A NEW SCALAR AUXILIARY VARIABLE APPROACH FOR
GENERAL DISSIPATIVE SYSTEMS
by
Fukeng Huang

A Dissertation
Submitted to the Faculty of Purdue University
In Partial Fulfillment of the Requirements for the degree of

Doctor of Philosophy

e
:-fxq")'c
P
% NG

@‘)

Department of Mathematics
West Lafayette, Indiana
May 2021



THE PURDUE UNIVERSITY GRADUATE SCHOOL
STATEMENT OF COMMITTEE APPROVAL

Dr. Jie Shen, Chair

Department of Mathematics

Dr. Gregery Buzzard

Department of Mathematics

Dr. Suchuan Dong

Department of Mathematics

Dr. Jingwei Hu

Department of Mathematics

Dr. Peijun Li

Department of Mathematics

Approved by:

Dr. Plamen Stefanov



To my parents



ACKNOWLEDGMENTS

Throughout my graduate study at Purdue University, I have received a great deal of
support from lots of people and I would like to express my deepest gratitude to them.

First and foremost, I would like to thank my advisor, Dr. Jie Shen, for his guidance
throughout my study at Purdue. Without his lead to this research topic and his extensive
experience, it is impossible for me to write down this thesis. His hard working and passion
for research has always encouraged me in the academic path.

I would like to thank the professors I met at Purdue. I learnt a lot from them. In
particular, I would like to thank my thesis committee members, Dr. Gregery Buzzard, Dr.
Suchuan Dong, Dr. Jingwei Hu and Dr. Peijun Li for taking their time on reviewing my
thesis and Dr. Zhigiang Cai for fruitful discussions in my early research topic.

I would like to thank the current and previous group members at Purdue, I gained not
only invaluable knowledge but also precious friendship from them. Among them, I want to
particularly thank Dr. Zhiguo Yang and Dr. Ke Wu, I learnt lots of useful techniques and
interesting research topics from them.

I would like to thank all my current and previous roommates, classmates and friends at
Purdue. It is their friendship that provides me the 5-year peaceful and enjoyable Ph.D life
at West Lafayette.

I would also like to thank my teachers, Dr. Yuesheng Xu and Dr. Haizhang Zhang, when
I was an undergraduate student at SYSU for their encouragement on pursuing a doctorate
degree and their recommendation on my application to graduate school.

Most of all, I would like to thank my family members in China for their endless support

and concern, especially during this global pandemic period.



TABLE OF CONTENTS

LIST OF TABLES . . . . . . . 8
LIST OF FIGURES . . . . . . . e 9
ABSTRACT . . . 12
1 INTRODUCTION . . . . s e 13
2 NEW SAV APPROACH FOR GRADIENT FLOW . . ... ... ... ... ... 15
2.1 Introduction of the SAV approach . . . . . .. .. ... ... ... ...... 15
2.1.1 First order scheme . . . . . . . ... 17

2.1.2 High order scheme . . . . . .. ... o0 22

2.2 Time adaptive strategy . . . . . . . ..o 23
2.3 Numerical examples . . . . . . . ... Lo 25
2.3.1 Accuracy test . . . ... 26

2.3.2 Allen-Cahn equation . . . . . . . . . . ... .. ... ... ... ... 29

2.3.3 Cahn-Hilliard equation . . . . . ... ... ... ... ... ...... 34

2.3.4 Application to multiple SAV method . . . . ... ... ... .. ... 34

2.4  Conclusion of this chapter . . . . . . . . ... ... .. ... ... ... ... 41
2.5 Appendix. BDF for variable time step sizes. . . . . . . ... .. ... 42

3 ERROR ANALYSIS FOR THE NEW SAV APPROACH . . . . ... .. ... .. 45
3.1 Imtroduction . . . . . . . Lo 45
3.2 New SAV approach for general dissipative systems . . . . . . ... ... ... 47
3.21 The new SAV schemes . . . . . . .. ... 0oL 47

3.2.2 Astability result . . .. ..o 50

3.3 Error analysis for the Allen-Cahn type equation . . . . . .. ... ... ... 51
3.4  Error analysis for the Cahn-Hilliard type equation . . . . . . .. ... .. .. 68
3.5 Numerical examples . . . . . . .. . . L 79
3.6 Conclusion of this chapter . . . . . . . . . ... ... ... ... ....... 83



4 NEW SAV APPROACH FOR INCOMPRESSIBLE NAVIER STOKES EQUA-

TION WITH PERIODIC BOUNDARY CONDITION . . . . .. ... ... .. .. 84
4.1 Introduction . . . . . .. . 84
4.2 Preliminaries . . . . . . . .. L 87
4.3 The SAV schemes and stability results . . . . . .. ... ... ... ... .. 89
4.3.1 The SAV schemes . . . . . . . . . .. 89
Semi-discrete SAV schemes . . . . . . ..o 90

Fully discrete schemes with Fourier spectral method in space . . . . . 92

4.3.2 Stability results . . . ... 94
4.3.3 Numerical examples . . . . .. . .. ... Lo 95

4.4 Frror analysis . . . . . .. L 99
4.4.1 Several useful lemmas . . . . ... ... oL oL 100
4.4.2 Error analysis for the velocity in 2D . . . . . ... ... ... ... .. 101
4.4.3 Error analysis for the velocity in 3D . . . . . ... ... ... 115
4.4.4 FError analysis for the pressure . . . . . . . .. ... L. 118

4.5 Conclusion of this chapter . . . . . . .. ... ... ... ... ... .. .. 121

5 POSITIVITY/BOUND PRESERVING SAV SCHEMES: WITH APPLICATION

TO SECOND ORDER EQUATION . . . . . . . .. ... .. .. . ... . ... 123
5.1 Imtroduction . . . . . . . L 123
5.2 Positivity /bound preserving SAV schemes for second order nonlinear systems 125
5.3 Positivity preserving schemes for the Poisson-Nernst-Planck equation . . . . 131
5.3.1 Poisson-Nernst-Planck equation . . . . . . ... ... ... ...... 131
5.3.2 Positivity preserving SAV scheme . . . . . ... .00 132
5.4 Bound preserving schemes for the Keller-Segel equation . . . . . . . .. . .. 137
54.1 Keller-Segel equations . . . . . . . .. ... 137
5.4.2 Bound preserving SAV schemes . . . . .. ... L. 139
5.5 Numerical examples . . . . . . . . . . 144
5.5.1 Allen-Cahn equation with a singular potential . . . . . . . . .. . .. 144
5.5.2 Two-component PNP system . . . . . . ... ... ... ... ..... 145



5.5.3 Keller-Segel equations . . . . . . . . ... 150
5.6 Conclusion of this chapter . . . . . . . . .. .. ... ... ... ... .... 156

6 POSITIVITY/BOUND PRESERVING SAV SCHEMES: WITH APPLICATION

TO FOURTH ORDER EQUATION . . . . . . .. .. ... ... .. ... .... 159
6.1 Imtroduction . . . . . . . .. L 159
6.2 Positivity /bound preserving SAV scheme . . . . . . ... 0oL 160
6.2.1 Methodl: solve one fourth-order equation . . . . ... ... ... .. 160

6.2.2 Method2: solve two coupled second-order equations . . . . . ... .. 164

6.2.3 Stability results . . . ... 165

6.3 Numerical examples . . . . . .. ... oL 167
6.3.1 Accuracy test . . . ... 167

6.3.2 Thin film equation . . . . . ... ... L 170

6.3.3 Cahn-Hilliard equation . . . . . . ... ... .. ... .. ....... 171

6.4 Appendix. Coefficients in the bilaplace operator after transformation . . . . 175
6.5 Conclusion of this chapter . . . . . . . . . ... ... ... ... ... .. 177

7 CONCLUDING REMARKS AND FUTURE WORKS . ... ... ... ... .. 180
REFERENCES . . . . . . . e 182



LIST OF TABLES

21 Casel:y, =1 v =4and 7 =200 . ... ... ... .. ... .........
22 Case2i v, =1y =1lLw=40=rg=land 5=200 . . ... ... ... ...



LIST OF FIGURES

2.1 (Ezample 1.) Temporal convergence test for the Allen-Cahn equation using the new
SAV/BDFk (k =1,2,3,4). (a)-(b) L? errors of ¢ as a function of At; (c)-(d) L™ erros
of £ as a function of Af. . . . . ...

2.2 (Ezample 1.) Temporal convergence test for the Cahn-Hilliard equation using the new
SAV/BDFk (k= 1,2,3,4). (a)-(b) L? errors of ¢ as a function of At; (c)-(d) L™ erros
of £ asafunction of Af. . . . . .. L

2.3 (Ezample 2.) Spinodal dccomposition governed by the Allen-Cahn cquation. The
simulation is obtained with At =10"3%. . . . . . . ... ... ...

2.4 (Ezample 2) Time histories of Ey[¢] for spinodal decomposition governed by the Allen-
Cahn equation obtained using the current method and the original SAV method with
At =1071,1072,1073 L L,

2.5 (Ezample 3.) Spinoidal decomposition governed by the Allen-Cahn equation. Simula-
tion results are obtained by the proposed SAV/BDFk (k = 2, 3,4) scheme with adaptive
time-stepping technique and the snapshots (b)-(d) of the interfaces between these two
phases are depicted at ¢ =300. . . . . . . . ..o

2.6 (Ezample 3.) Time historics of time steps and time step ratios in the time window
t € (0,3) obtained by the BDF2 scheme with adaptive time-stepping technique. The
average At = 1.60x 1072 . . . .

2.7 (Ezample 3.) Time histories of time steps and time step ratios obtained by the BDF3
scheme with adaptive time-stepping technique. The average At = 2.0 x 1072

2.8 (Ezample 3.) Time histories of time steps and time step ratios obtained by the BDF4
scheme with adaptive time-stepping technique. The average At = 2.1 x 1072,

2.9 (Ezample 4.) Merging of an array of circles governed by the Cahn-Hilliard equation.
Simulations are obtained with the proposed SAV/BDF3 schemes with time-adaptivity
technique. . . . . . L L L

2.10 (Example 4.) L%-errors of ¢ as a function of the average of At obtained by (a) the
BDF2 scheme, (b) the BDF3 scheme, and (c¢) the BDF4 scheme, respectively. The
time-adaptivity technique is employed with tol = 1071,1072,1073. The parameters
(r, p) in equation @ (2.35@italiccorr ) are set to be (0.75,0.85), (0.57,0.95), (0.7,0.85)
for the BDF2-BDF4 schemes, respectively. . . . . . . . . ... . ... ... ...

2.11 (Ezample 4.) Time histories of the modified energy R(¢) computed by (a) the BDF2
scheme, (b) the BDF3 scheme, and (c) the BDF4 scheme, using large time step sizes
At =25 . . s

2.12 Ground statc solutions of onc-component Bose-Einstein condensates . . . . . . .

3.1  Convergence rate for the Burgers equation using the new SAV/BDFk (k = 1,2,3,4,5).
(a)-(b) H? errors of u as a function of At. . . . . . . .. .. ... ... ... ...,



3.2
3.3

3.4

4.1
4.2

4.3

4.4
5.1

[
[\

5.3
5.4
2.5

2.6
5.7
5.8
2.9
5.10
6.1

6.2

6.3

6.4

6.5

Burgers equation: a comparison of usual IMEX and SAV . . . . .. .. ... .... 81
Convergence test for the Allen-Cahn equation using the new SAV/BDFk (k = 1.2,3,4,5).
(a)-(b) H? errors of u as a function of At. . . . . . . .. ... ... ... ...... 81
Convergence test for the Cahn-Hilliard cquation using the new SAV/BDFE (B =
1,2,3,4,5). (a)-(b) H? errors of u as a function of At. . . . . .. ... .. ... .. 82
Convergence test for the Navier-stokes equations using SAV/BDFk (k=1,2,3,4) .. 96

Thick layer problem: vorticity contours at T=1.2 with p = 30, v = 0.0001 and 6t =
B x 107 L 97

Thin layer problem: vorticity contours at T=1.2 with p = 100, v = 0.00005 and
St=3x10"% . . 98

Thin layer problem: second-order scheme with p = 100, v = 0.00005 and 6t = 2.5 x 1074 99

(FEzample 1.) Accuracy test for the Allen-Cahn equation using the new SAV/BDFk
schemes (k=1,2,3.4). . . . . . . .. L 145

Ezample 1. Spinodal decomposition by the Allen-Cahn equation. The simulation is
obtained with §¢ = 0.001 using the scheme @ (5.6Qitaliccorr )-@ (5.10Qitaliccorr ). . . 146

Ezample 2. Accuracy test for PNP equation using the SAV/BDFk schemes (k= 1,2, 3,4).148

Ezample 3. Gouy-Chapman model: Profiles of ¢;,coand ¢ . . . . . . . . ... . .. 149
Example 4. Accuracy test for Keller-Segel equations using the SAV/BDFk @ (5.61Q@italiccorr )-
@ (5.68Qitaliccorr ) (k=1,2,3,4).. . . . . . . 151
Erample 5. Simulation of Keller-Segel equations with chemotaxis. . . . . . . . . . .. 153
Example 5. Simulation of Keller-Segel equations with chemotaxis. . . . . . . . . . .. 154

Exzample 6. Simulation of Keller-Segel equations with initial condition @ (5.85Qitaliccorr )155
Ezample 7. Simulation with xo =01 . . . . . . . . . ..o 157
Ezample 7. Simulation with xo =0.01 . . . . . . . . . . ... ... ... ... ... 158

(Ezample 1.) Accuracy test for the 2-D Cahn-Hilliard equation using the new SAV/BDFk
schemes (k=1,2,3.4). . . . . . . L 168

(Ezample 2.) Accuracy test for the 1-D Lubrication-type equation using the new

SAV/BDFk schemes (k= 1,2.3,4). . . . . . . . . 169

(Ezample 3.) Failure to compute the solution of equation @ (6.35Qitaliccorr ) by using
scheme I and scheme I . . . . . . . . ... .00 172

(Ezample 3.) Successful computational of equation @ (6.35Qitaliccorr ) by using scheme
I . e 172

(Ezample 3.) Successful computational of equation @ (6.35@italiccorr ) by using scheme

I . 173



.............................. 175
6.8 Snapshots of ¢ at different time instants (indicated in Figure 6.6
.............................. 176
6.9 Time series of total energy plot at & = 200 and mobility f(¢) = 1 with different
mean initial conditions as indicated. . . . . .. ..o o000 177
6.10 Snapshots of ¢ at different time instants (indicated in Figure 6.9
............ 178
6.11 Snapshots of ¢ at different time instants (indicated in Figure 6.9
............ 179

11



ABSTRACT

In this thesis, we first propose a new scalar auxiliary variable (SAV) approach for general
dissipative nonlinear systems. This new approach is half computational cost of the original
SAV approach [1], can be extended to high order unconditionally energy stable backward
differentiation formula (BDF) schemes and not restricted to the gradient flow structure.
Rigorous error estimates for this new SAV approach are conducted for the Allen-Cahn and
Cahn-Hilliard type equations from the BDF1 to the BDF5 schemes in a unified form. As
an application of this new approach, we construct high order unconditionally stable, fully
discrete schemes for the incompressible Navier-Stokes equation with periodic boundary con-
dition. The corresponding error estimates for the fully discrete schemes are also reported.
Secondly, by combining the new SAV approach with functional transformation, we propose a
new method to construct high-order, linear, positivity /bound preserving and unconditionally
energy stable schemes for general dissipative systems whose solutions are positivity /bound
preserving. We apply this new method to second order equations: the Allen-Cahn equation
with logarithm potential, the Poisson-Nernst-Planck equation and the Keller-Segel equations
and fourth order equations: the thin film equation and the Cahn-Hilliard equation with log-
arithm potential. Ample numerical examples are provided to demonstrate the improved

efficiency and accuracy of the proposed method.
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1. INTRODUCTION

Dissipative physical systems are ubiquitous in the real world, due to the second law of
thermodynamics. It is highly desirable for numerical methods targeted on such systems
to preserve the discrete energy dissipation law. As such, many efforts to develop energy
stable numerical methods have been devoted to this longstanding and active research area.
These include, but not limited to, the average vector field (AVF) method [2], [3], the convex
splitting method [4]-[7], the stabilization method [8], [9], the Lagrange multiplier method
[10] and more recently, the invariant energy quadratization (IEQ) method [11], [12] and the
scalar auxiliary variable (SAV) method [1]. Among them, the SAV method [1] is a particular
powerful tool for the design of unconditionally energy-stable first- and second-order schemes
for a large class of gradient flows.

Very recently, we proposed a new scalar auxiliary variable approach in [13], which provides

several essential improvements on the original SAV approach in the sense that

it only requires solving one linear system with constant coefficients at each time step,

which is half computational cost of the original SAV approach;

it does not require the nonlinear energy functional be bounded from below, and appli-

cable to more general gradient flows, even to general dissipative systems;

« and more importantly, it is extendable to higher-order BDF type schemes with uncon-

ditional stability and amenable to higher-order adaptive time stepping.

In this thesis, the new SAV approach has been successfully applied to gradient flow
problems: the Allen-Cahn equation and the Cahn-Hilliard equation and the general dissipa-
tive systems: the incompressible Navier-Stokes equations with periodic boundary condition.
Based on the principal linear operator in the energy, we can prove a uniform bound for the
numerical solutions in the new SAV approach, which allow us carrying out rigorous error
analysis for the kth-order (k = 1,2,3,4,5) SAV schemes in a unified form by combining a
stability results reported in [14].

As an important application of the new SAV approach, we can construct uncondition-

ally energy stable, positivity/bound preserving numerical scheme for complex dissipative
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systems. Many problems in sciences and engineering require their solutions to be positive
or remain in a prescribed range, such as density, concentration, height, population, etc.
Oftentimes, violation of the positivity or bound preserving in their numerical solutions ren-
ders the corresponding discrete problems ill posed, although the original problems are well
posed. For these type of problems, it is of critical importance for the numerical schemes to
be positivity or bound preserving. A particular class of such problems are the Wasserstein
gradient flows which are gradient flows over spaces of probability distributions according to
the topology defined by the Wasserstein metric [15], [16]. Important examples of Wasser-
stein gradient flows include the Poisson-Nernst-Planck (PNP) equations [17] and Keller-Segel
equations [18], [19]. For these problems, in addition to positivity or bound preserving, it
is also important for the numerical schemes to obey a discrete energy law. In this thesis,
we construct highly efficient and accurate numerical schemes for the PNP and the Keller-
Segel equations, which not only inherits all the advantages of the SAV approach for general
dissipative systems, more importantly, it can preserve positivity /bound. Similar techniques
are also applied to the fourth-order equation: the thin film equation and the Cahn-Hilliard
equation with logarithm potential.

The rest of the thesis is organized as follows. In the second chapter, we describe the
construction of the new SAV scheme for the gradient flows systems and introduce the time-
adaptive strategy, followed by the extension to general dissipative systems and the rigorous
error estimate of the new SAV scheme for the Allen-Cahn and the Cahn-Hilliard type equa-
tion in the third chapter. In the fourth chapter, we apply the new SAV approach to construct
high order unconditionally stable fully discrete schemes for the incompressible Navier-Stokes
equation with periodic boundary condition and the corresponding error estimates are also
reported. In the fifth chapter, by combining the functional transformation and the new SAV
approach, we construct positivity /bound preserving numerical schemes for the second order
dissipative systems with application to the PNP equations and the Keller-Segel equations,
followed by the similar techniques applied on the fourth-order dissipative systems in the

sixth chapter. Some concluding remarks and future works are given in the last chapter.
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2. NEW SAV APPROACH FOR GRADIENT FLOW

In this chapter, we describe the construction of the new SAV approach for gradient flow
systems in general form and introduce the time-adaptive strategy. Numerical examples are
provided to demonstrate the improved efficiency and accuracy of the proposed method. Most

of the results in this chapter are extracted from [13].

2.1 Introduction of the SAV approach

In order to motivate our improvements, we briefly review below the original SAV approach

for the general form of gradient flows:

do

where ¢ is the unknown function, G is a positive operator that gives rise to the dissipative
mechanism of the system, e.g. G = Z in the L? gradient flow and G = —A in the H!

gradient flow, and p is the so called chemical potential

o 6Etot

= Lo+ U(9), (2.2)

with respect to the free energy

Bunlé) = 3(6,£8) + Bi(9), 2:3)

where £ is a non-negative linear operator and Fj(¢) is a nonlinear functional. For the
sake of conciseness, homogeneous Neumann or periodic boundary conditions are assumed
throughout the thesis such that all boundary terms will vanish when integration by parts

are performed.
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The key for the SAV approach is to introduce a scalar variable r(t) defined by r(t) =
Ei[¢] + Cy (Cy is chosen such that E;[¢] 4+ Cy > 0 ) and its associated dynamical equation

dr

dtzm/ 0

Then, a first-order SAV scheme with explicit treatment for all nonlinear terms is as follows:

0E,

tdQ Ul =55 (2.4)

n+1 n
gb At ¢ _g’un+1’ (25&)
n+1
A — (0] (2.5b)
El [¢"] + Co
rn—l—l _ 7“” (bn—‘rl ¢n

(2.5¢)

U(e
At 2 /E'1 ¢n +CO/

*1and 7! from the above coupled linear scheme to obtain a linear

One can eliminate p”

equation for ¢ only:

Ulo]
I+ AGL)YY" ! = ¢ — r"TIAG | ——— ). 2.6
( )¢ P ( E1[¢n}+00> (2:6)

Setting ¢" ! = @I 4+ r*H it we find that ¢7™ and ¢ are solutions of the following

two linear equations with constant coefficients

Ul
I+ AtGLYTT = ¢", (I 4+ AtGL)PHT = —AtG . 2.7
( o =6t )t () D

Once ¢} and ¢ are known, we can determine r"*! explicitly from (2.5¢) (see more
details in [1], [20], [21].
The above SAV approach enjoys the following remarkable properties:

e it requires only the solution of two linear systems with constant coefficients at each

time step (efficiency);

o the first- and second-order SAV schemes are unconditionally energy-stable (stability);
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o it only requires the nonlinear energy functional Ei(¢) be bounded from below, so it is

applicable to a large class of gradient flows (flexibility).

Our new SAV approach in this thesis is to propose some new essential improvements on

the original SAV approach to make it even more efficient and flexible in the sense that
« it only requires solving one linear system with constant coefficients at each time step;

« it does not require the nonlinear energy functional E;(¢) be bounded from below, and

applicable to more general gradient flows, even to general dissipative systems;

« and more importantly, it is extendable to higher-order BDF type schemes with uncon-

ditional stability and amenable to higher-order adaptive time stepping.

2.1.1 First order scheme

The SAV approach requires solving two linear equations at each time step. However, we
observe that the two equations for ¢J*" and ¢ in (2.7) are different only on the right hand
side. This motivates us to employ the auxiliary variable to control not only the nonlinear

term U(¢"), but also the explicit term ¢, i.e., replace the temporal derivative in (2.5a) by

¢n+1 _ rn+1

n

EA“;”HCO . Consequently, this gives rise to the counterpart of equation (2.6)
3 U n
(I + AIGL)" ! =yt <¢ - Atg<w)>, (2.8)
Eq[o"] + Co Eq[o"] + Co
which requires only the solution of the single equation
_ n Ulp™
I+ ALy = —— 2 Atg(w), (2.9)
Ey[¢"] 4 Co Ey[¢"] + Cy

and then determine ¢"*! and r"*! from ¢"*! = r"+1¢" 1 and (2.5¢).
However, such a naive treatment on the temporal derivative term could not lead to

n+1 ,,,n+1 ¢
even first-order convergence due to the fact that VELLPIES is no longer a first-
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1

+1
order approximation of % " Specifically, assume that r"™! is approximated such that

,,,n+1 o
m = 1 + O(At), we haVe
¢n+1 _ £n+1¢n ¢n+1 _ ¢n 1 _ gn—&-l a¢ n+1
= m= L " 2.1
Al Y Va7 B G (2.10)

,r.n+1

n+1
where £t .= —__ Actually, in order to achieve first-order approximation of 22
V Eile"]+Co ’

at
using the novel formula (2.10), £"*! need to be approximated such that £"+1 = 1+O(AtF), k >

2.

This inspires us to replace the controlling factor £7"+! = rt by

o v/ E1[¢™]+Co

77n+1 -1 (1 _ Sﬂ-‘rl)?j (211)

In this way, it is direct to observe that

a(b n+1
T ot

(bn—‘rl _ 77n+1¢n _ ¢n+1 _ (bn N (1 _ €n+1)2

At At At " + O(AY). (2.12)

More generally, for any 7™ =1 — (1 — £""1)* and €™+ = 1 + O(At"), we have
et =14+ O(AE™). (2.13)

This observation makes it possible to achieve high-order convergence of ¢"*! with lower-order
approximation for £7*1,

The novel approximation (2.12) brings about significant issues in devising energy-stable
schemes. In order to overcome this obstacle, we adopt some ideas from the recently proposed
gPAV method in [22]. Specifically, in [22] it is suggested to (i) use a shifted total energy
E[¢] = Ein[¢] + Co instead of Ei[¢] in equation (2.3) to define the scalar auxiliary variable;

(ii) use the energy balance equation of the gradient flow (2.1) instead of equation (2.4)

18



to construct the dynamical equation of the auxiliary variable, i.e. we adopt the following

equation as the dynamical equation

dE[¢) SEd$ . (SE _SE\ '

50956
and (iii) a delicate treatment of the dynamical equation to preserve the positiveness of the
auxiliary variable in the discrete level. With the help of these intuitive thoughts, we are
ready to construct new unconditionally energy-stable schemes, which require solving only
one linear equation with constant coefficients at each time step. We define a shifted total

energy by
1
El¢] = Eia[d] + Co = 5(0,£8) + Er(¢) + Co, (2.15)

where Cj is a chosen scalar such that E[¢] > 0 for all ¢. Note that for a physically meaningful
system, the total energy Ej, is bounded from below, thus such a Cj is always available. To
construct our new SAV approach,we introduce a scalar auxiliary variable r(t) := E|[¢|, which

satisfies the following dynamical equation

dr(t) _ dE[¢]
dt dt

— —(u.Gp). (2.16)

Define £(t) = ;((tt)) and note that £(¢) = 1 at the continuous level, we can reformulate the

system (2.1)-(2.2) into the following equivalent form

o¢ _

i —Gu, (2.17a)
p= L+ [¢], (2.17b)
dr

a =&k, G), (2.17¢)
n=1-(1-¢> (2.174d)
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Our new first-order scheme for (2.17) is as follows:

¢n+1 . nnJrl ¢n

At gunJrl’
prth = L U ("),
it — n -n -n
At = _g +1(/JJ +17g,u +1)7
n+l _ et n+l _ g 1 n+1,2
6 _E[d_)nJrl]’ n - _< _g )

where ¢"! and "' are to be specified below, together with the initial conditions

¢0:¢0($’t)7 TOZE[QSO]'

Combining equations (2.18a) and (2.18b) leads to the following linear equation

(I+AtGL) ™" = ! (qs“ - Atg(U[gb"])).

Setting

= g,
in the above, we find that ¢"! is determined by
(I+AGL)"! = ¢" — AtG(U[¢"]).
Once ¢"! is known, we define

[—]Jn—l-l — ,ngn—H + U(an—H)

(2.18a)
(2.18b)

(2.18c¢)

(2.18d)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

Note that ¢"*! can be viewed as an approximation of (t"*) by a direct semi-implicit

method. Thus, ¢"*! and @"*! are first-order approximations of ¢"*! and p"*!. Inserting

equation (2.18d) into equation (2.18¢) leads to

Tn

€n+1 — _
B¢+ + At(prt!, Gty
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To summarize, the scheme (2.18a)-(2.18d) can be implemented as follows:

« solve ¢"*! from (2.22);
o set i"t = LA™ + U(¢"+!) and compute "' from (2.24);
« update ¢"*! = " F1¢" ! and goto the next time step.

We observe that the above procedure only requires solving one linear equation with constant
coefficients as in a standard semi-implicit scheme. As for the stability, we have the following

result:

Theorem 2.1.1. Given r" > 0, we have r"™ >0, &""! > 0, and the scheme (2.18a)-(2.18d)

is unconditionally energy stable in the sense that
Pt = sten T (E Tt Gttt < 0. (2.25)

Furthermore, if E(u) = (¢, L¢) + E1(¢) with L positive and Ey(u) bounded from below,
there exists M; > 0 such that
(", Lo") < M7, Vn. (2.26)

Proof. Given 7 > 0 and since E[¢"*!] > 0, it follows from (2.18c) that

n+1l __ 7,.n
b7 1 4 selEnt.gont) = 0.

Efun+1]

Then we derive from (2.18d) that £"* > 0 and obtain (2.25).
Denote M :=r" = E[¢(-,0)], then (2.25) implies " < M, Vn.
Without loss of generality, we can assume Fi(¢) > 1 for all ¢. It then follows from

(2.18d) that
pntt 2M

— < = = .
E(¢n+1) - (ﬁgbn—i-l’ ¢n+1) +2
Since "t =1 — (1 — £""1)2, we have Tt = €"F1(2 — €"*1). Then, we derive from (5.74)

that there exists M; > 0 such that

] =

(2.27)

M,
(E&n«#% énJrl) + 27

R =12 - )l <
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which, along with ¢"+! = ¢! implies

(L™, ¢ ) = () (L™, 6
()
(E(Z;n+17 q;nﬂ) +9

IA

£(Z_§n+1, énJrl) S M12
The proof is complete. n

2.1.2 High order scheme

The proposed method can be extended to construct high-order unconditionally energy-
stable schemes when coupled with k-step backward differentiation formula (BDFE). The
essential idea resides in that we can achieve overall kth order accuracy for ¢ by using just
a first-order approximation for &, if we choose k such that n* =1 — (1 —£")* isa (k + 1)th
order approximation to 1. Actually, for any " = 1 — (1 — £")* and £"*! = 1 + O(At?), we
have that

n" =1+ O(At"). (2.28)

We construct the kth order new SAV schemes based on the implicit-explicit BDF-k
formulae in the following unified form:

Given ¢", r", we compute ¢" 1,y ¢+l and ¢"*! consecutively by

quz5n+1 _ 771?“4?5” B

- e (2.292)

p = Lo U (), (2.290)
7erl —pn

AL =M (", G, (2.29¢)
n+1 et nt1 n41\k+1

e = G =1 (g (2.200)

Here, o, ¢" and ¢*"*! in equation (2.29) are defined as follows:
BDF2:

3 n n 1 n— *M n n—
a=g, " =2¢ —§¢ Lottt =2¢" — " (2.30)
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BDF3:
2 3 e 1 n— *,M n n— n—
a=—, ¢”=3¢”—§¢”1+§¢ LT =3¢" = 30" 0" (2.31)

BDF4:

25
12’

1
7¢n73, ¢*,n+1 — 4¢n o 6¢n71 4 4¢n72 _ (bnf?).

