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3.10
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3.12

Validation for the imitation learning experiment in Fig. 3.6. We preform motion
planing for each system in unseen conditions (new initial condition and new time
horizon) using the learned models. Results show that compared to the neural
policy cloning and inverse KKT [34], PDP result can accurately plan the expert’s
trajectory in unseen settings. This indicates PDP can accurately learn the dy-
namics and control objective, and has the better generality than the other two.
Although policy imitation has lower imitation loss than inverse KKT, it has the
poorer performance in planing. This is because with limited data, the cloned pol-
icy can be over-fitting, while the inverse KKT learns a cost function, a high-level
representation of policies, thus has better generality to unseen conditions. . . . .

Validation for the system identification experiment in Fig. 3.7. We perform
motion prediction in unactuated conditions (u = 0) using the learned dynamics.
Results show that compared to neural-network dynamics training and DMDec,
PDP can accurately predict the motion trajectory of each systems. This indicates
the effectiveness of the PDP in identifying dynamics models. . . . . . . .. ..

Simulation of the learned policies in the control and planning experiment in Fig.
3.8. Fig. 3.11a-3.11b are the simulations of the learned neural feedback policies on
the cart-pole and robot arm systems, respectively, where we also plot the optimal
trajectory solved by an OC solver [50] for reference. From Fig. 3.11a-3.11b, we
obscrve that PDP results in a trajectory that is much closer to the optimal onc
than that of GPS; this implies that PDP has lower control loss (please check our
analysis on this in Appendix 3.10.4) than GPS. Fig. 3.11c is the planning results
for the quadrotor system using PDP, iLQR, and an OC solver [50], where we have
used different degrees of Lagrange polvnomial policies in PDP. The results show
that PDP can successfully plan a trajectory very close to the ground truth optimal
trajectory. We also observe that the accuracy of the resulting trajectory depends
on choice of the policy parameterization (i.e., expressive power): for example, the
use of polynomial policy of a higher degree N results in a trajectory closer to the
optimal one (the one using the OC solver) than the use of a lower degree. iLQR is
generally able to achieve high-accuracy solutions because it directly optimizes the
loss function with respect to individual control inputs (instead of a parameterized
policy), but this comes at the cost of high computation expense, as shown in Fig.

(a) Training process for imitation learning of 6-DoF rocket powered landing: the
imitation loss versus iteration; here we have performed five trials (labeled by
different colors) with random initial parameter guess. (b) Validation: we use
the learned models (dynamics and control objective function) to perform motion
planning of the rocket powered landing in unseen settings (i.e. given new initial
state condition and new time horizon requirement); here we also plot the ground-
truth motion planning of the expert for reference. The results in (a) and (b) show
that the PDP can accurately learn the dynamics and control objective function
from demonstrations, and have good generalizability to novel situations. Please
find the video demo at https://youtu.be/4RxDLxUcMpd. . . . . . . .. ... ..
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(a) Training process for identification of rocket dynamics: SysID loss versus itera-
tion; here we have performed five trials (labeled by different colors) with random
initial parameter guess. (b) Validation: we use the learned dynamics model to
perform motion prediction of the rocket given a new control sequence; here we
also plot the ground-truth motion (where we know the exact dynamics). The
results in (a) and (b) show that the PDP can accurately identify the dynamics
model of the rocket. . . . . . ..o

(a) Training process of learning the optimal control policy for rocket powered
landing: the control loss versus iteration; here we have performed five trials
(labeled by different colors) with random initial guess of the policy paramcter.
(b) Validation: we use the learned policy to simulate the rocket control trajectory;
here we also plot the ground-truth optimal control solved by an OC solver. The
results in (a) and (b) show that the PDP can successfully find the optimal control
policy (or optimal control sequence) to successfully perform the rocket powered
landing. Please find the video demo at https://youtu.be/5Jsu7725qecg. . . . . .

Mustration of learning from sparse demonstrations. The red dots are the expert’s
sparse demonstration waypoints, from which the robot learns a control objective
function such that its reproduced trajectory (blue line) is closest to these way-
points. At first sight, the depicted robot’s reproduced trajectory (blue line) may
scem a result of using ‘curve fitting” method (which inherently belongs to pol-
icy learning methods); however, a key difference from ‘curve fitting’ is that the
robot here learns a control objective function instead of imitating a trajectory,
and the learned control objective function is generalizable to unseen situations,
such as new initial conditions or longer time horizons. Please find video demos
at https://wanxinjin.github.io/posts/Ifsd. . . . . . . ... ... ... ... ..

Learning from sparse demonstrations for inverted pendulum using data in Table
4.1. Left: the loss value (4.38) versus the number of iterations. Right: the con-
vergence of the pendulum’s (time-warped) trajectory as iteration increases, where
the color from light to dark gray corresponds to increasing iteration number, and
the red dots arc waypoints in Table 4.1. . . . . . . . . ... ... ... ... ..

Parameter error |0, — 67]|* versus iteration number. . . . . . ... ... .. ..

Learning from sparse demonstrations for inverted pendulum from data in Ta-
ble 4.2. Left: the loss value (4.38) versus the number of iterations. Right: the
convergence of the pendulum’s (time-warped) trajectory as the number of itera-
tions increases, where the color from light to gray dark corresponds to increasing
iteration number, and the red dots are waypoints in Table 4.2. . . . . . . . . ..

Learning from sparse waypoints with the objective function represented by a
neural network. Left: the loss value (4.38) versus the number of iterations, and
the loss finally converges to 0.346. Right: the lcarned time-warped trajectory,
where the red dots are waypoints in Table 4.3. . . . . . . . .. ... .. ... ..
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Reproduced trajectories with a new time duration 7' = 2 (note that the demon-
stration data is with the duration T'=1). . . . . .. ... ... ... ... ...

Comparison between the proposed method and numerical gradient descent. Left:
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An illustrative result for the robot arm game. The goal of this game is to let a
human player to correct the robot arm while it is acting, until the robot arm learns
a valid control objective function (i.e., expected 8%) for successfully avoiding the
obstacle and reaching the target pose. Corresponding to the above sub-figures, the
robot’s weight vector guess @y and the player’s directional correction ay at each
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an initial weight vector guess 81 € €2y and its resulting motion crashes into the
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The 6-DoF quadrotor game. The goal of this game is to let a human player to
teach a 6-DoF quadrotor system to learn a valid control cost function (i.e., the
expected weight vector 8") by providing directional corrections, such that it can
successfully fly from the initial position (in bottom left), pass through a gate
(colored in brown), and finally land on the specified target (in upper right). . . .

An illustrative result for the 6-DoF quadrotor game. The goal of this game is to
let a human player, through providing directional corrections, to teach a 6-DoF
quadrotor to learn a valid control cost function (i.e., expected 8™) for successfully
flying from the initial position, passing through a gate, and finally landing on
the target position. Corresponding to cach itcration k in the above sub-figurcs,
we also list the robot’s current weight vector guess 8, and the human player’s
directional correction ay in Table 5.4. In (a), at iteration k = 1, the quadrotor
chooses an initial weight vector guess 81 € €2y. In (c), at iteration k = 3, since
the human plaver does not provide any correction, the quadrotor’s trajectory
at this iteration is the same with the one in (d) (iteration & = 4). In (f), at
iteration k = 6, the quadrotor successfully flies through the gate and lands on the
target position, which means that a valid quadrotor cost function is successfully
learned—ummission accomplished. . . . . . . . ...
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ABSTRACT

The recent progress of machine learning, driven by pervasive data and increasing com-
putational power, has shown its potential to achieve higher robot autonomy. Yet, with
too much focus on generic models and data-driven paradigms while ignoring inherent struc-
tures of control systems and tasks, existing machine learning methods typically suffer from
data and computation inefficiency, hindering their public deployment onto general real-world
robots. In this thesis work, we claim that the efficiency of autonomous robot learning can
be boosted by two strategies. One is to incorporate the structures of optimal control theory
into control-objective learning, and this leads to a series of control-induced learning methods
that enjoy the complementary benefits of machine learning for higher algorithm autonomy
and control theory for higher algorithm efficiency. The other is to integrate necessary human
guidance into task and control objective learning, leading to a series of paradigms for robot
learning with minimal human guidance on the loop.

The first part of this thesis focuses on the control-induced learning, where we have made
two contributions. One is a set of new methods for inverse optimal control, which address
three existing challenges in control objective learning: learning from minimal data, learning
time-varying objective functions, and learning under distributed settings. The second is a
Pontryagin Differentiable Programming methodology, which bridges the concepts of optimal
control theory, deep learning, and backpropagation, and provides a unified end-to-end learn-
ing framework to solve a broad range of learning and control tasks, including inverse rein-
forcement learning, neural ODEs, system identification, model-based reinforcement learning,
and motion planning, with data- and computation- efficient performance.

The second part of this thesis focuses on the paradigms for robot learning with necessary
human guidance on the loop. We have made two contributions. The first is an approach
of learning from sparse demonstrations, which allows a robot to learn its control objective
function only from human-specified sparse waypoints given in the observation (task) space;
and the second is an approach of learning from human’s directional corrections, which enables
a robot to incrementally learn its control objective, with guaranteed learning convergence,

from human’s directional correction feedback while it is acting.
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1. INTRODUCTION

The past decades see the notable progress in development of autonomous robots, from high-
skilled legged robots, autonomous aerial and ground vehicles, to planetary/space platforms.
In the control system perspective, the behavior of an autonomous robot can be specified by
the following aspects: dynamics, which dictates the evolution rule of the robot states given
control inputs, a task objective, which encapsulates the goal or utility of the robot behavior; a
control policy, which defines how the control inputs are generated given the robot states, and
additional constraints imposed by the environments and task. These aspects constituting an

autonomous robot are schematically shown in Fig. 1.1.

Dynamics
e b\
Task state control _, ~ Behavioral

objective "\ Policy / trajectory

Constraints

Figure 1.1. A schematical description of an autonomous robot.

Throughout this thesis, we adopt the following hierarchical perspective to understand
different aspects of an autonomous robot. First, a task objective can be thought of as
a high-level compact policy specification, which encodes task goal, control principle, and
other contextual information for the robot behavior. Second, a task objective and robot
dynamics jointly determine the robot specific policy, which finally leads to the robot spe-
cific behavioral trajectory. Towards higher robot autonomy, many research work in machine
learning and control fields focuses on how to automate the programming of different aspects
of an autonomous robot. Throughout this thesis, we call the general problem of obtaining
the mathematical specifications for different aspects of an autonomous robot from experi-
ence/demonstration data as autonomous robot learning.

Two different frameworks have been developed in machine learning and control fields
to formulate an autonomous robot. In machine learning, an autonomous robot is typically

studied under reinforcement learning framework [1], which provides a generic date-driven
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paradigm to enable a robot to find an optimal policy through its experience in environment
and rewarding signals. In control, an autonomous robot is usually studied based on optimal
control theory [2], which offers systematic tools to solve for the optimal behavioral trajectory
of a robot given the model specification of a task. The pros and cons for the above two
frameworks are complementary. Machine learning emphasizes more on experience data and
less on detailed structures of a control system. Thus, most learning algorithms enjoy the
high-level autonomy (i.e., requiring less human specifications), but suffer from huge data and
computation complexity especially for high-dimensional and continuous tasks. For optimal
control methods, while decades of successful applications have arguably demonstrated its
capability to handle challenging problems, most control algorithms are built upon the precise
specification of the system and task, such as dynamics, control architectures, optimization
formulations, etc, which requires practitioners to have high expertise and knowledge about
robot/task programming and thus may degrade the autonomy of the algorithm itself.

Given that the benefits of machine learning and control methods are largely complemen-
tary, this thesis is motivated to integrate the benefits of both for more efficient robot learning
algorithms. The first fundamental question to address is:

Question 1: can we incorporate the fundamental structures from optimal control theory
into the autonomous robot learning to maintain its autonomy while expedite its efficiency?
We claim to inject optimal control theory into the robot learning paradigm. Such an injection
can lead to a series of control-induced learning methods, which maintain high-level autonomy
(i.e., data~driven and without manually programming robots) like generic machine learning
algorithms, at the same time inheriting high efficiency and scalability from control methods

for handling high-dimensional challenging tasks.

Another way to improve the efficiency of autonomous robot learning is to involve human
guidance on the loop. Two sources of motivations can be identified. First, because humans
are generally adequate for high-level decision making and contextual rationality, human
guidance can be goal-and-policy informative, and thus, if properly leveraged, can inform
the robot’s search direction or reduce its search space during learning progress, potentially

increasing its efficiency. Second, with the ultimate goal of deploying robots into people’s
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daily life, autonomous robots are desired to have custom autonomy; learning with human’s
guidance enables a robot to quickly learn and adapt to human user’s preference. With these
motivations in mind, the second goal of this thesis is to answer the following question:
Question 2: how can we make the most of human guidance to boost the efficiency of
robot learning, while maintain the human’s burden in providing guidance as low as possible?
This thesis addresses the above question in two directions. First, we explore the learning
paradigm that enables a robot to learn only from human’s sparse inputs; and second, we
explore a robot learning paradigm that allows a human to provide guidance in his/her most

intuitive and natural way.

1.1 Summary of Research Contributions

The first portion of the thesis aim to answer Question 1 by developing some foundational
control-induced learning methodologies.

Chapter 2 presents a set of new methods for inverse optimal control, where the key prob-
lem of interest is to learn an objective function of an optimal control system given the system
trajectories subject to optimality principles. These new inverse optimal control methods ad-
dress the existing gaps in objective learning techniques. Specifically, Sections 2.2 and 2.3
answer the questions of what is the relationship between an incomplete trajectory data and
the objective function parameters, and how to enable efficient objective learning from limited
data. Section 2.4 addresses the question of how to learn time-varying objective functions
underlying a long and continuous system trajectory. Section 2.5 addresses the question of
how to learn an objective function in the context where both data and computational re-
sources are distributed. Section 2.6 focuses on some novel applications of the developed
inverse optimal control methods, including human motion prediction and segmentation.

Chapter 3 proposes a Pontryagin Differentiable Programming (PDP) methodology. By
integrating the benefits of optimal control theory, deep learning, and backpropagation, PDP
establishes a unified framework to solve a broad class of learning and control tasks. PDP
distinguishes from existing methods by two novel techniques: first, we differentiate through

Pontryagin’s Maximum /Minimum Principle, and this allows to obtain the analytical deriva-
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tive of a trajectory with respect to tunable parameters within an optimal control system,
enabling end-to-end learning of dynamics, policies, or/and control objective functions; and
second, we propose an auxiliary control system in backward pass of learning, and the output
of this auxiliary control system is the analytical derivative of the original system’s trajectory
with respect to the parameters, which can be iteratively solved using standard control tools.
PDP is shown flexible enough to be customized for different learning and control problems,
including inverse reinforcement learning (inverse optimal control) [3, 4], model-based rein-
forcement learning such as model-based policy optimization [5, 6], motion planning (optimal
control) [7, 8], learning neural ODEs (system identification) [9, 10], and efficient enough to

solve high-dimensional and continuous-space problems.

The second potion of this thesis focuses on robot learning with necessary human guidance
on the loop, attempting to answer Question 2.

Chapter 4 develops the method of learning from sparse demonstrations. Learning from
demonstrations (LfD) empowers a non-expert human user to program a robot by only pro-
viding demonstrations. The proposed method addresses the gaps of existing LfD techniques
with the following fundamental features. First, the method enables a robot to learn an ob-
jective function only from human’s sparse demonstrations, which consist of a small number
of desired waypoints the human wants the robot trajectory to follow at some sparse time
instances. Second, the method finds an objective function within a given function set such
that the robot trajectory has minimum distance to the sparse demonstrations, even though
the sparse demonstrations may be sub-optimal or even are randomly given. Third, the
method allows for the time-inconsistency between demonstrations and robot dynamics, by
jointly learning a time-warping function to align the duration between the human’s sparse
demonstration and the feasible motion of the robot.

Chapter 5 develops the method of learning from directional corrections. This new learning
scheme enables a non-expert human user to teach a robot by improving the robot’s motion
while it is acting. For instance, consider a robot that plans its motion under a (random)
control objective function. While it is executing the motion, a human user who supervises

the robot finds the robot’s motion not satisfactory; thus, the human user applies a correction
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to the robot during its motion execution. Then, the robot leverages the correction to update
its control objective function. This process of planning-correction-update repeats until the
robot eventually achieves a control objective function such that its resulting trajectory agrees
with the human user’s expectation. In addition to the incremental learning capability, this
new method also has the following enabling features. First, the method only requires hu-
man’s directional corrections. For instance, to teach a mobile robot, the human’s directional
corrections are simply as ‘left’ or ‘right’ without dictating how far the robot should move.
Second, the human’s directional corrections to the robot’s motion can be sparse; that means
that the corrections can be applied only at sparse time instances within the time horizon of
the robot’s motion. Finally, the theoretical results are established to show the convergence

of the proposed learning algorithm.

1.2 Summary of Publications and Open Source Codes
The content of Chapter 2 appears in:

e Wanxin Jin, Dana Kuli¢, Shaoshuai Mou, and Sandra Hirche. “Inverse optimal
control from incomplete trajectory observations™ In: The International Journal

of Robotics Research. 2021, 40(6-7), pp. 848-865.

e Wanxin Jin, Dana Kuli¢, Shaoshuai Mou, and Sandra Hirche. “Inverse Optimal
Control for Multiphase Cost Functions”. In: IEEE Transactions on Robotics.
2019, 35(6), pp. 1387-1398.

o Wanxin Jin and Shaoshuai Mou, “Distributed Inverse Optimal Control”. In: Au-

tomatica. 2021.

e Wanxin Jin, Zihao Liang, and Shaoshuai Mou, “Inverse Optimal Control from
Demonstration Segments”. In: arXiv preprint arXiv:2010.15034. 2020. Access at
https://arxiv.org/abs/2010.15034

The code and experiments developed for the content of Chapter 2 can be accessed at

- https://github.com /wanxinjin /TOC-from-Incomplete-Trajectory-Observations
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The content of Chapter 3 appears in:

o Wanxin Jin, Zhaoran Wang, Zhuoran Yang, and Shaoshuai Mou. “Pontryagin
Differentiable Programming: An End-to-End Learning and Control Framework”.

In: Advances in Neural Information Processing Systems. 2020.
The code and experiments developed for the content of Chapter 3 can be accessed at

- https://github.com/wanxinjin /Pontryagin-Diffcrentiable-Programming

The content of Chapter 4 appears in:

o Wanxin Jin, Todd D. Murphey, Dana Kuli¢, Neta Ezer, Shaoshuai Mou. “Learning
from Sparse Demonstrations”. Submitted to: [EEE Transactions on Robotics.

2020. Also access at arXiv preprint arXiv:2008.02159
The code and experiments developed for the content of Chapter 4 can be accessed at

- https://github.com /wanxinjin /Learning-from-Sparse-Demonstrations

The content of Chapter 5 appears in:

o Wanxin Jin, Todd D. Murphey, and Shaoshuai Mou. “Learning from Incremental
Directional Corrections”. Submitted to: IEEE Transactions on Robotics. 2020.

Also access at arXiv preprint arXiv:2011.15014
The code and experiments developed for the content of Chapter 5 can be accessed at

- https://github.com /wanxinjin/Learning-from-Directional-Corrections

Other research work (pre-prints/submissions) which is not included in this thesis:

o Wanxin Jin, Shaoshuai Mou, and George J. Pappas. “Safe Pontryagin Differen-
tiable Programming”. Access at arXiv preprint arXiv:2105.14937

o Wanxin Jin, Zhaoran Wang, Zhuoran Yang, and Shaoshuai Mou. “Neural Certifi-
cates for Safe Control Policies”. Access at arXiv preprint arXiv:2006.08465
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PART 1

CONTROL-INDUCED LEARNING
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2. NEW METHODS FOR INVERSE OPTIMAL CONTROL

This chapter focuses on the problem of inverse optimal control (IOC), which seeks to learn an
objective function of an optimal control system from its optimal trajectory. This is the key to
achieve higher robot autonomy, and its significance includes two aspects. First, IOC enables
a robot to automatically learns its control objective function (then from which deriving
its control policy) by observing a demonstration of the task, thus eliminating the need of
explicit robot programming. Second, since optimal control models achieve arguably success
in explaining human’s rational behavior, the ability of inferring control objective function
makes it possible to perform human-robot missions, where learning of objective functions is
the key for human motion prediction and human-robot coordination.

In this chapter, we present a series of new methods for inverse optimal control, including
incremental objective learning from limited data; learning multi-phase objective functions;
and distributed objective learning. The final section of this chapter presents some novel appli-
cations of the developed IOC methods in human motion analysis. The success of these inverse
optimal control methods is based on fully exploiting and integrating optimal control struc-
tures into the learning formulation, as we have mentioned in the introduction chapter. The
contents of this chapter have been published at [11, 12, 13, 14]. The code developed for this
chapter can be accessed at https://github.com/wanxinjin /IOC-from-Incomplete-Trajectory-

Observations.

2.1 Introduction

As described in Introduction (Section 1), the key aspects that characterize the behavior
of an autonomous robot includes control objective, dynamics, and policy. Such a robot is
typically modeled as an optimal control system [15] in the control field, and a reinforcement
learning agent [1] in machine learning field. In both fields, a large number of algorithms have
focused on enabling a robot to find its trajectory/policy that optimizes an given objective
function. Providing an appropriate control objective function is the first step and the key
to task accomplishment. However, finding a good objective function can be challenging—

desired robot behaviors can take hundreds of person-hours in objective parameter tuning, and
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this challenge is especially true when multi-attribute goals need to be harmonized. Therefore,
there is an urgent need for automating the process of designing a robot control objective
function. Another source that motivates the objective function learning is the need to analyze
the behavior of natural agents, such as human motor control [16], which has extensively
shown behavioral optimality [16, 17, 18, 19, 20, 21, 22, 23|. Discovering the control objective
functions underlying the observed behaviors will facilitate the understanding and prediction
of human motion and make it possible to achieve seamless human-robot autonomy. All these
practical needs motivate a fundamental problem: can we finding the underlying objective
function from optimal behavioral demonstrations?

In the control field, the above problem of finding objective functions is referred to as
inverse optimal control (IOC), which was firstly posed in [4]. In the machine learning field,
within the context of reinforcement learning, the above problem is referred to as inverse rein-
forcement learning (IRL), which was first studied in [3]. With the progress achieved in both
fields, the techniques of IOC and IRL have been successfully applied in various applications,
including learning from demonstrations (imitation learning) [24, 25|, where a learner mimics
an expert by inferring an objective function from the expert’s demonstrations, autonomous
driving [26], where human driving preference is learned and transferred to a vehicle controller,
human-robot systems [23, 27], where the intentionality of a human partner is estimated to
enable motion prediction and smooth coordination, and human motion analysis [11, 28],
where principles of human motor control are investigated.

Both IOC and IRL aim to achieve the same goal of learning objective, the main aspect
to distinguish each other is the context and description of the forward problem. IOC de-
scribes an autonomous robot using optimal control formulation, which is typically (dynamics)
model-based, while IRL using reinforcement learning framework, which can be data-driven
(some popular IRL algorithms [3, 29, 30, 31] still directly or indirectly reply on dynamics
models for learning efficiency). Since the gist of this thesis is control-induced learning for
autonomous robots, we preferably use IOC to refer to the general objective learning. We
will not distinguish between both in the following literature review when how to solve the

forward problem is not important.
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2.1.1 Related work

The most common strategy in IOC/IRL is to parametrize an unknown objective function
as a weighted sum of relevant features (or basis functions) with unknown weights [3, 22, 29,
32, 33, 34]. Different approaches have been developed to estimate the weights given obser-
vations of the system optimal trajectory over a complete time horizon. Existing IOC/IRL
methods can be categorized based on whether the forward optimal control (or reinforcement
learning) problem needs to be solved during learning process.

The first category of existing work is based on a nested architecture, where the feature
weights are updated in an outer loop while the corresponding forward problem (optimal con-
trol or reinforcement learning) is solved in an inner loop. Different methods of this type focus
on different strategies to update the feature weights in the outer layer. Representative strate-
gies include feature matching [32], where the feature weights are updated towards matching
the feature values of the reproduced optimal trajectories with the demonstrations, maximum
margin [33], where the feature weights are solved by maximizing the margin between the
objective function value of the observed trajectories and the value of any simulated optimal
trajectories maximum entropy [29], where the feature weights are optimized such that the
probability distribution of system’s trajectories maximizes the entropy while matching the
empirical feature values of demonstrations; and direct loss minimization [22, 35|, where the
weights are learned by directly minimizing the distance between the reproduced trajectory
and demonstrations are minimized. The above nested IOC methods have been successfully
applied to humanoid locomotion [20, 21] and arm motion [36], autonomous vehicles [26],
robot navigation [37], learning from human corrections [38, 39], etc.

The nested IOC methods require to solve optimal control problems repeatedly at each
update of objective function parameters, thus those methods usually suffer from relatively
high computational cost. This motivates the direct IOC methods, which directly solve for
the unknown feature weights. A key idea used in the direct methods is to establish optimality
conditions which the observed optimal data must satisfy. For example, in [40], the Karush-
Kuhn-Tucker (KKT) optimality conditions [41] are established, based on which the feature

weights are then solved by minimizing a loss that quantifies the violation of such conditions by
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the observed data. In [42], the authors apply the KKT-based method to solve IOC problems
and study the control objective function for human locomotion. In [43], the Pontryagin’s
Minimum Principle [44] is utilized to formulate a residual optimization over the unknown
weights. These methods have been successfully applied to the locomotion analysis [42, 45],
walking path generation [46], human motion segmentation [11, 28], etc. In [34], the authors
propose an inverse KK'T method to enable a robot to learn manipulation tasks. Recently,
along this direction, the recoverability for IOC problems has been investigated. For example,
when an optimal control system remains at an equilibrium point, although its trajectory still
satisfies the optimality conditions, it is uninformative for learning the objective function.
This issue is discussed in [47, 48], where a sufficient condition for recovering weights from

full trajectory observations is proposed.

2.1.2 Challenges

Despite the significant progress of IOC/IRL techniques, these still exist the following

technical challenges unresolved.

(1) Requiring complete trajectory observations. To find the objective function, exist-
ing IOC/IRL techniques require as input complete episodes of trajectory demon-
strations. This brings out the following limitations. First, in some cases the full
episodes of demonstrations are not accessible due to such as limited sensing capa-
bilities or occlusions, and only part of episodes are available. Second, processing
full trajectory data always leads to large consumption of memory space and also
expensive computational costs. Third, by requiring full trajectory observation,

objective learning thus can not be performed in online settings.

(2) Assuming single-phase objective function. Existing IOC/IRL techniques assume
that the unknown objective function is static and not changing. Such assumption
might not be valid for the autonomous agents that perform complex and long-term
tasks. In such cases, the objective function adopted by an autonomous agent may

vary depending on different motion phases or contextual conditions. For example,
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the study of human motor motion has already shown various supporting evidences

in human motor control [16, 28].

(3) Assuming centralized learning. Existing IOC/IRL techniques learn the objective
function in a centralized way, meaning that both data acquisition and compu-
tational process are performed by a single processor. This centralized learning
paradigm is restricted given limited processing and memory capacity of a single
processor. Thus, there is need to develop distributed learning algorithms that en-
able to distribute the learning task to multiple processors, in which each processor

only accounts for partial data and has computation.

2.1.3 Chapter Organization

In the following sections are organized as follows. Section 2.2 presents the basic for-
mulation for IOC problems, and then develop some foundational theories for solving I0C
problems. Section 2.3 presents the method and algorithm of IOC with incomplete trajectory
observations, which address the first research gap identified above. Section 2.4 presents the
method and algorithm of IOC for multi-phase objective functions, addressing the second
research gap identified above. Section 2.5 presents a distributed inverse optimal control
technique, which addresses the third technical challenge stated above. Finally, Section 2.6

presents some novel applications of the developed I0C algorithms.

2.2 1TI0OC and Recovery Matrix

In this section, we present the general formulation of inverse optimal control, and the
concept of recovery matriz, a key quantity that establishes the bridge between data and
the objective function parameters, which will serve as a foundation for developing efficient
inverse optimal control in later sections. Also, we will present the properties of the recovery

matrix, which will provide insights of objective learning process.
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2.2.1 1I0C Problem Formulation

Consider an autonomous agent with the following dynamics and initial condition:
wk-ﬁ-l — f(mlm uk)7 i) S Rn? (21>

where the vector function f : R™ x R™ — R" is differentiable; &) € R"™ is the system state;
u, € R™ is the control input; and & = 0,1,--- is the time step. Suppose that the agent

trajectory of states and inputs over a horizon 7', denoted as,

E=1{& k=01,.T) with &=z, u), (2.2)

(locally) minimizes a control cost function

T
J(xo:r, wo:r) = Z W' Q" (xy, uy), (2.3)
k=0

where w'@*(-,-) is the running (stage) cost. Here ¢* : R" x R™ — R® is called a relevant

feature vector and defined as a column of a relevant feature set

that is, " = col F*, with ¢ being the ith feature for the running cost, and w € R? is called
the weight vector, with the ith entry w; corresponding to ¢;. This type of weighted-feature
objective function is commonly used in objective learning problems [29, 32, 48|, and has been
successfully applied in a wide range of real-world applications [26, 28, 34, 49].

The dynamics (2.1) and cost function (2.3) can represent different optimal control settings
as follows. (I) Finite-horizon free-end optimal control: the finite horizon 7" is given but the
final state x7q is free, i.e., no constraint on @7,q; (II) finite-horizon fixed-end optimal
control: both the finite horizon 7" and the final state @741 = @z are given; and (III)

infinite-horizon optimal control: T" = co. Besides, one can consider the finite-horizon optimal
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control, where the final state @7 is penalized using a final cost term added to (2.3), and
this case can be viewed as an extension similar to (II).

In IOC problems, one is given a relevant feature set F*, the goal is to obtain an estimate
of the weights w from observations of €. Note that w can only be determined up to a non-
zero scaling factor [40, 48], because any cw with ¢ > 0 will lead to the same trajectory &.
Hence we say an estimate @ is a successful estimate of w if @ = cw with ¢ # 0, and the

specific ¢ > 0 can be determined by normalization [34, 40].

2.2.2 Recovery Matrix

In this part, we will introduce the key concept of the recovery matriz and show its
relationship to solving IOC. The recovery matrix is defined on a segment of the agent optimal
trajectory in (2.2),

i =18 t<k<t+1}CE, (2.5)

Here, &, is a segment of £ in (2.2) within the time interval [t,t + [] C [0, T, with ¢ called
the starting time of the segment and [ = 1,2, - - - called the segment length, 0 <t <t +1 <T.
We first present the definition of the recovery matrix, then show its relationship to solving

IOC, which is also the motivation of the recovery matrix.

Definition 2.2.1. Let a segment of the trajectory, &,.,.; C & in (2.5), and a candidate feature
set F = {¢1, P2, -, 0.} be given. Let ¢ = col F. Then the recovery matriz, denoted by
H(t,l), is defined as:

H(t,1) = |H,(t,1) Hy(t,1)| € R™"*CT) (2.6)

with
H(t,1)=F,t,)F, (t,)®.(t,1) + ®,(t,1), (2.7)
H,(t,1) = F,(t,)F, ' (t, )V (t,1). (2.8)
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Here, F,(t,1), F,(t,1), ®.(t,1), P.(t,1) and V(t,1) are defined as

_I o - - 96 y
8m§+1 am:—&-l
0 I e 09
F,(tl) = L e | ERTL B (1) = | T | e R
B, =
99
I 8ccf+l
[ oy ] [0 ] (2.9)
ouf Ouy
of’ 0
Fu(t, l) — Ouyyq c lexnl’ (I)u(t, l) _ a“t+1 c lexr’
of' 9¢
L ouy | Ky
/
_ . of nlxn
V(ta l) - _O 0 6$:+l eR ’

respectively.

Before showing the relationship between the recovery matrix and 10C, we impose the

following assumption on the given candidate feature set F in Definition 2.2.1.

Assumption 2.2.1. In Definition 2.2.1, the candidate feature set F = {¢1,¢2, -+ , 0}

contains as a subset the relevant features F* in (2.4), i.e., F* C F.

Assumption 2.2.1 requires that the relevant features F* in (2.4) are contained by the given
candidate feature set F, which means that F also allows for including additional features that
are irrelevant to the optimal control system. Although restrictive for choice of features, this
assumption is likely to be fulfilled in implementation by providing a larger set including many
features when the knowledge of exact relevant features is not available. Under Assumption

2.2.1, without loss of generality, we let

F = {(biaqb;’ 7¢:7(Z~55+17"' 7Q§r}, (210)
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that is, the first s elements are from F* in (2.4). Then we have

¢(x,u) = col F = qﬁ*(a:,u) SN (2.11)

b(x, u)

where ¢* € R® are the relevant feature vector in (2.3) while ¢ € R~ corresponds to the

features that are not in F*. We define a weight vector
w =col{w,0} € R" (2.12)

corresponding to (2.11), where w are the weights in (2.3) for ¢*. Based on (2.3), we can say

that the agent optimal trajectory & in (2.2) also (locally) minimize the cost function of

T
J(xo.r, wor) = Y &', ur), (2.13)
k=0

with the dynamics and initial condition in (2.1).  Next, we will distinguish the three
optimal control settings, as described in the IOC problem formulation in the previous part,

and establish the relationship between the recovery matrix and the IOC problem solution.

Case I: Finite-Horizon Free-End Optimal Control

We first consider the optimal control setting with finite horizon 7" and free final state
x741. In this case, given the cost function (2.13) and the dynamics constraint (2.1), one can

define the following Lagrangian:

T
L= J(:I:():T, ’LL();T) + Z A;H-l (f(mk, uk) — a:k+1), (2.14)

k=0

where Agyqy € R”, kK =0,1,...,T, is Lagrange multipliers. According to the Karush-Kuhn-
Tucker (KKT) conditions [41], there exist multipliers Aj.;; = col {A], A3, ..., A7, A7y |
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also referred to as costates, such that the optimal trajectory & must satisfy the following

conditions

a*L =0, (2.15a)
aml:T-H
oL

= 0. 2.15b

aua:T ( 5 )

Based on the definitions in (2.9), the equations in (2.15a) and (2.15b) can be written as

—F (0, T)X;p+9,(0, T)@ = 0 = =V (0, T)A, (2.16a)
0,

F o (0, T\ 4+®,(0,T)@

(2.16D)

respectively, where in (2.16a), A7, = 0 directly results from extending (2.15a) at the final
state ©r,1. The optimality equations in (2.16) are established for complete trajectory &.
Given any segment of the trajectory, say §,.,,; C & in (2.5), the following equations can be

obtained by partitioning (2.16a) and (2.16b) in the corresponding rows,

_Fl‘(t7 Z)A;—l:t-l—l + QI(h l)(;) _V(ta l) ;Sk—i—l—l—l’ (217&)

FU(t’ l))‘:—i-l:t-i-l + q)u(t> l)‘b

0, (2.17b)

respectively. For the above (2.17), we note that when &,.,.; = §.r, i.e., when the observation
is the complete trajectory data &, (2.17) will become (2.16). Thus, a complete trajectory

observation can be viewed as a special case of an incomplete trajectory observation.

Case II: Finite-Horizon Fixed-End Optimal Control.

We next consider the optimal control setting with a finite horizon 7" and a given fixed
final state @11 = @goa. Given the cost function (2.13), the dynamics (2.1), and the final

state constraint ®r,1 = Tgoa1, one can define the following Lagrangian:

T
L=J(@or, wor) + D Npyr (£ @k, W) = Trs1) + Nyt (T141~ o), (2.18)
k=0
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where the difference from (2.14) is that the term X, (741 — ®goal) is added since the final
state is subject to the given &z., constraint, and Agea € R™ is the associated Lagrangian
multiplier. Following a similar derivation as in Case I, one obtains the same equations in
(2.17) for any segment data of the trajectory &,,.; C §&. Here, the only difference from Case
[is that when &, = &7, one usually has A7, = Ay, # 0 in this case due to the fixed
final state constraint, while A7, ; = 0 in Case I. In addition, for the finite-horizon optimal
control, in which the final state ., is penalized using a final cost term added to (2.3), we

can derive the similar result of A7, ; # 0.

Case III: Infinite-Horizon Optimal Control.

For the infinite-horizon optimal control setting, the optimal trajectory & is more conve-

niently characterized by the Bellman optimality condition [2]:

V(wZ) = ‘D/d)(mzv ’u’l:) + V(f(wz’ult))’ (2'19)

where V() is the (unknown) optimal cost-to-go function evaluated at state xj. Next, we
differentiate the Bellman optimality equation in (2.19) on both sides with respect to o} while
denoting A; = av(“”’“) € R", and then obtain

. _0¢ _  Of

= o+ =X
k 8:13,’; Oy kY

(2.20)

Differentiating the Bellman optimality equation (2.19) on both sides with respect to u} yields

3¢_+f "

0= <
ouj, ouwr

(2.21)

For any available trajectory segment &,.,.; C &, we stack equation (2.20) for all «},,.,,, and

stack equation (2.21) for all u;,,, ;, and obtain the same equations in (2.17).

From the above analysis, we conclude that, for any trajectory segment §,.,.; C &, regardless
of the corresponding optimal control problem type, we can always use the segment data &,.,,

to establish the equations (2.17). Thus, in what follows, we do not distinguish the specific
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optimal control settings, and only focus on equations (2.17) to show the relationship between

the recovery matrix in Definition 2.2.1 and IOC problem solution.

By noticing that F',(¢,1) in (2.17a) is always invertible, we combine (2.17a) with (2.17b)

and eliminate Ay ,,.;, which then yields

<Fu(t, DF (6, 1)®,(11) + @u@,n)@ + (Fu(t,l)le(t,l)V(t,l)> S = 0. (2.22)

Considering the definition of the recovery matrix in (2.6)-(2.8), (2.22) can be written as

H,(t,l)w+ Hy(t, )N ,,, = H(t,1) . =0. (2.23)
t+H+1

Equation (2.23) reveals that the weights w and costate A;,; ; must satisfy a linear equation,
where the coefficient matrix is exactly the recovery matrix that is defined on the trajectory
segment &,.,.; C &, and candidate feature set F. Here, the costate A;;,; can be interpreted
as a variable encoding the unseen future information beyond the observational interval [t, ¢+
[]. In fact, from the discussions for Case III, we note that costate A;,;,; is the gradient of

the optimal cost-to-go function with respect to the state evaluated at x; ;.
In IOC problems, in order to obtain an estimate of the unknown weights w only using the
available segment data &,.,;, one also needs to account for the unknown A, ,, as in (2.23).
The following lemma establishes a relationship between a trajectory segment &,.,.; € & and

a successful estimate of the weights w for given candidate features F.

Lemma 2.2.1. Given a trajectory segment &,,.; C &, let the recovery matriz H(t,1) be
defined as in Definition 2.2.1 with the candidate feature set F satisfying Assumption 2.2.1.
Let a vector col {&, A} # 0 satisfy col {@&, A} € ker H(t,1) with & € R". If

rank H(t,l) =r+n—1, (2.24)
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then there exists a constant ¢ # 0 such that the ith entry of @ satisfies

wi, if ¢ €F”
w; = , (2.25)
0, otherwise

and vector col {&; : ¢; € F*,i=1,2,--- |1} = cw thus is a successful estimate of w in (2.3).

Proof. Based on the equations in (2.17), we note that for a trajectory segment §,,,, C &,
there always exists A;,;; € R" such that col {w, Aj,; ,} satisfies (2.23), i.e., col {w, A}, .} €
ker H(t,1). Due to (2.24) which means that the kernel of H (t,[) is one-dimensional, any
nonzero vector col {&, A} € ker H(t,1) will have @ = cw (¢ # 0). Thus, one can conclude
that @ is a scaled version of w, and that the entries in @ corresponding to the relevant

features in F* will stack a successful estimate of w (2.3). This completes the proof. O

Remark. Lemma 2.2.1 states that the recovery matriz bridges trajectory segment data to
the unknown objective function parameter. First, the rank of the recovery matriz H (t,1)
indicates whether one is able to use the trajectory segment &, ., C & to obtain a successful
estimate of weights w for the given candidate features F. In particular, if the rank condition
(2.24) for the recovery matriz H (t,1) is satisfied, then any nonzero vector col {@, 3\} in the
kernel of H(t,l) has that: the vector of the first r entries in col {GJ,S\}, i.e., @, satisfies
w = cw. Second, including additional irrelevant features in F will not influence the weight
estimate for the relevant features, since the weight estimates in & for these irrelevant features

will be zeros.

2.2.3 Properties of Recovery Matrix

Since the recovery matrix connects trajectory segment data to the unknown cost function
parameter, we next investigate the properties of the recovery matrix, which will provide us
a better understanding of how the data and the selected features are incorporated in I0OC

process. We first present an iterative formula for the recovery matrix.
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Lemma 2.2.2 (Iterative Property). For a trajectory segment &,,.; C & and the subsequent

. _ * *
data point &, = {x} 111, Uiy ), One has

Hi(t,) Hot,0)| [ 1 0
= 8¢/ af/ ad)/ 8f/ Y
ouy, duy,, Oxy 1 Omp

with H (t,1) corresponding to &, = (Tpi1, Whpir):

H(t,1) = [Hl(t, 1) Holt, 1)} = [(%ai‘i" +5%) Lk } (2.27)

t+1 t+1

Proof. Consider the recovery matrix H (¢, 1) for the trajectory segment &,.,,; = (%}, Ufipsy)-
When a subsequent point &, ;,; = (%},141, Ufrsyy) s observed, from Definition 2.2.1, the

updated recovery matrix is H (t,l + 1) = [H(t,1 + 1), Hy(t,l + 1), where
H(t,[+1) = F,(t, I+ 1) F; (L, 141)®, (¢, 14+1) + ®,(t, 141), (2.28)

and

Hy(t,141) = F (t, 14+1)F, (¢, I+1)V (¢, [+1). (2.29)

Here, F,(t,l+1), F,(t,l+1), ®,(t, 1+ 1), P,(t,l+1), and V(t,l+ 1), defined in (2.9), are

updated as follow:

®,(1,1) ®,(1,1) Fu(t,l) 0
‘I)u(t,l—‘f-l): o , q)x(t,l 1): o0 , Fu(t,l—f-l): 0 o | (2.30&)
Fuiy 0%y 1 ui

-1

: (2.30b)

respectively. Here (2.30b) is based on the fact

-1

AP+ AT BKTICA™Y —AT'BK!
—~K'CA™! Kt

A B
¢ D
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with K = D — CA~!'B being the Schur complement of the above block matrix with respect
to A. Combining (2.30), we have

Ht,l+1)=F,t, 1+ DF (t, 1 + D)@, (t, 1 +1)+ B, (t,1+1)

Fu(t,)F; (1, D)@t 1) +®y (L, 1) + Fou(t, ) F; (8, )V (8, 1) 5222

= | (2.31)
8f’ ad)/ + 8(1)’
Ouiy, 0xfy 4y Ouiy
According to (2.7) and (2.8), the above (2.31) becomes
H\(t,0) + Ho(t, 1) 522
H(t,1+1) = o | (2.32)
of _o¢ | 09
uiyy Oy uyy
According to (2.8), we have
Hy(t,l+1)=F,(t, I+ D)F ' (t,l + DV (t, 1 +1)
1 af' of’
B F,t,0)F, (t,)V(t, l>3~”"2‘+z+1 B H,(t, l)am;‘HH (2.3
- of__of S| L _or ' '
8uz*+l amZ‘-~-z+1 8“?4-1 8$:+z+1

Finally joining (2.32) and (2.33) and writing them in the matrix form lead to (2.26).
When [ =1, that is, &§.,.; = (%}, Uiy, ) is available, we have F,(t,1) = I, F(t,1) =
O ®,(t,1) = 22 ®,(t,1) = 22 and V(t,1) = 2L~ According to the definition of

ouy’ 8wt+1 ouy’ 8w;‘+1

recovery matrix in (2.7) and (2.8), we thus obtain (2.27). This completes the proof. O

The iterative property shows that the recovery matrix can be calculated by incrementally
integrating each subsequent data point &, into the current recovery matrix H (¢,[). Due
to this property, the computation of matrix inversions in the recovery matrix in Definition

2.2.1 can be avoided.

