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ABSTRACT

Last decades have witnessed a surge of interest in developing distributed algorithms for
solving large-scale optimization problems with multi-agent systems. The development of a
standard distributed optimization algorithm can be typically summarized as two fundamental
stages — communication and computation. Whereas the communication stage enables agents
to collect the desired information from the entire network, the computation stage updates
each agent’s local state towards the optimizer of the objective function. This dissertation
focuses on the two key aspects of distributed optimization, develops a suite of new provable
distributed algorithms for solving both deterministic and stochastic optimization problems,
and further explores the opportunities of applying the distributed optimization techniques
into real-world applications especially with multi-UAV systems. First, starting from the
perspective of communication, a DGDx algorithm is proposed by incorporating multiple
communication iterations into the consensus step. Second, observing that the standard
DGD algorithm is a special case where the linear approximation is applied for the local
objective functions, we develop a NetProx algorithm which generalizes the choice of approx-
imation function for each agent and thus provides flexibility in the aspect of computation.
The two proposed algorithms both offer great potential to balance the communication and
computation in distributed optimization. In addition, we consider the issue of network
communication attacks and devise a resilient algorithm for solving the specific distributed
min-max problem. Two-stage stochastic programs are also studied and a DistPH algorithm
is developed by adapting the classical PH method under a peer-to-peer multi-agent network.
At last, two real-wold applications — distributed data fusion and distributed source tracking,
both involved with the multi-UAV system, are investigated to demonstrate the superiority
of the distributed optimization techniques. Theoretical analysis and numerical results are

provided to validate the effectiveness of all proposed algorithms.
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1. INTRODUCTION

1.1 Background and Motivations

The recent and still ongoing explosion in the size and complexity of datasets, as well as
the increasing demand of computational resources, have driven us to what is oftentimes called
the big-data era. Meanwhile, the present computational performance of one single machine
is, however, far from sufficient to meet such stringent computational requirements. As a
direct consequence, there is an undoubted necessity of developing new tools and paradigms
to enhance the computing capabilities of the current machines. To this end, a natural idea
is, instead of focusing on the individual machines, but to construct a cooperative networked
architecture which is oftentimes referred to as the multi-agent system in the literature. It is
expected that, through the cooperation among the multiple agents, the overall computational
workload is spread over the entire networked system and thus is reduced for each single
agent within the network. In fact, such an idea has already given rise to a remarkable shift
in focus of solving large-scale problems in the control and optimization community over
the last few decades. Much effort has been devoted to the design of distributed algorithms,
rather than the conventional centralized ones, which are more favorable to exploit the special
structure of the multi-agent computing environment. At the same time, these distributed
algorithms have also been widely adopted in various real-world applications, including but
not limited to, wireless sensor network [1]-[3], transportation systems [4]-[6], distributed
machine learning [7]-[9], power system control [10]-[12], etc.

It can be seen from the above introduction that two key aspects of the distributed pro-
cessing can be attributed to communication and computation. Whereas the communication
inherently enables each individual agent to take advantage of the computing capability of the
entire network, the computation drives all agents to approach the states where they desire.
Corresponding to these two aspects, the development of distributed algorithms can be also
summarized as two stages: i) a communication stage, i.e., to determine what kind of infor-
mation the agents should communicate with each other; and ii) a computation stage, i.e., to
devise how to update each agent’s local state based on the information maintained by itself

and also received from its immediate neighbors. Indeed, the majority of existing algorithms
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in the literature are designed according to these two stages. Nevertheless, when it comes to
the evaluation of the distributed algorithms, it seems that researchers are overly interested
in the computation side, but neglect the efficiency involved with the communication part.
One good example here is that the convergence rate of algorithm is typically characterized
with respect to the number of iterations, and in fact, each iteration is corresponding to one
step of computation that is simultaneously performed by all agents within the network. In
other words, in such a way of evaluation, the amount of communication cost is overlooked
or simply counted equally with the computation cost at each iteration. However, those two
types of cost can be significantly different from each other in some specific scenarios. For
instance, the recent study [13] suggests that CPUs we are using nowadays can read and
write the memory at over 10 — 100GB per second, whereas the speed of communication over
TCP/IP is about 100MB per second. This implies that the gap between the cost of intra-
node computation and inter-node communication can be at worst three orders of magnitude.
On this account, we will have to rethink the evaluation and even the development of dis-
tributed algorithms. In short, a promising distributed algorithmic framework should take
into account both communication and computation aspects, and further have the flexibility
to balance the two types of cost for different applications.

In addition, another underlying assumption that is made by most of the existing dis-
tributed algorithms is the perfection of communication. That is, all individual agents within
the network are able to instantaneously transmit their local information without any error
to the targets. In reality, however, one can barely assume that the information transmis-
sions are always perfect, due to many factors such as communication delay [14], [15], data
quantization [16], [17], packet loss [18], [19] and communication attack [20], [21]. Among
those various imperfections, the communication attack is often regarded as the most chal-
lenging one and has attracted a significant amount of research attention, since the attacked
communication channel may not only lose its functionality, but also be able to inject ma-
licious information into the whole system. In this case, it is of great importance that the
distributed algorithms are devised in such a way that they can tolerate the adversarial be-

haviors to some extent and still ensure the effectiveness of the system with a guaranteed
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performance. Therefore, an appealing distributed algorithm should be also resilient against
the potential network communication attacks.

Motivated by the aforementioned issues, this dissertation focuses on the two key aspects
of the distributed optimization — communication and computation, develops a suite of new
provable distributed algorithms for solving both deterministic and stochastic optimization
problems, and further explores the opportunities of applying the idea of distributed opti-

mization into real-world applications especially with multi-UAV systems.

1.2 Literature Review

Indeed, the distributed optimization problem has gained increasingly significant atten-
tion over the last few decades, and it has found a large variety of applications in diverse
areas, including networked system control [22], [23], large-scale signal processing [24], [25],
machine learning [7], [8], [26], just to name a few. In order to solve the optimization problem
over multi-agent networks, there have been a significant amount research in the context of
distributed algorithms.

For the distributed deterministic optimization, the pioneering work can be traced back to
Bertsekas and Tsitsiklis [27], [28] in 1980s. After that, with the advance of communication
technology as well as the emergence of big-data research, more and more effort has been
devoted into the development of distributed algorithms. A seminal work [16], published
in 2009, proposed the famous distributed (sub-)gradient descent (DGD) algorithm which
integrates the basic idea of consensus with the gradient descent method in the conventional
centralized optimization. Although it makes great progress in the study of distributed op-
timization, a notable convergence result [16], [29] of the DGD algorithm is that, when the
constant step-size « is adopted, it cannot converge to the exact optimal solution, but only
gives an inexact one which is in the optimal solution’s O(«)-neighborhood. Moreover, the
authors in [29] proved that the rate of convergence to the O(a)-neighborhood is in the order
of O(1/k) (k is the iteration index) when the objective function is convex, and the conver-
gence rate will be upgraded to exponential when the objective function is strongly convex.

In addition, further extensions of the DGD algorithm are also investigated in the subsequent
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works; for example, the projected DGD algorithm is proposed in [30] which deals with the
constrained distributed optimization problems, and Nesterov’s acceleration is adopted in [31]
to develop the so-called fast DGD algorithm.

Note that a typical setting of the distributed optimization assumes that each agent pri-
vately has access to its own local objective function and thus only local gradient is available
when performing the gradient descent steps. On this account, many works attributed the
inexact convergence of the DGD algorithm to the lack of global gradients for the individual
agents; see a detailed explanation in Section 2.1 in Chapter 2. This observation has mo-
tivated two main paths to further improve the convergence result of the DGD algorithm.
First, the authors in [31]-[33] show that the exact convergence can be obtained by adopting
a diminishing step-size rule with the standard DGD algorithm. The guideline is to diminish
the error caused by the using of local gradients. However, the convergence rate is significantly
compromised compared with the centralized gradient descent method due to the diminishing
step-size. The second line of works focuses on the adjustment of local gradients. An idea of
gradient tracking is applied in [34]-[36] to substitute the local gradients with a tracked value
of the global gradient. The methods, proposed in [37]-[39], introduce a correction of the
local gradient by combining the gradient information obtained from the last two consecutive
iterations. As a result, a linear convergence rate, which is comparable to the centralized case,
can be achieved when the objective function is smooth and strongly convex. In addition,
the analysis in [40] further points out that the aforementioned two types of methods can
be unified from a primal-dual perspective. It is also worth mentioning that there are other
distributed algorithms which achieve the linear convergence rate; see e.g., [41]-[45]. The
authors in [41]-[43] proved the linear convergence rate of distributed alternating direction
method of multipliers (ADMM). The second-order methods are also proposed in [44], [45],
which also obtained the linear convergence rate.

Whereas deterministic optimization problems are formulated with all known parame-
ters, real-world problems almost invariably include parameters which are subject to some
unknown uncertainties. Under such circumstances, stochastic optimization, as an powerful

approach for modeling and further solving the problems involved with uncertainties, has
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found great potential of applications in the area of data analytics [13], [46]-[49], especially
in the statistical learning theory [50]-[52] recently.

In order solve the stochastic optimization problems, dominant approaches are based
on the idea of stochastic approximation, also known as stochastic gradient descent (SGD)
method, which was initially proposed in [53] in 1950s. The classic SGD method mimics the
conventional centralized gradient descent by replacing the full gradient with its unbiased
estimation. Since then, the SGD method has attracted much interest [54]-[58]. To solve the
problems with a networked architecture, the mini-batch SGD method [59], [60] provides a
straightforward way to parallelize the procedure of SGD. Even though the standard SGD
method can achieve the optimality by using the estimation of gradient, due to the variance of
estimator, yet it usually obtains slow convergence and poor performance [61]. Recently, with
the help of the so-called variance reduction technique, various stochastic variance reduced
methods [61]-[64] and their proximal variants [65]-[67] are proposed in the literature. The
parallel versions of these methods are also investigated in [68]-[70]. All of these variance
reduction based methods achieve remarkable linear convergence rate which is comparable
to the conventional full gradient descent method. However, it should be noted that most of
the parallel methods can only be implemented with a master-worker network architecture
in which a mater node is always present to provide central coordinations for all worker. In
contrast to such a master-worker architecture, the peer-to-peer multi-agent network is often
preferred due to the following reasons: i) communication burden for the master node could
be extremely heavy or even prohibited, as it is required to provide the direct communication
channel for each of the workers; ii) the cyber-security concern may arise, since failure of the
master node can lead to the collapse of whole system; and iii) the privacy of node information
cannot be preserved in the master node, as it collects all information in the entire network.
Furthermore, it is worthy noting that the master-worker architecture could be a special case
of the peer-to-peer multi-agent network, since the central node can serve as a master when
the considered network has a special star topology.

In this dissertation, we focus on a famous and widely-studied special instance of the
stochastic optimization problem — two-stage stochastic programs. In fact, such two-stage

stochastic programs have found numerous applications in energy planning [71], manufactur-
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ing [72], logistic [73], etc. To deal with this stochastic program, a classical methodology
builds on the idea of representing the uncertainty with a finite number of scenarios, and
then various decomposition-based methods are proposed, including the Bender’s decomposi-
tion [74]-[76] (also known as the L-shaped method [77]), dual decomposition [78], [79], among
others [80]-[82]. The Bender’s decomposition basically separates the original problem into
a master problem and a group of subproblems for each scenario, and then solves these two
types of problems iteratively. The solutions of subproblems help to further shape constraints
of the master problem by adding optimality or feasibility cuts. In the dual decomposition,
the original problem is decomposed directly into a set of scenario-based subproblem. Sub-
sequently, a well-known progressive hedging (PH) method [78] is developed to solve for the
solutions. It turns out that both two decomposition methods can be applied to efficiently
solve the two-stage stochastic program, especially when the second-stage problem has a
large number of scenarios. Another benefit of them is attributed to their straightforward
parallelization [83], [84]. However, as emphasized previously, the parallel architecture always
assumes a master node, and the communication cost could be extremely heavy or even pro-
hibited. Moreover, the master problem derived by Bender’s decomposition often has much
larger size than the subproblems. Thus, the computation cost for the master node is also an

issue in this case.

1.3 Dissertation Overview and Contributions

As indicated previously, this dissertation aims to develop a suite of new distributed
algorithms by focusing on the two key aspects of the distributed optimization, i.e., com-
munication and computation. Both deterministic and stochastic optimization problems are
studied in this work. Particularly, we are interested in devising the algorithmic frameworks
which are capable of providing flexibilitiy to balance the communication and computation
cost, and also being resilient against the potential network communication attacks. In addi-
tion, we also explore the opportunities of applying the idea of distributed optimization into
real-world applications especially with multi-UAV systems. The detailed contributions of

each chapter is summarized as follows.

18



In Chapter 2, a novel DGDx algorithm is proposed, focusing on the communication
aspect and aiming at improving the inexact convergence of the standard DGD algorithm.
It is proved that the exact convergence can be achieved when the introduced sequence of
consensus error bounds decays to zero; furthermore, it converges at a linear rate when
the sequence decays to zero linearly. Provided the flexibility of choices of both consensus
error bounds and consensus schemes, our DGDx algorithm offers the potential to balance
the communication and computation cost for solving the distributed optimization problem.
Furthermore, a novel average consensus scheme is also presented which only involves the row-
stochastic weight matrices, as distinct from the classical weighted averaging scheme which
requires the weight matrix to be doubly-stochastic. Such an average consensus scheme
provides an important building block for the implementation of algorithms developed in the
subsequent chapters.

Chapter 3 alternatively starts from the computation aspect of the distributed optimiza-
tion and develops the generalized NetProx framework. It is shown that the standard DGD
algorithm can be viewed as a special case of our NetProx framework by adopting the linear
approximation of the local objective functions. Such approximation functions are then gen-
eralized into any form as long as the given conditions are satisfied. In addition, we prove
that, with the higher order approximation functions, the convergence of the NetProx algo-
rithm will be accelerated to some extent, but meanwhile at the price of more computational
cost for each agent at each iteration. In this sense, the flexibility of choices of the approxi-
mation functions also helps to balance the computation and communication in distributed
optimization.

In Chapter 4, we further consider the issue of network communication attacks. A promis-
ing resilient algorithm is proposed to solve the distributed min-max optimization, which is a
special instance of the general distributed optimization problem. One major contribution of
our resilient algorithm is that we aim to obtain the exact global optimal solution, which takes
into account the local objective functions from all agents no matter whose communication
channels are attacked or non-attacked. Such a goal is quite challenging or even impossible

for the existing resilient distributed algorithms. We prove that this goal can be achieved un-
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der some reasonable and arguably necessary assumptions, e.g., the attacked communication
channels can be recovered within a certain time-window.

Chapter 5 studies the stochastic optimization problems. More specifically, we adapt the
classical PH method under the peer-to-peer multi-agent network and propose the DistPH
algorithm for solving two-stage stochastic programs. Theoretical convergence guarantee for
the DistPH algorithm is proved when the first- and second-stage decision variables are both
continuous and subject to convex constraints. In addition, the initialization and termina-
tion verification mechanisms are designed in the distributed setting. We further adapt the
DistPH algorithm to the Lagrangian dual lower-bound computation for two-stage stochastic
programs with mixed-integer variables. The benefits of the proposed distributed algorithm
in both aspects of communication and computation are verified through comprehensive sim-
ulation studies on benchmark stochastic programming instances.

In Chapter 6, two real-world applications involved with the multi-UAV systems are inves-
tigated to confirm the superiority of the distributed optimization in terms of communication
and computation against the centralized one. The first application concerns a health-care
scenario where the health status of a certain target in rural environment needs to be moni-
tored by the multi-UAV system through sensing some vital on-scene biological signals. The
second one studies a real-world methane leaking source tracking mission by the multi-UAV
system operating in an unknown and dynamical environment. Applying the average/sum
consensus scheme developed in the previous chapters, a distributed data fusion algorithm
and a distributed on-line source tracking algorithm are developed to solve the two prob-
lems, respectively. Theoretical findings are all validated via the numerical results on both
applications.

At last, conclusions and future directions that could extend the work in this dissertation

are provided in Chapter 7.
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1.4 Preliminaries and Assumptions

1.4.1 Problem Formulation

This dissertation generally focuses on solving the following minimization problem, in-

volving a network of I agents,

min  F(x) := Zfz (x), (P)

xeX

over the common global decision variable x € R? subject to the feasible set X C R?. In this
Problem (P), each agent i € Z := {1,2,--- | I} is assumed to privately own a local objective
function f;() : R? — R and be capable of exchanging information with its immediate
neighbors. Throughout this dissertation, we assume that the set of minimizers of the global
objective function F(:) : R — R is not empty, and study Problem (P) under the following

underlying assumptions.
e On the feasible set X

Assumption 1.4.1. The feasible set X # () is assumed to be closed and convex.
In some special cases, we incorporate the boundedness into the set X, i.e.,

Assumption 1.4.2. The feasible set X # () is assumed to be compact and convex.
e On the objective function F(-)

Assumption 1.4.3. Each local objective function f;(-) is assumed to be differentiable and
its gradient V f; is L{—Lipschz’tz continuous on the feasible set X, i.e., there exists a constant

Llf > 0 such that,
IVfi(x) = VAW < Li[x —yll, vx,y € X. (1.1)

Note that, under Assumption 1.4.2, the gradient V f; on each point x € X must be bounded

due to the compactness of the feasible set X, i.e., there exists a constant x > 0 such that

VL) <k VxeX, Viel (1.2)
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Assumption 1.4.4. Fach local objective function f;(-) is assumed to be convex on the feasible

set X, i.e.,

fily) 2 i(x)+ Vix) (y—x), Vx,yeX. (1.3)

In some special cases, we will also need the strong-convexity of the the global objective

function F'(-), which is stated as follows.

Assumption 1.4.5. The global objective function F(-) is assumed to be p-strongly convex

on the feasible set X, i.e., there exists a constant > 0 such that
IVF(x) = VE(y)| =z pllx—yll, vx,yeX. (1.4)

e On the topology of multi-agent network

We consider a generic time-varying directed graph for the multi-agent network, denoted
as GF := (Z,E") at each discrete time-step k, where Z = {1,2,---, I} represents the set of
I nodes and &% C T x T represents the set of directed edges. In particular, we denote an
edge as (i,7) € EF if the node i can receive information from the node j at the time-step k;
by convention, we consider each node’s self-loop as an edge, i.e., (i,i) € E¥, Vi € T,k € N,.

Note that the graph G* can be also described by the adjacency matrix A* = | € RIXT,

[ z]]zg

where aij = 1if (i,j) € E* and a = 0 otherwise. In addition, we use a set ./\/’fm to denote
the in-neighborhood of the node i at the time-step k, i.e., Ny, = {j | (i,j) € £}, and
to denote its out-neighborhood, i.e., N = {j | (j,i) € E*}. As

k| and df

similarly, use NF

| are used to denoted the in-degree and

| i,in zout' | zout

a consequence, di,i
out-degree, i.e., the number of in- and out-neighbors, respectively. All the in- and out-

degrees are combined as the degree matrices, i.e., DF := diag{d* df .} € R and

1,in>» 21n7 *

DE . = diag{d} ,u, d5 ot > A} oue } € RT*!. Note that, in some special cases where we consider
the graph G* to be undirected, it holds that ./\/fln /\ffout and thus dl n = dfout In these

cases, we will simply use N} and d¥ to denote the neighborhood and degree, respectively;

as a result, the degree matrix will become D* := diag{dy ,d5 -, dj } € R™*! Moreover, if the
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considered multi-agent network is time-invariant, we will further omit the superscript k, i.e.,
using G := (Z, £) to denote the underlying graph.
The following assumptions regarding the topology of the multi-agent network will be

needed.

Assumption 1.4.6. For the generic time-varying directed graph G* = (Z,&E¥), it is assumed
to be B-strongly connected, i.e., there exists a positive integer B > 0 such that the joint graph

UBHR=IGt — (T, U F1eh) Wk € N s strongly-connected.

In particular, when the considered network is directed but time-invariant, we have the fol-

lowing assumption.

Assumption 1.4.7. For the time-invariant directed graph G = (Z,E), it is assumed to be
strongly connected, i.e., there must exist an unidirectional path from every node i to every

other node j within the graph.
Further, we also consider the special case when the network is time-invariant and undirected.

Assumption 1.4.8. For the time-invariant undirected graph G = (IZ,E), it is assumed to be
connected, i.e., there must exist a bidirectional path from every node i to every other node j

within the graph.
Compliant with the underlying multi-agent network G*, we next introduce the weight

k]I

matrix W* = [wh]!._; € R™* at each time-step k, satisfying the following conditions.

Assumption 1.4.9. Given the generic time-varying directed graphs G* = (I,E¥), there
exists a constant w > 0 such that the weight matrices W* has i) wfj > w if (i,5) € E; and

i) wy; = 0 otherwise.

There are also three scenarios in terms of the stochasticity of the weight matrix W*.
Assumption 1.4.10. Each of the weight matrices W* is row-stochastic, i.e., W¥1; = 1;.
Assumption 1.4.11. Each of the weight matrices W* is column-stochastic, i.e., 1] W* = 1] .

Assumption 1.4.12. Each of the weight matrices W* is doubly-stochastic, i.e., W*¥1; = 1;
and 1] Wk =1].
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1.4.2 Distributed Gradient Descent Algorithm

As we have reviewed in the last section, a seminal work [16] proposes the well-known
DGD algorithm for solving Problem (P). In order to facilitate our discussion in the following
chapters, let us here introduce the DGD algorithm in a relatively detailed manner. The DGD
algorithm, which integrates the weighted averaging consensus scheme and the conventional

gradient descent method, performs the following iterations,

X = Z wijxf — "V (xD), Vi=1T, (1.5)
JEN;

where x} € R? is the state maintained by the i-th agent locally at the time-step k; {a*}ren,
is a sequence of step-sizes. Note that here some underlying assumptions are incorporated:
i) the multi-agent network follows a time-invariant undirected graph G and is assumed to
be connected (see Assumption 1.4.8); ii) the weight matrix W = [w;;]7;_, is compliant with
graph G (see Assumption 1.4.9) and assumed to be doubly-stochastic 1.4.12; and iii) the
feasible set is assumed to be X' = RP, otherwise a projection operation will be needed.

In order to represent the DGD algorithm in a compact form, let us denote x* € R as

the aggregates of local states xt’s, i.e.,

xt = ()T, ()T, ()] (L6)

Similarly, we denote Vf(x*) € RP as the aggregates of local gradients V f;(xF)’s, i.e.,

-
VE(xF) = [VAKDT, VAT - VAEDT] . (1.7)

Thus, the DGD algorithm (1.5) can be equivalently expressed as
xF = Wx* — o*VF(x"), (1.8)

where the matrix W is defined as W := W @ I, € RP*/P with I, being the p x p identity

matrix.
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1.4.3 Technical Lemmas

In this subsection, we introduce some technical lemmas that will be frequently used for
establishing the convergence and analyzing the properties of our algorithms proposed in the
following chapters. Note that here the detailed proofs will be omitted and the interested
readers will be referred to the corresponding papers.

The first lemma establishes the crucial consensus result when the underlying graph is

(strongly-)connected and the compliant weight matrix W is row-stochastic.

Lemma 1.4.1 (Proposition 1 in [85]). Suppose that the weight matriz W satisfies Assump-
tions 1.4.9 and 1.4.10 and the underlying graph satisfies Assumption 1.4.8 or 1.4.7, then there

must exist two constants co > 0 and 0 < py < 1 such that*
I(W)* =17 < o+ (po)*, (1.9)

where ™ € R! is the normalized left eigenvector of the matriz W which corresponds to the

eigenvalue 1, i.e., 1]m=1and ®' W ==,

We shall remark that the above Lemma 1.4.1 inherently guarantees the asymptotic con-

sensus for the following famous weighted averaging consensus scheme as k£ goes to infinity,
x" 1 = Wx*, (1.10)

In particular, if the weight matrix is further doubly-stochastic; see Assumption 1.4.12, then
the convergence result will be the average consensus, i.e., limy o [[(W)*—(1/1)-1;1] || = 0.
The subsequent two supporting lemmas state the convergence of the convolution of two

positive scalar sequences.

Lemma 1.4.2 (Lemma 7 in [30]). Given a constant 0 < A < 1 and a positive scalar sequence

{B"}ken, which has limy_,o B* = 0, then it holds that,

k

lim Y (A8 = 0. (1.11)

k—o0 =0

4 Throughout this dissertation, we use (-)* to denote the k-th power of the input scalar/matrix.
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Lemma 1.4.3 (Lemma 7 in [30]). Given a constant 0 < A < 1 and a positive scalar sequence

{B*}ren, which is assumed to be summable, i.e., 332, B¥ < oo, then it holds that,

k t
Jim 0% (A)778° < oo, (1.12)

X =0 s=0

The last lemma, stating the super-martingale convergence result, will also play a crucial

role in the proofs of our own lemmas and theorems.

Lemma 1.4.4 (Lemma 1 in [86]). Let {a"}ren, , {0"}ren, and {c"}ren, be three non-negative

scalar sequences such that 332, c* < oo and
"t < ab —bF 4 (1.13)

then, the sequence {ak}keN+ must convergence to some constant 0 > 0, i.e., limy_, ab =9,

and the sequence {b"}ren, must be summable, i.e., 352 b* < co.
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2. IMPROVING THE CONVERGENCE OF DISTRIBUTED
GRADIENT DESCENT VIA INEXACT AVERAGE
CONSENSUS

A novel DGDx framework [87] is presented in this chapter, which improves the inexact con-
vergence of the standard DGD algorithm. Starting from a new perspective to understand
the cause of inexact convergence, i.e., inaccuracy of consensus results, we incorporate mul-
tiple communication iterations into the consensus steps. Instead of explicitly specifying the
number of iterations according to the time-step k, we introduce a consensus error bound to
directly control the consensus accuracy at each time-step. It is proved that an exact con-
vergence can be achieved by the proposed algorithm when the sequence of consensus error
bounds decays to zero; furthermore, it converges at a linear rate when the sequence decays
to zero linearly. Due to the flexibility of the choice of both consensus error bound sequences
and consensus schemes, the proposed framework offers potential opportunities to balance

the communication and computation in distributed optimization.

2.1 Problem Statement — Inexact Convergence of the DGD Algorithm

As mentioned in the previous chapter, the well-accepted understanding of the inexact
convergence of the DGD algorithm is the lack of global gradient information, and it goes
as follows. It should be noted that the following analysis first appears in [37] and here we
provide a brief review for the sake of completeness. Recall that the standard DGD algorithm

k

with a non-zero constant step-size a® = « carries out the iteration,

xF = Wx* — aVF(x"). (2.1)

Let us now assume that the iteration (2.1) has already converged and denote x> as the limit
of the generated sequence {x*},cn,. Taking the limit over k on both sides of (2.1) yields
x™ = Wx>® — aVf(x>). Moreover, suppose that a consensus result will be finally obtained
at x*°, it immediately implies that x> = Wx* since the weight matrix W is assumed to be

doubly-stochastic; see Assumption 1.4.12. Given that « is the nonzero constant, it yields the
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optimality condition Vf(x*) = 0. Recall that VT is the aggregate of local gradients V f;’s;
see definition (1.7), and each agent can only access its own Vf;, the optimality condition
requires Vf;(x2°) = 0 to be satisfied for every agent i. This implies the existence of a
common minimizer among all f;(-)’s, which does not hold in a general setting of Problem (P).
Therefore, the DGD algorithm with constant step-sizes cannot have the exact convergence.

Based on such understanding, many algorithms have been proposed by focusing on the
adjustment of local gradients; see a detailed literature review in Section 1.2 in Chapter 1.
However, a natural question here is whether the inexact convergence is necessarily due to
the lack of global gradient, and furthermore whether the convergence of the DGD algorithm
can be improved from other understanding. Next, we explicitly show another perspective to
understand the inexact convergence, i.e., the inaccuracy of consensus results.

