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ABSTRACT

Recent decades have witnessed the rise of data deluge generated by heterogeneous sources,
e.g., social networks, streaming, marketing services etc., which has naturally created a surge
of interests in theory and applications of large-scale convex and non-convex optimization.
For example, real-world instances of statistical learning problems such as deep learning, rec-
ommendation systems, etc. can generate sheer volumes of spatially /temporally diverse data
(up to Petabytes of data in commercial applications) with millions of decision variables to
be optimized. Such problems are often referred to as Big-data problems. Solving these prob-
lems by standard optimization methods demands intractable amount of centralized storage
and computational resources which is infeasible and is the foremost purpose of parallel and
decentralized algorithms developed in this thesis.

This thesis consists of two parts: (I) Distributed Nonconvex Optimization and (II) Dis-
tributed Convex Optimization.

In Part (I), we start by studying a winning paradigm in big-data optimization, Block
Coordinate Descent (BCD) algorithm, which cease to be effective when problem dimensions
grow overwhelmingly. In particular, we considered a general family of constrained non-convex
composite large-scale problems defined on multicore computing machines equipped with
shared memory. We design a hybrid deterministic/random parallel algorithm to efficiently
solve such problems combining synergically Successive Convex Approximation (SCA) with
greedy /random dimensionality reduction techniques. We provide theoretical and empirical
results showing efficacy of the proposed scheme in face of huge-scale problems.

The next step is to broaden the network setting to general mesh networks modeled as
directed graphs, and propose a class of gradient-tracking based algorithms with global con-
vergence guarantees to critical points of the problem. We further explore the geometry of the
landscape of the non-convex problems to establish second-order guarantees and strengthen
our convergence to local optimal solutions results to global optimal solutions for a wide range
of Machine Learning problems.

In Part (II), we focus on a family of distributed convex optimization problems defined

over meshed networks. Relevant state-of-the-art algorithms often consider limited prob-
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lem settings with pessimistic communication complexities with respect to the complexity of
their centralized variants, which raises an important question: can one achieve the rate of
centralized first-order methods over networks, and moreover, can one improve upon their
communication costs by using higher-order local solvers? To answer these questions, we pro-
posed an algorithm that utilizes surrogate objective functions in local solvers (hence going
beyond first-order realms, such as proximal-gradient) coupled with a perturbed (push-sum)
consensus mechanism that aims to track locally the gradient of the central objective function.
The algorithm is proved to match the convergence rate of its centralized counterparts, up
to multiplying network factors. When considering in particular, Empirical Risk Minimiza-
tion (ERM) problems with statistically homogeneous data across the agents, our algorithm
employing high-order surrogates provably achieves faster rates than what is achievable by
first-order methods. Such improvements are made without exchanging any Hessian matrices
over the network.

Finally, we focus on the ill-conditioning issue impacting the efficiency of decentralized
first-order methods over networks which rendered them impractical both in terms of com-
putation and communication cost. A natural solution is to develop distributed second-order
methods, but their requisite for Hessian information incurs substantial communication over-
heads on the network. To work around such exorbitant communication costs, we propose
a “statistically informed” preconditioned cubic regularized Newton method which provably
improves upon the rates of first-order methods. The proposed scheme does not require
communication of Hessian information in the network, and yet, achieves the iteration com-
plexity of centralized second-order methods up to the statistical precision. In addition,
(second-order) approximate nature of the utilized surrogate functions, improves upon the

per-iteration computational cost of our earlier proposed scheme in this setting.
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1. INTRODUCTION AND MOTIVATIONS

Over the recent decades, rapid advancement of social networks, digital systems, commu-
nication and sensing technologies have led to the rise of distributed systems including the
Internet, mobile ad hoc networks, and wireless sensor networks. Consequently, these systems
have given rise to new network application domains, such as sensor networks, data-based net-
works, robotic networks, unmanned aerial vehicle systems, and smart grid networks; see e.g.
[1]-[6]. Such applications usually call for in-network control and optimization techniques to
perform various operations, including resource allocation, coordination, learning, and esti-
mation.

More specifically, these systems are composed of a large number of interconnected sub-
systems (nodes or agents) which are required to communicate and cooperate to accomplish
a joint global objective. The topology of such interconnected networks can vary for different
applications or could be imposed by connectivity restrictions which distinguishes the realm
of distributed and centralized systems. If all the agents communicate through a main center
node, we call it centralized system (equivalent to master-worker type networks); on the other
hand, if the network is ad-hoc and all the agents are treated as identical peers who can only
communicate with their immediate neighbors, we call it a distributed (or decentralized)?
system (equivalent to ad-hoc or peer-to-peer systems termed in the literature).

Objective of above distributed applications are usually formulated as convex or non-
convex optimization problems where the ultimate goal is that all the agents compute (an
acceptable approximation of) the solution of such problem cooperatively over the network.
However, designing solution methods to accomplish such goals faces multiple challenges, as

outlined next.

1.1 Challenges and Motivations

e Big-data: Distributed optimization/problems in context of big-data applications usu-
ally deal with huge amount of data, partially stored in each of the network agents and, as

well as, large number of optimization variables (see Fig. 1.1). Dealing with such enormity

1 Throughout the thesis, we use “decentralized” and “distributed”, interchangeably.
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sets the path to developing decentralized and parallel algorithms that exploit horizontal and
vertical scaling of the systems to cope with the curse of dimensionality and accommodate
the need for fast (real-time) processing and optimization. For example, a properly designed
parallel method can utilize hierarchical computational architectures (e.g., multicore systems,
cluster computers, cloud-based networks), if available, to reduce the computation time. The
challenge is that such optimization problems are in general not separable in the optimization

variables, which makes the design of parallel and/or decentralized schemes not a trivial task.
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Figure 1.1. Big-data applications.

e Non-convexity: Many well-know applications lead to non-conver problems defined
over networks. Such problems are in general NP-hard [7], [8], meaning that computing the
global optimal solution might be computationally prohibitive in several practical applica-
tions. Such distributed non-convex problems have found a wide range of applications in
several areas, including network information processing, machine learning, communications,
and multi-agent control; see, e.g., [6]. The goal is to design parallel and distributed algo-
rithms that are efficient and are guaranteed to converge to critical points (or more favorably

to local or global minima) of the non-convex problem.
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To this regard, two main ideas can be utilized, mainly: (i) the so-called Successive Con-
vex Approximation (SCA) technique: as proxy of the non-convex problem, a sequence of
“more tractable” (possibly convex) subproblems is solved, wherein the original non-convex
functions are replaced by properly chosen “simpler” surrogates. By tailoring the choice of
the surrogate functions to the specific structure of the optimization problem under consid-
eration, SCA techniques offer remarkable freedom and flexibility in the algorithmic design;
(ii) exploiting the geometric landscape of non-convex problems: it has been revealed that
a wide range of Machine Learning problems, despite the non-convexity, possess some favor-
able geometry [7], [9], which enables many prominent algorithms such as gradient descent
(GD) and alternating directions (AD) methods to be quite effective when applied to non-
convex problems. Leveraging such properties, one may design well-tailored algorithms to
solve non-convex problems to their local (or global) minima.

e In-networked optimization: Such networked systems are typically spatially dis-
tributed over a large area (or virtually distributed). Due to the network size (hundreds
to millions of agents), and often to proprietary regulations, these systems do not possess
a single central coordinator or access point with complete information, able to solve the
entire optimization problem. Network/data information is instead distributed among the
entities comprising the network (cf. Fig. 1.2). Furthermore, there are some networks such
as surveillance networks or some cyber-physical systems where a centralized architecture is
not desirable, as it makes the system prone to central entity failures and external attacks.
Additional challenges are encountered from the network topology and connectivity that can
be time-varying, due to, e.g., link failures, power outage, and agents’ mobility. In this set-
ting, the goal is to develop distributed solution methods that operate seamless in-network,
by leveraging the network connectivity and local information (e.g., neighbor information) to
cope with the lack of global knowledge on the optimization problem and offer robustness to
possible failures/attacks of central units and/or to time-varying connectivity.

e Ill-conditioning and communication burdens: Ill-conditioned problems have been
a long-time nemesis of first-order methods, rendering them inefficient in terms of communi-
cation cost when utilized over networks. A natural solution, as explored in the literature, is

to utilize higher-order methods in distributed systems, but their requisite for the complete
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Hessian information similarly imposes substantial communication burdens on the network
(as well as more costly intermediate optimization steps), which is infeasible. These methods
suffer since they are “statistically oblivious”, meaning that they do not exploit statsitical
properties of the loss functions, such as those due to homogeneity of data. Determining
statistical-computational error trade-offs can bring new insights on how to efficiently solve
such problems. Recent developments have been made in context of centralized optimization,
e.g. [10], [11], but such methods are not applicable to general decentralized optimization
problems.

In this thesis, we develop novel algorithmic frameworks in both centralized and decen-
tralized system settings to work around the issues described above; see Sec. 1.2 for outline

and contributions.

1.2 Thesis outline and contributions

This section highlights the contributions of this thesis, addressing the challenges posed
in Sec. 1.1.
e Hybrid deterministic/random parallel algorithms for large-scale non-convex

optimization (Chapter 2)

17



We propose a decomposition framework for the parallel optimization of the sum of a differ-
entiable (possibly non-convex) function and a non-smooth (possibly non-separable), convex
function. The latter term is usually employed to enforce structure in the solution, typically
sparsity. The main contribution of this work is a novel parallel, hybrid random /deterministic
decomposition scheme wherein, at each iteration, a subset of (block) variables is updated
at the same time by minimizing a convex surrogate of the original non-convex function.
To tackle huge-scale problems, the (block) variables to be updated are chosen according to
a mized random and deterministic procedure, which captures the advantages of both pure
deterministic and random update-based schemes. Almost sure convergence of the proposed
scheme is established. Numerical results show that on huge-scale problems the proposed
hybrid random/deterministic algorithm outperforms random and deterministic schemes on
both convex and non-convex problems.

The novel results of this chapter are published in:

1. Amir Daneshmand, Francisco Facchinei, Vyacheslav Kungurtsev, and Gesualdo Scu-
tari. “Hybrid random/deterministic parallel algorithms for convex and non-convex
big data optimization.” IEEE Transactions on Signal Processing 63, no. 15 (2015):
3914-3929.

2. Amir Daneshmand, Francisco Facchinei, Vyacheslav Kungurtsev, and Gesualdo Scu-
tari. “Flexible selective parallel algorithms for big data optimization.” In proceedings
of the 48th Asilomar Conference on Signals, Systems and Computers, pp. 3-7. IEEE,
2014.

e Decentralized first-order methods for non-convex optimization and second-
order guarantees (Chapter 3)

We consider distributed smooth non-convex unconstrained optimization over networks,
modeled as a connected graph. We examine the behavior of distributed gradient-based algo-
rithms near strict saddle points. Specifically, we establish that (i) the renowned Distributed
Gradient Descent (DGD) algorithm likely converges to a neighborhood of a Second-order
Stationary (SoS) solution; and (ii) the more recent class of distributed algorithms based on

gradient tracking-implementable also over digraphs-likely converges to ezact SoS solutions,

18



thus avoiding strict saddle-points. Furthermore, new convergence rate results to first-order
critical points is established for the latter class of algorithms.

The novel results of this chapter are published in:

1. Amir Daneshmand, Gesualdo Scutari, and Vyacheslav Kungurtsev. “Second-order
guarantees of distributed gradient algorithms.” STAM Journal on Optimization 30, no.

4 (2020): 3029-3068.

2. Amir Daneshmand, Gesualdo Scutari, and Vyacheslav Kungurtsev. “Second-order
guarantees of gradient algorithms over networks.” In proceedings of the 56th Annual

Allerton Conference on Communication, Control, and Computing (Allerton), pp. 359-

365. IEEE, 2018.

e Decentralized first-order methods for (strongly) convex optimization under
statistical similarity (Chapter 4)

We study a class of multiagent optimization problems over (directed, time-varying)
graphs. We consider the minimization of F' 4+ G subject to convex constraints, where F
is the smooth strongly convex sum of the agent’s losses and G is a non-smooth convex func-
tion. The algorithm employs the use of surrogate objective functions in the agents’ subprob-
lems (going thus beyond linearization, such as proximal-gradient) coupled with a perturbed
(push-sum) consensus mechanism that aims to track locally the gradient of . The algorithm
achieves precision € > 0 on the objective value in O(k4log(1/€)) gradient computations at
each node and (’j(mg(l — p)"Y21og(1/ e)) communication steps, where x, is the condition
number of F' and p characterizes the connectivity of the network. This is the first linear rate
result for distributed composite optimization; it also improves on existing (non-accelerated)
schemes just minimizing F', whose rate depends on much larger quantities than s, (e.g., the
worst-case condition number among the agents). When considering in particular empirical
risk minimization problems with statistically similar data across the agents, our algorithm
employing high-order surrogates achieves precision € > 0 in O((B /) log(1/ e)) iterations
and @((5 Ju)(1—p)~21og(1/ e)) communication steps, where § measures the degree of sim-

ilarity of the agents’ losses and p is the strong convexity constant of F'. Therefore, when
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B/p < kg, the use of high-order surrogates yields provably faster rates than what achievable
by first-order models; this is without exchanging any Hessian matrix over the network.

The novel results of this chapter are published in:

1. Ying Sun, Amir Daneshmand, Gesualdo Scutari. “Distributed optimization based on
gradient-tracking revisited: Enhancing convergence rate via surrogation.” arXiv:1905.02637
(2019).

Note: Accepted under minor revision to SIAM Journal on Optimization (SIOPT).

e Decentralized Newton methods over networks (Chapter 5)

We propose a distributed cubic regularization of the Newton method for solving (con-
strained) empirical risk minimization problems over a network of agents, modeled as undi-
rected graph. The algorithm employs an inezxact, preconditioned Newton step at each agent’s
side: the gradient of the centralized loss is iteratively estimated via a gradient-tracking con-
sensus mechanism and the Hessian is subsampled over the local data sets. No Hessian ma-
trices are thus exchanged over the network. We derive global complexity bounds for convex
and strongly convex losses. Our analysis reveals an interesting interplay between sample and
iteration /communication complexity: statistically accurate solutions are achievable roughly
in the same number of iterations of the centralized cubic Newton, with a communication
cost per iteration of the order of (5(1 / M), where p characterizes the connectivity of the
network. This represents a significant communication saving with respect to that of existing,
statistically oblivious, distributed Newton-based methods over networks.

The novel results of this chapter are published in:

1. Amir Daneshmand, Gesualdo Scutari, Pavel Dvurechensky, and Alexander Gasnikov.
“Newton Method over Networks is Fast up to the Statistical Precision.” In proceedings

of the 38th International Conference on Machine Learning (ICML), July 18-24, 2021.

e Decentralized bi-convex optimization over time-varying directed networks In
this section, we briefly review other novel results that are not included in this thesis but are

published in:
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1. Amir Daneshmand, Ying Sun, Gesualdo Scutari, Francisco Facchinei, and Brian M.
Sadler. “Decentralized dictionary learning over time-varying digraphs.” Journal of

Machine Learning Research 20 (2019).

2. Amir Daneshmand, Ying Sun, Gesualdo Scutari, and Francisco Facchinei. “D2L: De-
centralized dictionary learning over dynamic networks.” In proceedings of 2017 IEEE
International Conference on Acoustics, Speech and Signal Processing (ICASSP), pp.
4084-4088. TEEE, 2017.

3. Amir Daneshmand, Gesualdo Scutari, and Francisco Facchinei. “Distributed dictio-
nary learning.” In proceedings of the 50th Asilomar Conference on Signals, Systems

and Computers, pp. 1001-1005. IEEE, 2016.

We study a general family of Dictionary Learning problems over directed time-varying
network, defined as the minimization of the sum of bi-convex functions (with private and
shared variables coupling local cost functions) plus a non-smooth convex regularizer. We
develop a unified decentralized algorithmic framework for this class of non-convex problems,
which is proved to converge to stationary solutions at a sublinear rate. The new method
hinges on Successive Convex Approximation techniques, coupled with a decentralized track-
ing mechanism aiming at locally estimating the gradient of the smooth part of the sum-utility.
To the best of our knowledge, this is the first provably convergent decentralized algorithm for

Dictionary Learning and, more generally, bi-convex problems over (time-varying) (di)graphs.

1.3 Notation

The set of nonnegative integers is denoted by N, and we use [n| as a shorthand for
{1,2,...,n}. Given a vector z, ||z|| denotes the £ norm of x; any other specific vector norm
is subscripted accordingly. x is called stochastic if all its components are nonnegative and
sum to one; and 1 is the vector of all ones (we write 14 for the d-dimensional vector, if the
dimension is not clear from the context). Given sets X, C RY, we denote X \ Y = {x €
X:x ¢V}, X 2RI\ X (complement of X), and v+ X = {x+2z:2¢€ X}. V,and B(x,r)?

denote a neighborhood of x and the d-dimensional closed ball of radius » > 0 centered at x,
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respectively; when the ball is centered at 0, we will write B¢. We further define an annulus
by S, & B\ B, with some r > € > 0. The Euclidean projection of z € R? onto the
convex closed set X C R? is projy(z) £ argmingcy ||z — y||. The sublevel set of a function
U at u is denoted by Ly (u) £ {x : U(z) < u}.

Matrices are denoted by capital letters; Aj is the the (i,j)-th element of A; M4(R) is
the set of all d x d real matrices; I is the identity matrix (if the dimension is not clear
from the context, we write I, for the d x d identity matrix); A > 0 denotes a nonnegative
matrix; and A > B stands for A — B > 0. The spectrum of a square real matrix M is
denoted by spec(M) and its spectral radius is spradii(M) £ max{|\| : A € spec(M)}; the
spectral norm is |[M|| £ max, .0 ||Mx||/||z]|, and any other matrix norm is subscripted

accordingly. Finally, the minimum (resp. maximum) singular value are denoted by oy, (M)

(resp. Omax(M)) and minimum (resp. maximum) eigenvalue by Ayin(M) (resp. Amax(M)).
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Distributed Non-convex Optimization
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2. HYBRID RANDOM/DETERMINISTIC PARALLEL
ALGORITHMS FOR CONVEX AND NON-CONVEX
BIG-DATA OPTIMIZATION

In this chapter, we consider a general family of optimization problems, the minimization of
the sum of a smooth (possibly nonconvez) function F' and a nonsmooth (possibly nonsepa-

rable) convex function G:

min V (z) £ F(z) 4+ G(z), (2.1)

TEX

where X is a closed convex set with a cartesian product structure: X = 12, x; C R% Our
focus is on problems with a huge number of variables, as those that can be encountered, e.g.,
in machine learning, compressed sensing, data mining, tensor factorization and completion,
network optimization, image processing, genomics, etc.. We refer the reader to [12]-[24] and
the books [25], [26] as entry points to the literature.

Block Coordinate Descent (BCD) methods rapidly emerged as a winning paradigm to
attack Big Data optimization, mainly due to their low-cost per-iteration and scalability; see
e.g. [14]. At each iteration of a BCD method one block of variables is updated using first-
order information, while keeping all other variables fixed. The choice of the block of variables
to update at each iteration can accomplished in several ways, for example using a cyclic order
or some greedy /opportunistic selection strategy, which aims at selecting the block leading to
the largest decrease of the objective function. The cyclic order has the advantage of being
extremely simple, but the greedy strategy usually provides faster convergence, at the cost of
an increased computational effort at each iteration. However, no matter which block selection
rule is adopted, as the dimensions of the optimization problems increase, even BCD methods
may result inadequate. To alleviate the “curse of dimensionality”, three different kind of
strategies have been proposed, namely: (a) parallelism, where several blocks of variables are
updated simultaneously in a multicore or distributed computing environment, see e.g. [16]—
[21], [27]-[36]; (b) random selection of the block(s) of variables to update, see e.g. [31]-[41];
and (c) use of “more-than-first-order” information, for example (approximated) Hessians or

(parts of) the original function itself, see e.g. [15], [29], [30], [42], [43]. Point (a) is self-
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explanatory and rather intuitive; here we only remark that the vast majority of parallel
BCD methods apply to convex problems only. Points (b) and (c) need further comments.
Point (b): Random selection-based rules are essentially as cheap as cyclic selections while
alleviating some of the pitfalls of cyclic updates. They are also relevant in distributed envi-
ronments wherein data are not available in their entirety, but are acquired either in batches
or over a network. In such scenarios, one might be interested in running the optimization at
a certain instant even with the limited, randomly available information. The main limitation
of random selection rules is that they remain disconnected from the status of the optimiza-
tion process, which instead is exactly the kind of behavior that greedy-based updates try to
avoid, in favor of faster convergence, but at the cost of more intensive computation.

Point (c): The use of “more-than-first-order” information also has to do with the trade-
off between cost-per-iteration and overall cost of the optimization process. Although using
higher order or structural information may seem unreasonable in Big Data problems, recent
studies, as those mentioned above, suggest that a judicious use of some kind of “more-than-
first-order” information can lead to substantial improvements.

The above pros & cons analysis suggests that it would be desirable to design a parallel
algorithm for nonconvex problems combining the benefits of random sketching and greedy
updates, possibly using “more-than-first-order” information. To the best of our knowledge,
no such algorithm exists in the literature. In this chapter, we propose a BCD-like scheme
for the computation of stationary solutions of Problem (2.1) filling the gap and enjoying all

the following features:

1. It uses a random selection rule for the blocks, followed by a deterministic subselection;

2. It can classically tackle separable convex function G, i.e., G(x) = 3 ; Gi(x;), but also

nonseparable functions G;
3. It can deal with a nonconvex functions F’;
4. Tt can use both first-order and higher-order information;

5. It is parallel;
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6. It can use inexact updates;

7. It converges almost surely, i.e. our convergence results are of the form “with probability

one”.

The proposed scheme is the first algorithm enjoying all these properties, even in the convex
case. Subsequent relevant parallel algorithms applicable to (2.1) appeared after this work
was published among which, notably, they relax Lispchitz continuity assumption [44], syn-
chronous updates assumption [45], and enable random data sample selection [46] and etc.
The combination of all the features 1-7 in one single algorithm is a major achievement in
itself, which offers great flexibility to develop tailored instances of solutions methods within
the same framework (and thus all converging under the same unified conditions). Last but
not least, our experiments show impressive performance of the proposed methods, outper-
forming state-of-the-art solution scheme (cf. Sec. 2.3). As a final remark, we underline that,
at more methodological level, the combination of all features 1-7 and, in particular, the need
to conciliate random and deterministic strategies, led to the development of a new type of
convergence analysis (see Appendix 2.5.1) which is also of interest per se and could bring to
further developments.

Below we further comment on some of features 1-7, compare to existing results, and detail
our contributions.
Feature 1: As far as we are aware of, the idea of making a random selection and then
perform a greedy subselection has been previously discussed only in [47]. However, results
therein i) are only for convex problems with a specific structure; ii) are based on a regularized
first-order model; iii) require a very stringent “spectral-radius-type” condition to guarantee
convergence, which severely limits the degree of parallelism; and iv) convergence results are
in terms of expected value of the objective function. The proposed algorithmic framework
expands vastly on this setting, while enjoying also all properties 2-7. In particular, it is the
first hybrid random/greedy scheme for nonconvex nonseparable functions, and it allows any
degree of parallelism (i.e., the update of any number of variables); and all this is achieved
under much weaker convergence conditions than those in [47], satisfied by most of practical

problems. Numerical results show that the proposed hybrid schemes updating greedily just

26



some blocks within the pool of those selected by a random rule is very effective, and seems
to preserve the advantages of both random and deterministic selection rules.

Feature 2: The ability of dealing with some classes of nonseparable convex functions has
been documented in [48]-[50], but only for deterministic and sequential schemes; our ap-
proach extends also to parallel, random schemes.

Feature 3: The list of works dealing with BCD methods for nonconvex F’s is short: [33],
[40] for random sequential methods; and [18], [28]-[30] for deterministic parallel ones. Ran-
dom parallel methods for nonconvex F’s (not enjoying the key properties 1, 2, and 6) are
studied, independently from this work but drawing on [29], [30], also in [51]. We observe
that for certain classes of specific additively separable F’s, dual ADMM-like schemes have
been proposed for nonconvex problems shown to be convergent under strong conditions; see,
e.g., [52] and references therein. However, for the scale and generality of problems we are
interested in, they are computationally impractical.

Feature 4: We want to stress the ability of the proposed algorithm to exploit in a systematic
way “more-than-first-order” information. Differently from BCD methods that use at each
iteration a (possibly regularized) first-order model of the objective function, our method pro-
vides the flexibility of using more sophisticated models, including Newton-like surrogates as
well as more structured functions as those described in the following example. Suppose that
in (2.1) F' = F} + F,, where Fj is convex and Fy is not. Then, at iteration v, one could base
the update of the i-th block on the surrogate function Fy(z;, 2%,) + Vg, Fa(a*)T (2 — a¥) +
G(zi,2Y;), where z_; denotes the vector obtained from z by deleting x;. The rationale here
is that instead of linearizing the whole function F' we only linearize the difficult, nonconvex
part F5. In this light we can also better appreciate the importance of feature 6, since if we
go for more complex surrogate functions, the ability to deal with inexact solutions becomes
important.

Feature 6: Inexact solution methods have been little studied. Papers [14], [53], [54] (some-
what indirectly) consider some of these issues for ¢s-loss linear support vector machines
problems. A more systematic treatment of inexactness of the solution of a first-order model
is documented in [55], in the context of random sequential BCD methods for convez prob-

lems.
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As a final remark, we note that a large portion of the aforementioned works focuses on
(global) complexity analysis. Specifically, with the exception of [40], they all studied (reg-
ularized) gradient-type methods for convexr problems. Complexity analysis is an important
topic, but it is outside the scope of this thesis. Given our expanded setting, we believe it is
more fruitful to concentrate on proving convergence and verifying the practical effectiveness
of our algorithms.

This chapter is organized as follows. Section 2.1 formally introduces the optimization
problem along with several motivating examples and also discusses some technical points.
The proposed algorithmic framework and its convergence properties are introduced in Section

2.2, while numerical results are presented in Section 2.3. Section 2.4 draws some conclusions.

2.1 Problem Set-up and Preliminaries

We consider Problem (2.1), where the feasible set X = X} x --- x A5 is a Cartesian
product of lower dimensional convex sets X; C R%, and € R? is partitioned accordingly:
x = (x1,...,2p), with each z; € R%; we denote by B = {1,..., B} the set of the B blocks.
The function F' is smooth (and not necessarily convex and separable) and G is convex,
and possibly nondifferentiable and nonseparable. Problem (2.1) is very general and includes
many popular Big Data formulations; some examples are listed next.

Ex.#1—(group) LASSO: F(z) = ||[Az — b||? and G(z) = c[|z]|; (or G(z) = c¢XE, ||z,
X =RY, X =R? with A € R™*4 b € R™, and ¢ € R, given constants; (group) LASSO
has long been used in many applications in signal processing and statistics [12].
Ex.#2—linear regression: F(z) =0 and G(z) = ||Az — b||;, X = R, with A € R™*¢
and b € R™ given constants; the ¢;—norm linear regression is widely used techniques in
statistics [56]. Note that G is nonseparable.

Ex.#3—TheFermat-Weber problem: F(z) = 0 and G(r) = YL, wil|Aix — b2, X = RY,
with 4; € R™*4 b € R™, and w; > 0 given constants, for all i; this problem, which consists
in finding z € R such that the weighted sum of distances between x and the I anchors
Wi, Wws, ..., wr, was widely investigated in the optimization as well as location communities;

see, e.g., [57]. This is another example of nonseparable G.

28



Ex.#4—The TV image reconstruction: F(X) = ||[AX — V|?* and G(X) = ¢ - TV(X),
X =R™™ where A € R™™ X e R™™ V e R*™ ce Ry, and TV(X) £ X, [ Dy X |,
is the discrete total variational semi-norm of X, with p = 1 or 2 and D;; X being the discrete
gradient of X defined as DX £ [(Dy X)W, (D X) @], with (D3 X)Y = X5 — X;;ifi <m
and (D X)W = 0 otherwise, and (D;X)? = X, — Xi; if i < m and (DyX) = 0
otherwise [58]. This is the well-known noise-free discrete TV model for compressing sensing
image reconstruction [58]; TV minimizing models have become a successful methodology for
image processing, including denoising, deconvolution, and restoration, to name a few.
Ex.#5—Dictionary learning: F(X,Y) = i[|M — XY} and G(Y) = ¢[[Y], X =
{(X,Y) € R&*™ x R™* . || Xe|> < 4,Vi = 1,...,m}, where X and Y are the (ma-
trix) optimization variables, M € R*** ¢ > 0, and («;){"; > 0 are given constants, e; is the
m-dimensional vector with a 1 in the i-th coordinate and 0’s elsewhere, and || X ||z and || X||,
denote the Frobenius norm and the ¢; matrix norm of X, respectively; this is an example of
the dictionary learning problem for sparse representation [59] that finds numerous applica-
tions in various fields such as computer vision and signal and image processing. Note that
F(X,Y) is not jointly convex in (X,Y)
Ex.#6—Matrix completion: F(X,Y) = Y icq(M;—(XY)y)*+c (I X|7+Y]7), G(X,Y) =
0, X = R¥>™ x R™** where € is a given subset of {1,...,s} x{1,...,¢}. Matrix completion
has found numerous applications in various fields such as recommender systems, computer
vision, and system identification.

Other problems of interest that can be cast in the form (2.1) include the Logistic Regres-
sion, the Support Vector Machine, the Nuclear Norm Minimization, the Robust Principal
Component Analysis, the Sparse Inverse Covariance Selection, and the Nonnegative Tensor

Factorization; see, e.g., [60].
Assumption 2.1.1. Given (2.1), we make the following blanket assumptions:

2.1.1.1 Fach X is nonempty, closed, and convex;
2.1.1.2 F is C' on an open set containing X ;

2.1.1.3 VF is Lipschitz continuous on X with constant Lg;

29



2.1.1.4 G is continuous and convex on X (possibly nondifferentiable and nonseparable);

2.1.1.5 V is coercive, i.e., liMyex ||z|—00 V () = +00.

The above assumptions are standard and are satisfied by many practical problems. For
instance, 2.1.1.3 holds automatically if X is bounded, whereas 2.1.1.5 guarantees the exis-
tence of a solution.

With the advances of multi-core architectures, it is desirable to develop parallel solution
methods for Problem (2.1) whereby operations can be carried out on some or (possibly)
all (block) variables z; at the same time. The most natural parallel (Jacobi-type) method
one can think of is updating all blocks simultaneously: given z”, each (block) variable z; is

updated by solving the following subproblem

2/t € argmin {F(xl, Y+ Gy, 2 )} : (2.2)

TiEX;

Unfortunately this method converges only under very restrictive conditions [61] that are
seldom verified in practice (even in the absence of the nonsmooth part G). Furthermore,
the exact computation of 2/ may be difficult and computationally too expensive. To cope
with these issues, a natural approach is to replace the (nonconvex) function F'(e,z",) by a
suitably chosen local convex surrogate F(z;; ), and solve instead the convex problems (one

for each block)

2/t € argmin {iz (z;2") & F(x;;2%) + G(xi;x”_i)}, (2.3)

Ti€X;

with the understanding that the minimization in (2.3) is simpler than that in (2.2). Note
that the function G' has not been touched; this is because i) it is generally much more
difficult to find a “good” surrogate of a nondifferentiable function than of a differentiable
one; ii) G is already convex; and iii) the functions G encountered in practice do not make
the optimization problem (2.3) difficult (a closed form solution is available for a large classes
of G’s, if F; are properly chosen). In this work we assume that the surrogate functions

Fi(z;w) : X x X = R, have the following properties:
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(F1) Fi(e;w) is uniformly strongly convex with constant ¢ > 0 on Aj;
(F2) V, F(x;x) = Vo, F(x) for all 2 € X;
(F3) V,, Fi(2;e) is Lipschitz continuous on X for all z € X;;

where inﬁi is the partial gradient of F} with respect to (w.r.t.) its first argument z. Function
F; should be regarded as a (simple) convex surrogate of I at the point x w.r.t. the block
of variables z; that preserves the first order properties of F' w.r.t. x;. Note that, contrary
to most of the works in the literature (e.g., [50]), we do not require F to be a global upper
surrogate of F', which significantly enlarges the range of applicability of the proposed solution
methods.

The most popular choice for F| satisfying F1-F3 is

R(aiia") = F(a") + Vo F(a") (i — o) + 3l — o |, (2.4)

with 7 > 0. This is essentially the way a new iteration is computed in most (block-)BCDs for

the solution of LASSO problems and its generalizations. When GG = 0, this choice gives rise

to a gradient-type scheme; in fact we obtain z/*' simply by a shift along the antigradient.
As we discussed in Sec. I, this is a first-order method, so it seems advisable, at least in some

situations, to use more informative Fi-s. If F'(x;,x",) is convex, an alternative is to take

—1

Fi(x;;2) as a second order expansion of F'(x;,z";) around z¥, i.e.,

Rlria*) = F(a") + Vo F@) (5~ o) + 5 (o — )7 (V3 F) + al) (i — ), (25)

where ¢ is nonnegative and can be taken to be zero if F(x;, x”;) is actually strongly con-
vex. When G = 0, this essentially corresponds to taking a Newton step in minimizing
the “reduced” problem mingcx, F(z;,z”;). Still in the case of a uniformly strongly convex
F(x;,2",), one could also take just Fj(z;;x") = F(z;,2",), which preserves the structure of
the function. Other valuable choices tailored to specific applications are discussed in [30],
[62]. As a guideline, note that our method, as we shall describe in details shortly, is based

on the iterative (approximate) solution of problem (2.3) and therefore a balance should be
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aimed at between the accuracy of the surrogate F' and the ease of solution of (2.3). Needless
to say, the option (2.4) is the less informative one, but usually it makes the computation of
the solution of (2.3) a cheap task.

Best-response map: Associated with each i and point ¥ € X', under F1-F3, we can define

the following optimal block solution map:

Z;(z¥) £ argmin by (x;; 27). (2.6)
i €X;
Note that z;(x") is always well-defined, since the optimization problem in (2.6) is strongly

convex. Given (2.6), we can then introduce the solution map

Xoym iy 2 @)L, . (2.7)

Our algorithmic framework is based on solving in parallel a suitable selection of sub-
problems (2.6), converging thus to fized-points of Z(e) (of course the selection varies at each
iteration). It is then natural to ask which relation exists between these fixed points and the
stationary solutions of Problem (2.1). To answer this key question, we recall first two basic
definitions.

Stationarity: A point z* is a stationary point of (2.1) if a subgradient £ € 0G(x*) exists
such that (VF(z*) +&)T(y —2*) > 0 for all y € X.

Coordinate-wise stationarity: A point z* is a coordinate-wise stationary point of
(2.1) if subgradients & € J¢,G(z*), with i € B, exist such that (V,,F(z*) + &) (y; — 27) > 0,
for all y; € X, and i € B.

In words, a coordinate-wise stationary solution is a point for which z* is stationary w.r.t.
every block of variables. Coordinate-wise stationarity is a weaker form of stationarity. It
is the standard property of a limit point of a convergent coordinate-wise scheme (see, for
example [48]-[50]).

It is clear that a stationary point is always a coordinate-wise stationary point; the converse

however is not always true, unless extra conditions on G are satisfied. Regularity: Problem
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(2.1) is regular at a coordinate-wise stationary point x* if z* is also a stationary point of the
problem.

The following two simple cases imply the regularity condition,
(a) G is separable (still nonsmooth), i.e., G(z) = ¥ Gi(x;);
(b) G is continuously differentiable around x*.

This is evident from the fact that in the first case, J;,G(2*) = 0G;(z*) and in the second
case, O, G(2*) = ViG(z*) = (0G(z*));.

Of course these two cases are not at all inclusive of situations for which regularity holds.
As an example of a nonseparable function for which regularity holds at a point at which G is
not continuously differentiable, consider the function arising in logistic regression problems
F(z) = Y2 log(1 + ¢%% *) | with X = RY, and y; € R? and a; € {—1,1} being given
constants. Now, choose G(z) = c||z||2; the resulting function is continuously differentiable,
and therefore regular, at any stationary point but z* # 0. It is easy to verify that V' is also
regular at x = 0, if ¢ < log 2.

The algorithm we present in this chapter expands upon the literature in presenting the
first (deterministic or random) parallel coordinate-wise scheme that converges to coordinate-
wise stationary points. Under the regularity condition these points are also stationary, and so
among the class of parallel algorithms, the method we present enlarges the class of problems
for which convergence to stationary points is achieved for Problem (2.1) to include some
classes of nonseparable GG. Certainly, proximal gradient-like algorithms can converge to
stationary points for any nonseparable G, but such schemes are inherently incapable of
parallelization, and thus are typically much slower in practice. Thus, our algorithm is a step
towards, if not complete fulfillment of, the desiderata of a parallel algorithm that converges
to stationary points for all classes of Problem (2.1) with arbitrary nonsmooth convex G.

The following proposition is elementary and elucidates the connections between station-

arity conditions of Problem (2.1) and fixed-points of Z(e).

Proposition 2.1.1. Given Problem (2.1) under 2.1.1.1-2.1.1.5 and F1-F3, the following
hold:
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i) The set of fized-points of T(e) coincides with the coordinate-wise stationary points of

Problem (2.1);

ii) If, in addition, Problem (2.1) is reqular at a fized-point of Z(e), then such a fized-point

is also a stationary point of the problem.

Other properties of the best-response map Z(e) that are instrumental to prove conver-

gence of the proposed algorithm are introduced in Appendix 2.5.2.

2.2 Algorithmic Framework and convergence guarantees

We begin introducing a formal description of the salient characteristic of the proposed
algorithmic framework—the novel hybrid random/greedy block selection rule.

The random block selection works as follows: at each iteration k, a random set S C B is
generated, and the blocks i € §” are the potential candidate variables to update in parallel.
The set S” is a realization of a random set-valued mapping 8" with values in the power set
of B. To keep the proposed scheme as general as possible, we do not constraint 8" to any
specific distribution; we only require that, at each iteration k, each block i has a positive
probability (possibly nonuniform) to be selected. Thus we append the following additional

assumption to Assumption 2.1.1:

Assumption 2.1.1. Given (2.1), we make the following additional assumption:

2.1.1.6 The sets 8¥ are realizations of independent random set-valued mappings 8" such that

PieS8") >p, foralli=1,...,B and v € N, and some p > 0.

A random selection rule 8" satisfying 2.1.1.6 will be called proper sampling. Several
proper sampling rules will be discussed in details shortly.

The proposed hybrid random/greedy block selection rule consists in combining random
and greedy updates in the following form. First, a random selection is performed—the set
S” is generated. Second, a greedy procedure is run to select in the pool S¥ only the subset
of blocks, say S’”, that are “promising” (according to a prescribed criterion). Finally all the

blocks in S” are updated in parallel. The notion of “promising” block is made formal next.
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Since 2V is an optimal solution of (2.6) if and only if Z;(z") = z¥, a natural distance of =¥
from the optimality is d 2 ||Z;(z") —2?||. The blocks in S” to be updated can be then chosen
based on such an optimality measure (e.g., opting for blocks exhibiting larger d’s). Note
that in some applications, including some of those discussed in Sec. II, given a proper block
decomposition, Z;(z") can be computed easily in closed form, see Sec. IV for three different
examples. However, this is not always the case, and on some problems, the computation of
Z;(x”) might be too expensive. In these cases it might be useful to introduce alternative, less
expensive metrics by replacing the distance ||Z;(z") — z¥|| with a computationally cheaper

error bound, i.e., a function Fj(x) such that
5[ 7i(2") — af || < Ei(2”) < 5[ 7i(2”) — a7, (2.8)

for some 0 < g; < §;. We refer the interested reader to [30] for some more details, and to [63]
as an entry point to the vast literature on error bounds. As an example, if problem (2.1) is
unconstrained, G(z) = 0, and we are using the surrogate function given by (2.4), a suitable
error bound is the function Ei(z) = ||V, F(2") + 7i(2; — 2¥)|| with s; = T and 5; = Lp.

The proposed hybrid random/greedy scheme capturing all the features 1)-6) discussed
in Sec. 1 is formally given in Algorithm 1. Note that in step S.3 inexact calculations of
7; are allowed, which is another noticeable and useful feature: one can reduce the cost per
iteration without affecting too much, experience shows, the empirical convergence speed. In

1is a convex

step S.5 we introduced a memory in the variable updates: the new point 2t
combination via v” of ¥ and 2".

The convergence properties of Algorithm 1 are given next.

Theorem 2.2.1. Let {z"} be the sequence generated by Algorithm 1, under 2.1.1.1-2.1.1.6.
Suppose that {~v*} and {e'} satisfy the following conditions: i) v* € (0,1]; it) v — 0; iii)
S, 7 = 4o00; iv) ¥, (77)° < +oo; and v) € < Yoy min{ay, 1/||Vay, F(z”)||} for alli € B
and some nonnegative constants oy and as. Additionally, if inexact solutions are used in
Step 3, i.e., e/ > 0 for some i and infinite v, then assume also that G is globally Lipschitz

on X. Then, either Algorithm 1 converges in a finite number of iterations to a fixed-point
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Algorithm 1: Hybrid Random/Deterministic Flexible Parallel Algorithm
(HyFLEXA)

Data: {e/'} forie B, {7} >0,2° € X, p € (0,1].
Iterate: v=1, 2, ...

[S.1]: If 2¥ satisfies a termination criterion: STOP;
[S.2]: Randomly generate a set of blocks S C {1, ..., B}

[S.3]: Set M¥ £ maxies {E;(x")}. Choose a subset ¥ C S” that contains at least one
index i for which E;(z") > pM".

[S.4]: For all i € 8, solve (2.6) with accuracy & :
find 2/ € X st ||2F — 7 (27) || < &b
Set 2/ = 2¥ fori e 8 and 2V = 2¥ for i ¢ S
[S.5]: Set zv*! £ 2% + 47 (2¥ — a¥);

[S.6]: v v+ 1, and go to (S.1).

of Z(e) of (2.1) or there exists at least one limit point of {x"} that is a fized-point of i(e)

w.p. 1.
Proof. See Appendix 2.5.3. n

Remark 2.2.1. Note that the conditions on {e/} imply that e/ — 0 for all i. The Theo-
rem provides minimal conditions under which convergence can be guaranteed. Practically,
of course the choice of € will affect the practical performance of the algorithm and the

appropriate choice is problem dependent and given by practical experience.
The convergence results in Theorem 2.2.1 can be strengthened when G is separable.

Theorem 2.2.2. In the setting of Theorem 2.2.1, suppose in addition that G(x) is separable,
i.e., G(x) = Yiep Gi(x;). Then, either Algorithm 1 converges in a finite number of iterations
to a stationary solution of Problem (2.1) or every limit point of {x"} is a stationary solution

of Problem (2.1) w.p.1.
Proof. See Appendix 2.5.4. m
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On the random choice of §”. We discuss next some proper sampling rules S” that can
be used in Step 3 of the algorithm to generate the random sets S§”; for notational simplicity
the iteration index v will be omitted. The sampling rule & is uniquely characterized by the

probability mass function

PS)2P(S=S), SCB,

which assign probabilities to the subsets S of B. Associated with &, define the probabilities
¢ = P(|S| =j), for j = 1,..., B. The following proper sampling rules, proposed in [36] for
convex problems with separable GG, are instances of rules satisfying 2.1.1.6, and are used in
our computational experiments.

— Uniform (U) sampling. All blocks get selected with the same (non zero) probability:

P(ieS):IP(jeS):E[gSH, VijeB.

— Doubly Uniform (DU) sampling. All sets S of equal cardinality are generated with equal
probability, i.e., P(S) = P(S), for all S,S C B such that |S| = |S|. The density function is
then

P(S) = IS
d

|S]
— Nonoverlapping Uniform (NU) sampling. It is a uniform sampling assigning positive
probabilities only to sets forming a partition of B. Let S*,...,S* be a partition of B, with
each |S'| > 0, the density function of the NU sampling is:

1

ps) - 5 i Se {81,...,8P}
0

otherwise

which corresponds to P(i € §) = B/P, for all i € B.
A special case of the DU sampling that we found very effective in our experiments is the

so called “nice sampling”.
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— Nice Sampling (NS). Given an integer 0 < 7 < B, a 7-nice sampling is a DU sampling
with ¢, =1 (i.e., each subset of 7 blocks is chosen with the same probability).

The NS allows us to control the degree of parallelism of the algorithm by tuning the
cardinality 7 of the random sets generated at each iteration, which makes this rule particu-
larly appealing in a multi-core environment. Indeed, one can set 7 equal to the number of
available cores/processors, and assign each block coming out from the greedy selection (if
implemented) to a dedicated processor/core.

As a final remark, note that the DU/NU rules contain as special cases fully parallel and
sequential updates, wherein at each iteration a single block is updated uniformly at random,
or all blocks are updated.

— Sequential sampling: It is a DU sampling with ¢; = 1, or a NU sampling with P = B and
S =jforj=1,...,P.

— Fully parallel sampling: It is a DU sampling with ¢qg = 1, or a NU sampling with P =1
and S! = B.

Other interesting uniform and nonuniform practical rules (still satisfying 2.1.1.6) can be
found in [36], [64].

On the choice of the step-size 7”. An example of step-size rule satisfying Theorem

2.2.1i)-iv) is: given 0 < 7% <1, let

P= (=097, v=12, (2.9)

where 6 € (0,1) is a given constant. Numerical results in Section 2.3 show the effectiveness of
(2.9) on specific problems. We remark that it is possible to prove convergence of Algorithm
1 also using other step-size rules, including a standard Armijo-like line-search procedure or
a (suitably small) constant step-size. Note that differently from most of the schemes in
the literature, the tuning of the step-size does not require the knowledge of the problem

parameters (e.g., the Lipschitz constants of VF and G).
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2.3 Numerical Results

In this section we present some preliminary experiments providing a solid evidence of the
viability of our approach; they clearly show that our framework leads to practical methods
that exploit well parallelism and compare favorably to existing schemes, both deterministic
and random.

Because of space limitation, we present results only for (synthetic) LASSO problems,
one of the most studied instances of (the convex version of) Problem (2.1), corresponding
to F(x) = ||Az — v||?, G(z) = c||z]|;, and X = R?Y. Extensive experiments on more varied
(nonconvex) classes of Problem (2.1) are the subject of a separate work.

All codes have been written in C+4 and use the Message Passing Interface for parallel
operations. All algebra is performed by using the Intel Math Kernel Library (MKL). The
algorithms were tested on the General Compute Cluster of the Center for Computational
Research at the SUNY Buffalo. In particular for our experiments we used a partition com-
posed of 372 DELL 32x2.13GHz Intel E7-4830 Xeon Processor nodes with 512 GB of DDR4
main memory and QDR InfiniBand 40Gb/s network card.

Tuning of Algorithm 1: The most successful class of random and deterministic methods
for LASSO problem are (proximal) gradient-like schemes, based on a linearization of F. As a
major departure from current schemes, here we propose to better exploit the structure of F’
and use in Algorithm 1 the following best-response: given a scalar partition of the variables

(i.e., d; = 1 for all i), let

Ti(z%) & argrer]%in {F(mi,xﬁi) + %(ml —xF)? + /\|xi|} : (2.10)
Note that Z;(z*) has a closed form expression (using a soft-thresholding operator [19]).

The free parameters of Algorithm 1 are chosen as follows. The proximal gains 7; and
the step-size v are tuned as in [30, Sec. VI.A]. The error bound function is chosen as
Ei(zF) = ||Z(z*) — 2¥]|, and, for any realization S*, the subsets S* in S.3 of the algorithm
are chosen as

St ={ie S : E(z*) > o M*}. (2.11)
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We denote by cgr the cardinality of S* normalized to the overall number of variables (in our
experiments, all sets S* have the same cardinality, i.e., cgs = cgs, for all k). We considered
the following options for o and cs: i) c¢s = 0.01,0.1,0.2,0.5,0.8; ii) o = 0, which leads to a
fully parallel pure random scheme wherein at each iteration all variables in SF are updated;
and iii) different positive values of ¢ ranging from 0.01 to 0.5, which corresponds to updating
in a greedy manner only a subset of the variables in Sk (the smaller the o the larger the
number of potential variables to be updated at each iteration). We termed Algorithm 1 with
o = 0 “Random FLEXible parallel Algorithm” (RFLEXA), whereas the other instances with
o >0 as “Hybrid FLEXA” (HyFLEXA).

