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ABSTRACT

Due to the increase in the advances in wireless communication, there has been an in-
crease in the use of multi-agents systems to complete any given task. In various applications,
multi-agent systems are required to solve an underlying optimization problem to obtain the
best possible solution within a feasible region. Solving such multi-agent optimization prob-
lems in a distributed framework preferable over centralized frameworks as the former ensures
scalability, robustness, and security. Further distributed optimization problem becomes chal-
lenging when the decision variables of the individual agents are coupled.

In this thesis, a distributed optimization problem with coupled constraints is considered,
where a network of agents aims to cooperatively minimize the sum of their local objective
functions, subject to individual constraints. This problem setup is relevant to many practical
applications like formation flying, sensor fusion, smart grids, etc. For practical scenarios,
where agents can solve their local optimal solution efficiently and require fewer assumptions
on objective functions, the Alternating Direction Method of Multipliers( ADMM)-based ap-
proaches are preferred over gradient-based approaches. For such a constraint coupled prob-
lem, several distributed ADMM algorithms are present that guarantee convergence to opti-
mality but they do not discuss the complete analysis for the rate of convergence. Thus, the
primary goal of this work is to improve upon the convergence rate of the existing state-of-
the-art Tracking-ADMM (TADMM) algorithm to solve the above-distributed optimization
problem. Moreover, the current analysis in literature does not discuss the convergence in
the case of a time-varying communication network.

The first part of the thesis focuses on improving the convergence rate of the Tracking-
ADMM algorithm to solve the above-distributed optimization problem more efficiently. To
this end, an upper bound on the convergence rate of the TADMM algorithm is derived in
terms of the weight matrix of the network. To achieve faster convergence, the optimal weight
matrix is computed using a semi-definite programming (SDP) formulation. The improved
convergence rate of this Fast-TADMM (F-TADMM) is demonstrated with a simple yet il-

lustrative, coupled constraint optimization problem. Then, the applicability of F-TADMM



is demonstrated to the problem of distributed optimal control for trajectory generation of
aircraft in formation flight.

In the second part of the thesis, the convergence analysis for TADMM is extended while
considering a time-varying communication network. The modified algorithm is named as
Time-Varying Tracking (TV-TADMM). The formal guarantees on asymptotic convergence
are provided with the help of control system analysis of a dynamical system that uses
Lyapunov-like theory. The convergence of this TV-TADMM is demonstrated on a sim-
ple yet illustrative, coupled constraint optimization problem with switching topology and is

compared with the fixed topology setting.
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1. INTRODUCTION

1.1 Background and Motivation

Large-scale networks, such as the Internet, handheld ad hoc networks, and cellular sen-
sor networks, have gained considerable attention because of recent developments in wireless
communication technology. Data-based networks, autonomous networks, unmanned aerial
vehicle systems, social and economic networks, smart power networks, and disease networks
are among the emerging network technology areas that have emerged because of these net-
works. To support multiple operations, such as resource allocation, teamwork, learning, and
prediction, such systems often include decentralized in-network control and optimization
techniques.

As a result, new models and tools for the architecture and performance analysis of mas-
sive, complex networked systems are urgently needed. The issues that arise in such networks
are primarily caused by two factors: a lack of a central authority or coordinator (master
node) and the network’s underlying complex communication structure. A network system’s
lack of central control necessitates a modular architecture for network operations. In many
applications, the decentralized framework is often preferred over a centralized one for mainly
three reasons: (a) (scalability) The size of the network (the number of agents) and the
resources needed to coordinate (i.e., communicate with) many agents make a centralized
architecture impractical, (b) (robustness) a centralized network architecture is not robust
to the failure of the central entity, and (c) (privacy) the privacy of agent information often
cannot be preserved in a centralized system.

Over the last decade, there has been a lot of interest in distributed computing and
decision-making problems, particularly consensus and flocking problems [1], [2], multiagent
coverage problems [3], rendezvous problems [4], sensor localization in a multi-sensor net-
work [5], and distributed management of multi-agent formations [6], to name a few. Often
the underlying problem in all these applications is an optimization problem where the deci-
sion variables, objective function, constraints, and other problem parameters are distributed

among the agents of the network.
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More recently, significant efforts have been made to create distributed optimization algo-
rithms that can be implemented in such networks without the need for a central coordinator
and that can take advantage of the network access to reach a global success. Such distributed
algorithms are characterized by the following properties: (a) They rely only on local infor-
mation and observations (i.e., the agents can exchange some limited information with their
one-hop neighbors only), (b) they are robust to the changes in the network topology (the
topology is not necessarily static, as the communication links may not function perfectly),
and (c) they are easily implementable in the sense that the local computations performed
by the agents are not expensive.

In this thesis, we study a specific distributed optimization set-up that is relevant to several
practical network control applications like formation flying and sensor network estimation.
We consider that the agents which can communicate only with their neighbors in a network.
Each agent only knows its local cost function and constraints, that depend on its individual
decision variables. Moreover, the agents’ decision variables are coupled by a linear constraint.
Each agent knows only how its local decision variables affect the coupling constraint. The
agents collectively aim at minimizing the sum of the local cost functions subject to both local
and coupling constraints. The presence of this coupling element makes the problem solution
challenging, especially in the considered distributed context in which no central authority
(communicating with all the agents) is present. To explain the practical significance of
constraint coupled problem consider the application of distributed optimization in smart
grids [7]. Here, each sub-station need to optimally redistribute the power and can only
communicate the power load to neighbouring substations. Since the total incoming power to
substations is conserved, thus the individual decisions of the agents are required to satisfy a
coupling constraint.

In the literature of distributed optimization, there have been many algorithms proposed
that tackle the above-described problem. These are generally classified into two types. The
first type is based on using the (sub)gradient of the local objective function to approach the
optimal solution at each step, followed by using the neighboring nodes estimates to update
the decision variable. The computation at each step can be very inexpensive and lead to

distributed implementations [8]. The best known rate of convergence for sub-gradient based
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distributed methods is O (ﬁ) [9], where k represents the iteration count. However, these
methods require strong assumptions on objective functions and the fine tuning of step-size
to ensure convergence [10].

The second type relies on dual methods where at each step, for a fixed value of the dual
variable, the primal variables are solved to minimize some Lagrangian related function, then
the dual variables are updated accordingly. This type of methods is preferred when each
agent can solve the local optimization problem efficiently. One of the well known method of
this kind is the Alternating Direction Method of Multipliers (ADMM), which decomposes
the original problem into two sub-problems, sequentially solves them and updates the dual
variables associated with a coupling constraint at each iteration. The best known rate of
convergence for the classic ADMM algorithm is O (%) [11], where k represents the iteration
count. The ADMM-based approach is vastly preferred for practical implementation over
competing methods because it can be easily formulated into a distributed problem and due
to its robustness and extremely mild assumptions for convergence [12], [13], [10], [14]. Thus,
in this work we focus on distributed ADMM-based approach to solve the problem of couple-
constrained problem.

