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ABSTRACT

In this dissertation, we consider almost minimizers for the thin obstacle problems in
different settings: Laplacian, fractional Laplacian and equation with variable coefficients.

In Chapter 1, we consider Anzellotti-type almost minimizers for the thin obstacle (or
Signorini) problem with zero thin obstacle and establish their C*# regularity on the either
side of the thin manifold, the optimal growth away from the free boundary, the C* regularity
of the regular part of the free boundary, as well as a structural theorem for the singular set.
The analysis of the free boundary is based on a successful adaptation of energy methods such
as a one-parameter family of Weiss-type monotonicity formulas, Almgren-type frequency
formula, and the epiperimetric and logarithmic epiperimetric inequalities for the solutions
of the thin obstacle problem. This chapter is based on a joint work with Arshak Petrosyan
[1].

In Chapter 2, we study almost minimizers for the thin obstacle problem with variable
Holder continuous coefficients and zero thin obstacle and establish their C# regularity on
the either side of the thin space. Under an additional assumption of quasisymmetry, we
establish the optimal growth of almost minimizers as well as the regularity of the regular
set and a structural theorem on the singular set. The proofs are based on the generalization
of Weiss- and Almgren-type monotonicity formulas for almost minimizers established earlier
in the case of constant coefficients (Chapter 1). This chapter is based on recent joint work
with Arshak Petrosyan and Mariana Smit Vega Garcia [2].

In Chapter 3, we introduce a notion of almost minimizers for certain variational problems
governed by the fractional Laplacian, with the help of the Caffarelli-Silvestre extension.
In particular, we study almost fractional harmonic functions and almost minimizers for
the fractional obstacle problem with zero obstacle. We show that for a certain range of
parameters, almost minimizers are almost Lipschitz or C1#-regular. This is based on a work

in collaboration with Arshak Petrosyan [3].



1. ALMOST MINIMIZERS FOR THE THIN OBSTACLE
PROBLEM

1.1 Introduction and main results
1.1.1 The thin obstacle (or Signorini) problem

Let D C R™ be an open set and M C R™ a smooth (n — 1)-dimensional manifold (the

thin space) and consider the problem of minimizing the Dirichlet energy
Ip(u) == /D Vu(z)|2dz (1.1.1)
among all functions u € W?(D) satisfying
u=gondD, u>vYonMnND,

where 1) : M — R is the so-called thin obstacle and g : 0D — R is the prescribed boundary
data with g > 1 on M N dD. This problem is known as the thin obstacle problem. In other
words, it is a constrained minimization problem for the energy functional Jp on a closed

convex set
Ry yg(D,M) :={u € W*(D):u=gondD, u>1on MND}.

This problem can be viewed as a scalar version of the Signorini problem with unilateral
constraint from elastostatics [4] and is often referred to as the Signorini problem. It goes
back to the origins of variational inequalities and is considered as one of the prototypical

examples of such problems, see [5]. An equivalent formulation is given in the form

Au=0 onD\M,
u=g¢g ondD,
u>1, Opu+0,-u>0, (Op+u+0,~u)(u—1)=0 on MND,



where the conditions on M N D are known as the Signorini complementarity (or ambiguous)
conditions. Here, 0,+ are the exterior normal derivatives from the either side of M. In
particular, at points on M N D we must have one of the two boundary conditions satisfied:

either u = v or d,+u + 9d,-u = 0. The set
I'(u) = 0m{r e MND :u(z) =¢(z)}, (1.1.2)

which separates the regions where different boundary conditions are satisfied, is known as
the free boundary and plays a central role in the analysis of the problem.

Because of the presence of the thin obstacle, it is not hard to realize that the solutions u
of the Signorini problem are at most Lipschitz across M, even if both M and ) are smooth,
as we may have d,+u+0,-u > 0 at some points on M?!. However, it has been known since the
works [6]-[8] that the solutions of the thin obstacle problem are C'*¥ on M and consequently
on the either side of M, up to M. In recent years, there has been a renewed interest in
this problem, following the breakthrough result of Athanasopoulos and Caffarelli [9] on the
optimal C''/2 regularity of the minimizers (on the either side of M) as well as its relation
to the obstacle-type problems for the fractional Laplacian through the Caffarelli-Silvestre
extension [10]. There has also been a significant effort in understanding the structure and
the regularity of the free boundary. The results have been obtained in many settings, such as
for the equations with variable coefficients, time-dependent versions, problems for fractional
Laplacian and other nonlocal equations, both regarding the regularity of minimizers, as well

as the properties of the free boundary; see e.g., [11]-[30] and many others.

1.1.2 Almost minimizers

In [31], Anzellotti introduced the notion of almost minimizers for energy functionals.
Given ry > 0, we say that w : (0,79) — [0, 00) is a modulus of continuity or a gauge function,

if w(r) is monotone nondecreasing in r and w(0+) = 0.

14This can be seen on the explicit example u(z) = Re(x; + i|x,|)?/2, which is a solution of the obstacle
problem with ¢y =0 on M = {z,, = 0}.
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Definition 1.1.1 (Almost minimizers). Given 1o > 0 and a gauge function w(r) on (0,79),
we say that u € W,52(D) is an almost minimizer (or w-minimizer) for the functional Jp, if,

for any ball B.(zo) € D with 0 < r < 19, we have
IB. (o) () < (14 w(1)) B, (a0)(v)  for any v € u+ Wol’z(BT(:vo)). (1.1.3)

The idea is that the Dirichlet energy of w on the ball B,(z() is not necessarily minimal
among all competitors v € u + Wy*(B,(20)) but almost minimal in the sense that it cannot
decrease more than by a factor of 1 + w(r). In the specific case of the energy functional
Jp in (1.1.1), i.e., the Dirichlet energy, we refer to the almost minimizers of Jp as almost
harmonic functions in D.

Results on almost minimizers for more general energy functionals can be found in [32]-
[35]. Similar notions were considered earlier in the context of the geometric measure theory
[36], [37], see also [38]. Almost minimizers are also related to quasiminimizers, introduced in
[39], [40], see also [41]. For energy functionals exhibiting free boundaries, almost minimizers
have been considered only recently in [42]-[46].

Almost minimizers can be viewed as perturbations of minimizers of various nature, but
their study is motivated also by the observation that the minimizers with certain constrains,
such as the ones with fixed volume or solutions of the obstacle problem, are realized as
almost minimizers of unconstrained problems, see e.g. [31]. Yet another motivation is that
the study of almost minimizers reveals a unique perspective on the problem and leads to
the development of methods relying on less technical assumptions, thus allowing further
generalization.

In this chapter we extend the notion of almost minimizers to the thin obstacle problem.

Essentially, in (1.1.3), we restrict the function u and its competitors v to stay above the thin

obstacle ¥ on M.

Definition 1.1.2 (Almost minimizer for the thin obstacle (or Signorini) problem). Given

ro > 0 and a gauge function w(r) on (0,7q), we say that w € W,-2(D) is an almost minimizer

11



for the thin obstacle (or Signorini) problem, if u > ¥ on MND and, for any ball B.(zq) € D

with 0 < r < ry, we have

IB, w0y (W) < (14 w(r)Jp, (m0)(v), for any v € Ry (B (o), M). (1.1.4)

Note that in the case when M N B,.(zo) = (), the condition (1.1.4) is the same as (1.1.3)
and thus almost minimizers of the Signorini problem are almost harmonic in D\ M. As in the
case of the solutions of the Signorini problem, we are interested in the regularity properties of
almost minimizers as well as the structure and the regularity of the free boundary I'(u) C M
as defined in (1.1.2).

Some examples of almost minimizers are given in Appendix 1.A. We would also like to
mention here that a related notion of almost minimizers for the fractional obstacle problem

has been considered by the authors in [3].

1.1.3 Main results

Because of the technical nature of the problem, in this chapter we restrict ourselves only
to the case when w(r) = r® for some a > 0, M is flat, specifically M = R"~! x {0}, and the
thin obstacle ¥y = 0. As we are mainly interested in local properties of almost minimizers
and their free boundaries, we assume that D is the unit ball By, v € WbY%(B;), and the

constant ry = 1 in Definition 1.1.2. We also assume that u is even in x,-variable:

/ /

wz' x,) = u(2',—x,), forany x= (2" z,)€ By.

Our first main result is then as follows.

Theorem A (C'#-regularity of almost minimizers). Let u be an almost minimizer for the
Signorini problem in By, under the assumptions above. Then, u € C’ﬂf(BfE U B}) for
6 = B(Oéa n) and

lullerswy < Cllullwrzs,),

for any K € Bf UB} and C = C(n,a, K).

12



The proof is obtained by using Morrey and Campanato space estimates, following the
original idea of Anzellotti [31]. However, in our case the proof is much more elaborate and, in
a sense, based on the idea that the solutions of the Signorini problem are 2-valued harmonic
functions, as we have to work with both even and odd extensions of u and Vu from Bi to
Bs.

While the optimal regularity for the minimizer (or solutions) of the Signorini problem
is C™1/2 we do not expect such regularity for almost minimizers. However, we are able to
establish the optimal growth for almost minimizers, which then allows to study the local

properties of the free boundary
['(u) = 0{u(-,0) =0} N By.
Theorem B (Optimal growth near free boundary). Let u be as in Theorem A. Then,

2 2 +2
[t < OO0 [l

for zg € By, NT(u), 0 <1 <ro(n,a).

One of the ingredients in the proof is an Almgren-type monotonicity formula, which we

describe below. For an almost minimizer u, Almgren’s frequency [47] is defined by

r fB,.(a:O) |VU|2

N(r,u,zg) := Topten) @
OB (xg

.z € I'(u).

It is one of the most important monotone quantities in the analysis of the free boundary for
the Signorini problem, see e.g. Chapter 9 in [48]. We show that for almost minimizers a

small modification of N is monotone.

Theorem C (Monotonicity of the truncated frequency). Let u be as in Theorem A. Then

for any ko > 2, there is b = b(n, a, k) such that

— ]/\7,4 ‘= mi
r o (1, u, xg) := min { T ha

N(r,u,xg), Iio}

13



is monotone for xg € By, NT'(u), and 0 <r < ro(n,a, ko). Moreover, we have that either

N (04, u, 1) = 3/2  or Ny (0+,u, z0) > 2

We give an indirect proof of this fact, based on an one-parametric family of Weiss-type
energy functionals {W, }o<w<r,, see Theorem 1.5.1, that go back to the work [14] for the
solutions of the Signorini problem and Weiss [49] for the classical obstacle problem. The
fact that N > 3/2 at free boundary points is crucial for the proof of the optimal growth
(Theorem B), however, the proof of Theorem B requires also an application of so-called
epiperimetric inequality for Weiss’s energy functional W3/, (see [20]), to remove a remaining
logarithmic term.

Our next result concerns the subset of the free boundary

o~

R(u) := {xg € T'(u) : N(0+,u,x9) = 3/2},

where Almgren’s frequency is minimal, known as the reqular set of w.

Theorem D (Regularity of the regular set). Let u be as in Theorem A. Then R(u) is a
relatively open subset of the free boundary I'(u) and is a (n — 2)-dimensional manifold of

class OV,

Our proof of this theorem is based on the use of the epiperimetric inequality and is similar
to the one for the solutions of the Signorini problem in [20].

Finally, we state our main result for the so-called singular set. A free boundary point
zo € ['(u) is called singular if the coincidence set A(u) := {u(-,0) = 0} has H" '-density

zero at xg, i.e.,

i B 0 By ()

0+ o 1(B!) =0

If ]/\7,{0(0—#, u,y) = Kk < Kg, then xq is singular if and only if K = 2m, m € N (see Proposi-

tion 1.10.1). For such &, we then define
Se(u) == {z0 € T(u) : Ny (0+,u, 70) = K}

14



Theorem E (Structure of the singular set). Let u be as in Theorem A. Then, for any
k= 2m < kg, m € N, 3,(u) is contained in a countable union of (n — 2)-dimensional

manifolds of class C1°8.

A more refined version of this theorem is given in Theorem 1.10.10. The proof is based on
the logarithmic epiperimetric inequality of Colombo-Spolaor-Velichkov [27] for Weiss’s energy
functional Wy, with £ = 2m, m € N. We also point out that this inequality is instrumental
in the proof of the optimal growth at singular points, which is rather immediate for the
solutions of the Signorini problem, but far more complicated for the almost minimizers (see

Lemmas 1.10.3-1.10.6).

Proofs of Theorems A—E

While we don’t give formal proofs of Theorems A-FE, in the main body of the chapter,
they follow from the combination of results there. More specifically,

o Theorem A follows by combining Theorems 1.3.1 and 1.4.1.

o The statement of Theorem B is contained in that of Lemma 1.7.4.

o Theorem C follows by combining Theorem 1.5.4 and Corollary 1.9.2.

o The statement of Theorem D is contained in that of Theorem 1.9.5.

o The statement of Theorem E is contained in that of Theorem 1.10.10.

1.1.4 Notation

Throughout the thesis we use the following notation. R"™ stands for the n-dimensional
Euclidean space. We denote the points of R" by x = (2, z,,), where 2’ = (z1,...,2,-1) €
R"~!. We routinely identify 2/ € R"™! with (2/,0) € R*! x {0}. R% stand for open
halfspaces {z € R" : +xz,, > 0}.

For x € R™, r > 0, we use the following notations for balls of radius r, centered at x.

B.(z) ={y e R": |x —y| <r}, ballin R",
B*(z') = B,(2/,0) N {#x, > 0}, half-ball in R",
Bl.(z') = B.(2/,0) N {z, =0},  ball in R* !, or thin ball.

15



We typically drop the center from the notation if it is the origin. Thus, B, = B,(0),
B! = B.(0), etc.

Next, for a direction e € R", we denote
0ot = Vu - e,

the directional derivative of u in the direction e. For the standard coordinate directions e;,
i=1,...,n, we simply write

Uy, = Op, b = Oe,u.

Moreover, by 9% u(z’,0) we mean the limit of 9,,u from within B, specifically,

0Fu(@',0) = lm 0, u(y) = —d,ru(s’0),
" y—(2',0)
yeB;
O, u(z',0) = lim 0, u(y) = 0,-u(a’,0),
y—(2',0)
yeB,

+ = Fe, are unit outward normal vectors for BX on B’.

where v
In integrals, we often drop the variable and the measure of integration if it is with respect

to the Lebesgue measure or the surface measure. Thus,

/Tu = /T u(z)de, /a&u = /a& u(z)dS,,

where S, stands for the surface measure.
If E is a set of positive and finite Lebesgue measure, we indicate by (u)g the integral

mean value of a function u over E. That is,

(u>E::]€Eu:|;|/Eu.

In particular, we indicate by (u),, the integral mean value of a function u over B,(z). That

is,

1
(U) gy 1= ][ u = / u,
Br(z) wnrn Br(z)

16



where w,, = |Bj] is the volume of unit ball in R™. Similarly to the other notations, we drop

the origin if it is 0 and write (u), for (u)g,.

1.2 Almost harmonic functions

In this section we recall some results of Anzellotti [31] on almost harmonic functions, i.e.,
almost minimizers of the Dirichlet integral Jp(v) = [, |Vv|?. We also state here some of the
relevant auxiliary results that we will need also in the treatment of almost minimizers for

the Signorini problem.

Theorem 1.2.1. Let u be an almost harmonic function in an open set D with a gauge

function w. Then

(i) w is locally almost Lipschitz, i.e., u € Cy.0(D) for all o € (0,1).

loc

(i) If w(r) < Cre for some a € (0,2), then u € C*?(D).

loc

While we refer to [31] for the full proof of this theorem, we would like to outline the key
steps in Anzellotti’s argument. The idea to prove C%® and C''*/2 regularity of u is through

the Morrey and Campanato space estimates, namely, by establishing that

/B( )|Vu|2 < OphEte (1.2.1)
p\T0

/B - (Vi — (V) > < Cpt (1.2.2)

for zp € K € D, and 0 < p < pg, with C' and py depending on n, ro, d = dist(K,9D), the
gauge function w, and ||u|lw1.2(p).
To obtain the estimates above, one starts by choosing a special competitor v in (1.1.3).

Namely, we take v = h which solves the Dirichlet problem
Ah =0 1in B,(xy), h=wu on dB,.(zy).

Equivalently, / is the minimizer of the Dirichlet energy [p () |Vo|? among all functions in
u + Wy*(By(x0)). We call this h the harmonic replacement of u in B,(xo). We then have

the following concentric ball estimates for h.

17



Proposition 1.2.1. Let h be harmonic in B,(x¢) and 0 < p < r. Then

[ vnp< (p> [ v (1.2.3)
By (z0) r By (z0)
2 (p)n+2 Vi — (Vh) g |? (1.2.4)
Vh — (Vh)ao 2 < (2 / (VR a2 2.
Lo 1=, P < (0) ] ,

Proof. The estimates above follow from the monotonicity in p of the quantities

1 1
= Va2, / Vh— (VA), %
ITHE TR = (T

p" JBp(o

Noticing that (Vh),, , = Vh(xg), an easy proof is obtained by decomposing h into the sum

of the series of homogeneous harmonic polynomials. [

We next use the almost minimizing property of u to deduce perturbed versions of the

estimates above.

Proposition 1.2.2. Let u be an almost harmonic function in D. Then for any ball B,(x) €

D with r < rg and 0 < p < r we have

/B,,(xo) IVul?> <2 Kf)n + w(r)} /B,.(xo) Va2 (1.2.5)

n+2
Vi — (Vu),, 239(”) [ V= (Vuy,f? 1.2.6
L o V0= (Ve P <9 (2) 7 [V (V| (12:6)
+24w(7")/ |Vul?,
By (zo)

Proof. 1f h is a harmonic replacement of u in B, (z), we first note that

V(u—h)?= Vul?> — |[Vh|? =2 ViV(u—h
/Bw(zo)‘ ( )‘ /(900)| ’ ‘ | /Br(l“o) ( )

2 h2<
Vul? = VA <w(r) |

T

h|* < 2,
v set) [ vl

Br
B; (-'170) r (IO)

Then, combined with (1.2.3), we estimate

/ IVul? < 2/ IVh|? +2 IV (u— h)[?
By(z0) By (z0) By (o)

18



[0 ] £, o

which gives (1.2.5). To obtain (1.2.6), we argue very similarly by using additionally that by

Jensen’s inequality

Vi) ag.p — (VH) g 2g/ Vu — Vh[2.
/B o V0 = (Ve P [ |

For more details we refer to the proof of Theorem 1.4.1, Case 1.1. [

From here, one deduces the estimates (1.2.1)—(1.2.2) with the help of the following useful

lemma. The proof can be found e.g. in [50].

Lemma 1.2.2. Letry > 0 be a positive number and let ¢ : (0,79) — (0, 00) be a nondecreasing

function. Let a, 3, and v be such that a > 0, v > 8 > 0. There exist two positive numbers
e =¢l(a,v,B), ¢c = cla,v,B) such that, if

olo) < a(2) +elptr + b0

for all p, r with 0 < p < r <1y, where b > 0, then one also has, still for 0 < p <r < ry,

p(p) < ch)ﬁw(T) + bpﬂ}

We can now give a formal proof of Theorem 1.2.1.

Proof of Theorem 1.2.1. (i) Taking r small enough so that w(ry) < €, a direct application of
Lemma 1.2.2 to (1.2.5) produces the estimate (1.2.1), which in turn implies that v € CL7 (D),

loc

by the Morrey space embedding theorem.

(ii) Using that w(r) < Cr®, combined with the estimate (1.2.1), we first obtain

p\" 2 2 )
Vu— (Vu), 2§9<> / Vu — (V) > + Cr2teote,
/;p($0) ’ < > 07P| r Br(xo) ’ < > 05 ’

19



If o is so that o/ = —2 4+ 20 + a > 0, Lemma 1.2.2 implies that
Vu — (Vi) > < Cp+.
[ oy 19— (V)

By the Campanato space embedding, we therefore obtain that Vu € Cloo’f '/ 2(D). However,
it is easy to bootstrap the regularity up to Cloo’f /2 by noticing that we now know that Vu is
locally bounded in D and thus [ () |[Vu[* < Cr". Plugging that in the last term of (1.2.6),

we obtain that

p n+2 9
Vu — (Vu), 2§9<) / Vu— (Vu)y, >+ Cr"te
L o [u = (VP <9 (2) [V (V|
and repeating the arguments above conclude that u € Cﬁ;f 2, O

1.3 Almost Lipschitz regularity of almost minimizers

In this section we prove the first regularity results for the almost minimizers for the
Signorini problem, see Definition 1.1.2. Recall that we assume D = B, M = R""! x {0},
v =0,70 =1, and w(r) = r* for some a > 0. Furthermore we assume that u is even

symmetric in xz,-variable.

Theorem 1.3.1. Let u be an almost minimizer for the Signorini problem in By. Then

u € C%(By) for all 0 < o < 1. Moreover, for any K € By,

||UHCM(K) < CHUHWL?(Bl) (1.3.1)

with C = C(n, o, 0, K).

The idea of the proof is to follow that of Anzellotti [31] that we outlined in Section 1.2
and to prove an estimate similar to (1.2.5). The proof of the latter estimate followed by
a perturbation argument from a similar estimate for the harmonic replacement of u. How-
ever, in the case of the Signorini problem, the harmonic replacements are not necessarily
admissible competitors. Instead, for B,(x¢) € By, we consider the Signorini replacements h

of u in B,(zy), which solve the Signorini problem in B, (z() with the thin obstacle 0 on M

20



and boundary values h = u on 9B, (xy). Equivalently, Signorini replacements are the mini-
mizers of Jp, (z,) on the constraint set Ko, (B, (x0), M) and they also satisfy the variational
inequality?

/B L VR V(=) 20 for any v € Rau(By(ro), M) (1.3.2)

We then have the following concentric ball estimates for Signorini replacements similar to the

one for harmonic replacements, at least when the center of the balls is on M = R~ x {0}.

Proposition 1.3.1. Let g € M and let h be a solution of the Signorini problem in B, (zy)

with zero obstacle on M, even in x,-variable. Then,

[vnE< (p) [vhE 0<p<r (1.3.3)
By (o) r By (o)

Proof. We claim that [Vh|? is subharmonic in B, (). This follows from the fact that hZ,
i=1,...,n— 1, are subharmonic in B,(xg), see [48], and similarly that the even extensions
Efn of ki in z,-variable from Bf(zo) to all of Bg(zo) are also subharmonic. These are
all consequences of the fact that a continuous nonnegative function, subharmonic in its
positivity set is subharmonic, see Ex. 2.6 in [48].

The subharmonicity of [Vh|? in B,(xg) then implies, by the sub-mean value property,
that the function

1
p— — |Vh|?
p" JBp(xo)

is monotone nondecreasing. This readily implies (1.3.3). O
We next have the perturbed version of Proposition 1.3.1.

Proposition 1.3.2. Let u be an almost minimizer for the Signorini problem in By, and

B,(zo) C By. Then, there is C; = Cy(n) > 1 such that

/ Vul? < Oy K'O> + ra} / Vul?, 0<p<r. (1.3.4)
B,(z0) T By (zo)

2twhich follows from the inequality B, (20) |Vh|? < JB, 2oy V(1L —€)h + ev)|?, € € (0,1) by a first variation
argument.
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Proof. By using the continuity argument, we may assume that B, (z¢) € B;. We first prove
the estimate when x is in the thin space, i.e., oy € Bj and then extend it to arbitrary

Xo € Bl-

Case 1. Suppose g € Bj and let h be the Signorini replacement of u in B,(zg). Recall that
h satisfies (1.3.2). Then, plugging v = u, we obtain

/ L, Vi Vu— [VAP >0 (1.3.5)
By (xo

Using this, we can estimate

[ N@-neE= [ <|Vu|2+|Vh|2—2Vu~Vh)
B (z0) B (zo)
<[ vup- [ jvap
Br(CCO) B7»(.Z’0)
< (1+ra)/ yVh|2—/ |Vh?
Br(ﬂjo) Br(JJO)

= [ v [ vl
Br(zo) Br(zo)

where in the very last step we have used that A minimizes the Dirichlet integral among all

functions in Ko (B, (xo), M).

(1.3.6)

Next, we use the same perturbation argument as in the proof of (1.2.5). By using (1.3.3)

and (1.3.6), we estimate

/ IVul? < 2/ VA + 2/ IV (u— h)?

By(z0) By (z0) Bp(z0)

2(”) [oovnpeze [ v
r By (o) Br(z9)

2[(”) +rﬂ/ Vul?.
T BT(Z'O)

IN

IN

Thus, (1.3.4) follows in this case.

Case 2. Consider now the case xyg € Bf". If p > r/4, then we simply have

/ IVuf? < 47 (p) / Vul?.
B (x()) r B'r(-rO)

P
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Thus, we may assume p < r/4. Then, let d := dist(zo, B}) > 0 and choose 1 € 0B4(x¢)NBy.

Case 2.1. If p > d, then we use B,(xo) C Bay(x1) C B,j2(x1) C B,(x0) and the result of

Case 1 to write

2p \"
Vu2§/ ngoK) +r2“1/ Vul?
‘/Bﬂ(xo) | | Bap(z1) | | 7”/2 ( / ) By/a(z1) | |

<C Kp> +r® / |Vul?,
r B (z0)

Case 2.2. Suppose now d > p. If d > r, then B,(zy) € Bf". Since u is almost harmonic in

B, we can apply Proposition 1.2.2 to obtain

/ |Vul? <2 [(p) +TO‘} / |Vul?,
B,(z0) r By (zo)

Thus, we may assume d < r. Then we note that By(zo) C Bf and by a limiting argument

from the previous estimate, we obtain

/ [Vul? <2 Kp) +r®
By (o) d

Case 2.2.1. If r/4 < d, then

d n
[ v () [
Bg(zo) r By (z0)

which immediately implies (1.3.4).

/ |Vul?,
By(zo)

Case 2.2.2. It remains to consider the case p < d < r/4. Using Case 1 again, we have

2d \"
Vul? < Vul? < C () —1—7’2‘1]/ Vul|?
/Bdm)' | Bzdm)' | r/2 (r/2) Br/z(m)‘ |

d n
<C||- @ Vul?
= Kr) H]/wao)' ul’

which also implies (1.3.4). This concludes the proof of the proposition. O

We can now give the proof of the almost Lipschitz regularity of almost minimizers.
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Proof of Theorem 1.53.1. Let K € By and zg € K. Take § = d(n,«,0,K) > 0 such that
§ < dist(K,0B;) and 0* < &(Cy,n,n + 20 — 2), where ¢ = ¢(Cy,n,n + 20 — 2) is as in
Lemma 1.2.2. Then for all 0 < p < r < §, by (1.3.4),

/ |vu|2gcl[(”> +€]/ V2.
Bp(mo) T BT(IO)

By applying Lemma 1.2.2, we obtain

P n+20—2
/ IVul? < C(n, 0)<> / IVl
B, (z0) T By (zo)

Taking r  §, we can therefore conclude
/B oy [Tl < Ol 0,0, K|Vl 07 (1.3.7)
p\Z0

From here, we use the Morrey space embedding to obtain u € C%?(K) with the norm

estimate
HUHCO"’(K) < C(Tl, «, 0, K) HUHWLQ(Bl)’
as required. ]

1.4 C'¥ regularity of almost minimizers

In this section we establish the C''# regularity of almost minimizers for some 3 > 0. The
idea is again to use Signorini replacements and an appropriate version of the concentric ball
estimate (1.2.4) for solutions of the Signorini problem.

As we saw in the proof of the almost Lipschitz regularity of almost minimizers, it is enough
to obtain such estimates when balls are centered at zo on the thin space M = R"™! x {0}. Tt
turns out that to prove a proper version of (1.2.4), we have to work with both even and odd
extensions in x,-variable of Signorini replacements h from B[ (xg) to B,(z). The reason
is that even extensions are harmonic across the positivity set {h(-,0) > 0}, while the odd

extensions are harmonic across the interior of the coincidence set {h(-,0) = 0}.
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Proposition 1.4.1. Let h be a solution of the Signorini problem in B,(xq) with xy € M,

even in xn,-variable. Define

_ Vh(x', x,), Ty, >0
Vh =

Vh(z', —z,), =, <0,

the even extension of Vh from B, (xg) to B,(xg). Then for 0 < a < 1, there is C' = C(n)
such that for all 0 < p < (3/4)r,

_— _— 9 pn+1 9
Vh— (Vh), 2 <C / h?.
/Bp(:co) | (Vh)aopl” < 3 B, (w0)

Proof. This is an immediate corollary of the estimate

_ n+3

S C)r™ 2 ||l 2B (20))s (1.4.1)

Vh
H ||CO’1/2 <B$/4>r(I0)UB(3/4)T(x0))

see e.g. Theorem 9.13 in [48]. Indeed, for 0 < p < (3/4)r, we have
Vh — (VR 2 =2

[, o [V (V)
< ) VA

Pn+1 2
<ol /B ot

: [Vh = (V) g o)

B;L (zo

4)7‘(3;0))

We now prove the C'? regularity of almost minimizers.

Theorem 1.4.1. Let u be an almost minimizer of the Signorini problem in By. Define

Vu(z', x,),  x, >0

Vu(a!, x,) =
Vu(z',—x,), x, <O0.

Then
o

. 07/8 ) =
Vue CP(By) with 8 2nta)
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Moreover, for any K € By there holds
IVl cos iy < C(n, o, K)||ullwrzs,). (1.4.2)

Proof. Without loss of generality, we may assume that K is a ball centered at 0. Fix a
2n

small 79 = ro(n,a, K) > 0 to be chosen later. Particularly, we will ask Ry := ri"™ <

(1/2) dist(K, 0B;), which will imply that

K :={z € By : dist(z, K) < Ry} € B;.

Our goal now is to show that for zp € K, 0 < p <r < rg,

r

Tu— (Y 2 e 0 P\ Tu— (Va 2
— < — —
f o 19 (Tihaogl? < O (2)7 [ 90 (T

+C’(n,a,K)HuH%Vl,z(Bl)r”“’B, (1.4.3)

which readily gives the estimate (1.4.2) by applying Lemma 1.2.2 and using the Campanato
space embedding.
We first prove (1.4.3) for o € K N BY, by taking the advantage of the symmetry of v,

and then we argue as in the proof of Proposition 1.3.2 to extend it to all xy € K.

Case 1. Suppose xy € K N Bj. For notational simplicity, we assume zo = 0 (by shifting the

center of the domain D = B; to —x) and let 0 < r < rg be given. Let us also denote

8] 2n
"=1——¢€(0,1 R = ro+a,
@ 8n (0,1), "

We then split our proof into two cases:

sup |u| < C3R*  and sup |u| > C3R”,
8BR aBR

_ Ju@)—u(y)|
ryeK |z—yl® -
T#Y

with C5 = 2[u] = 2sup

0,a’,l~(
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Case 1.1. Assume first that supyp , [u| < C3R®. Let h be the Signorini replacement of u on

Bpgr. Then, for any 0 < p < r, we have
[ 1Vu— ()P <3 [ (Vh- (TR, P43 [ (V- V43 [ [(Va), - (TR,
B, B, B, B,

Besides, by Jensen’s inequality, we have

J,

Hence, combining the estimates above, we obtain

(V) = (VR < [ |Vu— VA

P

/B |ﬁ—<ﬁ>p|2g3/3 |ﬂ—<ﬂ>p|2+6/3 IV — V| (1.4.4)

Similarly
/ VT — (Vh), |? §3/ |@—(@)T|Q+6/ Vu — VA (1.4.5)
B, By B

2n+a

Next, note that if 7o < (3/4) 7, then r < (3/4)R, and thus by Proposition 1.4.1,

. o n+1
/B Vh — (V)2 < C(n, ) }ZM /BR h2. (1.4.6)

Then, using (1.4.4), (1.4.5), and (1.4.6), we obtain

N A 2 < Th /O |2 TR v L
/Bp|w (Va),| _3/Bp|wl (VRY,| +6/Bp|w Vi o

p”“/ > / o o
< C(n, h>+6 [ |Vu— Vi
<O(n,0) g [ 10+ Bp| u |

Now take § = d(n, o, K) > 0 such that 6 < dist(K,0B;) and §* < e =¢(Cy,n,n + 2/ — 2),
where (' is as in Theorem 1.3.1 and ¢ is as in Lemma 1.2.2. If ry < (523%, then R < 9, and

therefore by (1.3.7),

[, VP < Ol ) |[Vulfag, R,
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Thus, using the above inequality, combined with (1.3.5), we obtain

[ \Nu-VhE< [ Gup - [ |9
Bgr Br Br
< Ra/ ‘ﬂP < Ra/ ‘61\”2
BR BR (148)
< C(n, o, K)||Vul| 725, R

= C(n, o, K)|| V2o g, " 5572,

We next use that h? is subharmonic in Bg. (This can be seen for instance by a direct
computation A(h%) = 2(|Vh|*> +hAR) = 2|Vh|?> > 0, or by using the fact that h* are

subharmonic.) Then,

(h?)r < sup h? = sup h? = supu? < CZR*". (1.4.9)
BR 8BR 8BR

Also note that by (1.3.1), C3 < C(n, o, K)||u|[w12(p,). Hence,

i 2 o 2 n+smeray
s, 1= C) T ()5 < Clns 0, ) a7 (1.4.10)

Now (1.4.7), (1.4.8), (1.4.10) give

L IVu—= (Fu, | < Oy K) ullfpaags, (75 + o= 0-D)
B

G (1.4.11)
< C’(n,a,K)||u||%‘,1,2(31)r”+2<42n+a>‘

Case 1.2. Now suppose supyp, |u| > C3R*". By the choice of C5 = 2[u, , %> We have either
u > (C3/2)R™ in all of By or u < —(C3/2)R* in all of Bg. However, from the inequality

u(0) > 0, the only possibility is

C ,
u>?3RO‘ in Bg.
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Let h again be the Signorini replacement of u in Br. Then from positivity of h = u > 0 on

0Bpr and superharmonicity of h in Bpg, it follows that A > 0 in Bg and is therefore harmonic

there. Thus,
n+2
_ 2 < p> _ 2
/Bp\Vh (Vh),|? < (T /B Vh— (VAL 0<p<r

We now want to obtain a version of this estimate for Vi. We start by observing that VA
and VA differ only in the n-th component. The n-th component of Vh, h,, , is odd in z,.

