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ABSTRACT

In this research, the use of a Type-2 superconducting material (i.e. Yttrium Barium

Copper Oxide) as a magnetic flux source within synchronous machines is considered. To do

so, an analytical model is applied to predict the magnetic field and the currents that are

induced within the material when it is magnetized to a mixed-state. These induced currents

are then used to model the synchronous machine performance within a 2-dimensional Method

of Moments (MoM) formulation. The MoM-based model is used in tandem with a thermal

equivalent circuit to calculate the cooling required to keep the YBCO below its critical

temperature. These are utilized within a genetic algorithm (GA) to evaluate the tradeoffs

between mass and loss for several example electric drives ranging from 10 kW-20 MW.

The expected mass and loss of the YBCO machines are compared to those of a standard

permanent magnet synchronous machine (PMSM). Specifically, Pareto-optimal fronts are

used to assess power levels where cryo-cooled YBCO materials may be warranted.
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1. YBCO BACKGROUND

1.1 Introduction to Superconductors

Superconducting materials were discovered over 100 years ago. They received their name

due to the fact that if the material is cooled below a critical temperature Tc, a state of zero

electrical resistance is achieved. This property has motivated their use in a wide range of

applications, from electrical conductors [ 1 ], [  2 ], motors and generators [  3 ]–[ 11 ], and magnetic

levitation [  12 ], [ 13 ]. However, one of the main obstacles of their application is that histor-

ically, the critical temperature required to achieve superconductivity was very low. As a

result liquid helium, which has a boiling point of 4.2 K [  14 ], had to be used in order to cool

the materials below their critical temperature.

This motivated the discovery of high-temperature superconductors (HTS) [  15 ]. A HTS

material with a higher critical temperature was discovered by researchers in [  16 ]. The mate-

rial was created using a compound composed of yttrium, barium, copper, and oxygen. This

Y-Ba-Cu-O compound, or YBCO, as it is commonly abbreviated, has a critical temperature

of 93 K. Its molecular chemical composition is Y Ba2Cu3O7−x, thus it is also sometimes

referred to as Y123. The significance of this material is that it can be cooled using liquid

nitrogen, which has a boiling point of 77 K. This property makes HTS like YBCO a popular

choice in many modern applications.

1.2 Properties of YBCO

One of the main properties of superconductors is that due to the Meissner effect, the

magnetic field B inside a material in a superconducting state is zero. This occurs because

when an external field is applied to the material in a superconductive state, electric current is

induced on its surface to produce an opposing field, resulting in all of the internal flux being

cancelled [  17 ]. Related to the Meissner effect, superconductors also have a critical field, Hc,

and a corresponding critical current Ic (or critical current density Jc) . The critical field Hc

is the maximum external field that can be applied to the material before it is no longer in a

superconducting state [  18 ]. A field higher than Hc would yield currents higher than can be
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produced within the superconductor. According to [  18 ], since this surface current cannot be

distinguished from a magnetic moment, superconductors are often represented as having a

negative magnetization.

All superconductors exhibit the Meissner effect, however superconducting materials are

typically categorized as Type I or Type II. Type I materials have a single critical field Hc that

is temperature dependent. Increasing the field above Hc returns the material to a normal,

non-superconducting state. However, Type II superconductors, of which YBCO belongs,

have two critical fields Hc1 and Hc2. Specifically, they exhibit the Meissner effect up until the

critical field Hc1. If the external field increases above Hc1, the material transitions to a mixed

or vortex state, where magnetic flux can begin to penetrate the superconductor. In [  19 ], it

is stated that if the field is increased above Hc1 then there are areas of the superconductor

with nonzero magnetic flux, and that these areas have induced currents circulating around

the flux lines. As the external field is further increased, more flux penetrates the material

and it transitions from a fully superconducting state to a normal state above Hc2.

Figure 1.1. Phase Diagram of Type I and Type II Superconductors

The general behaviors of Type I and Type II superconductors are shown in Figure  1.1 .

From this figure, it can be seen that the critical field in a superconductor decreases as the
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temperature increases. Both types have a superconducting state and a normal state. If the

material is below the critical temperature Tc and the external field is below Hc (Hc1 for Type

II superconductors), then the Meissner effect can be seen and the field inside the supercon-

ductor is zero. Above the critical temperature or critical field, the material does not display

superconductive behavior and the external field can pass through the material. However,

Type II superconductors also have the mixed state as a transition from a superconducting

state to the normal state. This occurs below the critical temperature and between the crit-

ical fields Hc1 and Hc2. In the mixed state, magnetic flux begins to enter the material and

continues until the upper critical field is reached and the material is no longer superconduct-

ing. The magnetization curves of ideal superconducting materials are shown in Figure  1.2 .

Since B = µ0(H + M), in the superconducting state M = −H in order to have B = 0 inside

the material. In Type I superconductors, after the applied field exceeds Hc, the material

enters a normal state, so M goes to zero. In the type II superconductor, once the applied

field is greater than Hc1, magnetic flux starts to enter the material and the magnitude of M

decreases until the applied field reaches Hc2 and the material enters the normal state.

Figure 1.2. Magnetization Curves of Ideal Type I and Type II Superconductors

In [ 19 ], Abrikosov determined that the sites within the superconductor where magnetic

flux penetrates (also called normal cores), occur periodically throughout the material. Due
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to the fact that currents circulate around these normal cores and the currents set up forces

to repel one another, the normal cores distribute to form a lattice. For an ideal Type II

superconductor, these normal cores are able to redistribute throughout the material and

form a regular lattice. However, in practical materials there are defects that cause the

magnetic flux to enter the material at fixed locations. This phenomenon is often referred to

as flux pinning. In [  20 ], Bardeen and Stephen show that for Type II superconductors in the

mixed state, these flux lines or vortices may become unpinned by transport currents. It is

also shown in [  20 ] that even in mostly pure materials, unpinned vortices moving throughout

the superconductor experience a viscous drag force that results in a nonzero resistance in

the material, which is undesirable. According to [ 21 ], AC loss occurs in a superconductor

in the presence of a varying magnetic field due to the movement of magnetic flux lines,

which results in resistive loss. However, this resistance is nonlinear, and the AC loss in a

superconductor is typically referred to as hysteresis loss.

Although for superconducting behavior, flux pinning is undesirable, it was recognized that

flux pinning can be utilized to create magnet-type properties. Specifically, once the pinning

sites are established, the currents that are present will remain (although change direction)

after the external field has been removed. For this reason YBCO has been considered for

use as a trapped field magnet (TFM). Indeed, in recent research it has been shown that very

high fields can be trapped in HTS materials. In 2003, Tomita and Murakami were able to

produce a YBCO TFM with a trapped field of 17.24 T at a temperature of 29 K [ 22 ]. In

2018, researchers improved upon this using stacks of HTS tape [  23 ]. These tapes consist

of multiple layers, and a large fraction of their volume is metallic, to improve mechanical

strength. They were able to trap 17.7 T at 8 K.

To utilize magnet-type behavior, Type II superconductors are often manufactured in a

manner that deliberately introduces inhomogeneities into the material to fix the magnetic

flux lines or vortices in place and prevent motion. There has been much research in the area

of improving the flux pinning ability of YBCO and other superconducting materials. In [ 24 ],

researchers were able to introduce non-superconducting compounds into the YBCO matrix

and were successful in introducing artificial pinning centers in the YBCO that increased the

critical current density over that of pure YBCO. In [  25 ], researchers attempted to introduce
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flux pinning sites by doping the YBCO with different atoms, using the same conditions as

used in making pure YBCO. However, they found that the doped YBCO only performed

as well or in some cases worse than pure YBCO. However, even in these materials, the

flux pinning sites can move, resulting in the decay of the trapped field with time. In [ 26 ],

Kim et al. showed a logarithmic decay of the trapped field. In [  23 ], after the stacks of

HTS tapes were magnetized, the creep rates were measured at different temperatures, and a

logarithmic decay was observed. It was observed that at low temperatures (8 K and 15 K)

the creep rate was minor, with a decrease of less than 0.1% of the original field in the first 30

minutes following magnetization. The creep rate was observed to increase with temperature.

Specifically the trapped field in a TFM at 77.4 K was observed to decay to nearly 90% of

its original field after just 1000 seconds. However, in [  27 ], it was shown that the creep rate

can be significantly reduced in TFM applications by reducing the temperature a few degrees

after magnetization. Thus, flux creep is not considered a significant issue in the application

of YBCO in this research.

1.3 Applications of YBCO

YBCO is used in a variety of applications as a superconductor. However, the material is

brittle and is difficult to produce as a single crystal, which shows the best superconducting

properties. Thus it is typically manufactured as part of a tape, in which a thin layer of YBCO

or other high temperature superconductor is used as a coating on a metallic substrate. An

example of such a coated conductor is SuperPower’s 2G HTS wire shown in  1.3 . The tape is

a flexible material that can be manufactured in long lengths. In [ 1 ], SuperPower developed a

tape with a thinner substrate layer and were able to produce tapes with higher critical current

densities with a total tape thickness of less than 0.1 mm. In this paper, HTS tapes with

widths of 2, 3, and 4 mm achieved critical currents (Ic) of 75, 110, and 144 A respectively,

at a temperature of 77 K with no external field applied.

Using HTS tapes similar to that shown in  1.3 , a 30 meter long 275 kV, 3 kA power cable

was developed in [  2 ]. The cable was made using two layers of YBCO tapes wrapped around

a stranded copper conductor surrounded by shielding and insulation layers and a cryostat
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Figure 1.3. SuperPower 2G HTS Wire. From http://www.superpower-
inc.com/content/2g-hts-wire.

pipe to maintain a temperature of 77 K in the conductor. With all of these layers, the cable

had a total diameter of 150 mm. The design targets for this cable were to have 3 times the

capacity and 1/4 to 1/5 of the loss (with cooling system included) of the conventional 275

kV power cables they were intended to replace. The critical current of the conductor layer

in this cable was 6440 A at 77 K. The normalized AC loss in the HTS tape layers at 3 kA

was 0.235 W/m and 0.124 W/m for conductors formed using 46 and 61 3 mm-width tapes

in parallel, respectively.

Another application of YBCO is in magnetic resonance imaging (MRI) systems. MRI

systems require a strong, uniform magnetic field of 1.5 T or higher [  28 ], over a large area

due to the need to provide imaging of the entire body. Due to these requirements, MRI

machines commonly use superconductors to generate the magnetic field. However, these

MRI magnets typically used low temperature superconductors (LTS), which have a very low

critical temperature and require large amounts of liquid helium to provide cooling. In 2015,

MRI systems accounted for 20% of helium usage worldwide, and in 2016 in the United States,

the helium usage due to MRIs was at 30% [ 29 ]. However, in [ 30 ] YBCO conductors were

used to create the coils to generate a 1.5 T field for a MRI system. The advantage of using
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YBCO is that it is a HTS and requires much less cooling. Therefore, in [  30 ] the magnet was

designed to be cooled by conduction using a cryocooler rather than using a liquid helium

refrigerant in the MRI system.

YBCO magnets have also been used in magnetic levitation (maglev) train systems. A

prototype maglev vehicle was developed in [ 12 ], consisting of four 1.5 meter wagons on a 200

meter-long track. Bulk YBCO was used in the vehicle and was placed above a permanent

magnet guideway to provide the levitation. In a static position, the YBCO provided 2000 N

of levitation force, and decreased a small amount after some time due to flux creep. However,

during a dynamic test with three degrees of movement (vertical, lateral, and rotational) the

levitation force was observed to decrease by a much larger amount. For the test conditions

used, while likely more extreme than would be seen in normal operation, it was estimated that

the levitation force of the maglev vehicle would decrease by 35% after one day of operation.

