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LIST OF SYMBOLS

H a Hilbert space

(3(H)  the n-fold Hilbertian direct sum

A a (unital) C*-algebra

n]:={1,....,n} mneN

R*  all positive real numbers

C  matrix ordering on a *-vector space

X*  the Banach dual of the operator space X.

X’ the weak dual of a matrix ordered x-vector space (X,C)

X4 the algebraic dual of a vector space X

Xmax  the I-max structure on an Archimedean order unit space X
Z(X) the injective envelope of the operator system X

C*(X)  the C*-envelope of the operator system X

B(H) norm continuous linear operators on the Hilbert space H

-,-)  scalar pairing between x-vector spaces

{
|

X,C,e) operator system

,»))  matrix pairing between s-vector spaces
Yy inner product on the Hilbert space H

(
(
(
(

C
C

(p)  the matrix ordering induced by a positive contraction p

(p1,...,pn) matrix ordering induced by N positive contractions

Jy the N x N matrix with 1 in every entry

C>  the Archimedean closure of gy CE

C>  the inductive limit of the nested increasing sequence of matrix orderings {C*}1en

T, 0 X — Monve(X)  the mapping = — = ® Jone

C®(p1,...,py) the inductive limit of the nested increasing sequence {7, 'C(p1,...,pn)"}ren
C(n,k) set of correlations with n-inputs and k-outputs

(X*,C* x) the operator system induced by the positive element z
a®: X* — [0,00) operator space norm induced by the positive element x
(

X? o)  the operator space induced by the positive element x



®  the algebraic tensor product
®min  the minimal tensor product (either of operator spaces or operator systems)
®,  the operator space projective tensor product

CB(X,Y) the Banach space of completely bounded maps between operator spaces X and )



ABSTRACT

We introduce the notion of an abstract projection in an operator system and when a
finite number of positive contractions in an operator system are all simultaneously abstract
projections in that operator system. We extend this notion to Archimedean order unit spaces
where we prove when a positive contraction is an abstract projection in some operator system,
and furthermore when a finite number of positive contractions in an Archimedean order
unit space are all simultaneously abstract projections in a single operator system. These
methods are then used to provide new characterizations of both nonsignalling and quantum
commuting correlations. In particular, we construct a universal Archimedean order unit
space such that every quantum commuting correlation may be realized as the image of a
unital linear positive map acting on the generators of that Archimedean order unit space.
We also construct an Archimedean order unit space which is universal (in the same way) to
nonsignalling correlations. We conclude with results concerning weak dual matrix ordered

x-vector spaces and the operator systems they induce.
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1. INTRODUCTION

With its origins dating back to the early 20" century, operator algebras has had a profound
impact in the world of mathematics with an abundance of applications to fields such as
probability theory, ergodic theory and quantum information theory. In order to provide a
rigorous mathematical foundation for quantum mechanics, John von Neumann and Francis
Murray published a series of papers ([14], [15], [16]) where they provided the foundations for
the field now known as von Neumann algebras. In later years the field was greatly expanded
due to the development of the theory of C*-algebras. The name operator algebras comes
from the (highly non-trivial) fact that both von Neumann algebras and C*-algebras may
always be realized as a subalgebra of B(H) for some Hilbert space H. This is to say that
every von Neumann algebra or C*-algebra may be regarded as being contained in B(H), the
algebra of bounded linear operators on some Hilbert space H. As time progressed it was
noticed by operator algebraists that if one were to ease the structure of a C*-algebra and
consider more general objects, then one could deduce amazing results concerning the ambient
algebras. It was using these methods that an incredible connection was made between the
fields of operator algebras and quantum information theory.

Analogous with the development of quantum mechanics, it was realized that even in
“classical” operator algebra theory, looking at the level one operator algebra provided insuf-
ficient information with regard to many natural constructions or questions one may have.
This is to say that if A is the object in question, then one must not only look at A but rather
at M, (A) for every natural number n. We point out if n is a natural number then M, (A) is
also a C*-algebra with structure induced from the algebra B(¢5(H)), where ¢5(H) denotes
the n-fold Hilbertian direct sum. An example of this is if one wishes to consider continu-
ous maps on tensor products of C*-algebras. It is well known that given two linear maps
between vector spaces then they induce a unique linear map between the algebraic tensor
products of their domains and their ranges. This presents no problems since linear maps are
the “morphisms” one considers when looking at vector spaces, but when we consider objects
with nontrivial topological structure, such as C*-algebras, then this property becomes much

more delicate. In general, given two continuous maps between C*-algebras it is not true that
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their induced linear map on the algebraic tensor product extends to a continuous map on
the C*-algebra tensor product. By considering properties of matrices over A and induced
maps on those spaces of matrices, one can circumvent such difficulties. Thus, it is precisely
the matricial properties of A that one must consider to avoid problems.

Every C*-algebra contains a closed positive cone of elements. By our remarks above, if
A C B(H) then the positive cone of A, A", is precisely the convex set of positive operators
on H intersected with A. There is also a closed positive cone in M,(A) for every natural
number n, defined in a similar way. In particular, there is a noncommutative (matricial)
order structure that one may consider on 4. The abstract analogue of such “noncommuta-
tive matrix ordered spaces” first appeared in the work of Choi and Effros in [4], where they
were able to use such matricially ordered spaces to deduce various properties of C*-algebras
and von Neumann algebras. These matricially ordered spaces came to be known as operator
systems, but despite this work appearing in 1977, operator system theory was not a par-
ticularly dominate niche in operator algebras. Operator system theory reemerged in 2009
in [19], where Paulsen and Tomforde worked out the abstract theory for objects known as
Archimedean order unit spaces. Such an object consists of a vector space with involution, a
positive cone, and a “suitable” notion of a unit. Though this paper did not directly pertain
to operator systems, it provided the foundation for later work in the theory. A couple of
years later, in [12] and [11], both the tensor theory of operator systems and properties of
quotients of operator systems were developed and the authors were able to provide operator
system equivalences to the most famous open problem in operator algebras.

Beginning with a remark of Connes in [5], it was a conjecture made by Kirchberg in
[13], which drove research in the theory for decades and into the present day. In particular,
Kichberg’s conjecture became the most famous problem in operator algebras. Given a dis-
crete group G then one may always associate a maximal C*-algebra to it. This full group
C*-algebra of G, denoted C*(G), is often a complicated object to understand. Kirchberg
conjectured that when G is the free group on 2-generators, then there was only one possible
C*-algebra tensor product associated to the algebraic tensor product of C*(F3) with itself.
Kirchberg went on to prove his conjecture was indeed equivalent to the remark made my

Connes’ 17 years earlier. In particular, Connes’ remark had an affirmative answer if and
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only if Kircherg’s conjecture was true. Using operator system theory, in [11], the authors
were able to prove an operator system equivalence to Kirchberg’s conjecture.

Once again consider a C*-algebra A C B(H). In a similar spirit to our remarks con-
cerning matricial orderings on A, there are also matricial norms on A. Every C*-algebra
has the relative operator norm induced by B(H). If n is a natural number, then making
the identification M, (B(H)) ~ B(¢5(H)), it is immediate that M, (A) has a relative norm
induced by the algebra B(¢3(H)). Doing this for every natural number, we obtain a matri-
cial norm structure on the C*-algebra. The abstract theory of matricial normed spaces first
appeared in [20], and such objects came to be known as operator spaces. As remarked above,
though the abstract ideas of operator systems appeared first, it was operator space theory
that dominated the minds of many operator algebraists during the late ’80s and throughout
the '90s. Not only has operator space theory had many applications in operator algebras,
but in recent years it has had incredible applications in quantum information theory.

Correlations are tuples of positive real numbers which model joint probability distribu-
tions. Sets of correlations have long been investigated by physicists, even going back to the
work of Bell in [3]. Of particular interest is the set correlations determined by families of
pairwise commuting projections on a Hilbert space. Various interesting sets of correlations
are subsets of this set, and many questions have revolved around distinguishing such subsets.
In [22], Tsirelson asked whether the set of correlations determined by suitable pairs of pair-
wise commuting projections on an arbitrary Hilbert space (quantum commuting correlations)
could be approximated by similar correlations but where the projections are restricted to
finite-dimensional Hilbert spaces (quantum correlations). Using fundamental techniques and
ideas from operator space and operator system theory, in [9], Junge et al. made an incred-
ible discovery where they proved Tsirelson’s problem was indeed equivalent to Kirchberg’s
conjecture. Since then, there has been a surge of activity using operator space and operator
system theory in answering various questions regarding such sets of correlations. According
to a recent preprint, [8], it is not the case that quantum correlations approximate quantum
commuting correlations for all input and output values.

One learns in their first course of functional analysis that projections on Hilbert spaces

are the building blocks of normal operators defined on that Hilbert space. As we saw in the
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preceding paragraph, projections are also the building blocks of various sets of correlations.
Despite many excellent results concerning these correlation sets, there is much we still do not
understand about them. Following [1] and [2], in this manuscript we develop the notion of a
projection in an operator system which mirrors the properties of a concrete projection in a
C*-algebra. We have generalized this characterization to finite sets of positive contractions
in an operator system and we have proven when such a finite number of positive contractions
in an operator system are all simultaneously projections. In a similar spirit we have been
able prove when a positive contraction in an Archimedean order unit space is a projection
in some operator system, and furthermore when a finite number of positive contractions
in an Archimedean order unit space are all simultaneously projections in a single operator
system. Using our methods we have been able to provide a purely abstract characterization
of the set of quantum commuting correlations. In particular, we establish a characterization
of quantum commuting correlations viewed as actions of particular morphisms on classes of
Archimedean order unit spaces. Thus, our work provides a new and abstract way one may
view quantum commuting correlations.

A fundamental principle in the theory of Banach spaces is that of local reflexivity. In
short, every Banach space £ satisfies the property that if V' is a finite-dimensional Banach
space and £** denotes the bidual of £, then every contraction u : V' — £** is the point-weak
dual limit of a net of contractions {u;}ier,u; : V' — £. The analogue of local reflexivity
for operator spaces was introduced by Effros and Haagerup in [6]. It was quickly noticed
that local reflexivity for operator spaces was much more delicate than its counterpart in
Banach space theory. For one, it is not true in general that every operator space is locally
reflexive. Furthermore, Effros and Haagerup showed that local reflexivity for operator spaces
was connected to highly non-trivial properties concerning C*-algebras. Motivated by this, we
provide the beginnings of a method to establish a notion of local reflexivity in the category of
operator systems. In order to do this we introduce weak dual matriz ordered x-vector spaces
and the canonical operator systems that they induce. Though operator systems are similar
to operator spaces, one cannot simply transfer the characterization of local reflexivity to the
category of operator systems. The obstacles arise precisely because of the lack of duality

theory in operator systems. By definition, an operator system contains a “suitable” unit
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and this unit characterizes various properties of the operator system. In particular, every
operator system has an operator space norm defined on it, and this norm is dependent on
the unit of the system. Thus, if X is an operator system, then one may consider its Banach
dual X*. The issue arises because the Banach dual may not have a unit. Thus, in general,
the Banach dual of an operator system is not an operator system. As mentioned above,
we partially circumvent this obstacle by considering the more relaxed structure of a matriz
ordered x-vector space. We then consider dual pairs of such objects, so that one may consider
the weak topology on the space and the weak-dual topology on its dual. In other words,
we consider weak dual matrix ordered *-vector spaces. We then prove that every weak dual
matrix ordered x-vector space induces a canonical collection of operator systems.

The manuscript is organized as follows: Section 2 discusses preliminary material for
the manuscript. In Section 3 we develop the notion of a projection in an operator system
and characterize when a finite number of positive contractions in an operator system are
all simultaneously projections. In Section 4 we establish when a positive contraction in an
Archimedean order unit space is a projection in some operator system and furthermore, when
a finite number of positive contractions in an Archimedean order unit space are all simultane-
ously projections in a single operator system. In Section 5 we apply our methods to questions
in quantum information theory. In particular, we construct a universal Archimedean order
unit space such that every quantum commuting correlation must be induced by the action of
a morphism on the generators of that Archimedean order unit space. In Section 6 we estab-
lish results concerning weak dual matrix ordered x-vector spaces and the operator systems

they induce. In Section 7 we close with some remarks concerning ongoing work.
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2. PRELIMINARIES

We begin with the theory of Archimedean order unit spaces. Consider a x-vector space X,
which is to say X is a vector space equipped with an involution * : X — X. Given x € X,
if x = 2* then we will say z is hermitian and we will denote the real vector subspace of all
hermitian elements of X by Xj,. A subset C' C X} is a cone if RTC ¢ C and C + C C C.
Here we let RT denote all positive real numbers. The cone C' induces a partial ordering on
X by declaring = > y if and only if x —y € C. The pair (X, C) will be called an ordered
x-vector space. If C'N —C = {0} then we will call C' a proper cone and in this case the
pair (X, C) will be called a proper matriz ordered *-vector space. An element e € C be will
called an Archimedean order unit if it satisfies the following two properties: (i) given any
x € A}, there exists r > 0 such that re —z € C; (ii) € C if and only if ee + 2 € C for all
e > 0. Property (i) ensures that the positive cone majorizes the real hermitian subspace and
Property (ii) is saying the positive cone C' is order closed with respect to the element e. If

an element e € X}, satisfies Property (i) then we will call it an order unit.

Definition 2.0.1 ([19]). If (X, C) is a proper ordered x-vector space and e is an Archimedean
order unit, then the triple (X, C,e) will be called an Archimedean order unit (AOU) space.

We will simply denote an AOU space as X when there is no confusion as to what the
ordering or unit is for X. If (X, C') is an ordered *-vector space then there is always canonical
quotient one may take to form a proper ordered x-vector space. To this end, suppose (X, C)
is an ordered *-vector space. Let J := spanC N —C'. Then one may consider the quotient
x-vector space X /J with proper ordering C'+ J. In particular, if e € C' is an Archimedean
order unit for the ordered x-vector space, then e + J is an Archimedean order unit for the
proper ordered x-vector space (X /J,C + J) and therefore the triple (X/J,C+ JT,e+ J)
is an AOU space.

Let u : (X,C) — (¥, D) be a linear map between two ordered *-vector spaces. We call u
positive if u(C') C D. If u is a linear isomorphism such that both u and u™! are positive then
we will call w an order isomorphism. If u: X — )Y is an order isomorphism onto its range

then we will sometimes say u is a order embedding. If e¥,e¥ are two Archimedean order
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units for the spaces (X, C) and (Y, D), respectively, then we call u unital if u(e®) =e¥. A
unital positive linear functional will be called a state of the AOU space X.

If X and Y are two AOU spaces and if there exists a (unital) order isomorphism v : X —
Y then we say the AOU spaces are (unital) order isomorphic. In this way we identify two
AOU spaces. Fix an AOU space (X,C,e) and consider the map af : &) — [0, 00) defined
by af(z) := inf{t € R" : te £ x € C}. It follows af is a seminorm on A&} and since e is
Archimedean then it is necessarily a norm. In a natural way one may extend this norm to

x*

all of X. An order *-seminorm on X is a seminorm H : H : X — [0, 00) such that HIH = ‘
for all x € X and H . H|Xh = af. Of particular interest will be the minimal order norm,
which we will denote by o™ : X — [0,00) defined by a™"(x) := sup{|e(z)| : p : X —
C is unital positive}. In Section 4 we will be concerned with positive contractions in an AOU
space (X, C,e). Such reference will always be made with regard to the order norm a°.

The concrete analogue of AOU spaces dates back to the work of Kadison in [10]. AOU
spaces are the abstract version of function systems which are self-adjoint, unital subspaces of
the Banach space of continuous functions on some compact Hausdorff space. In particular,
along with Kadison’s work, it was shown in [19, Theorem 5.2] that given any AOU space X
there exists a compact Hausdorff space V' and a unital order embedding ® : X — C(V') such
that H<I>(x)Hoo = a™(z) for all x € X. Here we have let H . Hoo : C(V) — [0,00) denote the
supremum norm on C(V'). In particular, given an AOU space X, then X may be identified
with the function system of complex-valued continuous affine functions on the state space
of X. In short, if we let V := {¢ : X — C} denote the set of all unital positive maps on X,
then V' is a weak-dual compact Hausdorff space and there exists a unital order isomorphism
from X to A(V'), where A(V) :={F :V — C: F continuous affine}.

We now review the theory of operator systems. Suppose X is a vector space with an
involution * : X — X. A matriz ordering on X is defined to be a collection C := {C, }nen of

sets C,, C M,,(X), satisfying the following properties:

e C, is a cone for every n € N. This is to say C, +C, C C,, and R*C,, C C, for

every n € N.
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e a*Cha C C,, for every a € M, ,,, and n,m € N. We will call this property

compatibility of the family C.

If C satisfies the additional property that C, N —C, = {0} for every n € N, then we will
call C a proper matrix ordering. The pair (X,C) will be called a (proper) matriz ordered
x-vector space when X' is a *-vector space and C is a (proper) matrix ordering. Given a
natural number n € N then we let [n] :={1,...,n}.

We record the following well-known fact for convenience:

Lemma 2.0.1. Let X be a *-vector space and suppose C is a matrix ordering such that

Ci N —=Cy = {0}. Then C is a proper matriz ordering.

Proof. Assuming C; is proper we claim C, N —C, = {0} for every n € N. Suppose that
r € C,N —C,. Let {ek}kem C C™ denote the canonical basis vectors viewed as column
vectors. It then follows for every k € [n] we have xy, = ejxer, € C; N —Cy. By assumption it
must follow zg, = 0. Let k, 1 € [n] such that k # [. Then (ey + e;)*x(ex + €;) = xy + Ty =
2Re(xy) € C; N —Cy which implies Re(z;;) = 0. In a similar fashion (e, — ie;)*z(ex — ie;) =
i(zyg — xgy) = 2ilm(xy,) € C; N —Cy and therefore Im(zy,) = 0. Thus z;, = 0, and it follows

x = 0. This proves C, is proper and thus C is a proper matrix ordering. O

Throughout much of the manuscript we will be concerned with matrix ordered *-vector
spaces that also contain a noncommutative order unit. To this end, consider a hermitian

element e € X}, which satisfies the following properties:

o Given z € M, (X);, there exists r > 0 such that rI, ® e —x € C,. This property ensures

that there is a single element which majorizes the hermitian subspace of X'.

o An element z € M,(X) is in C, if and only if €/, ® e + = € C,, for every € > 0.