We shall remark that the general goal for solving Problem (P) in the distributed manner

can be separated into two parts: i) to obtain a consensual solution, i.e., x¥ = x*, Vi € Z; and

i =

ii) to let x* minimize the global objective function F(-). Keep this in mind, the standard

DGD algorithm (2.1) can be also separated into two steps, corresponding to such two goals,

Gradient Step: x"t1/2 = x* — o Vf(x"); (2.2a)

Consensus Step:  x"™1 = Wx"1/2, (2.2b)

The gradient step (2.2a) is adopted to achieve the desired minimizer, whereas the consensus
step (2.2b) aims to meanwhile enforce a consensual solution among agents. It is worth point-
ing out that the separated steps (2.2a) — (2.2b) are essentially different from the standard
DGD algorithm (2.1), as the combination of (2.2a) and (2.2b) is written in the following
form (termed as NEAR-DGD in [88]),

xFH1/2 = Wxk-1/2 _ an(ka_1/2). (2.3)

While it is confirmed that the better convergence can be expected for the NEAR-DGD
iteration (2.3); see details in [88], the evaluation of gradients Vf(x*) in (1.8) does not rely

on the consensus result and thus can be performed in parallel with the consensus step.
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Considering that the consensual result is expected by the consensus step, but a single
iteration as shown in (2.2b) is far from sufficient to give an accurate result. Subsequently,
our question becomes whether one can obtain the better convergence by improving the
consensus result in (2.2b). Next, we answer this question by assuming an ideal average

consensus procedure. Suppose that we have an ideal average consensus operator, denoted as

C>(+) : R’ — R with the dynamic defined as,
x¢ = C™(x), (2.4)

where the input x = [XIT, Xg, X} ] € R”and output x¢ = [(x)7, (x5)7,---,(x5)T]T € RIP
satisfy x§¢ := (1/1I) - >°;_; x;. We replace the step (2.2b) with the defined ideal average con-

sensus operator, and then combining it with step (2.2a) gives,
=™ (x" - aVE(x")). (2.5)

Let C°(+) take the i-th component of the output of C(-), i.e., x}™ = C®(x*F — aVf(xF)).

According to the property of ideal average consensus operator, it holds that

X zxf o ;vﬂxf) (26)

k>

Note that the previous x;’s are also the outputs of the ideal operator C*°(-). Thus, we can

k

have x} = x , Vi,7 € Z, and furthermore

U % XI: =xF — aVF(x}). (2.7)
It can be seen from (2.7) that adopting an ideal consensus computation reduces the stan-
dard DGD algorithm to a centralized gradient descent method for each agent. Given the fact
that the centralized gradient descent method achieves the exact convergence with constant
step-sizes, it has been shown that the exact convergence can be also obtained by the DGD
algorithm with ideal average consensus. Therefore, apart from owing to the lack of global

gradient information, the inaccuracy of consensus results caused by (2.2b) can be another
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explanation for the inexact convergence of the DGD algorithm. Motivated by such under-
standing, we are now ready to fix the inexact convergence issue by improving the accuracy

of consensus results at step (2.2b).

2.2 The DGDx Algorithm

In this section, we develop the framework of the DGDx algorithm. Based on the new
perspective to understand the inexact convergence of the DGD algorithm, a natural idea
to cope with the issue is incorporating multiple iterations into the consensus step (2.2b) to
improve the accuracy. In fact, a recent paper [88], which agrees with such idea, proposes an
algorithm, termed as NEAR-DGD™. Instead of performing just one single iteration as (2.2b),
the NEAR-DGD™ algorithm incorporates ¢ iterations into the consensus step at the time-
step k, i.e., x*™! = (W)ix* where (W)’ represent the t-th power of the matrix W. By letting
t increase at a rate of O(k), the NEAR-DGD™ algorithm achieves a linear convergence rate.
Here, we will not fix the number of iterations ¢ specifically. On the contrary, at each time-step
k, we adopt a consensus error bound ¥ € R, to guarantee the sufficiently accurate consensus
result. Furthermore, considering that the ultimate goal of a consensus step is to ensure an
accurate output, we do not specify our consensus scheme either. Instead, we extract the
consensus step by an abstract average consensus procedure, denoted as an e-inexact average
consensus operator C(+) : R”” — RP. The dynamic of C*(-) follows x™ = C°(x), where
xm =[x ()T - (x)T]T € R has x* = Cf(x), and ¢ represents the consensus

error bound satisfied with

With the e-inexact average consensus defined as above, we are now in the position to give

o1 d
X;H—Y-in <e Viel (2.8)
i=1

our framework of the DGDx algorithm. It performs the following update at each time-step k,

with a given consensus error bound &*,

XM= (x} — aVE(x")) . (2.9)
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The detailed steps of the DGDx framework are outlined as Algorithm 1.

Algorithm 1: DGDx Algorithm
Data: Given a constant step-size o and a sequence of consensus error bounds
{eF}ren, , each agent i initializes its state x{. Let k = 0.

while a termination criterion is NOT satisfied do

Each agent ¢ € 7 simultaneously does

(8.1) Perform a local gradient step,

X2 = b oV fi(xb): (2.10)

()

(8.2) Carry out the e-inexact average consensus operator ka(~) with error

bound &,
X = o5 (M), (2.11)

(S.3) Let k + k + 1 and continue.
end

Before proceeding to convergence analysis, it is worthy making a few remarks on the
DGDx algorithm. First, for a given consensus scheme, the slower decaying sequence {e*}ren N
may result in more gradient steps to reach the desired optimality, but fewer communication
iterations are required for one consensus step. This offers the potential to balance the com-
munication and computation in the implementation of distributed algorithm. Second, it is
emphasized that we do not specify any consensus scheme inside the black-box operator C*(-).
The flexibility of choices of consensus schemes provides the opportunity to further accelerate
the convergence of the DGDx algorithm. For instance, if a finite-time convergent consensus
scheme can be applied inside C°(+), it is expected that the convergence rate of distributed
algorithm will be as fast as the centralized gradient descent method, as shown in Section 2.1.
Moreover, such a flexible framework has reduced the distributed optimization problem into
an average consensus problem; one only needs to focus on the implementation of C¢(-). In this
sense, it provides underlying guidelines for further developments on distributed algorithms,
such as those considering communication issues (quantization/delay), cyber security issues
(link failure/node attack), and asynchrony issues. In particular, we introduce a new average

consensus scheme in the following Section 2.4, which only requires the row-stochastic weight
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matrix W in contrast to the doubly-stochastic one as demanded by the standard weighted
averaging scheme; see the iteration (2.2b). Third, we also remark that the convergence re-
sult of the DGDx algorithm; see Theorem 2.3.1 in the next section, is consistent with the
one of NEAR-DGD™ algorithm presented in [88]. In fact, the NEAR-DGD™ algorithm uses
weighted averaging scheme and increases the number of iterations as O(k) in the consensus
step, in order to achieve linearly decaying consensus errors. Therefore, the linear convergence
rate of the NEAR-DGD™ algorithm can be viewed as an instance of convergence result of
our DGDx algorithm; see statement 2) in Theorem 2.3.1. In addition, we argue that the
theoretical results obtained here are more general than the one presented in [88], given the
following reasons: i) the case with a generally decaying error bound sequence (not necessarily
linearly) is discussed; ii) the balance of computation and communication can be realized by
the choice of both error bound sequences and consensus schemes; and iii) the same conver-
gence rate with less communication cost can be expected by faster consensus schemes, such

as the ones which can achieve finite-time convergence [89], [90].

2.3 Convergence Analysis

We begin the convergence analysis by introducing the following additional notations.
Recall that x*+1/2 represents the intermediate result obtained by a pure gradient step, as
shown in (2.2a), we denote the exact average of x* and x**1/2 as x¥ € R? and x"*1/2 € RP,
respectively, i.e.,

<*

I I
> xF and Xk .= Z ZXfH/Q. (2.12)
i=1 i=1

~l =
~l =

Moreover, we use g* € R? to denote the global gradient at the x*, and use g* € R? to denote

the average of local gradient at x*, i.e.,

~ =

gh .= zl:sz(ik) and gt := EI:VfZ(Xf) (2.13)
i=1 i=1

~1 =

Next, we show by the following Lemma 2.3.1 that, once the e-inexact average consensus is

k1

)

k

guaranteed by C=* (), the distance ||x x*1|| can be bounded with the error £.
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Lemma 2.3.1. Given that x**' is the output of C=" (x**/2) and thus | x5+ — gF+1/2|| < &k

is guaranteed for ¥i € I, then one can have,
et — %M < 2eF, vie T (2.14)

Proof. By the definition of x**!, it holds that

1
”}—{k+1 o )—{k+1/2H _ Hf . (ZX;CH _ ik+1/2)H
g = (2.15)
S j . Z ||X£€+1 - )—(k}+1/2|| S Ek.
i=1
Therefore, for Vi € Z, one can have

fo—kl . ik-i—l” < HX;C—H . Xk+1/2H + Hik+1/2 . ik—HH < 2€k7 (2.16)

[

With the help of Lemma 2.3.1, we next bound the distance between X* and the opti-

mizer x*. Before proceeding to that, we will need a few supporting lemmas.
Lemma 2.3.2. Suppose that Assumption 1.4.3 holds and let L := (1/I)- XL, L, then one
can have

Ilg* —g*|| < 2L (2.17)

Proof. By the definitions of g and gF, as shown in (2.13), it holds that

1

lg" —&*ll < (1/1)- ; IV fi(xi) = V fi(x)]

(2.1.q) I -
< (/)Y s - =) (2.18)
i=1
(2.1.b)
< 2Lek 1
where (2.1.a) is due to Assumption 1.4.3 and (2.1.b) follows from Lemma 2.3.1. O
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Lemma 2.3.3. Suppose that Assumption 1.4.3 and 1.4.5 hold, then for Vx,y € RP, then one

can have

(VF00 - VF) (x =) 2 = IVF) = VRGP + k= vl (219
where L is defined in Lemma 2.3.2.
Proof. The proof can be found in Theorem 2.1.11 in [91], and thus omitted. O
Now, we bound the distance ||x**! — x*|| by the following lemma.

Lemma 2.3.4. Suppose that Assumptions 1.4.3 and 1.4.5 hold, let the constant step-size

satisfy a < 2/(w+ L) and the sequence {e*}ren, satisfy e*=1 > e*, then one can have

[ — x*|| < o ||XF — x*|| + e (2.20)

where ¢; = \/1 —2auLl/(n+ L) <1 and cg =2La + 1.

Proof. Notice that

%" = x* — ag®||* = [IX* — x*||* + o®||g"[|* — 20(x" — x*)"g"

22a) 22k —k||2 pL a2
<7 IR =+ o - 20( I8+ AR - xR
nw+ L w+ L (2.21)
2auL '

=(1
( w+ L

2
—k ) k|2
X' —x||"+ ala

220) )
< qlxt =x,

where (2.2.a) follows from Lemma 2.3.3 and (2.2.b) is due to the assumption oo < 2/(p+ L).
Therefore, it holds that

2.3.a)
||ik+1 . X*ﬁ < Hf(kJrl . ik+1/2H + Hik —x* — Oéng

(2.36) —k . —k E =k
< e X - x" —ag” +alg” - g
(2.3.0)

< ek cleck —x*|| + 2Laek!

(2.3.d)
< el 4 cl||5<k —x*|,

(2.22)
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where (2.3.a) is due to the fact that x*+1/2 = x¥ — agk, (2.3.) follows from Lemma 2.3.1,
(2.3.c) is due to (2.21) and Lemma 2.3.2, and (2.3.d) is due to the assumption e*~! > ¢~ [

With the help of all the above lemmas, we are now ready to state the main theorem on

the convergence of our DGDx algorithm.

Theorem 2.3.1. Suppose that Assumptions 1.4.3 and 1.4.5 hold, let the step-size satisfy
a <2/(p+ L), the sequence {x"}ren, generated by Algorithm 1 has:

i) if the sequence {e"}ren, has limy oo e® = 0 and e¥™' > &F, then one can have the

convergence limy . |xF —x*|| =0, Vi € Z;

it) if, in particular, the sequence {6k}k€N+ decays to zero linearly, i.e., there exist ¢, > 0
and 0 < pe < 1 such that e® < c.(pe)*, then there exist ¢ > 0 and 0 < p < 1 such that

It — x| < e(p)¥, Vi € T.

Proof. By the result obtained from Lemma 2.3.4, it holds that

& = < et e - x|

< et (0257“_2 + o xF = X*H) (2.23)
k—1

< (MR = x|+ ep Yo (e) e
=0

According to Lemma 2.3.4, we can have that ¢; < 1 and thus

)

lim ||x — x*|| < lim ||x™ — x*| + lim x5 — x|
k—ro0 k—o0 k—o0

(2.4.a) k-1

< : k : k(lgl % : k—1—t_t 2924
< Jim 2%+ Jim ()% =+ i e 3 o)™ (2:24)
b))

where (2.4.a) is due to (2.23) and Lemma 2.3.1, and (2.4.b) follows from the fact ¢; < 1 and
Lemma 1.4.2 in Chapter 1. Therefore, the statement i) in Theorem 2.3.1 is proved.
Now, we consider statement ii) where the sequence of consensus error bounds decays

linearly. Following the same path that we proved the statement i), let us first show that the
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k1

distance ||x x*|| converges to zero at a linear rate, i.e., there exist constants ¢ > 0 and

0 < p' = max{pe, c1 + cace/('pe)} < 1 such that
[+ — )| < () (2.25)

Recall the inequality (2.20) obtained by Lemma 2.3.4, we prove the statement by in-
duction. First, (2.25) apparently holds when & = 0. Suppose that (2.25) holds at the k-th

iteration, we now consider the (k + 1)-th iteration and have,

[ZH — x| < e X — x|
< ale - (pe) T H ard - (p)

= C’(p’)’“(cl + CQCe(pe)’“) (2.26)

cpe
(2.5<.a) C/(p/)kJrl

where (2.5.a) is due to the fact p’ = max{pe, c1 + cace/('pe)}. Now, following the same path

as shown in (2.24), there exist constants ¢ = max{2¢./pe, ¢’} and p = max{p., p'} such that

(2.6.a)
e = X < e = X X xS 26 (pe)t - (0) < e (p)FT

(2.27)

where (2.6.a) follows from Lemma 2.3.1. Therefore, the proof is completed. O

2.4 Average Consensus with Row-Stochastic Weight Matrices

In this section, we study a novel average consensus scheme which only involves the row-
stochastic weight matrices, as distinct from the classical weighted averaging scheme (2.2b)
which requires the weight matrix to be doubly-stochastic. It should be highlighted that, in
general, the doubly-stochastic weight matrix is difficult or even impossible to be obtained in
the distributed way, especially when the underlying multi-agent network follows a directed
graph. On the contrary, the row-stochastic weight matrix can be simply realized by each
agent locally and simultaneously. For instance, assuming that each agent ¢ knows its in-

degree d;; (this knowledge can be readily obtained by counting the number of pieces of
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received information), one of the simplest to assign the row-stochastic matrix is to let the
corresponding weight be w;; = 1/d; . Although some push-sum based protocols [92], [93] are
proposed to be compliant with the directed graphs, they usually assume the weight matrix
to be column-stochastic, and we remark that a scheme which requires only row-stochastic
weight matrices is arguably more applicable than the one requiring the column-stochastic
ones. A good example is when we consider the underlying multi-agent network is under
attack; more details on this issue can be found in Chapter 4.

Recall that a general average consensus scheme expects all agents within the network to
identically achieve the average of their initial states, i.e.,

1

I
7 doxP| =0, Viel, (2.28)

lim ||x¥ —
k—oo —
i=1

where x? denotes each agent’s initial state. To this end, we introduce two auxiliary variables
¢ € R and €F € RP (with initialization ¢? = e; and €2 = xV) for each agent 7, and let all
agents simultaneously perform the following update of their local variables,

k+1 k
¢i+ = Z wz’jd’j;

JENG in

ghtl = Z w;; &5 + 1 1 . xY 229
o T \m (el T(et)) T

and output the states x¥™! = (1/1)-£¥ at each iteration k. Note that, in (2.29), the operator
Z:(+) : RT — R selects the i-th component of the input vector. Let us emphasize again that we
here consider the underlying multi-agent network to follow the strongly-connected directed
graph; see Assumption 1.4.7 and assume the compliant weight matrix W = [wij]l{j:l to be
row-stochastic; see Assumptions 1.4.9 and 1.4.10.

To perform the convergence analysis of our new average consensus scheme, let us rewrite

the iteration (2.29) into the compact form, as we did for the DGD algorithm. Note that, due

to the specific initialization ¢? = e;, each @ is essentially the i-th column of the matrix (W )*.
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Consequently, the update of the aggregated variable €8 = [(¢F)T, (€5)T,--- , (&N T]T € RIP

is equivalent to
£k+1 = WEk + ((D(_Wl/)kJrl - D(_I/Il/)k) ® IP) ’ XO’ <2'30)

and thus x*™1 = (1/I) - €**1 where the matrix D(_Ml,)k € R first takes the diagonal
entries of the (W)* and then generates the inverse of the obtained diagonal matrix, i.e.,
D(}}/)k = diag{1/w11, 1/wag, -+, 1/wys}.

With the above compact form of the average consensus scheme, we now provide its

convergence result as the following theorem.

Theorem 2.4.1. Under Assumptions 1.4.7, 1.4.9 and 1.4.10, the sequence {x"}.en+ gener-
ated by iteration (2.30) or equivalently (2.29) has the convergence

k _
i

lim x
k—o0

(1] 1) -x°, Vie T (2.31)

~| =

Proof. By the iteration (2.30), we can have

k
€k+1 _ (W)k+1€0 + Z(W)k_t((p(wlf)t“ — D(*Ml,)t) & Ip> . xY
2:0 (2.32)
(0 ) 1
t=0

Note that the last equality is due to the fact W = W ® I, and the initialization £° = x°.

Next, to facilitate the proof, let us define a new matrix P**! € R'*! as
k
PR = (W)H 4+ 3 (W) (DG — Dihye). (2.33)
t=0

Then, the dynamics of the state x*™! can be simplified as x*™! = (1/I) - (P**' @ I,,) - x°.

Now, in order to prove the theorem, it suffices to show the following convergence

lim ||P* —1;1]] = 0. (2.34)
k—o0
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According to Lemma 1.4.1 in Chapter 1, it has been already known that, under Assump-
tions 1.4.7, 1.4.9 and 1.4.10, we can have limy_,, [[(W)* — 1;7 7| = 0. Next, let us suppose
that there exists an index k > 0 such that the difference D(_Wl/)k+1 — D(_Wl,)k is small enough

for all & > k, and we denote,

k
PRF = (W) £ 3 (W) (D — Dty ). (2.35)
t=0

Applying the above Lemma 1.4.1 again, we can have that limy_, PEF exists and it only

depends on the index k. Thus, let us denote the limit as another matrix QF € R7*! where

QF = lim P*F = 1,7 + 1,7 - (D—1

k00 (W)k+1 <W>°)' (2.36)

Now, we re-change the index of the sequence {Q’;}keN . from k to k and further have,

. k T 1 -1 T
]}LIEOQ =1;m ]}L%O D(W)Hl =1,1,. (2.37)
Therefore, it holds that
[P =117 || < [|P" = Q" + lQ" — 1,1/
k
< IOV = LT+ | 3 (0 = 1) (D = D)+ 1Q5 = 1] 11 (o35
t=0

k
< IOV =1+ 3 copt | Dyeen — Dyl + 1@ — 1117 ).
t=0

Note that the first two inequalities are due to the definitions of matrices P* and QF, as
well as the triangle inequality; the last one is by Lemma 1.4.1 in Chapter 1. Now, based
on the facts that limy_,o |[(W)* — 1;77|] = 0 and limg_ ||(Q)* — 1;1] || = 0, as well as
Lemma 1.4.2 in Chapter 1, it is straightforward to verify that limy_ . [|[(P)* — 1,7 || = 0.
Therefore, the proof is complete. O
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2.5 e-Inexact Average Consensus

Although our framework of the DGDx algorithm is well-developed and its convergence
has also been proved by Theorem 2.3.1, yet the implementation of the e-inexact average
consensus operator C*(-) remains unclear especially in the distributed environment. The
main challenge here is the lack of global awareness of the timing when all agents reach the
desired consensus error bound; see the definition in (2.8). In this section, we aim to fix this
issue and inspired by the protocol in [94], we leverage the idea of maximum and minimum
consensus to design our own scheme.

Since the principles behind both maximum and minimum consensus schemes follow the
same path, here we only introduce the maximum consensus scheme and it can be easily
extended into the minimum consensus with slight changes. A maximum consensus scheme
for a scalar system aims at enforcing every agent to reach a consensual state 2™ = max;e7 27,

=0

where z; is the scalar initial state maintained by agent ¢. For a vector system where the

initial states are represented as p-dimensional vectors z) = [29(1),29(2),---,2%(p)]" € RP,

% % 7 et}

we set the goal as achieving the element-wise maximum state, i.e.,

—max __ =0 =0 . —Q T p
2" = [max 2(1), max 2(2), -+, maxz(p)] € R”. (2.39)

Keep this in mind, our maximum consensus scheme for a vector system is

gzk+1(t) :Hé%(g]k@)? vt € {1727 7p}7 ZEI? (24[))
JEN;
where zF(t) is the t-th element of the p-dimensional vector z¥ at time-step k. Its convergence

is stated as follows.

Proposition 2.5.1. For any given z° = [(z))7,(z))", --- ,(Z9)"]" € R?, under Assump-
tion 1.4.7, the sequence {z"}ren, generated by (2.40) converges to the mazimum consensual

state in finite D time-steps, where D 1is the diameter of the time-invariant graph.

Proof. The proof can be completed by a simple extension of Proposition 2.3 in [94] 0

40



Following the same path, the minimum consensus scheme performs

jeN;

and its the convergence result is provided as follows.

Proposition 2.5.2. For any given z° = [(2%)",(23)", -+ ,(z9)"]" € R, under Assump-
tionAssumption 1.4.7, the sequence {z"}yen, generated by (2.41) converges to the minimum
consensual state in finite D time-steps, which is defined as
2" = [min (1), min (2), -+, min2}(p)]" € R”. (2.42)
With the maximum and minimum consensus schemes developed as above, we are now
ready to present the e-inexact average consensus scheme. Considering that both maximum
and minimum consensual states can be exactly achieved in the finite D time-steps, the guide-
line here is to check the stopping criteria for every D steps by measuring the discrepancy
between the results obtained by maximum and minimum consensus. We show by the fol-

lowing lemma that the states of agents y; € RP must reach the e-inexact average consensus,

if the discrepancy satisfies ||y™* — y™"|| < e.

Lemma 2.5.1. Given the statesy; = [y;(1),v:(2),- -+ ,y:(p)]" € R? and outputs of mazimum

ymax

and minimum consensus (y min)

Y whose t-th elements has y™*(t) = max;er y;(t) and

Y™ (t) = minez yi(t), respectively, if there exists a constant € > 0 such that
||}—,max _ Xmin“ S £, (243)

it implies ||y; — y|| < & where y = (1/I) - 1, y; denotes the average of y;’s.

Proof. By the definitions of maximum and minimum consensus, it holds that

Yy <y(t) < yg™ee(t), VieI, te{l,2,---,p}, (2.44)
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and furthermore,

i) =y (O] < [7™() —y™™ ()], Vij €L, te {2, p} (2.45)

Consequently, we have |ly; —y;|| < [ly™> —y™"|| < ¢, and thus for Vi € Z,

yi— (/D - Xy = WD X -y < /0 Xlyi—will <= (2.46)

Jj=1

O

The above Lemma 2.5.1 guarantees the e-inexact average consensus (2.8) by ensuring the

stopping criteria (2.43). Now, we present the detailed implementation of the operator C*(-),
which is outlined as Algorithm 2.

Algorithm 2: e-Inexact Average Consensus Operator

Data: Given each agent’s current state x; and the consensus error bound ¢, let
yi =%, y; =eland y) = 0. Set k = 0 and stop_flag = 0.

while stop_flag is NOT true do
Each agent ¢ € 7 simultaneously does

if (k mod D) =0 then
if ||y} — y;ll < e then
‘ Set stop_flag = 1;
else
| Reinitialize y* = y* and y* = y¥;
end
end

(S.1) Perform the one-iteration consensus step, i.e., y¥™' = A9 (y*);

i
(S.2) Perform the maximum and minimum consensus steps as shown in (2.40);

(8.3) Let k + k£ + 1 and continue.
end

Note that, in Algorithm 2, we use y¥ and X? to track the maximum and minimum
consensus respectively, and use y¥ to obtain the e-inexact average consensus result. As

remarked in Section 2.2, we do not specify the consensus scheme to iterate y*. Instead,
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we adopt an abstract one-iteration consensus step A°"(-) : R?? — RIP with A$°(-) being
the i-th component of the output, to denote one iteration in a general consensus scheme.
Such a step can be implemented by the widely-used weighted averaging as shown in (2.2b),
as well as our new average consensus scheme introduced in Section 2.4. Certainly, one can
implement it by many other options.

We shall also remark that the stopping criteria checking is D time-steps delayed, com-
pared with the one-iteration consensus step (S.1) in Algorithm 2, since the maximum and
minimum consensus always take a finite-time period D to reach the desired result. In fact,
for many specific consensus schemes such as the weighted averaging, the consensus error can
be preserved in each time-step, i.e., if ||x* — X|| < e then ||x*™! — x|| < e. To show this, let

k

us assume that the weighted averaging runs x**! = Wx* with aim to achieve the average X,

and it has reached the e-inexact average consensus at iteration k, i.e., ||xF —x| <¢, Vi € Z.

Then, it holds that

I I I
I =l = || 0w () = x(0)]| = || 20w (3 (1) = x(1)) | < Do wiglx (1) = x(1)]] < e
- - - (2.47)
where the second equality follows from the stochasticity of weight matrix W, the first in-
equality is due to the triangle inequality, and the second inequality follows from the condition
that ||x¥(t) —x(t)|| < e, Vi € Z. Thus, we claim that Algorithm 2 is valid for such consen-
sus schemes. Moreover, if the adopted consensus scheme does not have such a preservation

property, an extra buffer will be needed for agents to store the previous states.

2.6 Simulation Result

In this section, we evaluate the proposed DGDx framework on the following distributed

Least Squares problem,

x€RP

I
minimize F(x) =Y _ || Ax — b;||*. (2.48)
i=1
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Here, each agent ¢ is assumed to own a pair of measurements { A;, b;}. The goal is to minimize
the global objective function F(x) in a distributed manner. In the following, we compare four
algorithms: the DGDx algorithm with both linearly decaying error bound sequence (termed
as L-DGDx) and sub-linearly decaying sequence (termed as Sub-DGDx), the NEAR-DGD™*
algorithm, and also the DGD algorithm with diminishing step-sizes (termed as DGD-dim).

(a) The general undirected graph (b) The undirected tree graph

Figure 2.1. Topology of the multi-agent network

In this simulation, we consider a network composed of n = 20 agents, and assume that
each agent takes 20 measurements, i.e., b; € R?°. The network topology follows a randomly
generated undirected graph, as shown in Fig. 1(a), which is guaranteed to be connected.
Note that the algebraic connectivity of the network has ¢ = 0.686 and its diameter is D = 4.
The weight matrix W is generated through the Metropolis-Hasting rule so that W is doubly
stochastic. We first evaluate our DGDx algorithm with two different choices of consensus
error bound sequence {e"}4en,: 1) a linearly decaying case, i.e., ¥ = (0.9)%; and ii) a sub-
linearly decaying case, i.e., ¥ = 0.1/k. The weighted averaging scheme is utilized for the
consensus steps in the DGDx algorithm. Since the same local descent step is adopted in both
NEAR-DGDT™ algorithm and our DGDx algorithm, for a fair comparison, we use the same
constant step-size a = 0.4 in both two algorithms. The diminishing step-sizes {a*};en, for
standard DGD algorithm is set as o' = o*(1 — §a*) with a® = 0.6 and 6 = 0.2. The

performance of algorithms is evaluated as follows.
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Figure 2.2. Comparison of the convergence results

Fig. 2.2 demonstrates the convergence results of all four algorithms by plotting the
optimality gap (see Fig. 2.2(a)) and disagreement among agents (see Fig. 2.2(b)) versus
the number of iterations. The optimality gap is measured by S* = ||[VF(x")|? at each

=(1/1)- X

agreement among agents is computed by D¥ =

time-step k, where x* !_, x¥ represents the average of all agents’ states; the dis-

(/1) iy IIxf —
Fig. 2.2 that our DGDx algorithm (both L-DGDx and Sub-DGDx) achieves the exact con-

x*||2. Tt can be seen from

vergence, while the L-DGDx shows the faster convergence rate than Sub-DGDx. Although
it is observed that the NEAR-DGD™ algorithm can reach the same level of optimality gap by
fewer iterations than the DGDx algorithm, we next show that the NEAR-DGD™ algorithm
actually consumes more communication resources. The comparison of computation and com-
munication cost is illustrated in Fig. 2.3. While the communication cost at each time-step
is counted as the number of iterations involved in the consensus step (see Fig. 2.3(a)), the
computation cost is defined as the number of gradient steps (see Fig. 2.3(b)). It is shown
that the L-DGDx requires the least amount of communication cost to achieve the same
optimality gaps. Therefore, we conclude that our DGDx algorithm offers extra flexibility
in the algorithm implementation to reduce the total cost, compared to the NEAR-DGD™
algorithm.
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Figure 2.4. Comparison of the computation and communication cost (tree graph)

In addition, to further demonstrate the superiority of our DGDx algorithm when applying
finite-time consensus schemes, we carry out the following additional simulation where the
finite-time consensus scheme presented in [90] is adopted. Given that such finite-time scheme
can be only valid when considering a tree graph, here we simulate a network of n = 20 agents
which has the topology as shown in Fig. 2.1(b). The other simulation settings are the same
as before. We also compare the DGDx algorithm with finite-time consensus (termed as

F-DGDx) to the NEAR-DGD™* algorithm. For a fair comparison, the same constant step-
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size a = 0.1 is specified for both algorithms. Here, we only investigate the communication
and computation cost of the algorithms. As shown in Fig. 2.4, the F-DGDx algorithm
requires much less communication cost than the NEAR-DGD™ algorithm. That is because
only D = 4 iterations are needed to reach the pure average at each consensus step of our
algorithm, while the number of iterations in NEAR-DGD™ grows up exponentially as the

time-step k increases.
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3. A GENERALIZED NETWORKED PROXIMAL
ALGORITHM FOR DISTRIBUTED OPTIMIZATION

This chapter presents a generalized networked proximal algorithm, termed as NetProx, for
solving the distributed optimization problem (P). This new algorithm discards the conven-
tional consensus procedure which appears in majority of the existing distributed algorithms,
but takes advantage of the classical proximal point method in the context of centralized
optimization to ensure the consensual solutions. Observing that the standard DGD algo-
rithm is just a special case of our NetProx framework when the local objective functions are
approximated by the first order Taylor expansions, we then generalize the choice of local ap-
proximation functions. It is shown that, with the higher order approximation functions, the
convergence of the NetProx algorithm will be accelerated to some extent, but meanwhile, it
will cost more computational resources for each agent at each iteration. On this account, the
flexibility of choices of the approximation functions further helps to balance the computation

and communication in distributed optimization.

