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ABSTRACT

Xue, Li Ph.D., Purdue University, Dec 2020. Rapid Modeling and Simulation Meth-
ods for Large-Scale and Circuit-Intuitive Electromagnetic Analysis of Integrated Cir-
cuits and Systems. Major Professor: Professor Dan Jiao.

Accurate, fast, large-scale, and circuit-intuitive electromagnetic analysis is of crit-
ical importance to the design of integrated circuits (IC) and systems. Existing meth-
ods for the analysis of integrated circuits and systems have not satisfactorily achieved
these performance goals. In this work, rapid modeling and simulation methods are
developed for large-scale and circuit-intuitive electromagnetic analysis of integrated
circuits and systems. The derived model is correct from zero to high frequencies
where Maxwell’s equations are valid. In addition, in the proposed model, we are able
to analytically decompose the layout response into static and full-wave components
with neither numerical computation nor approximation. This decomposed yet rig-
orous model greatly helps circuit diagnoses since now designers are able to analyze
each component one by one, and identify which component is the root cause for the
design failure. Such a decomposition also facilitates efficient layout modeling and
simulation, since if an IC is dominated by RC effects, then we do not have to com-
pute the full-wave component; and vice versa. Meanwhile, it makes parallelization
straightforward. In addition, we develop fast algorithms to obtain each component
of the inverse rapidly. These algorithms are also applicable for solving general partial
differential equations for fast electromagnetic analysis.

The fast algorithms developed in this work are as follows. First, an analytical
method is developed for finding the nullspace of the curl-curl operator in an arbitrary
mesh for an arbitrary order of curl-conforming vector basis function. This method

has been applied successfully to both a finite-difference and a finite-element based
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analysis of general 3-D structures. It can be used to obtain the static component
of the inverse efficiently. An analytical method for finding the complementary space
of the nullspace is also developed. Second, using the analytically found nullspace
and its complementary space, a rigorous method is developed to overcome the low-
frequency breakdown problem in the full-wave analysis of general lossy problems,
where both dielectrics and conductors can be lossy and arbitrarily inhomogeneous.
The method is equally valid at high frequencies without any need for changing the
formulation. Third, with the static component part solved, the full-wave component is
also ready to obtain. There are two ways. In the first way, the full-wave component is
efficiently represented by a small number of high-frequency modes, and a fast method
is created to find these modes. These modes constitute a significantly reduced order
model of the complementary space of the nullspace. The second way is to utilize the
relationship between the curl-curl matrix and the Laplacian matrix. An analytical
method to decompose the curl-curl operator to a gradient-divergence operator and
a Laplacian operator is developed. The derived Laplacian matrix is nothing but
the curl-curl matrix’s Laplacian counterpart. They share the same set of non-zero
eigenvalues and eigenvectors. Therefore, this Laplacian matrix can be used to replace
the original curl-curl matrix when operating on the full-wave component without any
computational cost, and an iterative solution can converge this modified problem
much faster irrespective of the matrix size. The proposed work has been applied to
large-scale layout extraction and analysis. Its performance in accuracy, efficiency, and

capacity has been demonstrated.



1. INTRODUCTION

1.1 Background and motivation

Accurate and large-scale layout models are of critical importance to the design of
integrated circuits (IC), packages, and boards. A physical design tool built upon in-
accurate or erroneous layout models, no matter how superior it is in machine learning
and optimization algorithms, will fail to generate a working layout within feasible run
time. In prevailing layout modeling, static or quasi-static field solvers are employed
to extract C-, R-, and L-based circuit models of the physical layout of an 1C, pack-
age, or board [1-10]. These models are then stitched together to perform a circuit
simulation. There are many ways to stitch the C models with the RL-models, which
are extracted independent of each other. Which one correctly captures the physics
such as distributed effects and 3-D effects in the physical layout is unknown even at
relatively low working frequencies, where static physics is dominant. The global effect
of the substrate is not well captured in existing layout models. As far as full-wave
layout modeling is concerned, such as the Finite Difference Method [11,12], the Finite
Element Method [13-18], and the Integral Equation-based Method [19-25], although
it is accurate at high frequencies, they are not capable of performing extraction and
simulation at the full-chip scale in fast CPU run time because full-wave solvers need
to capture more physics than their static and quasi-static-based counterparts. In
addition, the direct field-based representation of the layout and the resulting field so-
lution remain too abstract to be put into practical use. Moreover, a full-wave model is
expected to reduce to the static- and quasi-static-based RLC models at low frequen-
cies; however, this relationship is not established by existing full-wave solvers. In fact,
full-wave solvers break down at low frequencies because of finite machine precision

and the loss of frequency-dependent terms [26-29]. The problem is especially severe



when dealing with VLSI circuit problems. The characteristic breakdown frequency is
about tens of megahertz, which falls right into the range of circuit operating frequen-
cies. Therefore, the low frequency breakdown problem is also critical and demands a
good solution.

One common feature in existing layout modeling and simulations tools is that a
forward model of the layout is being pursued. In the static- or quasi-static-based ap-
proaches, a forward model of the layout in a SPICE-compatible format is extracted.
After extraction, circuit simulation is performed based on the circuit model to ana-
lyze the layout response. In a full-wave approach, no extraction is performed. The
forward model is nothing but the discretized Maxwell’s equations in the layout. Then
it is directly solved in time or frequency domain and the solution is the field distri-
bution in the whole structure. Both the static or quasi-static-based and the full-wave
approaches focus on the forward model of the layout. Even though such a model is
built efficiently in high accuracy, the actual layout response to circuit stimuli is un-
known until a circuit simulation is performed on the extracted layout model. Such a
modeling approach is not amenable for circuit design, because changing the C, R, L or
other circuit parameters in the original layout does not directly reveal how the circuit
performance will be changed. Therefore, it is essential to have an inverse model to
represent the solution clearly and physically. Circuit designers can thus easily analyze

circuit responses from the inverse model.

1.2 Contributions of This Work

In this work, different from prevailing approaches where the forward model of
the layout is constructed, we analytically derive a closed-form model of the inverse of
Maxwell’s system of equations in the physical layout of an integrated circuit, package,
and board, starting from full-wave Maxwell’s equations where E and H are coupled.
By simulating the full-wave Maxwell’s equations, all the physical phenomena are accu-

rately captured and we are able to bypass the inaccuracy issue arising from stitching



circuit models independently extracted from decoupled E and H equations. The
resultant model is correct from zero to high frequencies where Maxwell’s equations
are valid. More importantly, in the proposed inverse model, the layout response is
analytically decomposed into R-, C-; L-, and full-wave components with neither nu-
merical computation nor approximation and for an arbitrary physical layout. As a
result, each component can be found in parallel and then summed up to obtain a total
layout response of a layout to any circuit stimuli. This decomposition can also be
viewed as an exact Helmholtz decomposition, where the electric field is decomposed
into a solenoidal field and an irrotational field. In existing approaches of Helmholtz
decomposition such as Loop-tree and Loop-star based methods [26,30], the decom-
position is not exact. In the proposed method, the RC- component is an irrotational
field; while the L- and full-wave component is a solenoidal field, and hence constitut-
ing an exact Helmholtz decomposition. This decomposed yet rigorous model greatly
helps circuit diagnoses since now designers are able to analyze each component one
by one and identify which component is the root cause for the design failure. Such
a decomposition also facilitates efficient layout modeling and simulation since if an
IC is dominated by RC effects, then we do not have to compute the full-wave com-
ponent, and vice versa. Meanwhile, it makes parallelization straightforward. Unlike
existing full-wave models, the proposed inverse model naturally reduces to its RLC-
based counterpart at low frequencies, and it also avoids the inaccuracy issues caused
by stitching R, L, and C elements in an empirical way. Furthermore, it reveals the
relationship between a full-wave model and a static model of the layout in a single
model and in a closed form. From the view of the integral equation method [19-25],
this inverse model can be viewed as a numerical green’s function in inhomogeneous
problems with arbitrarily shaped lossy conductors.

For each component in the inverse model, we develop fast algorithms to obtain
it. The column spaces, such as the nullspace representing the RC effect used to de-
compose the model, are analytically derived for the curl-curl operator in an arbitrary

mesh for an arbitrary order of vector basis function for both a finite-difference and



a finite-element based analysis of a general 3-D structure. The computational cost
to construct the nullspace is of linear complexity. This nullspace can be used to rep-
resent the R- and C- component of the inverse efficiently. The time marching and
point-by-point frequency sweeping are avoided for the RC-component as its time and
frequency dependence is analytically revealed in the proposed model, which can be
done very fast. Moreover, an analytical way to figure out the complementary space of
the nullspace is found. Based on the nullspace and its complementary space, we pro-
pose a method to get a rigorous full-wave finite-element-based solution of the general
lossy problems from high frequencies all the way down to DC, where the dielectric and
conductor loss can coexist and both are inhomogeneously distributed. On the other
hand, for the full-wave component, we have developed two algorithms to obtain it fast.
In the first algorithm, the full-wave component of the inverse model is efficiently rep-
resented by a small number of high-frequency modes of the curl-curl operator. A fast
method is developed to generate the reduced number of high-frequency modes. The
second algorithm is a new iterative method of guaranteed fast convergence. Existing
techniques for expediting iterative solutions are mainly based on finding a good pre-
conditioner for the full-wave system matrix. For example, in [31], a diagonal matrix
is used as the preconditioner to improve the iterative performance of solving the Elec-
tric Field Integral Equation (EFIE); in [7], the symmetric successive overrelaxation
(SSOR) is found to be a very effective preconditioner with Conjugate Gradient (CG)
method to solve the full-wave matrix from the Finite-Element Method (FEM); [32]
proposed a triangular matrix preconditioners to solve both static and harmonic prob-
lems resulted from the partial differential equations; [33] developed a preconditioner
from an approximate system to solve the finite element-boundary integral system to
achieve fast convergence; [34] applied the preconditioned generalized minimal resid-
ual method (GMRES) to fast solve the differential equations for the planar circuits.
Among these existing preconditioners, the diagonal, block diagonal, SSOR and some
other preconditioners are easy to construct and can have fast convergence for some

problems. But, their performance is problem dependent and is not always reliable.



Another way is to use approximate inverse preconditioners or incomplete factorization
preconditioners. This type of preconditioners is robust even for poorly conditioned
system and can have a faster convergence. The shortcomings are additional com-
putational cost and sometimes they can break down during the construction of the
preconditioner. Other preconditioners suffer from a similar performance and cost
trade-off. Instead of applying a preconditioner, we propose to replace the original
matrix with its Laplacian counterpart when operating on the full-wave component.
This Laplacian matrix can be built analytically without computational cost. Due
to its good property, the iterative solution of this modified system converges fast
irrespective of the matrix size, which achieves high performance and trivial cost.
Using the proposed inverse model, not only many accuracy issues related to the
existing layout modeling can be addressed, but also we drastically speed up layout
modeling and simulation, and provide circuit designers with an effective model for
layout automation without low frequency breakdown. In addition, we develop fast
and large-scale algorithms to find each component of the inverse in optimal (linear)
complexity, where many steps are made analytical, thus further saving CPU run time.
The proposed work has been applied to large-scale layout extraction and analysis.

Superior performance has been demonstrated in accuracy, efficiency, and capacity

1.3 Dissertation Outline

The remainder of this dissertation is organized as follows.

In Chap. 2, we develop an analytical method to generate the nullspace of the
stiffness matrix in the Finite Element Method, not only for the zeroth order, but also
for any higher order vector basis function in arbitrary unstructured meshes. This
also applies to the discretized curl-curl operator in other partial differential equation
methods such as the finite difference method. Using the mesh information, we are able
to analytically construct the nullspace without any difficulty, thus avoiding solving

an eigenvalue problem for finding the nullspace. The proposed analytical method has



been applied to a variety of 2- and 3-D irregular meshes for various orders of vector
basis functions. Comparisons with the reference nullspace obtained from a brute-force
eigenvalue solution have validated the proposed analytical method.

Based on the analytical nullspace, a rigorous and fast method is developed to
overcome the low-frequency breakdown in the finite-element-based analysis of general
lossy problems in Chap. 3, where both dielectrics and conductors can be lossy and ar-
bitrarily inhomogeneous. The method is equally valid at high frequencies without any
need for changing the formulation. In this method, a full-wave finite-element solution
is first decomposed into two components: nullspace component and its complemen-
tary one. Each component is then found without breakdown from high down to any
low frequency. Both nullspace and its complementary space are analytically generated
in this work for an arbitrary mesh, thus incurring no computational cost. From the
proposed method, the frequency dependence of a full-wave finite-element solution at
low frequencies is also explicitly revealed for general inhomogeneous lossy problems.
Numerical results have validated the accuracy and efficiency of the proposed method.

In Chapter 4, we develop a fast FDTD solver to perform the layout extraction
and analysis of integrated circuits. In this solver, the time step is not restricted
by the small space step encountered in the IC layout. Instead, it can be chosen to
be arbitrarily large, thus making the full-wave FDTD simulation from DC to high
frequencies become feasible. Meanwhile, the computational cost at each time step is
also minimized via an analytical identification of the column space that determines
the field solution. Numerical experiments have validated its accuracy and efficiency.

To reveal the physical meaning of the inverse of the Maxwell’s equation, we derive
a closed-form model of the inverse of the Maxwell’s system of equations in the physical
layout of an integrated circuit, package, and board in Chap. 5, starting from full-wave
Maxwell’s equations where E and H are coupled. In this model, we decompose the
inverse rigorously into R-, C-; L- and full-wave components, with neither numerical
computation nor approximation, and for an arbitrary physical layout. As a result,

each component can be found independently, and then superposed to obtain the total



response of a layout to any circuit stimuli. The time marching and point-by-point
frequency sweeping are also avoided for the RC-component as its time and frequency
dependence is analytically revealed in the proposed model. Moreover, the full-wave
component is efficiently represented by a small number of high-frequency modes of
the curl-curl operator. Using the proposed model, not only many accuracy issues
related to existing layout modeling can be addressed, but also we drastically speed
up layout modeling and simulation, and provide circuit designers with an effective
model for layout automation. In addition, we develop fast and large-scale algorithms
to find each component of the inverse in optimal (linear) complexity, where many
steps are made analytical, thus further saving CPU run time. The proposed work has
been applied to large-scale layout extraction and analysis. Superior performance has
been demonstrated in accuracy, efficiency, and capacity.

To speed up the computation of the full-wave component of the solution, a fast
method for accelerating the convergence in an iterative solution of partial differential
equation methods is developed in Chap. 6 and 7 in time-domain and frequency-
domain, respectively. The field solution in an integrated circuit layout is composed
of both a gradient field and a full-wave component that has a nonzero curl. The full-
wave component is difficult to be computed efficiently because the discretized curl-curl
operator has both zero eigenvalues and large ones inversely proportional to the square
of the smallest feature size. We find that the curl-curl operator can be decomposed
into a discretized gradient divergence operator and a discretized Laplacian operator,
both of which can be constructed analytically from mesh information without any
need for computation. The gradient divergence operator vanishes when acting on the
full-wave component of the field solution, whose curl is not zero. As a result, we
can replace the highly ill-conditioned curl-curl operator by the Laplacian operator for
computing the full-wave component. Since the Laplacian operator is full rank and
well-conditioned, the new system matrix can converge quickly in a small number of

steps. The idea has been applied to solving the system matrix resulting from the



FD-based analysis of realistic integrated circuit layouts, where static and full-wave
components co-exist. Numerical results have validated its accuracy and efficiency.

There are also applications where conductors can be accurately approximated as
perfect electric conductors (PECs). For this type of problems, if we discretize into the
conductors, the number of unknowns to solve is unnecessarily increased. However, if
we do not discretize into conductors, there are holes in a continuous computational
domain. In Chap. 8, we extend the methods in previous two chapters to handle
problems with perfect conductors. We show the curl-curl operator in such a setting
can also be decomposed into a gradient divergence operator and a Laplacian. The
former only involves nodes in the dielectric region and on the conductor surface,
while the latter is in the dielectric region only. Both can be constructed analytically
without incurring any computational cost. By replacing the original matrix with the
Laplacian matrix, the resultant iterative solution again is significantly accelerated.
Numerical experiments validated the accuracy and efficiency.

In Chap. 9, we summarize the work of this thesis and present potential future

work.



2. METHOD FOR ANALYTICALLY FINDING THE
NULLSPACE OF THE CURL-CURL OPERATOR IN
UNSTRUCTURED MESHES

2.1 Introduction

In this chapter, we present an analytical method to generate the nullspace for the
stiffness matrix in the Finite Element Method or the discretized curl-curl operator
in other partial differential equation methods such as finite difference method. The
nullspace size is linearly proportional to the unknown size, or matrix size of the
problem being simulated. Hence, the size is nontrivial. The nullspace has many
important applications. For example, it can be used to avoid the spurious modes [35];
it can also be used to solve the low-frequency breakdown problem of a full-wave
solver [28] [36]. Asshown in [28], the original full-wave system matrix can be projected
onto the nullspace and its complementary space, yielding a new system free of the
low-frequency breakdown. In addition, the nullspace can be employed to compute
the DC solutions of circuits, accelerate the convergence of iterative solutions, develop
fast solvers for layout extraction [37], etc

The conventional method to generate nullspace of the stiffness matrix is by solv-
ing an eigenvalue problem. Although this approach is general for any kind of basis
functions and arbitrary meshes, the resultant computational cost is high especially
when the matrix size is large. Another approach is to use the tree-cotree method [35].
In this scheme, the edges in a mesh are partitioned into two groups, with the tree
edge bases replaced by gradient bases. Such a treatment is not feasible at high fre-
quencies for the edges identified as tree edges. In theory, both gradient field and
high-frequency modes co-exist on every edge, or at any point. At low frequencies,

the former is dominant; whereas at high frequencies, the latter is more important;
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and there also exist intermediate frequencies where both are important. In contrast,
the nullspace vector of the stiffness matrix operates in a different way. Take a zeroth
order edge element as an example, the length of a nullspace vector is the total number
of edges. Each entry in this vector is associated with one original edge basis. Such a
vector is also frequency independent, and it can be used to represent the field solu-
tion at any frequency together with the complementary eigenvectors of the stiffness
matrix. The method in [38] is useful to find the nullspace of the zeroth order basis
functions. However, finding the nullspace of any high order vector bases remains a
challenge.

In this work, we develop an analytical method, which is also general, to obtain
the nullspace of the stiffness matrix regardless of whether the basis function is a
zeroth-order edge element or a higher-order basis. Meanwhile, this method is valid
for unstructured meshes generated from arbitrarily shaped elements. As a result, the
numerical computation of the nullspace can be completely bypassed, thus significantly

accelerating the computation when a nullspace is required.

2.2 Background

A full-wave finite-element-method (FEM) based analysis [13] of a general electro-

magnetic problem results in the following matrix equation in frequency domain:
(S + jwR — w’T)x = jwb, (2.1)

where w is an angular frequency, S is a stiffness matrix, R is related to conductivity, T
is a mass matrix, and b denotes a current source vector. The element of the stiffness

matrix can be written as
S = /M;I(v x N;) - (V x N;)d, (2.2)

where (1, denotes the relative permeability, and Nj(;) denotes the i(j)-th vector basis
function used to expand the unknown field. The S multiplied by a vector u represents

a discretized [ p '(V x N;)-(V x E)dQ operation, where E = >~ Nju;. Because a
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nullspace V|, satisfies SV = 0, a field that satisfies this property should have a zero
curl. Hence, a nullspace vector of the stiffness matrix must be a gradient field.
Stiffness matrix denotes a discretized curl-curl operator of the Maxwell’s equa-
tions. Such an operator also exists in other partial differential equation methods such
as the finite difference method, the finite volume method, the Discontinuous Galerkin
method, and the recently developed matrix-free time-domain method [39]. Therefore,
the problem studied in this work and its solution can also be applied to other methods

where an efficient approach for finding the nullspace is demanded.

2.3 Method for Finding the Nullspace for Zeroth-order Vector Bases

Zeroth-order edge basis functions are the most commonly used bases in the finite
element method. In this section, we show how to find the nullspace of the stiffness
matrix generated using the zeroth-order basis, for both triangular and tetrahedral

meshes.

