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ABSTRACT

This thesis mainly focuses on the PDE theories that arise from the study of hydrody-
namics of nematic liquid crystals.

In Chapter 1, we give a brief introduction of the Ericksen—Leslie director theory and
Beris—Edwards @-tensor theory to the PDE modeling of dynamic continuum description of
nematic liquid crystals. In the isothermal case, we derive the simplified Ericksen—Leslie equa-
tions with general targets via the energy variation approach. Following this, we introduce a
simplified, non-isothermal Ericksen—Leslie system and justify its thermodynamic consistency.

In Chapter 2, we study the weak compactness property of solutions to the Ginzburg—
Landau approximation of the simplified Ericksen—Leslie system. In 2-D, we apply the Po-
hozaev type argument to show a kind of concentration cancellation occurs in the weak
sequence of Ginzburg—Landau system. Furthermore, we establish the same compactness for
non-isothermal equations with approximated director fields staying on the upper semi-sphere
in 3-D. These compactness results imply the global existence of weak solutions to the limit
equations as the small parameter tends to zero.

In Chapter 3, we establish the global existence of a suitable weak solution to the co-
rotational Beris—Edwards system for both the Landau-De Gennes and Ball-Majumdar bulk
potentials in 3-D, and then study its partial regularity by proving that the 1-D parabolic
Hausdorff measure of the singular set is 0.

In Chapter 4, motivated by the study of un-corotational Beris-Edwards system, we con-
struct a suitable weak solution to the full Ericksen—Leslie system with Ginzburg—Landau
potential in 3-D, and we show it enjoys a (slightly weaker) partial regularity, which asserts
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1. INTRODUCTION

1.1 Hydrodynamic Theory

The liquid crystals constitute states of matter intermediate between rigid crystalline solids
and isotropic flowing fluids. They exhibit various optical patterns with suitable control of
external electronic-magnetic field, and this property is the key to build the liquid crystal
displays (LCDs). There is no need to emphasize the importance of materials of this kind
since they appear in billions of smartphones, televisions and laptops. There are mainly
three types of liquid crystal phases, cholesterics, nematics and smectics (see [1]). We will
focus on the nematic phase, in which the molecules have orientational order but no preferred
positional order. Based on different order parameters for the macroscopic description of
molecules, there are mainly two PDE theories for hydrodynamics of nematic liquid crystals:

Ericksen—Leslie director theory and Beris—Edwards @)-tensor theory.

1.1.1 Ericksen—Leslie director theory

In the nematic phase, the mean orientation of liquid crystal molecules can be represented
by a unit vector field d : D(C R") x Ry — S? (n = 2,3) called director. Based on this

representation, the full Ericksen—Leslie system reads (cf. [2]-[4])

Op+u-Vp=0, (Conservation of mass)
p(Ou+u-Vu) =pF+V -6, (Balance of linear momentum)
(1.1.1)
V-u=0, (Incompressibility)
p1(Ow+u-Vw)=p G+ g+ V-mn, (Balance of angular momentum)



where p: D x Ry — R, denotes the fluid density, u: D x R, — R? is the fluid velocity, p;
is a inertial constant, ' : D x R, — R* and G : D x R — R? represent the external body

forces. We introduce the following notations

1 1
A= §(Vu +(Vu)?), Q= i(Vu — (Vu)h),
w=0d+u-Vd, N=w-Qd

for the symmetric, anti-symmetric part of the velocity gradient, the material derivative
and co-rotational derivative of d. Meanwhile, 6, and § satisfy the following constitutive

relations

& = —Pl3 — po? + ot
ow

T
TC:5®CI+P<8V(1> s

ow
g =vd — (Vd)B — p— )
g=nd-(Vd)f—py+g
Here P: D x R, — R is the pressure. 0% : D x R, — R*3 and o : D x R, — R are
the Ericksen stress tensor and Leslie stress tensor, respectively. We have that

5 _ OW(d, Vd)
ovd

ol = p(dTAd)(d ®@d) + poN @ d + pusN @ d + pgA + psAd ® d + pgd @ Ad,

g

© Vd,

where W = W (d, Vd) is the Oseen—Frank energy density of the director field:

k1
2
b5 b+ k) (VA)? — (V- )7, (112)

k k
W(d,Vd) ;== —(V -d)> + 52|d x (V x d)|* + 53|d A(V xd)P?

B:D xR, — R*and v : D x Ry — R are Lagrangian multipliers due to the constraint
that |d| = 1.
g=MN+ XAd

10



represents the kinematic transport effect on the director field. p;, kj, \r are given material

constants. For simplicity, we make the following assumptions:

(One constant approximation) k; = ke =k =1,kq =0,
(Homogeneous fluid) p=1,

(Small inertial effect) p1 =0,

(Absence of external forces) F=G=0.

As a consequence, (1.1.1) can be written as

ou+u-Vu+VP=-V.-(VdeoVd)+V-oF
V-u=0, (1.1.3)
g L u:

od+u-Vd—-Qd+ ZAd = (Ad + |Vd|*d) + ==(d" Ad)d.
)\1 —)\1 )\1

1.1.2 Beris—Edwards ()-tensor theory

Due to the head-to-tail symmetry of the molecules, the sign of the director d has no
physical meaning. Thus it is better to use the matrices (d ® d); := did; which takes
the same values for +d. After normalizing the trace of the matrices, we can use the so-
called Q-tensor as the order parameter for the liquid crystals. The Beris—Edwards Q)-tensor

system modeling the hydrodynamic flow of liquid crystal materials was proposed by Beris

and Edwards in the 1980s [5]:

ou+(u-Viu+ VP =vAu-V- - (VQo VQ)+ V- (r+0),
V-ou=0, (1.1.4)
9,Q+u-VQ—5(Q,Vu) =TH +3['(Q : H)Q,

where u : D xR, — R represents the velocity field of the flow, Q : D xR, — Sé?’), the set of

traceless, symmetric 3x 3 matrices, is a matrix field that represents the statistical macroscopic

11



molecular orientation of the nematic liquid crystal material, and P : T> x R, — R represents

the pressure function.

S(Vu,Q) =D +0) (@ + ;Ig) +(@+ ;13) (€D - Q)

i (Q + ;13> (QVu), (1.1.5)
where
D = ; (Vu + (Vu)T) and Q = ; (Vu — (Vu)T) :
Denote
_0EQ)
H = _W = AQ — f(Q)
where

2@ = [ (51veF + F@) e

Here F((Q) denotes the bulk energy density for the tensor field. It could be either the
Landau—De Gennes polynomial potential or Ball-Majumdar entropy potential. We will give
the detailed description of these two potentials in Chapter 3. v, ', ¢ are material coefficients
reflecting viscosity, relaxation time and co-rotational effect. The symmetric part of the stress

tensor reads

T=1(Q,H)=—¢ (Q—i— ;13) H—-¢H <Q+ ;I3>
+2§Q:H(Q+;Ig),

and o is the anti-symmetric part:

0 =0(Q.H)=QH — HQ.

12



The system (1.1.4) can be derived from the bracket formalism with the so-called master
equation (See [5, Chapter 11, pp. 546-549]). However, in the recent mathematical literatures
the dissipative term 3I'(Q : H)(Q is neglected:

du+u-Vu+VP=vAu—-V-(VQOVQ)+V-(r+0),
V.ou=o, (1.1.6)
8HQ+u-VQ—S(Q,Vu) =TH.

1.2 Energetic Variational Approach (EnVarA)

The Energetic Variational Approach (EnVarA) provides a general framework for the
derivation of PDE models for the hydrodynamics of dissipative complex fluids. Roughly
speaking, it establishes the balance between the conservative force and the dissipative force,
and these forces could be obtained via the Least Action Principle (LAP) and the Maximum
Dissipation Principle (MDP) from the energy dissipation law. These underlying physical
principles are motivated by work of Onsager [6] and Rayleigh [7], and we refer the interested
readers to [8] for more details. In recent years, the EnVarA has been intensively employed by
Liu and his collaborators on modeling of various kind of multiscale and multiphysics complex
fluid system with dynamical boundary /interface effect [9]-[12], as well as designing numerical
schemes in simulations [13]-[15]. In this section, we aim to present the application of EnVarA
on the simplified Ericksen—Leslie system with general targets following the derivation as in
4], [16].

The EnVarA starts with the following energy dissipation law:

d Etotal

=—-A 1.2.1
- , (12.1)
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where Eiotel — plinematic | pHelmboltz: qonotes the total energy (Hamiltonian) of the whole
system and A is the rate of the energy dissipation. In terms of the first variation, the LAP
and MDP read

5 T Ekinematicdt T EHelmholtzdt
(LAP) fO 5z = finertial - fconservative - fO Sz 5
0A
(MDP) E = 2fdissipativea

where = denotes the position, u denotes the velocity field, fineria1 is the inertial force,
feonservative 1S the conservative force, and fgissipative 1S the dissipative force. And finally, the

EnVarA asserts that the following balance of forces (Newton’s Second Law):

finertial - fconservative + fdissipative (122)
holds for the dissipative system.

1.2.1 Simplified Ericksen—Leslie system with general target

Let Q@ C R™ (n = 2,3) be a bounded domain with smooth boundary, and ' C R
(for L > 2) be a smooth compact Riemannian manifold without boundary. The energy
dissipation law for the simplified Ericksen—Leslie system of nematic liquid crystals in which

the director field v takes value in N reads

d

1 2 2 / 2 2
— | = (|u|*+|VV]*)dx = — Vul® + |0,v+u-Vv|7) dzx. 1.2.3

The transported director field satisfies the heat flow of harmonic maps, i.e.,

Ov+u-Vv=Av+AWV)(Vv,Vv),

14



where A(v)(-, ) is the second fundamental form of N at point v € N. For the given velocity
field u(z,t), the corresponding flow map x(X,t) : Qg x [0,7] — € solves the following ODE

system:

dt
z(X,0) = X.

d
{ 7x(X’ t) = u(l’(X, t)7t)7 (124)

For any given one-parameter family of volume preserving flow map {z°}_s..s satisfying

dz*€ .

dE e=0 N 90,
0 N (1.2.5)
det (%) =1, and hence, ¥ 0

e =1 an ence z ¥ =Y

ox) =" B
Then we can compute
5 T Ekinematicdt
<finertia17 ¢>L2(QX[O’TD - < fo ) ,S0>
x L2(Q2x[0,T7)

d [T 1 . 9 Ox*
_de/o /902|xt(X,t)| det<8X> Xt
T
0o Jao
T T
:—//xtt-godth:—//u-godth
0 QQ 0 QO

T
:—/ /(ut—i—u‘Vu)«gpda:dt.
o Jo

€

0X

e=0

we can derive

Meanwhile, with notation F, =

) T [ Helmboltz 7y
<fc0nservative, CP) L2(Qx[0,T]) = < fO 5 ’ (p>
T L2(Qx[0,T])

T
1
:j / / I Vav(@(X, 1), ) det FdXdt
€Jo Jao

T -T
_ / / FIVev(a(X, ), 1) : ldF :
0 Qo dE

T
:/ /Vv: (=VTVv)dzdt
o Ja

Vxv(z(X,t),t)| dXdt

e=0

15



_ /O ' /Q V- (Vv & UV)] - pdudt.

1
On the other hand, with u® = u + €p we can apply the MDP to §A to get

i(34)
<fdissi atives ()0>L2(Q) = < 2 790>
’ ou L2(2)

= lim
e—0

:/Vu:Vgodx+/(8tv—|—u~Vv)‘(90~Vv)d:c
0 Q

1
/(|Vu€|2+|3tV+u€-VV|2)d:v
e=0JQ 2

=— / Au - pdx + /(AV + A(V)(Vv,Vv)) - (p-Vv)dx
Q Q
= /(—Au + Vv - Av) - pdz
= /(—Au + V- (Vve VV)) - edr,
Q

where we use the geometry property that A(v)(Vv,Vv) L Ty N, the incompressibility of ¢
and the following identity

2
vv-szv-(vV@vV)—vWQV' .

Hence, by the EnVarA (1.2.2), we obtain the following simplified Ericksen—Leslie system

Ju+u-Vu+VP=Au+V.(Vve Vv),
V-ou=0, (1.2.6)
Ov+u-Vv=Av+ AWV)(Vv,Vv).

The generalized system (1.2.6) covers the two important cases in nematic liquid crystals:

16



(1) For N' = §?, the system (1.2.6) becomes the simplified, uniaxial Ericksen-Leslie system
first proposed by [17]

du+u-Vu—Au+VP=-V- (Vd@Vd),
V-u=0, (1.2.7)

9d +u-Vd = Ad + |Vd|xd,

for (u(x,t),d(z,t), P(z,t)) : 2x (0,T) — R? xS* x R. In dimension two, the existence
of a unique global weak solution has been proved in [18] [19], which satisfies the energy
inequality and has at most finitely many singular times, see also [20]. Very recently,
the authors in [21] have constructed example of singularity at finite time. In dimension
three, a global weak solution has been constructed in [22] with initial data dy € Si.
Examples of finite time singularity have been constructed by [23]. Interested readers

can consult the survey article [24] and the references therein.

(2) For
N:{(yl,YQ) €S? x §? ‘ Y1‘}’2:O}CR6,

let v(z,t) = (n(z,t),m(z,t)) : Q x (0,T) = S* x S* with n- m = 0. Then the system

(1.2.6) becomes the biaxial, Ericksen—Leslie system

@tu+u-Vu—Au+VP:—V-(Vn@Vn+Vm®Vm),
V-u=0,
Om+u-Vn=An+ |Vn|’n+ (Vn, Vm)m in Q x (0,7).

om+u-Vm=Am + |[Vm|*m + (Vm, Vn)n

n-m=20
(1.2.8)

This is a simplified version of the hydrodynamics of biaxial nematics model proposed by

Grovers and Vertogen [25]-[27]. In dimensional two, the existence of a unique global

17



weak solution has recently been shown in [28], which is smooth off at most finitely

many singular times.

1.3 Nonisothermal Nematic Liquid Crystal Flows

A non-isothermal liquid crystal flow in the nematic phase can be described in terms
of three physical variables: the velocity field u of the underlying fluid, the director field
d representing the averaged orientation of liquid crystal molecules, and the background
temperature 6. The evolution of the velocity field is governed by the incompressible Navier-
Stokes system with stress tensors representing viscous and elastic effects. In the nematic case,
the director field is driven by transported negative gradient flow of the Oseen—Frank energy
functional which represents the internal microscopic damping [1], [29]. We consider the non-
isothermal setting in which the temperature is neither spatial nor temporal homogeneous
and thus contributes to total dissipation of the whole system.

A great deal of mathematical theories has been devoted to the study of nematic liquid
crystals in the continuum formulation. In pioneering papers [2], [30], [31] Ericksen and Leslie
have put forward a PDE model based on the principle of conservation laws and momentum
balance. There has been extensive mathematical study of analytic issues of the simplified
Ericksen—Leslie system. In 1989 Lin [17] first proposed a simplified Ericksen—Leslie model
with one constant approximation for the Oseen Frank energy: (u,d) : Q x R, — R™ x S?

solves

du+u-Vu+ VP =pAu—-V-(Vd o Vd),

V-u=0, (1.3.1)

od+u-Vd = Ad + |Vd|*d,
where Q C R" (n =2 or 3), P: Q xR, — R denotes the pressure, > 0 represents the vis-
cosity constant of the fluid, and (Vd ® Vd);; = 23: 3xid(k)axjd(k) denotes the Ericksen stress
tensor. It is a system of the forced Nf:wierfStokeé€ :eiquation coupled with the transported har-
monic map heat flow to S?. The readers can consult [32] on the study of the Navier-Stokes
equations and [24] for some recent developments on harmonic map heat flow. The rigorous

mathematical analysis was initiated by Lin—Liu [33], [34] in which they established the well-

18



posedness of so-called Ginzburg-Landau approximation of (1.3.1): (u,d) : @ xR, — R"xR?

satisfies

du+u-Vu+ VP =pAu—-V - (Vd o Vd),

V-u=0, (1.3.2)
1

gd+u-vd=Ad+ - (1-|d?)d,
g

where € > 0 is the parameter of approximation. They have obtained the existence of a unique,
global strong solution in dimension 2 and in dimension 3 under large viscosity p. They have
also studied the existence of suitable weak solutions and their partial regularity in dimension
3, which is analogous to the celebrated regularity theorem by Caffarelli-Kohn-Nirenberg
[35] (see also [36]) for the dimension 3 incompressible Navier-Stokes equation. Later on
Lin-Lin—-Wang [18] adopted a different approach to construct global Leray—Hopf type weak
solutions (see [37]) for dimension 2 to (1.3.1) via the method of small energy regularity
estimate. Huang-Lin—Wang [38] extended the works of [18] to the general Ericksen—Leslie
system by a blow up argument.

The existence of global weak solution to (1.3.1) in dimension three is highly non-trivial
due to the appearance of the super-critical nonlinear elastic stress term V - (Vd ® Vd).
Some preliminary progress was made by Lin-Wang [22], where under the assumption that

an initial configuration dg lies in the upper half sphere, i.e.,
do(Q) 8% == {y ="y y") €R*: [y = 1, ¥* > 0}. (1.3.3)

the existence of global weak solution was constructed by the Ginzburg—Laudau approxima-
tion method and a delicate blow-up analysis. See [24] for a review of recent progresses on

the mathematical analysis of Ericksen—Leslie system.

19



Recently there has been considerable interest in the mathematical study for the hydro-

dynamics of non-isothermal nematic liquid crystals. Recall that a simplified, non-isothermal

version of (1.3.2) can be described as follows. Let (u,d, ) : Q x R, — R™ x R* x R, solve

du+u-Vu+VP=V-:(u(f)Vu) -V (Vd o Vd),
V- -u=0,

1 1.3.4
Od+u-Vd=Ad+ - (1-1d)d, (134)
€

2
)

1
00+ u-V0 ==V -q+ pu(0)|Vul? + |Ad + —(1 - |d]*)d
£

where q : Q x Ry — R" is the heat flux. Feireisl-Frémond—Rocca—Schimperna [39] proved
the existence of a global weak solution to (1.3.4) in dimension 3. Correspondingly, non-

isothermal version of (1.3.1) reads (u,d, ) : 2 x Ry — R" x S* x R, solves

du+u-Vu+VP =V (u(f)Vu)—V-(Vd e Vd),
V.-u=0,

8,d +u-vd = Ad + |Vd|*d,

040 +u- V8 =~V -q+u(6)|Vul + |Ad + [Vd]*d|".

(1.3.5)

Hieber-Priiss [40] have established the existence of a unique local L” — L? strong solution to
(1.3.5), which can be extended to a global strong solution provided the initial data is close to
an equilibrium state. For the general non-isothermal Ericksen—Leslie system, De Anna—Liu
[41] have obtained the existence of global strong solution in Besov spaces provided the Besov
norm of the initial data is sufficiently small. On T?, Li-Xin [42] have showed that there exists
a global weak solution to (1.3.5). A natural question is that in dimension 3 whether (1.3.5)
admits a global weak solution. The rest of this chapter is devoted to the thermodynamic

consistency of (1.3.4) and (1.3.5).
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1.3.1 Non-isothermal Ginzburg—-Landau approximation

First we recall the equations of u and d in the non-isothermal Ginzburg—Laudau approx-

imation (1.3.4):

Ju+u-Vu+ VP =div(u(@)Vu—-Vd o Vd),
V-u=0, (1.3.6)
9,d +u-vd = Ad — £.(d),

(Id]* = 1)?
4e2
The difference between (1.3.6) and the isothermal case (1.3.2) is that the viscosity coef-

where f.(d) = 0aF.(d), F.(d) =

ficient p is a function of temperature 6. Here the temperature plays a role as parameters
both in the material coefficients and the heat conductivity coefficients, which is to be dis-
cussed later. To make the system (1.3.6) a close system, we need the evolution equation
for 6. The equation of thermal dissipation is derived according to First and Second laws of
thermodynamics [8].

First we introduce some basic concepts in thermodynamics. The internal energy density
reads

: 1
<§ﬂzjvm?+ﬂuh+a

and the Helmholtz free energy is given by
1 2
Ve = §|Vd| + F.(d) — 01n6.

Denote the entropy by 7 in the Second law of thermodynamics, which is determined by

temperature through the Maxwell relation

0
ol

—1+1Iné. (1.3.7)
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The internal energy can be obtained by (negative) Legendre transformation of free energy
with respect to n, i.e.,

el =1 +nf.

The heat flux q in the equations of both # of (1.3.4) and (1.3.5) satisfies the generalized
Fourier law:

a(0) = —k(0)V0 — h(0)(VO - d)d (1.3.8)

where k(f) and h(f) represent thermal conductivities. The evolution of entropy can be
written as follows.

on+u-Vn=-V-g+ A,, (1.3.9)

where g is the entropy flux which is determined by the heat flux through the Clausius-Duhem
relation

q = 0g, (1.3.10)

and the entropy production A, > 0 is given by (1.3.13) below.

The thermal consistency of (1.3.4) is given by the following proposition.

Proposition 1.3.1. Suppose (u,d,0) is a strong solution to (1.3.4). Then

total

1 .
(1) (First law of thermodynamics). The total energy e = §\u\2 + e s conservative.

More precisely, we have

D ot
—el% (X = 1.3.11
Sl £ (84 q) =0, (L.3.11)
where
+Dd
dQ‘—f+ V denotes th terial derivati
an D= B u enotes the material derivative.

(2) (Second law of thermodynamics). The entropy cannot decrease during any irreversible

process, which means the entropy production A. is alway non-negative, i.e.,

1 1
A = 0<u(0)|Vu|2 +[ad+ 50 -laPaf ~a- W)) > 0. (1.3.13)
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Proof. We first prove (1.3.11). By direct calculations, we have

D yyu .. Du D Dd  Df
e = Vd o Vd - fo(d) +1l))
= u - div (—PI+,u(0)Vu—Vd®Vd)+Vd:V——Vd@Vd:Vu
Dd 1
H.(d) =V a+pu( )qu|2+\Ad+ (1—|df? d\
= div(=Pu+ pu(f)u-Vu - Vd © Vd - u) — u(0)|Vu|* + Vd ® Vd : Vu
pd Dd (1.3.14)
+div((Vd)" ) = (Ad — £(d)) - =~ ~VdOVd: Vu-V-q
Dt | Dt
+1(0)|Vul? + \Ad+ S(1—[df? d\
+Dd
= div( — Pu+ p(0)u- Vu—Vd e Vd - u+ (Vd)" Dt) V-q
= —div(X + q).
Note that (1.3.13) follows directly from (1.3.7), (1.3.9), (1.3.4)4, and (1.3.8), i.e
1
Ae = o (n(0)|Vu* +]Ad - f(d)* - q - V0)
1
= 3 (1(0)|Vul? + |Ad = fo(d)* + k(0)|VO* + h(0)|VO - d[?) > 0
This completes the proof. [

1.3.2 Non-isothermal simplified Ericksen—Leslie system

As € tends to 0, due to the penalization effect of F.(d), formally the equation of d in

(1.3.6) converges to

9d +u-Vd = Ad + |Vd|2d,

1
where |d| = 1. This is a “transported gradient flow” of the Dirichlet energy — / |Vd|* dz
for maps d : Q — S%

As in the previous section, we introduce the total energy for (1.3.5):

1
efotal — i(yuﬁ +|Vd[?) + 6
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and the entropy evolution equation:
onm+u-Vn=-V-g+ A, (1.3.15)

where A is the entropy production given by (1.3.17) below.
The thermal consistency of (1.3.5) is described by the following proposition.

Proposition 1.3.2. Suppose (u,d,0) is a strong solution to (1.3.5). Then

(1) (First law of thermodynamics). The total energy is conservative, i.e.,

D
Etewtal +V-(2+q)=0, (1.3.16)

rDd
Dt

(2) (Second law of thermodynamics). The entropy production Ay is non-negative, i.e.,

where ¥ = Pu— p(f)u-Vu+Vd o Vd - u — (Vd)

1
By = 5 (u(O)|Vul’ + |Ad + |VdPd]* - q - V6) > 0. (1.3.17)

Proof. From (1.3.5), we can compute

Dg(:a;z ;(;(yug + \de;)6+ 0)
:u~E+Vd:EVd+E
=u-div(—PI + p(6)Vu - Vd © Vd)

+Vd: Vll))(; —~VdeVd: Vu-—V-q+ pud)|Vu]® + ’Ad + |Vd|2d’2
=div(=Pu+ pu(@)u-Vu -V o Vd-u) — u(0)|Vu)* + Vd ® Vd : Vu
—I—div((Vd)Tl;(tl) — (Ad +|Vd[’d)-Ad — Vd ® Vd : Vu
—divg + u(0)|Vu|* + |Ad + |Vd[*d]?

= —div(2 + q),

where we have used the fact |d| = 1 so that

(Ad + |[Vd[*d) - Ad = |Ad + |Vd|*d]*.
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This implies (1.3.16). From the entropy equation (1.3.15), Clausius—Duhem’s relation (1.3.10),

the temperature equation in (1.3.5), and (1.3.8), we can show

1 2
Ay = §<u(9)|Vu|2+‘Ad+|Vd|Qd‘ —q- Vo)
1 2
— 5<u(0)|Vu\2+‘Ad+|Vd|2d‘ + k(0)|VO* + h(0)|V6 - d?) > 0.
This yields (1.3.17). O
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2. WEAK COMPACTNESS OF NEMATIC LIQUID CRYSTAL
FLOWS
2.1 Weak compactness of simplified Ericksen—Leslie system in 2-D

2.1.1 Introduction

Let © C R? be a bounded domain with smooth boundary, and N' ¢ R” (for L > 2) be a
smooth compact Riemannian manifold without boundary, and 0 < T < co. We formulate a
generalized form of simplified Ericksen—Leslie system of nematic liquid crystals in which the

director field takes values in N:

du+u-Vu—Au+VP=-V- (VV@VV),
Vou=0, in Q x (0,7), (2.1.1)

Ov+u-Vv=Av+ AWV)(Vv,Vv),

where (u(z,t), v(z,t), P(x,t)) : Q@ x (0,7) — R? x A/ x R represents the fluid velocity field,
the orientation director field of nematic material (into a general Riemannian manifold), and
the pressure function respectively, (Vv ® VV) . Vv - Vg viforij=1,2 represents the
Ericksen—Leslie stress tensor, and A(v)(-, -) is the second fundamental form of N at the point

veN.

A strategy to construct a weak solution of (2.1.1) and (2.1.3) is to consider a Ginzburg—
Landau approximated system (cf. [33],[34]). More precisely, for any § > 0 set the o-
neighborhood of N by

N; = {y e RE ‘ dist(y, N) < (5},

where dist(y, ') is the distance from y to N. Let Iy : N5 — N be the nearest point
projection map. There exists dy» = 6(N) > 0 such that dist(y, N') and [Ty are smooth in

Nas, Let x(s) € C*([0,00)) be a monotone increasing function such that

s, if0<s< 5/2\/,
X(s) =

40%, if s > 463
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Consider the following Ginzburg-Landau energy functional for the director v

_ 1 2 1 C 42
B.(v) = /Q (519 + x(dist?(v, A1),
Then the corresponding Ginzburg—Landau approximated system of (2.1.1) can be written as

du+u-Vu—Au+VP=-V- (Vv@Vv),
V-u=0, (2.1.2)

Ov+u-Vv=Av— ;X(distZ(v,N)) dd (dist2(v,N)).

A%

The main purpose of this section is to study the weak compactness of solutions to the sim-
plified Ericksen—Leslie system (2.1.1) and convergence of solutions of the Ginzburg—Landau
approximation (2.1.2) to the simplified Ericksen—Leslie system (2.1.1). For this purpose, we

will consider the following initial and boundary condition

(ua V) ‘ QT — (110, VO) (2-1-3)

where Qr = Q x (0,7) and 0,Qr = (Q x {t = 0}) U (89 x [0, T]> is the parabolic boundary
of Q7. We assume that

ug ‘ o0 =0, vo(r)eN forae zeQ, (2.1.4)

and introduce the notations

H = closure of Cj° (Q,Rg) ﬂ{f ’ V-f:O} in L? (Q,RQ),
J = closure of Cj° (Q,R2) ﬂ{f ’ V-f:()} in H& (Q,R2),
HY(QN) = {f € H'QR") | f(z) e N ae 2 €Q}.

We also assume that

w € H, voe H'(QN). (2.1.5)

Recall the definition of weak solutions of (2.1.1).
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Definition 2.1.1. A pair of mapsu € L*°([0,T], H)NL*([0,T],J) and v € L*([0,T], H' (2, N))
is called a weak solution to initial and boundary problem (2.1.1), (2.1.3)-(2.1.5), if

- / (w,60) + /Q (- Vu,£0) + (Vu, V)

— _£(0) / (0, 0) + / (Vv O Vv,EV¢)
“ r (2.1.6)
- / (v.66) + / (- Vv,£0) + (Vv,EV¢)

=40 [ (vo.0h+ [ (AW)TV. V)80,

for any &€ € C*°([0,T)) with £(T) =0, ¢ € J and ¢ € Hi(Q,R?). Moreover, (u,v)|sq =
(ug, vo) in the sense of trace. The notion of a weak solution to the system (2.1.2) can be

defined similarly.

Our first main theorem concerns the convergence of weak solutions of the system (2.1.2)
to the system (2.1.1) as ¢ — 0. We remark that the existence of weak solutions to (2.1.2)
has been established by [33], [34] for V' = S? by the Galerkin method, which can be easily

adapted to handle the case that N is a compact Riemannian manifold.

Theorem 2.1.1 ([43]). Fore > 0, let (u°, v®) be a sequence of weak solutions to the Ginzburg—
Landau approximated system (2.1.2) with the initial and boundary condition (2.1.3)-(2.1.5).
Then there ezists a weak solution (u,v) of (2.1.1) with the initial and boundary condition

(2.1.3)-(2.1.5) such that, after passing to subsequences,
u —u in L*([0,T],H'(Q)), v°—=v in L*([0,T],H' ().

In particular, the initial and boundary problem (2.1.1) and (2.1.3)-(2.1.5) admits at least one
weak solution u € L>=([0,T], H) N L*([0,T],J) and v € L*([0,T], H'(Q, N)).

We would like to mention that when N = S?, the convergence of solutions of system
(2.1.2) to the system (1.2.7) has recently been proved in two dimensional torus T? by Kortum
in an interesting article [44]. In order to deal with convergence of the most difficult terms

Vd. ® Vd. in the limit process, Kortum employed the concentration-cancellation method
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for the Euler equation developed by DiPerna and Majda [45] (see also [46]). Thanks to the
rotational covariance of Vd. ® Vd,, the test functions can be taken to a function of periodic
one spatial variable ensuring the weak convergence of Vd, ® Vd. to Vd ® Vd.

In this section, we make some new observations on the Ericksen stress tensor Vv ®
Vv, which is flexible enough to handle any smooth domain © C R?. Namely, by adding
—;|VV€|2]I2 to Vv® ® Vv®, where [ is the 2 x 2 identity matrix, we have

1 1 a:t v© 2 az v 2, 2 (95,; v‘i@x v
VVE ® VVE — 7|Vvs|2]12 _ | 1 ‘ ’ 2 ’ < 1 2 >
2 2 2<811V€, 812V€>, ‘812V€‘2 - ’axlvsP

This is a matrix whose components constitute the Hopf differential of map v®, which are
05, V°|* — |05, v*|* and (0,,v®, 0,,v"). Since v© is either an approximated harmonic map to
N or a Ginzburg-Landau approximated harmonic map, we can develop its compensated

compactness property by the Pohozaev type argument.

As a byproduct of the proof of Theorem 2.1.1, we obtain the following compactness for

a sequence of weak solutions to the system (2.1.1).

Theorem 2.1.2 ([43]). Let (u*,v¥) : Q x (0,T) — R? x N be a sequence of weak solutions

to (2.1.1), along with the initial and boundary condition (uf,vk) satisfying (2.1.4), such that

sup {/ (\uk|2 + |Vvk|2) +/ (|Vuk|2 + [0pvF + u” - Vvk|2)} < 00, (2.1.7)
t Q¢

k>1
Furthermore, if we assume that

(U.IS,VIS) - (u07V0) in L2(9> X Hl(Q>7

then there exists a weak solution (u,v) of (2.1.1) with the initial and boundary condition

(ug, vo) such that, after passing to subsequences,
u’ —uin L*([0,T], H(Q)),  vF —win L*([0,T], H'(Q)).
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Since the system (2.1.1) possesses the geometric structure, i.e.,

AVI () L TN

where T\,x AV is the tangent space of A at v¥, we can show the weak convergence of |9,, v*|* —

0,,,v*|? and (0,,v*, 0,,v") by utilizing the LP-estimate, 1 < p < 2, of the Hopf differential

of vF.

2.1.2 Estimates on inhomogeneous Ginzburg-Landau equations

In this section, we will consider the inhomogeneous Ginzburg-Landau equation

€ 1 s 12 5 d - .2 £ .
AvVE — gX(dlSt (v ,N)>%(dlst (v ,N)) =7. in Q. (2.1.8)
Suppose
1 1
sup &.(vF) = / (]VV€|2 + 2x(dist2(V5,N))> < A < o0, (2.1.9)
0<e<1 qQ \2 €
and
sup |[7°|| 2y < A2 < o0 (2.1.10)
0<e<1

Assume that there exist v € H'(Q, ) and 7 € L*(Q, R) such that
° — 7in L*(Q), v°—vin HY(Q).

Then we have

Lemma 2.1.3. There exists 6o > 0 such that if v© € H(Q,R") is a family of solutions to
(2.1.8) satisfying (2.1.9) and (2.1.10), and for xo € Q and 0 < ry < dist(xg, 0),

1 1
su —|IVvE]2 + = x(dist?(ve,N))) < 62, 2.1.11
S /Bmm) (GI9v P + Sx(dis? (v ) < 5 (2.1.11)
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then there exists an approzimated harmonic map v € Hl(B%o (20), N') with tension filed T,

i.e,
Av 4+ A(V)(Vv,Vv) =T, (2.1.12)

such that as € — 0,

1
Vi = v in H'(Bm(x)), and gx<dist2(ve,/\/'))%0 in L'(Bu(w)).  (2.1.13)

Proof. For any fixed z; € B%O(ZE()) and 0 <e < %, define v°(z) = v®(z1 +ex) : B1(0) —

R%. Then we have

AT = X(dist?(¥, M)~ (dist?(¥°, ) + 77 in By(0),

A%

where 7°(z) = &’7°(z, + ex). Since

I e d . o ~
[ANY HLQ(Bl(O)) < HX(dlSt(VaaN))a(dlst (Ve,N)) L2(B1(0)) + HTaHLQ(Bl(O))
1

< c(/ [ dist(ve, N)P) & 17 gy < C+ Ao
QN{dist(ve N)<25}

Thus v° € HQ(B%) and [[V*[| 25,y < C(1 + Ap). By Morrey’s inequality, we conclude that
2

v© e C%(B%) and
< C ¥ ) < C+ M)
2

[N

By rescaling, we get

vi(z) —vi(y)| < C(1 +A2)(|x ; y|)27 Va,y € Be(z1).

