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ABSTRACT

In the era of big data, the sheer volume and widespread spatial distribution of information
has been promoting extensive research on distributed optimization over networks. Each
computing unit has access only to a relatively small portion of the entire data and can only
communicate with a relatively small number of neighbors. The goal of the system is to
reach consensus on the optimal parametric model with respect to the entire data among all
computing units. Existing work has provided various decentralized optimization algorithms
for the purpose. However, some important questions remain unclear: (I) what is the intrinsic
connection among different existing algorithms? (II) what is the min-max lower complexity
bound for decentralized algorithms? Can one design an optimal decentralized algorithm
in the sense that it achieves the lower complexity bound? and (III) in the presence of
asynchrony and imperfect communications, can one design linearly convergent decentralized
algorithms?

This thesis aims at addressing the above questions. (I) Abstracting from ad-hoc, specific
solution methods, we propose a unified distributed algorithmic framework and analysis for a
general class of optimization problems over networks. Our method encapsulates several ex-
isting first-order distributed algorithms. Distinguishing features of our scheme are: (a) When
each of the agent’s functions is strongly convex, the algorithm converges at a linear rate,
whose dependence on the agents’ functions and network topology is decoupled; (b) When the
objective function is convex, but not strongly convex, similar decoupling as in (a) is estab-
lished for the coefficient of the proved sublinear rate. This also reveals the role of function
heterogeneity on the convergence rate; (c¢) The algorithm can adjust the ratio between the
number of communications and computations to achieve a rate (in terms of computations)
independent on the network connectivity; and (d) A by-product of our analysis is a tun-
ing recommendation for several existing (non-accelerated) distributed algorithms, yielding
provably faster (worst-case) convergence rate for the class of problems under consideration.
(IT) Referring to lower complexity bounds, the proposed novel family of algorithms, when
equipped with acceleration, are proved to be optimal, that is, they achieve convergence rate

lower bounds. (III) Finally, to make the proposed algorithms practical, we break the syn-

12



chronism in the agents’ updates: agents wake up and update without any coordination, using
information only from immediate neighbors with unknown, arbitrary but bounded delays.
Quite remarkably, even in the presence of asynchrony, the proposed algorithmic framework
is proved to converge at a linear rate (resp. sublinear rate) when applied to strongly convex

(resp. non strongly convex) optimization problems.
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1. INTRODUCTION

In the era of big data, the sheer volume of information renders centralized data processing
and storage a formidable task. This challenge has been promoting extensive research on
parallel and distributed optimization. Classic parallel and distributed optimization typi-
cally subsumes a master-worker computational architecture wherein the master nodes/ma-
chines/agents gather the necessary information from the worker nodes and are in charge of
updating the optimization variable/model parameter (cf. Fig. 1.1-left panel). However, when
a large number of worker nodes are spatially scattered, collecting all this local information
and routing them to the master nodes is often infeasible or inefficient, due to energy, privacy
constraints and/or link/hardware failures. Furthermore, there are some networks such as
surveillance networks or some cyber-physical systems, where a master-worker architecture is
not desirable, as it makes the system prone to central entity failure.

Motivated by these practical challenges, in this dissertation, we consider a decentralized
computational architecture, modeled as a general directed graph that does not possess a
central controller/master node (see Fig. 1.1-right panel). Each computing unit has access
only to a relatively small portion of the entire data and can only communicate with a
relatively small number of neighbors. The goal of the system is to cooperatively solve the
optimization problem under consideration.

This decentralized computational setting arises naturally when data are acquired and/or
stored at the nodes’ side. Examples include resource allocation, swarm robotic control,
network information processing, and multi-agent reinforcement learning [1], [2]. In scenarios
where both a master-worker and a decentralized architectures are available, decentralized
optimization/learning has the advantage of being robust to single point failures and being
communication efficient. For instance, [3] compared the performance of stochastic gradient
descent on both architectures; they show that, the two implementations have similar total
computational complexity, while the maximal communication cost per node of the algorithm
running on the decentralized architecture is O(degree of network), significantly smaller than

the O(m) of the same scheme running on a master-worker system.
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Figure 1.1. Master-worker (left panel) vs. decentralized (right panel) architectures.

As a general model, we consider the following class of (possibly nonconvex) multi-agent

composite optimization:

minU(z) = > fi(z) + G(x), (P)
v ic[m]
where [m] = {1,...,m} is the set of agents in the system; f; : R? — R is the cost function

of agent i, assumed to be smooth but possibly nonconvex; G' : R — R U {—o00, 0} is a
nonsmooth, convex (extended-value) function; and K C R? is a closed convex set. We also
define the smooth part of Problem (P) as F(z) = >ieim) fi(z). Each agent has access only to
its own objective f; but not F' while G and I are common to all the agents. The communi-
cation network of all agents is modeled as a fixed, directed or undirected graph, depending
on the application. One important instance of the Problem (P) is decentralized /distributed
supervised learning; examples include logistic regression, SVM and LASSO, and deep learn-
ing. In these problems, each f; is the empirical risk that measures the mismatch between the
model (parameterized by x) to be learnt, and the data set owned only by agent i. G and K
plays the role of regularization that restricts the solution space to promote some favorable
structure, such as sparsity.

Existing work has provided various decentralized optimization algorithms to solve the

Problem (P). However, some important questions remain unclear:

(I) what is the intrinsic connection among different existing algorithms? Can one find
a unified algorithmic framework to accommodate most existing algorithms, to enable

comparison among them?
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(IT) what is the min-max lower complexity bound for decentralized algorithms? Can one
design an optimal decentralized algorithm in the sense that it achieves the lower com-

plexity bound?

(III) for very large-scale networked system, it becomes inefficient and unrealistic to syn-
chronize the updates of all agents. In addition, imperfect communications happen
frequently as link failures and power outage commonly occur. Thus, can one design
provably convergent distributed algorithms in the presence of asynchrony and imper-
fect communications? In particular, when the objective function U is strongly convex,

can one still achieve linear convergence?

This dissertation aims at addressing the above questions, and our contributions are summa-

rized next.

1.1 Research contribution

(I) Abstracting from ad-hoc, specific solution methods, we propose a unified distributed al-
gorithmic framework and analysis for a general class of optimization problems over networks.
Our method encapsulates several existing first-order distributed algorithms. Distinguishing
features of our scheme are: (a) When each of the agent’s functions is strongly convex, the
algorithm converges at a linear rate, whose dependence on the agents’ functions and network
topology is decoupled; (b) When the objective function is convex, but not strongly convex,
similar decoupling as in (a) is established for the coefficient of the proved sublinear rate. This
also reveals the role of function heterogeneity on the convergence rate; (c¢) The algorithm can
adjust the ratio between the number of communications and computations to achieve a rate
(in terms of computations) independent on the network connectivity; and (d) A by-product
of our analysis is a tuning recommendation for several existing (non-accelerated) distributed
algorithms, yielding provably faster (worst-case) convergence rate for the class of problems
under consideration.

(II) We propose an accelerated distributed optimization algorithmic framework, by em-
ploying acceleration on both the computations and communications of a novel family of

primal-dual-based distributed algorithms. We provide a unified analysis of its convergence

16



rate, measured in terms of the Bregman distance associated to the saddle point reformation
of the distributed optimization problem. The rate of the accelerated algorithms is shown
to be optimal, in the sense that it matches, under the proposed metric, existing complexity
lower bounds of distributed algorithms applicable to such a class of problems and using only
gradient information and gossip communications.

(IIT) Finally, we break the synchronism in the agents’ updates: agents wake up and update
without any coordination, using information only from immediate neighbors with unknown,
arbitrary but bounded delays, and propose asynchronous distributed multi-agent optimiza-
tion algorithms. Quite remarkably, in the presence of asynchrony, the proposed algorithms
converge provably at a linear rate (resp. sublinear rate) when applied to strongly convex

(resp. non strongly convex) optimization problems.

1.2 Outline of the Dissertation

In Chapter 2, we discuss a unified distributed algorithmic framework and its convergence
analysis. In Chapter 3, we discuss the lower complexity bound of distributed optimization for
smooth convex problems with respect to the metric of the Bregman distance, and the accel-
erated optimal distributed optimization algorithmic framework OPTRA. The remaining of
the dissertation focuses on asynchronous decentralized/distributed algorithms; specifically,
in Chapter 4, we introduce an asynchronous signal tracking algorithm, which is also the
building block of the asynchronous distributed optimization algorithms proposed later; in
Chapter 5, we present the asynchronous distributed algorithm, ASY-SONATA, for smooth
unconstrained optimization; and in Chapter 6, we discuss the asynchronous distributed al-

gorithm, ASY-DSCA, for general nonsmooth constrained optimization.

1.3 Notation

Throughout this dissertation, we use the following notation. Given the matrix M £

(mij)fjl:l, M; . and M. ; denote its i-th row vector and j-th column vector. Given the sequence
{M*}F__ with k > s, we define M* & MFMF=1... MM if k > s; and M¥® & M*

otherwise. Given two matrices (vectors) A and B of same size, by A < B we mean that

17



B — A is a nonnegative matrix (vector). The dimensions of the all-one vector 1 and the
i-th canonical vector e; will be clear from the context. The indicator function 1[E] of an
event F equals to 1 when the event F is true, and 0 otherwise. We use the convention
Siepxt = 0 and [[ep ' = 1. We use null(-) (resp. span(:)) to denote the null space (resp.
range space) of the matrix argument. The inner product between two matrices X,V is
defined as (X,Y) = trace(X,Y), while the induced norm is HXH = HXHF We use H : Hg
to denote the spectral norm of a matrix. Given a positive semidefinite matrix (), we define
(X, X)g = (Q@X, X) and HXHQ = \/m Given G : R? — R, the proximal mapping
is defined as proxg(z) £ argmin,x G(y) + %Hy — xH% Let K* denote the set of stationary

solutions of (P), and dist(z, C*) £ min,cxc- |2 — y|.
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2. UNIFIED ALGORITHMIC FRAMEWORK FOR
COMPOSITE DECENTRALIZED OPTIMIZATION: ABC

In this chapter, we propose a general unified algorithmic framework for solving Problem (P)
and provide a convergence analysis leveraging the theory of operator splitting. Our results
unify and improve several approaches proposed in the literature of distributed optimization.
Distinguishing features of our framework are: (i) When each of the agent’s functions is
strongly convex, the algorithm converges at a [inear rate, whose dependence on the agents’
functions and network topology is decoupled; (ii) When the objective function is convex (but
not strongly convex), similar decoupling as in (i) is established for the coefficient of the
proved sublinear rate. This also reveals the role of function heterogeneity on the conver-
gence rate. (iii) The algorithm can adjust the ratio between the number of communications
and computations to achieve a rate (in terms of computations) independent on the network
connectivity; and (iv) A by-product of our analysis is a tuning recommendation for sev-
eral existing (non-accelerated) distributed algorithms, yielding provably faster (worst-case)

convergence rate for the class of problems under consideration.

The novel results of this chapter have been published in

e Jinming Xu, Ying Sun, Ye Tian, and Gesualdo Scutari. ”A unified contraction analy-

sis of a class of distributed algorithms for composite optimization.” In 2019 IEEE 8th

International Workshop on Computational Advances in Multi-Sensor Adaptive Pro-

cessing (CAMSAP), pp. 485-489. IEEE, 2019.

e Jinming Xu, Ye Tian, Ying Sun, and Gesualdo Scutari. ”A unified algorithmic frame-

work for distributed composite optimization.” In 2020 59th IEEE Conference on Deci-

sion and Control (CDC), pp. 2309-2316. IEEE, 2020.

e Jinming Xu, Ye Tian, Ying Sun, and Gesualdo Scutari. "Distributed algorithms

for composite optimization: Unified framework and convergence analysis.” To appear

on IEEE Transactions on Signal Processing (TSP), DOI: 10.1109/TSP.2021.3086579,

2021.
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2.1 Introduction

The focus of this chapter is to design a unified (first-order) algorithmic framework for
Problem (P), over undirected graphs, with provably convergence rate. We assume each
fi : R — R is L-smooth and p-strongly convex, with > 0. We start from the literature

review.

2.1.1 Literature Review

When G = 0 and p > 0, several distributed schemes have been proposed in the literature
that enjoy linear rate; examples include EXTRA [4], AugDGM [5], [6], NEXT [7], Harness-
ing [8], SONATA [9], [10], DIGing [11], NIDS [12], Exact Diffusion [13], MSDA [14], and the
distributed algorithms in [15], [16]. When p = 0 and still G = 0, a sublinear rate of O(1/k) (k
counts the number of gradient evaluations) has been certified for some of the above methods
[5], [7], [8] and other primal-dual schemes, including D-ADMM [17]. Results for G # 0 are
relatively scarce; to our knowledge, the only two schemes achieving linear rate for strongly
convex (P) are SONATA [10] and the one in [18]. Sublinear rate of O(1/k) has been proved
for a variety of schemes, including PG-EXTRA [19], D-FBBS [20] and DPGA [21]. Notice
that convergence of some of these algorithms have been studied under weaker assumptions
on F' and network topology than those considered here. For instance, linear rate of [4], [7],
[10], [11], [13], [18] is established for F' strongly convex (rather than each f; to be so); [9]-[11],
[22], [23] are applicable also to directed graphs, with [9]-[11] considering also time-varying
topologies.

Even restricted to the setting of this chapter, none of the above studies provide a unified
algorithmic design and convergence analysis. Furthermore, for most of the schemes, there
is a gap between theory and practice: tuning recommendations and rate bounds provided
by the analysis are showed numerically being too conservative. To make these algorithms
work in practice, practitioners often use manual, ad-hoc tunings. This however makes the

comparison of different schemes hard. These issues suggest the following questions:

(Q1) Can one unify the design and analysis of distributed algorithms for Problem (P)?
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(Q2) How do provable rates of such schemes compare each other and with that of the

centralized proximal-gradient algorithm applied to (P)?

On (Q1): Recent efforts toward a better understanding of the taxonomy of distributed
algorithms are the following: [15] provides a connection between EXTRA and DIGing; [24]
provides a canonical representation of some of the distributed algorithms above-NIDS and
Exact-Diffusion are proved to be equivalent; and [25] provides an automatic (numerical)
procedure to prove linear rate of some classes of distributed algorithms. These efforts model
only first-order distributed algorithms applicable to Problem (P) with G = 0 and employing
a single round of communication and gradient computation. Despite these connections,
convergence of these schemes has been established by ad-hoc analysis, resulting in different
rate expressions and stepsize bounds—Table 2.1 summarizes these results within the setting of
this chapter. For instance, a direct comparison between NIDS [12] and Exact Diffusion [13]
shows that, although equivalent [15], [24], they exhibit different theretical rate bounds and
admissible stepsize values.

On (Q2): Question (Q2) has been only partially addressed in the literature. For instance,
MSDA [14] uses multiple communication steps to achieve the lower complexity bound of (P)
when g > 0 and G = 0; the OPTRA algorithm [26] achieves the lower bound when p = 0
(still and G = 0); and the algorithms in [27] and [12] achieve linear rate and can adjust the
number of communications performed at each iteration to match the rate of the centralized
gradient descent. However it is not clear how to extend (if possible) these methods and their
convergence analysis to the more general composite (G # 0) setting (P). Furthermore, even
when G = 0, the rate results of existing algorithms are not theoretically comparable with
each other—see Table 2.1; they have been obtained under different stepsize range values and
problem assumptions (e.g., on the weight matrices). Similarly, when p = 0, EXTRA [4],
DIGing [8], [11] D-ADMM [17], and PG-EXTRA [19], D-FBBS [20], DPGA [21] achieve a
sublinear rate of O(1/k) for G = 0 and G # 0, respectively. However, the rate expression
therein lacks of insight on the dependence of the rate on the key design parameters (e.g., the

stepsize).
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Table 2.1. Convergence Properties of Distributed Algorithms for L-Smooth
and p-Strongly Convex { fi} (1 > 0).

P2 Oumae(W = J) with J = 2117, X 2 \yin(W), and W™ £ {W[W1 =1,1TW =17 and p < 1}, and " £ {W|W = WT}.
Original assumption Stepsize Rate: O (5log()
Algorithm ( )
We F.{fi} | literature (upper bound) | our result (Corollary 2.5.4.1) 4, literature 4, our result
> Qm m " (1-p) 2 1-p K2 K
EXTRA [4] STAW™ | F sevx 0 (122 i > Lo = =
NEXT [7] ) max { L,
m : 1—p 2 e ax L
W F scvx mm{ﬁ‘ ﬁ} y ! max{h. ﬁ}
AugDGM 3], [6] —l
1—p—+/10Lpynvry
i m (1-p)? 2 Dumin(1?) e ) . R
DIGing [11] W F scvx o (M‘ ﬂﬁ) T e ey s e max {7%”“0‘,2), 7(17”)2}
Exact Diffusion [13] W F scvx o (ﬁ) LE‘A 1':, max{r, 1%,,
. Ssi m R (1=p)* 2 2min (W?) K2 3 1
Harnessing (8] W {fi} sevx o ( - ) T 2 = max {A vvvvvv Bk (17”)2}
NIDS [12] S™NW™ | {fi} sevx 2 Lf,‘ max{r, 1%/)} max{x, 1%/;}
— m m . (1-p)* 2 2hmin (W2) 2 ax 5 1
15l (=0 STwn | {fi} sevx o(%) D W) 2 Lvi T max {5, o}
3 17 m m - \ 2 1, 7 ©
[13] (b=2W) SmNW {fi} sevx N.A. T 2 . N.A. T
; m m S ) A1_R)RE . i .
[18] ST NW™ | {fi} sevx (14) in this chapter m > Lﬂ), N.A. max {ﬁ W}
m m - A 23 by " K
(18] ST, NW F scvx <7 Liui >3 > m&x{i,ﬁ} max{i,ﬁ}
our result SmAW™ | {fi} sevx %ﬂ max {;{, fp}
Postilla: Not all the algorithms above were studied under the same setting; the different assumptions on F' and W are listed above. The expressions of the stepsize as reported above
for DIGing, Exact Diffusion, Harnessing and NIDS (resp. AugDGM and NEXT) are obtained under the extra assumption that W is invertible (resp. W > 0).

2.1.2 Summary of Contributions

This chapter aims at addressing Q1 and Q2 in the setting (P), over undirected graphs.
Our major contributions are discussed next. 1) Unified framework and rate anal-
ysis: We propose a general primal-dual distributed algorithmic framework that unifies
both ATC (Adapt-Then-Combine)- and CTA (Combine-Then-Adapt)-based distributed al-
gorithms, solving either smooth (G = 0) or composite optimization problems (G # 0). Most
of existing ATC and CTA schemes are special cases of the proposed framework—see Table 2.2.
By product of our unified framework and convergence conditions, several existing schemes,
proposed only to solve smooth instances of (P) [4], [5], [7], [8], [12], [13], gain now their “prox-
imal” extension and thus become applicable also to composite optimization while enjoying
the same convergence rate (as derived in this chapter) of their “non-proximal” counterparts.
2) Improving upon existing results and tuning recommendations: Under the setting
of this work, our results improve on existing convergence conditions and rate bounds, such as
[4], [5], [7], [8], [12], [13]-Table 2.1 shows the improvement achieved by our analysis in terms
of stepsize bounds and rate expression (see Sec. 2.5.3 for more details). The tightness of our

rates as well as the established ranking of the algorithms based on the new rate expressions
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are supported by numerical results. 3) Rate separation when G # 0: For ATC-based
schemes, when 1 > 0, the dependency of the linear rate on the agents’ functions and the
network topology are decoupled, matching the rate of the proximal gradient algorithm ap-
plied to (P). Furthermore, the optimal stepsize value is independent on the network and
matches the optimal choice for the centralized proximal gradient algorithm. When p = 0,
we provide an explicit expression of the sublinear rate (beyond the “Big-O” decay) revealing
a similar decoupling between optimization and network parameters. This expression sheds
also light on the choice of the stepsize minimizing the rate bound, which is not necessarily
1/L but instead depends on the network parameters as well as the degree of heterogeneity of
the agents’ functions (cf. Sec. 5.3.4). This shows that one can achieve faster rates when the
agents’ functions are similar, a fact that happens often in machine learning applications, as
discussed in details in Sec. 2.5.4. These results are a major departure from existing analyses,
which do not show such a clear separation, and complements those in [12] applicable only to
smooth and strongly convex instances of (P). 4) Balancing computation and commu-
nication: When p > 0, the proposed scheme can adjust the ratio between the number of
communication and computation steps to improve the overall rate. We show that Chebyshev
acceleration can also be employed to further reduce the number of communication steps per

computation.
2.2 Problem Statement

We study Problem (P) under the following assumption, capturing either strongly convex

or just convex objectives.

Assumption 2.2.1. (i) Each f; : RY — R is u-strongly convez, i > 0, and L-smooth; (ii)
and G : R? — R U {£o0} is proper, closed and convex. When pu > 0, define k = L/ .

Network model: Agents are embedded in a network, modeled as an undirected, static
graph G = (V,€), where V is the set of nodes (agents) and {i,j} € & if there is an edge
(communication link) between node i and j. We make the blanket assumption that G is
connected. We introduce the following matrices associated with G, which will be used to

build the proposed distributed algorithms.
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Definition 2.2.1 (Gossip matrix). A matriz W £ [wy] € R™*™ s said to be compliant to
the graph G = (V, &) if wy; # 0 for {i,j} € £, and wy; = 0 otherwise. The set of such matrices
is denoted by Wg.

Definition 2.2.2 (K-hop gossip matrix). Given K € Ny, a matriz W e R™™ s said to be
a K-hop gossip matriz associated to G = (V, &) if W = Pr (W), for some W € Wg, where

Pk (+) is a monic polynomial of order K.

Note that, if W € Wy, using wj; to linearly combine information between two immediate
neighbor agents i and j corresponds to performing a single communication round. Using
a K-hop matrix W = Py (W) requires instead K consecutive rounds of communications.
K-hop gossip matrices are crucial to employ acceleration of the communication step, which
will be a key ingredient to exploit the tradeoff between communications and computations
(cf. Sec. 2.5.3).

A saddle-point reformulation: Our path to design distributed solution methods for (P)
is to solve a saddle-point reformulation of (P) via general proximal splitting algorithms that
are implementable over G. Following a standard path in the literature, we introduce local

copies x; € R? (the i-th one is owned by agent i) of x and functions

m

21
fX) 23 fiz) and g(X éZ% (2.1)
i=1 i=1
with X £ [z1,...,2,]T € R™*? (P) can be rewritten as
min f(X) +g(X), st VOX =0, (2.2)

where C' satisfies the following assumption (span(e) and null(e) denote the range space and

null space of the argument vector/matrix, respectively):

Assumption 2.2.2. C € ST and null(C) = span(1).
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Under this condition, the constraint v/C'X = 0 enforces a consensus among z;’s and thus

(2.2) is equivalent to (P). The set of points satisfying the KKT conditions of (2.2) reads:

SKKT é {X € Rde

3Y € R™ such that vVCX =0, Vf(X)+VCY € —9g(X)},
(2.3)

where Vf(X) £ [Vfi(21), Vfo22), ..., Vm(zm)]T and dg(X) denotes the subdifferential of
g at X. Then we have the following standard result.

Lemma 2.2.3. Under Assumption 2.2.1, x* € R? is an optimal solution of Problem (P) if

and only if 1,,2*" € Skr.

Building on Lemma 2.2.3, in the next section, we propose a general distributed algorithm

for (P) based on a suitably defined operator splitting solving the KKT system (2.3).

2.3 A General Primal-Dual Proximal Algorithm

Table 2.2. Special cases of Algorithm (2.4) for specific choices of A, B,C

matrices and given gossip matrix —1 < W < 1.

Algorithm Problem Choice of the A, B,C # communications

EXTRA [4] F A=W p_1 =1V 1

NEXT [7]/AugDGM [5], [6] F A=W? B=W?2 C=(I-W) 2

DIGing [11]/Harnessing [8] F A=W? B=1 C=({-W)* 2

NIDS [12]/Exact Diffusion [13] F A=4F p=ILW c=LW 1

[15] (B = bI) F A=W24 (I -W) B=1 C=(I-W)>2+yb(I-W) 2

[16] F A=WK B=yK'W Cc=1-WwK K

[18] F+G |A=W B=I1 C=a(I-W)with0<W <Tanda<1 1

The proposed general primal-dual proximal algorithm, termed ABC'—Algorithm, reads

X* = prox.,, (Z’“) , (2.4a)
ZFt = AX® — 4BV f(XF) - Y (2.4b)
YR =Yk 4 ozF (2.4c)
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with Z° € R™4 and Y° = 0. In (2.4a), prox,(X) £ argminy g(Y) + %HX — YH2 is
the standard proximal operator. Eq. (2.4a) and (2.4b) represent the update of the primal
variables, where A, B € R™*™ are suitably chosen weight matrices, and v > 0 is the stepsize.
Eq. (2.4¢) represents the update of the dual variables.

Define the set

Sriy 2 {X c Rm™xd

CX =0and 17(I — A)X + 71T BVf(X) € — 1Tag(X)}. (2.5)

Since all agents share the same G, it is not difficult to check that any fixed point (X*, Z*, Y™)
of Algorithm (2.4) is such that X* € Sgiy. The following are necessary and sufficient condi-
tions on A, B for X* € Sri, to be a solution of (2.2).

Assumption 2.3.1. The weight matrices A, B € R™™ satisfy: 1'TA1=m, and1"B =1".

Lemma 2.3.2. Under Assumption 2.2.2, Sxxr = Srie if and only if A, B satisfy Assump-
tion 2.3.1.

Proof. (<) : Suppose Assumption 2.3.1 hold. First, for any X € Spiy, we have span(X) C
null(C) = span(1) and so 17(I — A)X = 0. Then we have 1"V f(X) = 1"BVf(X) €
—1T9g(X), ie., 3¢ € dg(X) such that span(Vf(X) + ¢) L span(1) = null(v/C), which
implies that span(V f(X) + ¢) C span(y/C). Therefore, Y € R™*¢ such that Vf(X) + & =
—VCY, ie., VF(X)++V/CY € —9g(X). Hence, X € Sgkr. Secondly, for any X € Skgr, we
have span(X) C span(1) and so 17(I — A)X +y1"BVf(X) = ~1T (Vf(X) + \/BY) €
—7179g(X), i.e., X € Spiy.

(=) Skxkr = Srix implies that, for any arbitrarily given f, g and X, if span(X) C span(1) and
1"Vf(X) € —1T9g(X), it must be 17(I — A)X + 1T BV f(X) € —y1"9g(X), which, due
to the arbitrary nature of f, g, and X, further implies 1"(I — A)1=0and 1" B=1". [

2.3.1 Connections with existing distributed algorithms

Algorithm (2.4) contains a gamut of distributed (and centralized) schemes, corresponding
to different choices of the weight matrices A, B and C; any A, B, C € Wg leads to distributed

implementations. The use of general matrices A and B (rather the more classical choices
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A = B or B = 1) permits a unification of both ATC- and CTA-based updates; this includes
several existing distributed algorithms proposed for special cases of (P), as discussed next.

We begin rewriting (2.4) in the following equivalent form by subtracting (2.4b) at iteration
k41 from (2.4b) at iteration k:

257 = (1= C) 2 + AR — X4 - B(VA) — VAR, (26)

where X* = prox.,, (Zk)
When G = 0, (2.6) reduces to

XM= (I = O+ XM = AXF —B(V (XM = V(X)) (2.7)

We show next that the schemes in [4], [5], [7], [8], [11]-[13], [15], [16], [18] are all special
cases of Algorithm (2.4). Table 2.2 summarizes the specific choices of A, B and C' in (2.4)
yielding the desired equivalence, where W € Wy is the weight matrix used in the target

distributed algorithms. Notice that all these choices satisfy Assumptions 2.2.2 and 2.3.1.
1) EXTRA [4]: EXTRA solves (P) with G = 0, and reads

XE2 = (I + W)X = WXP — (VXM = VF(XY)), (2.8)

where W, W are two design weight matrices satisfying (I +W)/2 = W = W and W > 0.
Clearly, (2.8) is an instance of (2.7) [and thus (2.4)], with A=W, B=1,and C = W — W.
2) NIDS [12] / Exact diffusion [13], [28]: The NIDS (Exact Diffusion) algorithm applies
to (P) with G = 0, and reads

xier = P gyt xh (v (0 - (X)),

which is an instance of our general scheme, with A = B= (I +W)/2and C = (I — W)/2.
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3) NEXT [7] & AugDGM [5]: The gradient tracking-based algorithms NEXT /AugDGM
applied to (P) with G = 0, are:

XFL = W (X* —4YHF), (2.9a)
Y = W(YF + VF(XFT) — VF(XF)). (2.9b)

Eliminating the Y-variable, (2.9) can be rewritten as:
Xk+2 — 2WXI€+1 _ WQXk: _ 7W2<Vf(Xk+1> _ Vf(Xk)),

which is clearly an instance of our general scheme (2.4), with A = B = W2 C = (I —
W)2. Notice that distributed gradient tracking schemes in the so-called CTA form are also
special cases of Algorithm (2.4). For instance, one can show that the DIGing algorithm [11]
corresponds to the setting A =W? B =1, and C = (I — W)

4) General primal-dual scheme [15], [16]: A general distributed primal-dual algorithm
was proposed in [15] for (P) with G = 0 as follows

XM = WXE — y(V(XF)+YF), (2.10a)
YR = Y — (I - W)(Vf(X")+Y" - BXF), (2.10b)

where B can be bl or bW for some positive constant b > 0 therein. Eliminating the Y-

variable, (2.10) reduces to

X2 = g XM (W2 (1 = W)B)XF — (VX)) = V().

which corresponds to the proposed algorithm, with A = W2 +~(I — W)B,B = I,C =
(I —W)?+~(I —W)B.
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Similarly, building on a general augmented Lagrangian, another general primal-dual al-

gorithm was proposed in [16] for (P) with G' = 0, which reads

XA — ([ — aB)KX* — aC(V(XF) + ATYF), (2.11a)
YkJrl _ Yk + BAXkJrl, (211b)

where A, B, C are certain weight matrices therein and C' = S5 }(I — aB)}, with K being

the number of communication steps performed at each iteration. Eliminating Y yields
XH2 = (I 4+ (I —aB)X —aBCATA)XM — (I — aB)* X — aCO(V (X)) — V£(XF)),

which corresponds to Algorithm (2.4) with A = (I — aB)®¥,B = C,C = afCAT A. Notice
that, letting W = I — aB and B = BATA, we have A = WX B = SE'Wiand € =
(I —W)SEA W =T — WX which satisfy Assumption 2.3.1.

6) Decentralized proximal algorithm [18]: A proximal algorithm is proposed to solve (P)

with G # 0, which reads
ZM? = (I - aB)Z"" + (I = B)(X* = X*) = y(VF(X*) = VF(X")),

where X* = prox., (Z k) and 0 =X B < [ is some matrix ensuring consensus. It is easy to show
that the above algorithm corresponds to Algorithm (2.4) with A=1— B, B=1,C = aB.
Choosing W = I — B, we have A = W, B = [ and C = «(l — W), which clearly satisfy
Assumption 2.3.1. Note that, since B = I, this algorithm (and thus [18]) is of CTA form
and cannot model ATC-based schemes, such as NEXT/AugDGM and NIDS/Exact Diffusion
listed in Table 2.2.

2.4 An Operator Splitting Interpretation

Our convergence analysis builds on an equivalent fixed-point reformulation of Algorithm
(2.4), whose mapping enjoys a favorable decomposition in terms of contractive and nonex-

pansive operators. We begin introducing the following assumptions.
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Assumption 2.4.1. The weight matrices satisfy:
i) A= BD;

ii) B and C' commute.

Under the above assumption, the following lemma provides an operator splitting form

for Algorithm (2.4).

Proposition 2.4.1. Given the sequence {(Z*, X*,Y*)}ren, generated by Algorithm (2.4),

define U = [(ZF)T, (Y*)T]T. Under Assumption 2.4.1, the following hold:
1) Fh
VCY*

B 0
0 BVC

and {U*}}, satisfies the following dynamics

Uk = U*,  with U*2

(D -4V f)oprox, oB —/C
VC(D -4V f)oproz,,oB I-C

T

Ukl = Uk, k>1,

with initialization Z' =Y = (D — AV f)(X°);

2) The operator T' can be decomposed as

T I —VC||D-~Vf 0 proz., 0| B 0

VO I-C 0 Il o Il]|0 I
N——

L2To 2Ty 2Ty £Tg

(2.12)

(2.13)

(2.14)

where T and T are the operators associated with communications while Ty and T, are the

gradient and proximal operators, respectively;

3) Every fized point U* £ [Z*, \/617*] of T is such that X* & proxvg(BZ*) € Srig. Therefore,

X* = 12*", where x* is an optimal solution of (P).
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Proof. From (2.4), we have ZF! = (I — C)ZF + A(X* — X* 1) —yB(V f(X*) = V f(X*1)),
which applied recursively yields

Zk—l—l

(1= O (AKX = X' = yBVA(X') = VAX'TY) + (T = O)F (AX ~ 1BVF(X"))

t=

;B<§_: (I = OFH(D(X! = X' = y(VF(X") = VAX') + (I = C)F (DX = V(X)) )

1

=By (1= 0)* (D =4V (X" = BY (I = C) (D =4V )X,

where in (%) we used Assumption 2.5.3i) and 2.5.3iv).
Define Z* such that Z¥ = BZ*, k > 1; and let

k+1 k

YL AN ZE =31 - O)F YD — 4V f)(XY), (2.15)

t=1 t=0
for k> 0. It is clear from the definition of Z and Y that

Z+H1 (D =~V f)oprox,,0B —C Zk

(D—=AVf)oprox,,oB [-C

(2.16)

?k+1

Introducing U* as defined in (2.12), it follows from (2.16) that U* obeys the dynamics
(2.13). The equation Y* = BCY"* follows readily from (2.4c) and (2.15). Finally, the
decomposition of the transition matrix 7" can be checked by inspection.

We prove now the last statement of the theorem. For every fixed point U* £ [Z * \/637*]

of T', we have span(Z*) C span(1) and
—1" (B(D =V ) oprox,, 0 B(Z*)) +1"BZ* = 0. (2.17)
For X* £ pl"OX,yg(BZ*)7 it holds span(X*) C span(1) and

BZ* € X* 4 ~ydg(X™). (2.18)
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Combining (2.17) and (2.18) leads to 1" (I — A)X* + 1" BV f(X*) € —y179g(X™*), which
is equivalent to X* € Spix. The proof follows from Lemma 2.2.3 and 2.3.2. L]

We summarize next the main properties of the operators T¢, T%, T,, and Tz, which will
be instrumental to establish linear convergence rate of the proposed algorithm. We will use

the following notation: given X € R2m*d

, we denote by (X), and (X), its upper and lower
m X d matrix-block; for any matrix A € R™*™ we denote Ay = diag(A, I) € R**?™ and

V4 = diag(I, A) € R2mx2m,

Lemma 2.4.2 (Contraction of T¢y). The operator Te satisfies

ITex =1y s o =[x =]y, ¥X v erE

Ar_c

Proof. The result comes readily from the definition of T and the fact that T, CT AN_cTc =
Vi—e. O

Lemma 2.4.3 (Contraction of T%). Consider the operator Ty under Assumption 2.2.1, with
pw>0,and 0 <X 1. If 0 <~y < ~*(D) with

2Amin(D)
*(D) & , 2.19
) T A a(D) (2.19)
then
| ), = @)P < a0 )]|[(X)0 = ()2,
VX,Y € R*™* where
(D) —1— b (2.20)
q(D, v D) .

The stepsize minimizing the contraction factor is v = ~v*(D), resulting in the smallest

achievable q(D, ), given by

¢"(D) = <K_Ami“<D))2. (2.21)
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Proof. Since 0 < D < I, we have

|DX =V f(X) = DY + 1V f(Y)|?
< |DX =4V f(X) — DY + 4V (V)3 (2.22)
=[x =y 22X = V900 = V1) + 2 w0 = Vs

Then we proceed to lower bound (X —Y,Vf(X) - Vf(Y)). Let X = VDX, f(X) =

f(vVD=1X). Given any two points X,Y € R™*¢ we have

(X =Y, Vf(X) = VF(Y))
— (VDX — VDY, Vf(VDIX) - Vf(VDY))
- <X ~ Y, VF(X) - Vf(Y)>

2 x vl oo - viol
- k- vl + e - vl
where (%) is due to [29, Theorem 2.1.12], with L = (D) and p = m Thus, knowing
that 0 < v < % = L+u and continuing from (2. 22) we have
|DX =V F(X) = DY + V()2
< (1-2 2 b =¥l - (2 0 v
< (1-22 ) Jx - v,
In particular, if we set v = ~*, we have 1 — QV*LL—fM = (ﬁ)z = (zlzgggf N

We conclude with the properties of T, and T, which follow readily from the non-

expansive property of the proximal operator and the linear nature of T, respectively.

Lemma 2.4.4 (Non-expansiveness of T,). The operator T, satisfies: VX, Y € R*™*4,

2 < |(x), - (v),
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Lemma 2.4.5 (Non-expansiveness of Tg). The operator Ty satisfies: VX € R*m*4,

| X0 = [(X)lles (7, X0 = (X

2.5 Linear Convergence

In this section we prove linear convergence of Algorithm (2.4), under strong convexity of
each f;. Since most of the algorithms in the literature considered only the case G = 0, we
begin with that setting (cf. Sec. 2.5.1 ). Sec.2.5.2 extends our analysis to G # 0. Finally,

we comment our results in Sec.2.5.3.

2.5.1 Convergence under GG =0
Consider Problem (P) with G = 0. Algorithm (2.4) reduces to

XH = AXF BV f(X*) - Y, (2.23a)

YR =Yk 4 ox (2.23b)

with X0 € R™*? and Y° = 0.
Theorem 2.5.2 below establishes linear convergence of Algorithm (2.23) under the follow-

ing assumption on A, B and C.
Assumption 2.5.1. The weight matrices A € R™™ B, C' € S™ and the stepsize v satisfy:
i) A= BD with D € S"™ and 0 < D < I;
i) 1"D1=m and 1"B=17;
i) 0 = C < I and null(C') = span(1);
i) B and C' commute;
v) q(D,7)AB < (I = C) and 0 <~ < y*(D),

where q(D, ) and v*(D) are defined in (2.20) and (2.19), respectively.
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Assumption 2.5.1 is quite mild and satisfied by a variety of algorithms. For instance, all
the algorithms in Table 2.2 can satisfy it with proper choices of W. The commuting property
of B and C is trivially satisfied when B,C € Pg (W), for some given W € Wj.

Theorem 2.5.2 (Linear rate for T-Ty1s). Consider Problem (P) under Assumption 2.2.1,
p >0, and G = 0, with solution x*. Let {(X*,Y*)}ien, be the sequence generated by

Algorithm (2.23) under Assumption 2.5.1. Then, —1z*7 ‘2 = O(6%), with

5 £ max (q(D, ) A (AB(I = C)™1), 1 — AQ(C)), (2.24)

where q(D, ) is defined in (2.20).

Proof. Since (2.23) corresponds to Algorithm (2.4) with G = 0, by Assumption 2.5.1 and
Prop. 2.4.1, (2.23) can be equivalently rewritten in the form (2.13), with 7, = I; and thus the
Z- and X-variables coincide. Define X* = Z* £ 12*T. Let U* = [(Z*)T, (\/5}7’“)T]T be the
auxiliary sequence defined in (2.12) with U* £ [Z*,v/CY*] the fixed point of T = TeTyTp.

Then, we have

212

It — x| = |2+ — 2P | 2% - 2|2
o (2.25)
< JoelB) |- 2o < L o -,
Using (2.13) in (2.25), it i Ar-c-

To this end, consider the following chain of inequalities: V X,Y € R?™*4 X, Y, € span(\/ﬁ ),

lTx—TY|2, . HTConoTB(X)—TConoTB(Y) ;

Ar_c
Lem. 2.4.2 Lem 2.4.3
T2 o Ty (X) — Ty o T (V)| |75 (X) = T (V) [3asairmy 1)
Lem. 2.4.5
- HX -Y zliag(q(D;y) BDB,I-C)*

(2.26)

35



Note that: i) for all (Z), € R™*?