2.3.1 Nullspace in a triangular element

The zeroth-order edge basis functions in a triangular element have the following

form

Ni = 123W23 = l23(€2V€3 - £3v€2)
N§ = 51 Wiy = I3 (&VE — & VE) (2.3)
N§ = 112W12 = l12(£1V§2 - €2V£1>

where [;; denotes the length of the edge connecting node 7 to node j, as shown in Fig.
2.1, and ¢; is the area coordinate at node .
We find the stiffness matrix in a triangular element using the zeroth-order bases

has the following factorized form

= 11 (X (X

ge )1><3a (2'4)
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in which Q¢ is the area of element e, and X is of dimension 3 by 1, which can be

written as

(V x No),
X=| (VxNY, |, (2.5)
(V x N5,
where subscript z represents the vector’s z-component. From (2.4), it can be seen
that the rank of S” is 1, and therefore S° should have two nullspace vectors since its
dimension is 3.
Combining the edge bases entering/leaving each node in Fig. 2.1 with % as coef-

ficients, we find

1 1
—Ny — —N3 =V

l31 ll?

1 1

—N; — —N, = V& (2.6)
l12 l23

1 1

—N; — —Ny = V&,

las I31

each of which corresponds to one gradient field. The first equation contains the two
vector bases entering or leaving node 1, which is N, and N3, and the coefficient in

front of each basis is +

.-, where [; is the basis’s corresponding edge length. The sign in

front of each basis is related to the direction of the basis. The same observations can
be made for the other two equations in (2.6). Taking a curl of (2.6), we obtain zero.
Therefore, we find the rule to generate a nullspace vector for one triangular element

as follows:

e Find all the edges connected to one node.

1

e If the edge basis enters the node, ;- appears on the row corresponding to this

edge basis.

e [f the edge basis leaves the node, —% appears on the row corresponding to this

edge basis.

An opposite sign convention can also be used, as long as it is used consistently for

all nodes.
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Fig. 2.1.: Zero-order basis functions in one triangular element.

Writing the coefficients of vector bases in each equation of (2.6) into a column
vector, we can get the nullspace vectors of S. From (2.6), the nullspace vectors

recognized from the first two equations can be written as

0o -+
las
Vo=1| &~ 0 [, (2.7)
_1 1
l12 l12

where the row number of each coefficient corresponds to the index of the vector basis
the coefficient is attached to. If we multiply X" by V, we obtain zero. Hence, SV, =
0 is satisfied. The column size of (2.7) is 2 instead of 3 because there is one equation
linearly dependent on the other two in (2.6) due to V& + V& + V& = 0. We can
remove any one of the three to obtain linearly independent V, column vectors shown
in (2.7). As can be seen, the size of the nullspace also agrees with that determined

from (2.4).
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2.3.2 Nullspace in a tetrahedron element

Consider a tetrahedron element, as illustrated in Fig. 2.2. The zeroth-order edge

basis functions can be written as

N{ =12Wis = 12(&VE — LVE)
NS = 13Wis = 113(6VE — &VE)
N§ = 114Wiy = 114(6VE — EV &) (2.8)
NS = losWas = lo3(£VE — & VE)
NE = 1oWiyp = 155(6VE — §VE)
NG = l34W3s = 134(&VE — &4V E),
where [;; again denotes the length of the edge connecting node 7 to node j, and & is
the volume coordinate at node ¢ in this element.

The stiffness matrix in such a 3-D element also has a factorized form as the
following

I —
= 11, V(X)gx3(X

S )365 (2.9)
where V¢ is the volume of element e, and X is of dimension 6 by 3, which can be

written as

ol
I

(2.10)

in which subscripts x,y, z represent the vector’s z-, y-, and z-components, respec-

tively.
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Applying the same rule identified for the triangular bases, we find

1 1 1
——N; = —Ny— —N3 =V
l12 l13 l14
1 1 1
—N; — —Ny + —N;5 =V
ll? l23 l42 (2 11)
1 1 1 )
—Ny +-—Ny — —Ng = V&
l13 123 143
1 1 1
—Ng - —N5 + —N6 — V§4
l14 l42 l34

The coefficient vectors of these equations form the nullspace of S,

S )
e I 0
1 1
-, O 5
1
Vo=| ™ o0 (2.12)
0 1 ) .
0 Tl loz
1
0 = 0
1
00 =5

since they satisfy XTVO = 0, and hence SV, = 0 is satisfied.

Like the 2-D case, the row index in (2.12) also corresponds to the global index of
the vector basis. Here we remove one of the vectors to obtain a linearly independent
vector space, as the nullspace size determined by both (2.11) and (2.9) is 3. It is
evident that the same method for finding the nullspace in a triangular element can
be applied in a tetrahedral element. Take the first vector in (2.12) as an example,
the bases connected to node 1 are Ny, Ny, and N3, whose corresponding edges are
edge 12, 13, and 14, respectively. Since Ny, Ny, and N3 are all leaving node 1, we

1 1

have —15 TI: and —ﬁ on the first, second and third rows of the nullspace vector

in (2.12).

2.3.3 Nullspace in a mesh

For a mesh with m elements, the stiffness matrix can be written as

S=S,+Sy+---+8S,., (2.13)
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Fig. 2.2.: Zeroth-order basis functions in one tetrahedron element.

where S; is the stiffness matrix of element i, each of which is an augmented matrix of
full unknown size. Since the nullspace vectors generated from the proposed method
satisfy S;Vo = 0 (i = 1,2,--- ,m) for each 4, they are the nullspace vectors of the
entire stiffness matrix as well because SV, = 0. Since each vector in the nullspace
corresponds to one node, the nullspace size should be nd — 1, where nd is the node
number in the mesh.

Therefore, for a mesh regardless of it is two or three dimensional, the method to
generate the nullspace for the zeroth-order basis is similar to that for one element,
which is to go through all the nodes in the mesh (with one node removed, which can

be an arbitrary node), and for each node

e Find all edges connected to the node.

e If the edge basis enters the node, % appears on the row corresponding to this

edge basis, where [; is the length of the edge.

e If the edge basis leaves the node, —% appears on the row corresponding to this

edge basis.

For example, in Fig. 2.3 with triangular edge basis functions, the nullspace vector

generated at node 6 is

1 1 1 1 1
Vo = {()7(L T 07 7 07 7 0 71
6

: 2.14
l16 l26 l3 ( )

v 7 07
l46 l56
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We can find ﬁNg + éN5 + éNrk iNg—f— éNlo = V&g, which is actually a gradient
field, and hence satisfying Svy = 0. By going through all the nodes and writing a
nullspace vector for each of them based on the proposed method, the nullspace V
can be generated. Each vector corresponds to a V§&; (i is the node index) field. Due
to the fact that ). , V& = 0, one vector in the space is redundant and we can
remove any one to obtain a linearly independent vector space. This method is not
only applicable to triangular and tetrahedral meshes, but also to other types of mesh
with curl-conforming vector basis functions. When there is a PEC boundary, the
nullspace vectors generated at the nodes on the PEC should be added up to obtain

one vector, since the nodes have the same potential.

Fig. 2.3.: A triangular mesh.

2.4 Method for Finding the Nullspace for Higher-Order Vector Bases

In this section, we show how to analytically find the nullspace of the stiffness
matrix constructed from higher-order bases. We will use the first-order triangular
basis functions and tetrahedral basis functions as examples to elaborate the proposed

method. But the method is equally applicable to other higher-order bases.
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2.4.1 'Triangular mesh
First-order homogeneous and interpolatory basis functions for one element

Interpolatory basis functions [40] are popular bases used for field expansion. Take
a triangular mesh as an example, the first order interpolatory basis functions, illus-

trated in Fig. 2.4a, have the following expressions

Nj = 13:1(3§ — )Wy
(2.15)
N = 112(361 — 1)Wy
Ng = 112(3 — 1) Wy
9
NZ = l23§§1W23
9

N§ = l31 §€2W31

where W;; = &, VE;—¢£;VE, is the edge vector basis associated with the edge connecting
node i to node j, &;) denotes the area coordinate at node i(j). We find that generating
the nullspace vectors directly from (2.15) may not be a good idea since it does not
share the same rule as we find for the zeroth-order basis. A better idea is to generate
the nullspace first from the homogeneous basis functions, and then use them to obtain

the nullspace of the interpolatory basis functions.
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Fig. 2.4.: (a) First order triangular interpolatory basis functions; (b) First order

triangular homogeneous basis functions.

The first-order homogeneous basis functions for a triangular element can be writ-
ten as
Ny = 12362 Was
Nnj = 12363 Wa3
Nng = 13153Wa1
Nny = 1516 Wa1 (2.16)
Ning = 1126 W2
Nug = 1126&Wio
Nu7 = 12361 Wa3
Nhg = 1516 Ws
Here, homogeneous [40] means that the polynomials present in the basis are of the

homogeneous form

5{5;5,@, r+s+t=np (2.17)

where p is the order of the basis function and ¢, j, k are the three vertices of the

triangular element.
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Nullspace of the homogeneous vector bases in a single element

Take the triangular element as an example, Fig. 2.4b shows the distribution of
the first order homogeneous basis functions of (2.16). Each vector basis is placed at
the point where the dot product of the basis and the unit vector associated with the
basis is the largest. Here, the unit vector of each basis is defined as the unit vector
tangential to the edge specified by the subscripts of W. Hence, the unit vectors #; of
the eight vector bases are respectively €a3, €a3, €31, €31, €12, €12, €23, and €3y, with e;
denoting a unit vector pointing from node 7 to j.

To draw Fig. 2.4, we find the point where Ny, - tA, is the largest. We place Ny,
at this point, and also mark the direction of the basis along the unit vector #;. For
example, Ny - 1, is the largest at node 2, and its 1 is along the edge connecting node
2 to 3. Hence, Ny is drawn leaving node 2 along edge 23. Ny - g is also the largest
at node 2, with a direction pointing from node 6 to 2. Then N4 is marked on the
edge 62 pointing from node 6 to node 2. Ny~ - t- is the largest along the edge 65, so
Ny 7 is marked on the edge 65, pointing from node 6 to node 5. There are edges that
are not directly labeled with basis functions, such as edge 45. This is because the
basis functions on this edge can be represented by the sum of other basis functions
as —g—iNm — %Nhg.

The method for generating the nullspace vectors for the homogeneous basis func-
tions is similar to that for the zeroth-order bases shown in Fig. 2.4b, which is sum-

marized below:
e Find all the homogeneous vector bases connected to a node.

e [f the basis enters the node, ll appears on the row corresponding to the global
index of this basis function, where [; is the length of the edge this basis function

corresponds to.

e If the basis leaves the node, —% appears on the row corresponding to the global

number of this basis function.
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For example, based on the above method, considering node 1, its nullspace vector for
the homogeneous basis is
1 1 o
v; ={0,0,0, —,——,0,0,0} (2.18)
hs o
where the non-zero entries correspond to the bases connected to node 1.
It is interesting to point out that the combination of the basis functions connected
to each node in Fig. 2.4b actually corresponds to one gradient term. For example,

vy in (2.18) is the nullspace vector written for node 1, because éNM — éNhg) =

1Nh5_

%Vﬁf. Another example is the nullspace vector of node 6, which yields s

ﬁNhG - éN}ﬂ + ﬁNhg = V& &. Following the same principle, after going through
all the 6 nodes shown in Fig. 2.4b, we can obtain the space for the gradient of
the second order ¢ terms: V&, VE2 VE2 VE &, Vs, VEEs (only five of them are
linearly independent). These terms are complete to denote the gradient space in one
element based on the area coordinates (&1, &, &3) corresponding to the node 1,2, 3.
If we view V&2, VE2 VER and VE &y, VEEs, VE &3 as the nullspace vectors associ-
ated with nodes 1,2, 3 and edges 12,23, 13, respectively, the nullspace size of the first
order basis function for one element can be written asnd —1+ed =3 —-14+3 =5,
where nd denotes the node number, corresponding to node 1, 2, 3, and ed represents

the edge number, corresponding to intermediate node 4, 5, 6 in Fig. 2.4b.

Nullspace of the interpolatory vector bases in a single element

After getting the nullspace of the homogeneous basis functions, we can use the
relationship between the interpolatory basis functions and the homogeneous basis
functions to find the nullspace of the interpolatory basis functions. To do so, we

expand the field as
8 8
i=1 i=1

where N; and Ny, are the i-th interpolatory and homogeneous basis function, respec-

tively, and u; and wuy; are their corresponding coefficients. The relationship between
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{u} and {u,} can be readily obtained as follows by taking a dot product of the field
with the unit vector of the basis, ¢;, at the point 7 where the degree of freedom of

the interpolatory basis is assigned at,

E(Fl) tl Nl(fi) tl Ng(f&) tl U1
E(Fs) '1% NI(FS) 'g; T Ns(Fs) 'Ez\e us
R R (2.20)
Nui(71) -t1 -+ Nug(r1) -1 Up1
Nhl(FS) ‘E; T NhS(FS) '7% Ung
Let
Ay = [Ni(7) - 1]
Bj; = [N(7) - 1i]. (2.21)
They can be evaluated analytically as the following
In, . ~
Pﬁ(fb §2,83)(1 — ffj) ;:Z if edge(N;) = edge(t;) (2.22)

— J

Pry(6n, &, &) (=€) T if edge(Ny) # edge(F;)

where Pm(gl,@,fg) is the polynomial of ¢ in the interpolatory or homogeneous
basis function, ftAj is the area coordinate of the node that is opposite to the edge
along tAj, and edge(N;) is the corresponding edge of the basis function. For example,

for one triangular element, A and B are:
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2 1
3 3 0 0 0 0 0 0
i 2 0 0 0 0 o0 0
2 1
0 0 3 3 0 0 0 0
— o 0 s 2 0 0 0 0
A= (2.23)
o o0 o0 o0 2 3 0 0
0 0 0 0 : 2 0 0
2 2 =l =lsn =l =l 2 —la1
9 9 923 923 923 923 9 923
—ls  —hs 2 2 Zhe Zha by 2
| 931 9l31 9 9 9l31 9l31 931 9
100000 O 0
010000 O 0
001000 O 0
— 000100 O 0
B = (2.24)
0000T1O0 O 0
0000O0T1 O 0
—
000O0O00O0 B
000000 5= 1
From (2.20), we have
B{u} = A{u,}. (2.25)

Hence, the coefficients of the interpolatory basis functions can be obtained from
{u} =B "A{u,). (2.26)

Notice that B is block diagonal, whose block size is either 1 or 2. Therefore, the
inverse of the matrix B can be analytically evaluated. Since the nullspace vector
{u;} has already been obtained, the nullspace vector {u} for the interpolatory basis

functions can be found from (2.26).
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The nullspace in an arbitrary mesh

The single-element nullspace vectors derived in the above can be readily extended
to the nullspace of an arbitrary mesh composed of many elements. We generate a
nullspace vector for each node by placing the nullspace vector coefficients in each
element in a global vector based on the global index of each vector basis. This is done
for the homogeneous basis functions. Then we generate the matrices for A and B
based on (2.22), and B remains to be block diagonal of block size either 1 or 2. We
then apply {u} = E_lx{uh} to obtain the final nullspace of the interpolatory bases.
The number of linearly independent nullspace vectors is nd — 1+ ed for the first order

basis functions, where nd is the node number, and ed denotes the edge number.

2.4.2 Tetrahedral mesh
First-order homogeneous and interpolatory basis functions for one element

The first-order interpolatory basis functions [40] for one tetrahedral element,

shown in Fig. 2.5, can be expressed as

N{ =112(36 — )Wy N§ =115(3& — 1)Wos
( YWiz N =133 — 1)Wis
NE = [4(36 — 1YWy NE = La(364 — W,
N7 = lo3(382 — 1)Wa3  Ng = [53(3§3 — 1) W3
NE = 1y(36 — NWay N = loa(3¢4 — 1) Wy
(2.27)
Ni; = 134(36 — 1)Way Niy = 134(36 — 1) Wy
N3 = 11336Wi3 Ni, = 12336 W3
Nis = 11436 Wiy Nig = 12436 Way
N, = 1143Wiy  Nig = 134361 W3y

Nig - l243§3W24 NSO = 5343§2W34
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where W;; = §;V§; —§;V§; is the edge basis functions for the edge ij, §;(;) denotes the
volume coordinate at node i(j). The homogeneous basis functions, which are shown

in Fig. 2.6, for one tetrahedral element, are

NZl = 11251W12
Njs =136 W3
Nis = 1§ Wiy
N7 = 12362 Was
Nig = 1246 Woy
N1 = 13453 W3y
Nji3 = 11362 W3
Nii5 = 1145 Wiy
N1 = 14§ Wey

Nzlg - l24§3W24

NZQ = l12§2W12

NG, = 1138Wi3

Nie = 11484W iy

Nis = 12363 W3

Njio = 12464Way (2.28)
Ny = 13464Wss

Nj1y = 12361 W3

N6 = 12461 Wy

Niis = 13461 Wiy

NZ20 = l34€2w34

These bases are marked at the points where Ny; - E is the largest. Here, Ny; is the

i-th homogeneous basis function and #; is the unit vector along Ny,’s corresponding

edge.

Nullspace of the homogeneous vector bases in a single element

Again, we first find the nullspace based on the homogeneous basis functions, and

then find that of the interpolatory bases. We find the same method for the triangular
bases is valid here. For example, around node 1, we have

1 1 1 1

——Np — —Npg = — Ny = S V&L (2:29)
l12 l13 l14 2
Around node 5, we have

1 1 1 1
—Np1 — 7—Npa — —Npig — —Npiz—

l12 l12 l23 l13

1 1
—Np1s — —Nnig = VEi&o. (2.30)
l14 l14
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Based on this approach, we can find the complete gradient space of the second order
¢ terms after going through all the nodes: V&2, V&2 VE2, VE2, V&, VEEs, VEE,,
Vas, V&L, VEE, (one of them is redundant).

Nullspace of the interpolatory vector bases in a single element and in a

mesh

The relationship between the interpolatory basis coefficients and the homogeneous
basis coefficients again can be written as (2.26). B remains to be a block diagonal
matrix whose block size 1 or 2, which means that B can be found analytically. Eq.
(2.31) shows the matrix B in one tetrahedral element, where I}, denotes an identity

matrix of size 12,

I, 0 0 0 0 0 0 0 0

0 2 2 0 0 0 0 0 0

0 #£ 2 0 0 0 0 0 0

0 0 0 2 2 0 0 0 0

B=/0 0 0 & 2 0 0 0 0 (2.31)

0 0 0 0 0 % 4 0 0

00 0 0 0 g+ 2 0 0

o 0 0 0 0 0 0 2

00 0 0 0 0 0 g % |

When generating the nullspace in an arbitrary mesh, first, we generate the nullspace
vectors by finding all the bases connected to one node from the distribution of the ho-
mogeneous basis functions. We then place the nullspace vector coefficients in a global
nullspace vector based on the global index of the basis and, thus, we obtain {u,}. We
then generate A and B based on (2.22), from which the nullspace of interpolatory
bases is obtained from {u} = Eflx{uh}.
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Fig. 2.6.: First order tetrahedral homogeneous basis functions.

2.4.3 Higher-order bases

For even higher-order bases, the same method developed for the first-order bases
can be used to generate the nullspace. In Table. 2.1 and 2.2, we list the nullspace
size of the stiffness matrix for the triangular mesh and the tetrahedral mesh for
different orders of vector bases. In these tables, nd, ed, em and face denote node
number, edge number, element number and face number in the mesh. The variable

_ n—1 ix(i—1)
m=73 5 =5



28

Table 2.1.: The Nullspace Size for Triangular Basis Functions of Different Orders

Triangular mesh Nullspace size
Zeroth order nd —1
First order nd —1+4ed
Second order nd—1+2x*ed+em
nth order nd — 14 n*ed + &= 1)*”*em

Table 2.2.: The Nullspace Size for Tetrahedral Basis Functions of Different Orders

Tetrahedral mesh Nullspace size
Zeroth order nd — 1
First order nd —1+ed
Second order nd—142xed+ face
nth order nd—1+nxed+ ) “ % face +m * em

2.5 Numerical Validation

In this section, we validate the proposed analytical method for finding the nullspace.
We also apply it to solve the low frequency breakdown problem of full-wave solvers,

and to perform fast layout parasitics extraction.

2.5.1 Validation in unstructured triangular and tetrahedral meshes

To validate the proposed analytical method, we generate the nullspace from a
number of irregular triangular and tetrahedral meshes, and for different orders of

vector basis functions. Two criteria are designed to assess the accuracy of the pro-

[SV]

SV where S is the stiffness matrix and V is the

posed method. One is to use

nullspace vectors generated from the proposed method. If the generated nullspace

vectors are accurate, the value of IgllHVH should approach to zero. The other criterion
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is to compare the nullspace V generated from the proposed method with the nullspace
V,, obtained from a brute-force eigenvalue solution. This brute-force solution is to
solve Sx = Ax, and choose the eigenvectors corresponding to zero eigenvalues. If V)
and V are the same column space, their transpose, V' and Vg, should have the same
reduced row echelon form. Notice that the nullspace V multiplied by any full rank
matrix Z remains to be a nullspace of S because SVZ = 0, in other words, a liner
superposition of the nullspace vectors remains to be a nullspace vector. Hence, we
cannot directly check the difference between V and V. However, they should have
the same reduced row echelon form.