A%

We claim that dist(v®,N') < oy on Bro(z0). Suppose it were false. Then there exists
1 € Bro (x0) such that dist(v®(z1),N') > dn. Then for any 0y € (0,1) and z € By,.(z1), it

holds

Ol

M)Q <002 < ;5/\[7

[v¥(a) = vi(an)| < O(F
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52
provided 6y < —N_ Tt follows that

4C?
) 1
dist(v®(z),N) > 55/\/, Vx € Bgye(x1),

so that
1
/ —x(dist*(v*, V) > o365
B90€(w1)

which contradicts to the assumption that

1 s 12/ € 1 c12 1 o, )
/Beoe(wl) ;QX(dlSt VM) < /Brl(O) <2|Vv "+ =X (dlSt (v 7N))> < d;

for a sufficiently small 6y > 0.

From dist(v®, N') < d, in Bra(z0), we may decompose v* into
v =Ty (V) + diSt(VE,N)I/<HN(V€)> = We + (e,

so that the equation of v, becomes

Aw, + Al.v. + 2V (V. + Av, — ;X(gf)vvegf =T.. (2.1.14)
Multiplying (2.1.14) by v., we get

A = (Ve T2) + GV + ()T o) 72, (21.15)
where 7 = (7., v.). Plugging A(, into (2.1.14), we obtain

Aw, + (Ve Vie)ve + G (Ave + [Vier) + 2(Ve, VE) =, (2.1.16)

where 7. = 1. — ijs. Here we have used the fact

<vaC527 V€>V€ = VUECS‘
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Let n € C5°(Bro (x9),R) be a standard cutoff function of B (z0). Since dist(v®,N) <
2 8

Sxr, we have that x(¢?) = 1 and hence

(‘A - 522> (Cn*) = = CAM?) = 2VEV (0?) + (Vewe, V(ven?)) — (Vwe, -V (1))

(2.1.17)
+ G (IVer) = eV (7)) + 720
. 2.4 . 2 .
Applying the W*3-estimate for (—A + ?) (see [47]), we obtain
IV2(Cn)ll, 4
SICAMII 4 +IVEVmII 4 + Vel 2]V (ven®) [ 4
+HIVwellze + ¢ o [ Veel 2V (ver®) s + 17271 g (2.1.18)

SNl + IV 2 + | Vewe ||l 2 (IV (ven?) | 14 + 1)

Gl I V2ell 2 [V (wen®) s + |7l e,

where A < B stands for A < C'B for some universal positive constant C'.

For w,, by a similar calculation we obtain

A(wenZ) = — (Vw,, V<V€772)>Vs + (Vw, st(n2)>’/s
= C[AWr?) = v AW) = 29V ()| + [V = [V ()P v (2119)
= 2[(V(en’), V&) = (V(1), Vv | + 7en” + w A(n) + 2Vw. V(7).

Applying the WQ’%—estimate, we obtain

IV (@)l 4
SIVWell 2V (verr®) s + Vel 5+ 11¢ e A e 3
F1G Nl (1+ 1922l 8) + 1G N IV (e |29 () [ s

HIVE 2V (e s + IV g + 17l ze-

(2.1.20)
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Therefore, we conclude that

IV + 9@l 3

(2.1.21)
SIVVE 2V (e e + Gl e IV wer®) ] g + 11V VA2 + 17 e
Since
vn? = wen’ + Cven®?
we have
IV2(vn?)ll, 4
SIVA(Cven?)ll 4 + [V (wer®) ]l 4
SNCl V2 wen®) || g + IV lIV (e s + IV Cven?[| 4 + [V (wer®) ]| 4 (2.1.22)

SIC = IV (ven®)ll 4 + IV Cll2 |V (ven®) o + [V2(Cn®)I] 4

+ V2 + IV (wen®)]| 4 + 1.

Therefore, we have

IV*(v=n*)ll 4
SHCllzo IV (wen®)Il 4

SN = IV el 3 + (99 lzz L+ IV 0] + 17z + 1.

+ || Vv L2 [1 IV n?)|| 2 + ||V(V8772)||L4} + |7l + 1 (2.1.23)

Since v. = v.(v®), we can directly calculate and show that

IV er)ll, g S IV g + IV VILe [+ IV ) s + 1. (2.1.24)

L3 ~

Therefore, we can conclude that

(1= ClIGl) IV D)l 4 S 19Vl [L+ IV ) aa] + Dl +1. (21.25)

L3 ~
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By Sobolev’s embedding, we have

IV =)z S IVl [L+ V(v ] + I7elle + 1. (2.1.26)

Taking 0y small enough in the assumption (2.1.11), we conclude that

IV ) lzs S IVVAllLe + [17ellz2 + 1 < C (0o, Ao). (2.1.27)

Substituting this into (2.19), we obtain which implies that

IV2(ver)l| 4 < C (B0, As). (2.1.28)

L3

Hence v — v in H1<B%O(ZL’0)).

ro T
By Fubini’s theorem, there exists r; € [ZO’ 50]

/ Ve <ce / Ve <C, / CPE<C / G < (2.1.29)
0By (z0) B%o (o) 9Bry (wo) B%O (z0)

Multiplying the equation of (. by (. and integrating by parts over B,,, we obtain

9¢

By, (o) aV

2
/ (|VC€|2+2x(Cg)Cf—l—|VV€|2C€2+V%VVE-C€>—/ ggz/ ¢ (2.1.30)
By (z0) € F) By (z0)

Then we have

) 2
[ (e
<c v525/ 5250/ v545/ .
< (/BBWO)' ¢1*)*( aBrl%)|<|) +0( bty wel)E ( B”(m)'“) (2.131)
¢ 52%/ 52%_0.
- (/Bﬁ(m)m (f, ) sce

Therefore we have that

§—> 0 in LB, (0)). (2.1.32)
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This completes the proof. 0]

Now we define the concentration set by

2= {r€Q:liminf /BT(I) (;|Ws|2 i ;X(disﬁ(vs7/\/'))) > 03}, (2.1.33)

r>0
where dy > 0 is given in Lemma 2.1.3. We have

Lemma 2.1.4. ¥ is a finite set, and
ve—= v oin HE(Q\X). (2.1.34)
The finiteness of ¥ follows from a simple covering argument, see also [22] and [44].

2.1.3 Convergence of Ginzburg—Landau approximation

The section is devoted to the proof of Theorem 2.1.1. First, recall from the global energy
inequality for (2.1.2) that for almost every t € (0,7,

t

[ (e 9t (st ) o0 [ (9t o o) < B
Qx{t}

(2.1.35)

This, combined with the equation (2.1.2), implies that there exists p > 2 such that
Sglg Huﬂ|L$H;1+L?W—2J’ + HVﬂ|Lf/3L§/3 < 00. (2.1.36)
. ,

Hence, by Aubin-Lions’ Lemma, there exists u € L°L2 N LIHL(Q x (0,7),R?) and v €
LHINLPHNQ x (0,T),N) such that after taking a subsequence,

(u®,v%) — (u,v) in L*(Q x (0,T)), (Vu®,Vv®) — (Vu, Vv) in L*(Q x (0,7)).
Combining this with (2.1.35), we obtain

OveE+ut-Vve = 9v+u-Vv in L*(Qx (0,7)).
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By the lower semi-continuity, we have

/ (|Vul]? + |0;v +u - Vv]?) < lilgiglf/ (VU >+ |0pv" +u® - Vv]?) < oco.  (2.1.37)

t Qt

By Fatou’s Lemma, we have

t t
/ liminf/(|Vu‘E|2 + [vE+uf - Vv [?) < liminf/ /(|Vu’3|2 +10,v° 4+ u® - Vve[?) < E.
0 e—0 Q e—0 0o Jo

(2.1.38)

Hence there exists A C [0, 7] with full Lebesgue measure 7" such that for any ¢ € A

(0 (1), V3 (1)) = (u(t),v(t)) in L*x H' (2.1.39)
and
liargégf/ (|Vu8|2 + |0pv® +u® - VV£|2) () < 0. (2.1.40)

Now we define the concentration set at ¢ by

1 1
=) {x eN: liminf/ ~|VVE|? + —X(distQ(Ve,N)) > 58}, (2.1.41)
By(@)x (1) 2 e?

r>0 e=0

where dy is given by Lemma (2.1.3). By Lemma 2.1.4, it holds #(%;) < C(Ej) and
ve(t) — v(t) in Hy (Q\ 2()).

We would first show that v is a weak solution of (2.1.1)3 by utilizing the geometric
structure as in [48] (see also [49]). First notice that there exists a unit vector v5, L Ty, (ve)N

such that
d
Ex(distz(vf,]\f)) = 2x(dist®(ve, N)) dist (v, V) vs,.

Thus for any ¢ € C5°(Q, R*) and a.e. t € (0,00) it holds

/ (vi +u® - Vv — Av®, DILy (I (v¥))9) = 0.
Qx{t}
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If we choose ¢ € C5°(2\ %), then it follows from Vv® — Vv in HL (2 \ ;) that, after

passing to the limit of the above equation,

/ (Opv +u- Vv, DIly(v)p) = —/ (Vv,V(DIIx(V))op).
Qx{t} Qx{t}

This implies that
Ov+u-Vv—Av=Ay(v)(Vv,Vv)

holds weakly in €\ ¥;. Since ¥ is a finite set, it also holds weakly in €2 so that (2.1.1)3
holds.
Now, we proceed to verify u satisfies (2.1.1);. First by the estimate (2.1.36), we have

o — Ju, in L*([0,T], H ) n L*([0,T), W 2?)

for some p > 2. For any £ € C*°([0,T]) with £(T") =0, ¢ € J, since

QfW%wz—Auﬁ@¢—/wa,

which, after taking e — 0, implies that

TR [ w00 | ugp

Claim: For anyt € A, it holds

0= / (O, ) +/ (u® - Vu®, ) +/ (Vu®, Vo) +/ (Vv O Vv : Vg
Qx{t} Qx{t} Qx{t} Qx{t}

(u-Vu,goH—/

Qx{t}

— (Opu, @) + /

(Vu, V) + / (Vv o V) : Vo,
Qx{t} Qx{t}

Qx{t}
(2.1.42)

for any p € J.
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For this claim, it suffices to show the convergence of Ericksen stress tensors, i.e.,

/ (VvE O VvY): V= / (Voo Vv) : V.
Qx{t} Qx{t}

For simplicity, we assume ¥; = {(0,0)} C € consists of a single point at zero. Let ¢ €
C>(Q,R?) be such that divy = 0 and (0,0) € spt(¢). Then we observe that by adding

1
~3 |Vve|?1,, we have

1
/ (VvE O Vv : Vo = / (Vv6 ORVA'SE *lVVE|2I[2) : V.
Qx{t} Qx{t} 2

While by direct computations, we have

1 0 VE[2 — 0., V|2, 2(0y, Vv, 0y, V°
VVEQVVE—f]VvEFIQ:} 90V =100 v7[7, 240, V) : (2.1.43)
: 2\ 2005, 00v), 100V — 100,V
We can assume that there are two real numbers «, 5 such that
(10 — 100,V Pz — (19, v]? — [0,V )der + adio) (2.1.44)
(03, V", 03, V°) de — (0p,V, 03, V) dz + B0(0,0), (2.1.45)
hold as convergence of Radon measures. Next we want to show
a=p=0. (2.1.46)
Denote
AvE — ix (distz(v6 N)) < (distZ(VE ./\/)) =f*:=0v"+u" - Vv° (2.1.47)
g2 ’ dv ’
and

1 1
e (v®) = §|VV€|2 + X (dist2(ve,/\/')) :
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Now we derive the Pohozaev identity for v¢. For any X € C3°(£2, R?), by multiplying the
v© equation by X - Vv and integrating over B,.(0) we get

/ (XIv5) - (vf£> — / Xijvje Vi +/ divXe.(v°) — / e (V) (X - i)

dB.(0) || - (0) B (0) dB.(0) 2]

= / (X -Vv©) -5 (2.1.48)
B, (0)

If we choose X (x) = x, then we have

g
8B,(0)

Then

[ |
9B, (0) 9B,.(0)

Integrating from r to R, we have
ove®
”

Ry 2
/ eg(vg)—/ e (v%) :/ 5 +/ / Gx(distQ(vg,N))dT
Br(0) B (0) Br(0)\B,(0 r T JB.(0)¢

R
+/T o(/BT(O)\vV It \)dT.

ove
or

2 g
+/ 22><(0118t2(vif\f))—7’/ ee(ve)z/ |x|8v fe(2.1.49)
B 0B (0) B.(0) 0

- (0) £ T

ove|?

or

L1 / 2 (st (v, ) + O / Vve[Ee]). (2.150)
-(0) €

r ,(0)

(2.1.51)

Since ¥; = {(0,0)}, we can assume that

—|Vv Pz + v50,0), in  Bj;(0) (2.1.52)

. 1
e.(v)dx 2\

as convergence of Radon measures, where v > 0. Since t € A,

1 1
lim 2| Vve| < hm(/ \f8|2)2(/ [VvE[?)? < CE,
e—0 e—=0 B, (0) L (0)

B (0)
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Hence, by sending ¢ — 0 we obtain from (2.1.51) that

1 ov|>  [E1 2
/ ~|Vv]E > / gv +/ — lim —2x(dist2(ve,/\/'))d7' + O(R).
Br(0)\B. (0) 2 Br(0)\B, (0) | O r T p (o) €
Sending r — 0, we have
1 ov|?  [E1 2
/ ~|Vv]E > / v +/ — lim —2x(dist2(vg,/\/’))d7' + O(R).
Bg(0) 2 Br(0) | OF o T¢9)B.(0) €

From this, we claim that

;X(dist2(vs,/\f))—>0 in  LYBjs). (2.1.53)

For, otherwise,
2
=x(dist?(ve, N)) dx — K00

2

for some k > 0, this implies

K

R 1 2 R
/ —lim [ Sx(dist®(v",N)) = / —dt = o0,
0 B, € o T

which is impossible.
Choosing X (z) = (x1,0) in (2.1.48), we obtain that

L ) e

X
L (0) €7
:/ x1<azlv€,f€>+/ Ileg(vg)—/ :U1<8x1v5,8l>. (2.1.54)
B,(0) dB(0) or

oB.(0) T

2 g
O,V

0y, V°

Observe that by Fubini’s theorem, for a.e. r > 0 it holds that

ove ov

I1<az VE, 7) x1<8x Vv, 7),
/8&(0) ' or 9B,(0) or
2 1 2
[ Hewyog [ M,
2B,(0) T 2 Jop, T
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and by (2.1.53),
1
/ —2x(dist2(V€,N)) — 0.
Br(0) €

Furthermore,

/ POy EY < O I 9] = Or)

Hence, by sending ¢ — 0 in (2.1.54), we obtain

Jo|

this further implies a = 0 after sending r — 0.

2

) +a=00),

O0r, V 0y V

Similarly, if we choose X(x) = (0,z;) in (2.1.48) and pass the limit in the resulting

equation, we can get that

/ (0, v, 00,v) + B = O(r).
»(0)
Hence = 0. This proves (2.1.46) and hence completes the proof of Claim.

Multiplying (2.1.42) by £ € C*°([0,7T]) with &(T) = 0 and integrating over [0,7], we

conclude that u satisfies the (2.1.1); on Q7. The proof of Theorem 2.1.1 is complete.

2.1.4 Compactness of simplified Ericksen—Leslie system

This section is devoted to prove Theorem 2.1.2. First notice that since the sequence of

weak solutions (u*, v*) satisfies the assumption (2.1.7), and
(ug, vg) = (uo,vo), in L*(Q) x H'(9),
there exists (u(z,t),v(z,t)) : Q x (0,7) — R? x A such that

(u*,v¥) = (u,v) in L2([0,T], H'(Q)), (2.1.55)
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ovF +u” - VvF = 9v+u-Vv in L*([0,T), L*(Q)). (2.1.56)

Also it follows from (2.1.1) and (2.1.7) that there exists p > 2 that

< 0. (2.1.57)

o

k
su H@ u
kp [ ! Lsz_l]

L2H '+ LW, P
Hence, by Aubin—Lions’ Lemma we have that
(0¥, v*) = (u,v) in L*(Qr) x L*(Qr).
By the lower semi-continuity, we have
/ (|Vu|2 +|0v+u- VV|2) < liminf/ (|Vuk’|2 + [0vF +u” - Vvk|2) < (.
. k—o00 Q.
By Fatou’s Lemma and (2.1.7), we have
t
/ liminf/ (|Vuk|2 + [0vF + u” - Vvk|2) < liminf/ (|Vuk|2 + [0vF + u - Vvk\z) < Cp.
0 k—o0 Q k—o00 Q:
Hence, there exists A C [0, 7] with full Lebesgue measure 7', such that for all t € A

("), vF (1)) = (u(t),v(r), in L*(Q) x H'(Q) (2.1.58)

and

liminf/ (\Vuk\Q + |0pvF 4+ uF - Vvk|2) () < 0. (2.1.59)
k—=oo  [q

Now we define the concentration set at time ¢ € (0,7] by

Y= {x €0 liminf/ |VoF|? > 53} (2.1.60)
k—o0 Br(z)

r>0
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where ¢y is small constant given by Theorem 1.2 in [50]. As in [50] (see also [22], [51]), we
can show that for any ¢ € A, it holds that #(X;) < C(Ep) and

vE(t) = v in HE(Q\ %) (2.1.61)

Similar to the proof of Theorem 2.1.1, we can show the weak limit (u,v) satisfies the
third equation of (2.1.1) in the weak sense. It remains to show that the first equation of
(2.1.1) is also valid in the weak sense.

Similar to the proof of Theorem 2.1.1, to complete the proof of Theorem 2.1.2, it is

suffices to show

lim (ka ® Vvk) Vi = / (Vv O VV): Ve, Ve e . (2.1.62)
k=oo Jax{ty Qx{t}

For simplicity, assume ¥, = {(0,0)} C Q. Let p € C*(Q, R?) be such that divy = 0 and
(0,0) € spt(¢). By the same calculation as in (2.1.43), we have

1 1 |00 V]? = 05, VF|?, 2(04, V", 04, V°
VVE@VVEQVVEF]IQQ(l WV |02, V¥ ( ) |

2<8I1V€7 a$2VE>7 ‘812"5‘2 - ’amVEP
For any t € A, Vk(t) is an approximated harmonic maps from Q to N:
AVF(t) + AV (VVF, VVF) = gF () == vE(t) +u* - VvF(t) € L2(Q). (2.1.63)

Recall the Hopf differential of v¥ is defined by

ovF\ 2 2 2
k_ _ k|? k : k k
HF = (E> = (00, VY| = |00, vF | + 2802,V 0, vF), (2.1.64)
where 2 = 1 +1izs € C. Then
oMk Oy, VE O*VF L OVF ooy OVE .
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It is clear that

ovk
k k
16 lrca) < 209" Oz < 2C0 (2.1.66)
Therefore, for any z € B,.(0)
k Gk
HE(2) = / GO / ) g (2.1.67)
dBa,(0) # — W Bay(0) # — W
By the Young inequality of convolutions, we obtain
1
1#¥ 2oz < O H 20800 + | 2| L ICH 1820y < Crp)- (2.1.68)

for any 1 < p < 2. From this, we immediately conclude that
100, VF P = 100, VI P = |00,V P = 100, VI, (00, V8, 00, VE) = (02,v, 00pv)  in LP(B,(0))
for any 1 < p < 2, which implies (2.1.62). This completes the proof of Theorem 2.1.2.

2.2 Weak compactness of non-isothermal simplified Ericksen—Leslie system in
3-D

In this section, we discuss the compactness of weak solutions to the non-isothermal sim-
plified Ericksen—Leslie system with Ginzburg—Landau approximation (1.3.4), and estabilish

the global existence of weak solution to (1.3.5).

2.2.1 Weak formulation for Ericksen—Leslie system

Throughout the rest of this chapter, we will assume that p is a continuous function, and
h, k are Lipschitz continuous functions, and

O<pu<p®)<m, 0<k<k®),nO) <k forald>D0, (2.2.1)
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where pu, 71, k, and k are positive constants. We will impose the homogeneous boundary

condition for u:

od

Solon =0 (2.2.2)

ulspo =0,

where v is the outward unit normal vector field of 02. It is readily seen that (2.2.2) implies

that for ¥ given by (1.3.12), it holds

We will also impose the non-flux boundary condition for the temperature function so that

the heat flux q satisfies

q-v|oe =0. (2.2.4)
Set
H = Closure of C°(;R*) N {v: Vv =0}in L*(R?),
J = Closure of C°(;R*) N {v: V-v=0}in H' (4 R?),
and

H'(Q,8%) = {d € H'(Q,R?) : d(z) € §* ace. 2 € O} .

There is some difference between the weak formulation of non-isothermal systems (1.3.4)
or (1.3.5) and that of the isothermal system (1.3.2) or (1.3.1). For example, an important

feature of a weak solution to (1.3.2) is the law of energy dissipation

Kl (la]* + |Vd[?) dz = —2/ (uIVul® + |Ad = fo(d)*) dz <0, (2.2.5)
or

4 (la? + |Vd[?) dz = —2/ (u|Vul? + |Ad + |Vd]d|?) do < 0 (2.2.6)
for (1.3.1).
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In contrast with (2.2.5) and (2.2.6), we need to include a weak formulation both the first
law of thermodynamics (1.3.16) and the second law of thermodynamics (1.3.17) into (1.3.4)

or(1.3.5). Namely, the entropy inequality for the temperature equation in (1.3.4):

O.H(0) +u- VH(O)
> —div(H(0)q) + H(0) (n(0)|Vul* + |Ad — f.(d)]?) + H(0)q - VO,  (2.2.7)

orin (1.3.5):

8,H(0) +u-VH(6)
> —div(H (0)q) + H(0) (u(0)|Vul]® + |Ad + |Vd[*d|*) + H(0)q - V0, (22.8)

where H is any smooth, non-decreasing and concave function. More precisely, we have the
following weak formulation to the non-isothermal system (1.3.5).

Definition 2.2.1. For 0 < T < oo, a triple (u,d, ) is a weak solution to (1.5.5), (2.2.8) if

the following properties hold:

i) ue L>([0,7],H)n L*([0,7],3), d € L*([0,T], H'(2,S?)), 6 € L>([0,T], L*(Q)).

i) Forany o € C3°(02x[0,T),R?), with V- = 0 and p-v|gq = 0, 1 € C2(QAx[0,T),R?),

and 1y € C(Q x [0,T)) with v > 0, it holds

/OT/Q(u-atcp%—u@u:Vgo)
:/OT/Q(M(Q)Vu—VdQVd) : VQO—/QUO'SO('uO)» (2.2.9)

/OT/Q(d-c?tmeu@d:Vl/zl)

= /OT/Q(Vd Vb — [VAPd - 4y) — /Qdo (-, 0), (2.2.10)
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/0 /QH(Q)@@% + (H(O)u— H(0)q) - Vibo
< —/0 /Q [H(f)) (M(9)|VU|2 +|Ad + |Vd|2d|2) — H(f)q- vg} by

- LH(GO)w2(~,O), (2.2.11)

for any smooth, non-decreasing and concave function H.

iii) The following the energy inequality (1.3.16)

1 1
/ (§(|u|2 +|Vd]?) +0) (-, 1) < / (§(|uoy +|Vdy[?) + 6y) (2.2.12)
Q Q
holds for a.e. t € [0,T).
iv) The initial condition u(-,0) = uo, d(-,0) = do, 6(-,0) = 6y holds in the weak sense.

Now we state our main result of this section, which is the following existence theorem of

global weak solutions to (1.3.5).

Theorem 2.2.1 ([52]). For any T > 0,uy € H, dy € H'(,S?) and 6, € L'(Q), if
do(Q2) C Si and essinfqofy > 0, then there exists a global weak solution (u,d, @) to (1.3.5),

(2.2.8), subject to the initial condition (u,d,f) = (ug,do,by) and the boundary condition
(2.2.2) and (2.2.4) such that

1 we L®L* N L2H,
2. d e LH(Q,S%), and d(z,t) € S% a.e. in Q x (0,7T),

8. 0€ LPLLN LYW for 1 <p < 5/4, 0> essinfoby a.e. in Q x (0,T).

The proof of Theorem 2.2.1 is given in the sections below.
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2.2.2

Maximum principle with homogeneous Neumann boundary conditions

In this section, we will sketch two a priori estimates for a drifted Ginzburg—Landau heat

flow under the homogeneous Neumann boundary condition, which is similar to [22] where

the Dirichlet boundary condition is considered. More precisely, for € > 0, we consider

Then we have

Lemma 2.2.1. For 0 < T < oo, assume w € L*([0,T],J) and dy € H*(Q,S?).

d. € L*([0,T]; H (2, R?)) solves (2.2.13). Then

1
Ode +w - Vd. = Ad. + (1-1de?)d. inQx(0,7),
V-w=0 in Q x (0,7),
d.(z,0) = do(x) on €,
d.
w:%yzo on 092 x (0,7).

|de(x,t)] <1 ace. (x,t) € Qx[0,T].

Proof. Set

|d€‘2 -1 if |d€‘ > 17

v = (A = 1), =

0 if |d.| < 1.

Then v° is a weak solution to

1

O +w - Vof = Avf = 2|V + S0 df?) < Aef
5

V-w=0

v (z,0) =0

_O°

8y:O

W

in Q x (0,7),
in Q x (0,7),
on {2,

on 02 x (0,7).

(2.2.13)

Suppose

(2.2.14)

(2.2.15)

Multiplying (2.2.15); by v° and integrating it over {2 x [0, 7] for any 0 < 7 < T, we get

[rempe [" o< [ [wv@ -o
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Thus v* =0 a.e. in ©Q x [0, 7] and (2.2.14) holds. O

Lemma 2.2.2. For 0 < T < oo, assume w € L*([0,T];J) and dy € H'(%;S?), with
do(z) € ST a.ex € Q. Ifd. € L*([0,T]; H'(Q;R?)) solves (2.2.13), then

d(z,t) > 0 a.e. (z,t) € Q2 x [0,T). (2.2.16)

Proof. Set ¢.(x,t) = max{—e_s%d?’e(:v,t),O}. Then

e +w-Vo. — Ap. = azp., inQx (0,7T),
V-w=0, in Q x (0,7),
(2.2.17)
e (x,0) =0, on ,
Op.
w = 52 =0, on 092 x (0,7,

where

1 1
ac(zt) = 5 (1= |d(et))) = 5 <0 ae. inQx[0,7).

Multiplying (2.2.17); by ¢. and integrating over Q x [0, 7] for 0 < 7 < T, we obtain

/|905|2(T)+2/ /mﬁ:—/ /w-v<¢z>+2/ /aew
9] 0 Q 0 Q 0 Q
:2/ /oz€|g0€\2§0.
0 Q

Thus ¢ = 0 a.e. in  x [0,7] and (2.2.16) holds. O

Finally we need the following minimum principle for the temperature which guarantees

the positive lower bound of 6.
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Lemma 2.2.3. For 0 < T < oo, assume w € L*(0,T;J), 6y € L'(Q) with essinfqfy > 0,
and d. € L*([0,T); H'(Q,R?)). If 0. € L°(0,T; L*(2)) N L*(0, T; WH(Q)) solves

0. +w-V0. ==V -q. + u(0.)|Vw|]* + |Ad. — £.(d.)]>, in Qx(0,7),
V-w=0, in Qx(0,7T),
v . 0.7) (2.2.18)
0-(z,0) = Oy(x), on £,
w=q. -v=0, on 002 x (0,7,
where q. = —k(0.)VO. — h(0.)(VH. - d.)d., then
0.(x,t) > essinfqby a.e. in Q x [0,T]. (2.2.19)

Proof. Let 07 = max {essinfnfy — 0.,0}. Then by direct computation, (2.2.18) implies that

00 +w-VO. <-V.-q., inQx(0,71),
V-w =0, in 2 x (0,7),
0.7) (2.2.20)
0= (z,0) =0, on 2,
w=gq, -v=0, on 082 x (0,7,

where q. = —k(6.)VO. — h(0.)(VO_ - d.)d..
Multiplying (2.2.20); by 6_ and integrating over Q x [0, 7] for 0 < 7 <T', we obtain

[ozee [ [ e(vor+ v ar) <o
Q 0 JO

Therefore 7 = 0 a.e. in Q x [0, 7], which yields (2.2.19). O
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2.2.3 Global existence of weak solutions to simplified Ericksen—Leslie system
with Ginzburg—Landau approximation

In this section we will sketch the construction of weak solutions to (2.2.21) by the Faedo-
Galerkin method, which is similar to that by [39] and [33]. To simplify the presentation, we

only consider the case € = 1 and construct a weak solution of the following system:

du+u-Vu+ VP =div(u(d)Vu—-Vd © Vd),
V- -u=0,

9,d +u-vd=Ad — £(d),

9,0 +u - VO = —divq + pu(0)|Vul> + |Ad — £(d)/|?,

(2.2.21)

where f(d) = 04F(d) = (|d|* — 1)d.
Let {¢i}~, be an orthonormal basis of H formed by eigenfunctions of the Stokes operator

on () with zero Dirichlet boundary condition, i.e.,

—Api + VP = XNy in Q,

VQOIZO inQ,
w; =10 on 0f2,
fori=1,2,---,and 0 < A\ < A <--- <\, <---, with \,, = o0.

Let P, : H — H,, = span{¢1,¥2, - ,pm} be the orthogonal projection operator.

Consider

o, = ]P’m{ — U, - Vu, + div (u(0,,) Vu,,, — Vd,, © Vd,,) },
Wa(-,t) € Hy,, V€ [0,7), (2.2.22)
u,(x,0) =P, (ug)(x), VreQ,

atdm +u,, - vdm - Adm - f(dm)a

d,,(z,0) = do(x) Ve Q, (2.2.23)
od,,
5 0 on 09,
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0 + W - VO, = Aiv (K (0n) VO + h(0) (VO - i)l
‘Hi(em)lvuMP +|Ad,, — f<dm)‘27

Om(x,0) = 0y(z) Vo €,

96,

WZO on 89

Since u,,(-,t) € H,,,, we can write

m

Wy (2,t) = > g0 (t)pi(x),

i=1
so that (2.2.22) becomes the following system of ODEs:

d ) ( i j i
19 (1) = AYGD (D)9 (1) + B (1) + CR (@),

subject to the initial condition
g7(T1L)<O) = /<u07¢i>7
Q

for 1 <1i < m, where

Af = _/Q<90j'v90k790i>a
BO(1) = - / () Vs, Vi),

CW(t) = /(Vdm ® Vd,,) : Vi,
Q

for 1 <j,k <m.

(2.2.24)

(2.2.25)

(2.2.26)

For Ty > 0 and M > 0 to be chosen later, suppose (gﬁ,{), e ,gfﬁ”)) € C'([0, Ty]) and

sup 3 [g8 (D] < M.

0<t<Top j—1

(2.2.27)

Since du,,, V*u,, € C°(Q x [0,Ty]), the standard theory of parabolic equations implies

that there exists a strong solution d,, to (2.2.23) such that for any § > 0, d,d,,, V3d,, €
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LP(Q2 x [6,Tp]) for any 1 < p < oo (see [53]). Next we can solve (2.2.24) to obtain a

nonnegative, strong solution 6,,. In fact, observe that
k(0,,)V 0y, + h(0,,)(VO,, - dp)dy, = D(0,,) VO,

where (Di;(0,,)) = (k(0m)8; + h(0,,)d},d)) is uniformly elliptic, and 1(6,,)|Vu,.|> + |Ad,, —
f(d,,)|> € LP(Q x [0, Ty]) holds for any 1 < p < oo and § > 0. Thus by the standard
theory of parabolic equations, we can first obtain a unique weak solution 0, to (2.2.23)
such that 6,, € C*(Q2 x [, Tp]) for some o € (0,1). This yields that the coefficient matrix
D(0,,) € C(2x [0, Tp]) and hence by the regularity theory of parabolic equations we conclude
that V@, € LP(Q x [0, Tp]) for any 1 < p < oo and § > 0. Now we see that §,, satisfies

9%, 00,, 96,

= 2 A . f 2
0x;0x; (O )81'1 O; + 1(0m)[VUm[” + | Ady, (dnm) 7,

atem - Dij (Gm)

where | Dy (0,,)] < |h(0:,)|+|k(0,,)] is bounded, since h and k are Lipschitz continuous. Hence
by the sz’l—theory of parabolic equations, 9,0,,,, V?0,, € LP(2 x [3,Ty]) for any 1 < p < oo
and 0 > 0.

To solve (2.2.25) and (3.1.7), we need some apriori estimates. Taking the L? inner product

of (2.2.23) with —Ad,, + f(d,,) yields

/\Vdm|2+2F :—2/\Ad |2+2/( -Vd,,) - (Ad,, — f(d,»))

—/|Adm e /|um Vd, %, e[0T
Q

It follows from (2.2.27) that

||um||Loo(Qx[o,T0] <M- glgx H%HLoo(Q) < CpM.

Therefore we get

d

o (|Vdm|2+2F /|Ad m) |2 < C? M2/|Vd 2.

o4



This, combined with Gronwall’s inequality and F'(dy) = 0, implies

To
sup /<|Vdm|2+F / /|Ad )\2<eCWTo/|vc10|2
0<t<To JQ

so that
sup max <|B%(t)| + |C'7(7i)(t)|) < Co(m, M).

0<t<Tp 1<hj<m

Thus we can solve (2.2.25) and (3.1.7) to obtain a unique solution (§\V(¢),---, 3" (t)) €
C*([0,Tp)) such that for all t € [0, Tp)

Do lan OF < 19RO + Clm, M, p, 1, k. k). (2.2.28)
i=1 i=1

Choose M =242 199(0)> and T > 0 so small that the right-hand side of (2.2.28) is
i=1

less than M? for all ¢ € [0, Tp]. Set 1, : Q x [0, Ty] — R* by

=339

i=1

Then L(u,,) = Q,, defines a map from U(Tj) to U(7y), where

U(Ty) = {um zt) = gt . max Z g8 M?, u,(0) = Pmuo}.
i=1

t€[0,T0)

Since U(Ty) is a closed, convex subset of Hy(€2) and L is a compact operator, it follows from
the Leray-Schauder theorem that £ has a fixed point u,, € U(Tp) for the approximation
system (2.2.22), and a classical solution d,, to (2.2.23) and 6,, to (2.2.24) on 2 x [0, Tp)], see
[54].

Next, we will establish a priori estimates and show that the solution can be extended to
[0, T]. To do it, taking the L? inner product of (2.2.22) and (2.2.23) by u,, and —Ad,,+f(d,,)
respectively, and adding together these two equations, we get that for t € [0, Tp],

(al? + IVl + 2F(d,)) +2 [ p OV + |Ad,, -t =0, (2229

dt o
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where we use the identities

/ ty, - div(Vd,, © Vd,,) = / (W, - Vd,) - Ad,,
Q Q

/Q(um -Vd,,) - f(d,,) = /Qum -VF(d,,) = 0.