Algorithms in the literature: We compared our versions of (Hy)FLEXA with the most
representative parallel random and deterministic algorithms proposed in the literature to
solve the conver instance of Problem (1) (and thus also LASSO). More specifically, we
consider the following schemes.

e PCDM & PCDM2: These are (proximal) gradient-like parallel randomized BCD meth-
ods proposed in [36] for convex optimization problems. Since the authors recommend to use
PCDM instead of PCDM2 for LASSO problems, we do so (indeed, our experiments show
that PCDM outperforms PCDM2). We simulated PCDM under different sampling rules
and we set the parameters § and w as in [36, Table 4], which guarantees convergence of the
algorithm in expected value.

e Hydra & Hydra?: Hydra is a parallel and distributed random gradient-like CDM, pro-
posed in [65], wherein different cores in parallel update a randomly chosen subset of variables
from those they own; a closed form solution of the scalar updates is available. Hydra? [31]
is the accelerated version of Hydra; indeed, in all our experiments, it outperformed Hydra;
therefore, we will report the results only for Hydra®. The free parameter 3 is set to = 20}
(cf. Eq. (15) in [65]), with o given by Eq. (12) in [65] (according to the authors, this seems
one of the best choices for /).

e FLEXA: This is the parallel deterministic scheme we proposed in [29], [30]. We use
FLEXA as a benchmark of deterministic algorithms, since it has been shown in [29], [30] that
it outperforms current (parallel) first-order (accelerated) gradient-like schemes, including

FISTA [19], SparRSA [20], GRock [21], parallel BCD [18], and parallel ADMM. The free
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parameters of FLEXA, 7; and 7, are tuned as in [30, Sec. VI.A], whereas the set S* is chosen
as in (2.11).

e Other algorithms: We tested also other random algorithms, including sequential random
BCD-like methods and Shotgun [27]. However, since they were not competitive, to not
overcrowd the figures, we do not report results for these algorithms.

In all the experiments, the data matrix A = [A; - -+ Ap| of the LASSO problem is stored
in a column-block manner, uniformly across the P parallel processes. Thus the computation
of each product Az (required to evaluate VF') and the norm ||z||; (that is G) is divided into
the parallel jobs of computing Ajz; and ||zi]|1, followed by a reduce operation. Also, for all
the algorithms, the initial point was set to the zero vector.

Numerical Tests: We generated synthetic LASSO problems using the random generation
technique proposed by Nesterov [17], which we properly modified following [36] to generate
instances of the problem with different levels of sparsity of the solution as well as density
of the data matrix A € R™*?; we introduce the following two control parameters: s, =
average % of nonzeros in each column of A (out of m); and sy = % of nonzeros in the
solution (out of d). We tested the algorithms on two groups of LASSO problems, A €
RI0°X10” and A € R0 and several degrees of density of A and sparsity of the solution,
namely sy = 0.1%, 1%, 5%, 15%, 30%, and s, = 10%, 30%, 50%, 70%, 90%. Because of
the space limitation, we report next only the most representative results. Results for the
LASSO instance with 100,000 variables are reported in Fig. 2.1 and 2.2. Fig. 2.1 shows the
behavior of HyFLEXA as a function of the design parameters o and cg, for different values
of the solution sparsity (sg), whereas in Fig. 2.2 we compare the proposed RFLEXA and
HyFLEXA with FLEXA, PCDM, and Hydra?, for different values of sy, and s, (ranging
from “low” dense matrices and “high” sparse solutions to “high” dense matrices and “low”
sparse solutions). Finally, in Fig. 2.3 we consider larger problems with 1M variables. In all
the figures, we plot the relative error re(z) £ (V(x) — V*)/V* versus the CPU time, where
V* is the optimal value of the objective function V' (in our experiments V* is known). All
the curves are averaged over ten independent random realizations. Note that the CPU time
includes communication times and the initial time needed by the methods to perform all

pre-iterations computations (this explains why the curves associated with Hydra? start after
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the others; in fact Hydra? requires some nontrivial computations to estimates 3). Given Fig.

2.1-2.3, the following comments are in order.

w0 = 0.1, 8, = 0.2% acs = 0.5,850 = 0.
a0 = 0.5, 550 = 0.2% wcs = 0.2, 5500 = 0.2%
w0 =0.1,s ]:2;%, 10° *0570.17550110.207
107 g0 =0.5,850 = 2070 acs = 0.5, 850 = 2%
25 2055 B T e =2
-9, Ssol 0 ok *cs = 0.1,850 = 2%
e acs = 0.5, 850 = 5%
s = 0.2, 8500 = 5%
10 *cs = 0.1,8,0 = 5%

-6l L L L L L I L L = L i L L A L L
10 0 500 1000 1500 2000 '"2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000
time (sec) time (sec)
(a) (b)

Figure 2.1. HyFLEXA for different values of cs and o: Relative error vs.
time; sqo1 = 0.2%, 2%, 5%, s = 70%, 100.000 variables, NU sampling, 8 cores;
(a) cs =0.5,and 0 =0.1,0.5 - (b) 0 = 0.5, and cs = 0.1,0.2,0.5.

HyFLEXA: On the choice of (¢s,0), and the sampling strategy. All the experiments (includ-
ing those that we cannot report here because of lack of space) show the following trend in
the behavior of HyFLEXA as a function of (cg, o). For “low” density problems (“low” sq
and s,), “large” pairs (cgs, o) are preferable, which corresponds to updating at each iteration
only some variables by performing a (heavy) greedy search over a sizable amount of variables.
This is in agreement with [30] (cf. Remark 5): by the greedy selection, Algorithm 1 is able to
identify those variables that will be zero at the a solution; therefore updating only variables
that we have “strong” reason to believe will not be zero at a solution is a better strategy
than updating them all, especially if the solutions are very sparse. Note that this behavior
can be obtained using either “large” or “small” (cs, o). However, in the case of “low” dense
problems, the former strategy outperforms the latter. We observed that this is mainly due
to the fact that when s, is “small”, estimating #; (computing the products AT A) is com-
putationally affordable, and thus performing a greedy search over more variables enhances
the practical convergence. When the sparsity of the solution decreases and/or the density

of A increases (“large” s4 and/or sy,), one can see from the figures that “smaller” values
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Figure 2.2. LASSO with 100.000 variables, 8 cores; Relative error vs. time
for: (al) sa = 30% and sy = 0.2% - (a2) s4 = 30% and sy = 5% - (bl)
sa = 70% and sg) = 0.2% - (b2) s4 = 70% and s = 5% - (c1) s4 = 90%
and sgo1 = 0.2% - (¢2) s4 = 90% and sy = 5%.
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Figure 2.3. LASSO with 1M variables, s, = 10%, 16 cores; Relative error
vs. time for: (a)sso = 1% - (b) sso1 = 5%. The legend is as in Fig. 2.2.

of (cs, o) are more effective than larger ones, which corresponds to using a “less aggressive”
greedy selection while searching over a smaller pool of variables. In fact, when A is dense,
computing all z; might be prohibitive and thus nullify the potential benefits of a greedy
procedure. For instance, it follows from Fig. 2.1-2.3 that, as the density of the solution (sg)
increases the preferable choice for (cg, o) progressively moves from (0.5,0.5) to (0.2,0.01),
with both cs and o decreasing. Interesting, a tuning that works quite well in practice for
all the classes of problems we simulated (different densities of A, solution sparsity, number
of cores, etc.) is (cs,0) = (0.5,0.1), which seems to strike a good balance between not
updating variables that are probably zero at the optimum and nevertheless update a sizable
amount of variables when needed in order to enhance convergence..

As a final remark, we report that, according to our experiments, the most effective
sampling rule among U, DU, NU, and NS is the NU (which is actually the one the figures
refers to); NS becomes competitive only when the solutions are very sparse.

Comparison of the algorithms. For low dense matrices A and very sparse solutions, FLEXA
o = 0.5 is faster than its random counterparts (RFLEXA and HyFLEXA) as well as its
fully parallel version, FLEXA ¢ = 0 [see Fig. 2.2 al), bl) cl) and Fig. 2.3a)]. Nevertheless,
HyFLEXA [with (cs,0) = (0.5,0.5)] remains close. As already pointed out, this is mainly

due to the fact that in these scenarios i) estimating all #; is computationally cheap (and
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thus performing a greedy selection over a sizable set of variable is beneficial, see Fig. 2.1);
and ii) updating only some variables at each iteration is more effective than updating all
(FLEXA ¢ = 0.5 outperforms FLEXA ¢ = 0). However, as the density of A and/or the
size of the problem increase, computing all the products [AT A]; (required to estimate ;)
becomes too costly; this is when a random selection of the variables becomes beneficial:
indeed, RFLEXA and HyFLEXA consistently outperform FLEXA [see Fig 2.2 a2), b2) c2)
and Fig. 2.3b)]. Among the random algorithms, Hydra? is capable to approach relatively
fast low accuracy, especially when the solution is not too sparse, but has difficulties in
reaching high accuracy. RFLEXA and HyFLEXA are always much faster than current
state-of-the-art schemes (PCDM and Hydra?), especially if high accuracy of the solutions
is required. Between RFLEXA and HyFLEXA (with the same cg), the latter consistently
outperforms the former (about up to five time faster), with a gap that is more significant
when solutions are sparse. This provides a solid evidence of the effectiveness of the proposed
hybrid random/greedy selection method.

In conclusion, our experiments indicate that the proposed framework leads to very effi-
cient and practical solution methods for large and very large-scale (LASSO) problems, with

the flexibility to adapt to many different problem characteristics.

2.4 Conclusions

We proposed a highly parallelizable hybrid random/deterministic decomposition algo-
rithm for the minimization of the sum of a possibly noncovex differentiable function F' and
a possibily nonsmooth nonseparable convex function G. The proposed framework is the first
scheme enjoying all the following features: i) it allows for pure greedy, pure random, or mixed
random/greedy updates of the variables, all converging under the same unified set of conver-
gence conditions; ii) it can tackle via parallel updates also nonseparable convex functions G;
iii) it can deal with nonconvex nonseparable F'; iv) it is parallel; v) it can incorporate both
first-order or higher-order information; and vi) it can use inexact solutions. Our preliminary
experiments on LASSO and few selected nonconvex ones showed a very promising behavior

with respect to state-of-the-art random and deterministic algorithms. Of course, a more
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complete assesment, especially in the nonconvex case, require much more experiments and

is the subject of current research.

2.5 Appendix: Proof of Theorem 2.2.1 and 2.2.2

We first introduce some preliminary results instrumental to prove both Theorem 2.2.1
and Theorem 2.2.2. Given 8&” C B and z £ (x;)ies, for notational simplicity, we will denote
by (2)%, (or interchangeably z%,) the vector whose component i is equal to z; if i € S,
and zero otherwise. With a slight abuse of notation we will also use (x;,y_;) to denote

the ordered tuple (y1,...,%i—1, %, Yit1, - - -, yp); similarly (z;, zj, y—qy) ), with i < j stands for

(Y15 s Yints Ty Yitds - Y15 Ty Y15 - - 5 YB)-
2.5.1 On the random sampling and its properties

We introduce some properties associated with the random sampling rules 8" satisfying
assumption 2.1.1.6. A key role in our proofs is played by the following random set: let {z"}
be the sequence generated by Algorithm 1, and

i = argmax ||z;(z") — z¥||, (2.12)
ie{1,...,B}
define the set IC,x as
Ko ={veN, : i/ _e€8"}. (2.13)

The key properties of this set are summarized in the following two lemmata.

Lemma 2.5.1 (Infinite cardinality). Given the set K, as in (2.13), it holds that

P (K| = 00) =1,

where | x| denotes the cardinality of ICpx.
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Proof. Suppose that the statement of the lemma is not true. Then, with positive probability,

there must exist some v such that for v > v, i ¢ 8”. But we can write

P ({ine ¢ 8},25) = TP (e € 87| (i £ 87), . (i) ¢8°7)

< lim (1 —p)"" =0.

V—00

where the inequality follows by 2.1.1.6 and the independence of the events. But this obviously

gives a contradiction and concludes the proof. O]

Lemma 2.5.2. Let {7"} be a sequence satisfying assumptions i)-iii) of Theorem 2.2.1. Then
it holds that

P ( Y < oo) =0. (2.14)

VE’me

Proof. It holds that,
P(Zy”<oo) SIP(U Zv”<n)§ZP(Zy”<n).
VEK mx neENvemx neN vE mx

To prove the lemma, it is then sufficient to show that P (}-,cx. 7” < n) = 0, as proved next.

Define f(i, with i € N, as the smallest index K; such that
Ri
Y 4 >i-n. (2.15)
i=0

Note that since > )7, 7" = +oo0, f(i is well-defined for all i and lim;_, o, f(i = 4+00. Hence,

]P’(Z ’y”<n)zﬂ”(ﬂ (i 'y”<n)) :nll_rgOIP’(i fy”<n>:il_i>rcr>10P(§i: ”y”<n)

Ve mx meN \vemx VEK mx V€ mx

i IA(i N K f(i ~ K
= lim |P Z V<, [KuxN[0, K| < 71 +P Z V<, [Kux N[0, K] > 71
i i

i—o00
VEKL mx VERL mx

117 mx ) i n, mx ) il| = .
i—oo \/_ et ,y \/_

term I term 11

(2.16)
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holds for any n € N. Let us bound next “term I” and “term II” separately.

Term I: We have

A

R K. “ K; R’ K;
PlIKnx N[0, K] < — ]| =P X, < —| <P
\/ % 2 — 2 2
(b) i — (c) -
2 ( Zy;opu(l Kpu)) 9 ( Vs : ) _ ( ! ) —0
2vtoPv = K (p_ﬁ> ﬁ(p—%)

—
N

K;
> Dy
v=0

(2.17)
where:
(a): Xo,..., X, are independent Bernoulli random variables, with parameter p, 2P e
Kmx). Note that, due to 2.1.1.6, p, > p, for all v;
(b): it follows from Chebyshev’s inequality;
(c): we used the bounds Zf,iio p(l—p,) < K; and Zf;{:io Dy > pf(i.
Term II: Let us rewrite term II as
e . N
P <|zc§:€r’frf8,7m| < m”O 7 K0 = K) B (e 0,11 1)
K v 2 2
S (!éﬁ&}m e B AR B

O p (Tt _ Tior | 9 p (S Xe _ S0y 1
B ’ICIHX N [07K1]| -[(1\/I N Kj Ki \/I
o p (TR0 X S pe| | St Py Xt 1
B K K; K; K Vi
2
< p|| B0 X Xl py >< _1> ) Vs, — )
K; K; Vi Ki (p \/> Zu 07"
z 2 2

(2.18)
where:
(a): we used Ky N[0, K] > K‘ , by the conditioning event;
(b): it follows from (2.15), and IP’(Aﬂ B) < P(A);
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(¢): Xo,..., X %, are independent Bernoulli random variables, with parameter p,. The bound
is due to [Kux N[0, f(l]| < K
(d): it follows from the Chebyshev’s inequality.

The desired result (2.14) follows readily combining (2.16), (2.17), and (2.18). O

2.5.2 On the best-response map Z(e) and its properties

We introduce now some key properties of the mapping z(e) defined in (2.6). We also

derive some bounds involving Z(e) along with the sequence {z"} generated by Algorithm 1.

Lemma 2.5.3 ([30]). Consider Problem (2.1) under 2.1.1.1-2.1.1.5, and F1-F3. Suppose
that G(z) is separable, i.e., G(x) = ¥ Gi(xi), with each G; convex on X;. Then the mapping

X 3y Z(y) is Lipschitz continuous on X, i.e., there exists a positive constant L such that

I2(y) =2 < Llly—=ll, Vy,zeX. (2.19)

Lemma 2.5.4. Let {x"} be the sequence generated by Algorithm 1. For every v € K,
and 8" generated as in step S.3 of Algorithm 1, the following holds: there exists a positive
constant ¢y such that,

250 (") = 2 [| = e |[2(2") — 2]|. (2.20)
Proof. The following chain of inequalities holds:

(@)
> S
— p

1

14

Tiy (") = Tiy

(r{lea}gx §i> H:i“s,, (2") — 2%,
b 5 () 5
> B (2¥) 2 p By, (2")

(d
> i . (V) — Y
> p (mipsi) (max Jas(a) = o/1)

> 2 (mins) 12() - o

ieB

—
=

=

where: in (a) i is any index in S” such that By (2¥) > p maxiesv Ei(z”). Note that by
definition of S” (cf. step S.3 of Algorithm 1), such a index always exists; (b) is due to
(2.8); (c) follows from the definition of i}, and maxjes» Ei(7”) = Eiy (2”), the latter due to

v €8” D8 (recall that v € Kpy); and (d) follows from (2.8). O
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Lemma 2.5.5. Let {x"} be the sequence generated by Algorithm 1. For every v € Ny, and

A

S generated as in step S.3, the following holds:

(VL F@)5 (") - ") < —q ]| @(a") —")e [P+ 3 [Gla") - G@ ("), 2%)]

iesv
(2.21)
Proof. Optimality of Z;(z") for the subproblem i implies
(= v v = v v T o v
(VarF(@(2"); ) + G(@(2"), %)) (i = B(2¥)) > 0,
for all y; € A, and some &(Z;(2"), 2%;) € 0,,G(Zi(z"), 27,). Therefore,
0> Vi Fi(@i(a):a”)" (@:(2") —af) + &(@(a"), a2)T (@(a") —a}). (2.22)

Let us (lower) bound next the two terms on the RHS of (2.22). The uniform strong
monotonicity of F(e;z") (cf. F1),

(Vo B@(e);2") = Vo F(ats ) (@) —at) > qllan(a) — a1 (2.23)

along with the gradient consistency condition (cf. F2) Vg, Fy(2V; ") = V,, F(2¥) imply

Vo By (@(2"); 2)" (Z5(2") — 2))

= (Ve @) 2) = Vo B(ats ) @) - o))

R (2.24)
+ Vo By a")" (#5(2") — af)

>V F(a”)" (Ti(a") — 2f) + ¢ ||Z:(2") — 27|

1

To bound the second term on the RHS of (2.22), let us invoke the convexity of G(e, z",):

G(a},a%) — G(&i(2"),2%) = &(T(a"), 2%)" (af — Zi(2")),

i —i —1

which yields
&(@i(2"), 2%)" (@i(2") = 2}) = G(@(2"), 2%;) — G(a"). (2.25)



The desired result (2.21) is readily obtained by combining (2.22) with (2.24) and (2.25),

and summing over i € §”. m

Lemma 2.5.6. Let {2V} be the sequence generated by Algorithm 1, and {~"}] 0. For every
v € Ny sufficiently large, and S generated as in step S.3, the following holds:

Gat) <G +7" La & +97 3 [G@(")a%) = G| (220)

iesSv iesSv

Proof. Given v > 0 and 8%, define z” £ (z");ep, with

s ) ow (@) —a), ifi e 8

1

otherwise.

By the convexity and Lipschitz continuity of G, it follows

Gz") = G(a") + (G - G(2") + (G(x") — G(2"))
< G(a¥) +9" Lg Xiegr & + (G(37) = G(2¥))

(2.27)

where L is a (global) Lipschitz constant of G. We bound next the last term on the RHS of
(2.27).

Let 4% = «4*B, for v large enough so that 0 < 7 < 1. Define #¥ = (iV)icp, with & = ¥
ifi ¢ S, and
Ve

Z;

YE(e”) + (1 =77 ] (2.28)

21

otherwise. Using the definition of z¥ it is not difficult to see that

B—-1 1
B B

7 (2.29)
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Using (2.29) and invoking the convexity of G, the following recursion holds for sufficiently

large v:
—v 1 N2 1 7 B —2 v
G(a) =G (5@, a%) + lat,3%,) + =Z—a")
1., B-1,, 1 _, B-2
=6 (5@t + =5 (dhg it 5o))
1 o B-1 B B-2
<pG(#Heh) + =5 G<x1’B—1x‘1+B—1x_1)
1 ., .\ B-1 1 ,, .\ B-2,
:EG(%axq) 5 G(B—l (:cl,xl)—i-B_lx)
1 Y B-1 1 N
:EG( 1>$—1) B G<B—1 (IZax—Q)
1 v v NV B -3 v
1 . B -1 1 .
:EG( 1,3:,1)4— B G(B—l (:CQ,:LQ)
B-2/, , 1 _, B-3 ,
+B—1(x1’$2’B 2 T T g 2$—(12>)>
1 NV 14 1 MU v
SEG (a:l,x_l) + 5 G (:172, :v_2>
B -2 v - B-3 ,
B—lG(xl’xz’B—Qx(”) B—Qx(”))
1
< .. gEZG(:zi”,xii).

ieB

Using (2.30), the last term on the RHS of (2.27) can be upper bounded for v sufficiently

large as
_ 1 .
G(z") - G(") <= 3 [G,2%,) — G(a")]
B ieB
1 A 74 v v
"B (G, 2%) - G(a)]
o1 (2.31)
<5 [G@().a%) + (1-7)G (") — Ga")]
iesr
=" > [GE"),2") - G”)]
icesv
where (a) is due to the convexity of G(e,z”;) and the definition of &V [cf. (2.28)].
The desired inequality (2.26) follows readily by combining (2.27) with (2.31). O
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Lemma 2.5.7. [66, Lemma 3.4, p.121] Let {X"}, {Y"}, and {Z"} be three sequences of
numbers such that YV >0 for all v. Suppose that

X< XY —YY4+ 277, Yr=0,1,...

and Y00 Z¥ < oo. Then either X¥ — —oo or else {X"} converges to a finite value and

e}
e YV < o0.

2.5.3 Proof of Theorem 2.2.1

For any given v > 0, the Descent Lemma [61] yields: with 2V £ (2")ics and 2¥ 2 (2)ies

defined in step S.4 of Algorithm 1,

2
) Lyr |,
—— I

F(2"7) < F(2") + 9" Vo F ()7 (2" = 2") + ( 5 —¥?. (2.32)

We bound next the second and third terms on the RHS of (2.32). Denoting by S the

complement of S¥, we have,

F (@) (27— a”)

-v F<x”>T< ~ 8(a") + 2(a") — 2”)
D9F (@)% (2 = 2@ + VaF (1) (= 22"z
FVLF (25 (2(7) — ) + V. F ()% (3(a") - a¥)
(2.33)

=V, F ()5, (2" — 2(2")) g + Vo F (2")5 (B(2") — %) g

< Do IV F @)l + Vo F (2")g (3(2") = 2%)s.

iesSv
(C) ~ v v v =~ 14 14
<Y Vo F @)l —qll (@) —2¥)a [P+ X [G(a") = G(@i(e"), 2%)]
iesv ieSv

where in (a) we used the definition of 2 and of the set S*; in (b) we used |2/ — & (2¥)|| < &’;

and (c) follows from (2.21) (cf. Lemma 2.5.5).
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The third term on the RHS of (2.32) can be bounded as

12—l < 2)(z" = 2@ ll* + 2 (2(=*) — 2*) ||

= 2% o 2 — @) + 2 [I(3(=") — %) |I” (2.34)
< 230+ 2|(3() — 2 sl
iesv

where the first inequality follows from the definition of z¥ and z¥, and in the last inequality
we used ||z — Z(x")| < €.
Now, we combine the above results to get the descent property of V' along {z"}. For

sufficiently large v € N, it holds

V(.CI?V+1) — F(xz/—i-l) + G(.TV+1)
(2.35)
<V (") =" (g = 7 L) |(@(z") — ") s |I* + T,

where the inequality follows from (2.21), (2.32), (2.33), and (2.34), and T" is given by

T 29" 3" el (Lo + |[Va F@)) + (') Lor Y€
= ieB

By assumption (iv) in Theorem 2.2.1, it is not difficult to show that >°° 7% < oo. Since
v — 0, it follows from (2.35) that there exist some positive constant ; and a sufficiently

large v, say v, such that
V(@) S V(") =9 B (@) - 2") P+ T7, (2.36)

for all v > v. Invoking Lemma 2.5.7 while using > 7 7% < oo and the coercivity of V', we
deduce from (2.36) that

N
Jlim E_:Vv 1(@(2") — 2") g ||I” < 400, (2.37)
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and thus also
t

lim S (@) - ) s < +oo. (2.38)

t—00
Kmx2dv Z v

Lemma 2.5.2 together with (2.38) imply

liminf ||(Z(2”) — 2") & || = 0, w.p. 1,

VG’me

which by Lemma 2.5.4 implies
lim inf |Z(z") — z¥|| = 0, w.p. L. (2.39)
Therefore, the limit point of the infimum sequence is a fixed point of Z(-) w.p.1.

2.5.4 Proof of Theorem 2.2.2

The proof follows similar ideas as the one of Theorem 1 in our recent work [30], but with
the nontrivial complication of dealing with randomness in the block selection.

Given (2.39), we show next that, under the separability assumption on G, it holds that
lim,_,o ||Z(2*) — 2¥|| = 0 w.p.1. For notational simplicity, let us define AZ(z") = Z(a¥) —a".

Note first that for any finite but arbitrary sequence {v,v + 1, ...,1, — 1}, it holds that

E

ip,—1 ip,—1 i,—1
Z P)’t] :Z'Yt[P(tEICmX)]zp 27t7
t=v

Kmxdt=v

and thus

for all v € K and 0 < § < p. This implies that, w.p.1, there exists an infinite sequence of
indexes, say Ky C K, such that

ip—1 ip—1

o A >8> 4, Wwek. (2.40)
t=v

]me Bt:I/
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Suppose now, by contradiction, that limsup,,_, . [|AZ(z")|| > 0 with a positive probability.
Then we can find a realization such that at the same time (2.40) holds for some K; and
limsup,,_, . [|AZ(z")|| > 0. In the rest of the proof we focus on this realization and get a
contradiction, thus proving that limsup,_, . ||AZ(z")| = 0 w.p.1.

If limsup,_, [|AZ(z")|| > 0 then there exists a § > 0 such that ||AZ(z")]] > 26 for
infinitely many v and also ||[AZ(z")| < § for infinitely many v. Therefore, one can always
find an infinite set of indexes, say IC, having the following properties: for any v € K, there

exists an integer i, > v such that

IAz@")| <6, |AzE")

> 26 (2.41)

<Ak <20 v<j<in (2.42)

Proceeding now as in the proof of Theorem 2.2.1 in [30], we have: for v € Ky,

—
s}
~

6 < |az@)| ~ 14z
< |a@) - 2@ + o -2 (2.43)
2 a+i) o — 2 (2.44)
2 11y S A (|8a)s] + ¢ - s
t=v
2 (1+ L) (26 4 e™) 1,,2_:1 7, (2.45)
t=v

where (a) follows from (2.41); (b) is due to Lemma 2.5.3; (¢) comes from the triangle in-
equality, the updating rule of the algorithm and the definition of z¥; and in (d) we used
(2.41), (2.42), and ||z — Z(2")|| < Siege!, where €™ £ max, Y;cze? < oo. It follows from
(2.45) that

-1 5

lim inf t> _ > 0. 2.46
Kidov—00 ;j 7= (1 + L)(25 + gmax) ( )
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We show next that (2.46) is in contradiction with the convergence of {V(z")}. To do
that, we preliminary prove that, for sufficiently large v € K, it must be |[AZ(z")| > 6/2.

Proceeding as in (2.45), we have: for any given v € K,

v

< (1+ L)y (|Az(@”)| 4 ™). (2.47)

l,l/-i-l —

| Az || - 1A% < 1+ 1)

It turns out that for sufficiently large v € K so that (1+ L)y < 8/(6 + 2e™5%), it must
be
[AZ(2")]| = 6/2; (2.48)

otherwise the condition ||AZ(2*™)| > § would be violated [cf. (2.42)]. Hereafter we assume
without loss of generality that (2.48) holds for all v € K; (in fact, one can always restrict
{z"},ex, to a proper subsequence).

We can show now that (2.46) is in contradiction with the convergence of {V'(2”)}. Using

(2.36) (possibly over a subsequence), we have: for sufficiently large v € Ky,

V() < V(z¥) - B f th(Af(xt))gt g if T
Kmx3t=v Kmxt=v
Cvey-g 5 4 |az@h” L5 (2.49)
Kmxdt=v t=v

) i,—1 i,—1

(b
<V(@) =B Y A+ DT,
t=v t=v

where (a) follows from Lemma 2.5.4 and 32 = ¢; 1 > 0; and (b) is due to (2.48) and (2.40),
with 83 = (3 (2 (6°/4).

Since {V(2¥)} converges and 322 T" < 0o, it holds that limy,s, e >125' 74 = 0, con-
tradicting (2.46). Therefore lim, . [|Z(2") — 2”|| = 0 w.p.1. Since {z"} is bounded by the
coercivity of V' and the convergence of {V(z")}, it has at least one limit point £ € X. By
the continuity of Z(e) (cf. Lemma 2.5.3) it holds that Z(z) = z. By Proposition 2.1.1 7 is

also a stationary solution of Problem (2.1). O
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3. DECENTRALIZED FIRST-ORDER ALGORITHMS FOR
NON-CONVEX OPTIMIZATION OVER NETWORKS AND
SECOND-ORDER GUARANTEES

In this chapter we extend the network setting to ad-hoc (directed) topologies and we consider

the minimization of a smooth unconstrained nonconvex function, in the following form:

m

min F(0) £ Y £(0). (3.1)

d
9eR =

where m is the number of agents in the network; and f; : R? — R is the cost function of
agent i, assumed to be smooth and known only to agent i. Agents are connected through
a communication network, modeled as a (possibly directed, strongly) connected graph. No
specific topology is assumed for the graph (such as star or hierarchical structure). In this
setting, agents seek to cooperatively solve Problem (3.1) by exchanging information with
their immediate neighbors in the network.

Main objective: We call # a critical point of F' if VF(0) = 0; a critical point 0 is a
strict saddle of F if V2F(0) has at least one negative eigenvalue; and it is a Second-order
Stationary (SoS) solution if V2F(6) is positive semidefinite. Critical points that are not
minimizers are of little interest in the nonconvex setting. It is thus desirable to consider
methods for (3.1) that are not attracted to such points. When F' has a favorable structure,
stronger guarantees can be claimed. For instance, a wide range of salient objective functions
arising from applications in machine learning and signal processing have been shown to enjoy
the so-called strict saddle property: all the critical points of F' are either strict saddles or
local minimizers. Examples include principal component analysis and fourth order tensor
factorization [9], low-rank matrix completion [67], and some instances of neural networks [68],
just to name a few. In all these cases, converging to SoS solutions—and thus circumventing
strict saddles—guarantees finding a local minimizer.

In this chapter, we study the second-order guarantees of two renowned distributed gradient-
based algorithms for Problem (3.1), namely: the Distributed Gradient Descent (DGD) [69],
[70] and the family of distributed algorithms based on gradient-tracking [71]-[73]. The former
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is implementable on undirected graphs while the latter is suitable also for directed graphs.
Convergence of these schemes applied to conver instances of (3.1) is well understood; how-
ever, less is known in the nonconver case, let alone second-order guarantees; the relevant

works are discussed next.

3.1 Literature review

Recent years have witnessed many studies proving asymptotic solution- and convergence
rate-guarantees of a variety of algorithms for specific classes of nonconvex optimization prob-
lems (e.g., satisfying suitable regularity conditions); a good overview can be found in [74].
Since these analyses are heavily tailored to specific applications and it is unclear how to
generalize them to a wider class of nonconvex functions, we omit further details and discuss

next only results of centralized and distributed algorithms for general nonconvex instances

of (3.1).

3.1.1 Second-order guarantees of centralized optimization algorithms

Second-order guarantees of centralized solution methods for general nonconvex optimiza-
tion (3.1) have been extensively studied in the literature.

Hessian-based methods: Algorithms based on second-order information have long
been known to converge to SoS solutions of (3.1); they rely on computing the Hessian to dis-
tinguish between first- and second-order stationary points. The classical cubic-regularization
[75]-[79] and trust region (e.g. [80]-[83]) methods can provably find approximate SoS solu-
tions in polynomial time (by approximate SoS we mean 6 such that ||[VF(6)|| < ¢, and
Amin(V2F(0)) > —ep, for small €,, €, > 0); they however require access to the full Hessian
matrix. A recent line of works [84]-[86] show that the requirement of full Hessian access can
be relaxed to Hessian-vector products in each iteration, hence solving simpler sub-problems
per iteration, but at the cost of requiring more iterations to reach approximate SoS solutions.
First-order methods: For general nonconvex problems, Gradient Descent (GD) is known
to find a stationary point in polynomial time [87]. In [88], it was proved that randomly

initialized GD with a fixed step-size converges to SoS solutions almost surely. The elegant
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analysis of [88], leveraging tools from the theory of dynamical systems (e.g., the Stable Man-
ifold Theorem), has been later extended in a number of follow-up works establishing same
kind of second-order guarantees of a variety of first-order methods, including the proximal
point algorithm, block coordinate descent, mirror descent [89]; the heavy-ball method and
the Nesterov’s accelerated method [90]; block coordinate descent and alternating minimiza-
tion [91]; and a primal-dual optimization procedure for solving linear equality constrained
nonconvex optimization problems [92]. These results are all asymptotic in nature and it is
unclear whether polynomial convergence rates can be obtained for these methods. In [93]
it was actually proven that, even with fairly natural random initialization schemes and for
non-pathological functions, GD can be significantly slowed down by saddle points, taking ex-
ponential time to escape. Recent work has analyzed variations of GD that include stochastic
perturbations. It has been shown that when perturbations are incorporated into GD at each
step the resulting algorithm can escape strict saddle points in polynomial time [9]; the same
conclusion was earlier established in [94] for stochastic gradient methods, although without
escape time guarantees. It has also been shown that episodic perturbations suffice; in partic-
ular, [95] introduced an algorithm that occasionally adds a perturbation to GD, and proved
that the number of iterations to escape saddle points depends only poly-logarithmically on
dimension (i.e., it is nearly dimension-independent). Fruitful follow-up results show that

other first-order perturbed algorithms escape from strict saddle points efficiently [96], [97].

3.1.2 Distributed algorithms for (3.1) and guarantees

Distributed algorithms for convezr instances of (3.1) have a long history; less results are
available for nonconvex objectives. Since the focus on this work is on nonconvex problems,
next, we mainly comment on distributed algorithms for minimizing nonconvex objectives.

e DGD and its variants: DGD (and its variants) is unquestionably among the first and
most studied decentralizations of the gradient descent algorithm for (3.1) [69], [70]. The

instance of DGD considered in this work reads: given x) € R? i € [m)],

2 =Y Dyl —aVi(al), i€ ml, (3:2)
j=1
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where z¥ is the agent i’s estimate at iteration v of the vector variable 0; {D;;};; are suitably
chosen set of nonnegative weights (cf. Assumption 3.4.1), matching the graph topology (i.e.,
D;; > 0 if there is a link between node i and j, and D;; = 0 otherwise); and o > 0 is the
step-size. Roughly speaking, the update of each agent i in (3.2) is the linear combination
of two components: i) the gradient V f; evaluated at the agent’s latest iterate (recall that
agents do not have access to the entire gradient VF'); and ii) a convex combination of the
current iterates of the neighbors of agent i (including agent i itself). The latter term (a.k.a.
consensus step) is instrumental to asymptotically enforcing agreement among the agents’
local variables.

When each f; in (3.1) is (strongly) conver, convergence of DGD is well understood. With
a diminishing step-size, agents’ iterates converge to a consensual ezact solution; if a constant
step-size is used, convergence is generally faster but only to a neighborhood of the solution,
and exact consensus is not achieved. When (3.1) is nonconvez, the available convergence
guarantees are weaker. In [98] it was shown that if a constant step-size is employed, every
limit point (25°,...,2%) of the sequence generated by (3.2) satisfies >, V.. fi(x®) = 0;
the limit points of agents’ iterates are not consensual; asymptotic consensus is achieved
only using a diminishing step-size. Since in general f; are all different, such limit points
are not critical points of F. Nothing is known about the connection of the critical points
of 3, fi(x;) and those of F, let alone its second-order guarantees. A first contribution
of this research is to establish second-order guarantees of DGD (3.2) applied to (3.1) over
undirected graphs.

Several extensions/variants of the vanilla DGD followed the seminal works [69], [70]. The
projected (stochastic) DGD for nonconvex constrained instances of (3.1) was proposed in
[99]; with a diminishing step-size, the algorithm converges to a stationary solution of the
problem (almost surely, if noisy instances of the local gradients are used). The extension
of DGD to digraphs was studied in [100] for convex unconstrained optimization, and later
extended in [101] to nonconvex objectives. The algorithm, termed push-sum DGD, combines
a local gradient step with the push-sum algorithm [102]. When a diminishing step-size is
employed, push-sum DGD converges to an exact stationary solution of (3.1); and its noisy

perturbed version almost surely converges to local minimizers, provided that F' does not have
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any saddle point [101]. To our knowledge, no other guarantees are known for DGD-like
algorithms in the nonconvex setting. In particular, it is unclear whether DGD (3.2) escapes

strict saddles of F'.

e Gradient tracking-based methods: To cope with the speed-accuracy dilemma of DGD,
[71], [72] proposed a new class of distributed gradient-based methods that converge to an
ezact consensual solution of nonconvex (constrained) problems while using a fized step-
size. The algorithmic framework, termed NEXT, introduces the idea of gradient tracking
to correct the DGD direction and cancel the steady state error in it while using a fixed
step-size: each agent updates its own local variables along a surrogate direction that tracks
the gradient VF' of the entire objective (the same idea was proposed independently in [73]
for convex unconstrained smooth problems). The generalization of NEXT to digraphs—the
SONATA algorithm—was proposed in [6], [L03]-[105], with [104], [L05] proving convergence of
the agents’ iterates to consensual stationary solutions of nonconvex problems at a sublinear
rate. No second-order guarantees have been established for these methods. Extensions of
the SONATA family based on different choices of the weight matrices were later introduced
in [106], [107] for convex smooth unconstrained problems. In this chapter, we consider the
following family of distributed algorithms based on gradient tracking, which encompasses
the majority of the above schemes (see, e.g., [104, Sec. 5]), and refer to it as Distributed
Optimization with Gradient Tracking (DOGT):

it =3y Rz} —ayy, (3.3)
=1
=3y Ciy; + Vii(zit) — Vfi(z?), (Gradient Tracking) (3.4)

j=1

where (Ry);; and (Cj)i; are suitably chosen nonnegative weights compliant to the graph
structure (cf. Assumption 3.5.1); and y; € R? is an auxiliary variable, controlled by agent i
via the update (3.4), which aims at tracking locally the gradient sum Y=; V fi(z!). Overall,
the update (3.4) in conjunction with the consensus step in (3.3) is meant to “correct” the
local gradient direction —V fi(z¥) (as instead used in the DGD algorithm) and thus nulls

asymptotically the steady error Vfi(z!) — VF(z¥). This permits the use of a constant
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step-size @ while still achieving exact consensus without penalizing the convergence rate.
Another important difference between DOGT and DGD in (3.2) is that the former serves as
a unified platform for distributed algorithms applicable over both undirected and directed
graphs. Convergence of DOGT in the form (3.3)-(3.4) when F is nonconvex remains an open
problem, let alone second-order guarantees. A second contribution of this work is to fill this
gap and provide a first- and second-order convergence analysis of DOGT.

e Primal-dual distributed algorithms: We conclude this literature review by comment-
ing on distributed algorithms for nonconvex (3.1) using a primal-dual form [108]-[110]. Be-
cause of their primal-dual nature, all these schemes are implementable only over undirected
graphs. In [108] a distributed approximate dual (sub)gradient algorithm, coupled with a
consensus step is introduced. Assuming zero-duality gap, the algorithm is proved to asymp-
totically find a pair of primal-dual solutions of an auxiliary problem, which however might
not be critical points of F'; also, consensus is not guaranteed. No rate analysis is provided. In
[109], a proximal primal-dual algorithm is proposed; the algorithm, termed Prox-PDA, em-
ploys either a constant or increasing penalty parameter (which plays the role of the step-size);
a sublinear convergence rate of a suitably defined primal-dual gap is proved. A perturbed
version of Prox-PDA, P-Prox-PDA, was introduced in [110], which can also deal with non-
smooth convex, additive functions in the objective of (3.1). P-Prox-PDA converges to an
e-critical point (and thus also to inexact consensus), under a proper choice of the penalty
parameters that depends on €. A sublinear convergence rate is also proved. No second-order
guarantees have been established for the above schemes. The only primal-dual algorithms
we are aware of with provable convergence to SoS solutions is the one in [92], proposed for
a linearly constrained nonconvex optimization problem. When linear constraints are used
to enforce consensus, the primal-dual method [92] becomes distributed and applicable to
Problem (3.1), but only for undirected graphs (DOGT is instead implementable also over
digraphs). Second-order guarantees of such a scheme are established under slightly stronger
assumptions than those required for DOGT (cf. Remark 3.5.2, Sec. 3.5.3.3). Finally, no-
tice that, since [92] substantially differs from DGD and DOGT-the former is a primal-dual
scheme while the latter are primal methods—the convergence analysis put forth in [92] is not

applicable to DGD and DOGT. Since DGD and DOGT in their general form encompass
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two classic algorithms for distributed optimization, the open problem of their second-order

properties leaves a significant gap in the literature.

3.2 Summary of the technical results

We establish for the first time second-order guarantees of DGD (3.2) and DOGT (3.3)-

(3.4). The main results are summarized next.

3.2.1 DGD algorithm (3.2).

We prove that:

(i) For a sufficiently small step-size «, agents’ iterates {z"} generated by (3.2) converge
to an O(a)-critical point of F' for all initializations—see Lemma 3.4.1; neighborhood
convergence to critical points is also established (cf.Theorem 3.4.3). This complements

the convergence results in [98];

(ii) The average sequence {z¥ = (1/m) X", 2V} converges almost surely to a neighborhood
of a SoS solution of (3.1), where the probability is taken over the initializations—see

Theorem 3.4.4.

To prove (ii), we employ a novel analysis, which represents a major technical contribution
of this work. In fact, existing techniques developed to established second-order guarantees
of the centralized GD are not readily applicable to DGD-roughly speaking, this is due to the
fact that DGD (3.2) converges only to a neighborhood of critical points of F' [fixed points
of (3.2) are not critical points of F|. We elaborate next on this challenge and outline our
analysis.

The elegant roadmap developed in [88], [89] to establish second-order guarantees of the
centralized GD builds on the Stable Manifold theorem: roughly speaking, fixed-points of the
gradient map corresponding to strict saddles of the objective function are “unstable” (more

formally, the stable set! of strict saddles has zero measure), implying almost sure convergence

14 Given X C R%, g : R — R? and the fixed-point iterate x*+! = g(z"), the stable set of X is {z :
lim, ¢”(z) € X'}, i.e., the set of initial points such that {z*} converges to a member of X.
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of GD iterates to SoS points [89, Corollary 2]. It is known that the DGD iterates (3.2) can

be interpreted as instances of the GD applied to the following auxiliary function [98], [111]:

denoting x = [z],...2]T,
m 1 m m
Lo(z) & Z fi(y) +? Z Z(eij — Dij)l"iT%‘, (3.5)
i—1 (S S
éFC(I)

where e;; = 1 if there is an edge in the graph between agent i and agent j; and e; = 0

Z/T]T

otherwise. Using (3.5), (3.2) can be rewritten as: denoting 2 = [z} T, ... 2%,

2" =2 — aVL,(z"). (3.6)

One can then apply the above argument (cf. [89, Corollary 2]) to (3.6) and readily establish

the following result (see Theorem 3.4.1 for the formal statement)

Fact 1 (informal): For sufficient small o > 0, randomly initialized DGD (3.6) [and thus

(3.2)] converges almost surely to a second-order critical point of L.

Unfortunately, this result alone is not satisfactory, as no connection is known between the
critical points of L, and those of F' (note that L, : R™?% — R whereas F' : R — R). To

cope with this issue we prove the following two facts.

Fact 2 (informal): Every limit point Z° of the average sequence T = 1/m Y., z¥ can
be made arbitrarily close to a critical point of F' by using a sufficiently small o > 0

(Theorem 3.4.3);

Fact 3 (informal): Whenever the limit point 2 = 1/m Y[, x{° belongs to a sufficiently
small neighborhood of a strict saddle of F, x* = [z3°7,... z°T]T

, T must be a strict
saddle of L, (Proposition 3.4.1 and Corollary 3.4.1).

The above three facts will then ensure that, for sufficiently small o > 0, with almost complete
certainty, {z"} will not get trapped in a neighborhood of a strict saddle of F-as x> would

be a strict saddle of L,~thus landing in a neighborhood of a SoS solution of (3.1).
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Facts 2 & 3 above are proved under a regularity condition on F' which recalls (albeit
slightly weaker than) [112]. Roughly speaking, the gradient flow over some annulus must be
uniformly positive correlated with any outward (from the origin) direction (cf. Assumption
3.3.3). This condition is quite mild and is satisfied by functions arising, e.g., from several
machine learning applications, including distributed PCA, matrix sensing, and binary classi-
fication problems; see Sec. 3.3 for more details. Furthermore, this condition is also sufficient
to prove convergence of DGD without assuming the objective function to be globally L-
smooth (but just locally L-smooth, LC?! for short), a requirement that instead is common to
existing (first-order) convergence conditions of DGD. Notice that the loss functions arising

from many of the aforementioned machine learning problems are not globally L-smooth.

3.2.2 DOGT algorithm (3.3)-(3.4)

For DOGT, we establish the following three results.

(i) When F is nonconvex and the graph is either undirected or directed, it is proved that
every limit point of the sequence generated by DOGT is a critical point of F. Fur-
thermore, a merit function, measuring distance of the iterates from stationarity and
consensus disagreement is introduced, and proved to vanish at a sublinear rate—see
Theorem 3.5.1. This extends convergence results [106], [107], established only for con-
vex functions. To deal with nonconvexity, our analysis builds on a novel Lyapunov-like
function [cf. (3.44)], which properly combines optimization error dynamics, consen-
sus and tracking disagreements. While these three terms alone do not “sufficiently”
decrease along the iterates—as local optimization and consensus/tracking steps might
act as competing forces—a suitable combination of them, as captured by the Lyapunov

function, does monotonically decrease.

(ii) When F satisfies the Kurdyka-Lojasiewicz (KL) property [113], [114] at any of its critical
points, convergence of the entire sequence to a critical point of F is proved (cf. Theorem
3.5.2), and a convergence rate is provided (cf. Theorem 3.5.3). Although inspired by
[115], establishing similar convergence results (but no rate analysis) for centralized

first-order methods, our proof follows a different path building on the descent of the
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Lyapunov function introduced in (i), which does not satisfy [115, conditions H1-H2]);

see Sec. 3.5.2 for details.

(iii) The sequence of iterates generated by DOGT is shown to converge to SoS solutions
of (3.1) almost surely, when initial points are randomly drawn from a suitably chosen
linear subspace—see Theorem 3.5.5. This result is proved for undirected and directed
networks. The proofs build on the stable manifold theorem, based upon the inter-
pretation of DOGT dynamics as fixed-point iterates of a suitably defined map. The
challenge in finding such a map is ensuring that the stable set of its undesirable fixed-
points—those associated with the strict saddles of F—has measure zero in the subspace

where the initialization of DOGT takes place. Note that this subspace is not full

dimensional.

