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ABSTRACT

Models built with deep neural network (DNN) can handle complicated real-world data
extremely well, seemingly without suffering from the curse of dimensionality or the non-
convex optimization. To contribute to the theoretical understanding of deep learning, this
work studies the nonparametric perspective of DNNs by considering the following questions:
(1) What is the underlying estimation problem and what are the most appropriate data
assumptions? (2) What is the corresponding optimal convergence rate and does the curse of
dimensionality occur? (3) Is the optimal rate achievable for DNN estimators and is there any
optimization guarantee? These questions are investigated on two of the most fundamental
problems — regression and classification. Specifically, statistical optimality of DNN estimators
is established under various settings with special focuses on the curse of dimensionality and
optimization guarantee.

In the classic binary classification problem, statistical optimal convergence rates that
suffer less from the curse of dimensionality are established under two settings: (1) Under
the smooth boundary assumption [1], I show that DNN classifiers with proper architectures
can benefit from the compositional smoothness structure [2] underlying the high dimensional
data in the sense that the optimal convergence rates only depend on some effective dimension
d*, potentially much smaller than the data dimension d. (2) Under a novel teacher-student
framework that assumes the Bayes classifier to be expressed as ReLLU neural networks, I
obtain a dimension-free rate of convergence O(n~%/3) for DNN classifiers, which is also proven

optimal.
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1. INTRODUCTION

Deep learning has shown outstanding empirical successes and demonstrates superior per-
formance in many standard machine learning tasks, such as image classification [3]-[5],
generative modeling [6], [7], etc. Various benchmark scores have been drastically improved by
the introduction of deep neural networks [4]. One major surprise of deep learning methods is
their high representation power and accurate predictive performance in analyzing massive
and high-dimensional datasets. Despite common accusations of being a black box with no
theoretical guarantee, DNNs tend to achieve higher accuracy than other classical methods in
various prediction tasks, which attracts plenty of interests from researchers. In contrast to the
huge empirical success, little is yet settled from the theoretical side why DNN outperforms
other methods. Without enough understanding, practical use of deep learning models could
be inefficient and unreliable. To this end, there are mainly three aspects of theoretical deep

learning.

Approximation DNN as a function space has great flexibility and capacity. For different
structures and activation functions, what kind of functions can DNN efficiently approximate?
8] shows that even a single hidden layer neural network can approximate continuous functions
on compact subsets of R arbitrarily well, as long as the number of neurons is large enough.
[9] considers the universal approximation property when the width of the network is fixed
and investigates the minimal width such that DNN can approximate continuous functions
on unit cube arbitrarily well with increasing depth. In particular, [9] shows that DNN with
Rectified Linear Units (ReLU) activation of width d + 1 can approximate any continuous
d-dimensional convex function arbitrarily well. [10] show that there exist certain functions
representable by a ReLU DNN such that for any ReLU DNN with at fewer layers, it will require
exponentially many more total nodes to represent. Optimality has also been established when
representing smooth functions. To approximate d-variate, S-time differentiable functions to
error € measured in || - || norm, [11] show that DNN needs SL =< O(e_%), where S is the

number of nonzero weights and L is the depth.
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Optimization The optimization in training DNN is highly non-convex. However, simple
gradient-based methods such as stochastic gradient descent (SGD) works fairly well in practice.
[12] propose Adam, the adaptive learning rate optimization algorithm that’s been designed
specifically for training DNNs. Many researchers have been studying the loss surface of
DNN optimization [13]-[15] and convergence properties of certain gradient-based algorithms
[16]-[19]. [20] proves that under certain assumptions, optimizing the squared loss of DNN
has no poor local minima that every local minima is a global minima and every critical point
is either a global minimum or a saddle point. [21], [22] show that adding one exponential
neuron in the DNN can eliminate all bad local minimums. [17] specifically consider training
one-hidden-layer ReLLU neural network with GD and show that as long as the network is
heavily overparametrized and initialized closely to zero, the training loss converges to zero
as training step increases. [23] introduced neural tangent kernel (NTK) to characterize the

convergence behavior of infinitely wide DNNs and it inspired numerous follow-ups [24]-[26].

Generalization Advances in optimization assure that we can efficiently minimize the
empirical risk. But how close is the empirical risk minimizer to the population counterpart?
Generalization error bound quantifies the gap between training error and population error. In
learning theory, the generalization bound is directly linked to the complexity measurement of
the model [27]. Various generalization error bounds in deep learning are developed using the
PAC-Bayesian framework [28], [29] and Rademacher complexity [17], [30]-[32]. It’s empirically
observed that DNNs have great generalization ability and overparametrization tends to help
with generalization. The model generalizes well even when training data is interpolated and
the prediction error keeps decreasing after training error reaches zero [33], [34]. Among others,
[35]-[37] link overparametrization to good generalization behavior and [38]-[40] study the

effect of implicit or explicit regularizations on generalization.

1.1 The Nonparametric Perspective

The aforementioned theories are not perfect in characterizing the performance of DNNs.
On one hand, despite the huge empirical success, deep learning is not better than traditional

methods in every task. In turn, the success of DL should not only be contributed to the
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effectiveness of DNNs, but also those specific tasks themselves, e.g., the data structures,
noise level, etc. The approximation capacity of DNNs, the flexibility of the architecture,
the adaptivity to specific tasks all contribute to deep learning’s empirical success. However,
the optimization/generalization perspective mainly depends on properties of the DNNs
but not the data distributions or the tasks at hand. To illustrate, [20] shows that under
mild assumptions, i.e., full rank, distinct eigenvalues in training data matrices, every local
minimum is a global minimum for deep linear network. [16] prove that under some regularity
conditions, gradient descent (GD) provably optimizes overparametrized neural networks. A
more comprehensive understanding of deep learning can be developed by incorporating the
underlying data assumptions into the analysis of DNNs.

On the other hand, the generalization error bounds mostly depend on the complexity of
the DNN family used, often independent of data. Typical complexity measures include VC-
dimension [41], number of parameters, norm or margin based complexities [30], [31], [33], [42].
However, almost all generalization error bounds are vacuous [43] and often doesn’t reflect the
actual generalization performance. [44] carried out large scale of empirical studies and showed
that theoretical bounds doesn’t correlate well with practice. The current generalization error
bounds are not tight enough and sharper tools are needed.

To this end, statistics has a lot to offer, especially the nonparametric estimation perspective,
where task-specific and statistical optimal results can be derived. The nonparametric
perspective views the supervised or unsupervised learning tasks as estimation problems. By
making specific assumptions about the data, the corresponding optimal rate of convergence
can be established and we can sharply characterize the performance of different estimation
methods. Together with sharp characterizations of the DNNs, this nonparametric perspective
provides another angle to understand why models built with neural networks handle large-
scale, high dimensional data extremely well. Specifically, we want to answer the following

questions for the tasks DL excels at:
o What is the estimation problem and what are the most appropriate data assumptions?

o What is the corresponding optimal convergence rate and does curse of dimensionality

occur?
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o Is the optimal rate achievable for DNN estimators? If so, are there any algorithmic or

optimization guarantees?

From the nonparametric perspective, an estimation method is said to have statistical
optimality if it achieves the above optimal rate of convergence, indicating that it performs the
best in the worst possible scenario. The current gold standard in deep learning community is
empirical performance, which depends on too many aspects, e.g. DNN structure, initialization,
step size, tuning parameters, etc. and doesn’t provide a fair assessment of the estimation
method at its core. Statistical optimality, on the other hand, focuses on asymptotic behaviours
of the estimator in the specific estimation problem and can provide clearer, more quantitative
characterizations of the methods. Comparing to the typical theoretical DL approaches,
the proposed nonparametric perspective provides new insights and the key differences are

highlighted in Table 1.1.

Table 1.1. Nonparametric perspective from Statistics v.s. Optimization/Gen-
eralization perspective. The modified check mark means not quite, in between
yes (v') and no (X). There are data assumptions when analyzing optimiza-
tion/generalization but they are not as thorough as those from the nonparamet-
ric estimation perspective. In turn, theories from optimization/generalization
are not as strong, e.g., the generalization error bound can be tighter and tighter
but no optimality can be established.

Nonparametric  Optimization/Generalization

Ground Truth Assumption v v
Theoretical Guarantee Ve Vs
Optimality v X

Studying the nonparametric perspective of deep learning can produce sharp characteriza-
tion of the performance of DNN models and offer fair comparisons between different models.
As a different angle, the nonparametric perspective compliments the other research areas
revolving DNNs. To summarize, this thesis views DNNs as flexible nonparametric estimation
tools and investigates whether DNN based methods can achieve statistical optimal rates in

popular tasks of deep learning. Under various settings, affirmative answers are given with

15



special focuses on the curse of dimensionality in Section 2 and optimization guarantee in

Section 3.

Acknowledgment Section 2.2 and Section 3 is based on my own preprints, [45], [46]

respectively.

1.2 Preliminary

Notations Bold letters denote vectors and regular letters denote scalars. For any function
F(@): X = R, denote || fllac = supyey | F(@)] and [|f], = (fy |f(@)/Pdz) /7. For any vector
x, ||z||, denotes its p-norm, for 1 < p < oo. L, and [, are used to distinguish function norms
and vector norms. For two given sequences {a, }neny and {b, }nen of real numbers, we write
a, < b, if there exists a constant C' > 0 such that a,, < Cb, for all sufficiently large n. Let
Q(-) be the counterpart of O(-) that a, = Q(b,) means a, > b,. Further, a,, = O(b,) and
an, = Q(b,) are used to hide the logn terms. Similarly, O(-) and Q(-) are used to indicate
there are specific requirements for the multiplicative constants. We write a,, < b,, if a,, < b,
and a, 2 b,. Let Apin(A) be the minimum eigenvalue of a symmetric matrix A. We use
I to denote the indicator function and I; to denote the d x d identity matrix. N(u,X)

represents Gaussian distribution with mean g and covariance ¥ and poly(¢q,ts, ...) denotes

some polynomial function with arguments ¢, ., .. ..

Neural Network Setup We consider DNNs with Rectified Linear Unit (ReLU) acti-
vation o(z) = max{0,z}. For a L-hidden-layer neural network, denote the weight ma-
trices and bias vectors in each layer to be Wy, Wy, --- Wy and by,bs,--- ,br,. We denote
0=((Wwo, b(l)))l:17,,,,L+1 to be the parameter set including all weights and biases. For the
given O, let |©| be the number of layers in ©. Let Ny (©) be the maximum number of nodes,
that is, f(-|©) has at most Nya(©) nodes at each layer. We define ||©||y as the number of

nonzero parameters in O,
L+1

100 = > (Ivec(WO) o + [6"]5)

=1
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where vec(W 1)) transforms the matrix W into the corresponding vector by concatenating

the column vectors. Similarly, we define ||©]| as the largest absolute value of the parameters
in O,
0] = max { max [lvec(W ) |, max (b0 |

1<I<L+1 1<I<L+1

For a given n, let F,, be

Fn = FDNN(Lna Nn,Sn, anFn)
= {£(@(©) : 8] < Ly, Nuax(©) < N, 8]0 < S,
1©llec < Bo, [1F(-10)]loo < Fu}.

Smoothness of Functions A function has Hoélder smoothness index S if all partial
derivatives up to order | 3] exist and are bounded, and the partial derivatives of order ||

are  — | 3] Lipschitz. The ball of g-Holder functions with radius R is then defined as

Hg(R):{f:RdﬁR: (1.1)
Z ”8afHoo+ Z sup |a f(.’E) _,Ba_tgqj(y” < R},
aclal<p adal=1s) =psl | Yl
where 0% = 0*1 ... 0% with a = (v, ...,a,) € N" and |a] := |al;.

1.3 Nonparametric Regression

Suppose we observe data {(x;, y;)}, given by
yi = ["(xi) + &, (1.2)

where f* is the ground truth, &; € R?, and ¢’s are i.i.d. random noises with mean 0 and finite
variance o2. The goal is construct an estimator f from data such that the L, estimation error
||f — f*|l2 is small. From the nonparametric perspective, we want to know how fast does
the error converge to zero as sample size grows. Note that the L, convergence rate critically

depends on the assumptions of the true function, e.g., linearity, smoothness, boundedness,
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etc., based on which minimax lower bounds are established [47]. In nonparametric statistics,
(48] shows that when f* is d-variate and S-time differentiable, the optimal rate of convergence
for the L, estimation error is n~?/2#+4)  Many popular methods such as kernel methods,

Gaussian process, splines, etc., achieve this rate.

DNNs in Nonparametric Regression Statistical optimality of DNN estimators has only
been recently established. [2] considers using ReLLU DNN in regression where the ground
truth f* in (1.2) is the composition of several smooth functions. Under the compositional
smoothness assumption, the author proves that the DNN estimator (sparsely connected) from
empirical risk minimization achieves the minimax optimal convergence rate up to a log(n)
factor. Following the same setting, [49] later improved the convergence rate and removed
the log(n) factor by considering B-spline, whose eigenvalues are known to have balanced
orders. [50] investigate another compositional structure for the ground truth called generalized
hierarchical interaction model, which is defined sequentially via smooth functions. Optimal
convergence rate are given for the constructed DNN estimator, which is also structured and
sparsely connected. If using fully connected DNN, [51] show that in general, the optimal
rate cannot be achieved anymore. To showcase the advantage of DNN in regression, [52]
consider learning a certain class of non-smooth functions, where ReLLU DNNs are almost
optimal while some of the popular models, linear estimators, e.g. kernel methods, splines,
Gaussian processes, etc., do not attain the same rate. Statistical optimality has also been

established in regression on manifolds [53]-[55].

1.4 Binary Classification

Classification is fundamentally different from regression due to the combinatorial nature
of the class labels. Consider binary classification with a feature vector & € X C R? and a
label y € {—1,1}. Assume x|y =1 ~ p(x), x|y = —1 ~ g(x) where p and ¢ are two bounded
densities on X w.r.t. some base measure Q. If p, g have disjoint support, we say the data
distribution or the classification problem is separable. For simplicity, let Q be the Lebesgue
measure, positive and negative labels are equally likely to appear, i.e., labels are balanced.

Denote classifiers to be C': X — {—1,1} and let C be a class of classifiers. The objective of

18



classification is to find the optimal classifier (called the Bayes classifier) C*, which is defined
as

C* = argmin R(C) := argmin E [[{C(x) # y}].
cec cec

Using p, q, the Bayes classifier can be written as C*(x) = sign(p(x) — ¢(x)). We can estimate
C* from the training data by minimization the empirical risk. That is, we estimate C* using

C, where

C, = argmin R,,(C) := argminzn:]l{C(:ci) # yi}/n,
CeCn celn =1
where C,, is a given class of classifiers depending on the sample size n. In practice, C is not
computationally feasible because minimizing the empirical risk with the 0-1 loss over C,, is
NP hard [56]. An alternative approach is to replace the 0-1 loss with other computationally
easier losses so-called surrogate losses, e.g. logistic loss (¢(z) = log(1 + exp(—=z))), hinge loss
(¢(2) = (1 — 2)4 = max{1l — z,0}), etc. In addition, instead of a class of classifiers C,, we
consider a class of real-valued functions F,,. For a given surrogate loss ¢, we estimate f by

minimizing the surrogate empirical risk (or empirical ¢-risk)

n

Ryn(f) = Z o(yif (i) /n

i=1
on F,, and construct a classifier by C'(z) = sign(f(a)). Accordingly, define an optimal [ as
g = argmin Ry(f),
fer

where Ry(f) := ERy,,(f) is the population risk. Given that C'(x) = sign(f(x)), with a slight
abuse of notation, we write R(C') and R(f) interchangeably. A classifier C' is evaluated by its
excess risk defined as the difference of the population risk between C' and the Bayes optimal

classifier C* that

E(C,C*) = R(C) — R(C*) or E,(C,C*) = Ry(C) — Ry(C™).
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Classification problem can be seen as nonparametric estimation of sets. The Bayes
classifier C* corresponds to the optimal decision region G* := {x € X,p(x) — q(x) > 0}.
The set estimate G = {x € X, f(x) > 0} can be constructed through deep neural network
classifiers f : R? — R trained using either 0-1 loss or surrogate losses. For set estimation, we
define two distances over sets. The first one is the usual symmetric difference of sets: for any
G1,Gy C RY,

dp (G, Ga) = Q(G1AG:) = Q((G1\G2) U (G2\Gh)) -

The second one is induced by densities p and ¢, which has deep connections to the 0-1 loss:

for any G, Gy C R,

Qa(G1,G2) = [ Ip(@) — q(@)|Q(da).

G1AG2

There are two key factors governing the rate of convergence in classification:

o The complexity of the set G* where the optimal G* resides.

o How concentrated the data are around the decision boundary;

For the first factor, bracketing entropy is often used to measure the complexity of a collection
of subsets G in R%. For any § > 0, the bracketing number N3 (d,G,dx) is the minimal number
of set pairs (U, V;) such that

(a) For each j, U; C V; and da(U;, Vj) < 6;
(b) For any G € G, there exists a pair (U;, V;) such that U; C G C Vj.

Simply denote Np(d) = Ng5(0,G,da) if no confusion arises. The bracketing entropy is defined
as Hp(d) =1og Np(0,G,da). In statistics literature, one of the most common assumptions

on the complexity is called smooth boundary fragments [1], [57]. The set G* is assumed to be
Gs:={x e R : h(x_g) —x4>0,h e H (R)}, (1.3)

where @_q = (21, -+ ,24_1) and H’_,(R) is as defined in (1.1). It has been shown that such
set of sets satisfies

Hp(5,Gs,dpn) < A6™F .
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For the second factor, the following Tsybakov noise condition [1] quantifies how close p and ¢

are:

(N) There exists constant ¢ > 0 and « € [0, 00| such that for any 0 <t < T
Q({z : [p(x) — q(z)| < t}) < ct”.

The parameter x > 0 is referred to as the noise exponent. The bigger the k, the less
concentrated the data are around the decision boundary and hence the easier the classification.
In the extreme case that p, ¢ have different supports, x can be arbitrarily large (co) and the
classification is easy. To another extreme where Q{x € X' : p(x) = q(x)} > 0, there exists a
region where different classes are indistinguishable. In this case, K = 0 and the classification
is hard in that region. Under the smooth boundary fragment assumption (smoothness ()
and the Tsybakov noise condition (noise exponent k), [1] shows that the optimal rate of

convergence for the 0-1 loss excess risk is

Blxt1)
inf sup £(C,C*) =1 (nﬁ<~+2>++<d1)ﬁ) : (1.4)
ceC G*€Gg

where C is any classifier family.

DNN in Classification Convergence rate of DNN classifiers has also been investigated.
[58] derive fast convergence rates of ReLU DNN classifiers learned using the hinge loss. Under
the smooth boundary fragment assumption (1.3) and Tsybakov noise condition (N), the

empirical hinge loss minimizer

A 12
Jom = argmin — > o(yif(x:)),
om = aTgMI n; (4:f ()

within some DNN family with carefully selected L,,, N,,, S,, B,,, and F,, satisfies

k+1)

B(
<1Og3 n) B(rF2)+(d—1)(~+1)

sup E |&(fon C7)] S

C*eGp n
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which is almost optimal comparing to the minimax lower bound (1.4). Inspired by the success
of convolutional neural network (CNN) in image classification, [59] analyze classifiers based
on CNNs and show that under suitable assumptions on the smoothness and structure of the
conditional probability, the convergence rate is fast and independent of the dimension of the

data. However, no statistical optimality is established.
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2. STATISTICAL OPTIMALITY THAT BREAKS THE CURSE
OF DIMENSIONALITY

With the introduction of convolutional neural network [3] and residual neural network (ResNet)
[5], various benchmarks in computer vision have been revolutionized and neural network
based methods have achieved better-than-human performance [60]. For instance, AlexNet [3]
and its variants [61], [62] have demonstrated superior performance in ImageNet data [63],
[64], where the data dimension is huge, i.e., each image has pixel size 256 x 256 and hence is
an 65536-dimensional vector. This is quite surprising given that neither structural model
assumptions, such as additive or sparsity structure, are imposed, nor explicit dimension
reduction steps, such as LASSO, are incorporated in deep learning methods. Traditional
statistical thinking sounds an alarm when facing such high-dimension data as the “curse of
dimensionality” usually prevents nonparametric classification achieving fast convergence rates.
In this chapter, we attempt to provide theoretical explanations for the empirical success
of deep neural networks in (especially high dimensional) classification, beyond the existing
statistical theories.

In the context of nonparametric regression, similar investigations have been recently
carried out. Among others [49], [65]-[69], [2] showed that deep ReLU neural networks can
achieve minimax rate of convergence when the underlying regression function possesses a
certain compositional smooth structure; [50], [70] showed a similar result by considering an
alternative hierarchical interaction models. However, for classification tasks, there are few
similar results. Classification and regression are fundamentally different due to the discrete
nature of class labels. Specifically, in nonparametric regression, we are interested in recovering
the whole underlying function while in classification, the focus is on the nonparametric
estimation of sets corresponding to different classes, i.e., the decision boundaries. As a result,
it is well known that many established results on regression cannot be directly translated to
classification.

The goal of this section is hence to fill this gap by investigating how well neural network
based classifiers can perform in theory and further provide a theoretical explanation for

the “break-the-curse-of-dimensionality” phenomenon. Recall the optimal convergence rate
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in (1.4) and note that curse of dimensionality does occur in this bound. As d gets larger,
the rate becomes extremely slow. In ultra-high dimension, a natural assumption to make is
that the true classifier does have some low-dimensional structure. To this end, following the
road map of our nonparametric perspective, two settings with different data assumptions are

investigated.

2.1 Smooth Boundary Fragments with Compositional Structure

As a starting point, we adopt the compositional smoothness assumption [2] with effective
dimension d* and effective smoothness §** in the smooth boundary fragment setting (2.1)

and investigate the rate of convergence of the excess risk.

Compositional Smooth Function Assume h in (2.1) is of the compositional form in [2]

such that

h=gog_10...0g 0q, (2-1)

where g; : [a;, bi]% — [ai1, bip1]%*!. Denote components of g; by {g; }fi;f and let ¢; be the
maximal number of variables g;’s depend on. Thus, each g; is a t;-variate function. It’s
further assumed that each function gj; shares the same Holder smoothness ;. Since gy is also

ti-variate, g; € Cﬁi([ai, b, M;) and the underlying function space becomes

H(l7d7t7167R) = {h =go...0oq : ¢ = (gi); [ai, )% — [ai1, b4,

gy € C2 ([, b)", R, for some |as], ] < R},

with d := (do, ..., dg41), t := (to,...,ty), B:= (bo,--., ;). Denote

*
Q/Bi 2[3**

q —_——
B = B H min{f;,1} and ¢, = max n Wit = T 2T
l:1+1 1=U,1,,9

In the above formula, /3; describes the effective smoothness for each layer of functions and the
overall effective smoothness and dimension are denoted as ** and d*. For ease of notation,

denote H(q,d,t, B, R) as H(d*, 5**). Note that ¢, is proven to be the best possible rate from
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regression with Ly loss [2]. If h(x) is a general (d — 1)-dimensional smooth function with
Holder smoothness 3, then ¢ = 0,8 = 5,d* =d — 1.
Having defined the compositional structure in the decision boundary, denote the corre-

sponding classifiers to be C(d*, 5**) where

C(d*, ™) = {sign(h(x_q) — x4) : h € H(d", )}

Functions in C(d*, /**) are not continuous but with discrete values. The next lemma establishes

the DNN approximation result for functions in C(d*, 5**).

Lemma 2.1.1 For any e > 0,p € NT and C(x) € C(d*, 5**), there exists a neural network
fo with layers at most O(logn + logy(1/€)) and non-zero weights at most O(e=¥"?/#" logn +
logy(1/€)) such that

1C(x) — fe(z)|l, < 26

Lemma 2.1.1 demonstrates the expressive power of DNN at approximating discrete functions
and shows DNN can potentially recover the Bayes classifier arbitrarily well given large enough
size. To further characterize how fast is the convergence rate, we introduce the following

novel margin condition, which is a finer version of the Tsybakov noise condition (N).

2.1.1 Localized Margin Condition

Existing results fail to establish the statistical optimality of DNN classifiers in the smooth
boundary fragment setting (2.1) while methods like sieve estimators can achieve the optimal
rate of convergence [1]. Comparing the rates, the sub-optimality comes from the noise
exponent term k. To this end, instead of the classical Tsybakov noise condition (N), we
propose to consider a localized, finer-grained margin condition that allows the separation
between two classes to change along the decision boundary.

Without loss of generality, let X = [0,1]%. Let the optimal decision region associated with
C*be G* ={x € [0,1]*: h*(x_4) — x4 > 0} for some h* € H(d*, 3**). Denote the decision
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boundary to be 0G* := {x € [0,1]¢ : h*(x_q) = z4}. Without loss of generality, assume
Q(0G*) = 0. For every point in the decision boundary & € dG*, define

Ma_y(t) = [p((x-a, W (@ -a) +1)) — ¢((x—a, 1" (®-a) +1))],

which captures the how |p(x) — g(x)| changes along the direction of x4 on each point of the
decision boundary. For ease of notation, we write m,_,(¢) and m,(t) when no confusion
raises. Notice that m,(0) = 0 by definition. Further define for any « € 9G*,

My (t)
t1/k

= >0l
K(x)=sup{k>0: 1% > 0},
which characterizes the margin condition locally at _4, i.e. how separated are p and ¢ on
each point of the decision boundary, along the direction of x,. Similar to the x in (N), the
bigger the K (), the more separated are the two densities and the easier the classification
problem locally at @. Since dG* is of measure zero, we know K () is non-negative. The

proposed localized margin condition is specified in the following.

