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ABSTRACT

Deep learning has become an important toolkit for data science and artificial intelligence.
In contrast to its practical success across a wide range of fields, theoretical understanding
of the principles behind the success of deep learning has been an issue of controversy. Op-
timization, as an important component of theoretical machine learning, has attracted much
attention. The optimization problems induced from deep learning is often non-convex and
non-smooth, which is challenging to locate the global optima. However, in practice, global
convergence of first-order methods like gradient descent can be guaranteed for deep neu-
ral networks. In particular, gradient descent yields zero training loss in polynomial time
for deep neural networks despite its non-convex nature. Besides that, another mysterious
phenomenon is the compelling performance of Deep Residual Network (ResNet). Not only
does training ResNet require weaker conditions [1], the employment of residual connections
by ResNet even enables first-order methods to train the neural networks with an order of
magnitude more layers [2]. Advantages arising from the usage of residual connections remain
to be discovered.

In this thesis, we demystify these two phenomena accordingly. Firstly, we contribute to
further understanding of gradient descent. The core of our analysis is the neural tangent
hierarchy (NTH) [3] that captures the gradient descent dynamics of deep neural networks.
A recent work [4] introduced the Neural Tangent Kernel (NTK) and proved that the limiting
NTK describes the asymptotic behavior of neural networks trained by gradient descent in the
infinite width limit. The NTH outperforms the NTK in two ways: (i) It can directly study
the time variation of NTK for neural networks. (ii) It improves the result to non-asymptotic
settings. Moreover, by applying NTH to ResNet with smooth and Lipschitz activation
function, we reduce the requirement on the layer width m with respect to the number of
training samples n from quartic to cubic, obtaining a state-of-the-art result. Secondly, we
extend our scope of analysis to structural properties of deep neural networks. By making
fair and consistent comparisons between fully-connected network and ResNet, we suggest
strongly that the particular skip-connection architecture possessed by ResNet is the main

reason for its triumph over fully-connected network.



1. INTRODUCTION

1.1 Introduction

Deep neural networks have achieved transcendent performance in a wide range of tasks
such as speech recognition, computer vision, and natural language processing. There are
various methods to train neural networks, such as first-order gradient based methods, which
have been proven to achieve satisfactory results [5]. Experiments in [6] established that,
even though with a random labeling of the training images, if one trains the state-of-the-art
convolutional network for image classification using stochastic gradient descent, the network
is still able to fit them well. There are numerous works trying to demystify such phenomenon
theoretically. Du et al. [7] proved that gradient descent can obtain zero training loss for two-
layer networks, and Zou et al. [8] analyzed the convergence of stochastic gradient descent on
networks assembled with Rectified Linear Unit (ReLU) activation function. All these neural
networks are heavily overparameterized: the number of learnable parameters is much larger
than the number of the training samples. It is widely accepted by the machine learning
community that overparameterization enables the neural network to fit all training data,
and it brings no harm to the power of its generalization, i.e., the ability to predict well on
unseen data [9]. In particular, the deep neural networks that evaluated positions and selected
moves for the well-known program AlphaGo are highly overparameterized [10], [11].

Another advance is the outstanding performance of Deep Residual Network (ResNet)
proposed by He et al. [2]. ResNet is arguably one of the most groundbreaking works in deep
learning, in that it can train up to hundreds or even thousands of layers and still achieves
compelling performance. Recent works have shown that ResNet can utilize the features in
transfer learning with better efficiency, and its residual link structure enables faster con-
vergence of the training loss [12], [13]. Theoretically, Hardt and Ma [14] proved that for
any residual linear networks with arbitrary depth, there are no spurious local optima. Du
et al. [1] showed that in the scope of the convergence of gradient descent via overparame-
terization for different networks, training ResNet requires weaker conditions compared with
fully-connected networks. In this thesis, we make fair comparisons between ResNet and

fully-connected networks by enforcing exactly same assumptions on input samples and acti-
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vation functions, such settings would thus potentially enable us to explore more structural

benefits of deep neural networks.

1.2 Fully-connected Neural Networks

We present two types of neural network architectures respectively in Section 1.2 and
Section 1.3, one is the fully-connected network, the other is ResNet. A fully-connected
neural network consists of a series of fully connected layers that connect every neuron in one
layer to every neuron in the other layer. Pictorially, a fully connected layer is represented in

Figure 1.1.

Input Layer € R® Output Layer € j'"®

Figure 1.1. A fully connected layer in a deep network

According to the classical universal approximation theorem [15], a two-layer neural net-

work with sigmoid-like activation functions is sufficient to represent any continuous function
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on the unit cube. However, its single hidden layer might be massive and the network is
prone to overfitting the data. Overfitting is a serious problem in machine learning, it hap-
pens when a model learns the detail and noise in the training data to the extent that it
negatively impacts the performance of the model on new data [16]. Therefore, the machine
learning community has a common trend that network architecture needs to go deeper. Nat-
urally, given fully connected layers, it is directly possible to form a network by stacking more

of them, as depicted in Figure 1.2.

Input Layer € R Hidden Layer € R Hidden Layer € R Hidden Layer €R™ Hidden Layer €R™ Output Layer € R!

Figure 1.2. Multilayer deep fully-connected network

Let & € R? be an input sample, then the network has d input nodes. Moreover, we have
L
a series of weight matrices {W[Z]}l_ Note that W € R™*? is the first weight matrix,

and W € R™™ is the weight at the [-th layer, for 2 < [ < L. Let !/ be the output of

layer [, with 2% = &. We consider the fully-connected network given below:

1
M_ - (W[l] [171])
T o T ,
vm (1.1)
fun(x,0) = aTm[L],

where o(+) is applied coordinate-wisely to its input, and f,,(x, @) is the output function.
Specifically, for the case in Figure 1.2, the parameters are set to be d = 12,m = 16, L = 4.
The scaling factor 1/4/m is key to obtaining a consistent asymptotic behavior of neural

networks as the width m of the hidden layers grow to infinity [4]. In the infinite-width limit,
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the output function at initialization converges to a Gaussian distribution, and it follows
a linear differential equation during training. There are, of course, other scaling factors
that are employed extensively. For instance, the mean-field scaling 1/m. For two-layer
networks, a line of papers [17]-[19] used optimal transport theory equipped with the mean-
field scaling to establish that for infinitely wide neural networks, the empirical distribution
of the neural network parameters can be described as a Wasserstein gradient flow. However,
their results are limited to two-layer networks and may require an exponential amount of
overparametrization. The current situation of neural network study is similar to an early
era of statistical mechanics, when we observe different states of a matter at several discrete
conditions without the guidance of a unified phase diagram. Therefore, inspired by that, a
recently published work [20] presented a systematic and comprehensive analysis in drawing
the first phase diagram for two-layer neural networks at the infinite-width limit, in pursuit
of a complete characterization of its dynamical regimes and their dependence on different

scaling factors.

1.3 ResNet

As mentioned both in Section 1.2 and [21], deeper and deeper network architectures are
being developed nowadays. There is even a mathematical proof in [22] that reveals the utility
of having deeper networks than that of wider networks. However, increasing network depth
also introduce the issues of vanishing gradients [23] and degradation [2]. As the gradient is
computed out by backward propagation, repeated multiplication with small weights renders
it ineffectively small. Vanishing gradients, however, has been largely addressed by some
normalizing tricks [24], [25].

When deeper networks are able to start converging, a degradation problem has been
exposed: the training accuracy gets saturated and then degrades rapidly [26]. This is counter-
intuitive in that by providing our model with more parameters, it shall be able to fit the
training data at least as good as its predecessor. Surprisingly, such degradation is not due
to overfitting. The degradation of training performances reveals that not all networks are

similarly easy to optimize by brutal force. Moreover, the problem suggests that it might be
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hard for the solvers to learn identity mappings with multiple nonlinear layers. Ultimately,
this conjecture motivates the setup for learning small residuals and directly adding them to

the input. The core idea of ResNet [2] is the employment of residual learning building block,

. RelLU _
Weighted Layer Weighted Layer

F(X)
Figure 1.3. Residual learning: a building block

as shown in Figure 1.3.

We use the same notations as the fully-connected neural networks to rigorously define

2l = [ o (wllg),
m

2l = -1 4 Lc\r/%a(wmm[l—”), for2<1<L, (1.2)

our version of ResNet:

fres(m7 0) = a’Tm[L]a

where the constant ¢, = (EZNN(UJ) [0(2’)2])_1 serves as a normalizing factor, N'(0,1) is the
standard Gaussian distribution. ¢ is a small constant satisfying 0 < ¢es < 1, and fies(, )
is the output function. Note that here we use a 2= factor combined with the 1/y/m scaling,
the <= factor guarantees that the width per layer m does not blow up exponentially with
respect to depth L, intuitively shown in Equation (3.70). Although Equation (1.2) differs
by the standard ResNet architecture in [2], it will not be hard to generalize the analysis to
architectures with skip-connections at every two or more layers. We also believe that the

phase diagram in [20] can be drawn out similarly for ResNet.
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1.4 Main Results

Owing to the non-convex nature of optimization neural networks, it is challenging to
locate the global optima. A popular way to analyze such problems is to identify the geometric
properties of each critical point. Some recent works have shown that for the set of functions

satisfying:
o all local minima are global;
« every saddle point possesses a negative curvature (i.e. it is non-degenerate),

then gradient descent can find a global optima [27]-[29]. The objective functions of some
shallow networks are in such set [14], [30]. However, even for a three-layer linear network,
there exists degenerate saddle points without negative curvature [31]. So it is doubtful that
global convergence of gradient descent can be ensured for deeper neural networks.

Alternatively, we directly study the dynamics of the gradient descent for specific neural
network architectures. This is another approach widely taken to obtain general convergence
results. Recently, it has been shown that if the network is overparameterized, gradient
descent is able to find a global optima for two-layer networks [7], deep linear networks [14],
[32], [33] and ResNet [34]. Jacot et al. [4] established that in the infinite width limit, the full
batch gradient descent corresponds to a specific kernel regression predictor. Consequently,
in the regime of infinite width, the convergence of gradient descent for neural network can be
characterized by a fixed kernel [35]. This is the cornerstone upon which rests the outstanding
performance of overparameterization. Inspired by the existence of such kernel, extraordinary
efforts have been trying to improve it to the non-asymptotic setting, where only finite width
is required.

In the regime of finite width, many works have suggested that the network can reduce
training loss at exponential rate using gradient descent [8], [32]. Our thesis also belongs
to this category. In this thesis, we contribute to further understanding of the gradient de-
scent dynamics for training fully-connected networks and ResNet models. We use the same
ResNet structure as in [1]. Details of the network structure are provided in Section 1.3.

More importantly, we assume that the n data points are not parallel with each other. Such
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assumption holds in general for standard dataset, and we focus on the empirical risk min-
imization problem given by the quadratic loss. We show that if m = Q (n®L?), then the

empirical risk Rg(t) under gradient descent decays exponentially. More precisely,

Rslt) < Rs(0)xp (-2 ).

where X is the least eigenvalue of K+ definition of which can be found in Defini-
tion 2.4.5 Equation (2.19). It is worth noticing that:

(1). Given identical ResNet architectures, for the convergence of randomly initialized
gradient descent, our results improve upon [1] (Theorem 2.5.2) in the required number of
width per layer from m = Q(n*L?) to m = Q(n®*L?) (Theorem 3.2.3).

(2). For fully-connected network, the required amount of overparametrization in [3] is
m = (n320(L)) (Theorem 2.6.1). We are able to reproduce the result of Du et al. [1],
showing that the exponential dependence of m on the number of layers L can be eliminated

for ResNet, i.e., m = Q(n*L?) (Theorem 3.2.3).

1.5 Assumptions and Notations

We introduce some assumptions and notations that will be used throughout the thesis.
We set X = {x1, T2, ..., x, } for the set of input samples, and we assume that:
L. all samples are of uniform length, i.e., for any a = 1,2, - ,n, [|z.|/,, = 1;
2. all samples are non-parallel with each other, i.e., x,, }f @,,, for any oy # as.
We use o(-) to denote the activation function, and we assume that:
1. o(+) is non-polynomial, 1-Lipschitz and (infinitely) smooth;
2. its derivative of any order is also 1-Lipschitz;
3. function value at 0 satisty |o(0)| < 1.
These assumptions hold for many activation functions, including the soft-plus and sigmoid
activation.
Moreover, we set n for the number of input samples, m for the width of the neural

network, and L for the number of hidden layers. We denote vector L* norm as |||, vector
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or function L. norm as |||, matrix spectral (operator) norm as |-||,_,,, matrix Frobenius

norm as ||-||p, matrix infinity norm as ||-|| and a special matrix norm, matrix 2 to infinity

000"
norm as |||, We set a special vector (1,1,1,...,1)T € R™ by 1 := (1,1,1,...,1)T. We
use I, to signify the identity matrix in R™*™. For a semi-positive-definite matrix A, we
denote its smallest eigenvalue by Apin (A). We use O(+) and €2(+) for the standard Big-O and
Big-Omega notations. Finally, we use (-, -) to denote the inner product between two vectors

or matrices and N (0, 1) for the standard Gaussian distribution. These general notations are

summarized in Table 1.1.

Table 1.1. Notation Table

Symbol | Representations of the symbol
X The set of input samples

o(+) Nonpolynomial, 1-Lipschitz smooth function
n Number of input samples

m Width of a neural network

L Number of hidden layers
-1l L? (Euclidian) norm of a vector

I-[l,5 | Operator norm of a matrix
IR Frobenius norm of a matrix
Infinity norm of a matrix
The vector (1,1,1,...,1)T in R™
I, The identity matrix in R™*™
Amin (A) | Least eigenvalue of a matrix
N(0,1) | Standard Gaussian distribution
(-, ) Inner product
o(+) Big-O notation
Q) Big-Omega notation

Next, since we are going to perform massive computations, some useful notations shall
also be introduced but not listed out in Table 1.1. We denote o (W[l]mg_l]) as op)(xq), and

the diagonal matrix generated by the r-th derivatives of op(x.), i.e., diag (J(’")(W[l]wg_”))

by U[(lr)(a:a), where 7 > 1. We also write the output function f(z,,0;) as f.(t). Moreover,

we define a series of special matrices,

W, U

0. Cres (1)

), 2<1<L. (1.3)
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L _
The above matrices are termed skip-connection matrices. Given {Et[i}z—z’ we let Ey(f Ibe the

direct parameterization of the end-to-end mapping realized by the group of skip-connection

(L] (L] L1, U

. i1
matrices, i.e., B; " := E; [ E; t[oJJ

-+ E;,,, where we set E;, := I,,,, i > j for the purpose of
completeness.

Finally, we introduce a notion of high probability events that has been commonly used,
for instance, see [3, Section 1.3]. We say that an event holds with high probability if the
probability of the event is at least 1 — exp (—m?) for some constant ¢ > 0. Since for a
deep neural network in practice, we always have m < poly(n) and n < poly(m), then the

intersection of a collection of many high probability events still has the same property as

long as the number of events is at most polynomial in m and n.
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2. GRADIENT DESCENT FINDS GLOBAL MINIMA

2.1 Introduction

In this chapter, we begin with an introduction to empirical risk minimization problems.

We focus particularly on the empirical risk minimization problem with a quadratic loss:
: 1 2
min Rs(0) = o Z | f(xa,O) — valls - (2.1)
n a=1

In the above equation, {x,}._, are the training inputs, {y,}._, are the labels. f(x,, @) is
the prediction function, which in our case is a neural network, and @ are the parameters to

be optimized.