On the other hand, the n-th component of ﬂ, is even in x, and is given by

_ he, (' 2,),  x, >0
hy, () =

n

he, (2 —x,), z, <0

Then we have

2 1 ? 1 ?
o — Rl = [ —(/ z?) = [ e~ (b, 2—(/ ff)
/Bp ’ < >P| B, |Bp| B, B, ‘ < >P| |Bp| B,

where we have used that (h,,), = 0. Hence, we arrive at

/B |ﬂ—<ﬁ>p12=/B |Vh—<v11>p|2—|31p|</3 fT) . (1.4.12)

Similarly, we have

/BT IVh — (Vh),|* = /B IVh — (Vh),|* — |;T’ (/BE;> . (1.4.13)

Now, using (1.4.12) and (1.4.13), we have for all 0 < p < r

— =\ 2 9 pn+2 9
_ < _ < (2 _
[, (= (TR, < [ (A= ()2 < (2) [ v (Vh),|

0 n+2 . _ 9 1 — 2
< (= — .
_( ) /BT\Vh (VR),| +‘BT|</BTh%)

(1.4.14)

r
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3o

8n’?

o, we)

Next, note that if 7o < (1/2)*, then < R/2. Then, for v :=1 —

C(n)
sup |D*h| < —— sup |Vh| < n
R B a)r RT3
1/2
(/B Ivu|2> < C(n, 0 K)||Val| 25, B2,
R

Br/2
C(n)

< n
- R1+§

where the last inequality follows from (1.3.7). Thus, for = = (2/, x,) € B,, we have

2
277.104 (772) s

|| < ] sup [D*h] < Cn, o, K)|| V]| 25, yr R

Bry2

< C(n,a, K)||Vu||L2(Bl)7"1Jr
(1.4.15)

4
2nza (7_2)

and hence
1

2
151 </ r h’ﬁ") < C(n, 0, K) | Vul[fage,yr ™
+

= C’(n,a,K)HVUH%Q(Bl)Tn @nta)

Combining (1.4.14) and (1.4.15), we obtain
n+2 . - .
) [ VR = (VRWP? + o, ) [ Valfagp,yr™ 55
(1.4.16)

p

/\_ — 2<(
[, 1R = (@), <

Finally, (1.4.4), (1.4.5), (1.4.8), and (1.4.16) give

| Vu— (V<3 [ 1SR (TR),E+6 [ Tu- Vi
B, B, B,
<3(
!

P n+2 o o

) IV (VP
B'r

+C(n, 0, K)||Vul g, 7" 725 +6 /B p Vu — Vh|?

n+2 — =
< _
<9(2) [ 1Fu—(Tu,

P
+C(n, 0, K)|| V3o, " 7 + 24 / Vu — VA
B
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n+2 - - )
<9(2) [ ¥ (Fu) o+ Cn o, K|Vl 755
B,

1

+ C(TL7 a, K) ||Vu||%2(B1)Tn+ﬁ(n_§)

n+2 . . o
<9(2)" [ [T (T, o+ Ol K|Vl gy 75

From this and (1.4.11) we obtain (1.4.3) for o € K N B;.
Case 2. To extend (1.4.3) to any xy € K, we now assume zo € K N B;". We use an argument
similar to the one in Case 2 in the proof of Proposition 1.3.2.

Now, if p > r/4, then

e — i . n+o e ——
Lo V= T < [ V= (T, P <4 () [ (S (Tua
By (z0) By (o)

BP(mO) r

and thus we may assume p < r/4. Let d := dist(x, B}) > 0 and choose z; € dB;(zo) N By.

Note that from the assumption that K is a ball centered at 0, we have z; € K N Bj.

Case 2.1. 1If p > d, then from B,(x¢) C Ba,(x1) C B,j2(x1) C By (x0), we have

Lo [V (Ve P < [ (T (T

Bap(z1)

n+a o o
<Cma) (2) [ [V (Tl
r BT/Q(zl)
+ C(n,a, K)||u||€vl,2(31)r"+25
p n+a o o
<Cma) (2) [ V= (Fuay
T By (zo)
+ C(n, o, K)||ullfrzs,)r" ™,

which gives (1.4.3) in this case.

Case 2.2. Now we suppose d > p. If also d > r, then B,(zy) C B and since u is almost
harmonic in B}, we can apply Proposition 1.2.2, together with the growth estimate (1.3.7)

in the proof of Theorem 1.3.1, to conclude

n+ao
/\_/\x 2<C <p> / /\_/\zr2
[ o 90 (T < Clo) (5) [ 190 (T
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+C(n, o, K)||ullfyregpy ™™,

Thus, we may assume d < r. Then, By(zo) C B, and hence, again by the combination of

Proposition 1.2.2 and the growth estimate (1.3.7), we have

— — nta — —
[V T < Ce) (8) [V (Tl
Bp(zo) d Ba(zo)

+ C(n,a, K)|ulfep,d™ .

We need to consider further subcases.

Case 2.2.1. If /4 < d, then (since also d < r)

—_— —_— d
[ 1T (T < a0
Ba(zo)

r

n—+o . .
)L T T
B7'(7:0)

and combined with the previous inequality, we obtain (1.4.3) in this subcase.

Case 2.2.2. If d < r/4, then we also have

| V= (VagaP < [ V= (Vi aal?
Bg(zo) Bag(x1)

d n+ao - -
< G . 2
<C(n,a) <T> By o(an) Vu <vu>w1,r/2|

+C(n,a, K) ||U||%/v172(31)7”n+25

d n+a . -
< C(n,a) () /. oy [T (Ve

r

+C(n,a, K) ||u||%,V1,2(Bl)7“"+25.

Hence, the estimate (1.4.3) has been established in all possible cases.

To complete the proof of the theorem, we now apply Lemma 1.2.2 to the estimate (1.4.3)

to obtain

Fi— (T pl? < Cae) | (D) [ [T (Tt P
[, o 190 (T P < Ctne) [ (2) [ 190 (T
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+ Cln, Bl 0"
Taking r 7 ro = ro(n, a, K), we have
Jy o 9= (Tt < Ol B s
Then by the Campanato space embedding we conclude that
Vu e C*P(K)
with

IVulleos ) < Cln, o, K)lullwras,). -

Having the C'* regularity of almost minimizers, we can now talk about pointwise values
of
O u(z',0) = lim 39, u(y)
" y—(a',0)
yeBt

for 2’ € B}. The following complementarity condition is of crucial importance in the study

of the free boundary.

Lemma 1.4.2 (Complementarity condition). Let u be an almost minimizer for the Signorini

problem in By. Then u satisfies the following complementarity condition
udu=0 on Bj.
Moreover, if xo € I'(u) then
u(z) =0 and |Vu(zo)| =0.

Proof. Since u > 0 on B, the complementarity condition will follow once we show that 9; u
vanishes where u > 0 on Bj. To this end, let u(2’,0) > 0 for some 2’ € B). By the continuity

of uwin By, (see Theorem 1.3.1), we have u > 0 in some open neighborhood U C By of (2/,0).
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If B,(y) € U (not necessarily centered on Bf) and v is a harmonic replacement of u in B,.(y),

then by the minimum principle v > 0 in B,(y), and particularly v > 0 on set B,(y) N Bj.
Then v € Ry (B, (y), M) and therefore we must have

[oaveE< ) [ vl
By (y) B, (y)

This means that v is an almost harmonic function in U. Hence u € C“*/?(U) by Theo-
rem 1.2.1. From the even symmetry of u in z,, it is then immediate that 0 u(z’,0) =
Oy, u(x’,0) = 0.

The second part of the lemma now follows by the C* regularity and the complementarity

condition. n

1.5 Weiss- and Almgren-type monotonicity formulas

In the rest of this chapter we study the free boundary of almost minimizers. In this section
we introduce important technical tools, so-called Weiss- and Almgren-type monotonicity
formulas, which play a significant role in our analysis.

We start with Weiss-type monotonicity formulas. They go back to the works of Weiss
[49], [51] in the case of the classical obstacle problem and Alt-Caffarelli minimum problem,
respectively, and to [14] for the solutions of the thin obstacle problems. In the context of

almost minimizers, this type of monotonicity formulas has been used in a recent paper [43].

Theorem 1.5.1 (Weiss-type monitonicity formula). Let u be an almost minimizer for the

Signorini problem in By. For xy € Bi/Q and 0 < Kk < Ko with a fived kg > 2 set

eato‘ 1— bt
W/{ t’ , == / V 2 _ / 2 y
(t, u, zo) n+2r—2 [ Bt(xo)’ ul” = % t aBt(xo)u

with

34



Then, for 0 <t <ty = to(n,a, ko),

d qat® a1 —bt7) |\’
Wtz > - / PR SV B
dt ( u, o) > 262 JoB, (z0) <u t '

In particular, W, (t,u, zq) is nondecreasing in t for 0 <t < tg.

Remark 1.5.2. It is important to observe that while a = a, depends on x, the constant b
depends only on «, n and k3. We also note that in our version of Weiss’s monotonicity
formula, perturbations (from the case of the thin obstacle problem) appear in the form of
multiplicative factors, rather than additive errors as in [43]. Because of the multiplicative
nature of the perturbations, we can then use the one-parametric family of monotonicity

formulas {W, }o<x<r, to derive an Almgren-type monotonicity formula, see Theorem 1.5.4.

Remark 1.5.3. To avoid bulky notations, we will write W, (¢, u) for W, (¢, u, xg) when xy = 0

or even simply W, (t), when both u and zy are clear from the context.

Proof. The proof uses an argument similar to the one in Theorem 1.2 in [51]. Essentially, it
follows from a comparison (1.1.4) with special competitors, described below. Without loss

of generality, assume xo = 0. Then for ¢ € (0,1/2), define w by

w(z) == ('i"')u <t|i|> , forz € B,

Note that w is k-homogeneous in By, i.e., w(Ax) = Nw(Az) for A > 0, x,\x € By, and
coincides with u on dB;. Also note that w > 0 on By and is therefore a valid competitor for
win (1.1.4). We refer to this w as the k-homogeneous replacement of u in By.

Now, in B;, we have

= (2) (i) e =)= () )

which gives

t
/|Vw|2dx:// V()2 dS,dr
B, o JoB,
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i 5)

n—|—2/<a—2
t

2k—2

0By

(i
LG

Vu— (Vu . I/)V + %uu

—uv

Jo (7e(5) e mulis)]

—(Vu~u)u+Vu2

2
ds,

__t 2 (vu-v) ff?z)
R " 6Bt(]Vu| (Vu l/) +<t) u®)dS,.

The latter equality can be rewritten as

/BBtUQde: (K) l””“/ IVl dm+/ (2~ |Vul )dS]

Since w is a competitor for u, we have

/ Vw|2dz >

14 t«

and combining (1.5.1) and (1.5.2) yields

/ ) t\? 1
u dS, > () (n+ 2k —2)
OBy K

at® tfn72/<

Multiplying this by x2e

it

/|Vu|2dx2(1—ta)/ Vul?dz
By

and rearranging terms, we obtain

eatatfnqmz) \Vu\Qd:C
By

—(n 42K — 2)e " 2R (t — t““) / |Vul*dz
By

> eato‘ t—n—2n+2 /
- OB

Define now an auxiliary function

(u?/ - |Vu|2> dS, — /<;2e“tat_”_2”/ u?dS,.
OB,

b(t) =

Re

at™ (1 _ bta)

tn+2n—1
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t /B IV dm—k/aBt (2 — Vul )dSrl.

(1.5.1)

(1.5.2)

(1.5.3)

(1.5.4)



Then we write

W, (t,u, 0) = eot"~n=2x+2 / Vul2dz — (2) /d u2dS,
Bt C

By

and, using (1.5.4), obtain

d _ d at® ;—n—2Kk+2 2 at® ;—n—2Kk+2 2
Wil 0) = 2 (e )/Bt Vul2dz + et /8& Vul2dS,
/ 2 Zﬂ(t) 2
—'(t) udS, — 2¢(t) uu,dS; — (n —1)——= u“dS,
dB, dB, t JoB,
> eato‘t—n—25+2/ (u?j _ |Vu|2> s, — H2eatat_n—2n/ u2dS,
OB, OB,

at® 4 —n—2k+2 2 a0 2
+ et /8& Vul2dS, — ' (t) ABtu ds,
—2u(t) [

OBt
_ eatat_n—2n+2/ u?,dsz — 2¢(t)/ ut, dS,
9B, 9

By

- (HQe“tat_”_Q“ + ' (t) + (n — 1)@) /a& u?dS,.

uu,dS, — (n — 1)@/@ u?dS,
By

Now observe that () satisfies the inequality

at®

(e v+ - 02) o

for 0 <t < to(n,a, k) and 0 < kK < Kg. Indeed, a direct computation shows that the above

inequality is equivalent to
202(1 + ko — k) — (n + 2k0)[(n + 2K0)k — a(n + 2k — 2)]t* > 0,
which holds for 0 < kK < kg and small ¢ > 0 such that

20% — 4(n + 2k¢)*Kot® > 0.
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Hence, recalling also the formula for v (¢), we can conclude that

d eat"‘ Ii(]_ — bta> H<]— - bta) 2
Dt > ] s s (SO
dtW (t,U,O) - tn+2f€—2 [/83t quS 2 t OB uu dS - t 8Btu ds
0, 2
- tn+21€*2 OB; v t ’
for 0 < t < to(n,a, ko). U

Next, for an almost minimizer v in B; and xy € B} /25 consider the quantity

N(t =
(t,u, o) Topen @

, 0<t<1/2
which is known as Almgren’s frequency and goes back to Almgren’s Big Regularity Paper
[47]. This kind of quantities have also been used in unique continuation for a class of elliptic
operators [52], [53] and have been instrumental in thin obstacle-type problems, starting with
the works [12]-[14].

Before proceeding, we observe that Almgren’s frequency is well defined when xq is a free
boundary point, since [yp, (4 u?* > 0. Indeed, otherwise u = 0 on 9B;(z) and we can use

h =0 in By(x0) as a competitor, to obtain that [p, ) [Vul> < (1+1*)0 = 0, implying u = 0

zo)
in By(xg), contradicting the assumption that z( is a free boundary point. Next, we also
consider a modification of N:

— 1
N(t,u,xg) == b

N(t,u,xg),
where b is as in Theorem 1.5.1, as well as
N, (t,u, x9) := min{N(t), Ko}, 0<t<tp,

which we call the truncated frequency.
For the frequencies N, N , and J/V\NO, we will follow the same notational conventions as

outlined in Remark 1.5.3 for Weiss’s functionals W,..
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With the Weiss type monotonicity formula at hand, we easily obtain the following mono-

tonicity of ]/V\KO .

Theorem 1.5.4 (Almgren-type monotonicity formula). Let u, kg, and ty be as in Theo-

rem 1.5.1, and xy a free boundary point. Then ]/V\,.m (t,u,xo) is nondecreasing in 0 <t < tg.

Proof. We assume xq = 0. It is quite important to observe that ¢ty depends only on n, «,

and ro. Then, if N(t) < & for some t € (0,ty) and & € (0, ko), then

(e}
eat

Wi(t) = ooz u® ) (N(t) = k(1 = bt*))
t . (/8& >

i (/83 u2> (1—b%) (N(t) - &) < 0.

By Theorem 1.5.1 we also have W, (s) < W,(t) < 0 for all s € (0,¢), and thus N(s) < &.

This completes the proof. O

Remark 1.5.5. The proof above is rather indirect and establishes the monotonicity of ]/\7\,{0
from that of Weiss-type formulas in one-parametric family {W, }o<x<x,. This kind of relation

has been first observed in [14].

1.6 Almgren rescalings and blowups

In this section we prove a lower bound on Almgren’s frequency for almost minimizers at
free boundary points. The idea is to consider appropriate rescalings and blowups of almost
minimizers to obtain solutions of the Signorini problem, for which a bound N(0+) > 3/2 is
known.

Now, let v be an almost minimizer for the Signorini problem in By, and zy € B; /o & free

boundary point. For 0 < r < 1/2 consider the Almgren rescaling® of u at xq

u(re + xo)
(,ﬂnl_l faBr(aco) u2)

31We use the superscript A to distinguish this rescaling from the other rescalings, namely, homogeneous and
almost homogeneous rescalings that we consider later.

uf@,?“(x) = , T E Bl/(27‘)-

N
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When x5 = 0, we also write u instead of uéT. The Almgren rescalings have the following

normalization and scaling properties

ui Nr2@om) =1

N(p,u? )= N(pr,u,z¢), p<1/(2r).

zo,r

We will call the limits of uZ, , over any sequence r = r; — 04 Almgren blowups of u at xg

A
z0,0°

and denote by u

Proposition 1.6.1 (Existence of Almgren blowups). Let zy € Bj,, NI'(u) be such that
]/V\,_;O(O—I—,u,xg) = Kk < Kko. Then every sequence of Almgren rescalings ufovrj, with r; — 04
contains a subsequence, still denoted ry, such that for a function uf, o € W*(By)NCh(Bf U
By)

ud s ud i WYA(By),

0,7 0,0

ud s ud o in LA(0B),

0,7 0,0

A A Al pE /

uaco,rj — u:co,O m C1100(‘81 U Bl)
Moreover, U;‘oo is a monzero solution of the Signorini problem in B, even in x,, and
homogeneous of degree k in By, i.e.,

u;‘qo,()()\x) = )\Hufo,o ('r)7

for A > 0, provided x, \x € Bj.

Proof. Without loss of generality, we assume xo = 0. From the fact that N (0+,u) = Kk < Ko,
it follows also that N(04,u) = N(0+,u) = . In particular, N(rj,u) < kg for large j. Then,
for such j

/ Va2 = N(Lul) = N(r,u) < ko
B )

Tj

40



and combined with the normalization [,z (uf;)Q = 1, we see that the sequence uf; is bounded

in W12(By). Hence, there is a function uf' € W12(B;) such that, over a subsequence,

u;‘} — ufl  weakly in W(B)),

uf} — ufl  strongly in L*(0B,).

In particular, [,z (uf')? =1, implying that ug # 0 in B;.
Next, we observe that since u is an almost minimizer in By with gauge function w(t) = t*,

u? is also an almost minimizer in By, with gauge function w,(t) = (rt)®. This is rather

A

2(z) up to a positive constant factor is u(rz) and the multiplication (or the

easy to see, since u
division) by a positive number preserves the almost minimizing property. Since w,(t) < w(t),
Theorem 1.4.1 is applicable to rescalings ué, from where we can deduce that over yet another
subsequence,

uf = ug i G (Bf U BY). (1.6.1)
Now, we claim that since the gauge functions w,(t) = (1t)® — 0 as r — 0, the blowup ug
is a solution of the Signorini problem in B;. Indeed, for a fixed rj, let h,, be the Signorini

replacement of u;% in B;. Then, by repeating the argument as in the proof of Proposition 1.3.2

A 2 « A2
[ 1V = b <0 [ (v

This implies that h,, — uf! weakly in W12(B;). On the other hand, by the boundedness of

the sequence h,, in W'?(B;), we have also boundedness in C’l’l/Q(B’fE U B}) and hence, over

loc

a subsequence, h,, — ud' in CL (Bif U B}). By this convergence we then conclude that u

satisfies

Aul! =0 in B, \ B;

A +,,A Ag+ A _ /
ug >0, =0 uy >0, wuyd; uy =0 on By,

and hence uj itself solves the Signorini problem in B;.
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Using the CL convergence again, we have that for any 0 < p < 1
N(pauO) _AI%N()O;UTJ-) _AI%N(IOTMu) N(0+7u) K.
Thus, the Almgren frequency of uf' is constant s, which is possible only if u{' is a k-

homogeneous solution of the Signorini problem in By, see Theorem 9.4 in [48]. O

In what follows, it will be sufficient for us to fix kg > 2 (say ko = 2), in the definition of

]/V\,.go and we will simply write

Lemma 1.6.1 (Minimal frequency). Let u be an almost minimizer for the Signorini problem

in B. If g € By, NI'(u), then

o~ —~

N(0+7 u, .fl?'()) = Tl_i>%1+ N(h u, 33'0) >

N W

Consequently, we also have

—

N(t,u,xg) >3/2 for0 <t <t

Proof. As before, let xyp = 0. Assume to the contrary that ]/V\(O—l—,u) = Kk < 3/2. Since
k < ko we can apply Proposition 1.6.1 to obtain that over a sequence r; — 0+, u,’% — ug‘ in
Cl (Bf U B}), where u is a nonzero x-homogeneous solution of the Signorini problem in
By, even in z,,. Moreover, since 0 € I'(u), by Lemma 1.4.2 we have that u(0) = |Vu(0)| = 0,
implying that u;f;(O) = \V/E;%(O)\ = 0 and, by passing to the limit, uZ'(0) = |V/\u§‘(0)] = 0.
Now, to arrive at a contradiction, we argue as in the proof of Proposition 9.9 in [48] to reduce
the problem to dimension n = 2, where we can classify all possible homogeneous solutions of
the Signorini problem, even in x,. The only nonzero homogeneous solutions with k < 3/2 in
dimension n = 2 are possible for k = 1 and have the form u{'(z) = —cax,, for some ¢ > 0, but
they fails to satisfy the condition |V/1764(())] = 0. Thus, we arrived at contradiction, implying
that ]/\7\(0+, u) > 3/2. Finally, applying Theorem 1.5.4, we obtain ﬁ(t, u) > ]/V\(0+, u) > 3/2,
for 0 <t < ty. O
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Corollary 1.6.2. Let u be an almost minimizer for the Signorini problem in By and xq a

free boundary points. Then
Wg/z(t,ﬂ,l’o) >0 f0r0<t<t0.

Proof. We simply observe that N(t) > N(t) > 3/2 for 0 < t < t, and hence

eat"‘ N 3
Waa(t, u, z0) = P (/63 u2> (1 —0bt%) <N(t) - 2) > 0. O

1.7 Growth estimates

An important step in the study of the free boundary in the Signorini problem (and in
many other free boundary problems) is the proof of the optimal regularity of solutions, which
in this case is CY%/2 on each side of the thin space. This allows to make proper blowup
arguments to establish the regularity of the so-called regular part of the free boundary.
However, in the case of almost minimizers, we only know C'* regularity for some small
£ > 0 and do not expect to have anything better. Yet, in this section, we establish the
optimal growth of the almost minimizers at free boundary points with the help of the Weiss-
type monotonicity formula and the epiperimetric inequality.

Finally, we want to point out that the results in this section are rather immediate in the
case of minimizers, as they follow easily from the differentiation formulas for the quantities
involved in the Almgren’s frequency formula. This is completely unavailable for almost
minimizers.

We start by defining a new type of rescalings. Fix x > 3/2. For a free boundary point

Zo in Bi/2 and r > 0, we define the k-homogeneous rescaling by

u(rx + xo)
/r-ff

(%)

UI07T(:E) = urg,r(‘r) = y TE Bl/(2r)'
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To take advantage of the Weiss-type monotonicity formula, we need a slight modification of

this rescaling. With the help of an auxiliary function
B(r) = Gulr) o= eV s,

which is a solution of the differential equation

§r) = ro(m """ 150

r

we define the k-almost homogeneous rescalings by

u(re + o)

Bi@r-
oy TS Te

Lemma 1.7.1 (Weak growth estimate). Let u be an almost minimizer of the Signorini

problem in By and xg € Bi/2 N (u) be such that ]/V\(O+,u,x0) >k for k < Kky. Then

1
i : n+2k—1
/aBt(xo) w? < Ol o, m)lfulfynoqs, (log 7 ) #7727,

1 n KR—
/B |vu|2 < O(”v «, RO)HUH‘Q/VLQ(BQ (k)g t> 3 2 27
t(20)

for 0 <t <ty=to(n,a,k).

Proof. Without loss of generality, assume xq = 0. We first note that the condition N (04, u) >
% implies that N(t,u) > & for 0 < t < ty = to(n, a, ko). Then also N(t,u) > k for such ¢t

and consequently,

at®

Welt,w) = - (/83 u2> (1—bt*) (N(t,u) - x) > 0.

Next, for ¢ = ¢,, we have that




Now let

Then,
d

wo) = ( [, ot utioase) ([ weras:)

and consequently, by Cauchy-Schwarz,

(7)< ( IMEXG dsg) -

Hence,

1 1 "t d V2 e g 1/2 b a
< —W — — W — _
=~ ( — K(T>> T1/2 (d?’ K(T)> ) c R 27

for 0 < r <ty = to(n,a, ky). Thus, we have shown

/ e [ d 1/2
|m/(r)] < i %Wﬁ(r) ;o 0<r <t

Integrating in r over the interval (s,t) C (0,ty), we obtain

e [ g 1/2 ¢ g2er 1/2 t g 1/2
m(t) — m(s)| g/s 7 <drwﬁ(7~)> dr < (/ - dr) ( drwﬁ(r))

<G (log i)m W (t) — We(s)]2

In particular (recalling that Wy(s) > 0), we obtain

1/2
() < mito) +Co (log ) (Wi(to)) 2.
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Varying ¢y by an absolute factor, we can guarantee that
m(to) < C(n, a, o) [ull 2y, Walto) < C(n, a, ko) [ullfyzs, ).
Hence, we can conclude

1
, 9 n+2k—1
/aBtu < C(n, a, ko) |ullyrzs,) <log t>t T

for 0 < t < tg = to(n,a, k). This implies the first bound. The second bound follows
immediately from the first one by using that W (¢,u) < W, (to, u):

1 2 _ k(1 —bt%) 2 | —at®
fnt2r—2 /.Bt [Vul” < gt 2r—1 /8& u” + e Wi(to, u)
atg

1 e
< C(n, o, ko)||ullfyra(s) <1Og t> + W/B [Vul®
0 to

1
< Clmya,0) [l (108 )

]

The logarithmic term in Lemma 1.7.1 does not allow to conclude that the sequence of
k-homogeneous or almost homogeneous rescaling is uniformly bounded say in W12(By). In
the rest of this section we show that in the case of the minimal frequency x = 3/2 we can
do that with the help of the so-called epiperimetric inequality for the Signorini problem for
the Weiss energy

Wg/Q(w) = /B1 Vw|? — 2 w?.

0B,

To state this result, we let

A={weW"B)):w>0on B}, w, z,) =w, —z,)} (1.7.1)
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Theorem 1.7.2 (Epiperimetric inequality). There exists n € (0,1) such that if w € A is

homogeneous of degree 3/2 in By, then there exists v € A with v =w on OBy such that

W??/z(“) <(1- U)W??/z(w>-

This kind of inequalities go back to the work of Weiss [49], in the case of the classical
obstacle problem. For the Signorini problem, a version of this theorem was proved in [20]
and [54]. In fact, the theorem above is the version in [55]. The inequality in [20] and [54]
requires w to be close to the blowup profile, but this can be easily removed by a scaling
argument (see [55]). We also refer to [27], for a more direct proof of this inequality with an

explicit constant n = 1/(2n + 3).

Now, with the help of the epiperimetric inequality, we can prove a decay estimate for the

Weiss-type energy functional W5/,. For the rest of the section, we will assume
Ko = 2,

which will make some of the constants independent of kg, but the results hold also for any

other value of kg > 2, with possible added dependence of constants on k.

Lemma 1.7.3. Let zy € Bi/2 be a free boundary point. Then, there exist 6 = d(n, ) > 0
such that
0 < Wapa(t,u,z0) < Ct,  0<t<ty=rty(n,a),

U}Zth C — C(n7 OC)HUHIQ/VI’Q(Bl)’

Proof. As before, without loss of generality we assume that xq = 0.
The proof will follow from a differential inequality that we derive by using our earlier
computations and the epiperimetric inequality. Recalling the proof of the Weiss-type mono-

tonicity formula (Theorem 1.5.1), for small ¢ > 0, we have

d et” 5 (m+1)(1—t*)e™” )
- [ - B

0 [ w00 [ o) [ wo
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tn+1 9

. ([(n S -t + (n— 1)]1/’?) n w(t)) /aBt u? — 2(t) /aBt udu

> _ (n+ 1)151 —t%) Wy a(t, )

e (1 — bt®) s 3
+ T /BBt <|VU| — guﬁyu

3 [(n—i— D1 —t)+(n—1) N 1//(75)1 u2>_

2t

n+1)(1—1t* et”
— _( >ZE )Wg/Q(t,u) + /B |Vul?

To proceed, note that

m+1)(1—-t+n-1) ') (n—2)+0(t*)
t p(t) t '

Now, for the homogeneous rescalings

we can write

/ |Vu|2_§uayu_§(n_2)+o(t )u2
0B, t 2 t2

n 3 «
=" [Vl = 3w, — S0 - 2)+ O]
_ an 3 2 2 3 1 « 2
=1t /331 ((9,,ut — 2Ut> + (afut) — 5 |:<TL — 2) -+ O(t ):| Uy ,

where 0,u, is the tangential component of Vu,; on the unit sphere. We can summarize for

now that
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On the other hand, if w, is a 3/2-homogeneous replacement of u,; in By, i.e.,
wi(w) = e Puy(/|x])

then

3 2

Wg)o(wr) :/B [V, |* — 3 Jop. Wt
1 1

The last equality follows by repeating the arguments in the beginning of the proof of The-
orem 1.5.1 with k = 3/2. Let v; be the solution of the Signorini problem in B; with

v = uy = wy on 0B1. Then by the epiperimetric inequality
Waya(ve) < (1 —n)Wg)s(wy).

On the other hand, since u is an almost minimizer, we have

[ VaP <) [ o
Bl Bl

and since also u; = v; on 0B7, we have

VB T (3/2)<1t — bt?) /aBt UQ]

< (14 O YWpa(o) + O |

W3/2 (t, 'LL) =

eat"‘
tntl
< <1 - g) W30/2(wt) + O(t) /BB ul, for 0 <t <ty=ty(n,a).

We can therefore write

d n+1)(1—t¢
@W:')/Q(t,u) > —( ) >W3/2(t,u)
n+ 1)e™ (1 — bt B
+( ) t< )W:,?/Q(wt)+0(t“ 1)/83 u?

49



n+1 1 O(t%) 9
> — [ —1 )W - 7/
= ¢ < 1 — /2 +ot >> oyaltw) {n+3 /aBtu

n 21
L Wa ot u) — Ct/
At 3/2( >U) )

for small ¢, where we have also used the growth estimate in Lemma 1.7.1. Taking now ¢ such

that
0<5<min{z,g},
we have
d _ C Lo s (d 4] o)2—6—
77 [Wapa(t u)t 5+mt /2 5] =0 <dtW3/g(t,u) — twg/Q(t,u)> + /2ot

> =01 [Z _ 5} Wi ja(t, 1) — C1/20-1 4 0p0/2=5-1

>0

Y

for small ¢, where we have used again that Ws/,(t,u) > 0. Thus, we can conclude that
0 < Wyp(t,u) <Ct, 0<t<ty=ty(n,a),

with C' = C(na Oé)HuH%/VLQ(Bﬂ' -

Using the estimate on Wg/g(t, u) in Lemma 1.7.3, we can improve on Lemma 1.7.1 in the

case k = 3/2.

Lemma 1.7.4 (Optimal growth estimate). Let xg € B}, be a free boundary point. Then,

for 0 <t <ty=to(n,a),

2 2 n+2
u” < C(n,a)llul/jpr. e
/awBt(xo) < O, a)fjulfvra,

/ Vul? < C(n, o) |[ullZaags ™.
Bi(xo)
Proof. We proceed as in the proof of Lemma 1.7.1 up to the estimate
t 1/2 .
m(t) — m(s)| < Cy <10g S) Waya(t,u) — Waa(s, u)] /2.
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From there, using Lemma 1.7.3, we now have an improved bound
t 1/2
Im(t) —m(s)| < C (log ) 2 s <t<ty,
s
with C' = C(n, o)||ulwr2¢p,). Then, by a dyadic argument, we can conclude that
im(t) —m(s)| < Ct*/2,

Indeed, let k = 0,1,2,... be such that t/28! < s < ¢/2%. Then,

=

[m(t) —m(s)] < 3 Im(t/27") = m(t/2)] + Im(t/2") — m(s)]

o
Il

2 B e e B2 5/2
j=1 -

In particular, we have

m(t) < m(to) + Cty* < C(n,a)|ullwrzsy, t < to.

This implies the first bound. The second bound follows immediately from the first one by
using that Wso(t, u) < Waa(to, u):

! (3/2)(1 — bt°) »
9 eatg‘ )
< C(n> O‘)HUHWL?(Bl) + W/ |V’LL(:U)’ dx
0 Bto

< C(n, )l[ulliyrzs,)-
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1.8 3/2-Homogeneous blowups

For a free boundary point zy € B /2, we consider again the 3/2-almost homogeneous

rescalings

o (a :u(t:c—i-xo)
mo,t( ) ¢(t) )

with ¢ = ¢3/2. We now observe that the optimal growth estimates in Lemma 1.7.4 implies the

T € By,

boundedness of this family of rescalings in W'?(Bg) for any R > 1. Indeed, the rescalings
above will be defined in By if t < 1/(2R), and by Lemma 1.7.4, we will have

3b
eat®

[ Vb= S [Vl < OO0 [l R

3bio

¢ y2_ & / 2 o ¢ 2 B2
/GBR(uxO’t) trnt2 3BRt(r0)u N (n’ Q)HUHWLQ(Bl) ,

for 0 < t < tg/R. Arguing as in the proof of Proposition 1.6.1, we have for a sequence

. 1 [ pt
Uﬁo,tj — uimo in C.(BgUDByj).