This property ensures that each cone C, is order closed with respect to the element e.

If an element e € A}, satisfies Property (i) we will call it a matriz order unit. 1t is a well-
known fact that if (X',C) is a proper matrix ordered *-vector space, then an element e € X},

is an order unit if and only if it is a matrix order unit.
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Proposition 2.0.1. Given a matriz ordered x-vector space X then e € X is an order unit

if and only if it ©s a matrixz order unit.

Proof. Assume e € A}, is an order unit and let x € M, (X);,. We write x = >, A; ® a; €
(M), ® Xp. For each i write A; = P, — Q;, where P,,Q; € M. Choose r > 0 such that

re £ x; € X for each i. We then see

rO P+@Q)®e—x=> PR (re—x;)+ Y @Q;® (re+z;) € M,(X)*.

i<n i<n i<n
Simply choose 7 such that 71, > r(3>";<, F; + Q;) which proves the claim. O

Definition 2.0.2 ([4]). Let (X,C) be a proper matriz ordered x-vector space and let e € X},

be an Archimedean matriz order unit. Then the triple (X,C,e) is called an operator system

Similar to the case for AOU spaces, when no confusion will arise we will simply denote
an operator system as X. Let X,Y be vector spaces and let v : X — Y be a linear map.
Then u induces a linear map on the vector spaces of matrices over X, and Y. In particular,

given n € N we define the n'"-amplification of u as the map

Uy 2 My (X) — M,(Y), Zeie; ® Ty > Zeie; @ u(zs).
ij ij
If (X,C) and (¥, D) are matrix ordered *-vector spaces then we say a linear map u : X — )
is completely positive if u,(C,) C D, for every n € N. If X and ) are operator systems
with Archimedean matrix order units e, e”, respectively, then u is unital if u(e®) = €.
A unital completely positive map v : X — M, will sometimes be called a matriz state or
a matrix n-state. In particular, this terminology will only be used when considering unital
completely positive maps into a matrix algebra. If the map v : X — ) is a (unital) linear
isomorphism and both u and u~! are completely positive then we call u a (unital) complete
order isomorphism. If u is a (unital) complete order isomorphism onto its range then we
sometimes call w a (unital) complete order embedding. If X and ) are two operator systems
and u : X — ) is a (unital) complete order isomorphism, then we say X and ) are (unital)

completely order isomorphic.

19



It was realized in [4] that operator systems are precisely the abstract analogue of self-
adjoint, unital subspaces of bounded operators on a Hilbert space. In particular, let H be
a Hilbert space and consider the algebra of bounded linear operators on H, B(H). Let
X C B(H) be a subspace of B(H) such that for all z € X one has z* € X', and furthermore
suppose Idy € X. Consider the collection C := {C, }nen such that C, := M, (X)NB(l5(H))"
for each n € N. Here we have let (5(H) denote the n-fold Hilbertian direct sum. It is readily
seen that C is a proper matrix ordering on X and furthermore, Idy is an Archimedean
matrix order unit for the proper matrix ordered s-vector space (X,C). Thus, (X,C,Idy) is
an operator system. Therefore we see that our characterization of operator systems as *-
vector spaces with proper matrix orderings and an Archimedean matrix order unit is precisely
the abstract characterization of unital self-adjoint subspaces of B(H) where H is a Hilbert

space.

Theorem 2.0.2 ([4, Theorem 4.4]). Let (X,C,e) be an operator system. Then there exists
a Hilbert space H, a unital self-adjoint subspace X C B(H) and a unital complete order

isomorphism ® : X — X. In particular, the operator system X may be realized as a unital

self-adjoint subspace of B(H) by making the identification X ~ ®(X) = X C B(H).

We saw earlier that every Archimedean order unit space may be identified with the
continuous affine functions defined on its state space. A similar noncommutative analogue
holds for operator systems. Let V,, C M, (X*) denote the set of all linear maps ' : X — M,
such that 2’ is unital completely positive. Here we have let X* denote the Banach dual of
the operator system X. Then V := {V], },en is weak-dual compact matrix convex set. V is
called the matriz state space of the operator system X. V being matriz conver means that

for each fixed n € N, that V,, is closed under sums of the form

Z’Vi*x;%’

i<n

where x{ € V,; for each i < n,v; € M, , and >, %y = I,. We call such a sum a matriz

convex combination. A map F := (F,)pen, Fy : Vi, = M, is matriz affine if for each n € N,
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F,, preserves matrix convex combinations. We let A(V') denote all matrix affine functions

F := (F,)nen such that I} : V — C is continuous.

Proposition 2.0.2 ([23, Proposition 3.5]). Given any operator system X then there exists a
unital complete order isomorphism ® : X — A(V'), where V denotes the matriz state space

of the operator system X.

Consider a matrix ordered x-vector space (X,C). Then by letting J := spanC; N —C;
we may consider the quotient space X'/ J along with the collection C + 7. It readily follows
that the pair (X' /J,C+ J) is a proper matrix ordered *-vector space. In particular if (X, C)
is a matrix ordered x-vector space and e € A}, is an Archimedean matrix order unit then it
readily follows (X /J,C + J,e+ J) is an operator system. See Proposition 3.1.2.

An operator system Y is called injective if given any inclusion of operator systems X C X
then every unital completely positive map u : X — ) extends to a unital completely positive
map @ : X — Y such that Uy = u.

Fix an operator system X. It was shown in [7] that there exists an injective operator
system Z(X) and a unital complete order embedding j : X — Z(X) such that if £ is
another injective operator system satisfying X C €& C Z(X) then £ is unital completely
order isomorphic to Z(X'). This is to say Z(X) is the minimal injective object containing X
as an operator subsystem and furthermore it is unique up to complete order isomorphism.
We call Z(X) the injective envelope of the operator system X. The C*-envelope, C*(X), of
the operator system X is the C*-algebra generated by j(X). In particular, the C*-envelope
satisfies the following universal property: given any pair (A4, ¢) where A is a unital C*-algebra
and ¢ : X — A is a unital complete order embedding such that A = C*(«(X)), then there
exists a unique *-epimorphism o : A — C¥(X) satisfying o = j. Thus, we have the following

commutative diagram:

A ~
xX 1 cxx)

Remark 2.0.3. For the convenience of the reader we discuss the steps in showing the

existence of an injective envelope of an operator system. Let X C B(H) be an operator
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system. Following the standard terminology, a linear map ¢ : B(H) — B(H) will be called
an X' -map if it is completely positive and |y = Idy . Given an X-map ¢ : B(H) — B(H)

then the map p, : B(H) — [0, 00) defined by p,(z) := H(p(:x) , will be called an X -seminorm.
If o : B(H) — B(H) is an X-map such that ¢ = ¢ then we call ¢ an X -projection.
In the construction of the injective envelope, one first shows that there exists a minimal
X-seminorm. This is done by cosidering a net of X-maps {;}ic; such that the induced
X-seminorms {p,, }ie; form a descending chain. One proves such chain has a lower bound at
which point one invokes Zorn’s Lemma. The next step is proving that if ¢ : B(H) — B(H)
is an X-map such that p, : B(H) — [0,00) is a minimal X-seminorm then ¢ is necessarily

a minimal X-projection and ¢(B(H)) is an injective envelope. One then proves that the

injective envelope is unique up to isomorphism (in the category).

Consider an AOU space (X, C,e). We will call a matrix ordering C an operator system
structure on X if C; = C and the triple (X, C, e) is an operator system. It was proven in [18]
that one may construct a unique minimal, and unique maximal operator system structure
on an AOU space. The maximal operator system structure will play a pivotal role in the
early sections of the manuscript. Consider the collection D™ := { D***}, -y where for each

n € N we have

Dy# .= {a*zra: x = @ zi,z € Cya € My, ,,,m € N}

ie[m]

Furthermore define the collection C™** := {C™**}, .y where for each n € N we have
crei={r e M,(X):el, ® e+ ax € D™, Ve > 0}.

It is readily seen that the triple (X, C™* ¢) is an operator system which we call the 1-maz
(or mazimal) operator system and we call C™** the I-maz (or maximal) operator system
structure on X. The 1-max operator system structure satisfies the property that if C is any
other operator system structure on X then it follows C™** C C, which is to say for every
n € N we have C*** C C,,. When no confusion will arise we will denote the triple (X, C™**, e)

by Xmax .
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3. PROJECTIONS IN OPERATOR SYSTEMS

3.1 Single Projections in Operator Systems

Consider a concrete operator system X C B(H). Recall that the matrix ordering C of X
is defined for each n € N by

C, := M,(X)NM,(B(H)))*.

Suppose that p € C; is an element of X that acts as a projection on the Hilbert space H.

Such a p induces a collection of subsets C(p) := {C(p)n ynew such that for each n € N we have
C(p)n == {w € My(X)y, : (I, @ p)a(I, ® p) € B(5(H))"}.

Note that C C C(p).

Proposition 3.1.1. Let X C B(H) be an operator system and let p € Cy be a projection on
the Hilbert space H. Then {C(p)n}tnen is a matriz ordering on X and if p < e then p is an

Archimedean matriz order unit for the matriz ordered %-vector space (X,C(p)).

Proof. We begin by showing that C(p) is a matrix ordering on X. Note that the compression
by such an element p is a linear completely positive map. In particular, if A € R and
z € C(p), then (I, @ p)(\a)(I, ® p) = A1, ® p)z(I, @ p) € AB((3(H))* C B3(H))" .
Similarly linearity and complete positivity of the compression by the projection p readily

implies that C(p), + C(p), C C(p),. Finally if a € M,,, then

i,j=1

(I, @ p)(a*za)(L, ®p) = [p (z": akixklalj) p] = [Zn: akipIklpazJ']

k=1 k=1 =1

=a*(I, ® p)x(I, ® p)a € a*B(l5(H))"a.

Since a*B((3(H))*a € B(#§'(H))* this proves that C(p) is a matrix ordering on X.
We now show p € C; is an Archimedean matrix order unit for (X,C(p)). We first
show that p is a matrix order unit. By Proposition 2.0.1 it suffices to show that p is an

order unit. First note that since e is an Archimedean matrix order unit for (X',C) then
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for x € A), there exists » > 0 such that re — z € C; and thus rp — pzp € B(H)*. In
particular, we see that p is an order unit, and thus matrix order unit, for operators of the
form pzp,x € A),. Furthermore suppose x € M,,(X); and that for all € > 0 we assume that
e(l, ®p)+ (I, @ p)z(I, ® p) € B({3(H))™. Since p < e it follows

e(In@e) + (I, @ p)a(l, @ p) > (I, @ p) + (I, @ p)x(I, @ p) € B(ly(H))".

Since e is an Archimedean matrix order unit for B(¢4(H)) it follows that (I, ® p)x(I, ®p) €
B(¢3(H))* and in particular € C(p),. Thus, p is an Archimedean matrix order unit for
operators of the form pxp where z € A),.

Thus, given © € X} let r > 0 such that rp — pxp € B(H)*. If we consider rp — x then
p(rp — x)p = rp — prp € B(H)* which implies that rp — 2 € C(p),. This proves that p is a
matrix order unit for (X, C(p)). Finally suppose that = € M, (X) such that for all € > 0 we
have €(I,, ® p) + x € C(p),. This implies e(1, ® p) + (I, @ p)z(I, @ p) € B3(H))T for all
e > 0. By our earlier remarks this necessarily implies that (I, ® p)z(l, ® p) € B({5(H))"
which implies that = € C (p)n. This proves that p is an Archimedean matrix order unit for

the matrix ordered *-vector space (X,C(p)). O

We now consider a quotient *-vector space of the matrix ordered *-vector space (X, C(p)).

Define 7 := spanC(p); N —C(p);. It is readily checked that 7 is a *-closed subspace of X},.

Lemma 3.1.1. Let X C B(H) be an operator system and let p € C; be a projection on H.
Forn € N define J,, := spanC(p)n N —C(p)n then M,(J) = T for all n € N.

Proof. Let x € M,(J) which we write as x = > eie; ® w37 where z;; € J. Thus for each

i,j € [n] we write xy; = Y1 Nijrip where xyy, € (f(p)l N —é(p)l. It readily follows that

(In @ p)x(L, ® p) = (I, ® p) (Z Ajjk€ie; @ xijk) (I,®p) = Z Aijk€i€; @ pijkp-
ijk ijk

It then follows (I,, ® p)z(I, ® p) = 0 since +prip € B(H)* for all i,j, k. Thus « € C(p); N
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Conversely suppose = € J,, which we write as © = >, Az, where 7, € é(p)nﬂ—é(p)n. For
each k we write 1, = 3 ei€] @ 1y € M, (X). Since (I, ® p)ax (L, ® p) = 0 for each k implies
that prg;;p = 0 for all i,j. Thus zy; € é(p)l N —é(p)l which implies x = > 7y ei€] @ A\gpyy €
M, (J). This finishes the proof. O

In this setting we thus consider the quotient *-vector space X'/J where * denotes the
relative involution on cosets. Finally if é(p) denotes the matrix ordering induced by the

projection p we consider the collection C(p) + J := {C(p)n + M (T ) }nen.

Theorem 3.1.2. Let X C B(H) be an operator system and let p € C; be a projection on the
Hilbert space H. Furthermore let J := span C(p)1 N —C(p)1. Then (X/T,C(p) +T,p+ J)

15 an operator system.

Proof. We need only check that C(p) + J is a proper matrix ordering and that p + J
is an Archimedean matrix order unit. Note that since C(p) is a matrix ordering on X
and J is a *-closed subspace it readily follows that R*C(p) + J C C(p) + J and (C(p) +
J) + (C(p) + J) € C(p) + J. Furthermore, compatibility of C(p) implies if a € M,,, then
a*C(p)pa + Ji C C(p)x + Ji and therefore C(p) + J is a matrix ordering on the quotient
s-vector space X/J. If +z 4+ M,(J) € C(p)n + M,(J) then +z € C(p), which implies
x € J,. By Lemma 3.1.1 it follows since M, (J) = J,, we have z + M,,(J) = 0+ M,(J)
and therefore the matrix ordering C (p) + J is proper.

Given z + J € (X/J), it follows x € A}, and therefore there exists » > 0 such that
rp— 2 € C(p);. In particular we have (rp 4+ J) — (z + J) € C(p)1 + J. This proves p + J
is an order unit and thus is a matrix order unit. Finally if x + M, (J) € M,(X/J) such
that for € > 0 it follows (e(I, ® p) + 2) + M, (T) € C(p)n + M, (J) then necessarily we have
e(I,@p)+z € C(p), for all € > 0. Since C(p) is Archimedean closed with respect to p it follows
z € C(p), and consequently 2+ M, (J) € C(p)n+ M, (J). Therefore (X/T.C(p)+ T, p+T)

is an operator system. 0

Thus we have shown that any positive element of X which acts as a projection the the
Hilbert space H in turn induces a natural operator system. We thus arrive at the following

definition:
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Definition 3.1.1. Let X C B(H) be an operator system and let p € C; be a positive
element of X which acts as a projection on H and such that p < e. If C~(p) denotes the
matriz ordering induced by p and if we let J = span C(p); N —C(p)1 then we call the triple
(X/T.C(p)+ J,p+ J) the concrete compression operator system relative to p. We will
denote the concrete compression operator system relative to p by pXp, regarded as linear

operators on pH.

Throughout the rest of the manuscript we will be primarily concerned with operator
systems induced by the direct sum of projections. In particular, we wish to formulate the
abstract analogue of the concrete compression operator system induced by the direct sum
of a projection p and its orthogonal p. Our results imply that if X C B(H) is an operator
system with p € C; then since p < e it follows that p* := e —p € C; and acts as a projection

on H. We thus define the matrix ordering C(p) on My(X) to be defined for each n € N as
Cp)n = {2 € My(X): (I @ (p@pT))a(ln @ (p @ p™)) € BG"(H)) T}

This yields the following corollary:

Corollary 3.1.3. Let X C B(H) be an operator system and let p € Cy such that p acts as
a projection on H. Let C(p) be the collection of subsets {C(p)y}nen where C(p), = {z €
Moo (X)) (L@ (p@pH))a(L @ (p®pT)) € B(3"(H))*}. Define J := span C(p)1 N —C(p):-
Then the triple (My(X)/T,C(p) + T,p ® p+ + J) is an operator system. In particular,
C(p)+J is a proper matriz ordering on My(X)/J and p®pt+ T is an Archimedean matriz

order unit.

In order to formulate an abstract analogue of our previously defined concrete compression
operator systems, we begin by showing that given any matrix ordered *-vector space (X, C)
and an element e € C; that acts as an Archimedeam matrix order unit, then there is always

a canonical operator system obtained by taking a particular quotient.

Lemma 3.1.4. Let X be a x-vector space and let C be a matrix ordering on X. For each
n € N we define the x-subspace [T, := span C, N —C,, where we will let J = J;. Then
M,(T) =Ty for alln € N.
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Proof. First suppose that © € 7,,. Then we write x = Y, A\pxy, where x € C, N —C,,. For
each k we write A\ = a; + iby, which yields © = Y, Apxp = >k apxr + 121 bprp. We see that
if we let y; := >, arxr and yo 1= Y ; by then both yy,yo € C, N —C,. In particular this
implies that if x € 7, then we may write x = y; + iys such that y; € C,, N —C,,.

We will prove that given any = € J; that exe; @ € J,. This will prove that M, (J) C J,.
By our remarks above we write x = y; + iys where y1,yo € C; N —C;. Since C is a matrix
ordering necessarily implies that for k,1 € [n] we have exe; ® +y;, and exe; ® +y, are in
C, which necessarily implies +ege; @ x € J,. Similarly (ex + ¢;)(ex + €)* @ £z € J,, and
(er +1ie))(ex + ie))* @ £ € J,,. Tt thus follows

((ex +e)(ex + )" —exer —ere)) @ x = (eref + eex) @x € T (3.1)

Similarly it follows

i((ex +1€) (e +1ie))" — erer, — ee]) @ x = (exe] — €e)) @ x € T, (3.2)

Summing these equations together implies that exe; @z € J,, which proves the first inclusion.

