these advantages are: 1)

the energy absorption is a function of cell orientation and strain rate, 2) the structure
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was compressed repeatedly without failure, and 3) no obvious defects are observed in
the structures.

Chen et al. [36] studied “new type of hierarchical honeycomb structure that ex-
hibits a nearly linear relation between stiffness and relative density.” The results
showed enhanced energy absorption capability and recoverability. “The hierarchical
honeycombs structures are fabricated using commercially available 3D printers and a
brittle plastic polymer.” Most of studies about honeycomb structures are limited to
hexagonal cells. Habib et al. [37] designed nine types of honeycombs with different
cell shapes to study the shape effect on in-plane response and energy absorption.
Using finite element method, they showed the deformation of some honeycombs are
dominated by bending of cell edges, while the others’ response was dominated by
plastic buckling.

Inspired from classic Kelvin 1887 model, Ge et al. [38] printed engineered cellular
thermoplastic polyurethane cubes. The test indicated the cubes experienced the
Mullins effect, a cyclic softening, was evident on the stress-strain curve. The presence
of the Mullins effect was indicative of viscoelastic behavior. Comparing to rubber, the
3D printed foam has a much lower density, which is important in high-performance
cushion materials.

Viscoelastic inks are 3D printed to create porous elastomeric architectures with
ordered arrangement of struts, as potential replacements for shock absorbers, such
as foams [39]. Directionally dependent load response including negative stiffness was
exhibited by these structures.

Song et al. [40,41] optimized the geometry of structures with a square cross-section
to provide broadband damping effects for vibration, acoustic and impact. These
structures rely on beam buckling to shape their response. Furthermore, the structures
are analyzed using the finite element method, and the samples are tested on an
electrodynamic shaker. “With impact experiments, it is seen that the tapered internal

geometry design leads to a greater instantaneous acceleration amplitude immediately
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after impact while more rapidly attenuating the energy when compared to the solid
elastomer mass.”

Square internal geometries are not the only topologies considered to capture im-
pact energy. Using finite element analysis and experimental test, Li et al. [42], studied
energy absorption enhancement of 3D printed auxetics (material with negative Pois-
son’s ratio) reinforced composites. A parametric study was conducted to show the
effect of Poisson’s ratio and volume fraction of the auxetic structure.

Recent work by Vuyk et al. [43] on metamaterials has identified the origins of their
shocks absorption capability; it originates from a combination of local and macro-
scopic deformations. The macroscopic deformation of the material is a product of
localized non-affine buckling response of its local members. This mechanism has
been known for years as the basis of the shock absorption properties of open cell
polymer foams. It has also been noted that the buckling causes the effective damp-
ing to go to infinity, while the effective natural frequency of the structure goes to
zero. Digital image correlation (DIC) was applied to present the integration of elastic
buckling with microscopic and macroscopic deformations in elastomeric mechanical
meta-materials. The results were validated with FEM. They emphasized the necessity
of interdisciplinary studies of structural and material engineering for such structures.
The study correlates energy dissipations with deformation behaviors.

Controlling the deformation behavior of the cells in meta-materials is a challenge.
Bertoldi et al. [44] studied the deformation behavior of periodically patterned elas-
tomeric materials. They investigated the effect of periodic pore shapes in elastomeric
matrix on the deformation response. They showed that by changing the shape, the
features of the structure, such as stiffness could be controlled for a desired expecta-
tion [45].

In a topical review, Hu et al. [46] discussed harnessing buckling and post-buckling
behavior in smart structures. By combining numerous bistable elastic beams in a
tilted direction and using 3D printing ink writing method, absorbed energy by the

structure is trapped in the deformed beams to protect a package or person from impact
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loads [47]. Meaud and Che [48§] studied wave propagation in bistable cells. Their
numerical approach shows that the thickness to height of a beam in bistable structures
is a critical parameter in tunability of wave propagation. Controlling instabilities
in architected cellular structures can be applied in auxetic material design, energy
absorption, and controlling elastic wave propagation [49]. If the cell’s dimensions in
a periodic cellular structure are identical, the buckling sequence is not predictable
directly. However, by small variation of the cell size a deterministic deformation
sequence is achieved [50]. An analytical and finite element simulation were developed.
The FEM and experimental results were in agreement when a viscoelastic property
was considered in the FEM model.

Cui and Harne [51] developed an analytical approach to study the relation between
viscoelasticity and nonlinear behavior of engineered elastomeric structures, and their
dynamic macroscopic behavior. The results were validated with experiments.

Quasi-zero stiffness (QZS) plays several roles in structures that absorb energy.
Niu et al. [52] studied the advances in quasi-zero stiffness isolation systems that are
applied in geodynamics, precision machines, etc. For example, in disk springs with
a conical shape, the restoring force is a cubic function of displacement. QZS can be

achieved by having two positive and negative stiffness springs in parallel.

1.3 Motivation and Research Questions

Cushion curves as a shock absorption metric, is a performance index in the most
common designing methods for protective packaging [53]. Researchers developed nu-
merical /analytical models for capturing cushion curves to save costs on exhaustive
thousands experimental drop tests outlined in ASTM D1596 [14]. Except for finite el-
ement method models, current analytical/numerical models of foams in shock events
are based on lumped parameter approximations. Assumption of lumped parameter
model simplifies the analysis. However, the validity of lumped parameters models

in providing a highly accurate prediction of cushion curves and other essential in-
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formation such as the effect of higher-order modal effects on response has not been

considered. This lack of knowledge leads to several open research questions:

1. What are the effects of higher order modes of vibration on the rebound acceler-

ation of an object impacting a cushion?
2. What are the effects of damping on the rebound acceleration?

3. Using this multimodal analysis, what are the dominant constitutive properties of

foam for shock response?

4. Using this multimodal analysis, can a quasi-static compressive test be used to

determine the acceleration pulse?

Answering these questions are the initial focus of this dissertation in the examination
of the shock response of foam.

The second part of this work utilizes the answers to the aforementioned research
questions to guide the study of an architected material. In particular, the work
is limited to studying the unit cell of one particular geometry, the y structure. A
complete description of this unit cell is found in Chapter[2l Analyzing the architected

materials requires one to address the following questions:

5. What geometry effectively mimics the quasi-static compression and shock ab-

sorption of an elastic closed cell foam?

6. Can the quasi-static compressive behavior of the architected material be modeled

using FEA?
7. Can the elastic buckling of the structure be modeled analytically?

8. Can the geometry be tessellated to provide bi-directional tunable quasi-static

compressive behavior?

The developed analytical and numerical tools extend the horizon of understanding
deformation of these structures. Many shock absorption applications such as car seats

and packaging will benefit from this analysis.
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1.4 Layout of Dissertation:

The remainder of this dissertation is organized as follows. Chapter [2| focuses on
the prediction of shock response of a cushioned material using a nonlinear continuous
model of a rod to represent the foam. The materials used in this study are an
expanded polystyrene foam EPS20 [28], Styropor® [54] (BASF), and a polyethylene
foam, Ethafoam® 150 (Nova Chemicals). Chapter [3| introduces the extended x unit
cell; it exhibits large regions of quasi-zero-modulus (QZM). The unit cells contains
a network of beams arranged in a geometric configuration of two opposing triangles
attached at their respective apexes to a vertical neck of finite length. In particular
the chapter details the fabrication and finite element modeling of the structure. The
unit cell’s force-displacement relationship is recast into examining an effective stress
and strain. Using these new metrics the unit cell constitutive behavior mimics that
of the polymer foams in Chapter [2l The chapter introduces the effect of topology has
on the effect on this constitutive relationship. Chapter 4| develops a semi-analytical
model to predict the onset of the region of QZM. The model is based on the stiffness
matrix of a beam-column where equilibrium conditions are imposed at each joint. In
this chapter the topology is described by a characteristic angle. The buckling modes
of the extended y unit cell are predicted and compared to those obtained by a finite
element analysis. The section concludes with a discussion of the effects of changing
the characteristic angle effects length of the region of QZM. Chapter [5| examines the
shock absorption characteristics of the extended y unit cell. It does this by first
examining the theoretical cushion curves the unit cell would yield if impacted using a
lumper parameter model of the structure and concepts introduced in Chapter 2l Then
finite element models are used to examine the effect of the characteristic angle and leg
thickness on the absorbed energy of the structure and the length of the QZM region.
Chapter [0 discusses tessellating the extended x structure in two dimensions to provide
multi-directional protection. The chapter presents the fabrication, characterization

and modeling of the structure as well as discussion of its limitations. Chapter [7]is the
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final chapter and it discusses how the work addressed the research question laid out
in this chapter. In addition, it provides a roadmap for improving upon the existing

work and extending the concepts presented into new avenues of inquiry.
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2. PREDICTION OF CUSHION CURVES OF POLYMER FOAMS USING A
NONLINEAR DISTRIBUTED PARAMETER MODEL

The following subsections are reprinted, in part, from Joodaky, A., Batt, G. S., &
Gibert, J. M. (2020). Prediction of cushion curves of polymer foams using a nonlinear
distributed parameter model. Packaging Technology and Science, 33(1), 3-14 [55].

2.1 Introduction

This chapter aims to provide a rigorous analysis beyond the lumped parameter
paradigm on the prediction of shock response of cushioned materials. The materi-
als used in this study are an expanded polystyrene foam EPS20 [28], Styropor® |54
(BASF), and a polyethylene foam, Ethafoam® 150 (Nova Chemicals). Like other
expanded polymer foams, they demonstrate complex stress-strain relationship char-
acterized by viscoelasticity and elastic nonlinearities. In this work, we explore the
effects of approximating the behavior: 1) with a polynomial stress-strain relationship
and a linear viscous damping term, and 2) and expand upon previous analytical and
numerical models of packaging foams by deriving the equations of motion based on an
analysis of the foam as a continuous body [56]. The simplification of the material be-
havior as hyperelastic and viscous allows the determination of the material constants
in the model using a single drop test and a single compression test.

The remainder of the chapter is organized as follows: Section presents a phe-
nomenological model previously developed to capture the nonlinear elasticity of the
closed cell foam. Section derives the equations of motion of the mass impacting a
hyperelastic rod used to approximate the ASTM tests. Section [2.4] covers the study of
the analytical solution behavior for varying drop heights and static stresses. Section
presents a discussion on model implication and limitations. Section presents

concluding remarks.
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2.2 Constitutive Relationships

Previous models of closed cell foams have captured material behavior by assum-
ing the deformation can be isothermal compression of trapped air in a deformable
volume [23,57], or by a nonlinear deformation [58]. In developing a model for the ma-
terial behavior of the foam; if we consider a nonlinear hyperelastic compression Ogden

model of deformation [59], the constitutive relation of a polymer can be written as

o(t) = F(e(t), e(t)), (2.1)
where € is the finite strain. In one dimensional problems, € is defined as

_ Ou 1 ou\’ 1,

The infinitesimal strain of linear elasticity is € = %Zv or length ratio A = 1+ ¢ [5§].
Banks et al. [60] noted that since finite strains are themselves nonlinear functions
of the infinitesimal strains e, Eqn. can be written in terms e. Furthermore,
the stress-strain relationship can be decomposed as a sum of hyperelastic (o) and
viscoelastic (oyg(t)) components where the hyperelastic terms can be represented as
a polynomial and the viscoelastic term in terms of a hereditary integral [31,61]. Here,
we represent the complete stress in the material as a polynomial (o,) representing

the stress at a quasi-static state and a viscous loss component using a Kelvin Voigt

model of damping (o,):
ou d*u ou K ou\” 0?u
(&) g (2 Jol o s gu 2,
o(t) f(ax’atax> 1<ax>+k§ ! ’“(m) Ty (23)

where the constant F; is the linear elastic modulus, Ej are the relative nonlinear

. . . ou K ou\"
moduli, and Cp is the damping constant, o, = Ey | —— | + ZElEk — | , and
Ox = Ox
0%u

0y(t) = Cp—=—=—. The effective damping constant Cp, is not determined from material

Otox

characterization, and will be determined directly from one point on the drop test.
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Figure (a) is a plot of the quasi-static stress-strain curve of the expanded
polystyrene (EPS20) foam with density p = 20 kg/m?, that was compressed at a rate
of 100 mm/min using a Zwick universal testing machine at room temperature [2§].

The quasi-static region can be divided into three distinct regions; Region I, Region II,
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Figure 2.1. Quasi-static stress strain curve of expanded polystyrene: (a) Static
compression curve of EPS20 and (b) R? values for least square curve fits where
polynomial order, K, ranges from 4 to 10. Region I is due to linear elastic deformation.
Region II is due to buckling of cell walls. Region III is due to contacting of collapsed
cell walls.
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and Region III [5/62] . Region I occurs between 5-8% nominal strain; the foam deforms
elastically, controlled by cell wall bending and cell face stretching. At the apex of
this region, the collapse of cells walls is due to elastic buckling. The plateau region,
Region 11, is between 10-60% strain. In this region, cell wall buckling occurs causing
large deflection due to small increases in force. Region III occurs past the plateau
and is known as the densification region; the foam’s cells collapse on themselves, and

the material compacts under increasing compression.

2.2.1 Polynomial Approximation of Hyperelastic Constitutive Parameter

Identification

The quasi-static, hyperelastic behavior can be modeled as a polynomial using a
least squares fit [63]. For obtaining a highly accurate polynomial fit, the number
of terms in the approximation is equal to seven (K = 7); the coefficients for the
fit are given in Table 2.1 In Fig. 2.1 (a), the experimental data is illustrated with
red circular dots, and the curve fit with a blue line. The seventh order polynomial
captures the stress in the three regions of deformation. Figure (b) shows R?

values for polynomial fits with orders ranging from 4 to 10.

Table 2.1. Modulus and relative moduli for uniaxial compression polynomial model
of EPS20 [28].