I(Z)ullps = 11 = CV2(2)ully_cy-12mpma-cy-1e
< A (AB(I = OY Y[ = ) (2)u ]2 = A AB(I — €)1 (2)

2 .
-C»

and ii) X;,Y; € span(v/C). The upper block term of the RHS of (2.26) can be upper bounded
by q(D, V) Amax (AB(I — O) 1| X, - Va2,
bounded by (1 —Xo(C) HXg—YgH . Together we have HTX—TYHAFC <

and the lower block term of that can be upper

O]

AlfC'

Note that Theorem 2.5.2 is the first unified convergence result stating linear rate for
ATC (corresponding to D = I) and CTA (corresponding to B = I) schemes. Because
of this generality and consistency with existing conditions for the convergence of CTA-
based schemes, the choice of the stepsize satisfying Assumption 2.5.1 might depend on some
network parameters. This is due to the fact that A\ (AB(I — C)~') > 1, since (I —
C)"Y2AB(I — C)~Y/21 = 1. Hence, when Apax(AB(I — C)71) > 1, the stepsize needs to be
leveraged to guarantee that q(D,~) Amax(AB(I — C)™!) < 1, reducing the range of feasible
values. For instance, this happens for i) CTA schemes (B = I) such that D < I — C does
not hold; of ii) for ATC schemes (D = I) that do not satisfy the condition B> X I — C.

Corollary 2.5.2.1 below provides a condition on the weight matrices enlarging the range
of the stepsize to [0,7*(D)]. Furthermore, the tuning minimizing the contraction factor ¢ in

(2.24) is derived.

Corollary 2.5.2.1. Consider the setting of Theorem 2.5.2, and further assume AB <X I —C.

Then, 1z+7 ’2 = O(%), with

§ = max <q(D, V), 1 /\2(C)>. (2.27)
The stepsize that minimizes (2.27) is v = v*(D) = #“(_D()m, resulting in the contraction
factor

K — )\mm(D)
5 = 2.28

max<<ﬁﬂmm(m ) (2.23)

The smallest § is achieved choosing ¥ = I, which yields v = v* = ﬁ and
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5*:max{(z_7_1)2, 1—)\2(0)}. (2.29)

Proof. Since (I—C)'2AB(I—-C)™'?1 =1 and AB < I —C, we have Aoy (AB(I—C)71) =
1, which together with (2.24) yield (2.27). Eq. (2.28) follows readily from the decreasing
property of ¢(D,v) on v € (0,7*(D)], for any given 0 < D < I. Finally, (2.29) is the result
of the following optimization problem: maxpesm Amin(D), subject to 0 < ¥ < T [Assumption
2.5.1(i)] and 1721 = m [Assumption 2.5.1(ii)], whose solution is D = I. O

2.5.2 The general case G # 0

We establish now linear convergence of Algorithm (2.4) applied to Problem (P), with
G # 0. We introduce the following assumption similar to Assumption 2.5.1 for G = 0.

Assumption 2.5.3. The weight matrices A € R™™ B, C € S™ and the stepsize vy satisfy:
i) A= BD with D € S™ and 0 < D < I;
i) 1"D1l=m and 1"B=1";
i) 0 <X C < I and null(C) = span(1);
i) B and C' commute;
v) q(D,7) B* < (I = C) and 0 <y <~*(D),
where q(D, ) and v*(D) are defined in (2.20) and (2.19), respectively.

Condition v) in Assumption 2.5.3 is slightly stronger than its counterpart in Assumption
2.5.1 (as BDB < B?). This is due to the complication of dealing with the nonsmooth
function G (the presence of the proximal operator 7,). However, as shown in Corollary
2.5.4.1 below, this does not affect the smallest achievable contraction rate, which coincides
with the one attainable when G = 0. Note that Assumption 2.5.3 is satisfied by all the

algorithms in Table 2.2.
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Theorem 2.5.4 (Linear rate for T' = TcTyT,Tg). Consider Problem (P) under Assump-
tion 2.2.1 with pn > 0, whose optimal solution is x*. Let {(X*, Z* Y*)}i>o be the sequence
2 = O(5%), with

generated by Algorithm (2.4) under Assumption 2.5.3. Then HX"g —1z*7
0 & max (q(D,7) Amaa( B*(I = C)71), 1= X5(C)), (2.30)

where q(D,~y) is defined in (2.20).

The proof of Theorem 2.5.4 is similar to that of Theorem 2.5.2 and can be found in the

supplementary material.

Corollary 2.5.4.1. Consider the setting of Theorem 2.5.4, and further assume B> < I —C.

Then, the same conclusions as in Corollary 2.5.2.1 hold for Algorithm (2.4).

Remark: We point out that linear convergence of Algorithm (2.4) can be established re-
quiring that only F' is strongly convex (rather than all fi’s). The proof of this result can
be found in the supplementary material. However, differently from (2.30), the proved con-
vergence rate does show a coupling between optimization and network parameters. This is

consistent with existing results in the literature.

2.5.3 Discussion

- Unified convergence conditions Theorems 2.5.2 and 2.5.4 offer a unified platform for
the analysis and design of a gamut of linearly convergent algorithms—all the schemes, new
and old, that can be written in the form (2.23) and (2.4) satisfying Assumption 2.5.1 and
2.5.3, respectively—e.g., all the algorithms listed in Table 2.1. In particular, our convergence
results embrace both ATC and CTA algorithms, solving either smooth (G = 0) or composite
(G # 0) optimization problems. This improves the results in [18] and [30].
- On the rate expression

We comment the expression of the rate focusing on Theorem 2.5.4 and Corollary 2.5.4.1
(G # 0); same conclusions can be drawn for Algorithm (2.23) (Theorem 2.5.2 and Corollary
2.5.2.1). Theorem 2.5.4 provides the explicit expression of the linear rate provably achievable

by Algorithm (2.4), for a given choice of the weight matrices A, B and C and stepsize
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(satisfying Assumption 2.5.3). In general, this rate depends on both optimization parameters
(L and p) and network-related quantities (A, B and C'); furthermore, feasible stepsize values
and network parameters are coupled by Assumption 2.5.3v). CTA-based schemes: This
is consistent with existing convergence results of CTA-based algorithms (known only for
G = 0), which are special cases of Algorithm (2.23). For instance, consider EXTRA [4] and
DIGing [11] (corresponding to Algorithm (2.23) with B = I, c¢f. Table 2.1): ~, C' and D
are coupled via the condition ¢(D,~) < (I — C), instrumental to achieve linear rate. ATC-
based schemes: For algorithms in the ATC form, i.e., A = B, less restrictive conditions
are required. For instance, when Assumption 2.5.3v) is satisfied by B? < I — C—a condition
that is met by several algorithms in Table 2.1-the stepsize can be chosen in the larger region
[0,7*(D)], resulting in the smaller rate max(q(D,v),1 — X2(C)) > max(¢*(D),1 — X (C))
(recall that, in such a case, Apax(B%(I —C)™') = 1), where the lower bound is achieved when
v =~v*(D) (cf. Corollary 2.5.4.1).

On the other hand, when the algorithm parameters can be freely designed, Corollary
2.5.2.1 offers the “optimal” choice, resulting in the smallest contraction factor, as in (2.29).
This instance enjoys two desirable properties, namely:

(i) Network-independent stepsize: The stepsize v* in Corollary 2.5.2.1 does not de-
pend on the network parameters but only on the optimization and its value coincides with
the optimal stepsize of the centralized proximal-gradient algorithm. This is a major advan-
tage over current distributed schemes applicable to (P) (but with G # 0) and complements
the results in [12], whose algorithm however cannot deal with the non-smooth term G and
use more stringent stepsize.

(ii) Rate-separation: The rate (2.29) is determined by the worst rate between the one
due to the communication 1 — A\y(C') and that of the optimization ((x —1)/(x + 1))?. This
separation is the key enabler for our distributed scheme to achieve the convergence rate of
the centralized proximal gradient algorithm-we elaborate on this property next.

- Balancing computation and communications Note that poye = (K — 1)/(k + 1) is
the rate of the centralized proximal-gradient algorithm applied to (P), under Assumption
1. This means that if the network is “sufficiently connected”; specifically 1 — \y(C) <

pﬁpt, the proposed algorithm converges at the desired linear rate pope. On the other hand,
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when 1 — X\o(C) > pgpt, one can still achieve the centralized rate pop: by enabling multiple
(finite) rounds of communications per proximal gradient evaluations. Two strategies are:
1) performing multiple rounds of consensus using each time the same weight matrix; or 2)
employing acceleration via Chebyshev polynomials. 1) Multiple rounds of consensus:
Given a weight matrix W € Wy, as concrete example, consider the case W € ST, and
A=B=1-C=WX with K > 1, which implies B> < I — C (cf. Corollary 2.5.2.1). The
resulting algorithm will require K rounds of communications (each of them using W) per
gradient evaluation. Denote peon = Amax(W —J); we have 1 —Xo(C) = Apax(WE —J) = p& .
The value of K is chosen to minimize the resulting rate A [cf. (2.29)], i.e., such that p& <
i, Which leads to K = [log, (p2,:)]- 2) Chebyshev acceleration: To further reduce
the communication cost, we can leverage Chebyshev acceleration [31]. As specific example,
consider the case W € S™ is invertible; we set A = Px (W) and Pg(1) = 1 (the latter is to
ensure the double stochasticity of A), with P € Pg, where P denotes the set of polynomials
with degree less than or equal than K. This leads to 1 — A\y(C) = Apax(A4% — J). The idea
of Chebyshev acceleration is to find the “optimal” polynomial Py such that Apa.(A? —J) is
minimized, i.e., pc = MiNpgepy, P(1)=1 MAXse[ peon pees] | P (t)]- The optimal solution of this
problem is Pk (x) = TK(ﬁ)/TK(p%m) [31, Theorem 6.2], with & = —peom, 8 = Peom; ¥ = 1
(which are certain parameters therein), where Tk is the K-order Chebyshev polynomials

that can be computed in a distributed manner via the following iterates [14], [31]: Tj11(&) =

26T (&) — Ti—1(§), k > 1, with Ty(&) = 1, T1(§) = €. Also, invoking [31, Corollary 6.3], we

— 28 = Y-l 9 — lipeon
have pc = 112K 5 where ¢ = m+1>79 T 1—peom

to po < papy can be obtained as K = [logc (1//)3})t +1/1/pdoe — 1” Note that to be used,

A must be returned as nonsingular. More details of Chebyshev acceleration applied to the

. Thus, the minimum value of K that leads

ABC-Algorithm along with some numerical results can be found in [32].

- Improvement upon existing results and tuning recommendations Theorems 2.5.2
and 2.5.4 improve upon existing convergence conditions and rate bounds (when restricted to
our setting, cf. Assumptions 2.2.1 and 2.2.2). A comparison with notable distributed algo-
rithms in the literature is presented in Table 2.1. Since all the schemes therein are special
cases of Algorithm (2.23) [with the exception of [18] that is an instance of Algorithm (2.4)]

(cf. Table 2.2) and satisfy Assumption 2.5.1 (or Assumption 2.5.3), one can readily apply
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Theorem 2.5.2 (or Theorem 2.5.4) and determine, for each of them, a new stepsize range
and achievable rate: the column “Stepsize/our result (optimal, Corollary 2.5.2.1)” reports
the stepsize value 7*(D) for the different algorithms (i.e., given B, C' and D) while the
column “Rate/d our result” shows the resulting provably rate, as given in (2.28). A direct
comparison with the columns “Stepsize/literature (upper bound)” and “Rate/d, literature”
respectively, shows that our theorems provide strictly larger ranges for the stepsize of EX-
TRA [4] NEXT [7]/AugDGM [5], [33] and Exact Diffusion [13], and faster linear rates for
all the algorithms in the table.

Table 2.1 also serves as comparison of the convergence rates provably achievable by the

different algorithms. For instance, we notice that, although EXTRA and NIDS both require
one communication per gradient evaluation, NIDS is provably faster, achieving a linear rate of
d*log(1/€), with §* defined in (2.29), versus the linear rate (k/(1 — p))log(1/€) of EXTRA.
In Sec. 2.7.1 we show that the ranking based on our theoretical findings in Table 2.1 is
reflected by our numerical experiments—see Fig. 2.3. For the sake of fairness, we remark
one more time that, the stepsize and rate expressions of some of the algorithms listed in
Table 2.1 were obtained under weaker conditions on F' and W than Assumptions 2.2.1 and
2.2.2.
- Generalizing existing algorithms to the case G # 0 All the algorithms listed in
Table 2.1 but [7] and [18] are designed for Problem (P) with G = 0. Since they are special
cases of our general framework and Algorithm (2.4) can deal with the case G # 0, they
inherit the same feature. Their “proximal” extension is given by (2.6), with the matrices
A, B and C as in original algorithm (cf. Table 2.2). Theorem 2.5.4 and Corollary 2.5.4.1
show that these new algorithms enjoy the same convergence rates of their “no-proximal”
counterpart. For instance, consider AugDGM, corresponding to Algorithm (2.23) with A =
B=W?2? D=1,C = (I-W)? it clearly satisfies Assumption 2.5.3 for W > 0. Its extension
to the general optimization with G # 0 comes readily substituting these choices of A, B,C
into (2.6) (or Algorithm 2.23), yielding

XM = prox,,, (741), (2.31)
Zk+2 _ (2W o W2)zk+1 + W2(xk’+l . Xk) o ’}/WQ(Vf(XkJrl) . Vf(Xk))
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As second example, consider the primal-dual scheme such as NIDS and Exact Diffusion; they
correspond to Algorithm (2.23) with A = B = %, C = % Similarly, we can introduce

their “proximal” version as follows:

Xk = ProX,, (Zk) ,
oW (2.32)
gh+2 _ . (Zk+1 4 Xk xR ,Y(vf(XkJrl) _ Vf<Xk)) '

2.5.4 Application to statistical learning

We customize our rate results to the instance of (P) modeling statistical learning tasks
over networks. This is an example where the local strong convexity and smoothness constants
of the agent functions are different; still, we will show that, when the data sets across the
agents are sufficiently similar, the rate achieved by the proposed algorithm is within a range
of O(1/y/n) of that of the centralized counterpart.

Suppose each agent i has access to n i.i.d. samples {z;};ep, following the distribution P.
The goal is to learn a model parameter x using the samples from all the agents; mathemat-

ically, we aim at solving the following empirical risk minimization problem:

mip 2 2 i)
where ((z; z;) is the loss function measuring the fitness of the statistical model parameterized
by z to sample z;; we assume each £(z; z;) to be quadratic in = and satisfy gl < V2{(z;z2) <
LI, for all z. This problem is an instance of (P) with f;(z) £ Yiep, {(7; z;). Denote the largest
and the smallest eigenvalues of V2 fi(x) (resp. V2F(z)) as L; and i (resp. L and ji). Then,
each fi(x) is p = miNje[,,) pi-strongly convex and L = maXie[, Li-smooth. Recalling x =
L/, the rate in (2.29) reduces to ((k — 1)/(k+ 1)), when 1 — Xo(C) < ((k — 1)/(k +1))?

(possibly using multiple rounds of communications), resulting in O (xlog (1/€)) overall num-
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ber of gradient evaluations. On the other hand, the complexity of the centralized gradient

descent algorithm reads O (% log (%)) To compare these two quantities, compute

’L_E’ _|Ba—Tu| L L+ Ll p
poop pie [i?
1 I
<= (,umax L; — L) + L max |p; — u|>
a2 \"ielm] i€[m]
(@ o+ L [3202log(dm/s
< ,uj; \/ og(dm/ ), with probability 1 — ¢
ol n
T2
< 8\/5% log(dm/é)7
Il n

where in (a) we used [34, Corollary 6.3.8]

max (| — fl, |Li— If) < |V Ai@) - V27 ()| (2.33)
and [35, Lemma 2]
max [V i) - 2] < J L los(dm/0) (2.34)

with probability at least 1 — §. Therefore, the complexity of our algorithm becomes

L ~(L*1 1
of(Z+o0(Z )] <> ,
(o)) =)
with O hiding the factor log(dm/§). This shows that when agents have enough data locally

(n is large), the above rate is of the same order of that of the centralized gradient descent

algorithm.

2.6 Sublinear Convergence (convex case)

We consider now Problem (P) when fi’s are assumed to be convex (¢ = 0) but not
strongly-convex. We study the sublinear convergence for two splitting schemes, namely: 1)

T =TcTyTp applied to (P) with G = 0; and ii) T' = T¢T, 1T applied to (P) with G # 0.
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2.6.1 Convergence under G =0

We establish sublinear convergence of Algorithm (2.23) (corresponding to T' = T TTp)

under the following assumption.
Assumption 2.6.1. The weight matrices A € R™*™ B, C € S™ satisfy:
i) A= BD, with B> 0, D € S" and D > 0;
i) D1=1and1"B=1";
i) C = 0 and null(C) = span(1);
iv) B and C' commute;
v) I —iC—VBDVB =0 (&1-1C—A>0,if B commutes with D).

We quantify the progress of algorithms towards optimality in this setting using the fol-

lowing merit function:

M(x) £ max {7 = nx|[v e oo - s,

where J £ %11T and X* £ 1(z*)7; the first term encodes consensus errors while the second
term measures the optimality gap.
We begin by rewriting Algorithm (2.23) in an equivalent form given in Lemma 2.6.2,

which does not have a mixing matrix multiplied to the gradient term.

Lemma 2.6.2. Suppose Assumption 2.4.1 holds. Then, Algorithm (2.23) can be rewritten
as (with Y° £ 0):

X* = BX*, (2.35a)
XM =DX" —y(VF(X") +Y5), (2.35Db)
Yt =yk 4 }ycx”l. (2.35¢)
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Proof. since Y = 0, we know span(X*), span(Y?) C span(B). It is easy then to deduce from
induction that span(X*), span(Y*) C span(B), Yk. Setting Y* = yBY* and X* = BX"*

leads to this equivalent form. O

Define ¢(X,Y) = f(X) + (Y, X). In Lemma 2.6.3 and 2.6.4 below, we establish two
fundamental inequalities on ¢(X* V) and ¢(X,Y) for X € span(1) and Y € span(C),

instrumental to prove the sublinear rate; the proofs are reported in Sec. 2.9.1 in Appendix.

Lemma 2.6.3. Consider the setting of Theorem 2.6.5, let { X*, X* Yk}keN+ be the sequence

generated by Algorithm (2.35) under Assumption 2.6.1. Then, it holds:

1 1
HXLY) < o(X,Y) = —|[XMHR - - (XFF - xR XM X))
v . " (2.36)
N <Kk+1 _y Yy Kk>B 4 §HX1<:+1 Rk
for all X € span(1) and Y € span(C'), where B = (C +bJ)"'B, b > 2.
Lemma 2.6.4. Under the same conditions as in Lemma 2.6.53, if v < m‘“(D , then
B(X* V) - 6(X,Y) < (HXO x| + 7()\HYH ) (2.37)

for all X € span(1) and Y € span(C), where X* 2 L Lyr Xt
We now prove the sublinear convergence rate.

Theorem 2.6.5 (Sublinear rate for 7o 1yTg). Consider Problem (P) under Assumption 2.2.1
with = 0 and G = 0; and let z* be an optimal solution. Let {(X*, Yk)}k€N+ be the sequence
generated by Algorithm (2.23) under Assumptions 2.6.1. Then, if 0 < v < ’\"‘%(D), we have

D+27p& Dliwrexe

M(X*) < - <HX0 X+ > (2.38)

Yk _ Lxok t
where X¥ = 2377 X"
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Proof. Setting X = X* in (2.36), it holds

S(X*,Y) = p(X*,Y) = f(XF) = f(X*) = (XF = X*,Y)

= FE9) = 1) = (XY < ()
— . — Xk *
for Y € span(C'), where () = ;,C(iHXO—X* 2D+7p§\]j(c‘;) ()2> Setting ¥ = —2||g_:2;£k|| ‘Y >

with Y* = =V f(X™*), we have

£ — fx) + 2y || = o xE| < nely]).
By the convexity of f, f(X*) = f(X*)+ ((I — J)X*,Y*) = f(X*) = f(X*) + (X", ¥Y*) > 0,
we have f(X*) — f(X*) > —|v

M(X*) < h(2|y*

(I-N)X kH Combining the above two relations, we have

). This completes the proof.
O]

Finally, we leverage Young inequality to provide the choice of vy that optimizes the rate

given in Theorem 2.6.5.

Corollary 2.6.5.1. Consider the setting of Theorem 2.6.5. The stepsize that minimizes the
right hand side of (2.38) is

v = min (Amiﬂ(D) 1 A (C) HXO — X*

L "2\p(B=J) |vf(xe) ) (239)

leading to a sublinear rate

1 l|xo— x5 o8-
M(X*) < — L2 XO — X p||VAX) ¢ 2.40
(X") < kmax{ Aom(D) Ao (C) H DH f(X7) ( )
Note that the stepsize in (2.39) depends on HXO - X D/HVf(X*) , an information that

is not generally available; we discuss this issue in Sec. 2.6.3.
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2.6.2 Convergence under G # (

We consider now Problem (P) with G # 0 and p = 0. We study convergence of a
variation of the general scheme (2.4), where the proximal operator is employed before T

and B = I, yielding the operator decomposition T¢T,T;." This scheme reads

X = DXF — (VA(XH) 1Y),
Xk = prox., (Xkﬂ) , (2.41)

Yk+1 — Yk + lCXk—i-l
I L ~ )

with Y° £ 0. Note that a key difference between (2.4) and the above algorithm is that
the former uses X in the update of the dual variable Y, the variable before the operator
prox., (-), while the latter uses the variable X, i.e., the variable after the operator prox_, (-).
It is not difficult to check that (2.41) subsumes many existing proximal-gradient methods,
such as PG-EXTRA [19] or ID-FBBS [20] (with D = W,C =1 — W). We present a unified

result of the sublinear convergence for the algorithm (2.41), under the following assumption.
Assumption 2.6.6. The weight matrices C, D € S™ satisfy:
i) 1"D1 =m;
i) C =0 and null(C) = span(1);
iii) 0< D =<1-%.
Note that the above assumption is, indeed, a customization of Assumption 2.6.1. We

study convergence of Algorithm (2.41) using the following merit function measuring the

progresses of the algorithms from consensus and optimality. Define

() 2 mac {1 = D[] 167 + 900 = (£ + 901}

where Y* = — (Vf(X*) + 1(5*)T), for some £* € OG(2*) such that £* + VF(a*) = & +
Ly Vfi(z*) = 0. Note that, since 17Y* = 0, we have Y* € span(C).

41t is not difficult to check that any fixed point of T¢T, T has the same fixed-points of the operator in
(2.14).
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We are now ready to state our convergence result, whose proof is left to the supplementary

material due to its similarity to that of Theorem 2.6.5.

Theorem 2.6.7 (Sublinear rate for T = T¢T,Ty). Consider Problem (P) under Assump-

tion 2.2.1 with u = 0; and let z* be an optimal solution. Let {(X* Y*)}i>o be the sequence

mm(D)

generated by Algorithm (2.41) under Assumptions 2.6.6. Then, if v < , we have

M@ < 1 (G0 -xfp + 2 g lvreel), (2.42)

- k(Z’y

Yk _ 1k t
where X® = 2377, X"

Corollary 2.6.7.1. Consider the setting of Theorem 2.6.7. The stepsize that minimizes the
right hand side of (2.42) is

min(D) 1 XY — X~
v = min (A L( ),2 )\2(0)‘D>, (2.43)

leading to a sublinear rate

LHXO X* o

M(X*) < llcmax{

/ HXO X+

} (2.44)

2.6.3 Discussion

- On rate seperation

Differently from most of the existing works, such as [4], [8], [21], the above convergence
results (Corollary 2.6.5.1 and 2.6.7.1) establish the explicit dependency of the rate on the
network parameter as well as the properties of the cost functions. Specifically, the rate
coefficients in (2.40) and (2.44) show an explicit dependence on the network and optimization
parameters, with the first term on the RHS corresponding to the rate of the centralized
optimization algorithm while the second term related to both the communication network
(z*)||). The smaller

)|/, the more similar the objective functions agents have. For instance, when f;’s

€

and the heterogeneity of the cost functions of the agents (i.e.,

|V

share a common minimizer, i.e., ’

48



p(B—J)
22(0)

so that A\o(C) = 1 — p(B — J). If p(B — J) — 0 (meaning a network tending to a fully

The term

accounts for the network effect on the rate. For instance, set C' =1 — B,

p(B—J)

@) 0, leading to the rate of the centralized gradient algorithm [cf.

connected graph),

(2.40)]. On the other hand, if p(B — J) — 1 (poorly connected network), p/(\f(g;) — 400,

deteriorating the overall rate. As a result, when the agents have similar cost functions (i.e.,

small value of HV f(z*)

) or the network is well connected, the first term will dominate the
second, leading to the centralized performance. The impact of the heterogeneity quantity
|v £ ()

- On the choice of stepsize

on the convergence behavior is validated by our numerical results—see Section 2.

The optimal stepsize, as indicated in (2.39) (resp. (2.43)), is such that the two terms in
(2.38) (resp. (2.42)) are balanced. Albeit (2.39) and (2.43) generally are not implementable,
X0 — X+ p/||w £ (x%)

retical side, showing that the “optimal” stepsize is not necessarily 1/L but depends on the

due to the unknown quantity , the result is interesting on the theo-

the network and the degree of heterogeneity of the cost functions as well. In particular, the

optimal choice is 1/L when the network is well connected and agents share similar “inter-

Vf(a)

worse and /or the heterogeneity of local cost functions becomes larger, stepsize values smaller

ests”, i.e., ’ is small. On the other hand, as the connectivity of the network becomes
than 1/L ensure better performance. This observation provides recommendations on stepsize

tuning and it is validated by our numerical experiments as well.

2.7 Numerical Results

We report some numerical results on strongly convex and convex instances of (P), sup-
porting our theoretical findings. The obtained stepsize bounds and rates are shown to predict
well the practical behavior of the algorithms. For instance, the ATC-based schemes exhibit
a clear rate separation [as predicted by (2.29)]: the convergence rate cannot be continu-
ously improved by unilaterally decreasing the condition number of the f;’s or increasing the

connectivity of the network.
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2.7.1 Strongly convex problems

We consider a regularized least squares problem over an undirected graph consisting of
50 nodes, generated through the Erdos-Renyi model with activating probability of 0.05 for
each edge. The problem reads

R Uil' — Vi
T

50
tnin (5102 ) £ pllelz + Al (2.45)
where U; € R™*? and v; € R™! are the feature vector and labels, respectively, only accessible
by node i. For brevity, we denote U = [Uy; Uy; -+ ; Usg] € R4 and v = [v1;v; -+ ;v50] €
R and use M.; (resp. M;.) to denote the i-th column (resp. row) of a matrix M. In
the simulation, we set r = 20, d = 40, p = 20 and A\ = 1. We generate the matrix U of
the feature vectors according to the following procedure, proposed in agarwal2010fast: we
first generate an innovation matrix Z with each entry i.i.d. drawn from A/(0,1). Using a
control parameter w € [0,1), we then generate columns of U such that the first column is
U, = Z:71/\/m and the rest are recursively set as U.; = wU.;_1 + Z.;, fori = 2,...,d.
As a result, each row U;. € R¢ is a Gaussian random vector and its covariance matrix
Y = cov(U.;) is the identity matrix if w = 0 and becomes extremely ill-conditioned as
w — 1. Finally, we generate zy € R? with sparsity level 0.3 and each nonzero entry i.i.d.
drawn from A(0,1), and set v = Uxy + &, where each component of the noise £ is i.i.d.
drawn from N(0,0.04). By changing w one can control the conditional number & of the
smooth objective in (2.45).

- Validating the rate separation We validate here the rate results predicted by Corol-
lary 2.5.2.1 and 2.5.4.1. We consider Algorithm (2.4), with A = B = % and C' = I — B,
and run two experiments. 1) We simulated problem (2.45), with p = 10 and w = 0.999-this
leads to an extremely large condition number, ((Fo - 1)/(k + 1))2 ~ 0.9999)-and run the

algorithm over different graphs, namely: a line, a cycle, a star, and a random graph with 637

edges, with 1 —X\y(C) being 0.9993, 0.9974, 0.9900 and 0.6948 respectively; Fig. 2.1 plots the

* T

optimality gap \/%HX k_1x ‘ versus the number of iterations, achieved over the different

graph topologies. 2) On the other extreme, in the second experiment, we considered a poorly
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connected line graph with 1 — A\o(C') ~ 0.9993 and run the algorithm for different instances
of the optimization problem—specifically, p = 5 and w = {0.75,0.8,0.85, 0.88}-resulting in
(= 1)/(s + 1))2 being 0.9782, 0.9845, 0.9895 and 0.9922 respectively: Fig. 2.2 plots the
optimality gap (defined as in Fig. 2.1) versus the number of iterations, achieved for the differ-
ent optimization problems. These experiments clearly support the rate separation predicted
by our theory: the rate is determined by the bottleneck between the network and optimiza-
tion. Fig. 2.1: For ill-conditioned problems-meaning ((/—i - 1)/(k + 1))2 > 1 — A(C)-the
algorithm exhibits almost identical rates, irrespectively of the specific graph instances. On
the other hand, Fig. 2.2 shows that, on poorly connected networks, the convergence rate of
the algorithm is not affected by the condition number of the optimization problem, as long
as (k= 1)/(r+1))" < 1-Xs(C).

- More on the rate separation (2.29) We simulated the following instances of Algo-
rithm 2.4. We set A = B = ()X and C = I — B, where W is a weight matrix generated
using the Metropolis-Hastings rule [36], and K > 1 is the number of inner consensus steps.
When Chebyshev acceleration is employed in the inner consensus steps, we instead used
A= DB = (I+Px(W))/2and C = I — B (condition of Corollary 2.5.4.1 is satisfied). In
Fig. 2.3, we plot the number of iterations (gradient evaluations) needed by the algorithm to
reach an accuracy of 10~%, versus the number of inner consensus K, for different values of &;
solid (resp. dashed) line-curves refer to non-accelerated (Chebyshev) consensus steps. The
markers (diamond symbol) correspond to the number of iterations predicted by (2.29) for
the max in (2.29) to achieve the minimum value, that is, [2 log(z—ﬂ)/log(%’l(m)] The
following comments are in order. (i) As K increases, the number of iterations needed to
reach the desired solution accuracy decreases till it reaches a plateau; further communication
rounds do not improve the performance, as the optimization component becomes the bot-
tleneck [as predicted by (2.29)]. (ii) Less number of iterations are needed when ~ becomes
smaller (simpler problem). Finally, (iii) Chebyshev acceleration further reduces the number
of iterations. These were all predicted by our theoretical findings.

- Validating Table 2.1: Comparison of the “prox”-versions of existing algorithms

In Fig. 2.4 we compare the “prox” version of several existing algorithms, applied to (2.45):

I*T

we plot the optimality gap HX b1 ‘ versus the overall number of iterations (gradient
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Figure 2.1. Instance of the ABC algorithm on problems of the same ill-
conditioned optimization data, but over different graph topologies.
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Figure 2.2. Instance of the ABC algorithm on problems over the same line
graph, but with optimization data of different condition numbers.

evaluations). The setting is the same as in the previous example, except that now we set
w = 0.8. The stepsize of each algorithm is chosen according to (2.19). The network is the
Erdos-Renyi model with connection probability of 0.25; in this setting, the max in (2.29)
is achieved at (k — 1)/(k + 1). It follows from the figure that ATC-based schemes, such as
Prox-NEXT/AugDGM, Prox-NIDS, outperform non-ATC ones, such as Prox-EXTRA and
Prox-DIGing, validating the ranking established in (the last column of) Table 2.1.
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—0—r = 15.9269
—— K =12.1301
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number of iterations
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Figure 2.3. Elastic net problem: Number of iterations (gradient evaluations)
needed to reach an accuracy of 10~ by Algorithm 2.4 employing Chebyshev
acceleration (dashed lines) and multiple rounds of consensus (solid lines).
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Figure 2.4. Performance comparison of the proximal extensions of some
existing algorithms—these extension schemes are all new and are instances of

(2.4).
2.7.2 Non-strongly-convex problems

To illustrate the results for non-strongly convex problems, we report here a logistic re-

gression problem using the Ionosphere Data Set as follows [37]:

1 50 +
min = ; - 7(12_: log(1 + exp(—vguy x)),
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number of iterations
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Figure 2.5. Logistic regression problem: Number of iterations (gradient eval-
uations) needed to reach an accuracy of 1074 by Algorithm 2.23 (equivalently
Algorithm 2.35) employing multiple rounds of consensus.

where u;, € R3 and v, € {—1,1} are respectively the feature vector and label of the k-
th sample. We use U = [uy,us,--- ,U350]T to denote the feature matrix. We construct
several problems with different Lipschitz constant by multiplying the feature matrix U with
different scaling factors. In particular, given the original problem with an L-smooth objective
function f, one can multiply U by a scalar 0 < o < 1 to construct a new o?L-smooth
objective function f,(-). In the simulation, we consider the polynomial method and thus set
A=B=WX and C = I — B. The stepsize of the algorithm is chosen® according to (2.39).
Figure 2.5 plots the number of iterations (gradient evaluations) needed by the algorithm
to reach an accuracy of 10~* in solving different problems with different difficulty versus
the number of inner loop of consensus. It follows from the figure that, similar as with the
strongly convex case, the number of iterations needed is decreasing with the number of inner
loops of consensus, until it reaches to a turning point which appears later as the Lipschitz
constant L decreases. This observation verifies the result as shown in (2.40) where the two
quantities is to be properly balanced with multiple communication steps.

- On the heterogeneity of f;’s We exemplify the role of the heterogeneity measure
e

on the convergence rate, stated in Corollary 25 and Corollary 28. We consider

29This choice is not implementable in practice but only for illustration.
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optimality gap

0 500 1000 1500 2000 2500 3000 3500 4000
number of iterations

Figure 2.6. Convergence behavior of the ABC algorithm and the centralized
gradient descent for problems with different level of heterogeneity (measured

by HV F(X™)|). The blue curves are associated with the ABC algorithm while
the red ones with the centralized gradient descent.

the distributed least squares problem (2.45), with p = A = 0. Each row of U is now drawn
i.i.d. from a multivariate normal distribution N (u, aX). Each element of the mean vector
p is generated i.i.d. from Unif(0,1) and ¥ £ BBT with each entry of B generated i.i.d.
from the standard normal. We then generate v as v = U % & + £, wherein each element

of  and ¢ is drawn i.i.d. from the standard Normal. The local observation matrices U;’s

become more similar to each other (thus HV f(X™)|| becoming smaller), when we decrease
the positive scalar a. We generate a graph via the Erdos-Renyi model with a connection
probability 0.05 and a conforming weight matrix W. We set A = B = % and C = %,
and compare the convergence of the ABC with that of the centralized gradient descent algo-
rithm, for o = {100,1,1072,1073} respectively. Note that all the above generated problems
are ill-conditioned. For fair comparison, we rescale the metric M (X) by 1/50 for the ABC
and use the metric F'(xz) — F* for the centralized algorithm. As shown in Fig. 2.6, when the

agents’ cost functions become more similar (i.e. ||V f(X™*)|| becomes smaller), the perfor-
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mance of the ABC algorithm (the red lines) become closer to its centralized counterpart, as

predicted by Corollary 25 and 28.

2.7.3 Other linearly-convergent cases

To corroborate the linear convergent property of the ABC algorithm in the case of G =
0, we generate the same setting as Sec. 2.7.1 with the only exception that A\; = 0. The
comparison of the performance of several instances of the ABC algorithm is reported in
Fig. 2.7. On the other hand, we experiment on the setting as Sec. 2.7.1 with the exception
that p = 0. In this case, although the average function F'(z) is strongly convex, each f; is
not strongly convex. We report the convergence behavior of several instances of the ABC
algorithm in Fig. 2.8. This result indicates that the ABC algorithm still exhibits linear

convergence as long as the average function F'(x) is strongly convex.

T
0 —E&X 4
10 ———NEXT/AugDGM
DIGing
——NIDS

Optimality gap

L L L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Global iterations

Figure 2.7. Performance comparison of some existing algorithms, which are
instances of (2.4) with G = 0.
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Figure 2.8. Performance comparison of several instances of the ABC algo-
rithm on one problem, wherein the average function F'(x) is strongly convex
while the individual ones fi(x)’s are not.

2.7.4 'Weakly convex cases

We conduct simulations to support Theorem 2.6.5 and Theorem 2.6.7. In particular, for

Theorem 2.6.5, we experiment the following two instances of the ABC algorithm:

I I I—
Algorithm-1: A= + W, B = + W, C = W,
2 2 2
Algorithm-2: A= I_;W, B=1 C= ! _2W

on the following least squares problem

1 50
min — Z Hle — Ui
zeRd 50 i1

2, (2.46)

where U; € R19%20 and o; € R are the feature vector and labels accessible by node i. We
generate the matrix U = [Uy; Usy; - -+ ; Uso] € R9*2%0 according to the procedure described
in section VII-A in our manuscript with w = 0.8. Then we set v = UZ + £, where each
component of £ and £ is drawn i.i.d. from the standard normal. The performance of the two

algorithmic instances on this problem is shown in Fig 2.9.
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Figure 2.9. Performance comparison of two instances of the ABC algorithm
(cf. (34) in the revised manuscript), in solving a weakly convex problem with

G =0.
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Figure 2.10. Performance comparison of two instances of the ABC algorithm
(cf. (40) in the revised manuscript), in solving a weakly convex problem with

G # 0.

For Theorem 2.6.7, we experiment the following two instances of the algorithm given in

Section VI-B:

Algorithm-3: B=1 (=
gorithm , 5 5

Algorithm-4: B=1 C= 5



on the LASSO problem:

. 1 50 )

fel%@ (50 ; HUix — ) + Hle (2.47)
The matrix U is generated in the same way as problem (2.46). Then we generate & with
sparsity level 0.3 with each nonzero entry drawn i.i.d. from the standard normal. We then
set v = Uz + &, with each component of ¢ drawn i.i.d. from the standard normal. The

performance of the two algorithmic instances on this problem is shown in Fig 2.10.

2.8 Conclusion

We proposed a unified distributed algorithmic framework for composite optimization
problems over networks; the framework subsumes many existing schemes. When the agents’
functions are strongly convex, linear convergence is proved leveraging an operator contraction-
based analysis. With a proper choice of the design parameters, the rate dependency on the
network and cost functions can be decoupled, which permits to achieve the rate of the cen-
tralized (proximal)-gradient method (applied in the same setting) using a finite number
of communications per gradient evaluations. Our convergence conditions and rate bounds
improve on existing ones. When the functions of the agents are (not strongly) convex, a sub-
linear convergence rate was established, shedding light on the dependency of the convergence

on the connectivity of the network and the heterogeneity of the cost functions.
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2.9 Appendix: Proofs of Theorems

2.9.1 Proof of Lemma 2.6.3

Since f is L-smooth, we have

f(XkJrl)

< F(X5) + <vf(Xk)’Xk+1 _ Xk:> n é’HXk—H B Xk:H2

(a)

I (2.48)
< HX) + <Vf(Xk)’Xk: —X> n <vf<Xk)7Xk+1 _ Xk:> i §HXI<+1 _ Xk:H2

— (X)) + <Vf(Xk)’Xk+1 —X> i §HXk+1 _ XkHQ'

where (a) is due to the fact that f(X) > f(X*) + <Vf(Xk)7 X — X’“> from the convexity of

f.
Then, we relate the gradient term V f(X*) to other quantities using (2.35b) as follows

<vf(Xk)7Xk+1 o X> _ _i <Xk+17Xk+1 N X> + i <DXk B ,yxijk—l—l B X>
_ _}y <([ _ C)Xk—i-l’Xk-i-l _ X> + Ply <DX"” _ ,YXk—&-l’Xk-i-l _ X>,

where we have used (2.35¢) to obtain the last relation. Now, substituting the above relation

into (2.48), we further have

k1 _1 . k41 yk+1l
O < F(X) = Z {0 = XL X - x)

1 k vkl k41 vktl LH k1 kH2 (2.49)
+;<DX,X — X) - (YF X —X>+§X ~-X
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Adding <Y, Xk X>, with X € span(1) and Y € span(C'), to both sides of the above
equation and noticing (C' + bJ)™*C' = I — J yields

BXTLY) £ 0(XY) = - (T = OXH, B - X))

+ i (DBX*, B(X*! - X)) + gHXk+1 — x|
B <(C + QJ)flcr(Xk—H . Y),B(Xk—ﬂ . X)>

= ¢(X,Y) - }Y (I = C)X*, B(X* - X))

+ 1 <DBX'€,B(K’“+1 _ X)> 4 é’HXlﬁ-l _ Xk:H2 _ <Xk+1 _y, Clk+1>3

5
1 k+1 k+1
:¢(T,Y)—7<(I—O—DB)X  B(X X))
+;<DB(X - XM, B(XM - X))

2
)

— <Xk+1 _y, Y- Xk>B i é/HXkJrl _ xk

where we have used (2.35¢) to obtain the last relation. Knowing that X = BX from (2.35a),

we complete the proof.