2.2 Gradient Descent

To learn the deep neural network, we introduce the randomly initialized gradient descent
algorithm to find the global minimizer of the empirical loss Equation (2.1). The core of
the algorithm consists of two steps. The first step incorporates a random initialization of

parameters. As the vector containing all parameters is denoted by
0= (Vec (W[L]) , vec (W[L_l]) y. .., VeC (W“]> ,a) ,

where vec is the standard vectorization operation, we initialize the parameters following the

adopted Xavier initialization scheme [25], i.e.,
W~ N(0,1), ap ~ N(0,1), 1<I<L, 1<ijk<m. (2.2)

The second step is to train all layers of the neural network with continuous time gradient

descent (gradient flow): for [ = 1,2, --- L, and time ¢ > 0,

at“/t[l] — _aW[l] RS(Ot)7 (2 3)
O = —0alt5(6).
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A discrete version of gradient descent can be found in other literature [7], where the param-

eters are updated via

ORs(6(k —1))
OoWll(k—1)"
ORs(6(k — 1))
dalk—1)

Wik =wlk —1) -y

alk)=a(k—-1)—

with k& being the index of the step to be taken, and 1 > 0 being the step size.
We shall write out the dynamics (2.3) respectively for fully-connected network and
ResNet. Recall that the output function f(zg,6;) is denoted by fs(t), then for fully-

connected network, dynamics (2.3) reads

oa; = —— Z x5 —Y3),
(+1\ T (2.5)
m_ 15,0 Oﬂ ) () ()P = 1lyy
oW, = nBZl (UU] (x5) Jm U[L]('r‘cﬁ)m ® (x5 )T(fs(t) — ys),
and for ResNet, dynamics (2.3) reads
10
ora; = o Z Ts (f5(t) — ys),
g=1
(L] _ _l - Cres . 1 [L—1]\T .
OWE = 3 pymtieE (ol (ms)a) 1@ (@0 )
bdz23~-L—L (2.6)
Cres :
oW =~ z diag (o7 (2s) (BL5™") ar) 1@ ()T (1500 — o).

1 Ly/m
oW = 3\ [“diag (o) (ws) (BE) @) 19 (2)"(5(1) — )
f n = \'m (1] \ LB t,8 t B B B)-

A recent line of work tries to understand the optimization process of training deep neural
networks from the perspective of over-parameterization and random weight initialization.
It has been observed that over-parameterization and proper random initialization can help
the optimization in training neural networks, and various theoretical results have been es-

tablished [32], [36]. Our results mainly build on two ideas from previous works on gradient
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descent. First, we use the observation by Du et al. [1] that the required width m relies heav-
ily on the structure of networks. Second, we applied the neural tangent hierarchy (NTH) to
ResNet, a framework initially proposed by Huang and Yau [3], to directly study the change
of its neural tangent kernel (NTK) [4].

With these in mind, we start with a review of NTK in Section 2.3. In Section 2.4 we
introduce the concept of Gram matrices. In Section 2.5 we give out the outline of analysis
and main results obtained by Du et al. [1] without proof, and we treat the counterparts in

Huang and Yau [3] similarly in Section 2.6.

2.3 NTK

A flurry of recent papers in theoretical deep learning endeavor to tackle the common
theme of analyzing neural networks in the infinite-width limit. At first glance, this limit
may seem impractical and even pointless to study. But for mathematicians, there is a
tradition of deriving insights into questions by studying them in the infinite limit, which
usually tends to be easier in theory. As it turns out, neural networks in this regime simplify
to linear models with a regression kernel called the NTK [4].

We shall refer the readers to the connection between infinitely wide neural networks and
kernel methods [37]. Specifically, for any parametrized function f(x,8;) equipped with two

inputs ., s (€., s could be identitcal), the corresponding kernel is

Go,(Ta, xp) = (Vo f(xa,0:),Vaf(xs,0:)) . (2.7)

The key difference between the kernel above and the one in [37] is that our kernel is defined
through the inner product between the gradients of the function with respect to its parame-
ters, while the counterpart in [37] comprises the product of the output function. Emergence

of the gradient arises from the usage of gradient descent.
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In the situations where f(x, ;) is the output of a fully-connected network or ResNet

. . . . . 1 L+1 |
introduced in Chapter 1, it consists of a series of kernels { (zq, azg)}l_l , l.e.,
get (il}'a, 335) = <v9f(mow et)v VGf(m,Ba 0t>>
L
<8 f(wa70t> 0 f wﬁaet + Z waaet) aw[l]f(w570t>>
=1
(2.8)
= gL[L_H] (Q’Ja, 33,8) + Z gtm (maa wﬁ)
1=1
L+1
Z g[l] :L.om mﬁ
For fully-connected network, g}”(a:a, xg) individually reads
61 3) = (a8 ),
for1<I<L
[+1\T
Ny, xs) = 1 oV (z )W)...a(l)(w )a (2.9)
t astp \/m [ a m (L] o),
[+INT
1 W, 1 -1
\/—U[l})(a’ﬁ) ( NG ) ..-o-[(L])(azB)at> <a:g ”,azg ]> ,
while for ResNet
t[L+1](mmwﬁ) < L], [ﬁ]>
for2<I<L
[](wo”wﬂ) < Cres ( l+1 ) a;,
(2.10)

f e (B ) (sl ),
t[l](:l:a,wﬁ) = <\/>0'[(11})( oz) (EE&L])T a;,
Zofien (BE) a) (e.0m,)

Up to this point, we have only given out the exact computations of the regression kernel,

where the property of infinite width have not been used. In the large width limit, it turns
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out that the time-varying kernel Gy, (z,, ) is close to a deterministic kernel Koo (o, 5),
the limiting NTK. This property is proved in two steps. Firstly, at initial stage (¢t = 0), with
appropriate scaling factor 1/y/m for the parameters 6y, there exists an infinite width limit
(m — o00) of Gy, (a,xg), denoted by Koo(xa, xs). Secondly, the kernel Gy, (x4, xp) itself
barely changes during the entire training process, i.e. Gy, (€, Ts) ~ Gy, (Xa, ). Hence, as
m — 00, Gp, (Ta, p) = Koo(xa, ) for all £ > 0.

The results above allow us to capture the behavior of networks trained by gradient
descent. In large width limit, a single output function f(x, 6;) evolves as a linear differential

equation
n

>~ Kool@, @p)(f (25, 0:) — y3), (2.11)

1
n 5=

o (f(x,0;) —y) = —

where K (-) only depends on the training inputs. More importantly, it is independent of

the neural network parameters. As a direct consequence of Equation (2.11), we have

n

003 10 0) = volf = =2 3 K 20) 0 = 1) 1200~ 1)

a,f=1

2 n
< = ain ([Koo(@a )] ) 2 15 (@5,60) = 0,15

v=1

(2.12)

From Equation (2.12), we observe that the empirical loss (2.1) converges at a linear rate

determined by the least eigenvalue of matrix [Ku (o, 23)] To sum up, in the regime

1<a,f<n’
of infinite width, the empirical loss converges exponentially to zero regardless of the fully-

connected or ResNet structure, and its convergence rate relies heavily on the limiting NTK.

2.4 Gram Matrices

In linear algebra, the Gram matrix K of a set of real vectors {ki, ko, -+ ,k,} in an
inner product space is the Hermitian matrix of inner products, whose entries are given by
K;; := (ki, k;). Consequently, if we denote the column matrix of {ki, ko, -, k,} by D,
then K = DTD.
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Jacot et al. [4] pointed out that convergence of the empirical loss (2.1) is related to the

positive-definiteness of the limiting NTK. For any parametrized function f(x, 8,), its limiting

NTK reads
’COC)(:ECM? wﬁ) = EGONW <V@f(wa, 00)7 V@f(wﬁ7 00>> ;

where x,, xg are two inputs, and W is the initial distribution over 6.
In our cases, where f(x, ;) is the output of a fully-connected network or ResNet, and

0 = (vec (W[L]) ,vec (W[L_”> ..., vec (W[1]> ,a), its limiting NTK is the sum of a series

of kernels {lCm(a:a,:cB)}LH, ie.,

=1

L+1

Koo, xs) = Z K[l](ma,azﬂ)7

=1

where

K[L+1]<wa7 wﬂ) - EOQNW <aaf(wa7 90)7 aaf(m57 90>> )
Ky, x5) = Egpow (O f(Ta, 00), Oy f(25,600)), 1<1<L.

We remark that at t = 0, respectively for all [, the limiting values of Q([)l](a:a,zcg), whose
definition can be found in Equation (2.9) and Equation (2.10), equal to K(z,, xs). This is
a crucial finding in [38, Corollary 2.4.]. As is shown in Equation (2.12), dynamics of the em-
pirical loss is governed by spectral property of matrix [Keo(€a, ©5)], <, g<,- With some abuse

of notations, we name matrix K, 1= [Koo(Za, 3)] by Gram matriz. Also with addi-

1<a,B<n

tional abuse of terminologies, for 1 <1 < L+1, the matrices K := [IC[”(:BQ, 335)L< P

entitled Gram matrices, whose definitions can be traced back to [1, Definition 5.1, Definition
6.1].

As stated in [38, Corollary 2.4], to assure the convergence of NTK, 6 is required to be
suitably randomized. As mentioned in Section 2.2, we initialize 6 using the adopted Xavier

initialization scheme (2.2). Furthermore, it shall be noted that derivation of the Gram

— L ~ .\ L ~ L
matrices depends on the series of matrices {K [l]} {A[l]}ljll and vectors {b[l]} . to be

=1’

defined immediately in the next two sections.
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2.4.1 Gram Matrices for Fully-connected Networks

In this section, as a warm up, we give out definitions of Gram matrices generated by
fully-connected networks. We are able to write out the explicit formulas for K+ and

L—1
K", However, it is not the case for {K [”} . A slightly different approach shall be taken

=1
to write out the expressions for them.

—~ . L
Definition 2.4.1. Given input samples X and activation function o(-), the matrices {K[l}}

L
{A[l]} i are defined recursively: for 1 <i,j <n,1<I[I<L

Y

=1

=1
Ki[j()] - <wi7 wJ> )
=1 i)
AU _ K; K;
1 ==li-1 =i-1 ]’
K; K
Ky =k (w)oe) =
v (u,v)TNN(O,Zi[;]> THoR),
L gL
A+ _ K" Kj
j #

Jji Ji

L
Definition 2.4.2 (Gram Matrices K**! and K" for Fully-connected Networks). Given {K [l}}

=1’
—y L1
{Am}z: . Gram matrices K K ¢ R™™ qre defined as follows: for 1 <i,j <n

K" =E ) o(u)o(v), (2.14)

(u,0)T~N (O,Xi[J.L+1]

1L _ gl M ()™
K = K| ]E(M)TNN(O’Z%L]) eV (oM (v)] . (2.15)

— L1
Definition 2.4.3. Given {K[l]} v {A[l]}l_1 . Gram matrices K € R™™ are defined as

follows: for1 <i,j<n,1<I<L-1

L
=

[(+1\T
I 1 1 W 1
Ki[j] = nl}_r)noo m<o'[(”)(mi) ( » ) . J[(L])(a:i)ao, (2 16)
(WO[Z+1])T ’

) 1 -1 -1
L BT
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2.4.2 Gram Matrices for ResNet

We give out the derivation of Gram matrices generated by ResNet with slight abuse of

notations. Similarly, only K1 and K can be written into closed forms.

L

Definition 2.4.4. Given input samples X and activation function o(-), the matrices {IN{W }1—1

~1y L+1 ~m L
All and vectors { bl are defined recursively: for 1 <i,j<n,2<[<L
=1 =1

0
Kl[J} = <$iv mJ> )
g0 gl
;4“[1} _ ii ij
K el =l ]’
KJI ij
7L
Ky = E(u,v)TNN(QAE]) oo (u)o(v),

Ei[ﬂ = \/aEuNN(O,f{i[iO]) [U(u)] )

o (I (1
A _ K; K (2.17)

-1-11  7=[-1]
Kj Kj;

Y

sl o (v) | cesd Vo(u) o(u)o(v)

1l _ g=li-1] Tes
Klj - Kl_] +E(U7U)TNN<O,X£§]) L I + 12 )
S0 zi-1] |, Cres
=B R, g PO
L] L]
AL+ _ K" Kj
i 7 gl

ji 3j

NL ey L
Definition 2.4.5 (Gram Matrices K“*! and K" for ResNet). Given {K[l]}l—l’ {A[l]} "

~ o L
{bm}lﬂ’ Gram matrices KU K € R™™ gre defined as follows: for 1 <i,j<n

=1’

CesbPo(0)  cresbo(u) R a(u)o(v)

i

[L+1] e N[L] res
Kij = Kij + E(u,v)TNN(Qg!jL_‘—l]) I I I2 , (2.18)
2
(L] _ Cres z[L—1] 1 1
B = a8 B v (o) oW o)) (2.19)
bl b ]J
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—~ L —~1) L+1 ~ L
Definition 2.4.6. Given {K[l]}l—l’ {A[l]}l: , {b[l]}l—l’ Gram matrices K1 € R™" qre

defined as follows, for 1 <i,j <n,2<I[<L—1,

2
Cre

s >l-1 ;. 1 1 I+1): L]\ T 1 I+1):L]\ T
Ki[j ! lim 7<U[(z])(331) (E([)(,i+) ]) ao, o )(azj) (E([]Sj+) ]> a0>, (2.20)

m_
Kij o L2 m—00 1, U

and for 1 <ij<n,l =1,

1 701 1; 1 1 2L\ T 1 2:L\T
Klg] = CUK[ I hm — <o-[(1]) (wl) (E([),i }) a’an-[(l])(wJ) (E([)d }) a0> ] (221>

i] m—oo m,

We remark that the -L scalings in (2.16), (2.20) and (2.21) originate from the inner

product between the gradients, i.e., % = \/—% X \/—% Thanks to the Strong Law of Large
Numbers, the above limits (2.16), (2.20) and (2.21) exist [38, Corollary 2.4]. As we send
-1
1 only depend on the input samples and the activation

L+1 ,
- only depend on the input

m — oo, Gram matrices {K [l]}
patterns. Hence we conclude that all Gram matrices {K [l]}

samples and independent of 6.

2.5 Main Results of Du et al.

Jacot et al. [4, Proposition 2] proved the positive-definiteness of the limiting NTK when
the data is supported on the sphere and the non-linearity is non-polynomial. Du et al. [1,
Proposition F.1, Proposition F.2] extended their results and showed that as long as the
input training data is not degenerate and supported on the unit sphere, A, (K [L]) is
strictly positive. Since gram matrices of all orders are positive semi-definite, Apiy (K [L])
is an explicit lower bound of the least eigenvalue of the limiting NTK matrix K., i.e.,
Amin (Ks) = Amin (K [L]). Moreover, using the contribution of all the gram matrices to
the minimum eigenvalue can potentially improve the convergence rate, as is shown in [3,
Corollary 2.5].

The high-level analysis framework of Du et al. consists of mainly two components. At
first stage, they showed that at t = 0, {Q([)L](ma,zcg)}lwﬁ@ is close to K via repeated
application of concentration inequality. Instead of Send{ng ‘;he width m of every layer to oo,

as is the setting for Jacot et al., one only needs it to be greater than a finite threshold of
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to maintain a lower bound with high

order Q (n?) in order for Ay, ([ ([)L](ma,azﬁ)}K < )

probability. We observe that K is recursively defined, and so is { ([)L](wa,wg)]l<aﬂ<n.
Due to the randomness inherited from the initialization scheme and the introduct_ion_of
finite threshold of m, inevitably we have some perturbation in the first layer, and how this
perturbation propagates to the L-th layer shall be analyzed carefully. Du et al. derived a
general formulation that allows readers to analyze the initialization behavior for the fully-
connected network, ResNet, and even convolutional ResNet in a unified way.

One important finding in the perturbation analysis is that ResNet architecture makes
the propagation more stable. For fully-connected network, such perturbation propagates
to the L-th layer exponentially, hence forcing the threshold of m to maintain exponential

dependency on the depth L. Heuristically speaking, let £ be the perturbation in the first
layer, then &, perturbation in the L-th layer, admits the form

&, <20¢g,. (2.22)
However, for ResNet, thanks to the skip connection structure, its counterpart reads
1 L
£ < (1 4O <L)) £ (2.23)
Therefore, the issue of exponential explosion can be avoided, and the above analysis sheds
light on the benefit of using ResNet architecture for training.
At the second stage, for £ > 0, the averaged Frobenius norm L VVt[l] — W[l] is used
Vim 0 llp
to control the absolute change of eigenvalues, so that the lower bound of the eigenvalue of
matrix [th (Lo, x ﬁ):l <5< can be guaranteed during the whole training process. In purpose
of bounding the averaged Frobenius norm, another threshold of order € (n?) is required for
width m. Such analysis, whose high-level intuition is similar to (3.70), once again sheds light

on the benefit of using ResNet architecture for training.

We may proceed to state the main theorems of Du et al. [1, Theorem 5.1, Theorem 6.1].
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Theorem 2.5.1 (Convergence of Gradient Descent for Fully-connected Networks). Given

X, o(-) and KWW defined in Equation (2.15), with high probability w.r.t random initialization,

for width
4 2
B oL n n?log (Ln)
= (2w 5oy 5 i ) 220
and if we set the step size
)\min (K[L])
1= 0\ Tmew )

then for k=10,1,2,---, the loss at each iteration satisfies
)\min (K[L]) ’
Rs(0(k)) = |1 —n——s— | Rs(6(0)).