Consider now z € J, which by our remarks above we write as x = y; + iy, where
ys € C,N—C,. We will show that if y;, = >, exe; @ y1q that y1,y € J for each k, [. The proof
for y, will be the same. These together will prove that = € M, (J). By the assumption that C
is a matrix ordering necessarily implies that given k,[l € [n] that efyier = yirr, €/ v161 = Y1
are contained in J. Similarly, (ex + ;)" yi(ex + €) = vigr + Vi + yur + yiu € J and
(ex +ie)*y1(ex +1i€)) = Y1k + Wik — ik + yin € J. Thus we see that yiiy + yur € J and
Y1k — Yk € J which implies y1; € J as desired. ]

Similar to our results above we thus are able to prove that every matrix ordered *-vector

space e with Archimedean matrix order unit e induces a canonical operator system.

Proposition 3.1.2. Let (X,C) be a matriz ordered x-vector space and suppose that e is an
Archimedean matriz order unit. Let J := spanCyN—Cy. Then the triple (X /T, C+T,e+T)

18 an operator system.
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Proof. The proof that C + J is a matrix ordering is similar to the method of proof used in
Theorem 3.1.2 . Suppose that +x + M, (J) € C, + M,(J). This implies £z € C,, and thus
x € J, which by Lemma 3.1.4 implies = € M, (J). In particular, z + M,(J) = 0+ M,(J).
This proves that C + J is a proper matrix ordering on X'/ J. The proof that e + J is an
Archimedean matrix order unit is a direct consequence of the fact that e is an Archimedean

matrix order unit for the pair (X, C). O

Throughout the manuscript we will be considering matrix ordered *-vector spaces which
may not be a priori proper. Thus, time and again we will rely on the techniques of the
above results to consider the canonical induced operator systems. We first relate the order
structure as defined in the concrete compression operator systems to the initial ordering of
the operator system.

Note that if X C B(H) is an operator system and p € C; is a positive contraction which
acts as a projection on H then given z € Cy, since conjugation by p is a positive map (on
B(H)) it follows that pzp € B(H)". In the next result we determine an equivalent condition

for the converse.

Lemma 3.1.5. Let X C B(H) be an operator system and let p € Cy be a positive contraction
that acts as a projection on the Hilbert space H. Then for any x € X}, it follows pxp € B(H)*
if and only if for all € > 0 there exists t > 0 such that v + ep + tp+ € C;.

Proof. The if direction is immediate by our remarks preceding the lemma along with the
assumption that e is an Archimedean matrix order unit for B(H ). For the converse, suppose
that we write H = pH @ p-H. It then follows an operator u € B(H) is positive if and only
if both pup, pup* are both positive and for all £ = &, + & € pH @ p~H we have

[(pup*&alen)|” < tpupérlén) i up Eala).

Let € > 0 and choose ¢ > HxH such that e(t — HxH) > HmH2 Let u := x + ep + tp*.

We then have pupt = papt, ptup = prap. Furthermore, pup = pxp + ep € B(H)" since
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prp € B(H)T. It follows ptupt = ptapt + tpt > tpt — HprL = (t— HxH)pL € B(H)". It

then follows

[ eolen)]” < [lalPle?ea]” < et¢ ~[lalples]es[*

It is then immediate

ele |2 = (eperler) < (papealer) + (ep&ilr) = (pupti &),

and

(t = |22 = (¢ = |2l < prutols).
We then obtain

[(pup*&al6n)|| < (pupt &) (- up* €2lée). (33)

Thus, u =z + ep + tpt € X N B(H)* which is precisely the cone C;. ]

Definition 3.1.2. Let (X,C,e) be an operator system and let p € X be a positive contraction.
Define the collection C(p) := {C(p)ntnen with base space My(X) for each n € N by

C(p)n :={x € My, (X)p, : Ve > 0 3t > 0 such that (3.4)

r+el,®(p@ph) +tl, @ (p Dp) € Con}. (3.5)

Theorem 3.1.6. Let (X,C,e) be an operator system and let p € Cy be a positive contraction.
Then C(p) is a matriz ordering on My(X). Furthermore if J = span C(p); N —C(p)1 then
the triple (My(X)/T,C(p) + T, (p ® pt) + J) is an operator system.

Proof. We begin by showing that C(p) is a matrix ordering on Ms(X). Let y € C(p),, and let
A > 0. Then if € > 0 choose t > 0 such that y+ (1, ® (p&p™))+t(I, R (p"®p)) € Cay. It then
follows Ay +e(L,® (p®ph)) + A\t (1, @ (pt ®p)) € ACay C Cap. Thus, RTC(p) C C(p). Consider
now y1, Y2 € C(p), and let € > 0. Then there exists t; > 0 such that yi+§([n®(p@pL))+ti(In®
(pt@p)) € Copn. Let t := max{ty,to}. This implies (y;+yo)+e([, @ (p®p))+t(L, 2 (ptDp)) €
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Can. Therefore C(p) + C(p) C C(p). It remains to show compatibility of the collection C(p).
Let y € C(p),, and suppose a € M, ;. We claim (a ® I)*y(a ® I5) € C(p)x. Let € > 0 and let
t > 0 such that y + W(I” @ (p®pt)) +t(I, @ (pt ®p)) € Cap. Then it necessarily follows

(a® I)y(a® I) + H H (a® L) (I,®(p®p))(a® h)

+ta® L) (I, ® (p- & p))(a® L)

is an element of Cy. Since we have (a ® I,)*(1, @ (p@p))(a® ) < HaHZ([k ® (p®pt)) and
(a® L) (1,2 (pt®p))(a® ) < HaHz(Ik ® (pt @ p)) then it follows

(a® L) yla® L)+ el @ (p®ph)) + tHaHQ(Ik @ (pt D p)) € Cos.

Consequently (a ® I)*y(a ® Is) € C(p), which proves C(p) is a matrix ordering on My(X).
It is then an immediate consequence of our previous results that C(p) + J is a proper
matrix ordering on the quotient x-vector space My(X)/J.
It remains to show (p @ p*) + J is an Archimedean matrix order unit for My(X)/J.
By Proposition 2.0.1 it suffices to show (p @ pt) + J is an order unit. To this end let
x € My(X)/J and choose r > 0 such that r(I; ® e) — x € Cy. It then follows if € > 0 and we

let t = r we have
(ripept) —a)+epep)+rp-@p) = (r(lb@e)—z)+e(p®p-) € Co.

Thus, (r(p@® pt) +J) — (z + J) € C(p)1 + J which proves (p @ p*) + J is an order unit
and therefore a matrix order unit.

Consider x € M, (M,(X)/J) such that §(I, @ (p ® pt)) + 2 € C(p), for all § > 0.
Furthermore let € > 0. It then follows that there exists ¢ > 0 such that (5(I,® (p@p*))+z)+
(1,2 (p®ph))+t(I,@(p®p)) € Capn. Thus, we see z+€(1, 2 (p®ph)) +t(L, @ (p-®p)) € Can
which implies x € C(p), and consequently x + M, (J) € C(p), + M,(J) which proves
(p@®pt)+J is an Archimedean matrix order unit. Thus, (Ms(X)/T,C(p)+T, (p®pt)+T)

is an operator system. O
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Definition 3.1.3. Let (X,C,e) be an operator system and let p € Cy be a positive con-
traction. If C(p) denotes the matriz ordering induced by the positive contraction p and if
J = span C(p); N —C(p)1 then we call the triple (My(X)/T,C(p) + T, (p ® pt) +J) the
abstract compression operator system relative to the positive contraction p. We will denote
the abstract compression operator system relative to p by Ms(X)/J when no confusion will

arise.

Corollary 3.1.7. Let X C B(H) be an operator system and let p € C; be a positive
contraction which acts as a projection on H. Then if J := C(p)1 N —C(p); then (p &
pH)X(p ® pt) is completely order isomorphic to the abstract compression operator system

My(X)/T.

Proof. This is an immediate consequence of Lemma 3.1.5 and Theorem 3.1.6. In particular,
one needs only show that given x € My, (X);, then (I,® (p®pt)x (L, (p=®p)) € B(3"(H))*

if and only if for every € > 0 there exists ¢t > 0 such that

z+el,®(p@dp)+tl, ® (p- B p) € Cap

Since I,, ® (p ® pt) is a projection on (3"(H) then by Lemma 3.1.5 it follows (I, ® (p ®
pH)z(l, ® (pt ®p)) € B(fZ(H))" if and only if for every € > 0 there exists ¢ > 0 such that

r+el, @ (p@pt) +tl, @ (p- @ p) € Cop.

In particular, since the matrix orderings coincide then this shows the identity (p® p)X (p®
pt) = My(X)/J is a unital complete order isomorphism. O

We point out that our results generalize to arbitrary direct sums of finite length. In
particular if {p1,...,pn} is a set of positive contractions on an operator system (X,C,e)
then if we let P := @p; and P+ := @®p then we may consider My (X)/J, the abstract
compression operator system relative to P, where J := spanC(P); N —C(P);.

Throughout the manuscript, given n € N then we let J, € M,, denote the n X n matrix

with 1 in every entry.
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Theorem 3.1.8. Let X C B(H) an operator system and let p € Cy be a positive contraction
which acts as a projection on H. Then given x© € M,(X) it follows x ® Jo € C(p), if and
only if x € C,.

x
Proof. First consider x,y, z € X such that x,z € Aj. We begin by proving that Y €

*

vtz
C(p), if and only if prp + pypt + pty*p + ptept € B(H)*. If Y € C(p); then by
Yyt oz
Lemma 3.1.5 we have
1 Ly 1 2 +
pop) (p®p) € B(G;(H))" (3.6)
Yoz

1
Conjugating by the matrix yields the desired conclusion. Conversely if prp + pyp* +
1

T
pry*p+ptzpt € B(H)" then once again by Lemma 3.1.5 we need only show (p®p™) Y (p®

*

v oz
pt) =: S € B({3(H))". Write H = pH @ ptH and let £,n € H. If we denote & := p¢ and

n' := p*n then it follows

(S(E@n)|Ean) = (pzp+pyp" +p y'p+p 2pt) (€ + 7)€ +7)) € RT,

Ty
and thus € C(p):.
Yoz
We go on to prove our claim that z ® J; € C(p), if and only if = € C,,. Let x € C,,. Then

r ® Joy € Cy, and therefore if € > 0 and we let ¢t = € then it follows

r@Jy+el, @ (p@pt)+el, @ (pt ®p) € Con.
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This proves x ® Jy € C(p),. Conversely, suppose x € M, (X)), such that z ® Jy € C(p),. Let
€ > 0 be arbitrary. Then there exists ¢ > 0 such that

t®Jy+el, @ (p®ph) +tl, ® (pt @ p) € Cop.

Applying a canonical shuffle we rewrite the above sum as

Tz Lep 0 Ly@p- 0
+e€ +1 ECQn.
xr x 0 I, ®p*t 0 I, ®p

r x
This implies € C(I,, ® p); and by the first part of our proof this implies

(I, @ p)x(L, @ p) + (L @ p)a(l, @ pT) + (I, @ pH)z(L, @ p) + (I, @ pH)x (L, @ pT)

is an element of B(¢3(H))". Since p + pt = Idy then we have z € C,. This concludes the

proof. [

Motivated by the above theorem we arrive at the following definition:

Definition 3.1.4. Let (X,C,e) be an operator system and let p € C; be a nonzero positive
contraction. If C(p) denotes the matrix ordering induced by p and if J := spanC(p);1N—C(p)1

then we will say p is an abstract projection if the map
np:X—)MQ(X)/j,l"_)x@JQ—i_j?

is a complete order embedding. If p = 0 then we call p the zero abstract projection.

It follows if (X, C, e) is an operator system then e is an abstract projection. We consider

the map m. : X — M(X)/J where J :=spanC(e); N —C(e);. First note that if x € C,, then
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x ® Jy € Cg,. One may check this by taking a concrete realization of X and showing the

property holds. In particular, if € > 0 is arbitrary and we let ¢ = € then we have

r@Jo+el, @(e®0)+el,® (0P e) € Cap.

Thus z ® Jy € C(e),. If x € M,(X) such that (n.),(x) € C(e), + M,(J) then this implies

for all € > 0 there exists ¢ > 0 such that

r®Jy+el, R (e®0)+tl, (0@ e) € Cy.

By first applying a canonical shuffle M,, ® My — M, ® M, and then compressing the above

1
expression by (here we are compressing to the 1 x 1 block) implies = + €I, ® e € C,,.

1
Here we have used the assumption that C is a matrix ordering and is therefore compatible.

Since € > 0 is arbitrary and the matrix ordering C is Archimedean closed with respect to e
necessarily implies z € C,. This proves &, is a complete order embedding. Thus we see in
an abstract operator system (X, C,e) that the “identity” e is indeed an abstract projection.
This coincides with the immediate fact that if H is a Hilbert space then the identity operator
Idyg : H — H is a projection. In a similar fashion to our remarks regarding the abstract
projection, e, one shows that the zero element 0 is also an abstract projection in (X,C,e).
Similarly this coincides with the immediate fact that if we once again consider B(H), that
0 is trivially a projection on H.

Consider the operator system & and let p € C; be an abstract projection. We claim

L

p— := e — p is also an abstract projection. By assumption it follows x € C,, if and only if for

all € > 0 there exists ¢t > 0 such that

r®Jy+el, @ (p@ph) +tl, @ (pt D p) € Cop.
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If we conjugate by the unitary I, ® then necessarily we have
1

r®Jo+el,®@(pt®p)+tl, @ (p®p-) € Cop.

In particular, @ € Cy, if and only if (m,1),(z) € C(p*),; i.e., @M, is a complete order
embedding. A similar argument shows if p* is an abstract projection then p is also an
abstract projection. Thus, as in the case for bounded operators on a Hilbert space, a positive

contraction p is an abstract projection if and only if p* is an abstract projection.

Remark 3.1.9. Let (X,C,e) be an operator system. If we consider the abstract projection

e then it follows for all n € N, if C(e) denotes the matrix ordering on X induced by e then
Cle)p :={x € My(X), :Ve>0, s +el,®ecC,}

which by the fact that C is Archimedean closed with respect to e yields C(e), = C,. Thus,
J :=spanC(e); N —C(e); = {0}. Thus, X/J ~ X. Therefore we see that e behaves as the
identity operator projection would in the concrete setting of B(H).

If we consider now p = 0 it follows that C(0) is the matrix ordering defined for each n € N

by
C(0), == {z € M, (X)), : 3t > 0 such that = + tI, ® e € C,}.

Since e is a matrix order unit it follows C(0); = &}, i.e., for each n € N it follows C(0),, =
M, (X),. This implies if J := spanC(0); N —C(0); then X/J = X /X, = {0} which is a
direct result of the fact that X = &), @ iA},. Thus we see that the zero abstract projection

behaves as the identically zero operator on a Hilbert space H.

Remark 3.1.10. Given an operator system & then our conditions that a positive contraction
p € X be an abstract projection imply a very important property regarding the norm. It
must be the case that if p is a nonzero abstract projection in (X,C,e) then a(p) = 1 where

a: X — [0,00) denotes the order norm induced by the Archimedean order unit e. Suppose
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0 < a(p) < 1. Let r := a(p). Then it follows re — p € C;. Recalling that e = p + pt we see
re—p = rp+rpt—p = (r—1)p+rpt. If e > 0 is arbitrary then it follows (r—1)p+ep+rpt € C;
and therefore we see (1 — 1)p € C(p); where we will let C(p) denote the matrix ordering on

X defined for each n € N as
é(p)n = {2 € M,(X) : Ve >0 3t > 0 such that  + ep + tp~ € C,}.

As our results in the beginning of Section 3.1 imply, it follows if 7 := spanC(p); N —C(p):
then the triple (X /J,C(p)+JT, p+J) is an operator system. Since p € C; it follows p € C(p);.
Furthermore since (r—1)p = —(1—r)p € C(p), then —p € C(p),. Thus, we see that p € J and
consequently the abstract compression operator system (X /7,C(p) +J,p+ J) is trivial. In
particular, if we assumed that p was an abstract projection with a(p) < 1 then m,(p) = 0+J
and thus 7, would not be injective, contradicting the assumption that it was a complete order

embedding, and thus a linear isomorphism.

Corollary 3.1.11. Let X C B(H) be an operator system and let p € X be a positive

contraction that acts as a projection on H. Then p is an abstract projection in X.
Proof. Immediate from Lemma 3.1.5, Corollary 3.1.7, and Theorem 3.1.8. [

Thus far we have proven that our notion of an abstract projection satisfies many prop-
erties as that of a concrete projection on some Hilbert space. In particular, Corollary 3.1.11
implies that every concrete projection is an abstract projection. We now go on to prove that

every abstract projection is a concrete projection on some Hilbert space H.

Proposition 3.1.3. Let (X,C,e) be an operator system and let p € X be an abstract
projection. Let C(p) be the induced matrixz ordering on My(X') induced by p and let J =
spanC(p)1 N —C(p)1. Then given any matriz state ¢ : Ma(X) /T — M, there exists another
matriz state ' : My(X) )T — M,y such that ©'((p® 0) +J) and ©'((0® pt) + J) are both
projections in M, and if x,y,z € M,(X) then

X
o N s | e M,

Y z
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if and only if

Pon

(a) ] ] S
[a) @] [a] S
]

+'A4én(¢7)

e MpE.

Proof. For notational convenience we will let & € M,,(M2(X)/J) denote the coset z+ M, (J)
where € M, (X). Since go(@) =1, — go(()/@\pL) it follows @(@),gp((@) = 0.