4
(2.32)

o =

n 4
¢n :4¢n_3¢n71+§¢n72_

We can also use BDF5 and BDF6, but for the sake of brevity, we omit the detailed formula
here.

Note that the solution algorithm for the new BDFk scheme is the same as the first-order
scheme presented in Section 2.2. In each time step, it requires only the solution of one linear
equation with constant coefficients, making the proposed method highly efficient. The new
BDFE scheme also enjoys the same stability as the first-order scheme, namely, we can prove

the following result using exactly the same procedure as in Section 2.2.
Theorem 2.1.2. Given ™ > 0, we have r"*1 > 0, &1 > 0, and the scheme (2.29) is
unconditionally energy stable in the sense that

?"n+l — "= —(5t€n+l(ﬂn+l, gﬂn-i-l) <0. (233)

Furthermore, if E(u) = %(¢,£¢) + E1(¢) with L positive and Ey(u) bounded from below,
there exists M > 0 such that
(¢, LO™) < M7, Vn. (2.34)

Note that the stability is built into the scheme in (2.29¢), independent of the actual
scheme used in (2.29a) and (2.29b). In principle, we can use any linear multistep schemes

in place of (2.29a) and (2.29b).

2.2 Time adaptive strategy

To achieve satisfactory numerical results in real simulations efficiently, it is supposed to

use small time steps when the energy and solution of gradient flows vary drastically while
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using relatively larger time steps when they vary slightly. However, for conditionally stable
schemes, the allowable time step is often dictated by the stability constraint, not by accuracy.
One salient feature of an unconditionally energy stable scheme is that it allows us to employ
an appropriate adaptive time-stepping strategy [23]-[26]. Note that time-adaptivity strategy
has been applied to first-order and second-order Crank-Nicolson SAV schemes in [1], [27], [28].
There are essential difficulties to apply adaptive time stepping to other schemes, particularly
other second- or higher-order schemes. The main reason is that one does not have robust
unconditionally stable second- or higher-order schemes with variable step sizes. In a recent
work [23], the authors developed a stabilized second-order BDF scheme with variable step
sizes that is stable if 777! < 4*7™ where {7*} are the time step sizes and v* ~ 1.5 for
optimal convergence. To the best of our knowledge, there is no unconditionally stable third-
or higher-order multistep scheme with variable step sizes.

However, as stated in Remark 2.1.2, we can replace (2.29a) and (2.29b) by any linear
multistep schemes without affecting the stability provided by (2.33). In particular, we can
replace them by the BDFk schemes (along with kth order extrapolation formula for nonlinear
terms) with variable step sizes which we shall derive in the Appendix.

It is crucial to figure out a good indicator for adaptive time-stepping schemes, which
suggests us to adjust the time step at reasonable moments. Some observations from abundant

numerical experiments are as follows:
(i) to achieve an accurate result, "™ has to be a good approximation to 1;

(i) £+ starts to deviate from 1 when oscillation or inaccuracy turns to happen, while

adopting a smaller time step can avoid such situation.

These observations suggest us that |1—£"*1| is a suitable indicator for the time-adaptivity
procedure. Roughly speaking, we should decrease the time step whenever |1 —£"1| is bigger
than a given tolerance while we can maintain a relatively large time step whenever |1 —£" |
is small enough.

Based on these observations, we provide an adaptive time-stepping algorithm for the

proposed BDFE SAV scheme. Given a default safety coefficient p, a reference tolerance tol,
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the minimum time steps 7p,;, and the maximum time steps Tax, the adaptivity speed tunable

constant r, we can update the time step size by the following formula

Agple, ) = p<tzl>r7. (2.35)
The corresponding algorithm is summarized as follows:
Given: the previous time step 7,.
step 1. compute £" from previous step with time step 7,;
step 2. calculate e, = |1 — £"[;
step 3. if e, > tol, then
recalculate time step 7, < max{ T, Min{ Agy(en, 7o), Tmax | };
goto step 1
step 4. else update time step 7,41 < max{Tmin, min{Ag,(€n, 7n), Tmax } };
step 5. end if

Remark

« It is suggested in [29] that when R™ has an obvious deviation from E[¢"], a reset of
R™ = E[¢"] can be prescribed to improve the long time accuracy of the numerical
scheme. This strategy could also be incorporated into the time-adaptivity algorithm.

Specifically, R" is reset to E[¢"] when 7,11/7, is less than a threshold value.

e In real implementation, one can also combine the sav indicator with other traditional

indicator, like the norm of the difference between two steps: [[¢" ™ — ¢"|.

The proposed time-stepping strategy will be applied to the simulations of Allen-Cahn and
Cahn-Hilliard equations in the next section to show its advantages to achieve high accuracy

with low computational cost.

2.3 Numerical examples

In this section, we provide ample numerical examples to demonstrate the improved effi-

ciency and accuracy. of the proposed method.
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Let us consider two typical types of gradient flow, i.e. Allen-Cahn equation [30] and
Cahn-Hilliard equation [31]. Given the free energy

A A
Bualo] = [, 5IV6P + Blold0, Eild] = 51— &) (2.30
the chemical potential in (2.2) takes the form
5Etot )\
=5 —AV?+U[d], Ulg] = ?¢(¢2 - 1). (2.37)

Allen-Cahn equation corresponds to the L? gradient flow with G = mq/, while Cahn-Hilliard

equation corresponds the H~! gradient flow with G = —myA in equation (2.1).

2.3.1 Accuracy test

Ezxample 1. (Convergence rate of the new SAV/BDFk scheme for the Allen-Cahn and
Cahn-Hilliard equations) Consider the Allen-Cahn and Cahn-Hilliard equations in the com-

putational domain © = [0, 2] x [0, 2] with a contrived exact solution
¢(z,t) = cos(nx) cos(my) sin(t) /(1 + 10t?), (2.38)

and correspondingly, the external source term f(x,t) satisfying ¢, = —Gu+ f. Fourier spectral
method [32] for spatial discretization is employed throughout this section. N, and N, denote
the number of Fourier collocation points along = and y axis, respectively. In the simulations,
we set (N, N,) = (40, 40) with which the spatial discretization error is negligible compared
with time discretization error. Other parameters are A = 0.01, my = 0.01, n = 0.05 and
Co = 0. The algorithm for the new SAV/BDFk (k = 1,2,3,4) is employed to numerically
integrate the governing equations in time from ¢ = 0.1 to t = 1.1. The L? errors of ¢ at
t = 1.1 are plotted respectively in Figure 3.3 (a)-(b) for the Allen-Cahn equation and Figure
3.4 (a)-(b) for the Cahn-Hilliard equation, where we can observe the expected convergence

rate of the field variable ¢ for all cases.
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Recall that r(t) = E[¢] in the continuous level and the evolution equation of R(t) is
stemmed from this equation. The discretization (2.29¢) of R(t) leads to a first order approx-

7,.71,+1
Blpn+1]

the L™ error of £"*! to 1 for the Allen-Cahn and Cahn-Hillard equations in Figure 3.3 (c)-(d)

imation of F[¢]. Consequently, £"! = is a first order approximation of 1. We depict
and Figure 3.4 (¢)-(d), respectively. As expected, it can be observed that £"™! converges to 1
with a first order convergence rate for all cases. Moreover, this observation implies that £"*!
can serve as an indicator of the accuracy of the simulations. If the difference of £"*! from
1 is small, then the simulation tends to be more accurate. Otherwise, when £"*! deviates

significantly from 1, the simulation is no longer accurate.
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Figure 2.1. (Ezample 1.) Temporal convergence test for the Allen-Cahn equation
using the new SAV/BDFk (k = 1,2,3,4). (a)-(b) L? errors of ¢ as a function of At;
(c)-(d) L erros of £ as a function of At.
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Figure 2.2. (Ezample 1.) Temporal convergence test for the Cahn-Hilliard equa-
tion using the new SAV/BDFk (k = 1,2,3,4). (a)-(b) L? errors of ¢ as a function
of At; (c)-(d) L™ erros of ¢ as a function of At.
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2.3.2 Allen-Cahn equation

Example 2. (Spinodal decomposition for the Allen-Cahn equation) Consider the spin-
odal decomposition of a homogeneous mixture into two coexisting phases governed by the
Allen-Cahn equation as another test of the algorithms developed herein. The computa-
tional domain is [0, 2] x [0, 2] and the initial phase field is given by an uniformly distributed
datas between | — 0.5,0.5]. We adopt (N, N,) = (512,512), A = 1, my = 107%, n = 0.005
and Cy = 0 in the forthcoming simulations. The new SAV/BDF2 scheme is employed to
numerically integrate this problem.

In Figure 2.3, we depict a temporal sequence of snapshots of the interfaces formed between
the two phases. Figure 2.4 shows the time histories of the total energy Fy,[¢] obtained by the
current method and the original SAV method using various time steps At = 107!, 1072, 1073.
A reference solution obtained with At = 10~ using the original SAV scheme is also included
for comparison. It can be observed in Figure 2.4 (a) that all the energy history curves
decrease dramatically at the beginning and level off gradually, indicating the stability of the
proposed method. In Figure 2.4 (b), we zoom in the energy history curves at the region
t € ]0,0.1]. It shows that the results obtained by the current method and the original SAV
method overlap with each other for the same time step size. This implies that the proposed
method provides almost the same accuracy with the original SAV method, but with halved
computational cost. It also indicates that to achieve acceptable accuracy, the step size should
be chosen no bigger than At = 1073,

Ezxample 3. (Application of adaptive time-stepping strategy to example 2) Next, we use
the spinodal decomposition governed by the Allen-Cahn equation to demonstrate the per-
formance of the time adaptivity. The setup is the same as Example 2. We choose p = 0.9,
tol = 1072 and r = 0.25 in equation (2.35). The minimum time step is taken as T, = 1075,

while the maximum time step is take as 7. = 10-3/%

, k= 2,3,4, respectively, such that
when 7.« is employed, the errors for BDFE schemes (k = 2,3, 4) are of the same level. The
initial time step is taken as Tpip.

In Figure 2.5 (a), we depict the energy history curves obtained by BDFk (k = 2,3,4)

schemes for long time simulations, and it can be seen that the curves essentially overlap
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(h) ¢ =100

Figure 2.3. (FEzample 2.) Spinodal decomposition governed by the Allen-Cahn
equation. The simulation is obtained with At = 1073.
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Figure 2.4. (Ezample 2) Time histories of Fyu[¢] for spinodal decomposition

governed by the Allen-Cahn equation obtained using the current method and the
original SAV method with At = 10~*,1072,1073.

30



with each other. Correspondingly, the snapshot of the interfaces between these two phases
at t = 300 are compared in Figure 2.5 (b)-(d) and no noticeable difference can be observed.

In order to demonstrate the efficiency of the time-adaptivity technique, we plot in Figure
2.6-2.8 the time history curves of the time steps and time step ratios between two successive
steps in the time window ¢ € (0, 3), where rapid changes of the phase field variable occur. It
can be seen that the time steps gradually increases for all these three solvers and the average
time steps in these period are 1.6 x 1072, 2.0 x 1072 and 2.1 x 10~2. Note that in Example
2, for BDF2 scheme with a fixed time step, it takes at least At = 1073 to obtain reasonable
numerical results. We also record the total wall time of this simulation computed from ¢ = 0
to t = 300 with BDF2 scheme using a fixed time step At = 1073, which is 19970.2 seconds.
While equipped with the time-adaptivity technique, the total wall time for the BDF2-BDF4
schemes reduces drastically to 929.0 seconds, 318.9 seconds and 429.6 seconds, respectively.
The speedups in these simulations are noticeable, compared with the solver without time
adaptivity. In [23], it is point out that the variable step BDF2 scheme is stable if 771 < o*77
and v* &~ 1.5 for optimal convergence. While with the current method, we are not restricted

by this constraint and the maximum time step ratios are observed to be as large as 22, 41,

41 for k =2,3,4.

0 50 100 150 200 250 300
Time

(a) Energy vs time (b) BDF2-adaptivity (c¢) BDF3-adaptivity (d) BDF4-adaptivity

Figure 2.5. (Ezample 3.) Spinoidal decomposition governed by the Allen-Cahn
equation. Simulation results are obtained by the proposed SAV/BDFEk (k = 2,3,4)
scheme with adaptive time-stepping technique and the snapshots (b)-(d) of the in-
terfaces between these two phases are depicted at t = 300.
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Figure 2.6. (Ezample 3.) Time histories of time steps and time step ratios in the
time window ¢ € (0,3) obtained by the BDF2 scheme with adaptive time-stepping
technique. The average At = 1.60 x 1072,
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Figure 2.7. (Ezample 3.) Time histories of time steps and time step ratios obtained
by the BDF3 scheme with adaptive time-stepping technique. The average At =
2.0 x 1072.

32



—— Current method-BDF4 with adaptivity \
40 b
35+
o 30f
—— Current method-BDF4 with adaptivity E 251
5 — — average At=2.1x 102 5
10 o 20f
£
=151
|
10 10
5 L
10°
. . . . . 0 . Y
0 0.5 1 15 2 25 3 0.0001 0.01 1 3
Time Time
(a) History of At at (0, 3) (b) History of 7+ /7

Figure 2.8. (Ezample 3.) Time histories of time steps and time step ratios obtained
by the BDF4 scheme with adaptive time-stepping technique. The average At =
2.1 x 1072
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2.3.3 Cahn-Hilliard equation

Example 4. (Merging of an array of circles for the Cahn-Hilliard equation) We consider,
as another test problem, the merging of a rectangular array of 9 x 9 circles governed by the
Cahn-Hilliard equation. The computational domain is [0, 2] x [0, 2] and the initial phase field
is given by

9 9 tanh (y/(z — x;)? — 1) — Ro
qbo(:z:,t):é%o-ZZt (\/( )\/;7@ ) ) (2.39)

i=1j=1

where Ry = 0.085, z; = 0.2 xiand y; = 0.2 x j for i, j = 1,2,...,9. We adopt (N,, N,) =
(512,512), A =1, mg = 107%, » = 0.01 and Cy = 0 in the simulations.

In Figure 2.9, we plot a temporal sequence of snapshots of the interfaces formed between
the two phases using the BDF3 scheme with variable time steps using p = 0.95, tol = 1073,
r = 0.57, Tmin = 107% and 7,0 = 1071 in equation (2.35).

In order to investigate the influence of the parameter tol to the accuracy and efficiency of
the new SAV/BDFE (k = 2,3, 4) schemes with time-adaptivity, we depict in Figure 2.10 the
L?-errors of ¢ as a function of the average of the time step sizes. These errors are obtained
through comparing the numerical solutions with a reference solution computed by the new
SAV/BDF2 scheme with a fixed small At = 107 at ¢ = 1. It can be seen that a better
accuracy is achieved when we adopt a smaller tol.

Figure 2.11 is a demonstration of the stability of the proposed scheme. The time histories
of the modified energy r(t) obtained by large time step sizes At = 2, 5 are depicted. At
these large time step sizes, we can no longer expect the results to be accurate. But it
can be observed that the modified energy decays and remains to be positive for long time

simulations.

2.3.4 Application to multiple SAV method

Ezample 5. (An improved multiple SAV method for one-component Bose-FEinstein con-
densates) We consider the ground state solution of one-component Bose-Einstein condensates

in two dimensions [29], [33], [34] as an example to show how our current method can reduce
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Figure 2.9. (Ezample 4.) Merging of an array of circles governed by the Cahn-
Hilliard equation. Simulations are obtained with the proposed SAV/BDF3 schemes
with time-adaptivity technique.
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Figure 2.10. (Ezample 4.) L*-errors of ¢ as a function of the average of At ob-
tained by (a) the BDF2 scheme, (b) the BDF3 scheme, and (c) the BDF4 scheme,
respectively. The time-adaptivity technique is employed with tol = 10~*,1072,1073.
The parameters (r,p) in equation (2.35) are set to be (0.75,0.85), (0.57,0.95),
(0.7,0.85) for the BDF2-BDF4 schemes, respectively.
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Figure 2.11. (Ezample 4.) Time histories of the modified energy R(¢) computed
by (a) the BDF2 scheme, (b) the BDF3 scheme, and (c) the BDF4 scheme, using

large time step sizes At = 2, 5.
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the number of linear equations to be solved in each time step from three to two, comparing
with the classical MSAV [29], [35] approach.

Similar with [29], we consider the penalized energy

B(6) = 3(0.£6)+ 5 [ Flo)a+ ([ loaa 1) (2.40)

Here, F(¢) = 8¢?, £ = (=1V? + V(2,y))¢ with V(z,y) > 0 and € < 1. Correspondingly,

the governing equation for this gradient flow problem takes the form

agb — _5£ — _ 2 . 1 2
5= ~gg = Lo F(10P)o— (6l ~ 1), (2.41)
and subject to the constraints
[ 1o, t)ae = 1, (2.42)
| l‘im o(z,t) =0. (2.42D)

In our new MSAV approach, we introduce two scalar auxiliary variables

Ri(t) = Ei(¢), Ra(t) = Ex(9). (2.43)

where
1 1 1 ?
= 5(0.L0) + 5 [ Pl Ba=o( [ loPd2—1)" (2.44)

With the same spirit to improve the single SAV approach in Section 2, we employ one

of the introduced auxiliary variables to control not only the nonlinear term, but also the
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explicit linear term, and consequently, we are only required to solve two linear equations at

each time step. The first order new MSAV scheme can be written as

¢t — 77?+1¢n +1
_ — n 2-4
At . (2452
prt = Lo U6 s Ua(0"), (2.45b)
Ryt — Ry R+ Ry 5 51, 7
_ o _ L n+1 T U n+1 ’ n+1 , 2.45
At Eq[¢n 1] + B¢t (£o @) 240
Ry* — Ry R 4+ Ryt Tty -
- _ U (™), ), 2.45d
At Ey[pntt] +E2[¢"+1]( 207 5) 24
n+l _ L—H ntl _ L—H (2.45e)
R R O e
e A A U (2.451)

where "t = Lot 4+ Uy (¢") + Us(¢™) and ¢"*! is defined similar as the single SAV
case and

Ui(0) = F(I6[)¢, Ua(9) = i(l!¢!l2 — 1o (2.46)

The initial condition is chosen as

1/4
ou(i, ) = Dt (2.47)
with two different potential functions:
Case 1. A harmonic oscillator potential
L 9o 229
Viw,y) = 5 (72" +7,5°)- (2.48)

Case 2. A harmonic oscillator potential and a potential of a stirrer corresponding to a

far-blue detuned Gaussian laser beam

1 —§((z—m
V(z,y) = 5 (172" + 75y?) + woe ™ 05, (2.49)
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The parameters are chosen as: 7, =1, v, = 4 and 8 = 200 in case 1 and 7, = 1, v, = 1,
wo=4,0=r9g=1and § =200 in case 2. We then solve case 1 by spectral-Galerkin method
on Q) =[—8,8 x[—4,4] and case 2 on Qs = [ — 8, 8] x [ — 8,8]. In both cases, we choose
(Ng, Ny) = (40,40), e = 1074, time steps At = 10~* and impose the homogeneous Dirichlet
boundary condition.

We plot the ground state solutions of both cases in Figure 2.12, and compare the chemical
potential and the energy of the ground states with the results obtained by original MSAV
method in [29] and by TSSP method in [34] in Tables 1 and 2, where we denote

Lrms = ||x¢‘|L2(Q)> Yrms = Hy¢”L2(Q)a (25())

and

ps(6) = [ (G1V6)P + V@Io(@)P + Blo()|*)do

(2.51)
= B(0)+ [ Dot

We observe from Tables 2.1 and 2.2 that the results by our new SAV schemes are consistent

with the results obtained by using the original SAV and TSSP methods.

(a) casel

Figure 2.12. Ground state solutions of one-component Bose-Einstein condensates

Some remarks are in order:
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Case 1 of BECS

Scheme Trms Yrms Es 13
TSSP 2.2734 0.6074 11.1563 | 16.3377
MSAV 2.2812 0.6096 11.1560 | 16.3002
New 2.2710 0.6064 11.1621 | 16.2514
MSAV

Table 2.1. Case 1: 7, =1, v, = 4 and 3 = 200

Case 2 of BECS

Scheme Trms Yrms Ej 13
TSSP 1.6951 1.7144 5.8507 8.3269
MSAV 1.6978 1.7169 5.8506 8.3189
New 1.6933 1.7124 5.8455 8.3202
MSAV
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1. Same as the single SAV approach mentioned in section 2, one can easily prove the
scheme (2.45) is unconditionally energy stable in the sense that R} + Ry > 0 for every

n, and

n—+1 n—+1
(R 4+ RyTY) — (RY + RY) = —At BT+ Ry (@ )y <0 (2.52)
1 2 1 2 El[¢n+1] +E2[¢n+l] ’ - ’

2. The new MSAV scheme (2.45) only requires solving two instead of three linear equa-
tions, compared with in the original MSAV scheme in [29]. In general, if we introduce
K auxiliary variables, our new MSAV scheme requires only the solution of K linear
equations, while the original SAV scheme requires to solve K + 1 linear equations.

Hence, the new MSAV schemes is more efficient.

3. We can also construct higher-order unconditionally energy stable MSAV schemes based

on the approach presented in Section 3.

2.4 Conclusion of this chapter

We presented in this paper several essential improvements over the original SAV approach,
making our new SAV approach even more efficient, flexible and amenable to higher-order.

More precisely, our new SAV approach enjoys the following additional advantages:

1. For the case with single SAV, our new method only requires solving one linear equation
with constant coefficients, reducing half of the computational cost of the original SAV
approach. In other words, the computational cost of the new SAV approach, being
unconditionally energy stable, is essentially the same as that of the semi-implicit ap-
proach which is only conditionally stable. Furthermore, the new approach does not
require the nonlinear part of the free energy to be bounded from below, making it more

flexible than the original SAV approach.

2. While the original SAV approach only leads to first- and second-order unconditionally
stable BDF type schemes, the new SAV approach allows us to construct higher-order

unconditionally energy stable schemes with any multistep schemes. In particular, we
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are able to construct, for the first time, unconditionally energy stable higher-order time

adaptive schemes based on the BDFk scheme with variable step sizes.

3. For the cases where K SAVs are needed, our new method requires solving K linear

equations with constant coefficients, as opposed to K +1 linear equations by the original

MSAV approach.

The new SAV method is not limited to the realm of gradient flow. Although we only focus
on gradient flow problems in the current chapter, the proposed method can be in principle

extended to general dissipative systems. We will explore this issue in the following chapter

2.5 Appendix. BDF for variable time step sizes.

Given a successive of variable time steps

n+l _ tn+1 _ no_yn_ tnfl n—1 tnfl - 2fan n—2 tn72 . tn73

T 5 T

ey (253)

the corresponding «, ggn and ¢*"! in equation (2.29) for BDFk scheme with kth order
extrapolation can be derived by Taylor expansion. More precisely, if we set At = 771 in

(2.29a), and denote

= —7"

Ty = —7" T — 7,

r3 = —7"t — 7 (2.54)
Ty = _7_n+1 — 1 7_n—2’

Then, for k = 2,3, 4, the formulae are given below:

BDF2:
a=77l F = Nag" b, T = AGT 4 BT, (2.55)
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where

Ty + Ty T — T3 ri — 2%
(2.56)

BDF3
a=7"" " =v""(ag" +b0¢" " +c¢"?), ¢ = A"+ B+ Co" 2, (2.57)
where
_ T2 X3 0= 3 7}
12 + 1123 + ToT3 (x1 — x2) (21 — 23) (21209 + 21203 + To3)
x? a2
h=— 173 7 (2.58)
(l’l — LEQ)(.’L'Q — l’g)($1$2 + x123 + $2.’L'3)
af v}
c= ,
(ZEl — Ig)(l‘g — ZE3)(1’1$2 + T1T3 + 1’21‘3)
and
To X3 Tr1x3 T X2
A= ., B=-— , O = :
(1 — z2) (21 — 73) (1 — 22) (22 — 73) (1 — 3) (22 — 73)
(2.59)
BDF4.:
o= '7_1, an _ ,y—l(a¢n+b¢n—1+c¢n—2_’_d¢n—3)’ ¢*,n+1 — A¢n+B¢n—1+O¢n—2+D¢n—3’

(2.60)
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where

. Lo X3 Ty
N T1Tox3 + T1Toxy + T1T3T4 + $2I3ZE47
3 w3 ]
a=—
(r1 — 22) (21 — 23) (21 — 24)(X122%3 + 122y + T123%4 + ToX374)
x?xlx?
h— 17374 2.61
(21 — x2) (12 — 23) (w9 — m4) (X1 X223 + T1Xoy + T12374 + ToT3Ty)’ ( )
2.2 9
LT Ty
c=—
(1 — x3)(x2 — w3) (T3 — 24) (L1203 + T1XT2X4 + T 12374 + IQJU:J,M)7
x? 22 2
d — 123
(r1 — x4) (w2 — 24) (23 — 24)(X12273 + T1T0Ty + T123T4 + ToX3T4)
and
A= _ Lo X3 Ty B— T1X3T4
(xl - $2)(I1 - $3)($1 - I4), (Il - $2)($2 - I3)($2 - $4)7 (2 62)
X1 T2 Xy X1 T2 X3 '
(21 — 3) (w2 — 23) (03 — 24)’ (21— 24) (22 — 4) (3 — 74)

The formulae for higher-order BDFE (k > 5) with variable step sizes can also be derived

similarly. We omit the detail here for brevity.
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3. ERROR ANALYSIS FOR THE NEW SAV APPROACH

In this chapter, we construct highly efficient implicit-explicit BDFk scalar auxiliary variable
(SAV) schemes for general dissipative systems. We show that the scheme is unconditionally
energy stable which leads to a uniform bound for the norm based on the principal linear
operator in the energy. Based on this uniform bound, we carry out a rigorous error analysis
for the kth-order (k =1,2,3,4,5) SAV schemes in a unified form for the typical Allen-Cahn
type and Cahn-Hilliard type equations. Most of the results in this chapter are extracted
from [36].

3.1 Introduction

Analysis of standard semi-implicit schemes for gradient flows usually requires to assume
global Lipschitz condition on the nonlinear term (see, for instance, [8], [37], [38]), the con-
vergence of SAV schemes can be established without such assumption thanks to the un-
conditional energy stability. For examples, rigorous error analysis of the semi-discretized
first order original SAV schemes for L? and H~! gradient flows with minimum assumptions
have been presented in [39], first- and second-order error estimates have been derived for
a related semi-discretized gPAV scheme for the Cahn-Hilliard equation in [40], and error
analysis of fully discretized SAV schemes with finite differences and finite-elements have also
been established in [41] and [42]. On the other hand, error estimates for a Fourier-spectral
SAV scheme for the phase-field crystal equation [43] and a MAC-SAV scheme for the Navier-
Stokes equation [44] are established. Note that for the original SAV approach, unconditional
energy stability can only be established for first- and second-order BDF schemes, although it
has been shown in [45] (see also [46]) that the SAV approach coupled with extrapolated and
linearized Runge-Kutta methods can achieve arbitrarily high order unconditionally energy
stable with a modified energy for the Allen-Cahn and Cahn-Hilliard equations, but require
solving coupled linear systems.

In this chapter, we apply the general ideas in [13] to construct a class of explicit-implicit
BDFFk schemes for general dissipative systems. In particular, we obtain a unconditional and

uniform bound on the norm based on principal linear term in the energy functional of the
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dissipative system. This bound is essential for the error analysis in this chapter. The main
purpose of this chapter is to carry out a rigorous and unified error analysis for the new

kth-order (1 < k < 5) SAV schemes which enjoy several remarkable advantages, including:

e only requires solving, in most common situations, one linear system with constant

coefficients at each time step, which is half of the cost for the original SAV approach;
o applicable to general dissipative systems;

o higher-order BDFk SAV schemes are unconditionally stable and amenable to adaptive

time stepping without restriction on time step size;
« rigorous error estimates can be established for BDFk (1 < k < 5) SAV schemes.

While the new schemes are applicable to a large class of dissipative systems, their error
analysis is highly non-trivial. As a unified analysis for general dissipative systems will involve
complicated assumptions and techniques that may obscure the clarity of presentation, we
shall consider the error analysis for two classes of typical dissipative systems: Allen-Cahn
type and Cahn-Hilliard type equations. The key ingredients are the uniform H' bound
derived from the general stability result (see (3.13) in Theorem 4.3.1) and a stability result
in [14] (see Lemma 4.4.3 below) for the BDFE (1 < k < 5) schemes. With a delicate
induction argument, we are able to establish optimal error estimates in L>°(0,7’; H?) norm
for our implicit-explicit BDFk (1 < k < 5) SAV schemes for both Allen-Cahn type and
Cahn-Hilliard type equations.