By letting R — oo and using Cantor’s diagonal argument, we therefore have that over a

subsequence t = t; — 0+

ul 4y Uio,o in CpL.(RLUR™M).

Zo,

We call such Uio,o a 3/2-homogeneous blowup of u at zy. The name is explained by the fact

that
o(1)

tli%t?)ﬁzl’

which implies that if we consider the 3/2-homogeneous rescalings

t
W12 () = W £ T0)

zo,t $3/2 ’

then we will have

¢

U = lim u®
tj

zo,t;

lim ug’)/ Z) =: ug(ci/ S)

20,0 7 450 t;—0
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¢ _ ,3/2)
xo,0 T uIQ,O .

and thus u
Remark 1.8.1. Because of the logarithmic term in the weak growth estimates in Lemma 1.7.1,
at the moment we are unable to consider k-homogeneous blowups as above for frequencies
other than k = 3/2. However, once the logarithmic term is removed, the same construction as
for kK = 3/2 applies. In particular, we note that in Lemma 1.10.6 we prove the optimal growth

estimates for frequencies k = 2m < kg, m € N, enabling us to consider the k-homogeneous

blowups for these values of .

We show next that the 3/2-homogeneous blowups are unique at free boundary points.

This is achieved by the control on the “rotation” of the rescalings ui’w(x).

Lemma 1.8.2 (Rotation estimate). Let u be an almost minimizer for the Signorini problem

in By, zy € Bi/Q a free boundary point, and § as in Lemma 1.7.3. Then for k = 3/2 and

/ |ux0’t umos| <C] / , S<t<t}_ t‘ (n741)’
ﬁBl ’

for C = C(n, a)||ullwi2s,)-

Proof. The proof uses computations similar to the proof of Lemma 1.7.1 combined with the

growth estimated for W5 /,(¢,u) in Lemma 1.7.3. We assume x¢ = 0, and have

t t
/ |uf—uf| §/ / iuf dr:// iuf dr
B B, Js |dr s JoB; |dr
. o\ 1/2
<c | (/ Ly )
s aB, |dr

d
o]
dr Ur

con(f )" ([ f )

o N2t d 12 3 a
< (g ) ([ hntrar) o= G

where we have re-used the computation made in the proof of Lemma 1.7.1. Thus, we obtain

t 1/2 t 1/2
[t = ufl < Clng) (log =) (Waga(t,w) = Wapa(s,u) 2 < € (log =) 72
1
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Then, using a dyadic argument as Lemma 1.7.4, we can conclude that
/ luf —ul| < CH%, s <t <t
0B,

as required. Indeed, let k = 0,1,2,... be such that #/28*1 < s < ¢/2*. Then

k
¢ _ .0 ‘ o b ’ ¢ 0
/aBl |ut u5| S J:Zl/aBl ut/z_]fl ut/QJ _I_ ABl ut/Qk uS

1/2 &= i—1\6/2 1/2 /2

i—
< C(log2) jEZl(t/Q )°77 < C(log2) =T
['his completes the proof.

The uniqueness of 3/2-homogeneous blowup now follows.

Lemma 1.8.3. Let Uio,o be a blowup at a free boundary point xg € By 5. Then for k = 3/2
/ ‘uio,t - uqxbo 0| S Cté/Q, 0<t< tg,
9B1 ?

where C' = C (n,a, Hunl,z(Bl)) and 6 = d(n, ) > 0 are as in Lemma 1.8.2. In particular,

the blowup Uio,o s unique.

Proof. If ug, o is the limit of uﬁoﬁtj for t; — 0, then first part of the lemma follows immediately
from Lemma 1.8.2, by taking s = t; — 0 and passing to the limit.

To see the uniqueness of blowup, we observe that Uﬁo,o is a solution of the Signorini
problem in Bj, by arguing as in the proof of Lemma 1.6.1 for Almgren blowups. Now, if

~

Ty, o 1s another blowup, then from the first part of the lemma we will have

~ ¢ 12 _
/831 |u$0,0 - u:vo,O‘ - 07

implying that both ﬁio,o and uﬁw are solutions of the Signorini problem in B; with the same
boundary values on 0B;. By the uniqueness of such solutions, we have @ﬁw = Uio,o in Bj.
The equality propagates to all of R™ by the unique continuation of harmonic functions in

R 0
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We next show that not only the blowups are unique, but also depend continuously on a

free boundary point.

Lemma 1.8.4 (Continuous dependence of blowups). There exists p = p(n,«) > 0 such that

if vo,y0 € B, are free boundary points, then

|, Nty = 5ol < Clao = ol
1

with C = C (n, a, ||UHW112(31)> and v =y(n,a) > 0.

Proof. Let d = |zg—1yo| and d"* < r < 2d* with u € (0, 1] to be determined. By Lemma 1.8.3

we have

/8 |ua:0 0 yo 0’ < 2CT6/2 + / ‘uxo, u(;/)o,r|

< Cdro? 4 n+1/2) / u(xo + 2) — ul(yo + 2)|dS,

and taking the average over d* < r < 2d*, we have

C
¢ < Cdué/Q 7/ _ dz.
o 1500 = ol < OOt gy [ a0 2) 4 2)1d

On the other hand, by using Lemma 1.7.4,

L d
—u(z + zo(1 — ) + yos)ds

dz
o ds

/ (o + 2) — ulyo + 2)|dz <
Baau\Ban Baau\Ban

1
< |wg — y0|/0 /B IVu(z + zo(1 — 8) + yos)|dzds
2dH

1
<df ( / |Vu|>ds
0\ Bagu(zo(1—5)+yos)

<d |\Vu| <d |Vul

Baaw4a(wo) Bsan (zo0)
1/2
< C«d1+un/2 (/ |vu|2> < Crd1+un/2du(n+1)/2
N Bsgn (zo0) N

< Od1+#(n+1/2)7

provided 3d* < ty, which will hold if d < p(n, «).
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Combining the estimates, we infer that
/831 ’uioﬂ - uzd;)a,0| < Cd™? 4 cdtr
Now choosing 4 so that 4i6/2 =1 — p, that is p = 1/(1+0/2), we obtain
/831 |ui)o,o — uf/)o,o| < Clzo — yol”,  zo,y0 € B;

with
9
Tt r

1.9 Regularity of the regular set

In this section we establish one of the main result of this chapter, the C1" regularity of

the regular set. In fact, the most technical part of the proof has already been done in the

previous section, where we proved the uniqueness of the 3/2-homogeneous blowups, as well

as their Holder continuous dependence on the free boundary points.

We start by defining the regular set.

Definition 1.9.1 (Regular points). For an almost minimizer u for the Signorini problem in

By, we say that a free boundary point xq is regular if

—

N0+, u, z) = 3/2.

Note that since 3/2 < 2 < kg, we will have that ]/V\(T) < Ko for small r > 0, implying that

N(r) = N(r) for such r and consequently that

— —~

N(0+) = N(0+) = N(0+) = 3/2.

In particular, the condition above does not depend on the choice of kg > 2.

We denote the set of all reqular points of u by R(u) and call it the regular set.
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An important ingredient in the analysis of the regular set is the following nondegeneracy

lemma.

Lemma 1.9.1 (Nondegeneracy at regular points). Let zy € Bj, N R(u) for an almost

minimizer u for the Signorini problem in By. Then, for k = 3/2,

1. . f d) 2 — 1' i f / 2 :
1rtrl>10n aBl(uxO’t) lftILIOTl 2 aBt(m)u =0

Proof. As before, assume xq = 0. In terms of the quantities defined in the proofs of Lem-

mas 1.7.1 and 1.7.4, we want to prove that
lim inf m(t) > 0.

t—0

Assume, towards a contradiction, that m(¢;) — 0 for some sequence ¢; — 0. Recall that by

the proof of Lemma 1.7.4, we have
Im(t) —m(s)| < Ct*% 0<s<t<t.
Now, setting s = t; — 0, we conclude that
Im(t)| < Ct°2, 0<t<t,.
Equivalently, we can rewrite this as

/ W2 < O,
OBy

Next, take & = 3/2 + /4 and consider Weiss’s monotonicity formula

et N
Wﬁ“’“):wmvgt‘w' —i L]

Now observe that
1

2 5/2
{n+2r—1 /83t u' < Ot —0,
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which readily implies that

In particular, by monotonicity, Wx(t,u) > 0, for small ¢ > 0, which also implies that

N(t,u) > k. But then N(0+,u) = N(0+,u) > kK = 3/2+ /4 contrary to the assumption in
the lemma. This completes the proof. [

The next result provides two important facts: a gap in possible values of Almgren’s

frequency N(0+) as well as the classification of 3/2-homogeneous blowups.

Proposition 1.9.1. If N(04,u,z0) = & < 2, then x = 3/2 and
u:fg,o(x) = Qg Re(x/ Vg T i|xn|)3/2

for some a,, >0, v,, € 0B].

Proof. Without loss of generality, we may assume zo = 0. Let r; — 0+ be a sequence
such that u;ﬁ — uf in C} (R UR"). Comparing 3/2-almost homogeneous and Almgren

rescalings, we have

1/2

(rn%l Jon, u2)
¢(r)

up () = up (@)u(r),  plr) =

By the optimal growth estimate (Lemma 1.7.4) and the nondegeneracy at regular points

(Lemma 1.9.1) we have

lim inf pu(r) < li .
0 < lim inf i(r) < lrrgglipu(r) <00

Thus, we may assume that, over a subsequence of rj, p(r;) = o € (0,00), and therefore

u,‘f’J — pouy  in CL (BfUBY),

loc

where u{ is an Almgren blowup of u at xy = 0. Now, since k < kg, we can apply Proposi-

tion 1.6.1 to obtain that u is a nonzero rx-homogeneous solution of the Signorini problem
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in By, even in x,-variable. Next, applying Lemma 1.6.1, we have 3/2 < k < 2 and thus by

Proposition 9.9 in [48], we must have x = 3/2 and
ug (x) = Cp Re(a’ - vy + 1|z, )%/

for some C, > 0, vy € dBy. (The constant C, comes from the normalization [y (ug)? = 1.)

Thus,

ug(x) = ag Re(z" - vy + z’|acn|)3/2 in By

with ay = Cy 0. By the unique continuation of harmonic functions in R}, we obtain that

the above formula for uf propagates to all of R". O]
Proposition 1.9.1 has an immediate corollary.

Corollary 1.9.2 (Almgren frequency gap). Let u be an almost minimizer for the Signorini

problem in By and xy a free boundary point. Then either
N(O0+,u) =3/2 or N(0+,u) > 2.

Yet another important fact is as follows.
Corollary 1.9.3. The regular set R(u) is a relatively open subset of the free boundary.

Proof. For a fixed 0 < t < tg, the mapping © — N(t,u,z) is continuous on I'(«). Then,
by the monotonicity of N, the mapping x + N (04, u, xg) is upper semicontinuous on I'(u).

Moreover, by Proposition 1.9.1,

—

R(u) = {z € I'(u) : N(0+, u,x) <2},

which implies that R(u) is relatively open in I'(u). O
The combination of Proposition 1.9.1 and Lemma 1.8.4 implies the following lemma.

Lemma 1.9.4. Let u be an almost minimizer for the Signorini problem in By, and xq €

R(u). Then there exists p > 0, depending on xo such that B)(vo) N T'(u) C R(u) and if
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ugo(x) = az Re(x' - vz +i|x,])*/? is the unique 3/2-homogeneous blowup at & € Bl (x0) NI (u),

then

laz — ag| < Colz —y|”,

lve — vy| < Colz — g7,

for any x,y € B)(ro) NT'(u) with a constant Cy depending on .
Proof. The proof follows by repeating the argument in Lemma 7.5 in [20]. O
Now we are ready to prove the main result on the regularity of the regular set.

Theorem 1.9.5 (C'7 regularity of the regular set). Let u be an almost minimizer for the
Signorini problem in By. Then, if xy € Bi/QﬂR(u), there exists p > 0, depending on xq such

that, after a possible rotation of coordinate azes in R"~', one has B),(xo) NT'(u) C R(u), and
B;(x()) N F(u) = B;(l'()) N {xnfl = g('rla <. 7:Cn72>}7

for g € CYY(R"2) with an exponent v = vy(n,a) € (0,1).

Proof. The proof of the theorem is similar to that of Theorem 1.2 in [20]. However, we

provide full details since there are technical differences.

Step 1. By relative openness of R(u) in I'(u), for small p > 0 we have By, (zo) NI'(u) C R(u).
We then claim that for any € > 0, there is 7. > 0 such that for = € B} (zo) N I'(u), r < r,
we have that for ¢ = ¢3/o

||u§,r - ug,()”ol(%) <E.

Assuming the contrary, there is a sequence of points z; € By (o) N I'(u) and radii 75 — 0
such that
||ugj,7“j -

U’%,O ||Cl(§) Z €0
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for some gy > 0. Taking a subsequence, if necessary, we may assume 7; — 7o € B),(ro) NI'(u).
Using estimates (1.3.1), (1.4.2) and Lemma 1.7.4, we can see that u% -, are uniformly bounded

in C%(B3y U BY). Thus, we may assume that for some w
u%rj —w in CY(By).

By arguing as in the proof of Proposition 1.6.1, we see that the limit w is a solution of the

Signorini problem in B;. Further, by Lemma 1.8.3, we have

¢

Huwj,rj - U%pHLl(aBl) — 0.

On the other hand, by Lemma 1.9.4, we have

. 1/ pE
udi)j,o — U?O,O in C (Bl )7

T

and thus

—,,®
w=ugz o ondbB.

Since both w and u?mO are solutions of the Signorini problem, they must coincide also in B;.
Therefore
ul . — U(?o,o in CY(By),

Zj,7; T

implying also that

||u§j,7“j - U%,OHQ(E) — Oa

which contradicts our assumption.

Step 2. As [20], for a given € > 0 and a unit vector v € R""! define the cone

C.(v)={2' e R" 2’ -v>ela|}.
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By Lemma 1.9.4, we may assume a; > %2 for Z € B (z9) NT'(u) by taking p small. For such
p we then claim that for any ¢ > 0 there is r. > 0 such that for any z € B/(zo) N I'(u) we
have

T+ (C.(vz) N B,.) C {u(-,0) > 0},
Indeed, denoting K.(v) = C. N IBy 5, we have for some universal C. > 0
Ko(vz) € {ulo(-0) > 0} By and uly(0) 2 asC. = T2C. on K. (vs).

azg
2

Since =2 (. is independent of z, by Step 1 we can find . > 0 such that for r < 2r,,
u%r(-,()) >0 on K. (vz).
This implies that for r < 2r,,
u(-0)>0 on Z+7rK.(vs) =7+ (Co(vz) NOB,) .

Taking the union over all r < 2r., we obtain

u(-,0) >0 onx+ (CE(V;C) N B;E) )

Step 3. We claim that for given € > 0, there exists 7. > 0 such that for any z € B},(xo) NT'(u)
we have T — (CE(V;U) N B{ﬂa) C {u(-,0) =0}.
Indeed, we first note that
—anufgﬁ > a;C. > (a;‘)> C. on —K.(vz)

for a universal constant C. > 0. From Step 1, there exists r. > 0 such that for r < 2r,,

9 ug,(,0) >0 on — K. ().
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By arguing as in Step 2, we obtain
~0f u(-0)>0 onz— (Clvs)NB]).
By the complementarity condition in Lemma 1.4.2, we therefore conclude that

T~ (C(vz) N B],) € {~0] u(-,0) > 0} C {u(-,0) = 0}.

Step 4. By rotation in R"™! we may assume v,, = e, ;. For any ¢ > 0, by Lemma 1.9.4

again, we can take p. = p(xo, ), possibly smaller than p in the previous steps, such that

ng(en_l) N B;E C Cg(l/a_;) N B/

v, forz e B) (xo) NT(u).
By Step 2 and Step 3, for z € B, (xo) N T'(u),

%+ (Caclen1) N By,) C {u(-,0) > 0},
7 — (Ca(en-1) N B,.) C {u(-,0) = 0}.

Now, fixing ¢ = gy, by the standard arguments, we conclude that there exists a Lipschitz

function g : R"? — R with |Vg| < C,,/eq such that

B, (x0) N{u(:,0) = 0} = B, (x0) N{zn < g(z")},

By, (zo) N{u(:,0) > 0} = B, (z0) N {zs-1 > g(2")}.

Step 5. Taking e — 0 in Step 4, I'(u) is differentiable at xy with normal v,,. Recentering
at any x € B),_(20) N I'(u), we see that I'(u) has a normal v; at z. By Lemma 1.9.4, we

conclude that ¢ in Step 4 is C''7. This completes the proof of the theorem. O
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1.10 Singular points

In this section we study the set of so-called singular free boundary points. An important
technical tool to accomplish this is the logarithmic epiperimetric inequality of [27]. We use
it for two purposes: to establish the optimal growth at singular points as well as the rate
of convergence of rescalings to blowups, ultimately implying a structural theorem for the

singular set.

Definition 1.10.1 (Singular points). Let u be an almost minimizer for the Signorini problem
in By. We say that a free boundary point xo is singular if the coincidence set A(u) = {u(-,0) =

0} C B} has zero H" '-density at xg, i.e.,

o B A 0 By ()

r0+ Hm=1(B.(x)) =0

A

o.rs We can rewrite this condition as

By using Almgren’s rescalings u

lim H" ' (A(u? )N B}) = 0.

r—0+ Zo,™

We denote the set of all singular points by 3(u) and call it the singular set.

Throughout the section we will assume that
Ko > 2.

We can take k( as large as we like, however, we have to remember that the constants in
N = ﬁm and W, do depend on kq.
We then have the following characterization of singular points, similar to Proposition 9.22

in [48] for the solutions of the Signorini problem.

Proposition 1.10.1 (Characterization of singular points). Let u be an almost minimizer
for the Signorini problem in By, and x¢ € Bi/2 NI(u) be such that ]/V\(O—i—,u, zy) = K < Kg.

Then the following statements are equivalent.
(i) zo € X(u).
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(ii) any Almgren blowup of u at xq is a nonzero polynomial from the class

Q. = {q: q is homogeneous polynomial of degree k such that

Aq - 07 q('rla O) Z 07 q('r,a xn) - Q(I/7 _xn)}

(iii) k = 2m for some m € N.
Note that for k < kg, the condition J/V\(O—i—) = K is equivalent to N(0+4) = k.

Proof. Without loss of generality we may assume xg = 0. By Proposition 1.6.1, any Almgren
blowup uj of u at 0 is a nonzero global solution of the Signorini problem, homogeneous of
degree . Moreover ug' is a Cy,,. limit of Almgren rescalings ;! in Bi" U Bf. Because of that,
most parts of the proof of this proposition are just the repetitions of Proposition 9.22 in
[48]. Thus, by following Proposition 9.22 in [48], we can easily see the implications (ii) =
(iii), (iii) = (ii), (ii) = (i). Moreover, in the proof of the remaining implication (i) = (ii),
the only nontrivial part is that any blowup u{' is harmonic in By. But this comes from the
complementarity condition in Lemma 1.4.2. Indeed, assuming (i), we claim that

+ A . /
Oy uy =0 in B

Otherwise,

H" ' ({0} ug(-,0) > 0} N BY) > 6

for some § > 0. Then using the continuity from the below we also have that for some p > 0,
H" ™ ({=0f 1 (,0) > p} N By_,) > §/2.

Using C}L. convergence u;fj‘, — uf in Bif U B! and applying the complementarity condition in

Lemma 1.4.2 to rescalings u;‘;, we obtain that for small 7j,

H™ 7 (Awd) N By) > H* ' ({=0} ul(-,0) > 0} N B}) > /4,
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which contradicts (i). Now recalling that u is a solution of the Signorini problem, even in

xr,-variable, it satisfies

A = 205 )Ty =0 in By
By homogeneity, we obtain that u' is harmonic in all of R", and we complete the proof as
in [48]. O

In order to study the singular set, in view of Proposition 1.10.1, we need to refine the
growth estimate in Lemma 1.7.1 by removing the logarithmic term in the case when x =
2m < kg, m € N. In the case k = 3/2 we were able to do so by proving a decay estimate
for W3/, with the help of the epiperimetric inequality. In the case k = 2m we will use the

so-called logarithmic epiperimetric inequality for the Weiss energy
W,S(w):/ |Vw|2—/</ w?, k=2m, meN
Bl 831
that first appeared in [27]. To state this result, we recall the notation
A={weW"(B)):w>0on B}, w, z,) =w(, —z,)}

Theorem 1.10.1 (Logarithmic epiperimetric inequality). Let k = 2m, m € N and w € A
be homogeneous of degree r in By such that w € WY2?(0By) and

w? <1, |[Wi(w)| < 1.
0B

There is constant € = £(n, k) > 0 and a function v € A with v =w on 0B, such that

-2
WOv) < Wo(w)(1 — e WO(w)]"), where y = —=.

n

To simplify the notations, in the results below all constants will depend on n, «, k, Ko,
as well as ||u||y1.2(p,), unless stated otherwise, in addition to other quantities. Thus, when

we write C' = C(0), we mean C' = C(n, o, k, Ko, ||ullwi2s,), 0).
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The next lemma allows to apply the logarithmic epiperimetric inequality, without the

constraints.

Lemma 1.10.2. Let u be an almost minimizer for the Signorini problem in By such that

0€'(u) and]/V\(0+,u):n</{0, k=2m, méeN. For0<r <1, let

ur(@) = u(@) = " (@) = o, () |
x
Suppose that for a given 0 < o < 1, there is C = C(0) such that

1 g
/ W< C <log ) FF2R—1
OB, r

Then there is a constant € = (o) > 0 and h € A with h = w, on 0B, such that

() IFIWL(w)| = fop, wy, then
Wih) < (1—e) Wl(w,)

(ii) If [W(w,)| < 2 [yp, w2, then

n—2
m

1\~
W2 (h) < W2(w,) (1 —€ (log r) ]WS(wﬁP) , wherey =

Proof. Let A = [55 w? + |W2(w,)|. Then by Theorem 1.10.1 applied to w,/A'/?, there is
h € A such that h = w, on 9B; and

W2(h) < Wie(w,)" (1= A7 W2 (w,)[").
If (W2 (w,)| > Jop, wy, then A < 2[W0(w,)|, implying

W2(h) < Wo(w,) (1—2277).
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If [W2(w,)| < 2[5, w?, then

This completes the proof. [

Now we show that the logarithmic epiperimetric inequality, combined with a growth
estimate for u, implies a growth estimate on W, (¢, u). This is the first part of a bootstrapping

argument that gradually decreases the power of log(1/t) in the bound for w.

Lemma 1.10.3. Let u be an almost minimizer for the Signorini problem in By such that

0 € T'(u) and N(0+,u) = k < ko, & = 2m, m € N. Suppose that for some 0 < o < 1

g

1
/ u? < C(o) <log ) Pl 0 < < (o).
OB, r

Then,

0= Wi(t,0) < (o) (g D_ L 0<t<tolo).

Proof. We first observe that W, (t,u) > 0 for 0 < t < ty, which follows easily from the
condition N(0+,u) = k < kg, see the beginning of the proof of Lemma 1.7.1.

Next, recall that in the proof of Lemma 1.7.3, we have used epiperimetric inequality to
show that 0 < Wy )o(t,u) < Ct°. This followed by obtaining a differential inequality for Wi /2-
Thus, if for 0 < t < tp, if alternative (i) holds in Lemma 1.10.2, i.e., W2(h) < (1 —e)W2(wy),

by arguing in the same way, we can show that

d 4
SW(tu) > ’SiWn(t,u) _ ol (1.10.1)

for C' = C(0).
Suppose now the alternative (ii) holds in Lemma 1.10.2 for some 0 < ¢t < ;. Then,

following the computations in Lemma 1.7.3, we have

2k —2)(1 —t*
dt t

W (t,u)
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e (1 — bt
v

+ (2K + n)ta_l/ u?.
o8

/a (O,ur — Kug)* + (Orug)® — K(n + K — 2)u?
B1

For w; as in the statement of Lemma 1.10.2, by following the computations in the proof of

Theorem 1.5.1, we have the identity
/ (Oyur)? — K(n + K — 22 = (n+ 26 — 2)WO(wy).
8By

This gives

(n+2x —2)(1 —1t%)
t
w1 — bt
R Gl 0]

d
_ t >
ZWi(tu) >

W (t,u)

(n + 2k — 2)W(w,) + (2o + n)te /8 ol (1102)

Let now v; be the solution of the Signorini problem in By with v; = u; = w; on dB;. Then

(L4t W2 (we) > (1 + )W (vy) > /B |V |* — k(1 +t%) /aB u? ( |
! ! 1.10.3

= W2(uy) — Kt* /831 u? = e "W (t,u) — k(b + 1)t* /831 uy.

Now, if

W (L u) — Kb + 1)ta/ u? <0,
0B,

then by Lemma 1.7.1 we have

Wit u) < ™ k(b+1)t° /

0B1

1
u? < Ot® (log t) < Ct*/?, (1.10.4)
We then proceed under the assumption

e W (t,u) — k(b + l)ta/ ui >0,

0By

which also implies

Wo(wt) > 0.

K
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Now, applying Lemma 1.10.2, we have

1\~
W2 (w,) > W2(v,) +¢ (log t) W2 (w,)"t

1 [ e .
T {e Wt u) — k(b + 1)t /831 uf}

1 1\ 7 1 v+1
- X
+€(Ogt> (1+ta>

X [e_“taWH(t,u) —k(b+ 1)to‘/ u?

> (1— %) [e_ataW,{(t,u) — k(b + 1)15@/ 2

1\~
+€ (log t> (1 —t*)7+x

. (e—at‘*I/V,ﬁ(t,u))7+1 ) (K(b—i_ 1)ta/ u?)wﬂ

27 9B

(1.10.5)

= (1 —tY)e ““"W,(t,u)

£ N A+l —a(y+ 1)t +1
+ o (log t) (1 — o)+ e e D7 (1 )
— (1 —=t")r(b+ 1)ta/ u?
0B

1\ —oY v+1
—¢ (log t) (1 — o)t (p 4 1)+ eOFD (/ utz) :
0B

where we used (1.10.3) in the second inequality and the convexity of z — 27 on R, in the

third inequality. Now (1.10.2) and (1.10.5), together with Lemma 1.7.1, yield

d 1y~
SW(tu) 2 —Crt™ Wt w) + Cot ! (log t) Wit u) ™ — Cot®>7 1 (1.10.6)

where C; = C;(0). Summarizing, we have that at every 0 < ¢ < ty(0), either (1.10.1),
(1.10.6), or the bound (1.10.4) holds. Further note that by the growth estimate in Lemma 1.7.1,
the bound (1.10.1) implies (1.10.6) for sufficiently small ¢ and thus we may assume that
(1.10.6) holds for all 0 < ¢ < t, for which W, (¢,u) > Ct*/2.
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To proceed, let 0 < t < ¢, be such that W, (¢,u) > t*/%. Then the bound (1.10.6) holds

and we can derive that for C' = 522 y, we have

2(1—ovy

a4 1 1—07
e sofud))

o d 1\~
=W, (t,u)" e " ( W (t,u) + %Wﬁ(t, u)to‘/4_1> —C(1—oy)t? <log t)

Tt
yCyte/4
W (t,w)

> W,{(t,u)_ve_t“/“to‘/‘l_l (Z . ’)/Clt3a/4 .

oy \
+ (log 1) t (e’ta/ ~Cy — C(1 — 07))

>0

Y

« l—ovy | .
0 <t<ty=to(c). Since also the function —t=7(/8e~t "yo (log %) " s nondecreasing
for small £, denoting

W, (t,u) = max{W,(t,u), %},
we obtain that the function

g N 1 1—ovy
—We(t,u) Ve "+c <log t)

is nondecreasing on (0, ty). Hence,

—~

L 1\ e 13-
—Wi(t,u) e +C<10g t> < —Wi(tg,u) 7e'o +C(log )

to
1 1—ov
<C (log t) :
0

If 0 <t <t then (log %)1_07 < (%)1_07 (log %)1_07, implying that

o~

4 l—ovy
Tt e < 0 (17277 = 1) (1og 1)

and hence

Welt,u) < Wilt,uw) < C (1= (1/2)77) (log 1)_ | 0
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Lemma 1.10.4. If u is as in Lemma 1.10.8 with %5 < o < 1, then there exist positive

n—2
C =C(0), ty =to(o) such that

1\7 w2
/ w < C (log ) ’ PRl 0 <t < .
9B t
Proof. Going back to the proof and notations of Lemma 1.7.1, we have that for 0 < s <t < t,
t 1/2 1/2
mt) = m(s)| < C (log ) (Walt) = Wils))"”.
Let now 0 < j < i be such that 272" < ¢ <272 272" « 4, <272 Then

[m(to) = m(t)] < [mf(to) —m(27")| + m(27*) —m(t)| + kz m(2) —m(2 2
—j+1

< i c {log (2_2k) _ log (2_2k+1)}1/2 {Wn (2_2k) W, (2_2k+1)]1/2
k=0
<C Z ok/2yy7, (2*216)1/2 <C Z o= 557k
k=0 =
1 2
< 252 < ¢ (log 1)2(0M) |
- - t

Note that in the fifth inequality we have used that 1 — 1‘% =0 — % > (. Thus

This implies the desired result. [
Lemma 1.10.3 and Lemma 1.10.4 imply the following.

Corollary 1.10.5 (Bootstraping). Let u be an almost minimizer for the Signorini problem
in By such that 0 € T'(u) and Z/\T\(O—i—,u) =Kk < Ko, kK = 2m, m € N. Suppose that for
<<

1 o
/ u? < O(o) (log ) 2l 0 <t < tg(0).
OB t
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Then

2
el 0 <t < t)(o).

/8& u? < C'(0) <log 1)

Lemma 1.10.6 (Optimal growth estimate at sigular points). Let u be an almost minimizer
for the Signorini problem in By such that 0 € T'(u) and N(0+,u) = k < ko, k = 2m, m € N.
Then, for 0 <t < to,

/ U2 S C«tn—&-Zn—l’
OBt

/ |vu|2 S C«tn+2/@—2‘
By

Proof. Starting with ¢ = 1 in Lemma 1.7.1 and repeatedly applying Corollary 1.10.5, we
find 0 < <min{-%;,1} such that

1 g
/ uw?<C <log ) Il 0 <t < .
OB t

In fact, we can make o to be strictly less than ﬁ by noticing that in Lemma 1.10.4 we can

replace ﬁ by any smaller positive number. Then by Lemma 1.10.3

_lzoxy

0 < Wy(t,u) <C (log 1) !
Recall also that for 0 < s <t < tg
t 1/2
mt) = m(s)| < C (log ) (Walt) = Wils))"”.

We then again consider the exponentially dyadic decomposition as in the proof of Lemma 1.10.4.

Let 0 < j < 7 be such that 22" < s/ty < 272" and 2727 < t/ty < 22" Then,

m(t) — m(s)] < C 3 2H2W, (22 1) 2 < 03 2057w
. ki (1.10.7)

2 \. Uﬁ% /2
< 2l=%)i2 < ¢ <1og 1)( "
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Particularly,
1\ (=7%5) /2
m(t) < m(ty) + C (log t)
0
This gives the first bound. The second bound is obtained from the first one by arguing as
at the end of Lemma 1.7.1. O

Remark 1.10.7. The growth estimates in Lemma 1.10.6 enable us to consider xk-homogeneous
blowups

uz —uj in CL (RLUR"™M).

for ¢t = t; — 0+, similar to 3/2-homogeneous blowups, defined at the beginning of Section 1.7,
see Remark 1.8.1.

Proposition 1.10.2. Let u be an almost minimizer for the Signorini problem in By such
that 0 € T'(u) and J/V\(O+,u) =k < Ko, k = 2m, m € N. Then there exist C' > 0 and ty > 0
such that

1—v
I\ =
/ uf — u?| SC(Iog> 0 <t <t
8B t
In particular the blowup ug s unique.

Proof. Using Lemma 1.10.6, we apply Lemma 1.10.3 with =0 to obtain

1

5

1
0 < Wit,u) < C (log t)
Recall now the estimate
t 1/2
| —ugl < (log ) (Walt) = W)
B1

for 0 < s <t < tg, that we proved in Lemma 1.8.2 in the case K = 3/2 — the proof actually
works for any 0 < k < k9. Then, applying the exponentially dyadic argument as in the proof

of Lemma 1.10.6, we obtain
1 1y
2y
/ yuf—uf|éc(1og ) . 0
dB,

t
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Lemma 1.10.8 (Nondegeneracy). Let 0 be a free boundary point of u such that J/V\(O—i-, u) = K,

k=2m, m € N. Then

1
. . N2 s . 2
llrtILlonf . (uf)® = hrtglonf e e /aBt u” > 0.
Proof. We use the approach of Lemma 7.2 in [27]. Assume to the contrary that for some

Tj \ O"‘

lim —— / u? = 0.

oo P Jop,
Consider then the corresponding Almgren rescalings uji(a:) By Proposition 1.6.1, over a
subsequence, uf; — ¢ for some blowup ¢. By a characterization of singular points in Propo-

sition 1.10.1, ¢ is x-homogeneous and is normalized by ||¢|r2@8,) = 1. Next, for each

Almgren rescaling u,’% consider its xk-almost homogeneous rescalings

A
u,. (tx
)t = M)
: ¢(t)
Since ufj is an almost minimizer in By, with gauge function w(t) = (rjt)*, we have

A _ : A — 1 . — g
N0+, uy) = 31—1>%1+ N(s,uy) = sl—l>%l+ N(rjs,u) = N(0+,u) = k.