The rest of the chapter is organized as follows. The main assumptions on the optimization
problem and network are introduced in Sec. 3.3. Sec. 3.4 studies guarantees of DGD over
undirected graphs, along the following steps: i) existing convergence results are discussed
in Sec. 3.4.1; ii) Sec. 3.4.2 studies convergence to a neighborhood of a critical point of F
and iii) Sec. 3.4.3 establishes second-order guarantees. DOGT algorithms are studied in
Sec. 3.5 along the following steps: i) Sub-sequence convergence is proved in Sec. 3.5.1; ii)
Sec. 3.5.2 establishes global convergence under the KL property of F'; and iii) Sec. 3.5.3 de-
rives second-order guarantees over undirected and directed graphs. Finally, Sec. 3.6 presents
some numerical results.

The sequence generated by DGD (and DOGT) depends on the step-size o and the ini-
tialization z°. When necessary, we write {z"(«a, z°)} for {z*}.

Throughout the chapter, we assume that all the probability measures are absolutely

continuous with respect to the Lebesgue measure.

3.3 Problem & network setting

In this section, we introduce the various assumptions on the functions f; and the graph,

under which our results are derived.
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Assumption 3.3.1 (On Problem 3.1). Given Problem (3.1),

(i) Each f; is r + 1 times continuously differentiable for some r > 1, and Vf; is L;-

. . . A
Lipschitz continuous. Denote L. = max; L;;
(ii) F is coercive.

For some convergence results of DGD we need the following slightly stronger condition.

Assumption 2.1. Assumption 3.3.1-(i) is satisfied and (ii) each f; is coercive.

We also make the blanket assumption that each agent i knows only its own f; but not
the rest of the objective function.

Note that Assumption 3.3.1, particularly the global Lipschitz gradient continuity of f;,
is quite standard in the literature. Motivated by some applications of interest (see examples
below), we will also prove convergence of DGD under LC! only and the mild condition (3.8)
below (cf. Assumption 3.3.3). Although strictly not necessary, coercivity in Assumptions
3.3.1 & 2.1’ simplifies some of our derivations; our results can be extended under the weaker
assumption that (3.1) has a solution.

Some of the convergence results of DGD and DOGT are established under the assumption

that F satisfies the Kurdyka-Lojasiewicz (KL) inequality [113], [114].

Definition 3.3.1 (KL property). Given a function U : R? — R U {+o00}, we set [a < U <
b2 {z€R?: a<U(z) <b}, and

(a) The function U has KL property at 2 € dom OU if there exists n € (0,+0o0], a neigh-

borhood V;, and a continuous concave function ¢ : [0,n) — Ry such that:

(i) ¢(0) =0,
(ii) ¢ is C* on (0,7),
(iii) for all s € (0,m), ¢(s) >0,

(iv) for all z € V;N[U(Z) <U < U(%) 4+ n|], the KL inequality holds:
¢ (U(z) —U(%))dist(0,0U(2)) > 1. (3.7)
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(b) A proper lower-semicontinuous function U is called KL if it satisfies the KL inequality

at every point in dom OU.

Many problems involve functions satisfying the KL inequality; real semi-algebraic func-
tions provide a very rich class of functions satisfying the KL, see [116] for a thorough dis-
cussion.

Second-order guarantees of DGD are obtained under the following two extra assumptions
below; Assumption 3.3.2 is quite standard and widely used in the literature to establish
second-order guarantees of centralized algorithms (e.g., [9], [76]-[79], [82], [95]) as well as of
distributed algorithms [92], [117], [118]. Assumption 3.3.3 is introduced for the first time in

this work and is commented below.

Assumption 3.3.2. Fach f; : R? — R is twice differentiable and V2f; is L2-Lipschitz
continuous. The Lipschitz constant of V2F and V?F, are Ly2 = Y7, L2 and Ly2 =

max; Lyz, respectively, where F, is defined in eq. (3.5).

Assumption 3.3.3. (i) Each f; is LC'; and (ii) there exist 0 < € < R and § > 0 such that

inf <Vfi<9),9/H9H> > 5  Vie [ml. (3.8)

QESR76

Roughly speaking, the condition above postulates that the gradient V fi(0) is positively

correlated with any radial direction 9/H9 ', for all # in the annulus Sg.. A slightly more
restrictive form of the above assumption has appeared in [112, Assumption A3]. Many
functions of practical interest satisfy this assumption; some examples arising from machine
learning applications are listed below.

Distributed PCA [119]: Given matrices M; € R™? i € [m], the distributed PCA
problem is to find the leading eigenvector of >, M; by solving

2

, (3.9)

1 m
min  —007 =S M;

fcRd

which can be rewritten in the form (3.1);
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Phase retrieval [74]: Let {(a;,v:)}",, with a; € R? and y; € R such that y; =
a M*a; = (a0*)?, and M* = 0*0*T € R¥?. The phase retrieval problem reads

1

i 1 T oo 2\ )
min ZZ(H% 0l — ) + 31611, (3.10)

d
6eR Pt

where A > ( is a given parameter.
Matrix sensing [74]: Let {(A;,4)}",, with A; € R4 and 3 € R such that y; =
(A;, M*), and M* = ©*©*T € R4 ©* € R¥". The matrix sensing problem reads

min ii (<Ai, @@T> — yi>2 + ;H(aﬂ P (3.11)

dxr
OeRdxT =

where A\ > 0 is a given parameter.

Gaussian mixture model [120]: Let {z}™, be m points drawn from a mixture of ¢
Gaussian distributions, i.e., z; ~ ngzl N (u;, Y)), where N/ (,uJT", Y)) is the Gaussian distribution
with mean pf € R? and covariance ¥ € R%¢. The goal is to estimate the mean values

K15 - -+, Hy by solving the maximum likelihood problem

2
3.12
{ejERd}f:1 ’ ( )

m q A
min  — Y _log (Z%(Z’i — 93’)) + §H9j
= =

where ¢4(0) is the multivariate normal distribution with 0 mean and covariance ¥;

Bilinear logistic regression [121]: The description of the problem along with some
numerical results can be found in Sec. 3.6.2;

Artificial neuron [122], [123]: Let {(s;,&)}™, be m samples, with s; € R?, & € R,
and measurement model & = o(s;' §*), where 6* is the optimal weights and o(-) is a transfer
function; e.g., the logistic regression function o(#) = 1/(1+exp(—#0)). The goal is to estimate
6* by solving
min 30 - [(gi o(sT0) ¢ ;Heuz] , (3.13)

i=1

fcRd 2m
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where A > 0 is a given parameter. Further binary classification models satisfying Assumption

3.3.3 include f; functions such as [123]

fi(0) =1 — tanh &s, 0 + ;‘H@

2
)

2 (3.14)

70) = (1 - o6 0)) " + 50

fi(0) = —Ino(&s'0) +Ino(&s 04 p) + ;‘He

2
)

where A > 0 and p > 0 are given parameters. In all these examples, Assumption 3.3.3 is
satisfied for any sufficiently large R and R — €; the proof can be found in Appendix 3.8.1.
Note that many of the functions listed above are not L-smooth on their entire domain,
violating thus (part of) Assumption 3.3.1(i). Motivated by these examples, we will extend
existing convergence results of DGD, replacing Assumption 3.3.1(i) with Assumption 3.3.3.

Network model: The network is modeled as a (possibly) directed graph G = (V, &),
where the set of vertices V = [m] coincides with the set of agents, and the set of edges &£
represents the agents’ communication links: (i,j) € £ if and only if there is link directed from
agent i to agent j. The in-neighborhood of agent i is defined as N/ = {j|(j,i) € £} U{i} and
represents the set of agents that can send information to agent i (including agent i itself, for
notational simplicity). The out-neighborhood of agent i is similarly defined N = {j|(i,j) €
€} U {i}. When the graph is undirected, these two sets coincide and we use N; to denote
the neighborhood of agent i (with a slight abuse of notation, we use the same symbol G to
denote either directed or undirected graphs). Given a nonnegative matrix A € M,,(R), the
directed graph induced by A is defined as G4 = (Va,E4), where V4 = [m] and (j,i) € €4 if
and only if A;; > 0. The set of roots of all the directed spanning trees in G4 is denoted by

R 4. We make the following blanket standard assumptions on G.

Assumption 3.3.4 (On the network). The graph (resp. digraph) G is connected (resp.

strongly connected).
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3.4 The DGD algorithm

Consider Problem (3.1) and assume that the network is modeled as an undirected graph
G. As described previously, the DGD algorithm is based on a decentralization of GD as
described in (3.2). It is convenient to rewrite the update (3.2) in the matrix/vector form:

Using the definition of aggregate function F.(x) [cf. (3.5)] and 2¥ = [2¥T,...2%]T, we have

2"t = Wpa¥ — aVF.(7"), (3.15)

given 2° € R™ where Wp = D ® I;, and D € M,,(R) satisfying the following assumption.

Assumption 3.4.1. D € M,,(R) is nonnegative, doubly-stochastic, and compliant to G,
i.e., Dy > 0 if and only if (j,1) € €, and Di; = 0 otherwise.

3.4.1 Existing convergence results

Convergence of DGD applied to the nonconvex problem (3.1) has been established [98],

[111], and summarized below.

Theorem 3.4.1 ([98], [111]). Let Assumptions 2.1°, 8.5.4 hold. Given arbitrary x° € R™
and 0 < o < Qmax = Omin(I + D)/Le, let {x¥} be the sequence generated by the DGD
algorithm (3.15) under Assumption 3.4.1. Then {z"} is bounded and

(i) [almost consensus|: for alli € [m] and v € N,

aH

I — 2| < (o2)" ||2F]] + ,
1— 09

where o9 < 1 s the second largest singular value of D, and H is a universal upper-bound

of {IIVE(x")][};
(7i) [stationarity]: every limit point x> of {xV} is such that x> € crit L.

In addition, if L, is a KL function, then {x"} is globally convergent to some x> € crit L.
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Although L-smoothness of fi’s is a common assumption in the literature, above conver-
gence results can also be established without this condition but under Assumption 3.3.3—see
Remark 3.4.1 and Appendix 3.8.2 for details.

Since (3.15) is the gradient update applied to L, (cf. (3.6)), non-convergence of the DGD
algorithm to strict saddle points of L, can be established by applying [89, Corollary 2] to
(3.6); the statement is given in Theorem 3.4.2 below. The following extra assumption on the

weight matrix D is needed.
Assumption 3.4.2. The matriz D € M,,(R) is nonsingular.

Theorem 3.4.2. Consider Problem (3.1), under Assumptions 2.1°, 3.5.4, and further as-
sume that each f; is a KL function. Let {x"} be the sequence generated by the DGD algorithm

Omin

with step-size 0 < a < % and weight matriz D satisfying Assumptions 3.4.1 and 3.4.2.
Then, the stable set of strict saddles has measure zero. Therefore, {z¥} convergences almost

surely to a SoS solution of L., where the probability is taken over the random initialization

20 € R™4,

As anticipated in Sec. 3.2.1, the above second-order guarantees are not satisfactory
as they do not provide any information on the behavior of DGD near critical points of
F', including the strict saddles of F. In the following, we fill this gap. We first show
that the DGD algorithm convergences to neighborhood of the critical points of F', whose
size is controlled by the step-size @ > 0 (cf. Section 3.4.2). Then, we prove that, for
sufficiently small « > 0, such critical points are almost surely SoS solutions of (3.1), where

the randomization is taken on the initial point (cf. Section 3.4.3).

3.4.2 DGD converges to a neighborhood of critical points of F

Let us begin with introducing the definition of e-critical points of F.

Definition 3.4.1. A point 0 € R? such that ||VF(0)|| < e, with € > 0, is called e-critical

point of F'. The set of e-critical points of F is denoted by crit. F .

In this section, we prove that when the step-size is sufficiently small and DGD is initialized

in a compact set, the iterates {z!}, i € [m], converge to an arbitrarily small neighborhood of
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critical points of F—the result is formally stated in Theorem 3.4.3. Roughly speaking, this
is proved chaining the following intermediate results:

i) Lemma 3.4.1: Every limit point of DGD is an O(«)-critical point of F’;

ii) Lemma 3.4.2: Every sequence generated by DGD for given a > 0 and initialization
in a compact set, is enclosed in some compact set, for all a | 0; and

iii) Lemma 3.4.3: Any e-critical point of F' achievable by DGD is arbitrarily close to
a critical point of F', when e is sufficiently small. Lemma 3.4.1 implies that, for any given
e > 0, one can find arbitrarily small o > 0 so that every limit point of each {z!} (whose
existence is guaranteed by Lemma 3.4.2) is an e-critical point of F. Finally, Lemma 3.4.3
guarantees that every such e-critical point can be made arbitrarily close to a critical point

of F as € | 0. The proof of the above three lemmata follows.

Lemma 3.4.1. Let Assumptions 2.1 and 3.3.4 hold. Given arbitrary z° € R™ and 0 <
@ < Omin(I + D) /L, every limit point x°° = [x5°7 ..., 2%T|" of {x} generated by the DGD

algorithm satisfies T° € critgoF, with ° = (1/m) X", 2° and K = my/mL.H/ (1 — o),

where H and oy are defined in Theorem 5.4.1.

Proof. By Theorem 3.4.1(ii), (1® )"V L,(z*) = 0, which using (3.5) and the column
stochasticity of D yields (1 ® I)" VF.(z>) = 0. Hence,

\vrE=)| =1 DT (VRO @7°) - VE@®)|
AL H (3.16)

SLC\/EHxOO -1® Q_ZOOH (%) - -,

where in (a) we used Theorem 3.4.1(i). O

To proceed, we limit DGD initialization to z) € X;, i € [m], where X C R? is some

compact set with positive Lebesgue measure.

Lemma 3.4.2. Consider Problem (3.1), under Assumptions 2.1°, 3.3.3 and 3.3.4. Let
{z"(a, 2°)} be any sequence generated by DGD under Assumption 3.4.1, with step-size a
and initialization z°. Then, there exists a bounded set Y such that {z"(a,2°)} C Y, for all
0 <a < amax = Omin(I+D)/L. and 2 € X; C BY%,i € [m], where R is defined in Assumption

74



Proof. We proceed by induction. For the sake of notation, throughout the proof, we will
use for 2” (v, 7°) the shorthand z¥. Define h = MaXic () oepd ||V fi(0)]]. By assumption, there
holds x) € B%, for all i. Suppose z¥ € BS%, for all i. If 27 € B4 _ and « < €Dj/h, then

af — 5-Vfi(at) € B, since

If 27 € Sge and @ < 2D;6(R — €)/h?, then xf — 5-V fi(a}) € B4, since

ah

! <R- —. 3.17
" <R-c+ (3.17)

<

Y — gﬁwxxi”)

VA

v Q v 2 v Qa xi/ :Eij v a2 14
ot - govstan = arle 25 (v )+ alvsenl?
Dj D |7 ] Dj (3.18)
<R 200(R — ¢€) N a’h?
B Dy Di -

By agents’ updates z{" = i Dya? + Dy(af — B-Vfi(z7)) and convexity of the norm,
we conclude that if 27 € B%, for all i, and 0 < o < ay £ min; min{eD;;/h, 2D;0(R — €)/h?},
then 27" € B%. This proves that, for o € (0, a), any sequence {z?} initialized in B lies in
B4, for all i.

We prove now the same result for o € oy, omin(I + D)/L.]. Note that since each f; is
coercive (cf. Assumption 2.1°(ii)), any sublevel set of L, is compact. Also, since {L,(z")} is
non-increasing for all a € (0, opin (I +D) /L] (cf. [111, lemma 2]), then {2} C Ly (F.(2°)+

i”xo‘ |2 /), and furthermore,

1

1
Lr, <Fc($0) + QQHSUOWW) CLp, (Fc(xo) + 20¢bHIOH%W>
(3.19)

1 1
cen () + gl w) € Lo (o (R0 + L1000 }).

zYeBY ie[m]

Since ||2°]|7_,; < 2||2°])?, it follows

Lo, () + -0l ) gﬁFC( o {ifi<x?>}+R). (320)

2a 2)eBY ie[m]

The statement of the lemma hods with Y = £ U™, B%. O
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The following lemma shows that any e-critical point of F' achievable by DGD (i.e., any
point in crit. £ N J_i) can be made arbitrarily close to a critical point of F', when ¢ > 0 (and

thus « > 0) is sufficiently small.

Lemma 3.4.3. Suppose F : R? — R is continuously differentiable. For any given compact
set Y C R?, there holds

lim  max _ dist(g,crit F') = 0. (3.21)
e=0 gecrit. FNY

Proof. We prove the lemma by contradiction. Suppose

limsup  max _ dist(g,crit F)) =~ > 0. (3.22)

e—0 g€Ecrite FNY

Then, one can construct {¢”} with ¢” € crity;,, F' N'Y such that dist(¢”, critF’) > + for all
v € N. Since VF is continuous, crit;F is closed and crit;F N'Y is compact. Note that
{¢"} C crit; FNY), which ensures {¢"} is bounded. Let {¢'} be a convergent subsequence of
{¢"}; its limit point ¢* satisfies dist(¢>, crit F') > 7. By construction, for any v € N, {¢"}
eventually settles in crit;/, FNY), thus ¢ € crity, FNY. This means that ||[VF(¢”)|| < 1/7,
for all 7 € N, implying ||VF(¢*°)|| = 0. Hence dist(¢>,crit F)) = 0, which contradicts
(3.22). 0

We can now combine Lemmas 3.4.1-3.4.3 with Theorem 3.4.1(i) and state the main result

of this section.

Theorem 3.4.3. Let Assumptions 2.1°, 8.5.8 and 5.5.4 hold. Let ¢ > 0. There exists

a > 0 (which depends on €) such that with any initialization 29 € X° C B (R > 0 is

defined in Assumption 3.3.3), 1 € [m], and any step-size 0 < o < @, all the limit points
72, 2°%) = [25°(a, 2°) T, ... 2% (a, 2°)T]T of the sequence {x¥(a, 2°)}, generated by DGD

satisfies
dist(:ioo(a,xo), crit F) <e and me(a,xo) —1®z2%(a, xO)H <€, (3.23)

where 2%°(a, 2°) 2 (1/m) 2™, 22° (o, 20).
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Proof. Combining Lemmata 3.4.1-3.4.3 proves that there exists some a; > 0 such that
dist(z°°(av, 2°), crit F) < ¢, for all @« < a3. In addition, Theorem 3.4.1(i), with H =
sup,cy Fr(x), implies that there exists some o > 0 such that |[z*°(a, 2°) 102 (o, 2°)|| < €,

for all @ < . Hence, choosing & = min{a, as} proves (3.23). O

3.4.3 DGD likely converges to a neighborhood of SoS solutions of F

We study now second-order guarantees of DGD. Our path to prove almost sure conver-
gence to a neighborhood of SoS solutions of (3.1) will pass through the non-convergence of
DGD to strict saddles of L, (cf. Theorem 3.4.1). Roughly speaking, our idea is to show that
whenever 2 = 1/m >, x{° belongs to a sufficiently small neighborhood of a strict saddle
of F inside the region (3.23), 2> = [T, ..., 2%T|"T must be a strict saddle of L,. The
escaping properties of DGD from strict saddles of L, will then ensure that it is unlikely that
{z¥ =1/m X", a2V} gets trapped in a neighborhood of a strict saddle of F', thus ending in
a neighborhood of a SoS solution of (3.1). Proposition 3.4.1 makes this argument formal;

in particular, conditions (i)-(iii) identify the neighborhood of a strict saddle of F' with the

mentioned escaping properties.

Proposition 3.4.1. Consider the setting of Lemma 3.4.2 and further assume that Assump-

tion 3.3.2 hold. Let' Y be the image of the compact set Y (defined in Lemma 3.4.2) through

the linear operator (1,, @ I3)". Suppose that the limit point > = [25°7 ... 2°T]T of {2},
along with x> = 1/m > ", x3°, satisfy
) dist(z°°, crit F) < ,
(1) dist(z>, crit ) Gy
i) ||z — 107 <
(it) H‘T ® H Qvaz’

(11i) There exists 0* € proj ., p(>) N OF
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for some 0 such that § < —Apin (V2E(6)),¥0* € ©5,NY. Then, x> is a strict saddle point
of L.
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Proof. Given § € RY, let v(f) denote the unitary eigenvector of V2F(f) associated with

the smallest eigenvalue, and define ©(f) = 1 ® v(#). Then, we have

B(0) VLo (2)0(0) £ 0(0)TV2E.(2%)0(0)

<wv(0)"V2F(§)v(6)
(3.24)
+IV2F(E) = V2FO)|||v0) |2 + |IV2F.) — V2E.0 @ 2| o0)|?

< w(0) V2 F(O)0(6) + Les

7 — 0|+ m Lo — 107

where (a) follows from ©(f) € null(Wp — I); and (b) is due to Assumption 3.3.2. Let
us now evaluate (3.24) at some 6* as defined in condition (iii) of the proposition; using
v(0*)TV2F(0*)v(0*) < —6 and conditions (i) and (ii), yields ©(6*) V2L, (2>) ©(0*) < 0.
By the Rayleigh-Ritz theorem, it must be Ay (VZLa(2%°)) < 0. This, together with 2> €

crit L, (cf. Theorem 3.4.1(ii)), proves the proposition. O

Invoking now Theorem 3.4.3, we infer that there exists a sufficiently small o > 0 such
that conditions (i) and (ii) of Proposition 3.4.1 are always satisfied, implying that x> is a
strict saddle of L, if there exists a strict saddle of F' “close” to > [in the sense of (iii)].

This is formally stated next.

Corollary 3.4.1. Consider the setting of Theorem 3.4.3 and Proposition 3.4.1. There exists
a sufficiently small o > 0 such that, if proj..w(2°°) N O, # 0, then z*° is a strict saddle of
L.

To state our final result, let us introduce the following merit function: given x =

).

where Xs0s denotes the set of SoS solutions of (3.1), and z = 1/mY", z;. M(x) capture

(2], ... 2] ]T let

M(l‘) £ max (diSt(:f‘, XSOS); r—1® f‘

the distance of the average x from the set of SoS solutions of (3.1) and well as the consensus

disagreement of the agents’ local variables ;.
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Theorem 3.4.4. Consider Problem (3.1) under Assumptions 2.1°, 3.3.2, 3.3.3, and 3.5.4;
further assume that each f; is a KL function. For every e > 0, there exists sufficiently small
0<ac< %C(D) such that

Poo (M (%) <€) =1,

where x*° = [x°7 ... 2T is the limit point of the sequence {x"} generated by the DGD
algorithm (3.15) with o € (0,a], the weight matriz D satisfying Assumptions 5.4.1 and
3.4.2, and initialization z° € T[", X C [, B%; R is defined in Assumption 3.5.3 and
each X has positive Lebesque measure; and the probability is taken over the initialization

2% € I, X°. Furthermore, any 0* € proj.;, p(T°) is almost surely a SoS solution of F

where z>° = (1/m) >, .

Proof. For sufficiently small av < @, if proj.;, p(Z°°) contains a strict saddle point of F', then
x* is also a strict saddle point of L, (by Corollary 3.4.1). Let also ay be a sufficiently small
step-size such that every limit point z°° satisfies dist(z>°, crit F') < € and ono —-1® EOOH <e
(by Theorem 3.4.3). Now consider DGD update (3.15) with a < min{ay, as} and 2° being
drawn randomly from the set of probability one measure [[, X for which the algorithm
converges to a SoS solution of L, (by Theorem 3.4.2%). Finally, by the above properties of «
it holds that M (z*°) < € and proj.;; () must contain only SoS solutions of F'. Therefore,

there exists a 6* € crit F' such that 0* € Xg,s and ||z — 0*|| < e. O

Remark 3.4.1. All (first- and second-order) convergence results of DGD established in this
section remain valid when V f;’s are not globally Lipschitz continuous [Assumption 5.3.1(1)]
but Assumption 3.8.8 holds. Specifically, Theorems 3.4.1, 8.4.2, 3.4.3 and Lemmata 3.4.1-
3.4.2 hold if one replaces Assumption 3.3.1(i) with Assumption 3.5.3 and the global Lipschitz
constant L. with the Lipschitz constant of VF. restricted to the compact set Y, defined in
Appendix 5.8.2, where we refer to for the technical details.

2!Note that the conclusion of Theorem 3.4.2 is valid also when the set of initial points is restricted to
[T, &0, as TT", AP has positive measure (the Cartesian product of sets with positive measure has positive
measure— cf. [124, Sec. 35]).
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3.5 DOGT Algorithms

The family of DOGT algorithms is introduced in Sec. 3.1.2. We begin here rewriting

é[uT

(3.3)-(3.4) in matrix/vector form. Denoting 2 = [z¥",... 241" and y* = [y7,...y%]T, we

have
' = Wra' — ay”,

(3.25)
Yy =Wey” + VFC(x”“) — VF, (x”),

where Wr £ R® I, and We £ C ® I; with R £ (Ry)!"_, and C' £ (Cy)I"_; being some
column-stochastic and row-stochastic matrices (respectively) compliant to the graph G (cf.
Assumption 3.5.1 below). The initialization of (3.25) is set to 2° € R™? and ¢° € VF,(z°) +
span (We — I). Note that the latter condition is instrumental to preserve the total-sum of
the y-variables, namely > y7 = > fi(z?) (which holds due to the column-stochasticity of
matrix C—cf. Assumption 3.5.1). This property is imperative for the y-variables to track
the sum-gradient. Notice that the condition used in the literature [72], [104], [106], [125],
[126]-y° = VF,.(2°)is a special case of the proposed initialization. On the practical side,
this initialization can be enforced in a distributed way, with minimal coordination. For

1 ¢ R% then they run one step of

instance, agents first choose independently a vector y;
consensus on the y-variables using the values y; '’s and weights matrix C, and set y? =
V(@) + Xjenim Cyy; ' — y ', resulting in y° € VF,(2°) + span(We — ).

Different choices for R and C are possible, resulting in different existing algorithms. For
instance, if R = C € M,,(R) are doubly-stochastic matrices compliant to the graph G,
(3.25) reduces to the NEXT algorithm [71], [72] (or the one in [73], when (3.1) is convex).
If R and C are allowed to be time-varying (suitably chosen) (3.25) reduces to the SONATA
algorithm applicable to (possibly time-varying) digraphs [6], [103]-[105] [or the one later
proposed in [126] for strongly convex instances of (3.1)]. Finally, if R and C are chosen
according to Assumption 3.5.1 below, the scheme (3.25) becomes the algorithm proposed
independently in [107] and [106], for strongly convex objectives in (3.1), and implementable

over fixed digraphs.

Assumption 3.5.1. (On the matrices R and C') The weight matrices R, C € M,,(R) satisfy

the following:
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(i) R is nonnegative row-stochastic and Ry > 0, for all i € [m);
(i1) C is nonnegative column-stochastic and Cy > 0, for alli € [m];
(iii) The graphs Gr and Gor each contain at least one spanning tree; and Rr N Ret # 0.

It is not difficult to check that matrices R and C above exist if and only if the digraph ¢
is strongly connected; however, Gr and Gt need not be so. Several choices for such matrices
are discussed in [106], [107]. Here, we only point out the following property of R and C,
as a consequence of Assumption 3.5.1, which will be used in our analysis. The result is a

consequence of [127, Lemma 1].

Lemma 3.5.1. Given R and C satisfying Assumption 3.5.1 with stochastic left eigenvector
r (resp. right eigenvector ¢ ) of R (resp. C') associated with the eigenvalue one, then there

exist matrix norms

|2]|r = || diag(v/r)z diag(v/r) |2, (3.26)
lzlle £ [ diag(ve) ™'z diag(v/e)]|2, (3.27)

such that pr 2 ||R—1r"||g < 1 and pc 2 ||C — 17| < 1. Furthermore, r"c > 0.

Using Lemma 3.5.1, it is not difficult to check that the following properties hold:

pr = 02 (diag(vr) R diag(vr)™") | (3.28)
pe = o3 (diag(v/e) ' C diag(v/e)) (3.29)
1Rllg = 11" [|p = [T = 1r"||p = 1, (3.30)
IClle = lle1™|le = |[T = 1| = 1. (3.31)

The vector norms associated with above matrix norms are

2]z = || diag(v/r)z|]2, (3.32)
lzllc = || diag(ve) ™ ]2; (3.33)
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and || - [|a < Kapl| - ||p holds for a,b € {R, C,2} with

KR,2 = V/Tmax; K2,R = 1/\/ Tmin;
KC,Q = 1/\/ Crmin, KZ,C = vV Cmax, (334)
KR,C = vV TmaxCmax; KC,R = 1/\/ Cmin"min,

where 7y (resp. Cmin) and Tpax (résp. Cmax) are minimum and maximum elements of r
(resp. ¢).

Convergence of DOGT algorithms in the form (3.25) (with R and C satisfying Assump-
tion 3.5.1) has not been studied in the literature when F' is nonconvex. In next subsection
we fill this gap and provide a full characterization of the convergence behavior of DOGT

including its second-order guarantees.

3.5.1 First-order convergence & rate analysis

In this section, we study asymptotic convergence to first-order stationary solutions; we
assume d = 1 (scalar optimization variables); while this simplifies the notation, all the

conclusions hold for the general case d > 1. As in [107], define the weighted sums
' E2rTeY, 21Ty, and g” £ 1TVE.(2Y), (3.35)

where we recall that r is the Perron vector associated with R (cf. Lemma 3.5.1). Note that
VE. is L.-Lipschitz continuous with L, £ Lyax.
Using (3.25), it is not difficult to check that the following holds

iu+1 — :El/ - Cagu . CYT'T (yy o Cgll) and gu — gl/7 (336)

where c is the Perron vector associated with C, and ¢ £ 7"¢ > 0 (cf. Lemma 3.5.1).
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3.5.1.1 Descent on I

Using the descent lemma along with (3.36) yields

P ) = F (& - Cog — ar™ (" — ")

< F(#) = ¢a (VF(@"),5") — a(VF(@"),r" (y" — i)

- SHCO@V +ar’ (y —cp”) ‘2.

Adding/subtracting suitably chosen terms we obtain

F(z"™) <F(@") — Ca (VF(z") — 4", 9") — Caly”|?

—« <VF(f”) — gt (y — C§V)> — o <?jya r(y” — Cﬂy)>

+L<~2a2|gu|2+La2 yl/ _ng 2
—v CO'/ SV —v CO&El —v —v
SF(x)+7q|VF(x)—yl2+ 51 * = Caly”|?
o o all o, ey, all o, o, 3.37
+ | VE@) — ¢+ = ||y — et |P + =0 + — v — | (3.37)
2 9 2 %,

v||2

+ LI P + La?ly” — e

(o « _ 19 (a Qo 2) o
> . VF 14 _ 14 - _ L v _ v
—|—<2€1—|—2 \VE(z") —y"|* + 2—|—2€2+a v’ —cy” |7,

where €; and €5 are some arbitrary positive quantities (to be chosen). By ¢” = g [cf. (3.36)],
it holds that

m m

> VAE) = > Vi)

i=1 i=1

¥ — 1z¥

VE@E) -] = < Lov/m) . (3.38)
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Combining (3.37) and (3.38) yields

F(EV_H)
, (e Qe 12
SF(I)+< 5 +7+L< 9" (3.39)
(o b a o«
+ L2K§R<2 +§ ¥ — 17 §%+K§,C<2+262+La2>

where Ko gp = 1//rmm and Ko ¢ = \/Cmax [cf. (3.60)].
3.5.1.2 Bounding the consensus and gradient tracking errors

Let us bound the consensus error ||z” — 17”||z. Using ||z + w||% < (1 +¢€) ||z]|% + (1 +

1/€) ||ly||%, for arbitrary z,w € R? and € > 0, along with Lemma 3.5.1, yields

‘x”“ 13:”““ = H ( — 17”T) (2" —17") — « (I — 1rT) (v — 17") ’?%
<(1+e) (R—er)(x”—lzi”) ‘%%—aQ( )H( )y —13") ‘R

1
<+ elar =12 i+ ot (1 =) 1 =11

¥ 3.40
(3.30) —v|2 2 1 ( )

< pR(l+ 6|2 — 1z (1+€)
+2a%(1+ — 7 || %
< pr(l+ e )|z — 12"} + o® Kolly *Kslg"]5,
where €, > 0 is arbitrary and we defined
A 2 ]' A 1
KQ = QKR,C 1 + : > Kg = 2m(1 + ;) (341)
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Similarly, the tracking error can be bounded as

v+1 Cgl/Jrl

2
C

y 2 = H (C - 61T> v+ (I — 01T> (VFc(x”“) — VFC(JL'V))
<@+e)|(C—aT) @y -z

#+ D (- aT) (vRE - vEE)

2

c
(3.31) 2 v —v||2 2 2 1 v+1 vil2
< po(l+e)|y" —cy’|c + Kool 1"‘; r -
y
(a) 2 v —v||2
= po(L+€)|ly” — ey’
1
2 2 v —v\ |2 2 v —v|2 2|-v 1|2 2
+3K¢, L <1—|—€y> [H(R—I)(x —12")||* + o*||y” — ¢y’ ||” + a7 |y”| cH ] (3.42)
(3.30)
< pe(1+¢)|ly” —c”||&
1
+ BKéQLz <1 + e) [K;R = 17v|% + KQQ’C&Q v — i’ |2 + 042@”\2}
y
= po(1+ ey)Hy” — |
1
+ 3K, L <1+> K gl = 12"|° + K oa’||y” — ey g+a2|yﬂ
3 ey bl b
o’K 1
< (P?;+64 (L+e)y” —ep”lle + o Kslg"ls + Ko | 1+ — | [l — 12",
Yy Yy

where in (a) we used 2" —2¥ = (R — I)(2¥ — 17") — a(y” — c”) — acy” and the Jensen’s

inequality; and in the last inequality we defined
Ky =3KZ,K; L2, Ks=3K¢,L, Kg=3K;,K;pL2 (3.43)

3.5.1.3 Lyapunov function

Let us introduce now the candidate Lyapunov function: denoting Jg = 1r" and Jo = €17,

define

L(w,y) 2 F(Jpx) + ]| (1 = Jn)al+ | (1 = T2, (3.44)
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where > > 0 is a positive constant (to be properly chosen). Combining (3.39)-(3.42) and
using y* = g” = >, Vfi(x!) [cf. (3.36)] leads to the following descent property for L:

L(m”+1,y”+1) < L(z",y") — d(z", y”)2, (3.45)
where
m 2
d(z,y) 2 J (1= o) |( = Tw)a|z + (1 = pe)|[(1 = T2 +T | S VA (3.46)
i=1
and
amL?K3 1
Pr 2051+ 6) + —28 <1+g> + 2K <1+> :
2 €1 €y
aK? 1 LK2,.+ K 1
po 2p2(1+¢,) + 5 ¢ (1 + ) + a? (202 + K, <1 + )) , (3.47)
x €9 n €y

af, af e\ 2 2
r_<g - 2>a (L¢* + K3+ Ks) o”.
Note that the function d(e,e) is a valid measure of optimality/consensus for DOGT: i)
it is continuous; and ii) d(x,y) = 0 implies z; = z; = z*, for all i,j € [m] and some z* such
that >I", V fi(z*) = 0, meaning that all x; are consensual and equal to a critical point of F.
To ensure pr < 1, pc < 1, and I > 0 in d(z, y), we choose the free parameters €, €,, €1,

€2, and s¢ as follows:

— 2 1 — p2
0<ex<72pR, 0<€y<#,
2¢ Phes '
€] = €3 = €, O0<e< ——, O< < ———)
P 1+¢ Ke(1+1/e,)
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and finally, & > 0 must satisfy

2
mL2K3 p (1+¢
1—pz(1+¢)

3o (1+1420)+ 2+ K (1+2)
(—5(C+1)
L€2+K3+K5%‘

a< ) (1 — pR(1+ 261«)) ,

a< (3.49)

a <

Substituting (3.34), (3.41), and (3.43) in (3.49) and setting for simplicity

1—p% 1—p% § CminT'min 2 2
- - R 1= p2)(1— p2). 3.50

we obtain the following sufficient conditions for (3.49):

5 A Tmin(1 — sz)
- 3mL?2
~ é (1 - p%)z(l - pQC')ZTI?niHCIQHin (3 51)
= 1152L2(2 + L) ’ '
~ rmincmin(l - ,02 )
<asz 2 R
C=BT L1 16m)

A further simplification, leads to the following final more restrictive condition on «:

(1= PR)* (1 = &) iinCou
0<a< minmin 3.52
“=TTT115202(L + 16m) (3:52)

The descent property (3.45) readily implies the following convergence result for { L(z",y")}
and {d(z",y")}.

Lemma 3.5.2. Under Assumptions 3.3.1, 3.5.4, and 3.5.1, and the above choice of param-

eter, there hold:
(1) The sequence {L(z",y")} converges;
(ii) 32 d(x”,y")? < oo, and thus lim, . d(z",y") = 0.

We conclude this subsection by lower bounding d(z¥, y") by the magnitude of the gradient

of the Lyapunov function L. This will allow us to transfer the convergence properties of
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{d(z",y")} to {||VL(z",y")||}. The lemma below will also be useful to establish global
convergence of DOGT under the KL property (cf. Sec. 3.5.2.1).

Lemma 3.5.3. Let VL(z",y") = (V,L(x",y"),V,L(z",y")), where V,L (resp. V,L) are
the gradient of L with respect to the first (resp. second) argument. In the setting above, there
holds

VL@, )| < Md@",y), v>o0, (3.53)
with )
2 max + Len/m)?  23¢Chax 1 ) 2

M = \/§max ( = , —, =] . 3.54

( rmin(l - pR) Cr2nin(1 - pC) r ( )

Proof. Recall that Jp = 1r" and Jo = c1'. By definition (3.44) and Lemma 3.5.1, we can

ri
i V.L(z", y") = JpVE.(Jpa¥) + 2(I — Jg)" diag(r)(I — Jg)z"
g+ Ty (VE(Jpa”) — VE(2"))
+2(I — Jp)T diag(r)(z” — 12"), (3.55)
VyL(z",y") = 25¢(1 — Jo) " diag(c) ™" (I — Jo)y”
= 25(I — Jo)" diag(c) ' (y" — "),

where (a) is due to ¥ = g (cf. (3.36)). Thus there holds

IVoL(z”, y")| < Il 15°] + |5 (VE(Jra”) = VE.(2")) ]
+2[[(1 — Jr) " diag(r)(z” — 12”)]]
- ) (3.56)
< ‘y’/‘ + KQ,R (2rmax + LC\/E) H:UV _ 1$VHR,
(© y
IV L@,y < 25K cminlly” = el
where (b) holds due to || diag(r)||r = || diag(r)|]2 = Tmax, ||7]| < 1, [|Tr]|2 < v/m and (3.30);
(c) is due to || diag(c) Y| = || diag(c) |2 = ety and (3.31). Eq. (3.53) follows readily from
(3.56). O

3.5.1.4 Main result

We can now state the main convergence result of DOGT to critical points of F'.
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Theorem 3.5.1. Consider Problem (3.1), and suppose that Assumptions 3.3.1 and 3.5.4
are satisfied. Let {(z¥,y")} be the sequence generated by the DOGT Algorithm (3.25), with
R and C satisfying Assumption 3.5.1, and o chosen according to (3.52) [or (3.50)/; let {z"}
and {y"} be defined in (3.35); and let {d(z",y")} be defined in (3.46). Given ¢ > 0, let
T. = min{rv € Ny : d(a”,y") < €}. Then, there hold

(1) [consensus]: lim, ’ ¥ — 127 =0 and lim, o ¥y = 0;

(ii) [stationarity]: let x> be a limit point of {z"}; then, x> = 0¥ 1, for some 0> € crit F;
(iii) [sublinear rate]: T, = o(1/¢€?).
Proof. (i) follows readily from Lemma 3.5.2(ii).
We prove (ii). Let (z*°,y*>°) be a limit point of {(z¥,4")}. By (i), it must be (I —
Jr)x>® = 0, implying 2 = 10>, for some 6> € R. Also, lim,_,,, 1T VF.(2") = lim,_, §* =
lim, o ¥ = 0, which together with the continuity of VF,, yields 0 = 1TVF.(16>) =

VF(6). Therefore, 8 € crit F.

We prove now (iii). Using (3.45) and the definition of 7., we can write

Te
I;EQ < Y d(atyh)? < IEE T (3.57)

t=[Ze]+1

where we used the shorthand I* £ L(z”,y"). Consider the following two cases: (1) T. — oo
as € — 0, then [l 511 — [T+1 5 0 (recall that {I"} converges, cf. Lemma 3.5.2(i)); and (2)
T. < oo as € — 0, then {l”} converges in a finite number of iterations. Therefore, by (3.57),

we have T, = o(1/¢€?). O

Note that, as a direct consequence of Lemma 3.5.3, one can infer the following further
property of the limit points (x>, y>°) of the sequence {(z",y")}: any such a (z>,y>) is a
critical point of L [defined in (3.44)].

3.5.2 Convergence under the KL property

We now strengthen the subsequence convergence result in Theorem 3.5.1, under the ad-

ditional assumption that F' is a KL function [113], [114]: We prove that the entire sequence
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{z"} converges to a critical point of F' (cf. Theorem 3.5.2), and establish asymptotic conver-
gence rates (cf. Theorem 3.5.3). We extend the analysis developed in [115], [128] for central-
ized first-order methods to our distributed setting and complement it with a rate analysis.
The major difference with [115] is that the sufficient decent condition postulated in [115]
is neither satisfied by the objective value sequence {F(z")} (as requested in [115]), due to
consensus and gradient tracking errors, nor by the Lyapunov function sequence {L(z",y")},
which instead satisfies (3.45). A key step to cope with this issue is to establish necessary
connections between VL(z,y) and d(z,y) (defined in (3.44) and (3.46), respectively)-see
Lemma 3.53 and Proposition 3.5.1.

3.5.2.1 Convergence analysis

We begin proving the following abstract intermediate results similar to [115] but extended
to our distributed setting, which is at the core of the subsequent analysis; we still assume

d = 1 without loss of generality.

Proposition 3.5.1. In the setting of Theorem 8.5.1, let L defined in (3.44) is KL at some
%2 2 (£,9). Denote by Vz, n, and ¢ : [0,m) — R the objects appearing in Definition 3.5.1.
Let p > 0 be such that B(%,p)*™® C V;. Consider the sequence {z¥ = (zV,y")} generated
by the DOGT Algorithm (3.25), with initialization z° £ (2°,4°); and define | £ L(%) and
¥ £ L(2"). Suppose that

[<lV<i+n Yv>0, (3.58)

and

KMo —l)+|]20 =2 < p, (3.59)

where

K =+/3(1+ L,) max ( inkj Ki <Oz + 2_:_/%) ,aQ/F) , (3.60)

1 —pr’ (1 - pe)

and M > 0 is defined in (3.53) (cf. Lemma 3.5.3).
Then, {z"} satisfies:
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(i) 2V € B(%,p)*™¢, for allv > 0;

(i) Sy || — 2t < KM (605 — ) = (11 = 1)) for all v,k > 0 and v > k;

(iii) I¥ = [, as v — oo.

Proof. Throughout the proof, we will use the following shorthand d* = d(z¥,y"). Let

d” > 0, for all integer v > 0; otherwise, {z"} converges in a finite number of steps, and its

limit point is x> = 16°°, for some > € crit F.

We first bound the “length” 3¢, |2+ — 2|, By (3.25), there holds

't 2" =(R—1I) (2" —13") — a(y’ — ci¥) — acyf’,

Y =y =(C—=1I)(y" —cy¥) + VF.(z2") — VF.(z").

Using [|Al]2 < v/ml|A]|s and [|Al]2 < v/ml|A||1, with A € M,,,(R); and ||R — || < 2 and

[|C — I, < 2, we get
> ot = ] < ovmllet 12 + allyt — ] + il
t==k t=k

T

)

‘xt—i-l ot

>t = v < S2vamly - e + 23
t=k t=k t=k

where L. is the Lipschitz constant of VF,.. The above inequalities imply

> [ -2
t=k

< 2(1 + Lc)\/mKHth — 1.ftHR + KH (Oz(l + LC) + 2\/771) Hyt —c’|lo
t=k

+ta(l+ L)l < KX d,
t=~k

where K is defined in (3.60).
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We prove now the proposition, starting from statement (ii). Multiplying both sides of

/. /.

(3.45) by ¢(I” —1) and using ¢(I¥ —1) > 0 [due to property (iii) in Definition 3.3.1 and (3.58)]

and the concavity of ¢, yield
(@) ol =) < o(" = 1) (¥ =1"") < (1" = 1) — g1 = ). (3.62)

For all z € V: N [l/ <L<l+ n], the KL inequality (3.7) holds; hence, assuming 2! €
B(%,p)>™ for all t = 0,...,v, yields

oIt = D|IVLE)||[ =1, t=0,...,v, (3.63)
which together with (3.62) and (3.53) (cf. Lemma 3.5.3), gives
M (¢l =) = (" = 1)) = d', t=0,...,v,

and thus
M (g% = 1) = o1 = 1)) = > d" (3.64)
t=k

Combining (3.64) with (3.61), we obtain

v

D

t=k

2 =2 < KM (ot — 1) — o — 1)) . (3.65)

Ineq. (3.65) proves (ii) if 2 € B(%, p)?™ for all v > 0, which is shown next.

Now let us prove statement (i). Letting k£ = 0 in (3.65), by (3.59), we obtain

2| < KM (90— ) — o = 1) + [0 — 2] <.

Therefore, 2* € B(%, p)?™?, for all v > 0.
We finally prove statement (iii). Inequalities (3.53) (cf. Lemma 3.5.3) and (3.63) imply

o(I” — 1) " >1/M, v>0. (3.66)
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On the other hand, by Lemma 3.5.2-(i), as v — oo, we have [¥ — p, for some p > [. In fact,

p= [, otherwise p — [> 0, which would contradict (3.66) (because d” — 0 as v — oo and
d(p—1) < o). O

Roughly speaking, Proposition 3.5.1 states that, if the algorithm is initialized in a suitably
chosen neighborhood of a point at which L satisfies the KL property, then it will converge to
that point. Combining this property with the subsequence convergence proved in Theorem

3.5.2 we can obtain global convergence of the sequence to critical points of I, as stated next.

Theorem 3.5.2. Consider the setting of Theorem 3.5.1, and furthermore assume that F' is
real-analytic. Any sequence {(x¥,y")} generated by the DOGT Algorithm (3.25) converges

to some (x>, y>°) € crit L. Furthermore, ™ =1 ® 0>, for some 0> € crit F.

Proof. Let 2 £ (2°,9>) be a limit point of {z £ (2¥,y")}. Since {I* £ L(z")} is conver-
gent (cf. Lemma 3.5.2) and L is continuous, we deduce [¥ — [® = L(z*). Since F is real-
analytic, L is real analytic (due to Lemma 3.5.1 and the fact that summation/composition
of functions preserve real-analytic property [129, Prop. 2.2.8]) and thus KL at at 2> [113].
Set £ = 2 and [ = I*; denote by V, 1, and ¢ : [0,7) — R, the objects appearing in
Definition 3.3.1; and let p > 0 be such that B(%, p)>™¢ C V;. By the continuity of ¢ and the
properties above, we deduce that there exists an integer v such that i) I¥ € (l , [+ n), for all

v > vy and i) K M ¢(1 — ) + ||z — 2| < p, with K and M defined in (3.60) and (3.53),

respectively. Global convergence of the sequence {z"} follows by applying Proposition 3.5.1
to the sequence {z""0}.

Finally, by Lemma 3.5.2(ii), d(z”,y") — 0 as v — oo. Invoking the continuity of VL
and Lemma 3.5.3, we have VL(z*>,y*) = 0, thus (z*°,y*>) € crit L. By Theorem 3.5.1(ii),
r*° =1® 0%, with 0°° € crit F'. O

In the following theorem, we provide some convergence rate estimates.

Theorem 3.5.3. In the setting of Theorem 3.5.2, let L be a KL function with ¢(s) = cs'~?,

for some constant ¢ > 0 and 0 € [0,1). Let {z* = (2¥,9")} be a sequence generated by

DOGT Algorithm (3.25). Then, there hold:
(i) If 0 = 0, {2"} converges to 2> in a finite number of iterations;
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(i) If 0 € (0,1/2], then ||z¥ — z*°|| < C7Y, for all v > v for some 7 € [0,1), v € N4,
C>0;

(1i7) If 0 € (1/2,1), then ||z¥ — 2%|| < C'Vf%, for allv > v for some v e N, C > 0.