Although, empirically, ADMM has great performance, on a theoretical level as well as
on practical level, its convergence rate properties are still not fully understood, especially
in distributed settings. As shown in [15], [16], the convergence rate analysis of distributed
ADMM is studied for the problem with unconstrained optimization. Their analysis further
provides optimal penalty parameter for faster convergence. In [17], the convergence rate
analysis considers the network weights and but again gives guarantees for an unconstrained
optimization problem. In this work, we specifically consider a more general problem with
local constraints. Further for such problem setting, in current literature there are no ADMM-
based algorithms that guarantee convergence to optimality under the case of time varying
communication network.

In this work, we are focused on improving the converge rate of distributed ADMM algo-
rithms for couple constrained problems with local constraints with a specific emphasis on the
network topology which is characterized by the edge weights. Particularly, we build upon the
asymptotic convergence results of the existing Tracking ADMM (TADMM) algorithm [18] to
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demonstrate faster convergence. The TADMM algorithm is preferred over other variants of
ADMM because it can handle both local constraints and coupled constraints. Also as com-
pared to other methods, TADMM does not require any parameter tuning and considers less
assumptions on initialization of variables. Each agent in the TADMM algorithm maintains
a local estimate of the constraint violations and collectively work to minimize the violation.
Falsone et. al. [18] have shown that the TADMM algorithm converges asymptotically. But
to improve the convergence speed, in this work, we analytically derive the convergence rate
in terms of the communication weight matrix and compute the optimal weights to guarantee
faster convergence. Lastly we build up on the analysis of TADMM to provide formal guar-
antees for convergence and optimality under the special case of time varying communication

network.

1.2 Objectives and Contributions

In this thesis, we consider a system of multiple agents that cooperatively solve the problem
of couple-constrained optimization problem. We aim to solve the problem in a distributed
framework. We also consider the network weights. We specifically focus on the state-of-the-
art algorithm, TADMM, for solving such problem. The main contributions of this work are:
(1) computing and analyzing the convergence rate of the distributed TADMM algorithm in
terms of the weight matrix of the communication graph; (2) computing the optimal weight
matrix to minimize the convergence time; (3) demonstrating faster convergence of the pro-
posed F-TADMM algorithm via an illustrative formation flying example, and (4) computing
and analyzing the convergence and optimality of the distributed TADMM algorithm with

respect to time-varying communication graph.

1.3 Organization

This thesis is organized as follows. In Chapter 2, we present the problem formulation
and introduce the fixed topology for the distributed setting. In Chapter 3, we give a brief
overview of TADMM algorithm and then derive and optimize its convergence rate to propose

the F-TADMM algorithm. Here, we also demonstrate faster convergence rate of the proposed
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F-TADMM algorithm with a sample problem. In Chapter 4, we demonstrate a real-world
application of the F-TADMM algorithm via an illustrative example of distributed trajectory
planning for formation flight. In Chapter 5, we introduce the distributed setting for time
varying communication network. Then, we extend the convergence analysis of TADMM to
propose Time Varying TADMM (TV-TADMM) with formal guarantees. We also demon-
strate the convergence of the proposed TV-TADMM algorithm with a sample problem and
present a comparison with the fixed topology setting. Finally, in Chapter 6, we provide a

few concluding remarks along with our future plan to extend this work.
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2. PROBLEM FORMULATION

We consider a multi-agent system comprising of N agents. These agents are indexed by the
set V ={1,2,... N}. The goal of the agents is to solve a global optimization problem, with
the decision variables coupled by a linear constraint. Further, the agents are only allowed to
communicate with the neighboring agents. Here, we first define the global optimization prob-
lem and state the assumptions. Then we describe the underlying communication network

among the agents.

2.1 Coupled-Constrained Optimization Problem

Let f; : R® — R represent the local objective function and let x; € R™ represent the local
decision variable of agent i. Further let the linear coupling constraint between the agents

represented by,

> A =b (2.1)

iev
where A; € R™*", be the coupling coefficients available only to the agent i, and b € R™, is
the constant of the linear coupling constraint. It is noted that, the agent i only knows the
partial information of this coupling vector given by b;, such that > ;cy, b = b. The problem
also considers that the local decision variable x; is constrained to the local set X; C R™.
Then, the optimization problem is that all the agents i €  must reach the optimal values
of their decision variables, such that the overall system minimizes the sum of their individual
objective functions while satisfying local and the linearly coupled constraint. Mathematically,

the global optimization problem can be stated as,

N (2.2)
subj. to: ZA1$1 =b, zed, {i=1,...,N},

i=1
Assumption 2.1.1 (Local Objectives). The local objective function, fi, is conver, and the

local constraint set, X, is conver and compact, for alli€ {1,2,...,N}.
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Problem (2.2) is rewritten in it’s dual form by forming the Lagrangian function. Let

x, = [2T 22 ... 25]" and A € RP denote the Lagrangian multipliers. Then,

L(x,)\) = ; Fila) + /\T(; Ay — b). (2.3)

The formulation for the dual problem follows as,

N
fmax min L(z, \) = {\Ié%}p(;%()‘) (2.4)

where : ¢i(A) = ei}(l_ fi(w) + AT (Aizs — by)

Ty

where X = X X Xp X ... Xy andeilbi:b.

Assumption 2.1.2 (Existence of Solution). The solution to the primal problem 2.3, x*,

exists and the solution to the dual problem 2.4, \*, also exists within the domain.

The above assumption is common in the literature, [15], [17], [18], as it ensures feasibility

of the given problem.