3.1 Problem Statement — A Revisit to the DGD Algorithm

As we have reviewed in Section 1.2 of Chapter 1, the majority of the existing first-order
primal-based distributed algorithms, including the well-studied DGD algorithm, follows the
same path — a consensus step together with a gradient step, where the consensus step is
designed to enforce the consensual solution among all agents and the gradient step is adopted
to meanwhile achieve the optimizer. Now, in order to develop our new algorithmic framework,
we present another perspective to study the DGD algorithm by reformulating its iterations.

Let us first recall that the DGD algorithm performs the following update at each agent

1 € Z simultaneously and locally,

X = > wijxf — oV f;(xF). (3.1)
JEN;

Note that some underlying assumptions are incorporated by the DGD algorithm; see details

in Section 1.4.2 in Chapter 1.
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We shall highlight that the right-hand side of (3.1) can be viewed as an analytic solution

of minimizing the following objective function f;(-) : R? — R,
; kT k 1 k2
filx) = Vi) (x = x7) + 5+ D wigllx = x| (3.2)
i=1

Therefore, the iteration of the DGD algorithm can be also expressed as the following form,

. 1 < ,
xhitl = arxgel]g;m {fz(xf) +VHED)T(x—xF) + Sk z:lwinx — Xé‘?H2 }, 1€ 1.
J:

(3.3)

linear approximation of f;

proximal term

We can now interpret the above iteration (3.3) as follows: each agent attempts to mini-
mize the objective function by considering the linear approximation of each f;(-) and mean-
while tries to stay close to the states of its neighbors by adding the proximal term. Here,
the sequence of step-sizes {a* }ren, is diminishing, meaning that more and more weights will
be assigned to the proximal term. As the iteration index k goes to infinite, the consensual
solutions must be achieved since a* — 0. Once we explain the iteration (3.3) from this new

perspective, two questions will naturally arise and remain to be answered:

i) Given that the proximal term aims at enforcing the obtained solution to stay close
to the points of neighbors, how can one motivate the using of those weights w;;’s? In
particular, how can one justify the necessity of double-stochasticity of the weight matrix

W = [wy]] ;—; that is typically required by the DGD algorithm?

ii) Aside from the linear approximation of f;(-), can one adopt some other forms of the
approximation function, such as the higher order approximation or even the original

function f;(+) directly?

Here, we first try to answer the question i) by eliminating the weights in (3.3), and thus

obtain the following iteration,

1
x; ! = arg min {f@-(xf) + VD) (x = %) + 5 - D lIx— X’?H?}, iel (3.4)
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At the iteration (3.4), each agent basically treats the information received from its neighbors
with an equal weight. To see whether such a weight matrix free scheme works or not, we

rewrite it back into the DGD-like form and have,

xf“ = ; . Z X?-: — (j . sz(xf) (3.5)
b JEN; v

Note that here d; denotes the degree of node i, i.e., d; = |N;|. Tt can be observed from (3.5)

that each agent i basically assigns the same weight 1/d; to all the received information from

its neighbors, and correspondingly, the local gradient is also scaled by 1/d; at each time-

step k. In order to proceed our further analysis, let us express the iteration (3.5) into the

compact form. Recall that x* € R? and Vf(x*) € R denote the aggregates of local states

x¥’s and local gradients V f;(xF)’s, respectively, then (3.5) is equivalent to
xFtt = Mx* + o*D 7'V (x"). (3.6)

Note that, in (3.6), the hidden weight matrix M € R?*/? is defined as M := (D' A)®1, and
D := D ® I, € RP*!P; recall that the degree matrix D := diag{dy, dy,-- ,d;} € R™*! and
the adjacency A = [a;]!;_; € R have been defined in Chapter 1. It is straightforward to
verify that this new weight matrix M is row-stochastic but not necessarily doubly-stochastic.
However, according to the theory of the DGD algorithm, its convergence can only be guar-
anteed when the weight matrix is doubly-stochastic, see e.g., [29], [32]. We note here that
the iteration (3.6) can still drive the generated sequence {x*} ey, to the optimal solution
under some necessary conditions. This is primarily due to the scaling of the local gradient,
i.e., D71Vf(x"*), and we elaborate on it as follows.

Let us first give a brief review on the result presented in [95] which studies the con-
vergence of the standard DGD algorithm (3.1) when the original weight matrix W is only
row-stochastic, rather than doubly-stochastic. Denote the vector v = [v;]_, € R as the

left eigenvector of W corresponding to the eigenvalue 1, i.e., v'W =" and 1Tv = 1, and
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define the weighted average of local states as X* := ! v;x¥. Then, it is straightforward to

verify that the dynamics of X* can be written as,
I

R =28 — o 0V fi(xF). (3.7)
i=1

Consider that the consensus result will be achieved by (1.5) due to the row-stochasticity of
the weight matrix W;see the Lemma 1.4.1 in Chapter 1, i.e., limy_,o, ||xF —%*|| = 0, it can be
understood that the multiple agents are cooperatively minimizing a new objective function
F(x) := XL v;f;(x), instead of the original one F(x) = YL, fi(x). Indeed, this motivates
a new scheme proposed in [96] which introduces an auxiliary variable y* € R’ to rescale the

bias of local objective function v; f;(x) and performs

I
yith =" wyy;, (3.8a)
i=1
I k
Vfi(x3)
k+1 k k L\“Mg
ji

where Z;(+) : RT — R takes the i-th element of the input vector. Provided that the variable
y¥ can track the left eigenvector v by initialized as y? = e; where e; denotes the unit vector,
it is easy to see that Z;(y¥) will converge to the scaling weight v; and thus (3.8b) is gradually
equivalent to the standard DGD algorithm.

Now, let us look back into our derived DGD-like iteration (3.5) or equivalently (3.6), and
compare it with (3.8b). Since we assume that the underlying time-invariant network G is
undirected, it can be verified that the vector d = [d;]/_, € R’ is exactly the left eigenvector of
the hidden weight matrix M = D~ A corresponding to the eigenvalue 1,i.e., d"D7'A =d".
Therefore, instead of adopting the tracking left eigenvector y¥ to rescale the bias of local
gradient as in (3.8b), the iteration (3.5) actually obtains the left eigenvector d as a prior
knowledge due to the special assignment of M. It can be seen that (3.5) essentially performs

the same updates as (3.8a)—(3.8b), and its convergence can be straightforwardly confirmed

by applying Theorem 2 in [96].
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Based on the analysis presented above, we have inherently answered the first question.
That is, once the DGD algorithm is considered from the new perspective as (3.3), the weight
matrix can be actually eliminated and a weight matrix free scheme is thus obtained as (3.4).
Next, we attempt to approach the second one by developing our new algorithmic framework

— the NetProx algorithm.

3.2 The NetProx Algorithm

To answer the second question, we now consider a general case, in which a generic function
gi(-]) : RP x R? — R is adopted to approximate the local objective function f;(-). To ensure

that ¢;(-|-) is a valid approximation of f;(-), we require it to satisfy the following conditions.
Assumption 3.2.1. Fach of the local approzimation functions g;(-|-) is assumed to be
i) gi(-|x) is convex on the set X, Vx € X;
ii) the gradient Vg;(-|x) is LY-Lipschitz continuous on the set X, Vx € X;
iii) Vgi(x|x) = Vfi(x), Vx € X.
Note that, from now on, we consider the distributed optimization problem (P) under the

compact feasible set X’; see Assumption 1.4.2 in Chapter 1. As a result, the gradient V f; on

each point x € X must be bounded, i.e., there exists a constant x > 0 such that
IVAx) <k, VeekX, Viel (3.9)

It should be highlighted that, aside from the previous linear approximation function, i.e.,
gi(x|y) = fi(y) + Vfi(y) " (x —y), there are also a few other choices of the function g;(- |);

for example, the second-order Taylor expansion, i.e.,

G(x1y) = Fily) + VA = 3) 45 -0V AG-y), (310

where V2f;(-) € RP*? denotes the Hessian matrix, and also the original function, i.e.,
gi(x|y) = f(x). It is easy to verify that all the conditions in the above Assumption 3.2.1

are satisfied with these three choices.
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Next, by taking advantage of the proximal operator in the context of centralized opti-

mization, we define the networked proximal operator nProxy p,(-) : R%? — RP? as,

1
nProxy ;, (X;jen;) := arg min {hi(x) +- ) x— xj||2}. (3.11)
xXeX 2 JEN;

With the help of the defined networked proximal operator, as well as the generic ap-
proximation function g;(-|-), we now present our NetProx algorithm as below, for Vi € Z,

k1

X

= nPI'OX)(’akgi (Xfe/\/’z)

1
. k k2
= argmin { g;(x|x; —1—7‘2 X — X"
)%GX { () 20k jeMH ]H

} (3.12)

The detailed steps of the algorithm are outlined as Algorithm 3.

Algorithm 3: NetProx Algorithm

Data: Given a sequence of the diminishing step-sizes {a*}en ., each agent i locally
initializes its own state x?. Let k = 0.

while a termination criterion is NOT satisfied do

Each agent ¢ € Z simultaneously does
(8.1) Receive the information X;? from the neighbors j € N;

(S.2) Determine the local approximation function g;(- | x¥), perform the
networked proximal operator nProxy ., (-), and let

xFH = nProx.y ok, (X?EM); (3.13)

(S8.3) Broadcast the updated state Xf“ to the neighbors;

(S.4) Let k < k + 1 and continue.
end

Before proceeding to the convergence analysis, a few remarks should be made here re-
garding the proposed NetProx algorithm. First, the algorithm can be implemented in the
fully distributed fashion, since each agent only relies on the information received from its
neighbors. Second, due to the proximal term and also the fact that the approximation func-
tion g;(- | -) is assumed to be convex; see Assumption 3.2.1, the minimization problem defined

by each nProxy .« (-) is guaranteed to be strongly-convex and thus has the unique solu-
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tion. Third, as mentioned before, one can choose among a few approximation functions to
implement the NetProx algorithm. However, different choices will result in different compu-
tational cost at each iteration, as well as different overall convergence rate of the algorithm;
see the detailed convergence analysis in the next section. We shall highlight here that such
flexibility offers the great potential to further balance the computation and communication
for solving the distributed optimization problem. This is also why we claimed that our

NetProx algorithm provides the generalized algorithmic framework.

3.3 Convergence Analysis

In this section, we provide the convergence analysis of the NetProx algorithm. To fa-
cilitate the following analysis, let us first introduce some additional notations. Recall that,
in Section 3.1, we have defined the new weight matrix M = D~'A € R™*! where D is the
diagonal degree matrix and A is the adjacency matrix. It is known that the matrix M is
row-stochastic, i.e., M1; = 1;. More specifically, let us use a;] € R! and m; € R! to repre-
sent the i-th row of the matrices A and M, respectively, and by the definition of the diagonal
matrix D = diag{dy, ds,--- ,d;}, it follows that m; = a;/d;. In addition, we introduce a new

vector € € R, defined as
€ = xF — Mx* (3.14)

where x* corresponds to the agents’ aggregated states at the iteration k, and M = M ® I,
as defined before. Next, we show, by the following lemma, that the norm of this new vector

€" is bounded by the step-size o*.

Lemma 3.3.1. Under Assumptions 1.4.2, 1.4.4 and 3.2.1, let {Xk}lceN+ be the sequence
generated by the algorithm (3.12) and {€"}ren, be defined as (3.14), then there exists a

constant ¢; > 0 such that

|€¥]| < c1a®,  Vk € Ny, (3.15)
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Proof. Similar to the state variable x*, let us denote €* as the aggregate of local €’s, i.e.,

e =[N, (&), ,(e¥)T]T. By the definition of €, it is straightforward to verify that

ef =xF — M/ xF, (3.16)

where M =m, ® I, € RP*/P,

According to the iteration (3.12) of the NetProx algorithm, the first order optimality

condition guarantees that, for Vx € X,

1 T
(Vo |y + - 3 (1 = x)) (e x) 2 0, (317
(6] ;

JEN:

Notice that M x* = Y jEN; X;-C /d;, and thus the variable M x*  as the convex combination
of Xf’s, must be in the set X'. Subsequently, we let x = M, x* and rearrange the above
inequality (3.17), it yields,

Pl = [ — M

)

ak

== Vil ) T (M X" = x )

le

VAN

o~ S

(3.18)

IN

d
«
IV ) - e - M|
«

S

= IV - el

Next, we note that ||Vg;(x¥™ | xF)|| is always bounded, since

(3.1.a)
Vg Il < I1Vgix ™ [x5) = Vgl [ <) | + Vg | x7)]

(3.1.b)
< LY — x|+ (| V()| (3.19)

(3.1.¢)
< o0,

where the inequality (3.1.a) is due to the triangle inequality; (3.1.0) follows from Assump-

tion 3.2.1; and (3.1.c) is due to the compactness of the set X and the boundedness of the
gradient; see Assumption 1.4.2 and inequality (3.9).
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As a result of the inequality (3.18) and the boundedness of the term ||Vg;(xF™ x|,

there must exist a constant ¢ > 0 such that
lefll < cat. (3.20)

By the definition of €* and letting ¢; = ¢] V1, the proof of Lemma 3.3.1 is completed. 0

With the help of the above Lemma 3.3.1, we are now ready to bound the consensus error
by the following lemma. Note that the consensus error at each iteration k is defined by the
quantity ||x* — TIx"*||, where Il = (1;7 ") ® I, € RP*? and w € R/ is the left eigenvector of

the weight matrix M corresponding to the eigenvalue 1.

Lemma 3.3.2. Under Assumptions 1.4.2,1.4.4, 1.4.8 and 3.2.1, let {x"}ren, be the sequence

generated by the algorithm (3.12), then the following inequality holds,

k—1
Ik — TIxH]| < colpo)* - ]| + 3 coen (po)~ e, (3.21)
t=0

where the constants co and 0 < pg < 1 are defined in Lemma 1.4.1.

Proof. Tt follows by the definition (3.14) of €* that
xFt = MxF + €. (3.22)
Let us apply the above equation recursively, it holds that
k—1
xF = (M)"x% + Y (M)* " (3.23)
t=0

Now, based on the facts that 7 is the left-eigenvector of M, i.e., w'M = 7' and the

definitions of the matrices IT and M, it holds that IIM = IT and thus

k=1
Ix" = Ix" + > II€". (3.24)
t=0
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Therefore, it follows that

It — TIx|| = H (M) — 1) + g (M)~ — 1)

k-1
< IOVDF =TI - [ + 3o V) =TI - ||
t=0

(3.25)
(3-2.a) k 0 = k—1—t ¢
< colpo)* - X"l + D colpo) || €"]]
=0
3 ) k—1

.2.b
< colpo)® - IX° + D cocr(po)* e,
t=0

where the inequality (3.2.a) follows from Lemma 1.4.1 in Chapter 1 and (3.2.0) is due to the
above Lemma 3.3.1. U

Subsequently, let us prove the following supporting lemma, which characterizes the key

term ||V fi(x}) — Vai(xf | 7).

Lemma 3.3.3. Under Assumptions 1.4.2, 1.4.3, 1.4.4, 1.4.8 and 3.2.1, let {x*}1en, be the
sequence generated by the algorithm (3.12), then the following inequality holds,

1
> IV A(xE) = Vil | x|
i=1

o (3.26)
< (L + L) VT - (200(P0)k_1 X 2¢0e1(po) Pl + Cla’H)a
=0
where L, = maxi<;<; LI and L9, := max;<<; LY.

Proof. Notice that

IV fi(x) = Vai(xi [ xi 7))
< IV£ilx) = VAT + IV AT = Vol [ x| (3.27)

< (L] + LY) - lIxF ==,

27



where the last inequality follows from Assumptions 1.4.3 and 3.2.1. As a consequence, it

holds that

DIV i) = Vil [ x|
< XI:(LHL?) I = x|

3.

< (Lt L VI - [ =)
(3.28)
2 (L L VI (M = (V)04 5 MM - T e

3.0)
< (Bt L VT (2co<po>k-1 I+ X 2eato) ]+ )
t=0

(3.3.d) k—2
< (L + L VT - (2co(ﬁ)o)k_1 X0+ S 2¢0¢1 (po) TP e 4 0T 1>,
t=0

where (3.3.a) is due to the Cauchy-Schwartz inequality; (3.3.0) follows from the dynam-
ics (3.23) of the state x*; (3.3.c) follows from Lemma 1.4.1 in Chapter 1; and (3.3.d) is based

on the diminishing step-sizes and Lemma 3.3.1. [

With the help of the above supporting lemmas, we are now ready to study the convergence
of our NetProx algorithm. Before proceeding to the main theorem, let us again introduce

some additional notations. We define a real-valued function f(-) : R?”” — R as,

£(x) = 3 /i), (3:29)

and thus its gradient Vf(x*) € RP should aggregate all the local gradients as we have

defined before. In addition, we use X* € RP to represent the (weighted) average of the local

kg 3
X;'’s, 1.e.,

I
xF=(rT @) x"=> mx!. (3.30)

Note that, by the definition of the matrix IT, it follows that IIx* = (1; ® I,) - X"

Now, we are in the position to state the main theorem.
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Theorem 3.3.1. Under Assumptions 1.4.2, 1.4.3, 1.4.4, 1.4.8 and 3.2.1, let {x"},en, be the
sequence generated by the algorithm (3.12) and step-size o* be satisfied with i) 352, ¥ = oo;

and ii) 322 o (a®)? < oo, then the following convergence result holds,
lim ||x¥ —x*| =0, Vi€ Z, (3.31)
k—o00

where x* denotes the optimal solution of Problem (P).

Proof. By noticing that
F(x%) = F(x) = (F(x") = £(x")) + (F(x") = F(x")), (3.32)

let us next the two terms on the right-hand-side of the above (3.32) separately.
First, by the definitions of the vector X* and the function g(-), it holds that

P~ ) = 3 (406 - )

(3.4.0) 1

< ; V()T (F - xf)

(3.4.b) I
< wey fIXE x|
i=1

(3.33)

(3.4.¢)
< wVI-|IIxF — x|,

where (3.4.a) is due to the convexity of the functions f;’; see Assumption 1.4.4, (3.4.) is
due to the boundedness of the gradient; see the inequality (3.9), and (3.4.c) follows from the
Cauchy-Schwartz inequality. Further, based on Lemma 3.3.2, it follows that

k k k t—1
> ol = ) < (Y cwalon) - Il + 3 cocnlo) (@) < oo (3:3)
t=1 t=1 t=15=0

Note that the second inequality follows from Lemma 1.4.2 and 1.4.3 in Chapter 1 and the
fact that the diminishing step-size o satisfies i) Y72, a* = oo; and ii) Y32, (a*)? < oco.

Next, invoking again the convexity of the objective function f;(-) yields,
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= Vgi(xt %77 T (xf = x*) + (vfi(xf) — Vgi(x} | Xf_l))T(Xf —x%)

(3.5.a) dz R

M C e R (T R I E | NS
d;

— ot (It = s o = &2 — T = )

90k
+ [V = Ttk x| - ek -
< G d; (||X —xHE - |xF - X*H2) + vaz'(Xf) _Vgi(xt| Xf_l)H . ‘Xf —

x¥ —x*|.

(32b)i PSS E s |2) 4 [V k) — Vg [ x5 -
< gar 2 (7 1P = I =)+ [90e) = Dol i)

(3.35)
Note that in (3.5.a), we take advantage of the the inequality (3.17) by letting x = x*
and denote X' = MJx*! = ¥, . xF7/d;; in addition, (3.5.0) is due to the facts that

djen; 1 /d; = 1,Vi € T and the convexity of the function of squared norm, i.e.,

> )

JEN;

I%; 7 = x| = Z [ (3.36)

JEN;

Now, let us sum the inequality (3.35) for Vi € Z, it holds that

() — Flx) < 1(Hx’“ - (o) Xl - X - (L eL) x[})

~ 2ak
(3.37)
+ Z |V ixk) = Vgl | x| [k = x|
i=1
where the norm || - |, is defined as [|x||}, = x"Dx. Further, by Lemma 3.3.3, one can have
k I
>3 [VAG) - Vol x| [t = x
t=1 i=1
kot—2 i (3.38)
- (Z2c1<po>t—1at IR+ 355 2enen )0 + Y er (o)
t=1 t=1 s=0 t=1
< Q.
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Note that the last inequality is due to the fact ||x! — x*|| < oo owing to the compactness of
the feasible set X', as well as Lemmas 1.4.2 and 1.4.3 in Chapter 1.
Consequently, summing up the above inequalities (3.33) and (3.37) and rearranging it

gives,

" — (1 @1,) - x|

<%= (1,8 L) - x|p — 20" - (F(XY) — F(x)) (3.39)

X — x*

+ 20" (Z [V 56 = Vgatact |37 - VTt = x))
i=1

k

(1

k according to the inequalities (3.34)

Let us denote the last term on the right side as =
and (3.38), we can have that the sequence {E"},cn, must be summable, ie., Y7°, Ef < oo,
when the step-size o satisfies the two conditions. Therefore, based on Lemma 1.4.4 in

Chapter 1 and the fact that F/(x*) — F(x*) > 0, it holds that,
k
Yot (F(it) - F<x*>) < oo, (3.40)

t=1

and there must exist a constant 6 > 0 such that,
klim ka - (1;®1,) -x*H]QD = 0. (3.41)
—00

Now, recall again that the step size has > 2, o' = oo, thus it follows from (3.40) that
liminfy o F(xF) = F(x*) and further implies that there exists a subsequence {x""},en,

such that

lim F(x*) = F(x*). (3.42)

n—oo

As a consequence of the compactness of the feasible set X', there must exist a subsequence

{ikl}lem C {ik"}n€N+ such that lim;_,., X" = x*.
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Then, in order to prove the statement in the theorem, it only remains to show that 6 = 0

in (3.41). Notice that

§ = liminf ||x* - (1; ®L,) - x*|}
—00

I
— Tlim otk w12
—hggg}lf ;dl ||lx; — x*|]

I (3.43)
s s k Sk|2 Sk * |2
< lim inf ;Qdi' Ik = =*)17 + 1% = x*|1?)

I
— lim i ek K12 —
= hlgr_l)g)lf Z;Zdz |x™ —x*||* = 0.

Note that the second last equality is due to the the super-additivity property of the limit
inferior and the fact that limy .. ||x¥ — %¥|| = 0 based on Lemma 3.3.2 and Lemma 1.4.1 in

Chapter 1. Therefore, the positive constant o must be zero and the proof is complete. [

We shall remark that the above Theorem 3.3.1 states the convergence of the generalized
NetProx framework, i.e., regardless of the choice of the approximation function g;(-|-) as
long as it satisfies Assumption 3.2.1. In addition, under the condition of the step-sizes, i.e.,
S af = ocoand 332, (a¥)? < oo, the convergence of algorithm is characterized by x¥ — x*,
which also implies the consensus of the solutions. Next, in order to provide the convergence
rate of the NetProx algorithm, we study three different choices of the approximation functions
separately: i) the original function; ii) the second order approximation; and iii) the linear
approximation. Note that here the convergence of algorithm is described in the ergodic sense
with respect to the weighted averaged state of all agents; see details in Theorem 3.3.2, and

the step-size is specified as of =1/ Vk in the following analysis.

Theorem 3.3.2. Under Assumptions 1.4.2, 1.4.3, 1.4.4, 1.4.8 and 3.2.1, let {Xk}keN+ be
the sequence generated by the algorithm (3.12) with step-size specified as o = 1/\/%, then
convergence rate can be given as F(X*) — F(x*) = O(l/\/%), where X* € R? is defined
as X¥ = (1/k) - SF X' and X' is given by (3.30). In particular, considering the three
specific choices of the approzimation function g;(-|-), one can have that i) F(X*) — F(x*) ~

O(%/\/E) for the original function, i.e., g;(x | x¥) = fi(x); i) F(x*) — F(x*) ~ (9(70/\/%+
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fyl/\/E) for the linear approzimation; and iii) F(X*) — F(x*) ~ (’)(fyg/\/E—l— ln(k;)/k) for the

second order approximation.

Proof. Let us recall the two inequalities (3.33) and (3.37), summing them together yields,

_ N 1 ~ . )
(F) = Fx)) < 5o (I = (o L) - x7 [ — 5~ (L e L) - x'[)
7—1k
I (3.44)
v I — o+ Y0V A — Tl [ [ -
=1

7~2k
7})]6‘

Now, let us investigate the three terms on the right hand side of (3.44) separately. First

of all, the summation of T}*’s is given by

k k 1
ST =Y s (K7 - e )~ X - (e L) <)
1= 1 :
_ . [ _ 1 I R 2
3 2 (= ) I - (o) T .
1 . 1 .
o K = (e ) X - o I - (e T) X
Bl 1\ _ 8
§§ <a1 Z(at“_at)) 27_03\/_

Note that, in the first inequality of (3.45), we apply the fact that there must exist some
constant 8 > 0 such that ||x* — (1; ® L) - x*||} < B8, Vk € N, due to the compactness of
the feasible set X’; and in the last equality, we let cs = 3/2 and use the fact o* = 1/ VEk.