Thus, by Proposition 1.10.2, over subsequences, [u;fi]f’ converges to a unique blowup ¢, and

/831

Notice that since ||u;%||W1,2( By is uniformly bounded, the constant C' is independent of rj, ¢.

é]? - QTj

1\~ =
[u §C’<logt> i . 0<t <ty

Now we fix 7, and consider a sequence {p;}2, = {r;/r;}32,. Note that up to subsequence,

[u]? — qr, as p; — 0, by the uniqueness. Then

Tipi

n+2k—1

1 T
2 - A2 . 2
¢y = M — ey / (O 7 lim o / u
/‘931 oopin0py 0B, faBrj us e (rjpi)nJr " 9Brjp,
TJTL+2/£—1 . 1 / ) 0
= im u” =
2 n+2k—1
fBBTj us oo Ty 9Br;
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by the contradiction assumption. Thus, ¢, = 0 on dB;, and hence

1—

it < (log7) T

Now for any p > 0 and 7,

[ 2
- pn+2fi—1 aqu

lallze@m,) 1
S Ii( s n+r—1 / |q‘
p P oB,

1 A 1 A
< oo B r— — U, | + J/ U,
— HQHL (0B1) [pn+n—1 /83,, ’q TJ‘ pn+n—1 8B, ’ T3 ]

1/2
1 n_l A2 —(5b) p Avg
< llgllzomy) [anmlC”p ? (/aB g — u)] ) 4o () /531 [
1/2 -1
1 A12 1 2y
_— —u. + [ log — .
<pn+2n1 /BB,, |C] T.1| ) < g p> ]

Note that ué — q in CL (Bf U BY). We choose first p > 0 small and then r; = ri(p) > 0

< Cllqll (@B

small to reach a contradiction. O]

The nondegeneracy implies the following important fact, which enables the use of the
Whitney Extension Theorem in the proof of the structural theorem on the singular set

(Theorem 1.10.10 below).

For k = 2m < ko, m € N, we denote
Ye(u) :={xo € E(u) : N(0+,u,z9) = K}.

Lemma 1.10.9. The set ¥,.(u) is of topological type F,; i.e., it is a countable union of closed

sets.

Proof. For je N, j> 2 let

1 1 1
E~::{x GEHUQB_-ngi/ u? <jfor 0 < <.}-
i 0 (u) 1-1/j i prt2e Jop (a) J P 2]
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Then by Lemma 1.10.6 and Lemma 1.10.8, ¥ (u) = U2, Ej. We now claim that Ej is closed
for any j > 2. Indeed, take a sequence x; € Ej such that z; — x¢ as i — oo. Then xg € By_y;

and for every 0 < p < 1/(2j), by the local uniform continuity of u,

1 / 2_ 1 / 2 ¢
— Ut = 11m ———- Uu
pn+2ﬁ71 8B, (x0) 100 pn+2nfl OB, (x1)

}J‘| . (1.10.8)

Next, since I'(u) is relatively closed in B}, we also know that xq € I'(u). Moreover, since

N(0+,u,z;) = k and the function = — ]/V\(O+, u, x) is upper semicontinuous, we have

k = lim sup ]/V\(O—i—,u,xi) < ]/V\(O—i—, u, o).

T—>00
If ]/V\(O—l—,u,xo) = k' > K, then by Lemma 1.7.1,

1 / 2 2k — 1
—_— u? < Cp*s ”)(log —0 asp—0,
P21 JoB, (o) P

which contradicts (1.10.8). Therefore, N (0+,u,z9) = k and consequently z, € Ej. Hence,
E; is closed, j = 2,3, ..., implying that ¥, (u) is F,. ]

To state the main result of this chapter concerning the singular points, we need to
introduce the following notations. For k = 2m < kg, m € N and zy € X, (u), we define

dl®) = dim{¢ € R"™ : £ - V,u? (2,0) = 0 on R" '},

which has the meaning of the dimension of ¥ (u) at xo, and where ug is the unique -
homogeneous blowup at xy. In fact, d;’;) is the dimension of the linear subspace Eﬁ(ufo) C
R”~L. Since uﬁo is a nonzero solution of the Signorini problem, it cannot vanish identically
on R"7! (see [14]) and therefore d¥) < n — 1.

For d =0,1,...,n — 2, we denote

Y(u) == {zo € Te(u) : dé’;) =d}.

7



Theorem 1.10.10 (Structure of the singular set). Let u be an almost minimizer for the
Signorini problem in By. Then for every k = 2m < kg, m € N, and d = 0,1,...,n — 2,
the set $4(u) is contained in the union of countably many submanifolds of dimension d and

class Clog,

Proof. Let k = 2m, m € N. For 2 € ¥, (u) N Bi/Q, let ¢, € Q, denote the unique k-
homogeneous blowup of u. By the optimal growth (Lemma 1.10.6) and the nondegeneracy

(Lemma 1.10.8), we can write

Gz = )\zq;g47 >\z > 07 ”q‘fHL%aBl) = 17

where ¢ € Q, is the corresponding Almgren blowup. We want to show that the ¢, ¢2, A,
depend continuously on x € ¥, with a logarithmic modulus of continuity.

Let 1,29 € X(u) N Bi/Q. Then for ¢ > 0, to be chosen below, we can write

ger — Qs |22 081) < |l@er — u%, ll it @By + 1ub e —uy il L1 0By + [ty s — G | 21031y~ (1.10.9)

By Proposition 1.10.2, we have

1
n—2

1
I ge — w1 (omy) < C <log t) (1.10.10)

for x € X (u) N By 5. This controls the first and third term on the right hand side of (1.10.9)

To estimate the middle term, we observe that

el@)t

t:“i

Huﬁl,t - uig,tHLl(aBl) <

1
/ / |Vu(zy +tz +r(xe — x1))| |21 — 22| dr dS,
0By JO

for any 0 < ¢ < 1/2. Recalling that Vu(z,) = 0 and v € CY#(Bf U By), we have

8
IVu(zy +tz +r(ze — )| < Oltz +r(xs — 21)|° < O+ |21 — 22])° < Clay — 27D
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if we choose t = |x; — x2|2(&1—5> and have |71 — x| < (1/2)*""?. This gives

C

< ey — 2T oy — 2] < Cloy — 2

||u331, - uig,tHLl(aBl)

Combining (1.10.9), (1.10.11), and (1.10.10), we obtain

1

1 Tn—2
||q(El - qxgHLl(aBl) S C <]-Og ) .

|z1 — 22

Next, by Lemma 1.10.6, for any x € X, (u) N B}, and small ¢

[ wyr<c
0B1

with C independent of x, and passing to the limit as ¢ — oo obtain the bound

)‘325: quC'

0B1

Moreover, since ¢, is a k-homogeneous harmonic polynomial, we also have

192l <51y < C(n, K)l el 22(080) < C-

Then, by combining (1.10.12) and (1.10.13), we have

1/2
|)\l‘1 - >\$2| S |)\§‘1 - )\§2|1/2 S (/8 |q3‘1 - qizl)
1

1/2
< Igar + Gall 1 () 101 — o | 50

c (1 L\
< _ .
= Og ‘-’171 . x2’

Finally, we want to estimate qfl — q;j‘2 . By writing

901 = tealliromy = [ e = Aestl

= [P = ah) + O = A)ad
1
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> Ay |q;41 - q:fQ| — A2y = Az |qsfg|7
0B OB
1 1

we estimate

A A A
)\ml 9B, ’qﬁvl - q$2| S ”qzl - q$2HL1(831) + |)\:B1 - /\22‘ /831 ‘Qx2|

< ||Qm1 - qr2HL1(3Bl) + C(”)P‘m - )‘x2| (1.10.15)

c (1 Ly
< -
< C\log o )

where we used ¢z || r2(95,) = 1 in the second inequality and (1.10.12) and the bound (1.10.14)
in the third inequality. Next, using that ¢ are x-homogeneous harmonic polynomials, we

have

||€l§‘1 - C]fQHLOO(Bl) < C||Qf1 - q;42||L1(6Bl)a

which combined with (1.10.15) gives

1 ]
Nl — ol pe sy < C <log ) . (1.10.16)
w1 — a2

Now we fix 79 € ¥, (u) N Bj,,. Then by (1.10.14), there exists § = d(xo) € (O, (1/2)2(“_5)“)

such that A\, > 1/2),, if x € ¥,,(u) N B5(xp). Then by (1.10.16), we conclude that

1\ Ty
gz — aillL(sy < C <10g M) , x1, & € Be(u) N Bi(x).  (1.10.17)
17— L2

Notice that the constant C' does not depend on x1, xo, but both C' and § do depend on x.

Once we have the estimates (1.10.14) and (1.10.17), as well as Lemma 1.10.9, we can
apply the Whitney Extension Theorem of Fefferman’s [56], to complete the proof, see e.g.,
the proof of Theorem 5 in [27]. O
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1.A Some examples of almost minimizers

Ezxample 1.A.1. If u is a minimizer of the functional

/D a(x)|Vul?

over the set &y ,(D, M) with strictly positive a € C%*(D), 0 < o < 1, then u is an almost

minimizer for the Signorini problem with a gauge function w(r) = Cr®.
Proof. This is rather immediate. ]

Ezxample 1.A.2. Let u be a solution of the Signorini problem for the Laplacian with drift
with the velocity field b € LP(By), p > n:

~Au+b(z)Vu=0 in Bf

—0p,u>0, u>0, ud,u=0 on By,

even in x,-variable. We understand this in the weak sense that u satisfies the variational
inequality

VuV(w —u) + (b(z)Vu)(w —u) >0,

B1
for any competitor w € K., (B1, B}), i.e. w € u+ Wy?(By) such that w > 0 on B} in the
sense of traces. Then wu is an almost minimizer for the Signorini problem with ¢» = 0 on

M =R x {0} and a gauge function w(r) = Cri="/7.

Proof. This example corresponds to Example 2.A.1 when A = I. Thus, for this proof, we
refer to the proof of Example 2.A.1 [
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2. ALMOST MINIMIZERS FOR THE THIN OBSTACLE
PROBLEM WITH VARIABLE COEFFICIENTS

2.1 Introduction and Main Results

2.1.1 The thin obstacle (or Signorini) problem with variable coefficients

Let D be a domain in R™, n > 2, and II a smooth hypersurface (the thin space), that
splits D into two subdomains D*: D\ Il = DY U D~. Let ¢ : Il — R be a certain (smooth)
function (the thin obstacle) and g : 9D — R (the boundary values). Let also A(x) = (a;;(z))
be an n X n symmetric uniformly elliptic matrix, a-Holder continuous as a function of x € D,

for some 0 < o < 1, with ellipticity constants 0 < A <1 < A < oc:
Mel* < (A(@)€,€) < A[E*, zeD, £eR™
Then consider the minimizer U of the energy functional
Tan(V) = [ (A@)VV,VV)da,
over a closed convex set & ,(D, 1) C W?(D) defined by
Ry (D) :={V e WD) :V =gon dD, V > on 1N D}.

Because of the unilateral constraint on the thin space II, the problem is known as the thin
obstacle problem. Away from II, the minimizer solves a uniformly elliptic divergence form

equation with variable coefficients
div(A(x)VU) =0 in DY UD".
On the thin space, the minimizers satisfy

U>, (AVU, )+ (AVU,07) >0,
(U =) (AVU,v") + (AVU,v7)) =0 on DNII,
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in a certain weak sense, where v+ are the exterior normals to D* on II and (AVU, v*) are
understood as the limits from inside D*. These are known as the Signorini complementarity
conditions and therefore the problem is often referred to as the Signorini problem with
variable coefficients (or A-Signorini problem, for short). One of the main objects of the

study is the free boundary

F'U)=0n{z el : U(z) =¢(x)} N D,

which separates the coincidence set {U = 1} from the noncoincidence set {U > v} in DNIIL.
The set I'(U) is also called a thin free boundary as it lives in II and is expected to be of
codimension two with respect to the domain D.

These types of problems go back to the original Signorini problem in elastostatics [4], but
also appear in many applications ranging from math biology (semipermeable membranes) to
boundary heat control [5] or more recently in math finance, with connection to the obstacle
problem for the fractional Laplacian, through the Caffarelli-Silvestre extension [10]. The
presence of the free boundary makes the problem particularly challenging and while the C''#
regularity of the minimizers (on the either side of the thin space) was known already in [6]-
[8], the study of the free boundary became possible only after the breakthrough work of [9] on
the optimal C"'/2 regularity of the minimizers. Since then there has been a significant effort
in the literature to understand the structure and regularity properties of the free boundary
in many different settings including equations with variable coefficients, problems for the
fractional Laplacian, as well as the time-dependent problems, see e.g. [11]-[30], [55], [57],
[58], and many others.

2.1.2 Almost minimizers

The approach we take in this chapter is by considering almost minimizers of the functional
Ja.p in the sense of Anzellotti [31]. For this we need a gauge function w : (0,79) — [0, 00),
ro > 0, which is a nondecreasing function with w(0+) = 0, as well as a family {E,.(z¢) fo<r<r,
of open sets for any xo € D, comparable to balls centered at z( (in what comes next, we will

take it to be a family of ellipsoids).
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Definition 2.1.1 (Almost minimizers). We say U is an almost minimizer for the A-Signorini
problem in D if U € W2(D), U >+ on DNIL, and for any E,(zo) € D with 0 < r < 7y,
we have

Lo, AVUV) < (Lt aln) [ AV VV), (2.1.1)

Ey(x0)

for any competitor function V€ Ry y(E,(x¢),11), i.e., V satisfying
V=U ondE.(xy), V>v onE.(r)NIL

In fact, observing that for x,xq € D, and £ € R", £ £ 0

<A(x0)£7 §>

(= Cle=ml") < e e

< (14 Clo — o),

with C' depending on the ellipticity of A and || A||co.«(p), we can rewrite (2.1.1) in the form

with frozen coefficients

/. o (A@)VU, V) < (1 4+ w(r) [ (Aw)vv.vv), (2.1.2)

b («TO)

by replacing the gauge w(r) with C'(w(r) 4+ r*) if necessary.

An example of an almost minimizer is given in Example 2.A.1. Generally, we view
almost minimizers as perturbations of minimizers in a certain sense, but in the case of
variable coefficients there are even some advantages of treating minimizers themselves as
almost minimizers, particularly in the sense of frozen coefficients (2.1.2).

Almost minimizers for the Signorini problem have already been studied in Chapter 1 in
the case A(z) = I, where their C1-regularity (on the either side of the thin space) has
been established and a number of technical tools such as Weiss- and Almgren-type mono-
tonicity formulas were proved. In combination with the epiperimetric and log-epiperimetric
inequalities these tools allowed to establish the optimal growth and prove the C'*7-regularity
of the regular set and a structural theorem on the singular set. The aim of this chapter is to
extend these results to the variable coefficient case. It is noteworthy that the results that we

obtain (see Theorems F-I below) for almost minimizers improve even on some of the results
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available for the minimizers. For example, we only need the coefficients A(z) to be C%® with
arbitrary 0 < o < 1 in order to study the free boundary, compared to W, p > n, in [26]
or C% 1/2 < a < 1, in [35] for the regular part of the free boundary and C%! in [58] for

the singular set.

2.1.3 Main results

Since we are interested in local regularity results, we will assume that D = By, the unit
ball in R", and that
II=R""'x {0}

after a local diffeomorphism. In this chapter, we will consider only the case when the thin
obstacle is identically zero: ¢ = 0.
Further, we will assume o = 1 in Definition 2.1.1 and take {E,(xo)} to be the family of

ellipsoids associated with the positive symmetric matrix A(zy):
B, (x0) := AY?(20)(B,) + 0.
By the ellipticity of A(zq), we have
By, (w0) C Er(20) C Bz, (20)-
To simplify the tracking of the constants, we will assume that there is M > 0 such that
[Allcoapy <M, AXHA<SM, w(lr)<Mr®, 0<a<l. (2.1.3)

Then we can go between almost minimizing properties (2.1.1) and (2.1.2) by changing M if

necessary.

Then our first result is as follows.
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Theorem F (C'#-regularity of almost minimizers). Let U € WY2(By) be an almost min-
imizer for the A-Signorini problem in By, under the assumptions above. Then, U €

CL(Bf UBy) for 8 = B(a,n) € (0,1) and

oC

1Ullcrsry < CIU w2y,

for any K € B UB, and C = C(n,a, M, K).

The proof is obtained by using Morrey and Campanato space estimates, following the
original idea of Anzellotti [31] that was successfully used in the constant coefficient case of
our problem in Chapter 1. We explicitly mention, however, that in the above theorem we
do not require the even symmetry of the almost minimizer in the x,-variable, so Theorem F
extends the corresponding result in Chapter 1 also in that respect.

To state our results related to the free boundary, we need to assume the following qua-

sisymmetry condition. For xy € B} = By N 11, let

A(zo)e, ® e,

ann(xo)

Py =1-2

be a matrix corresponding to the reflection with respect to Il in the conormal direction
A(xg)e, at zg. Note that P,z = z for any « € II and P, F,(x9) = E.(x¢). Then, for a

function U in B; define
; U(z) + U(Fy, )
Us, (x) := 5 -,

Note that U; may not be defined in all of By, but is defined in any ellipsoid E, () as long

as it is contained in Bj. Note also that U = U on II.

Definition 2.1.2 (Quasisymmetry). We say that U € W12?(B;) is A-quasisymmetric with
respect to 11, if there is a constant Q) such that

/E (AU V) < Q (A(0)VU?

xo’
E,(z0) 0

VU;.),

for any ellipsoid E,(xy) € By centered at any zo € By.
We will assume Q < M throughout the chapter, in addition to (2.1.3).
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Note that when A(z) = I and U is even in z,, then it is automatically quasisymmetric
in the sense of the above definition. The quasisymmetry condition will also hold for even

minimizers if e, is an eigenvector of A(zg) for any xy € B, i.e., when
ain(x9) =0, fori=1,...,n—1, zg € B].

This condition is typically imposed in the existing literature and can be satisfied with an
application of a local C''*-diffeomorphism that preserves II, see [15], [55], [59]. The reason
for a quasisymmetry condition is that the growth rate of the symmetrization U; over the
ellipsoids E,.(x¢) captures that of U = U on the thin space II at xy € I'(U), while in the
nonsymmetric case there could be a mismatch in those rates caused by the odd component
of U, vanishing on II.

More specifically, the growth rate of U on IT at xy € T'(U) is determined by the following
quantity
T fET(a:O) (A(z0)VU;,

VU* )
NA(r, U* 1) := 2ol ol
( o 70) Jom, (20) (Usy iz (T — T0)

which is a version of Almgren’s frequency functional [47] written in the geometric terms
determined by A(xg), where p,,(z) = % is the conformal factor. As in the con-
stant coefficient case, this quantity is of paramount importance for the classification of free

boundary points.

Theorem G (Monotonicity of the truncated frequency). Let U be as in Theorem F and
assume additionally that U is A-quasisymmetric with respect to I1. Then for any kg > 2,

there is b = b(n, o, M, ko) such that the truncated frequency

rr—>]/\7\2)(7’, Uy, xo) = min{ N4 (r, U;O,xg),/io}

1 — bre

is monotone increasing for xo € By N [(u), and 0 < r < ro(n,a, M, ko). Moreover, if we
define
k(x0) = Ny (04, U7, o),
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the frequency of U at xq, then we have that either
K(xo) =3/2 or k(xg) > 2.

The monotonicity of the truncated frequency follows from that of an one-parametric
family of so-called Weiss-type energy functionals {WA}o<.<x,, see Section 2.7, which also
play a fundamental role in the analysis of the free boundary.

The theorem above gives the following decomposition of the free boundary

L(U) =Ts(U)u J Tw(U),

K>2

where

Lo(U) :={zo € T(U) : k(xg) = K}.

The set I's/5(U), where the frequency is minimal is known as the regular set and is also

denoted R(U).

Theorem H (Regularity of the regular set). Let U be as in Theorem G. Then R(U) is a
relatively open subset of the free boundary I'(U) and is an (n — 2)-dimensional manifold of

class C17.

Finally, we state our main result for the so-called singular set. A free boundary point
xog € T'(U) is called singular if the coincidence set A(U) := {z € B} : U(x) = 0} has
H" 1-density zero at xy, i.e.,

L HU U AW) 0 By ()

0+ H1(B!) =0

We denote the set of all singular points by X(U) and call it the singular set. It can be shown
that if k(zg) < Ko, then zq € X(U) if and only if k(z) = 2m, m € N (see Proposition 2.12.1).

For such values of x, we then define
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Theorem I (Structure of the singular set). Let U be as in Theorem G. Then, for any
K =2m < kg, m € N, ¥,(U) is contained in a countable union of (n — 2)-dimensional

manifolds of class C1°8.

A more refined version of this result is given in Theorem 2.12.4.

Theorems H and I follow by establishing the uniqueness and continuous dependence of
almost homogeneous blowups with Holder modulus of continuity in the case of regular free
boundary points and a logarithmic one in the case of the singular points. These follow
from optimal growth and rotation estimates which are based on the use of Weiss-type mono-
tonicity formulas in conjunction with so-called epiperimetric [20] and log-epiperimetric [27]

inequalities for the solutions of the Signorini problem.

Proofs of Theorems F-I

While we don’t give formal proofs of the theorems above in the main body of the chapter,
they are contained in the following results proved there:

o Theorem F is essentially the same as Theorem 2.5.1.

o Theorem G follows by combining Theorem 2.7.2 and Corollary 2.11.2.

o The statement of Theorem H is contained in that of Theorem 2.11.5.

o The statement of Theorem I is contained in that of Theorem 2.12.4.

2.2 Coordinate transformations

In order to use the results available for almost minimizers in the case of A = I, proved in
Chapter 1, in this section we describe a “deskewing procedure” or coordinate transformations
to straighten A(x), zo € By.

For the notational convenience, we will denote
Apy = AI/Q(I()), o € By

so that
(A(0)€,€) = |ag &*, € eR™
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Then a,, is a symmetric positive definite matrix, with eigenvalues between A2 and A'/?
and the mapping zy — a,, is a-Holder continuous for z¢ € B;. For every zy € By, we define

an affine transformation 7}, by
To(2) = a5}z — )
Note that T, ' (y) = ag,y + x9. Then for the ellipsoids E,(z), we have

B (o) = TN (B,) = a4y By + 70, Ty (Er(70)) = B,

o

Further, we let

I, := Ty, (I).

Then II,, is a hyperplane parallel to a linear subspace az Il spanned by the vectors ag ey,
a, e2, ey O en 1 and with a normal a,,e,. Generally, this hyperplane will be tilted with
respect to II, unless a, e, is a multiple of e,, or equivalently that e, is an eigenvector of
the matrix A(xg), or that a;,(xg) = 0 for ¢ = 1,...,n — 1 for its entries. To rectify that,

we construct a family of orthogonal transformations O,,, xo € By, by applying the Gram-

Schmidt process to the ordered basis {a; 'e;, a;'es, ..., a; ' e,—1} of a, 'TI. Namely, let
0 . a*161
L ’Cl 61’
e 1= az es — (ag ey, e7%)er” i
!a‘le2 (az5 ez, e7%)er”|’
eajo <a.'17 e37 el > <a{L‘Q 637 e2 >e§0
3 |a 163 - < 183, > < aco e3ae2 > 150'

Moreover, letting

gy

|a:voen|’
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ro - e%l of R™. Then consider the rotation

we obtain an ordered orthonormal basis {e]°, ..., e, e”

O,, of R™ that takes the standard basis {ej,es,...,e,} to the one above, i.e.,

Op, 1 R" = R, Oye;) =€, i=1,2,...,n.

7 )

Note that the Gram-Schmidt process above guarantees that xg — O,, is a-Holder continuous.

We also have that by construction
O, a1 =1L
In particular, when z, € II, we have II,; = a;'II and therefore

o, (11,,) = IL

o

Because of this property, we also define the modifications of the matrices a,, and the trans-

formations 7, as follows:
Aoy = 0400z, Ty = Oy} 0 T,
so that T, (z) = a,,'(z — x). Since Oy, is a rotation, we still have
E,(z0) = Taztjl(BT)7 Tmo<Er(x0)) = B,

see Fig. 2.1.
Next, for a function U : B; — R and a point zy € By, we define its “deskewed” version
at zy by
Uy, = U 0 T

o
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E,(zo)

D)-

Figure 2.1. Deskewing: coordinate transformations Ty, O, Tho-
As we will see, if U is an almost minimizer, the transformed function u,, will satisfy an
almost minimizing property with the identity matrix I at the origin. Before we state and

prove that fact, we need the following basic change of variable formulas:

/E(m) U? = det axO/B w2, (2.2.1)
/E (A VU,VU) = deta, /B Vi, |2 (2.2.2)
/8E o) U? 1y (7 — 70) = det ag, /83 uz,, (2.2.3)
with the conformal factor
()= i 2:2.0)
o (2) := A (a0)2] 2.

We also have the following modified version of (2.2.2).

/E ) 185V (02, V0 ), oy = det /B Vit — (Vg ), |2 (2.2.5)
r(Z0 s

While (2.2.1)-(2.2.2) and (2.2.5) are clear, let us give more details on (2.2.3). If we let
f(@) == |a,'(x — x0)|, then {f =t} = OE;(x0), t > 0, and by the coarea formula

r U?
Ude — / / St
/ETW 0 Jor(xo) [V f(z)]

-1
Using now that 1/|Vf(z)| = M = Iz, (r — 7o) and then differentiating (2.2.1), we

—1(zo)(z—20
obtain (2.2.3).
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We will also need the following estimate for the conformal factor ji,,:
A2 < g (2) < AV (2.2.6)
Indeed, if y = A~!(z0)z, then

Nwo(z) — |awoy| c [/\1/2,/\1/2].

Y]

Definition 2.2.1 (Almost Signorini property at a point). We say that a function u €
W12(Bpg) satisfies the almost Signorini property at 0 in Bg if

[, 1Vl < wi) [ (9o

for all0 <r < R and v € Ko ,(B,,1I).

Lemma 2.2.1. Suppose U is an almost minimizer of the A-Signorini problem in By. Let
xg € B} be such that Er(xo) C By. Then ug, = U o T;()l satisfies the almost Signorini

property at 0 in Bg.

Proof. Let V' be the energy minimizer of [ .\ (A(z0)VV,VV) on Ko (E;(20),11), 0 <1 <
R. Then v,, = V o T, ! is the energy minimizer of [ |Vu,,[* on Ro,uz, (B, IT). Moreover,
by (2.2.2),

/ Vit |2 = det a;! / (A(20)VU, VU)
By E'P(Z'O)

< (1+w(r))deta,] / (A(zo)VV, VV)

Er(z0)

— —i—w(r))/BT Vo, |2

This completes the proof. [
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2.3 Almost A-harmonic functions

We start our analysis of almost minimizers in the absence of the thin obstacle. We
call such functions almost A-harmonic functions. In this section, we establish their C*/2
regularity (Theorem 2.3.2). A similar result has already been proved by Anzellotti [31], but
for almost minimizers over balls { B,(xy)} rather than ellipsoids {E,(x)}; nevertheless, the
proofs are similar. The proofs in this section also illustrate how we are going to use the
results available for “deskewed” functions u,, = U o Tm’ol to infer the corresponding results

for almost minimizers U.
Definition 2.3.1 (Almost A-harmonic functions). We say that U is an almost A-harmonic

function in By if U € WY%(By) and

/E( )(AVU,VU>§(1+w(r))/ (AVV,VV),

Ey,(x0)
whenever E,(x0) € By and V € Ry (E,(x0)) := U + Wy (E,(x0)).

Note that similarly to the case of A-Signorini problem, we can write the almost minimiz-

ing property above in the form with frozen coefficients

/EMO)M(:CO)VU, VU < (L+w(r) [ (Ao VV, V).

Er(z0)

Definition 2.3.2 (Almost harmonic property at a point). We say that a function u €
W12(Bpg) satisfies almost harmonic property at 0 in Bg if

[, 1Vul? < (U wi) [ (9o

for all0 <r < R and v € R,(B,).

Lemma 2.3.1. IfU is an almost A-harmonic function in By and xo € By with Er(xy) C By,

then u,, satisfies the almost harmonic property at 0 in Bp.

Proof. The proof is similar to that of Lemma 2.2.1. [
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Proposition 2.3.1 (cf.Proposition 1.2.2). Let U be an almost A-harmonic function in By.

Then for any B,(xy) € By and 0 < p < r, we have

/ VU2 go[(p) + 7o / VU, (2.3.1)
B, (z0) r By (zo)

n+2
=ef)
r By (zo)

2
VU = (VU) B, (n0) VU — (VU) 5, (a0) (2.3.2)

‘/Bp(xo)

woe [ v,
By (o)

with C' = C(n,a, M).

Proof. Since u,, satisfies the almost harmonic property at 0, if h is the harmonic replacement

of ug, in B, (i.e., h is harmonic in B, with h = u,, on 0B,), then

[ Va2 < ) [ o
B, By
This is enough to repeat the arguments in Proposition 1.2.2; to obtain
[ 190 <2 [(”) 4 Mra} [ 190l
B, r By
2 P\ 2 2
[ Ve, = (Vi P <9 (2) [ Vi, — () 4+ 24005 [ 9
P T T

Then, by the change of variables formulas (2.2.2) and (2.2.5), we have

/Ep (AU V) <2 [(f) + Mr"‘] /. (A VU D), (23.3)

n+2
/ =a(f)
Ep(z0) r Er(zo)

+ 24 M / (A(20)VU, VU).

Er(zo)

2
oo VU — (02, VU) B, (20) Az, VU — (a2, VU) B, (20) (2.3.4)

To show now that (2.3.3)-(2.3.4) imply (2.3.1)-(2.3.2), we first consider the case

0<p< (NN
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Then, using the inclusions
Bp(l‘o) C E)\71/2p(l‘0) C EA—l/QT(QJ()) C BT(x()),

applying (2.3.3)-(2.3.4) with A='/2p and A=/2r in place of p and r, and using the ellipticity
of A(zy), we obtain (2.3.1)—(2.3.2) in this case.
In the remaining case

(A/N)'Pr<p<m,

the inequalities (2.3.1)—(2.3.2) hold readily, as

n/2

A n
/ |VU|23<> (2) [ vup
B,(z0) A r By (z0)

VU~ (V)P < [ V0 = (VU) g,
L o VU = V0P < [ VU = (Y0}, o)

n+2
A 2 p n+2 5
<|-= = VU —(VU)B, (z0)|"-
_(A) (2) [ VU = (VU)o

O]

Theorem 2.3.2. Let U be an almost A-harmonic function in By. Then U € CY*/?(By) with
[Ullcrerzy < CllU[wr2sy),

for any K € By, with C = C(n,«a, M, K).

Proof. Let K € By and xy € K := {y € By : dist(y, dB;) > ro}, where rq = 1 dist(K, 0By).
For in(0, 1), a direct application of Lemma 1.2.2 to (2.3.1) gives

L, o IVUP < CIVU a2

for any 0 < r < ry, with C' depending on n, a, o, M, K. Combining this with (2.3.2) also

gives,

/Bﬂ (z0)

2

VU —(VU)B,(x0)

VU — (VU) B, (x)

n+2
=ef) )
r By (o)
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+ C||VU 725,727, (2.3.5)

for any 0 < p < r < rg. If we take o € (0,1) such that o/ := =227*% > (, then Lemma 1.2.2

/Bp(zo)

and this readily implies VU € CO’QI(IN( ). Now we know that VU is bounded in K , and thus

produces

2 ’
< VU g™

VU —(VU)B,(x)

B, (w0) IVUI? < ClIVU |72,y Plugging this in the last term of (2.3.2) and repeating the

arguments above, we conclude that U € C1/2, [

2.4 Almost Lipschitz regularity of almost minimizers

In this section, we make the first step towards the regularity of almost minimizers for the
A-Signorini problem and show that they are almost Lipschitz, i.e., C%° for every 0 < o < 1
(Theorem 2.4.1). The proof is based on the Morrey space embedding, similar to the case of
almost A-harmonic functions, as well as the case of almost minimizers with A = I, treated
in Chapter 1. We want to emphasize, however, that the results on almost Lipschitz and C1#
regularity of almost minimizers (in the next section) do not require any symmetry condition

that was imposed in Chapter 1.

We start with an auxiliary result on the solutions of the Signorini problem.

Proposition 2.4.1. Let h be a solution of the Signorini problem in By. Then

/B |Vh|* < (Z) /B IVh|?, 0<p<R<1. (2.4.1)

Proof. The difference of this proposition from Proposition 1.3.1 is that h(y) is not assumed
to be even symmetric in y,-variable. To circumvent that, we decompose h into the sum of

even and odd functions in y,, i.e.,
h<y,7 yn) + h(yla _yn) h(y/7 yn) - h(yla _yn)

hy',yn) = 5 + 5 (2.4.2)

— By ) + R )
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It is easy to see that h* is a solution of the Signorini problem, even in y,-variable, and h* is
a harmonic function, odd in y,-variable.
Then both |[VA*? and |Vhf|? are subharmonic functions in B; (see Proposition 1.3.1 for

h*), which implies that for 0 < p < R < 1

v (), oo
/B,, VR < (g)n/BR VA,

Now observing that [ [VA|* = [z, (]Vh*|2 + \Vhﬁlz), for 0 <t < R, we obtain (2.4.1). [

Proposition 2.4.2 (cf. Proposition 1.3.2). Let U be an almost minimizer for the A-Signorini

problem in By, and Br(xg) € By. Then, there is Cy = Cy(n, M) > 1 such that

/ VU< ¢ [(p> + Ra} / VU2, 0<p<R (2.4.3)
B,(x0) R Br(0)

Proof. Case 1. Suppose zp € Bj. Note that u,, satisfies the Signorini property at 0 in
B, with r = A~Y2R. If h is the Signorini replacement of Uz, in B, (that is, h solves the
Signorini problem in B, with thin obstacle 0 on II and boundary values h = u,, on 0B,),
then h satisfies

[ AV =n) =0,

T

for any v € Rou,, (B, ), which easily follows from the standard first variation argument.