The recovery matrix is defined on two components: one is the segment data &,.,,, and
the other are the selected candidate features F. In what follows, we will show how these two

components affect the recovery matrix and further the IOC process. For data observations,
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we expect that including more data points into §,.,,, may contribute to enabling the successful

estimation of the unknown weights. This is implied by the following lemma.

Lemma 2.2.3 (Rank Nondecreasing Property). For a trajectory segment §,,.; C § and any
F, one has

rank H (t,1) < rank H (t,] + 1), (2.34)

if the new trajectory point &, 11 = (7,11, Uiy q) has det(aw?fm) # 0.

Proof. From Lemma 2.2.2, we have

H(t,l) H,(t,I) I 0
rank H (¢, + 1) = rank ) , . ) (2.35)
¢ of 99 of
Ouy Ouf,, Omy .y Omp .,
If det( 8:c?+fl +1) # 0, the last block matrix in (2.35) is non-singular. Consequently
H,(t,l) H,(t,l
rank H (¢, 4+ 1) = rank ;i, ) Z(f’ )
au:_H 6u1’(j_H
>rank |H(t,1) Hy(t,1)| = rank H(t,1). (2.36)

Note that both (2.35) and the inequality (2.36) are independent of the choice of ¢. This

completes the proof. O

We have noted in Lemma 2.2.1 that the rank of the recovery matrix is related to whether one
is able to use segment data &,.,.; to achieve a successful estimate of the weights. Thus the
rank of the recovery matrix can be viewed as an indicator of the capability of the available
segment data &,.,,; to reflect the unknown weights. Lemma 2.2.3 postulates that additional
data, if its Jacobian matrix of the dynamics is non-singular, tends to contribute to solving
the IOC problem by increasing the rank of the recovery matrix towards satisfying (2.24), or
at least will not make a degrading contribution. In the later experiments in Section 2.3.3, we
will analytically and experimentally demonstrate in which cases the additional observation
data can increase the rank of the recovery matrix, and in which cases the additional data

points cannot increase (i.e. maintain the recovery matrix rank).
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The next lemma provides a necessary condition for the rank of the recovery matrix if the

candidate feature set F contains as a subset the relevant features F*, i.e., F* C F.

Lemma 2.2.4 (Rank Upper Bound Property). If Assumption 2.2.1 holds, then for any

trajectory segment &,.,,; C &,
rank H(t,]) <r+n-—1 (2.37)

always holds. If there exists another relevant feature subset F C F with corresponding

weights w, here F # F* or @ # cw, then the above inequality (2.37) holds strictly:
rank H (t,l) <r+n— 1. (2.38)

Proof. We first prove (2.37). Without losing generality, we consider the feature set in (2.10).
For any trajectory segment &,.,,, C &, from (2.23), we have known that there exists a costate
A/ ;41 such that
H(t,l) . =0 (2.39)
tHH1
holds, where w # 0 is defined in (2.12). Thus, the nullity of H (t,1) is at least one, which
means

rank H(t,1) <r+n— 1.

We then prove (2.38). When another relevant feature subset F exists in F with associated
weight vector w, we can similarly construct a weight vector w corresponding to col F as in
(2.12); that is, the weights in w that correspond to F are from @ and zeros otherwise. Then
following the similar derivations as from (2.13) to (2.23), we can obtain that there exists

Xt—i—l-{—l € R™ such that

H(t, ) —0. (2.40)
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Since F # F* or w # cyw implies w # cow (¢; and ¢y are some nonzero scalars), based on

(2.39) and (2.40), it follows that the nullity of H (¢,1) is at least two, i.e.,
rank H(t,l) <r+n — 2.

This completes the proof. O

Lemma 2.2.4 states that if a candidate feature set contains as a subset the relevant features
under which the agent trajectory & is optimal, the kernel of the recovery matrix (for any data
segment) is at least one-dimensional. Moreover, when there exist more than one combination
of relevant features among the given candidate features, which means there exists another
subset of relevant features or another independent weight vector, then the rank condition
(2.24) in Lemma 2.2.1 is éimpossible to be fulfilled for the trajectory segment §,.,,; regardless of
the observation length [ and starting time ¢. This also implies that though Assumption 2.2.1
is likely to be satisfied by using a larger feature set that covers all possible features, it may
also lead to the non-uniqueness of relevant features. On the other hand, if Assumption 2.2.1
fails to hold, that is, the candidate feature set F does not contain a complete set of relevant
features, then, due to the rank non-decreasing property in Lemma 2.2.3, the recovery matrix
is more likely to have rank H (¢,1) = r + n after increasing the observation length. To sum
up, Lemma 2.2.4 can be leveraged to investigate whether the selection of candidate features

is proper or not.

2.2.4 Connection to Prior Work

We next discuss the relationship between the above recovery matrix and existing [0C
techniques [34, 40, 42, 43, 45, 47, 48]. In those methods, an observation of the agent complete
trajectory & is considered, for which a set of optimality equations, such as the KKT conditions

[41] or Pontryagin’s Minimum principle [44], is then established. As developed in [34, 48],
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based on optimality conditions, a general form for using complete trajectory data to establish

a linear constraint on the unknown feature weights w can be summarized as
M(&)w =0, (2.41)

where M (&) is the coefficient matrix that depends on the trajectory data €. An implicit
requirement by those methods is that the observed data & itself has to be optimal with respect
to the cost function, thus complete trajectory data &,r is generally required (otherwise,
incomplete data &,.,.; C & itself in general does not optimize the cost function).
Conversely, through the recovery matrix developed in this chapter, any trajectory segment

&,..1 € & poses a linear constraint on w by

w
H(t,l) = Hl(t,l)w + Hg(t,l)kt_;,_H_l = 0. (242)
Abti41
Comparing (2.41) with (2.42), we have the following comments.
1) If we consider the segment &,.,.; = &.p, i.e., given the complete trajectory &, then,

due to Ary1 = 0 (assuming the end-free optimal control setting), (2.42) becomes
H,(0,T)w = 0. (2.43)
Comparing (2.43) with (2.41) we immediately obtain
H,0,T)= M(). (2.44)

Thus, the coefficient matrix M (€) that is commonly used in existing IOC methods can be
considered as a special case of the recovery matrix when the available data is the complete
trajectory, i.e., &.,.; = &1

2) However, as in (2.44), the coefficient matrix M (&) only corresponds to the first term
of the recovery matrix, i.e., H1(¢,1). A key difference of the recovery matrix is its ability

to handle any incomplete data &,.,,; C &. Since the incomplete data &,.,; itself may not be
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optimal with respect to the objective function when t+1 < T, the unseen future information
thus must be taken care of if one wants to successfully learn the unknown weights w. As in
(2.42), the recovery matrix accounts for such unseen future information via its second term
H,(t,1) and the unknown costate A;j 1.

3) In addition to the capability of dealing with incomplete observation data, the recovery
matrix can also provide the insights to the IOC process, as stated in Lemmas 2.2.3 and 2.2.4,
and an efficient (iterative) way to compute the coefficient matrix for solving IOC problems,
as stated in Lemma 2.2.2. Such properties and computational advantages cannot be achieved
by existing IOC methods [34, 40, 42, 43, 45, 47, 48]. (Note that to compute M (&), existing
IOC methods typically require the inverse of a large matrix whose size is proportional to the

time horizon T').

2.3 Incremental IOC with Incomplete Trajectory Observations

Based on the previous theories of the recovery matrix, in this section, we will address the
first research gap identified in Section 2.1.2. We will present an incremental IOC algorithm
that enables to learn an objective function by automatically finding the minimal trajectory

observations.

2.3.1 Problem Formulation

Consider an optimal control agent with dynamics (2.1) and that its trajectory (2.2)
optimizes an unknown cost function (2.3). Given a relevant feature set F* in (2.4), we aim

to develop technique to estimate w only using an incomplete trajectory observation

v = (& t<k<t+1}CE (2.45)

which is a segment of & within the time interval [¢,t 4] C [0,7]. Here, ¢ is called the
observation starting time and [ = 1,2, - - - called the observation length, with 0 <t <t +1 <
T. Moreover, for any observation starting time ¢, we aim to find the minimal required

observation, denoted as [, to achieve a successful estimate of w. Note that in the above
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problem setting, we only know that the data &,.,,; is a segment of a system trajectory &;
we do not know the value of ¢ (i.e., the observation starting time relative to the start of
the trajectory), and do not require knowledge of any other information about &€ such as the
time horizon T or which type of optimal control problem £ is a solution to, as described in

Section 2.2.1.

2.3.2 The Method and Algorithm

The following corollary states a method to use an observation of the incomplete trajectory

to achieve a successful estimate of weights for given relevant features.

Corollary 2.3.1 (IOC using Incomplete Trajectory Observations). For the optimal control
agent in (2.1), given an incomplete trajectory observation &,.,.; C & in (2.45) and a relevant

feature set F = F* in (2.4), the recovery matriz H (t,1) is defined as in Definition 2.2.1. If
rank H(t,l) =s+n—1, (2.46)

and a nonzero vector col {@, 5\} € ker H(t,1) with @ € R®, then @ is a successful estimate

of w, i.e., there must exist a non-zero constant ¢ such that @ = cw.
Proof. Corollary 2.3.1 is a special case of Lemma 2.2.1. m

Remark. Suppose that in Corollary 2.3.1, (2.46) is not satisfied. According to Lemma 2.2.4,
rank H (t,]) < s+n — 1 holds and thus dimension of ker H (t,1) is at least two. This means
that another weight vector, independent of w, could be found in ker H (t,1), and the current
segment &,,., may be generated by this different weight vector. In this case, true weights
are not distinguishable or recoverable with respect to &,.,,,. The reason for this case can
be insufficient observations or low data informativeness, both of which may be remedied by
including additional data (i.e., increase |) according to Lemma 2.2.3 (we will illustrate this

later in experiments in Section 2.3.3).

Combining Lemma 2.2.1 and the properties of the recovery matrix, one has the following

conclusions: (i) as observations of more data points may contribute to increasing the rank of
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the recovery matrix (Lemma 2.2.3), which is bounded from above (Lemma 2.2.4), thus the
minimal required observation length [,;, that reaches the rank upper bound can be found;
(ii) from Lemmas 2.2.3 and 2.2.4, the minimal required observation length can be found
even if additional irrelevant features exist; and (iii) from Lemma 2.2.2, the minimal required
observation length can be found efficiently. In sum, we have the following incremental I0C

approach.

Corollary 2.3.2 (Incremental IOC Algorithm). Given candidate features F satisfying As-
sumption 2.2.1, the recovery matriz H (t,1), starting from t, is updated at each time step with
a new observed point &1 = (X}, 1, W) via Lemma 2.2.2. Then the minimal segment

length that suffices for a successful estimate of the feature weights is
Imin(t) = min {l\ rank H (t,1) = |F|+n — 1}. (2.47)

For any nonzero vector col {&, A} € ker H(t,lnm(t)) with & € R, & is a successful

estimate of the weights for F with the weights for irrelevant features being zeros.

Proof. Corollary 2.3.2 is a direct application of Lemma 2.2.1 and Lemmas 2.2.2-2.2.4. [

From Corollary 2.3.2, we note that starting from time ¢, the minimal required observation
length lin(t) to solve IOC problems is the one satisfying (2.47). As we will show later in
experiments in Section 2.3.3, ln(t) varies depending on the informativeness of data §,.,,,
and the selected candidate features. Whatever influences l,,(t), one can always find a
necessary lower bound of the minimal required observation length due to the size of the

recovery matrix, H (¢,1) € R™>*(71+") and matrix rank properties, that is,

(2.48)

Linin (£) > P}—H”—W |

m

where [-] is the ceiling operation. (2.48) implies that including additional irrelevant features
to F will require more data in order to successfully solve IOC problems (as shown later in
experiments in Section 2.3.3).

In practice, directly checking the rank condition of the recovery matrix in (2.47) in

Corollary 2.3.2 is challenging due to (i) data noise; (ii) near-optimality of demonstrations,
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i.e., the observed trajectory slightly deviates from the optimal one; and (iii) computational
error. Thus, one can use the following strategies to evaluate the rank of the recovery matrix.
First, we perform a normalization of the recovery matrix before verifying its rank, this is
because when the observed data is of low magnitude, the recovery matrix may have the
entries rather close to zeros, which may affect the matrix rank evaluation due to computing
rounding error.

_ H(t,1)

Ht,l) = THED (2.49)

where ||-||F is the Frobenius norm and we only consider the recovery matrix that is not a

zero matrix. Then

rank H (t,1) = rank H (t,1). (2.50)

Second, since we are only interested in whether the rank of the recovery matrix satisfies
rank H (t,l) = r +n — 1, instead of directly investigating the rank, we choose to look at the

singular values of H(t,1) by introducing the following rank index

) 0, it ou(H(t,1) =0, -

oy(H) /oy (H), otherwise.

The condition rank H (t,l) = r + n — 1 is thus equivalent to x(t,l) = +oo. However, due
to data noise, k(t,l) = 400 usually cannot be reached and thus is a finite value (we will

demonstrate this in later experiments). We thus pre-set a threshold v and verify
KL, 1) > (2.52)

to decide whether rank H (¢,1) = r+mn — 1 is fulfilled or not. Later in experiments in Section
2.3.3), we will show how observation data and noise levels influence the rank index x(t,1),

and how to accordingly choose a proper 7.

49



The computation of a successful estimate in Corollary 2.3.2 can be implemented by

solving the following constrained optimization

2

_ w
w = arg min H (t,lmin(t)) : (2.53)

“ A

subject to
171

Y owi=1 (2.54)
where ||-|| denotes the Iy norm and H is the normalized recovery matrix (see (2.49)). Here,

to avoid trivial solutions, we add the constraint (2.54) to normalize the weight estimate to
have sum of one, as used in [34].

In sum, the implementation of the proposed incremental IOC approach in corollary 2.3.2
is presented in Algorithm 1. Algorithm 1 permits arbitrary observation starting time, and
the observation length is automatically found by checking the rank condition using (2.51)

and (2.52). The algorithm can be viewed as an adaptive-observation-length 10C algorithm.

Algorithm 1: Incremental IOC Algorithm
Input: a candidate feature set F, a threshold ~;
Initial: Any observation starting time t;
Initialize =1, H(t,1) with &.,.;=(2} 1, U} ) via (2.27);
while H (t,1) not satisfying (2.52) do
Obtain subsequent data &, ;1 = (€} 11, Ui 1);
Update H(t,1) with &, ;,, via (2.26);
[+ 1+1
end
minimal required observation length: [, (t) =1 ;
compute a successful estimate @ via (2.53)-(2.54).

2.3.3 Numerical Experiments

We evaluate the proposed method on two systems. First, on a linear quadratic regulator
(LQR) system, we demonstrate the rank properties of the recovery matrix, show its capability

of handling incomplete trajectory data by comparing with the related IOC methods, and
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demonstrate its capability to solve IOC for infinite-horizon LQR. Second, on a simulated
two-link robot arm, we evaluate the proposed techniques in terms of observation noise,
including irrelevant features, and parameter settings. Throughout evaluations, we quantify

the accuracy of a weight estimate w by introducing the following estimation error:

ey = inf 1@ =l (2.55)
>0 [l
where ||| denotes the [y norm, @ is the weight estimate, and w is the ground truth. Obvi-
ously, e, = 0 means that @ is a successful estimate of w.
Evaluations on LQR Systems
Consider a finite-horizon free-end LQR system where the dynamics is
-1 1 1
Lpy1 = Ty + ug, (256)
0 1 3
with initial @y = [2, —2|', and quadratic cost function is
T
J=> (:v;cQa:k + u;Ruk>, (2.57)
k=0

with the time horizon T" = 50. Here, () and R are positive definite matrices and assumed to
have the structure

Q= , R=m, (2.58)
0 @

respectively. In the feature-weight form (2.3), the cost function (2.57) corresponds to the
feature vector ¢* = [2%, 23, u?)" and weights w = [q1, g2, 7). We here set w = [0.1,0.3,0.6]'
to generate the optimal trajectory of the LQR system, which is plotted in Fig. 2.1. In IOC
problems, we are given the features ¢*; the goal is to solve a successful estimate of w using

the optimal trajectory data in Fig. 2.1.
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Figure 2.1. The optimal trajectory of a LQR system (2.56)-(2.57) using the
weights w = [0.1,0.3,0.6]'.

Minimal Required Observations for IOC. Based on the above LQR system, we
here illustrate how the recovery matrix can be used to check whether incomplete trajectory
data suffices for the minimal observation required for a successful weight estimation. Given
the features ¢* = [z, ¥3,u?)’, we set the observation starting time ¢ = 0, and incrementally
increase the observation length [ from 1 to horizon T" = 50. For each observation length [,
we check the rank of the recovery matrix H (0,[) and solve the weights from the kernel of
H (0,1) (the weights are normalized to have sum of one). The results are plotted in Fig. 2.2.

As shown in the upper panel in Fig. 2.2, including additional trajectory data points, i.e.,
increasing the observation length [ (from 1), leads to an increase of the rank of the recovery
matrix. When [ = 4 rank H (0, () reaches to 4, which is the rank upper bound n+r —1 =4,
and then rank H (0,1) = 4 for all [ > 4. This illustrates the properties of the recovery matrix
in Lemma 2.2.3 and Lemma 2.2.4. From the bottom panel in Fig. 2.2, we see that when
[ < 4, for which rank H(0,l) < 4, the weight estimate @ is not a successful estimate of
w. When rank H(0,l) < 4, since the dimension of the kernel of H(0,1) is at least 2 and
thus H(0,1)[@, A]’ = 0 has multiple solutions [@, A]’; we choose the solution @ from the
kernel of H(0,!) randomly. After | > 4 when rank H (0,[) = 4, the estimate converges to a
successful estimate, thus indicating the effectiveness of using the rank condition in (2.47) to

check whether an incomplete observation suffices for the minimal required observation.

Recovery Matrix Rank for Additional Observations. Based on the LQR system,

we next show how additional observations affect the rank of the recovery matrix. Here, we
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Observation length [ (with starting time ¢ = 0)

Figure 2.2. The rank of the recovery matrix and weight estimate when the
observation starts at ¢ = 0 and the observation length [ increases from 1 to 7'
The upper panel shows the rank of the recovery matrix H (0,[) versus [/; and

the bottom panel shows the corresponding weight estimate for each [. Note

that the given features are ¢* = [22, 23, 4%’ and the ground truth weights are

w =[0.1,0.3,0.6]". For [ < 4, since the dimension of the kernel of H(0,1) is at
least 2 and thus H (0,1)[w, A]' = 0 has multiple solutions of [@, A)’, we choose
the solution @ from the kernel of H (0, ) randomly.

vary the observation starting time ¢ and use different candidate feature sets F, and for each
case, we incrementally increase the observation length from [ = 1 while checking the rank of
the recovery matrix until the rank reaches its maximum. The results are presented in Fig.
2.3. For the first three cases in Fig. 2.3a-2.3c, we set the observation starting time at ¢ = 5,
t = 28, and t = 30, respectively, and use a candidate feature set F = {2% 22, u?, u3}; for the
fourth case in Fig. 2.3d, we set the observation starting time at t = 5 and use a candidate
feature set F = {x?, 2%, u? 2u?}. Based on the results, we have the following observations
and comments.

(1) From Fig. 2.3a, 2.3b, and 2.3¢, we can see that additional observation (i.e., increasing
observation length [) increases or maintains the rank of the recovery matrix, as stated in
Lemma 2.2.3, and that continuously increasing the observation length will lead to the upper
bound of the recovery matrix’s rank, as stated in Lemma 2.2.4.

(2) Comparing Fig. 2.3a with Fig. 2.3d, we see that although the number of candidate
features for both cases are the same, i.e., |F| = r = 4, their corresponding maximum ranks
are different: the case in Fig. 2.3a achieves maxrank H =5 =r +n — 1 (which is the rank

condition (2.24) for a successful estimate), while in Fig. 2.3d the rank reaches max rank H =
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(d) t=5, F = {22, 23, u?, 2u?}

rank H

Figure 2.3. The rank of the recovery matrix versus the observation length I.
For (a), (b), and (c), the observation starting time is at t =5, t = 28, and t =
30, respectively, and the given candidate feature set is F = {22, 23, u? u}. For
(d), the observation starting time is at ¢ = 5 and the given candidate feature
set is F = {z%,23,u? 2u?}. In (d), since F contains two dependent features:
u? and 2u?, thus multiple combinations of these features can be found in F to
characterize the optimal trajectory, that is, {z% z3, u*} and {z%, 23, 2u?}, and
the rank upper bound according to Lemma 2.2.4 isrank H(¢t,]) <r+n—1=5
and cannot reach 5.

4 < r+mn—1. This is because F = {x? 23, u* 2u*} used in Fig. 2.3d contains two
dependent features, i.e., u? and 2u?, thus multiple combinations of features, e.g., {z?, 23, u?}
and {x?, 23, 2u?}, can be found in F to characterize the optimal trajectory. Based on (2.38)
in Lemma 2.2.4, rank H (¢,1) < 4 for all ¢ and [ and the condition rank H(¢,l) =5 =r+n—1
for a successful recovery will never be fulfilled.

(3) Comparing Fig. 2.3b, Fig. 2.3¢ and Fig. 2.3a, we note that in some cases additional

observations will not increase the rank of the recovery matrix, e.g., when the observation
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length is [ = 5,6,7,8 in Fig. 2.3b and [ = 5,6 in Fig. 2.3c. This can be explained using the

following relations:

H,(t,l) H,(tl) 1 0 H(t,l) H,(t,I)
rank H (t,] 4+ 1) =rank = rank
9¢’ af’ 9¢’ af’ ¢’ of'
L a”t*+l 8“:-‘-1 8w:+z+1 aﬂU;F+z+1 a“:+z 6u:+z

>rank | H(t,1) H,(t,1)| = rank H(t,1),

for which the first line is directly from (2.26), and the second line is due to det( am(zf : ) =
t+1+1

det( 7' ?) # 0 and matrix rank properties. The above equation says that the new observation
€11 = (%541, U; ) Is incorporated into the recovery matrix H(t,1) in the form of

appending m row vectors | a‘z‘f/ ai{/ ] € R™*+") to the bottom of H(t,1). If the new
t41 t4+1

observed data point &, = (2}, U;y4) is non-informative, in other words, if the
9¢" _of

* *
6“t+z 8ut+l

appended rows in | | are dependent on the row vectors in H(t,[), then according

to the matrix rank properties, one will have rank H (¢,l) = rank H (¢, + 1), thus the new

data &, ;. will not increase the rank of the recovery matrix. Otherwise, if the appended

o¢’ of'
Bu:H Bu:H

rows in | | are independent of the row vectors in H (t,1), that is, the new observed
data &, = (T}, 41, Ul 1) IS informative, then this new &, ., , will increase the rank of

the recovery matrix, i.e., rank H(¢,1) < rank H (¢,1 + 1).

Comparison with Prior Work. @ We will show how the recovery matrix is able to
solve IOC problems using incomplete observations by comparing with a recent inverse-KKT
method developed in [34]. The idea of the inverse-KKT method is based on the optimality
equations similar to (2.41) using full trajectory data &. As suggested by [34], the weights are
estimated by minimizing

min|| M (§)w]l?, (2.59)

subject to Y, w; = 1. Although the inverse-KKT method [34] is developed based on full
trajectory data &, we here want to see its performance when only incomplete data &,.,,; C &

Is given.
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Figure 2.4. Comparison between the inverse-KKT method (2.61) and pro-
posed recovery matrix method (2.62) when given incomplete trajectory obser-
vation &,.,,,;. Different observation starting time ¢ is used: ¢ = 0 in (a), t = 2
in (b), and ¢t = 40 in (c). For each case, we increase the observation length I
from 1 to the end of the horizon, i.e., t + 1 = T, and for each [, the estimation
error e, for both methods is evaluated, respectively. Note that the estimation
error is defined in (2.55).

As analyzed in Section 2.2.4, the coefficient matrix M (&) is a special case of the recovery

matrix when &, ,; = &,.7, that is,

M(¢) = H,(0,T). (2.60)

Recall that this is because the LQR in (2.56)-(2.57) is a free-end optimal control system,
as analyzed in Section 2.2.2, Ar;; = 0. Given incomplete observation data &,.,.;, C &,

comparing the inverse-KKT method

min| M€ )wl’ st Yw =1 (2.61)
with the proposed recovery matrix method
min[| H (¢, Dw + Hof(t, DAP st D w =1, (2.62)

can show us how the unseen future data influences learning of the cost function.
For the LQR trajectory in Fig. 2.1, we use the feature set F = {22 23 u?}, set the

observation starting time ¢ to be 0, 2, and 40, respectively, and for each observation starting
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time ¢, we increase the observation length [ from 1 to the end of the trajectory, i.e., t +
[ = T. With each observation §;.,,;, we solve the weight estimate using the inverse-KKT
method (2.61) and the proposed method (2.62) and evaluate the estimation error e, in (2.55),
respectively. Results are shown in Fig. 2.4, based on which we have the following comments.

(1) The inverse-KKT method is sensitive to the starting time of the observation sequence.
When the observation starts from ¢ = 0 (Fig. 2.4a), the inverse-KKT method achieves a
successful estimate after observation length [ > 30; when ¢ = 2 (Fig. 2.4b) and ¢ = 40 (Fig.
2.4¢) only when [ reaches the end of trajectory, can the inverse-KKT method obtain the
successful estimate.

(2) As we have analyzed in Section 2.2.4, the success of the inverse-KKT method requires
that the given data &,.,; itself minimizes the cost function, which is only guaranteed when
the observation reaches the trajectory end, i.e., t +{ = T'. This explains the results in Fig.
2.4b and 2.4c. Given incomplete §,,,; (t +1 < T'), although the inverse-KKT method still
achieves a successful estimate in Fig. 2.4a, such performance is not guaranteed and heavily
relies on ‘informativeness’ of the given incomplete data relative to unseen future information.
In Fig. 2.1, since the trajectory data at beginning phase is more ‘informative’ than the rest,
the inverse-KKT method starting from ¢t = 0 uses less data to converge (Fig. 2.4a) than
starting from ¢ = 2 (Fig. 2.4b).

(3) In contrast, Fig. 2.4 shows the effectiveness of using the recovery matrix to deal
with incomplete observations. The proposed method guarantees a successful estimate after
a much smaller observation length (e.g., around [ = 4 for all three cases). This advantage
is because the unseen future information is accounted for by Hs(¢,1) in the recovery matrix
and the related unknown future variable Ay y;41 is jointly estimated in (2.62).

In sum, we make the following conclusions. First, existing KK'T-based methods generally
require a full trajectory, and cannot deal with incomplete trajectory data. Second, the
proposed recovery matrix method addresses this by jointly accounting for unseen future
information; and the recovery matrix presents a systematic way to check whether a trajectory
segment is sufficient to recover the objective function and if so, to solve it only using the
segment data. Third, existing KKT-based methods can be viewed as a special case of the

proposed recovery matrix method when the segment data is the full trajectory.
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IOC for Infinite-horizon LQR. We demonstrate the ability of the proposed method
to solve the IOC problem for an infinite-horizon control system. We still use the LQR system
in (2.56)-(2.57) as an example, but here we set the time horizon 7" = oo (other conditions
and parameters remain the same). The optimal trajectory in this case is a result of feedback
control u = K« with a constant control gain K solved by the algebraic Riccati equation [2].
For the above infinite-horizon LQR (with @ and R in (2.58)), the control gain is solved as
K =[-0.1472 —0.1918].

rank H
P N W b~ O
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1+

I \ oL il

0.6 N e o v v e o

RIC . N Ot
0.2r "‘ 1 o |

ool W | | | |
0 5 10 15 20 25
Observation length ! (with starting time ¢ = 8)

Figure 2.5. I0C results for infinite-horizon LQR system. The observation
starting time is t = 8 and the observation length [ increases from [ = 1 to 25.
The upper panel shows the rank of the recovery matrix versus increasing [, and
the bottom panel is the corresponding weight estimate for each [.

In IOC, suppose that we observe an arbitrary segment from the infinite-horizon trajectory;
here we use the segment data within the time interval [t,t + (] = [8, 33|, namely, &4.55 with
= 8 and | = 25. We set the candidate feature set F = {2} 23,u*}. The IOC results
using Algorithm 1 are presented in Fig. 2.5. Here we fix the observation starting time ¢t = 8
while increasing [ from 1 to the time interval end 25. The upper panel of Fig. 2.5 shows
rank H (8,1) versus increasing observation length [, and the bottom panel shows the weight
estimate @ of each [ solved from the kernel of the recovery matrix H (8,[). As shown in the
upper panel, with the observation length [ increasing, rank H (8, 1) quickly reaches the upper
bound rank r +n — 1 = 4 after [ > 4, indicting the successful estimate of the weights as
shown in the bottom panel. The results demonstrate the ability of the proposed method to

solve IOC problems for infinite-horizon optimal control systems.
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Evaluation on a Two-link Robot Arm

To evaluate the proposed method on a non-linear agent, we use a two-link robot arm

system which is given in Appendix A.2. Based on the robot dynamics in (A.2), we have
6 =MO)"(-C(6,0)0 —g(0) + 1), (2.63)
which can be further expressed in state-space representation
= f(x,u), (2.64)
with the system state and input defined as

= {91 0 91 92} ) u = {7’1 7'2} ) (265)

respectively. We consider the following finite-horizon fixed-end optimal control for the above

robot arm system:

T
min gﬂwqﬁ*(% uy),

st Tpp =@ + Af(Tr, up), (2.66)
Lo = Lstart,
L1741 = Lgoal,
where A = 0.01s is the discretization interval. In (2.66), we specify the initial state @sar =

[0,0,0,0]', goal state @zpa1 = [5, —7,0,0]’, the time horizon T" = 100, and the feature vector

and the corresponding weights
/

/
¢ = [712 73 7172} w = {0.6 0.3 0.1}7 (2.67)

respectively. We solve the above optimal control system (2.66) using the CasADi software

[50] and plot the resulting trajectory in Fig. 2.6.
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Time

Figure 2.6. The optimal trajectory of the two-link robot arm optimal control
system (2.66) with the cost function (2.67).

Observation Noise. We test the proposed incremental IOC approach (Algorithm 1)
under different data noise levels. We add to the trajectory in Fig. 2.6 Gaussian noise of
different levels that are characterized by different standard deviations from o = 107° to
o = 1071 In Algorithm 1, we use F = {7,7%, 772} and set v = 45 (the choice of v
will be discussed later in Section 2.3.3). We set the observation starting time ¢ at all time
instants except for those near the trajectory end which can not provide sufficient subsequent
observation length. As an example, we present the experimental results for the case of noise
level o = 1072 in Fig 2.7. Here, the upper panel shows the minimal required observation
length [, () automatically found for each observation starting time ¢, and the bottom shows
the corresponding weight estimate using the minimal required observation data &4, . «)-

From Fig. 2.7, we see that the automatically-found minimal required observation length
Imin(t) varies depending on the observation starting time ¢. This can be interpreted by
noting that the trajectory data in Fig. 2.6 in different intervals has different informativeness
to reflect the cost function. For example, according to Fig. 2.7, we can postulate that
the beginning and final portions of the trajectory data are more ‘data-informative’ than
other portions, thus needing smaller l,,;,(¢) to achieve the successful estimate. This can be
understood if we consider that the beginning and final portions of the trajectory in Fig. 2.6
has richer patterns such as curvatures than the middle which are more smooth. Using the
recovery matrix, the data informativeness about the cost function is quantitatively indicated

by the recovery matrix’s rank. Even under observation noise, the proposed method can
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Figure 2.7. IOC by automatically finding the minimal required observation
under noise level 0 = 1072, The x-axis is the different observation starting time
t. The upper panel shows the automatically-found minimal required observa-
tion length I, (¢) at different ¢, and the bottom panel shows the corresponding
estimate @ via (2.53). Note that ground truth w = [0.6,0.3,0.1]".

adaptively find the sufficient observation length size such that the data is informative enough

to guarantee a successful estimate of the weights, as shown by both upper and bottom panels

in Fig. 2.7.

Table 2.1. Results of incremental IOC (Algorithm 1, v = 45) under different noise levels.
Noise level o Averaged Ly, /T (%) T Averaged e,

o=10"° 8% 43 x 107*
o=10"* 8.1% 4.0 x 1073
oc=10"3 12.61% 8.1x1073
oc=1072 33.8% 8.5x 1073
o=10"" 70.0% 7.1 %1073

T The average is calculated based on all successful estimations over all observation cases
(varying observation starting time).

We summarize all results under different noise levels in Table 2.1. Here the minimal
required observation length is presented in percentage with respect to the total horizon T
According to Table 2.1, under a fixed rank index threshold (here 7 = 45), we can see that
high noise levels, on average, will lead to larger minimal required observation length, but the

estimation error is not influenced too much. This is because the increased observation length
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can compensate for the uncertainty induced by data noise and finally produces a ‘neutralized’
estimate. Hence, the results prove the robustness of the proposed incremental IOC algorithm
against the small observation noise. We will later show how to further improve the accuracy

by adjusting ~.

Presence of Irrelevant Features. We here assume that exact knowledge of relevant
features is not available, and we evaluate the performance of Algorithm 1 given a feature set
including irrelevant features. We add all observation data with Gaussian noise of o = 1073.
In Algorithm 1, we set v = 45 and construct a feature set F based on the following candidate
features

2 2 3 3 2 2 4 4 3 3 29
{75, T4, TTa, T}, Ty, TATy, TiTo, Ty Tey TiTo, TiTy, TiTy}- (2.68)

Algorithm 1 is applied the same way as in the previous experiment: by starting the obser-
vation at all time instants except for those near the trajectory end. We provide different
candidate feature sets in the first column in Table 2.2, and for each case we compute the
average of the minimal required observation length and the average of estimation error in

(2.55). The results are summarized in second and third columns in Table 2.2.

Table 2.2. Results of incremental IOC (Algorithm 1, v = 45) with different
given feature sets.

Candidate feature set F Averaged [, /T Averaged e’
{rt, 75, T2} 12.18% 4.2 x 1073
{1, 73, T2, T, T3 } 14.7% 9.7 x 1073
{2, 73, T2, TV, T, TTS 71272} 25.69% 8.7 x 1073
{11, 73, e, T8, 75, Ty, ToTR, T T ) 35.97% 8.6 x 1073
{72, 73, TiTo, T3, o, TiTa, TiToy Ty Tas ToTo, TiTa, TiTe}  45.53% 9.1 x 1073

! The average is calculated based on all successful estimations over all observation cases
(varying observation starting time).

Table 2.2 indicates that on average, the minimal required observation length increases as
additional irrelevant features are included to the feature set F. This can be understood if we
consider (2.47) and the rank non-decreasing property in Lemma 2.2.3: when a certain number

of irrelevant features are added, the rank required for successful estimate will increase by the
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same amount, thus needing additional trajectory data points. Due to increased observation
length, the estimation accuracy is not much influenced by the additional irrelevant features.
Thus we conclude that the proposed incremental IOC algorithm applies to the presence of

irrelevant features.

Parameter Setting.  We now discuss how to choose the rank threshold v in Algorithm
1. Since in Algorithm 1 the rank index (2.51) for the recovery matrix is used to find the
minimal required observation length, we first investigate how the rank index x(t,[) changes
as the observation length [ increases. We use the trajectory data in Fig. 2.6 with added
Gaussian noise of 0 = 1072, 0 = 2 x 1073, and ¢ = 1072, respectively. The candidate
features set here is F = {77, 75,7172 }. We fix the observation start time ¢ = (0 and increase
the observation length [ from 1 to 7. The rank index x(t = 0,1) for different [ is shown in
Fig. 2.8.

4000 - =3
—noise of 0 = 10~
—--noise of 0 = 2 x 1072
o 3000 | noise of o = 1072
= 2000 r
N 2
1000 - ’_/,’
0 e T T meeirregssressersnsangeeneettttt
0 20 40 60 80 100

Observation length [ (with starting time t = 0)

Figure 2.8. The rank index x(0,1) in (2.51) versus different observation length
[ under different noise levels.

From Fig. 2.8, we can see that although (¢, ) has different scales at different noise levels,
it in general increases as the observation length [ increases. This can be understood if we
compare the above results to k(t, ) in noise-free cases: when there is no data noise, according
to Lemma 2.2.3 and 2.2.4, as [ increases, k(t,1) will first remain zero when [ < ly;,, then
increase to infinity after [ > l,;,. In noisy settings, k(t,l) however will increase to a large
finite value. From the plot, we can postulate that in practice choosing a larger threshold ~
will lead to a larger minimal required observation length [,;,, thus more data points will be

included into the recovery matrix to compute the estimate of the weights, which may finally
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improve the estimation accuracy (similar to results in Table 2.1). In what follows, we will

verify this postulation by showing how v affects the performance of Algorithm 1.

[y

Averaged Iy /T
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o

o

500 1000 1500 2000
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=
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0
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Figure 2.9. Averaged [, (upper panel) and averaged estimation error e,
(bottom panel) for different choices of ~.

We add Gaussian noise ¢ = 1073 to the trajectory data in Fig. 2.6, and apply Algorithm
1 by starting the observation at all possible time steps, as performed in previous experiments.
We vary ~ to show its influence on the average of the minimal required observation length [,
and the average of the estimation error e,,. The results are shown in Fig. 2.9, from which we
can observe that first, a larger v will lead to larger minimal required observation length; and
second, due to the increased minimal required observation, the corresponding estimation
accuracy is improved because data noise or other error sources can be compensated by
additional observation data. These facts thus prove our previous postulation based on Fig.
2.8. Moreover, Fig. 2.9 also shows as v exceeds a certain value, e.g., 200, continuously
increasing v will not improve the recovery accuracy significantly. This suggests that the
choice of 7y is not sensitive to the performance if y is large. Therefore, in practice it is possible
to find a proper v without much manual effort such that both the estimation accuracy and

computational cost are balanced.
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2.4 10C for Multi-phase Objective Functions

In this section, we will investigate the IOC problem for multi-phase cost functions, aiming
to address the second research gap identified in Section 2.1.2. We consider the observed
trajectory as a concatenation of multiple phases of motion, where each phase is characterized
by a distinct cost function parameterized as a linear combination of given features with phase-
dependent cost weights. We focus on not only recovering the cost weights of each phase, but

also estimating the transition points between motion phases.

2.4.1 Problem Formulation

Consider an autonomous agent with dynamics and initial condition in (2.1). Suppose

that the agent trajectory of states and inputs over a horizon T in (2.2), rewritten here
E={& k=0,1,....,T} with &,=(x}, u}),

is a sequential concatenation of p phases, and each phase (locally) minimizes a different cost

function. The overall cost function is
p Tjy1—-1

J(.’.C();T,’LL();T) = Z Z C(j)(wk,uk), (269)

j=1 k=T;

where CV)(z, ) is the running cost in the jth-phase motion, and interval [T}, T; ) is the
time horizon for the jth-phase motion with 71 = 0 and 7,41 = 7"+ 1. Here, we call Tj

(1 < j < p) a phase transition point. We construct the jth-phase running cost as

CY(x,u) = w(j)/qb(a:,u), (2.70)
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where ¢ = [¢1, ¢2, -+, ¢,]) € R is called the union feature vector, and w) € R" are the

cost weights of the jth-phase motion. We say that the feature

relevant  if wi(j) #0
i is (2.71)

irrelevant otherwise

)

for the jth-phase motion. Here, w;”’, i.e., the ith entry of w), is the cost weight for ¢;,
1=1,2,---,r.

Given the observed trajectory € and the union feature vector ¢, we aim to (i) recover
the cost weights w@ of each phase and (ii) estimate the location of the phase transition
points 7; (1 < j < p). Note that the cost weights of each phase can only be recovered up to
a non-zero scaling. Thus, for the jth-phase motion (1 < j < p), we call the recovered cost
weights @) a successful recovery if W) = cwl) with ¢ > 0; specific ¢ can be obtained by

normalization [40].

2.4.2 The Method and Algorithm

Before we develop the method for estimating a multi-phase objective function, we first
recall the learning of the cost function within a single phase using the technique of recovery

matrix developed in Section 2.2.

Single-Phase Cost Function Recovery

Suppose a segment of the agent trajectory, denoted as &,.,,; = (x;, ., Uj,yy), Where t
represents the observation starting time and [ is called the observation length, is from a
single phase, say the jth phase (that is, 7; < t <t+4 1 < Tj41). Based on Corollary 2.3.2,
the lemma below provides a method for using the minimal observation length to recover the

cost weights within a single phase.

Lemma 2.4.1. Suppose that the observations of agent trajectory start from time t and
are within the jth phase, i.e., T; < t <t+1—1 < Tj11. The recovery matriz H(t,1)

is incrementally updated with new observations according to Lemma 2.2.2. The minimal
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observation length required for a successful recovery of the jth phase cost weights w9, defined
as lnin(t), s

Imin(t) = min {l| rank H (t,l) =r+n — 1}. (2.72)

If a vector col {&, A} # 0 with & € R” is a solution to

w
H(t,lnin(t)) =0, (2.73)
A
then & is a successful recovery for wt).
Proof. Please refer to Corollary 2.3.2 for the proof. m

In Lemma 2.4.1, we implicitly assume that the horizon of the jth phase satisfies T} =1} —
1 > lnin(t); and due to (2.2.3) and (2.2.4), rank H (¢, lnin(t)) < rank H(T;,Tj41 —T; — 1) <
r+n — 1. We thus establish the following assumption for the cost weight ‘recoverability’ of

each phase.

Assumption 2.4.1. Given the union feature vector ¢ in (2.70) and the recovery matriz

defined in (2.2.1), the trajectory of states and inputs in the j-th phase €Tj:Tj+1—1 satisfies
rank H(T;, Tj;n —T; — 1) =r+n—1. (2.74)

forallj=1,2,...,p.