We can derive from (2.2.29) that

0<t<Tpy

< [ (ol + [VdaP)
Q
Lemma 2.2.1 implies that |d,,,| <1 and |f(d,,)| <1 in Q x [0, Tp], so that

/OTO/Q\Ade < 2/0TO/Q<1+|Adm_f(dm)|2).

Hence (2.2.30) yields thqat

0<t<Ty

To
sup /(lum\2+wdm!2>+/ /<Wum|2+|Adm|2>
(9] 0 Q

< [ (wof? + 1Va?) + O,
Q
While the integration of (2.2.24) over Q2 yields
d
G Lo = [0V 4 1ad, — £,
Q Q
Adding (2.2.29) together with (2.2.32) and integrating over [0, 7], we obtain

sup /(|um|2+|Vdm|2+0m) §/(|u0|2+|Vd0|2+90),
Q Q

0<t<Ty

o6

To
sup / (ol + [V + 2F(d,) + 2 / / (0| Vit + [Ad,, — £(dy)P
9] 0 Q

(2.2.30)

(2.2.31)

(2.2.32)

(2.2.33)



Next by choosing H(0)

=(1460)* a € (0,1), and multiplying the equation (2.2.24) by

H(0,,) = a1l +6,)*", we get

(1 +6,)" +u,

V(1 + 6,,)"

= —div (a(1 + 0)* ) + (1 + 00)° " (1(00) |V |* + [Ady, — £(d,n)[?)
+afa — D)1+ 6,,)* A - VO, (2.2.34)

where q,, = —h(0,,) V0, — k(0,,)(VOy, - dp) .
Integrating (2.2.34) over € x [0, Tp] yields

/OTO /Qa(oz — D)1+ 6,)" - V8, < /QX{T (L Bm)” = /Q(l .

Notice that

To
/ /a(a C (14 0,)° 2y, - VO,
0 [9]

= a(l-a) /0 0 /Q (1 + 0) 22 (K (0) [V O + 1(0r) (Vo - din)?)

To
> a(l — a)k/ /(1 4+ 0,0)* 2|V, |2
0 Q

S da(l — a)k
Z 7

Thus we obtain that

T, N
/ / ]ve%
0 Q

To a
/ / V65 2.
0 Q

2 < C(a’k)/QX{T}<1+9m>a
< C(a,k,Q)(/Q {T}(1+9m))a

< Clak, Q)<1+/Q(|uo|2+ |Vd0|2+00)>a. (2.2.36)
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With (2.2.33) and (2.2.36), we can apply an interpolation argument, similar to (4.13) in [39],
5
to conclude that 6, € LY(Q x [0,Tp]) for any 1 < ¢ < 3 and

162l pooxiozy) < C (40K uoll 20y, Vol 2@, 100l (@) (2.2.37)

This, together with (2.2.36) and Hoélder’s inequality:

P 2—p

» o) P\ 272
Lo ([ ([ )
QX[O,To] QX[O,T()} QX[O,To]

for a € (0,1) and 1 < p < 2, implies that

fvs.

oy < € (0 0ol Vel 2. 160 22 o) (2.2.38)

holds for all p € [1,5/4).
Plugging the estimates (2.2.31), (2.2.33), (2.2.37), and (2.2.38) into the system (2.2.22),
(2.2.23), and (2.2.24), we conclude that

Sly;]:lp{ ||atum||L%(07TO7H—1(Q)) + ||atdm||L%(O7To,L2(Q)) + ||8t0m||L2(07T0;W7174(Q) } S C (2239)

Therefore, by setting (um(-, 10),dpm (-, To), Om(-, Tg)) as then initial data and repeating the
same argument, we can extend the solution to the interval [0,27}] and eventually obtain a
solution (W, dy, 0, ) to the system (2.2.22), (2.2.23), (2.2.24) in [0, T'] such that the estimates
(2.2.31), (2.2.33), (2.2.37), (2.2.38), and (2.2.39) hold with T} replaced by T'.

The existence of a weak solution to the original system (2.2.21) will be obtained by passing
to the limit of (u,,,d,0,) as m — oo. In fact, by Aubin-Lions’ compactness lemma [55],

we know that there exists u € L°L2NLIH(Q x [0,7]), d € LHE N LIHZ(Q x [0,T]), and
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5
a nonnegative § € L°LL N LYWIP(Q x [0,T)), for 1 < p < 7 such that, after passing to a

subsequence,

u, - u in L?(Q2 x [0,T)),

(dn, Vd,,) — (d,Vd) in L*(Q x [0,7)),

Oy — 0 a.e. and in LP* (2 x [0,T]), V1 <p; < 27
Vu,, — Vu in L*(Q x [0, 7)),

vid,, — Vid in L*(Q x [0,T]),

Vo, — Vo in LP2(Q x [0,T7]), V1 < ps < i

Since pu € C(]0,00)) is bounded, we have that
w(0n) = w(@) in LP(Q x[0,7]), V1 <p < 0,

and

w(0,,)Vu,, — u(@)Vu in L*(Q x [0,T]).

After passing m — oo in the the equations (2.2.22) and (2.2.23), we see that (u, d, 0) satisfies
the equations (2.2.21),, (2.2.21),, and (2.2.21), in the weak sense.

Next we want to verify that 6 satisfies

/ | (0w + (@)~ HE)a) - Vo)
/ / (0)|Vul* +|Ad — £(d)[*) — H(0)q - VO]¢
—/QH(eo)w(-,m (2.2.40)

holds for any smooth, non-decreasing and concave function H, and ¢ € Cg°(2 x [0, T)) with
¥ > 0. Here q = —k(0)VO — h(0)(VO - d)d. Observe that by choosing H(t) = ¢, (2.2.40)
yields that € solves (2.2.21), in the weak sense, namely,

/OT/Q (9&1/} + (u—q) - V@/})
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// (0)|Vul? + |Ad — f( )IQ)@D—/QHW(-,O). (2.2.41)

In order to show (2.2.40), first observe that multiplying the equation (2.2.24) by H(6,,)v,
integrating over {2 x [0, T, and employing the regularity of 6,,, u,,, d,, implies
/ [ (HO)00 + (H )0~ HOnan) - V)
/ / )|Vt 2+ [Adyy, — £(d)?) = H (Ol - VO |0
- [ H@uco) (2242
Q

where q,, = —k(0,,)V0,, — h(0,,)(VO,, - dyy) .
It follows from Lemma 2.2.3 that 6,, > essinfqf, a.e.. Without loss of generality, we
assume H(0) = 0 so that H(6,,) > H(essinfqfy) > 0 since H is nondecreasing. From H < 0,

we conclude that 0 < H(6,,) < H(essinfnfy). From the concavity of H, we have
i i
— | H0,) <H(— [ On
0] J, 10 = g J, o)

{H(0,,)} is bounded in LL: N LIWMP(Q x [0,T]), V1 <p < Z

so that

This, combined with the bounds on 0,,,u,,,d,, and (2.2.42), implies that

/ : / HO0) o - V)

= [ [V HODN O+ = H DO - o))

is uniformly bounded. For any fixed [ € NT, since

y/min{—H(6,,), k(0 )V 6, — /min{—H (6), [}k(0)$V0,

and

Vmin{—H(6,), 1 h(0r)1(Vb,, - d,) — /min{—H(6),}h(8) (V6 - d)
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5
in LP(Q x [0,T] for 1 <p< 7 e have by the lower semicontinuity that

/ / min{—H(6),l}q - VOu < lim inf / / min{— H(0), [ypn - Vot

(2.2.43)
< I;nrgioréf/ / —H(0n)Qm - VO 0.
This, after sending | — oo, yields
T T
/ / —H()q-Voyp < hminf/ / —H(0)qm - VO, 0. (2.2.44)
o Jo m=ee Jo o Ja
It follows from the lower semicontinuity again that
[ [ lr@ermut +1aa- s
< I%HLio%f/ / )| Vi, [ 4+ |Ad,, — f(d,n)]?)v. (2.2.45)

On the other hand, since
H(0,,) — H(9), Hn)u,, — H(O)u in L'(Q x [0,T]),

and

H(0,)am — H(#)q in L'(Q x [0,T]),

we have
[ [ o+ @on - mow - o)
:Wlﬁi%o/ / )0t + (H (O )t — H (0r) ) - V). (2.2.46)

Therefore (2.2.40) follows by passing m — oo in (2.2.42) and applying (2.2.44), (2.2.45), and
(2.2.46). This completes the construction of a global weak solution to (2.2.21). O

61



2.2.4 Convergence and existence of global weak solutions

In this section, we will apply Lemma 2.2.1, Lemma 2.2.2, and Lemma 2.2.3 to analyze the
convergence of a sequence of weak solutions (u, d., 6.) to the Ginzburg—Landau approximate
system (1.3.4) constructed in the previous section, as ¢ — 0, and obtain a global weak
solution (u,d, d) to (1.3.5).

Here we will employ the pre-compactness theorem by Lin—-Wang [22] on approximated

harmonic maps to show that d. — d in L*([0, 7], H*(Q)) as ¢ — 0.

Proof of Theorem 2.2.1. Let (u.,d., 6.) be the weak solutions to the Ginzburg—Landau ap-
proximate system (1.3.4), under the boundary condition (2.2.2), (2.2.4), obtained from Sec-
tion 5. Then there exist C,Cy > 0 depending only on ug, dg, and 6y such that

Sgp {HUEHLgOLgngH;(Qx[o,T]) + HdeHLgOH;(Qx[o,T])} <y,

SUP [|0cl oo Lanewtoaxpory < C2(p), Y € (1, ),
1
/ (|115|2 + IVdglz _|_ F + 2/ / |vu£’2 + |Ad _ 7f(d€)|2>
Qx{t}
Q

2
/ (Juel® + |Vd.|* + g—gF(dE) +6.) < /(|u0|2 + |Vdo|* + 6y), Yt € [0,T], (2.2.48)
Qx{t} Q

and

|d.| <1, d® >0, 0. > essinfqfy, in Q x [0,T]. (2.2.49)

Applying the equation (1.3.4), we can further deduce that
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Therefore, after passing to a subsequence, there exist u € L°L2 N LZH(Q x [0,7]),d €
5)
LEHY(Q % [0,T)),0 € LLL N LYW (Q x [0,T]) for 1 < p < 1 such that

Eads — 7d i LQQX O,T ,
(ue,d:) = (u,d) in L7(Q2 % (0,T)) (2.251)
(Vu,,Vd,) — (Vu,Vvd) in L*(Q x (0,7))
as € — 0. Since
/ F(d) < lim F(d.) =0,
Qx[0,7] = Jaxo1]

we conclude that |d| = 1 a.e. in © x [0,7]. Sending ¢ — 0 in the equations (1.3.4)93, we
obtain that
V-u=0ae in Q x[0,T],

and

(0 d+u-Vd) xd=V-(Vd x d) weakly in Q x [0,7],

which, combined with the fact that d is S*-valued, implies that
9d +u-Vd = Ad + |[Vd[’d weakly in Q x [0, T]. (2.2.52)

Hence (2.2.10) holds.
To verify that u satisfies the equation (1.3.5);, we need to show that Vd. converges

to Vd in Li_(Q x (0,7)). which makes sense of V - (Vd ® Vd). We also need to justify
the convergence of temperature equation (1.3.5)4. For this purpose, we recall some basic
notations and theorems in [22] that are needed in the proof.

For any 0 < a < 2, Ly and Ly > 0, denote by X(Ly, Ls,a) the space that consists of

weak solutions d, of

Ad, —f.(d.) =7 in Q
such that
1. |d.| <1and d® > —1+a for z a.e. in €,

1
2. E.(d.) :/92\Vd5|2 +3F.(d.)dr < Ly,
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3. HTsHLz(Q) < Lo.
The following Theorem concerning the H' pre-compactness of X (L1, Lo, a) was shown by
22].

Theorem 2.2.2 ([22]). For any a € (0,2], Ly > 0 and Ly > 0, the set X(Ly, Lo, a) is
precompact in H (Q;R?). Namely, if {d.} is a sequence of maps in X (L, Ly, a), then there
exists a map d € H'(€;S?) such that, after passing to a possible subsequence, d. — d in

HE (S R?).

loc

We also denote by Y(L1, Lo, a) the space that consists of d € H'(£2,S?) that are so-called

stationary approximated harmonic maps, more precisely,

Ad + |[Vd]*d = 7 in Q,
. (2.2.53)
/(Vd@Vd) : Vo — §|Vd|2V o+ (1,p-Vd) =0,
Q
for any ¢ € Cg°(€;R?), and
1. d®(2) > —~1+a for z a.e. in Q,
1
2. BE(d) = / \Vd|*dx < Ly,
2 Ja
3 Irlagey < Lo

The following H' pre-compactness of stationary approximated harmonic maps was also

shown by [22].

Theorem 2.2.3. For any a € (0,2], L1 > 0 and Ly > 0, the set Y (L1, Lo, a) is pre-compact
in H. (Q;S?). Namely, if {di} C V(Li, Ly, a) is a sequence of stationary approzimated
harmonic maps, with tensor fields {r}, then there exist 7 € L*(,R*) and a stationary

approzimated harmonic map d € Y(L1, Lo, a), with tensor field T, namely,
Ad + |Vd|’d = 7 in Q,

such that after passing to a possible subsequence, d; — d in H} (,S*) and 1, — 7 in

L2 R%). Moreover, d € W22(Q,S?).
loc
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Now we sketch the proof the compactness of Vd. in L, .(Q x [0,T]). It follows from
Fatou’s lemma and (2.2.47) that

/ hmmf/ |Ad, — f.(d.)]* < Cp.

We decompose [0, 7] into the sets of“good time slices” and “bad time slices”. For A > 1,

set
Gy = {t €[0,77: hm%lf/ |Ad. — f(d.) (1) < A},
E— Q

and

Bl :=[0,T)\ G} = {t € [0,7] : lim 1nf/|Ad f.(d.)|(¢t) > A}.

e—0

From Chebyshev’s inequality, we have

Co

< —
|BA| A

(2.2.54)

For any t € Gi, set 7.(t) = (Ad. — f.(d.)) (). Then Lemma 2.2.1 and 2.2.2 imply that
{d.(t)} € X(Cy, A, 1). Theorem 2.2.2 then implies that

d.(t) = d(t) in H. (),
F.(d.) =0 in L}.(),
m.(t) = 7(t) in L*(Q).

For any ¢ € C5°(Q; R?), multiplying 7.(t) by ¢ - Vd. and integrating over € yields

[ (VAD© VA1) : Vo= (5T -+ FAd(0)) Vo ), VL (0) = 0. (2255)

Passing limit ¢ — 0 in (2.2.55), we get

/g)(va@) © Vd(t)) : Vi - ;|Vd(t)|2v o+ (7(t), 0 VA(t)) = 0.

65



Hence d(t) € Y(Cp, A, 1) is a stationary approximated harmonic map. Next we want to show

that d. — d strongly in L?H}. To see this, we claim that for any compact K CC Q,

lim V(d. —d)|* = 0. (2.2.56)

e—0 KXQ’K

For, otherwise, there exist o9 > 0, K CC €2 and ¢; — 0 such that
/ V(d., — d)|* > &. (2.2.57)
KxgT

From (2.2.51), we have
lim d., —d|*=0. (2.2.58)

ei—0 KXg/’]\"

By Fubini’s theorem, (2.2.57) and (2.2.58), there would exist ¢; € G} such that

lim / Id., (t;) — d(t;)]2 = 0,
K

ei—0 2 250
[ 1Vt - at)P =

Thus {d.,(¢)} € X(Co,A,1) and {d(t;)} < Y(Cy, A, 1). It follows from Theorem 2.2.2 and
Theorem 2.2.3 that there exist di,ds € Y(Cy, A, 1) such that

d..(t)) — d; and d(t;) — d, strongly in H*(Q).

Therefore we would have

[ V@ =) = fim [ 19 @) - (e = P

and

/ |d; — dy)? = lim [ |d.,(t) —d(t)]* = 0.
K i—oo Jp-

This is clearly impossible. Thus the claim is true.
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We can also follow the proof of Theorem 2.2.2 in [22] to conclude that the small energy
regularity criteria holds for every (z,t) € K x G1 so that a finite covering argument, together

with estimates for Claim 4.5 in [22], yields

lim F.(d.) = 0. (2.2.59)

e—0

Hence we have that

KxGT

On the other hand, it follows from (2.2.47) and (2.2.54) that

2
14 = Aoy + [ P
QXBK

C
< C<sup/(|u5|2 + IVdE|2+FE(dE))>’Bﬂ <z
Q

t>0

Therefore, we would arrive at

C
. 2
ll_r)% {Hda - d”LgH;(KX[O,T]) + /KX[O - Fg(da):| S K
Sending A — oo yields that

: 2

iy 1~ oy + [ Pd] =0

Therefore we can conclude that u solves the equation (2.2.9), provided we can verify that
w(0.)Vu, — p(0)Vu weakly in L*( x [0,77]), which will be verified below.

Next we turn to the convergence of 6.. For o € (0,1), set H(6.) = (1 + 6.)*. Then from
(2.2.34) we have

OH(1+60.)"+u.-V(1+6.)”

> —div (a(l+0.)* ') + a(1+0:)° " (u(0.)|[Vul® + |Ad: — £.(d.)|?)
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+a(a—1)(1+6,)* %q. - V.. (2.2.60)

Integrating (2.2.60) over © x [0, 7], by the assumption (2.2.1) on y, and the bound (2.2.47)

on u.,d, and 6., we can derive that

e>0 0<t<T

sup sup /(1 +6.)*2|VO.|* < .
Q

Therefore we conclude that 62 € L?H} and 0, € L° L. are uniformly bounded. By interpo-

lation, we would have that for 1 < p < 5/4,

Ssli](@]) ||98||L5W57P(Qx[o,T]) < oo

30
From the equation (2.2.21),, we have that for 1 < ¢ < 23

sup HatGEHLlw—l’q < sup (CHUEGEHLng + CHVGEHLZLZ
e>0 L e>0

LiLy )

<Csup (el g 0 100 g oy + V8l ag ) +C

s
S Ly t1073qL =

+ 0|V +]Ad. - £.(d.)P

< Q.

Hence, by Aubin-Lions’ compactness Lemma [55] again, up to a subsequence, there exists

5
0 cLELLNIIWIP for 1 <p< 1 such that

0. — 0 in LP(Q % (0,T)),
V0. ~ VO in LP(Q x (0,T)),

ase — 0.
After taking another subsequence, we may assume that (u.,d.,6.) converge to (u,d, )

a.e. in Q x [0,T].
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Since {u(0:)} is uniformly bounded in L>(Q2 x [0,T7]), u(0:) — p(0) a.e. in Q x [0,7]
and Vu, — Vu in L*(Q x [0,77), it follows that

w(0:)Vu, — p(0)Vu in L*(Q x [0,77).

Thus we verify that (2.2.9) holds.
Taking the L? inner product of u., d., . in (2.2.21) with respect to u., —Ad. + f.(d.), 1,

and adding the resulting equations together, we have the following energy law:

d

1 2 1 2 )
— —|u, —|Vd, F.(d.)+6.)=0. 2.2.61
dtQ<2|u|+21 |+ F.(d.) + ( )

Taking € — 0, this implies that |[d| = 1 and

| PR (N Lo, 1
| (GluP+51var? <)) < [ (Ghuof +31Vdal +65), vO <t < T

Hence the global energy inequality (2.2.12) holds.
It remains to show that (2.2.8) follows by passing limit ¢ — 0 in (2.2.7). This can be
done exactly as in the last part of the previous section. For any smooth, nondecreasing,

concave function H, and ¢ € C5°(Q x [0,T)), recall from (2.2.40) that

/ / 8”/} + ( ) u. — H(ea)qa) : V%D)
/ / 0.)|Vu|* + |Ad. — £.(d.)[?) — H(6:)q. - VO] (2.2.62)

- [ @t

Assume H(0) = 0. Then the concavity of H, 0 < H(0.) < H(essinfny), and the uniform

bound on 6. imply that

{H(6.)} is bounded in L°LL N LYWEP(Q x [0,T]), V1 <p < i.
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Together with the bounds on u.,d,, and (2.2.62), we have that

/T/ H(0.)q. - V0.1

= [ [ H O v8. + 1~ H O 075, )

is uniformly bounded. By an argument similar to (2.2.44), we can show that

/OT/Q—H( )q - V@z/;<hmmf/ / —H(0.)q. - VO.1. (2.2.63)

Observe that

Ad. — f.(d.) = 0d. +u. - Vd. = 9d +u-Vd = Ad + |Ad[’d in L*Q x [0,T)),

and {H (0.)} is uniformly bounded in L>(Q2x [0, T]). It follows from the lower semicontinuity

that
/ / (0)|Vul + |Ad + |Vd[2d[?)y
< hm_gonf/ / 0.)|Vu.|* + |Ad. — £.(d.)|?)e). (2.2.64)

On the other hand, since
H(0.) — H(0), HO.)u. — H(@u in L'Y(Q x [0,7T)),

and

H(0-)g. —~ H(0)gq in L'(Q2 x [0,T]),

we have

| [ (1@ + 60— 1@ - vo)
—hm/ / 0.)00 + (H(0.)u. — H(0.)q.) - Vo). (2.2.65)

e—0
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Therefore (2.2.11) follows by passing ¢ — 0 in (2.2.62) and applying (2.2.63), (2.2.64), and
(2.2.65). This completes the construction of a global weak solution to (1.3.5). O]
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3. SUITABLE WEAK SOLUTIONS TO COROTATIONAL
BERIS-EDWARDS SYSTEM IN 3-D

3.1 Introduction

In this chapter, we consider in dimension three the so-called Beris-Edwards system ([5]
and [29]) that describes the hydrodynamic motion of nematic liquid crystals, with either the
Landau-De Gennes bulk potential function [1] or the Maire-Saupe (Ball-Majumdar) bulk
potential function [56]. Roughly speaking, this is a system that couples a forced Navier—
Stokes equation for the underlying fluid velocity field u with a dissipative parabolic system
of @-tensors modeling nematic liquid crystal orientation fields. We are interested in es-
tablishing the existence of certain global weak solutions for such a Beris—Edwards system
that enjoys partial smoothness property, analogous to the celebrated works by Cafferalli—
Kohn-Nirenberg [35] on the Navier-Stokes equation and Lin-Liu [33] and [34] on the sim-
plified Ericksen—Leslie system modeling nematic liquid crystal flows with variable degree of
orientations, which was proposed by Ericksen [2], [30] and Leslie [31] in 1960’s.

We begin with the description of this system. Recall that the configuration space of

(-tensors is the set of traceless, symmetric 3 x 3-matrices, i.e.,
s ={@er™: Q=q", nQ -0}

For technical reasons, we will consider the one constant approximate form of the Landau-De

Gennes energy functional of ()-tensors, namely,
L 2
EQ) = <§|VQ| + Fou(Q)) d,
Q

over the Sobolev space H'(f, S(()S)), where (2 is a three dimensional domain that is assumed
to be either R? or the torus T® = R®/Z® in this chapter. Here L > 0 denotes the elasticity
constant, and Fyu(Q) denotes the bulk potential function that usually describes the phase
transition among various phase states including isotropic, uniaxial, or biaxial states. We

refer interested readers to Mottram-Newton [57] and Sonnet—Virga [8] for a more detailed
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discussion of general Landau-De Gennes energy functionals involving multiple elasticity

constants L;’s. In this chapter, we will consider two classes of bulk potential functions:

(i) (Landau-De Gennes bulk potential [1]). Here Fyu(Q) = Frag(Q), and

Frac(Q) = Frac(Q) — nglg) Frac(Q), (3.1.1)
where
Fraa(Q) = 2tr(Q?) — tr(Q¥) + (@), (312)

where a, b, c > 0 are temperature dependent material constants. It is a well known fact
2

b ~ 1
that if 0 < a < 570 then Flqg reaches its minimum at Q = s, (d ® d — g[g), where

c
b+ Vb — 24ac

Sy 1 and d € S? is a unit vector field.
c

(Ball-Majumdar singular bulk potential [56]). Here Fyux(Q) = Fpm(Q) is a modified
Maire-Saupe bulk potential introduced by Ball-Majumdar [56], which is defined as
follows. Fpm(Q) = Gem(Q) — g|Q|2 for some x > 0, and

i . 1 2
Gon(@) = | o4 /SQ p(p)log p(p) do(p) if — 5 < X(Q) <3,

%) otherwise,

(3.1.3)

where ), j = 1,2, 3, denotes the eigenvalues of () € Ség), and

Ag = {00 ) olp) = plp). [ o) o) = 1.

/§2 (her- ;I3>P(p> do(p) = Q}.

It was proven by [56] that Gy is strictly convex and smooth in the interior of the

convex set

1 2
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It is well-known that the first order variation of the Landau—De Gennes energy functional

FE is given by

tr(VFuk(Q))

H = LAQ - fbulk(Q)7 fbulk(Q) - <VFbulk(Q)> - v-Fbulk(CQ) - 3

I5. (3.1.4)

In particular, if Fi,u(Q) = FLac(Q), then

2 tr(Q?%)
3

Foute(Q) = (VFLac(Q)) = aQ — b|Q Is] + cQr(Q%).

For 0 < T < oo, denote Q7 = Q x (0,T]. Let u : Q7 — R® denote the fluid velocity field
and Q : Qr — Ség) denote the director field. Define

S(V0,Q) = (€D +w)(Q + 315) + (Q+ 35)(€D —w) —26(Q + 5 I5) x(QVu),

where

1 . 1 .
D= i(Vu—i— (Vu)') and w= i(Vu —(Vu) ')

are the symmetric part and the antisymmetric part, respectively, of the velocity gradient
tensor Vu, and £ € R is a rotational parameter measuring the ratio between the aligning
and tumbling effects to ) by the fluid velocity field.

The Beris—Edwards Q)-tensor system modeling the hydrodynamic motion of nematic lig-

uid crystals reads [58], [59]

8,Q+u-VQ — S(Vu,Q) =TH

ou+u-Vu+ VP = pAu + div(r + o) (3.1.5)

divu = 0,
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where I' > 0 is a relaxation time parameter, ;4 > 0 is the fluid viscosity constant, and 7 is

the symmetric part of the additional stress tensor given by

Tap = _g(Qa’y + %;)H’Yﬁ —{Hoy (Q’Yﬁ + ?)

Oa
+2(Qus + 757 ) @yoHs — LO5Qy500Qus. 1 < 0,5 <3,
and o is the antisymmetric part of the additional stress tensor:
0ap = [Q, Hlap :=QarHyg — HaryQqp, 1 <, < 3.

Since both frqc(®@) and fpm(Q) are isotropic functions of @), we have

@, fou(@)] =0

so that
g = [QJ LAQ - fbulk(Q)] - L[Q, AQ]

o

In this chapter, we will focus on the co-rotational Beris-Edwards system (3.1.5), i.e.,
§=0

Since the exact values of L, T", 4 don’t play roles in our analysis, we will assume for simplicity

L=T=p=1

We will also assume the domain 2 to be

R3 if Fbulk(Q) = FLdG(Q)a

T if Fu(Q) = Feu(Q).

O —
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With these assumptions and the following identity:

1
aﬁ<8BQﬁ/58aQ'y5) = 8&@75AQ76 + aa(§|vQ|2)u
the system (3.1.5) reduces to the following form:

9Q+u-VQ —[w, Q] = AQ — foux(Q),
D+ u-Vu+ VP = Au—VQ-AQ + div[Q, AQ], in Q x (0,00) (3.1.6)

diva = 0,

subject to the initial condition

(u,Q)|i=0 = (ug, Qo)(z) for x€Q. (3.1.7)

A key feature of the Beris-Edwards system (3.1.6) (or (3.1.5) in general) is the energy
dissipation property, which plays a fundamental role in the analysis of (3.1.6). More precisely,
if (0, Q) :Qx(0,00) = R x S is a sufficiently regular solution of (3.1.5), then it satisfies

the following energy inequality [59], [60]:

(j?sE(u’ Q) = _/Q(|Vu|2+ |H|?)(w, t) da (3.1.8)

where

B(w.Q)(0) = [ (1l + 5IVQF + Funl @)z 1) da (3.1.9)

Q
is the total energy of the complex fluid consisting of the elastic energy of the director field @)
and the kinetic energy of the underlying fluid u. While the right hand side of (3.1.8) denotes

the dissipation rate of this system of complex fluid.

Some Notations. For () € 853), we use the Frobenius norm of @), i.e.

Q1 = /tr(@) = \/QapQuas.
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and the Sobolev spaces of Q-tensors, WP (Q, Sé?’)) (l € Ny and 1 < p < o0), are defined by
whe(,88) = {Q = (Qus) - Qs 8P Qg € WH(Q), V1 < 0, 8 < 3}.
When p = 2, we denote W2 (Q,S(()3)> by Hl(Q,Sé?’)). For A, B € R*3, we denote

A:B= AaﬁBaﬁa A-B= tl"(AB), |VC2|2 = Qoa,B,'yQoaﬁ,'ya |A62|2 = AQaﬁAQaﬁv

and

(U. ® u)aﬁ = U Ug, (VQ ® vQ)aﬁ = anvévﬂQ'y&

Note that A: B=A-B for A,B € Ség). We also use Agym, Aanti to denote the symmetric
and antisymmetric part of A respectively.
Define
H = Closure of {u € C°(,R?) : diva = 0} in L*(92),

and

V = Closure of {u € C°(Q,RY) : divu = 0} in H'(Q).

For 0 < k < 5, P¥ denotes the k-dimensional Hausdorff measure on R x R, with respect

to the parabolic distance:

5((2,1), (g, 5)) = max{|:£ = s|}, V(z,1), (y,5) € R? X R,.

Now we would like to recall the definition of weak solutions of (3.1.6).

Definition 3.1.1. A pair of functions (u, Q) : Q x (0,00) — R? x S is a weak solution of
(3.1.6) and (3.3.5), ifu € LL2NLIHY (2% (0,00)) and Q € L HINL?H2(2 % (0,00)), and
for any ¢ € CF° (Q x [0, 00), 53)) and i € 06’0(9 x [0, oo),R3), with divip = 0 in Q x [0, 00),
it holds

/ [~Q-00-AQ-6 Q- ue Vé+[Q.u]- ¢ dudt

0 (0,00) (3.1.10)

—— [ @ odsd+ [ Qula) - oe.0)da,
Q% (0,00) Q
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and

/ |~ w0+ Vu - Vo —u@u: V| dedt =
Qx(0,00)

/Q o )[—AQW-V)QHAQ,Q]-W] da:dt+/uo(a:)-w(a:,0)dx, (3.1.11)

Q

Paicu-Zarnescu [59] have obtained the existence of global weak solutions to (3.1.6) and
(3.3.5) in R*, and the existence of global strong solutions to (3.1.6) and (3.1.7) in R?, when
the bulk potential function is Frqg(Q). Ding-Huang [61] have studied local strong solutions
of (3.1.6). For non-corotational Beris-Edwards system (i.e. £ # 0), Paicu-Zarnescu [60] have
obtained the existence of global weak solutions to (3.1.6) and (3.1.7) in R? for sufficiently
small || > 0. Later, Cavaterra-Rocca-Wu-Xu [62] have removed the smallness condition
on ¢ for (3.1.6) and (3.1.7) in R®. Wilkinson [63] has obtained the existence of global
weak solutions to (3.1.6) and (3.1.7) in three dimensional torus T*, when the bulk potential
function is the Ball-Majumdar potential Fpy(Q). The situation of Beris-Edwards system
(3.1.6) for the De Gennes potential F14¢ (@) on bounded domains, under the initial-boundary
condition, behaves slightly different from that on R®. In fact, Abels-Dolzmann-Liu [64], [65]
have established the well-posedness of (3.1.5) for any arbitrary constant £. See also [66]
for related works on nonisothermal Beris—-Edwards system. We also mention an interesting
work on the dynamics of Q-tensor system by Wu-Xu—Zarnescu [67]. Interested readers can
refer to Wang—Zhang—Zhang [68] for a rigorous derivation from Landau-De Gennes theory
to Ericksen—Leslie theory. For related works on the existence of global weak solutions to the
simplified Ericksen-Leslie system, see [18], [22]-[24].

These previous works mentioned above left the question open that if certain weak solu-
tions of (3.1.5) pose either smoothness or partial smoothness properties. This motivates us
to study both the existence of suitable weak solutions of (3.1.6) and their partial regularities.
The notion of suitable weak solutions was first introduced by Caffarelli-Kohn-Nirenberg [35]
and Scheffer [69] for the Navier—Stokes equation, and later extended by Lin-Liu [33], [34] for
the simplified Ericksen—Leslie system with variable degree of orientations. Here we introduce

the notion of suitable weak solutions to the Beris—Edwards system as follows.
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Definition 3.1.2. A weak solution (u,P,Q) € (L°L> N L2H')(€ x (0,00),R?) x L%(Q x
(0,00)) x (L HINL2H?) (2% (0, 00), Ség)) of (3.1.6) and (3.1.7) is a suitable weak solution of
(3.1.6), if, in addition, (u, P, Q) satisfies the local energy inequality: ¥ 0 < ¢ € C5°(2x(0,¢]),

[l + [9QP)o(a, o2 | (Val +AQF)o(r.s) dads

t

< [ (1P + [VQP)@16 + 80)(a, ) deds

+/ [(Jul* +2P)u- V¢ +2VQ ® VQ : u® Vo|(z, s) drds (3.1.12)

t

+2/ (VQ ®VQ — |[VQ* L) : V2¢(x, s) drds — 2/ [Q,AQ] - u® Vo(z,s)drds

t

2 [ 0.1+ (YQV0) + V(fuun(Q) - Q0] (2,5) dods.

The notion of suitable weak solutions turns out to be a necessary condition for the
smoothness of (3.1.6). In fact, the local energy inequality (3.1.12) automatically holds for
sufficiently regular solution of (3.1.5), which can be obtained by multiplying (3.1.5)s by ug¢,
and taking spatial derivative of (3.1.5); and multiplying the resulting equation by VQ¢, and
then applying integration by parts, see Lemma 2.2 below for the details. We would like to

point out that in the process of derivation of (3.1.12), the following cancellation identity,

/ (Q,w] : AQ¢ dx = —/ [@Q,AQ] : Vugdr, (3.1.13)
Q Q

play critical roles.

Now we are ready to state our main theorem, which is valid for the Beris—Edwards
system associate with both the Landau-De Gennes bulk potential F1q4¢(Q) in R* and Ball-
Majumdar bulk potential Figpn (Q) in T?. We would like to point out that, due to the technique
involving a L' — L* estimate for the advection-diffusion equation on compact manifolds,
we choose to work on the domain T?, instead of R, for the Ball- Majumdar potential Fpy.