Second, according to Lemma 3.3.2, it holds that

zk: TE< kVI- Z (co po)' - [|XY)] + cocr - E(p ) 1Sas)

s=0

fopo X0 4 cocr VT - z:cﬁloﬂt/2J (3.46)

%\
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Note that the second inequality is due to the following fact; see the same argument in the
proof of Lemma 1 in [97],

t—1

S (po) et = O(alt), (3.47)

s=0
and thus there must have some constant ¢, > 0 such that 3!} (po)" "' ~*a® < ¢,al¥/?; and in
the last inequality of (3.46), the existence of the constant ¢, > 0 is guaranteed by o = 1/V/k.
Lastly, for the term 77, we need to take into account the three different types of the
approximation functions. First, when the original f;(-) is adopted as the approximation
function, it is easy to verify that T7* = 0, Vk € N since V f;(xF) = Vg;(xF | xF~!). Second,
when the linear approximation function is applied, i.e., Vg;(x¥ | xi1) = Vfi(Xi_l), then it
holds that
t ox

X; — X

kE I
gz [V A - V]|

22 [[VAixD) - VA6

k
> Tl
t=1

1 M?v i

) (3.48)
< 5Lmax\/j ' Z HXt - Xtil”
t=1

fol
< G ; Vi
Note that here we add the subscript L to denote the term ’7})’“L which corresponds to the
linear approximation function, and the last inequality can be obtained by following the proofs
of Lemma 3.3.3; see inequality (3.28), as well as the inequality (3.46). Likewise, when the

second-order approximation function is applied, we use the subscript ) to denote the term

75’7“@. Notice that, in this case, the gradient of the approximation function is given by
Vailxt [x771) = Vfilxi ™) + V2f(d ) (xf = x77), (3.49)
and according to the Taylor’s Theorem, there must exist a constant c; > 0 such that

|V £(E) = Vgl [ x| < o Ixb =<))7, vie T (3.50)
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Therefore, following the same path as the inequality (3.48), it holds that there exists a

constant ¢g > 0 such that

k
1
ZEQ col3 - ZHX X<y (3.51)
t=1

Now, we are ready to prove the statement in the theorem. Due to the definition of the

state X* and also the convexity of the function F(-), it follows that

RAGSIY)

(Tt+7'2 +7;,)

F(xF) —

(3.52)
Cq - Zt 11/\/_ Zt 1Tst

k k

Y T
@) LT

IA
+

@) Ql‘ ?T‘\H ?T‘\H
/\??‘“

where the last inequality is due to the fact that ¢ 1/t = O(Vk). Furthermore, when
the original function is considered, one can have that (1/k) - >F , T;* = 0; when the linear
approximation function is considered, 7;* will be replaced by ’7;&, and one can have that
(1/k) - >S5, Tl = (’)(71 / \/E), at last, when the second order approximation function is
considered, 75" is replaced by Ty, and one can have that (1/k)- Y, T5lp = O(ln(k‘)/k’).
Therefore, the proof is complete. [

Based on the above Theorem 3.3.2, it can be concluded that, although the overall con-
vergence of the NetProx algorithm is at the rate of O(1/v/k) when the step-size is specified
as a* = 1/v/k. yet different choices of the approximation functions will also result in slightly
difference with respect to the performance of the algorithm. In general, high order approx-
imation functions can help to accelerate the convergence. but at the price of more compu-
tational cost at each iteration. This is also why we claimed in Section 3.2 that our NetProx
algorithm offers flexibility to balance the computation and communication for solving the

distributed optimization problem.
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4. RESILIENT DISTRIBUTED MIN-MAX OPTIMIZATION
UNDER NETWORK COMMUNICATION ATTACKS

This chapter studies a special instance of the distributed optimization problem (P) — the
distributed min-max optimization; in particular, we focus on the resilience of algorithm
against network communication attacks. More precisely, our algorithm builds on two crucial
components: i) a resilient convex combination scheme which helps eliminate the malicious
information injected by the unidentifiable communication attacks; and ii) a consensus-based
distributed algorithm which solves the min-max optimization over time-varying unbalanced
directed graphs. We show that, under reasonable assumptions, e.g., the attacked communi-
cation channels can be recovered within a certain time-window, the proposed algorithm con-
verges to the exact global optimal solution which involves every attacked /non-attacked agent
within the network. This result is primarily different from the existing relevant works whose

the objective only includes the local cost functions at the non-attacked agents.

4.1 Problem Statement

As distinct from the general distributed optimization Problem (P) which has been con-
sidered in the previous chapters, in this chapter we focus on a special instance, i.e., the
distributed min-max optimization formulated as follows,

fféi;r} G(x):= Inax. fi(x). (4.1)
Here, each f;(+) is also the local objective function which is assumed to satisfy the general
assumptions in Chapter 1 and supposed to be privately maintained by the corresponding
agent ¢ € Z. However, the overall objective now is not to solve for the minimizer of the
summation of the local f;(-)’s, but to consider the maximum one among all agents. In fact,
such a min-max problem is closely related to the robust optimization [98]-[100], in which
the potential uncertainties are sampled via a set of scenarios and the worst case among

them is optimized to guaranteed a robust solution. More specifically, in order facilitate the

computational tasks, the distributed min-max optimization spreads all the sampled scenarios
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into a network of computing facilities, so that each node only needs to deal with a few
scenarios and thus the computational cost is significantly reduced compared to the centralized
frameworks. It is noteworthy that such distributed min-max problem has also attracted a
great amount of attention among researchers; see e.g., [101]-[104] and the references herein.

Despite of the great success of the distributed algorithms reviewed in Chapter 1, we
shall emphasize that almost all of the existing methods require a reliable underlying network
which always maintains the perfect communication among different agents. Motivated by
the emerging studies of cyber-security issues in many real-world applications, see e.g., [105]-
[107], it would be a natural question to ask if the existing algorithms could be resilient
against the potential network attacks. Unfortunately, two recent papers [20], [21] essentially
provided the negative answers to this open question. While it is theoretically proved in [21]
that the distributed optimization in general is not solvable (see Theorem 1) if the network
attack is present, the authors in [20] show, by a simple counter-example, that any existing
distributed algorithm can be easily disrupted by a single attack. In the following, we adapt
the simple example in [20] under our distributed min-max problem setting.

Ezample 1: Without loss of any generality, let us suppose that the first agent (i = 1) is
under attack. Consider that the attacked agent is allowed to behave however it wishes, and
thus is capable of arbitrarily choosing a fake local function f(-) : R” — R such that, at the
specific point x € X, it has x = argmin fi(x) and fi(x) > maxs<i<y Mingex f;(x). Now,
one can easily verify that the specific point x would be the global optimal solution when
the network is attacked. Furthermore, due to the arbitrariness of the fake function fi(-), it
can be concluded that the attack of this agent can manipulate the global minimizer to any
point X in the set X and thus fake any existing distributed algorithm.

One should notice that an assumption was implicitly made to valid the example; that
is, once some agent ¢ is attacked, it will never be recovered during the whole optimization
process. As a consequence of this assumption, it is clear that the global optimality has no
way to be obtained due to the disappearance of the indispensable local information f;(-).
Nevertheless, starting from a practical perspective, it is reasonable to believe that the real
information can be sent out during some time-slot even if the attacks are present within

the network. Motivated by this, in order to cope with the vulnerability resulted from the
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loss of local cost functions, we consider the following network attack scenario: the targets
of attack are changing with time, but every attacked agent can be recovered at least once
during some certain time-window. More precisely, let us denote the set of attacked agents
as A C T at each discrete time-step k& € N, , and thus the set A* = T \ A* contains
all non-attacked agents. It is assumed that each agent ¢ has no knowledge about which
neighbors are under attack, but can access an integer af € N, at each time-step k which
upper bounds the number of the attacked neighbors, i.e., |[A¥| < a¥ where A := N; N A
Note that, in this chapter, we exclude the self-loop in the set of neighborhood N;. To ensure
the recovery of each attacked agent within some time-window, we also need the following

condition regarding the set A"

Assumption 4.1.1. There must exist a positive integer T' € N such that

T+k—1
U A"'=Z, VkeN,. (4.2)
t=k

Furthermore, we shall remark that the convergence of any distributed algorithm can be
easily destroyed by a direct manipulation of the agents’ local states. For instance, even if the

algorithm has already driven all agents to the desired optimal solution at some certain time-
k

step k, i.e., x¥ = x*, Vi € Z, then a simple change of any single agent’s local state x¥ would
immediately disrupt the convergence. On this basis, to prevent the direct manipulation of

agents’ local states, we will need the following additional assumption.

Assumption 4.1.2. It is assumed that the network attacks occur only in the communication
channels. That is, if the agent is attacked, then only the send-out information will be

manipulated, but the local information for itself is still reliable.

Note that the above Assumption 4.1.2 is not against the notion of byzantine attack;
it is only used to ensure that each agent can always trust the information maintained by
itself. In the following, we show, by another example, that the problem (P) does not become
immediately trivial, even with both Assumptions 4.1.1 and 4.1.2 satisfied.

Example 2: Without loss of any generality, let us suppose that the first two agents are

under attack periodically, i.e., the agent ¢+ = 1 is attacked at every odd time-step and the
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agent ¢ = 2 is attacked at every even time-step. It is easy to verify that Assumption 4.1.1 is
satisfied (with 7" = 2) under such an attack scenario. Consider that these two agents, when
attacked, choose their fake local functions fi(-) and f,(-) such that, at the specific point
X € X, it has i) X = argmin,y fi(x) for i = 1,2; i) f1(X) > max,41 ez mingey fi(x); and
i) fo(x) > max; 2 je7 Millkey f;(x). Under these three conditions, it can be concluded that
any existing distributed algorithm will drive all the non-attacked agents to converge to the
fake optimal solution X and thus is disabled by the periodical attacks.

Provided the vulnerability of the existing distributed algorithms as shown in the preceding
Example 1 and 2, both [21] and [20] compromise the global objective to some extent while
designing their solution methods. In particular, they completely give up the agents once
attacked and only take into account the cost functions of non-attacked agents. Moreover, the
optimization problems considered in both [21] and [20] merely focus on the scalar objective
functions. It is still unknown how to extend their results into the more general local cost
functions. On the contrary, the resilient algorithm presented in this chapter considers the
generic objective function as shown in the problem (4.1), and importantly, we care about
every single agent within the network no matter attacked or non-attacked. We show that,
under some reasonable (arguably necessary) assumptions; see details in the following sections,
our algorithm can converge to the exact global optimal solution x* € arg min, ., G(x) which
counts all local cost functions. This makes our work significantly different from the existing

ones.

4.2 Resilient Convex Combination

Let us denote each agent’s local state as x¥ € RP, and assume that all the local states

x¥’s are in general positions!, at each time-step k. The problem of interest in this section is
to design an appropriate mechanism which helps each agent ¢ to achieve a resilient convex
combination of the information received from only the non-attacked neighbors. Note that

here the main challenge comes from the fact that each agent communicates with all the

1A set of points in the space RP is said to be in the general position if no hyperplane of dimension p — 1 or
less contains more than p points. Note that, as stated in [108], any randomly drawn set of p points will be
in general position with probability one.
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attacked and non-attacked neighbors and is usually unable to distinguish the malicious ones
from all the received information. Next, we present the scheme proposed in [109], which is
able to achieve the resilient convex combination without the need to identify the attacked
neighbors.

Suppose that each agent i knows the number of its neighbors d; = |N;|, as well as the
upper bound a¥ for the number of the attacked ones. It is straightforward to see that af < d;,
for Vi € 7 and k € N,. Then, the resilient convex combination scheme performs the following
three steps at each time k:

Step 1) Construct the following set SF with each element being a subset of the information

received from the neighbors,
Sk = {x X C{xh jeN} | X :di—af}. (4.3)

Note that there are totally (did_i ) possibilities of the subset X, i.e., |SF| = (did_ia,?), as a

k
a;

consequence, we also denote the set as SF = {Xf(s), s=1,2,--- 755‘3} where SF = ( & k)

d;—a;

Step 2) Generate the convex hull of the set X¥(s) Ux¥, denoted as H(Xik(s) U Xf), for

each s =1,2,---, S and obtain their intersection C¥ C R?, i.e.,
st
cr= H(Xf(s) U Xf) (4.4)
s=1

Step 3) Choose an arbitrary point z¥ € CF as the resilient convex combination of the
information received from only the non-attacked neighbors.

It should be highlighted that the intersection set C¥ must be non-empty, since it is always
true by definition that x € CF; in addition, the point x¥ also constitutes a trivial resilient
convex combination, since each agent i can always trust its local state (see Assumption 4.1.2).
Nevertheless, in the more general case, besides the trivial point x¥, the set C¥ should also
contain other points, as shown in Fig. 4.1. In this example, the first agent (i = 1) receives
information from all its neighbors, and knows that there is at most one of them being under

attack. The intersection C; of all generated convex hulls is shown as the red line. An arbitrary

point in C; can be always viewed as a convex combination of the information received from
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Intersection C;

Figure 4.1. Illustration of the resilient convex combination

only the non-attacked agents, no matter which one is under attack. More details will be
discussed in Remark 4.2.2 and also in the next section.

Now, based on the above Steps 1) — 3) as well as the results in [109] (see Lemmas 1 — 3),
it is known that an arbitrary point z¥ from the set CF is a valid resilient convex combination,
i.e., combining the information received from only the non-attacked neighbors. Therefore,

let us express the point zF in the following convex combination form,

k k ok

JENT\AF
where A" := N U {i} and the coefficients ;’s have 5 > 0 and SN\ A gk =1 In
this sense, the selection of the specific point zF from the set CF is equivalent to deciding
the convex combination coefficients 55-’8. In fact, such a group of coefficients fj’s can be

implicitly determined by solving the following linear programming problem,

Juax (4.6a)
st B(s) xF(s) =z, (4.6b)
178(s) =1, (4.6¢)
B(s)—k-1>0,Vs=1,2,---, Sk (4.6d)

Note that here B(s) € R%~%*1 is a column vector and the corresponding %¥(s) € Rp(di—ai+1)

concatenates all states in the set X*(s) Ux¥. By convention, we let x¥ always be the first
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component in each %¥(s). A few remarks should be added regarding the linear programming

problem (4.6).

Remark 4.2.1. Due to the fact that x¥ is always in the set CF, it is straightforward to see

k

77

k=0 and B(s) = e, Vs = 1,2,--- , SF where e, € RE=a+1 s the first column of the

that the optimization problem (4.6) must be feasible, as a trivial feasible solution is z = x

identity matriz. In addition, consider that the number of attacked neighbors of the i-th agent
is upper bounded by the integer a¥, thus there exists at least one subset XF(s*) € SF or
equivalently X%(s*), which contains only the states from the non-attacked neighbors. As a
consequence, the corresponding group of coefficients B(s*) can be used to express the resilient

convezr combination in the form of (4.5).

Remark 4.2.2. In the more desired cases, it is expected that the resilient convexr combination
coefficients B(s*) should contain as many non-zero components as possible, so that the agent
can receive more information from the non-attacked neighbors. This is also the reason why
we would like to maximize the minimum component of B(s) for all s = 1,2,--- ,SF in the
optimization problem (4.6). Most ideally, the obtained optimal solution k* should be strictly
greater than zero. As such, it is quaranteed that B(s*) > 0 and thus the i-th agent truly
integrates the information from d; —a¥ non-attacked neighbors. We postpone the discussion of

the conditions which ensures k* > 0 to the next section; see Proposition 4.3.1 in Section 4.3.2.

To sum up, let us represent the resilient convex combination scheme for each individual
agent 7 as an abstract operator R;(-) : [[;en; R” — RP, and outline the operations as the

following Algorithm 4.

Algorithm 4: Resilient Convex Combination R;(-)

Data: Require the number of the neighbors d; and upper bound of the number of
attacked neighbors af.

(S.1) Receive the states X;? from all attacked and non-attacked neighbors j € N;;
(S.2) Generate the subset Xf(s) C {x}, j € N;} such that |Xf(s)| = d; — a};
(S.3) Solve the linear program (4.6) and output the obtained solution z*.
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4.3 Resilient Distributed Optimization

Equipped with the resilient convex combination operator R;(-), in this section, we develop
our distributed solution method to solve the original problem (4.1). Before that, let us first
introduce our second building block which is originally proposed in [110] — consensus-based

distributed optimization algorithm.

4.3.1 Distributed Optimization over Time-Varying Digraphs

Let us first reformulate the original distributed min-max optimization problem (4.1).
By introducing an auxiliary scalar variable ¢ € R, it is straightforward to see that the

problem (4.1) is equivalent to the following epigraph form,

min ¢ (4.7a)
st filx) <t Viel, (4.7b)
x e X. (4.7¢)

Note that the name “epigraph form” comes from the fact that the feasible set defined
by (4.7b) is essentially the epigraph of the local cost function f;(-). Particularly, let us
denote the epigraph as the set F; C RPT! where

Fii={( )| filx) <t} (4.8)

In addition, we bundle the two decision variables x and ¢ as a new one 8 = [x',¢]T € RPFL.
On this basis, the epigraph form (4.7) of the min-max problem can be further reformulated

as the following compact form

10 (4.92)

min e
0

s. t. 0 € (NiezFi) N (X x R), (4.9b)
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where e,,; € RP! is the (p 4+ 1)-th column of the identity matrix. Now, in order to solve
the problem (4.9), we let each agent ¢ maintain a local state 8F € RP™! at each time-step

k € N, and update it according to the following iterations,

¢2€+1 — Zje,/\/'fwlkjeéf’ (410&)
(= T oty (4100

hi(¢IH
(6], Vh,»((f“)). (4.10¢)

0+ =Ily R(CHI R A
: IVRi(CFH)|12

In the above iteration, the function h;(-) : R — R is defined as h;(0) := fi(x) — t; w}’s
correspond to the non-negative weights when combining the information from the neighbors;
a® > 0 and v* > 0 are two types of step-sizes; the operator [- ], : R — R, is defined as
[z]4 = max{z,0}; and Hyxg(-) : RP* — X X R denotes the Euclidean projection on the
set X x R. Note that the gradient Vh; always has |[Vh;(0)|| > 1, VO € RPT! therefore the
division in step (4.10b) is well-defined.

Remark 4.3.1. The above iteration (4.10) can be also interpreted from the perspective of the
classical distributed projected gradient descent. In fact, while noting that ey, is the gradient
of the objective function in (4.9a), the step (4.10a) together with (4.10b) exactly perform the
distributed gradient descent. In addition, to further cope with the constraints in (4.9b), the
step (4.10¢) takes two phases of projections: i) use the Polyak’s projection to move the point
CHY towards the epigraph Fi; and ii) use the Euclidean projection Iy, g (+) to ensure that the
obtained point OF' is in the set X x R. As already highlighted by the authors in [101] (see
Remark 2 in [101]), one can also adopt the Euclidean projection to deal with the constraint
induced by the epigraph F;, and thus reduce the iteration (4.10) into the standard distributed
projected gradient descent algorithm. However, compared to the Euclidean projection, the

Polyak’s projection involves less computational cost at each iteration of the algorithm.

Under some of the assumptions introduced in Chapter 1, the convergence result of the

algorithm (4.10) is stated as the following theorem.
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Theorem 4.3.1. Under Assumptions 1.4.2, 1.4.3 and 1.4.4, suppose that the step-sizes o

and v* are satisfied with i) 33° o = oo; i) Y3°(a¥)? < oo; and i) 0 < A% < 2, and let the

time-varying weight matriz W+ = [wfj}l{j:l be row-stochastic; see Assumption 1.4.10 and the
underlying time-varying directed graph satisfy Assumption 1.4.6, then the sequence {0%}ren N
generated by (4.10) converges to the exact optimal solution 8* = [x*' t*]T € RP*! where

x* € argmin, . G(x) and t* = max;ez fi(x*), i.e.,
lim ||@% —6*|| =0, VieZ. (4.11)
k—ro0

Proof. The proof can be completed by following the similar path to that of Theorem 1
in [101], while ignoring the stochasticity in the considered problem. Therefore, we here omit

the details. O]

We shall highlight that, besides the above Assumptions stated in Theorem 4.3.1, another
implicit condition is also crucial to ensure the convergence result; that is the perfection of
the communications among all agents within the network. However, as shown in the two
previous examples, the desired convergence can be easily disrupted by the potential network
attacks. In order to fix such an issue, we next further enhance the algorithm (4.10) by

integrating the resilient convex combination operator R(-).

4.3.2 Integration with the Resilient Convex Combination

Let us recall that, during the iteration (4.10), the only process involved with communi-
cations is at the step (4.10a), in which each agent needs to combine (via weighted averaging)
the information received from all neighbors. Therefore, to deal with the potential communi-
cation disruptions, a natural idea here is to replace the pure weighted averaging in (4.10a)
by the resilient convex combination operator R(-) introduced in Section 4.2. As such, we
present our resilient solution method as the following Algorithm 5 for solving the distributed
min-max optimization problem.

To ensure the convergence of Algorithm 5, a crucial part here is to guarantee that the

conditions stated in Theorem 4.3.1 still hold while the weighted averaging has been re-
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placed by the resilient convex combination. More precisely, one needs to make sure that
the underlying time-varying directed graphs induced by R(-) are satisfied with the B-strong
connectivity condition; see Assumption 1.4.6. Towards this end, we will need the following

result regarding the operator R(-).

Algorithm 5: Resilient Distributed Min-Max Optimization Algorithm

Data: Each agent requires the number of the neighbors d; and the upper bound of
the number of attacked neighbors a¥. Set the step-sizes o* and v*, and let
k=0.

while the termination criteria is NOT satisfied do
Each agent ¢ € 7 simultaneously does

(S8.1) Receive the states 0}“ from all attacked and non-attacked neighbors,
perform the resilient convex combination, and obtain

Pt = Ri(efe/\/j)? (4.12)

(S.2) Carry out the gradient descent step (4.10b), and obtain the intermediate
result ¢F+
(S.3) Update the state 85! via (4.10¢), based on the obtained ¢F™;

(S.4) Let k — k 4+ 1, and continue.

end

Proposition 4.3.1. Suppose that the upper bound of the number of attacked neighbors has
af < |(d; +1)/(p+2)] — 1 where |-| is the floor function, then the optimal solution of the

linear program (4.6) within the operator R(-) must have k* > 0.

Proof. This proof is primarily based on the Reay’s relaxed Tverberg conjecture [111], which
is stated as follows: a set of m points in general position in the Euclidean space R™ is (r, k)-
divisible if m > (n+ 1)(r — 1) + k + 1. Note that the (r, k)-divisibility here means the set
of points can be partitioned into r disjoint subsets such that the intersection of the convex
hulls of these r subsets is at least k-dimension. In this proof, we focus on the special case
where £ = n, and in this case, the Reay’s relaxed Tverberg conjecture has been successfully

proved when 2 <n <8 [112].

76



Now, let us denote m = d; + 1, n = p+ 1 and r = a¥ + 1. Based on the above Reay’s
conjecture, if the condition in Proposition 4.3.1, i.e., d; +1 > (p + 2)(af + 1), is satisfied,
then the set of d; 4+ 1 points {Bf}jENf in the space RP™ is (a¥ + 1,p + 1)-divisible. In other
words, there exists a partition of a¥ + 1 subsets, denoted as P,, r = 1,2,--- ,a¥ + 1 where

Z;:lrlpr = {Oé'c}je/\/j and P, NP, = ) when r # r’, such that the intersection set T of the
corresponding convex hulls is (p + 1)-dimensional, i.e.,

af—s—l

T:= ) H(P,). (4.13)

Next, we show that another intersection of convex hulls C¥ which is generated by our
resilient convex combination operator R(-) satisfies with the condition 7 C CF, and thus
is also (p + 1)-dimensional when d; +1 > (p + 2)(a¥ + 1). Let us recall that the set CF is
expressed as

Sk

¢ = N H(Qis) Uk, (4.14)
s=1

where each Qf(s) is a subset of {6};cn; satisfying that [Qf(s)] = d; — af with 5 =
1,2,---,Sk To prove T C CF, let us first show that, for each of the subsets QF(s), one of
P,’s in the partition must be its subset, i.e., for Vs = 1,2,-- -, S¥ there exists 1 < r, < af+1
such that P,, C QF(s). Now, we prove it by contradiction. Suppose that one can have an
index 1 < 5 < SF such that P, € Q%(5) for Vr = 1,2,--- ,aF + 1. Then, there exists at least
one element in each subset P, which is not contained in the set QF(5). Further, consider
that all P,’s constitute the partition of {8}},cn;, thus there are at least af + 1 elements in
the set {Bf}je ~; which are not contained in QF(5). Consequently, the number of elements
in QF(5) must have |Q%(3)| < d; — a¥ — 1, which contradicts the definition of the set QF(3).

Taking advantages of the above conclusion, it follows that Vs =1,2,--- ,S¥,

ak+1

N H(P,) C H(P.,) S H(Q(s)UBY). (4.15)

r=1
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Therefore, we can have

af+1 Sk
T= #P)C H(Qk(s)ueF) =cf. (4.16)
r=1 s=1

Now, based on the fact that CF is (p + 1)-dimensional, it can be shown that any point 7]

in the interior part of CF, i.e., 0 c int(CF), can be expressed as

k k
Z 5@'(5)9]'7 (4.17)
JETE(s)
where the index set ZF(s) must have i € ZF(s) C N;" and |ZF(s)| = d; — a¥ + 1; and the
weights fj(s)’s must have 3 c7x () ﬁfj(s) =1and ﬁfj(s) > 0,Vs =1,2,---,SF. In fact, for
each s =1,2,--- S let us denote the pure average of the points in QF(s) U 8% as
0=

IIZ( i Jgkj( )ek (4.18)

Consider that the point  is in the interior part of CF and thus is also in the interior part of

the set ”H(Qf (s)U Of), then there must exist a small constant € > 0 such that
6 .— (1+e)-§—e-9emt(y(gf(s)uef)). (4.19)

On this basis, we can represent the interior point 0 as

. 1 -
6= -0
1+€ +1—i-e
1 -
= 0+ 6.
1+e€ |ZF (s )\(1+e P>

JETE(s)

€ —

(4.20)

Note that 6 can be also expressed as the convex combination of the points in QF(s) U 6%,
therefore (4.17) must be true with 37,7, %(s) =1and f(s) >0,Vs =1,2,---,SF.

As a result of the above result, it is straightforward to verify that any interior point

of the generated set CF be expressed as the non-zero convex combination of the points in
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QF(s)UBF, Vs =1,2,---,SF. Therefore, to maximize the minimum weight 3;(s) as shown
in the linear program (4.6), the optimal solution must have x* > 0. The proof is completed.

]

Based on the above Proposition 4.3.1, a direct corollary can be stated as follows.

Corollary 4.3.1. Suppose that af < |(d; +1)/(p + 2)] — 1 is satisfied with each agent i
at each time-step k, then the output of the resilient convex combination can be equivalently

expressed as

opitt =N pfjef, (4.21)
JENT\AF

where the weights ,ufj s must have 3¢\ ¢ pfj =1 and ufj >0, Vj e Nt \ AL

Proof. According to the procedure of the operator R(:); see Algorithm 4, its output can be

expressed as

Pt =Y Bi(s)6r, (4.22)
JELE(s)
where the index set ZF(s) must have i € ZF(s) C N;" and |ZF(s)| = d; — a¥ + 1. Clearly,
there are totally SF = (did—iaf) possibilities of the set ZF(s), therefore we let s = 1,2, .- S¥
to cover all the possibilities. Based on the result in Proposition 4.3.1, the optimal solution
rk* > 0 simply implies that

k Tk _ k
(s) >0, Vj€Zj(s)and s = 1,2,--- , S} (4.23)

)

Further, we consider some special cases of the possibility s in which the set ZF(s) only
contains the indices of non-attacked neighbors, i.e., ZF(s) N A¥ = (). Note that, since the
number of attacked neighbors is upper bounded by a¥, such special cases of s must exist. In

addition, let us denote the set of all special cases as x¥ C {1,2,---S¥}, then it holds that

U Ths) = N\ AL (4.24)

sEXi-C
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Notice that the expression (4.22) holds for Vs = 1,2, --- , S¥ and thus for Vs € x¥. Therefore,
the output of the operator R(:) can be further represented as
1

;|

Pt =
' X

YD B0 = > w6y, (4.25)

sexk jETF(s) JEN;\AF

where pf; = 1/[x] - Ysext, AL (s) with the set I being

Xij=1{sls €xi, j € I} (s)}. (4.26)

Now, by (4.24), it is easy to see that Vj € N;"\ A}, x}; # 0, and thus 5 > 0. The proof is

(3

completed. [

We shall emphasize that the above Corollary 4.3.1 essentially ensures three key properties
of the step (8.2) in Algorithm 5: i) without identifying the attacked neighbors, each agent i
can achieve the result ¢ which integrates the information from only the non-attacked
neighbors; ii) by ensuring ufj > 0, it is guaranteed that the agent truly integrates the
information from the neighbors; and iii) the row-stochasticity condition of the underlying
weight matrices is also satisfied by 3= A\ Ak ufj = 1. Taking advantages of Corollary 4.3.1
together with the previous assumptions, we are now ready to present the convergence of our

resilient distributed min-max algorithm.