In [ 13 ], another maglev using YBCO magnets for levitation was designed. However, in this

design, rather than cooling the YBCO in the presence of the magnets (field-cooled or FC),

zero-field-cooling (ZFC) was used to cool the YBCO prior to being exposed to an external

field. In this experiment, ZFC YBCO magnets were used in an attempt to reduce loss

and therefore reduce the decay in levitation force. Using this method, the ZFC vehicle

was observed to have lower losses from oscillations in its movement and it showed higher

levitation forces.

Another popular application of YBCO is in electric machines, both as superconducting

coils and as trapped field magnets. In [  3 ] and [ 4 ], a 15 kW and 7.5 kW synchronous motor

respectively, were constructed using superconducting coils made from YBCO tape. In the

15 kW motor, the stationary field winding was used, but in the 7.5 kW motor, the YBCO

field coils were on the rotor. Several reluctance motors containing bulk YBCO material were

constructed and tested in [ 7 ]. A synchronous linear motor was developed in [ 8 ] using bulk

YBCO magnets in the secondary mover, which levitated over the stationary primary.

One of the main challenges of using YBCO TFMs is the magnetization process. There are

several ways of accomplishing this, including field cooling and zero-field cooling as previously

mentioned, as well as pulsed field magnetization, in which the TFM is activated by applying

the external field as a series of pulses. An axial flux motor with YBCO TFMs was constructed
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and tested in [  6 ] using both FC and ZFC techniques to activate the TFMs. The ZFC method

was observed to have better results, with nearly 5 times the torque as the FC method. A 450

kW axial flux motor was designed in [ 5 ] which used YBCO TFMs as well as superconducting

coils to magnetize the YBCO. A synchronous motor was tested in [  9 ] that used bulk YBCO

TFMs on the rotor as well as HTS coils in the stator. The rotor was magnetized using PFM

with 2 magnetizing coils separate from the stator. In [ 31 ], rectangular stacks of HTS tape

were used instead of bulk YBCO, and were magnetized using PFM to investigate their usage

in motors. Another radial flux motor using bulk YBCO TFMs was designed and tested in

[ 10 ]. Therein the researchers investigated different activation methods from both the existing

stator windings as well as from the rotor.

The use of YBCO in electric machinery will be considered in the following chapters.

Specifically, in Chapter 2 methods to model YBCO to support the design of electric ma-

chinery will be considered. Chapter 3 will discuss the construction of a thermal model that

will be used to evaluate the thermal performance of the machines and ensure the YBCO is

kept below its critical temperature. In Chapter 4, the YBCO models will be incorporated

within a design model used to evaluate the performance of permanent magnet synchronous

machines (PMSMs), and a multi-objective optimization is performed to find a set of optimal

designs at multiple power levels. These results are then compared with similar optimizations

for standard PMSMs to determine power levels where the use of YBCO within a synchronous

machine may be warranted.
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2. MODELING A YBCO-BASED MACHINE

In the previous chapter, some applications of YBCO were discussed, namely the use of YBCO

as a trapped field magnet in electric machinery. In these machines, bulk YBCO material was

used as TFMs in place of the permanent magnets that would typically be used in electric

motors. In Chapter 4 a multi-objective optimization will be considered for machines that

utilize YBCO TFMs. In this chapter a model will be derived that supports performance

evaluation of such machines.

2.1 Machine Geometry

The geometry of the machine that will be evaluated is shown in Figure  2.1 . The geometry

used for this machine is based on the design of a permanent magnet synchronous machine

(PMSM) in Chapter 9 of [ 32 ]. Figure  2.1 shows a surface-mounted PMSM that has been

modified to used TFMs in place of the permanent magnets. In the center of the machine

is the rotor shaft. Moving outward from the shaft is a magnetically inert region that acts

as a spacer between the shaft and the rotor backiron. Since the magnetic flux flows in the

backiron, this region does not need to be constructed of a magnetic material, so it can be

made of a lightweight non-magnetic material to reduce the mass of a machine. The rotor

backiron is constructed using magnetic steel and acts to direct the magnetic flux in the

tangential direction in the regions between the YBCO magnets.

Moving outward beyond the rotor backiron is a thermally conductive ring that acts as a

cryogenic cooling jacket. As discussed in the previous chapter, the YBCO material, which is

attached to the exterior of this cooling region, must be kept below its critical temperature

of 93 K to retain its superconducting properties. The cooling system and the thermal model

of the machine are explained in more detail in the next chapter. Continuing outward from

the YBCO is the air gap between the rotor and stator. The next region after the airgap is

the stator teeth and slots, and then the outer region of the machine is the stator backiron.

The stator teeth and backiron are made of a magnetic material to direct the magnetic flux.

Slots are cut out of the stator material between the teeth in which the conductors that make

up the windings are placed.
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Figure 2.1. Geometry of YBCO-Based Machine

This figure shows the input design parameters that are necessary to calculate the di-

mensions of the machine. They include: rrs, the rotor shaft radius, di, the depth of the

magnetically inert region, drb, the rotor backiron depth, dcp, the depth of the cooling plate,

dm, the depth of the TFM, g, the airgap, dtb, the depth of the tooth base, and dsb, the depth

of the stator backiron. Also shown are αpm and αt, which define the magnet and tooth

fractions, respectively. The magnet fraction αpm describes the angular fraction of one pole

that the magnet occupies, where P is the number of poles. Similarly, αt is the fraction of

one tooth/slot that is occupied by the tooth, where Ss is the number of stator slots.
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2.2 Electromagnetic Analysis Using 2D Method of Moments

The magnetic field analysis of this machine is performed using a two-dimensional Method

of Moments (MoM) formulation [  33 ]. The Method of Moments is a numerical method used

to solve electromagnetic field problems, similar to a Finite Element Analysis (FEA), with

the primary difference being that MoM is used to solve integral equations rather than the

differential equation form used as a basis for FEA. Typically, forming the system of equations

required to solve the MoM problem would require these integral equations to be evaluated

numerically. However, in [ 34 ] an analytical solution was found for the integral equation used

in a 2D Galerkin MoM formulation. This paper provides a closed form for the solution of

the tangential magnetic field along a line element due to a sheet current. These results were

used in [ 35 ] to develop a system of equations for a 2D Galerkin MoM formulation. This

system of equations expresses the total tangential magnetic field along an element due to

contributions from free current sources as well as the magnetization of other elements.

2.2.1 MoM System of Equations

In [  33 ] these results are extended to be used in the analysis of electric machines. In

this paper the previous system of equations is used with the addition of the contribution of

permanent magnet sources to the total magnetic field. The system of equations for the total

tangential field in all of the elements is written in matrix form as

Btan,tot = fBMMtan + fBIf If + fBIPMIPM (2.1)

The total magnetic field can also be written as

B = µ0(H + M) = µ0(1 + χ)H = µ0µrH (2.2)
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using the relation M = χH where µr = 1 + χ. Using ( 2.2 ), the total tangential magnetic

field in element j can also be written as

Btan,tot(j) = µ0µr,j

µr,j − 1Mtan(j) (2.3)

or in matrix form,

Btan,tot = fBtotMMtan (2.4)

Equating (  2.1 ) and ( 2.4 ), Btan,tot can be eliminated and the system of equations is

rearranged and written as

[fBtotM − fBM] Mtan = fBIf If + fBIPMIPM (2.5)

where Mtan is an N ×1 vector of the unknown tangential magnetizations of each element, If

is an Nf × 1 vector of free current sources from the stator windings, and IPM is an NP M × 1

vector of permanent magnet sources. For the analysis of a PMSM or another machine with

permanent magnets, a magnet magnetized in the radial direction is represented by sheet

current sources placed along the magnet sides. In [  33 ], these permanent magnet sources

were determined to be:

IPM = −Br

µ0µr,rec

lP M (2.6)

where Br is the residual flux density of the magnet, µr,rec is its relative permeability, and

lP M is the side length of the magnet. However, in this machine TFMs are used rather than

permanent magnets, so this term must be modified in a YBCO-based machine. A method

for calculating the current sources in a TFM is discussed in Section  2.3 . The system of

equations used for the analysis of the YBCO machine is the same as (  2.5 ), except fBIPM and

IPM are replaced by the matrices fBITFM and ITFM.

A single pole of the mesh used in the MoM analysis of a PMSM machine is shown in

Figure  2.2 . In the MoM analysis, only the active material is meshed. Thus, it can be seen

here that only the rotor and stator steel and the permanent magnet material are included

in the mesh. Also, for MoM analysis where the materials are magnetically linear, only the
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Figure 2.2. Mesh of PMSM used in MoM analysis

surface of the material is meshed [ 33 ]. These mesh elements are shown by the black line

segments and the points are nodes between elements. The current sheets for the permanent

magnet source are shown by the two red lines. The free current sources from the stator

windings are shown in each of the stator slots. They are represented by a single point

current source located at the center of each slot.

2.2.2 Constructing MoM Matrices

As can be seen from (  2.3 ) and (  2.4 ), fBtotM is an N × N diagonal matrix relating the

magnetic field in each element to its magnetization, and its entries are calculated as

fBtotM(i, i) = µ0µr,i

µr,i − 1 (2.7)
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In order to calculate fBM, it is first divided into two N × N square matrices such that

fBM = fBIfIM. The matrix fIM is a diagonal matrix relating the magnetization of each

element to its bound current with Ib = fIMMtan. The diagonal entries of this matrix are

fIM(i, i) = −li, where li is the length of the line element. The fBI matrix relates the magnetic

field in element j due to a bound sheet current in element i, and fBIPM is calculated in the

same manner. Similarly, fBIf relates the magnetic field in element j due to a current source

i, where the current source is a filament rather than a sheet. These matrices are given in

[ 33 ] using the closed-form solutions to the integration over the observation element that were

derived in [ 34 ] and are repeated below.

For an observation element j with endpoints (x1,j, y1,j) and (x2,j, y2,j) and a filamentary

current source i located at (xIf
, yIf

):

fBIf (j, i) = µ0

2πlj

tan−1

x′
2,j − x′

If

y′
If

− tan−1

−x′
If

y′
If

 (2.8)

where the coordinates have been transform to the observation reference frame as indicated

by the prime notation. This geometry is shown in Figure  2.3 (a). In the case that the source

is a sheet current as in Figure  2.3 (b), the elements of the fBI matrix are computed by:

fBI(j, i) = − µ0

2πl2l2
1



l1 · l2 atan2∗(l5 ×2 l6, l5 · l6)

+l1 · l3 atan2∗(l5 ×2 l3, l5 · l3)

+l1 · l4 atan2∗(l4 ×2 l6, l4 · l6)

+l1 ×2 l2 ln∗(l6/l5)

+l1 ×2 l3 ln∗(l3/l5)

+l1 ×2 l4 ln∗(l6/l4)



(2.9)
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where the vectors l1 and l2 are the source and observation elements, respectively, and l3 − l6

are the vectors formed between their endpoints. The ×2 operator is a 2D cross product and

the starred operators are defined as

atan2∗(α, β) =


π

2 α = β = 0

atan2(α, β) else


ln∗(α) =

 0 α = 0, α → ∞

ln(α) else


(2.10)

Figure 2.3. Geometry used in the calculation of fBIf and fBI matrix entries

2.2.3 Postprocessing

In addition to solving for the magnetic field in the mesh elements used in the MoM

analysis, there are several other quantities of interest that are desired in order to analyze a

particular design. Two examples are the inductances and electromagnetic torque. Methods to

calculate these quantities using the the MoM analysis have been developed and are discussed

in this section.
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Inductance Calculations

The inductances of the windings are desired in order to evaluate the performance of the

machine. In [ 36 ], a method to calculate inductances using 2D MoM was derived. This method

calculates the partial inductance between two sheet currents or two filamentary currents.