Proof. For sake of simplicity of notation, denote d” £ d(z",y") and define D = $°2° .

By (3.61), we have

- zOOH < i Hzt“ — thgKD”. (3.67)
t=v

It is then sufficient to establish the convergence rates for the sequence {D"}.

By KL inequality (3.7) and (3.53), we have
Md"p(l" —1°) > 1 = M @)% > 1" —1°)=0 v >p (3.68)

for sufficiently large 7, where M = (Mc(1— )% v 2 [(z7), and [® £ L(z®). In
addition, by (3.64) (setting [ = I°°), we have D¥ < M¢(I* — 1) = Mc(l* — 1°°)'=?, which
together with (3.68), yields

D" < MMc(d")=9/% = MMc(DY — D"HA=9/9 " vy > p, (3.69)

The convergence rate estimates as stated in the theorem can be derived from (3.69), using
the same line of analysis introduced in [128]. The remaining part of the proof is provided in

Appendix 3.8.3 for completeness. O]

3.5.3 Second-order guarantees

We prove that the DOGT algorithm almost surely converges to SoS solutions of (3.1),
under a suitably chosen initialization and some additional conditions on the weight matrices
R and C'. Following a path first established in [88] and further developed in [89], the key
to our argument for the non-convergence to strict saddle points of F' lies in formulating
the DOGT algorithm as a dynamical system while leveraging an instantiation of the stable
manifold theorem, as given in [89, Theorem 2]. The nontrivial task is finding a self-map

representing DOGT so that the stable set of the strict saddles of F' is zero measure with
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respect to the domain of the mapping; note that the domain of the map—which is the set of
initialization points—is not full dimensional and is the same as the support of the probability
measure.

Our analysis is organized in the following three steps: 1) Sec. 3.5.3.1 introduces the
preparatory background; 2) Sec. 3.5.3.2 tailors the results of Step 1 to the DOGT algorithm;
and 3) finally, Sec. 3.5.3.3 states our main results about convergence of the DOGT algorithm
to SoS solutions of (3.1).

3.5.3.1 The stable manifold theorem and unstable fixed-points

Let g : S — S be a mapping from S to itself, where S is a manifold without boundary.
Consider the dynamical system u*™ = g(u”), with u® € S; we denote by ¢g” the v-fold
composition of g. Our focus is on the analysis of the trajectories of the dynamical system
around the fixed points of g; in particular we are interested in the set of unstable fixed points

of g. We begin introducing the following definition.

Definition 3.5.1 (Chapter 3 of [130]). The differential of the mapping g : S — S, denoted
as Dg(u), is a linear operator from T (u) — T (g(u)), where T (u) is the tangent space of S
at u € S. Given a curve v in S with v(0) = u and 2 (0) = v € T (u), the linear operator is

defined as Dg(u)v = %(O) € T(g(u)). The determinant of the linear operator det(Dg(u))

is the determinant of the matriz representing Dg(u) with respect to a standard basis.?
We can now introduce the definition of the set of unstable fixed points of g.

Definition 3.5.2 (Unstable fixed points). The set of unstable fized points of g is defined as

A, = {u :g(u) = u, spradii(Dg(u)) > 1}. (3.70)

The theorem below, which is based on the stable manifold theorem [131, Theorem IIL.7],

provides tools to let us connect A, with the set of limit points which {u”} can escape from.

31This determinant may not be uniquely defined, in the sense of being completely invariant to the basis used
for the geometry. In this work, we are interested in properties of the determinant that are independent of
scaling, and thus the potentially arbitrary choice of a standard basis does not affect our conclusions.
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Theorem 3.5.4 ([89, Theorem 2]). Let g : S — S be a C* mapping and
det (Dg(u)) #0, VYue€S.

Then, the set of initial points that converge to an unstable fized point (termed stable set of
A, ) is zero measure in S. Therefore,

P,o (lim g’ (u°) € .Ag) =0,

v—00

where the probability is taken over the starting point u° € S.

3.5.3.2 DOGT as a dynamical system

Theorem 3.5.4 sets the path to the analysis of the convergence of the DOGT algorithm
to SoS solutions of F': it is sufficient to describe the DOGT algorithm by a proper mapping
g : S — § satisfying the assumptions in the theorem and such that the non-convergence of
g"(u?), u’ € S, to A, implies the non-convergence of the DOGT algorithm to strict saddles
of F.

We begin rewriting the DOGT in an equivalent and more convenient form. Define h* £

y” — VE.(x"); (3.25) can be rewritten as

2" = Wgra” — o (R + VE,(2));
(3.71)
[ Weh” + (WC - I) VFC(:U”),

with arbitrary 2° € R™® and h° € span(Wg — I). By Theorem 3.5.1, every limit point
(%, h>) of {(2”,h")} has the form z* = 1,, ® 0~ and h* = —VF.(1,, ® 6), for some
0> € crit F. We are interested in the non-convergence of (3.71) to such points whenever

0> € crit I is a strict saddle of F'. This motivates the following definition.
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Definition 3.5.3 (Consensual strict saddle points). Let ©%, = {0* € crit F' : A\pi(VEF(0%)) <
0} denote the set of strict saddles of F. The set of consensual strict saddle points is defined

1, ® 0
U= AN (3.72)
—VF.(1,, ®6%)

Roughly speaking, U* represents the candidate set of “adversarial” limit points which
any sequence generated by (3.71) should escape from. The next step is then to write (3.71)
as a proper dynamical system whose mapping satisfies conditions in Theorem 3.5.4 and its
set of unstable fixed points A, is such that U* C A,.

Identification of g and S. Define u = (x,h), where z = [z],... 2 1T, h 2 [h], ... AT]T,
and each z;, h; € R? its value at iteration v is denoted by u” £ (2, h¥). Consider the
dynamical system

u'tt = g(u¥), with g(u) = Waz —aVF.(z) —ah : (3.73)

Weh+ (We — I)VE,. ()

and u® € R™ x span(Wg — I). The fixed-point iterate (3.73) describes the trajectory
generated by the DOGT algorithm (3.71). However, the initialization imposed by DOGT
leads to a g that maps R™ x span(W¢ — I) into R™ x R™4. We show next how to unify
the domain and codomain of ¢ to a subspace S C R™ x R™ as in form of the mapping in
Theorem 3.5.4.

Applying (3.71) telescopically to the update of the h-variables yields: h¥ = Wj4h® +
(We — 1) g, for all v > 1, where g2 & SV WEVE, (¥7'71). Denoting b & (1] ® I,)h”,

we have

B = =h% and R € WL +span(We —1) Yo > 1. (3.74)

The initialization hY € span (W¢ — I) in (3.71) naturally suggests the following (2m —

1)m-dimensional linear subspace as candidate set S:

S £ R™ x span (Wg — 1) . (3.75)
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Such an S also ensures that g : S — S. In fact, by (3.74), h¥ € span(W¢ — I), for all v > 1,
provided that h° € span (W¢ — I). Therefore, {g"(u")} C S, for all u° € S.

Equipped with the mapping ¢ in (3.73) and S defined in (3.75), we check next that the
condition in Theorem 3.5.4 is satisfied; we then prove that U* C A,.

1) ¢ is a diffeomorphism: To establish this property, we add the following extra
assumption on the weight matrices R and C, which is similar to Assumption 3.4.2 for the

DGD scheme.
Assumption 3.5.2. Matrices R € M,,(R) and C € M,,(R) are nonsingular.

The above condition is not particularly restrictive and it is compatible with Assumption
3.5.1. A rule of thumb is to choose R = (R + I)/2 and C = (C + I)/2, with R and C
satisfying Assumption 3.5.1. The new matrices still satisfy Assumption 3.5.1 due to the
following fact:

given two nonnegative matrices A, B € M,,(R), if the directed graph associated with
matrix A has a spanning tree and B > pA, for some p > 0, then the directed graph associated
with matrix B has a spanning tree as well.

We build now the differential of g. Let § be a smooth extension of (3.73) to R™? x R™4,
that is ¢ = g|s. The differential Dg(u) of § at u € S reads

Dj(u) = Wgr—aV?F.(z) —al ; (3.76)
(We —I)V2E.(z) We
Dg(u) is related to the differential of g by Dg(u) = Dg(u)Prq, [132], where Py, is the
orthogonal projector onto 7 (u). Using 7 (u) = S, for all u € S (recall that S is a linear
subspace) and denoting by U, € R™#*(m=1d an orthonormal basis of span(We — I), Dg(u)
reads
Wgr—aV?F.(z) —al I 0

Dg(u) = UUT, with U2 : (3.77)
(WC—])V2FC($> WC 0 Uh

Note that Ps = UU'. We establish next the conditions for g to be a C!' diffeomorphism, as
stated in Theorem 3.5.4.
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Proposition 3.5.2. Consider the mapping g : S — S defined in (3.73), under Assumptions
3.8.1-(i), 3.5.1, and 8.5.2, with S defined in (3.75). If the step-size is chosen according to

0<a< UI““L(OR) (3.78)

where L. = Lpax, then det (Dg(u)) # 0, for allu € S.

Proof. Since Dg(u) : § — &, it is sufficient to verify that Dg(u) is an invertible linear
transformation for every u € S. Using the definition of U, this is equivalent to show that

UTDg(u)U is invertible, for all u € 8. Invoking (3.77), U Dg(u)U reads

Wgr — aV?F.(2) —aUy,

U'Dg(u)U =U"Dg(u)U =
U,;r (WC — I) VQFC(ZL‘) UEWCU}I

. (3.79)

Since U,] WUy, is non-singular, we can use the Schur complement of U Dg(u)U with respect

to U,) WU, and write

Wgr — aV?F.(x) + a® (We — ) V*E,. () 0

U'Dg(u)U = S,
0 Ul WeUy,

Sy, (3.80)

1
where ® £ U, (U,ZTWCU;J U,;r, and 57 and Sy are some nonsingular matrices. By (3.80),

it is sufficient to show that

S EWg —aV?F.(z) + a® (We — I) V?F.(1) (381)
=Wr — aW'V2E,(z) + a (® = W5') (We — I) V2F,(x)

is non-singular. Using We — I = U,A, for some A € Rm=1Ddxmd (yecall that Uy, is an

orthonormal basis of span(Wes — 1)), we can write

& =U, (U Wel) U = Uy (I + AU U)
WUUT — UpA (I + UpA) " U UT (3.82)
=UU,) — We — D) WG'UU] = W5tUU,
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where (a) we used the Woodbury identity of inverse matrices. Using (3.82) in (3.81), we

obtain

S =Wr— W'V E.(z) — aWi' (I = UyU) ) (We — )V2F(x).

=0

Therefore, if a < U“‘“‘T(CCR), S is invertible, and consequently, so is U Dg(u)U. O]
2) The consensual strict saddle points are unstable fixed points of g (U* C A,):

First of all, note that every limit point of the sequence generated by (3.71) is a fixed point of

g on S; the converse might not be true. The next result establishes the desired connection

between the set A, of unstable fixed points of g (cf. Definition 3.5.2) and the set U* of

consensual strict saddle points (cf. Definition 3.5.3). This will let us infer the instability of
U* from that of A,.

Proposition 3.5.3. Suppose that Assumptions 3.5.1-(i) and 3.5.1 hold along with one of

the following two conditions
(i) The weight matrices R and C are symmetric;
(ii) d=1.

Then, any consensual strict saddle point is an unstable fixed point of g, i.e.,
uc A, (3.83)

with A, and U* defined in (3.70) and (3.72), respectively.

Proof. Let u* € U*; u* is a fixed point of g defined in (3.73). It is thus sufficient to show
that Dg(u*) has an eigenvalue with magnitude greater than one.
To do so, we begin showing that the differential Dg(u*) of g at u* has an eigenvalue
greater than one. Using (3.76), Dg(u*) reads
Wgr —aV2Er  —al

Dj(u*) = , (3.84)
(We —1) V2FC* We
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where we defined the shorthand V2F* £ V2F, (1 ® 6*), and 6* € ©%,. We need to prove

det (Dg(u*) — A\ I) =0, for some |\, > 1. (3.85)

If [A\y] > 1, We — A1 is nonsingular (since spradii(C') = 1). Using the Schur complement of
Dg(u*) — A1 with respect to We — A\, I, we have

0 We — A

Sy, (3.86)

for some Sy, Sy € Mapa(R), with det(S;) = det(Sy) = 1. Given (3.86), (3.85) holds if and

only if
o {WR ol — aV2FF 4 a (Wo = AD) " (We — ) V2ES 0 ] .
0 We — Aol
or equivalently
det (Wr — Aud — oV F + a (W = \) ™ (We = I) VPF)) = 0. (3.87)
Multiplying both sides of (3.87) by det(W¢e — A\, I) yields
Q(A\y) £ det ((WC — ) (W= XI) + a(N, — 1)V2FC*> =0. (3.88)

2T (M)

Trivially Q(\,) > 0, if A\, > 1. Therefore, to show that (3.85) holds, it is sufficient to prove
that there exists some A, > 1 such that Q(A,) < 0. Next, we prove this result under either
condition (i) or (ii).

Suppose (i) holds; R and C are symmetric. Define © = 1 ® v, where v is the unitary
eigenvector associated with a negative eigenvalue of V2F(6*), and let Ayin(V2F(6*)) = —0;
we can write

O T(A\)0 =m(A, — 1) (A — 1 —ad/m) <0, (3.89)
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for all 1 < A, < 14 ad/m. By Rayleigh-Ritz theorem, T'(\,) has a negative eigenvalue,
implying that there exists some real value A, > 1 such that Q()\,) = 0.

Suppose now that conditions (ii) holds; Wx and W¢ reduce to R and C, respectively.
Note that R and C' are now not symmetric. Let A, = 1+¢, and consider the Taylor expansion
of

Q(1+¢€) = det ((C’— I(R—1I)+e¢ (aV2F: +2I-C — R) + 621>, (3.90)

around € = 0. Define M £ (C —I)(R—1I) and N = aV2EF* + 2] — C — R. Tt is clear that
Q(1) = 0; then, by the Jacobi’s formula, we have

Ql+e) = tr(adj (M) N)e + 0. (3.91)
Expanding (3.91) yields

QL+ ) :tr(adj (R—Dadj (C — 1) N>e +0(&)
(3.92)
:tr(lfTélTN>e +0(&2) = (FTH1TNle + O(e2),

where 7 and ¢ are the Perron vectors of R and C|, respectively. The second equality in (3.92)
is due to the following fact: a rank-(m — 1) matrix A € M,,(R) has rank-1 adjugate matrix
adj (A) = ab", where a and b are non-zero vectors belonging to the 1-dimensional null space
of Aand A" respectively [133, Sec. 0.8.2]. We also have (£ 77¢ >0, due to Lemma 3.5.1.

Furthermore, since 0* € ©%,, 1"V2F*1 < —§, for some § > 0, and

Q1 +¢€) < —6Cae+ O(e?), (3.93)

which implies the existence of a sufficiently small € > 0 such that Q(1+4¢€) < 0. Consequently,
there must exist some A, > 1 such that (3.85) holds. Moreover, such ), is a real eigenvalue

of Dg(u*).
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To summarize, we proved that there exists an eigenpair (A, v,) of Dg(u*), with A, > 1.

Next we show that (A, v,) is also an eigenpair of Dg(u*). Let us partition v, = (v%,v") such
that
Wgr—aV?F, (z*) —al| [vZ] - [0
=Y (3.94)
(We — I)V2E, (z*) Wg | |ot vt

In particular, we have (Wg —1) (VQFC (x*) vl —H}Z) = (A, — 1)v!, which implies v €
span(We — I), since A, — 1 # 0. Therefore, v, € S.

Now, let Ps be the orthogonal projection matrix onto §. Since v, € S, we have

Dj(u*)vy = Mvy = DG(u*)Pg v, = \vy S Dg(u*)v, = Ay, (3.95)
where (a) is due to Dg(u*) = Dg(u*)Pq [cf. (3.77)]. Hence (\,,v,) is also an eigenpair of
Dg(u*), which completes the proof. O]

Remark 3.5.1. Note that condition (i) in Proposition 3.5.3 implies that Go and Gr are
undirected graphs. Condition (ii) extends the network model to directed topologies under
assumption d = 1. For sake of completeness, we relax condition (ii) in Appendiz 3.8.4 to
arbitrary d € N, under eztra (albeit mild) assumptions on the set of strict saddle points and

the weight matrices R and C.

3.5.3.3 DOGT likely converges to SoS solutions of (3.1)

Combining Theorem 3.5.4, Proposition 3.5.2, and Proposition 3.5.3, we can readily obtain

the following second-order guarantees of the DOGT algorithms.

Theorem 3.5.5. Consider Problem (3.1), under Assumptions 3.5.1 and 3.3.4; and let
{u” & (2¥,h")} be the sequence generated by the DOGT Algorithm (5.71) under the fol-
lowing tuning: i) the step-size a satisfies (3.49) [or (3.52)] and (3.78); the weight matrices
C and R are chosen according to Assumptions 3.5.1 and 3.5.2; and the initialization is set to
u’ € S, with S defined in (3.75). Furthermore, suppose that either (i) or (i) in Proposition
3.5.8 holds. Then, we have

Po (hm W € u*) =0, (3.96)

V—00
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where the probability is taken over u° € S.
In addition, if F is a KL function, then {x"} converges almost surely to 1 ® 6> at a rate

determined in Theorem 3.5.3, where 0% is a SoS solution of (3.1).

Note that (3.96) implies the desired second-order guarantees only when the sequence
{u"} convergences [i.e., the limit in (3.96) exists|; otherwise (3.96) is trivially satisfied, and
some limit point of {u”} can belong to U* with non-zero probability. A sufficient condition
for the required global convergence of {u”} is that F' is a KL function, which is stated in the

second part of the above theorem.

Remark 3.5.2 (Comparison with [92]). As already discussed in Sec. 3.1.2, the primal-dual
methods in [92] is applicable to (3.1); it is proved to almost surely converge to SoS solutions.
Convergence of [92] is proved under stricter conditions on the problem than DOGT, namely:
i) the network must be undirected; and ii) the Hessian of each local f; must be Lipschitz

continuous. It does not seem possible to extend the analysis of [92] beyond this assumptions.

3.6 Numerical Results

In this section we test the behavior of DGD and DOGT around strict saddles on three
classes of nonconvex problems, namely: i) a quadratic function (cf. Sec. 3.6.1); ii) a classi-
fication problem based on the cross-entropy risk function using sigmoid activation functions

(cf. Sec. 3.6.2); and iii) a two Gaussian mixture model (cf. Sec. 3.6.3).

3.6.1 Nonconvex quadratic optimization

Consider

min F (0) = ; S 0 —b) Qi(6—b), (3.97)

R4 =
where d = 20; m = 10; b;’s are i.i.d Gaussian zero mean random vectors with standard
deviation 10%; and @Q;’s are d x d randomly generated symmetric matrices where Y7, Q;
has d — 1 eigenvalues {);}?=! uniformly distributed over (0,m], and one negative eigenvalue
Ag = —md, with § = 0.01. Clearly (3.97) is an instance of Problem (3.1), with F' having a
unique strict saddle point 6* = (3 Qi)_l > Qib;. The network of m agents is modeled as a
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Figure 3.1. Escaping properties of DGD and DOGT, applied to Problem
(3.97). Left plot: distance of the average iterates from 6* projected onto the
unstable manifold E, versus the number of iterations. Right plot: distance of
the average iterates from 6* versus the number of iterations.

ring; the weight matrix W £ {wij}ﬁzl, compliant to the graph topology, is generated to be
doubly stochastic.

To test the escaping properties of DGD and DOGT from the strict saddle of F', we
initialize the algorithms in a randomly generated neighborhood of 6*. More specifically,
every agent’s initial point is 2{ = 6* + d,;, 1 € [m]. In addition, for the DOGT algorithm,
we set yf = Vfi(al) + (wi — 1)d,; + X widy,j, where d,;’s and d,;’s are realizations of
i.i.d. Gaussian random vectors with standard deviation equal to 1. Both algorithms use the
same step-size & = 0.99 opin (I + W) /L., with L. = max;{|\i| }; this is the largest theoretical
step-size guaranteeing convergence of the DGD algorithm (cf. Theorem 3.4.1).

In the left panel of Fig. 3.1, we plot the distance of the average iterates ¥ = (1/m) >, oV
from the critical point 6* projected on the unstable manifold F, = span(u"), where u" is
the eigenvector associated with the negative eigenvalue \; = —md. In the right panel, we
plot ||#¥ — 6*|| versus the number of iterations. All the curves are averaged over 50 inde-
pendent initializations. Figure in the left panel shows that, as predicted by our theory, both
algorithms almost surely escapes from the unstable subspace E,, at an indistinguishable

practical rate. The right panel shows that DOGT gets closer to the strict saddle; this can
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be justified by the fact that, differently from DGD, DOGT exhibits ezact convergence to

critical points.

3.6.2 Bilinear logistic regression

Consider a classification problem with distributed training data set {s;, &}, where
s; € R is the feature vector associated with the binary class label & € {0,1}. The bilinear
logistic regression problem [121] aims at finding the bilinear classifier ¢;(Q,w;s;) = s Quw,
with Q € RP? and w € RP that best separates data with distinct labels. Let (s;, &) be
private information for agent i. Using the sigmoid activation function o(z) £ 1/(1 + e™®)

together with the cross-entropy risk function, the optimization problem reads

min —

o ;i {51 In (s Qu)) + (1= &) (1 - a(s?@w))] +3 (HQH% + HwH2> . (3.98)

i=1

It is not difficult to show that (3.98) is equivalent to the following instance of (3.1):

win FQu)=> —[-m(o@siQu)+ T ([l +ul?)]. s

i=1

=f(Q,w)
with
1, lf fi == 1

To visualize the landscape of F(Q,w) (2D plot), we consider the following setting for the
free parameters. We set d = p = 1; 7 = 0.2; m = 5; and we generate uniformly random
£ € {0,1}, and we draw s; from a normal distribution with mean & and variance 1. The
gradient of the local loss f; reads

Vo fi(@Q,w) 1 TQ_éiSin(_gisiQw>

Vo fi(Q, w) M Tw — 5131Q0<_5181Qw)

A surface plot of F(Q,w) in the above setting is plotted in the right panel of Fig. 3.2. Note

that such F' has three critical points, two of which are local minima (see the location of
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Figure 3.2. Escaping properties of the DGD and DOGT, applied to the
bilinear logistic regression problem (3.98). Top left (resp. top right) plot:
directed (resp. undirected) network; trajectory of the average iterates on the
contour of F' ((0,0) is the strict saddle point and x are the local minima);
DGD and DOGT are initialized at [J and terminated after 100 iterations at .
Bottom plot: plot of F.

minima in the left or middle panel of Fig. 3.2 marked by x) and one strict saddle point at

(0,0)-the Hessian at (0,0),

L ~
T — 5 2 &isi

V2F(0,0) = )
— 5= 3 &isi T

Y

has an eigenvalue at 7 — ﬁ S &si = —0.26.
We test DGD and DOGT over a network of m = 5 agents; for DGD we considered
undirected graphs whereas we run DOGT on both undirected and directed graphs. Both
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algorithms are initialized at the same random point and terminated after 100 iterations;
the step-size is set to o = 0.9. We denote by ()7 and wy} the agent i’s v-the iterate of the
local copies of @ and w, respectively. The trajectories of the average iterates (Q”,w") =
%(Zi Q7,3 w!) are plotted in Fig. 3.2; the left panel refers to the directed graph while the
middle panel reports the same results for the undirected network. As expected, the DOGT
algorithm converges to an exact critical point (local minimum) avoiding the strict saddle
(0,0) while DGD converges to a neighborhood of the local minimum. The consensus error is

1/771\/2{21 11(QY, w?) — (Qv,w")||?; at the termination, it reads 2.33 x 10~* for DOGT over
the directed network, and 2.18 x 107 and 9.74 x 10~2 for DOGT and DGD, respectively,

over undirected networks.

3.6.3 Gaussian mixture model

Consider the Gaussian mixture model defined in Sec. 3.3. The data {2}, where z € R?
are realizations of the mixture model 2 ~ N (p1, X1) + 2N (u2, ¥2). Let each agent i own
z;. Both parameters (1, p2) and (X1, 3s) are unknown. The goal is to approximate (1, i2)
while (21, %5) is set to an estimate (3, %). The problem reads

01,02€R

min — i_n: log (pa(z — 01) + ¢pa(z — 02)), (3.100)

where ¢4(f) is the d-dimensional normal distribution with mean 0 and covariance 3. Consider
the case of mixture of two scalar Gaussians, i.e., d = 1. We draw {z;}?_; from the the this
model, with means p; = 0, uy = —5 and variance o; = g9 = 25. The estimate of variance in
problem (3.100) is pessimistically set to & = 1. A surface plot of a random instance of above
problem is depicted in right panel of Fig. 3.3. Note that this instance of problem has 2 global
minima (marked by x) and multiple local minima. We test DGD and DOGT on the above
problem over the same networks as described in Sec. 3.6.2. Both algorithms are initialized
at the same random point and terminated after 250 iterations; the step-size is set to a = 0.1.
In Fig. 3.3, we plot the trajectories of the average iterates (67, 0%) = L(3; 01,22 05;), where

1; and 05 ; are the agent i’s v-the iterate of the local copies of 6; and 0y, respective; the left
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Figure 3.3. Escaping properties of the DGD and DOGT applied to the Gaus-
sian mixture problem (3.100). Top left (resp. top right) plot: directed (resp.
undirected) network; trajectory of the average iterates on the contour of F'
(the global minima are marked by x); DGD and DOGT are initialized at O
and terminated after 250 iterations at x. Bottom plot: plot of F'.

(resp. middle) panel refers to the undirected (resp. directed) network. DOGT converges to

the global minimum while DGD happens to converge to neighborhood of a local minima. The

consensus error is measured by (1/m) \/ S I1(0% 5, 05,) — (6%, 6%)||? and at the termination it
is equal to 1.9 x 1073 for DOGT on the directed graph; and 2.8 x 1072 and 1.135 for DOGT
and DGD, respectively over the undirected graph.

3.7 Conclusions

We proposed the first second-order distributed algorithm for convex and strongly convex
problems over meshed networks with global communication complexity bounds which, up

to the network dependent factor O(1/4/T — p), (almost) match the iteration complexity of
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centralized second-order method [134] in the regime when the desired accuracy is moderate.
We showed that this regime is reasonable when one considers ERM problems for which there
is no need to optimize beyond the statistical error. Importantly, our method avoids expensive
communications of Hessians over the network and keeps the amount of information sent in
each communication round similar to first-order methods.

This work is just a starting point towards a theory of second-order methods with perfor-
mance guarantees on meshed networks under statistical similarity; many questions remain
open. An obvious one is incorporating acceleration to improve communication complexity
bounds under statistical similarity. A first attempt towards this goal is the follow-up work
[135], where an accelerated second-order method exploiting statistical similarity has been
analyzed for master/workers architectures. The extension to arbitrary graphs remains an
open problem. Second, our main goal here has been decreasing communications, which does
not guarantee optimal oracle (computational) complexity—this is because we did not take
advantage of the finite-sum structure of the local optimization problems. Stochastic opti-
mization algorithms equipped with Variance Reduction (VR) techniques have been proved
to be quite effective to obtain cheaper iterations while preserving fast convergence [136],
[137]. However, these methods do not exploit any statistical similarity, resulting in less fa-
vorable communication complexity whenever §/u < Q/p. It would be then interesting to
investigate whether VR techniques can improve both communication and oracle complexity

when statistical similarity is explicitly employed in the algorithmic design.

3.8 Appendix

3.8.1 On the problems satisfying Assumption 3.3.3

We prove that all the functions arising from the examples in Sec. 3.3 satisfy Assumption
3.3.3, for sufficiently large R and R—e. To do so, for each function, we establish lowerbounds

implying (V £(6),0/]6]|) — oo as [16]] = oo.
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a) Distributed PCA: Let us expand the objective function in (3.9) as

F() = Z (%T%T) ;tr <9T§;M19> + itr (é MJéM)
m 2 (x5 e
S (e 07aa0)} o (S o)

£f(0)

< 0/H9H> < 0070 — Mo 9>/H9H

:waTHF/HeH — 070/ o]

We have

>

Rl

for some K34 > 0, where in the last inequality we used the equivalence of ¢, and ¢y norms,
i.e. ||9||2 S K274||0||4,‘v’8 € Rd.
b) Phase retrieval: It is not difficult to show that for the objective function in (3.10),

it holds
(v140),0/6] ) = (llaT o1 —30) VT o112/ o] + AH@H

(||CLT9||2 ?//2) /HQH H H +)‘H9H

c) Matrix sensing: Consider the objective function in (3.10). It is not difficult to show

that <Vf @/H@H > (tr (@TAi@> _ yi) tr (@TAi@> /H@HF + /\H@HF

~tr (074,0)" /|0]r — ytr (67 4, @) /lels+Ale]|r
= (tr (@TA19> — yi/2)2 /H@HF H H + )‘H@HF
F
d-f) We prove the property only for the Gaussian mixture model; similar proof applies

also to the other classes of problems. Denote 0 = (64)%_,. Since ¢, is a bounded function,

we have

(Vaufi(0),00) > —Ca+ N[0,

for some C,; > 0. Hence, <V9f 9/H9H> > C/H@H + )\HQH with C' =Y, Cy.
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3.8.2 Convergence of DGD without L—smoothness of f;’s

We sketch here how to extend the convergence results of DGD stated in Sec. 3.4 to the
case when the gradient of the agents’ loss functions is not globally Lipschitz continuous (i.e.
removing Assumption 3.3.1 (i)). Due to the space limitation, we prove only the counterpart
of Theorem 3.4.1; the other results in Sec. 3.4 can be extended following similar arguments.

We begin introducing some definitions. Under Assumptions 3.3.3 and 3.4.1, define the
set ) & y+l’>’,’,"d, with Y = LU I, B}é and

_ m R2
L=CLp ( max {Z fi(x?)} - ) : (3.101)

zV B ig[m)

where
ap = m[m] min{eDy;/h, 2D;id (R — €)/h*} > 0,
iem
(3.102)
h = Vfi , d b= VL,(0)]].
X, IVfi(2)[|,  an celnax, IVLa(6)]]

Note that, under Assumption 2.1°(ii), J and ) are compact. Hence, VF, is globally Lipschitz
on Y, and so is VL,; we denote such Lipschitz constants as f}vpc and EVLQ, respectively; it

is not difficult to check that

1— Umin(D)

[N/VLQ = EVFC +
Qap

(3.103)

The following result replaces Theorem 3.4.1 in the above setting.

Theorem 3.8.1. Consider Problem (3.1), under Assumptions 2.1°(ii), 3.3.3 and 3.3.4. Let
{x"} be the sequence generated by DGD in (3.15) under Assumption 3.4.1, with ) € B%,i €

[m] and 0 < & < Amayx = Tmin(I + D)/EVFC. Then, same conclusions of Theorem 3.4.1 hold.

Proof. Tt is sufficient to show that {x”} C J; the rest of the proof follows similar steps as
those in [111, lemma 2] replacing L. with Ly, .
When o < oy, {2} C Y can be proved leveraging the same arguments used in the proof

of Lemma 3.4.2. Therefore, in the following, we consider only the case ap, < o < opin({ +
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D)/Lyg,, with ap < omin(I + D)/Lyp.. We prove by induction. Clearly 2° € £y, (La(2°))
and, by (3.20) (cf. Lemma 3.4.2),

L1, (Lo(2®) CLCY, Va € |m,1].

Assume Lp (Lo(2¥)) € Y. Since 2¥ € Y, there hold z¥*! = 2V — aVL,(z") € Y and
0" + (1 — @)z"tt € Y, for all # € [0,1]. Invoking the descent lemma on L, at 2*** [recall

that L, is fLVLa—smooth on )7], we have:

(I + D) —aL
La(ZEV—H) < La(ZL‘V) — (Umln( + 2) « VFC> HVLa(x”) 2 < La<CCV). (3104>
Therefore, L, (Lo (x"™)) C L, (Lo(x”)) € Y, which completes the induction. O

3.8.3 Proof of Theorem 3.5.3: Supplement

We first show that, if there exists some 1 such that d"° = 0, z¥ = 2", for all v > 1
[see updates in (3.25)]; this means that {z”} converges in finitely many iterations. Define
D = {v:d” # 0} and take v in D. Let § = 0, then the KL inequality yields ||V L(z",y")|| >
1/¢, for all v € D. This together with (3.45) and Lemma 3.5.3, lead to [**! < ¥ —1/(Mc)?,
which by Assumption 3.3.1-(ii), implies that D must be finite and {z"} converges in a finite
number of iterations.

Consider (3.69). Let 6 € (0,1/2], then (1—6)/6 > 1. Since D¥ — 0 as v — oo [by Lemma
3.5.2-(ii)], there exists a sufficiently large v such that (D* — D¥*+1)(1=9/0 < pv _ pv+1 By

(3.69), we have .
Dvtl < MMC_ 1D1/7
MMec
which proves case (ii).

Finally, let us assume 6 € (1/2,1), then 6/(1 — 6) > 1. Eq. (3.69) implies

| < M(Du o DZ/+1)
=T (Drya0

113



where M = (MMc)?/(1=9. Define & : (0, +00) — R by h(s) 2 s 79. Since h is monotoni-

cally decreasing over [D**1, D¥], we get

D 1-46

< M v+l VY < M — M V\P __ v+1y\p )
1< M(D"—D"" " )h(D") <M i h(s)ds M1 —20 ((D P — (D" ) : (3.105)
with p = % < 0. By (3.105) one infers that there exists a constant p > 0 such that

(D" — (D¥)? > p. The following chain of implications then holds: (D**1)? > uv +
(DY = D! < (uv+ (DY)P)'? = D"+1 < Cou'/P, for some constant Cy > 0. This

proves case (iii).

3.8.4 Extension of Proposition 3.5.3

We relax conditions (i)-(ii) of Proposition 3.5.3 under the following additional mild as-

sumptions on the set of strict saddle points and the weight matrices R and C.

Assumption 3.8.1. There exists § > 0 such that A\ (V2F(0%)) < =46, for all 0* € O,
(©%, is the set of strict saddle of F', cf. Definition 3.5.5).

Assumption 3.8.2. The matrices R and C are chosen according to

Re(t-0I _CH(t-11

R = ) 4
t t

for some t > 1, and some matrices R and C satisfying Assumption 8.5.1.

Note that R and C' satisfy Assumption 3.5.1 as well. The main result is given in Propo-
sition 3.8.1. Before proceeding, we recall the following result on spectral variation of non-

normal matrices.

Theorem 3.8.2. [188, Theorem VIII.1.1] For arbitrary d x d matrices A and B, it holds
that
s(0(4),0(B)) < (Al + 1B~ |14 - B/
with
s(0(A),0(B)) = maxmin|a; — 5,
j i
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where aq,...,aq and By, ..., B4 are the eigenvalues of A and B, respectively.

Following the same reasoning as in the proof of proposition, it is sufficient to show that

for any u* € U*, the Jacobian matrix (recall from eq. (3.84))

Wr— aV2F*  —al

Dg(u™) =
(We — 1) V2Er We

has an eigenvalue with absolute value strictly greater than 1; proving that such eigenpair is
also a member of o(Dg(u*)) follows equivalent steps as in the proof of proposition and thus

is omitted. Decompose Dg(u*) as

) I—aV2F* —al| 1| Wrp—1I 0
Dg(u*) = +-1 _ . , (3.106)
0 I E\(We —=DVEr We—1
20 2P

where Wi 2 R® I and We 2 C ® I;. Eq. (3.106) reads the Jacobian matrix Dg(u*)
as a variation of ) by perturbation P,. For any u* € U*, the spectrum of () consists of
m - d counts of 1 along with the eigenvalues of I — a«V*F*, which contains a real eigenvalue
A1 > 1+ «d/(md), since 0* € ©F, . Theorem 3.8.2 guarantees that the spectrum variation
of any perturbed arbitrary non-normal matrices is bounded by the norm of the perturbation
matrix. Thus it is sufficient to show that the perturbed A, as a member of o(Dg(u*)), is
strictly greater than 1.
Applying Theorem 3.8.2 gives the following sufficient conditions: denote d £ 2md,

(1Q + Rl + QI IR /" < 204/d. (3.107)

By sub-additivity of the matrix norm, it is sufficient for (3.107) that

ad

(12 + 21QI' | < y

(3.108)
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Since each V f; is Lipschitz continuous (cf. Assumption 3.3.1), there exist constants Cg > 0

and C'p > 0 such that max, ¢y

Q| < Cq and max,cy+ || P|| < Cp/t. It is not difficult to

show that a sufficient condition for (3.108) is
(OP + QCQ)J‘le ~

£> ) TP = omd. 3.109
2 aa)dy " (3.109)

Proposition 3.8.1. Let Assumptions 8.5.1 and 5.8.1 hold, and matrices R and C' be chosen
according to Assumption 8.8.2, with t satisfying (3.109). Then, any consensual strict saddle
point is an unstable fived point of g, i.e., U* C A,, with A, and U* defined in (3.70) and

(3.72), respectively.

Note that above proposition ensures U* C A, under (3.109) and given step-size a.. Con-
vergence of the sequence is proved under (3.52) and (3.78) for the step-size a. However,
(3.52) may not hold for some large ¢ (there can be instances where the set of step-size satis-
fying conditions (3.109) and (3.52) is empty). Hence, when d > 1, the statement in Theorem

3.5.5 is conditioned to the convergence of the algorithm.
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Part 11

Distributed Convex Optimization
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4. DECENTRALIZED FIRST-ORDER ALGORITHMS FOR
(STRONGLY) CONVEX OPTIMIZATION OVER
(TIME-VARYING) NETWORKS

In this chapter, we study a general form of constrained non-smooth optimization over net-

works: | m
mln Uz) 2 —Zfl
m
_1,_/ (4.1)
F(z)
s.t. zeK,

where f; : RY — R is the loss function of agent i, assumed to be smooth and convex
while F is strongly convex on K; G : R? — R is a nonsmooth convex function on K; and
K C RY represents the set of common convex constraints. Each f; is known to the associated
agent only. Agents are connected through a communication network, modeled as a graph,
possibly directed and/or time-varying. The goal is to cooperatively solve (4.1) by exchanging
information only with their immediate neighbors.

Our focus pertains to such a design in two possible settings (one being a special case of
the other) [139]: 1) The scenario where no significant relationship can be assumed among
the local functions fi—this is what the literature of distributed optimization has extensively
studied, and will be refereed to as the unrelated setting—and 2) the case where the f’s are
related, e.g., because they reflect statistical similarity in the data residing at different nodes.
For instance, in the distributed ERM problem above, when data are i.i.d. among machines,
one can show that quantities such as the gradients and Hessian matrices of the local functions
differ only by 8 = O(1/4/n), due to concentrations of measure effects [140], [141]-we will
refer to this as [-related setting (cf. Sec. 4.1.1.2). If properly exploited in the algorithmic
design, such similarity can speed up the optimization/learning process over general purpose
optimization algorithms.

Centralized algorithms Problem (4.1) in the two settings above has been extensively

studied in the centralized environment, including star-networks wherein there is a master
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node connected to all the other workers. Our interest is in the following (non-accelerated)
algorithms:

1) Unrelated setting: (4.1) can be solved on star-networks employing the standard proxi-
mal gradient method: to reach precision € > 0 on the objective value, one needs O (Hg log(1/ e))
iterations (which is also the number of communication rounds between the master and the
workers), where x, is the condition number of F.

2) [-related setting: When the agents’ functions f; are sufficiently similar, a linear rate
proportional to x, may be highly suboptimal. For instance, in the extreme case where all
fi’s are identical (8 = 0), the number of iterations/communications to an € > 0 solution
would remain the same as for § = O(L). In fact, when 1+ /u < kg, faster rates can be
obtained exploiting the similarity of the fi’s. Specifically, [140] proposed DANE: a mirror-
descent type algorithm over star-networks, where each worker i replaces the quadratic term
in its local proximal-gradient update with the Bregman divergence of the reference function
fi + B/2]] @ ||?; and the master averages the solutions of the workers. DANE is applicable
to (4.1) with G = 0: For quadratic losses, it achieves an e-solution in (’)((ﬁ/u)2 : log(l/e))
iterations/communications (it is assumed /3/u > 1) while no improvement is proved over the
proximal gradient if the fi’s are not quadratic. More recently, [142] proposed CEASE, which
achieves DANE’s rate for (4.1) with G # 0 and nonquadratic losses. Using recent results in
[143], it is not difficult to check that the mirror-descent algorithm implemented at the master
(thus without averaging workers’ iterates) with the Bregman divergence of fi + (3/2| e ||?
(f1 is the local function at the master) achieves an € > 0 solution in (5(5 /1 - log(1 /e))
iterations/communications, improving thus on DANE/CEASE’s rates.

A natural question is whether similar results—in particular the dependence of the rate on
global optimization parameters as obtained on star-networks in the unrelated and S-related
settings—are achievable over general network topologies, possibly time-varying and directed.
The literature of distributed algorithms over general network topologies—albeit vast—do not
provide a satisfactory answer, leaving a gap between rate results over star networks and what
has been certified over general graphs—see Sec 4.0.2 for a review of the state of the art. In
a nutshell, (i) there are no distributed schemes provably achieving linear rate for (4.1) with

G # 0 and/or constraints (cf. Table 4.1). Furthermore, even considering the unconstrained
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minimization of F (i.e., G =0 and K = R?%), (ii) linear convergence is certified at a rate
depending on much larger quantities than the global condition number r,-see Table 4.2;
and (iii) when 1+ 5/p < r, (S-related setting), no rate improvement is provably achieved
by existing distributed algorithms. These are much more pessimistic rate dependencies than

what achieved over star-topologies. The goal is to close exactly this gap.

4.0.1 Major contributions

Our major results are summarized next.

1. We provide the first linear convergence rate analysis of a distributed algorithm, SONATA
(Successive cONvex Approximation algorithm over Time-varying digrAphs) [144], ap-
plicable to the composite, constrained formulation (4.1) over (time-varying, directed)
graphs. It combines the use of surrogate functions in the agents’ subproblems with a
perturbed (push-sum) consensus mechanism that aims at locally tracking the gradient
of F'. Surrogate functions replace the more classical first order approximation of the
local fi’s, which is the omnipresent choice in current distributed algorithms, offering
the potential to better suit the geometry of the problem. For instance, (approximate)
Newton-type subproblems or mirror descent-type updates naturally fit our surrogate
models; they are the key enabler of provably faster rates in the S-related setting. We
comment SONATA'’s rates below (cf. Table 4.3).

2. Unrelated setting (Table 4.3): When the network is sufficiently connected or it has
a star-topology, SONATA reaches an e-solution on the objective value in O (Hg log(1/ e))
iterations/communications, which matches the rate of the centralized proximal-gradient
algorithm. For arbitrary network connectivity, the same iteration complexity is achieved
at the cost of O((1—p)~/?) rounds of communications per iteration (employing Cheby-
shev acceleration), where p € [0,1) is the second largest eigenvalue modulus of the
mixing matrix. Our rates improve on those of existing distributed algorithms which
show a much more pessimistic dependence on the optimization parameters and are
proved under more restrictive assumptions—contrast Table 4.2 with Table 4.3. Linear

rates over time-varying digraphs are reported in Table 4.4 (cf. Sec. 4.3.2).
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3. p-related setting (Table 4.3): When the agents’ functions are sufficiently similar
(specifically, 1+3/u < k), the use of a mirror descent-type surrogate over linearization
of the fi’s provably yields faster rates, at higher computation costs. This improves on
the rate of existing distributed algorithms, which are oblivious of function similarity (cf.
Table 4.2). Notice that this is achieved without exchanging any Hessian matrix over
the network but leveraging function homogeneity via surrogation. When customized

over star-topologies, SONATA’s rates improve on DANE/CEASE’s ones too.

Table 4.1. Existing linearly convergent distributed algorithms. SONATA is
the only scheme achieving linear rate in the presence of G in (4.1) or con-
straints. The explicit expression of the rates of the above nonaccelerated
schemes (for which is available) is reported in Table 4.2.

Algorithms [145] [153]  [154] [157] [126], [158] [161] SONATA
F (smooth) each fi scvx each fi scvx F scvx F scvx
Problem: G (nonsmooth) v
constraints v
time-varying only [153] only [126], [161] v
Network:
digraph v only [126], [161] v

4.0.2 Related works

Early works on distributed optimization aimed at decentralizing the (sub)gradient algo-
rithm. The Distributed Gradient Descent (DGD) was introduced in [69] for unconstrained
instances of (4.1) and in [165] for least squares, bot over undirected graphs. A refined conver-
gence rate analysis of DGD [69] can be found in [166]. Subsequent variants of DGD include
the projected (sub)gradient algorithm [167] and the push-sum gradient consensus algorithm
[168], the latter implementable over digraphs. While different, the updates of the agents’
variables in the above algorithms can be abstracted as a combination of one (or multiple)
consensus step(s) (weighted average with neighbors variables) and a local (sub)gradient de-
scent step, controlled by a step-size (in some schemes, followed by a proximal operation). A

diminishing step-size is used to reach ezxact consensus on the solution, converging thus at a
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Table 4.2. Linear rate of existing non-accelerated algorithms over undirected
graphs: communications rounds to reach ¢ > 0 accuracy; L; and p; are the
smoothness and strong convexity constants of f;’s, respectively: Ly = maz;L;,
fhmn = min; p5; and p € [0,1) is the second largest eigenvalue modulus of
the mixing matrix [cf. (4.27)]. The rates above include the quantities x;, &,
and & rather than the much desirable global condition number x, £ L/u (L
and p are the smoothness and strong convexity constants of F', respectively).
Furthermore, they are independent on 3, implying that faster rates are not
certified when 1+ /4 < Ky (B-related setting).

Algorithm Problem | Linear rate: O(d log(1/¢))
EXTRA [146] F §= O(%), g = L
DIGing [126], [159] F 5= (fjj)2, s an)ﬁ
Harnessing [145] F o= (1i?p)2
NIDS [151], ABC [162] F 6 = max {ry, 755}
Exact Diffusion [160] F d= %7 e ﬁ::
Augmented Lagrangian P 5=
[150] 1=r
ADMM [149] F =

sublinear rate. With a fixed step-size «, linear rate of the iterates is achievable, but it can
only converge to a O(a)-neighborhood of the solution [69], [166].

Several subsequent attempts have been proposed to cope with this speed-accuracy dilemma,
leading to algorithms converging to the ezact solution while employing a constant step-size.
Based upon the mechanism put forth to cancel the steady state error in the individual gra-
dient direction, existing proposals can be roughly organized in three groups, namely: i)
primal-based distributed methods leveraging the idea of gradient tracking [73], [126], [145],
[154]-[156], [169]-[174]; ii) distributed schemes using ad-hoc corrections of the local opti-
mization direction [146], [157], [175]; and iii) primal-dual-based methods [147]-[150], [164].
We elaborate next on these works, focusing on schemes achieving linear rate— Table 4.1 orga-
nizes these schemes based upon the setting their convergence is established while Table 4.2

reports the explicit expression of the rates.
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Table 4.3. Summary of convergence rates of SONATA over undirected graphs:
number of communication rounds to reach e-accuracy. In the table, § is the
homogeneity parameter measuring the similarity of the loss functions f;’s (cf.
Definition 5.1.4); the other quantities are defined as in Table 4.2. The extra
averaging steps are performed using Chebyshev acceleration [163], [164]. The
O notation hides log dependence on kg and [/p (see Sec. 4.2.4.2 for the ex-
act expressions). Rates over time-varying directed graphs are summarized in
Table 4.4 (cf. Sec. 4.3.2).