Theorem 4.3.2. Under Assumptions 1.4.2, 1.4.3 and 1.4.4 as well as the conditions in
Corollary 4.3.1, suppose that the step-sizes o and ¥* have i) 33° o = oo; i) 330 (a*)? < oo;
and i) 0 < v* < 2, and let the original time-invariant directed graph G be satisfied with
Assumption 1.4.7, then the sequence {0F}ren, generated by Algorithm 5 converges to the

exact optimal solution 6*, i.e.,

lim ||0f —6*| =0, VicZ. (4.27)
k—o00
Proof. Let us represent the underlying weight matrices as M* := [/LZ]%:D which is induced

by the resilient convex combination operator R(-); see (4.21). Note that we set puf; = 0 if

j & N7\ A% Then, according to Corollary 4.3.1, it is ensured that M?* is row-stochastic for
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Vk € N_. In addition, if we denote G* = (N, £F) the time-varying digraph which is defined
by the weight matrix M¥, then the set of directed edges £* can be represented as

e ={G.5)6,j)e€j¢ Aije}, (4.28)

where & is the set of edges of the original time-invariant, directed graph G.
Now, based on Assumption 4.1.1, there exists an integer 1" > 0 such that ﬂTJ“k LA = (),

therefore, it is straightforward to see that ULHF1&t =

= &. Since it is assumed in Assump-
tion 1.4.7 that the original digraph G is strongly-connected, hence the time-varying digraphs
G* must be T-strongly connected, i.e., the joint digraph UTH“ Gt = (W, Uf;%k_lg_t) is
strongly-connected.

As a consequence, we can conclude that the assumption in Theorem 4.3.1 holds with re-

spect to the underlying time-varying digraphs G*’s. Based on Theorem 4.3.1, the convergence

result of Algorithm 5 is proved. ]
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5. A DISTRIBUTED PROGRESSIVE HEDGING METHOD
FOR SOLVING TWO-STAGE STOCHASTIC PROGRAMS

This chapter adapts the well-known PH method under a peer-to-peer multi-agent network for
solving two-stage stochastic programs efficiently. Similar to the existing parallel PH method,
our distributed PH (DistPH) algorithm assigns each agent to take charge of the computing
tasks covering one or few scenarios, and thus it distributes the overall computational burden
of solving the stochastic program over the entire network. However, unlike the parallel PH
method, the DistPH algorithm no longer needs a master node to realize central coordination,
and thus it distributes its communications workload over the network as well. In this chapter,
we prove the exact convergence of the DistPH algorithm for two-stage stochastic programs
with continuous variables subject to convex constraints. In addition, we investigate several

computational issues for the mixed-integer cases to improve the adaptation efficiency.

5.1 Problem Statement

Two-stage (or multi-stage) stochastic programming provides a promising framework for
solving real-world planning problems where decisions are made in stages under uncertainty.

A standard formulation of two-stage stochastic program reads
. T
1
min ¢ X+ Q(x), (5.1)
where the function Q(x) is typically defined as the following expectation form,

Qx) :=E¢| min, {aly}|. (5.2)

In the formulation, x € RP* and y € RP? denote the first-stage and second-stage decision
variables respectively, and ¢ € RP! is a fixed and known parameter vector corresponding to
the first stage. The uncertainty, coming into the second stage, is represented by a random
variable §. The vector q¢ € RP? is an uncertain parameter vector dependent on §, and

function Q(-) : R”> — R computes the expectation of the second-stage minimizer with respect
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to €. In the formulation, the constraints, defined by feasible sets X C RP* and Ve (x) C RP2,
are typically composed of a group of linear equalities and/or inequalities, possibly with some
integer or binary restrictions. Note that the problem is known as stochastic mixed-integer
program (SMIP), when integerality restriction appears in the first and/or second stage.

To deal with the two-stage stochastic program (5.1)—(5.2), a widely used approach builds
on the idea of representing the uncertainty with a finite number of scenarios. That is, the
random variable £ is assumed to be taken from a discrete distribution with finite support, i.e.,
{&1,&, -+ , &1}, where associated with each &;,i € Z = {1,2,--- ,I}, is the scenario-based
parameter q; € RP?, feasible set J;(x) C RP2, and corresponding probability p; satisfying with
> p; = 1. By doing so, the original problem (5.1)-(5.2) can be equivalently reformulated

as the following extensive form,

I
min ¢ x+ Y pig; yi,
X, Yi -1 (53>

s. t. (x,yi) ek;, Viel,

where we combine the feasible sets X and ); for the two stages, and denote it with a compact
form IC;, i.e. K; := {(x, vi)|x e X,y; € yi(x)}.

For scenario-based reformulation (5.3), the PH method is commonly considered as an ef-
ficient solution method. It is proved to achieve exact convergence when the first- and second-
stage decision variables in (3) are both continuous and subject to convex constraints [78].
Although there is no theoretical guarantee for the convergence when it comes to the mixed-
integer cases, yet the PH method has been successfully applied as a heuristic approach which
can find high-quality solutions for solving SMIPs [113]. Several key issues, such as the choice
of penalty parameter and termination criterion, are investigated in [114] when applying the
PH method to the mixed-integer cases. Moreover, it is shown in [115] that a lower bound
can be computed in any iteration of the PH method, which allows to assess the quality of
iterative solutions to a SMIP.

Another benefit of the PH method is often attributed to its straightforward paralleliza-
tion [83], [84]. That is, the PH method allows to deal with mutually independent scenario-

specific subproblems separately; see details in Section 5.2, and a number of processors can
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be utilized to execute the algorithm in parallel. As a result, the computational cost is spread
over all processors and thus reduced for each single processor. Further, to realize such par-
allelization, a master node is typically designated to provide such coordination, and a group
of worker nodes are assigned to solve separate subproblems. According to this configura-
tion, the PySP package [116], as a robust off-the-shelf solver, has implemented the parallel
execution of the PH method. Significant parallel efficiency can be achieved, especially when
the scenario-specific subproblems are difficult to solve [117]. Parallel computing has been
broadly investigated for many other approaches to solving stochastic programs. For exam-
ple, a parallel sub-gradient method for computing Lagrangian duals is presented in [118],
together with its asynchronous variant. Another parallel sub-gradient based method is pro-
posed in [119], particularly for solving a stochastic unit commitment problem. A parallel
cutting-plane method is studied in [120], which utilizes the sub-gradient information to build
cutting planes at each iteration.

It is worthy noting that all these methods are developed by assuming a master-worker
architecture. To address the computational challenges arising in a master-worker architecture
and follow the recent attraction to peer computing algorithm design, we adapt the parallel
PH method under a peer-to-peer multi-agent computing network, where there is no presence
of a master node. Our motivations are two-fold. First, under a master-worker architecture,
since the master node is expected to provide coordination among all worker nodes, the
communication burden on it, e.g., communication bandwidth required, could be extremely
heavy. It is even prohibitive in many practical applications to build such a powerful master
node that can maintain communication channels with all other nodes within the network.
Second, with the existence of the master node, cyber-security issue may also arise as any
failure on it can lead to the collapse of entire master-worker architecture. Therefore, we
aim to develop our distributed solution method under a peer-to-peer network, which solely
consists of peer computing agents (nodes) and each of them is directly connected with a
subset of nodes as its neighbors.

By enabling each agent to solve the corresponding scenario-specific subproblem and ex-
changing information with its neighbors, we introduce a distributed update scheme for the

PH method which merely relies on peer communications between neighboring agents. It is
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emphasized that, in such a distributed framework, no agent serves as the master node but
each one plays an equal role in contributing to the computation. As a consequence, we expect
that aforementioned communication burden for the master node is spread over the network
and separate communications can be executed simultaneously among multiple peer agents.
Furthermore, considering that the distributed framework is more compatible with general
connected networks, it would be more flexible and applicable in real-world applications. We
should also highlight that the distributed framework exhibits more robustness against the
potential security attacks, as it can be still functional even if one or few agents fail. Note
that such a peer-to-peer computing network has been widely adopted in solving determinis-
tic optimization problems; see the detailed literature review in Chapter 1. However, to the
best of our knowledge, we are not aware of any work in the existing literature that utilizes a
peer-to-peer network to solve (two-stage) stochastic programs. Finally, we remark that the
master-worker architecture can be regarded as a special case of the peer-to-peer network,

since the central node can serve as a master when the considered network has a star topology.

5.2 The Basic PH Method

In this section, we introduce the basic PH method [78], and see how far it is from
being adapted under a peer-to-peer computing network. Recall that our goal is to solve the
scenario-based formulation (5.3). Such a formulation has a special structure that can be
exploited algorithmically by decomposition methods [79], [120]. Suppose that there are [
scenarios in total. To leverage the decomposable structure, the first-stage decision variable x
is split into I scenario-dependent copies, i.e., x; € RP' i € Z. As a result, formulation (5.3)

can be further rewritten as

I
min Y pi(c'x; +4q,yi),
A (5.4)

s. t. x; =12, (x;,y;) €Ky, VieT.

85



Note that the newly introduced variable z € RP' and constraints x; = z are intended to
ensure the so-called non-anticipativity. That is, to require x; for each individual scenario 7
to achieve an agreement on z eventually.

For an optimization problem with such non-anticipativity constraints, the basic PH
method is commonly regarded as a viable solution method, which can be represented by
the following three main steps:

primal-update-step:

(< i) = argmin L (x;, yi, 25, wh); (5.5)
(xi,y:) €K
aggregation-step:
I
Zk+1 _ szxf-‘rl’ (56)
s=1

dual-update-step:

wf“‘l = wf + p(xf""l — ", (5.7)

Here, each w; € RP! serves as a dual variable, p is a penalty parameter, and each function

L?:RPt x RP2 x RP* x RPY — R is defined as
LY (X, ¥i,2,w;) = c¢'x; +q; yi +w, (x; — z) + ngz — 1z (5.8)

It has been shown in [78] that, when decision variables for both stages are continuous and
subject to convex constraints, performing the above three basic PH steps (5.5)—(5.7) itera-
tively can lead each x¥ to an agreement on a common first-stage optimal solution x*, i.e.,
x¥ — x*, Vi € Z, and also drive y¥ to the second-stage optimal solution y? for each scenario i,
ie,y" —yrViel

Next, to adapt steps (5.5)—(5.7) under a general peer-to-peer computing network, we

suppose that each agent is corresponding to one single scenario ¢ and only takes charge of
k

its own primal and dual variables, i.e., (x¥,y¥) and w¥. It is still expected that the same
convergence, i.e., x¥ — x* and y*¥ — y7, Vi € Z, can be achieved, while subject to peer-to-

peer network topology. Considering that only peer communications are allowed in the desired
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distributed framework, thus each agent can merely access the information from itself and
its immediate neighbors. Keeping this in mind, it is worth noting that the primal and dual
update steps (5.5) and (5.7) are readily implementable under the peer-to-peer network, as
they simply involve the information maintained by each agent itself. However, implementing
the aggregation step (5.6) requires each agent to access the information from all other agents
within the network. Thus, it is the aggregation step that prevents the basic PH method from
being adapted under a distributed framework. This is also the reason why a master-worker
architecture is typically assumed for running the parallel PH method at present. In the next
section, we will address the issue of the aggregation step, and further design the distributed

variant of the PH method.

5.3 The DistPH Method

5.3.1 Basic Algorithm Design

As just pointed out in the preceding analysis, the barrier that prevents the basic PH
method from being implementable in a distributed manner is the aggregation step. In details,
we remark that variable z in (5.4) serves as a commonly shared variable, requesting all agents
to achieve an agreement on the first-stage decisions, i.e., non-anticipativity constraint. With
non-anticipativity constraint, updating z requires information from all agents, as shown in
the aggregation step (5.6). In response, we next eliminate this requirement by establishing
a relationship only between neighboring agents.

Instead of using a commonly shared z variable for all agents, we use its multiple copies
z;;’s with each z;; € R corresponding to a neighboring agents pair (7, j) € £. Consequently,
updating the new variable z;; will only involve the communication between agents 7 and j.

Thus, formulation (5.4) is further rewritten as the following equivalent form,

I
_min Y pie’x; +q yi),
ENERLIN i—1

s. t. Xi = 245, X5 = Zyj, ‘v’(i,j) €&,

(x5,yi) € Ky, Vi€ T
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Note that the equivalence between (5.9) and (5.4) relies the connectedness of the underlying
time-invariant undirected graph; see Assumption 1.4.8 in Chapter 1

Let us further rewrite formulation (5.9) with a more compact form. Recall that x € R
denotes the concatenated variable which stack individual x;’s as defined in the previous
chapters, and similarly, we let y := [y],y5,---,y;]" € RP2. Subsequently, the overall

objective function is expressed as

I
F(x,y)=>_pilc'x; +q; yi), (5.10)

=1

and formulation (5.9) is equivalent to,

min  F(x,y),
Y (5.11)
s. t. (x,y) €K, Lx =0,

where L := L ® I, and L denotes the Laplacian matrix of the time-invariant undirected
graph. We note that independent constraints (x;,y;) € K;, Vi € Z in (5.9) have been
combined as (x,y) € K in (5.11), with K := {(x,y) | (xi,y:) € K;)}. In addition, given the
connectedness of the graph G by Assumption 1.4.8, the null space of the Laplacian matrix L
is spanned by the one vector 1; and thus the constraint Lx = 0 ensures the non-anticipativity
solutions.

Now that formulation (5.11) is in a form consistent with the one investigated in [78], we
update the compact variables with the following steps,

primal-update-step:

(x*1 y*) = argmin - F(x,y) +x v* + BHX — 2" (5.12)
(x,y)eK 2

aggregation-step:

it = Jxkrl (5.13)

dual-update-step:
U = oF 4 pKxMTL (5.14)
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Similarly, the dual variable v* € Rt stacks all the individual v¥’s, ie., v = [v] vy ,- -+ v]]T

Y

and the two key operators J : R/t — RPt and K : Rt — RIP1 are defined as

- I]+D_1A I[—D_lA

J 5 ®L, and K:=(I,-J)®I, = 5 ®I,,. (5.15)

Inherited from the convergence properties of the original PH method in [78], the above
iterative updating scheme (5.12)—(5.14) achieves the same convergence result, as we state

with the following proposition.

Proposition 5.3.1. Suppose that the underlying time-invariant undirected graph G satisfies
Assumption 1.4.8 and the feasible set K; is closed and convex for alli € I, then the sequences
{x*}2, and {y*}32, generated by the iterative procedure (5.12) — (5.14) with arbitrary

initialization, have the following convergence,
x5 x* and y¥—yr, VieZ, (5.16)

if the first-stage optimal solution x* and the second-stage optimal solutions y; exist for solving

problem (5.11), or equivalently problem (5.4).

Proof. The proof of Proposition 5.3.1 follows that for Theorem 5.1 in [78], while the operator
K needs to be adapted into the one defined in (5.15). Note that K reflects the network
topology. Furthermore, it plays the same role as in [78], since the null space of K (identical
to the null space of Laplacian matrix L) contains all the solutions that satisfy the non-

anticipativity constraints. [

Proposition 5.3.1 above provides a theoretical guarantee for convergence of the updating
scheme (5.12)—(5.14) when considering a convex case, i.e., only continuous decision variables
are involved and subject to convex constraints. However, since the scheme is designed from
a global perspective, it remains unknown if one can implement it in the desired distributed
framework. Hence, we next verify, from the standpoint of each individual agent, that steps

(5.12)—(5.14) are implementable in a distributed manner.
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As earlier, we first specify that the variable 2* is defined as in the compact form, i.e.,
2h = [(Z0)T,(Z5)T, .-+, (Z¥)T]T. Then, by the aggregation step (5.13) and the definition of
the operator J, updating each z¥ can be done by

1
2d;

1
Ak_ik
z-—2xz+

7

> xf : (5.17)
JEN;

Note that the primal variable x¥ is privately maintained by agent i and N; denotes the set of
its neighbors, thus step (5.17) is naturally implementable under a peer-to-peer multi-agent
network. Now with the help of the aggregation variable z¥, the DistPH method performs
the following steps,

primal-update-step:

. 1Y N
(xyith) = arg min { pile'xi+a yi) + (V) xi + Sllxi = ZfHZ}; (5.18)
Xi,yi)EK

aggregation-step:

1 1

5k—+1 k+1 k+1,
z," =X+ Z X0 5.19
> 2d; 2 (5.19)
dual-update-step:
Vz'kﬂ _ Vik + p(xf-&-l _ 2§+1). (5.20)

Algorithm 6: DistPH Method

Data: Each agent i specifies the penalty parameter p and initializes x?, y? and /).
Let k£ = 0.

while a termination criterion is NOT satisfied do

Each agent ¢ € 7 simultaneously does

(S.1) Updates the primal variables (x# y*™) by step (5.18), and broadcasts
the updated xfﬂ to its neighbors;

(8.2) Receives x?“ from its neighbors, and performs the step (5.19);
(S.3) Updates the dual variable v by step (5.20);
(S.4) Let k + k+ 1, and continue.

end
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We note that, with the above updating scheme, each agent can simply receive information
of previous iteration from all its neighbors, perform the steps (5.18)—(5.20) for itself, and
broadcast the updated variables to its neighbors. By doing this, we have eliminated the
requirement of the master node and adapted the PH method under a general peer-to-peer
network. To summarize, we outline all steps of the DistPH method as Algorithm 6, and

provide its convergence result as a corollary of the above Proposition 5.3.1.

Corollary 5.3.1. Suppose that the conditions in Theorem 5.3.1 hold, then the sequences
{xF}e | and {y¥}32, generated by Algorithm 6 with arbitrary initialization, have the following

convergence,
xF =»x* and y¥ =y, Viel (5.21)

Remark 5.3.1. Unlike the standard parallel PH method in which the master node per-
forms the aggregation step by simply computing the weighted average z* = Y1 p;x¥, our
distributed algorithm let each agent maintain its own aggregation variable 2F and update it
by itself according to (5.17). This updating scheme helps eliminate the requirement of the
master node, thus enabling the adaptation of the PH method under a peer-to-peer comput-
ing network. It increases the overall communication cost within the entire network at each
iteration of the algorithm, depending on the underlying topology. The denser the network
is, the more communication resources are required to perform the distributed computing.
However, we shall remark that, like the computation side, the overall communication cost
is spread over network agents, and each agent can simultaneously execute its own portion
of the communication tasks. In addition, knowing that the core of the PH method is to
deal with the non-anticipativity constraints, in principle, when the underlying network has a
denser topology, a smaller number of iterations would be demanded for our distributed method
to produce non-anticipativity solutions. Subsequently, it can be seen that the investigation
of communication cost should not only involve the network topology, but also consider the

algorithm convergence rate, which complicates a comprehensive complexity analysis.
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Remark 5.3.2. When the DistPH method is setup over a fully-connected network (i.e.,
with all-to-all communications), it works algorithmically in a nearly identical way with its
parallel counterpart. However, one should note that there are slight differences in the choice
of penalty parameter p and the computation of aggregation variables. That is, the DistPH
method i) scales the parameter p by the probability p; associated with each scenario i; and
ii) computes the aggregation variable 2¥ = x¥/2 +1/2 - ]Iﬁ X?/(I — 1) by assigning more

k
1

weight to the local variable X7, instead of taking the weighted average Zi[:lpi - xk relying
on the probabilities p;. Despite these differences, we note that both parallel and distributed
PH methods work on the same principle, i.e., solving scenario-specific subproblems while
taking non-anticipativity constraints into account. It seems that the DistPH method is more

conservative when performing the aggregation step, as it assigns more weight to the local
k

variable x¥. As a result, the update x¥*' tends to be not far away from the incumbent.
However, we still remark that it is unknown whether such conservatism will theoretically

slow down or speed up the convergence.

Remark 5.3.3. It is well-known that the basic PH method has a close connection with the
alternating direction method of multipliers (ADMM) [121]. Indeed, the DistPH method also
follows a pattern identical to the distributed ADMM (D-ADMM) [122]-[12/]. However, we
shall note that while the D-ADMM-like algorithms are often developed for solving uncon-
strained consensus optimization problems and primarily based on the Lagrangian method, the
DistPH method starts from two-stage stochastic programs which typically involve continuous

or even mized-integer constraints.

5.3.2 Additional Considerations on Algorithm Initialization and Termination

Even though asymptotic convergence of the DistPH method with arbitrary initialization
has been theoretically guaranteed by Proposition 5.3.1 and Corollary 5.3.1 (for the convex
case). For real-world applications, however, appropriate choice of the algorithm initialization
and termination criteria can greatly improve solution efficiency. Thus, in this subsection, we

consider these two computational issues when implementing the DistPH method. Note that
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the techniques introduced in this subsection can be applied to stochastic programs involving
both continuous and/or mixed-integer decision variables.

As suggested in the literature [114], [115], including the one proposing the original PH
method [78], an effective initialization scheme is to set the primal variables by solving the

following subproblems,

(xV,y?) € argmin  pi(c'x +q,y), (5.22)
(xvy)elci
and simply setting the dual variables as v) = 0. It can be immediately verified that,

since no coordination or variable sharing is needed, such an initialization scheme is readily
implementable under a distributed framework.
For the termination criterion, unfortunately, a well-accepted approach which measures the

following primal residual v¥ < e cannot be directly applied under a distributed framework,
I

Ak = ZpZfo —xF|. (5.23)
i=1

Note that x* := S°/_ p;x¥ denotes the desired non-anticipativity solution and +* character-
izes the overall distance between all x’s and x* at each iteration k. Computing this primal

residual in distributed settings mainly faces two challenges: i) X*

is unknown for each agent
i since it needs all the information over the entire network; and ii) calculating v* needs all
the information as well, even though each agent can obtain its own X*. Inherently, the two
challenges can be attributed to the lack of global awareness by individual agents. To address
the challenges, we build on the distributed sum-tracking technique [34]. The key idea is

k

7

to assign each agent a new variable 7, aiming at tracking the desired global information
iteratively.
Suppose that a general time-varying in-stream data {&€¥},cn, is received by each agent i,

we assign each agent a tracking variable ¥ initialized by 79 = I£€?, and let it be updated as

ot =y wijwj? + I(gF — by, (5.24)
JEN;
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Since the update of w#! only requires information from node i itself and its neighbors, the
iterative updating step (5.24) obeys the underlying graph G, and thus can be implemented
under a distributed framework. In addition, we require that the coeflicients w;;’s in (5.24)
satisfy the double-stochasticity condition; see Assumption 1.4.12. As a consequence, the

convergence of the distributed sum-tracking (5.24) can be established as follows.

Theorem 5.3.1. Suppose that the time-invariant undirected graph G satisfies Assump-
tion 1.4.8 and the prefized weight matrix W satisfies Assumption 1.4.12. If the received

in-stream data {€F}ren, for each agent is stable, i.e.,
Jlim [|€5 —&F] =0, Vie T, (5.25)
—00

then the sequence of tracking variables {mF}pen, , generated by scheme (5.24), has the fol-

lowing convergence

I
7 = > &l =0, vieT (5.26)

i=1
Proof. The proof follows a similar manner as the one for Theorem 1 in [36], and is thus

omitted. O

With the help of the distributed sum-tracking technique as introduced above, we are
now ready to compute the primal residual v* as follows. Let {p;x¥}ren . be the sequence of
in-stream data received by each agent i, i.e., £&¥ = p;x¥. Given that the stability requirement
(5.25) of received data has already been guaranteed by the convergence of x¥ (see Corol-
lary 5.3.1), we know that the tracking variable 7% maintained by each agent i must have

k. Therefore, each agent i will be able to gradually obtain X* by

the convergence wF — X
iteratively updating the tracking variable 7w¥. Moreover, to compute the primal residual 7*,
we perform another distributed sum-tracking procedure by viewing the in-stream data as
{pil|lxF — 7¥| }ren,. Note that the stability of this set of data is guaranteed by the non-

anticipativity constraints, i.e., x¥ — %*, Vi € Z. Thus, we introduce a new tracking variable

#% € R performing an outer-tracking procedure, then the convergence, described in (5.26),
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ensures #¥ — 7%, Vi € Z. We summarize the distributed computing scheme for termination

verification in Algorithm 7.

Algorithm 7: Distributed Computing for Termination Verification

Data: Given a tolerance ¢, weight matrix W and x). Let 7 = x¥ and #¥ = 0. Set
initial iteration index & = 0.

while the criterion |#F] < ¢ is NOT satisfied for £ > 0 do
Each agent ¢ € 7 simultaneously does
(S.1) Updates its variable x¥*! by Algorithm 6.
(8.2) Receives 71';? from the neighbors, then updates 7™ by
with = 3wy Ip(x = ),
JEN;

and broadcasts 7wF !,

(S.3) Receives 77;-“ from the neighbors, then updates #¥™! by
FE = 30wy f  Ip(x = | = [l - ),
JEN;

and broadcasts 77

(S.4) Let k + k+ 1, and continue.

end

5.4 Mixed-Integer Case: Computation of the Lower Bound

In this section, we explore the extended applicability of the proposed DistPH method
to two-stage stochastic programs with mixed-integer decision variables, i.e., SMIPs. In par-
ticular, we investigate the distributed technique for computing the Lagrangian-dual lower
bounds.

While proposed originally in [78] for solving stochastic programs with only continuous
decision variables, the basic PH method has already been practically adopted as a heuristic
to deal with many SMIPs. Considering that there is no theoretical guarantee for convergence
when applying the basic PH method to SMIPs, an effective way to evaluate the quality of the

obtained solution is fairly important under such circumstances. Recently, a lower-bounding

95



technique is proposed in [115] for dealing with the SMIPs, which allows to assess the solution
generated at each iteration of the basic PH method. Furthermore, it is shown that a sequence
of lower bounds calculated by such technique converges to the best lower bound which is as
tight as the one obtained by dual decomposition methods [79], [125], [126]. Here, we aim
at developing a distributed technique for computing the low bounds under the peer-to-peer
computing network.

Before presenting our distributed lower-bounding technique, i.e., distributed Lagrangian
dual computation, we first introduce the centralized lower-bounding technique proposed in
[115]. Considering an SMIP formulation (5.4), its Lagrangian dual function by applying

Lagrangian relaxation to the non-anticipativity constraints reads

I
Dlw) = min { S piexi+alyi +w] (xi — 2)) } (5.27)

z€RP1 =1

where the dual variable w € RP! stacks all individual w;’s. To decompose the minimization
problem (5.27) into independent components for each scenario, the restriction on dual vari-
ables w; with 327, piw; = 0 is incorporated. Thus, variable z in (5.27) is eliminated and the

Lagrangian dual function can be rewritten as

I
D(w) =) _piDi(wi), (5.28)
i=1
where each D;(w;) has
Di(w;) = min {chi +aq, yi + w;xi}. (5.29)
(x5,yi)EK;

It is well-known that the best lower bound for problem (5.4) can be achieved by solving the

following maximization problem

I
(" =max D(w) subject to > piw; = 0. (5.30)
i=1
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Many approaches are developed in the literature for solving (5.30). One of them, devel-
oped under the framework of the PH method [115], considers the following convexified form

of (5.4),
I

min Zpi(CTXi + qiTyi),

oyeE G

s. t. x; =1z, (5.31)
(x;,y:) €C;, Vi €T,

where C; = Conv(K;) denotes the convex hull of the feasible set ;. As a result, the best

lower bound (* can be obtained by iteratively performing the following computation,

I
¢* = piDi(w)), (5.32)
i=1
where Df is defined as
Dé(wF) := min {CTXZ- +aq, yi + (wf)Txi}, (5.33)
(xi,yi)€C;

and w¥ is the dual variable obtained by the dual update step of the PH method.

Recall that the problem of interest here is to perform the computation of (5.32) in a
distributed manner. There are two key issues need to be resolved: i) computing ¢* by (5.32)
requires information from all agents; and ii) the dual variable w” is not accessible during
the procedure of our DistPH method. Here, we first investigate the second issue, and show
that the accessible ¥ is also able to provide a viable way to compute lower bounds. The

computation of ¢* from a centralized perspective, involving v¥, can be performed as

" =>"pDf(vf), (5.34)
s=1
where
D)= min {exi+alyi+ (di/p) () xi}. (5.35)
Xi,yi)€Ci

We validate the computation (5.34) and (5.35) by the following theorem.
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Theorem 5.4.1. Suppose that the sequence {Ck}k€N+ is generated by the computation
n (5.34) and (5.35), with {Vf}ren, generated by applying Algorithm 6 to problem (5.31).
As a result, each C* is a lower bound of the optimal objective value of the problem (5.4), and

the convergence of sequence {C*}ren, has
¢t — ¢ (5.36)

Proof. We first show that, if v; is initialized as v? = 0, Vi € Z, then the updating

7

scheme (5.20) of ¥ implies the following result,
Y dwf =0, VkeN,. (5.37)
In fact, by (5.19) and (5.20), it can be seen that

Z k+1 Zd V + pz k—|—1 Ak‘—i—l
I I
_Zdu P <ZX+1 Z; ZX;:Jrl)
=1

i=1 "t jeN;

(5.38)

It can be immediately verified that the second term in the last equation must be zero, and
thus (5.37) is true when the initialization is zero.