The results obtained from the proposed method for the triangular and the tetra-
hedral mesh are shown in Tables. 2.3 and 2.4, for the zeroth-, the first, and the second
order basis functions respectively. The meshes are shown in Fig. 2.7 and Fig. 2.8.
In the mesh of Fig. 2.7a, the node number is 185, edge number is 512 and element
number is 328. In the mesh shown in Fig. 2.7b, the node number is 697, the edge
number is 2,008 and the element number is 1,312. From Table 2.3, we can find that

the nullspace size shown in the third column matches that of Table 2.1 very well. In

]
HIE

addition, the value of is shown to be at the machine precision, which is even
smaller than that of the reference V{ found from a brute-force eigenvalue solution,
and hence V is more accurate. The reduced row echelon form is also shown to agree
well with that of V.

For the tetrahedral mesh shown in Fig. 2.8a, the node number is 113, the edge
number is 544, the element number is 350, and the face number is 782. In Fig. 2.8b,
the node number is 125, the edge number is 604, the element number is 384, and the

face number is 864. From Table 2.4, it can be seen that the nullspace size shown in

the third column agrees very well with that predicted in Table 2.2. From the fourth

ISV
ISIIVI

column, we can see that the value of is very small, which verifies that V is the

T ~57
£ ||rref(V0)—i7”;f(V i is small,
[lrref(Vo)ll

confirming that the analytical nullspace found in this work is accurate.

nullspace of S. The sixth column shows that the value o
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Fig. 2.8.: The tetrahedral meshes for testing the proposed method.

2.6 Conclusion

In this paper, an analytical method is developed to generate the nullspace of the
stiffness matrix for both the zeroth order, and higher order vector basis functions in
arbitrary unstructured meshes. In this method, we utilize the properties of the vector
basis functions, and combine the bases in such a way to build a gradient field, which
is the nullspace of the stiffness matrix. Using the mesh information, we are able to
analytically construct the nullspace analytically, thus avoiding solving an eigenvalue
problem for finding the nullspace. In addition, a geometrical interpretation of the
curl-conforming vector basis function of an arbitrary order is also developed, which

facilitates the generation of the nullspace. Instead of directly obtaining the nullspace



31

Table 2.3.: Results for Nullspace in Triangular Meshes

o . ISV ISVo| | llrref(Vg)—rref(V)]
Basis Nullspace | iy | Tfivel Irref (V)
function size
Mesh1l 184 8.6214 | 1.0523 1.5809
x10717 | x10715 x10~13
Zeroth order
Mesh2 696 6.3897 | 1.15488 7.3595
x10717 | x10°1 x10713
Mesh1l 696 5.4415 | 8.5516 1.2275
x10717 | x1016 x 10712
First order
Mesh2 2704 6.1292 | 1.4678 1.0197
x10~17 | x10~® x10711
Mesh1l 1536 4.5698 | 1.4242 2.3434
x10716 | x10~1 x 10712
Second order
Mesh2 6024 3.4928 | 1.9527 5.1
x10716 | x10~ x10~12

of the interpolatory bases, we first obtain the nullspace of the homogeneous bases so
that we can unify the method for finding the nullspace of the zeroth-order bases with
that of the higher-order bases. The proposed analytical method has been validated by
extensive numerical experiments. It has also been applied to solve the low-frequency

breakdown problem of full-wave solvers, and perform fast layout parasitic extraction.



Table 2.4.: Results for Nullspace in Tetrahedral Meshes
Basis Nullspace | SVI ISVo|_ | |irref(Vo)=rref(V)]
; TSIV | TSTTVol et
function size
Mesh1 112 4.9122 | 5.0249 2.7778
x10717 | x10~16 x 10~
Zeroth order
Mesh?2 124 5.1242 | 5.4182 3.9393
x10717 | x10~16 x10~14
Mesh1 656 3.3241 | 1.0318 4.9559
x10717 | x10715 x10~13
First order
Mesh2 728 4.0596 | 1.1519 2.7543
x10717 | x1071° x10713
Mesh1 1982 3.4606 | 1.8994 2.8017
x10~17 | x1071° x 10712
Second order
Mesh2 2196 4.2985 | 1.7961 2.3354
x10717 | x10715 x 10712

32
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3. A RIGOROUS METHOD TO LOW-FREQUENCY
BREAKDOWN IN FULL-WAVE
FINITE-ELEMENT-BASED ANALYSIS OF GENERAL
LOSSY PROBLEMS

3.1 Introduction

A full-wave finite-element-based solution of Maxwell’s equations breaks down at
low frequencies. This problem is especially severe when dealing with VLSI circuit
problems, because the breakdown frequency falls right in the range of circuit operat-
ing frequencies [28]. Therefore, it is important to solve the low-frequency breakdown
problem. Among existing methods for solving the problem, one class of methods
stitches a static- or quasistatic-based electromagnetic solver with a full-wave-based
electromagnetic solver. However, this kind of method is inaccurate due to the fun-
damental approximation of decoupled E and H, which is only true at DC. Also, this
approach requires deciding at which frequency to switch between different solvers.
It also fails to handle the scenario where the solution of Maxwell’s equations is not
a static solution, while a full-wave solver still breaks down. Another class is to ex-
tend the validity of full-wave solvers to low frequencies. Existing approaches that
belong to this category utilize low-frequency approximations. For example, the tree-
cotree splitting [27] was used to provide an approximate Helmholtz decomposition for
edge elements in finite-element-based methods. However, numerical errors exists in
these methods at low frequencies. In addition, while lossless problems are extensively
studied, the lossy problems are seldom examined for overcoming the low-frequency
breakdown. In [29], a method without using any low-frequency approximation is
proposed to solve the breakdown problem involving lossy conductors embedded in

inhomogeneous dielectrics. For cases where conductivity is space dependent, whose
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value can also be small like that in lossy dielectrics, the formulations of [29] are
not applicable. In addition, eigenvalue solutions are involved in [29], which can be
expensive for simulating large-scale problems.

In this work, we propose a method to obtain a rigorous full-wave finite-element-
based solution of general lossy problems from high frequencies all the way down to DC,
where the dielectric and conductor loss can co-exist and both can be inhomogeneously
distributed in space. In addition, the column space we use to decompose a full-
wave solution is generated analytically without solving an eigenvalue problem, thus

significantly speeding up computation.

3.2 Proposed method

A full-wave FEM-based analysis of such a problem results in the following matrix

equation in the frequency domain:
(S + jwR — w’T)x = jwb (3.1)

where S is the stiffness matrix, R is related with conductivity and T is the mass
matrix. When frequency is low, the frequency dependent terms will be lost in (4.1)
due to finite machine precision. Since S is singular, the resultant numerical solution
of (4.1) would break down.

The solution x can be written as the expansion of the space V, and V,, where
V, is the nullspace of the stiffness matrix S and V), is the complementary space of
V. This can be written as

x = VoXo + VX (3.2)
From (3.2), we can see that the solution consists of xy and xj, which are the co-
efficients of nullspace V| and its complementary space V,, where V can be got
analytically from the previous chapter and V, is also got analytically shown later.
The V, and V;, can be generated with little computational cost.

Multiply VOT to both sides of (4.1), and we can get

Vo (jwR — w?T)Voxo = jwVab — Vg (jwR — w*T)Vyxy, (3.3)
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However, the matrix Vg(jwﬁ — w?T)V, may still break down at low frequencies
because the term wQVOTWO will be neglected and the matrix Vg(jwf_{ — wT)V,
becomes singular. In order to solve this problem, we further decompose xq into the
space Xo and X, where X, is the nullspace of VOTWO and X, is the orthogonal
space of Xy. Xy and X, can be generated analytically, which is shown later. The
solution x, can be written as xo = Xoug + XpUp,.

The space X, and X, are orthogonal to each other, that is XOTX;L = 0. In order
to find Eh, which satisfies X(?Tofh = 0, we can set Eh = T(; 1Kh. The newly found
ih can decouple the system when solving uy and u;,. Multiply Xz; and i: to both
sides of (3.3). Another thing is to multiply VZ to both sides of (4.1) and, finally
combining all the equations, we can get

jwXe ToXo 0 Aoo.n

=T __ = —
0 Xh (R0+ijo)Xh AOh,h Uh

—~T -~ ST s N s PN
Ago,n Aonn Vi, (S8/(jw)+R+jwT)Vy,

- tho b ) (34)

where Ty = VTV, Ry = VRV, Aoy = Xg Vo (R + jwT)Vy, and Agpp =
X, V! (R + juT)V,.

The final solution can be got by solving the equations in first two rows to express
uy and uy, in terms of x;,. Then we can substitute uy and uy into the equation on

the third row to get the xj,, the equation is shown as

Ax, =b (3.5)

where
A=V, +juR - *T)V,
—V, (R + jwT)VoXo(Xy ToXo) ' X Vo (R + jwT) V),
—T,. — = =T_ = = _TT_T
—V, (jwR — w*T)V X, (X, R + jwTe) X)X, V,

(R + jwT)V,,
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uy and uy can also be solved because they are expressed in terms of x;,. With ug, uy,
and x;,, the final solution can be got by the expression x = VXouy +V0§huh +V X,
The whole process doesn’t break down at low frequencies. It involves 3 inverse
operations, as (XOTTOXO)_l, (ii(jwﬁo - szo)ih)_l and A . The low frequency
approximation of the first matrix is still (XSTOXO)”, which doesn’t depend on the
frequency and never breaks down at any frequency. For the second matrix, the
matrix becomes (X:( jwRg)X),) ! for approximation at very low frequencies, which is
certainly not singular because X}, is the complementary space for Ry’s nullspace. The
most complicated one is the matrix A. At low frequencies, we can write this matrix
_ZWOXO(XSTOXO)*XOTVOTW,T This matrix actually equals to
V:Wh because we can show that RV(Xy = 0. Therefore the matrix A = VZW}L.
It doesn’t break down at low frequencies because V), is the complementary space of
the nullspace V for S. To conclude, all of the inverses involved in this process don’t
break down at low frequencies and the solution should be valid at low frequencies.

For Vy and V,, we can get them analytically instead of solving the generalized

eigenvalue problem. The nullspace of the stiffness matrix S, Vy, is

e if the edge base goes into the node, ll appears on the row corresponding to the

global indices of this edge.

e if the edge bases goes out of the node, —ll_ appears on the row corresponding to

the global indices of this edge.

The generation of V, is also very simple. From the graph theory, the vectors corre-
sponding to the cycles should be orthogonal to the space with vectors corresponding
to bonds, that is V. Therefore, we can generate the vectors of V;, by finding the in-
dependent cycle bases in the mesh. For each V}, l; appears on the row corresponding
to the global indices of this edge around this cycle.

For Ry’s nullspace X and its orthogonal space X, there are also analytical rules
to follow. For Xy, the rule is to firstly find out the set of nodes outside the conductors,

n1, and the other set inside the conductors, no, with nodes in each conductor consid-
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ered as a group. For each node outside the conductor, there is one X, mode, whose
entry is 1 at the row corresponding to the node, and zero elsewhere. For each discon-
nected conductor, there is one X, mode, whose entry is 1 at the rows corresponding
to all of the nodes inside the conductor. The X}, can also be generated easily based
on the simple structure of X,. For each disconnected conductor whose node number
is nc;, there are nc; — 1 X, modes, in each of which there are two nonzero entries: 1
and -1. The entry of 1 appears at one node inside the conductor, and -1 appears at
another node inside the conductor. By this way, we can make sure XOTXh =0.

The generation of Vy, Vj, X, and X}, is shown in Fig. 3.1, where the colored
part is the conductor. For node 1, the nullspace vector has non-zero entries only
on the first, second and third entries, with values —%, —%, —%, respectively. For
V), corresponding to the triangle on the bottom, it has non-zero entries on the first,
second and fourth entries, with values [y, —ls and l4. The generation of X, and X,
is also shown in this figure. The node 5 doesn’t need to be considered if we consider
node 5 as the ground and it is removed in the V|, so the row size of the vectors X,
and X}, is 4. For node 2,34, they are located in a conductor, and its corresponding X,
is shown in the figure. While, node 1 is outside the conductor and its corresponding
X, only has one non-zero entry on the first element. It also shows how to generated

their X, according to the X, we got. This figure shows how the rules are applied to

generate the spaces we want.

Fig. 3.1.: The generation of Vg, Vj, Xy and Xj,.
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Practically speaking, as for the problems with the Dirichlet boundary condition,
the idea is similar that we can regard all the nodes on the boundary as one single
node. Except for this operation, other generation procedure is the same as that with

no Dirichlet boundaries.

3.3 Numerical result

The nullspace can be used to solve low-frequency breakdown problem of full-
wave solvers [28]. We test this on two types of meshes, the triangular mesh and the

tetrahedral mesh, shown in Fig. 2.7a and 2.8a, respectively. The solution error is

[[x=xx
[l

calculated as where x is the solution from our method and x, is the reference
solution generated based on [28]. The results are shown in Fig. 3.2, where Fig. 3.2a
and 3.2c are the results from the meshes without the PEC boundary at the top and
the bottom, while Fig. 3.2b and 3.2d are the results from the meshes with the PEC
boundary. They clearly validate the proposed method.

For lossy problems, the nullspace can also be used to solve low-frequency break-
down problem as shown in [36] [29]. However, in [36] [29], the nullspace is found
numerically, whereas in this work, we find it analytically. We apply our method to

a lossy 3-D on-chip interconnect structure, which is shown in Fig. 3.3. The colored

part is metal, and the metal conductivity is 5.8 x 107 S/m. The solution error is

[[x=x|]
lIx[l

shown in Fig. 3.4, which is calculated as where x is the solution from the
proposed method and x, is the solution from [29]. As can be seen, the proposed
method is accurate from very low to high frequencies, which verifies the correctness

of this method.
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Fig. 3.2.: (a) The entire solution error for a lossless problem for the triangular mesh
shown in Fig. 2.7a; (b) The entire solution error for a lossless problem for the trian-
gular mesh with PEC in Fig. 2.7a; (c) The entire solution error for a lossless problem
for the tetrahedral mesh shown in Fig. 2.8a; (d) The entire solution error for a lossless

problem for the tetrahedral mesh with PEC in Fig. 2.8a.
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Fig. 3.3.: Hlustration of an on-chip 3-D interconnect
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4. FAST FDTD METHOD FOR LARGE-SCALE LAYOUT
EXTRACTION AND ANALYSIS OF INTEGRATED
CIRCUITS

4.1 Introduction

Accurate and rapid layout extraction and simulation of an integrated circuit (IC)
is of critical importance to the design of ICs. The problem is challenging because
the numerical system resulting from the discretization of an IC is of an ultra large
scale. Meanwhile, the on-chip materials are inhomogeneous, and the conductors are
lossy. Furthermore, a broad band of frequencies from DC to microwave frequencies
are encountered. Most of the on-chip structures are Manhatton type, and hence
an FDTD method is natural for use. However, using a traditional FDTD method to
simulate an IC layout, the time step restricted by the space step is orders of magnitude
smaller than that determined by accuracy. As a result, it is not feasible to perform a
full-chip layout extraction and analysis in feasible run time. In this work, we propose
a fast FDTD method to perform layout analysis. The time step of this method is not
restricted by the space step. One can choose the time step solely based on accuracy.
Moreover, the computational cost at each time step scales linearly with the number
of unknowns. Hence, the overall computation is made efficient. Numerical results

have validated the proposed new method.

4.2 Proposed method

A full-wave FDTD-based discretizaion of Maxwell’s equations results in the fol-
lowing matrix equation in time domain:

= 0*{e} — Ofe}
D. ot2 +Do ot

oJ

+S{e} = 5

(4.1)
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where D, is the diagonal matrix of permittivity, D, is the diagonal matrix of conduc-
tivity, S is the matrix denoting the curl-curl operator, {e} is the vector containing
all electric field unknowns in the computational domain, and J denotes a vector of
current source. The solution {e} can be decomposed into e = Voug + V,u;, where
V, is the nullspace of S, and V, is its complementary space. As shown in [41], V can
be found analytically, which is from Chap. 2. In an FDTD grid, there are (nd — 1)
V, modes, in which nd denotes the node number. Each V, mode has m entries,
where m is the number of edges connected to a node, and hence being 4 in a 2-D grid,
and 6 in a 3-D grid. Along an edge connected to a node, if the direction of electric
field unknown is into the node, 1/I; appears at the corresponding row entry of Vy,
otherwise, —1/I; appears, where [; is the edge length.

For the V-component of the field solution, from (4.1), we obtain

— {uo}

T
A
ot

+ A {u} = -V,J, (4.2)

where A, = VOTEGVO, and A, = VOTEUVO. It is evident that the V-component of
the field solution captures the RC effects of an IC.

A brute-force explicit simulation of (4.2) would require a time step as small as
107 s in on-chip circuits whose physical dimensions are at the pum level. In order
to make the explicit time marching unconditionally stable, we further decompose ug

into the following two components
Uy — X()XO + thh (43)

where X, is the nullspace of A, and X}, is X’s orthogonal space. These two spaces
again can be obtained analytically. The rule to generate X, is to firstly find out
the set of nodes outside the conductors, and the other set inside the conductors, with
nodes in each conductor considered as a group. For each node outside the conductors,
there is one X, mode, whose entry is 1 at the row corresponding to the node, and zero
elsewhere. For each disconnected conductor, there is one X, mode, whose entry is 1

at the rows corresponding to all of the nodes inside the conductor. Hence, the number
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of X, modes is the node number outside conductors plus the conductor number minus
1. The X}, can also be generated easily based on the simple structure of X,. For each
disconnected conductor whose node number is nc;, there are nc¢; — 1 X, modes, in
each of which there are two nonzero entries: 1 and —1. The entry of 1 appears at one
node inside the conductor, and —1 appears at another node inside the conductor. In
this way, X}, is clearly orthogonal to X. From the aforementioned description of X
and X, it is evident that Xyx, denotes the fields outside the conductors with each
conductor represented by a single mode; and Xjx;, represents the fields inside the
conductors.
Multiplying XOTKG_I and XZKZI to both sides of (4.2), we obtain
XX XA A X, = XA,V
4.4
XOTXO% XA A K = XAV .
In this way, the first equation in (4.4) used for solving wy, is totally decoupled from ug’s
equation. Moreover, since (4.4) is an equation inside conductors, and the conduction
current is much larger than displacement current, the first term in (4.4) can be ignored

without affecting accuracy. Therefore, (4.4) becomes
X, A A, X, = —X, A, Vo J. (4.5)

We only need to calculate the above once because uy’s time dependence is the same as
that of J. In addition, (4.5) in one conductor is fully decoupled from that in another
conductor. Hence, the maximum number of unknowns to be solved in (4.5) is the
number of nodes inside the largest conductor present in the layout. For example, if
there are one million wires in an on-chip layout, the u; subsystem of each wire is
separated from that of the others. Furthermore, the lefthand matrix has a constant
condition number which is also less than 10, its conjugate gradient solution can be
converged in a less than 10 steps of iteration.

After solving u;, from (4.5), it can be substituted into the second equation in

(4.4). The time step of the second equation can be chosen arbitrarily large without
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affecting stability, because it is simply the integration of the current source and the

u;, component over the time. Thus, uy can be obtained as

t
w(t) = —DX,A. 'V, / J(t)dt
.0 (4.6)
~DX,A. A,X, / w,(t)dt
0

where D = (XOTXO)_I is diagonal because of the structure of Xo. From (4.6), we can
see that we need to solve A, which is (VOTﬁEVO):I; = b. This is a very sparse matrix,
whose solution can be quickly found in a few steps of sparse matrix-vector multi-
plications if we use (ngo)_% as the preconditioner or multigrid iterative method.
Meanwhile, (VOTVO) is nothing but a Laplacian operator in a single material and in
a Cartisian grid. Its solution is analytically known. As for the V,-component of the
field solution in the layout analysis, fast techniques of a similar performance can also

be developed.

h=04um

h=02um
h=02um

h=0.6um

h=02um
h=0.2um

h=02um
0 10ym 20um  30pum 40um 50um

Fig. 4.1.: Hlustration of an on-chip 3-D interconnect.

4.3 Numerical Results

To validate the proposed fast method, a 3-D on-chip interconnect shown in Fig.
4.1 is simulated. The colored parts are metals, whose conductivity is 5.7 x 107 S/m.