Ey 4.12 MPa Es 252.70 MPa/MPa
E, -10.53 MPa/MPa Eg -206.06 MPa/MPa
Es 56.12 MPa/MPa E; 68.34 MPa/MPa

E,4 -16.54 MPa/MPa

2.3 Nonlinear Distributed Parameter Model

A schematic of the drop test is illustrated in Fig. 2.2] (a), while the distributed

parameter model used in this study is represented by Fig. [2.2] (b). The distributed
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parameter model is a one-dimensional rod with a lumped mass, M, attached to one
end and the other end attached to a rigid surface. The rod represents the foam, while
the mass represents the weight used in the drop test. The impact is treated as an
initial value problem, where the velocity of the weight just prior to impact is the
initial velocity of the system. Finally, the model assumes that the Poisson’s ratio of
the foam is zero, i.e., there is no change in the cross section as the foam is compressed
or stretched. The equation of motion describing the longitudinal motion of the rod

can be written as the damped nonlinear wave equation:

Pu Cp Pu 0 [, fou E  (ou)"
atz—pataxﬁax(c (a+ZE o:) | ) 24

where u(zx,t) is the displacement of the foam and is taken as positive downward from

the top of the foam, ¢ = \/m is the elastic wave speed, p is the apparent density
of the uncompressed foam, Cp is loss coefficient assuming Kelvin Voight damping, F;
is the absolute linear modulus of the material, E}, is the relative nonlinear modulus of
the foam, A is the cross-section area, and L is the thickness of the foam. Neglecting
damping, the boundary conditions of zero displacement at the fixed end and stress

continuity at the free end can be written as

u(L,t) =0 and (2.5)
0%u ou X ou\"
wazo_ElA (61}+1€22Ek (&E) ) _O+Mg,

with initial conditions

u(z,0) = us(x), augt’o) =/2¢9H, (2.6)

where g is gravitational constant, M is the mass of the platten, H is the drop height,

and u(z) is an unknown function due to the static deflection. The stress continuity
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Figure 2.2. Representation of drop test: (a) schematic of drop test and (b) equivalent
model using a continuous rod approximation.

boundary condition can be rewritten in terms of the static stress by noting that the
mass can be written as function of the static stress, o5, as M = 0,A4/g, to yield

ou K ou k
- (a*ZE (5:) )
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(2.7)

=0

r=

2.3.1 Static Analysis

In order to solve Eqn. , the displacement, u(x,t), can be written in terms of a
static equilibrium position, us(z), and a time dependent perturbation displacement,
@(z,t), such that

u(z,t) = a(z, t) + us(z). (2.8)

The partial differential equation (PDE) and its boundary conditions are expanded
about the static equilibrium shape, ug(x), which is determined by setting the time-

dependent terms to zero, leaving the following boundary value problem

2 (o £ () o oo
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The corresponding static boundary conditions are

ous & Oug F
us(L) =0 and <8x +,§;Ek<8x> )

Finally, the boundary value problem in Eqn. (2.9) can be written as

ag
= =0. 2.10
e (2.10)

r=

0*u

) K au k—1
s (1 ];:;kEk <8x> — 0. (2.11)

Examining the boundary value problem reveals that either 9?u,/0x? or

1+ 8, kEy (%?)kil must be zero. The latter condition is of the same order the
boundary condition and cannot be the governing equation of motion. Thus a solution
to Eqn. is also a solution to the linear problem 9%u,/dz* = 0 [63-65] and can
be written as

us(r) = €5(x — L), (2.12)

where €, is the nonlinear static strain and root of

s~ 0. (2.13)

K
65+2Ek€§+E1 =

k=2

Having determined the static deformation of the rod, the nonlinear equation of motion

around the static deformation can be written as

2a  Cp o 0% K o1 ht
o2 =~ p oo Con (H,;QkE’“ oz ) )

C 8311 8217/ K k—1 k—1 aﬂ k—1—j .
— 7175%8:62 + 028952 (1 +> kB> (( ; ) (6:15) . (214
7=0

k=2

According to the binomial expansion formula,
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where (k;1> = %, and the symbol (n)! denotes the factorial, and n = j, or

(k —1). The associated initial conditions can be written as

0u(z,0)

@(z,0) =0 and T 29H, (2.16)
and the boundary conditions can be written as
ou K ou F O os 0%u
u(L,t) = d a.. s Ep| s - = - .
a(L,t) =0, an (8x+6 +k§;2 k(ax+€>) 5 = By on O
- =0 x
(2.17)

Again, utilizing the binomial expansion

(S0 EOE) ) o

where (’;) = %, the stress boundary condition can be written as
o1l K kot (k:) (8ﬂ>kj , O o, 0*u
—+e+ Y E =) €| +e + ===,
(81: kz:; (jz:% j) \Ox L B, Egot?| _,
(2.19)
using Eqn.(2.13]) the boundary condition simplifies to
S L (k) (aa)’“‘j | oy Pu
4N E V(=) e =z 2.20
(83: ,;2 g (]go j) \Ox - Eyg ot* | _, (2.20)

2.3.2 Linear Analysis

In performing a linear analysis around the static deflection one can obtain both

an analytical expression for the shock response and determine candidate admissible
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spatial functions of the displacement that can be used to perform a Galerkin expansion
to discretize the nonlinear partial differential equation of motion

o , 0%

atQ - Ceff@’ <221)

K
where ¢Z;; = c <1 +3 k:Eke];_1> with initial conditions of Eqn. (2.16|) and bound-
k=2

ary conditions

@
ox

os  0%u

El,effg @t2 2=0

a(L,t) =0, and (2.22)

z=0

K

where Eyopp = Ei | 14 Z kEkeif_l). We assume a separable spatial and temporal
k=2

solution that can be written as

a(x,t) = U(2)q(t). (2.23)

Plugging in Eqn. ([2.23]) into the expressions of Eqn. (2.22), eliminating the temporal

coordinate leads to the characteristic equation
atana = 3, (2.24)

where § = pgL/og represents the ratio of foam’s weight per unit length to static
stress. Note that this equation is transcendental and can be solved for «,, where n =
1,2...00. The eigenvalues «,, can be related to modal frequencies by o, = w,L/ccsy.

The temporal equations can be written as
Gin(t) + wWign(t) = 0. (2.25)

The displacement of the foam can be written as

~ 5 (OénJI) . <Oén.§C> (UOn . )
iz, t) => ) C, ( - cos { — sin ( — ; sinwpt |, (2.26)
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where v, and gg, are the contributions of each mode on the velocity and acceleration

initial condition. The constant C,, is obtained by enforcing the orthogonality condition

/0 00 (@) 0 (2)d + gUm(O)Un(O) = (2.27)

where ,,, is the Kronecker delta function, see Appendix [A] The orthogonality of

normal modes allows the initial conditions can be written as

¢,(0) =0, n=12,...
in(0) = \/2gH /LU()d +LU(0) 1,2 (2.28)
n(U) = n(x)dr + U, =Vop, N=1,2,... )
q g 0 3 0

Finally, as the static stress increases, 8 approaches zero, then the characteristic equa-

tion of Eqn. (2.24) becomes tana = 0. Obviously, in this case o, = nm/2, where

n =1,2...00. The acceleration of the impacting mass can be written as

82 , t 00
M = Z — V9, Crn ﬁ sin wy,t. (2.29)
o | _, = o™
Note that the acceleration is a sum of sinusoids each with an amplitude of v, C,,w, (O%) ,

which is denoted as the amplitude G,. G, is directly proportional to the veloc-
ity of the platten at impact for each mode of vibration and can be normalized as
G,/(c/L\/2gH) and can be plotted versus static stress, o. It is evident from this
plot that the first mode dominates the response with its amplitude being an order of
magnitude higher than the higher order modes of vibration, see Fig. 2.3, The am-
plification factor for each mode initially decreases as the static stress increases until
each reaches an asymptote. Figure [2.4] shows the normalized eigenvalues or normal-
ized frequencies versus static stress. The first mode decreases with static stress. The

higher order modes are nearly constant as static stress increases.
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2.3.3 Non-Linear Analysis

A Galerkin expansion is used to discretize Eqn. (2.14)) by assuming a solution that

has the separable form as a finite series of
N A
a(a,1) = 3 Un@)aa(0), (2.30)
n=1

where ¢, (t) are the generalized time-dependent coordinates, and U, (z) are the set of
mass-normalized, orthonormal admissible functions representing the mode shapes of
a clamped-free uniform rod with a tip mass attached at the free end. The admissible
functions are obtained by solving the linear differential eigenvalue problem defined by
Eqn. and its associated boundary conditions when the nonlinearity is neglected,

and damping Cp set to zero. The functions can be written as

U, (2) = C, (Oi cos (O‘Zx) +sin (O‘Z"ED . (2.31)

The constant § = pgL /o, represents the ratio of foam’s weight per unit length to static
stress and «,, = w, L/c is the dimensionless, undamped natural frequency determined

from the characteristic equation
a, tana,, = . (2.32)
The constant C,, is obtained by enforcing the orthogonality condition

/0 0 (@) 0 (2)d + gUm(O)Un(O) — (2.33)
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where 0,,, is the Kronecker delta function. The boundary conditions can then be

written as

M=
@
§

I
uO

3
Il
_

M-
A =

Ufg z_;l U,,(0)dn(t). (2.34)

)+ Z Ej (kzl (f) (T2(0)g.)" Ei)) =

7=0

Substituting Eqn. (2.30) into Eqn. (2.4) yields
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Multiplying by Um(x) and integrating over the length of the rod while exploiting the
orthogonal properties of the admissible functions yields the following set of nonlinear,
ordinary differential equations for N modes. In a similar procedure, Eqn. ([2.35])
is multiplied by other U, (n > 1) and integrated over 0 to L. Eventually N set of
coupled equations, analogous to Eqn. can be written as
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Finally, Eqn.(2.36)) and the associated initial conditions,
Qn(o) = 07 and Qn<0) = Von,

are solved numerically yielding ¢, (¢). Eqn. (2.30)) is used to recover the complete

response.

2.4 Single Mode Representation of Cushioning System Response

Assuming that the response is dominated by the first modal frequency of the rod,
the set of nonlinear differential equations ([2.35)) reduces to

G1 (1) +2Gw1G1 (1) + wiqu(t) + Gnagi () + Gusqi () + dnagy (8)+ (2.37)

ausq; (t) + aneqs (t) + aurg] (t) = 0,

the coefficients of which are contained in Appendix [B| with initial conditions ¢;(0) =
0, and ¢;(0) = vg1, Solutions of Eqn. (2.37) provide estimates of the shock pulse

magnitude and duration.

2.4.1 An Energy Based Estimation of the Cushion Curve

Similar to Ramon and Miltz [20] and Burgess [21,22], the polynomial description of
the cushion’s material behavior allows the use of conservation of energy to estimate the
peak acceleration during the weight/foam impact. The process begins by assuming
that the system is conservative, i.e., setting (; to zero and again ignoring the inertial

initial condition. The equation of motion can then be written as

G1(t)+wiqu () Fanaqi (t)+ansq (t) +anaqt () Fans g (t) +aeq () +arrql (t) = 0. (2.38)
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Rewriting Eqn. (2.38) in terms of the potential energy as

dV(qi(t)) Coaa®)? & )
W_O and V(¢ (t)) = wj 5 —i-;oqi R (2.39)

G (t) +

Next, multiplying Eqn. (2.39) by ¢1(¢) allows the governing equation to be rewritten

as

& (5007 + V@) =0, o Jalh + V() = C = constant,  (2.40)

where the latter is the Hamiltonian of the system. Applying the initial conditions,

the constant in Eqn. (2.40]) is obtained as

C= gH(/OL U (x)dx + gﬁ1(0)>2. (2.41)

When damping is neglected, the acceleration reaches its peak when ¢;(t) = 0 and
displacement is at its maximum, ¢ = 1 ma, thus Eqn. (2.40]) becomes,

7 i+1

2
q max — q max
V(ame) = =34 + 2 any 1 = C (2.42)
1=2

Equation ([2.42) is a polynomial in ¢ e, i.€., the generalized coordinate when the
compressive deformation is maximum whose roots can be solved. The peak acceler-
ation, §imaez, can be recovered by substituting back into Eqn. (2.38). Finally, the
ratio of maximum deceleration to gravity, GG, used for generating the cushion curve,
is obtained as

G — U(O7tmax) _ Ul(O)QLma:L“ (243)

g g
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2.5 Results

In this section an analysis of the effects of the modes used in the numerical model
is conducted by: 1) the analytical and numerical predictions of the cushion curves
are compared to experimentally determined cushion curves, and 2) the analytical
predictions of a shock pulse is compared to experimental data. Published quasi-static
stress-strain data [28] and experimentally determined cushion curves for Styropor®
(BASF) [54] are used for the modal analysis and cushion curve analysis of Sections

2.5.1l and [2.5.2l The shock pulse analysis of Section is conducted using stress-

strain and impact response behavior characterized in this study for Ethafoam® 150

(Nova Chemicals).

2.5.1 Modal Effects

Model predictions are made using EPS20 foam with the quasi-static compression
moduli defined in Table [28]. We begin our study by examining the effect of the
number of modes used in the prediction of the impact responses.

The model predicted shock response of the system is explored without damping,
see Fig. 2.5 and with damping, see Fig. 2.6 for single and multiple mode approx-
imations. The damping present in the material is assumed to be viscous damping
and is determined by finding the value that matches a single amplitude determined
from a set of cushion curves. A H/L of 24 and a static stress of 1 N/cm? is used to
determine the proper model viscous damping ratio of ( = 0.012. The foam modeled
has a cross sectional area of 192 ¢cm? and thickness of 3.2 cm. Figure contains
the response of the displacement, velocity and acceleration for the case, H/L = 16,
with zero damping. Note that two wave forms are shown in each subfigure; single
mode predictions are indicated by dots and three mode predictions are indicated by
lines. The time histories of the foam’s top surface deformation during impact are
plotted, see Fig. 2.5 (a), (d), and (g), for static stresses of 0.4 kPa, 5 kPa, and 15

kPa, respectively. These static stresses correspond to regions I, IT, and III of the stress
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strain curve in Fig. 2.1} The corresponding velocities at the top surface are plotted
in Fig. [2.5[(b), (e), and (h). The acceleration waveforms are shown in Fig|2.5| (c), (f),
and (i).

Several noteworthy trends are observed in the undamped displacement, velocity,
and acceleration plots, see Fig. . 1) The amplitude and shape of the acceleration
shock pulse depend on the static stress. 2) The pulses are symmetric about the peak
in the absence of damping. 3) The effects of the higher modes of vibrations differ
based on the hyperelastic region of strain. In Region II, the simulations indicate that
little energy is present in the higher order modes. When the strain either decreases or
increases to Region I or III respectively, the higher order modes are more pronounced.

The addition of damping to the system is explored, and several observations are
made. The presence of damping reduces the effect of higher modes as seen in Fig. [2.6]
As the damping in the system is increased, the effect of the higher modes are miti-
gated. The higher mode waveforms are almost coincident with their respective single
mode equivalent. For these reasons, the remaining analysis is performed with only

one mode of vibration and the effects of damping are further explored.

2.5.2 Cushion Curve Prediction

The peak amplitudes of the predicted acceleration pulses at various static stresses
are used to generate cushion curves for various drop height to cushion thickness ra-
tios for comparison to experimental data, see Fig. Cushion curves are generated
for drop height to cushion thickness ratios of 2, 8, 16, 24, 28, and 40. The energy
based estimation (undamped) is indicated with blue circular dots, the numerical in-
tegration estimation (damped) is indicated with black dots, and the experimental
data is represented by green dashed lines. The red dash lines indicate the +18%
lab-to-lab variation expected in experimental data per ASTM D1596. In all cases,
model predictions and experimental data exhibit good agreement. However, model

and experimental cushion curve agreement is further improved with the incorporation
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Figure 2.5. Impact response using static stresses in the three regions of quasi-static
stress curve for H/L = 16. Dots are for 1-mode and solid lines are for 3-mode
estimations. Static stress in Region I is 0.4 kPa, Region II is 5 kPa, and Region
IIT is 15 kPa: (a) compressive deformation in Region I, (b) velocity in Region I, (c)
acceleration in Region I, (d) compressive deformation in Region IL,( e) velocity in
region II, f) acceleration in Region II including its zoomed out view, g) compressive
deformation in Region III, h) velocity in Region III, and (i) acceleration in Region I11
. The inserts contains zoomed views to see the effects of including multiple modes.

of damping in Eqn. (2.37). The effect of damping can be clearly seen by plotting the

relative error between the energy based and numerical estimated cushion curves with

experimental data, Fig. [2.8
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Figure 2.6. Impact response using static stresses in the three regions of quasi-static
stress curve for H/L = 16 and damping ¢ = 0.012. Dots are for 1-mode and solid
lines are for 3-mode estimations. Static stress in Region I is 0.4 kPa, region II is 5
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37

200
=
= n
l;/ 100
> ’;\\\\
O | Teeg
O L
0.5 . . .
os (N/em?) o, (N/em?)
(a) (b)
200 —— : : 200 -
= H/L=16 = H/L=24
> > OO
=100 =100 b 000%,5+1
= 0% = [ Yoag oqew =™
> O - “AoRabd
0 0
0.5 1 1.5 02 04 06 08 1 12
os (N/cm?) os (N/em?)
(c) (d)
200 : : : : 200
~ ‘/“‘- g L
5 100 ’O%QQ _qg@_qof’-—-* v g 100
0 0 H/L=40
0 0
02 04 06 08 1 0.2 0.4 0.6
os (N/em?) os (N/em?)

(e) (f)

Figure 2.7. Estimates of cushion curves considering a damping ratio, ( = 0.012, for
H/L = 2,8,16,24,28, and 40. Circular blue dots indicate energy based estimation
(undamped), black dots indicate numerical integration estimation (damped), and
green dash lines are experimental data. Red dashes indicate +18% bounds.