2.2 Distributed Computation Framework

Here we describe the network topology and state the necessary assumptions. The un-
derlying, undirected communication graph of the network is denoted by G = (V, ), where
V = {1,...,N} is the set of nodes, representing the agents, and & C V x V is the set
of edges, representing the communication links. An edge (i,j) € £ if agent i receives in-
formation from agent j and vice versa. It is assumed that the communication graph is
time-invariant. The neighborhood of agent i in G is denoted by N; = {j € V| (i,]) € &},
with (i,i) € €,Vi € {1,...,N}. Each edge (i,j) € £ has an associated weight w;;, which
measures how much agent i values the information received from agent j. The weight matrix
of the entire network is denoted by W € R¥*¥ where wj; represents the (i,j) element of

W, such that,

wy — 0,  (Lj)¢¢, 25)

>0, otherwise.
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Additionally, we consider the following assumption on these network weights,

Assumption 2.2.1 (Network Properties). The communication graph G is undirected and

connected. The associated weight matriz W has the following properties:
1. W is balanced, i.e., wy = wy, V(i,j) € &,

2. W is a doubly stochastic matriz, i.e.,

where 15 = [1,1,... 1]1xn
3. W is a positive semidefinite, ie, W = 0

From Assumption 2.2.1, the weight matrix W belongs to the following set of matrices
I'= {W c ]RNXN|UJ1J = Wj,, Wj. = i, WTi = i, W >_' 0}

Based on many applications, it is assumed that this underlying network topology is
provided. Such practical scenarios include, a network of agents in formation flight [19],
large scale networks for distributed machine learning [12], power grid networks [20] and
sensor networks [5]. However many of these applications consider standard adjacency weight
matrix. It is noted that if wi; = 1/d;;, V{(i,j) € E} N {i # j} and w;; = 1, where deg; is
degree of agent i then W coorespond to the standard adjacency matrix of the given network
topology. But here we consider a more general case where these weights can vary between
(0,1). And, as shown in this thesis, based on the network topology, we have more flexibility
to maximize the convergence speed of our distributed algorithm through choosing these
weights.

Moreover it is noted that the problem setting can be applied to a wide range of practi-
cal problems, including formation flight, and it can handle the commonly used linear and
quadratic objective functions. In Chapter 4, we describe one such approach on how the for-
mation flight problem can be modeled as a coupled constraint convex optimization problem

as described in problem (2.2).
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3. ALGORITHM DEVELOPMENT FOR FAST-TRACKING
ADMM

In this chapter, we develop the Fast Tracking ADMM (F-TADMM) algorithm for itera-
tively solving problem (2.2). Here we begin our approach by introducing Tracking ADMM
(TADMM) algorithm which is the state of the art algorithm to handle distributed problems
with coupled constraints. TADMM [18] is a fully distributed optimization algorithm used
to solve the coupled-constraint problem (2.2), over a network by means of an ADMM-based
approach. On comparison, it is observed that the TADMM algorithm requires no parameter
tuning, unlike the distributed ADMM algorithm in [15], and it requires less restrictions on
the initialization of decision variables when compared to the algorithms in [12], [17]. In [18],
the authors also proved asymptotic convergence of the TADMM algorithm to the optimal
solution. Therefore, given the above advantages, in this paper, we focus on improving the
convergence rate of the TADMM algorithm for solving problem (2.2).

Essentially, the TADMM algorithm 11, creates local copies of the dual variable, A;, as
well as local copies of the coupling constraint violation, defined as d; = A;x; —b;. At each step
k, after receiving the constraint violation and dual variable (step 2) from neighbours, each

agent computes the weighted average of d¥ and \*, represented as Adg’C and A)\f, respectively

k+1

(steps 3, 4). Using these averages, each agent performs the local optimization to obtain x;
(step 5). And finally, it enforces the consensus-based approach (steps 6, 7) to ensure the
total coupling constraint is satisfied.

Optimality and Convergence: For the primal and dual problems, (2.2) and (2.4), respec-
tively, under Assumptions 2.1.2,and 2.2.1, it has been proved that the TADMM algorithm
achieves asymptotic convergence (see Theorem 1, [18]) to the pair of optimal solutions (x*, \*)
(see [18], Theorem 2).

However, in real world problems, a stronger analysis of the convergence rate is required
to ensure that a solution will reached in practical time. Therefore, in the next section, we

extend the analysis of the above algorithm to provide some guarantees on the convergence

rate.
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Algorithm 1 TADMM

1: procedure INITIALIZATION

2 e X, N e X, d) = A — b

3: end procedure

4: procedure REPEAT TILL CONVERGENCE
5: Communicate to neighbors: (dF, \F)

6 Compute Deviation: Adf = Y e, wijdf
7 Compute Dual Variable: AN = 3¢ p; wijAF
8 Local Optimization: zf" = argming ey { fi(2) + (AN)T Az + 2|| Az — Aizf + AdF|*}
9: Update Deviation: ditt = AdF 4 A;(xF™ — aF)

10: Update Dual Variable: \Ftt = \F 4 pdF+!

11: end procedure

20



3.1 Convergence Rate Analysis for TADMM

While TADMM does discuss the convergence analysis to the optimal solution, it does
not share any information on the convergence rate. In this section, we analytically derive
the convergence rate of the TADMM algorithm and show that it depends on the weights
of the communication network. Further, we present the network weight optimization for
better convergence using SDP and finally present our Fast-Tracking ADMM (F-TADMM)
algorithm.

To analyze the convergence rate, we use a compact representation of the update rules of

the TADMM algorithm, by stacking the vectors from each node. Let

Ady, = [Adf, AdS . AdR )T AN = [AN L AN AN (3.2)
Therefore, the update rules in Algorithm 1, [18], can be written compactly as:

(1) Xps1 = argmin{ f(x) + Adi Agx + g||Adx — Agxi + AN|?}

xeX

(2) diy1 = Wdy, + Agxpy1 — AgXy, (3:3)

(3) Akr1 = WAL + pdi 1

where f(z) = 2N, fi(x;) is the global objective function. The block diagonal matrix
A, = blkdiag(A;, A, ..., Ay) is the compact matrix representation of the coupled con-
straints, while X = X} x Xy X ... X Xy represents the concatenation of the local constraint
sets. The global weight matrix W = W ® I,, where ® represents the Kronecker prod-
uct. Therefore, the update rules to compute the constraint violations and changes in dual
variables are now given as Ad; = Wd; and AN, = WAy, respectively.

Now, let the network average of the consensus variables be given as: dj, ‘== % SN dF and
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From Assumption 2.2.1, it follows that Vk > 0,
_ 1 (N _ _ _
dk = N (Z AIJ/’{C - bl> s )‘k-f—l = /\k + pdk-i-l- (34)
i=1

The introduction of variables dj and )\ is useful to analyze the behavior of d* and
M. Specifically, to analyze the convergence rate, we first model the error dynamics of the
TADMM algorithm by studying the distance between the agents’ local estimates dF and AF
and the respective network averages d; and \g.

Let dj, := 1y ® dy and Ay == 1y ® \4. Then, using the fact that W is doubly stochastic

and the properties of Kronecker product,
Wd, = (W L)1y ®d;) = dy (3.5)
Defining the error vectors as:
el =dp —di, e =X — A (3.6)

For clarity, we define an additional term z;, = Agx; — dg. Now, using the update (2) in eq.