This method was extended for use in calculating the inductances in electric machines in

[ 37 ]. In electric machines there are commonly three types of partial inductance calculations:

partial mutual inductance between a sheet current and a filamentary current, partial self

inductance of a filamentary current, and the partial mutual inductance between filamentary

currents. The first case is between a bound sheet current and a conductor, and the sheet to

filament partial inductance is given in [ 37 ] as

Lpm·| = − µ0

4πw2



(xL
22 − xL

1 )ln
(
(xL

22 − xL
1 )2 + (yL

1 )2
)

+2yL
1 tan−1

(
xL

22 − xL
1

yL
1

)
−(xL

21 − xL
1 )ln

(
(xL

21 − xL
1 )2 + (yL

1 )2
)

−2yL
1 tan−1

(
xL

21 − xL
1

yL
1

)


(2.11)

where the L superscript refers to an alternate reference frame that was used to simplify the

calculation. In this reference frame the filament located at (x1, y1) is a point on the y-axis,

and the sheet with endpoints at (x21, y21) and (x22, y22) is located along the x-axis. The

partial self and mutual inductances between filaments are given by

Lps· = µ0

8π
− µ0

2π
ln(rw) (2.12)

Lpm·· = − µ0

2π
ln(d) (2.13)

respectively, where rw is the conductor radius and d is the distance between the two filaments.

In (2.11)-(2.13), the pm and ps subscripts refer to a partial mutual or partial self inductance,

respectively. The · and | subscripts denote a filamentary element and a sheet element,

respectively.
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Using these expressions, the inductances in an electric machine can be calculated using the

partial inductances between all of the current sources in the MoM analysis. This method is

then applied in [  37 ] to calculate the inductances in a 3-phase electric machine with distributed

windings. In a distributed winding the conductors are grouped into multiple coils and the

winding is distributed over several slots rather than being concentrated in one spot. For the

inductance calculations, the conductors for different phases are kept separate, but all of the

conductors in a slot that are part of the same winding are represented as a single filament.

In order to determine the inductance Lasas, the a-phase winding is excited with no current

in the phase b and c windings, and then the total flux linking all of the a-phase coils is

calculated. Then Lasas can be calculated by Lasas = λas/ias.

The flux linking the first coil, as1, has contributions from all of the bound sheet currents

as well as all of the free currents in the other a-phase conductors. In this calculation a

free space inductance is used, which was defined as the inductance calculated from the flux

linkage due to a single current element, with all of the other free and bound currents set to

zero. The contribution from bound currents is given by

Lfs
as,b(i) = Lpm·|(xL1

21 , xL1
22 , xL1

1 , yL1
1 ) − Lpm·|(xL2

21 , xL2
22 , xL2

1 , yL2
1 ) (2.14)

for each of the bound currents i = 1...N . The L1 superscript indicates the reference frame of

the current sheet and the as1′ side of the coil (coil current into page), and the L2 superscript

indicates the reference frame of the current sheet and the as1 side of the coil (coil current

out of page). The contributions from free current sources are calculated using

Lfs
as,f (j)



Lpm··(das1′) − Lpm··(das1) ∀j 6= jas1′ , jas1

Lps·(rw) − Lpm··(das1′) j = jas1′

Lpm··(das1) − Lps·(rw) j = jas1

(2.15)

for each free current j = 1...Nf . In this equation das1′ and das1 are the distances from the

free current to the respective coil side.
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From the above two equations the total flux linking the coil is

λas1 = Nas1

([
Lfs

as,b

]T
Ib +

[
Lfs

as,f

]T
If

)
(2.16)

where Nas1 is the number of turns in the as1 coil and Ib and If are the vectors of all of the

bound and free currents. The total flux linkage for the a-phase winding in the first pole of

the machine is the sum of the flux linking all of the a-phase coils in pole 1. Then the total

a-phase flux linkage in a P-pole machine is

λas = P

2 λas,P =1 (2.17)

This process can be repeated to calculate Lasbs by exciting only winding b and calculating

λas. Once Lasas and Lasbs are known, all of the self and mutual inductances in the machine

can be found by applying appropriate phase shifts.

Torque Calculations

Another quantity of interest in the design of this machine is the electromagnetic torque.

A MoM torque calculation was derived in [ 38 ] for the contributions to the torque between

individual MoM elements and current sources. In this paper, the Lorentz force F = I × B is

computed and then the torque is calculated as Te = r × I × B, where r is the radius from

the origin to the observation element. The geometry used for the torque on a line element by

a point source is provided in Figure  2.4 . The contribution to the total torque due to these

two elements is given by

T|· =µ0I1I2

2πl2



 xa cos(φ2)

+ya sin(φ2)

 atan2

l4 ×2 l6,

l4 · l6)


−xa sin(φ2)

+ya cos(φ2)

 log
(

l6
l4

)


. (2.18)

In this equation, I1 and I2 are the currents in the source and observation elements,

respectively, and φi is the angle that the corresponding vector li makes with the x-axis. The
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other type of torque contribution that exists in the PMSM and the YBCO-based machine

is the torque on a line element from another line element source. The geometry for this

calculation is the same that was used to compute the entries of fBI as shown in Figure

 2.3 (b). In this equation la − ld are the lengths of the vectors from the origin to each of the

points a-d shown in the figure.

T|| = −µ0I1I2

4πl2
1l2

2



 l1l2l2lc cos(φ1+φ2−φ2−φc)

+l1l2l2ld cos(φ1+φ2−φ2−φd)

 atan2

l5 ×2 l6,

l5 · l6


+

 l1l2l3lc cos(φ1+φ2−φ3−φc)

+l1l2l3la cos(φ1+φ2−φ3−φa)

 atan2

l5 ×2 l3,

l5 · l3


+

 l1l2l4lc cos(φ1+φ2−φ4−φc)

+l1l2l4lb cos(φ1+φ2−φ4−φb)

 atan2

l4 ×2 l6,

l4 · l6


−

 l1l2l2lc sin(φ1+φ2−φ2−φc)

+l1l2l2ld sin(φ1+φ2−φ2−φd)

 log
(

l6
l5

)

−

 l1l2l3lc sin(φ1+φ2−φ3−φc)

+l1l2l3la sin(φ1+φ2−φ3−φa)

 log
(

l3
l5

)

−

 l1l2l4lc sin(φ1+φ2−φ4−φc)

+l1l2l4lb sin(φ1+φ2−φ4−φb)

 log
(

l6
l4

)



(2.19)

Figure 2.4. Geometry used to calculate torque on line element by point source
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As in the inductance calculations, the · and | subscripts refer to the contribution to

the electromagnetic torque due to the interaction between filamentary currents and sheet

currents. The total torque can be calculated for the machine using (  2.18 ) and (  2.19 ). The

individual torque contributions are computed and summed for all of the interactions between

stator current sources and rotor observation elements. In both the PMSM and the YBCO

machine, there are 4 types of contributions to the total torque calculation: bound sheet

currents in stator elements acting on both bound currents of the rotor steel and the bound

currents in the magnet in the rotor, and stator free current (point) sources acting on the

bound currents of the rotor steel and and magnets.

2.3 Calculating Currents in TFM

In order to represent the YBCO TFM within the MoM analysis, the currents induced in

the material must first be calculated. In the previous chapter it was described how trapped

field magnets are formed when a field greater than Hc1 is applied to the YBCO. At this

level magnetic flux begins to enter the puck and once the external field is removed some

flux can remain trapped in the material at pinning sites. Since this behavior occurs on the

microscopic level, it would be difficult to model efficiently throughout the entire TFM. In

[ 39 ] and [  40 ], Bean developed a theory to model the superconductor on a macroscopic level.

In this theory he assumes that an applied field will induce a current with a critical current

density Jc in the YBCO that flows up to a penetration depth ∆ from the outer edge. In this

macroscopic model, it is assumed that any applied field will cause currents to be induced

and the material will be in the mixed state. In other words, Hc1 = 0 in the model given

by Bean in [ 40 ]. As the applied field increases, the penetration depth from the outer edge

increases and the induced current flows in a larger portion of the superconductor. At a

field of H∗, this current flows throughout the entire volume. If a field is applied and then

subsequently removed, then it will experience an electromotive force in the opposite direction

as the initially applied field and the currents will reverse direction.

The behavior of the Bean model for an external field applied to a superconducting cylinder

is shown in Figure  2.5 . The local field and current density in the cylinder is shown in the
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Figure 2.5. Plots of fields and current density according to the Bean model

upper two plots, Figure  2.5 (a) and (b), respectively. From these two plots it can be seen

that as the field is increased from 0, a current is induced starting from the outside edge of

the material, and as the field increases the penetration depth increases and the current flows

in a larger volume in the material. When the applied field reaches H∗, the critical current

density flows throughout the entire volume, so if the external field is further increased, the

current density distribution remains the same. The bottom two plots show the resulting field

and current density as the applied field is reduced from 2H∗ to 0. As the field is removed the
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surface currents reverse direction, and the critical current density still flows throughout the

entire volume (in the opposite direction as  2.5 (b)) with no applied field, as shown in  2.5 (d).

This results in magnetic flux becoming trapped in the material as shown in  2.5 (c).

The above model proposed by Bean applies to long cylinders (height � diameter) and

thin slabs (height � width). In many TFM applications YBCO pucks with varying geome-

tries and depths are used, and therefore the model must be modified to accommodate for

these different cases. In [  41 ], Theuss et al. modeled a superconducting cylindrical film using

concentric current loops. Using the Biot-Savart law, the contribution to the total field can

be calculated and then the total field is the sum of the contributions of each current loop. In

[ 42 ], Forkl investigated the field distribution of thin films. Using the previously mentioned

method, a model of the B field could be fitted to experimental data and then the current

density distribution required to produce this field was calculated. Analytical models of the

field and current density distribution in thin films are given for a superconducting bar with a

rectangular cross section for the case where the critical current density has fully penetrated

the sample. Brandt et al. developed an analytical model for the flux density and current

distribution within a thin film in a partially penetrated state in [ 43 ].

Brandt extended this model to superconducting bars of finite thickness with rectangular

cross sections in [  44 ]. This model is of most interest in this research, because it most closely

represents the shape of the TFMs used in this YBCO-based machine. For a rectangular bar

with a width of 2a and height 2b, the penetration field Hp (H∗ in the Bean model), at which

the magnetic flux penetrates the entire volume of the superconductor, is given by

Hp = Jc
b

π

[
2a

b
arctan b

a
+ ln

(
1 + a2

b2

)]
(2.20)

and the sheet current density is

Js(x) =


2Jcd

π
arctan

(a2 − x2
0

x2
0 − x2

)1/2
x

a

 0 ≤ x ≤ x0

Jcd x0 ≤ x ≤ a

(2.21)
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In the above equation d = 2b is the height of the bar and x0 = a/cosh(πHa/Jcd) is the

position along the x-axis at y=0, where magnetic flux has penetrated into the bar from the

outer edge. Brandt defines this sheet current density Js(x) as

Js(x) =
∫ b

−b
J(x, y)dy (2.22)

Figure 2.6. Computed Flux Fronts in Rectangular Superconducting Bar

The flux fronts calculated from this model are shown for different levels of applied field

Ha for several geometries in Figure  2.6 . From top to bottom, the superconducting slabs

shown have height to width ratios of 0.05, 0.1, and 0.2. The plotted lines represent the

portion of the material that magnetic flux has entered, and the inner region has no current

flowing and B = 0 in this region. The outer portion of the bar has a current density of Jc.

From these plots it can be seen that this analytical model is most accurate for thin strips.

For an applied field equal to the calculated penetration field using (  2.20 ), the model does
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not predict that the critical current will flow throughout the entire bar. However, as long

as the TFM being modeled is not too thick, this analytical model is assumed to provide a

good approximation of the current distribution.