The introduction of damping in Eqn. yields notable improvement in the
agreement between the experimental and predicted cushion curves as seen in Fig. [2.7]
This improvement can be clearly seen by plotting the relative error between both
the analytical energy based (no damping) and numerical (damped) cushion curves
and the experimentally determined cushion curves, see Fig. 2.8 Note that with

the exception of small regions in the cushion curves for H/L equal to 2 and 8, the
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Figure 2.8. Comparison of the relative errors for H/L = 2, 8,16, 24,28, and 40. Blue
dots indicate error between energy balance predictions (no damping) and experimen-
tal data, green lines indicate the relative error between numerical predictions (with
damping) and the experimental data.

damped data is within the 18% lab to lab variability. However, the linear damping
does not completely approximate the viscoelastic loss mechanism and has only a
second order effect in determining the shape of the cushion curve based on the quasi
static description of stress. It is also worth noting that the polynomial stress-strain

relationship, o,, is not a purely hyperelastic description of the material behavior,
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since the material is viscoelastic, testing the material at slightly different quasi static
strain rates will produce slightly different polynomial expressions.

We have shown that the material behavior can be adjusted to represent the impact
response by calibrating the model using a viscous damping coefficient predicted from
the shock pulse. This approach works well, since the dynamic stress -strain relation-
ship [21] does not significantly deviate from the quasi-static stress-strain relationship

in the polystyrene foam [29).

2.5.3 Experimental Shock Pulse Prediction

The ability of the model developed to accurately predict a set of cushion curves
has been demonstrated through comparison to experimental cushion curve data. An
additional experiment is conducted to further validate the model and its ability to
predict the shock response of a mass impacted cushion sample in the time domain.
An expanded polyethylene foam material, Ethafoam® 150 (Sealed Air Corporation)
is used for this experiment. The stress-strain behavior of Ethafoam® 150 is charac-
terized using a Satec Universal Tester - T10000 (Instron Corporation) following the
procedure outlined in the previous work by Batt et al. [63-65]. A polynomial was fit
to the average of the data sets collected and the polynomial coefficients are listed in
Table 2.2

The time domain, acceleration response of the cushion material is generated using
a cushion tester (Lansmont Corporation). A 20.6 kg platten is dropped from a height
of 59.5 cm and vertically impacts a 15 x 15.1 x 5.6 cm sample. The model developed
with a damping ratio of ( = 0.13 is used to predict the resulting shock pulse. The
pulse predicted is compared to the low-pass filtered shock pulse from the cushion
tester, Fig. [2.9]

There is excellent agreement between the model predicted pulse and the filtered
experimental pulse in both frequency and amplitude, see Fig. 2.9, This is the first

time in literature that this level of accuracy in predicted cushion impact performance
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has been demonstrated with a continuous model. Impact characterization of cush-

ion materials is historically a time intensive, experimental process, requiring thou-

sands of impacts to account for different drop heights, cushion thicknesses, and static

stresses [66]. The use of such a model, identified from only the material’s stress-

strain behavior and a single shock pulse, can significantly reduce the time and cost

of characterizing the impact response of a given material.

Table 2.2. Modulus and relative moduli for uniaxial compression polynomial model
of Ethafoam® 150.

By 0.454 MPa Es 490.776 MPa / MPa

Ey -12.741 MPa / MPa Eg -438.998 MPa / MPa

Ey 83.558 MPa / MPa E; 157.173 MPa / MPa

E, -277.471 MPa / MPa

40 T T T T T T T

O  Low-pass filtered data
o~ Q Model predicted pulse
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Figure 2.9. Low-pass filtered experimental acceleration pulse compared with the

present model pulse for static stress of 8.9 kPa and H/L = 10.6.
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2.6 Chapter Summary

This chapter modeled the dynamics of a falling platten impacting a foam cush-
ion as a nonlinear rod with an end mass subject to an initial velocity. It departed
from the lumped parameter paradigm that is typically used to determine cushion
response. The nonlinearities are a result of the hyperelastic material describing the
foam’s stress-strain behavior. Both the nonlinearity and the viscoelasticity are mod-
eled with polynomial constitutive relationship combined with a Kelvin-Voight model
of damping. The model is used to generate acceleration waveforms during impact,
and by varying static stresses, one can generate a set of cushion curves. Ignoring
damping and using a single mode approximation allows analytical estimates of the
cushion curve based on an energy balance approach. The energy balance estimation,
while predicting the overall shock characteristics of the foam, under predicts the peak
acceleration at lower drop heights and static stresses and over predicts higher drop
heights and static stresses. Furthermore, the energy based estimation is limited to
materials for which the dynamic stress and quasi-static stress versus strain responses
are similar in shape and magnitude. Including damping in the model and solving the
governing equations of motion numerically improves cushion curve prediction. It is
worth noting that the both un-damped and damped predicted impact shock responses
are in agreement with experimental results, and the latter closely matches.

In the next chapter we introduce a metamaterial with a specific geometry that

mimics the material behavior of the foams presented here.
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3. EXTENDED x STRUCTURE

In the proceeding chapter of the shock response of foam several key insights can be
obtained. First, the effect of higher order modes are smaller in the shock response.
Second, both damping and nonlinear elastic deformation also play a role in governing
shock absorbing behavior. This observation is underscored when one realizes that the
presence of Region II in the constitutive relations coincided with minimal rebound
acceleration. Note that in Region II the effective modulus in this zone of stress and
strain is nearly zero, i.e., it has quasi-zero modulus. Furthermore, we will show in this
section the effective nonlinear material behavior can be influenced by the topology of

an architected material.

3.1 Background

One particular metamaterial geometry that exhibits quasi-zero modulus or equiv-
alently quasi-zero stiffness (QZS) is an y shaped topology first proposed by Bunyan
et al. [11]. In its initial realization the mechanical metamaterial was fabricated out
of polyurethane rubber and composed of unit cells containing a network of beams
arranged in a geometric configuration of two opposing triangles attached at their
apex, resembling the letter “X” Fig (a). Mimicking cellular foams the unit cell
of the material exhibited three distinct regions of quasi-static stress under uniaxial
compression [5,[62]. Region I occurs between 5-10% nominal strain; and is character-
ized by local linear compression of the horizontal members, and axial compression of
the diagonal members. At the apex of this region, the members experience buckling.
The plateau region, II, is typically defined to occur at 10-60% strain. This region

is the onset of buckling. Region III occurs past the plateau and is known as the
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densification region. In this region the members of the members of the structure self
contact leading to a region of high resistive force and stiffness.

Furthermore, Bunyan and Tawfick [11] noted that the relative height and width
of the unit cell changed the average stiffness of the structure, the width of the
plateau region, and the energy absorption of the structure; the area under the force-
displacement curve. Helou and Harne |67 extended the research by studying layers of
X unit cells to develop a framework to control the collapse of layers in a functionally
graded elastomeric structures based on this topology. This is achieved by tailoring
the beam thickness in each layer.

However, both studies [11,/67] due to their rigid adherence to the x topology
neglected to consider a fundamental question that is: In a fixed volume for a given
material, can the behavior of the unit cell be changed by manipulating the topology
of the unit cell, i.e., the relative orientation and length of the members? It is with
these limitations in mind, the present work proposes a modification to the original
topology by expanding the design space to include the vertical neck that connects the
apexes. This configuration is dubbed the extended x configuration.

Considering the preceding discussion, the remainder of this chapter presents the

fabrication, material testing and finite element modeling of a y unit cell.

3.2 Fabrication and Testing

A combination of experiments and numerical analysis is used to first examine the
behavior of the extended y shaped elastomeric structure. The structures studied in
this work are fabricated by casting a platinum cure two part silicone rubber (Smooth-
On Mold Star 15S) in polylactic acid (PLA) thermoplastic negative molds. The
models are produced on a fused deposition 3D printer (Ultimaker S5). The rubber is
cured for two hours at 50 °C in a Print Dry filament dryer and then allowed to aerate
for 24 hours. The samples are tested by Mark 10 ESM 1500 electromechanical load
frame with a load capacity of 6700 N (1500 1bF). In the tests, the frame is equipped
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Figure 3.1. Extended y Shaped Unit Cell: (a) Schematic of extended x structure
with annotated dimensions. The tested dimensions are Ly = H; = 24 mm, t = t,, =
L, =2 mm, and § = 45°. (b) Photo of fabricated unit cell. (c¢) Compressive behavior
of test coupon at 10 mm/s loading rate. The dimensions of the test cylinder are
d =29 mm, h = 13 mm. Red dot indicates hyperelastic polynomial fit and black
line indicates initial linear fit. (d) Plot of the compressive behavior of unit cell at
10 mm/s loading rate, along with FEM predictions and relative error between model
and experimental data. Inserts show the simulated FEM response in the three phases
of deformation: I) linear elastic region, IT) asymmetric buckling of unit cell giving
rise to region of quazi-zero-modulus, and III) large tangent modulus region due to
self contacting members.
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with a Mark 10 MRO1-50 load cell that has a 250 N (50 1bf) capacity and a 0.1 N
(0.02 1bf) resolution.

3.2.1 Finite Element Model

The structure was simulated in ABAQUS using a Dynamic-Implicit analysis with
a CPS4R element with hyperelastic material behavior that is described by the poly-
nomial strain energy density function. The material properties are directly imported
from experimental stress-strain results. Using the imported data and hyperelastic
model in Material module in ABAQUS, the coefficients are obtained automatically
for a polynomial model of hyperelasticity. The extended y structure was placed be-
tween two discrete rigid wire parts with surface contact. In addition, self contact
properties are defined in the normal and tangential directions for the elements on
the members’ edges as hard contact and tangential contact with penalty coefficient
of 1, respectively. The analysis is displacement controlled; the top surface is allowed
to move until the y structure has been compressed to 70% of its original height. A
small perturbation force (0.01 to 0.05 N depending on the geometry) directed to right
or left, is applied to the middle to initiate the asymmetric buckling instability in

deformation.

3.3 Material Response

Figure (c) shows the stress-strain curve of a cylinder in uniaxial compression.
The cylinder has dimensions d = 29 mm and h = 13 mm. The tests were conducted
in accordance with ASTM D395-18 [68]. The test is displacement controlled with the
load frame set to compress the specimen to 75% of its uncompressed height. The
material exhibits a nonlinear constitutive behavior and a considerable amount of hys-
teresis from the loaded and unloaded configurations. A second order polynomial [69)
strain energy density function approximates the loading experimental uniaxial com-

pression response with a modified coefficient of determination of 0.92. Appendix [C|
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provides the procedure for calculating the coefficients for the polynomial hyperelas-
ticity. The material constants for the model are Cy = 28605.48 Pa, Cy; = 43465.27
Pa, Cyy = —17629.01 Pa, Cyy = —1252.43 Pa, and C7; = 7279.86 Pa. This yields an
initial shear modulus of 144.14 kPa and initial tangent modulus of Ey = 432.42 kPa
(See Appendix . In addition, we see that the material exhibits a significant amount
of hysteresis under a large deformation. This indicates that similar to the foams in
Chapter [2] the material is viscoelastic in nature. It is worth noting that a sensitivity
analysis examining the effect of the material parameters on the finite element model

was not performed.

3.4 Quasi-Static Unit Cell Response

In this section, we examine the response of an elastomeric extended x unit cell.
Figure (a) is a schematic extended x structure with annotated dimensions and
Fig. 3.1] (b) is a photo of the fabricated unit cell. The cell is a rectangle of outer
width, L,, and inner height, H;, and contains two equilateral triangles connected at
their respective apexes by a member with width, ¢,,, and length, L,,. The base angle
of each equilateral triangle is denoted as #. The dimensions are arbitrarily specified
as Ly =H;, =24 mm, t=1t, = L, =2 mm, and 6 = 45°.

Figure (d) plots an effective stress-strain relationship of the unit cell. The

effective strain and stress are defined as
o=—— and €= —, (3.1)

where F' is the force on the structure, Apg is the area of the top surface of the
structure, x7 is the displacement of the platten contacting the structure, and H; is the
inner height of the unit cell, neglecting the thickness of the bottom and top legs. The
deformation has three stages: I) before buckling, IT) asymmetric buckling, and I1I) self
contact where hardening starts, see insert in Fig[3.1] (d). Note that the FEM model

captures the general trend of the nonlinear response of the experimental specimen.
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The model predicts the onset of the three distinct regions of deformation; however,
there is roughly a 20% maximum relative difference in compressive strain between
the model and the experimental results. The sources of this differences are: (1)
the imperfections in the sample such as raised small air bubbles during solidification
and tiny damages during demolding, (2) approximate contact parameters in FEM,
between the legs in the extended x structure and between the legs and the rigid

compressors, and (3) approximate hyperelastic material model in FEM.

3.5 Response of Extended y Structure Due to Cyclic Loading at Various

Compression Rates

The unit cell is compressed use the aforementioned Mark-10 test frame under
displacement control at compression rates of 10, 20, 100 and 200 mm/s for four cycles.
Visually, the hysteresis loop is narrower at the lowest compression rate of 10 mm/s
and widens at a rate of 200 mm/s. Note that base material exhibited a significant
amount of hysteresis indicated by the unloading curve deviating significantly from
the loading curve in Fig (b). However, the unit cell does not exhibit the same
amount of hysteresis, Fig[3.2 Arguably, at these strain rates the effect of hysteresis
is negligible.

3.6 Influencing the Linear and Quasi-Zero Modulus Regions

Examining the deformation of the structure can lead to the hypothesis that an
increase in the region of quasi-zero modulus region can be obtained by increasing
the height, H;, of the structure while fixing its width, Lg. This can be understood
by realizing that elongating the legs and neck will make them more susceptible to
buckling. Another option is to keep the effective area of the unit cell (Ls x H;)
fixed and change the local topology, i.e., 8 or equivalently the length of the neck, L,.
Figure compares these two cases with unit cells having: 1) 6 = 42.5° that provides
L, = 3.8 mm, and 2) 0§ = 47.5° (without neck). It clearly shows that adding a neck
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postpones the densification region. By adding the neck, the self contact is postponed
by distancing upper legs and lower legs. This is not without a trade off; the changes

in topology causes the linear region of the effective stress and strain to increase.

[ee)

— = 42.5° L, = 3.8 mm
e ) = 47.5°, L,, = 0 mm

(o)}
T

'S}
T

o (compressive stress) (kPa)
N

o

=)
(o)

0.1 0.2 03 04 0.5 0.6 0.7
¢ (compressive strain)

Figure 3.3. Extended x structure at values of L, of 3.8 mm an 0.0 mm.

3.7 Chapter Summary

This chapter has provided an overview of both the material and unit cell response.
The unit cell is dubbed the extended y structure due to it “X” shaped topology. This
unique topology yields an effective stress-strain relationship that resembles that of
polymer foams. The next chapter will focus on Region I of the response, in particular
the effects of topology on buckling through a combination of semi-analytical and finite

element modeling.
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4. MODELING LINEAR BUCKLING OF EXTENDED y

In this chapter a linear, semi-analytical model of buckling for the extended y structure
is developed. The structure is modeled as seven Euler Bernoulli beams that are
rigidly connected. It is assumed that the beams are slender and that the contribution
of the shear forces can be neglected. In examining the extended y structure the
onset of buckling of the structure ends the linear force-displacement region, Region
I equivalent of a polymer foam, and begins the quasi-zero stiffness region, ie., the
equivalent Region II of a polymer foam. Understanding the geometric parameters
that define this region are essential in customizing the material response.

The model is based on the stiffness matrix of a beam-column where equilibrium
conditions are imposed at each joint to determine the critical load and the corre-
sponding modes. The chapter begins by deriving the Euler-Bernoulli equation for a
beam in buckling. Next, the resulting equations are used to model the extended x
structure. Finally, the results are validated against a finite element model developed
in ABAQUS for a given unit cell geometry. The models presented in this section are a
departure from previous work [11,67] that relied primarily on finite element analysis
to model a complete cyclic loading, and neglected the buckling analysis of the unit

cell.

