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ABSTRACT 

Roll-to-roll processes provide a low-cost and high-throughput scheme for scalable flexible 

devices manufacturing. Multiple processes are used in roll-to-roll manufacturing, such as 

functional printing, evaporation/drying, UV curing, hot embossing, laser/heat annealing, laser 

ablation, plasma/ chemical growth, and sputtering. These processes change the web temperature 

field and/ or local properties. In addition, residual stresses by the process and web tension can 

destabilize the process and lead to wrinkling or undesirable performance of the products. 

This dissertation investigates three different multi-physics problems relevant to the roll-to-

roll processes, which are web thermomechanics, air-coupled web vibrations, and the measuring of 

nonuniform web tension. First, a mathematical model for predicting the in-plane temperature and 

heat induced stress distributions in a flexible, axially moving web under arbitrary shape of heat 

flux is presented. The computational approach is validated on experiments performed on moving 

paper and PET webs with infrared laser heating source. Second, a closed-form, semi-analytical, 

universal hydrodynamic functions is developed to accurately predict the lowest symmetric and 

anti-symmetric transverse frequency responses for any uniaxially tensioned web of arbitrary 

material and aspect ratio used in roll-to-roll processes with the surrounding air acting as distributed 

added mass. Experimental validation is carried out by using pointwise laser measurements of 

acoustically excited webs with different pre-tensions, web materials, and aspect ratios. Finally, we 

develop and test a non-contact resonance method and a gentle contact stiffness mapping method 

based on the first principles mechanical models of a tensioned plate to accurately measure the 

average web tension and its linear variation for a wide range of web properties, web path, web 

tension, measurement configurations, and environmental conditions. The two methods are cross-

validated on a stationary test stand and the non-contact resonance method is used to study the web 

tension distribution within a commercial roll-to-roll system. 
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 INTRODUCTION 

1.1 Background 

Bendable, foldable, and lightweight flexible thin films are broadly applied in human 

wearable devices [1-3], optoelectronics [4-12], thin film transistors [13-16], supercapacitors [2, 

17-19], flexible displays [20-23], and sensors for Internet of Things [3, 24-33]. The growing 

interest in these applications requires highly reliable and repeatable products and spawns the roll-

to-roll (R2R) processes for high-volume manufacturing of flexible devices with a potential global 

market exceeding US $41.3 Billion in 2023 [34]. Figure 1.1 shows some existing and potential 

applications by R2R manufacturing. 

 

 

Figure 1.1. Existing and potential flexible thin film devices by R2R manufacturing: (a) thermal 

sensors adhered on skin (reproduced from [1] with permission from Nature Materials), (b) solar 

cell (reproduced from [6] with permission from the Royal Society of Chemistry), (c) dielectric 

layer of thin film transistors (reprinted Organic Electronics, 12, Noh, J. et al., Integrable single 

walled carbon nanotube (SWNT) network based thin film transistors using roll-to-roll gravure 

and inkjet, 2187, copyright (2011), with permission from Elsevier), (d) finger patterned 

supercapacitor [18], (e) organic light emitting diodes (reproduced from [23] with permission 

from the Royal Society of Chemistry), (f) ripeSense® the world’s first smart ripeness indicator 

label for food packaging (reproduced from [24] with permission from Sensing and 

Instrumentation of Food Quality and Safety), (g) 13.56-MHz-operated 1-bit RF tags [25], (h) 

flexible batteries by Samsung SDI Division (photo courtesy of Samsung Corp.), (i) the world's 

first commercial foldable smartphone FlexPai (photo courtesy of Royole Corp.). 
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Figure 1.2(a) shows a sketch of multi-span R2R platform. Underlying substrates such as 

PET, PEN, and polyimide are released from an unwind roller, processed on the spans crossing 

internal rollers, and collected on a rewind roller. Toques are applied on the unwind and rewind 

rollers for creating a web tension and a web speed. Multiple processes are used in R2R 

manufacturing, such as functional printing [2-4, 6, 8, 10, 11, 13-16, 19-23, 25-33], 

evaporation/drying [3, 4, 6, 11, 13, 15, 19, 20, 22, 23, 25, 26, 28-32], UV curing [16, 22, 23, 25, 

27, 33], hot embossing [33], laser /heat annealing [2, 21, 18, 29], laser ablation [14], plasma 

/chemical growth [10, 17, 35, 36], sputtering [5, 7, 21], and the measurements for quality controls 

[12, 37-40]. All these processes act on the web of a R2R system in the forms of heat, mass, and 

/or momentum fluxes and strongly affect the web local physical properties, such as temperature, 

crystal directions, mass, thickness, and surface roughness etc., as shown in  Figure 1.2(b). On the 

other hand, these process-induced thermomechanics and vibrations of these webs and the residual 

stresses caused by pre-applied web tension are essential for ensuring process stability and product 

quality [41, 42]. 

 

 

Figure 1.2. (a) A sketch of multi-span R2R platform, (b) a flexible axially moving web under 

various R2R processes for flexible electronics.  
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Figure 1.2 continued 

  

 

1.2 Literature Review 

We briefly review the literature in thermal, vibrations, and tension measurement methods in 

this section. Previous works on thermal problems of axially moving media has mostly focused on 

thermoelastic vibration, tension control, and pure heat transfer. A thermal bending moment caused 

by spatially fixed temperature profile is included in the vibration of an axially moving beam [43-

50]. The tension feedback control in a multi-span R2R system involves time-varying temperature 

by considering a temperature-dependent strain [51-56]. The pure heat transfer problem was 

investigated with assumptions with either uniform cross-width temperature [57, 58] or a constant 

film coefficient for the heat exchange between the media and surroundings [59, 60]. These works 

either study 1-D thermomechanics problems or only include part of the heat exchange mechanisms. 

Overall, accurate simulation tools for predicting the in-plane 2-D thermomechanics of webs are 

not available in the above works. 

Web vibrations in R2R processes have been studied in the context of web vibration control, 

vibration-based in-line monitoring, and air-coupled web vibrations. Web systems designers are 

flexible axially moving web 

coating or deposition curing or drying 

heat flux from process 
b 
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interested in ensuring that the web frequencies are tuned away from the unexpected resonance by 

external excitation sources in the R2R process [61-63], such as inkjet firing frequency and roller-

eccentricity induced boundary excitation frequencies. On the other hand, intentional excitation is 

used for web pre-tension measurement [39, 40] and rapid in-line reliability monitoring [12, 64]. 

The vibrations of thin flexible webs in R2R processes for flexible devices are significantly affected 

by surrounding air, which can reduce the frequencies and change the mode shapes in comparison 

to those in vacuo. The air-coupled web vibrations were firstly investigated using potential flow 

theory for the surrounding air and a uniaxially tensioned membrane model for the web [65, 66]. A 

uniaxially tensioned Kirchhoff plate model is used later since it defines the spatial dependence of 

eigenmodes in the direction transverse to the tension [67-72]. However, all these previous works 

for air-coupled web vibrations require significant computational work to determine the effect of 

surrounding air on the web vibration. As such these computational approaches are not easily 

accessible to web systems designers and operators. 

The web tension measurement methods have been investigated using instrumented rollers, 

fundamental vibration frequency, and polynomial fitting or machine learning. Instrumented rollers 

are the most common tension measurement tools in R2R industry [73-75]. These methods typically 

assume the web tension is uniform. They need investment in customized rollers, do not include 

the friction between instrumented rollers and webs, and need re-calibration when web path changes. 

In addition, these sensors tend to shift and are sensitive to operation environment, such as 

temperature and vibrations [76]. Fundamental vibration frequency measurements are used in the 

literature without considering non-uniform web tension and the effect of air loading [38, 40, 77-

79]. Using polynomial fitting or machine learning do not need to consider the air loading effect; 

however, they only used limited web properties (e.g. web line speed, web tension, materials, and 

web aspect ratios) in their database [40, 79, 80]. Training a universal model is not available and 

would require extensive amounts of training data. Overall, comprehensive, accurate, reliable, and 

inexpensive methods for measuring nonuniform web tension in R2R processes are an unsolved 

problem. 

1.3 Contributions of This Dissertation 

To improve the process control and product quality in R2R manufacturing, we investigate 

three different aspects of multi-physics R2R processes. First, the thermomechanics for 
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understanding the in-planes temperature and stress distributions of the web during R2R processes 

is studied to predict the thermal residual stress and prevent over /less heating and /or web wrinkling.  

Second, we discuss the web vibrations with the effect of air loading to web frequencies and mode 

shapes, which might be used to avoid harmful external excitation, generate functional patterns, 

and in-line monitor the bending and torsion reliability of the R2R products. Third, we present in-

line monitor methods for measuring nonuniform web tension for control of the uniformity of 

product performance crossing the width of the web. 

In Chapter 2, we theoretically develop and experimentally validate an accurate 

thermomechanics model of flexible, axially moving webs subjecting to arbitrary heat flux for the 

control of process stability and product quality in R2R flexible devices manufacturing. A 

mathematical model for predicting the temperature and stress distribution in an axially moving 

web under arbitrary shape of heat flux is presented, including axial transport, heat conduction, 

convective heat transfer, and thermal radiation. A MATLAB based nonlinear finite element code 

is developed to predict the temperature and stress fields during such processes. The experimentally 

measured temperature distribution in moving paper and PET webs subject to heating from an IR 

laser source is compared with theoretical predictions to validate the computational approach. Such 

computational models are expected to aid in the development of a range of R2R processes where 

temperature gradients and stress fields can influence the product quality or lead to mechanical 

instabilities such as wrinkling or excessive web vibration. 

In Chapter 3, we investigate the air-coupled web vibrations and develop closed-form, semi-

analytical, universal hydrodynamic functions used to accurately predict the lowest symmetric and 

anti-symmetric transverse frequency response for any uniaxially and uniformly tensioned web of 

arbitrary material and aspect ratio used in roll-to-roll processes. The surrounding air acts as 

distributed added mass and significantly affects the frequency responses of tensioned thin webs in 

ambient R2R processes in comparison to those in vacuo. We experimentally validate those 

functions using pointwise laser measurements of acoustically excited webs with different pre-

tensions, web materials, and aspect ratios. These closed-form hydrodynamic functions provide 

R2R process designers a convenient way to predict the lowest frequencies of such web systems 

without the need to resort to computationally intensive methods; alternately these functions allow 

for the quick identification of conditions when air-coupling is important to determine the web’s 
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vibration response. The results presented herein are expected to help ongoing efforts to improve 

process monitoring and control in a variety of R2R continuous manufacturing technologies. 

In Chapter 4, we develop and test a non-contact resonance method and a gentle contact 

stiffness mapping method for measuring the average web tension and its linear variation. We 

inversely apply the closed-form equations in Chapter 3 and improve the method with a nonuniform 

tension. This method uses the lowest symmetric and anti-symmetric frequencies of a web with a 

closed-form expression to obtain its linearly varied tension. The closed-form expression includes 

the significant effects of air loading on web vibrations through accurate hydrodynamic functions. 

While the gentle contact stiffness mapping method is based on nonlinear regression of the contact 

stiffness on multiple locations of the web. Both methods are accurate, reliable, and inexpensive, 

and are compatible for a wide range of web properties, web path, web tension, measurement 

configurations, and environmental conditions. We cross-validate the two methods on a stationary 

test stand and in-line test the non-contact resonance method in two spans of a moving commercial 

R2R system. We expect the results presented in this chapter can improve quality control of R2R 

processes for flexible and printed electronics and maximize device yields. 

We summarize the conclusions in Chapter 5 and give an outlook on future directions for 

multi-physics research in R2R processes for flexible devices. 
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 THERMOMECHANICS OF AXIALLY MOVING WEBS IN ROLL-TO-

ROLL MANUFACTURING PROCESSES 

This Chapter was published in International Journal of Heat and Mass Transfer (DOI: 

10.1016/j.ijheatmasstransfer.2018.10.038). We acknowledge the author rights provided by Elsevier 

to include it in this dissertation. 

2.1 Introduction 

Roll-to-roll (R2R) systems for nano-manufacturing /flexible electronics involve a flexible, 

axially moving web subject to non-uniform heat fluxes. These incident heat fluxes are often 

intrinsic features of processes such as sputtering, deposition, coating, drying, chemical growth, 

imprint lithography, hot embossing, heat annealing, and laser ablation [1-9], as shown in Figure 

2.1(a). 

The thermomechanical response of moving webs in R2R systems for nano-manufacturing 

and flexible electronics is closely coupled to the product quality and process stability. For example, 

the local web temperature encountered in the process strongly affects the resulting physical 

properties of the grown /deposited /cured layers and the web temperature field can lead to thermal 

stresses, wrinkling and excessive vibration. On the other hand, process variables such as web speed 

and tension strongly influence the temperature distribution as do the physical properties of the web. 

Thus, the web thermomechanics, process variables and stability, and quality of the 

deposited/grown layers are closely interconnected. 

Accurate simulation tools for predicting web thermomechanics are currently not available 

for this broad category of nanomanufacturing /flexible electronics processes. Previous work on 

thermal problems of axially moving media has mostly focused on thermoelastic vibration, tension 

control, or pure heat transfer. The vibration of an axially moving beam subject to a spatially fixed 

temperature profile was studied by including thermal load in the form of a bending moment [10-

17]. The decentralized feedback control of tension in a multi-span R2R system with time-varying 

temperature was developed using simple axial deformation elements in each span, including 

tension-dependent strain and temperature-dependent strain [18-23]. Additionally, Lu and Pagilla 

presented some results of modeling the axial temperature distribution in a moving web assuming 

uniform temperature along the lateral direction (along web width) [24,25]. Kurki et al. studied the 

https://doi.org/10.1016/j.ijheatmasstransfer.2018.10.038
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Figure 2.1. (a) Axially moving web under locally heat flux respecting to various R2R processes 

(e.g. coating, deposition, heating, curing or evaporation). (b) A sketch of the mathematical model 

for thermomechanics of an axially moving web subject to heat flux, including heat conduction, 

convective heat transfer and thermal radiation. e1, e2, and e3 are longitudinal, transverse, and 

lateral directions, respectively.  U1
* is the transport speed in the e1 direction, L is the length of 

web in longitudinal direction, b is the width of web in lateral direction, t is the thickness of web 

in the e2 direction. 

in-plane stresses of an axially moving web with in-plane flow control, without considering thermal 

effects [26]. Other works model the temperature field in the longitudinal-lateral plane under a 

given heat flux without thermomechanics coupling. Brockmann et al. aimed at understanding the 

temperature behavior in the longitudinal-lateral plane of a moving web at large distance from 

heating point in laser hardening, cutting or welding. They took into account the effects of both 
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convective heat transfer and thermal radiation via a constant heat transfer coefficient and as linear 

term of temperature [27, 28]. Baïri neglected the contribution of both thermal radiation and 

convection, since they modeled the heat transfer in a very thick moving body with a coated film 

on it [29]. Both Brockmann and Baïri use Fourier transformation to solve for the temperature fields 

on the moving webs. 

In R2R processes for nanomanufacturing /flexible electronics with thin film webs, the in-

plane temperature and stress field gradients are much greater than those in the through-thickness 

direction. Hence, an accurate thermomechanics model of the axially moving web is needed to 

illuminate the contribution of each physical term to the temperature and stress fields and to help 

to better control the product quality. Only a handful of prior works are relevant to this broad 

category of problems where the in-plane thermomechanics are important. Amongst those works 

(such as [27,28]), none consider the effects of thermal radiation which is of relevance to those 

processes where higher temperatures are involved. Equally importantly, we are not aware of any 

experimental validation of 2D thermomechanics models on moving media with applied heating 

sources. 

In order to understand the thermomechanics mechanisms in R2R manufacturing, we present 

a mathematical model of an axially moving web subject to arbitrary heat flux. The model includes 

linear heat conduction, nonlinear convective heat transfer, thermal radiation, and 

thermomechanical coupling. With the purpose of validating the model, we set up an experiment 

with moving paper and PET webs subject to local heating from a CO2 laser. The temperature field 

in the Eulerian reference frame is mapped using an IR camera to measure the at various web 

transport speeds. The model can be used to predict the temperature and stress distributions of the 

web during R2R processes, and to prevent over/less heating and/or web wrinkling. 

2.2 Mathematical Model 

We focus on the thermomechanics of a thin flexible web subject to non-uniform, arbitrary 

heat flux distribution, as shown in Figure 2.1(b). e1, e2, and e3 are longitudinal, transverse, and 

lateral directions, respectively. *

1U  is the steady transport speed (i.e. web speed) in the e1 direction, 

L is the length of web in longitudinal direction, b is the width of web in lateral direction, t is the 

thickness of web in transverse direction. A steady axially transported thin web is used in the model 
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since the web is continuously fed in most R2R processes. An Eulerian description (as opposed to 

Lagrangian) is used for the temperature, stress, and deformation fields. Stress and temperature 

gradients in the transverse direction are negligible for thin webs. Nonlinear terms in the model 

include temperature and deformation coupling, nonlinear convective heat transfer, and thermal 

radiation. 

2.2.1 Derivation of Governing Equations 

We first begin from the governing equations for a stationary web using a Lagrangian 

description where the field symbols are written with hats. The internal convection terms will be 

added via coordinate transformation to an Eulerian description. Cauchy’s infinitesimal strain 

tensor gives strain-displacement relations as 

, ,

1
ˆ ˆ ˆ( ),

2
ij i j j iu u = +   (2.1)

 

 

where ˆ
ij  are the components of infinitesimal strain tensor, ˆ

iu  is the displacement in ei direction 

after applying pre-tension. From the linear elastic constitutive equations with thermal expansion, 

the stress-to-strain relations (i.e. Duhamel-Neumann relations) yield [30, 31] 

0
ˆˆˆ ( ),ij ijkl kl ijc T T  = − −   (2.2) 

where ˆ
ij  are the components of the stress tensor in the chosen reference frame, cijkl are the 

components in the tensor of elastic stiffness, ij  are the stress-to-temperature coupling parameters 

( 11 22 33 23 13 12,    0
1 2

TE
     


= = = = = =

−
. With E, T ,   denoting, respectively, Young’s 

modulus, coefficient of thermal expansion, and Poisson’s ratio), T̂  is the absolute web 

temperature, and 0T  is the reference, stress-free absolute temperature. 

11 11 12 12 33 33
ˆ ˆ ˆ ˆ

ijkl kl ij ij ijc c c c   = + + +  follows the indicial summation convention. The balance of 

linear momentum yields 

,
ˆˆ ˆ ,ji j i iX u + =   (2.3) 

where ˆ
iX  is the body force,   is mass density. The extended equation of thermal conductivity is 

derived from the expression for Helmholtz free energy [32], the determination of heat capacity, 
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and Fourier’s law of heat conduction [33]. The details of derivation are shown in [34, 35]. The 

extended equation of thermal conductivity is 

,
ˆ ˆ ˆˆ ,ij ij ij ijT cT T s   + = +   (2.4) 

where c is the specific heat capacity, s is the heat source acting in the body, ij  is the thermal 

conductivity. 

Moving on to the case for an axially moving web with a transport speed *

1U , the governing 

equations are transformed to an Eulerian description (unhatted quantities). In the Eulerian 

description, Eqs. (2.1) and (2.2) remain unchanged while Eqs. (2.3) and (2.4) can be rewritten as 

* * *2

, 1 ,1 1 ,1 1 ,11( 2 ),ji j i i i i iX u U u U u U u + = + + +   (2.5) 

* *

, 1 ,1 1 ,1( ) ( ) .ij ij ij ij ijT c T U T T U s    − + − + = −   (2.6) 

Next, we assume: 

1. the material is homogeneous and isotropic, and linear thermoelastic constitutive relations 

apply (cijkl can be described by E and  , ij k = ), 

2. the mechanical and thermal properties of the solid web are independent of temperature 

change and strain, 

3. the temperature and stress fields can be modeled as two-dimensional (i = 1, 3), for these 

for thin webs ( 22 23 12 0  = = = , 23 12 0 = = , 11 33
1

TE
 


= =

−
, all other ' 0ij s = ), 

4. there are no body forces ( 0iX = ), 

5. the web thermomechanics are at steady state, i.e. all time derivatives are evaluated to zero. 