Now, we prove that each (¥ is a valid lower bound, i.e., (¥ < x*, Vk € N, where y* is
the optimal function value for the SMIP formulation (5.4). Let us denote (x},y7) and z* as

the optimal solution to (5.4), then we have

X" —sz c'x; +q;yp), (5.39)

and

2" =x', Viel (5.40)

7))
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Given that the feasible set restricted by KC; is always a subset of its convex hull C;, i.e.,

(xr,y7) € C;, we have,

Ck = ZI%D:F(V?)
s=1

(5

S
&
(]~

A=

pi(Tx  alyE + (@) ) )

I
pile'x; +qly;) + (O dwt) 2 (5.41)

=1

1

-
Il

A
ot
[| =
=
M~

s
I
—

pi(e'x; +a'y;)

,\
ot
| =
&
[~

-
I
—

*

Il
=

Note that inequality (5.1.a) is by the definition (5.35) of function D;" (vF); equality (5.1.)
follows from (5.40); and equality (5.1.c) follows from (5.37).

To show the convergence of (¥, we leverage the proved convergence result of Algorithm 6.
Given that the DistPH method is applied to problem (5.31) which is guaranteed to be convex,
based on the proof of Theorem 5.1 in [78], we know that variable v} converges to an optimal
dual v*. In addition, it can be verified that the primal optimal w* and the dual optimal v*

compose a saddle point of the following function
K(w,v) = F(w) +v'w, (5.42)

subject to the minimization with respect to w and the maximization with respect to v. By
definition of the overall objective function F'(w) (see equation (5.10)), the convergence of

¢* — (* straightforwardly follows the convergence of dual variable v¥ to v*. ]

By Theorem 5.4.1, we have already found a viable way to compute the lower bounds
from a centralized perspective. That is, each agent solves a minimization problem (5.35) by
using the updated dual variable v, then the computation of weighted average, as shown
in (5.34), gives a lower bound ¢* at the current iteration k. Now, the problem becomes

how to compute the weighted average under the distributed framework. Here, we recall the
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distributed sum-tracking technique as introduced in the previous Section 5.3.2, and perform

the following tracking step,

mit = 3" wymh + Ip; (Dj(uf“) — Dj(uf)). (5.43)

JEN;
Note that the stability of sequence {D; (vf)}ren, can be guaranteed by the convergence
of Algorithm 6. According to both Theorems 5.4.1 and Corollary 5.3.1, we conclude that

sequence {7F}ren, has the following convergence
(Y, Viel (5.44)

5.5 Numerical Results

5.5.1 Simulation Study Setup

We test our DistPH method with two benchmark stochastic programming instances, i.e.,
the SIZES and SSLP problems, both of which are publicly available in SIPLIB [127]. We
implement the DistPH method by using Python programming language under the frame-
work of PySP [116], which is an open-source software package and enables the stochastic
programming extension of Pyomo (Python Optimization Modeling Objects) [117] for mod-
eling and solving stochastic programs. Specifically, PySP includes an implementation of
the basic (serial) PH method and its parallel variant by using a Pyro (Python Remote Ob-
jects) package to manage communications between different threads or nodes. We use PySP
for stochastic programming model implementation and adopt Pyro for the communications
management. It should be noted that we make our own implementation of the DistPH
method and its extension for SMIP. A primary difference between our implementation and
existing parallel implementations is that we do not assume a master node that computes the
weighted-average and passes the information onto all workers. Instead, we only rely on peer
communications under a peer-to-peer multi-agent network. The subproblems at each itera-
tion are solved with Gurobi 9.1 via the inherent quadratic solver engine. All computations

in our work are performed on a computing server with two Intel Xeon E5-2690 (32 cores)
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running at 2.90GHz with 256GB of RAM. Notice that while the parallel and distributed PH
methods are implemented on multiple cores according to the number of scenarios, the basic

PH procedure is performed on a single core of the server.

5.5.2 The SIZES Instances

The SIZES problem refers to a multi-stage (multi-period) stochastic lot-sizing prob-
lem [128]. In this simulation, we consider three instances of the SIZES problem, i.e., SIZES3
(with 3 scenarios), SIZES5 (with 5 scenarios), and SIZES10 (with 10 scenarios). Note that
mixed-integer decision variables appear in both stages of the instances. The characteristics

of their extensive forms are summarized in Table 5.1.

Table 5.1. Extensive form characteristics of the SIZES instances

instance # of scenarios # of binaries # of variables # of constraints

SIZES3 3 40 300 124
SIZES5 5 60 450 186
SIZES10 10 110 825 341

We first evaluate the solution performance of three variants of the PH method, namely
the basic PH method (B-PH), the parallel PH method (P-PH) and our DistPH method
(D-PH). For the P-PH method, the underlying network follows the specific master-worker
architecture. For the D-PH method, we consider different degrees of connectivity of the
underlying peer-to-peer network, and use the algebraic connectivity to quantify the degree
of connectivity. The algebraic connectivity, denoted by o, is calculated by the second smallest
eigenvalue of the graph Laplacian matrix L, and its magnitude is known to reflect how well-
connected the underlying graph is, i.e., a sparser network has a smaller o. This metric has
been widely used in the study of distributed algorithms and analysis of network properties;
see e.g. [129], [130]. In addition to a fully-connected network (each node has access to any
other ones), we assess the D-PH method on networks with lower algebraic connectivity, as

shown in Fig. 5.1. To objectively compare the solution performance of the three methods,
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(a) network for SIZES3 (b) network for SIZES5
oc=1.0 =20

(c) network for SIZES10 (d) network for SIZES10
o =0.415 o = 2.255

Figure 5.1. Communication topology of multi-agent computing networks

we disable the termination threshold by setting € = 0 in Algorithm 7 and run each method
for the same number of 200 iterations.

The results for all the methods after 200 iterations are presented in Table 5.2. Note that
we term the D-PH method with a fully-connected network as D-PH (F-Conn) in the table.
The reference objective values for all three instances are provided in SIPLIB. It is observed
from Table 5.2 that, while the objective value obtained via our D-PH method is comparable
to the B-PH method, yet the execution time is significantly reduced since multiple computing
nodes are utilized. More precisely, the scalability of the D-PH method is shown in Fig. 5.2.
It is observed that considerable speed-up can be achieved by the distributed framework.
Moreover, compared to the P-PH method provided in PySP, the D-PH method also obtains
a similar performance in terms of both execution time and final objective value. In fact, we
have to remark here that the P-PH method and our D-PH method are not quite comparable

for the following reasons. First, owing to central coordination provided by the master node,
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Table 5.2. Solution performance of the SIZES instances (with 200 iterations)

Instance Method Exec Time Objective Ref Objective
B-PH 155.74s  225180.0280 (0.33%)
P-PH 66.99s  225180.0280 (0.33%)

SIZE3 D PH (F-Conn)  69.42s  225130.3112(0.31%) 22143432

D-PH (0 = 1.0) 63.28s  225263.9379 (0.37%)
B-PH 250.87s  226483.5898 (0.89%)
P-PH 7421s  226483.5808 (0.89%)

SIZESS b pH (F-Comn) 80.85s 2266872803 (0.08%) 2 +486.00
D-PH (0 = 2.0) 75125 226535.7782 (0.91%)
B-PH 582.35s  226513.0279 (0.87%)
P-PH 08.57s  226513.0279 (08T%) o

SIZES10 D-PH (F-Conn) 118.21s  226660.3938 (0.93%) ’
D-PH (0 = 2.255)  109.17s  226698.7066 (0.95%)
D-PH (0 = 0.415)  102.80s  226452.6490 (0.84%)

the master-worker architecture indeed offers an ideal architecture to realize parallelization.
If the communication cost is measured by the number of communication channels, the P-PH
method also incurs lower communication cost compared to the D-PH method. However,
one should note that, under a master-worker architecture, all the communication burden
goes to the master node, and thus it easily becomes a communicating bottleneck for the
entire network. In contrast, since the distributed method builds on a peer-to-peer network
and each agent only needs to communicate with its neighbors, the communication burden is
thus spread over the network and each individual agent only contributes to a portion of the
communication cost. In addition, for many real-world in-network computing tasks, due to
insufficient communication bandwidth and storage capacity, it is highly likely that no single
node can take on such a heavy coordination task. In conclusion, we argue that our D-PH
method is more flexible and applicable in real-world applications, as it can be applied with
the general connected computing network.

Apart from the comparison between the different variants of the PH methods, we further
evaluate the performance of the D-PH method with different degrees of algebraic connectivity

of the network. In this simulation study, we enable the termination criterion by setting the
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Figure 5.2. Scalability of the D-PH method in solving SIZES problems

Table 5.3. Solution performance of the SIZES instances (by termination criterion)

Instance Method # of Iters Objective Ref Objective
P-PH 7 225474.9947 (0.46%)
D-PH (F-Conn) 20 226085.2030 (0.74%)
SIZE3 224434.32
D-PH (o = 1.0) 140 225622.5662 (0.53%)
P-PH 200 226483.5898 (0.89%)
D-PH (F-Conn) 65 227110.3133 (1.17%)
SIZES 224486.00
D-PH (o = 2.0) 200 226535.7782 (0.91%)
P-PH 200 226513.0279 (0.87%)
D-PH (F-Conn) 72 226770.7423 (0.98%)
SIZE10 224564.30
D-PH (o = 2.255) 200 226698.7066 (0.95%)
D-PH (o0 = 0.415) 200 226452.6490 (0.84%)

threshold € = 107%, and the algorithm will terminate once the primal residual is less than

the threshold. It is suggested by Tables 5.3 that a larger number of iterations are required

to reach the same termination threshold under a network with smaller algebraic connec-
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tivity. Interestingly, it is also observed from the table that the D-PH method under the
fully-connected network reaches the termination condition with a fewer number of iterations
compared to the P-PH method. This is due to the differences between the two methods as

noted in Remark 1.

5.5.3 The SSLP Instances

For the SSLP, a two-stage stochastic server location problem [131], we consider two in-
stances, i.e., sslp_5_25_50 with 50 scenarios and sslp_5_25_100 with 100 scenarios. The
characteristics of these two instances are listed in Table 5.4. We again investigate the solu-
tion performance of three variants of the PH method. In this simulation study, since these
SSLP instances involve a larger number of scenarios than the SIZES instances studied, we
create a network consisting of 25 computing nodes, and thus two or four scenarios are bun-
dled together at the each node. Same as before, the computing networks are specified with

different degrees of algebraic connectivity o.

Table 5.4. Extensive form characteristics of the SSLP instances

instance # of scenarios # of binaries # of variables # of constraints
sslp_5_25_50 50 6255 250 1501
sslp_5 25 100 100 12505 500 3001

The numerical results for all three variants of the PH methods are presented in Table 5.5,
when we set the threshold as ¢ = 0 and terminate the execution after the 200-th iteration.
The similar observations can be obtained as for the SIZES instances. However, as distinct
from the previous example, it can be seen from Table 5.5 that almost all methods (except D-
PH over the sparsest network) can obtain the solution with 100% accuracy. More importantly,
the D-PH method (and also P-PH method) achieves a nearly linear speed-up of the execution
time. In addition, to further examine the influence of network topology on our D-PH method,
we set the termination threshold as e = 107, and the numerical results obtained are shown

in Table 5.6. It can be verified that a larger number of iterations are demanded by the D-PH
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method when the underlying network has a sparser topology. Nevertheless, in some cases,
e.g., the instance sslp_5_25_50, the D-PH method over a non-fully-connected network still

exhibits faster convergence than the P-PH method.

Table 5.5. Solution performance of the SSLP instances (with 200 iterations)

Instance Method Exec Time Objective Ref Objective

B-PH 1567.2s  -121.60
P-PH 84.0s -121.60

sslp_5_25 50 -121.60
D-PH (F-Conn) 93.4s -121.60
D-PH (0 = 22.786) 89.8s -121.60
D-PH (0 = 1.686) 87.2s -121.60
B-PH 3683.4s  -127.37
P-PH 166.2s -127.37

sslp_5_25_100 -127.37
D-PH (F-Conn) 175.2s -127.37

D-PH (0 =24.882)  171.6s  -127.37
D-PH (0 = 3.162) 168.3s  -125.59 (1.4%)

Table 5.6. Solution performance of the SSLP instances (by termination criterion)

Instance Method # of Iters FExec Time Objective
P-PH 68 30.82s -121.60
D-PH (F-Conn) 31 14.31s -121.60
sslp_5_25_50
D-PH (o = 22.786) 67 29.96s -121.60
D-PH (0 = 1.686) 135 59.94s -121.60
P-PH 7 63.75s -127.37
D-PH (F-Conn) 49 44.54s -127.37
sslp_5_25_100
D-PH (o = 24.882) 119 105.76s -127.37
D-PH (0 = 3.162) 200 176.19s -125.59
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6. APPLICATIONS WITH MULTI-UAV SYSTEMS

Recently, unmanned aerial vehicles (UAVs) have been widely adopted in various applica-
tions, including environment/health monitoring [132], [133], package delivery [134], [135],
surveillance [136]-[138], etc. The popularity of UAVs can be attributed to their remarkable
features, such as mobility, flexibility, and accessibility. In particular, it is often beneficial
when a team of coordinated UAVs is employed for some mission, rather than one single UAV.
For instance, by utilizing the cooperation among multiple UAVs, such a coordinated team
has the potential to accomplish missions whose total computational workload goes beyond
the capability of each single UAV. On the other hand, the task allocation and cooperation
protocol are supposed to be specifically devised under such circumstances. This also leads
to the popularity of paradigm of distributed processing over the last decades. Motivated by
this, in this chapter we investigate two real-world applications involved with the multi-UAV
systems: i) distributed data fusion for on-scene signal sensing; and ii) distributed source

tracking in unknown environments.

6.1 Application I: Distributed Data Fusion for On-Scene Signal Sensing

In the first application, we consider a healthcare scenario where the health status of
certain target in rural environment needs to be monitored through sensing some on-scene
biological signals, during or after an incident [139]. In particular, we focus on a distributed
data fusion problem, i.e., integrating information from various measurements of individual
UAVs. It is assumed that each UAV is capable of sensing signals, performing computational
tasks, and exchanging information with its immediate neighbors. Based on the limited
local measurement and exchanged information only from neighbors, we aim to develop a dis-
tributed algorithmic framework to fuse the information gathered by the entire UAV network.
It is expected that such a multi-UAV system benefits from the accuracy of data gained from
multiple sensors, while keeping computational load favorable for each single UAV since it
only needs to process a relatively small set of data. The ultimate goal is to enforce the UAVs
to reach consensus at which each UAV individually provides a more reliable fused sensing

result with higher accuracy, compared to the local measurement collected by the UAV itself.
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6.1.1 Sensor Fusion Model

Suppose that the target signal is represented by a time-series sq(t), we formulate the
continuous-time ill-polluted measurement m;(t) by each individual UAVi € Z = {1,2,--- , I}

as follows,

mi(t) == v (t)so(t) + bi(t) + ny(t). (6.1)

Here, v;(t) and b;(t) are the scaling factor and offset bias, respectively; and n;(t) denotes
the white Gaussian measurement noise. We remark that such a measurement model (6.1)
has been widely adopted in the existing literature, such as the studies of multi-sensor multi-
target tracking[140], [L41], sensor calibration for mobile sensing [142], [143], and data fusion
for body sensors [144]. In particular, the influence of scaling factor ~;(¢) and offset bias
b;(t) in sensor measurement is intensively investigated in [143]. While the offset bias could
be caused by sensor misalignment, the scaling factor usually occurs in some UAV-related
sensor measurement such as accelerometer and gyroscope [145]. It is also emphasized that
such an ill-polluted measurement model can be hardly handled by the standard least-square
estimation or maximum-likelihood estimation, due to the existence of the unknown offset
bias b;(t). To deal with this issue, we apply the criterion of maximizing signal-to-noise ratio
(MSNR), inspired by|[144]. In addition, the method developed here is more applicable, as it
does not require the statistics of white Gaussian noise n;(t) to be known.

An alternative discrete-time model of measurement (6.1) can be obtained by discretizing

the data into a d-dimensional vector m; := [m;(1),m;(2),--- ,m;(t), - ,m;(d)]" € R? with

m; = FiSO + bz + n;, (62)

where I'; € R and b, € R? are the discretized scaling factor and offset bias, respectively;
n; € R? is the measurement noise; and sy € R? represents the discretized true signal. Note
that, while we here use t to denote the index for both continuous time-step and discrete

time-step, we will only focus on the discrete-time case in the following analysis.
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Keep in mind that our objective is to distributively recover the true signal sy from a set of
I ill-polluted measurements M := [m;, my,--- ,m;]’ € R’ Since the measurement noise
n; is assumed to have the nature of white Gaussian and it will be later eliminated by an
MSNR procedure, let us first focus on the scaling factor I'; and offset bias b;. In order to cope
with the effects caused by I'; and b;, a natural idea is to globally seek a group of re-scaling co-
efficients o := [ay, a, -+ , ;] € R! and anti-offset coefficients 8 := [f1, B2, -+, B1] | € RY,

such that the filtered signals
S; -— ai(mi — 62'1(1)7 1€ I, (63)

will provide better estimates of the true signal sy. The underlying intuition for estimating s;
is using «; and (; to compensate the measurement error caused by I'; and b;. We remark that
developing a scheme to seek e and A in a distributed manner faces two main challenges: 1)
rather than using the limited local m; to independently estimate a; and [3;, we are expected
to use global information M to cooperatively obtain the better estimates; and ii) the lack
of global information for each individual UAV is a key issue on the other hand, since it can
only access the local m; and a limited number of neighbors.

To tackle these two difficulties, we develop a framework with two stages correspondingly:
i) we stand in a global view to introduce a centralized algorithm for solving the optimal a
and B by leveraging the idea of MSNR, see Section 6.1.2; and 2) by leveraging the average
consensus scheme developed in Section 2.4 in Chapter 2, we design a distributed protocol to

locally force each UAV to reach the consensus at the optimality of & and 3, see Section 6.1.3.

6.1.2 Centralized Optimal Averaging

Recall that our first issue is to obtain the optimal v and 3, such that the filtered signals
s; defined in (6.3) will be able to provide the best estimates. To this end, we introduce an

optimal averaging method [146] by maximizing signal-to-noise ratio (SNR),

max SNR, (6.4)
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and define the value of SNR as follows,

Es

NR =
SNR o

(6.5)

In (6.5), E, denotes the total energy of average signal estimate, i.e., s := (1/I)- 37, 's;, and
FE, is computed as,

B, = |ls - (1/d) - L1]8]". (6.6)

FE,, represents the total energy of residue noise,

s — 3. (6.7)

I
E, = Z

i=1

It can be proved that the optimal solutions a* and 8* to the maximization problem (6.4)

can be derived independently and analytically, given in the following two propositions.

Proposition 6.1.1. For any set of the re-scaling coefficients o, the optimal anti-offset

coefficients B* := (87,35, , B5]" that mazimize the SNR defined in (6.5), are given by,

1 d
t=1
Proof. The proof can be found in Theorem 1 in [146]. O

Proposition 6.1.2. For any set of the anti-offset coefficients B, the optimal re-scaling
coefficients o = [af,a%, -+ ,a%]" that maximize the SNR defined in (6.5), are given by the

first generalized eigenvector of the characteristic equation,
Ra* = \Da’, (6.9)

where R = [n-j]l{j:l € R™ s the centered inner product matriz with r;; := m; m; —d-m;m;,

and D is the diagonal matriz of R, i.e., D := diag{riy,ros,-+- 717} € RI*L,

Proof. The proof can be found in Theorem 2 in [146]. O
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By Propositions 6.1.1 and 6.1.2, we have obtained an effective way to compute the optimal
a* and B* from a global perspective. Before continuing, let us make a few remarks here.
First, as mentioned before, ax acts as a group of re-scaling weights as shown in (6.3), and thus
scaling a with any constant 6 > 0 will not change the value of SNR. This observation can
be also verified by Proposition 6.1.2. In fact, a* is computed as the generalized eigenvector
of matrix pair (R, D), and a scaled da* with any § > 0 is still a valid eigenvector. Here, we
require ¢ to be positive since da* serves as a group of weights. Second, given that each af
can be viewed as a weight for the local measurement m;, it is expected to obtain a relatively
small of when the measurement is far from the true signal s;. Based on these two reasons
above, with restricting 1] a* = 1, we can finally obtain a global optimal recovery s* of the

true signal as a summation of each s;, i.e.,
s =) 8, => af(m; — (1) (6.10)

6.1.3 Distributed Sensor Fusion

We now consider a distributed algorithm to implement the above optimal averaging
method. Recall that the desired distributed algorithm requires each individual UAV to
reach a consensus point which is expected to be the same as s*, given only the local mea-
surement and exchanged information from neighbors. It is clear that the optimal anti-offset
coefficients B8* can be automatically computed in a distributed way, since each [ only relies
on the local measurement m;, as shown in (6.8). Moreover, suppose that o and 3 have
already been locally obtained by each individual UAV i, the final step which takes the sum-
mation as shown in (6.10) can also be simply implemented via a standard sum (or average)
consensus procedure. Next, we present the distributed sum consensus scheme by leveraging
the average consensus introduced in Chapter 2, and then develop the distributed algorithm
to compute the optimal re-scaling coefficient a* via the sum consensus scheme. Note that
here we focus on the sum consensus scheme, instead of average consensus. By doing so, each
UAV does not need to know the number of UAV [ as a prior knowledge. This also make our

algorithm more applicable in real-world applications.
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Let us recall that the average consensus scheme developed in Chapter 2 enables each

agent to asymptotically reach the average of their initial states, i.e.,
. :
. T 0 o .
khm ||x; 7 ; lxz |=0, Viel, (6.11)

where we denote x! the initial state of each agent i. Here, consider that the recovered signal
s* is calculated by the summation of s;’s as shown in (6.10), rather than the average, therefore
we are alternatively interested in a sum consensus scheme which requires the consensus point

to be the summation of the initial states, i.e.,
hm |xF — ZXOH =0, Viel. (6.12)

Following the same path as introduced in Section 2.4 Chapter 2, we present the sum
consensus scheme as below. At the k-th iteration, each UAV ¢ performs the following update

of its local states x¥ € R? and ¢F € R,

k+1 k
¢i+ = Z wz‘jﬁbj-,

JEN; in
Y 1 1 . (6.13)
. _je/\a,mw”xj Zi (¢§+1> Z; (d)?) o

where the operator Z;(-) : R’ — R selects the i-th component of the input vector and the
initialization of @¥ is specified as ¢? = e;. Note that we here consider the multi-UAV
network to follow a time-invariant directed graph, and the set N, denotes the i-th agent’s
in-neighborhood. In addition, the compliant weight matrix W = [w;;]],_, is assumed to
be row-stochastic; see Assumptions 1.4.9 and 1.4.10 in Chapter 1, and thus the benefits
as stated at the beginning of Section 2.4 can be also achieved by the multi-UAV network
considered in this application.

As an important building block for the complete distributed data fusion framework, we
abstract the above sum consensus scheme as an operator C7, () : R’*% — R’*4 with a fixed

sum

iteration number 7, and outline its detailed steps as the following Algorithm 8.
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Algorithm 8: Sum Consensus — C7__ ()

sum

Data: Each UAV receives data u; € R?, specifies the row-stochastic weights W;j’s,

and initializes x) = u;, ¢ = e;. Set the maximum iteration number 7, let

k=0, Z
while the iteration index k£ < 7 do
Each UAV i € 7 simultaneously does
(S.1) Collect the information x¥ and ¢4 from the in-neighbors j € N y;
(S.2) Update the local states x¥™ and ¢** as (6.13);
(8.3) Send the updated states to the out-neighbors;

(S.4) Let kK < k + 1 and continue.
end

Inherited from the convergence result as shown in Theorem 2.4.1 in Section 2.4, we state

T
sum

the convergence of the sum consensus operator C7 () as follows.

Theorem 6.1.1. Suppose that the time-invariant directed graph of the multi-UAV network

satisfies Assumption 1.4.7 and the compliant weight matriz W satisfies Assumptions 1.4.9

and 1.4.10, for any given set of initial states X° := [x%,x9, .-+, xY T € R™*? one can have
lim CJ,(X%) = 1717 X°. (6.14)

With the help of the sum consensus operator as well as its convergence as shown in the
above Theorem 6.1.1, we are now ready to develop the complete distributed data fusion algo-
rithm to seek the first generalized eigenvector a* for the matrix pair (R, D) as shown in (6.9).
Inspired by the well-known Power Method [147] (also known as Power Iteration) which is
designed to solve a standard eigenvector/eigenvalue problem, we compute the generalized
eigenvector by the following distributed scheme.

Let us first give a review on the centralized Power Method. Consider a diagonalizable

matrix A € R™*! starting with an initial v € R, then the sequence {v*}?°, generated by

Vil = AvF (6.15)
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will converge to a eigenvector associated with the eigenvalue of the largest magnitude.

Remark 6.1.1. Note that the power iteration as defined in (6.15) does not normalize at
each iteration. As an estimate of the eigenvector, we are only interested in the direction,

rather than the magnitude of each v*, and thus there is no need to normalize it in theory.

k

In practice, however, v*® may either underflow when ||A|| < 1 or overflow when ||A| > 1. In

our distributed algorithm, we will introduce an additional normalization step.

We recall that the generalized eigenvector problem to be solved follows Rv = ADv, and

the matrix pair (R, D) in a compact form reads,

R=M(;— clz ‘141,)M" and D =D(R), (6.16)

where D(-) : R/ — RIXT takes the diagonal matrix. Applying the standard power

method (6.15) to the generalized eigenvector problem leads to an iterative procedure,
Dv*T! = RvF, (6.17)

Note that the above procedure will require a solution to the system of linear equations.

Owing to the specific structure of matrices R and D, we can further rewrite (6.17) as
1
vt = DTIRVF = DM (1, — h 141, )M TV, (6.18)

and it can be validated by the following lemma.

Lemma 6.1.1. Suppose that the matriz pair (R, D) is defined as (6.16) and the matriz M
is defined in Section 6.1.1, then the following statements hold,

i) R is positive semi-definite;
it) D 1s positive definite with probability one;

i) DR is positive semi-definite.
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Proof. i) Given that R = M(Id—(l/d)ldlDMT, it is sufficient to prove that Iy—(1/d)-141)

is positive semi-definite. In fact, for V¢ € R?, we can have

1

¢TI~ 3 1A= el - - (150 20 (6.19)

Note that the last inequality is due to the Cauchy-Schwartz inequality. Therefore, R is
positive semi-definite.

i) Since the matrix R = [r;]/ ;_, is positive semi-definite, its diagonal element has

Recall that D is the diagonal matrix of R, i.e., D = D(R), we can have that D is also positive
semi-definite. Moreover, note that r; = ||m||> —dm? and m; = I';so+b; +n; with n; follows
Gaussian distribution, then r; # 0 holds with probability one. Hence, D is positive definite
with probability one.

iii) Since D is positive definite, let us denote D~Y/? = diag{1/\/r11, 1/\/T22, -+ , 1/\/T11}-

Then, one can have that D' R is similar to D~Y/2RD~/2 by
D'R=D7Y*(DY2RD~Y%)D'?, (6.21)

Since D~'2RD~'/? is positive semi-definite, so is D~'R. O

Leveraging the idea presented in [148], we now present our distributed scheme to perform

the iteration (6.17). Suppose that each component v¥ in vF = [vf, o5, .-+ v¥]" is updated
by the i-th UAV, we can have the local update as
R 1 T
ot = —m) (I, — = - 141)) Zv m,;. (6.22)

7“u'

Since m; represents the local measurement of the i-th UAV, we remark that in (6.22) every
piece of information except the summation term can be locally obtained. Subsequently, the

summation term can be viewed as one component of the output from a sum consensus op-
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erator CI_(-) defined in Algorithm 8. Thus, we obtain the fully distributed implementation

sum

of (6.22), as outlined in Algorithm 9.