Here we have let |-, -] denote the commutator defined by [a, b] := ab — ba,a,b € M,,. Choose

an orthonormal basis of /5 such that both go(@)) and @(()/Ga\pi) are diagonal. We write

P = gp(@)) and P+ = gp(@) which by reordering our basis we may write as

I,

Lhk+1

Tt

On—H

€ M,,and P+=

O

Yk+1

]ﬁ—M

€ M,

such that 0 < k < K < mn and z; +y; = 1 with x;,y; € (0,1) for each i. We consider the

following operators

I

~1/2
Tra1

Ok’

—1/2
xk//
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and

—1/2
yk+{

0,,—
B = ok e M, ..
_1/2 5
Yy

]n—k’

It then follows that APA* = I, and BP+B* = I,,_;. Let m := k' +n — k and define the
map ¢’ : My(X)/T — M, by

z 0 0 y
2 ® P
Ty 0 0 0 0
— (A® B) N 7 [ (A" e BY).
woz 0 0 0 0
%2 %2
w 0 0 =z

Then ¢’ : My(X)/J — M, is unital completely positive and go’(@) = Iy @ 0, and
go’((@) = O @ I,,—x. In particular we see go’(@) + @’(@) = I,,. In order to verify

x
the final claim it suffices to show if Y € My(X), then the nonzero entries of
yr oz
x 0 0y 0 0 00
(p Y ) <p Y (p Y
0 0 00 y* 0 0 =z
) 0
are all supported in the proper corners. This is to say that the nonzero entries of ¢
0 0
00 )
are contained in its upper left k' x k' corner, the nonzero entries of ¢ are contained
0 =z
: 0y :
in its lower right (n—k) x (n—k) corner, and the nonzero entries of ¢ are contained
0
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in its upper right &' x (n—k) corner. This in turn proves the claim since ¢’ : My(X)/T — M,,

is simply the compression of

z 0 0y
2 P

0 0 00

0 0 0 0
¥ ¥

w 0 0 =z

I
_1
T
_1
.Tklz
_1
?Jk:+21
_1
Yy
In—k’
T
We begin by proving the claim for ¢ . Thus, for x € A}, we may assume
0
x 0 —_—
that (p @ pt) £ € C(p); since p @ p* is an Archimedean order unit for the abstract
0 0

compression operator system My(X)/J. Since C(p) is a matrix ordering this necessarily

implies for all € > 0 there exists ¢ > 0 such that p £ T4 ep tpt € C; and/(glsequently

ptx 0O o ) ) pEtx O z 0
€ C(p);. Positivity of ¢ implies that ¢ = P+p e M}
0 0 0 O 0 0
x
which necessarily implies that the nonzero entries of ¢ sit in the upper left &’ x £’
0 0
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o —

0
block. A similar argument holds in showing that the matrix ¢ has support contained
z
in its lower right (n — k) x (n — k) block. It remains to prove the claim for ¢ Y
. — . . Py .
Since p @ pt is an order unit we may assume after rescaling that i € C(p);. Since
yp
the mapping
x 0 0
Ty 0 0 0
H
w oz 0 000
w 0 0 2
is completely positive then
p 00 y
0 00 O
c C(p)g
0 00 O
y* 0 0 pJ_
Consequently it follows
0 0 0
p Y P 0
00 0
P2 = — € M.
0 00 O 0 0
* 1 ¥ PL
This proves the claim and therefore finishes the proof. ]

Lemma 3.1.12. Let (X,C,e) be an operator system and let p € X be an abstract projection.
Let C(p) be the matriz ordering on My(X) induced by p and let J = spanC(p); N —C(p);.
Then the map m, : X — My(X)/T is unital.
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Proof. Tt suffices to prove that

It will then follow that m,(e) = e ® Jo + J = (p® p) + J which by Theorem 3.1.6 proves

0 1 1
the claim. We prove the claim for 4+ b and the argument for 4+ b is similar.
pp pt 0
Let €e >0 and let t = % It then follows
0 IR e 1 . 1
+elpop)+-(p ®p) = ®p+ ®@p- € Ca.
D P € 1 1+1 0 €
Similarly, if € > 0 is arbitary and we choose ¢ = (1 + %) then
0 -p 1 e -1 1+1 0
telp®p) +(1L+ )" @p) = ®p+ © | epted,.
—p —p € -1 1 0 e
This, along with our initial remarks, concludes the proof. 0

Theorem 3.1.13. Let (X,C,e) be an operator system and let p € X be an abstract projection.
Then there exists a Hilbert space H and a unital complete order embedding m : X — B(H)

such that m(p) is a projection on H.

Proof. For each n € N we consider the set
Ap ={v: My(X)/J — M,, such that 1 is unital completely positive},

i.e., we are letting A,, denote the convex set of matrix states of level n on the operator system
My(X)/J. Consider the map ¢ := @pnen Dyea, ¥+ M2(X)/T — Bnen Pyea, My, My =
M, for each v € A,,, which is necessarily a unital complete order isomorphism onto the range.
Using Proposition 3.1.3 we replace each ¢ : My(X)/J — M, with the unital completely
positive map ¢’ : My(X)/J — M,, and we then obtain a unital completely positive map
¢ Mo(X) )T = ®rmen Buyea, MY C B(H) where H := @,,cy Dyrea,, l» ¥, and such that
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¢ (p®0) is a projection on H. We claim that ¢’ is a complete order embedding. It will

x
suffice to show that for x, 2z € M,,(X),, and y € M,,(X), if Y ¢ C(p),, then there exists
y' oz
Ty Y
a natural number m and ¢ € A,, such that 1, ¢ M If ¢ C(p)n then
y oz y' oz
it follows
xr 0 0 y
0 00
0 00
y* 0 0 =z

In particular there exists a matrix state ¢ : My(X)/J — M, such that

z 00
0 0
¢2n ¢ M2+mn
0 000
y* 0 0 =z

Let ¢ : My(X)/J — M, be the induced unital completely positive map whose existence

—

x
comes from Proposition 3.1.3. This implies that 1, Y ¢ M}, and since ¢/ € A,

y* oz
this proves our claim. Thus, ¢’ : My(X)/J — B(H) is a unital complete order embed-

ding. Let @, : X — My(X)/J be the unital complete order embedding into the abstract

compression operator system. The desired map is then ©:= ¢'n, : X — B(H). [

Theorem 3.1.14. Let (X, C, e) be an operator system and let p € X be an abstract projection.
Then p is a projection in C*(X).

Proof. Using Theorem 3.1.13 we let H be a Hilbert space, and ® : X — B(H) a unital
complete order embedding such that m(p) is a projection in B(H). Let A := C*(wn(X)),

i.e., A is the unital C*-algebra generated by the image of X under ®. Using the universal
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property of C¥(X') there exists a unique *-epimorphism o : A — C*(X) such that o = j
where j : X — C¥(X) denotes the canonical embedding into the C*-envelope. We verify that
j(p) is a self-adjoint idempotent. Since j is positive then it is necessarily self-adjoint which
is to say that given any x € X that j(z*) = j(x)*. Consequently, since p € &} we have that

j(p) = j(p)*. For our final claim we see

This finishes the proof. [

Combining Definition 3.1.4, Theorem 3.1.13, and Theorem 3.1.14 we thus arrive at the
following theorem which we use to completely characterize abstract projections in an operator

system.

Theorem 3.1.15. Let (X,C,e) be an operator system and let p € X be a positive contraction.

Then the following are equivalent:
1. p is an abstract projection.

2. There exists a Hilbert space H and a unital complete order embedding

T : X — B(H) such that ©(p) is a projection.

3. p is a projection in C*(X).

3.2 Multiple Projections in Operator Systems

Expanding on the methods of Section 3.1 we now develop our methods in order to detect
when a finite number of positive contractions in an operator system are all simultaneously
abstract projections. In particular, our goal is to avoid using the C*-envelope as we had done
in Theorem 3.1.15. The reason for doing this is we wish to determine when a finite number
of positive contractions in an AOU space are all simultaneously abstract projections relative
to the same operator system structure. Our new methods are necessary since when dealing
with AOU spaces one cannot simply appeal to the C*-envelope since no such universal object

is guaranteed to exist in the category of AOU spaces with morphisms being positive maps.
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Definition 3.2.1. Let (X,C,e) be an operator system and let {py,...,pn} C X be a finite

set of positive contractions in X. For each i € [N] we define

PN =11 @ (@ pP) ® Jovs,
and

QY = I @ (p- ®py) @ Jovi.
Similarly, for each i € [N] we define

BY = Jy1 @ (p @) @ Jovs
and

QN == Jy1 @ (p & p1) @ Jywes,

For eachi € [N] it follows PN, QN, PN QN € My~ (X). We define the collection C(py, ..., py)
for eachn € N by x € C(p1,...,pn)n if and only if x € Myon (X)), and for all €1,...,ex >0

there exists ty,...,tx > 0 such that
T4+ 6L, @ PN+ > 61, @ QY € Cav, (3.7)

with the additional property that if we replace 0 < € < € then we may choose t. > t; such
that Equation (3.7) is still satisfied. We define the collection CA(pl, ..., pn) analogously with
PN and QN in place of PN and QN in Equation (3.7).

-~

Note that given any n € N then both C(p1,...,pn)n and C(p1,...,pN), are nonempty
since if one chooses x € C,o~ then letting t; = € for each i € [N] as in Definition 3.2.1, then

Equation (3.7) is satisfied.
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Lemma 3.2.1. Let (X,C,e) be an operator system and let {p1,...,pn} C X be a finite set

-~

of positive contractions. Let C(p1,...,pn) and C(p1,...,pNn) be as in Definition 3.2.1. Then

C(plv"'apN) C C(plvapN)

Proof. First note that J, < 2[,. In particular if we fix n € N then [, ® ﬁ’iN <29 ® RN.
Consider = € @(pl, .oy PN)n- Thus, for all €;,...,exy > 0 there exists ty,...,ty > 0 such
that

€ =~ -~
T4 Gl ® B+ L @ Q7 € Copv.
By our beginning remarks it then follows
2+ 6l, @ PN+ 3 2741, @ QY € Can.

This proves that = € C(p1,...,DN)n- H

Proposition 3.2.1. Let X C B(H) be an operator system and let {p1,...,pn} C X be a
finite set of positive contractions such that each contraction acts as a projection on H. Then

the following are equivalent:
1. x € C,.
2. x® Jov €C(P1y- -, PN)n-
3 x® Jyv € (?(pl7 PN )n-

Proof. Since C ® Jox C C(p1,-..,pn) C C(py,...,py) we readily see that (1) implies (3)
implies (2). We will prove by induction on N that if x ® Jov € C(py,...,pn)n then z € C,.

The base case is given by Theorem 3.1.8. Thus, suppose that our claim holds for N — 1
contractions. Consider x € M,,(X) such that x ® Jox € C(p1,...,pN)n- Thus given arbitrary

€1,...,€x > 0 there exists t1,...,ty > 0 such that

x®J2N +Z€1[n®P1N+ZtIIn®Q1N € CnQN
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which we rewrite as

N-1 N-1
T® Jon + Z &l, ® PN + exnlon-1 ® (py @ py) + Z til, ® QY + tylov—1 @ (py & pn).

i=1 i=1

Fixi€ [N —1]. Notice I, @ PN = I, @ PV ' ® J, and similarly I, @ QN = I, QN ' ® J,.
Rewriting the first term of the above equation as x ® Jonv-1 ® J5 we rewrite the above equation

as

N—-1 N—-1
2@ v+ Y 6L, @ PN+ Y 4L, @ QN @ Jo + exlov-1 @ (py B py)

i=1 i=1

F+tnlov-1 ® (pJ]\} @ pn) € Cpon.
Since I,ov—1 ® py is a projection on the Hilbert space ESQN_I(H) then by Theorem 3.1.8 we
conclude

N-1 N-1

X ® J2N71 —|— Z Ei[n ® IDiN_l + Z tlln ® QiN_l E CnQNfl.

i=1 i=1

By the inductive hypothesis we conclude x € C, and thus (1) holds. This finishes the

proof. [

Lemma 3.2.2. Let (X,C,e) be an operator system and let {p1,...,pn} C X be a finite
set of positive contractions. Let C(p1,...,pn) denote the collection of sets as defined in

Definition 8.2.1. Then (Mo~ (X),C(p1,...,pn)) 18 a matriz ordered x-vector space.

Proof. The proof is similar to that of Theorem 3.1.6. We show C(py, ..., pn) is closed under

direct sums and conjugation by matrices of the form a ® Irn. Let x € C(py,...,pn)n and
y € C(p1,---,pN)m- Then if €1,... en,d1,...,05 > 0 there exists s1,...,8y,t1,...,ty >0
such that

e+ 6L, @ PN+ s, @ Q) € Cpon,

and

y+ > 60,0 PN+ 1, QN € Coon.
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Set r; := max{s;,t;} then it follows
DY+ lim @ PN+ 1l @ QY € Clpymyan

and therefore x @y € C(p1,...,DN)ntm-
Suppose © € C(pi,...,pn)n and let a € M, . We claim (a ® Iyv)*z(a ® Iov) €
C(pry.--,pn)k- Let eq,...,exy > 0 and let t1,...,ty > 0 such that
€i

w+ZH‘QIn®RN+ZtiIn®QfV € Cpon.
i a i

Conjugating by a ® I,y we have

(a® Ly)*z(a® Iw) + Y HEiPa*a @ PN +> tia*fa® QY € Chan,
i a i

from which it follows

a‘a

(0@ In)w(a® L)+ Yl @ PY + Y |a%al|ti @ QV € Cpon.

Thus C(p1, . ..,pn) is compatible and this finishes the proof. O

Lemma 3.2.3. Let (X,C,e) be an operator system and let {p1,...,pn} C X be a finite set
of positive contractions. Then Iyn ® e is an Archimedean matriz order unit for the matriz

ordered x-vector space (Myn(X),C(p1,...,pN)).

Proof. We begin by showing I,y ® e is a matrix order unit which by using Proposition 2.0.1
implies we need only show it is an order unit. Let 2 € My~ (X);. Since e is a matrix order
unit implies there exists r > 0 such that rloy @ e — x € Con C C(p1, ..., py)1. This implies
I)x ® e is indeed an order unit. Assume x € M, ,n(X) such that for all € > 0 it follows

€lpoyn @ e+x € C(p1,...,pN)n- Thus, if €,..., ey > 0 there exists t1,...,tx > 0 such that

N-1 N
x—i_%\/InZN@e—i_Z‘El[n@RN—i_E?N[n@P]]\Y_'_Ztl[n@QlNECTQN
i=1 i=1
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Since
Iov ®@e=1, Ihn-1® (e D e)
we see
LRPY+1,2QN =1,8 L1 ® (py ®py) + 1, ® Liv-1 @ (p ® pw)
and consequently,
Lovn®@e=1,2 Py +1,®QN.

It then follows

N N-1
I+Z€iln®F)iN + Z tIIn®QfV+ (tN+ %)In(g@% < CnQN’
i=1 i=1
Thus, € C(p1, - ..,PpN)n Which implies I,y ® e is an Archimedean matrix order unit. [

Proposition 3.2.2. Let (X,C,e) be an operator system and let {pi,...,pn} C X be a finite
set of positive contractions. Let C(p1,...,py) denote the matriz ordering on Myn(X) as

defined in Definition 3.2.1. If J := spanC(p1,...,pn)1 N —=C(p1,...,pn)1 then the triple

(Mon (X)/T,C(p1,-..,pn) + T, Iov @ e+ J)

18 an operator system.
Proof. The proof is immediate by Lemma 3.2.2 and Lemma 3.2.3. [

Proposition 3.2.3. Let (X,C,e) be an operator system and let {p1,...,pn} C X be a
finite set of positive contractions. Let C(py,...,pn) be the matriz ordering as defined in

Definition 8.2.1 and let J := spanC(pi,...,pn)1 N —C(p1,...,pn)1- Then the mapping
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x = ® Jov + T from the operator system (X,C,e) to the quotient operator system
(Mon (X)) T, C(p1,...,oN) + T, Ion @ e+ J) is unital. In particular,

eRQJn+ T =LReR I v+ T =12QeRIyn2+ T ==Ly Re+ J.

Proof. Fix i € [N] and consider ly1 ® e @ Jonv-i11 + J. Since e = p; + pi- we may rewrite
-1 ®e® Jon—iy1 + 7 as

[2{—1 KeR J2N71+1 +J = ([2i—1 QP J2N—i+1 + j) + (121—1 X piJ' X J2N71+1 + j)
We claim
[2i71 QP& J2N—i+1 +J = [2171 & (pi ) 0) & JQN—i + 7 (38)

and

Lii®@pF @ Jovoinn +J = L1 @ (0D pi) @ Jov—i + J. (3.9)
Our methods are similar to those of Lemma 3.1.12. We first consider I5i-1 ® p; ® Jon-i+1 + T
which we rewrite as

bi D
i ® ® Jon-i + 7,

bi Di

of which Equation (3.8) will follow if we prove that

0 pi
+hhi-1 ® ® Jon-i EC(pl,...,pN)l.

bi Di

Let €1,...,exy > 0. For each j #iset t; = ¢ and set t; =1 + % It follows

0 p pi O pt 0 €i 1 1+ el 0 n
+ € + t; = & p; + ! & p; € Co.
D Di 0 pi- 0 m 1 2+ 2 0 &

€i
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Furthermore,

0 p pi 0 pi 0 6 —1 1+3 .
— + € + = Q@ pi+ ' @p; € Cy
P Di 0 pp 0 pi -1 2 0 &

This implies

0 pi
+li-1 ® b ® Jon-i + EiPiN + tiQiN € Coyn.
P Pi
Consequently, it follows
0 bi N N N N
+i1 ® ® Jov—i + Y 6PN + > 4Q" € Con,
bi Di =1 =1
which implies
0 pi
+lhi-1 ® ® Jon-i GC(pl,...,pN)l.
Pi Di

This proves Equation (3.8) and Equation (3.9) is proven in a similar manner. Notice when

we add the right side of Equation (3.8) with the right side of Equation (3.9) we obtain
(It @ (p; & 0) @ Jov—i + T) + (I @ (08 p) @ Jonv—i + ) = BY + J.
When we add the left side of Equation (3.8) with the left side of Equation (3.9) we obtain
(i1 @ p; @ Jov-it1 + T) + (Ii-1 @ pi- ® Jon—in1 +J) = i1 @ e @ Jon—ii1 + .
Combining these yields

Li1®@e® Jon-inn +J = PN+ J, foreachic [N].
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Once again fix i € [N] and suppose €1,...,ey > 0. For j # i let t; = ¢; and set t; = 1. It

follows
QY + Y 6PN +> Q) € Con,
i i
and consequently QI € C(py,...,pn)1. This implies
P4+ TJ=PN+QM+T =L ®e® Jon-i +J, foreachic|N].
It thus follows
eRQIn+ T =LRe@ v+ T =1pR@eR@ v+ T =--=LbyvR@e+ T

and in particular, the mapping x — = ® Jov + J is unital. 0

Proposition 3.2.4. Let (X,C,e) be an operator system and let p € X be a positive con-
traction. Let C(p) denote the matriz ordering, induced by p, on My(X) and let J :=
span C(p)1 N —C(p)1. If mp : X — My(X)/J denotes the mapping taking x — x @ Jo + T

then T, is completely positive.
Proof. Fix n € N and consider x € C,. Then x ® Jy € Cy, and consequently if € > 0 is
arbitrary then by letting ¢t = € it follows

r®Jo+el, @ (p®ph) +el, ® (p- ®p) € Con.