Surrogate Communication Rounds | Extra Averaging p (network) 15}
p= 005 1+ )7)
O (kg log(1/€)) X or arbitrary
linearization
star-networks
~ K
O 9 log(1/e ) v arbitrary arbitrary
(s a0
—2 o\ —2
p=0((+8) " (m+)7)
O (1-log(1/e)) X or
B<p
local star-networks
~ 1
o log(1/e ) v arbitrary
—
-1 -1
p-o((+d) r))
5
0 (1 - log<1/e>> X or
Ju B>u
star-networks
A Blu ) :
o -log(1/e v arbitrar
(Lt y

i) Gradient-tracking-based methods: In these schemes, each agent updates its own
variables along a direction that tracks the global gradient VF'. This idea was proposed
independently in the NEXT algorithm [169], [170] for Problem (4.1) and in AUG-DGM
[73] for strongly convex, smooth, unconstrained optimization. The work [176] introduced
SONATA, extending NEXT over (time-varying) digraphs. A convergence rate analysis of
(73] was later developed in [126], [145], [177], with [126] considering also (time-varying)
digraphs. Other algorithms based on the idea of gradient tracking and implementable over
digraphs are ADD-OPT [172] and [154]. Subsequent schemes, [155], the Push-Pull [156],

and the AB [161] algorithms, relaxed previous conditions on the mixing matrices used in
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the consensus and gradient tracking steps over digraphs, which neither need to be row- nor
column-stochastic. All the schemes above but NEXT and SONATA are applicable only to
smooth, unconstrained instances of (4.1), with each f; strongly convex. This latter assumption
is restrictive in some applications, such as distributed machine learning, where not all f; are
strongly convex but F' is so.

ii) Ad-hoc gradient correction-based methods: These methods developed specific
corrections of the plain DGD direction. Specifically, EXTRA [146] and its variant over di-
graphs, EXTRA-PUSH [157], introduce two different weight matrices for any two consecutive
iterations as well as leverage history of gradient information. They are applicable only to it
smooth, unconstrained problems; when each f; is strongly convex, they generate iterates that
converge linearly to the minimizer of F'. To deal with an additive convex nonsmooth term in
the objective, [178] proposed PG-EXTRA, which is thus applicable to (4.1) over undirected
graphs, possibly with different local nonsmooth functions. However, linear convergence
is not certified. A different approach is to use a linearly increasing number of consensus
steps rather than correcting directly the gradient direction; this has been studied in [175] for
unconstrained minimization of smooth, strongly convex f;’s over undirected graphs.

iii) Primal-dual methods: A common theme of these schemes is employing a prima-
dual reformulation of the original multiagent problem whereby dual variables associated to a
properly defined (augmented) Lagrangian function serve the purpose of correcting the plain
DGD local direction. Examples of such algorithms include: i) distributed ADMM meth-
ods [149], [179] and their inexact implementations [147], [158]; ii) distributed Augmented
Lagrangian-based methods with randomized primal variable updates [150]; and iii) a dis-
tributed dual ascent method employing tracking of the average of the primal variable [153].
All these schemes are applicable only to smooth, unconstrained optimization over undirected
graphs, with [153] handling time-varying graphs. The extension of these methods to digraphs
seems not straightforward, because it is not clear how to enforce consensus via constraints
over directed networks.

To summarize, the above literature review shows that currently there exists no distributed
algorithm for the general formulation (4.1) that provably converges at linear rate to the exact

solution, in the presence of a nonsmooth function G or constraints (cf. Table 4.1); let alone
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mentioning digraphs. Furthermore, when it comes to the dependence of the rate on the
optimization parameters, Table 4.3 shows that, even restricting to unconstrained, smooth
minimization, SONATA’s rates improve on existing ones—in particular, SONATA provably
obtains fast convergence if the agents’ objective functions (e.g., data) are sufficiently similar.

Concurrent works While this work was under peer-review process and publicly avail-
able in [180], a few other related technical reports appeared online [181]-[183], which we
briefly discuss next. The authors in [181] studied a class of distributed proximal gradient-
based methods to solve Problem (4.1) with G # 0, over undirected, static, graphs. The
algorithms reach an e-solution in O(/%(l —p)tlog(1/ 6)) iterations/communications, where
& 2 Ly /p. The authors in [182] proposed an inexact distributed projected gradient descent
method for the unconstraint minimization of ' and proved a communication complexity of
O(ng (1 —p)~tlog?(1/ e)) (O hides a log-dependence on L2, /u?), which is determined by
the global condition number ry; the algorithm runs over time-varying, undirected, graphs
(as long as they are connected at each iteration). SONATA’s rates compare favorably with
those above. Furthermore, since both schemes [181] and [182] are gradient-type methods,
unlike SONATA, their performance cannot benefit from function similarity, resulting in con-
vergence rates independent on /5. On the other hand, [183] explicitly considered the [-related
setting, and proposed Network-DANE, a decentralization of the DANE algorithm. It turns
out that Network-DANE is a special case of SONATA; there are however some important
differences in the convergence analysis/results. First, convergence in [183] is established only
for the unconstrained minimization of F' (G = 0 and K = R?) over undirected graphs, with
each f; assumed to be strongly convex. Second, convergence rates therein are more pes-
simistic than what predicted by our analysis. In fact, the best communication complexity of
Network-DANE reads O((l +(B/1)?) (1 — p)~1/2 1og(1/e)) for quadratic f;’s and worsens to
O(K@(l +B/p)(1—p)~1/2 10g(1/e)> for nonquadratic losses. Note that the latter is of the order
of the worst-case rate of first-order methods, which do not benefit from function similarity.
A direct comparison with Table 4.3, shows that SONATA’ rates exhibit a better dependence
on the optimization parameters (k, vs. k¢) and §/p in all scenarios. In particular, in the

[-related setting, SONATA retains faster rates, even when f;’s are nonquadratic.
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4.1 Problem & Network Setting

This section summarizes the assumptions on the optimization problem and network set-
ting. We also introduce a general learning problem over networks, which will be used as case

study throughout the chapter.

4.1.1 Assumptions on Problem (4.1)

Our algorithmic design and convergence results pertain to two problem settings, namely:
i) the one where the local functions f; are generic and unrelated (cf. Sec. 4.1.1.1), and ii) the
case where they are related (cf. Sec. 4.1.1.2). These two settings are formally introduced

below.

4.1.1.1 The unrelated setting

Consider the following standard assumption.
Assumption 4.1.1 (On Problem (4.1)). 4.1.1.1 The set ) # K C R? is closed and convex;
4.1.1.2 Fach f;: O — R is twice differentiable on the open set O O K and convex;

4.1.1.83 F satisfies
pl = V*F(z) X LI, Vz ek,

with >0 and 0 < L < ooy
4.1.1.4 G : K — R is convex possibly nonsmooth.

Note that 4.1.1.3 together with 4.1.1.2 imply

wl < V3fi(z) X Li, Yr ek, Yie [m], (4.2)

for some p; > 0 and 0 < L; < oco. Unlike existing works (cf. Table 4.1), we do not require
each f; to be strongly convex but just F' (cf. 4.1.1.3). Also, twice differentiability of f; is not

really necessary, but assumed here to simplify our derivations.
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Under Assumption 4.1.1, we define the global conditional number associated to (4.1):
L
Ky = —. (4.3)
1

Related quantities determining the (linear) convergence rate of existing distributed algo-

rithms are (cf. Table 4.2):

me A me o me _ me
ke 2 pE T g2 and k& , (4.4)
Hmn (1/m) Zi i 2 Mmx
where
L & max L, fign = min g, and  fime £ max . (4.5)

When p; = 0, we set k, = oo. It is not difficult to check that k, can be much smaller than
K, k, kK and Ky, as shown in the following example.

Example 1: Consider the following instance of Problem (4.1):

filz) = ;xT (al +m - bdiag(e))z, F(z)= ;ifl(x) _ a—;—b

i=1

(1%,

G = 0, and K = RY where ¢; is the i-th canonical vector, and a, b are some positive

constants. We have pu; =a, Ly =a+m-b, and gy = L = a+ b. Therefore,

iR b  14+m-b
Ko _ R _ Ry R g B lEmebla
Kg Ky Ky a Kg 1+b/a
which all grow indefinitely as b/a or m increase. O

In the setting above, our goal is to design linearly convergent distributed algorithms

whose iterations complexity is proportional to x,, instead of the larger quantities in (4.4).

4.1.1.2 The (-related setting

This setting considers explicitly the case where the functions f; are similar, in the sense

defined below [139].
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Definition 4.1.1 (S-related fi’s). The local functions fi’s (satisfying Assumption 4.1.1) are
called B-related if |V2F(x) — V? fi(x)|l, < B, for all z € K and some § > 0.

The more similar the f;’s, the smaller 3. For arbitrary f;’s, 5 is of the order of

B< max  sup |ul (VPF(x) = Vfi(w)u)| < max max{|L—pul, |u—L[}. (46)
1=y meek, |uf|=1" ~ 2 =Ly
The interesting case is when 1+ 5/p << k,; a specific example is discussed next.
Example 2: Convex-Lipschitz-bounded learning problems over networks Con-
sider a stochastic learning setting whereby the ultimate goal is to minimize some population
objective

r* € argmin F(z), with F(2) 2 E,.p[f(z;2)], (4.7)
z€H

where f : O x Z — R is the loss function, assumed to be C?, convex (but not strongly
convex), and L-smooth on the open set O D H, for all z € Z; H C R%is the set of hypothesis
classes, assumed to be convex and closed; Z is the set of examples; and P is the (unknown)
distributed of z € Z. Furthermore, we assume that any z* € Bg = {z : ||z| < B}, for some
0 < B < o0. This setting includes, for example, supervised generalized linear models, where
z = (w,y) and f(x; (w,y)) = £(¢p(w) " x;y), for some (strongly) convex loss £(e;y) and feature
mapping ¢. For instance, in linear regression, f(z; (w,y)) = (y — ¢(w) " z)?, with ¢(w) € R?
and y € R; for logistic regression, we have f(z;(w,y)) = log(1 + exp(—y(¢(w) ' x))), with
w € RYand y € {—1,1}.

To solve (4.7), the m agents have access only to a finite number, say N = nm, of i.i.d.
samples from the distribution P, evenly and randomly distributed over the network. Using
the notation introduced earlier, the ERM problem reads:

s 1

. n A
F@D), fDO) = S fasa) + el (48)
=1

3 \

1
zeH m i3

where f; is regularized empirical loss of agent i, A-strongly convex. Clearly (4.8) is an instance

of (4.1), satisfying Assumption 4.1.1.
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For the ERM problems (4.8) we derive next the associated §/p and contrasts with .
Fis A-strongly convex; therefore, we can set © = A. The optimal choice of A is the one
minimizing the statistical error resulting in using z as proxy for z*. We have [184, Th. 7],
‘Wﬁh}ﬁghlnobabﬂny,FK%)——FKx*)f§%”6ﬂﬁ-+(9(§%) g<9(A1}2+;§%),wheuacgisthe
Lipschitz constant of f(e;z) on H (N Bg, for all z € Z. The optimal choice of A and resulting

minimum error rate are then

G2 R . G2D?
:o(<mN) = F@—F@)g@( N,) (4.9)

An estimate of 3 can be obtained exploring the statistical similarity of the local empirical

losses f; in (4.8). Under the additional assumption that V2f(e; z) is M-Lipchitz on H, for
all z € Z, a minor modification of [185, Lemma 6] applied to (4.7)-(4.8), yields: with high
probability,

sup HVin(:v; z) — VQF(JU)H <pB, VzeZ iec|m),

z€EBR
with
O (ﬁ) , if M =0;
b= (4.10)
O < Lid> , otherwise,

where O hides the log-factor dependence. Note that when f(e; z) is quadratic (i.e., M = 0),
B scales favorably with the dimension d.

Based on (4.9)-(4.10), an estimate of §/u and &, for (4.8) reads:
1+§:1+@(L\/dm) and /ig:l—i—@(Lvdmn). (4.11)
v

Note that x, increases with the local sample size n while 5/p does not (neglecting log-factors).
It turns out that algorithms converging at a rate depending on x4 exhibit a speed-accuracy
dilemma: small statistical errors in (4.9) (larger n) are achieved at the cost of more iterations
(larger kg4). In this setting, it is thus desirable to design distributed algorithms whose rate

depends on f/p rather than k.
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4.1.2 Network setting

We will consider separately two network settings: i) the case where the underlying com-
munication graph is fixed and undirected; and ii) the more general setting of time-varying
directed graphs.

Undirected, static graphs: When the network of the agent is modeled as a fixed, undirected
graph, we write G = (V,€), where V = {1,...,m} denotes the vertex set-the set of agents—
while £ £ {(i,j) |1,j € V} represents the set of edges-the communication links; (i,j) € & iff

there exists a communication link between agent i and j.
Assumption 4.1.2 (On the network). The graph G is connected.

Directed, time-varying graphs In this setting, communication network is modeled as a
time-varying digraph: time is slotted, and at time-frame v, the digraph reads G* = (V, &),
where the set of edges £ represents the agents’ communication links: (i,j) € £ there is
a link going from agent i to agent j. We make the following standard assumption on the

“long-term” connectivity property of the graphs.

Assumption 4.1.3 (On the network). The graph sequence {G'}, v = 0,1,..., is B-
strongly connected, i.e., there exists a finite integer B > 0 such that the graph with edge

set UE::E)B_lEt is strongly connected, for allv =0,1,....

The network setting covers, as special case, star-networks, i.e., architectures with a cen-
tralized node (a.k.a. master node) connected to all the others (a.k.a. workers). This is the

typical computational architecture of several federated learning systems.

4.2 The SONATA algorithm over undirected graphs

We recall here the SONATA/NEXT algorithm [144], [170], customized to undirected,
static, graphs. Fach agent i maintains and updates iteratively a local copy z; € R? of the
global variable z, along with the auxiliary variable y; € R?, which estimates the gradient of F.
Denoting by z¥ (resp. y) the values of z; (resp. y;) at iteration v = 0,1, ..., the SONATA

algorithms is described in Algorithm 2. In words, each agent i, given the current iterates xV
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Algorithm 2: SONATA over undirected graphs
Data: z¥ € K and ¢ = Vfi(2?), i € [m].
Iterate: v =1,2, ...
[S.1] [Distributed Local Optimization] Each agent i solves

& 2 argmin fi(wial) + (3 — Vi) (o - f) +G(x), (4.12a)
xi €

Fi(zi;2})
and updates

v+ 1
l’i+2 _ $i/ + - le7 with dlu L v _ x!; (4.12b)

1 1

[S.2] [Information Mixing] Each agent i computes

(a) Consensus

m 1
/= Zwijxjy+27 (4.12¢)
=1
(b) Gradient tracking
=Y wy(yf + V@) = V(). (4.12d)
=1

end

and y!, first solves a strongly convex optimization problem wherein F} is an approximation
of the sum-cost F" at z¥; fl in (4.12a) is a strongly convex function, which plays the role of a
surrogate of f; (cf. Assumption 4.2.1 below) while y acts as approximation of the gradient
of F at a¥, that is, VF(x!) =~ y/ (see discussion below). Then, agent i updates =¥ along

the local direction @ [cf. (4.12b)], using the step-size a € (0, 1]; the resulting point /T2

is broadcast to its neighbors. The update /% — v+

is obtained via the consensus step
(4.12¢) while the y-variables are updated via the perturbed consensus (4.12d), aiming at
tracking VF (z}).

The main assumptions underlying the convergence of SONATA are discussed next.

e On the subproblem (4.12a) and surrogate functions f: The surrogate functions satisfy

the following conditions.

Assumption 4.2.1. Each f;: O x O — R is C? and satisfies
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Figure 4.1. Illustration of surrogate function f;

(i) Vfi(x;x) = Vfi(x), for all x € K;
(ii) V fi(e;z) is Li-Lipschitz continuous on K, for all z € K;
(1i7) fi(o; x) is fi-strongly convex on IC, for all x € IC;
where Vfi(x; z) is the partial gradient of fi at (x, z) with respect to the first argument.

The assumption states that fl should be regarded as a surrogate of f; that preserves at
each iterate ! the first order properties of f; (see Fig. 4.1). Conditions (i)-(iii) are certainly

satisfied if one uses the classical linearization of f;, that is,

Filwsal) = V fila!) (@ — ) + 5 llos — a? | (4.13)
with 73 > 0, which leads to the standard proximal-gradient update for Z;. Note that if, in ad-
dition, G = 0 and K = R?, (4.12a)—(4.12¢) reduces to the standard (ATC) consensus/gradient-

tracking step (setting @ = 1 and absorbing 1/7; into the common stepsize v): /™' =

Sjwi(zy —yy) [73], [126], [145]. However, Assumption 4.2.1 allows us to cover a much

wider array of approximations that better suit the geometry of the problem at hand, en-
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hancing convergence speed. For instance, on the opposite side of (4.13), we have a surrogate

retaining all the structure of f;, such as

v Ti v
filwsap) = filx) + 5 lls — 27|, (4.14)
with 73 > 0. Using (4.14), one can rewrite (4.12a) as:

~ . i Ti 2
¢ = argmin (1- (VA@Y) + o)~ (VA + 7o) )aic+ (la) + 3 ) + Glaw), (415)

i EX

Vg(z¥) Vw(x!) ()

which can be interpreted as a mirror-descent update (with step-size one) for the composite
minimization of g(z;) £ fi(x;) + (y¥)" (z; — 2¥), based on the Bregman distance associated
with the reference function w(x;) £ fi(x;) + 71/2]|24|?.

We refer the reader to [6], [186], [187] as good sources of examples of nonlinear surrogates
satisfying Assumption 4.2.1; here we only anticipate that, when the fi’s are sufficiently
similar, higher order models such as (4.14) yield indeed faster rates of SONATA than those
achievable using linear surrogates (4.13). Further intuition is provided next.

Under Assumption 4.2.1, it is not difficult to check that, for every i € [m], there exist

constants Df and D{, Df < DY, such that
DI < V*fi(x,y) — V?F(z) = DI, Vx,yeK; let D;2 max{|D{|,|D!}. (4.16)

For instance, (4.16) holds with D; = max{|fi; — L|,|L; — p|}. Roughly speaking, the smaller
D; the better F} in (4.12a) approximates F. To see this, compare F' and F} up to the second
order: there exist 0,0y € (0,1) such that

Fasal) = filalsa) + (o — VA + Vi) (@ —al)
+ 1(96’1 —2}) V2 A2t + Oy (s — al);af ) (2 — )

2 (4.17)
F(a:) = F(a}) + VF () (2 — a})

1 1

1
+ 5(951 - x;’)TV2F<xi” + O (x; — xf),x”) (x; — ay).
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Noting that Vfi(z/;2") = V fi(z¥) [Assumption 4.2.1(i)] and VE(2¥;2") = y, and antici-
pating |V F(z?) — || — 0 as v — oo (see discussion below), it follows that F, approximates
F asymptotically, up to the first order. A better match, is achieved when Dj is sufficiently
small. One can then expect that, if the local functions are sufficiently similar (f is small),
surrogates f: exploiting higher order information of f;, such as (4.14), may be more effective
than mere linearization. Our theoretical findings confirm the above intuition—see Sec. 4.2.4.
e Consensus and gradient tracking steps (4.12¢)-(4.12d) In the consensus and tracking

steps, the weights wy;’s satisfy the following standard assumption.

Assumption 4.2.2. The weight matriz W £ (wij)ﬁzl has a sparsity pattern compliant with

g, that is
4.2.2.1 wy >0, foralli=1,... m;
4.2.2.2 wy; > 0, if (1,j) € €; and wy; = 0 otherwise;
Furthermore, W is doubly stochastic, that is, 1"W =17 and W1 = 1.

Several rules have been proposed in the literature compliant with Assumption 4.2.2, such
as the Laplacian, the Metropolis-Hasting, and the maximum-degree weights rules [188].
Finally, we comment the anticipated gradient tracking property of the y-variables, that

is, ||[VF(z¥) —y¥|| — 0 as v — oo. Define the average processes

m

1 & =v o 1
7’2 =Sy and VE 2 =3 Vfi(a). (4.18)
mi= M =1

Summing (4.12d) over i € [m] and invoking the doubly stochasticity of W; we have

14

- VI, .

v+1

gyt =y +VE (4.19)

Applying (4.19) inductively and using the initial condition y? = V fi(z?), i € [m], yield

7 =VF, , YWw=01,.... (4.20)
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That is, the average of all the y¥’s in the network is equal to that of the V fi(z¥)’s, at every
iteration v. Assuming that consensus on z!’s and y!’s is asymptotically achieved, that is,
|27 — || — Oand i =yl — 0, i#], (4.20) would imply the desired gradient tracking

property |VF(z}) —y/|| = 0 as v — oo, for all i € [m].

4.2.1 A special instance: SONATA on star-networks

Although the main focus of this thesis is the study of SONATA over meshed-networks, it
is worth discussing here its special instance over star networks. Specifically, consider a star
(unidirected) graph with m nodes, where one of them (the master node) connects with all
the others (workers). The workers still own only one function f; of the sum-cost F. Two
common approaches developed in the literature to solve (4.1) in this setting are: (i) based
upon receiving the gradients V f; from the workers, the master solves (4.1) and broadcasts the
updated vector variables to the workers; (ii) based upon receiving the full gradient VF and
the current iterate from the master, all the workers solve locally an instance of (4.1) and send
their outcomes to the master that averages them out, producing then the new iterate. Here
we follow the latter approach; the algorithm is described in Algorithm 3, which corresponds to
SONATA (up to a proper initialization), with weight matrix W = [1, 0, m—1] [1/m, ()mm_l]T

Connection with existing schemes SONATA-star, employing linear surrogates [cf. (4.13)]
and a = 1, reduces to the proximal gradient algorithm. When the surrogates (4.14) are used
(and still & = 1), SONATA-star coincides with the DANE algorithm [140] if G = 0 and to
the CEASE (with averaging) algorithm [142] if G’ # 0. Nevertheless, our convergence rates
improve on those of DANE and CEASE-see Sec. 4.2.4.1.

4.2.2 Intermediate definitions

We conclude this section introducing some quantities that will be used in the rest of the

chapter. We define the optimality gap as
v A - v *
P EY (UG -U@Y), (4.21)

i=1

135



Algorithm 3: SONATA on Star-Networks (SONATA-Star)

Data: 2° € K.

Iterate: v =1,2, ...
[S.1] Each worker i evaluates V fi(z") and sends it to the master node;
[S.2] The master broadcasts VF(z") = 1/m Y1", V fi(z") to the workers;
[S.3] Each worker i computes

zV & argmin fi(xi; ") + (VF(xV) - Vfi(xil))T(xi —a") + G(z),

;i €KX

and sends Z! to the master;
[S.4] The master computes

1™
xu+1:xu+a 75:13?_1,1/ 7
m iy

and sends it back to the workers.
end

where z* is the unique solution of Problem (4.1).

We stack the local variables and gradients in the column vectors

CE ey Ry ] VEY 2 VAR V() ']

(4.22)

The average of each of the vectors above is defined as z¥ = (1/m) - 2, 2¥. The consensus

disagreements on x{’s and y!’s are
v A v —v v A v —v
IJ_—CC—]_m@[L’ and yJ__y_lm®y’
respectively, while the gradient tracking error is defined as

VAT, 00T, with 0V 2 VF(Y) —yl, i=1,...,m.
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Recalling Li, L;, i, Df and Dj as given in Assumptions 4.1.1 and 4.2.1 and (4.16), we
introduce the following algorithm-dependent parameters
Hmn £ min [, me S max, Zi,

ie[m) i€[m]

(4.25)

D! 2 min Df, Dy £ maxD;.
i€[m] i€fm]

Finally, given the weight matrix W, we define
WAW®l;, and J2 771%1m1; ® I,. (4.26)
Under Assumptions 4.1.2 and 4.2.2, it is well known that (see, e.g., [189])
pEo(W—1J)<1, (4.27)
where o(e) denotes the largest singular value of its argument.

4.2.3 Linear convergence rate

Our proof of linear rate of SONATA passes through the following steps. Step 1: We
begin showing that the optimality gap p” converges linearly up to an error of the order
of O(||z11* + ||y ||*), see Proposition 4.2.1. Step 2 proves that ||z | and |3/ || are also
linearly convergent up to an error O(||d”||), see Proposition 4.2.2. In Step 3 we close the
loop establishing [|d”| = O(/p” + ||y ), see Proposition 4.2.3. Finally, in Step 4, we
properly chain together the above inequalities (cf. Proposition 4.2.4), so that linear rate is
proved for the sequences {p”}, {||z" ||?}, {ll¥* ||I*}, and {||d”||*}see Theorems 4.2.1 and 4.2.2.
We will tacitly assume that Assumptions 4.1.1, 4.1.2, 4.2.1, and 4.2.2 are satisfied.

Step 1: p” converges linearly up to O(||z" [|*+||y" ||*)

Invoking the convexity of U and the doubly stochasticity of W, we can bound p**! as

p s (U uE) =3 (0erh - uen). s

i=1j=1 i=1
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vl

We can now bound U (z; +2), regarding the local optimization (4.12a)-(4.12b) as a per-
turbed descent on the objective, whose perturbation is due to the tracking error ¢”. In fact,
Lemma 4.2.1 below shows that, for sufficiently small «, the local update (4.12b) will decrease

the objective value U up to some error, related to 4}.

Lemma 4.2.1. Let {z}'} be the sequence generated by SONATA; there holds:

U <UG) —a((1=5) i+ D) I+ all@ ), (429)

with DY and 6! are defined in (4.16) and (4.24), respectively.
Proof. Consider the Taylor expansion of F':

1
) =F(a) + VE@) (ady) + (ad))T H (ady),

“2p) + (07) () + (u) (ad?) + (ad) T H(ad?),

F(z
(4.30)

where H 2 [1(1 — 0)V2F(62""% 4 (1 — 0)2?)de.
Invoking the optimality of 2 and defining H; £ [} V2fi(0 7" + (1 — ) x¥; 2¥)d0, we have

Gla)) = Q@) 2 (@) (V@) + oy = Vi) = (@) (v + Hdy),  (431)

where the equality follows from Vfi(zV;2) = Vfi(z¥) and the integral form of the mean

value theorem. Substituting (4.31) in (4.30) and using the convexity of G yield

vl
F(z"?)

1

<F(at) + () (ad?) + (ad) T H(ad?) +a (Ga}) — G(@t) — (@) Hd) — (432)

< F(at) + (6)(ad?) + o (—(@) Hhdt + (ad)TH@)) + Ga?) - GG,

1
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It remains to bound oH — H;. We proceed as follows:

CYH—Hi

1 1 ~
—a [ (- OV2F(02 % 4+ (1 — 0)a)d — | PR3+ (1= 02t at)do
0 0

. a 1 ~
(+120) / (1—6/a)V2F (07 + (1 — 6)a)do — / V2 (07 + (1 — 0)¥; 2")df
0 0

a (0% o ~ - 1 (433)
“ —/ (1—6/a)- (DY) Ido —/ (0/Q)V2F(0F: + (1 — 0)a”; 2¥)dO
0 0
1 ~
~ [ VEROF + (1 - 0)at;a7)db

® 1 oY
< - = DM—<1—)11
— 2&( 1) 2 /‘L )

where in (a) we used V2F(02Y + (1 — 0)az?) < —(DYI + V2 (07" + (1 — 0)a¥; 2?) [cf. (4.16)]
while (b) follows from Assumption 4.2.1(iii). Substituting (4.33) into (4.32) completes the
proof O

We can now substitute (4.29) into (4.28) and get

v v - 1% v o ~ v Dle 1%
CRESEDY {audi = o (1= ) Falld I = o2l ||2} (4:342)
i=1
@ a\ aD’ 1 y 1 _ y
<y - ((1—2) i + 5 —Qeopt) all I+ Segpa- 87 (4.340)

where in (a) we used Young’s inequality, with €,,; > 0 satisfying

. DY, 1
(1 _ g) Iumn + 04 2mn _ ieopt > 07 (435)
and DY is defined in (4.25).

Next we lower bound ||d”||* in terms of the optimality gap.

Lemma 4.2.2. The following lower bound holds for ||d”|?:

14 M 14 14 Q 14
P = g (7 = 0 = S (4.30
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where Dy, is defined in (4.25).

Proof. Invoking the optimality condition of z¥, yields

G@*) = G = ~(a* — )T (VA a0) +of = VA, (4.37)
Using the p-strong convexity of F', we can write

U(z*) > U(a}) + G(a*) = G(7}) + VF(@) " (2" —a) + %Hx* - a|?
(4.37)

.
> U@+ (VF@E) - V@) - (0 - VAG)) ) @ =3+ e - )

Plor— v+ o (w(”) V@) - (o —Vfi@i”)))H?
- o V@) - visa - (o - V)

—U@) +

ZU(fi’)—iHVF(fi’)ﬂ:VF(%) V@) = (v - Vil )H

> UG - [VF@) - VFPa) + Vi) - V@) - 162

U@ = | [ (TR + (- o)) = V203 + (1 - 0)atsa) (@) a0 - Ll
1 llJo 1

> uGet) - Zarl - Ly

Rearranging the terms and summing over i € [m], yields

1 > g (3 (v - ve) - 1), (439

Using (4.28) in conjunction with U(z V+2) < aU(zV) + (1 — a)U(a}) leads to

o SO UE) - UEh) > 9 = (1— a)p. (4:39)
i=1
Combining (4.38) with (4.39) provides the desired result (4.36). O

As last step, we upper bound [[§”]|? in (4.34) in terms of the consensus errors ||z ||* and

112
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Lemma 4.2.3. The following upper bound holds for the tracking error ||6”]?:
l6711* < ALg [l 11 + 2lly7 1%, (4.40)

where Ly is defined in (4.5).

Proof.
vyj2 (429) 5
167 E :||VF ST &

(a18) 1. 1

= Vi) +m-y" —m-yf
=1

(42)4517" m2 v V(|2 20| v V|2
= 72 2m Y Ly lloy — a7 |* + 2m? ||y — vy |

= AL [l27[1* + 2]y |

]

We are ready to prove the linear convergence of the optimality gap up to consensus
errors. The result is summarized in Proposition 4.2.1 below. The proof follows readily
multiplying (4.34) and (4.36) by fimn — 2o — €, and 6(L? + L2.)/p, respectively, adding
them together to cancel out ||d”||, and using (4.40) to bound ||§¥||?.

Proposition 4.2.1. The optimality gap p* [cf. (4.21)] satisfies

P < o(a) - p” +nla) - (LAY 1%+ 2]yt )1?) (4.41)

where o(a) € (0,1) and n(a) > 0 are defined as

(1 - %) /j a — %Eopt

A9 _

ola) =1 a%_i—(l_% ﬁmn_’_Dgnna_%EOpt, (4.42)
77(04) N ;Q:plta iﬂx + g : ((1 - *> Mzn + Déﬂnla - ;Eopt); (4‘43)

P (1 = §) Fiun + Pg0 — o

€opt Satisfies (4.35); and Ly and fimn, D%, Dy are defined in (4.5) and (4.25), respectively.
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Step 2: ||z4 || and |y} || linearly converge up to O(||d”||) We upper bound |z ||
and ||y || in terms of ||d”]]. We begin rewriting the SONATA algorithm (4.12a)-(4.12d) in

vector-matrix form; using (4.22) and (4.26), we have

2 = W(z” + ad”) (4.44a)

Yt =Wy + VE T — VEY). (4.44b)

Noting that «% = (I — J)z [similarly, ¥ = (I — J)y”] and (I — J)W = W — J (due to the
doubly stochasticity of W), it follows from (4.44) that

2 = (W = J) (2 + ad”) (4.45)
Yt = (W = )y + VF' = VEY). (4.46)

Using (4.45)-(4.46), Proposition 4.2.2 below establishes linear convergence of the consensus

errors 7'/ and y', up to a perturbation.

Proposition 4.2.2. There holds:

T4 < plla'L I+ aplld”|l, (4.47a)
Iy < plly || + 2Lmxpll2’ || + aLungplld”|], (4.47b)

with p and Ly defined in (4.27) and (4.5), respectively.

Proof. We prove next (4.47b); (4.47a) follows readily from (4.45). Using (4.44a), (4.46),
and the Lipschitz continuity of V f; [cf. (4.2)], we can bound [|y™| as

Iy T < pllylll + Pl VEST = VEY||

< Pyl + Linxpl| (W = D" + aWd”|
\—A,_/
=(W-I)z"

< pllYLI| + 2Lxp|| 2" || + aLimxp||d” ],

where in the last inequality we used |[|[WW]| < 1. O
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Step 3: [|[d’|| = O(/p” + ||y ||) (closing the loop) Given the inequalities in Propo-
sitions 4.2.1 and 4.2.2, to close the loop, one needs to link ||d”|| to the quantities in the

aforementioned inequalities, which is done next.

Proposition 4.2.3. The following upper bound holds for ||d”||:

) 6 ([ Dy o4z, 3 .,
|a”||” < m (<~ +1> + e )p +ﬁ7IIyL||2- (4.48)

where Ly and Ly, fimn, Dmx are defined in (4.5) and (4.25), respectively.
Proof. By optimality of 2! and 2* we have

(VA@ ) + o = V@) (0 = 3) +G) - G@Y) > 0,
VF@) (@ - %) + G@) - G(a*) > 0.

Summing the two inequalities above yields
7 T
0 <(VF@") =y + Vh@!) - VR@E; ) ) @ — o)

!
= (VFW) - ;ZVJ%(%-”) + Vfi(a}) - Vi@ :c;f)> (& — a%)
j=1
17— gl — o)
< (VF(@*) ~ VF() + Vi) - Vi@Esa) ' @ - o)

*

-z

e 4 v N * 14 1 S v
1l = wlliz -+ [VF@) - — > Vi)
=1

< (VF(*) = VF(a!) + Vfi(a}) £ Vfi(a* 2¥) — V(3 a:g))T (7 — 1)

Tl —x*

v

1 m
g —wlla =i+ | -2 L
el (mjzl | )\

v

< ([ (PR + (1= 0)at) = (0 + (1= 0)at5at) ) (0" — a?) de)T (3 — )

~ ||~V * —v vl oV * 1 & v v o
R R H+(mZLj\xi—xj )l
=1

143



i — —
1 & y

T\, j
mi3

Rearranging terms and using the reverse triangle inequality we obtain the following bound

7V — |2

y" =y |z — ]

Tl —a*

for ||
VIl A+ (m Lj‘x —af ) > [i|x] —x (|| d] = fla* = 22)) -
(4.49)
Therefore,
D 2 3 2
||diy||2§3</j;+1> ‘x*_foJrﬁ?H ?/1||2+~2( JV)
2
Di % u 6Lr2nx m , )
= 3<%+1> o = 2t + ﬁQIIy —y[I* + Zm (le% 2|7 + ml|z* _x*HQ).
Summing over i = 1,...,m, yields

3 v
“+ ﬁTHyL“2

m

D > 212\ ™
||d1/||2§ 3<~mx+1> _|_ ~ mx T
fhmn [ ;
6 Lz
W

Step 4: Proof of the linear rate (chaining the inequalities)

We are now ready to prove linear rate of the SONATA algorithm. We build on the

following intermediate result, introduced in [126].

Lemma 4.2.4. Given the sequence {s"}, define the transformations
SK(z) 2 max [s’|z7Y and S(z) 2 sup|s’|z7", (4.50)
v=0,...,.K veN

for z€(0,1). If S(z) is bounded, then |s"| = O(z").
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We show next how to chain the inequalities (4.41), (4.47) and (4.48) so that Lemma 4.2.4

can be applied to the sequences {p*}, {||z%|I*}, {|lv||*} and {||@”||?}, establishing thus their

linear convergence.

Proposition 4.2.4. Let PX(z), XX(2), Y&(2) and DX (z) denote the transformation (4.50)

applied to the sequences {p”}, {I|=" I*}, {llv1|I*} and {||d"||*}, respectively. Given the con-

stants o(o) and n(«) (defined in Proposition 4.2.1) and the free parameters €;, €, > 0 (to be

determined), the following hold

for all

where

Gp(a, z)

Gx(Z) é

Gy(Z) é

o 22
L

4

z

pla, z) - (4LanXf(z) - 2Yf(z)) + wp,

v(2) 8Ly p* X1 (2) + Gy (2) - 2L p*a” D (2) + wy,

G
Gx(2) - p*a® D™ (2) + wy,
G
C

1'PK(Z) +C’2-Yf(z),

n(e)
z—o(a)’
(1+e")

—pP(1+e)

(I+¢1)

z—p*(1+e¢,)

(

Dmx
/jmn

2
mx

2 4L
+1) o

772
Hmn

I

[
N
=

“p z—o(a) P
e e R G
ey I
cgéﬂfm.

Proof. Squaring (4.47) and using Young’s inequality yield

2 < (1 + )l ]° + p* (1 + e ol d|?

IR < P IR + 020+ &) (SE2llat I + 20722, ),
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(4.53a)
(4.53b)

(4.53¢)

(4.53d)

(4.54)
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Figure 4.2. Chain of the inequalities in Proposition 4.2.4 leading to (4.55).

for arbitrary €;,€, > 0. The proof is completed by taking the maximum of both sides of

(4.41), (4.48), and (4.54) over v = 0, ..., K and using max,—q__x |s" ™|z > z'max,—o _x |s]| 27—

----------

z - |59, for any sequence {s”} and z € (0,1). O

Chaining the inequalities in Proposition 4.2.4 in the way shown in Fig. 4.2, we can bound

DX(z) as (see Appendix 4.6.1 for the proof)
DX (2) < P(a,z) - DX(2) + R(a, 2), (4.55)

where P(q, z) is defined as

Pla,z) £ Gp(a, 2) - Gx(2) - Oy -4LL, - p* - o
+ (Gp(a, 2) - 20, + Cy) - Gy (2) - 212 p* - & (4.56)
+ (Gpla, 2) - 201 + Co) - Gy (2) - 8L2 p* - Gx(2) - p* - &,

and R(a, z) is a remainder, which is bounded under (4.52).

Therefore, as long as P(a, z) < 1, (4.55) implies

D¥(2) < Ria, 2)

— 77 < B 4.
~1-Pla,z) ~ < oo (4:57)

where B is a constant independent of K. Therefore, D(z) < B and thus {||d”||*} converges

R-linearly to zero at rate at least z (cf. Lemma 4.2.4). Applying the same argument to
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the other inequalities in Proposition 4.2.4, one can conclude that also the sequences {p“},
{ll=*]]*} and {||y" ||} converge R-linearly to zero.

The last step consists to showing that there exist a sufficiently small step-size o € (0, 1]
and z € (0,1) satisfying (4.52), such that P(«, z) < 1. This is proved in the Theorem 4.2.1

below.

Theorem 4.2.1. Consider Problem (4.1) under Assumptions 4.1.1 and 4.1.2; and the SONATA
algorithm (4.12a)-(4.12d), under Assumptions 4.2.1 and 4.2.2, with fim, > D’,. Then, there
exists a sufficiently small step-size & € (0, 1] [see the proof for its expression] such that for

all a < o, {U(x})} converges to U* at an R-linear rate, i € [m].

Proof. The proof is organized in following two steps: Step 1) We first consider the
“marginal” stable case by letting z = 1, and show that there exists & > 0 so that P(«, 1) < 1,
for all « € (0,@); Step 2) Then, invoking the continuity of P(«, z), we argue that, for any
a € (0,@), one can find z(a) < 1 such that P(Oz, Z(a)) < 1. This implies the boundedness
of DK (2(04)), and thus ||d”]|* = O(E(@)”) (cf. Lemma 4.2.4).

e Step 1: We begin optimizing the free parameters €,, €,, and €,,. Since the goal is to find
the largest a so that P(a, 1) < 1, for all o € (0, @), the optimal choice of €,, €,, and €, is

the one that minimizes P(a, 1), that is,

1+t 1—
€* = argmin —g ‘ = P (4.58)
e>0 1— 1Y (1 + 6) P

We then set €, = ¢, = €*

, and proceed to optimize €,,, which appears in n(a) and o(a).
Recalling the definition of n(«) and o(«) (cf. Proposition 4.2.1) and the constraint (4.35),

the problem boils down to minimize

o) g By (1= 8) e + Bra — gen)
Gpla,1) = -— ola) " (1 j;) i + Do — Le, ,

subject to €ypr € (0, 2fimn — @(fimn — D%,,)). To have a nonempty feasible set, we require

@ < 2fimn/ (fimn — D%) (recall that it is assumed fin, > D% ). Setting the derivative of
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Gp(a,1) with respect to €,y to zero, yields €, = (1 - %) finn + oD% /2, which is strictly
feasible, and thus the solution.
Let P*(av, z) denote the value of P(«, z) corresponding to the optimal choice of the above

parameters. The expression of P*(a, 1) reads

2

Pra,1) 2 Ghla)- Oy -4L2 - L .2

(1—p)?
2
" p
+ (Gp(a) - 2C) + Cy) - 212 - = o? (4.59)
4
" p
+ (GP(OC) : 201 + CQ) : 8Lr2nx : (1 — p)4 . a2,

where

Gy & 2o (1= 8) o+ B

[ Dfnn 2
((1=%) fimn + 0
e Step 2: Since P*(e, 1) is continuous and monotonically increasing on (0, 2fmn/ (fmn —

Dt ), with P*(0,1) = 0, there exists some & < 2fimn/ (fimn — D%,,) such that P*(a, 1) < 1,

mn

(4.60)

for all & € (0,&). One can verify that, for any a € (0, 2fimn/(fmn — D%,)), P*(a, 2) is
continuous at z = 1. Therefore, for any fixed a € (0, @), P*(a, 1) < 1 implies the existence
of some z(a)) < 1 such that P*(a, z(«)) < 1.

We conclude the proof providing the expression of a valid a. Restricting o < fiyn /(fmn —
D’ ), we upper bound G% () by G (fimn/ (fimn — D%,,)). Using for G%(«) this upper bound
in (4.59) and solving the resulting P*(«, 1) < 1 for «, yield

a<a1é<G}(“mn>.Cl.4Lfm. P

fimn — Diy (1—p)?
s L
6 () 20 ) 2t (a6)
* Prmn 2 P4 E
o () 20 ) st )
Therefore, a valid & is @ = min{fimn/(fimn — D%, a1 }. O
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The next theorem provides an explicit expression of the convergence rate in Theorem
4.2.1 in terms of the step-size «; the constants J, A%, and a* therein are defined in (4.104),
(4.102) with 0 = 1/2, and (4.106), respectively.

Theorem 4.2.2. In the setting of Theorem 4.2.1, suppose that the step-size o salisfies
o € (0, uny), With amy = min{(l—p)z/A%,ﬁmn/(ﬁmn—Dmn), 1}. Then, U(xt)—U* = O(z"),

for alli € [m], where

1-J « for a € (0, min{a*, amyx }),
z = 2 (4.62)
(p + aA;) for a € [min{a*, oy}, ) -
Proof. See Appendix 4.6.2. O]

4.2.4 Discussion

Theorem 4.2.2 provides a unified set of convergence conditions for different choices of
surrogates and network topologies. To shed light on the expression of the rate and its
dependence on the key optimization and network parameters, we customize here Theo-
rem 4.2.2 to specific network topologies and surrogate functions. We begin considering
star-networks (cf. Sec. 4.2.4.1) and then move to general graph topologies with no master
node (cf. Sec. 4.2.4.2). We will customize the rate achieved by SONATA employing the
following two surrogate functions fi, representing the two extreme choices in the spectrum

of admissible surrogates:

¢ Linearization:

. L
filws o) £ Vfilal) (@ — af) + 3 Ml — 2711 (4.63)

1

e Local f;:
Flwiat) & fle) + 5l — (1.64)
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4.2.4.1 Star-networks: SONATA-Star

Convergence of SONATA-Star (Algorithm 3) is established in Corollary 4.2.1 below.

Corollary 4.2.1. Consider Problem (4.1) under Assumption 4.1.1 over a star-network; let
{z"} be the sequence generated by SONATA-Star (Algorithm 3), based on the surrogate func-
tions satisfying Assumption 4.2.1 and step-size o € (0, min(2fimn/ (fian — D%,,,),1)]. Then,

foralli=1,...,m,

(1= 5) Fon + 25

U")—-U*=0(z"), with z=1—a«- (4.65)
In particular, when the surrogates (4.63) and (4.64) are employed along with o = 1, the rate

above reduces to the following expressions:

+ Linearization (4.63): z < 1—x_". Therefore, U(z")—U* < € in at most O(lig log(l/e))

iterations (communications);

e Local f; (4.64):

1
2<1— : . (4.66)
1+4-§-m1n{1,§}

Therefore, U(x") — U* < € in at most

(4.67)

o (g - log (1/6)) . if B> p,

iterations (communications).
Proof. See Appendix 4.6.3. O]

The following comments are in order. When linearization is employed, SONATA-Star
matches the iteration complexity of the centralized proximal-gradient algorithm. When the

fi’s are sufficiently similar, (4.66)-(4.67) proves that faster rates can be achieved if surrogates
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(4.64) are chosen over first-order approximations: when § < L, (4.67) is significantly faster
than O(ﬁg log(l/e)). As case study, consider Example 2 (cf. Sec. 4.1.1.2): plugging (4.11)
into Corollary 4.2.1 shows that using the surrogates (4.64) yields @(L\/ﬁ - log(1 /e))
iterations (communications); this contrasts with @(L Vdmn -log(1/ e)), achieved by first-
order methods (and SONATA-Star using linearization), which instead increases with the
sample size n.

Comparison with DANE & CEASE Since SONATA-Star contains as special cases
the DANE [140] and CEASE [142] algorithms, we contrast here Corollary 4.2.1 with their con-
vergence rates. We recall that DANE is applicable to (4.1) when G = 0: For quadratic losses,
it achieves an e-optimal objective value in O((ﬁ /1)? - log(1/ e)) iterations/communications
(here B/p > 1). This rate is worse than (4.67). For nonquadratic losses, [140] did not
show any rate improvement of DANE over plain gradient algorithms, i.e., (’)(ng -log(1/ e))
while SONATA-star still retains O(ﬁ/,u : log(l/e)). The CEASE algorithm is proved to
achieve an e-solution on the iterates in O(([)’ /1n)? - log(1 /6)) iterations/communications
(with g/pu > 1); SONATA reaches the same error on the iterates in (’)(ﬁ/u . log(ﬁg/e))
iterations/communications, which matches the order of the mirror-decent algorithm.

In the next section we extend the study to networks with no centralized nodes, sheding

lights on the role of the network in achieving the same kind of results.

4.2.4.2 The general case

The convergence rate of SONATA over general graphs is summarized in Corollary 4.2.2
for the linearization surrogates (4.63) while Corollaries 4.2.3 and 4.2.4 consider the surrogates
(4.64) based on local f;, with Corollary 4.2.3 addressing the case 8 < p and Corollary 4.2.4

the case > u. The step-size « is tuned to obtain favorable rate expressions.

Corollary 4.2.2 (Linearization surrogates). In the setting of Theorem 4.2.2, let {x"} be
the sequence generated by SONATA, using the surrogates (4.63) and step-size & = ¢ - Oy,
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c € (0,1), with amx = min{1, (1 — p)?/(p - 110k,(1 + B/L)*)}. The number of iterations

(communications) needed for U(z!) — U* <€, i€ [m], is

. 1
Case I: O (k4log(1/e)), if a _pp)2 < ", (1 . 6)2’ (4.68)
kg L
2
Kg +
Case II: O (W log(l/e)) , otherwise.  (4.69)
- P
Proof. See Appendix 4.6.4. n

Corollary 4.2.3 (local fi, 5 < p). Instate assumptions of Theorem 4.2.2 and suppose < p.