4.1 Euler-Bernoulli Beam Buckling

The section presents a simplified model to determine the buckling behavior of the
extended y structure. In addition, it presents two finite element models that are used
to verify the validity of this model.

The unit cell extended x structure can be viewed as a set of interconnected plates;

however, Bunyan and Tawfick [11] showed that a beam based FEM approximation



ol

provides a reasonable estimate of its response due to a compressive load. Therefore,
we will assume that an Euler Bernoulli beam will approximate the buckling behavior
of each member of the structure. The equilibrium equation for an elastically buckled
Euler-Bernoulli beam, Fig. [.1], under axial loads P, shear end loads Vi and V5, and

end moments M; and M, can be written as [70,|71]

Figure 4.1. Beam in buckling subject compressive end loading, P. The undeformed
position is indicated by dotted line.

d*y N P
a2 " EIYT T EI

_Ml <1 LL‘)+M2$

")V EIT

: (4.1)

where E, I, and L are the modulus of elasticity, the second moment of inertia, and
the beam length respectively. The solution for y(x) can be written as

MQZ'
PL~

y(r) = Asin(kzx) + B cos(kx) — ]\I/ﬁl <1 - i) +

(4.2)

Assuming the beam does not sway, i.e, the beam does not undergo transverse dis-
placement and rigid body rotations at its ends then the constants A and B can be

obtained as

M M, M
A= Iz cot(kL) 2 csc(kL), B = IR (4.3)
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where k* = P/EI. The first derivative of y(z) in Eqn. (#.2) at x = 0 and z = L,
equals 0, and 65 respectively. Eqn. (4.2)) can be rearranged in terms of ¢, and 60, M,
and M, as

ET

M=

ET
591 + SC02)7 and M2 = T(SQQ + 5091) (44)

The functions S and C' have different forms depending on whether the axial force P is
compressive or tensile. When P is compressive the functions S and C' can be written

as
AL = Acot(X))
5= 2tan(0.5\) — A’ ¢

_Acsc(A) —1
1 —Acot(N)’

where A = kL. (4.5)

When P is tensile the solution to Eqn. is in terms of hyperbolic functions and

not trigonometric functions, then S and C have the following form

A(Acosh(A) — sinh(\) sinh(A) — A

_ ) _
5= 2 — 2cosh(A\) + Asinh(\)’ ~ Acosh()\) —sinh()\))’

where A= kL.
(4.6)

Finally, if P = 0, the solution to Eqn. is cubic polynomial and in this case C' and

S are % and 4. In the next section, a static analysis will reveal that the extended y

structure contains both compressive and tensile members.

4.1.1 Statics of Extended x Structure under Concentrated Forces

In this section, we approximate the loads from either an experimental vertical
compression from material testing or an impact as four concentrated forces of f,
applied on the endpoints of legs AB, EF as shown in Fig. [£.2] In developing the

model we assume, members at A, B, C, D, FE, and F are rigidly connected and the
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F

A

Ye,
(c)

Figure 4.2. Extended x subject to four concentrated compression loads of magnitude
f: (a) fully freebody diagram of the structure, (b) and (c) freebody diagram of isolated
joints.

effects of shear are negligible. Static equilibrium dictates the following relationship

between internal and external forces,

Fic = fcesch, Fap = fcoth,
(4.7)
Fep =2f, Fpc=Fpg=Fpr=Fac, Fgr=Fap.

Clearly the angle 8 influences the internal forces. We will heretofore refer to 6 as the
characteristic angle of the unit cell. In addition, the normal forces in horizontal legs
AB and EF are tensile and have the same magnitude, fcotf. The normal forces
in legs AB, AC, DE, DF are compressive and have the same magnitude, f csc6.
The “neck” of the structure, member C'D, has a compressive internal force of 2f and

experiences a large portion of the load.
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4.1.2 Buckling of Extended x Structure

Now, the internal forces can be defined in terms of the applied forces and the
geometry of the structure can be defined in terms of the angle 6, and leg length L.
In analyzing the buckling behavior, consider the extended x structure in equilibrium
is disturbed in such a manner that gives rise to moments and deformations, Fig. {4.3|

The slope at the endpoints of each leg is denoted as follows:

dwij

0;; = e where (ij) = (AB), (AC), (BC), (CD), (DE), (DF),(EF), (4.8)
and
0 = d;U;i, where (ji) = (BA), (CA), (CB), (DC), (ED), (DF),(FE). (4.9)

Using Eqns. (4.5)), (4.6) and Eqn. (4.4) the moments on the ends of each leg can be

written in terms of the slopes of the each respective leg as

ET ET

Map = ——(SaBOap + SaCpalpa), Mpa = ——(Spalpa+ SapCaplan),
Lap Lpa
(4.10a)
EI EI
Mac = ——(Saclac + ScaCcabca), Mea = ——(Scaboa + SacCacbac),
Lac Lcoa
(4.10b)
EI EI
Mpe = ——(Spctpc + ScsCesbcr), Mcp = —(Scfcs + SpcCrclBC),
Lpc Les
(4.10c)
for the upper portion of the structure, and
EI EI
Mcp = ——(Secpbep + SpcCpcbpe), Mpe = ——(Spcpe + ScpCepben),
Lep Lpc

(4.11)
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Figure 4.3. Deformation of buckled extended x under concentrated compression
loads.

for the neck, and

ET EI
Mpr = ——(Spefpr + SepCrpbep), Mpp = ——(Sepbep + SpeCpripE),
LDE LED
(4.12a)
EI EI
Mpr = 7<SDF9DF + SFDCFDHFD)a Mpp = 7(SFD9FD + SDFCDFHDF)’
Lpr Lrp
(4.12b)
ET BT
Mgr = ——(Serfpr + SreCrelre), Mre = ——(Sretre + SerCrrier),
LEF LFE

(4.12¢)
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for the lower portion of the structure, where

k= kac = kpe = kpp = kpr, (4.13)
kAB = kEF = ]{Z\/COS 9, (414)

kop = kv 2sin6, (4.15)

the constant k = \/L. Finally, we note the following geometric relationships between

the legs and neck of the structure

L=Lac=Lpc=Lprg=Lpr, Lap=Lgp=2LcosH,

and Lcp = H; —2Lsin6. (4.16)

According to equilibrium of moments on points A, B, C', D, E, and F, we have

My + Mac =0,
Mpa+ Mpec =0,

Meca+ Mep + Mep =0,

(4.17)
Mpc + Mpg + Mpr = 0,
Mgp + Mgr =0,
Mpp + Mpg = 0.
The legs are assumed to be rigidly connected [71]. Therefore,
0ap =0ac =04, 0Opa=0pc=10c,
0ca =0cp =0cp =0c, Opc =0pr =0pr="0p, (4.18)

0gp = O0pr = 0p, and Opp =0pp = 0p.
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Substituting Eqns. (4.10a)) to (4.10c), (4.11)), (4.12¢), and (4.18)) in Eqns. (4.17)), and

canceling out E1/L factors, yields the matrix equation A@ = 0 whose terms can be

written as
An A Az 0 0 0 04 0
Aoy Ay Axs 0 0 0 Op 0
Ay Ay Aszg A 0 0 0 0
A= |0 T e o= |, and 0=]| |, (419
0 0 Ay Ay Ay Age Op 0
0 0 0 A54 A55 A56 HE 0
O 0 O A64 A65 A66 HF O
where
Sap  Sac SapCagp SacCac
A = — A = Ay = Ais = Aqy =
11 Tas | Lac 12 21 Tan 13 31 Tuc
SAB SBC SBCCBC
22 Tns | Lo 23 32 Toe
Sac . Sec . Scp CcepScp
A Agy = Ay =
P Lac * Lpc * Lep 43 Lep
Sep  Spe  Spr SpeChe SprCpr
44 Ten + Lo + Tor’ 45 54 Lo 46 64 Lor
SDE SEF SEFCEF
Agrs = — , Asg = Ags = ,
55 Tos | Ler 56 65 Lor

Note that for a given geometry, the only unknown in A is the concentrated force,
f or equivalently A, leading to an eigenvalue problem. In order to find non-trivial
solutions of A@ = 0, the determinant of the A must equal zero, the values of A (f)
that satisfy this criteria are designated critical buckling loads f.. of the structure.
An analytical solution for A (f) is either not possible or cumbersome. Therefore for

a specified geometry (see Section a numerical solution for A (f) can be obtained.
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This is done by evaluating the determinant over a range \’s and detecting when the

determinant changes sign. The set of A can be written as
A= {)\0, )\1 )\2,"')\]\[_1,)\]\[}, where )\z = )\Z—F(S/\ (420)

This zero crossing value in the set A is first estimate of the root and is then used as
an initial guess for a root finding algorithm.

It is convenient to write the determinant of A as D(A) = |A| = ¢1(\)p2(N) the
functions, ¢1(\) and ¢9(\) are defined as

¢1()\) = (SAB — CupSap +2Sac COS(@)), (4.21)
and

Pa(A) =(—(1+ Cap)*Sip((=1 + Cop)Scp — 2Saca)(Sep + CopScp + 2Saca)—
25%c((1+ Cop)Sep — 2(—=1 + C46)Saca)((—1 + Cep)Sep+
2(—1+ C%¢)Saca) — 4(1 + Cap)SapSac((—1 + C.p)Sep+
2(=2 + Cip)SacScpa + 4(—1 + Ch)Shpa®) cos(0)—
2850((1+ Cop)Sop — 2(=1 + Cic)Saca)((—1 + Cop)Sep+

2(—1+ C3%.)Saca) cos(26)) sec(8)*  where o = Lop/Lag.

The aforementioned numerical algorithm can be applied directly to D(A) or the
factorizations ¢1(\) and ¢o(A). Finally, the roots of A can be written in terms of force
where the force that yields a zero is denoted as f... The critical values of \/force
correspond to a particular buckling mode shape. The total critical compression load
is obtained as F,.. = 2f.,.. Solutions to ¢;(\) = 0 yields buckling modes that are
symmetric about a vertical line passing through the structure and are labeled S for
symmetric buckling modes. Similarly, solutions to ¢2(\) = 0 yields buckling modes

that are antisymmetric about a vertical line passing through the structure and are
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Figure 4.4. Components of D(A): (a) ¢1(A) and (b) ¢2(\) for extended y structure
with dimensions Ly = 20 mm and H; = 22 mm, and # = 36°. In the plot green dots
indicate true roots and grey dots indicate possible spurious roots.

labeled ASM for antisymmetric buckling modes. Figure (a) and (b) are plots of
¢1(A) and ¢2(A), respectively. The roots of the functions are indicated by green dots.
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Examining Fig.|4.4](a) reveals a possible pitfall in determining the roots. The function
¢1(X) has vertical asymptotes. This can cause two problems. First, if the plot of ¢;(\)
is too coarse, one may miss the true root in the zero-crossing portion of the algorithm.
In addition, if the algorithm is used without first plotting the functions then it may
find a root at the asymptote Possible spurious roots are denoted on Fig. |4.4] (a) by
grey dots. In order to see if the root is spurious or not, the value of A\ is plugged
back into the matrix A. If the value of the rank of matrix is full, then only the null

solution exist for the eigenvalue problem and the root is spurious.

4.1.3 Finite Element Modeling

The analytical model was compared to two finite element models. The models
were developed in ABAQUS and dubbed type 1, and type 2. The type 1 finite
element model is the same model detailed in Chapter [3| In the type 1 model, the
buckling is determined from the transition of a linear elastic response to a plateau
response. For the sake of completeness the details of the model are repeated.

The type 1 model was created in ABAQUS using a Dynamic-Implicit analysis with
a CPS4R element with hyperelastic material behavior that is described by the poly-
nomial strain energy density function. The material properties are directly imported
from experimental stress-strain results determined in Chapter [3] Using the imported
data and hyperelastic model in Material module in ABAQUS, the coefficients are
obtained automatically for a polynomial model of hyperelasticity. The extended y
structure was placed between two discrete rigid wire parts with surface contact. In
addition, self contact properties are defined in the normal and tangential directions
for the elements on the members’ edges as hard contact and tangential contact with
penalty coefficient of 1, respectively. The analysis is displacement controlled; the top
surface is allowed to move until the y structure has been compressed to 70% of its
original height. A small perturbation force (0.01 to 0.05 N depending on the geom-
etry) directed to right or left, is applied to the middle to initiate the asymmetric
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buckling instability in deformation. In this model buckling was judge to be the end
of Region I on the effective stress-strain curve this occurred when the effective stress
reached a plateau.

The type 2 model utilized a B21 wire beam element based on a linear Euler
Bernoulli beam. Finally, the type 2 FEM model used a modulus of elasticity (F)
of 432.2 MPa, and a poisson’s ratio () of 0.49. The structure is constrained from
translating at the bottom and the top leg is subject to a points load f applied at
both of its ends. The buckling eigenvalue from ABAQUS is given as A, = \/W ,
where I is moment of inertia of the beam element. It should be noted that both
FEM models do not prevent the swaying motion of the legs or neck of the extended

X structure.

4.2 Unit Cell Buckling

The following analysis considers an extended x structure with L, = 20 mm and
H; = 22 mm, and 6 = 36°. The first three AS™ buckling modes are shown in Fig. 4.5
(a)-(c), and the first three SM buckling modes are shown in Fig.|4.5|(d)-(f). In addition
each depiction of the mode is annotated to indicate the A, the total applied load at the
top of the structure F,,, and a buckling eigenvalue A,. The first thing to note is that
lowest buckling mode is antisymmetric, this makes sense intuitively. Each member
is modeled as pinned-pinned beams and the first buckling mode of pinned beams
are half sine waves and could be considered antisymmetric using the aforementioned
definition. This mode also closely resembles the deformation observed by the structure
at the onset of buckling, Fig.|3.1|(d). Observe that the pinned-pinned configuration of
beam does not permit buckling deformations that are symmetric about it’s axis. This

is reflected in the current model by the member C'D not experiencing any deformation

for S™ modes.
Table compares the buckling modes of the present analysis with the ABAQUS
model. A detailed description of the model is provided in Appendix [G} The results
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indicate that the analytic model and finite element analysis have less that 10% er-
ror for the first four modes. However, the fifth and sixth modes of the structure
deviate significantly from the FEM analysis. Examining the FEM mode shapes, see
Appendix [G], one finds that the fourth mode has sway in the neck region. The present
model does not allow for this type of motion. After the fourth mode the two models

deviate in the deformation modes that they predict.

Table 4.1. Comparison of six analytical and finite element buckling eigenvalues,

A, = /2f/(EI).

Mode ), Analytical A, FEM Percent Error

1(AS™) 359.64 389.62 7.69%
2(ASM) 416.77 459.46 9.29%
3(SM) 476.03 470.51 1.17%
A(ASM) 590.30 633.2 6.81%
5(SM) 725.59 - -
6(SM) 1028.00 - -

4.2.1 Effect of Angle on First Buckling Mode

The previous section focused on an analytical model that is capable of predict-
ing multiple buckling modes. It should be noted that the loading and the material
composition of the extended y structure renders it difficult to experience the higher
order buckling modes before the structure self contacts. Furthermore, the first buck-
ling mode determines the length of Region I in the effective stress-strain relationship.
Therefore, the focus of this section is on the accuracy of the first buckling mode to
changes in characteristic angle of the unit cell.

The characteristic angle 6 is varied from 26° to 46°. The limits are chosen to
prevent the structure from buckling due to its own weight. As mentioned in section
.4 the modulus of elasticity of 432.2 kPa is applied. Figure compares the critical
buckling loads from the present analytical approach with the FEM models. The

results from the two solutions are in agreement for characteristic angles up to 42°.
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=4.10, Fopy = 0.745 N, =4.75, Foy =133 N, A =6.73, Foy = 2.67 N,
Ay = V2 /(ET) = 359.64 Ay = V2f/(EI) = 416.77 Ao = V/2f /(EI) = 590.30
(a) (b) (©)

o —— —
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A =543, Fuu = 173N, A =827, Fu=404N, A=1172, Fo =8.11N,
= /2f/(EI) = 476.03 Ay = V2 /(EI) = 725.59 Ay = V/2f/(ET) = 1028.00
(d) (e) ®

Figure 4.5. First three symmetric and antisymmetric modeshapes of extended x
structure: (a), (b), (c¢) are antisymmetric modes and (d), (e), (f) are symmetric
modes. The buckling shapes are plotted in black and the original configuration in
gray. The critical dimensions of the structure are Ly, = 20 mm and H; = 22 mm,
0=36°.