This implies that (n,),(z) = 2 ® Jo + M, (J) € C(p)n + M, (J) which proves the claim. [

We now prove when a finite set of positive contractions in an operator system are all

simultaneously abstract projections.

Theorem 3.2.4. Let (X,C,e) be an operator system and let {p1,...,pn} C X be a finite

set of positive contractions. Then the following are equivalent:

1. Each p; is an abstract projection in X.
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2. For each i € [N] the map ), : X — My(X)/ T, x — @ Jo + Ji, where
J: = spanC(pi)1 N —C(pi)1 is a complete order embedding.

3. The map v — x @ Jov + J, where J := spanC(p1,...,pn)1 N —C(p1,-..,PN)1,

is a complete order embedding from (X,C,e) to

(Mon (X)/T,C(p1,-- o)+ T, oy @ e+ J).

Proof. The equivalence of (1) and (2) is Theorem 3.1.15. Furthermore it is immediate from
Proposition 3.2.1 that (1) implies (3). We thus prove (3) implies (2).

Assume (3) holds and fix i € [N]. We claim &, : X — My(X)/J; is a complete order
embedding. By Proposition 3.2.4 we need only show 1 L m, (X) — X is completely positive.
Let x € M,(X) such that (m,,),(x) € C(pi)n + M, (J;). Thus for every € > 0 there exists
t; > 0 such that

2 ®Jy+el, @ (p ®ph) +tL, ® (pi ®pi) € Cop.

By tensoring on the left by the positive matrix Jov-i and by tensoring on the right by the

positive matrix Jyi-1 we obtain
Jonvi @ (2@ J3) ® Joi1 + €6Jov—1 @ I, @ (pi ® pi) @ Joio1 + tiJon—i @ I, @ (- @ pi) @ Joi1,

which is then an element of C,o~. By applying the canonical shufle Mov-i @ M,, ® My ®
Myi-r — M, @ Myn-i @ My ® Mayi-1, followed by the shuffie M,, ® Mov-i @ My @ Moi-1 —
Mn &® M21—1 QX M ® M2N7i, it follows

T ® Jon + 61, ® f)iN + tlélN € CnQNv
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where J5iN and @fv are as in Definition 3.2.1. Let ¢ > 0 be arbitrary for j # i and set t; = ¢;
for j # i. Then

J J
Consequently, z ® Jon € 5(p1, oo sPN)n C C(p1, ..., pN)n which by our assumption implies
x € C,. This proves (2) and concludes the proof. O

We have thus far shown that our notion of an abstract projection in an operator system
has similar properties to projections in C*-algebras. In Theorem 3.1.15 we characterized
when a positive contraction is necessarily an abstract projection. Furthermore, given a finite
number of positive contractions in an operator system, in Theorem 3.2.4 we proved when
all the positive contractions are simultaneously abstract projections. In the next chapter we

will extend our methods to Archimedean order unit spaces.
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4. PROJECTIONS IN ARCHIMEDEAN ORDER UNIT
SPACES

Building off of our results in Section 3 our goal of this section will be to characterize when
finite sets of positive contractions in an AOU space are simultaneously abstract projections

relative to the same operator system structure.

4.1 Single Projections in AOU spaces

Given an operator system (X,C,e) and a positive contraction p € X’ then we once again

let C(p) denote the matrix ordering on My(X) defined for each n € N by
C(p)n = {2 € Ma,(X)}, : Ve > 0 3t > 0 such that z + el,,(p @ pr) +t1, ® (p~ © p) € Can}.

Furthermore, we will let 7 := spanC(p); N —C(p)1.
We consider the operator system (My(X)/J,C(p) + T, L ®e+ T).

Remark 4.1.1. In Subsection 3.1 we considered abstract compression operator systems
where the Archimedean matrix order unit was given by p @ pt + J where p € X was our
initial contraction. Similar to our proof in Lemma 3.1.12 it follows that p®pt+7 = L®e+J.
Let m, : X — My(X)/J denote the map x — = ® Jy + J. It was proven in Lemma 3.1.12
that e® Jo+J = (p®pt)+J. Note that L®e+T = (p@p)+T +(pt®p)+J. We claim
that (0 @ p), =(pt @ 0) € C(p);. This is proven following the methods of Lemma 3.1.12.
Another way to see this is by utilizing Proposition 3.2.3. In the proof of Proposition 3.2.3
we saw if {p1,...,py} C X is a finite set of positive contractions then for each i € [N] one

has

Liin®e@Jpnv-in+ T =P N+ T =L Q@e® Jon-i + J.

Let N =1. Thenwehave6®J2+j:Pf+J:]2®e+j.

Lemma 4.1.2. Let (X,C,e) be an AOU space and let C be an operator system structure

on X. Furthermore, let p € X be a positive contraction and let C(p) denote the matrix
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ordering induced by p. Set J := span C(p); N —C(p)1. For each n € N consider the set
(1), (C(p)n + M, (T)), where

T, (X,C.e) = (My(X)/T,Clp) + T, a@e+T)

denotes the mapping m,(x) = 2®Jo4+7T . Then the collection m,* (C(p)+T ) := {(m,),, (C(p)n+
M, (T))}nen is a matriz ordering on X and C(p)n, = 7, (C(p) + T )(p)n for each n € N.

Proof. For notational convenience, throughout this proof we denote 7, YC(p) + J) by D.
Thus, we claim that C(p) = D(p). Since C(p) + J is a matrix ordering then it follows
immediately that D is a matrix ordering. Using Proposition 3.2.4 then given any x € C, it
necessarily follows that (w,),(x) € C(p), + M, (J), i.e., x € D,,. Thus, C C D.

Suppose x € C(p),, and let € > 0 be arbitrary. Then there exists ¢ > 0 such that

x+el,® (p@ph) +tL, @ (p* @ p) € Cap,

and since Cy,, C Dy, it follows that z € D(p),, and therefore C(p) C D(p).
Conversely, suppose that € D(p),, which implies that for all ¢ > 0 there exists £ > 0
such that

z+el, ®(p@p) +tl, ® (ph @ p) € Dy
and thus
(Mp)an(z + €L, @ (p @ p™) + L, @ (p- @ p)) € C(p)an + Mon(T).
In particular given any ¢ > 0 there exists > 0 such that

[z + el @ (pop )+, @ (0" ©p)| @ Jh+0hy @ (p&p") + b @ (0" & p) € Ca.
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Thus, given any € > 0 there exists ¢, > 0 such that

T+ %h@ (pdp ) +th, ® (pL@p)} ®J2+%fzn® (p@ph) + 7l @ (p-®p) € Cun

After applying the canonical shuffle My, ® My — My ® M,,, the above expression becomes

Jy @

x+ %h@ (p@p)+th, @ (p* ®p)} + %(p@pL) ® Lo +1(p" @ p) @ L.

Let A € My, denote the 4n x 4n permutation matrix which exchanges the i and (i + 2n)'"
columns for i = 2,4, ..., 2n. Conjugating the above expression by A then compressing to the

1 x 1 corner implies that for all € > 0 there exists ¢, > 0 such that
vt el ® (p@pT) + (t+ 1)L @ (pT @ p) € Con

and consequently = € C(p),, which finishes the proof. O

Using the above lemma we are now able to characterize when a positive contraction in

an AOU space is an abstract projection relative to some operator system structure.

Theorem 4.1.3. Let (X,C,e) be an AOU space and let p € X be a positive contraction.

Then the following are equivalent:

1. There exists an operator system structure C, on X, such that p is an abstract

projection in (X,C,e).

2. The map m, : (X,C) = (Mx(X)/T,C™™ (ph +T),x = x® Jo+ T is an order
embedding.

Proof. We begin by showing (1) implies (2). Suppose C is an operator system structure on X
such that p € X is an abstract projection. This is to say that (X, C,e) is an operator system
and C; = C. If x € C = CP then by Proposition 3.2.4 we know m,(z) € C™(p); + J.
Conversely, if m,(z) € C™*(p); + J, then for all € > 0 there exists ¢ > 0 such that

T ® Jo+e(p@®ph) +tpt ®p) € CF.
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By properties of the maximal operator system structure we have C™** C C. Consequently,
r®Jp+e(p@pt) +t(pm ®p) € Ca

Thus, m,(x) € C(p)1 + J, which by our assumption implies € C; = C. This proves (2).
We now show (2) implies (1). To this end suppose that

M, (X,C e) = (My(X)/T,C™™(p)1 + T)

is an order embedding. We consider the matrix ordering 7' (C™(p) + J) on X which, for
notational convenience, we will denote as D. By assumption we have D; = C. We claim T, :
(X,D,e) = (My(X)/T,D(p)+T, [o®e+T) is a complete order embedding. By Lemma 4.1.2
we have D(p) = C™*(p). Thus, if z € M, (X) such that (%,),(x) € D(p), + M,(J) then
(p)n(x) € C™(p),, + M, (J). By construction it must follow z € D,,. O

We end this section with some remarks regarding our methods above. Using Theo-
rem 4.1.3 we are able to detect when a positive contraction in an AOU space is an abstract
projection relative to some operator system structure on the x-vector space. But this the-
orem has strict limitations. In particular, if p; and p, are two positive contractions in an
AOU space (X, C,e) then by Theorem 4.1.3 there exist operator system structures K and
L, on X, such that p; is an abstract projection in (X, K, e) and p, is an abstract projection
in (X, L,e). The issue arises in the fact that it is not necessary that I = £. We wish to
develop a method to determine when a finite set of positive contractions in an AOU space

are all simultaneously abstract projections in the same operator system.

4.2 Multiple Projections in AOU spaces

Expanding on methods from Subsection 3.2, the goal of this section is to prove when a
finite set of positive contractions in an AOU space are simultaneously abstract projections

relative to an operator system structure on the AOU space.
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Definition 4.2.1. Let (X,C,e) be an operator system and let {p1,...,pn} C X be a fi-
nite set of positive contractions in X. For each i € [N] let PN, QN € Myn(X) be as in
Definition 8.2.1. Fix L € N and define the operators on Moni(X),

P]-VL = IQN(jfl) X ]DiN & JQN(L*j)a

ij

NL ., N
ij = ]2N(j—1) &® Qi ® JQN(L—j)a

where j € [L]. For each L € N we define the collection C(p1,...,pn)* :={C(p1, ..., pN)E} e
such that for each n € N, we have x € C(py,...,pn)E if and only if given any N x L matriz
(€i)ij of strictly positive real numbers there exists an N x L matriz (tyy);; of strictly positive

real numbers such that
JI—FZEUI”@PI;VL—{—ZKJ]”@QS[L € CQNL, (41)
ij ij

with the property that if one replaces e with 0 < €; < e then we may choose ti; > ti; such

that Equation (4.1) still holds.

Another way to view the collection C(py,...,py)¥ is that it is the collection of cones as
defined in Definition 3.2.1 when the positive contractions py, . .., py are repeated sequentially

L times. This leads to an immediate proposition.

Proposition 4.2.1. Let (X,C,e) be an operator system and let {py,...,pn} C X be a finite

set of positive contractions. Fix L € N, then the following hold:

1. Let JF := spanC(py,...,pn)r 0 =C(p1,...,pn)E. Then the triple
(Mane(X)/ T, Clp1, ... pn)* + T Iave @ e+ T

is an operator system and the mapping x — x @ Jonr + J s unital.
2. The positive contractions py,...,pn are all abstract projection in X if and only
if the mapping © — = ® Jone + T from (X,C,e) to
(M2NL(X)/jLﬂc(pl) s 7pN)L + ja IQNL ®e+ jL)
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is a complete order embedding.

Proof. Statement (1) is immediate from Proposition 3.2.2 and Proposition 3.2.3. Statement

(2) is immediate from Theorem 3.2.4. O

Definition 4.2.2. Let X be a x-vector space and fix a nonzero hermitian element e € X},.
Suppose for every L € N there exists a matriz ordering Ct such that (X,C¥, e) is an operator
system. We say the collection {C*}en of matriz orderings is nested increasing if for all
n € N it follows CL C CE*L for each L € N. Given a nested increasing sequence {CL} pen we
define the inductive limit C* to be the collection C*° := {C°},en defined for each n € N by
x € C° if and only if for all € > 0 there exists L € N such that x+ I, @ e € CL. In particular,

C is the Archimedean closure of Upen CL with respect to e.

Lemma 4.2.1. Let X be a x-vector space and consider a nonzero hermitian element e € X},.
Suppose for every L € N there exists a matriz ordering CL such that (X,C*, e) is an operator
system and suppose the collection {C'} pen forms a nested increasing sequence. Then (X,C*)

1s a matriz ordered x-vector space and e is an Archimedean matriz order unit.

Proof. We prove that C*> is a matrix ordering by showing that it is closed under direct
sums and is compatible. First consider the collection C' := {C/ }nen where C, := UpenCE.
If z € C/ and A\ > 0 then since * € CL for some L implies Az € A\CY C CL and thus
R*C' C C'. If z € C}, and y € C,, then there exists L,, L, € N such that z € C= and y € Cl».
Let L := max{L,, L,}. Since the collection {C*} ¢y is nested increasing implies = € C} and
y € Ck and consequently z®y € CL, which implies @y € C,,,,. The compatibility of C’ is
immediate since each CL is compatible. Since for each n € N, C>° is the Archimedean closure
of C!, then this proves (X,C>) is a matrix ordered *-vector space. Let z € M, (X);. Then
for each L € N there exists r > 0 such that rI,, ® e —x € CL. In particular, r[, @ e —z € C.,.
Thus, e is a matrix order unit for the pair (X',C*). By definition of C> we have that e is

necessarily an Archimedean matrix order unit and this finishes the proof. [

Proposition 4.2.2. Let (X,C,e) be an operator system and let {py,...,pn} C X be a finite
set of positive contractions. For each L € N define the mapping wy : X — Moni(X) defined
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by T () = x ® Jonr. Then the collection {n;'C(py,...,pn) }ren is a nested increasing

sequence of matrix orderings on X .

Proof. For every L € Nwehave t;'C(py,...,pn)" = {(71); (C(p1, - - -, PN )L nen is a matrix
ordering on X. Indeed, this follows by Lemma 3.2.2 and methods similar to Lemma 4.1.2.
We therefore show that the collection {7;'C(py,...,pn)"}ren forms a nested increasing
sequence. To this end, fix n, L € N and suppose z € M, (X) N (n);*(C(p1,...,py)L) and
therefore © ® Jove € C(py1,...,pn)E. We claim 2 @ Joni+ny € C(py, ..., py)ET! which will
finish the proof.

By our assumptions it follows that given an N x L matrix (€;)ic(nje[z), of strictly positive
real numbers, there exists an N x L matrix (t;)ic(nje[z) of strictly positive real numbers such

that

T ® Jonr + Z Eijfn X PéVL + Ztij]n X QIJJVL € Cpane.
ij

ij

We tensor this expression on the right by the positive matrix Jonv which yields

T & Jyntn) + Z Gij]n & PleL ® Jon + Z tij]n & QfJVL ® Jon € Con(Li).

ij ij

For each i € [N] let € (141) > 0 be arbitrary and set ¢; (1 41) = €;,(r+1). Notice for each i € [N]

and j € [L] we have

PéVL ® Jon = Ipng-1) @ PN @ Jonz—py @ Jov = Iynvg-1) @ PN @ Jon(zsn-i = Pi]-V(LH)

)

and a similar calculation holds for ijy L' ® Jyn. We therefore arrive at the following expression

N L+1 N L+1

2@ Jyvwen + 33 6L, @ PYY 3" S 51, 0 QF Y € C v

i=1 j=1 i=1 j=1

This proves x @ Jynis1y) € C(py, . .. ,pN)(L“) which proves that the collection

n

{n;'Cpr, -, on) "} ren

60



is nested increasing. [

Definition 4.2.3. Let (X,C,e) be an operator system and let {py,...,pn} C X be a finite
set of positive contractions in X. We define the matriz ordering C(py,...,pn)>° on X to be
the inductive limit of the collection {T;*C(p1,...,pn)*}ren where T+ X — Mone (X) is the

mapping x +— T X Jonr.

Proposition 4.2.3. Let (X,C,e) be an operator system and let {py,...,pn} C X be a finite

> satisfies the condi-

set of positive contractions. Suppose the matriz ordering C(pi,...,pN)
tion that C(p1,...,pn)5e N =C(p1,-..,pn)5° = {0}. Then the triple (X,C(p1,...,pN)>%,€) is

an operator system and p; is an abstract projection in (X,C(p1,...,pn)>,€) for eachi € [N].

Proof. We have by Proposition 4.2.2 that for each L € N it follows n; (C(py,...,pn)")
is a matrix ordering on X and furthermore {n;'(C(p1,...,pn))}ren is @ nested increasing
sequence. Along with Lemma 4.2.1 we necessarily have (X,C(p1,...,pn)>) is a matrix
ordered *-vector space and e is an Archimedean matrix order unit. Since C(py,...,pn)5° is
proper then by applying Lemma 2.0.1 we have (X,C(p,...,pn)>, €) is an operator system.