Main assumption of Equation (2.24) is that a large enough width for each layer is required.
We notice that the requirement of m has three terms. The first term is used to show the
Gram matrix remain stable during training. The second term is used to guarantee the
output in each layer is approximately normalized at initial phase. The third term is used to
show the perturbation of Gram matrix at initial phase is small. However, its dependency on
depth L is exponential. Such exponentiality comes from the instability of the fully-connected
architecture. In the next theorem, equipped with ResNet architecture, dependency on L can

be reduced from 2 to poly(L).

Theorem 2.5.2 (Convergence of Gradient Descent for ResNet). Given X, o(-) and K
defined in Equation (2.19), with high probability w.r.t random initialization, for width

nt n? n?log (Ln)
m = {2 (max { 2\ (K[L})v A2 (K[L}) LQ’n’ )‘rznin (K[L}) ’ (2-25)

min

min

and if we set the step size
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then for k=0,1,2,---, the loss at each iteration satisfies

In contrast to Theorem 2.5.1, the required width m is fully polynomial in n and L. The
main reason why the problematic exponential explosion can be circumvented is that the skip
connection blocks enable the network structure to be more stable at both the initialization
and the training phase. The requirement on m has four terms. The first two terms are used
to show the stability of Gram matrix during training. The third term is used to assure that
the output in each layer is approximately normalized at the initialization phase. The fourth

term is used to bound the size of the perturbation of the Gram matrix at initial stage.

2.6 Main Results of Huang and Yau

Huang and Yau [3] proposed a framework in which an infinite hierarchy of ordinary

differential equations, the neural tangent hierarchy (NTH), is derived.

Theorem 2.6.1 (NTH for Fully-connected Networks). Given X and o(-), with high proba-
bility w.r.t random initialization, there exists an infinite family of operators gt(” X" = R,

where r > 2, that describes the continuous time gradient descent:

i (fa(t) = Ya Z—*th (@a, ) (f5(t) — ys), (2.26)

and for any r > 2,

T 1 - T
atgt( )(wapwaw Ty, ) = n Z glg +1)<$a1> Lag; s Lay, wﬁ)(fﬂ(t) - yb’)' (2.27)
B=1

There also exists a deterministic family of operators (independent of m):

M. X" 5 R, 2<r<p+1,
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where &) = 0 if r is odd, and some constants C,C* > 0, such that with high probability

w.r.t random initialization,

(r) ¢
(r) & (Inm)
RSP
and for time 0 <t < mZe+D /(lnm)<",
. Inm)“
o ¢, < S 229)

o ™~ mr/2-1"

For fully-connected network defined in Equation (1.1), with width m = Q(2°9F)n?),

gradient descent converges at a linear rate.

Theorem 2.6.2. Given X and o(-), we further assume that there exists A > 0 (might depend

onm)

m1n ([go (mom ,8)} 1§a,B§n> 2 )\, (230)
and the width m of the neural network satisfies

m > C* <Z>3 (Inm)“ In (Z)Q, (2.31)

for some constants C,C* > 0. Then with high probability w.r.t. random initialization, the

training error decays exponentially,
- 2 AL\ & 2
Z 1falt) = gally < exp | =221 D 1/a(0) = vall (2.32)
a=1 a=1

which reaches the training accuracy € with time complexity

T=0 (Z In (i)) . (2.33)

We remark that the operator Qt@)(-) by definition is the same as the NTK Gy, (+) in Equa-
tion (2.7). Also in Theorem 2.6.2, a further assumption on the least eigenvalue of the

NTK G{”(-) has been imposed directly, see Equation (2.30). However, as is shown in The-
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orem 2.5.1, there shall be some additional requirements on width m in order for the NTK
at initial phase to be positive-definite. We complement this technical issue in Chapter B,

showing that the least eigenvalue of the NTK géz)(-) can be ensured for a finite threshold of
the width m.
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3. RESNET USING NTH

3.1 Introduction

In this chapter, we study the ResNet model (1.2) with finite width using NTH. We
rigorously prove that as long as no two training inputs from X are parallel and the width
m is large enough, gradient descent achieves zero training loss at a linear convergence rate,
i.e., it finds a solution (t) with Rs(0(t)) < ¢ in time t = O <1n (%)) Thus, our results give
a quantitative convergence rate involving the desired accuracy.

Our exposition mainly follows the settings of [3]. However, different from [3] in analyzing
the fully-connected network, we focus on the investigation of ResNet. We exploit further
benefits of using ResNet architecture for training and advantages of choosing NTH over

kernel regression.

3.2 Main Results

Theorem 3.2.1 (NTH for ResNet). Given X and o(-), there exists an infinite family of

operators Qt(r) X" = R, r > 2 that describes the continuous time gradient descent

Oi(fa(t) = o) z—*ZQt (®a, 25)(f5(t) = ys), (3.1)

and for any r > 2,

T 1 & r+1
8tgzt( )(wau Lag, " 7war) = _ﬁ Z gt( * )(mawwaw Ty Lay, wﬁ)(fﬁ(t) - yﬂ)’ (32)
B=1
then with high probability w.r.t random initialization, there exist some constants C,C* > 0,

such that for r > 2, time 0 < t < \/m/(Inm)<",

62051,
(Inm)®

mr/2-1"

(3.3)
167 (). 5

Following Theorem 3.2.1, we shall remark that:
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« The operator G\”)(-) is the same as the NTK Gg, (-) derived in Equation (2.10):
e Constant C' depends linearly on r;
o Pre-factors in Inequality (3.3) explode exponentially fast in r.

Even though the pre-factors explode exponentially, this does not exert influence on the
convergence of gradient descent. Since the landscape of empirical loss Rg(6;) is mainly
affected by lower order kernels. As is shown in the proof of Theorem 3.2.2, we only need to
analyze kernels up to order r = 4.

It has been proved in Theorem 3.2.1 and other literatures [7], [35], [38] that the change
of NTK during the gradient descent dynamics for Deep Neural Network is bounded by
@) (ﬁ) . However, it was observed by Lee et al. [39] that time variation of the NTK is closer
to O (i), indicating that there exists a performance gap between the kernel regression using
the limiting NTK and neural networks. Such an observation has been confirmed by Huang

and Yau in [3, Corollary 2.4], and we present a different approach to obtain similar results.

L+1
Recall that the NTK Qt@)( -) consists of a series of kernels { H( )} '

=1’

and for ResNet

L L
} +1](ma7m,3) — <w([xL]7w/[B]>>

for2<I<L

o (i) (6127
LC\/— 0 (@) (BS) a ><"”g_1]~’”g_u>7
P ws) = (ol @) (BE) a,
V2ol @) (B a) (w,25)

(3.4)
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Theorem 3.2.2. Given X and o(-), with high probability w.r.t random initialization, there

exist some constants C,C* > 0, such that for time 0 <t < /m/(Inm)<"

)

g | s LD m)” (3.5)

o0 m

where the constant C' is independent of the depth L. Moreover, the pre-factor in the inequal-
ity (3.5) is at most of order O (L?).

As a direct consequence of Theorem 3.2.2; for ResNet defined in Equation (1.2), with
width m = Q(n3L?), gradient descent converges at a linear rate. Precise statements are

given out below.

Theorem 3.2.3. Given X, o(-) and K"+ defined in Equation (2.18), set Ay > 0 yielding
Ao < Amin (K[L“}), there exists a small constant v; > 0, such that with high probability w.r.t

2+
random initialization, for m = ) <<£)) 71)7

3
Amin <|:g(()2) (maa mﬁ)} 1§a,ﬁ§n> Z Z)\() (36)

3+ 2
Furthermore, there exists a small constant vo > 0, such that for m = ) ((;;) P I2n (%) ),

the quadratic training loss Rg(0;) decays exponentially

Rs(6;) < Rs(6y) exp <—)\:Lt> , (3.7)

where € > 0 is the desired accuracy of Rg(6;).

First of all, we note that positive-definiteness of K+ is guaranteed from results in
Chapter A. For convenience, we summarize Theorem 3.2.3 as follows. If width m satis-
fies that m = max {Q (n?),Q (n®L?)}, then the continuous time gradient descent converges
exponentially, and it reaches training accuracy € with time complexity 7" = O (n In (é))

Before we end this section, we present a fair comparison of our results with others. First

4

of all, Du et al. [1, Theorem 6.1] require m = Q [ —"—5—|. Since there is a scaling
Amin (K1) L6

factor % in Amin (K [L]), this leads to m = (2 (n4L2). Their iteration complexity for discrete
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time gradient descent converges with T = € (n2L2 In (%)) . Our Theorem 3.2.3 improves
their result in two ways:

(i) The quartic dependence on n is reduced directly to cubic dependence;

(ii) Faster convergence of the training process of gradient descent.

Secondly, our work serves as an extension of the results established in [3] from fully-
connected network to ResNet. We show that for ResNet, in one hand, it is possible for
us to study directly the time variation of NTK using NTH. In the other hand, compared
with fully-connected network, ResNet is more stable in many aspects. Our Theorem 3.2.3
improves the results in [3] in three ways: (i) With ResNet architecture, the dependency of
the amount of over-parameterization on the depth L can be reduced from 2°%) to L?;

(ii) While the time interval for the result in [3] takes the form 0 < ¢ < m I /(Inm)<" for
some p > 2, we extend the interval to 0 < ¢ < y/m/(Inm)° . Additionally, we are able to
show even further that the results hold true for ¢t = oc;

(iii) In the proof of Corollary 2.5. of [3], further assumptions on least eigenvalue of the NTK
at initial stage were imposed directly. We have rigorously shown in Chapter A and Chapter B
that least eigenvalue of the NTK géQ)(-) stays strictly positive as long as the width m satisfies
m = Q(n?). Moreover, for fully-connected networks, Huang and Yau asserted that adding up
the whole L + 1 kernels would give rise to the convergence rate of Rg (8), for the belief that
the sum of the least eigenvalues of all the kernels gt[” is much larger than the counterpart of

a single kernel, i.e.,

Ll 2
Amin (Z [gt[ ] (ma,m[g)]1<aﬁ<n> = Amin ({ 2 (ma»wﬁ)hwﬂ@)

*=1

> Amin ([gt[l] (Ta, wﬁ)]1<a,6<n> ‘

However, for ResNet, even if we assume straightforward that all kernels gt[” are positive

definite, adding them up will not give substantial increase to the least eigenvalue. On
L

account of the fact that there exists a scaling factor ﬁ for kernels { t[l]}z—z’ heuristically,

the gap of the least eigenvalues between Qt@)(-) and Q}LH](-) + gt[”(~) is at most of order

@ ( LL_QI) =0 (%) Hence for ResNet, even if it goes really deep, the least eigenvalue of its
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NTK still ‘concentrates’ on the kernels Qt[LH](-) and th(-). Thanks to that observation, we
only need to bring Qt[LH](J to the spotlight. Analysis of th(-) is omitted because it is not

needed for our proof.

3.3 Key Technique Number One: Kernel Structure

The core idea of this technique is to simply take derivatives.

3.3.1 Replacement Rules

We revisit the NTK
L+1

t(2)<ma7 wﬁ) = Z gt[l]<wou ZBB),

=1

where g§2)(~) is the sum of L 4 1 terms, with each term being the inner product of vectors
[ (1

¥, E;,, and a[(l?(a:a), as is shown in Equation (3.4). Fol-
U

lowing Equation (2.6), we are able to write down the gradient dynamics of a, a:g}, tas

containing components a;,

and a[(l})(zca). As is shown in Equation (2.6), whenever we take derivatives over a specific

term, its expression heuristically reads

S|

O, (Anti-Derivative) = —— > (Derivative) (f5(t) — y3), (3.8)
B=1

where ‘Anti-Derivative’ refers to the term we take derivative over. For instance, while the

dynamics of a; is written into

s == > vl (150~ ). (39)

p=1
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we refer to a; as ‘Anti-Derivative’, and ﬁ\/mw%] as its ‘Derivative’. For simplicity, we

symbolize the dynamics (3.9) as a; — ﬁ\/m:cg]. Similarly, for the dynamics of Y,

Co ;. 1 1 2L\ T
vmzll — —\/ﬁdlag (a'[(l])(zca)a[(l]) (x5) (Elﬁ ]) at) 1{x,, x5),
for2<I<L,

Vel = “Cdiag (EX o) (@) o) (2s) (EZ) @) 1 (2, 25)
V_ ( (") ) (3.10)

res k
+ Z LQ\/_dlag (Et[( L

1 1 k+1):L]\ T k—1
U[(k])<$a)‘7[(k])(wﬁ) (Et[,(,@+) ]> at)1<zc[olf ],w[g ]>7

of VVt[l} :

wiH - L\r/es_dlag (a'[(L])(acg)at) 1® (x4 L=ty

for2<I<L -1,
(3.11)

l Cres I+1):L\T -1
Wt[] L\/_dlag (0'[”)(:135) (Et[(ﬂ ) ]) at) 1® (wg ])Ta

O’ . . T
v \/Edlag (0'[(11])(:1:5) (EEBL]) at) 1® (xp)7,
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of J[(IT)(ma), where r > 1,

T 0' (r+1 2:L\T
0'[(1 (o) — ,/ o * ) (x,)diag (U[l})(mﬁ) (Et[ﬁ }> at> (o, xp) ,

o) (@) — L\/_ [(;H)(%)dlag(a[g])( >(E£35L]) a) (2, 33,[3”>
2

Co r+1 . W, 1 1 2:L\T
+ maér)(ma)dlag (ﬁa[&f(wa) W) (BT at) (@a, @),

for2<I<L-1,

(r) Cres (r+1) . (1) [(1+2):L]\ T 0
EC L\/_UUH] (@q)diag (“[l+1]<="35) (Et,ﬂ ) at) <wH "”ﬂ>
41 (3.12)

:|
s r+ : ” k+1):1
+ E L2 —0 [(l+1] (a:a)dmg( — Et[( il

1 1 k+1):L]\ T _ k—1
U[(k})(wa)a[(k])(mﬂ) (Ezf[,(,@+) ]> at) <$g€ 1],33% ]>

\/m [14+1]

1 1 2L\ T
a'[(l])(a:a)a[(l])(mﬂ) (Et[ﬁ ]) at) (s p)

o _(r ) W, .
PPN L
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and finally of E,

EP &

L2\/_d1ag (0'[2 ()0 [(2])(:%) (EF’BL}) at) 1@ (—%

2
J“Lir/es_a[?] (za)diag (o] (5) (E%L])Tat)%m (), 2)
2

Co _(2) . ¢
T o (Tfa)dlag(\/m

1) (1) [2:L\T Cres W
I (ma)"'m (z5) (Et,g ) a; (o, xp)

for2<I<L-1,

\/ﬁwm )
m ”) (3.13)

I+1 1 14+2):L]\ T
Et[;r N LQ\/_d1ag (a[(ljl](wa)a[(lﬁl](a:g) (EL(; ) ]> a,t> 1®(

2 [1+1]
Cres l+2 :L T Wt m
L2\/_ olily (@a)ding (illy (@s) (BLL™)" ar) = (ol 2l

@) Wi e
T Z LS\/S—U[IH] (za)diag Eta

0 0 (T Wl+1 1]

1 1 (k+1) t -1

Okl (zca)a[k] (wg) E ) o1 ) >
)

Co  Cres 2 [2:1
\/_L [(lil](wa)dlag( NG t,a]

(1) (1) prpt |\ WY
o (wa)o'[l] (z5) (Et,B ) a; NG (T, ) .