More precisely, we have

Theorem 3.1.1 ([70]). For any ug € H, if either
(i) Q =R, Fu() = Frac(-) with ¢ > 0, and Qo € H'(R*,5¢7)NL¥(R?, SY), Frac(Qo) €
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LY(R?), or
(i) Q =T, Founc(") = Fau(-), and Qo € HY(T*, S satisfies Gou(Qo) € LN (T?),
then there exists a global suitable weak solution (u, P,Q) : Q x Ry — R® x R x Ség) of the

Beris—Edwards system (3.1.6), subject to the initial condition (3.1.7). Moreover,
(1,Q) € C=(Q x (0,00) \ %)

where ¥ C Q0 x Ry is a closed subset with P*(X) = 0.
We would like to highlight some crucial steps of the proof for Theorem 3.1.1:

1. The existence of suitable weak solutions to (3.1.6) and (3.1.7) is obtained by modifying
the retarded mollification technique, originally due to [69] and [35] in the construction

of suitable weak solutions to the Navier—Stokes equation.

2. For the Landau-De Gennes potential F14¢(@Q), we establish a weak maximum principle
of @ for suitable weak solutions (u, P, Q) of (3.1.6) and (3.1.7) that bounds the L*-
norm of Q in R? x (0, 00) in terms of that of initial data Q, see also [58]. In particular,

Vlede,(Q) is also bounded in R? x (0,00) for I > 0.

3. For the Ball-Majumdar potential Fgy(Q), we follow the approximation scheme of Gy
by Wilkinson [63] and use the convexity property of Ggy(Q) to bound

|GeMm(Q) Lo (13 x[5,m), YO <6 <T < o0,

in terms of || Fpm(Qo)l|1(13), 9, and T. This guarantees that @ is strictly physical in
T? x [, T], i.e., there exists a small 4 > 0, depending on §, T, such that

—5, i=1,2,3, ¥(x,t) € T x [5,T).

[GVRIN

—zl)) +7 < N(Q(z,1)) <

In particular, both Q(z,t) and fenm(Q(z,t)) are bounded in T? x [4,T] for 0 < 6 < T.
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4. Based on the local energy inequality (3.1.12), (2), and (3), we perform a blowing up
argument to obtain an gp-regularity criteria of any suitable weak solution (u, P, Q) of

(3.1.6), which asserts that if

D(29,7) =

T_2/ (lul* + |VQ*) ddt + (r‘z/ ]P]% dxdt>2 <el,
P, (zo,t0) P (

x0,t0)

(3.1.14)

then (o, ) € Q2% (0, 00) is a smooth point of (u, Q). The idea is to show that (u, P, Q)
is well approximated by a smooth solution to a linear coupling system in the parabolic
neighborhood Pr (zo, to) of (o, %), which heavily relies on the local energy inequality
(3.1.12) and interior L2-estimate of the pressure function P, which turns out to solve

the following Poisson equation:
1
—AP =div’(u@u+ (VQ ® VQ — 5|VQ|213)) in B, (o). (3.1.15)
Here the following simple identity plays a crucial role in the derivation of (3.1.15):

divi[Q1, AQs — fou(Q2)] = 0 in B,(z), (3.1.16)

for Q1, Qs € H*(B,(xy), 8[()3)). See Section 2 for its proof.

This blowing up argument implies that for some 8 € (0,1), ®(,. .. )(r) < Cr* for
(x4, t.) near (zg,ty) , which can be used to further show that (u, VQ) are almost
bounded near (xg,ty) by an iterated Riesz potential estimates in the parabolic Morrey
spaces, see also Huang-Wang [71], Hineman-Wang [72], and Huang-Lin—Wang [38].
Higher order regularity of (u, Q) near (xg,ty) turns out to be more involved than the
usual situations, due to the special nonlinearities. Here we establish it by performing
higher order energy estimates and utilizing the intrinsic cancellation property, see also
[38] for a similar argument on general Ericksen—Leslie system in dimension two. It is
well-known S that this step is sufficient to show that (u, @) is smooth away from a

closed set 3 which has P3 () = 0.
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5. To obtain P!(X) = 0 from the previous step, we adapt the argument by [35] to show
that if

limr_mr_l/ (|Vul* + |V2Q|?) dadt < €7, (3.1.17)
P (xo,t0)

then (u, Q) € C*°(Pz(z,tp)). This will be established by extending the so called A,

3
B, C, D Lemmas in [35] to system (3.1.6).

This chapter is organized as follows. In Section 3.2, we derive both the global and local
energy inequality for sufficiently regular solutions of (3.1.6). In Section 3.3, we indicate the
construction of suitable weak solutions to (3.1.6) and (3.1.7) for both Landau-De Gennes
potential and Ball-Majumdar potential. In Section 3.4, we prove two weak maximum prin-
ciples for suitable weak solutions to (3.1.6) and (3.1.7): one for @ and the other for Gy (Q).
In Section 3.5, we prove the first g¢-regularity of suitable weak solutions to (3.1.6) and (3.1.7)
in terms of ®(zg, 7). In Section 3.6, we will prove the second eg-regularity of suitable weak

solutions to (3.1.6) and (3.1.7) in terms of (3.1.17).

3.2 Global and local energy inequalities

In this section, we will present proofs for both global energy inequality and local energy

inequality for sufficiently regular solutions to the Beris-Edwards system (3.1.6).

Lemma 3.2.1. Let (u,Q) € C*(Q2x(0,00),R? XS(S?’)) be a smooth solution of Beris—Edwards
system (3.1.6). Then the global energy inequality (3.1.8) holds.

Proof. The proof is standard, see for instance [59], [63]. O

Next we are going to present a local energy inequality for sufficiently regular solutions

to the system (3.1.6).
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Lemma 3.2.2. Assume (u, P,Q) € C*(Q x (0,00),R* x R x 863)) is a smooth solution of
(3.1.6). Then fort > 0 and any nonnegative ¢ € C°(2 x (0,t]), the following inequality
holds on Q; = Q x [0,¢]:

2 2 2 2
/ﬂ(|u| + VO )qb(x,t)dx—i—Z/Qt <|Vu| +AQ) )gbdxds
_/ <|u|2+|VQ|2>(8t+A)q§da:ds
4 [ WP 2P Yo+ 2VQ V) s us Vol duds (3:2.1)
+ 2/ (VQ®VQ — |VQ|*L5) : V¢ drds — 2/ Q,AQ] : u® Vo dxds

2 (1) (VQV0) + V(@) - VQ) dds.

Proof. Using divu = 0, multiplying the momentum equation (3.1.6)s by u¢, integrating the

resulting equation over €2, and applying integration by parts, we obtain

1d [ e 2
th/9|u| ¢d€v+/Q!Vu\ ¢dx
1 1
= 2/Q|11|2(5’t¢+A¢)dx—1— 2/Q(|u|2 +2P)u-Vodr — /Q(uV)Q CAQodr  (3.2.2)

—/ Q,AQ] : Vugpdx —/ Q,AQ] : u® Vodz.
Q Q
Taking a spatial derivative of the equation of @ (3.1.6); yields

ataaQ +u- vaa@ + aau : VQ + 804 {Qa w] = Aaa@ - aa(fbulk(@))~
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Using again divu = 0, multiplying the equation above by 0,Q¢, integrating the resulting

equation over €2, and applying integration by parts, and sum over a, we obtain

1d
i [19QPeds+ [ |aQPods

- / VOI20,6 d + / (u-V)Q- (AQé + VQVo) de
Q Q (3.2.3)
- /Q w, Q] : (AQ¢ + VQV¢) dx

- [ 3Q-vaVsds - [ V(fun(Q)- VQsds
Q O
By direct calculations, there hold
—/ AQ - VOV 6 dr — / ;|VQ|2A¢dx + /(VQ DVO — [VOPL) : Vidr, (3.2.4)
Q Q Q

and

/ lw, Q] :AQ¢ dr = —/ (Q,AQ] : Vugdx. (3.2.5)
Q Q
Hence, by adding (3.2.2) and (3.2.3) together and applying (3.2.4) and (3.2.5), we have
o L (P [9QP)sde+ [ (1Val +12QP)ods
1 1
— 2/9 (]u]2 + ]VQ!Q)(@ + A)pdr + 3 /Q(\u\2 +2P)u- Vo dx
+ /(u -V)Q -VQVodr — / [Q,AQ] :u® Vodx
Q Q
—/ w,Q]: VQVaodr — / V(foux(®)) - VQo dx
Q Q

+ /(VQ ®VQ — |VQ|’L3) : V¢ dz.
Q

This, after integrating over [0, ¢], yields the local energy inequality (3.2.1). O

We close this section by giving a proof of the identity (3.1.16). More precisely, we have
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Lemma 3.2.3. For Q =R? or T, if Q', Q% € H*(Q,S), then
divi[Q', AQ? — fou(Q*)] =0 in Q, (3.2.6)

in the sense of distributions.

Proof. For any ¢ € C5°(2), we see that

. %9
[ avQ A" - fun(@)](0) = [ 1Q4AQ" = frnd@)]os) dr.
Q Q (9%&(93:5
Set
Aap = [Q", AQ” — fou(Q%)]ap, V1< a,B8<3,
and
D¢
Ba = ) 1< ) < 3.
p 8%8@ v “ 6 3
Since Q' and Q? are symmetric, it is easy to check that
Aag = —Aga, Baﬁ = Bﬁa, V1 < Oé,ﬁ < 3.
We recall the following matrix contraction:
A:B = Asym : Bsyrn + Aanti : Banti-
Hence (3.2.6) follows. O

3.3 Global existence of suitable weak solutions

This section is devoted to the construction of suitable weak solutions to the Beris—
Edwards system (3.1.6). The idea is motived by the “retarded mollification technique”
originally due to [69] and [35] in the context of Navier—Stokes equations. Since the proce-
dure for Ball-Majumdar potential Fpy(Q) is somewhat different from that for Landau-De

Gennes potential F1q4g(Q), we will describe them in two separate subsections.
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We explain the construction of suitable weak solutions in the spirit of [35]. For f : R* — R

and 0 < 0 < 1, define the “retarded mollifier” Wy(f) of f by

wlflGet) = g [ 0 (55) Fa =t =y ayar

where

Fla.t) = flzt) t>
0 t <0,

and the mollifying function € C5°(R?) satisfies

n>0 and / ndxdt =1,
R4

spt n C {(x,t) rfP<t, 1<t< 2}.
It follows from Lemma A.8 in [35] that for # € (0,1] and 0 < T’ < oo,

divWpu] =0 if diva =0,

sup [ |Wplu]P(z,t)dz < C sup [ |u]*(z,t)dx
0<t<T Jps 0<t<T JR3
/ VU [u] (2, ) dedt < C/ |Vul?(z,t) dxdt.
R3x[0,T R3%[0,T

Now we proceed to find the existence of suitable weak solutions of (3.1.6) and (3.1.7) as

follows.
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3.3.1 The Landau-De Gennes potential F,u(Q) = Frqc(Q) and Q = R?

With the mollifier Uy[u] € C*(R*), we introduce an approximate version of the Beris—

Edwards system (3.1.6), namely,

2,Q" +u” - VI, [Q%] — [w, ¥y[Q’]] = AQ" — frac(Q”),

o’ 4+ Ty’ - vul + vP?

= Au’ = V(U [Q") - (AQ” - frac(Q”)) i Qr (3:3.2)
+div[We[Q’], AQ — fLac(Q”)],
divu? = 0.
_ vul — (Vu?)’

subject to the initial condition (3.3.5). Here w’ = w(u’) 5
The idea behind the construction of suitable weak solutions to (3.3.2) is as follows. For a
fixed large N > 1, set 6 = JI\; € (0,1], we want to find u =u’, P = P’ and Q = Q’ solving
(3.3.2) and (3.3.5). Since Wy[u] and Wy[Q] are smooth, and their values at time ¢ depend
only on the values of u and ) at times prior to ¢t — 6, solving (3.3.2) and (3.3.5) involves

iteratively solving (3.3.2) in the interval [mf, (m + 1)6], subject to the initial condition
(1, Q)| (u?,Q%)(-, mh) in R?,

t=m0o B

for 0 < m < N — 1. This amounts to solving a system that couples a semi-linear parabolic-
like equation for () and a Stokes-like equation for u, in which all the coefficient functions are
given smooth functions.

We can verify, by the classical Faedo-Garlekin method, the existence of (ue,Qe,Pa)

inductively on each time interval (m@, (m + 1)6) for all 0 < m < N — 1. Indeed for m = 0,
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according to the definition of Wy, Wy(u’) = ¥y(Q?) = 0, and the system (3.3.2) reduces to a

linear system
9,Q° = AQ" — frac(Q”)
o’ + VP! = Au’
(3.3.3)
divu’ =0

(uaaQG)h:o = (up, Qo)

in R? x [0, 0]. For the system (3.3.3), Q% and u’ are decouple, and u’ can be found according
to the standard theory of Stokes equations, while the equation of QY is a semi-linear parabolic
equation which can be solved by the standard method for parabolic equations.

Suppose now that the system (3.3.2) has been solved for some 0 < k < N — 1. We are

going to solve the system (3.3.2)

8thz,B +u- v@aﬁ - [w, Q]aﬁ = AQaﬁ - deG(Q)a,B
atuoz +u- vua + aap = Aua - aa@ﬁ'y(AQ - deG(Q))ﬁ’y

) (3.3.4)
+05[Q, AQ — frac(Q)]as
divu = 0.
in the time interval [k0, (k + 1)0] with the initial data
(W, Q)= = (0’,Q°)(-,k0) in R? (3.3.5)

and

Q=Uy[Q" and 1w = Yyu’).

Note that @1 and Q are smooth functions in [k6, (k + 1)6] x R®.
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The existence of (u, @) in (3.3.4) may be solved by using the Faedo—Galerkin method.
Indeed for a pair of smooth test functions (¢, ¢) € H*(R?, 353)) x V, the system (3.3.4) turns

to be
o[ e vnar- [ w-v@.and- [ (1-w.Ql Suds
dt R3 R3 R3 (3.3.6)
=— /RS(AQaﬁ — frac(Q)as, Atbagp) de,
and

d -
dt/Rs(u’ ) dx+/]RS(u-Vu, 0y dw—l—/RS(Vu, Vo) dx
. /R (0:260(8Q = F1acl@)3r,62) da (3.3.7)
- /R3 ([Qa AQ — deG(Q)]a5’85¢a) du,

in the sense of distributions. The system of first order ODE equations (3.3.6)-(3.3.7) can
be solved when the test function (¢, ¢) are taken to be the basis of H 2(]1%3,853)) x V up
to a short time interval [k6, k6 + Tp]. Performing the energy estimate for (3.3.4) as for the
original system, we get that for k0 <t < k6 + Tj,

sup /[RS (‘u9|2 +|VQ1* + FLdG(Q‘g)) dz + /k; /R3 <|Vu9\2 +AQ — deG<Qe)‘2> duds

t>ko

< / (W + [VQ°P + Flaa(@")) (z, k6) de.

R3

Hence T can be extended up to 6.

Let (u’, P?, Q%) be the global weak solution of (3.3.2) and (3.3.5) in Q. Then
u’ € LFLiNLiH,(Qr), Q" € LH, N LiH;(Qr), P’ € L*(Qr).
Observe that

[w(;, ‘I’G[Qe]] : (AQ9 - deG(Q0)> = —[‘I’G[QQL AQ0 - deG(QQ)] : vu’.
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Hence, by calculations similar to Lemma 3.2.1, we deduce that (ue, Qe) satisfies the global

energy inequality: for 0 <t < T

B Q0+ [ ([VaP+18Q"  fac(Q")) dud
R3 x[0,¢]
Emﬂyxm:/XQWP+QV%P+EM«%M%QM. (3.3.9)
R3
Direct calculations show that

/ AQ - frac(@) du

R5

o [ IVQPde—c [ (VQPIQP+ 5V u(QP) da
0\2

+b/R3V((Q9)2 ((g iy I;) - VQ' dx

< -5 / (IVQPIQ! + 5|Vtr<<@ﬁ>2>|2)dm+0<a,b,c> / |VQ'] de.

This, combined with the assumption ¢ > 0 and estimate (3.3.8), gives

i: (] 4+ IVQP + Frac(Q')) (. ) da +2 / (VP + 1AQP) de

: / (IVQUPIQP + IV (@)P) dr (3.3.9)
C(a,b vQ)* du.

< Clabo) [ V@R ds

Therefore we deduce from (3.3.9) and Gronwall’s inequality that

sup / (Ju?? +|VQ?|? + Frac(Q9))(z,t) dx

0<t<T

+ / (\w"\2 + yAQ9|2) dxdt (3.3.10)
R3x[0,T]
2 2
< C(a,b,e, T) (Jluoll2as) + 1Qoll3r s )-

From (3.1.1), we know that there exists a My > 0, depending on a, b, ¢, such that
C .
Frac(Q) > §|Q|4, vQ € S8 with |Q| > M.
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This, combined with (3.3.10) and Fiqq(Q) > 0, implies that

Sup/ Q% (, t)|* da

OStST {IER3: IQG(Ivt)IZMO}
2

< — sup / Frac(Q%)(x,t) dx (3.3.11)
C 0<t<T JR3

< Cla b e, T)([[uoll 32y + [1Qoll3r1 s )

From (3.3.11), we can conclude that for any compact set K C R?,

sup [ Q@) do

0<t<T

< sup {/ |Q9(a:,t)|4dx+/ |Q9(x,t)|4dx} (3.3.12)
0<t<T {z€K: |QO(x,t)|<Mo} {zeK: |Q(x,t)|>Mo}

< KMy +C(a, b, e, T) (w0l 72y + 1 Qoll3r s )-

From (3.3.10) and (3.3.12), we have that u’ is uniformly bounded in LZH(R® x [0,T]),
@’ is uniformly bounded in L2H?*(K x [0,T]) for any compact set K C R® and VQ’ is
uniformly bounded in L2H!(R? x [0,T]). Therefore, after passing to a subsequence, we may
assume that as § — 0 (or equivalently N — 00), there exist u € L{°L2 N L7 HL(R? x [0,T7]),
Q € Np=oL°Ly(Bg x [0,T)), with VQ € L*L2 N LYH}(R® x [0,T]), such that

Q" —Q i L*([0, T}, L*(R%)),
vQ’ =~ vQ in L*[0,T], H(R?)), (3.3.13)

u’ —u in  L2([0,T], H*(R?)).

Hence by the lower semicontinuity and (3.3.8) we have that

Ew.Q)0)+ [

R3x[0,t]

(IVul +18Q ~ fuac(Q)[?) duds

< B(u,Q)(0) = / (Gl + SIVQUP + Frac(Qu) e hde (3314

holds for 0 <¢ < T.
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Now we want to estimate the pressure function P?. Taking divergence of (3.3.2)y gives

—AP? = div}(Ty[u’] @ u’) + div(v(\l’e[Qe]) - (AQ° - deG(QG)))
- diVQ([‘I/e[Qe], AQ’ — deG(QG)D (3.3.15)
= div*(Uy[u’] @ u’) + div(V(\Ifg[QG]) (AQY — deG(QO))) in R®.

Here we have used in the last step the fact that
div’[¥e[Q%], AQ? — frac(Q’)] =0 in R?

which follows from (3.1.16).
For P’, we claim that P’ in L%(R?’ x [0,7]) and

|#]

To see this, first observe that (3.3.10) implies V(W,[Q°]) € L LN L2 HY(R? x [0, T]). Hence

oo < C(a,b,¢, T, o]l z2s), | Qoll vs)), V0 € (0,1]. (3.3.16)

by the Sobolev interpolation inequality we have that

[v(w Q")

< C|v(w[Q")

37
LIOL 13 (R3x[0,T7) L L2NL2HL(R3%[0,T7)

< C(ab,e, T, ol 2ces), [ Qoll e )-

By Holder’s inequality we then have that

5 15
L3 LI (®3x[0.1))

U!

[V (2l - (AQ" = fraa(@"))

< |vw, Q") (3.3.17)

J1aQ” = fiaa(@”)

L10L13 (R3x[0,T7) L2(R3x[0,1))

< C(CL, b7 &) T7 “uOHLQ(lRZ’M HQOHHI(R3))
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By Calderon-Zygmund’s LP-estimate [73], we conclude that P’ € L%([O, T] x R?), and

HPG‘ L3 ((0.T]xR3)
< O J0ala) © 0] 5 gy + VLD (A = e @D 5,8 )
< Ol gy + IO (AQ° = Frac @D 355

( ¢, T, [[uo|| L2 (rs), ||QO||H1(]R3)>-

It follows from (3.3.16) that we may assume that there exists P € L%(R3 x [0,77]) such that
as 6 — 0,

P’ =P in L3(R®x [0,T)). (3.3.18)
From (3.3.2), and the bounds (3.3.10) and (3.3.11), we have that
o’ = —Tg[u’] - Vu’ — VP’ + Au’ - V(¥[Q"]) - (AQ” — fraa(Q"))

Fdiv([P[Q%), AQ — frac(QY)])

€ Li(R® x [0, 7)) + L3 ([0, 7], W 3(R%)) + () L*([0,T), W5 (Bp)),

and for any 0 < R < oo,

(9t ue

Li®3x0,1)+L3 (0,71, 3 (R3))+L2((0.71,W "3 (B)) (3.3.19)

< C’(a, b, C, R, T, ||u0||L2(]R3), ||QO||H1(IR{3))7 Vo e (0, 1].

Similarly, it follows from (3.3.2); and the bounds (3.3.10) and (3.3.11) that 9,Q° € Lg(R?’ X
[OaT]) + ﬂ Lz([ou T]v L% (BR))a and

R>0

2Q’ < C(a,b,e, R, T, uoll sy, |Qollmesy),  (3.3.20)

L3 (R3x[0,T])+L2([0,T],L3 (Br))

forall 0 < R < 0o and 0 € (0, 1].

93



By (3.3.10), (3.3.11), (3.3.19), and (3.3.20), we can apply Aubin—Lions’ compactness
Lemma ([32]) to conclude that for any 0 < R < oo,

(ug, Q° VQQ) — (u, Q,VQ) in L}Bp x [0,T]), as 6 — 0. (3.3.21)
On the other hand, it follows from Fpqq(Q%) > 0 in R® x [0, 7] and (3.3.10) that

sup IVQO|*(x,t) dx < C’(a, b,c, T, ||uolL2(r3), ||Q0||H1(R3)).

0<t<T JR3

10
Hence by (3.3.21) we also have that for any 1 < p; <6 and 1 < ps < 3

Q% = Qin L (Br x [0,T]); u’ — u in LP*(Bg x [0,7]) as 6 — 0. (3.3.22)

With the convergences (3.3.13), (3.3.18), and (3.3.21), it is not hard to show that the
limit (u, P,Q) is a weak solution of (3.1.6) and (3.1.7), i.e., it satisfies the system (3.1.6)
and (3.1.7) in the sense of distributions (see also [59] Proposition 3). We leave the details to

interested readers, besides pointing out that in the sense of distributions, as 6 — 0,

VP! —V(¥[Q%) - frac(Q’) = VP = VQ - frac(Q) = V(P — FLac(Q)).

To show that (u, P, @) is a suitable weak solution of (3.1.6), we observe that, as in Lemma
3.2.2, we can test equations of u’ in (3.3.2) by u’4, and take a spatial derivative of the
equation of Q7 in (3.3.2) and then test it by VQ’¢ for any nonnegative ¢ € C5°(R? x (0, ]),

to obtain the following local energy inequality

02 62 ! 02 02
/Rg (l* + V@’ )¢(x,t)dx+2/0 /Rg (IVu’* + |AQ")?) ¢ dwds

=// (I + [VQ1?) (06 + Ag) + 2V [Q") ® VQ’ : v’ @ V| duds

/ (Jul|PWy[u’] - Vo + 2P’ - Vo 4 2V(T4[Q7]) - frac(Q?)u’¢) dads
RS

o/
+2 /0 /R 3 Q", fraa(@Q)]) : Vu’é dads
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t

+2 (VQ* @ VQ' — [VQ'I’Ls)) : V?¢ duds

t

—2 ([‘I’G[Qf)]’ AQG - deG(QQ)]) u’ ® Vo dxds

3

T T

t

-2

N:\N

[wW?, Wy[Q%]] : VQ'V ¢ dxds

=

R?)

—2/ / (frac(Q?)) - VQP¢ dxds. (3.3.23)

Taking the limit in (3.3.23) as # — 0, we see by the lower semicontinuity that it holds

2 2 t 9 9
/R3 (\u\ + |VQ| )¢(m,t)dw+2/0 /R (\vu| +]AQ) )Qsdmds
im i o2 012 02 012
Shmmf[/Rg (o' +1vQ" )¢(m,t)dx+2/0 /R (190 + |AQ"?) 6 dads|.

6—0

While it follows from (3.3.21) and (3.3.22) that
})i_r)r(l) Right hand side of (3.3.23)
-/ t [ (10 +1VQ) @9+ A0 dat
# [ (ul = 19QF + 2P — Fuacl@))u- V) +2¥Q @ VQ  ue Vodads
+ 2/; /]R VQ®VQ — |VQPIs] : V¢ duds
— Q/Ot g Q,AQ] : u® Vo drds

_2/; /R (wQ - Qu) :VQV@Sdasds—Q/Ot RSV(deG(Q)).VQqua:ds.

Here we have used the following convergence result

/ [V WlQ) - fuc( @ oduds — [ [ Q- frac(@uodods
R3 0 R3
0 R3

— /Ot /R3 Frac(Q)uVe dzds.
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Putting these together yields the desired local energy inequality (3.1.12) for (u, P, Q). This

completes the proof of the existence of suitable weak solution in the first case. [

In the next subsection, we will indicate how to construct a suitable weak solution of

(3.3.2) for the Ball-Majumdar potential function.

3.3.2 The Ball-Majumdar potential Fi, ;. (Q) = Fgn(Q) and Q = T?

Since Gpum, given by (3.1.3), is singular outside the physical domain
3) 1 2 .
D= QGSO . —§<A1(Q><§,1:1,2,3 s

we need to regularize it. For this part, we follow the scheme by Wilkinson [63] (Section
3) very closely. First we regularize it by using the Yosida—Moreau regularization of convex

analysis [74] [75]: For m € N*, define

Gm (Q) = inf {myA _QP+ GBM(A)}, vQ e 9.

Aes?

Then smoothly mollify G through the standard mollifications:

G (Q) = / G (@ — R)®(R) dR,

S8

where ®,,(R) = m°® (mR), and ® € C5° (863)) is nonnegative and satisfies

supp @ < Qe 87+ JQl <1, /(3) B(R)dR = 1.

So
As in [63] Proposition 3.1, G, satisfies the following properties:
(G0) G\ is an isotropic function of Q.
(G1) GEy € C’OO(S(()3)) is convexr on 853).

(G2) There exists a constant gy > 0, independent of m, such that for anym € N*, GE\y(Q) >
—go holds for all Q € S(()?’).
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(G3) Gpu(Q) < GE‘W(Q) < Gpum(Q) on Ség) for all m > 1.
(G4) GEM — Ggm and VQGEZM — VQGBM m Lﬁfc(D), as m — Q.

(G5) There exist a(m), B(m),v(m) > 0 such that
a(m)|Q| — B(m) < (VG (Q))| < v(m)(1+1Q), vQ € S5°.
(G6) For k > 2, there exists C(m, k) > 0 such that

(VEGEW@)] < Clm. k)1 +1QP), vQ € &

For our purpose in this chapter, we also need the following estimate on Gp3y;.

Lemma 3.3.1. For any m € NT, G\, satisfies
m m 2 3) .-
GEn(Q) 2 Z|Q| — g0, VQ € & with [Q| = 11, (3.3.25)

where go > 0 is the same constant given by (G2).

Proof. Since Gpp(Q) = oo for Q ¢ D, it follows from the definition of Gy, and (G2) that

Gip(@) = inf {ml4— QF + Gau(4)}
- 2
> inf {m\A — Q| } — 90
= mdist? (Q,f) — go.
Thus for any Q € S(()?’) with |@] > 10, we have

)2 = g0 > m(@‘)2 — g0 = %IQI2 — 90-

Gu(Q) > m(|Q| — 7

2
V3
It is not hard to see that this estimate, along with the definition of Gfy,, yields (3.3.25).

The proof is now complete. [
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Now we set

Fiu(Q) = Giu(Q) — 511, vQ e sFY,

and

(@) = (VoGiu(Q)) — kQ, vQ € S,

Observe that the convexity of Gpy; on 863) yields that

Vo Em(Q)(VQ, VQ) = tr Vo FEy(Q)(VQ, VQ) > —k[VQJ, (3.3.26)

for all Q € H'(Q, SP).

Note that if we view a function on T® as a Z3-periodic function on R®, then the “re-
tarded” mollification procedure given in the previous subsection can be directly performed
on functions defined in T?.

Similar to the subsection 3.1, we can introduce an approximate system of (3.3.2) for the
Ball-Majumdar potential as follows. For 7' > 0 and a fixed large N € N, let § = ]j\; € (0,1].

Then we seek (u’™, P Q%™) that solves

0Q™ +u”™ - VW[ — [wh, W[ Q]

= AQ™™ — [y (Q"™),

o™ + Wyu®m - vu™ + vPIm™

= Au”" = V(W[Q"]) - (AQ™™ — fia(Q"™))
+div ([T6[Q7™), AQ™™ — fii(Q"™)]) |

divu’™ =0,

(3.3.27)

\V4 om __ \V4 0,m\T
in T%x [0, T, subject to the initial condition (3.3.5). Here w’™ = w(u®™) = 4 (V™) :

2
Since the system (3.3.27) is simply the system (3.3.2) with frqq replaced by fgy, we can

argue as in the subsection 3.1 to find a global weak solution (u’™, P%™ Q%™) of (3.3.27)
and (3.3.5) in Qr = T® x [0, T] such that

'™ e LEL2N L HY(Qr), Q¥ € LPH, N LIH2(Qr), P'™ € L*(Qr).
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Moreover, by calculations similar to Lemma 3.2.1, we deduce that (u®™, Q%™) satisfies the

global energy inequality: for 0 <t < T,

E(u™,Q"™)(t) + / (IVu”™? +18Q"™ — fin Q™)) dadt

T3 x[0,t]
1 1
= BE(u®™,Q"™)(0) < /3(2|UO|2 + 5|VQO|2 + Fen(Qo))(z) de. (3.3.28)
T
It follows from (3.3.28) and (3.3.26) that
/ IAQ*™ — fE(Q%™) dadt
T3 x[0,t]
= / o (IAQ"™ P + | e Q"™ — 28Q"™ - fin (Q"™)) davdlt
T3x[0,t
= / o (1AQ"™ P + 15 Q"™ + 26V fi (Q%)(VQ™™, VQ"™) ) daudt
T3 x[0,t

> [ (18QME  IR(@ ™ ~ KT dadr
T3x[0,t]

Substituting this into (3.3.28) and applying Gronwall’s inequality, we obtain that for any
0<t<T,

B™ Q)0+ [ (VAT AQM (@) dads

T3 %[0,1]

<Ot / (Glmol? + 51V QP + Fia(Qu)) ) . (3.3.20)

It follows from (3.3.28) that

sup /']1‘3 FQM(Q",m)(ﬂJ,t) dz < /H‘S(;IUO‘Q + ;‘VQOF +FBM(Q0)) (x) dr.

0<t<T
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This, combined with (G2) and (3.3.25), implies that there exists a sufficiently large mo =

mo(k, go) € NT such that for all m > my,

<m K

8 /{xew QO () [>11}
m K m
(1R = go) = S1Q | (o, ) da

Q"™ (2, t) dw

/{Ms QO (a,)] 11}

/ Fa Q™) (2, 1) da
(2€T3: QO (z,t)|>11}

t/%Mwmwa—/ Fa Q™) (. ) da
TS

{2€T3: |QOm (w,0)| <11}

/ FR(Q%™) (x,t) da
T3
K
-/ (CBQ) + 00) = S1QP 2 = go| (. 0)
{zeT3: |Q? ™ (z,t)|<11}

s/F&@mem+/ (g0 + S1Q"™ P (2, 1)) d
T3 {zeT3: |QV (z,t)|<11}
1 1 121k
< [ (Gl + 5190 + Fanr(Qo)) (@) do + (g0 + 5 )T
T

holds for any 0 <t < T. Therefore we conclude that for m > my, it holds that

sup !Qem!( t)dz
Ost=T (3.3.30)

SComﬂmmwM%Mwmﬂﬂmﬂ%Wumy%w>
As in subsection 3.1, the pressure function P?™ solves

— APYT
in T.  (3.3.31)

= div?(Wp[u®"] @ u”™) + div(V(T[Q"™]) - (AQ™™ — fimy (Q™™)))

We can apply the same argument as in the previous subsection to conclude that P%™ ¢

L3(T? x [0,T)), and

Tgx[o 7)) < C(HUOHLQ('H‘3)a ”QOHHl(W), HFBM(QO)’|L1('E3)7 » 90, F&)- (3-3-32)
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With estimates (3.3.32) and (3.3.29), we can utilize the system (3.3.27) to obtain that

Hatue,m

L2([0,T],W =14(T3)) (3.3.33)
< C(||u0||L2(R3)7 HQO|’H1(R3)7 ||FBM(Q0>HL1(T3)7907 ”)7

o < C(Iwoll o, 1 Qoll e, I Fose( Qs 0, ), (3334)

L2(0.T),L3 (%))
uniformly for 6 € (0,1] and m > my.

For each fixed m > mg, we can assume without loss of generality that there exists
(", P™, Q™) € LPLy N L} (Qr) x L3 (Qr) x LPH(Qr)
such that as 6 — 0,

™ —~u™ in LHYN(Qr),

u™ —u™ in LP(Qr) V1<p< 1??,

(@),

Q™ — Q™ in L{HF(Qr),

Q"™ = Q™ in LYL:(Qr), V1 <75 < 00,

AQM™ — fe(Q7™) = AQ™ — fi(Q™) in L*(Qr),

F]?M(Qe’m) — Fgy(Q™) in LY(Qr).

wlot

pom < pmoin L

As in subsection 3.1, we can now verify that (u™, P™, Q™) is a weak solution of

Q™ +u™ V™ — [, Q™ = AQ™ — fpu(Q™),
ou™ +u™ - Vu" + V(P — Fgy(Q))
= Au™ — VQ™ - AQ™+div[Q™, AQ™],

divu™ = 0,

(3.3.35)

in T? x [0, T, subject to the initial condition (3.3.5).
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By the lower semicontinuity the following global energy inequality holds: for 0 <t¢ < T,

1 1
/W(2!um|2 + §|VQ"L|2 +ER Q™) (@, 1) do
+/1rs [0,4] (|Vum|2 +1AQ™ — fglM(Qm)F) dxdt

1 1
< [ (Gl + SI9Q + Fase Qo)) d (3.3.36)

and

B QMO+ [ ([T 1AQE + (@) deds

T3 x[0,¢]

<o [ Gluof? + 5IVQf + Fose(Qo))(a)da, Vi € 0.T) (3:3.37)

Also it follows from (3.3.30), (3.3.32), (3.3.33), and (3.3.37) that

m

P

Q™

(9tu

L L2(Qr)] L3 (Qr)

e {HQ L2} (QT)}
< C'<||‘10||L2(1T3)a ||Q0||H1(1r3), ||FBM(Q0)||L1(T3)a90a /f)- (3-3-38)

2w, "*(Qr)’

Furthermore, we can check that (u™, P™, Q™) is a suitable weak solution of (3.3.35) by
verifying that it satisfies the local inequality (3.1.12) with fyu replaced by ffi;-

To show that as m — oo, (u™, P™, Q™) gives rise to a suitable weak solution of (3.3.2),
we need to first show that Q™ lies in a strictly physical subdomain of the physical domain D,
since Ggm(Q) blows up as ) € D tends to ID. This amounts to establishing an L*°-estimate
of Gpm(Q) in terms of the L'-norm of Gpy(Qo), which was previously shown by Wilkinson
[63] in a slightly different setting.