Assumption 2.4.1 provides the condition under which the cost weights of each phase can
at least be recovered using the whole phase horizon. The validity of this assumption depends
on the informativeness of the data in each phase, as analyzed in the previous Section 2.3 and
also the union feature set used. To understand this, we consider the following contradiction:
assume that given a very large union feature set, there exist non-unique feature combinations
which can be used to characterize the jth phase, i.e. there exist two independent cost weight
vectors, say w and @V, for which rank H(T;,T;+1—T;—1) < r+n—1, as demonstrated in
Section 2.3.3. Based on the previous discussions for the single-phase case, we now consider

multiphase cost function recovery.
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Multiple-phase Cost Function Recovery

Under Assumption 2.4.1, the idea for recovering the multiphase cost function is to com-
pute the cost weights over time using an observation window moving along the trajectory
& = {x{,,ul,}. The procedure includes two ingredients: first, a window, with the starting
position at time ¢ with the adaptive length denoted as [(t), moves forward along the tra-
jectory while recovering the cost weights, denoted as @(t), using the trajectory data within
that window via (2.73); second, in an inner loop, the window length [(¢) is incrementally
determined by finding the minimal observation length [, (¢) defined in (2.72). Therefore,
the procedure is a recursive application of Lemma 2.4.1 along the trajectory, and the output
is the recovered weights w(t). Note that the index ¢ in w(¢) and [(t) is used to indicate where
the corresponding observation window starts. For the above process, we analyze the follow-
ing two cases: first, the observations and recovery are performed within the same phase, as
shown in Fig. 2.10, and second, the observations are crossing a phase transition point, as
shown in Fig. 2.11.

Observations within the Same Phase. Without loss of generality, we suppose
that a window with starting time ¢ is in the jth phase, as illustrated in Fig.2.10. When
the minimal observation window length liin(t) (2.72) is successfully found within the same
phase, i.e. T; < t <t lpin(t) < Tj41, as shown in Fig. 2.10, the recovery process is just
the single-phase case as discussed in the previous subsection.

— (j-1)-th phase —>€—— j-th phase ——>€— (j+1)-th phase —

—-

N

G- - -]
lmin (t)

T; t Tj+1

Figure 2.10. An illustration where the minimal observation length is found
within the same phase. Here, the observation window is colored in red.

Observations over a Phase Transition Point. = We now focus on the case where
the window (with the starting time ¢) is over a phase transition point, say 711, as illustrated

in Fig. 2.11. This case only happens when the observations from ¢ to T4 — 1 (i.e. the
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Figure 2.11. An illustration when the window is over a phase transition
point. The upper panel shows the case where the window ends at Tj;1; the
bottom panel shows that the window length increases to include the data of
the (7 + 1)th phase.

corresponding observation length is 711 — ¢ — 1 as shown in the upper panel in Fig. 2.11)
cannot reach the minimal observation length in (2.72), that is, rank H(¢, 7541 —t — 1) <
n 4+ r — 1. In what follows, based on the bottom panel in Fig. 2.11, we fix the window
starting time ¢ and discuss the rank values of H (¢,[) while increasing ! from (Tj; — ¢ —1).

First, we have the following lemma.

Lemma 2.4.2. Suppose that Assumption 2.4.1 holds, and the window starts at time t €
[T, T;4+1) which satisfies rank H (t,Tj41 —t—1) < n+r—1. Then there exists an observation
length | with

L€ [T =, T — t+ lnin(Tj41)] (2.75)

such that
rank H(t,l) >r+n—1 (2.76)

where lynin(Tj+1) denotes the minimal observation length from the starting time Tj4q + 1.
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Proof. Proof by contradiction: assume that rank H(¢,l) < r+mn —1 holds for all T —t <

I <Tji1 —t+ lmin(Tj11). However, due to the rank non-decreasing in (2.2.3), we have

rank H (¢, Tj 11 — t + lmin(Tj41)) > rank H (T4, bpin(Tj41)) =7+ n — L.

contradicting the assumption. This completes the proof. O

Based on Lemma 2.4.2, we consider the following two sub-cases when increasing [ to

include the data of the next phase:

o Cuase A: if there exists [ such that rank H(¢,1) = r + n — 1 holds, we still can
compute non-trivial weights @ through (2.73); however, such @ may not be a
successful recovery of w®) as it is computed using the data from two phases, in

this case we call w a “degenerate recovery”; and

« Cuase B: otherwise, increasing [ will result in a direct jump to rank H (t,1) = r+n.
In this case, just from the rank value we can say that the window includes a phase

transition point.

From the above discussions, we note that when the observations from the previous phase
are not sufficient to produce a successful recovery (i.e. the window starting time ¢ satisfying
rank H(t,Tj11 —t — 1) < n+r — 1), increasing the window length to include the data of
the next phase may lead to rank H(¢,1) = n + r — 1 due to degenerate recoveries. This will
lead to a possible failure to detect the phase transition points by only observing the rank
condition of the recovery matrix (as we shall discuss in experiments, in practice we have not
encountered this issue). To circumvent the limitations due to degenerate recovery, we use
the cost weights computed at each window to facilitate the estimation of phase transition
points. Specifically, as the observation window moves along the trajectory, at any starting

time t € [T}, T;4+1), (1 < j < p), the cost weights, denoted as w(t), are computed by:

o Case A: if increasing [ results in rank H (t,1) = n+r — 1, here denoted as [y, (%),

still compute the weights @(t) via (2.73).
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o Case B: otherwise (increasing [ only leads to rank H (¢,1) = n+r, indicating that

the window includes a phase transition point), set W(t) = w(t — 1).

Consequently, by checking the changes of @(t) over time ¢, the phase transition point
Tj41 can be estimated. Considering the degenerate recovery that may happen in Case A,

the estimated phase transition point, denoted as TjH, is always bounded by
t9 < T < Tja (2.77)

where tU) is the last starting time in the jth phase such that rank H (¢, Tjp1—t—1) =n+r—1

max

holds, that is,

tU) = arg max t

max

st. rankH(t,Tj41 —t—1)=n+r—1

As we will demonstrate later, when the observation window includes a phase transition point,
degenerate recoveries happen infrequently. This is because in most cases the trajectory data
of the next phase always violates the optimality condition of the previous phase. Thus,
usually when the window includes a small number of data points of the next phase, the rank

of the recovery matrix immediately jumps to (n + 7).

Implementation

We first describe our implementation for checking the rank condition (2.72) and comput-
ing the weights in (2.73). To verify rank H (t,l) = n 4+ r — 1, we can check the rank index
(2.52), as used in Section 2.3.2, rewritten as below we check the metric

w(H(tD) 5. (2.78)

W= E D) ©
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The choice of  has been discussed in Section 2.3.3. To compute (2.73), we use

w . wl|?
| = min | H (t, lmin(?))
A A (2.79)
s.t. Zwi = 1,
i=1
where ||-|| denotes the ls-norm.

Based on the above rules, we now consider the implementation of the recovery procedure
to obtain w(t). Suppose that the window starts at time ¢. We increase its length {(¢) while
examining the validity of (2.78):

o Case A: if (2.78) is fulfilled for a certain increased [(t), here, denoted as Iy, (%),

then we compute w(t) via (2.79).

o Case B: otherwise; if (2.78) cannot be fulfilled for any I(t) from 1 to T — ¢, set
@(t)=w(t—1).

To reduce computational cost, in Case B we do not necessarily need to verify for all
1 <1< T —t; instead, we use a maximum window length [,,., and only examine (2.78) for
I(t) from [ZE2] ([-] is ceiling operator) to lmax. Here, lmax should be larger than any phase
horizon, i.e.

Inax > Tjyr — T3, ¥ 1<j<p. (2.80)

Thus, we summarize the computation of @(t) as

computed via (2.79), if {pnin(?) < lnax
o(t) = (2.79) ®) (2.81)

w(t—1), otherwise

where [in(t) < lnax means that the window length satisfying (2.78) is found within [;.y.
Note that in (2.81) the cost weights for the data points near the trajectory terminal, which
do not suffice for a minimal observation length, are also considered: their values remain the

same as the previous recovery results.
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The overall implementation for recovering the multiphase cost functions is presented in

Algorithm 2. The choice of v has been discussed in Section 2.3.3.

Algorithm 2: IOC for multiphase cost functions

Input: trajectory observations (&}.p,uj.7);
a union feature vector ¢.
Output: recovered cost weights @(t) at time t = 0,2,--- , T.
Parameter: rank index threshold v (2.78);
maximum window length I, (2.80).

fort=0:7do
initialize observation length [(t)=["""
initialize the recovery matrix H (t,1(t)) (2.26-2.27);
while [(t) < lmax and not satisfying (2.78) do

extend the observation size [(t) = I(t) + 1;

take the next observation (&7, U/ )

update H (t,1(t)) (2.26);

normalize to obtain H (t,1(t)) (2.78);
end
compute the cost weights @(t) via (2.81).
end

r+n“;

2.4.3 Numerical Experiments

We evaluate the proposed method on a two-link robot arm, given in Appendix A.2. We

define the recovery error e, to quantify the multiphase IOC accuracy:

T
> inflleio(t) - w(t)|
t=0

=5 2.82
‘ . (2:2)

where T is the overall horizon, and true w(t) = w for Ty <t < Tj,; with j =1,2,--- ,p.
The dynamics of a two-link arm is given in Appendix A.2, also used in Section 2.3.3. By
defining / /
r= [91 b1 0 92] and u =T = [Tl Tz] ’ (2.83)
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(a) The state trajectory. (b) Recovered cost weights.

Figure 2.12. Recovery of a three-phase cost function for the robot motion:
(a) the state trajectory of the two-link robot arm with the red dotted lines
indicating the phase transition points of ground-truth; the ground-truth cost
weights for each phase is w® = [0.75,0.25)", w® = [0.5,0.5]', and w® =
[0.2,0.8]"; and (b) shows the recovered results by the proposed method (blue
solid lines) and the KKT method [28] (red dotted/dashed lines).

we write (2.63) in state-space representation and further approximate it to the following
discrete-time form

Lrt1 — Tk + A - f(zck,ukﬂ) (284)

where A = 0.001s is the discretization interval.

The motion of the robot arm contains three phases, and each phase has different extents
and cost functions. The union feature vector is ¢ = |12, 72]', where 72 (i = 1,2) denotes a
quadratic basis function of torque 7;. In Phase I, the robot moves from &y = &7, = [0, 0,0, 0]’
at Ty = 0 to @y, = [— %,0,—%,0]" at 75 = 1000 (1s) with cost weights w™® = [0.75,0.25]';
in Phase 2, from @7, to @y, = [%,0,%2,0]" at T3 = 2000 (2s) with w® = [0.5,0.5]'; and in
Phase 3, from @z, to @7, = [~ %,0,—%,0] at Ty = 3000 (3s) with w® = [0.2,0.8]". The
multiphase optimal control is solved by GPOPS [51] and the optimal state trajectories are
shown in Fig. 2.12a.

Given the union feature vector ¢, we apply Algorithm 2 to recover the multiphase cost
weights from the trajectory given in Fig. 2.12a. We set v = 100 and [, = 1000. The results
w(t) are plotted in Fig. 2.12b in blue solid lines. From Fig. 2.12b, we can see that the cost

weights of each phase and the phase boundaries are successfully recovered. For example, we
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observe that the first phase is from time 0 to 1001 with the average weights [0.7501, 0.2499]’
(by averaging w(t) for 1 <t < 1001); the second phase from 1002 to 2000 with the average
weights [0.4998,0.5002)’; and the third phase from 2001 to 3000 with the average weights
[0.1998,0.8012]".

Observation Noise. = We evaluate the performance of the proposed method by adding
varying levels of white Gaussian noise to the trajectory data, and the results are listed in
Table 2.3. From Table 2.3, we can conclude that (i) the average minimum observation length
increases if the trajectory noise is high; and (ii) since the increased window length includes

more data points to mitigate noise, the recovery accuracy maintains high.

Table 2.3. Results of Multi-phase IOC (Algorithm 2, v = 100, lyax = 1000)
under different noise levels.

Noise level €y Avg. lnin® Tl and Tg e, for KKT method *

le —4 0.0019 145.3 1004, 2000 0.15
le—3 0.0016 236.0 1004, 2000 0.15
le —2 0.0014 954.5 1004, 2002 0.18

* The averaged [, is computed by averaging [, (¢) for 1 < ¢t < T; and e, for KKT
method is evaluated with window length L = 950.

Comparison with Related Work. = We compare the proposed method with the KKT
method [28]. In [28], a window of manually-specified length moves along the trajectory, and
the weights are computed by minimizing the violation of KKT conditions. Here, we set
the window length L = 950 and L = 1000, and plot the corresponding recoveries in Fig.
2.12b using red dotted and red dashed lines, respectively. We also test the recovery error for
L = 950 under different noise levels and summarize the results in Table 2.3.

The results illustrate that although being able to discriminate motion phases, the KKT
method does not consistently produce the correct cost weights (the recovery errors for L =
950 and L = 1000 are 0.18 and 0.15, respectively), and the estimated phase transition points
have high errors. We also find that the KKT method is sensitive to the choice of window
length: a larger window length will improve recovery accuracy, but may lead to inaccuracy

for the phase transition point estimation.
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This is because the KKT method only uses current window data and does not consider the
influence of future data beyond the window on the recovery, inevitably leading to a recovery
error. This future information is encoded in the costate A in (2.73) in our formulation.
When the observed data is of ‘low richness’, e.g. of a small window length, the influence
of future information becomes relatively significant, thus leading to a large recovery error.
Thus, the KKT method always requires a large window, but this will potentially deteriorate
the accuracy of phase boundary detection. In Fig. 2.12b, we also observe that the KKT
method results in a detection delay for the first phase transition point. This may be because
when the window is over the transition point, the included data from the first phase is more
expressive compared to that of the second phase, thus contributing more to the computed

cost weight and making the results look more like the ones of the first phase.

2.5 Distributed I10C

As identified in Section 2.1.2, existing IOC techniques are designed in a centralized way.
This limits their implementations to the practical situation when the data storage exceeds the
memory capacity of a single processor or the computational demand exceeds the capability of
the processor. For the former restriction, although the recovery matrix developed in Section
2.2 allows us to handle trajectory segments, it still requires a large chunk of consecutive
trajectory data to satisfy the rank condition. In this section, we address such challenges by
developing a distributed IOC approach, which enables the learning of an objective function
jointly by multiple processors, each of which only observes and processes smaller part of data

that could be much smaller than that required by the recovery matrix.

2.5.1 Problem Formulation

Consider an optimal control agent with dynamics and initial condition in (2.1), and its

trajectory, rewritten below,

E={&,t=0,1,...T} with & ={x], u;},
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is (locally) minimizing a control cost function (2.3) with unknown weights w.

Consider a number of N processors where each processor ¢ only communicates with its
neighbors denoted as a set AV; (we here assume i € N;). Let a graph G = (V, ) denote the
communication graph of all processors, where the node set V = {1,2,--- | N} represents the
N processors, and the edge set € = {(¢,7)} C V x V represents the available communication
channels: there is an edge (i,7) € &£ if and only if processors i and j are neighbors. We
consider that G is connected, undirected, and time-invariant. As shown in Fig. 2.13, we

suppose each processor i observes a collection of s; trajectory segments, i.e., s; segments of

&, defined as
Si = {sjij:fijvj = 1727 "'7Si}7 (285)

where Siij:gij is the jth segment observed by processor i, with ¢;; and t;; being its starting
and ending time, 0 < t;; < #;; < T. Note that we do not put any restriction to S;, which
means that S; could include only one trajectory segment, i.e. s; = 1, as shown by Processor
3 in Fig. 2.13; or even permit a segment of length of 1, i.e., s; = 1 and ¢;; —t;; = 1, as shown
by Processor 2; Processors are also allowed to have overlaps in their trajectory segments as

shown by Processors N-1 and N.
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Figure 2.13. Illustration of distributed inverse optimal control.

Since the available trajectory segments S; for each processor i is usually not sufficient to
determine w alone, the problem of interest is to develop a distributed IOC, which enables
all processors to collaboratively achieve w by communicating with its neighbors. Note that
scaling w by a positive non-zero constant does not affect the IOC because a scaled w can

lead to the same &. Without losing generality, we here fix w; = 1, i.e., [1,0,--- ,0Jw = 1.
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2.5.2 The Method and Algorithm

In this part, we will first introduce the concept of IOC-effectiveness, a way to evaluate
whether a trajectory segment can contribute to IOC, and if so, such segment will impose
a liner constraint to the unknown objective function weights. We then establish IOC iden-
tifiability from trajectory segments. Finally, we develop a distributed algorithm to enable
all processors to collaboratively learn the objective function weights exponentially fast by

communicating with their neighbors.

I0C-Effective Trajectory Segments

According to the recovery matrix in Lemma 2.2.1, for any trajectory segment &, ; C &,
one directly has

H(t,t — t)w + Hs(t,t —t) Az = 0.

For clear exposition of data dependence, we write H(¢,t —t) and Hy(t,t —t) as H, (&, ;)

and Hy(§, ), respectively, i.e.,
Hi(§)w + Hz(€5)Aip1 = 0 (2.86)

Equation (2.86) provides a relationship between any trajectory segment data &, 7, the weights
w, and the costate Az ;. To further eliminate Az, and measure the contribution of &,; to

recovering w, we define the following:

Definition 2.5.1 (IOC-Effective Trajectory Segment). Given the agent dynamics (2.1) and
an arbitrary segment of the trajectory, £,.; C §, we say &, ; is I0C-effective if

rank Ho(&,7) = n. (2.87)

Given an IOC-effective &7, one has the following result.

Lemma 2.5.1. For a trajectory segment §,; C & that is I0C-effective, w must satisfy the
following linear equation:

R(§.)w =0, (2.88)



where

—1
R(¢,;) = H, — Hy(HyH,) H,H, ¢ R™™". (2.89)

Proof. For an I0C-effective trajectory segment &z, it follows that Hs(€,;) H2(€,;) is non-
singular. By multiplying Hy' on both sides of (2.86), one has Ajy; = — (HQ’H2>_1H’2H1w,
which is then substituted back into (2.86), and this leads to (2.88). Thus Lemma 2.5.1
holds. [

Here, we would like to make a few comments on the above concept of the IOC-effectiveness
of trjectory segments. First, as suggested by (2.8), matrix H(&,;) is uniquely determined by
F.(&.7), Fu(§.;) and V(&) in (2.9), which only depend on the segment &, ; and dynamics
f. Thus, whether a segment is effective or not is independent of the choices of features ¢, but
is only determined by the data in the trajectory segment and the specific dynamics model.

Second, the data effectiveness condition (2.87) can be satisfied by including more state-

input points, as suggested by the iterative property of H(&,.7, ) below.

Lemma 2.5.2. Forany 1 <t <t <T, one has

H>(&0)| ,p
H5(&501) = . 83:{ J (2.90)
of’ t+1
8u§+1
with Ho(&,7) = gf; g:f; fort=1+1.
Proof. The proof can be found in the proof of Lemma 2.2.2. ]
Lemma 2.5.2 implies
rank Ha(€,7,,) > rank Ha(&, ), (2.01)

if 8251 is non-singular. The above rank non-decreasing property suggests that the more data
a trajectory segment includes, the more likely it will be IOC-effective. As shown later in
simulation, a segment &, ; can easily be IOC-effective if t —t > [2] ( [-] is ceiling operator)
due to the size of Hy. Specifically, if m = n, even a segment with length of 1 (i.e. only

including two points) can be I0C-effective.
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Third, from Lemma 2.5.2, an interesting observation is that the IOC effectiveness in Def-
inition 2.5.1 is equivalent to the controllability for liner time-invariant systems. Specifically,
suppose that the dynamics model in (2.1) is ®;1 = Az, + Bu, and a trajectory segment &,

has the length £ — t = n, then from Lemma 2.5.2, one has

/

E(.) = |A"'B A"2B ... AB B| . (2.92)

which is equivalent to the controllability matrix. This means that if the linear system is not
controllable, i.e., rank E(§,.;) < n, then any segment of its trajectory &, ; will never be IOC-
effective regardless of how many state-input points it contains. Thus, the IOC effectiveness

depends on the specific dynamics model f.

IOC Identifiability

Based on Lemma 2.5.1, we next present an important result stating the identifiability of

the cost function weights from trajectory segments.

Theorem 2.5.1. Given a collection of s trajectory segments S = {Eljfj,j = 1,2,---s},

define the matrix
R(S) = col {R(&,,7,) | &, 7, €S and &, 7, is 10C-effective},
which is a stack of R(Eﬁj,gj) for all I0C-effective &, ; with R(Eﬁj,gj) in Lemma 2.5.1. If
rank R(S) =r — 1, (2.93)
then the weights w can be identified from S, meaning that any nonzero v € ker R(S) is a

scaled version of w, i.e., there exists a scalar ¢ # 0 such that v = cw.

Proof. For any 10C-effective trajectory segment §,; € S, since the cost function weights w
must satisfy condition (2.88) by Lemma 2.5.1, then R(S)w = 0 and rank R(S) < r — 1.
(2.93) indicates that the nullity of the matrix R(S) is one, and it follows that any non-zero
vector v € ker R(S) will have v = cw with ¢ # 0. This completes the proof. O
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The above result states that given a set of trajectory segments S, if (2.93) is satisfied,
then the cost function weights w can be ‘uniquely’ determined by S. Here the uniqueness
means that the obtained weights are a scaled version of true weights, and this is best we can

obtain because the scaled w does not affect IOC.

A Distributed Algorithm for IOC

We now consider a graph G of N processors and each processor ¢ has only access to a set

of trajectory segments S; as in (2.85). By Theorem 2.5.1, one has
R(S)w=0, i=12 .. N. (2.94)

Specially, R(S;) = 0 if there is no I0C-effective trajectory segment in S;. Thus, each
processor i with trajectory segments S; only knows R(S;). Then all we need is to develop
distributed algorithms in [52] for N processors to cooperatively solve the group of linear
equations in (2.94). Note that these linear equations in (2.94) in practice may not have
exact solutions because of noises and violation of the optimalilty KKT condition. We will

instead develop a distributed algorithm for all processors to solve:
1Y 2
min o S IR(S)w5 st [1,0,-- 0w =1 (2.95)
i=1

In order to achieve the above least-square solution, we let each processor ¢ control a state
vector w; € R”, which can be viewed as a guess of the solution to (2.95). This leads to the

following distributed optimization problem.

. N 1
min > SIR(S)will3 (2.96)

{wi, wn} =17
st. [1,0,..,0lw; =1, i=1,2,--- N, (2.97)

To solve (2.96-2.98), one may use existing distributed optimization algorithms in [53, 54],

which normally require all processors share a step-size. To remove the requirement of shared
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step-size while still achieving exponential convergence, we modify the algorithm in [55] and
develop a new distributed update. Here we introduce extra states p; € R and v; € R” for
each processor i to account for the constraints (2.97) and (2.98), respectively, and propose

the following update (k is the iteration index):

will+1) = Gy () + Gi 3 (w;(8) +v;(8)).

JEN;
1 1 1
i k+1) = i k —a’G’i W k V; k —a'G,- i k) — -, .
1) = p(b) + Gy 3 (i) +v,0) + GG - 5 299
oiller1) = vi(k) + Gi X (wy0) +0,(0)) + Guai(h) = 7 3wy ()
JEN b JEN

where 1
G; = (R(S)'R(S;) + Eaa’ +2d,1,)",
1
y;(k) = diw;(k) — api(k) — divi(k) + 7%

with @ = [1,0,...,0) € R"” and d; = |N;|, which is the cardinality of a set. Note that

(2.100)

the update rule in (2.99 for each processor is distributed in a sense that it only utilizes

information from its neighbors. Furthermore, we have the following result.

Theorem 2.5.2. Consider N processors that coordinates over a graph G, where each pro-
cessor i obtains a set of trajectory segments S; of the trajectory &. Given an arbitrary initial
state (and extra states) of each processor, the distributed update rule (2.99) enables all pro-

cessors to achieve the solution to (2.95) exponentially fast.

Proof. Let W € RN*N denote the adjacency matrix for G. The corresponding Laplacian
matrix L is defined as L = D — W with D = diag {ds, ...,dx} and d; = |NV;|. Define

D=D®I, W=W&I,,
w = col {wy, ..., wn},
p=col {py,....pun}, ©=col{vy,..,vn},
R = diag {R(S)), ..., R(Sy)},

A=Iy®[1,0,.,0', L=L®I,=D-W,

82



where ® is the Kronecker product, and I, € R"™" is the identity matrix. The compact form

for the distributed updates in (2.99) then can be equivalently written as

h(k+1) = Qh(k) + q, (2.101)
with b = col {@, iz, A}, and
_ —--1 r -
D+RR A D D o W
Q=| -A' D o -0 D 0], (2.102)
-D o0 D| |-W 0 D
- S -
D+RR A D 0
q=| -A" D o] |-1x]|- (2.103)
-D o0 D 0

Let h* = col {@*, @*,D*} denotes an equilibrium the linear time-invariant system (2.101),
namely, h* = Qh* + q. By following the similar argument to the distributed algorithm for
least-square solutions in [55], one is able to show there exists w* € R" such that @*=1y @ w*
globally minimizes (2.96-2.98). Thus, we only need to prove that given any initial condition
h(0), h(k) governed by the dynamics (2.101) converges exponentially fast to the equilibrium
h*.

To this end, we define the error e(k) = h(k) — h*, and from (2.101) we have

e(k+1) = Qe(k). (2.104)

The above error dynamics (2.104) and matrix @ share the similar structure with the ones in
Lemma 2 in [55]. Thus, following a similar proof procedure, one can show that there exists

a matrix T such that

Q=T T, (2.105)
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where P has the eigenvalue of the maximum magnitude satisfying ps = max{|A| : A €

eig(P)} < 1. From (2.105) and (2.104), we can write e(k) = e* + n(k), where

Here e* satisfies Qe* = e*, and n(k) — 0 when k — oo with a diminishing rate of p§ — 0.
Thus, when k — oo, e(k) = h(k) — h* — e*, yielding h(k) — (e* + h*) = h" with a
diminishing rate of p§ — 0. Since h" also is an equilibrium of (2.101), the theorem assertion

follows. O

2.5.3 Numerical Experiments

We evaluate the proposed method on a simulated two-link robot arm given in Appendix
A2, with dynamics of a two-link arm in (A.2). Define the system state variable x =
601,02, 0;, 92]’ and control input w = |11, 7], and discretize the dynamics by Euler method
with a time interval 0.05s. The arm is controlled to minimize (2.3) here with

™
1—=

¢ =+, (0=

)2,62,6,% 4 6,%) and w=1[1,5,4,1]. (2.106)

The initial state o = [~ 7,0,0,0]" and the overall horizon 7" = 100. The optimal trajectory
of the arm system is in Fig. 2.14.
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Figure 2.14. Optimal trajectory of robot arm with w = [1,5,4, 1]'.
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I0C Identifiability

We first demonstrate the IOC identifiability using segments. We arbitrarily choose a
trajectory segment &,; in Fig. 2.14, [t,7] = [10,20], and then check the rank of the corre-
sponding matrix R(&,g.99), rank R(&,g.09) = 3 = r — 1. By Theorem 2.5.1, this confirms that
the weights are identifiable from &,,.9o. Thus by solving the linear equation R(&;.50)w = 0
and let w; = 1, we exactly obtain the true weight w = [1.00, 5.00,4.00, 1.00]". In another
case we choose a trajectory segment in [¢,¢] = [10,12], we check rank R(&p.15) =2 <7 — 1,

which indicates that we cannot obtain the true w because w is not identifiable from &;.15

according to Theorem 2.5.1.

Distributed IOC

Table 2.4. Processor graph and segments (the overall time horizon 7" = 100)

Processor ¢ Neighbors N; Intervals [t,t] of segments

1 {1,2,3} (10, 15], [20, 25]
2 (2,1, 4} 30, 31]
3 (3,1, 4} 50, 52], [61, 65]
4 {4,2,3,5}  [65, 66]
5 {5, 4} 75, 78], [90, 97]

In distributed IOC problems, we consider N = 5 processors in a network cooperatively
solve the weights w. For each processor, its neighbors are listed in Table 2.4, and the time
intervals of the trajectory segments observed by each processor are also shown in Table 2.4.
For each trajectory segment, the processor i checks its IOC-effectiveness by Definition 2.5.1
before integrating it to the matrix R(S;). It shows that all trajectory segments in Table 2.4
are effective. Here, we note that although the segments by Processors 2 and 4 each only has
length of 1 (i.e., only two trajectory points), which just reaches the necessary lower bound
length ¢t — ¢t = 1, they are IOC-effective (obviously they cannot suffice to determine the
weights alone, as shown in the previous simulation). This indicates the mild requirement of

the effectiveness condition (2.87).
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Figure 2.15. Error index e, versus iteration k.

Each processor i (1 < i < 5) generates R(S;). Then we apply the proposed distributed
IOC approach in Theorem 2.5.2 to let all processors collaboratively solve the weights, given
an random initial guess of the states for each processor. To quantify recovery accuracy, we

define the following error

j
o = Nzizluwi — w3 (2.107)

We plot the error versus iteration in Fig. 2.15, from which we conclude that the weights
of each processor exponentially converge to the true w = [1,5,4,1]. At 3 x 10%th iter-
ation, e, = 4.1072 x 107%, and the average weights for all processors are Y7  w;/5 =

[1.00004.998 3.999 1.000)', which shows the effectiveness of the proposed method.

2.6 Applications

This section presents the applications of the previous developed IOC techniques in human
motion analysis. A well-justified assumption is that human motor control follows certain
optimality [17, 56], and a common practice in biological movement and behavioral studies is
to use optimal control models to characterize human motor control (see [16] for an overview of
related work). Under such assumption, in this section, we use the IOC techniques developed

in the previous sections to perform human motion segmentation and prediction.
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2.6.1 Human Motion Segmentation

The first part of this section focuses on the application of human motion segmentation.
We segment a consecutive human motion trajectory into different phases by identifying the
different cost functions underlying the motion. Here, we apply the multi-phase objective
IOC technique developed in Section 2.4, which enables to identify cost functions of different

motion phases and also estimate the phase transition points.

Data Collection

We apply the multi-phase objective IOC technique developed in Section 2.4 to a human
motion dataset. We choose the human squat motion [57] (Fig. 2.16a) as it is a common and
full-body exercise studied in both athletics and rehabilitation [58]. The squat dataset was
collected from 6 (5M, 1F, jiaee = 26.2) healthy participants. Each participant performed
15 squats (Fig. 2.16a) in 3 sets, with 5 repetitions in each set. All squats are recorded
in a single recording via the motion capture system, where an 80-marker model was used,
providing Cartesian positions. Joint angles were then computed via inverse kinematics [57]
and converted to a 3 DOF planar model, as shown in Fig. 2.16a, corresponding to quniie,
Qknee, and qpip. The motion capture system has a sampling rate A = 0.01s. The obtained
joint trajectories were smoothed by a moving Savitzky-Golay filter [59] (span 2s and degree
10). This allows to suppress noise and compute smooth trajectory derivatives. The joint
velocity and acceleration are then computed by numerical differentiation. Fig. 2.16b plots

the joint trajectories for a sample participant.

Body Dynamics Model and Feature Selection

As shown in Fig. 2.16a, the human body is modeled as a 3DOF (ankle-knee-hip joints)
fixed-base articulated system. The dynamics of the modeled human body [28] is given by

M(q)g+C(q,4)q+g(q) =, (2.108)
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(a) A repetition of squat motion[28]. (b) Joint trajectory of 15 squats.

Figure 2.16. Squat exercise and a sample trajectory for 15 squats.
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Figure 2.17. Multiphase cost function recovery for three sample participants.
Joint trajectory (filtered) of each participant is plotted in first row: (a) 15
squats in 3 sets by Participant 1; (b) one 5-squat set by Participant 3; and
(c) one 5-squat set by Participant 5. The corresponding recovery results are
shown below respectively, where @y, @y, and @3 are the cost weights for the
acceleration ¢q, joint jerk ¢o, and power ¢3 in Table 2.5, respectively.

where ¢ = [Gankie, Qknee, qnip)’ is the joint angle vector; M(q) € R¥*3 is the inertia matrix;

C(q,q) € R*3 is the Coriolis matrix; g(q) € R? is the gravity vector; and 7 € R3 are the

torques generated by each joint. The anthropometrics parameters [60] are used in (2.108).
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The torques (trajectories) are computed from (2.108). We represent (2.108) in state-space

form & = f(x,u) with the state & and input w defined as
/
T = [q/’ q’} and uw =T, (2.109)

respectively, and then discretize it into @y 1 = @ + A - f(@g, upy1) with the discretization
interval A = 0.01s (i.e. sampling rate of the motion capture system).

The unit feature vector ¢ in this experiment is chosen based on the previous work [28],
where the following features in Table 2.5 were demonstrated to play significant roles in human

squat motion [28]. Thus, ¢ = [¢1, @2, P3]'.

Table 2.5. The selected features for human motion segmentation [28]

Criterion Feature function (¢;)
Joint acceleration 1 =0 G

Joint jerk G =307

Joint power ¢3 =0 1 (Tids)?

q1, g2, and g3 correspond to qunkie, Gknees and gpip, respectively.

Recovery Results

Note that for each participant, all 15 squats are in a single recording and we apply the
proposed method on the trajectory without manual segmentation. In Algorithm 2, following
the rules given in Section V.A.3, we set v = 6 (as described before, the value of v in practice
is always smaller because of the imperfection of union feature set selection); since in each
motion set (around 6s) the number of phases is estimated around 10, we set [j,.x = 60 (that
is, (6s)/10/(0.01s)).

We use the data from Participant 1 (P1), Participant 3 (P3), and Participant 5 (P5) as
examples to demonstrate the recovery results. In Fig. 2.17, the joint trajectories of P1, P3,
and P5 are shown in the first row; here, we present the entire motion data (i.e. 3 sets and a

total of 15 squats) for P1 and only one set (5 squats) for P3 and P5 to show both overall and
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Table 2.6. Motion segmentation and multiphase cost function recovery for all
participants. Active-squat phases and between-squats phases are segmented
by win, and the corresponding segmentation accuracy is computed. Using suc-
cessful segmentations, the average cost weights for both phases are computed.
The results by the KKT method [28] are also compared.

. Average w for active-squat phases | Average w for between-squats phases Segmentation accuracy [%
Part t
articipan
wip, = 0.8 wip, = 0.9 ‘ wip, = 0.8 wp, = 0.9 ‘ wy, = 0.8 wy, = 0.9 KKT method [28]
1 [0.98, 0.00, 0.02] [0.98, 0.00, 0.01] | [0.55, —0.01, 0.45] [0.61, —0.01, 0.40] | 96.88% 96.88% 89.54%
2 [0.97, 0.00, 0.03] [0.98, 0.00, 0.02] | [0.63, —0.01, 0.38] [0.69, —0.01, 0.32] | 100.0% 100.0% 83.51%
3 [0.98, 0.00,0.02] [0.99, 0.01, 0.00] | [0.56, —0.01, 0.44] [0.63, —0.01, 0.38] | 96.67% 96.67% 85.80%
4 [0.96, 0.00, 0.03] [0.98, 0.01, 0.01] | [0.62, —0.01, 0.38] [0.70, —0.01, 0.31] | 94.44% 100.0% 67.62%
5 [0.98, 0.00, 0.02] [0.98, 0.00, 0.01] | [0.64, —0.01, 0.37] [0.65, —0.01, 0.36] | 92.89% 93.33% 76.39%
6 [0.98, 0.01, 0.02] [0.98, 0.01, 0.01] | [0.69, —0.01, 0.31] [0.73, —0.01, 0.27] | 91.15% 90.00% 89.05%

local details of the recovery results. Corresponding to the motion data, the recovered cost
weights @(t) are presented in the panels below; here, cost weight &, &s, and @3 correspond
to ¢1, @2, and ¢3 in Table 2.5, respectively. We have the following observations:

(a) Overall, Fig. 2.17a shows a reliable multiphase cost function recovery performance.
During each squat repetition (i.e. standing-squatting-standing in Fig. 2.16a), the cost
weights () remain at the value around [1,0, 0], which indicates that one squat belongs to
the same phase in terms of sharing the same cost function. Between two squats where a par-
ticipant is near (approaching) standing position, the weights change to (around) [0.6,0,0.4],
indicating that the participants switch to a different control strategy after finishing one
squat but before starting the next. Fig. 2.17a also shows that the cost weights in between
two motion sets (where the participants are in the standing position) are around [0.8,0,0.2].

(b) Recovery results in Fig. 2.17b and Fig. 2.17¢ show in more detail the changes of the
cost weights within a 5-squat set. Below, we use Fig. 2.17¢ for analysis. As labeled by the
dotted black (vertical) lines, we divide a squat repetition into two motion phases according

to different cost functions used:

o Active-Squat (AS): between the first and second dotted lines, during which the
participant is flexing hips and knees (to squatting position) and then extending
the hips and knees. The recovered results show that the control objective of this

phase is to minimize the joint acceleration ¢, (as both @e and @3 are near zeros).
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o Between-Squats (BS): between the second and third dotted lines, during which
the participant is finishing the hip and knee extension from the previous active
squat and then preparing for next one. The cost function to be minimized for this

phase is (approximately) 0.6¢; + 0.4¢s3.

Segmentation Results

In order to automate the segmentation of the active-squat phase and the between-squats
phase in each motion set, we define a segmentation threshold wyy, for @y (t) (the most influential
weight), and then the segmentation is performed using the following rules: if @(t) > wip;

the current phase is classified as active-squat; otherwise, as between-squats. We evaluate

the segmentation accuracy by (0.5 X (TASTﬁ;BS + TBZi%AS))[QS], where Tys is the count of
the cases where a true active-squat phase is segmented into active-squat (True Positive);
Tps when a true between-squats phase is segmented into between-squats (True Negative),
Fas when a true active-squat phase is classified as between-squats (False Positive), and Fpg
when a true between-squats phase is segmented into active-squat (False Negative).

The segmentation results for all participants are summarized in Table 2.6. Here, two
thresholds wy, = 0.8 and wy, = 0.9 are used, and the average cost weights for active-squat
and between-squats are computed based on all successful segmentations. It can be seen that
the proposed method demonstrates a high reliability and accuracy in segmenting different
motion phases. The difference in the average cost weights of between-squats phase for two
thresholds is due to the fact that the actual period of a between-squats phase is small (Fig.
2.17¢), thus is more likely to be affected by segmentation threshold values.

Using wy, = 0.9, we summarize the average cost weights for active-squat and for between-
squats over all participants in Fig. 2.18a and 2.18b, respectively. It shows that all partici-
pants adopt a similar control policy in squat exercise: during active squat, participants focus
on minimizing the joint acceleration, while in between squats, they adopt a balanced control
policy minimizing both joint acceleration and power. This finding is consistent with previous

human motion studies [22, 28, 36].
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Figure 2.18. Recovery results over all participants for active-squat and
between-squats phases. Bars denote the mean cost weights, and top line seg-
ments denote the standard deviation.

For comparison, we also perform the motion segmentation using the KKT method [28],
as shown in Table 2.5. The proposed method can achieve a segmentation accuracy above

90%, which is higher than that of the KKT method [28] with average accuracy 81.99%.

Result Validation

To validate the recovery and segmentation results, we simulate the trajectory of each
segmented phase by solving the optimal control problem based on the recovered cost func-
tions. Considering the consistency of the recovery among different squat repetitions (Fig.
2.17) and different participants (Fig. 2.18), we just use one squat repetition of a sample
participant for illustration. We consider one squat repetition performed by Participant 5 as
labeled by the black dotted lines in Fig. 2.17¢c. Under segmentation threshold w;, = 0.9, the
active-squat phase is from time 3.46s to 5.62s with the average cost weights [0.99, 0.00, 0.00]
(by averaging w(t) within this active-squat phase), and the between-squats is from 5.62s to
6.33s with average cost weights [0.62, —0.01,0.39]. We solve the optimal control problem
using these cost functions for both phases [51] and plot the results in Fig. 2.19. The results
show that the simulated trajectory using the recovered cost functions fits well the real data,

indicating the validity of the recovered cost functions in reproducing squat motion.
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Figure 2.19. Simulated trajectory using the recovered multiphase cost func-
tions. Solid lines are real motion data (second squat repetition in Fig. 2.17¢):
red for the active-squat phase and yellow for the between-squats phase. Dotted
lines are the simulated motion: blue for the active-squat phase and brown for
the between-squats phase.

2.6.2 Human Motion Prediction

In this application, we will develop an on-the-fly human motion prediction approach
based on the incremental inverse optimal control method developed in Section 2.3. Given
an observed ongoing human motion, the approach recovers the cost function from early
observations of the human motion and then predicts the remaining motion based on the
recovered cost function. The whole framework can be directly applied to predict a single

ongoing motion, as opposed to [27, 61, 62] which requires a dedicated offline process to learn

a prediction model a priori.

On-the-fly Human Motion Prediction Method

As shown in Fig. 2.20, our human motion prediction framework consists of two stages.
The first stage is to apply the incremental IOC algorithm (Algorithm 1) to recover the
cost function (the unknown weights w of a given feature vector ¢ € R¥1) from the early

observations of the ongoing motion &7 ; here the observation length 7, is determined by the
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minimal observation length, i.e., T, = lin(0). The second stage is to predict the remaining

trajectory using an optimal control planner with the obtained cost function, that is,

T
£TC:T = arg min Z w/¢(wk7 uk)

{mTC:TﬂtTC:T} k=T.

2.11
S.t. ik - ,f(',-vkn’u’k) glven mTc’ ( 0>

LT = Lgoal,
where we consider the total motion horizon 7" and goal state 4., are given.

Stage I: cost function recovery ! Stage II: motion prediction
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Figure 2.20. The paradigm of the on-the-fly human motion predication.

Data Collection

We still use the human squat exercise data, as shown in Fig. 2.16a. The squat exercise
data was collected from 10 (6 M, 4 F, jiq5e = 23.8) participants [63] from the University
of Waterloo. All participants were healthy and had no lower body injuries for six months
prior to the data collection. The experiment was approved by the University of Waterloo
Research Ethics Board, and signed consent was obtained from all participants. Prior to the
data collection, the participants were verbally instructed on how to conduct exercise. Each
participant conducted squat exercise around 8 repetitions. The inverse kinematics computing
the joint angles from the Cartesian marker data were obtained using a Kalman filter estimator
[64]. The joint angles in each exercise are defined in Fig. 2.16a. The initially obtained
joint sequence for each motion was fitted using 5 order polynomials [28], which not only
suppressed capture noise but also provided smooth first-derivative (joint angular velocity)

and second-derivative (joint acceleration) trajectories. The trajectory sample time for all
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motions is 0.1s and the joint angular velocity and acceleration are obtained by numerical

differentiation.