Rewriting the governing equations under the above assumptions, the strain-displacement relations 

become 

11 1,1 22 2,2 33 3,3 13 1,3 3,1

1
,   ,   ,   ( );

2
u u u u u   = = = = +   (2.7) 

the constitutive equations with thermal expansion become 

11 11 33 02 2
( ),

1 1 1
T

E E E
T T


   

  
= + − −

− − −
  (2.8) 

33 33 11 02 2
( ),

1 1 1
T

E E E
T T


   

  
= + − −

− − −
  (2.9) 
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13 13,
1

E
 


=

+
  (2.10) 

where 13  is the true shear strain and equals to half of engineering shear strain 13 ; the balances of 

linear momentum become 

*2

11,1 31,3 1 1,11,U u  + =   (2.11) 

*2

13,1 33,3 1 3,11;U u  + =   (2.12) 

and the extended equation of thermal conductivity is 

* *

,11 ,33 1 ,1 1 11,1 33,1( ) ( ) .
1

TE
k T T cU T T U s


  


+ − − + = −

−
  (2.13) 

Substituting Eqs. (2.7) - (2.10) into Eqs. (2.11) and (2.12) yields 

*2

1 1,11 1,33 3,13 0 ,12
( ) ( ) ,
1 2(1 ) 2(1 ) 1

T

E E E E
U u u u T T 

   
− + + = −

− + − −
  (2.14) 

*2

1 3,11 1,13 3,33 0 ,32
[ ] ( ) .
2(1 ) 2(1 ) 1 1

T

E E E E
U u u u T T 

   
− + + = −

+ − − −
  (2.15) 

Similar equations without the web transport terms can be found in Boley and Weiner's book [36]. 

Substituting Eq. (2.7) into Eq. (2.13) yields 

* *

,11 ,33 1 ,1 1 1,11 3,13( ) ( ) .
1

TE
k T T cU T T U u u s





+ − − + = −

−
  (2.16) 

For thin webs, the heat source 1 3( , )s x x  acting in the body includes the heat transfer from 

convective heat transfer and thermal radiation between the surfaces of web and surroundings, and 

the heat flux from outer heat sources. Introducing these terms into Eq. (2.16), we get 

*
* * 4 41

,11 ,33 1 ,1 1 1,11 3,13

( , ) 2
( ) ( ) ( ) ( ) ,

1

fluxT
a f

qE h T U
k T T cU T T U u u T T T T

t t t

 



+ − − + = − + − −

−
 

 (2.17) 

where Ta is the absolute ambient temperature, Tf is the absolute far field temperature. qflux is density 

of the heat flux from external heat sources, *

1( , )h T U  is convection coefficient,   is emissivity 

factor of medium,   is Stefan-Boltzmann constant (
8 2 45.67 10  W/(m K )−=   ). The nonlinear 

temperature and deformation coupling term can be shown to be negligible compared with other 

terms (see in Appendix A). Hence, we can simplify Eq. (2.17) to the following partial differential 

equation for the temperature field only as 



 

 

31 

*
* 4 41

,11 ,33 1 ,1

( , ) 2
( ) ( ) ( ) .

flux

a f

qh T U
k T T cU T T T T T

t t t


+ − = − + − −   (2.18) 

Comparing with the method used by [27], who used a constant convection coefficient 

without fourth order thermal radiation term, our model includes both convective heat transfer and 

thermal radiation as nonlinear terms. This improves the adaptability of the model, especially to 

those processes with low web speed and high-density heat flux. 

2.2.2 Computational Approach 

An in-house MATLAB code for a finite element model (FEM) is used to solve 

simultaneously equations (2.14), (2.15) and (2.18) to determine the temperature and in-plane 

displacement fields induced by non-uniform heating sources on a moving web. We choose 8-noded 

serendipity elements to mesh the web and Newton-Raphson method for nonlinear iterations. We 

can rewrite governing equations (2.14), (2.15) and (2.18) in matrix-vector form for finite element 

analysis  

1_ 1 1 1_ 3 3 1_ 0
1 1 1

[ ]{ } [ ]{ } [ ]{ } 0,u u T
m m mm m m m m m

K u K u K T T
    

+ + − =   (2.19) 

2 _ 1 1 2 _ 3 3 2 _ 0
1 1 1

[ ]{ } [ ]{ } [ ]{ } 0,u u T
m m mm m m m m m

K u K u K T T
    

+ + − =   (2.20) 

4

_ _ _
1 1 1 1 1 11

[ ]{ } [ ]{ } [ ]{ } { } { } { } { },cond T conv T rad T flux conv rad
m m m m m mm m m m m m m

K T K T K T F Q Q Q
        

+ + = = + +   (2.21) 

where the element stiffness matrices and the vectors of element forces are 

( ) *2

1_ 1 ,1 1 ,1 ,3 ,32

( )

1_ 3 ,3 ,1 ,1 ,3

( )

1_ ,1

( ) ( )

2 _ 1 1_ 3

( ) *2

2 _ 3 ,1 1 ,1 ,3

[ ] { } ( ){ } { } { } ,
1 2(1 )

[ ] { } { } { } { } , 
4(1 ) 4(1 )

[ ] { } { } ,
1

[ ]=[ ] ,

[ ] { } [ ]{ } { }
2(1 ) 1

e T T

u

e T T

u

e T

T T

e e T

u u

e T

u

E E
K N U N N N

E E
K N N N N

E
K N N

K K

E E
K N U N N


 

 







= − +
− +

= +
− −

= −
−

= − +
+

,32

( )

2 _ ,3

( ) *

_ ,1 ,1 ,3 ,3 1 ,1

{ } ,

[ ] { } { } ,
1

[ ] { } { } { } { } { } { } ,

T

e T

T T

e T T T

cond T

N

E
K N N

K N k N N k N N cU N








−

= −
−

= + +
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( ) ( )

_ _

( ) ( ) ( ) 4

( ) 2
[ ] { } { } ,     [ ] { } { } ,

( ) 2
{ } { } ,                 { } { } ,             { } { } .

e T e T

conv T rad T

fluxe e e

flux conv a rad f

h T
K N N K N N

t t

q h T
Q N Q N T Q N T

t t t





= =

= = =

  (2.22) 

We choose the following boundary conditions: 

1. the temperature of the leading-edge roller equals to the ambient temperature 

1( 0) aT x T= = , 

2. there is no slip between the web and both two rollers after applying pre-tension 

1 1 3 1( 0, ) ( 0, ) 0u x L u x L= = = = , 

3. the lateral edges ( 3
2

b
x =  ) are traction free. 

We consider the stress-free state after tension applied on the web but before heat loading applied. 

The stress-free temperature, the far field temperature, and the initial guess of temperature for 

Newton-Raphson method are chosen as same as ambient temperature. The iteration stops when 

the 2-norm of nth step residual vector in Newton-Raphson method is less or equal to 10-9. 

2.2.3 Fitting Convection Coefficient 

Apart from vacuum R2R processes such as sputtering and chemical vapor deposition, the 

heat transfers of all other R2R processes involve non-ignorable convection. The model for non-

vacuum processes should include both free and forced convection. To describe these convection 

coefficients, the characteristic length of a web is used [33]: 

,
2( )

effect

ch

effect

L barea
L

perimeter L b
= =

+
  (2.23) 

where Leffect is the effective length of the web. In a hot plate, the free convection coefficients on 

upper and lower surfaces are different. Using the standard relations between the corresponding 

Nusselt and Rayleigh numbers [33], the free convection coefficients for the upper and lower 

surfaces are 

4/5
1/5 1/5

2/5

0.52
( ) ( ) ( ) ,a a a

u a

ch a bl

k g c
h T T T

L T




= −   (2.24) 

3/ 4
1/ 4 1/ 4

1/ 4

0.54
( ) ( ) ( ) ,a a a

l a

ch a bl

k g c
h T T T

L T




= −   (2.25) 



 

 

33 

where g is the gravitational acceleration,
 

, , ,a a a ak c   are the thermal conductivity, mass density, 

specific heat capacity and kinematic viscosity of ambient, respectively, of the surrounding air and 

Tbl is the absolute boundary layer temperature used to determine the properties of surrounding air: 

( ) / 2.bl aT T T +   (2.26) 

The forced convection coefficient on one side of the web is determined using standard relations 

between Nusselt, Reynolds, and Prandtl numbers [33]: 

2/3 1/3
* *1/ 2

1 11/ 2 1/6

0.453 ( )
( , ) .a a a

f

ch a

k c
h T U U

L




=   (2.27) 

In order to determine chL  we use Eq. (2.23) with Leffect estimated as infinity. This estimate is 

expected to over-predict the temperature field lightly. The characteristic length becomes  

lim .
2effect

ch
L

b
L

→
=   (2.28) 

Substituting Eq. (2.28) into Eqs. (2.24), (2.25), and (2.27), gives 

4/5
1/5 1/5

2/5

1.04
( ) ( ) ( ) ,

8

a a a
u a

a bl

k g c
h T T T

b T




= −   (2.29) 

3/ 4
1/ 4 1/ 4

1/ 4

1.08
( ) ( ) ( ) ,

8

a a a
l a

a bl

k g c
h T T T

b T




= −   (2.30) 

2/3 1/3
* *1/ 2

1 11/ 2 1/6

0.906 ( )
( , ) .

(2 )

a a a
f

a

k c
h T U U

b




=   (2.31) 

Both free and forced convection need to be considered in order to adapt the model to different web 

speeds (see Appendix B.). Free convection is not negligible especially for low speed processes. 

Thus, the total convection coefficient is 

* *

1 1( , ) ( ) ( ) 2 ( , ).u l fh T U h T h T h T U= + +   (2.32) 

Polynomial regression is used to fit the convection coefficients, since all the ambient properties 

depend on to the local temperature. We use the data from Bergman’s book [33] for the fitting. We 

choose Tbl from 300 K to 700 K, which covers both the range of working temperatures for non-

vacuum R2R processes [9 37, 38] and the range of working temperatures of the most common 

substrates (e.g. PET and PEN films [39,40]). With known g, b and Ta, the free convection 

coefficients are fitted up to fourth order of T, forced convection coefficient is fitted as a linear 

function of T multiplying 
*1/2

1U . Eq. (2.32) can be rewritten as 
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* * * 2 3 4

1 1 1 2 1 3 4 5( , ) ( ) ( ) .h T U C U C U T C T C T C T= + + + +   (2.33) 

In the FEM solver, the above temperature dependence is brought in by modifying Eq. (2.21) as 

follows 

2 3 4 5

_ 1 2 3 4 5
1 1 1 1 1 1

4

_
1 1 1 11

[ ]{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ } [ ]{ }

[ ]{ } { } { } { } { },

cond T c c c c c
m m m m m mm m m m m m m m m mm m

rad T flux conv rad
m m m mm m m

K T K T K T K T K T K T

K T F Q Q Q

         

    

+ + + + +

+ = = + +
  (2.34) 

where 

( ) ( )1 2 2 3
1 2

( ) ( )3 4 4 5
3 4

( ) 5
5

[ ] { } { } ,[ ] { } { } ,

[ ] { } { } ,[ ] { } { } ,

[ ] { } { } ,

e T e Ta a
c c

e T e Ta a
c c

e T

c

C C T C C T
K N N K N N

t t

C C T C C T
K N N K N N

t t

C
K N N

t

− −
= =

− −
= =

=

  (2.35) 

and 
( ){ }e

convQ  is changed to be ( ) 1{ } { } .e a
conv

C T
Q N

t
=  

Once the temperature field is computed with the fitted convection coefficients, we can 

compute the displacement field by substituting the temperature field into Eqs. (2.14) and (2.15). 

Then the stress field will be obtained from Eqs. (2.7) - (2.10). Web wrinkling can be predicted by 

checking if the magnitude of in-plane principal compressive stress exceeds the critical value [19, 

41-45]. 

2.3 Computational Results 

In this section, we provide computational results on temperature and stress distributions of 

non-uniformly heated axially moving webs in air and in vacuum. These two cases cover most 

processes in R2R nanomanufacturing and flexible electronics systems. The goals of the 

computational results are to demonstrate the key physical variables that effect web temperature 

and stress fields and how process variables such as web speed and incident heat flux can be 

adjusted to achieve stable operation and desired product quality.  

We first present results for PET films that are commonly used for slot die coating, micro gravure 

coating, and blade coating. The web properties and simulation parameters are described in Table 

2.1. The web speed is chosen from 0 m/min to 6 m/min, according to a Mirwec Custom Mini-

Labo™ Deluxe R2R system we have in our laboratory (stable working speed 1 m/min - 10 m/min), 
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which also in the range of most R2R coating processes [2, 4, 5]. R2R printing systems will have a 

faster speed [19].  

Table 2.1. Physical properties of the PET film. 

Mass 

density ρ 

(kg/m
3
) a 

Young’s 

Modulus 
E (GPa) a 

Thermal 

conductivity 
k (W/(m‧K)) a 

Specific heat 

capacity c 
(kJ/(kg‧K)) a 

Coefficient of 

thermal expansion 
αT (m/(m‧K)) a 

Web 

width b 

(cm) a 

1.390×10
3
 4.8 0.155 1.172 1.7×10

-5
 

15.24 

(i.e. 6 in) 

Web 

thickness t 

(μm) a 

Emissivity 

factor   b 
Poisson’s 

ratio ν c 

Gravitational 

acceleration 

g (m/s
2
) 

Ambient 

temperature Ta 

(℃) 

 

96.52 

(i.e. 3.8 mil) 
0.88 0.33 9.8 25 (i.e. 298.15 K)  

a’s are provided by DuPont. 

b is measured by a ThermaCAM
®

 SC 300 IR camera. The IR camera is calibrated with an 

electrical tape with a known emissivity of 0.97. 

c is from Wilson’s paper [57]. 

 

For this case, convective heat transfer should be included in the model. We consider a white 

opaque Melinex® 329 PET film from DuPont Teijin Film under a Gaussian distributed heat flux 

(the FEM method is suitable for heat flux with any shape) as shown in Figure 2.2(a), with maximal 

heat flux density 2.865 kW/m2 and effective beam radius 2.36 cm. With this heat flux, we ensure 

that the peak temperature in our results 392.48 K is below the maximum working temperature, 

which is 470 K, as reported by DuPont for the Melinex/Mylar® PET film [39]. 

Figures 2.2(b)-(h) show the temperature distributions of the web under different web speeds 

under the fixed Gaussian shaped heat flux. As shown in Figure 2.2(b) the temperature field is 

symmetric along the web longitudinal direction with respect to the center of the Gaussian heat flux 

for a stationary web. This is expected since the material is homogeneous and isotropic, the 

Gaussian distributed heat flux chosen here is symmetric about the center of the heat flux, and the 

temperature field vanishes before reaching the web boundary. 

Web axial transport has a strong influence of temperature distribution, specifically: 

 



 

 

36 

 

Figure 2.2. The temperature and stress distributions of a PET web in solution based R2R 

processes in air at different transport speeds. (a) The shape of a Gaussian distributed input heat 

flux with maximal heat flux density 2.865 kW/m2, effective beam radius 2.36 cm. (b)-(h) 

temperature distributions under different web speeds. (i)-(o) minimum principal stress 

distributions under different web speeds with a pre-tension along longitudinal direction of 100 

N/m, i.e. axial pre-stress of 1.036 MPa. 
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(a) Web axial transport of web drives the temperature field to become asymmetric with 

respect to the center of the incident heat flux and along transport direction, as shown in 

Figures 2.2 (c)-(h). The asymmetry is because of the internal convection term due to web 

transport,
*

1 ,1cU T−  in Eq. (2.18). The web transport thus drags the temperature field 

along the transport direction making the field asymmetric with respect to the heat flux 

center.   

(b) The web transport not only drags the temperature field to become asymmetric with 

respect to the heat flux center, but also brings down the peak temperature of the 

temperature field. As shown in Figures 2.2 (c)-(h), the peak temperature decreases with 

a higher transport speed which agrees with our expectation. 

(c) Additionally, the relation between peak temperature and transport speed is nonlinear, for 

example, doubling the transport speed does not half the peak temperature. This is a direct 

consequence of nonlinear terms in the equations arising from convection and radiation 

terms.  

The distribution of minimum in-plane principal stresses is shown in Figures 2.2(i)-(o), with 

a pre-tension along longitudinal direction of 100 N/m, i.e. axial tensile pre-stress of 1.036 MPa 

with the minimum principal stress being 0 MPa. We choose to plot the minimum principal stresses 

since web regions with negative principal stresses are candidates for wrinkling to occur. 

(d) Non-uniform heating significantly changes the in-plane stresses. 

(e) The minimum compressive stress can become negative in the heating region of leading 

to the possibility of wrinkling. 

(f) When the web is transported axially, similar to the temperature field, the principal stress 

field becomes asymmetric with respect to the heat flux center and with its peak 

magnitude reduces.  

(g) With the same heat flux, increasing transport speed reduces the peak magnitude of 

compressive principal stress thus reducing the possibility of web wrinkling. However, 

increasing of transport speed will also increase the heat reaction region, and may cause 

other stability issues, such as aeroelastic flutter [46]. 

In comparison with in-air coating/curing based R2R systems simulated above, vacuum based 

R2R systems do not involve convective heat transfer. Such vacuum R2R systems include the 

Applied SmartWeb® sputter system from Applied Materials, Deposition Systems from Mustang 
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Vacuum Systems, and Tetra system from Diener Electronic Plasma Surface Technology. The 

general working temperature for these systems is from 1000 K to 1500 K [3, 47, 48] so that 

radiation effects become especially important. The speeds of vacuum processes are slower than 

in-air processes, around 0.1 m/min - 0.2 m/min [3, 6]. To make a case study of the temperature 

and stress distributions in vacuum R2R processes, we choose a carbon cloth film with the same 

dimension as the PET film shown in Figure 2.2, under the same shape, location and effective beam 

radius heat flux but with a higher maximal heat flux density 229.1831 kW/m2. The physical 

properties for the computation are shown in Table 2.2 [49-52]. With these parameters, the peak 

temperature for the stationary web is 1102.01 K, which is in the range of typical working 

temperature for such vacuum systems. 

(h) For the identical transport speed as for the PET web computation, the temperature field 

in Figure 2.3(f) is much wider due to web transport/internal convection than that in 

Figure 2.2 (c). This is because the conductivity term, 
,11 ,33( )k T T+  in Eq. (2.18), plays a 

more important role compared to web transport related internal convection term for 

conductive webs such as for carbon cloth.  

(i) Regions with compressive principle stresses correspond to regions of incident heat flux 

as expected.  

(j) Similar to PET films in air, as shown in Figure 2.3, the temperature and stress fields 

become asymmetric due to web transport. 

Table 2.2. Physical properties of the carbon cloth film. 

Mass density 

ρ (kg/m
3
) d 

Young’s 

Modulus 
E (GPa) d 

Thermal 

conductivity 
k (W/(m‧K)) d 

Specific heat 

capacity c 
(kJ/(kg‧K)) d 

Coefficient of 

thermal expansion 
αT  (m/(m‧K))d 

Web 

width b 

(cm) 

2.26×103 9.5 110 0.71 2.5×10
-5

 15.24 

Web 

thickness t 

(μm) 

Emissivit

y factor 
  e 

Poisson’s 

ratio ν d 

Gravitational 

acceleration 

g (m/s
2
) 

Ambient 

temperature Ta 

(℃) 

 

96.52 0.9 0.15 9.8 25  

d’s are from literatures [49-52]. 

e is measured by a ThermaCAM® SC 300 IR camera. 
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Figure 2.3. The temperature and stress distributions of a carbon cloth film in vacuum R2R 

processes at different transport speeds. The heat flux used here is a same one as in Figure 2.2(a) 

but with maximal heat flux density 229.1831 kW/m2. (a)-(g) are the temperature distributions 

under different web speeds. (h)-(n) are the minimum principal stress distributions under different 

web speeds with a pre-tension along longitudinal direction of 100 N/m, i.e. axial pre-stress of 

1.036 MPa. 

2.4 Experimental Validation 

We are not aware of any prior experimental validation of R2R web thermomechanics in the 

literature. Arguably, the biggest challenges to experimental validation include (a) the choice of an 
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appropriate non-uniform heat source, and (b) the identification of the incident heat flux distribution 

on the web. 

To make sure the heat flux is consistent in the experiments we must choose a heat source 

whose shape and magnitude will not change under different web speeds. Non-contact heat sources 

such as local convection heaters will result in incident heat flux that varies with web transport 

since the web transport can modify local convection coefficients. Hence, we must choose a heat 

source based on thermal radiation only, and a CO2 continuous wave IR laser is used as a heat 

source. The laser head we chose is Diamond C-20A from Coherent® with wavelength from 10.55 

um to 10.63 um. In this wavelength range, both white paper and PET have a strong absorption. A 

Diamond GEM PC-1 controller from Coherent® is used to adjust output power of the laser head 

from 200 mW to 20 W. The controller is slightly tuned in order to obtain a power which can raise 

the peak temperature to a value that can easily be measured but yet that is not enough to burn the 

web. The power supply for laser head we used is Mean Well RSP-750-48. A 6× beam expander 

(BECZ-10.6-C0.9:2.79-D6-MI) from II-VI infrared is aligned to expend the laser beam size. The 

laser beam transports through beam expander and heating on the web. 