Plugging in v = u,,, we obtain

[0 Vu) = [ one
Br

r

Then it follows that

[ Ny =P = [ (1900 + VA = 2(Vuugy, V) < [ (G = [ TR
T Br Br B'r

< (1—|—Mr0‘)/B |Vh|2—/B IVh[? < Mra/B Vit |2,
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where in the last inequality we have used that h is the energy minimizer of the Dirichlet

integral in Ko, (B, 1I). Then, for p < r, we have

[Vl <2 [ 1942 [ 90, -nE <2(2) [ wnp o [ Va,
B, B, B, By B,

r
p " « 2

< L

<c|(F) ], 1vunl

Now, we transform back from u,, to U as we did in Proposition 2.3.1 to obtain (2.4.3) in

this case.

Case 2. Now consider the case zg € Bf". If p > r/4, then we simply have

[ vupse (p) [ vup.
Bp(wo) r Br(xO)

Thus, we may assume p < r/4. Then, let d := dist(zo, B]) > 0 and choose z1 € 0By(xo)NBy.

Case 2.1. If p > d, then we use B,(x¢) C Ba,(x1) C B,j2(x1) C By(x0) and the result of

Case 1 to write

2p\"
2 < 2 < _—r 2 « 2
/B,)(xo) VUl < /B2p($1) Vol <c [(7’/2> /2 ] /Br/Z(xl) vul

sc[(p) +ra]/ VU,
r By (o)

Case 2.2. Suppose now d > p. If d > r, then B,(zy) € By . Since U is almost harmonic in

B, we can apply Proposition 2.3.1 to obtain

/ ]VU\2§C[<p) +ra]/ VUP.
By (z0) r Br(wo)

Thus, we may assume d < r. Then we note that By(zo) C By and by a limiting argument

from the previous estimate, we obtain

/ |VU|2§CKP> +rﬂ/ VU,
B, (x0) d Ba(zo)
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To estimate [p, ) VU ? in the right-hand side of the above inequality, we further consider

the two subcases.

Case 2.2.1. If r/4 < d, then

d n
| P < () [ Ivu
By(zo) r By (z0)

which immediately implies (2.4.3).

Case 2.2.2. It remains to consider the case p < d < r/4. Using Case 1 again, we have

24 \"
vzﬂg/ VUP < C <> +7~2a]/ VU ?
/Bd(l“o) ’ ‘ Bag(z1) ‘ | 7n/2 ( / ) By a(z1) ’ ‘

d n
() sl [P,
T Br(a?())

which also implies (2.4.3). This concludes the proof of the proposition. H

<C

As we have seen in Chapter 1, Proposition 2.4.2 implies the almost Lipschitz regularity

of almost minimizers.

Theorem 2.4.1. Let U be an almost minimizer for the A-Signorini problem in By. Then

U e C%(By) for all0 < o < 1. Moreover, for any K € By,
[Ullcoe ) < ClUwrzesy),

with C = C(n,a, M, 0, K).

Proof. The proof is essentially identical to that of Theorem 1.3.1. Let K € By and xg €
K. Take ro = ro(n,a, M,0,K) > 0 such that ry < dist(K,0B;) and r§ < e(Cy,n,n +
20 — 2), where ¢ = ¢(Cy,n,n + 20 — 2) is as in Lemma 1.2.2 and C; = Cy(n, M) is as in
Proposition 2.4.2. Then for all 0 < p < r < rg, by Proposition 2.4.2,

[ vup<a Kp) —|—7"°‘]/ VUP.
B,(z0) r By (zo)
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By Lemma 1.2.2, we get

p n+20—2
[ IVUP <Cn,M,0) () [ vup.
By (w0) r By (x0)

Taking r " ro, we conclude that

/B o [VUP < Cln, 0, M0, K)[VU g0 (2.4.4)

p\To
By the Morrey space embedding (Corollary 3.2 in [50]), we obtain U € C%?(K) with
HUHCO"’(K) < C(n7a7M7 g, K)HUHWLQ(Bl)' O (245>

2.5 (' regularity of almost minimizers

In this section we prove C'# regularity of the almost minimizers for the A-Signorini
problem (Theorem 2.5.1). While we take advantage of the results available for the even
symmetric almost minimizers with A = I in Chapter 1, removing the symmetry condition
requires new additional steps, combined with “deskewing” arguments to generalize to the

variable coefficient case.

We start again with an auxiliary result for the solutions of the Signorini problem.

Proposition 2.5.1. Let h be a solution of the Signorini problem in B,, 0 < r < 1. Define

_ V' yn),  yn =0
Vh = ( )

Vh(yla _yn)7 Yn < 07

the even extension of Vh from B} to B,. Then for 0 < a < 1, there are Cy; = Cy(n, ),
Cy = Cy(n, ) such that for all 0 < p < s < (3/4)r,

Sn+1 )
h=. 2.5.1
s/, (25.1)

— —— nta — —
L 19h = Ty, <a(2) [ R - (TRaf + G
B, S Bs r
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Proof. This proposition differs from Proposition 1.4.1 only by not requiring A(y) to be even
in the y,-variable. As in the proof of Proposition 2.4.1 we split & into its even and odd parts

h(y) = h*(y) + h*(y), vy € B,

Recall that h* is still a solution of the Signorini problem in B,, but now even in y, and hf

is a harmonic function in B,, odd in y,. Then, by Proposition 2.4.1 we have

— — n+a o o Sn+1
/B ]Vh*—(Vh*)BngCl(i) /B VR — (Vh)s.|? + Cs /B(h*)? (2.5.2)

Now we need a similar estimate for hf. Since h* is harmonic, by the standard interior

estimates, we have
1/2

n
B(s/a)r r

Thus, taking the averages on B;L, we will therefore have

n+2

2
t # 2 n+2 274 < P 2
. 10— (V) P < O (sup 070 ) < Cn) P [0

n+1
<o) [ 0<p<s <@/

which can be rewritten as

T~ (Vs 2 < O(n) S [ (ay
[, VH = (T, < On) T [ (842 (2:5.3)

Now using that Vi — (ﬁﬁ;p = [Vh* — (V/E*)Bp] + [V/f\ﬂ — <V/Eﬁ)BP] in B,, we deduce from
(2.5.3) that

Vh — (Vh)g |2 < Vit — (Vh*) g |2 Vht — (Vhi)p |2
/Bp|Vh o _2/Bp|Vh (Vh*)p | +2/Bp\w (VhE)p | (2.5.4)

o o n+1
<o [ |Vh = (Vi) |2+ C(n) > / (hh)2.
Bp BT

rn+3
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Similarly, representing Vh* — (Vh*), = [Vh— (Vh)p,] — [V/ﬁﬁ — <V/Eﬁ> B.] in By, we deduce
from (2.5.3) (by taking p = s) that

o . o o Sn+1
| = (TP <2 [ 1SR = (VR P+ ) S [ ()2 (25.5)
Bg Bg r

rn+3 B

Hence, combining (2.5.2)~(2.5.5), and using that both [ (h*)? and [ (h*)? cannot exceed
/5 h?, we obtain the claimed estimate (2.5.1). O

Theorem 2.5.1. Let U be an almost minimizer of the A-Signorini problem in By. Then

UecCY¥(BEUB,) withf=-——
€ (Bi 1) with B 120 1 a)
Moreover, for any K € Bif U B}, we have
||U||01/3(K) S C(n, a, M, K)||U||W12(B1) (256)

Proof. Let K be a ball centered at 0. Fix a small ry = ro(n,a, M, K) > 0 to be determined
_2n
later. In particular, we will ask r, := rg"** AY/2 < (1/2) dist(K, 0B,;), which implies that

K :={ye B :dist(y, K) <r} € B.

Define

__ VU  yn),  Yn=>0
VU, yn) =
VU(yla _yn)7 Yn < O

Our goal is to show that for xg € K, 0 < p <1 < 1y,

n+a
U (Tl < O () [ (T
L, o [0 = 0} < Ol M) (5) [ V0 — (V0 )

r

+ C(n,a, M, K)”UH%}[/lQ(Bl)TTH_Z/B. (2.5.7)
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Case 1. Suppose o € K N Bj. For given 0 < r < 7y, we denote o’ := 1 — & € (0,1),

2n .
R := r2n+a. We then consider two cases:

sup |U| < C5(AY2R)® and  sup |U|> C3(AY?R)Y,

OFER (JC()) OFER (m())

_ U@)-U(2)]
y2€K  |y—z[’
y#z

where C3 = 2[U] = 2sup

O,oe’,l?

Case 1.1. Assume that supyp, ) |U| < C3(AY?R)*. Then u,, satisfies almost Signorini

property at 0 in By with

sup [ug,| < C3(AYV2R)™
OBRr

Let h be the Signorini replacement of u,, in Bg. If we define

_— Vg, (Y yn)y  Yn 20
Vuaco(y/vyn) = ’

Vufro (ylv _yn>7 Yn <0
and

Vo, yn),  Yn =0

V(Y yn) =
Vh(y/v _yn)> Yn < O,
then we have
[ Ve, = (Vuz)g 2 <8 [ [Vh = (Vh)s, P +6 | |V, = VA, (2.5.8)
| VR = (TR <3 [ Vi, — (V) 246 [ Vi, = VAR (25.9)
B, B B,

2n+a

Note that if ro < (3/4)7a , then r < (3/4)R, thus by Proposition 2.5.1, the Signorini

replacement h satisfies, for 0 < p < r,

n+1

— — n+ao — —
[ ISk = (Th)s, P < Cln,0) (”) [ V= (VR[> + Cln,0) o sup b,
B, p r B R? 9B,
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Combining the above three inequalities, we obtain

—_— —_— TL+CM — —
[ Ve, = (V)5 < Coa) (2) [ ¥, = (T

n+1

+C(n,a) —suph? + C(n, a)/B Vs — Vh. (2.5.10)

R3 5By

Let us estimate the last term in the right-hand side of (2.5.10). Take § = é(n,a, M, K) >0
such that 0 < dist(K,0B;) and §* < e = ¢(Cy,n,n +2a’ — 2), where Cy, = Cy(n, M) is as in

2n+a

Proposition 2.4.2 and ¢ is as in Lemma 1.2.2. If rq < (A*1/25)T, then AY?R < §, thus,

by following the proof of Theorem 2.4.1 up to (2.4.4), we have

n+2a’—2

2 2 1/2
/BA1/2R(330) |VU’ = C<n7 o M, K>HVUHL2(31) (A R)
It follows that

[, A VUV <A [ GO < OV R

A1/2 (70

Then by the change of variables (2.2.2), we have
/B Vg, > < CIVU 7205, R 2 (2.5.11)
R

Now we can estimate the third term in the right-hand side of (2.5.10):

/ Vi, — VA2 = 2/ Vi, — Vh|?
B, B
<2 [ |Vu, - VAP <2 (/ V= [ \VhP)
Br Br Br
<2MR® [ VAP <2MR® [ |V (2.5.12)
Br Br

< C[VU By R™ 22 = C|[ VU 23 g,y o),

To estimate the second term in the right-hand side of (2.5.10), we observe that

sup h* = supuz, = sup U* < C2(AY?R)*
OBR 9BR O0ER(x0)
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Note that by (2.4.5), C5 < C(n,a, M, K)||U||lw12(s,). Thus,

n+1

R3

sup h? < C’HU|]I2,V1,2(BI)7’"+2<2:+M.
0Bp
Now (2.5.10) becomes

2

— — p n+a o o
[ 1V, = (V)P < Ca) (2) [ 19, — (T

+C|’U||%Vla2(31)rn+m. (2.5.13)

We now want to deduce (2.5.7) from (2.5.13). The complication here is that the mapping

T;OI does not preserve the even symmetry with respect to the thin plane, since the conormal
direction A(xg)e, might be different from the normal direction e, to II at xy. To address
this issue, by using the even symmetry of @), we rewrite (2.5.13) in terms of halfballs

Bf =B, NRY}

P n+a
/B+ Vg, — (VUIO>BP+|2 <C(n,a) (7“) /B+ Vg, = (Vtgy) g |

+ ClU i yr" 7o, (2.5.14)

Similarly, if we denote Ejf (z9) = E,(z9) N R?, then using that T, (E; (x0)) = B}, t > 0,
(2.5.14) becomes

P n+ao
Loy VU = (VU)o < Ca0) (2) [ 0, VU = (02, V0 o

+ C det Clxo HU|’I2/‘/1,2(BI)TH+2<2:+O‘> .

Repeating the argument that (2.3.4) implies (2.3.2) in the proof of Proposition 2.3.1, we

have

2 P\ 2
foo VU = V0l < C(B) [ 190 = (VU

+ C||U iy 7o, (2.5.15)
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Then by the even symmetry of VU, (2.5.15) implies (2.5.7).

Case 1.2. Now we assume that supyp, ., [U] > C5(AY2R)*. By the choice of C5 =

2[U]

T

oo/ 7 We have either

U > (C5/2) (A?R)®  in Eg(x), or
U< —(Cs/2) (AY2R)*  in Eg(xo).

However, from U > 0 on B, the only possibility is
U > (C3/2) (AV2R)™  in Eg(x).

Consequently,
Uy, > (C3/2) (AY2R)®  in Bp.

If we let h again be the Signorini replacement of u,, in Bg, then the positivity of h = u,, > 0
on JBpg and superharmonicity of h in By give that h > 0 in By, and hence h is harmonic in

Bpg. Thus,

n+2
_ 2 < p) _ 2
/B,, Vh— (Vh) s, |2 < (T /Br\w (VRYp |2, 0<p<r

We next decompose h = h* + h* in Bp as in (2.4.2). Note that since both h and h* are

harmonic, ~* must be harmonic as well. Then we have

/ Vh — (VR)p, |2 < 3/ IVh = (Vhyg, 2 + 6/ VI — Vh?

B, B, B,
_ o 2 112 *]2
— 3/3p IVh — (Vh)p | +6/BP_ (129,242 + [20,,,1"?)

=3 [ [Vh— (Vg +12 [ (VR + (0, 1),
B, B,
and similarly,

[, IV = (Vs [P <3 [ Vh— (T 12 [ (102 + 10,07
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Combining the above three inequalities, we have that for all 0 < p < r

— — n+2 — —
[ 19 = s < 3(2) [ VR = (TR 48 [ ((9R 0,7
B, r B, By
(2.5.16)

2n+
«a

Now, note that if ro < (1/2) @ , then r < R/2. By the harmonicity of both h* and Af in

Bpg, we have

sup | D?h*| + sup | D*h¥| < cln) sup |VR*|+ sup |VAY|
Br/2 Bpr/2 R B4R Bia/ar
C n) 1/2
< ) 2 / % 2)
— R'z3 (/BR ’v ’ i Br ’v ’
C(n) 2\2 _ C(n) 2\
— <
1+2 </BR VA ) = Ri+3 (/BR | Vttg,| )

R
< C(n,a, M, K)||VU| 25, R* 2,

where the last inequality follows from (2.5.11). Also, note that V,h* = 9, h* = 0 on B} J2-

Thus, for y = (v, y,) € B, we have

IV h?| + 0y, h*| < |ynl (sup |D*h*| + sup \Dzhﬁ])

R/2 R/2

S CHVUH[;(Bl)?“RO/iQ

2n (a1_2)

= C||VU||L2(Bl)r1+2n+a ,

with C' = (n, o, M, K). Hence, it follows that

/ VB2 + 10, 0712 < ClIVU |2 (yr™ 2585 @D < O VU 3™ 7. (25.17)
By

Combining (2.5.16) and (2.5.17), we obtain

_ _ n+2 . . o
/B Vh — (Vhys,|* < 3(p) /B Vh — (VA [2 + C[[VU |2, r" 7507, (2.5.18)

r
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Note that (2.5.12) was induced in Case 1.1 without the use of the assumption supyp, () U] <

Cs (A1/2_R>a , so it is also valid in this case. Finally, (2.5.8), (2.5.9), (2.5.12) and (2.5.18)

give

[, 1V, = (i), P <3 [ [Vh— (VR +6 [ [V, — VAP

n+2 o o o
<9 (f) /B Vh — (VR 5, |2 + C|[VU s, 7o

+ 6/ Vg, — VA2
BP
P n+2 — —— o
<27 (T) /B Vitey — (Vitag) 5, |* + C| VU 225, 7250
+60 [ Vg, — VAP
By
p n+2 = — — o
<27 (2)" [ 19ty — () + VU g 7o
£ ClIVU|2a 01

n+2 o . )
<27 (p) /B |Vttgy — (Vg ) s, |* + CHVUH%%B”TTH_W.

r

As we have seen in Case 1.1, this implies (2.5.7). This completes the proof of (2.5.7) when
Tg € KnN Bi

Case 2. The extension of (2.5.7) to general xy € K follows from the combination of Case 1

and (2.3.5). The argument is the same as Case 2 in the proof of Theorem 1.4.1.
Thus, the estimate (2.5.7) holds in all possible cases.

To complete the proof of the theorem, we now apply Lemma 1.2.2 to the estimate (2.5.7)

to obtain for 0 < p <1 < ry

- - P n+28 _ _ n
/ VU =(VU)p,a0)|* < C[() / VU —(VU) B, a0) |+ U 1205,y 0" 7| -
B, (z0) T By (zo)

Taking r  ro = ro(n, o, M, K), we have

/Bp(ﬂco) |VU - <VU>BP(IO)|2 < OHUH%VIQ(Bl)pn-&-Qﬁ’
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with C' = C'(n,a, M, K). Then by the Campanato space embedding this readily implies that
VU € C*#(K) with
||ﬁ]||007ﬂ(K) < Cl|U]|wr2s,)-

Since VU = VU in Bi" U B}, we therefore conclude that
UeCY(Kn(BfuB)),
and combining with the bound in Theorem 2.4.1, we also deduce that
||U||clﬂ(1m(31+u31)) < C(n,a, M, K)||U|[wr2(s,)-

To see the C1¥ regularity of U in By U B}, we simply observe that the function U(y/, —y,) is
also an almost minimizer of the Signorini problem with the appropriately modified coefficient

matrix A. O]

2.6 Quasisymmetric almost minimizers

In the study of the free boundary in the Signorini problem, the even symmetry of the
minimizer with respect to the thin space plays a crucial role. The even symmetry guarantees
that the growth rate of the minimizer u over “thick” balls B,(zg) C R™ matches the growth
rate over thin balls B/ (x¢) C II. This allows to use tools such as Almgren’s monotonicity
formula (see the next section) to classify the free boundary points. Without even symmetry,
minimizers may have an odd component, vanishing on the thin space II that may create a
mismatch of growth rates on the thick and thin spaces.

In the case of minimizers of the Signorini problem (with A = I) or harmonic functions,

it is easy to see that the even symmetrization

u(x', xy,) + u(x’, —xy,)
2

u*(z) =
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is still a minimizer. Unfortunately, the even symmetrization may destroy the almost mini-
mizing property, as well as the minimizing property with variable coefficients, as can be seen

from the following simple example.

Example 2.6.1. Let u : (—1,1) — R be defined by u(z) = x + x?/4. Then v is an almost
harmonic function in (—1, 1) with a gauge function w(r) = C(a)r® for 0 < a < 1. In fact, u

is a minimizer of the energy functional

Ja+a2) 7wy

with a Lipschitz function A(z) = (1 + x/2)~! in (=1,1). On the other hand, the even
symmetrization
u(z) +u(—x) 22

=TS

is not almost harmonic for any gauge function w(r). Indeed, for any small 6 > 0, if we
take a competitor v = §2/4 in (—4,8), then it satisfies [°; [v/|? = 0 and if u* were almost
harmonic, we would have that [°5|(u*)/|> = 0 as well, implying that u* is constant in (0, ),

a contradiction.

To overcome this difficulty, we need to impose the A-quasisymmetry condition on almost
minimizers U, that we have already stated in Definition 2.1.2. In this section, we give more
details on quasisymmetric almost minimizers.

Recall that for each xy € B, we defined a reflection matrix P,, by

A(zo)e, ® e,

P,.=1-2
0 ann(xO)

From the ellipticity of A, we have a,, (o) > A, thus P, is well-defined. Note that P} = I.
Besides, P,| = I’n and P, E,.(x9) = E.(ro). We then define the “skewed” even/odd

i
symmetrizations of the almost minimizer U in By by

U(z) + U(Pyyx)

Uz, (a) = POE TET)
U:g()(l‘) — U(x> _2[]<P$0‘r>'
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ET(Z‘U) x B

Figure 2.2. Reflection P,,: here ¥ = P, x, y = Ty, (z), and y = (v, —yn) = Ty, (T)

Note that Uy and U? , may not be defined in all of B;, but are defined in any ellipsoid (o)
as long as it is contained in B;y. Note also that U = U and Uﬁo = 0 on II. Further, we note

that transformed with Tzo, P,, becomes an even reflection with respect to II, i.e.,

* R uxo (y/7 yn) + U’Jro (yla _yn)
o Ugg (y/7 yn) — Ug, (y/; _yn)
(y) = 5 ,

the even/odd symmetrizations of w,, about II, we will have
Usr ol ' =u} Uﬁo oT, ' =uf

xo? o "

We also observe that the symmetries of u} and ugﬁo imply the following decompositions

/B UiOI/B (UZO)2+/B (uf,)?, (2.6.1)
[ 1Vl = [ 9, P4 [ 262)
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which after a change of variables, can also be written as

U? = U )2+ U )2, 2.6.3
Lo 0=y [ ) (2.6.3)

A U, VU) = A Us VU: A UL VURY. (2,64
[, o A@VUI0) = [ (AU, VO3 + [ (A0 VU, VUL (264)

We now recall that by Definition 2.1.2, U € W2(B) is called A-quasisymmetric if there is

a constant ) > 0 such that

[ (A@vUV) Q[ (Aw)VU;,, VUL,), (2.6.5)
E,(zo) E,(zo)

whenever E,.(z9) € B; and x¢ € B;. By the uniform ellipticity of A, (2.6.5) is equivalent to

[ovup<Q[  vuP
By (o) By (wo)

by changing @ to Q(A/)), if necessary. Besides, using (2.6.4), (2.6.5) is also equivalent to

/ ( (Al VUL, VUE) < € (A(zo) VU, VU), (2.6.6)
Er(xo

Er(20) o’
with some C' = C(Q).

Lemma 2.6.2. Let U be an A-quasisymmetric almost minimizer for the A-Signorini problem
in By, with constant Q) > 0. Then there arery = ri(n,a, M, Q) > 0 and My = My(n, M, Q) >
0 such that

/E( )<A(xO)VU;O,VU;O)§(1+M1ra)/ (A(z0) VW, VIV, (2.6.7)

Er(zo)
whenever E,.(xg) € By, 19 € B1, 0 <r <71y, and W € ﬁoygo (Er(x0),10) .

Remark 2.6.3. Since we are interested in local results, in what follows, we will assume without

loss of generality that vy =1 and M; = M.
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Proof. Let V be the energy minimizer of
/. ATV V) on fop (B (x0), 1)

Then v,, =V o T;O 1'is the energy minimizer of

/B T Vw2 on Koo, (By, T1).

Note that v} is a solution of the Signorini problem, even in y,, with v; = u; on 0B,.

Similarly, vio is a harmonic function, odd in y,, with vio = uio on dB,. Thus, v}, is the
energy minimizer of

* |2
/BT Vg, |° on Koz (B, 1),
and so V,r is the energy minimizer of
[, o (AGO)VVE VYL on Sous, (B (o), 1),
(20

Thus, to show (2.6.7), it is enough to show

/BT Vs, 2 < (1 + Myr®) /B Vs |2

To this end, we first observe that the quasisymmetry of U implies the quasisymmetry of u,,:

/B ]Vui0|2 < C/B \Vu;0|2.

*

Using this, together with the symmetry of uj , uf, o Up, and vf ,» We have

vt = [ = [ v

<+ M) [ Vo2 [V P

B By

= (L4 M) [ Ve () [P v P
B By By

< (1—|—M7“°‘)/B \VU;O\Z—i—Mra/B VUl |?
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§(1—|—Mr°‘)/B |W;;O|2+0M7~a/3 Vs, |2,

Therefore,
14 Mre
* |2 * |2 « * |2
[V < e [ 19 < (M) [ 9
for 0 < r <7 = (20M)~Y/2, as desired. O

Remark 2.6.4. If U satisfies the following weak quasisymmetry with order —:

[ oavuE<Qr [ (v
Er(iv()) Er(iUO)

whenever E,.(zg) € By, xy € B] for some 0 < 7 < «, then it is easy to see from the proof of

Lemma 2.6.2 that U} satisfies (2.6.7), but with o — v > 0 instead of a.

Theorem 2.6.5. Let U be an A-quasisymmetric almost minimizer for the A-Signorini prob-
lem in By. Then for zg € By, and 0 <1 < (1/2)A712, we have U}, € CYP(EE(z0) UEL(x0))
with = I

__a
Snra)” Moreover,

Uz lcrsxy < Clnya, M, K ) |UZ lwiz(g, (wo))
+ —_ . B(RE :
for any K € EX(x0) U EL(x0). Similarly, v}, € C(BF U BY) with

|z, sy < Cln, o, M, K r)||luy, |lw2es,),

for any K €@ B UB..
Proof. From Theorem 2.5.1, we have U € C"#(B; U B}), which immediately gives U}, €

CY(EE(zo) U E!(x0)), by using the inclusion E,(zo) C B2, (19) C B;y. Thus, for

_ VU; (2 2,), 2, >0
VU; (2, 2y) =

VU (2, =), zn <0,

115



we have V/U\;O € C%(E,(xg)) with
VU lleosey < Cn, e, M, K ) [Ullwa s, oy,
for any K € E, (o). Hence, it is enough to show that

|Ul[w2(E, 20)) < CllUz lwr2(E, @o))-

Now, note that by (2.6.3)-(2.6.4), we readily have
U128, oy < C (103, w2z, oy + I1UZ w2z, on )
and thus, it will suffice to show that

1UE Nw2m, o)) < ClU w25, (x0))-

By the symmetry again,

thus by Poincare’s inequality,

Uz 22, oy < C (0, M)T | VUE 228, () - (2.6.8)
Finally, by the quasisymmetry of U, we have
VU N 22800y < CIIV U, 2205, (20))-

see (2.6.6). This completes the proof of the theorem for Uy .

Applying now the affine transformation T}, we obtain the part of the theorem for u* . U

We complete this section with a version of Signorini’s complementarity condition that

will play an important role in the analysis of the free boundary.
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Lemma 2.6.6 (Complementarity condition). Let U be an A-quasisymmetric almost mini-
mazer for the A-Signorini problem in By, and zy € Bi/2. Then uy, satisfies the following
complementarity condition

wi (0 ui) =0 on By, Ry=(1/2)A7"2

Yn TT0

*

+
where O uy,

on By, is computed as the limit from inside By, . Moreover, if zo € I'(U), then

Wi (0)=0 and [Vur (0)] = 0.

o

Proof. Let yo € Bp, be such that u} (y0) > 0. Then we need to show that J u; (yo) = 0.
Since u, = uj on II, we have u,,(y0) > 0 and by continuity u,, > 0 in a small ball Bs(yo).
Then U > 0 in Q = T,,.'(Bs(yo)). We claim now that U is almost A-harmonic in 2. Indeed,
if E,.(y) € Q (not necessarily with y € Bj) and V is A(y)-harmonic replacement of U on
E.(y) (ie. div(A(y)VV) = 0 in E,(y) with V = U on 0F,(y)), then since V.= U > 0 on

JOFE.(y), by the minimum principle V' > 0 on E,(y). This means that V' € £ v (E.(y), )

and therefore we must have

/Er<y><A(yWU’ VO <+ “(T))/ (A(y)VV,VV),

Er(y)

which also implies that U is an almost A-harmonic function in Q. Hence, U € C1*/%(Q)
by Theorem 2.3.2, implying also that u,, € C'*/?(Bs(y)). Consequently, also u} €
C*/2(Bjs(yo)) and by even symmetry in the y,-variable, we therefore conclude that 8 u}, (yo) =
0.

The second part of the lemma now follows by the C* regularity and the complementarity

condition. n

2.7 Weiss- and Almgren-type monotonicity formulas

In this section we introduce two technical tools: Weiss- and Almgren-type monotonicity

formulas, that will play a fundamental role in the analysis of the free boundary. In fact, the
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proofs of these formulas follow immediately from the case A = I, following the deskewing
procedure.

To proceed, we fix a constant kg > 0. We can take it as large as we want, however,
some constants in what follows, will depend on x¢. Then for 0 < kK < kg, we consider the

Weiss-type energy functional introduced in Chapter 1:

at®

. 1 — bt
W, (t,v,20) i=— / Vol2 — 7/ 2
( v ZEO) tn+2/§—2 [ By(0) | U| R t OBt (x0) ’

with
M(n+ 2k — 2) M(n + 2ko)

a:a/,{: a 9 b:T.

(The formula in Chapter 1 corresponds to the case M = 1.) Based on that, we define an

appropriate version of Weiss’s functional for our problem. For a function V' in E, (), let

at™

e 1— bt
WAL,V ) = prowe [/Et(m)(A(xo)VV, VV) — K ; /8Et($0) V2 g (7 — 20) |,

(2.7.1)

for 0 < ¢t < r, with a, b same as above, where the weight 1., is as in (2.2.4). Note that by
the change of variables formulas (2.2.1)—(2.2.3), we have

WA, V,20) := det ap, Wi (t,v49,0), vy =V 0T, (2.7.2)

Zo

Let now U be an A-quasisymmetric almost minimizer for the A-Signorini problem in
By and xy € Byjp. By Lemma 2.6.2, Uy satisfies the almost A-Signorini property at z( in
E1j9yn-172(z0). Thus u} also satisfies the almost Signorini property at 0 in B(j p)5-1/2. By
using this observation, we then have the following Weiss-type monotonicity formulas for U

*
and uy, .
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Theorem 2.7.1 (Weiss-type monotonicity formula). Let U be an A-quasisymmetric almost
minimizer for the A-Signorini problem in By. Suppose xy € Bi/Q. Let 0 < k < kg with a

fizred ko > 0. Then, for 0 <t <ty = to(n,q, kg, M),

d ¥ ett” * H(l — bt&) * ’
FV 0 2 s [ (‘9“ T M)

k(1 — bt*

d * eata * ) * ?
%W:(t7Ux07x0) > IWH/BEt(:co) ((a:vOVUm07V> - 7 Ux(,) oo (T — T0).

In particular, W,(t,us,,0) and W (t, Uz , o) are nondecreasing in t for 0 <t < t.

Proof. We note that the proof of Theorem 1.5.1 for the monotonicity of W (¢, v, x¢) requires
the function v to be an almost minimizer for the Signorini problem for the monotonicity of
its energy. However, it is not hard to see that the almost minimizing property of v is used
only when it is compared with the k-homogeneous replacement w of v on balls centered at

the given point zy to obtain

1
LoowuP [ v,
Bt (o) 14+ t* JBy(x0)

see (1.5.2). This means that the argument in the proof of Theorem 1.5.1 also works in our
case and implies the part of the theorem for v} . We note that the constants a, and b in our
case will have an additional factor of M, as we work with w(r) = Mr® rather than w(r) = r®
in our case, but this change of the constants can be easily traced.

The part of the theorem for U follows by a change of variables. ]

The families of monotonicity formulas {Wy }ocrer, and {WA}oc.cr, have an important
feature that their intervals of monotonicity and the constant b can be taken the same for all
0 < Kk < Kg. Because of that, their monotonicity indirectly implies that of another important
quantity that we describe below. Namely, recall that for a function v in B,(xo), Almgren’s

frequency of v at xq is defined as

N(t,v,xg) := Tob oy 0
8Bt$0

, O<t<r
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Note that this quantity is well-defined when v has an almost Signorini property at xy and
xo € I'(v), since vanishing of faBt(xO) v? for any ¢ > 0, would imply vanishing of v in B;(zo)
by taking 0 as a competitor and consequently that xo ¢ I'(v).

Next consider a modification of N, which we call the truncated frequency:

o~

Ny, (t,v,20) := min {

1 — btaN(tavaxO)a /{/0} )

where b is as in Weiss-type monotonicity formulas for K < k. We next define the appropriate

version of IV, Z/\TKO in our setting. For a function V' in E,.(x), we define

NA(t,V,20) := N(t,v4,,0),

NA(t,V,20) i= Ny (t, 02, 0),

for 0 <t <r, where v,, = V o T,.!. More explicitly, we have

_ U e (A@0) VV V)
faEt xo) V ILL-Z’O ('T - l‘()) ’
NA(t V,xo) == min{ NA(t,V,xO),fio}.

1
1—obte

As observed in Theorem 1.5.4, the Weiss-type monotonicity formula implies the following

monotonicity of N ;‘;.
Theorem 2.7.2 (Almgren-type monotonicity formula). Let U, ko, and ty be as in Theo-
rem 2.7.1, and xg € Bi/2 a free boundary point. Then

t e NA(t, Uz

Io’

2) = N (t,u’ ,0)

» Yo

is nondecreasing for 0 <t < t.

Definition 2.7.1 (Almgren’s frequency at free boundary point). For an A-quasisymmetric

almost minimizer U of the A-Signorini problem in By and xo € T'(U) let

k(o) == N2 (04, U2, ) = Ny (0, ui?, , 0).

» Yoo
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We call k(xo) Almgren’s frequency at zg.