5.2, the error dynamics for e? is derived as:

ey = dry1 — dia
= Wd;, + Agxpi1 — Agxy, — djp1 £ dy, (37)
@ de — Ek + [Zk+1 — Zk]

b
© We{ + [zr11 — 2]
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Where the equality (a) is due to the the definition of z; and in (b) we use equation 3.5.
With similar arguments, using the update (3) in eq. 5.2, the error dynamics for e* is derived

as:

A\ _
€Li1 = Ak:-i-l - }\k-i-l

= WA]C + Cdk+1 — (Xk + CEk_;,.l)
(3.8)

= Wep + Pe(lfﬂ

= Wey + Pe(lfﬂ
Now let the limiting matrix O = %i ~1%. And as discussed in [21], based on network

assumptions 2.2.1, the network weight matrix converges to this limiting matrix,
limg 0o W5 =0 (3.9)

Further the following properties on the error vecotrs are introduced as

1. 4
(0@ L)el = (v} © L) [di — dy]
i=1
Similarly,
1. .
(O Let = (In1k @ L) [ — i)
R | N ) (3.11)
:1N®NZ[A{“ M =0

Defining W = (W — O) ® I, and using the above properties, the overall error dynamics is

given as:
Cp11 = Aek + B (zk-i-l - Zk) (312)
where
ep W W 1
€L = ) A= - ) B = P
ped 0 W I

From Assumption 2.2.1, |W — (’)H < 1. Therefore, all the eigenvalues of W lie within the

unit circle. This implies that the dynamical system describing the evolution of the consensus
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errors in (3.12) is asymptotically stable. Also, it is proven [18] that the sequences, {ex}r>0

and {dj}r>0, are bounded.

Theorem 3.1.1. The convergence rate factor, v, of the TADMM algorithm is bounded by

[B zies = 20|

Jei]

Proof: Using the standard definition of per-step convergence factor, defined in [21], we

v < HAH + sup

(3.13)

have

e — ¢

v = sup (3.14)

ek;éé

e, — é”

Also, from Theorem 1 in [18], since the consensus updates converge asymptotically as

limy_ o0 HekH =0 and limy_,o HJkH = 0, it implies the error itself converges to € = 0. Hence,
= sup Lo 319
e
@ sup Acy + B (211 — 21) H (3.16)
e

(2) sup AekH + HB (211 — 24) H (3.17)

Jes] e
NI CICHTEED] Ry 618)

el

where in (a), the error dynamics equation 3.12 is used and in (b) and (c), following matrix

norm properties are used.

o+ & <]+ ]

Q2]

lof = SUP 120 T T
=

where () and R, are matrices of arbitrary size.
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3.2 Optimal Weights for Fast Convergence

Now, since the convergence time is given by, [21],

1
Tstep = w>

minimizing the convergence time corresponds to minimizing the convergence rate factor .
From (3.18), it is also noted that the optimal value of 7 is achieved by optimizing the network

weight matrix W. This optimization problem is given as:

min (W)
W (3.19)
subject to: W €T,

Now miny v(W) = miny HA , because only the first term depend on the network

weights. Further, using the definition of A,

Vol

g | ¥ ¥

It is also noted that the eigenvalues of A are the same as the eigenvalues of W because it is
a block diagonal matrix. Since the matrix norm is related to the eigenvalues, we have HAH x
HWH = HW — OHHIPH‘ Hence, the objective function in (3.19) becomes miny (W) =
minyy HW — OH

Therefore, problem (3.19) is now modeled as the spectral norm minimization problem,

which can be expressed as an semi-definite programming (SDP) [21], by introducing a scalar

variable s to bound the norm HW — ||, and expressing the norm bound constraint as a

linear matrix inequality (LMI). Thus, we have

min s

A

subject to: —sI < W — —1x1y < s, (3.20)

1
N
Wer,
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where s € R, W € RY*¥. Also let the optimal weights are given by [W*];; = wj;. Note that
the process of weight optimization is offline. This approach is practical in formation flying
scenarios where we are given that certain agents are paired by communication constraints.
Therefore, we are tasked with finding the best possible network weights to ensure faster

convergence. Finally, the F-TADMM algorithm is given in Algorithm 2.

Algorithm 2 F-TADMM

1: procedure INITIALIZATION

2 e X, Ne X, d = Axd —b
3 find W* using equation (3.20)

4: end procedure

5. procedure REPEAT TILL CONVERGENCE
6 Communicate to neighbors: (dF, \F)

7 Compute Deviation: AdF = ¥ icn, widP

8 Compute Dual Variable: AN} = Y p; wizAF

9: Local Optimization: zf*" = argmin ¢ { fi(z) + (AN)T Az + 2|| Az — Aiaf + AdF|?}
10: Update Deviation: ditt = AdF 4 A;(aF ™ — aF)
11: Update Dual Variable: NF1 = \F 4 pdF*!

12: end procedure

3.3 Comparison with TADMM

The performance of the proposed F-TADMM algorithm is compared with that of the
standard TADMM algorithm on a sample problem with the same form as that of (2.2). More
specifically, a random communication graph is generated for N = 20 agents, as shown in Fig.
3.1(a). Let M represents the edge-node incidence matrix of the undirected communication
graph. Each row of M corresponds to the edge £(i,j) in the graph without repetition and

each column an agent, such that

1, if k=i
M =8 1 itk =
0, otherwise.

26



The consensus constraint {7; = 25 = ... = 2} can be written as: {3V, Aiz; = 0}, where

the coupling matrix A; corresponds to the i — th column of incidence matrix M as following:

For the simulation problem, x; € R2 Vi € V and are initialized randomly. The local objective
functions are designed as quadratic functions, i.e., fi(z) = 2T Pa + ¢!z, where P, are random
positive definite matrices. The local constraints are given as z!, < x; < z! . One such
random instance of the problem setting is visualized in Fig. 3.1(b), where the red points
represent the initial positions of the agents. The local constraints are represented using
blue rectangular boxes and the intersection of these constraints are represented by the green
rectangle.

Both the standard TADMM and F-TADMM algorithms are implemented to solve the
problem and both the algorithms converge at a consensus. According to [18], TADMM
network weights are randomly generated such that they satisfy W € I'. However, Fig. 3.2
shows that the F-TADMM algorithm converges much faster than the standard TADMM
algorithm to the same threshold. we also compute HW — C’)H both algorithms. For optimal
weights (OW), it is 0.6440 whereas for standard randomized weights (SW) used by TADMM,
it is 0.7787. This matches the convergence behavior of OW and SW shown in Fig 3.2 and
justifies that the minimization of HW — (’)H has indeed improved the convergence time. Note
that since the optimal weights are computed by solving an offline optimization problem,
the number of computations in each iteration of both the algorithms are the same. Hence,
comparing the convergence rate in terms of number of iterations is justified in this paper.