Altogether Equation (3.10), Equation (3.11), Equation (3.12) and Equation (3.13) are termed

the Replacement Rules. We instantly obtain the derivative for f,(¢), from Equation (1.2), we
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have that fo(t) = fies(Ta,8;) = a]x!H = <at, chL]>, then by applying one of the replacement
rules (Equation (3.10)) on f,(t), we have

<at, a:g:]> — <93E3L], a:g‘]> + <at, %diag (Et[?;l]a[(ll])(wa)cr[(ll])(mﬂ) (EF/BL])T at) 1(z,, w5)>
+ Z <at, — dlag (Eg(kﬂ) ] [(,i])(ma)a[(k])(a:ﬁ) (Et[ng“l):L])T at) 1 <m([f_”, a:g“_l]>>
< 1 gl 1> +(an 2B ol @a) ol (ws) (BE) a0) (@, o)
' Z (e f Bl o o o) (B ) (ol ol )
—<ﬂ%w$>+;« ot (B2 o v o) (B ) )

e 3  (Fow (BE) oo (B ) ) (a2,

and we notice that sum of these terms altogether reads Qt(Q)(a:al, Za, ), hence we obtain that

0 (falt) = o) = Bufalt) =~ > G @) (1) — ).

p=1

Applying the replacement rules once again, the derivative for NTK gt@)(-) is obtained in the

following form

n

Z gt(S)(mau Loy, mﬂ)(fﬁ(t) - yﬁ)?
A=1

1
atgt(Q) (moqa mag) - -

n
with each term in Qt(g)(zco[1 , Lq,, Tz) consisting of the summation of all the terms generated
from Qt@) (Zo,, Ta,) by performing the replacement procedure. In order to illustrate the idea,
besides the above computational example where f, () is the main object, another example

is given out in the proof of Theorem 3.2.2 in Section 3.6.

41



By same reasoning, we could obtain higher order kernels inductively by performing all

the possible replacements. For kernel Q(T)(:cal,a:aw ..y &g, ), Where 7 > 2, the following
1)
Ordinary Differential Equation gives G\ " (Tays - Xa,; T3):
atgt(r)(wap Loy - - - 7m0¢'r = Z g(T'H Lag) Lag -5 Lay, mﬁ)(fﬁ(t) - yﬁ)v

and it finishes the proof for Equation (3.1) and Equation (3.2) in Theorem 3.2.1.
Furthermore, in order to describe the members appearing in gt(”) (Tays Tag -+ rTa,), P >3

more systematically, some notations shall be introduced.

3.3.2 Hierarchical Sets of Kernel Expressions

Firstly, we denote Ay as the first set of expressions, which corresponds to the terms in

Qt@)(wal,waZ) We define A as:
Ag = {eses 1...e1e0: 0 < s <4L}, (3.14)

where e; is chosen following

eoe{at,{\/ﬁw \/_93 \/_ac ...,mx%}}lgggn},

for 1 <j<s, (3.15)

€ {{E}?g, (E)".... B, (E}%)T}lg%n Aol @s),... ,a[‘g(:pﬁ)}lgﬂgn} .

From Equation (3.4), each term in Qt(2)(a:a1, Zo,) Teads

(wit), wa(t)) - (i), wa(t) (us(t), ualt))

with vectors wy(t), ua(t), us(t), us(t) € Ag.
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We remark that compared with Huang and Yau [3], their ¢; (1 < j < s) is chosen

differently. The counterpart in [3] is selected from the set

2 (2N T wiH (wE\T
w (W MO R4S {0'(1)(33 ). ol (@ )}
vmi\ym ) T ym\ /m PATOIAEES o TILATE fy g
1<B<n

Such change arises from the difference in network structures, and it will be shown further
that skip-connection matrices Etmﬁ possess more stability than VVt[l] /\/m.
Secondly, we shall investigate the set of expressions in higher orders. Given constructions

of Ag,Aq,..., A, we denote A, | as the set of expressions in the following form:
A 2 {ese, ... e100:0<s<4L}, (3.16)
where ¢; is chosen from
ey € {at, 1, {\/ﬁw[ﬁo], \/ﬁwg], \/ﬁw[g], . mw[ﬁL]}lgﬁgn} , (3.17)

while for 1 < j < s, each e; is chosen from one of the three following sets

(o2 (B2)" Bl (), Jofion o)

{aing(g), g € AU AU LA},

with2<I<L 1<g<n,1<u<r,

(u+1) Wt[l] “ W/t[l] “ Cres W e
oy (zp) diag ﬁ g1 | ...diag N Gu 7 5 (3.18)

L
Ty Qu Q1
Cres (th) " (u+1) . m[l] .
L vn o (xp) diag N g1 | ... diag \/_ Ju

g1,92...9, €EAGUA U---UA,, @Q1,Q2...Qus1 € {0,1}}-

We use Proposition 3.3.1 to shed light on the structures of the elements in A,, and conse-

quently on the structures of each term in kernel Qt(r)(a:al, LTags -y Loy, )-
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Proposition 3.3.1. For any vector u(t) € A,., the new vector obtained from u(t) by applying

the replacement rules is sum of the terms with the following forms

w2 ) € A, pg € o
(3.19)

(c).\/cmu*(t) <pr7nq> cut(t) € A1, pE A, qE Ay, for some s> 1,
c (p.q)

(d cu(t) €Ay, peEA_ 11,9 €Ay, for some s> 1.

: u*(t
()P
Proof. We remark that the constant C' in Equation (3.19) may change from term to term.

(i). Firstly, since a; appears only at the position ey, if u(t) € A,., from replacement rules

1 1
u(t) = eses_1...e1a; — u(t) = ﬁeses,l . .el\/ﬁm%} = ﬁu*(t),

then w*(t) = eseq 1 .. .el\/ﬁw[ﬁL] €A,.

(ii). Similarly, /mz! also appears only at e, then if w(t) € A,, from replacement rules

w(t) = eses_y...e; vmall = a(t),

(Vi il

m

u(t) = zk: %65651 ...ep diag(fr) 1

ma® /mal
zgf#zmw_ o)

m

with fk c A07 then ’LLZ(t) < Ar—&—l‘
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(iii). Moreover, for J[(ZT)(ma), which only appears at the starting or middle position. For

u=1, 0'[%)(:1:&) has no diag operations accompanied with it, and any vector u(t) € A, could

contain o'[(ﬁ)(ma) for » > 0. From replacement rules

u(t) =e;s.. .ej+10'[(ﬁ)(:ca)ej_1 ...eg = ult),

C

ﬂ/(t) = ﬁes . ej+10'[(z?)($a)diag (fl) €1 .. € <p17 q1>

m

C 2) . W (Pr, Qi)
—€5 ... € o)d 1.
+ gk \/ﬁe €10y (%o )diag (\/ﬁfk €j_1-.-€o

m

*(t) <pl7 ql>

- C
_zl:\/ﬁ ;

Y

with fi € A, then u;(t) € A, 41, and p;, q; € Ao.

For u # 1, a'[(;f) (z,) has at most u — 1 diag operations behind it, and only for u(t) € A,

with r > u — 1 could it contain a'[(;f)(wa),

u(t) =es...e4165€-1...¢9 — u(t),

Q Qu—1 Qu
e (W (W) Cros W
3 ey = oy’ (za)diag N g1 | ...diag N gu_1 L i :

[T\ Qu [0 Q1 1 Qu—1
or e = | & <VVt ) a(u)(m )dia W dia W,
J L \/ﬁ [ e g gi|--- g Gu-1 |,
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after applying replacement rules on e; — €,

%= Jmou L /m m

1 Qo 1 Qu
a:a)dlag (‘/‘ft ) fk o (Cres Wt > <pk‘a qk>7

Qu
* C (u+1)(w ) N (Cres vvtm) <p1> q1>

Q§

NZD L /m m

Qu
Wi
or e = i (Cres ( i ) ) Ufﬁﬂ)(wa)diag(fl) . (P, a1)

[l} Qu [l Qo
C' [ cres (Wi u . W, Pk, q
e () () ).
k

hence

Z \/— l m )
with fi € Ay, then u;(t) € A, 41, and p;, q; € Ao.

[
(iv). Since v\‘/% only appears at the starting or the middle position, if u(t) € A,, from

replacement rules

Wl

e
.. C . 1)\
u(t) = esesot - -ejr1diag(g) 1 ® (x5 ')Tej_1...e1eo

o C di ( ) 1 <ej_1 ...€1€q, \/Ew[ﬁl_l]>
= meses_l ... €41dlaglg

_ \/Cm (1) <p7;1Q> |

’U,(t) = €sCs—1 - - €j—1...€1€9 — 'ﬁ,(t),

m

with u*(t) € A,_41, and p € A, q € Ay, for some s > 1.
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T
Similarly for (% ,

(Wl

u(t) = €5Cs—1...6541 Wej_l ...€e1€90 — ’ﬁ,(t)
o _C (=) T
u(t) = €1 €T ® 17 diag(g) €j-1-..e1€g
C 1) (diag(g) ej_1...ezep, 1)
= ﬁeses,l Ce €j+1\/ﬁw[ﬁ ] Jm
C (p,q)

with u*(t) € A,_5, and p € A,_4.1, g € Ay, for some s > 1.

U
(v). Finally for Et[lL, whose scenario is the situations combined with v\‘//;»n and a[(l})(wa), we

shall skip the analysis and conclude the proof. O

From the discussion above, we apply Proposition 3.3.1 sequentially to Qt(z)(wal, Zo,) for
(r — 1) many times to obtain kernel gt(”(mal, oy, -+ Ly, ), Whose individual components

takes the form

1 ﬁ (’U/2j71(t)7 WU2j ()

mr/271 m 1 S S é r

, o ui(t) € AgUA U - UA, . (3.20)

)
=1

We remark that Equation (3.20) brings partial proof to Equation (3.3).
3.4 Key Technique Number Two: Apriori Estimates

Huang and Yau obtained Equation (3.20) in [3, Equation (3.8)], and they use the tensor
program [38] to estimate the initial value of the kernel Qér)(-). They showed that for each
vector u;(t) at ¢ = 0, it is a linear combination of projections of independent Gaussian

vectors. Hence, if we consider such quantity
n(t) = {Jlu(t)||, :u(t) € AgUA;---UA,}, (3.21)

then with high probability,
n(0) < (Inm)“ (3.22)
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holds, since any «(0) is a linear combination of projections of independent Gaussian vectors.

For t > 0, Huang and Yau derived a self-consistent Ordinary Differential Inequality for
n(t),

(3.23)

7(0) < (inm)°, (3:24)
for some p > 2. Then for time 0 < ¢ < mQP%/(ln m)~
n(t) S (Inm)“.

Our approach is different from theirs, instead of using tensor programs, we use a special
matrix norm, the 2 to infinity matrix norm, to show Equation (3.22). Then we derive a

Gronwall-type inequality for n(t),
(1) < mm)® + —— ["n(s)d
nm — s)ds
nt) < Jm Jo n )
Hence it follows that for time 0 < ¢ < y/m/ (Inm)<",
n(t) S (nm)”
holds, which brings the complete proof to Equation (3.3).

3.4.1 Apriori L? Bounds for Expressions in A,

We begin our proof with several lemmas.

Lemma 3.4.1. Given X and o(-), fort >0,

Rs(8,) < Rs(6y) ~ O(1). (3.25)
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Proof. We get inequality (3.25) by non-negative definiteness of kernel Qt(z)(-). From Equa-
tion (3.1), we obtain that

n 2 n
003 WFalt) = wally = == 30 G (0, ) (fa(t) = w)(f5(t) —ys) <0, (3.26)
a=1 a,f=1
hence
Rs(0;) < Rs(60),
which finishes the proof of the lemma. ]

Our next lemma is mainly on the spectral property of random matrices, which was given

out in [1, Lemma G.2.], also consequence of results in [40].

Lemma 3.4.2. Given W € R™™  with entry Wi; ~ N(0,1), then with probability at least

1 —exp (—M), the following holds

HWH2—)2 < c;u70\/ﬁ7 (3.27)

where the constant 0;70 > 2.

Our next lemma is on the tail bound of the chi-square distribution, whose proof can be

found in [41].

Lemma 3.4.3. If Z ~ x*(m), then we have a tail bound
P(Z>m+2yma+21) <e™™ (3.28)

Our next proposition is similar to Proposition B.1. in [3].

Proposition 3.4.1. Given X and o(-), define &(t)

W
(Y1, dorts )

&(t) = sup max{l,\/lE{HWt[f] 2%27’

0<t*<t

(3.29)
w/H

ey

‘2—>2 ’
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then with high probability w.r.t the random initialization, for t < \/m
£(t) < cuys (3.30)

where the constant ¢, > 2 is independent of the depth L. Moreover for t < «/m, ¢y has a

uniform upper bound in t, i.e.,

Cw,t S E? (331)
where ¢ is independent of the depth L and time t.

Proof. (i). Firstly, set Z = ||a||5 in Lemma 3.4.3. Then if we write 2tm = m + (2t — 1)m,

mt

with z = 10

P (Haong > m + 2m Wt/To + t/m)) < exp(—tm/10)),

and for ¢t > 1, we have 2t — 1 > 2 (\/t/lo + t/lO). Thus, if we choose t properly, we see that

such event

holds with high probability, where ¢, o is the constant in Lemma 3.4.2. Hence, combined
with Lemma 3.4.2 for ¢t = 0, £(0) < max {1, 0;070} = Cy-

11). Secondly, we derive the upper bound for 0:£(?). In order for that, the ound on
(ii). S dly. deri he upper b d for 0,£(t). 1 der for th he L? b d

each output layer shall be estimated. For [ =1,

) [ 1 1 1
o], = /2 oW o), < v (o0 + - [ W],

(3.32)
< Ve (1+€(1) llly) < CE(@),
and for 2 <[ < L,
=, < =1, + £ e (W= 1)),
<[], + == (lo(0)] + 6¢) 1] ) (3.39
< [, + 7 (1 + € [=],)
< (1+2=¢0) =],

20



Hence an inductive relation on the 2-norm of " can be obtained

2Cres

o) <o), (331

o], <c 1+

Based on Equation (2.6), combined with Lemma 3.4.1

W, < 3 T o e (B e 5500
n — I—
< iﬁzc (14 5=e0) e (1+ 222¢0) €0 15300~ s
2Cres L=t 11 )
<c(1+2=2¢) & JHZHfg(t)—yﬁuz
B=1

h £(1)?* < Cexp (26e56(1)) E(1)?, (3.35)

( )
<o (1 Xomew) cpyRs @)
)

olladly < - 3 e, 175(0) — us
p=1

=0 fw ! Bz 1a(8) — sl
<1+ 2=qn) a0 /Rs @
<1+ Xmem) " er) < Coxpl2eat(v) €0).

Consequently, we have

VM (1) < Cexp(2csE(t))E2 (1),

then an integration inequality can be obtained,

£(t) du Ct
< . .
/5(0) exp(2¢iestt)u? ~ y/m (3:36)
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Hence the integration term on the LHS of Equation (3.36) is

/E(t) du - 1 /ﬁ(t) du
£(0) exXp(2¢restt)u? — exp(2¢resé (L)) Je(o) u?

B 1 ( 11 )
- exp((2ees€ (1)) \£(0)  £(1)

S 1 ( 1 _ 1 )
N eXp(chesg(t)) Cw,0 f(t) .
We shall notice that, for the single variable function f(z)

fe)=— ()

©exp(261es2) Cwp 2

the maximum of f(z) can be achieved at point

2
Cﬂ%o + \/Cw70 + 2Cw,()/cres
20 = 9 )

and f(z) is monotone increasing in the interval [c, 0, 20]. Thus, if we choose time ¢ properly,

say t < ¢y/m, ¢ small enough, the following holds

2
Cw:O + \/Cw,O + 2Cw,0/cres

€) < ;

In other words, if ¢t < ¢y/m for some small enough ¢ > 0,

2
Cw,O + \/Cu;,(] + 2Cw,0/cres

5(t) S Cw,t S 2 9

where the last quantity is independent of depth L and time ¢, and we denote this by

2
Cw,0 + \/Cw,O + 2Cw,0/cres
9 )

Cc =

(3.37)

which finishes the proof of Proposition 3.4.1. 0

We state the inductive relation (3.34) as a proposition.
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Proposition 3.4.2. Given X and o(-), then with high probability w.r.t the random initial-

ization, for each l, given time t < \/m,
Hx“luz <C, (3.38)

where C' > 0 is a constant independent of the depth L.

We remark that the constant C' in Proposition 3.4.2 only depends on ¢, and ¢,. However,

for fully-connected networks, Equation (3.38) in Proposition 3.4.2 become
HmWHZ <C2. (3.39)

Hence the Euclidean norm of each output layer increases exponentially layer by layer for
fully-connected networks, revealing that ResNet possesses more stability.

Finally, we make Apriori estimates on the Euclidean norm of arbitrary vector wu(t) € Ay.

Proposition 3.4.3. Given X and o(-), with high probability w.r.t the random initialization,
uniformly for any vector u(t) € Ay, given time t < \/m,

lu@®)l, < cv/m, (3.40)

where ¢ > 0 is a constant independent of the depth L and time t.