We use the following notations throughout the chapter. Let 2 € R™ (n = 1,2,3) be
a bounded domain with sufficiently smooth boundary. We denote by (-,-) and || - || the
inner product and the norm in L?*(2), and by H*(Q) the usual Sobolev spaces with norm
| - ||z Let V' be a Banach space, we shall also use the standard notations L?(0,7; V') and
C([0,T]; V). To simplify the notation, we often omit the spatial dependence in the notation
for the exact solution u, namely we denote u(x,t) by u(t). We shall use C to denote a

constant which can change from one step to another, but is independent of ét.
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3.2 New SAV approach for general dissipative systems

In this section, we describe the new SAV schemes for dissipative systems, show that they
are unconditionally energy stable with a modified energy and derive a uniform bound for the
norm based on the principal linear term in the energy functional.

Consider the following class of dissipative systems

du

T + Au + g(u) =0, (3.1)

where wu is a scalar or vector function, A is a positive differential operator and g(u) is a
nonlinear operator possibly with lower-order derivatives. We assume that the above equation

satisfies a dissipative energy law

= —K(u), (3.2)

where E(u) > —Cj for all u is an energy functional, K(u) > 0 for all u # 0.
The above class of dissipative systems include in particular gradient flows but also other
dissipative systems which do not have the gradient structure, such as viscous Burgers equa-

tion, reaction-diffusion equations etc.

3.2.1 The new SAV schemes

The key for the SAV approach is to introduce a scalar auxiliary variable (SAV) to rewrite
(3.1) as an expanded system, and to discretize the expanded system instead of the original
(3.1). In this paper, we introduce the following new SAV approach inspired by the SAV
schemes introduced in [13]

Setting r(t) = E(u)(t) := E(u)(t)+Cy > 0, we rewrite the equation (3.1) with the energy

law (3.2) as the following expanded system

du

o T Au+g(u) =0, (3-3)
dE(u) r(t)
e _E(u)(t)K(u) (3.4)



We construct the kth order new SAV schemes based on the implicit-explicit BDF-£

formulae in the following unified form:

Given u™, r", we compute @, r"*1 "l and ™! consecutively by

Oékﬂn+1 — Ak(u”)

5 + Au™ + g[By(@™)]) = 0, (3.5a)
1 pntt
~fpnt+l _my —n+1
5 (r ) - (anﬂ)/qu ), (3.5b)
g (3.5¢)
- B(untt)’ '
u"t =ttt with gt =1 — (1 - ML (3.5d)

where ay, the operators Ay and By (k= 1,2,3,4,5) are given by:

BDF1:
o = ]_, Al(u") =u, Bl(ﬂ ) - ’l_Ln, (3 6)
BDF2:
3 n n 1 n—1 -n n n—1
az =g, Ay(u") =2u — 5 By(u") =2u" —u" (3.7)
BDF3:
11 n n 3 n—1 1 n—2 -n -n ~-n—1 —n—2
a =, As(u") = 3u S +§u . Bs(u")=3u"—-3u""" +u""" (3.8)
BDF4.:
25 4 1
ETL Ay(u™) = 4u"—3u"_1+§u"_2—1u”_3, By(u") = 4u™ —6u" "t +4u" " —u" 3,
(3.9)
BDF5:
137 10 5 1
as = ——, As(u") =5u" —5u"t 4+ - S
60 3 4 5) (3.10)

Bs(u") = 5u™ — 10a™ ' + 10u""% — 5a" 3 4+ a"*.
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Several remarks are in order:

o Initialization: the second-order scheme can be initialized with a first-order scheme for
the first step, the kth-order scheme can be initialized with a k— 1th-order Runge-Kutta
method for the first £ — 1 steps.

« We observe from (3.5b) that 7" is a first order approximation to E(u(:,,,1)) which

implies that €1 is a first order approximation to 1.
« we observe from (3.5a) and (3.5d) that

OpUny1 — nZHAk(U")

5 + Au" T 4 i g[ B (a™)] = 0, (3.11)

which, along with (3.5d), implies that

akunJrl _ Ak(un)

= + Au" + g[Bi(u™)] = O(6t").

Hence, both u"*! and @™ are formally kth order approximations for u(-,t"*1).

 The main difference of the above scheme from the scheme in [13] is the choice of 5",

which can be considered as a special case in [13]. However, as we show below, this
choice allows us to obtain a uniform bound on (Lu", "), which in turn plays a crucial
role in the error analysis. Another slight difference is here we use g[By(u")] in (3.5a),
which makes the error analysis slightly easier, while g[By(u")] is used in [13]. Thanks

to (3.5d), this does not affect the kth order accuracy nor unconditional energy stability.

o Since the energy stability is achieved through only (3.5b), we can replace (3.5a) by

other types of explicit-implicit multistep schemes.
The above scheme can be efficiently implemented as follows:

1. Obtain @™*! from (3.5a) by solving an equation of the form

(71+A)an+l — fn—l-l’



where f"*! includes all known terms from previous time steps, and in most cases, this

is a linear equation with constant coefficients;
2. With "™ known, determine r"™! explicitly from (3.5b);
3. Compute "1 77t and u™*! from (3.5d), goto the next step.

The main computational cost of this scheme is to solve (3.5a) once, while the main
computational cost in the original SAV approach is to solve an equation similar to (3.5a)
twice. So the cost of this scheme is about half of the original SAV approach while enjoying

the same unconditional energy stability as we show below.

3.2.2 A stability result

We have the following results concerning the stability of the above schemes.

Theorem 3.2.1. Given ™ > 0, we have r"™1 >0, &1 > 0, and the scheme (3.5) for any

k is unconditionally energy stable in the sense that
pt et = Sttt () < 0. (3.12)

Furthermore, if E(u) = 3(Lu,u) + Ei(u) with L positive and E(u) bounded from below,
there exists My, > 0 such that
(Lu™u™) < ME, Vn. (3.13)

Proof. Given r" > 0 and since E[u""!] > 0, it follows from (3.5b) that

+1 r
r" KT > 0.

14 aAE) =

E[a"+]

Then we derive from (3.5¢) that £"*! > 0 and obtain (3.12).
Denote M := " = F[u(-,0)], then (3.12) implies r™ < M, Vn.
Without loss of generality, we can assume FEj(u) > 1 for all u. It then follows from (3.5¢)

that
prtl 2M

< .
E(an+1) - (Ean+1,an+l) +2

€] = (3.14)
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Let np™t =1 — (1 — ")k we have np ™ = ¢"FLP(¢€7!) with Py being a polynomial of

degree k. Then, we derive from (3.14) that there exists M > 0 such that

M,
(E{Ln+1’ an—&—l) + 27

it = € P(EM] <

which, along with «"*! = 5 "'a" ! implies
(L ) = ()

< ( My
— (E’l_LTH_l, an-i—l) + 2

2
) (Lartt artty < Mg

The proof is complete. O

From the above proof, we observe that it is essential to introduce "' and 7],?“ in order
to obtain (3.13), and that the bound constant M)}, increases as k increases. So while we can
replace k+1 in ™! by any larger integer without affecting the kth order accuracy, it is best
to use the smallest possible integer, which is k + 1 for kth order accuracy.

Note that the proof of (3.13) does not depend on specific form of (3.5a), so the result is

also valid if we replace (3.5a) in the scheme by other implicit-explicit multistep schemes.

3.3 Error analysis for the Allen-Cahn type equation

While the stability results in Theorem 3.2.1 are valid for general dissipative systems, it is
cumbersome to carry out error analysis with such generality. So to simplify the presentation,
we shall carry out error analysis for two class of typical dissipative equations: Allen-Cahn
type equation in this section and Cahn-Hilliard type equation in the next section.

We first recall the following important result. Based on Dahlquist’s G-stability theory,
Nevanlinna and Odeh [14] proved the following results for BDFE (1 < k < 5) schemes.
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Theorem 3.3.1. For1 < k <5, there exist 0 < 1, < 1, a positive definite symmetric matriz
G = (gi) € R** and real numbers &, ..., 0y such that

(Oékun—i-l — Ak(u”)7u n+l TRl ) Z glj n+1+1 n+1+j—k)

i,j=1

k
=) g (TR R | Z Su" TR

ij=1 i=0

where the smallest possible values of T, are
Tm=7=0, 73=0.0836, 7,=0.2878, 75 =0.8160,

and oy, Ay are defined in (3.8)-(3.10).

The above result played a key role in proving the stability of high-order BDF schemes
for nonlinear parabolic equations [47], and it plays an important role in our error analysis.

We shall also frequently use the following discrete Gronwall Lemma (see for example,

[32], Lemma B.10).

Theorem 3.3.2. (Discrete Gronwall Lemma) Let y*, h*, ¢*, f* be four nonnegative
sequences satisfying
T/5t

y" +5t2hk<B+5tz (g"y" + f*) with ot > g* < M, V0 <n <T/dt.
k=0 k=0 k=0

We assume 6t g* < 1 and let o = maxo<p<r/s5:(1 — 0tg*)~". Then

y"+0t> R <exp(eM)(B+d0tY_ f*), Vo < T/dt.

k=1 k=0

Consider the Allen-Cahn type equation:

O Aut =gl =0 (n,1)€Qx (0.7] (3.15)
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where Q is an open bounded domain in R? (d = 1,2, 3), with the initial condition u(z,0) =

u°(z), and boundary condition:

0
periodic, or u|apg = 0, or 8—u|ag = 0. (3.16)
n

The above equation is a special case of (3.1) with A = —A 4+ A\, and satisfies the dissipation
law (3.2) with E(u) = 1(Lu, u)+(G(u), 1) where (Lu,u) = (Vu, Vu)+A(u, u),G(u)=/" g(v)dv

and K(u) = (32, %E). We assume, without loss of generality,

/QG('U)dx >C>0 VYo (3.17)

In particular, with g(u) = (1 — u*)u and A = 0, the above equation becomes the celebrated
Allen-Cahn equation [30].

We recall the following regularity result for (3.15) (see, for instance, [48]).

Theorem 3.3.3. Assume u® € H*(Q2) and the following holds
lg(x)] < C(|z|P +1), p>0arbitrary if d=1,2; 0<p<4 ifd=3. (3.18)
Then for any T > 0, the problem (3.15) has a unique solution in the space
C([0,T); H*(Q)) N L*(0,T; H*()).

We also recall a result (see Lemma 2.3 in [39]) which is useful to deal with the nonlinear

term in (3.15).

Theorem 3.3.4. Assume that ||u||gn < M and (3.18) holds. Then for any u € H?, there
erist 0 < o < 1 and a constant C(M) such that the following inequality holds:

IVg()||* < COM)(1+ ||V Aul*).
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We denote hereafter

t"=ndt,e" =u" —u(-,t"), " =u" —u(-,t"), s" =r" —rt").

In the following, we carry out a unified error analysis for the first- to fifth- order SAV
schemes described as in (3.5) with the coefficients defined in (3.8) - (3.10).
For (3.15), the kth-order version of (3.5a) and (3.11) read:

Oék’l_ﬁn—H _ Ak<un)
ot

= Au"™t — "t 4 g[ By (@), (3.19)

_ ol
e gf ) st g B ), (3.20)

where oy, Ay, By defined in (3.8) - (3.10).

Theorem 3.3.5. Given initial condition u° = u° = u(0), r' = E[u°]. Let u"™ and u"' be

computed with the kth order scheme (3.5a)- (3.5d) (1 < k < 5) for (3.15) with
=1 (=D T =1 = (= TR (k= 2,3,4,5).

We assume (3.18) holds and

)
W € H?, g};‘ e LX0,T;HY 1<j<k+1.
Then forn+1 < T/t and 6t < mm{1 20 LIk} we have

[ H Iz, lle™ = < Ot

where the constants Cy, C are dependent on T, 2, the k x k matrix G = (gy) in Theorem
3.8.1 and the exact solution u but are independent of 0t and 0 < 7, < 1 is the constant in

Theorem 3.3.1.
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Proof. We assume that u' and u' (i=1,--- ,k—1) are computed with a proper initialization
procedure such that ||@' — u(t;)|| gz = O(6t*) and ||u! — w(t;)|| gz = O(6tF) i=1,--- ,k—1).
To simplify the presentation, we set @' = u' = u(t;) and r' = Ey[u'] fori=1,---  k — 1.

The main task is to prove
11— €9 < Cydt, Vg < T/6t. (3.21)

where the constant Cj is dependent on T, 2 and the exact solution w but is independent of
dt, and will be defined in the proof process. Below we shall prove (3.21) by induction.
Under the assumption, (3.21) certainly holds for ¢ = 0. Now suppose we have

1 —¢7 < Cyot, Vg <m, (3.22)

we shall prove below

|1 — &™) < Cpét. (3.23)

We shall first consider k = 2,3,4,5, and point out the necessary modifications for the case
k=1 later.
Step 1: H? bound for " and @" for all n < m. For the kth-order schemes, it follows
from Theorem 3.2.1 that
|w]| g < My, Yg < T/6t. (3.24)

Under assumption (3.22), if we choose 0t small enough such that

1
we have
otk F o Otk
L= sl <1+ o L=l < 5 Vg < m, (3.26)
and
|u?)| g < 2My, Yq < m, Vit < 1. (3.27)
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Consider (3.20) in step g¢:

9 _ A, (it
IR ) s a4 g B 3.9

Thanks to Theorem 3.3.4 and (3.26), we have

[V g[Br(aM]|I> < C(M)(|VAB(@?1)[|*? + 1)
< %HVABk(ﬂq_l)HQ + C(Mp; Vi)

<7k\|VABk(n a1 + C(My, )
K

k
<Ay Y (IVAWTP + C(My, ),
i=1
where 7, can be any positive constant. Taking the inner product of (3.28) with A%y —
A9 ! and using the above inequality, it follows from Theorem 3.3.1 that there exist

0 < 7 < 1, a positive definite symmetric matrix G = (g;;) € R** and 6y, ..., 6 that

k k
( Z gii uq—&-i—k,Auq—&—j—k) B Z gij(Auq—l—H—k’Auq—l—i-j—k) 4 ZéiAuq+i—k||2)
,J 1 i,j=1 i=0

A
- q2 . 2 q||2
+ ZHVAU I+ 2HAu I

T - ) _ AT,
< 0 (g Bi(u?™ )], A%t — 7 APt 4 VAW 4 T Au

q _
+ M(Ak(uq—l)’ A2y — 7_’€A2uq—1)
ot T (3.29)
< Cler) il VaBr(@® I? + exlnf | (IVAu|* + [ VAuI?) + g'CIIVAuq‘IH2
ATk

Aud~ 112 + ’—77/3’ VAL (04112 ’1—77/3’ VA2 VAulL2
A2 4 S Ay w2 (H u?||? + [V Aut )

| 1

< C(My, e, i) + (4C (ex) Inf| vk + exlmf] +

ZHVMq ik

Tk _ )\Tk ’1—77 \
+§||VAUq P4 S AuTHP + R VA (w1,

where €, can be any positive constant. Note that 7, < 1, we can choose t, €, and -, small

enough such that

1 — Tk 1 — Tk 1 — Tk
5t < SR <o TR 3.30
3k 12k S 48kC(en) (3:30)
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with the estimate in (3.26), we have

q q 1 — otk
4C (ex) || + erlmi| + 5 < 8C(ex) vk + 26 +
1—Tk 1—Tk 1—7’1C
< 3.31
=6k ok ok (3:31)
1—Tk
- 2k

Then, taking the sum (3.29) for ¢ from k& — 1 to n (< m), we obtain

k
Z gij(AunJrifk’AunJrjfk)

i,j=1

n—1
< C(My, )T + C(u°, o™ + Ca k6> ||Vt ?

q=0

< C(My, 7)T + C(u°, ..., u" ™) + Cy kST ME,

0 k—l)

where C(Mjy, 71) is a constant only depends on My, 7, C(u’;...;u only depends on

u’,...,uF"1 and Cy, only depends on the coefficients in A;. Since G = (g;;) is a positive

definite symmetric matrix, we have

k
)\G||Aun||2 S Z gij(Aun+i_k,Aun+j_k)

ij=1

< C(Mk, Tk>T + C(uo, ceey ukil) + CAkkétkilTle

where A\¢ > 0 is the minimum eigenvalue of G = (g;;). Together with (3.24), the above

implies

1
™| g2 < Em(Mk, )T + C(u0, ..., ub=1) + Cu kT M2 := Cy, V6t < 1, n <m. (3.32)

Noting that

[ (PPl A T (Ve

then (3.26) implies
|u"]| g2 < 2Cy, Vot <1, n < m. (3.33)
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Step 2: estimate for |[¢"*!| ;2 for all 0 < n < m. By Theorem 3.3.3 and (3.33) we

can choose C' large enough such that
lu(®)|gz < C, Vt < T, ||ul||g= < C, Vg < m.
Since H? C L*, without loss of generality, we can adjust C' such that
19D [u(®)]|= < C, ¥Vt < T |¢D (a9 < C, Yg<m,i=0,1,2.
From (3.19), we can write down the error equation as
et — AL(E") = Ap(u™) — Ap(T") + 6tAe" T — stAe" T + R + 5tQY,

where R}, ()} are given by

Ry = —apu(t™™) + Ap(u(t™)) + tu, (")
tn+1 ak‘—Flu

— Z tn+1_i o S)kz povras (s)ds,

t”+1 1

(3.34)

(3.35)

(3.36)

(3.37)

with a; being some fixed and bounded constants determined by the truncation errors, and

Qi = g[Bi(u")] — glu(t™)].

For example, in the case k = 3, we have

tn+1 64 3 tn+1 ) tn+1
Ry =-3 t" — ds - s)d _,/
3 tn ( 5)° (3154( s)ds+35 2 Jin—1 ( S) 0754 s tn

o8

(3.38)



Taking the inner product of (3.36) with e"*! — 78", it follows from Theorem 3.3.1 that

k
Z glj n+1+1 —n+1+J - Z gij(én—f—i—k’én—i—j—k)
+ “ Zéién+1+ifk|’2 + 5tHvén+1H2 4 )\&;HénHH2
i=0

= (Ap(u™) — Ap(a™), e — 7e") — ot(AS"T, 7e") + otA (@™, ™)

+ (R, &t — mpe") + 6t(QY, " — 1),

In the following, we bound the right hand side of (3.39). Note that

ul =i, |nf— 1] < CFT et vg <.

ny __ —n\||2
[(Ap(u”) — Ag(a™), & — )| < | Ax(u )26;4’“(“ )l + (;tue"“ — 7”2

S CCgk+26t2k+1 +5tHén+1H2 +6tHénH2'

It follows from (3.37) that

¢+l 8k+1

IRy < ot [1 S (s P

And we can bound @} based on (3.35) and (3.38) as

Qkl = \g[BM")] — g[Br(u(t"))] + g[Br(u(t"))] — g[u(t”“)])
< O|B(e")| + C|Bk(u(t”)) —u(t")]

gttt ) k
/ tn+1—1 o S)k,’ 1a u(S)dS

— C|By(&" o i
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(3.40)

(3.41)

(3.42)



where b; are some fixed and bounded constants determined by the truncation error. For

example, in the case k = 3, we have

3 it &u 3 et &*u
ny) n+ly _ Y n__ N2 7 e n—-1__ 27 “
By(u(t) — () = =5 [ (" =9 S()ds + /t (1 = s s
Lo s 2 0%u
T3 e U S s
Therefore,
(Rp & = m@)| < o BEIP + el ? + ot
< St{[e" |2 + ot]en |2 + Cot /t | Sy () 2ds.

n+1 ak

ot|(Qp, & —me") | < Cot (|| Bi(e )H2+Hé”“\|2+|]é"|]2)+C’5t2’“/H N |I2ds. (3.44)

o

Now, combining (3.39), (3.40), (3.43), (3.44), we arrive at

k

k
ij=1 ij=1

+‘|Zéen+1+1 kH2+ (5tHV n+1H2+ 5tHen+1H2
i=0

S %(RHV@”’F /\ 5t|‘_n"2+002k+2(5t2k+1+C(5t2”€n+l 1”2
i=0
¢t oty
oo [ T 1S s

Taking the sum of the above for n from k—1 to m, noting that G = (g;;) is a positive definite

symmetric matrix with minimum eigenvalue A\g, we obtain:

k
)\GHém—f—lHQ < Z gij(ém+1+l_k,ém+1+J_k)
ij=1
m~+1 8]6—0-1

<Coty. Héq||2—|—05t2k/ (1

q=0

(3.45)

u
k( I+ 5 (917 + G52 ds
ot ot
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We can obtain similar inequalities for ||[Ve™|| and ||Ae™|| by using essentially the same

procedure. Indeed, taking the inner product of (3.36) with —Ae"*! + 7,Ae"”, by using

Theorem 3.3.1, we obtain

k . i

Z gij(Vé’fl—I—l—I—i—/c7 Vén-i-l-‘rj—k) _ Z gij<vén+i_k, Vén—i-j—k) + || Z 51Vén+1+i_k||2
Bj=1 ij=1 i=0

+ 5t]| A" T2 + At Vet 2 (3.46)

= (VAL(u") — VA (a"), Ve"t! — 1, Ve") + 0t(Ae" T mAe™) — stA (Ve 7, ve")
+ (RY, =A™ + 1, AY) + 6H(QF, — A" + 1. Ae™).

Taking the sum of the above for n from k£ — 1 to m, using Theorem 3.3.1, (3.41) and (3.42),
we can obtain

k
AGl|VEm 2 < 3 gy (VemtiHi—h ggm+ii—hy
ij=1

3.47
<car'S v+ cot [T Ll + 12t + s o
T 5 o Otk Oth+1 0 '

On the other hand, taking the inner product of (3.36) with A%e"*! — 7, A%e", by using

Theorem 3.3.1, we obtain

k & .
Z gu (Aén+1+i*k’ Aé’ﬂ‘i’l‘i’]*k) _ Z gu (Aén+i*k’ Aéﬂ‘i’]*k) + H Z (SiAén+1+iikH2
Lj=1 ij=1 i=0

+ 6t|| VA2 + \it|| AT |2

= (AAR(u") — AAL(T"), A& — 1, A" + 6t (VAS™H, 7, VAS") — StA(AS", 7, A&")
+ (VR —VA&"™ + 7, VAe") + 0t(VQ}, —VAe" ! + 7, VA&").

(3.48)

Here, we need to pay attention to the terms with VAe" ™ or VAg@". Firstly, we have

at 20t
MKVNWWHVAWMgENVAw“W+3;wVA@W.
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It follows from (3.37) and (3.38) that

g1 ok+1

n u
IVRE2 =< O+ /t+ IV (o) s, (3.49)

and

n e po10"u
VQ}| < C(IBu(e")] + |V By(e" Lw_f — ) S (s)ds

k ¢+l 8

> @“H—)“v&gm&

P tn+171

+C

Therefore,

ot(l — 72
( = Tk’)“ Vﬁén—i_l TkVﬁénuz
et ol ot(1— 717

. -
<cort [ IV @lds + ST (aE VA,

C
(VR = VA + i VA")| < = | VE[® +

and

(1 —72)ét

5t\(VQZ,—VAé"+1+TkVAé")\ngtHVQZH?+ )

— VA" + VA"
tTL

< C8t|| Bu(@) % + oat%/

(1 —73)ét
+ 8

||%{1d3

124
(VAT 4 VA& ).

We can bound other terms on the right hand side of (3.48) as before to arrive at

n+1+1 k n+1+j— n+1 k n+j—k
Z gii(A , Ae Z g (A ,Ae )

1
+ ( +Tk> HVA n+1||2 ||Aén+1“2

(1 +Tk) /\Tk

< C5t(||Bk(é")|I%1 + ||Aé”“||2 +lAaem]*) +

¢n+1 aku ak+1u
+0&%/Hkwmg>%rw@gq@mp+%“%m

VA& + |ae™]®
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Then, taking the sum of the above for n from k£ — 1 to m, we obtain

)\GHAéerl”Z Z g m+1+1 k AeerlJrJ k:)
i,j=1

s 2 2%k 2 Ity 2 2k 42
<cat' S @l + 0o [ Q2@ + 12 s+ B
q=0
(3.51)
Summing up (3.45), (3.47) and (3.51), we obtain
—m41(2 o 2 2k 2 9"y 2 2k+2
al@ s < ot S (@ + 0o [0+ 1D e o + O3 s (352)
q=0

sm—+1

Finally, we can obtain the following H? estimate for ¢ by applying the discrete Gronwall

lemma to (3.52) with 6t <

3k+1u
2 < o 1— 5tC) 5t2k/ 2 O a2, - 02+
[e™ [z < Cexp(( )7)) (I atk< S i + 5z () + Co™)ds (353)
< Co(1 + CHA 5tk Yo < n < m.
where (5 is independent of dt and C, can be defined as
T ak akJrlu
Cy = Cexp@)ma ([ (15 N+ 15y (5) s, 1). (3.54)
then 6t < % can be guaranteed by
1
ot < o (3.55)
In particular, (3.53) implies
6" 2 < \/Co(1 + C22)5t5, YO < n < m. (3.56)

Combining (3.34) and (3.56), under the condition (3.25) we obtain

@+ 2 < o1+ CEF23 +C < /G141 +C=C 0<msm. (357)
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Note that H? C L*, without loss of generality, we can adjust C' so that we have
lg@ I, llg@ ) <C YO<n <m. (3.58)

As C is independent of Cyy and dt, we still use the generic notation C' to denote this upper
bound.

Step 3: estimate for |1 — ¢™*!|. By direct calculation,
Ty = /Q <|Vut]2 + Vu - Vg + Au? + Ay + g(u)u? + g(u)utt>dx. (3.59)

It follows from (3.5b) that the equation for the errors can be written as

n+1

n n n r n mn
S s =&met“mF—E(HUM(*ﬂH)+ﬂ, (3.60)
where h(u) = £ = —Au + Au — g(u), and
tntl
TP = r(t") — r(#"Y) + otr, (7)) = /t (5 — t")re(s)ds. (3.61)

Taking the sum of (3.60) for n from 0 to m, and noting that s = 0, we have

r-‘rl

—6tz<|]h (trtH]|? - Bl )Hh (@) )+2Tq (3.62)

We can bound the terms on the right hand side of (3.62) as follow: For T7*, noting (3.59) we

have
gl gl
T < 05t/ Ir|ds < Ct /t (le(3) 30+ lfee(s) e ) ds. (3.63)
Next,
n ,rn+1 =M
Mmma*ﬂm%—Ewmquu+wP
rn+1

< ||h[U(tn+1)]||2’1— ‘“h (O] = (@) ’ (3.64)

E(an-ﬁ-l)‘ T E( nt1)
=P+ P}
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For P}, it follows from (3.34), E(v) > C > 0, Vv and Theorem 3.2.1 that

n+1

£
tn-‘rl) n+ n+1
‘E [w(t*1)]  Eu(tr1)] ’+ C‘E

C(IE[(t" )] = E@)] +[s"+])

P"<C‘1—

T,n—i—l

tn-l—l)] B E(an—l—l) ‘ (3'65)

For Py, it follows from (3.34), (3.35), (3.57), (3.58), E(v) > C > 0 and Theorem 3.2.1 that

Py < C|[[h(@ )| = [[hfu(t" )2
< C|la@ ) = hlu@ HUIIA@E ] + ([Alu@E )

(3.66)
< O A" || + Ml + llg (@) — glu(t™ ]Il
< C(la& ] + [l ).
On the other hand,
|[Elut™™)] - B@")| < 5 (Hvu(t"“)u + VA ) | Vu(e ) — vart|
)\ " . . .
+ 5 (e ) e — @+
(3.67)

n / Flu(t™))dz — / F(@™*)de

< C(|Ive ) + [l ).

Now, combining (3.56), (3.62)- (3.67), we arrive at

574 < 63 IRl ]I = @ 2]+ 307

qO ( ) q=0

< 05?52!5”1! +C5tZHeq“HHz +C<5t/ lue($)171 + ()| ) s

q=0 q=0

<C5t Z ST C/Co(1 + C2H42)6t% + Cit.

q=0
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Applying the discrete Gronwall lemma to the above inequality with dt < %, we obtain
s < Cexp((1 — C6t)~1)5t(y/Ca(1 + C2H2)5th1 4+ 1) 568
3.68
< Cyt(y/Co(1 + CZF2)5tE1 1 1),
where (5 is independent of Cy and ¢, can be defined as
Cy = Cexp(2), (3.69)
then 0t < % can be guaranteed by X
ot < —. 3.70
= (3.10)
Hence, noting (3.65), (3.67),(3.68) and (3.57), we have
1= &™) < C(|Bu(t™ )] — E@™)] + s
< C(le™ Hla +[s™*)
(3.71)

< COt(C/Ca(1 + CFH)5t 1 4 C(\Col1 + CF2)58*1 + 1)

< Cydt(\/ 1+ C3F25tE~1 + 1),

where the constant Cy is independent of Cy and §t. Without loss of generality, we assume
Cy > max{Cy, C3, 1} to simplify the proof below.
As a result of (3.71), |1 — &™T| < Cydt if we define Cy such that

Cu(y\/1 4+ C2F25t~1 1 1) < Q. (3.72)

For the cases k > 2, the above can be satisfied if we choose Cy = 3C,; and it < 1-&-6’;’““:
0

Ca(\/ 1+ CEF25t" 1 +1) < O4[(1 + CF Yt + 1] < 304 = Cy,. (3.73)
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For the case k = 1, we can not define Cj satisfying (3.72) if nf™' = 1— (1 —¢"1)2. However,

if we choose ™' =1 — (1 — £"*1)3, we can repeat the same process above and arrive at a

similar version of (3.72) for the first order case:
Cy(\/1+ C8st + 1) < C. (3.74)
The above can be satisfied if we choose Cy = 3C4 and 0t < % so that
0

Culy/1+ O3t + 1) < C4[L + G35t + 1] < 3C, = G,

To summarize, under the condition

1
< —— 1<k<5, 3.75
S1iycr TSRS (3.75)

we have |1 — ™1 < Cydt. Note that with C; > max{Cy, C3,1}, (3.75) also implies (3.55)
and (3.70). The induction process for (3.21) is complete.