The length of the structure is 50um. The current source is launched between the
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Fig. 4.2.: Solution error compared with the reference solution.

ground plane and the metal in the middle, and it is a Gaussian source with 7 = 10719
s. The error of the proposed fast solution is shown in Fig. 4.2, as compared with
the reference solution from the traditional FDTD marching of (4.1). The error is
measured by %, where x is the entire field solution of the fast method; while x,
is the reference FDTD solution. As can be seen, the error is small across the entire
time window simulated, validating the accuracy of the proposed fast method. We
also compare the CPU time between the new method with the reference method for
different sizes of the mesh, which is shown in Table. 4.1. Owing to the small space
step, the time step for the conventional FDTD is 107! s, which cannot be increased
due to the stability issue. In contrast, the proposed method allows for the use of an
arbitrarily large time step. Hence, the choice of time step is solely determined by
accuracy. Using a time step of 107'2 s, we compare the run time of the new method

and the FDTD in Table 4.1. It is evident that the proposed method is much more

efficient even for a small number of unknowns.



Table 4.1.: Comparison of CPU run time.

Unknown Size

Simulation time

Simulation time

(E Number) | by this method (s) | by FDTD (s)
224 1.98 30.522309
424 4.46 360.81
1020 8.60 2197.67
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5. RAPID INVERSE MODELING OF INTEGRATED
CIRCUIT LAYOUT IN BOTH FREQUENCY AND TIME
DOMAIN

5.1 Introduction

Accurate and large-scale layout models are of critical importance to the design
of integrated circuits (IC), packages, and boards. There are two types of existing
methods. The first one is to employ static or quasi-static field solvers to extract C-,
R-, and L-based circuit models of the physical layout of an IC, package, or board.
R, C, and L models are independently extracted. These models are then stitched
together to perform a circuit simulation. The shortcomings of this method are that
there are many ways to stitch the C models with the RL-models. Which one correctly
captures the physics such as distributed effects and 3-D effects in the physical layout is
unknown even at relatively low working frequencies, where static physics is dominant.
As another example, the substrate is considered to be one of the main sources for
interference and crosstalk. However, the global effect of the substrate is not well
captured in existing layout models. And this method is inaccurate at high frequencies.
The second type of method is full-wave layout modeling. This method performs a full-
wave analysis, such as using Finite Difference Time Domain Method, Finite Element
Method or Integral Equation Method and then the network parameters, such as S-,
Z-, and Y-parameters are obtained. Although this type of method is accurate at high
frequencies, it has a limited capability. It is difficult to handle full-chip and complete
package within feasible computational resources. In addition, the direct field-based
representation of the layout and the resulting field solution remain too abstract to
be put into practical use by circuit designers for circuit diagnosis and performance

optimization.
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One common feature in existing layout modeling and simulations tools [2,9, 18] is
that they focus on a forward model of the layout in a SPICE-compatible format. Even
though such a model is built efficiently in high accuracy, the actual layout response
to circuit stimuli is unknown until a circuit simulation is performed on the extracted
layout model. In other words, what has been modeled is the layout instead of layout
response, i.e., the inverse of the system of equations governing the layout. There is no
direct relationship between the layout response and the change of the layout model.
Such a modeling approach is not amenable for circuit design, because changing the
C, R, L or other circuit parameters in the original layout does not directly reveal how
the circuit performance will be changed.

In this work, different from prevailing approaches where the forward model of
the layout is constructed, we analytically derive a closed-form model of the inverse
of Maxwell’s system of equations in the physical layout. We also derive such an
inverse from full-wave Maxwell’'s equations where E and H are coupled, so that
we bypass the inaccuracy issue arising from stitching circuit models independently
extracted from decoupled E and H equations. Moreover, the model is correct from
zero to high frequencies where Maxwell’s equations are valid. More importantly, in
the proposed inverse model, we are able to analytically decompose the layout response
into R-, C-, L-, and full-wave components with neither numerical computation nor
approximation. As a result, each component can be obtained in parallel and then
summed up to obtain a total layout response. This decomposed yet rigorous model
greatly helps circuit diagnoses since now designers are able to analyze each component
one by one, and identify which component is the root cause for the design failure.
Such a decomposition also facilitates efficient layout modeling and simulation, since
if an IC is dominated by RC effects, then we do not have to compute the full-wave
component; and vice versa. Meanwhile, it makes parallelization straightforward. In
addition, we develop fast algorithms to obtain each component of the inverse rapidly.
The time marching and point-by-point frequency sweeping are also avoided for the

R~ and C-component of the layout response as their time and frequency dependency
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is analytically known in the proposed inverse model. The proposed work has been
applied to large-scale layout extraction and analysis. Its performance in accuracy,
efficiency, and capacity has been demonstrated.

In this section, we present a detailed derivation of the inverse of the Maxwell’s
system of equations in the layout, and show how it can be decomposed into R-, C-
, L-, and full-wave components. The analytical methods for finding the nullspace
governing the RC-component are presented in both uniform and non-uniform grids.
A fast algorithm for finding the full-wave components is developed. Many new and

realistic examples are simulated to examine the performance of the proposed work.

5.2 Proposed Closed-Form Model of the Inverse in Arbitrary Layouts

and Its Decomposition into R-, C-, L- and Full-wave Components

Consider an arbitrary layout of analog and mixed-signal ICs, packages, and boards,
which consists of interconnects, RF /analog components, substrates, materials, etc.
The physical phenomena in such a layout from DC to high frequencies are governed

by Maxwell’s Equations as the following
V x [ 'V x E(r, )] + poed?E(r, t) + poocd,E(r,t) = —ped J(r,t) in V,  (5.1)

where E is electric field, pg is free-space permeability, u,. is relative permeability, € is
permittivity, o is conductivity, J is current density, and r denotes a point in a 3-D
space.

We discretize the entire physical layout into a grid to capture the geometry and
inhomogeneous materials. A Cartesian grid is used instead of irregular meshes because
it is natural for discretizing a majority of the layout structures, and also it removes
the step of 3-D meshing which can be computationally expensive. Let e be a vector
consisting of the tangential electric field along each edge of the grid, the length of
which is N.. We employ a recently developed patch-based FDTD formulation to
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discretize Maxwell’s equations in such a grid [42], which yields the following linear

system of equations:

, d’e de - dJ
dzag{e}ﬁ + dmg{a}E + Se = — (5.2)

in which J is a vector of current density, diag{e} and diag{c} are diagonal matrices
of permittivity, and conductivity respectively, whose i-th entry represents the per-
mittivity and conductivity at the center of the i-th edge, where the i-th E-unknown
is located.

The S in (6.1) is a sparse matrix, and Se represents a discretized V x [1~'V x E]
operation. To generate S, we only need to loop over all the patches in the grid,
regardless of whether the grid is a 2-D grid or a 3-D grid. For each patch, we generate

one row vector §§) shown as the following

—(i) 1 1 1 1
- |- = = _ _— 1. N ]
Se Li Li Wz Wz @Z‘BTOS(, 6)7 (5 3)

where @ denotes an extended addition based on the global indexes of the four local
E unknowns of patch i, and L; and W, are, respectively, the two side lengths of patch
1. We also generate one column vector §,(:) in each patch. In a uniform grid, the
following is true
g _ (g T . .
n =1(S.”) . (Uniform grid) (5.4)
In a non-uniform grid, for better accuracy, we should replace the length in §§f) by an

average length across the two patches sharing the E edge. Hence,

<) [ 1 1 1 1
Sh - - ave ave ave - ave
Liye L L L%y

T
] @ zeros(Ne, 1),

(Non-uniform grid) (5.5)

where the subscripts 71, ..., 74 denote the four edge indexes in the ¢-th patch, and the
superscript ave denotes an average length.

Multiplying §§:) by §S) and adding the resultant rank-1 matrix of each patch, we
obtain a global S as the following

Np,

s=>u(8)(5)). (5.6)

i=1
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where N}, is the patch number, which is also the number of magnetic field unknowns.

The above can also be rewritten as
S =S,D,,,S., (5.7)

in which S;,’s i-th column is §§j), whereas S,’s i-th row is §S), and D, /u is a diagonal
matrix of p~t.

Eqn. (6.1) has an obvious frequency-domain counterpart as the following
—w?diag{e}e(w) + jwdiag{o}e(w) + Se(w) = —jwI(w), (5.8)

which we denote in short by

Y (we(w) = I(w), (5.9)
where
Y(w) =D +S5S, (5.10)
and
D = —w?diag{e} + jwdiag{c} (5.11)

is diagonal. Next, we derive a closed-form model of the inverse of Y.

S has a nullspace, which is evident from (6.4) as S,’s column number N}, is less
than row number N,. Since S represents a discretized V x p~'Vx operation, the
nullspace represents a gradient field in the grid. Let it be V|, which is from Chap.
2. It satisfies

SV, = 0. (5.12)

Let V), be its complementary space. The number of vectors in V and V), is equal
to the matrix size of S. Therefore, the solution of (5.8) can be rigorously expanded

in the space of [Vo ﬁ_lvh] as the following
e = Vo}’o + ﬁ Vhyh . (513)
—— ————
RC-effects  RL and full-wave effects
Here, we use [Vo E_lvh] instead of WO Vh] because in this way, after testing (5.8)

. i \T
by VOT and (D 1Vh> , we can decouple the solution of y, from that of y;, which will
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become clear in the sequel. Otherwise, the two are coupled, and it becomes difficult
to develop an explicit inverse model. In addition, since D is diagonal, computing
D ' is trivial. The V-component of e has a zero curl, hence it represents the RC-
component of the layout response, as noted in (5.13). In contrast, the Vj-component
characterizes the inductance and full-wave effects.

The V, can be found by solving the eigenvectors of S corresponding to zero
eigenvalues, however, this is computationally expensive. In this work, we develop an
analytical method for finding V|, solely based on the mesh information, thus removing
the cost of numerically computing V. The details are given in Chap. 2 and also in
the following Section 5.3. As far as the V, is concerned, if we use the eigenvectors
of S corresponding to the nonzero eigenvalues, we can also find an analytical way to
obtain them. However, the number of such V), can be too many to use. For example,
a static field distribution can also be decomposed into many of such V;, modes since
the static field distribution can also have a rapid space variation. We find if using
the eigenvectors of a quadratic eigenvalue problem governing (6.1), the number of V,
required is very small. Nevertheless, solving the quadratic eigenvalue problem can
also be computationally expensive. In this work, we develop an efficient solution for
finding V,, the details of which are given in Section 5.4.

Now, assuming the V and V, have been obtained, we show how to derive a closed
form model of the inverse. To find the solution of y,, we can substitute (5.13) into

(5.8), and multiply (5.8) from left by Vg, obtaining

—T — —_ = ——1= . =T

VO (D + S)(Voyo +D Vhyh) = —jwVO J. (514)
If Vng = 0, then the above can be readily simplified to

Vo DVyyo = —jwVy J. (5.15)

However, we find the above is only true in a uniform grid. This is because in a uniform
grid, S is symmetric, hence from SV, = 0, taking a transpose we obtain V§§ = 0.

This is not the case in a non-uniform grid, as can be seen from (5.5). A non-uniform
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grid is unavoidable in discretizing a physical layout. If using a uniform grid, then the
number of discretization cells could be too many to be computed efficiently due to
the presence of various fine features in the layout. This problem is solved in this work
by finding a left nullspace of S, and also analytically. This left nullspace is denoted
by V., which satisfies

VoS =0, (5.16)

while preserving the property of
_T J—
V. Vi =0. (5.17)

The analytical approach for finding V, is detailed in Section 5.3.
Multiplying VOTa to both sides of (5.8) and utilizing (5.16) and (5.17), we obtain

Vga(—deiag{e} + jwdiag{a})voyo = —jwVOTaJ, (5.18)

which is a system of equations for yg only, and hence we can solve the above without
concerning about the y;, component. We further decompose the solution of the above
into

Voyo = Voayod + VoeYoe, (5.19)
where Vg is in the nullspace of diag{c}, denoting the field outside the conductors,
and V. is Vog's complementary space in V. These two column spaces can again
be analytically obtained without any computation, the details of which are given in
Section 5.3. The left nullspace Vg, can also be decomposed into Vg, and Ve, in
the same way as V is decomposed into Vg and V.. Substituting (5.19) into (5.18),

the resulting rows of equations corresponding to Vg, can be written as

324 . . . — _
Voia(—wdiag{e} + jwdiag{o}) (Voayoa + Vocyoc)
= —jw Vo, J; (5.20)

and the rest corresponding to Ve can be written as

VoTca(—WQdmg{E} + jwdiag{c}) (Voayoa + VocYoc)

T
Oca

= —jwV ., J. (5.21)
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Since diag{c} Vs = 0 and ngadiag{a} =0, (5.20) can be rewritten as

—T . . - —1 . . —
Voaa(Jwdiag{e})Voayoa + Vg (jwdiag{e})Vocyoc

S v/ § (5.22)
Also because diag{c} Vs = 0, (5.21) becomes

—T . . ~ 71 . . . ~
VOca (delag{e})VOdyOd +VOca (deZCLg{G} +d2ag{0—})VOCYOC

S v § (5.23)

Because in the conductor, the displacement current is much smaller than the conduc-

tion current, (5.23) can be accurately approximated as

T . . — —T . — —T
Vo Gwdiag{e})Voayod + Vpeadiag{o}Vocyoc = =V yead- (5.24)

Oca

In order to solve yq, we first solve the imaginary part of yo4, Im[yoq], from (5.22) as

Im[}’()d] — (Vodadia’g{e}vod)il(Voda‘]> ] (525>

w

Denote it in short by yoa:/w. We then substitute Im[yo4] into (5.24) to solve yo.,

which is

—T1 . = \_ —T
Yoc = (V d’LCLg{O'}VOC) 1(_VOC(1J +

Oca

Vgcadiag {}Voayoa)- (5.26)

After getting yo., we substitute it back to (5.22) to obtain the real part of yg4, which
1s
T . < -1, . =
Relyod = —(Vogadiag{e} Voa) " (Vogadiag{e}Voeyoe)- (5.27)
The above (5.25), (7.17), and (5.27) make the complete solution of yq in (5.19).
— 1— \\T —T —
Multiplying (D 1Vh1> to both sides of (5.8) (where V;Vo = 0), we obtain

(Vzlﬁ’l_YD”V,J vh = —jwV D I, (5.28)

from which y;, can be solved.
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Summarizing the results in (5.25), (7.17), (5.27), and (5.28), we obtain a final

model of the inverse of Y as

. -1 ~ s~—157 .
- ]WY = VOdDe,OVUda /(_]w)+
———
C component

— ——1=T . — — 1T =~ . — ——1=—T
VOdDe,O VOdadzag{e}VOCDa,OVOCa (I_dlag{E}VOdDe,O VOda)

VvV
R component

— = 1T . 57 oI T
:'_VOCDU,OVOCCL(dzag{E}VOdDe,OVOda - I)J

R component
1l (] — 11—\ 7
_jwD 'V, (V:,le 'YD 1Vh> VD ', (5.29)

J/

—~
L and full-wave component

in which
D= vgdadiag{e}VOd (5.30)
D, = Vyediag{o} Vo, (5.31)

are both frequency independent. From (5.29), we can clearly identify the C-, R-,
L-, and full-wave component of the layout response. For the RC-component, their
frequency, and hence time dependence, are also analytically revealed. In next sections,
we present fast algorithms for computing each component.

It is also worth mentioning although (6.1) is free of matrix solution in its explicit
time marching, a direct simulation of (6.1) is computationally prohibitive for large
layouts because a tremendous number of time steps must be simulated due to the
extremely small space step. Meanwhile, even though the simulation can be carried
out, the field based solution is not circuit intuitive, and is difficult to be used to guide
the design. In addition, one cannot separately obtain each component of the layout

response like in the proposed method.
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Fig. 5.1.: Tllustration of the nullspace vector at a node.

5.3 Analytical Method for Finding V, and Efficient Computation of the

RC-component of Layout Response

We find an analytical method to generate the Vg from the mesh information,
without the need for solving an eigenvalue problem of S. The number of V, modes

is the total number of nodes in the grid, n, minus 1
#Vo=n—1. (5.32)

Each node has a nullspace vector, whose number of nonzero entries is the number of

edges connected to the node. Such a vector can be generated in the following way:

e If the electric field reference direction along an edge enters the node, zl appears

on the row corresponding to the global e index of this edge.

o [f the electric field reference direction along the edge leaves the node, —% ap-

pears on the row corresponding to the global index of this e edge,

where [; is the length of the i-th edge, at which the i-th electric field unknown is
located. In the above, we use a positive sign for edges whose directions enter the node,
and a minus sign for edges leaving the node. Certainly, an opposite sign convention
can also be used. An edge’s direction here is referred to as the electric field reference

direction defined on the edge. The aforementioned description could be abstract, take
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the node j shown in Fig. 5.1 as an example, its associated nullspace vector can be
written as T

Vo, = %,—%,%,—%,i,—i @ zeros(Ne, 1), (5.33)
in which @zeros(Ne, 1) again denotes adding the preceding nonzero entries associated
with each edge at the rows corresponding to the global index of the edge, in a vector
of length N,. Because S has a format shown in (5.6), when multiplying S by the
VOJ above, only those patches that contain the six edges associated with the node
are involved in the product of S_VOJ‘. The number of such patches is 12 in a 3-D grid,
and 4 in a 2-D grid. On each of these patches, the §S)Vo,j = 0, and hence WOJ =0
is satisfied. To see this point clearly, take the blue patch shown in Fig. 5.1 as an

example, its §g) can be written as

w1111
Si): — ——,—,——| @ zeros(1, N,). (5.34)
lG lﬁ ll ll

When multiplying the above by VOJ, we obtain

1 1

SV, = — - — =
e VO T I

(5.35)

The same is true for all other patches that own node j.

For a non-uniform grid, since S is not symmetric anymore, the aforementioned
V, satisfies SV = 0, but it does not make Vng vanish. So we also find a way to
analytically generate the left nullspace of S, V.. For each node, there is also one
V. vector. The nonzero entries in this vector are at the same entries as those in V.
However, different from Vy, we need to use an average length to build V, instead of

the original length of the edge. The rule to generate a Vi, vector is as the following:

e If the electric field reference direction along an edge enters the node, la%, appears
on the row corresponding to the global e index of this edge, where [ denotes
the averaged length of edge ¢ and its adjacent edge connected to the node along

the same direction.

e If the electric field reference direction along an edge leaves the node, —lq%

appears on the row corresponding to the global e index of this edge, where {"¢
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denotes the averaged length of edge ¢ and its adjacent edge connected to the

node along the same direction.

Using the node j shown in Fig. 5.1 as an example, its V, vector can be written as

2 2 2 2
L+l L4+l s+

vOa,j = |:

2 2
Is+1g" s+

]T @ zeros(Ne, 1). (5.36)

When computing ng-g, Vga’j is multiplied by Sj. In a non-uniform grid, §§j) has a
form shown in (5.5) where the average length is used. Take the blue patch shown in

Fig. 5.1 as an example, its §§f) can be written as

(i) 2 2 2 1 1"
— — — N, 1). 5.37
Lg.w’ o b Ll hrg) e B30
When multiplying V:Orm by the above, we obtain
—T =) 2 2 2 2
Oa,j*=h I+ 1y l5 + l6 I+ 1y l5 + l6 ( )
As can be seen, the average length is used in Vg, ; to vanish VOTa’jgs).

In (5.19), we further decompose the V into two sets: Vog and V.. The Vg is
composed of all the nullspace vectors obtained at the nodes outside conductors, i.e.,
whose node conductivity is zero, and additional #c vectors, where #c is the number
of conductors in the layout. In these #c vectors, each vector corresponds to one
conductor, which is the sum of the nullspace vectors generated at the nodes inside
and on the surface of the conductor. The Vo, can be written as

VOd =

{Voilo:=0)} | D Vo |l DD Ve || (5.39)

g I'jEQC,l I'jEQcﬁ#c
N

nd — 1 vectors

v
#c vectors

where in the first set, nd denotes the number of dielectric nodes, o; denotes the

conductivity at node ¢, and r; € Q.; (j = 1,2, ...#c) represents the nodes in the j-th
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conductor, including those falling onto the j-th conductor’s surface. Each summation
in (5.39) results in a vector containing all the edges exterior to the conductor, and
perpendicular to the conductor surface, which have one and only one node falling
onto the conductor. All the entries corresponding to the edges, thus electric field
unknowns, inside the conductors are canceled in the summation because of opposite

signs. From (5.39), it can be seen that V, satisfies
diag{o}Voq = 0. (5.40)

Each vector in V|, is the nullspace vector corresponding to one node inside or on
the surface of the conductors. The number of V. for each conductor is ne; — 1, where

nc; denotes the number of nodes in the ¢-th conductor. Hence,
V007j = VOJ(O’]‘ 7é 0), (541)

and for each conductor, one node is excluded for generating the above, since there is
one vector considered in (5.39).