Body Dynamics Model and Feature Selection

As shown in Fig. 2.16a, the human body is modeled as a 3 DoF (ankle-knee-hip joints)
fixed-base articulated system, with the dynamics model in (2.108) and state and input defined
in (2.109). The anthropometrics parameters [65] for each participant are generated according

o [60]. Since inverse optimal control requires the control inputs, the joint torques in each
motion are calculated via the body (inverse) dynamics. The features used for the motion

prediction is given in Table 2.7.

Table 2.7. The selected features for human motion prediction.

Criterion Feature function (¢;)
Joint acceleration D D S @
Joint jerk Go =4 S0, qfk
End-effector acceleration P53 = Zle(f% + 47)
Power Gy = 25:1 i (Ti@i)Q

q1, g2, and gp—=3 correspond to Gunkie, Qknee, and gpip, respectively.

Cost Function Recovery Stage

We choose Participant S1’s squat motion data to illustrate the cost function recovery.
The joint angle trajectories of 8 repetitions of S1’s squat motion are plotted in Fig. 2.21a.
For each trajectory in Fig. 2.21a, we perform incremental IOC by increasing the observation
length [ from 1 to T while solving the weights via (2.53) and (2.54). The incremental recovery
results for all trajectories in Fig. 2.21a are shown in Fig. 2.21b, where x is the rank index
(2.51) for the corresponding recovery matrix. From the incremental results in Fig. 2.21b,
we note that the weights can be successfully recovered when the observation length reaches
16% of the entire horizon when x > 4. Thus, we set v = 4 in Algorithm 1 to determine

the minimal required observation length l,,i,(0) = T, throughout the following experiments.
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For all trajectories in Fig. 2.21a, the recovered weights recovered by applying Algorithm 1
are summarized in Fig. 2.21c, where the bar bars denote their mean values and the red line
segments represent the standard deviations. From Fig. 2.21c¢, the recovered weights show a

good consistency over different repetitions.
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Figure 2.21. IOC results for one participant: (a) the trajectories of partic-
ipant S1’s squat trajectories over 8 repetitions; (b) incremental IOC results,
and & is the rank index in (2.51); (¢) summary of the recovered weights by ap-
plying Algorithm 1 with v = 4: bars denote the mean values, top line segments
denote the standard deviation;

Motion Prediction Stage

Using the cost function obtained at the cost function recovery stage, we predict the
remaining motion trajectory by solving the optimal control problem in (2.110) while assuming
that the time horizon 7" and the goal state T4, are known. In our experiment case, the goal
state Tgon = [7/2,0,0] (standing status), and T = 2 ~ 2.4s.

We take one trajectory in Fig.2.21a for illustration. The minimal observation length
for the cost function recovery stage is 7. = 0.12s (given by Algorithm 1 with v = 4), and
the recovered weights are w = [0.33, 0.00, 0.35, 0.32]'. By solving (2.110), we generate the
trajectory from 7, to T" and plot the results (green lines) in Fig. 2.22a and 2.22b. The actual
trajectory for the remaining motion is shown in red dash lines. The prediction results show

that the weights recovered by Algorithm 1 in the cost function recovery stage can achieve
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Figure 2.22. Motion prediction for one trajectory of Participant S1. The
red solid lines denote the trajectory segment used for IOC in the cost function
recovery stage; the red dash lines denote the human actual trajectory of the
remaining motion; the green lines are the predicted trajectory based on the
recovered cost function.

high accuracy of predicting the remaining human motion (the prediction error in (2.111) is
0.25).

Next, we will investigate the performance of the human prediction approach across differ-
ent participants. We use the squat motion data from the 10 participants with each conduct-
ing for around 8 repetitions. For each motion trajectory of each participant, Algorithm 1 is
used to recovered the cost function weights with v = 4. Then based on the recovered cost
function, the trajectory data after the recovery convergence point is predicted by solving the
optimal control in (2.110). To evaluate the quality of a predicted trajectory with respect to

actual motion, we define the prediction error

D

2.111
T-T, ’ (2111)

: . . d
where T, is the recovery convergence point; || - || is the Iy norm; x}*® and x3@! are the

predicted and captured states at the time k, respectively. Table 2.8 summarizes results for
each participant. From Table 2.8, one can observe that (i) on average, the cost function

recovery stage needs 19.22% (i.e., T./T) of the trajectory data to recover the weights; (ii)
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Table 2.8. Prediction results for human squat motions

Par. w1 Wa w3 W4 average T./T average e
S1  0.336+0.010 0.002+0.004 0.327+0.007 0.335%0.012 13.65% 0.264
S2  0.30140.091 0.0000.000 0.347+0.038 0.352+0.053 17.55% 0.306
S3 0.3324+0.004 0.000+0.000 0.337+0.002 0.33140.005 19.73% 0.317
S4  0.333+0.000 0.000+0.000 0.333+0.000 0.333+0.000 19.29% 0.272
S5 0.2944+0.006 0.00040.000 0.340£0.009 0.367+0.123 24.58% 0.268
S6  0.28240.124 0.000£0.000 0.3884+0.111 0.331+£0.183 18.24% 0.511
S7  0.3314+0.004 0.000+0.000 0.3354+0.003 0.33540.002 15.31% 0.407
S8 0.3354+0.004 0.000+0.000 0.335+0.004 0.329+0.007 20.48% 0.455
S9  0.3304+0.010 0.00040.000 0.335£0.005 0.335+0.005 24.15% 0.312
S10  0.339£0.006  0.000£0.000 0.33940.006 0.32340.012 19.09% 0.176

Note that the weights in the table are computed using the minimal observation length T, =
Imin(0).

the recovered cost function weights have small variation among different participants; and
(iii) on average, the motion prediction stage has the prediction error of 0.329. Those results

demonstrate the efficacy of the on-the-fly motion prediction approach.

2.7 Conclusions

In this chapter, we have developed a series of new theories and approaches to addressing
the technical gaps in existing IOC techniques towards efficient objective learning. First, we
introduce the concept of the recovery matrix and present its proprieties and relationship to
solving IOC. Based on the recovery matrix, we present the incremental IOC method to enable
learning an objective function by finding the minimal observations. Next, we present the IOC
method for learning multi-phase objective functions. Then, we develop a distribution I0OC
approach to enable efficient objective learning in the case where both data and computation
are distributed. Finally, we present some novel applications of the developed IOC techniques,

including human motion segmentation and on-the-fly human motion prediction.
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3. PONTRYAGIN DIFFERENTIABLE PROGRAMMING

In Chapter 1, we characterize an autonomous robot as a decision-making system (agent)
consisting of the aspects of task objective, dynamics, and policies, as in Fig. 1.1. Many ma-
chine learning and control topics have been focused on how to automate the programming
of different aspects of a decision-making system. Recently, both fields have begun to explore
the complementary benefits of each other: control theory may provide abundant models
and structures that allow for efficient or certificated algorithms for high-dimensional tasks,
while learning enables to obtain these models from data, which are otherwise not readily
attainable via classic control tools. Examples that enjoy both benefits include model-based
reinforcement learning [66, 67], where dynamics models are used for sample efficiency; and
Koopman-operator control [68, 69], where via learning, nonlinear systems are lifted to a
linear observable space to facilitate control design. Inspired by those, this chapter aims
to exploit the advantage of integrating learning and control to develop a Pontryagin Dif-
ferentiable Programming (PDP) methodology — a unified end-to-end framework capable of
efficiently solving a wide range of learning and control problems. The content of this chap-
ter appears in [35]. The code and experiments developed for this chapter is available at

https://github.com /wanxinjin /Pontryagin-Differentiable-Programming.

3.1 Introduction and Background

While both machine learning and control communities are working towards higher robot

autonomy, method developments in both fields seem largely disjoint, as listed below.

Table 3.1. Topic connections between control theory and machine learning

UNKNOWNS IN A SYSTEM MACHINE LEARNING CONTROL METHODS
Dynamics @, 1=f (@, uy) Markov decision processes System identification
Policy u; = mo(t, x;) Reinforcement learning (RL) Optimal control (OC)
Control objective J=3, co(x;, u;) Inverse RL Inverse OC

Learning Dynamics.  This is usually referred as to as system identification in the

control field, which typically considers linear systems represented by transfer functions [10].
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For nonlinear systems, the Koopman theory [70] provides a way to lift states to a linear
observable space [68, 71]. In machine learning, dynamics is characterized by Markov decision
proceses and implemented using linear regression [72], observation-transition modeling [73],
latent-space modeling [74], (deep) neural networks [75], Gaussian process [b], transition
graphs [76], etc. Most of these methods need to trade off between data efficiency and long-
term prediction accuracy. Towards achieving both, physically-informed learning [77, 78, 79,
80] injects physics laws into learning models, but they mainly focus on mechanical systems.
Recently, a trend of work starts to use dynamical systems to explain (deep) neural networks,
and some new algorithms [9, 81, 82, 83, 84, 85, 86, 87| have been proposed.

Learning Optimal Polices. In machine learning, it relates to reinforcement learning
(RL). Model-free RL provides a general-purpose framework to learn policies directly from
interacting with environments [88, 89, 90|, but usually suffers from high data complexity.
Model-based RL [91, 92] focuses on first learning a dynamics model from experience and
then integrating such model to policy improvement. Specifically, the learned model can be
used for generating (simulating) the experience data [93, 94], performing back-propagation
through time [5], or testing before deployment. Many studies [5, 66, 74, 95, 96, 97, 98] have
shown that model-based RL is generally more data- and computation- efficient than model-
free RL. Some challenges are still not well-addressed in existing model-based RL techniques
[91]. For example, how to efficiently leverage imperfect models [6], and how to maximize the
joint benefit by combining policy learning and motion planning [97, 99|, where a policy has
the advantage of execution coherence and fast deployment while the trajectory planning has
the competence of adaption to unseen or future situations.

The counterpart topic in the control field is optimal control (OC), which is more con-
cerned with characterizing optimal trajectories in presence of dynamics models. As in RL,
the main strategy for OC is based on dynamic programming, and many valued-based meth-
ods are available, such as HJB [100], differential dynamical programming (DDP) [101] (by
quadratizing dynamics and value function), and iterative linear quadratic regulator (iLQR)
[7] (by linearizing dynamics and quadratizing value function). The second strategy to solve
OC is based on the Pontryagin’s Maximum/Minimal Principle (PMP) [44]. Derived from

calculus of variations, PMP can be thought of as optimizing directly over trajectories, thus
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avoiding solving for value functions. Popular methods in this vein include shooting methods
[102] and collocation methods [51]. OC methods based on PMP are essentially open loop
control and thus susceptible to model errors or disturbances in deployment. To address these,
model predictive control (MPC) [103] generates controls given the system current state by
repeatedly solving an OC problem over a finite prediction horizon (only the first optimal
input is executed), leading to a closed-loop control strategy. Although MPC has dominated
across many industrial applications [104], developing fast MPC implementations is still an
active research direction [105].

Learning Control Objective Functions. In machine learning, this relates to inverse
reinforcement learning (IRL), whose goal is to find a control objective function to explain the
given optimal demonstrations. The unknown objective function is typically parameterized
as a weighted sum of features [29, 32, 33]. Strategies to learn the unknown weights include
feature matching [32] (matching the feature values between demonstrations and reproduced
trajectories), maximum entropy [29] (finding a trajectory distribution of maximum entropy
subject to empirical feature values), and maximum margin [33] (maximizing the margin of
objective values between demonstrations and reproduced trajectories). The learning update
in the above IRL methods is preformed on a selected feature space by taking advantage
of linearity in feature weights, and thus cannot be directly applied to learning objective
functions that are nonlinear in parameters. The counterpart topic in the control field is
inverse optimal control (IOC) [11, 12, 22, 40]. With knowledge of system dynamics models,
IOC focuses on more efficient learning paradigms. For example, by minimizing the viola-
tion of optimality conditions by the observed demonstration data, [11, 12, 34, 40] directly
compute feature weights without repetitively solving the OC problems. Despite the effi-
ciency, minimizing optimality violation does not directly assure the closeness between the

final reproduced trajectory and the observed demonstrations.

Unified Perspective to Look at Learning Dynamics/Policy /Objective. Consider
a decision-making agent that consists of aspects of dynamics, control policy, and control
objective function. In a unified perspective, learning dynamics, policies, or control objective

functions can be viewed as the instantiations of the same learning problem but with (i)
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different unknown (parameterized) aspects and (ii) different losses. For example, for learning
dynamics, a differential /difference equation is parameterized and the loss function can be
defined as the prediction error between the model output and physical data; for learning
policies, the unknown parameters are in a feedback policy and the loss function is just the
control objective function; and for learning control objective, the control objective function is
parameterized and the loss function can be the discrepancy between the reproduced optimal
trajectory and the observed demonstrations. This unified perspective will motivate the

formulation of PDP in Section 3.4.

3.2 Contributions of PDP

This chapter develops an end-to-end learning framework, named as Pontryagin Differen-
tiable Programming (PDP), that is flexible enough to be customized for different learning
and control tasks and capable enough to efficiently solve high-dimensional and continuous-
space problems. The proposed PDP framework borrows the idea of ‘end-to-end’ learning
[106] and chooses to optimize a loss function directly with respect to the tunable parameters
in the aspect(s) of an optimal control system, including the dynamics, policy, or/and control
objective function. The key contribution of the PDP is that we inject the optimal control
theory as an inductive bias into the learning process to expedite the learning efficiency.
Specifically, the PDP framework centers around the system’s trajectory and differentiates
the trajectory through Pontryagin Maximum/Minimum Principle, and this allows us to ob-
tain the analytical derivative of the trajectory with respect to the tunable parameters, a key
quantity for end-to-end learning of (neural) dynamics, (neural) policies, and (neural) control
objective functions. Furthermore, we introduce an auxiliary control system in backward pass
of the PDP framework, and its output trajectory is exactly the derivative of the trajectory
with respect to the parameters, which can be iteratively solved using standard control tools.

The PDP framework can be customized for solving different types of learning and control
problems. For each specialized application, we emphasize the advantage of PDP over existing

methods in Section 3.1 as below.
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« PDP has a special mode for learning dynamics. Compared to the system identifi-
cation techniques in control, PDP allows for learning nonlinear dynamics models—
either physical dynamics with unknown parameters or neural ordinary difference
equations; and second, compared to existing machine learning techniques, PDP
integrates the structures of optimal control theory into learning process, which
leads to improved data- and computation- efficiency, as shown later in Section

3.7.

o PDP has a special mode for model-based policy optimization tasks. Such a mode
can be viewed as a complement to classic open-loop OC methods, because, al-
though derived from PMP (which is an open loop control strategy), PDP is able
to learn a feedback/closed-loop control policy. Depending on the specific policy
parameterization, PDP can also be used for motion planning. All these features

will provide new perspectives for model-based RL or MPC control.

« PDP has a special mode for IOC/IRL tasks. PDP addresses the technical gaps of
existing IOC/IRL techniques (see Section 3.1) and have the following advantages.
First, it enables to learn complex control objective functions, e.g., neural objective
functions. Second, it directly minimizes the distance between the reproduced tra-
jectory and given demonstrations; thus, even though the given demonstrations are
sub-optimal, PDP can still find a control objective function such that the repro-
duced trajectory has the closest distance to the demonstrations. Third, compared
to existing IOC/IRL techniques, PDP integrates the structure of optimal con-
trol theory into learning process, thus is more data- and computation- efficient,

especially for handling high-dimensional tasks, as shown later in Section 3.7.

3.3 Related Work

3.3.1 End-to-End Differentiable Learning

Two lines of recent work in the machine learning field are related to PDP. One is the

recent work [107, 108, 109, 110, 111] that seeks to replace a layer within a deep neural
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network by an argmin layer, in order to capture the information flow characterized by a
solution of an optimization. Similar to the idea of PDP, these methods differentiate the
argmin layer through KKT conditions, but they are not directly applicable to dynamical
systems since these methods mainly deal with static optimization without time evolution.
The second line is the recent RL development [112, 113, 114, 115] that embeds an implicit
planner within a policy. The idea is analogous to MPC, because predictive OC systems (i.e.,
embedded planner) leads to better adaption to unseen situations. The key problem in these
methods is to learn an OC system, which is similar to our formulation. We details their
difference from PDP below.

Path Integral Network. [112] and [113] develop a differentiable end-to-end frame-
work to learn path-integral optimal control systems [116], which are a special category of op-
timal control systems—dynamics is affine in control input and control objective is quadratic
in control input. This framework adopts the ‘unrolling’ strategy, which means that the for-
ward pass of solving optimal control is extended as a graph of multiple steps of applying
gradient descent, and the solution of optimal control is considered as the output of the final
step of the gradient descent operations. The advantage of this unrolling (gradient descent)
computational graph is that it can immediately apply automatic differentiation techniques
such as TensorFlow [117] to obtain the gradient in backward pass, but it needs to store and
traverse all intermediate results throughout the gradient descent steps, which can be both
memory- and computationally- expensive. We have provided its complexity comparison with
PDP later in Section 3.8.1 (see Table 3.3).

Universal Planning Network. In [115], the authors develop an end-to-end imitation
learning framework consisting of two layers: the inner layer is a planner, which is formulated
as an optimal control system in a latent space and is solved by gradient descent, and an
outer layer to minimize the imitation loss between the output of inner layer and expert
demonstrations. This framework is also based on the ‘unrolling’ strategy. Specifically, the
inner planning layer using gradient descent is considered as a large computation graph,
which chains together the sub-graphs of each step of gradient descent. In the backward pass,
the gradient derived from the outer layer back-propagates through the entire computation

graph. Similar to the previous Path Integral Network, this unrolled learning strategy will
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incur higher memory and computation costs in implementation. Please find its complexity
analysis in Table 3.3 in Section 3.8.1

Different from the above ‘unrolling” methods [112, 113, 115, 118], PDP handles the
learning of optimal control systems in a ‘direct and compact’ manner. Specifically, in forward
pass, PDP only obtains and stores the final solution of the optimal control system and does
not care about the intermediate process of how such solution is obtained. Thus, the forward
pass of PDP accepts any external optimal control solver such as CasADi [50]. Using the
solution in the forward pass, PDP then automatically builds the auxiliary control system,
based on which, the exact analytical gradient is solved efficiently in backward pass. Such
features guarantee that the complexity of the PDP framework is only linearly scaled up to
the time horizon of the system, which is more efficient than the above ‘unrolling” methods.
See the detailed analysis in Section 3.8.1.

Differentiable MPC. [114] develops an end-to-end differentiable MPC framework to
jointly learn the system dynamics model and control objective function of an optimal control
system. In forward pass, it uses iLQR [7] to solve optimal control and find a fixed point, and
then approximates the optimal control system by a LQR at the fixed point. In backward
pass, the gradient is obtain by differentiating the LQR approximation. This process may
have two limitations: first, since the differentiation in backward pass is conducted on the
LQR approximation instead of on the original system, the obtained gradient thus may not
be accurate due to approximation discrepancy; and second, computing the gradient of the
LQR requires the inverse of a coefficient matrix of size T' x T" with T' the time horizon, which
can cause high computational cost when handling systems with longer time horizon 7.

Compared to differentiable MPC, the first advantage of PDP is that the differentiation
in backward pass is directly performed on the parameterized optimal control system (by
differentiating through Pontryagin Maximum/Minimum Principle). Second, we develop the
auxiliary control system in backward pass, whose trajectory is exactly the gradient of the
system trajectory. The gradient then is iteratively solved using control tools with the com-
plexity only O(T'). Those proposed techniques enables the PDP to have significant advantage
in computational efficiency over differentiable MPC. To illustrate this, we will later compare

the algorithm complexity between PDP and differentiable MPC in Section 3.8.1.
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3.3.2 Adaptive Control

The idea of PDP of automatically tuning a control system for a specific task is similar
to the idea of adaptive control techniques.

The general adaptive control design is to find an adaption rule for a system controller to
cope with the variations in environmental conditions and system itself [119]. One popular
adaptive control technique is the Model-Reference Adaptive Control (MRAC) [120, 121], for
which the design goal is to force the controlled system to behave like a reference model by
adjusting the controller parameters. MRAC measures the error between the actual output of
the system and that of the reference model and then feed the error back to an adaption law
to modify the controller parameters [122]. The adaption law here can be the MIT rule [123,
124], where the idea is to decrease the distance between the actual output of the system and
that of the reference model at current time, or the Lyapunov Rule [125], which aims to make
the error dynamics stable and converge to zeros. The above adaptive control techniques
are fundamentally different from PDP in both problem formulation and methodologies, as
detailed below.

1) Different update mechanisms. Adaptive control is an online adaption mechanism in
a sense that the adjustment of the control parameters and the execution of the resulting
controlled system are synchronized and coupled; the goal of adaptive control is to guarantee
that the output error between the actual system and reference model converge to zeros as the
system execution time goes to infinity. Instead, PDP is an iterative learning mechanism—
PDP tunes system parameters by executing the optimal control system repetitively, and the
system parameters are updated only after the finish of each execution (i.e., each pass of time
horizon) and before the next one. At each update, PDP improves the system performance
based on the previous execution. Thus, PDP is not an online parameter tuning framework.

2) Different design goal. The goal of adaptive control is to guarantee the asymptotic
stability of the tracking error of the controlled system as it executes, and such stability
does not guarantee that the cumulative error between the system trajectory and reference
model trajectory over entire time horizon is minimal. Instead, the formulation of PDP is to

minimize the loss defined on the system trajectory over entire time horizon. Thus, adaptive
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control is more concerned about the ‘stability’” of the system tuning, while PDP focused on
the ‘optimality’ of system tuning.

3) Different tunable aspects. Adaptive control only focuses on tuning controller parame-
ters in a general (linear) closed-loop system, in order to achieve the desired performance of
the closed-loop system. The formulation of PDP focuses on tuning a general optimal control
system, where all aspects of the optimal control system can be set tunable, including system
dynamics, control policies, and control objective functions. Therefore, in addition to tuning
control policies, PDP can be applied to tuning system dynamics (system identification ) and
control objective function (inverse optimal control), which cannot be achieved using adaptive

control techniques.

3.4 PDP Problem Formulation

We begin with formulating a base problem and then discuss how to accommodate the base
problem to specific applications. Consider a class of optimal control systems 3(8), which is

parameterized by a tunable 6 € R" in both dynamics and control (cost) objective function:

dynamics: Ty = fxy,uy, @) with given x,
3(8) : " o (3.1)
control objective: J(0) = tho ct(xe, ug, 0) + h(xr, 0).

Here, x; € R" is the system state; u; € R™ is the control input; f : R” x R™ x R" — R"
is the dynamics model, which is assumed to be twice-differentiable; ¢ = 0,1,--- ,T is the
time step with 7" being the time horizon; and J(@) is the control objective function with
¢ R"xR"™ xR — R and h: R" x R" — R denoting the stage/running and final costs,
respectively, both of which are twice-differentiable. For a choice of 8, 3(8) will produce a
trajectory of state-inputs:

Eez{wg:Tvug:Tfl} € arg min{mo:%uo:T—l} ’](9> (3 2)

subject to Ti1=f (x4, uy, 0) for all ¢ given x

that is, &, optimizes J(@) subject to the dynamics constraint f(@). For many applications

(we will show next), one evaluates the above &, using a scalar-valued differentiable loss
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L(&y,0). Then, the problem of interest is to tune the parameter 8, such that €, has the
minimal loss:

min L(&y,0) subject to &y isin (3.2). (3.3)

Under the above base formulation, for a specific learning or control task, one only needs to
accordingly change precise details of 3(0) and define a specific loss function L(&,, 0), as we

discuss below.

IRL/IOC Mode. Suppose that we are given optimal demonstrations §* = {xl,, ud; ,}
of an expert optimal control system. We seek to learn the expert’s dynamics and control
objective function from &%. To this end, we use X(8) in (3.1) to represent the expert, and

define the loss in (3.3) as
L(€p,0) = 1(&, £, (3-4)

where [ is a scalar function that penalizes the inconsistency of &, with &9, e.g., I (&, £d) =
1€, — €412, By solving (3.3) with (3.4), we can obtain a X(8*) whose trajectory is consistent
with the observed demonstrations. It should be noted that even if the demonstrations
¢4 significantly deviate from the optimal ones, the above formulation still finds the ‘best’
control objective function (and dynamics) within the parameterized set 3(8) such that its

reproduced &, in (3.2) has the minimal distance to &°.

SysID Mode. Suppose that we are given data £ = {x{.;, uo.r—1} collected from, say,
a physical system (here, unlike €%, £° is not necessarily optimal), and we wish to identify
the system’s dynamics. Here, ug.r_; are usually externally supplied to ensure the physical
system is of persistent excitation [126]. In order for 3(8) in (3.1) to only represent dynamics
(as we do not care about its internal control law), we set J(8) = 0. Then, &, in (3.2) accepts
any ud, , = uor_; as it always optimizes J(0)=0. In other words, by setting J(8) = 0,

3:(@) in (3.1) now only represents a class of dynamics models:
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3(0) : dynamics: @11 = f(xs, u, 0) with xy and ud, | =wer_1. (3.5)

Now, X(0) produces &y = {x8.,ud |} subject to (3.5). To use (3.3) for identifying 8, we
define
L(€07 0) = 1(597 £O>7 (36)

where [ is to quantify the prediction error between £° and &, under the same inputs wg.z_1.

Control/Planning Mode. Consider a system with its dynamics learned in the above
SysID. We want to obtain a feedback controller or trajectory such that the system achieves a
performance of minimizing a given cost function. To that end, we specialize ¥(0) in (3.1) as
follows: first, set f as the learned dynamics and J(@) = 0; and second, through a close-loop
link, we connect the input u, and state x; via a parameterized policy block u; = u(t, x, 0)
(reminder: unlike SysID Mode with u; supplied externally, the inputs here are from a policy

via a feedback loop). ¥(6) now becomes

dynamics: @41 = f(x, w) with @,
3(0) : (3.7)
control policy: w; = u(t, x;, 0).

Now, 3(0) produces a trajectory &, = {xd, ud, |} subject to (3.7). We set the loss in
(3.3) as

L(&.0) =Y, . U(al,uf) + Ip(x), (3.8)

where [ and [y are the stage and final costs, respectively. Then, (3.3) is an optimal control
or planning problem: if u,=u(t, x;, 0) (i.e., feedback policy explicitly depends on x;), (3.3)
is a model-based policy optimization problem; otherwise if u;=wu(t,0) (e.g., polynomial pa-
rameterization), (3.3) is an open-loop motion planning problem. This mode can also be used

as a component to solve (3.1) in IRL/IOC Mode.
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3.5 An End-to-End Learning Framework

To solve the generic problem in (3.3), the idea of end-to-end learning [106] seeks to
optimize the loss L(&y, ) directly with respect to the tunable parameter 8, by applying the

gradient descent

oL

it L —
W 0, 00

0 a6

)

oL 98
0, O¢

¢, 00

dL
0 =0, —n,— . .
k+1 kE— Mk a0 0, (3 9)

Here, £k = 0,1,--- is the iteration index; % 0 is the gradient of the loss with respect to @
k

evaluated at 0y; and 7y is the learning rate. From (3.9), we can draw a learning architecture
in Fig. 3.1. Each update of @ consists of a forward pass, where at 6, the corresponding

trajectory &, is solved from 3.(0y) and the loss is computed, and a backward pass, where
OL 0€g

213 gek’ o0

AL
and —’ are computed.
gk’ 00 0, b

In the forward pass, &, is obtained by solving an optimal control problem in (@) using
any available OC methods, such as iLQR or Control/Planning Mode, (note that in SysID

or Control/Planning modes, it is reduced to integrating difference equations (3.5) or (3.7)).

L

, 5¢ and 9L are easily obtained from the loss function L(&g,6). The main

98
96

In backward pass
challenge, however, is to solve i.e., the derivative of a trajectory with respect to the
parameters in the system. Next, we will analytically solve % by proposing two techniques:

differential PMP and auziliary control system.

08¢ ¢
B 96 < 0
~ 3 (&) oL |oL
Auxiliary control system 9¢ | 06
> L (7]
System trajectory (69, )
Update @ Parameterized control system Loss

Figure 3.1. PDP end-to-end learning framework.

3.6 Key Contributions: Differential PMP & Auxiliary Control System

We first recall the discrete-time Pontryagin’s Maximum /Minimum Principle (PMP) [44].
For the optimal control system (@) in (3.1) with a fixed 8, PMP describes a set of optimality
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conditions which the trajectory € = {8, ud |} in (3.2) must satisfy. To introduce these

conditions, we first define the following Hamiltonian,
Ht = ct(azt,ut;e) + f(a:t,ut;e)')\tH, (310)

where A, € R" (t =1,2,--- ,T) is called the costate variable, which can be also thought of
as the Lagrange multipliers for the dynamics constraints. According to PMP, there exists

a sequence of costates A% ., which together with the optimal trajectory &y = {a8.p, ud |}

satisfy
H
dynamics equation: xf | = Lgt = f(%,u%;0), (3.11a)
N

. 8Ht . aCt af/

costate equation: Py e A (3.11b)
. . 8Ht 8ct 8f/
input equation: = ou? ol autgAfH, (3.11c)
boundary conditions: A = aah, xf = x. (3.11d)
LT

For notation simplicity, 86% means the derivative of function g(a) with respect to x evaluated
at x;.
3.6.1 Differential PMP

To begin, recall that our goal (in Section 3.5) is to obtain %, that is,

&g _ aff’g::r aug:Tfl
06 _{ 06 ' 00 | (3:12)
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To this end, we are motivated to differentiate the PMP conditions in (3.11) on both sides
with respect to 6. This leads to the following differential PMP:

ox?, ox? ouf

differential dynamics equation: 50 F; 50 + Gy 50 + B, (3.13a)
0 0 0 20
differential costate equation: 8(9)(\; = fo%% + H 8525 - Ft’aazrl + H}°, (3.13b)
(] 0 )\9
differential input equation: 0= foaaa;t + H™ 88125 + G;aazrl + H'*, (3.13¢)
0 0 0
differential boundary: 86):; = H%xagz + H7, %:ZO = 8;;) =0. (3.13d)

Here, to simplify notations and distinguish knowns and unknowns, the coefficient matrices

in the above differential PMP (3.13) are defined as follows:

of of 02H, 02H, 02 H, ,
F=—"! G=—", HP*= . Hpe= : u_ —(HY, (3.14
Y " ou? b 0xl 0xt b 092000 b oxfou? (H), (314a)
of 02H, 02H, 02h 82h
E=2r,  H= . HEe= . HF=—— . HE=— 3.14b
00 L oufoul” Tt oufoe T 28028 T 92800 (3.14b)

2 . . .
where we use 62 gut to denote the second-order derivative of a function g(x,u) evaluated

at (xy,u;). Since the trajectory &, = {x8,, ud,_,} is obtained in the forward pass (recall
Fig. 3.1), all matrices in (3.14) are thus known (note that the computation of these matrices
also requires A%, which can be obtained by iteratively solving (3.11b) and (3.11d) given
&p). From the differential PMP in (3.13), we note that to obtain % in (3.12), it is sufficient

8wg:T 8&38:T_1 8)‘?:T
06 00 00

to compute the unknowns { } in (3.13). Next we will show that how these

unknowns are elegantly solved by introducing a new system.

3.6.2 Auxiliary Control System

One important observation to the differential PMP in (3.13) is that it shares a similar
structure to the original PMP in (3.11); so it can be viewed as a new set of PMP equations
corresponding to an ‘oracle control optimal system’ whose the ‘optimal trajectory’ is exactly

(3.12). This motivates us to ‘unearth’ this oracle optimal control system, because by doing
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s0, (3.12) can be obtained from this oracle system by an OC solver. To this end, we first

define the new ‘state’ and ’control’ (matrix) variables:

_om,
00

8'U,t

X ]
¢ 00

eER™", T, € R™T, (3.15)

respectively. Then, we ‘artificially’ define the following auziliary control system 3 (&,):

dynamics: Xy = Fi Xy + GUp + By with  Xg =0,
/ /
o _ =1/ | Xe| |HE HP| | X Hre | | Xy
3(&g) : control objective: J = Tr Z 3 + (3.16)
t=0 U, Hp Hf | | Uy Hpe Uy

1
+Tr <2X’T HE Uy + (HESY XT> .

Here, Xy = % = 0 because =, in (3.1) is given; .J is the defined control objective function
which needs to be optimized in the auxiliary control system; and Tr denotes matrix trace.
Before presenting the key results, we make some comments on the above auxiliary control
system X(&,). First, its state and control variables are both matrix variables defined in
(3.15). Second, its dynamics is linear and control objective function J is quadratic, for which
the coefficient matrices are given in (3.14). Third, its dynamics and objective function are

determined by the trajectory &, of the system X(0) in forward pass, and this is why we

denote it as X(&,). Finally, we have the following important result.

Lemma 3.6.1. Let {X8,, U8 |} be a stationary solution to the auziliary control system
(&) in (3.16). Then, {X8,, U8+ |} satisfies Pontryagin’s Maximum Principle of X(&g),
which is (3.13), and

8(138:71 aug:Tl} o % (317)

[ 0 _
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Proof. To prove Lemma 3.6.1, we just need to show that the Pontryagin’s Maximum Principle
for the auxiliary control system 3(&,) in (3.16) is exactly the differential PMP in (3.13). To

this end, we define the following Hamiltonian for the auxiliary control system X(&,):
!/ !/
) x| (EEE ER X (HFY | X
Ht =Tr| = + > —|—TI‘ (A:§+1(FtXt +GtUt —|—Et)), (318)
U | |HE He| U | |HE| |U

with t = 0,1,--- , T — 1. Here Ajy; € R™" denotes the costate (matrix) variables for the
auxiliary control system. Based on Section 3 in [127], there exists a sequence of costates
A9, which together the stationary solution {X&;, U, ,} to the auxiliary control system
must satisfy the following the matrix version of PMP (we here follow the notation style used
in (3.11)).

The dynamics equation:

ol,  OTr (ML (FX,+ Gl + E)) A=,
OA?}, N1 S
=FX?P+GU!+E =o0. (3.19a)

The costate equation:

OH,  OTr (5X[H"X,) + 0 Tr (U[H} X,) + 0 Tr (H{* X,) + 0 Tr (A} F, X,) [Are1=Aln
= X=X
aXtB aXt UtZUtB
= HI"X{ + HPUP + H* + F/A?, | = AL (3.19b)
Input equation:
OH, OTr (RU/H™U,) +0Tx (UHX,) + 0 Tr (Hf"Uy) + 0 Tr (A, G, Uy) m;:)A(gH
oup oU, Uit
= H{"UY + H{ X} + H* + GiAL,, = 0. (3.19¢)
And boundary conditions:
OTr(iXHHZ* X 0Tr((HZ)X
pg, = QI GXHE Xr) + OTr(HF) Xr) — Hy" X0+ Hy, (3.19d)

0Xr

Xr=X8
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and X¢ = 0. Note that in the above derivations, we used the following matrix calculus [127]:

OTr(AB) _ o, Of(A) 8f(A)]’ OTr(X'HX)

5 L :[ 5 o = HX+HX, (3.20)

and the following matrix trace properties:

Tr(A) = Tr(A"), Tr(ABC)=Tr(BCA)=Tr(CAB), Tr(A+ B)=Tr(A)+ Tr(B).
(3.21)
Since the above obtained PMP equations (3.19) are the same with the differential PMP
in (3.13), we thus can conclude that the Pontryagin’s Maximum Principle of the auxiliary
control system X(&,) in (3.16) is exactly the differential PMP equations (3.13), and thus
(3.17) holds. This completes the proof. ]

Lemma 3.6.1 states two assertions. First, the PMP condition for the auxiliary control
system X(&,) is exactly the differential PMP in (3.13) for the original system 3(0); and
second, importantly, the trajectory {X§,, Udr_,} produced by the auxiliary control system
(&) is exactly the derivative of trajectory of the original system X () with respect to the
parameter 8. Based on Lemma 3.6.1, we can obtain % from X(&,) efficiently by the lemma

below.

Lemma 3.6.2. If H™ in (3.16) is invertible for allt =0,1--- T — 1, define the following

Tecursions

Po=Q;+ A\(I + P Ry) ' Pt Ay, (3.22a)

W, = AU(I + P R) (Wi + P M) + N, (3.22b)

with Pr = H¥ and Wy = HZ¢. Here, I is identity matriz, A;=F, — G,(H ) H* R, =
Gy (HP) LGl My=Ey— Gy (HP) L H e, Qu=H* — HEv (Hp ) L H e | Ny=He— Heo(H2v) L Hp are
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all known given (5.14). Then, the stationary solution {X8+, U8+ |} in (5.17) can be obtained
by iteratively solving the following equations from t =0 to T — 1 with X = X, = 0:

Uf = —(H™)?! (H#xXte + H + G/(I+ PryaRy)™! (Pt+1AtXf + P My + Wt+1)) , (3.23a)

Xf, = FX?+GU? + Ey. (3.23b)

Proof. Based on Lemma 3.6.1 and its proof, we known that the PMP of the auxiliary control
system, (3.19), is exactly the differential PMP equations (3.13). Thus below, we only look at
the differential PMP equations in (3.19). From (3.19¢), we solve for U? (if H*" invertible):

Uf = —(H™)™ (H;“fo +GAY L+ H;“f). (3.24)

By substituting (3.24) into (3.19a) and (3.19b), respectively, and considering the definitions
of matrices Ay, Ry, My, Q; and Ny in (3.22), we have

XP, = AX) — RN+ M, (3.25)
A = QX7 + AN, + N, (3.26)

for t =0,1,...,7 — 1, and also the boundary condition in (3.19d)
A = HF" XS + Hie,
for t =T. Next, we prove that there exist matrices P, and W; such that
A = PX? + W, (3.27)

Proof by induction: (3.19d) shows that (3.27) holds for t = T if Pr = H#* and Wy = Hj¢.
Assume (3.27) holds for ¢ + 1, then by manipulating (3.25) and (3.26), we have

A = (Qt + A1 + Pt+1Rt)_1Pt+1At) X? + A{(I+ PraRy) " (Wesa Py M) + Ni, (3.28)

P, Wi
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which indicates (3.27) holds for ¢, if P, and W, satisfy (3.22a) and (3.22b), respectively.
Substituting (3.27) to (3.26) and also considering (3.24) will lead to (3.23a). (3.23b) directly
results from (3.19a). We complete the proof. O

Lemma 3.6.2 states that the trajectory of the above auxiliary control system 3(&,) can be
obtained by two steps: first, iteratively solve (3.22) backward in time to obtain matrices P,
and W, (all other coefficient matrices are known given X(&,)); second, calculate {X8,, U8, |}
by iteratively integrating a feedback-control system (3.23) forward in time. In fact, these

two steps constitute the standard procedure to solve general finite-time LQR, problems [128].

As a conclusion to the techniques developed in Section 3.6, in Algorithm 3 we summarize
the procedure of computing % via the introduced auxiliary control system. Algorithm 3
serves as a key component in the backward pass of the PDP learning framework, as shown

in Fig. 3.1.

Algorithm 3: Solving % using Auxiliary Control System

Input: the trajectory &, generated by the system X(8)
Compute the coefficient matrices (3.14) to obtain the auxiliary control
system 3(&,) in (3.16);
def Auxiliary_Control_System_Solver ( 3(&,) ): > Lemma 3.6.2
Set Pr = H7* and Wp = HF;
for t <7 to 0 by —1 do
Update P, and W, using equations (3.22); > backward in time
end
Set X¢ = 0;
fort < 0to T by 1 do
Update X? and U? using equations (3.23); > forward in time
end
Return: {X¢. U, |}

Return: %2 = {X¢,, Ul _,}
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3.7 Applications

We investigate three learning modes of PDP, as described in Section 3.4. For each mode,
we demonstrate its capability in four environments listed in Table 3.2. The environments are
described in Appendix A. For each application mode of PDP, a baseline and a state-of-the-art

learning/control methods are compared.

Table 3.2. Experimental environments

Systems Dynamics parameter 64y, Control objective p;
Cartpole cart mass, pole mass and length

Two-link robot arm length and mass for each link C:Hngj(m — xg)||?+||ul?
6-DoF quadrotor maneuvering mass, wing length, inertia matrix h = ||0£>bj (z — xg) 12

6-DoF rocket powered landing mass, rocket length, inertia matrix

We fix the unit weight to |lu||?, because estimating all weights will incur ambiguity [40]; x, is the
goal state. Results for 6-DoF rocket landing is in Section 3.10)

3.7.1 IRL/IOC Mode

Algorithm 4: Algorithm of PDP in IRL/IOC Mode

Data: Expert demonstrations {£9}

Parameterization: The parameterized optimal control system 3(8) in (3.1)

Loss: L(&y,0) in (3.4)

Initialization: 8, learning rate {ng }r—o1,..

for k=0,1,2,--- do

Solve &y, from the optiaml control system 3(6}) ; > using any 0C solver

. ¢
Obtain s

o using Algorithm 3 given &, ; > using Algorithm 3
k
Obtain g—’é ¢ from the given loss function L(&,,0) ;

Ok

Apply the chain rule (3.9) to obtain ‘fi—g o

Update 4y < 60, — nk%‘ng
end
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As formulated in Section 3.4, in the IRL/IOC mode of PDP, the parameterized 3(0) is
in (3.1) and the loss in (3.4). In the forward pass of PDP, &, is solved from 3(@) by any
OC solver. In the backward pass, % is computed from the auxiliary control system (&)
in (3.16) using Algorithm 3. The full algorithm is depicted in Algorithm 4.

Experiment: Imitation Learning.  We use IRL/IOC Mode to solve imitation learn-
ing in environments in Table 3.2. The true dynamics is parameterized, and control objective
is parameterized as a weighted distance to the goal, 8 = {04yn, Oon;}. The dataset of ex-
pert demonstrations {éd} is generated by solving an expert optimal control system with the
expert’s dynamics and control objective parameter 6° = {0} ,,03,,} given. We generate
a number of five trajectories, where different trajectories &€ = {3, ud, |} have differ-
ent initial conditions @y and time horizons 7' (T' ranges from 40 to 50). Set imitation loss
L(&g,0)=||€Y — &4||>. Two other methods are compared: (i) neural policy cloning, and (ii)
inverse KKT [34]. We set learning rate n = 10™* and run five trials given random initial
6y. The results in Fig. 3.2a-3.2c show that PDP significantly outperforms the policy cloning
and inverse-KKT for a much lower training loss and faster convergence. In Fig. 3.2d, we
apply the PDP to learn a neural control objective function for the robot arm using the same
demonstration data in Fig. 3.2b, and we also compare with the GAIL [129]. Results in Fig.
3.2d show that the PDP successfully learns a neural objective function and the imitation loss
of PDP is much lower than that of GAIL. It should note that because the demonstrations
are not strictly realizable (optimal) under the parameterized neural objective function, the
final loss for the PDP is small but not zero. This indicates that given sub-optimal demon-
strations, PDP can still find the ‘best’ control objective function within the function set .J(0)
such that its reproduced &, has the minimal distance to the demonstrations. Please refer to

Section 3.10 for more experiment details and additional validations.