However, for larger angles that the neck becomes shorter, the analytical results deviate
from the FEM models. Again, the reason for the discrepancy is that the model is
the no sway assumption, i.e., the model does not allow for a rigid body rotation of
the neck. At smaller values of 6, the neck is sufficiently long enough to buckle as ¢
increases the neck shortens and experiences a rigid body rotation. This can be seen
in the type 1 FEM shapes of the deformation of the structure near the end of Region
I, Fig. (b). When 0 = 35° the deformation resembles the first ASM | when § = 45°

the neck rotation is clear, and when 6 = 40° the deformation is a between these
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Figure 4.6. Critical buckling force F, versus characteristic angle 8 for L, = 20 mm
and H; = 22 mm from the analytical and FEM models.

two extremes, the neck both bends and rotates. This combination of motion causes

uneven deformation of the diagonal legs at the top and bottom of the structure.
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Figure 4.7. Neck dominated behavior, § = 35° and # = 40°, where neck is long and
buckled, versus 6 = 45° where neck does not buckle but experiences a rigid body
rotation.
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4.3 Limitations to Extending Region I

The previous section examined how the characteristic angle can change the region
of linear buckling. This section shows that manipulating the buckling behavior of
the structure influences the entire effectives stress-strain curve. Figure [4.7)is a plot
the effective stress-strain curve for x structures with characteristic angles of § = 35°,
0 = 40°, and n # = 45°. A closer examination of the effective constitutive relationship
in Fig. when 6 = 40° reveals that the effective stress-strain relationship does not
show the typical three regions. The effective stress reaches a local maximum near an
effective strain of 0.55 before declining and then increasing. Changing the length of
neck causes the top legs and bottom legs to experience self contact at different points
in time, hence the local maximum. Furthermore, when the neck is sufficiently long
then Region II is no longer characterized by quasi-zero modulus as indicated by the

stress-strain for a structure with an characteristic angle of 35°.

4.4 Chapter Summary

This chapter has provided a semi-analytical model of the buckling of the extended
x structure. At lower characteristic angle 6 the model agrees with both finite element
models: of buckling and effective stress strain characterization of the structure. How-
ever, the model is restricted to prevent rigid body rotations of its members causing it
to be inaccurate in: 1) predicting higher order buckling modes, and 2) the buckling at
larger values of the characteristic angle. The next chapter will utilize the FEM model

of the unit cell to further explore the shock absorbing behavior of the structure.
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5. SHOCK ABSORBING PERFORMANCE OF EXTENDED y STRUCTURE

The shock absorption performance of the x unit cell has been neglected up to this
point. A unit cell’s topology not only changes its quasi static stress-strain response;
it also influences the energy that the structure can absorb. This chapter contains an
exploration of this performance using a combination of analytical and finite element
modeling. The analytical model mirrors the analysis of Chapter [2; however instead of
examining the cushions curves of the polymer foams the theoretical cushion curve of
a single extended x unit cell is examined. Finite element models are used to examine
the length of the the quasi-static region and the energy absorbed under the effective

stress-strain curve.

5.1 Cushion Curve

In developing the cushion curve the analysis follows that of Chapter 2] the goal
is to develop a dynamic model of ASTM D1596 |14] and examine the acceleration of
an object when it is dropped on the extended x unit cell. The process begins with a
polynomial curve fit of the quasi-static stress-strain relationship this relationship is
used to model the x structure as a nonlinear spring. Using a simple lumped parameter
model the transient response of the foam is treated as an initial value problem where

the initial impact velocity of the mass is specified.
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5.1.1 Curve Fit of Quasi-Steady State Stress-Strain

The quasi-static effective constitutive relationship of the extended y structure can

be modeled as a polynomial that can be written as

o(t) = Ey <€+ liEk (e)k> , where o = A};s and €= ]i, (5.1)
where the constant F; is the effective elastic modulus, and Ej, are the effective relative
elastic moduli, & is the effective stress, € is the effective strain, F' is the force on the
top of the structure, Arg is the area of the top surface of the structure, x is the
displacement of the top of the structure, and H; is the effective height of the extended
x structure. The effective elastic modulus and the effective relative elastic moduli, can
be determined using a least squares fit. The number of terms in the approximation
is equal to seven (K = 7); the coefficients for the fit are given in Table for x
structure with characteristic angles of 8 = 35°, # = 40°, and 6 = 45°. In Fig. m (a),
the experimental data is illustrated with red circular dots, and the curve fit with a
blue line. The seventh order polynomial captures the stress in the three regions of
deformation. Figure (b) shows R? values for polynomial fits with orders ranging
from four to nine. This plot clearly indicates that polynomial of orders greater than

seven don’t appreciably improve the curve fit.

Table 5.1. Modulus and relative moduli for uniaxial compression polynomial model
of x structure at 6 = 35°, 8 = 40°, and 6 = 45°.

Moduli and Relative Moduli | 6 = 35° 0 = 40° 0 = 45°
E, (kPa) 2.65x101  2.21x100  2.40x10*

E, (kPa/kPa) -1.34x107%  -8.38x107% -9.70x1073

Es (kPa/kPa) 9.64x1072  6.00x1072  6.29x1072

E, (kPa/kPa) -3.67x1071 -3.07x107! -2.82x107!

Es5 (kPa/kPa) 7.57x107"  8.88x107'  7.58x107!

Eg (kPa/kPa) -7.98x1071 -1.26x10°  -1.06x10°
( )

E; (kPa/kPa 3.39x1071  6.91x107t  5.89x107*
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Figure 5.1. Quasi-static stress strain curve of extended y structure at 6 = 45° at 10
mm/s (a) and curve fit, (b) R? values for least square curve fits where polynomial
order, K, ranges from four to nine.

5.2 Lumped Parameter Model

Now that the effective stress-strain response of the extended x structure has been

modeled, a dynamic model of the structure’s response to an impact can be formu-

lated. Figure (a) shows an illustration of a drop test as applied to the extended
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X structure, while Fig. [5.2] (b) shows the proposed lumped parameter model used

to simulate the test. The model incorporates several assumptions to simplify the

Weight m

; ; x(l‘)¢ s
N
(a) (b)

Figure 5.2. Drop test: (a) schematic, and (b) lumped parameter approximation.

analysis:
o The inertia of the structure is neglected and is modeled as a spring and damper.
o Frictional losses between the platten and the guide rails are neglected.

o The structure only deforms when it is in contact with the platten thus the
viscoelastic effects are only present during deformation. Once the platten is

removed, the material is assumed to recover instantly.

» The nonlinear restoring force is based on the constitutive relation in Eqn. ((5.1)

where the viscoelastic effects of the material are ignored.

The model consists of a mass m, representing the platten, a nonlinear spring repre-
senting the extended x structure. The nonlinear spring’s force f,,; equals c Ars and

the model can be written as

mi + ky <$ + ﬁ l%kxk> —mg=0, z(0)=0, #(0)=+/29H, (5.2)

k=2
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where k; is the linear stiffness equal to EiArg /H;, and ky, is the relative stiffness
EyArs /H;, g is the acceleration due to gravity, and H is the drop height. Equation
can be recast in terms of the static stress, oy, by using the relationship m = o,Arg/g.
The static stress is simply the stress caused by the platten if it rests on the cushion

material. Equation (5.2) can be recast in terms of static stress as

o4 + o (m + i akx> —0,9=0, 2(0)=0, i(0) = \/29H, (5.3)
k=2

where the constants are defined as a; = E1g/(H;) and oy, = Ej,/(HF™'). The rewrit-
ing of the governing equations in terms of static stress is typical in the packaging
research community [25] due to the weight of the platten being measured in terms
of static stress instead of mass and facilitates sizing as will be shown the following
paragraphs.

An energy based estimation of the cushion curve can be obtained by following the
procedure outlined in Section [2.4l This method can be used to determine the peak
acceleration (G) versus static stress for a range of drop heights. This results of this
procedures are the cushion curves shown in Fig. In this plot the cushion curves
are determined for a range of drop heights (H/H; of 2,5,10,16, and 24). Circles,
dashes, and solid lines represent cushion curves for extended y structures with angles
of 6 = 35° 0 = 40°, and 6 = 45°, respectively.

Now consider, the object that is to be protected has a 40 G acceleration limit
during the impact before damage occurs when it is dropped from a height 10 times
the height of the extended x structure. On the cushion curve this limit is depicted
as the horizontal red line on the plot of the H/H; = 10 cushion curve , Fig. |5.4l
In order to determine the range of static stresses that the x structure meets this
acceleration, one must determine the intersection points of the acceleration with the
respective cushion curves. The corresponding static stresses at intersection points of

these cushion curves with the acceleration limit are indicated by the dashed vertical
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lines. The plot indicates static stress limits of approximately 160-275 Pa, 140-222 Pa,
and 140 - 210 Pa for structures with characteristic angles of 35° 40°, 45°, respectively.

Figure 5.3.  Estimates of cushion curves for extended y unit cell with H/H; =
2,5,10,16, and 24. The circles, dashes, and solid lines represent # = 35°, 6 = 40°,
and 0 = 45°, respectively.

5.3 Effect of Topology

The previous model used a numerical curve fit of the stress-strain data to deter-
mine the cushion curves of three extended y structures with different characteristic
angles. In this sections the effect on the geometry will be studied on both the effective
stress-strain relationship and two shock absorption metrics. The results in the sec-
tion utilized the ABAQUS model developed in Section to examine the length of

Region II in terms of strain and the energy under the quasi-static stress-strain curve,
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Figure 5.4. Estimates of cushion curves for extended x unit cell with H/H; = 10. The
circles, dashes, and solid lines represent 6 = 35°, # = 40°, and € = 45°, respectively.
The red line horizontal line indicates a 40 G acceleration limit. The regions of static
stresses that can be withstood by the structure to maintain this limit are indicated
by the dashed vertical lines.

i.e., toughness. In this analysis, the extended x structure is modified for different

characteristic angles 6 an H;/L, to obtain stress-strain curve for each.

5.3.1 Plateau Analysis

The FEM results are processed to pick a point inside Region II. Two lines above
and below the plateau with 10% value of the plateau stress are drawn to determine
the beginning and end of Region II. The plateau stress is defined as the stress at which
the effective strain curve is no longer linear. The start and end points are found as the
z-coordinate of intersections of the lower and top lines with the curve respectively.

The length of a plateau is obtained by subtracting end from start point x-coordinate
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Figure 5.5. Geometric examination: (a) the effect of angle and H;/L, variations on
non-dimensionalized plateau length, (b) the effect of angle and H;/L, variations on
absorbed energy before densification.
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values. Then the length of the plateau is divided by the corresponding inner cell
height, H;, to non-dimensionalize the results. Figure (a) shows the plateau length
for H;/Ls ratios and characteristic angles (#) ranging from 0.5 to 1.5 and 25° to 55°,
respectively. The left top corner of Fig. [5.5] (a) is related to high H;/L ratios and
low angles that produce long necks and is called “neck buckling dominated region”. If
the H;/L is low, it is no longer possible to manufacturing the extended x structure
for large characteristic angles. The bottom right corner represents high angles with
low H;/Lg ratios that is called “unfeasible manufacturing region”. In this region the
angles yield geometries that are trapezoidal and no longer have a neck, see the inset
in Figs. (a) and (b). The unfeasible manufacturing regions are not considered.
The plots of plateau length in Fig. 5.5 (a) reveal several noteworthy trends. In
general, the plateau length is larger for high aspect ratio structures, and are in the
neck dominated buckling region. In these cases, the neck initially buckles and deforms
before self contact occurs. The annotations AA1-AA9 indicate selected points in
Fig. (a), the corresponding stress-strain curves for these points are shown in
Fig. 5.6 (a) to (c). AA4, AA7, AAS8, and AA9 indicate structures whose aspect
ratio (H;/Ls) is equal to 1.5, the corresponding structures have long plateau lengths.
In general, as the aspect ratio is lowered the plateau length shrinks regardless of a
change in characteristic angle. Examples of stress-strain curves in the region that have
reduced or negligible plateau length correspond to points AA1, AA2, AA3, AA5, and
AAG6. Note in particular structures with a characteristic angle of 25° (AA1 - AA4)
that the stress-strain curve has no clear delineation between Region I and Region II

( QZM region).

5.3.2 Absorbed Energy Analysis

Absorbed energy or toughness before densification is obtained by integrating the
stress-strain curve from beginning to the obtained end point of the plateau region.

Figure [5.5[shows the contour plot of absorbed energy for different characteristic angle
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and H;/Ls ratios. The point AA2 lies in the maximum energy absorption region.
This structure’s effective stress-strain curve has several interesting traits: 1) it does
not posses a clear Region I and Region II, 2) densification occurs at a high strain,
and 3) the magnitude of the stress-strain curve is large. Point AA6 also has the next
largest toughness and the stress-strain curve has similar traits, i.e., large magnitude
and no clear distinction between Region I and Region II. In this case, the transition

to the densification region is less distinct.

5.3.3 Effect of Leg Thickness on Plateau Length and

In addition to the characteristic angle the thickness of the legs effect on Region
IT and absorbed energy was investigated. Consider that extended x structures with
thicker legs shows higher resistance to buckling. Figures[5.7](a) and (b) shows contour
plots for plateau length and absorbed energy, respectively, for legs thicknesses from 1
mm to 3 mm and characteristic angles from 40° to 45°. Thinner legs provide longer
plateau while absorb lower energy. Samples with lower leg thickness and characteristic
angles shows higher energy absorption and reduced plateau lengths. The reason for
this behavior can be seen plotting points the stress-strain curves at points labeled
A1-A9 on the contours in Fig. [5.7] (a) and (b). Points A1-A3 are for 1 mm thick legs
and characteristic angles of 40°, 42°, and 45°, respectively. Points A4-A6 are for 2 mm
thick legs and characteristic angles of 40°, 42°, and 45°, respectively. Points A7-A8
are for 3 mm thick legs and characteristic angles of 40°, 42°, and 45° respectively.
Regardless of characteristic angle, the curves are clustered by magnitudes based on
thickness of legs. In this clustering several noteworthy trends are present. First, the
curves corresponding to 1 mm legs have the lowest plateau stresses but the longest
quasi-zero modulus (QZM) regions. As the leg thickness increases to 2 mm the linear
(Region I) and densification (Region III) regions grow and the QZM regions (Region
IT) shrinks. In addition, the overall magnitude of stress-strain curve increases for 2

mm thick legs compared to extended y structures with Imm thick legs. This trend
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continues as the legs are increased to 3 mm; however, here the characteristic angle
plays a more prominent role. In this case, extended x structures at 42° and 45° have
a Region II that is of lower modulus than Region I and II at these angles but is no
longer quasi-zero. The transition from the linear region to the QZM region is less
delineated. The increase in magnitude as leg thickness increases allows the structure
to absorb more energy, i.e., an increase in area under the stress-strain curve as seen

in Fig. 5.7 (b).

5.4 Chapter Summary

This chapter explored the performance of extended y using a combination of
analytical and finite element modeling. The analytical model mirrors the analysis of
Chapter [2] here we examine the theoretical cushion curve of a single extended y unit
cell. In the cushion curve analysis, the extended y structure mirrored the cushion
curve of a typical packaging foam.

Finite element models are used to examine the length of the the quasi-static
region and the energy absorbed under the effective stress-strain curve. FEM analysis
indicates that unit cells with larger characteristic angles and aspect ratios yield longer

plateau regions.