(M1) There exists ¢y > 0 small enough and a constant 0 < C, < oo such that for all x € 0G*

and any 0 < t < €,

1 Mg (t)
<
C. = K@

<.

(M2) K(x) is a-Holder continuous for some 0 < o < 1, i.e. there exists constant Cx such

that for any x, xs € 0G*,

[K(21) = K(22)] < Okl — 253

(M1) and (M2) together provide a finer characterization of the margin condition. K (x)
specifies the separation at each point of the decision boundary and (M2) characterizes along
the x; dimension the smoothness of K (x). Note that by Tsybakov noise condition (N) with
exponent  implies that £ < infzesg« K(x). The following lemma shows that (M1) also

implies (N).

26



Px1(xz) - QX1(xz)

(XI' Xz /

X2

X1

Figure 2.1. Illustration of the localized margin condition in the d = 2 case.
Data are in the blue plane and the curved blue line is the decision boundary.
Fix some X3, along the x; direction (solid blue line), the density difference
p — ¢ is plotted in the green plane as the green solid line. (M1) defines the
noise exponent K (X;) locally at X;. If p — ¢ is linear as shown, K(X;) = 1.

Lemma 2.1.2 [f k= = infyeyg K(x), then condition (M1) implies Tsybakov noise condition

(N) holds with k = K~ and T = eé/H/CEO.

Since we are considering a new condition on the separation along the decision boundary,
the corresponding lower bound needs to be re-established, which is the goal of the next

theorem.

Theorem 2.1.3 Assume conditions (M1), (M2) with noise exponent k = infgege K(x) and
the composition structure (2.1) of the boundary function. Then, the excess risk has the

following lower bound for any classifier

B**(NJ,»l)

s Ee(/0)z ()T

fe]—'c*ec(d*76**) n
where F is an arbitrary function class.

Theorem 2.1.3 proves the optimal rate of convergence under the compositional assumption
and localized margin condition (M1), (M2). Interestingly, the rate is adaptive to the optimal
rate of convergence (1.4) under (N) established in [1]. On one hand, this lower bound is
determined by the infimum of the localized noise exponent K (x), which plays similar roles to
the original k. On the other hand, the rate only depends on the effective smoothness §** and

effective dimension d*.
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Next we investigate whether DNN classifiers can achieve this optimal rate under the

proposed localized margin condition.

2.1.2 Localized Convergence Analysis

Defining the function K (x) that describes the local margin condition enables us to consider
local convergence behaviours. If K (x) = k, then our localized margin condition produces the
same results as those under (N). However, if K(x) = oo in region A and K (x) = 0 in region
B, the classification problem is much easier at region A and the convergence rate should
mainly depend on region B, i.e., locations with smaller K (x) are the bottlenecks for the
convergence rate. To justify this intuition, we conduct the following localized analysis.

Choose M € N and divide [0, 1]¢ along the _,; dimensions into disjoint equal-sized grids

] M
[071] = U D(jlv---yjd—l)’
J1,enjd—1=1
where D, 5, ) = {z € [0,1]? : 2y € [B2 By o gy € [“‘%,“ﬁ]} For ease of
notation, let j_4 = (j1, - ,ja—1) and @;_, be the corresponding grid point. Denote Jy,

as all M1 combinations of j_4’s described above. Correspondingly, divide the dataset as

D = UjdeJM,D

J—d

where D;_, = {(z,y) : ¢ € D;_,}. Similarly, the 0-1 loss can be decomposed

as

QoG G) = [ Ip(@) ~ (@) |da

GnAG*

-z

j—a€Jm

= Z dj,d(éna G*)

j—a€JIm

— d
Lo sy, 1P(@) — ala)ld

—d

Let the empirical 0-1 loss be R,,(f) = £ 0 I{ f(x;)y; < 0}, which can also be decomposed

into M4~! parts that R, (G) = i seqy Bnj_g where R, | = Wl_d\ Y e e Dy, : f(x)y < 0}
Recall the compositional smoothness assumption on A* that it has an effective dimension

d* and effective smoothness 5**. Consider using a DNN family F,, to approximate h*. By

Lemma 2.1.1, for any € > 0, there exists a neural network f, € F,, with L, = O(logn) layers
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X2

x2 = f*(x1)

X1

Figure 2.2. Illustration of region D, in d = 2, M =1 case.

and S, = O(e"¥/#" logn) non-zero weights such that ||f, — h*||loc < €. The size of f, is
jointly determined by €, d*, 5** and n.
Now we focus on each D;_,. Similarly to that in the whole region [0, 1]¢, we have the

following lemma.

Lemma 2.1.4 Under assumption (M1), further assume for somej_q € Jyr, k= < K(x) < Kkt

forall x € D;_,. Let the empirical 0-1 loss minimizer be

fnj_, = argmin R, .(f)
fe€Fn

Then the 0-1 loss excess risk satisfies

(x—+1)B**

(k= +2)B**+ (%) d*rt
K

Sup ]E(ijd(fn,j—” - Rj—d(h*)) =0|n
h*eH(d*,B**)

Remark 2.1.5 (Local Convergence Rate) Our local convergence rate is very similar to
the established one under the original Tsybakov noise condition (N). On one hand, the

bottleneck is indeed the minimum of K(x) in that region and k= plays the same role as k
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in (N). On the other hand, the extra term in the denominator (k= + 1)/(kT + 1) reveals the
source of the sub-optimality of existing results. If no assumption is made on k™, then the best

rate possible reduces to that in [58]. However, if k¥ &~ k™, optimal rate can be attained.

Next, we proceed from a localized convergence analysis to the global one and evaluate

the overall convergence rate.

2.1.3 Construction of the Global Estimator

As illustrated in Figure 2.2, f,, is inside the 2e-band centering at h*. Let
De={z 0,1 lz_g—z; 2 < €j-a€ Ju}

and define event E, := {x; ¢ D.:Vi=1,2,...,n}. Since p(x) and ¢(x) are both bounded
densities (be ¢y) and h* is Holder smooth with finite radius, there exists some constant c;

depending on ¢y and the radius such that
P(x € D.) < ¢oQ(D,) < cl(Me)d.
Therefore, if we choose M such that nM%e? — 0 as n — oo, then
P(E) > (1 —cy(Me)H)™ — 1.

In the remaining of the analysis, we assume E, happens.

For any f, € F,, we make modifications and further construct o i_, that satisfies the

following properties:

(Pl) On Dj,d\Dea + = fn;

Nyj—d

(P2) Outside D; r=0;

—d? Jn,j_q

(P3) f. € Ff where F is slightly larger than F, with L7 = L, + O(1) layers and

nj—d

St =25, + O(1) number of nonzero weights.
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Figure 2.3. Illustration of the estimator DNN family .

The construction details and verification of (P1) to (P3) are deferred to Section 2.4.4.

Let’s proceed with the properties of f, J , and f +. By (P2), /. J , 1s zero outside D;_, and
we can combine them together to define
f’n % T_ d Z TLJ d (22)

j—a€Jdm

Easy to see that f, () is still a ReLU network and let the overall DNN estimator to be of
this form. Correspondingly, define such structured DNN family to be F,, which is F,, stacked
in parallel M1 times. See Figure 2.3 for illustration.

Denote the overall empirical minimizer within F,, to be

A

fn :=argmin R, (f). (2.3)
fe€Fn
Due to the formulation of F,,, fn can be written in form of (2.2) as fn = > seiu fm-_d.

Under event E,, we have that for any j_4 € Jy,

anj—d(fn) = Rnyj—d(fnvj—d) = ;Ielgl ij—d(f) < ij—d(fn)' (2.4)

n

The second equality is guaranteed by event E. and property (P1). The last inequality is due
to empirical risk minimization and the fact that f, € F,. (2.4) indicates that the global
empirical minimizer within F,, also gives rise to the empirical minimizer locally within each

D:.

J—a-
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2.1.4 Optimal Rate of Convergence

Now we are ready to state the statistical optimality result of the DNN classifier fn as in

(2.3). Let p = d* /5.

Theorem 2.1.6 Under the compositional smoothness assumption (2.1), let k = minge 170 K ().
—d*
Assume (M1), (M2), p < d* and n = Q(ea(Hp)). Then with probability at least exp(nppﬂ%l)}
which goes to 1 as n — oo, the 0-1 excess risk for the empirical 0-1 loss minimizer satisfies
A ~ _ ﬁ**(“*’l)
sup ]E(R(fn) — R(C*)) =0 (n B**(n+2)+d*n) .
C*GC(d*,,B**)

Theorem 2.1.6 establishes the statistical optimality of DNN classifiers under the compo-

sitional smooth fragment assumption. The convergence rate only depends on the effective

dimension d*, which can be potentially much smaller than d. To further illustrate its power,

we consider a special case where h(x) is a (d — 1)-dimensional additive function that

W) =Y hi(z) = g1 © q, (2.5)
i#j
where QO(%, T 737d71) = (hl(fcl), T 7hd71<$d71)) and 91(5617 e ,$d71) =z1+- -+ 241 In

this case, ¢ = 1,d = (d—1,d — 1),t = (1,d — 1). Under the assumption that each h;(x) has

Holder smoothness 3, then 8 = (3, 00) and the convergence rate under the additive structure
is O (n B(Bn(i;r)lin) .

Remark 2.1.7 (Structured DNN) The constructed DNN classifier fn in Theorem 2.1.6

has special structures and is sparsely connected as illustrated in Figure 2.53. In order to have
more practical impact, we want our DNN estimators to be as general as possible. However,
such a structural requirement is not uncommon in nonparametric study of deep learning where
almost all DNN estimators constructed with special structures [2], [50], [52]. In particular,
[51] show that in regression, the optimal rate cannot be achieved generally by fully connected

neural networks.

We have shown that DNNs classifiers can indeed benefit from the compositional structure

and statistical optimality has been established that breaks the curse of dimensionality.
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However, the optimal rates in this section are still not dimension-free and the effective
dimension d* is hard to evaluate in practice. In the next section, we propose to study DNN
classifiers in a teacher-student setting where the traditional smoothness assumption is no

longer present.

2.2 Teacher-Student Framework for Classification

The teacher-student framework has originated from statistical mechanics [71]-[73] and
recently gained increasing interest [74]-[77]. In this setup, one neural network, called student
net, is trained on data generated by another neural network, called teacher net. While worst-
case analysis for arbitrary data distributions may not be suitable for real structured dataset,
adopting this framework can facilitate the understanding of how deep neural networks work
as it provides an explicit target function with bounded complexity. Furthermore, assuming
the target classifier to be a teacher network of an explicit architecture may provide insights
on what specific architecture of the student classifier is needed to achieve an optimal excess
risk. At the same time, by comparing the two networks, both optimization and generalization
can be handled more elegantly. Existing works on how well student network can learn from
the teacher mostly focus on regression problems and study how the student network evolves
during training from computational aspects, e.g., [76], [78]-[81]. Still, there is a lack of
statistical understanding in this important direction, particularly on classification aspects.

In this section, we consider the teacher-student framework where the optimal decision
region is defined by ReLU neural networks. Recall that the Bayes classifier C* is defined via
the optimal decision region G* := {& € X,p(z) — ¢(x) > 0}. The set estimate G = {x €
X, f (x) > 0} can be constructed through deep neural network classifiers /R — R trained
using either 0-1 loss or surrogate loss. Accordingly, a natural teacher network assumption is
that p(x) — g(x) can be expressed by some neural network f* € F*. Here, the underlying
densities are indexed by n, but such an assumption is not uncommon in high-dimensional
statistics, where population quantities may depend on the sample size n, e.g., [82]. This
setting is closely related to the classical smooth boundary assumption considered in the
Section 2.1. The teacher-student network setting is more general as it does not impose

any special structures on the decision boundary. Moreover, by the universal approximation
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property [8], [10], [83], the teacher network can sufficiently approximate any continuous
function given large enough size.

In the proposed teacher-student setting, an un-improvable rate of convergence is derived as
O(n=2/3) for the excess risk of the empirical 0-1 loss minimizer, given that the student network
is deeper and larger than the teacher network (unless the teacher network has a limited
capacity in some sense to be specified later). When data are separable, the rate improves
to O(n‘l). Furthermore, we extend our analysis to a specific surrogate loss, i.e., hinge loss,
and show that the convergence rate remains the same (up to higher order logarithmic terms)
while allowing deeper student and teacher nets. The obtained sharp risk bounds may explain
the empirical success of deep neural networks in high-dimensional classification as the data
dimension d only appears in the log(n) terms. Our main technical novelty is the nontrivial
entropy calculation for nonparametric set estimation based on combinatorial analysis of ReLU

neural networks.

2.2.1 Training with 0-1 Loss

For the theoretical purpose, we first focus on DNN classifiers trained with the empirical
0-1 loss. Denote
f, = argmin 1 zn:}l{yif(:ci) < 0},
fern i=1
given a certain DNN family F,.
It is important to control the complexity of the underlying classification problem. Other-
wise, the student network would not be able to recover the Bayes classifier [84] with sufficient

accuracy. To this end, we impose the following teacher network assumptions on (p(x) —q(x)):
(A1) p,q have compact supports.

(A2) p(x) — q(x) is representable by some teacher ReLU DNN f* € F* with
S, =0(n"), L;=poly(logn), Ny, B, =poly(n),

for some constant 0 < o < 1.
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(A3) For any n € N, there exists ¢,, 1/T,, = poly(logn), such that for all 0 <t < T,

Qe € X : | ()| <t} < cnt

Assumption (A3) characterizes how concentrated the data are around the decision bound-
ary, which can be seen as an extension to the classical Tsybakov noise condition [1]. The
difference is that in our case, the underlying densities are indexed by sample size and thus
¢, and T, are allowed to vary with n. Assumption (A3) is not unrealistic as we will show
that it holds with high probability if the teacher network is random as stated in the following

Theorem.

Theorem 2.2.1 Let [} be the teacher network with structures specified in assumption (A2).
Suppose that all weights of [} are i.i.d. with any continuous distribution, e.g. Gaussian,
truncated Gaussian, etc.. Then, with probability at least 1 — 0, assumption (AS8) holds with
n, 1/T,, < A(8)(log n)™ L where A(0) is some constant depending on 6.

The following theorem characterizes how well the student network of proper size can learn

from the teacher in terms of the excess risk.

Theorem 2.2.2 Under the teacher assumptions (A1) through (A3), denote all such (p,q)
pairs to be P’ and let the corresponding Bayes classifier be C. Let F, be a student ReLU
DNN family with N,, = Ol(logn)™] and L, = O(1) for some m > m, and assume the student
network is larger than the teacher network in the sense that L,, > Ly, S, > S, N, > N, B, >
B*. Then the excess risk for fn € F, satisfies

n

sup E[g(fm CZ)] = Od (717%) ’

(p,.9)EP;
where O, hides the logn terms, which depends on d.

The dependence on the dimension d is in the order of O[(log n)dQ]. The reason for the
dimension dependence is rooted in the teacher network assumption. The complexity of the
classification problem, measured by how complicated are the sets created by the teacher,

{xeQ: f(x) >0, f* € F*}, grows with dimension in a exponential fashion. If we change
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the teacher assumption that f*(x) = h*(xy, -+ ,24-1) — x4 where h* is a neural network,
then the dependence on the dimension can be overcome.
We further argue that under the present setting, the rate n=2/® in Theorem 2.2.2 cannot

be further improved.

Theorem 2.2.3 Under the same assumptions of p,q as in Theorem 2.2.2 that (p,q) € Fr.

n

Let F,, be an arbitrary function space, then

inf sup E[E(fu, £)] = Qa(n7F),
In€Fn (pg)eFy

where 24 hides the dependence on d.

Theorem 2.2.3 shows that the convergence rate achieved by the empirical 0-1 loss minimizer
cannot be further improved (up to a logarithmic term). If p and ¢ have disjoint supports, i.e.

1 as stated in

separable, which could be true in some image data, the rate improves to n~
the following corollary. This rate improvement is not surprising since the classification task

becomes much easier for separable data.

Corollary 2.2.3.1 Under the same setting as in Theorem 2.2.2, if we further assume p,q
have disjoint supports, then the rate of convergence of the empirical 0-1 loss minimizer

improves to

inf sup EIE(fa, £)] x@(l).

In€Fn (p.q)eF; "
Remark 2.2.4 (Disjoint Support) Given that data are separable, [85] derived the excess
risk bound as O(Dlogn/n) (under a smooth loss) where D is the VC-subgraph-dimension of
the estimation family. Additionally, separability implies that the noise exponent k in Tsybakov
noise condition [1], [86] can be arbitrarily large, which also gives O(1/n) rate under the

“boundary fragments” assumption.

Remark 2.2.5 (Connections to the Classical Setting) The optimal risk bound under
the smooth boundary fragments assumption [1] is O(n=P+D/BE+2+d=DR)) = Interestingly,
this rate coincides with our rate when k =1 and § — oo (up to a logarithmic factor). If
we further allow k — oo (corresponding to separable data), the classical rate above recovers

O(n™") (up to a logarithmic factor).
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Figure 2.4. Example of a ReLU DNN function in [0, 1]. There are 5 pieces
P1,P2, - - -, ps and among them, only py, py, ps cross value 0 (horizontal line).
There are 3 active pieces in this example and they are colored red.

The imposed relation between the teacher and student nets in Theorem 2.2.2 is referred
to as “over-realization” in [76], [79], [87]: at each layer, the number of student nodes is larger
than that of teacher nodes given the same depth. In other words, the student network is
larger than the teacher in order to obtain zero approximation error. On the other hand,
such a requirement is not necessary as long as the corresponding Bayes classifier is not too
complicated. A ReLU neural network is a continuous piecewise linear function, i.e. its domain
can be divided into connected regions (pieces) within where the function is linear. If the
ReLU neural network crosses 0 on one piece, we call that piece as being active (see Figure 2.4
for an illustration). One way to measure the complexity of the teacher network is the number
of active pieces. The following Corollary says that the teacher network can be much larger
and deeper as long as the number of active pieces are in a logarithmic order with respect to

n.

Corollary 2.2.5.1 The same result in Theorem 2.2.2 holds when the teacher network is

larger than the student network, i.e. L, < L, S, < S* N, < N} B, < B , given that the

n

total number of active pieces in the teacher network is of the following order

()

where ny,--- ,nr, are the width of each hidden layer of the student network.

n
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The number of active pieces is the key quantity in controlling the complexity of the
optimal set G*. The expression in (2.6) comes from the lower bound developed by [88] on
the maximum number of linear pieces for a ReLLU neural network (Lemma 2.4.13). This
lower bound is determined by the structure of the student network. If the number of active
pieces of the teacher network is on this order, i.e. within the capacity of the student, then
the corresponding optimal set can still be recovered by an even smaller student network,
which ensures zero approximation error. Since the student network in consideration satisfies

N,, = O|(logn)™], the required order for the number of active pieces is in the order of

o[(log n)™n].

2.2.2 Training with Surrogate Loss

In this section, we consider deep classifiers trained under the hinge loss ¢(z) = (1 —2), =
max{1l — z,0}. This kind of surrogate loss has been widely used for “maximum-margin”
classification, most notably for support vector machines [89]. An desirable property of hinge
loss is that its optimal classifier coincides with that under 0-1 loss [90], i.e. fi(z) = C*(x).
Hence, a lot of arguments for 0-1 loss can be easily carried over. Additionally, minimizing
the sample average of an appropriately behaved loss function has a regularizing effect [56]. It
is thus possible to obtain uniform upper bounds on the risk of a function that minimizes the
empirical average of the loss ¢, even for rich classes that no such upper bounds are possible
for the minimizer of the empirical average of the 0-1 loss.

Under the surrogate loss, our requirement on the size of the teacher network is relaxed

from (A2) as follows:

(A24) p(x) — gq(x) is representable by some teacher ReLU DNN f* € F* with
N; = Ol(logn)™], Ly =0(logn), By F;=O0(J)

for some m, > 1.

The following theorem says that the same un-improvable rate can be obtained for the

empirical hinge loss minimizer f@n € Fn.
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Theorem 2.2.6 Suppose the underlying densities p and q satisfy assumptions (A1), (A2;),
(A3) and denote all such (p,q) pairs as Fr. Let F, be a student ReLU DNN family with
L, = O(logn),N,, = O|(logn)™] and By, F,, = O(logn) for some m > m,. Assume the
student network is larger than the teacher network, i.e., L, > L, S, > S;, N, > N, B, >

B!, F, > Fr. Then the excess risk for fd),n € F, satisfies

sup E[g(f¢,m Cr)] = Oq (n_§>

(p.Q)EFS

Similarly, results in Corollary 2.2.3.1 and 2.2.5.1 hold for the empirical hinge loss minimizer.

1

Specifically, when p, ¢ are disjoint, the convergence rate of excess risk improves to n™", and

all conclusions hold when the teacher network is larger but with bounded active pieces.

Remark 2.2.7 (Network Depth) Training with surrogate loss such as hinge loss, unlike
0-1 loss, doesn’t involve any hard thresholding, i.e. I{yf(x) < 0}. As a result, to control the
complexity of the student network, Lemma 2.4.15 is used instead of Lemma 2.4.14, which
allows us to use deeper neural networks (L, = O(logn)) for both the student and teacher

network.

Statistical optimality is established in the proposed teacher-student classification setting. As
long as the teacher network is not too large, the convergence rate is dimension-free, which
may provide one theoretical explanation for the empirical successes of deep neural networks
in high dimensional classification, particularly for structured data. For image data, one
consensus researchers have is that high-resolution images are not actually high-dimensional
data. The pixels close to each other tend to be highly correlated. Such local connectivity
greatly reduces the actual dimension of images. However, there is no consensus on which
is the most appropriate low-dimensional assumption for images. Considering the general
teacher-student network setting provides great flexibility. To illustrate, by considering a CNN
as the teacher, it automatically assumes the local connectivity of pixels and accounts for their
spatial correlations. CNN is also a type of DNN with convolutional sparse structures and our

theorems apply to CNNs as well.
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2.3 Discussion

In this section, we obtain optimal rates of convergence for DNN classifiers in both the
smooth boundary fragment and teacher-student setting. Through our localized analysis, we
are able to improve the existing convergence rate to optimal and prove that DNN classifiers
can benefit from the compositional structure of the data and adapt to its effective dimension
d*. The dimension dependence is further removed in our teacher-student classification setting
where student network can achieve dimension-agnostic rate of O(n=2/3).

The results under the smooth boundary setting can be further improved if we can relax
the structural requirement on the DNN classifier or the local margin condition itself. In the
teacher-student setting, the results for training under 0-1 loss only hold for student networks
with O(1) layers and the assumption that f* € F,, i.e. zero approximation, is required. In
the future, we aim to relax these two constraints and provide more comprehensive analysis
of the teacher-student network. Additionally, we would like to explore other type of neural
networks such as convolutional neural network and residual neural network, which are both
very successful at image classification. Another direction is to consider the more general
improper learning scenario where the Bayes classifier is not necessarily in the student neural
network. Further investigation under the teacher-student network setting may facilitate
a better understanding of how deep neural network works and shed light on its empirical

success especially in high-dimensional image classification.

2.4 Technical Proofs

Since we are estimating the optimal decision boundary via deep ReLU neural network, the
proof can be broken down to two parts. The first part is to develop efficient approximation of
the piecewise constant Bayes classifier and the second part is to control the stochastic error

from empirical estimation.
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2.4.1 Proof of Lemmas in Section 2.1

To address the approximation error, let’s consider a more general setting than the defined
C(d*, 3**). Let H be some smooth function space from R — R. For h € H, we define the
horizon function to be

Ups={h(z_) > 2}

Each horizon function is a {0, 1}-function defined via a smooth function h. We further define

the corresponding support to be
Ih,i = {CU e X ‘Iﬁm(d)) = 1}
Intersection of K such support defines all the pieces A that

K
A(H,K) = {A CX: A= ﬂ Ihk,jk’hk eH,jp=1,--- ,d} (27)
k=1

Let C(H, K,T) be the set of classifiers of the form

Cla) =23 Lu(2) 1.

where Ay, - Ay € A(H, K) are disjoint. Then C(H, K,T) defines a family of classifiers
with smooth boundaries and the smoothness is determined by H. C(d*, 5**) is a special case
of C(H,K,T) with H = H(d*, ), K =T = 1.

Before the proof, we present some lemmas.

Lemma 2.4.1 [Approzimation Part of Theorem 1 in [2]] Consider the d-variate nonpara-
metric regression model for composite regression function fo in the class H(q,d,t, B, R).
There exists fn in the network class fENN(Ln,Nn,Sn,Bn,Fn) with L, < logyn, B, =1,
F, > max(R, 1),

4 _4
ax n*i*i S, < max n*i "4 logn,
Ty “q

q i=0,--
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such that

Lemma 2.4.2 [Lemma A.2 in [91]] Let 1 < d € N and H(x) := I}y o)xri-1(x). For every

€ > 0 there exists a neural network faN~ with 2 layers and 5 nonzero weights (only taking

values from {—1,1,1/e}), such that 0 < fANN(z) <1 and
[H(z) = [ ()] < T guzas (@), Yo R

Moreover,

1H(®) = [ (@)l 1 (-1/2,1/2) < e'vr.