Algorithm 9: Distributed Data Fusion
Data: Each UAV i obtains m; € R? and initializes v{ = 1. Let k = 0.

while the termination criterion is NOT satisfied do

Each UAV i € 7 simultaneously does

(S.1) Locally compute vFm; and apply C*_ (-) with the input vFm;, obtaining

the output, denoted as £F;
(8.2) Update the local state by

1 1
o —m) (I — < 141, )€F: (6.23)
T4

(S.3) Apply CE_ (-) with the input v#™, obtaining the output nF™;

sum

(S.4) Update the local states by

S
vt = (6.24)

(S.5) Let k + k + 1 and continue.

end

(5.6) Let Br =m; and af = v and compute s; = ar(m; — 5r1,);

(s.7) Apply CE_ (-) with the input s;, obtaining the output s*.

sum

Note that steps (8.3) and (S.4) in Algorithm 9 accomplish the normalization of v*
at each iteration. Recall that, in Section 6.1.2, to recover the true signal by the summa-

tion (6.10), we restrict the re-scaling coefficients to satisfy 1] a = 1. This is ensured by

vk
’Uf%lizvk, ?::1,2,"'71, (625)
i=1 "1

and the summation term in (6.25) can be also distributively obtained by another sum con-

sensus operator CJ . (-) : R — R.

sum

Finally, we state the convergence result of Algorithm 9 as follows.
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Theorem 6.1.2. Suppose that the time-invariant directed graph of the multi-UAV network
satisfies Assumption 1.4.7 and the measurements are defined in (6.2), then the sequence

{v*}ren, generated by Algorithm 9 satisfies,
]}1_{{)10 dist (span{vk}, span{ul}) =0, (6.26)

where u; € RY is the first generalized eigenvector of the matriz pair (R, D). Thus, s* is an

optimal recovery of the measurement, in the sense of MSNR.

Proof. To prove the theorem, let us first show the following statement: the largest generalized
eigenvalue A, of the matrix pair (R, D) must have A\; > 1. In fact, the largest generalized
eigenvalue of the matrix pair (R, D) can be calculated by maximizing the following Rayleigh
Quotient,

¢'R¢

AL = m?X e

(6.27)

By Lemma 6.1.1, we have proved that R is positive semi-definite and D is positive definite
with probability one, i.e., for V¢ # 0, ¢TR¢ > 0 and ¢"D¢ > 0. Thus, to prove \; > 1, it

is sufficient to show that there exists some ¢ such that
C"R¢C—¢'D¢ > 0. (6.28)

Since the matrix D takes the diagonal matrix of R, we can have that the diagonal elements

of R — D are all zeros. Suppose that the eigenvalues of R — D are {y1,72, - ,7r}, then

I
> 7 = trace(R — D) =0, (6.29)
i=1
where trace(-) : R”*f — R denotes the trace of the matrix. Therefore, as long as R — D is
not a zero matrix, these must exist a strictly positive eigenvalue 7., and let us denote the

corresponding eigenvector as ¢;. Now, since ¢ (R — D){+ = 74(/¢+]|* > 0, then the above

statement is proved.
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According to the sum consensus operator CJ, () defined by the iteration (6.13), let us

define a transfer matrix C; € R™*! to represent the operator, i.e.,

XT=Cl (X% =C. X, (6.30)
where B
C.= (W) + 2_:0 (W)™ (D‘l((W)t“) - D—l((W)t)) (6.31)

By Theorem 6.1.1, we know that lim, . ||C; — 1;1] ] = 0.

Now, based on the step (8.2) in Algorithm 9, each local update can be rewritten as

1 1
vt = —m)/ (I, - 7 141)) - [CkDu(vF) M]] (6.32)

' Tii b
where Dy, (+) : R — R maps the vector into a diagonal matrix and [-]; : R — R! takes

the i-th row of the matrix. Alternatively, in a compact form, we can have

1

vl =D, (D—lM(Id - 1d1})(CkDm(vk)M)T), (6.33)

with Dy(-) : R™*! — R! maps the diagonal entries of the matrix into a vector. Moreover,
let us denote A = D'R and recall that D, (v*) is symmetric, the update can be further

written as

VM =D, (ADu(vM)CY ) . (6.34)

Given that the matrix Cj, has limy .. |Cy — 1;1] || = 0, we can next explore the consensus

error by rewriting (6.34) as follows

VML =D, (ADW(VM)(C] - 1,1] +1.1]))

= AV 4+ D, (ADL(VM)(C] - 111])) (6.35)

— (A0 Zk:(A)k‘tDV (ADu(v)(C = 111))).
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Note that here we expect the vector sequence {vy}ren, generated by (6.35) converges to
the first eigenvector of A, i.e., the first generalized eigenvector of (R, D). According to the
convergence result of centralized power method [147], the term (A)*"!v® converges to the
expected eigenvector. Now we will only need to show the summation term also converges to

the eigenvector.

Notice that A = D™'R can be diagonalized into U AU = diag{\;, Ay, -+, A} with

M >N > o> Arand U == [ug, ug, - - -, uy] € RP. Furthermore, the group of eigenvectors
{uy,uy, -+ ,us} forms a basis of R’. Next, let us define
k
= Y (A)FD, (ADW(V)(C] — 1,1])) (6.36)
t=0

and represent the consensus error term in (6.36) by the basis, i.e.,
1
D, (ADn(V)(C] = 1,17)) = Y afus. (6.37)
i=1

Due to the fact that limy . [|Cx—1;1] || = 0 and D,,(v?) is always bounded, the the sequence

{al}ien, satisfies limy_, af = 0. Therefore, we plug (6.37) into (6.36), yielding

=3 a0

i=1t=0
I k
— /\I)kZZa /M) (6.38)
=1 t=0
I k
= (A" D at () T + 0 ak () T (/A )
t= =2 t=0

Since A\; > 1, we have lim; ,o, af(A1)™" = 0. Recall the crucial Lemma 1.4.2 in Chapter 1,
together with the fact A\;/A; < 1 for Vi =2,3,--- , I, we can have

lim Z /At =0, i=2,3- 1 (6.39)

k—>oo

Hence, it holds that limy,_,, dist(span{€*}, span{u;}) = 0, and thus Theorem 6.1.2 is proved.
0
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6.1.4 Numerical Experiment

In this subsection, we evaluate our distributed data fusion framework via a set of simu-
lations by considering the potential rural health monitoring application. In our simulation,
we adopt the noisy measurement model in Section 6.1.1. A simulated biological electrocar-
diogram (ECG) signal is assumed to be sensed by the multi-UAV network. The target ECG
signal is generated via a simulator provided in [149]. The heart rate is assumed to be 105
beats per minute (bpm) and the desired peak voltage is 1.2 millivolts (mV). Fig. 6.1 shows
the simulated ECG signal within a 10-second time interval.

1.5 T T T T T T T T T

—— Isoelectric line
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o
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Figure 6.1. Artificial ECG signal

Figure 6.2. Topology of a 5-UAV network

We first consider a small-size multi-UAV network, composed of 5 UAVs, for such rural
health monitoring mission. The communication channels among the multi-UAV network are

specified as a connected time-invariant directed graph as shown in Fig. 6.2. The received
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noisy measurement m; by each UAV is randomly generated by the measurement model as
shown in (6.2). Fig. 6.3 plots those noisy measurements; while the red lines represent the
true signal sy, the black lines are measurements by each UAV. As demonstrated in Fig. 6.3,
every sensed signal is ill-polluted to some extent. While the first three are possibly imperfect
with being differently scaled and biased, the last two could be completely useless as they lose
the main features of the signal. Therefore, it is reasonable to believe that each sensed signal
is not reliable and thus should be fused to obtain a more accurate result. We demonstrate

the performance of the distributed data fusion algorithm in the next subsection.
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Figure 6.3. Measurements of the signal within the network

In Fig. 6.4, we show the results obtained by both a pure averaging scheme (the top
plot) and a centralized optimal averaging scheme (the bottom plot). It can be seen that the
result from pure averaging is heavily biased, due to the dominating magnitude of the worst
measurement from the fifth UAV. On the contrary, the centralized optimal averaging scheme
offers the much better estimates. In fact, as reflected in the computed optimal re-scaling
coefficients, i.e., a* = [0.2972,0.2966,0.2991,0.1025,0.0047] ", the optimal averaging gives

smaller weights to more ill-polluted measurements.
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Figure 6.4. Comparison between pure averaging and optimal averaging
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Figure 6.5. Performance of the distributed data fusion (5 UAVs)
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We now test the proposed distributed approach (Algorithm 9) equipped with the sum
consensus scheme (Algorithm 8). Fig. 6.5 illustrates the results obtained after the 23-rd
iteration and provides a comparison between the estimates locally obtained by each UAV
and the one obtained by pure averaging. As shown in Fig. 6.5, each UAV can obtain an
estimate with high accuracy. In this sense, any UAV is able to send a reliable measurement
back to the medical center. Given that only a few but not all of the UAVs are capable of

sending information back, our framework offers flexibility and efficiency.

Figure 6.6. Topology of an 100-UAV network
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Figure 6.7. Performance of the distributed data fusion (100 UAVs)
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We further evaluate the proposed algorithm by simulating a large-size UAV network
composed of 100 UAVs. The network topology is shown as Fig. 6.6. Suppose that the
true signal recovery generated by each individual UAV ¢ is denoted as s}, we evaluate the
distributed sensor fusion algorithm in two aspects. First, we take the average of all estimates,
ie., 8 = (1/I)- XL s, and use the average §* to demonstrate a fused result. Second,
we measure the disagreement among all UAVs within the network by the consensus error
J = (1/I)- L, |sf —8*|, where | - | : R? — R? takes the absolute values element-wise. In
Fig. 6.7, the figure on the top plots the average of estimates s*. It can be seen that s* recovers
the true signal with high accuracy. Meanwhile, the figure on the bottom demonstrates the

consensus error. By combining these two figures together, it is verified that the network of

UAVs can reach a consensus at which each UAV provides a fused result with high accuracy.

6.2 Application II: Distributed Source Tracking in Unknown Environments

In the second application, we are interested in the distributed source tracking prob-
lem [150], [151], i.e., locating one or several positions of the sources, associated with mea-
surements maxima, in a possibly unknown and noisy environment. More specifically, we
employ a multi-UAV system and expect them to cooperatively locate as many local maxima
sources as possible, by leveraging the communications among different UAVs. In addition,
we consider that the environment is not only unknown but also changing dynamically as the
multiple UAVs acquire knowledge from it. In this situation, the team of UAVs needs to track
the moving sources in real-time. We remark that these two settings, i.e., the multi-UAV

system and dynamical environment, make our problem challenging to solve.

6.2.1 Source Tracking with the Multi-UAV System

Let us consider a bounded and obstacle-free environment, in which sources of interest
are present. In particular, we specify the considered environment by a set of points &
with each element s € S representing the position of the point. Since the environment
has been assumed to be bounded, it is easy to see that the set S is finite. We denote N

the number of points in the set, i.e., N = |S|. For each point s in S, there exists a real-
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valued function ¢x(-) : S — R, that maps the point’s positional information s to a positive
quantity ¢ (s) indicating the level of the source at the time-step k. Naturally, in order to
locate the sources, our objective is to deploy the multiple UAVs to the points with the highest
quantities ¢x(s). More specifically, let us employ a team of I UAVs which are capable of
moving among S and communicating with other connected UAVs, and expect them to track
as many sources as possible. That is, at each time-step k, the multiple UAVs aims at seeking
their best positions pjli] € S, 1 € Z = {1,2,--- , 1} by cooperatively solving the following
maximization problem,
oiax - Fi(e(L el = >0 dkls). (6.40)
seUL_, pli]
Note that the objective function F(-) : S — R, maps the UAVSs’ positions p[i]’s to a positive
scalar that sums all distinct measured quantities. Here, let us assume that the maximizer
(pz[l], pil2], - ,pil{ ]) of problem (6.40) is unique at each time-step k and express it as a
compact form pj = {pz [i]LEI e sl
It should be remarked that, since the set S is finite, the above maximization problem
can be naively solved by assigning the i-th UAV to the point p[i] which has the i-th largest
quantity ¢y (p[z]) However, such a naive scheme inherently assumes each UAV to be aware
of its exclusive global ID which is a restrictive requirement in the distributed setting [152].
As an alternative way to solve the optimization problem (6.40), we shall remark that the
problem can be viewed as a special case of the monotone submodular maximization, and thus
can be solved by the distributed algorithm proposed in our previous work [153]. The key idea
of this algorithm is to find the equilibrium solution, and interestingly, it can be verified that
the problem (6.40) has a unique equilibrium which is coincident with the optimal solution.
Notice that the problem (6.40) considered in the above context is somewhat trivial,
since it implicitly assumes that each UAV perfectly knows the state ¢i(s) of the entire
environment at each time-step k. This is unrealistic for the real-world applications. To
respond, we next let the team of UAVs cooperatively estimate the environment based on
the local noisy measurements, and in the following, we first introduce the dynamics of the

environment states as well as the measurement model of the UAVs.
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Suppose that the vector ¢, € Rf stacks each individual state ¢y(s) for all points s
in the environment S. We consider the following linear time-varying (LTV) model for the

environment state, i.e.,

Pr+1 = Ap1n, (6.41)

where A;, € RV*YN denotes the state transition matrix. In order to ensure that the above
maximization problem (6.40) is well-defined, it is required to guarantee that the state ¢y is
always bounded and also will not vanish to zero as the time-step k increases. More precisely,

we use the following assumption to constrain the behavior of the state dynamics.

Assumption 6.2.1. For the LTV model (6.41), there exist uniform lower and upper bounds

0 <a<a<oo such that, for Vk >t > 0,
a-Iy <Ak :t)TAk:t] <a-1y, (6.42)
where the state propagation matriz Alk : t] € RN*N s written as
Alk t] = ApAg—1- -+ Ay (6.43)

Remark 6.2.1. Note that the above Assumption 6.2.1 is reasonably required to ensure that
the maximum components of ¢ are always recognizable for the multi-UAV system. Moreover,
this assumption also implies the invertibility of the matrices Ay’s. In fact, in the sampled-
data system (one of the mostly studied discrete-time systems), the matriz Ay is naturally
invertible since it is often obtained by discretization of the continuous-time system [154]. Such
an assumption has been commonly made in various research studying the state estimation

problems, see e.q., [154]-[157].

In addition, we consider the following linear stochastic measurement model for each

UAV 4,

7}, = H'(peli]) ¢ + nj. (6.44)
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where z; € R™ represents the measurement obtained by the UAV at the time-step k';
o (pk[z]) € R™¥ denotes the measurement matrix depending on the UAV’s position py[i];

and n}, € R™ is corresponding to the measurement noise satisfying the following assumption.

Assumption 6.2.2. [t is assumed that the measurement noise ni, follows the independent
and identically distributed (i.i.d.) Gaussian for each individual UAV, with zero-mean and co-
variance matriz V¢ = v*-1,,. In addition, there exist lower and upper bounds 0 < v < v < 00

such that
v<v <, Viel. (6.45)

Remark 6.2.2. We shall remark that the measurement matriz H' (pk[z]) s not specified
in the above model (6.44). In fact, it can be defined by various means based on the UAV’s
position. One of the simplest way is to let H* (pk[z]) = e where e € RY is the unit vector
and | € {1,2,--- N} denotes the index of the position pili| in the environment S. This
means that the UAV only measures the quantity at the point where it currently is. Such a
choice of H* (pk[zD is actually adopted in [158] as the so-called point-wise sensing model.
Besides, some other specifications of the measurement matrix are also used in the existing
works. For instance, a circular sensing area with radius r; is applied in [159], which implies

that,

H' (peli]) = edicc; (6.46)

where the set Ci. == {l | ||s; — pxli]|| < 7'} includes the indices of all points s; that fall into

the disk which is centered at pyi| and has radius r°.

Based on the measurement model (6.44), one should notice that the true value of ¢y
can be estimated by many techniques, such as the least-square, the classical Kalman fil-
ter, to name a few, when some mild conditions on the measurement matrices are satisfied.

Therefore, the problem of distributed source tracking with an unknown environment can be

1For simplicity, we assume that each UAV’s measurement has the same dimension m; this can be easily
relaxed to a general case.
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addressed by a simple approach which contains the following two phases separately: i) let
the team of UAVs move around the environment and obtain an accurate enough estimation
of the state; and ii) specify the UAVS’ target positions by solving the maximization prob-
lem (6.40) based on the estimated states. However, this is essentially an off-line approach,
since the UAVs do not have specific targets when estimating the environment in the phase 1)
and the phase ii) cannot be started until an accurate enough estimate is obtained. Motivated
by this, in the next section, we aim to integrate the above two phases together and propose
an adaptive on-line framework. That is, the UAVs recursively update their target positions;
meanwhile, measure and estimate the unknown environment, until the steady state is reached

in which the team of I UAVs manages to tracking the top I moving sources.
6.2.2 An Adaptive On-line Framework
Let us begin by rewriting the measurement model (6.44) into the following compact form,
7, = Hp¢py + ny,. (6.47)

Here, z, = [(z})",(z3)", -+ ,(z})"]" € RM is the measurement obtained by all UAVs with
T

dimension M = mI; Hy = {Hl(pk[l])T, H2(pp[2) T+, HI(pk[I])T] € RM*N stacks all local

measurement matrices as a collective global one?; and ny, = [(ni)", (n2)7, -+, (n})"]"T € RM

denotes the Gaussian noise with zero-mean and covariance expressed as
V= diag{V', V2 ... VI} e RM*M, (6.48)

Subsequently, the centralized Kalman filter for estimating the mean qgk € R" and covariance

Y, € RV*N performs the following recursions,

1
Y1 = A (lel + Yk) ALy (6.49a)

Gr1 = Apa (q/;k + (7 + V) vk — Ykﬁgk))7 (6.49D)

2¢When writing Hy, with slight abuse of notation, we have absorbed the dependency on the UAVs’ positions
pr[i]’s into the index k.
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where the two variables Y, := (Hy)'V~'H, € RV*N and y, := (H) 'V ~'z, € RN, often
referred to as the new information, incorporate the measurements into the updates.

It is also worth mentioning that the Kalman filter (6.49) readily estimates the unknown
environment in an on-line manner, i.e., the team of I UAVs moves to new positions, obtains
the new measurements, and updates their estimations. However, we should note that the
two following issues may arise: i) the statistical property of the classical Kalman filter may
no longer hold due to the sequential decision process; and ii) such an on-line procedure is
performed in a centralized way, since the new information Y}, and y, are involved with the
data obtained/maintained by all UAVs. In order to devise a distributed scheme to run the
Kalman filter (6.49), many existing works, e.g., [160]-[162], leverage the special structure
of the noise covariance V. Considering the diagonal structure of the matrix V', as shown

in (6.48), the new information can be further expressed as

Y= Y H(B(V) H (D)) (6.502)
ye = Yo HD)(V) 2, (6.500)

which means that Y and y, can be computed by simply summing all the local information
together. This motivates the development of Kalman consensus filter, in which each UAV first
carries out an sum consensus procedure as introduced in Chapter 2 and also in Section 6.1.3,
to fuse local information, and then performs the standard Kalman update (6.49).

Given that the distributed estimation of the unknown environment can be accomplished
by the above Kalman consensus filter, our question now becomes how to integrate the esti-
mation together with the UAVs’ decision-making process. A naive idea would be using the

estimated mean value (]Sk at each iteration k, and then solving the following maximization,

prcargmax 3 Gus) (6.51)
PlES, €T syl i)

Here, we use &k (s) € R to denote one component of the vector qgk which corresponds to the

point s in the environment. It should be emphasized that such a scheme cannot guarantee
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the team of UAVs to locate the sources with the highest true ¢y(s)’s. To elaborate on this,
let us consider a special case in which the environment is static, i.e., ¢x(s) = ¢o(s), Vk € N,.
Then, an undesired but possible scenario is that the UAVs significantly underestimate the
maximum value ¢o(s*) at the initial stage, i.e., ggo(s*) < ¢p(s*), and as a result, the UAVs
will never have another chance to visit the key point s*. On this account, it can been seen
that merely utilizing the estimated mean is insufficient to drive the team of UAVs to the
desired positions. To address this, we next take advantage of both the estimated mean qAﬁk
and covariance Y to develop our distributed on-line source tracking algorithm.

Based on qgk and Y, let us introduce an additional variable p;, € RY, which we refer to

as the dummy upper confidence bound (D-UCB),
i = @p, + Bi(0) - diag!/* (). (6.52)

Note that the operator diag"/ 2() : RV*N — RN maps the square root of the matrix diagonal
elements to a vector, and the parameter Si(6) > 0 depending on the critical confidence
level 6 will be specified later on. In fact, the intuition behind this notion of D-UCB is
straightforward: each p; provides a probabilistic upper bound of the true value ¢, by
utilizing the current mean and covariance. Next, we formalize, with the following proposition,
how the true value ¢y is upper bounded by the D-UCB p; with the probability related to ¢.

We postpone the proof to the next subsection.

Proposition 6.2.1. Under Assumption 6.2.1 and 6.2.2, suppose that q,’;k and Y are generated
by the Kalman filter (6.49) with qgo and o -In < Yo <7 -1y, then it holds that,

P(| — o] < 5u(0) - ding(80)) 2 1= 4, (6.53)

where the sequence {B1(0)}ren, is non-decreasing satisfying

o/oc+ac- k/UQ)’ (6.54)

Be(8) > N*%¢; + N?cy - \/log ( 52/N

with ¢, = ||¢o — ¢oll/ /@ and c; = v*\/max{2,2/v}.
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The above Proposition 6.2.1 inherently constructs a polytope centered at the state esti-
mate q?)k such that the true state ¢, falls into it with probability at least 1 —¢§. Based on the
polytope, it can be seen that the D-UCB pu; takes the upper bounds marginally and each
element (i (s) is guaranteed to have py(s) > ¢k (s) with probability at least 1 — . Now, we
can use the defined D-UCB p; to update the UAVs target positions in the on-line manner,

by solving the following maximization problem:

pr € argmax  »  fu(s). (6.55)

p[i]ES,iEI seU{zlp[i}
We summarize our complete distributed on-line source tracking scheme as Algorithm 10
and establish its performance with the following theorem. Likewise, the proof is postponed

to the next subsection.

Algorithm 10: Distributed On-line Source Tracking

Data: Each UAV 1 initializes its own estimates (EO and >y, and computes the target
position pi. Set the confidence level § and parameters {8k (8) }ren, , let k& = 1.

while the termination criteria is NOT satisfied do

Each agent ¢ € 7 simultaneously does
(S.1) Obtain the measurement z; based on the measurement matrix H'(p});

(S.2) Collect information from neighbors, obtain mean ¢, and covariance ¥, by
Kalman consensus filter (6.49);

(S.3) Compute via (6.52) the updated D-UCB py, based on ¢, and S
(S.4) Assign the new target position pj,, by solving (6.55).
(8.5) Let k < k+ 1, and continue.

end

Theorem 6.2.3. Suppose that {pk}k€N+ is the sequence generated by Algorithm 10, under
the conditions in Proposition 6.2.1, then it holds that, with probability 1 — §, for VK € N,

f: (Fk(pZ) - Fk<pk)) < O(x/?log(K)) (6.56)

k=1
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6.2.3 Convergence Analysis

In this subsection, we prove the convergence result of our distributed on-line source
tracking algorithm, stated in both Proposition 6.2.1 and Theorem 6.2.3. In order to facilitate
the following proofs, let us start with introducing several vector norms. First, associated
with an arbitrary positive definite matrix M = [m];_, € RV*Y we define the Ly-based

vector norm || - ||la : RY — R, as
1%]lar == VxT Mx, (6.57)

where x = [z1,79,---2yn|" € RY. Further, let us define the L,.-based norm | - ||p,, 0 :
RN — R, associated with the diagonal matrix of the arbitrary positive definite M, i.e.,

— ;i NxN
Dy = diag{mi1,ma, -~ ,myn} €R , a8

1%/l Ds00 = max, Mmi; - |- (6.58)

Note that the above norm ||-||p,,  is well-defined since the positive definiteness of M ensures

that m;; > 0. Similarly, we define the £;-based norm || - [|p,, 1 : RY — R, as
N
HXHDM,l = Zmzz : ’l'z‘ (659)
i=1

With the vector norms introduced above, it can be immediately verified that the £;-
based norm || - ||p,, 1 is the dual norm of the L .-based || - ||D;41’C>O where D;; takes the inverse

of the matrix D,;, and in addition, for ¥x € R¥,
IllDs e < llxllpya < VN - [xllps,. (6.60)

Furthermore, we show, by the following lemma, the relationship between ||x||5; and ||x]||p,,-

Lemma 6.2.1. For arbitrary positive definite M € RN*N it holds that Vx € RY,
1%l < N - xllp,,- (6.61)
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Proof. According to the above definitions, one can have

N N
x5 =D > mij - iz

i—lj—l
<Zm“ ; +ZZ|mU| |22,
i= lj;éz
<me L +ZZ\/ mimy; - ||
1= 1]#1 (662)
<Zm“ l’ +ZZ mnxf—i—mﬂxf)
= 1]#1
:N-Zmu-x?
=1
=N - [Ix|[p,,-

Note that the second inequality is due to the positive definiteness of M, i.e., |m;;| < \/mm;;.

Therefore, the proof is completed. O
e Proof of Proposition 6.2.1

By taking advantages of the defined norm || ||p,, ~, the inequality (6.53) in Proposition 6.2.1
is equivalent to state that, with probability at least 1 — ¢,

H¢k — @y,

1/27 S Bk((s) (663)

Therefore, we next prove the inequality (6.63) where i (9) is defined in (6.54). Note that the
Kalman consensus filter generates the state estimate ¢y, and covariance 2, as shown in (6.49),

we first show, by the following lemma, an equivalent form of the Kalman consensus filter.
Lemma 6.2.2. Suppose that $k and covariance Xy, are generated by (6.49), then at each
iteration k, it is equivalent to write

Ye = Alk Yt Ak 1) (6.64a)

fo—
or = Alk - 1T, (zolc;SO + Zl Alt - 1]Tva1zt), (6.64D)

t=0
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where the matriz 1), € RVN*N s defined as

k—1
Te=%0"+> Alt:1)"H V' HA[t: 1]. (6.65)

t=0

Proof. Let us prove the above lemma by mathematical induction. First, it is straightforward
to confirm that the above (6.64) is identical to the original recursion (6.49) when k£ = 1. Then,
let us assume that (6.64) produces the same results as (6.49) up to the time-step k. Next,
we prove the consistency for the time-step k + 1.

Before proceeding, let us first notice the following identity with the definition of Ty,
Tit = Iv — T h Ak 1T H VT HGA[KR 1) T, (6.66)

Note that the above equality can be easily verified by multiplying Yx,1 on the both sides.
Based on the recursion (6.49a), we plug in the previously obtained Y, in the form

of (6.64a) and have that

1

Y1 = Appr (Ekl + H;;rlek> Al
-1
~ A (A[k: AT A 1)+ H V‘lHk> AL
"’ (6.67)
— Ak +1:1] (Tk Ak THV U H AL 1]) Ak +1:1]"

= Alk+1: 1Y AR +1:1)".
Similarly, we plug ¢y in the form of (6.64b) into the recursion (6.49b) and obtain

bri1 = Apir (Gf;k + (3 +Ye) - Yk&k))
= Ay <1N — (M + Yk)‘li/k>$k + Ap (S YT H] V7,

= Alk+1:1] <IN = T Alk 1] H{ VT HyAlk - 1])Tz?1 (6.68)

k-1
' (251% + 2 Alt: 1]THJV‘1zt> + Alk+1: 1T Alk - 1] THIV g

t=0

k
= A1 1T (Eglqso YAl 1}THtTv-1zt).
t=0
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Note that the above identity (6.66) is applied in the last equality. Based on (6.67) and (6.68),
the proof is completed.
O

Next, given that the state dynamics has ¢ = Ak : 1]¢pg and thus z,, = H Ak : 1]¢po+ny,

the state estimate $k can be further expressed as

k-1
b= All s UT (S50 + 3 Alt - UTH V" "ny 4 Yudo — 57760 )

L (6.69)
= ¢ + Ak 0TS At 1T H V ing 4 Alk: 105185 (do — o).
t=0
Therefore, it holds that ¥x € RY,
k—1
X' (¢ — ) =x"Alk: YYD Al 1] H, Voo +x ALK 17,50 (o — ¢ho)
t=0
(6-1.a) T = T Ty -1 T 1,7
< late s 0| S Al T HT Ve )] [ - g
(6.1.b) = TrrTy -1 -1/
= HX 5, <H Y At 1] H Vin, .- + Hzo (¢po — ¢’0)HT;1>
t=0 k
N K] (| S A )THTV | %" (@0 - o), ).
Dy, pord ! '

(6.70)
where (6.1.a) is due to the Cauchy-Schwartz inequality; (6.1.0) is due to (6.64a); and (6.1.c)
is based on Lemma 6.2.1.