7

5 : : I :
AAl ——0=25,H/L =05
451 AA2 ——0=25H/L =075 1
AA3 0=25H/L =1
4r AA4 ——0=25H/L =15 1
351 1
3L §
251 1

o (compressive stress) (kPa)

0 ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
€ (compressive strain)

(a)

5 ‘ ‘ :

AAS —— 0=35H/L=0.75
451 AA6 —— 0=35H/L =1 1
AA7 0=35H/L =15

o (compressive stress) (kPa)

o.s/ | | | | 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
€ (compressive strain)

(b)

’ | | | ‘ A1‘§8 ;0:50, ]‘-I‘/L): s
457 AA9 ——0=55H/L=15 1
4t |
35F b
3 i

o (compressive stress) (kPa)

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
€ (compressive strain)

(c)

Figure 5.6.  Selected stress-strain curves for points AA1l through AA9 on non-
dimensionalized plateau length and absorbed energy contours.
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stress-strain curves, for different characteristic angles and leg thicknesses.
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6. 2-D EXTENDED y STRUCTURE

The previous chapters explored the behavior of the extended y unit cell. The unit cell
is designed to be loaded in one direction that is normal to the top and bottom legs
of the structure. This restriction on loading limits its shock absorbing capabilities
in a real world environment where the structure may experience loading in multiple
directions. This chapter briefly explores using the basic extended y unit cell to
provide an equal force displacement response in two directions. In terms of shock
absorbing applications a material that posses these characteristics will not have a
preferred loading direction and thus emulate a polymer foam in providing multi-
directional protection. The chapter details the initial concept, fabrication, finite

element modeling and force displacement characterization of the 2-D x structure.

6.1 2D Extended x Structure

The extended x shaped architecture can be arranged to provide quasi-zero stiffness
not only in 1-D but also in 2-D. A 2-D unit cell can be obtained by arranging the
extended y structure along the perimeter of a square, Fig[6.1| (a). In this version, the
square is hollow, however; it may be filled or have an inset to increase its stiffness
and stability. Figure (b) shows a tessellation of the unit cell. Observe that the
tessellated unit cell results in a diamond shaped cavity in the structure. Without the
stiffeners in this cavity the deformation of the structure will not be isolated to the
underlying leg and neck 1-D unit cell instead all members of the cell will deform. In
the tessellated version, stiffened regions are indicated by dark black lines. Finally,
note in both Fig|6.1] (a), (b), contain a 1-2-3 material coordinate system. The 3 axis
points out of the page. The addition of the coordinate system was included to discuss

the symmetry of the force-displacement relationship of the structure.
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Figure 6.1. Two dimensional extended y structure: (a) 2-D unit cell, (b) tessellated
2-D unit cell with inserts, (c) experimental material characterization, and (d) force-
displacement curve for FEA analysis, and experimental compression along two faces.
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6.1.1 Manufacturing

The manufacturing of the 2-D extended y structure follows the same procedure
as the 1-D unit cells. They are made by casting a platinum cure two part silicone
rubber (Smooth-On Mold Star 15S) in polylactic acid (PLA) thermoplastic negative
molds. The molds are in turn produced on a fused deposition 3D printer (Ultimaker
S5). The rubber is allowed to cure in the molds for two hours at 50 °C in a Print Dry
filament dryer and then allowed to aerate for 24 hours. In addition, the Ultimaker S5
is used to print the inner stiffeners. The total unit cell is contained in a square with
sides of 82 mm length. The underlying 1-D extended x unit cell has dimensions of
L,=H;=14mm, t=t, =L, =2 mm, and § = 45°.

Figure (c) shows the finalized prototype before testing. We observed that due
to manufacturing limits; it was not possible to produce a perfectly stable single unit

cell shown in Fig (a), hence the analysis will utilize the tessellated cell shown in

Figure [6.1] (b).

6.1.2 Finite Element Model

The finite element model is an extension of the 1-D unit cell model found in section
[3.2.1] using a Dynamic-Implicit analysis with a CPS4R element with hyperelastic
material behavior that is described by the polynomial strain energy functional in
ABAQUS. The material properties are directly imported from experimental stress-
strain results. Similar to the extended x structure, the 2-D extended y structure
was placed between two discrete rigid wire parts with surface contact. Self contact
is defined in the normal and tangential directions for the elements on the members’
edges as hard contact and tangential contact with penalty coefficient of 1, respectively.
The analysis is displacement controlled; the top surface is allowed to move until the
X structure has been compressed to 30% of its original height. A small perturbation
force (0.01 to 0.05 N depending on the geometry) directed to right or left, is applied

to the middle to initiate the asymmetric buckling instability in deformation.
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6.1.3 Characterizing the Nonlinear Force Displacement Relationship

In the analysis of the 1-D structures, an effective strain and stress was introduced
in the discussing the unit cell’s behavior. In discussing the 2-D extended y struc-
ture, these quantities are replaced by the compressive force on the platten and the
compressive distance between the platten due to the geometry of the unit cell, i.e.,
it does not have a continuous surface that may be compressed. Similar to the char-
acterization of the 1-D extended x structure the 2-D structure is tested on Mark 10
ESM 1500 electromechanical load frame with a load capacity of 6700 N (1500 1bF).
In the tests, the frame is equipped with a Mark 10 MRO1-50 load cell that has a
250 N (50 1bf) capacity and a 0.1 N (0.02 1bf) resolution. The sample is first tested
along the 3 face in the 1 direction. Then it is rotated for 90° and tested again and
tested along the 3-face in the 2 direction. Figure (d) compares the recorded two
force-displacement curves with the results from FEM analysis in ABAQUS. The first
thing to note is that forced displacement curve retains the desired three regions in
both material directions. The results of the two faces are in agreement and compared
to ABAQUS model and they both agree with the model. However, they deviate
gradually from each other as displacement increases. The maximum deviation occurs
during densification in Region III with a maximum of 12.8% difference in force. This
deviation may originate from manufacturing imperfections, e.g. pockets of air in the
material after solidification, geometric imperfections that occur when removing the
sample from the mold, and inconsistency in the manufacturing of the PLA supports.
The presence of air bubbles may be eliminated by placing the rubber in a vacuum

chamber before casting.

6.1.4 Limitations

Extending the extended y structure to act in multiple dimensions is not without
its limitations. Here, we have considered a version of the basic unit cell with a cavity.

This was done to reduce weight. Figure (a) shows the finite element analysis
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of this structure with the cavity that has not been stiffened. The analysis indicates
that buckling is no longer confined to the diagonal legs and neck as in the original
extended y structure this is due to the cavity being more compliant than the 1-D unit
cells. In this case, the legs of the basic 1-D unit cell deform in compression. This is
not possible in the original arrangement of the 1-D unit cell in compression since the
top and bottom legs are always in tension. In order to counteract this behavior the
stiffeners were added to the cavities, Fig.|6.2 (b). In this case there is some separation
of the elastomer from the PLA stiffeners. Nonetheless, the most prominent drawback
is that the deformation only engages the four 1-D unit cells; two on the bottom and
two on the top of the structure.

This structure like the 1-D unit cell is limited in the types of loading that it can
resist. The current topology restricts its uses to applications where the loading is
in the 1 and 2 material directions, no support is offered in the 3-direction. Further-
more, the analysis has not considered the application of a load that is applied at
angle. In order to accommodate this type of loading the structure would need to be

encapsulated in a square domain with side walls.

6.2 Chapter Summary

This chapter contains an analysis of 2-D tessellated extended x unit cell. The
cells are fabricated using a combination of 3D printing of negative PLA molds, and
PLA stiffeners. The material for the tessellated unit cell is a two part silicone rubber.
Compression test in two different material directions indicate that the force displace-
ment relationship has a maximum deviation of 12%. This deviation is attributed
to air pockets present in the material and imperfections that occurred during the
removal of the structure from the mold. Despite the limitations, compression test
indicate that force-displacement relationship retains the characteristic three regions

of the original extended y unit cell.



(b)

84

Figure 6.2. Deformation of two dimensional extended x structure in compression:

(a) without PLA inserts, and (b) with PLA inserts.
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7. CONCLUSIONS AND FUTURE WORK

This chapter reviews the research question discussed in Chapter [II In addition, it

provides insights about this study and suggestions about possible future work.

7.1 Concluding Remarks

The research questions in Chapter [1] were divided into two categories, the first
group of questions were focused on the multimodal response of polymer foams subject

to an impact and are as follows:

1. What are the effects of higher order modes of vibration on the rebound acceler-

ation of an object impacting a cushion?
2. What are the effects of damping on the rebound acceleration?

3. Using this multimodal analysis, what are the dominant constitutive properties of

foam for shock response?

4. Using this multimodal analysis, can a quasi-static compressive test be used to

determine the acceleration pulse?

The second set of research questions are focused on the shock absorption character-

istics on an architected material. These research questions are as follows::

5. What geometry effectively mimics the quasi-static compression and shock ab-

sorption of an elastic closed cell foam?

6. Can the quasi-static compressive behavior of the architected material be modeled

using FEA?

7. Can the elastic buckling of the structure be modeled analytically?
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8. Can the geometry be tessellated to provide bi-directional tunable quasi-static

compressive behavior?

All of these items are addressed and summarized here.

Question 1

The study in Chapter [2l models the dynamics of a falling platten impacting a foam
cushion as a nonlinear rod with an end mass subject to an initial velocity. It departs
from the lumped parameter paradigm that is typically used to determine cushion
response. The nonlinearities are a result of the hyperelastic material describing the
foam’s stress-strain behavior. Both the nonlinearity and the viscoelasticity are mod-
eled with a polynomial constitutive relationship combined with a Kelvin-Voight model
of damping. It is evident that in a linear response the first mode dominates the re-
sponse with its amplitude being an order of magnitude higher than the higher orders
modes of vibration. The amplification factor for each mode initially decreases as the
static stress increases until each it reaches an asymptote. When the nonlinearities
are included the effects of the number of modes on the response becomes less clear
and depend on the static stress the foam is subjected to during impact. However,
the multimodal response appears as a dominant single mode waveform with higher
oscillations superimposed on the response. The inclusion of modes has a minimal

effect on the prediction of a cushion curve.

Question 2

Chapter [2| shows that damping improves the prediction of the peak rebound ac-
celeration but its effect is secondary to the nonlinear quasi-static behavior for the
polystyrene foam considered in this study. This is evident when damping is ignored
and a single mode approximation is used. In this case, analytical estimates of the
cushion curve can be determined using an energy balance approach. The energy

balance estimation, while predicting the overall shock characteristics of the foam,
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under predicts the peak acceleration at lower drop heights and static stresses and
over predicts higher drop heights and static stresses. Furthermore, the energy based
estimation is limited to materials for which the dynamic stress and quasi-static stress
versus strain responses are similar in shape and magnitude. Including damping in the
model and solving the governing equations of motion numerically improves cushion
curve prediction. It is worth noting that for the both undamped and damped cases
the predicted impact shock responses are in agreement with experimental results, and
the latter closely matches. This approach works well, since the dynamic stress-strain
relationship is not significantly greater than the quasi-static stress-strain relationship

in the polystyrene foam.

Question 3

In both a single mode and multiple mode approximation the acceleration waveform
is determined by nonlinear material behavior. As mentioned in Item 1, the multimodal
response appears as perturbations superimposed on the single mode response. In both
cases the overall shape of the waveform is determined by the static stress and material
behavior. Similar to the single mode response, the shape of the waveform and the
cushion depends on both material behavior and static stress. The characteristic
“trough” like shape of the cushion curve is directly due to the nonlinear quasi-static
stress-strain relationship in a multi mode analysis. This relationship has three distinct
regions of stress and strain: 1) Region I is a linear elastic zone, 2) Region II is a zone
of stress and strain where the modulus in small of near zero, and 3) Region III is a
densification zone of high modulus due to the internal walls of the foam contacting.
Each region influences the shape of the cushion curve of a foam regardless of the

number of modes included in the model.
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Question 4

The model is used to generate acceleration waveforms during impact, and by
varying static stresses, one can generate a set of cushion curves. In addition, the
results in Chapter [2] show that the model can predict the peak rebound acceleration
and yield accurate predictions of the time waveform. Again, this is due to the effect
of damping being secondary in the response, and that a simple damping model can

represent the polystyrene foam in this study.

Question 5

Chapter |3| introduces a unique structure made of silicon rubber that yields an
effective stress strain relationship that resembles the stress-strain behavior of polymer
foams. The chapter has provided an overview of both the material and unit cell
response. The unit cell is dubbed the extended Y structure due to it “X” shaped
topology. The topology of the unit cell can be described by a characteristic angle
between the diagonal and the horizontal legs of the structure.

Chapter 5| explored the performance of extended y using a combination of an-
alytical and finite element modeling. The analytical model mirrors the analysis of
Chapter [2| of polymer foams, here we examine the theoretical cushion curve of a sin-
gle extended x unit cell. In the cushion curve analysis, the extended y structure
mirrored the cushion curve of a typical packaging foam. Finite element models are
used to examine the length of the quasi-static region and the energy absorbed under
the effective stress-strain curve. FEM analysis indicates that unit cells with larger
characteristic angles and aspect ratios yield longer plateau regions. However, this
does not translate into energy absorption where there is a near linear relationship

between aspect ratio and characteristic angle on maximum energy absorbed.
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Question 6

Chapter |5| demonstrated that an FEM model is able to reproduce the effective
stress-strain behavior of the extended x unit cell for experimental geometry consid-
ered in this study. The model predicts the onset of the three distinct regions of
deformation; however, there is roughly a 20% maximum relative difference in com-
pressive strain between the model and the experimental results. It is theorized that
these deviations in the model and prototype response are due to: (1) the imperfec-
tions in the sample such as raised small air bubbles during solidification and tiny
damages during demolding, (2) approximate contact parameters in FEM, between
the legs in the extended y structure and between the legs and the rigid compressors,

and (3) approximate hyperelastic material model in FEM.

Question 7

Chapter [4| has provided a semi-analytical model of the buckling of the extended y
structure. At lower characteristic angle # the model agrees with both finite element
models: of buckling and effective stress strain characterization of the structure. How-
ever, the model is restricted to prevent rigid body rotations of its members causing it
to be inaccurate in: 1) predicting higher order buckling modes, and 2) the buckling

at larger values of the characteristic angle.

Question 8

Chapter [0 contains an analysis of 2-D tessellated extended x unit cell that exhibits
similar response in two material directions. The cells are fabricated using a combina-
tion of 3D printing of negative PLA molds, and PLA stiffeners. The material for the
tessellated unit cell is a two part silicone rubber. Compression test in two different
material directions indicate that the force displacement relationship has a maximum

deviation of 12%. This deviation is attributed to air pockets present in the material
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and imperfections that occurred during the removal of the structure from the mold.
Despite the limitations, compression tests indicated that the force-displacement rela-

tionship retains the characteristic three regions of the original extended y unit cell.

7.2 Future Directions

In the analysis of cushion curve prediction discussed in Chapter [2] the damping
coefficient is determined by matching the analytical acceleration peak (of an arbitrary
static stress and drop height ratio) with its corresponding experimental data. The
obtained damping coefficient is then applied to all other cases. While this approach
saves cost, simplifies the solution procedures, and provides acceptable results within
+18% of experimental results; it neglects that the material response may be strain
rate dependent. This effect can be captured by higher order viscoelastic models of
the stress-strain relationship. Furthermore it may extend this modeling approach to
materials where the dynamic stress-strain relationship differs from greatly from the
quasi-static stress-strain relationship.

In a recent study, Rice et al. [72] studied viscoelastic material application in design-
ing protective cushion for packaging and helmets. They highlighted the importance of
impact duration that is either long duration where acceleration is mitigated to avoid
damage, or short duration where the velocity changes before and after of impact is
the reason of damage. For implementing both criteria into the cushion design, an
optimum viscoelastic property is selected. This analysis can be implemented into the
nonlinear model discussed in Chapter [2| to better study the viscoelasticity part of our
model and to analyze the effect of impact duration on cushion curves.