Consider SONATA using the surrogates (4.64) and step-size & = ¢ - ayy, ¢ € (0,1), with
2 2

amx = min{1, (1 — p)?/(Mp)} and M = 193 (1 + %) (/ig + %) . The number of iterations

(communications) needed for U(xl) — U* <€, i € [m], is

. P 1
Case I: O (1-log(1/e)) if < (4.70)
9 1 o 2 2 29
T (i 3)
2
Case II: O <(1ﬁgp)2 log(1/6)> ; otherwise.  (4.71)
—p

Corollary 4.2.4 (local fi, § > ). Instate assumptions of Theorem 4.2.2 and suppose 3 > .
Consider SONATA wusing the surrogates (4.64) and step-size & = ¢ - amy, ¢ € (0,1), with
amx = min{l, (1 — p)?/(Mp)} and M = 253 (1 + %) (K,g + %) The number of iterations
(communications) needed for U(z!) — U* <€, 1€ [m], is

Case I: — -log(1/€ i ! 4.72

se I O(,u log(1/ )> / (1—p)2<253<1+’:5) (ﬁg+€>’ (4.72)

Case II: (rg (5/#))2'0 0 € otherwise 4.7
se II: (’)( ( 2 log(1/ )), th . (4.73)

The proof of Corollaries 4.2.3 and 4.2.4 can be found in Appendix 4.6.5.
Several comments are in order.
e Order of the rate of centralized (nonaccelerated) methods (Case I): For a fixed

optimization problem, if the network is sufficiently connected (p “small”), its impact on
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the rate becomes negligible (the bottleneck is the optimization), and SONATA matches
the network-independent rate order achieved on star-topologies (cf. Corollary 4.2.1) by the
proximal gradient algorithm when linearization is employed [cf. (4.68)] and by the mirror-
descent scheme when the local f’s are used in the surrogates [cf. (4.70) and (4.72)].

e Network-dependent rates (Case II): As expected, the convergence rate deteriorates
as p increases, i.e., the network connectivity gets worse. This translates in a less favorable
dependence of the complexity on x, and §/u (by a square factor) and network scalability
of the order of p/(1 — p)®>. When 8,/p = O(L) (e.g., the network is decently connected
or = O(L)), the complexity becomes O (/{3(1 —p)?log(1/ e)), which compares favorably
with that of existing distributed schemes, determined instead by the more pessimistic local
quantities (4.4). The scalability of the rate with the network connectivity, (1 — p)~2, can be
improved leveraging multiple rounds of communications or accelerated consensus protocols,
as discussed below.

e Linearization (4.63) vs. local f; (4.64) surrogates: As already observed in the setting
of star-networks, the use of the local losses as surrogates employs a form of preconditioning
in the local agents subproblems. When the f;’s are sufficiently similar to each other, so
that 1 + 8/p < Ky, exploiting local Hessian information via (4.64) provably reduces the
iteration/communication complexity over linear models (4.63)—contrast (4.68) with (4.70)
and (4.72). Note that these faster rates are achieved without exchanging any matrices over
the network, which is a key feature of SONATA. On the other hand, when the functions f;
are heterogeneous, the local surrogates (4.64) are no longer informative of the average-loss F’
and using linearization might yield better rates. Although these design recommendations are
based on sufficient conditions, numerical results seem to confirm the above conclusions—see
Sec. 4.4.

e Multiple communications rounds and acceleration: The discussion above shows
that rates of the order of those of centralized methods can be achieved if the network is
sufficiently connected (Case I). When this is not the case, one can still achieve the same
iteration complexity at the cost of multiple, finite, rounds of communications per iteration.
Specifically, let py be the connectivity of the given network and suppose we run K steps

of communications per iteration (computation) in (4.44a)-(4.44b); this yields an effective
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network with improved connectivity p = p&. One can then choose K so that the ratio
P& /(1 — plf)? satisfies the condition triggering Case I in the Corollaries 4.2.2-4.2.4, as briefly
summarized next.

1) Linearization: Invoking Corollary 4.2.2, one can check that the order of such a
K is K = O(log(ky(1 + 8/L)?)/log(1/p0)) = O(log(ky(1 + B/L)?)/(1 — po)); therefore,
SONATA using the surrogates (4.63) reaches an e-solution in O (k4 log(1/€)) iterations and
O (kg - (1= po)Hog(ry(1+ B/L)*) log(1/€)) communications. The dependence on the net-
work connectivity pp can be further improved leveraging Chebyshev polynomials (see, e.g.,

[163], [164]): the final communication complexity of SONATA reads

O (Vlzipo -log (/{g(l + ﬁ/L)Q) 10g(1/e)> :

2) Local f; surrogates: Considering the case § > p (Corollary 4.2.4), we can show that
SONATA using the surrogates (4.64) and employing multiple rounds of communications per

iteration, reaches an e-solution in O (3/u - log(1/€)) iterations and

0 ({2 tog ((sy + 3/l1 + /) ot/

communications. If Chebyshev polynomials are used to accelerate the communications, the

communication complexity further improves to

s
0 (gLt (ry + 801+ 1/5) 0x(1/6))

4.3 The SONATA algorithm over directed time-varying graphs

In this section we extend SONATA and its convergence analysis to solve Problem (4.1)
over directed, time-varying graphs (Assumption 4.1.3). Note that (4.12a)-(4.12d) is not read-
ily applicable to this setting, as constructing a doubly stochastic weight matrix compliant
with a directed graph is generally infeasible or computationally costly—see e.g. [190]. Condi-
tions on the weight matrices can be relaxed if the consensus/tracking schemes (4.12¢)-(4.12d)

are properly changed to deal with the lack of doubly stochasticity.
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Here, we consider the perturbed push-sum protocols as proposed in [144] (but in the
Adapt-Then-Combine (ATC) form). The resulting distributed algorithm, still termed SONATA,
is formally described in Algorithm 4.

Algorithm 4: SONATA over time-varying directed graphs
Data: z¥ € K, ¢ = Vfi(2?), and ¢? =1, i € [m)].
Iterate: v =1,2, ...
[S.1] [Distributed Local Optimization] Each agent i solves

& 2 argmin fi(wial) + (3 — Vi) (o - ) + Gla), (4.74a)

T EX
and updates

o= b a-d’, with @23 — ¥ (4.74b)

[S.2] [Information Mixing] Each agent i computes
(a) Consensus

m
o =D e, a = s Z 2l (4.74¢)
=1 2

(b) Gradient tracking

gt = ¢”“ZC” (o y) + Vil ™) = V() (4.74d)

end

In the perturbed push-sum protocols (4.74c¢)-(4.74d), C¥ = (c)i_, satisfies the assump-

tion below.

Assumption 4.3.1. For each v > 0, the weight matriz C* £ (cﬁ)f’}zl has a sparsity pattern
compliant with G¥, i.e., there exists a constant ¢, such that, for allv =0,1,...,
4.8.1.1 ¢ > ¢ >0, for alli € [m);

4.8.1.2 ¢ff = ¢ > 0, if (j,1) € E; and ¢ = 0 otherwise.

Moreover, C" is column stochastic, i.e., 1"C* =17, for allv =0,1,. ...
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We conclude this section stating the counterparts of the definitions introduced in Sec. 4.1,
adjusted here to the case of directed time-varying graphs. Using the column stochasticity of
C" and (4.74d), one can see that opposed to (4.19), the average gradient is now preserved
on the weighted average of the y;’s:

1 & 1 & v+1 v
SNyt = SN ey + VEST —VE, 4.75
m ; ¢1 Yi m ; ¢ i+ ’ ( )
where VF,  is defined in (4.18). This suggests to decompose 3” into its weighted average

and the consensus error, defined respectively as

UpE —> ¢yl and yp, 2y -1, 0y (4.76)

1
m;

—_

Accordingly, we define the weighted average of ¥ and the consensus error as

_VA

Y oolal and @i £a¥— 1,0, (4.77)

1
- Z;
m i1

In addition, we also generalize the definition of the optimality gap as
&> elpl, with pf & (U(a}) - U*). (4.78)
i=1

Finally, apart from the problem parameters L;, Ly, L, p [cf. (4.5)] and algorithm
parameters fiyy, me, D! Do [cf. (4.25)], we introduce the following network parameters,

mn?

borrowed from [144, Prop. 1]:

b 2 ZMIE g A — DB (4.79)

?

with ¢, and B given in Assumptions 4.3.1 and 4.1.3, respectively; and

A 1+ ¢ mbEB

wE2m- —————— pp2(1-gmVB )(m*11>3, G & mTUB (4.80)
1—6 (m—1)B
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Furthermore, we will use the following lower and upper bounds of ¢! [144, Prop. 1]
o < ¢ < Py, foralliem], v=0,1,....

4.3.1 Linear convergence rate

The proof of linear convergence of SONATA (Algorithm 4) follows the same path of the
one developed in Sec. 4.2.3 for the case of undirected graphs. Hence, we omit similar deriva-
tions and highlight only the key differences. We will tacitly assume that Assumptions 4.1.1,
4.1.3,4.2.1, and 4.3.1 are satisfied.

Step 1: p!, converges linearly up O(||z% , ||+ [ly4, [|*) This is counterpart of Propo-
sition 4.2.1 (cf. Sec. 4.2.3), and stated as follows.

Proposition 4.3.1. The optimality gap sequence {py} satisfies:

it < ola) - plh (@) - dus - (SLAE L I* + 2llws 1 )1%) (4.81)

where the constants Ly, and [y, are defined in (4.5) and (4.25), respectively; and o(a) €
(0,1) and n(a) > 0 are defined in (4.42).

Proof. The proof follows closely that of Proposition 4.2.1 and thus is omitted. For complete-

ness, we report it in the supporting materials. Here, we only notice that, instead of (4.28),

yid
we built on: X", o/ U2V ) < (bi”U(:ciJr?), where we used Y7 4ot /oyt = 1, for
all i € [m]. O
Step 2: Decay of ||z} | || and ||y} | ||
Lemma 4.3.1. The following bounds hold for ||x% ||| and ||y ||
2c2p% K2
x;,LHQ < 2¢5p 1’¢LH + Op Z - QHdtH (4.82a)
2 L 2 v-1
v Hz < 2622 y¢l"2 i Copia”_l pr;x¢lb Pt (8H372>LH2 i 2a2HdtH2> . (4.82D)
=0

157



where B and pp are defined in (4.79), and €, and €, are arbitrary positive constants (to be

determined).

Proof. Using the result in [191, Lemma 5] and [144, Lemma 3, 11], we obtain

ozl < o (et + pr%”t@w”dt”)) (1.8

vz < eo (pBquuH + VL Z ol o (2t [+ aHdtH)> o (s

The rest of the proof follows similar steps as [73, Lemma 2], hence it is omitted. 0
Step 3: [|d”]| = O(,/w5 + s .I)

Proposition 4.3.2. The following upper bound holds for ||d”||:

6 D 2oy 3
dv 2 < <~mx +1> =+ ~mx pu+~7 yu 2’ 4.85
"1™ < 1 ( Fornn T u?nnH oo (4.85)

where Ly, L, fmn, and Dy are defined in (4.5) and (4.25), respectively.

Proof. The proof follows similar path of that of Proposition 4.2.3 and thus is omitted. [

4.3.2 Establishing linear rate

We can now prove linear rate following the path introduced in Sec. 4.2.3; for sake of
simplicity, we will use the same notation as in Sec. 4.2.3. We begin applying the transfor-
mation (4.50) to the sequences {p}}ven,, {25 I}, {llvs L7}, and {[|@”[|*}, satisfying the
inequalities (4.81), (4.82a), (4.82b), and (4.85), respectively.

Proposition 4.3.3. Let P}*(z), D"(z), X[ (), and Y% (z) denote the transformation
(4.50) of the sequences {pj}, {lld”[|*}, {llz% |I*} and {|lys  |I* }. Given the constants o(a)
and n(a), defined in Proposition 4.8.1, and the free parameters e,, e, > 0, the following
holds:

Pf(2) < Gpla, 2) - (8w L X[ (2) + 20wY,f (2)) +w, (4.86)
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Xii(2) < Gx(2) - ppa® D (2) + ws (4.87)

Y (2) € Gy (2) - 2mép Loy (4X 5L (2) + a* DX (2)) +w, (4.88)
D¥(2) < Cy- Pf(2) + Cy - Y (2), (4.89)
for all
z € (max{o(«),ps},1), (4.90)
where
G(az)éﬂ wé#.po (4.91)
P z—o(a) P z—o(a) 7? '
Gx(z) & 266 Wy = 202Hm0 LH2 (4.92)
(1= pp)(z = pp)’ ol
Gy(z) = 266 wy = 202Hy0 H2 (4.93)
=)z = o) o & 26t
6 ((D P AL 4
a6 <~mx+1> L A et 1.94
' M¢lb ( Hmn H’?nn ? :u?nn ( )

Proof. The proof of the first two inequalities (4.86) and (4.89) follows the same steps of
those used to prove Proposition 4.2.4. Applying [192, Lemma 21| to (4.82a) and (4.82b)
respectively gives (4.87) and (4.88).

0

Chaining the inequalities in Proposition 4.3.3 as done in for (4.51) (cf. Fig. 4.2), we can
bound DX (z) as

DX (2) < P(a,z) - DX(2) + R(a, 2), (4.95)

where P(a, z) is defined as

P(Oé,Z) = Gp(Oé, Z) ’ GX(Z) ’ C'1 : 8¢ubL2X ’ IO2B ’ Oé2

+ (Gpla, 2) - 204 - C1 + C2) - Gy (2) - 2m¢l_sz12nX : ﬂ2B -a” (4.96)

+ (Gp(a, 2) - 204 - C1 + Cs) - Gy (2) - 8mgz$l_b2Lfnx -Gx(2) - pjlg %

and R(a, z) is a bounded remainder term.
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Comparing (4.96) to (4.56) we can see that they share the same form and only differ in
coefficients. Therefore, with the same argument as in the proof of Theorem 4.2.1 we can

easily arrive at the following conclusion.

Theorem 4.3.1. Consider Problem (4.1) under Assumptions 4.1.1, and 4.1.3; and SONATA
(Algorithm 4) under Assumptions 4.2.1 and 4.5.1, with fima > D’,.. Then, there exists a
sufficiently small step-size av € (0,1] such that, for all a < a, {U(x¥)} converges to U* at

an R-linear rate, i € [m).
Proof. We provide the proof in the supporting material. O

For sake of completeness, we provide an explicit expression of the linear rates in terms
of the step-size « in the supporting material-see Theorem 4.6.1. Table 4.4 summarizes the
expression of the rates achieved by SONATA using the surrogate functions (4.63) and (4.64)—
a formal statement of these results along with the proofs can be found in the supporting
material-see Corollaries 4.6.1, 4.6.2 and 4.6.3.

The rate estimates in Table 4.4 are almost identical to those obtained in Sec. 4.2.4.2,
with the difference that the network dependence now is expressed throughout pp rather
than p. Therefore, similar comments—as those stated in Sec. 4.2.4.2-apply to the rates in
Table 4.4. For example, if the network is sufficiently connected (pp “small”), its impact on
the rate becomes negligible and SONATA matches the network-independent rate achieved
on star-topology (cf. Corollary 4.2.1) or centralized settings. Specifically, when linearization
surrogate (4.63) is used, this rate coincides with the rates of centralized proximal gradient

algorithm.

4.4 Numerical Results

In this section, we corroborate numerically the complexity results proved in Corollar-

ies 4.2.2-4.2.4. As a test problem, we consider the distributed ridge regression:

1
min — {1 = b+ A}, (4.97)
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Table 4.4. Summary of convergence rates of SONATA over time-varying
directed graphs: number of communication rounds to reach e-accuracy.

Surrogate Communication Rounds pp (network) I5]
ps = Ok (14 £)7%)
O (g log (1/¢)) or arbitrary
linearization
star-networks
kg+B/1) pB )
o <((1p322 log(1/ 6)) arbitrary
8\ 72 5\ 2
pB:O<<1+;) (I‘Cg“V‘;) )
O (1-1og (1/¢)) o
B<u
star-networks
local f;
o ((1’?533)2 IOg(1/€)> arbitrary
-1 1
=0((+)" (7))
B
O<~log(1/e) or
g B> p
star-networks
kg+B/1) pB )
o <<(1p322 log(1/ f)) arbitrary
where the loss function of agent i is fi(x) = %HA@ — bi||2 4+ M|z||? [agent i owns data

(A;, b;)]. Problem parameters are generated as follows. Each row of the measurement matrix
A; is independently and identically drawn from distribution A(0,X); and b; is generated
according to the linear model b; = A;z* + n;, where x* is the ground truth, generated
according to N'(5-1,1), and n; ~ N(0,0.1 - I) is the measurement noise. The covariance
matrix ¥ is constructed according to the eigenvalue decomposition ¥ = Zjd:l /\jujujT, where
the eigenvalues { A}, are uniformly distributed in [uo, Lo]. The eigenvectors, forming U =
[uq, ..., ug], are obtained via the QR decomposition of a random d x d matrix with standard

Gaussian i.i.d. elements. The network is generated using an Erdés-Rényi model G(m,p),
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with m = 30 nodes and each edge independently included in the graph with probability
p=0.5.
To investigate the impact of k, and 8 on the convergence rate, we specifically consider

the following two scenarios:

(S.I) Changing x, with fixed 3: We generate a sequence of instances of (4.97) with fixed
$ and increasing k,. To do so, we use the same data set {A;, b;} across the different
instances and change the regularization parameter A, so that the condition number &,

ranges in [K, K,].

(S.II) Changing  with (almost) fixed x,: We generate instances of (4.97) with decreasing
$ and (almost) fixed 4. To do so, we set A = 0 and increased the local sample size n
from N, to N,; we set N, sufficiently large so that the empirical condition number &,

is close to Lo/ for all instances.

We run SONATA using surrogates (4.63) (linearization) and (4.64) (local fi)—we term
it as SONATA-L and SONATA-F, respectively. The simulations parameters of the dif-
ferent experiments are summarized in Table 4.5; and the algorithmic parameters are set
according to Corollaries 4.2.2-4.2.4.) We measure the algorithm’s complexity using 7, =
inf {v > 0| L X1, (F(af) — F*) <1077}

In Table 4.6, we report the corresponding iteration complexity of SONATA for each
simulation setup (s.1)-(s.6) in Table 4.5. Each figure is generated under one particular
realization of the problem setting. Further, in order to compare the complexity of SONATA
across different settings, all the simulations share the same network parameters, as well as the
same data set whenever the problem parameters are the same. The results of our experiments
are reported in Table 4.6; the curve are generated using only one random realization for
visualization clarity. However, the behavior of the curves (e.g., scalability with respect
to the parameters) is representative and consistent across all the random experiments we
conducted.

The following comments are in order.

11 The expressions are not tight in terms of the absolute constants. To show convergence rate in both Cases
T and II in Corollary 4.2.2-4.2.4, we enlarged the second term in the expression of o, by a constant factor.
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Table 4.5. Simulation setup and parameter setting.

Setting (S.I) Setting (S.1I)
(s.1) (s.4)
n =103 A=0

Linearization 5
,LL():]_,LO:]_O [,60:1,[/0:5,/{9%5

K, =10, K, =100 | N, =10, N, = 10°
(s.2) (s.5)

Local fi (8 = )

same as above same as above
(s.3) (s.6)
n=10° A=0

Local f; <
ocal fi (B < ) o =1, Ly = 20 po=1, Lo=2, ky ~ 2

K,=11,K,=19 | N,=2x 103, N, = 10°

e Scalability with respect to x,. Consider setting (S.I) wherein § is fixed and A is
changing. Figures for (s.1)-(s.3) show that when o = 1 (blue curve), the iteration complexity
of SONATA-L scales linearly with respect to r, [as predicted by Corollary 4.2.2], while that
of SONATA-F is invariant whenever 5 < pu [as stated in Corollary 4.2.3]. When 5 >
i, the iteration complexity of SONATA-F grows as A increases since [3/u decreases [cf.
Corollary 4.2.4]. However, the increasing rate is much slower than SONATA-L, due to the
fact that (8/un)/ky = B/L < 1 for large \. When a < 1, the iteration complexity scales
quadratically with respect to x4, in all settings, as predicted by our theory.

e Scalability with respect to 5. Consider now setting (S.II), where we decrease the
local sample size n to increase 5. In contrast to setting (S.I), Figures for (s.4) and (s.5)
show that, with o = 1, the iteration complexity of SONATA-F scales linearly with 5/pu
when 3 > p, while that of SONATA-L is invariant—this is consistent with Corollaries 4.2.2
and 4.2.4. When « < 1, the iteration complexity scales quadratically with respect to 3/pu.
Finally, the plot associated with (s.6) simply reveals that when § < p, iteration complexity
of SONATA-F remains bounded, as stated in Corollary 4.2.3.

e Linearization versus Local f;. We compare the performance of SONATA-L and
SONATA-F in the setting (S.II), with parameters A\ = 0, yy = 1, Ly = 100, N, = 10,

N, = 10°. We consider a relatively connected network with edge activation probability
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Table 4.6.

Iteration complexity of SONATA under the simulation settings

in Table 4.5. Left (S.I): scalability of iteration complexity with respect to the

condition number ky; Right (S.II): scalability of the iteration complexity with
respect to the similarity parameter 3.

Setting (S.I)

Setting (S.1T)

Linearization

lincarization
1000

wmber ofiteraions o reach ¢ < 107

(s.1)

linearization, 4 = 460.9771, p = 0.68556, incre

900
800
700
600
500
400
300
200

100

(s4)

linearization, p = 0.68556, increasing 3

v

©
8
8
8

a
2
3

2
2
3

a
g
3

‘umber of iterations to reach ¢ <107

o

10 20 30 a0 50 60 70
3

Local f; (8 > 1)

2 100

surrogate, § = 460.9771 (= p1), p = 0.68556, inc

surrogate, 3 — 4609771 (= 1), p — 0.68556, inc:

o

10 20 @0 40 50 60 70 80 90 100

(s.>5)

surrogate, p = 0.68556, increasing 3

Bl

3

number of iterations to reach ¢ <107

5

Bl
>

mumber of iterations to reach ¢ < 107

10 20 30 a0 50 60
3

Local f; (8 < 1)

53)

surrogate, 3 = 0.83131, p = 0.68556, increasing &,

number of iterations to reach ¢ < 1077

(s.6)

surrogate, p = 0.68556, increasing (3

T Y
M P ® ® o N K

number of iterations to reach e < 10°7)
B

10° 10

——a=1

——a<1

oh © ®

02 03 04 05 06 07 08 09
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700

p=0.9, p = 0.2147, increasing 3
T T T T T

600 -

o
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400 -

300 -
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Figure 4.3. Complexity of SONATA-L versus SONATA-F.

p = 0.9 so that the step-size can be set to a = 1, for all experiments. Note that such con-
nectivity can also be achieved with a less connected network by running multiple but fixed
rounds of consensus steps. Fig. 4.3 compares the iteration complexity as [ increases, aver-
aged over 100 Monte-Carlo realizations. We can see that for small 5 SONATA-F converges
faster than SONATA-L; while for large f SONATA-L is faster. This can be explained using
our results in Corollaries 4.2.2 and 4.2.4. As the complexity of SONATA-F and SONATA-L
scales proportionally to 3/u and k,, respectively, when (/p is comparatively smaller than r,,
SONATA-F enjoys a better rate. But as 5/u increases, the rate deteriorates and eventually
gets worse than that of SONATA-L.

4.5 Conclusions

In this chapter, we studied distributed multiagent optimization over (directed, time-
varying) graphs. We considered the minimization of F' 4+ G subject to convex constraints,
where F'is the smooth strongly convex sum of the agent’s losses and G is a nonsmooth convex
function. We build on the SONATA algorithm: the algorithm employs the use of surrogate
objective functions in the agents’ subproblems (going thus beyond linearization, such as

proximal-gradient) coupled with a perturbed (push-sum) consensus mechanism that aims to
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track locally the gradient of F'. SONATA achieves precision € > 0 on the objective value in
O(kg4log(1/e€)) gradient computations at each node and @(ﬁg(l —p)1/2 log(l/e)) commu-
nication steps, where x4 is the condition number of F' and p characterizes the connectivity
of the network. This is the first linear rate result for distributed composite optimization;
it also improves on existing (non-accelerated) schemes just minimizing F', whose rate de-
pends on much larger quantities than x, (e.g., the worst-case condition number among the
agents). When considering in particular empirical risk minimization problems with statis-
tically similar data across the agents, SONATA employing high-order surrogates achieves
precision € > 0 in O((ﬁ/u) 10g(1/€)> iterations and @((B/M)(l — p)1/2 log(l/e)) commu-
nication steps, where § measures the degree of similarity of the agents’ losses and u is the
strong convexity constant of F. Therefore, when 8/ < kg4, the use of high-order surro-
gates yields provably faster rates than what achievable by first-order models; this is without

exchanging any Hessian matrix over the network.

4.6 Proof of technical results

4.6.1 Proof of (4.55)

Chaining the inequalities in (4.51) as shown in Fig. 4.2, we have

DX (2)<Cy - PR (2) + Cy - YE(2)

< i+ (Grla2) - (2 XE() +2V5(2) +0,) + G- YE(2)
=C1-Gp(a,2) - AL% X (2) + (Cr - Gpla,2) - 2+ Co)YE(2) + C1 - w,
< Cy-Gpla,2) - 4L% - Gx(2) - p*a®D"(2)

+(Cy-Gpla,2) -2+ Co) - Gy (2) - 8L2 p* X (2)

+ (O1- Gp(a, 2) -2+ Cy) - Gy (2) - 2L%  p*a*D¥ ()

+Cywy+ (C1-Gpla,2) -2+ Cy) wy, + Cy - Gpla, 2) - 4L - w,
<Cy-Gpla,z)-4L2

mx GX(Z) ’ p2052DK<Z>
+(Cr- Gp(a,2) - 2+ Cy) - Gy(2) - 8L5,p7 - Gx(2) - p°a® D" (2)

+(C1 - Gp(a, 2) - 24 Co) - Gy (2) - 2L% p*a® D" ()
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+C-wy+ (Cr- Gplay,2) -2+ Co) - wy + Oy - Gpla, z) - 4L%, - w,

+(Cy - Gpla,2) -2+ Cq) - Gy(z) - 8L2 p* - wy.

Notice that, under (4.52), Gp(a, 2), Gx(z), Gy(2), and w,, w,, w, are all bounded, which
implies that the reminder R(«, 2) in (4.51) is bounded as well. O

4.6.2 Proof of Theorem 4.2.2

We find the smallest z satisfying (4.52) such that P(a,z) < 1, for a € (0, amy), with
amx € (0,1) to be determined.
Let us begin considering the condition z > o(«) in (4.52). To simplify the analysis, we

impose instead the following stronger version

00) (1= %) fimn + 200 — Leop)

~ D¢t 1
==+ (1 - %) Hmn + %O‘ - §Eopt

(4.98)

for some 6 € (0,1), which will be chosen to tighten the bound. Notice that the RHS of
(4.98) is strictly larger than o(«) but still strictly less than one, for any a € (0, (2fin, —
€opt)/ (fimn — D)), with given €y € (0, 2fimn)-

Observe that in the expression of P(«;, z), the only coefficient multiplying o that depends
on « is the optimization gain Gp(a,2) = n(a)/(z — o(a)). Using (4.98), Gp(a,2) can be

upper bounded as

1 -1 D2 1 a) ~ Df, 1
: st 2 45 (1= 8) Bon + %0 — o),
Gp(a,z) < _inf _ ~ o - -0
€opt €(0,20mn—a(ftmn— D,y ) (1 - %) Hmn + r2nn - ieopt
* —1
— GP(OZ) . 0 y

(4.99)

where the minimum is attained at €%, = fimn — $ (fimn — Diyy); and G (e) is defined in (4.60).

*

Substituting the upper bound (4.99) in P(a, z) and setting therein €,y = €, we get the

following sufficient condition for P(«, 2z) < 1:

Gp(a)-071-Cy-4L2 - Gx(z)- p* - o

167



+ (G}(a) 07120, + Cg) -Gy (z)-2L2 p* - o?
+(Gp(a) - 071201 + Cy) - Gy (2) - 8LEp* - Gx(2) - p* -0 < 1. (4.100)

To minimize the left hand side, we set ¢, = ¢, = (v/z — p)/p. Furthermore, using the
fact that G%(a) is monotonically increasing on o € (0, 2fimn/ (fin — D%,,)), and restricting

a € (0, fimn/ (fimn — D%,,)], a sufficient condition for (4.100) is

R 1 1 1 12
(0% S CE(Z) == (ALG(\/Z—W + Azﬁm + A379,0)4> s (4.101)

where A; g, Asp and Asy are constants defined as

ALG £ G}(D(ﬁmn/(ﬁmn - Dﬁm)) ’ 9_1 ’ Cl ' 4L12nx ' /02
Az = (G}(ﬁmn/(ﬁmn - Dfnn)) 07120 + O2> : 2L?nxp2

A3,9 = (G;’(ﬁmn/wjmn - Dﬁm)) ' ‘971 ’ 2C’1 + 02) ’ 8Lr2nxp4'

Condition (4.101) shows the rate z must satisfy

2
ZZG+JMO,WM_%é¢&ﬁ%w+&@ (4.102)

Notice that, under €, = €, = (v/z—p)/p, (4.102) implies z > p?(1+€,) = p*(1+¢,) = pv/%,
which are the other two conditions on z in (4.52). Therefore, overall, z must satisfy (4.98)

and (4.102). Letting €, = €, in (4.98), the condition simplifies to

ﬁmn - %(ﬁmn - Dﬁm)

z22>21— = — —
2%“ + fmn — %(,umn - Dﬁan)

(1= 0)a.

Therefore, the overall convergence rate can be upper bounded by O(z"), where

2 ~mn -3 ~mn - Dé
z = inf max (p + A@Oé) 1= 55 o 2 (A ) (1=0)ap. (4.103)
el D+ o — § (i — Di)
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Finally, we further simplify (4.103). Letting 6 = 1/2 and using @ € (0, fimn/ (fimn — D%,)],
the second term in (4.103) can be upper bounded by
Frnn 4 1
—_— " = a
ADZ + Pnnpt 2

L7

1 (4.104)

The condition z < 1 imposes the following upper bound on a: a < @, = min{(1l —

P)? /AL, Fin / (Fionn — D’ ),1}. Eq. (4.103) then simplifies to

2
Z:max{<p+ aA;) ,1—Ja}. (4.105)

Note that as « increases from 0, the first term in the max operator above is monotonically
increasing from p? < 1 while the second term is monotonically decreasing from 1. Therefore,

there must exist some a* so that the two terms are equal, which is

—p A;+\/A1+J(1—p2)
= 2 2 . 4.1
a A+ (4.106)

To conclude, given the step-size satisfying a € (0, auny ), the sequence {||d”||*} converges

at rate O(z"), with z given in (4.62). O

4.6.3 Proof of Corollary 4.2.1

Since W = J, we have 6” = 0; then (4.34a) and (4.36) reduce to

Dé
P <y — ((1 ) ;n) ol (1107
and
12 2 12 12
ol = S5 (P = (1 =), (4.108)
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respectively. Combining (4.107) and (4.108) and using & < 2fimn/ (ian — Dmn), yield

. (1 B %) /jmn + aDQf;]" ,
-DQLHI( + (1 . %) ﬁmn + a[;fnn p, (4109)

which proves (4.65).

We customize next (4.65) to the specific choices of the surrogate functions.
e Linearization: Consider the choice of f; as in (4.63). We have [iym, = L; and we can
set D! =0, Dpny = L — p1, and o = 1. Substituting these values in (4.65), we obtain
2 <1-— Iig_l.
e Local f;: Consider now f; as in (4.64). By V2f;(z) = 0, for all 2 € K, and Definition 4.1.1,
we have 0 < V2fi(z,y) — V2F(x) < 281, for all z,y € K. Therefore, we can set DL = 0,

Dy = 26, and fign = 5+ (1 — ) 4. Using these values in (4.65), yields

=1l—-«-
(4.110)
<l—a- g2 if u> .
stmemonsy T

Finally, setting o = min{1, 2fimn/((# — 8)+ + )} = 1 in the expression above, yields (4.66).
0

4.6.4 Proof of Corollary 4.2.2

According to Theorem 4.2.2, the rate z can be bounded as
2
z <max{z,z}, with z=1l-a-J and z = (p—i— aA;) , (4.111)

where J and A are defined in (4.104) and (4.102), respectively.

The proof consists in bounding properly z; and 2z, based upon the surrogate (4.63) pos-
tulated in the corollary. We begin particularizing the expressions of J and A%. Since
V2fi(x;;27) = L, one can set fimy = L, and (4.16) holds with D = 0 and Dy, = L — p.
Furthermore, by Assumption 4.1.1, it follows that 8 > Anax(V2fi(z)) — L, for all x € K;
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hence, one can set L, = L+ /. Next, we will substitute the above values into the expressions
of Jand A 1.

To do so, we need to particularize first the quantities G% ( “‘_“B,Z ) [cf. (4.60)], C; and
Cy [ef. (4.53d)]:

6 (o) Gy - S

fimn — Diyp pL? ’
C, = 0 2L — A(L + )2 d C,= 1
1= (QL= )+ 4L +8)7), and Cr= g5

Accordingly, the expressions of J and A 1 read:

1 K 1 1

J == g €|l—,=|, 4.112

24(kg — 1)2 + Ky [8/19 2] ( )

and
(A1)?

2

= Gp(1)-2-CyALL - PP+ (Gp(1) -4+ Cy + Cy) - 2L2,
+ (Gp(
= (24G%(1) - Cy + 5Cy) - 2L2 _p?

(g ML= 6
B pL? pL?

1)-4-Cy + Cy) - 8L7, p'

(2L — p)* +4(L + B)?) + 20L‘2> 2AL+B° (4113

5 24
< (24 P <L2 + (L + 5)2) - 20L‘2> 2(L+ B)*p?

_ Ay Ay Ay
_<24.24-5(1+<1+L> ) <1+L> /<;§+20<1—|—L>)-2,02

4
<110*- & (1 + i) ’,

where in the last inequality we have used the fact that x, > 1.

Using the above expressions, in the sequel we upperbound 2; and zs.
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By (4.113), we have
2
<4 = (p+ aMp) , with M £110- k(1 + 8/L)*. (4.114)

Since a € (0, 1] must be chosen so that z € (0, 1], we impose max{z1,2z,} < 1, implying
a <min{J ! (1—p)?/(Mp),1}. Since J~! > 1 [cf. (4.112)], the condition on a reduces to
a < amy = min{(1—p)%/(Mp),1}. Choose a = ¢ apy, for some given ¢ € (0,1). Depending
on the value of p, either a = 1 or apy = (1 — p)?/(Mp).

e Case I: ay,, = 1. This corresponds to the case Mp < (1 — p)?, which happens when the
network is sufficiently connected (p is small). Note that, we also have p < 1/110, otherwise

Mp>110kysp > 1> (1 — p)* In this setting, o = ¢ - amy = ¢, and

z71=1—c-J,
2 (a) 2
= (pfep) £ (1-(=p)+fe(1-p))

= (1= (1=ve) =) < 1= (1) (1=
% 1—(1—+/c)*(1—1/110)3,

—
=

where in (a) we used Mp < (1 — p)? and (b) follows from p < 1/110.

Therefore, z can be bounded as

s <max{z,Z) <1-c- (1-ve) - (1-1/110)° - J

Sl—c-(l—\/E>2-(1—1/110)2-81.

Kg

(4.115)

e Case II: o, = (1 — p)?/(Mp). This corresponds to the case Mp > (1 — p)®. We have
a=c-amx=c-(1-p)?/(Mp),
Jc

Zl:l_ﬁp<1_p)2 and 22:1—<1—\/E)

(1 p)
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We claim that (J¢)/(Mp) < 1. Suppose this is not the case, that is, Mp < Je. Since
Je < 1/2 [ef. (4.112)] and M > 110k, Mp < Je would imply p < 1/(220k,). This however
is in contradiction with the assumption Mp > (1 — p)?, as it would lead to 1/2 > Mp >
(1= p)? > (1= 1/(2208,))%.

Using (J¢)/(Mp) < 1, we can bound z

zgmax{zl,ZQ}S1—;4Jp~(1—\/5>2(1—p)2
2 1 (1—p)?
Sl—c-(l—\/g) .%.110'@}‘(14_5/1/)2.#

4.6.5 Proof of Corollaries 4.2.3 and 4.2.4

We follow similar steps as in Appendix 4.6.4 but customized to the surrogate (4.64). We
begin particularizing the expressions of J and A 1.

In the setting of the corollary, we have: V2fi(z;y) = V2fi(z) + I, for all y € K;
V2fi(z) = 0, for all # € K; and, by Assumption 4.1.1, 0 < V2fi(x,y) — V2F(z) < 231, for
all z,y € K. Therefore, we can set D! =0, Dyy = 28, fimn = 8+ (1 — )4 = max{j, u},

and Ly,x = L+ 3. Using these values, G% (ﬁ ﬁ:“zﬂ ), C1, and C5 can be simplified as follows:

G;< flxnn ) _ o) = 163 + max{f, p}*

ﬁmn - Dﬁm Nmax{ﬁa M}z ’
_6 26 C L AL+B)? o
‘=% ((max{ﬁ,u} i 1) i maX{ﬁ,u}Z) SR e AT

Accordingly, the expressions of J and A% read:

1

/= 1416 (2) - min {1, 2}’

(4.116)

N —
=@
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and

(A)*

2

< (24G%(1) - Cy +5Cy) - 212, p°

165 + max{B, u}* 2 AL+ p) 20 . )
(B ( 5] 1) * maX{B,uP) * max{ﬁw) AL
(24-17-6-<9+4 2) (g + 2) +20(1+L)2>-2p2, 8>,
(24-(1§€2+1)-6(g+ 2((”H) +4 (g + ))+20( +fj)2>-2p2, B<p;
<M?p?,

IN

where

253 (1+%) (kg +2), B>un,

M = ) ) (4.117)
B B
193 (14 2)" (k,+2)", B<p.
Similarly to the proof of Corollary 4.2.2, we bound z < max{z, 22} as
2
z<max{z,Z}, with z21-a-J and z = <p+\/onp> , (4.118)

where J and M are now given by (4.116) and (4.117), respectively. For max{z;, 22} < 1, we
require o < a2 min{1, (1 —p)2/(Mp)}, and choose & = ¢ - apy, with arbitrary ¢ € (0,1).
We study separately the cases § > p and 8 < p.

1) 8> p. In this case we have

B L B 1 1 1
M_253<1+5> <mg+ﬂ> and J = 21967 2 SaT) (4.119)

Since a = cayy, = cmin{l, (1 — p)?/(Mp)}, we study next the case auy, = 1 and qp, =

(1 —p)?/(Mp) separately.

e Case I: ay,, = 1. We have Mp < (1 — p)?, a = ¢, and thus

z71=1—c-J and 2231—(1—\/E>2(1—p)2.
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Since M > 253 and (1 — p)? < 1, it must be p < 1/253. Therefore, the rate z can be

bounded as

o Case II: ap, = (1 — p)?/(Mp). This corresponds to Mp > (1 —p)*, a =c- (1 —
o/(Mp), and

zn=1-—-—-(1-p)? and Zggl—(l—\/éf(l—p)z.

Using the same argument as in the proof of Corollary 4.2.2-Case 11, one can show that

(cJ)/(Mp) < 1. Therefore,

ZSmaX{zl,Ez}gl—(1_\/5)2.CJ.(1_p)2

(4.119) > 1 (1 p)?
< 1-e(1-v7) 31953 (k, 4 2)
n

2) B < p. In this case we have

2 2
1 1
M =193 (1 + 6) (Fag + 6) and J=_-——"——. (4.120)
M M 21416 (8/n)
o Case I: ay,, = 1. Following the same reasoning as u < 3, we can prove

<max{z, ) <1-c-(1-Ve) (1 1>2 ! (4.121)

m —c-(1— Nl  —. .

z <max{z, 2} < c c 193 5

2+ 32 (g)
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o Case II: ay, = (1 —p)?/(Mp). We claim that (cJ)/(Mp) < 1, otherwise p < ¢/386,
which would lead to the following contradiction ¢/2 > (¢J) > Mp > (1 — p)* >
(1 — ¢/386)2. Therefore,

_ 2 1 (1-p)°
zgmax{zl,ZQ}gl—c-(l—\/E) : e e e
2+32(2) 193 (14 2) (kg +2) p
1 — 2
<1-c- %
K2 p
where ¢ € (0,1) is a suitable constant, independent on 8/u, 4, and p. O

4.6.6 Proof of Proposition 4.3.1

We begin introducing some intermediate results.
Lemma 4.6.1. Consider Problem (4.1) under Assumption 4.1.1; and SONATA (Algo-
rithm 4) under Assumptions 4.2.1 and 4.8.1. Then, there holds

U U —a (1= 5) f+ 5 - D) I + alld 167, (1122)

with 07 defined in (4.24).
Proof. Consider the Taylor expansion of F:

1
aF:
1

F(z; ) =F(af) + VF(a7)" (ady) + (ady) " H(ady),

(20) - - (4.123)
SR+ (67) (ady)+ (v) (ad?) + (adt) T H(ady),

where H 2 [1(1 — 0)V2F(02" % + (1 — 0)a¥)do.

1

Invoking the optimality of Z!', we have
G(at) = G(&Y) = (&) (VA@E: ) + o = VA@EY)) = (d) " (y + Hdy)  (4.124)

where the equality follows from Vfi(zV;2Y) = Vfi(z¥) and the integral form of the mean
value theorem; and H; 2 [} V2f(0z7 + (1 — 0) 2¥; x)d6.
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Substituting (4.124) in (4.123) and using the convexity of G yield

Fai*?)

1

<F(@)+ ()" (ady) + (ad?) TH(ad)) + a (G(2}) — G(&) — (&) Hid} ) (4.125)

<F(al) + () (ad?) + o (~(@)THd! + (ad’) H(@)) + G(al) — G} ),

1 1

It remains to bound aH — H;. We proceed as follows:

OéH—Hi

1 v+l 1 ~
:a/ (1= O)V2F(02"% + (1 — 0)a")do —/ V2F(07Y + (1 — 0)a”; 2)df
0 0

1) 1

o 1 ~
<4«1:2b>/ (1—H/Q)VQF(%;’Jr(1—9)xi”)d9—/ V(03] + (1 = 0)a}; 27)do
0 0

@ (4.126)
=

— [(@=0/a)- (D) 10— [ (6/0)VFi(03: + (1 = 0)at:ap)a

0

1
—/ V2R(07 + (1 — ) 2% a)dd
® 1 o
< ——a(Df 1-(1-) i 1
= —a(Dy) 5 ) Al
where in (a) we used V2F (027 + (1 — 0)a?) =< —(DH)I + V2 (07" + (1 — 0)z¥; x¥) [cf. (4.16)]

while (b) follows from the fact that f; is fi-strongly convex (cf. Assumption 4.2.1). Substi-
tuting (4.126) into (4.125) completes the proof O

We connect now the individual decreases in (4.122) with that of the optimality gap p},
defined in (4.78). Notice that

Zcb”“U o Z§cij¢j”U< ) Z¢” ), (4.127)

i=1

due to the convexity of U, column-stochasticity of {cf}i; and 37, i@}/ o't =1, for all

i=1,...,m. Summing (4.122) over i = 1,...m, and using (4.127), we obtain

i <o+ 3ot allie - (1- 2) plar)? = Sy
=1 (4.128)

(a) v (8% ~ aDmn v v v
= (1= §) e+ 25— G ) 0 I+ G- -
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where in (a) we used Young’s inequality, with €,,; > 0 satisfying

a\ - aDE 1
<1 — 2) Mmn + 9 — ieopt > 0. (4129)

Next we lower bound ||d”||? in terms of the optimality gap.

Lemma 4.6.2. In the setting of Lemma 4.2.1, there holds:

i 14 v M 1% 4 a ke 14 14
N (AR R W i1 (4130)
i=1 mx i=1

with Dy defined in (4.25).

Proof. Invoking the optimality condition of z¥, yields

Gla") = G(@) = ~(@* =3 (VA@ ) + 3 = VhlaD) ). (4.131)
Using the p-strong convexity of F', we can write

Ule") 2 UGE) + Ga*) = G@) + VFE) (@ = &) + 5lla — 21

“sn) . - ) . Pyow w2
> U@+ (VF@E) - V@) - (3 - VAE)) ) @ =3+ S lle — 3

2

_ 77 (av K
—U<Ii)+2

* ~ 1 ~v T (av. v v v
=Ty + M(VF(%) - Vfi(xi §$i) - (yi - vfi(xi )))

— 5o [vF@n - Vit - (o - Vha)[

> UG - 5 |VP@) £ VP(a) = V@) = (o - V)|

~v 1 ~v v v F(av. v 2 1 v
> U(@) = |[VF@E) = VE@) + Vi) = Vh@se)| = 210717
1/t ~ 21
=v@E) - | (2R (037 + (1 = 0)ay) = V2R(03 + (1 = 0)aysa)) (&) a6 - i
0
D? 1
> U(#)) — = |* = =llov|P,
1% 1%
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where D; = max{|D{|,|D¥|}.

Rearranging the terms and summing over i = 1,...,m, yields
1 m
V|| Jv 2 v l/ * VI SV]||2
Z(b [d7[]* > D2 (Zcb ( Y —U(x )) —;i;gbi 167 ) (4.132)

1
Using (4.28) in conjunction with U(aciy+2) <aU(ZY) 4+ (1 — a)U(x}) leads to

ay ¢/ (U@E) —U(") 2 pg™ — (1 - a)pg. (4.133)
i=1
Combining (4.132) with (4.133) yields the desired result (4.130). O

As last step, we upper bound [|¢”||? in (4.34) in terms of the consensus errors ||z ||? and

[l

|* can be bounded as

Lemma 4.6.3. The tracking error ||6¥
16711 < 8L llg L I1* + 2llyg L I1*-, (4.134)

where Ly is defined in (4.5).

Proof.
L2 (4:24) O N4y
167> "= Z\!VF(xi)iy¢—yi 12

m

(a75) 1 1 m

vaj )+ meyy—m-yf

A2, (4.5 m m
S ng(QmZLm [} — 7 |* + 2m?|| 75 — ||2)
<8L% Mg 117 + 215 1 1%

]

The linear convergence of the optimality gap up to consensus errors as stated in Propo-

sition follows readily multiplying (4.130) by (1 — %) [in + 2Emn — Le . and adding with

2 2
(4.128) to cancel out ||d”||, and using (4.40) to bound ||§¥||?.
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4.6.7 Proof of Theorem 4.3.1

Following the same steps as in the proof of Theorem 4.2.1, we derive the optimal e

appearing in 7(a) and o(«):

&, = (1 - 3‘) oo + a D', /2, (4.135)
where o must satisfy
o < 2/ (Fin — D). (4.136)

Setting €,y = €, and denoting the corresponding P(a, z) as P*(«, z), the expression of

P*(a, 1) reads

P, 1) £ Chla) - Cr - 86wyl - VB2
’ i T e
* —272 2031023 2
+ (Gp(a) - 2¢u - C1 + Ca) - 2may,~ Ly, (1= pp)? (4.137)
* —272 403:0% 2
+ (Gp(@) - 204 - C1 + Co) - 8may,~ L, ;
(1—pp)*
where )
D2 1 a) ~ DZ
Zmx _|_ L 1 _ o mn + ~mn
Ghla) & L—F ((L-35) 30) (4.138)

(1= ) fimn + By2a)

Since P*(e, 1) is continuous and monotonically increasing on (0, 2fimn/(fimn — DY), With

P*(0,1) = 0. A upperbound of « can be found by setting

A * Prmn 2 20(2):023 2
a < Qg = (GP (M) : Cl : 8¢ubLmX . m@ (4139)
. T 272 2605 o
~ -1/2
* /‘Lmn 927192 4Cép43
+ <GP <M> . Q(bub . Cl + CQ) . Smd)lb me . (]-_pB)4> . (4141)
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Therefore, a valid & is @ = min{fimn/(fmn — D), 2}

4.6.8 Explicit expression of the linear rate in time-varying directed networks

The following theorem provides an explicit expression of the convergence rate in Theorem
4.3.1, in terms of the step-size a; the constants J and A1 therein are defined in (4.149) and
(4.146) with 0 = 1/2, respectively.