Figure 2.7. Normalized Current Density in Rectangular Superconducting Bar

The calculated current density distribution for these three bars is shown in Figure  2.7 .

The current distribution shown here is a sheet current density as shown by (  2.21 ). In this

calculation J(x, y) is either Jc or 0. For x ≥ x0 the critical current density flows throughout

the entire height of the bar, so the sheet current density is Jc. Moving toward the center

of the bar, this model assumes that the critical current density is only present at the upper

and lower surfaces of the bar as shown in Figure  2.6 . As a result, the sheet current density,

which is an average of J(x, y) over the bar’s height, decreases from Jc at x = x0 to zero at

the bar’s center (x = 0).
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Although the analytical method described above offers a fast solution to approximate the

current density distribution in superconductors, its downside is that it only applies to simple

geometries. As a result, numerical methods are often used to model superconductors instead.

In the Bean model, it is assumed that if an external field is applied to the superconductor

that a critical current density Jc flows in regions of the superconductor that the field has

penetrated. This can be summarized using the E-J relationship that the current density is

±Jc at locations where the electric field is nonzero within the material. Some models use a

power-law relationship where E is proportional to Jn with n � 1. Using this E-J relationship

in superconductors, along with the electric field induced in the superconductor the current

distribution was solved numerically inside a superconductor in [  45 ]. A finite element method

was used in [  46 ] to solve Poisson’s equation and calculate the currents that would be induced

within the superconductor due to an external field.

In [  47 ], a algorithm was developed by Coombs et al. to iteratively calculate the currents

in a superconductor. For a two-dimensional problem, the cross section is first divided into

individual elements. The magnetic vector potential is calculated and then a current density

Jc is induced in the element with the maximum magnetic vector potential, and −Jc in the

element where A is minimum. Then A is recalculated with the addition of these induced

currents and the process repeats until the end solution is achieved. This algorithm can also

be used for three-dimensional problems with simple geometries, such as a cylindrical puck,

since the current can be assumed to flow in circular loops.

Another method for calculating the current distribution and trapped field in TFMs is

presented by Davey et al. in [ 48 ] and [  49 ]. In this method a disk-shaped TFM is split into

cells, each of which is capable of carrying a critical current ic = Jc · A, where A is the cross-

sectional area of the cell. Then using the mutual inductance coupling between cells, and from

the source coil to the cells, the currents in each of these cells is calculated, and the critical

current ic is placed in the cell with the maximum current greater than ic. This is repeated

until all of the cells have the critical current flowing in them or none of the remaining cells

have calculated currents greater than ic.

In this research, the TFM analysis is to be used in an optimization with a genetic algo-

rithm. It is expected that a large number of design candidates will be evaluated over many
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generations. It is common for hundreds of thousands of designs to evaluated over the course

of the optimization. Therefore, the analytical model presented by Brandt in (  2.20 ) and (  2.21 )

was used since this model can provide a reasonable estimate of the current distribution in the

TFM with only a few straightforward calculations. Also, since the TFMs that will be used

in this analysis will have trapped fields of a few Tesla, it can be assumed that the TFMs are

fully activated and have the maximum achievable trapped field. In the case that the TFM

is fully activated the critical current density has penetrated the entire sample so the current

distributions calculated by the different models are not assumed to differ significantly.

As previously mentioned, the TFMs used in this analysis are assumed to have fields of

several Tesla trapped, so it may be assumed that the applied field Ha is greater than the

penetration field Hp. Therefore, for this TFM analysis it was assumed that the applied

field would be sufficiently large that the current distribution in the YBCO after this field

is removed follows the solid line in Figure  2.7 corresponding to Ha/Hp = 1. According to

the Bean model as illustrated in Figure  2.5 , this would require an applied field of twice the

trapped field. However, others have since shown that the peak trapped field can be achieved

with considerably lower applied fields [ 50 ].

In [ 51 ], the authors were successfully able to produce 53 YBCO TFMs with an average

trapped field of 2.04 T at a temperature of 77 K. The TFMs used were cylindrical pucks with

a 20 mm diameter and a height of 8 mm. In order to compare the results of the analytical

2-dimensional model with experimental results, a TFM with the same cross-section was

represented using the 2D MoM, recognizing the fact that the rectangular shape used in

the MoM analysis will yield different results than the cylindrical puck. For implementation

within the 2D MoM analysis, the TFM was represented as sheet current elements distributed

throughout the material. The placement of the sheet currents throughout the puck is shown

in Figure  2.8 . For this example the TFM was represented using 16 current loops, or 32

current sheets, with the direction of current along these elements either into or out of the

page (±z direction).

Using Brandt’s model, (  2.21 ) was used to calculate the current density distribution

throughout the width of the YBCO TFM, assuming Ha/Hp = 1. Then from this continuous

current distribution, a sheet current density was assigned to each sheet current element by
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averaging the current density over each region and multiplying by its width. The current

density distribution was initially calculated with Jc = 1 A/m2, and then the field at the

surface of the TFM was calculated. The maximum of this trapped field was found and then

scaled in order to achieve the desired trapped field in the TFM (2 T in this example). This

was then used to determine Jc and the magnitude of the sheet currents required to produce

the desired field. The sheet currents are calculated by integrating the volume current density

distribution in the puck over the width of each region containing a current sheet. The sheet

currents that were calculated for this example are plotted on the right axis in Figure  2.8 .

Figure 2.8. Placement of current sheets in TFM

The resulting field from this current distribution is shown in Figure  2.9 . The B shown is

the field in the y-direction, calculated at the TFM surface (y = 4 mm). The critical current

does not flow throughout the entire volume when using ( 2.20 ) and (  2.21 ), as can be seen in

Figure  2.7 . The resulting field does not exactly match that predicted by the Bean model

as shown in Figure  2.5 (c), but rather has a more rounded peak. However, Figure 9 in [  51 ]

shows a 3D plot of the field measured from one of the TFM samples in this production run.
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Figure 2.9. Calculated field at surface of 2 T TFM

It can be seen that the field calculated using the analytical model in the 2D MoM produces

a reasonable match to the experimental results in [ 51 ].

The calculated critical current density required to produce this 2 T TFM is 63.4 kA/cm2.

However, in [ 50 ], these authors performed experiments on pulsed activation of the TFM

using the same puck geometry. In this paper they report critical current densities around

50 kA/cm2 for pucks of the same geometry as those used in [ 51 ] with a maximum trapped

field around 2.2 T. The difference seen in using the Brandt model is likely due to the fact

that in the 2D MoM representation, it is assumed the current flows in infinitely long sheets

as opposed to circular loops likely encountered in the experimental YBCO pucks. In [ 50 ]

the authors produced a TFM with a trapped field of 2.75 T at its surface. However, they

estimated that only 88% of the maximum flux was trapped and if the puck was to be fully

activated they calculated a trapped field of 3.13 T at the surface. To accomplish a 3 T

TFM using the same geometry and activation level as shown in Figure  2.9 , the calculated

critical density would also increase by a factor of 50% to about 95 kA/cm2, which is roughly
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double the maximum critical current density reported by these authors. As was previously

mentioned, the 2D MoM representation may require a larger current to produce the same

field in the cylindrical puck. However, increasing the diameter of the puck could result in

the same trapped field at a lower Jc. Specifically, by doubling the diameter from 20 mm

to 40 mm, the critical current density required to achieve a peak trapped field of 3 T was

calculated to be 58.7 kA/cm2 using the MoM analysis. Such a TFM would require a critical

current density of about 62% that of its 2 cm diameter counterpart in order to achieve a

trapped field of 3 T.
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3. THERMAL ANALYSIS

As discussed in the previous chapters, it is necessary to keep the YBCO below its critical

temperature in order for it to be in the mixed state. In the previous chapter, the TFM

analysis and the results that were referenced were achieved by maintaining the temperature

of the YBCO around liquid nitrogen temperatures of 77 K. Therefore, in order to ensure

that the YBCO performs as shown in Section  2.3 , its temperature must be held to at most

77 K. As a result, a thermal analysis of the machine must be included as part of the design

process to monitor the temperature of the YBCO as well as other areas of the machine to

ensure that overheating does not occur.

The use of Thermal Equivalent Circuits (TECs) to perform thermal analysis is discussed

in Chapter 10 of [  32 ]. Herein the equations of heat flow in a material that are used to develop

a thermal model in [  32 ] are reviewed. Then, the TEC elements developed therein are used

to construct a thermal model of the machine whose cross-section was shown in Figure  2.1 .

3.1 Heat Flow in a Material

The heat flow in a material is given by Fourier’s law:

Q′′ = −
(

kx
∂T

∂x
ax + ky

∂T

∂y
ay + kz

∂T

∂z
az

)
(3.1)

where Q′′ is the heat flux or the heat transfer rate per unit area (W/m2), k is the thermal

conductivity of the material (W/m·K), and ∇T is the temperature gradient (K/m). Then

the heat transfer rate in Watts through a surface Γ is

Q̇Γ =
∫

SΓ
Q′′ · dS. (3.2)

This heat transfer rate is used to describe the rate of change of energy within the material.

The energy density (J/m3) of a material is given by e = cρT , where c is its specific heat

capacity (J/kg·K), ρ is the density (kg/m3), and T is the temperature in K. This quantity
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Figure 3.1. Cuboid element used in thermal energy calculations

is integrated over the volume of the material VΩ to obtain the total thermal energy EΩ.

Integrating the entire equation for the energy density yields

EΩ = CΩ〈TΩ〉 (3.3)

where 〈TΩ〉 is the spatially averaged temperature over the entire region defined by

〈TΩ〉 = 1
VΩ

∫
VΩ

TΩdV (3.4)

and CΩ is the thermal capacitance of the material in J/K.

The rate of change of thermal energy in a cube with dimensions ∆x × ∆y × ∆z shown

in Figure  3.1 can be expressed as the sum of the power dissipated within the cube and the

heat transfer rates through its six sides:

dE

dt
= P + Q̇x(x) − Q̇x(x + ∆x) + Q̇y(y) − Q̇y(y + ∆y) + Q̇z(z) − Q̇z(z + ∆z) (3.5)
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For a sufficiently small cube, the thermal energy density and the power dissipation density

can be assumed constant throughout the volume, in which case the previous equation is

rewritten as
∆x∆y∆z

de

dt
=∆x∆y∆zp

+ Q̇x(x) − Q̇x(x + ∆x)

+ Q̇y(y) − Q̇y(y + ∆y)

+ Q̇z(z) − Q̇z(z + ∆z)

(3.6)

Using (  3.1 ) and (  3.2 ), the heat transfer rates can be rewritten as the integral of the

temperature gradient across the respective sides of the cube. For the heat transfer rate in

the x direction, this is

Q̇x(x) − Q̇x(x + ∆x) = kx

∫
Sx

∂T (x + ∆x, y, z)
∂x

− ∂T (x, y, z)
∂x

dS (3.7)

Again assuming small ∆x, ∆y, and ∆z,

Q̇x(x) − Q̇x(x + ∆x) = kx

∫
Sx

∆x
∂2T (x, y, z)

∂x2 dS = kx∆x∆y∆z
∂2T (x, y, z)

∂x2 (3.8)

Repeating for the heat transfer rates in the remaining two directions,( 3.6 ) is rewritten as

de

dt
= p + kx

∂2T

∂x2 + ky
∂2T

∂y2 + kz
∂2T

∂z2 (3.9)

3.2 Developing TEC Elements

Equation ( 3.9 ) was then used used to develop thermal equivalent circuits for regions

of several different shapes in [  32 ]. For a cuboidal region with dimensions 0 ≤ x ≤ lΩx ,