Lemma 2.4.3 (Lemma A.4 in [91]) Let d,l € N be arbitrary. Then, there are constants
s=s(d) €N, c=c(d () €N, and L = L(d,¢) € N such that L < (1 + [log,d]) - (10 + %)
with the following property: For any € € (0, %), there is a ReLU neural network fPNN with

d-dimensional input and one-dimensional output, with at most L layers, and with at most

c- e~ nonzero, (s,e)-quantized weights, and such that PN satisfies
d 11 d
PN (@) = [[ai| <e  forallxe {—2, 2} : (2.8)
i=1

The following lemma quantifies the approximation of indicator of a single basis.

Lemma 2.4.4 Assume h € G(d*, 5**) with the compositional structure. For any e > 0 and
i=1,---,d, there exists a neural network fql?}f}\l with 2 4+ logn layers and number of nonzero

weights s < ¢4 /8" logn such that
1n; = fon, b < 2e.

Proof Without loss of generality, consider i = 1 and let the target function be H o h where

H(x) = Ty o)xra-1 is the Heaviside function and



By lemma 2.4.1, for any €, there exist a neural network with at most logn layers and

O(el_d*/ﬁ** log n) non-zero weights that
||h - f}]L:)NNHoo < €.

By lemma 2.4.2, for any e, there exist a neural network with 2 layers and 5 nonzero weights
such that

[H () = fir " (@)] < Tp.eg)xma—r ()

Construct the neural network estimator to be f™N o fPNN. Then,

1H o h— fg™ o [N,

<||H oh—Ho ™|, + 1H o f7™ — f7™ o fP™N]],.

For the first term, note that the difference is 1 only under two cases, one being h(xs, -+, x4) —
x1 >0 and fP"N(xq,--+ ,24) — 21 < 0 and the other one being h(zy, -+ ,14) — 21 < 0 and
DNN(9,+++ ,24) — 21 > 0. Combining both cases, we have
h(x27' o 7xd) /\f}]LDNN(fo' : de) < Ty S h'(x27 e 7xd> V f]?NN(:C27' o 7xd)-
Thus

HHoﬁ—Hof;?NNHZg/‘h(a:2,~~ ) — i N (g, ,xd)\dw,l
< [Ih(z) — ;"N (@)

S €1.
For the second term,

||HO ;]L:)NN . ENN o ffl?NN”g S /]I[O’EQ]XRd—l (ffl?NN(m)> dr

S //H{0§x1+fENN(z27..,M)ggz}(xl)diﬁlda}_l
< €9
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By choosing €; = €5 = € yields this lemma. [ ]

Proof of Lemma 2.1.1
Proof We first consider approximation of the indicator function of a single piece Ay, which

is the product of K basis indicator denoted by Wy,--- , Wg. That is

K
i, = [] s
k=1

By lemma 2.4.4, for any €3 > 0 there exist neural networks fg™" with O(logn) layers and

e3P such that

||\Iji—fq]?iNN||p§€3, 1:1,2, ,K.

By lemma 2.4.3, for any ¢4 > 0, we can construct neural network fﬁNN with at most
(5+1logy(K?/e4)) [logy(K)] layers and 36 K2(5+ logy(K?/e4))[logy( K )] nonzero weights, such
that

K
H H Tk — fﬁNN(xh”' 7IK)||<>O < €.
k=1

DNN

Wl,---,fSIIjN)’ which has layers at most

Construct our neural network function to be fl—D[NN(
2+ logn + (5 + log,(K*/e4)) [logy(K)] + 1 < logn + logy K (log, K + logy(1/e4))
and non-zero weights at most

CKTe; """ logn + 36 K2T(5 + logy (K2 /e4)) [logy (K)]

<KTe; """ logn + KT log, K (log K + log,(1/e4)).

Thus,
K
ITT e = g G )
k=1
K K K
<T@ = LAl + 0 TT F0™ = A e fa e
k=1 k=1 k=1
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For the first term, since all W and f§™" are functions between 0 and 1,

| H Vi — H fo, Iy

<l H U, — fop H Willp + 1™ H Vi = H far "l
< (1% = f,) H Uillp + Il fe, H Vi = H Fop Il
<1 = fayllp + | H Vi = H foe Iy

K
<Y f < Kes,
k=1

For the second term, since 0 < fg™N(x) <1forallk=1,--- K,
|| H DNN DNN(fDNN7 . fDNN)Hp
<H H DNN fDNN(fDNN7 . fDNN)Hoo S €y
Therefore,

T T T
I oL =D f Mo < D0 Ia, = 2
t=1 t=1 t=1

< T(K€3 + 64).

Choosing €3 = €4 = € yields the lemma.
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Proof of Lemma 2.1.2

Proof By definition, we can write

Qe : () —g(@)| <= | /xd“'“ z) — q(@)| < t}dradz_,

/)H{nhzd ) < tydude_y
—d Y Zd

a\a\

YLK
< / < thdudx_4
T_g :rd
g/ (Ct W@md
T4
< Ct",
where C'is a constant depending on C,, c,d. [ ]

2.4.2 Proof of Theorem 2.1.3

The lower bound result comes from estimation of sets in the discriminative analysis [1]
where two sets of independent samples X = {z{,--- &} and x~ = {z], -+ ,x, } with
unknown densities p or g respectively (w.r.t. a o-finite measure @)) are given. The goal is to
predict whether a new sample @ is coming from f or g with a discrimination decision rule

defined by a set G C R? that we attribute @ to p if @ € G and to ¢ otherwise. Let the Bayes

R@) =5 ([ n@)Qldz) + [ @)Q(da)).

Denote G* = {x : p(x) > q(x)} to be the Bayes risk minimizer. Let G, ,, be an empirical rule

risk to be

based on observations. The excess risk can be expressed as R(Gyn.n) —R(G*) = d, o(Gns G*).
In the following, we establish how fast can the excess risk go to zero under the smooth boundary

fragment setting with compositional smoothness assumption.
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For positive constants ¢, co, 19, £ and for a o-finite measure (), consider densities p, ¢ on

R? w.r.t. Q and define class F of paired densities to be

Fog={p.q) : Q{z € X : |p(x) — q(x)| < n} < con” for 0 < n <y,

{x e X :p(x) >qlx)} € G plx)qx) <c for x e X}

Now let the base measure @) be the Lebesgue measure Q and recall da (G, G2) = Q(G1AG,).

The following lemma establishes the connection between da and d,, ,.

Lemma 2.4.5 (Lemma 2 in [1]) There exists a constant c(k) depending on k such that

for Lebesgue measurable subsets Gy and Gy of X and for (p,q) € Fg,
c(r)dW TV (G, Ga) < dyy(Gh, Ga) < 201d (G, Ga).
Lemma 2.4.6 Let X = [0,1]¢ and Q be the Lebesque measure on X. Consider
G ={(x1,--- ,2q) € X :0<wqg < h(wy,--- ,24-1),h € H(d", )}

and Fg with G = Gp,. Then

__ B (k1) ~
liminf inf sup (nAm)FmE5E, [d, (G, G7)] > 0.
N0 Gm,n (p,q)e]:gh
Proof of Theorem 2.1.3
Proof Without loss of generality, assume n < m so we mainly focus on X*. Consider the

subset of Fg, that contains all pairs (p, qo), where ¢ is fixed and f belongs to a finite class
of densities F; that will be defined later. Then,

sup E,  da(Gmn, G*) > sup  E,, da(Gpn, G7)

(P9)€Fg, (p,q0):f€F1
1 ~ *
ZIEQO W Z EP[dA(Gm,nvG )‘ylv"' 7ym] 5

fer
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where E, and E,, denotes the expectations w.r.t. the distributions of (xy,---,z,) and
(y1,- - ,Ym) when the underlying densities are p and qp.
Recall the compositional assumption (2.1) and let

28

. T 53¥ 17,
i* € argmaxn it and fF = fp.
i:0717'“7q

Further denote B = [T/_;.,;(6; A1) and then ** = 5*B. For simplicity, we give the proof for
the case d* = t;« = 1, that is the effective dimension of the smooth boundaries is 1 instead of
d — 1. For this case, let ¢ € C (R, 1) be a real-valued function supported on [ — 1, 1] with
#(t) > 0 for all t, max ¢(t) = 1 and ¢(0) = 1. For = = (zy,- -+ ,z4) € [0, 1], define

qo() =(1 =m0 = b1)locp, <ty + Tt co, 1y rar-s)8)

+ (170 + b2) s (ras-ptyp <<ty

where M > 2 is an integer to be specified later and 7 € (0,1) is a constant. b; =
(TM~%" /cy)B/% and by > 0 is chosen such that g, integrates to 1. For j = 1,2,--- , M
and ¢ € [0, 1], let

j—1

W) = M <M [t _ MD .

Note that 1); is only supported on [%7 JM] For vectors w = (wy, -+ ,wy) with elements

w; € {0, 1}, define
M
b(t) = D _wiy(1).
=1

Now we construct functions in H(d*, f**). For i <i*, let ¢;(x) := (21, -+ ,x4)7. Fori=i*

define g+ () = (b,(x1),0,---,0)T. For i > i*, set ¢i(x) := (",0,---,0)T.

bo(T) = q o+ 0guio0 G0 © Qi1 0 - 0 go(x) = by, (z1)7.

Notice that b,(x) < (tM )5, Let Q = {0,1}™. Define

+(rMEYB = gy

C2

1
po(@) =1+ |2 It coactriu@y = B34, @<z
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where bg(w) > 0 is chosen such that p,(x) integrates to 1. Note that both go(x) and p,(x) are
d-dimensional densities even though they seem to only depend on x; and x,. Other entries
follow independent uniform distribution on [0, 1] and don’t show on the density formulas.

Set Fi = {p, : w € 2} and we will show that (p,,q) € Fg, for all w € Q. To this end,

we need to verify that
(a) pu(x) < ¢ for x € K
(b) {z € X: pu(x) = q(®)} € Gn;
(c) Q{x € X : |pu(x) — qo(x)| < n} < con® for all 0 < n < ny.

For (a), since p,, integrates to 1,

1 —B8*\B 1//-’6
L4+ (tM=P)B — g
by(w) < max_ [2 (r ) 2
{3<m2<i+bo(2)} Co
B 7ﬁ** 1/I$
< lwl — O(Mfﬁ**/“).
Co

Thus, p,(x) < ¢; for ¢; and M large enough.

(b) is satisfied since

+ by (1)},

N | —

{z:pu(x) > qx)} ={x:0< 2, <

and by construction, b,(x) € H(d*, ) for 7 small enough.
(c) follows that

Q{z € X : pu(®) — q(=)| < n}

1 1 . 1/2 Mfﬁ* B _ 1/k
<Qre X~ <z < -+ (tM )5, /24 (T ) T <)
2 2 o
1 ) | *
Sz eX: g+ (M) — o <wp < o4 (rMTT)P)
<con”.
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After verifying (p., o) € Fg, for all w € €2, we now establish how fast can S go to zero where

S !

= W Z ]Ep[dA(ém,n7G*)|y1;' - 7ym]

PEF1

To this end, we use the Assouad’s lemma stated in [57] which is adapted to the estimation of
sets.

For j=1,---, M and for a vector w = (wy, -+ ,wpr), we write

wjo = (wh T 7wj71707wj+17 e 7WM)>

Wj1 = (C‘Jl, s, Wi—1, 17wj+17 e awM)~

Fori=0andi=1, let P; be the probability measure corresponding to the distribution of

Ty, -+, %, when the underlying density is p.,. Denote the expectation w.r.t. P; as Ej;. Let
1 - 1 -
Dy={xeci: 3 + by () < 22 < 2 + by, ()}
1 1/B
—{z e X by, (1) < <x2 - 2) < by, (1)}
1 1/B
= {CE e X: bwjo(l'l) < (ZL‘Q — 2) < bwjo(ftl) + IDJ(ZEl)}

Then

1 M
S > §ZQ{Dj}/min{del7deO}
=1

A%

1 1 ,
221/0 Yilen)dzy [ min{dPy, dP)
&

1M -
> §ZTBM*ﬁ /(b(Mt)Bdt/mln{dpjthJO}
j=1
1M - "
> Ly e [ o [1 - B2 (P, P 2]

.
Il
—

where H(-,-) denotes the Hellinger distance.
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(P, Pu) = [ prw \/pwu(:v)rd”"

12
s+ (z1) 1 B)[-B* _ 1/k
AL o ()
Co

+ /; [\/1 — by(wio) — \/1 — b3 (wi1) : d-’l‘??}d@"l

TM ’6 v I/K/ 2
</ / 1—4/1+ () dvdzy
TM=B*)B _apy (x1)B Co

+ |bs(wio) — bs(wn)\Q-

For the first term,

BM B** v 1//4; 2
/ / 1—4/1+ () dvdzy
BM=F* —apy (1) Co
2B A8 o\ 2/k
</ / ( > dvdx
BM ﬁ**—lj)l(:vl CQ

o 1+2/N . 1+2/k
- /£-|—2 M = (P = () ) T

< /-;ci;( By >1+2/n/ (1 _a —gb(Mt)B)l”/”) di

=0 (M7,

On the other hand,

12tbu(an)® [L 4 7B N6 g, 1" 1
2 doda; = b [ _ b, B]
/ /1 [ ‘| ToAT1 3(&)) (C(]l)

Co 2

o1



yields

1/24buyy (@0)P [L 4 7B A= _ g, 1/k
bs(wi1) = / / b lQ ] dxodr,
5 w11 :Cl 1/2 C2
MCQ 1/k +B p 8" )
< —_— uM*dudz
— s —T1BM-B / /BM B** (1—¢(Ma1)) !
1/k

_ MCQ TB 1+1/I€)/ Mt) )1+1//{)dt

(% —7BM=F")(1 4 1//{

-1/k_B

< ©2 T N BT (1 /R)

(3 —TBM-5")(1+1/k)
— O(M~B"(+1/0),

Hence |b3(w11) — b3(wig)| = O(M P (0+1/%)=1) and we have

H*(Pig, Py) = O (M_’B**(lﬁ/“)_l v M‘ﬁ**@”/ﬁ)—?)
-0 (M—ﬂ**(l-i-Q/n)—l) '

Now choose M as the smallest integer that is larger or equal to

Then we have H*(Pyo, P11) < C*n™' (14 0o(1)) for some constant C* depending only on
K,C2, T, ¢ and

[mingary, e} = 5 [1- Tt o) 2 o

for n large enough and C7 is another constant. Thus for n large enough,
| o
S > 5017 M /¢(t)dt > Cyn” CFoF~Tr

The constant C3 only depends on &, co, 7 and ¢.

Combining all the results so far yields that

6**"‘7«

liminf inf sup (n Am)FEDITRE, [da(Gpn, GF)] > 0
oo Gm n (p’q)e]:gh
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holds when d* = 1. Using Lemma 2.4.5, we have

8™ (s41) .
liminf inf sup (nAm)FmE25%E, [d, (G, GF)] > 0.
n—00 Gm,n (p,q)e]:gh

2.4.3 Proof of Theorem 2.1.6

Let Gy :={x € X : f(x4) — x4 > 0}. Then we have the following lemma characterizing

the relationship between da and dp .

Lemma 2.4.7 Under assumption (M1), further assume on some D C X, 0 < k= < K(x)
for allx € D. For any set G = Gy C D satisfying ||f — h*||c < €0, the following inequality
holds

dr (G, G < d,o(G,GY).

Proof Let 0(x_q) = |f(x—aq) — h*(2_4)| < €. Consider GAG* in dimension z4 and x_g4
separately and write GAG* = (GAG*)_q, (GAG*)4). Then

dA(G, G*) :/ / d:cddcc,d
(GAG*)_q J(GAG*)q

= x_g)dx_,.
(GAG*)_q4

Applying assumption (M1) and Jensen’s inequality yields

4l GG = [ Ipl@) — g(@)lda

S(z—a)
= / My (t)dtdx_4
(GAG*) g Jo

S(x—a) 1 _
> / Y by
(GAG*)_gq J0 Ceo

Kk~ +1

1
> - §(_y) " da_
~ Co(1+1/k7) /(GAG*>d (@-a) = d—g

1 k41

P ) (e e e
= C,(1+1/k") al )
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Following the notations of [92] and [86]. Let v, (k) = v/n [ h(x)d(P, — P) where P denotes

the data distribution, i.e. & ~ P and P, denotes the empirical distribution of @, -- , x,,.

Lemma 2.4.8 (Theorem 5.11 in [92]) For some function space H with supycq, ||h(2) |l <
K and supj,cy, ||W(@) | .py £ R where P is the distribution of . Take a > 0 satisfying (1)
a < Ci/nR*/K; (2) a < 8/nR;

R
3) a>C (/G/GM HY?(u, F, Lo(P))du v R) :

and (4) C3 > C*(Cy +1). Then

P (sup
heH

\/ﬁ/hd(Pn—P)‘ > a) < Clexp <_C2(Cla—2H)R2>’

where P, is the empirical counterpart of P.

The next lemma investigates the modulus of continuity of the empirical process. It’s
similar to Lemma 5.13 in [92] but with a key difference in the entropy assumption (2.9),

where the entropy bound contains n.

Lemma 2.4.9 For a probability measure P, let H, be a class of uniformly bounded (by 1)
functions h in Ly(P) depending on n. Suppose that the d-entropy with bracketing satisfies for

all 0 < § <1 small enough, the inequality
Hg(0,H,, La(P)) < A, log(1/9), (2.9)

where 0 < A, = o(n). Let hy, be a fized element in H,. Let H,(0) = {h, € H, :
Py = hon|Lo(p) < 6}, Then there exist constants Dy > 0, Dy > 0 such that for a sequence of
i.i.d. random variables xy,- - - , x, with probability distribution P, it holds that for allT large

enough,

P sup ’/(hn_hOn)d(Pn_P)’ ET&
b €Hon (\/An /1) n
TA,
< Coxp <_ 802>

o4



and for n large enough,

o) = valhon)| _

P sup
hn€Hn; A711/2||hn - hnOH
||hn*h0n||>\/m
S DQG—An(E

for all x > 1.

Proof The main tool for the proof is Lemma 2.4.8. Replace H with H, () in Lemma 2.4.8
and take K =4, R = /26 and a = 101 AY/?6, with C; = 2v/2C}. Then (1) is satisfied if

Ay,
>\ — .
624", (2.10)

under which, (2) and (3) is trivially satisfied when n is large enough. Choosing Cy sufficiently

large will ensure (4). Thus, for all § satisfying (2.10), we have

/ﬁﬂM—mW&—ﬂzgmmﬁ

P ( sup
hn€Hn(9)

< 0w (-Gt

Let B=min{b > 1:27"<,/A,/n} and apply the peeling device. Then,

VS (hy = ho)d(Po = P)] _ Cy

P sup =
i €Hons 21y — Buo| 2

1 —hasol|> /A /m
B

<SP ( sup  |Vn / (hy — hoo)d( Py — P)’ > ClAnl/Q(zb)>
=0 \hn€Ha(27) 2
B

ClAn C’11471,
= gf’exp (_1602> < 20(logn) exp <_ 1602> :

if C1 A, is sufficiently large.
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Proof of Lemma 2.1.4
Proof For ease of notation, we will write Gy and its defining function f interchangeably.
For any € > 0, by construction, we can find f, € F,, such that ||fn — h*||oo < €. The 0-1 loss

can be bounded as

Since fn,j,d is the empirical risk minimizer within F,,, we have R,; , (fn,j,d) < Ry _,(fn)

Therefore,

di_y(Frg_as 1) <di_y(fu h*) + [Rug_y(fa) = Rug_y(h") — di_y(fu, 1))

+ [ij—d(h*) - Rn,jfd(fmj—d) + djfd(fn,jfw h*)]

C. st 4+1 ~ A
< 0 e I N I(f ).
=M1+ 1/t AU B+ U 1)

For I(f,,h*), by Lemma 2.4.9, we have

I(fash*) S sup  |Rug y(f) = Rugo(h7) = di_,(f,17)|+
feFn:l|f =Rl
S\/ An/n
AndA(fna h*) \/ﬁ ‘ij—d(f) - anj—d(h*) - dj_d(f7 h*)
_— sup
n feFuillf=h*h Anda(f, h*)

>\/An/n

— 0s (A”) iy [Andaln ) ).

n

o6



where A, is from the assumption (2.9). Similarly for I(f,;_,, h*), we have

n

R Andp(fri h*
undwm%ﬂ%(¢7+d S

By construction, dA(fn, h*) <e. Hence

£ * Ceo n++1 A,
beallnia W) SypEryaeny T O (n> "

JA,I (da(Fniah) +€) (1).

n

w41
The last term dominates the second term. Omitting the approximation error, i.e. € ~+ <

\/ dl/2 fnJ . P*), by Lemma 2.4.7 we have

r * A *
iy (fag-a D7) <\ 2L (Fuga 17) Os(1)
An r *'17_
<5 g BT 06(1),

which simplifies to

) . A\ w2
dj_d(fmj_d) h ) = O]P’ () .

n

From Lemma 2.1.1, we know that A, = O(e ?logn). Balancing the approximation error and

the empirical error by choosing

_ T +1)
ce=0 | n G +DET+D)+oet(=+1)

yields

K~ +1

f ]' KT kTp 41
E djfd(fn,j,d, h*) -0 () +2+rt <K++1> .

n

27



Proof of Theorem 2.1.6
Proof Choose ¢ = n~'/(42) M = logn. Notice that nM%? — 0, i.e., P(E.) — 1 as n — oo

—(1+P))

as long as p < d — 1. Assumption n = (e, implies that the approximation error € can

be smaller than ¢y. Let
ki = min K(z) and & = max K(z).

J—d mEDLd - mGDjid

Since Rn,j,d(fn) = Rn,jfd(fmfd) < Rn7j7d(fn) for any j_4 € Jy as in (2.4), Lemma 2.1.4
yields that

o 1N et ’;d:>‘mjd
sup  B(Ry_,(fa) = By, (7)) S () e :
h*eF(d*,6**) n

Then, the overall 0-1 loss excess risk can be decomposed as

sup  E(R(f,) —R(W)) < - swp  E(R,(fa) = Ry, (h"))
h*E}-(d*,ﬁ**) [y h*E]:(d*,B**)

igt?
- — +
: 2 X
< <1>de++ I
- —d
S 2 :
. n

j—a€JIm

By assumption (M2), we can write for any j_4 € Jys that

K. +1
i_d

< (1) wyF2EeR +eCK (VA/M)®
n

'“j_,d“ (nj:dﬂ)pcK(\/E/M)a

Jr
o 2 . o 2 o C d/M)& o 2 o
)RJ—d+ ton (s 2y +eCK (VM) (s +24pn; )

S|

K, +1
i—d

O (1) H;7d+2+pnjid
n

o8



The last equality follows from the fact that M = logn and n='/1°8" = O(1). Since & is

defined as the overall minimum, under E,, we have

K., +1

sup E(R(f) — R < (i) waro

h*EH(d*,B**) jdeJM

L erns* _
=0 (n 257w (log ) 1) :

2.4.4 Proof of Properties (P1) to (P3)

Let’s first consider the d = 2 case and focus on some region D; = {(z1,72) € [0,1]* : 2, €

(a,b)} with b —a > 2¢. Let f, € F be any DNN. Define three continuous piecewise linear

functions
v, ifa<z <b fn(0) ifat+te<az <b—ce
9(r1) = Qa ifxy <a , c(r) =30 ifxy <aorxz; >0b
b ifz; >0 linear transition else
and
0 fate<z <b—c¢
a ifxy <a
h(z1) =
b ifxy >0
linear transition else.
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x2

a(x1)

i (0)

c(x1)

,
N
N

0 a a+e b-e b x1

Figure 2.5. Illustration of the constructed functions g, h,c in d = 2 case.

Linear transition means linking the end points with a line segment. The constructed piecewise
linear functions are illustrated in Figure 2.5. Let f7i(x1) := fu(g9(21)) — fu(h(x1)) + c(21).

Then, it’s easy to verify that

fulz1) fate<z <b—e¢

r—z":i(x1>: 0 ifx;<aorz; >0

piecewise linear else.

Therefore, (P1) and (P2) hold and we move to evaluate (P3). The constructed g, h, ¢ are
all piecewise linear functions with at most 5 pieces. By Theorem 2.2 in [10], they can all be
represented by two-layer ReLLU neural networks with width at most 5. f,f ;(x1) is constructed
by composition and addition of ReLLU networks, which correspond to stacking more layers

and expanding the width respectively. Easy to see that f,";(z1) satisfies (P3).
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In the d > 2 case, we can make similar constructions. Consider some region Dj_,
and denote Dy = := i_,\D.. For each of the dimensions xzi,...,z41, we can define
gi(x1), hi(x;), ci(x;) separately as in the d = 2 case. Let g(x_4) = (q1(z1),- .., 9a-1(Ta-1)),
hMa_q) = (h1(x1), -, ha—1(za—1)), c(®_q) = (c1(21), ..., ca—1(z4-1)) and fi5 = (faog— faoh+c).
Then, it’s easy to verify that

fo(x_q) ifte_4€D;

o (@oa) =130 ifx_q¢ D,

piecewise linear else.

Thus, (P1) and (P2) hold. For (P3), notice that g(x_4) can be viewed as a ReLLU neural
network with the same depth as g;(x;) but (d — 1)-times the width.

2.4.5 Proof of Lemmas in Section 2.2

We first present some preliminary lemmas. Corresponding to assumption (A3), we define

(N,,) as an extension to the classical Tsybakov noise condition (N).