Remark 2.7.3. Note that even though the monotonicity of the truncated frequency is stated
in Theorem 2.7.2 only for zy € B}, NI'(U), by a simple recentering and a scaling argument,
it will be monotone also at all zy € I'(U), but for a possibly shorter interval of values
0 <t < to(xo) depending on xy. Thus, x(x) exists at all zq € ['(U).

NA@,U;

:1?07

Further note that when x(zo) < ko, then N4 (6 US  x0) =

x07

i xo) for small ¢

and therefore

k(o) = N0+, Uz, 20),

which means that it will not change if we replace ko with a larger value.

2.8 Almgren rescalings and blowups

Our analysis of the free boundary is based on the analysis of blowups, which are the limits
of rescalings of the solutions at free boundary points. In Signorini problem, there are a few
types of rescalings that use different normalizations. In this section, we look at so-called
Almgren rescalings and blowups that play well with the Almgren frequency formula.

Let V € Wh%(B;) and z, € Bj ), be a free boundary point. For small r > 0 define the

Almgren rescaling of V' at xq by

V(re + xo)
/2"
(Tn%l faET(mo) V2 iy (0 — 550))

VA ()=

zo,r

The Almgren rescalings have the following normalization and scaling properties

|| xo, T‘HLQ(aanBl) =1

NA@) (p, V2, 0) = N4(pr, V, o).

xo,r?
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Here N4®0) denotes Almgren’s frequency for a constant matrix A(zq). Thus, we also have

NA(r,V,z¢) = N4@)(r V,z4). Note that when A = I, then

I V(re + xo)
o, r T 1/2
(r,m%l f@B,-(a?()) VQ)

is same as the Almgren rescaling in Chapter 1, and satisfies

IV ll2om) =1

N(p, VI .0)= N(pr,V,x).

xo,r?

We will call the limits of VAT over any subsequence r = r; — 0+ Almgren blowups of V at
7o and denote them by V.4 50"
By using a change of variables, we can express Almgren rescalings of V' in terms of those

of vy, = V o T, ! and vice versa. Namely, we have

(Umo)i(w = (det aa:o)l/zvmjg (020Y),

wherever they are defined. Applied to the particular case V = U} | we have

xo?

(uz);(y) = (det az) "2 (Us, )z 1 (8209).

Proposition 2.8.1 (Existence of Almgren blowups). Let U be an A-quasisymmetric almost
minimizer for the A-Signorini problem in By, and o € B, NI (U) be such that k(zo) < Ko.
Then, every sequence of Almgren rescalings (U )xot , with t; — 0+, contains a subsequence,

o

sill denoted t; such that for a function (U)o € CL.(a.,(Bi" U BY))

(U)o, = (Uz))2o0 i Cioelan, (B U BY)).

Moreover, (U )a o extends to a nonzero solution of the A(xo)-Signorini problem in R™,

(Uz)a o(x) = (U )i o(Puo), and it is homogeneous of degree k(xo) in R™.
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Similarly, every sequence of Almgren rescalings (u;O){J , with t; — 0+ contains a subse-

quence, sill denoted t; such that for a function (u% )b € CL (Bi U B})

(uz)yy = (us)p  in Cioe(BY U BY).

zo zo

*

wo)é extends to a nonzero solution of the Signorini problem in R™, even in y,,

Moreover, (u

and it is homogeneous of degree k(xg) in R™.

Proof. Step 1. Since k(xg) < ko, we must have N(¢,u’ ,0) < kg for small ¢ > 0. Then, for

s Qg

such ¢

[, IV = N(L (2,)F,0) = N(t2,.0) < o,

o To ? o

2
and combined with the normalization [,z ((Uio)f ) = 1, we see that the family (u ){ is

bounded in W'?(By), for small ¢t > 0. Hence, for any sequence t; — 0+, there is a function

(us, )b € WH2(By) such that, over a subsequence,

Zo o

(ur )fj — (ur )} weakly in W'?(B,),

(s )fj — (ur )E strongly in L*(0B)).

o Zo

2
In particular, [yz, ((u* )6) = 1, implying that (u? ){ # 0 in B;.

Z0

Step 2. For 0 <t <1 and & € By (70), let
Uxo’t(l') = U(ZL‘[} + t(ZL‘ — 1’0))a Axoﬂf(x) = A(LL'() + t(ZL‘ — ZL‘O))

Then by a simple scaling argument, we have that U, is an almost minimizer of the A, ;-
Signorini problem in By (20) with a gauge function s (r) = (tr)* < r®. In particular, for

any R > 0, we will have that U,,; € CY2(E3% (z0) U E(z0)) for 0 < t < t(R, M) with

Uzl

c18(k) < Cl|Usg tllwr2(mp (o))
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with C' = C(n,a, M, R, K), for any K € E3 (1) U E(20). Then, arguing as in the proof of
Theorem 2.6.5, by using the quasisymmetry of U, we obtain that

[Uao,t)z0lcr (i) < Cll(Uao )z w2 (201

where

Uzo,t(m) + Uwoﬂf(Pxox)

Uy ) () = ;

Next, observing that (uZ ){ is a positive constant multiple of (Uy, )%, o T,.!, we obtain that

||(U§0)f||0176(K) < C||(u;0)l{||wl’2(BR)7

for any K € Bj; U B} Taking R = 1, combined with the boundedness of (u )! in W?(B)

for small ¢ > 0, it follows that up to a subsequence,

(use)i; = (u3,)o  in Cioe(Bi U BY).

i) i o)

Step 3. Next, we claim that the blowup (uZ ){ is a solution of the Signorini problem in Bj.
Indeed, fix 0 < R < 1, and for each t; let h; be the Signorini replacement of (u}, )t in Bp.

Then a first variation argument gives (see (1.3.2))

/BRWht V()L = hyy)) > 0.

Since (uzo)t[J has an almost Signorini property at 0 with a gauge function r — C(t;r)?, it

follows that
[ V) = )P < O(Re) [V, )

This implies that Ay, — (u} ) weakly in W'2(Bg). On the other hand, by the boundedness

of the sequence hy, in W'2(Bp), we have also boundedness in C**'/2 norm locally in (B;UBY,)
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and hence, over a subsequence, hy, — (u}, )} in ClL (B U Bj). By this convergence, we then

conclude that (u} ){ satisfies

A(ui)g=0 in B\ Bj
(U;O)é >0, —(97; (Uzo)é >0, (uio)éﬁi(uzo)é =0 on Bpy,

and hence, by letting R — 1, (u},){ itself solves the Signorini problem in B;.

Step 4. Recall now that the blowup (u} ){ is nonzero in By. In particular, [y5 ((uf ){)* >0
for any 0 < r < 1, otherwise we would have that (u} ){ is identically zero on 9B, and
consequently also on B,. Using this fact, combined with CL_ convergence in Bf U B}, we
have that for any 0 <r < 1

N(Tv (U* )070> —tllLI%)N( ( ){70) - hm N(Tthuxoa(»

= N0+, u; ,0) = K(xo).

) xo?

Thus, Almgren’s frequency of (u%,)§ is constant x(zo) on 0 < 7 < 1 which is possible only
if (uf,)§ is a k(xo)-homogeneous solution of the Signorini problem in By, see Theorem 9.4
n [48]. Finally, by using the homogeneity, we readily extend (u} ) to a solution of the

;0)6'

Signorini problem in all of R™. This completes the proof for (u

The corresponding result for (U7 )2 ot follows now by a change of variables. ]

With Proposition 2.8.1 at hand, we can repeat the argument in the proof of Lemma 1.6.1
with u} ~to obtain the following, which is possible since uj satisfies the complementarity
condition and an Almgren-type monotonicity formula with a blowup as a nonzero solution

of the Signorini problem.
Lemma 2.8.1 (Minimal frequency). Let U be an A-quasisymmetric almost minimizer for

the A-Signorini problem in By. If g € By, NT'(U), then

k(o) >

DN o
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Consequently, we also have

NA( U 20) = Ny (t,u5,,0) > 3/2 for 0 < t < to.

o)

Lemma 2.8.1 readily gives the following. (see Corollary 2.8.2)
Corollary 2.8.2. Let U be an A-quasisymmetric almost minimizer for the A-Signorini
problem in By and x¢ a free boundary point. Then

Wi (t, U2

xo?

$0) = det CleW:),/Q(t,UZO,O) >0, fOT 0<t<ty.

2.9 Growth estimates

The first result in this section (Lemma 2.9.1) provides growth estimates for the quasisym-
metric almost minimizers near free boundary points zy with x(z¢) > k. Such estimates were
obtained in Lemma 1.7.1 in the case A = I as a consequence of Weiss-type monotonicity
formulas. However, they contain an unwanted logarithmic term that creates difficulties in
the blowup analysis of the problem.

The next two results (Lemmas 2.9.2 and 2.9.3) remove the logarithmic term from these
estimates for © = 3/2, by establishing first a growth rate for Ws/5. (Recall that x(x) > 3/2
at every free boundary point xy, by Lemma 2.8.1.) These are analogous to Lemmas 1.7.3,
1.7.4 in the case A = I and follow from the so-called epiperimetric inequality for x = 3/2
(see e.g. Themrem 1.7.2). Later, in Section 2.12; we remove the logarithmic term also in the
case k = 2m < Ky, m € N, see Lemma 2.12.1.

The results in this section are stated in terms of both uy and U}, as we need both
forms in the subsequent arguments. We note that the estimates for u}_ follow directly from
Lemmas 1.7.1, 1.7.3, 1.7.4 and the ones for U;  are obtained by using the deskewing procedure
and therefore we skip all proofs in this section.

In the estimates below, as well in the rest of the chapter, we use the notation

Ry = (1/2)A~Y2,
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which is the radius of the largest ball Br,, where u}, is guaranteed to exists for any zo € By,

for an almost minimizer U in Bj.
Lemma 2.9.1 (Weak growth estimate). Let U be an A-quasisymmetric almost minimizer
for the A-Signorini problem in By and xg € By, NT(U). If

K(zo) > K

for some k < kg, then

* * 1 " "
/33t(u$0)2 < CHUIOHIQ/VLQ(BRO) (log t> ! " 1’
* * 1 " "
/Bt |Vux0|2 < CHuon‘Q/Vl’Z(BRO) (log t) t +2 2,
* ! S
/aEm)(Um)? < ClU s, <1ogt>t o

* 1 K—
VUL < CIU e, (log g ) 72
t(z0)

for 0 <t <ty=ty(n,a, M, ky) and C = C(n,a, M, Ky).

Lemma 2.9.2. Let U and o be as above. Then, there exists 6 = §(n,a) > 0 such that

0 < Wapalt, w},0) < Ol [y 2

s Qg

0 < Wilo(t, Upyy 70) < ClU|R1a(p,t,

xo)

for 0 <t <ty=to(n,a, M) and C = C(n,a, M).

Lemma 2.9.3 (Optimal growth estimate). Let U and xo be as above. Then,

/a (u3,)" < Ol s,
t
/B Vg, |* < Cllug, [z, t"
t
/aE (@ )(Uio)Q < ClU 2",
t (0]

L IVULE < CIURpagt™,
t(-’EO)
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for 0 <t <ty=to(n,a, M) and C = C(n,a, M).

2.10 3/2-almost homogeneous rescalings and blowups

In this section we study another kind of rescalings and blowups that will play a fun-
damental role in the analysis of regular free boundary points where k(zg) = 3/2 (see the
next section), namely 3/2-almost homogeneous blowups. The main result that we prove in
this section is the uniqueness and Holder continuous dependence of such blowups at a free
boundary point zy (Lemma 2.10.3).

For a function v in By and g € B ,, we define the 3/2-almost homogeneous rescalings

of v at xg by

W () = 2T+ 20)
@) =50

3b
xo,t .
with b as in the Weiss-type monotonicity formulas W;}Q and W3/, When x¢ = 0, we simply

oty = e (),

write vfit = vf .
The name is explained by the fact that

(1)

tl—r>% $3/2 =1

and the reason to look at such rescalings instead of 3/2-homogeneous rescalings (that would
correspond to ¢(t) = t3/2) is how they play well with the Weiss-type monotonicity formulas
W;}Q and Ws/s.

Now, if U is an A-quasisymmetric almost minimizer and zg € B} , N ['(U), then for any

fixed R > 1, if t = ¢; > 0 is small, then by Lemma 2.9.3,

3ba
% [SXe * * n
LoV =S [V < Ol s R (2.10.1)
Bgr t Bpry 0
3ba
« g2 _ €@ * )2 * (12 n42
J )02 =5 [ ) < Ol oo, B, (210.2)
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with C' = C(n,a, M), Ry = (1/2)A~1/2. Hence, (uzo)fj is a bounded sequence in W2(Bg).

Next, arguing as in the proof of Proposition 2.8.1, we will have that

/\

IV (ug, ) o8y < Cll(u xo) [w2(BR), (2.10.3)

with ¢ = C(n,a, M, R, K) for K € Bg. Thus, by letting R — oo and using Cantor’s

diagonal argument, we can conclude that over a subsequence t = t; — 0+,
(up,)y = (up,)o i Ci(REUR).

We call such (uzo)g a 3/2-homogeneous blowup of uj at 0. (We may skip the “almost”
modifier here as the limit is the same as for 3/2-homogeneous rescalings.) Furthermore,

from the relation

(1)7 () = (Uz,)%0.1(8209);

we also conclude that for any sequence t; — 0+, there is a subsequence, still denoted by ¢;,
such that
(U* )550 i (U* )170 0 in CIOC(R;L: U Rnil)'

Apriori, the blowups (u} )0 and (U} )IO o may depend on the sequence t; — 0+. However,
this does not happen in the case of 3/2-homogeneous blowups. We start with what we call

a rotation estimate for rescalings.

Lemma 2.10.1 (Rotation estimate). Let U be an A-quasisymmetric almost minimizer for
the A-Signorini problem in By, x¢ € Bi/2 a free boundary point, and 0 as in Lemma 2.9.2.

Then,

S 1008 = ()21 < Cll, g, 7
1

| W) = W)l < ClUwa ™,
aanBl

fors <t <ty=to(n,a,M) and C = C(n,a, M).
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Proof. This is an analogue of Lemma 1.8.2, which follows from the computation done in the
proof of Lemma 1.7.1, the growth estimate for W3/, in Lemma 1.7.3 and a dyadic argument.
The analogues of those results in our case are stated in Lemma 2.9.1 and 2.9.2. This proves

the lemma for u} . The estimate for (U, ) + then follows from the equality

(U;O)?( ) (U* ):vo, <a10y>7 ) € BRo/t- ]

The uniqueness of 3/2-homogeneous blowup now follows.

Lemma 2.10.2. Let (U}, )xOO and (u} ) be blowups of (U} )mot and (u} )f, respectively, at

a free boundary point xo € B} 5. Then,

g 102 = (81 < Ol i £

| MU = (U)ol < CNU ™,
awO 1

for 0 <t < to(n,a, M) and C = C(n,a, M), where 6 = d(n,a) > 0 is as in Lemma 2.10.1.

In particular, the blowups (u*o) and (U, )xo o are unique.

Proof. If (uf )0 is the limit of (u} )‘l5 for t; — 0, then the first part of the lemma follows
immediately from Lemma 2.10.1, by taking s = t; — 0 and passing to the limit.

To see the uniqueness of blowups, we observe that (u} )3’ is a solution of the Signorini
problem in Bj, by arguing as in the proof of Proposition 2.8.1 for Almgren blowups. Now,
if vy is another blowup, over a possibly different sequence t; — 0, then passing to the limit

in the first part of the lemma we will have

P12 _
L, oo = ()5 =0,

implying that both vy and (u} ) are solutions of the Signorini problem in B; with the same

boundary values on 0B;. By the uniqueness of such solutions, we have vy = (ujco)o in B;.
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The equality propagates to all of R” by the unique continuation of harmonic functions in R’ .

This completes the proof for v} . An analogous argument holds for U; using the equalities

(U;O)f(y) = (U;O)fo,t(axoy)v Yy € BRo/ta

(u5)5 (W) = (Us,)o0(800y), v € R™

]

The rotation estimate for rescalings implies not only the uniqueness of blowups and
the convergence rate to blowups, but also the continuous dependence of blowups on a free

boundary point.

Lemma 2.10.3 (Continuous dependence of blowups). There ezists p = p(n,a, M) > 0 such
that if xo,y0 € B, are free boundary points of U, then

| W0 = (U350l < Clzo = wol, (2.10.4)
ClzoaBl
12,8 = (3, )61 < Clao = wol, (2.10.5
[ 12,5 = (3, )61 < Cla = wol, (2.10.6)
1

with C = C(n,a, M, |Ul|w12s,)), v = v(n,a, M) > 0.

Proof. Step 1. Let d = |xg — yo| and d” < r < 2d” with 7 = 7(«) € (0,1) to be determined
later.

Next note that we can incorporate the weight p,,/det a,, with p,, as in (2.2.4) in the
integral on the left hand side of (2.10.4) because of the bounds

A 1/2< po (A 1/2
A ~ deta,, — \ A '

Then, by using Lemma 2.10.2, we have
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* * IUCCO
U, U
Am&u ooo = U ool g

< @wxw U2+ (U — (U2
amoaBl
* :uxo
I e = (Ol 105~ U5 ol ) g2
To
* * :uyo
U U
* ay,OB1 (Ui = )yooydet y, (2.10.7)
* * :uyo
- U
ayoaBl ‘( yo)yo T ( )yo Oldet ayo
<2072 4 I, 4+ I1, + I11,
<Od®?+ 1, +1I,+111,,
where
Lo
[7' = / U* U* ¢ 0 ,
. (U250 — ( xo)yo,r!det 0
e
I, = / U U)o |tz
. (U )5 — (U)5 deta,
%\ Hyo

fho
11, = / U U )? 0 _ / U U .
azoaBl |( )yg r ( yo)yo,0|det aa:() Cly0831 |( )yo r ( y0>y0,0|det uyo

Step 2. By the definition of the almost homogeneous rescalings, we have

C « x
I < s | U2 (4 @) = Uz e+ o)l dS..

This gives
1 r2d7 2d7 .
E ‘/d‘r ]T dr S dT(n+3/2) /a VOB, | Z + l’o) - Ugco (Z + y0)|d5zdr
— dr(n+3/2) g (Boar\ Bar) 0 0 z0 Yo

dz

__ ¢ /
N dT(n+3/2) Oz (BQdT \BdT)

C 1
< jo-— VU - d=d
< gm0 = vl | /azomw\gdf)’ ro(# F To(l = 8) + yo3)|dzds

/01 da; [U;‘O(z + xo(1 —s) + yos)} ds

_ 7/ / VU* |dzds.
= dr(n+3/2)-1 J, azoBzdr+[zo(1*S)+y05}| JCOl
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Notice that the last integral is taken over

Aao Bagr + [wo(1 — 8) + Yos| = agy[Baar + s, (yo — x0)] + o

C CleBer+)\—1/2d —+ x9 C Egd‘r (.1'0),

if p= p(n,a, M) is small so that (2p)'~" < A\'/2 which readily implies d'~" < A2, Thus,

1 2 c . *
E/dr I.dr < W/O /EW(%) |VUI0’dzd3

c 1/2
* |2
S e ( /EW oy [V Vol )

< C||U||W1,2(Bl)d1_7,

where the third inequality follows from Lemma 2.9.3.

Step 3. By the definition of rescalings and symmetrizations, we have

<Y U (2) — U? (2)[dS.

TS ) fo 0B, 4y,

C
S S /aanBrero U(Pryz) — U(Pyy2)|dS.

This gives

1 2d™ C
7l i<y | U(Pay2) — U(P,2)|d
dr /dT "= dT(n+3/2) azo (Bagm \Bar )+Yo | ( OZ) ( y02)| &

4
ds

C 1
< —— U([(1—=s)P, P, dsd
< T mrn Jo [o V00 = 9Pro - 5P]2)] dsz

C’PIO - Pyo‘ !
< [ iy TV = 8)Pey 4 5P ) d=ds.

Now we do the change of variables

Yy = [(1 - S)PCUO + SPyo]Z‘
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Since P, and P,, are upper-triangular matrices with diagonal entries 1,1, ...

(1—s)Py, + sP,,. Thus
|det [(1 — s) Py + sPy,]| = 1.

Moreover, y € [(1 — s) Py, + sPy] (0, Baar + o). Since
Az Badr + Yo C ayy Bogpynyi/zar + Yo = Egayayiizar (%0),

we have

Pyy(azyBagr + yo) C Pyo Eyaynyi/zar (yo) = Eonynyrrzar (%o)-

Similarly, since

0o Badr + Yo = Eaar (20) + (Yo — z0) C Bapr/2g- (o) + (Yo — o)

C B4A1/2dT<I0) C E4(A/)\)1/2d7(x0)7

we have
Ppo(az,Bagr + yo) C E4(A/A)1/2df (o).
Thus
y € (1 — 5)Pyy(azy Baar + yo) + 5Py, (s, Bagr + yo)

C(1- 5)E4(A/A)1/2df (zo) + SE2(A//\)1/2dT(y0)

- BG(A/Al/Q)dT + xg + 3(y0 - .%'0)

C B?(A/)\l/Q)dT + x5 C E7(A//\)dr (ZL’())
Therefore,

Lo II.d ¢ 1 VU|dzd
— < -
dT »/dT r 0= dT(n+3/2)7a A /E"?(A/)\)dT (zo) | | s

c 1/2
c o (]
— d™(n/2+3/2)~a < Eoga/ayar (20)‘ | )
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C 1/2
<O emp
— dT(n/2+3/2)7Ct ( Bra/nyar (o) ‘ 0| )

< O||U||W1,2(Bl)da_7—,

for small p, where the third inequality follows from the quasisymmetry property and the last

inequality from Lemma 2.9.3.

Step 4. By the change of variables, we have

I, = /aBlw* 18 (02) = (U2 0(aae2)| — / (U2)8, (ayo2) = (U2)2 o(a,2)]

< Jos Wi o (8a02) = (Uy, ) (A2 |+/ Do0(0202) = (Uy )5 0(802))|

< C(IV Wyl ) + IV U g oll ez, 2 ) a2y = Ay,

where we have used the fact that both a,,z and a,,z are contained in By, for z € 0B.

To estimate the gradients of rescalings we first observe that by the inclusion B, 1/2(yo) C

Er(A//\)l/2 (yo) C BTA/)\1/2 (yo), we have

IV(U, IVUy |25 HVUHL (B

)yorHL‘X’ A1/2 = 1/2 TAI/Z(?JO) — 1/2 A/A1/2(yo))‘

Let Uy, .(z) == U(r(z — yo) + yo). Then, arguing as in the proof of Proposition 2.8.1, we

have
||VUy0,r||L°°(BA/>\1/2(yO)) <C(n,q, M)”Uyo,r||W1v2(B2A//\1/2(y0))'
Thus
1
HVUHL B, y/a1/2 (yo)) — THVUZJO, HL (BA y1/2 (o))
C
< 7||Uyo77"||W1’2(BQA/>\1/2(?JO))
C
= rn/2+1 ||UHL2(B2TA/>\1/2(yO) n/2 HVUHL (By, /172 (%0))
C * *
= yn/2+1 ||U3/O||L2(E27~A//\(y0) n/2 VU 0||L2(E2rA/>\(?JO))

< Cr'2| U lwras),

135



where we have used the inclusion By, /y1/2 (Y0) C Earasr(yo) and the quasisymmetry property

in the third inequality and Lemma 2.9.3 in the forth. Therefore,

IV (Ul (B, < 1/2||VU||L B /200 < ClUwr2(s,).

Moreover, by C[L . convergence of (Ug )¢ to (U, ) we also have

Yo,7 40,07

IV (U)o 0ll L= a2) = hm IV (U)o 18,1 ) < ClU lwr2(s,)- (2.10.8)

Therefore,

111, < C’|ax0 — aonHUHWl»?(Bl) < OHU“Wl,Q(Bl)da.

Step 5. Now we are ready to prove (2.10.4). Using the estimates in Steps 2—4 and taking

the average over d” < r < 2d", we have
[ U0 = U ol < U (@7 + 47+ + ).
0 1

If we simply take 7 = a/2, then we conclude

/azoaBl|(U* )xQO ([]>‘< )y00| _C’|5170—y0|7

with v = ad/4 and C = C(n, o, M, ||U||wr2(s,))-

Step 6. To prove (2.10.5), we first observe that from (2.10.4),

S 102080 = ()8 @ a2 = [ 1) 0(802) = (U )i0f@02)

* * oz
= U, U,
. (U700 = (U ol P

< C'|I0 - y0|7.
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On the other hand,

L, 1055 = )b an ) = [ )66 — ()5 (8, 2)| 5

a;,;oaBl

< OV (g )6l 1/ 8y — By
< CHV( )yoUHL A/X1/2)|$0—y0|a

< C\U|lwrzsylzo — yol*,

where the last inequality follows from (2.10.8). (It is easy to see that we can enlarge the

domain in (2.10.8).) Therefore, combining the preceding two estimates, we conclude that
S 108208 = ()31 < Clara =]

Step 7. Finally, (2.10.5) implies (2.10.6), by arguing precisely as in Proposition 7.4 in [20]. [

2.11 Regularity of the regular set

In this section we combine the uniqueness and Hoélder continuous dependence of 3/2-
homogeneous blowups of the symmetrized almost minimizers (U} )x0 o (Lemma 2.10.3) with
a classification of such blowups at so-called regular points (Proposition 2.11.1) to prove one of
the main results of this chapter, the C**7 regularity of the regular set (Theorem 2.11.5). While
some arguments follow directly from those in the case A = I by a coordinate transformation
T,,, the dependence of these transformations on xq creates an additional difficulty.

We start by defining the regular set.

Definition 2.11.1 (Regular points). For an A-quasisymmetric almost minimizer U for the

A-Signorini problem in By, we say that a free boundary point xo of U is regular if
k(xg) = 3/2.

We denote the set of all reqular points of U by R(U) and call it the regular set.
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We explicitly observe here that 3/2 < 2 < kg, so the fact g € R(U) is independent of

the choice of kg > 2, see Remark 2.7.3.

The proofs of the following two results (Lemma 2.11.1 and Proposition 2.11.1) are estab-
lished precisely as in Lemma 1.9.1 and Proposition 1.9.1 for the transformed functions uy, .

The equivalent statements for U are obtained by changing back to the original variables.

Lemma 2.11.1 (Nondegeneracy at regular points). Let xg € By, N R(U) for an A-

quasisymmetric almost minimizer U for the A-Signorini problem in By. Then, for k = 3/2,

. . * \ @ 2 _ . . * \O\2
11?L%nf awOaBl((UmO)xO’t) ey = det ag, IIEIL%Hf 831((ux0)t) > 0.

Proposition 2.11.1. If k(xg) < 2, then necessarily k(zxo) = 3/2 and
(uj’;o)g)(z) = Qg Re(Z, N2 i’Zn’)3/27
(Uzy) o 0(@) = asy Re((az) @) - vy + il (@, 2)ul)*?,
for some ay, >0, vy, € 0B].

The next two corollaries are obtained by repeating the same arguments as in Corollar-

ies 1.9.2 and 1.9.3.

Corollary 2.11.2 (Almgren’s frequency gap). Let U and o be as in Lemma 2.11.1. Then
either

k(zo) =3/2 or k(zg) > 2.
Corollary 2.11.3. The regular set R(U) is a relatively open subset of the free boundary.
The combination of Proposition 2.11.1 and Lemma 2.10.3 implies the following lemma.

Lemma 2.11.4. Let U and xy be as in Lemma 2.11.1. Then there exists p > 0, depending
on xo such that B)(xo) NT(U) C R(U) and if

(u;)g(z) = az Re(z' - vz + i|zn|)3/2

138



is the unique 3/2-homogeneous blowup of u; at T € B,(xo) N I'(u), then

laz — ag| < ColZ —y|”,

vz — vyl < Colz — g7,

for any x,y € B)(xo) NT'(u) with a constant Cy depending on .

Proof. The proof follows by repeating the argument in Lemma 7.5 in [20] with (u?), (u;)g

]

Now we are ready to prove the main result on the regularity of the regular set.

Theorem 2.11.5 (C"" regularity of the regular set). Let U be an A-quasisymmetric almost
minimizer for the A-Signorini problem in By. Then, if xo € By, NR(U), there exists p > 0,
depending on xy such that, after a possible rotation of coordinate awes in R™', one has

Bl(ro) NT(U) C R(U), and
B (o) N\T(U) = By (x0) N{zn1 = g(x1,.. ., 202},

for g € CY(R"2) with an exponent v = y(n,a, M) € (0,1).

Proof. The proof of the theorem is similar to those of in Theorem 1.2 in [20] and Theo-

rem 1.9.5. However, we provide full details since there are technical differences.

Step 1. By relative openness of R(U) in I'(U), for small p > 0 we have By, (zo) NT'(U) C
R(U). We then claim that for any & > 0, there is 7. > 0 such that for 7 € B} (zo) N T'(U),
r < r., we have that

103)? = W)l a7y < &

Assuming the contrary, there is a sequence of points r; € B)(z9) N T'(U) and radii r; — 0
such that

||(u;])2 - (u;_])gncl(?f:) Z €0,

for some ¢y > 0. Taking a subsequence if necessary, we may assume z; — Ty € B/’)(xo) N

['(U). Using estimates (2.10.1)—(2.10.3), we can see that V(u;j)fj are uniformly bounded
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in C%(By U BS). Since (u,)?(0) = 0, we also have that (uf)? is uniformly bounded in

Tj/Tj

CY8(BF U B}). Thus, we may assume that for some w
(u%)fj —w in CY(BY).

By arguing as in the proof of Proposition 2.8.1, we see that the limit w is a solution of the

Signorini problem in B;. Further, by Lemma 2.10.2, we have
)2 = ()8 s oy = O-
On the other hand, by Lemma 2.11.4, we have
(uz)0 = (u3,)5 in C'(BY),

and thus
w= (u)s on dB;.

Zo

Since both w and (u;fco)gj are solutions of the Signorini problem, they must coincide also in
Bj. Therefore
()5 = (u3,)§ i CY(BY),

implying also that
I(uz,)y; = (U%)é’llcl(g) — 0,
which contradicts our assumption.

Step 2. For a given € > 0 and a unit vector v € R"~! define the cone

C.(v) ={z/ e R" 2’ v >¢ld|}.
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By Lemma 2.11.4, we may assume az > “3¢ for @ € B (x9) NT'(U) by taking p small. For

such p, we then claim that for any € > 0, there is . > 0 such that for any z € B, (z) NT'(U),

we have

Ce(vz) N B, C {ul(-,0) > 0}.

Indeed, denoting K.(v) = C. N IBy 5, we have for some universal C. > 0

K.(vz) € {(u2)3(-,0) >0y N B, and (u2)}(-,0) > azC. > %CE on K. (vz).

T

azg
2

Since =2 (. is independent of z, by Step 1 we can find . > 0 such that for r < 2r,,

(uz)?(-,0) >0 on K.(vz).

T

This implies that for r < 2r,
uz(-,0) >0 on rK.(vz) = C(vz) N OB, ).

Taking the union over all r < 2r., we obtain

u3(-,0) >0 onC.(vz) N B;_.
Step 3. We claim that for given e > 0, there exists 7. > 0 such that for any z € B} (zo)N['(U),

we have — (Cg(y;c) N B;E) C {ui(-,0) = 0}.
Indeed, we first note that

for a universal constant C. > 0. From Step 1, there exists r. > 0 such that for r < 2r,,

—(9;;(14;);?(-,0) >0 on — K. (vz).
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By arguing as in Step 2, we obtain
—0f ui(-,0)>0 on — (C(V;z) N B,CE) :
By the complementarity condition in Lemma 2.6.6, we therefore conclude that

— (C(wz) N B,) € {=0] ui(-,0) > 0} C {u(-,0) = 0}.

Step 4. By direct computation, we have
CA1/2)\*1/25(V§4) N B;\l/grs C az (CE(V@) N B;E) ,

where

(Here (-)" stands for the transpose of the matrix.) Indeed, if §' € Cpij2y-1/2.(v5') N Bluje,

then
y, - B;\l/Qre = ﬁj (ﬁ;lBi\l/QTJ C ajB;nE,
and

(a1 ve) = (s (@) vs) = (v v (6 )  val
Z (A1/2>\71/28’y/’)(A71/2)

= Aely'| > elazy/|.
Combining this with Step 2 and Step 3, for ¥ € B,(zo) N I'(U),

T+ (CA1/2)\*1/25(V%4) N Bgl/QT‘g) Cx+ ﬁj (CE(V:E) N B;E)
c {Uz(-,0) > 0},

i‘ - (CAI/Q)\—I/QE(V;‘) ﬂ B;\1/2,’,8> C {U;<70) — 0}
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A

Step 5. By rotation in R*~! we may assume Vi = €,-1. For any € > 0, by Lemma 2.11.4

and the Holder continuity of A, we can take p. = p(xg,e, M), possibly smaller than p in the

previous steps, such that
CQAI/Q)\—I/QE(en_l) N Bg\l/?rg C CAl/Z)\*l/Zg(V?) N B;1/2T57
for z € B, (xo) NT'(U). By Step 4, we also have

T+ (CQA1/2/\71/28(en_1) N Bi\l/Qrg) - {U(’ O) > O},

j - (CQAI/Q)\—I/Qg(en—l) ﬂ Bj\l/g,’,e) - {U(’ O) - O}

Now, fixing ¢ = ¢¢, by the standard arguments, we conclude that there exists a Lipschitz

function g : R"? — R with |Vg| < C),.ar/€0 such that

By, (x0) N{U(,0) = 0} = B, (20) N {zyn-1 < g(z")},

B;EO (20) N{U(-,0) > 0} = B;EO (o) N {xpy1 > g(2")}.