2.9.2 Proof of Lemma 2.6.4
Invoking Lemma 2.6.3 and using the identity

2

)

2(a—b,a—c>:Ha—bH2—Hb—cH2+Ha—c
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we have that

¢(Xk+1, Y)

§¢(X7Y)_;.Y(

— %(Hxlﬁrl Ve

@ 1
2 o(x.v) - o

— 7<Hyk+1 Y
5 I

g¢aﬂﬂ—;O

where (a) is due to the fact that HX’““ —ZkHQB = 7—12

2

1
2y

Xk XH% — HX'C - XH%) - iHXk+1H2B—BC—AB - HXkﬂ - X! D-31
2 vt - vy 4 e - vE[2)

2
1 L
=D—-L1

X X ot = ) = 2ty — e -

o vls)

R s R (e N T =

XkJrlHZBC since Y _yk — 1/70Kk+1

and BC? = (C +bJ)"'C?B = OB; (b) comes from that v < 2P anq B~ 1BC — AB =
@(I—%C—\/ED\/E)\/FEO.

Then, averaging (2.50) over k from 0 to t — 1, we have

1 t—1

k=0

2 X (olx* L, y) = o(x.y))

<o (b= xly - e - xl) - 2 (e - v - e - v[B)

¢ ;(i X0- X %+’Y2(10)HY 2B) 250
© 21t(~1y X0 — x| +7A2(10)HY 2BJ)

<5 (Clre-x %ﬂp(f;(_cj) v

where we used: (a)

YO = 0 and Amax (C + 1)) = 1/ A (C 4+ bJ) = 1/X2(C) due to

C =< 2I; (b) Y € span(1)+. Using the convexity of ¢ we complete the proof.
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2.9.3 Proof of Theorem 2.5.4

This proof is similar to that of Theorem 2.5.2, except that in the following chain of
inequalities, we need to tackle the additional operator T,. For VX,V € R*™* X, Y, €
span(y/C),

2
Ar—c

lTx -1y

= TfOTgOTB(X>—TfOTgOTB(Y)

T.oTfoT,0Tg(X)—T.oTroT, 0T (Y)

2
Ar—c

2
Vi—c

2
diag(q(D,y) D, 1-C)

< | T,0Tg(X)—T,0Ts(Y)

2
diag(q(D,y) I,I-C)

< |1y 01s(X) =T, 05 (V)

2
diag(q(D,y) I,1-C)

M s (x) - 1 (v)

2
diag(q(D,y) B2, 1-C)*

X-Y
To obtain the final result, it remains to notice that: i) for all (Z), € R™*4,

1(Z)ull%e = (I = C)F(Z)ullB—cy1 < Amax(B2(I — C) ™I = C)2(2).|?

= )\maX(BQ(I - C)il)H<Z)u §7C;

and i) X,,Y; € span(v/C).

2.9.4 Proof of Theorem 2.6.7

Algorithm (2.41) reads

XM = DXF —y(VF(XF) +YP),
XEH = prox,, (X541 (2.52)

Yk-‘rl — Yk + lCXkJrl.
B B Y

The structure of this proof is similar to the proof of Theorem 2.6.5. We first establish
two fundamental inequalities that are valid for any pair (X,Y’) such that X € span(1) and
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Y € span(C) (cf. Lemma 2.9.1 and Lemma 2.9.2); and then apply these results with X = X*

and two choices of Y to get the result of the sublinear convergence and rate separation.

Lemma 2.9.1. Consider the setting of Theorem 2.6.7, let {Xk,xk,xk}kg\u be the sequence
generated by Algorithm (2.52) under Assumption 2.6.6. Then for all X € span(1) and
Y € span(C) it holds

HXMLY) < 6(X.Y) + i

_ <Zk+1 _y, XM X> 1 IQ;HXkH _ Xk:HQ _ iHXkHH?—C—D‘

<Xk B Xk+1’Xk+1 i X>D

Lemma 2.9.2. Under the same conditions as Lemma 2.9.1, if v < ’\”“2 , then for all

X € span(1) and Y € span(C) it holds

S(XY) — (X, Y) < (HXO x| SR pween HYH ) (2.53)

2.9.5 Proof of Lemma 2.9.1

The proof is similar to that of Lemma 2.6.3.

FXE)
< f(X)+ <Vf(Xk)7Xk+1 _ X> n 5"Xk+1 _ chHQ

= f(X)+ i (Dx*, XFH = x) — (Y XM X))
_ i <Xk+1 o) CastD Cas i X> i Z2—JHX1€+1 _ XkHz
10+ (oo x)
_ <Zk+17Xk+1 B X> X §HXk+1 _ XkHQ
Lk k1 yk+1l
7{& (C+ D)X 1, XM - X))
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According to X**! = prox., (Xk“), we have g(X*1)—g(X) < % <X’“+1 — Xk+L xR _ X> _
We define ¢(X,Y) = f(X)+g(X)+(X,Y) . Then we have for X € span(1) and Y € span(C),

¢(Xk+1,Y) < ¢(X,Y) +i<D(Xk _Xk:—H) Xk+1 —X>

_ <Xk+1 _y, Xk —X>+ HXk+1 XkH s <(I C — D)X*, Xk X>
— H(X,Y) + }y <Xk _ XML xR X>D _ <Xk+1 _y, Xk X> n §HXk+l _ XkHZ

- iHXkHH?—C—D

(2.54)
2.9.6 Proof of Lemma 2.9.2
Continuing from (2.54), we have

o(xy) < 0%, ) = o ([ = xlp - - x[B)

_ <Zk+1 _y, CXk+1>(J+C HXk—H x*k|2, - iHXkHHI—C—D
— H(X,Y) - 217 (s = x| - x[1)

=3 (b =yl = = lror) = 2l g o = et = xof
cotxr— L (vl -l xHD) S M

where the last step is due to that I —% — D > 0 and v < <2 ( ) . Then, averaging the above

over k from 0 to ¢t — 1, we have
1
t

i( (X*Y) ¢(X,Y)>

5—@W—X%—WW—XW)—;NW—YMWN—%”—ﬂ%ww)

. )

Using the convexity of ¢ completes the proof.
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For notational simplicity, we set r(X) = f(X) + g(X). From (2.53), we have

S(XLY) = 6(X*,Y) = r(X") = r(X*) = (X' = X", V)

).

2 1 ()2 : _ (I-J)X?
b+t %) > Now setting Y = QH(I J)thl

(2.55)

= r(X") = r(X*) = (X", Y) < I(

where h(-) = é(}f“Xo - X* }Y* The rest

of the proof is similar to that in Theorem 2.6.5.

2.9.7 Proof of linear rate under strong convexity of F

Theorem 2.9.3. Suppose B> < I—C. Letk, = i with pig being the strong convexity ofiF.

Then, if v < min{%(l;i‘gﬁw))’ Amiz(D)}7 we have HT[? —TU*|]2 Ao < )\HU U*|2

with A = max{1 — v 4, I — X(C)}

Ar—c

Proof. We prove

|DX =4V f(x) = DX* + 4V (X < (1 _ 7’;9> |x - x|

The rest of the proof follows the same steps as Theorem 2.5.2. Denote X £ JX, the following
holds:

(X = X" Vf(X) = V(X))
= (X = X* Vf(X) = V(X)) + (X = X" V(X) = VJ(X")) + (X — X, Vf(X) - V(X*))
+(X = X, VA(X) - V(X))

\ * \ * % * L2
> | X = x+2 =20 X = x+||/(7 = x| = (e - )X - X2 - BH(I —J)
where we used that the overall function f is g-strongly convex to obtain the first inequality

and Young’s inequality for the second inequality. Setting 3 = £ leads to

2L2H - J)x|P. (2.56)

(X — X*,Vf(X) = Vf(X*) > %H)‘( _ x?
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Using the similar steps as in Lemma 2.4.3 and assuming that v < ”\m%@), we have
|DX — 4V f(X) - DX* + 4V f(X*)|?
< |DX =4V F(X) = DX+ AV (X e
(a) L
< x - x[3 @ ) (0 X VAX) - VX))
)\min(D)
< x = xHp =y (x = X% VX)) = VX))
(2.57)
(2.56) ol Ly oo 212 Lo
< HX_X D_'Y(?HX_X J_iHX_X -)
Fg
H * H 2L * *
= <1—729) HX—X 2+7(29+M>HX_X %ﬂ]_ HX_X ifD
9

2

24 <7(“2~" + 25) 1+ )\m_l(D)> lx — x*

2 (-8 e

2
I-J
where (a) is due to

2

*\ (|2 1 *
[vrx) - vz < Amm(me(X) VX

<

o) X XNV - V)

and (b) is due to I — D = (1 — A\,—1(D))(I — J). Setting v < min {2“9(2312221@)), Amiz(D)}
0

gives the desired result.
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3. AN OPTIMAL DECENTRALIZED ALGORITHM: OPTRA

In this chapter, we propose a novel family of primal-dual-based distributed algorithms for
smooth convex optimization over networks. The algorithms can also employ acceleration on
the computations and communications. We provide a unified analysis of their convergence
rate, measured in terms of the Bregman distance associated to the saddle point reformation
of the distributed optimization problem. When acceleration is employed, the rate is shown
to be optimal, in the sense that it matches (under the proposed metric) existing complexity
lower bounds of distributed algorithms applicable to such a class of problems and using only
gradient information and gossip communications. Numerical results show that the proposed

algorithm compares favorably on existing distributed schemes.

The novel results of this chapter have been published in

e Jinming Xu, Ye Tian, Ying Sun, and Gesualdo Scutari. ”Accelerated primal-dual
algorithms for distributed smooth convex optimization over networks.” In International

Conference on Artificial Intelligence and Statistics, pp. 2381-2391. PMLR, 2020.
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3.1 Introduction

We study distributed smooth convex optimization over a fixed undirected graph:

m

min F(z) £ fi(z), (3.1)

d
zeR i1

which is a special instance of Problem (P) with G' = 0. We assume each f; : R? — R to be
smooth and convex. The focus of this chapter is on optimal rate decentralized algorithms for
Problem (3.1) that use only gradient information and gossip communications. By optimal
we mean that these algorithms provably achieve lower complexity bounds for such a class of

problems and oracle decentralized algorithms. We start from the literature review.

3.1.1 Literature Review

Primal [5], [7], [8], [10], [11], [38]-[41] and primal-dual distributed methods [4], [17], [42]-
[44] applicable to Problem (3.1) have been extensively studied in the literature, enjoying
different convergence rates. In general, these rates are not optimal for several reasons: i) the
schemes do not employ any acceleration on the local optimization step and/or communica-
tions; or ii) they do not balance optimally the number of optimization and communication
steps. Optimal rates of first-order distributed algorithms have been recently studied in [14],
[45]-[50] for different classes of optimization problems and network topologies; they however
are not optimal or applicable to the formulation considered in this chapter.

Optimal lower complexity bounds and matching distributed algorithms have been re-
cently investigated in [14] for smooth strongly convex functions, in [45] for nonsmooth con-
vex functions, and in [46] for smooth nonconvex functions. Fully connected networks have
been considered in [49], [50]. However, to our knowledge, no first-order gossip algorithm is
known that achieves both computation and communication lower complexity bound for the
minimization of smooth conver functions over graphs. Attempts of designing accelerated
distributed algorithms for Problem (3.1) can be found in [47], [51], [52] and briefly discussed
next. The scheme in [52] combines the technique of gradient tracking [5], [7], [11] with Nes-

terov acceleration of local computations and achieves an € > 0 solution in O (1 /e 7) gradient
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and communication steps, under the assumption that the solution set of the optimization
problem (3.1) is compact. Algorithm 7 in [47] is designed for general smooth convex objec-
tives; it reaches an e solution in O (\/m log1/ e) outer loops of communications and
O (\/mmg 1/ e) inner loops of computations (per communication), resulting in an overall
gradient evaluations of O (L 1/ (ey/m) log*1/ e), which do not match existing lower bounds.
The subsequent work [51] proposes an accelerated penalty-based method with increasing
penalty values; the algorithm achieves the lower bound of O (W) gradient evaluations
but at the cost of an increasing number of communications per gradient evaluation (itera-
tion)-namely: O ( L/ (ne)logl/ e), which makes it not optimal in terms of communication

steps.

3.1.2 Summary of Contributions

We propose a novel family of primal-dual-based distributed algorithms for Problem (3.1)
that use only gradient information and gossip communications. The algorithms can also
employ acceleration on the computation and communications. We provide a unified analy-
sis of their convergence rate, measured in terms of the Bregman distance associated to the
saddle point reformation of (3.1). When acceleration on both computation and communi-
cations is properly designed, the proposed algorithms are shown to be optimal, in the sense
that they match existing complexity lower bounds [51], rewritten in terms of the Bregman
distance metric. Furthermore, differently from [14], [47], our algorithms do not require any
information on the Fenchel conjugate of the agents’ functions, which significantly enlarge
the class of functions to which provably optimal rate algorithms can be applied to. Hence,
we termed our algorithms OPTRA (optimal conjugate-free distributed primal-dual methods)
(OPTRA). Our preliminary numerical results show that OPTRA compare favorably with
existing distributed accelerated methods [47], [51], [52] proposed for Problem (3.1), which
supports our theoretical findings.

Technical novelties. While the genesis of OPTRA finds roots in the primal-dual algo-
rithm [53] and employs Nesterov acceleration similar to [54] (which also builds on [53]),

there are some substantial differences between the proposed distributed algorithms and the
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aforementioned schemes [53], [54], which are briefly discussed next. The scheme in [53] is
meant for abstract saddle-point problems and so [54] does; the focus therein is not on dis-
tributed optimization. Hence, communications over networks are not explicitly accounted
for. Specifically, both [53] and [54] only accelerate the computation but not the communica-
tion (networking) component (cf., [53, Alg. 2] and [54, Alg. 2]). On the other hand, OPTRA
adopts Nesterov and Chebyshev acceleration to balance computation and communication,
so that lower complexity bounds on both are achieved (in terms of Bregman distance). This
is a major novelty with respect to [53], [54]. Because of these differences, the convergence
analysis of OPTRA can not be deduced or easily adapted from that of [53], [54]; a new
convergence proof is therefore provided, which shows an explicit dependence of the rate on

key network parameters.

3.2 Problem formulation

3.2.1 Distributed optimization over networks

We study Problem (3.1) under the following assumptions.

Assumption 3.2.1. (i) Each cost function f; : R — R is convex and Ly-smooth; define

Ly & max™, Ly. (i) Problem (3.1) has a solution.

Network model Agents are embedded in a communication network, modeled as an undi-
rected graph G = (€,V), where V is the set of vertices—the agents—and & is the set of edges;
{i,j} € & if there is a communication link between agent i and agent j. We assume that the
graph has no self-loops, that is, {i,i} ¢ & We use A; £ {j|{i,j} € €} to denote the set of

neighbors of agent i.

Definition 3.2.1 (Graph Induced Matrix). The symmetric matriz S = [s;;] € R™*™ is said
to be induced by the graph G = (£,V) if s # 0 only if i =j or {i,j} € €. The set of such

matrices is denoted by Wg.

Since we are interested in optimization over networks with no centralized nodes, we will
focus on distributed algorithms whereby agents communicate with their neighbors using a

suitably designed gossip matrix. Standard assumptions on such matrices are the following.
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Assumption 3.2.2. Given the graph G, the gossip matriz L € R™*™ satisfies:
(Z) Le WQ;
(ii) Positive semi-definiteness: L = 0, with 0 = A1 < Ag < A3 < ... <\

(iii) Connectivity: null(L) = span(1);
where { N}, are the eigenvalues of L.

It is not difficult to check a gossip matrix satisfying Assumption 3.2.2 always exists if the
associated graph is connected; see, e.g., [55]. Several gossip matrices have been considered

in the literature; we refer the reader to [36], [56] and references therein for specific examples.

3.2.2 Saddle-point reformulation

A standard approach for solving (3.1) consists in rewriting the optimization problem in

the so-called consensus optimization form, that is

min  f(X) + (X)), (3.2)

XeRmxd

where X = [z, 7, ...,7,,]T € R™*? with z; being the local estimate of z owned by agent i;
f(X) 2™, fi(z;); and te(-) is the indicator function on the consensus space C £ {1z |z €
R4}, Note that Vf(X) = [Vfi(z1), Vfa(2a), ..., Vi (zm)] T € R™X4,
To solve Problem (3.2), we consider the following closely related saddle point formulation
max ngRngxd<1>(X, V)2 f(X)+ (Y, X) — 10 (Y), (3.3)
where C* is the space orthogonal to C and ®(X,Y) is the Lagrangian associated to prob-
lem (3.2). By Assumption 3.2.1, strong duality holds for (3.3); hence, (3.3) admits a primal-
dual optimal solution pair (X*,Y*) € D £ R™? x C that satisfies the following KKT

conditions

(Lagrangian Optimality) Y™ = -V f(X"), (3.4a)

(Primal Feasibility) X* € C, (3.4Db)
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and the saddle-point property ®(X*,Y) < &(X*, Y*) < &(X,Y™), for all (X,Y) € D. Note
that X™* solves Problem (3.2) and thus it is also a solution of the original formulation (3.1).

Using (3.3) and (3.4), one can write

LX) = FX7) = (VX)X = X7) 2 G(X,X7) 2 0,
where G(X, X*) is the Bregman distance. The following properties of G are instrumental

for our develoments (the proof is provided in the supporting material).

Proposition 3.2.1. Let X* be any optimal solution of (3.2); the following hold for G defined

(a) X is an optimal solution of (3.2) if and only if X € C and G(X,X*) = 0;

(b) G(X,e) is constant over the solution set of (3.2).
Due to (b), for notational simplicity, in what follows, we will write G(X) for G(X, X*).

Remark 3.2.3. We will use G as metric to assess the (worst-case) convergence rate of the
proposed algorithms as well as to state lower complexity bounds. Note that, since f is not
assumed to be strictly conver, G(X) = 0 does not imply X = X*, but it is only a necessary
condition for X to be optimal (cf. Proposition 3.2.1(a)). Still, G is a valid merit function
for both purposes above, as explained next. First, G(X) > e implies that X is € “far” away
(in the G-measure) from any optimal solution of (3.2); hence, a lower bound in terms of
G is an informative measure. Furthermore, when it comes to the convergence rate analysis
of distributed algorithms, Proposition 3.2.1-(a) legitimates the use of (the decay rate of) G
along the agents’ iterates { X*}2, as the distance of X* from C is proved to be vanishing—see

Sec. 8.4.

3.3 Preliminaries: Lower Complexity Bounds

To benchmark the distributed algorithms to be introduced, we recall here existing lower

complexity bounds for decentralized first-oder schemes belonging to the same oracle class of
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the proposed algorithms. The difference from the literature is that we will write such bounds
in terms of the Bregman distance G. We begin introducing the distributed oracle model (cf.

Sec. 3.3.1), followed by the lower complexity bound (cf. Sec. 3.3.2).

3.3.1 Decentralized first-order oracle

Given Problem (3.1) over the graph G, we consider distributed algorithms wherein each
agent i controls a local variable z; € R?, which is an estimate of the shared optimization

). To update

variable z in (3.1). The value of z; at (continuous) time ¢ € R, is denoted by !
its own variable, each agent i: 1) has access to the gradient of its own function—we assume
that the time to inquire such a gradient is normalized to one; and 2) can communicate values
(vectors in R?) to (some of) its neighbors j € Ti-this communication requires a time 7. € R

(which may be smaller or greater than one). Each update xi(t)

is generated according to the
following general black-box procedure.
Distributed first-order oracle A: A distributed first order iterative method generates a

sequence {X(t)}t>0, with X® & [xgt), ..., M), such that

2 e span(xj(s) ljEN and 0 < s <t—7.)+span(z'”, Vfi(z?) |0 < s <t — 1),

(3.6)

local communication local computation

for all i € V. We made the blanket assumption that each ¥ = 0, without loss of generality.

The oracle (3.6) allows each agent to use all the historical values of its local gradients
(local computations) as well as the historical values of the decision variables received from its
neighbors (local communications). Furthermore, (3.6) also captures algorithms employing
multiple rounds of communications (resp. gradient computations) per gradient evaluation
(resp. communication). In the supporting material (Appendix 3.4.2), we show that, in
fact, the above oracle accounts for most existing distributed algorithms, such as primal-dual
methods [4] as well as gradient tracking methods [5], [7], [8], [11].

A similar black-box procedure has been introduced in [14] for strongly convex instances
of (3.1). The difference with [14] is that the oracle in (3.6) cannot return the gradient of

the conjugate of the fi’s. The reason of considering such “less powerful” methods is that,
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in practice, it is hard to compute the gradient of conjugate functions. This means that the

gossip (dual-based) methods in [14] do not belong to the oracle considered in this chapter.

3.3.2 Lower complexity bounds

We state now lower complexity bounds in the G-metric for the class of algorithms A
applied to Problem (3.2) [and thus (3.1)] over a connected graph G. In Section 3.4 we will
introduce a primal-dual distributed algorithm that indeed converges to an optimal solution
of (3.2) driving G to zero at a rate that matches the lower complexity bound. Proofs of the

results are available as supporting material.

Theorem 3.3.1. Consider Problem (3.1) under Assumption 3.2.1 and let G be a connected
graph. For any givenn € (0,1] and Ly > 0, there exists a gossip matriz L € Wg with eigengap
n= ;\:L((LL)), and a set of local cost functions { i}y, fi : R = R, with f(X) = fi(x;) being

L-smooth such that, for any first-order gossip algorithm in A using L, we have

L;R? RV f(x)
e 1 &
Sk S e

G(x") =0 (3.7)

for allt € {0, 1 (1 + [ﬁw TC)], where R 2 || X° — X*||. Furthermore,
LyR?

v/t [5s])

Corollary 3.3.1.1. In the setting of Theorem 3.3.1, the overall time needed by any first-

e <RHVf(X*) ) | (3.8)

order algorithm in A using the gossip matriz L to drive G below ¢ > 0, with f given in

Theorem 3.5.1, is
1 [L;R R|VF(X*)
Q ((1 + \/ﬁTc> ( ; + ; )) : (3.9)
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Notice that, because of (3.8), the lower bound (3.9) can be equivalently stated as

0 ((1 + \;ﬁ¢> W) . (3.10)

It is not difficult to check that the lower bound in terms of the more traditional objective-
error-based metric (FEM):
max (F(z;) — min F(z)) (3.11)

iey z€ERI
has the same expression as (3.7) [and thus (3.9) and (3.10)] up to some constants. This
observation is also reported in [51] without proof, and stated formally below for completeness

(the proof can be found in the supporting material).

Theorem 3.3.2 (Lower bound on the objective-error). In the setting of Theorem 3.3.1, the
overall time needed by any first-order algorithm in A using the gossip matriz L to drive the
objective-error-based metric, maxiey(F(x;) — mingepe F(2)), below € > 0, with f given in

Theorem 3.3.1, is given by (3.9) [or, equivalently, by (3.10)].

Remark 3.3.3 (Balancing computations & communications). The above lower bounds tell
us that one cannot reach an e-solution of (3.2) (measured either in terms of the G or
FEM-metrics) in less than O (\/W+ RHVf(X*)H/e) computing time and O(7./\/7 -
(\/W + R|Vf(X™)||/e)) communication time. Since the time for a single gradient
evaluation has been normalized to one, the former lower bound corresponds also to the

overall number of gradient evaluations while the overall communication steps read

@ (1/vi- (VIR e+ RIVICX)I/e))

This sheds light also on the optimal balance between computation and communication: the
optimal number of communication steps per gradient evaluations is [1/,/n]. In the next
section, we introduce a distributed, gossip-based algorithm that achieves lower complexity

bounds in the G-metric.
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3.4 Distributed primal-dual algorithms

3.4.1 A general primal-dual scheme

A gamut of primal-dual algorithms has been proposed in the literature to solve Prob-
lem (3.2) in a centralized setting; see, e.g., [53], [57] and references therein for details.
Building on [53], [57], here, we propose a general primal-dual algorithm to solve the saddle
point problem (3.3) in a distributed manner. The algorithm reads: given X* and Y* at

iteration k € T,

XM = AXE — 4(V(XF) + 7)), (3.12a)
Y = yF 4 s BXRTL (3.12D)
}A/kJrl — yk+1 + 6(yk+1 _ Yk), (3‘120)

where Y* is the dual vector variable; v and 7 are the primal and dual step-sizes common to
all the agents; § € [ — 1 1] is a free parameter to be determined; and A, B € R™*™ satisfy

the following assumption.

Assumption 3.4.1. The weight matrices A, B in (3.12) are such that
(i) A= A", 0= A =1, and null(I — A) D span(1);
(i) B= B", B =0, and null(B) = span(1).

Remark 3.4.2. Several choices for A and B satisfying Assumption 3..1 are possible, re-
sulting in a gamut of specific algorithms, obtained as instances of (3.12). Note that, when A
and B satisfy also Assumption 3.2.2, all these algorithms are implementable over the graph
G. Several examples of such distributed algorithms are discussed in details in Appendiz 3.4.2.
Here, we only mention that the gradient tracking methods [5], [7], [8], [11] and primal-dual
methods, such as EXTRA [4], are all special cases of (3.12); the former schemes are ob-
tained setting A =W? and B = (I —W)?2, where W € Wy is the weight matriz used by the

agents to employ the (perturbed) consensus step; and EXTRA is obtained setting A = W
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and B =1—W. We begin studying convergence of the general primal-dual algorithm (3.12),

under the following tuning of the free parameters:

v 1
- — 1—~L)I —~1TB >0 3.13
vLy + 1’ 4 VAm(B)’ ( L) e ( )

Y

where A\, (B) is the largest eigenvalue of B.

Theorem 3.4.3. Consider Problem (3.1) under Assumption 3.2.1. Given (X°,Y?), let
{(X* Y*)}22, be the sequence generated by the algorithm in (3.12), under Assumption 3.4.1
and the setting in (3.13). Define X* £ 1520 ) X; and R £ || X' — X*||, Then, the following
hold: (i) {X*}2, converges to an optimal solution X* of (3.2) [thus X* = 1z*, with x* being
optimal for (3.1)]; therefore limy_,o, G(X*) = 0; and (i) the number of iterations needed for
G(X*) to go below e > 0 is

o(””+ 1 MWﬂWW) (3.14)
€ n(B) ¢

The proof of the theorem can be found in the supporting material. Note that the con-
vergence rate (3.14) does not match the lower bound given in Theorem 3.3.1. For instance,
consider as concrete example the choice A =1 — L and B = L; and let 7. € R (resp. 1) be
the time for each agent to perform a single communication to its neighbors (resp. gradient

evaluation). The time complexity of the primal-dual algorithm (3.12) becomes

c%a+m(”m+ 1 MWﬂWWD_
€ n(L) €

To match the lower lower bound given in Theorem 3.3.1, our next step is accelerating
the algorithm, both the computational part and the communication step; we leverage Nes-
terov acceleration [29] for the optimization step while employ Chebyshev polynomials [31]
to accelerate communications. To provide some insight of our construction, we begin with

the former acceleration; the latter is added in Section 3.4.4.
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3.4.2 Review of existing distributed algorithms and their connections

This section shows the generality of the first-order oracle A in (3.6) and the proposed
distributed primal-dual algorithmic framework (3.12) by casting several existing distributed
algorithms in the oracle form (3.6) and algorithmic form (3.12).

- Some distributed optimization methods
Distributed gradient methods One of the first distributed algorithms for Problem (3.1)
was proposed in the seminal work [58] and called Distributed Gradient Algorithm (DGD).

DGD employing constant step-size can be written in compact form as:
XF = W XFE - AV F(XF), (3.15)

where W € Wg. Defining X*) = X* DGD can be rewritten in a piece-wise continuous

form as
X 1) — 7 x () ,va()dtk))’
(3.16)
X(t) = X(tk)7 e <t< thrla
which is an instance of the oracle A.

Distributed gradient tracking methods The distributed gradient tracking algorithm,
first proposed in [5], [7] and further analyzed in [8], [11], reads

X = Xk Ayk (3.17a)
YA = WY* + V(XM - V(X (3.17Db)

where Y} is an auxiliary variable aiming at tracking the gradient of the sum-cost function.
The above algorithm is proved to converge at linear rate to a solution of Problem (3.2),
under proper conditions on the stepsize v. To show its relationship to the oracle, we first

rewrite (3.17) absorbing the tracking variable Y, which yields

Xk+2 — 2WXk+1 _ WQXk . "Y(Vf(Xk—H) _ Vf<Xk)),
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with X1 = W X% — 4V f(X°). It is clear that the gradient tracking algorithm belongs to the
oracle §, as each iteration k£ only involves the historical neighboring information and local
gradients at K — 1 and k — 2.

Distributed primal-dual methods Distributed primal-dual algorithms can be gener-

ally written in the following form [4]

X =WXF V(X)) - YE (3.18a)
YR = YR 4 (1 - W) XxHH (3.18Db)

where Y}, is the dual variable. When Y? = 0, the algorithm 3.18 can solve problem (3.2).
Evaluating (3.18a) at k 4 1 and substituting it into (3.18b) yields

XFP2 — o)y XM W XF — (VA(XFY) = VF(XM), (3.19)

with X' = WX — 4WV f(X?). It is easy to check that (3.19) belongs to the oracle A.

Remark 3.4.4. There are some other distributed algorithms that do not belong to the cat-
egories above such as [59]. However, using similar arguments as above, one can show that

they are instances of the oracle A.

- Connections between gradient tracking and primal-dual methods

We reveal here an unknown interesting connection between primal-dual methods and gradient
tracking based methods. More specifically, setting in (3.12a) A = W? and B = (I — W)?,
one can easily recover gradient tracking methods from the primal-dual ones. To simplify the

presentation, we consider a slightly different form of (3.12a), that is

XL — W(XP — y(VF(XF)) + (I —W)YF, (3.20a)
YR = YR 4 (1 - W)X (3.20D)

Then, from (3.20a), we have at iteration k + 1
Xk+2 — W2Xk+1 . ’7W2Vf(Xk+1) . (I . W)yk—l—l
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Subtracting (3.20a) from the above equation we have

XM XM WX WPXE — AWV (XM = V(X)) = (T = W)Y =Y
— WQXk-i-l o WQXk o 'YWQ(Vf(Xk_‘_l) o vf(Xk)) o (I o W)QXk-i-l
— 2WXk+1 o Xk+1 . WZXk . ’YWQ(Vf(XkJrl) - Vf(Xk))

(3.21)
Rearranging terms leads to
Xk+2 . WXkJrl — W(XkJrl . WXk) . ’)/WZ(Vf<Xk+1> . Vf(Xk))
Let —yWY* = Xk — W X* and suppose W is invertible. Then, we have
X = W(X* —4YH) (3.22a)
YR = W(YF + VF(XFT) - VF(XF)) (3.22D)
which is exactly the standard gradient tracking method in the ATC form [5], [7].
3.4.3 Nesterov-based accelerated primal-dual algorithms
We accelerate the primal-dual algorithm (3.12) as follows:
U = AXE — A (VF(XF) + 7)), (3.23a)
Xk+1 _ uk—l—l + ak(uk—&-l o uk)) (323b)
X = g XF 4 (1 — oy )bt (3.23¢)
Y — vk o BXRH (3.23d)
}A/k-l-l — yk+1 + 5k(yk+1 _ Yk), (3.238)

where uk,f( k,?k are auxiliary variables and ay, ok, 7k, Br are parameters to be properly
chosen. Roughly speaking, (3.23a), (3.23d) and (3.23¢) are the standard primal-dual steps
while (3.23b) and (3.23¢) are the extra steps meant for the acceleration, with (3.23b) being

the standard Nesterov momentum step and (3.23¢) being a correction step. Note that setting
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ar = 0,0, = 1,7, = 7, B = 1, the algorithm reduces to the primal-dual method (3.12). We
provide next an instance of (3.23) that is suitable for a distributed implementation.
Choose the free parameters in (3.23) as follows: denoting by 7" € T, the total number

of iterations k performed by the algorithm, set

14
A=1-L/\,(L), B=L/\,(L), v = —F,
PnlL), B = L), 7=
1 1 1+ 1—0—4(0;1)2

- = - ith 6, = 1 3.24
T VT M(B) 0, 2 W= (3:24)

]_ 9k+1 Tk-_|_1 T

O 9k+1704k 0, k+15 Ok Tkka 0,

The resulting scheme is summarized in Algorithm 1, and its convergence properties are
stated in Theorem 3.4.5. We point out that Theorem 3.4.5, although stated for Algorithm
1, can be readily extended to the more general accelerated primal-dual scheme (3.23), with

other choices of A and B just satisfying Assumption 3.4.1.

Algorithm 1 OPTRA-N

Input: number of iterations T, Laplacian matrix L, parameter v = /n(B)
Output: (u”,Y7T)

Initialization: y! =0,Vi€ V and 6, =1

. Y'=7BX', ul = X!

2: for k=1,2,....,T do

3 compute 6 according to (3.24),

4: for Vi € V do in parallel
)
6

—_

: compute the next iterate according to (3.23), using the tuning as in (3.24),
: Return (u?,YT)

Theorem 3.4.5. Consider Problem (3.1) under Assumption 8.2.1; let u® be the value of
the u-vector generated by Algorithm 1 at time t € Ry, under Assumptions 3.2.2 and 3.4.1,

and the parameter setting in (3.24). Then, we have

2

LiR +R2+HVf(X*)
( L )2 \/ﬁl—i:—c

14+7¢

Gu") =0

82



If one can set v =0 (W/U(B)R/HVf(X*)

> , the above bound can be improved to

LR R|vrx)

G(u(t)) =0 (Hfﬁrc)2 \/ﬁl_:q_c (325)
Furthermore, the consensus error decays at
[(r-B5)wl-o| B+ i [0l (3.20
m va(X*) <1Jf7'c) va(X*) \/T_]1+t7'c

While the convergence time of Algorithm 1 benefits from the Nesterov acceleration of
the computation step, it is not optimal in terms of communications (optimal dependence on
n). In fact, when the network is poorly connected, the second term on the RHS of (3.25)
becomes dominant with respect to the first one, and (3.25) overall will be larger than (3.7).
This is due to the fact that Algorithm 1 performs a one-consensus-one-gradient update while
the lower bound shows an optimal ratio of [1/,/7] (cf. Remark 3.3.3). This optimal ratio

can be achieved accelerating also the communication step, as described in the next section.

3.4.4 Optimal primal-dual algorithms with Chebyshev acceleration

We employ the acceleration of the communication step in Algorithm 1 by replacing the
gossip matrix L by Pk (L), where Pk(+) is a polynomial of degree at most K that maximizes
the eigengap of Pk (L), for a fixed K. This leads to a widely used acceleration scheme
known as Chebyshev acceleration and the choice Px(x) = 1 — Tk (c1(1 — 2))/Tk(c1), with
c1=(1+n(L))/(1—=n(L)) and Tk(-), are the Chebyshev polynomials [31]. It is not difficult
to check that such a Pg(L) is still a gossip matrix. Using in (3.23) the following setting:

A=1—-cPy(L), B=Pg(L), K = {1/@} , with
02 = ( ok ) 1) (3:27)
2 — 7]{) 9

1+2 0 Co = )
1+ /n(L)

(1+c}
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Algorithm 2 OPTRA

Input: number of iterations T, Laplacian matrix l~}, number of inner consensus K = { \/ﬁw ,
n

_Va@ o te@ it _ v _
co = ot a=155 = 1/ (1 +21+c31<)7 = T e VT 1.
Initialization: Y° = 0; Preprocessing: L = Z

A2(L)+An (L)
Output: (u”,Y7T)

1: Y' =7 - ACCELERATEDGOSSIP(X ', L, K), u' = X!

2: for k=1,2,...,T do

3 uttE = XF o (VA(XR) + VF),
4: uF+l = yk+3 — ¢, - ACCELERATEDGOSSIP(u*'2, L, K),
5: XFEHL = g ft1 4 (% — 9k+1) (ukFtt — k),
) Chk+l — 1 yvk+l 1) k+1
: X o 9k+1X + (1 9k+1) s R
7: YL =Yk 4 &ACCELERATEDGOSSIP(X]“'H, L, K),
8: yk+l _ yktl + Gik(ykJrl _ Y’“)
) Or+1 )
9: Return (u”,Y7).

10: procedure ACCELERATEDGOSSIP(X, L, K)
11: ag=1,a1 =1

12 Zo=X,Z1=c(I - L)X

13: fork=1to K —1do

14: Qp+1 = 2Cc10 — Qg—1
15: L1 = 261([ — L)Zk — Ly
16: return 7, — &

aK

leads to the distributed scheme described in Algorithm 2, whose convergence rate achieves the
lower bound (3.9), as proved in Theorem 3.4.6 below. Note that, although the idea of using
Chebyshev polynomial has been used in some (centralized and distributed) algorithms in the
literature [14], [31], Algorithm 2 substantially differs from existing schemes. Furtheremore,

[14], [31] are not rate optimal in the distributed setting considered in this work.

Theorem 3.4.6. Consider Problem (3.1) under Assumption 3.2.1; let u® be the value of

the u-vector generated by algorithm 2 at time t € Ry, under Assumptions 3.2.2 and 3.4.1,
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the parameter setting in (3.24), and employing the Chebyshev acceleration (3.27). Then, the
following hold:

Gu®) =0 : LiRZ . R2+Hth(X*> 2
REIE REIE

If one can set v = O (R/HVf(X*) > , the above bound can be improved to

L;R? RV f(X™

(o7 PR
o[ 55 | | 35

Furthermore, the consensus error H(I — %)u(”H decays at

; LR R 4 v rx)?
[vrcen| (02 |vree|—t
M e

According to Theorem 3.4.6, given € > 0, the time needed by the algorithm to drive G

(1) (B s

which matches the lower complexity bound given in (3.9). Note that the optimality is stated

below € > 0 is

in terms of the G-metric and does not imply that the algorithm is rate optimal also in the
FEM-metric (3.11), which to date remains an open question. In our experiments (cf. Sec.
5.4) we observed i) the similar behavior of these two errors measured in different metrics as
a function of the total number of computations and communications; and ii) that Algorithm

2 in fact outperforms existing distributed schemes.
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Figure 3.1. Comparison of distributed first-order gradient algorithms. The
first row of panels shows the objective error versus the total cost (left panel),
the communication cost (middle panel), and the gradient computation cost
(right panel). The second row plots the Bregman distance versus the same
quantities as in the first row. Note that the curves of DIGing/NEXT overlap
with that of EXTRA.