To identify the incident heat flux distribution experimentally for each type of web material 

tested, we use the following inverse method. First, we heat up the stationary web with the CO2 

continuous wave IR laser operated at a fixed power input. We use an IR camera to measure the 

resulting temperature distribution. A ThermaCAM® SC 300 IR camera is used to help align the 

laser head, beam expander, and web, and to capture IR images of temperature distribution on the 

web. Plugging all known web properties in Eq. (2.21), we can obtain the shape of heat flux at the 

computational nodes. Once the incident heat flux is identified for the stationary web, the 

computational model for the axially moving web is validated by comparing the resulting 

temperature distributions from FEM and experiments on the moving web. 

In our validation, we compared the temperature fields from experiments to predictions from 

our model as well as by using Brockmann’s method [27] under a same heat flux input. 

Figure 2.4(a) shows the setup of the system and the 2D measured temperature maps of an 

opaque PET web. As shown in Figures 2.4(b)-(i), we used two types of web for validation: white 

paper web (ER019BX17 from Anchor Paper) and white opaque PET web (Melinex® 329 from 

DuPont Teijin Film). The properties of environment are 
29.8 /g m s= , 21aT C=  . Other properties 

of PET web can be found in Table 2.1. The properties of white paper web are in Table 2.3 [38, 53, 
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54]. The background noise in experimental data comes from the sensor of the IR camera, such as 

focal plane array non-uniformity and infrared camera spatial noise [55,56].  

For the experimental validation, we change the web speed from 0 to 3 m/min. The convection 

coefficient used in Brockmann’s method is a constant value (not a function of temperature) 

equaling the average of nonlinear fitted convection coefficients from 300 K to 700 K and 0 to 3 

m/min. 

The results are shown in Figures 2.4(b)-(i). The experimental data are in blue. The red lines 

show the simulated results from our model, and the green lines show simulated data from 

Brockmann’s method. Both experimental and simulated data show the asymmetry with respect to 

the center of the web caused by transport. We can also clearly see the decreasing of peak 

temperature, which has a nonlinear relation with transport speed. 

 

 

Figure 2.4. (a) The setup of experimental validation and the 2D measured temperature maps of 

an opaque PET web. (b)-(e) Temperature distributions in midline of white paper web (x3 = 0) 

under different web speeds. (f)-(i) Temperature distributions in midline of opaque PET web (x3 = 

0) under different web speeds. In (b)-(i), comparisons can be made between experimental data 

(blue circles), our model predictions (red line), and simulated data from Brockmann’s method 

(green line) with constant convection coefficient as the average value of nonlinear fitted 

convection coefficients. 
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Figure 2.4 continued 

 

 

From Figures 2.4(b)-(i), data from our model predictions better matches with experimental 

data compared with Brockmann’s. For paper web with transport speed 1 m/min as in Figure 2.4 

(c), our model over predicts the peak temperature increase by 27.06% while Brockmann’s model 

does so by 38.13%; with transport speed 2 m/min as in Figure 2.4(d), our model over predicts the 

peak temperature by 2.48% while Brockmann’s model does so by 6.37%. For PET web with 

transport speed 1 m/min as in in Figure 2.4(g), our model over predicts the peak temperature by 

32.78% while Brockmann’s model does so by 54.75%; with transport speed 2 m/min as in Figure 

2.4(h), our model over predicts the peak temperature by 28.96% while Brockmann’s model does 

so by 37.53%. Hence, Brockmann’s method over predicts the measured temperature distribution 

compared with our method because of the absence of radiation term in Brockmann’s model. 

However, as the web speed increases both model predictions come closer to experimental data 
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since the effect of thermal convection (included in both models) increases in comparison to 

radiation effects.  

Table 2.3. Physical properties of the white paper web. 

Mass density 

ρ (kg/m
3
) f 

Young’s 

Modulus 
E (GPa) f 

Thermal 

conductivity 
k (W/(m‧K)) g 

Specific heat 

capacity c 
(kJ/(kg‧K)) g 

Coefficient of 

thermal expansion 
αT  (m/(m‧K)) g 

Web 

width b 

(cm) f 

1.169×103 3.225 0.1 1.26 6.4×10
-6

 15 

Web 

thickness t 

(μm) f 

Emissivity 

factor  f 
Poisson’s 

ratio ν g 

Gravitational 

acceleration 

g (m/s
2
) 

Ambient 

temperature Ta 

(℃) f 

 

160 0.86 0.2 9.8 21 (i.e. 294.15 K)  

f’s are self-measured. 

g’s are from literatures [38, 53, 54].  

2.5 Conclusions 

An accurate thermomechanics model of an axially moving web subject to arbitrary heat flux 

is theoretically developed and experimentally validated. We studied cases representative of both 

R2R processes in air and in vacuum. Web transport drives asymmetry in both temperature and 

stress fields and significantly influences the peak values of temperature increase and principal 

stress. Compressive stresses may cause web wrinkling, which mostly happens around the regions 

of incident heat flux. With a fixed heat flux, the magnitudes of peak temperature and compressive 

stress reduce with increasing web speed. The local web temperature can be controlled in a 

workable range and local web wrinkling can be avoided by adjusting the amplitude of heat flux 

for different web speeds. With aid of such modeling and simulation tools, we hope that a variety 

of R2R systems for nanomanufacturing and flexible electronics manufacturing can be optimized 

for improved yield and product quality. 
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 VIBRATIONS OF AIR-COUPLED WEB SYSTEMS 

This Chapter was published in Journal of Vibration and Acoustics (DOI: 10.1115/1.4047702). We 

acknowledge the permission of copyright by ASME to include it in this dissertation. 

3.1 Introduction 

Flexible hybrid electronics and stretchable electronics are rapidly growing technology sector 

with a global market expected to exceed $75 Billion the early 2020’s as reported by the National 

Academies [1]. Because of the diverse applications of flexible electronics to photovoltaics, 

batteries, sensors for Internet of Things (IoT), human wearable devices, flexible lighting, and 

flexible displays [2-5], the growth of flexible electronics coincides with the digital transformation 

of many industry sectors. 

Roll-to-roll (R2R) processes offer generic technology platforms for scale-up of flexible 

electronics manufacturing to reduce the cost and increase the volume throughput [6-9]. Figure 3.1 

shows a flexible thin web cross a span between two rollers in a typical R2R manufacturing set up 

for flexible electronics manufacturing. There is increasing interest the thermomechanics [8, 9] and 

vibrations of tensioned webs in R2R processes for process monitoring, quality control, and process 

stability [10-19]. 

Web vibration can be detrimental to process control; thus, several groups have worked on 

web vibration control [12, 14, 15]. Web systems designers are interested in ensuring that the web 

frequencies are tuned away from several external excitation sources in the R2R process. For 

example, in printing applications, the web vibration frequency will need to be tuned away from 

the firing frequency of printer heads. In addition, web frequencies need to be tuned away from 

roller-eccentricity induced boundary excitation frequencies in processes. 

On the other hand, intentional excitation and measurement of vibration modes may serve as 

a way for generating non-uniform distributed functional patterns (such as Chladni patterns) in wet 

coated layer on flexible thin substrates [20-23] or to measure web pre-tension instead of using load 

cells [16, 17]. Intentional modal vibrations might also be used for rapid in-line reliability 

monitoring of R2R products, including thin film delamination and cracking, instead of traditional 

off-line cyclic bending and torsion tests [6, 24]. Characterization of web vibration may also enable 

https://doi.org/10.1115/1.4047702
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new ways of strain distribution monitoring or damage detection in R2R flexible electronics 

manufacturing. 

 

 

Figure 3.1. An air-coupled flexible thin spans between two rollers in R2R processes. Web 

vibration utilization or mitigation applications in such R2R processes include: Vibration isolation 

or vibration control [12, 14, 15]; Web pre-tension prediction [16, 17]; Self-assembly of patterns 

[20-23]; Cyclic bending and torsion tests [6, 24]. 

The vibrations of thin flexible webs in R2R processes in flexible electronics manufacturing 

are significantly affected by surrounding air, which can reduce the frequencies and changes the 

mode shapes in comparison to those in vacuo. This is primarily because the mass density of thin 

polymer or paper typically used as substrates in flexible electronics manufacturing are much 

smaller compared to sheet metal. As such the surrounding air couples strongly with the transverse 

vibration of such taut webs over their large area and must be considered to accurately predict web 

frequencies, mode shapes, or web pre-tension. Pramila et al. [25, 26] first investigated this using 

potential flow theory for the surrounding air and a uniaxially tensioned membrane model for the 

web. However, the linear eigenvalue problem for out-of-plane vibration of a uniaxially tensioned 

membrane is ill-posed, in that the spatial dependence of any eigenmode in a direction transverse 

to the tension cannot be defined. The work is followed by Chang and Moretti [27], Vaughan and 

Raman [10, 11], Hara and Watanabe [28, 29], Yao and Zhang [30] who used a uniaxially tensioned 

Kirchhoff plate model and investigated free edge flutter and web stability caused by cross flow. 
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Most of these works assume the air is incompressible, inviscid, and irrotational. Kulachenko, 

Gradin, and Koivurova [31] used the Helmholtz equation since they assume surrounding air is 

compressible. Noting that potential flow theory is not suitable for edge wake phenomena when 

airflow occurs transverse to the tensioned direction, Bidkar, Raman, and Bajaj [32] used a vortex-

lattice method for inviscid and incompressible flows. However, all these previous works require 

significant computational work to determine the effect of surrounding air on the web vibration. As 

such these computational approaches are not easily accessible to web systems designers and 

controllers. 

One way to make aerodynamic/ hydrodynamic coupling easily accessible is by generating 

easy-to-use semi-analytical expressions for the coupling based on detailed computations. The trick 

here is to make the hydrodynamic functions as “Universal” as possible, so that they represent a 

wide range of operating conditions, properties, and geometries relevant to the application. One 

such example of accessible and thus highly utilized hydrodynamic functions are Sader’s functions 

[33, 34] that can predict the added mass and viscous damping of multiple modes of 

microcantilevers immersed in fluids for use in the Atomic Force Microscope. Sader’s 

hydrodynamic functions are based on two-dimensional computational solutions of linearized, 

unsteady, incompressible Navier Stokes equations and are valid over a wide range of unsteady 

Reynold’s numbers, microcatilever geometries and surrounding fluid properties. 

In this chapter we present closed-form, semi-analytical hydrodynamic functions for the 

accurate prediction of air-coupled vibration response of uniaxially tensioned webs valid over two 

orders of magnitude of range of web aspect ratio, and for arbitrary web material mass density and 

tension. The taut webs are considered stationary because many flexible electronics manufacturing 

operations work at low speeds (less than 3.5 m/min [3,6,9]). The primary interest is on the added 

mass effect of air-coupling. Thus, the hydrodynamic functions presented here are based on three-

dimensional computations of webs coupled with incompressible, inviscid, irrotational surrounding 

fluid. Specifically, we present hydrodynamic functions for the two lowest frequency eigenmodes 

of the web. The hydrodynamic functions for other eigenmodes can be obtained following our 

method shown in Section 3.2.4. The hydrodynamic functions are validated in experiments using 

acoustically excited and laser-measured web vibrations with three different types of web materials 

with various in-span length to width ratios and pre-tensions. The hydrodynamic functions for air-

coupled web vibrations derived in this chapter will allow R2R web system designers, and R2R 
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system dynamics and control engineers estimate the transverse web frequencies using simple 

formulas rather than through the use of expensive computational models. The only data needed to 

determine the air-added effects for lowest eigenmodes are the uniaxial tension, length, aspect ratio, 

and mass areal density of any rectangular web, as well as the density of surrounding air (or other 

fluid). 

3.2 Mathematical Models of Air-Coupled Web Systems 

3.2.1 Field Equations for the Coupled System and Their Discretization 

Inspired by prior works on vibration of metal plates submerged in water with applications to 

ship research [35-37], in this section we develop a solution method to couple a 2D tensioned web 

model with a 3D potential flow model for surrounding air. The ratio of air mass density to web 

material mass density is an important indicator of the strength of the air-coupling effect on web 

vibrations and is much greater for typical web materials (plastics, papers) used in R2R 

manufacturing than for metal webs. As a result, the effect of surrounding air on the vibrations of 

flexible taut webs in R2R processes is expected to be significant in a similar manner as the effect 

of surrounding water on the vibration of submerged metal plates. 

We assume the rectangular web cross a span between two rollers in R2R with 2D isotropic, 

linearly elastic, uniaxially tensioned Kirchhoff plate. A linear membrane model for a uniaxially 

tensioned web leads to non-unique eigenfunction dependence along the direction transverse to the 

tension. Hence, we choose to include very small but finite bending stiffness of a uniaxially 

tensioned plate in the model for the vibrating web. In-plane oscillations and out-of-plane 

oscillations are uncoupled in this flat tensioned plate model. The equation of motion for out-of-

plane vibrations of an axially stationary web can be derived from Hamilton’s principle as [10, 11, 

38] 

4

1 3 1 3 11 ,11 1 3( , , ) ( , , ) ( , , ) ,webw x x D w x x N w x x p   +  − =   (3.1) 

where 1x , 2x , and 3x  are the coordinates along longitudinal (in the plane of the web along the 

direction of applied tension), transverse (normal to web surface), and lateral directions (in the plane 

of the web), respectively, as shown in Figure 3.1;   is the time, 1 3( , , )w x x   is the web deflection 

transverse to the plane of the web; web  is the web areal mass density; 
3 2/ [12(1 )]D Eh = −  is the 
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web bending stiffness, with E , h , and   denoting Young’s modulus, thickness, and Poisson’s 

ratio of the web, respectively; 4  is the biharmonic operator; 11N  is the web’s uniaxial pre-tension 

per unit width; p is the aerodynamic pressure differential between the bottom surface and upper 

surface of the vibrating web. 

We choose a 3D potential flow model for the surrounding air assuming the surrounding air 

is initially quiescent (no bulk velocity or transport) and is incompressible, inviscid, and irrotational. 

This is because compared to broad R2R applications, the R2R processes for flexible electronics 

are typically with low speed (less than 3.5 m/min [3, 6, 9]) with quiet manufacturing environments 

and thus near-quiescent conditions. In addition, the flow can be considered incompressible since 

the transverse vibration frequencies are very slow. Since the focus of the work is on added mass 

effect of the air, we assume that the surrounding fluid is inviscid. The assumption of irrotational 

flow follows from the fact that we are not considering steady air flows over free edges which 

would lead to vortices [32]. Then the aerodynamics of surrounding air is coupled to the web 

vibration through the surface pressure differential as [10, 11, 25] 

1 32 ( ,0 , , ),airp x x  +=   (3.2) 

where the factor “2” comes from the anti-symmetric aerodynamic pressure on the two surfaces of 

the web; air  is the density of surrounding air; 
1 3( ,0 , , )x x +  is the velocity potential of air on the 

web; and 1 3
1 3

( ,0 , , )
( ,0 , , )

x x
x x

 
 



+
+ 

=


. Substituting Eq. (3.1) into Eq. (3.2), we obtain the 

governing equation of the vibrating web coupled to surrounding air as 

4

1 3 1 3 11 ,11 1 3 1 3( , , ) ( , , ) ( , , ) 2 ( ,0 , , ).web airw x x D w x x N w x x x x      ++  − =   (3.3) 

The continuity equation of the surrounding potential flow can be written as a Laplace’s 

equation 

2 2 2
2 1 2 3 1 2 3 1 2 3

1 2 3 2 2 2

1 2 3

( , , , ) ( , , , ) ( , , , )
( , , , ) 0

x x x x x x x x x
x x x

x x x

     
 

  
 = + + =

  
，  (3.4) 

where 2  is the Laplace operator, 1 2 3( , , , )x x x   is the velocity potential of air. The gradient of 

the velocity potential gives component of velocity of air along its direction. Thus, the velocity of 

air normal to the web equals the normal vibrating velocity of the web, i.e. 

,2 1 3 1 3( ,0 , , ) ( , , ).x x w x x  +− =   (3.5) 
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Next we nondimensionalize Eqs. (3.3) - (3.5) as [10,11] 

1 2 3
1 2 3

11

2

11 11

, , , ,

, , , ,air web

web web

x x w x
x x w x

L L L L

D L N

L N L L N

   
  

 

   = = = =

 =  = = =

  (3.6) 

where L  is the in-span length of web in longitudinal direction,   is the bending stiffness to 

tension ratio, and   is some measure of air density to areal mass density of web. The primes 

denote the nondimensional quantities.   is normally very small, ranging from -610  to 
-410 ,  but 

non-negligible for taut webs used in flexible electronics applications. It distinguishes the spatial 

dependence of eigenmodes in lateral direction. Using Eq. (3.6), we can rewrite Eqs. (3.3) - (3.5) 

in nondimensional form as 

4

1 3 1 3 ,11 1 3 1 3( , , ) ( , , ) ( , , ) 2 ( ,0 , , ),w x x w x x w x x x x     +               +  − =    (3.7) 

2

1 2 3( , , , ) 0x x x      = ，  (3.8) 

,2 1 3 1 3( ,0 , , ) ( , , ).x x w x x  +       − =   (3.9) 

The associated boundary conditions are: 

1. Turnbull et al. [39] proved that simply supported boundary conditions are adequately 

accurate assumptions to predict linear vibrations of pre-tensioned webs across finite 

radius rollers 

3 3 ,11 3 ,11 3(0, , ) (1, , ) 0, (0, , ) (1, , ) 0;w x w x w x w x              = = = =  (3.10) 

2. there is no shear force or bending moment for the free edges 

,33 1 ,11 1

,333 1 ,311 1

( , 1/ (2 ), ) ( , 1/ (2 ), ) 0,

( , 1/ (2 ), ) (2 ) ( , 1/ (2 ), ) 0;

w x w x

w x w x

    

    

     +  =

      + −  =
 (3.11) 

3. the fluid is allowed to exchange between the upper and lower half space, i.e. the web is 

unbaffled 

1 3( ,0, , ) 0,    outside the area of web;x x     =  (3.12) 

4. the fluid is stationary in the far field 

2 2 2
1 2 3

, 1 2 3lim ( , , , ) 0.normal
x x x

x x x 
  + + →

     =  (3.13) 
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To solve the coupled eigenvalue problem underlying the free vibrations of the air-coupled 

web (i.e. Eqs. (3.7) - (3.9)), we separate the time and space variables for both the web deflection 

and the velocity potential of air as 

1 3 1 3

1 1

( , , ) ( ) ( , ),mn mn

m n

w x x q W x x 
 

= =

        =  (3.14) 

1 2 3 2 2 1 2 3

1 1

( , , , ) ( ) ( , , ).mn mn

m n

x x x A x x x   
 

= =

          =  (3.15) 

where 1 3( , )mnW x x    represents a nondimensional admissible set of basis functions for web vibration, 

( )mnq    is the generalized coordinate. Basis functions with m  and n  as odd numbers are 

symmetric with respect to 1 0.5x =   and 3 0x = , respectively;  while those with even-numbered m  

and n  values are anti-symmetric with respect to 1 0.5x =   and 3 0x = , respectively. 2mn  is the 

three-dimensional aerodynamic function corresponding to web vibration in the corresponding 

basis function 1 3( , )mnW x x   . The 2’s in the subscripts of 2mnA  and 2mn  signify that the components 

are caused by vibration in the direction normal to the plane of the web. There is no initial cross 

flow along longitudinal or lateral direction, so no additional terms due to flow transport appear in 

the equations [11]. Substituting Eqs. (3.14) and (3.15) into (3.9) gives 

2 ( ) ( ),mn mnA q    = −  (3.16) 

2,2 1 3 1 3( ,0 , ) ( , ).mn mnx x W x x +     =  (3.17) 

We normalize the web vibration basis functions 1 3( , )mnW x x    as 

1/(2 ) 1
2

1 3 1 3
1/(2 ) 0

( , ) 1,mnW x x dx dx


−
     =   (3.18) 

where /L b   is the in-span length to width ratio (i.e. aspect ratio) of web, b  is the width of web 

in lateral direction. Combining Eq. (3.7) and Eqs. (3.14) - (3.18) and applying Assumed Modes 

Method (AMM) with inner products with mnW   yields 

( 2 ) 0,air
   +  + =I M q K q  (3.19) 

where  

1/(2 ) 1

; ,11 1 3 ,11 1 3 ,33 1 3 ,33 1 3
1/(2 ) 0

,13 1 3 ,13 1 3 ,11 1 3 ,33 1 3

,33 1 3 ,11 1 3

( ) [ ( , ) ( , ) ( , ) ( , )

2(1 ) ( , ) ( , ) ( , ) ( , )

( , ) ( ,

K ij mn ij mn ij mn

ij mn ij mn

ij mn

W x x W x x W x x W x x

W x x W x x W x x W x x

W x x W x x






 



−
            = +

           + − +

     +

 

,1 1 3 ,1 1 3 1 3)] ( , ) ( , ) ,ij mnW x x W x x dx dx       +

 (3.20) 
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( )
1/(2 ) 1

1 3 2 1 3 1 3; 1/(2 ) 0
( , ) ( ,0 , ) .Mair ij mnij mn

W x x x x dx dx



 +

−
        =    (3.21) 

q  is the vector of the generalized coordinates ( )mnq   . The stiffness matrix K  is symmetric and 

diagonal. The added air mass matrix M air
  is symmetric but with off-diagonal terms, since the 

inner products of any two symmetric 1 3( , )mnW x x    and 
2 1 3' ( ' ,0 , ' )mn x x + or any two anti-symmetric 

1 3( , )mnW x x    and 
2 1 3' ( ' ,0 , ' )mn x x +  are not necessarily zero. ' 2 air

= + M I M  gives the new mass 

matrix for the coupled system. 