0 ≤ y ≤ lΩy , and 0 ≤ z ≤ lΩz , the temperature is assumed to satisfy

TΩ = c2xx2 + c1xx + c2yy2 + c1yy + c2zz2 + c1zz + c0 (3.10)
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and the flow of heat is independent in all 3 directions. Taking the spatial average of this

temperature distribution across the entire region yields

〈TΩ〉 = 1
3c2xl2

Ωx + 1
2c1xlΩx + 1

3c2yl2
Ωy + 1

2c1ylΩy + 1
3c2zl2

Ωz + 1
2c1zlΩz + c0 (3.11)

Taking the spatial average of the temperature at its sides x = 0 and x = lΩx and

comparing to ( 3.10 ) yields the following:

〈TΩ0x〉 = 〈TΩ〉 − 1
3c2xl2

Ωx − 1
2c1xlΩx (3.12)

〈TΩlx〉 = 〈TΩ〉 + 2
3c2xl2

Ωx + 1
2c1xlΩx (3.13)

Differentiating the assumed temperature distribution with respect to x yields

∂TΩ

∂x
= 2c2xx + c1x (3.14)

and then using (  3.1 ) and (  3.2 ) at x = 0 and x = lΩx, respectively, expressions for the heat

transfer rates in the x direction at the two faces, Q̇Ω0x and Q̇Ωlx, can be found. These are

then used to solve for the two coefficients c2x and c1x. Finally, the following equations are

obtained:

〈TΩ0x〉 = TΩcx + RΩxQ̇Ω0x (3.15)

〈TΩlx〉 = TΩcx − RΩxQ̇Ωlx (3.16)

TΩcx = 〈TΩ〉 − 1
3RΩx(Q̇Ω0x − Q̇Ωlx) (3.17)

where RΩx is the thermal resistance of the material in the x-direction, defined as

RΩx = lΩx

2kΩxSΩx

(3.18)
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Figure 3.2. TEC of Cuboidal Region

and where SΩx is the surface area of the x = 0 or x = lΩx face of the cuboidal region.

Repeating for the remaining directions yields identical equations for the average temperature

of each face. Assembling together, the steady state temperature distribution is be found in

the element. The transient behavior can be incorporated after taking the spatial average of

the energy density in (  3.9 ) and multiplying by the volume, which yields the following result:

d〈TΩ〉
dt

= 1
CΩ

(PΩ + Q̇Ω0x − Q̇Ωlx + Q̇Ω0y − Q̇Ωly + Q̇Ω0z − Q̇Ωlz) (3.19)

Using (3.15) - (3.18) along with the corresponding equations for the heat flow in the y and

z directions and (3.19), the cuboidal TEC element shown in Figure  3.2 was formed in [  32 ]. As

can be seen in this figure, the heat flow in the element is modeled using analogous electrical

circuit elements, where the resistances represent the thermal resistance of the element in

each direction, and the capacitor represents the thermal capacitance and transient behavior

of the element. Using this model, the heat flow and temperatures can be found in the element

using electrical circuit analysis techniques. It is worth noting that while the temperatures at
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the outer nodes correspond to the mean temperatures of each face of the element, the three

central nodes are artificial nodes, and therefore the node temperatures TΩcx, TΩcy, and TΩcz

are not real temperatures within the element.

Figure 3.3. TEC of Cylindrical Region

A TEC model for a cylindrical region was also derived using a similar derivation as the

cuboidal TEC above and is shown in Figure  3.3 . This element represents a hollow cylinder

extending from an inner radius ri to an outer radius ro over the angle θ, with an axial length

lz. In this element, the heat is assumed to flow in either the radial or axial directions. The

equations for the axial heat flow and thermal resistance are the same as in the cuboidal

element. The heat flow in the radial direction is given by the following equations:

〈TΩir〉 = TΩcr + RΩirQ̇Ωir (3.20)

〈TΩor〉 = 〈TΩ〉 + RΩtr(Q̇Ωir − Q̇Ωor) − RΩorQ̇Ωor (3.21)

TΩcr = 〈TΩ〉 + RΩtr(Q̇Ωir − Q̇Ωor) (3.22)

43



where the thermal resistances are defined using

RΩir = 1
2kΩrθΩrlΩz

(
2r2

Ωo

r2
Ωi − r2

Ωo

ln
(

rΩo

rΩi

)
− 1

)
(3.23)

RΩor = 1
2kΩrθΩrlΩz

(
1 − 2r2

Ωi

r2
Ωi − r2

Ωo

ln
(

rΩo

rΩi

))
(3.24)

RΩtr = − 1
4kΩrθΩr(r2

Ωo − r2
Ωi)lΩz

(
r2

Ωi + r2
Ωo − 4r2

Ωir
2
Ωo

r2
Ωo − r2

Ωi

ln
(

rΩo

rΩi

))
(3.25)

As with the cuboidal element, this TEC element can be used to solve the node temper-

atures and heat flow in the element. As before, TΩcr and TΩcz are the temperatures at the

artificial central nodes and do not correspond to real temperatures within the element.

3.3 TEC of YBCO Machine

Using the two TEC elements that were discussed in the previous section, a thermal model

was developed for the YBCO-based machine introduced in Chapter 2. Using cylindrical and

cuboidal TEC elements a thermal equivalent circuit model was developed for a section of

the machine using the Thermal Equivalent Toolbox [ 52 ] as shown in Figure  3.4 . Due to the

radial symmetry, the flow of heat is also assumed to have symmetry, so only a small sector

of the cross section of the machine was represented in the thermal model. The TEC spans

a section of the machine with an angle of π/Ss, or half of one stator tooth and half of one

slot, and extends to the length of the machine in the axial direction.

The TEC that was formed for this machine is shown in Figure  3.5 . Beginning at the

center of the machine is the rotor shaft, which is represented by the cylindrical element A.

It has an inner radius of 0 and outer radius rrs. The rotor and stator elements extend to the

active length of the machine l in the axial direction. The shaft extends past the other rotor

elements in both directions. The rotor inert region is represented by the cylindrical element

B. It extends from rrs to rri with an axial length of l. Cylindrical element C is the rotor

backiron segment extending from rri to rcp over the angle π/Ss. The cryogenic cooling plate
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Figure 3.4. Section of YBCO Machine used in TEC

is assumed to have a constant temperature, so in the TEC it is represented as a temperature

source with temperature Tcp in contact with the two neighboring elements.

The YBCO material is element D in the TEC in Figure  3.5 . Since the YBCO used in

similar applications is typically in the form of pucks with rectangular cross sections ([ 6 ], [ 5 ],

[ 9 ],[ 10 ],[ 51 ]), it was modeled using a cuboidal element. Continuing outward in the machine

toward the air gap is the stator. The stator as shown in  3.4 is represented by 4 cuboidal

elements E-H. Element E represents half of a stator tooth and element F represents the

conductors in half of a stator slot. With the x-axis being in the radial direction and the

z-axis out of the page, these two regions have lengths in the x direction equal to the depth

of the tooth and the winding depth, respectively. Their length in the y direction is equal

to half of the tooth or slot width, respectively, and both extend to the active length of the

machine l in the z direction. Elements G and H are the stator backiron segments adjacent to

the tooth and slot winding elements, respectively. Their lengths in the x direction are equal

to the depth of the backiron and have the same y and z dimensions as elements D and E.

The conductors in the slot windings extend axially and wrap around the stator teeth to

form end windings. Since the end windings extend axially on both sides of the machine,

elements I and J represent the end winding on the front of the machine and elements K and

L represent the end winding on the back of the machine. Elements J and L represent the

45



F
ig

ur
e

3.
5.

T
he

rm
al

Eq
ui

va
le

nt
C

irc
ui

t
of

Y
B

C
O

M
ac

hi
ne

46



conductors extending from the slot above element F, and elements I and K represent the

part of the end winding above the tooth.

The machine was modeled as enclosed within a cylindrical case represented by cylindrical

elements M-O. These are not shown in Figure  3.4 . Cylindrical elements M and N are the

two end caps of the case and they extend from an inner radius rrs to outer radius rss above

and below the machine. Element O is the outer shell of the case connected to elements M

and N, and is also in contact with the stator backiron elements G and H.

Each of the elements described here is either a cuboidal or cylindrical element shown

in Figures  3.2 and  3.3 , and the thermal resistances in each of the branches shown in these

two elements can be calculated using the thermal conductivity k and the dimensions of the

region represented by the TEC element. In Figure  3.5 only the outer nodes corresponding

to the average temperature at each of the element’s faces are shown, and the node numbers

shown in the center correspond to the center nodes and the node corresponding to the mean

temperature within the element, respectively.

Since the regions corresponding to the slot and end windings are composed of several

materials with different thermal conductivities, the winding regions are represented as ho-

mogeneous regions within the TEC. These calculations were performed in Chapter 10 of

[ 32 ]. The winding region used for these calculations is shown in Figure  3.6 . The conductor

material is denoted by the subscript c, and the layer of insulation around each conductor by

the subscript i. The air surrounding the conductors is denoted by the subscript a. To find

the thermal conductivities in the homogenized region, the three materials are first lumped

together by area as shown in Figure  3.6 , where the aspect ratio of each region is the same

as the original winding area ζ = w
d
. The thermal conductivities are obtained by calculating

the thermal resistance of this new region assuming a combination of parallel connections of

series thermal resistances (from left to right in Figure  3.6 ) and comparing to the equation

for thermal resistance in one dimension:

Rx = lx
kxSx

(3.26)
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Figure 3.6. Geometry for Homogenized Winding Region Calculation

The thermal conductivities in the homogenized region are determined to be

kxye = 1
1
kc

+ wi

kiwc

+ wa

kawc

+ 1
wc + wi

kiwi

+ wa

kawi

+ 1
w

kawa

(3.27)

and

kze = ac

wd
kc + ai

wd
ki + aa

wd
ka (3.28)

where kc, ki, and ka are the thermal conductivities of the conductor, insulation, and air,

respectively. The thermal conductivity kxye is the conductivity in the x and y directions for

the flow of heat through the winding cross section, and kze is the thermal conductivity of

the winding bundle in the z direction, moving in the same direction as the conductors.

The thermal equivalent circuit shown in Figure  3.5 also shows other thermal resistances

and temperature sources not pertaining to the thermal resistances within each element.

These result from either a contact resistance between two elements or a resistance associated
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with the transfer of heat from a solid object to a fluid. The contact resistance occurs due

to surface irregularities between objects and therefore the two objects are not in perfect

contact. This thermal resistance is given by

Rct = 1
Acthct

(3.29)

where Act is the contact area and hct is a heat transfer coefficient for the contact between the

two objects. The other type of resistance shown in this TEC is due to convective heat transfer

from a solid to a moving fluid, such as the heat transfer from the case to the surrounding

air. This resistance is given by

Rcv = 1
Acvhcv

(3.30)

where Acv is the again contact area and hcv is a convective heat transfer coefficient.

In the TEC shown in Figure  3.5 , the exterior of the case is connected to the ambient

air temperature outside the machine Ta, which was assumed to be 300 K. All of the nodes

corresponding to surfaces inside the machine that are in contact with air were connected

to a temperature source corresponding to the interior air temperature Ti. Since the air

temperature in the end cap regions is unknown, it was represented as an additional node

temperature to be solved along with the rest of the node temperatures.

The thermal conductivities used to calculate the thermal resistances within each TEC

element are properties of the material and can be readily found. The thermal conductiv-

ity of the different materials in the YBCO machine are given in Table  3.1 . However, the

heat transfer coefficients for contact resistances and convective heat transfer depend on the

materials as well as surface irregularities and how well the materials are in contact, and is

therefore a much more complicated problem.