Theorem 4.6.1. In the setting of Theorem 4.3.1, suppose that the step-size o satisfies
a € (0, amy), with cupy = min{(1 — pB)/A%,  Jimn/ (fin — DE), 1} Then {U(2¥)} converges

to U* at the R-linear rate O(z¥), for alli=1,...,m, where

1—J-a, ifae (0,min{a”*, an}),
L ( { ) (4.142)

B+ A%a, if a € [min{a*, oy }, Oy )-

Proof. The proof follows similar steps as the proof of Theorem 4.2.2. For sake of simplicity,
we used the same notation as therein. We find the smallest z satisfying (4.90) such that
Pla,z) < 1, for a € (0,0mx), and amx € (0,1) to be determined[recall that P(«, z) is
defined in (4.96)].

Using exactly the same argument as Theorem 4.2.2 we have the following two conditions

on z:

z>o(a)+ ——; — (4.143)
% + (1 - %) /Lmn + D;“OJ - %eopt
for some 6 € (0,1); and
Gola) 071 Gx(2) - Oy - 8duwL2, - p% - o
(Gl 07 20y ) Gy (o) 2y (1109

+(Gp(a) - 071 26w, - Cy + Co) - Gy (2) - 8may Li - Gx(2) - pp - 0” < 1.

mx
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Using the fact that G%(«) is monotonically increasing on « € (0, 2fmn /(imn —

and restricting o € (0, fimn/ (fmn — D%,,)]; a sufficient condition for (4.144) is

1 1 1 i/
a<alz)= (Al’e + Az + As 9)2> ;

2 — pB Z— pB " (z—pn
where Ay g, Asg and Az are constants defined as

2¢5p%
1 —pB

A vk ﬂmn -1 2
Alg 2 G <M) 071 O - 8pu L2 -

~ 202p2
Agp 2 (G [ ) gt 9, - Cy + Cy | - 2mep 212, - 0P8
2,0 ( P (ﬁmn _Dﬁm> Gup - C1 + Oy maoy,” Ly 1— pp
ot (0 (P ) 0 200 v i
s P ﬁmn_Dﬁm U b ~mx (1 —PB)2

Lower bounding z — pg by (z — pg)? we obtain

2> pp+Aga, with Ag 2 \[Ajg+ Asg+ Asg.

Letting €,y; = €5, in (4.143), the condition reduces to

ﬁmn - %(/jmn - Dfnn)

z2>1— 5= — —
w%"’limn_%(/imn_l)ﬁm)

(1 =0)a.

Therefore, the overall convergence rate can be upper bounded by O(z"), where

~mn -5 ~mn - De
Z = inf max< pg+ Aga,1 — 2D2,u — 2 (A — ) (1=0)ayp,
06(0,1) 'Lme + an _ %(an _ Dfnn)

with Ap defined in (4.146).

Finally, we further simplify (4.148). Letting 6 = 1/2 and using a € (0, fimn / (fmn —

the second term in the max of (4.148) can be upper bounded by

I R N
ADY + fnpt 2
27
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(4.145)

(4.146)

(4.147)

(4.148)

Din):

(4.149)



The condition z < 1 imposes the following upper bound on a: a < @, = min{(1l —
pB)/A%,ﬁmn/(ﬁmn—Dfnn), 1}. Eq. (4.148) then simplifies to (4.142) with o* = (1—pB)/(A%+
J) that equates 1 — Jo and pp + A%a. O

4.6.9 Rate estimate using linearization surrogate (4.63) (time-varying directed
network case)

Corollary 4.6.1 (Linearization surrogates). In the setting of Theorem 4.6.1, let {x"} be
the sequence generated by SONATA (Algorithm 4), using the surrogates (4.63) and step-
size @ = ¢y, ¢ € (0,1), where amy = min{1, (1 — pp)?/(Cy - ky(1 + B/L)*)} and Cy
is a constant defined in (4.155). The number of iterations (communications) needed for

Ulxt) = U* <e, i€ [m], is

PB < 1

O (kg log(1/e)), if T = Coy oy (1 %>2, (4.150)
<Kg(1+_5//)l;2:p3 log(1/e) |, otherwise. (4.151)

Proof. According to Theorem 4.6.1, the rate z can be bounded as
z<max{z, 2%}, with z21—-a-J and 2z = pp+ A%oz, (4.152)

where J and Ay are defined in (4.149) and (4.146), respectively.

The proof consists in bounding properly z; and 2, based upon the surrogate (4.63) pos-
tulated in the corollary. We begin particularizing the expressions of J and A%. Since
V2fi(zi; ) = L, one can set fimy = L, and (4.16) holds with D = 0 and Dy = L — p.
Furthermore, by Assumption 4.1.1, it follows that 8 > Anax(V2fi(z)) — L, for all x € K;
hence, one can set L, = L+ . Next, we will substitute the above values into the expressions

of J and A%.
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To do so, we need to particularize first the quantities G (ﬁ ﬁj‘gl ) [cf. (4.138)], C} and
Cy [cf. (4.94)]:

G;< fiann )ZG}(U:LI(L—M)”LZ

ﬁmn - Df;m MLQ ’

c, (QL—p?+4(L+B)?), and C,= 4

B 6
N L?

Accordingly, the expressions of J and A 1 read:

1 K 1 1
J == g €|l—,=|, 4.153
24(kg — 1)2 + Ky, [8/439 2] ( )
and
(A1)
2 2 2
—G5(1)-2- O - 8¢y - L2, - 20PB
1 —pB
26505
+ (Gp(1) -2+ Cy - 20w + Cy) - 2mep° L2 - T,
— B
4egpy
+ (Gp(1) -2+ Cy - 2¢up + Ca) - 8mepp° L2, - 0 :
(1—ps)
A p2 4.154
<(Gp(1) -2 Cy - 126, + Cy) - 8mp L%, - — LB (4.154)
(1-pB)
AL—p)?+L% 12 ) ) 4
< . 2L — 4(L - 129, —
- MLQ N¢lbL2 (( /J’) + ( +ﬁ) ) (b b+ 12
4C4p2
8m =2 L+ 2.073
gblb ( 5) (1 _,OB)2
4 2
<C? . k2 (1 é ) PB
- /<;9< +L> (1—pp)?*
where

Cu 2608 - ¢ - o ,/‘Z“b -m, (4.155)
1b

and in the first inequality we have used the fact that ¢, < 1 and ¢y > 1, and the last
inequality holds since x, > 1 and % > 1. Using the above expressions, in the sequel we

upperbound z; and zs.
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By (4.154), we have

Z9 S 52 = PB + aM - 1 PB > with M = CM : Iig(l + 5/L)2 (4156)

— PB

Since a € (0, 1] must be chosen so that z € (0, 1], we impose max{z1,2z,} < 1, implying
a <min{J ' (1—pp)*/(Mpg),1}. Since J~! > 1 [cf. (4.153)], the condition on « reduces
to a < amy = min{1, (1 — pp)%/(Mpg)} < 1. Choose a = ¢ - apy, for some given ¢ € (0,1).
Depending on the value of pg, either ay, = 1 or am, = (1 — pg)?/(Mpg).

e Case I: o, = 1. This corresponds to the case Mpp < (1 — pB)z. Note that, we
also have pp < 1/C), otherwise Mpp > Cykyapp > 1 > (1 — pp)?. In this setting,

a = cC-ap = ¢, and

z71=1—c-J,
(a)
Zy=ppteM- L1 (1— )1 pp)
1 —pB
(b) 1
<l—-(1-¢)(1-—

where in (a) we used Mpp < (1 — pg)? and (b) follows from pg < 1/C)y.

Therefore, z can be bounded as

1
zgmax{zl,zg}gl—c-(l—c)(l—)-J

Qs (4.157)
<l-c-(1-¢)(1——=—). —.
o ¢ ( C)( CM> 8K,g

e Case II: a,, = (1 — pp)?/(Mpg). This corresponds to Mpg > (1 — pg)?. We have

@ = C- Oy,
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Now we can bound z. Since Je/(Mpp) < 1 (by the same reasoning as in proof of Proposition

1.2.2),

_ Jc
z <max{z, 2} <1— Mop (1—c)(1—pp)?

(4.153) — _ 2
P _el=d  (—py)

< SCh (T B/ s (4.158)
L e0-9 (-p?
8Cm (kg + B/1)p5

]

4.6.10 Rate estimate using local f; (4.64) (time-varying directed network case)

Corollary 4.6.2 (Local fi, f < p). Instate assumptions of Theorem 4.6.1 and suppose
B < p. Consider SONATA (Algorithm 4) using the surrogates (4.64) and step-size o = ¢y,

. o . " = o ~ 6 2 B 2
c € (0,1), with amy = min{1, (1 — pp)?/(Mopg)} where My = 1087C), (1 + ;) (Hg + ﬁ)

and the constant Cyy is defined in (4.165). The number of iterations (communications)

needed for U(xl) — U* < e, i€ [m], is

) . PB 1
O/ S e e et
2
O (O/E;pPBB)Q log(l/e)) : otherwise.  (4.160)

Corollary 4.6.3 (Local fi, 6 > p). Instate assumptions of Theorem 4.6.1 and suppose
B > p. Consider SONATA (Algorithm 4) using the surrogates (4.64) and step-size o = ¢+,
c € (0,1), where oy = min{1, (1 —pg)?/(Mipg)} with My = 1428C), (1 + %) (Iig + g) and
the constant Cyy is defined in (4.165). The number of iterations (communications) needed

forU(zl) —U* <e, i€ [m],is

B . PB 1
(kg + (B/1))° pi .
O ( 0= pp)’ log(l/e)> , otherwise. (4.162)
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Proof. In the setting of the corollary, we have: V2ﬁ(x;y) = V2fi(z) + BI, for all y € K;
V2fi(x) = 0, for all z € K; and, by Assumption 4.1.1, 0 < V2ﬁ(x,y) — V?F(x) < 281, for
all z,y € K. Therefore, we can set D! =0, Dpy = 28, fimn = 8+ (1 — )1 = max{j, u},
and Ly, = L+ f.

Using these values, G} (L), C1, and (5 can be simplified as follows:

Hmn—Dfy

G};( lamn ) _ G;) (1> o 1652 +maX{B7M}2

ﬁmn - Df;m ,umax{ﬁ, /'L}Q ’
6 23 2 AL+ p) 4
Cy = +1) +——], and Chy=—-——.
L b ((max{ﬁ,u} > max{f3, u}? * max{f, u)?
Accordingly, the expressions of J and A 1 read:
1 1
J == : , (4.163)
21416 (%) -mm{l, ﬁ}
and
(A1)
* 272 Acypis
< (GP(l) 2 CYl : 12¢ub + CZ) ' 8m¢lb me 1 T \a2
(1= pn)

2

pmax{f, pn}?  pep \ \max{s, u} max {3, u}? max{f3, u}?
4C4p2
S8maey*(L+ B)? - —2E
¢lb ( B) (1 - ,OB)2
. ub L)%Y | 8)? L)?) . —2  4cjp?
(2448 e (9+4(1+ L) ) (rg+2) +4(1+%) ) 8oy’ - LBy, B> u,

IN

(105 (5 4 0) o2 (20 40 2)7) 0 s ))

—92 4ctp? .
'8m¢lb . (1_OpBB)27 B < 2

2 PB
= 1}
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where

N2 z (4.164)
1087 Cor (14 2) (kg +2)", B <,
and
Cu 2 Aoy s -m, (4.165)
O
and the last inequality holds since k, > 1 and % > 1.
Similarly, we bound z < max{z, 22} as
z<max{z,%}, with z21-a-J and Z = pp+ aM - . il , (4.166)
— PB

where .J and M are now given by (4.163) and (4.164), respectively. For max{z, 2} < 1,
we require @ < amy = min{1, (1 — pg)?/(Mpp)}, and choose o = ¢ - oy, With arbitrary
€ (0,1).
e Case I: a,,, = 1. This correspond to MpB (1 —pB)?, a = c, hence,

zn=1—c-J and Z<1—(1—-¢)(1—pp).

Since M > 1087 - C; and (1—pp)* <1, it must be pp < 1/(1087- C’M) Therefore, the rate

z can be bounded as

z <max{z,2} <1l—c-(1—¢)-J-(1—pp)
1

7
<l—c-(1-¢)-[1- LB
sl-c-(I-¢ ( 1087 - CM> 343

when > pu, and

1 1
z§1—c-(1—c)-<1— = ) 5
1087 - Cyy 2+ 32 (%)

when 8 < p.
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e Case II: ayy = (1 — pg)?/(Mpg). This corresponds to Mpg > (1 — pp)?. We have

= ¢ Qpy. Similarly to inequality (4.158) in proof of Corollary 4.6.1, we have

J
z <max{z, 2} <1-— ¢ (1—c¢)(1—pp)%
Mpp

which yields

Lo cl-0  (1-pp)
- 1428 -34 - Cyy (kg + B/p)?p5’

when § > u, and

Leq. =9 (1—pp)?
T 34-1087-Cy (L4 8/p)* (kg + B/1)*p5
c(l—c) (1 —pp)*

<1-— =
T 34-16-1087-Cy  KlpB

when 8 < p; the last inequality holds due to x, > 1.
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5. DECENTRALIZED SECOND-ORDER ALGORITHMS FOR
(STRONGLY) CONVEX OPTIMIZATION OVER NETWORKS

In this chapter, we study the class of Empirical Risk Minimization (ERM) problems over a
network of m agents, modeled as undirected graph. Differently from master/slave systems,
no centralized node is assumed in the network (which will be referred to as meshed network).
1) (n)
2

Each agent i has access to n i.i.d. samples 2;77,..., 2 ~ drawn from an unknown, common

distribution on Z C RP; the associated empirical risk reads
1 & ;
A 8)
() = =S M zY), 5.1
filw) 2 -3 o(w;27) (5.1)

where ¢ : R? x Z — R is the loss function, assumed to be (strongly) convex in z, for any
given z € Z. Agents aim to minimize the total empirical risk over the N = mn samples,

resulting in the following ERM over networks:

ze

7 € argmin F (x) £ ;iﬁ (x), (5.2)

where K C R? is convex and known to the agents.

Since the functions f; can be accessed only locally and routing local data to other agents
is infeasible or highly inefficient, solving (5.2) calls for the design of distributed algorithms
that alternate between a local computation procedure at each agent’s side, and a round
of communication among neighboring nodes. The cost of communications is often consid-
ered the bottleneck for distributed computing, if compared with local (possibly parallel)
computations (e.g., [193], [194]). Therefore, our goal is developing communication-efficient
distributed algorithms that solve (5.2) within the statistical precision.

The provably faster convergence rates of second order methods over gradient-based al-
gorithms make them potential candidates for communication saving (at the cost of more
computations). Despite the success of Newton-like methods to solve ERM in a centralized
setting (e.g., [195], [196]), including master/slave architectures [140], [141], [197]-[199], their

distributed counterparts on meshed networks are not on par: convergence rates provably
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faster than those of first order methods are achieved at high communication costs [200],
[201], cf. Sec. 5.0.2.

We claim that stronger guarantees of second order methods over meshed networks can be
certified if a statistically-informed design/analysis is put forth, in contrast with statistically
agnostic approaches that look at (5.2) as deterministic optimization and target any arbitrarily
small suboptimality. To do so, we build on the following two key insights.

e Fact 1 (statistical accuracy): When it comes to learning problems, the ERM (5.2)

is a surrogate of the population minimization

o* € argmin Fp (v) 2 Egpl (v; 7). (5.3)
xek

The ultimate goal is to estimate z* via the ERM (5.2). Denoting by z. € K the estimate
returned by the algorithm, we have the risk decomposition (neglecting the approximation

error due to the use of a specific set of models = € K):

FP(ZL’E) — Fp(l’*)

= {Fp(z.) = F(a2)} + {F(2.) = F(a*)} + {F(z*) = Fp(a*)}

<statistical error <statistical error

< O(statistical error) + {F(xe) — F(i)}

—optimization error

where the statistical error is usually of the order O(1/A/N) or O(1/N) (cf. Sec. 5.1). Tt is
thus sufficient to reach an optimization accuracy F(z.) — F(Z) = O(statistical error). This
can potentially save communications.

e Fact 2 (statistical similarity): Under mild assumptions on the loss functions and i.i.d
samples across the agents (e.g., [141], [202]), it holds with high probability (and uniformly
on Z)

|V2fi(z) = V2F(2)| < B = O(1/v/n), ¥z €K, (5.5)

with O hiding log-factors and the dependence on d. In words, the local empirical losses f;

are statistically similar to each other and the average F', especially for large n.
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The key insight of Fact 1 is that one can target suboptimal solutions of (5.2) within
the statistical error. This is different from seeking a distributed optimization method that
achieves any arbitrarily small empirical suboptimality. Fact 2 suggests a further reduction
in the communication complexity via statistical preconditioning, that is, subsampling the
Hessian of I' over the local data sets, so that no Hessian matrix has to be transmitted over
the network. In thsi chapter, we show that, if synergically combined, these two facts can
improve the communication complexity of distributed second order methods over meshed

networks.

5.0.1 Major contributions

We propose and analyze a decentralization of the cubic regularization of the Newton
method [134] over meshed networks. The algorithm employs a local computation procedure
performed in parallel by the agents coupled with a round of (perturbed) consensus mecha-
nisms that aim to track locally the gradient of F' (a.k.a. gradient-tracking) as well as enforce
an agreement on the local optimization directions. The optimization procedure is an inexact,
preconditioned (cubic regularized) Newton step whereby the gradient of F' is estimated by
gradient tracking while the Hessian of F' is subsampled over the local data sets. Neither a
line-search nor communication of Hessian matrices over the network are performed.

We established for the first time global convergence for different classes of ERM prob-
lems, as summarized in Table 5.1. Our results are of two types: i) classical complexity
analysis (number of communication rounds) for arbitrary solution accuracy (right panel);
ii) and complexity bounds for statistically optimal solutions (left panel, Vy is the statisti-
cal error). Postponing to Sec 5.3 a detailed discussion of these results, here we highlight
some key novelties of our findings. Convex ERM: For convex F, if arbitrary e-solutions
are targeted, the algorithm exhibits a two-speed behavior: 1) a first rate of the order of
O(1/v/T=p)- \/m), as long as ¢ = Q(LD35%); up to the network dependent factor
1/4/T = p, this (almost) matches the rate of the centralized Newton method [134]; and 2)
the slower rate O((1/y/1—p) - (LD3B?)/e), which is due to the local subsampling of the

global Hessian V2F'; this term is dominant for smaller values of €. The interesting fact is
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that e = Q(LD33?) is of the order of the statistical error Vyy. Therefore, rates of the order
of centralized ones are provably achieved up to statistical precision (left panel). Strongly
Convex ERM (5 < p): The communication complexity shows a three-phase rate behaviour
(right panel); for arbitrarily small £ > 0, the worst-case communication complexity is linear,
of the order of (’3((1/@) (B ) - log(l/g)). Faster rates are certified when € = O(Vy)
(left panel). Note that the region of superlinear convergence is a false improvement when
the first term m/*,/LD /p is dominant, e.g., F' is ill-conditioned and n is not large. This
term is unavoidable [134]-unless more refined function classes are considered, such as self-
concordant or quadratic (L = 0). The left panel shows improved rates in the latter case or
under an initialization within a O(1/+/n)-neighborhood of the solution. Strongly Convex
ERM (f > p): This is a common setting when Fp is convex and a regularizer is used in the
ERM (5.2) for learnability /stability purposes; typically, u = O(1/v/N), 8 = O(1/y/n). We
proved linear rate for arbitrary e-values. Differently from the majority of first-order methods
over meshed networks (cf. Sec. 5.0.2), this rate does not depend on the condition number of
F but on the generally more favorable ratio §/u. Furthermore, when ¢ = O(Vy), the rate
does not improve over the convex case.

In summary, we propose a second-order method solving convex and strongly convex problems
over meshed networks that, for the first time, enjoys global complexity bounds and commu-
nication complexity close to oracle complexity of centralized methods up to the statistical

precision.
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Table 5.1.

Communication complexity of DiRegINA to ¢ > 0 suboptimality for (strongly) convex ERM. Right

column: arbitrary e values. Left column: ¢ = Q(Vy), Vy is the statistical error [cf. (5.4)]. The other parameters are:
p and L are the strong convexity constant of F' and Lipschitz constant of V2F, respectively; D and D, are estimates of

the optimality gap at the initial point; 8 measures the similarity of V2f; [cf. (5.5

the network; and a > 0 is an arbitrarily small constant.

)]; p characterizes the connectivity of

Problem e = Q(Vy) (statistical error) e > 0 (arbitrary)
Convex
Gy 0(As- ) O {5 + 424} )
1/vVN
~ 2
ih>mo . @( 117p{m1/4 %Hoglog (%) }) (@) 11_p{m1/4 +log120g (% n{l,%’% . %})
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5.0.2 Related Works

The literature of distributed optimization is vast; here we review relevant methods ap-

plicable to meshed networks, omitting the less relevant work considering only master-slave
systems (a.k.a star networks).
e Statistically oblivious methods: Despite being vast and providing different commu-
nication and oracle complexity bounds, the literature (e.g., [139], [146], [203]-[208]) on de-
centralized first-order methods for minimizing @)-Lipschitz-smooth and pu-strongly convex
global objective F' mostly focuses on the particular case where n = 1 in (5.1) and K = R?,
and does not take into account statistical similarity of the risks. The best convergence results
for nonaccelerated first-order methods certify linear rate, scaling with the condition number
k= Q/p (Q is the Lipschitz constant of VF'); Nesterov-based acceleration improves the
dependence to /k [209]. This performance can still be unsatisfactory when 1+ §/u < k
(resp. 14 B/p < y/k). This is the typical situation of ill-conditioned problems, such as
many learning problems where the regularization parameter that is optimal for test predic-
tive performance is very small [202]. For instance, consider the ridge-regression problem with
optimal regularization parameter p = 1/y/mn (Table 1 in [141]), we have: k = O(y/m - n)
while 8/u = O(y/m). Notice that the former grows with the local sample size n, while the
latter is independent.

A number of second-order methods were proposed for distributed optimization over
meshed networks, with typical results being local superlinear convergence [210]-[212] or
global linear convergence no better than that of first-order methods [213]-[217]. Improved
upon first-order methods global bounds are achieved by exploiting expensive sending lo-
cal Hessians over the network—such as [201], obtaining communication complexity bound
O((mL||V f(z0)||/1*)+1log log(1/¢))-or employing double-loop schemes [200] wherein at each
iteration, a distributed first-order method is called to find the Newton direction, obtaining
iteration complexity O({/LD3/e) at the price of excessive communications per iteration.
Furthermore, these schemes cannot handle constraints. To the best of our knowledge, no
distributed second-order method over meshed networks has been proved to globally con-

verge with communication complexity bounds even up to a network dependent factor close

195



to the standard [134] bounds O(,/(LD3)/¢) for convex and O(y/LD/pu+loglog(u®/L?e)) for

p-strongly convex problems. Table 5.1 shows the first results of this genre.

e Methods exploiting statistical similarity: Starting the works [139], [140] several
papers studied the idea of statistical preconditioning to decrease the communication com-
plexity over star networks, for different problem classes; example include [140], [218], [219]
(quadratic losses), [141] (self-concordant losses), [220] (under n > d), and [142] (composite
optimization), with [202], [221] employing acceleration. None of these methods are imple-
mentable over meshed networks, because they rely on a centralized (master) node. To our
knowledge, Network-DANE [183] and SONATA [222] are the only two methods that leverage
statistical similarity to enhance convergence of distributed methods over meshed networks;
[183] studies strongly convex quadratic losses while [222] considers general objectives, achiev-
ing a communication complexity of O((1/y/T = p)-3/pu-log(1/€)). Both schemes call at every
iteration for an exact solution of local strongly convex problems while our subproblems are
based on second-order approximations, computationally thus less demanding. Nevertheless,
our algorithm retains same rate dependence on 3/u. Our study covers also non-strongly

convex losses.

5.1 Setup and Background

5.1.1 Problem setting

We study convex and strongly convex instances of the ERM (5.2); specifically, we make
the following assumptions [note that, although explicitly omitted, each fi(z) and thus F
depend on the sample z € Z via {(z,z); all the assumptions below are meant to hold

uniformly on ZJ.
Assumption 5.1.1 (convex ERM). The following hold:
(i) 0 # K C R? is closed and convez;

(ii) Each fi : RY x Z — R is twice differentiable and ;- strongly convex on (an open set

containing) K, with p; > 0;
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(1ii) Each V f; is Q;-Lipschitz continuous on K, where V f; is the gradient with respect to x;

let Qmax S maxi—i,..m Qi;
(iv) F has bounded level sets.

Assumption 5.1.2 (strongly convex ERM). Assumption 5.1.1(i)-(iii) holds and F is p-

strongly convex on IC, with p > 0.

The following condition is standard when studying second order methods.

Assumption 5.1.3. V2F : R? — R js [-Lipschitz continuous on K, i.e.,

VQF(y)H < LHx —y

V2F(z) —

, for some L > 0 and all x,y € K.

Statistical accuracy: As anticipated earlier, we are interested in computing estimates
of the population minimizer (5.3) up to the statistical error using the ERM rule (5.4). To
do so, throughout the chapter, we postulate the following standard uniform convergence
property, which suffices for learnability by (5.4): there exists a constant Vy, dependent on
N = mmn, such that

sup |F(xz) — Fp(x)| < Vy  w.hp. (5.6)

zek
The statistical accuracy Viy has been widely studied in the literature, e.g., [223]-[227]. Con-

sistently with these works, we will assume:

1. Vy = O(1/N), for p-strongly convex F' and Fp, with 0 < p = O(1);

2. Vy = O(1/v/N) for convex or p-strongly convex F, with u = O(1/v/N).

These cases cover a variety of problems of practical interest. An example of case 1 is a loss
in the form ((z; z) = f(z; 2) + (1/2)||x||?, with fixed regularization parameter and f convex
in z (uniformly on z), as in ERM of linear predictors for supervised learning [228]. Case 2
captures traditional low-dimensional (n > d) ERM with convex losses or regularized losses
as above with optimal regularization parameter u = O(1/v/N) [184], [225], [226].

Under (5.6), the suboptimality gap at given x € K reads:!

Fp(x) — Fp(z*) < O(Vy) + {F(z) - F(3)}, whp. (5.7)

14We point out that our results hold under (5.7), which can also be established using weaker conditions than
(5.6), e.g., invoking stability arguments [229].
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Therefore, our ultimate goal will be computing e-solutions z. of (5.2) of the order ¢ = O(Vy).

Statistical similarity: Towards above goal, we can exploit statistical similarity which
naturally exists in big-data; see Chapter 4, Sec. 4.1.1.2 for more details. Thus we are
interested in studying problem (5.2) under statistical similarity of fi’s. We recall Definition

4.1.1 from Chapter 4:

Assumption 5.1.4 (S-related fi’s). The local functions fi’s are B-related: |V*F(z) — V2 fi(z)|l, <
B, for all x € K and some 5 > 0.

The interesting case is when 1+ 8/p < k = Q/u, where Q is the Lipschitz constant of
VF on K (uniformly on Z). Under standard assumptions on data distributions and learning
model underlying the ERM-see, e.g., [141], [202]-3 is of the order 5 = O (1/4/n), with high
probability. In our analysis, when we target convergence to the statistical error, we will
tacitly assume such dependence of 5 on the local sample size. Note that our bounds hold
for general situations when Assumption 5.1.4 may hold due to some other reason besides

statistical arguments.

5.1.2 Network setting

The network of agents is modeled as a fixed, undirected graph G = (V, &), where V £
{1,...,m} denotes the vertex set-the set of agents-while & £ {(i,j) |i,j € V} represents the
set of edges—the communication links; (i,]) € & iff there exists a communication link between

agent i and j. We make the following standard assumption on the connectivity.

Assumption 5.1.5 (On the network). The graph G is connected.

5.2 Algorithmic Design: DiRegINA

We aim at decentralizing the cubic regularization of the Newton method [134] over undi-
rected graphs. The main challenge in developing such an algorithm is to track and adapt
a faithful estimates of the global gradient and Hessian matrix of F' at each agent, without
incurring in an unaffordable communication overhead while still guaranteeing convergence at

fast rates. Our idea is to estimate locally the gradient VF via gradient-tracking [177], [230]
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while the Hessian V?F is replaced by the local subsampled estimates V2 f; (statistical pre-
conditioning). The algorithm, termed DiRegINA (Distributed Regularized Inexact Newton
Algorithm), is formally introduced in Algorithm 5, and commented next.

Each agent maintains and updates iteratively a local copy x; € R? of the global opti-
mization variable z along with the auxiliary variable s; € R?, which estimates the gradient
of the global objective F'; 2V (resp. s!) denotes the value of x; (resp. s;) at iteration v > 0.
(S.1) is the optimization step wherein every agent i, given x} and s/, minimizes an inexact
local second-order approximation of F', as defined in (5.8a). In this surrogate function, i)
yY acts as an approximation of VF at a¥, that is, s¥ ~ VF(z}); ii) in the quadratic term,
V2 fi(x?) plays the role of V2F(x¥) (due to statistical similarity, cf. Assumption 5.1.4) with
7:I ensuring strong convexity of the objective; and iii) the last term is the cubic regulariza-
tion as in the centralized method [134]. In (S.2), based upon exchange of the two vectors

v+1 _ -

2¥" and s¥ with their immediate neighbors, each agent updates the estimate 2¥ — /™! via

v+1

i

tracks VF(z7) [177], [230]. The weights (Wk)_, in (5.8b)-(5.8¢) are free design quantities

the consensus step (5.8b) and s — s via the perturbed consensus (5.8¢), which in fact

and subject to the following conditions, where Py denotes the set of polynomials with degree

less than or equal than K =1,2,.. ..

Assumption 5.2.1 (On the weight matrix Wy). The matriz Wi = PX(W), where Pk €

Py with Px(1) =1, and W = (U_Jij>m ) is a reference matrix satisfying the following condi-

ij=

tions:

(a) W has a sparsity pattern compliant with G, that is
i) wy >0, foralli=1,...,m;
it) wy >0, if (1,j) € €; and w;; = 0 otherwise.

(b) W is doubly stochastic, i.e., 1"W = 1T and W1 = 1.
Let pre = Anax(Wi — 117 /m) [Amax(®) denotes the largest eigenvalue of the matriz argu-

ment/

When K = 1, Wx = W, that is, a single round of communication per iteration is per-

formed. Several rules have been proposed in the literature for W to be compliant with
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Assumption 5.2.1, such as the Laplacian, the Metropolis-Hasting, and the maximum-degree
weights rules; see, e.g., [231] and references therein. When K > 1, K rounds of communi-
cations per iteration v are employed. For instance, this can be performed using the same
reference matrix W (satisfying Assumption 5.2.1) in each communication exchange, resulting
in Wi = W" and px = p’, With p = Anax (W — 117 /m) < 1. Faster information mixing can
be obtained using suitably designed polynomials Py (W), such as Chebyshev [163], [205] or
orthogonal (a.k.a. Jacobi) [232] polynomials (notice that Px(1) =1 is to ensure the doubly
stochasticity of W when W is doubly stochastic).

Although the minimization (5.8a) may look challenging, it is showed in [134] that its
computational complexity is of the same order as of finding the standard Newton step. Im-

portantly, in our algorithm, these are local steps made without any communications between

the nodes.

Algorithm 5: Distribute Regularized Inexact Newton Algorithm (DiRegINA )
Data: 20 € K and ? = Vfi(2?), 7 > 0, M; > 0, Vi.
Iterate: v =1,2, ...
[S.1] [Local Optimization] Each agent i computes z!™:

o't = argmin F(z!) + (y/,y — z})
- (5.8a)
+ ; <{V2fi<l’;j) + ﬂ[} (y—ai),y— x1’> + A?Hy — 3

[S.2] [Local Communication] Each agent i updates its local variables according
to

ZL‘iV+1 = i(WK)le ﬂij+, (58b)
=1
= (Wi (9 + V(™) = Vi) (5.8¢)

j=1

end
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On the initialization: We will study convergence of Algorithm 5 under two sets of ini-
tialization for the z-variables, namely: i) random initialization and ii) statistically informed

initialization. The latter is given by

) => (WK)LJmJ-_l, with 27! = argmin f;(z). (5.9)
j=1 zeC

This corresponds to a preliminary round of consensus on the local solutions z; *. This second
strategy takes advantage of the statistical similarity of fi’s to guarantee, under (5.6), an
initial optimality gap of the order of: p £ L3 (F(20) — F(z)) = O(1/y/n). If we further
assume j; > 0, for all i, one can show that p® = O(1/n). This will be shown to significantly
improve the convergence rate of the algorithm, at a negligible extra communication cost (but

local computations).

5.3 Convergence Analysis

In this section, we study convergence of DiRegINA applied to convex (cf. Sec. 5.3.1)
and strongly convex ERM (5.2), the latter with either 5 < u (cf. Sec. 5.3.2) or > >0
(cf. Sec. 5.3.3). Our complexity results are of two type: i) classical rate bounds targeting
any arbitrary ERM suboptimality € > 0; and ii) convergence rates to Vy-solutions of (5.2)

(statistical error). Our complexity bounds are established in terms of the suboptimality gap:

f: F(z)), (5.10)

i=1

where {z}}", is the iterate generated by DiRegINA at iteration v (iterations are counted
as number of optimization steps (S.1)). Similarly to the centralized case [134], our bounds
also depend on the following distance of initial points 2¥, i = 1,...,m, from a given optimum

z of (5.2)
J— <
D x{g%ﬁ{ max ||z — Z|| E F(x) E }

i=1

Note that D < oo (cf. Assumption 5.1.1).
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For the sake of simplicity, in the rate bounds we hide universal constants and log factors
independent on ¢ via O-notation; the exact expressions can be found in the supplemen-
tary material along with a detailed characterization of all the rate regions travelled by the

algorithm.

5.3.1 Convex ERM (5.2)

Our first result pertains to convex F' (and Fp).

Theorem 5.3.1. Consider the ERM (5.2) under Assumptions 5.1.1, 5.1.3, and 5.1.4 over a
graph G satisfying Assumption 5.1.5; and let {zV}", be the sequence generated by DiRegINA

under the following tuning: M; = L > 0 and 1, = 23, for alli=1,...,m; Wx = Pg(W)
(and Pr(1) = 1), where W is a given matriz satisfying Assumption 5.2.1 with p = Apax (W —
117 /m), and K = O(log(1/e)//T = p), with e > 0 being the target accuracy. Then, the total

number of communications for DiRegINA to make p¥ < € reads

(1 [LD® LD3B
O<\/1Tp . { clta + clta/2 } )? (5.11)

where o > 0 is arbitrarily small. In particular, if the G is a star or fully-connected, p = 0

and a = 0.
Proof. See Appendix 5.6.4 in the supplementary material. O]

The rate expression (5.11) has an interesting interpretation. The multiplicative factor
1/4/T = p > 1 accounts for the rounds of communications per iteration (optimization steps)
while the other two terms quantify the overall number of iterations to reach the desired
accuracy €. Note that the first of these two terms, O(\/W), is “almost” identical to
the rate of the centralized Newton method (with a slight difference definition of D; see [134])
while the other one, O((LD3)/e'+%/2), is a byproduct of the discrepancy between local and
global Hessian matrices. This shows a two-speed behavior of the algorithm, depending on
the target accuracy € > 0: 1) as long as ¢ = Q(LD?*j3?), O((LD?$?%)/e) can be neglected

and the algorithm exhibits almost centralized fast convergence (up to the network effect),
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O( \/11_7 LD3/e'*); 2) on the other hand, for smaller (order of) €, the rate is determined

by the worst-term O(_7=(LD*3?)/e).

The interesting observation is that, in the setting above and under (5.6), (5.7) holds with
Vv = O(1/V/N) and 8 = O(1/y/n). Hence, ¢ = Q(LD?$3?) is of the order of the statistical
error Vy, as long as m < n, which is a reasonable condition. This together with Theorem
5.3.1 implies that fast rates (of the order of centralized ones) can be certified up to the

statistical precision, as formalized next.

Corollary 5.3.1 (Viy-solution). Instate the setting of Theorem 5.5.1, and let Viy = O(1/v/'N),
B =0(1/y/n), and m <n. Then DiRegINA returns a Vy-solution of (5.2) in

[ 1 LD?
O(m. V&*"‘) (5.12)

communications.

5.3.2 Strongly-convex ERM (5.2) with § < u

We consider now the case of F' u-strongly convex and 5 < pu. The complementary case

B > p is studied in Sec. 5.3.3.

Theorem 5.3.2. Instate the setting of Theorem 5.83.1 with Assumption 5.1.1 replaced by
Assumption 5.1.2 and K = O(1//I—=p); and further assume B < pu. Then, the total

number of communications for DiRegINA to make p¥ < € reads

~ 1 1 (LD ur B 1
O(\/lTp{m M+loglog[52~m1n(1,mL2-€)

) (5.13)
B P 1
+ ; log |max (1, ol 5) :
Proof. See Appendix 5.6.5 in the supplementary material. O

DiRegINA exhibits a different rate behavior, depending on the value of . We notice
three “regions™ 1) a first phase of the order of @(ml/ YLD/ ,u) number of iterations; 2)

the second region is of quadratic convergence, with rate of the order of loglog(1/¢); and
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finally 3) the region of linear convergence with rate O (8/plog(1/¢)). This last region is
not present in the rate of the centralized cubic regularization of the Newton method and is
due to the Hessians discrepancy. Clearly, for arbitrarily small ¢ > 0, (5.13) is dominated
by the last term, resulting in a linear convergence. This linear rate is slightly worse than
that of SONATA [222] in sight of first two terms in (5.13). This is because DiRegINA is an
inexact (and thus more computationally efficient) method than [222]. We remark that more
favorable complexity estimates can be obtained when L = 0 (i.e., fi’s are quadratic)—we refer
the reader to the supplementary material for details.

The algorithm does not enter in the last region if € = Q(3?u/(mL?)). This means that

faster rate can be guaranteed up to Vy-solutions, as stated next.

Corollary 5.3.2 (V-solution). Instate the setting of Theorem 5.3.2, and let Vi = O(1/N),
p=01/yn), u=0(1), and m <n. DiRegINA returns a Vy-solution of (5.2) in

6(\/11Tp{m1/4\/?+ log log <m£;VN> }) (5.14)

communications.

When the problem is ill-conditioned (i.e. u < 1) the first term m/ 4@ may dom-
inate the loglog term in (5.14), unless n is extremely large (and thus Vy very small). This
term is unavoidable—it is present also in the centralized instances of Newton-type methods—
unless more refined function classes are considered, such as (generalized) self-concordant
[233]-[235]. In the supplementary material, we present results for quadratic losses (cf. Ap-
pendix 5.6.5.4). Here, we take another direction and show that the initialization strategy

(5.9) is enough to get rid of the first phase.

Corollary 5.3.3 (Vy-solution + initialization). Instate the setting of Theorem 5.3.2 and
further assume: p; = Q(1), foralli=1,...m, andn = Q(L?/u*-m). DiRegINA , initialized

with (5.9), returns a Vy-solution of (5.2) in

O (\/ﬁTp {log log <n£2 - vl‘N> }) (5.15)
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communications.

Proof. See Appendix 5.6.5.5 in the supporting material. O]

5.3.3 Strongly-convex ERM (5.2) with > u

We now consider the complementary case 5 > p. This is a common setting when Fp is

convex and a regularizer is used in the ERM (5.2), making F' p-strongly convex; typically,

1= O(1/VN) while 5 = O(1//n).

Theorem 5.3.3. Instate the setting of Theorem 5.8.2 with now pu < < 1. Then, the total

number of communications for DiRegINA to make p¥ < € reads

@(ﬁ{ﬁ(l—l—miﬁ)+ﬁlog(£;/gi>}>. (5.16)

Proof. See Appendix 5.6.6 in the supplementary material. O

For arbitrary small e > 0, the rate (5.16) is dominated by the linear term. When we
target Vy-solutions, in this setting Viy = O(1/v/N), u = O(Vy) (as for the regularized ERM
setting), and 8 = O(1/+y/n), (5.16) becomes

(1 s LD
. e 1
O < T m i (5.17)

Note that this rate is of the same order of the one achieved in the convex setting (with no
regularization)—see Corollary 5.3.1. If the functions f; are quadratic, the rate, as expected,

improves and reads (see supporting material, Appendix 5.6.7)

@] <\/11Tp -m'? . log (VlN>> .

Note that, on star networks (p = 0), this rate improves on that of DANE [140].
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Figure 5.1. Distributed ridge regression: (a) star-topology; and Erdés-Rényi
graph with (b) p = 0.20, (¢) p = 0.41, (d) p = 0.69.
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5.4 Experiments

In this section we test numerically our theoretical findings on two classes of problems
over meshed networks: 1) ridge regression and 2) logistic regression. Other experiments can
be found in the supplementary material (cf. Sec. 5.6.1).

The network graph is generated using an Erdés-Rényi model G(m, p), with m = 30 nodes
and different values of p to span different level of connectivity.

We compare DiRegINA with the following methods:

e Distributed (first-order) method with gradient tracking: we consider SONATA [222] and
DIGing [204]; both build on the idea of gradient tracking, with the former applicable also to
constrained problems. For the SONATA algorithm, we will simulate two instances, namely:
SONATA-L (L stands for linearization) and SONATA-F (F stands for full); the former uses
only first-order information in the agents’ local updates (as DGing) while the latter exploits
functions’ similarity by employing local mirror-descent-based optimization.

e Distributed accelerated first-order methods: we consider APAPC [236] and SSDA [205],
which employ Nesterov acceleration on the local optimization steps—with the former using
primal gradients while the latter requiring gradients of the conjugate functions—and Cheby-
shev acceleration on the consensus steps. These schemes do not leverage any similarity
among the local agents’ functions.

e Distributed second-order methods: We implement i) Network Newton-K (NN-K) [237] with
K = 1so that it has the same communication cost per iteration of DiRegINA ; ii) SONATA-F
[222], which is a mirror descent-type distributed scheme wherein agents need to solve ezactly
a strongly convex optimization problem; and iii) Newton Tracking (NT) [217], which has
been shown the outperform the majority of distributed second-order methods.

All the algorithms are coded in MATLAB R2019a, running on a computer with Intel(R)
Core(TM) i7-8650U CPU@1.90GHz, 16.0 GB of RAM, and 64-bit Windows 10.

5.4.1 Distributed Ridge Regression

We train ridge regression, LIBSVM, scaled mg dataset [238], which is an instance of (5.2)
with fi(z) = (1/2n)HAix—bi 2+%HxH2 and K = R? with d = 6. We set A = 1/v/N = 0.0269;
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Figure 5.2. Distributed ridge regression. Synthetic data on Erddés-Rényi
graph with p = 0.7: a) 8/u = 158.1, k'/2 = 34.55; b) B/u = 11.974, x'/? =
11.1.

we estimate 8 = 0.1457 and p = 0.0929. The graph parameter p = 0.6, 0.33, 0.28, resulting
in the connectivity values p ~ 0.20,0.41,0.70, respectively. We compared DiRegINA, NN-1,
DIGing, SONATA-F and NT, all initialized from the same identical random point. The
coefficients of the matrix W are chosen according to the Metropolis—Hastings rule [239)].
The free parameters of the algorithm are tuned manually; specifically: DiRegINA, 7 = 24,
M = 1le — 3, and K = 1; NN-1, a = le — 3 and ¢ = 1; DIGing, stepsize equal to 0.5;
SONATA-F, 7 = 0.27; NT, ¢ = 0.08 and o = 0.1. This tuning corresponds to the best
practical performance we observed.

In Fig. 5.1, we plot the function residual p” defined in (5.10) versus the communication
rounds in the four aforementioned network settings. DiRegINA demonstrates good perfor-
mance over first-order methods, and compares favorably also with SONATA-F (which has
higher computational cost). Note the change of rate, as predicted by our theory, with linear
rate in the last stage. NN-1 is not competitive while N'T' in some settings is comparable with
DiRegINA | but we observed to be more sensitive to the tuning.

The second experiment aims at comparing DiRegINA with the distributed accelerated

methods APAPC [236] and SSDA [205] (DIGing is used as benchmark of first-order non-
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accelerated schemes). We tested these schemes on two instances of the Ridge regression
problem using synthetic data, corresponding to 3/u > +/k and 5/ ~ /K. Recall that
SSDA and APAPC converge linearly at a rate proportional to y/k while the convergence
rate of DiRegINA depends (up to log factors) on 5/u. The problem data are generated as
follows: the ground truth z* € R? is a random vector, 2* ~ N(0, I), with d = 40; samples
0]

b = (bi(j))?zl, with n = 50, are generated according to the linear model bi(j) = ai(j)Tx* + €

where e ~ N (0, 1e —4). To obtain controlled values for 3, A; = (ai(j))?zl are constructed as

follows: we first generate n i.i.d samples A; = (agj))j":l, with rows drawn from N (0, I); then,
we set each A; = A; + Ej, where Ej in a random matrix with rows drawn from N (0,01).
The choices of o are considered resulting in two different values of 3, namely: o = 1/(dn)
and ¢ = 7.5/(dn), resulting in § = 0.31 and § = 4.08, respectively. The values of the
condition number read x = 123.21 and xk = 1.19e3, respectively. The network is simulated as
the Erdos-Rényi graph with p = 0.28, resulting in p =~ 0.7; the number of agents is m = 30.
The tuning of DiRegINA and DIGing is the same as in Fig. 5.1 while APAPC and SSDA
are manually tuned for best practical performance.

In Fig. 5.2, we plot the function residual p” defined in (5.10) versus the communication
rounds; the two panels refer to two different values of (5/u, /k). The figures show that even
when /p is larger than /k, DiRegINA outperforms the accelerated first order methods;

roughly, it is from two to five time faster than the best simulated first order method.

5.4.2 Distributed Logistic Regression

We train logistic regression models, regularized by the f5-ball constraint (with radius
1). The problem is an instance of (5.2), with each fi(z) = —(1/n) 3L, [Ei(j) ln(zi(j)) +(1—
fi(j)) In(1— zi(j))], where 2 £ 1/(1 —|—e_<“§j)’2’>) and binary class labels £V € {0,1} and vectors
ai(j), i=1,...mandj=1,...,nare determined by the data set. We considered the LIBSVM
ada (N = 4,781, d = 123) and synthetic data (N = 900, d = 150). The latter are generated
as follows: a random ground truth z* ~ N(0,7), i.i.d. sample {ai(j)}ivj, and {Si(j)}i,j are
generated according to the binary model £i(j) = 1if (ai(j), z*) > 0 and fi(j) = 0 otherwise. We

consider Erdds-Rényi network models with connectivity p = 0.367 and p = 0.757.
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Figure 5.3. Distributed logistic regression: 1) ada dataset on Erdds-Rényi
graph with (a) p = 0.367 (b) p = 0.757; 2) Synthetic data on Erdés-Rényi
graph with (c¢) p = 0.367 (d) p = 0.757.

We compare DiRegINA with SONATA-F and SONATA-L, since they are the only two
algorithms in the list that can handle constrained problems. We report results obtained
under the following tuning: (i) both SONATA variants, a = 0.1; and (ii) DiRegINA |
M =1 and i, = le — 3. The coefficients of the matrix W are chosen according to the
Metropolis-Hastings rule [239].

In Fig. 5.3, we plot the function residual p” defined in (5.10) versus the communica-
tion rounds, in the different mentioned network settings. On real data [panels (a)-(b)],
DiRegINA and SONATA-F performs equally well, outperforming SONATA-L (first-order
method). When tested on the synthetic problem [panel (c)-(d)] with less local samples n
and larger dimension d, DiRegINA shows a consistently faster rate, while SONATA-F slows

down on less connected networks. Notice also the two-phase rate of DiRegINA , as predicted
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by our theory: an initial superlinear rate up to (approximately) the statistical precision,

followed by a linear one for high accuracy.