3.2.2 Exact Solutions to the In Vacuo Eigenvalue Problem 

In the absence of air-coupling ( 0 = ), exact solutions to the eigenvalue problem can be 

found conveniently. The in vacuo eigenmode mnW   that satisfies the simply supported boundary 

conditions in Eq. (3.10) can be shown to be 

1 3 1 3( , ) sin( ) ( ),mn mnW x x m x Y x     =  (3.22) 

where  

3 1 1 3 2 1 3 3 2 3 4 2 3( ) cosh sinh cos sin ,mn mn mn mn mnY x C x C x C x C x                = + + +  (3.23) 

2 2 2 2 2 2
2 2 2 2

1 2, .mn mn
mn mn

m m
m m

   
   

 

 − −
 = + = −  (3.24) 

Additionally, the boundary conditions in Eq. (3.11) can be simplified as 

1 2
1 2

1

31 2
3 4

cosh cos
2 2

0,

sinh sin
2 2

mn mn

mn mn

B B
C

C
B B

 

 

 

 

  
 −   

=   
     

  

 (3.25) 

or 

1 2
1 2

2

41 2
3 4

sinh sin
2 2

0,

cosh cos
2 2

mn mn

mn mn

B B
C

C
B B

 

 

 

 

  
 −   

=   
     −

  

 (3.26) 

where 2 2 2

1 1 ,mnB m   = −  2 2 2

2 2 ,mnB m   = +  3 2 2 2 2

3 1 1 12 ,mn mn mnB m m        = − +  

3 2 2 2 2

4 2 2 22 .mn mn mnB m m        = + −  The in vacuo mode frequency mn  can be solved by letting 
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1 2 1 2
1 2 1 2

1 2 1 2
3 4 3 4

cosh cos sinh sin
2 2 2 2

0, or 0.

sinh sin cosh cos
2 2 2 2

mn mn mn mn

mn mn mn mn

B B B B

B B B B

   

   

   

   

   
   − −

= =
   

   −

 (3.27) 

We obtain 1mn   and 2mn   by substituting mn  into Eq. (3.24), and solve for 1 2 3 4, , ,  and C C C C     by 

Eqs. (3.25) and (3.26) with normalization of mnW   as in Eq. (3.18).  

The lowest symmetric and anti-symmetric in vacuo eigenmodes corresponding to 1m= , 

1n =  and 1m= , 2n =  respectively can be seen in the inset of Figure 3.2. They can be understood 

as the lowest bending and torsion dominated modes of the web, respectively. The air-coupling 

significantly changes both the natural frequencies as well as the shapes of these eigenfunctions as 

will be discussed in subsequent sections. 

 

 

Figure 3.2. Frequency clustering of an in vacuo, stationary, uniformly tensioned web as a 

function of in-span length to width ratio  , computed using the exact solution to the in vacuo 

eigenvalue problem Eq. (3.27) with 510 −= . 
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The in vacuo mode frequencies are clustered tightly about the equivalent frequencies of a 

tensioned string and are not easy to distinguish either by varying the bending stiffness to tension 

ratio   (usually very small but finite, see in reference [11]) or web in-span length to width ratio 

 (as shown in Figure 3.2). As shown in Figure 3.2, all mode frequencies with the same m  cluster 

close together when   is small. The mode frequencies separate when  increases, however the 

lowest symmetric and anti-symmetric mode frequencies (i.e. 1,2n = ) with the same m  remain 

tightly clustered. 

3.2.3 Discretized System Analysis of Coupled Eigenvalue Problem 

In the presence of air-coupling ( 0  ), analytical solutions to the eigenvalue problem are 

not available. Rather, the discretized system (Eq. (3.19)) needs to be solved. We choose an 

admissible function basis (normalized as Eq. (3.18)) for an assumed AMM process as follows: 

1

1 3 1 3 3 3

3 5 7

1 2 3 4

9 11 13 15

5 6 7 810649

( , ) sin( ) ( ),

6

 ( ) ( ) ,

2 , 24 , 160 , 896 ,

460 49158 , 22528 , , .20

n

mn mn mn mn

m m m m

m m m m

W x x m x Y x Y x C x

C C C C

C C C C



   

   

−         = =

   = = = =

   = = = =

 (3.28) 

While the exact in vacuo eigenfunctions can also be used as a comparison function basis for this 

discretization, the exact in vacuo eigenfunctions depend on web material and aspect ratio. As our 

goal is to develop “Universal” hydrodynamic functions, the computational effort required to 

calculate the discretization basis for every web material and aspect ratio considered is substantial. 

Instead the use of a polynomial basis in the 3x  direction allows the same basis function to be used 

for the all web aspect ratios and materials used, thus substantially reducing the computational effort 

with little effect on the accuracy of prediction. 

To solve for the corresponding aerodynamic potentials 2mn , we apply ABAQUS [40], a 3D 

finite element solver, to Eqs. (3.8) and (3.15) with boundary conditions (3.12), (3.13), and (3.17). 

Figure 3.3 shows the admissible function basis 1 3( , ),mnW x x    the corresponding 2D on-web air 

velocity potentials 
2 1 3' ( ' ,0 , ' ),mn x x +  and 3D air velocity potentials 2 1 2 3( , , )mn x x x     with cross-

sections views. The infinite fluid boundary is truncated to an inner domain with higher mesh 

density and an outer domain with lower mesh density to reduce the computational cost. The inner 



 

 

59 

domain is a uniform cube and the outer domain is the volume between the inner domain and a 

larger cube containing the inner domain. 

 

 

Figure 3.3. In vacuo admissible function bases 11 12 sin( ),W x =  12 1 324 sin( ) ,W x x  =  and 

21 12 sin(2 )W x =  for 1 = , and the corresponding air velocity potentials on the web 

2 1 3' ( ' ,0 , ' ),mn x x +  3D air velocity potentials 2 1 2 3( , , )mn x x x     with cross-sections views. A 3D 

finite element solver is used to solve the corresponding air velocity potentials 2mn  from Eqs. 

(3.8) and (3.15) with boundary conditions (3.12), (3.13), and (3.17). 

A convergence study determines the mesh density and size of each domain. We take 1 =  

for the study and use basis functions 11 12 13 14, , ,W W W W     to check all diagonal entries in air
M , as 

discussed in Section 3.2.1. We first fix the inner and outer domain cubic side lengths to be one 

time and two times of the largest dimension of the web, respectively. Then, the mesh density 

convergence is determined when the diagonal entries in air
M  change by less than 1% in 

progressive computations where the mesh density is doubled in each computation. With mesh 

density converged, we increase the cubic domain side length by twice the largest dimension of the 

web in progressive computations until the diagonal entries in air
M  changes by less than 1%. Based 

on the convergence study, we use 512,000 elements with 531,441 nodes in the inner domain cube 

of side length equaling twice the largest dimension of the web; and we use 3,250 elements with 

4,016 nodes in the outer domain cube whose extent ranges from two times to six times of the 
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largest dimension of the web. After obtaining mnW   and 2mn , 
;( )K ij mn

  and ( )
;

Mair ij mn
  can be 

solved by numerical integration of Eqs. (3.20) and (3.21). Substituting 
;( )K ij mn

  and ( )
;

Mair ij mn
  into 

Eq. (3.19), we will obtain the air-coupled natural frequencies for the webs. 

Using this approach, we compare in Table 3.1 the two lowest frequencies of an air-coupled 

web as predicted by (a) using a comparison function basis, the exact in vavuo eigenfunctions and 

(b) using the polynomial admissible function basis in Eq. (3.28) for a web with parameters chosen 

as 
51.6 10 , 5.7, 2.5. −=   = =  We increase the sizes of 'M  and 'K  matrices from 1 1  to 

4 4.  The polynomial admissible function basis approximates well both two lowest frequencies 

of air-coupled web with less than 6% error compared to when the in vacuo eigenfunctions are used 

as a basis. 

Table 3.1. The two lowest frequencies solved by AMM with exact in vacuo eigenfunctions and 

estimated admissible polynomial function basis (Eq. (3.28)), 
51.6 10 , 5.7, 2.5. −=   = =  

Sizes of 'M  and 'K  
11  12  

In vacuo 

eigenfunctions 

Admissible 

function basis 

In vacuo 

eigenfunctions 

Admissible 

function basis 

In vacuo 3.14182 3.14184 3.14445 3.14445 

1 1  2.00485 2.00018 2.49805 2.49914 

2 2  1.83017 1.93806 2.42958 2.45271 

3 3  1.82556 1.93691 2.42904 2.42984 

4 4  1.82426 1.93690 2.42901 2.42902 

 

The computational approach above, which has also been described in prior works (see in 

reference [11]), has some disadvantages: (a) it is computationally expensive, (b) it requires a new 

computation for every aspect ratio and web material properties, (c) it requires expertise in fluid-

structure interaction computations, and (d) has not been validated experimentally. In what follows 

we present an approach to overcome these disadvantages using hydrodynamic functions and 

validate it in experiments. 
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3.2.4 Hydrodynamic Function 

Here we develop closed-form, semi-analytical, hydrodynamic functions for the first 

symmetric and anti-symmetric basis functions of the pre-tensioned web as a way to estimate the 

air-coupling on the lowest two eigenmodes of tensioned webs. The method outlined can be easily 

extended to compute hydrodynamic functions for other basis functions. 

With the basis in place, we solve the air velocity potentials with different aspect ratios. So 

that we can use a same integration domain for different 's , we rescale the coordinates 

* *

1 1 3 3, ;x x x x = =  all the properties with 1 =  are denoted with *. The hydrodynamic functions 

then are a multiplicative functions that depend on 's  that allow the added air mass entries 

computed for any aspect ratio to be expressed in terms of the “reference” added air mass entries 

when 1 = . Thus, we have 

( ) ( ) ( )*

2 2; ; ;
' ( ) , (1) 1.air air ijmn air ijmnij mn ij mn ij mn

L LF F= = =M M M         (3.29) 

2 ( ) 'sijmnF   are functions relating the magnitudes of ( )
;

'air ij mn
M  with respect to web aspect ratio 

for different basis functions 
ijW    and different air velocity potentials on the surface of web 

2 1 3' ( ' ,0 , ' ).mn x x +  Specifically, we use the basis functions ( ,1)m  and ( , 2)m  in Eq. (3.28) to fit 

11112 ( )F   and 12122 ( )F  , the hydrodynamic functions for the lowest symmetric and anti-symmetric 

basis functions. They are fitted to computed values with   from 0.1 to 10 using a functional form 

in terms of a polynomial in terms of 10log ( )  along the lines of Sader’s hydrodynamic functions 

[33,34], since it will balance the fitting range for both 1   and 1.   The fitted hydrodynamic 

functions are determined to be:  

2 3

11112 10 10 10

4 5 6

10 10 10

2 3

12122 10 10 10

( ) [ log ( )] [log ( )] [log ( )]

[log ( )] [log (

1 1.17557 0.10578 0.54019

0.16507 0.25226 0.00822

1 1.91774 1.1

)] [log ( )] ;

( ) [ log ( )] [6202 log ( )] [log ( )]0.46179

0.82329

F

F

   

  

   

− − +

+ − −

− +

=

= +

− 4 5 6

10 10 10[log ( )] [log (0.19040 0.387)] [log ( )] .91  − +

 (3.30) 

Figure 3.4 shows a comparison of nondimensional added mass from finite element method 

and fitted functions with admissible function basis 11 12 sin( ),W x  =  and 

3

12 1 324 sin( )W x x   = . As can be seen, in the fitting range the maximum absolute related errors 
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between the semi-analytical hydrodynamic functions (i.e., Eq. (3.30)) and the finite element 

computed solutions are 0.197% and 0.644% for 11ij mn= =  and 12,ij mn= =  respectively. 

 

 

Figure 3.4. Comparison of nondimensional added mass from finite element method and fitted 

functions with admissible function basis 11 12 sin( ),W x  =  and 
3

12 1 324 sin( )W x x   = , with 

 from 0.1 to 10. The maximum absolute related errors for fitting 11ij mn= =  and 12ij mn= =  

are 0.197% and 0.644%, respectively. 

With the 1 term approximation the lowest symmetric and anti-symmetric frequencies of an 

air-coupled web can be determined using the hydrodynamic function as follows 

( )
( )
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( )
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4 2
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11
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4 2
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12122

1
= ,

2 2 +0.51048 ( )

[ 24(1 ) ]
1

.
2 2 +0.26150 ( )

air

air

web air

air

air

web air

D N

L Lf Hz
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D N
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

   

  
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Recall since 
2

11

D

L N
 = is very small for industrial flexible electronics applications, typically from

-610  to 
-410 ,  we can simplify Eq. (3.31) as 

( )
( )

( )

( )
( )

( )

1111

11

11112

1112

12

12122

1
,

2 2 +0.51048 ( )

1
.

2 2 +0.26150 ( )

air

air

web air

air

air

web air

N
f Hz

L LF

N
f Hz

L LF



   



   

= 

= 

 (3.32) 

Thus, R2R web designers and R2R system dynamics and control researchers only need to 

substitute physical properties into Eq. (3.32) to find the mode frequencies. These hydrodynamic 

functions can be used for a broad range of in-span length to width ratios from 0.1 to 10.  

The analysis above assumes no air-coupling between different basis functions in the mass 

matrix. However, in principle different basis functions couple due to the off-diagonal terms in the 

added air mass matrix M air
 . Although there is no closed-form solution for the correct eigenmodes, 

they can be calculated computationally. 

We use AMM to estimate the mode shapes for air-coupled webs. We return to Eq. (3.19) 

and rewrite as 0,   + =M q K q the corresponding eigenvectors of the matrix ( )
1

 
−

 M K determine 

the contribution of each basis function to the air-coupled eigenmodes. This is discussed later in 

more detail in the context of the experimental measurements in Section 3.4. 

In what follows we study the use of these hydrodynamic functions in the analysis of web 

vibration characteristics. Figure 3.5 shows the ratios of air-coupled to in vacuo mode frequencies 

computed using Eq. (3.32) for the lowest symmetric and anti-symmetric modes for three materials 

as a function of in-span length to width ratio. All these webs are with fixed width = 215.9 mm and 

pre-tension 11 200 /N N m= , in the typical range of industrial usage [41-43], with related web areal 

mass densities as 2116.01 / ,web g m =  
271.55 / ,g m  and 

242.58 / ,g m  air density 

31.225 /air kg m =  [10]. From Figure 3.5 we can see that air-coupling reduces the lowest natural 

frequencies from 20% to 60% compared to the in vacuo values in the range we investigated. Air-

coupling effect on web natural frequencies is more pronounced for webs with large in-span length 

to width ratio and for webs with lower areal mass density. The latter observation is in line with Eq. 

(3.7) which suggests that air-coupling is modulated by the magnitude of ,air

web

L


 =  which implies 
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that lighter webs (low areal mass density) are more sensitive to air-coupling than heavier webs. 

Air-coupling also separates the clustered frequencies since the mode frequency of lowest 

symmetric mode reduces more than that of lowest anti-symmetric mode. 

 

 

Figure 3.5. The ratios of estimated air-coupled to the exact in vacuo mode frequencies for the 

lowest symmetric and anti-symmetric modes for three materials as a function of in-span length to 

width ratio, using Eq. (3.32). All the three types of web are with width = 215.9 mm, 

11 200 / .N N m=  While their areal mass densities are 2116.01 / ,web g m =  
271.55 / ,g m  and 

242.58 /g m , referring to Table 3.2. 
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Table 3.2. Properties of the webs 

Property DuPont Nomex 410 Paper Polyimide Film Unit 

Young’s Modulus a 2.75  2.75 2.50 GPa  

Poisson’s Ratio a 0.30 0.30 0.34 −  

Web Areal Density b 42.58 0.653  116.01 2.024  7 0.6761.55  
2/g m  

Thickness 50.8 127.0 50.8 m  

Width 215.9 215.9 215.9 mm  

In-span Length to 

Width Ratios 
1.5:1, 2:1, 2.5:1, and 3:1 −  

a Given in [43,44]. 

b Measured by averaging the weights of six area-known rectangular films. Means and stand 

deviation values are listed. 

3.3 Experimental Setup 

To experimentally validate the hydrodynamic functions, we use acoustically excited and 

laser-measured web vibrations with three different types of web materials with various in-span 

length to width ratios and pre-tensions. We conduct tests on rectangular webs with geometric 

dimensions and material properties given in Table 3.2. Each web is wrapped onto four live rollers 

(Hex-axls 1.9" diameter conveyor rollers with bearing-in, McMaster-Carr) which are mounted on 

an aluminum frame via brackets (Conveyor roller mounting brackets for hex axle, McMaster-Carr) 

as shown in Figure 3.6(a). The aluminum frame is built with 25.4 25.4mm mm  framing rails (T-

Slotted Framing Rails, McMaster-Carr) and fastened by associated fasteners and brackets 

(McMaster-Carr). Two rollers in intermediate height are used for adjusting  . We load in-span 

tension to the web by hanging a weight-known dumbbell on one end of web wrapping over the 

lowest roller. A small portion of web is wrapped on the dumbbell bar and taped uniformly 

afterwards. The other end of web is wound onto the small upper roller which has a pin hole for 

rotation lockage. Pre-tensions in our experiments are 111.64 /N m  and 163.33 /N m . These values 

are industrially relevant [41-43]. Due to the frictional interactions with the rollers, low pre-tension 

cannot stretch the web evenly and high pre-tension can lead to wrinkles. We mount a speaker 

(5Watts, Creative A220, Creative Technology Ltd.) on a boom stand which is separated from the 

aluminum frame for vibration isolation and place it close to one free edge of the web as Figure 3.6 

shows. We measure frequency response function (FRF) of the speaker before we use it as the 

excitation source. Swept sine waves are sent to the speaker from Dynamics Signal Analyzer (DSA) 

(HP 35670A, The Keysight Technologies, Inc) with increment of 0.1 Hz. The speaker cone 
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displacement is sensed by a laser-based triangulation measurement system (Microtrak 7000, MTI 

Instruments) whose sensor head is fixed to a tripod for non-contact measurement. The cone 

displacement to the input voltage ratio is found fairly constant in the frequency range up to 100Hz 

and phase response drops from 0 smoothly. We measure FRFs of 15 points for 1.5 = , and 2 = , 

and 25 points for 2.5 = , and 3 =  where these points are equally distributed in the 1 3x x−  plane 

as shown in Figure 3.6(b). We choose the swept upper cutoff frequency to be slightly higher than 

the estimated frequencies ( )
12airf  and the lower cutoff frequency to be lower than the first resonant 

frequency for time saving. We average the frequencies from FRFs of these points to attain web 

measured resonant frequencies. The associated mode shapes are approximated subsequently by 

fitting the amplitudes of these measured points at the resonant frequencies. We fit the measured 

mode shapes to obtain smooth surfaces as 

( ) 2 3 4

1 1 3 1 1 2 3 3 3 4 3 5 3( , ) sin( / L)( ),measured

nW x x x a a x a x a x a x= + + + +  (3.33) 

where 1 2 3 4 5, , , ,  and a a a a a  are multiplicative constants. 
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Figure 3.6. (a) Experimental setup: 1 sensor head, 2 web, 3 loudspeaker, 4 dynamic signal 

analyzer, 5 laser-based triangulation system controller, and 6 deadweight (dumbbell); (b) 

measurement grid on the web (left for 1.5, =  and 2 = , right for 2.5, =  and 3 = , each red 

dot denotes the measured point). 
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3.4 Results and Discussions 

We experimentally validate the hydrodynamic functions through their effects on both the 

natural frequencies and mode shapes. As an example, Figure 3.7 shows one FRF gain and phase 

plots of a 127 m  DuPont Nomex 410 Paper with 2.5, =  and pre-tension 11 111.64 / mN N=  

excited acoustically by the speaker described earlier. Two amplitude peaks are distinct at resonant 

frequencies, 17.6 Hz  and 22.4 Hz , and nearly 180 degrees phase across the peaks. The FRF gain 

and phase plots of other scenarios are very similar and not presented here; rather, the measured 

resonance frequencies from those measurements are recorded. 