Numerous variations other than the proposed extended y meta-material structures
in Chapter [3| can be designed for the purpose of shock absorption enhancement. The
main idea is to build a structure with a set of connected legs that resists compression
pressures to a desired level then buckles quickly and proceeds to a large strain without

noticeable change in stress until self-contact occurs. In the present analysis in Chapter
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B, the x geometry is symmetric, e.g. all legs have same length and thickness. This
study can be expanded by investigating the result of asymmetric geometry change on
compression and cushion diagrams.

Structures with self-sensing properties are able to sense their own condition such
as temperature, strains, etc. [73]. Attaching sensors to legs converts the extended x
to a self-sensing structure in determining its effective strain. One means of accom-
plishing this to utilize triboelectric generators attached to the legs of the y structure.
Triboelectics are flexible polymer based sensors that utilize electrostatic induction
and contact electrification in their operation. Previous work by Tao and Gibert [74]
have shown the efficacy of these devices when they are embedded in polymer based
metamaterials. In this application, the devices could be surface mounted to two

opposing legs.
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A DERIVATION OF ORTHONORMALITY CONDITION AND NOR-

MALIZATION OF THE MODE SHAPES

The orthogonality conditions can be derived by considering the undamped vibra-

tions of Eqn. (2.14]), where only the linear terms are retained

o, 0%
o = Cels g

with the associated initial conditions

A

@(z,0) =0 and (2;;(:1:,0) =/29H,

and boundary conditions

o, 0%

El,effg@

_odu
Oz

z=0

a(L,t) =0 and

Assume a solution in the form

i t) = 3 Un(@)an(t),

n=1

where U, (x)’s are the mode shapes and g, ()’s are the temporal coordinates

A
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Dividing both sides of Eqn. by ¢, (t) yielding

i (t i
Gn () :Cgff[{n(x) _ _wi,

or

Gn(t) —wign(t) =0, and

UT/LI(:C) + ﬁzﬁn(l') =0, where f3,=
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Multiplying both sides of Eq. by Um(x) and integrating over the length of the

beam yields

A

L , . L .
Gy [ O On() do =~ [ O(@) O (0) d (19)
0 0
Integrating by parts yields

A

L ~ L A ~y 2 At L
—wi/o Un(2)Up () dv = _Cgff/o U, ()0, (@) dx + clyy Un(@) U, (2)] . (110)

Plugging the modal decomposition, Eq. into the boundary conditions of Eq.
and into Eq. ([.10) yields

W2 (/OL O, ()0 () diz + éﬁn(O)Um(0)> =&, /OL O ()0 (2)de  (L11)

where 3 = pgL/og, this can also be written as

L, . I . . L, .
([ Ontot @ as s BUm<o>Un<o>) &y [0 @@, (112)
0 0
if the expansion is written as 4(z,t) = Z m( ). Subtracting
m=1
L, . L - .
(w2, —w?) ( / 0, (2)0, () dz + ﬁUm(O)Un(O)> —0, (1.13)
0

/oL Un(2)Un () der + gﬁm(O)ﬁn(O) = Gmn, (1.14)

where d,,, is the Kronecker delta. Equation ([.14)) gives the orthonormality condition

and the normalization fo the mode shape U, (x).
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B COEFFICIENT OF THE SINGLE MODE APPROXIMATION OF
FOAM’S IMPACT MODEL

The coefficients for the single mode approximation can be written as

— C '\, L A /\/
ey = 2 (Ul(O)Ul(O) _ / Uy (2) UL () da:),
P 0
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Cl - 2(,017
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C POLYNOMIAL MODEL FOR HYPERELASTICITY

The strain energy density for the Polynomial model can be written as

W= i Cij(I = 3)' (I — 3), (L15)

1,7=0

where Cj; are the material constants. I; and I, are the first and second strain invari-

ants and can be written as

I = AT+ )3+ )3, (1.16)

Iy = NIN5 4+ A5)3 + A3N2 (I.17)

where A1, Ao, and A3 are the stretch ratios in the principle directions. Assuming the
material is incompressible, A;\sA3 = 1. Now noting that the loading is uniaxial leads

to the following relationship between stretch ratios

No = Ay = (1.18)

The stretch ratio in the compression direction is defined as A\; = 1 + x1/L,. The

nominal stress in the compression direction can be written as

ow
1

The initial shear modulus of the material is given by
o = 2(Cho + Co1), (1.20)

assuming the material is incompressible, i.e. v = 0.5, then the initial Young’s modulus
is given by

Eo = 2u(1 4 v). (1.21)
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The error between the nonlinear stress and the linear approximation can be seen in

Figure As expected the error increases monotonically as the compressive strain

80 T

70 -

N wn (o))
o o o
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Figure [.1. Relative error between o, = Alg—;ﬁ and Fpe. Shaded region indicates area
where the relative error is within 10%

increases; the error is under 10% for strains under 0.18.
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C.1 MATHEMATICA CODE FOR HYPERELASTIC CURVE FITTING

This appendix contains a detailed discussion of the numerical implementation for
the hyperelastic curve fit. The program for the curve fit was written using the Math-
ematica technical computing system. The comments to the workbook are structured

to provide the reader with an explanation of the relevant output.

Clear["Global ‘x"]
dir = "/Users/Dropbox/Amin/X_and_other/X Codes_and Data";

SetDirectory[dir];

FileNames[];

(*Set Geometry/ units are mmx)
th = 0.013; (*thickness*)
di = 0.029; (*diameterx)

AREA = Pi/4%di"2; (xarea calculationx)

(*¥Read in .mat datax)

Data = Import["Cylinder_ Sili_with_SteelSupport_ratelO.mat"];

(*Seperate time, strain,stress, raw voltage, and unitsx)

DataTime = Flatten[Datal[1]]];
DataStrain = Flatten[Datal[[2]]]/th/1000;
DataStress = Flatten[Data[[3]]]/AREA;
DataElec = Flatten[Datal[4]]];
DataUnit = Datal[[5]]

NRaw = Length[DataTime] /2
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(*Determine maximum strainx)

DataMax = DataStrain[[NRaw]]

RespTable =
Table[{-DataStrain[[nn + 1]], -DataStress[[nn + 111}, {nn, 1,
NRaw - 1 }];
ListPlot [RespTable, Frame -> True,

FrameLabel -> {"\[Epsilon]", "\[Sigma]"} Frame -> Truel

(¥Average out to smooth data*)

RespTableM = MovingMap[Mean, RespTable, 4];

NM = Length[RespTableM];
RespTableMM = Table[RespTableM[[i]] - RespTableM[[NM]], {i, 1, NM}];

UniRules = {\[Lambda]l -> \[Lambda], \[Lambdal2 ->
1/8qrt [\ [Lambdal]l, \[Lambdal3 -> 1/Sqrt[\[Lambdal]}

(*Strain Energy Density Functionx)

Upoly = C10%(I1 - 3)"1x(I2 - 3)70 +

C20%(I1 - 3)"2x(I2 - 3)70 +
CO1x(I1 - 3)70%(I2 - 3)71 +
CO2x(I1 - 3)70%(I2 - 3)"2 +
Cl1x(I1 - 3)~1x(I2 - 3)71;

(* Invarients in terms of strestch ratios*)PolyRules = {I1 -> \
\[Lambda]1~2 + \[Lambdal2"2 + \[Lambdal3"2,
I2 -> \[Lambda]1°2*\[Lambda]2°2 + \[Lambda]2"2*\[Lambdal3"2 + \
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\ [Lambda] 3" 2*\ [Lambda] 1”2}

Upolyl = Upoly /. PolyRules /. UniRules

(*Stress from Energy Density Function)
T11 = FullSimplify[Expand[\[Lambda]*D[Upolyl, \[Lambda]]]]
(*Write stress in term of infinitesimalstrainx)

Tile = T11 /. \[Lambda] -> (1 + x)

(¥*Polynomial Fitx)

PolyFit1 =
FindFit [RespTableMM, Tile, {C10, C20, C11, CO1, C02}, x,
MaxIterations -> \[Infinity], WorkingPrecision -> 4];

(*Convert fit to modelx)

PolyModelFunctionl = Function[{x}, Evaluate[T1le /. PolyFitil]];
(*Convert to expression to plot*)

PlotM1 = {PolyModelFunctionl[x]};

(*Shear and Young’s Modulus)

Mu

2x(C01 + C10) /. PolyFit1l;

Em = 2*xMux(1 + .5);
(*Plot the original data and curve fitx)
FitPlot =
Plot [{PlotM1}, {x, .2, -.8%},
Epilog -> {PointSize[Medium], Map[Point, RespTableMM]},

PlotStyle -> Directive[Red], Frame -> True,
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FrameLabel -> {"\[Epsilon]", "\[Sigmal]"},
LabelStyle —>
Directive[Black, FontFamily -> "Times", FontSize -> 12],

ImageSize -> 450]
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D MANUFACTURING PROCESS OF EXTENDEDYy STRUCTURES

This appendix details the manufacturing of the x structure. The process begins by
determining desired dimensions for the extended x. Then a negative mold is created
in a CAD software, e.g. Solidworks. The mold is manufactured by a 3D printer.
Figure shows the mold in gray color. Next a two agent silicon rubber is mixed
equally and poured into the mold. The silicon rubber is shown with green color. After
a determined curing time, the extended x structure is pulled out from the mold as it

is shown in the Fig. [[.2

Figure 1.2. The schematic extended x during solidification and demolding
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E MATLAB IMPLEMENTATION OF BUCKLING ANALYSIS

This appendix details the numerical implementation of the buckling model pre-

sented in Chapter [4

cle

clear

close all

% This the no sway solution

FS = 14; % Font Size

fprintf ([ "\n\n\nStarting file >>’

now,0) "\n\n']);
format long

close all

nel = 7; % Number of Members
nen = 2; % Number of Nodes
d = 0.02;

thetadeg = 36.0;

theta = thetadegx*pi/180.0;

L = 0.0123605131; Y%Lac d/(2%cos(theta));
alpha = 0.007469716/L; %0.008/L;%d/L—2*sin (theta) ;
b — 0.020:

h — 0.0022;

Lceell = 2xLxcos(theta);
Hcell = 2xLxsin (theta)+alphaxL;

% Geometric Parameters

mfilename ’'<< at

datestr (
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28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

Im
Emod
EI

= 1/12xbxh"3; % Moment of Inertia
= 432200; Y%Mpa

= Emod*Im; %Flexural Stiffness

%Nodal Coordinates

x1l =
yl =
X2 =
y2 =
X3 =
y3 =
x4 =
y4 =
XH =
yo =
x6 =
y6 =

0;

0;

2xLxcos (theta);
0;

Lxcos (theta);
L#sin (theta);
X3 ;

yv3 + alphaxL;
x1;

y4+Lxsin (theta ) ;
X2

yo;

%coordinates

coord = [x1 x2 x3 x4 x5 x6; yl y2 y3 y4 yb

%connectivity

le =

[ 1 2;13;23;,34; 45 ; 4 6; 5 6]’;

%plot shapes

DefPlot=figure;

for e = 1:nel

end

line (coord(1,le (:,e)),coord(2,le(:,e)),
“color”,[0.65 0.65 0.65], Linewidth ' ,4)

"Linestyle’

109
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53

54

55

56

63

64

65

66

67

68

69

70

72

73

line (coord (1,:) ,coord(2,:), 'Linestyle’
"MarkerSize’, 8, 'MarkerEdgeColor’
MarkerFaceColor’ | ’'r7)

hold on

axis square

axis off

% Plot of phil and phi2 functions

Y

Y

"none’

7k7

num = 2x1076; %2

NNN = 3% pi;

LambdaV1l = linspace (0.01, NNN, num); %3 .5,
LambdaV2 = linspace (NNN, 2xNNN, num) ;
LambdaV = [LambdaV1l LambdaV2];

num = 2*num;

for i = 1:num

Lambda = LambdaV (1) ;
[DetM, DetM1, DetM2, Theta] = characteristic_eqn (Lambda,
theta , alpha, L);

CE2(i)
CE1(i)
CE(i)

end

[Val2 loc2|
[Vall locl|]

figure

= DetM2;
= DetM1;
= DetM;

= find (abs(diff (sign(CE2)))
= find (abs(diff (sign(CEl)))

Y

Y

"Marker’, 0’
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79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

line (LambdaV,CEL,

,1,7color’, k")
line (LambdaV, zeros(size (LambdaV)), linewidth ,3, color’,'r")
P1 = line (LambdaV(locl) ,zeros(size(locl)), marker’ '0");
set (P1, "Marker’ 0",

MarkerSize’, 8, ’'MarkerEdgeColor’ , 'k’ |

MarkerFaceColor ™

ylabel ("$\phi_1(\lambda)$’,

ES);
xlabel ({’

, FS);
set ( geca

box on

$\lambda$’; ' (a) '},

"FontName’

"Linestyle ’,

Y
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"linestyle’, =7, "Marker’, "'none’, "linewidth’

_77 700101,7771(7,7

(.65 .65 1] );

Y

axis ([4 NNN —200 200])

axis square

figure

"Times’

Y

"Interpreter’,’latex’,  FontSize’,

"Interpreter’, ’latex’,  FontSize’

"FontSize’, FS );

line (LambdaV,CE2, "linestyle ', ’—", "Marker’ |, 'none’, "linewidth’

,1,7color’, k")
line (LambdaV, zeros(size(LambdaV)), 'linewidth 3, color’ ™, ')
P2 = line (LambdaV(loc2) ,zeros(size(loc2)), marker’,’0");

set (P2, "Marker’ 0",

Y

"Linestyle

)

Y

)

-7, 7Color’,’k’,”’

Y

MarkerSize’, 8, ’'MarkerEdgeColor’ , 'k’ |

MarkerFaceColor’

ylabel (’$\phi_2 (\lambda)$’,

FS);
xlabel ({’
, FS);

set ( geca

$\lambda$’; ' (b) '},

"FontName’

[.65 .65 1] );

Y

"Times’

Y

"Interpreter

"Interpreter’,’latex’, FontSize’,

I

, 'latex’,’FontSize’

"FontSize’, FS );
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96 box on

o axis ([4 NNN —200 200])

9s axis square

99

wo % Initial Conditions

11 Lambda_CE1.IG = LambdaV(locl);
w2 Lambda_CE2_IG = LambdaV(loc2);

103
10a % Choose Modes 1 for AS, 0 for SM
105 MODE = 0:

10s ROOT = 2;

w7 if MODE = 0 % Symmetric Modes

108 CEsolve = 0;

100 Lambda0 = Lambda_CE1_IG (ROOT) ;
o else % Anit—symmetric Modes

111 CEsolve = 1;

112 Lambda0 = Lambda_CE2_1G (ROOT) ;
1z end

1ne %Run Optimization

s Lambda = fzero (@Q(Lambda)objfunc (Lambda, theta , alpha, L,
CEsolve), Lambda0) ;
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17 %Check for Spurious Mode

ns  [DetM, DetM1, DetM2, M, Theta, RankM| = characteristic_eqn (
Lambda, theta, alpha, L)

19 while RankM==

120 RankM

121 Lambda0

122 Mode
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fprintf(’Spurious Mode Detected \n’)
ROOT = ROOT +1; %Move to next root
if MODE = 0 % Symmetric Modes

CEsolve = 0;

Lambda0 = Lambda_CE1_1G (ROOT) ;
else % Anit—symmetric Modes

CEsolve = 1;

Lambda0 = Lambda_CE2_IG (ROOT) ;
end
% Run Optimization again and check
Lambda = fzero (@Q(Lambda)objfunc (Lambda,theta , alpha, L,

CEsolve), Lambda0) ;

[DetM, DetM1, DetM2, M, Theta, RankM| = characteristic_eqn

end

(Lambda, theta, alpha, L);

fprintf (' True mode detected\n’)

fprintf( 'The optimal lambda %I11.4e. \n’, Lambda)

T

% Post Processing

% W.
k
kac
kbe
kab
ked
kde

ave Number

= Lambda/L;

= k; %(compression)
= k; %(compression)

= sqrt(cot(theta)/csc(theta))xk; %(tension)
= sqrt(2/csc(theta))xk; %(compression )

=k; %(

compr (‘SSIOH)
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154

155

156

157

158

159

161

162

163

164

165

166

167

168

169

171

172

173

174

175

176

177

kdf
kef = sqrt(cot(theta)/csc(theta))*k; %(tension)

k; %(compression)

%Geometry
Lac = L;
Lbe = L;

Lab = 2«Lxcos(theta);
Led = alphaxL;
Lde = L;

Ldf = L;
Lef = 2xLxcos(theta);

fprintf( 'The optimal k is %I1l.4e. \n’, k)

[DetM, DetM1, DetM2, M, Theta, RankM] = characteristic_eqn (
Lambda, theta, alpha, L);

%Normalized Buckling Mode
Theta = Theta/norm(Theta) ;
ThetaA = Theta(1);

ThetaB = Theta (
ThetaC = Theta (
ThetaD = Theta (
ThetaE = Theta (
ThetaF = Theta (

fprintf( The Rank of M is %I11l.1e. \n’, RankM)

[MAB, MBA|] = moment_tens(kab, Lab, ThetaA, ThetaB, EI);

114



180

181

182

183

184

185

186

187

188

190

191

192

193

194

195

196

197

198

201

202

203

204

205

206

SEEERZ
SEEEEF

% Check Equilibrium
Node_ A = MAB + MAC;
Node_ B = MBA + MBC;
Node_C = MCA + MCB + MCD;
Node_.D = MDC + MDE + MDF;
Node_E = MED + MEF;
Node_F = MFD + MFE;

% Recover Compressive Force

Pab = kab " 2xEI;
Pac = kac " 2xEI;
Pbec = kbe " 2xEI;
Pcd = kecd "2xEI;
Pde = kde "2xEI;
Pdf = kdf"2xEI;
Pef = kef"2xEI;

% Check Equilibrium !