(N,,) There exists ¢, > 0 depending on n and x € [0, 00| such that for any 0 <t < T,
]P’({CU : ’pn(w) - Qn(w)‘ < t}> < Cnt’i'

Note that the (N) is a special case of (N,,) with 7}, and ¢, being absolute constant. The
following lemma establishes the connection between da and d,,, which is adapted from

Lemma 2 in [1] to our teacher network setting.

Lemma 2.4.10 Assume (N, ) and p,,q, are bounded by by > 0. Then, there exists absolute
constants by (k) > 0 depending on K such that for any Lebesque measurable subsets G1 and Gy

of X,

bi(k) (Tn A e, %) dSTVM(Gr, Ga) < dy, g, (Gr, Ga) < 2bydn(Gh, Ga).
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Proof The second inequality is trivial given that p,q are bounded by b,. For the first
inequality, since Q(|p, — qn| < t) < ¢, t” for all 0 < t < T,,, the boundedness of Q(X) implies
that

Q(pn — ol <t) < Ant", V>0,

where A,, = (%ﬂf) V cn> . Then,

dpn7Qn (Gb G2)
dp(Gr, Go)\ "
> [ o o=l a2 (25 90) Fyag
dn(Gr,Go) " dn(Gy, Go)\ "
> (2N T _ _ oNT Y A
> (RN 06 -l - al < (2FEE) )
dA(Gl,G2>1+1/H B 1/ dA(GhG2)(n+1)/n
= (24,)x (24,,)1/x
9—(k+1)/r
> W@(Gl, Go)(FH1/%,

Lemma 2.4.11 characterizes the complexity of a special collection of sets.

Lemma 2.4.11 Let X = [0,1]¢ and G be a collection of polyhedrons with at most S vertices
in R®. Then the bracketing entropy of G = G N X satisfies

Hp(6,G,dp) = log N3(6,G,dp) < d2Slog(d*2S/5)

Proof Let’s first introduce some notations and terminologies. For any ¢ > 0, let Mjs
denote the smallest integer such that M; > 1/§. Consider the set of lattice points X§ =
{(y/Ms, ... ig/Ms) :i1,...,iqg = 0,1,..., Ms} which has cardinality (Ms+1)?. Let G(x,- -+ , =)
denote a polyhedron with vertices @, -+, x, € [0,1]¢ where s < S. (the x;’s are not necessar-
ily distinct). Any convex polyhedron G in R? is the intersection of multiple (d— 1)-dimensional
hyperplanes. If we move all such hyperplanes inwards (to the direction perpendicular to the
hyperplanes) by a small distance d, they produce another polyhedron, denoted G _;, called as
the d-contraction of G. Note that G_5 can be empty if ¢ is not small enough.
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/]

T

\[\

Figure 2.6. Grid in 2D and the outer cover (green) constructed for with grid
points for a polygon (blue).

We prove the result for d = 1, in which G is a collection of subintervals in [0, 1]. For any

subinterval [a,b] C [0, 1], there exist z;, z; € X such that
7 <a< iy, 75 <b< .

(By convention, [z, z;] is empty if z; > x;.) Then ([xi, zj41], [2i41, 7)) is a 20-bracket of [a, b]

since obviously
[, 23] C [a,b] C [m1,2544], da(lzs, ], [wi4, 5]) < 26. (2.11)

There are (M‘;“) different choices of [z;, z;], hence, (M‘;“) different choices of the pairs
([zi, ®j41], [Tig1, 25]). Any [a,b] C [0, 1] can be 2§ bracketed by one of such pairs in the sense
of (2.11). This shows that Hp(2J) < log (M‘;H) < 2log(1/9).

When d > 2, any G € G has at most S vertices, so G := GN[0, 1]? has at most dS vertices

where the factor d is due to the fact that each edge of G intersects at most d edges of [0, 1]¢

therefore creates at most dS vertices for G. For any polygon G(x1,--- ,x,) where s < dS,
denote G_ jgs(@1,- -+ , ;) = G(x,- -+ ,x;). Each vertex must be in one of the grids in X73.
It is easy to see that there exist vi,... v¢ .- vl ... v? € X¢ where v!,..., v are in the

same grid, such that
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o G(xy, - ,x,) CGvl,... ;v - vl ... vd);

e |V =il < VdSfori=1,2--- ,sandj=1,2,--,d.

See Figure 2.6 for an illustration when d = 2.

Similarly for G(z7, -,z ), there exist ul,...,ud, .-+ ul, ... u? € X such that

o Gz, -+ ,z;) CGul,...;ud, - jul, ... ud);

° Hujl_wl_HQ < \/E(S fOl"i:172--- , S andj :172’... ’d.
By the definition of G_ /3, we have ||z — z; || > v/dd. Thus |u! — ||, < V/dd implies

Gul,...,uf, - ul,...,u?) C G(x, -+ ,x,). On the other hand,

da(Glul,. o ud, - ul, . u®), Gol, . v el e?)

S dA(G+\/E(5(m1a"' 7335)7G_\/E6(331,"' 7338))

< s-2Vds,
where the term s is due to the fact that G(xy,--- , @) has at most O(s) faces. Notice that
Gui,...,ud - ul, .. u?), Gvy,... o], vl vY) eg,

and s < dS. Thus, with at most (Ms 4+ 1)%°5 pairs of subsets in G, we can 2d%254-bracket
any Geg. Therefore,

log N((2d°255),G,dn) < log ((Ms + 1)) ,

which implies

log N5(6,G,dp) < d?Slog(d*?S/6).
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Lemma 2.4.12 (Theorem 1 in [93]) Consider a deep ReLU network with L layers, n
ReL U nodes at each layer l, and an input of dimension nyg. The maximal number of linear

pieces of this neural network is at most

where J = {(j1,...,jr) € Z¥ : 0 < j; < min{ng,n1 —ji,...,m_1 —ji_1,m} VI =1,...,L}.
This bound is tight when L = 1. When ng = O(1) and all layers have the same width N, we

have the same best known asymptotic bound O(NL™) first presented in [94].

Consider a deep ReLLU network with ng = d inputs and L hidden layers of widths n; > ng
for all i € [L]. The following lemma establishes a lower bound for the maximal number of

linear pieces of deep ReLLU networks:

Lemma 2.4.13 (Theorem 4 in [88]) The maximal number of linear pieces of a ReLU

network with ng input units, L hidden layers, and n; > ng rectifiers on the i-th layer, is lower

bounded by
o) ()
<£[1 L10 ; i)

2.4.6 Proof of Theorem 2.2.2

Lemma 2.4.14 Let F be a class of ReL U neural networks, defined on X = [0, 1]¢, with at most
L layers and N neurons per layer. Let G/ ={x € X : f(x) >0} and G© = {G' : f € F}.

Then the bracketing number of G satisfies
log N5(3,G7,dn) S N**d* (Ld? log(N) V log(1/5))

Proof The proof relies on Lemma 2.4.11 for which we need to control the number of vertexes

of G/ based on the number of pieces (linear regions) of the ReLU neural network. Since
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Figure 2.7. Demonstration of how a polygon in d = 2 case can be divided into
basic triangles. The union of the two brackets form a bracket of the original
polygon. The blue shade is the symmetric difference.

ReLU neural networks are piecewise linear, G/ is a collection of sets of polyhedrons. Define

the subgraph of a function f : R? — R to be the set of points in R%*+1:

sub(f) = {(x,?) : f(x) = t}.

In this sense, sub(f) N {(x,0) : ¢ € X} = {(x,0) : ® € G'}, a slice of the subgraph. Denote
all the pieces to be py,ps, -+, ps. Each piece is a d-dimensional polyhedron on which f(z) is
linear. To control the complexity of Gf, consider the most extreme case that the function
crosses zero on each piece, i.e. foranyi=1,...,s, {(z, f(x)): xz € p}N{(x,0): x € X} #£0.
Each intersection resides in a (d — 1)-dimensional hyperplane, e.g. dot for d = 1, line segment
for d = 2 and so on. So the number of such (d — 1)-dimensional hyperplanes in GV is at most
s.

A vertex of a polyhedron in [0,1]¢ can be thought of as the intersection of at least d
hyperplanes of dimension d — 1. Thus, with at most s hyperplanes there are at most (2) < sl
vertices in G¥. In order to apply Lemma 2.4.11, we break the collection of polyhedrons into
the so-called basic polyhedrons each with d + 1 vertices. For instance, the basic polyhedrons
are intervals when d = 2, are triangles when d = 3, and so on.

A polyhedron G with at most s vertices can be divided into at most s disjoint basic
polyhedrons By, ..., Bs. For instance, Figure 2.7 demonstrates the d = 2 case. Therefore, the
bracketing number of the polyhedrons can be derived by bracketing the basic polyhedrons.
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For a basic polyhedron B, denote its §-bracketing pair to be (Ug s, Vi s), i.e., Ups C B C Vpy.
Then (Ug s, Vi5), defined as below

Ugs =Up, s UUp,sU---UUp,;s

Ves =VBis UV sU---UVp, s,

form a (sd)-bracket of G. Hence, the bracketing number of all polyhedrons is controlled by
the s-th power of the bracketing number of all basic polyhedrons. Applying Lemma 2.4.12
we know s = O(N’%) and the number of vertices is at most S = O(N*®"). Together with

Lemma 2.4.11, we therefore get that
log N5(S8,G%,dn) < S(d+ 1)d*log((d + 1)d*/?/5),
which implies

log N5(6,G7,dp) < NMdPlog(N " d?/6)
< NWg (Ld2 log(N) V log(1 /5)) .

|
Lemma 2.4.14 is the main result for controlling the bracketing entropy of the estimation
sets. Below we point out some key properties of this result and compare it to other entropy

bounds of neural networks.

Exponential Dependence on Depth The bracketing entropy of G* developed in Lemma,
2.4.14 is much larger than that of F itself with respect to || - ||, as described in Lemma
2.4.15. The main difference is the dependence on the number of layers L: the dependence is
linear in Lemma 2.4.15 while exponential in Lemma 2.4.14. Thus, even though G7 is a slice
of the subgraph of F, G” is much more complicated than F in term of entropy. We argue
that this gap cannot be closed even in the special case d = 1.

A lower bound on the maximum number of linear pieces for a ReLLU neural network is

established in [88] (Lemma 2.4.13). Consider a 1-dimensional ReLU DNN function with L
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f(x) 1

Figure 2.8. Example of a ReLU function in 1D. The induced set where f > 0
is colored red and it’s a union of two intervals (ay,b;), (az, bs). All pieces cross
0 so there are all active.

layers and 2 nodes on each layer. Corollary 5 of [88] show that there exists some f with
s = Q(2F71) pieces on [0,1]. With scaling and shifting, assume that on each piece the linear
function crosses 0. Then, G¥ will be at least |s/2] = Q(2L72) intervals. Denote these disjoint
intervals to be {(ai,bi)}iti/fJ. Since they are disjoint, to construct a o0-bracket of all the
intervals, we need to d-cover all the a;’s and b;’s. Similar to the grid argument from the proof
of Lemma 2.4.11, we need at least

(1/ 5) (/5 5))

S

different combinations of the s grid points. Hence the bracketing entropy must be in the

order of

log((1/6 — 5)*) = 2572 1og(1/96).

The exponential dependence of depth L in the entropy stems from the fact that the number
of linear regions of ReLU DNNs scales exponentially with L.

Independent of Weights Magnitude We also want to point out that the entropy of G~
is not concerned with the magnitude of the neural network weights, in contrast to the bound
in Lemma 2.4.15. This is because any scaling of the function doesn’t change how it intercepts

with zero. Hence, unlike F, the entropy of G doesn’t depend on the weight maximum B.
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The Use of ReLU Activation The reason why we can even bound the entropy of G~
critically relies on the fact that we are considering the ReLLU activation function. If we
consider smooth nonlinear activation functions, e.g. hyperbolic tangent, sigmoid, instead of

the order log(1/d), we can only get the entropy of a much larger order
Hp(6,G7,dp) < A6

for some constant A > 0 and « > 0. To see this, consider the case d = 2. Instead of polygons,
which can be controlled by the vertices, the regions have smooth boundary and will require

O(1/6) many grid points to cover. Thus the covering number is of order

() =2(()")

Thus, the entropy is in a polynomial order of 1/4.
To characterize the bracketing entropy in our teacher-student setting, as an intermediate

step, we investigate the bracketing entropy with respect to d, As a direct outcome from

n,qn *

Lemma 2.4.10, we can conclude that

K+1

Hg (bi(s) (Tu A ey /) 655, G,dn) < Hp (6,G,dp, g,) - (2.12)

To bound Hg (4,G,d,, 4,), We construct the brackets of G using the d-covering set of F
with respect to || - ||. Let N and H = log(N') denote the covering number and entropy
respectively. The following lemma establishes upper bounds on the L., covering number of

neural networks.

Lemma 2.4.15 [Lemma 3 in [66]] For any 6 > 0, the covering number of FPNN(L, N, S, B)

(in sup-norm) satisfies

log N' (6, FPNN(L, N, S, B), || - ||s0)
< 2L(S + 1) log(6"Y(L + 1)(N + 1)(B V 1)).
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For any f € F,let Gy :={x € X : f(x) > 0} and Gr := {G : f € F}. Now we state our

bracketing entropy bound for G*, which is Gz: in our teacher student setting.

Lemma 2.4.16 Let F denote the teacher DNN family FPNN(L, N, S, B). Under assump-
tions (A1) to (A3), we have

Hp (5, Grs, dA> < ¢SLlog(67 V n),

where ¢ > 0 is some constant independent of the neural network architecture.

Proof Let the d-covering set of F* with respect to Lo, norm be Fj, i.e., V.f* € F, there
exists f; € F such that || f* — fs||c < 0. Denote f;_ := fs —d and fs, := f5 + 5. Construct
bracketing set Gs := {(Gy, .Gy, ) - fs € Fs}. Notice that f5_(x) < fi(x) < fs; () for all
x € X, which indicates Gy, C Gy C Gy, Le., Gs is a bracketing set of Gr:.

Next, we show that d,, 4, (G, , Gy, ) < cod for any teacher network f; € F, where ¢ is
the Lebesgue measure of the support union of p, and g¢,, i.e., co = Q(supp(p,)Usupp(¢,)). By
assumption (A1), o < co. For any @ € G5, AGy,,, by definition we have f(z) + ¢ > 0 and
f(x)—0 < 0, which suggests | f(x)| < J. Recall the teacher network setting that p, — ¢, € F;.

Then, we can conclude

danQn(Gf577Gf5+) :Lf AGJ; |pn_Qn|
8 8

= |fl < co-é.
Gy DGy

Therefore, Gs is a cyd-bracketing set of G 7 and

Hp (cod, Gr:, dpog,) <log|Gs] < H (3, Fiy |- [loc) -
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Applying (2.12) and Lemma 2.4.15 yields
Hp (5,97;,dn)

_ k41 6 P
co " -
<H ; =y s Foo - Moo
(bl(/s) (Tw A en ))

K C—l/l{
S%L(fjl)log((bl( (T pes >) <L+1><N+1><Bv1>)
K cy " -0

By assumption (A2) we have log(LNB) < logn and assumption (A3) indicates £ = 1 and
log(T,,c,) = o(logn). The proof is complete. n

Next, we present some lemmas that can take advantage of the obtained entropy bound
and eventually take us to the proof of the excess risk convergence rate. So far, the presented
lemmas are only concerned with the general case, i.e. set G*, p, q, etc. that does not depend
on n. However, in our teacher-student framework, the optimal set G, is indexed by n as it’s
determined by the teacher network F*. In the remaining part of the proof, we will consider
specifically for our teacher network case.

Our goal in classification is to estimate G* by G, = argmingcs R,(G), where G, is some

collection of sets associated with the student network F,, and

1 n
=5 2 (H{ai € Glyi = 1}(z) + Hai ¢ Glys = —1}(=)).
i=1
Similar to Theorem 1 in [1], we have the following lemma regarding the upper bound on the

rate of convergence.

Lemma 2.4.17 Suppose 0 < Q(X) < oo and let G be a collection of subsets of X C R<.
Define

DI = {(pasgn) : Qe € X : [pu(@) — u(@)] < 1} < o for 0 <t < T,

{z e X:pu(x) 2 gu(@)} € G, (@), gu(T) < b2 for v € X},

(2.13)
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where by is an absolute constant. Let G, be another class of subsets satisfying G: C G,.

Suppose there exist positive constants A, > 0 depending on n such that for any § > 0 small

enough,
Hgp(6,Gn,dn) < A, log(1/6). (2.14)
Then we have
A, log*n e o A
Jim  sup (n) (Tn A cfll/”) 2 E[dp, 40 (G, G| < 0. (2.15)
(p7L7qTL)€DYgln

Proof For (p,,q,) € FSn, let G: = {x € X : p,(x) > g.(x)}. For a given set G € X, let
hg(z) = I{z € G}. In particular, let b} = hq:. Let ||h]|2 = [ h*(z)p(x)Q(dx). Since both

pn and g, are bounded,

Ihe, = hill2= [ pu(@)Qd2) < bads (G G
e (2.16)

h —h*2:/ (@)Qdx) < byda (G, GF).
e, ~ il = [ (@)Qldz) < bada (G, )

Consider the random variable

v, — i BnlGn) = Ru(G) — E(Ra(Ga) = Ru(G)

Since G* C G,,, we have R,(G,) < R,(G*). Thus

\/ﬁ E(Rn(én) - Rn(sz))
VAwda(Gy, o) log(1/da(Gy. G))

<V, (2.17)

Note that

* 1 - *
Rn<Gn) - Rn(Gn) :% ZH{yFl}(hn - hGn)(mi)
i=1

1 .
oo S lye (b, — i) (@),
i=1
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Then V,, can be written as

(1/2n) 330L, Iy, = 1}(h h*)(fci) — E(lgy=1y (he, — m7)(2))

vV, = - T
\/A da(Gx:,Gy) /nlog(1/da (G, G))

(1/2n) 320 Tgy= 71}(h —he, ) (@) — E(Lgy——1y(h;, — hGn>(w))
\/A dA /nlOg(l/dA(G:uén))

Consider the event E, = {da(G*,G,) > /A,/n} and let G, = {G € G, : dpo(G,G%) >

\/An/n}. If E, holds, then

V.= Jh R,(Gh) = Ry (G*) E(Ru(Gn) = Ru(G3))

VALA (G, G) log(1/da (G, L))
Rn(GZ) Rn(Gn) B E(Rn(Gn) _ Rn(GjL))

S A Gy G oa(1/40(G, o)

< |(1/2n) S5 Ty = 1}(ha —h*)( i) — B(lgy=1y(ha, — hy)(@))|

< sup +
Gl VAwda (G, G nlog(1/da(Gr, Gr))
sup  L/20) X Ty ,1}(/1@ —h*>(wi) — E(ly=—13(hg, — I3)(2))]
GG VAwda (G, G nlog(1/da(Gy, Gr))

[(1/2n) 53 H{yi:mhn hn><mi>—E(ﬂ{yzl}<hn—h;><m>>\+
" hue, 26,2\ A1 s — Bl Yog (VB / | — B3 ,)

[(1/2n) S Tymay (o — ) () — E(Lgy—iy (ha — h5) ()|
et 262”2W|!h — 1|y log(V/Ba/ || — 13ly)

where H,, = {hn(x) = {x € G,} : G,, € G,}. The last inequality follow from the fact that
Vv log(1/z) is strictly increasing when x < 1. Notice that h,’s are uniformly bounded by 1
and the Ly norm squared of hg, — hg, is da(G1,Gs). Applying Lemma 2.4.9; we have

EV.I(E,)] <C (2.18)

for some finite constant C'. Now we use this inequality to prove the main result. From (2.17),

we know that

dpn:(In (Gn7 G:L) S Vn(An/n)1/2dA(G;k” G?’L)l/Q log(l/dA(G:u én))a
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which, together with Lemma 2.4.10, yields that

dpn,qn(ém Gr) SJVn(An/n)l/2 (Tn A 651/5)*2@“) dpn,qn(ém Gr) 2T

- [log(1/dy, 4. (énv G,)) +log(by (k) (T, A Cgl/n))]a

which simplifies to be

n

A 2k+2 Anl 2 :74—2 .
dpn,qn (GTM G;) ’S Vn}ﬁ—Q (Ogn> (Tn VAN CT_Ll/H) " .
where we used the fact that dpmqn(én, G?*) Z 1/n. Therefore, under E,, (2.18) implies that

k+1
Bldy (GG S (225) 7 (10

n

On the other hand, under Ef, we have

dp (G, G2) < /A, /n.

By Lemma 2.4.10 we know d,, ,(G,, G%) is also bounded by /A, /n. Since (k+1)/(k+2) < 1,

the rate under E,, dominates and the proof is complete.

Proof of Theorem 2.2.2

Proof First, we verify that the Tsybakov noise condition holds for k = 1 in our setting.
The proof is based on the fact that a ReLU network is piecewise linear and the number of
linear pieces is quantifiable. Assumption (A3) implies (N,,) with ¢,,1/7,, = O(logn)™ =
and k = 1. In the case where p, ¢ have disjoint support, obviously x can be arbitrarily large.

Next, we consider the bracketing number of G,, defined via F,, that G, ={x € X : f(x) >
0,f € F.}. From Lemma 2.4.14 we have

log N5(3, G, dn) S N*“d? (Ld* log(N) V log(1/5)) .
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Thus, 4, = O(N,)* %" as in (2.14) if § < 1/N. Recall from assumption (A2) and (A3) that
L, = O(1), N, = O(logn)™ and 1/T,, ¢, = O(logn)™ *L%. Applying Lemma 2.4.17 with

k = 1 we have that the excess risk has upper bound

sup_ E[E(fo. C;)]

(p.)EF;

Anloan% _1 3
5() (15 Aen)

n

-

1 % 2 2 1, % J271 %
< (= 1 5(md*Lp+2)+5m*d°L}, ‘
A,<n> (log )
Corollary 2.2.3.1 easily follows from the fact that p, ¢ having disjoint support implies Kk = oo
in (N,,). n

2.4.7 Proof of Theorem 2.2.3

We will show that the lower bound holds in special case that (1) assumption (A3) satisfies
cn, 1/, being absolute constants that doesn’t depend on n; (2) instead of general ReLU
neural network f € F*, we consider a special structure where f; is linear in one of the
dimensions, reminiscent of the “boundary fragment” assumption. In this special case, we are
able to show the best possible convergence rate already matches that in Theorem 2.2.2. For
ease of notation, we omit the subscript n and write p,,, ¢, as p, q if no confusion arises.
Proof The proof is very similar to that of Theorem 2.1.3. For completeness, the full proof is
shown. Without loss of generality, let X = [0, 1]?. Consider the “boundary fragment” setting
and let G, be a set defined by a ReLU network family F,, containing functions from R4 to
R:

gn:{(xla"' ,{Ed)6[0,1}d50§1‘jSh($_j),h€./—?n,j:1,-'- 7d}7

where ©_; = (z1,- - ,zj_1,Tj, - ,z4). Notice that if h(x_;) is a ReLU network on R?"!, then
h(x) = h(x_;) — z; is a ReLU network on R Thus G, is a subset of G, which corresponds
to the student network that

Go={xzeX: f(x)>0,f€eF.} (2.19)
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Let G,, denote the empirical 0-1 loss minimizer over G,,. To show the lower bound, consider
the subset of DI~ (2.13) that contains all pairs like (p, qo), where p € F, qo will be specified
later. Then,

sSup EdA(én7 G*) > sup Ed&<éna G*)

(p,q)€DIn (p.q0):pEFL
1 -
= qu 1| Z EP[dA(GmG*)‘qu] )
|‘F1| peF]

where F; is a finite set to be specified later, p, ¢y are the underlying densities for the two
labels and D,, denotes all the data generated from go.

For ease of presentation, we first give the proof for the case d = 2 and then extend to

general d. Let ¢(t) be a piecewise linear function supported on [ — 1,1] defined as
41 —1<t<0,
p(t)=q—t+1 0<t<l,
0 lt] > 1.

Rewrite ¢ as ¢(t) = o(t+1) —o(t) +o(—t+1) —o(—t) — 2, which is a one hidden layer ReLU
neural network with 11 non-zero weights that are either 1 or —1. For & = (z1,22) € [0, 1]%,

define

qo(x) =(1 -1 —b){0 < wy < 1/2} +{1/2 < 29 < 1/2 4+ M}

+ (L4 +b){1/2+e™M <2y <1},

where M > 2 is an integer to be specified later. Let by = cz_l/ne_M/“ and by > 0 be chosen

such that gy integrates to 1 (so o is a valid probability density).
For j=1,2,--- ,M and t € [0, 1], let
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Note that 1); is only supported on [ﬁ JM] For any vector w = (wy, -+ ,wy) € Q:= {0,1}M,
define

M

Z witj(t)
and

1/24+e M _ g, /"
[2+e “1 {1/2 < 25 < 1/2 4 by(21)}

C2

po(x) =1+ [
by I{1/2 4 b(y) < 7 < 1},
where b3(w) > 0 is a constant depending on w chosen such that p,(x) integrates to 1. Let

Fi = {p, : w € Q} and we will show that (p,,,qo) € D9 for all w € Q.