 

Figure 3.7. Averaged gain and phase of frequency response function of 127 m  DuPont Nomex 

410 Paper with 2.5, =  and pre-tension 11 111.64 / mN N= . 

Tables 3.3-3.5 present comparisons between the estimated frequencies by Eq. (3.32) and the 

measured resonant frequencies of the 50.8 m  DuPont Nomex 410 Paper, the 127 m  DuPont 

Nomex 410 Paper, and the 50.8 m  DuPont polyimide film under two pre-tensions and four in-
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span length to width ratios, respectively. The hydrodynamic functions allow the prediction of the 

first two web vibration frequencies to within 10% across all the measurements. Factors 

contributing to the discrepancies can be categorized into two aspects: web material anisotropy, 

non-uniform distribution of pre-tension, initial out-of-flatness of web, that are all effects not 

included in the mathematical model; and measurement, fitting, and parameter value uncertainties. 

For example, a 1% variation of air density, a one- variance of web areal mass density in Table 

3.2 and a 2% fitting error in 2 ( )mnF   can cause up to 1.2% difference calculated by error 

propagation function, 

( )
( ) ( ) ( )

( )

2 2 2

2

2

= ( ) ,
( )

air air airmn mn mn
air web air mnmn

web air mn

f f f
f F Hz

F
  

  

       
  +  +      

       

 (3.34) 

where   denotes the variation of a variable. The assumption of uniform pre-tension is also often 

hart to ensure in practice. Misalignment of rollers, friction characteristics between web and roller, 

anisotropic and inhomogeneous web material, residual stress in the web, and non-uniformity in 

applied pre-tension often produce in-plane strain energy variations crossing the web span. 

Table 3.3. The estimated and measured resonant frequencies for 50.8 m  DuPont Nomex 410 

paper, 242.58 /web g m =  

 ( )
11airf  (Hz) ( )

12airf  (Hz) 

Pre-tension 11 111.64 / mN N=  

  Estimation Experiment Discrepancy Estimation Experiment Discrepancy 

1.5/1 36.20 33.10 8.55% 48.06 45.34 5.66% 
2/1 26.17 24.35 6.94% 35.86 34.22 4.58% 

2.5/1 20.47 18.78 8.27% 28.65 28.17 1.66% 
3/1 16.81 15.39 8.47% 23.88 23.08 3.37% 

Pre-tension 11 163.33 / mN N=  

1.5/1 43.78 40.11 8.38% 58.13 55.22 5.01% 
2/1 31.65 29.44 6.98% 43.38 39.31 9.37% 

2.5/1 24.76 22.44 9.38% 34.65 32.79 5.36% 
3/1 20.34 19.26 5.29% 28.89 26.10 9.65% 
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Table 3.4. The estimated and measured resonant frequencies for 50.8 m  DuPont Polyimide 

film, 271.55 /web g m =  

 ( )
11airf  (Hz) ( )

12airf  (Hz) 

Pre-tension 11 111.64 / mN N=  

  Estimation Experiment Discrepancy Estimation Experiment Discrepancy 

1.5/1 33.86 32.47 4.11% 42.96 42.02 2.19% 
2/1 24.59 24.35 0.97% 32.09 29.76 7.26% 

2.5/1 19.29 18.94 1.80% 25.64 24.67 3.79% 
3/1 15.87 15.87 0.00% 21.38 19.58 8.40% 

Pre-tension 11 163.33 / mN N=  

1.5/1 40.96 38.83 5.19% 51.97 49.02 5.67% 
2/1 29.74 29.28 1.55% 38.81 37.56 3.23% 

2.5/1 23.33 21.49 7.88% 31.01 30.08 3.01% 
3/1 19.19 17.67 7.92% 25.86 24.35 5.82% 

Table 3.5. The estimated and measured resonant frequencies for 127 m  DuPont Nomex 410 

paper, 2116.01 /web g m =  

 ( )
11airf  (Hz) ( )

12airf  (Hz) 

Pre-tension 11 111.64 / mN N=  

  Estimation Experiment Discrepancy Estimation Experiment Discrepancy 

1.5/1 31.02 29.60 4.58% 37.56 37.56 0.00% 
2/1 22.64 21.80 3.71% 28.08 27.85 0.82% 

2.5/1 17.81 17.51 1.69% 22.44 22.28 0.73% 
3/1 14.68 14.55 0.88% 18.71 18.62 0.48% 

Pre-tension 11 163.33 / mN N=  

1.5/1 37.52 35.17 6.26% 45.43 43.13 5.06% 
2/1 27.38 26.10 4.69% 33.97 33.10 2.55% 

2.5/1 21.54 19.75 8.32% 27.15 26.10 3.86% 
3/1 17.75 17.67 0.48% 22.63 21.18 6.41% 
 

As seen in the experimental results, the air loading significantly changes both the natural 

frequencies and the mode shapes of the measured webs. Figure 3.8 illustrates the lowest symmetric 

and anti-symmetric experimental mode shapes for the associated resonant frequencies in Figure 

3.7. Figures 3.8 a) to d) show the exact mode shapes, with a) and b) for the in vacuo case. In-air-

coupled eigenmodes are computed using the AMM described in Section 2.2.1. Table 3.6 shows a 

convergence study of the order required in AMM. The computed in-air eigenmodes are shown in 

Figures 3.8 c) and d). We plot the mode shapes with 93 38 (3,534) nodes.  
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Figure 3.8. Three-dimensional representations of amplitude-normalized mode shapes of 127 m  

DuPont Nomex 410 Paper with 2.5, =  and pre-tension 11 111.64 / mN N= . a), c), and e) are the 

mode shapes for lowest symmetric mode; b), d), and f) are the mode shapes for lowest anti-

symmetric mode.  a) and b) are the in vacuo mode shapes from theoretically predictions; c) and 

d) are mode shapes of the case of a web surrounded by air by potential flow theory; e) and f) are 

the in air mode shapes fitted from experimental measured points by Eq. (3.33); g) and h) are the 

projections of e) and f) to the plane of the web (x1-x3 plane). The L-2 norm between c) and e) is 

2.98; the L-2 norm between d) and f) is 10.56. 

Table 3.6. L-2 norm of mode shapes from different AMM orders, 3,534 points, 127 m  DuPont 

Nomex 410 Paper with 2.5, =  and pre-tension 11 111.64 / mN N=  

AMM order n 

in air mode shape 11 

(approximated with symmetric in 

vacuo basis functions) 

in air mode shape 12 

(approximated with anti-

symmetric in vacuo basis 

functions) 

n = 1 41.96 24.83 

n = 2 34.69 32.23 

n = 3 34.00 31.56 
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The following are the key observations in comparing the computed and experimental in-air 

eigenmodes: 

1. The experimental and predicted in-air eigenmodes clearly couple the basis functions. 

The corresponding in vacuo eigenmodes contribute the major characteristic to the in-air 

eigenmodes, but the effects of other coupled basis functions reduce the amplitude at the 

free edges. The off-diagonal terms in the added air mass matrix cause the coupling. 

2. The AMM with three basis functions is able to closely predict the measured mode shapes. 

For symmetric case, the L-2 norms for the computed and experimental in air modes are 

34.00 and 33.99 respectively; for the anti-symmetric case, the L-2 norms for the 

computed and experimental in air modes are 31.56 and 29.13 respectively. 

3. The experimentally measured modeshapes are slightly asymmetric about the 3 0x =  axis. 

The asymmetry in the contour plots of mode shapes shown in Figures 3.8 g) and h) 

indicate non-uniform distribution of pre-tension exists in the experiments. Because of 

the misalignment of rollers, friction characteristics between web and roller, anisotropic 

and inhomogeneous web material, the distributed pre-tension is always slightly non-

uniform. The mode shapes of other scenarios are similar to these in Figure 3.8 in terms 

of web in-span deformation, thus they are not repetitively provided in this chapter. 

3.5 Conclusions 

Accurate prediction of transverse web vibrations in R2R manufacturing for flexible hybrid 

electronics and stretchable electronics can help improve process control and stability. We study in 

detail the discretized models of uniaxially tensioned Kirchoff plates surrounded by three-

dimensional potential flow for different aspect ratios and web materials commonly used in flexible 

electronics manufacturing. We derive closed-form, semi-analytical hydrodynamic functions for 

the lowest two frequencies that are valid for arbitrary material and aspect ratio used in R2R 

processes. We experimentally validated both the predicted web frequencies from hydrodynamic 

functions and the corresponding mode shapes from potential flow theory using pointwise laser 

measurements of acoustically excited webs with different pre-tensions, web materials, and aspect 

ratios. The main results are as follows: 
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1. The hydrodynamic functions allow the prediction of the symmetric and anti-symmetric 

mode frequencies to within 10% across all the measurements. They provide R2R process 

designers a convenient way to predict the lowest frequencies of air-coupled web systems 

without need to resort to computationally intensive methods. 

2. Based on computations, air-coupling reduces the lowest symmetric and anti-symmetric 

mode frequencies of webs from 20% to 60% compared to the in vacuo values in the 

range we investigated and separates the clustered frequencies. 

3. Air-coupling changes the eigenmodes of webs by cross coupling various in vacuo modes. 

These are caused by the off-diagonal terms in the added air mass matrix. 

4. The lowest symmetric and anti-symmetric mode frequencies using hydrodynamic 

functions are experimentally validated with 3 different materials (2 DuPont Nomex 410 

Papers with different thickness, 1 Polyimide Film), 2 different pre-tensions, and four 

different aspect ratios representing materials, tensions, and aspect ratios commonly 

found in R2R flexible electronics manufacturing. 

5. The lowest symmetric and anti-symmetric mode shapes are experimentally validated. 

The differences between L-2 norms for the computed and experimental in air modes are 

0.03% for symmetric case and 7.70% for the anti-symmetric case. 

We expect that the semi-analytical solutions to air-coupled web vibrations will find use 

among web system designers who are interested in avoiding the detrimental effects of web 

vibration on process quality and stability in R2R flexible electronics lines and / or in innovations 

that might exploit web vibrations for value added processes. 
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 MEASURING NONUNIFORM WEB TENSION FOR ROLL-TO-ROLL 

MANUFACTURING OF FLEXIBLE AND PRINTED ELECTRONICS 

4.1 Introduction 

Thin film transistors [1-4], supercapacitors [5-8], organic light emitting diodes [9-12], solar 

cells [13-17], antennas [18, 19], and sensors [20-27] are applications where roll-to-roll (R2R) 

processes provide a low-cost and high-throughput scheme for large scale manufacturing of devices. 

The global market for R2R flexible devices is projected to double between 2018 and 2023 [28]. 

The main barrier in the scalability of R2R flexible electronics is low device yield rate in fabrication, 

which requires costly post-process product testing to control. Maximizing the yield rate requires 

cost-effective schemes in modeling and control of processes, in-line metrology, in-line 

characterization, and effective utilization of new materials [29].  

Stresses in R2R fabricated flexible devices arise during manufacturing due to a combination 

of applied web tension and process-induced stresses [30,31] from printing (i.e. ink jetting, gravure, 

screen, and slot-die) [1-4, 8-27], chemical vapor deposition [5, 16], laser/ heat annealing [6, 7, 10], 

UV curing [11, 12, 18, 27], and /or hot embossing [27]. Such combined stresses are significant in 

R2R manufactured devices since the underlying substrates such as PET, PEN, and polyimide are 

already under tension, unlike in silicon wafers used for integrated circuit manufacturing. When the 

web is diced or cut to release the printed flexible devices, these stresses generate residual stresses. 

The performance of printed electronics devices can depend on residual stresses [32, 33]. Thus, 

nonuniform applied tension within the web which is caused by nonuniform friction between web 

and rollers, roller-web misalignment, and roller-roller misalignment can lead to nonuniform device 

performance crossing the width of web, or worse, to web wrinkling. Monitoring and correcting for 

nonuniform web tension are important considerations to understand the residual stresses, which 

can help in feedback quality control of R2R processes to maximize device yields.  

There are different basic types of web tension measuring methods in literature. Instrumented 

rollers are the most common tension measurement tools in R2R industry. Koç et al. and Jeong et 

al. used tension sensors (load cells and dancer, respectively) with speed sensors to measure and 

control web tension with velocity in multiple spans under a uniform tension assumption [34, 35]. 

Schultheis invented a method with a pressure sensor wound on a roller to measure continuous web 

tension [36]. However, instrumented rollers methods need investment in customized rollers and 
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need re-calibration when the web path changes. Moreover, they assume that the tension in the web 

wrapped around the roller is unchanged by the friction. In addition, these sensors tend to drift and 

are sensitive to the environmental temperature and vibrations [37]. Several authors have used 

fundamental vibration frequency measurements to infer web tension; however, they did not 

consider non-uniform web tension and the effect of air loading [38-42]. Our previous works on 

vibrations of air-coupled web systems showed air effect significantly changes the frequencies and 

mode shapes of webs with typical tensions used by commercial R2R systems [43-45]. Scientists 

in VTT Information Technology developed a system to measure the nonuniform web tension using 

air film pressure [37]. This system only works for high web speed in air R2R processes and needs 

re-calibration when the web path changes. In addition, they assumed the cross-width web contact 

stiffness is uniform which, as we will demonstrate in this chapter, cannot occur in finite width 

systems even the tension is uniform. Jin et al. experimentally fitted web tension and the contact 

force under a fixed web deflection on the web [46]; however, this approach is specific to the exact 

web properties, web geometry, and roller configuration of their experiment, and needs 

recalibration for each specific web measured. Overall, comprehensive, accurate, reliable, and 

inexpensive methods for measuring nonuniform web tension in R2R processes are an unsolved 

problem. 

In this chapter, we develop and test a non-contact resonance (NCR) method and a gentle 

contact stiffness mapping (GCSM) method for measuring average web tension and its linear 

variation. These methods can supplement the in-line metrology process of existing in air or in 

vacuo R2R systems, without the need for expensive instrumented rollers. Both methods can 

accurately measure web tension for a wide range of web properties, web path, web tension, 

measurement configurations, and environmental conditions. Both methods are based on first 

principles mechanics models of a tensioned plate. The NCR method includes the plate’s 

interactions with a surrounding fluid. The methods are cross validated on a stationary test stand 

and the NCR method is used to study the web tension distribution within a commercial R2R system. 

4.2 Modeling 

We choose a 2D isotropic, linearly elastic, uniaxially tensioned, rectangular Kirchhoff plate 

model to simulate a single span in R2R systems as shown in Figure 4.1(a). To identify average 

web tension and the linear variation of tension, we present an NCR method which can distinguish 
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the lowest symmetric and antisymmetric resonance frequencies and a GCSM method with accurate 

web contact stiffness profile. There is no tension applied in the cross-span direction, thus we use 

a tensioned plate model instead of a linear membrane model to define the spatial dependence of 

eigenmodes in that direction, which includes a very small but finite web bending stiffness. In 

addition, the effect of the web line speed to frequencies is very small in the operation range of R2R 

systems in flexible electronics manufacturing [13, 40, 47, 48], we choose the partial differential 

equation of motion for out-of-plane vibrations of a stationary tensioned plate [49] 

4

1 3 1 3 11 3 ,11 1 3 1 3( , , ) ( , , ) ( ) ( , , ) ( , , ).webw x x D w x x N x w x x P x x    +  − =   (4.1) 

 

 

Figure 4.1. (a) A schematic for a single web in a functional R2R machine, (b) outline of the 

mechanics model with span geometry, coordinate systems, and nonuniform tension. 
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As shown in Figure 4.1(b), 1x , 2x , and 3x  are the coordinates along longitudinal (in the plane of 

the web and along the direction of web tension), transverse (normal to the web surface), and lateral 

(in the plane of the web but normal to the direction of web tension) directions, respectively; L  is 

the in-span length of the web in the longitudinal direction; b  is the cross-span width of the web in 

the lateral direction;   is the time; 1 3( , , )w x x   is the web deflection in the transverse direction; 

web  is the web areal mass density; 
3 2/ [12(1 )]D Eh = −  is the web bending stiffness, with E , h , 

and   denoting Young’s modulus, thickness, and Poisson’s ratio of the web, respectively; 4  is 

the biharmonic operator; 11 3( )N x  is the web’s uniaxial tension per unit width; 1 3( , , )P x x  is the 

web surface pressure, such as air pressure in air-coupled web vibrations and pressure by contact 

force. We assume the tension varies linearly as 

3
11 3 11

2
( ) 1 ,ave x

N x N
b


 

= + 
 

  (4.2) 

where 11

aveN  is the average web tension,  is a dimensionless ratio for the linear variation of tension 

describing the discrepancy between maximum or minimum tension to 11 .aveN  Especially, 

11 11( / 2) 2  or 0aveN b N =  when 1 = , which indicates there is no tension applied on one of the 

free edge. So that, 1 =  is a critical tension variation for local web wrinkling close to one of the 

free edges. We substitute Eq. (4.2) into Eq. (4.1) 

4 3
1 3 1 3 11 ,11 1 3 1 3

2
( , , ) ( , , ) 1 ( , , ) ( , , ).ave

web

x
w x x D w x x N w x x P x x

b
     

 
+  − + = 

 
  (4.3) 

Turnbull et al. [50] has proved that simply supported boundary conditions can accurately predict 

linear vibrations of pre-tensioned webs across finite radius rollers. So that we use the following 

boundary conditions for both NCR and GCSM analyses: 

1. the web is simply supported on the upstream and downstream rollers 

4 3
1 3 1 3 11 ,11 1 3 1 3

2
( , , ) ( , , ) 1 ( , , ) ( , , ).ave

web

x
w x x D w x x N w x x P x x

b
     

 
+  − + = 

 
  (4.4) 

2. there is no shear force or bending moment for the free edges 

  
,33 1 ,11 1

,333 1 ,311 1

( , / 2, ) ( , / 2, ) 0,

( , / 2, ) (2 ) ( , / 2, ) 0.

w x b w x b

w x b w x b

  

  

 +  =

 + −  =
  (4.5) 
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4.2.1 NCR Method 

We develop an NCR method to measure 11

aveN  and   using the lowest symmetric transverse 

resonance frequency 11f  and the lowest antisymmetric transverse resonance frequency 12f  of a 

web. The eigenmodes of 11f  and 12f  are coupled by the nonuniform tension.  

To describe the method in a consistent way for both in air and in vacuo R2R processes, we 

derive the key results in the presence of air effect. Our previous work predicted 11f  and 12f  for an 

air-coupled web system semi-analytically [45] but used a uniform tension assumption. In this paper, 

we improve on the previous work and assume that the web tension varies linearly. We derive the 

results and perform the convergence study as shown in Appendix C and obtain the lowest two web 

frequencies as 

2
2

11
11 2

11 12 11 12 11 12

1 1 1 1 4
(Hz),

8 3

aveN
f

L M M M M M M


 
   
 = + − − +   
    
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  (4.6) 
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  (4.7) 

where the value of 11M  and 12M are shown in Eqs. (C.32) and (C.33) and are described as 

functions of the hydrodynamic functions in (C.25), the web dimensions L  and b , the web areal 

mass density web , and the air density air . We choose 0air =  for the in vacuo web systems, so 

that 
11 12 webM M = =  and 

11
11 2

1 (Hz),
4 3

ave

web

N
f

L





 
= − 

 
 (4.8) 

11
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1 (Hz).
4 3

ave

web

N
f

L





 
= + 

 
 (4.9) 

The linear variation of tension   changes significantly the frequencies and their 

corresponding mode shapes compared to the uniform tension case. Figure 4.2 shows the effect of 

  to 11f , 12f  for both in air and in vacuo web systems. The substrate is chosen to be a PET web 

with the same properties as in the experimental cross validation, which are 228.6 mm,L =  
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152.4 mm,b =  
2178.67 g/mweb =  (these three properties are measured), 127 μm,h =  

4.8 GPaE =  (these two properties are provided by DuPont [51]), and 0.33 =  [52]. The air 

density 31.208 kg/mair =  and the average tension 
11 150.47 N/maveN = . The frequencies are 

calculated by Eqs. (4.6) - (4.9). The corresponding mode shapes with 0 and 0.5 =  are obtained 

by 4 4  AMM with Eq. (C.17) and the matrices in Eqs. (C.22) - (C.24). For the in vacuo web 

systems, 
(4 4) =air

M 0 . The small boxes with grey bars show the contributions of basis functions 

11 12 13 14,  ,  ,  and W W W W  (see in Eq. (C.21)) to their corresponding mode shapes. The following are 

key observations: 

1. In both in vacuo and in air cases, increasing   reduces the lowest symmetric frequency 

11f  and increases the lowest antisymmetric frequency 12f . 

2. 11f  and 12f  are tightly clustered for the in vacuo web system under uniform tension (i.e. 

0 = ) but split apart by nonuniform tension. 

3. The 11f  and 12f  of an uniform tensioned in air web system are separated since they have 

different magnitudes of added air masses. 

4. From the grey bars with 0 = , we can see that the modes 11 and 12 are purely 

symmetric and antisymmetric, respectively. There is no cross coupling between 

symmetric and antisymmetric basis functions in a uniform tensioned web system. 