The left nullspace Vo, can also be decomposed into Vg, and V., in the same way
as Vg is decomposed into Vg and V.. The Vo4, contains all the nullspace vectors
obtained at the nodes outside conductors plus #c vectors. Each vector in #c vectors
corresponds to one conductor, which is the weighted sum of the Vg, vectors from
the nodes inside and on the surface of the conductor. The weights are chosen such
that the summation eliminates the edges inside and on the surface of each conductor,

which makes Vg, have only non-zeros entries in the dielectric part, and thus,
diag{o} Vi = Vegdiag{o} = 0. (5.42)

Ve is the subset of Vi, generated at the node inside or on the surface of the
conductors, which is similar to V..

As shown in the above, Vg, Ve, Voda and Vi, in (5.29) are all found analytically
in this work from mesh information; and hence greatly saving the computational cost.

Furthermore, the number of nonzero entries in each Voq(Voae) and Vo.(Voe) vector
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is bounded by the number of edges connected to a single node, thus very sparse; and D
is diagonal. As for the D o and D, shown in (5.30), after substituting the analytical
nullspace vectors into their expressions, we find the two matrices are nothing but the
Laplacian operator formulated for the dielectric region, and the conductor region
respectively, i.e., discretized V (¢- V) and V (0 - V) using a finite difference method.
Hence, their matrix solutions can be obtained efficiently using either an iterative
solver like a multigrid method [43], or an advanced direct solver [6], both of which
have been achieved in linear complexity. Hence, the Vy-component can be found

rapidly in this work.

5.4 Efficient Method for Finding V;, and Fast Computation of the L- and

Full-wave-component of Layout Response

For many of the IC layouts, we find the V solution is sufficient to obtain an
accurate layout response at their current operating frequencies. However, when fre-
quency increases, and/or the layout becomes larger such as the layout of packages
and boards, the V), part becomes important in the layout solution, and we need to
find an efficient way to obtain it. In this section, we show how to obtain the high
order space ?h = ﬁflvh fast in order to solve (5.28) with little computational cost.

The solution of (6.1) is governed by a quadratic eigenvalue problem
(A*D. + AD, + S)v =0, (5.43)

where D, and D, are, respectively, diagonal matrices of permittivity and conduc-
tivity, A is an eigenvalue, and v is the corresponding eigenvector. The eigenvectors
corresponding to nonzero eigenvalues of (5.43) can be used as V. These eigenvec-
tors are also frequency- and time-independent. Compared to using the non-nullspace
eigenvectors of S, we find that using the eigenvectors of (5.43), the resulting number
of V), modes to synthesize the layout solution is very small. This is because each
eigenvector of (5.43) represents a source-free solution in the original physical problem

satisfying all the material and boundary conditions. In contrast, the eigenvector of S
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is a source-free solution in an empty computational domain, which does not represent
the solution well in the actual problem. The eigenvalue of (5.43) has a clear physical
meaning, which is the complex resonance frequency of the layout. For a prescribed
frequency, the weight of an eigenmode of (5.43) in the field solution is inversely pro-
portional to the difference between the eigenvalue and the solving frequency. In other
words, the contribution of those eigenvectors that resonate at a higher frequency is
little to the layout response at a lower working frequency. Hence, the number of V;,
computed in this way is small, thus making the whole solution efficient. However,
solving (5.43) is known to be computationally expensive, especially when conductor
loss is involved which is true in the problem studied in this work. Most of the eigen-
values and eigenmodes are complex valued, and due to the large discrepancy in the
norm of the underlying matrices, the solution of (5.43) is also error prone. In this
work, based on our prior work in [44,45], we develop a fast algorithm to extract V,
without solving (5.43).

In this fast algorithm, we solve (6.1) in a small time window using an explicit
time marching. In this way, there is no matrix solution involved. The computational
complexity is linear (optimal) at every time step. Although the time step is restricted
by the smallest space step for stability, we do not need to perform the time marching
for a long time since we can identify the V, from a short time simulation. We collect
the solution of (6.1) every SG steps, which is termed sampling step. At the first
sampling step, we record the solution e, normalize it and store it as a column vector
in X; at the following sampling steps, we orthogonalize the newly obtained solution
with existing columns in X, and store the resultant in X. Using such X, we transform

(5.43) to a much smaller eigenvalue problem of

(A*D,, + AD,, +S,)v, =0, (5.44)
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where

D., =X D.X (5.45)
D, =X D,X (5.46)
S, = X'SX. (5.47)

The (5.44) can further be transformed to a generalized eigenvalue problem as the

following
_ | v _ | v
A = )\B , (5.48)
AV AV
in which
_ -S, 0
A = o
0 Der
— ﬁa’r _67”
B=| (5.49)
D, 0

The size of (5.48) is 2p, where p is the column size of X, i.e., the number of time
domain solutions that have been collected.

There exists a big difference in the norms of S, D,, and D,,, directly calculating
(5.48) may not be accurate. In order to solve that, based on [46], we multiply scaling

factors p to make A and B balanced in norm. Hence, we transform the matrices to

— | =S, o
A= _
0 p’D.,
= PDar pQDer
B=| " " , (5.50)
p*De, 0
and (5.48) to
- Vv A~ v
A -’B . (5.51)
v || Ay
p p

The above scaling does not change the upper part of the eigenvectors. The original

eigenvalues can be obtained by multiplying the eigenvalues of (5.51) by p. From the
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expression of each matrix, we know that ||S|| = ﬁ, |D,|| = ¢ and |D.|| = €, where
is feature size. Based on this information, we can determine the scaling factor p [46].
For example, for a micro-scale circuit, we choose p = 10'2.

Since we need to select eigenmodes corresponding to the nonzero eigenvalues to
build V},, there should be an estimation of the magnitude of the smallest nonzero

eigenvalue. From (5.43), the magnitude of the eigenvalues can be analyzed from the
~IDoll+v/IDo |>~4IDc IS

norm of each matrix. Specifically, the eigenvalues can be estimated as 2D
Using this method, for a micro-scale circuit whose feature size is at the level of pm,
the magnitude of the eigenvalues can be found in the range of 10! and 10'8. There-
fore, for those eigenvalues smaller than 10'°, we can identify them as zero eigenvalues,
and exclude their eigenmodes from §h.

When we march on in time, we find eigenvalues repeatedly show up from the small
eigenvalue problem (5.51). The reason for this can be found from [44]. Although a
lossless problem is studied in [44], the same theoretical reason applies to the lossy
problem studied in this work. There are two criteria we use to terminate the time-
domain solution collection process. Firstly, we need to make sure the eigenmodes
corresponding to the repeating eigenvalues become dominant in the field solution. If
the weight of the modes corresponding to the repeating eigenvalues is larger than that
of the other modes based on an accuracy parameter e, they can be collected as V.
To calculate the weight of the modes, we denote the upper half of the eigenvectors
of (5.51) corresponding to the repeating eigenvalues by V,., and other eigenvectors
by Vare. Let @ = [V,., Vo] Firstly, we orthogonalize V,. to be unitary $Te.
Next, we remove V,e’s gre component, as gwe = Ve — ﬁﬁivm. Then from

Do = [\7}6, Vnre]a the coefficient w is calculated as

w= (®F &,..,)" (O e), (5.52)

new new

where w = [Wye, Wpre]. If the weight ratio

(wilwye) /(Wi ware) > €1, (5.53)

nre

V,. would be counted as V.
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The second criterion is used to ensure the accuracy of V. At every SG steps,
we compare the eigenvalues from two adjacent steps, ¢ and ¢ + 1. If the difference
between the eigenvalues is less than a prescribed error tolerance ey, which is

|)\q — )\q+1|

|>\q‘ < €9, (554)

the corresponding eigenmode can be identified as an accurate V;, mode. After (5.53)
and (5.54) are satisfied, the solution collection process is terminated.
Let the mode extracted from the aforementioned procedure be 6;1. It may contain
a V| component due to numerical error, i.e., it is not purely a high order mode we
look for. Writing it as
Vii=UOoug; + D Vi, (5.55)

the second component is the one we want to find. Here, the Uy is comprised of only

two vectors,

UO - [UO,C UO,R] (556)

where U ¢ is the C-component of the layout solution
- =—1T .
UO,C = VOdDE,OVOda/<_]w)J7 (557)
and Uy g is the R-component of the layout solution

Oca

Uon = VaD,y Vouudiag{e} VoD, o V., x
= ) - =177
(I- dzag{e}VOdDQOVOda)J

(diag{e}VouD, o Vs — DI, (5.58)

+ Vocﬁ;,évgca
both of which have been found when computing the Vy-component of the field solu-
tion.

Multiplying (5.55) by the left nullspace ﬁOTa, which is similar to ﬁOT except that

it is in the Vg, space, and thus

— ——1—T .
UOa,C = VOdaDe,OVOda/<_]w>J7 (559>
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and

- —=—1T . < —=—1<T
UOa,R = VOdaDgO VOdadlag{e}VOCDa,OVOcaX

(I — diag{€} VD, Vo) J

+ VoD, o Vora(diag{e} VoD, Voy, — T)J. (5.60)
The multiplication results in
anDVh,i = UOGDU0u07Z’. (561)

Hence,

17—\l 7 _=

wy; = (UOaDU()) UL DV, (5.62)

As a result, we can obtain a pure V-part from the contaminated 611 as the following
V=V, —-Uy(U,,Duy) (U, DVy}), (5.63)

which satisfies Vg;ﬁ@h = 0, and thereby Vgﬁh = (0. Then we can apply this 6;1
in (5.28) to obtain the V), part of the solution. Since VOTVh = 0 is not satisfied but
VOTth = 0 is satisfied, if we use V), as the testing column space in (5.28), there is a
term VZVOyO left which cannot be vanished. But this term is known, which can be

moved to the right hand side of (5.28). Hence, y, can still be readily solved. After

we solve yy, the final solution is combined as
e = Voayod + VoeYoe + Viya, (5.64)

which contains the complete R-, C-, L-, and full-wave components. The number of
V), modes is usually small for IC layouts, thus (5.28) has a very small dimension,

whose solution can be readily computed.

5.5 Layout Modeling and Simulation Results

In this section, we simulate a variety of IC layouts to examine the performance of

the proposed work.
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Table 5.1.: The capacitance computed at the near (port 1) and far end (port 2).

Capacitance (F) | This Method | Reference
Chii 1.0356e-15 1.0356e-15
Cia 1.0356e-15 1.0356e-15

5.5.1 Bus Wire

A 3-D on-chip interconnect example is simulated, which is shown in Fig. 5.2. The

sizes along -, y-, and z-directions are 31 um, 10 pum, and 3 pm, respectively. The

yellow regions are conductors. Their conductivity is 5.7 x 107 S/m. The material and

geometrical data are specified in Fig. 5.2. The current source is imposed across the red

line. In Table 5.1, we list the capacitance obtained from the proposed inverse model

in comparison with the reference result obtained from a brute-force finite-difference

solution in frequency domain. Excellent agreement is observed.
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Fig. 5.2.: llustration of a 3-D on-chip interconnect layout.

5.5.2 Test-chip Interconnect

31 um

A test-chip interconnect is simulated, whose structure is shown in Fig. 6.1. The

yellow regions are conductors, the conductivity of which is 5.7 x 10°S/m. The di-

mension along the z-, y- and z-direction is 300, 100, and 3.912 pum respectively. The

current source is launched from the bottom ground plane to the conductor in the
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metal-3 layer. We compare the S-parameters extracted from our method from 45
MHz to 10 GHz with the measured data in Fig. 5.4. As can be seen, they agree very
well with each other. This verifies the accuracy of the proposed method.

The S-parameters shown in Fig. 5.4 are generated from the V-, i.e., RC-component
of the layout solution. When we increase the frequency up to 100 GHz, we find that
the RC-component is not sufficient any more in producing good accuracy. As can be
seen from Fig. 5.5, without considering V},, the entire solution error becomes worse
and worse when frequency is increased, and it becomes 16.9% at 50 GHz, and even
exceeds 40% at 100 GHz. Here, the entire solution error is measured by

le — ereyl
lererl
where e is from the proposed solution which contains all electric field unknowns in

, (5.65)

Entire Solution Error =

the layout, whereas e,.; is a brute-force solution obtained by solving (5.8) as it is.

We hence employ the algorithm described in Section 5.4 to extract Vj, modes and
add the V,-component into the solution of e. In the time marching procedure, we use
a Gaussian derivative source with 7 = 107! s. The dt is chosen to be 107°s for time-
domain stability. Other simulation parameters are chosen as ¢, = 1072, €5 = 1072,
and SG = 100. From this procedure, we identify 30 V; modes. After adding the
V,, part of the solution, we obtain the entire solution error shown by the red line
in Fig. 5.5. The error is significantly reduced from 16.9% to 1.06% at 50 GHz, and
from 40% to 2% at 100 GHz. Only 32 steps of sampling are performed in the time
marching procedure, and hence the time window simulated is short, and thereby the
overall simulation is efficient. The proposed algorithm also allows one to achieve even
higher accuracy by performing the time marching in a longer time window, and hence
extracting more V, modes. For example, using 400 sampling, we find 231 V}, modes,
using which and the accuracy of the field solution is further reduced from 1.06% to
0.04% at 50 GHz.

In Table 5.2, we list the first 20 eigenvalues, sorted based on the imaginary part’s
magnitude, found from the proposed fast solution in comparison with those com-

puted from a brute-force eigenvalue solution of (5.43). Excellent agreement can be
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observed, which validates the proposed fast algorithm for finding physically important

eigenvectors.

f
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Fig. 5.3.: Structure of a test-chip interconnect.
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—e~ Error without adding V, 4

107"l | =@= Error with Vh

Entire Solution Error
S

10° 10° 10"
Frequency (Hz)

Fig. 5.5.: Entire solution error before and after adding the V), part of the solution as

a function of frequency for the test-chip interconnect example.

5.5.3 On-Chip Power Grid

In this example, we simulate an on-chip power grid shown in Fig. 6.6. The
power wire is colored in yellow, while the ground wire is in blue. The regions other
than conductors are dielectrics. The current source is a Gaussian derivative with
7 = 10712 5, and it is injected from the ground wire to the power wire, which is shown
by the red line in Fig. 6.6. In this example, the V, part is also needed to obtain
good accuracy at high frequencies. To find gh, the parameters used are ¢; = 1075,
€ = 1072, and SG = 100. The time step used in the explicit time marching is
dt = 107"s. There are 4 V;, modes found with 5 steps of sampling. Their eigenvalues
are —5.3506e10 + 2.0334e137 and —1.2362¢e11 + 5.2297¢ + 13:. Without adding the
4 modes, the error of the entire solution is 34.48% at 1000 GHz; adding them, the
error is greatly reduced to 4.4%. The accuracy before and after adding the 4 V),
modes is shown in Fig. 5.7. Again, when we increase the time window for time
marching, we find more V, modes, and also they are more accurate. In Fig. 5.8a and
Fig. 5.8b, we plot the error of the complex eigenvalues of the V;, modes extracted
using 5 steps of sampling with SG = 100, and 300 steps of sampling with SG = 5,

respectively. As can be seen, although the accuracy of both is good, the latter case
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Table 5.2.: The first 20 eigenvalues from the proposed fast eigenvalue solution com-

pared to those from the original eigenvalue solution for the interconnect example.

Eigenvalue from

original problem

Eigenvalue from

fast solution

-9.2774e+11+41.3077e+12]

-95.2812e+11+4-1.3075e+12j

-5.2774e+11-1.3077e+12j

-5.2774e+11-1.3075e+4-12j

-4.7621e+11+1.3428e+12j

-4.7623e+411-1.3428e+12j

-4.7621e+11-1.3428e+12j

-4.7623e+411-1.3428e+12j

-5.4773e+11+4-2.8958¢e+12j

-5.2391e+11+2.9010e+12j

-5.4773e+11-2.8958e+12j

-5.2391e+4-11-2.9010e+12j

-5.1701e+11+4-2.9430e+-12]

-5.1427e+11+4-2.9423e+12j

-5.1701e+11-2.9430e+12j

-5.1427e+411-2.9423e+12j

-5.5160e+11+4.3458¢e+12j

-5.3063e+11+4.3972e+12j

-5.5160e+11-4.3458e+12j

-5.3063e+11-4.3972e+12j

-5.2938e+11+4-4.3995e+-12j

-5.3063e+11+4-4.3972e+12j

-5.2938e+11-4.3995e+-12j

-5.3063e+-11-4.3972e+4-12j

-6.3684e+10+4-5.3430e+-12]

-6.3678e+4-10+4-5.3431e+12]

-6.3684e+10-5.3430e+12j

-6.3678e+10-5.3431e+12j

-5.3620e+11+5.7451e+12j

-5.3561e+11+45.7433e+12j

-5.3620e+11-5.7451e+12j

-5.3561e+411-5.7433e+12j

-5.4049e+114-6.9653e+-12j

-5.4235e+114-6.9603e+12j

-5.4049e+11-6.9653e+12j

-5.4235e+411-6.9603e+-12j

-5.4333e+11+4-8.0397e+-12]

-5.4189e+-114-8.0346e+12]

-5.4333e+11-8.0397e+12j

-5.4189%e+11-8.0346e+12j

is more accurate, and having more Vj, modes identified. For the latter case, 299 V,,

modes are identified, using which the entire solution error is reduced to 1.7131 x 107°

at 1000 GHz.
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In Table 5.3, we list the first 20 eigenvalues found from the proposed fast algorithm
in comparison with those of the original eigenvalue solution. As can be seen, they
match each other very well, which validates the proposed method for finding high

order modes.

== Error without adding Vh

== Error with Vn

Entire Solution Error

1010 1011

Frequency (Hz)

9

10

Fig. 5.7.: Entire solution error before and after adding the V;, part of the solution

for different frequencies for the power grid structure.

5.5.4 Scan D Flip-Flop Layout

Next, to examine the capability of the proposed work, we take a GDSII file from
a 45 nm Scan D flip-flop design (https://www.cs.upc.edu/~jpetit/CellRouting/
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Fig. 5.8.: Comparison of the eigenvalues from the proposed fast solution and the
original eigenvalue solution with (a) 5 steps of sampling with SG = 100, and (b) 300
steps of sampling with SG = 5 for the power grid example.

Fig. 5.9.: Top view of the Scan D flip-flop layout in layer 9, 10, and 11.

nangate/Front_End/Doc/Databook/Cells/SDFFRS_X2_NangateOpenCellLibrary_typical_
typical.html) and analyze its layout performance. The top view of the structure in
layer 9, 10, and 11 is shown in Fig. 5.9, with each layer plotted in different colors. The
blue and green regions are occupied by conductors, whose conductivity is 5.7 x 107
S/m. The current is injected from the ground plane at the bottom to a power port,
the waveform of which is a Gaussian derivative with 7 = 107!° s. In this example,
there are around 3,616,773 unknowns. To simulate this example, the time step of a

traditional FDTD must be less than 1071¢ s to ensure stability. The proposed method
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Table 5.3.: The first 20 eigenvalues from the proposed fast eigenvalue solution com-

pared to those from the original eigenvalue solution for the power gird example.

Eigenvalue from

original problem

Eigenvalue from

fast solution

-2.0932e+10+1.4133e+13]

-2.0915e+11+4-1.4133e+13;j

-2.0932e+10-1.4133e+13j

-2.0915e+11-1.4133e+13j

-2.5515e+10+2.0933e+13]

-2.2350e+4-10+2.0932e+-13j

-2.5515e+10-2.0933e+13j

-2.2350e+10-2.0932e+-13]

-2.2928e+10+2.3214e+13j

-2.3428e+10+2.3210e+13j

-2.2928e+10-2.3214e+13]

-2.3428e4-10-2.3210e+13]

-2.2120e+-10+4-2.6723e+-13]

-2.1924e+10+4-2.6723e+13;j

-2.2120e+4-10-2.6723e+13]

-2.1924e+410-2.6723e+13j

-2.1983e+10+2.9874e+13j

-2.7626e+10+2.9874e+13j

-2.1983e+10-2.9874e+13j

-2.7626e+10-2.9874e+-13]j

-2.2730e+104-3.5079e+-13j

-2.3174e+10+-3.5086e+13j

-2.2730e+410-3.5079e+13]

-2.3174e4-10-3.5086e+13]

-2.5862e+10+4-3.9890e+-13;

-6.5502e+4-104-3.9903e+-13;j

-2.5862e+-10-3.9890e+13]

-6.5502e4-10-3.9903e+13]

-2.4912e+10+4.0165e+13]

-1.0058e+11+4.0227e+13j

-2.4912e+10-4.0165e+13j

-1.0058e+11-4.0227e+13j

-2.3851e+10+4.4811e+-13]

-3.5384e+10+4-4.4819e+13;j

-2.3851e+10-4.4811e+13j

-3.5384e+-10-4.4819e+-13j

-2.3552e+10+4.7854e+-13]

-1.8570e+-10+-4.7841e+13]

-2.3552e+410-4.7854e+13]j

-1.8570e+10-4.7841e+13j

is able to use an arbitrarily large time step since its time-dependence is analytically
derived in the inverse model. Here, we use a time step of 107! s solely determined by

accuracy. The proposed method only takes around 50 seconds, whereas the FDTD
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requires 5.017 x 10¢ s to finish the simulation of the whole structure in the same time

window.