To this end, we need to verify that
(a) pu(x) < ¢ for x € [0,1]%
(b) {= € X :py(x) > qlx)} € Gu;
() Uz € X :[pu(x) — qo(@)| < N} < con™

For (a), since p,, integrates to 1,

= O(e™M/m),

1/24 M — xgr/”

b3(w) < max l
Co

{1/2<22<1/2+4bos (21)}

Thus, p,(x) < ¢; for a large enough M and some absolute constant ¢;. For (b), notice that

{x:po(x) > q(x)} ={x:0< 29 <1/2+by(x1)}
={x € (0,1 : by(21) — o(22) + 1/2 > 0} € G,,,

where the last inclusion follows from the definition of G,, (2.19) and the fact that b, (z;) —
o(x9) + 1/2 is a ReLLU neural network with one hidden layer, whose width and number

of non-zero weights are both O(M). Later we will see that M = O(logn), and thus the
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constructed neural network satisfies all the size constraints in Theorem 2.2.2. For (c), it

follows that

Q{z € X : |pu(z) — q(x)| < n}

<n}

1/2 4+ M — g, 1"
§Q{m€X:1/2§x2§1/2+e_M,l/ re 352]

C2
<QrecX:1/24+e™ —cnf <my<1/24+e M}

<con”.

Since the above (a)-(c) hold and by the definition of D9 (2.13), we conclude that (p,, qo) €
D9 for all w € Q . We next establish how fast S := ||~ S ver Eplda (G, G¥)| Dy can
converge to zero. To this end, we use the Assouad’s lemma stated in [57] which is adapted to
the estimation of sets.

Forj=1,---,Mand w = (wy,--- ,wy) € Q, let

wjo = (wla T 7wj71707Wj+1; T 7WM>

Wi = (Wla T, Wi, 1,Wj+1, T ,WM)

Fori=0andi=1, let P; be the probability measure corresponding to the distribution of

x1, -+, &, when the underlying density is fwji. Denote the expectation w.r.t. P as E;i. Let

Dj = {.’B ceX: 1/2+bwjo($1) < a9 < 1/2+bwﬂ(l’1)}

={x € X 1 byy(21) < w2 — 1/2 < by (1) + (1)}
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Then

M
S > 1/22Q(Dj)/miﬂ{dpjbd50}
=1
JM 1
> 1/2;/0 wj(xl)dxl/min{dl%bdﬁo}
M
> 1/zze*M [ oMyt [ min{dP;, dPy)

M

iz M/gb(Mt)dt [1 - HQ(P10,P11)/2}TL>

where H(-,-) denotes the Hellinger distance. Then it holds that
2
H?(Pig, Pyy) / [\/fwlo \/fw11<w):| da
2
1/2+41 (1) -M _ 1/k
</ {/ 1(z1 |:1\ll+<1/2—f—e IQ) ‘ dy
1/2 Co
2
12 {\/1 — 63 wlo \/1 — bg(wll)} d$2 d.ﬁEl
1 e M o 1/x]”
g/ / 1— 1—1—() dvdzy
0 efjw—i,/)l(:rl) Co

+ |b3(wig) — b3(w11)|2.

We will analyze the last two terms. For the first term,

1 eflw v 1//{ 2
/ / 1—4/1+ (> dvdzy
0 e_Mf@lJl(azl) 02
1 peM 2/k
L L (2o
0 Je=M_—yp1(z1) \C2

—2/K
< % /1 (e_M> 1+2/k B (e_M B 77Z)l(xl))l—G-Q/;-@ dml

KCy 2%

< m (efM)1+2/n/ (1 B (1 _ ¢<Mt))1+2/n) dt

1
0 <Me—M(1+2/n)> ‘
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For the second term, notice that

/ /11/2+bw 1) [1/2 + 602 — xﬂ 1/k o — (o) 12— (o]

which yields

1/24bwy, (1) [1/92 -M 1/k
bS(WU): / / [ 2+e le dzodxy
- UJ11 xl 1 C2

Mec -1/k
< T2 1/nd d
- 1/2—e—M/ / M(1—¢(Mz1)) e

Mc—l/n u

= - (1“/“)/ 1— (1 — ¢(ME)™)dt

/2= e M1 5 17w (L= (1= o(ME) )

—-1/k

< Ca o~ M(1+1/k)
~(1/2—eM)(1+1/k)
-0 ( 1+1/ﬂ)> )

Hence, |b3(w11) — b3(wio)| = O (e_M(Hl/“)). Unifying the above, we have

H?(Pyg, P1y) = O (]\146M(1+2/K) V eM(2+2/n))

1
—0 (MeM(1+2/n)) _

Now choose M as the smallest integer such that

M >

A
ogn.
5 log

Then we have H?(Pjg, P;;) < C*n~'(1+ 0o(1)) for some constant C* depending only on

K, Co, ¢, and

ES n

[mingar,,apo} = 1721 - T+ 0)] > 05

for n large enough and C7 is another absolute constant depending only on C*. Thus for n

large enough,
v P
§ = ;Cie /¢(t)dt > Cin~ s,
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in which the constant Cj only depends on &, ¢y and ¢.

Combining all the results so far we get that

liminfinf sup n2E[da(Gy, GF)] > 0,

" G (pg)eDin
which holds when d = 2. Using Lemma 2.4.10, we have

k+1 ~
liminfinf sup n~2E[d,,(G,,G")] > 0.

nTee G (p,q)€DIn

Using the same argument as in the proof of Theorem 2.2.2, we get k = 1, which will give us
the rate 2/3.
The proof for general d can be derived similarly. We treat the last dimension x4 as xs in

the d = 2 case and treat ©_4 := (21, ,24_1) as 21 in the d = 2 case. Define

go(x) =(1—ny —b){0 < zg < 1/2} +T{1/2 < 24 < 1/2 +e M}

+ (Lm0 +02)[{1/2 + ™M <y <13,

and

1/2 4 e M _ g,1Y/"
[2+e 5‘721 1{1/2 < 24 < 1/2 + by(2_4)}

pola) =1+ l -

— b3(w){1/2 4 by(x—a) < za < 1},

where b, (x_4) is constructed similarly as a shallow ReLU neural network that
M
bo(@—a) = D Wiy Ui aa (),

j1yija—1=1

are binary 0,1 variables and

i) = (1 o= (- )],

where wj, ... 5, ,
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where ¢(+) is a shallow ReLU neural network with input dimension d — 1 satisfying the

following conditions:
o ¢=0outside [—1,1]and ¢ < 1on [—1,1]%
¢ MaXy ,el-1,1)¢ P(x_g) < 1and ¢(0) =1.

Such a construction is similar to the “spike” function in [95] and it requires O(d?*) non-zero

weights. The rest of the proof follows the d = 2 case. [ ]

2.4.8 Proof of Theorem 2.2.6

One important observation to be used in the proof is that the Bayes classifier under hinge
loss is the same as that under 0-1 loss, i.e. fi(x) = C*(z). To show the upper bound on
excess risk convergence rate, we utilize the following lemma from [58]. Let n(x) denote the

conditional probability of label 1 that n(x) = P(y = 1|x).

Lemma 2.4.18 [Theorem 6 of [58]] Let ¢ be the hinge loss. Assume (N) with the noise
exponent k € [0, 00|, and that following conditions (C1) through (C4) hold.

(C1) For a positive sequence a, = O(n~*) as n — oo for some ay > 0, there exists a

sequence of function classes {Fnfnen such that E(fn, f3) < an for some f, € F,.
(C2) There exists a real valued sequence {F,}nen with F, 21 such that supsez || flloo < F.

(C3) There exists a constant v € (0, 1] such that for any f € F,, and any n € N,

E {0V 1(X) = oY (X)) < CuR2 e, )Y

for a constant Cy > 0 depending only on ¢ and n(-).

(C4) For a positive constant C3 > 0, there exists a sequence {0, }nen such that

6n 2—v
Ha(on Fol 1) < Can (2]

for {Fp}nen in (C1), {F,}nen in (C2), and v in (C3).
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Let ¢ < max{a,,8,}. Assume that n'=*(3/F,)"2/+0) > 1 for an arbitrarily small

constant v > 0. Then, the empirical ¢-risk minimizer ﬂ)’n over F,, satisfies
E [€(fom C)] S €.

In Lemma 2.4.18, condition (C1) guarantees the approximation error of f,, to fj to be
sufficiently small. For condition (C3), we introduce the following lemma, which is reminiscent
of Lemma 2.4.10 in the sense that it characterizes the relationship between the £,(f, f;) and

the some other distance measure between f and f7.

Lemma 2.4.19 (Lemma 6.1 of [96]) Assume (N) with the Tsybakov noise exponent k €
[0,00]. Assume || f|loo < F for any f € F. Under the hinge loss ¢, for any f € F,

K/Kk+1

DD (R oY f () = (Y f3(2))])

E[ (6 1) - o(v £3(2)) ]
< Cyu(F +

where C,, ,, = (||(277 — 1) HE o+ 1) I(k > 0)+1 and [|(2n — 1)7||% . is defined by

120 =17 e = sup (7P ({@+ (20(2) = )71 > 1})).

Proof of Theorem 2.2.6

Proof The lower bound directly follows from Theorem 2.2.3, as the constructed ReLU neural
network in the proof also satisfy assumption (A2,).

For the upper bound on the convergence rate, we utilize Lemma 2.4.18 and check the
conditions (C1) through (C4). Since the student network is larger than the teacher, (C1) and
(C2) trivially hold with arbitrarily small a,, and F,, = O(logn) as assumed. To apply Lemma
2.4.19, notice that C, . = O(c,) = O(logn)™ **% by assumption (A3) and F = O(logn), we
have (C3) holds for v = k/(k + 1) + €,, where €, = (2 + m*d*L}) loglogn/logn. The term

€n is to deal with the fact that C, , can also diverge at an O(log n)m*dQLz rate.
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For (C4), by Lemma 2.4.15,

log./\f(5n, fDNN(Lm Nna Sm Bna Fn)? H : ||00)
< 2L, (S + 1) log (6, (L + 1)(Ny + 1)(B, V 1))

< (logn)?™*?log (5;1 v logm(n)) :

Therefore, (2.4.18) implies that (C3) is satisfied if we choose 6,, with

K2 (log n)2m+2+(n+2)/(f;+1)+2+m*d2L;+1
o 2
Y

)

n

which can be satisfied by choosing

K+1
* J2 T * 5
(log n)2m+m d°Ly+T\ r+2
op = .

n

Similar to the proof of Theorem 2.2.2, the Tsybakov exponent x = 1. Thus, by Lemma 2.4.18
with €2 = 4,,, the proof of Theorem 2.2.6 is completed. [ ]

2.4.9 Proof of Theorem 2.2.1

In this section, Assumption (A3) will be examined in the setting that the teacher network
fx has random weights. We will argue that with probability at least 1 — 9, f will satisfy
assumption (A3) with T, = A(6)/(logn)™ “Lr and ¢, = B(6)(logn)™ it where
A(6), B(9) are constants depending only on § and the distribution of the random weights,
e.g. normal, truncated normal, etc. Hence, the results which assume Assumption (A3) will

hold with high probability.

A Toy Case To illustrate the intuition, consider the case where d = 1 and f is the
following one hidden-layer ReLLU neural network
Ny

i (x) = ngja(wljx +b)+0b, xe]0,1], (2.20)

=1
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with L} = 1, N} = O(logn) and w;j, wy;, by, b are iid. standard Gaussian. Since all the
weights are almost surely nonzero, we omit the zero weight cases for the analysis. Let
pi = (ug,v;),1=1,2,...,s, denote the active pieces of (2.20). By Lemma 2.4.12, we know
that s = O(logn). For each p;, define the following quantities:

1. k; = the slope of f!(x) on x € p;;

2.t = maxyey, fr(x) Amaxgey, —fr(x).

n

See Figure 2.9 for an illustration. Then, assumption (A3) is satisfied if
min{|k|} = Q(1/log’n) and min{t;} = Q(1/logn). (2.21)

Next we will rigorously examine (2.21).
From (2.20), each k; can be expressed as 3¢ ; wyjwy; for some index set J C {1,2,--- , Ny}

Notice f¥ has at most N + 1 pieces and denote the corresponding index sets to be

J(), J17 see JN;;. As a result, minlSiSNﬁ{ ZiGJi wljw2j|}. Since Wij, Wy are

i.i.d. standard Gaussian, we have

P( min {|k|} < k) =P( min {

0<i<Nz 0<i<Nz

N
< Z]P) ( Z’U)lj’ng < kﬁ)
i=0

jedi

< (NJ+1)P (\/ lwiwa | < \/E>

< 2N + 1)k

> wijwyly < k)

j€Ji

|} = Q(1/log® n) with probability at least

. Fy 2 .
By choosing k = (2( ) , we have mlnlgiSNﬁ{

Ni+1)
1-96.

On the other hand, for any i=1,...,s, t; = |f*(xp,)| for some h; € {1,--- , N*}, where

xp, = —bp, /wyp,. Hence

o
i {t:} > min {

Fala)[}-
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i3
o
Ky
o
N

Figure 2.9. Example of a ReLU function in [0, 1]. There are two active pieces
p1, p2. On each active piece, t;.k; are illustrated in color red.

Let Wy = {wlj,bj}j]i’tl. Then, fi(x)| Wi ~ N(0,02), where o2 has an expression of

zﬁ o(wyjz; + bj)? + 1. Hence, for any ¢ > 0,

Fral} <t W) < SO B(Fi()] < | W)

i=1

— NIB(If ()] < £ Wh) < N <t> |

O

P(min{

i<Nx

Since o,, > 1, by taking t = §/N;*, we have that with probability at least 1 — §, min;{t;} > ¢
and t = Q(1/logn). Therefore, (2.21) holds with high probability, so that assumption
(A3) holds by setting 1/¢, = min;{|k;|} and T,, = min;{¢;}, which are both in the order of
Q(1/logn).

General Case Now we consider the general case d > 1 and L} > 1. The teacher network
has an expression

f*(zc) = W(L:LJFI)O'(W(L;;)J)(L;)) ©--+0 O'(W<1)’b(1))(w) + b(L:LJrl), T < [O, 1]d.

n

Let N} = O(logn)™ . By Lemma 2.4.12, f* has linear pieces p1, ..., ps for s = O(logn)™ End.
Let {x;, @3, ..., Ty, } be the collection of vertices of {pi,...,ps}. We call such x; € R a piece
verter and it’s not the same as the vertex of {& € X' : f,,(x) > 0}, which is closely examined

m* L d?

in the proof of Lemma 2.4.14. The following lemma states that v, = O(logn)

Lemma 2.4.20 Let f be a ReLU neural network with d-dimensional input, L hidden layers
and width N for every layer. Then, vy = O(N)Ld2.

86



Proof Recall that 'wi(l) and bi(l) fori=1,...,N, 1< <L are the weight vectors and biases
on the [-th hidden layer. For i =1,..., N, define

fi(lil)(a:) = ’wi(l)U(W(zq)’b(zq)) O---0 U(Wu)’bu))(a}) -+ bi(l),

which maps RY — R. We can rewrite f as
Y (L) (L)
Fl@) = 3 uf Vo0 @) + 1, (222)

In other words, fi(L_l)(a:) represents the inputs to the i-th ReLLU unit in the last hidden layer
of f and itself is an (L — 1)-hidden-layer ReLU neural network.

The key idea of the proof is by induction. Notice that the piece vertices of f can only
come from the following two ways: Type I: The piece vertices of fl(L_l), fQ(L_l), cee f](VL_l), in
whose local neighbourhoods, the ReLLU units in the last layer doesn’t change sign; Type II:
£

1

By activations of the ReLU unit in the last layer. i.e. (x) =0 for somei=1,...,N.
Let V(1) be the maximum number of piece vertices of an [-hidden-layer ReL.U neural network
with width N and let U(l) be the maximum number of Type II piece vertices created at layer

{. Then for 1 <1 < L we have
V() < NV(I-1)+U(Q). (2.23)

For U(l), the key is to connect the Type II piece vertices of f to the vertices of {x €
X« 57V (@) > 0}, which has been extensively studied in Lemma 2.4.14. To this end, we
define another quantity. On the i-th ReLLU unit in the [-th hidden layer, let Ri(l) ={x €
X fi(l)(a:) = 0}, which consists of (d — 1)-dimensional hyperplane segments. To be specific,
denote all the active pieces of f”(z) to be {pi(jl) cj=1,... ,si(l)}, where s = O(N)-1d

according to Lemma 2.4.12 for any 1 <i < N. On each active piece pi(jl), denote

o _ @ . ) . )
hi’ = {(z, fi"(x)) : x € py’} N {(x,0) : x € p;},
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which is part of a (d—1)-dimensional hyperplane. Then we have Ri(l) = {hi(jl) j=1,... ,Si(l)}, a
collection of (d — 1)-dimensional hyperplane segments. Let R = U{ilRi(l), which corresponds
to the piece boundaries of f'*1.

By definition, all Type II pieces vertices must reside in at least one of the the activation sets
(z =0 in o(2)) of the ReLU units in the last layer. R%) contains all such activation sets for
the last hidden layer, i.e. for any h € R, there exists 1 <i < N such that fi(x) =0, V& € h.
The Type II pieces vertices are jointly determined by such activation sets and the piece
boundary of f;’s (dimension d — 1), i.e. Ri(L_Q). Therefore, the total number of such piece

vertices can be bounded by

‘R(l—l)‘ + ‘3(1—2)’> _ O(N)(l’l)d2+d,

U(l) < (

where ‘R(l)’ denotes the number of elements in R, which is bounded by O(N)(—Dd+1,

For V(L), we first conclude that V(1) = O(N?). For a 1-hidden layer ReLU network, the
decision boundary of every ReLU unit is a (d—1)-dimension hyperplane, i.e. {x : wiz+b; = 0}.
The maximum number of piece vertices is bounded by (]C\l[) = O(NY). Then, (2.23) can be

repeatedly broken down as

V(L) < NV(L—1)+U(L)
< N?*V(L-2)+ NU(L-1)+U(L)

L-1
< NFW()+ Y NU(L-1)
=0

L—1
0O (NL71+d) +0 (lz% N(Lll)d2+d+z>

10 (N(L—1)d2+d) -0 (NLdQ) ‘

As an extension to the toy case, for any 1 <1i < s, define

1. ki = minj—y, d{ 6{9;756)‘ tT Gpi}§
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2. to = minj<i<y, {3 (x1)]} -

That is, k; is the minimal absolute values of the directional derivatives of f on piece p;.

Assumption (A3) is satisfied if the following holds:
- _ m*d2 L2
11%1%13{/{21}, to = Q(logn) : (2.24)

We will check (2.24). The partial derivative of f}(x) for & € p; can be expressed as sum

of the product of the random weights, i.e. Y ; HZL::TF ! wf,?, where wf,ll) is an element from W®

and J is some collections of L* + 1 index pairs, e.g. {(i;,j))}-"". There are s pieces and

denote the corresponding index sets by Jy, Jo, -+, J;. Then we have
Li+1 o
. . !
pinfky = min |5 11w,

Since all the weights are i.i.d. from standard normal distribution, we have for any index set

J that
L+l Li+1
P ZHU)S?</€ <P Hw§l)1<k .
J =1 =1
Therefore,
Js Li+1
P(min {k} <k) < S P[> [ wf)| <k
lsiss J=h 7 i=1
Lit1 1/(Li+1)
<sP H wﬁ < kY EFD
=1
< g pMELHD)
By taking

5 Li+1
fo =4 ((N;)L%J ’

we have that with probability at least 1—¢, minj<j<,{ki} > ko and ko = Q(1/logn)™ En(EatDd,
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On the other hand, for any ¢;, there exist j = 1,..., v, such that ¢, = f}(x;). Hence

1=L.,vs )= 1,

Let W_p, := {W® b®}[" . Then we have fi(ax;)| W_r: ~ N(0, o2.), where o7 depends

on W_p. and O'ij > 1 that

N
Ln

Oa | Wopy 1= 3 of(x) +1,

i=1

which is reminiscent of (2.22) and Ny. is the width of the last layer and oj(-)’s are outputs

(post-activations) from the last layer given W_r.. Therefore, for any ¢ > 0, we have

1<j<vs

P( min {|f;(z))[} <t[W_r;) < ip(lﬁi(%)l <t[W_)

= vP(| [y (@) <] W_p;)

t 2
< v, <> < LN,

Oz,

Thus by taking ¢t = 5/(]\7;)‘1%71, we have that with probability at least 1 — 0, min;{t;} > ¢
and t = Q(1/logn)™ @Ln. Therefore, (2.24) holds. That is to say, when d > 2, with high
probability, Assumption (A3) holds in which ¢,,1/T, = O(logn)™ @’

Notice that the probability arguments used in this section don’t rely on Gaussian distri-
bution. As long as all weights are i.i.d. with distribution that doesn’t have a point mass at 0,

our claim holds.
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3. STATISTICAL OPTIMALITY WITH ALGORITHMIC
GUARANTEES

In the previous section, we have extended the nonparametric theory of deep learning by
establishing statistical optimality of DNNs under various new settings. However, this type
of results has two limitations. Firstly, they only apply to the empirical risk minimizer
or some specially constructed DNNs without any algorithmic guarantee. Secondly, the
theoretical analysis relies on delicate complexity control of the DNN family and cannot handle
overparametrization, which is very common in practice. Therefore, statistical optimality
without algorithmic guarantees are less helpful in understanding deep neural network models.

Recently, many efforts have been devoted to provable deep learning methods with al-
gorithmic guarantees, particularly training overparametrized neural networks by gradient
descent (GD) or other gradient-based optimization. It has been shown that with enough
overparametrization, e.g., neural network width tends to infinity, training DNN resembles a
kernel method with a specific kernel called as “neural tangent kernel” (NTK) [23]. In the
NTK regime, GD can provably minimize the training error to zero in both regression [16], [17],
[97], [98] and classification [99]-[101] settings. Corresponding generalization error bounds are
developed to ensure prediction performance on unseen data. However, a closer inspection of
these generalization results reveals that they only hold under the noiseless assumption, i.e.,
the response variable is deterministic given the explanatory variables. For overparametrized
neural networks, the training loss can be minimized to zero so that the generalization error
equals the population loss, which cannot be zero in the presence of noises. As random noises
are ubiquitous in the real world, theoretical guarantees and provable learning algorithms that
take into account of random noises are much needed in practice.

In contrast, classic nonparametric statistics literature demonstrate that in the presence of
noises, the Ly estimation error can still go to zero with possibly optimal rates as established
in [48]. To further investigate how overparametrized neural networks trained via GD work
and how well they can learn the underlying true function with noisy data, we consider the
classic nonparametric regression setting (1.2). In this section, we consider neural network

estimators f produced by overparametrized one-hidden-layer ReLLU neural networks, where
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the number of neurons can be much larger than the sample size, and investigate how fast the
L, estimation error || f—7 *||2 converges to zero as sample size grows. The main contributions

in this section are:

o We prove that overparametrized one-hidden-layer ReLU neural networks trained using
GD do not recover the true function in the classic nonparametric regression setting (1.2),
i.e., the Ly estimation error is bounded away from zero as sample size goes to infinity.

To predict well on unseen data, a delicate early stopping rule has to be deployed.

o We analyze the ly-regularized GD trajectory and show that the ¢y penalty on network
weights amounts to penalizing the reproducing kernel Hilbert space (induced by NTK)
norm of the associated neural network. With ¢y regularization, overparametrized neural

network trained by GD resembles the solution of kernel ridge regression.

o We further prove that by adding proper ¢, regularization, overparametrized neural
network trained by GD achieves the minimaz-optimal Ly convergence rate n~%(“4d=2)

in recovering the ground truth in (1.2).

The correspondence between overparametrized neural network trained by /fs-regularized
GD and kernel ridge regression is nontrivial and technically challenging. In spite of the
well-established equivalence between NTK and infinite-width DNN trained by GD, there is a
huge technical gap for finite-width overparametrized neural networks, especially when the
training objective includes explicit regularization terms.

To sum up, this work broadens the current scope of the NTK literature and connects the
recent advances in deep learning theory, e.g., analyzing the trajectory of GD updates, implicit
bias of overparametrization, etc., to the classical results in nonparametric statistics. More
specifically, our findings not only contribute to the theoretical (in particular, nonparametric)
understanding of training overparametrized DNN on noisy data but also promotes the use of

{5 penalty or weight decay in practice for better theoretical guarantees.
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3.1 Overparametrized Neural Networks and Kernel Methods

Overparametrized neural networks trained by gradient descent can provably overfit any
training data. As the width goes to infinity, training DNN under resembles kernel regression

and the corresponding kernel is called Neural Tangent Kernel (NTK).

Neural Tangent Kernel The seminal paper [23] proves that the evolution of DNNs
during training can be described by the so-called neural tangent kernel, which is central
to characterize the convergence and generalization behaviors. [16], [17], [97] investigate
specifically for one-hidden-layer ReLU neural networks and show explicitly that with enough
overparametrization, the weight vectors and the corresponding NTK do not change much
during GD training. Similar investigations have been done for other neural networks and
other settings [98], [L00]. Among others, [17], [102] provide generalization error bounds and
provable learning scenarios, but only hold for noiseless data.

For noisy data, explicit regularizations have recently been considered in the NTK literature.
[103] promote the ¢5 penalty when using NTK by showing that in a constructed classification
example, sample efficiency can benefit from the regularization. [104] consider classification
with noisy labels and propose to add ¢, regularization to ensure robustness. However, their
analyses only apply to the kernel estimator directly using NTK and only relate to infinite
width neural networks, which greatly restricts the model class capacity. As pointed out before,
bridging the technical gap between NTK and finite-width overparametrized neural networks is
technically challenging when the training objective includes an {5 regularization term and we
should not take it for granted. [105] demonstrate the similarity between the Laplace kernels
and ReLU NTKs. However, in order for NTK to be a good characterization of neural network
training, how wide is wide enough remains an active field of research [106]. In comparison, we
directly analyze GD trajectories of training finite-width neural networks (with and without
{5 regularization) and prove that the corresponding NTK solutions can be well-approximated
after a polynomial number of GD iterations. To the best of our knowledge, we are among the
first to rigorously establish the L, convergence rate for trained neural networks under noisy

data. [107] recently provide similar convergence rate analysis by considering a particular
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penalized stochastic gradient descent algorithm but they require the neural network width to
be exponential with n.