In [ 55 ], Mellor et al. give values for the heat transfer coefficient for the stator core to frame

contact with respect to the contact pressure. In the thermal model of the YBCO machine,

this coefficient, hcc, was chosen to be 500 W/m2K, corresponding to a contact pressure of 1

MPa. This value was used to calculate the contact resistance between the stator backiron

and the case, as well as any other metal-metal contact resistances within the machine, such
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Table 3.1. Thermal Conductivity of Materials in YBCO Machine
Material Thermal Conductivity (W/(m·K))

Steel (Hiperco 50) ks = 29.8
Copper kcu = 385

Aluminum kal = 205

YBCO [ 53 ]
kybco,x = 2.5
kybco,y = 15
kybco,z = 15

Wire Insulation kins = 0.4
Inert [ 54 ] kmi = 0.7

Air (300 K) ka = 0.0263

as the rotor backiron and the copper cooling plate. In [  56 ] the contact resistance between

steel and polycarbonate materials was studied, and based on their data, in this TEC a value

of 250 W/m2K was used for the core-inert contact heat transfer coefficient hci. In [  32 ] the

contact resistance between the stator iron and the winding was calculated, and the heat

transfer coefficient was determined to be

hcw = 4hslka

4ka + (4 − π)hslrc

(3.31)

where ka is the thermal conductivity of air and rc is the radius of the conductors. This

calculation assumes a slot liner with a heat transfer coefficient of hsl = 560 W/m2K and

that there is no gap between the winding and the core. These values are summarized in

Table  3.2 .

Table 3.2. Heat Transfer Coefficients for Contact Resistances
Heat Transfer Coefficient (W/m2K)
hcc = 500
hci = 250
hsl = 560

hcw = 4hslka

4ka + (4 − π)hslrc

In [  55 ] the value of the convective heat transfer coefficient for the end cap air is given

by hca = 15.5(0.29v + 1) W/m2K where v is the air velocity inside the machine and hca was
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assumed to be linear for air velocities below 7.5 m/s. Mellor et al. estimated the air velocity

due to a cooling fan as v = rmωrη where rm is the radius of the fan, ωr is the angular velocity

of the rotor, and η is the efficiency, which was assumed to be 50%. In [ 55 ] the convective

heat transfer coefficient of the end windings was assumed to be 50% higher due to the larger

surface area, and therefore hwa = 1.5hca. The heat transfer coefficient hca was also used

to calculate the thermal resistance from the exterior of the case to ambient, using an air

velocity of 0, representing natural convection.

A heat transfer coefficient used to calculate the air gap thermal resistance is given in

[ 57 ]. The authors of this paper calculate the air gap thermal resistance using the modified

Taylor number

Tam = Ta

Fg

(3.32)

where

Ta = ω2
rRmg3

ν2 (3.33)

Fg = π4

P

1
1697(1 − g/2Rm)2 (3.34)

P = 0.0571(1 − 0.625x) + 0.00056
1 − 0.625x

(3.35)

x = g/Rm

1 − g/2Rm

(3.36)

where ωr is the rotational speed of the rotor, g is the width of the air gap, Rm is the mean

air gap radius, and ν is the kinematic viscosity, which for air at 300 K is 1.569e-6 m2/s.

This is then used to calculate the nusselt number given by:

Nu =



2 0 ≤ Tam ≤ 1700

0.128T 0.367
am 1700 ≤ Tam ≤ 104

0.409T 0.241
am 104 ≤ Tam ≤ 107

(3.37)
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Finally, the heat transfer coefficient is given by

hgap = kaNu

2g
(3.38)

where ka is the thermal conductivity of air. The heat transfer coefficients used for calculating

convective heat transfer are given in Table  3.3 .

Table 3.3. Convective Heat Transfer Coefficients
Heat Transfer Coefficient (W/m2K)
hca = 15.5(0.29v + 1), v ≤7.5 m/s
hwa = 1.5hca

hgap = kaNu

2g

Based upon the thermal conductivities and heat transfer coefficients for the different ma-

terials, the TEC of the YBCO machine was formed and solved using the Thermal Equivalent

Circuit Toolbox 2.0 [  52 ]. Using this toolbox, the TEC shown in Figure  3.5 was constructed

using cylindrical and cuboidal elements and by placing additional branches for the contact

resistances between elements and convective heat transfer to the surrounding air.

The magnetic core loss and resistive losses within the machine are determined in the

electromagnetic analysis. The calculation of these quantities will be discussed in the next

chapter. These losses are then added within the stator steel and winding elements, respec-

tively, according to the volume of the element with respect to the entire volume of the region

in the machine. These losses act to increase the temperature within the stator steel and

winding elements. The resistivity of the conductors is temperature dependent, and therefore

as the temperature in the winding increases, so will the resistive losses. In Chapter 10 of

[ 32 ], the conductivity of the conductors in element Ω is given by

σΩ = σ0c

1 + αc(〈TΩ〉 − T0c)
(3.39)
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where σ0c is the nominal conductivity at a nominal temperature T0c and αc is a coefficient

related to the temperature of the conductor. Using this conductivity, the loss within the

element is recalculated as

PΩ = VcΩJ2

σΩ
(3.40)

To solve for the temperatures within a machine, an initial TEC is formed with no power

dissipation in the winding regions. An initial vector T of the temperatures at all of the

nodes is initialized to the ambient temperature Ta. The resistive loss for each of the winding

elements is calculated with a mean temperature of Ta. These losses are then added to their

respective elements and the TEC is solved and the mean temperature within each winding

element is calculated. The mean temperature within each of the winding elements is then

used to calculate new conductivities and update the loss in each of the elements. This

process is repeated and the temperatures are iteratively solved until the error, defined as

e = max(|T − Told|), is below a threshold of 5 mK or a maximum of 50 iterations was

reached.

As part of the thermal analysis the temperature source Tcj is also lowered until the

peak temperature in the YBCO element is below a maximum specified value. The final

temperature distribution is achieved when both the error criterion is met and the peak

temperature in the YBCO is below its maximum value. In the multi-objective optimization

that is described in Chapter 4, the performance of each candidate machine is evaluated based

on it’s total mass and loss. Therefore, for the YBCO machine, the mass and power required

by a cryocooler to cool the YBCO to the specified temperature must also be included.

A model of the cryocooler is provided in the next chapter. Here is noted that its size is a

function of the amount of power that must be extracted. The power extracted was calculated

as the total amount of power flowing from the YBCO to the cooling plate, as well as power

from the rotor backiron and the endcap air on both ends of the machine. The power flowing

from the YBCO to the cooling plate was calculated as

Pext,D = (TD0x − Tcp)SDxhcc (3.41)
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where the subscript D indicates element D representing the YBCO and SDx is the contact

area and hcc is the heat transfer coefficient. Similar calculations are performed for the flow of

heat from the rotor backiron and endcap air to the cooling plate. Since only a fraction of the

machine corresponding to an angle of π/Ss, the sum of these 4 quantities is then multiplied

by 2Ss to obtain the total amount of power that must be extracted from the machine by the

cryocooler.
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4. DESIGN STUDY

In the previous chapters, models for the electromagnetic and thermal performance of the

YBCO machine were provided. In this chapter, these models are used to evaluate the per-

formance of the machine using a series of multi-objective design studies. For the studies, a

genetic algorithm (GA) is used to find an optimal set of designs subject to a set of specifica-

tions. The performance objectives include the minimization of both the mass and power loss

in the machine and inverter. The machine parameters are represented as genes within the

GA, and the Genetic Optimization System Engineering Toolbox (GOSET) [  58 ], was used to

perform the optimization.

4.1 Design Parameters and Constraints

This section outlines the design structure, and the design specifications and machine

parameters used for evaluating each design. The design study that is initially detailed here

is for a 10 kW machine operating at 1800 rpm. The full list of specifications is given in

Table  4.1 . In the next section, the results of the YBCO machine design study are compared

with a design for a standard PMSM. It is assumed that the PMSM adhered to the same

specifications.

A list of the machine parameters used in this design study is shown in Table  4.2 . These

parameters are represented as genes within the GA and can take values within the shown

intervals. The parameters are used to select the materials, geometry, and winding func-

tion, and many of these parameters are identical to those used in the design of a PMSM.

Specifically, the geometry and winding function calculations detailed in [ 32 ].

These parameters are input into a fitness function in which the fitness of the design is

evaluated and a number of constraints are imposed to ensure that all of the design specifica-

tions are met. Since a large number of design evaluations are performed within the GA, it is

desired to minimize the time required for each fitness evaluation. Therefore, the number of

constraints that have been satisfied is checked multiple times during fitness evaluation. This
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Table 4.1. Design Specifications
Parameter Value Description

P ∗
out 10 kW required output power

ωrm 1800 rpm mechanical rotor speed
T ∗

e 53.05 Nm required torque
vdc 625 V dc voltage
rrs 1 cm shaft radius
kpf 0.5 winding packing factor
leo 1 cm end winding offset length
vfs 2 V semiconductor forward voltage drop
J 4 number of rotor positions to evaluate

mlim 35 kg mass limit
Pl,lim 1 kW loss limit
tsmx 190 m/s maximum rotor tip speed
αtar 10 maximum tooth aspect ratio
αso 1.5 slot opening factor
nspp 2 number of slots/pole/phase
km 0.75 demagnetization factor

Tmx,wdg 400 K maximum winding temperature

allows the optimization to exit the fitness calculation without performing all of the required

analysis if a prior constraint is found to be violated. The fitness is computed as [  32 ]

f =


ε[1 1]T

(
CS − NC

NC

)
CS < CI[ 1

m

1
Pl

]T

CS = NC

(4.1)

where CS is the total number of constraints satisfied, CI is the number of constraints that

have been evaluated, and NC is the total number of constraints. The constraints are com-

pared to the specification using either a greater than or equal function (gte) or less than or

equal function (lte) [  32 ]. These functions assign a value of 1 if the constraint is satisfied, and

a value between 0 and 1 if the constraint has not been satisfied. A complete list of all the

design constraints for this machine are shown in Table  4.3 .

The first 5 constraints are calculated based on the machine geometry and windings, as

well as the stator currents. The first constraint limits the aspect ratio of the tooth depth

(dst) to its width (wtb). The next constraint, c2 ensures that the conductor diameter dc is
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Table 4.2. Design Parameters

Gene Parameter Description Enc. Min Max

1 st Stator steel type int 5 5

2 rt Rotor steel type int 5 5

3 ct Conductor type int 1 2

4 Btrap TFM trapped field lin 0.5 T 3 T

5 Pp Pole pairs int 4 8

6 dri Depth of inert region log 5 mm 10 cm

7 drb Depth of rotor backiron log 5 mm 3 cm

8 dm Depth of TFM log 2 mm 13 mm

9 g Air gap lin 0.5 mm 5 cm

10 dtb Depth of tooth base log 5 mm 10 cm

11 αt Tooth fraction lin 0.15 0.9

12 dsb Depth of stator backiron log 5 mm 3 cm

13 αtfm Magnet fraction lin 0.15 0.95

14 l Active length log 5 cm 50 cm

15 N∗
s1 Peak fundamental conductor density (cond/rad) log 10 1000

16 α∗
3 Coefficient of third harmonic conductor density lin 0.1 0.7

17 ir∗
qs Q-Axis current log 5 250

18 ir∗
ds D-Axis current lin -50 0

19 dcp Depth of cooling plate lin 2 mm 15 mm

20 Npc Number of parallel conductors int 1 5
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Table 4.3. Design Constraints