5.5.5 Intel 4004

The last example is an Intel 4004 processor (a 4-bit central processing unit), the
layout of which is shown in Fig. 5.10. It has 7 layers and over 86,220 objects, the
discretization of which results in 115,455,658 unknowns, which is over 115 million.
The GDSII file of the processor is directly loaded into the software developed based
on the proposed algorithm, and the layout analysis is fully automated. It only takes
the proposed method 729 s to finish the extraction and analysis of the entire layout
for one circuit stimulus, which demonstrates the efficiency and high capacity of this

work.

Fig. 5.10.: Layout of Intel 4004 processor.

5.6 Conclusion

In this work, a closed-form model of the inverse of full-wave Maxwell’s system of

equations is found for an arbitrary physical layout in both frequency and time do-
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main. The advantages of the proposed inverse model of IC layouts are multifaceted.
First, it is accurate from zero to high frequencies; Second, the layout response is ex-
plicitly decomposed into R-, C-, L-, and full-wave components, without computation
or approximation, each of which can be obtained independently, and then superposed
to obtain the final layout response. This not only is much more efficient than a
brute-force simulation of (6.1), but also provides circuit designers with key insights
for layout automation. In addition, neither time marching nor point-by-point fre-
quency sweep needs to be performed for the RC-component as its time and frequency
dependence are analytically known from (5.29). Moreover, the full-wave component
is also efficiently represented by V), modes whose number is small. Hence, both its
time- and frequency-domain representations can be readily obtained. The proposed
work has been applied to large scale layout modeling and simulation. Superior per-
formance in efficiency, accuracy, and capacity has been demonstrated. In addition
to ICs, this work also provides package and board designers with a rapid, accurate,
and circuit-intuitive tool for layout automation. Its broadband inverse model is also

applicable to the electromagnetic analysis of other physical problems.
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6. FAST TIME-DOMAIN METHOD FOR COMPUTING
THE FULL-WAVE SOLUTION OF INTEGRATED
CIRCUIT LAYOUTS BY CHANGING THE CURL-CURL
OPERATOR TO LAPLACIAN

6.1 Introduction

Fast solution of full-wave Maxwell’s equations in integrated circuits (ICs) is chal-
lenging because of multiple reasons. First, the problem is large and deeply multi-
scaled. Second, the materials are inhomogeneous, and the conductors are lossy. Using
perfect conductors or impedance boundary conditions may yield significant errors in
predicting the circuit performance. Third, a broad band of frequencies from DC to
high frequencies is encountered. In this band, both static and full-wave components
co-exist in the field solution. The two also couple with each other. We cannot solve
static equations alone. Meanwhile, the frequency is not that high; we cannot ignore
the static component (the gradient field) either in the electric field solution.

There have been a large number of efforts addressing the aforementioned chal-
lenges [9, 15, 22, 23, 47], including both frequency- and time-domain methods. In
frequency domain, the system matrix resulting from the discretization of ICs has a
large condition number, and it is indefinite, which renders an iterative solution diffi-
cult to converge. In time domain, the system matrix can be made positive definite.
However, the time step is restricted by the smallest space step in a conventional
explicit time marching. Comparing to the time step determined by the operating
frequency of the ICs, the time step restricted by the stability criterion is orders of
magnitude smaller. This makes a traditional explicit simulation not feasible for ana-

lyzing large-scale ICs. In an implicit unconditionally stable time domain method, the
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time step is enlarged, however, one has to solve a system matrix. In addition, this
matrix becomes ill-conditioned when a large time step is used.

In this work, we analyze the property of the system matrix resulting from an im-
plicit FDTD-based full-wave analysis. We find that the system matrix representing
the curl-curl operator is the root cause of its slow convergence. This matrix’s small-
est eigenvalue is zero, whereas its largest one is inversely proportional to the square
of the smallest feature size in the problem being studied. In an IC problem, this
translates to a huge condition number. To overcome this problem, we find a way to
decompose the discretized curl-curl operator into a gradient divergence operator and
a Laplacian. We also achieve such a decomposition without any numerical computa-
tion, by constructing both operators via an analytical means. The gradient operator
vanishes when acting on the high-frequency (full-wave) component having a nonzero
curl. Hence, we can replace the curl-curl operator by the Laplacian when it operates
on the full-wave component of the field solution. Since the Laplacian is full-rank and
well-conditioned, the updated system matrix can be converged in a very small number
of iterations, whose number does not grow with the matrix size either. Meanwhile,
no theoretical approximation is made, and the accuracy is retained. We show how to
use the proposed idea to solve IC problems where static and full-wave field solutions
co-exist, and conductors are highly lossy. Numerical experiments have validated the
accuracy and efficiency of the proposed work. The rest of the Chapter is organized
as follows. In Section 6.2, we elaborate the proposed method. In Section 6.3, we
present extensive numerical results to demonstrate the accuracy and efficiency of the
proposed method in on-chip modeling and simulation. We summarize this work in

Section 6.4.

6.2 Proposed Method

To solve full-wave Maxwell’s equations, we discretize the entire physical layout of

an IC into a grid to model lossy conductors and inhomogeneous materials. Let e be
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a vector of all electric field unknowns in the grid, the length of which is N.. Using
the patch-based single-grid formulation of the FDTD [48], we can find the following

linear system of equations of e:

_ e _de o dI
D, 2> +D,= +Se=—

— 1
dt dt dt’ (6.1)

where J is a vector of current density, D, and D, are diagonal matrices of permittiv-
ity, and conductivity respectively, whose i-th entry represents the permittivity and
conductivity at the ¢-th edge.

The S in (6.1) is a sparse matrix representing a discretized V x 'V x operation.
To generate S, based on [48], for each patch in the grid, we generate one row vector

S.(i,:) shown in the following
S.(i,:) = —— — — — | ®zeros(1,N), (6.2)

where 7 denotes the patch index, L; and W, are, respectively, the two side lengths of
patch i, and @ denotes an operation of adding the four nonzero entries to a global
vector of length N.. Where to add the nonzero entries is based on the global indexes
of the four local E unknowns of patch i. We also generate one column vector Sy,(:, ),
which is the transpose of S.(i,:) in a uniform grid. If a non-uniform grid is used,
we replace the length (width) in S (:,7) by an average length (width) across the two
patches sharing the E edge. This results in better accuracy in the FDTD, since H is

not centered by E in a non-uniform grid. As a result, we obtain

— 1 1 1 1
Su(:,i)" = |- - 1, N, 6.3
h( ,Z) Li,la Li,2a VV’L’,&L Wi,4a @ ZGTOS( ’ )’ ( )

where L; 1, (L;2.) represents the length averaged between the two patches sharing
the first (second) local E edge on patch ¢, while W; 3, (W, 4,) denote the same but for
the third (fourth) E unknown. The two patches used for each E unknown are on the

same plane as patch i. Using S, and S, S can be written as the following

S=S,D,S., (6.4)
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where S;, has N, columns, the i-th of which is shown in (6.3), S, has N}, rows whose
i-th row is shown in (6.2), and N}, is the total number of patches, which is also the
number of magnetic field unknowns. The D,, is nothing but a diagonal matrix of
permeability. From (6.4), it can be seen that S is rank deficient, whose smallest
eigenvalue is zero; and largest one is inversely proportional to the square of the
smallest feature size. This renders the condition number of S extremely large when
modeling micro- and nano-meter scale structures.

Inspired by the vector identity Vx V x A = V(V - A)—V?2A, we find that matrix

S can be decomposed into the following form
S=-V,V,,/u+L, (6.5)

where V|, denotes the right nullspace of S, thus

SV, = 0; (6.6)

and Vfa denotes the left nullspace of S, satisfying

V.S = 0; (6.7)
and L denotes the discretized Laplacian —V? divided by j in the grid. If a uniform
grid is used, then V = Vg, since S is symmetric. The V{’s column number is equal
to the number of nodes minus 1 in the grid. The i-th column of V, corresponds to
the i-th node. The number of nonzero entries in this vector, Vy(:,7), is equal to the
number of edges connected to node ¢. They can be generated as the following without

any need for numerical computation [49]:

e For the edge whose electric field reference direction enters the node, the nonzero
entry is l—li, at the row corresponding to the global index of the edge (and thereby

its E unknown);

e For the edge whose electric field reference direction leaves the node, the nonzero

. 1.
entry 1s —I
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where [; is the length of the i-th edge. Using (6.2), it can be seen that S.V(:,i) = 0,
and hence (6.6) is satisfied. The left nullspace V, can also be generated without any
need for computation. It is the same as V| but using an average length. Specifically,
on an edge that is connected to the node, its corresponding nonzero entry in Vg,

vector is 72—, where [; 4, is the length averaged from the edge and the other edge

li,ave

connected to the node along the same direction. Such a nullspace vector satisfies
V0Ta§ = 0 as can be seen from (6.4) and (6.3).
Let V}, be S’s eigenvector whose eigenvalue \ is nonzero, then SV;, = AV, holds

true, and hence

Vo Vi = Ve, SV,/A =0 (6.8)

using (6.7). As a result, we find the following important property:
SV, = VoV, Vi/u+ LV, = TV, (6.9)

This means when operating on the high-frequency modes whose curl is not zero, we
can replace S by L! Compared to S, L is of full rank and well-conditioned with a
low condition number, as it is a Laplace operator. Many iterative solvers can solve
a Laplace operator fast, and even converge it in a constant number of operations
independent of matrix size [50].

If the solution of (6.1) is dominated by the full-wave component, then we can
directly replace S therein by L, and solve it efficiently. But for problems involving
both static and full-wave solutions, more steps need to be taken to take advantage of
(6.9). Next, we show for such a situation how to use the property of (6.9) to develop
a fast solution in time domain.

We discretize (6.1) in time domain as the following

ﬁ€<en+l 4 enfl _ 28”) + Atﬁo_(enJrl _ en) 4 At2§6n+l

aJn—I—l
ot '

(6.10)
= —A#?
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where €"*1 e" and e"~! denotes the electrical field solutions at the (n + 1)-th, n-th
and (n — 1)-th time step, respectively, and At is the time step. Moving all the terms
associated with previous time steps to the right hand side, we obtain

(D, + AtD, + At*S)e"

8J”+1
ot

The above is so-called a backward difference scheme [13], which is unconditionally

(6.11)
= —A¢?

—D.(e" ! —2e") — AtD,(—e").

stable, and hence allowing for the use of an arbitrarily large time step irrespective of

space step. However, as can be seen, one has to solve the following system matrix
(D, + AtD, + A#*S). (6.12)

This matrix is ill-conditioned especially when At is large. This is because the ratio
of At%S to D, is the ratio of At?/At2, where At, is the time step restricted by the
space step as that determined by the CFL condition. Clearly, the larger the At, the
more important the term of At?S as compared to D, term. For a time step 10 times
larger than the CFL condition, the D, term already becomes negligible, as it is 100
times smaller than A#?S. Since S is singular, numerically, its solution is difficult
to converge. When there is conductor loss, D, term exists and also it is orders of
magnitude different from D, which makes an iterative solution of (6.12) even more

difficult to converge.

In view of (6.9), we decompose the field solution into two parts:
e = Voyg + ey, (613)

where Vyy is its gradient component, and ey, is its V}, component, so that (6.9) can
be utilized to speed up the solution of high-frequency components.

Using (6.13) in (6.11), and multiplying the resultant by [V, I|7, we obtain

V,,(D. + AD,)V, V,,(D.+AtD,) yrtL

(D, + AtD,)Vy, D, + AtD, + At*S eyt 6.14)
6.14
—T
V,.b
b
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where b = —A220 D (e~ —2e") — AtD, (—e"), and (6.6) and (6.7) are utilized
to vanish S-related terms when S is multiplied with nullspace vectors.
The only S left in (6.14) operates on e}*!, which is in the space of V. Using

(6.9), we can replace S by L, obtaining

Vo, (D, + AtD,)Vy,  V,,(D. + AtD,) yot

_ o _ _ (6.15)
D. + AtD,)V, D.+ AtD, + At’L ertl
h

As a result, the lower right block of the system matrix becomes a well-conditioned
matrix to solve. Notice that L is positive definite and of full rank.

If we solve (6.15) as it is, although the entire system matrix is composed of well-
conditioned submatrices, the convergence of its iterative solution can be slow because
the submatrices are very different in magnitude, and hence unbalanced. We therefore
propose to use the following P as a preconditioner to solve (6.15), thus

V,,([D. + AtD,)V,  V,, (D, + AtD,)

P= . . a (6.16)
D, + AtD, + At’L

Using the above, the solution of (6.15) is found to converge in a very small number of
iterations. This is because the off-diagonal block is much smaller than the diagonal
one in the second block row of (6.15) in an integrated circuit layout.

In (6.16), in order to solve VOTQ (D.+AtD, )V, fast, we transform it to the solution

of two Laplacians as follows. We expand the static component Vy, into

Voyo = vOUZ}’(Jd + VOCyOCJ (6.17)

where Vo, are the V| columns associated with the dielectric nodes, and V. are
those associated with conductor nodes. Then the V§Q(§€ + AtD, )V subsystem of

equations can be rewritten as

T = T =
Voda(De)Vod Voda(De) Vo Yod
VOca(DG)VOd VOca(DE + AtDO’)VOC Yoc
(6.18)
bog

bOc
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where Vg, Vodas Voe, Voea are all normalized, and Vg, and V., are left nullspace

vectors. The above can be written in short as

?dd ?dc Yoa _ bog ’ ( 61 9)
Mcd Mcc y00 bOc
where Myy = Vi, (Do) Vod, Mae = Voge(D)Voe, Meg = Voo, (Do) Vg and M, =

~1

Vi (ﬁe + AtﬁU)VOC. Notice that M., is inside conductors, and hence the displace-

ment current is much smaller than the conduction current. Then the term (D,) can
be ignored. Therefore, we have M., ~ VoTca(Atﬁg)VOC.
To solve (6.19), first, we solve the Schur complement of the Mgy, which is

— S — 1
(Myg — MygM,. M.i)yoa = bos — MaM,. bg. (6.20)

Because in this matrix, D, dominates in magnitude and the other matrix blocks’
magnitude is much smaller, we have |[Myg|| >> |MgM,, Mey||. Therefore, (6.20)

can be rewritten accurately as
— — =1
Muayod = boa — MacM,.. boc. (6.21)

After yoq is obtained, substitute it into the first equation, and yg. can be computed
as

Mccy0c = bOc - MchOd- (622)

Notice that the two diagonal blocks, denoted by My, and M,., are nothing but
discretized V- €V and V-0V in the grid. Hence, (6.21) and (6.22) can be rapidly
solved by fast Laplacian solvers such as a multigrid iterative method, which can
converge in a constant number of steps for Laplace operators.

The preconditioner shown in (6.16) can further be simplified to the following upper

triangular matrix

F:
=3 —7T — = [, B —
Voaa(DPe) Vo Voga(De) Ve Viia(De) (6.23)
Vo AD,) Vo Vi, (D, + AID,)

D. + AtD, + At’L
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Fig. 6.1.: Structure of a test-chip interconnect.
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Fig. 6.2.: Eigenvalues of L as compared to those of S.

It is effective to solve (6.15) because the blocks omitted are orders of magnitude
smaller than the matrix blocks residing in the same block row of equations in an
integrated circuit layout. Furthermore, the solution of the above preconditioner can
be computed efficiently since via a backward substitution procedure, it only requires
solving the three diagonal blocks, and each of which is a Laplacian, and hence can be

solved fast.
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6.3 Simulation Results
6.3.1 Test-chip Interconnect

A test-chip interconnect is simulated, whose structure is shown in Fig. 6.1. The
yellow regions are conductors, the conductivity of which is 5.8 x 10" S/m. The
dimensions along the z-, y- and z-directions are 300, 2000, and 3.19 pm respectively.
We use a non-uniform grid to discretize the structure. The current source is launched
from the bottom ground plane to the middle conductor. The value of %

is evaluated and found to be 3.3239 x 107'°. This verifies (6.9). Another check

e
we did is to evaluate Hsf(fv‘ljlgl‘r“/“ﬂ‘)”, which is found to be 3.2806 x 10716, and

hence validating our theoretical understanding of the S matrix. In Fig. 6.2, we also
plot the eigenvalues of S, and L respectively. It is obvious that S is ill-conditioned
while L is not. All those eigenvalues whose magnitude is 10° or smaller are actually
zero eigenvalues of S. They cannot be computed as exact zeros because of machine
precision: their values are about 15 or 16 orders of magnitude smaller than the largest
one. The condition number of S is found to be 4.6737 x 10?7, whereas that of L is
only 2.5 x 108,

If we do not apply the preconditioner, we find to solve (6.15), GMRES takes 3000
iterations to converge at a relative residual of 0.0011, which is very inefficient. After
applying the preconditioner of (6.16) and also using its diagonal blocks only, the
solution converges in 14 steps with a relative residual smaller than 107°. This shows
the effectiveness of the preconditioner. Meanwhile, the preconditioner itself has a fast
solution because the matrix (D, 4+ AtD, + At?L) is Laplacian based, and it can be
solved within a small iteration number using the multigrid method. The same is true
to the first diagonal block of (6.16). From our numerical experiments, solving the
original equation (D, + AtD, + At%S) takes 400 steps, while (D, + AtD, + At*L)
only takes 1 step to reach a relative residual of 1075, When solving (6.19), it only
takes 3 steps to achieve a relative residual of le-5 to solve My, And solving M,

takes 9 steps to achieve a relative residual of 1e-5. The comparison of the time domain
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Fig. 6.4.: Structure of an IBM plasma package interconnect.

voltage simulated using the traditional FDTD and the proposed method is shown in
Fig. 6.3, which reveals good agreement. We use a Gaussian derivative as the current
source with 7 = 107''s. We choose At = 107'2 s, which is solely determined by
accuracy, while a conventional explicit marching must use a time step as small as

107% s in this example.

6.3.2 IBM Plasma Interconnect

The second example is an IBM Plasma Package interconnect, whose cross section
is shown in Fig. 6.4. The blue regions are conductors, with a conductivity of 5.8 x 107

S/m. The dimension along z-, y- and z-direction is 0.88, 10 and 0.165 mm respectively.
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The current source is injected from the bottom plane to the conductor 1. Firstly, we

calculated % and found it to be 1.6572 x 1072, which again verifies (6.9).

_ — =T =
The HS_(_V(I)I%II?CL/HL)H is found to be 2.8933 x 10716.

When solving the problem in time domain, we use GMRES with diagonal part of
P being the preconditioner. The solution is shown to converge in 14 steps, achieving
a relative residual of 1077. In the preconditioner, we solve (D, + AtD, + At’L)
instead of (D, + AtD, + At?S). The multigrid method solves (D, + AtD, + At*L)
with only 1 step achieving accuracy of 107**. In contrast, if (D, + AtD, + At%S) is
solved, it takes 500 steps to achieve an accuracy of 0.001. When solving (6.19), Mgy
only takes 3 steps to reach 107 accuracy and M., takes no greater than 17 steps
to reach 107°. The time domain voltage drops between conductor 1 and the ground
plane from the proposed method and the FDTD are shown in Fig. 6.5. Excellent
agreement is observed. A Gaussian derivative pulse with 7 = 1071% s is used here as
the current source. Based on the sampling accuracy, At = 107! s is chosen as the

time step, which is independent of the space step.