5. Nonuniform tension causes coupling between symmetric and antisymmetric basis 

functions in the mode shapes and changes mode shapes for both in vacuo and in air cases. 

To measure 11

aveN  and   by 11f  and 12f , we rewriting Eqs. (4.6) and (4.7) inversely and 

obtain a closed-form expression as 

2 2 2

11 12 11 12
11

11 12

4 ( )
,ave L M M f f

N
M M

+
=

+
 (4.10) 
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2 2
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Figure 4.2. 11f  and 12f  as a function of   for in air and in vacuo web systems with the 

corresponding mode shapes when 0 and 0.5 = . The grey bars show the contribution of each 

basis functions in the mode shapes. The basis functions 11 12 13 14,  ,  ,  and W W W W   used here are 

shown in Eq. (A.21). A PET web is chosen with the properties 228.6 mm,L =  152.4 mm,b =  
2178.67 g/m ,web =  127 μm,h =  4.8 GPa,E =  0.33, =  

31.208 kg/m ,air =  

11 150.47 N/m.aveN =  
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Note that the NCR method can solve the linear variation of tension but not its direction, since both 

positive and negative value of   gives the same frequencies as shown in Eqs. (4.6) - (4.9). There 

is no air loading in in vacuo R2R systems, and we simplify Eqs. (4.10) and (4.11) as 

2 2 2

11 11 122 ( ),ave

webN L f f= +  (4.12) 

( )

2 2

11 12

2
2 2

11 12

12
3 .

f f

f f
 =  −

+
 (4.13) 

4.2.2 GCSM Method 

The second method we developed is a GCSM method. In this method, we gently apply 

multiple contact forces in at least two locations along the web width and measure the deflections. 

The forces are applied gently to make sure the web deforms far below its plastic deformation 

region. The web tension distribution ( 11

aveN  and  ) is obtained by nonlinear regression of local 

contact stiffness in different locations. In each contact location, multiple local contact forces are 

fitted with their deflections cubically to extract the local contact stiffness for a linear elastic model. 

In addition, plastic deformation locally damages the web and reduces the accuracy of measurement. 

To avoid the local plastic deformation, we apply the contact force gently and with a large contact 

sphere as a Ping-Pong ball to make sure that all the work done by contact force is absorbed by the 

web strain energy in the elastic region. 

To understand the relation between web tension distribution, web deflections, and web 

stiffness, we assume the web deflection determined by Eq. (4.1) in the quasi static loading case 

(i.e. 0w= ) is a linear combination of admissible basis functions as 

1 3 3
1 3

1 1

(2 1) (2 2)
( , ) sin sin cos ,

M N

mn mn

m n

m x n x n x
W x x A B

L b b

  

= =

− − 
= + 

 
  (4.14) 

where M  and N are the number of functions along 1 3 and x x  directions, respectively. mnA  and 

mnB are the amplitude of antisymmetric and symmetric components, respectively. In Appendix D, 

we show the details of derivations from Eqs. (4.3) - (4.5) and (4.14) and obtain Eq. (4.15) to 

describe the relation between ,mnA  ,mnB 11 ,aveN  ,  and the local contact force F  as 

1 2 51

3 4 6

sin ,
m X

L

    
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the descriptions of matrices 1C  to 4C  and vectors ,A ,B 5 ,C  and 6C  are shown in Eqs. (D.8) - 

(D.15). 1X  is the coordinate of the contact location in 1x  direction. Once the deflection of a web 

under the contact force is obtained, we can solve the local contact stiffness as 

1 3

1 3

1 3 3

1 1

( , )
( , )

1
.

(2 1) (2 2)
sin sin cos

M N

mn mn

m n

F
k X X

W X X

m X n X n X
A B
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= =

=

=
− − 

 + 
 



 (4.16) 

where 3X  is the coordinate of the contact location in 3x  direction, ,mn
mn

A
A

F
 =  and .mn

mn

B
B

F
 =  In 

Appendix D,  a convergence study on deflections of the center of the web  1 3( , ) ,0
2

L
X X

 
=  
 

 and 

the center of a free edge 1 3( , ) ,
2 2

L b
X X

 
= − 
 

 shows choosing 51M =  and 18N =  ensures a 1% 

discrepancy to 1E4M =  and 1E4N = . A R2R process designer could also choose to use 3M =  

and 5N =  with a 20%  compensation in their calculations. 

From Table D.1 we can see that applying the same contact force on different locations gives 

different local deflections. To understand the deflection shape of the entire web with respect to the 

contact location, we plot 3D deflection profiles of a PET web with a same contact force 0.1 NF =  

on four different locations with 1 3( , ) ,0 , , , ,0 ,  and ,
2 2 2 4 4 2

L L b L L b
X X

       
= − −       
       

, as shown in 

Figure 4.3. The web properties are the same as used in Figure 4.2 but with 0 = . We choose the 

number of basis functions as 51M =  and 18N = . The results show under a same contact force, 

along 1x  direction the deflection is larger on the center than close to the rollers, which agrees with 

the restriction of simply supported boundary conditions in Eq. (4.4); while along 3x  direction, the 

web deflects more with a contact force on the free edge than on the center, which means there is 

an edge effect of web stiffness. 
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Figure 4.3. 3D deflections profile of a PET web under a 0.1 N contact force applied on four 

different locations (a) 1 3( , ) ,0
2

L
X X

 
=  
 

, (b) 1 3( , ) ,
2 2

L b
X X

 
= − 
 

, (c) 1 3( , ) ,0
4

L
X X

 
=  
 

, and (d) 

1 3( , ) ,
4 2

L b
X X

 
= − 
 

. The basis functions are chosen with 51M =  and 18N = . The web 

properties are 228.6 mm,L =  152.4 mm,b =  
2178.67 g/m ,web =  127 μm,h =  4.8 GPa,E =  

and 0.33, =  with a uniform tension of 
11 150.47 N/maveN =  and 0 = . 

To understand the spatial variations of the web’s contact stiffness, we plot the stiffness 

profiles of a web under a same 11

aveN  but different 's  in Figure 4.4. The contact stiffness is solved 

by Eqs. (4.15) and (4.16). We choose all other web properties the same as for Figures 4.2 and 4.3. 

Figures 4.4(a) to (c) show the 3D web contact stiffness profiles of the web with 

0,  0.2, and 0.4, =  respectively and their 2D projected contours on the 1 3x x−  plane. They are 

plotted in the region with   1 0.05 ,0.95x L L , because the web is simply supported at 1 0x =  and 

L  where the web contact stiffness is infinity. Figure 4.4(d) is the corresponding cross-span profiles 

of web contact stiffness at  1 / 2x L= . The following are key observations: 
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Figure 4.4. The contact stiffness profiles of a PET web with 228.6 mm,L =  152.4 mm,b =  
2178.67 g/m ,web =  127 μm,h =  4.8 GPa,E =  0.33, =  and 

11 150.47 N/maveN = . The basis 

functions are chosen with 51M =  and 18N = . (a), (b), and (c) are the 3D contact stiffness 

profiles of the web with 0,  0.2, and 0.4, =  respectively and their 2D projected contours on 

the 1 3x x−  plane. They are all plotted in the region with   1 0.05 ,0.95x L L , since the web is 

simply supported with infinity web stiffness at 1 0x =  and L . d) shows the cross-span contact 

stiffness profiles at  1 / 2x L=  for the web with 0,  0.2, and 0.4. =  

1. Along the longitudinal direction, the contact stiffness close to the simply supported 

boundaries is higher than the center region. Eventually, the contact stiffness is infinity 

on these boundaries,  

2. There are edge effects close to the free edges. Along the lateral direction, the local 

contact stiffness close to the edges can drop down to half of it in the central region. 
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3. When the web is under a uniform distributed tension, its contact stiffness profile is 

symmetric to both 1 / 2x L=  and 3 0x = . 

4. Nonuniform tension changes the contact stiffness profile to asymmetric to 3 0x = . 

With the linear elastic Kirchhoff plate model, we need to extract the local contact stiffness 

in a linear elastic deformation region from contact force and web deflection before solving 11

aveN  

and  . The web deflection by a gentle contact force can easily beyond the web thickness, so that 

the Kirchhoff hypothesis is not suitable [53]. Taking the example in Table D.1 and Figure 4.3, a 

0.1 N contact force on 127 μm thick web can deflect the web in millimeters. Von Kármán theory 

is used for large deformation of plates [54]. Based on the strain-displacement relations in Von 

Kármán theory and the antisymmetric contact force and web deflection relation on two sides of 

the web in transverse direction, we write the following equation 

3

1 3
1 3 1 3( , ) ( , )

,
W X X W X X

F k k
h h

 
 = +  

 
 (4.17) 

where 1k  and 3k  are the linear and cubic coefficient to the deflection to web thickness ratio. So 

that, we measure the web deflection under multiple local contact forces on the same location of 

the web to obtain 1k  and 3k  with least squares fitting. The local contact stiffness in linear elastic 

deformation region yields 

1 .
k

k
h


=  (4.18) 

After measuring the contact stiffnesses in at least two locations with different 3'sX , we can 

solve 11

aveN  and   of the web. Solving contact stiffness from known 11

aveN  and   is straight 

forward by using Eqs. (4.15) and (4.16), however a closed-form solution to solve 11

aveN  and   

from the contact stiffness is not available. We use nonlinear regression with the trust-region-

reflective algorithm to solve 11

aveN  and  . In the optimization procedure, we minimize the root 

mean square error between the measured stiffnesses and the model as 

( )
2

( ) (model) ( )

1 3 1 3

1

1
( , ) ( , ) ,

r
i i

i

e k X X k X X
r =

= −  (4.19) 
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where r is the total number of locations being measured. The gradients of  e  to 11

aveN  and   in 

each iteration step is chosen to be those between 10%  of current estimated 11

aveN  and  , 

respectively. 

4.3 Experimental Procedure 

We perform two experimental tests of the developed methods.  First, we sequentially test 

both NCR and GCSM on a stationary test stand.  This enables cross validation of the two methods. 

Next, we use the NCR method to do in-line monitoring of a commercial R2R system. This 

demonstrates the performance of the technique in a realistic manufacturing environment. 

4.3.1 Cross Validation Experiment  

Schematics and pictures of the stationary test scan used for cross validation is shown in 

Figure 4.5. Figure 4.5(a) is a schematic of our implementation of the NCR method. The web is 

excited by a speaker (VISATON® FR 10, Art. No. 2020, 20 Watt, 4 Ω, VISATON GmbH & Co. 

KG, Berlin, Germany) and the response is measured by a laser sensor (Microtrak 7000, MTI 

Instruments Inc., Albany, NY). Figures 4.5 (b) and (c) show a picture of this setup.  Experiments 

are done with a PET film matching properties and dimensions as used in the simulations shown in 

Figures 4.3 and 4.4. A section of the PET web is painted white to facilitate measurements with the 

laser sensor. Tension is applied by hanging either a 2.34 kg or 2.85 kg low-carbon steel rod at the 

end of the web. Careful roller and web alignment is performed to minimize tension nonuniformity. 

A data acquisition system (NI PXIe-1071, NI PXIe-8102, NI PXIe-6124, NI BNC-2120, National 

Instruments™, Austin, TX), an amplifier (Vernier Software & Technology, Beaverton, OR) and 

the speaker are used to excite the web and record the response of the laser sensor. A chirp signal 

that varies from 1 Hz to 100 Hz in 200 sec with an amplitude 0.005 V is used to drive the speaker. 

The amplitude and phase of the laser sensor response is computed with a Fast Fourier Transform. 

The transfer function of the web is found from the radio of amplitudes and the differences of phases 

of a measurement on the web and a measurement directly on the speaker. The resonance 

frequencies are obtained by a single degree-of-freedom (SDOF) fitting of the transfer function to 

its half-power bandwidth as shown in Appendix E. Figures 4.5 (d) and (e) are the system schematic 

and a picture of our implementation of the GCSM method. A force gauge (VTSYIQI HF-5 Digital  
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Figure 4.5. The sketches of measurement systems and experimental setups for the cross 

validations. (a) A sketch of NCR measurement system;  (b) a home-made stationary test 

stand with a PET web with tension applied by a hanging low-carbon steel rod labelled as 8; 

(c) zooming in of measurement component in (b) for the NCR, 1 speaker, 2 PET web, 3 a 

chassis with embedded controller and multifunction data acquisition device, 4 Laser-based 

triangulation system controller, 5 power amplifier, 6 laser sensor head, 7 terminal block; d) a 

sketch of GCSM measurement system; e) the measurement component for the GCSM 

measurement, 9 force gauge, 10 Ping-Pong ball contact head. 
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Push Pull Force Gauge, Vetus Electronic Technology Co., Ltd., Hefei, China) with a Ping-Pong 

ball contact head is used to both deform the web and measure the resulting force. The same laser 

sensor and data acquisition system as the NCR method is used to measure and record the web 

deformation at the loading location. Use of the Ping-Pong ball contact head with its relatively large 

contact area minimizes local plastic deformation of the web. Forces from 0.06 N to 0.13 N in 

increments of between 0.004 N and 0.01 N are applied to the web with corresponding web 

deformations varying between 0.55 mm to 1.10 mm. 

4.3.2 In-line Monitoring Experimental Setup 

To demonstrate the applicability of our method on a commercial R2R system, we use the 

NCR method to in-line measure the web tension distribution in two spans of a DICEweb digital 

inkjet printer R2R system (Prototype & Production Systems, Inc., Minneapolis, MN). A picture of 

this setup is shown in Figure 4.6. In the DICEweb system, the web tension is applied by the torque 

from the unwind roller servo motor and the web line speed is adjusted by the torque from the 

rewind roller servo motor. Both rollers have sensors to measure the radii of rolls to control the 

applied torques. The DICEweb system has no feedback control for the tension and speed dynamics. 

For these measurements we use an opaque PET web, whose properties are 
2111.18 g/m ,web =  

76.2 μm,h =  152.4 mm,b =  4.8 GPa,E =  and 0.33. =  The in-span lengths of span 1 and span 

2 are 292.1 mm  and 107.95 mm,  respectively. As shown in  Figure 4.6(a), Span 1 is upstream, 

where a module was originally set up for cutting the web to replace a running out unwind roll with 

a new one. Span 2 is in the functional area of inkjet printers. Figures 4.6(b) and (c) show the setup 

of the laser sensor and speaker in the two spans. We place the laser head with its laser sensor 

orientation orthogonal to the web moving direction. 
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Figure 4.6. (a) A DICEweb digital inkjet print R2R system with the locations of two spans 

for measurements, (b) and (c) the setups of laser sensor and speaker in span 1 and 2, 

respectively. 

4.4 Experimental Results and Discussion 

Figure 4.7 shows the results of the NCR and GCSM cross-validation experiment. We applied 

the NCR method with a fixed speaker position and seven laser sensor positions ( 1 101.6 mm,X =  

span 1 
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3 0 mm,X =  22.86 mm,  45.72 mm,  68.58 mm ). The GCSM mothed is applied with the 

contact head positioned at the same seven locations. Figures 4.7(a) to (c) are for a PET web with 

the 2.34 kg hanging mass and Figure 4.7(d) is for the same PET web with the 2.85 kg hanging 

mass. 

 

 

Figure 4.7. The results of cross validation experiment with a PET web with 228.6 mm,L =  

152.4 mm,b =  
2178.67 g/m ,web =  127 μm,h =  4.8 GPa,E =  and 0.33. =  The web 

tension of experiment in  (a) to (c) are applied with 2.34 kg hanging mass, and in (d) is 2.85 

kg hanging mass. (a) The frequency response function on 1 101.6 mm,X =  3 45.72 mmX = −  

with the inserted graphs showing the local measured transfer functions, phases, and SDOF 

fitted transfer functions of the lowest two frequencies. (b) The fitting of multiple contact 

force and deflections on 1 101.6 mm,X =  3 45.72 mmX = − using Eq. (4.17). (c) The 

comparison of contact stiffness and web tension using NCR method and GCSM method with 

tension applied by a low-carbon steel rod (1 feet length, 1.375 inch diameter, McMaster-

Carr), 
31.208 kg/m .air =  (d) The comparison of contact stiffness and web tension using 

NCR method and GCSM method with tension applied by a low-carbon steel rod (1 feet 

length, 1.5 inch diameter, McMaster-Carr), 
31.198 kg/m .air =  
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Figure 4.7 continued 

 

 

Figures 4.7(a) and (b) show the raw experiential data for the measurement with the 2.34 kg 

hanging mass and at 1 101.6 mm,X =  3 45.72 mm.X = −  Figure 4.7(a) shows the frequency 

response function between 1 Hz to 100Hz with inserted graphics showing the resonance peaks. 

The expected 180° shift in phase is observed as the frequency moves across the resonance regions. 

The average value and one standard deviation of the first two resonance frequencies are 

11 43.89 0.02 Hzf =   and 12 53.22 0.06 Hz.f =   Figure 4.7(b) shows the results of fitting the 

contact force and deflection with Von Kármán theory for the GCSM method. Local contact 

stiffness in the linear elastic deformation region is extracted using Eqs. (4.17) and (4.18), resulting 

1 0.007909 0.000223,k =   3 0.000107 0.000005,k =   and 1.76 N/m.62.27k =   

Figure 4.7(c) shows the comparison of contact stiffness and web tension using the NCR and 

GCSM methods with the 2.34 kg hanging mass. The environmental conditions of the lab during 
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this measurement are 102.67 kPa air pressure, 21 ℃ air temperature, and 68% relative humidity 

resulting in a calculated air density of 
31.208 kg/mair =  [55]. The root mean square error 

between the stiffnesses of the seven contact locations by the NCR method and as measured by the 

GCSM method is 3.00 N/m. The NCR method measures a web tension with 
11 134.49 N/maveN =  

and 0.2724, =   while GCSM method gives 
11 139.26 N/maveN =  and 0.2619 =  with a 

regression error (Eq. (4.19)) 2.4594.e =  Since the NCR method could not identify the sign of  , 

we choose   from the NCR method to have the same sign as that from the GCSM method to plot 

in Figure 4.7(c) and solve the discrepancies of 11

aveN , maximum tension ( )11 1aveN + , and 

minimum tension ( )11 1aveN −  between two methods to be 3.43%, 2.62%, and 4.78%, 

respectively. The ratio of cross-span tension variation to average tension ( 2 ) is 54.48%. This 

amount of variation can significantly affect the performance of printed electronics devices and was 

present despite our best effects at web alignment. In addition, observations show the edge effect 

of contact stiffness agrees with theory. 

Figure 4.7(d) shows the comparison of contact stiffness and web tension using the NCR and 

GCSM methods with the 2.85 kg hanging mass. The environmental conditions for this 

measurement were 101.84 kPa air pressure, 21 ℃ air temperature, and 76% relative humidity with 

a calculated air density 
31.198 kg/m .air =  The measured resonance frequencies are 

11 49.01 0.06 Hzf =   and 12 62.16 0.55 Hz.f =   The root mean square error between the contact 

stiffness solved by the NCR method and the GCSM method is 15.84 N/m. The average web tension 

and the linear variation of tension by the NCR method are 
11 176.59 N/maveN =  and 0.3602, =   

while the GCSM method gives 
11 211.84 N/maveN =  and 0.4542 =  with 12.6698.e =  The 

discrepancies of 11

aveN , maximum tension, and minimum tension between two methods are 16.64%, 

28.25%, and 2.34%, respectively. We observe anomalously high contact stiffness at 

3 45.72 mmX =   from GCSM method on this web. The larger local contact stiffness may cause 

local web wrinkles to appear with high applied tension. In that case, the GCSM method is not 

accurate and predicts both higher average tension and linear variation of tension. 

From the results in Figures 4.7(c) and (d), the contact stiffness from two methods agrees at 

most locations.  The NCR method measures 11

aveN  and   accurately, but cannot accurately predict 
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local anomalously high contact stiffness. The GCSM method can measure local contact stiffness 

accurately, but fails to predict 11

aveN  and   with local anomalously high contact stiffness. Not 

including the two local anomalously high contact stiffness in Figure 4.7(d), we obtain 

11 175.33 N/maveN =  and 0.2894 =  with 2.9621.e =  Compared with the results by the NCR 

method, the discrepancies of 11

aveN , maximum tension, and minimum tension between two methods 

reduce to 0.72%, 5.88%, and 10.27% when excluding the two anomalously high contact stiffness 

measurements. 

The two methods NCR and GCSM can also be used for moving webs so long as the transport 

speeds are much smaller than the critical speed of the web. As speed of the web approaches critical 

transport speed, the resonance frequencies drop down to zero [48]. 