It remains to show that each p; is an abstract projection in (X,C(ps,...,pn)%, ). This

is to say that the map taking r — x ® Jov + J is a complete order embedding from

(X,C(p1,---,pn)>® €) to
(M2N(X)/k77c(pl7'"7pN)oo(p17"'7pN) +j712N ®€+j),

where J := spanC(p1,...,pn)°P1,--.,o8)1 N —=C(p1, ..., pNn)°(P1,...,pNn)1. Therefore let
x € M,(X) such that x ® Jov + T € C(p1,.--,08) D1, -, PN)n + T. Thus, z ® Jov €
C(p1,-..,pn)>®(p1,- .., pN)n Which implies given arbitrary €, ..., ey > 0 there exists

t1,...,ty > 0 such that

T® Jon + ZEiIn ® PN + ZtiIn @ QYN €C(p1,...,pn)5n.
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This implies given any € > 0 there exists L € N such that

v® Sy + 3 6l @ B+ 0l @ QF + eluov @€ € (1) on (C(prs -+, pa )iz,
which implies

(m ® Jon + Z &l, @ PN + Ztiln Q@ QN + el v @ e> ® Jonr € C(py,y ..., DN )N
In particular we have

(m @ Jov + > 6L, @ PN+ > 41, @ QY + €lon ® e> ® Jonr + Mon (T5)

€ C(p1. - PN)pon + Moon (TF).
where J :=spanC(py,...,pn)r N =C(p1,...,pn)E. By Proposition 3.2.3 we have
Iy @ e ® Jyvr + Mo (TF) = € @ Joniny + Man (TF),
and therefore
Liox @ €® Jone + Mo (T5) = 1, ® € @ Jonizsny + Mpon (TF).
Thus our expression above becomes

(:p @Iy +> 6L, PN +> 6L, Q) +el, ®e® J2N> ® Jonz + Moon (TF)

€ C(pb o .. 7pN>£2N + MnQN(jL>7
and in particular

<x® Jon +3 6L, @ PN+ 6L, Q) +el, ®e® J2N> ® Jonr € C(py, ..., DN )N
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By definition of C(py,...,pn)En we have for any N x L matrix (0)renyerr) of strictly
positive real numbers there exists an N X L matrix (Tkl)ke[N“E[L] of strictly positive real

numbers such that

<x®J2N +Zeifn®PiN+ZtiIn®Q{V+dn®e®J2N> ® Jone

+ Z Opi o8 @ Pk]}[L + Z Trdpon ® QZL € CnQN(L+1).
kl kl

Note

Lon ® PgL =1, ® Iy @ Iyna-1) ® Pév ® Joniw—y = I, @ Iynarny-1y & Pév ® Jon(Li1-ar1))

B N(L+1)
=1, ® Pyy)

Furthermore, we see I, @ Py "™ = I, © PN ® Jow.. Similar properties hold for I, QN @ Jons

and -[n2N X Q{{\EL

For each i € [N] set ;;11) = & and similarly set 7jz41) = t;. It then follows

N L+1 N(Li1 N L+1 N(Li1
(I +el, ® 6) @ Jon(1) + Z Z O0ul, ® Pil (E+1) + Z Z ryul, ® Qil (L+1) € CnQN(L+1).

i=1 I=1 i=1I=1

This proves that (z + el, ® €) ® Jovwsny € C(p1,...,pn) Y, and thus = + €I, ® e €

(Tp1); (C(p1s - -, pn)EFD). Since € > 0 was arbitrary we conclude z € C(py, ..., py)%.

n

Thus, the mapping z — = ® Jov + J from (X,C,e) to

(Mon (X)/T,Clpr, - pn) ¥ (p1, - on) + T Iy @ e+ J)

is a complete order embedding. By Theorem 3.2.4 this proves our claim. 0

We are now able to prove when a finite number of positive contractions in an AOU space

are all simultaneously abstract projections relative to a single operator system structure.

Theorem 4.2.2. Let (X,C,e) be an AOU space and let {py,...,pn} C X be a finite set of

positive contractions in X. Then the following are equivalent:
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1. There exists a Hilbert space H and a unital order embedding ®© : X — B(H) such
that T(p;) is a projection on H for each i € [N].

2. There exists an operator system structure C, on X, such that each p; is an

abstract projection in (X,C,e).
3. C=C™%py,...,pN)}.

Proof. (1) and (2) are equivalent by Theorem 3.2.4. Thus, we need only show that (2) and
(3) are equivalent.

To this end, suppose that there exists an operator system structure C such that each
pi € X is an abstract projection in (X,C,e). We claim C' = C™(py,...,pn)°. If x € C
then since C' = O and C"™ C C™*(py,...,pn)¥ for each L € N implies that C' C
C™(py,...,pn)5°. Conversely, suppose x € C™(py,...,pn)7°. Thus, for € > 0 arbitrary
there exists L € N such that x + ee @ Jove € C™¥(py, ..., py)E. Since C™** C C implies for
every € > ( there exists L € N such that x+ee® Jove € C(py, ..., pny)L. By Proposition 4.2.1
we have that x + ee € C; = C and since C' is Archimedean closed with respect to e readily
implies « € C. This proves (3).

Suppose that C' = C™*(py, ..., pn)°. This implies the cone C™*(py, ..., pn)5° is proper
and thus by Proposition 4.2.3 we have each p; is an abstract projection in the operator
system (X, C™*(py, ..., pn)>, e). By assumption we have C™*(py,...,pn)> is the desired

operator system structure. [

Corollary 4.2.3. Let (X,C,e) be an AOU space and let {py,...,pn} C X be a finite set
of positive contractions in X. If the cone C™(py,...,pN)S° is proper then there exists a
Hilbert space H a unital order embedding @ : (X,C™(py,...,pN)°,€) — B(H) such that

n(p;) is a projection on H for each i € [N].

Proof. Since the cone C™*(pq,...,pn)5° is proper then by Proposition 4.2.3 the triple
(X, C™*(py, ..., pN)%, €) is an operator system and for each i € [N], p; is an abstract projec-
tion in (X, C™(py,...,pn)>,e). If we consider the AOU space (X, C™*(py,...,pN)°,€)

then by (1) and (2) from Theorem 4.2.2 we know there exists a Hilbert space H and a uni-
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tal order embedding 7 : (X, C™*(pq,...,pNn)5°, €) — B(H) such that m(p;) is an abstract

projection for each i € [N]. O
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5. APPLICATIONS TO QUANTUM INFORMATION THEORY

Using our notions of abstract projections in operator systems and AOU spaces, we now
present new characterizations of the set of quantum commuting correlations. Fix two natural
numbers n, k € N. We define a correlation to be a tuple p := {p(ablzy) : a,b € [k],z,y € [n]}
such that p(ablzy) € R* for all a,b € [k],z,y € [n] and such that >, p(ablzy) = 1 for each
x,y € [n]. We refer to n as the number of inputs and k as the number of outputs. The set of
all correlations with n-inputs and k-outputs will be denoted by C(n, k). Given a correlation

p € C(n, k) we consider the operators
palalz) = Zp ablzy), and pg(bly) : Zp ablzy),

where x,y € [n], and a,b € [k]. The correlation p is nonsignalling if both p4 and pp are
well-defined which is to say pa(a|z) is independent of the input y € [n| and pg(bly) is
independent of the input x € [n]. We denote the set of all nonsignalling correlations with
n-inputs and k-outputs by Cys(n, k). It readily follows that Cys(n, k) is a convex subset of
R™¥ . Of particular interest to operator algebraists has been the study of correlation sets
which are subsets of the nonsignalling correlations. In particular, all sets of correlations that
we consider will be subsets of the nonsignalling correlations with the appropriate input and
output sizes.

Let H be a Hilbert space. A projection-valued measure is a set of projections
{F\,...,Ex} C B(H)

such that >, By = Iy where i € [N] and Idy : H — H denotes the identity operator on
H. If p € Cys(n, k) is a nonsignalling correlation then we will say p is quantum commuting
if there exists a Hilbert space H, a unit vector n € H and pairwise commuting projection-
valued measures {F,,}*_| {F,}5_; for each x,y € [n] such that p(ablzy) = (n|E..Fun)
for each z,y € [n| and a,b € [k]. The set of all quantum commuting correlations with n-
inputs and k-outputs will be denoted Cy.(n,k). If we require the Hilbert space above to

be finite-dimensional then we will say the correlation is a quantum correlation. The set of
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all quantum correlations with n-inputs and k-outputs will be denoted Cy(n, k). The closure
Cy(n, k) will be called the quantum approzimate correlations with n-inputs and k-outputs

and will be denoted Cq,(n, k). It follows
Cq(n, k) C Cqa(n, k) C Coe(n, k) C Cps(n, k). (5.1)

Question 5.0.1 ([22]). Does it follow Cy(n, k) = Cyc(n, k) for all n,k € N?

It was proven in [21], that for certain input values n and output values k, the set of
quantum correlations Cy(n, k) is not closed. Until recently, it was unknown if for particular
values of n and k if the set of quantum approximate correlations was a proper subset of
the quantum commuting correlations. In particular, according to the authors in [8], the set
of quantum approximate correlations is a proper subset of the set of quantum commuting
correlations for very large n and k.

The goal of the rest of this section is to present new and purely abstract characterizations
of the set of quantum commuting correlations. We begin with a well-known fact (see e.g. [1,

Proposition 6.2]).

Proposition 5.0.1. Fiz n,k € N, and let p := {p(ablzy) : a,b € [k],z,y € [n]} € C(n, k).

Then the following are equivalent:
1. p € Cup(n, k) (resp. p e Cy(n,k))

2. There exists a (resp. finite-dimensional) C*-algebra A, projection-valued

measures { By, }_ | {Fp}i_y C A for each x,y € [n] , such that
E:caFyb = FybExa

for each a,b,z,y and a state ¢ : A — C such that o(E,.Fy) = p(ablzy) for each
a,b,x,y.

3. There exists a (resp. finite-dimensional) Hilbert space H, an operator system

X C B(H), projection-valued measures {Ey.}*_ |, {Fyp}i_, for each z,y € [n],
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such that E, Fy, € X for each a,b,x,y, EyoFyy = FypEy, for each a,b, x,y, and
a state p : X — C such that ¢(E.Fy) = p(ablxy) for each a,b, z,y.

Definition 5.0.1. Fiz n,k € N, and let (X,C,e) be an operator system. We say X is
nonsignalling if X = span{Q(ab|zy) : a,b € [k],z,y € [n]} where each Q(ablzy) € X, and
such that for each x,y € [n] we have Y, Q(ablzy) = e. Furthermore for each x,y € [n| the

operators

E(alz) := Y _Q(ablzy), and F(bly) :=>_ Q(ablzy)

b

are well-defined. We will call the set {Q(ablzy) : a,b € [k],x,y € [n]} the set of generators
of X. We say X is a quantum commuting operator system if each generator Q(ab|ry) is an

abstract projection in X.

Theorem 5.0.2. Fizn,k € N and let p € C(n, k). Then p is a nonsignalling correlation if
and only if there exists a nonsignalling operator system X with generators {Q(ablzy) : a,b €
k], z,y € [n]} and a unital completely positive map ¢ : X — C such that p(Q(ablzry)) =
p(ablzy) for all x,y € [n] and a,b € [k]. Similarly, p is a quantum commuting correlation if
and only if there exists a quantum commuting operator system X with generators {Q(ablxy) :
a,b € [k],z,y € [n|} and a unital completely positive map ¢ : X — C such that o(Q(ablzy)) =
p(ablzy) for all x,y € [n] and a,b € [k].

Proof. We begin with the nonsignalling case. Let X be a nonsignalling operator system and

let o : X — C be a state. For each x,y € [n],a,b € [k] set

p(ablry) == o(Q(ablzy))

and let p := {p(ablzy) : a,b € [k],z,y € [n]}. It readily follows that p(abjzy) € R for each
x,y,a,band furthermore 1 = p(e) = >, w(Q(ablry)) = >4 p(ablzy). Thus, p € C(n, k). By
similar reasoning it follows the marginal operators p4 and pg are well-defined. This proves
p € Cus(n, k). Conversely, let p € Cys(n, k). Let X := span{Q(ablzy) : a,b € [k],z,y € [n]}
where for each a, b, z, y we have Q(ab|ry) := p(ablzy). Thus, if we let H := C then X C B(H)
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is an operator system such that for each z,y € [n] the sum Y., Q(ablzy) = e, where the
Archimedean matrix order unit e is 1. And similarly, both marginal operators F(a|r) and
F(bly) are well-defined for each a,b € [k] and z,y € [n]. Define the map ¢ : X — C by
©(A) = A. Then ¢ is a state and satisfies ¢(Q(ablzy)) = p(ablzy) for all a,b € [k] and
z,y € [n].

We now prove our claim for quantum commuting correlations. If p € Cy.(n, k) then by
Proposition 5.0.1 there exists a Hilbert space H and projection-valued measures { E,, }*_, and
{F}i_, for each z,y € [n] such that E,,F,, = F,E,, for each a,b,z,y. For each a,b € [k]
and z,y € [n] let Q(ablry) := EoFyp. If we let X = span{Q(ablzy) : a,b € [k],z,y € [n]},
then X' is an operator subsystem of B(H) with generators {Q(ablzy) : a,b € [k],x,y € [n]}
and it is readily verified that X is a quantum commuting operator system that satisfies the
claim by using the state ¢ as provided in Proposition 5.0.1.

Conversely, let X be a quantum commuting operator system with the set of genera-
tors {Q(ablzy) : a,b € [k],x,y € [n]}. By Theorem 3.1.15 it follows each abstract pro-
jection Q(ab|zy) is a projection in C*(X). For notational convenience we will write D :=
C¥(X). Let H be a Hilbert space such that D is represented faithfully on H. It follows
Q(ablzy)Q(a'b|xy) = 0 if either a # o’ or b # ' since by assumption Y., Q(ablzy) = e.
Note, here e denotes the Archimedean matrix order unit of X', which by our assumption on
D is also equal to Idy. Furthermore, if we consider the marginal operators defined for each

a,b e [k],z,y € [n],
E(alz) =) Q(ablzy), F(bly) = ZQ ablzy),

then it is readily checked that both {E(a|x)}acp and {F(bly)}eep are projection-valued

measures on H. It also follows

E(alz)F(bly) = Y _ Q(ab[zy)Q(a'b|zy) = Q(ablzy).
o

Both of these observations follow from the properties and orthogonality of the projections

Q(ablzy). Let p : X — C be a state on the operator system X and let ¢ : D — C be a
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(unital) completely positive extension of it obtained from the Arveson-Wittstock extension
theorem. Let p := {p(ablzy) : a,b € [k],z,y € [n]} be the tuple defined by p(ablry) :=
P(E(alx)F(bly)) = ¢(Q(ablzy)) = @(Q(ablxry)). By Proposition 5.0.1 it then follows p €
Ceye(n, k). This finishes the proof. N

The goal of the rest of this section is to construct an AOU space which is universal with
respect to quantum commuting correlations. This is to say that a correlation p € C(n, k) is
quantum commuting if and only if there exists a unital positive map on said AOU space such
that the correlation is determined by the action of the unital positive map on the generators
of the AOU space. We will first construct such an object which is universal with respect to
nonsignalling correlations, then we will apply methods from Section 3.2 and Section 4.2 to

obtain such a universal object with respect to quantum commuting correlations.

Definition 5.0.2. A nonsignalling vector space X is a vector space X such that X =
span{Q(ablzy) : a,b € [k],x,y € [n]}, where the Q(ab|zy) are called the generators of X and
they satisfy the following properties:

1. For each x,y € [n] it follows Y, Q(ablzy) = e, for some fized nonzero e.

2. The vectors E(a|x) := >, Q(ablzy) and F(bly) := >, Q(ablzy) are well-defined
for all x,y € [n| and a,b € [k].

The element e as in (1) will be called the unit of the vector space X. If X is a nonsignalling
vector space then we will let n(X) and k(X) denote the number of inputs and outputs,

respectively. Thus, X = span{Q(ablzy) : a,b € k(X),z,y € n(X)}.

Example 5.0.3. Let n,k € N. Let D, denote the set of diagonal £ x k matrices. Let
E, denote the diagonal matrix with 1 for its a'™ diagonal entry and zeroes elsewhere. Let
X C DY denote the vector space spanned by the operators {Q(ab|zy) : a,b € [k],z,y € [n]}
defined by

Qablzy) = I[P 'R E, @ [P" @ [PV ' @ By® [T
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where I, denotes the k x k identity matrix and I denotes the n-fold tensor product of I,
with itself (understanding I*° = 1). It readily follows that X’ is a nonsignalling vector space.

The marginal vectors are respectively defined as
E(a|lz) ="' QE,@[F"*@IP" and F(bly) =I[P"@ [V '@ B, [,
for each x,y € [n],a,b € [k]. To see this fix a € [k],z € [n] and note

E(r) =Y I ' @B, " o[V '@ B,V =I7"'@ B, I{" " o I{"
b

A similar calculation shows F(bly) is as claimed. It is clear that each marginal vector is

well-defined and furthermore we see
> Qabley) =Y [P Q@ E QI IPT @ By I = [P
ab ab

Thus, X is a nonsignalling vector space. We now show that dim(X) = (n(k—1) +1)?. First

note

E(ale)F(bly) = (IF*' @ B, @ " @ )P @ I @ By @ [ )
= ([ @ B ") © I (7" @ (1 @ By o IP"™))
=[P QE, I ® I/,?y*1 ® E, ® ]g@n*y

= Q(ablzy).