Constraint Description

c1 = lte(dst/wtb,αtar) Stator tooth aspect ratio

c2 = lte(dcαso,wso) Slot opening width

c3 = lte(Is/ac,Jlim · 1.5) Current Density

c4 = lte(m,mlim) Mass limit

c5 = lte(ts,tsmx) Rotor maximum tip speed

c6 = lte(vpk,ll,vdc − 2vfs) Line-line voltage

c7 = lte(||Bt1cnc||max,Bs,lim) Magnetic field in stator tooth

c8 = lte(||Bb1cnc||max,Bs,lim) Magnetic field in stator backiron

c9 = lte(Brbtnc,mx,Br,lim) Tangential Magnetic field in rotor backiron

c10 = lte(Brbrnc,mx,Br,lim) Radial Magnetic field in rotor backiron

c11 = gte(Btfmnc,mx,Btrapkm) TFM trapped field

c12 = lte(||Bt1c||max,Bs,lim) Magnetic field in stator tooth

c13 = lte(||Bb1c||max,Bs,lim) Magnetic field in stator backiron

c14 = lte(Brbt,mx,Br,lim) Tangential Magnetic field in rotor backiron

c15 = lte(Brbr,mx,Br,lim) Radial Magnetic field in rotor backiron

c16 = gte(Btfm,mx,Btrapkm) TFM trapped field

c17 = gte(Tec,T ∗
e ) Electromagnetic torque

c18 = lte(Tpk,wdg,Tmx,wdg) Winding Temperature

c19 = lte(Tpk,tbco,Tmx,ybco) YBCO temperature

c20 = lte(Pl,Pl,lim) Power loss limit
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smaller than the width of the slot opening (wso) to ensure that the conductors will fit in the

slot. The current density is calculated as the rms phase current Is divided by the conductor

area, where

Is =
√

(Ir
qs)2 + (Ir

ds)2

2 . (4.2)

The current density constraint was originally included as a thermal constraint to prevent

overheating in the windings. However, since the TEC was developed for this machine, it

is not strictly needed. However, this constraint was kept and the current density limit was

increased by 50% to exclude designs with high current densities that would be unlikely to

satisfy the thermal constraints. The total mass is computed as the sum of the volumes of

the rotor inert, rotor steel, cooling plate, YBCO, stator steel, and stator windings multiplied

by their respective densities, and is then constrained by c4. The next constraint limits the

rotor tip speed, and is used to ensure that the magnets would not experience forces that

would lead to detachment from the rotor.

After the first 5 constraints are evaluated, the electrical parameters are calculated and

an analysis of the machine without any stator currents applied is performed using the MoM

analysis discussed in Chapter 2. Then constraints c6-c11 are checked to ensure the design

specifications are satisfied. The electrical parameters of the machine are used to calculate

the line-line voltage as

V r
qs = RsI

r
qs + ωr(LdIr

ds + λ′r
m) (4.3)

V r
ds = RsI

r
ds − ωrLqI

r
qs (4.4)

vll,pk =
√

3
√

(V r
qs)2 + (V r

ds)2 (4.5)

where Rs is the nominal winding resistance given by

Rs = Vc

σ0a2
c

(4.6)
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where Vc is the conductor volume and ac is the cross-sectional area of the conductor. This

line-line voltage is then checked by c6 to ensure that this voltage can be supplied by an

inverter for the dc voltage given in Table  4.1 . Observation sheets are placed in the machine

during the MoM analysis and used to calculate the magnetic field at several locations of

interest [  37 ]. The MoM analysis is performed as the rotor is swept over a number of positions.

The resulting flux density waveforms in the stator backiron and teeth are evaluated, and their

peaks are constrained by Bs,lim in c7 and c8. Observation sheets are also placed in the rotor

backiron and the peak tangential and radial magnetic fields in the rotor backiron are also

constrained using c9 and c10. The next constraint, c11, is used in the design of PMSMs to

ensure that the permanent magnet does not become demagnetized. In Chapter 1, it was

stated that the YBCO will return to a normal state if the field exceeds the upper critical

field Hc2. However, this occurs for very high fields of 20 T or higher at 77 K [  59 ], [  60 ],

and therefore is unlikely to occur in the machine. This constraint was included, however, to

ensure that the field within the TFM was not significantly lower than the desired trapped

field. This is due to the fact that demagnetization could occur if an external field was applied

in the direction opposite to magnetization and then removed. In this case the removal of

said field would result in an electromotive force that would cause the surface currents in the

TFM to reverse direction.

The MoM analysis is repeated with the stator windings energized, and constraints c12-c16

are checked. The time-varying magnetic fields in the stator teeth and backiron produce

magnetic core loss in the material. The core loss has two components resulting from eddy

currents and magnetic hysteresis. These are discussed in detail in Chapter 6 of [ 32 ]. The

flux density waveforms generated in the stator tooth and backiron are used to calculate the

core loss. The eddy current loss density is given by

pe = kef
∫ T

0

(
dB

dt

)2

dt (4.7)

and the hysteresis loss density is

ph = kh

(
feq

fb

)α−1 (∆B

2Bb

)β
f

fb

(4.8)
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In the hysteresis loss density calculation

feq = 2
∆B2π2

∫ T

0

(
dB

dt

)2

dt (4.9)

and ∆B = 2Bpk, fb = 1, Bb = 1, and ke, kh, α, and β are material parameters. The combined

eddy current and hysteresis loss are computed in both the stator tooth and backiron regions

to get the total power loss densities pct and pcb. The total core loss is finally calculated as

Pc = pctvst + pcbvsb (4.10)

where vst and vsb are the volumes of the tooth and backiron, respectively. A corrected

electromagnetic torque is computed to account for the core loss and is given by

Tec =


Te wrm = 0

Te − Pc

wrm

wrm 6= 0
(4.11)

Constraint c17 then compares this value with the required torque. The thermal analysis of

the machine is then performed and constraints c18 and c19 are checked. Constraint c18 ensures

the peak temperature in the windings does not become too high to prevent overheating and

damage to the wire insulation. Constraint c19 checks if the peak temperature of the YBCO

is below a specified maximum temperature. This maximum temperature Tmx,ybco is related

to the specified trapped field Btrap. In [ 61 ], it was shown that the critical current density

and therefore the trapped field is temperature dependent and can be approximated by

Bt(T2) = Bt(T1)
(

Tc − T2

Tc − T1

)2
(4.12)

where Tc is the critical temperature. The value of Bt was chosen to be 1.1 T at an initial

temperature of T1 = 77 K based on the trapped field that can be achieved in commercially-

available YBCO material [ 62 ]. Then, based on the desired trapped field Btrap that was a

design parameter, the temperature to which the YBCO must be cooled is calculated using

( 4.12 ).
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The thermal analysis returns an updated value of the resistive loss in the windings Pr.

The semiconductor loss in the inverter is calculated as

Ps = 6
√

2
π

vfsIs (4.13)

and then the total loss in the machine is then given by

Pl = Pr + Ps + Pc (4.14)

and constraint c20 checks this value against the maximum power loss.

The thermal analysis of the machine also returns the total power that must be extracted

by the cryocooler to achieve the desired temperature in the YBCO, and this is used to

estimate the size of the required cryocooler system. The cryocooler model (discussions with

Drummond Fudge, Continuous Solutions) is given by

mcryo = 0.17041L + 7.8311 (kg) (4.15)

Pcryo = (0.024189L + 0.58784) · 1000 (W ) (4.16)

The cryocooler model was not included in the constraint checks, but mcryo and Pcryo were

added to a machine’s mass and loss respectively, for the mass and loss that were used to

evaluate a machine’s performance. The cryocooler model was found to have a significant

contribution to the total mass and loss of the system and therefore the constraints imposed

would not be satisfied, but it was included in the fitness evaluation so that the GA would

attempt to optimize the system as a whole.

A three phase bridge inverter is shown in Figure  4.1 . This inverter is used to convert

the dc source voltage into ac voltages that are applied to the three phases of the electric

machine. For this application, it is desired to operate the inverter in order to achieve a

desired electromagnetic torque T ∗
e in the machine. Since the torque is proportional to the
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magnitude of the stator currents, it is therefore desired to operate the inverter as a current

source and to control the three phase currents in the machine.

Figure 4.1. Three phase inverter

Therefore, it is desired to control the inverter to achieve the following balanced set of

sinusoidal currents:

ias =
√

2Iscos(θr + φi) (4.17)

ibs =
√

2Iscos(θr + φi − 2π/3) (4.18)

ics =
√

2Iscos(θr + φi + 2π/3) (4.19)

where θr is the electrical rotor position (θr = P
2 θrm) and φi is a phase offset. Transforming

to qd variables in the rotor reference frame, these currents become

ir
qs =

√
2Iscos(φi) (4.20)

ir
ds = −

√
2Issin(φi) (4.21)

In the GA, ir∗
qs and ir∗

ds are input parameters to machine analysis, where it is assumed that

the inverter is able to provide the desired stator currents, so ir
qs = ir∗

qs and ir
ds = ir∗

ds. The
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constraint c6 as previously discussed, then ensures that the desired stator currents can be

supplied by the source and that they do not cause line-line voltages in the machine greater

than vdc minus the voltage drop across the transistors and diodes in the inverter.

4.2 Design Results

In the previous section, the setup of the design parameters and constraints was dis-

cussed for a 10 kW YBCO machine design study. This optimization was performed using

the GOSET toolbox [ 58 ] using a population size of 500 over 500 generations. Another op-

timization was performed for a PMSM with the same specifications and similar constraints

to those shown in Table  4.3 .

In order to ensure a fair comparison between the two optimizations, a TEC of the PMSM

was also formed and the same peak winding temperature constraint was enforced in the

PMSM. The TEC of the PMSM is the same as that of the YBCO machine shown in Figure

 3.5 , with a few exceptions. First, the YBCO element was replaced with a cylindrical TEC

element representing the permanent magnet. Also, the temperature source representing the

cryogenic cooling plate was removed and a thermal contact resistance was placed between

the rotor backiron and permanent magnet.

The two optimizations were performed for both the PMSM and the YBCO machine. In

each optimization, an optimal set of designs with minimum mass and loss were obtained.

These two Pareto-optimal fronts are shown in Figure  4.2 , and it shows the trade-off between

mass and loss among both sets of optimal designs.

From Figure  4.2 it is clear that the PMSM has an advantage over the YBCO machine

for this 10 kW, 1800 rpm optimization. To investigate the large separation between the two

Pareto-optimal fronts, a machine from each was selected for comparison. The cross-section

of the PMSM and the flux density waveforms in a stator tooth and backiron segment that

were formed during the MoM analysis are shown in Figure  4.3 (a) and (b). The YBCO

machine and its flux density waveforms are shown in (c) and (d). The TFMs in the YBCO

machine had a trapped field of 3 T, which was the maximum value the GA could select. Due

to the large trapped field, it can be seen that this YBCO machine has a much larger air gap
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Figure 4.2. Pareto-Optimal Front (10 kW)

compared to the PMSM in Figure  4.3 in order to keep the flux density in the stator below

the specified limit, which for Hiperco 50 is 2.07 T. A full list of the machine parameters

selected by the GA for these two machines is given in Table  4.4 .

A comparison of the performance of these two selected designs is shown in Table  4.5 . It

can be seen here that the primary reason for the large difference in the performance of the two

machines is the additional mass and power of the cryocooler system. Although the YBCO

machine and inverter for the selected design had an efficiency of 95.3%, which is comparable

to the PMSM, the addition of the cryocooler system reduced the overall efficiency to 64.3%.

In addition, the cryocooler accounts for 70.8% of the total mass of the system. On average,

the YBCO machines on the Pareto-optimal front have a machine/inverter efficiency of 95.4%,

but the efficiency with the cryocooler included is 64.7% on average. The average mass of the

YBCO machine/cryocooler system is 57.7 kg with mcryo contributing 67% of the total mass.

The average efficiency of the PMSMs was 96.6%, with an average mass of 19.7 kg.