Finally, thanks to (3.56), it remains to show [[e™ |2 < C6t*.
We derive from (3.5d) and (3.57) that

™ =@ g < = A" g < gt = 1IC (3.76)
On the other hand, we derive from (3.21) that
It — 1] < CFFsE T (3.77)

Then it follows from (3.56), (3.76) and (3.77) and combine the condition (3.25), (3.30) and
(3.75) on 6t that

le™ 5 < 2@ 72 + 2™ — @™

< 205(1 + CW )52k 4 o020k g20k+1)
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1—7p

holds under the condition dt < min{m, T
0

}. The proof is complete. ]

Note that we set n7™ = 1 — (1 — £"*1)3 purely for technical reasons in the proof. It is
clear that ni™! = 1 — (1 — £"1)2 leads to first-order accuracy which is confirmed by our

numerical tests.

3.4 Error analysis for the Cahn-Hilliard type equation

In this section, we consider the Cahn-Hilliard type equation

gz; = —A%u+ AAu— Ag(u) (x,t) € Q x (0,77, (3.78)

where Q is an open bounded domain in R?(d = 1,2,3), with the initial condition u(z,0) =

u°(z) and boundary conditions

odi ou | 0Au
eriodic, or, — =
p y ) 8n o) 8”

loo = 0. (3.79)

The above equation is a special case of (3.1) with A = A?—)A and g(u) replaced by —Ag(u).
It satisfies the dissipation law (3.2) with E(u) = $(Lu,u) + (G(u),1) where (Lu,u) =
(Vu, Vu) + Au, u), G(u) = [* g(v)dv and K(u) = (V£ VIE),

ou?

In particular, with g(u) = (1—u?)u and A = 0, the above equation becomes the celebrated
Cahn-Hilliard equation [31].

We first recall the following result (cf. for instance [48]).

Theorem 3.4.1. Let u° € H?, and (3.18) holds. We assume additionally
lg(z)| < C(|z]P +1), p>0arbitrary ifn=1,2, 0<p<3 ifn=3. (3.80)
Then for any T > 0, there ezists a unique solution u for (3.78) such that

u € C([0,T); H*) N L*(0, T; H*).
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We also recall the following result (see Lemma 2.3 in [39]) which we shall use to deal

with the nonlinear term.

Theorem 3.4.2. Assume that ||u||gr < M, and that (3.18) and (3.80) hold. Then for any
u € H*, there exist 0 < o < 1 and a constant C(M) such that the following inequality holds:

1Ag(u)][* < C(M) (L + [|A%ul*).

For (3.78), the kth-order version of (3.5a) and (3.11) read:

Oék’l_Ln—H — Ak (u”)

5 = —A(Aa = xa"! 4 g[By(a)), (3.81)

and
apu™ — gt A (un)

5 —A(Aumt = x4 g g [ By(an)), (3.82)

where oy, Ay, By defined in (3.8) - (3.10).

Theorem 3.4.3. Given initial condition u° = u° = u(0), r* = E[u°]. Let u"™' and u" be

computed with the kth order scheme (3.5a)- (3.5d) (1 < k <5) for (3.78) with
it = 1= (=D = 1= (L= DR (k= 2,3,4,5).
We assume (3.18) and (3.80) hold, and

du — _ oty
) %GL(QT’H)lSJSk? ISy

u € C([0,T); H?) € L*(0,T; L?).
Then for n+1 < T/t and ot small enough, we have

[ g2, [le™ |2 < CotE,

where the constants Cy, C are dependent on T, ), the k x k matrix G = (g;) in Theorem

3.53.1 and the exact solution u but are independent of ot.
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Proof. For the sake of brevity, we shall only carry out in detail the error analysis for the
first-order case. The analysis for the higher-order cases can be carried out by combining the
procedures for the first-order case below and for the high-order cases in the proof Theorem
3.3.5. The detail will be left for the interested readers.

As in the proof of Theorem 3.3.5, we will first prove the following by induction:

|1 — &7 < Cydt, Vg < T/6t, (3.83)

where the constant Cj is dependent on 7', 2 and the exact solution w but is independent of
0t, and will be defined in the proof process.

Under the assumptions, (3.83) certainly holds for ¢ = 0. Now suppose we have
11— ¢ < Cyot, Yg <m, (3.84)
we shall prove below that (3.83) holds for ¢ = m + 1, namely,
11— &M < Cyot. (3.85)

We will carry out this proof in three steps.
Step 1: H? bound for u" and @" for all n < m. It follows from Theorem 3.2.1 and

under condition

1
0t < min{_=5, 1 3.86
< m1n{4Cg7 1, (3.86)
we have
3y g O
7 S il =2 [L=ni| < - Vg <m, (3.87)
and
4
|u?||gr < Ma, Yq <T/ot, ||u?|m < §M2, Vg < m. (3.88)
Now, consider (3.82) at step ¢:
ud — ngun—l ) o
s = =A%t + NAu? — ni Aglu?| (3.89)

70



Multiply (3.89) with A?uf, and by the similar process as step 1 in Theorem 3.3.5, we can

obtain

_ Ot oo _
1A = JAutHP + ot A% — A% P < C(Ma)dt + 1= niflu"[* (3.90)

Taking the sum from 0 to n (< m) of (3.90), we obtain

(St n n—1
1Aw™|l* + 5 > A% < CMR)T + C(u?) + 687 3 fluf|]”

q=0 q=1

< C(M)T + C(u°) + 5tTM;.

with C(My) is a constant only depends on M, and C(u°) only depends on u°. Then together

with (3.88) implies

a2 < JOM)T + C(u®) + TMZ + My := Gy, Yn < m.
As a2 = o @ 2, (3.87) implies

4

(3.91)

(3.92)

Step 2: estimates for ||¢""!| ;2 and [[e" || s for all 0 < n < m. By given assumption

on the exact solution u and (3.92), we can choose C' large enough such that

lu(®)||gs < C, VE < T, ||ull|gz < C, Vg < m,

and since H? C L, without loss of generality, we can adjust C such that

90 ()]l < C, V¢ < T |g0(@) 1 < C, Vg <mis i =0,1,2,3,

From (3.81), we can write down the equation for error as

&t — & = (nf — D)a" — StA%" 4 \6tAS T + RY + StARY,
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where R}, R3 are given by

tn+1

R = u(t™) — u(t™) + Stu, (") = / (5 — t")ugds, (3.96)

t’(l

and

Ry = —g(@") + glu(t"")]. (3.97)

Taking inner product with e"* — Ag"™! + A%e"*! on both sides of (3.95), we obtain

1 1
S (IR =11 1?) + Sl — e + st A + o[ v
1 1
+ 5 (IVeIP = [V&"[?) + SV (@ = &I + 6t VAT |* + Adt | A

5 (AT~ JATIE) 4 JIAE™ &P + SHIAT I ¢ MHTAT o
= (np — 1) (a", &) + (Ry, &) — 6t (V Ry, Ve'+)

(i — 1)(Var, Vet + (Ry, —Ae™) + 6t (VRy, VAe")

(

np = 1)(Aw, Ae) + (Rp, A%MY) + 0t (ARy, A%,

In the following, we bound the right hand side of (3.98). Noting that |n7 — 1| < C§ §t3, hence

n —n Zn+l [(nf = Da"|* | ot “n+12 65,5 , Ot ni1y2
(' — 1)(” '€ >| < T+z||e |7 < CCyét +Z”e 1%, (3.99)
ot
[} = 1)(Va", vertt)| < CCiot® + S IveE, (3.100)
and
ot
|(nf = D) (Aa", Ae™)| < CCiot° + - laete (3.101)
It follows from (3.96) that
gl
IR"? < Ot / [ (5)[2ds. (3.102)
tn
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Therefore,

tn+1

|(qu’ énﬂ)’ = 20t

tn+l

ot, .
(B —Aem )| < S Ae™ 2 + ot /tn e (s)|*ds,

and
tn+l

R" A%e"1)| < ﬁ AZe 12 4+ C6t? ug(s)||2ds.
! 2 tn

Noting that

[VR| = [Vg(a") = Vglu(t")] + Vglu(t")] — Vglu(t™ )]

< lg(a™)Va" — glu(t")]Vu(t™)| + |glut™)]Vu(t") — glu(@™ )] Vu(t" )]

<lg(u |‘Vu — Vu(t") ’ ’g —g[u(t")]HVu(t")‘

tn—i—l

|| VuE)| + |glu ]| Vu@Er) = Vu@E)|

<C(\Ve”|+]e"!+/ (Jue(s)| + [Vus(s)])ds),

—i—‘gut" — glu(

then for the terms with VRY, it follows from (3.106) that

v ot 5t
5t|( Rg? Uén+1)| < 5||VR§||2 + §||Vén+1||2
tn+1

< Cat(|IVer|? + [[e"]1 ) 4+ Cot? /tn [ue () |71 ds,
and

ot ot
Ot|(VR, VAS | < (| VR3[® + o [ VA&

tn+1

bt
< OOt s + Cot* [ o)l + 5[V AT 2
tn

For the term with ARY, since

[ARy| < | = Ag(@") + Aglu(t")]| + | — Aglu(t™)] + Aglu(t" )] == QY + Q3
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HR"H2 *He PP < Sl + cor /t e (s)]|*ds,

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)



and note that
Ag(u) = g(u)|Vul* + g(u)Au,

by using (3.93) and (3.94), we have

Q1 < |g@)(|Va 2 — [Vu(t")P)| + || Vu(t™) P(g(@") — glu(t")))
+ |g(@") (AT — Au(t™)| + [Au(t) (g(@") — glu(t")])|
< C(IVe"| + [e"] + | Ae"),

and
tn+1

Q<o ],

tn+1

Vu,(s)|2d
IV (s)| s+/t

n

| Ay(s)|ds).

Therefore,

ot|(ARy, A% )| < ot](Qr, A% )| + ot|(QF, A%

n 6t -n n 6t -n
< at[|QY|1* + ZHAze P+ ot Q17 + ZHNG i

St (3.109)

< Cot(fe"| + V| + [ Ae ) + A%
-l

+ 0ot [ ()3,
tn

where we used the following inequality
¢n+1 5 1 ot
L[ (V) + 1du)ds) de < [ ([ (Vuils) + |Auils))ds [ 1ds)da

gl
< (Jat/ te(5)| s,
tn

Now, combining (3.98)-(3.108) and (3.109) and dropping some unnecessary terms, we arrive

at

& HI* = | + VeI — ([ Ve[| + [[Ae™|* — || Ae™||* + ot]| VAe™ |2

< CCot” + OOt (Ve |2 + ([ + [ Ae™||* + || ve"||* + [le”]1*)
tn+l

+ OO [ () 3 + () [2)ds.

tn

(3.110)
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Taking the sum of the above for n from 0 to m, we obtain

m m+1 T
le™ %2 + 5tz |VA&H|? < Cot Z 19|32 + C’5t2/0 (e (8)]32 + [Juet (8)||* + CEot*)ds.
q=0 q=0

(3.111)
Finally, we can obtain the following estimate for €1 by applying the discrete Gronwall’s

inequality to (3.111) with 0t < 5&:

n T
[ 3 + 0t Y [VAST* < Cexp((1 — 5t0)‘1)5t2/ (e ()72 + lluae(s) ] + C56t%)ds

q=0 0

< Co(14 C86t*)6t*, VO <n < m.
(3.112)

where (5 is independent of 6t and Cj, can be defined as
T 2 2
Cy := C exp(2) max (/0 (lue(3)[1372 + N (5)]2) s, 1), (3.113)

and hence 0t < % can be guaranteed by t < c% In particular, (3.112) implies

& =, (66> HVAéq“HQ)l/Q < \/Co(1+ C§5t2)5t, YO <n <m. (3.114)

q=0

Combining (3.93) and (3.114), we obtain that for all V0 < n < m and under the condition
on 0t in (3.86), we have

@, (530 980 ) " < JCo1+ Co)G+C < \/Co(1 +1)+C 1= €. (3.115)

q=0

Note that H? C L*, without loss of generality, we can adjust C so that we have
lg(@™Hls flg@ ) < C, Y0<n<m. (3.116)

As C'is independent of Cy and ¢, we still use the generic notation C' to denote this upper

bound.
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Step 3: estimate for |1 — "], Tt follows from (3.5b) that the equation for the error

{s'} can be written as

s g = §t(||Vh[u(t ]2 — E@) |Vh(u +1)||2) + 17, (3.117)
where h(u) = 2£ = —Au + Au — g(u) and truncation errors 77" is given in (3.61) with a

bound given in (3.63).

Taking the sum of (3.117) for n from 0 to m, since s° = 0, we have

T-i-l

+1 :&i)(HVh[u(tq“)]HQ— G @) )+2Tq (3.118)

For | VA[u(t")]||” — gy | VA )%, we have

7"”+1

E(u
< VAL I - -

VAL DI~ & HVh(”“H\

+ MVh (@2 = [Vh@?  (3-119)

n+1

1)
T+1 ‘
E(ur+t)
= K|+ K.

For K7, it follows from (3.93), E(a"*') > C > 0 and Theorem 4.3.1 that

n+1

(un-i-l) ‘
tn—l—l) n+1 Tn—&-l TTH_I

=Sl ~ Bl I F ~ 5
< O(IBlu(e" )] = B@ )] + 15)

K"<C‘

(3.120)
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For K7, it follows from (3.93), (3.94), (3.115), (3.116), E(u"™') > C > 0 and Theorem 3.2.1

that

K3 < C[IIVR@™ )| = [ Vhfu( ]|
< C|\VA@ ) = VhluE [|(IVA@E ]|+ [ VAl )]|)
C+ VAT ) (VA + MV + [V (g(@) — glu@™ )

< C(IVAS | + V&™) + CIVAT|[VAS™ | + C[ VAT |76
(3.121)

It then follows from (3.114), (3.115) and the Cauchy-Schwarz inequality that

n+1 n+1 n+1
ot S VA Ve < (6t Y VAt Y |ver| ) < C\/Cy(1 + C852)6t,

q=1 q=1 q=1

and

n+1 n+1 n+1
oty VAt [vasr] < (5t Y [Vaar|®st Y ||VA ) < Oy Co(1 + C8612)6t.

qg=1 q=1 q=1

For E[u(t"™)] — E(u""'), we have estimate (3.67).
Now, we are ready to estimate s™™!. Combine the estimate obtained above, (3.118) leads

to

EO (?ZQ+1) + Tq+1

|5 < 0t Y [V Afu(trt )12 — IVA@)|?) + 3 |77

q=0 E(uet!) =
S05t2|5q+1|+C(5tZHéq+1HH1+CdtZHVA€q+1H
q=0 q=0 q=0
m+1 m+1
+Cot Y VAW Vel|| + Cdat Y [|[VAuT|||VA (3.122)
q=1 q=1

tm+1
+ 6t [ (hun(s) s + ()]l ) s

< Cot Y |87+ OOt Co(1 + CEot2) + 1)

q=0
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Finally, applying the discrete Gronwall’s inequality on (3.122) with dt <

following estimate for s"*1,

|s" | < Cexp((1 = 6tC))ot(y/Ca1 + C§o2) + 1)

< O30t (y/Co(1+ CE612) +1),¥0 < < m,

where (C} is independent of 6t and Cj, can be defined as

Cs = Cexp(2).

1

56 » We obtain the

(3.123)

(3.124)

Thanks to (3.123), we can define Cjy and then prove (3.85) by following exactly the same

procedure as Step 3 in Theorem 3.3.5 with the condition

0t < 1
—1+C3
The induction process for (3.83) is completed.

Finally, thanks to (3.114), it remains to show ||e™ || < C6t*.
We derive from (3.115) that

™ = @™ g2 < = A" g < T - 1IC

On the other hand, (3.83) implies
[t = 1] < CFot.
Then it follows from (3.114), (3.126) and (3.127) that

le™ M Ee < 20le™ R + 20w — @™

< 205(1 + CSot*)5t* 4 202 CEot°.

(3.125)

(3.126)

(3.127)

To summarize, combine the condition (3.86) and (3.125) on &t, we obtain |[e™!]| 5= < Cdt

with 6t < The proof for the case k = 1 is complete.

1
1+4C3 -
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3.5 Numerical examples

In this section, we provide numerical examples to demonstrate the convergence rates for
several typical dissipative systems.

Example 1. Consider the 1-D Burgers equation

0
8—1: — Vg + Uty = f, (3.128)

in Q = (—1,1) with Dirichlet boundary condition, and f is chosen such that the exact

solution is

u(z,t) = sin(mx) sin(t), w(£l,t) =0. (3.129)

In the test, we choose v = 0.05 and use the Legendre-Galerkin method [32] with 30 modes for
space discretization so that the spatial discretization error is negligible compared with the
time discretization error for the range of 4t tested. In Figures 3.1, we plot the convergence
rate of the H? error at T' = 1 for the Burgers equation. We observe the expected convergence

rates for all cases.

10° ¢
10?2 10°

5 5
§ 10* 5
T T
10° 1070 —6—SAV-BDF3|
—&—SAV-BDF4
- —6— SAV-BDF1 SAV-BDF5
108 i —E—SAV-BDF2 | | ——-3rd Ref
1st Ref —— ~4th Ref
———2nd Ref 5th Ref
10—1D 10—15
10° 10* 107 102 10° 102 107
dt dt
(a) BDF1 and BDF2 vs errors of u (b) BDF3,4,5 vs errors of u

Figure 3.1. Convergence rate for the Burgers equation using the new SAV/BDFk
(k=1,2,3,4,5). (a)-(b) H? errors of u as a function of At.

Next, we consider the 1-D Burgers equation

ou
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in 2 = (—1,1) with the initial condition and Dirichlet boundary condition given as

u(z,0) = —sin(mx), wu(l,t) =0. (3.131)

In this test, we use the second order SAV scheme and the corresponding second-order IMEX
scheme with v = 3—}4, N = 320, 6t = 8.5x 1073. The numerical solutions at 7' = 1 are plotted
in Fig 3.2 (a) solution obtained by the usual IMEX scheme and (b) solution obtained by
the SAV scheme. We observe that the usual IMEX scheme produces oscillatory solutions
while the SAV scheme produces the correct solution which is indistinguishable with the
reference solution obtained with §t = 107* in Fig 3.2 (c). We also plot in Fig 3.2 (d) the
SAV factor n" =1 — (1 —£")3. We observe that when the solution exhibits large gradients
(for t € (0.5,1)), the SAV factor " deviates slightly from 1 so that the SAV scheme still

produces correct result while the corresponding IMEX scheme produces incorrect result.

Example 2. Consider the Allen-Cahn equation

ou

T alAu — (1 —u?)u + f, (3.132)
and the Cahn-Hilliard equation
ou 9
i —moA(aAu — (1 — u)u) + f, (3.133)

in Q = (0,2) x (0,2) with periodic boundary condition, and f is chosen such that the exact
solution is

u(z,y,t) = exp (sin(nx) sin(ny)) sin(t). (3.134)

We set @ = 0.01? in (3.132) and o = 0.04, my = 0.005 in (3.133), and use the Fourier
spectral method with 64 x 64 modes for space discretization. In Figures 3.3 (resp. 3.4), we
plot the convergence rate of the H? error at T' = 1 for the Allen-Cahn (resp. Cahn-Hilliard)

equation. We also observe the expected convergence rates for all cases.
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IMEX, N=320, dt=8.5 x 10° SAV, N=320, dt=8.5 x 10
0.8 0.8

0.6 1 0.6

04 1 04

0.2 1 0.2

3 0 3 0

-0.2 1 -0.2

04 1 -04

-0.6 1 -0.6

-0.8 -0.8

-1 -08 -06 -04 -02 o 02 04 06 08 1 -1 -0.8 -06 -04 -0.2 0 02 04 06 08 1
X X
(a) usual IMEX scheme (b) SAV scheme
08 SAV, N=320, dt=10"* | SAV, N=320, dt=8.5 x 10
06 0.9995 1
04 0.999 -
0.9985
0.2
0.998 -
3 0 =
0.9975
-0.2
0.997
04 0.9965
-0.6 0.996 7]
-0.8 - . . - - . - - t 0.9955 t - - -
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 12
X t
(¢) reference solution (d) SAV factor

Figure 3.2. Burgers equation: a comparison of usual IMEX and SAV

10° 10°
10*
10°
. 10* .
5 5
t E
] (7]
NI NI
I 105 I
1070 —6—SAV-BDF3|
—&—SAV-BDF4
" - —6—SAV-BDF1| | SAV-BDF5
10 = —5— SAV-BDF2 ——3rd Ref
1st Ref —— ~4th Ref
———2nd Ref 5th Ref
o0 08
10° 10* 107 102 10° 102 107
dt dt
(a) BDF1 and BDF2 vs errors of u (b) BDF3,4,5 vs errors of u

Figure 3.3. Convergence test for the Allen-Cahn equation using the new
SAV/BDFk (k= 1,2,3,4,5). (a)-(b) H? errors of u as a function of At.
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10° 100

. 10* .
o o
t E
9 o
I 105 I
1070 —6—SAV-BDF3|
—&—SAV-BDF4
" —6—SAV-BDF1| | SAV-BDF5
10 —5—SAV-BDF2 ~=-3rd Ref
1st Ref —— ~4th Ref
———2nd Ref 5th Ref
107° 107°
10° 10 107 102 10° 102 107
dt dt
(a) BDF1 and BDF2 vs errors of u (b) BDF3,4,5 vs errors of u

Figure 3.4. Convergence test for the Cahn-Hilliard equation using the new
SAV/BDFk (k =1,2,3,4,5). (a)-(b) H? errors of u as a function of At.
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3.6 Conclusion of this chapter

We constructed a class of implicit-explicit BDFk SAV schemes, based on the schemes in
[13], for general linear systems. This class of schemes enjoys the following distinct advantages:
(i) it only requires solving, in most common situations, one linear system with constant
coefficients at each time step, which is half of the cost for the original SAV approach; (ii)
it is not restricted to gradient flows and is applicable to general dissipative systems; and
(iii) it can be high-order with unconditional stability and suitable for adaptive time stepping
without restriction on time step size; and most importantly, (iv) it leads to unconditional
uniform bound, for any order k on the norm based on the principal linear term in the energy
functional, which is of critical importance for the convergence and error analysis.

Using the uniform bound on the norm based on the principal linear operator that we
derived for the BDFk SAV schemes and to a stability result in [14] for the BDFEk (k =
1,2,3,4,5) schemes, we were able to establish, with a delicate inductive argument, rigorous
error estimates for the BDFE (k = 1,2,3,4,5) SAV schemes in a unified form for the typical
Allen-Cahn and Cahn-Hilliard type equations.
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4. NEW SAV APPROACH FOR INCOMPRESSIBLE NAVIER
STOKES EQUATION WITH PERIODIC BOUNDARY
CONDITION

In this chapter, we construct high-order semi-discrete-in-time and fully discrete (with Fourier-
Galerkin in space) schemes for the incompressible Navier-Stokes equations with periodic
boundary conditions, and carry out corresponding error analysis. The schemes are of
implicit-explicit type based on a scalar auxiliary variable (SAV) approach. It is shown
that numerical solutions of these schemes are uniformly bounded without any restriction
on time step size. These uniform bounds enable us to carry out a rigorous error analysis
for the schemes up to fifth-order in a unified form, and derive global error estimates in
[°°(0,T; H") N 12(0,T; H?) in the two dimensional case as well as local error estimates in
1°°(0,T; H') N 1?(0,T; H?) in the three dimensional case. We also present numerical results
confirming our theoretical convergence rates and demonstrating advantages of higher-order
schemes for flows with complex structures in the double shear layer problem. Most of the

results in this chapter are extracted from [49)].

4.1 Introduction

Numerical approximation of the Navier-Stokes equations has been a subject of inten-
sive study for many decades and continues to attract considerable attention, as it plays a
fundamental role in computational fluid dynamics. Most of the work are concerned with
the Navier-Stokes equations with non periodic boundary conditions, as is the case with the
most applications. An enormous amount of work has been devoted to construct efficient
and stable numerical algorithms for solving the incompressible Navier-Stokes equations with
non periodic boundary conditions, see [50]-[55] and the references therein. In particular,
the papers [56]-[61], among others, are particularly concerned with the error estimates for

semi-discrete-in-time or fully discrete schemes.
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We consider in this chapter numerical approximation of the incompressible Navier-Stokes

equations in primitive formulation:

?;; —vAu+ (u-V)u+ Vp =0, (4.1a)
V-u=0, (4.1b)

with a suitable initial condition u|—q = u in a rectangular domain Q C R? (d = 2,3) with
periodic boundary conditions. The unknowns are velocity v and the pressure p which is as-
sumed to have zero mean for uniqueness, v > 0 is the viscosity. To simplify the presentation,
we have set the external force to be zero. But our schemes and analytical results can be
naturally extended to the case with a non-zero external force.

The incompressible Navier-Stokes equations with periodic boundary conditions retain
the essential mathematical properties/difficulties of the system with non periodic boundary
conditions, but are amenable to very efficient numerical algorithms using the Fourier-spectral
method, and are particularly useful in the study of homogeneous turbulence [62]-[64].

There exists also a significant number of work devoted to the numerical analysis for
Navier-Stokes equations with periodic boundary conditions. For examples, in [65], Hald
proved the convergence of semi-discrete Fourier-Galerkin methods in two and three dimen-
sions; in [66], E used semigroup theory to establish convergence and error estimates of the
semi-discrete Fourier-Galerkin and Fourier-collocation methods in various energy norms and
LP-norms; in [67], Wang proved uniform bounds and convergence of long time statistics for a
semi-discrete second-order implicit-explicit (IMEX) scheme for the 2-D Navier-Stokes equa-
tions with periodic boundary conditions in vorticity-stream function formulation, see also
related work in [68], [69]; in [70], Cheng and Wang established uniform bounds for semi-
discrete higher-order (up to fourth-order) IMEX scheme for the 2-D Navier-Stokes equations
with periodic boundary conditions in vorticity-stream function formulation; in [71], Heister et
al. proved uniform bounds for a fully discrete finite-element and second-order IMEX scheme
for the 2-D Navier-Stokes equations with periodic boundary conditions in vorticity-velocity

formulation. Note that the uniform bounds for semi-discrete IMEX schemes obtained in
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the above references are for two-dimensional cases only and require that the time step be
sufficiently small.

It appears that, except some recently constructed schemes based on the scalar auxiliary
variable (SAV) approach [72], [73], all other IMEX type schemes (i.e., the nonlinear term is
treated explicitly) for Navier-Stokes equations require the time step to be sufficiently small
to have a bounded numerical solution. Furthermore, to the best of our knowledge, there is
no error analysis for any IMEX scheme for the three-dimensional Navier-Stokes equations,
and no error estimate is available for any higher-order (> 3) IMEX scheme.

In this chapter, we construct semi-discrete and fully discrete with Fourier-Galerkin in
space SAV IMEX schemes and carry out a unified stability and error analysis. Our main

contributions include:

e QOur semi-discrete and fully discrete schemes of arbitrary order in time are uncondi-

tionally stable without any restriction on time step size;

« Global error estimates in [°°(0,T; H')NI?(0,T; H?) up to fifth-order in time are estab-

lished for the two-dimensional case;

o Local error estimates in (*(0, T,; H') N 1*(0, T,; H?) (with a T, < T') up to fifth-order

in time are established for the three-dimensional case.

Our schemes are constructed using the SAV approach proposed in [13] which can be used
for general dissipative systems. The main advantages of this approach, compared with other
SAV approaches proposed in [72], [73] for Navier-Stokes equations is that our schemes are
linear, decoupled and can be high-order. Moreover, in the two dimensional case, we use a
stronger energy dissipation law (4.7), which is only true for the 2-D Navier-Stokes equations
with periodic boundary conditions, that leads to a uniform bound for the numerical solution

in [*°(0,T; H'), as opposed to (*°(0,T’; L?) in the three dimensional case.
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4.2 Preliminaries

We first introduce some notations. We denote by (-,-) and || - || the inner product and

the norm in L?(Q2), and denote
H(Q) ={u' (j=0,1,--- k) € L7(Q) : v’ (j=0,1,--- ,k—1) periodic},

with norm || - [|z. For non-integer s > 0, H,(€2) and the corresponding norm || - || are defined
by space interpolation [74]. In particular, we set H)(2) = L§(€2).

Let V' be a Banach space, we shall also use the standard notations LP(0,7;V) and
C([0,T]; V). To simplify the notation, we often omit the spatial dependence for the exact
solution w, i.e., u(x,t) is often denoted by u(t). We shall use bold faced letters to denote
vectors and vector spaces, and use C' to denote a generic positive constant independent of
the discretization parameters.

We now define the following spaces which are particularly used for Navier-Stokes equa-
tions:

H={veLjQ):V-v=0}, V={veH,(Q):V- v=0}

Let v € L3(2), we define w := A™'v as the solution of
Aw=v x€(); w periodic with zero mean.

Note that in the periodic case, we can define the operators V, V- and A~! in the Fourier
space by expanding functions and their derivatives in Fourier series, and one can easily show
that these operators commute with each other.

We define a linear operator A in LZ(Q) by
Av:=V xVxA vy, YoelL}9). (4.2)

Since

[Aw[]* = [V x V xw|?+ |[VV - w|]* Vwe H}(Q),
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we derive immediately from the above that
[Av]| = [AAT | = [VV - A7 || < [Jull, Vo € LE().
Next, we define the trilinear form b(-,-,-) and ba(+,-,-) by

b(u,v,w) = /

Q

In particular, we have
b(u,v,w) = =b(u,w,v), Yu € H, v,w € H;(Q),

which implies

b(u,v,v) =0,Vu e H, v € H;(Q).