Our algorithm-dependent statistical analysis bridges the gap between these two types of
research. Based on the GD trajectories and the corresponding NTK, we are able to analyze
the trained overparametrized neural networks within the nonparametric framework and show

they can also achieve the optimal convergence rate with proper regularizations.

Neural Network Setup Consider the one-hidden-layer ReLLU neural network family F

with m nodes in the hidden layer, expressed as

fwa(x) = \/1% i &Ta(ij),

where € R? denotes the input, W = (wy,--- ,w,,) € R>™ is the weight matrix in
the hidden layer, a = (ay,- -+ ,a,,)" € R™ is the weight vector in the output layer, o(z) =
max{0, z} is the rectified linear unit (ReLU). The initial values of the weights are independently

generated from
w,(0) ~ N(0,7°L,), a, ~ unif{—1,1}, Vr € [m)].

When m > n, the neural network is highly overparametrized. As is usually assumed in the
NTK literature [17], [104], [108], we consider data on the unit sphere S*! ie., ||zl = 1
for any i € [n|. Throughout this work, we further assume that «,...,x, are uniformly
distributed on S%~! so that Ew,\,unif(gd—l)(f(w) — f*(x))* and ||f — f*||3 are equal up to a

constant multiplier and thus will be used interchangeably.

Gradient Descent Let y = (y1,--,y,) and € = (e, ,¢6,)" . Denote u; = fw o(2;) to
be the network’s prediction on x; and let w = (uy, ..., u,)". Without loss of generality, we
consider fixing the second layer a after initialization and only training the first layer W by

GD. Fixing the last layer is not a strong restriction since a-o(z) = sign(a)-o(|a|z) and we can
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always reparametrize the network to have all a;’s to be either 1 or —1. Denote the empirical

squared loss as ®(W) = 1|ly — u||3. The gradient of (W) w.r.t. w, can be written as

0P(W) 1 "
w,  Vm

where I,; = I{w, z; > 0}. Then the GD update rule at the k-th iteration is given by

ID(W)

w,(k+1) =w,(k)—n o

Y

W=W (k)

where 7 > 0 is the step size (a.k.a. learning rate). In the rest of this work, we use k to index
variables at the k-th iteration, e.g., wi(k) = fw(x).a(2:), etc. Define I ;(k) = I{w, (k) "a; > 0},
Z (k) € Rm®" that

CL1H171(I€)$1 e al]ILn(k;):cn

a1 (k) .. aplpn(k)x,

and H (k) = Z(k)" Z(k). Tt is shown that matrices Z(k) and H (k) are close to Z(0) and
H (0), respectively for any k, when m is sufficiently large [17]. We can rewrite the GD update

rule as
vec(W (k+ 1)) = vec(W(k)) —nZ(k)(u(k) —y), (3.1)
where vec(W) = (w, - ,w,} )T € R™¥*! is the vectorized weight matrix.

Kernel Ridge Regression with NTK The study of one-hidden-layer ReLLU neural
networks is closely related to the NTK defined as

h(s,t) =Ew~n(0,1,) (sTt Hw's > 0,w't > O})

_ s't(n — arccos(s't)) (3.2)
B 21 ’ '
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where s, t are d-dimensional vectors. It can be shown that h is positive definite on the unit
sphere S~ [108]. Let the Mercer decomposition of h be h(s,t) = 337° Aj;(s)@;(t), where
A1 > Ag > ... > 0 are the eigenvalues, and {¢; }?1 is an orthonormal basis.

The following lemma states the decay rate of eigenvalues of the NTK associated with

one-hidden-layer ReLU neural networks, as a key technical contribution of this work.

d

Lemma 3.1.1 Let A be the eigenvalues of NTK h defined above. Then we have A\j < j~a-1.

Let NV denote the reproducing kernel Hilbert space (RKHS) generated by h on S¢~1, equipped

with norm || - || ;. For an unknown function f* € N, the kernel ridge regression minimizes
min = >~ ( — f(@)* + 2113 33)
fen 2 2

where 1 > 0 is a tuning parameter controlling the regularization strength. The representer

theorem says that the solution to (3.3) can be written as
f(@) = b, X)(H* + pL) 'y (3.4)

for any point * € R? where h(xz,X) = (h(xz,z1),....,h(z,x,)) € R>*" and H*® =
(h(xi, x5)),,..,, (H™ is usually called the NTK matrix). In the following theorem, we show

that the function f is close to the true function f* under the L, metric.

Theorem 3.1.2 Let f be as in (3.4). By choosing p =< n(@1/24=1) "ye have
N . _d N
If = £13 = 0e (n727) |1 fI} = Oe(1).

The proof of the convergence rate requires an accurate characterization of the complexity of
N, which is determined by the eigenvalues and eigenfunction expansion of the NTK h. If the
eigenvalues decay at rate \; < j~2", the corresponding minimax optimal rate is n~2v/ v+l
[109], [110]. Building on the the eigenvalue decay rate established in Lemma 3.1.1, it can be

shown that the Ly estimation rate in Theorem 3.1.2 is minimax-optimal.

In the rest of this work, we assume that f* € V.
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3.2 Problems of Gradient Descent from the Nonparametric Perspective

In this section, we consider training overparametrized neural networks with the GD
update rule (3.1). Among others, [16], [17] prove that as iteration k — oo, the training data
are interpolated, achieving zero training loss. However, in the presence of noises, i.e., ¢ in
(1.2), such an overfitting to the training data can be harmful for recovering the ground truth.
The following theorem shows that if &k is too small or too large, the Ly estimation error of

the trained neural network is bounded away from zero.

Theorem 3.2.1 Fiz a failure probability 6 € (0,1). Let Ao be the largest number that with
O( ), and

probability at least 1 — &, Apin(H®) > Ag. Suppose m > 7~ poly( v 5)

=0 (%ﬁ) For sufficiently large n, if the iteration k = (1:7’%\:) ork=0 (

, then with

1
nn

probability at least 1 — 20, we have

Eell fwy.a — 15 = Q(1).

The conditions on m,n, and 7 have the same rates as those in Theorem 5.1 of [17], but
the constants requirements are different. The probability 1 — 26 in Theorem 3.2.1 comes from
the randomness of A\yin (H>) and (W (0),a).

Theorem 3.2.1 states that the estimation error for non-regularized one-hidden-layer neural
networks is bounded away from zero by some constant if trained for too short or too long.
The latter scenario indicates that overfitting is harmful in terms of the L, estimation error.
Similar results have been shown in [111] for specifically designed overparametrized DNNs that

2 . . . .
1047y smaller neural networks, which is much more restrictive

is a linear combination of Q(n
than ours.

In order to have low Ly estimation errors, Theorem 3.2.1 implies that the iteration number
k must satisfy (nXo) tlogn < k < (nn)~t. However, deriving a precise order of k, which
leads to the optimal rate of convergence, could be extremely challenging. Alternatively, we
consider the infinite-width limit of one-hidden-layer ReLLU networks, i.e., directly using the
NTK (3.2) in kernel regression. This may shed some light on the optimal stopping time for

practical overparametrized neural networks.
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In kernel regression, the objective becomes

min~ > (i — f(@)’, (3.5)

fen 2

whose solution can be explicitly expressed as h(x, X )(H>) 'y, by setting u = 0 in (3.4). How-
ever, inverting the kernel matrix can be computationally intensive. In practice, gradient-based
methods are often applied to solve (3.5) [110]. The following theorem establishes estimation

error results for the NTK estimators trained by GD, complementary to Theorem 3.2.1.

Theorem 3.2.2 Consider using GD to optimize (3.5) with a sufficiently small step size n
depending on n (but not on k). There exists a stopping time k* depending on data, such that

Ellfie = 7[5 = 0 (n777),

where fk is the predictor obtained at the k-th iteration. Moreover, if k — oo, the interpolated

estimator foo satisfies

E|lfoo = f*I3 = Q(1).

To specify the optimal stopping time £* in Theorem 3.2.2, we first introduce the local

empirical Rademacher complexity defined as
| 1/2
Rp=(e) == (ngmin{)\i/n, 52}> :

which relies on the eigenvalues M > o>\, > 0 of H®. Then, the stopping time k* is
defined to be

* . 5 1 1
k= argmm{k eN | RHOO(\/n_k) > 2em]k;} — 1. (3.6)

In essence, the optimal stopping time decreases with the noise level o and increases with the

model complexity, measured by the eigenvalues of H>.

Remark 3.2.3 (k* for neural networks) To derive the order of k* for overparametrized

neural network, a sharp characterization of the eigen-distribution of H*™ is needed. To the
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best of the authors’ knowledge, no such results are available yet. Even though as m — oo,
neural network resembles its linearization (NTK), it doesn’t necessarily mean such a stopping
rule can be easily derived for finite-width neural networks. In general, theoretical guarantees
of an early stopping rule for training overparametrized neural networks is challenging and left

for future work.

Besides early stopping, explicit regularizations are usually employed in deep learning
models to balance the bias-variance trade-off and prevent overfitting, for example, weight
decay [112], batch normalization [40], dropout [38], etc., to prevent overfitting. In the next
section, we investigate the ¢y regularization [113]-[115] and demonstrate its effectiveness in

the nonparametric regression setting.

3.3 /y-Regularized Gradient Descent for Noisy Data

Without any regularization, GD overfits the training data and the estimation error is
bounded away from zero. Instead, we propose using the f>-regularized gradient descent

defined as

vec(Wp(k + 1)) =vec(Wp(k)) —mZp(k)(up(k) —y)

— nopvec(Wp(k)), (3.7)

where 11,1 > 0 are step sizes, and g > 0 is a tuning parameter. It can be easily seen that

(3.7) is the GD update rule on the following loss function

1 7
D (W) = Sy — ul} + & vec(W) 3 (3.5)
The /5 regularization has long been used in practical training neural networks and
is equivalent to “weight decay” [112] when using GD [116]. In the NTK literature, ¢y
regularization is also considered as a way to improve generalization [103], [L04]. However, we

are among the first to directly analyze the fs-regularized GD trajectories of overparametrized

neural networks and show its connection to kernel ridge regression using NTK. In the rest of
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this work, we use subscript D to denote the variables under the regularized GD (3.7), e.g.,
up(k) for the predictions at the k-th iteration.

Theorem 3.3.1 Let \g be the largest number such that with probability at least 1 — 6,
Amin(H™) > X, and 5, — 0 as n goes to infinity*. For sufficiently large n, suppose
d—1 3d—1

p= 2T g Xy =o(n 21), 7 =O(1), m > 7 %ploy(n, \y ), and the iteration number k

satisfies log (ploy,(n, 7,1/X)) < nopk < log (ployy (T, 1/n,v/m)) . Then we have

lup (k) — H®(Cul + H*) 'yl = Oz (vn(l — n2p)*) | (3.9)
[vee(Wp (k) — (1 = 1ap1) "vee(Wi (0))]|2 = Op(1), (3.10)

for some constant C' > 0. Moreover, during the training process, the mean squared loss

satisfies
D(Wi(k))/n < (1= 1ag2) (W (0))/n + Os(1). (3.11)

In the above theorem, three upper bounds are provided. In (3.9), we provide an upper bound
on the difference between the prediction using one-hidden-layer neural networks and that
obtained by (3.4), which converges to zero as the sample size goes to infinity. This indicates
that the ¢y penalty on neural network weights has similar effects to penalizing the RKHS
norm as in (3.3). Combining (3.9) and Theorem 3.1.2, we can conclude that the fy-regularized
one-hidden-layer ReLLU neural network recovers the true function on the training data points
Ty, .., Ty

In (3.10), we provide an upper bound on the distance between the weight matrix at the
k-th iteration and the “decayed” initialization Wp(0). Under the conditions in Theorem
3.3.1, their distance measured in Frobenius norm is bounded by some constant depending
on the underlying true function. Unlike the results in [17], the upper bound presented in
(3.10) does not depend on data. Therefore, as long as the underlying function is within the
RKHS generated by NTK, the total movement of all the weights is not large even if the data

observed are corrupted by noises.

IPotential dependency of A\g on n is suppressed for notational simplicity.
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In (3.11), we give a characterization of how the training objective decreases over iterations,
which is reminiscent of Theorem 4.1 in [16]. Unlike the results without regularization, our
ly-regularized objective is not expected to converge to zero, i.e., no data interpolation, which

is essential to ensure the best trade-off between the bias and variance.

Remark 3.3.2 (More Iterations) The required iteration number k in Theorem 3.3.1 is
approzimately (nep) ™, up to a logarithmic term. We believe the upper bound on k is not
necessary and may be relaxed. The stated results are expected to hold if k — oo and we
conjecture that the output will converge to the optimal solution of kernel ridge regression as
in (8.4). Simulation results in Section 3.4 support our conjecture and we leave the technical

proof for future work.

Remark 3.3.3 (Neural Network Width) In the previous result, the requirement for the
width m > 7= 2ploy(n, \g ') indicates that m is in polynomial order of sample size. Such a
overparametrization is not uncommon in the NTK literature. It should be noted that there is
a huge gap between overparametrized, finite-width networks and infinite-width networks. The
former is still a network while the latter reduces to the exact NTK methods. It remains an

active field of research on characterizing the size and approximation error dependence between

the two [106].

Next, we extend the results in Theorem 3.3.1 and establish the L, convergence rate for

neural networks trained with ¢5-regularized GD.

Theorem 3.3.4 Suppose the assumptions of Theorem 3.3.1 hold. Then we have

% __4d
| fwoky.a — ¥ = Op(n”27).

The above theorem states that with probability tending to one, the neural network estimator
can still recover the true function with the optimal convergence rate of n_m, demonstrating
the effectiveness of the ¢y regularization for noisy data. Unlike other optimality results
established for neural networks [2], [50], our convergence rate result applies to overparametrized

networks and is obtainable using the ¢y-regularized GD.
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Figure 3.1. The results for f; are shown on the left figure and the results
for f; are shown on the right figure. The Ly estimation errors are shown for
all methods vs. o, with their standard deviations plotted as vertical bars.
Similarly for both f; and f3, we observe that NTK and ONN do not recover
the true function well. Early stopping and ¢, regularization perform similarly
for NTK, especially for f5. ONN+/; performs the best in both cases.

3.4 Numerical Studies

In practice, regularization techniques are widely used in training deep learning models.
Among others, [33], [114], [L17]-[119] have investigated the effectiveness of {5 regularization
and early stopping in training DNNs, and comprehensive comparisons have been made
empirically against other regularization techniques. Therefore, one major goal of this section
is not to show state-of-the-art performance using ¢, regularization, but to use it as an example
to illustrate, from a nonparametric perspective, the necessity of regularization in training
overparametrized neural networks with GD. Another goal is to demonstrate the robustness
of our theory when some underlying assumptions are violated, e.g., one hidden layer, ReLU
activation function and data on a sphere, etc.

Specifically, we consider NTK without regularization (NTK), NTK with early stopping?
(NTK+ES), NTK with ¢; regularization (NTK+/s), overparametrized neural network with
and without /5 regularization, denoted as ONN and ONN+/5, respectively. For ONN, we

use two-hidden-layer ReLU neural networks and m = 500 for each layer. To train the

2 As specified in Theorem 3.2.2, the optimal stopping time k* in (3.6) depends on o, which is to be estimated
from data. In our simulation, we directly use the true value.
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neural networks, instead of GD, we consider the more popular RMSProp optimizer [120]
with the default setting. For ONN+/{; and NTK+/5, the tuning parameter u is selected by

cross-validation.

Neural network setup The neural network used in all experiments is a 2-layer ReLU
neural network with m = 500 nodes in each hidden layer. All the weighs are initialized with
the Glorot uniform initializer, also called as Xavier uniform initializer [121], which is the
default choice in the TensorFlow Keras Sequential module. All the weights are trained by
RMSProp [120] optimizer with the default setting, e.g. learning rate of 0.001, etc. All ONN

experiments are conducted using TensorFlow 2 with Python API.

3.4.1 Simulated Data

Consider the d = 2 case where the training data points «1, ..., x, are i.i.d. sampled from
unif([ — 1,1]?). We set n = 100 and let noises follow N(0,0?). Two target functions are
considered: f;(x) =0 and f;(x) = x'x. The L, estimation error is approximated using a
noiseless test dataset {(@;, f*(2;)) 2 where ;’s are new samples i.i.d. from unif([ — 1, 1]?).
We choose ¢ = 0.1,0.2, ..., 0.5 and for each o value, 100 replications are run to estimate the
mean and standard deviation of the Ly estimation error. Results are presented in Figure
3.1. The learning rate for NTK+ES is n = 0.01 and the GD update rule is as specified in
(3.30). In the ¢y-regularized methods, the tuning parameter p for each task is chosen by cross
validation. The validation dataset is of size 100 that is also noiseless and follows the same
generating mechanism as the test dataset. For NTK-+/5, we use a grid search of interval
[0,1] with 4 = 0.01,0.02,...,1 and for ONN+/5, the u candidates are 0.1,0.2,...,10. In
both cases, we observe that the optimal ;1 increases with the noise level o. For f;, we plot
the chosen p and k* for NTK+/¢y and NTK+ES respectively vs. o. For each o value, the
reported value is the average of 100 replications. The results are shown in Figure 3.2.

Figure 3.1 clearly demonstrates that ONN and NTK do not recover the true function well.
As is explained in the section, without regularization, overfitting the training data is harmful
for the Ly estimation. To illustrate this point, we show the trained estimators of f5 for all

the methods in Figure 3.3 when o = 0.1.
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Figure 3.2. Left: Cross-validation of p in NTK+-/5 for fitting f5 when o = 0.1.
The horizontal axis is values of p (100 points from 0.01 to 1) and the vertical
axis is the validation mean squared error. The cross-validated p in this case
is 0.13. Right: Optimal stopping time £* in NTK+ES and cross-validated p
in NTK+/, for fitting f; are shown vs. o. The optimal GD stopping time
decrease with noise level while the best i increases with o.

3.4.2 Real Data

To showcase our results on the Ly estimation, an ideal dataset is one that can be well-fitted
by neural networks so that we can treat it as noiseless and then manually inject random
noises. Inspired by the numerical studies in [104], we consider the MNIST dataset (digits 5
vs. 8 relabeled as —1 and 1), where the test accuracy can reach over 99% by shallow fully
connected neural networks [122]. For images 5 and 8, the training and test split are the
default.®* We change label 5 and 8 to —1 and 1 respectively. No further pre-processing is done
to the dataset. For NTK+ES, the learning rate is 7 = 0.0001 and the GD update rule is as
specified in (3.30). To account for the high data dimension, we divide the NTK matrix H>
by d. For the ONN+/y; and NTK+/5, we choose p by cross-validation and the candidates
are pn = 1,2, 5,10, 20, 50, 100, 200, 500, 1000, 2000, 5000 for ONN+/5 and p =1,2,3,...,100
for NTK+/5. The training/validation split is 80%/20% for cross-validation so the actual
training data size is 9107 for all methods (ONN, NTK and NTK+ES do not use the validation
dataset). The cross-validated p for ONN+-/; and optimal stopping time &* for NTK+ES are

shown in Figure 3.4, together with the cross-validation results specifically for o = 1.

3http://yann.lecun.com/exdb/mnist /
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Figure 3.3. Visualizations for the trained estimators of NTK (top left),
NTK+/; (bottom left), ONN (top right) and ONN+/5 (bottom right). Training
data are plotted as red dots. The green surface is the estimator and the grey
surface is the true function f5. Both surfaces are approximated by grid points
(i/100,/100) for i,j from -100 to 100. As can be seen in the top row, without
regularization, the estimators overfit training data. The fitted estimators are
very rough and don’t recover the true function well.

Even though the dataset is for classification, we can treat the labels as continuous and
learn the true function under the proposed regression setting. We use y* to denote the
true labels and manually add noises € to the training data, where each element of € follows
N(0,0?) independently. The perturbed labels are denoted by y = y* + €. By gradually

increase o, we investigate how ONN and ONN-+/; perform under the additive label noises

setting.
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Figure 3.4. Left: Cross-validation result for g in ONN+/s when o = 1 (with
extra p candidates of 300 and 400). In the range of u = 5 to u = 1000, we
can clearly see a V-shape and the best p in this case is 200. Right: Optimal
stopping time k* in NTK+4+ES and cross-validated g in ONN+/5 for MNIST
dataset are shown vs. . The optimal stopping time decreases with noise level
while the best u increases with o.

Remark 3.4.1 (Additive label noises) To manually inject noises to classification data, many
works consider replacing part of the labels by random labels [17], [33]. However, such noises

are not i.i.d. and cannot be applied to the regression setting. Similar additive label noises are

also considered in [104].

The training dataset contains n = 11272 vectorized images of dimension d = 784. The
test dataset size is 1866. For ONN+/5, our training objective function is ®; as in (3.8) and
setting ;1 = 0 corresponds to the objective function of training ONN. On test dataset, which
is not contaminated by noises, we use the sign of the output for classification and calculate
the misclassification rate as a measure of estimation performance. To be more specific, a test
image Z is classified as label 8 if f () > 0, and label 5 if f () < 0, where f is the neural
network estimator. The misclassification rate is the percentage of incorrect classifications
on the test images. We choose o = 0,0.25, ..., 1.5 and for each ¢ value, 100 replications are
run to estimate the mean and standard deviation of the test misclassification rate. How the
training root mean square error (RMSE) and test misclassification rate evolve during training

when o = 1 for ONN and ONN+/; is also investigated. The results are reported in Figure
3.5 and 3.6.
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Figure 3.5. The test misclassification rates for all methods vs. ¢ with their
standard deviations plotted as vertical bars is shown in the figure. NTK+ES
for 0 = 0 is omitted since k* is not well-defined when ¢ = 0 and NTK+ES
in this case should be the same as NTK, i.e. k* = co. As o increases, all
misclassification rates increase but NTK+/5 and ONN+/5 perform significantly
better than NTK and ONN with smaller misclassification rate and better
stability, i.e., the standard deviation is smaller. The NTK+ES is the green line

and it performs the worst when o < 0.5 but better than NTK and ONN when
o> 1.

Remark 3.4.2 (NTK+ES) The performance of NTK+ES is shown in Figure 5.5. Unlike in
the simulated dataset where NTK+ES and NTK+/{y perform almost identically, NTK+FES
performs noticeably worst for the MNIST dataset, especially when o is small. One possible
explanation lies in our additive label noise setting. FEven though we treat the labels as
continuous during training, the reported misclassification rate only depends on the sign of the
label. If o is small, the probability of changing signs is small. This may be one of the reasons
that NTK, ONN perform relatively well for small o’s, since if the signs remain the same, it is
not very harmful to overfit the labels. Note that NTK+{s and ONN+{y choose small j1’s such
that it is not very different from NTK and ONN. The stopping rule in NTK+ES, on the other
hand, doesn’t take the classification setting into consideration and tends to underestimate the
stopping time when the additive label noises are small. Nonetheless, we don’t recommend

NTK+ES for handling large datasets. Firstly, the noise level o needs to be estimated, which
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Figure 3.6. The figure shows how the training RMSE and test misclassification
rate evolve across iterations for ONN and ONN+/5 when ¢ = 1. For both
methods, the training RMSEs decrease fast in the first 1K iterations. However,
as the ONN training RMSE flattens after 10K iterations, its test misclassification
rate goes up while that for ONN—+/5 remains flat even after 50K iterations,
which supports our conjecture in Remark 3.3.2. The right figure also reveals
the potential early stopping time for ONN around iteration 10K, which has
test misclassification rate comparable to that of ONN-+/.

brings extra instability to the algorithm. Secondly, NTK+ES is very computationally intensive,
especially for the eigenvalues of the NTK matrix.

3.5 Discussion

From a nonparametric perspective, this section studies overparametrized neural networks
trained with GD and establishes optimal L, convergence rates for trained neural network
estimators under the ¢y regularization. On one hand, our result broadens the NTK literature
by incorporating an explicit penalty term in the training objective. On the other hand,
our convergence analysis extends the statistical theory of deep neural networks by bringing
algorithmic guarantees into the network estimator and offsetting the extra complexity from
overparametrization through delicate GD analysis. Our simulation results corroborate
the theoretical analysis and imply that the assumptions of our theory may be relaxed.
More investigations along this direction would advance our statistical understandings of

deep learning. For example, our work can be further improved by relaxing the sphere
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assumption on the input data and the iteration number k& imposed in Theorems 3.3.1 and
3.3.4. Additionally, as empirically shown in numerical experiments, it is possible to extend our
theory to multi-layer neural networks with other types of activation functions and training
algorithms.

The nonparametric perspective is potentially helpful in understanding other popular
regularization techniques, e.g., batch normalization [40], data augmentation [123], knowledge
distillation [74], etc. On the other hand, novel and problem-specific regularization approaches

may be motivated during the convergence analysis that inspires better performance in practice.