£1 — Ped /2;
f2 = Pab/cot (theta);
£3 = Pac/csc(theta);

% Critical Load

= moment_comp ( kac ,

= moment_comp (kbc,

= moment_comp ( kde ,

(

(

= moment_comp ( ked ,

(

= moment_comp ( kdf ,
(

= moment_tens ( kef ,

Lac,
Lbc,
Led,
Lde,
Ldf,
Lef ,

ThetaA |
ThetaB
ThetaC,
ThetaD ,
ThetaD ,
ThetaE ,

ThetaC
ThetaC
ThetaD ,
ThetaE ,
ThetaF |
ThetakF ,
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Fcl = 2xf1;
Fc2 = 2xf2;
Fc3 = 2x13;

% Buckling Eigenvalue from Abaqus

BucklingLambda = sqrt (Fcl/(Emod+Im) ) ;

fprintf (" ... .. \n’);

fprintf(’The height and width are %11.4e. x %l1l.4e. \n’,
Hcell , Lcell)

fprintf (7 ... \n’);

fprintf(’ Equilibrium analysis ..... \n');

fprintf(’The critical force from 3 calculations %1l.4de. %11.4
e. %llde. \n’', Fcl, Fe2, Fe3)

fprintf (7 ... ... \n’);

fprintf( The buckling eigenvalue %l11.4¢. \n’', BucklinglLambda)
fprintf (7 ... \n’);

numd = 100;

[ | = deformation_tens(kab, Lab, MAB, MBA, Pab, numd)
[ | = deformation_comp (kac, Lac, MAC, MCA, Pac, numd)
[ | = deformation_comp (kbe, Lbc, MBC, MCB, Pbc, numd)
[wed, xcd] = deformation_comp (ked, Led, MCD, MDC, Pcd, numd):;
[ | = deformation_comp (kde, Lde, MDE, MED, Pde, numd)
[ | = deformation_comp (kdf, Ldf, MDF, MFD, Pdf, numd)
[ | = deformation_tens(kef, Lef, MEF, MFE, Pef, numd)

% Degeneracy Test
[sac, cac] = flexibilitycomp (kac, Lac);

[sab, cab] = flexibilitytens (kab, Lab);
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[scd, ccd] = flexibilitycomp (ked, Led);

%DG1 = cos(theta)
%7DG2 = (sabx(cab—1))/(2xsac)

% Rearrange

wef = wef;

wed = fliplr (wde);
wfd = fliplr (wdf);
wde = fliplr (wed);
weca = fliplr (wac);
web = fliplr (whbce);

wab = wab;

xef = xef;
xed = fliplr (xde)
xfd = fliplr( )
xde = fliplr (xed);
xca = fliplr ( )

(xbe)

xcb = fliplr (xbe

xab = xab;
def_x = [xef;xed;xfd;xdc;xca;xcb;xab];
def_y = [wef;wed;wfd;wdc;wca;wch;wab];

%Plot individual deformations
figure
subplot (7,2,1)

line (xab,wab, "linewidth " 2)
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265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

286

287

288

289

290

291

axis tight

axis off

title ("w_{ab} ")
subplot (7,2,3)

line (xac,wac, 'linewidth’

axis tight

axis off

title ("w_{ac}’)
subplot (7,2,5)

line (xbc,wbe, "linewidth’

axis tight

axis off

title ("w_{bc}")
subplot (7,2,7)

line (xcd ,wed, "linewidth’

axis tight

axis off
title ("w {cd} ")
subplot (7,2,9)

line (xde ,wde, "linewidth’

axis tight

axis off

title ("w_{de}")
subplot (7,2,11)

line (xdf ,wdf, "linewidth’

axis tight

axis off
title ([ 'w_{df}"])
subplot (7,2,13)
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294

295

296

297

298

299

300

301

302

303

304

305

306

307

3

j=}

8

309

310

311

312

313

314

315

316

line (xef ,wef, "linewidth " ,2)
axis tight
axis off

title ("w {ef} ")

% Plot the Deformed Shape
figure (DefPlot)

for e = 1:nel
coord_local = coord(:,le(:,e));
[angle, T] = getangle(coord_local);
Dof = [def_x(e,:); def_y(e,:)];
Dof = TxDof;

119

line (coord_local (1,1)+Dof(1,:), coord_local (2,1)+Dof(2,:)

, 'linewidth’, 2, ’color’, k)

Y

end

axis tight

title ([ "\lambda = *, num2str(Lambda), *, \alpha = ' num2str(
alpha), ', \theta = ’ num2str(thetadeg), char(176), ', F_{
crit} = 7, num2str(Fel) = N’

1)

%% No Sway Characteristic Equation

function [DetM, DetM1, DetM2, M, Theta, RankM]
characteristic_eqn (Lambda, theta, alpha, L)

% Geometric Properties

Lac = L;

Lbc = L;

Lab = 2xLxcos(theta);
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sir Led = alphaxL;

sis Lde = L

si0 Ldf = L;

320 Lef = 2xLxcos(theta);

321

322 K = Lambda/L;
;23 kac = k; Y%(compression)
;24 kbe = k; compression )

70(
s kab = sqrt(cot(theta)/csc(theta))xk; %(tension)

326 ked = sqrt(2/csc(theta))xk; %(compression)
a2 kde = k; %(compression)
s kdf = k; compression )

70(
220 kef = sqrt(cot(theta)/csc(theta))xk; %(tension)

330

331 | sac, cac| = flexibilitycomp (kac, Lac);

s32 | sbc, cbe] = flexibilitycomp (kbec, Lbc);

s33 | sab, cab| = flexibilitytens (kab, Lab);
d d

= flexibilitycomp (kde, Lde

335

= flexibilitycomp (kdf, Ldf

336

[ ] (
[ ] (
[ ] (
a3 [scd, ced] = flexibilitycomp (ked, Lec
[ ] (
[ ] (
[ ] (

= flexibilitytens (kef, Lef

337

338

330 M = zeros (6,6);

s0 M(1,1) = sab/Lab + sac/Lac;
st M(1,2) = cabxsab/Lab;

a2 M(1,3) = cacxsac/Lac;

sz M(2,1) = M(1,2);

sie M(2,2) = sab/Lab 4+ sbc/Lbc;
sas M(2,3) = cbexsbe/Lbe;
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s M(3,1) = M(1,3);

sar M(3,2) =M(2,3);

sis M(3,3) = sac/Lac + sbc/Lbc + scd/Led;
sa0 M(3,4) = ccdxscd/Led;

ss0 M(4,3) =M(3,4);

ss1. M(4,4) = scd/Led + sde/Lde + sdf/Ldf;
352 M(4,5) = cdexsde/Lde;

353 M(4,6) = cdfssdf/Ldf;

ssa M(5,4) =M(4,5);

355 M(5,5) = sde/Lde + sef/Lef;

ss6 M(D,6) = cefssef/Lef;

ss7 M(6,4) = M(4,6) ;

sss M(6,5) = M(5,6);

350 M(6,6) = sdf/Ldf + sef/Lef;

360

s DetM = det (M)*L"6;

s2 DetM1 = (sab—cabxsab+42«sacxcos(theta)) ;% should be squared

ses DetM2 = (—(1 + cab) " 2xsab™2x((—1 + ccd)*scd — 2xsacxalpha) *(
scd + ccdxscd + 2xsacxalpha) —
364 2xsac " 2x((1 + ced)*xscd — 2x(—1 + cac”2)xsacxalpha)
*((—1 4+ ced)xscd +

365 2%(—1 + cac”2)xsacxalpha) —

366 4%(1 4+ cab)xsabssacx((—1 4+ ccd"2)*scd”2 +

367 2%(—2 + cac”2)xsacxscdxalpha +

368 4x(—1 + cac”2)*sac”2xalpha”2)xcos(theta) —

369 2xsac " 2x((1 + ced)*xscd —

370 2%(—1 + cac”2)*sacxalpha)*((—1 4+ ccd)xscd +

371 2%(—1 + cac”2)xsacxalpha)xcos(2«xtheta))xsec(theta)

4



372

373

374

375

376

377

378

379

380
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384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

RankM = rank (M) ;

if RankM =— 5 %one free angle
Theta = [-1 000 0 0];
BucklingForce = MxTheta;

Theta (2:6) = M(2:6,2:6)\—BucklingForce (2:6) ;

elseif RankM =— 4% two free angles
Theta = [ 1 0 0 0 0 1]7;
BucklingForce = MxTheta;

Theta (2:5) = M(2:5,2:5)\—BucklingForce (2:5) ;
% DGl = cos(theta)
% DG2 = (sabx(cab—1))/(2xsac)
% keyboard
elseif RankM = 6 %only the trivial solutions exist

Theta = [ 000 00 0]’;

end

end

% Flexibility Constants Compression

function [s, c¢] = flexibilitycomp (k, L)

lambda = kxL;

S = lambdax(sin (lambda)—lambdaxcos (lambda) ) /(2—2%cos (
lambda)—lambdaxsin (lambda) ) ;

c = (lambda — sin (lambda)) /(sin (lambda)—lambdax*cos (
lambda) ) ;

end
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% Flexibility Constants Tension

function [s, c¢] = flexibilitytens (k, L)

lambda = kxL;

S = lambdax(lambdaxcosh (lambda)—sinh (lambda) ) /(2—2*cosh (
lambda )-+lambdaxsinh (lambda) ) ;

c = (sinh (lambda)—lambda) /(lambdaxcosh (lambda)—sinh (
lambda) ) ;

end

%

function [w, x] = deformation_comp (k, L, Ma, Mb, P, num)

= linspace (0, L, num);

= —Ma/Pxcot (kxL) — Mb/Pxcsc (kxL) ;

= Ma/P;

w = Axsin (kxx)+ Bxcos (kxx) — Ma/Px(1 —x/L) + Mb/Px*(x/L) ;

o o> =

end

%

function [w,x] = deformation_tens(k, L, Ma, Mb, P, num)

% Deformation of tension for beam

= linspace (0, L, num);

—Ma/Pxcoth (kxL) — Mb/Pxcsch (kxL) ;

= Ma/P;

w = Axsinh (k*x)+ Bxcosh (kxx) — Ma/Px(1 —x/L) + Mb/Px(x/L);

mw =
I

function [Ma, Mb] = moment_comp(k, L, Theta_a, Theta_ b, EI)
% Moment angle relationship for compression

[s, ¢] = flexibilitycomp (k, L);

Ma = sxTheta_a + sxcxTheta_b;

Mb = s*xcxTheta_a + sxTheta_b;
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Ma = MaxEI/L;
Mb = MbxEI/L;
end

%

function [Ma, Mb] = moment_tens(k, L, Theta_a, Theta b, EI)
% Moment angle relationship for tension

[s, ¢] = flexibilitytens (k, L);

Ma = sxTheta_a + sxcxTheta_b;
Mb = s*xcxTheta_a + s*xTheta_b;
Ma = MaxEI/L;

Mb = MbxEI/L;

end

function [F] = objfunc(Lambda, theta, alpha, L, CESolve)

% Characteristic Poynomial

[DetM, DetM1, DetM2, M, Theta, RankM] = characteristic_eqn (
Lambda, theta, alpha, L);
if CESolve = 0
F = DetM1;
elseif CESolve =— 1
F = DetM2;
else
F = DetM;
end
end

function [angle, T]|= getangle(coord_local)

% Cooordinate Generation
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456

457

458

459

460

461

462

463

xcoord
ycoord

dx

angle

end

coord_local (1,:);
coord_local (2,:);

xcoord (1,2) — xcoord(1,1);
ycoord (1,2) — ycoord(1,1);
atan2 (dy, dx);

);
)

cos (angle

sin (angle) ;

9

[c —s; s c];
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F FEM MESH CONVERGENCE

This appendix provides the details of a mesh convergence study. The finite ele-
ment analysis was performed in the ABAQUS analysis package. The structure was
simulated in ABAQUS using a Dynamic-Implicit analysis with a CPS4R element
with hyperelastic material behavior that is described by the polynomial strain energy
functional. The material properties are directly imported from experimental stress-
strain results. Using the imported data and hyperelastic model in Material module
in ABAQUS, the coefficients are obtained automatically for polynomial type of hy-
perelasticity. The extended x structure was seeded to have an element length of 0.1

mm/side, 0.5 mm/side, and 0.2 mm/side (Fig. [[.3).

(a) (b) (©)

O Mesh Size = 0.2 mm/side
*  Mesh Size = 0.5 mm/side
= = = Mesh Size = 1.0 mm/side

2+

Force (N)

1+

fy@-*@ “+ —OEEDS G k== *
0 Il Il Il Il Il Il Il

0 2 4 6 8 10 12 14 16
Displacements (mm)

(d)

Figure 1.3. Effect of mesh size on FEM results for the Extended x (a) 1 mm/side,
(b) 0.5 mm /side, and (c) 0.2 mm/side. The results from all three meshes are closely
in agreement as shown in plot (d).
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G FINITE ELEMENT MODE SHAPES OF EXTENDED y STRUC-
TURE

This appendix contains the lowest four buckling mode shapes from ABAQUS.
The results are obtained using a linear perturbation buckling analysis. The element
is designated as a B21 wire beam, the modulus of elasticity (F) is 432.2 MPa , and
a poisson’s ratio (v) of 0.49. The structure is constrained from translating on the

bottom legs and the top legs is subject to points loads f on both ends. The buckling
eigenvalue from ABAQUS is given as \, = /2f/(EI).

Mode 1 Mode 2
Kp =389.92 kp =459.46
(a) (b)
Mode 3 Mode 4
Xp =470.51 }»p =633.20
(c) (d)

Figure 1.4. Finite element buckling mode shapes: (a) mode 1, (b) mode 2, (¢) mode
3, and (d) mode 4. The dark black lines indicate the undeformed shape and the grey
lines indicate the buckling mode.
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