In the two-dimensional periodic case, we have also [75]

b(u, u, Au) =0, Yu € H2(Q).

(u- Vo - wd, ba(u,v,w) :/QA((U~V)U)-wd.

(4.3)

(4.4)

(4.5)

Taking the inner product of (4.1) with w, thanks to (4.4), we find that solution of the

Navier-Stokes equations (4.1) satisfies the energy dissipation law

1d

§£IIUII2 =—v|Vul*  (d=2,3).

(4.6)

On the other hand, in the two dimensional periodic case, taking the inner product of (4.1)

with —Aw, thanks to (4.5), we derive another energy dissipation law [75]

1d

SVl = —vjau?  (@=2).
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Using (4.3), Holder inequality and Sobolev inequality, we have [75]

1/2 1/2 1/2
b(u, v,w), ba(u,0,w) < el [l 2 VI v wll,  d=2; (4.8)
b(u, v, w), ba(u,v,w) < clull[Volielwl, d=3. (4.9)

We also use frequently the following inequalities [75]:

cllufllvllflwlls;
cllullz[vlloflwlly;
b(u,v,w), ba(u,v,w) < ¢ cllulls]|v|iw]o; d<4 (4.10)

cllufllvllzfwllo;

cllullof[vll2fwlly;

Note that (4.5), (4.7), and (4.8) enable us to obtain global error estimates in the two-

dimensional case.

4.3 The SAV schemes and stability results

In this section, we construct semi-discrete and fully discrete SAV schemes for the incom-
pressible Navier-Stokes equations, and establish stability results for both semi-discrete and
fully discrete schemes. More precisely, we shall prove uniform L? bound for the SAV scheme
based on the dissipation law (4.6) in 3D case, and prove a uniform H'! bound for the SAV

scheme based on the dissipation law (4.7) in 2D case.

4.3.1 The SAV schemes

Following the ideas in [13] for the general dissipative systems, we construct below uncon-
ditionally energy stable schemes for (4.1).
For Navier-Stokes equations with periodic boundary conditions, we can explicitly elimi-

nate the pressure from (4.1). Indeed, taking the divergence on both sides of (4.1), we find

—Ap=V"-(u-Vu), (4.11)
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from which we derive

Vp=VA'Ap=-VA'V: (u-Vu)
=-VV - A u-Vu) = —(A+V x Vx)A H(u- Vu) (4.12)
=—u-Vu—-VxVxAu-Vu)=—u-Vu—A(u-Vu),

where A is defined in (4.2). Hence, (4.1) is equivalent to (4.11) and

g;t —vAu— A(u-Vu) =0. (4.13)

In order to apply the SAV approach, we introduce a SAV, r(t) = E(u(t))+1, and expand
(4.13) as

ou

i vAu — A(u - Vu) =0, (4.14a)
r(t) 2 —
dE _ { “Vrawm Al d=2, (4.14D)
dt r(t _
_VE(u((t)))+1 [Vull?, d =3,
where
%HVU““Q? d= 27

We construct below semi-discrete and fully discrete schemes for the expanded system (4.14).

Semi-discrete SAV schemes

We consider first the time discretization of (4.14) based on the implicit-explicit BDF-k

formulae in the following unified form:
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Given ", v (j =n,n—1,---,n —k+ 1), we compute u"!, yn1 pntl ¢ntl and !

consecutively by

akﬂn-l-l _ Ak (,an)

5 — vAU" — A(By(u") - VB(u™)) = 0, (4.16a)
n+1 _
1 _V—Tnil AunJrl 2) d = 4
a(rn+1 o 7"”) _ E(unil)Jrl || i || (416b)
— Vg Va2, d=3;
n T.n—&—l
ntl _ ) 4.16
= (4.160)
un+1 — nz+1ﬂn+l with n£+1 -1 (1 . £n+1)k. (4.16d)
Whenever pressure is needed, it can be computed from
Ap"tt = -V . (u" - V. (4.17)
In the above, oy, the operators Ay and By (k = 1,2,3,4,5) are given by:
first-order:
ap =1, A(u")=u", By(u")=u" (4.18)
second-order:
3 1
02 =5 Aau) =20 = gt Byl =20 -t (4.19)
third-order:
11 n n 3 n—1 1 n—2 -n -n ~-n—1 ~n—2
== As(u™) = 3u U + U Bs(u") = 3u" —3u"" +u"" % (4.20)
fourth-order:
25 4 1
U= 15 Ay(u”) = 4u”—3u"*1+§u"*2—1u"73, By(u") = 4u" —6u" "t +4u" 2",

(4.21)
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fifth-order:

137
60’

Q5 =

A5(un):5un_5 n— 1+7 n—2

10
unfS + 7un74’

o
3 4 D (4.22)

Bs(u") = 54" — 10a™ " + 10a" "% — 5a" % + u" 4.

Several remarks are in order:

o We observe from (4.16b) that r"*

is a first-order approximation to F(u(-, t,41)) + 1

which implies that "1 is a first-order approximation to 1.

e (4.16a) is a kth-order approximation to (4.13) with kth-order BDF for the linear terms

and kth-order Adams-Bashforth extrapolation for the nonlinear terms. Hence, @™ is

a kth-order approximation to u(-,t"*1), which, along with (4.16b) and (4.16a), implies

that "™ and p™*! are kth-order approximations for u(-, ") and p(-, t"*!).

« The main computational cost is to solve the Poisson type equation (4.16a).

Fully discrete schemes with Fourier spectral method in space

We now consider 2 = [0, L,) x [0, L,) X
partition the domain Q = (0, L,) x (0, L,) X

, L) with periodic boundary conditions. We
0,L ith iodic b d diti W
(0, L,) uniformly with size h, = L, /N, h, =

L,/Ny,h, = L,/N, and Nz, Ny, Nz are positive even integers. Then the Fourier approxi-

mation space can be defined as

L N,
Sy = span{eSi®elvein ; —

N,
<j< =
2

1Y <k <

Ny N N
2 2

<1< 2= —1}\R,

where 1 = /—1, & = 2nj/L,, ny, = 2nk/L, and 7, = 2nl/L,. Then, any function u(z,y, z) €

L?(2) can be approximated by:

NT

U(Z’,y, )NUN x, Y,z

Ny
5 1

Z ﬁ_7k7le1§jxelnkyelle’
Nz . Ny j=— Nz
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with the Fourier coefficients defined as
Uy k1 = 1/ we NEGTEMYFTE) g7
J,K, |Q| Q

In the following, we fix N, = N, = N, = N for simplicity.
Define the L?-orthogonal projection operator Iy : L*(2) — Sy by

(Myu —u, ¥) =0, V¥ eSy, wuclL?*Q),

then we have the following approximation results (cf. [76]): For any 0 < k < m, there exists

a constant C' such that
Iy = ully, < Cllullw N, Vu € HMQ). (4.23)

We are now ready to describe our fully discrete schemes.

Given r" and wy € Sy for j = n,...,n — k + 1, we compute a5, r"1 ptt "1 and

n+1 .
uy' consecutively by

(akﬂ’[‘v“ — Ag(uy)

5 ,on) + v(Vagtt Voy) — (A(Bg(uly) - VBR(u%)),vn) =0, Youx € Sy

(4.24a)
L A2 d=2
1 n+1 ny __ VE(ﬁn+1)+1||AuN H ’ -
5(7‘ - ) N rjx+1 —n+112 . (424b)
—VWHVUN % d=3;
et r (4.24¢)
- . 24c
E(uy™) +1
ut = et with Pt = 1 — (1 — erThE, (4.24d)

where ay, the operators A, and By (k = 1,2,3,4,5) are given in (4.18)-(4.22).
Note that Fourier approximation of Poisson type equations leads to diagonal matrix in

the frequency space, so the above scheme can be efficiently implemented as follows:

1. Compute u}" from (4.24a), which is a Poisson-type equation;
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2. With @yt known, determine r"*! explicitly from (4.24b);

3. Compute &1 n"™ and «%™ from (4.24¢) and (4.24d), goto the next step.
k N

Finally, whenever pressure is needed, it can be computed from
Aphitt = ~TINV - (uitt - Vu™). (4.25)

4.3.2 Stability results

We have the following results concerning the stability of the above schemes.

Theorem 4.3.1. Let up € VN H? ifd =2 andug € V if d = 3. Let {r*, £~ uf;, uf} be the

solution of the fully discrete scheme (4.24). Then, given r™ > 0, we have r"™ >0, "1 >0,

and for any k, the scheme (4.24) is unconditionally energy stable in the sense that
=6t Aug |2 <0,  d=2,

ittt = Vn. (4.26)
e vay <o, d=3

Furthermore, there exists My > 0 such that

IVuy™? < Mg, d=2,

Vn. (4.27)
luj™ > < Mg, d=3,

Same results hold for the semi-discrete schemes (4.16) with uy™" and u%™ in (4.26) and

(4.27) be replaced by u™*' and u™'.

Proof. Since the proofs for the fully discrete scheme (4.24) and for the semi-discrete scheme

(4.16) are essentially the same, we shall only give the proof for the fully discrete scheme
(4.24) below.
Given r™ > 0. Since E(uy™) > 0, it follows from (4.24b) that

/,.71,

= I
laaht

|2 Z 07 d = 27
1+4+-6tv

ntl B@ayth+1

n

T
_ 1 -
Ivantt2

E(a’;fl)ﬂ

1+6tv
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Then we derive from (4.24c) that £ > 0 and obtain (4.26).
Denote M := r¥ = E[u(-,0)], then (4.26) implies r" < M, Vn. It then follows from
(4.24¢) that

2M _
ntl) _ it [vay2+2’ d=2,
IS B 1S . (4.28)

Since 7™ =1 — (1 — &% we have np™ = ¢+ P (€") with P,_; being a polynomial
of degree k — 1. Then, we derive from (4.28) that there exists M > 0 such that

M, _9
| = | P (67| < IVayt2+2’ ’
%7 d= 37
lun" 112+2
which, along with ux™ = n T a%™, implies
2 —
IV P = IV < (et IV P < 002 d =2
g2 = ORI < (o) IR <M, d =3

4.3.3 Numerical examples

Before we start the error analysis, we provide numerical examples to demonstrate the
convergence rates and compare the performance of the schemes with different orders on a
classical benchmark problem.

Ezample 1: Convergence test. Consider the Navier-Stokes equations (4.1) with an ex-
ternal forcing f in Q = (0,2) x (0,2) with periodic boundary condition such that the exact

solution is given by

ui(z,y) = Texp(sin(nz)) exp(sin(my)) cos(my) sin?(t);
uy(z,y) = —Texp(sin(nr)) exp(sin(my)) cos(nx) sin®(t);

p(z,y) = exp(cos(nx) sin(my)) sin® ().
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We set v = 1 in (4.1), and use the Fourier spectral method with 40 x 40 modes for space
discretization so that the spatial discretization error is negligible with respect to the time
discretization error. In Figures 4.1, we plot the convergence rate of the H' error for the
velocity and the pressure at T' = 1 by using first- to fourth-order schemes. We observe the

expected convergence rates for both the velocity and the pressure.

—6— velocity
== pressure
1st reference

kK —6— velocity
== pressure
2nd reference

¥

H'-error

10° L ! 1010 . |
10° 10 107 10 10° 10* 107 10?2
dt dt

(a) BDF1 errors of velocity and pressure  (b) BDF2 errors of velocity and pressure

102 10°
—6— velocity —6— velocity
—#e— pressure —He— pressure
10° 3rd reference 10% 4th reference

H'-error
3
IS
1
H " -error
3
&

10710

10—1 0 1 0—1 2
10* 107 102 107 107 107 102 107
dt dt

(c) BDF3 errors of velocity and pressure  (d) BDF4 errors of velocity and pressure

Figure 4.1. Convergence test for the Navier-stokes equations using SAV/BDFk (k = 1,2, 3,4)
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Example 2: Double shear layer problem [77]-[79]. Consider the Navier-Stokes equations
(4.1) in © = (0,1) x (0, 1) with periodic boundary conditions and the initial condition given
by

tanh(p(y — 0.25)), y < 0.5
u(z,y,0) = ,
tanh(p(0.75 —y)), y > 0.5

us(z,y,0) = dsin(2nx),

where p determines the slope of the shear layer and ¢ represents the size of the perturbation.

In our simulations, we fix § = 0.05. We first test a thick layer problem by choosing p = 30

=
09 -
08

0.7

0.6 i q 086 4
05 1 0sf
0.4 1 0.4
0.3 "_';:tj;
02l

0.1

. . . L o —
0 0.2 0.4 0.6 0.8 0 01 02 03 04 05 06 07 08 09

(a) 1st order (b) 2nd-order

(¢) 3rd-order (d) 4th-order

Figure 4.2. Thick layer problem: vorticity contours at T=1.2 with p = 30, v =
0.0001 and 6t =8 x 10~*

and v = 0.0001. We use the Fourier spectral method with 128 x 128 modes for the space
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discretization, and set 6t = 8 x 107, In Figures 4.2, we show the vorticity contours at
T = 1.2 obtained with first- to fourth-order schemes. We observe that correct solution is
obtained with the third- and fourth-order schemes while the first-order scheme gives totally

wrong result and the second-order scheme leads to inaccurate result.

0.9 1 0.9 F

0.8 I 1 0.8
0.7 I 1 0.7
0.6 1 1 0.6
05 1 05

0.4 1 0.4
0.3 1 0.3
0.2 1 0.2
0.1 1 0.1

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8

(a) 1st-order (b) 2nd-order

(c) 3rd-order (d) 4th-order

Figure 4.3. Thin layer problem: vorticity contours at T=1.2 with p = 100,
v = 0.00005 and 0t = 3 x 1074

Next, we test a thin layer problem by choosing p = 100 and v = 0.00005. We use first- to
the fourth-order schemes with 256 x 256 Fourier modes and 6t = 3 x 10~%. In Figures 4.3,
we plot the vorticity contours at 7" = 1.2. We observe that correct solutions are obtained
with the third- and fourth-order schemes while first- and second-order schemes lead to wrong
results.

In order to examine the effect of SAV approach, we plot in Figure 4.4 evolution of the

SAV factor n = 1 — (1 — £)? and the vorticity contours at 7' = 1.2, computed with the
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second-order scheme with 0t = 2.5 x 10~*. We observe that at around ¢ = 1.05, where the
usual semi-implicit second-order scheme blows up, the SAV factor dips slightly to allow the
scheme continue to produce correct simulation.

These two tests indicate that for high Reynolds number flows with complex structures,
higher-order schemes are preferred over lower-order schemes, as much smaller time steps
have to be used to obtain correct solutions with lower-order schemes.

Note that if we use the usual semi-implicit schemes with the same time steps in the
above tests, the first- and second-order schemes would blow up. So the SAV approach can
effectively prevent the numerical solution from blowing up although sufficient small time
steps are needed to capture the correct solution. Thus, one is advised to adopt a suitable

adaptive time stepping to take full advantage of the SAV schemes.

1.0001

0.9999
0.9998
0.9997
0.9996
0.9995
0.9994

0.9993

0.9992
0

0.2 0.4 0.6 0.8 1 12 14 16
t

(a) Evolution of n (b) Vorticity contours at t = 1.2

Figure 4.4. Thin layer problem: second-order scheme with p = 100, v = 0.00005
and 6t = 2.5 x 10~*

4.4 Error analysis

In this section, we carry out a unified error analysis for the fully discrete schemes (4.24)

with 1 < k < 5, and state, as corollaries, similar results for the semi-discrete schemes (4.16).
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We denote

t"=ndt, s"=r"—r(t"),
en = uy — Hyu(-,t"), ey =uy — Hyu(-,t"), ef = Hyu(-,t") — u(-,t"),

=n n

e"=uN —u(-,t") =el +ef, €' =uy—u(t") =ey+ef.

To simplify the notations, we dropped the dependence on N for e” and e in the above, and

will do so for some other quantities in the sequel.

4.4.1 Several useful lemmas

We will frequently use the following two discrete versions of the Gronwall lemma.

Theorem 4.4.1. (Discrete Gronwall Lemma 1 [32]) Let y*, h*, g*. f* be four non-
negative sequences satisfying
n n T/ét
Y HOtY RF < B+6t> (" Y+ fF) with 5t> " <M, V0 <n<T/dt.
We assume 6t g* < 1 for all k, and let ¢ = maxo<g<r/s:(1 — 6tg*) 1. Then
Y +0t> R <exp(eM)(B+d0tY_ f*), Vo < T/dt.

k=1 k=0

Theorem 4.4.2. (Discrete Gronwall Lemma 2 [80]) Let ,ay, by, c,, and d,, be four

nonnegative sequences satisfying

m m—1 m—1
am+72bn§72andn—l—720n+0,m21,
n=1 n=0 n=0

where C' and T are two positive constants. Then

m—1 m—1

am+7ibn§exp(72dn> TZCn+C’),m21.

/N

Based on Dahlquist’s G-stability theory, Nevanlinna and Odeh [14] proved the following

result which plays an essential role in our error analysis.
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Theorem 4.4.3. For1 < k <5, there exist 0 < 1, < 1, a positive definite symmetric matriz

G = (gi) € R** and real numbers &, ..., 0y such that

k
(akun—i-l . Ak(u”), un—i—l . TkUn) — Z G (un—i-l—i-i—lc7 un+1+j—k)
ij=1

k k
o Z i (un+i*k’ un+j*k‘) 4 H Z(siun+1+ifk”2’
ij=1 i=0

where the smallest possible values of T, are
Tm=7=0, 73=0.0836, 7,=0.2878, 75 =0.8160,

and oy, Ay are defined in (6.15)-(4.22).

We also recall the following lemma [81] which will be used to prove local error estimates

in the three-dimensional case.

Theorem 4.4.4. Let ¢ : (0,00) — (0,00) be continuous and increasing, and let M > 0.
Given T, such that 0 < T, < [y dz/¢(z), there exists C, > 0 independent of t > 0 with the

following property. Suppose that quantities z,, w, > 0 satisfy

n—1 n—1
Zn + Z otwy, <y, == M + Z oto(zr), Yn < n,.
k=0 k=0

with n, ot <T,. Theny,, < C..

4.4.2 Error analysis for the velocity in 2D

Theorem 4.4.5. Letd =2,T >0, ug € VN H]* withm > 3 and u be the solution of (4.1).
We assume that uly and vl (i = 1,---,k — 1) are computed with a proper initialization
procedure such that

luiy = ult)lhs [luy = ult)]li = O + N,

b . o i=1,2,3,4,5. (4.29)
[uy = uCt)lls [luiy = u(ti)]|2 = O(Gt" + N=™),
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Let uyt and u™t be computed with the kth-order scheme (4.24) (1 <k <5), and
M =1 (=% g =1 (1= (k=2,3,4,5).
Then for n+ 1 < T/ot with 5t < W and N > 2F+2CEY 11 we have
iy = u( )T, [l = u( )T < Cot** + ONPE™),

and

55 I — (1, 5t 30 [l — e 1) < O3 + N,

where the constants Cy, Cn and C are dependent on T, Q, the k x k matriz G = (g;;) in
Theorem 4.4.3 and the exact solution u, but are independent of 6t and N.

Proof. It is shown in [75] that in the periodic case, ug € H]" implies that u(-,t) € H," for all

t < T, and furthermore, it is shown in [82] that u has Gevrey class regularity. In particular,

we have
m du 2 2 : Oty 2 2
To simplify the presentation, we assume uly = uly = Ilyu(t;) and r' = E;[uly] for i =

1,---,k—1 so that (4.29) is obviously satisfied.

The main task is to prove by induction,
[1—¢9 < Cobt+ CuN*"™, Vg < T/ét, (4.31)

where the constant Cy and C; will be defined in the induction process below.

Under the assumption, (4.31) certainly holds for ¢ = 0. Now suppose we have

[1—€7 < Codt+ CuN*"™, Vg <mn, (4.32)
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we shall prove below

|1 — & < Codt + O N*~™. (4.33)

We shall first consider k£ = 2,3,4,5, and point out the necessary modifications for the case
k=1 later.
Step 1: Bounds for Vu¥, Au%, and Auf, Vg < n. We first recall the inequality

(a+b)* <2%(" + V%), Va,b>0, k>1. (4.34)

Under the assumption (4.32), if we choose 6t small enough and N large enough such that

. 1
ot é mln{m, 1}, N Z maX{Qk’-i-?C’l]f[? 1}, (435)
we have
1 N3—m 1 N3—m
— q
1 <2k+20(1)€—1 + 2k+20ﬁ—1) <[ <1+ (2k+20(1)€—1 + 2k+2017_€[—1)> Vg <n, (4.36)
and
Stk—1 Nk@R-m)+1
1—&nk < Vg <
and
1 Stk—1 NER—m)+1 Sth—1 NE@-m)+1
—<1- <In <1 <2, Vg <n.
Then it follows from the above and (4.27) that
lud ]l < 2My, Vg < n. (4.37)
Moveover, (4.26) and m > 3 imply that
- —q |2 2r° 0
vot Y | Aug|]® < €4 <4r’, Cp =21, Cp > 1, (4.38)
q=1
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and

vot Y [|Auf | <16r°, Cp > 1, Cn > 1. (4.39)

q=1

n+1

Step 2: Estimates for Vey'™ and A&y™. By the assumptions on the exact solution

u and (4.37), we can choose C' large enough such that
lu@®)||7e < C, VELT, ||ukl < C, Vg < n. (4.40)
From (4.24a), we can write down the error equation as
(aké“l — Ak(éq),vN) + 5tu(Véq“, VUN) = (RZ,UN) + 5t(QZ,vN), Yoy € Sy, (4.41)
where Qf and R} are given by
Qf = —A((Bru?) - V)Bi(u?)) + A (u(t™) - Vu()), (4.42)

and

R} = —apu(t?™) + Ap(u(t?)) + tu, (t77)
pa+1 Ly (4.43)

k
_ , gHl—i _
= ;al /t L s) s (s)ds,

q

with a; being some fixed and bounded constants determined by the truncation errors, for

example, in the case k = 3, we have

tat! o*u 3 o*u 1 et o'
q _ q__ N3 7 e -1 _ N3~ ™ _ = -2 _ N3~ 7
R = -3 ) (t9—s) 57 (s)ds+ 5 s (t s) 5 (s)ds 5 s (¢ s) 5 (5
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Let vy = —A&4™ + 7,A8% in (4.41), it follows from Theorem 4.4.3 and (4.23) that

k
> gy(VeR T ve i) Z gi (Ve veyi T

ij=1

S VR 2 4 gt At (4.44)
i=0
= otv(Ay ", T ABY) + (RY, — A% + 1AL + ot(Qr, — Ay + T AY).
Next, we bound the righthand side of (4.44).
It follows from (4.43) that
2 2k+1 w ak—H 2
IRE < cott [ S (o). (4.45)
Therefore,
q _g+1 —q C(e) a2 —q+1 —q |2
(Rk, — Ay —|—TkAeN) < ; | RE|= + ote|| — A&k + meAel |7,
< ¢ | RY||? 4 26te|| A% ||? 4 26te|| A% || (4.46)
—= t k N NIl > .
+1(2 2 2k w 8k+1 2
< 20te]| NG| + 26te|| AGY |2 + C(e)st /H S () Pds.
For the term with Qf, we split it as
(QF, A + 7 Ael) (A([u(tq“) By(u?)] - Vu(t')), —Ack ! + TkAeN)
+ (A(Be(u) - VIu(t*) = By(u(t?)))), —Ach + TkAeN)
(4.47)
1
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We bound the terms on the right hand side of (4.47) with the help of (4.8), (4.10) and
(4.40):

(A([u(zﬁq“) — By(u")]- Vu(t*)), —Ael + TkAé;JV)
< Cllu(t*) = Be(u?) |1 [Ju(t™) o] — Ak + mAek||
C(e)|u(t™) = Be(u®) |} Ju(t*™)[[5 + el — Ak + meAeh |

ClOllu™) = Bu(u(t)) a3 + Ce)l Bu(e) 1Tlu@ I3 + el — Aey™ + mAek |

k ta+1 6k B -
COl> b (1717 — )k latk( s)ds||} + C ()| Bi(eM)|} + 2¢[| Ak ||* + 2| Aek ||

+1

Wl/ﬂk O (s + OBl + 2e| AT | + 26 s .
(4.48)

where b; are some fixed and bounded constants determined by the truncation error. For

example, in the case k = 3, we have

3 ta+1 83u 3 tat+1 83u
= 2 -1 2
By(u() —u(t™) = =5 |, W =s)glslds+5 [ (@7 = s)Gads
1 +a+1 Ly 2831[,
2 Sy (7" =) o013 ds.

For the other terms in the righthand side of (4.47), we have

‘(A(Bk(uq) V[u(t) = By(u(t?))]), — el + TkAé‘}V>

< Ol Be(u) allu(t™") = Bu(u(t)|loll — Ay + el |

(4.49)
< C(O)IBe(u?)[[FlJu(t™™") = By(u(t)[|3 + €] — Aey™ + mAey|?

tatl

<ctoat [7 12 ) s + 2e AP + 26 A
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Since d = 2, we can use (4.8) to obtain

' (A (Bule?) - VB (en)), —Ael! + TkAé?V) ‘

< O Be(@) 121 Be(@) 12| Be(@) 15[ Be(@) 1)) — A% + A |

< C||Bp(e)||1]| Br(eD)|2]| — AGY + 7.A8% || (true in 2d and 3d) (4.50)
< C(O)IBu(e)[IFlIB(el3 + €ll — Aey™ + mAcy |
( q

< C(O)| B Be(eMl3 + 2¢ A |1* + 2el| Ae 1%
Thanks to (4.10), we have

’(A (Bk(u(zﬁq)) : VBk(éq)), — A&l 4 rkAé?V)‘

< CllBu(u(t) 2l Br(e?)all — Ay + ek |

4.
< C(OIBr(u)) 31 BreI + el — Ak + meAey | o
< C()IBr(e)|7 + 26| AY1* + 2¢]| Acg .
On the other hand, we derive from (4.34) and (4.32) that
Ind — 1| < 28Ck ot* + 2FCENFC—™) g < n.
Note that u% = niu%, we can estimate || Bg(e?)||? by
[B(eN)[} = | Br(uk — u) + Bi(ek) + Bi(eh)Il} (4.52)

< CC2R§t*  COZFNRE=™) o || B(e%) |7 + C||u(t?)])2, N>,
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Combining (4.44)-(4.52) and dropping some unnecessary terms, we arrive at

k
> gi(Vey T ver i) Z (VR Vel ) 4 5t(5 — 106) [ Aek |
Lj=1 i,j=1
2
< 67T 4 100)|AY 2 + 3 B + CLOdt Buleh) 2] BeledI3
- 2 N N/l EEN )11 DEEN) ]2

ot gky, 9F+1y, (4.53)
(1T 5) B+ | S ()]s

+ O(e)st?* /

+ C()C ot 1 (1 + || B(e)|[3) + 5tC (e) CHF N (1 + || Bi(e)3)

+1—k

+6tC(e) [u(t) [ N* " (1 + [ Bi(e) ).
Since 7, < 1, we can choose € small enough such that

2 1 — 2
Y 0es U q0e 4 YT )

4.54
5 5 PR (4.54)

and then taking the sum of (4.53) on ¢ from k — 1 to n, noting that G' = (g;;) is a symmetric

positive definite matrix with minimum eigenvalue A, we obtain:

Stv(1 — 72)
TS

n+1+i—k n+1+j—k
< Z gii(Vey ,Vey )+
i,j=1

< oty |lei [ (Il B(eDll; +1)

q=0

A VeRI* +

otv(l — Tk )

Z e

ak+l

w0 ([T TNz + 1D e 2 + G 003 Bl 3))

q=0

+ C(C%kNQk(z—m) + N2—2m) (T + 6t zn: HBk(e")Ili)-

q=0

(4.55)
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Noting that (4.39) and (4.40) imply 6t 3°7_ || Br(e?)||3 < Cp> for some constant Cy> depends
only on the exact solution w. Applying the discrete Gronwall Lemma 4.4.2 to (4.55), we

obtain

n+1
lex 1T + ot > [l I3

8k+1

< Cexp (G + )% [ 1 TG+ 12 )P (456)

+ Clexp (Cyz + 1)) (SPCFE + CHENHE™ 4 N222M)(T' 4 Cpo)

S Cl(l + Cgk)5t2k + Ol(CﬁkN2k(2_m) + A]\]?—Qn})7
where C is independent of dt, Cy, Cr, and can be defined as

) ak+1
Cy = C exp(Cy —i—l)max(/ (”atk< B+ 15 ()P, 1 T+CH2) (4.57)

Therefore, (4.56) implies

n+1
e, 6 S 43 < Ca(1 + CRI + CuCHNEm 4 N22m) - (a59)

q=0

Since e? = e}, + ef;, it follows from the triangle inequality that

||én+1||% < Cl(]. + Cgk)(stQk + Cl(clg[kNQk;(Q—m) + N2—2m) + CNQ(l_m), (459)
and
n+1
5t >[853 < Ci(1 + C3F)6t*F + Oy (CFENHE=™) 4 N272m) 4 ON2E=m), (4.60)
q=0

Combining (4.40), (4.59) and (4.60), we find that, under the condition (4.35) and m > 3, we

have
n+1 )
I 13, 00 3 el < o1 + CF* ) + CCR2 00 1) +.€
q=0 (4.61)
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Step 3: Estimate for |1 — ¢"™!|. Tt follows from (4.24b) that the equation for {s'} can

be written as

/r=q+1

T — 5% = Stw([| Au(trt)|)? — L IATE) + T, va <,

E(uy™)
where Tj is the truncation error

$a+1

T, = r(t9) — r(t"™) + 6try (1) = / (s — t1)ry(s)ds.

ta

Taking the sum of (4.62) for ¢ from 0 to n, and noting that s = 0, we have

7J]—i—l n

1AGs1?) + T,

"5t S (JAa(E P - ——
=t 3 (| Aut P = poen >

q=0

We bound the righthand side of (4.64) as follows. By direct calculation, we have
ro = /Q (V)? + V(Y )de,
then from (4.63), we have
$a+1 $a+1
IT,| < Cst /t lre|ds < Cdt /t (Juell? + luwel|?)ds, ¥q < n.