3.5 Numerical Results

We present here some numerical results validating our theoretical findings. We compare
the proposed optimal rate algorithm—OPTRA—with existing accelerated algorithms designed
for convex smooth problems, namely: Acc-DNGD-NSC [52] and APM-C [51]. We also
incuded the gradient tracking method (DIGing/NEXT) [7] and the primal-dual method
EXTRA [4]; they are non accelerated schemes but generally perform quite well in practice,

achieving linear rate for smooth and strongly convex optimization problems [10], [11].
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3.5.1 Decentralized linear regression

We tested the above algorithms on a distributed least squares regression problem, in the
form mingega | Az — b||2, where A = [A; Ay -+ Ay] € R4 and b = [by;by;- -+ ;b)) €

R™ 1 with A; € R™? and b; € R™!, r = 10, d = 500, and m = 20. Note that each

agent i can only access the data (A;, b;). We generated the matrix A of the feature vectors
according to the following procedure, proposed in [60]. We first generate a random matrix
Z with each entry i.i.d. drawn from 7(0,1). Using a control parameter w € [0,1), we
generate columns of A (M.; and M. denote the i-th column and i-th row of a matrix M,
respectively) so that the first columnis A.; = 7.,/ V1 — w? and the rest are recursively set as
A =wA ;i 1+Z;, fori=2,...,d. Asresult, eachrow A; . € R¢ is a Gaussian random vector
and its covariance matrix ¥ = cov(A. ;) is the identity matrix if w = 0 and becomes extremely
ill-conditioned as w — 1; we set w = 0.95. Finally we generate z, € R? with each entry
i.i.d. drawn from 7(0, 1), and set b = Axy + &, where each component of the noise & is i.i.d.
drawn from 7(0,0.25). We simulated a network of m = 20 agents, connected throughout a
communication graph, generated using the Erdos-RéTyi model; the probability of having an
edge between any two nodes is set to 0.1. We calculated L from the generated data and
used the exact value whenever this parameter is needed. We tuned the free parameters of the
simulated algorithms manually to achieve the best practical performance for each algorithm.
This leads to the following choices: i) the step size of DIGing/NEXT and EXTRA is set
to 107°; ii) for Acc-DNGD-NSC, we used the fixed step-size rule, with n = 0.005/L; (the
one provided in [52, Th. 5] is too conservative, resulting in poor practical performance); iii)
for APM-C, we set (see notation therein) T} = [c- (log k/\/ﬁ(ﬂf)ﬂ, with ¢ = 0.2 and
By = 10% and for iv) for our algorithm, we set v = 100 and K = 2.

Our experiments are reported in Figure 3.1, where we plot the Bregman distance (first
row of panels) and FEM-metric (3.11) (second row of panels) versus the overall number
of communications and computations performed by each agent (left plot), the number of
communications (middle plot), and the number of computations (right plot). The following
comments are in order. The accelerated schemes converge faster than the non-accelerated

schemes NEXT/DIGing and EXTRA (whose curves are coincident in all panels). In our
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experiments (not all reported), we observed that this gap is quite evident when problems are
ill-conditioned. From the right panel, one can see that APM-C performs better than OPTRA
and Acc-DNGD-NSC in terms of overall number of gradient evaluations, which is expected
since APM-C employs an increasing number of communication steps per gradient evaluation.
On the other hand, APM-C suffers from high communication cost (which is evident from
the middle panel), making it not competitive with respect to the proposed OPTRA in terms
of communications. When both communication and computation costs are considered (left

panel), OPTRA outperforms all the other simulated schemes, which support our theoretical

findings.

3.5.2 Decentralized logistic regression
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Figure 3.2. Comparison of distributed first-order gradient algorithms for solv-
ing the decentralized logistic regression problem in terms of both the Bregman
distance and the traditional FEM-metric.
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To further verify the effectiveness of our proposed scheme, we also include a decentralized
logistic regression task on the Parkinson’s Disease Classification Data Set!. We preprocess
the data by deleting the first column-id number, rescaling feature values to the range (0, 1),
and changing the label notation from {1,0} to {1,—1}. We denote the processed data set
as {(ui, ¥;) hiep, where u; € R? is the feature vector and y; € {1, —1} is the label of the i-th
observation. We simulated a network of 60 agents, generated by the Erdos-RéTyi model
with the parameter of connection probability as 0.1. Then, we distributed the data set to all
agents evenly, corresponding to a partition of the index set D across agents as D = U D;.

The decentralized logistic regression problem reads

rgleiﬂg ;jgi log (1 + exp(—yjuij)> :

We estimated L for the problem as Ly = 24 and tuned the free parameters of the simulated
algorithms manually to achieve the best practical performance for each algorithm. This leads
to the following choices: i) the step size of NEXT/DIGing is set to 0.01; ii) the step size
of EXTRA is set to 0.005; iii) for Acc-DNGD-NSC, we used the fixed step-size rule, with
n = 0.01/Ly; iv) for APM-C, we set (see notation therein) T}, = [c~ (log k/m,
with ¢ = 0.2 and By = 10%; v) for DPSGD, we set its step size as 0.001 and the portion of
batch size to the full local data set as 20% and for vi) for our algorithm, we set v = 1500
and K = 2.

The experiment result is reported in Figure 3.2. The first row of panels shows the
Bregman distance versus the total cost (left panel), the communication cost (middle panel),
and the gradient computation cost (right panel). The second row plots the FEM-metric
versus the same quantities as in the first row. Both the communication time unit and the
computation time unit for a full epoch of local data is set as 1. For DPSGD), the computation
time unit is scaled in proportion to the local batch size. The only existing algorithm that
has a comparable performance with the proposed OPTRA is APM-C. As discussed in the
task of decentralized linear regression, APM-C performs better than OPTRA in terms of the

11The data set is available at https://archive.ics.uci.cdu/ml/datasets/Parkinson%27s+ Discase+ Classifica-
tion
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number of gradient computations, while suffers from high communication cost. In terms of
the overall number of communications and computations, OPTRA outperforms all the other

simulated schemes under the above setting.
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Figure 3.3. Comparison for distributed algorithms for solving the decentral-
ized linear regression problem with the communication time unit being “1”

and the computation time unit “5” for a full epoch of local data.

3.5.3 Different ratio of communication time versus computation time

In all the previous experiments, we set both the communication time unit and the com-
putation time unit for a full epoch of local data as 1. To incorporate scenarios where a
full epoch computation of local gradient is much more expensive than one communication

process, we re-conducted the previous experiments in the setting where the communication
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Figure 3.4. Comparison for distributed algorithms for solving the decentral-
ized logistic regression problem, in the setting where the communication time
unit is 1 while the computation time unit for a full epoch of local data is 5.

time unit is 1 while the computation time unit for a full epoch of local data is 5. Note
that all the process of data generation and parameters tunings are the same as in the Sec.
6.2. The results are reported in Figure 3.3 and Figure 3.4 respectively for decentralized
linear regression problem and the decentralized logistic regression problem. It can be seen
that OPTRA outperforms all the other simulated schemes in terms of the overall number of

communications and computations, especially when the communication cost is not negligible.

3.6 Conclusion

We studied distributed gossip first-order methods for smooth convex optimization over
networks. We provided a novel primal-dual distributed algorithm that employs Nesterov

acceleration on the optimization step and acceleration of the communication step via Cheby-
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shev polynomials, balancing thus computation and communication. We also proved that the
algorithm achieves the lower complexity bound in the Bregman distance-metric. Prelimi-
nary numerical results showed that the proposed scheme outperforms existing distributed
algorithms proposed for the same class of problems. An open question, currently under in-
vestigation, is whether the proposed distributed algorithms are rate optimal also in terms of

the FEM metric. To the date, no such an algorithm is known in the literature.

3.7 Appendix: Proofs of Theorems

3.7.1 Proof of Proposition 3.2.1

Statement (a) is a direct result of [61, Prop. 6.1.1]. We prove next statement (b).

Suppose that there are two optimal solutions X* and X* such that
VI(X*), VFA(X*) el X*X*eC and  f(X*) = f(X").

Since G(X, X*) = f(X)—F(X*)—(VF(X*), X — X*) > Oforall X € R™ and G(X*, X*) =
0, X* is the global minimizer of G. Hence, it must be V f(X*) = Vf(X*), implying

G(X, X™) = [(X) = J(X7) = (Vf(X"), X = X") (3.28)
— [(X) = F(X) = (VX)X - X*) = G(X,X*), VXeR™,

where we have used the fact that (Vf(Z),Z) = 0 for any optimal solution Z.

3.7.2 Proof of Theorem 3.3.1

As elaborated in Section 3.3.1, to study the lower complexity bound of the first order
distributed oracle A solving Problem (3.2) [and thus (3.1)], one can consider e-solutions (i.e.,

X € R™*4 such that G(X) < ¢) of the following convex optimization problem:

min G(X) = f(X) — (VA(X*), X — X*) — f(X*). (3.29)

XeRmxd
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The proof is based on building a worst-case objective function in (3.29) and network graph
for which the lower bound is achieved by the best available gossip, distributed algorithm
in the oracle A. To do so we build on the cost function first introduced in [50] for a fully
connected network and later used for a peer-to-peer network in [14], both for smooth strongly
convex problems. Since we use a different metric (the Bregman distance) to define the lower
bound and consider smooth convex problems (not necessarily strongly-convex), the analysis
in [14] cannot be readily applied to our setting and an ad-hoc proof of the theorem is needed.
The path of our proof is the following: i) We start with a simple network consisting of
two agents such that the diameter of the network will not come into play-see Sec. 3.7.2;
and ii) then we extend our results to a general network composed by an arbitrary number
of agents—see Sec. 3.7.3.
- A simple two-agent network We state the result on the simple two-agent network as

the following.

Let

d—1
5

Theorem 3.7.1. Consider a two-agent network with cost functions given in (3.30).
{XF}22, be the sequence generated by any first-order algorithm A. Suppose 0 < k <

Then, we have

L | X0 = X*|2 | X0 — X*|||Vf(x*
G(Xk)zg(f\\mm N H\lf( ))_

We prove the above result in three steps: i) we construct the hard function in Sec. 3.7.2,

which is the worst-case function for all methods belonging to the oracle A; ii) we introduce
some intermediate result in Sec. 3.7.2, which is related to our specific metric-the Bregman
distance G, and iii) building on step i-ii, we derive the lower bound in Sec. 3.7.2.

- Construction of the hard function Consider a network composed of two agents. The
idea of the proof of the lower complexity bound relies on splitting the “hard” function used by

Nesterov to prove the iteration complexity of first-order gradient methods for (centralized)
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smooth convex problems across the agents[29, Chapter 2]. More specifically, consider the

following cost functions for the two agents:

S (@) = ﬂxTAl,k v — Hef x1,
: R (3.30)
f2,[k]($2) = %IzTAz,[k]xz,
where
10 0 0 0 - ‘1 -1 0 0 0 -
01 -1 0 0 1 1 0 0 0
N 0 -1 1 0 0 N 0 0 1 -1 0
A = . Ay 2 (3.31)
00 0 1 -1 0 0 -1 1 0
00 0 -1 1 O 0 0 o0 1

are two d X d matrices with their leading principal minors of order k € [1, d] having non-zero
block diagonals while the rest being zero.

The key idea of Nesterov proof for the lower complexity bound of centralized first-order
gradient methods consists in designing the “hardest” function to be minimized by any method
belonging to the oracle. This function was shown to be such that, at iteration k, all these
methods produce a new iterate whereby only the kth component is updated. The choice of
the two agents’ cost functions in (3.30) follows the same rationale: the structure of A;
and Aj ) is such that none of the two agents is able to make progresses towards optimality,
i.e., updating the next component in their local optimization vector (with odd index for
agent 1 and even index for agent 2) just performing local gradient updates and without
communication with each other. This means that at certain stages a communication between
the two agents is necessary for the algorithm to make progresses towards optimality. Building
on the above idea, we begin establishing the lower complexity bound for the two-agent
network problem in terms of gradient evaluations.

- Intermediate results
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Now substituting f(X) = fi,x(z1)+ fo, k) (22) in (3.29) and ignoring constants, we obtain

min fig(X) 2 fugg(en) + fopa(en) — [V fi(el), Vhap(as)] T, X).

XcR2xd

(3.32)

We denote the optimal function value of the above problem as f@] It is obvious that, when

agents reach consensus, i.e., x; = 9, the function fj)(X) will reduce to the Nesterov’s

“hard” function [29, Section 2.1.2], for which we have the optimal solution

E k-1 1
k+1"k+1""""k+1

the first £ components

0,...,0]" € span(ey, ey, ..., ex),

o= =

and it yields

2
o]z = flatlf + a2 < Sk + 1)
and fj; = %(—1 + 717)- Also, we have
N L N L
Vfum(ay) = F(Anwat —e) = = pram

L L
Vfam(@5) = FAs s = Fqam,

where

ag = [1,-1,1,-1,1,-1,...,0,...,0]".

1/ — 1 alternates k times

2T
2 4 |V o (a3)]2 = 2Lyaggaw _ V2kLy
[k L2 16(k +1)2  4(k+1)

Thus, we further have

= \/HVfL[k}(ﬂ)

|vrx)
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Note that quantities (3.33) and (3.35) will be useful later to relate the complexities with

HXO — X*| and HVf(X*) . According to (3.34), Problem (3.32) further becomes
min  fir(X) = fim(z1) + f (x)+L<a x—x> (3.36)
X cR2xd [k] LIk -1 2,[k]\-b2 4(kf+1) [k]> 41 2)- .

In the following, we study the above problem when the local variables x; and x5 are restricted
to the truncating subspace of R%, as a stepping stone to prove Theorem 3.7.1.

Let R*? 2 span(e; € R?|1 < i < k) denote the subspace composed of vectors whose only
first k components are possibly non-zeros and £F £ span(Vfi(z) [0 <1<k —1,i€ V). It
should be noted that the local cost functions constructed in (3.30) are dependent on k, but

hereafter subscripts indicating this dependence are omitted for simplicity.

Lemma 3.7.2 (Linear Span). Let {X*}2°, be the sequence generated by any distributed
first-order algorithm A with X° = 0. Then, 2F € LF for allk > 0 and alli€ V.

The proof of the above lemma is straightforward, since local communication steps do not

change the space spanned by the historical gradient vectors generated over the network.
Lemma 3.7.3. Let X° = 0. For the two-agent problem (3.30), we have LF C R*.

Proof. Since X° = 0, we have Vfi(29) = —Ze; € RY Vfy(29) = 0 € R™ and thus
L' = span(V f1(29), V f(22)) € RY. Now, let 21 € £ C R, Without loss of generality, let
us assume j is odd. Then, according to the structure of V f;, we have V f;(z}) = %(AL[H T —
e;) € R, but multiplying Aj ) from the left of IL‘Jl € R will not increase the number
of nonzeros to j + 1. By contrast, for Vf,, we have V fo(x}) = %AQ,[k]sz € Rith4 and

Ag k) is now able to increase the number of non-zeros. Therefore, we have O = 0+

span(V fi(z}), V fo(z})) € RiTH and we can complete the proof by induction. O

Lemma 3.7.4. Consider Problem (3.36). Let fj , £ miny, cpiaviey fir(X); we have

., Ly R ]
Jiea = 8<(k+1)2+(k+1)2>'
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Proof. Let x; € RV i € V. Then, the cost function in (3.36) becomes

L 1
f[k,l] (X) = Zf[OE)LU%l — 11+ m(&?u — 1321) + 05$§1]
which attains the optimum fj ;, = %(—(k%)z — m)

Likewise, letting z; € R?>¢, i € V, we have

L 1
f[k,Q} (X) é Zf[05xfl -+ 051’%2 — 11 — m(xm — .IH) +

1
2 T 1 (IQQ — 1’12) + 0.5(.%'21 — .7322)2]

which yields ff , = % (— 5

(=i — Grae)- Also, for Xj € R* i €V, we have
L 1 1
S (X )—Zf[o 523, + 0.5(z12 — 213)° —$11—m( 21—x11)+k+1(x22—x12)
1

(3.37)

2 I 1(1’23 — LIZ'13) + O.5($21 — %22)2 —+ O.5CC23],

L 2
which gives fj 5 = 2L(= (kil)z - ﬁ)

In fact, by induction, it is not difficult to show that, when j is odd, for X; € R, i

we have

eV,

—1

e

L k iER 1

f[k,j](X) £ Zf 0-533%1 - 7]{: I 11'11 + ; (0-5(952(21) - 952(2i—1))2 - ja 1(5172(21) - 1’2(21—1))
1 = 1

+0-5$C§j A + ; (0-5(561(21) — T1in)” — s 1(3721 - $1(2i+1)) ;

which yields

., Ly R j
fea =% ((k:+1)2 MRS )

)
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When j is even, for X; € R i €V, we have

i
2

1
f[k,j] (X) = Zf 0-59531 k $11 + Z ( 562 2i) — 1‘2(21—1))2 - k1 (952(21) - 552(21—1))
0.522 = 2 L
+U.077; — o 1$1J g 5(x1(21) — T1(2i+1))” — T 1(1’21 — Z1(2i+1)
(3.39)
which also yields
* Lf k? J
fea =% ((k:+ ERN T 1)2) '

The proof is completed by combining the two cases above. O

- Proof of Theorem 3.7.1
We can now prove the theorem. Let us fix £ and apply the first-order gossip algorithm

A to minimize fig41]. Since X° = 0, invoking Lemma 3.7.4, we have

G(X*) = frrsy(XF) — forsy = Xlélﬂikljcl’d For)(X) = [y = fowsrn — forry

L 1 (2k + 1) k
= ?f“ C2(k+1) 4(k+1)2  4(k+ 1)2> (3.40)
Ly (Lgxo— x| N |x0 = x+|||wr(x)
C32(k+1) (k+1)2 (k+1) ’

where the last inequality comes from the previously developed facts HX *

> =0(k+1),

HVf(X*) =0 (\/ﬁ) and thus HXO X*|? (k“HXO XAV f(X™) ) This completes
the proof for the two-agent network. OJ

Remark 3.7.5. The lower bound we develop in Theorem 3.7.1 for distributed scenarios has
similar structure of that of the recent paper [62], where the lower bound is derived for general
equality-constrained problems in centralized scenarios (i.e., Ax =b). Notice that the results
and techniques therein can not apply to our distributed setting, as we require b = 0 and
A € Wg while the lower bound in [62] is determined by a choice of b and A that does not

meet our requirement.
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3.7.3 Proof of Theorem 3.3.1

Following the same path of [14], we now extend the above analysis to the general network
setting (arbitrary number of agents) by employing a line graph and constructing certain
number of pairwise two-agent networks as in (3.30) from the left and the right of the line
graph, respectively, yielding two subgroups. Between these two subgroups, we place a number
(proportional to the diameter of the network) of agents with zero cost functions to ensure
the necessity of communications between the agents in the two subgroups. To prove the
time complexity lower bound, we then leverage the effect of the network by establishing the

connection between the diameter of the network and the eigengap of the gossip matrix.

1- cos( )

1—|—cos( )
We treat the cases n = 2 and n > 3 separately. Let us first consider the case n > 3.

Let n, = For a given n € (0, 1], there exists n > 2 such that 1, > n > n,41.
There exists a line graph of m = n agents and associated Laplacian weight matrix with
eigengap 7. Now, let us define two subsets of agents as A; = {i‘l <i< Km}} and A, =
{i‘ [(1—-¢m]+1<i< m} which lie on the left and the right of the line graph, respectively;
the parameter ¢ € (0, 3) is to be determined. The distance between the two subsets is thus
d. = [(1—¢)m| +1— [¢m]. The class of local functions is defined as follows

T Ly T .
Fa] Ay — Frej o Vie A

fi = %xiTAQ,[k]-ri Vie Ar (341)

0 otherwise

where Aj ), Ao i) are the two matrices defined in (3.31). Similarly to the two-agent network

case (cf. Sec. 3.7.2), we have

’ITL \/_Lf
X< = X9 < v/2( 1)
el < e, o V2em+ DTy
and Problem (3.29) becomes
[¢m] L
f - .
ngg}xd f Z fl ‘rl + fm+1 1<xm+1 1) 4(/{3 + 1) <a[k}7 Ty xm+171> (342>

99



which further yields

L L K i
iy = Gt ) o i =~ (g e

Let each row of X* belongs to R*?. Then, since X° = 0, we have

G(Xk) = fizk+1] (Xk) - f[*2k+1] > x%%}d f[2k+1]<X) - f[§k+1] = ffikﬂ,k] - f[*2k+1]

7P B RS | S
- 8 2k+1) 4(k+1)2  4(k+1)? (3.43)
Gmly o (Lol x0 = X2 . |x0 — x+|||v ()
CO32(k+1) (k+1)2 k+1 '
Similarly as the two-agent case, one can verify that HXO—X* 2 (kﬂ HXO XAV F(X™)

To have at least one non-zero element at the kth component among the local copies of

agents in both of the above two subsets, one must perform at least k local computation steps

and (k — 1)d. communication steps. Thus, we have

t—1
+1<

1. 44
1+d.7, - 1—i—dc7',3jL (3.44)

< [*]

Choosing ¢ = 32, we have

de=[x|(1 = m~+1—[(m] > (1-20)m —
15 1(215<\F_1>_1(§ 1
16" 16 \\ n 5y

where (a) is due to n > 7,41 > Gz and (b) is due to n < n3 = 3. Further, since d, is an

Gt
integer, we have d, > [ 1 Combining (3.43) and (3.44) leads to

Lo -l e - xefvree
(T +2) e
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We focus now on the case n = 2. Consider a complete graph of 3 agents with associated

Laplacian matrix having eigengap equal to 1. The agents’ cost functions are

Ly T Ly T .
?%xil4LMFm —-7fe1)Q i=1

fi= %%TAQ,[k]xi i=2

0 i=3

Following similar steps as above, one can show that

Lylxo— x|z ||x0 - x+|||[v )
(k+1)2 (k+1)

t 1
G<Xk)29( )Withkg—i—landlz{—‘,
147
which leads to the same expression of the lower bound as in (3.45). This concludes the

proofs.

3.7.4 Proof of Theorem 3.3.2

The proof follows the similar line of [29, Section 2.1.2]. We consider the same set of local
cost functions as depicted in (3.41), with the subscript [k] of the A matrices replaced by
2k +1]. Then, it is not difficult to see that min,cga F'(x) = ffy),, ) and, for any z € R®?, we
have

F(r) - f[*2k+1] = min F(y) — f[*2k+1] = fﬁc] - f[*2k+1]

y€ERFK.d

Lf 1 1 Lf 1 <Lfﬂl)
_ St Y I S L S Sl N (e U
me8< eyt 2k+1+1> I T i+ 1

(3.46)

For the cost functions as mentioned above, one can also verify that (cf. Appendix 3.7.2)

o(s5)

|x* = xP =0 mk+1), |[vix)
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and thus 25 — o ([l - xo [

k+1

>. As a result, the RHS of (3.46) can be

rewritten as:

o (LfHX* -xofr | xe- xefvsee)

wax*—uXﬂP
(k+1)2 k1 ,

) , or equivalently, © ( 1)

which translate to the following lower bounds in terms of number of iterations, respectively:

2 2

Vf(X¥)

o (B2 =x T o

€ €

and € JLJ(HXO_X*

€

The rest of proof follows by the same argument as in Section 3.7.3 to relate k to the absolute

time ¢ as well as the eigengap 7 of the network.

3.7.5 Intermediate results

Lemma 3.7.6 (Fundamental Inequality I). Consider Algorithm (3.23). We define 7 =

m. Then we have

1 Ok 0 Tkt T
ak—T — 01, Bo=—, = .
k

Ok
Tk 9k

= 4
Ok+1

Suppose Assumptions 3.2.1 and 3.4.1 hold. Then, for any X € R™*?% and Y € C*, we have

O Y) — B(AX,Y) + h(uFT7) — h(X)

1 N N L
S . <Yk+1 . Y, uk-i—l . X> = <0k(-[ o %B)(XkJrl o Xk),ukH . AX> + 7fHuk-‘y-l o Xk’
g k
(3.47)
where h(-) = 3 H : H124_AQ7 ubts = XF — y(Vf(X*) 4+ Y*) and Ly = maxi{Ly,}.

27

Proof. Since f is Ly-smooth by Assumption 3.2.1, we have

Flhy < F(X%) + <Vf(Xk)’uk+l _Xk> n l;fHukJrl _ xk

2
)
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and using f(AX) > f(XF*) + <Vf(X’“),AX — Xk’>, further gives
F) < FAX) + (VF(XF),ub = AX) + [éfHuk“ — xk[2 (3.48)

Also, subtracting Au**! from both sides of (3.23a), multiplying (3.23d) by vA, and adding

the obtained two equations while using (3.23¢) lead to

([ . A)ukJrl — _A (ukJrl ' 4+ (Vf(Xk) + YkJrl)) . ﬁ)/AB<kalﬁk71Xk o TkaJrl)

—~

DA (uf - XF 4y (VX + YY) - g:AB(X’“ _ Xk,

Tﬁ - Tk = é. Notice that, for the above derivation, we implicitly

assume that k& > 2. However, with the definition of X' £ X! and the fact that Y! = 7y BX?,
we still have (I — A)u? = —A (u? = X' + v (Vf(X') +Y?)) - ZAB(X' — X?).

k+3 _

where in (%) we used 1 =

Multiplying u X from both sides of the above equation and using the convexity of

h(-) and the fact that uF™ = AuFt3 we obtain

1 1 . .
h(uk+§) S h(X) - <uk’+1 . Xk + v (Vf(Xk) + Yk’—i—l) o ZLB(XIC—H o Xk),ukﬂ . AX> ]
v k
(3.49)
Since oy, = ?IH and ay, = 9’;—:1 — Ok11, using (3.23b) and (3.23¢) leads to
0, X = uF 1 — (1 — ) (3.50)
and
. N 1 1
XFt XF = — (" — (1 = 0p)uF) — —(uF — (1 — Op_)u" )
Hk ekfl
1 1 0 0
= —u — — <(1 - Hk)uk NIy —k(l — Qk_l)uk_1>
Ok Ok Or—1 Or—1 (3.51)
— iuk—l—l . l <uk + (i o Ok)(uk . uk—l))
Qk ek ek—l
3.230) 1y k
=" — - X
i )
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We implicitly assumed k > 2; still we have X2 — X1 = é (u? — X1), recalling that X! = X1,
Thus, (3.49) becomes

h(uFt2) < h(X) — 1 <9k(1 = IIR) (XM — XR) 4y (VA(XF) + Y5 bt — Ax
o

(3.52)
Combining (3.48) and (3.52) yields: for any X € R™? and Y € C*,
P+ hE) + (YVuf — AX) — f(AX) — h(X)
1 . " I (3.53)
< <_(Yk+1 O %B)(Xk+1 _RRY b AX> I ?fHukH — x|,
v k
which, recalling that ®(X,Y) = f(X) 4 (Y, X), completes the proof. O
Lemma 3.7.7 (Fundamental Inequality II). In the setting of Lemma 3.7.6, let 921 — 152916 =
k-1 k

1+, /14+4(52—)2

0, that is, é = #, with 0y = 1 and (1 —~yLs)[ — 5B =0, forall1 <k <T—1.
k

Suppose Assumptions 3.2.1 and 3.4.1 hold. Then, for any X € C,Y € C*, we have

BT, Y) — B(X,Y) < 7}2 <3Hul - x|+ WQ(B) HYH2> . (3.54)

where N is the overall number of iterations.

Proof. Applying Lemma 3.7.6 with X € C, we have (note that AX = X by Assumption 3.4.1)

O(uY) — B(X,Y) + h(uFt3) — h(X)

<_ <Yk+1 YR — X> _ <79k(1 =T B (KR KRy gk X> I L2fHuk+1 _ Xk:HQ.
(3.55)

—_— . _1
Likewise, with X = u*~2 we have

O Y) — Bk, Y) + h(uFtE) — h(uh )

<_ <Yk+1 Yt - uk> _ <10k(1 _ ﬂB)(XkH _RRY uk> n [éfHuk—H _ XkH2.
(3.56)
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Let Vi = ®(u*,Y) — ®(X,Y) + h(uF+2) — h(X). Then, multiplying (3.56) by 1 — 6, and
(3.55) by 6, and combing the obtained equations yield

Vier = (1 = 01) Vi
< = (VM- Y = 0,X — (1 - 0p)ul)

1 N L
_Z <9k(] _ ZLBXXICH XEY P g X — (1 Hk)uk> I 7fHukJrl _ XkHQ

Y k
(3.50) k1 k1 91% Ok+1 ok Ykt1 k k|2
= =0 (Y Y, X X) — & (XM X XA X + - X
v 1-%B
k
_ 62 <Yk+1 Y,Yk“ _ Yk> _ ej <Xk+1 . Xk;’f(kﬂ . X> + @HX%—H N Xk 2
k

(3.57)
where in the last equality we used 1"Y* = 0,Vk > 1 and the following result (recall BJ =
JB=0and Y € Ch):

<Yk+1 —Y, Xkt X>
=((B+ ) (B+ /)Y —y), XF - x)
= (B(B+J)7 (Y —y), XF - X) (3.58)

_ <Yk:+1 . }/’B(Xk-‘rl . X)>
(B+J)~1

(3.23d) Ok <Yk“ y, vk Yk>

T (B+J)— 1

Dividing 67 from both sides of (3.57) leads to

Vier 10, V.
0 0
< _i <X Xk, Xk X>1_g%B _ i <Yk+1 _y, Yy Yk>(B+J)—1 I L2fHXk+1 _ X2
= 217 (HXkﬂ XkH tyepi-zn t D A R CEp )
- 217 (HYHI — Y o + HY’M Yt —[Y* - YH?BH)*) )

(3.59)
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where in the last equality we used

2(a—c,b—c), = Ha — CH%; + Hb - cHé — Ha — b’ 2, Va,beR™

Summing (3.59) over k from 1 to T'— 1 yields

Vi 1—6, =171 1—6,
i D SV A
1T1

<—fZHXk+1 XkHu —Lp)I 27 92_9%11)“)2k_XHZB

1
27

. (z HW Y’f\

(3.60)
—HXl—XH%-w)

-1

(B+ay-t T HYT YH B+J)- HYl - YH%B+J)_1> .

020’“ = 0 and #; = 1, by induction it is easy to see that k + 1 >
7+ > &L and thus 912 — 72— = 5= > 0. Then, with X'=X'"2 4 V' 20, (3.60) can be
k k k—1 k

simplified as

T Z et v+ 5 Z 2 = s
(3.61)
= 27““1 - XH?g%B + gHYH?BH)-l
Since p ((B + J)_l) = Amm(lBJrJ) = /\Q%B), B> 0and (1—~Ls)I— Z—%B > 0, we further have
T2 1 1 v
< Vr 27Hu1 — x|+ 2 ha(B) (3.62)
which, together with the fact that V;, > ®(u*,Y) — ®(X,Y), completes the proof. ]

3.7.6 Proof of Theorem 3.4.3

Note that the primal-dual method (3.12) is a special case of the update (3.23) with the
setting 0, = 1, = 0,04, = 1,7 = 7, f, = 1. Furthermore, v and 7 defined in (3.13) satisfy
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(1 —~Ls)I — 7B > 0 and X* = u*. Invoking (3.60) with these parameter settings and
X2X* Y2Y*=_Vf(X*), X'2 X" Y20, we have

o k * * * H 1 *||2 1 HY* §
Z(@(X Y ) = d(X*Y)) < X -X +;WB)7

k=2

(3.63)

Let X7 £ - >"1" , X, Using the convexity of ®, we furhter have

1
27 As(B)

_ 1 1
OXT Y- X V)< — | — |1 X' — Xx*|]?
(X7, 7*) — (X", >>_T_1(2,YH

1 Lf 1 v
< = Xl — X* 2 = Xl —_ X* 2 * (|2 )
<7 (7 "l )
(3.64)
Setting v = —W yields (3.14). Finally, it follows from (3.60) that X7 = X7 is

bounded, for every T' € N_. The rest of proof is to show that X7 — X*, which follows the

standard cluster point analysis, as in the proof of [53, Th. 1] (refer also to [63, Remark 3]).

3.7.7 Proof of Theorem 3.4.5

Sincew:ﬁjzmand <0k<k+1,wehave
T
(L=yL)I = 5B =0V <k<T-1 (3.65)
k
Then, invoking Lemma 3.7.7 with X = X* YV = Y* = —Vf(X*) and knowing that

P(uk Y*) — &(X*,Y*) = G(uF) > 0 (cf., the relation (3.5) in the main text), we obtain

R, R,
2R + EAQ(B) 2(Lf+T/1/)Rz—|—21/T)\m(B)/\2(B)

T2 T2
3.66
2L;R, oR.+2v 1(%”) (3.66)

I T ’
2. Setting v = /n(B) we have

oL 9
Gu') < TQf R, + 77(B)T(Rﬁ}zy),

Gu') <™

where R, = Hul - X*|*,R, = HVf(X*)
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which, together with the time (1 + ¢.) needed at each iteration, gives the overall time com-

plexity.

If we set? v = ,/%, we have

2L 4,/ R, R,
G(UT,X*> < fR

FT

which matches the lower bound also with respect to R, R,,.

In the following, we show that both consensus error and the absolute value of the objective

error will converge at the same rate as the Bregman distance. Invoking Lemma 3.7.7 with

X:X*,Vzﬁ,T:mandy: n(B), we have
fl) = FX) + (a7, YY) = d(”,Y) - o(X*,Y) < (Y] (3.67)

(Rat+()?)

where ¢(-) £ 2LfR“” + v 7

Now, setting Y = 2 “TH HY H where a7 = (I — %)uT, we have

) — )+ 2)v|lam| < o2y
Also, since f(u”) — F(X*) + (u",¥*) > 0, we have f(u”) — f(x*) > —[v*||a”]. Thus,
combining the above two inequalities yields
o] < ‘“TYY) and |f(u”) = £(x)| < o2y
U

2tNote that this requires accurate estimates on the ratio of R,/ R,,, which, indeed, plays a key role of trade-off
parameter balancing gradient computation steps and communication steps.
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3.7.8 Proof of Theorem 3.4.6

Following the similar lines in [14, Theorem 4], we first consider the normalized Laplacian
L has a spectrum in [1 — ¢;*, 1 + ¢;']. According to [14], [31], the Chebyshev polynomail

Pyg(z)=1- %&31)) is the solution of the following problem

min max x)—1].
pEPK ,p(0)=0 zc[1 -]t 1+c; ] ‘p( ) ‘

As a result, we have

K
max |Pr(x) — 1] <2
z€[l—cy 14l Y]

JOC%K. (3.68)
Define § = 2%. Since Algorithm 2 amounts to an instance of Procedure (3.23) with
A=1—cy-Pg(L) and B = Pg(L), its convergence proof follows the same lines as that of
Theorem 3.4.5 with the following properties of Py (L): i) Pk (L) is symmetric; ii) according
to (3.68), 0 = I — ¢y - Px(L) = I and Pk(L) = 0, and null(Px(L)) = C; iii) The values
given for vy and 7 in Algorithm 2 ensures that (1 —~yLs)I — g—%PK(L) > 0, analogus to (3.65).

Therefore we have

2 2 Ry Ry
G(uT) < ;Rm + o (Pre (D7) < Q(Lf + T/I/)Rx + 21/T(1 + (5)m
S T2 =

T2
OL;R, 2R, +2vR,% or.R, 4/R.R, [116
B " L g

(3.69)

17 N T2

where (*) requires a specified v. Finally, we have

- (59 /(- (53))
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Taking K = {ﬁw, we have
(1_W>MZ<1_ 2ﬁ>M< 2 ]
1+.n 1+ B 1+ 2]

A
-
El
—_

2 1—L [ <e !
< %1 )

where (*) is due to the fact that [ﬁw > 1. Thus, we have }—fg <

together with the time (1 + K7.) needed at each iteration, gives the time complexity as

e < 2.5, which,

announced. O
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4. ASYNCHRONOUS DECENTRALIZED ALGORITHM -
PART I: P-ASY-PUSH-SUM

In the remaining of the dissertation, we study asynchronous multi-agent distributed/de-
centralized optimization (P) over static digraphs. We commit to a general asynchronous
decentralized setting, whereby i) agents can update their local variables as well as commu-
nicate with their neighbors at any time, without any form of coordination; and ii) they
can perform their local computations using (possibly) delayed, out-of-sync information from
the other agents. Delays need not be known to the agent or obey any specific profile, and
can also be time-varying (but bounded). As the gradient tracking mechanism is a key en-
abler for synchronous distributed optimization algorithms to match the rate of centralized
algorithms and our ultimate goal is to design asynchronous distributed optimization algo-
rithms, we are motivated to design firstly a gradient tracking mechanism which is robust
against asynchrony. Thus in this chapter, we propose a general asynchronous signal tracking
algorithm. Later with the asynchronous tracking algorithm estimating locally the average
of agents’ gradients, we propose an asynchronous distributed algorithm ASY-SONATA, for
unconstrained smooth, convex and nonconvex optimization in Chapter 5. We further extend
the algorithm ASY-SONATA to ASY-DSCA to deal with constrained nonsmooth, convex

and nonconvex optimization problems in Chapter 6.

The novel results of this chapter have been published in

e Ye Tian, Ying Sun, and Gesualdo Scutari. "ASY-SONATA: Achieving linear con-

vergence in distributed asynchronous multiagent optimization.” In 2018 56th Annual

Allerton Conference on Communication, Control, and Computing (Allerton), pp. 543-

551. IEEE, 2018.

e Ye Tian, Ying Sun, and Gesualdo Scutari. ”Achieving Linear Convergence in Dis-

tributed Asynchronous Multiagent Optimization.” IEEE Transactions on Automatic

Control 65, no. 12 (2020): 5264-5279.
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4.1 Introduction

In the decentralized/distributed setting, due to the lack of global knowledge on Prob-
lem (P) and the networked setting, computation has to be performed in a collaborative
manner: agents can only receive/send information from/to its immediate neighbors.

As the problem and network size scale, synchronizing the entire multiagent system be-
comes inefficient or infeasible. Synchronous schedules require a global clock, which is against
the gist of removing the central controller as in decentralized optimization. This calls for the
development of asynchronous decentralized learning algorithms. In addition, asynchronous
modus operandi brings also benefits such as mitigating communication and/or memory-
access congestion, saving resources (e.g., energy, computation, bandwidth), and making
algorithms more fault-tolerant. Therefore, asynchronous decentralized algorithms have the
potential to prevail in large scale learning problems. In the remaining of the thesis, we

consider the following very general, abstract, asynchronous model [64]:

(i) Agents can perform their local computations as well as communicate (possibly in parallel)
with their immediate neighbors at any time, without any form of coordination or

centralized scheduling; and

(ii) when solving their local subproblems, agents can use outdated information from their

neighbors.

In (ii) no constraint is imposed on the delay profiles: delays can be arbitrary (but bounded),
time-varying, and (possibly) dependent on the specific activation rules adopted to wakeup
the agents in the network. This model captures in a unified fashion several forms of asyn-
chrony: some agents execute more iterations than others; some agents communicate more
frequently than others; and inter-agent communications can be unreliable and/or subject to

unpredictable, time-varying delays.
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In this chapter, we aim to solve the asynchronous signal tracking problem. Each agent
i owns a possibly time-varying signal {uf}ren,; the goal of the system is to asymptotically

track the average signal % £ (1/m) - X, uF, that is,

lim [yt — a1 =0, viev. (4.1)
k—ro0

Note that when the signal is time-invariant, i.e., u¥ = u;, Vi € V, the above problem reduces

1

to the asynchronous average consensus problem.

4.1.1 Literature Review

Distributed average consensus and signal tracking problem has been studied extensively
in the community of control. Continuous-time average consensus has been studied in [65],
[66]; the counterpart in discrete time has been studied in [36], [67]-[69], with [67] proposing
the renowned scheme push-sum on general directed graphs and [36] focusing on the fastest
average consensus schemes. As for the signal tracking (dynamic tracking) problem, numerous
schemes have been proposed in the continuous-time domain [70], [71] and also the discrete-
time domain [72].