More precisely, we need the following version of a generalized maximum principle.
Lemma 3.3.2. There exist mq € N* and a positive constant Cy, independent of m, such
that for all m > my,

GBM(QO) + CO,VO <t<T. (3339)

|EB@M )] gy < Cot ™2

L1(T3)
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For now we assume Lemma 3.3.2, which will be proved in Section 4 below. We may

assume without loss of generality that there exists
(w,P.Q) € L¥Ly N LTH(Qr) x L3 (Qr) x L*Hy N L7 H2(Qr)

such that

m

u" —uin L, (Qr),

u” s u in LP(Qr), V1<p< 130,
P™ —~ P in Li(Qr),

Q" —Q in LYH2(Qr),

Q™ —Q in LLI(Qr), V1 <r s < oo.

From (3.3.39), we can also deduce that for any 0 < § < T,

|Gau < (€675 +eT) | Grn(Qo) + k2T, (3.3.40)

(Q)HLOO(T?’X[S,T]) L1(T3)

By the logarithmic divergence of Ggy as @ € D — 90D and (3.3.40), we conclude that for
any 0 > 0, there exists g9 = €¢(d,7") > 0 such that

Q(z,t) € D.,, Y(z,t) € T* x [0, T], (3.3.41)
where
1 2 _
D, = {Q €D: —3 +e0 < N(Q(z,1)) < 3 c0 i= 1, 2,3}. (3.3.42)

From (3.3.39) and the quadratic growth property of Gfy, we also see that there exists

Cy > 0, independent of m, such that for m > myq,

Q™ (x,1)] < Co, (x,t) € T? x [5,T]. (3.3.43)
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We now claim that
o Q™) — fem(Q) in L*(T? x [6,T)]), as m — oo. (3.3.44)

To see this, first observe that (3.3.37) yields that fi;(Q™) is uniformly bounded in L*(T® x
[0, 7). Thus there exists a function f € L*(T® x [0, T]) such that

fin(@™) = f € L*(T* x [0,T]).

Now we want to identify f. It follows from Q™ — @ in L*(T® x [0,T]) that there exists
E,, C T* x [0,T), with |E,,| — 0, such that

Q™ — Q, uniformly in T? x [0, 7]\ E,,
which, combined with Q(T* x [§, T]) C D.,, vields that for sufficiently large m,

Q™(T* x [6,T)\ Epn) C De.

|3

Since [y — fBum In Wl’OO(D%o), we conclude that

o (Q™) = fem(Q), uniformly in T2 x [§, 7]\ E,,.

Therefore f = fpm(Q) for ae. (z,t) € T? x [0, 7], and (3.3.44) holds.
From (3.3.44) and AQ™ — AQ in L*(T? x [0,T]), as m — oo, we see that

AQ™ — fin(Q™) = AQ — fem(Q) in L*(T® x [0,T]), as m — oo,

With all the estimates at hand, it is rather standard to show that passing to the limit
in (3.3.35), as m — oo first and § — 0 second, yields that (u, P, Q) is a weak solution of
(3.3.2). While passing to the limit in the local inequality for (u™, P™, Q™), as m — oo first
and then 6 — 0, we can also verify that (u, P, Q) satisfies the local energy inequality (3.1.12)

with fbulk(@) replaced by fBM(Q) O

104



3.4 Maximum principles

In this section, we will show the maximum principles for any weak solution (u, @) of
(3.1.6) and (3.3.5) in R? with the Landau-De Gennes potential function Fiqq(Q), see also
[58], [76], and in T® with the Ball-Majumdar potential function Fpy(Q), see also [63]. These
will play important roles in the proof of partial regularity of suitable weak solutions to (3.1.6)

in the sections 5 and 6 below.

Lemma 3.4.1. For (uy, Qo) € Hx H'(R® S), let (u, Q) € L?H' (R*x R, R*)x L2 H2(R?
R+,S(()3)) be a weak solution of (3.1.6)-(3.3.5). If, in addition, Qy € L™(R?, Ség)) and ¢ > 0,

then there exists a constant C' > 0, depending on ||Qo||r~m®s) and a,b, c, such that
Q(z,1)] < C, Y(z,t) € R* x R,. (3.4.1)

Proof. This is a well-known fact. The readers can find the proof in [58], [76] or [59]. O

Next we will give a proof of Lemma 3.3.2, which guarantees that () lies inside a strictly

physical subdomain D., so that Fgy(Q) becomes regular and hence fpy(Q) is bounded.

Proof of Lemma 3.3.2. It follows from the chain rule and the equation (3.3.35); that

2 (Q™) satisfies in the weak sense

O (GEM(Q™)) +u™ - V(G (Q™))
= A(GEW(Q™)) — 1 VHGEM(Q™)(VQ™, VQ™) — fEn(Q™)(VGEm(Q™)),
< A(GEW(Q™)) — ((VoGrm(@™) — rQ™)(VGEn(Q™)

2
< A(GRu(QM) + 1@,

(3.4.2)

in T? x (0, 7). Indeed, this can be obtained by multiplying (3.3.35); by (VoG (Q™)) and
using the fact Gigy; is a smooth convex function. Therefore Gy, (Q™) € L° Hy(T? x [0,T))

satisfies in the weak sense
2 r
DG Q™)) + 0™ V(EHQ™) < ACE(Q™) + TIQ"P, in T x (0.T].  (343)
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It follows from (3.3.36) and (3.3.38) that Q™ € L?H2(T*x [0,T]). In particular, by Sobolev’s

embedding theorem, we have that

o

¢ (Iollzzceos 1Qolis ooy I Fona (@l sceos o). (3:44)

L2L3(T3x([0,T])) —

Since the drifting coefficient u™ in (3.4.3) is not smooth and Q™ is not bounded in
T? x [0, T], we can not directly apply the argument of Section 8 in [63] to prove 3.3.39. Here
we proceed it by first considering an auxiliary equation with mollifying u™ as the drifting

coefficient. More precisely, let u”™ be a standard e-mollification on T? x [0, 7] for 0 < € < 1.
Then u” € C=(T?* x [0, T]) satisfies divu” = 0 and

u” — u™ in L2HX(T? x [0,T]), as € — 0.

Also let g™ be e-mollifications of |Q™|* in T? x [0, 7], and h™ be e-mollifications of Gz (Qo)
in T3, Then it follows from (3.4.4) that for all m > my,

<@,

o
L2Le(T3%[0,T]) — L2Lge (T3 x[0,T])’

Ly(T3) = HGBM Qo)

L1(T3)’
and
gl — QM in L*(T® x [0,T]), h — Ggy(Qo) in L'(T?), as € — 0.
Now let v™ € C*(T?* x [0,T]) be the unique solution of

2
myﬂng:Aw+%f in T x [0, 7],

(3.4.5)
vt = h" on T* x {0}.
For v", we will modify the argument as illustrated in [63], Section 8, to achieve that for
0<t<T,
lﬁﬁmmw<w2Gw@wyw+%. (3.4.6)
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To show (3.4.6), decompose v = v; + vy, where vy solves

&wl + ul” . V’Ul = AUl, in Tg X [0, T],

(3.4.7)
vy = h" —/ h, on T? x {0},
T3

and vy solves
2

Ovg + 1" - Vg = Avg + K—gl”, in T x [0,77,

2 (3.4.8)
Vg :/ h, on T3 x {0}.
T3

For vy, we can apply the L' — L™ estimate for advection-diffusion equations on compact

manifold [66] as in Lemma 8.1 of [63] to conclude that

; h?—/ hm
T3

Gem(Qo)

(3.4.9)

Hvl(.’t)HLoo(m) <(Ct 2 : < Ct—g

L(T3 L1(T3)’

for0 <t <T.
While for vy, we can multiply (3.4.8); by |vs|P vy, p > 2, and integrate the resulting

equation over T® to get

1d p K2 m p—1
;;%HUZ@) LP(T3) = 9 119¢ () L?(T3) va(t) L?(T3)
K|, 5k
= ?’T ’ gzn(t)HLOC(W) va(t),
so that
d "12 3 % m
%HUZ(t) Lp(T3) < ?‘T Je (t)HLOO(’]I‘S)’
and hence
’%2 3 % 4 m
va(t) sy < 02(0) sy E’T e (t)HMTs) dt, V0 <t <T.
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Sending p — oo and applying (3.4.4), we obtain that for 0 <t < T,

v tH
H 2\ Lo (1)

<cmwpw+/ﬂ@mu (3.4.10)

L= 11‘3)

HGBM QO)

+ C(||UOHL2(11'3)7 1 Qoll &1 3y || Fenm(Q0) || 21 (13) 9o+ H)-

L1(T3)

Putting (3.4.9) and (3.4.10) together yields (3.4.6).
It is not hard to see that as e — 0, there exists v™ € L°L2N L?H}(T? x [0, T]) such that
o™ — o™ in L*(T? x [0,T]). Passing to the limit in the equation (3.4.5), we see that v™ is a

weak solution of

2
o™ +u™ - Vot = Av™ + %|Qm|2 in T? x [0, 7],

(3.4.11)
V" = G (Qo) on T* x {0}.
Moreover, passing to the limit of (3.4.6), we have that for any 0 <t < T
va(»t)HLm(Tg < Ot 3||Gpm(Qo) L+ Co. (3.4.12)

Now observe that by the comparison principle on (3.4.3), we know that for m > my, it holds.

Q) 1) < (1) < O Gana(Q)]| vy + O
for all (x,t) € T? x [0, T]. This, combined with (G2), yields (3.3.39). O

Note that passing to the limit in (3.3.39), the suitable weak solution (u, P, @) to (3.3.2),

constructed in Section 3.2, satisfies that for any 0 < 6 < T,

|GEu(Q) < Cpo

(Qo)

,+Co. (3.4.13)

HLOO(’]TS x[6,T7) L1(T3

This completes the proof of Lemma 3.3.2. ]
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3.5 Partial regularity, Part 1

This section is devoted to establishing an eg-regularity for suitable weak solutions (u, Q)
of (3.1.6) in Q x (0,00) in terms of renormalized L*-norm of (u, Q). The argument we will
present is based on a blowing up argument, motivated by that of Lin [36] on the Navier—
Stokes equation, which works equally well for both the Landau-De Gennes potential Fyqq

and the Ball-Majumdar potential Fgy. More precisely, we want to establish the following

property.

1
Lemma 3.5.1. For any M > 0, there exist g > 0, 0 < 19 < o and Cy > 0, depending on
M, such that if (u, Q, P) is a suitable weak solution of (3.1.6) in 2 x (0,00), which satisfies,

for 2o = (20, t0) € Q2 x (r*,00) and r > 0,

’Q| S M if Fbulk = FLdG and Q = RS,
in P,(z), (3.5.1)
Gem(Q)| < M if Foux = Fpy and Q = T3,
and
2
T—2/ (|u|3 + ]VQP) dzdt + (7“_2/ |p|§ da:dt) < 53’ (3.5.2)
PT(ZO IP’,«(zo)
then
2
) ? [ (V@R s (o [ (PP daar)
Prqr(20) Pror(20)

2
< —max {7’_2/ (Juf +|VQ?) dzdt + (7“_2/ |P|gdxdt> ,C’or3}. (3.5.3)
Pr(20) Pr(z0)

Proof. We prove it by contradiction. Suppose that the conclusion were false. Then there
1
exists My > 0 such that for any 7 € (0, 5), we can find ¢, = 0, C} — oo, and r; > 0, and

z = (w3, ;) € R® x (rZ, 00) such that

Q| < My if Fyuk = FLrac,
in P, (%), (3.5.4)

|Gem(Q)| < My if Foux = Fiu,
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and

e we s (o [ (pasa) =g 659
Py, (21) Pr, (#)

but

: 2
ot [ v (e [ )

X i (1) (3.5.6)
> 5 nax {5137 C’irf’}.

From (3.5.6), we see that
Cod < 2(m>2/ ([uf* + VO da:dt+2((¢ri)2/ 1P|} dudt)’
PTTi Zi P

T?"i(zi)
2
< 217! {ri_Q/ (|Ju* + |VQ?) dzdt + (Ti_z/ |P|% d$dt> }
Pr, () Pr, (2i)

so that
25\ 1
Ti S <Ci7'4) — 0.

Also from (3.5.4), we know that there exist Cy > 0 and J, > 0 such that in the case

Fbulk = FBM»

Q(2) € Dy, and [fem(Q(2))] + [V fem(Q(2))] < Co, Yz € Py (2). (3.5.7)

Define a rescaled sequence of maps

(uiaQbPi)(m?t) = (riua Q?T?P)(xi +Til',tj +r12t)7 Vo € Rga t>—1.
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Then (u;, Q;, P,) is a weak solution of the scaled Beris—-Edwards system:

Qi +ui - VQi — [w(w), Qi) = AQ:i — 1 foun(Q1),

O +u; - Vu; + VP, = Au; — VQ-AQ; — div[AQs, Q, (3.5.8)
divui = O,
where
— NT
() = Vu; 2(Vul)

Moreover, (u;, Q;, P;) satisfies

/ (]ui|3+\VQi|3)dxdt+(/ ’Pi|%dxdt)2zei3, (3.5.9)
P1(0) PP1(0)

and

1
72/ (lw]? + |[VQi[?) ddt + (72/ ya|%dxdt)2 > ~max {}, G} (35.10)
P, (0) Po ( 2

0)

Define the blowing-up sequence (ﬁi,@i,ﬁi) : P(0) — R® x S x R, of (w,Q;, ), by
letting

(@, 0u B)(2) = (2, 82D DY) v = (o) e By (0),

&j €i &i

where

— 1
%= ] L

~

denotes the average of @Q; over P1(0). Then (u, @i, ) satisfies

Qi = 07
Py (0)
/ (It]? + |[VQi|?) dadt + (/ P2 dxdt)2 =1, (3.5.11)
P1(0) P1(0) 1 ;
7'_2/ (Ja® + |VQi|?) ddt + (7'_2/ |}A7i|%dxdt>2 > fmaX{LC'i%},
P, (0) P, (0) 2 €
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and (uj, Qi Ai) is a suitable weak solution of the following scaled Beris—Edwards equation:

2
~ N ~ N ~ T
OQ; + &ty - V@i — [w(t), Qi) = AQ; — ;fbulk(Qi)a
@ﬁi + Eiﬁi . Vﬁl + Vﬁl = Aﬁl — 61V©1AQ1 + diV[Qi, A@l] (3512>
divu; = 0,
From (3.5.11), we assume that there exists
(8,Q, P) € L*(P1(0)) x LW}A(P1(0)) x L2 (P1(0))
such that, after passing to a subsequence,
(8, Qi P) = (@,Q. P) in L*(P4(0)) x LW, (P1(0)) x L2 (P4(0)).
It follows from (3.5.11) and the lower semicontinuity that
~ ) 2
/ (8 + |[VOP) + (/ P <1, (3.5.13)
P1(0) IP1(0)
Moreover, we claim that
u < (C < 0. (3.5.14)

u;

"t [ve

LeL2(P (0))mL§H;(JP>%(0)) -

L L2 (P (0)NLZHL(E, (0
2

1
2

1
2

To show (3.5.14), choose a cut-off function ¢ € C5°(P;(0)) such that

0<¢ <1, ¢=1onP:(0), and 99| + [Vo| + [V?¢| < C.

Define

di(x,t) = ¢(x —nl ti), V(z,t) € R® x (0,00).
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Applying Lemma 2.2 with ¢ replaced by ¢ and applying Holder’s inequality, we would arrive
at

sup / (1ol 1576t dr + / (IVul? + [V2QP)@? dadt
Brixi

2 A
ti_%StSti Pry(21)

<c[ [ (uP+ VORI + a)¢] dud
PT‘i(zi)

w Gl vQE s POV dnat+ [ VQEVa)
Pri Zi

PTi (Zl)

+ (8] + o @Il T] + [V o Q) V QP ]

Observe that

1
/ |AQ||ul|V¢?| dadt < / |AQ|2¢$dxdt+O/ lu|?|Vs|? dedt.
]P'ri (z1) 2 ]P)Ti (1) Pri (21)

Substituting this into the above inequality and performing rescaling, we obtain that

sup/ (|ﬁi|2+\A@i\2)dx+/ (VG2 + |V20i[?) dudt
—1<t<0 B%(O) ]P’%(O)

< C[/ (JGi? + |VQi[*) + (si]@i]* + &|VQsi* + | B)| 6| dzdt
P1(0)

2
Py (0) €i 1 (0)
2
<cu+ ey <c (3.5.15)

1

This yields (3.5.14). From (3.5.14), we may also assume that

(W, Q) — (6, Q) in L7H,(P1(0)) x L H (P4 (0)). (3.5.16)

1 1
2 2

Since r; < g and by (3.5.7) |@Qi| < My and | foun(@i)| + |V foux(Qi)] < Cp in P1(0), there

exists a constant Q) € Sé?’), with |@Q| < My, such that, after passing to a subsequence,

Qi—Q in L3(P(0)),

NI
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and
r? _
jfbulk(Qi) —0 in L>(P

1

(0)).

N

(0) = R? x S x R solves the linear system:

2,Q — AQ = [w(),Q),
di — At + VP = div([Q, AQ)), (3.5.17)

diva = 0,
Applying Lemma 3.5.2 and (3.5.13), we know that

(0,Q) € C=(Ps 1(0)))

~ 1
)7 P e LOO([ - (1)270]7COO(B
satisfies

[ var e+ (- [Pt
P-(0) -(0)
)2

gcﬁ/ ([af® + |[VQ)?) dzdt + (/ 1P|

P, (0) Py (0)
1

<07 vV re|(, g)- (3.5.18)

wlw

1
2

We now claim that

(@, V@) — (8, VQ) in L*(P3(0)). (3.5.19)
To prove (3.5.19), first observe that (3.5.15) and the equation (3.5.12) imply that

N N g 8 3 13 ~ 3 3
Oty € (LPH '+ LILi + LWa "2 (P3(0)); 0,Qs € L L2 (P3(0)),

3
8
enjoy the following uniform bounds:

|ort

6 3 _1.3
(L?H;1+L?L£ +LE W, 1’2)@%(0))

< C[”ﬁiHL?"L%(P%(O)) + ||Vﬁi||LfL§(IP’%(O)) +IVQillZs@, o) + IVQill 2@ (0))}

1
2

[N
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and

Hat@i L3 (P (0)
< C[HQiHLfH;([P’
<C.

o) T IVillz2e, o) + V@il o) + HﬁiHL?’(P%(o»}

1 1
2 2

Thus we can apply Aubin-Lions’ compactness Lemma to conclude the L*-strong convergence

as in (3.5.19).

1

It follows from the L*-strong convergence property (3.5.19) that for any 7 € (0, g),

7—2/ (G + [VO,P) 27—2/ ([6° + [VOP) + 720(1) < C7* + 7=20(1), (3.5.20)
P, (0) P, (0)

where o(1) stands for a quantity such that lim o(1) = 0.

i—oo

Now we need to estimate the pressure P. First, by taking divergence of the second

equation (3.5.8),, we see that P, solves
AP = —adiv’ [ @ @ + (VQ; @ VQ; — ;|v@i|213)} in By, (3.5.21)
where we have applied Lemma 3.2.3 to guarantee
div?[Q;, AQ)] = 0 in By.
We need to show that

7—2/ P2 dzdt < C7%(e; + o(1)) + Cr, Vi > 1. (3.5.22)
P-(0)
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To prove (3.5.22), let n € C5°(B1(0)) be a cut-off function such that n = 1 in B%(O),
3 ~ .
0 <n < 1. For any —(é)2 <t <0, define Pi(l)(-,t) : R* — R by letting

~

R(l)($, t) = /RS V2G(x — y)n(y)elts @ G + (VQ; @ VQ; — ;|VQ1|213)](3J7 t)dy, (3.5.23)

where G ( ) is the fundamental solution of —A in R®. Then it is easy to check that PP )( t) =
(P, — pt )( t) satisfies
~APP(t) =0 in Bs(0). (3.5.24)

For ]51(1), we can apply the Calderon-Zygmund theory to show that

BV 3 gy < Caal 0315310 + [V Qi s, ) (3.5.25)
so that
120 a0 < CaillBllise, o + IVQillEse, )
3
< C(&+o(1)). (3.5.26)

From the standard theory on harmonic functions, P\ (-,t) € C*(B

1

(0)) satisfies: for any

0< <1
/7— J—
4’

f g s o reod
+(0) lP’%(O) P

Ct(l+ei+o0(1)). (3.5.27)

IA

Putting (3.5.26) and (3.5.27) together, we obtain (3.5.22).
1
It follows from (3.5.20) and (3.5.22) that there exist sufficiently small 7, € (0, 1) and

sufficiently large iy, depending on 7y, such that for any i > iy, it holds that

»-lkM—‘

0 2/1» . (| + |VQi|*) ddt + (T()_Q/]P P2 dadt)? <

T0 ( ) 0 (0)

This contradicts to (3.5.11). The proof of Lemma 3.5.1 is completed. O]
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We now need to establish the smoothness of the limit equation (3.5.17), namely,

) and P €
), and the

Lemma 3.5.2. Assume that (,Q) € (L°L2 N L2HY)(P1) x (LH! N L2H?)(P

1
2

L%(IP’%) is a weak solution of the linear system (3.5.17), then (0,Q) € C=(P

[NIES

=

following estimate

3
2

9—2/1? (Ja]® +|VQP + |P|?) sceS/P (la)* + |VQP + |P|?) (3.5.28)
[’

Nl

holds for any 6 € (0, ;)

Proof. The regularity of the limit equation (3.5.17) doesn’t follow from the standard theory
of linear parabolic equations in [53], since the source term div(QAQ — AQQ) in the second
equation of (3.5.17) depends on third order derivatives of @ It is based on higher order
energy methods, for which the cancellation property, as in the derivation of local energy
inequality for suitable weak solutions of (3.1.6), plays a critical role.

For nonnegative multiple indices «, 3, and v such that a = 4+ v and ~ is of order 1, it

is easy to see that (VQ, V1, V7 P) satisfies

2(V°Q) — A(VQ) = [w(V*1), Q)
9,(VPh) — A(VP) + V(VPP) = div[Q, A(VPQ)], (3.5.29)

div(V*d) = 0,

Now we want to derive an arbitrarily higher order local energy inequality for (3.5.29). For any
given ¢ € CgO(IP’%(O)), multiplying the first equation of (3.5.29) by V*Q¢? and integrating

over R3, we obtain that by summing over all 7,

i 1 B2 42 2(vBAN 2 42
G [ svQre [ v et
— [ SIVTPQRE+ )¢

R32

+ /R ) [Q,w(VPA)] : (A(VPQ)d* + V(VQ) - V). (3.5.30)
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While, by multiplying the second equation of (3.5.17) by VA1¢? and integrating over R?, we
obtain that

d

B3 85
I R I

/ ~|IVPG2(0, + A + /vﬁpvﬁﬁ V¢?
RB

+ /R 0, AVP0)] : (V(VP)6 + Vi @ V). (3.5.31)
As in above, we observe that
[ Q)] ATIQ) + QAT V(TR =0
By integration by parts we have that
/Rg VAPV - V¢? = (—1)F /R - VA(VPPVe?). (3.5.32)
It follows from the second equation of (3.5.17) that P solves
AP = div’[Q, AQ] = 0, in By,

where we have applied Lemma 3.2.3. Hence by the standard regularity theory of harmonic

[
Bg

(0

functions,

Njw

C/ \Pl2, 1=k k+1,.. 2k, (3.5.33)
B%(O)

so that by Young’s inequality we can derive from (3.5.32) and (3.5.33) that

c [ (1P,
B1(0)

1
2

/ VAPVAE - V?| <
R3
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Hence, by adding (3.5.30) and (3.5.31) together and then taking summation over all §’s
with |5] = k > 0, we obtain that
d 1 ~ .
G [ ST+ VG + [ (9HER 4 [7HQP)e
dt R3 2 R3
1 R ~
< [ S09"GE + [9H1QR) 10 + V()
wof ale P
co [ (IVHHEIVEIQ) + VR IVER0)) Ve
R3
1 R ~
< /RS S IVEaP + [VERQP) (10:,(67)] + [V*(67)])
+C [ (@ +|PP)

B1(0)
2

1 ~ _ ~ _
sy [ AT aP 4 952QR 6 0 [ (IVHaP +[9HQR) Vo
R3 R3

which implies that

a
dt R3

<c / (IVHa12 + V1O (0] + V2 (62))
‘c / (faf* + 1P})

B, (0)
2

(VA2 +[VEQR) + [ (9516 + V4R

+C/ (\V’“ﬁ\2+ ]V’f+1©\2)1v¢12. (3.5.34)
R3

By choosing suitable test functions ¢, it is not hard to see that (3.5.34) implies that for
k>0,

sup / ()(| ’2+|Vk+1Q’ +/ vk—i—l ’2+|Vk+2Q|2
B1(0

1
— & <t<0 P

so/
P

M»—t

1
4

M\w

(VG2 + [V O) +c/ ([af + |PP). (3.5.35)
P

3(0)
8

m\»—t
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It is clear that with suitable adjustment of radius, applying (3.5.35 inductively on k yields
that

sup/ (IV’“ﬁ|2+|V’““@|2>+/ (IV*a)]” + [VH2QP)
—15<t<0 B1(0) P1(0)

gc/ﬁ ﬂVﬁF+HﬁQF+C/n (|6]* + |P|?), Vk > 1. (3.5.36)
IP’% (0) P, (0)

2

With (3.5.36), we can apply the regularity theory for both the linear Stokes equation and
the linear parabolic equation to conclude that (4, Q) € COO(P% (0)). Furthermore, applying
the elliptic estimate for the pressure equation (3.5.21) we see that VP € CO(IP’&(O)) for
any k > 1. For [ > 1, taking t-derivative 0! of both sides of (3.5.21), we can also see that
VFOLP € C’O(Pi(O)). Therefore (G, Q, P) € C*(P1(0)) and the estimate (3.5.28) holds. This

completes the proof of Lemma 3.5.2. O

Now we can iterate Lemma 3.5.1 and utilize the Riesz potential estimates in Morrey

spaces to obtain the following ep-regularity.

Lemma 3.5.3. For any M > 0, there ezists g > 0, depending on M, such that if (u, Q, P) is

a suitable weak solution of (3.1.6) in Qx (0, 00), which satisfies, for zo = (xg,ty) € QX (1§, c0)

and
Q<M if Fyux = FLag and Q = R?,
in P, (20), (3.5.37)
|GBM<Q)’ <M if Fyux = Fpm and 2 = T?’,
and
f 2
7“02/ (lul* +|VQJ*) dwdt + <r02/ |P|3dxdt) <&, (3.5.38)
Pry (20) Pry (20)
then for any 1 <p < oo, (u, P,VQ) € L"(Pw(2)) and
|(w, P, VQ) < C(p, 9, M). (3.5.39)

LP(Prg (20))
4
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Proof. From (3.5.38), we have

2

(7"20)2/ (\u\3+|VQ|3)dxdt+((;0)2/ IPlgdxdt) < 8¢; (3.5.40)
Pro (2) Pro (2)

holds for any z € P (). By applying Lemma 3.5.1 repeatedly on P (2) for z € Pr (%),

o
2

1
there are Cy > 0 and 7y € (0, 5) that for any k& > 1,

()2 / (tuf* + [VQI?) dadt + ((rkro) / P} dedt)?  (35.41)
e P (2

0 0
2

<otma {7 [ Qo Qs+ ()

C()Tg }

1—273

|P|* dadt)
)

o (2
2

In2 1
_Z ¢ (0, =), it holds that for any 0 < s < o

Therefore for g = ————
erefore for 6, 3| 5 5

and z € Py (20)

3—2/ (Il + [VQP + [P|?) dedt < C(1 + ) (2)™. (3.5.42)
Ps(z)

To

By (3.5.37) and Lemma 3.3.2, there exists C' > 0, depending on M, such that

Q| + | fou (@) + [V foux(Q)| < C in Py (20). (3.5.43)

Now we can apply the local energy inequality (3.1.12) for (u, P, @) on P (2), for z € ]P%o(Zo),

2

r
to get that for 0 < s < 50,

sl/ (Vul? + |AQP) dudt
Ps(z)

<cleg [ Qe ver et [ Vel + 1)

Pas(2) (3.5.44)
v [ et [ var]
Pos(2) Pas(2)
S\ 260
§0(1+53>(%) .
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Next we employ the estimate of Riesz potentials in Morrey spaces to prove the smooth-
ness of (u, P, Q) near z, analogous to that by Huang—Wang [71], Hineman—Wang [72], and
Huang-Lin-Wang [38].

For any open set U C R* xR, 1 < p < o0, and 0 < X < 5, define the Morrey space
MPMU) by

p

)= {1 € @) |10 = s P e < o},

MPA(U) zeUr>0

It follows from (3.5.42) and (3.5.44) that there exists a € (0,1) such that

(=)

(W, VQ) € M3 (Puy (2)), P € M*1 =) Py (29)), (Vu, V2Q) € M4 (Pug (29)).

v}

Write (3.3.2); as

0Q—-AQ=/f, [=-u-VQ+[wQ — frun(Q) € M3~ (Pu(x)).  (35.45)

Let € C3°(R*) be a cut off function of Pro(z0) such that 0 < < 1,7 =1 in P (20),

wl3

0m| + [V?n] < Cry?, Set w = n*(Q — Q= ), Where Q. ,, is the average of Q over Pro (20).
Then

ow—Aw=F, F:=nf+0m —An")(Q — Q.oo) — V1* - VQ. (3.5.46)
We can check that F € M230-) (R*) and satisfies

|7 < C(1 + ). (3.5.47)

M%73(1*0<) (R4)

Let T denote the heat kernel in R®. Then

[VT|(x,t) < C~*((2,t),(0,0)), ¥(x,t) # (0,0),
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where §(-,-) denotes the parabolic distance on R*. By the Duhamel formula, we have that

o (z, £)] < /O /R VT — gt — 8)||F(y, s)| dyds < CT(|F|)( 1), (3.5.48)

where Zj is the Riesz potential of order 3 on R*, 3 € [0,4], defined by

Zs(g)(x,t) = /W 65—6(’(995(?25)(273)) dyds, Vg € L'(R").

Applying the Riesz potential estimates (see [71] Theorem 3.1), we conclude that Vw €

3(1—a)

M2 307 (RY) and

oo szl cctiar  Gsm
M 1—2a ) (RY) M?’S(l_a)(R‘l)
) . 31—«
Since lim 1o, 00 e conclude that for any 1 < p < oo, Vw € LP(P,,(29)) and
aT% — z(x
|V 1o gy = CP:70,20). (3.5.50)

Since ) — w solves
h(Q —w) —A(Q —w)=0 in Pr(z),

2

it follows from the theory of heat equations that for any 1 < p < oo, VQ € IP’%O (z0) and

[ve

<C . 3.5.51
LP(PTTO (0)) — (pa To, 80) ( )

We now proceed with the estimation of u. Let v : R* x (0,00) + R? solve the Stokes

equation:
ov—Av+ VP
= —div[i(weut (VO Ve - 5IVePy)] +dvrle A &L
divv =0 in RY,
v(0) =0 in R®.
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By using the Oseen kernel (see Leray [37]), an estimate of v can be given by
|v(z,t)| < CT(|X])(z,t), ¥(x,t) € R® x (0,00),

where

X:n%mmkMVQ®VQ—;VQW9+K&A@]

As above, we can check that X € M23(1-®) (R*) and

2
”X“M%’3(l_“)(ﬂ{4) < O{”“”M&?’UM( o T IV QI 30— g (20))

2

+ || AQ — fbulk(Q)HM?'ﬁ(l*“)(Pm

(20))
S 0(1 + 80).

Hence we conclude that v € M Tza-3(1=2) (R*) and

gdk“ < O(1+ &),

3(l—a)
H HMf g 3(17) (Ray M%’3(1_a)(R4)

1
Asa? o) we conclude that for any 1 < p < oo, v € LP(P,,(20)) and

v

Note that u — v solves the linear homogeneous Stokes equation in Pr no (2 (20):

C(pa 7o, 80)

LP(Pry(20)) —

d(u—v)—=Afu—v)+ VP =0, divilu—v) =0 in P (z).

Then u — v € L*(Pm(2)). Therefore for any 1 <p < oo, u € L’(Pmu(2)) and

o

LP(]P‘%O(zo) < C(p. 70, 0)-
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2
r
For P, since it satisfies the Poisson equation: for g — ZO <t <ty,

—AP = div? [u ®@u+(VQeVQ — ;|VQ|2[3)] in Brg (x0). (3.5.57)

Hence P € Lp(]P)%o(Zo)) and satisfies the (3.5.39). The proof is now complete. O

The higher order regularity of (3.3.2) does not follow from the standard theory, since the
equation for u involves V3@ and the equation for () involves Vu. It turns out the higher order
regularity of (3.3.2) can be obtained through higher oder energy methods. Roughly speaking,
if (u, P, VQ) isin L? for any 1 < p < 0o, then (3.3.2) can be viewed as a perturbed version of
the linear equation (3.5.17) with controllable error terms. Here higher order versions of the
cancellation properties (3.1.13) and (3.1.16) in the local energy inequality (3.1.12) also play
an important role. This kind of idea has been previously employed by Huang-Lin-Wang
(see [38] Lemma 3.4) for general Ericksen—Leslie systems in dimension two. More precisely,

we have

Lemma 3.5.4. Under the same assumptions as Lemma 3.5.5, we have that for any k > 0,

(VFu, VFQ) € (LtooLi N LEH;)(]P’HT(HU (20)) and the following estimates hold
2=
sup (IV*uf* + [V*IQP) do
to_((1+272(k+1>>rﬂ)2§t§to BiHTQ(kH)To(mO)

+/ (|Vk:+1u|2+ |vk+2Q|2+ |ka|%)d£Udt (3558)
P

—(k+1) (20)
L2~ "o

S C(k, To)é‘o.
In particular, (u,Q) is smooth in Pro (z0).

Proof. For simplicity, assume zy = (0,0) and ro = 8. (3.5.58) can be proved by an induction
on k. It is clear that when k& = 0, (3.5.58) follows directly from the local energy inequality
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(3.1.12). Here we indicate how to prove (3.5.58) for k = 1. First, recall from Lemma 3.5.3

that for any i € NT and 1 < p < oo,

@) e, T IV (@), < Clico). [ P.VQ) . < Co)eo (35:59)
Taking spatial derivative of (3.1.6)", we have
atQa +u- an + U, - VQ - [wom Q] - [w, Qa]
= AQQ - (fbulk(Q))ou
o, +u-Vu, +u,-Vu+ VPE, in IPy. (3.5.60)

= Aua - VQAQa - anAQ + le[Qv AQ]OH

divu, = 0,
Here w, = w(u,). Let n € C§°(Bs) be such that
0<n<1,n=1in Byy2, n=0out By, |Vn|+|V?| < 16.