By triangular inequality,

A (t1)]12 ratl Agdtt2
1 Au(t N—MWWHHMH\
rq+1

7»(1—1—1
_l’_
E(u4™) + 1‘ E@wi ™) +1

< Au(Eth)|?1 -

1A 2 - Aug |2

= K{ + K{.
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(4.66)



It follows from (4.40) and Theorem 4.3.1 that

q+1

E(uy™)+1

(tqH) ratl ratl ratl (4 67)
7 e 2 e Rl b ey B R
C(|Bu(tr™)] - E(ag™)| + rsq“r), g <n,
and it follows from (4.40) and Theorem 4.3.1 that

K§ < CO|l|aag | — | Au(ert )|

< O AT — Au™)||(JJATTH| + [|Au()) (4.68)

< O||Aas | |AsTH | + C||Ast|, Vg < n.

We derive from the definition of F(u) that

[B(u(t™)=E@y™)| < S (V™) [ +IVay " DIIVu) - vag™ || < Vet (4.69)

l\')\’—‘

It follows from (4.60), (4.61) and the Cauchy-Schwarz inequality that

&Z Jaag lasr) < (563 Aar oy aer )
- = (4.70)

< C\/Ol(l + O2F)5t2k 4 Oy (CZF N2(2=m) 4 N2-2m) 4 N2(2-m),
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Now, we are ready to estimate s"™!. Combining the estimates obtained above, (4.64) leads

to

ratt

|7ww<:&y§:MVutﬁﬂm2 F@ T

q=0

|qu+1|| ‘+Z|Tq
< C(th 57| + Cdtz let|2 + C’étz HAuq“HHAeq“H
q=0 q=0 q=0

t”H’l 471
+C’5t/0 (HUtH%‘{‘ HuttH%)d‘S ( )

< C'\/C’l(l + C26)62k 4 O (CEFN2K@-m) 4 N2-2m) | N2(2-m)

+ Ot | + Cét.

q=0

Finally, applying Theorem 4.4.1 on (4.71) with §t < 207 we obtain the following estimate for

Sn+1:

‘ n+1| < Cexp((l _ 6750 \/Cl 1+ C2k)5t2k + Cl (CQkNZk(Q m) + N2— Qm) + N2(2—m) + 5t)

< 02(\/01(1 + C2F)612k 4 ) (CZF N2K2—m) 4 N2-2m) 4 N2(2-m) 4 6t)

< Co8t*\/CL(1 + CFF) + O\ CL(CRENZHE-—m) 1 N2-2m) 4 N22—m) 1 Cht,

(4.72)

where Cy := Cexp(2) is independent of §¢ and Cj. then §t < 55 can be guaranteed by

1
— 4.73
It < o (4.73)

Thanks to (4.58), (4.67), (4.69), (4.72) and m > 3 , we have

1= €] < C(IBLu(r+)] — B )|+ [s1))
< C([ver |+ [s")
< C\JCy(1 + C3F)5t2% 4 Cy (CFENM—m) 4 N2-2m) 4 C N2(1-m) (4.74)
+ Chdt[Cy (1 + CBF) + Cy\ /O (CEFN2KC=m) 4 N2-2m) - N22-m) 4 Oyt
< Cs0t(\/1 4 C3R6t* 1 +1) + CgNQ*m(\/Cﬁ’“N(‘i—?m)(k—l) +N=2+1),
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where the constant C is independent of Cy, Cpy , 6t and N. Without loss of generality, we
assume C3 > max{Cy, Cy, 1} to simplify the proof below.
For the cases k = 2,3,4,5, we choose Cy = 2C3 and dt <3 Ck to obtain

Cs(y/1+ C3F6t* 1 4 1) < Cs[(1 + CF)dt + 1] < 2C5 = C, (4.75)

and since m > 3, we can choose Oy = 3C3 and N > CE + 1 to obtain

03(\/ CEFNU-2m)(k-1) 4 N-2 4 1) < C3[CEN?™™ + 2] < 3C3 = Cry. (4.76)
For the case k = 1, since nf™ =1 — (1 — £"")2, we choose Cy = 2C3 and §t < HCQ S0
that
C3(\/1+ Ciot +1) < C3[(1 4+ CF)ot + 1] < 205 = Cy,
and since m > 3, we choose Cy = 3C3 and N > Cﬁ 4+ 1 to obtain
Cs(yCANG=2m) 1 N=2 4 1) < G4[CEN*™ + 2] < 3C; = Chn. (4.77)
To summarize, combining the above with (4.74), we derive from (4.74) that
|1 — & < Cyot + O N*™™
under the conditions
1
< —e e  N>2M20 1 1<k <5 (4.78)

1 2kr2CM Y

Note that the above implies (4.35), and with C5 > max{C}, Cy, 1}, it also implies (4.73).

The induction process for (4.31) is complete.

We derive from (4.24d) and (4.61) that

™ — ay T < gt = 1P layt T < It - 117G (4.79)
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and

5tZ ™ — I3 < 5tZ i = PR

q=0
<:max|nq+1 1] 5zj{j|yuq+1uz (4.80)
< max it — 1)2C.
On the other hand, we derive from (4.31) that

it — 1] < 2203617 + 22CEN?™ . VWg<n k=1, (4.81a)

it — 1| < 2KCkstE 4 FCENFE™  yg<n k=234,5. (4.81b)

Therefore, we derive from (4.59), (4.60), (4.79), (4.80), (4.81) and the triangle inequality
that

le™ 1T < &M + llun™ — ayIe,

and

le™ I3 < [ I3 + [[ufy" — k13, Vg <mn,

under the condition (4.78) on §t and N. The proof is now complete since we already proved

(4.59) and (4.60). O

Using exactly the same procedure above without the spatial discretization, we can prove
the following result for the semi-discrete schemes (4.16). Let d =2, T > 0, up € V' N Hg and
u be the solution of (4.1). We assume that @' and u' (i = 1,--- ,k — 1) are computed with

a proper initialization procedure such that for (i=1,--- ,k — 1),

i = ut) = el = OGE): 1 = (e, o =t = O@r"), 1= 123,45
Let "™ and u™"! be computed with the k—th order scheme (4.16) (1 < k < 5), and

777114-1 =1 ( _ 5""‘1)27 772+1 =1- (1 - §n+1)k (k = 273747 5)
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Then for n+1 < T/t and 6t < we have

and

5tZHuq“ (e )13, <5sz||uq+1 u(, 173 < Cot*.

q=0
where the constants Cjy and C' are dependent on 7', €, the k x k matrix G = (g;;) in Lemma

4.4.3 and the exact solution u, but are independent of dt.

4.4.3 Error analysis for the velocity in 3D

In the three-dimensional case, it is no longer possible to obtain the global estimates (4.37),
(4.38) and (4.39) as in the two-dimensional case. Instead, we shall derive local estimates in

analogy to the local existence of strong solution for the 3-D Navier-Stokes equations.

Theorem 4.4.6. Letd =3, T >0, ug € VOH" withm > 3. We assume that (4.1) admits
a unique strong solution u in C([0,T); H))NL*(0,T; HY). We assume (4.29) as in Theorem

2, and let uy" and uly™t be computed using the kth-order scheme (4.24) (1 < k <5), and

M =1—1-?, gt =1-(1-¢ (k=2,3,4,5).

Then, there exits T, > 0 such that for 0 < T < T,, n+1 < T/ét and §t < w,
N > 2k2CF 11 we have
i = u( )T, [l = u( )T < Cot** + ONPE™), (4.82)
and
5tz a4 — (-t |2, 5tz Jud™ — u(-, 9|2 < Cot?F + CNZE™) (4.83)

q=0

where the constants Cy, Cri, C are dependent on T, Q, the k x k matriz G = (g;) in Lemma
4.4.8 and the exact solution u, but are independent of 6t and N.
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Proof. The proof follows essentially the same procedure as the proof for Theorem 4.4.5.
However, since we only has the weak version of the stability in Theorem 1 and (4.8) is
not valid when d = 3, we can only get a local version of (4.37) and (4.38). To simplify the
presentation, we shall only point out below the main differences with the proof for Theorem
4.4.5.

With uo € H)" and the existence of a unique strong solution u in C([O,T};Hg) N
L*(0,T; H}), regularity results in [75], [82] imply that (4.30) is also valid in the three-
dimensional case.

In Step 1, we still assume (4.32) holds and choose 6t and N satisfies (4.35). Let vy =
—Au" + 7 Au™ in (4.24a), it follows from Lemma 4.4.3 that

k
—qtl+i—k <7-gq+1+i— qtHi—k <7-gt+i—k
> gy(Vuy , Vauy Z g5 (Val ™", vag

i,j=1 i,j=1

+ Zéqu“’L‘ EI2 4 Stv | AGETL 2 (4.84)
i=0
= dtu(Auy, nAuk) + 6t(A((Bi(uk) - V) Bi(ud) ), Al + moAud).
We now bound the right hand side of (4.84). Note that (4.35) implies
1 Stk—1 NE@-m)+1 Sth—1 Nk@R-m)+1
<1l —= <I|n? <1 < 2. Vg <n.
First, we have
5t(ATL, m AL < 5t—\|A 412 +6twk\|A 72, (4.85)
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Next, it follows from (4.9) that

(A((Bi(uk) - V)Bi(u)), —Au&™ + neAad)|
< OB | Br(Vul) 12|l — Aak™ + mAad |
< OBl Il | Bu(ud) 132 Bi(ud) 13 ) — Aag + mAa | (4.86)
< CONB(ud) 1B (ul)ll2 + ]| — Auf + mAu |2

C( B IS + ell Bi(ul) |5 + 2¢ | A |1* + 2¢l| Ay |1

Now, combining (4.84)-(4.86) and noting that u%, = niu}, we find after dropping some

unnecessary terms that

k
Z gij(Vﬂ‘]I\}"l—i—l—k’ Vﬂ‘ﬁ_lﬂ Z 91J vuq-i-l Va?\?ﬂ )+ 51&(7 — %% )HAuq—i—lHQ

i,j=1 i,j=1

VT, _
< &(T’f +26) || A% |? + €t By (uly) |12 + C(e)dt]| By(ul )| (4.87)

VT _ _ _
< 0t(— + 26)| Ay ||* + 2%dt|| Bi(u )|l + 2°C ()¢ Be(uf) |

Taking the sum of (4.87) for ¢ from k£ — 1 to n — 1, noting that G = (g;;) is a symmetric
positive definite matrix with the minimum eigenvalue A\ and 7, < 1, we can choose € small

enough such that:

n dtr(1
Aallay i + Z 1Aag)*

atv(1

k
Z gij(VfL”’Li_k, Vﬂ”ﬂ_k) e Sl 74 Z ||A “2
ij=1

n—1

< Cot Y |Jully + Mo,

q=0

IN

where My > 0 is a constant only depends on 4%, ..., u%;, gy. If we define ¢ as ¢(z) = z° and

let
0<T, < / T dzo(2), (4.88)
My
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then Theorem 4.4.4 implies that there exist C, > 0 independent of §¢ such that

lay |7 + 6t Ak |? < C., Vn < T./dt. (4.89)

q=0

With (4.89) holds true, we can then prove (4.82) and (4.83) by following the same procedures
in Step 2 and Step 3 in the proof of Theorem 4.4.5. O

Similarly, we can prove the following result for the semi-discrete scheme (4.16). Let d = 3,
T >0,uy € VNH"with m > 3. We assume that (4.1) admits a unique strong solution
in C([0,T]; H)) N L*(0,T; H?). We assume (4.29) as in Theorem 2, and let @"*" and "
be computed using the kth-order schemes (4.16), and

77?-1-1 =1—= (1 — £n+1)2’ 772'+1 =1- (1 - §n+1)k (k = 273747 5)

Then, there exits T, > 0 such that for 0 < T < T, n+ 1 < T/t and 6t < W, we
have

Han - U(th)H%’ Hun - u('v tn)H% < 05t2k,
and

n n
Sty (lattt — a3, 5D [Jultt — ul-, th)||3 < Ot
q=0 q=0

where T, is defined in (4.88), the constants Cy, Cy, C' are dependent on T, €2, the k x k

matrix G = (g;;) in Lemma 4.4.3 and the exact solution u, but are independent of 6t.

4.4.4 Error analysis for the pressure

With the established error estimates for the velocity u, the error estimate for the pressure
p can be derived directly from (4.17) or (4.25).
We denote

iy = Py — Hap(- %), ey o= Hap(-,1") = p(-, "), and ¢ = el + ey
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Theorem 4.4.7. Under the same assumptions as in Theorem 4.4.5 and Theorem 4.4.6,

we have

Cot?* + CN?=m) Vn < T/6t, d=2,
IR = pC I < - (4.90)
Cot?k + CN20-m) n < T, /6t, d=3.

and

Cot?k + CN?C=m) n < T/6t, d=2,
5tZ IV (™ = p( " )P < (4.91)
Cot?* + ON2C=m)  vn < T, /6t, d=3.

where P is computed from (4.25), T, is defined in (4.88) and C is a constant independent
of 0t and N.

Proof. From (4.25), we can write down the error equation for pi* as

(Ver!, Voy) = (uf - Vul™ — u(t?*!) - Vu(t*™), Voy ), Yoy € Sy, Yg+1<n. (4.92)
To prove (4.90), we set vy = A~} qN in (4.92) to obtain

et 12 = (k" VIug™ - u(er) ARl )
(4.93)
= () = ) Ve, Avely )

We can bound the righthand side of (4.93) by using (4.10), the stability result Theorem 4.3.1

and error analysis for the velocity, namely, we can obtain

(" VI = uert], Al )| < COOlg BN I + el Ve
(4.94)
< O(e)(0t2F + N21=m)y 4 e||eq+1||2
and
= (luer) = ) Ve, A4 )| < ClOUuter BN I + el Ve | "

S C(E)((Stzk —|—N2(1 m ) +€||eq+1||2
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Combining (4.93)-(4.95) with ¢ = 1 we obtain

leZiH)? < C6t%F + CNPIT™ ) g <. (4.96)
To prove (4.91), we set vy = € N in (4.92) to obtain

Ve 12 = (- Tt = uert)], Vet )
4.97
_ ([u(thrl) W (), Vqurl) (4.97)

Again, we can bound the righthand side of (4.97) in a similar fashion as in (4.94)-(4.95),

namely, we can obtain

(- VI — ), v) COOgr B 3 + el P 1P
(4.98)
Clelle™ 13 + el Vepn'II%
and
= () — ] Ve, Vet )| < et + Vel 2
(4.99)
< C(O(H + N21-) + | Vet
Combining (4.97)-(4.99) with e = §, we obtain
IVeliH)? < Clle™ |3 4+ Cot** + ON*-™ | g < n. (4.100)

Taking the sum of (4.53) for ¢ from 0 to n and multiplying dt on both sides, we arrive at

(5t Veq+1 2 < Cét et 12 4 Ot + N2 4.101
2

q=0

Now, with the estimates on |[e”||3 in Theorem 4.4.5 or Theorem 4.4.6, (4.101) leads to

5tz [VeliH? < C5t*F + N, (4.102)
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Finally, we can obtain (4.90) and (4.91) from (4.96), (4.102) and

Vel |” < OO,

Similarly, we can derive the following results for the semi-discrete scheme (4.16).

Under the same assumptions as in Corollary 1 and Corollary 2, we have

Cot* n < T/dt, d=2,

||pn+1 —p(-,tn+1)|l2 S
Cot*, Vn < T,/dt, d=3.

and
n C6t?*, ¥n < T/6t, d=2,
ot Y IVt —p( " )|* < =1
q=0 Cot?* vn < T,/dt, d=3.
where p"*! is computed from (4.17), T, is defined in (4.88) and C is a constant independent
of dt.

4.5 Conclusion of this chapter

We considered numerical approximation of the incompressible Navier-Stokes equations
with periodic boundary conditions for which the pressure can be explicitly eliminated, allow-
ing us to construct very efficient IMEX type schemes using Fourier-Galerkin approximation
in space. Our high-order semi-discrete-in-time and fully discrete IMEX schemes are based
on a scalar auxiliary variable (SAV) approach which enables us to derive uniform bounds
for the numerical solution without any restriction on time step size. We also take advantage
of an additional energy dissipation law (4.7), which is only valid for the two-dimensional
Navier-Stokes equations with periodic boundary conditions, leading to a uniform bound in
H'-norm, instead of the usual L?norm. By using these uniform bounds and a delicate
induction process, we derived global error estimates in (*°(0,7; H') N [%(0,T; H?) in the
two dimensional case as well as local error estimates in [°°(0,7; H') N [*(0,T; H*) in the

three dimensional case for our semi-discrete-in-time and fully discrete IMEX schemes up
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to fifth-order. We also validated our schemes with manufactured exact solutions and with
the double shear layer problem. Our numerical results for the double shear layer problem
indicate that the SAV approach can effectively prevent numerical solution from blowing up,
and that higher-order schemes are preferable for flows with complex structures such as the
double shear layer problem with thin layers.

To the best of our knowledge, our numerical schemes are the first unconditionally stable
high-order IMEX type schemes for Navier-Stokes equations without any restriction on time
step size, and our error estimates are the first for any IMEX type scheme for the Navier-
Stokes equations in the three-dimensional case.

While the stability results can be extended to similar schemes for the Navier-Stokes equa-
tions with non-periodic boundary conditions, it is non trivial to carry out the corresponding

error analysis which will be left as a subject of future endeavor.
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5. POSITIVITY/BOUND PRESERVING SAV SCHEMES:
WITH APPLICATION TO SECOND ORDER EQUATION

In this chapter, we apply new SAV approach to construct high-order, linear, positivity /bound
preserving and unconditionally energy stable schemes for general dissipative systems whose
solutions are positivity /bound preserving. The method is based on applying a new SAV
approach to the transformed system with a suitable functional transformation. In particular,
we applied this method to the Poisson-Nernst-Planck equation and the Keller-Segel equation.

Most of the results in this chapter are extracted from [83].

5.1 Introduction

For the PNP equations, a quite complicated entropy-based scheme with regularized free
energy is constructed in [84] along with rigorous numerical analyses for a set of finite-
element approximations; a mass-conservative finite difference scheme is constructed in [85];
an arbitrary-order energy dissipative schemes are constructed using a discontinuous Galerkin
(DG) method for 1-D PNP systems [86]; and most recently a fully discrete positivity-
preserving and energy-dissipative finite difference scheme is developed in [87]. On the other
hand, there exists a large number of numerical work for the PNP equations in the electric
and medical engineering literature, see, for examples, [88]-[90] and the references therein.

For the Keller-Segel equations and related models, a finite volume scheme is developed
with convergence proof in [91]; a second-order positivity preserving central-upwind scheme
is constructed in [92] (see also [93], [94]); finite volume methods for a Keller-Segel system
are considered with discrete energy dissipation and error estimates in [95]; and a positivity-
preserving and asymptotic preserving method is constructed for a reformulated Keller-Segel
system in [96] [95], [97]. We refer to the aforementioned papers and the references therein
for more details on existing numerical schemes for Keller-Segel equations.

Some of these numerical schemes preserve positivity and/or some form of energy dissi-
pation under certain conditions and specific spatial discretization. Oftentimes one needs to

solve nonlinear systems at each time step. Very recently, an interesting approach is proposed
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to construct unconditionally energy stable and positivity /bound preserving for Keller-Segel
equations in [98] and for PNP equations in [99]. However, these schemes require solving, at
each time step, a nonlinear system which is a unique minimizer of a strictly convex functional.
The question we would like to address in this chapter is: for PDEs which preserve positivity
or bound and satisfy an energy dissipation law, how to construct numerical schemes which
are linear, positivity /bound preserving and unconditionally energy stable for any consistent
spatial discretization?

The recently proposed scalar auxiliary variable (SAV) approach [1], [20] is a powerful
tool to design unconditionally energy stable, linear schemes to a large class of gradient flows,
and has been applied successfully to many challenging problems. However, it does not have
mechanism to preserve bounds or positivity. On the other hand, a common strategy to
enforce solutions to preserve bounds or positivity is to use a suitable function transform.
A drawback of this approach is that the transformed equation becomes very complicated
that it is very difficult to construct efficient and energy stable schemes for the transformed
equation.

In this chapter, we propose a new class of bound/positivity preserving and energy stable

schemes by combining the SAV approach and the function transform approach:
o make a suitable function transform to ensure positivity or bound preserving;

« use a recently proposed SAV approach [13] to design linear and unconditionally energy

stable schemes for the transformed equation.

Our new schemes will enjoy the following remarkable properties:

it can be used with high-order semi-implicit (i.e., IMEX) schemes;
e it is positivity or bound preserving;
« it is unconditionally energy dissipative;

o it only requires solving one set (instead of two in the original SAV approach) decou-
pled linear equations with constant coefficients at each time step, so the coding and

computational complexity is similar to that of semi-implicit schemes;

124



o for problems with mass conservation as in PNP and KS equations, it also conserves

mass.

5.2 Positivity /bound preserving SAV schemes for second order nonlinear sys-
tems

In order to clearly describe our idea, we consider a semi-linear or quasilinear parabolic

system in the form

Ou

o7 — Au+g(u) =0, (5.1)

with either periodic or homogeneous Neumann boundary condition, where g(u) is a nonlinear
function. The following discussions are still valid if we replace —A in (5.1) with more general
or higher-order linear elliptic operators.

We assume that the above system satisfies a dissipation law in the form

dE(u)
dt

::—(QUJO, (5.2)
where E(u) is a typical energy functional given by
1
Elu] = /Q (3Lu-u+ Flu))dz == Eo(u) + Bi(u), (5.3)

G is a non-negative operator and L is a self-adjoint, linear, non-negative operator.

Note that the above framework includes, as special cases, the L? gradient flows for which
g(u) = F'(u) where F(u) is a given nonlinear function, L = —A and (Gu,u) = (—Au +
9(u), —Au+ g(u)).

Solutions of (5.1) is often bound/positivity preserving. It is desirable, and sometimes
necessary such as in the case of PNP and Keller-Segel equations, for the numerical solutions
to be also bound/positivity preserving. While it is possible to construct some fully discrete
numerical methods which preserve the bounds/positivity using finite-differences or piecewise

linear finite-elements for a class of (5.1) satisfying a maximum principle, it is in general
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very difficult to construct higher-order finite-elements or spectral methods which preserve
bounds/positivity as well as energy dissipation.

While the SAV approach [1] provided a powerful approach to design numerical schemes
which preserve energy dissipation, it does not have mechanism to preserve bounds or posi-
tivity. A common strategy to enforce solutions to preserve bounds or positivity is to use a
suitable function transform. More precisely, given a prescribed range interval I which could
be open, closed or half open, we can construct an invertible mapping 7' : R — I, and make

the function transform u = T'(v) in (5.1), leading to

ov T"(v)

— — Av— 2 |Vu]? T(v)) =0 5.4

5 — A0 = Aol sa(T() =0 (5.4
with either periodic or homogeneous Neumann boundary condition, since g—z =T (v)g—z.

After we solve v from the above, we get u = T'(v) whose range is included in I. Two typical

cases are:

« I =(a,b): a suitable choice is T'(v) = %% tanh(v) + %2 so that the range of u = T'(v)

is still in 7.

o [ =(0,00): a suitable choice is T'(v) = exp(v/M), where M is a tunable parameter to

prevent T'(v) increases too fast, so that u = T'(v) is always positive.

The main difficulty with this transformed approach is that the transformed equation (5.4) is
much more complicated than (5.1), and it is difficult to design efficient and energy dissipative
schemes. Fortunately, the recently proposed SAV approach [13] can provide a satisfactory

solution as we show below.
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As in the usual SAV approach, we introduce a SAV to enforce energy dissipation (5.2).

More precisely, we set r(t) = [, F(u)dx + Cy with Cy > |E[u"]| so that E(u(-,t)) + Cy > 0,

and expand (5.4) with (5.2) as

@—AU—TO})

2
ot Ty Vot

T /T =0

dEy(u) N dr  Eo(u) +r(t)

a dt B+ (Gu,u).

(5.5a)

(5.5b)

(5.5¢)

with r(0) = [o F(u(x,0))dz+Cy, it is clear that the above system is equivalent to (5.4)

with (5.2). However, discretizing the above will allow us to easily construct schemes which is

energy dissipative, in addition to bound/positivity prerserving which is built into the system.

We construct below k-th order BDF-Adams-Bashforth SAV schemes for (5.52b) in a uniform

setting: treat the linear term Awv implicitly and use Adams-Bashforth extrapolation to deal

with all nonlinear terms.

More precisely, given 7 and (w,v') forj =n,--- ;n—k+1, we find (0" Tt ot gntl)
such that
apu™ Tt — A (o) T"(Bg(v™)) 1
— A"t = T PV B (0] — g (B (u” 5.6
5t ! T(Be(or)) | ¥ PN = gy 9B, (56)
,an-i-l — T('Un+1)7 (57)
1/1
&<2 /Q(EanJrl . ﬂn+1 — L. ﬁ")dx + 7JLJrl _ Tn>
1 —n+1 ~n+1 n+1
= fo La™t - dr 4+ - -
2 n+1 —n+1
= - 5.8
E[anJrl]_'_OO (gu U )7 ( )
§n+1 _ fQ %Ean-ﬁ-l . ,an-‘rldx + ,r,n-‘rl (5 9)
Elun+1+Cy ’ ‘
k+1, k odd
un—i—l — 7]2+1ﬂn+1 with 7]2+1 —1— (1 _ £n+1>lk7 Ik — (51())
k, k even

where the constant oy, operators Ay, By are defined by
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BDF1:

a; =1, Aj(v") =", By(h") =h" (5.11)
BDF2:
3 1
az =5, Ay (V") = 20" — 51}”’1, By(h™) = 2h™ — h" 1, (5.12)
BDF3:
11 3 —1 1 -2 -1 -2
as =<, As(v™) = 30" 2v” + gv” , Bs(h™)=3h"—=3h"" +hn""7 (5.13)
BDF4:
25 n n n—1 4 n—2 1 n—3 n n n—1 n—2 n—3
Q=15 Ay(v™) = 40" -3v —i-gv -0 By(h™) = 4h"—6h" " +4h" = —h" 7.

(5.14)

The formulae for £ = 5 and k = 6 can be derived similarly.

Several remarks are in oder:

o Since we assume 7T is invertible, 7"(v) # 0 so the above scheme is well defined. The

range of the approximate solution @™ = T'(v"*!) is obviously included in I.

e (5.6) is a k-th order approximation to (5.5a) with k-th order BDF for the linear terms
and k-th order Adams-Bashforth extrapolation for the nonlinear terms. Hence, v is

a k-th order approximation to v(t,1).

o (5.8) is a first-order approximation to (5.5¢). Hence, r" ™! is a first order approximation
to Ey(u(-,t,+1)) which implies that £ is a first order approximation to 1. Hence,
nitt = 14+0(6t)™ which implies that both "+ and u™*! are k-th order approximation

of u(tny1)-
e The above scheme can be efficiently implemented as follows:

— determine v from (5.6);
— set u"t = T (v,
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— with @"*! known, determine r"*! explicitly from (5.8), and compute £"™! from

(5.9);

— update u"™! using (5.10), goto the next step.

The main cost is to solve v"*! from (5.6) which is a linear equation with constant

coeflicients.

Theorem 5.2.1. Without loss of generality, we assume ab < 0 if I = (a,b). Given u' with
range in I, v' = T (u') and v fori=0,1,...,k — 1. The scheme (5.6)-(5.10) admits a

unique solution satisfying the following properties unconditionally:
1. Positivity or bound preserving: i.e., the range of ™' and u™*! s in I.

2. Unconditionally energy dissipation with a modified energy defined by E™ = Jo %Eﬁ" :
u"dx + r™: More precisely, if E™ > 0, we have E"*' > 0 and
-~ -~ En—f—l
EM - B < —5t——————(Gu"T ") <o. 5.15
= E[unt]4+Cy (Qu U ) - ( )
3. Furthermore, if Ei(u) = [o F(u)dz is bounded from below, then for the k-th order

schemes, there exists constant My, such that

(Lu™,u™)? < My, Vn. (5.16)

Proof. By construction, the scheme is obviously positivity or bound preserving for u"*!.

We derive from (5.8) that

ot

rn+l _ 1n
B =E /(1 * E[an+1]+00(

ganJrl anJrl))
, .

Hence, if E® > 0, we have E""' > 0, and (5.15) follows directly from (5.8). It follows from
(5.9), (5.15) and Cy = E[u°], E[u"™'] > 0 that

E[UO]+CO
o 0 T L9 1
0<¢ < Ea i, =2 (5.17)
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which together with (5.10) imply
0<(1—¢"h <1, 0<yit <1, (5.18)

Hence, the range of u™! is also in I as u"*! = g™ a"*! for I = (0,00) or I = (a,b) with
ab < 0.

If Ei(u) = [q F(u)dz is bounded from below, without loss of generality, we assume
Ey(u) > 1. Denote M := E[u(-,0)], then (5.15) implies E™ < M, Vn. Now, it follows from
(5.9) and the assumption of Ej(u) > 1 that

E_'n+1 IM
nH| = < : 5.19
|§ | E[an-ﬁ-l] +CO - (Ean—‘rl’an-‘rl) + 2 ( )
Since np ™t =1 — (1 — &"*1)Ix | there exists a polynomial P, of degree I, — 1 and a constant
M;, > 0 such that
M,
n+1 — n+1P n-+1 < k ) 5.20
|?7/€ ‘ ’6 k(g )’ = (ﬁﬁ”+1,ﬂ”+1) + 2 ( )
Therefore, by the fact VA< A+2forall A> 0, we have
(EunJrl7 un+1)1/2 _ UZJrl(ﬁﬁnJrl, an+1)1/2 < M,. (5.21>
m

The above scheme can be directly applied to bound/positivity preserving L? gradient
flows, including in particular the Allen-Cahn equation. In the following two sections, we
shall extend the approach presented in this section to construct positivity preserving and
energy stable schemes for Poisson-Nernst-Planck and Keller-Segel equations for which it is
essential to preserve positivity.