3.6 Technical Proofs

We introduce some additional notations. Denote y* = (f*(x1),---, f*(x,))" as the the
vector of underlying function’s functional values at sample points. Let I,.(x) = I{w, x > 0}

and

a1y (x)x
c RmIxL, (3.12)

Ly ()

Thus, Z(k) = (2(x1), ..., 2(%n))|[w=w@u). When the context is clear, we omit the dimension

and write I; as I.
Proof of Lemma 3.1.1 We will use the following lemma, which states the Mercer decom-
position of h as in (3.2).

Lemma 3.6.1 (Mercer decomposition of NTK h) For any s,t € S* 1, we have the
following decomposition of the NTK,

oo N(dk)

Z/Lk Z Y’w Y’w

where Yi;, j = 1,..., N(d, k) are spherical harmonic polynomials of degree k, and the non-

negative eigenvalues ju, satisfy p, < k=%, and p, =0 if k = 2j + 1 for k > 2.
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The proof of Lemma 3.6.1 is similar to the proof of Proposition 5 in [108]. The difference is
that the Proposition 5 in [108] considers the kernel function
1 —(sTt)?

h1(57t) - 4h(8,t) + #a

and we only need to consider the kernel function h(s,t). A generalization of Proposition 5 in
[108] can be found in Theorem 3.5 of [124].
Note that in the proof of Lemma 3.6.1,

C2j4+d-2[j+d=3 T(+d—2)

Ndj) === i_o | T Td-DrG)

where I is the Gamma function. By the Stirling approximation, we have I'(z) ~ v/2rz®~/2e2,
Therefore, we have the number N(d,j) is equivalent to j9=2. Thus, by Lemma 3.6.1, the j-th

eigenvalue Aj can be denoted by

-1 l

Aj =, for Y N(d,2i) <j <> N(d,2i),
i=1 i=1

which can be approximated by \; < py, for (20 —2)?"! <j < (21)?7!. By Lemma 3.6.1, we

d

=%, which implies \; < j~@-1.

have p; <
Proof of Theorem 3.1.2

Proof Let G be a metric space equipped with a metric d;. The d-covering number of
the metric space (G,d,), denoted by N(6,G,d,), is the minimum integer N so that there
exist N distinct balls in (G, d,) with radius 6, and the union of these balls covers G. Let
H(4,G,d,) =1log N(6,G,d,) be the entropy of the metric space (G,d,). We first present an
upper bound on the entropy of the metric space (N, || - || ), where the proof can be found in

Section 3.6.3. [ |
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Lemma 3.6.2 Let N be the reproducing kernel Hilbert space generated by the NTK h defined
n (3.2), equipped with norm || - ||x. The entropy H(6, N (1), || - ||s) can be bounded by

2(d—1)

H<57N(1)v|| HOO) < A05 B

where N(1) ={f : f e N, ||fllx <1}, and Ag > 0 is a constant not depending on §.

For the regression problem, consider a general penalized least-square estimator

f := argmin (1 Zn:(yl — fx))* + AZI”(f)) ,

feN n iz

where ), > 0 is the smoothing parameter and I : N’ — [0, 00) is a pseudo-norm measuring
the complexity. We use the RKHS norm || f|[x(q) in our case. Let || - ||, denote the empirical

norm. The following lemma establishes the rate of convergence for the estimator f .

Lemma 3.6.3 (Lemma 10.2 in [92]) Assume Gaussian noises and entropy bound H (6, N'(1), ||-

|ln) < A~ for some constants A >0 and 0 < o < 2. Ifv > 22f , I(f*) >0 and

)\—1 _ O]P’ (nl/(Q—i—a)) ](Qv—2a+vo¢)/2(2+a)(f*).

n

Then we have

1 = F*lln = Oe(A) T2 (F7)
and I(f) = Op(1)I(f*).

To bound the difference between empirical norm and L, norm, we utilize the following

lemma. For a class of functions F, define for z > 0

Joo(2, F) : coggl/ \/Wdu+\/‘5z]

Lemma 3.6.4 (Theorem 2.2 in [125]) Let

R :=sup | fll2, K :=sup|flle
feF fer
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Then, for all t > 0, with probability at least 1 —exp [ — t],

2RJ(K,F) + RK\/t N 4J2 (K, F) + K*t

L1 = 117112 Tn -

/C1 <

sup
feF
where Cy > 0 is some constant not depending on n.

Proof of Theorem 3.1.2
Proof Consider our estimator f as in (3.4), in which case, v = 2 and I(f) is the RKHS
norm of f. Since || f|l, < ||f|oo, Lemma 3.6.2 indicates that a« = 2(d —1)/d < 2. By choosing

An < n~%(9=2) " which corresponds to p < n(¢=1/24=1) in (3.3), Lemma 3.6.3 yields that
If = £71% = Op(n~¥C41) and || f|I}- = Os(1).

Now we use Lemma 3.6.4 to obtain a bound on || f — f*||,. First consider {f — f*: f € N(1)}.
Since || f||x < 1 for every f € N (1), we have K, R = O(1). By the entropy bound in Lemma
3.6.2 we have Jo(z, N(1)) < 2Cy2"/?. Therefore, Lemma 3.6.4 yields

or({).

Combined with ||f — f*[|2 = Op(n~%@4-1))  we can conclude that for any ¢ > 0 large enough,
If — f*|I2 = O(y/t/n) with probability at least 1 — exp(—t). Utilizing Lemma 3.6.4 again
with R = O(4/t/n) we have for some C' > 0,

prf—ﬁM—wf—ﬁ@
feN(1)

PprMf—ﬁM—wf—ﬁ@

€G(R)

S Ct) Z 1 _e_t7

n

where G(R) := {f € N(1) : ||f — f*|» < R}. Notice that f € G(R) with probability at
least 1 — exp(—t). Therefore, ||f — f*||2 = O(n~%®1) 4 ¢/n) with probability at least
1 —2exp(—t). u
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3.6.1 Proofs of main theorems in Section 3.2

For brevity, let fk = fw(k),a- For two positive semidefinite matrices A and B, we write
A > B to denote that A — B is positive semidefinite and A > B to denote that A — B is
positive definite. This partial order of positive semidefinite matrices is also known as Loewner
order. We focus on the Ly loss of our estimator fk after k& GD updates. Let f denote the

kernel regression solution with kernel A(-,-) that interpolates all {(x;, f*(x;))}, i.e.,
g(x) = h(z, X)(H*)"'y". (3.13)

We first provide some lemmas used in this section. The proofs of lemmas are presented
in Section 3.6.3. Lemma 3.6.5 states some basic inequalities that are also used in the proof
of Theorem 3.3.1. Lemma 3.6.6 provides the convergence rate of interpolant using NTK.
Lemmas 3.6.7 can be found in [17]. Lemma 3.6.8 is implied by the proof in [17]. Lemma 3.6.9
provides some bounds on the related quantities used in the proofs of Theorems 3.2.1 and

3.3.4. Lemma 3.6.10 provide some properties of Loewner order.

Lemma 3.6.5 Let i be as in Theorem 3.1.2. Then we have

h(s,s) — h(s, X)(H®)'h(X,s) >0,
[ bl X)E + ) *h(X @) dw (0~ 7),

/m hz,2) — h(z, X)(H®)"'h(X,z)de =0s(n~77),

where h(z, X) = (h(x, 1), ..., h(z,z,)) and (X, z) = h(z, X)".

Lemma 3.6.6 Assume the true function f* € N with finite RKHS norm, then g(x) defined
(3.13) satisfies

lg = 1"l = O (n7?).
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Lemma 3.6.7 (Lemma C.1 in [17]) If \g = \pin(H™) > 0, m = Q (/\ja%) and n =

O (%), with probability at least 1 — § over the random initialization, we have

|w, (k) — w,(0)]|2 < Ry, Vrem],Vk>0,

where Ry = 4vnlly—u(0)ll2

Vo

Lemma 3.6.8 ([17]) Denote ui(k) = fww).a(xi) to be the network’s prediction on the i-th
input and let w(k) = (uy(k), ..., un(k))" € R™ denote all n predictions on the points @, ..., x,

at iteration k. We have
u(k) —y = (I —nH>)"(u(0) — y) + e(k)

where

k=1 5/2)(,, _ 2

o\ a2y — ()2

- 1 .
e o(k( ) el

Lemma 3.6.9 With probability at least 1 — &, we have

() 12(k) = Z(0)| = O (=0 ),
() 1 H(0) — H*|lr = 0 (A,

Jm
(¢) 120()TZ(0) = b, X) o = O (L),

(d) [|20() Tvec(W(0))]s = O (7/log(1/3)).

Lemma 3.6.10 (Properties of Loewner order) For two positive semi-definite matrices

A and B,

(a). Suppose A is non-singular, then A > B <= A\,:(BA™') <1 and A > B <

Amax(BA™Y) > 1, where Apax () denotes the mazimum eigenvalue of the input matriz.

(b). Suppose A, B and Q are positive definite, A and B are exchangeable, then A > B —>
AQA > BQB.
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Proof of Theorem 3.2.1

Proof For notational simplification, we use fk = fw(k),a- Define

fi(®) = vec(W (k) zo(),
where zo(x) = z(x)|w=w(@). Then we can write the following decomposition
fo=f ==+ (fe—9) + (9= F) = A+ Dg + A, (3.14)

where ¢ is as in (3.13). It follows from Lemma 3.6.6 that

[As]l2 = Op (\/E) - (3.15)

For Ay, under the assumptions of Lemma 3.6.7, with high probability, we have ||w, (k) —

w,(0)||2 < Ry. Thus, for fixed x, we have
w0, (1)@ — 0,(0) ] < [, (k) — w,(O)]]a]l2l]2 < Fo.
Define event

B,(z) = {|w.(0) x| < Ry}, Vr € [m].
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If I{B,(x)} = 0, then we have L. (x) = L, o(x), where L., (x) = I{w,(k) '@ > 0}. Therefore,

for any fixed x, we have

) = )] = | = S la(2) - Ll o)
~ | = E B @ s(e) - Lol ()
< =3 B (@)} (1) al
1 & T T
< o= LB )} (1w (0) | + w, (k) T2 — w,(0) )
< 2B 1B (@)

Recall that ||z|, = 1, which implies that w,(0) "z is distributed as N(0, 7). Therefore, we

have

Ro 1 u? 2R,
E[I{B, =P (|w,(0) x| < Ry) = — ———tdu < :
1B ) = (fo,0) e < 7o) = [ e {2 au < T
By Markov’s inequality, with probability at least 1 — §, we have

Qng

;H{BT(I) V2rrs

Thus, we have

2, Wk ) (nly — w(0)]:
ik < 22 S nm ) < S — o (Mot s

Next, we evaluate As. Recall that the GD update rule is

vee(W (j + 1)) = vee(W(j)) = nZ(j)(u(j) —y),j = 0.
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Applying Lemma 3.6.8, we can get

vec(W (k)) — vec(W(0))

%?wdwo+m—wmwwm
gnzwum ~y)
?}zmu>wﬂmﬂy—uw»—§}zmdp
gnzw)u g Hy - u(0)) + jz;;n(zo) — Z(0))(I — )y — u(0)) - fzénzme(n
f;nzwxf—nHmwy—um»+<w>

For the first term of ((k), applying Lemma 3.6.9 (a), with probability at least 1 — §, we get

||Z77 Z(0))(I — nH>)(y — u(0))]-

—1 n3/4 1/2 ,
szo ( ly — w©l. )III—nH"OII%II(y—U(O))IIz

\/mY2\gTd
(3/4Hy u(0 3/?)1922177 o)

m1/2>\07'(5
3/4Hy u(0 3/2
m1/471/2)\3/261/2 '

Denote that z(j) = z(@:)|w=w()- By (3.12), we have ||2(j)||2 < 1. Thus,

| /\

l

12601 = (S 12018) < v ¥izo (317)
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For the second term of ((k), we have

| Zﬁz ()l

gwmumuom

k

I
_

. o\~ 5/QIIy u(O)II
< nO 1—
0 n®|ly —u(0)[3
VmA3TH '
Therefore,
n?/ 4y — w(0)[3 n®|ly — w(0)|3
Il = (m1/471/2)\3/2§1/2 +O< JINTS ) (3.18)

Define Gy, = f;ol n(I —nH>). Recalling that y = y* + €, for fixed x, we have

fr(@) — (@) =zo(@) "vec(W (k) — h(z, X )(H*) 'y’

=z(2)" | Z(0)Gi(y — w(0)) + (k) + vec(W(0))]

=|h(x, X)(Gy — (H*)")y" + h(z, X)Gre| + [z0(2) " Z(0) — h(z, X)| Gry
+ [20(2) Tvec(W (0)) + zo(®) "¢ () — 20(x) " Z(0)Gu(0)]

=Agi(x) + Ago(x) + Ags(x). (3.19)

Using Lemma 3.6.9 (c¢), we can bound Agy as

[Agl2 <[|zo(x) " Z(0) — h(z, X)||2| Gryl|2

n/log(n/d
O(VPVg*/)>MHW>wm

log(n/d) 9
CFMELLHM)' o0
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Since the i-th coordinate of u(0) is

u;(0) = zo(x;) "vec(W(0)) = iarw(O)TmiH{w(O)Twi},

where a, ~ unif{l,—1} and w(0) @; ~ N(0,7?%), it is easy to prove that u;(0) has zero

mean and variance 72. This implies E[||u(0)|]3] = O(n7?). By Markov’s inequality, with

probability at least 1 — §, we have [|[u(0)|s = O (‘/?T). Similar to (3.17), we can obtain
1Z(0)||r = O(v/n). Thus,

20(2) Z(0)G1u(0)] < [20(@)]11 Z0) |Gl < VAIH™) w0l = 0 ({5)

(3.21)

Combining Lemma 3.6.9 (d), (3.18) and (3.21), we obtain

1A23]l2 <[[z0() "vec(W (0))l2 + 120 () [l2lIC (Bl + [[20(-) " Z (0)Gru(0) |12

~0 (+/lal1/8)) + 0 (n3/4||y - u<o>||§/2) o <n3uy - u<o>||§> o ()

m1/47.1/2)\g/251/2 VmA3TH Ao
n*4ly — u(0)]l3” n?lly — u(0)[3 nt
-0 O 2) +0 () : 3.22
( m1/47.1/2>\(3)/251/2 + VmA3TH + Aod (3:22)

By (3.14) and (3.19), we can rewrite f, — f* as

Fro— 1" = Doy 4 (A1 + Ag + Aoy + Aygg) := Ay + E,

Next we bound the expected value of ||Z]|3 over noise, E¢||Z||3. Note that we have

Ecllyll = Eclly* +ell3 < 2y y* + 2Ece’ € = O(n). (3.23)
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By Markov’s inequality, with probability 1 — ¢ over random initialization, we have

[NIES

Eelly — w(0)]l> < (Eclly — u(0)[3)

g <3EW(O),Q u(0)Tw(0) + y* Ty + Ece e})

1)
:O( ﬂ;>) ~o(y5). (3.24)

where the last equality of 3.24 is because 72 < 1. By (3.15), (3.16), (3.20), (3.22), (3.23) and
(3.24), E¢||Z||? can be upper bounded as

Eel[Z1E BI85+ 18015+ 1 Azel + 1 Aas]})
2|y — u(0)]5 1 1 J)
o (WS UOL o (1) 4o (SR i s
_l’_

mr2A\§o?
co ) +0(2) o (Piso) o (2]
oo () o (M)
©lion) o) o (555 o ()
3 8

1 2,2 pol n)i)l
RORIC R

\20?

mart
In the following, we will evaluate As; and discuss how the iteration number k would affect

the Ly estimation error || fr — f*||2.

Case 1: The iteration number k£ cannot be too small By taking expectation of

|Ag1||? over the noise, we have

Ednlf = [ b X)[(H®)™ = Gy'y (H™)" = Gu) + G| (X, w)da

= h(z, X)(H®) 'M,(H®) 'h(X,x)dz,

e
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where

M, =(I —nH>®)*S(I — nH>)* + (I — (I — nH>™)")?

=[(I —nH>®* —(S+ D)) (S+ DI —-nH®" - (S+I)'+IT—-(S+1I)"!

and S =y*y*". If k > (IZ§:> for some constant Cy > 1, we have

1
(I —nH*)" < (1=nh)"T < exp{—nAok}T < exp{~Cplogn}I = 1.

Since 1 + ||y*||3 < Cin for some constant Cy, we have

14yl G

1
A <nCO(S+I)> R L

By Lemma 3610 (a), we have
} — nCo :

Therefore, we have

_ o0 _ 1
(S+I)"' = (I —nH®)" > (S +1) l—mI,

(3.25)

I

where (S + I)7! — (I —nH>)* and (S + I)~' — n~%T are positive definite matrices. It is

also obvious that the two matrices are exchangeable. By Lemma 3.6.10 (b) and (3.25), we

have

Then we have

1\? 1
2
Bl > (1= o) Bt el > ol
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where ¢y € (0, 1) is a constant,
I = /h(:c, X)(H®)2W(X,®)de, and I = / h(z, X)(H®) 'y 2de.
By the Cauchy-Schwarz inequality, we have

Ec|l fv — f*12 =Ec|| Ao + E|2

1 -
25 Eel| Aol — Ee|IZ]l5

11
o 1) n2r? poly (nv o g)
SO _o()-o (2T ) - . 2
=2 © (n © ()\%(52 : (3.26)

mz2T1

Let 7 < G322 ||(H>)~'h(X,-)||2 for some constant C > 0 such that the third term of (3.26)
is bounded by @ ||(H>®)~'h(X,-)||3. Therefore, E||f, — f*[|3 can be lower bounded as

A 1
Elfe = 15 = G H)"HX, -0 (=), (3.27)

where C7 > 0 is a constant. Note that I; is E.| fs — ¢*[|2, where ¢* = 0 and [ is the
interpolated estimator of g*, as in Theorem 3.2.2. Therefore, by Theorem 3.2.2; there exists
a constant ¢; such that E||foac — ¢*]|2 > ¢1, which implies I; > ¢;. Taking n large enough
such that the second term in (3.27) is smaller than Cy¢y, we finish the proof of the case that

k is large.
Case 2: The iteration number k& cannot be too large We can rewrite Ay as

Ay =h(z, X)Gi(y* + €) — h(z, X)(H>™) 'y~

=A% — bz, X)(H*) 'y".

Since

k—1 k—1 n
Gy =Y nI—nH>) =31 (1-n\)vw <nkl,
j=0 =0 i=1
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we have

E AL |2 = /meﬂ hz, X)Gi(S + I)Gyh(X, z)da
<?k? /weg h(z, X)(S + Dh(X,z)dz

=k ([ [hle. Xy da + . X)I3)

Therefore,

Eellfi — f*115 =Ecl| A5y + E = (-, X)(H>)"'y*||3
1 1 .
>—||h(-, X)(H™)"'y* |5 — Ec[| A3, + EI3
1 1 ) _
>3 |Ih(, X)(H™) "yt — 2Ee]| A5 115 — 2E[|E]13

1 -1, *
2SI X)(EH) My} - O (k0

~0 (1) ~0 (”272> _poly (s %>. (3.28)

1
/\3(52 maT

Let k£ < ] (nin) for some constant C; > 0 such that the the second term of (3.28) can be
bounded by £||A(-, X)(H>)"'y*|]3. Let 7 < C (%) for some constant Cy > 0 such that
the fourth term in (3.28) can be bounded by g||A(-, X )(H>)"'y*||3. Note that we can also
choose m such that the fifth term in (3.28) is bounded by g||A(-, X )(H>)"'y*||3. Therefore,

we have

f 1
Ecll fi — £13 =Csllh(-, X)(H=)"'y"[3 - O (n>
1
>G5 -0(=)). (3.29)

where the last inequality is because of Lemma 3.6.6, and C; > 0 is a constant. By taking n
large enough such that the second term in (3.29) is smaller than C5|| f*||3/2, we finish the

proof. [ |
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Proof of Theorem 3.2.2
Proof Let’s first introduce the GD update for the kernel ridge regression. By the representer

theorem [126], the kernel estimator can be written as
fl) = > wih(z, 2;) = h(z, X)w,
i=1

where w = (wy,...,w,) is the coefficient vector. Consider using the squared loss

Let wy, be the w at the k-th GD iteration and choose wg = 0. Then, the GD update rule for

estimating w can be expressed as
Wil = W — 1N ((Hoo)Zw — Hooy) (3.30)

In the formulation of the stopping rule, two quantities play an important role: first, the running
sum of the step sizes a; 1= Z{ZO 7;, and secondly, the eigenvalues M>N>-> N\, >0of
the empirical kernel matrix H°°, which are computable from the data. Recall the definition of
the optimal stopping time k* as in (3.6). The following lemma establishes the Ly estimation

results for fk for kernels with polynomial eigendecay. [ ]

Lemma 3.6.11 (Corollary 1 in [110]) Suppose that variables {x;}, are sampled i.i.d.
and the kernel class N satisfies the polynomial eigenvalue decay N; < j=2 for some v > 1/2.

Then there is a universal constant C such that
2v
r * (12 02 2t
Bl - g <o( %)

Moreover, if \j <j~2 for allj=1,2,..., then for all iterations k = 1,2, ...,

2 1
s O gy ()
E|| fi = 7113 > - min {1, }-

n
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By Lemma 3.1.1, apply Lemma 3.6.11 with 2v = d/(d — 1) and the running sum of the
step sizes oy, = kn gives the convergence rate.
Moreover, if k — oo, i.e., interpolation of training data, the lower bound result in Lemma

3.6.11 implies E|| f+ — f*||3 2 o2 that doesn’t converge to 0.

3.6.2 Proofs of main theorems in Section 3.3

Proof of Theorem 3.3.1

Proof Consider event
Aip = {Fw e R?: [Jw — (1 — mop)*w, (0)]2 < R, K{a w,(0) > 0} # ) w > 0}},

where R will be determined later. Set S; = {r € [m] : I{A;,} = 0} and Si* = [m]\S;. Then A;,
happens if and only if |w,(0) x| < R/(1 — neu)*. By concentration inequality of Gaussian,
we have P(4;,) = P(|w,(0)"z;| < R/(1 — nop)* < m. Thus, it follows the union
bound inequality that with probability at least 1 — ¢ we have

DISH <= Cmnkt (3.31)
i=1

(1= mep)™”
where C' is a positive constant.

Let up(l) = (up1(l),...,up,(l))" € R™ be the predictions on the points x, ..., z, using

the modified GD at the k-th iteration. We first study the difference between two predictions

up(l+ 1) and up(l). For any i € [n], we have

a1 4+1) — (1= mopun(l) = i an{o(wp, (L4 1)) — (1= p)er(wp, () )
= > aolwn, (1 1) m) — (1~ map)o(wn, (1) @)

+—= > a(o(wp, (1 +1) @) — (1 = mp)o(wp,(I) =)

=115(1) + Los(1). (3.32)
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The first term /3 ;(1) can be bounded by

<
m
n

=

L) =jﬁ S ar(o(wp, (L + 1)) — (1 — nop)o(wp, () )
reSf
<= z (W, (1 +1) = (1 = mapr)wp, (1),
gjﬁ |wp(1+1) = (1 = nap)wp, (1)
1
Jm “

n
Z up(l) = yi)lrs (D)2

mM

‘ 3

Z |U’DJ
reSt =

1

S.
S771\/_| i | HuD(l)
m

—yll2.