6.3.3 On-Chip Power Grid

The third example is a large-scale on-chip power grid. It consists of 4 metal layers
and 3 dielectric layers, which is illustrated in Fig. 6.6. The dimension along -, y-
and z-direction is 400 pm, 700 pm, and 2.838 um respectively. The power and ground
rails are interleaved, and vias are located at the intersection of like rails in adjacent
metal layers. The discretization of the structure results in 4,397,222 unknowns. A
current source is injected from a ground rail to a power one in the middle of the
grid at the bottom metal layer, which is a Gaussian derivative pulse with 7 = 107°
s. The proposed method uses a large time step of At = 1071 s to perform time
marching, which is solely determined from the input spectrum instead of space step.
The voltage distribution at 10 GHz across the power grid on metal 6 layer is shown

in Fig. 6.7. The voltage sampled at the input terminal is plotted in Fig. 6.8, and
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simulating an on-chip power grid.

compared with the FDTD result. Good agreement is observed. This problem is solved
using an upper triangular preconditioner shown in (6.23). It only takes 6 steps to
reach a relative residual of 0.007. In the preconditioner, solving (D, + Atz + At%L)
takes 3 step to achieve an accuracy of 107°. And solving My, takes 1 steps to reach
10~° accuracy, while for ML, it takes no greater than 15 steps to achieve the same
accuracy. Comparing the time consumption, running the traditional implicit FDTD

takes about 56820 s, while the proposed method takes 8989.2 s, which is more efficient.

6.4 Conclusion

In this work, a fast time-domain method is developed to accelerate the compu-
tation of fullwave solution of integrated circuit layouts. In this method, we expand
the field solution into a gradient field and a full-wave component. The former is in
the nullspace of the curl-curl operator, which is analytically found in this work. The
latter’s governing system matrix can be changed to a Laplace counterpart rigorously,
and also without any computation. Since the Laplace operator is well-conditioned and
positive definite, we are able to significantly accelerate the convergence of an implicit

FDTD method for analyzing IC layouts. Numerical experiments have demonstrated
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its accuracy and efficiency. The proposed method is equally applicable to other time

domain methods.
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7. FAST METHOD FOR ACCELERATING
CONVERGENCE IN ITERATIVE SOLUTION OF
FREQUENCY-DOMAIN PARTIAL DIFFERENTIAL
EQUATION METHODS

7.1 Introduction

The system matrix resulting from a partial differential equation (PDE) based
solution of Maxwell’s equations in frequency domain is indefinite, involving both
negative and positive eigenvalues. When loss is involved, the system matrix is complex
valued, which is even more difficult to be solved. The traditional way to solve this
problem is to apply direct solvers, using Gaussian Elimination or LU factorization.
This kind of method has complexity as O(N?), which is especially expensive when
the size of the problem is large. So for large-scale electromagnetic problems this type
of direct solvers is not suitable.

Considering efficient usage of time and memory, iterative methods are another
appropriate way to solve to the complex matrix resulted from the partial differential
equations. Existing techniques for expediting iterative solutions are mainly based on
finding a good preconditioner for the full-wave system matrix. For example, in [31], a
diagonal matrix is used as the preconditioner to improve the iterative performance of
solving the Electric Field Integral Equation (EFIE); in [7], the symmetric successive
overrelaxation (SSOR) is found to be a very effective preconditioner with Conju-
gate Gradient (CG) method to solve the full-wave matrix from the Finite-Element
Method (FEM); [32] proposed a triangular matrix preconditioners to solve both static
and harmonic problems resulted from the partial differential equations; [33] developed
a preconditioner from an approximate system to solve the finite element-boundary

integral system to achieve fast convergence; [34] applies preconditioned generalized
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minimal residual method (GMRES) to fast solve the differential equations for the
planar circuits. Among the existing iterative methods, there are pros and cons. For
the diagonal, block diagonal, SSOR and some other preconditioners, they are easy to
construct and can have fast convergence for some problems. But, the performance
is problem dependent and not always reliable. Another way is to use approximate
inverse preconditioners or incomplete factorization preconditioners. This type of pre-
conditioners is robust even for poorly conditioned system and can have faster con-
vergence. The shortcomings are that it requires additional computational cost and
sometimes even breaks down during the construction of the preconditioner. Other
preconditioners suffer from similar performance and cost trade-off. Instead of ap-
plying a preconditioner, we propose to replace the original singular matrix with its
Laplacian counterpart when operating on the full-wave components. This Laplacian
matrix can be built analytically without computational cost. Due to its good prop-
erty, the iterative solution of this modified system converges fast irrespective of the
matrix size, which achieves high performance and trivial cost.

Our approach is based on the following finding. The curl-curl operator (stiffness
matrix) in the frequency-domain system can be rigorously decomposed into a gradi-
ent divergence operator and a Laplacian operator, both of which can be constructed
from the mesh information without any need for computation. The gradient diver-
gence operator vanishes when operating on the full-wave (non-gradient) component
of the field solution, and hence the singular curl-curl operator can be replaced by
the Laplacian operator without any approximation. This Laplacian operator shares
the same non-zero eigenvalues and eigenvectors of the curl-curl operator. Since the
Laplacian operator is positive definite and well-conditioned, the resultant iterative
solution has guaranteed convergence, and also it can converge in a small number
of steps. Based on the aforementioned idea, we develop a fast iterative solution to
solve large-scale integrated circuits in frequency domain. In such a problem, the field
solution is dominated by both a static component, which is a gradient field, and a full-

wave component whose curl is not zero. The conductor cannot be treated as perfect



94

conductor, and the field inside conductors need to be simulated. Both difficulties are
overcome in this work. We use the finite difference method (FDM) to demonstrate
the essential idea of the proposed method, but the same method is applicable to other
PDE methods such as the finite element method (FEM).

In this section, the background of this problem is introduced. Then the analyti-
cal and theoretical way to generate the nullspace of the system matrix is illustrated.
The relationship between the system matrix and the Laplacian matrix is derived.
Moreover, the algorithm to accelerate the convergence of the partial differential equa-
tion is demonstrated. At the end, numerical experiments on the full-wave analysis of

large-scale layouts validate the accuracy and efficiency of the proposed method.

7.2 Background

The Maxwell’s equation determining the physical phenomenon of a layout of ana-

log and mix-signal ICs, packages, and boards is expressed as:

OH
VxE= —#rﬂoa—

aEE (7.1)
\Y XHZO'E—FEE—FJ,

where g is free-space permeability, u, is relative permeability, € is the permittivity,
o is conductivity, and J is the current source.

Due to the geometrical properties of the physical layout, it is natural to use the
Cartisian grid as the mesh to discretize the entire area. In addition, the Cartisian
grid gets rid of the computational cost by the irregular mesh. From that, a frequency-
domain PDE based solution of Maxwell’s equations, in general, results in the following

linear system of equations:
—w?D.e + jwD,e + Se = —jwl, (7.2)

where w is the angular frequency, e denotes a vector of electric field unknowns, D,-
term is associated with permittivity, D,-term is with conductivity, S represents a

discretized V x p~'Vx operator, and J denotes a current source vector. The S’s
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smallest eigenvalue is zero, and its largest one is inversely proportional to the square of
the smallest mesh size. This renders an iterative solution of (7.2) difficult to converge,
especially when the problem is multiscaled in both geometry and frequency.

From the new single-grid patch-based formulation of the FDTD method in [48],
the S matrix is generated by the summation of rank-1 matrices of patches in the
mesh. The formulation of S is

5= %

1 sog
i=1,N, Hi

e

2]

St (7.3)

where NN, is the number of patches, p; is the permeability of patch i. For each patch,

§ff) can be written as
iy 1 1 1 1
g _ {_— - — —] @ zeros(1, N,), (7.4)

where L; and W; are the length and width of patch i, and @& denotes the extended
addition based on the global indexes of the four local E unknowns of patch ¢. For a

uniform grid, the formula of Sy, is just the transpose of S,, which is
Sy, = (S.)”. (7.5)

For a non-uniform grid, this S, should be replaced by a more accurate expression,
that is all the lengths should be the averaged length across two patches sharing the

same E. The formula of §§f) is changed to

sv S N L (N, 1) (7.6)
= |- — zeros(Ne, 1), .
" Ly Lyp? Wi™ Wy

where LY, L9, Wi and W" are the averaged lengths across the patches sharing

patch edges. (7.3) can also be rewritten as
S =S,Dy/,.S.. (7.7)

where Sj, ith column is §§:), S, ith row is §S) and D, /. 1s the diagonal matrix of p*.
Let the Vi, Vo, be the right and left nullspace of S satisfying SV, = 0 and

Vgag = 0. It is a gradient field, which can be analytically generated from a mesh used
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to discretize the problem [49]. The method to generate the nullspace is illustrated in
Section 5.3. We find that S can be analytically decomposed into S = (—V0V§Q+E) /
in a material having permeability p, where —VOV@ denotes the discretized form of
V(V-) and L denotes the discretized form of —V2. This decomposition helps to
analyze the solution into two part and modify the original ill-conditioned matrix to
a well-performed matrix when operating on the full-wave component, which makes it

much easier to solve.

7.3 The relationship between the S matrix and the Laplacian matrix

From the vector identity V x (V x A) = V(V-A) — (V-V)A, we find that
S can be analytically decomposed into S = (—VOVOTa + L)/p in a material having
permeability p, where —VOV& denotes the discretized form of V(V -) and L denotes

the discretized form of —V?2. Therefore, we can have
— S ———
L=uS+ ViV, (7.8)

Let V), be the eigenspace of S formed by eigenvectors of nonzero eigenvalues Ay
and they satisfy SV, = V,A,. Since Vgag = 0, we have VOTaWh = VOTthKh = 0.
Thus, VOTth = 0 is satisfied. Multiply V, to both sides of (7.8), we obtain

This means when operating on S’s eigenmodes corresponding to nonzero eigenvalues,
i.e., full-wave modes, we can replace S by L. In an FDM, the L can be readily

constructed. One way to generate the matrix L is as the following:
e For edge 7, find all the surrounding edges j.

e For each edge in 7, if this edge j,, is on the same line with edge i, at the

entry (i, jm) put —1/l; x 1/17%%  where I; is the length of edge 4, and [;}? is the

,Jm)

averaged length of edge ¢ and edge j,,.
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Fig. 7.1.: Illustration of the generation of the Laplacian matrix.

e For each edge in 7, if this edge 7,,, is not on the same line with edge 7, at the entry
(7, jm) put —1/1; ;. x 1/17", where [, ;. is the distance between the centers of
edge i and edge j,,, and ;" is the averaged length of of the two patches sharing

edge i, where the patches are on the plane of edge ¢ and j,,,.

e For the entry (i,7), if this edge j,, is not on the same line with edge i, add
1/l j,, x 1/I{™ to the entry (i,4); else, add 1/l; x 1/1;7? to the entry (i, i) for
both ends of edge .

To illustrate this, take a simple mesh in Fig. 7.1 as an example. In the figure,
the number on the edges is the global edge number. [, ls, I3 are the lengths of the
cells along x axis and wy, we are the lengths of the cells along y axis. Take the edge

13 as an example, the edges around it are edge 10, edge 12, edge 14, edge 16. So on

the entry (13,10) we have — =27 5 (13,12) is — - - =2 (13,14) is — - - =2
: 2 1. : 2 1 1 2 1 2 2 1
(13,16) is —ig 3 (13,13) 88 23 4 + o Gt + o v 1 v e After

visiting all the surrounding edges, the final L is generated.

Another way to generate L is to use (7.8). From (7.7), S is constructed analytically.
The nullspace vectors Vi, Vg, are also known from Section 5.3. Therefore, the
Laplacian matrix L is ready to be obtained.

In an FEM, the L can be obtained from S + VOVOT /. If different permeabilities

are involved, S = (—VOVSG + L)/u can be modified to suit the scenario.
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7.4 Proposed algorithm to accelerate convergence in iterative solution of

the frequency-domain partial differential equation

Based on the above finding, instead of solving (7.2) directly, we separate the static

and full-wave component of e as e = Vy, + e, and transform (7.2) to the following
Yo
ep

where Vi and V, are normalized for each vector, and we replace the lower right

to solve
—7 o= JEE— o= L=
Voo (—w?D¢ + jwD,)Vy Vi, (—w?D¢ + jwD,)
(_WQﬁe + jWﬁU)VO (_WQﬁe + j‘-‘)ﬁa + E)

block (—w?D, + jwD, + S) by (—w?D. + jwD, + L) since that block operates on
ey,. e, is in V), space and then we can transfer Sey, to Le,,. Choosing normalized V)
and Vy, is to make sure that the above matrix is balanced in magnitudes for all the

blocks. Denoting the above in short by

500 §Oh Yo _ Vo (—jwd) ' (7.10)
Ao Anp en —jwd
The matrix Ay, has good properties since the original ill-conditioned matrix S is
changed to L, which is Laplacian and can be solved fast by using either fast direct
solver or advanced iterative methods, such as GMRES or multigrid method. To fully
take advantage of the good property of Ay, we solve it in the following way. We first

use Schur complement to solve
— _ 11— . —-— ———1=T .
(A — AnoAgg Aon)ern = (—jwd) — ApoAgy Vo, (—jwd), (7.11)

which can be accurately approximated as

. ~ I T .
(Awn)en = (—jwd) — AnpAgy Vou(—jwd), (7.12)

due to the physical dimension of on-chip problems. With the scale of the on-chip

problem, Aj,, which contains L with norm ﬁ, is usually much larger than other
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terms, which get rid of S due to V, and V.. Therefore, it is accurate to do the
approximation in (7.12). Since Ay, is made of a Laplacian, iterative solvers such as
GMRES or multigrid can be used to solve it fast. After obtaining e, we substitute
it into the first equation of (7.10), and solve y, from

KogyO = Vga(—ij) — theh. (713)

In (7.13), Ay can also be transformed to the solution of two Laplacians as follows.
We expand the static component Vy, into Voyo = VoaYod + VoeYoe, Where Vo, are
the V| at dielectric nodes, and V. are at the conductor nodes, with Vs, and Ve,
being their left counterparts. The generation of Vg, Voe, Vodas Voea 18 illustrated in

Section 5.3. Then Ag, can be rewritten as

T — = T S
Voda(—w*De)Vou Voda(—w?De) Vi Yod
T = T - = =
VOca(_(")QDG)VOd VOca(_WQDe + jWDU)VOC Yoc
(7.14)
| bod
bOc

where Vog, Voda, Voes Voea are all normalized. (7.14) can be written in short as

Mdcl Mdc

L , (7.15)
Mcd Mcc

where Mg = Vg, (—w? D) Vs, Mo = Voo (~w’ Do) Ve, My = Vi, (—w0’D) Vog
and M,. = VOTCCL(—wzﬁE + jwﬁU)VOC. Notice that M, is inside conductors, and
hence the displacement current is much smaller than the conduction current. Then
the term (—w?D,) can be ignored. Therefore, we have M, ~ VoTca (jwDy) V.

First, we solve the Schur complement of the M,., which is the following
— R p— —_— —1
(Mcc - Mchdd Mdc)YOc = b(]c - Mchdd b(]d- (716>

Because in this matrix, D, dominates in magnitude and the other blocks’ magnitudes
are much smaller, we have |[M,| >> ||Mch;d1 My.||. Therefore, (7.16) can be

rewritten accurately as

(Mcc)yOc = bOc - Mch;dlbOd- (717)
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After yq. is obtained, substitute it into the first equation, and yo4; can be computed
as

Mdd}’Od = bog — Mdcy(]c- (7.18)
Notice that the two diagonal blocks, denoted by M, and M., are nothing but
discretized V- eV and V-0V in the grid. Hence, the above (7.17) and (7.18) can be
rapidly solved by solving Mgy, and M,., both of which are Laplacian matrices, with
some advanced fast direct solvers or the iterative methods, such as multigrid iterative
method.

After all these computation, the final solution is obtained by

e = Voayod + VocYoe + €. (7.19)

7.5 Further development of the proposed algorithm to solve general prob-

lems

From the previous section, if (7.11) is approximated to (7.12), the physical di-
mension is in the level of on-chip problems. This idea can also be used to solve other
problems, such as the board, package and antenna problems, where S’s spectral ra-
dius is smaller due to larger size or the problem’s electrical size is larger. In order to
do that, we have a further development of this algorithm.

The problem we are solving is still the 2 by 2 system in (7.10). The first equation
to be solved is the schur complement in (7.11). Instead of approximating this to

(7.12), we solve

(D +L — DV(Vy,DVo) 'V, D)uy, = (T~ DVo(Vy,DV) 'V, ) (—jwd) (7.20)
with GMRES or other iterative solvers because the matrix (A, — KhOKO_()lKOh) is
nothing but a numerical Laplacian matrix, with a Laplacian matrix (D 4 L) minus
a term DV o(Vo,DV,) 1V, D. By deducting the term DV(Vo,DV) 1V, D, the
resultant matrix removes the solution space on Vj, making sure the result is in V,

space. After applying GMRES or other iterative solvers to get ey, substitute it into
(7.13) and we can get yo.
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Fig. 7.2.: Structure of a test-chip interconnect.

7.6 Numerical results
7.6.1 Test-chip Interconnect

The first example is a test-chip interconnect, which is shown in Fig. 7.2. The
conductors have conductivity 5.8 x 107 S/m. The dimensions along the z, y and
z-direction are 300, 100, and 3.19 pm respectively. We evaluate %, and find
it to be 1.3373 x 107!, thus verifying our finding. The S-parameters extracted from
the proposed method are compared with those from a brute-force solution of (7.2) in
Fig. 7.3. They are shown to agree well with each other. In this example, we employ
GMRES to solve (7.12) , which takes only 35 steps to reach a relative residual of
0.0077 at frequency 10 GHz. In contrast, if we solve (7.2) by GMRES directly, after
5001 steps, the relative residual is still at 0.253 and fails to converge. Fig. 7.4 shows
the relative residual vs. the iteration number. As we can see, solving Az (= D + L)
is much more efficient than solving the original matrix A(=D + S). When solving

M, and M., the multigrid solver only takes about 4 to 8 steps to reach a relative

residual of 1075,

7.6.2 NAND Gate

The second example is a NAND gate, which is shown in Fig. 7.5. This structure

has 17 layers. We discretize the structure with a non-uniform grid mesh yielding



e FDM
© Proposed

2500
2000

__ 1500

1

1000

500

Fig. 7.3.: (a) and (b):

1 2 3 4
Frequency (Hz) %1010

(a)

e FDM
© Proposed

1 2 3 4
Frequency (Hz) %1010

()

S-parameters of a test-chip interconnect; (c¢) and (d):

parameters of a NAND Gate.

Relative Residual

-85

Phase(Z1 1)

-95

e DM
© Proposed

1 2 3 4
Frequency (Hz) %1010

(b)

e DM
© Proposed
PR Y 'y p
1 2 3 4
Frequency (Hz) %1010

(d)

10%
m— S0lving A
w— Solving A
107
1072
1] 100 200 300 400 500

Iteration Number

600

102

Fig. 7.4.: The relative residual vs. the iteration number when solving A and Aj.



¥

2500

2000

1500

1000

500

Fig. 7.5.: Layout of a NAND gate.

-85
e FDM e FDM
© Proposed © Proposed
N PP S S S
o -90 |emeseee
©
=
o
: n 95 . . .
2 3 4 0 1 2 3 4
Frequency (Hz) x101° Frequency (Hz) x101°
(a) (b)

Fig. 7.6.: Z-parameters of a nand2 gate

103



104

mSolving A
= Solving A

107

Relative Residual

1072

0 100 200 300 400 500 600
Iteration Number

Fig. 7.7.: The relative residual vs. the iteration number when solving A and A}

665,940 unknowns. The extracted Z parameters agree well with those from the brute-
force solution of (7.2), as shown in Fig. 7.6. When solving A;, GMRES takes 102
steps to reach a relative residual of 0.00989 at 10 GHz. If we solve the original
matrix A directly, it takes 5001 steps to reach a relative residual of 0.0793 without
converging. The relationship between the relative residual and the iteration number
for solving A and A, is shown in Fig. 7.7. From this, we can see that solving A, is
much more efficient. The My, and M., solution takes at most 43 steps to achieve a

relative residual of 1075,

7.6.3 Single-ended Microstrip

The third example is a single-ended microstrip, which is shown in Fig. 7.8. It
contains 3 layers. The bottom conductor is the ground plane. There are two GSG
launchers on the two ends of the stripline, where the currents runs through. The
length of the stripline is 14.854 mm. The S parameters are extracted from the far
and near ends of the stripline. Due to the larger physical size of this problem, we
apply GMRES to solve (7.20). We compare the results from the proposed method and
the Finite Difference Method in Fig. 7.9. As can be seen, the accuracy of our results

is guaranteed. As for the efficiency, at 10 GHz, GMRES takes 44 steps to relative
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Fig. 7.8.: The structure of the single-ended microstrip example.
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Fig. 7.9.: (a) and (b): Si1’s magnitude and phase; (c¢) and (d): Si2’s magnitude and
phase.

residual 0.00073. The relationship between the relative residual and the iteration
number is shown in Fig. 7.10 for solving A and KL, where KL denotes the matrix in

(7.20).
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7.6.4 Cavity-Backed Microstrip Patch Antenna

The fourth example is a path antenna example. The structure is shown in Fig.
7.11 [13]. The patch size is W = 3.4 cm, L = 5 cm and d = 0.08779 cm. There is
a 50 Q load at the position z;,=-2.2 cm and y;,=-1.5 cm. The current is injected at
the position x=1.22 cm and y;=0.85 cm. We extract the Z parameters and compare
that with the Finite Difference Method. The comparison result is in Fig. 7.12. They
can match very well. We also record the iteration number it takes to solve (7.11). At
1 GHz, it takes 53 steps to relative residual 0.00082. Fig. 7.13 shows the iteration
number vs. the relative residual for solving A and KL and we can see that solving

A} converges much faster.