However, all the schemes mentioned above assume perfect communication and syn-
chronous update. In this dissertation, we are instead interested in schemes that are robust
against unreliable links and asynchrony. In [73], the authors designed a synchronous average
consensus algorithm robust to packet losses; the scheme was further extended in [74] to deal
with uncoordinated (deterministic) agents’ activations. However, none of them can deal
with arbitrary bounded delays but packet losses; [73] is synchronous; and [74] is not parallel
scheme, as at each iteration only one agent is allowed to wake up and transmit information

to its neighbors. In particular, [74] cannot model synchronous parallel (Jacobi) updates.

4.1.2 Summary of Contributions

The review of the literature clearly showed that there exits no consensus/tracking scheme

that is robust against imperfect communications and asynchrony. This chapter proposes a
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general asynchronous signal tracking algorithm for problem (4.1), over directed graphs. The
proposed algorithm has the following attractive features: (a) it is parallel and asynchronous
[in the sense (i) and (ii)]-multiple agents can be activated at the same time (with no
coordination) and/or outdated information can be used in the agents’ updates; (b) it is im-
plementable over digraph; (c) it converges in a geometric rate when solving the asynchronous
average consensus problem; and (d) it does not have any tuning parameter or step size.

On the technical side, the asynchronous agent system is reduced to a synchronous “aug-
mented” one with no delays by adding virtual agents to the graph. While this idea was
first explored in [73], [75],[76], the proposed enlarged system and algorithm differ from those
used therein, which cannot deal with the general asynchronous model considered here—see

Remark 4.4.1 in Sec.4.4.

4.2 Problem Setup and Preliminaries

4.2.1 Problem Setup

We study Problem (4.1) under the following assumptions.
On the communication network: The communication network of the agents is modeled
as a fixed, directed graph G = (V,€), where V = {1,...,m} is the set of nodes (agents),
and £ CV x V is the set of edges (communication links). If (i,j) € £, it means that agent
i can send information to agent j. We assume that the digraph does not have self-loops.

We denote by N™ the set of in-neighbors of node i, i.e., Ni* £ {j € V| (j,i) € £} while

1

A

Newt = eV (i,)) € £} is the set of out-neighbors of agent i. We make the following

standard assumption on the graph connectivity.

Assumption 4.2.1. The graph G is strongly connected. U

4.2.2 Preliminaries: the sum-push algorithm

We first consider the average consensus problem in the multi-agent setting. This problem
can be solved using the push-sum algorithm [67]. In view of our asynchronous implementation

later, it is convenient to rewrite the push-sum algorithm breaking the “push” and “sum” steps

114



in two separate actions and switch their order. While there is no advantage in doing that in
a synchronous setting, this will simplify the presentation of its asynchronous counterpart as
well as lead to a more flexible asynchronous implementation.

k

. ko ok k
The sum-push reads: given 27", ¢f, pif, and oy,

at iteration k € N, , each agent i € V

performs

kt3 ko Z k
Zi = % Pij

~€Min
Sum: " = (4.2)
1 k.
s =gkt Y ol
je_/\/’iin
k1 k+3
Zi = aij Zi 5

Cbkﬂ = Qi ﬁb%%
Push: (4.3)

1
k+1 __ k+§ : out
P =z 2, Ve NPT,

1
k41 _ k+3 . out.
Uji - aji ¢i ) VJ € M 9

i Z~k+1
Y= Tl“l; (4.4)

where ¢ = 1, pf = 0, and 00 = 0, for all (j,i) € &, and the weight-matrix A £ (a;)"_
i IOU ij J g J/1,j=1

satisfies the following assumption:

Assumption 4.2.2. The weight matriz A = (as){5=y satisfy:
(i) 3Im > 0 such that: az > m, Vi € V; a;; > m, for all (j,i) € €; and a;; = 0, otherwise;
(ii) A is column-stochastic, that is, AT 1 = 1.

In words, at iteration k, every agent i first performs the “sum” step (4.2) and builds

the new mass zlk /2. it sums its current information 2F with the one broadcasted by its

in—neighborsfpﬁ is the information sent to i by agent j € Ai". Then, the “push” step (4.3)

follows: zik T2 s “pushed back” (sent) to the out-neighbors j € N and agent i itself; out
of the total mass 2/ /2 cach j € NP receives the fraction pj’f;rl = aj 2F /2 Wwith agent i
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getting ay zlk 1/ ? which determines the update zF — 2F*1. Tt is not difficult to check that

the overall mass in the system does not change over the time and equals the initial mass:

m

m
k+1 2 : k+1 __ E : k 2 : k __ _ 0
Zi _'_ le - Zi + pu = Zi.
(.he€ i=1 i)eg i=1

m
i=1
The ¢-variables follow the same evolution of the z-variables, thus satisfying a similar prop-
erty. Finally, consistently with the push-sum, the y-variables in (4.4), can be regarded as
agent i’s estimate of the average. In fact, it is not difficult to check that, if a consen-
sus is achieved on the g’s, i.e., limy_o 277 /@F™ = ¢® for all i € V, then it must be
¢ =(1/m) T, .

In the following, we break the synchronism in the sum-push scheme.

4.3 Perturbed Asynchronous Sum-Push

Consider the following asynchronous setting: i) multiple agents compute and commu-
nicate independently without coordination; ii) communication latency and uncoodinated
computations result in (possibly time-varying) delays. This means that some agents can
execute more iterations than others and, in general they no longer use the most recent in-
formation from its neighbors; also, some information can get lost. As a consequence, the
key property of the synchronous sum-push-the preservation of the overall mass—would not
be guaranteed.

We robustify the sum-push building on the idea first introduced in [73] and further
developed in [74], [77]: each p; (resp. oj) no longer represents the current mass-fraction
aji zi (resp. aji ¢;), meant for node j € M, but it is instead the running-sum of the mass
aj 2 (resp. a; ¢i) that has been generated for j up to the current activation of agent i. In
addition, every agent i maintains, for every j € N/", a local buffer gy; (resp. ;) storing the
value of py; (resp. o) that it has used in its last (past) update. With this construction, we
build next one iteration of the asynchronous sum-push algorithm. We discuss the updates

of the z, p, and p-variables only; the one of the ¢, o, and ¢ follows the same argument.
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Suppose agent i* wakes up at iteration k. The state of agent i¥ is described by the
variables 2k, @ik, pjik, Pirj, O3k, and ;. However, the p-variables may no longer contain the
current information from its in-neighbors. More specifically, agent i* does not have access
to the current vector pfkj from j € M}, but it will use instead the delayed estimate pfk; ; ,
where 0 < d-’“. < D is the delay (assumed to be bounded). By definition, the local buffer
,0 kj stores the value of p; that agent i* used in its prev1ous update. If the information in
Py dJk is not older than the one in ﬁikj, the difference Py e _ ﬁikj will capture the sum of the
aijz;’s that have been generated by j € N} for i* up until k — df and not used by agent
k¥ yet; otherwise pf};df will be discarded, as no new information has been acquired. For
instance, in a synchronous setting, one would have le pIJ = a;jz J This naturally suggests

the following modification of the steps (4.3)-(4.4) to preserve the total mass of the system

at every iteration:

l
Sum: A =he Y (" - aly). (4.5)
JG-/\[im
1
2 = g zi]fr?,
Push: (4.6)

1
k+1 ok kt3 out.
pjik - pJIk + a/jik zik 5 VJ E N

gk .
Mass-buffer: ,6'2“ = pfkj v, Vj e Nii' (4.7)

while yii™ = 25 /¢i [of. (4.4)); where ¢f = 1, for all i € V, and pf = gk = 0, for all
k=—-D,...,0, and (j,i) € £. Note that, differently from the synchronous case [cf. (4.3)],
n (4.6), ,oj”“i is now updated recursively, to build the running-sum of the mass a;iz;. After
the push-step, in (5.7), the buffer is updated to account for the use of new information from
je NP

With the above modifications, the total mass in the systems is preserved at each iteration,
as shown next. Consider only the z-variables; similar argument applies to the ¢-variables.

The total mass associated with the z-variables at iteration k is defined as

e Y (- b (4.

117



k _ m

We show next that m**! =mk = ... =m0 = ¥, 20, Since agent i* triggers k — k + 1, it

is sufficient to show

k+1 k+1 ~k+1 k+1 _ ~k+1
+Zp1kj +Z p_]lk Jlk>

Je‘/\/iln JeNout
je'/\/'ii]? JE'/\/’lout

Using (4.5)-(5.7), we can write

k+1+ Z k+1 ~k+1 + Z k+1 ~k+1)

Pii Pii

JeNln JENout
(a) k+ k+3
ialklkzk 2—1— > ( pIJ )+ > pjlk—i—alkz 2—pjkik)
JENm JENout
k+ k—db ~
+ Z pl pjkj J>+ Z (pjklk - pjklk)
JeNm jej\/‘ic;gut
4.5) ~
WOk Y T ) X ) Y (o — )
JE'/\/’lm ‘]e./\/;ll? JeNout
jGNii,? JE/\/’lout

where in (a) we used i) (4.6)-(5.7), ii) plil' = pfi;, for all j € Nj¥, and iii) pii" = ply, for all
j € N2"; and in (b), we used ay. + >ie Ao Qi = 1. The mass preservation property above

ensures that, if a consensus is reached, i.e., limy_,, 2F/@F = ¢ for all i € V, then it must be

= (1/m) - X %
4.3.1 P-ASY-PUSH-SUM

We are now ready to introduce P-ASY-SUM-PUSH. Consider an asynchronous set-
ting wherein agents compute and communicate independently without coordination. Every
agent i maintains state variables zi, ¢i, v;, along with the following auxiliary variables that
are instrumental to deal with uncoordinated activations and delayed information: i) the

cumulative-mass variables p; and oy, with j € N°", which capture the cumulative (sum)
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information generated by agent i up to the current time and to be sent to agent j € N
consequently, p;; and oj; are received by i from its in-neighbors j € N/™; and ii) the buffer
variables g and &35, with j € A™, which store the information sent from j € N/™ to i and
used by i in its last update. Values of these variables at iteration k € Ny are denoted by the

same symbols with the superscript “k”. Note that, because of the asynchrony, each agent i

k—dF k—df
might have outdated pj; and oyj; p;; ’ (resp. oy ) is a delayed version of the current pfg

(resp. ai’j) owned by j at time k, where 0 < df < D < oo is the delay. Similarly, py; and &;
might differ from the last information generated by j for i, because agent i might not have
received that information yet (due to delays) or never will (due to packet losses).

The proposed asynchronous algorithm, P-ASY-SUM-PUSH, is summarized in Algo-
rithm 3. A global iteration clock (not known to the agents) is introduced: k — k + 1 is

triggered based upon the completion from one agent, say i*, of the following actions. (S.2):

agent i* maintains a local variable 7i;, for each j € NP, which keeps track of the “age”

i%js
(generated time) of the (p,o)-variables that it has received from its in-neighbors and al-

! indicating that the received

: ) k—d¥ k—dF
(p, o)-variables are newer than those currently stored, agent i* accepts Pikj and Tk

ready used. If k — df is larger than the current counter Ti],z;
, and
updates 7ix; as k — df; otherwise, the variables will be discarded and 7;»; remains unchanged.
Note that (4.11) can be performed without any coordination. It is sufficient that each agent
attaches a time-stamp to its produced information reflecting it local timing counter. We de-
scribe next the other steps, assuming that new information has come in to agent i*, that is,
Tiej = k — df. (S.3.1): In (4.12), agent i* builds the intermediate “mass” zﬁfé based upon
its current information zi",; and ﬁfkj, and the (possibly) delayed one from its in-neighbors,
pfk;df ; and € € R? is an exogenous perturbation (later this perturbation will be properly
chosen to accomplish specific goals, see Sec. 5.3). Note that the way agent i* forms its own

k—dF
estimates py; * is immaterial to the description of the algorithm. The local buffer ﬁfkj stores

k—dF
the value of pi; that agent i* used in its last update. Therefore, if the information in Py !
k

k—d!
is not older than the one in ﬁi’“kj, the difference Py — ﬁfkj in (4.12) will capture the sum of
the a;x;z;’s that have been generated by j € /\/’iikn for i* up until k& — df and not used by agent

1
i* yet. For instance, in a synchronous setting, one would have ,of;;j — ﬁ{ij = aikajk+2. (S.3.2):

the generated zﬁ+2 is “pushed back” to agent i itself and its out-neighbors. Specifically, out
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Algorithm 3 P-ASY-SUM-PUSH (Global View)
Data: z) e R%, ¢! =1, p) = 0,65 =0, 7' = =D, for all j e /" and i € V; of, = 0 and
pi =0, forallt=—D,...,0; and {e"} pen,- Set k = 0.
While: a termination criterion is not met do
. . . A
(8.1) Pick (i*,d*), with d* = (df)jej\/’ii];\;
(S.2) Set (purge out the old information):

k. = max (7’{2}1, k — df), Vi € N (4.11)

J

(8.3) Update the variables performing
e (S.3.1) Sum step:

ktd Tho
Zik 2 = ZikI:C + Z (pikjj - p%) + Gk (412)

e (S.3.2) Push step:

1 1
k+1 _ k+3 k+1 _ k+3
Zik = Qikik Zik s (z)ik = QAikik ¢ik
1
E+1 _ k k+3
pjik - pjlk + Qjik 2 (413)
1
k+1 _ _k k+35 : out
on = Ok Fagk Gy 7, V€ NR

e (8.3.3) Mass-Buffer update:

Tk Tk
~k+1 _ ikj ~k+1 _ _ikj : in
Py = pi,;jJ, Gi; = Ui,;jJ, Vj € Na (4.14)

o (5.3.4) Set: yﬁfl = zi’ffl/qbﬁjl.

(S.4) Untouched state variables shift to state k + 1
while keeping the same value; k < k + 1.

k+1

i

1 1

of the total mass zilff? generated, agent i* gets aj ch +2, determining the update 2F — 2
1

while the remaining is allocated to the agents j € N2, with aj» zilffg cumulating to the

mass buffer pff, and generating the update pfy — pj";}fl, to be sent to agent j. (S.3.3): each

local buffer variable ﬁfkj is updated to account for the use of new information from j € N3

The final information is then read on the y-variables [cf. (S.3.4)].
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Remark 4.3.1. (Global view description) Note that each agent’s update is fully defined,
once i* and d* are given. The selection (i*,d*) in (S.1) is not performed by anyone; it is
instead an a-posteriori description of agents’ actions: All agents act asynchronously and
continuously; the agent completing the “push” step and updating its own variables trig-
gers retrospectively the iteration counter k& — k + 1 and determines the pair (i¥,d*) along
with all quantities involved in the other steps. Differently from most of the current litera-
ture, this “global view” description of the agents’ actions allows us to abstract from specific
computation-communication protocols and asynchronous modus operandi and captures by

a unified model a gamut of asynchronous schemes.
Convergence is given under the following assumptions.
Assumption 4.3.2 (On the asynchronous model). Suppose:
a. 30 < T < oo such that UFTIYit =V for all k € Ny;
b. 30 < D < oo such thatOgdng,foralleN’ii” and k € Ng.

Assumption 4.3.2(a) is an essentially cyclic rule stating that within 7" iterations all agents
will have updated at least once, which guarantees that all of them participate “sufficiently
often”. Assumption 4.3.2(b) requires bounded delay—old information must eventually be
purged by the system. This asynchronous model is general and imposes no coordination
among agents or specific communication/activation protocol.

The next theorem studies convergence of P-ASY-SUM-PUSH, establishing geometric
decay of the error ||y* — (1/m) - m*||, even in the presence of unknown perturbations, where

mk & 5m kg Z(j,i)eg(pg — ﬁfj) represents the “total mass” of the system at iteration k.

Theorem 4.3.3. Let {y* = [yf, ..., yh]T, 28 £ [, .. 2E]T, (pF, pF) Giyee tren, be the se-

’Ym

quence generated by Algorithm 3, under Assumption 4.2.1, 4.3.2, and with A £ (as){5—1

A

satisfying Assumption 4.2.2. Define K1 = (2m — 1) - T + m - D. There exist constants
p € (0,1) and Cy > 0, such that

yk:-i-l . (1/m) _mlzc-i-l

i

< (#4300 1el). (0.15)
=0
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forallie€eV and k > K; — 1.

k_~xm 0 k—1 _t
Furthermore, m7 = 3", 2’ + >, €.

Proof. See Sec. 4.4. ]

Discussion: Several comments are in order.

- On the asynchronous model

Algorithm 3 captures a gamut of asynchronous parallel schemes and architectures, through
the mechanism of generation of (i d*). Assumption 4.3.2 on (i¥,d*) is quite mild: (a)
controls the frequency of the updates whereas (b) limits the age of the old information
used in the computations; they can be easily enforced in practice. For instance, (a) is
readily satisfied if each agent wakes up and performs an update whenever some independent
internal clock ticks or it is triggered by some of the neighbors; (b) imposes conditions on the
frequency and quality of the communications: information used by each agent cannot become
infinitely old, implying that successful communications must occur sufficiently often. This
however does not enforce any specific protocol on the activation/idle time/communication.
For instance, i) agents need not perform the actions in Algorithm 3 sequentially or inside
the same activation round; or ii) executing the “push” step does not mean that agents must
broadcast their new variables in the same activation; this would just incur a delay (or packet
loss) in the communication.

Note that the time-varying nature of the delays d* permits to model also packet losses,
as detailed next. Suppose that at iteration k; agent j sends its current p, o-variables to its
out-neighbor ¢ and they get lost; and let ks be the subsequent iteration when j updates again.
Let t be the first iteration after k; when agent ¢ performs its update; it will use information
from j such that ¢ — d}f ¢ [k1 + 1, ky), for some dj? <D<oo. Ift— d}f < ki + 1, no newer
information from j has been used by /¢; otherwise t — d;/ > ko + 1 (implying ks < t), meaning
that agent ¢ has used information not older than ks + 1.

- Beyond average consensus By choosing properly the perturbation signal ¢*, P-ASY-
SUM-PUSH can solve different problems. Some examples are discussed next.

(i) Error free: ¢® = 0. P-ASY-SUM-PUSH solves the average consensus problem and
(4.15) reads
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g = ym) -3 < o2

1
(ii) Vanishing error: limg_,. ||€¥|| = 0. Using [7, Lemma 7(a)], (4.15) reads limj_ ||yf™ —

mz | = 0.

(iii) Asynchronous tracking. Each agent i owns a (time-varying) signal {uf}en,; the average

tracking problem consists in asymptotically track the average signal @* = (1/m) - ™, uF,
that is,
lim [y — @1 =0, viev. (4.16)
k—o0

Under mild conditions on the signal, this can be accomplished in a distributed and asyn-

chronous fashion, using P-ASY-SUM-PUSH, as formalized next.

Corollary 4.3.3.1. Consider, the following setting in P-ASY-SUM-PUSH: 2 = u?, for

alli € V; & =ulit —ak, with

o Y R
u; if i =1
~k+1: 1 f Y

ik

; otherwise;

.

1

Then (4.15) holds, with m*t = ym, At Furthermore, if limy_oo 0 |lu
then (4.16) holds.

Proof. We know that m* = 7, 20 + S™F ¢t Clearly m) = S, 20 = Y7 @?. Suppose for

k = ¢, we have that m! = > @!. Then we have that

m
A N A ~0 e+1 i +1 _ ~£+1
m; —mz+6—<§ ui> E u—l—u E

i=1 At

Thus we have that m? = Y1 aF,  Vk € Ny.

Now we assume that limy_,o, > ui’“Jrl —uF| =

<

k
< ’Ut+1 U,fk <

t=k—T+1 t=k—T+1 i=1

ultt —ul).
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Therefore we have that limy_, ‘ek‘ = 0. According to Theorem 4.3.3 and [7, Lemma 7(a)],
we have that

lim
k—oco

trf = (1/m) - Y@t =
i=1

On the other hand, we have that

m m m m k
Zufﬂ _ Z,agcﬂ <3|t k+1 ~k+1‘ < Z Z u;&ﬂ — k=20 (.
i=1 i=1 i=1 i=1 t=k—T+

By triangle inequality, we get that

lim
k—oo

= (1/m) - Y ut =

]

Remark 4.3.4 (Asynchronous average consensus). To the best of our knowledge, the error-
free instance of the P-ASY-SUM-PUSH discussed above is the first (stepsize-free) scheme
that provably solves the average consensus problem at a linear rate, under the general asyn-
chronous model described by Assumption 4.3.2. In fact, the existing asynchronous consensus
schemes [75] [76] achieve an agreement among the agents’ local variables whose value is not
in general the average of their initial values, but instead some unknown function of them and
the asynchronous modus operandi of the agents. Related to the P-ASY-SUM-PUSH is
the ra-AC algorithm in [74], which enjoys the same convergence property but under a more
restrictive and specific asynchronous model (no delays but packet losses and single-agent

activation per iteration).
4.4 Convergence Analysis of P-ASY-SUM-PUSH

We prove Theorem 4.3.3; we assume d = 1, without loss of generality. The proof is
organized in the following two steps. Step 1: We first reduce the asynchronous agent
system to a synchronous “augmented” one with no delays. This will be done adding virtual
agents to the graph G along with their state variables, so that P-ASY-SUM-PUSH will be

rewritten as a (synchronous) perturbed push-sum algorithm on the augmented graph. While
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this idea was first explored in [73], [75], there are some important differences between the
proposed enlarged systems and those used therein, see Remark 4.4.1. Step 2: We conclude
the proof establishing convergence of the perturbed push-sum algorithm built in Step 1.

4.4.1 Step 1: Reduction to a synchronous perturbed push-sum

- The augmented graph We begin constructing the augmented graph—an enlarged agent
system obtained adding virtual agents to the original graph G = (V,&). Specifically, we
associate to each edge (j,1) € £ an ordered set of virtual nodes (agents), one for each of the
possible delay values, denoted with a slight abuse of notation by (j, 1), (j,i)!, ..., (j,1)?; see
Fig. 4.1. Roughly speaking, these virtual nodes store the “information on fly” based upon
its associated delay, that is, the information that has been generated by j € N/® for i but not
used (received) by i yet. Adopting the terminology in [75], nodes in the original graph G are
termed computing agents while the virtual nodes will be called noncomputing agents. With
a slight abuse of notation, we define the set of computing and noncomputing agents as =
VU{(i,j)?(@G,j) € E d=0,1,...,D}, and its cardinality as S = ’17‘ = (m+(D+1)|&)).
We now identify the neighbors of each agent in this augmented systems. Computing agents
no longer communicate among themselves; each j € V can only send information to the
noncomputing nodes (j,1)?, with i € NPt Each noncomputing agent (j, i)% can either send
information to the next noncomputing agent, that is (j,i)¢™! (if any), or to the computing

agent i; see Fig. 4.1(b).

O- O- O
¢ i J

(@) Snapshot of the original graph

(i, 0? (3, 0)° @? Gt @)

C o5 O
14 2 J
(b) Augmented graph associated with (a)

\ / Pid
\ -
N -

Figure 4.1. Example of augmented graph, when the maximum delay D = 2;
three noncomputing agents are added for each edge (j,i) € £.
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To describe the information stored by the agents in the augmented system at each iter-
ation, let us first introduce the following quantities: 7; £ {k; ‘ i* =i k¢ No} is the set of

global iteration indices at which the computing agent i € V wakes up; and, given k£ € Ny, let

Tk & {t eTi|t< k} It is not difficult to conclude from (4.13) and (4.14) that
- T = R
Pij = > ai and gy =py’ , (j,i) €E. (4.17)
te”l}’“‘l

At iteration k = 0, every computing agent i stores z°, whereas the values of the noncomputing
agents are initialized to 0. At the beginning of iteration k, every computing agent i will store
2 whereas every noncomputing agent (j,i)?, with 0 < d < D — 1, stores the mass a;jz; (if
any) generated by j for i at iteration k —d—1 (thus k—d—1 € 7}’“_1), ie., aijzk_(dH)H/Q (cf.

Step 3.2), and not been used by i yet (thus k — d > Ti’;_l); otherwise it stores 0. Formally,

we have

z&nd ZS aijz.t“/Q . ]1[25 —k—d—1eTF &t+1>71]. (4.18)
The virtual node (j,i)” cumulates all the masses aijzk_(dﬂ)ﬂ/ * with d > D, not received by
i yet:

k b t+1/2
“GiP = > Gz - (4.19)

S A
We write next P-ASY-SUM-PUSH on the augmented graph in terms of the z-variables
of both the computing and noncomputing agents, absorbing the (p, p)-variables using (4.17)-(4.19).
The sum-step over the augmented graph. In the sum-step, the update of the z-variables

of the computing agents reads:

1 Th o 4.17)—(4.19 D
zi]f:” =z + Y (pi;l? - pikkj> T = )zi’i + > > Zéfj,ik)d + ¥, (4.20a)

. 1 . i _ k
JG./V;,? JGJ\fi‘,? d_k_Tikj

S h eV {iF) (4.20D)

]

1
In words, node i¥ builds the update zi’i—mi]frz based upon the masses transmitted by the

_k _ ok
noncomputing agents (j, i’“)k i (j,ik)k L (j,i")P [cf. (4.20a)]. All the other com-
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588 |

1O C@
14
Figure 4.2. Sum step on the augmented graph: 7% iy = k -1 delay one); the

two noncomputing agents, (j,i*)! and (j,i*)?, send the1r masses to i¥.

Hioy Hoo

(i*, 0)? (%, 01 (4, i%)? (PR (i, i*)°
Qyik
(D - e

i3 ik J

Figure 4.3. Push step on the augmented graph: Agent i* keeps aikikzi’ffl/ 2

while sending a[lkZ /2 ¢ the virtual nodes (i%, £)°, ¢ € N

puting agents keep their masses unchanged [cf. (4.20b)]. The updates of the noncomputing

agents is set to

Zéc+k2)d = O d=Fk — 7—111%, e ,D, J S iikn; (420c)
ZZTST S zé,’iy, for all the other (j',i)” € V. (4.20d)

The noncomputing agents in (4.20¢) set their variables to zero (as they transferred their
masses to i) while the other noncomputing agents keep their variables unchanged [cf. (4.20d)].
Fig. 4.2 illustrates the sum-step over the augmented graph.

The push-step over the augmented graph. In the push-step, the update of the z-

variables of the computing agents reads:

k+1
2 = a2y % (4.21a)

AR e v iR, (4.21D)

J J
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1
In words, agent i* keeps the portion zilff"’ of the new generated mass [cf. (4.21a)] whereas
the other computing agents do not change their variables [cf. (4.21b)]. The noncomputing

agents update as:

Zéﬁ)o 2 G Z§€+1/2’ 0 e N9 (4.21¢)
A0 20, (L) €&, A (4.21d)
il oo d=1,...,D—1, (ij) €& (4.21¢)
A R R (R NS (4.21f)

In words, the computing agent i* pushes its masses aﬁkz?% to the noncomputing agents
(i*,0)°, with ¢ € N2 [cf. (4.21¢)]. As the other noncomputing agents (i,j)°, i # i¥, do
not receive any mass for their associated computing agents, they set their variables to zero
[cf. (4.21d)]. Finally the other noncomputing agents (i,j)¢, with 0 < d < D — 1, transfers
their mass to the next noncomputing node (j,i)?** [cf. (4.21f), (4.21e)]. This push-step is
illustrated in Fig. 4.3.

The following result establishes the equivalence between the update of the enlarged sys-

tem with that of Algorithm 3.

Proposition 4.4.1. Consider the setting of Theorem 4.5.5. The values of the z-variables
of the computing agents in (4.20)-(4.21) coincide with those of the z-variables generated by
P-ASY-SUM-PUSH (Algorithm 3), for all iterations k € Ny.

Proof. By construction, the updates of the computing agents as in (4.20a)-(4.20b) and
(4.21a)-(4.21b) coincide with the z-updates in the sum- and push-steps of P-ASY-SUM-
PUSH, respectively. Therefore, we only need to show that the updates of the noncomputing
agents are consistent with those of the (p, p)-variables in P-ASY-SUM-PUSH. This follows
using (4.17) and noting that the updates (4.21c¢)-(4.21f) are compliant with (4.18) and (4.19).
For instance, by (4.17)-(4.18), it must be zé‘i}fjl)o = ajikz;Jrl/Q At =keTFandt+1 > TJ’fk] =
ajiijkJrl/2, which in fact coincides with (4.21¢). The other equations (4.21d)—(4.21f) can be
similarly validated. O
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Proposition 4.4.1 opens the way to study convergence of P-ASY-SUM-PUSH via that
of the synchronous perturbed push-sum algorithm (4.20)-(4.21). To do so, it is convenient
to rewrite (4.20)-(4.21) in vector-matrix form, as described next.

We begin introducing an enumeration rule for the components of the z-vector in the
augmented system. We enumerate all the elements of £ as 1,2, ..., |€|. The computing agents
in V are indexed as in V, that is, 1,2, ..., m. Each noncomputing agent (j,i)¢ is indexed as
m + d|E| + s, where s is the index associated with (j,1) in £; we will use interchangeably
Zmdlel+s and z(ja. We define the z-vector as Z = [z1]2.,; and its value at iteration k € Ny is

denoted by z*.

The transition matrix S* of the sum step is defined as

1, ifme {(j,i*)? | k— 7§ <d < D} and h = i¥;
Sﬁmé 17 lfmei}\{(blk)d’k_ﬂlijSdSD}andh:m,

0, otherwise.

Let ¢ £ €*e; be the S—dimensional perturbation vector. The sum-step can be written in

compact form as

Bhts = Gk 4 gk (4.22)

Define the transition matrix P* of the push step as

age, if m=1i"and h = (j,i")%j € N2";
apie, if m=h =i

1, ifm=heV\i"

1, ifm=30)%h=>0)" 1) €& 0<d< D~ 1;
1, it m=nh=(@7j", (1i,j) €&;

0, otherwise

Then, the push-step can be written as
gl = phghts, (4.23)
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Combing (4.22) and (4.23), yields
L= ARZR 4 pF, A& PRSE P& PR (4.24)

The updates of the ¢ variables and the definition of the ¢-vector are similar as above. In

summary, the P-ASY-SUM-PUSH algorithm can be rewritten in compact form as

SR Qkgk ok pF — ok Pho. (4.25a)

Pt = ARG, (4.25b)

with initialization: 20 € R and ¢? = 1, fori € V; and 20 = 0 and ¢? = 0, fori € V'\ V.

Remark 4.4.1 (Comparison with [73]-[76]). The idea of reducing asynchronous (consensus)
algorithms into synchronous ones over an augmented system was already explored in [74]-[76].
However, there are several important differences between the models therein and the proposed
augmented graph. First of all, [7}] extends the analysis in [75] to deal with asynchronous
activations, but both work consider only packet losses (no delays). Second, our augmented
graph model departs from that in [75], [76] in the following aspects: ) in our model, the
virtual nodes are associated with the edges of the original graph rather than the nodes; ii) the
noncomputing nodes store the information on fly (i.e., generated by a sender but not received
by the intended receiver yet), while in [75], [76], each noncomputing agent owns a delayed
copy of the message generated by the associated computing agent; and iii) the dynamics (4.25)
over the augmented graph used to describe the P-ASY-SUM-PUSH procedure is different from
those of the asynchronous consensus schemes [75, (1)] and [76, (1)].

4.4.2 Step 2: Proof of Theorem 4.3.3

- Preliminaries We begin studying some properties of the matrix product ﬁk:t, which will

be instrumental to prove convergence of the perturbed push-sum scheme (4.25).

Lemma 4.4.2. Let {flk}keNO be the sequence of matrices in (4.25), generated by Algorithm 3,
under Assumption 4.3.2, and with A & (ai5){5=, satisfying Assumption 4.2.2. The following
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hold: for all k € Ny, a) AF is column stochastic; and b) the entries of the first m rows of
ARHETE e yniformly lower bounded by n £ mXt € (0,1), with Ky 2 (21 —1)-T+m- D.

Proof. The lemma essentially proves that (A¥51-1#)T is a STA (Stochastic Indecomposable
Aperiodic) matrix [76], by showing that for any time length of K iterations, there exists a
path from any node m in the augmented graph to any computing node h. While at a high
level the proof shares some similarities with that of [75, Lemma 2] and [76, Lemma 5 (a)],
there are important differences due to the distinct modeling of our augmented system.

We study any entry Eﬁ;’(rl with m € V and h € V. We prove the result by considering
the following four cases.
(i) Assume h = m € V. It is easy to check that A%, > m, for any k € Ny and h € V.
Therefore, AFFs=1k > T[4~ At > s for all k,s € Ny and h € V.
(ii) Let (m,h) € &; and let s be the first time m wakes up in the interval [k, k + T — 1].
We have Afm,h)o,m = apm. The information that node m sent to node (m,h)? at iteration
s is received by node h when the information is on some virtual node (m,h)?. We discuss
separately the following three sub-cases for d: 1) 1 <d < D —1;2) d=0; and 3) d = D.
1)1 <d <D —1: We have

As+d:s+1 _ As+d L. As+l . As+d+1
Almmyd (e = Amomd w1 Ayt mmoe = 1 Apupys = G-
As+d+1:s _ As+d+1  As+dis+1 s _ )

Therefore, A;'" = Ah,(m,h)dA(m,h)d,(m,h)O A(mﬁ)o,m = AppOpm > .

2) d = 0: We simply have
12[5+1:s o ;{s+1 ;{s —a > 72
hm o h‘v(mvh)o (mvh)o’m - h’ha/hm — m-.

Therefore, for 0 < d < D — 1,

A\k+2T+Dfl:k _ A\k+2T+D71:s+d+2A\8+d+1:s;{sfl:k > mk+2T+Dfsfd72m2msfk > m2T+D
hm hh hm mm = - .
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3) d = D: Before agent j wakes up at time s + D + 7, where 1 < 7 < T, the information
will stay on virtual nodes (m,h)”. Once agent j wakes up, nodes (m,h)” will send all its
information to it. Then we have

As+D is+1

_ As+D+r1:s+D+1
(m,h)P,(m,h)0 1’ A

h,(m,h)D = Qhh-
Similarly, we have

Ak+2T+D—1 k+2T+D 1:s4+D474+1 gs+D+7:s+D+1 gs+D:s+1
Ak — Ak As A

As s—1:k 2T+D
h,(m,h)D (m,h)D (mh)A A = m

(m,h)0m**mm

To summarize, in all of the three sub-cases, we have

AkJrKl 1 > Ai;:}ﬁ71:k+2T+DAZ;2T+D—1:k 2 mK1—2T—Dm2T+D — mKl.

(iii) Let m # hand (m, h) € VxV\E. Since the graph (V, £) is connected, there are mutually
different agents iy, ..., 1., with r < m — 2, such that (m,1iy), (i, 12), ..., (i,—1,1,), (ir, h) C &,
which is actually a directed path from m to h in the graph (V,€). Then, by result proved
in (ii), we have

Tk+(m—1)(2T+D)—1:k Tk+(m—1)(2T+D)—1:k+(r+1)(2T+D) 7k+(r+1)(2T+D)-1: k+r(2T+D Tk+2T+D—1:k
Ahm > A Ahlr Allm

> i m=r=2)@T+D) 7 (r+1)QT+D) _ 7 (m—1)(2T+D)

We can then easily get AFHKi—1k — gEHR LR m=)ETHD) ghHm-D)ETED)=1E 5 K

(iv) If m is a virtual node, it must be associated with an edge (j,i) € £ and there exists
0 < d < D such that m = (j,i)%. A similar argument as in (ii) above shows that any
information on m will eventually enter node i taking 1 < 7 < D+T'. That is, AHT Lk — = ay,
for some 1 <7 < D+ T. On the other hand, by the above results, we know

ﬁi?T+ D+(m—1)(2T+D)—1:k+T+D > pm=1ET+D).
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Therefore,

Th+Kq—1: Tk+Kq1—1:k+T+D 7} —1: n —1: — (m— _ S _
AI;JL;; 1—1:k > Al;;;r 1—1L:k4+T+ Aﬁ+T+D 1k+rA§;er 1:k > m(m 1)(2T+D)mT+D T > mK1

]

The key result of this section is stated next and shows that as k — t increases, Akt
approaches a column stochastic rank one matrix at a linear rate. Given Lemma 4.4.2, the
proof follows the path of [75, Lemma 4, Lemma 5], [76, Lemma 4, Lemma 5(b, ¢)] and thus

is omitted.

Lemma 4.4.3. In the setting above, there exists a sequence of stochastic vectors {€*}ren,

such that, for any k >t € Ny and i, j € {1,---,S}, there holds

\flﬁzt — & <cpt, (4.26)
with
14 m 7
c2 2%, p 2 (1—mf)% € (0,1).

Furthermore, €8 >, for alli € V and k € Ny.

- Proof of Theorem 4.3.3
Applying (4.25) telescopically, yields: zF! = Ak:030 4 K Aklpl=1 4 pk and Ml =

AF0G0 which using the column stochasticity of A*?, yields

k
1T =120 4 317!, 1T =176 = m. (4.27)
1=0
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Using (4.27) and ¢f™ > mn, for alli € V and k > K; — 1 [due to Lemma 4.4.2(b)], we have:
forieVand k> K; — 1,

k+1 T ok+1 k41 .
o LET o Ll O graeny o L e oo L ’(51’“ - qbi) [TaRH
i m mn m mn mn m

1 Al0g0 K

B P e R i PRI PR

mn mn m =

Lk ghaen| L G2 <HZOH+Z‘4‘> o)

mn \/ﬁn =

ZikH _ gilegch’ '

Lemma 4.4.4. Let {ZF}5° be the sequence generated by the perturbed system (4.25a), under
Assumption 4.8.2, A = (ay)ii=, satisfying Assumption 4.2.2, and given {€*}ren,. For any
i€V and k > 0, there holds

g < (] 35 (429
=0

with {€*}gen, defined in Lemma 4.4.3 and Cy = C\/2S/p.

Proof.
o g1 TR U2 (Aﬁ;@zo P AR p{f> — & (1@ s Npl) |
> %
<o+ 724+ 252 - -7l
4@“‘wa+zwwmuo (o] + 3.
where in (a) we used |21 < /[P L] P < v2. .

Combing Eq. (4.28) and (4.29) leads to

Zik+1 1T gh+1

k+1
o m

< (pkHZOH —i-zk:pk*l ‘EZD ’
1=0

where we defined C; = Cp - 2/(m 7).
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Recalling the definition of m¥ £ 7, 2F + Z(j}i)e(g‘(pﬁ: - ﬁ{g), to complete the proof, it
remains to show that b1

? Z D72k (4.30)

Na??‘
Iz
T M 3

We prove next the equalities (m) and (H) separately.
Proof of (m): Since m? = 3 29 it suffices to show that m*™! = mk + ¢ for all k € Ny.