Taking V of (3.5.60); and multiplying it by VQ.n?, and multiplying (3.5.60) by Vuan?,

and then integrating resulting equations over B,2, we obtain that

d
; dt /Q V2QP ~ /M,(ua V)Q - AQur” — /Q (W V)Qa + (AQun’® + VQu Vi)
- / (- V)Q - VOV — / Q. ] - (AQur + VQu Vi)

9] [9]

— [ [1Qur = (A0 = (s @))] - (AQu? + VQLT),

and

1d 2
/ ]Vu\QnQ —/ [Vl u-Vvn? +/(ua -Vu- u.n’ — / P.u, -V’

4Strictly speaking, we need to take finite quotient D;l of (3.1.6) (j =1,2,3) and then sending h — 0
Zstrictly speaking, we need to multiply A(D‘}LQ)n2 and V(D‘}Lu)n2 and then sending h — 0
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2
- / (IV*ufy” - WQJ'M) - / (0 - V)Q - AQurr” + (e V)Qa - AQ1P)
Q Q

—/ [Qa: AQ] - (Vuan® + u, @ Vi°) — / [Q, AQu] - (Vuan® 4 ug @ V).
Q Q

Adding these two equations together and regrouping terms, and using the cancellation iden-

tity
/ [Q7wa] : AQan2 = / [Qa AQ&] : Vuoﬂfa
Q Q

we arrive at

J(9u + [9°QRy + [ (VRul? + AV QP

[(11 ' V)Qa ' (AQaT/Q + anVT/Q) + (ua ' V)Q ’ anVT/Q]

Sl

1
2

\D\\\@\

([Q, wa] = AQa) 1 VQu V'

([Qa, 0] + (four(@))a) 1 (AQar” + VQuVR?)

v 2
[| ;' (Ap? +u-Vn?) —u, - (Vu-u, + VQ, : AQ)n* + P, - V]

100, 8Q): (Vuor? +u, V) - /Q Q. AQu] < ua ® T

+

We can estimate A;’s separately as follows.

1
A0l < 75 [ IAVGER +C [ (VQF + [Vl + (91,

1
A5l < 55 [ 19%uPe2 +C [ [VQPISQPER +C [ [vulv
Q Q Q

1
A< 5 [ (TP +1AVQPI +C [ [VuPIAR] + [P (Tuf +]AQF) ]

e / (IVul? + |AQP)| VP + C / PRIV + [Pl Vul|Ar),
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1
Al < 55 [ IAVGER +C [ IVQR(Tu + |aQP)?

+C [ (VP + [VupIVaP)
Q
1
el < 55 [ 1AVQPR + C [ (Vul + QP Vi
Q Q

1
A< 55 [IAVQRS +C [ [+ 9QPAQP + (Vuf +1AQF) V1L
Substituting these estimates on A;’s into the above inequality, we obtain that

d
G LOaP 4120 [ (vl + 1AV

<c / (jaf +[VQP + [Vl + |AQP + |PP)

1+2 1

c / (aP2IVal + [aPIAQP + [VQPIAQP + [VQPRIVuP)y

Now we want to estimate the second term in the right hand side. By Sobolev-interpolation

inequalities, we have

/ |Vl
Q

< IVun| 2o I Vun| e [ al[ 752

(B1+2*1)

1 1
< C|IVunl| 2oy [[Vun| F2 o)V (Van) [ 72 g ullZ::

< ClIVun| |V (Vun) [ 2o [ ullZs2

1
< / ]Vzu\2772+0/
8 Ja

Bl+2*1

[ mplaqre < [ 1avarp e [ jaor

1+2 1

+ Clallfngs, / AQP,

(B1+2*1)

B1+2—1)

’Vu|2 + CHUH%Q(BHQ_” /Q ‘Vu’2n2

2 59 _ 1 2.2 2
JCEECR s8/Q\AVQ| rec [ 1aQ

B1+2*1

=CIVQlbis,., ) [ QP
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and

1
[1varwupy < g [ [wupee [ vap
Q Q B

142—1

+CHVQH%12(B1+2—1)/S;’vu|2772'

Substituting these estimates into the above inequality, we would arrive at

d
— [ (IVul* +|[V*QP*)n* + /(|V2u\2 +[AVQP)n®
Q

dt .,
<C [ (P IVQP + [Vul +AQP +|PP)
B1+2—1
O+ (0, Y, ) [ (VP + V@7 (3561

From (3.5.59), we can apply Gronwall’s inequality to (3.5.61) to show that (3.5.58) holds for
k = 1. For k > 2, we can perform an induction argument as in [38] Lemma 3.4. We leave
the details to interested readers.

It is readily seen that by the Sobolev embedding theorem, Lemma 3.5.3 implies that
(VFu, VFHQ) € L>*(Pra(z)) for any k = 1. This, combined with the theory of linear
Stokes equation and heat equation, would imply the smoothness of (u, Q) in ]P)%o (20). This

completes the proof. O
Applying Lemma 3.5.3, we can prove a weaker version of Theorem 2.2.1.

Proposition 3.5.1. Under the same assumptions as in Theorem 2.2.1, there exists a closed

subset ¥ C Q x (0, 00), with Pg(Z) =0, such that (u,Q) € C*(Q2 x (0,00) \ X).

Proof. First it follows from Lemma 3.4.1 and Lemma 3.3.2 that for any 6 > 0, @ and fem(Q)
are bounded in 2 x (4, 00). Define

Y5 = {z € Qx (6,00) : liminfr_Q/
r—0

Pr(z

([uf* + [VOP) dedt + (r—2/ PIE dude)” > 23},
) Pr(2)

From Lemma 3.5.3, we know that ¥; is closed and (u,Q) € C*(Q2 x (§,00) \ Xs). Since
d > 0 is arbitrary, we have that (u, Q) € C*(Q x (0,00) \ Us=02s).
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Since u € L¥L2 N LZHLN( x (0,00)) and VQ € L°HL N LZH?( x (0,00)), we see
that (u,VQ) € L%(Q x (0,00)). Moreover, since P solves the Poisson equation (3.1.15) in
Q x (0,00), we conclude that P € Lg(Q x (0,00)). By Hélder’s inequality, we see that Y is

a subset of

r—0

5 5 2 10
+ (r‘g / |P|3 dwdt) > g }
Pr(z)

s ={ze0x () nminfri/ (ul¥ + |VQ[¥) dudt
P (z)

A simple covering argument implies that 7)%(35) = 0, see S. Hence ¥ = Us-oXs has
P (3) = 0. This completes the proof. O]

3.6 Partial regularity, part 11

In this section, we will utilize the results from the previous section and the Sobolev
inequality to first show the so-called A-B-C-D Lemmas (see [35] and [36]) and then establish

an improved e;-regularity property for suitable weak solutions to (3.1.6).

Theorem 3.6.1 ([70]). Under the same assumptions as in Theorem 2.2.1, there exists e, > 0
such that if (u,Q) : Q x (0,00) — R® x S(()g) is a suitable weak solution of (3.1.5), which
satisfies, for zo € 2 x (0, 00),

r—0 T

1
lim sup / (|Vu[2 + \V2Q|2)dacdt <él (3.6.1)
Pr(z0)

then (u, Q) is smooth near z.

For simplicity, we assume zy = (0,0) € Q x (0,00). To streamline the presentation, we

introduce the following dimensionless quantities:

A(r) = sup ! / (Il + [VQP) dz,
Br(0)x{t}

—r2<t<0
1
Blr) = / (IVul? + [V2Q[?) dadt,
T JPr(0,0)
o) =~ 5+ |VQP) dzd
(r) == - (Ju]” +|VQI%) ddt,
™ JPp,.(0,0)
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D(r) = r2/ |P|2 dadt.
(0,0)

Also set

1
|B-(0)] /5,0

(u),(t) u(z,t)de, (VQ),(t) := VQ(z,t)dx

We also let A < B to denote A < ¢B for some universal positive constant ¢ > 0.

We recall the following interpolation Lemma, whose proof can be found in [35].

Lemma 3.6.1. For v € H'(R?),

v|%(x,t)dxr < Vol?(x,t) dz o v|*(x,t) dx ‘
/T(O)||<t> (/T(O)| (2, ) dz) (/BT(O)II(ﬂ )
+r3(13)( / v[2(z, t) dx)%. (3.6.2)

+(0)

: 3
for every B,(0) CR?*, 2<q¢<6,a= 5(1 — %)

Applying Lemma 3.6.1, we can have

Lemma 3.6.2. For any u € L™([ — p?,0], L*(B,(0))) N L*([ — p*,0], H'(B,(0))), and Q €
L>([ = p%, 0], H'(B,(0))) N L*([ — p*,0], H*(B,(0))), it holds that for any 0 < r < p,

3 3 P38 3
Cr) 5 (5) A2 (p) + (5) At (p)Bi(p). (3.6.3)
Proof. From (3.6.1) with ¢ =3,a = 2, we obtain that for any v € H'(B,(0)),

3 3
[ bt s ([ vl ([ e i)’
7(0) Br(0) Br(0)
_3 2 3/2
+r3 o (x, t) dz) ™" (3.6.4)
(0)

Applying Poincaré’s inequality, we obtain that for 0 < r < p,

[ (uf + 1vGP) ds
Br(0)
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< [ Q= Qe+ [9Qr —1v@py]) e+ () [ Gui+1v@P)ds

T\3
So [ (ulval+VQIVQ)dr+ (5) [ (uP +[VQP)ds
B, (0) P” JB,(0)
Sot(pt [ (P vePds) ([ (VaP+[viQP )
B,(0) B,(0)
T\3
+ (- / ul® + |[VQ|?) dz
G [ (uriver)

Solat)( [ (9aP+ V20 da)" + () pd(o).

By (0)

Substituting this estimate into the second term of the right hand side of the previous in-

equality, we conclude that

[ (1 + 19QF) do
B;(0)
< pi Vul? + [V2Q[?) d
Sol(f, | (vur+19°Qr) ae)
—% 2 \V4 2 7 d %
r (/Tm)('“‘ +VQ) (@, 1) de)

3
1

]

([ RESCRENLD

3
1

< ptak(p)( /B | 9ul+ 91 1))

=i ol 9QP) ) )’

s/ L (vul e vr) ar) ai () + (£)’a

ra

Integrating this inequality over [ — 72, 0], by Hélder’s inequality we have

AN

IN N
A~~~ ~~

VDIIDIIDIZ DI

AN
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This completes the proof of (5.2). ]

Next we want to estimate the pressure function.

Lemma 3.6.3. Under the same assumption with Lemma 8.6.2, it holds for any 0 < r < g
D(r) < (5)D(p) + (£) At (p)Bi(p). (3.6.5)

Proof. From the scaling invariance of all quantities, we only need to consider the case p = 1,

1
0<r< 3 By taking divergence of the equation (3.1.5)1, we obtain

~AP=div’[u®u+ VQ ® VQ)]

= div*[(u— (u)1) ® (u— (Wh) +VQ ® VQ]

= div’[(u— (u)1) ® (u— () +(VQ — (VQ)1) @ (VQ — (VQ))]
+Aiv[(VQ)1 © (VQ — (VQ)) + (VQ = (VQ)1) @ (VQ)i]. (3.6.6)

Let n € C5°(R?) be a cut off function of B%(O) such that

n=1, in By (0),
n =0, in R*\ B(0), (3.6.7)
0<n<1, |Vp <8

Define the following auxillary function

Puat) = = [ V3G =)o) (= () @ (u = ()

+(VQ = (VQ)) ® (VQ — (VQ)) + (VQ — (VQ)1) ® (VQ):
+(VQ) @ (VQ — (VQ)) | (. 1) dy,

Then we have

~AP, =div’[(u— (u);) ® (u— (u);) + VQ ® VQ] in B.1(0),
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and

—A(P = P)) =0 in B1(0).

1
2

For P, we apply the Calderon-Zygmund theory to deduce
3
2112

2 2|3
L3 (R3) + HU |VQ —(V@h L3 (R3)

u 1|r;2(R3) S = ()
I (VRUIVQ ~ (VI ;5 s,

< /Bl@('“‘ (W[ + [VQ — (VQ ) de

+[(VQ) !3/ IVQ — (VQ): | da. (3.6.8)

B1(0)

Since P — P, is harmonic in B%(O), we get

3 3
7 _ 2 < < 2 2
SIP=RlZy o selP =Rl Se(IPEy IR )

Integrating it over [ — 72, 0] and applying (5.8), we can show that

1
% JE, 0,0

1
7«/ PJ3 dadt + (u— ()i* + VO — (VO)[*) ddt
PP1(0,0) 7 JP1(0,0)

|P|2 dadt

N

(s (@) [ 1VQ - (VQu dade

2
e —1<t<0 P1(0,0)

AN

1
7"/ PJ} dedt + - (Ju— () + VO — (VO [P) dudt
PP1(0,0) = JPi(0,0)

1 3 3
Al [ vQ - (VQ)E dae.
r PP;(0,0)

This, combined with the interpolation inequality

/ (I — ()" + [VQ — (VQU[?) dedt
[F’l(0,0)

S s ([ (ulevepa) ([ (vl e der)

—1<¢<0 1(0,0)
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and Holder’s inequality

/1P>1(0,0) VQ = (VQ)|? dadt < (/ IVQ — (VQ)i|? d:z;dt)z,

P1(0,0)

implies that

W
—~
—_
~—

W
~—~
—_
~—

D(r) <rD(1) + %A
r

This, after scaling back to p, yields (3.6.5). The proof is now complete. ]

1
Proof of Theorem 3.6.1. For 6 € (0, 5) and p € (0,1), let ¢ € C5°(Py,(0,0)) be a function

such that
1 1
0(0,0), [Vl 5%7 V2ol + el S ()7

=1inlP
@ in o

Applying the local energy inequality in Lemma 2.2, the maximum principles Lemmas 3.4.1

and 3.3.2, and the integration by parts, we obtain that

sup / (laf + [VQP) do + / (IVul? + [V2QP)¢? dudt
—(8p)2<t<0Jq QX[ (8p)2,0]
< / ([l + [VQPR)(lor] + [Vol? + [V2]) dadt
Qx[—(8p)20)
T / ([l = (lul)e) + (IVQP — [VQ)a,) + [Pl [ull Vo] dudt
Qx[—(6p)2,0]

s vergas [ (Vallvel+ [l AQDIl Tl dar
Qx[—(0p)?,0] Qx[—(6p)%,0]

This, with the help of Young’s inequality:

Lo valvel+ [l aQ)ll Vil drd
Qx[—(6p)?,0]

1

< / (IVul? + |V2QP2) 0 dudt
2 Jax(~(8p)2,0]

4 / (lu? + [VQP)| Vol dadt,
X[~ (09)2,0]
implies that
ACop) + B(Lap)
2P 2P
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~ sup / ([l + |VQP) dx+/ (IVul? + [V2QP2) dadt
(0,0)

9”)2<t<0 By, ( Po,
1 1
S osup (Iu\2+ IVQI*)@? dx 4+ — (IVul® + [V?Q[?)¢* ddt
(op)2<i<0 0p Jr Op Jrax(—0p)2,0
1
S g (lul* + [VQI*) (il + [Vl + [V|) dadt
P JR3x[—(6p)2,0]
1
+o [(haf* = (la)ep) + (IVQF = (IVQI)gp) + [Pl Vo] dodt
P JR3x[—(6p)2,0]
1
+ — IVQ[*¢?* dwdt
Op Jrax1-(60)2,0)
1 / 1
< uf? + [VQP) [ 1Pl dode
(6’p)3 1P>9p(0,0)(| | (9/7)2 Py, (0,0)
1 / 2 2 2 2
+ [[al” = ([u]®)e,| + [[VQI" = (IVQ[*)yl ) [u| dzdt
(0p)? Py, (0,0) ( g g )
- [1 + [2 + 13.

It is not hard to see that

1 2 2
I < (—— 3 3 H
115 (G,7 / o I+ V@) drdt)” 5 CE6p),

2

1 1.1 3 1 2
I < / ul? dwdt)® / Pz dzdt)® < C3(6p)D3(0p),
= ((QP)Q Po,(0,0) o ) ((QP)Q Py, (0,0) il ) (Op) D3 (6p)

while, by employing Holder’s and Poincaré’s inequalities,

L : s 4 (vl ar
55 G L (o (0IVu 4 FQUTRD)( [ ul?+ 907 ar

< A2(0p)B2(0p)C5 (8p).

Putting together all the estimates, we have

A(50p) + B(300) < [OF(8) + AY0p) B (0p)C (6) + CH(0) DY (6p)]

< [C3(0p) + A(0p) B(0p) + D3 (0p)]
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so that
A (50p) < [C(00) + AX(6) B3 (60) + D*(6p)]

While

3
2

D*(0p) S 02| D*(p) + 0-°A%(p) B2 (p)],

and
C(Bp) S B*A2(p) + 673 A% (p) Bi(p).

Also note that
3 3
2 2

A% (6p)B2(6p) < 072A%(p)BE (p).

1
Therefore we conclude that for 0 < 6y < 37

e

A (Sf0p) + D(560p)
< cl02D%(p) + (052 + 051) A2 (p) B2 (p) + 0342 (p) + 05> A1 (p) B1(p)]
< cl02(D*(p) + A (p)) + 05 A% (p) B2 (p) + 03]

< e(6] + 65°B2 (p)) (A% (p) + D*(p)) + 6.
. 1
For £ > 0 given by Theorem 5.1, let 6, € (0, 5) such that

cfg = min {le, ;gf}

From (3.6.1), we know that

limsup B(p) < &3,
p—0

hence there exists pg > 0 such that

1
by B3 (p) < 7. V0 < p < pu.
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1
Therefore we conclude that there exist 6y € (0, 5) and py > 0 such that

[S1[9)
[SI3Y

1 1 1 1
A (590;0) + D2(§Qop) < §(A (p) + D*(p)) + 55%» V0 < p < po.

[terating this inequality yields that

Nl

1 1 3
A2 ((560)"p) + D*((500)"p) < (A% (p) + D*(p)) + €7 (3.6.9)
holds for all 0 < p < py and k > 1.

Employing (5.2) and (3.6.9), we obtain that

1 1 1 _
C(500)"p) < e (500)°A% ((580)* " p) + (

[ B S|

C|:(§90) + (590) 51} [F

IN

holds for all 0 < p < pg and k > 1.
Putting (3.6.9) and (3.6.10) together, we obtain that

lim sup [0((;90)%) + D?((i@o)kp)} <cll+ (;90)3 F(20) et < el (3.6.11)

k—o0

holds for all p € (0, py), provided €1 = €1(y,e9) > 0 is chosen sufficiently small. Therefore,
by Lemma 5.4 (u, @, P) is smooth near (0,0). This completes the proof. O

Theorem 2.2.1 can be proved by the following covering argument. Let ¥ be the singular

set of suitable weak solutions (u, @, P). If (z,t) € 3, then by the theorem 3.6.1,

r—0 T

1
lim sup - / (IVul + |V2QP2) ddt > 2. (3.6.12)
Pr(a,1)

Let V' be a neighborhood of 3 and § > 0 such that for all (x,t) € ¥, we can find r < § such

that P,.(x,t) C V and

1
/ (|Vu|2 + |v2Qy2) dxdt > &3
T JP(z,t)
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By Vitali’s covering lemma, 3(x;,t;) € V,0 < r; < § such that {P,, (@, %)}, are pairwise
disjoint and

> C U P.Bri(xiati)'

i=1

Hence

[o¢] 5 o
PLE) <Y < 5> (IVaf® + |V*Q[*) dadt
i—1 €1 =1 J Py (1,ts)
5
<= (IVa® + |V?Q[?) dadt

2
61 UiPTi (l‘i,ti)

5
< 2/ (IVu* + [V*Q[?) dadt < oo.
€1 Jv

We can conclude that ¥ is of zero Lesbegue measure. Then we can choose |V| to be arbitrarily

small, from the fact that

[ [ v 1vap) et [~ [ (19 +1807) dair < o

and the absolute continuity of integral, we have

lim [ (|Vul? +|V?Q[*) dudt — 0.

Hence
1 1 1 _
P() = lim PL(S) =0,
This completes the proof of Theorem 3.1.1. O
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4. SUITABLE WEAK SOLUTIONS TO ERICKSEN-LESLIE
SYSTEM WITH GINZBURG-LANDAU APPROXIMATION IN
3-D

4.1 Introduction

In this chapter we aim to investigate the Ericksen—Leslie system (1.1.3) with Ginzburg—

Landau approximation on torus T* = R*/Z?:

ou+u-Vu+VP=V- (o +0c"),
V-u=0, (4.1.1)

dd+u-Vd—0d+ 2Ad = — L (Ad - f(d))
)\1 )\1 5GL

which couples the incompressible flow of the liquid crystal material represented by the fluid
velocity and pressure (u, P)(z,t) : T x [0,00) — R® x R, and the kinematic transported
evolution of the crystal molecular director represented by the macroscopic order parameter

d(z,t) : T? x [0,00) — R3. The Ericksen stress tensor o is given by

oW oW
E_ v o Z dt |
%i = <3Vd © d) ' 8dk

where W = W(d, Vd) is the elastic distortion energy density. The relaxation form of W
1
with Ginzburg-Landau potential F'(d) = Z(|d|2 —1)? reads

1
WmMU—FM) (4.1.2)
€GL

The Leslie stress tensor o has the following form:

L=p(d"Ad)d @ d + poN @ d + pzd @ N + s A (4.1.3)

+ M5Ad &® d + /J/6d® Ad,
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where the notations
1 1
A= (Vut (Vo)) Q= (Vu—(Vu)'), N=08d+u Vd-0d

represent the symmetric, skew-symmetric part of the velocity gradient, and the co-rotational
derivative of the director field. The material constants A; and Ay, reflecting the molecular
shape by Jeffrey’s orbit, are related to the Leslie coefficients p’s through the following rela-

tions:

AL = o — f13, A2 = 15 — He, (4.1.4)

fia + i3 = e — 5. (4.1.5)

Relations given in (4.1.4) are compatibility condition and (4.1.5) is called Parodi’s relation,
which can be derived from Onsager’s reciprocal principle(cf. [4]). When it comes to the
mathematical analysis of the whole system (4.1.1), these relations gives the crucial cancel-
lations in the energy dissipation laws. We recognize that (4.1.1) is an approximation of the
full Ericksen—Leslie system by assuming that the fluid density is constant in a isothermal
environment without external forces, and more importantly, W is elastically isotropic via one
constant approximations. Moreover, instead of dealing with the highly nonlinear constraint
|d| = 1, the Ginzburg—Landau potential only penalizes director for being away from the unit
sphere. However, (physical meaning) it turns out that (4.1.1) is close to the system proposed
by Leslie for anisotropic fluid with varying director length.

In this paper, we set egr, = 1 since our result holds for any fixed g, > 0. By the
incompressiblity of the velocity field, formally one can add a gradient field of any scalar
function to (4.1.1); which re-gauge the pressure function, for the purpose of constructing the
suitable weak solutions, we subtract V(;|Vd|2 + F(d)) to the R.H.S. of (4.1.1);, with the
help of the identity

V. (VdoVvd) -V (;|Vd|2) — vd- Ad,
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we obtain the equivalent form of (4.1.1):

ou-+u-Vu+VP=-Vd-(Ad - f(d)) +V-o¥(u,d),
V-u=0, (4.1.6)
A2

d + - Vd — 0d + “2Ad = ——-(Ad — £(d))
M M

subject to the initial condition
(11, d)|t:0 = (UO, do) in Tg. (417)

Definition 4.1.1. A pair of functions (u,d) : T> x R, — R*xR? is a weak solution solution
to (4.1.6) and (4.1.7), if (u,d) € (LPL2NLIHL) (T xR, R*) x (L HINLZHZ)(T* xR, R?),
and for any ¢ € C°(T? x Ry, R?) and ¢ € C°(T? x Ry, R?) with V- =0 in T> x R, it
holds that

/ [—u-@tgp—kVu:Vgo—u@u:Vgo]dxdt—/ Vd © Vd : Vedxdt
T3 xRy T3 xR+
+/ of(u,d) : Vodrdt = / ug - o(z,0)dz, (4.1.8)
T3 xR, T3
1 1
/ [—d- 0 —u®d: Vi — —Vd: Vi + —f(d) - |dxdt
TS xR, At A1

+/ (—Qd+/\2Ad)-wdxdt:/ do - (x, 0)dz. (4.1.9)
TBXR+ Al "]1‘3

In this chapter, we assume the material coefficients satisfy the following constraint to

ensure the energy dissipative structure of system:

2

A
M <0, pg>0, pp =0, u5+u6+72 > 0. (4.1.10)
1

The global and local energy inequalities for (4.1.6)-(4.1.7) play the basic roles: for ¢ > 0,

1 1
/ (]u]2+]Vd\2+F(d)> dz
’I[‘3><{t} 2 2

t 1
+/ / (“4|vu|2 + yAd—f(d)y2> dzds
0 T3 2 _)\1
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// [M d” AdJ? + <u5+u6+A>\Ad|2] dads
'ﬂ‘3

g/ <2|u0|2+2|Vd0|2+F(d0)> dz, (4.1.11)
’I[‘3

and for any n € C5°(T? x [0,¢], R) with 5 > 0, it holds

/ ( |u|2 |Vd|2+F( ) nd:t+// |V |2+7(|Ad|2—|—|f( )|) ndxds
T3 x{t} T3

/ / [,u |dT Ad|? + (,ug, + pe + a2 ) |Ad|2] ndxds
T3

g/ (\u0\2+\Vd0\2+F(do)>ndx
o \2 2

¢ 1 1
+ / / f|u|28t77 + <|u|2 + P) u- Vn} dxds
l;/ u-Vu)- Vndxds—/ / (u,d) : u® Vndzds
T3

+/ / —|vd|?0yn + 7!Vd\ An) dxds +/ / u-Vd) - (Vn-Vd)dzds
T3

_|_

/ / (Vd © Vd — |Vd|*13) : V*ndzds
T3 —)\1

/ /T ( d- Ad) (V- Vd)dads

+ / F(d)omdx — / / W 2VE(d) : Vdn + (Vn - Vd) - f(d)] dzds. (4.1.12)
T3 — A1

o

[e=]

We define
H = Closure of {u € C°(T*,R?) : V-u =0} in L*(T?),

and

V = Closure of {u € C;°(T*,R*) : V- u = 0} in H'(T?).

For 0 < k < 5, P* denotes the k-dimensional Hausdorff measure on T? x R with respect

to the parabolic distance:

5((2,1), (v, 5)) = max{\x—y\ \/ﬁ} ) €T® x R.
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The main theorem of this chapter concerns both the existence and partial regularity of

suitable weak solutions to (4.1.6).

Theorem 4.1.1. Assume the material coefficients satisfy the constrains (4.1.5), (4.1.4) and
(4.1.10). For any uy € H,dy € H'(T? R?), there exists a global suitable weak solution
(u,d, P) : T x R, — R® x R® x R of the Ericksen—Leslie system (4.1.6) and (4.1.7) such
that

(u,d) € C=(T? x (0,00) \ ),

where ¥ C T? x Ry is a closed subset with P77 (X) > 0 for all o > 0.

Remark. If we look at special cases of (4.1.6) with

1
(AL —X2), p3= —§(>\1 + A2),

1 A2 1 A2
= (X — 22 = (N + 22
M5 2( 2 A1>7'u6 2( 2+)\1>7

then (4.1.6) can be reduced to

fu+u-Vu+ VP =Au—Vd- (Ad —f(d)) — V- S,[Ad — £(d), d],
V-u=0, (4.1.13)
8 d +u-Vd — T,[Vu,d] = Ad — £(d),

where
So[Ad — f(d),d] :== a(Ad —f(d)) ®d — (1 — a)d ® (Ad — f(d)),
T.[Vu,d] := a(Vu)d — (1 — a)(Vu)'d
with
TS
Al

The parameter o € [0, 1] is the shape parameter of the liquid crystal molecule. In particular,

1
a =0, 3 and 1 corresponds to the kinematic transport effects on disc-like, spherical and
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rod-like molecules respectively (cf. [77]). The partial reqularity of suitable weak solutions to
(4.1.13) was obtain [78]. Here Theorem 4.1.1 generalizes the result in [78].

We would like to outline two major difficulties in the analysis of (4.1.6):

« First, as pointed out by [4], (4.1.6) suffers the loss of maximum principle for the director
field d which plays an essential role in [34], [70]. Here, inspired by [36], [79], we will
prove an gg-regularity result by a blowing-up argument that involves a decay estimate
of renomalized L*-norm of both |u| and |Vd| and the mean oscillation of d in L® as

well.

« Second, the presence of the Leslie stress tensor o’ brings an extra difficulty on the
decay estimate of renormalized Li-norm of the pressure function P. In particular,
when y; # 0, the (d"Ad)(d ® d) : (u ® V7) term in the local energy inequality
(4.1.12) does not have enough integrability to pass to the weak limit in the construction

of suitable weak solutions.

We would like to mention that in a recent preprint [80], G. Koch obtained a partial regularity
theorem for certain weak solutions to the Lin—Liu model (1.3.2) that may be weaker than
suitable weak solutions and may not obey the maximum principle, in which a smallness

condition is imposed on normalized L®-norm of |d|.

Remark. Mathematically, it is a very challenging problem to ask if the set of singularity
Y. is empty or not. Physically, the presence of potential singular set ¥ for a solution (u,d)
to the hydrodynamic system (4.1.6) may arise from the 3-D turbulence phenomenons of the
underlying fluids (e.g., vortex points, lines, or filaments) as well as the defects of the liquid
crystal molecular alignment field d induced by the rotating and stretching effects of fluid
velocity field u, see for example Chorin [81]. While Mandelbrot conjectured in [82], [85]
that the self-similar nature of turbulence of the fluid may result in concentration of possible

singularities of u on a set of fractional Hausdorff dimension.

Remark. The best known result on the set of singularities for the Navier-Stokes equation

was obtained by Caffarelli-Kohn—Nirenberg [35], which asserts that it has zero 1-dimensional
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parabolic Hausdorff measure. For the co-rotational Beris—Edward QQ-tensor system for liquid
crystals, a result similar to [35] was also obtained by [70]. While our estimate on the
dimension, - of the singular set ¥ in Theorem 4.1.1 may not be optimal, it is a natural
consequence resulting from the blowup analysis (see Lemma 4.4.1) and the fractional Sobolev

1
space reqularity of the director field, i.e. d € W;Q (Qr) (see the section 4.5 below).
7

This chapter is organized as follows. In section 4.2, we will derive both the global and
local energy inequality for smooth solutions of (4.1.6) and (4.1.7). In section 4.3, we will
demonstrate the construction of suitable weak solution. In Section 4.4, we will prove the
go-regularity criteria for the suitable weak solutions. In section 4.5, we will finish the proof

of the Theorem 4.1.1.

4.2 Global and local energy inequalities of the Ericksen—Leslie system with
Ginzburg—Landau Approximation

In this section, we will establish both global and local energy inequality for classical
solutions to the Ericksen—Leslie system (4.1.6)-(4.1.7).

Lemma 4.2.1. Let (u,d, P) € C®(T* x R, R* x R* x R) be a solution to (4.1.6)-(4.1.7).
Then for any n € C°(T? x R,), it holds

d 1 1 1
[ (Gl 519aP + P@ ) e+ [ [5190P + (8P + [£(@))] s
T3 T3 M

/JT H4

/ { lu| @774—( |u|2+P>u Vn} dx+? (u-Vu) - Vndz
T3 T3

)\2
pa|d" Ad]? + <u5 + 6 + ) IAdlﬂ nda

w

of(u,d) : u® Vndx

1
vd|*om + _2/\1|Vd|2An> dx + /3(u -Vd) - (Vn-Vd)dx
T

1

_/TB Qd—i\jAd>~(V77 vd)d
+ /T F(d)dd /T 3 _lAl 2VE(d) : Vdny+ (Vi - Vd) - £(d)]da. (4.2.1)

146



Proof. For n € C°(T* x Ry),n > 0, multiplying (4.1.6); by un, integrating the resulting
equation over T?, we obtain

d [ 1, , 1
— | Z|uPndz= | Z|u*dmd

i
_ /T (- V) Ad — (u- V) - £(d)]yds
- /E3(UL(U, d) : Vun + ol (u,d) : u® Vn)dr. (4.2.2)

By the symmetry of A, and the skew-symmetry of 2, we have

/ no*(u,d) : Vudz (4.2.3)
T3

:/ np(d"Ad)(d @ d) + N @ d + pzd @ N + pyA + psAd @ d + pgd ®@ Ad] : (A + Q)dx
T3
= /3 77{#1|dTAd\2 + a AP+ (p2 + p3) (N Ad) + (2 — pu3) (N7 Qd)

T

15+ 16)| AP + (15— p16)(Ad) - ()] de

= / 0| |d" A + | AP + (s + p6)|Ad” + A (NTQd) = Ao (NTAd) + No(Ad) - (2d)] dar.
T3

Now taking the gradient of (4.1.6)3 yields
1 A2
oVd+V(u-Vd) =V —)\—(Ad —f(d)) + Qd — )\—Ad :
1 1
Then multiplying the resulting equation by Vdn, integrating over T?, we get
d 1 1
— —|vd|*nd ——|Ad}*nd
o | 5IvaPnde+ [ —-ladpgd

1
= /N §|Vd|28tnda:

+ / (u-Vd) - (Adn + Vn-Vd)dz
T3
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1 1
/ —Ad (V- Vd) + ——V(£(d)) : Vdy| dz
T3 —/\1
(Qd - Ad) -(Vn-Vd)dx
T3

(Qd — Ad) - Adndz.

\\

T

Moreover, multiplying (4.1.6)3 by f(d)n, integrating over T?, we obtain

d
— F(d)nd f 2nd
. ()771’+/T$_A1!()|77x

_ /T [F(d)dn — (u-Vad) - f(d)n]dx

_ / [VE(@) : Vdy + (V- Vd) - £(d))de
A2
+ /T 3 (Qd _ AAd) £(d)nd.

(4.2.4)

(4.2.5)

The crucial cancellations among non-quadratic terms in the R.H.S. of (4.2.2) and the last

terms in (4.2.4) and (4.2.5) reads

/ n[M(NTQd) = Aao(NTAd) + Xo(Ad) - (Qd)]da

+ /T 3 (Qd - :\\1Ad> (Ad - £(d))de

_ / 1[=deAd — Ad + £(d)] - (2d)dz
/W Aot l—i\QAd - A—l(Ad - f(d))] (Ad)da
+ / Aan(Ad) - (Qd)dz + /

A2
- Ad|2d
/TMITN *da.