We emphasize that both u™ and ™ are k-th order approzimation to u(-,t,41).

We only considered the time discretization in this section. However, it is clear from the
proof of the above theorem that, as long as the spatial approximations of G and L are still

positive definite, the results of Theorem 5.2.1 also holds for the fully discrete schemes.
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5.3 Positivity preserving schemes for the Poisson-Nernst-Planck equation

We consider in this section the Poisson-Nernst-Planck (PNP) equation which describes
the dynamics of N species of charged particles driven by Brownian motion and electric field
(cf. [100]-[102] and the references therein). To simplify the presentation, we will focus on
the two-component system (N = 2). The schemes can be easily extended to more general

PNP system with N components.

5.3.1 Poisson-Nernst-Planck equation

We consider a two-component PNP system in the following form:

801

i DV - (Vey + x12161V9), (5.22a)
% _ v (v b
o - e (Veg + x12202V ), (5.22b)
— A¢ = xa(z101 + 2202), (5.22¢)

in an open bounded domain Q C R? (d = 1,2,3) and supplemented with either periodic

boundary condition, or no flux boundary conditions

8ci

_ 0
% on — 0, 1= 1, 2; 8Z|ag = 0. (523)

It is also possible to use the Dirichlet boundary condition ¢|sq = 0 or a Robin type boundary
condition (¢ + 6%)\39 = 0.

In the above, the unknown are ¢;, the density of the i-th species, and ¢, the internal
electric potential, D; > 0 is the diffusion constant of the i-th specie (i = 1,2), 2; are the
valence constant and y1, x2 are dimensionless parameters. To make the formulas below more

concise, in the following we fix z1 = 1, zo = —1 and x; = x2 = 1.
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Using the identity Vi = 1V log 1), we can rewrite (5.22) as a Wasserstein gradient flow

acl

E = D1V . <C1V10g c1+ 01V¢), (524&)
802
E = ng : (CQV IOg Cy — C2V¢), (524b)
— A(b = C1 — Co, (524C)
with the free energy
1
E(c1,c,0) = /ch(log 1 —1)+co(logey — 1) + §]V¢|2dx. (5.25)

Indeed, taking the inner product of (5.24a) with logc; + ¢ and of (5.24b) with log ey — ¢,

summing them up along with (—Ad,0 = 0;(c1 — ¢ we obtain the following ener aw:
ing them up along with (—Ad,¢ = Oy( ), ®), we obtain the following energy 1

dE(Cla Ca, ¢)

o = —/Q (Dl a|V(log ey + ¢))* 4+ D ea|V(log ca — ¢)|2)d$- (5.26)

Note that the form of the free energy, as well as the well-posedness of (5.24), requires
c1,c9 > 0. Therefore, it is of critical importance that numerical schemes for the PNP system
preserve positivity.

On the other hand, we also derive from (5.24) and (5.23) that
d / dr =0, i=1,2 (5.27)
4 Gar = Vv, 1=1, 4 .
dt Ja
i.e., the mass for each component is conserved.

5.3.2 Positivity preserving SAV scheme

As explained in Section 2, we can preserve the positivity using suitable function trans-
forms. Since only ¢, ¢y are positivity preserving, we only make function transform for ¢q, co.

More precisely, we introduce two new functions p; and py through

¢ =T(p) =exp(p), i=1,2, (5.28)
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which implies in particular ¢; > 0,1 =1, 2.

Substituting (5.28) into (5.24a)-(5.24b), we obtain

Op

i Di(Apy + [Vpi|* + Vpr - Vo + Ag), (5.29a)
B
% = Dy(Aps + |Vps|2 — V1 - Vb — Ad). (5.29b)

Note that for this transform, we have T"(p;) = T"(p;) = T'(p;), so the transformed equations
are not too complicated.

Next we split the free energy FE(ci,c2,¢) into the sum of Ey(¢) = 3(V¢, Vo) and
Ei(c1,¢0) = [qer(logey — 1) + ca(logea — 1)dx. Tt is clear that Ej(cq,ce) is convex and
bounded from below in the admissible set D := {(c1, ¢2) : ¢1,c2 > 0}, so we assume that for
some Cy > 0,

Ei(c1,c9) > —Co + 1, (5.30)

and define a SAV r(t) = Ey(c1,¢2) + Cp > 1. Then, the total free energy E and its time

derivative can be rewritten as

E(er,e2,6) = £ (V6,96) 4 1(t) = Eo(6) + (1), (5.31a)
dE dE

Denote py = logey + ¢, s = log ca — ¢, we can reformulate (5.24) and (5.26) as

T Dy(Ap1 + |Vpi|* + Vp1 - Vo + Ag), (5.32a)
0
% = Dy(Apz + |Vpa|* = Vs - Vo — Ag), (5.32b)
c1 = exp(p1), co =exp(pa), (5.32¢)
— A¢ = C1 — C9, (532d)
@ _ Eo(¢) +r(t) 2 2

o TTe= Ecr.0.0) 1 o /Q (Dl c1|V|® + Da co|V g )dx. (5.32e)

133



We remark that since the above system is equivalent to the original system (5.24), the masses
of ¢; are still conserved, but that of p; are not.

We now construct k-th order SAV schemes (1 < k < 6) for the above system in a uniform
setting.

Given (d,pl, ¢\, r1,&), i=1,2, j=n,n—1,--- ,n—k+ 1 such that

/cﬂ:dx:/c?dx,i:1,2,j:n,n—1,-~~,n—/€+1, (5.33)
Q Q

we determine (¢!, pPtt AT i = 1,2 and (@™, "L €7 as follows:

i

AT A gt = (B, B, 1= 12 (5.31)
att =exp(pi™), i=1,2, (5.35)
A?“/Qaké’i”ldx—/ﬂAk(c?)dx —0,i=12 (5.36)
= et i=1,2, (5.37)
— A" =t - et (5.38)
@ s o)

- e [ (VAT P D S s, (539

n+1 n+1

= e G TG .
¢t = e with =1 - (1 - ¢, (5.41)

together with homogeneous Neumann boundary conditions

ap?Jrl ‘ Dt
on |8Q = 07 1= ]-7 25 W'@Q - 07 (542)
where p" =log ™t + "t i = log 3T — o™t au, Ay and By, are the same as in the

last section, and

91(p1,90) = Di(|Vpi|> + Vp1 - Vo + Ag),
92(p2, ®) = D1(|Vp2|* — Vpa - Vo — Ag).
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Similar to the last section, we have the following remarks:

o Clearly, (5.34) is a k-th order semi-implicit scheme for (5.32a)-(5.32b). We then derive
from (5.35)-(5.38) that A" is k-th order approximations to 1, ¢ and ¢"*! are k-th

order approximations to ¢;(t,+1) and ¢(t,41).

 (5.39) is a first-order approximation to (5.32e), so r" ! is a first-order approximation to
By (it bty and €71 = 1+ O(6t) which implies that 7t = 1+ O(6t*). Therefore,

"t is also a k-th order approximation of ¢(t,1).
o The scheme (5.34)- (5.41) can be efficiently implemented by the following steps:

1. solve pi*! from (5.34);

¢t et from (5.35) and compute A" explicitly from (5.36);

2. compute ¢}
3. update ™, it from (5.37) and solve ¢ from (5.38);

4. compute "1 explicitly from (5.39) and then obtain £"*! from (5.40);
5. update ¢"*! from (5.41), goto next step.

The main computational cost is to solve the linear equations with constant coefficients

n (5.34) and (5.38).
We have the following results:

Theorem 5.3.1. Given ¢} > 0, pl =logd, ¢/, and 11 such that [, ddx = [o,Odx fori=1,2
andj=n,n—1,...,n—k+1. The scheme (5.34)-(5.41) admits a unique solution satisfying
the following properties unconditionally:

1. Positivity preserving: ¢y, it > 0.

2. Mass conserving: [o i de = [y ddx fori=1,2.

3. Unconditionally energy dissipation with a modified energy defined by E™ = Eo(qz_ﬁn) +r
More precisely, if E™ > 0, we have E"t* > 0, &' > 0 and

Emtt — B = gt / (D1 V' P + Dy g Vs P)dr < 0. (5.43)
Q
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4. There exists constant My, such that

JEo[¢"] < My, Vn. (5.44)

Proof. From (5.35), we obviously have &f !, &t > 0.
We derive from the assumption that [, cdx = foPdrfori=1,2andj=n,n—1,...,n—

k + 1, and the definition of coeflicients oy, and Aj in section 2 that

/Ak(ci”)dm:ak/ Adzx.
Q Q
It then follows from (5.33) and (5.36) that

ozk)\?ﬂ/ &ty = ozk/ ddr, (5.45)
Q Q

which, along with & > 0, implies that A" > 0. Hence, we have ¢/, 5™ > 0, and we
derive from the above and (5.37) that [, " ™dr = [, Pdx for i =1,2.

It follows from (5.39) that

Eo(¢") +17
Jy (D1 e 19 Do 1 9312 o

E(C;H_l ,cg+1 Ot +Co

Eu(G) 4 17+ =

> 0. (5.46)

1+0t

Therefore, we derive from (5.40) that £"*! > 0, which, together with (5.39), implies (5.43).
Denote M := E°, then (5.43) implies E® < M, Vn. It follows from (5.39) and (5.30) that

En+1 M
= < = .
E(Canrl, 62n+1’ ¢n+1) + CO - EO(¢n+1) + 1

€ = (5.47)

Since 7,

M;. > 0 such that

T =1—(1— ¢k there exists a polynomial Py,_; of degree k — 1 and a constant

M,

nt+l] n+1P_ n+1 < _ .

(5.48)
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Therefore, by the fact that VA< A+1forall A> 0, we derive

BT = B < My

]

We emphasize that both &' (resp. ¢"') and ¢ (resp. ¢"*1) are k-th order approxi-

mation to ¢(+,tpi1) (resp. ¢(- tns1)), 1=1,2.

Obviously, the positivity of ¢; will be preserved with any spatial approximation of the
schemes (5.34)-(5.41).

It is clear from the proof of the above theorem that the mass conservation and the energy

dissipation (5.43) still hold for any fully discrete schemes.

5.4 Bound preserving schemes for the Keller-Segel equation

We first introduce the Keller-Segel equations, followed by the construction of bound
preserving schemes for one particular case of the Keller-Segel equations whose solution is

bound preserving.

5.4.1 Keller-Segel equations

To fix the idea, we consider the following Keller-Segel system with only one organism

and one chemoattractant in a bounded domain 2:

?Z — D(7Au— ¥ - (n()V6)), (5.49)
?;tb = uAp — ag + xu, (5.49Db)

with either periodic boundary conditions, or no-flux boundary conditions on u and the

Neumann boundary conditions on ¢,

ou [3l0) 0o
Tom Xn(u)F 0, Frie =0 on 0. (5.50)
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Here, the unknown are u, the concentration of the organism, and ¢, the concentration of
the chemoattractant. The parameters D, 7, x, T, 1, a are all positive. The function n(u) > 0
describes the concentration-dependent mobility. It is a smooth function with 7(0) = 0.

The model is a parabolic-parabolic system when 7 > 0, and a parabolic-elliptic system

when 7 = 0.
The system (5.49) with (5.50) can be interpreted as a gradient flow about (u, ¢). To this

end, we choose f(u) such that f(u) = 1/n(u), and define the free energy
_ _ © 2, @9
Blu, 6] = [ (1f(u) = xug + £IVOP + S 6% (5.51)

Then writing Au =V - (ﬁVf(u)), we can rewrite (5.49) as

1 oF

1
5 =DV (Mvw(u) ~x¢)) =DV - (f(u)véu), (5.52a)
T%@f —LAG — ad = _‘;i_ (5.52b)

Taking the inner products of (5.52a) with £, and of (5.52b) with %2, and summing up the

ot?

results, we obtain the energy dissipation law:

dE[u(t), o(t 1 SE\2 g2
w _ _/Q[Df(u)Wm) +T<E) dz. (5.53)

We now consider several typical choices of n(u) and the corresponding function f(u).

1. The classical Keller-Segel system: n(u) = u. We can choose f(u) = ulogu — u with

the domain of definition (0, +00). In this case, it is known that its solution can blow

up in finite time if the initial mass is large enough [103]-[105].

2. Keller-Segel system with a bounded mobility: a typical choice [106], [107] is n(u) =

(k > 0). In this case, we can choose f(u) = ulogu — u + ku*/2 with the domain of

definition (0, 400).

3. Keller-Segel system with a saturation concentration: n(u) = u(1 —u/M), whereM > 0

is the saturation concentration, and the mobility tends to zero when it is near saturation
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[108], [109]. In this case, we can choose f(u) = ulogu + (M — u)log(1 — u/M) with
the domain of definition (0, M).

Hence, the solution of the Keller-Segel system is positivity preserving in cases (i) and (ii),

and bound preserving in case (iii). Furthermore, we observe from (5.49) that

d
%/Qudx = 0. (5.54)

To simplify the presentation, we shall only consider the third case where the solution is
bound preserving. For the first and second order cases, the solution is positivity preserving,
so one can construct positivity preserving schemes for these two cases similarly by replacing

the mapping below with Y'(v) = exp(v) as in the last section.

5.4.2 Bound preserving SAV schemes

We set n(u) = u(l —u/M) and f(u) = ulogu+ (M —u)log(l —u/M), and split E|u, ¢]

into two parts as follows

Elu, ) = [ (vf(w) = xuo + T60)do + [ (5T + 6% = Eifu, ] + Eolg).  (5.55)

Note that f(u) = ulogu+ (M —u)log(l —u/M) implies that u € (0, M). Along with o > 0
and f is strictly convex, it is easy to see that F; is bounded from below. Hence, there exists
Coy > 0 such that,

Eifu, 9] > —Co + 1. (5.56)

Due to the form of f(u), it is necessary that the range of numerical solution is also in

(0, M). To this end, we consider the transform
M M
u="T(v):= o tanh(v) + - (5.57)

As tanh(z) € (—1,1), Vo € (—o00, +00), then for v € (—o0, +00), we have u € (0, M). Since

¢ is not bound preserving, we do not need to transform ¢.
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Substituting (5.57) into (5.49a), we obtain the equation for v

2Dy

ov tanh” (v)
M tanh(v)

— =DvyAv+ D
YAvE ’Ytanh/(v)

2 J—
ot Vo

V- (n(w)Ve). (5.58)

Note that tanh’(z) = 1 — tanh®*(z), we know tanh’(v) # 0 and (5.58) is well-defined.
We introduce r(t) = Ey(u, ¢) + Cp > 1. Then, we have

Blu,6] = 5(6,-80), + T (#:0) , +7 = Bo(0) + 1, (5.59)
d dE,
B¢ = n(on, —20) + %(qbt, 6),+re= doigb) + 7 (5.59b)
We can reformulate (5.49) and (5.53) as
dv tanh” (v) 2Dy
gt = Db+ (Dye S IVel = gt s V- () Ve), (5.60a)
u= ]\2/[ tanh(v) + ]\24, (5.60b)
T(z(f = uA¢ — ap + xu, (5.60c)
dEy(9) _ Eo(e) +r(t) 1 0E\2 O 2
R = s +CO/Q[Df”(u) (Vi) +7(5) Jdr. (5.60d)

We now construct k-th order schemes for (5.60) in a uniform setting.
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Given (vh,ul, ¢\, 7)), i=n,n—1,--- ;n—k+1, we find (v u"Tt ¢l 1) as follows:

akanrl _ Ak (Un>

ot — DyAv™ = g(By(v"), Bi(u"), Bi(6")), (5.61)

M M
"t = - tanh(v" ) + > (5.62)
At /Q o™t dr — /QAk(u”)da: =0, (5.63)
un+1 — >\n+1ﬂn+1 (564)
In+1 n _
TOékﬁb - Ax(9 ) UAGHY — ag™tt 4yt (5.65)
1 _ _
&<E0(¢n+l> _ E0(¢n> + 7’”+1 _ T,n)
B Eg(énJrl) + 1 / D SE PR ¢n+1 ¢n 9
o Elunt!, (gn+1] +C, Ja [f//(gnﬂ) (V du (u )) t7 ( ot ) Jdz, (5.66)
E, an+1 n+1
gt = Lold™ )+ (5.67)
E[umt!, 6" + Cy
¢l = et with Pt =1 — (1 — L)k, (5.68)
where the constant oy, operators Ay, By are defined in Section 2, and
tanh”(v) _ 2Dy
g(u,v,0) = DVmWW - V- (n(u)Ve). (5.69)

M tanh'(v)

Essential properties of the above schemes are as follows:

o (5.61) and (5.65) are k-th order semi-implicit schemes for (5.60a) and (5.60c), (5.63)
is k-th order approximation to (5.54), which imply that v, A»+1 " +1 ¢"+1 are k-th

order approximations to v(t,41), 1, u(tn41), d(tnt1).

 (5.66) is a first-order approximation to (5.60d), which implies that 7"*! is a first-order
approximation to r(t,.1). Then, (5.67) implies that £"*! = 1 + O(dt), which in turn

implies 77 = 14 O(6t)* and ¢"*! is a k-th order approximations to ¢(¢,;1).
e The above scheme can be efficiently implemented as follows:

1. solve v from (5.61);

2. compute u""! from (5.62) and compute A" explicitly from (5.63);

141



3. update u™™ from (5.64);
4. with «™*' known, solve ¢"*! from (5.65);
5. with "*!, ¢"*! known, determine "' explicitly from (5.66);

6. compute " from (5.67) and update ¢"*! from (5.68), goto the next step.

We have the following results:

Theorem 5.4.1. Given u!, ¢!, v' and r' such that
/uid:v:/uodx, i=nn—-1,....n—k+ 1. (5.70)
0 0

Then, the scheme (5.61)-(5.68) admits a unique solution satisfying the following properties

unconditionally:
1. Bound preserving for u" : i.e., the range of u™** is in (0, M).
2. Mass conservation: i.e., [qu"dx = [ou’dx.

3. Unconditionally energy dissipation with a modified energy defined by E™ = Ey(¢"+!) +

r™: More precisely, if E™ > 0, we have E"t' >0, €1 > 0 and

1

oE

Su (@) + T@nﬂ - &H)Q]das <0. (5.71)

Ertl g — _Sn-i-l /Q[ (V 5

4. There exists constant My, such that

B = ¢ [Evep + S om2de < M, ¥ (5.72)

Proof. The proof is essentially the same as that of Theorem 5.3.1. For the readers’ conve-
nience, we still carry it out below.
We derive from (5.62) that the range of 4" is in (0, M).
Noting the definition of coefficients «y and Ay in Section 2, it follows from (5.70) and
(5.63) that
ak/\”ﬂ/gﬂnﬂdx = ozk/Qude, (5.73)
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which implies A" > 0, and consequently v > 0. Furthermore, along with (5.64), it also
implies [o u"tdr = [, u’dz.

It follows from (5.66) that

Ey(¢") + 17 > 0.

2 2 ji
_ n+1l_an
ot foy s (VA2 @) (250 )
E(ﬁn+17¢;"+1)+00

E()(QZ;TH_I) + ,r,n-‘rl —

1+

Therefore, we derive from (5.67) that £"*' > 0, which, together with (5.66), implies the
energy dissipation.
Denote M := E° then (5.71) implies £ < M, ¥n. Now, it follows from (5.67) and

(5.56) that )
En+1 M

61 = - <
E(an+1’¢n+1)+00 - EO(¢n+l)+1

(5.74)

Since g™ =1 — (1 — &1k there exists a polynomial P,_; of degree k — 1 and a constant

M;. > 0 such that
M,

n+l| _ n—HP a n+1 < 5.75
Therefore, by the fact that VA < A+ 1 for all A > 0, we obtain
v Eo[¢m+1] = [y Eolon 1] < My,

m

We only consider the semi-discretization in time in this paper. As for fully discretizations,
we have the following remarks: We emphasize that both "' (resp. ¢*™) and u™*' (resp.
¢") are k-th order approximation to u(-,t,41) (resp. ¢(-,tny1)). While only the range of
™ is guaranteed in (0, M), the range of u"*! is in (0, M + O(5t%)).

Znt1

The positivity of u
schemes (5.61)-(5.68).

and vt will be preserved with any spatial approximation of the

It is also clear from the proof of the above theorem that the mass conservation and the

energy dissipation (5.71) still hold for any fully discrete schemes.
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One can easily extend these schemes to deal with Keller-Segel equations with multiple

organisms. We leave the detail to the interested readers.

5.5 Numerical examples

In this section, we provide some numerical examples to validate our numerical schemes.

5.5.1 Allen-Cahn equation with a singular potential

We first use the schemes presented in Section 2 to solve the Allen-Cahn equation with a
singular potential. In all examples for the Allen-Cahn equation, we consider problems with
periodic boundary conditions and use a Fourier-spectral method to discretize in space.

Ezxample 1. We consider the Allen-Cahn equation [30]

oFE

Opu = S AU+ M —In(1 +u) +In(1 — u), (5.76)
u
where € > 0, A > 0 and
E(u) = / (62\V¢l2 — éu2 +(1+¢)In(1+u)+ (1 —u)n(l — u))dx (5.77)
0\2 2 ’

is the free energy with a singular potential. The well posedness of the above equation requires
that v € (—1,1).

We use the transformation u = tanh(v), in the scheme (5.6)-(5.10).

We first test the accuracy with the following exact solution and the corresponding external

forcing f

u(z,y,t) = (exp(— sin®(mx)) — exp(— sin2(7cy))) sin(t),

OF
f = 8,5'& 4+ —.
ou

The parameters are chosen as e = 0.1, A = 3 and the computational domain is (0,2) x (0, 2).
Fourier spectral method with 96 x 96 modes is used for special discretization. we plot in

Figure 5.1 (a) the errors of the first- and second-order schemes at ¢, = 1, and in Figure 5.1

144



(b), the errors of the third- and fourth-order schemes at ¢,, = 1. Expected convergence rates

are observed for all cases.

—&— AC-BDF1 —&—AC-BDF3
—#— AC-BDF2 —k— AC-BDF4
| 1st Ref 1071 3rd Ref

-—=-2ndRef | - g | T 4th Ref

101

dt

(a) BDF1 and BDF2 for Allen-Cahn (b) BDF3 and BDF4 for Allen-Cahn

Figure 5.1. (Ezample 1.) Accuracy test for the Allen-Cahn equation using the
new SAV/BDFEk schemes (k= 1,2,3,4).

Next, we consider the spinodal decomposition of a homogeneous mixture into two coex-
isting phases governed by the Allen-Cahn equation. The parameters are chosen as € = 0.005,
A = 3 and the computational domain is (0,1) x (0,1). The time step is set to d¢t = 0.001.
Fourier spectral method with 256 x 256 modes is used for space discretization. The initial
condition is chosen as a random variable with uniform distribution in [— 0.05,0.05]. We plot

the evolution of energy, the evolution of max u, minwu and four snapshots in Figure 5.2.

5.5.2 Two-component PNP system

We present here numerical results of using the scheme (5.34)-(5.41) to solve the two-
component PNP system (5.22).

Ezample 2. We test accuracy by considering the two-component PNP system (5.24),
ie. we fix 21 =1, 23 = —1 and x; = x2 = 1 in (5.22). We first consider the following
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(d) T =100 (e) evolution of origina energy (f) evolution of tmas and Umin

Figure 5.2. Ezample 1. Spinodal decomposition by the Allen-Cahn equation. The
simulation is obtained with 6¢ = 0.001 using the scheme (5.6)-(5.10).
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manufactured exact solutions in 2 = (—0.5,0.5) x (—0.5,0.5) with suitable external forcing:

c1(z,y,t) = 1.1 4 sin(wz) sin(ny) sin(t), (5.784a)
ca(x,y,t) = 1.1 — sin(mx) sin(my) sin(¢), (5.78Db)
o(z,y,t) = ;Sin(ﬂ:x) sin(my) sin(t). (5.78¢)

In this example, we use Legendre spectral-Galerkin method and (N,, N,) = (40,40). Other

parameters are Dy = Dy = 1. Define the L*-error at t, as \/Hc’f —c1(tn)|]? + |5 — ca(tn)||?,
we plot in Figure 5.3 (a) the errors of the first- and second-order schemes at t, = 1, and
in Figure 5.3 (b), the errors of the third- and fourth-order schemes at t,, = 10. Expected
convergence rates are observed for all cases.

Next, we test the accuracy in the computational domain Q@ = (0,2r) x (0,2rn) with

periodic boundary condition and the initial conditions are given by

c1(z,y,0) = 1.1 4 sin(x) cos(y), (5.79a)

ca(x,y,0) = 1.1 — sin(x) cos(y). (5.79b)

In this example, we use Fourier-spectral method to discretize in space and (N, N,) =
(128,128). Other parameters are D; = Dy = 1. We generate the reference solution by
the fourth-order scheme with 6¢ = 0.0001. Define the L?-error at t, as above, we plot in
Figure 5.3 (c) the errors of the first- and second-order schemes at t,, = 0.1, and in Figure
5.3 (d), the errors of the third- and fourth-order schemes at ¢, = 0.1. Expected convergence
rates are observed for all cases.

Ezxample 3. In this example, we test the so-called Gouy-Chapman model [85] which is
used to describe the evolution of the distributions of the ions.

We consider the PNP system (5.22) in (—1, 1) with the following parameters: Dy = Dy =
1, 21 =1, zg = —1, and x; = 3.1, xo = 125.4. The boundary conditions for ¢; and ¢ are
given as

0.¢ + zix160,0 =0, i=1,2, (5.80)
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(a) BDF1 and BDF2 for PNP with known exact (b) BDF3 and BDF4 for PNP with known exact
solution solution
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(c) BDF1 and BDF2 for PNP with unknown ex- (d) BDF3 and BDF4 for PNP with unknown ex-
act solution act solution

Figure 5.3. Ezample 2. Accuracy test for PNP equation using the SAV/BDFk
schemes (k = 1,2,3,4).
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ag(t, —1) — Bo.(t,—1) = fo1, ag(t, 1) + Bea(t, 1) = fi, t =0, (5.81)

with @ = 1, 8 = 463 x 107°, f_1 = 1 and f; = —1. For space discretization, we use
Legendre spectral-Galerkin method. We set 6t = 0.001 and used 80 nodes in space. The
initial condition on ¢ are ¢;(z,0) = 1,i = 1,2 for all —1 < x < 1. The profiles of ¢;, ¢, and
¢ at different times are plotted in Fig 5.4, which are consistent with the results in [85]. In
Fig 5.4(d), we also plot the mass evolution of ¢; and p; with ¢; = exp(p;),i = 1,2. We can

see the masses of ¢; are well conserved, but that of p; are not.
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15t =1 15 e t=1
20 ; =
| oo e ~
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] 06 AUEAY
10 ; %
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(c) ¢ (d) mass evolution

Figure 5.4. Ezample 3. Gouy-Chapman model: Profiles of ¢, co and ¢
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5.5.3 Keller-Segel equations

In this subsection, we present numerical results of using scheme (5.61)-(5.68) to solve the
Keller-Segel equations (5.49).

Ezxample 4. We test the accuracy of the scheme. First consider the one-specie parabolic-
elliptic (7 = 0) Keller-Segel equations (5.49) in Q = (—0.5,0.5) x (—0.5,0.5) with external

forcing such that the exact solutions are given by

u(z,y,t) = sin(nzx) sin(ny) sin(t) + 1.1, (5.82a)

o(x,y,t) = 2171;2 sin(mz) sin(my) sin(t) + 1.1. (5.82Db)

Other parameters are D =v=pu=a = x =1, M = 5. We use Legendre spectral-Galerkin
method and (N, N,)) = (40,40) in space. Define the L*-error as \/||u” —u(ty)|* + lo™ — o(ta)?

we plot in Figure 5.5 (a) the errors at ¢, = 1 for the first- and second-order schemes, and in
Figure 5.5 (b) the errors at ¢, = 10 for the third- and fourth-order schemes.
Next, we test the accuracy in = (0, 2w) x (0, 2n) with periodic boundary condition and

the initial conditions are given by

u(z,y,0) = sin(z) sin(y) + 1.1. (5.83)

In this example, we use Fourier-spectral method to discretize in space and (N,, N,) =
(128,128). Other parameters are D = v = p = o = x = 1, M = 3. We generate
the reference solution by the fourth-order scheme with ¢ = 0.0001. Define the L?-error as
above, we plot in Figure 5.5 (c) the errors at t,, = 0.1 for the first- and second-order schemes,
and in Figure 5.5 (d) the errors at ¢, = 0.1 for the third- and fourth-order schemes. As in
the Allen-Cahn case and the PNP case, the expected convergence rates are observed for all
cases.

Ezample 5. In this example, we consider the one-specie parabolic-elliptic (7 = 0) Keller-

Segel equations with the following initial condition

(z—L/2)*+(y —L/2)2)

y (5.84)

U(l’,y,()) = 4€Xp ( -
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Figure 5.5. Ezample 4. Accuracy test for Keller-Segel equations using the
SAV/BDFE (5.61)-(5.68) (k =1,2,3,4).
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such that the total mass is large enough that chemotaxis happens, in (0, 2%) x (0, 21t) with the
homogeneous Neumann boundary conditions. We use Legendre spectral-Galerkin method
method with (N,, N,) = (64,64) nodes to discretize in space, and the second-order scheme
with time step 0t = 0.001. The parameters are chosen as D =~v=pu =1, x =1, M = 100,
a=0.1 and L = 2m.