Proof. We shall start our analysis on the whole expressions in set Ay. For any vector wu(t) €

Ay, it can be written into
u(t) =eses 1...€160, 0<s<A4L.
We start with the estimate on e, since e; is chosen from

e € {at, {\/ﬁazg)], \/Ew[ﬁl], \/ﬁw[g], - \/ﬁm[ﬂL]}lgﬁgn} .
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e (a). If g = ay, then by Lemma 3.4.3, for ¢ < \/m,
lal, < cwrv/m < cy/m.
o (b). If gg = \/mwg], then based on Proposition 3.4.2, for t < \/m,

[vma3], = vim 23], < evim.
Now we proceed to ej, j > 1.

o (i). Ifey = cr[(ﬁ)(ac/g), then we have

||u(t>||2 = ”eses—l s eleOHQ

= llesllaa lles—allasa - - leallas lleolls -
Since HG'[%)<$5)H , <1, thus for all j > 1 with e¢; = o-[(ﬁ)(wg)

2—

lu(®)ll, < ev/m.
o (ii). Ife; = E}l]ﬁ or ej = (Et[l]ﬁ)T, then based on Proposition 3.4.1

Hu(t)H2 = HeSH2~>2 HeS*1H2~>2 cee H61H2a2 HeOH2 .

Since

B, = B, < (1 ) < (1 )

thus for all j > 1 with ¢; = Et[l]g or e = (Ey]g)T )

Crescw,t 5
Ju(®)l, < (14 2=4) el (3.41)
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then by taking supreme on 0 < s < 4L, we have

4L
Cr, Cw,t
Ju(@)l, < (1+5) ol

< ¢ XD (Acientung) T < €/

Combining these two observations, we finish the proof. O

To sum up, we define
Eoop(t) = sup {||u(t?)|ly: u(t’) € Ag}. (3.42)
0<t*<t
Then directly from Proposition 3.4.3, for time 0 < ¢ < \/m/(Inm)“",

Esn(t) < cv/m. (3.43)
3.4.2 Apriori L>* Bounds for Expressions in A,

In this part, we shall make estimate on such quantity
Nooo(t) = sup {{lu(t)]|, - u(t”) € Ao} (3.44)
0<t*<t

We begin with a lemma on the ||-||  norm of a standard Gaussian vector.

Lemma 3.4.4. For anyi.i.d. standard normal distribution Xy, Xo, ..., X,,, it holds with high

probability that L>®-norm of the Gaussian vector X = (X1, Xo, ..., X)) is upper bounded

by
1X]. < (Inm)“,

for some large constant C' > 0.
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Proof. For any X; ~ N (0, 1), for some &, A > 0,

P(X; >¢) =P(exp (AX;) > exp (\e))

EOX) _ow(52) 1,
< == = - - .
“exp(Ae)  exp(Xe) P (2)\ AE)

We shall optimize over A,

A>0

1 2
P (X; > ¢) < minexp (2)\2 — )\5) = exp (-;) ;
from symmetry of Gaussian variables

2
P(|X;| > ¢) < 2exp (-Z) :

hence by taking over m unions
2
P (|| X =€) < 2mexp <—2> :

Set ¢ = (Inm)“, we have

c (lnm)w
IP’(H)(HOO < (Inm) ) >1—2mexp <—2> :

We remark that when C' > 0 is large enough, (Inm)“ ~ m® for some small ¢ > 0. N

Our next lemma concerns the matrix two to infinity norm.

Lemma 3.4.5. Given W € R™ ™ with entry W;; ~ N (0, 1), then with high probability,

Wl = sup [Wel, < (Inm)”, (3.45)

2ll,=1
for some large constant C' > 0.

Proof. Note that W x shares the same distribution as the Gaussian vector X in Lemma 3.4.4,

i,e. Wax ~ X. Then apply Lemma 3.4.4 directly, we finish the proof. 0
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To evaluate 7. 0(t), another lemma shall be stated.

Lemma 3.4.6. Given X and o(-), for vectors in Ao, define

Ngo(t) := sup {Huq(t*)Hoo t Uy (1) = eqeq-1 - - - €160, U (L") € Ao} : (3.46)
0<t*<t

Moreover, define

w(t) == sup maX{HWft[f}H

0<t*<t 2—00

UGN NN

then with high probability w.r.t the random initialization, for t < \/m,

Wi

W) )

Y Y

2—00

CresCuw,t \ ¢
Ng0(t) < Moo(t) + ¢ w(t) (1 + Lt> : (3.47)

where constants c,,; > 2,¢ > 0 are independent of the depth L.

Proof. For any vector u,(t) € Ag of length ¢, 0 < ¢ < 4L, it can be written into
uq(t) = €4€g—1...€16€0.

We shall prove Equation (3.47) by performing induction on ¢g. Firstly, for ¢ = 0, Equa-

tion (3.47) is trivial. For ¢ > 1, we shall investigate on the terms e; in the expression

u,(1).

o (i). If g = 0'[%)(:1:5), then

g ()]l = llegeq—1- - ereo|
= [l€qll soo0 11€4-11lsoms0 - - - 1€1 1] 0000 [1€01| & »
since Ha[(ﬁ)(w[g)uoo_m < 1, we have

[ ()0 < lleoll o -

27



then

Ng.0(t) < Moo(t)-

o (ii). Ife; = E}l]ﬁ or ej = (Et[l]ﬁ)T, lejll o = 1, s0 we need to tackle it differently.

gl = [ B w0

U
Cres 1 W,
= [ w8 + oty @) Jun ()
U
Cres Wt
<@l + 7 75| T Ol
—00

or [luy(t)], = [[(B) g ()]

wi\ "
Cres 1
wg1(t) + I (\/%) o'[(”)(;cg)’uqq(t)

VVtm T
()

o

Cres

< g1 (Bl + 5

[ D)l

2—00

recall definition of w(t), we have

Cres

[l < lletg2 (D + me(t) [eg1 ()]l

Based on Proposition 3.4.1

CrosCu,t \ 7
Juaga(®)l, < e (14 F=0) "y,

then

Cres

[ (D)oo < lltg2 (Dl + me(t) [eg-1 (@)1l

C Cres Crescw,t g1
< g1 () + S 70(r) (14 5270) T

o8



inductively

c Crescw, a
Hwﬁwmsuwwmm+w@(y+ Lt)
Cw,t

Cuwt \?
< luo(t) . + ¢ w) (1+ S0 ),

where properties of geometric sums are used. By taking supreme, we have

Crescw,t a
Mg0(t) < 10,0(t) + c wit) (1 + L) '

These lemmas above enables us to state a proposition on the quantity 1. 0(0).

Proposition 3.4.4. Given X and o(-), then with high probability w.r.t the random initial-

1zation,

Moo (0) < c(Inm)“, (3.48)

where ¢, C' > 0 are constants independent of the depth L.

Proof. As always, any vector u(t) € Ay can be written into
u(t) = eses_1...€160,0 < s <A4L.
We start with the estimate on 1,(0), since ey is chosen from
ey € {at, {\/Ea:[ﬁo], \/ﬁmg], \/E:BE], e \/ﬁmg]}lgggn} .
e (a). If g = ay, then by Lemma 3.4.4,

laoll. < (lnm)“.
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o (b). Ifeg = \/_m for 1 =1,

|vmal| = v o (Wo's)|
< Ve (lo >|+HWowH>
< Ve (1 W], llslly)

< CU< + (Inm) ) < e(lnm)©.

Moreover, for [ > 1, from Proposition 3.4.2,

], < vt ] + 5 o ()
< Jvmai ™+ (e ], fl=5711L)
< \/_:cll] Cres(1+01nm ))
< [[vmal |+ Fnm)°,
inductively,
H\/ﬁwg]Hm <c (1 - é) (Inm)“ < ¢(lnm)®, (3.49)
where ¢ is independent of the depth L.
Consequently,
10.0(0) < ¢(Inm). (3.50)

Directly from Lemma 3.4.6

CresCw,0 ) a

M60(0) < 10,0(0) + c(Inm)® (1 g

c(Inm)® + c(Inm)® exp(4eresu o) < c(lnm)

)

by taking supreme on 0 < ¢ < 4L, we finish our proof.
O

Our next proposition is on the estimate of 7. o(t) for time 0 < ¢ < /m/(Inm)", it is

one of the most important propositions in this thesis.
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Proposition 3.4.5. Given X and o(-), then with high probability w.r.t the random initial-
ization, for time 0 <t < /m/(Inm)<",

Moo (t) < c(lnm), (3.51)

where ¢, C, C* > 0 are constants independent of the depth L.

Proof. We start with the estimate on 79 0(t), since eg is chosen from

e € {at, {\/ﬁw,[g], \/%mg], \/Ewg], o \/ﬁw%]}lgggn} .

We observe that from the replacement rules given in Section 3.3.1

1
a; — ﬁ \/ECL'[;]

Co . 2:L\T
Vmazl — ﬁdlag (a[(ll])(aca)a[(ll])(azﬁ) (Et[ﬁ ]> at) 1(x,, xp),
for 2 <1< L,

:l
Vinall - fdlag (B o @a)aly (zs) (B5) i) 1(wa, )

Lw—

1 1 k+1):L\T 1] k-1
U[(k])(ma)a[(k])(mﬁ) (Eg,(ﬂJr : ]> at) 1 <$g€ uvm[ﬁ ]>7

‘I‘ Z res dlag (El(k—H) ]

then for 0 < ¢ < \/m/(Inm)®", from Proposition 3.4.2

Ol < HMWH

o [vmall], <Z = B ol o o) (B e
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*

by taking supreme on time 0 < ¢ < /m/(Inm)“",

n0.0(t) < ¢(In m)C + \/CE /Ot Neo0(s) ds. (3.52)

Secondly, for the estimate of w(t), from the replacement rules,

l Cr 1 I+1):LN\T -1
Wt[]_> es 0'[([])<$5) (E£§B+) ]) at@(w[g ])T7

Ly/m
(W) el o (ol ) (B57) )
then from Proposition 3.4.3,
oW, < \/—H"[l @) (B5")
o (W), < o= lvimah ] .

hence by taking supreme on time 0 < t < /m/(Inm)<",

w(t) < (Inm)° + \/Cm /Ot Neo0(s) ds. (3.53)

Directly from Lemma 3.4.6

Crescw,t a
Taot) < moolt) + ¢ wit) 1+ FL)

< (c(ln m)< + \/Cm /Ot Noo0(S) ds) (1 + (1 + Crefw’t>q> :

Finally, by taking supreme on 0 < g < 4L,

Neo0(t) < c(In m)o + \/Om /Ot Neo0(s) ds. (3.54)

We notice that Equation (3.54) gives us a Gronwall-type inequality, hence

oo (#) < c(Inm)C exp (%) | (3.55)
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*

To sum up, for t < /m/(Inm)<",

Nooo(t) < ¢(Inm)©. (3.56)

3.4.3 Apriori L? and L* Bounds for Expressions in A,, r > 1

In this part, we shall make estimates on the norms ||-||  and |||, of vectors belonging
to higher order sets A,, r > 1. Naturally, several quantities for vectors in A, with length ¢

shall be defined

Ear(t) = sup {[lug(t)ll, 1 wg(t) = egeqr .. eren, uy(t?) € A}, (3.57)
0<t*<t

Specifically, from Proposition 3.4.1 and Proposition 3.4.3,

Guot) < (14227 ) v (3.58)

Moreover, we define

Soor(t) = sup {&.(t)}, (3.59)

0<g<4L
and we remark that £, (t) is consistent with £ ,(t) for r = 0.

Similarly we define

Mgr(t) 3= sup. {llg(t)]l 0 : wg(t) = eqeqor - ereo, ug(t?) € A}, (3.60)
and
T]oo,r(t> = sup {nq,r(t)} : (361)
0<¢<4L

Once again, for any vector u(t) € A,, it can be written into

u(t) =eses_1...€160, 0<s<4L,
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Since eg is chosen from

€y € {at, 1, {\/ﬁxgﬂ, \/ECUB], \/ECUE], ceey \/Em[ﬁL]}ISBSn} .

Since eg is chosen from

e € {at, 1, {\/ﬁxgﬂ, \/ﬁwg], \/Ewg], . \/Em[ﬁL]}ISBSn} .

and |[1]|, = 1,|/1|l, = v/m, then from Proposition 3.4.1 and Proposition 3.4.5, for time
0<t<m/(Inm),
o) < cv/m, mo,(t) < c(ln m)©.

Next we proceed to e;, j > 1. For each e,
. 1 ! N\T
o (i) g= a[(l])(wg), e = Et[]ﬂ or ej = (Eg]ﬂ) , 2<I<L.
o (ii) ¢y = diag(g),g € AyUA; U ---UA,_;.

. (i)

Q Qu Qu
(wt1) . VVt[l] 1 ' VVtm Cros th +1
ej = oy (xp)diag NG g1 | ...diag NG Ju L Vi ,

or

e (W) RieE o wi\ @ ‘ Wil “
= |7 N oy (xp)diag T g1 | ... diag Jm gu

We observe that the total number of diag operations in u(t) € A, is at most r, and that

is how a vector belonging to different hierarchical sets is characterized. Especially if 3 e;

belonging to case (iii), there are two scenarios:

e Qu4+1 = 0, then e; is just multiplication of several diagonal matrices, a special situation

for case (ii).
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Qu+1 = 1, since diagonal matrices commute, ¢; reads

Q1 Qu
_ di W' . W, (1) Cres Wi
e; = diag ﬁ gil... dlag \/ﬁ Gu U[l] (CB,B) I /—m )

Q Qu
[ Cres W t[l] ! (u+1) di ”t[l] 1 di “itm
= \7 ) om @ediag | | g diag | ] gu ]

we shall take advantage of the special structure of e;. Define a new type of skip-

or

connection matrix

(1]
lr Cres _(r W,
B = (Im + 2o (2s) — ) r>2. (3.62)

Then e; can be written into

Q1
e: — dia Wt[l] di VVt[l] (u+1) Cres VVt[l]
i g \/E gi|]...dlag \/ﬁ Gu a[l] (wﬁ) L \/ﬁ
g ((W” T) e (P
— \/E 1 PR \/ﬁ

or

Q1 Qu
wl wli
= (E’E;H])T diag ((\/%) gl> ...diag (( \/tﬁ gu
m\ @ 0\ Qu
— diag Lids g | ...diag Lids gu | -
Jm Jm
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To illustrate such relation, if some vector u(t) contains e; belonging to case (iii), it can be

decomposed into

wi < 1\ Qu 1]
fb(t) = e464_1""" eHldiag ( \/t_) agl... dlag (‘\J//t_) gu o-[(lf‘}H‘l) (:L-B)Czs ‘\/}/t_ej_l R
m m m

l Q1 1 Qu
= eses1 - - e 1diag (‘\yﬂ) g1 | ... diag (‘\}‘/fg) Ju Et[l’ﬁuﬂ]ej_l e
m m ’

‘/Vt[l] VVt[l]
— €5€5_1 """ ej+1diag ﬁ agil... dlag ﬁ gy | €j—1"""€0-

From the analysis above, we are able to characterize an element in set A,.. If u(¢) € A, then

there exists ej,,€;,, -, €j,, such that

Q1
' W[lﬂ
€, = dlag ( - gi|, 1€ Am—la

Q2
' W[lﬂ
Cj, = dlag ( - g2, g2 € Arz—la

Qk
' w ]
e;, = diag ( L gr |, gr €A, 1,

with
" ATy F - re=71, 11,79, -1 € NT, (3.63)

then Equation (3.63) serves as the counting of the number of diag operations contained in

u(t), while for other e; (j ¢ {j1,j2.--- ,jx,0}), chosen from

(B (B m) 12<1< }1§ﬂ§n’ (3.64)
oW/ @s) 1<i<} . (3.65)
(B!, (B! 1) 2<ISLop22) (3.66)
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note that the elements in set (3.64) and set (3.66) share the same matrix properties, thanks
to the assumptions concerning the activation function.

Hence, in order to make estimates on ¢, ,(t) and n,,(t), we shall perform induction on
the number of diag operations, which is shown in the proof of Proposition 3.4.6. We remark

that Proposition 3.4.6 is also one of the most important proposition in this thesis.