To test the scalability of the proposed F-TADMM algorithm, we conduct an empirical
study of the number of iterations required for convergence with increasing number of nodes in
Table 3.1. To reduce the effect of changing graph topology, 10 random simulations were per-
formed for different values of N, with both the standard TADMM and proposed F-TADMM
algorithms. The mean and standard deviation of the number of iterations are documented

in Table 3.1. It is observed that for all the different values of N, the proposed F-TADMM

algorithm requires fewer iterations than the standard TADMM algorithm to converge. Ad-
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ditionally, the standard deviation of the number of iterations for standard TADMM is higher
than that for F-TADMM. This implies that the performance of the proposed algorithm is
less susceptible to the topology of the underlying communication graph network than the
TADMM algorithm. These simulation results shows an improvement in convergence rate by
the proposed F-TADMM algorithm.

Further, we perform another set of simulations with fixed topology and network weights
but different F-TADMM penalty factor p = {0.01,0.1,0.5,1,5}. The results are shown in
3.5. It clear from simulations regardless of p, the F-TADMM algorithm converges to the
optimal value ie consensus. Also it is observed that the choosing an optimal p also changes
the convergence rate of the algorithm. This study of convergence rate with respect to p is
left for future work.

In the next chapter, we demonstrate how the F-TADMM algorithm can be applied to

solve the practical problem of formation flight.
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Table 3.1. Scalability analysis of TADMM algorithm with standard weights
(SW) and optimized weights (OW).

N (# of agents)

5

10

20

30

40

50

Mean

226.30

489.70

602.20

537.80

459.00

445.70

SW (Standard Weights)

Variance

31.78

112.67

199.69

253.04

87.84

58.23

Mean

154.90

398.60

371.00

258.60

265.80

308.00

OW (Optimal Weights)

Variance

27.27

140.61

99.38

93.75

12.98

22.86

212

#10

\8 *16

v g 61—
*18 .11.'\4:’ %S

g V20

Figure 3.1. (a) The random graph network for N = 20 agents; (b) Consensus
is achieved in the feasible region by all the agents starting from random initial

points (in red)
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Figure 3.2. Comparison of convergence trend between the proposed F-
TADMM and the baseline algorithm with N = 20.
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Figure 3.3. (a) The random graph network for N = 10 agents; (b) Consensus
is achieved in the feasible region by all the agents starting from random initial
points (in red)
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Figure 3.4. Comparison of convergence trend between the proposed F-
TADMM and the baseline algorithm with N = 10.
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Figure 3.5. Comparison of convergence trend between the proposed F-
TADMM with different ADMM penalty factor p = {0.01,0.1,0.5,1,5}.
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4. APPLICATION TO FORMATION FLYING

In this section, the trajectory planning of multiple vehicle coordination problem is consid-
ered. Here each vehicle pursues private objectives as well as a linearly coupled formation
constraints. To apply F-TADMM to formation flying, we propose the following problem
formulation. Let Z;(k) € R™ and @;(k) € R™, respectively, represent the n-dimensional state
vector and m-dimensional input vector of agent i at time step k. Then for each vehicle
i € {1,..., N}, the variables, X; € R"® and U; € R are introduced as the trajectory of

state and the control input of the vehicle over the next K time steps. Hence,

BELON [ ara) ]
T2 X (2
xo| #@ | | o
_fciT(KJrl)_ _ﬁiT(KJrl)_

The trajectory of position of each vehicle is designated by P, = C'Xj such that C' € R *n

4.1 F-TADMM to Formation flying

To demonstrate the application of F-TADMM to formation flying, we first make the
decision variable vector as the input trajectory U; for all agents. Therefore, using the system
dynamics, we identify the relationship between U; and Xj, and write the optimization problem

in terms of U; alone.

4.1.1 Agent Prediction Model

Here, the individual agent dynamics is considered as a second-order system given by,

#i(k + 1) = Agiy(k) + Bais(k) (4.1)
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where the system matrices are given as:

[ dtl oy

d — ; d —
0 I dtl
and dt is the time step of prediction. These are standard assumptions in many practical

applications where agents are quadcopters [22] or aircraft [23]. Knowing the definition of

state trajectory,

where,
Ay By 0 ... 0
A2 AyB B
- d CG= dDd d
. . . 0
AT | Ay 7'By A7T?Bg ... By |

4.1.2 Desired Formation as Equality Constraints

Further, as generally assumed in the literature, [23], [19] that the agents know the desired

formation locally represented by

AP;j=P~P, YjeN;

These constraints are rewritten as:

B — P = AR
AP, AP;
X~— X: o J1
CX = OX =5 2
AP, AP;
C(GUs + Hix(0)) — C(GU; + Hin(0) = =+ — = (4.3)
AP; AP;

1 2
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It is noted that the terms on the RHS are available to local agents only. Also, we use
the fact that AP; = —AP;. Thus, the equality constraints for the desired formation are
converted into the coupling constraints for F-TADMM using the definition of edge-node
incidence matrix M; as follows,

0, (i,j) ¢ €,

[bi]jthfblock =
[ﬁ - Hfi(O)] otherwise.

4.1.3 Local objective function

In practice, private objectives range from fuel consumption minimization to target track-
ing to trajectory optimization along a specified path. Here, we consider the target tracking

and define

AU = [ OX0 = Pryarger|2 + |2 (4.4)

where CX; and P, y4ret are, respectively, the position and the desired final position of agent

i. The objective function is rewritten in terms of the decision variable U; alone as:

L) = |C(@UL + H(0)) = Psarge + |13 (4.5)
Since the optimization problem is to minimize a positive definite quadratic form objective
function over a linear set, it is a convex problem. Again, the network weights are calculated

using (3.20).

4.1.4 Input Constraints

In practical conditions, it is not always possible to get the arbitrarily large input. There-

fore, we consider that the agent input is constrained as

amin < gy(k) < 4T k€ [0, K]

1
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4.2 Simulation Results

Using the above formulation, the F-TADMM algorithm is applied to a multi-agent system
of 10 agents with a randomly generated graph topology. This random communication graph
and the desired formation are represented in Fig. 4.1. In Fig. 4.2, the formation flying
scenario is presented. The agent trajectories are considered to be in the 2-d plane (p,,p,).
Each agent’s state is randomly initialized as seen in Fig. 4.2. Also from Fig. 4.2, it is
observed that the proposed F-TADMM algorithm makes the network of agents successfully

attain the desired formation.