It follows from integration by parts that

/ pa| APndx = M/ |Vu|*ndr — M/ (u-Vu) - Vndz,
T3 2 T3 2 T3
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and

—/ —Ad (Vn-Vd)dx
T3 —)\1

= dI?And
/TS_%IV 2Andz

+/ —(Vd© Vd ~ [VdPL) : Vide, (4.2.7)
T — A1

Adding (4.2.2), (4.2.4) and (4.2.5) together, using the identities (4.2.6), (4.2.7) and (4.2.3)

we get (4.2.1). O

Taking nn = 1, following the similar argument as above, we can show the following global

energy equality for classical solutions to (4.1.6):

Lemma 4.2.2. Let (u,d) € C®(T? x R;,R* x R?) be a solution to (4.1.6). Then it holds
that

d/ Lupy de|2+F<d)> dx+/ (““|Vu|2+1 \Ad-f(d)\?) i
dt ']I\S ']I*3 2 —)\1
)\2
+/ [u |d"Ad|* + <u5+u6+ >|Ad|2] dz = 0. (4.2.8)
'ﬂ‘3

4.3 Existence of suitable weak solutions

In this section, we will follow the similar construction in to construct a suitable weak

solution to (4.1.6). First, we introduce the so-called retarded space-time mollifier Wy for

f TP xR, =R, with0< 8 <1, for (x,t) € T* x (0,T), we define

Wlfl(et) = 55 [ 0 (55) o=t = r)dyar
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where ¢ € C3°(R") is a standard mollifier whose support is contained in the set {(z,t) :
2|2 <t,1 <t <2}, and f(z,t) is the extension of f by zero outside T® x (0,7T). It is easy

to justify that

V- Wylu] =0, if V-u=0,
IWolw]ll e r2(0p < Cllwllierz@n,

IWolw]ll 211107y < Cllwll 21y -
We introduce the approximation of (4.1.6):

o’ + y[u’]- vul + VP! = —v,[d’] - (Ad? - £(d”)) + V - o} (u’, d%),
V-u’ =0, (4.3.1)

A 1
9, d’ + 1’ - V,[d’] — QO,[d?) + ; A'W,y[d’] = —)\—(Ad" — £(d%),

1 1

where

oy = 1 (Ve[d”]" A"Wy[d”)) Wy[d’] @ Wp[d”] + paN’ @ Wy[d®] + p3Wp[d’] @ N7 + 14 A°

+ /L5A9\I/9[d0] X \I’Q[de] + ,U/G\Ije[de] X Aelllg[de],
with

A = ;(Vue + (V)T
1
0~ L (vu— (vu)"),

N = 9,d° +u’ - VI,[d’] — Q°Ty[d”].
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(0,1). We try to find (u’,d’, P?) which solves

For a fixed large integer N > 1, set 6 = S
Wy[d?] = 0, and (4.3.1) reduces to a decoupled

(4.3.1). In T® x [0,6], we have Wy[u’]

system
o’ + VP’ = A,
v-u’ =0,
ol — L(Ade "), in T x [0, 6] (4.3.2)
(u’,d% t 01: (1o, do)

which can be solved by the standard theory. Suppose now we have solved the (4.3.1) for
T? x [0, k#] with 0 < k < N — 1, then we need to solve (4.3.1) in T? x [k6, (k 4+ 1)6] with

B AN ) i T3
(4, d)e—sa = lipy (s, d*) (1) in T

With smooth coefficients, we can solve (4.3.1) by the Faedo-Galerkin method. For a pair of
smooth test functions (¢,v) € V x H*(T* R?), the weak formulation for (4.3.1) reads

4 u9~<z5d:c—/ (Te[u’] @ u?) : Vodr
T3

dt Jrs
:—/ (gb-V\Ife[d"])-(Ade—f(d"))dx—/ of(? d% : Vede, (4.3.3)
T3 T3
and
d
i@ | vd’ : Vipdzr — /T 3(u9-V\119[d9])-A¢dx
= / L(Aolg—f(de»-Azz)d:z:— / QOWy[d?] —ﬁA"%[de] CApdr. (4.3.4)
T3 —)\1 T3 )\1

Multiplying (4.3.1); by u’, and (4.3.1)5 by —Ad? + f(d’), integrating over T?, and adding

them together we get

d

1 012 1 012 0) / 1 0 0y\12
— = —|Vd F(d))d —1Ad” — £(d")|*d
g LGP SV (@) dr s [ ad’ g
- / oh(? d?) : vulde + / (Qe\llg[de] _ 2

T3 T3 A

1

Aellfg[de]> -(Ad? — £(d%))dz, (4.3.5)
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and substituting o} (u’,d?) in we get

/Tg og(u’,d?%) : Vulds = /W oy (u’,d%) : (A" +Q%)dx

= [ [ra P wola" " AP A sl AP+ ) V)T ADof)+ (i — ) (V) 2 )
+ (s + 16) [ A" [d”] | + (115 — p16) (A" Wg[d”]) - (W, [de])}dx

= [ [l A A% s+ A

+ M(NOTQOW,[d?] — My (N)T AW, [A%) + Ao (APT4[d?]) - (Q7Wy[d]) |d.

Then we plug in
A 1
N = ; AW, [d?] + —)\(Ade — £(d%)

1

1
and by the fact that V - u’ = 0 we have the following identity

vu’ . (Vvu’)dr =0,

’]I‘3

and hence

/M]A‘)]Qda::/ B (v 2 + (Va2 + 2V« (Vu?)T)da
T3 T3 4
:/ B guf2da.,

2

To sum up, we have

d Lioge 1 012 9) /(M 012 1 0 92)
— — + - |\Vd’]* + F(d%) | d — |V —|Ad” — f(d d
dt oo <2|u| 2| | (d°) ) dx + - 2| u’| +_/\1| (d)|" ) dx

)\2
+ / lm|q;9[d9]TA9\1/9[d9]|2 + (ug, + g+ ;) |A9x1/9[d9]|2] dz = 0. (4.3.6)
T3 1

Applying the integration by parts to Ad? - f(d?) yields

/ Ad? - £(d%)dx = — / d?, (F(d?));. dx
T3 T3 J
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- / a?, [(1d°? — 1)d’] . dx
T3 ’
- _/ VA 2(|d)? — 1)de + 2/ df, dydy , dfdx
T3 T3

= —/ (—|vad?? +|vd?|?|d?? + 2|(vd?)"d’|*)dz.
’]1‘3

Hence

/ AdY? = / (JAd® — £(d%))? — |£(d%)|* +2Ad’ - £(d?))dx

:/ (|Ad"—f(d9)|2+2|Vd9|2)dx—/ (E(d)[2 + 2|V’ [2[d° P + 4](Vd®)Td’ ) da
T3 T

3
< / (jvd? — £(d%)* + 2|vd’|*)dx
T3
From (4.3.6), we have that

sup

T
/ (|u9|2+|Vd9|2)dx+/ /(qu9|2+|Ad9|2)dxdt
0<t<T JT3x{t} 0o JT3

T
< sup / (0?2 + |vd®|?)dz + / / (IVu’)? + |Ad? — £(d%)? + 2|Vd’)?)dxdt
0<t<T JT3x{t} 0 JT3
S C(T, )\1,#4,110,(10). (437)
In other words, we have that {(u’, d’)}o-p<; is uniformly bounded in L L2NLZH: x L HN

L?H?(Qr). Therefore, after passing to a subsequence, there exist (u,d) € L°L2 N L7H} x
L*H! N L}H?(Qr) such that

w —~u in L°L2 N L2HNQr), (4.3.8)
d’ ~d in LPH! N L2H(Qr).

30
By the Sobolev and Holder inequalities, we have that Vd? € LI°L#* d’ € L;°L!°. In fact,
we can show

T T
| IV < [V Ve
0 z 0
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T
< sup (VA3 [V
o<t<T “Jo v
T
<V sy [ IVt

0

< N e pry 19”172 112,

[ iaia < [, (1.39)

Recall the u’ equations, we have

o’ — —A + VP! = —Wy[u’] - Vu’ — VI,[d?] - (Ad® — £(d?)) + V - 55 (u’,d’),
V-ul =0,

where o5(u’,d%) = ol (u’ d%) — 4 A°. By the standard theory of linear Stokes system, we

have

o],

% (Qr) +L3([0 T|,W~ 3(’]1‘3)) < C<T7 )\17 M4, Ug, do)

And the d? equation

1 1
— —f(d%).
= o f)

A
22 400 ,[d") i
1

o,d? —
t )\1

Ad? = —u’ - VIy[d’] + Q' Ty[d’] —
From the estimates for the linear parabolic system, we have

QT)+L2([O ), L2 (T3)) < C(T7 )‘17 )\27 M4, Ug, dO)

o’
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Hence by the Sobolev embedding Theorem and Aubin—Lions’s compactness Lemma, we can

conclude that, after passing to a possible subsequence, as § — 0,

w = u in Lpl(QT),1<p1<130,

Vu’ - Vu in L*(Qr),

d’ —d in L”2(Qr),1 < py < 10,

vd? — vd in LP(Qr), 1 <p < 130 (4.3.10)

v2d’ — vid in L*(Qr),
N? =~ N in L*(Qr),
APWy[d’] — Ad  in L*(Qr).

From (4.3.10) and the lower semicontinuity property we can justify that (u,d) solves (4.1.6)
in the weak sense and the global energy inequality holds. Next we want to justify the local
energy inequality. The key step is to obtain the estimate on the pressure function P?. Taking

the divergence of (4.3.1); yields

~AP" = div’(Up[u’] @ u’) + div (V¥[d’] - (Ad” - £(d’)))

+ div? gk (u?,d%), in T®. (4.3.11)
By Calderon-Zygmund’s LP-theory, we can show
||P€HL§(QT) < C(llaollz2(r2y, [|doll 1. (v3y, T)-
Hence, there exists P € L%(QT) such that as § — 0,
P’ = Pin L3(Qy). (4.3.12)

Now we derive the local energy inequality for (u’,d?, P?). For n € C5°(T?® xR, ), multiplying

(4.3.1); by u’n, integrating the resulting equation over T?, we obtain



1
—|—/ —[a?PWylu’] - Vnda +/ PPu’ - Vndx
T3 2 T3

— /T 3 [(u? - VUy[d’]) - Ad® — (0’ - VU,y[d%]) - £(d%)|nda

— / (og(u?,d%) : vuln + of(u’,d% : v’ ® Vn)de. (4.3.13)
T3
For the Ericksen stress tensor term, we have

/T 3 nog(u’, d?) : vu'de
= /T K [m(qx@ [d]" AWy [d’])(Wg[d?] @ Wg[d?]) + 2N’ @ Wo[d’] + p3Wg[d”] @ N + 14 A”
+ s AT [d%) © Wy[d?] + 16 ,[d] @ A"xpg[de]} (A° + Q%)da
= [ [ POl A" AP sl AP+ ) V)T Aol (2 — ) (V) T
+ (15 + 1) [A"W[d°]]* + (5 — pu6) (A" Wp[d"]) - (Qe%[de])} dx
= [ i ol A" AP sl AP+ s+ ) A"l

+ M (NOTQOW,[d?] — Ao (NTAPW[d?] + Mo (APWy[d?)) - (Q0Wy[d?])|du.

Now taking the gradient of (4.3.1)3 yields

—i(AdG — £(d%) + Q'W,[d’] - 22

o,vd’ +V(u’ vyyd’]) =V [ Z A%y, [d"]] .

Now multiplying the resulting equation by Vd’n, integrating over T, we arrive at

d 1 1
— | =\vd?*nd /Ad“d
7 T32| |“ndx + Ts—M' |"ndx

:/ ;lVdﬂzﬁmdaj

T3

- / (u? - Vy[d%]) - (Ad’n + Vi - Vd?)dx
T3

1 1
—/ {Adg(vn-Vde)JrV(f(da)):Vden dz
T3 -\ -\

_/ <99\y9[d9] - ;QAG\IIQ[dGD (V- vd?)da
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A
- / 3 <Q‘9\119[d9] - ; A"%[dﬂ) - Ad’ndz.
T

M
Moreover, multiplying (4.3.1)3 by £(d’)n, integrating over T%, we obtain

4
dt Jrs

= [ IF@)an = (- 9wla) - £y

1
F(d%)ndx + / ——|£(d%)|*ndx

T3 —A1

- / L [VE(d") : vd'y + (V- V) - £(d)]de

3 T AL

+ / (Q"\p@[df’] — A2,49\119[c1"]> £ (d%)ndz.
T3 A1
Follow a similar cancellation as in Lemma (4.2.1), we have

/Ts ”[M(N TQW[d] — Ao (N?)T AT [d] + Mo (A"W[d”) - (QWy[d"]) |da

+ [ (Qelpg[de] — iz

T3 1

Aellfg[de]> - (Ad? — £(d%))dx
N / Nl = X A?W[d’] — Ad” + £(d%)] - (27 Wy[d”])da

- [ [—ﬁwe[de] ~2ad’ - f(d%)] (A", (")) da

1

+ /Ta Ao(APW[d?)) - (Q0Wy[d"])dz + /TB 0 <Qe%[de] _ iQ

1

)\% 0 07112

Putting forward with identities

/ 14| A% Pndx = ,u4/ (Vu’ *ndx — M/ (u’ - vu’) - Vndz,
T3 2 T3 2 T3

and
1 0 9
— —Ad” - (Vn-Vd’)dx
T3 —A1

1
- /Ts o |vd’|?Anda
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(4.3.15)

A”%[d"]) - (Ad? — £(d?))dx



+ / . ——(vd’ o vd’ — |Vd’|’13) : Vnda,
T3 —AL
we can add (4.3.3), (4.3.4) and (4.3.15) together to get

d 1 1 " 1

i [, (G IV + P ) e+ [ SO0 + A + i) o
)\2

[ [l wold?) A% ) + <u5+u6+ )|Awd9]| ]ndas

(u’ - vu’) - Vndz (4.3.16)

L
1
N / (|u|29m + f|u9|2\lfe[u9] -V + Pu’ - W) dr 4+
T3 2 2 2 T3
/ of(u’,d? : v’ @ Vndx
T3
1 1
+/ <|Vd9|26t77+ |Vd|2An> dx—l—/ (u? - Vy[d?]) - (V- Vd?)dx
s \2 —2)\ T3
1
+ / ——(Vd’ o vd’ - |Vd’P’ly) : V?ndx
A
- /T 3 <Q"\I!9[d9] - ;A"%[d"]> (Vn - vd®)dzx

+ /T 3 F(d%)ondx — /T 5 —1Al 2VE(d’) : V' + (Vi - Vd’) - £(d)] dz. (4.3.17)

Finally, we send 8 — 0 in (4.3.17), by the lower semicontinuity we have the local energy
inequality (4.2.1) holds for (u,d, P), and hence, (u,d, P) is a suitable weak solution to
(4.1.6).

4.4 Blowing up argument

1
Lemma 4.4.1. For any M > 0, there exist ¢g = eo(M) > 0, 0 < 75(M) < 2 and
Co = Co(M) > 0, such that if (u,d, P) is a suitable weak solution to (4.1.6) in T* x (0, 00),
which satisfies, for v > 0 and 2o = (w0,t0) € T* x (1%, 00),
| = ][ ddxdt‘ <M (4.4.1)
Pr(z0)
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and

2
P(20,7) ::7”2/ (Jul® + |Vd|*)dzdt + (7’3/ ]P]gdxdt> (4.4.2)

PT‘(ZO) PT(ZO)

>
+ (7[ |d — dzw|6dxdt> <ep, (4.4.3)
]P'r(z())
then
1

(29, To1) < 5 max {@(zo, ), C’Or3} . (4.4.4)

Remark. In the absence of mazimum principle for the director field d, the L°-norm of
the mean oscillation of d plays the role in obtaining the (local) boundedness of (u,Vd) €
LPL2N L?H} in (4.4.11). By closely examining the proof of Lemma (4.4.1), the L°-norm
can be relaxed to the LP-norm of the mean oscillation of d as long as p > 5. However, this
does not seem to improve the estimate of the dimension of the singular set ¥ of (u, Vd),
since we can only obtain d € W%}%, which can yield the boundedness of L% -norm of the

mean oscillation of d (see (4.5.4) below).

Proof. We proof it by contradiction. Suppose otherwise, then there exists My > 0 such that

1
for any 7 € <0, 2), there exist & — 0, C; — 00, r; > 0, and z = (x3,4;) € T* x (r?, 00) such

that
|dz1,ri S M07 (445)
and
@(Zh Ti) - 6?7 (446)
but
1 3 3
O(zi,713) > 5 max {51 , G} } : (4.4.7)

From which we can conclude that

g3 3
ri < : - — 0.
2C; max {7"4, 87'_5}
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Define the translating-rescaling and blowing-up sequence by
(w;,d;, P) := (riu, d, 72 P)(z; + riw, t; + rit), Vo € R? ¢ > —1,

and

where

£
I

][ didxdt.
P1(0)

It is straightforward to check that (u;, ai, fA)l) satisfies

][ didzdt = 0,
Py (0)

|El| = ‘dzini S MO;
2
/ (Il + |Vdi[*) dadt + (/ |13i|§dxdt>
IP1(0) ) IP1(0)
. 3 (4.4.8)
+ ][ \d;|Cdzdt | =1,
P1(0) 9
72/ (I8l + [Vdi|*) dadt + <72/ |]3i]3dxdt>
P, (0) P, (0)

q 3 6 % 1 Ti 3
+ |d; — (di)o-|°dzdt | > =max{1,C; () .
P-(0) 2 £

Furthermore, (1, d;, ]51) is a suitable weak solution of the blowing-up version of (4.1.6):

2

08 + 5% - Vi + VP = AT = —5Vd; - Ady + 2-Vd, - £(dy) + V- o,
Vot =0, (4.4.9)

~ - A ~ 1 ~ 2
8tdi + 5jﬁj . le — Qidi + &Ajdj = 7(Ad1 — ﬁf(dl)),
A |)\1| €i

where

~ 1
Aj = §(Vﬁi + (Vw)"),
1

= 5(Vi = (Va)"),

o)
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]/\71 = 8tai + €ﬁi : Val — Qidi
and

6L = (AT Adi)d; ® d; + o N; @ s + pads ® N

+ ,U51211d1 ® d; + ped; ® Ad;.
From (4.4.8), we assume that there exists
(@, d, P) € L*(P1(0)) x LW, 2(P1(0)) x L (1(0))

such that, after passing to a subsequence, as i — oo,

~ o~

(G, di, P) — (8,d, P) in L3(P1(0)) x LEW3(P1(0)) x L2(P1(0))).

By the lower semicontinuity we have that

2 2
/ (18 + |Vd[*) dadt + </ |13|‘2’> + (7[ |E1|6dxdt> <1. (4.4.10)
P1(0) P1(0) P1(0)

We claim that

Qill oo 2Lz e, (o)) + [1dill o iz a2 (e, (0)) < C < o0 (4.4.11)

[N
Nl

We choose a cut-off function ¢ € C;°(P1(0)) such that
0<¢p<1,¢=10nPi(0), and |0,¢| + [Vo| + V¢l < C.

Define
r — T t— ti

oi(x,t) == q§< P ) . V(z,t) € T x (0,00),
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let n = ¢ in (4.1.12), by Young’s inequality we get

sup / (la]* + |Vd]* + F(d)) ¢ida

2 .
ti— % <t<t; Bri(:)

+/ (|Vul* + |Ad]?* + [£(d)|* + |Ad|?)p?dzdt
]PTi(Zi)

< C[/ <|U|2|3t¢12| + [u}|Ve?| + |P||U||V¢12|) ddt
HDTi(zi)

[ (uPIVol + jalaf Ve dsd:
Py, (2i)

+ [ (IVaPia?] + [VaFIAG + [ullVdP|Ve) dud
IP)T“i(zi)

+/ |d|?|VA|?*|V ¢ |*dxdt
Pzi Zi

w [ (F@ae+ (VE@IIVAE + VAV ) dudt]
P, (2

By rescaling and using the estimate (4.4.8), we get

1
—=+<t<0 1
4= 3

2
SC[/ (16l + &l @[ + =] B ) dud
P1(0)

+/ (|ﬁi|2+ ‘ﬁi|2|di|2) dxdt

P1(0)
+/ (VA + e[|V, *) dadt

P1(0)
[l

P1(0)

2

+/ (;F(di) +|Vvdi? +rflvai|2|8df(di)|> dxdt]
P1(0)

i

<C.

This yields (4.4.11). Hence we may assume that
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sup/ (|ﬁi|2+|Vai|2>dx+/ <|Vﬁi|2+|v2(§i|2)dxdt
B1(0) P, (0)

(4.4.12)



From the fact that = — 0 and | didxdt| < My, we have
&j P1(0)

][ didwdt|
P1(0)

_ 6
P1(0)

< Cg+ My, <C.
Thus by (4.4.11) and the Sobolev-interpolation, we have
||di||L10(IP’%(O)) <,
and there exists a constant d € R?, with |d| < My, such that, after passing to subsequences,

ai—>a,

d; — d in L5(P1(0)). (4.4.13)

N

We can deduce that (i, d, P) solves the linear system (in the distribution sense):

ata+v13—%Aﬁ:v-aL,

V-i=0, (4.4.14)
PO VS 1 -
d,d —Qd + )\—iAd = mAd,
where
A ;(va +(va)"),
0= (Vi (Va)")
N =09,d-0d,
and

6 = pu(d Ad)d @ d + N @ d + psd @ N + psAd @ d + pied ® Ad.
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(0). P e L=(~ = 00>

By (4.4.10) and Lemma , we have that (@i,d) € C*(P T

0)))

N
Al

satisfies
~ ~ 3 2
7—2/ (18 + |Vd[*) dadt + (ﬂ/ |P|2dxdt>
P, (0) P, (0)

2
/ (18 + |Vd[*) dadt + (/ |P| )
Py (0) Py (0)

%
1
<Cr, Vre (0, 8) , (4.4.15)

e

< Cr?

1
2

and Jap € (0, 1) such that

. 3 . 1
<][ |d0,T|6dg;dt> <c ][ @Pdedt| 70 < or, vre (0.0). (1a6)
-(0) Py (0) 8

We now claim that

D=

(ti;, Vdy) — (4, Vd) in L3(P:(0)),

R, : (4.4.17)
d; —d in L6(IED%(O)).
In fact, from (4.4.9); 3 and (4.4.10) we can conclude that
[reasny o s a-1d <, (4.4.18)
LHZ L7 L3 +LE (B3 (0)
and
[t < C. (4.4.19)

L3 (P4 (0))
8

Whence (4.4.17) follows from Aubin-Lions’ compactness Lemma. This implies that for any
1
€(0,-
! ( ’ 8)’

72/ ([&f” +[Veh|*) dodt = 72/ (|6 + |Vd[*)dzdt + 7 %0(1)
P, (0)

P-(0)
<O +77%0(1). (4.4.20)
JE 3
(7[ d; — (di)077|6d:1:dt> < O7% 4 0(1), (4.4.21)
P~ (0)
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where lim o(1) = 0.
1—00

Next we need to estimate the pressure P. By taking the divergence of (4.4.9); we get
that

. ~ ~ 1~ 2
—AP, =¢; div? [ﬁi ®u; +Vd; © Vd; — <2|Vdi|2 + T.;F(dl)) 13]
&j
_|_ diV2 |:,LL2]/\71 ® di + ,U3di ® ]/\71 + ,U«5Aidi ® di —|— I[,L6di ® A\idi:| iIl Bl' (4422)
We claim that
72 / |ﬁi|%dxdt < C1+Cr7 %5+ 0(1)). (4.4.23)
+(0)

In order to achieve (4.4.23), we will show the following strong convergence in L?*:

(Vii, Ady) — (Va, Ad) in L*(P3(0),

A v (4.4.24)
Aidi — Ad in L (]P)% (0))

In order to prove (4.4.24), we subtract (4.4.14) from (4.4.9) we get that

(ﬁi, d;, Pi) = (ﬁi -1, ai - a>

)

- P)
solves the following system of equations in P (0):

_ L g2
0t + VP — B A® = —eity - V& — 5V - Adi + 2 Vd; - £(d) + V- (5) — 7).

div ﬁi = O,
~ 1 ~ - -~ 1 T'~2 ~ )\2 -~ ) <A )\2 M)
(9 di — 7Ad1 = —&u; - le - — = di + Qidi — 7Aidi — Qd — 7Ad .
A R ( A iy
(4.4.25)

It turns out that (4.4.25) enjoys a local energy inequality which leads to (4.4.24). In fact,
multiplying (4.4.25); by w;n, and the gradient of (4.4.25)3 by Vd;n, integrating the resulting
equation over R® x [0, T], and by integration by parts, we obtain that

t
/|ﬁi!277($7t)d96+u4// V| *ndads
R3 0 R3
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t
< [ [ @ andsas
o Jus 2
t
+ / / [€i|ﬁi’2ﬁi . V?] + 281(1/11 : Vﬁl) . ﬁT] + 2P1ﬁ1 . Vﬂ} dxds
0 JR3
2

+2/t / [_(givai.Aag.( — Q)+ - (Vd; - f(d)).ﬁm] dzds

- 2/ / (6F — &%) . (Vi — Vin + 0; ® Vn)dads, (4.4.26)
R3

and

t
N 1~

/ \Vdi|*n(z, t)ds + 2/ ——|Ad;|*ndxds

RS ko |1

t ~ o~ o~ ~
< / / [|Vdi|2(8t77 + B |An) + 26(1i; - Vd;) - (Adinp — Adn + Vi - Vdy) | dds
RS

) - (Adyn + Vi - Vdy)dxds

R3 P\l

9 / / (O, — :\\QA d;) — (Od — iQAd)] (Adw — Ady + Vi - Vd)dads.  (4.4.27)
0 JR3 1

We have the following cancellation identities:

/ / : Vuyndzds +/ / )-Aamdxds
]R3 R3
Ao ~
M5 + Ue + ‘A d | ndxds -+ i — 7Aidi)nd$d5,
RR3 R3 51 At
/ / Gt Vindrds +/ / (Qd — —21@) - Adndzds
R3 R3
/ / (M5 + e + ) |Ad|271dl’d8
R3
/ / ol . Vindrds +/ / (Qd — —2@) - Adindzds
0o Jrs 0 Jrs A1
t )\% N N t . . )\2 N . .
= ws + pe + — | (Aid;) - (Ad;)ndzds — Q(d; —d) — —A(d; — d)] - Adindxds
R3 Al 0 R3 )\1
Ao -
/ / (Qd; — 22 Ady)ndads,
RrR3 Ei >\1
t . )\2 N .
/ / ol Vandzds —|—/ / (d; — —Aid;) - Adndzxds
0o Jrs 0 Jmrs A1
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t 2 t R B R
= / / <u5 + pe + >\2> (A;d) - (Ad)ndxds —|—/ / [Q(di —d) — &A (d; — d)] - Adndxds.
0 R3 )\1 0 R3 )\1

Now we add (4.4.26) and (4.4.27) together to get

t
/ (&l + VAP, t)de + / / (VP + 2| AQP)ndads
R3 o Jrs |>\1|

t )\2 R o
+ 2/ / <,U5 + e + 2) (|A1d1 — Ad|2)7’]d33d8
0 JR3 )\1

¢ N ~ 1
< / / |a;]? (0 + &An) +|Vdi]*(0m + ——An) | dxds
0 Jre 2 | A1]
t
+ / / €i|ﬁi|2ﬁi -Vn 4+ 2&(q; - Voy) - an + 2P; - Vn} dxds
R3

+2/ /3 l ) - Adiy + 62 (Vd; - £(d;)) - ﬁm] dxds

1

+2// &i(t; - Vdy) - (—Adn + - Vd;)dads
0 R3

7’12 -~ )\2

R3 Ei 1

L
+2 / t / ﬁif(di) (Adin + Vi - Vd,)dxds
/ / A

R3 Ei | A1l

+2 / / Q d >\2A(d d)] - Adndxds. (4.4.28)
R3

From (4.4.12), (4.4.13), (4.4.18), and (4.4.19) and the Aubin-Lions lemma, we can pass the
limit in the R.H.S. of (4.4.28) to zero, this implies (4.4.24).
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3
Let n € CSO(B%(O)) be such that 7 = 1 in Bs (0), 0 <7 < 1. For any _<§) <t <0,
define PV(-,t) : R* = R by
p(1) ) 2 S 3 3 s 1t
P(,t) = . ViG(z —y)ni&|w @ u + Vd; © Vd; — (§|Vdi| + gF(di))Is

+ [Mzﬁi ®d; + p3d; ® N, + NSA\idi ® d;j + ped; ® Aidi}

_ [mﬁ@@ d+pusd® N + s Ad @ d + ped @ AH] }(y, t)dy, (4.4.29)

~

and P (- 1) == (P — é(l))(-,t). Then
~AP? = div* [oN @ d + psd ® N + ps Ad @ d + pigd @ Ad] in B (0).

For P ). by the Calderon—Zygmund theory and (4.4.24), we can show

2

+ HdiHLG(B%(o))HNi - NHL2(35 )+ [|di — de HNHL2

é d

00
(XJ

+ ||di||L6(B%(o))||Aidi - Ad||L2(B%(0)) + [|di — d||L6(B§(0))||Ad||L2(Bg(0))}

< C(e+o(1)). (4.4.30)

Form the standard theory on linear elliptic equations, P* € C*™(B 16( )) satisfies that for

any()<7‘<3—2,

9 5(2) 2 5(2) 3 2 33\ (5
T |P™|2dxdt < Ct | P |2dxdt + ||(V*Q, V d)”Loo(]P . (0))
-(0) Py (0) %

L 32

<COr / (|j51|% + |]3i(1)\%) dzdt + ||(V?4, V3d)”L<>°
P9 (0)
3

(P9 (0)

32

< Or(1+ &+ o(1)). (4.4.31)
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Putting (4.4.30) and (4.4.31) together we get (4.4.23). It follows from (4.4.20), (4.4.21) and
1

(4.4.23) that there exist sufficiently small 7, € (0, Z) and sufficiently large iy depending on

To, such that for any i > iy, it holds that

R . 3
702/ (I8l + [Vdi|*) dadt + (rOQ/ ]Pi|3da:dt>
P, (0) Pr,(0)

1
S I
+ (][ |d1 — (di)gﬂ—olﬁdl'dt) < —.
Pry (0) 4

This contradicts (4.4.8)3. Hence the proof of Lemma 4.4.1.
0

In the following lemma we will establish the smoothness of the limit equation (4.4.14).