5.5 Conclusions

We proposed the first second-order distributed algorithm for convex and strongly convex
problems over meshed networks with global communication complexity bounds which, up
to the network dependent factor O(1/4/T — p), (almost) match the iteration complexity of
centralized second-order method [134] in the regime when the desired accuracy is moderate.
We showed that this regime is reasonable when one considers ERM problems for which there
is no need to optimize beyond the statistical error. Importantly, our method avoids expensive
communications of Hessians over the network and keeps the amount of information sent in
each communication round similar to first-order methods.

This work is just a starting point towards a theory of second-order methods with perfor-
mance guarantees on meshed networks under statistical similarity; many questions remain
open. An obvious one is incorporating acceleration to improve communication complexity
bounds under statistical similarity. A first attempt towards this goal is the follow-up work
[135], where an accelerated second-order method exploiting statistical similarity has been
analyzed for master/workers architectures. The extension to arbitrary graphs remains an
open problem. Second, our main goal here has been decreasing communications, which does
not guarantee optimal oracle (computational) complexity—this is because we did not take
advantage of the finite-sum structure of the local optimization problems. Stochastic opti-
mization algorithms equipped with Variance Reduction (VR) techniques have been proved
to be quite effective to obtain cheaper iterations while preserving fast convergence [136],
[137]. However, these methods do not exploit any statistical similarity, resulting in less fa-
vorable communication complexity whenever §/u < Q/p. It would be then interesting to
investigate whether VR techniques can improve both communication and oracle complexity

when statistical similarity is explicitly employed in the algorithmic design.
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5.6 Appendix

The appendix is organized as follows. Sec. 5.6.1 provides additional numerical experi-
ments, complementing those in Sec. 5.4. In Sec. 5.6.3, we establish asymptotic convergence
of DiRegINA and prove some intermediate results that are instrumental for our rate anal-
ysis. Sec. 5.6.4-5.6.7 are devoted to prove the results in Sec. 5.3, namely: Theorem 5.3.1 is
proved in Sec. 5.6.4; Theorem 5.3.2 and Corollary 5.3.3 are proved in Sec. 5.6.5; and finally,
Theorem 5.3.3 is proved in Sec. 5.6.6.

Furthermore, there are some convergence results stated in Table 5.1 for sake of brevity;
they are reported here in the following sections: i) the case of quadratic functions f; in the
setting of Theorem 5.3.2 is stated in Theorem 5.6.5 in Sec. 5.6.5.4 while the case of quadratic
fi’s in the setting of Theorem 5.3.3 is stated in Theorem 5.6.6, Sec. 5.6.7.

T 100 T
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= = NN-1 = = ‘NN-1
== DIGing =% -DIGing
=9 SONATA-F ¢ SONATA-F
—e—NT 10,2 _____

/ ;
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=
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optimization error
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(a) (b)

Figure 5.4. Distributed ridge regression on space-ga dataset and Erdos-
Rényi graph with (a) p = 0.3843 (b) p = 0.8032.

5.6.1 Additional Numerical Experiments

5.6.1.1 Distributed ridge regression problem

We consider a (non-strongly) convex instance of the regression problem. Specifically, we

have: fi(z) = (1/ 2n)HAia: — bi||? and K = RY, where A; and b; are determined by the scaled
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LIBSVM dataset space-ga (N = 3107, d = 6, and = 0.6353). The network is simulated as
the Erdds-Rényi network model, with m = 30 and two connectivity values, p = 0.3843 and
p = 0.8032. We compared DiRegINA with the algorithms described in Sec. 5.3, namely: NN-
1, NT, DIGing and SONATA-F. Note that NN-1 and NT are not guaranteed to converge
when applied to convex (non-strongly convex) functions. The tuning of the algorithm is
the same as the one described in Sec. 5.4.1. In Fig. 5.4, we plot the optimization error
versus the communication rounds achieved by the aforementioned algorithms in the two
network settings, p = 0.3843 and p = 0.8032. As already observed for the other simulated
problems (cf. Sec. 5.4.1), SONATA-F shows similar performance of DiRegINA when running
on well-connected networks while its performance deteriorates in poorly connected network.
NT seems to be non-convergent while NN1 and DIGing converge, yet slow, to acceptable

accuracy.

5.6.1.2 Regularized logistic regression

We train logistic regression models, regularized by an additive fo-norm (with coefficient
A > 0). The problem is an instance of (5.2), with each fi(z) = —(1/n) 3L, (€9 (") +
(1= N1 — 2] + (A/2)||z||? and K = R?, where 27 £ 1/(1 —i—e_<“i(j)"”>) and binary class
labels §i(j) € {0,1} and vectors ai(j), i=1,...mand j=1,...,n are determined by the data
set. We considered the LIBSVM ada (N = 4,781, d = 123) and we set A = 1/y/mn. The
Network is simulated according to the Erdos-Rényi model with m = 30 and connectivity
p=0.3372 and p = 0.7387.

We compare DiRegINA | NN-1, DIGing, SONATA-F and NT, all initialized from the same
random point. The free parameters of the algorithms are tuned manually; the best practical
performance are observed with the following tuning: DiRegINA is tuned as described in
Sec. 542 ie, 7=1, M =1le—3,and K = 1; NN-1, a = le— 3 and € = 1; DIGing, stepsize
equal to 1; SONATA-F, 7 =0.1; NT, e = 0.2 and a = 0.05.

In Fig. 5.5, we plot the optimization error versus the communication rounds achieved

by the aforementioned algorithms in two network settings corresponding to p = 0.3372

and p = 0.7387. In both settings (panels (a)-(b)), NN-1 and DIGing still exhibits slow
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Figure 5.5. Distributed logistic regression on a4a dataset and Erdds-Rényi
graph with (a) p = 0.3372 (b) p = 0.7387.

convergence, with a slight advantage of DIGing over NN-1. DiRegINA , NT and SONATA-
F, perform similarly, with DiRegINA showing some improvements when the network is better

connected [panel (a)].

5.6.2 Notations and Preliminary Results

We begin introducing some notation which will be used in all the proofs, along with some
preliminary results.

Define
2y —VF(z¥) and B/ = V*fi(a!) — V2F(xV), (5.18)

The local surrogate function Fi(y;2?) in (5.8a) can be rewritten as
- 1
Ei(y:af) £F (@) + (VE(a}) + 6y — at) + 5 {[V2F () + BY + 7] (y = o).y — o)

M;
6

v

Y-
(5.19)

3

+

Let us recall the following basic result, which is a consequence of Assumption 5.1.3.
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Lemma 5.6.1 (Lemma 1.2.4 in [234]). Let F : R? — R be a twice-differentiable function

satisfying Assumption 5.1.3. Then, for all x,y € RY,

() ~ F() ~ (VF(),y — ) — L (VF@) -2y - )| < Tyt 620

[VF@) - VF@) - V2R - o) < s o (5.21)

Setting x = ¥ in (5.20) implies

1 L
F(ab) + (VF()y = ab) + 5 (VP - oty —ab) < F) + ¢y - o, vyere

which, together with (5.19), gives the following upper bound for the surrogate function F,
defined in (5.19):

, 1 3} M;+ L
Rlyia}) <F@) + 5y - =

o + ML o

{0y —ay), WyeR!  (522)
where for a positive semidefinite matrix A, ||z||% £ (Ax,z). We also denote
Azt &Vt — gt RO, T2 11T /m, (5.23)

where we remind that z!" is obtained by the minimization of the local surrogate function

Fi(y; x?). The rest of the symbols and notations are as defined in the main manuscript.

5.6.3 Asymptotic convergence of DiRegINA

In this section we prove the following theorem stating asymptotic convergence of Di-

RegINA .

Theorem 5.6.1. Let Assumptions 5.1.1 and 5.1.83-5.1.4 and 5.1.5 hold, M; > L and 7, = 23
for alli = 1,....,m. If a reference matriz W satisfying Assumption 5.2.1 is used in steps
(5.8h)-(5.8¢), with p 2 Apax(W — J) < 1 and K = O(1/\/T—p) (explicit condition is

provided in eq. (5.42)), then p” — 0 and ||z} — 2}|| = 0, as v — oo for alli,j=1,...,m.
We prove the theorem in three main steps:
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Step 1 (Sec. 5.6.3.1): Deriving optimization bounds on the per-iteration decrease of

y C )
p” optimization error;

Step 2 (Sec. 5.6.3.2): Bounding the gradient tracking error ¢, which in turn affects

the per-iteration decrease of p”;

Step 3 (Sec. 5.6.3.3): Constructing a proper Lyapunov function based on the error

terms in the previous two steps, whose dynamics imply asymptotic convergence of DiRegINA

. To simplify the derivations, we study the case of strongly convex or nonstronlgy convex F'

together, by setting 1 = 0 in the latter case.

5.6.3.1 Optimization error bounds

In this subsection we establish an upper bound for p*** — p” [cf. (5.33)]. We begin with

two technical intermediate results—Lemma 5.6.2 and Lemma 5.6.3.

Lemma 5.6.2. Under Assumption 5.1.1, there holds

~ ~ M; i + 7
Raftat) < Ratiat) - S aa ] - BT s
Proof. By the optimality of z{" in (5.19), we infer
v 2 v v v Mi V|3
<yi + [V filz}) + Tif] Az ,Aa:i> < — 5 Axt

Since Fi(zV;z¥) = F(zV), we have

(19 < Vot — x?> + ; <[V2fi($§/) + TJ} Axy, Al’;j> . %‘

iri i 6 T
(5-25) 1 2 v v v Mi V|3
< —§<[V fi(:vi)+7'i]} Awi,Ami>—? Ax;
Mi i i
S—g a:i’*—:cf?’—'u;LT vt a2
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Lemma 5.6.3. Let Assumptions 5.1.1 and 5.1.3-5.1.4 hold. Then, any arbitrary € > 0, we

have

_ M,
F(a¥") — F(att;2l) < —

1 1 ’ 1

TP — — € v
0= | +

L
| Az||® — 2, (5.26)

oY
6 i

1
2e
Proof. Taylor’s theorem applied to functions Fj(-;#) and F(-) around V yields

F(a'%) =F(a¥) + (VF(2V), Ax?) + Azl T HY Az, (5.27a)

1

19¥1 1771

Fi(aytsay) =F(af;al) + (VE(al; ), Al ) + AayTHY Aat, (5.27h)

where

1
HY = / (1— O)V2F 0z + (1 — 0)2¥)do,
0

1

. 1 -
i :/ (1= O)V2E (/™ + (1 — 0)at;27)db.
0

Since F(zV;a?) = F(2?) and VE(2V;2Y) = VF(2V) + 67, subtracting (5.27a)-(5.27b) gives

1771

Fay) = Faftal) =((HY = HY) A, Axp) = (57, Act) (5.28)
Now let us simplify (5.28). Note that the hessian of Fj(-;z¥) is

V2F(x;;27) = V2F(2¥) + BY + 1] + MG(x;; V), (5.29)

where
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Hence,

HY — HY

1
—/ (1—O)VF (02t + (1 —0)at) db — [ (1—6)V2E (bl + (1 — 6)at;al) db
0

1
”9>/(1 0)V2F (021" + (1—0)a})do — | (1—0) [V2F(a¥) + BY| do — /(I—Q)Tifd‘)
0
1

— [ (1 - 0)MOG (2" ") db
0

1

1 1
— [ (1-6)Bvds - / (1— 0)71do — / (1— 0)MOG (" )l
0 0 0

(a) p1
= [ = 0)Lolfayt — oYl a0
0

1 1 1
_ / (1—6)Bdf — / (1—0)r1do — / (1 — 0) MG (2" 27)do
0 0
M, L 5 B
= 1G(a¥ T vt -
- 6 G(xl 71:1 ) + 6 2 2

|

(5.30)

where (a) holds since V2F is L-Lipschitz continuous. Combining (5.28) and (5.30), we
conclude

M; — L 1

|Aay]]* — ||A VP — 5 (BrAay, Aay) — (o7, Aay)

M~ L -
|Mﬁm—lii—

F(a}%) = Fay*iay) < -

1 1

< —

1Az |* +

751/2
2e !

for arbitrary € > 0, where the last inequality is due to the Cauchy-Schwarz inequality and

| (BYAx?, Ax?) | < B||Az?|)?, which is a consequence of (5.18) and Assumption 5.1.4. [

We are now in a position to prove the main result of this subsection.

Combining (5.24) in Lemma 5.6.3 with (5.26) in Lemma 5.6.2, and using F(z/;z") =
F(xt), yields

M; i
Pt - P < - (- £ 1aatte = (= Pt +

1
— 7112
2 2 2e !

218



Since under either Assumption 5.1.1 or Assumption 5.1.2 combined with Assumption 5.1.4

it holds that u; > max {0, u — 5}, we obtain

Platt) - Pt < - (- ) It - (MO g B gy

1

—ls¥ 112
+2€ !

(5.31)

2 2 '

1

Denoting p** £ (1/m) ", {F(xl”+) - F(f)}, we derive a simple relation with p**!

~ 1 n v 5.8b 1 = = v
P @) = S (e ) O S (Wit
mi= M=t M=t
(@) 1 X 1 & .
< — Z(WK)IJF(%”* = ZF<xJV+) AR
m i,j=1 m =1

where (a) is due to convexity of F' (cf. Assumptions 5.1.1 and 5.1.2) and X7, (W) = 1
(cf. Assumption 5.2.1); and in (b) we used Y. | (Wk);; = 1 (cf. Assumption 5.2.1). Summing
(5.31) over i while setting e = 3, 7, = 23 and M; > L/3 (recall that it is assumed M; > L),

gives the desired per-iteration decrease of p* when [|0”|| is sufficiently small:
v v (5.32) v v maX 7 v l/
gt = g < B S a4 (533)

5.6.3.2 Network error bounds

The goal of this subsection is to prove an upper bound for ||0”|| in terms of the number of
communication steps K, implying that this error can be made sufficiently small by choosing
sufficiently large K. For notation simplicity and without loss of generality, we assume d = 1;
the case d > 1 follows trivially.

Recall that ¥ = (z2)™,, v = (y*)™,, J = (1/m)1,,1]  and

1

lTZL’V 1Tyu
2 2 (1= J)a" =2’ =1,y A (- Y1, MmN Ar¥ 2 (A
(= D) =" =1,y & (1= )y =y = 1, (Aa)n,
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Note that the vectors '/ and y are the consensus and gradient-tracking errors; when ||z || =
|y |l = 0, we have # = 27 and y = yy for all i,j = 1,...,m. The following holds for z"
and vy .

Lemma 5.6.4 (Proposition 3.5 in [222]). Under Assumptions 5.1.1 and 5.1.5 and 5.2.1, for
all v >0,

12 < pxll=L Il + prcll Azl (5.34a)

1T < prlly ]+ 2Qumaxprc |27 ] + Quaxprc | A" ), (5.34b)

where px = Amax(Wk — J) < 1. Note that in case of K-rounds of communications using a
reference matriz W with p = Apax(W — J) < 1, we have pg = p; if Chebyshev acceleration
is employed, we have px = (1 — /1 — p)K

Now let us bound ¢! defined in (5.18). Note that by column-stochasticity of Wy and

initialization rule s = V f;(z?), it can be trivially concluded from (5.8¢) that

Ly’ =3 Vi
=1

Hence,
1 2
a2 <[y — - F(a)
(a) 17 m
§2 yll/_ my max (Z I/j: m ) (535)
1 2 4 ¥
<oy - o (I!m||2+m - =2,

where (a) is due to Qumax-Lipschitz continuity of V fi. Summing (5.35) over i and taking the

square root, gives

5 < 8 2 VRl + 2Qumall2 ) - (5.36)
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It remains to bound 8" defined above:

] ()
& = V2 (v + 2Qmaxlle ) <prev2 (1711 + 4Qumas 12 11) + 3V2Qmaxpic | A" |
<2pK0” + 3V2Qumaxprc || Az,

where in (a) we used Lemma 5.6.4 [cf. (5.34a)-(5.34b)]. Consequently,
(8"H1)? <807 (0")” + 36Q7apic || A" |2 (5.37)

Since px decreases as K increases, the latter inequality provides a leverage to make e

sufficiently small by choosing K sufficiently large.

5.6.3.3 Asymptotic convergence

We combine the results of the previous two subsections to finally prove Theorem 5.6.1.

Combining (5.33) and (5.36), we obtain

1
mf

v+1

o maz(ﬁ, 1)

g
IA

A2 + 5 —(0")*. (5.38)

Next, we combine (5.37) with (5.38) multiplied by some weight w > 0 to obtain

5 <, 5 w ~, max ([, 36 y
wp T G s+ (393 g ) 67— (P50 B g ) awe

2m
(5.39)
Let w = ¢, [, for some 0 < ¢,, < 1. Then, if
w max(B.p) 36,
Y <, DA , 4
SpK + 2m 6 >c 4m w mapr (5 0)
(5.39) becomes

wp ™ 4 (5)? <wpt + co(8)? — Wuam% (5.41)
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Note that by Lemma 5.6.4, condition (5.40) holds if

. 22 12¢/mQmax })
K > ———log | max , . 5.42
= VIi—p g( {v@wﬂ-ﬁﬁ yewp max(8, 4 o

Denoting
& & wp” + ("), (5:43)

let us show that £ — 0 as ¥ — oo, which implies that the optimization error p* and network
error ” asymptotically vanish. Since & > 0, inequality (5.41) implies 2%, ||Az”||* < oo.
Thus, ||Az¥|| — 0; and ||Az¥|| < Dy, for some D; > 0 and all v > 0. Further, {£}, is
non-increasing and ||£”|| < Ds for some Dy > 0 and all v > 0. Thus, p* < Dy/w, which
together with Assumption 5.1.1(iv) and Assumption 5.1.2, also implies ||z¥|| < D3 for some
Ds, all i and v > 0. Using ||Az”|| = 0 and (5.37), if 8p% < 1 (which holds under (5.42)),
we obtain that 6 — 0. Finally, it remains to show that p* — 0. Using optimality condition

of z¥" defined in (5.8a), we get

M; ~
S5~ a ) > 0.

i

<VF(1:;’) 67+ [V2F(al) + BY +7il| Al +
Rearranging terms gives

(VF(a}) + V2F(a!) Azl & — ayt)

i

(5.44)

19¥1 i

M; R ~ B R
2< 5 || Aat||Aat, 2 — x> + (0, &t =) + (BYAal, 2yt — &),
where BY £ B + 1,I. By convexity of F, we can write

0>F(&)— F(at*) > (VF(!), & — af")
=(VF(a}t) = VF(x!) = V2F(a})Axl, & — oy ") + (VF(af) + V2 F(a)) Ay, & — a}t)
(5.44)

M.
> (VF(a!") = VF(a}) — V2F(a!)Adt, & — al*) + <21||A$;’||A:):i”, ot fﬁ>

1

+ (80,2t — ) + (BrAay, oyt — 7).

19 1 17 1

(5.45)

222



Using Lipschitz continuity of VF, ||Az?|| — 0 and 6” — 0 (hence ||67|| — 0), we conclude
that the RHS of (5.45) asymptotically vanishes, for alli =1,...,m. Hence, F(2!")—F(z) —
0, foralli=1,...,m. Using (5.32), we finally obtain p* — 0.

Finally, by (5.36) and §” — 0, we obtain ||y | — 0 and ||2¥ || — 0, implying ||} — 27| —

0, for alli,j=1,...,m as v — oo. This concludes the proof of Theorem 5.6.1.

Remark 5.6.1. Note that (5.37) implies

(0")2 < p%Ds, Ds 2 8Dy +36Q2,, D3, Vv >0, (5.46)

since (6)? < & < Dy and ||Az¥|| < Dy, for all v > 0.

5.6.4 Proof of Theorem 5.3.1

We first prove a detailed “region-based” complexity of DiRegINA (cf. Theorem 5.6.2,
Subsec. 5.6.4.1) for the prevalent scenario 0 < § < 1 [recall that typically 8 = O(1/y/n)].
For the sake of completeness, the case § > 1 is studied in Theorem 5.6.3 (cf. Subsec. 5.6.4.2).
Building on Theorems 5.6.2-5.6.3, we can finally prove the main result, Theorem 5.3.1 (cf.

Subsec. 5.6.4.3).

5.6.4.1 Complexity Analysis when 0 < g <1

Theorem 5.6.2 (0 < f < 1and L > 0). Let Assumptions 5.1.1 and 5.1.3-5.1.4 and 5.1.5
hold along with 0 < 8 < 1. Let M; = L > 0, iy = 203, and recall the definition of D > 0
implying ||2? — Z|| < D, for alli=1,...,m. W.l.o.g. assume D > 2/L. Pick an accuracy
e > 0. If a reference matriz W satisfying Assumption 5.2.1 is used in steps (5.8b)-(5.8¢),
with p 2 Apax(W — J) < 1 and K = O(log(1/€)//T = p) (the explicit expression of K can
be found in (5.64)), then the sequence {p*} generated by DiRegINA satisfies the following:

(a) if p* > 2LD?,
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(b) if 3% - (2LD%) < p” < 2LD?,

(c) ife <p” < B2 (2LD?),
p’ <24*. (LD?)*- . %

3 v

Proof. Recalling Lemma 5.6.3 from the proof of Theorem 5.6.1, we can write

1
F(z!t) < F(ay T a?) + %
€

5|12, (5.47)

i ) = i i

for arbitrary € > 0, M; > L, and 7; > 3 4 €. In addition, by the upperbound approximation
of Fj(-;2) in (5.22), there holds

y i

) 1 , M, + L
Fi(y;xf) <F(y) + §Hy —

%6+n+e)1 + 6 H?J —ay

1
Sl ek (549)

Let ag € (0,1]. Set e = 8 and 73 = 23. By (5.47)-(5.48) and z}{" being the minimizer of

F(-;2%) [see (5.8a)], we obtain

» i

M + L 1
. ,\ v||2 ! |13 V12
<mip{ ) = £@) + 23l - e+ 25— P+ Sl
. ~ v Mi +L v 1 Y
< min {F(y)—F(m)+26“y—xi 24 H B+ = oy |2
i 6 p (5.49)

:y:a:er(l—a)xi”}

< min {(1 —a) (F(z¥) — F(2))

a€[0,a0]

=~ v

+2802|7 — 2V

«

by R0 5

1

3
+ —
s

i
where the last inequality holds by the convexity of F'. Note that, by definition, ||z{—Z|| < D,

for all i = 1,...,m. Assuming ||z} — Z|| < D, for all i = 1,...,m, we prove descent at

iteration v + 1, i.e. p*™' < p”, unless p* = 0. Note that by Assumption 5.1.1(iv), if {p*}, is
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non-increasing, then ||z¥ —Z|| < D forallv > 0 andi=1,...,m. Now set M; = L in (5.49)

and compute the mean over i = 1,...,m, which yields
v 2 e < {(1 )p” +2Ba*D? + LD sy s 2} (5.50)
min -« Q —a’+ — : .
p p T a€l0,a0] p 3 mﬁ
Denote
LD3
C, & = (5.51)

Since D > 2 it holds 28D? < 33C}. Then, setting ap = min{1,p"/(68C1)} in (5.50) yields

’

PP< min {(1—a) 4380102 + Cra® + — o7
)

@€[0,min{1,

6

6[30 }

(5.52)

< min {(1—(1/2)]9 +Cia® + —

o ae[0,min{1,555-}]

5 }
5
Let us assess (5.52) over the following “regions” Denoting by a* the minimizer of the

optimization problem at the RHS of (5.52), we have the following:
(a) If p¥ > 6C}, then a* =1 and

1 1 1 1

1/+1 - C - 51/ ( ) v i | Pid 2 )
D 2p+ 1+ B 2+6p+m6 , (5.53)
and under the condition
1yl 1 1
(P Y2 < Z v — 61/ 2 < ) 4
mp - 6p mp <G (5.54)
(5.53) yields
1oy
p =5 p”.
Note that, by (5.46) and Lemma 5.6.4, condition (5.54) holds if
1 1 Ds
K > =1 ) .
Z =3 0g<m5€1> (5.55)
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(b) If 682C, < p” < 6C}, then o* = 6% and

pu+1 < pu o (py)3/2 1
- 3\/ 601 mﬁ

2 (5.56)

and if (similar to derivation of (5.55))

1 1 Dy 1 1 (p¥)3/?
K> =1 = — 0’| < B0, = —||0¥|* < , (5.57
T V1l=-p 2 o8 <m54C’1> mp < FG mpf3 ~ 6/6C] ( )
(5.56) implies
v+1 < Y (pu)3/2 (5 58)
P=r g6 '
Finally, since p” is non-increasing,
1 1 P — prt! 639 svee (")
NN (\/]7+\/pu+1> N2 A (\/]7+\/pu+1) VPP
1 1
>Seq 2
== 12\6c,
and consequently,
V< 1 < 1
"o c2<y+ 1 >2 T g
0 con/p°
(c) If e < p” < 66%C), then o = Gg—él and
v\2
l/+1< v (p) L(SVQ 559
and if (similar to derivation of (5.55))
1 1. (36C.Ds Lol &2 o ()
K > =1 — —||” = —||0"]|* < 5.60
“V1I—-p 2 og( me? > mp — 368C, mp3 — 368C;’ (5.60)
we deduce from (5.59)
pl/+1 Splj _ (pl/)2 ) (561)
365C
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Since p” is non-increasing,

L1 o — pr! (5£1) 36501 (p”)?
R N O e N (AT .
Zé() é i)
726,

and consequently,

1 1 21
p’ < < 5 :722012.?.—. (5.63)

2 = =2 2
~9 1 CoV v
o (V + P, po)

Finally, combining all the conditions (5.42), (5.55),(5.57), and (5.60), the requirement on
K reads

1 1 16 122mQ? D
K> - —log | max —6, MG , d . (5.64)
- 2 Cw Cwﬁ maX(ﬂ, lu) min {mﬁC’l, mB4C'1, %52}

)

where Ds and O are defined in (5.46) and (5.51), respectively. O

5.6.4.2 Complexity Analysis when > 1

Theorem 5.6.3 (5 > 1 and L > 0). Let Assumptions 5.1.1 and 5.1.3-5.1.4and 5.1.5 hold
and B > 1. Let My = L > 0, 7 = 203, and recall the definition of D > 0 implying
maXiepn |20 — Z|| < D. W.lo.g. assume D > 2/L. Pick an arbitrary ¢ > 0. If a reference
matriz W satisfying Assumption 5.2.1 is used in steps (5.8b)-(5.8¢), with p = Apax (W —J) <
1 and K = O(log(1/€)/+/T = p) (the explicit expression is given in (5.64)), then the sequence
{p"} generated by DiRegINA satisfies the following:

(a) ifp* >3- (2LD?),

(b) ife <p” < B-(2LD3),
B

2
v <242 . (LD3)? . = .
P’ < (LD7)" = 5
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Proof. Excluding (3, the parameter setting is identical to Theorem 5.6.2. Recall (5.52), i.e.,

1
p’tt < min {(1 —a/2)p’ + Cra® + — 8"
acf0min{1, 522 }] mp

2}7 (5.65)

where C is defined in (5.51). Denoting by o* the minimizer of the optimization problem at
the RHS of (5.52), we have:
(a) If p¥ > 65C, then o* = 1 and under (5.64), (5.65) yields

14

} 44+1/8 , 5
p“éi/p <5 P

6

(b) If e < p” < 65CY, then a* = 65—;1. Under (5.64), (5.65) yields

v\2
v v p
p + Sp - ( ) )
3650,

and following similar steps as in derivation of (5.63), we obtain

5.6.4.3 Proof of main theorem

We proceed to prove Theorem 5.3.1. Given an accuracy 0 < ¢ < 1, when 0 < g < 1,

Theorem 5.6.2 gives the following expression of rate: to achieve p” < e, DiRegINA requires

0 (e () + "2+ P2 ) <o (R EP) e

iterations, while if 5 > 1, by Theorem 5.6.3, DiRegINA requires

o e () + 2422) o (222
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iterations. Therefore, (5.66) is a valid rate complexity expression (in terms of iterations)
in both discussed cases (i.e. 0 < 8 < 1 and § > 1). Now, recall that every iteration

requires K rounds of communications, with K satisfying (5.42) and (5.64); hence K =
O(1/\T=p-log(1l/e)) = O (1/\/1 —p- g_a/2>, for any arbitrary small @ > 0. Therefore

the final communication complexity reads
~ 1 LD? LD?
o _ L B g )
/1 — P €1+a 81+ 5

5.6.5 Proof of Theorem 5.3.2 and Corollary 5.3.3

We begin introducing some intermediate technical results, instrumental to proving the
main theorems, namely: i) Lemmata 5.6.6-5.6.5 in Sec. 5.6.5.1; and ii) a detailed “region-
based” complexity of DiRegINA as in in Theorem 5.6.4 (cf. Sec. 5.6.5.2). We prove Theorem
5.3.2 and the improved rates in case of quadratic functions in Sec. 5.6.5.3 and Sec. 5.6.5.4,

respectively. Finally, Corollary 5.3.3 is proved in Sec. 5.6.5.5.

5.6.5.1 Connections between the optimization error, network error and ||Az”||

We establish necessary connections between the optimization error p”, the network error

61/

and ||Az”|| in Lemmata 5.6.5-5.6.6:
Lemma 5.6.5. Let Assumptions 5.1.2-5.1.4 hold, 7, = 23, and M; > L/3. Then

1 & 2

8
> HAa:l” 2 - p —— 1877, (5.67)
m i It mpu
where p¥ is defined in (5.10).
Proof. By p-strongly convexity of F' and optimality of 7,
v+ ~ H’ v+ ~112 /’l’ v+ v]||2 :U v 12
F(z!") — F(7) Zg‘xi —xH > Z‘xl — ! _5‘% —xH
>y — a2 = (Pap) - F@)
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Averaging the above inequalities over i = 1,...,m, yields

ZHM

— (p +p"),

where p’* = (1/m) £, {F(a{") = F()}. Using (5.33) proves (5.67). 0

Lemma 5.6.6. Let Assumptions 5.1.2-5.1.4 hold and set 7; = 2[3. Define

= 125 M,ax 2 max M.

VL2 + 4M§m i€[m]

Wy =

Then
1 & 8
— Fxz'N) - F@)} < VEL Lt ) + — |67 _
A F @) = F@} <o (o) ol h) + (5.68)
where
L2+4Mmax 12\ . ) m + vl|2 )
Z———max (570 Tl , if Co/ X e — 2|2 > wo;
o ({a i {al ) =
14462 Z 1/+ xlu 27 Zf Zv \/eril T + —l’;j 2 < wp.
Proof. Recall (5.44), a consequence of optimality of 27" (defined in (5.8a)), reads
<VF(:B§’) + V2F(2¥) Azt & — 93”+>
(5.69)

5
>
“\72

N “> (80,a0% = &) + (BrAat, ot — 7).

17 1
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where B” = B” + 1] and recall Az’ = 2/ — 2% [cf. (5.23)]. By p-strongly convexity of F,

@) - Pa)
> <VF($§’+),f - xl”+> + H‘ x

v 55H2

= (VF(a/*) = VF(a!) — V2F(e!)Aat & — a/" ) + g( ot — 2
+(VF(a}) + V2F(a)Aat, & — ay")
V() - VB~ V) A 5 -t + a2 (5:70)
<||Ax”||Axl ! > (07,2t — &)+ (BYAxl,alt — 1)
> = HVF(:):?*) CVF(Y) — V2R A
<HAx”HAx1 ! “> (57,20 = &) + (BrAat,alt — 7).

and by applying Lemma 5.6.1 (cf. inequality (5.21)) to the first term on the RHS of (5.70)

along with Cauchy-schwarz inequality, yield

F(3) - F(a/*)

-
e (L, - (A N [P TR

(5.71)

for arbitrary €g,e; > 0, where (a) is due to the u-strongly convexity of F' and optimality

of . By Assumption 5.1.4 and some algebraic manipulations, the last term on the RHS of

(5.71) is lower-bounded as

/8+Tj 2_62(54‘7’1)

(Ao - “%>Br =" o ) 2 el
(a) ﬂ + Ti sl 62(ﬁ + ’7'1) v+ R (572)
=7 g, Axf|” - T (F(% ) — F(@) ’
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with arbitrary e; > 0, where (a) follows from the p-strong convexity of F' and optimality of

Z. Set

€= —o o= g=-— >t

0 2Mmax’ 1 4’ 2 4(5+Tmax>,
where Tax = maXiep, 7i; then combining (5.71)-(5.72) and averaging over i = 1,...,m,
lead to
1 & v = L? +4M§1ax - v|4 8(6 +7_max)2 O v 8 v
S (Flart) - F@) £ = e S gyt 4 20 T 5 g g e
mi= mp i=1 mp i=1 mp

(5.73)

The bound (5.68) is a direct consequence of (5.73), with ; =24, foralli=1,...,m. O

5.6.5.2 Preliminary complexity results

Theorem 5.6.4. Let Assumptions 5.1.2-5.1.4 and 5.1.5 hold. Let also M; > L and 7; = 203,

foralli=1,...,m, and denote

Mmax L Vv 2
( i ) m Mmax é max Mb

C,2¢.
2 5 3#3/2 ’ i€[m]

for some arbitrary € > 1. If a reference matriz W satisfying Assumption 5.2.1 is used
in steps (5.80)-(5.8¢), with p & Apax(W — J) < 1 and K = O(1/\/T=p) (the explicit
expression of K is given in (5.98) ), then the sequence {p”} generated by DiRegINA satisfies
the following:

(a) If

3 4
P 45
> = 1
P=p, 2m(MmaX+L)2§2< + u) !

then
v

V\L/4 < (,0V1/4 _ .
()" < (") 12V3C,

(b) Assume [exclusively in this case (b)] 5 < p and denote

N pr/ 1 P A 212 ) B
8y/m(L? + 402 = LPAMg, omo

max) max

prEYE
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Ifp* > p, and p*~' < 2, then p* < (p"~1)%.

(c) If
v 9 B
A P A2, m
then {p"} converges Q-linearly to zero with rate
-1 -1
max (3, 1) 1 pmax(B, p)
1+ ———= 1+ — ———F| . 5.75
( b, ) < N (5.75)

Proof. We organize the proof into three parts, (a)-(c), in accordance with the three cases
in the statement of the theorem.

(a) Recall Lemma 5.6.3 from the proof of Theorem 5.6.1:

1
+ 5 5|1 (5.76)

for arbitrary € > 0, where M; > L and 7 > [ + €. In addition, by the upperbound
approximation of Fi(-;z¥) in (5.22), there holds

) 1

v
i

MirL),
6

1
v+ 3+ o167 2 wyek. (5.77)

Eily: ) <F(y) + 5y —

Set 73 = 26 and € = 3, then by (5.76)-(5.77) and 2¥* being the minimizer of F(-;z?),

<uip {P) - £+ 28—t + 2y ; o}
< min {P)— @) + 28y —at [+ Sy -l ol oy = oz + - et
< i {0 -0 (k) - F@) - 05 a3

+ 28027 — 2 2+Mi6+La3Ha?—xf 3+; 5 2},
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where (a) is due to the p-strong convexity of F. If oy = 1/(1 +48/p), (5.78) implies

2}’

= v
|7 - a

M+ L
+TOZ

o7
' T a€g(0,a0] ! i

v+ = : v ~ 3 1
Flay) = F@) < _min {(1-a)(Fat) - F@) 2

where by the u-strongly convexity of F' and optimality of Z, we also deduce

(5.79)

< min {0 ) (Fen) - @)+ e <F<x$>—F<f)>)3/2+

g
a€0,a0] '

Averaging (5.79) over i = 1,2,...,m while using (5.32), yields

51/

. (5.80)

g2 (et L)V

v+1 : v 3/, v\3/2
< min {1+ Ca® () o

a€[0,a0]

n 1
mf
where Mpyax = maxXie[,) M; and § > 1 is arbitrary.

Denote by o* the minimizer of the RHS of (5.80); then if p* > p £ 1/(9C3a3), we have

a* =1/4/3C2/p?, and

2 1
vl <pv — —[ov 2. 5.81
R N R (5:81)
If
L V2 « 1 (p )3/4 — _|lg 2 1 (pu>3/4 (582)
mp3 ~ 330y ! mp3 ~ 3v3C, ’
(5.81) yields
1
l/+1<l/_~ v\3/4 Yy > () ~ A )
pt<p = (), Ww>0, ¢ 3V3C (5.83)
Note that, by (5.46) and Lemma 5.6.4, condition (5.82) holds if
1 1 Dsv/
K > - —log (353/402) . (5.84)
We now prove by induction that (5.83) implies
PV <1, 2 () - Z,,, ) (5.85)
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Clearly, (5.85) holds for v = 0. Since the RHS of (5.83) is increasing (as a function of p”)
when p” > (3¢/4)* = 1/(9 - 28C%2) (which holds since p* > p,), then p” < I implies

pl/+1 S lﬁ o 6l37

which also implies p**! <!, as by definition of [“ in (5.85),

b=l = (= bot) G+ b)) (B+1240) = 2 o+ o) (B4 124) <E L.

S Y

(b) Recall (5.41) (from the proof of Theorem 5.6.1), which under Assumptions 5.1.2-5.2.1
and condition (5.42), reads

v INZ v N wi v
wp” T 4 (8T <wp” + c,(87)? - RHA:B I (5.86)

Recall also Lemma 5.6.6 when condition C is satisfied, which together with (5.32), implies

2 2 2
2) + 8 o2, b 2 % (5.87)
mi mi

v+ v
Ty — &

pu+1 Sbl <§:‘
i=1

Note that p**! > p, implies that condition C in Lemma 5.6.6 holds, as proved next by

contradiction. Suppose p**! > p, but [[Az”|| < wy. Then Lemma 5.6.6 yields

(5.32) 1442 8 @ 2.124 B4
< v+1 < v+ < L2 —||&Y 2 < - - .
Py =P =P mu u}0—1_771# — L2 4 4M?

max

. -
implying # > p, which is in contradiction with the assumption; note that (a) holds under

(similar to derivation of (5.84))

1 1 D 8 1443202
K> -~ log 752 :>75v2§ﬂ.
T—p 2 1832w; mi mp

(5.88)
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Now since z — " is subadditive for 0 < h < 1, i.e. (a+ b)" < a* + b" for any a,b > 0,

(5.87) together with (5.36) imply

1 8 <
—ZHMH bt () + 5. (5.89)
Combining (5.86) with (5.89) yields

v+1 Sv+1\2 v v\ 2 /1’
+ (0 < + ¢u(0
wp ( )2 < wp” + ¢y, (07)° — 1 1/ Mb1

and since 6" < /& < /Ds, Vv > 0 (see the discussion in Subsec. 5.6.3.3, proof of Theorem
5.6.1), we get

wp 4 (5u+1)2 <wp® —

W [ mr+1 SV é / Cwﬁ:u /
4m\/b_1 p +C3 ) (Cw 2 + Hbl) (590)

Since p"*! > p,, under (similar to derivation of (5.84))

1 1 64Dsm?b,C3 w ,/—
K > og [ LEMNCE ) oy < VD (5.91)
I—p 2 2,32 1*p, 8m+/by

(5.90) yields

4

pu—i-l T pl,+1 Spu’ c

8mli/b_1'
Denote by 3 = p¥/c?, then we get p*' + /p**1 < p” which implies quadratic convergence
when p"*! > p and p¥ <1=p” <

(c) Again recall (5.41):

wmaX(B?M) HAquz

wpu+1 + (SV+1)2 Swpu + Cw(gV)Q . o

(5.92)

Invoking Lemma 5.6.6 under condition C and 7; = 23, along with (5.32) and (5.36), we have

S gy g, a 1445
mu G muy

v+
i

(5.93)

m
P <y
i=1
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Combining (5.92) and (5.93) yields

~ 2
. (1 . max(ﬁ,u)> S Y <upt (Cw+ 2wmax(f, 1)
m? by

4mb2

where by choosing ¢,, to satisfy

(cn o 2o o (B} 0 (i

m2 by 4mb,

[where (a) is due to w = ¢, defined in Sec. 5.6.3.3], (5.94) becomes

(14 R ey oy < 4 (14 )

4mb2

implying linear convergence of {£”}, where

4mb2

4mb2

CV A w (1 + maX(ﬂaM)) py + (51/)27

and decay rate

1+ —

4dmby 576 32

Therefore, {p”}, converges Q-linearly with rate (5.96).

28 max (3, p
m? by

) @y

)1 3y

<1+ maX(B,u))l _ < 1 ,MmaX(ﬂ,u)>1.

) (-

Y

(5.94)

max (5,

4mb2
(5.95)

(5.96)

Now let us derive (5.74) that defines this region. The goal is to identify the region where

C (cf. Lemma 5.6.6) holds. Under the condition (similar to derivation of (5.84))

D TU\2
log<4D6> 2

1

K>
==y

N | —

Buwy Bu

and Lemma 5.6.5, there holds

which implies that C is necessarily satisfied when

wipt 9 B

P’ <

max
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16m  L2+4M2._ m

?7

(5.97)
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Finally, unifying the conditions on K derived in (5.42). (5.84), (5.88), (5.91), (5.97), K

must satisfy

11 _ 16 122mQ%,. 330, 1 64m2b,C2 4
K > T Elog Ds - max 5o D : 310 1802 2 Bty AR
) s’ DycuBmax(8, 1) mpp? " 185%8 & 5u2p, " Bucd
(5.98)
where recall that ¢,, > 0 must satisfy (5.95). O

5.6.5.3 Proof of Theorem 5.3.2

Let M; = L for alli =1,...,m, and set the free parameter £ > 1 (defined in Theorem
5.6.4) to £ = 100/5, and define the regions of convergence,

(RO) Qo < p”,
(R1): @ <p” < Qy,
(R2) :  max(e, Q) < p” < O,
(R3): & <p” < max(e, Q9),
where
1 I 2-12% [
Qp = 244 - D? 0, =c/2= e O VN N el o
0 mo =2 =Enm e Tl T

and c and p, are defined in Theorem 5.6.4.
Using Theorem 5.6.2; region (R0) takes at most % iterations. Now using Theorem

5.6.4, region (R1) lasts at most v iterations satisfying

LD
OO > (VA — P e > 4800/3VE - mih . 22
N TN e = VEmlt =

Let us conservatively consider scenarios €2y > ¢ > )y and € < ()9, then the region of

quadratic convergence (R2) lasts for at most

(2 2 . 1 1w p 1 2 2
2log <210g (mm{%, 8})) < 2log lQIOg [mm{128 ST @, 0T ot > Qe < 7
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iterations. Note that conditions p” > p, and p” < p, in Theorem 5.6.4 are sufficient con-
ditions identifying the region of quadratic and linear rate (or more specifically C and C in
Lemma 5.6.6); note that p, and p, are identical up to multiplying constants. Hence, to
obtain a valid complexity of overall performance, we pessimistically associate the region of
linear rate (R3) with e < p” < max(e, (%) rather than e < p” < max(e, p,); therefore, this
region at most lasts for O(5/u - log(max(e, §22)/¢e)) iterations. Thus, since the number of
communications per iteration is O (1/y/T — p) [cf. (5.42), (5.64), (5.98) and note that ¢ = €
in (5.64)], the overall complexity reads

- 1 |[LD 2 B 1 6 B 1
O( —1—/){ p (1+m1/4)_|_10g [log [;.mln{l,m;-g}ﬂ+ulog [max(l,m;;.€>]}>

communications.

5.6.5.4 The case of quadratic f; in Theorem 5.3.2

Here we refine the proof of Theorem 5.3.2 to enhance the rate when L = 0:

Theorem 5.6.5. Let Assumptions 5.1.2-5.1.5 hold with L = 0 and 8 < u. Denote by
D,, an upperbound of p°, i.e. p° < D, for allv > 0. Also choose M; = @(pfg’ﬂ/\/ﬂTDp)
sufficiently small (explicit condition is provided in (5.99)) and 7, = 23 for alli=1,...,m.
If a reference matriz W satisfying Assumption 5.2.1 is used in steps (5.8b)-(5.8¢), with
P2 Amax(W —=J) <1 and K = O (1/\/T=p) (explicit condition is provided in (5.98)), then

for any given € > 0, DiRegINA returns a solution with p¥ < e after total

0 s (2) o (32)

communications. Note that when = O(1/y/n), e = Q(Vx) and n > m, the above commu-

nication complexity reduces to

O <\/11Tp - {loglog <1V);) }) .
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Proof. Let us specialize the results established in Theorem 5.6.4 (in particular case (b)-
(c)). Note that, since L = 0, we can impose p° < ¢?/2 by a proper choice of M;, allowing
DiRegINA to circumvent the first region (associated with case (a) in Theorem 5.6.4) and
start off in the quadratic rate region. Hence we only need to derive a sufficient condition for
p’ < /2. Let us first consider case (b): if M; = @(u‘g/z/\/miDp),Vi, sufficiently small,

3/2 3

Vi = p’ < 512757]\42

max

Mo< —H

= 16,/2mD,

where M. 2 maXic, M. Let us also evaluate the precision achieved in case (b), i.e. Py

— p’ < */2, (5.99)

denote by C,; such that M; > C,,u%/?/\/mD,,¥i, then

s 12 B 12 B°D,
2M?2 m 203,  u2

max

>

Py

Therefore the number of iterations to reach e = Q(p,) is O(loglog(c*/p,)) = loglog(D,/¢),
and since K = O (1/4/T — p), the total number of communication will be O (1/4/T — p - loglog(D,/<)).
Now let us derive the complexity when ¢ = O(p,) (i.e. case (c) in Theorem 5.6.4).

Setting L = 0 and following similar arguments, for arbitrary precision ¢ > 0, we obtain a

communication complexity O (1/v/T— p - {loglog(D,/¢) + 8/ulog(B*D,/(1€))}). O
5.6.5.5 Proof of Corollary 5.3.3

Let us customize the rate established in Theorem 5.6.4 (in particular case (b)-(c)). We
derive a sufficient condition for p° < ¢?/2 which guarantees that the initial point is in the
region of quadratic convergence. Using initialization policy (5.9), there holds p° < Ca/n for

some Ca > 0. Hence, under

640C A L2 T
> AT = 0 <
e T T P = aomre

= p" <22,

DiRegINA converges quadratically to the precision

» 212
Po= 52 T
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By 8 = O(1/y/n), p, = O(Vx). Hence, since K = O (1/y/T=p), the total number of
communication will be O (1/y/T — p - loglog(u?®/(mL*Vy))).

5.6.6 Proof of Theorem 5.3.3

Let M; = L for all i = 1,...,m, and set the free parameter £ = 505/(3u) (defined in

Theorem 5.6.4) and define the regions of convergence,

where

_ = 09 p
Qo =244 D%, Q=20 01
L2 m

Using Theorem 5.6.2, region (RO) takes at most % iteration; note that u = Q(3?) by
assumption n > m, thus Qy = Q(5% - 2LD?). Now using Theorem 5.6.4, region (R1) lasts at

most v iteration satisfying

_\1/4 v \/BLD/m
0) > Q) - > 240v2 - Y
(%) 2 @) = s = mz2bve

Finally, by case (c) in Theorem 5.6.4, region (R2) lasts for O(3/u - log(2;/)). Thus, since
communication cost per iteration is O (1/4/T — p) [cf. (5.42), (5.98)], the overall complexity

(2 o ) (22 )

5.6.7 The case of quadratic f; in Theorem 5.3.3

is

Theorem 5.6.6. Instate the setting of Theorem 5.5.3 where L = 0. Then, the total number

of communications for DiRegINA to make p¥ < € reads

(s ().
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When = O(1/y/n), € = Q(Vx) and n > m, the above communication complexity reduces

to

O (\/11Tp-ml/2-log (V1N>>

Proof. We customize case (c) in Theorem 5.6.4, when L = 0. Note that C in Lemma
5.6.6 holds for all v > 0 and condition (5.97) is no longer required. Therefore, the algo-
rithm converges linearly with rate (5.75) and returns a solution within e precision within
O (B/p - log(1/¢)) iterations and since K = O (1//T = p) [cf. (5.42)] , the total number of
required communications is O (1/v/T — p- 3/p - log(1/€)). O
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