Now, let x = Dgi(&;k — ¢r), it follows that

Hqsk — O

k-1
o N ([ ATV @ e0,). 6
Sk =0 T, k

According to the inequality in (6.60), we can have that

H‘Ek - ¢kHD2;/2,oo <VN- Hﬁgk — ¢k‘ pg!
(6.72)
< N3/2.<

k—1
STA:1)"H 'V 'n,
t=0

w7 @ - g0,
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In order to prove the inequality (6.63), we now need to upper bound the two terms on

the right hand side of (6.72); see the following two lemmas.
Lemma 6.2.3. Let the conditions in Proposition 6.2.1 hold and the matriz Y be defined

as (6.65), then there exists a constant ¢; = ||y — @oll/\/@ such that for Vk > 0,

[ (S0 = @) < en (6.73)

Proof. By the definition (6.65) of the matrix Yy, it is straightforward to see that ;' < X,

and therefore,

557 (Bo — g0)[ = (o — 60) 55 TS5 (h — o)
< (¢ — ¢0) 25 (o — ¢0) (6.74)
<1/a - [P0 — ¢l

where the last inequality is due to the condition g > ¢-I. Thus, the proof is completed. [J

Lemma 6.2.4. Let the conditions in Proposition 6.2.1 hold and the matrix T, be defined

as (6.65), then there exists a constant ¢ = 172\/2]\7 -max{1,1/v} such that with probability
at least 1 — 0, for Vk > 0,

=l _ G/o + ao - k/v?
S Al HV < b \/log ( = ) (6.75)
= k

Proof. This proof is primarily based on the results presented in [163] (see Lemmas 8 — 10

and Theorem 1). For the notational simplicity, let us define
X, = At : JTH V™ e RVM, (6.76)
Then, according to Theorem 1 in [163], it holds with probability at least 1 — ¢ that,

1/2 1/2
<22 \/log (det(Qk) 5det(20) ) (6.77)
Q-1

k-1
> Ximy
=0

k
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where O := Yo' + M1 X, X" € RV*N| Let us recall the definition (6.65) of the matrix Y}
and notice that there is a slight difference between 2, and Y. Next, we show that there

exists a constant ¢j = max{1,1/v} such that Q < ¢ - Tg,Vk > 0. In fact, it holds that

k—1
Q="+ > At JTHV2HA[t : 1]
t=0
= 6.78
<SSt 1fo- S Al TH VI HAE ] (6.78)

t=0

< max{1,1/v} - Ty.

Note that the first inequality is due to the fact that v is the smallest entry of the diagonal
matrix V; see Assumption 6.2.2. Therefore, the previous statement can be immediately
proved by letting ¢; = max{1, 1/v}, and based on this statement, it holds that T, < c-Q,*.

Together with the inequality (6.77), one can have that

_ det(Qy)1/2 det(32g)1/2
< \/ch - < 20%,/ 1,1 -\/1 ( >
o S A —_— v°y/max{1,1/v} og 5

(6.79)

k—1 k—1
Z tht Z tht
t=0 t=0

Moreover, according to the inequality of arithmetic and geometric means and the defini-

tion of €2, it holds that

det () < <1/N : trace(Egl) +1/N - kz:ltrace(XtXtT)>N, (6.80)

t=0

where the trace of the matrix X, X, further has

trace( X, X, ) = trace(A[t ) TH VTP HAJt 1])

(6.2.a) N
< 1/0°- > e  Alt: 1T H, H/Alt : 1]e,
n=1

.81
(6.2.b) (6.81)

N
< 1Y e At i 1)T At e,
n=1
(6.2.¢)
< N-a/v*.
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Note that (6.2.a) is due to v = min,erv® and e, € RY denotes the unit vector; (6.2.)
follows from the special form of the measurement matrix H;, i.e., each row has only one
element equal to one and all others equal to zero; and (6.2.c) is based on Assumption 6.2.1.
In addition, given that the initialization ¥ ensures ¢ - Iy < ¥y < o - Iy, it follows that

trace(X5') < N/o and det(X) < V. As a result, we can eventually arrive at

\/log (det(Qk)l/2 det(20)1/2/5>

_ \/ 1/2 - log (det()) +1/2 - log  det (%)) — log(s) (6.82)
< \/NT2 \/log (5/0 +5§5V' k/?ﬂ).

Together with the inequality (6.77), the proof of Lemma 6.2.4 is completed.

]

Now, based on Lemmas 6.2.3 — 6.2.4 and inequality (6.72), it has been shown that, with
probability 1 — d

. o/o+ ao - k/v?
Hﬁbk—ﬁbk”pgl/zméN?’/?- (cl+c’2-\/log( / 52N / )), (6.83)
kj b

with ¢; = ||q30 — @oll/\/o and ¢, = 172\/2]\7 -max{1,1/v}. Therefore, Proposition 6.2.1 is

proved.
e Proof of Theorem 6.2.3

Let us start the proof by introducing additional notations. Recall that pj, as defined
in (6.40), denotes the positions of the moving sources at time-step k, and similarly, pg
denotes the target positions for the multiple UAVs generated by our algorithm. To better
characterize the positional information, let us define a mapping a(-) : S’ — RY which maps

the position p to the N-dimensional vector,
I
a(p) =) ey, (6.84)
i=1
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where each s; corresponds to the index of the position p[i]. More precisely, since the posi-
tions py and pj are solved by the maximization problems; see (6.55) and (6.40), it can be
immediately verified that the vectors a(py) and a(p}) must have I elements equal to one
and all others equal to zero. Therefore, we denote the set of all possibilities of these vectors

as
A:={alac{0,1}" 1ya=1}. (6.85)

Furthermore, for the notational simplicity, we abbreviate the above a(py) and a(pj) to
a; € A and aj € A, respectively. With the help of these notations, the loss of function

values can be expressed as,

Next, we show, by the following lemma, that there exists an uniform upper bound for

the loss of function values.

Lemma 6.2.5. Suppose that Assumption 6.2.1 holds and the loss of function ry is defined
as (6.86), then there is an upper bound 7y = 2v/Ia - ||ol|? such that for r;, <7, Vk > 0.

Proof. Recall that the linear dynamics of the state ¢ ensures ¢ = A[k : 1]¢hy, thus based
on (6.86), it follows that

(6.3.a) .
re < lag — al] - [l

(6.3.b)

< (llagl + laxll) - ||g Al = 17 Alke = 1o (6.87)
(6.3.¢)

< 2vIa- | ¢ol?

where (6.3.a) is due to the Cauchy-Schwartz inequality; (6.3.0) follows from the triangle
inequality and the state dynamics; and (6.3.c) is based on the fact that both aj and a; are

from the set A as well as Assumption 6.2.1. [
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Let us define another set x; € RY which is characterized by Proposition 6.2.1,

xi = {0161 = Bllp e o < B0} (6.88)

It is guaranteed by Proposition 6.2.1 that ¢, € xx with probability at least 1 — § at each
iteration k.
With the help of the defined set X, we now present a supporting lemma which measures

the update of the target positions py (or ai) at each time-step k.

Lemma 6.2.6. Under the conditions in Proposition 6.2.1, suppose that the positional in-
formation ay, is generated by solving the maximization problem (6.55) with the D-UCB py
computed by (6.52), then the optimal function value (ax, pg) of (6.55) can be obtained by

solving the following constrained bi-linear program,

max (a, ¢). (6.89)

acA, pexk

In addition, it holds with probability 1 — ¢ that,

(ax, pw) > (ay, o). (6.90)
Proof. Notice that the program (6.89) can be written as the following equivalent form,

max Q(a), (6.91)

where the objective function () : A — R is defined by another maximization problem,

Oa) == max (a, @). (6.92)

PEXK

Based on the KKT conditions and the definition of the feasible set X, the optimal

solution @* of the problem (6.92) can be analytically expressed as
¢* = di + B(0) - diag!* (), (6.93)
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which is exactly the same as the definition of D-UCB in (6.52). Therefore, it holds that

(ag, pr) = max  (a, @). (6.94)

a€A7 ¢€Xk

Furthermore, since Proposition 6.2.1 guarantees that ¢, € x with probability 1 — ¢ and
a* = argmax, 4(a, ¢@y), it is easy to verify that (6.90) holds with probability 1 — 9. O

Now, we are ready to prove the statement in Theorem 6.2.3, i.e., "K | r, < O(VK log K).
Before proceeding, let us first recall that the vector norm || - ||p,, 1 as defined in (6.59) is the

dual norm of || - ||D;},oo as defined in (6.58). Therefore, the loss of function value r; has

e = (ag, ér) — (ar, dw)

(46..a)
< (ar, pr) — (ar, Pr)
(6.4.b)
< llakllpyzg - bk — @rllpzire o (6.95)
=0 S, 0

(6.4.c)
< 26:00) - lawllpy2
k

(6.4.d)
< 2VNB(6) - ak]ps, ,

where the inequality (6.4.a) is due to the above Lemma 6.2.6; (6.4.b) follows from the Holder’s
inequality; (6.4.c) is due to the triangle inequality and the fact that both py and ¢y are in
the set xy; and (6.4.d) comes from the inequality (6.60). Next, to further investigate the key

term [|ay|[p,, . we show an upper bound for the cumulative ||ag|py, ’s.

Lemma 6.2.7. Suppose that the conditions in Proposition 6.2.1 hold and the positional
information ay’s are generated by Algorithm 10, then it holds that for VK > 0,

K-1

> min{1,1/2 - agllh, } < 2N -log (det(zo)l/N ‘a-((a0) " + K- (av)_1)>. (6.96)

k=0

Proof. Recall that the matrix Y, is generated by the following recursion,

-1
Y1 = Appr (2,;1 + H, V‘lﬂk) Al (6.97)
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For the sake of presentation, let us first focus on the inverse of ¥, i.e., O, = X1 € RVXV,

and thus it holds that,
O = Agyy (O + HI VT H ) ALl (6.98)

Consider the determinant of the matrices ©,’s, one can have that

det(Opy1) = 1/ det(Al,; Agya) - det (O + H] V' Hj)
— 1/ det(A],, Apsr) - det (@}/2 (Iv + 6,2 H] VlHk(%kl/Q)@,lf) (6.99)

= det(O4)/ det( ALy Axa) det Ly + €, V=1 1,0,

For simplicity, we here use Y}, to substitute H, V~'H} again. Consider that the noise covari-
ance matrix V' is diagonal and H), takes the specific form of Hy = [el]l eul_ i where each set
C? contains the indices of the positions covered by the i-th UAV’s sensing area. Therefore,

the matrix Y} is also diagonal and can be expressed as

= le Y1/ e (6.100)

=1 [eC?

Further, let us denote O, /Y0, "% by Z, € R¥*N_ Suppose that A,(Z) represents the

n-th eigenvalue and &£ is the n-th diagonal entry of Zj, then the trace of the matrix has

N N
trace(= Z =Y & (6.101)
n=1 n=1

In addition, we denote 8% € R the n-th column of the matrix @,;1/ ?: note that (6%)7 is also
the n-th row since @;1/ % is symmetric. As a result of the specific structure of the matrix Y%,

the diagonal entries £F, of Z; has

¢k (63a) (25}2 ) (6%)Tg*

(6.102)

(6.5.b) , , (6.5.c) L

= (Yo Yob, 57 10 Y i miok,,
i=1
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where in (6.5.a), we let 6.(n) = 1 if the position indexed by n is in the sensing area C* at the
time-step k, and 8% = 0 otherwise; (6.5.0) is due to the definition of % and the fact that o¥
denotes the n-th diagonal entry of ¥;; and (6.5.c) comes from the fact that v = max;cz v°.

Now, based on (6.102), one can further have

I .
(5,2(71)0’C
1

N N
Sk >1/v- >
n=1

n=11i=

(6.6.a)
> 1/v- Ze i Ve (6.103)

6.6. _ 6.6. _
"2 10 a Dy,a "2 10 (a3, |

where st denotes the index of the i-th UAV’s position at the time-step & in (6.6.a) and §;(s)
must be one; (6.6.0) is by the definition (6.84) of a, and (6.6.c) is by the definition of ||- ||p,, -

Now, the previous equalities in (6.99) can be continued as

det(O11) = det(04)/ det(AL, 1 Apr1) - det(In + =)

9 det(04)/ det(A], Apya) - H(1+)\ K)

n=1

WE

(7:b
> det(O4)/ det(AL 1 Arer) - ([ 1+ D M(E ) (6.104)

&)

(7.d
> det(Ok)/ det(Agy Apr1) - (1+1/0 - [la]p, )

Il
—

n

HMZ

L9 4et(O)/ det(A],, Apsr) - (1 +3

where (7.a) is due to the fact that the determinant of a matrix equals the product of eigen-
values; (7.0) follows from the inequality of arithmetic and geometric means and the positive
definiteness of the matrix =; (7.c) is based on the equality (6.101); and (7.d) is due to the

inequality (6.103). Subsequently, applying (6.104) recursively yields

det(Op41) > det(Oy)/ det (A[k; +1:1) Ak +1: 1]) : ﬁ (1 +1/v- ||at\|2DEt)
. =0 (6.105)
>0~ de(@n) ] (1 +1/5- ||at||292t>.
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Note that the last inequality relies on Assumption 6.2.1.

Next, notice that min{1,z} < 2log(1 + z) is always true for any scalar x > 0, therefore,

k k
> min{1, 1/0- [l } <" 2log (14 1/2- a3, ) < 2log (@N : det(@kJrl)/det(@O))'
t=0 t=0

(6.106)
Furthermore, based on the recursion (6.98) of ©y, it follows that
k
Opr1 = Ak +1:1] TOAk +1: 17"+ > Alk+1:t+ 1] "HV 'HAk+1:t+1]",
=0
(6.107)
Thus, one can have that
N
det(Or11) < (1/N . trace(@kﬂ))
N N
= (1/N . Z ez@kﬂen)
i=1
N
(N3 (e;A[k; 121 TOAfk +1: 1] e,
i=1
(6.108)

N
k
+> ey Alk+1:t+1]" TH,V ' H A[k+1:t+ 1]_1en>)

t=0

Note that the last inequality comes from i) X < o -Iy;ii) Alk 1 ¢]"TA[k : t]7 < a1 Iy (see
Assumption 6.2.1); and iii) H'V~'H, < v=! - Iy since the specific form of H; and v =

min;e7 v°. As a consequence, it holds that

log (aN : det(@k+1)/det(@0)> < N -log <det(20)1/N . &((ng)_l +(k+1)- (ow)_l)).
(6.109)
Together with the inequality (6.106), the proof is completed. O
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With the help of the above Lemma 6.2.7, we can now continue our proof for the theorem.
Since Lemma 6.2.5 has guaranteed that the loss of function ry, <5 = 2vIa - ||¢ol|*, Vk > 0
Based on the inequality (6.95), it follows that

e < min {3, 2VNAG) - larlo, |
< k- min {1, 2/ N B (5) /7 - ||ak||DEk} (6.110)
< w(0) - min {1, 1/V5 - lailioy, }
In the last two inequalities, we let k = max{7, v} and 34(6) = max{1, 2v/23:(6)}. Accord-

ing to the definition (6.54) of the non-decreasing sequence {3 (6)}ren, , it can be confirmed

that the sequence {3(9)}ren, is non-decreasing, i.e., 5;(0) < Br11(6). Then, one can have

(8.a) K—-1

< kPk(9) - \IK Z min {1, 1/v- ||ak||2D2k} (6.111)
k=0

(8.)

< KB (6) - V2KN - \/log (det(Zo)l/N : d((gg)_l + K- (Qﬂ_J)_l)),

where (8.a) follows from the inequality (6.110) and (8.b) is due to Lemma 6.2.7. Given that
Br(6) = max{1, 2¢/2Bx(6)} and B (§) = O(y/Iog K) in Proposition 6.2.1, it can be obtained
either B (6) = 1 or Bk (6) = O(v/Iog K). Therefore, together with the inequality (6.111),
the statement in Theorem 6.2.3 is proved, i.e., ¥ 1 < O(VKlog K).

Remark 6.2.3. A significant difference between the classical linear upper confidence bound
(UCB) algorithm [164] and the present one is that we construct the D-UCB, rather than the
standard UCB, to drive the update of pr’s. Due to this difference, one cannot immediately
prove the above Theorem 6.2.3 by following exactly the steps in [164]. A remarkable idea of
our proof is to define a specific vector norm which interplays with the form of D-UCB and
then establish the regret analysis with respect to the specific norm. This makes our theoretical
results non-trivial. In addition, we should also emphasize that the introduction of D-UCB

helps reducing the computational complexity of our algorithm significantly, when solving the
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problem in the multi-UAV setting. Since the standard UCB is defined in a joint sense, when
solving the multi-UAV mazimization problem (6.55) with the standard UCB, it is inherently
a combinatorial optimization and can be extremely complicated to find the exact solution. In
contrast, due to the fact that the D-UCB takes the upper bounds marginally as mentioned
before, the mazimization (6.55) can be essentially decomposed and becomes much easier to
solve for exact solutions. We remark this as one of the most important contributions of the

proposed algorithm.

Remark 6.2.4. [t is stated in Theorem 6.2.3 that our algorithm can generate a sequence of
the target positions py’s such that the cumulative regret, i.e., the cumulative loss of function
values Fi(p}) — Fi.(Pr), is upper bounded sub-linearly. Given the fact that the function Fy(-)
is defined on a finite set ST; see definition in Section 6.2.1, together with the loss of function
value must be positive, one can immediately conclude that the sequence of py converges to the
optimal solution py. This also implies that the steady state is reached in which the multi-UAV

system manages to tracking the top I moving sources.

6.2.4 Numerical Experiment

We demonstrate the effectiveness of our distributed algorithm, by considering a real-
world methane leaking source seeking problem using the multi-UAV system. In fact, such a
problem has been broadly studied in the area of robotics; see e.g., [165], [166]. Compared
to these existing works, a primary difference here is that we deploy multiple UAVs, rather
than a single one, to the target methane field. As a result, we expect that the individual
UAV will be able to track the distinct and possibly moving leaking sources by leveraging the
cooperations among the entire team of UAVs.

Let us suppose that the target methane field is described by a D x D lattice, as shown
in the background of Fig. 6.8. Each cell [ € {1,2,---, D?} in the lattice is represented by its
position s’ and also the quantity ¢;(s!) which indicates the level of methane concentration
at the time-step ¢. Overall, the N-dimensional vector ¢; = [¢.(s'), ¢:(s?), -, ¢ (V)] with
N = D? characterizes the state of the entire methane field of interest. More specifically, in

this simulation, we set the size of the methane field as D = 50. The initialized methane
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(a) Snapshot at iteration k = 100 (b) Snapshot at iteration k = 250
(c) Snapshot at iteration k = 450 (d) Snapshot at iteration k = 600

Figure 6.8. Demonstration of three UAVs’ tracking of the moving leaking
sources in an unknown methane field

state ¢q is generated through Gaussian kernels with leaking sources having largest concen-
trations among the field, and then we let leaking sources move within the field so that the
time-varying ¢, is generated. In order to explore the unknown target methane field and fur-
thermore track the moving leaking sources, we employ a team of three UAVSs, each of them
equipped with a sensor that is capable of measuring a circular area with radius r = 3; see
the detailed measurement model (6.44) and the description of measurement matrix (6.46) in
Remark 6.2.2. In particular, we assume that the sensing noise of each UAV is independent
and identically distributed Gaussians with zero-mean and covariance V' = I, where I de-
notes the identity matrix with appropriate dimension. Note that, since the maximum value
of the state ¢; is set around 5, the noise covariance is reasonably large so that the overall
problem is not trivial to solve. Besides, it is also assumed that the three UAVs can exchange
information with their immediate neighbors, and the communication channels, shown as the

red dot lines in Fig. 6.8, follow a simple undirected connected graph.
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Figure 6.9. Regret analysis

To demonstrate the result of tracking of the moving leaking sources, four snapshots are
taken and shown in Fig. 6.8 at the iterations k£ = 100, 250, 450, 600, respectively. It can be
observed that the team of UAVs is able to locate all three moving leaking sources at the 600-
th iteration. In addition, in order to show the simulation result quantitatively, Fig. 6.9 plots
both the regret r, = Fj, (p*(k:)) —F} (pk) at each iteration as a blue line, and the cumulative
regret SF | r, as a black line. Note that each line is obtained by the data averaged from 20
Monte-Carlo trials; the standard deviation is also reported in the figure. It can be concluded
from Fig. 6.9 that the regret r; decreases to zero as the number of iterations grows, which
confirms that the team of UAVs will be able to track the moving leaking sources. Besides, the
cumulative regret shows a sub-linear increase, which is also consistent with the theoretical
result of Theorem 6.2.3.

In order to validate the effectiveness of the proposed algorithm, we further compare
the performance of our algorithm, termed as DoSS, with two benchmark schemes: i) the
AdaSearch algorithm [158]; and ii) a naive approach, termed as NaiveSearch, in which

the UAVs scan the whole unknown field repeatedly and determine the position of leaking
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Figure 6.10. Comparison of the regret with three different schemes

sources by the current estimation of the field. Note that, to evaluate these three scheme
fairly, we here only consider a static target methane field. As previously, we run each of
the three schemes for 20 Monte-Carlo trials, and Fig. 6.10 shows the simulation results.
It can be observed from this figure that our DoSS algorithm outperforms both AdaSearch
and NaiveSearch algorithms in terms of the regret descent rate, which means that the our
algorithm can locate the leaking sources more efficiently in an unknown methane field than

the two others.
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7. CONCLUSIONS AND FUTURE DIRECTIONS

7.1 Conclusions

Focusing on the two key aspects of the distributed processing, i.e., communication and
computation, this dissertation develops a suite of new algorithms for solving the distributed
deterministic/stochastic optimization problems, studies convergence properties of the pro-
posed algorithms, and explores the opportunities of applying the idea of distributed opti-

mization into real-world applications especially with multi-UAV systems.

o Generalized Algorithmic Frameworks for Solving Distributed Deterministic
Optimization. Starting from the perspectives of communication and computation
respectively, Chapters 2 and 3 propose two generalized algorithms, namely the DGDx
algorithm and the NetProx algorithm. Motivated by improving the inexact convergence
of the standard DGD iteration, the DGDx algorithm incorporates multiple communi-
cation rounds into each consensus step and ensures the sufficiently accurate result via
a general inexact consensus operator. Instead of explicitly specifying the number of
communication rounds according to the iteration index &, we directly control the con-
sensus accuracy through the introduced consensus error bound. It is shown that the
exact convergence can be achieved with a constant step-size when the sequence of error
bounds decays to zero. In addition, the NetProx algorithm generalizes the choice of
local approximation functions for each agent, observing that the standard DGD algo-
rithm is just a special case when the linear approximation is adopted. More precisely,
it is shown that, with the higher order approximation functions, the convergence of the
NetProx algorithm will be accelerated, but meanwhile, it will cost more computational
resources for each agent at each iteration. It can be concluded that both of the two
algorithms offer the great potential to balance the communication and computation in

distributed optimization.

e Resilient Distributed Min-Max Optimization under Network Communica-
tion Attacks. Chapter 4 investigates the resilience of distributed algorithms when

communication attacks are potentially present within the multi-agent network. In par-
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ticular, a special instance of the distributed optimization problem — distributed min-max
optimization, is studied in this chapter. Building on the idea of resilient convex combi-
nation which helps to eliminate the malicious information injected by the unidentifiable
communication attacks, a consensus-based distributed algorithm is proposed for solv-
ing the min-max problem. As distinct from the majority of existing works which often
compromise the global objective to some extent while designing their resilient solution
methods, the proposed algorithm takes into account all the agents within the network
no matter whose communication channels are attacked or non-attacked. It is shown
that, under some reasonable assumptions, e.g., the attacked communication channels
can be recovered within a certain time-window, the proposed algorithm converges to the
exact global optimal solution which is quite challenging or even impossible to achieve

for the existing resilient distributed algorithms.

Adapting the PH Method under the Distributed Framework for Solving
Two-Stage Stochastic Programs. Chapter 5 further explores the potential of using
distributed computing techniques to the solve notoriously hard stochastic optimization
problems. A DistPH algorithm is developed to solve the two-stage stochastic programs
under a peer-to-peer multi-agent network. Similar to existing parallel frameworks, since
individual agents only need to take charge of the subproblems corresponding to a single
or a few sampled scenarios, the computational burden of the distributed algorithm is
spread over the entire network and thus reduced for each agent. However, unlike the
parallel frameworks for which a master node is always required to provide central coor-
dination for workers, the DistPH algorithm eliminates such requirement and only builds
on peer communications over a more general connected network. Consequently, the pro-
posed distributed algorithm is expected to be more advantageous against the parallel
PH method, since the communication burden for the master node is also spread over
the entire network. It is proved that exact convergence can be theoretically guaranteed
when the considered stochastic problem has only continuous decision variables subject
to convex constraints. Moreover, several computational issues are also investigated for

the mixed-integer cases to further improve the algorithm efficiency.
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o Application I: Distributed Data Fusion for On-Scene Signal Sensing with
Multi-UAV Systems.

Real-world applications with multi-UAV systems are also explored in Chapter 6 by
applying the developed distributed optimization techniques. The first application con-
cerns a health-care scenario where the health status of a certain target in rural environ-
ment needs to be monitored by sensing some vital on-scene biological signals, during
or after an incident. Consider that, due to the complexity of biological signals and the
limitation of UAVs such as stabilization requirements and payloads, the sensory data
from each individual UAV might not be accurate enough to conduct a further diagnosis.
Thus, a distributed data fusion framework is proposed to integrate the various mea-
surements from multiple UAVs. As an important building block of the proposed data
fusion algorithm, the average/sum consensus scheme developed in the previous chap-
ters is adopted. Both theoretical analysis and numerical simulations show that our
algorithm has great potential to be applied in the multi-UAV rural health monitoring

applications.

« Application II: Distributed Source Tracking in Unknown Environments with

Multi-UAV Systems.

The second application considers a multi-UAV source tracking mission in an unknown
and dynamical environment, in which a group of UAVs is deployed and expect to
dynamically locate as many as local sources as possible. By applying the previous
average/sum consensus scheme again, we develop an adaptive on-line framework which
combines both estimation of the unknown environment and task planning for the multi-
UAV system simultaneously. Additionally, a novel notion of dummy confidence upper
bound is introduced to significantly reduce the computational complexity in solving the
subproblems of multi-UAV task planning in the distributed manner. The performance
of the proposed algorithm is theoretically guaranteed by showing a sub-linear upper
bound of the cumulative regret. Numerical results on a real-world methane emission

tracking problem also demonstrate the effectiveness of the proposed algorithm.
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7.2 Future Directions

Future directions that can primarily extend the work in this dissertation are summarized

as follows.

e Design of Optimal Distributed Algorithms with Communication and Com-
putation Budget. The proposed DGDx and NetProx algorithms inherently generalize
the standard DGD algorithm from the perspectives of communication and computa-
tion, respectively, and thus offer the flexibility to balance the two types of cost in
solving specific optimization problems. For instance, with a distributed system whose
communication resources are more affordable than computation, then the DGDx algo-
rithm would be a more promising choice since multiple communication rounds can be
incorporated into the implementation of algorithm. Conversely, the NetProx would be
preferred since the higher order approximation function can be adopted to accelerate
the convergence. Based on such an idea, a natural question to ask is how to design an
optimal distributed algorithm by given the communication and computation budget?
The major challenge here might be how to define the convergence rate in a broader

notion which should be quantified by both two types of cost.

e Resilient Distributed Algorithm for Solving General Optimization Prob-
lems. Chapter 4 presents the resilient algorithm for solving the specific distributed
min-max optimization problem. The main contribution of the proposed algorithm is
its convergence to the exact optimal solution which takes into account all agents’ local
objective functions. Nevertheless, how to achieve such a goal in solving the general
distributed optimization is still an open research problem. The existing works [18],
[19] compromise the global objective to some extent while designing their approaches.
One can first try to enhance the resilient convex combination scheme in Section 4.2
to guarantee a pure average consensus, and then many distributed algorithm can be

applied to solve the general optimization problem.

o Integrating Network Sampling Techniques with the Distributed PH Method.

Chapter 5 studies the two-stage stochastic program in which the uncertainty is readily
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represented by a finite number of scenarios. When the uncertainty follows a continuous
distribution, one may need to take the sampling of random variables into consideration,
and the distributed optimization will be expanded into three dimensions, i.e. commu-
nication, computation, and sampling. Leveraging the idea of network sampling, one
might be able to greatly enhance the proposed DistPH algorithm by further reduc-
ing the communication and computation workload. In this case, both first-order and
second-order moment properties need to be investigated. It is expected to achieve the
linear convergence rate in expectation and also the variance reduction for the random-

ized solution.
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