Figure 4.1. Desired Formation and randomly generated communication
graph topology for N = 10 agents.
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Figure 4.2. Individual agent trajectories show that the proposed F-TADMM
algorithm successfully achieves the desired formation.
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5. CONVERGENCE ANALYSIS FOR TIME-VARYING
TOPOLOGY

In this chapter, we extend the TADMM algorithm for iteratively solving problem ((2.2)) but
with time-varying network topology. We begin our analysis after re-stating the Distributed

Computation Framework as described in Section (2.2).

5.1 Distributed Computation Framework with Time-Varying Topology

Here we describe the network topology with time varying network and state the necessary
assumptions. The underlying, undirected communication graph of the network at the instant
k is denoted by GF = (V,&F), where V = {1,..., N} is the set of nodes, representing the
agents, which do not change with time, and £¥ C V x V is the set of edges, representing the
communication links. An edge (i,j) € £ if agent i receives information from agent j and vice
versa at instant k. The neighborhood of agent i in B* is denoted by N* = {j € V | (i,j) € ¥},
with (i,i) € ¥, Vi € {1,..., N}. Each edge (i,j) € £* has an associated weight wi’}, which
measures how much agent i values the information received from agent j. The time varying

weight matrix of the entire network is denoted by W, € RV*V  where w§ represents the

(i,j) element of W}, such that

0, (i,j) & &,
>0, otherwise.

Additionally, we consider the following assumption on these network weights,

Assumption 5.1.1 (Network Properties for each B¥). The communication graph Bt is

undirected and connected Vk. The associated weight matrix Wy, has the following properties

Vk:

1. Wy is balanced, i.e., wi = w};, V(i,j) € EF,
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2. Wi s a doubly stochastic matriz, i.e.,
Wily =1y, Wlly=1y.

3. Wy is a positive semidefinite, ie, Wy = 0

5.2 Modified TADMM updates

We rewrite the TADMM algorithm with time varying network topology as shown below

in Algorithm 3 as Time Varying Tracking ADMM (TV-ADMM). It is noted that the case of

time varying network topology implies time varying network weights.

Algorithm 3 TV-TADMM with Time varying weights

— =
= O

procedure INITIALIZATION

20 € X, \e X, dd = Aa? — by

end procedure
procedure REPEAT TILL CONVERGENCE

Communicate to neighbors: (dF, \F)
Compute Deviation: Adf = Y e p; widl

Compute Dual Variable: AN = Y i wiAF

LJ7)
Local Optimization: zf" = argmin ¢ { fi(z) + (AN)T Az + 2|| Az — Aiaf + AdF|?}
Update Deviation: d¥™ = AdF 4 Ay(xF™! — 2F)
Update Dual Variable: \itt = \F 4 pdF+!

end procedure

After re-introducing the concatenated vectors for the required from (3.1) and (3.2), we

get the following updates, written compactly as,:

(1% = arg min{F(x) + Ad{Ax + gHAdx — Agxg, + AN
pdS

(2) dk+1 = Wkdk + Aka_H - Aka (52)

(3) Apr1 = Wi + pdis1
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5.3 Convergence Analysis for Time Varying topology

We begin our analysis with similar way as shown in [18]. We show that the Lemma 1,
2, and 3 and Preposition 1, [18], will still be true for a time varying network topology as

described in (5.1).

Lemma 5.3.1. (Tracking property). Under Assumption (5.1.1) it holds that

_ 1 (N
dk = — ( Aixi,k — b) (53)
v (&
forall k>0

Proof See Proof for Lemma 1 in [18], but where W is mentioned we consider Wy and

using the column stochastic of each W, Vk on step 3, we conclude to the same result. [

Lemma 5.3.2. (Average dual update). Under Assumption (5.1.1), it holds that
Aet1 = A + pdis (5.4)

for all k > 0.

Proof See Proof for Lemma 2 in [18], but again where W is mentioned we consider W,
and using the column stochastic of W,Vk on step 2, we conclude to the same result. [

Now we rewrite the error dynamics in equation (3.12) with Wj. Defining W, = (W —
O)®1, and using the analogous math as described in section (3.1), the overall error dynamics

for time varying case is given as:

Cp+1 = Akek + B (zk-i-l — Zk) (55)
where
e W, W I
= |, A=] " N B=p
ped 0 W 1
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From Assumption (2.2.1), ‘Wk — OH < 1 Vk. Therefore, all the eigenvalues of W, lie
within the unit circle at each instant. This implies that the dynamical system describing the
evolution of the consensus errors in (5.5) is asymptotically stable.

Since the proof of Lemma 3 and Preposition 1 [18] do not any require the network

properties, they still hold true under the assumption (5.1.1). Therefore we borrow their

proof to state the following lemmas.

Lemma 5.3.3. (Bounded sequences). Under Assumptions (2.1.1) and (5.1.1) we have that
(i) the sequences {xy},~o and {2k}, are bounded; (ii) the sequences {eg}kzo and {eﬁ}kzo
are bounded.

Proof See Lemma 3, [18]. O

Lemma 5.3.4. (Local optimality). Under Assumptions (2.1.1) and (2.1.2) we have that

-
] eg—i—l
2

)

A1 — X2+ 2p [zh41 — Ag”
(5.6)

— 2 — —
= I e

for any optimal solution pair (x*, \*) for (2.8) and (2.4), where we set A* = 1y @ \*.
Proof See Preposition 1, [18]. [J.

Now we have all the preliminaries required to prove that the modified updates in Algo-

rithm 3 converge as summarized in theorem below.

Theorem 5.3.5. Under Assumptions (2.1.1), (2.1.2), (5.1.1) the sequences generated by
algorithm (3) satisfy:
(i) 1Mo HegH =0,
(i) limy, o0 e | = 0,
(i) limy, o0 | di | = 0,
(iv) {ka e
for any optimal solution pair (x*, \*) for (2.8) and (2.4), with X* = 1y @ \*.

2
+ 02 ||z — Ag*||?

18 convergent,

The main idea behind the proof is as following. We start by considering (5.5) together
as a discrete-time varying dynamical system for the consensus updates. Since the consen-

sus system is asymptotically stable, we then build a piecewise positive definite quadratic
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Lyapunov function which after each iteration guarantees contraction of solution. However,
since the consensus system is not autonomous, the inequality describing the variation of such
Lyapunov function across each iteration contains terms that are not defined in sign, so that
it is no longer necessarily decreasing. The idea is to properly combine such the inequality in
(5.6) so as to “balance out” the terms that are not defined in sign. In this way, we obtain an
aggregate descent condition that allows us to prove the asymptotic stability of the overall
(nonlinear) dynamical system modeling algorithm (3).