Since agent i* triggers k — k + 1, we only need to show that

k+1+ Z pffk—;—l ~k+1 + Z kai;ci-l k+1)

Piik
Je_/\/’iln Je/\/‘iout
k k
:zik + Z (pl _] le + Z le pjlk + :
JIE/V;;? Je'/\/’lout
We have
k+1 k+1 ~k+1 k+1 ~k+1
+ Z plkJ + Z lek Jlk )
Jej\/'iln JeNout
(@) k+3 k Tiks k k+s ok
:a/ik:ikrzik 2 —|— Z (plkj — pikjl) + Z (p_]lk + ajikzik 2 _ p_]lk)
.]'E-/\/’.i;? je/\/’out
k+
=z 2+ Y (Pl )+ D (P — P
JENm Je'/\/’lout
_Zk+z - +€+Zpl plkJ + Z pjlk le
.]E-/V;m _]ENm ‘]E/V'lout
k k
:zik + Z (piJ p1J + Z pJ] pjlk + )
jeNy JENR
where in (a) we used: the definition of the push step, pk,fl = py; for all j € N, and

ﬁﬁjl = ﬁﬁk for all j € N2"; (b) follows from ar + ZjeNi%ut Qe = 1; and in (c), we used the

sum-step.
Proof of (II): Using (4.27), yields 1T2F1 = 17204 58 1Tpl = 1T2F 1Tk = 3o 204

SF e O
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5. ASYNCHRONOUS DECENTRALIZED ALGORITHM -
PART II: ASY-SONATA

In this chapter, we study asynchronous multi-agent smooth unconstrained optimization, over
static digraphs. Agents can perform their local computations as well as communicate with
their immediate neighbors at any time, without any form of coordination or centralized
scheduling; furthermore, when solving their local subproblems, they can use outdated infor-
mation from their neighbors. The algorithm builds on the asynchronous tracking algorithm
P-ASY-SUM-PUSH proposed in Chapter 4, whose goal is to estimate locally the sum of
agents’ gradients When applied to strongly convex functions, we prove that it converges at
an R-linear (geometric) rate as long as the step-size is sufficiently small. A sublinear conver-
gence rate is proved, when nonconvex problems and/or diminishing, uncoordinated step-sizes
are considered. To the best of our knowledge, this is the first distributed algorithm with prov-
able geometric convergence rate in such a general asynchronous setting. Numerical results

demonstrate the efficacy of the proposed algorithm and validate our theoretical findings.

The novel results of this chapter have been published in

e Ye Tian, Ying Sun, and Gesualdo Scutari. "ASY-SONATA: Achieving linear con-

vergence in distributed asynchronous multiagent optimization.” In 2018 56th Annual

Allerton Conference on Communication, Control, and Computing (Allerton), pp. 543-

551. IEEE, 2018.

e Ye Tian, Ying Sun, and Gesualdo Scutari. ”Achieving Linear Convergence in Dis-

tributed Asynchronous Multiagent Optimization.” IEEE Transactions on Automatic

Control 65, no. 12 (2020): 5264-5279.
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5.1 Introduction

We study convex and nonconvex distributed optimization over a network of agents, mod-

eled as a directed fixed graph. Agents aim at cooperatively solving the optimization problem

min F(x) = i_n;fl (a:) (5.1)

z€R4

which is a special instance of the Problem (P), with G = 0 and K = R?. Various asynchronous
distributed /decentralized optimization algorithms have been studied in the literature-see
Sec. 5.1.1 for an overview of related works. However, we are not aware of any distributed
algorithm that is compliant to the asynchrony model (i)-(ii), discussed in Sec. 4.1, and dis-
tributed (nonconvex) setting above. Furthermore, when considering the special case of a
strongly convex function F, it is not clear how to design a (first-order) distributed asyn-
chronous algorithm (as specified above) that achieves linear convergence rate. This chapter

answers these questions— see Sec. 5.1.2 and Table 5.1 for a summary of our contributions.

5.1.1 Literature Review

Since the seminal work [78], asynchronous parallelism has been applied to several central-
ized optimization algorithms, including block coordinate descent (e.g., [78]-[80]) and stochas-
tic gradient (e.g., [81], [82]) methods. However, these schemes are not applicable to the
networked setup considered in this chapter, because they would require the knowledge of the
function F from each agent. Distributed methods exploring (some form of) asynchrony over
networks with no centralized node have been studied in [33], [77], [83]-[98]. We group next
these works based upon the asynchronous features (i)-(ii), discussed in Sec. 4.1.

(a) Random activations and no delays [33], [83]-[86]: These schemes considered dis-
tributed convexr unconstrained optimization over undirected graphs. While substantially
different in the form of the updates performed by the agents—[83], [84], [86] are instances
of primal-dual (proximal-based) algorithms, [85] is an ADMM-type algorithm, while [33] is
based on the distributed gradient tracking mechanism introduced in[5], [7], [99]-all these

algorithms are asynchronous in the sense of feature (i) [but not (ii)]: at each iteration, a
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Table 5.1. Comparison with state-of-art distributed asynchronous algo-
rithms. Current schemes can deal with uncoordinated activations but only
with some forms of delays. ASY-SONATA enjoys all the desirable features
listed in the table.

N o No 1dl Arbitrary Step Sizes Rate Analysis
Algorithm onconvex SO dien) Arvirary Parallel . Uncoordinated | Digraph | Global Convergence to Exact Solutions | Linear Rate for
Cost Function | Time Delays Fixed PR Nonconvex
Diminishing Strongly Convex
Asyn. Broadcast [93] v v v In expectation (w. diminishing step)
Asyn. Diffusion [94] v
Asyn. ADMM [95] v v Deterministic
Dual Ascent in [96] v Restricted | Restricted | v/
ra-NRC [77] v v
ARock [97] v Restricted v Almost surely In expectation
ASY-PrimalDual [98] v Restricted v Almost surely
ASY-SONATA v v v v v v v Deterministic Deterministic Deterministic

subset of agents [83], [84], [86] (or edge-connected agents [33], [85]), chosen at random, is ac-
tivated, performing then their updates and communications with their immediate neighbors;
between two activations, agents are assumed to be in idle mode (i.e., able to continuously
receive information). However, no form of delays is allowed: every agent must perform its
local computations/updates using the most updated information from its neighbors. This
means that all the actions performed by the agent(s) in an activation must be completed
before a new activation (agent) takes place (wakes-up), which calls for some coordination
among the agents. Finally, no convergence rate was provided for the aforementioned schemes
but [33], [85].

(b) Synchronous activations and delays [87]-[92]: These schemes considered distributed
constrained convexr optimization over undirected graphs. They study the impact of delayed
gradient information [87], [88] or communication delays (fixed [89], uniform [88], [92] or
time-varying [90], [91]) on the convergence rate of distributed gradient (proximal [87], [88]
or projection-based [91], [92]) algorithms or dual-averaging distributed-based schemes [89],
[90]. While these schemes are all synchronous [thus lacking of feature (i)], they can tolerate
communication delays [an instantiation of feature (ii)], converging at a sublinear rate to an
optimal solution. Delays must be such that no losses occur—every agent’s message will even-
tually reach its destination within a finite time.

(c) Random/cyclic activations and some form of delays [77], [93]-[98]: The class of
optimization problems along with the key features of the algorithms proposed in these papers

are summarized in Table 5.1 and briefly discussed next. The majority of these works studied
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distributed (strongly) convez optimization over undirected graphs, with [94] assuming that
all the functions f; have the same minimizer, [95] considering also nonconvex objectives, and
[77] being implementable also over digraphs. The algorithms in [93], [94] are gradient-based
schemes; [95] is a decentralized instance of ADMM; [97] applies an asynchronous parallel
ADMM scheme to distributed optimization; and [98] builds on a primal-dual method. The
schemes in [77], [96] instead build on (approximate) second-order information. All these al-
gorithms are asynchronous in the sense of feature (i): [93]-[95], [97], [98] considered random
activations of the agents (or edges-connected agents) while [77], [96] studied deterministic,
uncoordinated activation rules. As far as feature (ii) is concerned, some form of delays is
allowed. More specifically, [77], [93]-[95] can deal with packet losses: the information sent
by an agent to its neighbors either gets lost or received with no delay. They also assume
that agents are always in idle mode between two activations. Closer to the proposed asyn-
chronous framework are the schemes in [97], [98] wherein a probabilistic model is employed
to describe the activation of the agents and the aged information used in their updates. The
model requires that the random variables triggering the activation of the agents are i.i.d
and independent of the delay vector used by the agent to performs its update. While this
assumption makes the convergence analysis possible, in reality, there is a strong dependence
of the delays on the activation index; see [80] for a detailed discussion on this issue and
several counter examples. Other consequences of this model are: the schemes [97], [98] are
not parallel-only one agent per time can perform the update—and a random self-delay must
be used in the update of each agent (even if agents have access to their most recent infor-
mation). Furthermore, [97] calls for the solution of a convex subproblem for each agent at
every iteration. Referring to the convergence rate, [97] is the only scheme exhibiting linear
convergence in expectation, when each f; is strongly convex and the graph undirected. No

convergence rate is available in any of the aforementioned papers, when F' is nonconvex.

5.1.2 Summary of Contributions

The review of the literature clearly showed that there exits no distributed asynchronous

[in the sense (i)-(ii)] scheme, even for convex instances of Problem (5.1) and undirected
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graphs. Furthermore, it is unknown whether one can design a geometric (globally) convergent
scheme (when U is strongly convex).

This chapter proposes a general distributed, asynchronous algorithmic framework for
(strongly) convex and nonconvez instances of Problem (5.1), over directed graphs. The algo-
rithm leverages the P-ASY-SUM-PUSH algorithm, whose goal is to track locally the average
of agents’ gradients. To the best of our knowledge, the proposed framework is the first
scheme combining the following attractive features (cf. Table 5.1): (a) it is parallel and
asynchronous [in the sense (i) and (ii)/-multiple agents can be activated at the same time
(with no coordination) and/or outdated information can be used in the agents’ updates; our
asynchronous setting (i) and (ii) is less restrictive than the one in [97], [98]; furthermore,
in contrast with [97], our scheme avoids solving possibly complicated subproblems; (b) it
is applicable to nonconvex problems, with probable convergence to stationary solutions of
(5.1); (c) it is implementable over digraph; (d) it employs either a constant step-size or un-
coordinated diminishing ones; (e) it converges at an R-linear rate (resp. sublinear) when
F is strongly convex (resp. nonconvex) and a constant (resp. diminishing, uncoordinated)
step-size(s) is employed; this contrasts [97] wherein each f; needs to be strongly convex;
and (f) it is “protocol-free”, meaning that agents need not obey any specific communica-
tion protocols or asynchronous modus operandi (as long as delays are bounded and agents
update/communicate uniformly infinitely often).

On the technical side, the rate analysis is employed putting forth a generalization of the
small gain theorem (widely used in the literature [100] to analyze synchronous schemes),

which is expected to be broadly applicable to other distributed algorithms.

5.2 Problem Setup and Preliminaries

5.2.1 Problem Setup

We study Problem (5.1) under the following assumptions.

Assumption 5.2.1 (On the optimization problem).

a. Each f; : R = R is proper, closed and L;-Lipschitz differentiable;
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b. I is bounded from below.

Note that f; need not be convex. We also make the blanket assumption that each agent i
knows only its own f;, but not 3, fj. To state linear convergence, we will use the following

extra condition on the objective function.

Assumption 5.2.2 (Strong convexity). Assumption 6.2.1(i) holds and, in addition, F is

T-strongly convex. 0

5.2.2 Preliminaries: The SONATA algorithm for smooth unconstrained opti-
mization [9], [101]

The proposed asynchronous algorithmic framework builds on the synchronous SONATA
algorithm, proposed in [9], [101] to solve (nonconvex) multi-agent optimization problems over
time-varying digraphs. This is motivated by the fact that SONATA has the unique prop-
erty of being provably applicable to both convex and nonconvex problems, and it achieves
linear convergence when applied to strongly convex objectives F'. We thus begin reviewing
SONATA, tailored to (5.1); then we generalized it to the asynchronous setting (cf. Sec. 5.3).

Every agent controls and iteratively updates the tuple (zi, y;, 2;, ¢;): ; is agent i’s copy
of the shared variables z in (5.1); y; acts as a local proxy of the sum-gradient VF'; and z
and ¢; are auxiliary variables instrumental to deal with communications over digraphs. Let

xk 2k ¢F and y¥ denote the value of the aforementioned variables at iteration & € Ny. The

i»~io

update of each agent i reads:

=Y wy (af - abyf), (5.2)
jeNiu{i}

2t = Z aijzjk + V fi(afth) = Vfilaf), (5:3)
jeNru{i}

PALEDS aij¢f, (5.4)
jeNru{i}

T = 2, o

with 20 = 90 = Vfi(2?) and ¢? = 1, for all i € V. In (5.2), ¥ is a local estimate of the

1

average-gradient (1/m) >, V fi(xF). Therefore, every agent, first moves along the estimated
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k

gradient direction, generating z¥ — ¥ y* (a¥ is the step-size); and then performs a consensus
step to force asymptotic agreement among the local variables x;. Steps (5.3)-(5.5) represent
a perturbed-push-sum update, aiming at tracking the gradient (1/m)VF [5], [7], [9]. The
weight matrix W £ (wy)"_; satisfies the following assumption, and A £ (ay)"_; satisfies

the Assumption 4.2.2.

Assumption 5.2.3. The weight matriz W = (wy){5=y satisfy:
(i) Im > 0 such that: wy > m, Vi € V; wy > m, for all (j,1) € £; and wy; = 0, otherwise;
(ii) W is row-stochastic, that is, W1 = 1.

In [100], a special instance of SONATA, was proved to converges at an R-linear rate when
F' is strongly convex. This result was extended to constrained, nonsmooth (composite),
distributed optimization in [102]. A natural question is whether SONATA works also in
an asynchronous setting still converging at a linear rate. Naive asynchronization of the
updates (5.2)-(5.5)-such as using uncoordinated activations and/or replacing instantaneous
information with a delayed one-would not work. For instance, the tracking (5.3)-(5.5) calls
for the invariance of the averages, i.e., 30", 2F = S, Vfi(z"), for all k € Ny. It is not
difficult to check that any perturbation in (5.3)-e.g., in the form of delays or packet losses—
puts in jeopardy this property.

To cope with the above challenges, we robustify the gradient tracking component using

P-ASY-SUM-PUSH, and we present in the next section the proposed distributed asyn-
chronous optimization framework, ASY-SONATA.

5.3 Asynchronous SONATA (ASY-SONATA)

We are ready now to introduce our distributed asynchronous algorithm—-ASY-SONATA.
The algorithm combines SONATA (cf. Sec. 6.3.1) with P-ASY-SUM-PUSH (cf. Sec. 4.3),
the latter replacing the synchronous tracking scheme (5.3)-(5.5). The “global view” of the
scheme is given in Algorithm 4.

In ASY-SONATA, agents continuously and with no coordination perform: i) their local

computations [cf. (S.3)], possibly using an out-of-sync estimate 2} of the average gradient;
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Algorithm 4 ASY-SONATA (Global View)
Data: For all agent i and Vj € Nj», 20 € R, 20 = V fi(a?)

' =—D. Andfort=—-D,—D +1,...,0, pii=0,0f=0,0v=0. Set k =
While: a termination criterion is not met do
(8.1) Pick (i%, d¥);
(S.2) Set:
T = maX(Ti’f{l, k—df), VjeNR.
(S.3) Local Descent:
ot = af —F (5.6)

(S.4) Consensus:

k
T
xf}j_l = wikikvﬁc—i_l + Z wikjvj J.
JENR
(8.5) Gradient Tracking:
e (8.5.1) Sum step:

k+1 Tﬁf' ~
At =+ (Pm’J - pﬁ«j) + V(@) = V(i)

JENR

e (8.5.2) Push step:

1
k41 _ k+3
Zik = aikik Zik 5

1
k+1 _ k& k+3 . out
pjik - pjlk + ajik Zik y \V/J S ./V;k

e (8.5.3) Mass-Buffer update:

k
r
~k+1 __ ikj : in

(S.6) Untouched state variables shift to state & + 1
while keeping the same value; k < k + 1.

in (5.6), v* is a step-size (to be properly chosen); ii) a consensus step on the z-variables,
k
Tk,
using possibly outdated information v; ™I from their in-neighbors [cf. (S.4)]; and iii) gradient
tracking [cf. (S.5)] to update the local estimate 25, based on the current cumulative mass

k
N
. ik; . ~ . .
variables p,.’, and buffer variables pﬁ.j, je NP
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Note that in Algorithm 3, the tracking variable yﬁ“ is obtained rescaling zﬁfl by the

factor 1/ qbf,fl. In Algorithm 4, we absorbed the scaling 1/ (ﬁik,fl in the step size and use
directly zﬁfl as a proxy of the average gradient, eliminating thus the ¢-variables (and the
related o-, g-variables). Also, for notational simplicity and without loss of generality, we
assumed that the v- and p- variables are subject to the same delays (e.g., they are transmitted
within the same packet); same convergence results hold if different delays are considered.
We study now convergence of the scheme, under a constant step-size or diminishing,

uncoordinated ones.

5.3.1 Constant Step-size

Theorem 6.4.1 below establishes linear convergence of ASY-SONATA when F is strongly

convex.

Theorem 5.3.1 (Geometric convergence). Consider (P) under Assumption 5.2.2, and let x*
denote its unique solution. Let {(zF)™, }ren, be the sequence generated by Algorithm 4, under
Assumption 4.2.1, 4.5.2, and with weight matrices A and W satisfying Assumption 4.2.2 and
5.2.8. Then, there exists a constant 71 > 0 [cf. (5.26)] such that if ¥* = < 4, it holds

Mie(2*) & [|a* — 1, @ 2] = O(AY), (5.7)

with A € (0,1) given by
7 2K
1— ™52 if y € (0,%],
A= ? (5.8)
ptVIy iy € (),

where 41 and %, are some constants strictly smaller than 7, and J; = (1 — p)? /4.

Proof. See Sec. 5.3.3. [

When F' is convex (resp. nonconvex), we introduce the following merit function to mea-

sure the progresses of the algorithm towards optimality (resp. stationarity) and consensus:

* |

Mp(a*) 2 max{|VF@")|2, |2* - 1,, ® 2]}, (5.9)
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where zF £ [25T ... 2FT]T and 2% & (1/m)- 3", 2¥. Note that M is a valid merit function,
since it is continuous and Mp(x) = 0 if and only if all z;’s are consensual and optimal (resp.

stationary solutions).

Theorem 5.3.2 (Sublinear convergence). Consider (P) under Assumption 6.2.1 (thus pos-
sibly monconvex). Let {(x¥)™, }ren, be the sequence generated by Algorithm 4, in the same
setting of Theorem 6.4.1. Given 6 > 0, let Ty be the first iteration k € Ny such that
Mp(2%) < 8. Then, there exists a 7y, > 0 [cf. (5.35)], such that if v* = < 7, Ts = O(1/6).

The values of the above constants is given in the proof.

Proof. See Sec. 5.3.4. O

Theorem 6.4.1 states that consensus and optimization errors of the sequence generated
by ASY-SONATA vanish at a linear rate. We are not aware of any other scheme enjoying
such a property in such a distributed, asynchronous computing environment. For general,
possibly nonconvex instances of Problem (P), Theorem 6.4.2 shows that both consensus and
optimization errors of the sequence generated by ASY-SONATA vanish at O(1/§) sublinear
rate.

The choice of a proper stepsize calls for the estimates of 4; and 7, in Theorems 6.4.1 and
6.4.2, which depend on the following quantities: the optimization parameters L; (Lipschitz
constants of the gradients) and 7 (strongly convexity constant), the network connectivity pa-
rameter p, and the constants D and T due to the asynchrony (cf. Assumption 4.3.2). Notice
that the dependence of the stepsize on L;, 7, and p is common to all the existing distributed
synchronous algorithms and so is that on 7" and D to (even centralized) asynchronous al-
gorithms [64]. While L;, 7, and p can be acquired following approaches discussed in the
literature (see, e.g., [100, Remark 4]), it is less clear how to estimate D and T, as they are
related to the asynchronous model, generally not known to the agents. As an example, we
address this question considering the following fairly general model for the agents’ activations
and asynchronous communications. Suppose that the length of any time window between
consecutive “push” steps of any agent belongs to [Pmin, Pmax|, for some puax > pmin > 0, and
one agent always sends out its updated information immediately after the completion of its

“push” step. The traveling time of each packet is at most D*. Also, at least one packet
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is successfully received every D' successive one-hop communications. Note that there is a
vast literature on how to estimate D' and D', based upon the specific channel model under
consideration; see, e.g., [103], [104]. In this setting, it is not difficult to check that one can
set T = (m — 1) [Pmax/Pmin| + 1 and D = m [DY /ppin] D®. To cope with the issue of esti-
mating J; and s, in the next section we show how to employ in ASY-SONATA diminishing,

uncoordinated stepsizes.

5.3.2 Uncoordinated diminishing step-sizes

The use of a diminishing stepsize shared across the agents is quite common in synchronous
distributed algorithms. However, it is not clear how to implement such option in an asyn-
chronous setting, without enforcing any coordination among the agents (they should know
the global iteration counter k). In this section, we provide for the first time a solution to
this issue. Inspired by [105], our model assumes that each agent, independently and with no
coordination with the others, draws the step-size from a local sequence {a'};en,, according

4

to its local clock. The sequence {7*}en, in (5.6) will be thus the result of the “uncoordi-
nated samplings” of the local out-of-sync sequences {a'}yen,. The next theorem shows that
in this setting, ASY-SONATA converges at a sublinear rate for both convex and nonconvex

objectives.

Theorem 5.3.3. Consider Problem (P) under Assumption 6.2.1 (thus possibly nonconvez).
Let {(xF)™ }een, be the sequence generated by Algorithm J, in the same setting of Theo-
rem 6.4.1, but with the agents using a local step-size sequence {a'}ien, satisfying o | 0 and

Sl =o00. Given § > 0, let Ts be the first iteration k € Ny such that Mp(x¥) < §. Then

thZC/é}, (5.10)

t=0

T, < inf{k €N,

where ¢ is a positive constant.

Proof. See Sec. 5.3.4. 0
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5.3.3 Proof of Theorem 6.4.1

We organize the proof in the following steps: Step 1: We introduce and study conver-
gence of an auxiliary perturbed consensus scheme, which serves as a unified model for the
descent and consensus updates in ASY-SONATA-the main result is summarized in Propo-
sition 5.3.1; Step 2: We introduce the consensus and gradient tracking errors along with a
suitably defined optimization error; and we derive bounds connecting these quantities, build-
ing on results in Step 1 and convergence of P-ASY-SUM-PUSH-see Proposition 5.3.2. The
goal is to prove that the aforementioned errors vanish at a linear rate. To do so, Step 3 in-
troduces a general form of the small gain theorem—Theorem 5.3.7-along with some technical
results, which allows us to establish the desired linear convergence through the boundedness
of the solution of an associated linear system of inequalities. Step 4 builds such a linear
system for the error quantities introduced in Step 2 and proves the boundedness of its so-
lution, proving thus Theorem 6.4.1. The rate expression (5.8) is derived in Appendix 5.6.3.
Through the proof we assume d = 1 (scalar variables); and define C, £ maXi=1, ., Li and

L&Y L.
Step 1: A perturbed asynchronous consensus scheme

We introduce a unified model to study the dynamics of the consensus and optimization
errors in ASY-SONATA, which consists in pulling out the tracking update (Step 5) and treat
the z-variables—the term —’ykzi’i in (5.6)-as an exogenous perturbation §¥. More specifically,
consider the following scheme (with a slight abuse of notation, we use the same symbols as

in ASY-SONATA):

vt = i+ 8, (5.11a)
k—dF
aht = w4+ > w7 (5.11Db)
JENR
ot =of af T =af v e v\ {if}, (5.11¢)

with given 20 € R, v/ = 0,t = —D,—D +1,...,0, for all i € V. We make the blanket

assumption that agents’ activations and delays satisfy Assumption 4.3.2.
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Let us rewrite (5.11) in a vector-matrix form. Define 2% £ [2F,.-- 2F]T and v* £

[vF, -+ v¥]T. Construct the (D + 2)m dimensional concatenated vectors
HF & [ka ok R L Uk'_DT]T §F & 5% e (5.12)
and the augmented matrix W’“, defined as
Wikik lfT:h:lk,
wik;, if r= i* h=j+ (df€ + 1)m;
WE 231 ifr=he{1,2,....2m}\ {i*,i* + m};
1, ifre{2m+1,2m+2,...,(D+2)m}U{i* +m} and h = r — m;
0, otherwise.
System (5.11) can be rewritten in compact form as
HM = WHHY 4 6%), (5.13)

The following lemma captures the asymptotic behavior of Wk,

Lemma 5.3.4. Let {W*}cn, be the sequence of matrices in (6.18), generated by (5.11),
under Assumption 4.3.2 and with W satisfying Assumption ?? (i), (ii). The following hold:

for all k € Ny, a) Wk s row stochastic; b) there erxists a sequence of stochastic vectors

{4*}ren, such that

21/(D + 2)m(1 + m~ K1)

1—m K

[t — 1t 7| < ot cp 2 (5.14)

Furthermore, ¥F > n=m®1, for all k >0 andi€ V.

Proof. The proof follows similar techniques as in [75], [76], and can be found in Appendix 5.6.5.

]

We define now a proper consensus error for (6.18). Writing H* in (6.18) recursively,

yields
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k
Hk+1 — Wk:OHO + Z Wk:lél, (515)
1=0
Using Lemma 6.6.1, for any fixed N € Ny, we have

N N
lim (WO H° + 3 WH6h) = 190 HO + 3 10t o,

ko0 1=0 1=0
Define k
x?ﬁ L wOTHO7 .’L’iJrl L l/JOTHO + ZWT& ke NO~ (516)
=0

Applying (5.16) inductively, it is easy to check that
AR A L NPT H L) (5.17)

We are now ready to state the main result of this subsection, which is a bound of the

consensus disagreement || H*+1 — 1$1kp+1 || in terms of the magnitude of the perturbation.

Proposition 5.3.1. In the above setting, the consensus error ||[H* — 1x§+1|| satisfies: for

all k € No, k
e+ 1050 < ot 0 | + 030 .
=0

Proof. The proof follows readily from (5.15), (5.16), and Lemma 6.6.1; we omit further
details. O

Step 2: Consensus, tracking, and optimization errors

1) Consensus disagreement: As anticipated, the updates of ASY-SONATA are also
described by (5.11), if one sets therein 6* = —*2k (with 2 satisfying Step 5 of ASY-
SONATA). Let h* and z}; be defined as in (5.12) and (5.16), respectively, with 6" = —*2f.

The consensus error at iteration k is defined as
B2 |HE -1k (5.18)

2) Gradient tracking error: The gradient tracking step in ASY-SONATA is an instance
of P-ASY-SUM-PUSH, with € = Vfik(xf,fl) — V fir(2%). By Proposition 4.4.1, P-ASY-
SUM-PUSH is equivalent to (4.25). In view of Lemma 4.4.4 and the following property
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1720 =, Vi) +3k ) <Vfit (zFh) — V fie (xft)) = ", Vfi(zF) where the first equality
follows from (4.30) and € = V fu (z5*") — V fi (25,) while in the second equality we used

41

L

= asj?, for j # i', the tracking error at iteration k along with the magnitude of the

tracking variables are defined as

k—1 -k k
Zik — ik Zik

A
, BEf £

z

EF & a— ijfi(xf), (5.19)

with &1 &0, i€ V. Let ¢* = [Vfi(2Y),..., V()T
3) Optimization error: Let z* be the unique minimizer of F. Given the definition of

consensus disagreement in (5.18), we define the optimization error at iteration k as

EF 2 ‘xﬁ — . (5.20)

Note that this is a natural choice as, if consensual, all agents’ local variables will converge
to a limit point of {x}}ren,.
4) Connection among E*, EF, E¥, and E*: The following proposition establishes bounds

on the above quantities.

Proposition 5.3.2. Let {2*, v, 2*}1en, be the sequence generated by ASY-SONATA, in the
setting of Theorem 6.4.1, but possibly with a time-varying step-size {y*}ren,. The error
quantities E*, EF, E* and E* satisfy: for all k € Ny,

z7

k
EFt <CopPE? 4+ Y p* 'y EL. (5.21a)
=0
k
Eftt <3CCr > pFt (Ei + WlEi) + C’opngO ; (5.21b)
1=0
EF < EF +Cpv/mE* + LEF (5.21c)

Further assume ¥* < 1/L, k € Ny; then

ErM< i ( ﬁ (1 — 7'7727t) ) (C’L\/EEi + E,f)vl + ﬁ (1 — Tr]zyt) E°, (5.21d)

=0 \t=l+1 t=0

where n € (0,1) is defined in Lemma 4.4.3 and T is the strongly convexity constant of F.
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Proof. Eq. (6.23) follows readily from Proposition 5.3.1.
We prove now (6.24). Recall 172% = g*. Using Lemma 4.4.4 with €® = V fi (mﬁfl) —
V fir(zh), we obtain: for alli € V,

z

k+1 k —k-+1
&g ’

I+1 l
:I/‘il - xil

< co (o] + S VA - ) <costlel + cuc ya
1=0 =0

< ol + cucu 3 — ] = ol + cocn 3 1+ ) - |
=0 =0

@ Co pngOH + CoCp, Xk:pk_lH (Wl — m) (Hl — 1:1:@) — vlzfzwleiz
1=0

k
< oo’ + coen 3 (HWWEi ‘ (nwln ; ||m||)Ei)
=0

L o]+ 3000 S o (B4 B
=0

where in (a) we used (6.18) and the row stochasticity of W* [Lemma 6.6.1(a)]; and (b)

follows from |[WH| < /[|W|1||W!||« < v/3. This proves (6.24).

Eq. (5.21¢) follows readily from

k

| < |eh - g+ it g" - VEGE)| + &7 [VE@E) - VE()

Finally, we prove (5.21d). Using (5.21c) and zt' = 2% — yyfizf [cf. (5.17) and recall

oF = —~2k], we can write

k+1 k k..k k
Eo+ = ‘.wa—’}/ ¢ikzik—x*

<AFuleht VR @) - g + Mok

k—1 -k k
gik g — Zk

+ |2k — APkl VR (ah) — 2

< (1= 7o) B + Cov/m|| B — 12| + A4 B}

< ﬁ (1=7n*) ) (CLv/mEL+ Ej)5' + ]1 (1= mn*") ES

t=I+1
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where in (a) we used n? < Y& < 1 (of. Lemma 4.4.3) and |z —yVF(z) —2*| < (1 —
77) |z — x*|, which holds for v < 1/L; (b) follows readily by applying the above inequality
telescopically. |

Step 3: The generalized small gain theorem

The last step of our proof is to show that the error quantities E¥, E¥, E¥ and E* vanish
linearly. This is not a straightforward task, as these quantities are interconnected through
the inequalities (5.21). This subsection provides tools to address this issue. The key result

is a generalization of the small gain theorem (cf. Theorem 5.3.7), first used in [100].

Definition 5.3.1 (100]). Given the sequence {u*},, a constant X € (0,1), and N € N, let
us define

]
lu|™ = max ‘— |ul" = sup —
keNg A

If |u]’\ is upper bounded, then u* = O(XF), for all k € N.

The following lemma shows how one can interpret the inequalities in (5.21) using the

notions introduced in Definition 6.6.1.

Lemma 5.3.5. Let {u*}$, {vF}2,,i=1,...,m, be nonnegative sequences; let \g, A1, . .., Am €

(0,1); and let Ry, Ry, ..., Ry, € Ry such that

m k
W< Ro(Mo)f + DR (W), Yk € N
i=1 =0

Then, there holds

R =R
[l <o+ S Y MY

i=1

bl

77777

Proof. See Appendix 5.6.1. O
Lemma 5.3.6. Let {u*}2, and {vF}2, be two nonnegative sequences. The following hold

a. uF < ¥, for all k € Ng = [u]™ < o], for any A € (0,1) and N € N;
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|Bru + Bov| MY < 1B [uMN + | Ba] [0
for any By, B2 € R, A € (0,1), and positive integer N.
The major result of this section is the generalized small gain theorem, as stated next.

Theorem 5.3.7. (Generalized Small Gain Theorem) Given nonnegative sequences {uf}2,,i =

1,...,m, a non-negative matrizx T € R™™ 5 € R™, and A € (0,1) such that

uM g TuMY + 3, VN €N, (5.22)

where w™N 2 [Jug MY MY TL I p(T) < 1, then |w]” is bounded, for alli=1,... m.

That is, each uf vanishes at a R-linear rate O(\F).

Proof. See Appendix 5.6.2. O

Then following results are instrumental to find a sufficient condition for p(7") < 1.

Lemma 5.3.8. Consider a polynomial p(z) = 2™ — a12m = a2 2 — . — 12—, With

z€Canda € Ry, i=1,...m. Define z, £ max{]zi| p(z) =0, i= 1,...,m}. Then,

2, < 1 if and only if p(1) > 0.
Proof. See Appendix 5.6.4. O
Step 4: Linear convergence rate (proof of Theorem 6.4.1)

Our path to prove linear convergence rate passes through Theorem 5.3.7: we first cast
the set of inequalities (5.21) into a system in the form (5.22), and then study the spectral
properties of the resulting coefficient matrix.

Given v < 1/L, define £() £ 1 — 7n%*y; and choose A € R such that
max (p, L(7)) < A < 1. (5.23)

Note that L£(v) < 1, as 7 < 1/L; hence (5.23) is nonempty.
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Applying Lemma 5.3.5 and Lemma 5.3.6 to the set of inequalities (5.21) with v¥ = v, we
obtain the following with b; £ Crv/m, by = 3C,Cp:

B ] 0 b 1 L[ MY 0
B @ g g o || |EM (1 + C;)ES
N —P N . . (5.24)
B o0 o || BN cole’l 4 By
AN b AN
LB L0 sz sz O LIBIT | | BPED

By Theorem 5.3.7, to prove the desired linear convergence rate, it is sufficient to show that
p(K) < 1. The characteristic polynomial px(t) of T satisfies the conditions of Lemma 5.3.8;
hence p(K) < 1 if and only if px (1) > 0, that is,

Ly ) by Lboyy )Cﬂ ( Ly ) bay &
1+ + by + + 1+ 2 B\ ) < 1.
(( N—L)) x—p TN =LM)) A=) N L)) h—p ”( |
5.25

By the continuity of B(\;v) and (5.23), ®B(1;vy) < 1 is sufficient to claim the existence

of some A € (max (p, £(7)),1) such that B()\;y) < 1. Hence, setting B(1;7) < 1, yields
0 < vy <, with

5 A 7—772(1 - P)2
LT (2 4 L)bo(Co + 1 — p) + (b + Lby)Co(1 — p)’

(5.26)

It is easy to check that 4, < 1/L. Therefore, 0 < vy < #; is sufficient for E¥, EF, E* E¥ to
F—a* = O(\F), i eV, follows readily
from EF = O(\*) and E¥ = O(AF). The explicit expression of the rate A, as in (5.8), is

:U*

vanish with an R-Linear rate. The desired result, |z

derived in Appendix 5.6.3.

5.3.4 Proof of Theorems 6.4.2 and 5.3.3

Through the subsection, we use the same notation as in Sec.5.3.3. - Preliminaries We
begin establishing a connection between the merit function My defined in (5.9) and the error

quantities E¥ EF and E¥ defined in (5.18), (5.19), and (5.20) respectively.
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Lemma 5.3.9. The merit function Mg satisfies
Mp(a%) < Cy (EF)? + 3072 ((Ef)? + (E)?), (5.27)

with Cy 2 3C3m + 2L 4+ 6C,, L + 4.

Proof. Define J = (1/m) - 117 and z¥ £ (1/m) - 172*; and recall the definition of &F (cf.
Lemma 4.4.3) and that xffl = ay, — Y*Pfi2fi. [cf. (5.17)]. We have

Mp(a*) < [VF@)| + o — 1242 (5.28)
< |VP@")|" + 22t — 1252 + 2|1ty — 125 (5.29)
< |[VP@)|" + 2t — 122 + 2|7 (12— o) [

< |[vF@)| + ]2t — 1282 (5.30)

We bound now ’VF(QZ”“) ; we have

’VF(;E’“)‘ < 'VF(;U@)\ 1L ]xk - xf;\

< |VF(f) - | + 9" — (&) "l + () 7|

+ \/L%HJ (o* = 128) | (5.31)

L
< (C’L\/E‘F W) Eig ‘I‘T]_l Ef‘{‘?’]_l Ef,

where in the last inequality we used & > 7 for all k& (cf. Lemma 4.4.3) and ||.J(2* — 12| <
EF,
Eq. (5.27) follows readily from (5.30) and (5.31). O
Our ultimate goal is to show that the RHS of (5.27) is summable. To do so, we need two

further results, Proposition 5.3.3 and Lemma 5.3.10 below. Proposition 5.3.3 establishes a

connection between F(z;*') and E¥, Ef, and E¥.

Proposition 5.3.3. In the above setting, there holds: k € Ny,
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(£2)*(+)"

M=

Fag™) < F(xf) + ; (L+at+p7)

t

. (5.32)

k
— ) (B + SOkm Y (BL? +
t=0

t=0

Y (B

t=0

CTRe'S

where o and B are two arbitrary positive constants.

Proof. By descent lemma, we get

F(aft) < F(af) + 7 ¢l (VF(ah), —2h) +

1

k
Zik

Ly e N _
% + ol ()7 ek, =) + Ml (VF(h) — g% —2h)

b (g — (€ 2k, — )

Ly e 2 m
zi —yFn |k +’y’“CLZ’xfp —:Lﬂ
=

< F(a) +

+ T S |2

k

2 1
L7k2 k|2 k| k|2 k k

2 Zik - 7 77 Zik + P}/ CL\/EEC
L2 2 2« a ! 2 9

9 k= || + EC%T”(E?V + 5 7+ bl (Ef)* + D

(a4 57) (BOA — n(BR + SC3m(E? + Do (LY

k k, -1k |k
Zik +f}/77 Et Zik

2 b -2 g

1

2

1

(v*)?

< F(af) +

1

Applying the above inequality inductively one gets (5.32). O
The last result we need is a bound of ¥ (E!)? and Y (E!)? in (5.32) in terms of
SE (B0
Lemma 5.3.10. Define

e

A 36(CoCL)” (2C3 + (1= p)?)
RN ‘

e (=)

The following holds: k € N,

k
(E£)2 < e+ 0 Z(EZ)Q(Vt)za

t=0
; (5.33)

(B <ci+or ZO(EDQ(’W)Q?

M- LM

T
o
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where c. and ¢; are some positive constants.

Proof. The proof follows from Proposition 5.3.2 and Lemma 5.3.11 below, which is a variant

of [106] (its proof is thus omitted).

Lemma 5.3.11. Let {u*}3°,, {vF}2,,i = 1,...,m, be nonnegative sequences; \ € (0,1);
and Ry € Ry such that i
uP Tt < R 4 Z Ne=tyt,

1=0
Then, there holds: k € N,
r 2R? 2 &
g(ulf <@+ T Et A g(vl)z'
0
Using (5.33) in (5.32), we finally obtain
k
Y (BN (n—1'Cula, B)) < F(xy) — F™ + Cs(av, 8) (5.34)

t=0

with Cy(a, B) £ (1/2) (L+a ' +874-C2mag.+n2Bo;:) and Cs(a, B) = (1/2) (C¥mac,. + n~2Bey);
and F'™ > —oco is the lower bound of F.

We are now ready to prove Theorems 6.4.2 and 5.3.3.
- Proof of Theorem 6.4.2 Set v* = v, for all k € Ny. By (5.34), one infers that 30°, Ef <
oo if 7 satisfies 0 < v < A(a, ), with Ya(a, B) = n/Cy(a, B).Note that 7o (c, 3) is maximized
setting o = a* = (C’L\/m_gc)_l and f = [* = 779;1/2, resulting in

Fa(a*, B%) = (20) /(L + 20 /mo. + 20/ 0:).- (5.35)

Let 0 < v < Aa(a*, 5*). Given § > 0, let Ts be the first iteration k& € Ny such that
Mp(2*) < 6. Then we have

T5—1 00 (5.27) ) )
Ts-6 < > Mp(a®) <Y Mp(2¥) < C3Y(EF)?*+3072Y ((Ef)2 + (E§)2)
k=0 k=0 k=0 k=0

5 22) (F 0 inf * Ik
<o<33)é(o434) F(%) — F™ + C5(a*, 5*)

-Cg+C- < o0
y(n —~vCy(ar, 5%)) ot
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where Cs = Cs0.(7)? + 3772 (0:(7)? + 1) and Cy is some constant. Therefore, Ty = O(1/4).
- Proof of Theorem 5.3.3.

We begin showing that the step-size sequence {v'},en, induced by the local step-size se-
quence {a'}ien, and the asynchrony mechanism satisfying Assumption 4.3.2 is nonsummable.