(3.33)

In (3.33), the second and the last inequalities are by the Cauchy-Schwarz inequality. The

second term I;(!) can be bounded by

Ir;(1) Z a(o(wp (I + ) i)—(1- Uzﬂ)a(wD,r(l)Twi))

\/_ rES;

Z ar 7‘1 wD,r(l + 1) - (]- - HQN)wD,r(l))Tmi

TES
- _ a.l ia Y Upj\t) — Yj)lr;(L)5 | i
— \/—g r r1 (\/m T;( d(l) yj)]l ,J(l> J)
- n il(uma) —waf @ 3 L)
=—n i(uD,j(l) —y;)Hy(1) + I3;(1),

)
A

j

where

) = 5 (1) — ) @ Y L),

TGSiJ‘

g_
I
—
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The term I3;(l) in (3.34) can be bounded by

s

s (D] < 125 (ups(1) — yp)ar) s 3 LD (1)
j=1

reSﬁ

U =
Sglsﬂz lup (1) —
=1

n|Sit
<V )~y (3.35)

Plugging (3.33) and (3.34) into (3.32), we have

n

upi(l+1) = (1 = pop)up;(l) = —m > _(up;(l) — y;) Hy (1) + (1) + Is;(1),

=1

which leads to

up(l +1) = (L = np)up(l) = —mH(I)(up(l) —y) + I(), (3.36)
where I(l) = (I11(1) + Is1(1), ..., I1 (1) + I3.,(1)) 7. By the triangle inequality, we have
lup(l+1) = (1 = map)up ()2 <[lmH () (wp(l) = y)ll2 + L] (3.37)
By (3.31), (3.33), and (3.35), the term ||I(I)||2 in (3.37) can be bounded by
Ol <310 + 500 = 3 22 ) -y

2771\/_ CmnR 2Cmn/2R
= upll) = S . 3.38
- m 5(1 — 772#)’“” D( ) y”z 6(1 — 7)2#) H D( ) yH2 ( )

Gershgorin’s theorem [127] implies
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Therefore, the term |9 H (I)(up(l) — y)||2 in (3.37) can be bounded by

ImH (1) (wp(l) = Y)ll2 < mAmax(H (1)) [up () = yll2 < mrflup(l) -yl

By (3.37) and (3.38), |ly — up(l + 1)||2 can be bounded by

ly —up(l+ D5 =lly = (1 = nep)up ()5 = 2(y — (1 = nep)up(l)) " (up(l + 1) = (1 = map)up(l))
+lup(l+1) = (1 = nap)up(D)]l3
=y — (1 = nap)up (D5 + 2m(y — (1 = nop)up(1)) " H(l)(up(l) - y)
—2m(y — (1 = mop)up (D) I(1) + |lup(l +1) = (1 = nap)un ()3

=T+ T+ T35+ 1) (3.39)

The first term 77 can be bounded by

Ty =|ly — (1 = mop)un()|l3
=P (lyll3 + (1 — m2p)*ly — wp (D)3 + 2mep(1 — map)y " (y — up(l))

<31 + o) ||yl 4+ (1 + map) (1 — mop)? ||y — wp(D)]]3. (3.40)

The second term 75 can be bounded by

Ty =2m(y — (1 — nop)up (1)) "H () (up(l) — y)
=2m (1 — mop)(y — up(l)) "H()(up(l) — y) + 2mnapy " H()(up(l) — y)
=—2m(1 = nep)(y — wp (1)) "H(U)(y — wp(l)) + 2mmopy " H(1)(up(l) — y)

<dmmapn||yl|z + dmnapm|lup(l) — y||3.
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Using (3.38), the third term 73 can be bounded by

Ty = —2m1(y — (1 — pap)up(l)) " I(1)

=—2m (1 — mop)(y — up(1)) " I(1) + 2mnapy " I(1)
20mn*?R
6(1 —nop)*

20mn®?R
S oo () =yl -+ iyl + mm

<2 (1 = n2p1) lun(l) = yll2 + dnumapellyllz + Ammepl IO)]13

20mn®?R

<2n:(1 — —_—
>~ 771( 772:“) 5(1 _ 772:u)k

2
) oo - ol
The fourth term T4 can be bounded by

Ty =[lup(l+1) — (1 = n2p)up(D)]l2
<2/l H (1) (up(l) — y)z + 2/ LD)]3

20mn??R\°
<onlfun() -yl + 2 (5010 o) - ol 3.41)

Plugging (3.40) - (3.41) into (3.39), we have

ly —wp(l+ D)3

<m2p® 4 o) |[yl12 4 (14 nop) (1 — mop)?|ly — wp (D)2 + dmnepn|yl|3 + dmmepn|lup(l) — yl|

2
20mn**R ) ) 20mn*?R )
1— nmop) M T (1) — 4 4 Snn I —
+ 21 ( ”2“)5(1—n2u)k”“’D<> Yll5 + dmnepllyllz + dmnap 5T — )" lup(l) -yl

20mn32R \*
2n°n? D—yl2+2 | —— ) —yl?
() - i +2 (308 Junlt) - wl

=arllylz + azllup(l) — yl3. (3.42)
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where

(5™ + mapn) + dmpmapin + Ay < 2map0 4 8mimapn

20mn®?R
(1 = map)F
2 2
20mn®?R 5 5 20mn*?R
4 - 2 2| ———
A (5(1 — Top)* e O(1 — map)*
20mn®?R
<1-— (nzu — dymopn — 2~

2 2
(gt 2" )

(14 mop) (1 — mope)? + dmnopn + 21 (1 — nop)

=1- .

By the conditions imposed on 7y, 1, i, m, the dominating terms in a; and vy are both 7ou
Thus a; = o(1/n), vy = o(1/n) and a1 /vy

O(1). Using (3.42) iteratively, we have
ly —wp(l+ D3 <ai|lyll; + azllup(l)

—yl3
l

<..< (1 — o) (ar[lyll3) + (1 — vo) iy — up(0)]3
al”i‘/’% 1+1 2
” + (1 =)y —un(0)]5.

By the modified GD rule, we have

m
1) —(1— rl:——rg (D) =y (),
'wD,r<l + ) ( 772:“/)wD, ( ) \/ﬁa’ j:1(uD,J< ) yJ) ,J< )wJ
which implies
|wp,(I+1) —

(= mwn, O <™ () -yl < A @4y
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for some constant C. Using (3.43) iteratively yields

lwp,r(1+1) = (1 = 120) M wp, (0)] 2

<fwp, (1 +1) = (1 = nap)wp ()2 + |(1 = na2p)wp - (0) — (1 = nap) *awp (1)l

Cmn
< \}% + (L= mop)lwp (1) — (1 = mop)'wp . (0) ]2
! Cmn Cmn
< <D (1= mep)’ 3'44
g( 21) VM T map/m o

By similar approach as in the proof of Lemma C.2 of [16], we can show that with probability

at least 1 — § with respect to random initialization,

2nR 2
n L0 mn

1200~ 20 < 2t o

) VI € [k,

and

An*R 2n*§ mn?

0 - HOle < 20 20 o

) VL€ [k

By Lemma C.3 of [16], we have with probability at least 1 — ¢ with respect to random

initialization,

T ny/log(n/d)
HH@—HWM—O<¢E)-

By (3.36), we have

up(l+1)— (1 —nep)up(l) = —mH)(up(l) —y) + I(])
=—mH*(up(l) —y) + I(l) —m(H() — H*)(up(l) — y),

which yields

up(l+1) = B=((1—mu)! —mH>)(up(l) = B) + I(l) —m(H() — H*)(up(l) — y),
(3.45)
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where

B = (popl + mH™) "' H®y = niH>® (ol + mH™) "'y

[teratively using (3.45), we have

up(l+1) = B =((1 — nop)] — mH®)*" (up(0) — B)

+ 3 (L= mop)] = H®) (I = 1) = (H( — 1) = H®)(up(l = 1) — y))

i=0

= (1 =) = mH>)"" (up(0) — B) + ey, (3.46)
where
!
Z (1 =nmepw)! —mH™ ) (Il —1i) =m(H( 1) — H*)(up( —1) — y)).
i=0
The term e; can be bounded by

||esz—||Z: (1= nep) ] —mH>) (L1 = 1) = m(H( — 1) = H*)(up(l — 1) — )|
l
<O M = mep) I = mH=|H(1( = D)llz +m | H (I = i) = H*|[2|lup(l — i) — yl2)

i=0

l _ 202N/ o 2,,7/2 )
<> (1— 0 ! +
- 25 el (nzu\/ﬁ&”/ 21 = mep)* (1 = mop)*napny/mo?r
ni/2
—0 3.47
(77 /ﬂ\/_é2 1 — mop)* ) (347)

By (3.46) and taking [ = k£ — 1, with probability at least 1 — § with respect to the random

initialization, the difference wp(k) — B can be bounded by

lun(k) = Bllz <[ (1 = nop)] = mH>)* (up(0) = B)l2 + flex]l:

7/2
- 1 — 7ot — Ao)F "
O\ Vol = mopt = mdo) +M2x/ﬁ52(1—n2u)’“7>

k n'/?
-0 (\/ﬁ(l — Mopt)” + p2y/mo2(1 — nz#)k7> '
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This implies that

nT/2
Jun(k) = Bl = Os (ﬂ(l =) W);%) -

By choosing m = poly(n,1/7,1/)¢) such that W#W < /(1 —nop)*, we finish the
proof of (3.9).

Now consider vec(Wp(l + 1)). Direct calculation shows that

vec(Wp(l + 1)) =(1 — nop)vec(Wp(l)) = mZ(l)(up(l) — y)
=(1 = map)vec(Wp(l)) —mZ(0)(up(l) —y) —m(Z(l) — Z(0))(up(l) — y)

=(1 = n2p)"" vec(Wp(0)) — m Z(0) ;}(1 —12) (up(l — i) — y)

- ;(1 — mop)'m(Z(1) = Z(0)(up(l) - y). (3.48)
Plugging

wp(l+1) = (1 = o) T = H®) (up(0) — B) + ¢, + B

into (3.48), we have
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vec(Wp(l + 1)) — (1 — nop) vec(Wp(0))
= —mZ(0) Y (1= map) (1 = mop) ] — mH>)""" (up(0) - B)

i=0
l l

—mZ(0)> (1 —mop)(ermis + B—y) — > (L —np)'m(Z(1) — Z(0))(up(l) — y)

i=0 i=0

l
=mZ(0) Y (1 —nop) (1 — nop) I — mH>®)" iy H® (ol +m H®) 'y
i=0

—mZ(0) > (1= na2p) (1 — mop)] — H)' " up(0)

i=0
l l

—mZ(0)>S_ (1 —mop)eris —mZ(0) > (1 —np)(B —y)

- ;(1 — ) m(Z(1) — Z(0))(up(l) — y)

= — Ey+ Es —T5 — By (3.49)

Let

T =Y (1 —mpp) (1= nep)I —m H>®)"

i=0

l
1—772/UZ(
0

= WL) HOO) (3.50)

and

ar = H> (nopl + i H>) y.
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The first term F; can be bounded by

12:]13 =lmZ(0)Tiai |3

=nia, T, Z(0)' Z(0)Tia,
=nia| TH*Ta, + nja] T;(H(0) - H*)Tia,
- ny/log(n/é)
=n?a; TTH>*Ta, + n}0 (m a, Tla,. (3.51)
By (3.50), we have
n 1—(1— )T 1— l
T =(1—np) > ( A ™) vjvfjﬂI’
i T mAo

and

(- )\.)21+2 1 11
EH 1’1[ — 1 o 7]2” 2l Z 5]1 772#) J A 'UJ'U j ( 773:“) (HOO)_I.
=1 (1=n2p) "

—.

Therefore,

nia; TH>Tia; <(1 —nop)*af (H®) ' ay,

o (IR0 (02— ) flog(n/6)
1 Jm 147ar = Ny .

Together with (3.51), we have

n2(1 — nyu)?y/log(n/é
VEWR = (1 — o) *2a] (H<) a1+0( d-n fmm) (352)
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By similar approach, the second term Fy can be bounded by

l
12013 =lmZ(0) > 2(1 = nop)' (1 = map) ] = H*)'" up(0)|3
i=0

=nrup(0)"T1(1)Z(0) " Z(0)T (1) up(0)
=niup(0) Ty (1) H*Ty () up(0) + nfup(0) T (1) (H(0) — H*)Ti())up(0)
n2(1 — now)?y/log(n/é
(1 o <0>T<H°°>1uD<o>+o( L= i)y logtn] )). (3.59)

VmAS

By (3.47), the third term Ej3 can be bounded by
I
155112 =[lm Z(0) (1 = nap)'er—ia 3
i=0
l . T l .
=} <Z(1 - 772/~L)lel—i—l> H(0) (Z(l - 772#)161—1—1)

i=0
6,,8
hn
_ _ 54
O<n3u6m54(1 - nau)%T?) (854

The fourth term Fj can be bounded by

B3 =) D21 = m2p)'mi (Z(1) — Z(0)) (un(l) — )3

i=0

_ mn
- <(1 — )P/ mod 27) | (359

Note that

B—y=nH>*(npul +H®) 'y —y
=(mH™ — nopl — nH®)(opd +mH™) "y

= — mopu(nopl + i H®) 'y
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Therefore, the remaining term Ty can be bounded by

!
175015 =1mZ(0) > (1 = nap) (B —y)l3
i=0
<niy' (neul +mH>)""H* (nopl +mH®) 'y
<y’ (nep/mI +H*)""H>*(op/m1 + H*)y.
By the assumption that 1y =< 7, the term 75 can be further bounded by

1733 <y (Ol + H®) " H*(Cul + H*) 'y, (3.56)

The right-hand side of (3.56) is || f||3, where f is defined in (3.4). The term ||f||3; can be

bounded by some constant as in Theorem 3.1.2. This also implies
a; (H*) ar = nty " (nopd +mH*) " H>(pppl +mH*)"'y = O(1). (3.57)

Note also that

2

wp(0)T (H®) up(0) = O (T;) | (3.5)

By the assumptions of Theorem 3.3.1, plugging (3.51)-(3.58) into (3.49), and taking the

iteration number at k£, we can conclude that

[vec(Wp (k) — (1 — 1121) vec(Wn(0))13

n2(1 — nyp)?*=2, /log(n
:0((1—ngﬂ)2k)+o( (1 = map)™ 2 flog( /5))

VmAg
nr? n2(1 — ny)25-2, flog(n /6
+O<)\0(1—772M) >+O( ( ijm)
+ O<M6m54(1 _ U2M)2k72> +0 <(1 - HQM)kMS\/m53/2T> +0(1)
=0, (3.59)
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where the last equality is because we can select some polynomials such that all the terms in
(3.59) except the O(1) term converge to zero, and exp(—2n9uk) < (1 — nop)® < exp(—nouk)
for sufficiently large n. This finishes the proof of (3.10) in Theorem 3.3.1. u

Proof of Theorem 3.3.4
Proof For notational simplification, we use fk = fw(k),a- Similar to the proof of Theorem

3.2.1, we define

fe(@) = vee(Wp(k)) " zo(),

where zo(x) = 2(x)|w,-w, ). Then we can write the following decomposition

fu(@) = £(@) =(fu(@) = fi(@)) + (f(@) = f(@) + (f(2) - f*(2))
=A1(x) + As(x) + Asz(x),

where f is as in (3.4). It follows from Theorem 3.1.2 that
12313 = Op (n™757) . (3.60)

Next, we consider A;. From (3.44), it can be seen that

C’mn

Tapy/m’

lwp (k) = (1 = 120" wp - (0)]]2 <

Define event

Bp () = {|(1 = 12p)"wp,(0) @ < R1},Vr € [m],
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where Ry = mcj\l/% If I{Bp,(x)} = 0, then we have I, x(x) = L. o(x), where L x(x) =

I{wp (k) @ > 0}. Therefore, for any fixed a,

Ar(@)] = | fulx) — filz)]
_ Uﬁ il 0 (Lp(@) — Loo(@))wp (k) @
_ Um i T{Bp (@)} (@) — Tno(@))wp,, (k)
< =3 1B, ()}, (1) 2]
< fm S B, (@)} (11— o) wp, (0) | + fwp, () @ — (1 map) a0, (0) )
<7 il”BD”

Note that |||y = 1, which implies that wp.(0) "z is distributed as N(0,7%). Therefore, we

have

E[I{Bp,(x)}] =P (|(1 - nzﬂ)kar(O)Tm| < Ry)
/R1/(1 nap)* u? p 2R,
Ri/(1—map)* /21T Vomr P\ "o s V21(1 — mop)kr

By Markov’s inequality, with probability at least 1 — §, we have

m 2mR1
;H{BD,T‘(:C)} < VRl — map)rd’

Thus, we have with probability at least 1 — 9,

2R, 4\/mR?

180l = ol ”ZH{BD” }”2—mu—w)kws:O<¢m352<1—w>k7>’

which implies

[A1]l2 = Oe (3.61)

(e =)
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Now we bound A,. Note that Define G}, = Zfz_ol n(I —nH™>)). Recalling that y = y* + €,

for fixed x, we have

Ao(x) =fi(x) — f()
=2(x) "vec(Wp(k)) — h(z, X)(H™ + nop/mI) 'y
=zo(x) "Bl — zo(x) " By + zo(x) B3 — zo(x) ' T5 — 2zo(x) " B,

+ (1= mop)*zo(@) "vee(Wp(0)) — h(w, X ) (H™ + nope/mI) ™y, (3.62)

where E, Ey, E3, Ts, E4 are as in (3.49). Noting that ||zo(x)||2 = Op(1), we have that

n?(1 = mpp)* 2

log(n
o i )), (3.63)

2 n?(1 —mop)?*=2,/log(n)
|20() T B < || zo(@) |2]| Ea|2 =Os (” (1- nw)%) +Op ( 2 ,

|20(2) " Ea|* < [|zo(@) I3 EL]IZ =Op((1 = 1120)**) + O (

N NG
(3.64)
20(2) B2 < [120(a) |2 Bl —oﬂ»( o ) (3.65)
nSpSm(1 — mop)?kr?
3
T 2 2 2 n
|zo(x) " Eul” < [|zo(2)][2]| Eallz =Op <(1 — UQM)kH3m53/2T> ’ (3.66)

where (3.63) is because of (3.52) and (3.57), (3.64) is because of (3.53) and (3.58), (3.65)
is because of (3.54), and (3.66) is because of (3.55). By Lemma 3.6.9 (d), the term (1 —
napt)*zo(x) Tvec(Wp(0)) in (3.62) can be bounded by

11 = m210)"20(-) " vee(Wp(0))||l2 = Op((1 — n2p1)*7).

Define

B = H>®(nopl + i H®) y.

140



Note that

B—y = H>®(nul +mH®) 'y —y
=(mH™ — nopl — i H®)(nopd +mH™) "y

= — mop(nopl + i H®)'y.

Therefore, the remaining term in (3.62) —zo(x) " T5 — h(z, X)(H> + nop/m 1) 'y can be
bounded by

— zo() " T5 — h(x, X)(H™ + nop/m 1) 'y
k-1
= —2o(x) " Z(0) > m(1 —mop) (B —y) — bz, X)(H™ + nop/mI) "'y

i=0

=—z(z) " Z(0)m Lo (177;7]2”)]?(3 —y) — h(z, X)(H™ + nop/mI) 'y

=2o(x) " Z(0)m (1 — (1 — nop)*) (opd + mH™) "'y — b, X)(H> + mop/m1) 'y
=(20(z) " Z(0) — h(z, X)) (H™ + nop/mI) 'y — m(1 — mop)f2zo(x) " Z(0)(nop + mH™)y.
(3.67)

The first term in (3.67) can be bounded by

0) = h(-, X)) (H™ + nop/mI) "yl

= h(, X)) 2l (H* + mape/md) "y |2

~—_ —

n)

\/%72/1771) , (3.68)

|
~
/
3
5}
q
—~

where we utilize

2 2
- . - . 7 7
[(H> + nope/mI) " y|2 =y  (H® + nop/mI) 2y < n2LzllyI|§ = OP(mLG),
2 2

and Lemma 3.6.9 (c).
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The second term in (3.67) can be bounded by

11 = map)*20() " Z(0)(H™ + mapt/mI) ™ yll2
<(1 = 120)"[[(20(-) " Z(0) = 1, X)) (H™ + 1pope/ 1)yl
+ (L= m2p)"[|h(, X ) (H™ + napt/m )~ yll2

<O» (m/log(n)m

\/W) + (L= map0)*|B (-, X)(H™ + o/ ) yllxe

=0p((1 = 1211)"), (3.69)

where the second inequality is because of (3.68) and the last equality is because of Theorem

3.1.2 and the assumption 7; =< 5. Plugging (3.63)-(3.69) to (3.62), we can conclude that
__d_
12|z = op(n™28T), (3.70)

by choosing k and m as in Theorem 3.3.4. Combining (3.61), (3.70), and (3.60) finishes the

proof. [ |

3.6.3 Proof of lemmas

Proof of Lemma 3.6.1
Proof The proof of Lemma 3.6.1 mainly from Appendix C of [108] and Appendix D of [128],
with some modifications.

We first review some background of spherical harmonic analysis [129], [130]. Let Y} ; be
: : d—1 2k+d—2 k+d—3
the spherical harmonics of degree k on S ', where N(p.k) = +T . Then
d—2
Yy is an orthonormal basis of Ly(SP™!, d€), where d¢ is the uniform measure on the sphere.

Then we have

N(d,k)
> Vii(8)Ya;(t) = N(d, k)Py(s't),
j=1
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where Py is the k-th Legendre polynomial in dimension d, given by

d

r , k
) g ppyeae (L) Ly
( ) o ( )

The polynomials P are orthogonal in Ly ([ — 1, 1])dv, where the measure dv = (1 —t2)@=3)/2t

with Lebesgue measure dt, and

_ 1
P2(1)(1 — $2)(@-3/2gp — L
Joy RO =) wa s N(d )
where wy_, = %. Furthermore, it can be shown that [129]
k kE+d—2
tP.(t) = ————— P, _¢(t — P t
k) = g g2 DO+ g = P (0

for K > 1, and for j = 0 we have ¢Py(t) = Py(t). This implies that for large k enough, we have

k kE+d—2

Ug = mﬂo,k—l + m#o,kﬂa

where pox—1 and fio+1 are as in Lemma 17 of [108]. By Lemma 17 of [108], we have

ok < k=% for large k, if k = 1 mod 2. This finish the proof of Lemma 3.6.1. [ ]

Proof of Lemma 3.6.2

Proof By Theorem 1 of [131] and Lemma 3.6.1, we can see that the function space N is a
subspace of the Sobolev space H*(S%™!). Therefore, the entropy of A(1) can be bounded if
the entropy of H%?(S%1)(1) can be bounded. By Theorem 1.2 of [132], we have that the
k-th entropy number e (T) can be bounded by k~%2@=1) This implies that

2(d—1)

H(57N<1)7 H ’ HL:>0> <A T
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Proof of Lemma 3.6.5

Proof The first inequality follows the fact that h is positive definite, which implies the

h(s,s) h(X,s)
h(s,X) h™
is positive definite. By block matrix inverse, we have the first inequality in Lemma 3.6.5

holds.

inverse of

The second inequality and third inequality are direct results of Theorem 3.1.2 implies

Ecx(1gn — g"2)

— [ (g"(®) — h(m, X)(H® + uI)"'y*)? + h(m, X)(H® + uI) *h(X, @)dx = Op(n 1)

§d-1

for any function ¢* with ||¢g*||» < 1. Then we have
/S @, X)(H> + uI) *h(X @)de = Op(n” 77),
which finishes the proof of the second equality. Let ¢*(x) = h(s, ), then we have
/Sd?l(h(s, ) — h(z, X)(H® + uI)"'h(X, 8))%dz = Op(n~77).
By the interpolation inequality, we have

h(s,s) — h(s, X)(H™ + uI) 'h(X,s))
SHh(Sv ) - h(’ X)(HOO + NI)_lh(X7 S))Hoo
SC“h(S’ ) - h(? X)(HOO + :uI)_lh<X7 S))H;_%Hh(& ) - h(v X)(HOO + :U“I)_lh(X7 S)H/Iif%l

=O0p(n~57)(h(s,s) + h(s, X)(H> + puI) "H>(H™ + pI)'h(X, s)) T
<Op(n”7)(h(s, 8) + h(s, X)(H™)"'h(X,5)) T = Op(n"77),

where the last inequality follows the first inequality of Lemma 3.6.5. [ |
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Proof of Lemma 3.6.6

Proof Given that g and f* have the same value at all @;’s, the empirical norm ||g — f*||,, = 0.
Notice that both g and f* are in the RKHS generated by the NTK h, denoted by A. Utilizing
Lemma 3.6.2 and 3.6.4 similarly as in the proof of Theorem 3.1.2, we have R, K = O(1) and

Joo(2,N') < 2'? which leads to
1
- O]P’ (\/7) )
n

where G(R) := {g € N(1) : ||g — ¢*|]2 < R}. Therefore, we can conclude that ||g — f*|2 =
O]p(nil/Q). |

sup |||h||3; -
heG(R)

Proof of Lemma 3.6.9
Proof The proof of (a) and (b) can be found in [17].
For (c), the i-th coordinates of zo(x)" Z(0) and h(x, X) are

1 m
— N z'zl{w, (0)z > 0}{w, (0)x; > 0}, and E,nop(z zl{w z > 0} {w z; > 0}],
=1

respectively. Vi € [n], (zo(x)" Z(0)); is the average of m i.i.d. random variables, which have
expectation h;(x, X) and bounded in [0, 1]. For any fixed @, by Hoeffding’s inequality, with
probability at least 1 — 6%,

log(2/6%)

[(zo(2) " Z(0)); — hi(, X)| < o

holds. By defining § = né* and applying a union bound over all i € [n], with probability at

least 1 — §, we have

|zo(2) " Z(0) — h(z, X) |3 = O <n10g(2”/5)>

2m

For (d), since

zo(x) "vec(W(0)) H{w,(0) x> 0}w,(0) =

- e
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Define random variables V., r € [m] as
V. = a,]l{w,(0) "z > 0}w,(0) 'z
Since
w,(0)'x ~ N(,7%) and a, ~ unif{l,—1}.

It’s easy to prove that V,., r € [m] are i.i.d. with mean 0 and sub-Gaussian parameter 7. By

Hoeffding’s inequality, at fixed bz, with probability at least 1 — 9, we have
1
< V21y/log(2/6).

| < VErfonl2f

>V
r=1

3

Thus [|zo(-) Tvec(W (0))[|2 = O (/log(1/3)). m
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4. SUMMARY

Deep learning has achieved breakthroughs in many machine learning tasks. In contrast to the
great empirical success, theoretical understanding of deep learning is still lacking. It is my
firm believe that statistics has a lot more to offer for deep learning theories. This thesis aims
to investigate the nonparametric perspective of DNNs. Through the lens of nonparametric
estimation, statistical optimality is established for DNNs in popular tasks such as regression
and classification. We have shown that, without much modification, DNN estimators can
adapt to different kinds of underlying low-dimensional structures of the data and alleviate
the curse of dimensionality. Even though the optimization of DNNs is highly non-convex,
training algorithm can be brought into the nonparametric framework and act as a way of
regularization. Statistical optimality can also be proven with algorithmic guarantees.

Our results contribute to the current literature of statistical deep learning. The com-
bination of classical statistical results and recent advances in approximation, optimization,
generalization of DNNs brings out great potentials into understanding why deep learning
works so well in practice. Along this line, more work could be done for more complicated
network structures, e.g., CNN, ResNet, etc. and on more estimation problems such as
density estimation. On one hand, this type of analysis can potentially explain in theory, the
advantages of popular deep learning models and training techniques. On the other hand, from
such theoretical analysis, new techniques for training better and more robust deep learning

models could be motivated.
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