Proof of Theorem (5.5.5) Let a positive definite symmetric matrix P, = PL = 0,

| By — ek+1\|2pk
= HBuk — e + ([ — Ak)ekui.k

(
(

= ||BU1<; — ek‘”?%c + 2 [B’U,k — ek]T Pk([ — Ak)ek + e,;r (I - AZ) Pk(I - Ak)ek (59
5

= Buy — e |5, exlp,_prpo, + 2wl BT Pi(I = Fi)ey (5.10

Now use this equality both sides of inequality in lemma (5.3.4).

— 2
H)"““ - >\*H +2pu)  Hep + || Bugsr — e |7,

<[P =X = [ = AP B — e

Py

(5.11)

a b C

€L ?DkakaAk + QU;BTP]C([ — Ak)ek

| S —
d

e

where H = [I 0]. Now it is observed that if we choose appropriate Py, such that P, —
AT P.A; = 0, then term (d) will be always positive. Further term (b) is always positive.
Also if H = BT Py(I — Ay), the overall inequality in (5.30), guarantees a descent condition
for all K — k + 1.
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These conditions are rewritten as

H = B'P,(I — Ay) (5.12)
P, — ATP.A, =0 (5.13)
P, =0 (5.14)

Take Py partitioned in blocks as follows

Pr1 Pro
T
Pkg Pk,3

P, =

Owing to the fact that all eigenvalues of Wy, lies in the open unit circle, thus (I — Wy,) is
invertible and, from the equality MM " = M~*M = I with M = (I — W},), we have the

following identities

Wil —W) ' =T -W,) -1 (5.15)
(I-=W) "Wy=(1T-W,) ' =T (5.16)

Noticing that

(I —Wk)fl (I —Wk)”VNVk(I —Wk)fl

(I-Ap)" = i
0 ([ — Wk)_l

condition (5.12) can be rewritten as BT P, = H(I—Aj)~! and translates into the following

constraints on the blocks of P, :

P+ Ply=(1—-W)! (5.17)

Ppo+ Pz = (I — W) "W (I — W)™ (5.18)
DWW (- W) (5.19)

Py + Ply+ Pip+ Prs = (I — W) 72 (5.20)
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where in (a) we used (5.15), while follows by simply summing (5.17) and (5.19). Note
that, from (5.17), we deduce that P,y = B, since both Py and (I — W)~ ! will be
symmetric. Now we can write LHS of (5.13) as a function of P ; alone, using blocks and

above properties,

Ppy — WP W, Ppy— Wy (Poy + Pro) Wy (5.21)
P;Ig—wk <P1+P;Ig)wk Pis — Wy, (Pk,l“‘P]IQ‘i‘PkQ‘i‘Pk,B)VNVk
(a) _ Py — Wkpk,lwk Pro— Wk([ — Wk>_lwk (5.22)
| Bl = Wil = W) "Wy Prg — Wi (I — Wy)?W,
w | Pua = Wil Wi Wi — (P = 1) 523
| Wi — (Pia— 1) Pe1—1

where in (a) we used (5.17) and in (b) we leveraged identities in (5.15) together with
(5.17) and (5.19) to express Py and Py 3 as a function of P ; only. Next, we find a value for
Py1 > 0 ensuring that Py, — A}kaAkF is positive definite. This requirement can be posed in

terms of its blocks by means of the Schur complement, i.e., P, — AT P A}, = 0 if and only if

Poy — 10, (5.24)
Piy = WPy Wy — (Wi = (Pey = 1)) (Pea — D)7 (Wi = (Pa = 1)) (5.25)
= 2Wy + [ = Wy (P + (Poa = 1)) Wi = 0 (5.26)

Now if we choose Py, = 2I. And letting VTALV = W, be the eigenvalue decomposition of

W, we have

OW + I — W, (2] + W, =2W, + [ — 3W?3 5,27
5.2
:v(1+2A—3A2) VT w0

which is equivalent to I 4+ 2A — 3A? = 0 and always holds true when all the eigenvalues

of W}, lies within (—1/3,1) based on assumption (5.1.1). Finally, using again Schur’s com-
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plement, it is also easy to prove that Py ; = 2I satisfies condition P > 0. In fact, we have

that

21 (I — W)t =21
b, = 3 3 5 =0 (5.28)
(I —=Wp) ' =21 (I —Wy)2—=2(1 - W) ' +2I

if and only if

2 = 0,
(I —W;)"2—=2(1 — W)t 42 —
=3I -=Wp)2=0

(1 - Wy —21) (5.29)

1
2

Above condition (5.29) is satisfied since Wy, has all eigenvalues in the open unit circle and
hence I — W}, = 0.

Remark: Tt is noted that this analysis will provide that same result regardless of the
iteration count k as far as each W}, satisfies assumption (5.1.1).

From above results we can rewrite (5.30) as

_ « 2 T 2
H)\;H_l - A H +2uk+1Hek+1 + ||Buk+1 - ek+1||Pk 3())

< ka o + 2u; Hey, + || Buy, — ekH?ok - ka+1 - XkHQ - ||ekHng

where Q = P, — A}l P, A;. Now rearranging the terms on and summing from k£ = 0 to s — 1,

for any s € N, we have

S s — e [P+ el (5:31)
k=0

S PYEPN * 4 2ul Heo + ,;1) |Buy — exll, — | Bugrr — epii|l2 (5.32)

N NI (5.33)

SPYEPS g g |Buy — exll3, — || Bugsr — e[|, +2C (5.34)

a

- 2
where in the second inequality we neglected the terms — H)\ M — /\*H and — || Bu, — e

in the RHS since they are non-positive (recall P, = 0) and we used the fact that | 2ul He
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k |< C for all k£ > 0 owing to the results of Lemma 5.3.4. Also the term (a) in last inequality,
is
s—1

> || Buy, — ek||?3k — || Bugyr — ek+1||§3k,
k=0
s—1

<Y [IBuk — ex — Bug i + eppallp,
k=0 (5.35)

s—1

2
<D = Aperllp,
k=0
s—1 )
= Z ||ek||(I—Ak)TPk(I—Ak)
k=0

where we use (3.12) and norm inequality HaH — HbH < Ha — bH Thus the LHS on 5.34 is upper
bounded by