We carry out simulation until the system reaches steady state at ¢t = 8. Several snapshots
of concentration at different times are shown in Figure 5.6, where we plot the snapshots by
using smaller time steps and more nodes in the right hand side , and evolutions of max wu,
mass of u, mass of v and energy are shown in Figure 5.7. These results agree well with those
in [98] computed with a nonlinear scheme. In particular, the energy is dissipative at all time,
and the mass of u is conserved up to machine accuracy.

FExample 6. We consider the one specie parabolic-elliptic system with an initial condition
with two bulges, given by

(z —3L/8)% + (y — 3L/8)?
4

(z —5L/8)% + (y — 5L/8)>

2 —

)
(5.85)

with L = 4w. We take M = 50 while all other settings are the same as Example 5. We

U(:L‘, Y, O) =2 eXp(_

use the third-order scheme, and plot the evolution of energy, maximum concentration and
four snapshots of v in Figure 5.8. We observe that the energy is dissipative at all times, the
maximum of u increases while the support of u shrinks to maintain the mass conservation.

FExample 7. In this example, we consider the parabolic-elliptic Keller-Segel system with

two species:

0
= Di(nAu =V - (n(w)V9)), (5.86a)
0
S = Da(1Bu = oV - (ma(12) V), (5.86D)
0 = pulAo — ap + x1u1 + XUz, (5.86¢)

with the initial conditions

(o= /2 + (= L2y

y (5.87)

ul('xayvo) = Ug(l’,y,()) = QS([L’,y,O) = 46Xp ( -
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dt=1e-3,Nx=Ny=64 dt=1e-4,Nx=Ny=80

(a) T=0 (b) T=0

dt=1e-3,Nx=Ny=64 dt=1e-4, Nx=Ny=80

(c) T=1 (d) T=1

dt=1e-3,Nx=Ny=64 dt=1e-4, Nx=Ny=80

(e) T=2 (f) T=2

dt=1e-3,Nx=Ny=64 dt=1e-4, Nx=Ny=80

(g) T=8 (h) T=8

Figure 5.6. Example 5. Simulation of Keller-Segel equations with chemotaxis.
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Max u

(a) max u evolution

-+ dt=1e-4, Nx=Ny=80
——dt=1e-3Nx=Ny=64

(b) energy evolution

Mass

-250

-eeeee =14 Nx=Ny=80,mass u

(c) mass evolution

Figure 5.7. Example 5. Simulation of Keller-Segel equations with chemotaxis.
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Figure 5.8. Example 6. Simulation of Keller-Segel equations with initial condition (5.85)
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The parameters are chosen as Dy = Dy = v = v = pu = x1 = 1, a = 0.1 with all other
settings are the same as Example 5. We use the first order scheme for this example. The
results with two different chemotactic sensitivities with xys = 0.1 and y, = 0.01 are plotted
in Figure 5.9 and 5.10 respectively.

In both cases, we observe accumulation for wq, while for us, it diffuses first and then
accumulates in the case xyo = 0.1, and it keeps diffusing in the case y, = 0.01. These results

are consistent with the results in [98].

5.6 Conclusion of this chapter

For PDEs whose solutions are required to be positive or in a prescribed range, it is of
critical importance to construct numerical schemes which are positivity or bound preserving.
If the PDEs are also energy dissipative and/or mass conservative, it is important that the
numerical schemes would be energy dissipative and /or mass conservative at the discrete level.

In this chapter, we proposed a new approach to construct linear, positivity /bound pre-
serving and unconditionally energy stable schemes for general dissipative systems whose
solutions are positivity/bound preserving. The essential ideas of this new approach are (i)
to first make a function transform so that the solution will always be positivity /bound pre-
serving, and (ii) apply a new SAV approach presented in [13] to the transformed system and
the original energy dissipation law to construct efficient and accurate time discretization
schemes.

The resulting schemes enjoy remarkable properties such as positivity/bound preserving,
unconditionally energy stable, can achieve high-order and with computational complexity
similar to a semi-implicit scheme. We applied this approach to Allen-Cahn equation with
a singular potential, and to Keller-Segel and Poisson-Nernst-Planck (PNP) equations which
can be classified as Wasserstein gradient flows with an additional property of mass conser-
vation.

While we only discussed semi-discretization in time in this chapter, we pointed out that
the energy dissipation, positivity or bound preserving and mass conservation can all be

naturally carried over to consistent fully discretizations.
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Figure 5.9. Ezample 7. Simulation with xyo = 0.1
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6. POSITIVITY/BOUND PRESERVING SAV SCHEMES:
WITH APPLICATION TO FOURTH ORDER EQUATION

In this chapter, we continue to apply the techniques presented in the last chapter to the
fourth order equation: the thin film type equation and Cahn-Hilliard equation with singular
potential. In particular, we show numerical examples to demonstrate the effect of functional
transformation and SAV. Most of the results in this chapter are extracted from a working

paper with Dr. Jie Shen and Dr. Ke Wu.

6.1 Introduction

In order to clearly describe our ideas, we consider the following fourth order nonlinear
equations in a bounded domain Q C R4(d = 1,2,3) arise in the thin films and phase field

models [110], whose general form can be written as

¢r =mV - (f($)Vp), (6.1a)
poi= (;55 = —;Agb + h(9), (6.1b)

with either periodic or homogeneous Neumann boundary condition, where m is a positive
constant, ¢ > 0 and f(¢) is a positive mobility function and E is the dimensionless free

energy given as

B() = [ 5-IVoPa+ [ H(@)d0 = By(6) + Bi(9) (62

Throughout this chapter, we focus on the following two types equations:

o Case 1. The thin film equations [111]: Set f(¢) = ¢™, n > 0 and h(¢) =0in (6.1).

o Case 2. The Cahn-Hilliard equation with singular potential [112]: Set f(¢) = ¢(1 — ¢)
in (6.1) and H(¢) = ¢logd + (1 — ¢)log(1l — @) + 34(1 — ¢) in (6.2).
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In both cases, with f(¢) > 0, we have the following energy dissipation law

dE

o =—m | f(@IVila2 <o. (6.3)

Numerical solutions of (6.1) is necessary positivity preserving (¢ > 0) in Case 1 and bound
preserving (0 < ¢ < 1) in Case 2 to ensure the equations are well-defined and the energy

law (6.3) holds true.

6.2 Positivity/bound preserving SAV scheme

In this section, we present two methods to construct our positivity /bound preserving SAV
for fourth-order equation: in the first method, we need to solve one fourth-order equation,
which is highly efficient by using Fourier spectral method; in the second method, we need to
solve two coupled second-order equations, which can be implemented easily by using finite

element method.

6.2.1 Methodl: solve one fourth-order equation

Following the ideas in last chapter, which deals with the second order equations, we
can first make a suitable invertible mapping ¢ = T'(u), then the equation (6.1) on ¢ is
transformed to an equation on u and we finally get ¢ in a desired interval.

In particularly, we have
A2p = T'(u) A%u 4 T" (u) Oy () + T" (u)Cs(u) + T (u)Cy(u), (6.4)

with C5, C'5 and C defined in the appendix.

After the transformation, the equation on u becomes

O~ o)A +
«

= (1. 0) (6.5)

T'(u)
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where f(¢) and g(u, ¢) will be treated explicitly in our numerical schemes and defined as

o1.6) = F(©)2(6)+V(8) - Vi~ L 1))~ D)y~ Do),

(6.6)
As shown below, for the constant mobility case, f(¢) = 1, we can construct linear schemes
with constant coefficients for (6.5) and for the variable mobility function f, we can construct
linear schemes with variable coefficients. On the other hand, for the variable mobility case,

similar to the method presented in [113], we can first rewrite (6.1a) as

Orp = mV - (S + f(¢) = 5)Vp), (6.7)

where S is a positive constant served as a stabilizer. Then equation on v becomes

du  mS ., m
a - _TA u+ T’(u) GS(U, ¢)v (68)

where G(u, ¢) will be treated explicitly in our numerical schemes and defined as

Go(,0) =V ((7(6) — S) V) + SAA(B) + ST ()Cafu) — T () Cy(u) — 2T (w)Calu).

(6.9)

As a result, we can also construct linear schemes with constant coefficients for the variable

mobility function. Note that 7" is an invertible mapping, we know 7T'(u) # 0 and hence both
(6.5) and (6.8) are well-defined.

Now, we construct our new SAV schemes for (6.5), one can deal with (6.8) by the same

way. Note that in two cases we consider above, H(¢) is either 0 or a strictly convex function,

hence there exists constant C > 0 such that

Ey(¢) > —C+1. (6.10)
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To construct our numerical schemes, we introduce r(t) = E(¢) + Cy with Cy = 2C + |E(¢V)|

and rewrite (6.1) and (6.3) as

ou m m
¢ =T(u),
dr r

= = (F(®) V1, V).

it~ "E@)+ Co

With r(t) =

(6.11a)

(6.11b)

(6.11c)

E(¢) + Cp, it is clear that the above system is equivalent to (6.1) with (6.3)

while discretizing the above systems can allow us to construct energy dissipative and bound

preserving numerical schemes. We construct below k-th order BDF-Adams-Bashforth SAV

schemes with stabilizer terms for (6.5) in a uniform setting: treat the linear term implicitly

and use Adams-Bashforth extrapolation to deal with all nonlinear terms.

More precisely, given " and (w), @) for j =n,--- ,n—k+1, we find (¢" ! w1 potl gntl)
such that
apu™t — Ap(u™)  m ) m
— F(Brp(¢™) A" = ——— g (Bi(u"), Bp(¢" 6.12
5 + S BUENAT! = et g (B, Bu(@"), (6.120)
o"t = T(u"), (6.12D)
it — it T+l +1 +1
o SN TR v 6.12
5 mE(gan)wo(fw YV, V), (6.12¢)
g prtl " (1= g1y 1 k+1, k odd (6.124)
n — _ 777” =1—=(1=¢&" k’k: , 6.12
Bgm) +Co” k, k even
Q" =ttt (6.12e)
where the constant oy, I, operators A, By are defined by
BDF1:
a; =1, A (v") =", By(h") =h" (6.13)
BDF2:
1
r =3, A"y = 20" — S0 Bolh) =20 — (6.14)

2
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BDF3:

11 3
a3 = —, A3('Un) = 3" — *Unil +

5 5 v" 2, Bs(h") =3h" —3h" '+ h"% (6.15)

W |

BDF4:

25

4 1
12’ Ay(v™) = 4" =30 "3 By(R") = 4R —6h" 4R T2,

3 4
(6.16)

gy =

The formulae for £k = 5 and k& = 6 can be derived similarly.

Several remarks are in oder:

e We choose I to be even and satisfies I, > k to guarantee the whole scheme is k-th
order accuracy and 0 < 1™ < 1. As a result, both ¢"*! and ¢"*' are included in I

as shown below.

e (6.12a) is a k-th order approximation to (6.11a) with k-th order BDF for the linear
terms and k-th order Adams-Bashforth extrapolation for the nonlinear terms. Hence,

u™™ is a k-th order approximation to wu(t,1).

+1

o (6.12¢) is a first-order approximation to (6.11¢). Hence, r"*! is a first order approx-

imation to E(¢4(-,t"*1)) which implies that £ is a first order approximation to 1.
Hence, ny™ = 1+ O(0t)**!, which implies that both ¢"*' and ¢"*' are k-th order

approximation of u(t,41).
e The above scheme can be efficiently implemented as follows:

— determine u"*! from (6.12a);
— gset ggn-i-l — T(un-i-l);

— with ¢"*! known, determine r"*! explicitly from (6.12c), and compute £"*! from

(6.12d);

— update u" ™! and ¢"*! using (6.12¢), goto the next step.
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The main cost is to solve u™! from (6.12a) which is a linear equation with constant
coefficients for the constant mobility case and is a linear equation with variable coeffi-

cients for the variable mobility case.

It is well-known that adding suitable stabilization terms can improve the performance in real
simulations. For the schemes 6.12, one effective way to add the stabilization terms in our
numerical simulation is rewriting (6.12a) as

akun—H _ Ak(un)
ot

m

+ f(Bk(¢n))A2un+1 + SA2un+1 —
Q

9(Bi(u™), Br(¢™)) + SA%u".
(6.17)

T(B(u))

6.2.2 Method2: solve two coupled second-order equations

In the second method, instead of obtaining u"*! by solving a fourth order equation as
in (6.12a), we solve two coupled second order equation to obtain u"*!. To this end, we first
write (6.1) as weak form: We denote the solution space as V' and we would like to find ¢ € V'

such that

(qbt,v) = —m(f(qﬁ)Vu,Vv), Yv eV, (6.18a)
(u,v) = i(VQ Vv) + (h(¢),'0), Yo e V. (6.18b)

Let ¢ = T'(u) with T is an invertible mapping as before, then the equation on ¢ in (6.18)

is transformed to the equation on u as follows:

(T’(u)ut,v) = —m(f((b)v,u, VU), Yo eV, (6.19a)

(u, v) = ;(T'(u)Vu, V'U) + (h((b),v), Yo €V, (6.19b)
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Now, suppose our discrete numerical solution space is Vi, we would like to find v, u"+! ¢

Vy and ¢""! such that

akun—l-l _ Ak<un)

(T'(Bk(u”)) = ,Un+1> — —m(f(Bk(¢n>>Vﬂn+l7 an—i-l)7 vvn+1 c VN;

(6.20a)
1
(At omtt) = — (T (Bi(u) V™, Vot ) o (h(Bi(@™), 0" ), Vo € Vi, (6.20b)
o" T = T(u™th), (6.20c)
7,,nJrl —pn rn+1 1 i1 N
- _ _ n n n .20d
5 m gy g @TVE V), (6.20)
§n+1 Tn—H n+1 1 (1 §7’L+1)Ik T k+ 17 ki odd (6 20 )
pry = 77 g —_ —_ 5 k = 5 . e
E(@) +Cy " k, k even

¢ = et (6.20f)

The above scheme can be efficiently implemented by the same process as (6.12).

6.2.3 Stability results

For the numerical scheme (6.12) and (6.20), we have the following bound and stability

results.

Theorem 6.2.1. Given ¢' with range in I = (0,1) or I = (0,00), u' = T~Y¢") and '
fori=0,1,...,k —1. The scheme (6.12a)-(6.12e) admits a unique solution satisfying the

following properties unconditionally:
1. Bound preserving: i.e., the range of "' and ¢"t' are in I.

2. Energy dissipation: Given r™ > 0 we have vt >0, &1 >0 and

P = —tm Y (f(om )Vt Vi) < 0. (6.21)
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3. Furthermore, for the k-th order schemes, there exists constant My,

Proof. Tt is obviously that the range of ¢"*! is in I from (6.12b).
We derive from (6.12¢) that

mot

n+1: n 1+ _
r r /( —E(¢n+l)+0(]

(#(@ v, vty ).

Hence, if 7" > 0, we have "1 > 0, and (6.21) follows directly from (6.12¢).

It follows from (6.12d), (6.21) and the definition of Cy that

O < €n+1 < TO 2’E(¢0)‘ +2Q

S EBG 10 STHE@) 10

As a result, (6.12d) and (6.23) together imply
0<(1—€"hk <1, 0<y™ <1,

Hence, the range of ¢"*! is also in I as ¢"! = nptontl,

Now, it follows from (6.12d) and the assumption on Ej(u) that

prtl 270

= < = .
E(¢n+1)+00 - ||V¢n+1H2_|_2

€ =

such that

(6.22)

(6.23)

(6.24)

(6.25)

Since ntt =1 — (1 — €"*1)% | there exists a polynomial P of degree I, — 1 and a constant

M, > 0 such that
My,

n+1 — n+1P n+1 < _ .

Therefore, by the fact VA < A+ 2 for all A > 0, we have

IVl = i Ve | < M.

166

(6.26)

(6.27)



It is exactly the same procedure to construct k-th order BDF-Adams-Bashforth SAV
schemes for (6.8). The only difference in 6.12 is (6.12a) becomes

—n+1 _ n
U = Ak(u ) + Tr;Sf(Bk(¢n))A2un+l _

B () O (B, Bi(). (629)

and all the properties in Thm6.2.1 still hold true.
6.3 Numerical examples

In this section, we present ample numerical examples to verify our numerical schemes.
For all the examples in this section, periodic boundary conditions are imposed in all direc-
tions and for space discretization, we employ the Fourier-Spectral method [32] and we use

Nz, Ny, Nz to denote the number of nodes in z,y, z direction respectively.

6.3.1 Accuracy test

Examplel, accuracy test by solving linear equation with constant coefficients. We consider
the two-dimension Cahn-Hilliard equation with singular potential and constant mobility, i.e.
Case 2 in section 2 with f(¢) = 1. We test the accuracy with the following exact solution

and the corresponding external forcing
o(z,y,t) = 0.9 exp(— sin®(nx) — cos*(ny)) cos(t), (6.29)

and the transformation function we used in this example is

1
=T(u) = ——. 6.30
¢ () 1+ exp(—u) (6.30)
The parameters are chosen as a = 1000, m = 0.001 and the computational domain is

(0,2) x (0,2). We choose (Nz, Ny) = (128, 128) for the first- and second- order schemes and
(Nz, Ny) = (150, 150) for the third- and fourth- order schemes. We plot in Figure 6.1 (a)

the errors of the first- and second-order schemes at t,, = 1, and in Figure 6.1 (b), the errors
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of the third- and fourth-order schemes at t, = 1. Expected convergence rates are observed

for all cases.

error
S
>
error

10-10

—6—SAV-BDF1| 1
—5—SAV-BDF2 =

1st Ref e 3rd Ref
———2nd Ref . ———dth Ref

—6—SAV-BDF3
—=—SAV-BDF4

10710
10° 10 107 102 10 107 102 107"
dt dt

(a) BDF1 and BDF2 for Cahn-Hilliard  (b) BDF3 and BDF4 for Cahn-Hilliard

Figure 6.1. (Example 1.) Accuracy test for the 2-D Cahn-Hilliard equation using
the new SAV/BDFk schemes (k =1,2,3,4).

Example?2, accuracy test by solving linear equation with variable coefficients. We consider
the one-dimension Lubrication-type equation with f(¢) = ¢, i.e. Case 1 in section 2 with
f(¢) = ¢. We test the accuracy with the following exact solution and the corresponding
external forcing

¢(z,t) = exp(sin(nz)) cos(t), (6.31)

and the transformation function we used in this example is

¢ =T(u) := exp(u). (6.32)

The parameters are chosen as &« = 1, m = 0.0001 and the computational domain is (0,2). We
choose Nx = 32 for all the schemes. As the mobility function f is not constant, scheme 6.12
leads to a linear equation with variable coefficients. We use bicgstab in Matlab to solve
those linear equations with variable coefficients by setting tol = le — 16 and the maximum
iteration it = 5. We plot in Figure 6.2 (a) the errors of the first- and second-order schemes
at t, = 1, and in Figure 6.2 (b), the errors of the third- and fourth-order schemes at ¢, = 1.

Expected convergence rates are observed for all cases.
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(a) BDF1 and BDF2 for Lubrication-type (b) BDF3 and BDF4 for Lubrication-type
equation equation

Figure 6.2. (Ezample 2.) Accuracy test for the 1-D Lubrication-type equation
using the new SAV/BDFE schemes (k = 1,2,3,4).
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6.3.2 Thin film equation

FExample3. In this example, we illustrate the advantages of our positivity preserving
SAV scheme over the usual semi-implicit scheme without functional transformation and the
functional transformation schemes without SAV. We consider the following 1D lubrication-
type equation

b+ 0:(f(9)00) =0, f(¢) = ' (6.33)

with positive initial condition
¢o(z) = 0.8 — cos(nz) + 0.25cos(2mz). (6.34)

It was shown in [114] that the solution of this problem develops singularity in finite time
and one common way to compute the solution after the singularity time is to introduce the

regularization

Onf ()
77f<¢n> + (15;177

and take n close to zero and the analytical solution of the regularized problem is positive.

ey + Ox(f($9)0500) = 0, f(dy) = (6.35)

However, in our numerical test, we can take n = 0 and keep the numerical solution positive
by using the positivity preserving SAV scheme. In the following, we fix the computational
domain as (—1,1), n = 0 and use bicgstab in Matlab to solve the linear equation with
variable coefficients and then test three different first order schemes for this problem. The
parameters in bicgstab are fixed as tol = le — 7 and maximum iteration is 10 for all the

test.

o (scheme I) The usual semi-implicit scheme without functional transformation, i.e. given

n n+1
ys Solve ¢ by

n+l _ in
%(Stn + F(O)0 0, + 0:f(85)0:65 = 0. (6.36)
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We plot the maximum value of the imaginary part of the solution in Figure 6.3 (a), we
can see the imaginary part come out at finite time, which means the numerical solution

is not positivity preserving, even we use smaller time steps and more nodes.

(scheme IT) Functional transformation scheme without SAV| i.e. fix £"™! = 1 in scheme
6.12. We set Nz = 128, 6t = 5e — 8, A = 1 and the transformation function we used

in this example is

¢ =T(u) := exp(u). (6.37)

We plot the energy evolution in Figure 6.3 (b) and the minimum value of the numerical
solution in Figure 6.3 (¢). We can see although the numerical solution is positivity
preserving, the scheme is unstable when time arrive at the singularity and the solution

is wrong after that.

(scheme III) Positivity preserving SAV scheme, i.e. scheme 6.12 in section 2. All
the settings are the same as scheme II. We plot the minimum value of the numerical
solution in Figure 6.4 (a) and the sav factor £ in Figure 6.4 (b). We can see the effect
of SAV as time close to the singularity time and it helps the whole scheme passing the
singularity time successfully. Finally, we plot the solution at different stages up to a

steady state in Figure 6.5 (a) and the energy evolution in Figure 6.5 (b).

6.3.3 Cahn-Hilliard equation

In this subsection, we consider the Cahn-Hilliard equation with singular potential. i.e.

Case 2 mentioned in the introduction, the main settings are the same as those in [112]: Set

F(@) = 6(1—¢) in (6.1), H(¢) = ¢plogd+ (1 — ¢)log(1 — ¢) + 3¢(1 — ¢) in (6.2), the initial

condition is given as

$o =T+, (6.38)

with 7 is a random variable with uniform distribution in [ — 0.05,0.05]. All the examples in

this subsection are computed by the second-order scheme with stabilization terms by solving
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Figure 6.3. (Example 3.) Failure to compute the solution of equation (6.35) by
using scheme I and scheme II
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(a) Minimum value from scheme III (b) Sav factor £ from scheme III

Figure 6.4. (Ezample 3.) Successful computational of equation (6.35) by using scheme III
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Figure 6.5. (Ezample 3.) Successful computational of equation (6.35) by using scheme III
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a fourth-order linear equation with constant coefficients and the transformation function we

used in this example is
1

e (6.39)

¢»="T(u):

FExamplej. In this example, we consider the 2-dimension case with constant mobility
f(¢) = 1 and variable mobility f(¢) = ¢(1 — ¢). We fix §t = 5e — 9 and Nz = Ny = 96.
For the constant mobility f(¢) = 1 case, we adopt scheme 6.12 with stabilization termsi.e.
replacing 6.12a by 6.17 and take S = 1. For the variable mobility f(¢) = ¢(1 — ¢) case,
we adopt scheme 6.12 and replacing 6.12a by 6.28. As a result, we only need to solve linear
equations with constant coefficients at each time steps for both the constant and variable
mobility cases, which is highly efficient. In Fig 6.6, we plot the energy evolution for two
cases, which show energy dissipative for all the time. We plot the snapshots for the constant
mobility case at different times in Fig 6.7 and the snapshots for the variable mobility case in
Fig 6.8, which show two cases have the similar dynamic process while it takes much longer

time for the variable mobility case to converge.

(a) f(o) =1 (0) f(o) = (1 — o)

0.06 ‘ 0.06 ‘

0.04 ————~ ] 0.04 —j
0027 \tz ity tr to t11 B 002 \t{ s te ts t10 tip
S S ——
2 o t BN fots  two |t 2 or t| s Tt tr to t11 ]
) N ) N

-0.02 hY B -0.02 + ¥\

\\__\ N
0.04 M 0.04 | R
-0.06 ‘ -0.06
10°° 10°® . 104 107 1072 107° 104 . 107 10
time time

Figure 6.6. Time series of total energy plot at a = 1000 and mean initial
condition ¢ = 0.63 with different mobilities as indicated.

FExample5. In this example, we consider the 3-dimension case with constant mobility
f(¢) =1 and different mean initial value ¢. We fix §t = le — 9 and Nz = Ny = 96. For the
constant mobility f(¢) = 1 case, we adopt scheme 6.12 with stabilization terms and take
S =1. In Fig 6.9, we plot the energy evolution for two cases, which shows energy dissipative

for all the time. We plot the snapshots for the case ¢ = 0.63 at different times in Fig 6.10
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ty=6-10"° to=1-10"° ty=2-107° ty=4-107°

ts =6-107° ts=1-10"* tr =12-10"* ts =15-107%

tg=2-10"* tio=4-10"" t=8-10"* tie=1.2-1073

Figure 6.7. Snapshots of ¢ at different time instants (indicated in Figure
6.6(a)) at @ = 1000, mobility f(¢) = 1 and mean initial condition ¢ = 0.63.
The contour levels are equally spaced in [0, 1] and the colormap is consistent
with the contour levels O(blue), 0.5(green), 1(red).

and the snapshots for the case ¢ = 0.35 at different times in Fig 6.11, which shows two cases

have the different dynamic processes and different steady states.

6.4 Appendix. Coefficients in the bilaplace operator after transformation

The coefficients Cy, C3 and Cy in (6.4) are defined as:
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t, =2-1075 ty=3-1075 ty =4-1075 ty=1-10"4

ty =2-107* te =2.5-107% t; =3.5-1071 tg=1-1073

tg = 2 . 10_3 th - 3 . 10_3 tll - 6 . 10_3 t12 - 9 . 10_3

Figure 6.8. Snapshots of ¢ at different time instants (indicated in Figure
6.6(b)) at o = 1000, mobility f(¢) = ¢(1 — ¢) and mean initial condition
¢ = 0.63. The contour levels are equally spaced in [0, 1] and the colormap is
consistent with the contour levels 0(blue), 0.5(green), 1(red).

For 2-dimension case:

Co(u) = duy(Au), + duy (Au)y + (Au)? + 20, + 2ul, + 42, (6.40a)
C3(u) = 4(ug) s + 4(uy)*uy, + 2| Vul*Au + 8u,tuytiy,, (6.40Db)
Ciau) = ((ua)” + (1)*)". (6.40c)
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Figure 6.9. Time series of total energy plot at & = 200 and mobility f(¢) = 1
with different mean initial conditions as indicated.

For 3-dimension case:

Co(u) = 4Vu - V(Au) + (Au)® 4+ 2ul, + 2ul, + 202, + 4l + 4, + 4, (6.41a)
Cs(u) = 4(%)2um + 4(uy)2uyy + 4(uz)2uzz + 2\Vu|2Au + BUg Uy gy + BUyU Uy, + SUyUL Uy,

(6.41b)
Ca(u) = ((ua)® + (uy)® + (us)?)*. (6.41c)

6.5 Conclusion of this chapter

In this section, we continue to apply the positivity /bound preserving SAV scheme for the
four-order equation. Depending on specific problems, one can construct linear, decoupled
schemes with constant coefficients or variable coefficients and linear, coupled schemes with
variable coefficients. Those schemes are unconditionally stable and preserve positivity or
bound at the same time. Our numerical examples show that those schemes can be applied

to tough problems and both the functional transformation and SAV play an important role.
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Figure 6.10. Snapshots of ¢ at different time instants (indicated in Figure
6.9(a)) at a = 200, mobility f(¢) = 1 and mean initial condition ¢ = 0.63.
The iso-surfaces are plotted at ¢ = —0.1(blue), ¢ = 0(green) and ¢ = 0.1(red).
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Figure 6.11. Snapshots of ¢ at different time instants (indicated in Figure
6.9(b)) at @ = 200, mobility f(¢) = 1 and mean initial condition ¢ = 0.35.
The iso-surfaces are plotted at ¢ = —0.1(blue), ¢ = 0(green) and ¢ = 0.1(red).
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7. CONCLUDING REMARKS AND FUTURE WORKS

In this thesis, we construct a novel scalar auxiliary variable approach for general dissipative

systems. The new SAV approach enjoys lots of remarkable properties:

it only requires solving one linear system with constant coefficients at each time step,

which is half computational cost of the original SAV approach [1];

it is not limited to the gradient flows systems and it is applicable to general dissipative

systems;

e it is extendable to higher-order BDF type schemes with unconditional stability and

amenable to higher-order adaptive time stepping;

e it can be used to construct positivity/bound preserving schemes while keeps all the

advantages of new SAV approach.

The new SAV approach have the same computational cost as the usual IMEX schemes
while we can prove the unconditionally stability for not only the first- and second- order
scheme, but also the high order schemes. With the unconditionally stability, we prove the
rigorous error analysis for the Allen-Cahn, Cahn-Hilliard type equations and the Navier-
Stokes equation with periodic boundary condition. Undoubtedly, the similar ideas can be
applied to prove the error analysis for other general dissipative systems. Ample numerical
examples show that the new SAV approach have the same good performance as the usual
IMEX schemes for simple problems and the new SAV approach has better performance than
the usual IMEX problems in some extreme cases, see example 1 in chapter2, example 2 in
chapter3 and example 3 in chapter 5.

Following the works presented in this thesis, lots of relevant topics are worth investigating

in the future, including but not limited to:
o SAV approach on conserved systems;
 time adaptivity strategies on positivity /bound preserving SAV schemes;

o error analysis for the positivity /bound preserving SAV schemes;
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e SAV approach on non-dissipative/non-conserved systems.
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