7.6.5 IBM plasma package

The fifth example is to simulate an IBM plasma package. The top view structure
is shown Fig. 7.14. We use a non-uniform grid mesh to discretize the structure.
The current is injected from the ground plane to the pin on the top right corner. S
parameters are extracted and compared with the reference result from other reference
tool, shown in Fig. 7.15, and they are very close to each other. The performance of

the iterative solver is also checked. At 10 GHz, solving XL takes 274 steps to relative
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Fig. 7.14.: The structure of the plasma package.

residual 0.01. While, solving A takes 1001 steps to the same relative residual 0.0644.
This shows the efficiency of this method is better.
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8. FAST METHOD FOR ACCELERATING
CONVERGENCE IN ITERATIVE SOLUTION OF
FREQUENCY-DOMAIN PARTIAL DIFFERENTIAL
EQUATION METHODS FOR PROBLEMS WITH
PERFECT ELECTRICAL CONDUCTOR (PEC) OBJECTS

8.1 Introduction

In previous chapter, we propose a method to accelerate the iterative method by
replacing the original matrix with a Laplacian matrix. Due to the good property
of the Laplacian matrix, the iterative solution has a guaranteed convergence, and
it also converges in a much smaller number of steps compared with a conventional
solution of the original matrix. The method provides a very effective solution for on-
chip, board, package and antenna problems. In this chapter, we show it can also be
extended to the type of problems where conductors are treated as perfect conductors
such as traditional high-frequency problems in which the skin depth is negligible. For
this kind of problems, the challenge resides on how to find the Laplacian counterpart
of the curl curl operator in an analytical way, since the original problem has holes
created in a continuous domain. This chapter explains how the difficulty is overcome

so that a Laplacian can be analytically constructed for problems with PEC objects.

8.2 Background

Similar to previous chapter, we solve the following the system matrix resulting

from discretizing the Maxwell’s Equations

—w?’D.e + jwD,e + Se = —jw], (8.1)
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where w is the angular frequency, e denotes a vector of unknown electric field un-
knowns, D.-term is associated with permittivity, D,-term is with conductivity, S
represents a discretized V x ;~'V x operator, and J denotes a current source vector.

For a problem in which conductors are perfect, we can focus on its dielectric part.

Therefore, (8.1) is reduced to
—w? Do + Spo = —jwd,, (8.2)

where D.,, is the diagonal matrix of permittivity, S,, is the discretized V x p Vv x
operator, and J, is the vector of the current source, in the dielectric region only. The

S, matrix is generated as the following:
I L sigW)
Seo= Y. 5,5, (8.3)
j=1,..,N, Ho
where j denotes a patch index, subscript o denotes outside conductors, N, is the
number of patches outside conductors, and other parameters are similar to those in

(7.3). The matrices D, and S,, can be generated by removing the rows and columns

corresponding to the conductor edges from D, and S.

8.3 Analytical method for finding the nullspace of the S,, matrix

The nullspace of S,, can be found analytically. The number of vectors in the
nullspace is the number of dielectric nodes plus the number of conductors minus 1.
For the nullspace corresponding to the dielectric nodes, denoted by Vg, there is one

nullspace vector at each dielectric node. The rule to generate it is as follows:

e Find all the edges connected to a dielectric node;

1

e If the edge basis enters the node, ;- appears on the row corresponding to this
J

edge basis, where [; is the length of the corresponding edge;

e If the edge basis leaves the node, —i appears on the row corresponding to this

edge basis, where [; is the length of the corresponding edge.
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An opposite convention can also be used in the generation process. The Vg is gen-
erated after going through all the dielectric nodes in the mesh. For the nullspace
corresponding to conductors, denoted by Vog, its dimension is the number of free
conductors. Each column vector in Vog is the summation of the V, vectors at all
nodes on and inside each conductor. After generating Vo, and Vog following the
aforementioned rules, one vector should be removed from the union because the sum-
mation of all the nullspace vectors is 0 and thus one vector is redundant. The approach
described in this section is also applicable to the Finite Element Method (FEM).
For a uniform grid in the Finite Difference Method, S,,’s left and right nullspace
are the same because S,, is symmetric. When a non-uniform grid is used, S,, is
asymmetric, and hence the left nullspace is different from the right nullspace. For
the left nullspace, we can also generate it analytically. Considering the left nullspace

Voua on the dielectric nodes, the rule to generate it is as the following:

e Find all the edges connected to a dielectric node;

e [f the edge basis enters the node, l%g appears on the row corresponding to this

edge basis, where ;" is the averaged length of the edge j and its adjacent edge

around this node along the same direction;

o If the edge basis leaves the node, —l%q appears on the row corresponding to
J
this edge basis, where ;" is the averaged length of this edge j and its adjacent

edge around this node along the same direction.

For each conductor, the nullspace VOga is the weighted summation of the vectors
V. at all the nodes on and inside each conductor, where the weight for each vector
is 13909, 1[2%°9, 17%°9, which is the averaged length respectively along the -, y-, 2-
directions around node j. One vector should be removed also because the sum of all

Vode and V4, vectors is zero.



114

8.4 The generation of the Laplacian matrix for problems having PEC

objects

In this work, we formulate the Laplacian matrix for problems whose conductors
are treated as PEC. This Laplacian matrix denotes the discretized V2 operator in the

dielectric region with PEC boundaries. It can be generated as the following

— =T — —TI
_ — VoV VoV
Loo — Soo + 0d Vv 0da + 0b Oba7 (84)
u u

where Vg and Vg, are the right and left nullspace vectors at the dielectric nodes,
Vo, and Vi, are the right and left nullspace vectors at the conductor surface nodes,
and p is the material permeability. The rows of all the vectors involved only have
dielectric edges. (8.4) can be viewed as the windowed version of (7.8), which focuses
on the dielectric part. In FEM, this L,, can be obtained similarly as L,, = Sy, +

— =T — =T
VoiVoaa + VoV
o

, where the left and right nullspace are the same.

The generated Ly, is exactly the discretized form of the Laplacian operator V2 in
the dielectric system. It is sparse, and has the good property of a Laplacian matrix.
Therefore, it can be solved with fast convergence when we use iterative solvers. Next,

we show how it is utilized to build a fast solver.

8.5 Proposed fast algorithm to accelerate convergence in iterative solu-

tions of problems with PEC objects

Instead of solving the original system (8.1), we decompose the full-wave system
into a three by three block system by expanding e as e = Voyo + VooYo» + €n,
where V, = [ng, Vog] is the nullspace vectors of S,,, \701, is the linearly independent

nullspace vectors on the surface of the conductor, and e, denotes the rest of the
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solution in the space complementary to Vog and V,. Therefore, (8.1) is transformed

to
Voa(~w?Deoo) Vi Voa(~w"Deoo) Vi Voa(~w"Deoo) Yo
Ve (—™ Do) Vo Vopa(—" Do+ Soo) Vo  Vapa(—o"Droo +S00) | | yoo
(~w™Deoo) Vo (~w™ Do + So0) Voo (~w?Deoo + Loo) e |
Vo (—jed) 2

=T _
= | Vopa(—jwd) |
—jwd

where V, = [VOd,Vog], Vo, = [VOda,Vgga], 601,, 605(1 are vectors of Vi, and Vi,
linearly independent to Vg, and V,, respectively. The space Vj is just the combi-
nation of the Vo, and Vog from the previous section. The same rule can be applied
to the generation of Vg,. To ease the generation of linearly independent 6017 easily,
we set the mesh to have at least two cells in between two adjacent conductors. This
is also required for a mesh to accurately capture field variations. For each conduc-
tor, construct 605 and 601)@ as V and Vy, on the conductor surface nodes with one
surface node removed. Removing one surface node is to make sure 601, is linearly in-
dependent with Vog. The same can be applied to 601)&. The column space of [V, 6%]
is the same space as [Vq4, Vg, Vob), but with linearly independent ones removed. All
the vectors in [V0,60b] are linearly independent with each other.

Write equation (8.5) in short as

Kn K12 K13 Yo b,
K21 K22 K23 Yoo = | b |- (8-6)
K:ﬂ Ksz K33 €hn bs

As can be seen from (8.5), Aj; and Asz are nothing but Laplacian matrices. A is the
discretized V - €V operator in the dielectric region, where VOTa denotes the divergence
operator V -, D, represents e for each edge and V), is the gradient operator V. Ass
can be viewed as L,, with some perturbation on the diagonal, hence As; is also a

Laplacian matrix. Aj; and Ags can be solved fast by iterative methods, such as the
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multigrid iterative method. For A, each conductor’s Vi, only interacts with itself.
Therefore, Ay, is a block diagonal matrix, where the block number equals to the
number of conductors. For each block, the matrix is also very sparse because each
Voo only interacts with the surrounding nodes’ Vba. Due to the sparse structure of
A, its inverse is also easy to compute.
To solve (8.6), firstly, we solve the third row of equations with its schur complement

as the following:

I R |

Ay A Aqs S — A A by

Ass—[As, Az | ep, =b3—[Asz1,Az] |
Aryy Ay Ay Ary Ay by

This equation can be solved by GMRES with fast convergence. The left-hand matrix

can be rewritten as

-1

— —T — =T A A v
VoVos VoV o x| Aun A Vo

0d Y 0da I 0b Y 0ba + | T [As, Ay _11 _12 _79 ( w’D,, + Soo)s
H H Ay Ay Voba

(8.8)
which can be viewed as deducting the component of the original matrix in the space
of Vi and Vi, and resulting in a numerical Laplacian matrix in inhomogeneous
materials. Due to this reason, GMRES or other iterative solvers can converge this

matrix fast, and only the matrix-vector multiplication needs to be performed. All

—1
.. o Ay Ay

the matrices involved are sparse, and can be multiplied fast. As for | ,
Ay A

we can solve this fast by applying the upper triangular matrix as the preconditioner.
The matrix A;; is Laplacian and Ay, is block diagonal with a very sparse structure.
So these two matrices’ inverse can be readily obtained. Therefore, this preconditioner
can be applied efficiently.

After ey, is obtained, substituting it into the first two equations, we obtain

-1

Yo Kn Ku b, Ays
Yoo Km K?Q b, Ay
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-1
. All A12 . .. . .
The inverse can be obtained similarly by using the upper triangular

K21 KQQ

matrix as the preconditioner.
With this fast algorithm, we can also solve problems with lossy conductors by
separating the conductor region from the dielectric part to solve. The entire system

of equations can hence be divided as

Koo Koi Xo bO

o = , (8.10)

A, Ay X; 0
where subscript o denotes outside conductors, i is for inside conductors, A,, =
—w*Deoo + Soos Avi = Soi, Ajo = Sip and A;; = —w?De; + jwDyy; + Sii. First,
we solve the subsystem inside conductors as

- 11—

(As — AiA, AL)x; = —AA,, b, (8.11)

Since || Ayl >> HKZ'OK;)IKOZ'H and inside the conductors |jwDgl| >> || — w?Dey; +

Sii|, the schur complement part can be ignored and (8.11) becomes
jwﬁaiixi = —Kiozo_olbo. (812)

The above can be solved easily because D,;; is just a diagonal matrix. After x; is

solved, we substitute it into the second row of equation in (8.10) to solve x, as
KooXo =b, — KoiXi7 (813)

where K;OI’S solution can be obtained from the fast algorithm in this Chapter.

8.6 Numerical Results

In this section, we simulate a suite of examples to validate the algorithm proposed
in this chapter. Among these examples, the first example has both inside and outside
conductor subsystems to validate the solution of (8.10), and the rest examples have

perfect conductors to validate the solution of (8.6).
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Fig. 8.1.: Structure of a test-chip interconnect.

8.6.1 Test-chip Interconnect

The first example is a test-chip interconnect, whose structure is shown in Fig. 8.1.
All the configurations for this example are the same as those in previous chapter. The
S-parameters are extracted at the near and far ends and compared with the reference
solution, which are shown in Fig. 8.2. Note that the solution of this example is
obtained from solving (8.10). The solutions from the proposed method match well

with the results from the reference. As for the convergence rate, at 10 GHz, solving

o q=
. : . A Ay

(8.7) takes 17 steps to relative residual 0.00491. And solving | takes
Ag Ap

2 steps to relative residual le-7. So the iterative solution is also very efficient. In
the procedure, solving the Laplacian matrix A;; only takes 3 steps to the relative

residual of le-5.

8.6.2 Single-ended Microstrip

The second example is a single-ended microstrip, and the structure is shown in
Fig. 8.3. The length of the stripline is 14.854 mm. On the two ends are the GSG
launchers and currents are injected through the launchers. The S-parameters at the

near and far ends are extracted and compared with the results from the brute-force
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Fig. 8.2.: (a) and (b): S;;’s magnitude and phase; (¢) and (d): Si2’s magnitude and

phase for the test-chip interconnect.
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Fig. 8.3.: The structure of a single-ended microstrip.

methods, shown in Fig. 8.4. As can be seen, the results match the reference result

very well. The iterative solver only takes 13 steps to solve (8.7) to relative residual

R
. A A )
0.000287936 at 10 GHz. And solving | =~ takes 17 steps to relative
A Ay

residual of 6.2755¢-6. And solving A, only takes 1 step to relative residual le-5.

8.6.3 NAND Gate

The next example is a NAND gate example, which is shown in Fig. 8.5. There are
17 layers and each layer is shown with a different color. This structure is discretized
by a non-uniform mesh yielding about 665,940 unknowns. Here, we plot the S-
parameters from the proposed method and the brute-force method in Fig. 8.6, and

they can match very well. As for the convergence rate, solving (8.7) takes 145 steps
94
. ) . A A
to relative residual 0.00954 at 10 GHz. Solving | only takes 1 or 2
Ay A

steps to a relative residual of le-7. Solving A, only takes at most 6 steps to relative

residual le-5. which is also efficient.
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and phase for the single-ended microstrip example.
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Fig. 8.5.: Structure of the NAND gate.
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8.6.4 Plasma Package Structure

The last example is a plasma package structure from IBM. The top view of this
structure is shown in Fig. 7.14. Non-uniform mesh is used to discretize the entire chip,
yielding 1,762,840 unknowns. The performance of the iterative solver to solve (8.72

Ay Ap |

Ay Ay
only takes 64 steps to a relative residual of 1.30201e-6. Solving the Laplacian matrix

is 55 steps to relative residual 0.00974521 at 10 GHz. And solving

A, by HYPRE only takes at most 3 steps to relative residual of le-5.
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9. CONCLUSIONS AND FUTURE WORK
9.1 Conclusions

In this work, we develop rapid modeling and simulation methods for large-scale
and circuit-intuitive electromagnetic analysis of integrated circuits and systems as

follows:

e First, we develop an analytical method for finding the nullspace of the curl-curl
operator in an arbitrary mesh for an arbitrary order of curl conforming vector
basis function. It can be applied to the partial differential equation methods
such as a finite difference method or a finite element method. Rather than
solving a numerical eigenvalue problem or using some approximations, we find
an analytical way to obtain the nullspace of the curl-curl operator regardless
of whether the basis function is a zeroth-order edge element or a higher-order
basis for any unstructured mesh generated from arbitrarily shaped elements.
When considering the zeroth-order basis, the rule to generate the nullspace is
to first find all edges connected to a node and if the edge basis enters the node, %
appears on the row corresponding to this edge basis, where [; is the length of the
edge; otherwise, we have —ll For higher-order bases, we first find the nullspace
based on the homogeneous bases. The generation rule is similar to that from the
zeroth-order basis, that is to generate the nullspace vectors by finding all the
bases connected to one node from the distribution of the homogeneous basis
functions. Then the relationship between the interpolatory basis coefficients
and the homogeneous basis coefficients can be used to find out the nullspace of

interpolatory bases.
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e Second, we develop an analytical method for finding the complementary space
of the nullspace, V. By finding the independent cycle bases in the mesh, we
can generate the vectors of V. Therefore, [; appears on the row corresponding
to the global index of the edges around this cycle. By using the nullspace and
its complementary spaces, we develop a rigorous method without using any low-
frequency approximation to solve the breakdown problem involving lossy con-
ductors embedded in inhomogeneous dielectrics. We use the analytical spaces
instead of the eigensolutions, which significantly speeds up the computation.
In this method, a full-wave finite-element solution is first decomposed into two
components: nullspace component and its complementary one, and each space
is generated analytically for an arbitrary mesh. Each component is then found
without breakdown from high frequency down to any low frequency. In addi-
tion, for general inhomogeneous lossy problems, the frequency dependence of a

full-wave finite-element solution is revealed at low frequencies.

e Third, we develop a fast FDTD solver to perform the layout extraction of in-
tegrated circuits. We propose a way to compute the RC part of the solution
efficiently. The time step is not restricted by the small space step restricted by
stability in the IC layout. Instead, the time step can be arbitrarily large and
make the simulation from very low frequencies to high frequencies feasible. The
computational cost is also minimized because all the column spaces we use to
decompose the field solution are identified analytically. Numerical results also

validate the accuracy and efficiency of this method.

e Fourth, we derive a closed-form model of the inverse of full-wave Maxwell’s
system of equations for an arbitrary physical layout in both frequency and time
domain. The model is decomposed into R-, C-; L- and full-wave components
with first-principal accuracy from zero to high frequencies. We decompose our
system into a zero mode system and a high order mode system. The zero mode

system is nothing but a Laplacian system. The solution from the zero mode
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system has an analytical frequency and time dependence and denotes the RC
component. The field space used in the zero mode system is from our analytical
method to generate the nullspace of the curl-curl operator. The high order mode
system is a reduced small system, which can also be solved fast. The solution
from the high order mode system denotes the L and full-wave component. We
also develop a fast method to find those physically important high order modes
to represent the field space, whose number is small. After these two solutions
are obtained, we can combine them to get the final full solution. Each of the
R-, C-, L- and full-wave components is found explicitly and efficiently. The
efficiency, accuracy, and capacity of this work are demonstrated by real-world

large-scale layout extraction.

At the end, when solving the full-wave components, another efficient way is de-
veloped. Instead of solving the original equation we solve its Laplacian counter-
part, which is positive definite and well-conditioned. We find that the curl-curl
operator can be rigorously decomposed into a gradient divergence operator and
a Laplacian operator, both of which can be constructed from the mesh infor-
mation without any need for computation. When operating on the full-wave
component of the field solution, the gradient divergence term vanishes and only
the Laplacian operator is left. Therefore, we are able to replace the curl-curl
matrix with the Laplacian matrix when operating on the full-wave component
without any approximation. Its iterative solution has guaranteed convergence
and it can converge in a small number of steps. After the static component and
the full-wave component are found, they can be combined to obtain the total
solution. The conductor’s setting can be arbitrary. Our method can handle
both perfect conductors and lossy ones. For perfect conductors, we only focus
on the dielectric edges and reduce the original system to be a smaller one. This

idea can be applied to FEM, FDM and other PDE methods.
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Future work

The future work of this research includes but is not limited to:

o Application of this algorithm to solve general problems. From the previous work,

we have already applied and verified the inverse model in various realistic large-
scale engineering problems. For example, we successfully simulated the plasma
package example and obtained an accurate result. The next step is to implement
it as a general tool to handle more layout structures and solve more real-life

problems.

Parallelization of the algorithms will be developed in this work. From the inverse
model, we can clearly see that the solution is decomposed into R-, C-, L- and
full-wave components. And each component can be obtained independently.
Moreover, with different ports excitation, the solutions can also be computed
independently. With parallelization, the proposed method can be further accel-

erated in CPU run time.

Application to other PDE solvers. From all the analysis, we can see that the
proposed algorithm can be applied to not only Finite Difference Method but
also other PDE solvers like Finite Element Method. The nullspace of the curl-
curl matrix and the Laplacian matrix are constructed similarly as that from the
Finite Difference Method. The system matrix is composed of similar compo-
nents. Therefore, the proposed algorithms can be readily implemented in the

Finite Element Method. The same is true to other PDE solvers.
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