3.7.2 SysID Mode

In the SysID mode, ¥(0) is (3.5) and loss is (3.6). PDP is greatly simplified: in forward
pass, &, is solved by integrating the difference equation (3.5). In the backward pass, 3(&,)

is reduced to
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Figure 3.2. (a-c) imitation loss v.s. iteration, (d) PDP learns a neural objec-
tive function and comparison.

(&) : dynamics: X¢, = F, X + F, with X, =0. (3.29)

This is because () in (3.5) results from letting .J(8) = 0, (3.13b-3.13d) and .J in (3.16) are

then trivialized, and due to ugr_; given, U = 0 in (3.13a). The algorithm is in Algorithm

d.

Algorithm 5: Algorithm of PDP in SysID Mode

Data: Input-state data {£°}

Parameterization: The parameterized dynamics model () in (3.5)
Loss: L(&y,0) in (3.6)

Initialization: 6, learning rate {7 }r—o1....

for k=0,1,2,--- do

Obtain &, by iteratively integrating 3(8y) in (3.5) for t = 0,...,T — 1;
Compute the coefficient matrices (3.14) to obtain the auxiliary control system
3(&,) in (3.29);

Obtain % by iteratively integrating (&g, ) in (3.29) for t =0,...,7 — 1;

i OL
Obtain %€ |¢

Apply the chain rule (3.9) to obtain 4k .

("

from the given loss function in (3.6);

Ok

Update 641 < 0 — nk%\ek;

end

Experiment: System Identification. We use the SysID Mode to identify the

dynamics parameter @qy, for the systems in Table 3.2. We collect a total number of five

trajectories from systems (in Table 3.2) with dynamics known, wherein different trajectories
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&% = {x{.;, upr—1} have different initial conditions @y and horizons 7' (7" ranges from 10
to 20), with random inputs ug.r_; drawn from uniform distribution. Set the SysID loss
L(&,,0) = ||€° — &y|*>. Two other methods are compared: (i) learning a neural network
(NN) dynamics model, and (ii) DMDc [130]. For all methods, we set learning rate n = 1074,
and run five trials with random 6,. The results are in Fig. 3.3. Fig. 3.3a-3.3c¢ show an
obvious advantage of PDP over the NN baseline and DMDc in terms of lower training loss
and faster convergence speed. In Fig. 3.3d, we compare PDP and Adam [131] (here both
with 7 = 107°) for training the same neural dynamics model for the robot arm. The results
again show that PDP outperforms Adam for faster learning speed and lower training loss.
Such advantages are due to that PDP has injected an inductive bias of optimal control into
learning, making it more efficient for handling dynamical systems. More experiments and

validations are in Section 3.10.

10° 108 1000
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Figure 3.3. (a-c) SysID loss v.s. iteration, (d) PDP learns a neural dynamics model.

3.7.3 Control/Planning Mode

The parameterized system (@) is (3.7) and loss is (3.8). PDP for this mode is also
simplified. In forward pass, &, is solved by integrating a (controlled) difference equation
(3.7). In backward pass, J in the auxiliary control system (3.16) is trivialized because we
have considered J(8) = 0 in (3.7). Since the control is now given by u, = u(t, z;,0), U is
obtained by differentiating the policy on both side with respect to 6, that is, U = U* X +U¢

with U7 = 9% and Uy = %% Thus,
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_ dynamics: X7, = F,X? + G,U? with X, =0,
(&) : " (3.30)
6
control policy: Uf =urxf + Uy

Integrating the above auxiliary control system in (3.30) from ¢ = 0 to T leads to {X§,, USr 1} =

%". The whole algorithm is in Algorithm 6.

Algorithm 6: Algorithm of PDP in Control/Planning Mode
Parameterization: The parameterized-policy system 3(0) in (3.7)

Loss: L(&y,0) in (3.8)

Initialization: 6, learning rate {7 }r—o1,...
for k=0,1,2,--- do
Obtain &, by iteratively integrating 3(6y) in (3.7) for t = 0,...,7 — 1;

Compute the coefficient matrices (3.14) to obtain the auxiliary control system
3(&p) in (3.30);

Obtain Ze

>2| by iteratively integrating 3(&, ) in (3.30) for t =0, ..., T — 1;

0y

in OL
Obtain %€ |¢

from the given loss function L(&y, 0) in (3.8);

Ok

Apply the chain rule (3.9) to obtain %% ,

b, ;

Update 81 + 65 — miGg]

end

Experiment: Control and Planning. Based on identified dynamics, we learn
policies of each system to optimize a control objective with given 0,,;. We set loss (3.8)
as the control objective (below called control loss). To parameterize policy (3.7), we use a
Lagrange polynomial of degree N (for planning) or neural network (for feedback control).
iLQR [7] and guided policy search (GPS) [98] are compared. We set learning rate n=10"*
or 107% and run five trials for each system. Fig. 3.4a-3.4b are learning neural network
feedback policies for the cart-pole and robot arm, respectively. The results show that PDP
outperforms GPS for having lower control loss. Fig. 3.4¢ is motion planning for quadrotor

using a polynomial policy. It shows that PDP achieves a competitive performance with iLQR.
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Compared to iLQR, PDP minimizes over polynomial policies instead of input sequences, and
thus has a higher final loss which depends on the expressiveness of the polynomial: e.g., the
polynomial of degree N=35 has a lower loss than that of N=5. Since iLQR can be viewed
as ‘1.5-order’ method (discussed in Section 3.1), it has faster converging speed than PDP
which is only first-order, as shown in Fig. 3.4c. But iLQR is computationally extensive,
PDP, instead, has a huge advantage of running time, as illustrated in Fig. 3.4d. Due to
space constraint, we put detailed analysis between GPS and PDP in Section 3.10.

o
3

x10*

—+— PDP with neural policy —+— PDP with neural policy iLQR CC) B Forward pass
190 —s— GPS with neural policy 2 —e— GPS with neural policy 4 PDP with poly policy (N=5) % mmm Backward pass
@ n —— PDP with poly policy (N=35) 5 EEE Overall
o 8 -~ solved by OC solver S 10!
— 30 =3 =
° S o]
— Pl o
JE 20 E 2 by 2
o o ﬂ 107
O o
10 1 9]
S
_______________ ——] =
130 0 = 103
0 100 200_ 300 400 0 200 40(_) 600 800 0 50 . 100 150 PDP |LQR GPS
Iteration Iteration Iteration

(a) Cart-pole control  (b) Robot arm control (c) Quadrotor planning  (d) Timing results

Figure 3.4. (a-c) control loss v.s. iteration, (d) comparison for running time
per iteration.

3.8 Discussion

3.8.1 Complexity of PDP

We consider the algorithm complexity of different learning modes of PDP, and suppose
that the time horizon of the parameterized system ¥(0) is T

IRL/IOC Mode (Algorithm 4): in forward pass, PDP needs to obtain and store the
optimal trajectory &, of the optimal control system 3(0) in (3.1), and this optimal trajectory
can be solved by any (external) optimal control solver. In backward pass, PDP first uses
&, to build the auxiliary control system X(&,) in (3.16) and then computes % by Lemma
3.6.2, which takes 27T steps.

SysID Mode (Algorithm 5): in forward pass, PDP needs to obtain and store the trajectory

&, of the original dynamics system () in (3.5). Such trajectory is simply a result of iterative

integration of (3.5), which takes T" steps. In backward pass, PDP first uses &, to build the
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auxiliary control system (&) in (3.29) and then computes 88% by iterative integration of
(3.29), which takes T steps.

Control/Planning Mode (Algorithm 6): in forward pass, PDP needs to obtain and store
the trajectory &, of the controlled system 3(8) in (3.7). Such trajectory is simply a result
of iterative integration of (3.7), which takes T steps. In backward pass, PDP first uses &, to
build an auxiliary control system X(&,) in (3.30) and then computes 5@% by integration of
(3.30), which takes T steps.

Therefore, we can summarize that the memory- and computational- complexity for the
PDP framework is only linear to the time horizon T of the parameterized system 33(8). This
is significantly advantageous over existing end-to-end learning frameworks, as summarized

in Table 3.3 (discussed in Section 3.3.1).

Table 3.3. Complexity comparison for different end-to-end learning frameworks

) Forward pass Backward pass
Pearmng ) Complexity Complexity
frameworks Method and accuracy ) Method )
(linear to) (linear to)
N-ste olled grapl
N ,b P umT ¢ graphl computation: NT | Back-propagation over computation: NT'
PI-Net [112] using gradient descent;
memory: NT the unrolled graph memory: NT'
accuracy depends on N
N-step unrolled graph
. . P . stap computation: NT | Back-propagation over computation: NT'
UPN [115] using gradient descent;
memory: NT the unrolled graph memory: NT'

accuracy depends on N

Differentiate the LQR

L computation: T2
approximation and

Difi-MPC [114] iLQR ﬁTldS fixed points; | computation: — !
can achieve any accuracy | memory: T’ memory: T’

solve linear equations

Accept any OC solver; computation: —, computation: T,

PDP Auxiliary control system

can achieve any accuracy | memory: 7' memory: T’

*Here T denotes the time horizon of the system; N (usually large) is the number of steps of
applying gradient descent until the convergence of the trajectory solution to the optimal control
problem.

In Fig. 3.5, we have also compared the running time of PDP with that of differentiable
MPC [114]. Compared to differentiable MPC, the first advantage of the PDP framework
is that the differentiation in the backward pass is directly performed on the parameterized
optimal control system (by differentiating through PMP). Second, we develop the auxiliary
control system in the backward pass of PDP, whose trajectory is exactly the gradient of

the system trajectory in the forward pass. The gradient then is iteratively solved using the
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auxiliary control system by Lemma 3.6.2 (Algorithm 3). Those proposed techniques enables
the PDP to have significant advantage in computational efficiency over differentiable MPC.
To illustrate this, we have compare the algorithm complexity for both PDP and differentiable
MPC in Table 3.3 and provide an experiment in Fig. 3.5.

10°

EIDIff-MPC forward [EIDIff-MPC backward IBPDP forward [C_JPDP backward

Runing time (s)

10 20 40 80 160
System horizon (T)

Figure 3.5. Runtime (per iteration) comparison between the PDP and dif-
ferentiable MPC [114] for different time horizons of a pendulum system. Note
that y-axis is log-scale, and the runtime is averaged over 100 iterations. Both
methods are implemented in Python and run on the same machine using CPUs.
The results show that the PDP runs 1000x faster than differentiable MPC.

3.8.2 Convergence of PDP

PDP is a First-Order Method. We observe that (i) all gradient quantities in PDP
are analytical and exact; (ii) the development of PDP does not involve any second-order
derivative /approximation of functions or models (note that PMP is a first-order optimality
condition for optimal control); and (iii) PDP minimizes a loss function directly with respect
to unknown parameters in a system using gradient descent. Thus, we conclude that PDP
is a first-order gradient-descent based optimization framework. Specifically for the SysID
and Control /Planning modes of PDP, they are also first-order algorithms. When using these
modes to solve optimal control problems, this first-order nature may bring disadvantages
of PDP compared to high-order methods, such as iLQR which can be considered as 1.5-
order because it uses second-order derivative of a value function and first-order derivative of
dynamics, or DDP which is a second-order method as it uses the second-order derivatives of
both value function and dynamics. The disadvantages of PDP have already been empirically

shown in Fig. 3.4c, where the converging speed of PDP in its planning mode is slower than
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that of iLQR. For empirical comparisons between first- and second-order techniques, we refer
the reader to [132].

Convergence to Local Optima.  Since PDP is a first-order gradient-descent based
algorithm, PDP can only achieve local minima for general non-convexr optimization problems
in (3.8). Furthermore, we observe that the general problem in (3.3) belongs to a bi-level
optimization framework. As explored in [133], under certain assumptions such as convexity
and smoothness on models (e.g., dynamics model, policy, loss function and control objective
function), global convergence of the bi-level optimization can be established. But we think
such conditions are too restrictive in the context of dynamical control systems. As a future
direction, we will investigate mild conditions for good convergence by resorting to dynamical
system and control theory, such as Lyapunov theory.

Parameterization Matters for Convergence. Although PDP only achieves local
convergence, these still exists a question of how likely PDP can obtain the global convergence.
In our empirical experiments, we find that how models are parameterized matters for good
convergence performance. For example, in IOC/IRL mode, we observe that using a neural
network control objective function (in Fig. 3.2d) is more likely to get trapped in local
minima than using the parameterization of weighted distance objective functions (in Fig.
3.2a-3.2¢). In control/planning mode, using a deeper neural network policy (in Fig. 3.4a-
3.4b) is more like to result in local minima than using a simpler one. Also in the motion
planning experiment, we use the Lagrange polynomial to parameterize a policy instead of
using standard polynomials, because the latter can lead to poor conditioning and sensitivity
issues (a small change of polynomial parameter results in large change in performance) and
thus more easily get stuck in local minima. One high-level explanation is that more complex
parameterization will bring extreme non-convexity to the optimization problem, making
the algorithm more easily trapped in local minima. Again, how to theoretically justify those
empirical experience and find the mild conditions for global convergence guarantee still needs

to be investigated in future research.
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3.9 Conclusions

This chapter presents a Pontryagin differentiable programming (PDP) methodology to
establish an end-to-end learning framework for solving a range of learning and control tasks.
The key contribution in PDP is that we incorporate the knowledge of optimal control theory
as an inductive bias into the learning framework. Such combination enables PDP to achieve
higher efficiency and capability than existing learning and control methods in solving many
tasks including inverse reinforcement learning, system identification, and control/planning.
We envision the proposed PDP could benefit to both learning and control fields for solving

many high-dimensional continuous-space problems.

3.10 Supplementary: Experiments Details

3.10.1 System/Environment Setup

Dynamics Discretization.  All the experimental environments/systems involved are
described in Appendix A. The continuous-time dynamics of all experimental systems in Table
3.2 are discretized using the Euler method: @1 = @; + A - f(@;, u;) with the discretization

interval A = 0.05s or A = 0.1s.

Simulation Environment Source Codes. We have made different simulation en-
vironments/systems in Table 3.2 as a standalone Python package, which is available at
https://github.com /wanxinjin/Pontryagin- Differentiable- Programming. This environment

package is easy to use and has user-friendly interfaces for customization.

3.10.2 Experiment of Imitation Learning

Data Acquisition. The dataset of expert demonstrations {fd} is generated by solving
an expert optimal control system with the expert’s dynamics and control objective param-
eter 0" = {03,,,04,,} given. We generate a number of five trajectories, where different
trajectories €% = {xd.;, ud, |} have different initial conditions ay and time horizons T' (T

ranges from 40 to 50).
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Inverse KKT Method.  We choose the inverse KKT method [34] for comparison
because it is suitable for learning objective functions for high-dimensional continuous-space

systems. We adapt the inverse KKT method, and define the KKT loss as the norm-2 violation

2
) : (3.31)

where 2L (-) and 22— (-) are the derivatives of Lagrangian L with respect to state and
9z, ugp_y

of the KKT conditions [41] by the demonstration data &9, that is,

oL 4

oL
(mO:T7 ug:Tfl) a a

2
‘ (o7 wo.r—1)

Oz .1 Oug. 14

control sequences, respectively, and 0={04y,, @ayn}. We minimize the above KKT-loss with
respect to the unknown @ and the costate variables Aq.7.

Note that to illustrate the inverse-KKT learning results in Fig. 3.2, we plot the imitation
loss L(&p,0) = ||€% — &,|? instead of the KKT loss (3.31), because we want to guarantee that
the comparison criterion is the same across different methods. Thus for each iteration k& in
minimizing the KKT loss (3.31), we use the parameter 8 to compute the optimal trajectory
&p, and obtain the imitation loss.

Neural Policy Cloning. For the neural policy cloning (similar to [134]), we directly

learn a neural-network policy u = mg(x) from the dataset using supervised learning, that is

. T—1
min Sy — mo(af)|”. (3.32)

Learning Neural Control Objective Functions. In Fig. 3.2d, we apply PDP
to learn a neural objective function of the robot arm. The neural objective function is

constructed as

J(0) = Vp(z) + 0.0001|ul?, (3.33)

with Vp(x) a fully-connected feed-forward network with n-n-1 layers and tanh activation
functions, i.e., an input layer with n neurons equal to the dimension of state, n, one hidden
layer with n neurons and one output layer with 1 neuron. 0 is the neural network parameter.
We separate the input cost from the neural network because otherwise it will cause instability
when solving OC problems in the forward pass. Also, in learning the above neural objective

function, we fix the dynamics because otherwise it will also lead to instability of solving OC.
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In the comparing GAIL method [129], we use the following hyper-parameters: the pol-
icy network is a fully-connected feed-forward network with n-400-300-m layers and relu
activation functions; the discriminator network is a (n+m)-400-300-1 fully-connected feed-
forward network with tanh and sigmoid activation functions; and the policy regularizer A
is set to zero.

Results and Validation. In Fig. 3.6, we show more detailed results of imitation loss
versus iteration for three systems (cart-pole, robot arm, and quadrotor). On each system, we
run five trials for all methods with random initial guess, and the learning rate for all methods
is set as n = 107, In Fig. 3.9, we validate the learned models (i.e., learned dynamics and
learned control objective) by performing motion planning of each system in unseen settings.
Specifically, we set each system with new initial state oy and horizon T and plan the control
trajectory using the learned models, and we also show the corresponding true trajectory of

the expert.

3.10.3 Experiment of System Identification

Data Acquisition. In the system identification experiment, we collect a total number
of five trajectories from systems (in Table 3.2) with dynamics known, wherein different
trajectories £€° = {xf.r, uo.r—1} have different initial conditions &y and horizons T' (T ranges
from 10 to 20), with random inputs wg.r—; drawn from uniform distribution.

DMDc Method.  The DMDc method [130], which can be viewed as a variant of
Koopman theory [70], estimates a linear dynamics model x;1 = Ax; + Bu,, using the

following least square regression
) T-1
min 37l — Awf — Bu (334

Neural Network Baseline.  For the neural network baseline, we use a neural network

fo(x,u) to represent the system dynamics, where the input of the network is state and
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control vectors, and output is the state of next step. We train the neural network by

minimizing the following residual
) T-1, o o
miny ey — Folay, w)ll”. (3.35)

Learning Neural Dynamics Model. In Fig. 3.3d, we compare the performance
of PDP with Adam [131] for learning the same neural dynamics model for the robot arm
system. Here, the neural dynamics model is a fully-connected feed-forward neural network
with (m+n)-(2m+2n)-n layers and tanh activation functions, that is, an input layer with
(m+n) neurons equal to the dimension of state, n, plus the dimension of control m, one
hidden layer with (2m+2n) neurons and one output layer with (n) neurons. The learning

rate for the PDP and the PyTorch Adam is both set as n = 1075.

Results and Validation. In Fig. 3.7, we show more detailed results of SysID loss
versus iteration for the three systems (cart-pole, robot arm, and quadrotor). On each system,
we run five trials with random initial guess, and we set the learning rate as n = 107*
for all methods. In Fig. 3.10, we use the learned dynamics model to perform motion
prediction of each system in unactuated conditions (i.e., u; = 0), in order to validate the

effectiveness/correctness of the learned dynamics models.

3.10.4 Experiment of Control/Planning

We use the dynamics identified in the system ID part, and the specified control objec-
tive function is set as weighted distance to the goal, as given in Table 3.2 (0,,; is given).
Throughout the optimal control/planning experiments, we use the time horizons T ranging
from 20 to 40.

Learning Neural Network Policies.  On the cart-pole and robot-arm systems (in
Fig. 3.4a and Fig. 3.4b), we learn a feedback policy by minimizing given control objective
functions. For both systems, we parameterize the policy using a neural network. Specifically,
we use a fully-connected feed-forward neural network which has a layer structure of n-n-m

with tanh activation functions, i.e., there is an input layer with n neurons equal to the
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dimension of state, one hidden layer with n neurons and one output layer with m neurons. The
policy parameter 6 is the neural network parameter. We apply the PDP Control/Planning
mode in Algorithm 6 and set the learning rate n = 10™*. For comparison, we apply the
guided policy search (GPS) method [98] (its deterministic version) to learn the same neural
policy with the learning rate 7 = 107¢ (5 in GPS is used to update the Lagrange multipliers
for the policy constraint and we choose 7 = 107¢ because it achieves the most stable results).

Motion Planning with Lagrange Polynomial Policies. On the 6-DoF quadrotor,
we use PDP to perform motion planning, that is, to find a control sequence to minimize the
given control cost (loss) function. Here, we parameterize the policy u; = u(t, 0) as N-degree
Lagrange polynomial [135] with NV + 1 pivot points evenly populated over the time horizon,
that is, {(to, uo), (t1,w1), -+, (tn,un)} with t; =T /N, i =0,--- , N. The analytical form

of the parameterized policy is

N
t—t;
i=0 0<j<N,jzi i T L
Here, b;(t) is called Lagrange basis, and the policy parameter 6 is defined as
0 = [ug, - ,uy) € RMN+D, (3.37)

The above Lagrange polynomial parameterization has been normally used in some trajectory
optimization method such as [51, 136]. In this planning experiment, we have used different
degrees of Lagrange polynomials, i.e., N =5 and N = 35, respectively, to show how policy
expressiveness can influence the final control loss (cost). The learning rate in PDP is set as
n = 10~*. For comparison, we also apply iLQR [7] to solve for the optimal control sequence.

Results. In Fig. 3.8, we show the detailed results of control loss (i.e. the value
of control objective function) versus iteration for three systems (cart-pole, robot arm, and
quadrotor). For each system, we run five trials with random initial parameter 6y. In Fig.
3.11, we apply the learned neural network policies (for cart-pole and robot arm systems)

and the Lagrange polynomial policy (for quadrotor system) to simulate the corresponding
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system. For reference, we also plot the optimal trajectory solved by an OC solver [50] (which
corresponds to the minimal control cost).

Comments on the Results Between GPS [98] and PDP. In learning feedback
policies, comparing the results obtained by the guided policy search (GPS) [98] and PDP in
Fig. 3.8 and in Fig. 3.11, we have the following remarks.

(1) PDP outperforms GPS in terms of having lower control loss (cost). This can be seen
in Fig. 3.8 and Fig. 3.11 (in Fig. 3.11, PDP results in a simulated trajectory which is
closer to the optimal one than that of GPS). This can be understood from the fact that GPS
considers the policy as constraint and updates it in a supervised learning step during the
learning process. Although GPS aims to simultaneously minimize the control cost and the
degree to which the policy is violated, it does not necessarily mean that before the learning
researches convergence, when strictly following a pre-convergence control policy, the system
will have a cost as minimal as it can possibly achieve.

(2) Instead, PDP adopts a different way to synchronize the fulfillment of policy constraints
and the minimization of the control cost. In fact, throughout the entire learning process,
PDP always guarantees that the policy constraint is perfectly respected (as the forward
pass strictly follows the policy). Therefore, the core difference between PDP and GPS is
that PDP does not simultaneously minimize two aspects—the policy violation and control
cost, instead, it enforces that one aspect—policy—is always respected and only focuses on
minimizing the other—control cost. The benefit of doing so is that at each learning step,
the control cost for PDP is always as minimal as it can possibly achieve. This explains why

PDP outperforms GPS in terms of having lower control cost (loss).

3.10.5 Experiment of Rocket Powered Landing Problems

As a final part in experiments, we will demonstrate the capability of PDP to solve the
more challenging 6-DoF rocket powered landing problems.
We here omit the description of mechanics modeling for the 6-DoF powered rocket system,

and refer the reader to Page 5 in [137] for the rigid body dynamics model of a rocket system
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(the notations and coordinates used below follows the ones in [137]). The state vector of the

rocket system is defined as

/
T=1m r; v} qg/z Wi € R, (3.38)

where m € R is the mass of the rocket; 77 € R?® and vz € R? are the position and velocity of
the rocket (center of mass) in the inertially-fixed Up-East-North coordinate frame; gg,7 € R*
is the unit quaternion denoting the attitude of rocket body frame with respect to the inertial
frame (also see the description in the quadrotor dynamics in Appendix 3.10.1); and wp € R?
is the angular velocity of the rocket expressed in the rocket body frame. In our simulation, we
only focus on the final descending phase before landing, and thus assume the mass depletion
during such a short phase is very slow and thus m &~ 0. We define the control input vector

of the rocket, which is the thrust force vector
u="Ts=[T,T,T.) € R (3.39)

acting on the gimbal point of the engine (situated at the tail of the rocket) and is expressed
in the body frame. Note that the relationship between the total torque Mz applied to the
rocket and the thrust force vector Tz is Mg = rzp x T, with rz5 € R3 being constant
position vector from the center-of-mass of the rocket to the gimbal point of the engine. The
continuous dynamics is discretized using the Euler method: x, 1 = &, + A - f(x;, u,) with
the discretization interval A = 0.1s.

For the rocket system, the unknown dynamics parameter, Oqy,, includes the rocket’s
initial mass mg, and the moment of inertia Jz € R3*3, and the rocket length ¢, thus,
Oayn = {mo, I, (} € R

For the control objective (cost) function, we consider a weighted combination of the

following aspects:
« distance of the rocket position from the target position, with weight w;;

« distance of the rocket velocity from the target velocity, with weight ws;
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o penalty of the excessive title angle of the rocket, with weight ws;
o penalty of the side effects of the thrust vector, with weight wy;

o penalty of the total fuel cost, with weighted ws.

/
So the parameter of the control objective function, Oob; = |w;, wsy, ws, wy, ws| € R°. In

sum, the overall parameter for the 6-DoF rocket powered landing control system is
0= {Odyn, Gobj} € R'3. (340)

Imitation Learning. @ We apply the IRL/IOC mode of PDP to perform imitation
learning of the 6-DoF rocket powered landing. The experiment process is similar to the
experiments in Appendix 3.10.2, where we collect five trajectories from an expert system with
dynamics and control objective function both known (different trajectories have different time
horizons T' ranging from 40 to 50 and different initial state conditions). Here we minimize
imitation loss L(&,, @)=|€ — &,||? over the parameter of dynamics and control objective, @
in (3.40). The learning rate is set to n = 107*, and we run five trials with random initial
parameter guess @y. The imitation loss L(&,, @) versus iteration is plotted in Fig. 3.12a.
To validate the learned models (the learned dynamics and the learned objective function),
we use the learned models to perform motion planing of rocket powered landing in unseen
settings (here we use new initial condition and new time horizon). The planing results are
plotted in Fig. 3.12b, where we also plot the ground truth for comparison.

System Identification. We apply the SysID mode of PDP to identify the dynamics
parameter @4y, of the rocket. The experiment process is similar to the experiments in
Appendix 3.10.3, where we collect five trajectories with different initial state conditions,
time horizons (7" ranges from 10 to 20), and random control inputs. We minimize the SysID
loss L(&g,0) = ||€° — &y]|* over B4y, in (3.40). The learning rate is set to n = 107, and we
run five trials with random initial parameter guess for 84y,. The SysID loss L(&g, 8) versus
iteration is plotted in Fig. 3.13a. To validate the learned dynamics, we use it to predict the
motion of rocket given a new sequence of control inputs. The prediction results are in Fig.

3.13b, where we also plot the ground truth for reference.
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Optimal Powered Landing Control. We apply the Control/Planning mode of PDP
to find an optimal control sequence for the rocket to perform a successful powered landing.
The experiment process is similar to the experiments performed for the quadrotor system in
Appendix 3.10.4. We set the time horizon as T" = 50, and randomly choose an initial state
condition x, for the rocket. We minimize the control loss function, which is now a given
control objective function with 6,; known. The control policy we use here is parameterized
as the Lagrangian polynomial, as described in (3.36) in Appendix 3.10.4, here with degree
N = 25. The control loss is set as the control objective function learned in the previous
imitation learning experiment. The learning rate is set to n = 107%, and we run five trials
with random initial guess of the policy parameter. The the control loss L(&g,0) versus
iteration is plotted in Fig. 3.14a. To validate the learned optimal control policy, we use it to
simulate the motion (control trajectory) of the rocket landing, and compare with the ground

truth optimal trajectory obtained by an OC solver. The validation results are in Fig. 3.14b.
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Figure 3.6. Experiments for PDP IRL/IOC Mode: imitation loss versus
iteration. For each system, we run five trials starting with random initial
guess 0y, and the learning rate is n = 10~* for all methods. The results
show a significant advantage of the PDP over the neural policy cloning and
inverse-KKT [34] in terms of lower training loss and faster convergence speed.
Please see Appendix Fig. 3.9 for validation. Please find the video demo at
https://youtu.be/awVNiCILJCfs.
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Figure 3.7. Experiments for PDP SysID Mode: SysID loss versus iteration.
For each system, we run five trials with random initial guess 6¢, and set the
learning rate n = 10~ for all methods. The results show a significant advantage
of the PDP over neural-network dynamics and DMDc in terms of lower training

loss and faster convergence speed. Please see Fig. 3.10 for validation. Please
find the video demo at https://youtu.be/PAyBZjDD60Y.
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Figure 3.8. Experiments for PDP Control/Planning Mode: control loss (i.e.,
objective function value) versus iteration. For the cart-pole (top panel) and
robot arm (middle panel) systems, we learn neural feedback policies, and com-
pare with the GPS method [98]. For the quadrotor system, we perform motion
planning with a Lagrange polynomial policy (we use different degree N), and
compare with iLQR and an OC solver [50]. The results show that for learning
feedback control policies, PDP outperforms GPS in terms of having lower con-

trol loss (cost); and for motion planning, iLQR has faster convergence speed
than PDP. Please find the video demo at https://youtu.be/KTwGTAigfPY.
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Figure 3.9. Validation for the imitation learning experiment in Fig. 3.6.
We preform motion planing for each system in unseen conditions (new initial
condition and new time horizon) using the learned models. Results show that
compared to the neural policy cloning and inverse KKT [34], PDP result can
accurately plan the expert’s trajectory in unseen settings. This indicates PDP
can accurately learn the dynamics and control objective, and has the better
generality than the other two. Although policy imitation has lower imitation
loss than inverse KKT, it has the poorer performance in planing. This is
because with limited data, the cloned policy can be over-fitting, while the
inverse KKT learns a cost function, a high-level representation of policies,
thus has better generality to unseen conditions.

Cartpole prediction

-

NN

DMDc

~—— NN dynamics ™~

o

w==  Ground truth
— pDP

0 5 10 15 20 25 30 35 40

N

o

|
~

o 5 10 15 20 25 30 35 40
Time

(a) Cart-pole

Jointl angele
how & & L o

Joint 2 angle
|
S

|
o

Robot arm prediction

wm==  Ground truth DMDc

NN dynamics \

— PDP

0 5 10 15 20 25 30 35 40
Time

(b) Robot arm

Position y  Position x

Position z

Quadrotor prediction

—_—

DMDc
—— NN dynamics

=== Ground truth
— PDP

0 _1
Time

(c) Quadrotor

Figure 3.10. Validation for the system identification experiment in Fig. 3.7.
We perform motion prediction in unactuated conditions (u = 0) using the
learned dynamics. Results show that compared to neural-network dynamics
training and DMDc, PDP can accurately predict the motion trajectory of each
systems. This indicates the effectiveness of the PDP in identifying dynamics

models.
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Figure 3.11. Simulation of the learned policies in the control and planning
experiment in Fig. 3.8. Fig. 3.11a-3.11b are the simulations of the learned
neural feedback policies on the cart-pole and robot arm systems, respectively,
where we also plot the optimal trajectory solved by an OC solver [50] for refer-
ence. From Fig. 3.11a-3.11b, we observe that PDP results in a trajectory that
is much closer to the optimal one than that of GPS; this implies that PDP has
lower control loss (please check our analysis on this in Appendix 3.10.4) than
GPS. Fig. 3.11¢ is the planning results for the quadrotor system using PDP,
iLQR, and an OC solver [50], where we have used different degrees of Lagrange
polynomial policies in PDP. The results show that PDP can successfully plan
a trajectory very close to the ground truth optimal trajectory. We also observe
that the accuracy of the resulting trajectory depends on choice of the policy
parameterization (i.e., expressive power): for example, the use of polynomial
policy of a higher degree N results in a trajectory closer to the optimal one
(the one using the OC solver) than the use of a lower degree. iLQR is generally
able to achieve high-accuracy solutions because it directly optimizes the loss
function with respect to individual control inputs (instead of a parameterized
policy), but this comes at the cost of high computation expense, as shown in
Fig. 3.4d.
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Figure 3.12. (a) Training process for imitation learning of 6-DoF rocket
powered landing: the imitation loss versus iteration; here we have performed
five trials (labeled by different colors) with random initial parameter guess.
(b) Validation: we use the learned models (dynamics and control objective
function) to perform motion planning of the rocket powered landing in un-
seen settings (i.e. given new initial state condition and new time horizon re-
quirement); here we also plot the ground-truth motion planning of the expert
for reference. The results in (a) and (b) show that the PDP can accurately
learn the dynamics and control objective function from demonstrations, and
have good generalizability to novel situations. Please find the video demo at
https://youtu.be/4RxDLxUcMp4.
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Figure 3.13. (a) Training process for identification of rocket dynamics: SysID
loss versus iteration; here we have performed five trials (labeled by different
colors) with random initial parameter guess. (b) Validation: we use the learned
dynamics model to perform motion prediction of the rocket given a new control
sequence; here we also plot the ground-truth motion (where we know the exact
dynamics). The results in (a) and (b) show that the PDP can accurately
identify the dynamics model of the rocket.
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Figure 3.14. (a) Training process of learning the optimal control policy for
rocket powered landing: the control loss versus iteration; here we have per-
formed five trials (labeled by different colors) with random initial guess of the
policy parameter. (b) Validation: we use the learned policy to simulate the
rocket control trajectory; here we also plot the ground-truth optimal control
solved by an OC solver. The results in (a) and (b) show that the PDP can
successfully find the optimal control policy (or optimal control sequence) to
successfully perform the rocket powered landing. Please find the video demo
at https://youtu.be/5Jsu7725qcg.
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PART 11

LEARNING WITH HUMAN-ON-THE-LOOP
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4. LEARNING FROM SPARSE DEMONSTRATIONS

Starting from this chapter, we focus on the robot learning with human guidance. To boost
efficiency of robot learning while maintaining high-level autonomy, we aim to develop the
innovative robot learning paradigms that make the most use of human guidance while main-
taining the human burden as low as possible in providing such guidance.

In this chapter, we focus on human guidance in the form of behavioral demonstrations.
We will develop a new method which allows a robot to learn an objective function from
human’s sparse demonstrations. The sparse demonstrations are given by a small number
of sparse waypoints, which are desired outputs of the robot’s trajectory at certain time
instances, sparsely located within a demonstration time horizon. The proposed method
learns an objective function by directly minimizing a trajectory loss, which quantifies the
discrepancy between a robot’s reproduced trajectory and the observed sparse demonstrations.
The content of this chapter appears in [138], and the code and experiments for this chapter

can be accessed at https://github.com/wanxinjin /Learning-from-Sparse-Demonstrations.

4.1 Introduction

The appeal of learning from demonstrations (LfD) lies in its capability to facilitate robot
programming by simply providing demonstrations from an expert. It circumvents the need
for expertise in controller design and coding, which is required by traditional robot pro-
gramming, and empowers non-experts to program a robot as needed [139]. LfD has been
successfully applied to various scenarios such as manufacturing [140], assistive robots [141],
and autonomous vehicles [26].

LfD techniques can be broadly categorized based on what to learn from the observed
demonstrations. A branch of LfD focuses on learning a policy [142, 143, 144, 145, 146],
which directly maps from the robot’s states, environment, or raw observation information
to the robot’s actions, based on supervised machine learning techniques. While effective in
many situations, policy learning typically requires a considerable amount of demonstration
data, and the learned policy may generalize poorly to unseen or long horizon tasks [139]. To

alleviate this, another direction of LfD research focuses on learning control objective (e.g.,
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cost or reward) functions from demonstrations [32], based on which the optimal policies or

trajectories are derived. These methods assume the optimality of demonstrations and use

inverse reinforcement learning (IRL) [3] or inverse optimal control (IOC) [147] to estimate

the control objective function. Since an objective function is a more compact and high-level

representation of a task, LfD via learning objective functions has demonstrated advantage

over policy learning in terms of better generalization to unseen situations [148]| and relatively

lower sample complexity [32]. Despite significant progress along this direction, LfD based

on objective learning still inherits some limitations from the core IRL and IOC techniques,

which are summarized below.

(i)

(iii)

Most IOC/IRL techniques require entire demonstrations of a complete task [22,
29, 33, 34, 40, 42]. Such requirements make it challenging to collect demonstration
data, especially obtaining demonstration of high degree-of-freedom systems such

as humanoid robots.

The majority of existing IOC and IRL methods [22, 29, 33, 34, 40, 42] assume
an objective function as a linear combination of selected features, and their algo-
rithms are designed in the feature space by taking advantage of the linearity of
the feature weights [12]. Those approaches typically do not directly minimize the
discrepancy between the robot’s reproduced trajectory and the demonstrations in
trajectory space, and cannot be readily extended to non-linear parameterization

of an objective function.

There might exist time-scale discrepancy between expert’s demonstrations and
the actual actuation of the robot [149]. For instance, consider a robot that learns
from human motion. The duration of the human demonstration may not reflect
the dynamics constraint of a robot, as the robot may be actuated by a weak servo

motor and cannot move as fast as the human.

In recognition of these limitations, in this chapter we present a new method to learn from

sparse demonstrations, which has the following advantages over existing methods:
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Figure 4.1. Illustration of learning from sparse demonstrations. The red dots
are the expert’s sparse demonstration waypoints, from which the robot learns
a control objective function such that its reproduced trajectory (blue line) is
closest to these waypoints. At first sight, the depicted robot’s reproduced tra-
jectory (blue line) may seem a result of using ‘curve fitting” method (which
inherently belongs to policy learning methods); however, a key difference from
‘curve fitting’ is that the robot here learns a control objective function instead
of imitating a trajectory, and the learned control objective function is gen-
eralizable to unseen situations, such as new initial conditions or longer time
horizons. Please find video demos at https://wanxinjin.github.io/posts/Ifsd.

o First, the proposed method learns an objective function using only sparse demon-
stration data, which consists of a small number of desired outputs of the robot’s
trajectory at some sparse time instances within a time horizon, as shown in
Fig. 4.1. The given sparse demonstrations do not necessarily contain control input

information.

e Second, the proposed method learns an objective function over a parameterized
function set by directly minimizing the distance between the robot’s reproduced
trajectory and the sparse demonstrations. Even though the demonstrations may
not correspond to an exact objective function within the parameterized function
set, e.g., demonstrations are not optimal or even randomly given, the method can
still find a ‘best’ objective function within the parameterized function set such
that the reproduced trajectory is closest to the given demonstrations in Euclidean

distance, as shown in Fig. 4.1.

e Third, since the time requirement associated with the sparse waypoints may not be
achievable with the robot actuation, in addition to learning an objective function,

the proposed method jointly learns a time-warping function, which maps from
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the demonstration time axis to the robot execution time axis. This addresses the

potential issue of time misalignment for existing IOC/IRL methods.

4.1.1 Background and Related Work

Since the theme of the method devised in this chapter belongs to the category of LfD
based on learning objective functions, here we mainly focus on the related work of IRL/IOC
methods, which share the same goal of learning objective functions from demonstrations.
For the other types of LfD methods, e.g., policy learning, or the comparison between them,
we refer the reader to recent surveys [139] and [150] for more details.

Over the past decades, various IRL and IOC techniques have been proposed, with dif-
ferent work emphasizing different formulations to infer an objective function. The early
IRL/IOC techniques include feature matching [32], maximum margin [33], and maximum
entropy [29]. Recently, a new line of IOC/IRL research [11, 12, 34, 40, 42] directly solves
for the objective function parameters by establishing optimality conditions, such as Karush-
Kuhn-Tucker conditions [151] or Pontryagin’s maximum principle [44]. The key idea is that
the demonstration data is assumed to be optimal and thus must satisfy the optimality condi-
tions. By directly minimizing the violation of the optimality conditions by the demonstration
data over objective function parameters, one can obtain an estimate of the objective func-
tion. The benefits of doing so is that these methods can avoid repetitive solving of the direct
optimal control or reinforcement learning problems in each iteration.

All the above IOC and IRL techniques assume a linear combination of selected features as
their parameterized objective functions with unknown feature weights. Learning objective
functions is not formulated on a trajectory space, that is, they do not directly minimize
discrepancy between the reproduced trajectory and demonstrations. Instead, they design
algorithms in the selected feature space by taking advantage of the linearity of the feature
weights. For example, the maximum margin IRL [33] and feature matching IRL [32] focus
on maximizing and equaling the feature values between the given demonstrations and the
reproduced trajectories, respectively. While the recent work in [152] formulates the I0C

problem as minimization of direct loss, the algorithm is still similar to the maximum margin
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approach in a selected-feature space. In [22], the authors use a double-layer optimization to
solve the IOC problem and directly minimize a trajectory loss function. In the upper layer
of updating the objective function, a derivative-free method [153] is used by approximating
the loss function with a quadratic function. This involves multiple evaluations of the loss
and thus requires solving the optimal control problem repetitively in each update, which
is computationally expensive. Also, the derivative-free method has inherent limitations for
handling problems of large size [154]. For the second line of IOC methods which solve the
feature weights by minimizing the violation of the optimality conditions, they still indirectly
consider trajectory error.

Learning objective functions in a linear feature space may facilitate the design of learning
algorithms (such as by taking advantage of linearity of feature weights), but their perfor-
mance relies on the choice of features. While many IOC approaches [34, 40, 42] assume
the optimality of demonstration data; that is, the observed demonstrations are a result of
optimizing the parameterized objective functions, this assumption is subject to observation
noise and good feature selection.

The other challenges of existing I[OC and IRL techniques are listed below. First, existing
methods require as input the continuous demonstration data of an entire task; in other words,
a given demonstration needs to be a complete trajectory over the entire course of execution
time. Thus, demonstration data needs to be carefully collected from an expert, which can be
burdensome especially for high-dimensional systems. Instead, it is relatively easier to provide
only sparse demonstrations. Although [12] proposes a method to solve IOC from incomplete
trajectory data, it still requires a trajectory segment to be long enough to satisfy a recovery
condition and thus cannot handle very sparse demonstrations as shown in Fig. 4.1. In [155],
the authors develop a method for learning from keyframe demonstrations. This method is a
policy learning technique: it learns a kinematic trajectory model (Gaussian mixture models)
instead of learning an objective function. The unseen motion between keyframes is handled
by interpolation. Such a process leads to poor generalization and high sample complexity (we
will show this later in experiments). Another limitation of existing IOC and IRL methods
is that they rarely account for the time misalignment between the demonstrations and the

feasible actuation capabilities of a robot. This is critical in practical implementation. For
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example, consider a humanoid robot that learns to imitate a human demonstrator. The

robot may be actuated by a weak servo motor which may not move as fast as human. The

demonstrations thus cannot be directly used for objective function learning. To address this,

[149] learns a time-warping function between a robot and a demonstrator, but this method is

used to align the time of a demonstrated trajectory for optimal tracking instead of learning

objective functions.