To demonstrate the performance of the NCR method in a realistic manufacturing 

environment, we perform single spot location measurements at three different line speeds, and 

over two different spans on a commercial R2R system. Table 4.1 summarizes these results. The 

environmental conditions during the measurements are 102.71 kPa air pressure, 21℃ air 

temperature, 43% humidity, and an air density 
31.212 kg/m .air =  The frequency is swept 

between 40 Hz and 100 Hz to measure resonances in span 1 and between 140 Hz and 200 Hz to 

measure resonances in span 2. The cross span linear variation in tension is negligible in span 2, 

but varies by up to 35.58% in span 1, showing that different spans of a R2R system can have 

different variations of tension. The average tension is between 21.46% and 28.29% smaller in span 

2 compared to span 1. 

When the linear variation of tension is small, we observe cases where 2  takes on a small 

negative value (i.e. imaginary  , see Appendix F). This is caused by neglecting higher order 

variation of tension and errors in fitting and measurements; however, this does not significantly 

affect the use of the NCR method as it is reasonable to approximate cases with small negative 2  

as having uniform tension. 

We performed the in-line measurements over a range of speed typical for flexible printed 

electronics manufacturing [13, 47]. As described in Appendix G, we use an axially moving string 

model to estimate the web’s critical transport speed. We define the normalized line speed as the 

ratio of the line speed to the critical speed. For our measurements, the maximum tested line speed 

of 2 m/min is much less than the critical transport speeds, which are between 53.57 m/sec and 
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55.89 m/sec for span 1 and between 47.32 m/sec and 47.48 m/sec for span 2, indicating it is safe 

to neglect the effect of web speed in our methods. However, the measured tension of the stationary 

case in span 1 is significantly smaller than in the moving cases. We hypothesize that this is the 

effect of the motion of the unwind and rewind motors on the web tension. When the web start to 

move, the resistance by frictions between web and rollers changes and lead to tension variation in 

some spans. 

Table 4.1. Results of in-line measurement of the web tension distribution in two spans of the 

DICEweb digital inkjet print R2R system, 
31.212 kg/m .air =  

Line speed 

(m/min) 

Normalized 

line speed 
f11 (Hz) f12 (Hz) 11

aveN  

(N/m) 
σ2 Real(2σ) 

Span 1, L = 292.1 mm, b = 152.4 mm 

0 0 60.37±0.00 73.20±0.00 319.08 0.0316 0.3558 

0.98 to 1.26 
2.92×10-4 to 

3.76×10-4 
63.45±0.11 75.98±0.04 347.30 0.0180 0.2680 

1.93 to 2.24 
5.77×10-4 to 

6.70×10-4 
63.09±0.04 75.90±0.18 345.25 0.0229 0.3029 

Span 2, L = 107.95 mm, b = 152.4 mm 

0 0 165.57±0.00 178.65±0.00 250.62 -0.0029 0 

1.07 to 1.31 
3.77×10-4 to 

4.61×10-4 
164.54±0.02 178.56±0.03 249.05 -0.0002 0 

1.85 to 2.22 
6.52×10-4 to 

7.82×10-4 
164.47±0.06 178.53±0.01 248.91 -0.0001 0 

 

Figures 4.8 (a) to (c) show the transfer function and the SDOF fittings used to extract 

resonance frequencies at line speeds set to 0, 1 m/min, and 2 m/min, respectively. The actual line 

speed fluctuates by up to 0.26 m/min when the web moves. The transfer functions of the moving 

webs are noisier than those of the stationary web. There are several probable causes for this noise. 

The first is the effect of nonuniformity and roughness of the web surface on the output of the laser 
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sensor. As the web moves, imperfections in the web surface could be falsely detected as web 

deflection. The second possible cause is noise from the motor driving the web motion being 

transmitted through the web causing it to vibrate. Such spurious vibrations can be detected by the 

laser sensor and captured in the data analysis. A final possible source of this noise is variation in 

web tension induced by the unwind and rewind motors as they move. Ultimately, this noise does 

not stop us from correctly identifying the web’s resonance frequencies and therefore is not an 

impediment to implementing the NCR method. 

 

 

Figure 4.8. The frequency response function under an up-chirp frequency sweep signal from 

40 to 100Hz with the half-power bandwidth SDOF fittings in span 1. (a) stationary web, (b) 

moving web with line speed between 0.98 and 1.26 m/min (setup value is 1 m/min) during 

the measurement, (c) moving web with line speed between 1.93 and 2.24 m/min (setup value 

is 2 m/min) during the measurement. 

0.4 

0.3 

0.2 

0.1 

0.5 

0 

50 60 70 80 100 90 

frequency (Hz) 

tr
an

sf
er

 f
u
n
ct

io
n

 

(a
m

p
w

eb
/a

m
p

sp
ea

k
er

) 

0 m/min 

0.98 to 1.26 m/min 

1.93 to 2.24 

m/min 

measured transfer 

function 

SDOF fitted 

transfer function 

a 

b 

(c) 



 

 

100 

4.5 Conclusions 

Nonuniform web tension in R2R processes can lead to nonuniform device performance 

crossing the width of web. We develop and cross validate an NCR method and a GCSM method 

to measure the average web tension and its linear variation. These methods are in-expensive and 

friendly to adapt to different spans with different web path flexibly without the needs of new 

calibration. In addition, we in-line measure the tension distribution in two spans of a commercial 

R2R system. The main results are as follows: 

1. Increasing linear variation of tension reduces the lowest symmetric frequency and 

increases the lowest antisymmetric frequency, who are tightly clustered in vacuo with 

uniform tension. 

2. The linear varied tension coupled symmetric and antisymmetric basis functions. 

3. We developed an NCR method with a closed-form expression to measure average 

tension and its linear variation by the lowest symmetric and antisymmetric frequencies. 

4. The local contact stiffness close to the free edges of a web is smaller than its central 

region. On the other word, the web deforms more with a contact force on its edge than 

with a same contact force on its central region.  

5. Nonuniform tension changes the contact stiffness profile to asymmetric to its cross-span 

center. 

6. We developed a GCSM method to measure the average web tension and its linear 

variation from local contact stiffness by nonlinear regression. 

7. The NCR method and GCSM method are experimentally cross validated with 3.43% 

discrepancy in the average web tension and 4.12% discrepancy in the linear variation of 

tension when there is no local wrinkling. 

8. We use the NCR method to in-line measure the tension in two spans of a commercial 

R2R system under three different line speeds, respectively. 

9. Different spans in a same R2R system can have different average tension and different 

linear variation of tension. 

10. In the commercial R2R system we tested, the cross-span linear variation can be up to 

35.58%. 
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Overall, we expect these methods provide accurate, reliable, and inexpensive manners for 

measuring nonuniform web tension to improve quality control of R2R processes for flexible and 

printed electronics and maximize device yields. 
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 CONCLUSIONS AND FUTURE DIRECTIONS 

5.1 Conclusions 

In this dissertation, we investigated multi-physics problems of R2R processes for flexible 

devices including the in-plane thermomechancs of axially moving webs, the vibrations of air-

coupled web systems, and the methods for nonuniform web tension measurements. We expect 

these analyses could benefit the process control and product quality to improve the development 

of low-cost and high-throughput manufacturing of flexible devices with maximize device yields. 

In Chapter 2, we theoretically develop and experimentally validate an accurate 

thermomechanics model of an axially moving web subjecting to arbitrary heat flux. We study the 

cases for both in air R2R and in vacuo R2R processes. The web transport significantly influences 

the temperature and stress distribution. With a fixed heat flux, the magnitudes of peak temperature 

and compressive stress decrease when increasing web line speed. With the help of this model, 

process designer can adjust the laser power and web line speed to control the local web temperature 

and local web wrinkling in a workable range for the process. 

In Chapter 3, we develop closed-form, semi-analytical, universal hydrodynamic functions to 

predict the lowest symmetric and anti-symmetric mode frequencies to within 10% across all the 

measurements with three different materials, two different applied tensions, and four different web 

aspect ratios representing materials, tensions, and aspect ratios commonly found in R2R flexible 

devices manufacturing. They provide R2R process designers a convenient way to predict the 

lowest frequencies of air-coupled web system without the need to resort to computationally 

intensive methods. The air-coupling significantly affects the web frequencies and reduces them 

from 20% to 60% compared to those in vacuo and separates the clustered frequencies. It also 

changes the eigenmodes of webs by cross coupling various in vacuo modes which are 

experimentally validated. These are caused by the off-diagonal terms in the added air mass matrix. 

In Chapter 4, we develop and cross validate an NCR method and a GCSM method to measure 

the average web tension and its linear variation. The NCR method measures the average tension 

and its linear variation with a closed-form expression of the lowest symmetric and antisymmetric 

frequencies. It shows that that the lowest symmetric frequency and increases the lowest 

antisymmetric frequency separate and the symmetric and antisymmetric basis functions are 
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coupled when the tension is linearly variated. The GCSM method measures them from local 

contact stiffness by nonlinear regression. Both the two methods are in-expensive and friendly to 

adapt to different spans with different web path flexibly without the needs of new calibration. The 

two method are experimentally cross validated with 3.43% discrepancy in the average web tension 

and 4.12% discrepancy in the linear variation of tension when there is no local wrinkling. In 

addition, we in-line measure the tension distribution in two spans of a commercial R2R system 

under three different line speeds, respectively. The two spans in a same R2R system can have 

different average tension and different linear variation of tension. In the commercial R2R system 

we tested, the cross-span linear variation can be up to 35.58%. 

5.2 Future Research Directions 

Although we have discussed many aspects of multi-physics analysis of thin webs in R2R 

manufacturing for flexible devices, additional research is needed to improve the process stability 

and product quality. Future topics for research include the following: 

1. The thermomechanics solver we used in Chapter 2 can be used to solve the reaction 

region and depth of heat /leaser annealing zone. Such information provides tools to direct 

and predict the selective carbonization of polymers [1], directional crystallization of 

polymers [2], and self-assembly of block copolymers [3]. 

2. The acoustics excitation we used in Chapters 3 and 4 is invalid for the in vacuo R2R 

processes, where photothermal excitation could be an alternative method. Photothermal 

excitation has been used in micro-electrical mechanical systems [4, 5] and in atomic 

force microscopy [6-8], however more works need to be done to find an efficient way to 

excite those high width to thickness ratio thin webs used in R2R processes with high 

signal to noise ratio. Some locally pre-coated strips on the thin web may work to enhance 

the through thickness temperature gradient.  

3. We have developed two methods to measure the linearly variation of tension in tensioned 

webs. Photoelasticity could be used to measure the nonlinear tension or the local stress 

of a web. Previous tests have been done recently with two commonly used web materials 

in R2R processes for flexible devices, which are PET [9] and polyimide [10]. Such 

research projects could be done for the in-line test in a R2R system and be validated with 

the two method we discussed in Chapter 4. It is also worth to measure the variation of 
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cross-width performance of flexible products after being cut for assembly and compare 

with the nonuniform tension. 

4. Bending and torsional tests are used to measure the products' fatigue life. Existing 

methods for flexible devices are using either off-line [11] or contact [12] approach. The 

off-line approach cannot provide feedback to the R2R control systems efficiently. While 

the contact approach may not be accurate since the contacts may change the test results. 

Our studies of air-coupled web vibrations provide a way for in-line noncontact bending 

and torsional test for R2R manufacturing. 
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APPENDIX A. FEM INCLUDING NONLINEAR TEMPERATURE AND 

DEFORMATION COUPLING TERM 

Including nonlinear temperature and deformation coupling term in the FEM solver, we 

rewrite the governing equations (2.14), (2.15), and (2.17) in matrix-vector form for finite element 

analysis as 

1_ 1 1 1_ 3 3 1_
11 1

[ ]{ } [ ]{ } [ ]{ } 0,u u T
mm mm m m m m m

K u K u K T
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where the elements of stiffness matrices 1[ ]TuK  and 3[ ]TuK  are 
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The convection coefficient under each speed in term 3 is chosen as the average of nonlinear fitted 

convection coefficients from 300 K to 700 K. Figure A.1. shows the contribution percentage to 

peak temperature by each term in Eq. (A.3) under the heat flux as shown in Figure 2.2(a). The 

following are the conclusions from Figure A.1.:  

1. The nonlinear temperature and deformation coupling term (term 1) is negligible 

compared with other terms no matter in which web speed. 

2. The contribution of conductivity term (term 2) grows with increasing web speed, since 

the internal convection part is directly proportional to web speed as shown in Eq. (2.22).  

3. The contribution of thermal radiation term (term 4) decreases with web speed increasing 

because the contributions from internal and external convection through terms 2 and term 

3 increase with transport speed.
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Figure A.1. Contribution percentage to peak temperature by each term in Eq. (A.3) under 

different web speeds. Term 1 is the nonlinear temperature and deformation coupling term. Term 

2 is conductivity term, including heat conduction and internal convection. Term 3 is convection 

term, describing the convective heat transfer between web and gas (external convection). Term 4 

is the radiation term.
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APPENDIX B. FREE CONVECTION AND FORCED CONVECTION 

Both free convection and forced convection should be involved in the model. An indication 

of the relative importance of free and forced convection is determined as: Free convection is 

dominant if 2/ 1Gr Re   and can be neglected when 2/ 1Gr Re  . Both free and forced 

convection should be taken into account if 2/ 1Gr Re   [1]. Grashof number Gr represents the 

ratio of buoyancy force to viscous force. Reynolds number Re  represents the ratio of inertial force 

to viscous force: 

3

2

( )
,a ch

bl a

g T T L
Gr

T 

−
=   (B.1) 

*

1 .ch

a

U L
Re
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From Eqs. (2.23), (B.1), and (B.2), we obtain 
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−
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Choosing Tbl = 60 °C, Ta = 25 °C, g = 9.8 m/s2, b = 75 mm, Figure B.1. shows the values of free, 

forced convection coefficients and the Gr/Re2 ratio under various web speeds. In the range of web 

speed, we discuss in Chapter 2, both free and forced convection should be taken into account.  
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and mass transfer. John Wiley & Sons.
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Figure B.1. The values of free convection coefficients on the upper and lower surface hu (black 

line), hl (blue line), forced convection coefficient on one side of the web hf (red line), and 
2/Gr Re ratio (the logarithm of the ratio is shown as the green line with circles) at different web 

speeds. Free convection is dominant if 2/ 1Gr Re  , forced convection is dominant if 
2/ 1Gr Re  . 
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APPENDIX C. DERIVATION OF NCR METHOD 

We assume the surrounding air is initially quiescent (no bulk velocity or transport), and is 

incompressible, inviscid, and irrotational to choose a 3D potential flow theory for the 

aerodynamics of it. The surface pressure differential between the bottom surface and upper surface 

of the vibrating web [1-3] 

1 3 1 3( , , ) 2 ( ,0 , , ),airP x x x x   +=  (C.1) 

where the factor “2” comes from the anti-symmetric aerodynamic pressure on the bottom surface 

and upper surface; air  is the air density (we choose 0air =  for the in vacuo R2R processes); 

1 3( ,0 , , )x x +
 is the velocity potential of air on the web. Substituting Eq. (C.1) into Eq. (4.3), the 

governing equation for the air-coupled web system is 

4 3
1 3 1 3 11 ,11 1 3 1 3

2
( , , ) ( , , ) 1 ( , , ) 2 ( ,0 , , ).ave

web air

x
w x x D w x x N w x x x x

b
       + 

+  − + = 
 

 (C.2) 

The aerodynamics of surrounding air follows the continuity equation 

2 2 2
2 1 2 3 1 2 3 1 2 3

1 2 3 2 2 2

1 2 3

( , , , ) ( , , , ) ( , , , )
( , , , ) 0,

x x x x x x x x x
x x x

x x x

     
 

  
 = + + =

  
 (C.3) 

where 2  is the Laplace operator, 1 2 3( , , , )x x x   is the 3D velocity potential of surrounding air. 

The air velocity on the web surface and normal to the web is identical to that of the vibrating web 

,2 1 3 1 3( ,0 , , ) ( , , ).x x w x x  +− =  (C.4) 

We nondimensionalize the governing equations using the definitions 

1 2 3
1 2 3

11

2

11 11

, , , , ,

, , , ,
ave

air web

ave ave

web web

x x w x L
x x w x

L L L L b

D L N

L N L L N



   
  

 

   = = = = 

 =  = = =

 (C.5) 

where   is the in-span length to width ratio (i.e. aspect ratio) of web,   is the bending stiffness to 

tension ratio,   is a measure of air density to areal mass density of web, the primes denote the 

nondimensional quantities. Thus, the nondimensional forms of Eqs. (4.4), (4.5), (C.2) - (C.4) are 

3 3 ,11 3 ,11 3(0, , ) (1, , ) 0, (0, , ) (1, , ) 0;w x w x w x w x              = = = =  (C.6) 
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,33 1 ,11 1

,333 1 ,311 1

( , 1 / (2 ), ) ( , 1 / (2 ), ) 0,

( , 1 / (2 ), ) (2 ) ( , 1 / (2 ), ) 0;

w x w x

w x w x

    

    

     +  =

      + −  =
 (C.7) 

4

1 3 1 3 3 ,11 1 3 1 3( , , ) ( , , ) (1 2 ) ( , , ) 2 ( ,0 , , );w x x w x x x w x x x x      +                +  − + =   (C.8) 

2

1 2 3( , , , ) 0;x x x      =  (C.9) 

,2 1 3 1 3( ,0 , , ) ( , , ).x x w x x  +       − =  (C.10) 

The boundary conditions for the 3D air are 

1. the air can exchange outside the area of web, i.e. the web is unbaffled 

1 3( ,0, , ) 0;x x     =   (C.11) 

2. the air is stationary in the far field 

2 2 2
1 2 3

, 1 2 3lim ( , , , ) 0.normal
x x x

x x x 
  + + →

     =   (C.12) 

Eqs. (C.8) - (C.10) are discretized using Assumed Modes Method (AMM) with the separable forms 

1 3 1 3

1 1

( , , ) ( ) ( , ),mn mn

m n

w x x q W x x 
 

= =

        =   (C.13) 

1 2 3 1 2 3

1 1

( , , , ) ( ) ( , , ).mn mn

m n

x x x A x x x   
 

= =

          =   (C.14) 

where 1 3( , )mnW x x    is the nondimensional admissible basis functions for web vibration and 

normalized as 
1/ (2 ) 1

2

1 3 1 3
1/ (2 ) 0

( , ) 1mnW x x dx dx


−
     =  , ( )mnq    is the generalized coordinate, m  and n  are 

their notations along longitudinal and lateral directions, respectively. The odd-numbered m  and 

n  values describe symmetric basis functions with respect to 1 0.5x =   and 3 0x = , respectively;  

while the even-numbered ones correspond to anti-symmetric basis functions with respect to 

1 0.5x =   and 3 0x = , respectively. mn  is the velocity potential with respect to web vibration in 

the corresponding basis function 1 3( , )mnW x x   . We do not include initial cross flow along 

longitudinal or lateral direction in this model [2, 3]. Substituting Eqs. (C.13) and (C.14) into Eq. 

(C.10) yields 

( ) ( ),mn mnA q    = −  (C.15) 

,2 1 3 1 3( ,0 , ) ( , ).mn mnx x W x x +     =  (C.16) 

We combine Eqs. (C.2), (C.13) - (C.16) and apply AMM with inner products with mnW   
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( 2 ) ( ) 0,air web     +  + + =I M q K K q  (C.17) 

where 

( )
1/ (2 ) 1

1 3 1 3 1 3; 1/ (2 ) 0
( , ) ( ,0 , ) .air ij mnij mn

W x x x x dx dx



 +

−
        =  M  (C.18) 

1/ (2 ) 1

; ,11 1 3 ,11 1 3 ,33 1 3 ,33 1 3
1/ (2 ) 0

,13 1 3 ,13 1 3 ,11 1 3 ,33 1 3

,33 1 3 ,11 1

( ) { [ ( , ) ( , ) ( , ) ( , )

2(1 ) ( , ) ( , ) ( , ) ( , )

( , ) (

web ij mn ij mn ij mn

ij mn ij mn

ij mn

W x x W x x W x x W x x

W x x W x x W x x W x x

W x x W x






 



−
            = +

           + − +

    +

 K

3 ,1 1 3 ,1 1 3 1 3, )] ( , ) ( , )} ,ij mnx W x x W x x dx dx        +

 (C.19) 

1/ (2 ) 1

; 3 ,1 1 3 ,1 1 3 1
1/ (2 ) 0

( ) 2 ( , ) ( , )ij mn ij mnx W x x W x x dx dx






−

         =  K  (C.20) 

M air
  is the added air mass matrix [3], which is zero for the in vacuo R2R processes. q  is the 

vector of the generalized coordinates ( )mnq   . web
K  and 

K  are the stiffness matrices 

corresponding to the average web tension and  , respectively.  

Based on the convergence study we presented in our previous works in Chapter 2 [3], we 

start from 4 4  AMM with polynomial admissible function basis to find the analytical formulas 

that relate 11f  and 12f  to 11

aveN  and  . We choose an orthogonal set of admissible basis functions 

11 1

12 1 3

2 2

13 1 3

3 3 3
14 1 3

2 sin( ),

24 sin( ) ,

1
6 10 sin( )( ),

12

3
20 14 sin( )( ).