Step 6. Taking e — 0 in Step 5, T'(U) is differentiable at xy with normal 1/;2). Recentering at
any I € B;eo (zo) NT(U), we see that I'(U) has a normal v2 at Z. By noticing that 7 ~— v

is %7, we conclude that the function g in Step 5 is C'7. This completes the proof. ]

2.12 Singular points

In this section we study another type of free boundary points for almost minimizers, the
so-called singular set X(U). Because of the machinery developed in the earlier sections, we
are able to prove a stratification type result for ¥(U) (Theorem 2.12.4), following a similar

approach for the minimizers and almost minimizers with A = I.
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Definition 2.12.1 (Singular points). Let U be an A-quasisymmetric almost minimizer for
the A-Signorini problem in By. We say that a free boundary point xy is singular if the
coincidence set A(U) = {U(-,0) = 0} C B has zero H" '-density at xy, i.e.,

i LA 0 By (20)

0+ H1(B!) =0

We denote the set of all singular points by X(U) and call it the singular set.

Denote by a), the (n — 1) x (n — 1) submatrix of a,, formed by the first (n — 1) rows
and columns. We then claim that there are constants C, ¢ > 0 depending only on n, A, and

A such that
c<|deta) | < C. (2.12.1)

Indeed, this follows from the ellipticity of a,, and the invariance of both R"™* x {0} and

{0} x R under a,,, since we have
| det @, (0zg)nn| = | det a5, | = | det ag, |

and

|(aﬂ?0)nn| = |<axoenaen>| == |axoen| € [)\1/2,/\1/2].

Recall now that for zy € I'(u), us,(y) = U(az,y + 7o) and note that a), B, + zo = E).(z0).
Thus,
H" Y(AU) N E(x)) = | det @, |[H" " (A(u},) N BL). (2.12.2)

Now, by (2.12.2) and (2.12.1), together with Byi2,.(z0) C E.(xo) C Bpis2,.(20), we have

L AW N B () L HUAWD) N B )
STy T AR T e w)

_ H"(A(u,) N By)
r—0+ H"1(B!) o

=0
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In terms of Almgren rescalings (u )!, we can rewrite the condition above as

lim A" (A((us,))) N BY) =0,

r—0+

We then have the following characterization of singular points.

Proposition 2.12.1 (Characterization of singular points). Let U be an A-quasisymmetric
almost minimizer for the A-Signorini problem in By, and xo € By, NT'(U) be such that

k(o) = kK < ko. Then the following statements are equivalent.
(i) xo € X(U).

(ii) any Almgren blowup (u% ) of uk, at 0 is a nonzero polynomial from the class

Q.. = {q: q is homogeneous polynomial of degree k such that

Ag=0, q(y',0) >0, q(v',yn) = qa(v/, —yn)}.

(iii) any Almgren blowup (U;O)fmo of Uy, at xg is a nonzero polynomial from the class

Q?’xo = {p: p is homogeneous polynomial of degree k such that

div(A(zo)Vp) = 0, p(2',0) > 0, p(z) = p(Pr2)}-

(iv) K(xo) = 2m for some m € N.

Proof. This is the analogue of Proposition 1.10.1 in the case A = I.

Clearly, (ii) and (iii) are equivalent. By Proposition 2.8.1, any Almgren blowup (uzo)é
of u; at 0 is a nonzero global solution of the Signorini problem, homogeneous of degree x.
* )I

50)0 18 a Cf limit of Almgren rescalings (uj,); in R} UR"™". Since u} also

Moreover, (u o

satisfies the complementarity condition in Lemma 2.6.6, the equivalence among (i), (i) and

(iv) follows by repeating the arguments in Proposition 2.8.1. O

In order to proceed with the blowup analysis at singular points, we need to remove

the logarithmic term from the growth estimates in Lemma 2.9.1. This was achieved in
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Lemma 1.10.6 in the case A = I by using a bootstrapping argument Lemmas 1.10.2-1.10.4,
Corollary 1.10.5, based on the log-epiperimetric inequality of [27]. All the arguments above
work directly for u} (and then for U; , by deskewing) and we obtain the following optimal

growth estimate.

Lemma 2.12.1 (Optimal growth estimate at singular points). Let U be an A-quasisym-
metric almost minimizer for the A-Signorini problem in By. If xy € Bi/z NIT(U) and
k(zo) = kK < Ko, K = 2m, m € N, then there are ty and C, depending on n, o, M, Kk, Ko,
|Ulw2By), such that for 0 <t <t,

/ (U* )2 S Ctn+2n—1’ / |VU;0|2 S Ctn+2n—2’
OBt By

Zo

/ U >2 < Ot / |VU;0|2 < Opt?,
OFE¢(zo) E¢(x0)

With this growth estimate at hand, we now proceed as in the beginning of Section 2.10

but with K = 2m < kg in place of kK = 3/2. Namely, for such x, let

o(r) = ¢p(r) = e_(%b)rar“, 0<r<to,

M (n+2k0)

where b = -

is as in Weiss-type monotonicity formula. Then, define the x-almost

homogeneous rescalings of a function v at xy by

v(re + xo)

¢(r)

v? (1) :=

Zo,T

Again, when xy = 0, we simply write v;{r =?.

The growth estimates in Lemma 2.12.1 enable us to consider k-homogeneous blowups

o o

(uf)f = (uz)f  in Cio(RE UR™),

(U200 s = (UZ)o 0 in Ch(REUR™),

x0/ 20,0

for t = t; — 0+, similar to 3/2-homogeneous blowups in Section 2.10.
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Furthermore, the arguments in Proposition 1.10.2 also go through for u} (and then for

Uy, by deskewing), and we obtain the following rotation estimate for almost homogeneous

rescalings.

Proposition 2.12.2 (Rotation estimate). For U and zy as in Lemma 2.12.1, there exist

C >0 and ty > 0 such that

* % 1 _ﬁ
/aBl |(u,)f = (u3,)2] < C (10g )

o=
Uy <C (1 ) ,
L o O = (U250 < € (g
for 0 < s <t <ty In particular, the blowups (u;O)gﬁ and (U, )x0 o are unique.

We next show that the rotation estimate as above holds uniformly for u} replaced with

its Almgren rescalings (uf ), 0 < r < 1. (Note that the objects {(u* )ﬂf in the proposition

Z0

below are k-almost homogeneous rescalings of Almgren rescalings.)

Proposition 2.12.3. For U and ¢ as in Lemma 2.12.1 and 0 < r < 1, there are C' > 0

and tog > 0, independent of r such that

o

for 0 < s <t <ty In particular, the k-homogeneous blowup {(u;’;o)

@] = [ < e (o) T

t

1

¢ . ,
7’]0 1S unique.

Proof. We first observe that since u} has the almost Signorini property at 0, (u, ) also has
the almost Signorini property at 0. This implies that W, (p, (u}, )%, 0) and N, (p, (u? uz )k 0)

Ty

are monotone nondecreasing on p. Thus

o~

Ny, (0+, (ul,)E,0) = lim N, (p, (u},)r, 0) = hm Ny, (pr,u

T p—0 I

2or 0) = K(20) = K.

Fix R > 1. If t is small, then we can argue as in the proof of Proposition 2.8.1 to obtain

that for any K & Bf% U Bj,

¢

tllw12(Bg)

I[z));

< Cn,a, M, R K| [(02,)!

CLA(K)
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Those are all we need to proceed all the arguments with (u% )! as in Lemmas 1.10.2-1.10.4,

Corollary 1.10.5, Lemma 1.10.6, and Proposition 1.10.2. This completes the proof. [

Once we have Proposition 2.12.3, we can argue as in Lemma 1.10.8 to obtain the nonde-

* *
generacy for v, , and also for Uy, .

Lemma 2.12.2 (Nondegeneracy at singular points). Let U and o be as in Lemma 2.12.1.

Then

1
lim inf ((u: )?)? = lim infi/ (uk )* >0,
0B,

t=0  Jop, = *° t—0  ¢n+2r—1 o

1
.. w1\ T "
lim inf ((Umo)ggo,t)2 = lim inf pr /BEt(:co)(UmO)Q > 0.

t—0 azqOB1 t—0

To state our main result on the singular set, we need to introduce certain subsets of

Y(U). For k =2m < kg, m € N, let
Yu(U) i={xo € 2(U) : k(z9) = 6} =Tx(U).

Note that the last equality follows from the implication (iv) = (i) in Proposition 2.12.1.

Lemma 2.12.3. The set X,(U) is of topological type F,; i.e., it is a countable union of

closed sets.

Proof. For j € N, j > 2, let

1 1

o 1
F~::{ EEKUQB_~:7<7/ U2 < 5 for 0 < <_}.
J Lo ( ) 1-1/j i = pn+2,€_1 8Ep(xo)( x0> > ] lor P 2]

Note that if x; — ¢, then by the local uniform continuity of U and A,

U:)? — Ur )2,
/é?Epm)( ) aEmo)( o)

Using this, together with Lemma 2.12.1, Lemma 2.12.2 and Lemma 2.9.1, we can argue as

in Lemma 1.10.9 to prove that %,(U) = UX,F} and each Fj is closed. O
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Next, for K = 2m < ko, m € N and xg € X,(U), we define
d) = dim{¢ e R"™ : £- Vo (ul )§(y/,0) = 0 on R" '},

which has the meaning of the dimension of X (uj ) at 0, and where (u;‘m)g is the unique &-

homogeneous blowup of uj; at 0. We note here that dé’z) can only take the values 0,1,...,n—

2. Indeed, otherwise (u;())g would vanish identically on II and consequently on R", since it

is a solution of the Signorini problem, even symmetric with respect to II (see [14]). However,

that would contradict the nondegeneracy Lemma 2.12.2. Then, for d =0,1,...,n — 2, let
SHU) = {x € £, (V) : d) = d}.

o

Theorem 2.12.4 (Structure of the singular set). Let U be an A-quasisymmetric almost
manimizer for the A-Signorini problem in By. Then for every k = 2m < kg, m € N, and
d=0,1,...,n—2, the set ©4(U) is contained in the union of countably many submanifolds

of dimension d and class C'°®.

Proof. We follow the idea in Theorem 1.10.10. For zy € ¥,(U) N By o, let g, € Q,; denote
the unique x-homogeneous blowup of u} at 0. By the optimal growth (Lemma 2.12.1) and

the nondegeneracy (Lemma 2.12.2); we can write

Azy = naroqio: Ny > 0, ”(JiOHLQ(@Bﬂ =1,

where qio € Q, is the corresponding Almgren blowup. If z1, 5 € X.(U) N BQ/Q, for t > 0,

to be chosen below, we can write

1401 = @eallromy) < gy = ()7 Moy + 1(a5,)E = (03,)E N nr@m0) + e — (u3,)7 ooy

N . ;
<C (log t> + H(uxl)f - (Um)fHLl(aBl)’

(2.12.3)
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where we have used Proposition 2.12.2 in the second inequality. Moreover, we have

* * 1 — —
160208 = G sy = 55 [ 100+ 00) + U (P 2y )
- U(tﬁmy + $2) - U(sz (taxzy + x2))| dSy

C

NP2, (0, 4 21) = U(Pey (g + 22))
U Py sy + 22)) = U(Pra(8,5 + 2))]) S,

C

<
<0
<C

VUL (31) (182 = @, | + |21 = 2o + [Poy = P, )

21 — |

o = Clan— |,

(2.12.4)

if we choose t = |21 — 22|% and have |z — 25| < (1/4A~*AY2)% . Combining (2.12.3) and
(2.12.4), we obtain

1

1 T n—2
||q(E1 - %2“L1(331) <C <10g W) ’

After this, we can repeat the argument in the proof of Theorem 1.10.10 to obtain the esti-

mates that for xg € X,(U) N By 5, there is § = §(x) > 0 such that

1 T 2(n—2)
’77901 - 77962| S C logi )
|21 — @2
__ 1
- <Cflog— ) " ,.(U)N B,
||qa:1 qszLoo(Bl) — Og ‘:Ul _ x2’ ’ 1'1,.172 € :‘i( ) N 5(ZE0)-

Now, we also have the similar result for U} . For zg € X.(U) N Byjs, where k = 2m, m € N,

let p,, € Q2% be the unique k-homogeneous blowup of U, at xg. Then we can write

Do =MD, M >0, |0 |28, = 1,
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where pj € Q24+ is the corresponding Almgren blowup of U} . Using that

in(Z) = (det aro)1/2 pf()(amoz)v Q2o (2) = Dy (000 2),

together with the ellipticity and Holder continuity of a,, and the homogeneity of blowups,
we easily conclude that for zg € X,,(U) N By, there is = d(zo) > 0 such that

A A 1 )
[z, = 2y | < € | log 7 :
|71 — 2]
1 T 2(n—2)
I, =l < (s ) T € 500 Bl

Once we have these estimates, as well as Lemma 2.12.3, we can apply the Whitney Extension

Theorem of Fefferman [56], to complete the proof, similar to that of Theorem 1.7 in [27]. [

2.A Example of almost minimizers

Example 2.A.1. Let U be a solution of the A-Signorini problem in B; with velocity field
be LP(By), p>n:

—div(AVU) + (b(z), VU) =0 in Bf,
U>0, (AVUv")+ (AVU,v7) >0,
U(AVU,v") + (AVU,v7)) =0 on By,

where v* = Fe, and (AVU,v*) on B are understood as the limits from inside Bf. We

interpret this in the weak sense that U satisfies the variational inequality
/ (AVU, V(W — U)) + (b, VU)W — U) > 0,
B

for any competitor W € Koy (B1,1I). Then U is an almost minimizer of the A-Signorini
problem in B; with thin obstacle ¢ = 0 on II = R"™! x {0} and a gauge function w(r) =
C’Tlfn/p, C - C(n,p, )\,A)Hb”%p(Bl)
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Proof. For any E,(x¢) € By and W € Ry (E,(29),1I), we extend W as equal to U in
By \ E.(z0) to obtain

/ L AVU (I = 0) 4 (. VU)W~ 0) 0. (2.A.1)
Er(xo
Let V' be the minimizer of the energy functional
/ L AAVVIV) - on fap (B (wo), 1),
Er(xo

Then it follows from a standard variation argument that V' satisfies the variational inequality
/ ATV VW =) 20 for any W € Sou(F, (). 10 (2.A.2)
Er(xo
Taking W =U £+ (U —-V)" in (2.A.1) and W =V 4+ (U — V)" in (2.A.2), we obtain
| aavw-vyvw-vyh - [ e vow -t
Ey(zo) Er(zo)
Similarly, taking W =U 4+ (V —U)" in (2 A1) and W =V £ (V —U)" in (2.A.2), we get
| vy —u)t v -t < (b, VUMV = U)*.
Er(zo) E,(zo)

These two inequalities give
AV(U - V), V(U -V g/ bIVU U - V.
[0, AVW V)Y@ =) < [ VU~ V]
Applying Holder’s inequality,

Lo, VW=V <0 [ (AW = V).V - V)

Er(z0)

< A bllze (e, @ IV U 2, @op 10 = VLo (5, (o))
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with p* = 2p/(p — 2). Since U — V € Wy*(E, (1)) and diam(E,(z)) < 2AY?r, from the

Sobolev’s inequality,
||U - VHLP* (Er(z0)) < O(n7pv )‘a A)rl_n/pHv(U - V)||L2(Er($0))'

Now we have

V(U = V)|? < Cr2t-n/p) VU |? (2.A.3)
B (o) ’

Ey(z0)

with C' = C(n,p, X\, A)[|0]175(5,)- Thus,

Joie AUV = [ AV = [ AV V), V(U - V)

Ey(z0)

<C VU +W)[IVU = V)|

Er(zo)

< cw/ (IVUP + VvV ) +Cr‘”/ V(U — V)?
E,(z0) E,

(wo)

<Cr / AUV 4 O / (AVV,VV)
Er(xo FE

(o)

+ Cp2i-n/n)= / (AVU, VU,

Er (o)

where we applied Young’s inequality and used (2.A.3) at the end. We choose v =1 —n/p
to complete the proof. O
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3. ALMOST MINIMIZERS FOR CERTAIN FRACTIONAL
VARIATIONAL PROBLEMS

3.1 Introduction and Main Results

3.1.1 Fractional harmonic functions

Given 0 < s < 1, we say that a function u € L (R") := L'(R", (1 + |=[""2%)71) is

s-fractional harmonic in an open set 2 C R™ if

(—A) u(z) == Cy s p.v. / u@) ‘;ﬁgf D0 mo, (3.1.1)

where p.v. stands for Cauchy’s principal value and C), s is a normalization constant. The
formula above is just one of many equivalent definitions of the fractional Laplacian (—A,)*,
another one being a pseudo-differential operator with Fourier symbol [£[*. We refer to a
recent review of Garofalo [60] for basic properties of (—A,)®, as well as many historical
remarks concerning that operator.

In recent years, there has been a surge of interest in nonlocal problems involving the
fractional Laplacian, when it was discovered that the problems can be localized by the use of
the so-called Caffarelli-Silvestre extension procedure [10]. Namely, for a =1 —2s € (—1,1),
let

(lz[* + [yl*)
(to be called the Poisson kernel for the extension operator L,) and consider the convolution,

still denoted by u,
u(z,y) :=ux* P(-,y) = / u(2)P(x — z,y)dz, (z,y) € R

Note that u(z,y) solves the Cauchy problem

Lou = div(ly|*Vu) =0 in R,

u(z,0) =u(x) onR"
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where V =V, is the full gradient in « and y variables. L, is known as the Caffarelli-Silvestre

extension operator. Then, one can recover (—A,)%u as the fractional normal derivative on
Rn
(—A)°u(x) = =Chq ylir& Yy Oyu(z,y), xeR"

to be understood in the appropriate sense of traces. Now, going back to the definition (3.1.1),
if we consider the even reflection of u in y-variable to all of R™*! i.e.,

u(z,y) =u(z,—y), ze€R" y<O0,

then the following fact holds: u(z) is s-fractional harmonic in € if and only if u(z, y) satisfies

Lyu=0 inQ:=R"™U(Qx{0})UuR" (3.1.2)

(We will refer to solutions of L,u = 0 as Lg-harmonic functions.) This is essentially
Lemma 4.1 in [10]. Since L,u = 0 in R’} by definition, the condition (3.1.2) is equivalent to
asking

Lou=0 in B, (),

for any ball B,(z,) centered at xy € Q such that B,(z0) € €, or equivalently B,(z,) € €.
Now, observing that the solutions of the above equation are minimizers of the weighted

Dirichlet energy [g () |Vv/|*|y|*, we obtain the following fact.

Proposition 3.1.1. A function u € L (R™) is s-fractional harmonic in Q if and only if its
reflected Caffarelli-Silvestre extension u(x,y) is in W,22(Q, |y|*) and for any ball B, (zo) with

xo € Q such that B.(zo) € 2, we have

[oavePlr< [ Vel
Br(z0) B, (z0)

for any v € u+ Wy (B,(z0), [y|*).

We take this proposition as the starting point for the definition of almost s-fractional

harmonic functions, in the spirit of Anzellotti [31].
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Definition 3.1.1 (Almost s-fractional harmonic functions). Let rq > 0 and w : (0,r9) —
[0, 00) be a modulus of continuity'. We say that a function u € L,(R™) is almost s-fractional
harmonic in an open set Q C R™, with a gauge function w, if its reflected Caffarelli-Silvestre
extension u(z,y) is in W2(Q, [y|*) and for any ball B, (o) with 2o € Q and 0 < r < ro such
that B, (xg) € 2, we have

L Pyl < 0 rwm) [ VePyl, (3.13)
By (z0) B (xo)

T

for any v € u+ W&’Q(IB%T(xO), ly[*).

3.1.2 Fractional obstacle problem

A function u € L,(R") is said to solve the s-fractional obstacle problem with obstacle ¢

in an open set 2 C R", if
min{(—A;)’u,u —} =0 in . (3.1.4)

We refer to [11], [13], [61] for general introduction and basic results on this problem. With
the help of the reflected Caffarelli-Silvestre extension, we can rewrite the problem as a

Signorini-type problem for the operator L,:

Leu=0 in R}

min{—dju,u — ¢} =0 in €,

where

dyu(r,0) = yli%lJr Y Oyu(z,y).

This, in turn, can be written in the following variational form, see [13].

114.e., a nondecreasing function with w(0+) =0
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Proposition 3.1.2. A functionu € L,(R™) solves (3.1.4) if and only if its reflected Caffarelli-
Silvestre extension u(x,y) is in WE2(Q) and for any ball B,(xo) with xo € Q such that

B,.(z9) € 2, we have

VUQ ag/ VUQ a,
/Mﬂ Plol < [ IVePl

for any v € Ry (By(z0), |y|*) == {v € u+ Wy (B, (o), [y|*) : v > b on By(x0)}.

Definition 3.1.2 (Almost minimizers for s-fractional obstacle problem). Let ro > 0 and
w: (0,r9) — [0,00) be a modulus of continuity. We say that a function u € L(R™) is an
almost minimizer for the s-fractional obstacle problem in an open set 2 C R", with a gauge
function w, if its reflected Caffarelli-Silvestre extension u(x,y) is in W,22(Q, |y|*) and for

any ball B, (xg) with xo € Q and 0 < r < rg such that B,(x¢) € 2, we have

[ VPl < @) [ 9ePlyl, (3.1.5)
Br(z0) Br(x0)

i

fO?“ any v € ﬁﬂ/z7u(Br(x0)7 |y|a)‘

The notion of almost minimizers above is related to the one for the thin obstacle prob-
lem (s = 1/2) studied in Chapter 1, but there are certain important differences. In Defi-
nition 3.1.2, we ask the almost minimizing property (3.1.5) to hold only for balls centered
on the “thin space” R", while in Chapter 1, we ask that property for balls centered at any
point in an open set in the “thick space” R"*!. In a sense, this means that here we think of
the perturbation from minimizers as living on the thin space, while in Chapter 1 they live

in the thick space.

3.1.3 Main results and structure

In this chapter, our main concern is the regularity of almost minimizers in their original
variables.
We start with examples of almost minimizers in Section 3.2. We then proceed to prove

the following results, echoing those in [31] and Chapter 1.

Theorem J. Let u € L,(R™) be almost s-fractional harmonic in Q2. Then
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(i) w is almost Lipschitz in Q, i.e, u € C*?(Q) for any 0 < o < 1.

(ii) If w(r) =r*, then u € CYP(Q) for some = Bpaa > 0.

(i) If0 <s<1/20rs=1/2andw(r) =1r* for some o > 0, then u is actually s-fractional

harmonic in €.

In the case of the s-fractional obstacle problem, our results are obtained under the as-
sumption that 1/2 < s < 1. Also, because of the technical nature of the problem, we restrict

ourselves to the case ¥ = 0.

Theorem K. Let u € L,(R") be an almost minimizer for the s-fractional obstacle problem

with obstacle 1 = 0 in ).

(i) If1/2<s <1, thenu € C*(Q) for any 0 < o < 1.

(ii) If1/2 < s <1 and w(r) = r* for some a > 0, then u € CYP(Q) for some B = By an >

0.

The proofs follow the general approach in [31] and Chapter 1 by first obtaining growth
estimates for minimizers (see Section 3.3) and then deriving their perturbed versions for
almost minimizers (Section 3.4 for s-fractional harmonic functions and Section 3.5 for the
s-fractional obstacle problem). The regularity then follows by an embedding theorem of a
Morrey-Campanato-type space into the Holder space, which we included in Appendix 3.A.
Finally, Appendix 3.B contains the proof of orthogonal polynomial expansion of L,-harmonic
functions, that we rely on in deriving the growth estimates in Section 3.3. The polynomial
expansion has other interesting corollaries such as the (known) real-analyticity of s-fractional

harmonic functions, which are of independent interest.

3.1.4 Notation

Throughout this chapter we use the following notation. R is the n-dimensional Euclidean
space. The points of R"™! are denoted by X = (z,y), where z = (z1,...,7,) € R", y € R.
We routinely identify x € R™ with (z,0) € R™ x {0}. R%"! stands for open halfspaces
{X = (x,y) e R"™ : 4y > 0}
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We use the following notations for balls of radius r in R” and R"**!

B.(X)={Ze€R" :|X - Z| <7}, (Euclidean) ball in R""!,
BF(z) = B,(z,0) N {£y > 0}, half-ball in R"**,

r

B,(z) =B,(x,0) N {y = 0}, ball in R".

We typically drop the center from the notation if it is the origin. Thus, B, = B,.(0), B, =
B,.(0), etc.

Next, Vu = Vxu = (0yu,...,0;,u,0yu) stands for the full gradient, while V,u =
(Opyty ..., Oy, u). We also use the standard notations for partial derivatives, such as 0,,u,
Ug;, Uy €LC.

In integrals, we often drop the variable and the measure of integration if it is with respect

to the Lebesgue measure or the surface measure. Thus,

[yl = [ wolgldx, [ aylt= [ u(X)lyl"ask,
B, B OB, OB,

where Sx stands for the surface measure.
By L?(Bg, |y|*) and L*(0Bg, |y|*) we indicate the weighted Lebesgue spaces of functions

with the norms

lullZaqe iy = [ vyl
Br

2 _ 2
i etos ey = [ vl

Wh2(Bg, ly|*) is the corresponding weighted Sobolev space of functions with the norm

HUHIZ/VLQ(BR,|y|a) = HUH%Q(BR,MG) + HVU||%2(BR,|Z,W)-

We also use other typical notations for Sobolev spaces. Thus, Wy *(Bg, |y|*) stands for the
closure of C§°(Bg) in Wh2(Bg, |y|*).
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For z € R" and r > 0, we indicate by (u),, the |y|*-weighted integral mean value of a

function u over B,.(x). That is,

ey = £y’ v [l
Wpy = U = u|y|?,
’ B, (z) 4 Wna1taT" e JB,(2) 4

where wpi14q = Jp, [y|* is the |y|-weighted volume of the unit ball By in R"*'. (Note that
here and throughout the thesis, the sign f denotes the integral mean value with respect to
the weighted measure |y|*dX.) Finally, similarly to the other notations, we drop the origin

if it is 0 and write (u), for (u)o,-.

3.2 Examples of almost minimizers

Before we proceed with the proofs of the main results, we would like to give some examples

of almost minimizers.

Example 3.2.1. Let u € L,(R™) be a solution of
(—A)u+b(x) - Vou=0 in {2,

where b = (b*,0%,...,0") € Wh>(Q) and 1/2 < s < 1 (or —1 < a < 0). Then u is almost

s-fractional harmonic with a gauge function w(r) = Cr~* (note that —a > 0).

Proof. Consider a ball B,(zg) centered at xy € € such that B,.(zy) € 2. Without loss of

generality assume that o = 0. Let v be the minimizer of

L 19y
B,

on u+ Wy?(B,, |y|*). Then
[ Vov(u—oll*=o,
B

and as a consequence,
L 1ul = [VeP)lyl = [ 19— vyl
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Then, we have

L (vuP =19t =2 [ 19— )Pl

— 9 / (u— ) Ply|” + div(|y]*V (u — v)) (u — )

_ z/m div <|y|av <(“ _2“>2>>

=92 . ly|*(u — v)(u, —v,) — 2 Br(u—v)(ﬁyu—ayv)
= C/ u—0) “u
= (u — v)b"uy,

B,

with C' = C,,,. Next, extending b’ to R™™ by b'(z,y) := b’(x), we have

L9l = [Pyl = —C [ (u—v)piu,
Br

—C/ u—v ux)

= C’/ — v )b Uy, + (4 — V)b Uy,
< Clllwry [, IVul* + Vol
-+ C/G(Bj_)(u — ’U)biuszi — C/Bj’ 8951((“ _ ,U)bi)uy
_ 2 2
= Cbl[wr (o) /]Baj |Vul® + |V
= C [ (g = 00 )b+ (= 0 )
B, i

< Clbllwroe oy /B+ Vul2 + [VoP + [u— o],
Using Poincare’s inequality, it follows that

2 2 a - 2 2 < —a 2 2 a
(V= (Vo) < € [ |Vuf + Vo < € [ (Va4 [Vo)ly

<o [ vl
B,
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Hence,

[ VPl <o [ ey,
B (o) By (zo0)

T

for 0 < r < 1y, with C' and r¢ depending on n, a, and [|b||y1.(q)- O
Ezample 3.2.2. Let u € L4(R") be a solution of the obstacle problem for fractional Laplacian
with drift

min{(—A;)*u+b(z) - Vyu,u} =0 in Q,

where b = (b1, 0%,...,0") € Wh®(Q) and 1/2 < s < 1 (or =1 < a < 0). Then u is an
almost minimizer for s-fractional obstacle problem in 2 with an obstacle ¢y = 0 and a gauge

function w(r) = Cr—°.

The obstacle problem above has been studied earlier in [17] and [57].

Proof. We argue similarly to Example 3.2.1. Let B,(zg) centered at zy €  such that

B,.(zo) € 2. Without loss of generality assume that xy = 0. Let v be the minimizer of

[ 190y
B,

on R (B, |y|*) = {v € u+Wy*B,,|y|*) : v >0 on B,}. Next, we write

L 4vul = 1veP)lyle =2 [ VuT@— o)yl = [ V(= 0)Pyl
B, B B,
< 2/ VuV(u—v)ly|*
Br
_ 4/IB+ VuV (4 — 0)|y|* + div(|y[*Vu)(u — v)
=—4 . (u —v)dyu
—C /B (4 — v)(—Ay)*u
¢ l_ /Bm{u>0}(u — )b, + Brﬂ{u:0}(_v> (=4.) u]

_ — )b, — / )b,
/Bm{u>o}(u v)b e, Bm{u=o}( v) u]

N

C
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=—C [ (u—v)bu,,

By

where we used that (—A)*u + b'u,, > 0 and —v < 0 on B, N {u = 0} in the last inequality.

Then we complete the proof as in Example 3.2.1. [

3.3 Growth estimates for minimizers

In this section we prove growth estimates for L,-harmonic functions and solutions of the

Signorini problem for L,, i.e., minimizers v of the weighted Dirichlet integral

YRGS
B,

on v+ W, (B, |y|*) or on the thin obstacle constraint set £, (B,, |y|*).

The idea is that these estimates will extend to almost minimizers and will ultimately
imply their regularity with the help of Morrey-Campanato-type space embedding.

The proofs in this section are akin to those in Chapter 1 for almost minimizers of the
thin obstacle problem. Yet, one has to be careful with different growth rates for tangential

and normal derivatives.

3.3.1 Growth estimates for L,-harmonic functions

Lemma 3.3.1. Let v € WY(Bg, |y|*) be a solution of Lyv = 0 in Bg. If v is even in y,
then for0 < p < R

/ |va|2|y|a < (
B,
2 a
v <
/IB,,| y| |y| > (

Proof. Note that we can write

n+1+a 9
)Ll
Bgr

n+3+a 5
) TR
Bgr

T =i

v(x,y) = gpk(xvy)>
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where py’s are L,-harmonic homogeneous polynomials of degree k (see Appendix 3.B). Then
{0 pr}52, are Ly,-harmonic homogeneous polynomials of degree k — 1, and thus orthogonal

in L?(0By, |y|*). Thus,

[wal =3 [ wmlue =3 (2) T [ 19mb
Vaol“ly|* = / Vil |yl* = () / Vepr|“lyl*
Bp’ = /B, R Br |

k=1
P n+1l4a ©© V 5 P n+1l+a V 9
<|(= T == T “.
<(7) XL venrwie=(F) [ Vel

Similarly, {|y|*0,pk}72, are L_,-harmonic homogeneous functions of degree k — 1 4 a, and
thus orthogonal in L?(0By, |y|~®). Notice that since p;(z,y) = pi(z) is independent of y

variable by the even symmetry, we have |y|*0,p; = 0. Thus,

a2yl = [ Myl Plol ™ =X [ Ilyloml Iyl

) p n+l—a+2(k—1+a) / " N < ) )n+3+a / -
= — < | = .
> (%) [ o < () L ol

Lemma 3.3.2. Let v be a solution of L,v =0 in Bg, even in y. Then, for 0 < p < R,

. p n+a+3 u
/ Vo0 — (V,0), %yl g(R) / Vv — (Vo) gl |y]® (3.3.1)
B, Br

Proof. First note that since L,(V,v) = 0in By, (V,v) = V,v(0) by the mean value theorem
for Ly-harmonic functions, see Lemma 2.9 in [13]. If we use the expansion v = Y32, pr(x, y)

in B as in the proof of Lemma 3.3.1, then V,v — V,v(0) = >_3°, V.pi and consequently

2 a - 2 a = P nat2hel 2 a
[ V0= V@t =3 [ 19l =3 (5) [ Vbl
B, k=2 "Bp k=2 Br

p n+a+3 X |V ‘2| |
< <> > / P ¢
R k—2/BR K

:0 n+a+3 u
—(2) [ Vo= Ve Pl
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3.3.2 Growth estimates for the solutions of the Signorini problem for L,

Our estimates for the solutions of the Signorini problem will require an assumption that
1/2 < s < 1,or a <0. Also, unless stated otherwise, the obstacle 1 is assumed to be zero.
The first estimate is the analogue of Lemma 3.3.1, but with less information of the growth

of vy.

Lemma 3.3.3. Let v be a solution of the Signorini problem for L, in Bgr, even in y, with

a<0. Then, for 0 < p< R

n+1+a
2|yl < <p> / 2|ye. 3.
Lver < (g) L 1Vl (33.2)

Proof. We use the following property: if v is as in the statement of the lemma, then v,,,

i=1,...,n, and yly|* ‘v, are Holder continuous in Bg, see [13]. Moreover, we have that
Lo(v3) >0,  L_a((ylyl*'v,)*) >0 in Bg,

This follows from the fact that L,v,, = 0 in {xv,, > 0} and L_,(yly|*'v,) = 0 in
{£y|y|*~'v, > 0}, by the complementarity condition v,v = 0 on Bpg, as well as an argument

in Exercise 2.6 or Exercise 9.5 in [48]. As a consequence, we have
Lo(IVav]*) 20, La(lly|"vy|*) 2 0 in Bp.