It is worth noting here that comparing designs from the two Pareto-optimal fronts strictly

in terms of the machine and inverter performance may not be a fair comparison. This is
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Table 4.4. Machine Parameter Comparison (10 kW)

Description Symbol PMSM YBCO Machine

Stator steel type st

Hiperco50

(µr = 42,892)

Hiperco50

(µr = 42,892)

Rotor steel type rt

Hiperco50

(µr = 42,892)

Hiperco50

(µr = 42,892)

Conductor type ct Copper Copper

Magnet type mt

NdFeB N35

(Br = 1.19 T)

TFM

(Btrap = 3 T)

Poles P 14 8

Slots Ss 84 48

Shaft Radius rrs 2 cm 2 cm

Depth of inert region dri 5.83 cm 1.64 cm

Depth of rotor backiron drb 0.91 cm 0.35 cm

Depth of cooling plate dcp N/A 1.68 cm

Depth of magnet dm 1.19 cm 0.41 cm

Magnet fraction αm 73.5% 95%

Air gap g 1.13 mm 16.1 mm

Depth of Tooth Base dtb 1.81 cm 3.44 cm

Tooth Fraction αt 48.2% 40.3%

Depth of stator backiron dsb 1.05 cm 0.67 cm

Active length l 6.99 cm 6.47 cm

A-Phase Winding Pattern (1st Pole) Nas 0 0 5 9 5 0 0 0 8 15 8 0

Conductor diameter dc 2.19 mm 3.2 mm

Q-Axis Current Ir
qs 21.12 A 44.2 A

D-Axis Current Ir
ds -1.23 A -4.33 A
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(a) PMSM Cross-Section (b) PMSM Flux Density

(c) YBCO Machine Cross-Section (d) YBCO Machine Flux Density

Figure 4.3. PMSM and YBCO Machine Comparison (10 kW)

due to the fact that the objectives of the YBCO machine optimization were to minimize

the mass and loss of the entire system with cryocooler included, rather than the machines

themselves. Therefore, the selected design for the YBCO machine likely is not an optimal

design in terms of machine/inverter mass and loss alone. To provide a fair comparison of

the two machines alone, another optimization of the YBCO machine could be performed

without the cryocooler included.

From these initial optimizations for 10 kW machines, it is clear that the use of YBCO

likely would not be warranted due to the size of the cryocooler system that would be required.

Since the cryocooler accounted for the majority of the total mass and loss for the YBCO
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Table 4.5. Machine Performance Comparison (10 kW)

Description Symbol PMSM YBCO Machine

Power extracted by cooling plate L N/A 185 W

Machine Mass m 16.184 kg 16.2 kg

Cryocooler Mass mcryo N/A 39.3 kg

Total Mass mtot 16.184 kg 55.5 kg

Machine/Inverter Loss Pl 351.9 W 496 W

Cryocooler Power Pcryo N/A 5.05 kW

Total Loss Pl,tot 351.9 W 5.55 kW

Machine/Inverter Efficiency η 96.65% 95.3%

Total Efficiency ηtot 96.65% 64.3%

machines, additional optimizations for larger machines were performed to explore if there are

power levels where the impact of the cryocooler is much less. Initially, optimizations were

performed for both the PMSM and YBCO machine, with the output power requirement

increased to 100 kW and 1 MW at a rotor speed of 1800 rpm.

The Pareto-optimal fronts for the optimizations performed for 100 kW machines are

shown in Figure  4.4 . Similar to the 10 kW case, the PMSM machines performed better

than the YBCO machines. However, the impact of the cryocooler was indeed reduced. The

PMSM designs along the front have an average mass of 172.1 kg with an average efficiency

of 97.7%. In comparison, the YBCO machines and electric drives have an average mass of

149.5 kg and an efficiency of 97.6%. Taking the addition of the cryocooler into account, the

average mass is 374.1 kg (mcryo = 59.9% of total mass) and the average efficiency is 74.7%.

The Pareto-optimal fronts for the optimizations performed for the 1 MW machines are

shown in Figure  4.5 . For these designs, the dc source voltage was increased to 1 kV. No

additional cooling of the windings was assumed, and the PMSM optimization initially had

some difficulty in satisfying the constraint on the peak winding temperature. Thus, the

maximum temperature in the stator windings was allowed to increase to 450 K in both

optimizations. The PMSM machines again performed better than the YBCO machines, but
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Figure 4.4. Pareto-Optimal Front (100 kW)

the impact of the cryocooler was further reduced. The PMSM designs along the front have

an average mass of 1440.6 kg with an average efficiency of 99%. In comparison, the YBCO

machines and electric drives have an average mass of 1167.2 kg and an efficiency of 98.8%.

Taking the addition of the cryocooler into account, the average mass is 2295.6 kg (mcryo =

49% of total mass) and the average efficiency is 85.4%.

A final optimization was performed for the two machines with the output power increased

to 20 MW. In this optimization the mechanical rotor speed was reduced from 1800 rpm to

180 rpm, and with this slower rotational speed, the required torque is much higher. The dc

source voltage was increased to 5 kV, and a peak winding temperature of 450 K was used, as

in the 1 MW design studies. Additionally, in this design study a thin layer of insulation was

added to the outer surface of the YBCO to reduce the amount of heat transferred from the

surrounding air. The thickness of the insulation layer was added as an additional parameter

for the YBCO machine. The two Pareto-optimal fronts are shown in Figure  4.6 . From these

two fronts it is seen that the YBCO machines and cryocooler system still have higher losses,

but have considerably lower mass than the PMSM machines. The YBCO machines with
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Figure 4.5. Pareto-Optimal Front (1 MW)

cryocooler included have an average mass of 59.3 metric tons with an average mcryo of 10.2

metric tons (16.9% of total mass). The average overall efficiency is 93.1%, with an average

machine/inverter efficiency of 99.8%. In comparison, the PMSM machines along the front

have an average mass of 158.7 metric tons with an average efficiency of 99.7%.

An example design was selected from each Pareto-optimal front for comparison. The

machine parameters are given in Table  4.6 and the performance of these two machines is

compared in Table  4.7 . It can be seen that the YBCO machine has very thin TFM pucks and

an air gap of 1 mm (not including the insulation layer, which was assumed to be magnetically

inert). Cross sections of these two machines and their flux density waveforms are shown in

Figure  4.7 .

The axial cross-sections in Figure  4.7 (c) and (d) show why the mass of the YBCO

machine is much less than the PMSM. Even though the YBCO machine has a larger outer

diameter, its active length is much smaller, resulting in a lower mass. The PMSMs along

the Pareto-optimal front in Figure  4.6 have an average length of 197 cm and an average
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Table 4.6. Machine Parameter Comparison (20 MW)

Description Symbol PMSM YBCO Machine

Stator steel type st

Hiperco50

(µr = 42,892)

Hiperco50

(µr = 42,892)

Rotor steel type rt

Hiperco50

(µr = 42,892)

Hiperco50

(µr = 42,892)

Conductor type ct Copper Copper

Magnet type mt

NdFeB N35

(Br = 1.19 T)

TFM

(Btrap = 2.627 T)

Poles P 20 20

Slots Ss 120 120

Shaft Radius rrs 25 cm 25 cm

Depth of inert region dri 2.14 m 2.51 m

Depth of rotor backiron drb 8.63 cm 5.89 cm

Depth of cooling plate dcp N/A 6.01 cm

Depth of magnet dm 5.08 cm 0.2 cm

Thickness of insulation layer tins N/A 0.86 mm

Magnet fraction αm 71.8% 90%

Air gap g 3.87 cm 1 mm

Depth of Tooth Base dtb 10.41 cm 17.63 cm

Tooth Fraction αt 25.7% 30.6%

Depth of stator backiron dsb 15.15 cm 6.41 cm

Active length l 1.91 m 0.5 m

A-Phase Winding Pattern (1st Pole) Nas 0 0 1 2 1 0 0 0 2 4 2 0

Conductor diameter dc 6.41 cm 6.09 cm

Q-Axis Current Ir
qs 2.94 kA 2.39 kA

D-Axis Current Ir
ds -630 A -224 A
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Figure 4.6. Pareto-Optimal Front (20 MW)

volume of 53.5 m3 (only including active length of the machine). In comparison, the YBCO

machines have an average active length of 50.4 cm and average volume of 16 m3.

From these design studies it can be concluded that the use of YBCO within synchronous

machines likely would not be warranted for machines at lower power levels. In the 10 kW

and 100 kW optimizations, the mass of the cryocooler required to keep the YBCO below

its critical temperature is larger than the machine itself. At the 1 MW power level the size

of the YBCO machines and the cryocoolers are roughly the same. In each of these design

studies, the power required by the cryocooler significantly increases the total input power

required by the system, and therefore the use of YBCO likely would not be warranted as

the standard PMSM has better performance. However, the impact of the cryocooler is seen

to decrease as the output power of the YBCO machine increases. In the final optimization

for 20 MW machines, the YBCO machine has a considerable advantage over the PMSM in

terms of mass, with an overall efficiency greater than 90%. Due to this large reduction in

mass, the use of YBCO in synchronous machines may be warranted for machines with high

power levels such as the 20 MW machines shown herein.
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(a) PMSM Cross-Section (b) YBCO Machine Cross-Section

(c) PMSM Cross-Section (d) YBCO Machine Cross-Section

(e) PMSM Flux Density (f) YBCO Machine Flux Density

Figure 4.7. PMSM and YBCO Machine Comparison (20 MW)
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Table 4.7. Machine Performance Comparison (20 MW)

Description Symbol PMSM YBCO Machine

Power extracted by cooling plate L N/A 59.5 kW

Machine Mass m 128.5 metric tons 49.2 metric tons

Cryocooler Mass mcryo N/A 10.1 metric tons

Total Mass mtot 128.5 metric tons 59.4 metric tons

Machine/Inverter Loss Pl 63.7 kW 38.6 kW

Cryocooler Power Pcryo N/A 1.44 MW

Total Loss Pl,tot 63.7 kW 1.48 MW

Machine/Inverter Efficiency η 99.7% 99.8%

Total Efficiency ηtot 99.7% 93.2%
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5. CONCLUSIONS

In this research, a Type-2 superconducting material (YBCO) was considered for use as a

source of magnetic flux within synchronous machines. To evaluate its potential advantages

over traditional permanent-magnet-based flux sources, an analytical model is first used to

calculate the distribution of currents induced in the YBCO when it operates in a mixed-state.

The currents are then used within a 2D MoM formulation [  33 ] to evaluate the electromagnetic

performance of YBCO-based machines. The MoM model is coupled to a thermal model that

is used to determine the amount of power that must be extracted in order to keep the YBCO

below a desired temperature. This power is then used to estimate the size of the cryocooler

that would be required.

The MoM and thermal models were leveraged within a multi-objective design optimiza-

tion to evaluate the tradeoffs between mass and loss in machines operating at power levels

ranging from 10 kW - 20 MW. It was found that for lower-power applications, the size and

power of the cryocooler led the overall mass/loss of the YBCO machines to greatly exceed

that of a traditional PMSM. It was also found that as the required output power of the YBCO

machines increases, the impact of the cryocooler on the system mass/loss is reduced. For

example, in the 20 MW application, the YBCO machines had a much lower mass compared

to traditional PMSMs.

Future work could focus on improving the thermal performance of the YBCO machine

through minimizing the amount of power that must be extracted from the cryogenic cooling

plate. One potential way of doing this would be to add insulation layers around the exterior

of the YBCO to reduce the flow of heat across the air gap from the stator to the YBCO. A

considerable fraction of the heat extracted by the cooling plate also comes from surfaces that

are not in contact with the YBCO, specifically the rotor backiron and endcap air. Thus,

additional research could be done to identify methods of insulating the cooling plate from

the rest of the machine. Future research could also consider methods of magnetizing the

YBCO material in-situ either using stator windings or additional magnetizing coils.
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