The proof is straightforward and is thus omitted.

Lemma 5.3.12. Let {7'}en, be the global step-size sequence resulted from Algorithm 4,
under Assumption 4.3.2. Then, there hold: limy 7" = 0 and Y72, +" = oo.

Since limy_ooy' = 0, there exists a sufficiently large k € N, say k, such that n —
V*Cy(a*, B*) > n/2 for all k > k. Tt is not difficult to check that this, together with
(5.34), yields 322 o (E¥)?4* < 0o. We can then write

( o
Z Mp ()7 Z C Z EFPy*+ 3072 Y (B + (B5)?) 7 < G, (5.36)
k=0

for some finite constant Cg, where in the last inequality we used (5.33), 3232,(E*)?y* < oo
and lim;_,o, 7' = 0.

Let N5 £ inf {k‘ € Ny : Zf:o > 08/5}. Note that Nj exists, as > 7—, V¥ = oo (cf.
Lemma 5.3.12). Let T5 £ inf {k: €Ny : Mp(2*) < 5}. It must be T5 < Njs. In fact, suppose
by contradiction that T5 > Nj; and thus Mp(2z*) > 6, for 0 < k < Ns. It would imply
S Mp(a*)y* > § 0 v% > 6-(Cs/8) = Cs, which contradicts (5.36). This proves (5.10).

5.4 Numerical Results

We test ASY-SONATA on the least square regression and the binary classification prob-
lems. The MATLAB code can be found at https://github.com/YeTian-93/ASY-SONATA.

5.4.1 Least square regression

In the LS problem, each agent i aims to estimate an unknown signal z, € R? through

linear measurements b = Mz + d;, where M; € R4*? is the sensing matrix, and d; € R%

158


https://github.com/YeTian-93/ASY-SONATA
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Figure 5.1. Directed graphs: optimality gap J* versus number of rounds.

is the additive noise. The LS problem can be written in the form of (P), with each fi(z) =
[ Miz — b,

Data: We fix xq with its elements being i.i.d. random variables drawn from the standard
normal distribution. For each M;, we firstly generate all its elements as i.i.d. random
variables drawn from the standard normal distribution, and then normalize the matrix by
multiplying it with the reciprocal of its spectral norm. The elements of the additive noise d;
are i.i.d. Gaussian distributed, with zero mean and variance equal to 0.04. We set d = 200
and d; = 30 for each agent. Network model: We simulate a network of m = 30 agents.
Each agent i has 3 out-neighbors; one of them belongs to a directed cycle graph connecting
all the agents while the other two are picked uniformly at random. Asynchronous model:
Agents are activated according to a cyclic rule where the order is randomly permuted at the
beginning of each round. Once activated, every agent performs all the steps as in Algorithm 4
and then sends its updates to all its out-neighbors. Each transmitted message has (integer)
traveling time which is drawn uniformly at random within the interval [0, D*]. We set
D% = 40.

We test ASY-SONATA with a constant step size v = 3.5, and also a diminishing step-
size rule with each agent updating its local step size according to o/ = ot (1 — 0.001 - o)

and o = 3.5; as benchmark, we also simulate its synchronous instance, with step size
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A

v = 0.8. In Fig. 5.1, we plot J* £ (1/m) \/Z ", ||zF — 2*]|3 versus the number of rounds
(one round corresponds to one update of all the agents). The curves are averaged over
100 Monte-Carlo simulations, with different graph and data instantiations. The plot clearly
shows linear convergence of ASY-SONATAwith a constant step-size.

5.4.2 Binary classification

In this subsection, we consider a strongly convex and nonconvex instance of Problem (P)
over digraphs, namely: the regularized logistic regression (RLR) and the robust classification

(RC) problems. Both formulations can be abstracted as:

mm— Z Z V(y; - Co(uy)) + )\HVE

i=1 jeD;

(5.37)

where D = U, D; is the set of indices of the data distributed across the agents, with agent
i owning D;, and D; N Dy = (), for all i # [; u; and y; € {—1,1} are the feature vector
and associated label of the j-th sample in D; ¢,(-) is a linear function, parameterized by x;
and V is the loss function. More specifically, if the RLR problem is considered, V' reads
V(r) = while for the RC problem, we have [107]

1
1+e—"
0, ifr>1;

7“3—%7"—1—%, if —1<r<1;

1, if r < —1.

Data: We use the following data sets for the RLR and RC problems. (RLR): We set
ly(u) = zTu, d = 100, each |D;| = 20, and A = 0.01. The underlying statistical model is the
following: We generated the ground truth  with i.i.d. N(0,1) components; each training
pair (u;,v;) is generated independently, with each element of u; being i.i.d. N(0,1) and y;
is set as 1 with probability V' (¢z(u;)), and —1 otherwise. (RC): We use the Cleveland Heart
Disease Data set with 14 features [37], preprocessing it by deleting observations with missing
entries, scaling features between 0-1, and distributing the data to agents evenly. We set

l.(u) = elsz + S5k ej v eju. Network model: We simulated a digraph of m = 30 agents.
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Each agent has 7 out-neighbors; one of them belongs to a directed cycle connecting all the
agents while the other 6 are picked uniformly at random. One row and one column stochastic
matrix with uniform weights are generated. Asynchronous model: a) Activation lists are
generated by concatenating random rounds. To generate one round, we first sample its length
uniformly from the interval [m,T], with T = 90. Within a round, we first have each agent
appearing exactly once and then sample agents uniformly for the remaining spots. Finally
a random shuffle of the agents order is performed on each round; b) Each transmitted
message has (integer) traveling time which is sampled uniformly from the interval [0, D*],
with D% = 90.

We compare the performance of our algorithm with AsySubPush [108] and AsySPA [109].
AsySubPush and AsySPA differ from ASY-SONATA in the following aspects: i) they do
not employ any gradient tracking mechanism; ii) they cannot handle packet losses and purge
out old information from the system (information is used as it is received); iii) when F
is strongly convex, they provably converge at sublinear rate; and iv) they cannot handle
nonconvex F'. The step sizes of all algorithms are manually tuned to obtain the best practical
performance. We run two instances of ASY-SONATA, one employing a constant step size
v = 0.4 and the other one using the diminishing step size rule a/*! = af (1 —0.001 - o),
where o’ = 0.5 and ¢ is the local iteration counter. For AsySubPush (resp. AsySPA) we set,
for each agent i, a; = 0.0001 (resp. p(k) = ¢/Vk with ¢ = 0.01) in RLC and a; = 0.00001
(resp. p(k) = ¢/vk with ¢ = 0.001) in RC. The result is averaged over 20 Monte Carlo
experiments with different digraph instances, and is presented in Fig. 5.2; for each algorithm,
we plot the merit functions M. (left panel) and My (right panel) evaluated in the generated
trajectory versus the global iteration counter k. Consistently with the convergence theory,
ASY-SONATA with a constant step size exhibits a linear convergence rate. Also, ASY-
SONATA outperforms the other two algorithms; this is mainly due to i) the presence in
ASY-SONATA of an asynchronous gradient tracking mechanism which provides, at each
iteration, a better estimate of VF'; and ii) the possibility in ASY-SONATA to discard old

information when received after a newer one [cf. (4.11)].
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Figure 5.2. L: regularized logistic regression; R: robust classification.

5.5 Conclusions

We proposed ASY-SONATA, a distributed asynchronous algorithmic framework for con-
vex and nonconvex (unconstrained, smooth) multi-agent problems, over digraphs. The algo-
rithm is robust against uncoordinated agents’ activation and (communication/computation)
(time-varying) delays. When employing a constant step-size, ASY-SONATA achieves a linear
rate for strongly convex objectives—matching the rate of a centralized gradient algorithm—
and sublinear rate for (non)convex problems. Sublinear rate is also established when agents
employ uncoordinated diminishing step-sizes, which is more realistic in a distributed setting.
To the best of our knowledge, ASY-SONATA is the first distributed algorithm enjoying the

above properties, in the general asynchronous setting described in the chapter.
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5.6 Appendix: Proofs of Theorems

5.6.1 Proof of Lemma 5.3.5
Fix N € N, and let k such that 1 < k+1 < N. We have:
Uk+1 RO )\0 b m Ri K )\i hel U~l
<[ 720 M M Ji
Ak+1—A<A 2323

m EONTY R, ™ R
+Z*| NZ<)\> §70+Z/\_>\1|U1|A’N.

=0

Hence,

Ry <\ R Ry <\ R
lul™ < max <u0, 7“ + ; T |vi|AvN> <+ 7" + ; T lw| M. O

5.6.2 Proof of Theorem 5.3.7

From [110, Ch. 5.6], we know that if p(T) < 1, then limy_,o, T* = 0, the series 332, T*
converges (wherein we define 7% = m), m — T is invertible and 332, 7% = (m — T)~*

Given N € N, using (5.22) recursively, yields: u» < TuM +3 < T (TuA’N + /3) + 8=
T2 + (T+m)B < - < T + XL TFB, for any £ € N. Let £ — oo, we get
uMN < (m—T)~1 4. Since this holds for any given N € N, we have u* < (m —T)~1. Hence,

u” is bounded, and thus each uf vanishes at an R-linear rate O(\F). O]

5.6.3 Proof of the rate decay (5.8) in Theorem 6.4.1

Let A > L(v) + ey, with € > 0 to be properly chosen. Then,

L\ byy LN b Lby\ Cay
Ay) < (14— 14— +b+— : 5.38
B( 77)_( +6>/\—,0+<< +e>)\—p L 6>>\—p ( )

Using A — p < 1, a sufficient condition for Eq. (5.25) is [RHS less than one]

LbyCy

<b102 + (1 f) ba(1+ 02)) V< (= ). (5.39)
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Now set € = (71%)/2. Since the RHS of the above inequality can be arbitrarily close to
(1 — p)?, an upper bound of  is

40 2 (1-p) / <b102+2“’202 <1+2L) b2(1+02)>

n? Tn?
S
According to A > L(7) + ey and (5.39), we get
Ty
A=max |1— 5 P + 1/ J1v | - (5.40)

Notice that when v goes from 0 to A, the first argument inside the max operator decreases

from 1 to 1 — (71%*42)/2, while the second argument increases from p to 1. Letting 1 — @ =

———— 2
p++/J17y, we get the solution as 4; = ( J1+2m7i§;—p)—\/3> . The expression of A as in (5.8)

follows readily. |

5.6.4 Proof of Lemma 5.3.8

“«=:" From p(1) > 0, we know that >I", a; < 1. We prove by contradiction. Suppose

there is a root z, of p(z) satisfying |z.| > 1, then we have

—1 —2
2 =a12]" a4 Q124 F Q.

Clearly z. # 0, so equivalently

1 1 1 1
1:a17+a2?+...+am,1ﬁ+am7m.
Further,

1 1 1 1

1= a17+a2?+...+amflm+am7m
1 1 1 1

S a1 — +a T2 + ...+ Qm—1 m—1 + Qm m

EAR EA |24

<ar+a+ ...+ ayp_1 +a, <1
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This is a contradiction.
“=" If p(1) = 0, we clearly have that z, > 1. Now suppose p(1) < 0. Because
lim,eg »s 400 P(2) = 400 and p(z) is continuous on R, we know that p(z) has a zero in

1,+00) C R. Thus z, > 1. O]
(1, +o0) p

5.6.5 Proof of Lemma 6.6.1

We interpret the dynamical system (6.18) over an augmented graph. We begin construct-
ing the augmented graph obtained adding virtual nodes to the original graph G = (V, ). We
associate each node i € V with an ordered set of virtual nodes i[0],i[1],...,i[D]; see Fig. 5.3.
We still call the nodes in the original graph G as computing agents and the virtual nodes as
noncomputing agents. We now identify the neighbors of each agent in this augmented sys-
tem. Any noncomputing agent i[d], d = D, D — 1,--- ,1, can only receive information from
the previous virtual node i[d — 1]; i[0] can only receive information from the real node i or
simply keep its value unchanged; computing agents cannot communicate among themselves.

O- O- O
l Z J
(a) Snapshot of the original graph

2] ) o] i2) 1] o] Vbt

O0Q S
g & o

1 7 J

Jl[0]

]
-Q

(b) Augmented graph associated with (a)

Figure 5.3. Example of augmented graph, when the maximum delay is D = 2;
three noncomputing agents are added for each node i € V.

At the beginning of each iteration k, every computing agent i € V will store the informa-
tion z¥; whereas every noncomputing agent i[d], with d = 0,1,--- , D, will store the delayed
information v¥~?. The dynamics over the augmented graph happening in iteration k is de-
scribed by (6.18). In words, any noncomputing agent i[d] withi € Vandd=D,D—1,--- |1

receives the information from i[d — 1]; the noncomputing agent i*[0] receives the perturbed
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information z% + ¢* from node i¥; the values of noncomputing agents j[0] for j € V' \ {i*}
remain the same; node i* sets its new value as a weighted average of the perturbed infor-
mation zf + 6 and vjk i s received from the virtual nodes j[df]’s for j € Nj; and the
values of the other computing agents remain the same. The dynamics is further illustrated
in Fig. 5.4. The following Lemma shows that the product of a sufficiently large number of

any instantiations of the matrix Wk, under Assumption 4.3.2, is a scrambling matrix.

Jl2]

%@3@@

2] 1] o] i* i*[1]

1 i* Wik e J

Figure 5.4. The dynamics in iteration k. Agent i* uses the delayed informa-
tion v/~! from the virtual node j[1].

Lemma 5.6.1. Let {I//I\/k}keNO be the sequence of augmented matrices generated according to
the dynamical system (5.11), under Assumption 4.3.2, and with W satisfying Assumption 77
(i), (ii). Then, for any k € Ny, W* is row stochastic and W E1=Y% has the property that

all entries of its first m columns are uniformly lower bounded by n.

Proof. We study any entry VVI“J’K1 ! with m € V and h € V. We prove the result by

considering the following four cases.

(i) Assume h = m € V. Since W}, > m for any k € Ny and any h € V, we have WiHs—1% >
M=yt > ms for Vk € Ng, Vs € Nand Vh € V.

(ii) Assume that (m, h) € €. Suppose that the first time when agent h wakes up during the

time interval [k + T + D,k + 2T + D — 1] is s, and agent h uses the information v from

the noncomputing agent mld]. Then we have

m

Then suppose that the last time when agent m wakes up during the time interval [s — d —

T,s—d—1]is s —d—t. The noncomputing agent m/[0] receives some perturbed information

166



from agent m at iteration s—d—t and then performs self-loop (i.e., keep its value unchanged)

during the time interval [s —d —t+ 1,5 — d — 1]. Thus we have

Woidhm s = W T W =11

v

Therefore we have

T17k+2T+D—1:k T17k+2T+D—1:s+1757s:s—d {17s—d—1:s—d—t{grs—d—t—1:k
Wkt > Wk Wi Wt W,

> mk+2T+D 5— 17d+17t lms d—t—k > 2T+D

Further we have

W k+K1—1 > W k+K1— 1k+2T+Dwk+2T+D 1:k > ~ K1-2T—-D 72T+D mKl.

(iii) Assume that m # h and (m,h) € ¥V x V' \ €. Because the graph (V,€) is connected,

there are mutually different agents iy,...,i, with r < m — 2 such that
(ma il)a (11712)7 teey (ir—la ir)a (i’l‘v h) C 57

which is actually a directed path from m to h. Then, by result proved in (ii), we have

Wk+ m—1)(2T+D)—1:k
17k+(m—1)(2T+D)—1:k+(r+1)(2T+D) Wk+ (r+1)(2T+D)—1:k+r(2T+D) Wk+2(2T+D) 1: k+2T+DWk+2T+D 1:k
hh hir ioiy itm

> qm=r=2@T+D) 7 mrHDET+D) _ = (m=1)(2T+D)

Then we can easily get

17 —1: Trrk+ K1 —1:k+ 1)(2T+D) 77k (2T+D)—1:k
W}]f;’;Kl 1:k W +Ki1— (m ) W +(m )( + )

—(m=1)(2T+D) 7 (m=1)(2T+D) _ 7 K1

> m m
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(iv) If A is a noncomputing node, it must be affiliated with a computing agent j € V, i.e.,

there exists 0 < d < D such that h = j[d]. Then we have

Sk K — Lk K ShtKi—1 Tkt Ki—d
Wi~ = Widgaty - Wiy * =1

Suppose that the last time when agent j wakes up during the time interval [k + K7 — d —
T k+ K; —d—1]is s. We have

ri7k+K1—d—1:s T17k+K1—d—1:s+17517s
Wiy = Wi Wi =1

By results proved before, we have

TSk Ki— Lk (kK1 —1:k+ K1 —d ik K1 —d—1:s7575—1ik+(m—1)(2T+D) t57k+(m—1)(2T+D)—1:k
Wi ™ 2 W Wi W Wim

>1.1- 75—k (m=1)(2T+D) = (m—1)(2T+D) > ke

Based on Lemma 5.6.1, we get the following result according to the discussion in [75].

Lemma 5.6.2. In the setting above, there exists a sequence of stochastic vectors {{*}ren,

such that for any k >t >0,

200 +m %) o,
1—m& 7

7 1T <

Furthermore, Y% > n =m®t for allk >0 andi€ V.

The above result leads to Lemma 6.6.1 by noticing that

[WEt — 19| < (D + 2)m|[ 04 — 1917 < Coptt.
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6. ASYNCHRONOUS DECENTRALIZED ALGORITHM -
PART III: ASY-DSCA

In this chapter, we propose the asynchronous distributed algorithm ASY-DSCA for multi-
agent optimization over static digraphs. Compared to the algorithm ASY-SONATA proposed
in the previous chapter, ASY-DSCA is meant for general nonsmooth constrained problems.
When the objective function is nonconvex, ASY-DSCA provably converges to a stationary
solution at a sublinear rate. ASY-DSCA converges at an R-linear rate to the optimal solution
when the problem is convex and satisfies the Luo-Tseng error bound condition, which is
weaker than the strong convexity. This is another improvement on the result of the previous
chapter, as a strongly convex objective function is required for ASY-SONATA to converge
linearly. The Luo-Tseng error bound condition is satisfied by several non-strongly-convex
functions arising from machine learning applications; examples include LASSO and logistic
regression problems. ASY-DSCA is the first distributed algorithm provably achieving linear

rate for such a class of problems.

The novel results of this chapter are available online at

e Ye Tian, Ying Sun, and Gesualdo Scutari. ”Asynchronous decentralized successive

convex approximation.” arXiv preprint arXiv:1909.10144 (2019).
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6.1 Introduction

In this chapter, we introduce ASY-DSCA, the first distributed asynchronous algorithm
[in the sense (i) and (ii) discussed in Sec. 4.1] applicable to the composite, constrained op-
timization (P). ASY-DSCA builds on successive convex approximation techniques (SCA)
[111]-[114]-agents solve strongly convex approximations of (P)-coupled with a suitably de-
fined perturbed push-sum mechanism that is robust against asynchrony, whose goal is to
track locally and asynchronously the average of agents’ gradients. No specific activation
mechanism for the agents’ updates, coordination, or communication protocol is assumed,
but only some mild conditions ensuring that information used in the updates does not be-
come infinitely old. We remark that SCA offers a unified umbrella to deal efficiently with
convex and nonconvex problems [111]-[114]: for several problems (P) of practical interest
(cf. Sec. 6.2.1), a proper choice of the agents’ surrogate functions to minimize leads to
subproblems that admit a closed form solution (e.g., soft-thresholding and/or projection to
the Euclidean ball). ASY-DSCA generalizes ASY-SONATA | by i) enabling SCA models in
the agents’ local updates; and ii) enlarging the class of optimization problems to include
constraints and nonsmooth (convex) objectives.

We are not aware of any provably convergence scheme applicable to the envisioned de-
centralized asynchronous setting and Problem (P)-specifically in the presence of constraints
or the nonsmooth term G—see Sec. 6.1.1 for a discussion of related works. This chapter fills

exactly this gap.

6.1.1 Literature Review

On the asynchronous model: The literature on asynchronous methods is vast; based
upon agents’ activation rules and assumptions on delays, existing algorithms can be roughly
grouped in three categories. 1) Algorithms in [87]-[92] tolerate delayed information but
require synchronization among agents, thus fail to meet the asynchronous requirement (i)
above. 2) On the other hand, schemes in [33], [83]-[86], [115], [116] accounts for agents’
random (thus uncoordinated) activation; however, upon activation, they must use the most

updated information from their neighbors, i.e., no delays are allowed; hence, they fail to
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meet requirement (ii). 3) Asynchronous activations and delays are considered in [93]-
[95], [97], [98] and [77], [96], [108], [117], [118], with the former (resp. latter) schemes
employing random (resp. deterministic) activations. Some restrictions on the form of delays
are imposed. Specifically, [77], [93]-[95] can only tolerate packet losses (either the information
gets lost or is received with no delay); [108] handles only communication delays (eventually
all the transmitted information is received by the intended agent); and [97], [98] assume that
the agents’ activation and delay as independent random variables, which is not realistic and
hard to enforce in practice [80].

The only schemes we are aware of that are compliant with the asynchronous model (i)
and (ii) are those in [117], [118]; however, they are applicable only to smooth unconstrained
problems. Furthermore, all the aforementioned algorithms but [95], [117] are designed only
for convez objectives U.

On the convergence rate: Referring to convergence rate guarantees, none of the aforemen-
tioned methods is proved to converge linearly in the asynchronous setting and when applied
to nonsmooth constrained problems in the form (P). Furthermore, even restricting the focus
to synchronous distributed methods or smooth unconstrained instances of (P), we are not
aware of any distributed scheme that provably achieves linear rate without requiring U to
be strongly convex; we refer to [10] for a recent literature review of synchronous distributed
schemes belonging to this class. In the centralized setting, linear rate can be proved for first
order methods under the assumption that U satisfies some error bound conditions, which
are weaker than strongly convexity; see, e.g., [119]-[122]. A natural question is whether such
results can be extended to (asynchronous) decentralized methods. This chapter provides a

positive answer to this open question.

6.1.2 Summary of Contributions

e Convergence rate: Our convergence results are the following: i) For general nonconvex
F in (P), a sublinear rate is established for a suitably defined merit function measuring both
distance of the (average) iterates from stationary solutions and consensus disagrement; ii)

When (P) satisfies the Luo-Tseng (LT) error bound condition [121], we establish R-linear
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convergence of the sequence generated by ASY-DSCA to an optimal solution. Notice that
the LT condition is weaker than strong convexity, which is the common assumption used in
the literature to establish linear convergence of distributed (even synchronous) algorithms.
Our interest in the LT condition is motivated by the fact that several popular objective
functions arising from machine learning applications are nonstrongly convex but satisfy the
LT error bound; examples include popular empirical losses in high-dimensional statistics
such as quadratic and logistic losses—see Sec.6.2.2 for more details. ASY-DSCA is the first
asynchronous distributed algorithm with provably linear rate for such a class of problems
over networks; this result is new even in the synchronous distributed setting.
e New line of analysis: We put forth novel convergence proofs, whose main novelties are
highlighted next.
- New Lyapunov function for descent Our convergence analysis consists in carefully
analyzing the interaction among the consensus, the gradient tracking and the nonconvex-
nonsmooth-constrained optimization processes in the asynchronous environment. This in-
teraction can be seen as a perturbation that each of these processes induces on the dynamics
of the others. The challenge is proving that the perturbation generated by one system
on the others is of a sufficiently small order (with respect to suitably defined metrics), so
that convergence can be established and a convergence rate of suitably defined quantities
be derived. Current techniques from centralized (nonsmooth) SCA optimization methods
[111]-[114], error-bound analysis [121], and (asynchronous) consensus algorithms, alone or
brute-forcely put together, do not provide a satisfactory answer: they would generate “too
large” perturbation errors and do not exploit the interactions among different processes. On
the other hand, existing approaches proposed for distributed algorithms are not applicable
too (see Sec. 6.1.1 for a detailed review of the state of the art): they can neither deal with
asynchrony (e.g., [10]) or be applicable to optimization problems with a nonsmooth function
in the objective and/or constraints.

To cope with the above challenges our analysis builds on two new Lyapunov functions, one
for nonconvex instances of (P) and one for convex ones. These functions are carefully crafted
to combine objective value dynamics with consensus and gradient errors while accounting

for asynchrony and outdated information in the agents’ updates. Apart from the specific
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expression of these functions, a major novelty here is the use in the Lyapunov functions
of weighting vectors that endogenously vary based upon the asynchrony trajectory of the
algorithm—see Sec.6.6 (Step 2) and Sec.6.7 (Remark 6.7.1) for technical details. The descent
property of the Lyapunov functions is the key step to prove that consensus and tracking
errors vanish and further establish the desired converge rate of valid optimality /stationarity
measures.

- Linear rate under the LT condition The proof of linear convergence of ASY-DSCA
under the LT condition is a new contribution of this work. Existing proofs establishing
linear rate of distributed synchronous and asynchronous algorithms [4], [8], [10], [30], [100]
(including the previous convergence proof for ASY-SONATA) are not applicable here, as
they all leverage strong convexity of F', a property that we do not assume. On the other
hand, existing techniques showing linear rate of centralized first-order methods under the L'T
condition [121], [123] do not customize to our distributed, asynchronous setting. Roughly
speaking, this is mainly due to the fact that use of the LT condition in [121], [123] is subject to
proving descent on the objective function along the algorithm iterates, a property that can no
longer be guaranteed in the distributed setting, due to the perturbations generated by the
consensus and the gradient tracking errors. Asynchrony complicates further the analysis,
as it induces unbalanced updating frequency of agents and the presence of the outdated
information in agents’ local computation. Our proof of linear convergence leverages the
descent property of the proposed Lyapunov function to be able to invoke the LT condition

in our distributed, asynchronous setting (see Sec.6.6 for a technical discussion on this matter).

6.2 Problem setup

We study Problem (P) under the following assumptions.

Assumption 6.2.1 (On Problem (P)). The following hold:

(i) The set K C R? is nonempty, closed, and convex;

(7i) Each f; : O — R is proper, closed and l-smooth, where O D K is open; F' is L-smooth
with L & m - 1;

(iii) G : K — R is convex but possibly nonsmooth;

173



(iv) U is lower bounded on K.

Note that each f; need not be convex, and each agent i knows only its own f; but not

> i fi- The regularizer G and the constraint set I are common knowledge to all agents.

6.2.1 Case study: Collaborative supervised learning

A timely application of the described decentralized setting and optimization Problem (P)

is collaborative supervised learning. Consider a training data set {(us,ys)}sep, where ug is

the input feature vector and y, is the outcome associated to item s. In the envisioned decen-

tralized setting, data D are partitioned into m subsets {D;}icm), each of which belongs to

an agent i € [m]. The goal is to learn a mapping p(-;x) parameterized by x € R? using all

samples in D by solving mingex 1/|D] Y ep £ (p(us; ), ys) + G(x), wherein £ is a loss function

that measures the mismatch between p(us; z) and y,; and G and K play the role of regulariz-

ing the solution. This problem is an instance of (P) with fi(z) £ 1/|D| X sep, £ (p(us; ), ys).

Specific examples of loss functions and regularizers are give next.

)

Elastic net regularization for log linear models: ¢ (p(us; ), ys) = ®(ulz) — y, -
(u]z) with ® convex, u, € R? and y, € R; G(x) £ )\1H$H1 - )\QHng is the elastic net

regularizer, which reduces to the LASSO regularizer when (A1, A2) = (A, 0) or the ridge

regression regularizer when (Ay, A\a) = (0, \);

Sparse group LASSO friedman2010note: The loss function is the same as that in
example 1), with ®(t) = t?/2; G(z) = Yges wSHxSHQ + )\Hm’ 1, where J is a partition
of [d];

Logistic regression: ¢ (p(us;x),ys) £ In(1 + e ¥ *); popular choices of G(z) are

G(z) £ AHle or G(x) = )\HiL‘H% The constraint set K is generally assumed to be

bounded.

For large scale data sets, solving such learning problems is computationally challenging

even if F' is convex. When the problem dimension d is larger than the sample size |D|, the

Hessian of the empirical risk loss F' is typically rank deficient and hence F' is not strongly
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convex. Since linear convergence rate for decentralized methods is established in the lit-
erature only under strong convexity, it is unclear whether such a fast rate can be achieved
under less restrictive conditions, e.g., embracing popular high-dimensional learning problems
as those mentioned above. We show next that a positive answer to this question can be ob-
tained leveraging the renowned LT error bound, a condition that has been wide explored in

the literature of centralized optimization methods.

6.2.2 The Luo-Tseng error bound
Assumption 6.2.2. (Error-bound conditions [121], [124], [125]):
(i) F is convex;
(ii) For any n>inf,ccU(x), there exists €,k > 0 such that:
U(x) <n and Ha: — prozg(x — VF(x H (6.1)

4
dist(z, *) < /in — prozg(z — VF(Q]))H (6.2)

Assumption 6.2.2(ii) is a local growth condition on U around K*, crucial to prove linear
rate. Note that for convex F', condition 6.2.2(ii) is equivalent to other renowned error bound
conditions, such as the Polyak-f.ojasiewicz [126], [127], the quadratic growth [128], and the
Kurdyka-Fojasiewicz [120] conditions. A broad class of functions satisfying Assumption 6.2.2
is in the form U(x) = F(z) + G(x), with F' and G such that (cf. [129, Theorem 4], [119,
Theorem 1]):

(i) F(z) = h(Azx) is L-smooth, where h is strongly convex and A is any linear operator;

(ii) G is either a polyhedral convex function (i.e., its epigraph is a polyhedral set) or has

a specific separable form as G(z) = Y ge s wSHxSHQ + AHx 1, where 7 is a partition of
the set [d], and A\ and wg’s are nonnegative weights (we used zg to denote the vector

whose component i is z; if i € S, and 0 otherwise);
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(iii) U(z) is coercive.

It follows that all examples listed in Section 6.2.1 satisfy Assumption 6.2.2. Hence,
the proposed decentralized asynchronous algorithm, to be introduced, will provably achieve

linear rate for such a general classes of problems.

6.3 Algorithmic development

Solving Problem (P) over G poses the following challenges: i) U is nonconvex/nonsmooth;
ii) each agent i only knows its local loss f; but not the global F'; and iii) agents perform
updates in an asynchronous fashion. Furthermore, it is well established that, when f; are
nonconvex (or convex only in some variable), using convex surrogates for f; in the agents’
subproblems rather than just linearization (as in gradient algorithms) provides more flex-
ibility in the algorithmic design and can enhance practical convergence [111]-[114]. This
motivated us to equip our distributed asynchronous design with SCA models.

To address these challenges, we develop our algorithm building on SONATA [9], [10],
as to our knowledge it is the only synchronous decentralized algorithm for (P) capable to
handle challenges i) and ii) and incorporating SCA techniques. Moreover, when employing
a constant step size, it converges linearly to the optimal solution of (P) when F' is strongly
convex; and sublinearly to the set of stationary points of (P), when F' is nonconvex. We
begin briefly reviewing SONATA.

6.3.1 Preliminaries: the SONATA algorithm for nonsmooth constrained opti-
mization [9], [10]

Each agent i maintains a local estimate x; of the common optimization vector z, to be
updated at each iteration; the k-th iterate is denoted by z¥. The specific procedure put forth
by SONATA is given in Algorithm 5 and briefly described next.

(S.1): Local optimization. At each iteration k, every agent i locally solves a strongly
convex approximation of Problem (P) at zF, as given in (6.3a), where f; : K x K — R is
a so-called SCA surrogate of f;, that is, satisfies Assumption 6.3.1 below. The second term
in (6.3a), (myF — Vfi(xf))T (a: — xf), serves as a first order approximation of 35, fi(z)
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Algorithm 5 The SONATA Algorithm
Data: For all agent i and Vj € Ni", 29 € R, 20 =40 = V fi(2?), ¢ = 1. Set k = 0.

i =

While: a termination criterion is not met, each agent i € [m| do
(S.1) Local optimization:

¥ = argmin {a(x,xf,mylk - Vfi(;pf» L

N zek (63&)
filzsab) + (myf = VAED) (v - f) + G(o)},
ot = b oy (B - ab). (6.3b)
(S.2) Consensus step:
it = wpof T+ Y wijvjk“. (6.4)
jeJ\/’f”

(S.3) Gradient tracking:

A=Yy (4 VA — VAGD),

=1
- bt (6.5)

ot = ayol, Yt =
=

1

o
1

k+—k+1

unknown to agent i, wherein my/ tracks the sum gradient Y7, V fj(z}) (see step (S.3)). We

then employ a relaxation step (6.3b) with step size 7.

Assumption 6.3.1. f; : K x K — R satisfies:
() Vfi(z;2) = Vfi(z) for all z € K;
(ii) fi(-;y) is uniformly strongly convex on K with constant ji > 0;
(iii) Vfi(x;-) is uniformly Lipschitz continuous on K with constant I.

The choice of fl is quite flexible. For example, one can construct a proximal gradient
type update (6.3a) by linearizing f; and adding a proximal term; if f; is a DC function, f; can
retain the convex part of f; while linearizing the nonconvex part. We refer to [111]-[114] for

more details on the choices of fl , and Sec. 6.5 for specific examples used in our experiments.
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(S.2): Consensus. This steps aims at enforcing consensus on the local variables z; via
gossiping. Specifically, after the local optimization step, each agent i performs a consensus
update (6.4) with mixing matrix W = (wy;){}_, satisfying the Assumption 5.2.3.

Note that SONATA uses a row-stochastic matrix W for the consensus update and a
column-stochastic matrix A for the gradient tracking. In fact, for general digraph, a doubly
stochastic matrix compliant with the graph might not exist while one can always build
compliant row or column stochastic matrices. These weights can be determined locally by
the agents, e.g., once its in- and out-degree can be estimated.

(S.3): Gradient tracking. This step updates y; by employing a perturbed push-sum
algorithm with weight matrix A satisfying Assumption 4.2.2. This step aims to track the
average gradient (1/m) >, V fi(x;) via ;. In fact, using the column stochasticity of A and

applying the telescopic cancellation, one can check that the following holds:

m m

Y= 0 =m, Dz =3 Vfilal). (6.6)
i=1 i=1 i=1 i=1

It can be shown that for all i € [m], 2F and ¢F converges to &F - Y, 2F and &F - 31, ¢F,
respectively, for some £F > 0. Hence, y = 2F/¢F converges to (1/m) X", V fi(xF), employing
the desired gradient tracking.

Notice that the extension of the gradient tracking to the asynchronous setting is not
trivial, as the ratio consensus property discussed above no longer holds if agents naively
perform their updates using in (6.5) delayed information. In fact, packets sent by an agent,
corresponding to the summand in (6.5), may get lost. This breaks the equalities in (6.6).
Consequently, the ratio y* cannot correctly track the average gradient. To cope with this
issue, our approach is to replace step (S.3) by the asynchronous gradient tracking mechanism

developed in [117].

6.3.2 Asynchronous decentralized SCA (ASY-DSCA)

We now break the synchronism in SONATA and propose ASY-DSCA (cf. Algorithm ).
All agents update asynchronously and continuously without coordination, possibly using

delayed information from their neighbors. More specifically, a global iteration counter k,
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Algorithm 6 The ASY-DSCA Algorithm
Data For all agent i and Vj € V", 2) € RY, 20 = y1 Vi), ¢ =1, 5 =0, 67 = 0,
7' =-D. And fort =—-D,-D+1,...,0, pij:O, o =0, v{ =0. Set k= 0.
While: a termination criterion is not met do
Pick: (i, d*);
Set: Ti’,i = maX(Tk - d’“) Vi e N3
(S.1) Local optimization:

1

xek (6.7)
ot = af + (ifk - a:f“k) ;

~k 7 ok k k
T3 = argmin - Up (x, T, MY — V fir (:ck)) ,

(S.2) Consensus step (using delayed information):

Ik,fl = Wik lwﬁfl + Z WiV j; (6.8)
JGN’iln
(S.3) Robust gradient tracking:

k

T Tiks
yi‘f'l f<1k7 ]{,‘, (piél?)jej\[;é]’ (Ui;i?)jef\ffé‘ Vfl ( k—l—l) Vflk(l'ﬁf)> (69)

Untouched state variables shift to state k 4+ 1 while keeping the same value; k < k4 1.

procedure .;E'(l7 ]’C, (pij)jef\ff“a (O-ij>j€./\/’.in’ E)

Sum step:
2 7_2 + %: (p‘J pu)
ENin
ot = gt +J > (o5 — o) (6:10)
i i _ ij ij)
jenin
Push step:
A = ay Zik+%a Pt = a; cb%%; Vj e NP, -
pjkl+1 _iji‘f‘aji zik+%, ajkiﬂ _ —i—aﬁ ¢k+7 (6.11)
Mass-Buffer update:
ot =y a5 =0y, Ve A (6.12)

return 2T /gFtt

unknown to the agents, is introduced, which increases by 1 whenever a variable of the
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multiagent system changes. Let i* be the agent triggering iteration k — k + 1; it executes
Steps (S1)-(S.3) (no necessarily withih the same activation), as described below.

(S.1): Local optimization. Agent i* solves the strongly convex optimization problem
(6.7) based on the local surrogate Us. It is tacitly assumed that Uy is chosen so that (6.7)
is simple to solve (i.e., the solution can be computed in closed form or efficiently). Given
the solution 7%, vik,fl is generated.

(S.2): Consensus. Agent i* may receive delayed variables from its in-neighbors j €

o', whose iteration index is k — df. To perform its update, agent i* first sorts the “age”
of all the received variables from agent j since £k = 0, and then picks the most recently
generated one. This is implemented maintaining a local counter 7, updated recursively as
Ti’Zj = maX(Ti’Zj’l, k—df). Thus, the variable agent i* uses from j has iteration index Ti’Zj. Since
the consensus algorithm is robust against asynchrony [117], we simply adopt the update of
SONATA [cf. (6.4)] and replace v by its delayed version va ﬁvj.

(S.3): Robust gradient tracking. As anticipated in Sec. 6.3.1, the packet loss caused
by asynchrony breaks the sum preservation property (6.6) in SONATA. If treated in the
same way as the x variable in (6.8), y; would fail to track (1/m)>1"; V fi(z;). To cope with
this issue, we leverage the asynchronous sum-push scheme P-ASY-SUM-PUSH introduced

in Chapter 4.

6.4 Convergence of ASY-DSCA

We study ASY-DSCA under the asynchronous assumption — Assumption 4.3.2. The
convergence of ASY-DSCA is established under two settings, namely: i) convex F' and error

bound Assumption 6.2.2 (cf. Theorem 6.4.1); and ii) general nonconvex F' (cf. Theorem

6.4.2).

Theorem 6.4.1 (Linear convergence). Consider (P) under Assumption 6.2.1 and 6.2.2,
and let U* denote the optimal function value. Let {(x¥)™, }ren be the sequence generated by

Algorithm 6, under Assumption 4.2.1, 4.3.2, and with weight matrices W and A satisfying
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Assumption 5.2.5 and 4.2.2. Then, there exist a constant Y., > 0 and a solution x* of (P)
such that if v < Yeps, it holds

|U(}) — U@ = O, [l — "] = 0 (VHF).

for alli €V and some A € (0,1). O

Theorem 6.4.1 establishes the first linear convergence result of a distributed (synchronous
or asynchronous) algorithm over networks without requiring strong convexity but the weaker
LT condition. Linear convergence is achieve on both function values and sequence iterates.

We consider now the nonconvex setting. To measure the progress of ASY-DSCA towards

stationarity, we introduce the merit function
m
Mp(2") & max {||jk — proxg(z¥ — VF(@") |17, ||laf — ik|\2}, (6.13)
i=1

where 7% £ (1/m) - ", ¥, and prox, is the prox operator (cf. Sec. 6.2.2). M is a valid
merit function since it is continuous and M F(:z:k) = 0 if and only if all the z;’s are consensual

and stationary. The following theorem shows that Mp(x*) vanishes at sublinear rate.