Here we are taking the product in DP?". If we let X4 := span {E(a|z) : a € [k],» € [n]} and
Xp :=span {F(bly) : b € [k],y € [n]} then X = X, Xp. We see X4 is spanned by the set

S={E(a|z):aek—1],z € [n]}U{IE>"},
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which is immediate from the fact that E(k|z) = I2*" — (2FZ! E(a|x)). It follows S is linearly
independent and hence a basis for X4. Thus dim(X4) = n(k — 1) + 1. In a similar fashion
it follows dim(X5) = n(k — 1) + 1. We conclude

dim(X) = dim(X,) dim(Xp) = (n(k — 1) 4+ 1)%

Proposition 5.0.2. For each n,k € N, there exists a nonsignalling vector space X, with
n(Xs) = n, k(X,s) =k, and generators {Qns(a,blx,y) : a,b € [n],x,y € [k]} satisfying the
following universal property: if Y is another nonsignalling vector space with n(Y,s) = n,
k(Yns) = k, and generators {Q(a,b|z,y) : a,b € [k],x,y € [n]}, then there exists a linear map
@ X — Y satisfying p(Qns(a, bz, y)) = Q(a,blx,y). Moreover dim(X,,) = (n(k—1)+1)2.

Proof. Let ) be an arbitrary nonsignalling vector space as in the above statement. Let X :=
2% and denote the set of the canonical basis elements by {Q'(ablzy) : a,b € [k],z,y € [n]}.
Define a linear map ¢ : X — Y by ¢(Q'(ablzy)) = Q(ab|zy). Define the linear subspace J

to be the span of the following vectors:

F(l‘7 y|$/, y/> = Z Q/(a'> b|ZL‘, y) - Z Ql(aa b|fL’,, y/)a
a,b a,b
Glalz,z,w) ==Y Q'(a,clz,z) = Y_Q'(a,clz,w), and
H(b’yv 2, w) = Z Ql(d7 b|Z7 y) - Z Ql(d7 b|w7 y)
d d
We then consider the quotient vector space Xys := X/J, where for each a,b € [k], z,y €
[n] we denote Qyus(ablry) := Q'(ablxy) + J. It follows J C ker ¢ and consequently ¢ descends
to a linear map ¢ : X5 — Y such that Qus(ab|zy) — Q(ablxy). If eys := 34 @ns(ablzy) then
it is readily verified that X, is a nonsignalling vector space and satisfies our initial claim.

It remains to check the dimension of X,s. Given any a,b € [k] and z,y € [n] let Eys(a|z)

and F,s(bly) denote the respective marginal vectors in Xy. Consider the set

S :={ens, Qus(a, b|z,y), Ens(alz), Fus(bly) : a,b € [k — 1], 2,y € [n]}.
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We see dim S = 1+ n?(k —1)? +2n(k — 1) = (n(k — 1) + 1)2. We claim that S is a basis for
Xys. In order to show that S is a spanning set for X, we show that S contains the vectors
Qns(k,blz,y), Qus(a, k|z,y), and Qus(k, k|z,y) for each a,b € [k — 1] and z,y € [n]. Fix
be [k] and z,y € [n]. Then

k—1 k k-1
Fns(b|y) - Z Qns(aa b|l’,y) = Z Qns(aa b|x7y) - Z Qns(aa b|xay) = Qns(k7b|x7y)'
a=1 a=1 a=1

Thus Qus(k,blz,y) € spanS. A similar observation shows that Q,s(a, k|z,y) € span § for

each a € [k] and z,y € [n]. Now fix z,y € [n]. Then

k—1 k—1 k—1
ens — O Qns(a,blz,y) =D Qus(k,blz,y) — Y Qus(a, klz,y) = Qus(k, klz, y).
b=1 a=1

a,b=1

Thus Qus(k, k|x,y) € span B. We conclude that dim(X,s) < |S| = (n(k — 1) + 1) Suppose
we consider the nonsignalling vector space from Example 5.0.3, which we denote by X. By
the universal property of A4 there exists a linear surjection ¢ : X, — X. In particular,
dim X, > dim X = (n(k — 1) 4+ 1)%. This proves dim X,s = |S| and consequently S is a basis
for X. O

We thus know that X, is isomorphic to the nonsignalling vector space from Exam-

ple 5.0.3.

Definition 5.0.3. Fiz n,k € N and let X,; denote the universal nonsignalling vector space

with n(X,s) = n and k(X,s) = k. Define the following sets:

(Xps)n := {Z t(ablry)Qus(ablxy) : t(ablry) € R, for each a,b € k], z,y € [n]},
Dy = {D>_ t(ablzy)Qns(ablzy) : t(ablzy) € R, for each a,b € [k],z,y € [n]}.

Given z =Y s(ab|lxy)Q,s(ab|zy) then define the map * : Xps — Xps by

2" =) s(ablzy)Qus(ablzy).
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Proposition 5.0.3. Fizn,k € N and let X5 denote the universal nonsignalling vector space
with n(X,s) = n and k(X,s) = k. Let (X,s)n and D, be as in Definition 5.0.5. Then the
triple (Xys, Dys, €ns) is an AOU space.

Proof. First note that the map * : X3 — X, is a well-defined involution being the involution
on the nonsignalling vector space from Example 5.0.3. Furthermore, z € (X,s), if and only
if z = z*. We also see D,y C (X,s)n and in particular, Dy N —D,s = {0}. It remains
to show that e,s is an interior point of D,s. The set of extreme points of D, is exactly
{tQus(ablzy) : t € [0,00)}. We then see that ey is in the interior of D, since we may write
éns as a convex combination of such extreme points, e.g., e, = ﬁ > abay K2 Qns(ablzy). This

finishes the proof. O

Let X,s be the universal nonsignalling vector space with n inputs and k outputs and
consider the AOU space (X5, Dhs, €ns). We consider the maximal operator system structure
Dis on Xy which implies (D,s)1 = Dys. By Proposition 5.0.3 it then follows that (X, Dys, €ns)

is an operator system.

Proposition 5.0.4. Fiz n,k € N and let X, denote the universal nonsignalling vector
space with n(X,s) = n and k(X,s) = k. Then the operator system (X,s, Dps, €ns) satisfies
the following property: given any nonsignalling operator system Y such that n()) = n and
k() = k, then if {Q(ablzy) : a,b € [k],z,y € [n]} is the set of generators of Y, it follows,
the map T : X5 — YV, Qus(ablzy) — Q(ablxy) is unital completely positive.

Proof. Let C denote the proper matrix ordering on ). The map m is well-defined and
linear by Proposition 5.0.2. Since ) is a nonsignalling operator system then 7w is unital. If
> s(ablzy)Qus(ablry) € Dyg then m(3 s(ablxy)Qus(ablzy)) = X s(ablzy)Q(ablzy) € Cy since
{Q(ablzy) : a,b € [k],x,y € [n]} C C; and each s(ablzy) € RT. In particular, we see the map
T (Xus, Dys, €ns) — Y is unital positive. Since D,s denotes the maximal operator system

structure then it follows T : (X5, Dys, €ns) — Y is unital completely positive. O

Theorem 5.0.4. Fiz n,k € N and let X5 denote the universal nonsignalling vector space

with n(X,s) = n and k(X,s) = k. Let p € C(n, k). Then p € Cus(n, k) if and only if there
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exists a unital positive map @ : (Xps, Dps, €ns) — C such that p(ablzy) = ¢(Qns(ablxy)) for
all a,b € [k] and z,y € [n].

Proof. First suppose p € Cys(n, k). Then there exists a nonsignalling operator system (), C, e)
with generators {Q(ab|zy) : a,b € [k],z,y € [n]}, and a state ¢ : Y — C such that
plablzy) = @(Q(ablzry)) for all a,b € [k] and x,y € [n]. By Proposition 5.0.4 the map
T (Xas, Dus, €ns) = YV, Qus(ablzy) — Q(ab|xy) is unital positive and consequently the com-
position o7 : (Xys, Dys, €ns) — C is a state with pm(Qus(ablzy)) = p(ablzy).

Conversely, consider the triple (Xys, Dys, €ns) and let ¢ @ (Xys, Dus, €ns) — C be a state.
It necessarily follows ¢ : (Xys, Dns, €ns) — C is also a state and by Theorem 5.0.2 it follows
if p := {p(ablzy) : a,b € [k],x,y € [n]}, where p(ablzy) := p(Qus(ablzy)) then p € Cus(n, k).
This finishes the proof. O

We now wish to prove a result analogous to Theorem 5.0.4 which we do by employing

our results from Section 4.2.

Definition 5.0.4. Fiz n,k € N and let X,; denote the universal nonsignalling vector space
with n(X,s) = n and k(X,s) = k. Consider the operator system (Xys, Dps,€ns) and let
{p1,...,pn} be some enumeration of the set of generators {Qns(ablxy) : a,b € [k],z,y €
[n]}, N = n?k®. We denote by Dy := Dus(p1,...,pn)>™ the inductive limit of the matriz

orderings {n; " (Dns(p1, - - -, pn)5) }ren, and let Dy := Dps(py, . .., pN)T
It will be shown that the matrix ordering D, and thus D, is independent of the choice

of enumeration of the generators {p,...,py}. In the next result let

PY(z) =1y ® (z®2") ® Jov—:  and Pl]}[L<$) = Lvg-1y @ PN (2) @ Joni-p

1

for any positive contraction z, where 2+ := e — x, i € [N], and j € [L].

Proposition 5.0.5. Fiz n,k € N and let H be a Hilbert space. For each z,y € [n]
let {Em}ae[k] and {Fyb}be[k] be projection-valued measures such that EyoFy, = FypE,, for
all a,b € [k] and x,y € [n]. Let Y = span{E,.Fy : a,b € [k],z,y € [n]}. Let m :
(Xnss Dyey €ns) = Y be defined by ©(Qns(ablry)) = EuoFyp. Then m unital completely positive.
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Proof. For notational convenience we will denote each generator E,,F;, as Q(ab|zy). Thus,
{Q(ablzy) : a,b € [k],z,y € [n]} will denote the set of generators of the operator system ).

Note for each z,y € [n| we have
Z Q(ab|xy) = Z ExaFyb = IdHa
ab ab

which follows by the assumption that {F,,}.ep and {Fy}een are projection-valued mea-

sures. Furthermore if x € [n] and a € [k] are fixed we see
E(a|z) = Z Q(ablry) = Emz Fyp = B0 1dy = E,,.
b b

A similar observation holds for F(bly) for each y € [n] and b € [k]. Thus, the marginal
operators are well-defined. Finally, since for each a,b € [k] and z,y € [n] we have E,,Fy, =

F,

w Bz it follows that each positive operator Q(ab|zy) is an abstract projection. This proves

that ) is a quantum commuting operator system. By Proposition 5.0.4 it follows the map
T : (Xus, Dhs, €ns) — YV, Qus(ablzy) — Q(ablxy), is unital completely positive. We thus claim
T o (Xuss Dyc, €ns) — Y is completely positive.

Recall, N := nk?. For each L € N let P)"*(p;) := PN and let QY (pi) := Q" where
{p1,...,pn} is some enumeration of the positive contractions {Qys(ablzy) : a,b € [k],z,y €
[n]}. In a similar fashion, if {p,...,py} is some enumeration of the generators {Q(ab|zry) :
a,b € [k],z,y € [n]} C B(H) then we let EﬁVL(ﬁi) = ]35“ and let @{j\”:(ﬁi) = QfJVL Let
x € (Dgc)n. Thus for all € > 0 there exists L € N such that (z + €, ® ens) @ Jonz €

Dys(p1, - - -, pn)L. Therefore given an arbitrary N x L matrix (e;)ieqn,jeqz) of strictly positive

real numbers there exists another NV x L matrix (t;;)ic[n]je[z) such that

(I’ + E[n X ens) X JQNL + Z eijIn X RjVL + Ztlj]n X QIJJVL € (Dns)nQNL-
ij

ij
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Since the map T is completely positive with respect to the matrix ordering D, we take the

n2NIM_amplification of the above expression which yields

Tone ((x + el ® eng) @ Jone + Y eI, @ P+ ) tyl, @ Qi]jVL)
i

ij
= (TCn(:E) + EIn ® IdH) ® J2NL + ZEIJITL ® EJNL _|_ Ztl-][n ® Ai]jVL c B(£32NL(H))+
ij ij
Since the generators Q(ablxy) in B(H) are abstract projections in ) it follows by Proposi-
tion 3.2.1

(M (2) + e, ® Iyy) € B2 (H))™ .

Since the cone B(¢3(H))" is Archimedean closed with respect to Idy it follows m,(z) €
B(¢3(H))". This implies 7 is unital completely positive with respect to the operator system
(Xus, Dyes €ns) Which finishes the proof. O

Corollary 5.0.5. Fiz n,k € N and let X,s denote the universal nonsignalling vector space
with n(X,s) = n and k(X,s) = k. Let {Qus(ablxy) : a,b € [k],z,y € [n]} be the set of
generators of X, and let {p1, ..., pn} be some enumeration of the generators where N = n*k>.
Let Dy := Dps(p1, - .-, pn)>° and let Dy = Dps(p1s- .., 0n)5°. Then Dye N =D, = {0} and
thus (Xns, Dyes €ns) s an AOU space and (Xys, Dy, €ns) i a quantum commuting operator
system. Furthermore, the matriz ordering D is independent of the enumeration {py,...,pn}
of the generators {Qns(ablzy) : a,b € [k],z,y € [n]}. Thus, if {p,..., 0y} is another such
enumeration of the nonsignalling generators and D, is the corresponding inductive limit
D, := Dns(p}, - -, Py)>, then the identity map

Id: (X, D, ens) — (Xng, Dyes €ns)

ge’

is a (unital) complete order isomorphism.
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Proof. Let Y € B(f5") be the nonsignalling vector space from Example 5.0.3. We then

recall
Qablzy) = I '@ E, @ IF" @ [V '@ By, @ IZ"Y.
Furthermore we saw the marginal vectors were
Ela|lz) =[P QE, @ IP"* @I and  F(bly) =I"@ IV @ B, I2"Y.

It was established that ) was a nonsignalling vector space and in fact isomorphic to A,;.
We claim Y is a quantum commuting operator system with abstract projections {Q(ab|zy) :
a,b € [k],z,y € [n]}. Note the involution, matrix ordering, and Archimedean matrix order

unit are all inherited from B(¢5™"). Furthermore we see

Qlablay)* = ("' @ B, @ I @ IV @ By @ I ™)?
= OBt oY @ Bo [

= Q(ab|zy).

Each generator Q(ab|zy) is hermitian and thus the set {Q(ab|zy) : a,b € [k], 2,y € [n]} con-
sists of projections in B(¢5™"). By Proposition 5.0.5 we know the map 7 : (Xus, Dy, €ns) —
Y, Qus(ablzy) — Q(ablzy), is unital completely positive. This necessarily implies (Dgc)1 N
—(Dge)1 C kerm since if 2 € (Dye)1 then £w(z) € YT which implies n(z) = 0. By as-
sumption we know dim X, = dim ) and therefore ® must be injective and consequently
(Dge)1 N —(Dye)1 = {0}. By applying Lemma 2.0.1 we know D, is a proper matrix order-
ing which implies the triple (X, Dqc, €ns) is an operator system and consequently the triple
(Xass Dqcs €ns) is an AOU space. The claim that (X, Dqc, €ns) IS & quantum commuting op-
erator system is a direct result of Proposition 4.2.3. Indeed since (Dgy)1 = Dus(p1, - - -, Pn)5°
then by applying Proposition 4.2.3 it follows each p;,i € [N], is an abstract projection.

To finish the proof we consider two enumerations, {pi,...,py} and {p},..., Dy}, of the

set of generators {Qus(ablzy) : a,b € [k],z,y € [n]} C Xy. Consider the two quantum
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commuting operator systems (Xys, Dy, €ns) and (X, Dy, €ns), which correspond to the re-
spective enumerations. By Proposition 5.0.5 it necessarily follows both

Id . (an, D/ 6ns) — (XHS7 ch, 6115)

qe’

and
Id : (ana DqC7 6Ils) — (XHS7 Dzlcv ens)

are completely positive. In particular, Id : (Xus, Dycs€ns) — (s, Dye, €ns) is a (unital)

complete order isomorphism and consequently Dy, = D.. This finishes the proof. O
We are now able to characterize when a correlation is necessarily quantum commuting.

Theorem 5.0.6. Fiz n,k € N and let X5 denote the universal nonsignalling vector space
with n(X,s) = n and k(X)) = k. Let {Qus(ablzy) : a,b € [k],z,y € [n]} be the set
of generators of Xns and let {p1,...,pn} be some enumeration of the generators where
N = n2k?. Then a correlation p € C(n, k) is quantum commuting if and only if there exists
a unital positive map ¢ : (Xps, Dye, €ns) — C such that p(ablry) = p(Qnus(ablxy)) for each
a,b e k] and x,y € [n].

Proof. Assume p € Cye(n, k). Then by Theorem 5.0.2 there exists a quantum commuting
operator system (), C, e) with set of generators {Q(ablzy) : a,b € [k],x,y € [n]} and a unital
positive map ¢ : Y — C such that p(ab|zy) = ¢(Q(ablzy)) for all a,b € [k],z,y € [n]. If we
consider the universal nonsignalling vector space X5 with the set of generators {Qys(ab|zy) :
a,b € [k],z,y € [n]} then by Corollary 5.0.5 we know (Xys, Dqc, €ns) is @ quantum commuting
operator system and consequently, (X,s, Dc, €ns) is an AOU space with the property that if
T o (Xs, Dy, ns) — Y denotes the map Qus(ablzry) — Q(ablxy), then w is unital positive.
Thus, if we consider ¢n : (Xps, Dyc, €ns) — C then ¢m is a state on (Xys, Dec, €ns) and
eT(Qns(ablzy)) = p(ablzy) for each a,b € [k] and z,y € [n].