Proposition 3.4.6. Given X and o(-), then with high probability w.r.t the random initial-
ization, for some finite r > 1 and time 0 <t < /m/(Inm)<"

)

foor(t) < c(In m)C\/ﬁ,

(3.67)
Noor(t) < c(In m)c,

where ¢, C, C* > 0 are constants independent of the depth L.
Proof. We recall the definition of w(t), 7w o(t) and € o(t), then with high probability, for

time 0 < ¢ < /m/(Inm)“",

w(t)
Neoo(t) < c(lnm
foo,O(t) < Cm'

IA

¢(In m) ,

)

(i). Let us start out induction with r = 1. For u(t) € Ay, since there exists only one solution

to Equation (3.63), then there is one and it is the only index i, such that ¢; = diag(g), or
w

e; = diag (%g), with g € Ay. Consequently,

§ia(t) < sup ||diag (g)|l,_5 &i-1,0(2)
g€y

< sup |9l &-1.0(t) < Moo (t)&-10(t) < c(lnm) & 10(t),

ge€ho

[
or &1(t) < sup ||diag (VVt )

sup Jm g &i—10(t)

22

&-10(t) < \/(Qﬁooo( )&io1,0(t) < c(ln m)cfiﬂ,o(t),

< sup

geto | V7|
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and for ¢ > i,

() < (14257 a0,

then inductively,

.1(t) < (1 + Cref“”t)q_i (%)

By taking supreme on ¢ and i,

Eoon (1) < exp(AcresCus)c(Inm) e o(t) < c(lnm)®/m. (3.68)

(ii). For mi1(t), we have

ni,1(t) < sup [|diag (9)|]o_ye0 Mi-1,0(%)

g€
< sup |||l M-1,0(t) < Noo,0(t)ni—1,0(2) < c(In m)cﬁiq,o(t)v
g€Ao
VVtm
or ni1(t) < sup ||diag [ —=g i—1,0(t
i1 (t) eh g(\/ﬁ Oo_mﬁ 1,0(t)
VVt[l] w(t) c
< — i— 0 i—1,0(t) < c(l i—1,0(%);
< sup mgoon 10(t) < \/ﬁﬁ oOmi—10(t) < e(Ilnm)~ni—10(t)

and for ¢ > i, inductively

Haa(8) £ t1a(8) + 721 (1)

S alt) + LI 1a(0) + IO 2a(0) + o+ L (D6(0)

by taking supreme on ¢ and i, combined with Equation (3.68),

4Cres
\/_

c(Inm)® + ¢(Inm)® < c(lnm

Moot () < e(lnm)“nuo(t) +

w(t)Eo0,1(t)

)©
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(iii). In the following we assume that Equation (3.67) holds for 1,2, --

prove it for r.

If u(t) € A,, there exists e;,,ej,,- - ,€j,, such that

(i
ejl = dlag W 91 3 91 € Arl—la
(i
e, = diag i g2 |, g2 €A, 1,
' Wi\ &
e;, = diag NG gr |, gr €A, 1,
with
ATy g =71, 1,79, 1 € NT
Let i be the largest index among ji,jo, -, j&, i.e.
1= maX{jth? e 7jk}7

,7 — 1 and we will

W

and without loss of generality, let i = j;, we have ¢; = diag (g;), or ¢; = diag ( \/anl) with

g1 € A,,_y, then

§ir(t) < sup  ||diag (g)]oys &imtr—r (1)

geArl—l

< sup |Gl Gt () < Moo —1 ()&t (8) < c(lnm) &t (8),

geA'rl —1

W/
or &,(t)< sup |diag | —F=g i (t) < sup ||—=
geArl—l m 2 geArl—l
—2
< w(t)

ﬁﬁoo,m—l ()&t (1) < e(lnm) &1, (1),
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inductively

CresCuw, g1
Gar®) < (14527800 g (1),

by taking supreme on ¢ and i,
Enon(t) < exp(4eresCus)c(Inm) Ene rpy (1) < c(lnm)®/m. (3.69)
(IV) For ni,r(t)v

Nir(t) < sup  ||diag (9) | s_yeo Mim1,r—r (1)
geArlfl

Wl

N

Ti—1,r—r, <t> S sup Ti—1,r—r1 (t)

gEArlfl

C
< sup HgHoo Ni—1,r—rq (t) < 7700,7’1—1(t)77i—1,7’—7”1 (t) < c(lnm) Ni—1,r—r1 (1),
or ni,(t) < sup
geArlfl

gEArl—l
dia W—tm
g \/m g
w(t)

ﬁgooml—l(t)ni—lﬂ“—m (t) < C(ln m>cni—1,7"—7"1 (t)v

oc0—r00 [e.e]

IN

and for ¢ > i,

ar(6) < y-10(0) + L0060 10()

< () + ()€1 () + (£ (£) + -+ (1), (8),

Lym’” Lym Lym

by taking supreme on ¢ and i,

4cyes

Noor (1) < c(In m)cnoo,'r—n( t) + \/m W(t) oo (t)

c(Inm)® + ¢(Inm)® < c(Inm)©.

O]

We observe from the above proof that for different r, the constant ¢ grows exponentially

in r, while the growth rate of C' is linear.
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3.5 Proof of Theorem 3.2.1

Since for each term in kernel gt(T)(wal, Loy &La, ), T > 2, it takes the form

1 5 (wgi_1(1), wa;(t )
mr/2_1H< 2i-1() QJ(», 1<s<r, wlt)eAyUAU---UA_, 1<i<s.

*

Firstly, from Equation (3.43), for time 0 < ¢ < /m/(Inm)“",
~0()?)’
60| < (6 o) ) <1
o0 m

and for r > 3, from Proposition 3.4.6, for time 0 < t < /m/(Inm)“",

Hgt(r)( ) 1 (foom_g(t)Q)S < 1 (C(ln m>0m) < (ln m)QrC

Hoo ~ mr/2-1 m ~ mr/2-1 m ~ oqmr/2-1

3.6 Proof of Theorem 3.2.2

1

Since there exists a 7 scaling in some kernels, we use C(r, L) to denote the ‘effective

terms’ in each kernel. We need to investigate the order of C(r, L) for r = 2,3, 4 respectively.

Firstly, G (@, , #a,) = < L) 2 L]> then C'(2, L) = O(1), since there is only one term.

a17
[+1](>

Secondly, from the replacement rule, all possible terms generated from G are

U @arway) = (@l @ll]) — G (@, @an, )
L+1],(1
g} +1],( )(mal’ T, 335) <d1ag (Et[ 041}0-[1]) (a‘;al) [1]) (wﬁ) (Et[ﬂ }) a,t) 1, CB[OZ]> <33a1a xﬂ>
I
L 2
Cros . [(k+1):L] _(1) (1) [(k4+1):L\T L k—1 [k—1]
N 2::2 I2m <d1ag (Et,al Tk (ar )y (25) (Etﬂ ) “t) L :cL,j> < o T >

II

Co /1. 2:L 2:L\T
+ E <dlag (El az]a[(l})<ma2)a[(1})(m/3) (Et[,,B ]) a’t) 1, mLLl]> <£I:a2, mﬁ)
L 2

CI‘ . :
3 pi (diog (BL o ool () (B o) 12l (ol ).
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Thanks to the % scaling, we obtain that

C(3,L)=(’)(2(1+LL_21>):(9(1+2).

t[L+1],(1) ()

In order to analyze the dynamics for G , we need the information of its derivative.

L+1],(2) )

Hence, we apply replacement rules once again to Qt[LH}’(l)(-) to obtain Qt[ , i.e.,

L+1],(1 L+1],(2
GO (@ @y ®ay) = GO @y, Ty, Ty, @),

Finally for Qt[LH]’@)(-), by symmetry, only terms I and II need to be analyzed.

o There are at most (2L 4 2) symbols in term I to be replaced, and each replacement

operation will bring about up to (L + 1) many terms.

 For term II, for each summand, there are also at most (2L +2) symbols to be replaced.
Since there are L — 1 summands in II, and each replacement will bring about up to

(L + 1) many terms, then

C4,L) =0 (2 ((QL (L4 1) + (L — 1)(2L + 2)(L + 1))) —0(1?). (3.70)

L2

Next, we turn to the proof of Equation (3.5). From Proposition 3.4.6, for time 0 < ¢t <

vm/(lm)<,

Hgt[L—',-l},(Q)<.)H < C(4,L) <§oo,2(t)2>4

c@, 1)  (cmm)®ym)” '
<C(4,L) ﬂ“g)c,
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Shoy | fa(t) — ysl”

n

‘ glHIe) ¢

walamagamawm,@)‘ J

<o

<C( L) ““:f) ,

moreover, for 1 < aq, as, a3 < n, and time 0 < ¢t < \/m/(lnm)c*

Y

I L )
‘ggLJrl] W (Tays Tags Tag)| < ‘g([) e (Tars Tass Tay) b 8SQ£L+1L(1) (Tay oz, Tay)
Z+1,01) ¢ (Inm)©
< g O +tc@r) .
0 m
Finally, estimates shall be made on Hg L) ()H We rewrite G (1) into

L+1],(1 Co 2L] (1 1 2:L1\T
gl +1],( )(ma17ma2’a35> — E <Et[,a1]0'[(1])(:Bal)a[(l])(:ljﬁ) (Et[ﬁ }) at,w[aLQ]> <ma1a$ﬁ>
I‘ k 1 1 k+1):L T — k—1
; z (Bl (@, )0l (@) (BT a2l (2l k)
2:L] (1 2:L
<E£ we o) (Ta) o) () (ESY) ar, 2l (@0, 24)

C?es :
+ 3 fE (Bl ol ool (@) (B M) anall]) (k2 ).

[L+1],(1) ()

We observe that each term in G, is of the form

(e DX

% <Bat, :vLLl]> <:13m :c%]> ) (3.71)

where B is some matrix that varies from term to term, c¢ is a constant that also changes

term by term. Since

<at,BTa:[oéL1]><a:g}2,wg]> <Bat, [L]>< (@2, g]> (3.72)
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holds, then at ¢t = 0, we shall focus on the term

<a0, BT:BLLD < u. mg}> (3.73)

Note that aq is a standard Gaussian vector, from Proposition 3.4.1 and Proposition 3.4.2

with high probability w.r.t random initialization, there exists a uniform constant C' > 0
such that

1Bl

ol

7, <

after taking conditional expectation,

(a0, Ball)) (all alf) ~ A7 (0. ((all2l)))" [Brall]). 3.7
apply Lemma 3.4.4 directly, with high probability

c T2l (gl gl < Inm)

E<GO’B ma1> <aza2,az > p— (3.75)

Consequently,

jge Y ()] <061 (lng)c, (3.76)

then for 1 < ay, s, a3 <n, and time 0 < ¢ < \/ﬁ/(lnm)c*

Y

‘ g[L+1]

$a17 waz; wozg)

[L+1),(1) (In m)“
< g () +ec, L)

(Inm)® O, L) (Inm)®

< C(3,L)

m m

Set T3 = T,

‘afgt[LH] (Tays Tay)

< <c<3, L) ““;’jf 104, L) “ng)C) J Zit 150) -
(Inm)® (3.77)

Y

< (C(3,L) +tC(4,L))

m
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which finishes the proof of Theorem 3.2.2.

3.7 Proof of Theorem 3.2.3

24¢
Firstly, based on Proposition B.3.2, for m = ( (/\ﬂo) i ), then with high probability

w.r.t random initialization,

3o

Aarin [ G5 (T T5)] Auin (GHH(0)) > =72,

>
1<a,<n

set 1 = ¢, we finish the first part of the proof.
We move on to the change of the least eigenvalue of the NTK. Recall Equation (3.77) in

the proof of Theorem 3.2.2 (Section 3.6), for time 0 < t < /m/(Inm)<",
[L+1} (111 m)C
051 (@, ay)| < (C(3,L) +1C (4, L)) ,
m
consequently,
241 241 (Inm)”
G @y a,) = G5 (0 @a,)| S H(CEB.L) + 10, L))

The inequality above can be used to derive an upper bound of the change of the least

eigenvalue of the Qt[LH](-).

16" =) O, < (6" =) O < n (67 =67 O

2—2 T (ln m)c
<nt(C(3,L)+tC(4,L)) )

m

o0

set t* satisfying

nt* (C(3,L) + °C(4, L)) (1112)0 -~ ZO,
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rewrite the equation above,

A
C4, L))+ C3, L)t = —2" (3.78)
4(Inm)~n
solving (3.78), we obtain that
O3, L)+ \/(0(3, 1))’ + C(4, L)oo
= (3.79)
2C(4,L) ’
since we are in the regime of over-parametrization, for m large enough,
1 A
> L (3.80)
4\ C(4,L)(Inm)"n

Moreover

Amin ([gt(z) (X mﬁ)}1<a,ﬁ<n> = A ({QLLH] (2, mﬁ)} 1<a75<n>
> D ([0 (wans)] ) = (60 = Gl) 0]

22’
set t mf{ Amin [Qt (xq, wﬁ)]1<a s > )\0/2}, then
<1, (3.81)
for any 0 <t < t,
L 2
003 1 falt) = yally = == 3 G (o, @s) (falt) = ya) (f5(t) — ys)
a=1 a,B=1
Ao 2
<=2 IR0 il
then
Aot
Rs(6;) < exp . Rs(6). (3.82)
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Set Rs(6,) = ¢, it takes time

for Rs(0;) to reach accuracy ¢, hence if
n C* _
t<—-In{— ) <t"r <t .
(S e o

then width m is required to yield the lower bound for ¢* derived in Equation (3.80),

() < 3\ G 5

Ao 4\ C(4, L) (Inm)n

then for

2

m > C(4,L) <A”)3 (Inm)° In <C> ,

0 £

since C'(4, L) = O (L?), we conclude that the required width m should be

m=Q <(;\1)3 L? (Inm)“ In <C;)2> : (3.85)

where ¢ is the desired training accuracy.

7



4. SUMMARY AND FUTURE WORK

In this thesis, we described a framework for analyzing the training behavior of ResNet in
continuous time gradient descent dynamics. At a high level, our approach is illustrated using
Figure 4.1, which builds upon sharp analysis of the least eigenvalue of randomly initialized
Gram matrix, and upon uniform estimates for kernels of all orders in the NTH. Finally, we
would like to re-emphasize the significance of the %= scaling placed in ResNet, which has been
proven to be successful in the stabilization of random propagation (Proposition B.3.2, Equa-
tion (B.36)), in the uniform estimate of £(¢) (Proposition 3.4.1), {x0(t) (Proposition 3.4.3,
Equation (3.43)), and 7 (f) (Proposition 3.4.6) with » > 1, and most importantly, in
lowering the magnitude of C'(4, L) (Equation (3.70)).

Tech Two: |  Appendix A&B:
Tech One: (Apriori Estimates ~_Concentration
'Kernel Structure
€x0(t) < ey, Mo(t) < elnm)®

AN

l

bseir(t) < c(lnm)” /M, oo (£) < eltnm)”

Ye

p

r
|\
1 ﬁ < upj 1 (t),uz(t) >
mr21 14 m
L vy
Y

Thm 4.2.1, Thm 4.2.2

Thm 4.2.3

Figure 4.1. Diagram for the Proof of Main Theorems
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Some future directions are listed out for our research:

o The NTH is an infinite sequence of relationship. Huang and Yau showed that under
certain conditions, the NTH can be truncated and its truncated version is still able
to approximate the original dynamics up to any precision. We have faith in that for

ResNet, such technical conditions can be loosened.

e In Theorem 3.2.3, the dependence of m on the depth L is quadratic, we believe that
the dependence can be reduced even further. We conjecture that m depends linearly

in L.