4.1.2 Contributions

We propose a new approach to learn objective functions from sparse demonstrations.

The contributions of the method relative to existing IRL/IOC methods are listed below.

(1)

The proposed method learns an objective function by directly minimizing a tra-
jectory loss, which quantifies the discrepancy between a robot’s reproduced tra-
jectory and the observed demonstrations. Different from [22] using derivative-free
techniques [153], the proposed approach is a gradient based optimization method,

which can handle high-dimensional systems.

The proposed method accepts a general parameterization of objective functions
(e.g., nonlinear in function parameters such as neural networks), which is not
necessarily a linear combination of features. The algorithm finds an objective
function within the given function set such that the reproduced trajectory has
minimum FEuclidean distance to demonstrations, even though the demonstrations
may not be optimal and the exact corresponding objective function does not exist

in the function set.

The learning algorithm permits sparse demonstrations, which consists of a small
number of desired outputs of the robot’s trajectory at sparse time instances. The
algorithm will find an objective function such that the reproduced trajectory gets
closest to the given waypoints in Euclidean distance. In addition to learning the
objective function, the method jointly learns a time-warping function to align the

duration between the expert’s demonstration and the feasible motion of the robot.
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The organization of this chapter is as follows: Section 4.2 formulates the problem. Section
4.3 discusses the time-warping technique and reformulates the problem under a unified time
axis. Section 4.4 proposes the learning algorithm. Experiments are provided in Sections 4.5

and 4.6. Section 4.7 gives discussion to the method, and finally Section 4.8 draws conclusions.

4.2 Problem Formulation

Consider a robot with the following continuous dynamics:
&(t) = fa(t),ut)) with x(0), (4.1)

where x(t) € R" is the robot state; u(t) € R™ is the control input; vector function f : R™ x
R™ — R™ is assumed to be twice-differentiable, and ¢ € [0, 00) is time. Suppose the robot
motion over a time horizon t; > 0 is controlled by optimizing the following parameterized

objective function:

J(p) = /0 Y (@(t), u(t), p)dt + h(@ (L), p), (4.2)

where ¢(x, u,p) and h(x,p) are the running and final costs, respectively, both of which are
assumed twice-differentiable; and p € R" is a tunable parameter vector. For a fixed choice

of p, the robot produces a trajectory of states and inputs

£ = {&(0) [0 <t <t} with &,(t) = {@p(t), up(t)}- (4.3)

which optimizes the objective function (4.2). Here the subscript in &, indicates that the
trajectory implicitly depends on p.

The goal of learning from demonstrations is to estimate the objective function parameter
p based on the observed demonstrations of an expert (usually a human operator). Here, we

suppose that an expert provides demonstrations through a known output function

y=g(z,u), (4.4)
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where g : R" x R™ — R defines a map from the robot’s state and input to an output y € R°.
The expert’s demonstrations include (i) an expected time horizon T, and (ii) a number of
N waypoints, each of which is a desired output for the robot to reach at an ezpected time

instance, denoted as
D={y"(n)|n€l0,T],i=1,2,---,N}. (4.5)

Here, y*(7;) is the ith waypoint demonstrated by the expert, and 7; is the expected time
instance at which the expert wants the robot to reach the waypoint y*(7;). As the expert
can freely provide the number of N waypoints and choose the positions of expected time
instances 7; relative to the expected horizon T', we refer to D as sparse demonstrations. As
will be shown later in simulations, N here can be small.

Note that both the expected time horizon T and the expected time instances 7; are in
the time axis of the expert’s demonstrations. This demonstration time axis may not be
identical to the actual time axis of execution of the robot; in other words, the given times
T and 7; may not be achievable by the robot. For example, when the robot is actuated
by a weak servo motor, its motion inherently cannot meet the time step 7; required by a
human demonstrator. To accommodate the misalignment of duration between the robot and

expert’s demonstrations, we introduce a time warping function
t =w(r), (4.6)

which defines a map from the expert’s demonstration time axis 7 to the robot time axis t.
We make the following reasonable assumption: w is strictly increasing for the range of [0, T']
and continuously differentiable function with w(0) = 0.

Given the sparse demonstrations D, the problem of interest is to find an objective
function parameter p and a time-warping function w such that the following trajectory loss
is minimized:

min 3, 1y (7). 9 (& (w(n) ). (4.7)
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where [(a, b) is a given differentiable scalar function to quantify a point distance metric
between vectors a and b, e.g., [(a,b) = ||a — b||*. Minimizing the loss in (4.7) means that
we want the robot to find the ‘best’ objective function within the parameterized objective
function set (4.2), together with a time-warping function, such that its reproduced trajectory

is as close to the given sparse demonstrations as possible.

4.3 Problem Reformulation by Time Warping

In this section, we present the parameterization of the time-warping function, and then
re-formulate the problem of interest presented in the previous section under a unified time

axis.

4.3.1 Parametric Time Warping Function

To facilitate learning of an unknown time-warping function, we parameterize the time-
warping function. Suppose that a differentiable time-warping function w(7) satisfies w(0) = 0

and is strictly increasing in the range [0, 7]. Then the derivative

o(r) = dz;f) >0 (4.8)

for all 7 € [0,T]. We use a polynomial time-warping function:

t=wg(r) = Zslﬁﬂ'i, (4.9)

where 8 = [B1, B, -+, Bs]' € R® is the coefficient vector of the polynomial. Since wg(0) = 0,
there is no constant (zero-order) term in (4.9) (i.e., Sp = 0). Due to the requirement
dwg/dt = vg(1) > 0 for all 7 € [0,7] in (4.8), one can always obtain a feasible (e.g.

compact) set for 8, denoted as g, such that ddeT(T) > 0 for all 7 € [0,T] if B € Qp.
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4.3.2 Equivalent Formulation under a Unified Time Axis

Substituting the parametric time-warping function wg in (4.9) into both the robot’s
dynamics (4.1) and the control objective function (4.2), we obtain the following time-warped
dynamics

o _ e £ (@(ws(r). ulws(r))  with 2(0) (4.10)

and the time-warped objective function

J(p,B) = A chp(a:(wg(T)),u(wﬂ(r)))dT + hy(x(wp(T))). (4.11)
Here, the left side of (4.10) is due to chain rule: 92 = &4 and the time horizon satisfies

t; = wg(T) (note that T is specified by the expert). For notation simplicity, we write

dwg

- vg(7), x(w(1)) = x(7), u(w(r)) = u(r), and ‘é—f = &(7). Then, the above time-

warped dynamics (4.10) and time-warped objective function (4.11) are rewritten as:
(1) = vg(7) f(x(7),u(r)) with x(0) (4.12a)

and

T®.8) = [ vs(r)e(a(r). ulr),p)ir + h(a(T).p). (1.12b)

respectively. We concatenate the unknown objective function parameter vector p and un-

known time-warping function parameter vector 8 as
6= [p, B R (4.13)

For a choice of 8, the time-warped optimal trajectory resulting from solving the above time-

warped optimal control system (4.12) is rewritten as

Eo=1{&(7) [ 0< 7 < T}, (4.14)
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with &€5(7) = {@e(7), ue(7)}. The trajectory distance loss in (4.7) to be minimized can now

be defined as

L(€. D zz( ). 9(&())- (4.15)

Minimizing the above loss function in (4.15) over the unknown parameter vector 6 is a process
of simultaneously learning the control objective function J(p) in (4.2) and the time-warping
function ¢ = wg(7) in (4.9).

In summary, the problem of interest is reformulated as an optimization problem of jointly

learning the objective function J(p) in (4.2) and time-warping function ¢ = wg(7) in (4.9):

min L(&, D) (416

s.t. &g is produced by optimal control system (4.12).

Here © defines a feasible domain of variable 8, ® = R" x (1g; the constraint in optimization
(4.16) says that &, is an optimal trajectory generated by the optimal control system (4.12)
with the control objective function (4.12b) and dynamics (4.12a). In the next section, we
will focus on developing a new learning algorithm to efficiently solve the above optimization

problem.
4.4 Proposed Learning Algorithm
4.4.1 Algorithm Overview

To solve the optimization (4.16), we start with an arbitrary initial guess 8, € O, and

apply the gradient descent

dL

0;+1 = Projg (Bk — My ) (4.17)

where k is the iteration index; 7 is the step size (or learning rate); Projg is a projection

operator to guarantee the feasibility of 8y in each update, e.g., Projg(0) = arg min,ce||6 —
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z||; and %‘Hk denotes the gradient of the given loss function (4.15) directly with respect to

0 evaluated at 6,. Applying the chain rule to the gradient term, we have

dL
de

ol

- ol 0&q(T;)
0 B ; aEH(Ti)

€, () 00

(4.18)

?
0

where 65;9@) €. (r) is the gradient of the single point distance loss defined in (4.15) with
(3 Gk; Ti
respect to the 7;-time trajectory point, §4(7;), evaluated at point &, (7;), and dggigi) g 1
k

the gradient of the 7;-time trajectory point, €4(7;), with respect to the parameter vector 6
evaluated at value ;. From (4.17) and (4.18), we can note that at each iteration k, the

update of the parameter 8, includes the following three steps:

Step 1: With the current parameter estimate 0y, generate the optimal trajectory &, in (4.14)
by solving the optimal control problem in (4.12);

ol

Step 2: Compute the gradients 9, () 9€q(ri)

and =&
€o, (:) 00 g

; apply the chain rule (4.18) to com-

k

dL
pute G5 6.

Step 3: Update 0y, using (4.17) for the next iteration.

The interpretation of the above procedure is straightforward: In each update k, first, with
the current parameter estimate 8y, the optimal control system (4.12) produces an optimal
trajectory &, , and the corresponding trajectory loss L(&g, ,D) (that is, the distance to the

given sparse demonstrations) is computed; second, the current gradient of the trajectory loss

dL

with respect to 6, @‘0
k

, is solved; finally, this gradient %‘Gk is used to update the current
estimate @ for the next iteration k£ -+ 1.

In Step 1 of the learning procedure, the optimal trajectory &g, for the current parameter
estimate 6 is solved using any available optimal control solvers such as Casadi [50]. In

Step 2, the gradient quantities 85%7,) can be readily computed by directly differentiating the

given trajectory loss function (4.15). The main challenge, however, lies in how to obtain
the gradient %% 6 that is, the gradient of the system optimal trajectory &, with respect to

the parameter @ for the optimal control system (4.12). In what follows, we will show how
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to efficiently compute it by proposing the technique of differential Pontryagin’s Maximum

Principle. In the following, we suppress the iteration index k for notation simplicity.

4.4.2 Differential Pontryagin’s Maximum Principle

Consider the system optimal trajectory &, in (4.14) produced by the optimal control
system (4.12) under a fixed choice of 8. The Pontryagin’s Maximum Principle [44] states an
optimality condition that the optimal trajectory &, must satisfy. To present Pontryagin’s

Maximum Principle, we define the Hamiltonian:

H(7)=vg(7)cp(@(7), w(T))+A(T) vp(7) f (2(7), u(7)), (4.19)

where A(7) € R” is called the costate or adjoint variable for 0 < 7 < T. According to

Pontryagin’s Maximum Principle, there exists a costate trajectory

{Xe(1) [0 <7 < T}, (4.20)

which is associated with the optimal trajectory €, in (4.14), such that the following conditions
hold:

i0(7) = 5o (a(r). wolr). Jo(7)) (421a)
o) = P () g (), (), (121)
0= 0L o(r), o (), Aol7), (4210
X(T) = aa};’(azg(T)). (4.21d)

In fact, given &, one can always solve the corresponding costate trajectory {Ag(7)} by
integrating the ODE equation (4.21b) backward in time with the end condition given by

(4.214).

%o

Recall that our technical challenge in the previous part is to obtain the gradient 7.

Towards this goal, we differentiate the above Pontryagin’s Maximum Principle equations in
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(4.21) on both sides with respect to the parameter 6, which yields the following differential

Pontryagin’s Maximum Principle

&%) - )2 e 280 1), (4.220)
(920 = Hoa (1) i+ H () a2t F () S8 4 Hoe ), (4.22b)
0 = Hual7) ol () el G Sl Hae (), (4.220)
%};’(T) = HM(T)%?JFHR(T). (4.22d)
Here the coefficient matrices in (4.22) are defined as
(r):af:gie, G(r :af:eie’ B(r :a‘igg, (4.23a)
Hm<7>=(§i§€2, o) =g i B, ()= 1 (4.23b)
Hoo(7)=H'.(v), Huu(r)= (gig? Hue(f):m, (4.23¢)
M=yt )= T (123

Once we obtain the optimal trajectory {&€,} and the associated costate trajectory {Ag(7)}

in (4.20), all the above coefficient matrices in (4.23) are known and their computation is

straightforward. Using these matrices (4.23) and (4.22), the lemma below presents an itera-
9€p(7)

tive method to solve the gradient =2~

Lemma 4.4.1. If H,(7) in (4.253¢) is invertible for all 0 < 7 < T, define the following

differential equations for matriz variables P(7) € R™" and W () € R™*(+s).

~P = Q(r) + A(r)'P + PA(r) — PR(7)P, (4.24a)
W = PR(1)W — A(7)W — PM(r) — N(r), (4.24b)
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with P(T) = Hy(T) and W(T') = Hf¢. Here, I is identity,

A(T) = F = G(Hy) ™ Hya, (4.25a)
R(1) = G(H,.) "G, (4.25b)
M(7) =B = G(Hyu) ™ Hue, (4.25¢)
Q(7) = Hap — Hou(Hu) ™' Hua, (4.25d)
N(7) = Hye = Hpuw(Huu) ™ Hue, (4.25¢)

are all known given (4.23). Then, the gradient of the optimal trajectory at any time instance

0&y(7) O0xq Oug
00 (aa (). %8 <T>> (4.26)

0 <7 <T, denoted as

is obtained by integrating the following equations up to 7:

- (%"‘9") = —(Huu(r) (Hua(r) + G()W(r) + Hy(7) + G(T)’P(T)%(T)), (4.27a)
2 (%) = P T2 )+ GV ) + B, (4.971)

with 92(0) = 0 (because x(0) is given), where the matrices {P(r)} and {W(r)} are the

solutions to the differential equations in (4.24a) and (4.24b), respectively.

Proof. Consider the differential equations of the Pontryagin’s Maximum Principle in (4.22),

which we rewrite as below:

&%) = pn) 92 16 24 1 B, (4.283)
_%(%) - Hm(T)%+Hw(7)%+p(¢)’%+lfm(7), (4.28D)
0= Hux(T)é?;+Huu(T)681;0+G(T)/8a)\00+Hue(T), (4.28¢)

%(T) = Hm(T)%+Hm(T). (4.28d)
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Consider that H,,(7) in (4.23c) is invertible for all 0 < 7 < T, we can solve the 9% from

(4.28c¢):
Ozo
00

+G<T)'%’}9“’+Hue(7)). (4.29)

8u9 .

5 = Huad (1) (Hua(7)

Substituting (4.29) into both (4.28a) and (4.28b) and combining the definition of matrices
in (4.25), we have

d 8:159 . 8:133 8)\9
5(70 ) = A(T)% - R(T)W + M(7), (4.30a)
d 8)\9 . 8359 ,8)\9
_E(W) = Q(T)% + A(7) 20 N(T). (4.30b)
Motivated by (4.28d), we assume
8)\0 . 8wg
20 P(T)@ + Wi(r), (4.31)

with introduced P(7) € R™" and W (7) € R™ (") are two time-varying matrices for 0 <

T < T. Of course, the above (4.31) holds for 7 = T, if
P(r)=H,(T) and W(r)= H.(T). (4.32)

Substituting (4.31) to (4.30b) and (4.30b), respectively, to eliminate 9, we obtain the

following
d 8$9 B 8$9
%(789 )—(A—RP)aT+(—RW+M), (4.33a)
- d (9:139 . . / awe , .
—P (5 ) =(Q+P+AP) = = (AWANHIV), (4.33b)
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dP(T)

where P = y
-

W= dVZiT(T), and we here have suppressed the dependence on time 7 for all
time-varying matrices. By multiplying (—P) on both sides of (4.33a), and equaling the left
sides of (4.33a) and (4.33b), we have

)
(—PA+ PRP)Z2 4+ (PRW — PM)

06
. 0 .
#Q+P+AH§%+@MV+N+W) (4.34)
The above equation holds if
—PA+PRP=Q+P+ AP, (4.35a)
PRW — PM = A'W + N + W, (4.35b)

which directly are (4.24). Substituting (4.31) into (4.29) yields (4.27a), and (4.27b) directly

results from (4.28a). This completes the proof. ]

Lemma 4.4.1 states that for the optimal control system (4.12), the gradient of its optimal
trajectory &, (the trajectory satisfying Pontryagin’s Maximum Principle) with respect to
parameter € can be obtained in two steps: first, integrate (4.24) backward in time to obtain
matrices { P(7)} and {W(7)} for 0 < 7 < T’ and second, obtain%(ﬂ by integrating (4.27).
With the differential Pontryagin’s maximum principle, Lemma 4.4.1 states an efficient way
to obtain the gradient of the optimal trajectory with respect the unknown parameters in an
optimal control system. By Lemma 4.4.1, one can obtain the derivative of any trajectory
point &,4(7), for any 0 < 7 < T, along the optimal trajectory &,, with respect to the

0&g

parameter 6, 52 (7).

Based on Lemma 4.4.1, we summarize the overall algorithm to solve the optimization

problem (4.16) in Algorithm 7.

4.5 Numerical Examples

We demonstrate the proposed approach using two systems: (i) an inverted pendulum,

and (ii) 6-DoF maneuvering quadrotor. We compare the proposed method with related work.
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Algorithm 7: Learning from Sparse Demonstrations

Input: Sparse demonstrations D in (4.5) and learning rate {ny}.

Initialization: initial parameter guess 6y,

for k=0,1,2,--- do

Obtain the optimal trajectory &g, by solving the optimal control problem in (4.12)
with currnet parameter 6;;

Obtain the costate trajectory {Ag, (7)} using by integrating (4.21b) given (4.21d);

Compute Lg(o”)

ol
Comopute BE, (1)

using Lemma 4.4.1 for i =1,2,--- N;
from (4.15);

0y

ﬁok (7i)
Compute %o, using the chain rule (4.18);

Update 041 < Projg <9k: - Uk%bk);
end

4.5.1 Inverted Pendulum

The dynamics of an inverted pendulum is given in Appendix A.1. We define the state
and control variables of the pendulum system as & = [, &) and u = u, respectively, and set
the initial state x(0) = [0,0]’. For the inverted pendulum control, we set the parameterized

cost function in (4.2) as

C(J}, u7p) = pl(a - 7)2 +p2d2 + O.1U2,
(4.36)

h(x,p) = pi(a — 7)° + pai?,

with the parameter vector p = [p1, ps]’ to be determined. For the parametric time-warping

function (4.9), we simply use a linear function:

t =wg(1) = pr, (4.37)

with 8 € Qg = {8 : > 0} (we will discuss the use of more complex time-warping functions

later). The overall parameter vector to be determined is 6 = [p/, ]’ € R3.
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The output function (4.4) is set as « = y = g(x,u), which means that the expert only
provides the position information, not including the velocity information. For the trajectory

loss function in (4.15), we use the Iy norm to quantify the distance measure:
N
L(&6. D) = 3 lly* (1) — g(&s(7)) I (4.38)
i=1

Known Ground Truth

First, we generate sparse demonstrations D to test the proposed method when the true
objective function and time-warping function are both known. Specifically, we set the true
parameter 8* = [1,1,2]’, based on which we generate the trajectory by solving the optimal
control problem (4.12). Then, we pick some points as the sparse demonstrations D, listed
in Table 4.1. We want to see if the proposed method can correctly learn 6 from these
sparse points. Given the sparse waypoints in Table 4.1, we apply Algorithm 7 to learn the
parameter 6 by solving (4.16). In Algorithm 7, we set the learning rate n = 1072, and

initialize the parameter @ randomly.

Table 4.1. Sparse demonstrations D for inverted pendulum.

Demonstration time instance 7;  waypoints y*(7;)

7 = 0.1s a*(r1) = 0.371
Ty = 0.3s a*(m) = 1.372
73 = 0.6s a*(13) = 2.286
71 =0.7s a*(ry) = 2.475
75 = 1.0 a*(r5) = 2.785

Time horizon T" = 1s

We plot the loss value L(&y, D) in (4.38) versus the number of iterations in Fig. 4.2.
The result shows that as the iteration number increases, the loss diminishes fast and finally
converges to zero. This indicates that the trajectory gradually gets close to the sparse
demonstrations and finally passes through them. This convergence is also illustrated by

the right panel of Fig. 4.2, where we plot the pendulum’s (time-warped) trajectory in each
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Loss convergence Trajectory convergence

10

L(&e, D)

0 25 50 75
Iteration k

Figure 4.2. Learning from sparse demonstrations for inverted pendulum using
data in Table 4.1. Left: the loss value (4.38) versus the number of iterations.
Right: the convergence of the pendulum’s (time-warped) trajectory as iteration
increases, where the color from light to dark gray corresponds to increasing
iteration number, and the red dots are waypoints in Table 4.1.

iteration, where the color going from light to dark gray corresponds to increasing iteration
number, and the red dots indicate the sparse demonstrations. As shown by the results,
the initial trajectory (lightest gray) is far away from the sparse demonstrations, and as 6
updates, the trajectory (with increasingly dark colors) approaches and finally passes through
the waypoints (i.e., the converged loss is zero). To illustrate whether the parameters converge
to the ground truth 6* = [1,1,2], we define the following parameter error: eg = || — 6*||?,
and plot the parameter error versus the number of iterations in Fig. 4.3, from which we

note that as the number of iterations increases, ey converges to zero, indicating that the true

parameter 8 of the objective and time-warping functions is successfully learned.

1.50
1.25
o~
—1.00
®0.75
2 0.50

0.00

0 100 200 300 400 500
Iteration

Figure 4.3. Parameter error ||@;, — 0*||? versus iteration number.
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Non-realizable Case

In this case, we use random sparse demonstrations, where the waypoints here are sampled
from a uniform distribution with the centers being the ones in Table 4.1. The randomness
of the given sparse demonstrations means that an exact objective function (whose optimal
trajectory exactly passes through the sparse demonstrations) may not exist within the given
parameterized function set in (4.36) because of limited expressive power. The random sparse
demonstrations are listed in Table 4.2, and the other settings are the same as the previous
case. The learning results are shown in Fig. 4.4. The results show that as the number of
iterations increases, the loss value (4.38) is decreasing and converging to a value of 0.391 but
not zero. This is because the waypoints are randomly given, thus there does not exist 8™ such
that the corresponding system trajectory ezactly passes through these given waypoints. It
shows that the proposed method can always find the ‘best’ objective function and the ‘best’
time-warping function within the parametric function sets, which finally leads the reproduced
trajectory to be closest to the waypoints in a sense of having the minimal distance loss (4.7),

as shown in the right panel of Fig. 4.4.

Table 4.2. Sparse demonstrations D for pendulum system.

Demonstration time instance 7; waypoints y*(7;)

71 = 0.1s a*(m1) =0.5
Ty = 0.3s a*(m) =1.8
73 = 0.6s a*(r3) = 2.0
14 = 0.7s a*(ry) =29
75 = 0.9s a*(15) = 3.1

Time horizon T = 1s

Different Parametric Time-Warping Functions

In this case, we test the performance of the method using different parametric time-
warping functions. The sparse demonstrations D are in Table 4.3, where the demonstration

time labels 7 are infeasible for the pendulum actuation. The other experimental settings are
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Figure 4.4. Learning from sparse demonstrations for inverted pendulum from
data in Table 4.2. Left: the loss value (4.38) versus the number of iterations.
Right: the convergence of the pendulum’s (time-warped) trajectory as the
number of iterations increases, where the color from light to gray dark corre-
sponds to increasing iteration number, and the red dots are waypoints in Table
4.2.

the same as the previous cases, except that we use the parametric polynomial time-warping
function (4.9) with different degrees s. We summarize in Table 4.4 the learned time-warping

function and the obtained minimal loss value of (4.38), i.e., min L(&y, D).

Table 4.3. Sparse demonstrations D for pendulum system.

Demonstration time instance 7; waypoints y*(7;)

= 0.025 a*(m) = 0.5
79 = 0.06s a*(m) = 1.8
73 = 0.12s a*(rm3) =2.0
74 = 0.14s () = 2.9
7 = 0.18s a*(15) = 3.1

Time horizon T = 0.2s

As shown in Table 4.4, more complex time-warping functions lead to a lower minimal
loss value of L(&,, D). This is understandable because using a higher-degree polynomial
will introduce additional degrees of freedom, which contribute to further decreasing the
loss L(&y, D) in terms of generating a ‘more-deformed’ time axis. Also from a system per-

spective, if we look at the entire parameterized optimal control system (4.12), use of a
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Table 4.4. Different polynomial time-warping functions

Learned time-warping function ¢t = w(7) min L(&y, D)

1=4.6567 0.423
t=4.8267 + 0.1677> 0.413
t=5.0947+0.1717% + 0.01673 0.400

t=5.200740.1777240.01873+0.0047* 0.395

higher-degree polynomial time-warping function will make the parameterized system more
expressive, achieving a lower loss on the same training data.

From Table 4.4, we further observe that the first-order terms in all learned time-warping
polynomials are approximately the same, and the higher-order terms are relatively small
compared to the first-order term and they do not significantly contribute to lowering the
final training loss. This indicates that the first-order term dominates the time scale difference
between the demonstration and robot’s execution, because T' here is small and the higher-
order terms thus are not significant compared to the first-order term. In the following

experiments, we therefore only use the first-order polynomial time-warping functions.

Neural Objective Functions

Instead of using parameterization (4.36), we here represent the objective function using
a neural network and aim to learn a neural objective function. We test this still using the
inverted pendulum system. Specifically, the parameterized objective function is represented

as
c(x,u,p) = V(x,p) + 0.0001||ul?

h(z,p) =V(z,p),

(4.39)

where V(x, p) is a 2-2-1 fully-connected neural network with tanh activation functions [156]
(i.e., 2-neuron input layer, 2-neuron hidden layer, and 1-neuron output layer), and p € R? is
the parameter vector of the neural network, that is, the weight matrices and bias vectors. The
time-warping polynomial is first-order as in (4.37) and the loss function is (4.38). We use the

sparse demonstration data in Table 4.3, and the learning rate is set as n = 1072. We plot the
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learning results in Fig. 4.5, which shows that the proposed approach can successfully learn a
neural objective function from sparse demonstrations, such that the pendulum’s reproduced

trajectory is close to the given waypoint in Euclidean distance.

Loss convergence Converged trajectory
30 3 -
a 20 2 ®
> S 2
s
10 1
0 0
0 200 400 0.0 0.1 0.2
Iteration k T

Figure 4.5. Learning from sparse waypoints with the objective function rep-
resented by a neural network. Left: the loss value (4.38) versus the number
of iterations, and the loss finally converges to 0.346. Right: the learned time-
warped trajectory, where the red dots are waypoints in Table 4.3.

In the left panel of Fig. 4.5, the converged loss is 0.346, which is lower than the loss
of 0.423 in Table 4.4 for the weighted distance parameterization (4.36). This difference can
be also seen by comparing the right panel of Fig. 4.5 with the one in Fig. 4.4. The lower
loss here is because neural network representation is more expressive than weighted distance
parameterization. The results in Fig. 4.5 demonstrate the capability of the proposed method
to learn complex parametric objective functions, and it shows the utility of the method when
the knowledge-based parametric objective function is not readily available.

However, despite the convenience of using universal neural network objective functions,
how to choose appropriate structure and hyper-parameters for a neural network (such as the
number of layers/neurons and the type of activation functions) still needs to be specified. Our
empirical experience also finds the other drawbacks of neural objective functions, including
a lack of physical interpretability for the learned results, more iterations needed to reach
convergence as empirically shown in left panel of Fig. 4.5, and a tendency of getting trapped
in locally optimal solutions. In Section 4.7, we will provide a further analysis for the choice

of parametric objective functions.
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4.5.2 Comparison with other Methods

Comparison with Learning From KeyFrames [155]

We first compare the proposed method with the method of learning from keyframe demon-
strations developed in [155]. As discussed in the related work, this is a policy-learning based
method: a Gaussian mixture model (GMM) is first learned from keyframe demonstrations,
based on which a trajectory is then reproduced using Gaussian mixture regression (GMR).
In this comparison experiment, we use the inverted pendulum system with the same setting
as in Section 4.5.1. Here, we provide 20 waypoints (with the time instances evenly populated
over [0, 1]; we find that a smaller number of waypoints leads to failure of the GMM method).
During trajectory reproduction, we set a new time duration 7" = 2 (note that the training
data uses T' = 1) to test the generalization performance of each method. Comparison results

are plotted in Fig. 4.6, where we also plot the ground-truth for reference.

Produced trajectories in new settings

3

5 2 —— Method [30]
=== Proposed method

1 = = Ground truth

e Sparse demo

0 [ GMM clusters
0.0 0.5 1.0 1.5 2.0

T

Figure 4.6. Reproduced trajectories with a new time duration 7' = 2 (note
that the demonstration data is with the duration 7' = 1).

From Fig. 4.6, we observe that under unseen information (here with a longer time
horizon), our method produces a trajectory much closer to the ground truth than [155].
This indicates better generalization of the proposed method to unseen settings (or long
horizon tasks). In fact, better generalization is generally one of the advantages of objective

function learning over policy learning, as discussed in [148].
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Comparison with Numerical Gradient Descent

Here, we compare the proposed method with direct gradient descent, where the gradient
is estimated numerically. Specifically, in each update we use the numerical differentiation
to approximate the gradient %. The experiment uses the pendulum system with the same
settings as Section 4.5.1. Here we have tried two cases: the first case uses the sparse demon-
stration data in Table 4.1, and the second case uses the sparse demonstration data in Table

4.2. The comparison results are shown in Fig. 4.7.

Casel Case 2
== Proposed method 10! == Proposed method

- 1 Numerical gradient - Numerical gradient
Qlo Q

D D

W w

~ 1074 ~ 100 k

0 250 500 750 1000 0 25 50 75 100
Iteration k Iteration k

Figure 4.7. Comparison between the proposed method and numerical gra-
dient descent. Left: using the sparse demonstrations in Table 4.1; and right:
using the sparse data in Table 4.2. Both methods use the same learning rate
n =102

From Fig. 4.7, we can observe that the proposed method has an obvious advantage in
terms of lower training loss and faster convergence speed. The numerical gradient descent
is effective for this case but has a lower accuracy due to the error induced during gradient
approximation. Because of this approximation error, the loss does not descend along the
‘steepest’ direction, thus leading to a slower convergence. Here, the optimization variable
0 c R? is low-dimensional, the numerical gradient is thus relatively easier to compute, and
the numerical gradient descent works. For high dimensional tasks, as we will show below,
we found that the numerical gradient descent is prone to fail due to inaccuracy of gradient

estimation.
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4.5.3 Experiment on 6-DoF Maneuvering Quadrotor

We here show the effectiveness of the proposed method on a more complex 6-DoF ma-
neuvering quadrotor. The equation of motion of a quadrotor flying in SE(3) (full position

and attitude) space is given in Appendix A.3. We define the state variable

€Xr =

rr V1 4pjr wg} € RY. (4.40)

and define the control variable

/
u:[Tl T, T TJ e R* (4.41)

To achieve SE(3) maneuvering control, we need to carefully design the attitude error. As
in [157], we define the attitude error between the quadrotor’s current attitude g and goal

attitude g® as
1
ela,q,) = strace( — R'(q*)R(a)) (142

where R(q) € R**? is the direction cosine matrix corresponding to the quaternion g (see
[158] for more details).

The parameterized cost function in (4.2) is set as

c(p) = |l (rr = r)I* + lp,(vr = VDI + pee(@s,r. 45 1Pl (ws — wh)[P+0.1]w?,
(4.43a)

I

h(p) = p(ri = T)II* + P, (vr = V)" + g - €(apr a5 0) HIPL (ws — wWH)IP. (4.43b)

Here, § = 0, v§ = 0, qu/I = [1,0,0,0]', and w% = 0 are the goal position, velocity,
orientation, and angular velocity, respectively; the objective function parameter vector here
1S

p=[p,, P, Py P, €RY. (4.44)
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For the parametric time-warping function, we use the first-degree polynomial as in (4.37).

The total parameter vector to be determined is

0 = [p, ) e R'. (4.45)

We set the output function in (4.4) as

Y= [TD qB/I] = g(wv u)7 (446)

which means that the expert can only provide the position and attitude demonstrations for

quadrotor maneuvering (not including velocity information).

Table 4.5. Sparse demonstrations D for quadrotor maneuvering.

time instance 7;

waypoints y*(7;)

71 =0.13s
75 = 0.40s
73 = 0.80s
T4 = 1.33s
75 = 1.73s

Time horizon T = 2s

ri(1y) = [-8.20,-2.47,8.42]  q,;(m1) = [0.97,-0.16,-0.12,0.04]

ri(1y) = [-7.35,-4.90,5.10] g} ;(r2) = [0.91,-0.38,0.14,-0.12]
):

7 (r3) = [-3.85,-2.85,2.35]  q;(73) = [0.99,0.05,-0.09,-0.10]
ri(71) = [-1.09-0.71,0.82] g, (1) = [0.99,0.07,-0.07,-0.09]

ri(15) = [-0.48,-0.32,0.37] @}, (5) = [0.99,0.02,-0.03,-0.08]

The sparse demonstrations are in Table 4.5. The loss function L(&,, D) is defined using

Euclidean distance as in (4.38). In Algorithm 7, we set the learning rate n = 1072, We plot

the learning results in Fig. 4.8. The results show that, as the parameter 0 is updated at each

iteration, the loss value L(&,, D) diminishes to zero quickly, meaning that the quadrotor’s

reproduced trajectory gets closest to the sparse demonstrations in Table 4.5. The right

panel of Fig. 4.8 shows the final reproduced trajectory, which exactly passes through the

given sparse demonstrations. This indicates the capability of the method in handling more

complex systems.
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Figure 4.8. Learning from sparse demonstrations for 6-DoF quadrotor maneu-
vering. Left: the loss function value L(&,, D) versus the number of iterations.
Right: the quadrotor trajectory before learning (red) and the quadrotor tra-
jectory after learning (blue), and green objects are the sparse demonstrations
in Table 4.5.

4.6 Application: Learning for Obstacle Avoidance

In this section, we apply the proposed method to learning robot motion control in an en-
vironment with obstacles. Here, a human provides few waypoints in the vicinity of obstacles
in an environment, and the robot learns a control objective function from those waypoints
such that its resulting motion can get around the obstacles. We experiment on two systems:

a 6-DoF maneuvering quadrotor and a two-link robot arm.

4.6.1 6-DoF Maneuvering Quadrotor

We still use the 6-DoF quadrotor system in Section 4.5.3. For the parameterized control
objective function (4.2), instead of using the weighted distance to the goal state, we here use

a general second-order polynomial parameterization as follows:

c(,w, p) =pira + pory + Pars + pary + pars + psr. + 0.1 u?, (4.47a)
h(z) = |lr; — i[> + 10]Jv/]]* + 100e(g);, ap)) + 10[|wg||?, (4.47Db)
where r; = [r;,7y,7.]" is the position of the quadrotor expressed in the world coordinate

frame, and we have fixed the final cost h(x) (i.e., no tunable parameters) since we always

want the quadrotor to finally land on a target position given by r%. Here the tunable objective
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function parameter is p = [p1, p2, p3, P4, ps) in the running cost c¢(x,u, p) as it determines

how the quadrotor reaches the target (i.e., the specific path of the quadrotor).

8 Top view
: |
S
N
X
2 Front view
0
8 z
0 J|:
-8 _
4 0 4 g —8 *\(«\ N

X (m)

Figure 4.9. Quadrotor maneuvers in an environment with obstacles. The
quadrotor’s aim is to go through the two gates (from left to right) and finally
land on the target position in the upper right corner. The plotted trajectory
is a simulation with a random initial control objective function, which fails to
achieve the goal (the quadrotor may crash into the first gate, as seen from the
top view).

As shown in Fig. 4.9, we aim for the quadrotor to fly from the left position r;(0) =
[ —8,—8,5]', go through two gates (as depicted in Fig. 4.10), and finally land on the target
position on the right § = [8,8,0]. In Fig. 4.9, we draw the trajectory of the quadrotor
for a random initial objective function parameter p. It can be seen that here the quadrotor,
although finally landing on the target position, does not meet the requirement of going
through the two gates. We also note that the quadrotor may crash into the first gate (as
seen from the top view). In the following, we will train the quadrotor by providing few sparse
waypoints.

We provide the waypoints listed in Table 4.6. Note that we here only provide the position
information for the quadrotor (The output function in (4.4) is now is r; = y = g(x,u)).
Also note that we do not know whether these waypoints correspond to an exact objective
function within the parameterized function set; we also do not know if the given time label for
each waypoint and time horizon are achievable, i.e. if there exist an exact objective function
and time-warping function such that the resulting trajectory exactly passes through the

waypoints exactly at the given time instances.
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Table 4.6. Sparse waypoints D for quadrotor maneuvering.

Demonstration time instance 7;  waypoints y*(7;)

71 = 0.07s ri(m) =[—4,-6,4]
7o = 0.28 ri(m) =[1,-5, 3]
73 = 0.4s rr(m) =[1,—1,4]
T4 = 0.47s ri(m) =[—1,1,4]
75 = 0.67s ri(7s) = [2,3,4]

Time horizon T = 1s

We divide the experiment into four cases, and for each case we use a different number of
waypoints from Table 4.6 to learn an objective function and a time-warping function. The
parametric time-warping function is first-order polynomial as in (4.37), and the loss function
L(&,,D) is set as (4.38). The learning rate is set as n = 1072

We plot the results in Fig. 4.10, where the quadrotor’s trajectory reproduced by the
learned objective function in different cases is shown. Specifically, in Fig. 4.10a, we only
use one waypoint 77(7y) in Table 4.6 to learn the objective function (and time-warping
function). The results in Fig. 4.10a illustrate that the learned objective function enables
the quadrotor to reproduce a trajectory passing through the given waypoint and landing on
the target position, but clearly the learned objective function fails to meet the requirement
of going through the two gates. In Fig. 4.10b, we learn the objective function using two
waypoints r5(m) and 735(72) in Table 4.6, where r7(72) is placed because we want to guide
the quadrotor to go through the first (left) gate. The results in Fig. 4.10b show that the
quadrotor successfully learns an objective function to go through the first gate, and then
land on the target position, but it fails to go through the other gate. In Fig. 4.10c, we only
place two waypoints r75(72) and r75(73) between the two gates, where the waypoint 77(7)
accounts for the quadrotor to go through the first gate while the other waypoint r3(73) is
used to account for the navigation between two gates. The corresponding results show that
the learned objective function successfully enables the quadrotor to go through the first
gate, pass through the second waypoint, and finally land on the target position. However,

as shown in top view in Fig. 4.10c¢, the quadrotor may crash into the frame of the second
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Figure 4.10. 6-DoF quadrotor learns to maneuver control in an environment
with obstacles: the quadrotor aims to start from the left position (-8, —8,5),
then go though two gates, and finally land on a target position (8,8,0) on
the right. In different sub-figures, we use different number of waypoints from
Table 4.6. The waypoints are labeled as red triangles. The motion trajectory
reproduced by the learned objective function is shown in blue curve. Please
find the video demo at https://wanxinjin.github.io/posts/lfsd.

gate. Compared to Fig. 4.10c, in Fig. 4.10d we provide two additional waypoints 77}(74)
and r75(75) in order to correctly guide the quadrotor to go through the second gate, and also
one additional waypoint r75(7;) to the first gate. The results in Fig. 4.10d show that with
these five waypoints, the quadrotor learns an objective function that successfully leads it to
go through the two gates and finally land on the target position. In Fig. 4.11, we also plot
the loss versus the number of iterations for each of the experiment cases.

The above experimental results demonstrate the effectiveness of the proposed method to

learn objective functions from sparse demonstrations. It illustrates that the proposed method
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Figure 4.11. The loss versus number of iterations. The top-left panel is for
experiment case (a) in Fig. 4.10, the top-right is for (b), the bottom-left is for
(¢), the bottom-right is for (d).

significantly simplifies the process of robot programming for motion planning/control tasks

in environments with obstacles.

4.6.2 Two-link Robot Arm

In this part, we apply the proposed method to control a two-link robot arm in an envi-
ronment with obstacles. The dynamics of the robot arm system are given in Appendix A.2.
The state and control variables for the robot arm control system are « = [q, ¢|' and w = T,
respectively. Here all the parameters in the dynamics are set as units. We consider the cost

function in (4.2) specifically as

(@, u,p) =p1d; + paqi + P33 + Page + 0.5]|u?, (4.48a)
h(z) =10]lq — g[* + 100[4]f*, (4.48b)
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where the running cost ¢(x,u, p) is of a polynomial type with the tunable parameter p =
[p1, P2, p3, p4)’, and we also fix the final cost h(x) because we aim the arm to finally reach
the goal configuration given by g,. Here g, = [, 0]".

As shown in Fig. 4.12a, the robot arm is initially in state (0) = [ — 7/2,0,0,0,0])" and
we want the robot arm to reach and stop at the goal configuration g, while avoiding collision
with an obstacle depicted by an orange block on its right side. Initially, we set the robot arm
with an arbitrary initial running cost ¢,(x,u) and the resulting robot motion at different

time instances is shown in Fig. 4.12a to 4.12d, respectively. Obviously, the robot arm has

crashed into the obstacle during its motion (as seen from Fig. 4.12¢).

Table 4.7. Sparse waypoints D for robot arm reaching.

Demonstration time instance 7, waypoints y*(7;)

i =0.3s g'(n)=[-%.%]

Time horizon T = 1s

Next, we give only one waypoint to the robot arm, which is in Table 4.7 (The output
function (4.4) is ¢ = y = g(x, u)). Here the waypoint is away from the obstacle, as shown in
gray in the second row of Fig. 4.12, since if the robot arm successfully follows the waypoint
it could avoid crashing into the obstacle. Note that we do not know whether the given
waypoint and the associated time are realizable or not (i.e. if there exist an exact objective
function and time-warping function such that the resulting trajectory exactly pass through
the waypoints at the given time instance). We apply the proposed method to learn both an
objective function and time-warping function within the parameterized function set (4.48).
The parametric time-warping function is the first-order polynomial given in (4.37), and the
loss function L(&,, D) is set as (4.38). The learning rate is set as n = 1072,

The learning results are in the second-row panels in Fig. 4.12, where we also show the
demonstrated waypoint q*(7;) in Fig. 4.12e with gray color. The results show that with
the learned objective function (and the learned time-warping function), the robot arm can
successfully avoid the obstacle in its reaching motion. This demonstrates the effectiveness

of the proposed method: even with only a single demonstration waypoint, the robot can
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Figure 4.12. The upper panels (a)-(d): reaching motion of a two-link robot
arm using an arbitrary initial objective function without accounting for the
obstacles. Here the obstacle is labeled by an orange object and the reaching
target by a red star. From the left to right, we plot the configuration of
the robot arm at different time instances during its motion with a random
initial control objective function. The second-row panels (e)-(h): reaching
motion of the robot arm using the objective function learned from the given
waypoint in Table 4.7. Here the waypoint q*(71) is shown in (e) by gray
color. From left to right, we plot the configuration of the arm at different
time instances during its motion. Please also find the video demo at https:
/ /wanxinjin.github.io/posts/Ifsd.

successfully learn a valid control objective function for its motion to avoid obstacles. In Fig.