Conversely, consider the AOU space (Xys, Dec, €ns) and let ¢ @ (Xps, Dy, €ns) — C be

a state. This implies ¢ : (Xys, Dyc, €ns) — C is unital positive and it therefore follows
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¢ ¢ (Xuss Dye, €ns) — C completely positive. Consequently, if we consider the correlation
p € C(n,k) defined by p(ablzy) := p(Qus(ablzy)) for all a,b € [k] and x,y € [n] then by
Theorem 5.0.2 we must have p € Cye(n, k). O

Remark 5.0.7. We conclude with some remarks on generalizations of the results that we
have presented in Section 5. In particular, such generalizations follow from the results thus
presented. The notions of nonsignalling vector spaces and nonsignalling operator systems
are readily generalized to the multipartite situation, where one considers correlations of the
form p(ajas . ..ay|z122 . .. 2,). Such multipartite correlations describe the scenario where n
spacially distinct parties each perform a measurement on their respective quantum system.
One then considers quantum commuting correlations arising from n mutually commuting
C*-algebras in a common Hilbert space. To describe such multipartite correlations using the
methods presented thus far, we redefine nonsignalling operator systems to be generated by

operators {Q(ay ...a|z1...2,)} satisfying

Z Q(al---an|$1...l’n):e

ai...an

and such that the marginal operators

Ei(aj|x;) = Z Qay...aplzy ... 20),
aj,j#1
are well-defined. If one requires the generators to be abstract projections then this yields a
quantum commuting operator system. The constructions of the universal nonsignalling and
quantum commuting operator systems proceed in the same manner as the bipartite case.
Our work also readily generalizes to the setting of matricial correlation sets, as described in
[17]. In particular, it is readily seen that the matrix affine dual of the matricial nonsignalling
and quantum commuting correlations are precisely the operator systems (X,.s, Dps, €ns) and

(Xoss Dyes €ns), respectively, using work in [23].
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6. WEAK DUAL MATRIX ORDERED *-VECTOR SPACES
AND RELATIVE ARCHIMEDEANIZATIONS

Consider a proper matrix ordered x-vector space (X,C). Given x € C; we define the following

collection C* where for each n € N
Co={ye M,(X):Ve>0, el,x+yeClC,}.
Thus, C* is nothing but the Archimedean closure of the proper matrix ordering C with respect

tOl‘ECl.

Proposition 6.0.1. Given a proper matriz ordered x-vector space (X,C) then C* is a matriz

ordering on X.

Proof. Let y € C¥. Then if A > 0 and € > 0 is arbitrary it follows €/, ®  + \y =
M5l @z +y) € X, C Cp. Thus, RTC* C C®. If y1,y2 € C;p and € > 0 is arbitrary it
follows

€ €
dn®:v+(y1+y2):(§[n®x+y1)+(§ln®:v+yg)ECn+CnCCn.

Thus C* +C* C C*. We now check that C* is compatible. Let y € Cy and let a € M, ;. Since

a*a < HCLHQIk it follows

€

ol

el ® x + a*ya > a'a ® x4 a*ya = a*(EHIn ®x+y)a € aCha C Cy.
2

o
Thus a*C¥a C Cf and therefore C* is a matrix ordering on X ]

We recall some notions regarding duality for matrix ordered *-vector spaces. Given two

vector spaces X, X7 then we say that X and X; are in duality if there exists a bilinear map

()X xX; = C
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such that for € X then z = 0 if and only (z,x;) = 0 for all ; € X, and similarly for
x1 € X; then 27 = 0 if and only if (z,2;) = 0 for all x € X. If two spaces are in duality
then each induces a weak topology on the other. We will denote the weak topology on X
as w(X, X7) and similarly the weak topology on X; as w(X7, X). Thus, when X and X; are
in duality we will write (X, X7) and say it is a dual pair of vector spaces. Given two dual
pairs (X, X;) and (Y,Y]) then we let B, (X,Y) denote the weak-to-weak continuous maps:
i.e., the w(X, Xy)-to-w(Y,Y;) continuous maps. We will write X’ := B,,(X,C) and call it
the dual (or weak dual) of X. Thus, if (X, X;) is a dual pair of vector spaces then we may
identify X; with X’ and X with X”. Furthermore, if (X, X’) is a dual pair of vector spaces

then (M, (X), M, (X)) is a dual pair of vector spaces under the pairing

()t Mo(X) X M, (X') = C, defined by (z,2") :=> (w5, z}). (6.1)

i
ij

We will also make use of the matriz pairing defined in the following way: if (X, X') is a

dual pair of vector spaces then (M,,(X), M,(X")) is a dual pair with pairing
((-,)) s Mp(X) X M (X') = My, defined by ((z,2")) := [(m3, 2},)]- (6.2)

The weak topology induced by Equation (6.1) coincides with that induced by Equation (6.2)

Let (X,C) be a proper matrix ordered *-vector space with vector space dual X’. We
say that X’ is a *-vector dual of X if X’ is a self-adjoint subspace of X := L(X,C), the
algebraic dual of X. We may then define a dual matriz ordering on X’ in the following way:

let n € N and define
C, ={2' € M,(X'): the map 2’ : X — M, is completely positive}

where 2’ : X — M, is defined as 2'(z) := X; ;€] ® 25;(z). Then the collection C" denotes a
matrix ordering on X’ and thus (X’,C’) is a proper matrix ordered *-vector space and when

X' is given this matrix ordering we will call X’ the matriz ordered dual of X. It follows by
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the Bipolar theorem that X is the matrix ordered dual of X" if and only if C, = C, for all

n € N where here we are taking the weak closure of C,.

Definition 6.0.1. A matriz ordered x-vector space (X,C) will be called a weak dual matrix
ordered -vector space if there exists another matriz ordered x-vector space (X1, D) such that
(X, &) is a dual pair of matriz ordered x-vector spaces. In particular, af(X’Xl) = C,, for all
n € N. If (X, X)) is a dual pair of matriz ordered x-vector spaces when Xy = X% then we

will say X has the natural weak dual structure.

It necessarily follows that every operator system has the natural weak dual structure.
Whenever (X, C) is a weak dual matrix ordered *-vector space then we will let X denote

its weak dual matrix ordered x-vector space.

Lemma 6.0.1. Let (X,C) be a proper weak dual matriz ordered x-vector space and let x € Cy.

Then the matrixz ordering C* is proper.

Proof. By Lemma 2.0.1 it suffices to show that C{ is proper. To this end, let +y € C}.
By Proposition 6.0.1 it follows +ry € C{ for all » > 0. This implies for all ¢ > 0 we have
extry € C; and consequently if € = 1 we obtain 1z+y € C;. We consider the dual pair (X, X”)
of matrix ordered *-vector spaces. Let 2’ € C] be arbitrary. It follows (iz + y,2/) € R™.
Since RT is closed it follows +(y,2) = lim, o (z,2’) &+ (y,2') € RT. By [4, Lemma 4.3]
the map

A: X = B,(X',C), defined by A(y)(z') := (y,2'),

is a (complete) order isomorphism. Thus, A(£y) € B,(X’,C)* since 2’ € C| was arbitrary
and (+y,2’) = A(xy)z’. Since A is an order isomorphism it follows +y € C; which implies
= 0 since C is proper. This completes the proof. ]

Remark 6.0.2. We point out in the proof of Lemma 6.0.1 above, in showing C* is proper, one
could directly appeal to the assumption that X is a weak dual space and thus éw(x’xl) =C.
In particular, the cone C; is w(X, X’)-closed. We introduce the map A : X — B, (X', C)

since it plays a vital role throughout the section.
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Let (X,C) be a weak dual matrix ordered *-vector space with € C;. Consider X* :=

X @1 XY where
Xy ={y € X, :rx+y e for some r > 0}. (6.3)
As in Proposition 6.0.1 we define the collection C* where for each n € N
Cr:={y € M,(X"),:Ve>0, e, x+y € Cy,}. (6.4)
Lemma 6.0.3. Given a proper matriz ordered x-vector space (X,C) then X7 is a real vector
space.

Proof. Suppose y € A} and let A € R. Let » > 0 such that rz £y € C;.

o If A > 0 then \rz = Ay = A(rz £ y) € AC; C Cy. Thus Ar is the desired positive real

number.

o If A <0 then —Arz+ Ay = —A(rz £ —y) = =A(rx +y) € —=AC; C C;. Thus, —\r is

the desired positive real number.
Thus, RA? C XF. Let y1,y2 € AP and let r; > 0 such that rz + y; € Cy. If r := max{r,m2}
then we see

2re £ (h +y2) = (reyn) + (re £y2) € C1 +C; CCy.

Clearly 0 € &} since rz € C; for all r > 0. This finishes the proof. O]

Definition 6.0.2. Let (X, C) be a proper matrixz ordered x-vector space and let x € Cy. Then
we call X the majorization subspace with respect to x. If y € A7 and r > 0 such that

rx £y € Cy then we call r a majorization constant of y.

Proposition 6.0.2. Given a weak dual matriz ordered x-vector space (X,C) and x € Cy then

C® is a proper matrix ordering on X* and (X*,C*, x) is an operator system.
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Proof. We begin by showing that C® is a proper matrix ordering. Let y € C* and let A € R™.
Then if € > 0 it follows ef,, x4+ x = A($[,®@2+y) € AC; C C1. Thus RTC* C C*. Let y; € Cy..
Then for € > 0 it follows €/, @ x + (y1 + y2) = (%In Rr+y)+ (%In Kz +1y) € Cr+C, CCp.
Thus y1 +y2 € CF. If y € C¥ and a € M, then since a*a < HaH2Ik and a*a®@x = a* (I, ®x)a

we have for € > 0 that

€

ol

ely ® x + a*ya >¢ - a®z+ a*ya = a*( I, @z +y)a € a*Cha CCy.
Jal?

Thus a*ya € C; which proves that C* is a matrix ordering. The ordering C* will be proper
if we can show that C{ is proper by once again invoking 2.0.1. If +y € C{ then +y € A}
by Lemma 6.0.3. At this point the argument proceeds just as in Lemma 6.0.1. Thus C* is
proper and consequently (X*,C") is a proper matrix ordered #-vector space.

It remains to show z is an Archimedean matrix order unit. If y € X}’ then by definition of
the majorization subspace relative to x it follows there exists » > 0 such that rx £y € C;.
Note that if € > 0 then since ex € C; then ex+ (ra+y) = (e+r)xr+y € C;. This holds for all
€ > 0 and therefore rx £+ y € C{ which proves z is an order unit and therefore x is a matrix
order unit by Proposition 2.0.1. We remark it is immediate that ro £y € X}’ since £y € X}’
and rz € AP. Given y € M,,(X*) suppose that for all € > 0 it follows eI, ® x +y € CZ.
This implies that for all € > 0 we have (€ + €)l, ® x +y € C,. Let € = ¢ which yields
2¢l, @x+vy € C, and thus e, @ x + %y € C,,. Since this holds for all € > 0 it follows %y ecr
and consequently y € C%. Therefore = is an Archimedean matrix order unit. This finishes

the proof. O

Thus, as a result of Proposition 6.0.2 if (X,C) is a proper weak dual matrix ordered -
vector space it follows that every element of C; induces an operator system, and consequently,
an operator space. If x € C; and o® : X* — [0, 00) denotes the operator space norm induced

by x then we may consider (X*,C*, o”, z).

Definition 6.0.3. Let (X,C) be a proper weak dual matriz ordered *-vector space and let

x € C1. Then the triple (X*,C*, x) will be called the operator system relative to x. The pair
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(X%, o) will be called the operator space relative to z. The collection {(X*,C*, a”, x)}rec,

will be called the canonical collection of operator systems induced by the pair (X,C).

Remark 6.0.4. Let (X,C) be a proper weak dual matrix ordered x-vector space. Then C;
generates X it X, = C; — C;. In particular, C; generates &), if and only if given any y € X},
there exists x € C; such that x >¢ y. If C; generates &), then if y € &), we write y = 21 — 2>
for z; € C;. Consequently, 1 —y € C;. Conversely, if there exists = € C; such that x —y € C;

then y =z — (x — y).

Definition 6.0.4. Given a proper weak dual matriz ordered x-vector space (X,C) then if

Xy, = C; — Cy we will say Cy has non-void radial kernel.

Proposition 6.0.3. Let (X,C) be a proper weak dual matriz ordered x-vector space such
that C; has non-void radial kernel. Then for all y € &), there exists x € C; such thaty € X}.

In particular, given yy,ys € &), then there exists x € Cy such that yy,y, € &f7.

Proof. Let y € &), which we write as y = y; — yo for y; € C;. It follows that there exists
x; € Cy such that y; € X", Note here that we may choose x; := y;, since y; € C{". Therefore
let 7; > 0 be the respective majorization constants for y;. Furthermore let » = max{ry,r}

and let x := 1 + x2. We claim y € X}’. Notice

2rexy=2rz+ (y1 — o) = (rety) + (re £ —y2).

Since 7 > 1y it follows (rz £ y1) >¢ (rix £ y;) € Cp. Similarly, since r > ry we have
re+ys,rr—yz € Cr. Thus, 2re+y =2re+(y1 —y2) = (rety)+ (re+—y) € C1+C; C Cy.
This proves that y € X}

Consider now y1,y2 € Aj. By the first part of the proof we have y; € A} for some
x; € C1. Once again we let r := max{ry, ro}, where each r; > 0 is the respective majorization

constant of y;, and set x := x1 + x5. Then x € C; and we see

rety = (reg £y) +ras € Gy

re+ys =rry + (reg +y) € Cr.
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This proves y,y2 € X}’ which finishes the proof. O

Definition 6.0.5. Let (X,C) be a proper weak dual matriz ordered x-vector space and let
y € X. Then the sufficiency number relative to y is the cardinality of the set J such that
for allj € J one has y € Cy’. Note that J may be empty, and in this case we say y € X}, has

a sufficiency number of 0.

Remark 6.0.5. Consider a dual pair (X, X’) of matrix ordered *-vector spaces. By identi-
fying X ~ A(X) we may realize X as maps on the weak dual X’. Thus, given x € X and
' € X', if we are identifying x with A(z) then we will write the action as {2/, z). In particu-
lar, we will always write the element being acted on in the left-hand side of the pairing (-, -).

Since X = (X’)’ this should not introduce any ambiguity.

Lemma 6.0.6. Let (X,C) be a proper weak dual matriz ordered x-vector space such that C;
has non-void radial kernel and let y € X),. If the sufficiency number of y is at least 1 then

yECl.

Proof. Let J be the set such that |J| is the sufficiency number of y. By assumption |J| > 1.
Thus, y € Njes ij,:vj € C1, and therefore for all € > 0 we have exj+y € C;. Let 1 < N < oo.
We claim y € C; which occurs if and only if A(y) € B, (X’,C)*. To this end let 2’ € C} be
arbitrary and let € > 0. Choose ¢ > 0 such that Y, ¢(2/, z;) < el. By assumption we have

Zj]il 6T+ Y € C; and therefore

ZGJCCJ—’_y ZEJ% (2, y) < el + (2, y).

Since € > 0 is arbitrary we have (z’,y) > 0. Therefore since 2’ € C] is also arbitrary we have

A(y) € B,(X’,C)* and this proves y € C;. O

Conjecture 6.0.7. Given a proper weak dual matrix ordered *-vector space (X,C) such

that C; has non-void radial kernel then there exists a complete order embedding from X" to
®16C1 Xw

Remark 6.0.8. Let (X,C) be a proper weak dual matrix ordered *-vector space and let

{(X:E’C:E? am) «'L')}mecl
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denote the canonical collection of operator systems induced by (X,C). For each z € C; let
H? be a Hilbert space such that ®* : X* — B(H?) is a unital complete order isomorphism.

In particular identify

P x* ~ P °(x*) C B(H),

z€Cy z€Cy
where H := (y({H” : x € C;}) is the Hilbertian direct sum. An affirmative answer to
Conjecture 6.0.7 will imply that such a pair (X,C) may be realized concretely inside B(H)

for some H. Though recent progress has been made, Conjecture 6.0.7 is still not proven.
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7. CLOSING REMARKS

7.1 Tsirelson’s Problem

We conclude this manuscript with some final remarks. The motivation for the develop-
ment of the methods in Section 3 and Section 4 was to understand the structure of correlation
sets better. In particular, we saw in Section 5 that our methods provided new characteriza-
tions of the sets of nonsignalling, and more importantly, the quantum commuting correla-
tions. Though, this is only half of the story. We recall that Tsirelson asked if for all n, k € N
it follows Cya(n, k) = Cyc(n, k). As already mentioned, according to the recent preprint [8],
the equality does not hold, but we still do not have an good grasp of these objects. Using
a hybrid from the theory of Archimedean order unit spaces and operator system theory,
we are working to complete the puzzle by providing a characterization, similar to those of
Section 5, for quantum correlations. Thus, with such a characterization we will have a much
better understanding of quantum correlations, and consequently a better understanding of

Tsirelson’s problem.

7.2 Local Reflexivity

As explained in the Introduction, local reflexivity becomes an extremely delicate issue
when leaving the realm of Banach spaces. Let A > 0. An operator space X is called -
locally reflexive if for every finite-dimensional operator space V' and complete contraction
w:V — X** then there exists a net {u;}icr,u; : V— X, of maps such that for each i € I,

will assume A = 1. Translating such an approximation property to the realm of operator

Uillev < A and u; — w in the point w(X**, X*)-topology. For the sake of simplicity we

systems does not present a problem, but suppose we consider an equivalent formulation of
local reflexivity which may also be taken as a definition: an operator space X is 1-locally

reflexive if for every finite-dimensional operator space V' it follows

V@ X (V Quin X)". (7.1)
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In Equation 7.1 the identification is a completely isometric linear isomorphism (complete
isometry), and we have let ®, denote the operator space projective tensor product, and &y,
denote the minimal operator space tensor product. In proving such an equivalence one takes

advantage of the well-behaved duality theory for operator spaces. In particular, since

(V* @5 X*)* = CB(V*, X*™) = V @i X,

then if we assume X is 1-locally reflexive, one must prove

V ®min X** ~ (V ®min X)**a

as operator spaces. Note CB(V,*, X**) denotes the Banach space of completely bounded
maps between the operator spaces V* and X**. The converse is an immediate result of
Goldstine’s theorem. It is precisely this tensor characterization of local reflexivity that
presents problems when one moves to the realm of operator systems. If one only considers
finite dimensional operator systems then duality theory works well, but for arbitrary operator
systems it does not. Ongoing work uses methods presented in Section 6 to circumvent such
duality difficulties and it is our hope that our current work will shed light onto the proper

interpretation of local reflexivity for operator systems.
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