We next use the following |y|*-weighted sub-mean value property for L,-subharmonic func-

tions: If L,w > 0 weakly in By, —1 < a < 1, then

1 a
PHW/BPW‘?A

is nondecreasing. This follows by integration from the spherical sub-mean value property,

see Lemma 2.9 in [13]. Thus, we have that

1 2 a
p = p"“*“/ﬂaap'vxv' Yl
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/ | | y
y Uu
pn+1 a Bp Yy

are monotone nondecreasing for 0 < p < R. This implies

2 a p ntlta 2 a
Loweellylr < (2) 7 [ 9ally
B, R Br

2 p\"tiTe 2

[l< L [l'
/pry|y| < (%) [, i

In the case a < 0, we therefore conclude that the bound (3.3.2) holds. O

Lemma 3.3.4. Let v be a solution of the Signorini problem for L, in Bg, even in y, with

a <0. Ifv(0) =0, then there exists C = C,, o such that for 0 < p <r < (3/4)R

. p n+a+3 . p
L 19— et < (2)7 [ 90— T Plul + L ol

Proof. Define
1 a
o) = e [ IVew = (Vau), Pl

Then,

L9l lyl = 2092, [ vl + (92002 [ Iyl
Br ]B’r ]B’r

1 21,,|a 1 a ’
= [/B [Vaol[y|* — T (/B V. 0|y > ] .

Thus, using the Cauchy-Schwarz and Young’s inequality, we obtain

1 n+a-+3 a a

P0) = | = D [Vl [ 90l
n+a+3 >, n+ld4a
Vi) (f, vt
s (), Vel) s ([ Vel
2 a a
B wn+1+arn+1+a (/]Br va’y| ) ( OB, vxv‘y’ )‘|
C 1 2 a 1 20,,1a 12 2|,,|a 1/2
e | el (G 19al) ([ 190l

1
=Vl [ 1920l
r JB, OB,
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Next, we note that
Cn,s

Bs/ap) — Rl+s

[vxv]co,s(

[0]] oo 8.1)-

Indeed, this follows from the known interior regularity for solutions of the Signorini problem
for L, in By in the case R = 1, see e.g. [13], and a simple scaling argument for all R > 0.
Noting also that V,v(0) = 0, since v attains its minimum on B, at 0, we have that for

X € B, with r < (3/4)R

Voo (X)] = [Veu(X) = Vau(0)] <

R1+5 7’SH,U“LOO(IEBR)

and so
n+1

1 “ a r
L P [Vl < C g ol e,

This gives
C 1
¢'(r) > —WWnU“Lw(BR)-

Thus, for 0 < p <7 < (3/4)R

Tflfa

o) = o) = [ Otz 0P ol ey

Therefore,

LIV = (oo Plul” = 7o)

Tflfa

n+a p
< Pt el )+C—2 S I1 [
R2+
n+2

P\ 10— (V) Pyl + € Lol
r B, 2V «U)r| 1Y R2+2s UllLe=(Bg)-

IN

]

Lemma 3.3.5. Let v be a solution of the Signorini problem for L, in Bg, even iny. Then

there are Cy = C,, 4, Cy = Cy o such that for all 0 < p < S < (3/8)R

n+2

u p n+a+3 u S
L 1Ver = (el <G (G) [ 10— (Ta)sP i+ Co gl
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Proof. 1f p > S/8, then we immediately have

o o o (B .
[ Ve = (Tan it < () [ Va0~ (T, Pl

p n+a+3 2 1
< — — .
<o(g) [ IV (Tadslly

Thus we may assume p < S/8. Due to Lemma 3.3.4, we may assume v(0) > 0. Let
d :=dist (0, {v(-,0) = 0}) > 0. Then L,v = 0in B,. Thus, if d > S, we may use Lemma 3.3.2

to obtain

" p n+a+3 u
L Vo= (Ve Plgl < (2) [ 1900 = (Ta)sPlyl®
B, Bs

Thus we may also assume d < S.
Case 1. S/4 < d (< S).
Case 1.1. Suppose 0 < p < d(< S). Then using L,(V,v) = 0 in B, again,
- p\ ot -
[ 1Ver = (el < (5) [ Va0 (el

p n+a+3 9 u
< — - .
<o(§) [ 19— (@)l

Case 1.2. Suppose p > d (> S/4). Then
5 4/) n+a+3 )
Ve — )Pl < () [ 19— (sl

Case 2. 0 < d < S/4.

Case 2.1. Suppose p < d/2. Take z; € 9(By) such that v(z;) = 0. Then using inclu-
sions B, C Bya C Bjopa(w1) C Bgya(x1) C Brjo(r1), Lev = 0 in By and the preceding

Lemma 3.3.4, we obtain

L Va0 = (T, Pyl
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2p n+a+3

— Vv —(V

(Z) L 1Ver = (TaohuaPlol
p

) n+a+3 2
< <d) Vav = (Vav) ey /204l [y|*
B(s/md 1)
920\ et nt “*3 a gz
< (d) ]ES/Q(xl) Vov = (Viv)a, S/2| "+ C s R?+2s ||v||LOO(BR/2(z1))
p et . Sn+2
<C <S) |V v — < > ‘ |y‘ +CR2+25||UHL°° (Br)*

Case 2.2. Suppose d/2 < p. Then we see that B, C Bs,(z1) C Bg/2(z1) C Bg. As we did in

Case 2.1, we have

|Va:v - <va>p|2|y|a
B,

<_ ; 2V ; z2U)z 2 “
3,]( 1) ‘ < > 1739‘ |y|
n—+2

0 n+a+3 u S
<0(g) L Ve sl + € g 0oy

n+2

n+a+3 S
<C(8) [ Ve — (Va)sPlul + € g

S R2+2s ”UHL"O(BR)

O]
Corollary 3.3.6. Let v be a solution of the Signorini problem for L, in By, even iny. Then
there are Cy = C,, 4, Cy = Cy o such that for all 0 < p < S < (3/16)R
n+2

2|, |a A 2 S 2
Ve = (an Pl <C(§) [ IV~ (Vs + Co ()

Proof. Since vt = max(+v,0) > 0 and L,(v¥) = 0 in {v* > 0}, we have L,(v¥) > 0 in Bp.
(For this, one may follow the argument in Exercise 2.6 or Exercise 9.5 in [48].) Thus, we

have by Theorem 2.3.1 in [62]

1 2 1/2
sup Ui S C (_Rn+1+a AR (Ui) ‘y’a> .

BR/Q Wn—i—l—l—a

Hence,
HU”%OO(IBR/Q) < C(v*)g,
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which completes the proof. [

3.4 Almost s-fractional harmonic functions

In this section we prove Theorem J, by deducing growth estimates for almost s-fractional
harmonic functions from that of s-fractional harmonic functions and then applying the
Morrey-Campanato space embedding to deduce the regularity of almost s-fractional har-

monic functions.

Theorem 3.4.1 (Almost Lipschitz regularity). If u is an almost s-fractional harmonic

function in By, 0 < s <1, then u € C%(By) for any 0 < o < 1.

Proof. Let K be a compact subset of B; containing 0. Take 0 = d,,, 5 x > 0 such that § <
dist(K,0B;) and w(d) < e, where € = €21 14+an—1+a+20 1 as Lemma 1.2.2. For 0 < R < §,

let v be a minimizer of

[ 9oy
Bgr

on u + W, ?(Bg, |y|*). Then L,v = 0 in Bg. In particular,

Vo V(u—v)y|* =0,

Br

and hence

[ 9= o)yl = [Vl = [ 19eRle -2 [ Fo- V(- o)yl
B Br Br Br

R
<w(R) [ [VoPlyr.
Br
Moreover, by Lemma 3.3.1, for 0 < p < R we have

u p n+l+a “
LoavePiyl < () [ el
B, Br

Thus

L 9Pl <2 [ 19oRlyl+2 [ 190 o)yl
B, B, B,
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)T eyl 2 [ 9 0Pl
Br B,

n+1l+a 9 5
[ 19uPlyl 4 20(R) [ Vol
Br Br

p ntlta v 2 a
(B)" e [ 1wl

By Lemma 1.2.2,

p n—14+a+20
L VaPlyl® < Coas (£) | vyl
B, R Br

for any 0 < o < 1. Taking R 7§ we have
9Pl < Conal| Tl ey (3.4.1
P

By weighted Poincaré inequality (Theorem 1.5 in [62])

[ = @1 < Craosultags, g™
14

Now, a similar estimates holds at all point xq € K, which implies the Holder continuity of u

(see Theorem 3.A.1) with

[wllcoe ) < Cnawox llullwrzm, ye- O

Theorem 3.4.2 (C' regularity). If u is an almost s-fractional harmonic function in By,
0 < s < 1, with gauge function w(r) = r®, a > 0, then V,u € C%(B;) for some 3 =

B(n, s, a).

Proof. Let K € By be a ball and take 0 < ¢ < dist(K,0B;). Let Bgr(zg) € B; with
0 < R <4, for g € K. For simplicity write o = 0, and let v be the L,-harmonic function

in Br with v = v on 0Bg. Then, by Jensen’s inequality we have

192w, = (Vo) Iyl < [ (Vo= TavPlyl®
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and hence

o 2],.|a o 21, |a - 2|, .|a
Jo 1V = (T Iyl <3 [ Vo0 = (Tath Plyl +3 [ [Veu = Vool
+3 [ (V) = (Vo0), Plyl”

<3 [ [Vav— (Vo) Plyl” +6 [ [Vau— VaoPlyl"
Similarly,
L Va0 = () alul* <8 [ [Vau— (Vo) oyl +6 [ [Vou— Voolyl

Next let § € (0,/2). Then using the estimate (3.4.1) in the proof of Theorem 3.4.1 with

o=1+p—75, we have

/ |VU—VU|2|y|“:/ |Vu|2|y|“—/ |Vv|2|y|“§R°‘/ [Vul*ly|*
Br Br Br Br

S CHVU||%2(]Bl7|y‘a)Rn+1+a+25.

Then, with the help of Lemma 3.3.2, we have that for p < R

|vxu - <vxu>p|2|y|a
By

<C [ Voo = (Vo) Pyl + C [ [Vou =0yl

<c(f) [ V= (el + C [ V0=Vl
-0 p n+a+3 v v 2 1a C \V. v 21,,|a
<c(f) [ Vau= (aePll” +C [ Vau—Voofly
p n+a+3 21 1a 2 n+1l+a+20
g(J(R) /E Vou = (Vou)rPlyl* + ClVullfs, jye) R '
R

Hence, by Lemma 1.2.2, we obtain that for p < R

[ 192 = (Fou) [yl
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<cl(” ntlta+2p Vo — (VY 2001% 4 ([ Va2 n+1+a+23
< B Vau = (Vo) [yl* + || UHLQ(Bhlymp ’
R

R

Taking R 9, we have
19— () P01 < o Tl 4

Now, a similar estimate holds for any xq € K. Fixing § and applying Theorem 3.A.1, we
have

||V:cu||CO,ﬁ(K) S Cma,mK||U||W1v2(1531,\y|“)' -

Remark 3.4.3. From the assumption for almost minimizers that the Caffarelli-Silvestre exten-
sion u € WL? we know only that V,u € L2, which is not sufficient to deduce the existence
of the trace of V,u on B;. However, in the proof of Theorem 3.4.2 we showed that V, u is in
a Morrey-Campanato space, which implies the existence of the trace as the limit of averages

T(Vu)(xo) = Hm (Vau)pg -

r—0+

It is not hard to see that T'(V,u) is the distributional derivative V,u on B;. Indeed, if
n € C5°(By), then extending it to R™™ by n(z,y) = n(z), we have

/ T(0yu)n = lim <8 )y, = lim 8 ()
B1

r—0+ r—0+
) _/ : :_/
L s

Theorem 3.4.4. Let u be an almost s-fractional harmonic function in By for 0 < s < 1/2
or s =1/2 and a gauge function w(r) =r® for some a > 0. Then u is actually s-fractional

harmonic in Bj.

Proof. We argue as in the proof Theorem 3.4.1. Let K, §, R, v be as in the proof of that
theorem. Then, by Lemma 3.3.1, for 0 < p < R

n+3+a
2|, |a P / 21, .|a
) <|= v .
AP| y| |y| — (R) ]ER| y| |y|
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Thus, for any 0 < ¢ < 1, we have

Jo Mol Pld <2 [ JePlyl” +2 [y = vyl
P ndta 2 a 2 a
2(%) L w2 ey Pl

P ita 21,.1a 20,0
(5) L Pl [ fu, = o)

P ntdta a 2 —a 20, 1a
() [ gl Pl + 6w(R) [ [9ully
Br Br

p\"H3ta a, 121, |—a ) bt
45 /BRHZ/\ uy Y] + Craosw(R) [Vl 72, e R )

IA

IA
W

IN

IA

where we used (3.4.1) in the last inequality.

Consider now the two cases in statement of the theorem.

Case 1. 0 < s < 1/2 (or a > 0). In this case by Lemma 1.2.2,

a 2 —a
J, Myl“uPly

p n-ltatlo a 2 —a 5 V 2 n—1+a+20
I |y “uy "y + w ()| Vul[L2g, ye)p
Br

< CHvu‘|%Q(Bl7|y|a)pn+1fa+(f2+2a+20') )

<C

Now we take 0 = 1—a/2 € (0,1) to have —2+2a+20 = a > 0. Varying the center, we have
a similar bound at every x € K. Then, by Theorem 3.A.1, we obtain that the limit of the
averages T'(y|y|* 'u,) = 0 on B;. This implies that (—A,)*u = 0 on B;. Indeed, arguing as

in Remark 3.4.3, by considering the mollifications u. in z-variable, we note that

/ Hy!a(ug)yIQIyI_Q S Cpn+1—a+a
By

which implies that T'(y|y|* *(u.),) = 0 on K @ B;. On the other hand, u. € C? N L (R"),
which implies that y|y|* ' (u.), is continuous up to y = 0, since we can explicitly write, for

y > 0, the symmetrized formula

u(x + 2) + u(x — 2) — 2u.(x)

i e |2|*y*0, P(2,y)d=

() () = |
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with locally integrable kernel |z|?|y*d, P(z,y)| < C/|z|"~'~*. Hence, we obtain that (—A,)*u. =
Oyue = 0 on the ball K € B;. Then, passing to the limit as ¢ — 0, this implies that
(—A;)*u=01in B;.

Case 2. s =1/2 (or a = 0) and w(r) = r*. In this case, we have a bound

p n+3 . o
Lol <a(g) [l + CIVulae, m e

Then, by Lemma 1.2.2, we have

5 p n—1420+a 5 5 Lo
[ mr<c|(%) [l Vg2t

< CHvu||%2(1531)pn+1+(a_2+20) )

Taking 1 — a/4 < o < 1, we can guarantee that « — 2 + 20 > «/2 > 0, which implies
that T'(yly|~'u,) = 0 on B;. Then, arguing as at the end of Case 1, we conclude that
(—=A)Y?u=0in B. O

We finish this section with formal proof of Theorem J.

Proof of Theorem J. Parts (i), (ii), and (iii) are proved in Theorems 3.4.1, 3.4.2, and 3.4.4,
respectively. [

3.5 Almost minimizers for s-fractional obstacle problem

In this section we investigate the regularity of almost minimizers for the s-fractional
obstacle problem with zero obstacle and give a proof of Theorem K. All results in this

section are proved under the assumption 1/2 < s <1, or —1 < a < 0.

Theorem 3.5.1 (Almost Lipschitz regularity). Let u be an almost minimizer for s-fractional
obstacle problem with zero obstacle in By, for 1/2 < s < 1. Then u € C%(By) for any

0< o<1 with

||u||COvU(K) < Cn,a,w,U,K”uHWl»?(IB%I,\yW)
for any K € B;.
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Proof. Let K € By with 0 € K. Take 6 = 400k > 0 such that § < dist(K,0B;) and
w(6) < e, where € = €2 p1141an-1+at+20 as in Lemma 1.2.2. For 0 < R < 6, let v be the

minimizer of

[ IvoRyl
Br

on R ,(Br, |y|*). Then v satisfies the variational inequality
[ Vv -y =0
Br
for any w € £9.,(Bg, |y|*). Particularly, taking w = u, we have
/ VoV (u —v)ly|* > 0.
Br

As a consequence,

o 211 — 20, |0 20,,|a X o a
L V@l = [ VuPllt = [Pl =2 [ Vo V(- oly

<w(R) [ |VuPyl

Next, we use (3.3.2) to derive a similar estimate for u. We have,

L Avullyle <2 [ [VoPlylt 2 [ 19 (- v)Ply
B, B, B,

0 n+l+a 5 5
() [ 190l 20(R) [ Vol
Br Br

p n+1l+a V 5
2|(2 / “.
(5)" e [ 1vu

IN
N

IN

Hence, by Lemma 1.2.2,

5 p n—1+a+20 5
L VaPlyl < Coao (2) 7 [ 10ullyr
B, R Br

176



As we have seen in Theorem 3.4.1, this implies
[ IV6Plyl® < G sVl oo™ 44 (35.)
P
then

[ = ) Pyl < o [Tl g™ 42

P

and ultimately

HUHCO*’(K) < Cn,a,w,mK||UHW1’2(B1,|:L/|“)' [

Theorem 3.5.2 (CV regularity). Let u be an almost minimizer for the s-fractional obstacle

problem with zero obstacle in By, 1/2 < s < 1, and a gauge function w(r) = r®. Then

V.u € C%(By) for B < ) and for any K € By there holds

as
8(n+1+a+a/2)
[Veullcosk) < Cnaasillullwizs, ye)-

Proof. Let K be a thin ball centered at 0 such that K € B;. Let ¢ := m and

vi=1-— 2(1855)' We fix Ry = Ro(n,a,a, K) > 0 small so that Ry™° < d/2, where d :=

dist(K,0B;) and Ry < (1)1/5. Then K := {z € B, : dist(z, K) < R}™°} € B;. We claim

16
that for xp € K and 0 < p < R < Ry,

p(xo) o y ’ R Ft(xo) ”

+ Cn,a,a,K ||U|| 124/1,2(131’|y|a)Rn+1+a+88.

Note that once we have this bound, the proof will follow by the application of Lemma 1.2.2
and Theorem 3.A.1.
For simplicity we may assume zy = 0, and fix 0 < R < Ry. Let R := R'"°. Let v be the

minimizer of

[ 19uPlye
Br
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on 8o, (B, [y|*). Then by (3.3.2) and (3.5.1) witho =v, for 0 < p< R

[oweliol < (2) 77 [ wepie < (2)7 [ 1vupir
B, “\R B “\R B~

n+1+a
-1 2
< Cn,a,a,K (2) ||U‘|%;[/1,2(B17|y|a)ﬁn +a+2v

< On,a,a,K “uH124/172(B1,|y|a)pn_1+a+2’y‘

This gives

]{B |U - UP|2|y|a < Cl||u”%/vlﬁ2(181,ly\“)p277 Cl = Cn,a,a,K-
P

Since this estimate holds for any 0 < p < R, the standard dyadic argument gives
[0(0) = ()] < Collullwrz@, oy R, Co = Crgak-

Moreover, using (3.3.2) and (3.5.1) again, we have for any @1 € By, 0 < p < R/2,

" 2p n+l+a " 2p n+l+a "
LowePwle< (%) [ Pl (%) [ vuly
B, (x1) R 7/2(71) R B

< Cn,a,a,K"uH124/1’2(131,|y\a)pn71+a+277

which implies

[Wlcon(Brs) < Csllullwre@jye),  Cs = Cnaak

Now we define

Cy = Cy + C3 + C.

Our analysis then distinguishes the following two cases

-2 -2
<1)2>§ S 604||u||12/l/1’2(B1,|y|a)R 7 or <UQ>E > 6C’4||u||12,v1,2(317|y‘a)R ’y‘

Case 1. Suppose first that

=2
<U2>E S 6C4||u||%/[/1»2(131,\y|ﬂ)R fy.
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1/e
Note that Ry < (%) / implies R < %

0<p<R,
L 190t = (o) Pyl <3 [ Vo = (Tu0) Pyl +6 [ [Vou = Vooyl* da
’ i n+a+3 2 1
< Cn,a (R) / ’vxv - <va>R’ ‘y’
Br
Rn+2 2 2|, .|a
+ G s (V) + 6 [Vou—VooPly
p n+a+3 5 1a
<c(%) [ 1V (Taall
Br
Rn+2 2 2|,,|a

Note that for o :=1— «a/4

[ Vau= Vool < [ Vou—VooPlylt < B [ [Vl

—n—1+a+20

<R[ [FUPl” € Conn s B [l o
R

= Cllullfnags, o B
Moreover by the assumption
Rn+2 2 2 n+2527—2-2s 2 n+1+a+se
C —75: (V)% < Crgar lullivrz, o B R = Cllulliyre, s R :

R

Hence, we obtain (3.5.2) in this case.

Case 2. Now we assume

=2
<1}2>§ > 604||u||12/V1!2(]Bl,|y\‘1)R 'y'

Then, by (3.5.4) and (3.5.5) we obtain

a a 52
£ o= v@Pll" < 2f o —ogPlyl® + 2L |og = vOPlyI" < 2Cullullrae, yim R
Bg Br Br
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Combining the latter bound and the assumption,

R

w02 =L oOPl > 3 f ORI~ £ 10(X) = vyl

2
Z C4||u||%/[/1v2(181,|y|“)R ’Y.

Since C; > C%, we have v > 0 on Bz, by (3.5.7). Thus, L,v = 0in B/, and by Lemma 3.3.2

we have for 0 < p < R

n+a+3
— 2 a < B _ 21,0
L Ve — ()Pl < (F) [ Ve (TPl

Thus,
[ 1920 = (Fou) [y
<3 [ Voo = (Vo) Pyl +6 [ [Vou— VaoPlyl”
; nhats p2 a 2 a
<3|5 Vo = (Vav)r[*lyl* + 6 [Vau = Vol [yl
R Br By
14 ntats 2 a 2 a
<C R Vau = (Vou)r|*ly|* + C Vau — Vul7lyl
BR IBR
<C ﬁ ntats \V/ (v 2 a C 2 Rn+1+a+a/4
<C(z Vo = (Vo) r["|y|* + Cllulliz, 0 :
Bgr
This implies (3.5.2) and completes the proof. O

Proof of Theorem K. Parts (i) and (ii) are contained in Theorems 3.5.1 and 3.5.2, respec-
tively. O

3.A Morrey-Campanato-type Space

Theorem 3.A.1. Let u € L*(By,|y|*) and M be such that ||ul L2, jyje) < M and for some
o€ (0,1)

1
20, 1a 2 n+1+a+20 a
u— (U < M*r U = —/ U
Ar(x)’ < >Ta7”‘ |y‘ — ’ < >$77" 1 arn+1+a By (x) ‘y’
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for any ball B, (x) centered at x = (x,0) € Byjo and radius 0 < r < 1o < 1/2.

x € By there exists the limit of averages
Tu(x) := }qlir(l)<u>m7r,
which will also satisfy
L = Tu(@)Plylt < g hrPrnsises2,
B, (x)

Moreover, Tu € C%?(B2) with

ITullcne (5,0 < Craoro M.

Then for any

Remark 3.A.2. Note, we can redefine u(x,0) = Tu(x) for any x € By, making (z,0) a

Lebesgue point for u.

Proof. Let x,z € By, and 0 < p < r <1y be such that B,(z) C B,(2). Then

r n+1l+a
um,—uz,ré][ u—uz,ry"S() ][ u— (u)r ||y
[(u)ap — (U)2r| IBW)| (u) 2|yl ; Mz)‘ ()| Yl

o\ e 1/2 1/2
S - ][ U — (U)yp 2 y ll> (][ y a)
<p) (BA@| welbl) (£

r n+1+4+a
< Cha () Mre.
P

Now, taking x = 2z and using a dyadic argument, we can conclude that
(g p — (War| < CpaoMr?, forany 0<s=p<r <.

Indeed, let £ = 0,1,2,... be such that r/28*1 < p < r/2¥. Then

k
‘<u>$,p - <u>177” < Z |<u>x,r/2j*1 - <u>z,r/2j| + |<u>ac,7"/2’C - <u>x,p’
=1
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k+1
< CraM D (r/271)7 < ChgoMr?.
=1
This implies that the limit
Tu(zr) = lim(u),,

r—0

exists and

|Tu(z) — (Wer| < CpaocMre.

Hence, we also have the Holder integral bound
L u= Tu@)Plyl® < Coaph?rmtsess,
Br(z)

Besides, we have

’Tu(m)‘ S <u>£E,T‘0 + Cn,a,oMrg é CTL,(I,U,TOM'

It remains to estimate the Holder seminorm of 7w on By y. Let x, 2 € By /3 and consider two

cases.

Case 1. If |x — z| < 1o/4, let r = 2|z — z|. Then note that B, »(x) C B,(2) and therefore we

can write

Tu(z) = Tu(z)] < [Tu() = (Wara| + [Tu(z) = (wer| + (War2 = (u)2r|

S Cn,a,o'MTU = Cn,ang‘x — Z’J.

Case 2. If |x — z| > 1o /4, then
|Tu(z) — Tu(z)| < |Tu(z)| + |Tu(2)| < CraoreM < ChaorgM|z — 2|°.

Thus, we conclude

ITullcos(s,,,) < CraoraM. -
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3.B Polynomial expansion for Caffarelli-Silvestre extension

Some of the results in Section 3.3 rely on polynomial expansion theorem for L,-harmonic

functions given below.

Theorem 3.B.1. Let u € WY2(By, |y|*), —1 < a < 1, be a weak solution of the equation

L,u =0 in By, even in y. Then we have the following polynomial expansion:
u(z,y) = pi(z,y)
k=0

locally uniformly in By, where pp(z,y) are Ly-harmonic polynomials, homogeneous of degree

k and even in y. Moreover, the polynomials py above are orthogonal in L*(0By, |y|*), i.e.,

/ PePmlyl* =0, k#m.
OB

In particular, v is real analytic in B .

This theorem has the following immediate corollaries, which are of independent interest
and are likely known in the literature. We state them here for reader’s convenience and for

possible future reference.
Corollary 3.B.2. Let u € W'2(By, |y|?), —1 < a < 1, be a weak solution of the equation

L,u =0 in By. Then, we have a representation

u(z,y) = (@, y) +ylyl “v(z,y), (7,y) € By,

where (x,y) and (z,y) are real analytic functions, even in y.

Corollary 3.B.3. Let u € L(R") satisfies (—A)*u = 0 in the unit ball By C R". Then u

is real analytic in B;.

Corollary 3.B.4. Let u € W'(By, |y|*), —1 < a < 1, be a weak solution of the equation
Lou=0 in By, even iny. If u(-,0) =0 in By, then u=0 in By.
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The proof of Theorem 3.B.1 and subsequently those of Corollaries 3.B.2, 3.B.3, and 3.B.4

are based on the following lemmas. We follow the approach of [63] for harmonic functions.

Let P!, = {p: p(z,y) polynomial of degree < m, even in y}.

Lemma 3.B.5. Let p € P;,. Then there exists p € P, such that
Lp=0 inB;, p=p ondB;.

In other words, the solution of the Dirichlet problem for L, in By with boundary values in
Py, on OB, is itself in P,.

m

Proof. For m = 0,1, we simply have p = p. For m > 2, we proceed as follows.

For ¢ € P;,_, define T'q € P}, _, by

(Tq)(z,y) = |yl "La((1 — * — y*)q(z, y)).

(It is straightforward to verify that T'q is indeed in P}, _,). We now claim that the mapping
T :Pr_o — Pr_ois bijective. Since T is clearly linear and P},_, is finite dimensional it
is equivalent to showing that T is injective. To this end, suppose that T'q = 0 for some

q € Pr,_o. This means that Q(z,y) = (1 — z? — y*)q(x,y) is L,-harmonic in B:
LaQ =0 in Bl.

On the other hand @ = 0 on 0B; and therefore, by the maximum principle @ = 0 in B;.
But this implies that ¢ = 0 in By, or that ¢ = 0. Hence, the mapping 7' is injective, and

consequently bijective. It is now easy to see that

p=p—(1—2" =y )T (Jy| “La(p)) € Py,

satisfies the required properties. [

Lemma 3.B.6. Polynomials, even iny, are dense in the subspace of functions in L*(0By, |y|®),

even in y.
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Proof. Polynomials, even in y are dense in the space of continuous functions in C(9B),
even in gy, with the uniform norm. The claim now follows from the observation that the

embedding C'(0B;) < L?(dBy, |y|*) is continuous:

1/2
||U||L2(8B1,|y|a) < ||v|lLe<(omy) (/BB |y|a> < Ol Lo (amy)- [
1
Lemma 3.B.7. The subspace of functions in L*(0By, |y|*), even in y, has an orthonormal
basis {pr}32, consisting of homogeneous Ly-harmonic polynomials py, even in y.

Proof. If p is a polynomial, even in y, then restricted to 0B; it can be replaced with an

L,-harmonic polynomial p. On the other hand, if we decompose

p= Z q;
=0
where ¢; is a homogeneous polynomial of order i, even in ¥, then

|y|_aLaﬁ - Z |y|_aLaQi

=2

where |y|~*L,q; is a homogeneous polynomial of order ¢ — 2, ¢ = 2,...,m. Hence, L,p =0
iff Loq; =0, for all i =0,...,m (for ¢ =0, 1 this holds automatically).
We further note that if ¢; and ¢; are two homogeneous L,-harmonic polynomials of degrees

i # j, then they are orthogonal in L?(9By, |y|*). Indeed,

0= [ adiv(ly"Vay) — div(iy"Vag; = [ (a:das —ada)lyl = G = 1) [ awslyl”

0B,

Using this and following the standard orthogonalization process, we can construct a basis

consisting of homogeneous L,-harmonic polynomials. [

Lemma 3.B.8. Let u € W'2(By, |y|*) N C(B,) is a weak solution of Lyu =0 in By. Then

|l oo (i) < Craic [0l L2081 jy)e)-

for any K € B;.
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Proof. First, we note that by [64]

[ullzeox) < O rellull 228y Jy1e)-

So we just need to show that

1wl 2B, 1yje) < Cralltllz2 9By, 1yle)-

This follows from the fact that u? is a subsolution: L,(u?) > 0 in B; and therefore the

weighted spherical averages

1 2 a
re — wy|®, 0<r<l1
Wp oT"T JOB,

are increasing. Integrating, we easily obtain that

[l 2By g0y < Cnallull 2By, y)0)- O

We are now ready to prove Theorem 3.B.1.

Proof of Theorem 3.B.1. Without loss of generality we may assume u € W1Y2(By, |y|*) N

C(By), otherwise we can consider a slightly smaller ball. Now, using the orthonormal basis

{pr}32, from Lemma 3.B.7 we represent

U= Z arpr  in L*(0By, |y|).
k=0
We then claim that
u(z,y) = Z axpr(x,y) uniformly on any K € B;.

k=0

Indeed, if up, (z,y) = 2o arpr(®,y), then ||u —up| 248, 1y2) — 0 as m — oo and therefore
by Lemma 3.B.8

||’LL — um||Loo(K) S C'nya,KHu — Um||L2(8IB§1,|y|‘1) — 0. L]
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We now give the proofs of the corollaries.

Proof of Corollary 3.B.2. Write u(x,y) in the form

U(.T, y) = ueven(ma y) + uodd(xa y)a

where Ueven and u,qq are even and odd in y, respectively. Clearly, both functions are L,-
harmonic. Moreover, by Theorem 3.B.1, teyen is real analytic and we take ¢ = teyen. On the

other hand, consider

,U('Ia y) = |y|aayu0dd($v y)

Then, v is L_,-harmonic in B; and again by Theorem 3.B.1, v is real analytic. We can now

represent

y
Uodd(l’, y) = y’y‘iaw(xa y)7 w(%y) = yilly’a/o ‘8‘7%}(%7 S)dS.
It is not hard to see that ¢ (z,y) is real analytic, which completes our proof. O

Proof of Corollary 5.B.5. The proof follows immediately from Theorem 3.B.1 by considering

the Caffarelli-Silvestre extension
uwy) =ux Ploy) = [ Pla—zpu=)ds (o) R xR,

1(;11,(1) 73 is the Poisson kernel for L,, and noting that its extension

where P(z,y) = C

. (JalP+y?)

to R™™! by even symmetry in y (still denoted u) satisfies L,u = 0 in B;. O

Proof of Corollary 3.B.4. Represent u(x,y) as a locally uniformly convergent in B; series

u(z,y) = i_o: (7, y),

where gi(x,y) is a homogeneous of degree k L,-harmonic polynomial, even in y. We have

u(z,0) = i_o: qr(x,0) =0
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from which we conclude that gx(x,0) = 0. We now want to show that g, = 0. To this end

represent
[k/2] .y
Qk(fﬂ) = Z pkaj(flf)y 7,
§=0

where py_o;(2) is a homogeneous polynomial of order k — 24 in z. Clearly py(z) = 0. Taking

partial derivatives 0%qx(z) of order |a| = k — 2, we see that
0y ar(r) = cay?s  Ca = O7pr—2

is L,-harmonic, which can happen only when ¢, = 0. Hence D*~2?p,_»(z) = 0 and therefore
pr—2 = 0. Then taking consequently derivatives of orders k — 2j, j = 2, ..., we conclude that

pr—2j(z) =0 for all j =0,...,[k/2] and hence gx(z,y) = 0. O
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