4.13, we also plot the loss value L(&gy, D) versus the number of iterations.

4.7 Discussion

In this section, we provide further discussion about the proposed learning method in terms

of sparse demonstration data, objective function parameterization, and learning convergence.
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Figure 4.13. Loss versus iteration for robot arm learning.

4.7.1 Why do sparse demonstrations suffice?

As shown in both Sections 4.5 and 4.6, the proposed approach enables to learn a control

objective function from only a few sparse demonstrations. We below provide one explanation

of why use of sparse data can successfully recover an objective function.

Consider the problem in (4.16). For the optimal trajectory &, produced by the time-

warped optimal control system in (4.12), since we are only interested in the trajectory points

&y(7;) at the specified time instances 7; (1 < i < N), we discretize the time horizon of the

optimal control system at these given time instances, and obtain the following discretized

system [51]:

where we denote x; = x(7;), and discrete-time f satisfies

@it = (@i ,0) = @i+ [ va(r) fl@(r) u(r)dr,
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and the discrete-version of objective function satisfies

&2, Wi, 0) = / " g (r)ey (®(7), u(r))dr,

Ti

h(zy,iy,0) = /TT vg(T)ep(x(T), w(T))dT + hp(x(T)).

N

Here the discrete input @; € R? in f may not necessarily has the same dimension as the
control u(7) € R™ of the original system f, e.g., u; contains all possible controls over the
time range [7;, 7;41], as [51]. The resulting optimal sequence {x.y, wo.n } of the discrete-time

optimal control system (4.49) satisfies the KKT conditions:

i1 = f(x;,u;,0), 1=0,---N—1, (4.50a)
A = §;+gi)‘”l’ i=1,--N—1, (4.50b)
0= ;; + gq’:)\iﬂ, i=0,--N—1, (4.50¢)
Ay Oh - Oh i=N. (4.50d)

- aiL‘N7 6'&]\;

The output of the discrete-time system (4.49) can be overloaded by y(r;) = g(x;, u;).
To simplify analysis, we further assume that the sparse demonstrations D in (4.5) corre-
spond to an exact objective function (and time-warping function) with parameter 0, i.e.,

min L(&€y, D) = 0. Then,
Y (i) = g(xi, wy). (4.51)

Given the sparse demonstrations D in (4.5), we can consider the recovery of an objective
function to be a problem of solving a set of non-linear equations in (4.50) and (4.51), where
the unknowns are {Z1.y,wo.x, A1y, 0} € REVHNFDd++9) “and the total number of con-
straints are 2Nn + (N +1)d + No. Here (r + s) is the dimension of 8 and o is the dimension
of y. Thus, a necessary condition to compute {x1.y, Uo.n, A1.n, 0} uniquely requires the

number of constraint equations to be no less than the number of unknowns, which leads to
r+s

N > . 4.52
> (452)




This has been empirically shown by experiments in Section 4.5.1, where the number of
sparse demonstrations satisfy the above condition. On the other hand, if (4.52) is not
fulfilled or the given sparse data D is of lower excitation (conceptually think of the persistent
excitation in system identification), the unknowns then cannot be uniquely determined,
which means that there might exist multiple 8 such that the trajectory passes through the
sparse demonstrations. This has been shown in experiment in Sections 4.6.2 or 4.6.1, where
we only provide one waypoint.

Note that the above discussion uses a perspective different from the technical development
of this chapter to explain why sparse demonstrations can recover an objective function. This
explanation however is limited as it fails to explain the case where sparse demonstrations are
not realizable, i.e., min L(&y, D) > 0, such as sub-optimal data, as demonstrated in Section
4.6.1 and 4.5.1. We leave this as a direction for future work, where we could formulate the
problem in stochastic settings and explain data sparsity from the perspective of probability

or information theory.

4.7.2 Choice of Parametric Objective Functions

We here discuss the choice of parametric objective functions based on different application

scenarios.

Learning for Robot Motion Control

As shown in Section 4.5, when a robot learns from demonstrations for its motion control,
a parameterized objective function can be selected as a weighted distance to the goal/target
state together with the penalty for control efforts. This type of objective function is com-

monly used in tracking control problems [149] and model predictive control problems [103].

Learning for Obstacle Avoidance

As shown in Section 4.6.1, when a robot learns from sparse demonstrations in order to
plan/control its motion for obstacle avoidance, the unknown objective function is set as a

general parametric function that can represent global positions. For example, in (4.47a)
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and (4.48a), we use general polynomial functions of states to represent the running cost
function. The learned polynomial objective function will finally encode the information
of the obstacles’ global positions, based on which the robot then generates its motion to
successfully avoid obstacles. Also, in these obstacle avoidance scenarios, the final cost (see
(4.47b) and (4.48b)) is set to include the target/goal position that the human operator wants
the robot to finally reach. However, this formulation will not allow a robot to generalize to
dynamic environments, where obstacle locations may change over time. To handle dynamic
environments, the cost function input must explicitly include information about obstacles,

such as relative distance.

Using Universal Neural Network Objective Functions

When a human operator has little prior knowledge about the robot tasks and its dy-
namics constants, a universal method to represent a learnable objective function is to use
a (deep) neural network, as we have demonstrated in Section 4.5.1. Despite its representa-
tion convenience, our experimental experience finds the following drawbacks of using neural
network objective functions: (i) the great effort needed to specify the proper structure and
hyper-parameters of a neural network, such as the number of layers or neural nodes and the
type of activation functions, (ii) the lack of physical interpretability for the learned results,
(iii) the relatively slower convergence in general, as empirically shown in Section 4.5.1, and
(iv) the tendency of getting trapped in locally optimal solutions, which means that one has

to carefully choose initial conditions for parameters of a neural network.

4.7.3 Choices of Sparse Demonstrations

Based on the applications in Sections 4.6.2 and 4.6.1, we have noted that few waypoints
are sufficient to train a robot to accomplish the task of obstacle avoidance. However, it is
also worth noting that a human demonstrator has to provide these few waypoints wisely in
order to successfully teach the robot to learn to move around obstacles. For example, in the
robot arm experiment in Section 4.6.2, if the single waypoint is placed too close to the initial

or target configuration, the robot arm, even though it can still learn to pass through the

182



waypoint, will in other places crash into the obstacle. Thus, a wise choice of fewer waypoints
requires the demonstrator’s understanding of both the task and robot constraints in specific

applications.

4.7.4 Convergence of the Proposed Learning Algorithm

The proposed learning algorithm is to solve the optimization problem in (4.16) using
(projected) gradient descent. Generally, such a problem belongs to non-convex optimization,
e.g., when one utilizes a deep neural network to represent the unknown objective function.
For general non-convex optimization problems, it is known that finding the global minimum
is generally difficult (if it is not impossible)[159], and (projected) gradient descent, with
an appropriate step size (e.g., using the Armijo rule [159]), can provably converge to a
stationary /critical point, i.e., a point at which the gradient of the loss function is zero, [159].
A stationary point could be global minima, local minima, or saddle points with worst-case
initialization. Due to difficulty of finding global minima, the past research in non-convex
optimization are mainly focused on how to overcome the convergence to saddle points. Very
recently, new progress [160, 161, 162] in non-convex optimization shows that, under a very
mild regularity, e.g., adding noise to data, convergence to saddle points is almost impossible,
and gradient descent always converges to (local) minimizers for any random initialization.

When we pose further requirements, such as (strong) convexity and smoothness, on both
the loss function (4.15) and the parametric optimal control system (4.12) with respect to
both the system state-input trajectory and the parameter @, convergence of the proposed
learning algorithm to global minima could be guaranteed. This is because the proposed
learning method is suited to the category of bi-level programming [163], where here the
inner level is to solve an optimal control problem in (4.12) and the outer level to minimize
the loss function (4.15); and [133] gives a proof of convergence to global minima for general
bi-level programs. However, to prove global minima of our case, the convex and smooth
requirements for the optimal control system (4.12) is too limited. As a future direction

of this work, we will try to explore milder conditions that can ensure the global minima
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convergence of the method, probably using the perspective of dynamical system or control

theory.

4.8 Conclusions

In this chapter, we present an approach to learn an objective function from sparse demon-
strations of an expert. The sparse demonstrations are given as few desired outputs of the
robot’s trajectory at some sparsely-located time instances specified by a human user. The
proposed method enables the robot to jointly learn an objective function and a time-warping
function such that its reproduced trajectory has minimal distance to the sparse demonstra-
tions. The proposed technique of differential Pontryagin’s Maximum Principle allows us to
simultaneously learn a control objective function and a time-warping function by directly
minimizing the Euclidean distance between the robot’s reproduced trajectory and the given
sparse demonstrations. The effectiveness and capability of the proposed method are demon-
strated using multiple scenarios, including obstacle avoidance for a robot arm and a 6-DoF
quadrotor maneuvering control. The results show that using only few sparse waypoints, a
robot is able to learn a valid objective function to control its motion to successfully avoid

obstacles.
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5. LEARNING FROM DIRECTIONAL CORRECTIONS

Learning from demonstrations is an offline process: a human user first provides a robot with
behavioral demonstrations in a onetime manner, then the robot learns a control policy or
a control objective function off-line from the demonstrations. In this chapter, we develop a
technique that enables a non-expert human user to teach a robot by incrementally improving
the robot’s motion. For instance, consider the example of a robot that plans motion under
a (random) control objective function. While it is executing the motion, a human user
who supervises the robot will find the robot’s motion is not satisfactory; thus, the human
user applies a correction to the robot during its motion execution. Then, the robot uses
the correction to update its control objective function. This process of planning-correction-
update repeats until the robot eventually achieves a control objective function such that its
resulting trajectory agrees with the human user’s expectation. In this learning procedure,
the human’s each correction does not necessarily move the robot to the optimal motion,
but merely an incremental improvement of the robot’s current motion towards the human’s
expectation, thus reducing the workload of a nonexpert user compared to learning from
demonstrations

In this chapter, we present a new technique which enables a robot to learn a control
objective function incrementally from human user’s corrections. The human’s corrections
can be as simple as directional corrections—corrections that indicate the direction of a
control change without indicating its magnitude—applied at some time instances during
the robot’s motion. We only assume that each of the human’s corrections, regardless of
its magnitude, points in a direction that improves the robot’s current motion relative to
an implicit objective function. The proposed method uses the direction of a correction to
update the estimate of the robot control objective function. We establish the theoretical
results to show that this process of incremental correction and update guarantees conver-
gence of the learned objective function to the implicit one. The content of this chapter
appears in [39], and the code and experiments developed for this chapter can be accessed at

https://github.com /wanxinjin/Learning-from-Directional-Corrections.
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5.1 Introduction

For tasks where robots work in proximity to human users, a robot is required to not
only guarantee the accomplishment of a task but also complete it in a way that a human
user prefers. Different users may have difference preferences about how the robot should
perform the task. Such customized requirements usually lead to considerable workload of
robot programming, which requires human users to have expertise to design and repeatedly
tune robot’s controllers until achieving satisfactory robot behaviors.

To circumvent the expertise requirement in traditional robot programming, learning from
demonstrations (LfD) empowers a non-expert human user to program a robot by only pro-
viding demonstrations. In existing LfD techniques [139], a human user first provides a robot
with behavioral demonstrations in a one-time manner, then the robot learns a control pol-
icy or a control objective function off-line from the demonstrations. Successful examples
include autonomous driving [26], robot manipulation [34], and motion planning [138]. In
some practical cases, the one-time and offline nature of LfD can introduce challenges. For
example, when the demonstrations are insufficient to infer the objective function due to low
data informativeness [12] or significant deviation from the optimal data [164], new demon-
strations have to be re-collected and the robot has to be re-trained. Importantly, acquiring
an optimal demonstration in a one-shot fashion for the systems of high degree-of-freedoms
can be challenging [164], because the human demonstrator has to move the robot in all
degrees-of-freedom in a spatially and temporally consistent manner.

In this work, we address the above challenges by developing a new programming scheme
that enables a non-expert human user to program a robot by incrementally improving the
robot’s motion. For instance, consider the example of a robot that plans motion under a
(random) control objective function. While it is executing the motion, a human user who
supervises the robot will find the robot’s motion is not satisfactory; thus, the human user
applies a correction to the robot during its motion execution. Then, the robot uses the
correction to update its control objective function. This process of planning-correction-
update repeats until the robot eventually achieves a control objective function such that its

resulting trajectory agrees with the human user’s expectation. In this learning procedure,
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the human’s each correction does not necessarily move the robot to the optimal motion,
but merely an incremental improvement of the robot’s current motion towards the human’s
expectation, thus reducing the workload of a non-expert user when programming a robot
compared to LfD. In addition to the incremental learning capability, the proposed learning
from directional corrections technique in this work also has the following highlights.

1) The proposed method only requires human’s directional corrections. A directional
correction is a correction that only contains directional information and does not necessarily
need to be magnitude-specific. For instance, for teaching a mobile robot, the directional
corrections are simply as ‘left’ or ‘right’ without dictating how far the robot should move.

2) The human’s directional corrections to the robot’s motion can be sparse. That means
that the corrections can be applied only at sparse time instances within the time horizon
of the robot’s motion. The learning is performed directly based on the sparse corrections,
without attaining/retaining any intermediate corrected trajectory that may introduce inac-
curacy.

3) Both theoretical results and experiments are established to show the convergence of
the proposed learning algorithm. Specifically, we validate the method on two human-robot
games and the results show that the proposed method enables a robot to efficiently learn a

control objective function for the desired motion with few human’s directional corrections.

5.1.1 Related Work

Offline Learning from Demonstrations

To learn a control objective function from demonstrations, the available approaches in-
clude inverse optimal control [11, 42, 147] and inverse reinforcement learning [3, 29, 33],
where given optimal demonstrations, an objective function that explains such demonstra-
tions is inferred and used for motion control and planning. Despite the significant progress
achieved in theory and applications [13, 26, 34, 35, 141], LfD approaches could be incon-
venient in some practical situations. First, demonstrations in LfD are usually given in a
one-time manner and the learning process is usually performed offline after the demonstra-

tions are obtained. In the case when the given demonstration data is insufficient to learn
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the objective function from, such as low data informativeness as discussed in [12], or the
demonstrations significantly deviates from the optimal ones, the data has to be re-collected
and the whole learning process has to be re-run. Second, existing LfD techniques [3, 11, 29,
33, 42] normally assume optimality of the demonstration data, which is challenging to obtain
for robots with high degree-of-freedoms. For example, when producing demonstrations for
a humanoid robot, a human demonstrator has to account for the motion in all degrees in a

spatially and temporally consistent manner. [164].

Online Learning from Feedback or Physical Corrections

Compared to offline LfD, learning from corrections or feedback enables a human user
to incrementally correct the robot’s current motion, making it more accessible for the non-
expert users who cannot provide optimal demonstrations in a one-time manner [165]. The
key assumption for learning from corrections or feedback is that the corrected robot’s motion
is better than that before the correction. Under this assumption, [164] proposes a co-active
learning method, in which a robot receives human’s feedback to update its objective function.
The human’s feedback includes the passive selection of a top-ranked robot trajectory or the
active physical interference for providing a preferred robot trajectory. By defining a learning
regret, which quantifies the average misalignment of the score values between the human’s
intended trajectory and robot’s trajectory under the human’s implicit objective function,
the authors show the convergence of the regret. Since the regret is an average indicator over
the entire learning process, one still cannot explicitly tell if the learned objective function is
actually converging towards the human’s implicit one.

Very recently, the authors in [38, 166, 167| approach learning from corrections from
the perspective of a partially observable Markov decision process (POMDP), where human’s
corrections are viewed as the observations about the unknown objective function parameters.
By approximating the observation model and applying maximum a posteriori estimation,
they obtain a learning update that is similar to the co-active learning [164]. To handle
the sparse corrections that a human user applies only at sparse time instances during the

robot’s motion, these methods apply the trajectory deformation technique [168] to interpret
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each single-time-step correction through a human indented trajectory, i.e., a deformed robot
trajectory. Although achieving promising results, choosing the hyper-parameters in the
trajectory deformation is challenging, which can affect the learning performance [166]. In
addition, these methods have not provided any convergence guarantee of the learning process.

Both the above co-active learning and POMDP-based learning require a dedicated setup
or process to obtain the human indented/feedback trajectories. Specifically, in co-active
learning, a robot is switched to the screening and zero-force gravity-compensation modes to
obtain a human feedback trajectory, and in the POMDP-based method, the human intended
trajectory is obtained by deforming the robot’s current trajectory based on a correction
using trajectory deformation method. These intermediate steps may introduce inaccurate
artificial aspects to the learning process, which could lead to failure of the approach. For
example, when a user physically corrects a robot, the magnitude of a correction, i.e., how
much the correction should be, can be difficult to determine. If not chosen properly, the
given correction may be overshot, i.e., too much correction. Such a overshooting correction
can make the obtained human feedback trajectory violate the assumption of improving the
robot’s motion. In fact, as we will demonstrate in Sections 5.2 and 5.5.3, the more closer
the robot is approaching to the expected trajectory, the more difficult the choice of a proper
correction magnitude will be, which can lead to learning inefficiency. Also, for POMDP-based
methods, when one applies the trajectory deformation, the choice of hyper-parameters will
determine the shape of the human intended trajectory and thus finally affect the learning

performance, as discussed in [166].

5.1.2 Contributions

This chapter develops a new method to learn a robot objective function incrementally
from human’s directional corrections. Compared to the existing methods above, the distinc-

tions and contributions of the proposed method are stated as follows.

(1) The proposed method learns a robot control objective function only using the
direction information of human’s corrections. It only requires that a correction,

regardless of magnitude, has a direction of incrementally improving robot’s current
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motion. As we will later show in Sections 5.2 and 5.5.3, the feasible corrections
that satisfy such a requirement always account for half of the entire input space,

making it more flexible for a human user to choose corrections from.

(2) Unlike existing learning techniques which usually require an intermediate setup
to obtain a human indented trajectory, the proposed method learns a control
objective function directly from directional corrections. The directional corrections
can be sparse, i.e., the corrections only applied at some time instances within the

time horizon of robot’s motion.

(3) The proposed learning algorithm is developed based on the cutting plane tech-
nique, which has a straightforward intuitive geometric interpretation. We have
established the theoretical results to show the convergence of the learned objec-

tive function to the human’s implicit one.

The proposed method is validated by two human-robot games based on a two-link robot arm
and a 6-DoF quadrotor maneuvering system, where a human player, by applying directional
corrections, teaches the robot for motion control in environments with obstacles. The ex-
periment results demonstrate that the proposed method enables a non-expert human player
to train a robot to learn an effective control objective function for desired motion with few

directional corrections.

In the following, Section 5.2 describes the problem. Section 5.3 proposes the main al-
gorithm outline. Section 5.4 provides theoretical results of the algorithm and its detailed
implementation. Numerical simulations and comparison are in Section 5.5. Section 5.6

presents the experiments on two human-robot games. Conclusions are drawn in Section 5.8.

5.2 Problem Formulation

Consider a robot with the following dynamics:

i1 = f(xy,wy), with @, (5.1)
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where x; € R" is the robot state, w;, € R™ is the control input, f : R" x R™ — R" is
differentiable, and ¢ = 1,2,--- is the time step. As commonly used by objective learning
methods such as [3, 11, 12, 29, 33, 38, 164, 165, 166, 167], we suppose that the robot control

cost function obeys the following parameterized form

J(uor,0) =3, 0'd(x,w) + hiwri), (5.2)

where ¢ : R" x R™ — R" is a vector of the specified features (or basis functions) for the
running cost; @ € R" is a vector of weights, which are tunable; and h(ax71) is the final cost
that penalizes the final state x7,,. For a given choice of 8, the robot chooses a sequence
of inputs ug.r over the time horizon 7' by optimizing (5.2) subject to (5.1), producing a

trajectory

o = {mng—i-la ug:T} : (5.3)

For the purpose of readiablity, we occasionally write the cost function (5.2) as J(8).

For a specific task, suppose that a human’s expectation of the robot’s trajectory corre-
sponds to an implicit cost function J(6*) in the same form of (5.2) with 6. Here, we call
0" the expected weight vector. In general cases, a human user may neither explicitly write
down the value of 8" nor demonstrate the corresponding optimal trajectory &4+ to the robot,
but the human user can tell whether the robot’s current trajectory is satisfactory or not. A
trajectory of the robot is satisfactory if it minimizes J(0); otherwise, it is not satisfactory.
In order for the robot to achieve J(8*) (and thus generates a satisfactory trajectory), the
human user is only able to make corrections to the robot during its motion, based on which
the robot updates its guess of 6 towards 6™.

The process for a robot to learn from human’s corrections is iterative. Each iteration
basically includes three steps: planning, correction and update. Let k£ = 1,2,3,---, denote
the iteration index and let @ denote the robot’s weight vector guess at iteration k. At
k = 1, the robot is initialized with an arbitrary weight vector guess 6;. At iteration k =
1,2,3,- -, the robot first performs trajectory planning, i.e. achieves £, by minimizing the

cost function J(6y) in (5.2) subject to its dynamics (5.1). During robot’s execution of &, ,

191



the human user gives a correction denoted by a;, € R™ to the robot in its input space. Here,
t, €{0,1,---, T}, called correction time, indicates at which time step within the horizon T
the correction is made. After receiving a,, the robot then performs update, i.e. change its
guess 0y to 0,1 according to an update rule to be developed later.

Each human’s correction a;, is assumed to satisfy the following condition:
(=VJ(ufly, 07), @) >0, k=123 (5.4)

Here

/
@:h“.%.wﬂewwm, (5.5)

with a;, being the t;-th entry and 0 € R™ else; (-, ) is the dot product; and —V.J(ud%,, 67)
is the gradient-descent of J(6#") with respect to wug.r evaluated at robot’s current & =
{xf, H,ug:’“T}. Note that the condition in (5.4) does not require a specific value to the
magnitude of a;, but requires its direction roughly around the gradient-descent direction
of J(#%). Such correction aims to guide the robot’s trajectory &, towards reducing its
cost under J(6") unless the trajectory is satisfactory. Thus, we call a;, satisfying (5.4) the
incremental directional correction.

The problem of interest is to develop a rule to update the robot’s weight vector guess
0, to 04,1 such that 6, converges to 8" as k = 1,2,3,---, with the human’s directional

corrections a;, under the assumption (5.4).

Remark. We assume that human user’s corrections a;, € R™ are in the robot’s input space,
which means that a,, can be directly added to the robot’s input uy, . This can be satisfied in
some cases such as autonomous driving, where a user directly manipulates the steering angle
of a vehicle. For other cases where the corrections are not readily in the robot’s input space,
this requirement could be fulfilled through certain human-robot interfaces, which translate the
correction signals into the input space. Then, a;, denotes the translated correction. The
reason why we do not consider the corrections in the robot’s state space is that 1) the input
corrections may be easier in implementation, and 2) the corrections in the state space can be

infeasible for some under-actuated robot systems [169].
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(a) Feasible region (green) for (b) Feasible region (red) for
magnitude corrections directional correction

Figure 5.1. Magnitude corrections v.s. directional corrections. The con-
tour lines and the optimal/satisfactory trajectory (black dot) of the human’s
implicit cost function J(@*) are plotted. (a): the green region (a sub-
level set) shows all feasible magnitude corrections ay that satisfy J (ung +
i, 0°)<J(ud,0%). (b): the orange region (half of the input space) shows all
feasible directional corrections @y, that satisfy (—V.J(ugs., 8*), @y)>0.

Remark. The assumption in (5.4) on human’s correction ay, is less restrictive than the one
in [38, 164, 166, 167], which requires the cost of the corrected robot’s trajectory ung + ay,
is lower than that of original w3, i.e., J(ubt + @y, 0%)<J(ult., 0%). As shown in Fig. 5.1,
this requirement usually leads to constraints in corrections’ magnitudes. This is because to
guarantee J(uls.+ay, 0°)<J(ub., 0%), ||ag| has to be chosen from the J(ulk., 6*)-sublevel set
of J(0%), as marked by the green region. Furthermore, this region will shrink as it gets close
to the optimal trajectory (in black dot), thus making ||@y| more difficult to choose when the
robot’s trajectory is near satisfactory one. In contrast, the directional corrections satisfying
(5.4) always account for half of the entire input space. A human can choose any correction
as long as its direction lies in the half space with gradient-descent of J(0). Thus, (5.4) is

more likely to be satisfied especially for non-expert users.

5.3 Algorithm Outline and Geometric Interpretation

In this section, we will present the outline of the proposed main algorithm for a robot

to learn from human’s incremental directional corrections and then provide a geometric
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interpretation of the main algorithm. First, we present further analysis on the directional

corrections.

5.3.1 Equivalent Conditions for Directional Corrections

Before developing the learning procedure, we will show that the assumption in (5.4) is
equivalent to a linear inequality posed on the unknown expected weight vector 8, as stated

in the following lemma.

Lemma 5.3.1. Suppose that the robot’s current weight vector guess is 0y, and its motion
trajectory €0k:{wg:kT+1, wl ) is a result of minimizing the cost function J(0y) in (5.2) sub-
ject to dynamics in (5.1). For &g , given a human’s incremental directional correction a,

satisfying (5.4), one has the following inequality equation:

<hk,9*>+bk<0, k‘:172,3 , (56)

with
hi = H (20t ugly)ax € R, (5.7a)
b = @ Ho(xllr 1, ugle) Vh(2gh,) € R. (5.7b)

Here, ay, is defined in (5.5); Vh(wg’“ﬂ) is the gradient of the final cost h(xry1) in (5.2)

evaluated at x5, ; Hy (05,1, ugy) and Hy(xhs 1, ub) are the coefficient matrices defined
as follows:
. . F,F'®,+®,
Hy (x0!p 41, wolp)= e R (5.8a)
o9’
[ ougt
o . F,F]'V
Hy(xglp 41, wolp)= ) e RMITHxm, (5.8b)
an:’k
U
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with

P00
6w?k
0 I 0 0 /
2at
Fo=|: 0 ], @=| 7, (5.9a)
0 0 1 =
ox%) A
0 0 I | Oy |
[ of' | [ o0’ ]
augk 0 8“gk
0 aafe/k 0 aiq‘glk
F, = ! , ®,= v, (5.9b)
0 o ... of o'
L augﬁl - L 8“2’51 J
!
V=l0 0 --- 0 % |. (5.9¢)
i BwT

In above, the dimensions of the matrices are F, € R"T>"T F ¢ Rl & ¢ R

®, c R*" 'V € RX" For a general differentiable function g(x) and a specific x*, (%f’*

denotes the Jacobian matriz of g(x) evaluated at x*.

Proof. The proof of Lemma 5.3.1 consists of two steps: first, we will derive the explicit form
of the gradient quantity V.J(ug%., %), and second, we will show that (5.4) can be re-written
as (5.3.1).

Consider the robot’s current trajectory gek:{wng 1 ug:’“T}, which satisfies the robot dy-
namics constraint in (5.1). For any ¢ = 0,1,---,7T, define the infinitesimal increments

(6a,, 0u,) at the state and input (x2*, u), respectively. By linearizing the dynamics (5.1)

around (%, u*), we have
_ of of
5£Ct+1 = 8wt9’9 oxy + aufk duy, (510)
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are the Jacobian matrices of f with respect to a; and wu,, respectively,

af and
oy

t

evaluated at (a:t ,u"). By stacking (5.10) for all t = 0,1,--- ,T and also noting dxy = 0

(because 5" is given), we have the following compact matrix from

—A/5$1;T+1 + B/(S’U,();T = 0, (511)
with dxy.p=[0x], -+, 0xr |, durp=[0uy, -+, oupl,
F, -V F, 0
A= , and B= . (5.12)
6 /
0 I 0 8uj;)k

Here [ is n xn identity matrix, F', and F', are defined in (5.9). Due to the increments dx1.741

and duy.r, the change of the value of the cost J(ul%., %) in (5.2), denoted as 6.J(0"), can be

written as
5J(0*) = CICSCBLT_;,_l + D/5'u,0:T, with (513)
P, 0" P07
C = and D = : (5.14)
dh, ad) 0*
8.73T+1 6u

with @, and ®,, are defined in (5.9). Considering A is always invertible, we solve for daq.741

from (5.11) and then submit it to (5.13), yielding
wwﬂ:cm@¢H+Dme:QﬂA*ﬂ?+D)mM. (5.15)

Thus, we have

VJ(ult.,6) = BA™'C + D. (5.16)
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The above (5.16) can be further written as

F, 0 ||F, -V ®,.0" ®,0"
VJ(ud,0") = BA™'C + D =
af’ on' 8¢’ px
0 PRL 0 I oz, | au"Tke
F,F.;'®.0"+®,0"+F F,'V -
= o : (5.17)
* 6h’
Bu 0 Bugﬁ BmT_H

where we have used Schur complement to compute the inverse of the block matrix A. Using

the definition in (5.8), (5.17) can be rewritten as

VJ(“O Iy, 07) = Hl(wg:kTJrlﬂ Uy, T)e* + H2(330 T+1 Yo: T)Vh(wT+1) (5.18)

Substituting (5.18) into the assumption (5.4) and also considering the definitions in (5.7),

we obtain

(VJ(ully,0), @) = (hy,07) + b < 0, (5.19)

which leads to (5.6). This completes the proof. O

In Lemma 5.3.1, hy and by in (5.7) are known and depend on both human’s correction

a;, and robot’s motion trajectory Egk:{:cg:’“ﬂ_l, ug:’“T}. The above Lemma 5.3.1 states that

k

each incremental directional correction a;, can be equivalently converted to an inequality

constraint on the unknown 0*.

Remark. Hl(a:g:’“TH,ug:’“T) and Hg(wg:’“TH,ung) in Lemma 5.3.1 also appear in Chapter 2

and [12], in which they are shown to be efficiently computed iteratively based on (% ul*),

t=0,1,---,T. Specifically, Define and initialize

of 0¢' i o9’

0 0
H(x0f, ugh
0:1> Yo:1
( ’ )= oult 9xfx  usr’

’ ! (520&)
Hy (s, ulf) = -0

0:1) — ’
oulr 9o
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Perform the iteration with each next state-input (azfj_l, ufj_l) untilt =T —1

0, 6 0r 0\ 8¢
Hi(zly, uglh)+Ha(xgl, uyly) fk
H 05 05 )_ Oz,
1(Tol 1, ol 1) = )
af  a¢' ¢’
7] 7] ]
Ou, k oz, k ou, k
- oo ' (5.20b)
0 of
0 0 H, (woﬁw UO:t) ngk
k k —_
Hy(xpl; 11, u0541)= A
of" _of
8ufk Bmf_’f_l
Finally fort="1T,
0 0
0, 0, H,(zo, uplr_;)
Hl(mO:T+1’ Uty )= ;
¢’
L ou’k J
- B ] (5.20c)
0r 6
H 05 0y H2<mO:T7 uO:Tfl)
2<w0:T+17 Uplr)=
af’
L 8u§"‘ J

The above iterative property facilitates the computation of Hy and H s by avoiding the inverse

of the large matriz F,, in (5.8), significantly reducing computational cost in solving for (5.8).

5.3.2 Outline of the Main Algorithm

In order to achieve 6%, at each iteration k, we let ; C © denote a weight search space
such that 8" € Q; and 0, € Q, for all k = 1,2,3,---. This Q; can be thought of as the
possible location of 8%, and @}, as a weight vector guess to 8. Rather than a rule to guide 8,
towards 0, we will develop a rule to update €2 to €21 such that a useful scalar measure

of the size of €, will converge to 0.

Main Algorithm (Outline): In the proposed main algorithm, we initialize the weight

search space €2y to be

QOI{HERT| —rzg[e]lgfz,z:l,,r}, (521)

where r; and r; are non-negative constants denoting the lower bound and upper bound for

the ith entry in @ denoted as [0);, respectively. Here, r; and 7; can be chosen large enough
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to include 8* € Qq. The learning proceeds with each iteration k = 1,2,--- | including the

following steps:

Step 1: Choose a weight vector quess 0y, € Qi1 from the weight search space Q1 (We

will discuss how to choose such 0y € Q_1 in Section 5.4).

Step 2: The robot restarts and plans its motion trajectory &g by solving an optimal control
problem with the cost function J(0x) and dynamics in (5.1). While the robot is
executing &g, , a human user applies a directional correction ay, at time ty. Then,

a hyperplane (hy,0) + by, = 0 is obtained by (5.6)-(5.7).

Step 3: Update the weight search space 1 to $y:

Q,=Q_1N{0 € O] (h,0) + b, <0}. (5.22)

We provide a few remarks to the above outline of the main algorithm. For initialization in
(5.21), we allow entries of @ to have different lower and upper bounds, which may come from
the robot’s rough pre-knowlege about the range of each weight. Simply but not necessarily,

one could initialize

Q) ={0 €R" | [|0]|oc < R}, (5.23)

where
R =max{r;, r;, i=1,--- r}. (5.24)
In Step 1, one chooses 8, € ;_1. Soon we will show 8* € Q for all k =1,2,3,---. Thus,

one will expect @}, to be closer to 8 if the main algorithm could make €, smaller. In fact,
the weight search space €2 is non-increasing because Q) C €1 by (5.22) in Step 3. A
careful choice of 8 to guarantee the strict reduction of a size measure of €2, will be given
in Section 5.4. In Step 2, the robot’s trajectory planning is performed by solving an optimal
control problem with the cost function J(6y) in (5.2) and the dynamics constraint in (5.1).
This can be done by many trajectory optimization methods such as [7] or existing optimal

control solvers such as [50]. With the robot’s trajectory &, and the human’s directional
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correction ay,, the hyperplane (hy, 8) + b, = 0 can be obtained by (5.6)-(5.7). The detailed
implementation of the main algorithm with the choice of @, and termination criterion will
be presented in next section.

The proposed main algorithm also leads to the following lemma:

Lemma 5.3.2. Under the proposed main algorithm, one has
(hg,0r) + b, =0, Vk=1,23, - (5.25)

and

0 cy, VEhk=1203, (5.26)

Proof. First, we prove (5.25). From Step 2 in the main algorithm, we know that the robot’s
current trajectory £y = {0k, 1, uds} is a result of minimizing the cost function J(6y).
This means that &, must satisfy the optimality condition (i.e., first order condition) of
the optimal control problem with the cost function J(6y) in (5.2) and dynamics in (5.1).
Following a similar derivation from (5.11) to (5.18) in the proof of Lemma 5.3.1, we can

obtain
0 = VJ(ugly, O) = Hi(2(iy 1, ugly) O + Ha (@01, i) V(21 ). (5.27)
It is worth mentioning that the above optimality condition (5.27) is derived in [12]. Thus,

0= <VJ(’U,ng, Ok)v C_"k> = <H1 (mg:kT+17 ung)Ok, a’k> + <H2(wg:%“+1’ ung)Vh@:gJiH)v ak>
= (hg, Ok) + by, (5.28)

where the second line is due to the definition of hyperplane in (5.7). This completes the
proof of (5.25).
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Next, we prove (5.26). We use proof by induction. By the main algorithm, we know
0" € Qg for k = 0. Assume that 8" € Q;_; holds for the (k—1)-th iteration. According to

Step 3 in the main algorithm, we have the relationship
Qe =Q_1N{0€O| (h,0) + b, <0}. (5.29)
In order to prove 8* € Q; we only need to show that
(hg, 07) + b <0, (5.30)

which is true according to (5.6) in Lemma 5.3.1. Thus, 8" € € also holds at the kth
iteration. Thus, we conclude that (5.26) holds. This completes the proof of Lemma 5.3.2. [

Lemma 5.3.2 has intuitive geometric explanations. Note that (5.25) suggests 0y, is always
in the hyperplane (hg, ) + b, = 0. Moreover, (5.26) suggests that although the proposed
algorithm directly updates the weight search space €2y, the expected weight vector 8* always

lies in . Intuitively, the smaller the search space €2y, is, the closer 8" is to 0.

5.3.3 Geometric Interpretation to Updating Search Space

In this part, we will provide an interpretation of the proposed main algorithm through a

geometric perspective. For simplicity of illustrations, we assume 0 € R? in this subsection.

(hk, 9) + bk =0
™ D Q_q

-

(a) At k-th iteration (b) At (k+ 1)-th iteration

Figure 5.2. Illustration of updating €.
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At kth iteration in Fig. 5.2a, a weight vector guess 8 (colored in red) is picked from
the current weight search space €2_; (colored in light blue), i.e., 8, € €;_;. By Step 2 in
the main algorithm, we obtain a hyperplane (hy, @) + b, = 0 (in black dashed line), which
cuts through the weight search space _; into two portions. By (5.25) in Lemma 5.3.2, we
know that 6y also lies on this hyper-plane because (hy, 8;) + b, = 0. By Step 3 in the main
algorithm, we only keep one of the two cut portions, which is the interaction space between
Q_1 and the half space (hg, 0) + b, < 0, and the kept portion will be used as the weight
search space for the next iteration, that is, Q = Q1 N {0 | (hy, 8) + by, < 0}, as shown in
the blue region in Fig. 5.2a. The above procedure repeats also for iteration k + 1, as shown
in the right panel of Fig. 5.2b, and finally produces a smaller search space €2;,; colored in
the darkest blue in Fig. 5.2b. From (5.22), one has Q¢ 2 -+ 1 2 Q 2D Qpyq D -+

Moreover, by (5.26) in Lemma 5.3.2, we note that the expected weight vector 8" is always

inside 2;, whenever k is.

(hy, 0) + b, = 0
’~ ]
27T Qg I A5 Qp—y
7’ SO 1,2 ~.
’ ~~ %4 S~
7 ~~~' a S~o
4 7’ -~
(hi, 0) + b =0 7 i A )
v 1 ’ ] 1
AR ¢ 1 (’ [} ]
AN ] \ i 1
N, 1
~, \
3 1 \ O] ﬂk :
. 0 1 ki
W, Yk 1 \‘ ] 1
\ o 1 3 ‘ 1
9 SO 1 \ 1
(RN J i i
QS 1 -
\ k> - f —-—"
1 —_\_‘—— ,\ ——,—
VaemmTN 1\

(a) A large cut from Q4 (b) A small cut from Qj_;

Figure 5.3. Illustration of how different directional corrections a,, affect the
reduction of the weight search space €2;_;.

Besides the above geometric illustration, we also have the following observations:

(1) The key idea of the proposed main algorithm is to cut and remove the weight search
space {2j,_; as each directional correction a;, is given. Thus, we always expect that
;1 can quickly diminish to a very small space as k increases, because thereby
we can say that the robot’s current guess 0y, is close to the expected weight vector
0*. As shown in Fig. 5.2, the reduction rate of €;_; depends on two factors: the

human’s directional correction a,,, and how to choose 8 € €2j_;.
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(2) From (5.7), we note that the human’s directional correction a;, determines hy,
which is the normal vector of hyperplane (hy, ) + b, = 0. When fixing the choice
of the weight vector guess 0y, we can think of the hyperplane rotates around 6y
with different choices of a,,, which finally results in different removals of €2;_,, as

illustrated in Fig. 5.3.

(3) How to choose 6 from €;_; defines the specific position of the hyperplane
(hg, 0) + by, = 0, because the hyperplane is always passing through 6, by Lemma
5.3.2. Thus, ) also affects how €2;_; is cut and removed. This can be illustrated

by comparing Fig. 5.2a with Fig. 5.3a.

Based on the above discussions, the convergence of the proposed main algorithm is deter-
mined by the reduction of the weight search space €2;_;. This depends on both the human’s
directional corrections a, (hard to be predicted by the robot) and the robot’s choice of the
weight vector guess 0 € €2;_1. In the next section, we will present a way for robot to choose

0,. to guarantee the convergence of the proposed algorithm.

5.4 Algorithm Implementation with Convergence Analysis

In this section, we will specify the choice of 8, provide the convergence analysis of
the main algorithm, and finally present a detailed implementation of the algorithm with

termination criterion.

5.4.1 Choice of Search Space Center

Under the proposed main algorithm, at each iteration k, the weight search space €2;_1 is

updated according to (5.22), i.e.,

Qk:Qk_lﬂ{Oe@\ <hk,0>+bk<0}

In order to evaluate the reduction of the weight search space, it is straightforward to use the
volume of the (closure) weight search space €2, denoted as Vol(€2), and the zero volume

implies the convergence of the search space [170]. By € C Q1 in (5.22), we know that
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Vol(Q;) is non-increasing. In the following we will further develop a way such that Vol(2y)
is strictly decreasing under the proposed algorithm; i.e., there exists a constant 0 < a < 1
such that

Vol(2) < aVol(Q4_1). (5.31)

In order to achieve (5.31), we note that different choices of 6, € Q;_; will lead to
different reduction of €2;_;: as indicated in Fig. 5.3a, a large volume reduction from €2;_,
to €y, is achieved while the choice of 8y in Fig. 5.3b leads to a very small volume reduction.
This observation motivates us that to avoid a very small volume reduction, one intuitively
chooses 0}, at the center of the weight search space €;_;. Specifically, we use the center of

the maximum volume ellipsoid inscribed within the search space as defined below.

Definition 5.4.1 (Maximum Volume inscribed Ellipsoid [41]). Given a compact convex set

Q, the mazimum volume ellipsoid (MVE) inscribed within 2, defined as E, is represented
by
E={BO+d| |0, <1} (5.32)

Here, B € S, (i.e., ar xr positive definite matriz); d € R is called the center of E; and

B and d solve the optimization:

MaXd,Besr, , log det B (5:33)
s.t. Supuglbgl IQ(BO + d) S 07

where Io(0) =0 for @ € Q and Iq(0) = co for 6 ¢ Q.

Based on Definition 5.4.1, we let E} denote the MVE inscribed within €2, with d; denoting

the center of . For the choice of 0, at iteration k+ 1, we choose the weight vector guess
0.1 =d; (5.34)

as illustrated in Fig. 5.4. Other choices for @1 as a center of the search space are discussed

in Section 5.7.
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(hkl9)+bk:O (hk16>+bk:0
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El( Qk
(a) Center of MVE in Qj_; (b) Center of MVE in €2,

Figure 5.4. Illustration of choosing weight vector guess 6,1 as the center of
MVE E; inscribed in weight search space 2.