20

W x

W x x

W x x

x
W x x

 

  

  


  

 =

  =

  = − +


  = − +

 (C.21) 

We substitute Eq. (C.21) into Eq. (C.17) and obtain 

1111 1113

1212 1214(4 4)

1113 1313

1214 1414

0.07000

0.

0.25524 ( ) 0 ( ) 0

0 0.13075 ( ) 0 0.05354 ( )
,

( ) 0 0.10435 ( ) 0

0 0.05354 ( ) 0 0.0

0

8353

700

)

0

(

air

F F

F F

F F

F F

 

 

 

 



 
 
  =
 
 
 

M  (C.22) 
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(4 4) 2 (4 4)

2

2 2
4

2 2

2

2 2

2 2

4

2

4

2 2

2 4

4

1 0 0

0 1 24(1 0

,

0 1 120(

12 5

) 21(28 8)

12 5 )

21(28 8) )

1 720 0

0 0 1 336(1 8400

web 



 
 

  




 
 

  
 

  
 

  

  =

 
 
 
 

+ − 
 +
 

+ −

−

−

+ 
 
 

+ − +  

K I

 (C.23) 

(4 4) 2

1
0 0 0

3

1 2
0 0

3 15
,

2 6
0 0

15 35

6
0 0 0

35

 

 
 
 
 

− 
  =
 

− 
 
 
 
 

K  (C.24) 

where ( ) 'sijmnF   are the hydrodynamic functions fitted following the derivation we presented in 

our previous work with   from 0.1 to 10 [3]. Their formulas are 

2 3

1111 10 10 10

4 5 6

10 10 10

2 3

1113 10 10 10

1 1.17557 0.10578 0.54019

0.16507 0.2522

( ) [ log ( )] [log ( )] [log ( )]

[log ( )] [log ( )] [log ( )] ,

( ) [log ( )] [log ( )] [log (

6 0.00822

1 0.77187 0.6532 )]

.04

9 1.02506

0 640[l

F

F

   

  

   

− − +

+ − −

− +

+

= −

=

4 5 6

10 10 10

2 3

1212 10 10 10

4 5 6

10 10 10

1214 10

0.45257 0.15403

1 1.91774 1.16202 0.46179

0.82329 0.19040

og ( )] [log ( )] [log ( )] ,

( ) [ log ( )] [log ( )] [log ( )]

[log ( )] [log ( )] [log ( )] ,0.38791

1 1.60774( ) [log ( )]

F

F

  

   

  

 

− +

− + +

−

=

=

− − +

2 3

10 10

4 5 6

10 10 10

2 3

1313 10 10 10

4 5

10 10

0.85505 1.36084

0.45147

1 1.83128 1.362

[log ( )] [log ( )]

1.86201[log ( )] [log ( )] 0.96468[log ( )] ,

( ) [log ( )] [log ( )] [log ( )]

0.78108[l

60 0.05659

0.03og ( )] [log ( )0 ]40

F

 

  

   

 

+ +

−

− +

+

−

−

−

=

+ 6

10

2 3

1414 10 10 10

4 5 6

10 10 10

0.38993 ,

1 2.05520 1.67384 0.12247

0.73177

[log ( )]

( ) [ log ( )] [log ( )] [log ( )]

[ 0.02163log ( )] [log ( )] [log ( )0.31820 .]

F



   

  

+

+

= − + −

− +

 (C.25) 
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Air loading couples the symmetric basis functions to each other as shown in M air
 , as well as the 

antisymmetric basis functions. On the other hand, symmetric and antisymmetric basis functions 

are coupled in 
K  because of the nonuniform tension. 

Analytical solutions to the eigenvalue problem with 4 4  AMM are not easily available, 

however we develop a higher order mass approximation method to obtain an analytical solution 

with the same accuracy but reduced size. In R2R processes for flexible and printed electronics, the 

web bending stiffness to tension ratio   is very small, typically from -610  to 
-410 ,  so that we 

assume 0   and start from the 2 2  AMM with 11W   and 12W   to solve the eigenvalue problem 

of Eq. (C.17), and obtain 

11 12

2
2

( , ) 11
11 2

11 12 11 12 11 12

1 1 1 1 4
(Hz),

8 3

ave
W W N

f
L M M M M M M

 

 
   
 = + − − +   
    
 

 (C.26) 

11 12

2
2

( , ) 11
12 2

11 12 11 12 11 12

1 1 1 1 4
(Hz),

8 3

ave
W W N

f
L M M M M M M

 

 
   
 = + + − +   
    
 

 (C.27) 

where 11 11110.51048 ( )web airM L F  = + , 12 12120.26150 ( )web airM L F  = + . Then we apply 

2 2  AMM with 11W   and 13W   for an equivalent value 11M  to update 11M   

11 13 1111 1113( , )

1113 1313

0.07000

0

0.25524 ( ) ( )
,

( ) 0.1043.07 5 ( )000

W W

air

F F

F F

 

 

   
 =  

 
M  (C.28) 

11 13( , ) 2 (2 2) ,
W W

web 
   K I  (C.29) 

11 13( , ) (2 2).
W W



   =K 0  (C.30) 

Solving the eigenvalue problem of Eq. (C.17), we obtain 

11 13( , ) 11
11

11

1
(Hz),

2

W W N
f

L M

 
=  (C.31) 

where 

 
11 1111 1313

2 2

1111 1313 1113

[0.51048 ( ) 0.20871 ( )
2

(0.51048 ( ) 0.20871 ( )) 0.07841 ( )].

air
web

L
M F F

F F F


  

  

= + +

+ − +

 (C.32) 

Similarly, an equivalent value 12M  from with 12W   and 14W   is 
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12 1212 1414

2 2

1212 1414 1214

[0.26150 ( ) 0.16707 ( )
2

(0.26150 ( ) 0.16707 ( )) 0.04586 ( )].

air
web

L
M F F

F F F


  

  

= + +

+ − +

 (C.33) 

Updating 11M  and 12M  by 11M  and 12M  respectively in  Eqs. (C.26) and (C.27), we obtain the 

new frequencies as shown in Eqs (4.6) and (4.7). 

Table C.1 shows the convergence study of different AMM orders from Eq. (C.17) and the 

higher order mass approximation from Eqs. (4.6) and (4.7). We choose a PET web with the same 

system properties as used in Figure 4.2. Recalling our previous works [3] show that 4 4  AMM 

with polynomial admissible function basis can accurately predict the lowest two frequencies, we 

compare the higher order approximation results with 4 4  AMM. In the range of small linear 

variation of tension with   from 0 to 0.2, higher order mass approximation estimates 11f  with less 

than 1.7% error and 12f  with less than 2.6% error in comparison to those by 4 4  AMM. When 

there is a none-zero  , higher order mass approximation under predicts 11f  and over predicts 12f .  

Table C.1. Convergence study of AMM method from Eq. (C.17) with higher order mass 

approximation from Eqs. (4.6) and (4.7). The web is a PET web with properties 228.6 mm,L =  

152.4 mmb = ,  127 μmh = , 
2178.67 g/m ,web =  4.8 GPaE = , 0.33, =  11 150.47 N/m,aveN =  

31.208 kg/m .air =  

σ 0 0.1 0.2 
 f

11
 (Hz) f

12
 (Hz) f

11
 (Hz) f

12
 (Hz) f

11
 (Hz) f

12
 (Hz) 

 1 × 1 AMM 49.81 - 49.81 - 49.81 - 

 2 × 2 AMM 49.81 56.19 49.45 56.51 48.50 57.33 

 3 × 3 AMM 48.95 56.19 48.79 55.57 48.26 54.39 

 4 × 4 AMM 48.95 55.80 48.74 54.47 48.14 54.27 

higher order 

mass 48.71 54.33 48.32 54.68 47.34 55.52 
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APPENDIX D. DERIVATION OF GCSM METHOD 

To mathematically find the relation between local contact stiffness and web tension 

distribution, we choose a point load to describe the contact pressure in the linearly elastic model 

as 

1 3 1 3( , , ) ( , , ),P x x F X X  =  (D.1) 

where F  is the contact force,   is the Dirac delta function, 1 3 and X X  are the coordinates of the 

contact location in 1 3 and x x , respectively. Substituting Eq. (D.1) into Eq. (4.3) and evaluating the 

time derivative to zero give 

4 3
1 3 11 ,11 1 3 1 3

2
( , ) 1 ( , ) ( , ).ave x

D W x x N W x x F X X
b

 
 

 − + = 
 

 (D.2) 

Applying inner products of Eq. (D.2) with a trail function i  and the boundary conditions in Eqs. 

(4.4) and (4.5) to its weak form, we obtain 

2
,11 ,11 ,11 ,33 ,13 ,13 ,33 ,33

0
2

3
11 ,1 ,1 1 3 3 1

{ [ 2 2(1 ) ]

2
1 ( , ) } 0.

b
L

b i i i i

ave

i i

D W W W W

x
N W F X X dx dx

b

     

   

−
+ + − +

 
+ + − = 

 

 
 (D.3) 

We assume the web deflection as shown in Eq. (4.14) and choose two trail functions as 

1 3
1

(2 1)
sin sin ,pq

p x q x
A

L b

 


−
=  (D.4) 

1 3
2

(2 2)
sin cos ,pq

p x q x
B

L b

 


−
=  (D.5) 

where p  and q  are the integers from 1 to M  and 1 to ,N  respectively. Substituting Eqs. (4.14) 

and (D.4) into Eq. (D.3) gives 

4 2 2
2

2 2 2 2

113 3

2 2 2

11 1 3

2
2 2

1

(2 1)
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sin sin ,
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n
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  
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 (D.6) 

Similarly, substituting Eqs. (4.14) and (D.5) into Eq. (D.3) gives 
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113 3

2 2 2

11 1 3

2
2 2

1

(2 2)
4 4

2 (2 1) (2 2) (2 2)
sin cos .

(2 1) (2 2)

ave

pq

ave N

pn

n

D p b
B p b q L N

b L L

p b N n q p X q X
A F

L L bn q

 

  

=

 
 + − +  

 

− + − −
+ =

 − − − 


 (D.7) 

We combine and rewrite Eqs. (D.6) and (D.7) in a matrix form as Eq. (4.15), where 

1

1 1

1

(1) 0 0 0 0

0 0 0 0

,0 0 ( ) 0 0

0 0 0 0

0 0 0 0 ( )

C

C q

C N

 
 
 
 =
 
 
  

C  (D.8) 

4 2 2
2

2 2 2 2

1 113 3
( ) (2 1) ,

4 4

aveD m b
C q m b q L N

b L L

 
 = + − +   

2 2 2

2 2 2 2

2 2 2

(1,1) (1, ) (1, )

,( ,1) ( , ) ( , )

( ,1) ( , ) ( , )

C C n C N

C q C q n C q N

C N C N n C N N

 
 
 
 =
 
 
  

C  (D.9) 

2 2 2

11
2 2

2 2

2 (2 1) (2 2)
( , ) ,

(2 1) (2 2)

avem b N q n
C q n

L q n

 − + −
=

 − − − 

 

3 3 3

3 3 3 3

3 3 3

(1,1) (1, ) (1, )

( ,1) ( , ) ( , ) ,

( ,1) ( , ) ( , )

C C n C N

C q C q n C q N

C N C N n C N N

 
 
 
 =
 
 
  

C  (D.10) 

3 2( , ) ( , ),C q n C n q=  

4

4 4

4

(1) 0 0 0 0

0 0 0 0

,0 0 ( ) 0 0

0 0 0 0

0 0 0 0 ( )

C

C q

C N

 
 
 
 =
 
 
  

C  (D.11) 
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4 2 2
2

2 2 2 2

4 113 3
( ) (2 2) ,

4 4

aveD m b
C q m b q L N

b L L

 
 = + − +   

 1 ,
T

m mn mNA A A  =A  (D.12) 

,mn
mn

A
A

F
 =  

 1 ,
T

m mn mNB B B  =B  (D.13) 

,mn
mn

B
B

F
 =  

 5 5 5 5(1) ( ) ( ) ,
T

C C q C N=C  (D.14) 

3
5

(2 1)
( ) sin ,

q X
C q

b

−
=  

 6 6 6 6(1) ( ) ( ) ,
T

C C q C N=C  (D.15) 

3
6

(2 2)
( ) cos .

q X
C q

b

−
=  

Once the deflection of a web under the contact force is obtained, we can solve the local contact 

stiffness as in Eq. (4.16) 

To identify the number of  and M N , we compare the convergence of web deflection under 

a known contact force and with known web tension. A same PET web as used in Figure 4.2 is 

chosen here with the web tension as 
11 150.47 N/maveN =  and 0 = . We choose a contact force 

0.1 NF =  applied on the center of the web  1 3( , ) ,0
2

L
X X

 
=  
 

 and the center of a free edge 

1 3( , ) ,
2 2

L b
X X

 
= − 
 

, which are the two critical locations on the web where the maximum number 

of basis functions may be needed to ensure convergence. We solve mnA  and mnB  from Eqs. (4.15) 

and (D.8) - (D.15). Substituting the values of mnA  and mnB  into Eq. (4.14), we obtain the web 

deflection. The convergence results with 0   is similar to those with 0 = , so we choose to 

only present those with 0 =  in Table D.1. The deflections in Table D.1 are in the contact 

locations, which is the maximum local deflections of the web under that contact force. The 
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discrepancies are from the comparison of deflections with the chosen numbers of  and M N  to 

those with 1E4M =  and 1E4N = . We choose the results with discrepancies just under 20%, 15%, 

10%, 5%, and 1% and with minimum total number of admissible basis functions ( M N ) to 

present. To make sure the entire is under a 1% discrepancy, we choose 51M =  and 18N =  in our 

investigation. However, for the convenience of a R2R process users 3M =  and 5N =  can also be 

chosen with a 20%  error in their calculations. 

Table D.1. Convergence study for GCSM method. Web properties are 228.6 mm,L =  

152.4 mm,b =  178.67 g/m,web = 127 μm,h =  4.8 GPa,E =  and 0.33. =  A contact force 

0.1 NF =  is applied on the web with tension 
11 150.47 N/maveN =  and 0 = . The deflections are 

those on the contact locations, which are the maximum deflection of the web. 

contact locations (X1, X3) = (L/2, 0) (X1, X3) = (L/2, -b/2) 

# of basis functions 
deflection 

(mm) 
discrepancy 

deflection 

(mm) 
Discrepancy 

M=3, N=5, (15 in total) 1.1409 19.03% 2.0642 19.79% 

M=5, N=5, (25 in total) 1.2033 14.60% 2.1836 15.15% 

M=5, N=6, (30 in total) 1.2198 13.43% 2.2119 14.05% 

M=9, N=6, (54 in total) 1.2775 9.34% 2.3229 9.74% 

M=15, N=9, (135 in total) 1.3394 4.95% 2.4389 5.23% 

M=15, N=10, (150 in total) 1.3434 4.66% 2.4462 4.95% 

M=51, N=17, (867 in total) 1.3952 0.99% 2.5463 1.06% 

M=51, N=18, (918 in total) 1.3961 0.93% 2.5479 1.00% 

M=1E4, N=1E4 1.4091 0 2.5736 0 
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APPENDIX E. SDOF fitting 

We obtain the frequencies from frequency response functions by a SDOF fitting. The 

equation of motion of a damped SDOF system is 

cos ,mx cx kx A + + =  (E.1) 

where ,  ,  and m c k  are the mass, viscous damping coefficient, and stiffness, respectively. A  is the 

magnitude of harmonic excitation with frequency   in rad/sec. By assuming the particular 

solution as 

( ) cos( ),px X  = −  (E.2) 

where and X  is the magnitude of response,   is the phase between excitation and response, and 

substituting Eq. (E.2) into Eq. (E.1) we obtain the transfer function G as 

2 2 2 2 2 2
2

2 2 2

1 1 /
,

( )
(1 )

n n

X k
G

A k m c

Q

   

 

= = =
− +

− +

 (E.3) 

where n

k

m
 =  is the nature frequency of the system with a unit rad/sec, 

km
Q

c
=  is the quality 

factor. So that we can rewrite Eq. (E.3) as 

2 4

0 2 42

1
,a a a

G
 = + +  (E.4) 

where 
2

0 ,a k=  
2

2 2 2

1
2 ,

n

k
a

Q 

 
= − 
 

 and 
2

4 4

n

k
a


= . We obtain 0 ,a  2 ,a  and 4a  by least squares 

regression in the half-power bandwidth of a peak magnitude in the frequency response functions. 

So that we can solve the nature frequency and quality factor as 

1 1

4 4
10 0

4 4

1
(rad  s ),  or (Hz),

2
n n

a a
f

a a




−   
= =   
   

 (E.5) 

( )

1
1 2
2

2 0 4 2 .Q a a a

−
− 

= + 
 

 (E.6) 

The standard error of nf  is 
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11
2 22 2 22 3 1 1 5

4 4 4 4
0 4 0 4 0 0 4 4

0 4

1
= ,

8

n n
n

f f
f a a a a a a a a

a a 

− − −          
    +  =  +       

             

 (E.7) 

where 0a  and 4a  can be solved as [1] 

( )

1
2 2 1

2 4
2

0 0 2 42

1
2 ,

J

i ii
i

a a a a J
G

 
−

  
  = − + + − 
   
  (E.8) 

( )

1
2 2 1

0 2 2
4 4 2 4 4 2

1
2 ,

J

i
i i i i

a a
a a J

G   

−
  
  = − + + − 
   
  (E.9) 

J  is the total number of data points used in the regression. 
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APPENDIX F. SLIGHTLY NEGATIVE 2  

It is easy to obtain slightly negative 2  (i.e. imaginary  ) when the tension is near 

uniform. From Eq. (4.11), we have 

( )

( )

2
2 2

11 12 11 122

2
2 2

11 12 11 12

3
3 .

M M f f

M M f f


+
= −

+
 (F.1) 

Negative 2  yields 

( )

( )

2
2 2

11 12 11 12

2
2 2

11 12 11 12

3
3 0.

M M f f

M M f f

+
− 

+
 (F.2) 

We rewrite Eq. (F.2) as 

2 2 2 2

11 11 12 12 12 11 11 12( )( ) 0,M f M f M f M f− −   (F.3) 

Combining Eqs. (C.32) and (C.33) yields 

( )11 12

1111 1313 1212 1414

2 2

1111 1313 1113

2 2

1212 1414 1214

2

0.51048 ( ) 0.20871 ( ) 0.26150 ( ) 0.16707 ( )

(0.51048 ( ) 0.20871 ( )) 0.07841 ( )

(0.26150 ( ) 0.16707 ( )) 0.04586 ( ).

air

M M

L

F F F F

F F F

F F F



   

  

  

−

= + − −

+ − +

− − +

 (F.4) 

We plot the value of 
( )11 122

air

M M

L

−
 in Figure F.1 with   from 0.1 to 10 and find that it is always 

positive in that range, so that 

11 12       (0.1< 10).M M    (F.5) 

On the other hand, we know that 11 12f f  from Eqs. (4.6) and (4.7). Hence in the above range 

2 2

12 11 11 12 0.M f M f−   (F.6) 

We substitute Eq. (F.6) into Eq. (F.3) and obtain 

2 2

11 11 12 12 0.M f M f−   (F.7) 

So that we rewrite Eq. (F.7) and can obtain negative 2  when 



 

 

129 

2

11 12

2

12 11

.
f M

f M
  (F.8) 

The error or uncertainty of frequencies can cause slightly negative 2  when the tension is near 

uniform. 

 

 

Figure F.1. The value of 
( )11 122

air

M M

L

−
 with   from 0.1 to 10. 
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APPENDIX G. CRITICAL TRANSPORT SPEED 

We consider the web to be stationary in our analysis since the R2R processes for flexible 

and printed electronics are operated at extremely low speeds [1, 2] compared with their critical 

transport speeds. Since the web bending stiffness to tension ratio   is very small, typically from

-610  to 
-410 ,  so that we assume 0   and use the critical transport speed of an axially moving 

string by Wickert and Mote [3] to estimate the effect of web line speed to web vibrations 

/ 2

11 3 3
/ 2 11

/ 2

3
/ 2

( )
.

b
ave

b
cr b

web
web

b

N x dx N
U

dx 

−

−

= =



 (G.1) 

The ratio of frequency of moving web 11( )U
f  to frequency of stationary web 

(0)f  is [3] 

11( )
2

11(0)
1 ,

U
f

U
f

= −  (G.2) 

where 11U  is the web line speed,  

11
11

cr

U
U

U
 =  (G.3) 

is the normalized line speed. Thus, when the web line speed increases to its critical transport speed, 

the frequency of moving web reduces to zero. 
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