S e - X P+ exll?y, < R0 — A*
k=0

s—1
2 2
+ Z ||ek||(I—Ak)TPk(I—Ak) +2C (5.36)
k=0

Y (5.37)

s—1
Z [ Akt — Ak HQ—“_H ek||2@k_(I_Ak)TPk(]_Ak) = HAO -\
k=0

Now we focus our attention to Qy — (I — Ag)T P.(I — Ay) as,

Qu— (I —AN'P(I —Ap) =P, — AL P A, — (I — A)"P.(I — Ap)

Using the derived value of P, and Aj, we have

AW OW (I — W) 'W
ATP, +PA = | e ) el i 2 oh (5.38)
2Wk(f — Wk)_lwk 2Wk(f — Wk)_QWk
4W?2 oW, (I — Wi)'W
2ATPA,, = - kl ) o (5.39)

QWk(I—Wk)flwk QWk(I —Wk)*QWk
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, . AW, — 4W7 0

0 0
Now it is noted that Wj, — W37 = W,(I — W}) = 0 which implies that the Q, — (I —
AT P(I — Ay) = 0. This implies that all the terms in LHS of 5.37 is always positive.
Let Q = miny, Omin2(Qr — (I — Ap)T Pe(I — Ag))I where 0,,2(.) corresponds to the second

minimum eigenvalue. And it is noted that Q > 0 based on above analysis. Hence we get,

ki) (H)‘kJrl — XRHZ + Hek||é> < ki) (H)\kJrl — XkH2 + HekHék(IAk)TPk(]Ak)) (5.41)

Also it is noted that based on lemma 5.3.3, the RHS (5.37) shows that the sum of the series

in finite because the HXO — )\*H2 and 2C are always bounded. Therefore,

S ([Pen =2+ llewl) < o0 (5.4)
k=0

which, recalling that Q > 0 Vk > 0, implies that limy_ || Aps1—Ae| = 0 and limy_,o [|ex]| =

0. Hence, limy_ HeﬁH = 0 and limj_,« Heﬁ” = 0, thus proving points (i) and (ii), respec-
tively. Since dj, = %(Xkﬂ —Xk), we also have that limy_, HE’“H = 0 and therefore
limy, o0 HJ’“H = 0, thus proving point (iii). From equation (5.29), we also have that the
sequence

{H,\k — 2P + 2u] Hey + || Bus — ekuik}m

is non-increasing, bounded below since HuZHekH < C and ||Buy, — ek||§3k > 0 (recall P, > 0
), and, therefore, convergent. Since ||| is vanishing and {us},-, is bounded, we have that

also the sequence {H)\k — A\

2
+ || Buy, ||?Dk} is convergent. A straightforward computation
J k>0
using (5.20) shows that B' P,B = (I — Wj)~2 > 0 which, recalling the definition of u;, =

p (zr — Agx*), implies that the sequence

{HAk v

2
+0* |z — Adw*H?z_vvk)—Q}
k>0
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is convergent, which finally implies that

(N

2
+ 07 N1z — Age*|}
k>0

is convergent due to norm equivalence, thus proving point (iv) and concluding the proof. O
Now we prove that this converged value is actually the optimal solution. For the proof we
observe that the same analysis as Theorem 2, [18] gives the desired result for a time varying

topology, therefore only the theorem is stated here.

Theorem 5.3.6. (Optimality) Under Assumptions (2.1.1), (2.1.2), (5.1.1) the sequences
generated by algorithm (3) satisfy:
(i) any limit point of the primal sequence {T};~, is an optimal solution x* of (2.3);
(i) each dual sequence {Aik}y o1 =1,..., N, converges to the same optimal solution \*

of (2.4).

Proof: See Theorem 2, [18]. O

5.4 Numerical Study under Switching Topology

Here we demonstrate the effectiveness of our approach, we again consider the problem of
distributed optimization with linear coupling as consensus constraint. We test algorithm (3)
on the same problem as discussed in section (2.2) but with switching between two strongly
connected topologies. Here for both the cases we consider that the network weights for each
topology is derived using Metropolis weights.

More specifically, two random communication graph are generated for N = 20 agents,
as shown in Fig. (5.1). While simulations we consider that at every second time instant the
graph to the other one and therefore we the weights are
m (i,j) € &Y, mod{k,2} == (543

wivj =

i {deg?odeg?] (i,j) € % else

where degl represents the degree of the agent i in the k —th graph excluding the agent itself.
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Figure 5.1. (a) The random network G' and (b) the G* for N = 20 agents;
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Figure 5.2. Comparison of convergence trend between the proposed Switch-
ing topology, Fixed topology with metropolis weights of G; and Gs, (a) itera-

tions vs HdkHQ (b) iterations vs consensus error;

Similar to earlier case the consensus constraint {x; = x9 = ... = xy} can be written
as: {ON, Ay = 0}, where the coupling matrix A; corresponds to the i — th column of the

incidence matrix M of either of the graph as following:
A = M ® Lywy.

For the simulation problem, x; € R?,Vi € V and are initialized randomly. The local objective
functions are designed as quadratic functions, i.e., fi(x) = 27 Pa + ¢!z, where P, are random
positive definite matrices. The local constraints are given as xjmn <z < :vimm.

As it can be seen from the (5.2), the algorithm (3) reaches feasibility and optimality
under a switching network topology. It is noted that the switching method outperforms the
rate of convergence of as compared to individual network topology. Intuitively, this may be
due to the fact that switching topology helps in the distribution of information in a better

way as compared to any fixed topology. However further analysis on convergence rate with

time varying communication graph is required to formally explain this behaviour.
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6. CONCLUSION AND FUTURE WORK

In this work, we considered a general distributed optimization problem with coupling con-
straints. We presented formal guarantees on the convergence rate of the tracking alternating
direction method of multipliers (TADMM) algorithm to solve this problem. Specifically, we
showed that the convergence rate can be bounded by the norm of the communication weight
matrix. Further, we optimized this weight matrix using a semi-definite programming (SDP)
approach, thereby ensuring a faster convergence rate. This result was demonstrated on a
sample problem and the results were compared with the baseline algorithm. We demon-
strated the performance of the proposed Fast-TADMM (F-TADMM) algorithm via an illus-
trative example of distributed trajectory planning for formation flight. As part of further
analysis we prove that under certain assumption on time-varying communication network,
the modified algorithm TV-TADMM converges to optimal solution.

We also plan to extend the convergence rate analysis presented in this thesis for the case
of a time-varying network topology and network weights. Additionally, we are looking into
the problem of computing the optimal weight matrix in real time, to further improve the
convergence rate of the proposed algorithm. We also plan to implement the F-TADMM
algorithm and TV-TADMM algorithm to other practical applications such as Distributed
Model Predictive Control and Distributed Sensor Estimation.
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