We now present a computational method to achieve dy, i.e., the center of MVE FE,
inscribe within €2;. Recall that in the proposed main algorithm, the initialization of €2 in
(5.21) is

Q={0eR" | —r;<[0]; <7, i=1,---,r},

with [0]; the ith entry of 8. This can be equivalently rewritten as a set of linear inequalities:

<€Z,0>—7:z§0
Q=16 S (5.35)
—(€;,0) —1; <0

where e; is the unit vector with the ith entry equal to 1. Then, following the update in

(5.22), € is also a compact polytope, which can be written as

(€:,0) —7; <0, i=1,---,r;

QU =10| —(e,0) —r; <0, i=1,- . (5.36)

(hj,0)+b; <0, j=1,--- k

As a result, in (5.33), solving the center dj of the MVE E} inscribed within €, becomes a

convex programming [41], as stated by the following lemma.
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Lemma 5.4.1. For a polytope Q. in (5.56), the center dy, of the MVE Ey, inscribed within

Q. can be solved by the following convex optimization:

ming pesr, — logdet B
s.t. HB€1H2 + <d, €i> < fi? Z:1> ceer
(5.37)
|Be;lls — (d,e;) <1y, i=1,---7,

||Bh’]||2+ <d7 h’]> < —bj, J=1,---k.

The proof of the above lemma can be found in Chapter 8.4.2 in [41, pp.414]. The above
convex optimization can be efficiently solved by existing solver e.g. [171]. In practical imple-
mentation of solving (5.37), since the number of linear inequalities grows as the iteration k
increases, which can increase computational cost, the mechanism for dropping some redun-
dant inequalities in (5.36) can be adopted [170]. Dropping redundant inequalities does not
change € and its volume reduction (convergence). Please see how to identify the redundant

inequalities in [170].

5.4.2 Exponential Convergence and Termination Criterion

In this part, we will investigate convergence of the volume of €2, following the proposed
main algorithm and its termination criterion for practical implementation.
Note that the convergence of the proposed algorithm relies on the reduction of Vol(£2;),

which can be guaranteed by the following lemma:

Lemma 5.4.2. Let 0, € R" be chosen as the center of the MVE E),_1 inscribed within 1.
Then, the update (5.22) leads to

Vol ) =) 539

Lemma 5.4.2 is a direct theorem from [172]. Lemma 5.4.2 indicates

Vol (©;,) < (1 — 1)’fvol ().

r
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Thus, Vol (%) — 0 exponentially fast, that is, its convergence speed is as fast as (1—%)’c —0
as k — oo.

In order to implement the main algorithm in practice, we will not only need the expo-
nential convergence as established by Lemma 5.4.2, but also a termination criterion, which
specifies the maximum number of iterations for a given requirement in terms of Vol (Q).

Thus we have the following theorem.

Theorem 5.4.1. Suppose € is given by (5.21), and at iteration k, 6y, is chosen as the

center di_1 of MVE Ej._ inscribed in ;_1. Given a termination condition
Vol (€2,) < (2¢)"

with € a user-specified threshold, the main algorithm runs for k < K iterations, namely, the

algorithm terminates at most K iterations, where

_ rlog(R/e)
—log(1—1/r)’

(5.39)

with R given in (5.24).

Proof. Initially, we have Vol () < (2R)". From Lemma 5.4.2, after k iterations, we have

Vol (€;) < (1 — i)’fVol (Q0) < (1— i)k(QR)T, (5.40)
which yields to
log Vol (£2;) < klog(1 — i) + log(2R)". (5.41)
When k = 28
log Vol () < —rlog(R/e) + log(2R)". (5.42)

The above equation is simplified to

log Vol (£2;) < log(2¢)", (5.43)
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which means that the termination condition Vol (€2;) < (2¢)" is satisfied. This completes

the proof. O
On the above Theorem 5.4.1 we have the following comments.

Remark. Since both 8% and 0y, are always within Q. for any k =1,2,3--- by Lemma 5.3.2,
the user-specified threshold € in the termination condition Vol () < (2€)" can be understood
as an indicator of a distance between the expected weight vector 8 (usually unknown in
practice) and the robot’s weight vector guess Oy. The threshold € is set based on the desired

learning accuracy.

5.4.3 Implementation of the Main Algorithm

By the termination criterion in Theorem 5.4.1 and the choice of 8y in (5.34), one could

implement the main algorithm in details as presented in Algorithm 8.

Algorithm 8: Learning from incremental directional corrections
Input: Specify a termination threshold € and use it to compute the maximum iteration K
by (5.39).
Initialization: Initial weight search space Qg in (5.21).
for k=1,2,--- ,K do

Choose a weight vector guess 8y € ;1 by Lemma 5.4.1;

Restart and plan a robot trajectory &g, by solving an optimal control problem with
the cost function J(6y) in (5.2) and the dynamics in (5.1);

Robot executes the trajectory £ while receving the human directional correction ay,;
Compute the coefficient matrices H 1(mgf"T 1> ug:’"T) and H o (mgf‘T 1> ug:’“T) based on
(5.20), and generate the hyperplane and half space (hg,8) 4+ b < 0 by (5.6)-(5.7);

Update the weight search space by Qj = Q1N {0 € O | (hy,0) + b < 0} by (5.22);
end

Output: 0.

5.5 Numerical Examples

In this section, we perform numerical simulations on an inverted pendulum and a two-link

robot arm to validate the proposed algorithm and provide comparison with related work.
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5.5.1 Inverted Pendulum

The dynamics of a pendulum is given in Appendix A.2. We discretize the continuous
dynamics by the Euler method with a fixed time interval A = 0.2s. The state and control
vectors of the pendulum system are defined as © = [«, @] and w = u, respectively, and the
initial condition is g = [0,0]". In the cost function (5.2), we set the weight-feature running

cost as

¢ = [a? a,d? u?) € R, (5.44a)
0= [91, 05, 63, ‘94]/ € R4, (544b)

and set the final cost term as h(xr,1) = 10(a — 7)? 4+ 1042, since our goal is to control the
pendulum to reach the vertical position. The time horizon is set as T' = 30.

In numerical examples, we generate “human’s directional corrections” by simulation.
Suppose that the expected weight vector is known explicitly: 8*=[0.5,0.5,0.5,0.5]". Then,
at iteration k, the “human’s” directional corrections a,, is generated using the sign of the

gradient of the true cost function J(0%), that is,
a,, — —sign <[Vj(ugFT, 0*)Lk> ER. (5.45)

Here, [VJ (udh, 9*)L denotes the t;th entry of VJ, and the correction time ¢; is randomly
k

chosen (evenly distributed) within horizon [0, 7]. Obviously, the above “human’s directional

corrections” satisfies the assumption in (5.4).

The initial weight search space €2 is set as
Qo ={0]0<1[0], <5, i=1,2,3,4}. (5.46)

In Algorithm 8, we set the termination parameter as ¢ = 107!, and the maximum learning
iteration solved by (5.39) is K = 55. We apply Algorithm 8 to learn the expected weight
vector 0", To illustrate results, we define the guess error ep = ||@ — 07| (i.e., the distance

square between the weight vector guess and the expected weight vector 6*), and plot the
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guess error eg versus the number of iterations k in the top panel of Fig. 5.5. In the bottom
panel of Fig. 5.5, we plot the directional correction a,, applied at each iteration k, where
+1 and —1 bar denote positive and negative sign (direction) of the correction a;, in (5.45),
respectively, and the number inside the bar denotes the correction time ¢, that is randomly

picked from {0,1,--- ,T}.

10
(]
0
0 5 10 15 20 25 30
Iteration k
ST
TmMrrrnol
-1

0 5 10 15 20 25 30
Iteration k

Figure 5.5. Learning a pendulum cost function from incremental directional
corrections. The upper panel shows the guess error eg = [|@ — 6%||? versus
iteration k, and the bottom panel shows the directional correction a,, (i.e.,
positive or negative) applied at each iteration k, and the value inside each bar
is ¢;, that is randomly picked within the time horizon [0, 30].

Based on the results in Fig. 5.5, we can see that as the learning iteration % increases, the
weight vector guess 6 converges to the expected weight vector 8* = [0.5,0.5,0.5,0.5)". This
shows the validity of the method, as guaranteed by Theorem 5.4.1.

5.5.2 Two-link Robot Arm System

Here, we test the proposed method on a two-link robot arm. The dynamics of the robot
arm (moving horizontally) is given in Appendix A.2. The state and control variables for the
robot arm control system are defined as = [g, g’ € R* and u = 7 € R?, respectively. The

initial condition of the robot arm is set as &g = [0,0,0,0]’. All parameters in the dynamics
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are set as units. We discretize the continuous dynamics using the Euler method with a fixed

time interval A = 0.2s. In the cost function (5.2), we set the weight-feature cost as

¢=[d, a1, 4. @ |ul’) €R, (5.47a)
0= [01, 0y, 05,04, 95]/ S R5, (547b)

and set the final cost h(xry) = 100<(q1 — 2+ a3 +d+ q'%), as we aim to control the robot

arm to finally reach and stop at the configuration of ¢ = [%,0]’. The time horizon is set to

29
be T' = 50.

We still use simulation to generate “human’s directional corrections”, as similar to the
previous experiment. Suppose that we explicitly know the expected weight vector 8% =
[1,1,1,1,1)". Then, at each iteration k, the simulation generates a directional correction a,

by the sign of the gradient of the true cost function J(8%), that is,

ay, = —sign ( [V (ufly. 6") 3:3 (5.48)

2tk 12tk+1>

where [VJ(ug:kT,e*)]th;th+1 denotes the entries in V.J at positions from 2t; to 2t; + 1
(because the input dimension is m = 2), and the correction time ¢, is randomly (in an even
distribution) chosen from the time horizon [0, T]. Note that the sign operator is applied to

its augment entry-wise.

6
4
3o
0
2
0
0 10 20 30 40 50
Iteration k
Figure 5.6. eg = ||@ — 6*|* versus iteration k in learning a robot-arm cost

function from incremental directional corrections.
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The initial weight search space €} is given by
Q={010<10], <4, i=1,2,---,5}. (5.49)

We set the termination parameter e = 107!, then the maximum learning iteration is K = 83
by (5.39). We apply Algorithm 8 to learn the expected weight vector 8* = [1,1,1,1,1]".
To illustrate results, we define the guess error ey = || — 0*||* and plot eq versus iteration
k in Fig. 5.6. We also plot the directional correction a, = [at, 1,as, 2] applied at each
iteration k in Fig. 5.7, where the value inside the bar is the correction time t;. Based on the
results, we can see that as the iteration increases, the weight vector guess 8;, converges to the
expected weight vector 8, as guaranteed by Theorem 5.4.1. This result again demonstrates

the effectiveness of the proposed method.

NN 1N
0 10 20 30 40 50

LLHHERRER + B IR
0 10 20 30 40 50

Iteration k

=

ag, 1
o

=

ag, 2
o

Figure 5.7. The directional correction a;, = [as, 1,0as, 2] applied at each
iteration k during the learning of the robot-arm cost function. The number
inside the bar is the correction time ¢, randomly picked within the time horizon
[0, 50].

5.5.3 Comparison with Related Work

In this part, we compare the proposed method with two related work [38, 164] based on
the inverted pendulum system. The dynamics settings and parameters follow the experiment
in Section 5.5.1, and the weight-feature cost function is set as (5.44). According to [38], for

each of the human’s corrections, we first utilize the trajectory deformation technique [166]
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to obtain the corresponding human intended trajectory. Specifically, given a correction ay,

the human intended trajectory, denoted as &, = (@0, |, adk}, can be solved by

gt = ugly + M@y, (5.50)
where £y = {wgf“T 1 ung} is the robot’s current trajectory; M is a matrix that smoothly
propagates the local correction augmented vector in (5.5) along the rest of the trajectory
[168]; and 2%, , in &y, is obtained from the robot dynamics in (5.1) given @dk.. For both

[164] and [38], the learning update is

001 = 01+ o 9(E,) — $(60,)) (5:51)

where ¢ (€, ) and ¢(&g, ) are the vectors of feature values for the human intended trajectory
égk and the robot’s original trajectory &, , respectively. In this comparison experiment,
we set M in (5.50) as the finite differencing matrix [166], and « is 0.0006 (for having best
performance). For all methods, the simulated human’s corrections are the same, as shown

in Fig. 5.8. To illustrate performance, we still use the guess error eg = |6 — 07|/

0 10 20 30
Iteration k

=

ag,
o

Figure 5.8. The correction a,, at each iteration k. The value labeled inside
the bar is the randomly chosen correction time .

We draw the guess error versus iterations for both [38, 164] and the proposed method in
Fig. 5.9. By comparing both results, we can see a clear advantage of the proposed method
over [164] [38] in terms of higher learning accuracy. As we have discussed in the related
work, the learning update (5.51) used in [38, 164] only guarantees the convergence of the

regret, which is defined as the averaged error of the cost values between the human intended
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trajectory and the robot’s trajectory under J(0*) over the entire learning process. Thus, it
does not directly lead to the convergence of 6, towards 6%, as illustrated in Fig. 5.9. In
contrast, Fig. 5.9 illustrates that using the proposed approach, the learned cost function

quickly converges to J(0"), as guaranteed by Theorem 5.4.1.

15 == the related work in [6] or [17]
the proposed method
N
10
o)
Q
5
0
0 10 20 30
Iteration k

Figure 5.9. Comparison between [38, 164] and the proposed method. The
figure shows eg = ||@ — 6%||? v.s. iteration k.

Throughout the experiment, we find that the methods [38, 164] are not robust against
the corrections a,, of very larger magnitude. Given a correction a,, with a larger magni-
tude, [164] and [38] are more likely to diverge especially. This is because larger correction
magnitude ||a;, || can be overshot (i.e., too large), which thus violates their assumption of
improving the robot’s motion, i.e., J(@gs, %) < J(udk., 8*). We also find that the correc-
tion overshooting is more likely to happen at the end of learning process when the robot
motion gets close to the optimal one, as we have explained in Section 5.2. This issue has
also been illustrated in Fig. 5.9. At the iteration £ = 35 in Fig. 5.9, we see that ey in-
stead becomes increased as we use a constant correction magnitude throughout the learning
process. In contrast, the proposed method only leverages the direction of a;, (negative or
positive) regardless of ||ay, ||; thus there is no overshooting issue with the proposed method,
This shows more flexibility of the proposed method than [38] and [164] in terms of choosing

proper corrections.
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5.6 Human-Robot Games

In this section, we develop two human-robot games, where a real human player online
teaches a robot for motion planning through directional corrections. These games are used
to validate the effectiveness of the proposed approach in practice. The games are developed
on two robot systems/environments: a two-link robot arm and a 6-DoF quadrotor system,
respectively. For each environment, a human player visually inspects robot’s motion on a
computer screen, meanwhile providing directional corrections through a keyboard. The goal
of each game is to train a robot to learn an effective control objective function such that the
robot successfully avoids obstacles and reaches a target position.

We have released all codes of the two games for the readers to have hands-on experience

with. Please access at https://github.com/wanxinjin /Learning-from-Directional-Corrections.

5.6.1 Two-link Robot Arm Game

System Setup

In this game, the dynamics of a two-link robot arm and its parameters follow those in
Section 5.5.2. The initial state of the arm is = [ — 7,0,0,0]’, as shown in Fig. 5.10. For

the parameterized cost function J(8) in (5.2), we set the weight-feature running cost as

=4, @, @, @, |ul?] € R, (5.52a)

6 - [61,92,93,94,95]/ € RE). (552b)

Here, the weight-feature cost 8¢ is a general second-order polynomial function. It is worth
noting that in practice, if one has no prior knowledge/experience about how to choose good
features, the general polynomial features are always a good choice. For the final cost h(xry1)

in J(0) in (5.2), we set

m . .
M@ri1) = 100((0n — 5)* + 6 + @ +d3), (5.53)
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because we aim the robot arm to finally reach and stop at the target vertical pose, i.e.,
et = 7 and g = 0, as depicted in Fig. 5.10. It is also worth noting that in practice,
the final cost function h(ax7,1) in (5.2) can always be set as the distance to the target state.

The time horizon in this robot arm game is set as 7" = 50 (that is, 50A = 10s).

Robot Manipulator Game

2 Target *
— o
£ o 8
< l 23
o
_2<
-2 0 2
Y (m)

Figure 5.10. The robot arm game. The goal is to let a human player teach
the robot arm to learn a valid cost function (i.e., the expected weight vector
0*) by applying incremental directional corrections, such that it successfully
moves from the initial condition (current pose) to the target (upward pose)
while avoiding the obstacle.

Since we choose the polynomial features in (5.52a), different weight vector @ leads to
different robot’s trajectories to the target pose. As shown in Fig. 5.10, we place an obstacle
(colored in orange) in the workspace of the robot arm. Without human’s intervention, the
robot will move and crash into the obstacle. The goal of the game is to let a human player
make directional corrections to the robot arm while it is moving, until the robot arm learns
a valid cost function J(6%) (i.e., the expected weight vector 6%) to successfully avoid the

obstacle and reach the target.

Human Correction Interface

For the above robot arm game, we use keyboards as the interface for a human player to

provide directional corrections. We customize the (up, down, left, right) keys in a keyboard
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and associate them with the directional corrections as listed in Table 5.1. During the game,
at each iteration, a human player is allowed to press one or multiple keys from (up, down,
left, right), and the keyboard interface is listening to which key(s) the human player hits
and recording the time step of the keystroke(s). The recorded information, i.e., the pressed
keys and stroke time, is translated into the directional correction a;, in the robot’s input
space according to Table 5.1. For example, at iteration k, while the robot arm is graphically
executing the trajectory &, , a human player hits the up and left keys simultaneously at the
time step 10; then the corresponding correction information is translated into a;, = [1, 1]

with ¢, = 10 according to Table 5.1.

Table 5.1. Correction interface for the robot arm game.

Keys Directional correction Interpretation of correction

up a=[1,0] add counter-close-wise torque to Joint 1
down a=[—1,0] add close-wise torque to Joint 1

left a = 1[0,1] add counter-close-wise torque to Joint 2
right a=10,—1] add close-wise torque to Joint 2

Game Procedure

The procedure of this robot arm game is as follows. By default, the robot’s initial weight

search space €2 is set as

Qo={06:,05 € [0,1],0,0, € [ —3,3],05 € [0,0.5]}. (5.54)

As stipulated by the main algorithm, at each iteration k, the robot arm first chooses a weight
vector guess 0 € ;1 by Lemma 5.4.1 and then plans the corresponding motion trajectory
&p, (by minimizing the cost function J () subject to the robot’s dynamics). While the robot
arm is graphically executing the planned trajectory £y, on the computer screen, a human
player inspects the ongoing motion &, and provides the directional correction a;, via the
keyboard interface based on the rules in Table 5.1. Each time the keyboard interface detects

the humans player’s directional correction a,,, the robot arm incorporates such correction
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. to update the weight search space from €2;_; to €2, by Step 3 in the main algorithm.
This planning-correction-update procedure repeats until the robot arm successfully avoids
the obstacle and reaches the target and then the human player will not intervene the robot

arm any more—mission accomplished.

Robot Manipulator Game Robot Manipulator Game Robot Manipulator Game Robot Manipulator Game
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Figure 5.11. An illustrative result for the robot arm game. The goal of this
game is to let a human player to correct the robot arm while it is acting, until
the robot arm learns a valid control objective function (i.e., expected %) for
successfully avoiding the obstacle and reaching the target pose. Corresponding
to the above sub-figures, the robot’s weight vector guess 8 and the player’s
directional correction ay at each iteration k are listed in Table 5.2. In (a), and
the robot arm randomly chooses an initial weight vector guess 8, € €2y and its
resulting motion crashes into the obstacle. In (d), the robot arm successfully
learns a valid cost function (i.e., the expected 6) to avoid the obstacle and
reach the target—mission accomplished.

Table 5.2. An illustrative result for the robot arm game.

Iteration & Robot’s current weight vector guess 6, A human player’s directional correction a;, and correction time ¢

k=1 Hk = 10.50, 0.00, 0.50,—0.00, 0.25] a;, =[0,1] (i.e., left key pressed) and ¢ =11
k= = [0.50, 0.00, 0.50, —1.50, 0.25] a;, = [0,1] (ie., left key pressed) and ¢, =16
k=3 = [0.50, 0.00, 0.34, —2.03, 0.25] ay, =[—1,0] (i.e., down key pressed) and ¢, =34
k= = [0.50, 1.48, 0.36, —2.00, 0.25]' Mission accomplished! 0" = 0,

Results and Analysis

We present an illustrative result in Fig. 5.11, where we show that the robot arm can
learn a valid cost function after only four rounds of human’s directional corrections (i.e.,

four iterations). At each iteration k, the robot’s current weight vector guess ) and the
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player’s correction a;, are in Table 5.2. From Table 5.2 and Fig. 5.11, we observe that
the robot arm has successfully learned an effective cost function to avoid the obstacle and
reach the target after four rounds of human’s directional corrections. These results indicate
that the effectiveness of the proposed method for real human users to train a robot through
directional corrections. We also have the following comments.

(i) Throughout the game, we find that the successful teaching of the robot does not
require a human player to have prior experience or much practice with the game. The result
shown in Table 5.2 and Fig. 5.11 is just one of many examples, and a novice player can
readily provide another sequence of corrections, such as using different combinations of keys
and corrections times, to successfully train the robot arm within few iterations.

(ii) We emphasize that the human’s corrections for the robot arm is very intuitive. For
example, in Fig. 5.11a, at first iteration, as we see that the robot arm is crashing into the
obstacle, the human correction could be a counter-clock-wise torque applied to joint 2 in
order to make the second link bend inward. Thus, we need to press the left key according to
Table 5.1. For another example, in Fig. 5.11c, since the first joint is shown moving too fast
in counter-clock-wise, the human correction needs to give a clock-wise toque to the first joint
in order to make it slow down, and thus the player needs to press the down key according to
Table 5.1. To gain a better understanding of the method and the game, we encourage the

reader to download the game codes and have hand-on experience with the robot arm game.

5.6.2 6-DoF Quadrotor Maneuvering Game

System Setup

The dynamics of a quadrotor drone flying in SE(3) (i.e., full position and attitude) space
is given in Appendix A.3. We define the state vector for the quadrotor as

x=lr; v qg,; wg| €RY (5.55)
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and define the control input vector as

/

u=|1, T, T, T, €R" (5.56)

We discretize the above continuous dynamics of the quadrotor by the Euler method with a
fixed time interval A = 0.1s. To achieve SE(3) control for a quadrotor, we need to carefully
design the attitude error. As in [157], we define the attitude error between the quadrotor’s

attitude q and a target attitude ¢*'&°" as

1
€(q: Quarger) = Gtrace(I — R'(q“"*") R(q)), (5.57)

where R(q) € R¥*® is the direction cosine matrix corresponding to g (see [158] for more
details).

In the cost function in (5.2), we set the final cost h(xr41) as

h(@r1) = lrr — v +10[lor||* + 100e(gp,1, a555") + 10[ws]f?, (5.58)

because we always want the quadrotor to finally land on a target position given by =" in

a target attitude q?ﬁet. Here, r; = [ry, 1y, 72" is the position of the quadrotor expressed in

the world frame. We set the weight-feature cost in (5.2) as

/
¢:[r§ T Ty Ty T2 TS ||'u,||2] e R, (5.59a)
/
6 = {91 0y 05 0. 05 0O 97} eR". (5.59b)

Here, feature vector ¢ consists of general polynomial features and different weight vectors
0 = [01,05,05,04,05,06,07) will determine how the quadrotor reaches the target (that is, the
specific path of the quadrotor). It is again worth noting that in practical situations, if one
has no prior knowledge/experience about how to choose good features, general polynomial
features are always a good choice, as in (5.59a).

As shown in Fig. 5.12, the goal of this quadrotor game is to let a human player teach the
quadrotor to fly from the initial position r;(0) = [—8, =8, 5]" (bottom left), passing through a

gate (colored in brown), and finally land on a specified target position 7" = [8,8, 0]’ (upper
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6-DoF Quadrotor Game

Figure 5.12. The 6-DoF quadrotor game. The goal of this game is to let
a human player to teach a 6-DoF quadrotor system to learn a valid control
cost function (i.e., the expected weight vector ") by providing directional
corrections, such that it can successfully fly from the initial position (in bottom
left), pass through a gate (colored in brown), and finally land on the specified
target (in upper right).

right) with the target attitude q?ﬁet = [1,0,0,0]. The initial attitude of the quadrotor is
qp/:(0) = [1,0,0,0]" and initial velocity quantities are zeros. The game time horizon is set

as T = 50, that is, TA = 5s.

Human Correction Interface

In the 6-DoF quadrotor game, we use keyboards as the interface for a human player to
provide directional corrections. Specifically, we use the (‘up’, ‘down’, ‘w’, ‘s’, ‘a’, ‘d’) keys
and associate them with specific directional correction signals, as listed in Table 5.3. During
the game (i.e., algorithm progress), a human player is allowed to press one or multiple
combinations of the keys in Table 5.3. The interface is listening to the keystrokes from
the human player, and once detected, the keystrokes are translated into the directional
corrections according to Table 5.3. Together with the pressed keys, the time step at which
a key is hit is also recorded, as the correction time t;. For example, suppose that while
the computer screen is graphically playing the quadrotor executing the trajectory &, (at
iteration k), the human player presses ‘s’ key at the time step 5; then, according to Table 5.3,

the translated human correction will be a;, = [0, —1,0, 1] with the correction time ¢; = 5.
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Table 5.3. Correction interface for 6-DoF quadrotor game.

Keys Directional correction Interpretation of correction

‘up’ Ti=1,1Ty=1, T3=1,T,=1 Upward force applied at COM

‘down” Ti=—1,To=—1,T3=—1,Ty=—1 Downward force applied at COM

‘w’ T1=0,T5=1 T5=0,T,= —1 Negative torque along body-axis x
‘s’ T1=0,To=—11T3=0,T,=1 Positive torque along body-axis x
‘a’ T1=1,T5=0 T5=—1,T,=0 Negative torque along body-axis y
‘d’ Ti=—1,T5=0 T5=1,T,=0 Positive torque along body-axis y

Game Procedure

The procedure of playing the 6-DoF quadrotor game is as follows. By default, the initial

weight research space € is set as

Qu=1{001,0,05 € [0,1],05, 04,05 € [ — 8,8], 07 € [0,0.5]}. (5.60)

As stated by the main algorithm, at each iteration k, the quadrotor chooses a weight vector
guess 0, € £,y by Lemma 5.4.1 and plans a motion trajectory &, by minimizing the
cost function J(8y) subject to the dynamics constraint in (A.3). While the quadrotor is
graphically executing &, on the computer screen, the keyboard interface is listening to
player’s directional corrections. Once detecting a player’s correction ay, , the quadrotor uses
such correction to update the weight search space from €;_; to €2 following Step 3 in
the main algorithm. This planning-correction-update procedure repeats until the quadrotor
successfully flies through the gate and lands on the target position, and then the human

player will not intervene the quadrotor any more—mission accomplished.
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6-DoF Quadrotor Game

6-DoF Quadrotor Game
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Figure 5.13. An illustrative result for the 6-DoF quadrotor game. The goal of
this game is to let a human player, through providing directional corrections,
to teach a 6-DoF quadrotor to learn a valid control cost function (i.e., expected
0™) for successfully flying from the initial position, passing through a gate, and
finally landing on the target position. Corresponding to each iteration k in the
above sub-figures, we also list the robot’s current weight vector guess 6 and
the human player’s directional correction ay in Table 5.4. In (a), at iteration
k = 1, the quadrotor chooses an initial weight vector guess 8; € €. In (c),
at iteration k = 3, since the human player does not provide any correction,
the quadrotor’s trajectory at this iteration is the same with the one in (d)
(iteration k = 4). In (f), at iteration k = 6, the quadrotor successfully flies
through the gate and lands on the target position, which means that a valid
quadrotor cost function is successfully learned—mission accomplished.
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Table 5.4. An illustrative result for the 6-DoF quadrotor game.

Iteration k quadrotor’s current weights guess 6y, A human player’s directional corrections a,, and correction time steps ¢

k=1 6 =[0.50, 0.00, 0.50, —0.00, 0.50, —0.00, 0.25) @y = [1,1,1,1] (e, up key pressed) —and 1 =8
S e ay, =[1,1,1,1] (i.e., up key pressed) and ¢ =20

k=2 6, = [0.50, —0.00, 0.50, —0.00, 0.50, —3.99, 0.25] a, =[—1,-1,-1,-1] (i.e., down key pressed) and ¢, =14
k=3 0, = [0.50, —1.70, 0.50, —1.70, 0.52, —1.89, 0.25] No correction provided (because the human player hesitated)
k=4 0, = [0.50, —1.70, 0.50, —1.70, 0.52, —1.89, 0.25] ay,, =[0,—-1,0,1] (i.e., s” key pressed) and t, =13
k=5 0, = [0.50, —2.76, 0.50, —2.45, 0.60, —2.22, 0.25]' a;, =[0,-1,0,1] (i.e., 's” key pressed) and ¢, =19
k=6 6, = [0.50, —3.11, 0.50, 4.89, 0.65 — 2.67, 0.25]' Mission accomplished! 6" = 6y,

Results and Analysis

We present one illustrative result in Fig. 5.13 and Table 5.4. Fig. 5.13 illustrates the
execution of the quadrotor’s trajectory &, at different iterations k. Table 5.4 presents the
weight vector guess 8 and the human player’s correction a,, at each iteration k. The results
show that within five rounds of directional corrections (i.e., five iterations), the quadrotor
is able to learn a valid cost function to successfully fly through the given gate and land on
the target landing position. The results again demonstrate the efficiency of the proposed
method for a human user to train a robot through directional corrections. Also, we have the
following comments.

(i) It is worth mentioning that the successful teaching of the quadrotor in the above
game does not require a human player to have prior experience or much practice with the
game. The above result is just one of the many results, and a new player can choose another
sequence of corrections and quickly teach the quadrotor to learn a valid cost function for
accomplishing the task.

(ii) The choice of the directional corrections is very intuitive and straightforward. For
example, as in Fig. 5.13a, the quadrotor is flying too low, the player thus has pressed up
key (Table 5.4) to let the quadrotor fly higher according to Table 5.3. Also, as in Fig. 5.13d
the quadrotor is flying too left relative to the gate, the player thus have pressed ‘s’ key (i.e.,
a positive torque along the quadrotor’s body x-axis) to let the quadrotor tilt right towards
the gate. We encourage the reader to have hands-on experience with the above quadrotor

game.
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5.7 Other Choices of Search Space Center

For the search space €2, C R", we choose 8}, as the center of Maximum Volume Ellipsoid
(MVE) inscribe €. Other choices for 8, could be the center of gravity [173], the Chebyshev
center [174], the analytic center [175], etc.

Center of Gravity. The center of gravity for a polytope €2 is defined as

Jo 040
O == .61
As proven by [176], the volume reduction rate using the center of gravity is
VOI(Qk+1) 1
—————=<1--=0. .62
Vol(2,) — e 063, (562)

which may lead to faster convergence than the rate (1 — 1/r) using the center of MVE in
Section 5.4 when the parameter space is high dimensional (i.e., r large). However, for a
polytope described by a set of linear inequalities, it requires much higher computational cost
to obtain the center of gravity in (5.61) than solving the center of MVE inscribed in €2
[170].

Chebyshev Center. Chebyshev center is defined as the center of the largest Fuclidean
ball that lies inside the polytope €2. The Chebyshev center for a polytope can be computed
by solving a linear program [41], which is also efficient. But the Chebyshev center is not
affinely invariant to the transformations of coordinates [170]. Therefore, a linear mapping of
features may lead to an inconsistent weight vector estimation.

Analytic Center. Given a polytope @ = {0] (h;,0) +b; < 0, i = 1,--- ;m}, the

analytic center is defined as
0..= mein — z; log(b; — h.0). (5.63)

As shown by [177, 178], using the analytic center achieves a good trade-off in terms of
simplicity and practical performance, which however does not easily lead to the volume

reduction analysis in Lemma 5.4.2 as choosing the center of MVE.
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5.8 Conclusions

In this chapter, we have proposed an approach which enables a robot to learn an ob-
jective function incrementally from human user’s directional corrections. The directional
corrections, applied by a human user at certain time steps during the robot’s motion, can
be any input correction as long as it points in a direction of improving the robot’s current
motion under an implicit objective function. The proposed learning method is based on
the cutting plane technique, which only utilizes the direction of a correction to update the
objective function guess. We establish the theoretical results to show the convergence of
the learned objective function towards the implicit one. We demonstrate the effectiveness of
the method using numerical simulations and two human-robot games. The results show the
proposed method outperforms the state of the art, and that it enables a non-expert human
user to teach a robot to learn an effective control objective function for satisfactory motion

with few directional corrections.
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6. SUMMARY AND FUTURE DIRECTIONS

6.1 Summary

This thesis considers learning and control in autonomous robots. Towards efficient auton-
omy, the first portion of this thesis proposes to embed optimal control theory into learning
paradigms, which lead to a series of new control-induced learning methods. The contribu-

tions of this potion lie in two directions.

Contribution 1: New methods for Inverse Optimal Control. (I) We have
developed the IOC method for learning objective function from incomplete trajectory ob-
servations. First, we show the relationship between any segment data of trajectory and the
unknown objective function (parameter); second, we show the iterative property of IOC and
analyze how additional data points and features are incorporated in the IOC process; and
third, we give necessary conditions for the minimal observation length required for IOC. The
proposed method enables to learn an objective function incrementally by finding the minimal
required observations. (IT) We have developed a multi-phase IOC method for learning the
phase-dependent objective functions. For a trajectory resulting from optimizing multi-phase
objective functions, the method not only recovers the underlying control objective function
for each motion phase, but also estimates the time transition of each phase (i.e., at which
time step the objective function has changed). (III) We have developed a distributed I0C
algorithm which enables to learn an objective function with both data and computation
distributed. (IV) We have provided some novel applications of the above new methods,

including human motion prediction and segmentation.

Contribution 2: Pontryagin Differentiable Programming Methodology. Our
contribution to both machine learning and control fields is an innovative methodology, named
as Pontryagin differentiable programming (PDP), which provides an end-to-end framework
that is able to solve a broad range of learning and control takes, including inverse rein-
forcement learning, system identification, policy optimization, and planning, etc. This PDP
framework has the following new features. First, we unify the problems of learning objec-
tive functions, dynamics models, and control policies within the same formulation based on

optimal control models, where different tasks differ only in different unknown aspects (param-
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eterized models) and different loss function. Second, we differentiate through Pontryagin’s
Maximum Principle, and this allows to obtain the analytical derivative of a trajectory with
respect to tunable parameters in an optimal control system, enabling end-to-end learning of
dynamics, policies, or/and control objective functions; and third, we propose an auxiliary
control system in backward pass of the PDP framework, and the output of this auxiliary
control system is the analytical derivative of the original system’s trajectory with respect to

the parameters, which can be iteratively solved using standard control tools.

The second portion of this thesis focuses on the innovative robot learning paradigm with
human guidance on the loop. We seek to answer the question of how to take the advantage of
the human guidance to boost the efficiency in robot learning, while maintaining the burden
of human providing guidance as low as possible? We have two contributions.

Contribution 3: Learning from Sparse Demonstrations. = We have presented an
approach which enables a robot to learn an objective function from sparse demonstrations
of an expert. The demonstrations are given by a small number of sparse waypoints; the
waypoints are desired outputs of the robot’s trajectory at certain time instances, sparsely
located within a demonstration time horizon. The duration of the expert’s demonstration
may be different from the actual duration of the robot’s execution. The proposed method
is able to jointly learn an objective function and a time-warping function such that the
robot’s reproduced trajectory has minimal distance to the sparse demonstration waypoints.
Unlike existing inverse reinforcement learning techniques, the proposed approach, based
on Pontryagin Differentiable Programming, directly minimizes of the distance between the
robot’s trajectory and the sparse demonstration waypoints and allows simultaneous learning
of an objective function and a time-warping function.

Contribution 4: Learning from Directional Corrections. = We have developed a
new learning scheme that enables a robot to learn a control objective function incrementally
from human user’s corrections. The human’s corrections can be as simple as directional
corrections—corrections that indicate the direction of a control change without indicating
its magnitude—applied at some time instances during the robot’s motion. We only assume

that each of the human’s corrections, regardless of its magnitude, points in a direction that
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improves the robot’s current motion relative to an implicit objective function. The proposed
method uses the direction of a correction to update the estimate of the objective function
based on the cutting plane technique. We establish the theoretical results to show that this
process of incremental correction and update guarantees convergence of the learned objective

function to the implicit one.

6.2 Future Directions

The following will provide a brief outlook of future research directions at the intersection

of control, learning, and optimization.

Topic 1: Control Perspective on Deep Learning

One important research trend in deep learning community is to achieve the explainability
of artificial intelligence. Our belief is that control theory can contribute to this goal by
providing abundant modeling or analysis tools. Representative examples include the recent
attempt to leverage optimal control theory to explain deep neural network [179], which leads
to new insights of deep learning and new training algorithms, and use of Koopman theory
to facilitate the training of the deep neural networks [180]. It is fair to say that a wide range
of learning tasks can find their counterparts problem in control fields, as we have discussed
in [35]. Thus, control theory is expected to provide a fundamental understanding of deep

learning and potentially bring out new results and learning algorithms.

Topic 2: End-to-End Differentiable Control

Modern control theory provides standardized approaches for control analysis, design, and
optimizations. However, due to their mathematical complexity, model control theories seem
largely incomprehensible to engineers who are not skilled in the art. Furthermore, many
control methods require practitioners’ high expertise and experience for model selection and
specification (such as finding Lyapunov functions, shaping cost functions). All these diffi-
culties motive a question: can we automate the process of control modeling/design/analysis

through machine learning by taking advantage of history data (e.g., design data, experi-
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mental data, and demonstration data)? The answer to this question can potentially make
modern control approaches more accessible to the general public. In the previous Pontrya-
gin Differentiable Programming work, we have made initial progress towards the end-to-end
differentiable control. We have borrowed the concept of end-to-end learning and developed
a ‘supervised” way to train models by directly optimizing a design index with respect to the

control model of interest. Such a prototype provides a promising set of future directions.

Topic 3: Safe/Certificated Learning and Control

Deploying a learning agent from simulation to real word will potentially lead to safety or
robustness concerns. This can be caused by 1) discrepancy between computational models
and real-word environments, 2) inherent uncertainty of environments and training process,
3) excessive search strategies, and 4) exogenous disturbances to and malicious attacks in
observation data. These challenges are particularly urgent in human-involved tasks. On the
other hand, robustness and safety are at the core of control research, where many theories and
tools (such as invariant set, reachable set, certificate functions, set membership approaches,
robust control, differential game theories) are available. Hence, in the future, it is worth
exploring how to leverage these control tools to develop new theoretical foundations for safe

learning [181, 182].

Topic 4: Learning with Humans on the Loop

Our previous research focuses on the methodologies that utilize minimal human guidance
for efficient robot learning. But such techniques still emphasize the dominance of human
role in robot learning, which thus may cause burden on the human user. The future research
could consider how to leverage the active role of a robot in its learning progress or how do
develop a more natural and efficient human-robot interaction scheme that enables a smooth
switch of dominance between human and robot control. One interesting question in these
topics is how to define and evaluate the robot’s confidence in a learning/control task such

that the human guidance is given only on request.
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A. EXPERIMENTAL ENVIRONMENTS

This appendix describes the experimental systems (environments) which has been used for
evaluations of the methods developed in the previous sections in this thesis. We have made
different simulation environments/systems in Table 3.2 as a standalone Python package,
which is available at https://github.com /wanxinjin/Pontryagin- Differentiable- Programming.

This environment package is easy to use and has user-friendly interfaces for customization.

A.1 Inverted Pendulum

The dynamics of the pendulum is

. =9 d . u
a:Tsma—ma%—W (A.1)

with a being the angle between the pendulum and direction of gravity, u being the torque
applied to the pivot, [ = 1m, m = lkg, and d = 0.1 being the length, mass, and damping

ratio of the pendulum, respectively; gravity constant g = 10m/s?.

A.2 Two-link Robot Arm

Figure A.1. Two-link robot arm with coordinate definitions
As shown in Fig. A.1, the dynamics of the two-link arm [183] is
M(6)0+C(6,0)6 +g(0) =T, (A.2)
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where 8 = [01,0,] € R? is the joint angle vector; M(0) € R**? is the positive-definite
inertia matrix; C'(0,0) € R?>*? is the Coriolis matrix; g(6) € R? is the gravity vector; and
T = |11, 1) € R? are the input torques applied to each joint. The parameters of the two-link
robot arm in Fig. A.1 are as follows. The mass of each link is m; = 1kg, ms = 1lkg; the
length of each link is [; = 1m, [ = 1m; the distance from the joint to the center of mass for
each link is 7y = 0.5m, 79 = 0.5m; the moment of inertia with respect to the center of mass
for each link is I} = 0.5kgm?, I, = 0.5kgm?; and the gravity constant g = 10m/s?>. When
the robot moves horizontally, g(€) = 0.

A.3 6-DoF Maneuvering Quadrotor

The equation of motion of a quadrotor flying in SE(3) (i.e., full position and attitude)

space is

T =0y, (A.3a)
mor =mg; + f, (A.3b)
dp)r = ;Q(UJB)QB/I, (A.3c)

Jpwp =T —wp X Jgwpg. (A.3d)

Here, subscripts g and ; denote quantities expressed in the quadrotor’s body frame and world
frame, respectively; m is the mass of the quadrotor; 7; € R® and v; € R? are its position
and velocity, respectively; Jg € R3*3 is its moment of inertia expressed in the body frame;
wp € R? is its angular velocity; gp,; € R* is the unit quaternion [158] describing the attitude
of the quadrotor’s body frame with respect to the world frame; (A.3c¢) is the time derivative
of the quaternion with Q(wpg) the matrix form of wp used for quaternion multiplication [158];
75 € R? is the torque vector applied to the quadrotor; and f; € R? is the total force vector
applied to the its center of mass (COM). The total force magnitude || f;|| = f € R (along
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the z-axis of the quadrotor’s body frame) and the torque 75 = [r,, 7, .| are generated by

thrusts T4, Ty, T3, Ty] of the four rotating propellers, which has the following relation

f 1 1 1 1 T
T, 0 —lw/2 0  1y/2] |15
| = / / , (A.4)
Ty —lw/2 0 lw/2 0 T3
Ty c —c c —c Ty

with [, denoting the quadrotor’s wing length and ¢ a fixed constant, here ¢ = 0.1. In the

dynamics, gravity constant ||g;|| is set as 10m/s? and the other parameters are units.

A.4 Cartpole

The equation of the motion for the cartpole system is

w4 mysinf(162 — gcosh)
i = _
me + my(sin 6)?

(A.5a)

)

j_ ueos 0 + m,l6% cos 0 sin 0 - (me +my)g * sin 97 (A.5b)
[(me 4+ my(sin 0)?)

with the constants set as m. = 0.5kg, m, = 0.5kg, g = 10m/s?, [ = 1m.
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