 In this thesis, we focus on gradient descent, and we believe that it can be extended to

stochastic gradient descent, while maintaining the linear convergence rate.

o The test loss has not been addressed in our work. To further investigate the general-
ization power of ResNet, some Apriori estimates for its generalization error would be

useful [42].
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A. LEAST EIGENVALUE OF GRAM MATRICES

A.1 Introduction

We shall recall the series of matrices {I? m}lL_l, {;ﬂl]}fj and vectors {B[Z]}lL_l given in

Definition 2.4.4:

710
Klg] = <Cl31, mj> ’
701 7=[0]
Al _ K" K
Y 0] 7o |’
K" Kj
1 _
Kij - E(U,U)TNN(QAE]) CJO_(U)O—(U)v

7]
bi - \/aEuNN<O,I?i[iO]) [U(u)] )

-1 g1
Al _ K; K;
Y -1 =i-1 ]’
K; © K
KV gl-U LR el No(v) bl o(u) 2 o(u)o(v)
ij T M (U,U)TNN(O,Z}?) L I + I2 )
0 1] Cres
b’ =b; "+ A EuNN(O,I?i[f’”) [o(u)],
Ll gl
AL _ K" Kj
! KY gH

] J)

Given expressions above, we shall recall definitions of K**1 and K" (Definition 2.4.5):

P 7L 2
(L+1] _ g=[L] Cresbi U(U> Cresbj U(U) CreSO'<U)O'(’U)
Kij = Kij + E(u,v)T~N<0,Xi[jL+1]) I I + I2 ,
2
(L] _ Cres g[L-1] (1) (1
K" = 12 K E(U,U)TNN(&;&L]) {0 (u)o (U)} -

We shall state two lemmas concerning full rankness of K+ and K which have been

stated as [1, Lemma F.1, Lemma F.2].
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Lemma A.1.1 (Lemma F.1 in [1]). Assume o(-) is analytic and not a polynomial function.
Consider input data set U = {u1,ua, ..., u,} of n non-parallel points, i.e., uj ¢ span (uy)

for any j # k. Define
GU)jj := Ewnon [o(wTui)o(wTu)] (A1)

then Apin (G(U)) > 0.

Lemma A.1.2 (Lemma F.2 in [1]). Assume o(-) is analytic and not a polynomial function.
Consider input data set U = {uy, U, ..., u,} of n non-parallel points, i.e., u; ¢ span (uy)

for any j # k. Define
GU); = Ewson oV (ww)o(wiy) (ufw)] (A2)

then Amin (G(U)) > 0.

Given Lemma A.1.1 and Lemma A.1.2, we may proceed to quantify the least eigenvalues

of KA and K,

A.2 Full Rankness for (L + 1)-th Gram matrix

— L ~ L
Lemma A.2.1. Given X, o(-), {Km}z—ﬂ and {b[l]}lﬂ’ then for each 1, each diagonal entry

of KW s the same with each other, and each element of the vector bl is also the same, i.e.,

K = K o =5, for i#]

ii 3

Moreover

[ ¢ 2 =1 [ ¢ 2
l————] <K ' <|[14 = A.
( L \/a) — n — + L \/C_O- ? ( 3)

(b < &l (A4)

and

where ¢ > 0 and depends solely on c.es and activation function o(-).
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Proof. We shall prove it by induction on [. Firstly, we notice that Ei[io - I?j[jo] for any i # j,
which is obvious since ||;i||, = 1, then K = ﬁj[jo} =1
Next we need to show that (A.3), (A.4) hold true for [ = 1. Based on definition, we recall
o1
that ¢, = (Ea:w/\f(o,l) [o(x) ]) ,

Ki[il] =c, EuNN(of(M) (cr(u)Q) = Co Eun(0,1) (a(u)2> =1,

ii

Eim = \/aEuNN(o,I?}i‘”> [o(u)] = Vo Euonon) [0(u)],

then

(gi[l]> =, (EUNN(O,ﬁi[?]) [O’(U)]) <1, (A.5)

Equation (A.5) holds because

(Bamaon [0(@))” < Eoenon [o(2)7]

since the quantity is independent of choice of the index i, then ﬁi[iu = I?j[jl], Eim = Ej[l}, for

any i # j.
Now we assume that (A.3), (A.4) hold for 1,2,--- 1 — 1, and we want to show that it is

also the case for [. First of all, since

Gesb! o) b o(u) A o(u)o(u)

u~N (0,I?i[f’1]> L + L 12 ’

K- K 4R

T _ Fl-1 , Cres
B! =7 TE (k) 700,

then such quantities K" Bl are independent of choice of the index i.

1 1
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Secondly, concerning Eim, we assume Equation (A.4) holds for [ =1,2,--- |l — 1, then

2
(gi[z]>2 _ (’Bi[l—l]> + 2b[l e }‘js EUNN(O,EE*”) [o(u)] + (CrLes EUNN(OKZ 1]) [a(u)])
~ 2
< ) BT, o) O B Euen) ]

< Ei[ilill + QBi[ll]CzSEUNN(OJ}i[f—n) [o(u)] + CEGQS Eu~N<o,1?i[f—1J) {U(u)z} = Ki[il]'

Finally, for K’l[1 , we note that the following inequality holds

2
- Cres
(\/ i ¢ (o) 0 <u>21)
2
- - Cres
< Ki[i} < (\/ Ki[i Lt L\/]EuNN(O,I?H”) [a(u)Q]) .

Since o(-) is 1-Lipschitz, then for any 1/2 < o < 2, we have

‘EXN./\/'(O,l) [U(QX)Q} - EX~N(0,1) [U(X)QH
S EXNN(O,l) HO’(O(X)Q — O'(X)2H
< o = 1 Exno [[X (0 (@X) + 0 (X))]]

< lo = 1 Ex o) [1X] 20(0)]] + | + 1] Exoaron [X?]

= Jor =1 (\20 |f+|a+1l)

§7|O{_1‘7

(e

then

1
EXNN(O,l) {O’(O./X) } < Cf + — |Oé — 1|

(ol (o)

Based on our induction hypothesis,
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set o = \/Ki[il_l], we obtain

2
_ < 42
EX~N<D7K¥71]> [U(X) :| = + o L \/aa
we shall choose ¢ wisely, for instance, set ¢ as

Cc? C2c4
C res + res + C%es ,

N dc,

by our choice of ¢, combined with Equation (A.6), we have

2 2
i 1 o«c — — 1o«
VEIF - =) <Kl < (VKP4 2
< 11 L\/a — n — 11 + L\/a 9

then

which finishes our proof. ]

Our next lemma is crucial in that it revels a covariance type structure for the series of

—. L
matrices {K [l]} . A standard notation related to matrices shall be introduced. We denote

=1
that A > B if and only if A — B is a semi-positive definite matrix, and A > B if and only

if A — B is strictly positive definite.

Proposition A.2.1. Given X, o(-), {I?m}il, and {E[Z]}il, then for each I,

R - Bl e (BY)" = KUY - g (B (A6)

Set A\g > 0 as
o (B 50 5 (BU1)7) — 3,

then for all 2 <1< L,
Amin (K™) > Xo. (A7)
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Proof. Since for 1 <i,j<mn,and 1 <[ <L

[ _ pligll

L L L?

7[1-1] Cres [1—1] Cres
- (bi + I EU“‘N(O,I}E_I]) [U(U)]) (bJ + — L E’UNN(O,I?J.[;_H) [U<U)]>
_ Ki[jl—l] _ gi[l—l]gj[l—l] )

Cres
(u,v)T~N<O,Xi[§]) L2
Cres

L Ee(ort) PO B,y ps) )

resE[l_l] Cresg[l_l]o’ u 2
=Ky B e (09) [C LW | Gty olt) | Gmolt)oly)

2

2
_ grl=1 gi=1zi-1 | Cres
= Kj; bj by T+ 72 Cov “ v)TNN( A”) [o(u)o(v)].

We define another series of covariance matrices {PM 1 <5< L},

2
P[S] = res

Vo (o 2y (WIS s S L

We notice that PP are covariance matrices, hence naturally P > 0. Inductively, we have
for all [,

KU KU _pllg (E[I])T
— K- _ gl g (5”’1]>T + pi-1]
- K1 _ pl-1 g (b[l 1])T

_ (A8)
= K[Z—Q} — 5[1—2] ® (6[5—2])T + P[Z—Q]

= KU -3l g ()7,

the last line brings us to notice of the entry of KU — pl (5[1])T, which reads respectively

[”IEW — b (5[1]>T]” = ¢, Cov

ij (u,v)TNN(O,Xi[le) lo(u)o(v)].
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We notice that K — bl @ (5[”)1 is a covariance matrix, hence naturally
(&Y 50 (51)] =0,

and |[KIW — pll @ (5[”)1 > 0 except when one of the samples is an exact linear combination

of the others. From Lemma A.1.1, we see that KW - 0, consequently
e (K05 & (B)") = 2 > 0,
then \g > 0, and it depends solely on the input samples and activation function. O
—~— L
Proposition A.2.2. Given X, o(-), {K[l]}l_l, and {b”} , if we set \g > 0 as
M in (E[l] A (5[1])T) = Mo,

then
Amin (K1) > 2. (A.9)

Proof. Proof of Proposition A.2.2 is quite similar to the proof of Proposition A.2.1. We
recall that

res

(u,U)TNN(o,Ki[j“ ”) L L L2 ’

FlL] plL]
K.[.LJFH _ Ei[j” +E Cresb (U> i Cresbj U(U) n c? O'(u)O'(U)

ij
and we define further that

L+1] 7L Cres
bl[ +1] - b ]—l— 17 EuNN(O,I}i[iL]) [U(U)],

then

2
L (L L L L7 L Tes
Ki[j +1] b +1]b[ +1] _ K[ ] b[ b ]+ i COVM)TNNN(O g[L+1J> [o(u)o(v)],
4445
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hence by same reasoning in Equation (A.8),

KA = gl plitl] o (b[LH])T
= KW _ pltl g (B[L]>T
T

= K — 3l @ (51)T

apply Proposition A.2.1 directly, we are able to finish the proof. O

From Proposition A.2.2, we observe that Ay, (K[LH]) ~ Q(1).

A.3 Full Rankness for the L-th Gram matrix
Our next proposition concerns the least eigenvalue of K" which has been stated as

Proposition F.2 in Du et al. [1].

Proposition A.3.1. Given X, o(-), {I?m}il, and {I;m}il, then

Amin (K1) > 224, (A.10)

where K is independent of depth L.

Proof. Based on Lemma A.2.1, there exits a constant ¢ > 0, such that
1/e < I?i[im <ec
We define function G : R™*"™ — R"*":

G(U)ij = Uij E U U 0'(1)(U)0'(1)<U),
ii ij

Ui Uj

(u,0)T~N| O,

from which a scalar function g(\) could be defined as

)\ = i )\min G U 9
IV = i 01/e2 sz i (GU))
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and Lemma A.1.2 guarantees that

9(ro) > 0.

From Proposition A.2.1, we observe that
>\min (ﬁ[Lil]) Z )\07

hence

A (K1) 2 S22,
i ( )_LQQ( 0)

Set k = g(A\g) > 0, since k is independent of depth L, we finish our proof.

From Proposition A.3.1, we remark that Ay, (K[LD ~ Q(%)
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B. RANDOM INITIALIZATION OF NTK
In this chapter, we are going to show that

S 3o

1§a,/3§n> = 4 (B.1)

Amin <{g([)L+1] (xq, :1:5)]

holds with high probability, where A\g > 0 is set to be the least eigenvalue of matrix KW —

B @ (1), ie.,
No = Awin (K1 =500 (51)7).

B.1 Several Lemmas on Gaussian Concentration and Other Aspects

We investigate the concentration properties of Lipschitz functions of Gaussian variables.
Let us say that a function f(-) : R? — R is Cp-Lipschitz function with respect to the

Euclidean norm ||-||,, if for any x,y € R?,

|f(x) = fy)l < Crlle—yl,-

Our next lemma reveals that any Lipschitz function of Gaussian variables is itself a sub-

Gaussian variable.

Lemma B.1.1 (Gaussian Concentration Inequality). Let X = (Xi,---X,)" € R?, whose
components X1, Xo, -+, X, are i.i.d. Gaussian variables drawn from N(0,0%), and f(-) :

R? — R is a Cp-Lipschitz function with respect to the Euclidean norm |-||,, then for allt > 0:

t2
QCLQO'Z
We refer to [43, Theorem 5.6] for the proof of Lemma B.1.1, and remarkably, this is a

P(f(X) —Ef(X)] = 1) < 2exp(— )- (B2)

dimension free inequality.

Next we shall state two lemmas, which have been stated as [1, Lemma G.3, Lemma G.4]

Lemma B.1.2 (Lemma G.3 in [1]). If o(-) is Cr-Lipschitz, then for a,b > 0, satisfying

1/¢ < min(a,b), max(a,b) < c,
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for some ¢ > 0, we have

E-wv01) [0(02)] = Eeonon [0(02)]] < C'la— 1], (B.3)

where C' > 0 only depends on ¢ and Lipschitz constant Cp,.

Lemma B.1.3 (Lemma G.4 in [1]). If o(-) is Cp-Lipschitz, define F(K) : R**? - R

F(K) = E,u)n0,5) [o(u)o(v)],

then for any two matrices A, B, with

A— a% p1a1by
plalbl b%
B— CL% P20a2b:

P202 bg bg

whose entries satisfy

1/c < min(ay, b), min(as, by), max(ay, by ), max(as, bs) < ¢,

—1<p1,p2 <1
for some ¢ > 0. Then, we have
|F(A) - F(B)| <C||A-Bly <2C||A- B,

where C' > 0 only depends on ¢ and Lipschitz constant C',.
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B.2 Analysis of Random Propagation

L

~ oy L1
We recall readers once again the series of matrices {K [l]} , {Am}l_l and vectors

~ L
{bm}l_1 given in Definition 2.4.4:

=1

-0
Klg] = <mia wj> )
0l 70l
A K; Kij
Y el gl )’
K;' Kj;
rrll
Ky = E(u,v)TNN(O,Ai[jl]> Co0(u)o(v),

Bl —
O = Ve, (o) 7).

111  £-[i-1]
A0 _ K K;
Y -1 -1 7
Kji ij
7[1-1] 7[1-1] 2
ol _ g=li-1] Cresbi O_(U) Cresbj U(“) Cresa(u)a(v)
Ky =K; "+ E(u,v)MN(O,Z}?) i I + IE ;
70 gl-1] Cres
bj" =b; + I EuNN(O,IN(i[f”) lo(u)],
oLl =l
AL _ K" Kj
K KE gl

n JJ

We shall begin with a proposition on the tail probabilities concerning the outputs of each

layer at initial state, denoted by :Bi[l](O) foralll1<i<nand1<I[<L.

L L
Proposition B.2.1. Given X, o(-), {K[l]}l_l, and {bm}l_l, then for allt > 0,1 <i<n,

1<I<L:

P (“ :I:i[l](())H2 — Ki[il] > t) < exp (—cth) ) (B.4)
CUI[Z] 0 =1 2
IP’(‘< \/%),1>—bi“ 225) < exp (—cmt), (B.5)

where ¢ > 0 is independent of depth L.
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Proof. (i). For | =1, we have

O, =0 (W)’

=1

—_—
m

with
2 o~
E [ ! 0)H2] = Colannon) {U(x)ﬂ = Ki[il] =1
Since for all i, ||laif|, = 1, then for each j = 1,2,---,m, (Wo[l]wi)_ is a standard Gaussian,
j

(W[I] 1), ~ N(0,1). Moreover, o(-) is 1-Lipschitz, then o ((Womsci)j) is sub-Gaussian,
J

2 m
hence {0 ((Wo[l]aci)) } is a collection of i.i.d. sub-exponential variables. Consequently,
j

P ([l

for all t > 0,

’ _ KW

> t) < exp (—cmt2> ,

hence,

o, - &

> t) < exp (—cth) .

P (|t >2t) < B(|[al0)], - VI

We have shown already for [ = 1, Equation (B.4) holds. We need to show further that
Equation (B.5) holds.
We shall note that

(270 1) =45 B o)

j=1

and

where X is a standard normal Gaussian vector.



We shall focus on the inner product function gl!(-) : R™ — R,

M(x) =Y (5 (x) 1),

m
We show that gl!(-) is also Lipschitz with respect to the Euclidean norm ||-||,

For any X7, Xy € R™:

VEr (5 (X,). 1>\

(o (X1),1) - ¥

<

—3

Hx,) - ¢(x
(X)) = g (X)| < |2
\/Co Co
< (X1 = Xo, 1) </ — [ X1 — Xaf,
m m

C__Tipschitz. Apply Lemma B.1.1 directly, we have

Hence gl'l(+) is N

P (|g"(X) — EgM(X)| > t) < exp(—cmt?),

then
> t) < exp(—cmt?).