Lemma 4.4.2. Assume that (4,d, P) € (L°L? ﬂLfH;)(]P’% (0)) x (LZH! N L?H:f)(IP’%(O)) X
L%(P%(O)) is a weak solution of the linear system (4.4.14), then (4,d) € C=(P1(0)), and

1
1

the following estimate

7‘2/ (16 +[Vd[* + | P|?) dadt < 073/ (16 + VAP + |[P|?) dedt  (4.4.32)
+(0) P (0)
2

1
holds for any T € (0, §>

Proof. The smoothness of the limit equation (4.4.14) doesn’t follow from the standard theory
of linear equations, since the source term of U equations involve terms depedning on the
third order derivatives of d. It is based on higher order energy methods, for which the
cancellation property, as in the derivation of local energy inequality for the suitable weak
solution to (4.1.1), plays a critical role. This strategy has been adapted by Huang—Lin—Wang
[38, Lemma 3.2] for the full Ericksen—Leslie in 2D. However, it is more delicate here due to
the low temporal integrability of pressure. To address this issue, we split the pressure into

two parts PWM and P®, where P solves the Poisson equation involving (Vu, Aa) which
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belongs to L?, and P®_ while is only L% in time, is harmonic space. In fact, by taking the

divergence of (4.4.14);, we have P satisfies the following Poisson equation:
—AP = —div’6" in P1(0). (4.4.33)

Let ¢ € CSO(B%(O)) be a cut-off function of B%(O), ie, (=1on B%(O), 0 < ¢ < 1. Define
PO 1) R - R,

~

PW(x,t) = — y ((y)VEG(z —y) : 6 (y, t)dy,

and P? (. t) :== (P — PW)(-,t). For PV, by Calderon-Zygmund singular integral estimate

we have

s < C H(va, Ad)(-, 1)

IN
~
IN
=)

Hp(l)(.J)

|

L2(By)’

1
2

By integrating the inequality above in time we get

J

For ]5(2), it is easy to see that

PO Pdudt < © / (VAP + |Ad]?)dudt. (4.4.34)
)

© P1(0)
2

1
2

~AP® —0in Bs.

oojw

By the interior estimate of harmonic function we have

J

VPO 3 dadt < C / PO dudt (4.4.35)
P

© 30

S
16

|ﬁ|§dazdt+c/ PO 2dzdt + C
) P1(0)
|13|§da;dt+c/ (IVa|]? 4 [AdP)dzdt + C, 1=1,2.
) P1(0)

(0

(0

[
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Taking 0,, of the linear equation (4.4.14) yields

O, + VP, — %Aﬁxi —V 6,
divu,, = O

(4.4.36)
~ D
d, — —Ad, =
at Ti |)\ | Ti (

For any n € CSO(B% (0)), multiplying the equation (4.4.36); by t,,n?, the Vd,, equation
from (4.4.36)3 by Vd,.n?, integrating the resulting equations over B , we obtain

d <12, 2 212, 2

— |Va| n“dxdt + puy V4| dx

dt I 5 0) B3 (0)

N 2/ (Potiy, - V() — B2V, « 6, © V(?)|da
B%(O) 2

— 2/ (6o, @ Ugy @ V(0?) + Gy, : VUg,n?|dx
B (0)

(4.4.37)
d IV2d[*nPde + — |AVA|*n?dx
dt % 0) ‘)\ ‘ B 5 (0)
= —2/ —V, del de. ® V;(n?)dz
B (0 |>\1|
— )\2 S5 >\2 q .2
9 (0 — T2 Ad),, - Vi, Vi) + (Qd — [2Ad) - Ady ). (4.4.38)

Once again, we have the following identity

A ~
/ Go, : Vg ndr + / (Qd — 22Ad) - Ad, ndx
B, (0) 55 (0) At
16 1

/\2
= / <M5 + e + ) |Ax1d
B%(O)

TStrickly speaking, we take the finite quotient DJ;L of (4.4.36) (j=1, 2,3) (see Evans) and then send h — 0

2 de
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Now we add (4.4.37) and (4.4.38) together to get

d
dt B (0)
16

vz f
B

(VG + [V2aPppde+ [ v+
B

AVA|?)n’dz
) rlAvaR)y

j
16

)\2
<M5 + e + > |A d|2772dx

= 2/ P, - V(n?)dzx
B (0
16
1 N
2/ PTG, 0, © V) + 1y ViV, - Vi, © V(07))d
B (0 | A1l
16
Ao ~—
2/ G, : Ty, ® V(0?) + (Od — 22 Ad),, - Vid,, V;(n?))dx
Bi )\1
16

We have the following estimates:

<2 [ (PWa V)« PO Vir))de 2] [ & POV ()
B% (0) B 5 (0)
1 ~
<1 |V2ﬁ\2n2dx+0/ (VP + Va2 |vnR)dz + ¢ [ [PO]2de
32/ 0 B4 (0) sptn

+C (la]? + |[VP?|2 + |V2PP|2)dz,
sptn

1 ~ -
| < / (V%[ + ]AVd|2)n2dx+C/ (V[ + [V2d[) |V Pda,
16 /5 ) Bs (0)

1 N
|I5] < / ()(|v2a|2 IAVd[?) 2dx+C/ (|Va* + |V2d]*)|Vn|*da.
Bs 0 j

Hence we have

d - ~

— (|Vﬁl2+|V2d|2)n2dx+/ (V[ + |[V3d]?)nPde

dt Jp B (0)
16 16

SC/ (V)% + |V2d)? + | PO + [6]? + |[VPP|2 + |[V2PO)|3)da. (4.4.40)
spt
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By Gronwall’s inequality, we can show

—(35)2<t<0

sup / (|vay2+|v2a\2>n2dx+/ / (V262 + |V3dP)rdadt
B O)x{t) ~(gr<i<0 )B4 0)

< C/ (IVal]? + |[V2d|? + [a)® + | P|?)dxdt + C. (4.4.41)
P; (0)

1
2

~ 1
For the pressure P, taking the divergence of the equation (4.4.36); yields that for any ~1 <
t<0,
—AP, = —div?5,, in Bs. (4.4.42)

16

We have
/ IVP|2dzdt < C (|54 |% + | P|2)dxdt
Py (0)
4

Po
cof
P

Now let n be a cut-off function of Bg%, ie, n=1in B%. Then, by combining (4.4.41) and
(4.4.43), we obtain

¢!
[

(0)
(IV26]2 + |V3d|? + |P|?)dadt < C. (4.4.43)
(0)

9
32

sup / (IVa)? + |vd[*)de + / (IV26[? + |V3d[? + |V P|? )dadt
—(})2<t<0 /By P,
1 B (4.4.44)
-~ ~ 3
< O/ (|G + |Vad|? + |V2d|* + | P|2)dzdt + C.
g
It turns out that we can extend the energy method above to arbitary order. Here we sketch
the proof. For nonnegative multiple indices ,~ and ¢ such that v =+ ¢ and ¢ is of order
1, |8| = k, then (V°4, v'd, Vﬂﬁ) satisfies

0,(VP4) + V(VPP) — %A(Vﬁﬁ) = -V (VP5h),

div(V?a) = 0, (4.4.45)
(V7d) — - A(V'd) = V(Od — 22 Ad).
Al A1
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By differentiating (P", P®) (k — 1) times we can estimate

/ IVE PO 2dzdt < ¢ [ |(VFE, V) 2ddt, (4.4.46)

Pl ]P)l
2 2

and

/ VPO dedt < C | |VF'Pl2dadt + C [ |(VFG, VRA) Pdadt + C, 1=k k+ 1.
P 5 P1 P,
16 2 2

(4.4.47)
Multiplying (4.4.45); by (V7G)n? and (4.4.45)3 by (V?d)n? and integrating the resulting

equations over B%, and by the same calculation and cancellation, we obtain

d ~ ~
o (|V*a)? + [VFd ) nPda +/ (|VEHa)? + |VA2d )2 nde
B s

B 5
16

(IVF[2 + [VHA 2+ [V POR 4 VA1) 4 [VEPRE 4+ [TR PO S ) dy

5
16

IA
Q
s

< C/ (IVFa)? + [VEAP 4 V') + |VF 1P| 2)dadt + C. (4.4.48)

Py
2

For P, since
~A(VPP) = div*(VP5") in B> , (4.4.49)

16

we have

/ \V*D|2dxdt < c/ (VFH4, V’“*Qa)|3dxdt+0/ IVF1P|2 dadt
P

1 Pg Po
! ” ) & (4.4.50)
<C / |(VF4, VF2d) | 2dedt 4 C / VA1 P|2dadt + C.
P& ]Pi

By choosing suitable ¢, as above, we can integrate (4.4.48) in t to get

sup / (|vka|2+\vk+1a\2)da:+/ (IVF4? + |VF2d)?)dadt
—(35)?<t<0/B g Py
- & (4.4.51)
3 ~ 3
< C/ (IV*A + [VF ) + |[VF14)° 4 [V P2 ) dadt + C.
Py
2
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Thus, we get

sup /(wmﬁ+wﬂﬁmm+/(WHmP+WHﬁF+wWﬁMMt

—(3)2<t<0

=]
e

<c/ (V16 4+ [VRG[2 4 (VAL 4 [V B dadt + C. (4.4.52)

From Sobolev’s interpolation inequality, we have

k=113 k— 1'\ k=112 k=12
/ VEtaPdzdt < €|V . +0/Pl(|v G)% + |VFa|?)dedt.
2 2

Substituting this inequality in (4.4.52) and by suitable adjusting of the radius, we can show
that

—(4)2<t<07/B

sup /1 qvkﬁ+wﬂmum+/(wﬂlP+wﬂ%ﬁ+wﬁwMMt
1 x{t}
4

M—‘

~ ’

Pl . ) . (4.4.53)
L2 (]P)%)

<C (H(u, v L°°L2mL2H2(]P’%)

With (4.4.53), we can apply the regularity for both the linear Stokes equations and the linear
heat equation (c.f. [32], [53]) to conclude that (1i,d) € C™ (IP’%). Furthermore, applying the
elliptic estimate for the pressure equation (4.4.33), we see that P e C’OO(IP’% ). Therefore
(i,d, P) e C*(Py) and the estimate (4.4.32) holds. The proof is completed. O

The oscillation Lemma admits the following iterations.

Lemma 4.4.3. Let (u,d, P), M,eo(M), 7o(M),Co(M), 2o be as in Lemma 4.4.2. Then there
exist ro = ro(M),e1 = e1(M) > 0 such that for 0 <r <rg, if

M
|dzo,r| S ?a (I)(anr) S 5?7
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then for any k =1,2,..., we have

|dz0,‘r§71r| S M’
®(z9, 76 r) < &3, (4.4.54)

1
(2, Th7) < 5 max {CD(ZO, Ty, C’O(Té“_lr)?’} :

Proof. We prove it by an induction on k. By translational invariance we may assume that
2o = 0, and we abbreviate dy, to d, for simplicity.

For k = 1, the conclusion follows from Lemma 4.4.2, if we choose £; such that ¢; < &q.
Suppose the conclusion is true for all £ < kg, kg > 1, we show it remains true for k = kg + 1.

By the inductive hypothesis

‘d7§717~| S M7
(0, 787 1r) < &3,

1
(0, Té“?“) < 3 max {(ID(O, T(]f_IT), C’O(Té“_lr)?’} < 5 max {5:13, CO(Té"_lT)g}

—_

for all k < kq. Thus,

®(0,757r) < = max {CD(O, o), C'O(Té“_lr)?’}

AN
NSRS NN

max {; max {@(0, Té“‘%“), C’O(Té"_QT)‘%} , C’O(Té“_lr)?’}

007“3 }

1273

<...<27k max{q)((),r)

< 27 %Fmax {5‘?, Corg }, Vk < k.
- 1—273 -

Then

N

ko

A s | < |de|+ >

0 k=1
1

M ko 6\ 6
S (f amagr)
2 (0)

k=1

d,réc - dT(I;717'

IN
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M o
<5 7 > @0, 70 1r)s
k=1

< M S 8 e [z, (-8 VR

-2 1—27
M 1 Corg \%
<A e (2))

If we choose sufficiently small ro = rq(M), &1 = €1(M), we see

’dT§OT| S M’

(0, 780y <3 < e

It follows directly from Lemma 4.4.2 with r replaced by Té“r that
1
(0, 75r) < 5 max {CID(O, T, C'O(Té“r)?’} .

This completes the proof. [

The local boundedness of the solutions can be obtained by utilizing the Riesz potential

estimates between Morrey spaces as in the following lemma.

Lemma 4.4.4. For any M > 0, there exists €5 > 0, depending on M, such that if (u,d, P)
is a suitable weak solution of (4.1.6) in R* x (0,00), which satisfies, for zy = (xo,ty) €

R3? x (7“(2), 00)
M
4

’dZO,m’ S ) and (I)(ZO:TO) S 5§a (4.4.55)

then for any 1 < p < oo, (u,Vd) € Lp(]P)T'To(Z())), de CQ(P%o(zO)) and

|d| S M in ]P)%o (Zo), [d}CG(Pm(zo)) S C(Q, M)(El + To). (4456)

[ (u, Vd)HLp(P%(zo)) < C(p, M)(e1 + o), (4.4.57)

where €1 is the constant in Lemma 4.4.5.
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11

M
Proof. Let 9 = min{(z)ﬂ’?el(M)}. For any 2 € Pra (%),

+ |dg. o]

M
§][ |d—dzO7r0’+Z§€2+
Pro (2)

|dz,r70‘ < ’dz,%) - dZOﬂ“O

Meanwhile,

(]i?(z) |d —d, |°dzdt)?

< (25fP (2) |d — dzo,?"0|6dxdt + 25|dZ07T0 B dZ’% |6)
o (2

=

1
< (2107[ d — d., ., |*dzdt + 2° ][ |d = d., , |*ddt)’
Prq (20)

Pro )

Hence we get that

Then we deduce from Lemma 4.4.3 that for any £k =1,2,.. .,

|dzrk*”—0| < M,
e r 1 T
CID(Z,T(;CEO) < 2max{(1>(z,7'é“_120),6'0(7'5_17’)3}.

(4.4.58)

By Lebesgue’s differentiation theorem, we have |d| < M a.e. in Pro (20). Furthermore, we

have
k Cars
CI)(Z,M) <27* max{@(z,m), 0o }
21 213
In2 1 . To
Therefore for 6y = € (0, =), it holds for any 0 < s < — and z € P (2p),
3’ In 7'0| 3 2 2
30
B(z,5) < Clrd+ ) ()™ (4.4.59)
To
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By the Campanato theory, d € CG(IP’%O (20)) and (4.4.57) holds. Now for ¢ € Cg° (P )(20),
from (4.2.2), (4.2.4) we can derive the following local energy inequality:

;/ (Juf* + |Vd|2)gb(m,t)dx—|—/0 /T?)('M;|Vu|2—l— Be ||Ad] Yo(z, s)dxds

/ / (Ms + e + ) |Ad|*¢(z, s)dzds (4.4.60)
g/ / (|u|2+P>u.v¢(x,s)dxds+/o (N + [VdP)a6 (e, s)drds
—i—/ /TS u-Vd)-f(d) — _—)\IV(f(d)) : Vd|o(z, s)dxds

n / /T 3 ) u® Vé+ (u-Vd) - (Vo - Vd)|(z, s)dads

0
—/ (Qd — —Ad ) (Vo -Vd)(x,s)dxds + — / / u-Vu) - Vo(z,s)dxds
0 Jrs T3

—i—/ / IVd|*A¢(x, s)dxds +/ / 7(Vd® vd — |Vd*L3) : V2¢(x, s)dzds.
o Jrs =2\ o Jm —M\1

Let ¢ € C5°(IPyy(2)) be a cut-off function of Py(z). Replacing ¢ by ¢® in (4.4.60), we can

show that for 0 < s < %,

31/ (IVul + |Ad[?)dedt
Ps(2)
< C[(2s)—3/ (|u|2+|Vd|2)da:dt+(23)_2/ (Juf* + |Vd]® + |P|})dedt]  (4.4.61)
[PQS PZS
3 209
<C(r} +€1)(r0)

Now we are ready to perform the Riesz potential estimate. For any open set U C

T? x R,1 < p < oo, define the Morrey space MP*(U) by

M) = { € D)5 1 By = _sup 7 [ (st < o},
zeU,r>0 P (2)
It follows from (4.4.59) and (4.4.61) that there exists a € (0,1) such that

(u,Vd) € M**0=) (P (z) ), P € M2 (Pua (2) ), (Vua, V2d) € M>42(Pua (20) ).
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Write d equation in (4.1.6) as

1 A 1
@d—MwAd:—u-Vd+Qd—A%m+wAFm)emﬁﬁlMwm@@y (4.4.62)
1 1 1 2

Let n € C5°(T? x R) be such that 0 <5 < 1,7 =11in Pro(20), [Oim| + V23| < Crg. Set
w=n*(d — dzm%o). Then

ow—Aw=F, F:=n*0d—Ad)+ (0m*— An*)(d — dZO,%o) —2Vn?-Vd. (4.4.63)
We can check that F' € ]\4%’3(1_0‘)(']I‘3 x R) and satisfies

1] < C(ro +e1). (4.4.64)

M3 30-0) Ray
Let I' denote the heat kernel in R?. Then

[V (2, 1) < Co~((,1),(0,0)),V(x,t) # (0,0),
where §(-,-) denotes the parabolic distance on R*. By the Duhamel formula, we have that

lw(z,t)| < /0 /R3 VI (x — y,t — s)||F(y, s)|dyds < CZ,(|F|)(z, 1), (4.4.65)

where Zg is the parabolic Riesz potential of order 3 on R*, 0 < 8 < 5, defined by

Ta(g)(x,t) = /R 4 55_%!?35:1/5)(\% jjuds. Vg € L(RY)

3(1—w)

Applying the Riesz potential estimates, we conclude that Vw € M 1-2a ’3(1_0‘)(T3 x R) and

1—
%,3(1—())(1,3 <R

)g ClF

M330-0) (T3 R)
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1 —
Since lim u

)~ = 00, we conclude that for any 1 < p < oo, Vw € LP(P,,(29)) and

||vw||LP(]P’LO(zO)) < C(p)(ro +e1).
2

Since d — w solves

O(d—w) —A(d —w) =0 in Pra,,,

it follows from the theory of heat equations that V(d — w) € LOO(]P)%O (20)). Therefore for
any 1 <p<oo,dé€ Lp(]P’%o(zo), and

19l e, oy < CP) 70+ 21):

O

4

We now proceed with the estimation of u. Let v : T* x (0,00) — R? solve the Stokes

equation:

oV — %Av+ VP =—div[*(u®u+Vd® Vd — *|Vd| I5)]

T div{iP(F(d) — F(d)., m)1s)

Hivi(eh — (PR @d + Pdefd),g))  (@467)

V-v=0,
v(-,0) = 0.

By using the Oseen kernel, an estimate of v can be given by
\v(z,t)| < CT(|X|)(,t),V(x,t) € T? x (0, 00), (4.4.68)

where

1
X =ru®u+(Vdovd - 5IVdlL) - (F(d) - F(d)., 3)k

(ot — (’;ff(d) @d+ /j\jd @ £(d))., )]
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As above, we can check that X € M23(1-) (T® x R) and

1 X || < C(rg+e1).

M330-0) (T3 Ry =

3(1—a)

Hence we conclude that v € M 122 #07)(T3 x R), and

IV s ey S O X i oy < Ol (469
1 3(1—a) :
Asa 2’1 %0 — 00, we conclude that for any 1 < p < oo, v € Lp(]P’%o(zO)). Since
— 2«

O(u—v)— %A(u—v) +VP=0,V-(u=-v)=0inPrn,,
we have that u — v € L®(Pw (z)). Therefore for any 1 <p < oo, u € L’(Px(z)) and

||u||LP(Pm(z0)) < C(p)(T’o + 61).
4

]

For the rest of this section, we will establish the higher order regularity of (4.1.6). Again
we prove it via a high order energy method which has been employed by Huang-Lin—-Wang
[38] for general Ericksen—Leslie systems in dimension two, and Du-Hu-Wang [70] for co-

rotational Beris—Edwards model in dimension three.

Lemma 4.4.5. Under the same assumption as Lemma 4.4.4, we have that for any k > 0,

(VFu, VFd) € (L L2 N L?H;)(IP)HT(;M)TO(ZO)) and the following estimates hold
2
sup (IVFul? + |[V**d|?)dx
t07<1+272<k+1>7’0)2§t§t0 BiHTQ(kH)TO(xO)

P

—(k+1) (20)
142 | )r0

< C(/{Z, 7”0)61.
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In particular, (ﬁ,a) is smooth in ]P’%o(zo).

Proof. For simplicity, assume zg = (0,0) and 9 = 2. (4.4.70) can be proved by an induction
on k. It is clear that when k = 0, (4.4.70) follows directly from the local energy inequality
(4.4.60). Here we indicate to how to proof (4.4.70) for k£ > 1. Suppose that (4.4.70) holds for
k <1—1, we want to show that (4.4.70) also holds for k£ = [. From the induction hypothesis,

we have that for 0 < k <[ —1,

sup / (IVFul? + |V**d)?)da
~(142700) <120 Y B er) (4.4.71)
+/ (IV¥*ta| + [ V**2d? + [VEP|2 ) dadt < C(1)ey.
P okt
Hence by the Sobolev embedding we have
/ (V"% + V') ®)dzdt < C(1)en, (4.4.72)
P

142—1

and for 0 < k <[ — 2, by the Sobolev-interpolation inequality as in (4.3.9) we have

/ (|VFu|'® 4 |V*d|*0)dadt < C(1)e. (4.4.73)
P

1o~ (k+1)

Also, for 1 <j <[ —1, we have

0
. . 4
/ (Viu, V)| | dt
—(142-i)2 L3(By15-)
0 . . 2 . . 2
< / (Viu, Vi) (Viu, vitta)|| dt (4.4.74)
,(1+2—j)2 L (Bl+2*j) L (Bprz*j)
. . 2 . ‘ 2
j j+1 j j+1
< |7 v ) LELR(B, yy) (Va, V1) e, = 09

By Lemma 4.4.4 we also have that any i € N" and 1 < p < oo,

||z (ey) < M, + [Daf(d)]cory) < C(i, M)ey,

[d] C9(P2)

o(P) < C(per.

(4.4.75)
| v,
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Notice that V™! P satisfies
1
_AVFIP — div? [VH <u ©u+Vdovd - - |VdP

(4.4.76)
_(F(d)Ts — ]ﬁ F(d)I3) — ok + ][P (’;jf(d) ©d+ ‘;i’d ® f(d))ﬂ,

Now let ¢ € C°(By,5-1) be a cut-off function of By, s-a+1) 3-a+1), and PU(- 1) : R® — R,
—(1+27H)?<t<0,

1
PO, t) = [ V2G(x —y)C(y) {u ©u+Vdovd - _|VdP

RS

(4.4.77)

—(F)L; — ][ F(d)T;) — o* + f (8@ @ d+ L2a e ta)| )

and PP (- t) := (P — PW)(-,t). For P, we have that

— (F(d)L; — 71{» F(A)l;) — ot + fp (/;jf(d) ®d+ ‘;i’d ® £(d))|(y)dy.

By Calderon-Zygmund’s singular integral estimate, with bounds (4.4.71)-(4.4.75) we can
show that
/ VI PW 2azdt < C(1)e,. (4.4.78)
P

1421

We see that P satisfies
—AP(2) =0in B1+2—(l+1)+3—(l+1)- (4'4'79)

Then we derive from the regularity of harmonic function that for 1 <j < 21,

J

IVIP@|2dzdt < C / IV P2 drdt

Py o (41) f4—(+D)

< 0/ |vl—1p|3dxdt+0/ P2 dadt
P

P
S O(l)€1

12— (+1) 4 5—(+1)

142! 1421
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Now take [—th order spatial derivative of the equation (4.1.6);, we have

(Vi) + V'V - (u®@u) + V'VP
) (4.4.80)
_ _V'v. [Vd ©Vd - |Vd[ly - F(d)l; — "]

Let € C5°(By4o-1). Multiplying (4.4.80) by V'un? and integrating over B,, we obtain®

d 1
It 7vl 22d
o 322| ufn”dx

= / Viu®u): VVup? + Vi(ueu) : Viu® V(?)]dz
Bo

+ [ VIP-Vu-V(@)de— [ VVu:Vue V(n?)de
Bz By (4.4.81)

1
+ [ v {Vd ©Vd - S[Vd* - F(d)lg} . V(Viug?)de

B>
— / Viel: V(V'un?)dzr
Bs

::Il+[2+]3+14_15-

Now we have the following estimate:

L) < /
Bs

1
< — Vi ul*nde + C lu|?|Viu*n*de
32 By Bs

-1
lu|[Viu| + 3 [Viu| |V iy

=1

(IV*taln® + [V'uln| V) da

-1
+C [ S |V ViuPyide + C |V |?da,

Bz j=1 sptn
FEIDS /B [V POV aly | V| + [V [V2 (7)) + [u] V(Y POV da
2
1
< — IV u*nde + C (IVLPW)2 Vi) de
32 Bo sptn
+c/ (lu® + |P?|2)dz
sptn

1
1I3] < (VT alg| V|| Vlde < — [ |V a?p?de + C/ \Via|?dz,
B, 32/, spt7)

24 Strictly speaking, we need to take finite difference quotient DLVZ_1 of (4.1.6); and then sending h — 0.

34Strictly speaking, we need to multiply the equation by Dith*lunQ.

185



-1
|I4] < / (|vl+1d||Vd| + ) |ViItd|[viId | + |v’F(d)|>
Bo =1

x (V™ huly® + [Vl [V ()| do

1 -1 ) )
S = |VH—1U|2772dCU+C/ (|Vl+1d|2|Vd|2n2+Z|VJ+1d|2|Vl+1_Jd|2772)d$

32 B2 B» j=1

+C | |V'F(d)|*n’dx + C/ (Via|dz.

B2 sptn
For I, let

! 1 ! A2 1 I A2

A= pp(——AV'd — =V'Ad) @ d + psd ® (—AV'd — —=V'Ad)
A1 A | A1l A1

+ VA + 15V Ad @ d + ped @ VI Ad,
and B! := V'o¥ — A, then we have

I = / (A" VV'up? + B': vV’ + A - Viu @ V() + B : Viu® V(n?)|de
By

=: Is1 + Iz + I53 + I54.

Then we get

1
|I52] < 3 VT a?n?de + C [ | VAPV dPn?de
BQ B2

-1 -1
+C Z VIt |V d PP de + C Z (Viu2| VT d Pn2de

B3 j=1 Bs j=1

+C | |VY(f(d) ® d)|[*ndz,

Ba

1 1
|]53| S 372 |Vl+2d|2n2dw + 372 |VZ+111|2772d1' + C/ |VZU|2dZL‘,
Bs B2 spt 7

-1
|I54|,§/ Vialde + [ |VAP|IVAPpPde + [ D [VITIAP VAP de
sptn

Ba Bs j=1

-1
+ [ ViV APy de + | |VH(E(D) ® d))*nPda.

BQ j:l BQ
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Now we take (I + 1)-th order spatial derivative of the equation (4.1.6)3, we have

A 1
8,(VV'd) + VV'(u-Vvd) — VV!(Qd — /\—ZAd) = T[Avvld — VV'(d)].  (4.4.82)
1 A1
Multiplying (4.4.82) by VV'dn? and integrating over By, we obtain®
d 1 +1312,,2 1 +2 312,,2
— [ ZVHAPpdr + — d|*n?d
i Jp 2V AR, Y
:/ Viu-vd)- V- (VVidn?)dx
b2 \ \ (4.4.83)
- / [Vi(Qd — /\—ZAd) - AVidp? + Vi(Qd — /\—QAd) (V(n?) - VV'd)|dzx
Bs 1 1
1

T VvV (d) : VVidnide =: K, — Ky + K.
1 Bs

Then we have the following estimates:

1
< 142 7(2,2
< 35 V2 d|*n de + C

B2

e
B

-1
K| S / IVd[|V'a] + [u|| V'] + Y [V [V (V2] + [V d | Vi) dee
B> j=1

(Vd|?| Vi *n?de + C’/ [u|?| Vi n?da
32 B2

-1
7 ViuP |Vt Ptde 4+ C

/ |Vl+1d|2dx,
2 j=1 sptn
Kol S [ Varpde s [P
B2 B>
For K, let
Cl = (V'Q)d — ;\Q(VZA)d, D' :=Vv'(Qd — ;QAd) -
1 1
then we have

Ky, = / [C'- AV'dn? + D' - AVidnp? + C' - (V(n?) - VV!d) + D' - (V(n?) - VV'd)|dx
B>
=: K91 + Ko + Koz + Koy.

44Strictly speaking, we need to multiply the equation by D}IVldUQ.
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Now we estimate

1 i S .
|Koo| < — / \V*2dPnPde + C [ |VAPIVuPpide +C | [Via VI Py d,
32 Bo B3 j=1
1
| Ko3| < — % ]VlJrlu]andx +C |ViHd|de,

sptn
-1
|K24]§/ |Vl+1d|2dx+/ VAP |ViuPnide + [ Y [Viu2 VT dPpda.
sptn Bs

B3 j=1

Combine all estimate above, and with the identity that

Isy + Ky = / (AL VvV + Ch - AV d)nPde
Bs

:/ 1|V A|n2dx+/ (15 + 1) | V' Ad da
B2

~X\V'Ad — AVd) - (V'IQd)n’dx

\

Bz
/ Ao —fv Ad + =AY d) - (V' Ad)n’dx
Bs Al
+ / Ao(VEAd) - (VIQd)n*de + / (ViQd — izv Ad) - AV'dn?dx
BQ BZ

A3
:/ ,u4|VlA|27]2dx+/ (,u5 + e + ) V! Ad|*n*dz,
BQ BQ

we arrive at

d

- (|Vlu|2—|— |Vl+ld|2) n2dx+/ (|Vl+1u|2—|— |VZ+2d|2) n2dx
dt /s,

B>

-1
< C/ ([ul|Viu]*n® + > [Viu |V ul*n?)de + C/ (IVha|® + |VI*d|*)dx
Bs =1

sptn
! C/ (IV'a? + VAP 4 [V PO 4 Juf 4 [PO)]2)de
sptn
-1
+ C/ (VAP IV Py® + > |V d P Vit idPe?) dae
Ba =1

+ C/ (IV'F(@)Pn? + [V!(E(d) © d)Pn* + V() P9 ) d
Bo

-1
+C [ (IVAP|Viafy? + [V *? + 3 VIV da

Bo j=1
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-1
+C/ > |Viu2 Vi Id Py de. (4.4.84)
B

2 j=1

By Sobolev-interpolation inequality, we have

/ | ViupPrde
B2

< | V'up

‘Vlur]

2
LS(Bs) ‘ L2(Bs) Hu||L6(sptn)

< C|V(V'un)

1
B ol BN 1L L ol Y LI / Vial2nda,
32 32 BQ

sptn

oo [V

2
L2(By) ”uHLG(SPtn)

/ \u|2\V”1d]2n2d:c
Bo

sptn

1
< — [ |V Pde + C/ |V d|*de + C Huu‘jﬁ(smn)/ |V d | n?dar,
32 B2 BQ

\Vd|?|Via*n?dx
Bo

1
< — | |VTunide + C/

— 32 Ba sptn

Vhulds + C VA2 /B Viuyde,
2

(Vd |V d Py de
B>
1
<33 |Vl+2d|2n2da:+0/ |vl+1d|2dx+C||Vd||§6(spm)/ (VI *nPd.
sptn Bs

Bs

For lower order terms, we have that for 1 <j <[ —1,

=1, 121 iea]2,2 -1 12 i1
/32 |v u| |V u| n dx S Hv un LS(Bs) ‘V u L3(sptn)
2 . 2
-1 J
S C HV(V un) LQ(BQ) ‘v u LB(Sptﬂ)

< CHVju

2 1122
d
L3(sptn) /32 Vil da
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vl v
L3(sptn) L3(sptn) ’
. Co2
V') [ViuPrPde < C||Via| / VAP da
Bo L3(sptn) B
vo|vial, vl
L3(spt ) L3(sptn) ’
. . 2
V! ][V Pda < OVt Viul|n?
L3 (sptn)
Bs sptn By
-1, |2 i+1 4112
+0 ‘ v u‘ L3(sptn) Hv d L3(sptn)’
. . 2
|Vld\2|VJ+1d\2n2dx <C ‘Vj—l-ld |Vl+ld|2n2dx
Bo L3(Sptfi) Bs
14]1? +1 ]2
+0 ’ vid L3(sptn) H L3(sptn)’

and for 1 <j, k <1l — 2 that
/ (Viu2|VFd|?n?de < C/ |Viu|*dx + C/ IVEd | da.
Ba sptn sptn

Since |d| < M in Py, by the calculus inequality for H® (c.f. [84, Appendix]), we have for
_4<t<0,

|V'F(d) <|vid

L2(sptm) ™

L2(sptn)’
!

AN

IV'(f(d) @ d)

L2(sptn) ’

Vl+1d

L2 (sptn)

“Vl+1f(d)

AN

L2(sptn) L2(sptn)
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Put all these estimates together, we arrive at

d

% (|Vlu]2+ |vl+1d|2) n2d:ﬂ—|—/ (|Vl+1u|2+ |vl+2d|2) n2d:p

B>

-2
c/ [Vl + [V £ (VP + S (Va4 [Vid )4 de)
sptn

j=1

_ 3
e / (juft + [V POR + PO s (4.4.85)
sptn

4
L3(sptn) >)

-1
(10 D) gy + SN0 T Dy ) [ (T 7
J:

B>

4

-1
+me1 me+;ﬂWJ

4WVH

jt+1
L3(sptn) L3(sptn) T HV d

Now let n € C5°(B)9-a+145-a+1) be a cut-off function of By y-a+1)119-a+1. We can apply

the Gronwall’s inequality to (4.4.85), together with (4.4.71)-(4.4.75) to get

sup / (IVha|? + |VI*d|?)dx
,(1+2—<l+1>+10_(l+1))2§t§0 By o= (t4+1) 410-(+1)
+/ (’vlJrlu‘Z + |vl+2d’2) dadt (4486)
P o= (41) {10 (14D)
S O(l)&l
Recall that V'P satisfies
1
—AWP—dwﬂV(u®u+Vd®Vd—ﬂvm%g
(4.4.87)

-4m®h—ﬁ;ﬂmgyﬁr+ﬁfﬁﬂ®®d+§?®ﬂm0]

Then by the Calderén-Zygmund theory and (4.4.71)-(4.4.75), (4.4.86) we can show

/ V! P|2dadt < C(l)er. (4.4.88)
P

142~ (41)

This yields that the conclusion holds for k£ = [. Thus the proof is complete. [
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4.5 Partial regularity
As a consequence of Lemma 4.4.5, we get the following regularity criteria for (4.1.6):

Corollary 4.5.1. For a suitable weak solution (u,d, P) to (4.1.6), if z € T? x (0, 00) satisfies

sup |d,,| < oo,
0<r<d (4.5.1)

liminf ®(z,7) =0,

r—0-+

Then there ezists 0, > 0 such that (u,d) € C*(Ps,(2)).
The following Lemma is well-known, see [79)].

Lemma 4.5.1. Let d be a function in L°(T? x (0, 00)), and let z = (z,t) € T® x (0, 00) such

that
][ |d —d.,|°dzdt < Cr° (4.5.2)
Pr(z)

for some & > 0 and some C' depending on d and z. Then lin% d., exists, and is finite.
r—

Next we will control the oscillation of d. For 0 < T' < oo, denote Q7 = T?x (0, T). Recall

1
the fractional parabolic Sobolev space W; 2(Qr), 1 < p < oo, contains all f’s satisfying

A1 = 1o @ry + 111, < o0,

2(Q) 2(Q)

where

110

l\D‘H

_ |f(x,t) = f(x,s)|” ,
o (/QT |Vf|Pdtdm+/T / / |t_s|1+p dtdsdz)”.

From the global energy estimate (4.1.11) and the Sobolev embedding theorem, we have

(w,Vd) € (LFL2 N L2HE N L L )(Qr). d € LPLY(Qr). (45.3)
It follows that
1 A2
od— - Ad = —u-Vd+0d— 22Ad + —£(d) € L} (Qr).
| A1 A1 A1
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1
From the fractional Galiardo-Nirenberg inequality [85], [86], we get d € W;Q (Qr), and
7

Idf’

=

< Clldll oo, 1@, VA 5, +C LI 20

1 1,20 < Q.
2 QT) T L3 7 x

T (Qr)

\1""

Then the parabolic Sobolev-Poincaré inequality yields

(f |d—deMﬁﬁ
r(2)

0 . 20_; d(z,s;) —d(x, 52)|20 %
< C[r T ]Vd\ T T dsidssdx| .
P,.(2) o(z) Jt—r2 Jt—r2 |51 — 59|17
5.2 20
where p = ey > 6. Hence by Holder inequality we have that
7
1 ) 3
(f |d—¢ﬂ%u@6§<f d —d.,|% dedt) (4.5.4)
r(2) Pr(2)

o‘\‘

d 20
sc@ﬂ“ﬂ/ |Vd\-+ﬁ?5/ /ﬁ / d(@,s1) §x5”|dﬁ¢mm
,,(Z) r m) r2 Jt—r2 |Sl — 82‘ + 7

Proof of Theorem 4.1.1. Define

Y= {z € T* x (0,00) : liminf ®(2,7) > &5 or hmmf[dzr\ = }

r—0

It follows from Corollary 4.5.1 that X is closed and (u,d) € C*(T* x (0,00) \ ¥). From
(4.5.4) and Lemma 4.5.1, we know that ¥ C N,+0S,, where S, is defined by

5 5

S, = {z €Qr: hmlnf[ 3/ (|u| 5+ |Vd|70)dxdt+ ( 3/ |P|gdxdt)2} > 0, or
Pr(z)

1 —d 2
mmﬁrfap/ mema+/“ / /ﬁ d(z,s1) — dl@, )| 7 @@@m)>@.
=0 P.(z r(x) Jt—r2 Jt—r2 ‘81 — 82|1+ 7

For the last integral, we have that

|d(z,51) — d(z, s2)| 7

51— so| T

f(x,s1,82) = € L'(T? x (0,T) x (0,T)).
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Let 6 be the metric on T? x R x R:

5(51,£2> = max {|I1 — §C2|, \/|t1 — tg‘, \/|81 — 82’}, Vfl = (Ii,ti,Si) - T3 x R x R.

A standard covering argument implies that

B¥+{(0,5,1) € T x (0,T) x (0,T) - lim jnf r~ %~ / / F()dg > 0} =0
r(z) J s—r2 Jt—r2

r—0+

where P* denotes the k-dimensional Hausdorff measure on T® x R, x R, with respect to
the metric 4.

Since the map T(z,t) = (z,t,t) : T x R — T> x R x R is an isometric embedding of
(T x R, ) into (T® x R x R, 4), we have that

prte ({(as,t) €Qr: liminfr_lf_"/ /t t f(&)d¢ > 0})
Pt <T H (x,t) € Qr: hmlnfr 7 U/BT(x /tr2 . TQf(g)d€>O} )
prto <{ z,t,t) € Qr x (0,7 : hmlnfr 7 / / / f(&)de > O}) (4.5.5)

By (z) Jt—r2 Jt—12
prto ({xstEQTx(OT) hrglilfr7 /BT /sr2/tr2f d§>0}>

Again, by a simple covering argument we can show

77175+"({z €Qr: 7‘175"/

va|? dedt > o}) 0, (4.5.6)
)

and

5

Pg({zeQT:liI%T_3 / (Jul % +|Vd[)dadt + (r~5 / IPI3)2>0})—0- (457)
r— ]P’T(z) PT(Z)

Q/

It follows from (4.5.5), (4.5.6) and (4.5.7) that 73175+”(8,,) = 0 so that Pg’L”(E) =0,Yo >
0. ]
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