P <‘<wil/](_0)1> _ gl

(ii). Our next step is to prove that Equation (B.4) and Equation (B.5) hold for [ > 2,
and we will prove it by induction. Assume that Equation (B.4) and Equation (B.5) hold

, 1, and we show further that it is also the case for [ + 1, i.e.,

2|

[1+1]
P T; (0)’1 _Bi[lJrl]
Jm

The structure of outputs of each layer at initial state shall be recalled as follows

true for 1,2,3,---
(B.6)

> t) < exp (—cmt2> ,

w[z+1](0)“ _ R
i ) i

> t) < exp (—cmt2> . (B.7)

[1+1] o Cres [I+1] [0

1
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and the counterpart of IN(i[il] and Ei[l]

I?i[ilﬂ} = Ei[i” +E

uNN’(O,IN{H}) L L - L2

cresgi[l}a(u) N cresgi[l}a(u) cfesa(u)a(u)]

then

A e )

I

<G Lo (W a0 o (W10

II

2

Based on our induction hypothesis, there exits estimates on Ha:im(O)HQ. We need to focus

on terms I and II. Firstly for term I, there is a % scaling factor contained in :Bim(()), and
m

o (Wo[lﬂ]zci[l](())) has distribution
4+1]_ [t !
o (Wa410) o (o0, ).
with Y being a standard normal Gaussian vector, then

1 1 141 [l 1 ! l
B | (00 (W 210)| = = (af 05 [0 (Jel'0)], ¥)])-

We shall focus on the inner product function ¢gl(-) : R™ — R,

MY = _ <i131m(0)’0 (Haci[z](())H2 Y)>,

then for any Y, Yy € R™:

-

g"(¥v1) - ¢ Yzjg

(20,0 (|2, 11)) = (" 0).0 (J=" ), %))

(a0 [0, v %) < i [0 1 el

IA

ﬂ\ ﬂ\
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Based on our induction hypothesis, with high probability, there exists a uniform constant C' >

0, such that for 1,2,--- 1, Ha:i[l](())H2 < C. Hence gl(-) is %—Lipsehitz, apply Lemma B.1.1

once again, we have
1 1 1
o (| L (w00 (W af0)) - L (a0, o (Jal0)] V)] =

< exp(—cmt?).

) (B.8)

From our induction hypothesis

(-

then differ by a multiplication of constant, the inequality

(| (0.2 [0 (|0, ¥)]) -8 Bt [ [ 0] )

< exp(—cmt?)

> t) < exp (—cmtz) ,

)

holds. From Lemma B.1.2,

Euonon o ([20)], u)] = Eueon [a( K[l]u)H<Cwm 0, - VEP

naturally, we have

" Buon [o (0], )] -8 Eucaon [o (V)|

< [ Ja )], - V|

(B.10)

Once again from our induction hypothesis,

P ([l o, - V&L

> t> < exp (—cth)
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holds, then from Equation (B.10), we obtain that

P (6" Evescon [ (Jet0)] )-8 8 ARl
gP(‘C Ii[”‘ |« )], - VE zt>§exp(—cmt2)-

Combine altogether Equation (B.8), Equation (B.9) and Equation (B.11),

B (| (@000 (W af10)) = 5" B [ (VET)] |21

<P (| a0 (W 210) - = (o0, [0 (a0, )]) > )
(el B[ (0], 1)]) - 5 Euvscon [ (0 )] 2 2) 12

gim EuNN(O,l) [0‘ (HZL‘l (O)HQU)] - bim IEuw./\/’(O,l) {O-< Ei@“)” > ;)

< exp(—cth).

Secondly for term II, notice that o (W()[Hl]wim(O)) has distribution

o (Wo "2 (0)) ~ o (=), ).

with Y being a standard normal Gaussian vector, then

E [; (o (Wi 2(0)) 0 (Wé””as%”<0>)>] = Eun01) [o ([|="" )] u)2],

we recall once again that {a ((Wommi))_} is a collection of i.i.d. sub-Gaussian variables,
1) =1

{0 ((Womazi)f} sub-exponential. Consequently, for all ¢ > 0,
J j=1

P (|-

— (o (W2l ) o (W l)(0))) - Euewion |7 (o' O], v)]

< exp (—cmt2>

>t

) (B.13)
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holds. From Lemma B.1.3,

2
e (]

(B.14)
<Clal0, - V&),
Based on our induction hypothesis,
P <‘Hmlm(O)H2 - I?i[il] > t) < exp (—cth)
holds, then from Equation (B.14), we obtain that
2
2 >l
P (EuNN(O,l) [U (Hml[l](O)H2u> ] — Euno,) {U ( K U) > 75)

(B.15)

C

SP( |2t - V8"

Combine altogether Equation (B.13) and Equation (B.15), since

> t) < exp (—cmtz) .

2
P ( ; (o (Wi 2l(0)) o (W2l (0))) = Buenion) {a ( I?ﬁ[”u) . t)
< (|- (o (Wi a0)) .o (Wil () ~ Buvon) o (Je ), 0) ]| 2 5)
2
e (MO,D o (0], 2] - Bt { (] - ;) |
then
2

P ( 7711 <0 (W[)[l+1]mi[l](0)> O (Wo[l+1]a;i[l](0))> — Euonio,) {0 ( I/{ﬁ[l]u) > t) 1o
< exp (—cth) )
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We recall once again that

[7]
= <o>H§=!w¥1<0>\!§+zcies<m&(%)) (W (0>>>
I
+ G Lo (Wiall 0)) o (Wi all(0))

II

where term I is close to l;i[l] Eun0,1) [a (\/Ei[i”uﬂ , as is shown in Equation (B.12)

1 ~ 1] —~
P <‘\/ﬁ (2!(0), 0 (W 2l(0))) = 6" Euorvion [a ( K[l]u)]

< exp(—cmt?),

=)

2
and term II is close to Eyaro,1) [a < Kﬁ[]u) ], as is shown in Equation (B.16)

2
P ( Lo (W) o (W a000) B { (V) ] : t) .

ol &

21 (1+5))
H &>

"(0) _ —
o (ng+”a:¥](0))> 5" B [0 < Ki[il]uﬂ

m

( CI‘GS
( res

< exp cth)

o

2
W[l—i—ﬂwi[l](o)) o (Wo[l+1]wi[l]<0))> — Euno) {U ( IA{;[Z]U)
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We shall remark that thanks to the <= structure, with high probability, the difference
! 2 =1
o] - &

inequality above, we have

p<“

2 —2
if we choose ¢, and t smartly, set t* =t (1 + Crf) , then t = t* (1 + Czﬁ) , there exists a

does not explode exponentially with respect to the number of layer. From

mi[z+1] (O)Hz B I?ii[lH]

>t (1 + CrLeS>2> < exp (—cmt2> ,

uniform constant ¢*, such that

c —2L
1/6* < (1+ res) Sc*’

then

wi[Hﬂ(O)Hi B E[ZH]

(]

which finishes the proof of Equation (B.6).

> t*) < exp (—cmt*Q) , (B.19)

Finally, we need to prove Equation (B.7) for EiUH]. The structure of outputs of each layer

at initial state shall be recalled once again,
2 1(0) = 2'(0) + =0 (W2l (0)) .
and the counterpart of 51[”

~(141 ~1 Cres
bi[ +1] _ bi[] + 7 EuNN(O,IN(i[f]) [o(u)] .

Apply Lemma B.1.1,

[+1] [
b (|<0 (Wo x; (0)) 7 1> — Eunion) [J (‘

m

= O, )]

> t) < exp (—cth) . (B.20)
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Apply Lemma B.1.3,

2
Bunsron [0 (Jaf' O] )] = Ewesion [ ( Eﬁ”u) ]
<o, - V&

from induction hypothesis, since

(B.21)
<C

Y

P ([l o, - VKL

> t> < exp (—cth)

holds, then from Equation (B.21), we obtain that

P (Euwm o (| @], )] - Bwron [(, ( Emu)z
<r (jc|Jst o), - /="
combine Equation (B.20) and Equation (B.22),

{ ()
< 1)~ Euvston o ([0, )

2
+P (EwN(OJ) [‘7 (Hwim(())HQ U)Q} — Eunio,1) {0 ( IA{;mu>

< exp (—cmt2> ,

(B.22)

C

> t) < exp (—cmt2> .

m

<o— (W e (0)) 1> e

m

(o7 =t0)

> 'f)
2 (B.23)

t
>
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then

> t)
(B.24)

‘ W[Hl]wim 0 — 2 ‘
+P(Cf (Wo ()),1>—EUNN<071> o (VR ] |2 %

We shall see once again that thanks to the <= structure, with high probability, the difference

0 ~
z; (0) _pl

~1
Cres and t smartly, set t* = t(l + Cr—is), then ¢t = ¢* (1 + Cr—lfs) , there exists a uniform

only has linear increment with respect to the number of layer. If we choose

constant ¢*, such that

% Cres -L *
1/c* < (1+ > <,

L
then
P ( <M, 1> — Bi[l+1} > t*) < exp (—cmt*z) , (B.25)
vm
which finishes the proof of Equation (B.7). O

B.3 Analysis on Random Initialization

Our next proposition is on the least eigenvalue of the randomly initialized Gram matrix.

L+1

First, we shall denote the series of randomly initialized Gram matrices by {G[l](O)}l_1 ,
whose components read:

Gy (0) = (2'(0), 2/"(0)). (B.26)

— L
Proposition B.3.1. Given X, o(-), {KW}

, and {E[l]}il, set \g > 0 as

A ( KU _ e (gm)T) ~ o,
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there exists a small constant € > 0, such that with high probability w.r.t random initialization,

form =Q ((;;)2%), then
(B.27)

Proof. We have that

Gy (0) = (2"(0),2"(0))

K'=cE ) [o(u)a(v)].

(u,0)T~N (O,Xi[jl]

Now we need to apply Lemma B.1.1 again, except that we are going to apply it to the inner

product function Al(.) : R?™ — R,

pil(z) = < <U(X), o(pX + /1 - sz)> :

m

where ZT = (XT7,YT), X,Y are standard normal Gaussian vectors, and —1 < p < 1.

For any Z,,Z, € R™,

W(20) = W(Z)| <\ otoXa + /1= pY)

Co Co
2 oK)l 2 (16111 = Xally + /1= 2 ¥ = Yl )

combined with Proposition B.2.1, with high probability, there exists a uniform constant

Co
— | X7 — X
) m” 1 2”2

C > 0, such that

Co Co
\/;Ha(le + /1 —p?Y)) ) m [o(X2)]l, < C.

So we have

Co
(h1(2,) — h1(2,)| < 4C =2, - 2],

hence h' (Z) is 40\/%—Lipschitz. Then set p = K, for all 1 <i,j < m,

ij o

P (’GE](O) — Ei[jl]‘ > t) < exp(—emt?).
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Note that based on Proposition A.2.1, A\yin (K [1}) > Ao, also we have

&% - &M, <& - KU, < nflatio) - KU,

o

72 and with a union of m? such events, we have with probability

then if we choose t =

1 — m?exp (—emA3/n?),

|Gto) - &M, < Ao

252 — 4

24-¢
holds. Hence if there exists a small constant € > 0, such that m = ((;\";) i ), then with

probability 1 — exp(—m?),

Amin(GH(0)) > Apin (K1) — | GU(0) = KM > ) (B.28)

22 — 4
[

Our next proposition is on the least eigenvalue of other randomly initialized Gram ma-

trices GI(0), 1 # 1.

Proposition B.3.2. Given X, o(-), {E[l]};, and {B[l]};, set \g >0 as
Anin (K1 = B0 & (B11)T) = .

there exists a small constant € > 0, such that with high probability w.r.t random initialization,

form = Q ((;0)2%)7 then

2<1<L. (B.29)
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Proof. (i). For [ = 2, we shall make estimate on norm HG[Q](O) — K H . Since by definition,

Cres

2 2 2 1 1 1 2 1
G1(0) = (2" 0).21(0)) = G0 + T —= (a(0),0 (W20

L m\"
IIT

II

0L (al0), 0 (Wial(0))) + 55 (o (Wl (0)) o (Wil 0))

— 1/ Co’ EUNN((),I?][‘O]) [U(u)] Y
K =KWY4E I oo (v) e oo (u) +C?es o(u)o(v)
Y g (u,U)TN/\/’<0,Ai[j2]) L IH/_/ L \J , L2 ———
r 1 IIr

We need to tackle the difference between I, II, III and I’, I, III". For I and I’, we need to

write the difference into:

1 ~ = [1]
’ (l(0),0 (W2 (0))) = b" Bunvion) [O( K; “)H

< | = (& (0.0 (Wia]"0))) = —= (ol 0). E o (Jal" )], ¥)] >|
1 1 1 1

[ el L2 o ([ 0, Y)]) = B B o [0

N o s M O

similar to the proof in Proposition B.2.1, with Y being a standard normal Gaussian vector,

1 /g Ll pl =1
P i ( ) W j (0) — b; ]EUN/\/O,1 o K u >t
<|\/ﬁ< (wi'a0)) oy N (B.30)
< exp (—cmt2> .
By symmetry, for IT and IT’,
10,0 (WP21(0))) - B E [ ( K" ) >t)
0 *i u~N(0,1) |0 i U =
(‘\/_ ( ) =5 (B31)

< exp (—cmt ) .
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For the difference between I1I and IIT’, we define another inner product function hl(.) :

R?™ — R:

h(z) = 1 <0’(

m

10, %) o (el 0], (2 + 1= ¥)))).

where ZT = (XT7,YT), X,Y are standard normal Gaussian vectors, and —1 < p < 1.

For any Z,,Z, € R™,

) | < o (a0, (=) -
0fl, %), ‘ nt })H (101 1% = Xall, + /1 = 2 [¥2 = Yall, ).

combined with Proposition B.2.1, with high probability, there exists a uniform constant

oo (i

C > 0, such that

o], <.
consequently,
7 b (0l 6%+ =) <100
=7 (Je ), %2)], < 10,

with abuse of notations, hl?(-) is %-Lipschitz, then
P (|hP(2) - ErPN(Z)| > t) < exp(—cmt?),
hence we have

d

< exp(—cmt?),

L (o (Wl 0) 0 (W) 2, o oo

m

> t)
(B.32)
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with

Combine Lemma B.1.3 and Proposition B.2.1

d

< exp(—emt?),

E(u,v)wN(O,Ai[f]) [o(u)o(v)] — E(u,vﬁw/\/(O,Xi[jQ]) [o(u)o(v)]

> t)
(B.33)

consequently, we have

P (| 7711 (o (W (0)) 0 (W2 (0))) - E(u,U)TNN(og@) [o(w)o ()]

<P (‘ 7711 (o (W2 (0)) 0 (W2 (0))) - E(U’U)TNN(M@) [0 (1)o ()]

H[»(E

< exp(—cmt?).

(u,u)TNN(O,Ai[f]) lo(w)a(v)] - E(U,v)mN(o,Ki[f]) o (w)a(v))

To sum up, we have

<P(|GJ0) - K| > 1)

1 1 2] [1 71 1
L (0 S R
P ( (o100 (WP0) B Eu [a (\/Iz%) > t)
+P ( ?711 (o (W2 (0)), o (W2 (0))) - E o (0.2 [o(w)o(v)]| > t)
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Inductively, for 2 <[ < L,

0 >l Cres ) 272 2
P (\Gij (0) - K| > (1 + 7 ) < exp (—emt?), (B.36)
specifically, for [ = L,
2L
P (\G}f“](()) K >t (1 + L) ) < exp (—emt?). (B.37)

(ii). We recall the matrix inequality once again,

G0 K = 60K, <0 <K

based on Proposition A.2.1, A (K1) > Ag. Then if we choose t = ﬁ&cres), then for
all [, with probability 1 — exp (—cmA3/n?),
|Gl - K| < all (B.38)
252 — 4 ’

24-¢
holds. Hence if there exists a small constant € > 0, such that m = ((;;) i ), then with

probability 1 — exp(—m?),

= 3\
Auin (GU(0)) 2> Ain (K1) — | G1(0) — KV > - (B.39)
In particular, with probability 1 — exp (—emA2/n?),
A
[L+1] [L+1] A0
HG (0)- K H2—>2 - 4’ (B.40)
2+
hence if m = Q ((;()) ), with probability 1 — exp(—m?)
3\
Auia( GE(0)) 2 A () — |Gl (0) — )| 2200 (B
[

113



We remark that

[g([)url} (Za, wﬁ)}lga,ﬁgn = GIH+1(0),

24-¢
then directly from Proposition B.3.2, for m = Q) ((;0) " >,

L 3)\0
Amin ([ 1L+1] (ma,xﬁ)}mﬁ@) > (B.42)

holds with high probability w.r.t random initialization.
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