Theorem 6.4.2 (Sublinear convergence). Consider (P) under Assumption 6.2.1 (thus pos-
sibly nonconvex). Let {(x¥)™ }ren, be the sequence generated by Algorithm 6, in the same
setting of Theorem 6.4.1. Given 6 > 0, let Ty be the first iteration k € N such that
Mp(2*) < 5. Then, there exists a Ypeve > 0, such that if v < Fnevs, Ts = O(1/0). O

The expression of the step-size can be found in (6.55).

6.5 Numerical Results

We test ASY-DSCA on a LASSO problem (a convex instance of (P)) and an M-estimation
problem (a constrained nonconvex formulation) over both directed and undirected graphs.
The experiments were performed using MATLAB R2018b on a cluster computer with two
22-cores Intel E5-2699Av4 processors (44 cores in total) and 512GB of RAM each. The

setting of our simulations is the following.
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(i) Network graph. We simulated both undirected and directed graph, generated ac-
cording to the following procedures. Undirected graph: An undirected graph is generated
according to the Erdos-Renyi model with parameter p = 0.3 (which represents the prob-
ability of having an edge between any two nodes). Doubly stochastic weight matrices are
used, with weights generated according to the Metropolis-Hasting rule. Directed graph:
We first generate a directed cycle graph to guarantee strong connectivity. Then we randomly
add a fixed number of out-neighbors for each node. The row-stochastic weight matrix W
and the column-stochastic weight matrix A are generated using uniform weights.

(ii) Surrogate functions of ASY-DSCA and SONATA. We consider two surrogate
functions: fl(z;2F) = Vfi(a?)T(x — 2F) + %H{B — 2F)|2 and f2(z;2F) = V()T (x — 2F) +

i i
1
2

entries as V2 f;(zF). We suffix SONATA and ASY-DSCA with “-L” if the former surrogate

(x —2F)"H(z — aF) + %Hx — 2¥||?, where H is a diagonal matrix having the same diagonal

functions are employed and with “-DH” if the latter are adopted.

(iii) Asynchronous model. Each agent sends its updated information to its out-
neighbors and starts a new computation round, immediately after it finishes one. The length
of each computation time is sampled from a uniform distribution over the interval [pumin, Pmax)-
The communication time/traveling time of each packet follows an exponential distribution
exp(D%v). Each agent uses the most recent information among the arrived packets from its
in-neighbors, which in general is subject to delays. In all our simulations, we set ppi, = 5,
Pmax = 15, and Dy, = 30 (ms is the default time unit).

(iv) Comparison with state of arts schemes. We compare the convergence rate of
ASY-DSCA, AsyPrimalDual [98] and synchronous SONATA in terms of time. The parame-
ters are manually tuned to yield the best empirical performance for each—the used setting is
reported in the caption of the associated figure. Note that AsyPrimalDual is the only asyn-
chronous decentralized algorithm able to handle constraints and nonsmoothness additive
functions in the objective and constraints, but only over undirected graphs and under re-
stricted assumptions of asynchrony; also AsyPrimalDual is provably convergence only when

applied to convex problems.
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6.5.1 LASSO

—— ASYDSCA-L

—— ASYDSCA-L
—— ASYDSCA-DH —— ASYDSCA-DH
AsyPrimalDual 102 SONATA-L
102 SONATA-L 3 —— SONATA-DH
—— SONATA-DH

Optimality gap
Optimality gap

0 0.5 1 1.5 2 2.5 0 2 4 6
time (ms) <10% time (ms) x10%

Figure 6.1. LASSO. Left: undirected graph. We set i = 8 and v = 0.008 in
ASY-DSCA-L; i = 1 and v = 0.008 in ASY-DSCA-DH; o = 0.06 and = 0.6 in
AsyPrimalDual; i = 1 and v = 0.002 in SONATA-L; and g = 1 and v = 0.005 in
SONATA-DH. right: directed graph (each agent is of 10 out-neighbors). We set
i = 10 and v = 0.01 in ASY-DSCA-L; & = 10 and v = 0.03 in ASY-DSCA-DH;
i =10 and v = 0.03 in SONATA-L; and i = 10 and v = 0.05 in SONATA-DH.

The decentralized LASSO problem reads

min U(z) 2 3 Mz — bi])? + A« (6.14)

d
z€R i€[m]

Data (M, b;)icjm) are generated as follows. We choose zy € R? as a ground truth sparse
vector, with density * d nonzero entries drawn i.i.d. from A(0,1). Each row of M; € R™¢
is drawn i.i.d. from AN(0,X) with 3 as a diagonal matrix such that X;; = i7“. We use w
to control the conditional number of >. Then we generate b; = M;xy + &;, with each entry
of ¢ drawn i.i.d. from N(0,0.01). We set r = 10, d = 300, m = 20, A = 2, w = 1.1 and
density = 0.3. Since the problem satisfies the LT condition, we use % Yieim U (xf“) —U* as

the optimality measure. The result are reported in Fig. 6.1.
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Figure 6.2. Logistic regression. Left: undirected graph. We set i = 10 and
v =0.06 in ASY-DSCA-L; « = 0.1 and = 0.7 in AsyPrimalDual; and g = 10 and
~v = 0.08 in SONATA-L. right: directed graph (each agent is of 10 out-neighbors).
We set i = 10 and v = 0.05 in ASY-DSCA-L; and & = 10 and v = 0.1 in SONATA-

L.

6.5.2 Sparse logistic regression

We consider the decentralized sparse logistic regression problem in the following form

1

min Y > log(1+ exp(—ysu, x)) + )\Hx

veRd i€[m] s€D;
Data (us,ys), s € Uiefm) Di, are generated as follows. We first choose x¢ € R? as a ground
truth sparse vector with density * d nonzero entries drawn i.i.d. from N(0,1). We generate
each sample feature us independently, with each entry drawn i.i.d. from N (0, 1); then we set
ys = 1 with probability 1/(1 + exp(—u/ z¢)), and y, = —1 otherwise. We set |D;| = 3,Vi €
[m], d = 100, m = 20, A = 0.01 and density = 0.3. We use the same optimality measure
as that for the LASSO problem. The results and the tuning of parameters are reported in

Fig. 6.2.
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Figure 6.3. m-estimator. Left: undirected graph. We set i = 300 and v = 0.1 in
ASY-DSCA-L; a = 0.01 and n = 0.6 in AsyPrimalDual; and i = 100 and v = 0.1
in SONATA-L. right: directed graph (each agent is of 7 out-neighbors). We set
i = 1000 and v = 0.08 in ASY-DSCA-L; and 7 = 1000 and v = 0.2 in SONATA-L.

6.5.3 M-estimator

As nonconvex (constrained, nonsmooth) instance of problem (P), we consider the follow-

ing M-estimation task [130, (17)]:

(6.15)

s

|D| Z Z ,Oa _ys) —i-/\H:E

|2 ||2<r m] s€D;

where po(t) = (1 — e=***/2) /a is the nonconvex Welsch’s exponential squared loss and D £

m]Di. We generate xy € R? as unit norm sparse vector with density * d nonzero entries
drawn i.i.d. from A(0,1). Each entry of us € R? is drawn i.i.d. from N(0,1); we generate
Yo = s o + 0.1 % €, with e, "= N(0,1). We set |Dy| = 10, for all i € [m], d = 100, m = 30,
a=0.1,r=2, A= 0.01, and density = 0.1. Since (6.15) is nonconvex, progresses towards

stationarity and consensus are measured using the merit function Mg(-) in (6.13). The result

and tuning of parameters are reported in Fig. 6.3.
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6.5.4 Discussion

All the experiments clearly show that ASY-DSCA achieves linear rate on LASSO and
Logistic regression, with nonstrongly convex objectives, both over undirected and directed
graphs—this supports our theoretical findings (Theorem 6.4.1). The flexibility in choosing the
surrogate functions provides us the chance to better exploit the curvature of the objective
function than plain linearization-based choices. For example, in the LASSO experiment,
ASY-DSCA-DH outperforms all the other schemes due to its advantage of better exploiting
second order information. Also, ASY-DSCA compares favorably with AsyPrimalDual. ASY-
DSCA exhibits good performance also in the nonconvex setting (recall that no convergence
proof is available for AsyPrimalDual applied to nonconvex problems). In our experiments,
asynchronous algorithms turned to be faster than synchronous ones. The reason is that, at
each iteration, agents in synchronous algorithms must wait for the slowest agent receiving the
information and finishing its computation (no delays are allowed), before proceeding to the
next iteration. This is not the case of asynchronous algorithms wherein agents communicate

and update continuously with no coordination.

6.6 Proof of Theorem 6.4.1

6.6.1 Roadmap of the proof

We begin introducing in this section the roadmap of the proof. Define 2% £ [z¥ ... z¥]T,
oF & [k oo k] T € R™*4: and let S 2 (D + 2)m. Construct the two S x d matrices:

-
A . A o~
ok & ey (Amk) , with  AzP 23k — ok

1

Hk A [(:L‘k)T, (Uk)T7 (Uk—1>T7 cee (Uk—D>T]T7

with v* = 0, for ¢ < 0. Our proof builds on the following quantities that monitor the progress

of the algorithm.

o Optimality gaps:

EF 2 |zh — 2k, EF 2 maxU(HF) - U (6.16a)
z 1 1 le] iE[S] 1
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» Consensus errors (:cij, is some weighted average of row vectors of H* and will be defined

in Sec. 6.6.2):

yh — g

EF&||HE —1-ah|, EF2 : (6.16b)

e Tracking error:

EF 2 |1yh — VF@h)| (6.16¢)

Specifically, E¥ and E* measure the distance of the zF’s from optimality in terms of step-
length and objective value. E¥ and EF represents the consensus error of z;’s and s, re-
spectively while E¥ is the tracking error of y*. Our goal is to show that the above quantities
vanish at a linear rate, implying convergence (at the same rate) of the iterates generated by
the algorithm to a solution of Problem (P). Since each of them affects the dynamics of the
others, our proof begins establishing the following set of inequalities linking these quantities

(the explicit expression of the constants below will be given in the forthcoming sections):

EFL < 3040 fj P (B L) + Cupto]. (6.17a)
=0
EF < Oy EY + Oy Xk: P IvEL (6.17b)
EF <8m*(EF)? + 27;0@5)2, (6.17c)
BE < Cyf) (P + LG 5 et (6.17d)
) =
(B9 < q(g—lg—’gL)E‘]’”rze(g _15_7;)&’“- (6.17¢)

We then show that E¥, E¥ E¥ EF and EF vanish at linear rate chaining the above inequal-
ities by means of the generalized small gain theorem [117].

The main steps of the proof are summarized next.
e Step 1: Proof of (6.17a)-(6.17¢) via P-ASY-SUM-PUSH. We rewrite (S.2) and (S.3)
in ASY-DSCA (Algorithm 6) as instances of the perturbed asynchronous consensus scheme
and the perturbed asynchronous sum-push scheme (the P-ASY-SUM-PUSH) introduced in

Chapter 4. By doing so, we can bound the consensus errors E* and EF in terms of A* and
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then prove (6.17a)-(6.17b)—see Lemma 6.6.2 and Lemma 6.6.3. Eq. (6.17¢) follows readily
from (6.17a)-(6.17b)-see Lemma 6.6.4.

e Step 2: Proof of (6.17d)-(6.17¢) under the LT condition. Proving (6.17d)-contraction
of the optimality measure E* up to the tracking error—poses several challenges. To prove
contraction of some form of optimization errors, existing techniques developed in the lit-
erature of distributed algorithms [4], [8], [10], [30], [100], including the convergence proof
of ASY-SONATA, leverage strong convexity of F', a property that is replaced here by the
weaker local growing condition (6.2) in the LT error bound. Hence, they are not applicable
to our setting. On the other hand, existing proofs showing linear rate of centralized first-
order methods under the LT condition [121] do not readily customize to our distributed,
asynchronous setting, for the reasons elaborated next. To invoke the local growing condition
(6.2), one needs first to show that the sequences generated by the algorithm enters (and stays
into) the region where (6.1) holds, namely: a) the function value remains bounded; and b)
the proximal operator residual is sufficiently small. A standard path to prove a) and b) in
the centralized setting is showing that the objective function sufficiently descents along the
trajectory of the algorithm. Asynchrony apart, in the distributed setting, function values on
the agents’ iterates do not monotonically decrease provably, due to consensus and gradient
tracking errors. To cope with these issues, in this Step 2, we put forth a new analysis. Specif-
ically, i) Sec. 6.6.3: we build a novel Lyapunov function [cf. (6.28)] that linearly combines
objective values of current and past (up to D) iterates (all the elements of H*); notice that
the choice of the weights (cf. ¥ in Lemma 6.6.1) is very peculiar and represents a major
departure from existing approaches, including the result of ASY-SONATA )% endogenously
vary according to the asynchrony trajectory of the algorithm. The Lyapunov function is
proved to “sufficiently” descent over the asynchronous iterates of ASY-DSCA (cf. Propo-
sition 6.6.1); ii) Sec. 6.6.3: building on such descent properties, we manage to prove that
z% will eventually satisfy the aforementioned conditions (6.1) (cf. Lemma 6.6.6 & Corollary
6.6.5.1), so that the LT growing property (6.2) can be invoked at z% (cf. Corollary 6.6.6.1);
iii) Sec. 6.6.3: Finally, leveraging this local growth, we uncover relations between E* and
EF and prove (6.17d) (cf. Proposition 6.6.2). Eq. (6.17e) is proved in Sec. 6.6.3 by product

of the derivations above.
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e Step 3: R-linear convergence via the generalized small gain theorem. We com-
plete the proof of linear convergence by applying [117, Th. 23] to the inequality system
(6.17), and conclude that all the local variables {z;}icim) converge to the set of optimal

solutions K* R-linearly.

6.6.2 Step 1: Proof of (6.17a)-(6.17¢)

We interpret the consensus step (S.2) in Algorithm 2 as an instance of the perturbed

asynchronous consensus scheme [117]: (6.8) can be rewritten as
HMY = WE(HF 4 468, (6.18)

where W* is a time-varying augmented matrix induced by the update order of the agents
and the delay profile. The specific expression of W* can be found in [117] and is omitted
here, as it is not relevant to the convergence proof. We only need to recall the following

properties of Wk,

Lemma 6.6.1. [117, Lemma 17] Let {Wk}keN+ be the sequence of matrices in the dynamical

system (6.18), generated under Assumption 4.5.2, and with W satisfying Assumption 5.2.5.

m m—K _ L
Define K1 & (21 —1)-T +m - D, Cy 2,/(D+2) SlKJ; 1)’ n 2 mk oand p £ (1—77)131.

1-m

Then we have for any k > 0:
a. W* is row stochastic;
b. all the entries in the first m columns of WhHE1—1k g uniformly bounded below by n;

c. there exists a sequence of stochastic vectors {¢*}r>o such that: i) for any £ >t >0,

HW“ - 1thH2 < Cop*=t i) YF >m foralli€e V.

Note that Lemma 6.6.1 implies

1¢tT — Hm Wt — (lim Wd:t+1)Wt _ 1wt+1TWt’ (6.19)

d—00 d—00
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and thus Y1 Wt =t" for all £ > 0. Then we define

b =k H, (6.20)
x{z evolves according to the following dynamics:
k
B = O THO St A (6.21)
1=0

This can be shown by applying (6.18) recursively, so that

z
H' = WOH 4 S Wy AR, (6.22)

=0

and multiplying (6.22) from the left by wk“T and using (6.19). Taking the difference be-
tween (6.21) and (6.22) and applying Lemma 6.6.1 the consensus error E¥ can be bound as

follows.

Lemma 6.6.2. Under the condition of Lemma 6.6.1, {E*} satisfies
k
EFfN < Cypt EX+ o> pF v EL VE > 0. (6.23)
1=0

To establish similar bounds for E{f, we build on the fact that the gradient tracking update
(6.9) is an instance of the P-ASY-SUM-PUSH in [117], as shown next. Define

gk = [vfl(xlf)v Vf2<x§)v T 7vff(xl;)]T7
g"=@/m)-(¢")'1,  Ef =

uh — )
We can prove the following bound for E¥.

Lemma 6.6.3. Let {z", yh.}72, be the sequence generated by the Algorithm 6 under Assump-
tion 4.2.1, 4.2.2, 5.2.3, and 4.3.2. Then, there exists a constant C; = % such
that

EM <3041 f: P (B B + Cupto)]. (6.24)
=0

Proof. See Appendix 6.9.1. ]
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Finally, using Lemma 6.6.2 and Lemma 6.6.3, we can bound F_ (E%)? and F_(E!)?

in terms of YF_(72(E!)?, and EF in terms of E¥ and EF, as given below.

Lemma 6.6.4. Under the setting of Lemma 6.6.2 and Lemma 6.6.3, we have: for any k > 1,

k
(EDQ <€+ 0 ZVQ(EDQv
t=0

M= I~

k
(E{)? <c,+0, > 7 (EL?,
t=0 t=0

Ef <2m?*(EF)? + 8m* (EF)2. (6.25)

C1L)?(2C3+(1-p)?
with 0, = (12_05)2, and o, 2 WD) (§2_p2)j(1 2 ) (The expressions of the constants ¢, and c,

are omitted as they are not relevant).
Proof. The proof of the first two results follows similar steps as in that of [117, Lemma 26|
and thus is omitted. We prove only the last inequality, as follows:

EF = Hmyﬁ@ + mgt — VF(xfi)HQ < 2m2(EF)? +2 ’

f’;m:cf) L F(ah) — VF(a5)

< 2m*(EF)? +8m* (EF)2

6.6.3 Step 2: Proof of (6.17d)-(6.17¢) under the LT condition

- A new Lyapunov function and its descent We begin studying descent of the objective

function U along the trajectory of the algorithm; we have the following result.

Lemma 6.6.5. Let {(z%,y*)} be the sequence generated by Algorithm 6 under Assump-
tions 6.2.1 and 6.5.1, it holds

U™ <U(ah) — v ([L - 72L> HAa:kHZ + - (VF(xfk) - my{i)T Az, (6.26)

Proof. Applying the first order optimality condition to (6.7) and invoking the strong con-
vexity of fu (Assumption 6.3.1) we have
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1

— G(zk —(AzM)T w(2k) — le i’i,xkk
i G(T) 2 —(Az") (V fie(wi) — V fie (T i) (6.27)

) — Vflk(xkk,xkk)) > - HAxk ‘2.

As F'is L-smooth, applying the descent lemma gives
L
k) < F(ak) + - VFh) A + 22k

1

= Pah) - (myfh) Ak 1y (VE(ah) —muh) " At 4 252 aak P

(Gg) F(xh) +~ (G(xf“k) — G(ih) — /]HA:ckH2> + 572"Axk“2 +7- (VF(OC{C:@) — myﬁc>T Az*.

By the convexity of G, we have
v (Gh) - G@Eh)) < Glah) - Guf™).

Combining the above two results proves (6.26). O

We build now on (6.26) and establish descent on a suitable defined Lyapunov function.
Define the mapping U : R%*? — RS as U(H) = [U(hy),--- ,U(hg)]" for H = [hy,--- ,hs]" €
RS*, That is, U (H) is a vector constructed by stacking the value of the objective function
U evaluated at each local variable h;. Recalling the definition of the weights 1* (cf. Lemma

6.6.1), we introduce the Lyapunov function
LF 2 R T(Hb), (6.28)
and study next its descent properties.

Proposition 6.6.1. Let {(z*,v* y*)} be the sequence generated by Algorithm 6 under As-
sumptions 6.2.1, 4.2.1, 6.5.1, 4.2.2, and 5.2.53. Then,

k I .
LR+l SLO—Z(EDQ’Y (Uﬂ—7(2+lm§@+m\/g_y>> +C, (6.29)

t=0

for all k > 0, where C' is some constant independent of v and k; and o, and o, are defined

in Lemma 6.6.4.
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Proof. By the row stochasticity of W and the convexity of U:

UHMY) = U (WHH" + yAHY)) < WEU (H* +7AH")
< Wk (ﬁ(Hk) - ( (u - ) HAx H : (VF(xffk) - my{i)TAka>eik>,

where in the last inequality we applied Lemma 6.6.5. Using now Lemma 6.6.1, we have

[+
k(w(u-)um [ (vr () - maf) bt

< IF — i aat|p + EO0 HA:;: |2+ 0k v (VP (k) — myh) " Adt

< LF -~ (77/1 — 7;) A:c’“ + vk (VE(ah) £mg* — my{i)T Azt

< 1 (o= ) foatlP i ot et +amet - flaut]
SLk—’V(Uﬁ—VQL) AP +y1m? B} kHJrvaf [azt?
ng—7<nﬁ—7<§+211+262)>“A ‘[ + m*(E})? +52 m?*(Ey)?
SLO_W_V(;;Q%))zumu+ P SEYF + 3 (5L

where (x) follows from the Young’s inequality with €5 > 0. Invoking Lemma 6.6.4 and
setting 7' = v gives (6.29), where the free parameters ¢ 5 are chosen as ¢, = 1/(lm%w/gz)
and e; = 1/(m,/0,), respectively. O

- Leveraging the LT condition We build now on Proposition 6.6.1 and show next that
the two conditions in (6.1) holds at =¥, for sufficiently large k; this will permit to invoke the
LT growing property (6.2).

The first condition-U(z¥) bounded for large k-is a direct consequence of Proposition
6.6.1 and the facts that U is bounded from below (Assumption 6.2.1) and ¥ > n, for all

i € [m] and k > 0. Formally, we have the following.

Corollary 6.6.5.1. Under the setting of Proposition 6.6.1 and step-size 0 < v < 7 =

2 , it holds:
L42lm2,/o:+21,/0y
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a. U(xF) is uniformly upper bounded, for alli €V and k > 0;

b. 2 (E? < 0o, 20 (EH? < 00, and Y32 (E!)? < co.

We prove now that the second condition in (6.1) holds for large k—the residual of the

proximal operator at zf,, that is foh — proxg(zh, — VF(zk))||, is sufficiently small. Since

E* and the gradient tracking error EF are vanishing [as a consequence of Corollary 6.6.5.1ii)
and Lemma 6.6.4], it is sufficient to bound the aforementioned residual by E¥ and EF. This

is done in the lemma below.

Lemma 6.6.6. The prozimal operator residual on x%, satisfies H:z:f“k —proxG(:Eﬁc—VF(xfk))HQ <
4(1+ (1+D)?)(E*)? + 5EF.

Proof. For simplicity, we denote #¥ = prox(zh — VF(z%)). According to the variational

characterization of the proximal operator, we have, for all w € IC,
(8 — (eh — VF(2h))) ' (2 - w) + G(#") - Glw) < 0.
The first order optimality condition of Z% implies
(Ve (@hsah) + Tl — Vi) (35 —2) + G@h) - G(z) <0, VzeKk.  (6.30)

Setting z = 2% and w = i’f“k and adding the above two inequalities yields

1

)
0> (vﬁk (k) + Tyl — V et — 2 4 o — vmfw) (& — %)

T ~ T
= (Iyh — 3% +af = VF@R)) @ - of) + (V@ ah) - Vb)) (@ - 2f)

k

b
+||a* — 2k ]2 + (vﬁk@;@;xﬁ) Iy V(b)) — VF(:U@)) (ah — %)

> —;Hlyfi — VF(zh)|? - ;HAkaQ B i ik — k|2
T Y e e

_9 ((l + 02| Axt |2 + |k - VF(xikk)H2> .

Rearranging terms proves the desired result. [
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Corollary 6.6.5.1 in conjunction with Lemma 6.6.6 and Lemma 6.6.4 show that both
conditions in (6.1) hold at {z*}, for large k. We can then invoke the growing condition (6.2).

Corollary 6.6.6.1. Let {z*} be the sequence generated by Algorithm 6 under the setting of
Corollary 6.6.5.1. Then, there exists a constant k > 0 and a sufficiently large k such that,
for k >k,

dist(zh, K*) < K ‘ ah — prozg(zh — VF(xfi))H (6.31)

Proof. Tt is sufficient to show that (6.1) holds at z%. By Corollary 6.6.5.1(i), U(zk) < B,

for all £ > 0 and some B < +o00. Lemma 6.6.6 in conjunction with Corollary 6.6.5.1(ii) and

Lemma 6.6.4 yields lim fok — proxg(zh — VF(xf;;))H =0. O
—00

- Proof of (6.17d) Define

Coly) & = —— __; S (6.32)
i 2 (1= (1-0t0)n) (6.33)

n
() = (1 - <1 —a(y) n) : (6.34)

, (6.35)

where Ky = (21 —1)-T+m- D, and cg, ¢7 are polynomials in (1,1,1, L, k) whose expressions
are given in (6.60) and (6.42); and € € (0,2f1) is a free parameter (to be chosen).

In this section, we prove (6.17d), which is formally stated in the proposition below.

Proposition 6.6.2. Let {(z*,y*)} be the sequence generated by Algorithm 6 under Assump-
tions 6.2.1, 4.2.1, 6.2.2, 6.5.1, 5.2.3, and 4.2.2. Then, for k > k, it holds

M < Cy(7) (1) R + (”sz)”) S (). (6.36)

=0

Since o () < 1 for 0 < 7 < sup.e(g 25 =€ = 21 and n € (0, 1], Proposition 6.6.2 shows

that, for sufficiently small v > 0, the optimality gap E* converges to zero R-linearly if EF
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does so. The proof of Proposition 6.6.2 follows from Proposition 6.6.3 and Lemma 6.6.8

below.

Proposition 6.6.3. Let {(2%,4*)} be the sequence generated by Algorithm 6 in the setting of
Proposition 6.6.2. Let p* £ U(H*) — U(2*)1; let $* be the diagonal matriz with all diagonal
entries 1 and X4 = o(v); and let (W)t & Jksk. WSt Then, for k> k,

k

—~ k: —~ W~ —
P < (W) ")y (W)™ W ley B + Cay)Whey B, (6.37)

=1
where C3(7y) is defined in (6.32).

Proof. By convexity of U and (6.18), we have
P = U(HMY) = U1 s WE (U (HF +9AHY) = U(@")1). (6.38)

Since U (H F 4 yAH k) differs from U (H k) only by its i*-th row, we study descent occurred
at this row, which is (v™)7 = (2k + v (ffk - xf‘“k))T Recall that by applying the descent

lemma on F' and using the convexity of G we proved

U@ty — U(zh) < 572\\&4\2 + (VF@h)T (75 — b)) + G@@h) — Glah)).

T

The above inequality establishes a connections between U (vit!) and U(z%). However, it is
not clear whether there is any contraction (up to some error) going from the optimality gap
U(uit™) — U* to U(zk) — U*. To investigate it, we derive in the lemma below two upper
bounds of 7} in (6.39), in terms of U(vi™) — U(z*) and HAZL‘kH (up to the tracking error).
Building on these bounds and (6.39) we can finally prove the desired contraction, as stated

in (6.43).
Lemma 6.6.7. T} in (6.39) can be bounded in the following two alternative ways: for k >k,

T < (—,1 + ;) Azt + 216 E}, (6.40)

T < — 11 (U~ U@") + 1_17 <C5HAa7kH2 n cﬁEt’f) , (6.41)
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where ¢5 and cg are polynomials in (1,1,1, L, k) whose expressions are given in (6.60).
Proof. See Appendix 6.9.2. ]

Using Lemma 6.6.7 in (6.39) yields

UG = U" < (1= 9) (UGh) = U7) + (590 =) +es) o[ 8o+ et

< (1) (Uh) = Ul () + (s + L/8) 7 At 4 5 - 1EL, (6-420)
and
U — U* < U(ah) — U — (g _ ”2L _ ;) Aact+ Ler (6.42b)
Canceling out HAka2 in (6.42a)-(6.42b) yields: for k > k,
U(vf) = Ua®) < o(y) (Uah) = Ua")) + Ca() EF, (6.43)

where o () and C5(7y) are defined in (6.32). Thus we observed a contraction from (U (ak)—U (x*))

to U(vk™) — U(z*). Continuing from (6.38), we have

s (Gifi) T (kak: + Cs(v) Etk eik)
< ()0 ) 3 ()
/=1

W e B+ Cs(y) W ey BY.
0

The lemma below shows that the operator norm of (WZ)M induced by the /., norm

decays at a linear rate.

Lemma 6.6.8. For any k > (> 0,
|72yl < ca) ¢,

where the expression of ((7y), Cy(7), and Ky are given in (6.32).
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Proof. See Appendix 6.9.3. O

- Proof of (6.17¢) Eq. (6.17e) follows directly from the second inequality of (6.42) and the
fact that U(zk) — U(vit') < EF. This completes the proof of the inequality system (6.17).

6.6.4 Step 3: R-linear convergence via the generalized small gain theorem

The last step is to show that all the error quantities in (6.17) vanish at a linear rate. To

do so, we leverage the generalized small gain theorem [117, Th. 17]. We use the following.

Definition 6.6.1 ([100]). Given the sequence {u*}°,, a constant A € (0,1), and N € N,
let us define
o s

[ul™ T RZ0N AR [ul :;SBI\%T

If [u]” is upper bounded, then uF = O(XF), for all k € Ny.

Invoking [117, Lemma 20 & Lemma 21], if we choose A such that max (p?, {(7)) < A < 1,
by (6.17) we get

VAN 3C1 VAN k| VAN 0 ClHQOH
E|VM < E, E +E) 4 2 6.44
Bl _ﬁpur BT B = (6.44)
VAN Coy VA o C2FE;
E VMY < 3 Ay 5 6.45
2 < o (6.45)
C3(7)Ca(v) AN Ci(0) E}
B M < 22 EMY 4+ B4 20 6.46
£l C(v)(A—C(v))| A (6:46)
BN <8mP (B +2m? B2 (6.47)
AN 1 1
(B < s B+ < B (6.48)
2e(p—5-%) v(a-5-%)
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Taking the square on both sides of (6.44) & (6.45) while using (|u|q’N)2 = |(u)2|q2’N, and

writing the result in matrix form we obtain:

i AN ] [ 36C212 3602122 i AN
|(E4)?| 0 e 0 0 (ﬁz-pz)z |(E4)?|
3C5~ AN
(B2 ™ 0 0 0 0 V) |(Ee)?]
AN C3(7)Ca(v) AN N
| Eol <00 0 ooy 0 24 e
| B, MY 217 8I1? 0 0 0 | B, MY
N AN 1 1 N2 AN
() R s R (G
£G
(6.49)

We are now ready to apply [117, Th. 17]: a sufficient condition for E;, E., E,, E;, and
E? to vanish at an R-linear rate is p(G) < 1. By [117, Lemma 23], this is equivalent to
requiring pg(1) > 0, where pg(z) is the characteristic polynomial of G, This leads to the

following condition:

B(X;v)
_ <72m2 C21%~2 N 24m 1 C3~* N 216 m? C? C3 1272>
(VA —p)? (VX = p)? (VA= p)
| ( 1 C5(7)Ca(7) ! ) L
2e(—5-%) NA=CONy(a-5-%)

It is not hard to see that B(\;v) is continuous at A = 1, for any ~ € (0, 22=°). Therefore,

as long as

B(liy) = 72m2 C2 |2 N 24m 2 C2 N 216 m? C2 C2 2
(1—p)? (1—p)? (1—p)*

g L _GGH) 1 _, (6.50)
2 (i-g-2) NO=CON(a-5-%))

there will exist some A € (0,1) such that B(\;v) < 1.
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We show now that B(1;~) < 1, for sufficiently small . We only need to prove bounded-
ness of the following quantity when v | 0:

Cs(7)Ca(7) co(fl — £ — ﬁ) +a N

CNA=CON  (er+a—5—E)¢(yrrt 1-C0)

2h(v)

It is clear that h(7y) is right-continuous at 0 and thus lim, o h(y) < co. Hence, it is left to

check that %(7) is bounded when ~ | 0. According to L’Hopital’s rule,

lim 7 = - o :
710 1 —¢(7) (1—(1—o(y)n)F 1)

=0

Finally, we prove that all (zF),; converge linearly to some z*. By the definition of the

augmented matrix H and the update (6.18), we have: for k > k,

IR = BN = (W = m)h + 6%

< (W —m)(H* =1+ () ")l +7]16*]l < 3EE + vEL.

Since both E¥ and E* are O ((\/X)k), S0 I — B¥|| < +o0; thus {H*}iey is Cauchy

and converges to some 1(z*)", implying all z¥ converges to z*. We prove next that z¥

converges to z* R-linearly. For any k > k > k, we have ||H* — H*|| < S ||H — H*Y| <
A (3EL+AE) =0 ((\/X)k) Taking & — oo completes the proof.

6.7 Proof of Theorem 6.4.2

In this section we prove the sublinear convergence of ASY-DSCA. We organize the proof
in two steps. Step 1: we prove 332 (E¥)? < +oo by showing the descent of a properly
constructed Lyapunov function. This function represents a major novelty of our analysis—
see Remark 6.7.1. Step 2: we connect the decay rate of E¥ and that of the merit function
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6.7.1 Step 1: E* is square summable

In Sec. 6.6.2 we have shown that the weighted average of the local variables x,, evolves

according to the dynamics Eq. (6.21). Using xg} = @Z)OTH 0 (6.21) can be rewritten recursively

as

it = 2k byt  AHY = a4yl Adt, (6.51)

Invoking the descent lemma while recalling Ef = HAxk , yields

L~k )2
F(eh) < F(ab) + 1ol VE(A) T Ak + 2000 ey

2
(6.27) LA? 3 3
< () + (B =yl (R(EL)? + G(&h) — Gh))

T+ (VE(h) —mg*)" Ad* + 40 (mg* — Iyf) " Ad*

L~? . .
< Faf) + =5 (B? = yuh ((EE)? + G(ah) — Glah) +1Iv/mEL EY +ymEf EX.
(6.52)
Introduce the Lyapunov function
LF 2 (k) + o GHY) (6.53)

where G : R4 — R is defined as G(H) £ [G(h),--- ,G(hg)]T, for H = [hy,--- ,hg]" €

RSxd

Remark 6.7.1. Note that L* contrasts with the functions used in the literature of distributed
algorithms to study convergence in the nonconvex setting. Existing choices either cannot deal
with asynchrony [9], [10] (e.g. the unbalance in the update frequency of the agents and the
use of outdated information) or cannot handle nonsmooth functions in the objective and
constraints [117]. A key feature of L* is to combine current and past information throughout

suitable dynamics, {x},}, and weights averaging via {¢*}.
Using the dynamics of H* as in (6.18), we get

G(HM) < WH (1= 7)G(HY) +~G(H +6Y)).
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where we used the convexity of G and the row-stochasticity of W*. Thus

warlTé(HkJrl) < warlTWk ((1 — )G(HY) + 4G(H" + 5k)>
= ¢*" (1 =) G(HY) +1G(H* + %)),

where in the last equality we used ¢!+ Wt = ¢t [cf. (6.19)]. Therefore,
vl (Glah) — G(Eh)) =y (8 GUHY) — ¢+ G(H" +6%)) < oF G(HY) — ¢+ G,

Combining the above inequality with (6.52), we get

L 1 1
LM< LF — i ES)Py + SN2 + DPm(ER? + 2 (BE? + Zm?(ED)? + (B
2 2 261 2 262
L 1 1 € €
— Ik _ (EF)2 ( oo ( - )) 71l2 ER2 L 22 pky2
<03 B (v (5 g + g ) ) £ G B Gty B
=0 2 261 262 2 =0 2 =0

(6.54)
To bound the last two terms in (6.54), we apply Proposition 6.6.4:

k
- L 1 1 €9 €1 €9
Lk+1 < LO _ Et 2 . 7[2 . sa 2 7[2 - a2
> g( Dy ni— 2‘*‘72614‘*262-1- Q+2mgy +2 mc—|—2mcy

k

L ’me m2ec
= L= (E!)*y (n/l — ( +\/2mo, + /m2o )) 2 Y
g 2 \/ \/ Y 20/2m Qz /

where in the last equality we set €; = 1/y/[?mg, and e; = 1/,/m?p,. Note that
T ~ T .
LF = F(xy) + ¢ G(H®) > F(ay) + G(* H*) = U(xy) > U,
for all £ € N,. Thus, for sufficiently small v, such that

-1
Y < Aneve = N (L + 2\/12m@x + 2\/m20y> ; (6.55)
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we can obtain the following bound

. 2L0 — 2U* 4 Lmea 4 T
S(EL)? < VEme: /e, (6.56)

= YNt

6.7.2 Step 2: Mp(z"*) vanishes at sublinear rate

In this section we establish the connection between Mp(z*) and E¥, E¥ and EF. Invoking

Lemma 6.6.6 we can bound ||z% — prox,(z* — VF(z%))|| as

12" — proxg (z* — VF(a"))|?
< 3)|z" — i ||* + 3]l — proxg (e — VF (i)
+ 3||proxg(afi — VF(xfi)) — proxg(z* — VF(@"))|?
Lalja — 2P + 3k — proxg(ah — VR@h)I? + ok — VF(h) — (7% — VF@E))?
<(5+ 21217 — k|2 + 3]k — proxg(eh — VF(h)?
<4(5 + 2L*)(E*)? + 3||ak — proxg(zh — VF(2h))|]?

<45+ 2L2)(E5? +3 (4 (14 (1 +D?) (BH)? + 5EY)

where (*) follows from the nonexpansiveness of a proximal operator. Further applying

Lemma 6.6.4 and (6.17¢), yields:

Z MF(QJt

k
ZHx — proxg(z* — VF(z H2—|—Z (EL)?
=0

M=

<3 (@14 8L (EL? +3 (401 + (1 +1)*)(EL)? + 5EY))
zkj (21 + 8L2)(EL? + 15 (SIP(EL)? + 2m*(Ef)?) ) +12(1 + (1 + 1)? zkj
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k k
< (21 + 8L + 120m/?) (cx 0> 72(E§)2> + 30m? <cy +o,> 72(52)2)
t=0 t=0
k

+12(14+ 1+ D) (B

t=0

=( (21 + 8L + 120mi?) 0,7* + 30rm*0,7* + 12(1 + (1 +1)%))

k
SO(ELD? + (21 + 8L + 120mi?) ¢, + 305 m’c,
t=0

0 _ * 2mey m? Cy
2L7 =207+ /2o, + Vm2ey

(6.56)

< (21 + 8L + 120mi?) 0,7 + 30k m%0,7* + 12(1 + (1 +1)%)) i

+ (214 8L? + 120mi?) ¢, + 306%m’c, £ By,

where g, and g, are defined in Lemma 6.6.4.
Let T5 = inf{k € N| Mp(z*) < §}. Then it holds: Ts - < 125" Mp(2¥) < B,y and
thus Ty = O(B,ut/9).

6.8 Conclusion

We proposed ASY-DSCA, an asynchronous decentralized method for multiagent con-
vex/nonconvex composite minimization problems over (di)graphs. The algorithm employs
SCA techniques and is robust against agents’ uncoordinated activations and use of outdated
information (subject to arbitrary but bounded delays). For convex (not strongly convex) ob-
jectives satisfying the LT error bound condition, ASY-DSCA achieves R-linear convergence

rate while sublinear convergence is established for nonconvex objectives.
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6.9 Appendix: Proofs of Theorems

6.9.1 Proof of Lemma 6.6.3

Applying [117, Th. 6] with the identifications: e = V fie(z}t!) — V fie (z%) and

1
m

k—1 m k—1
wh =20+ Y =Y VAE) + 3 (Vi) — Ve (al) € om
t=0 i=1 t=0

i=1

m
Ack

=9

we arrive at Ef Tt < Oy (pngOH +3F, pk_l\|el|]> , where in (%) we have used z{*' = ! for

j #i'. The rest of the proof follows the same argument as in [117, Prop. 18]. O
6.9.2 Proof of Lemma 6.6.7
Using (6.27), we have: for any € > 0,

Ty = (VF(ah) £ Iyh) (4 - 2b) + G(@h) - Gah)
<At + o B+ S faat]?

Next we prove (6.41). For any z € K, let 2*(z) € Px+(z). By the Mean Value Theorem,
there exists &¥ = Ba*(zk) + (1 — B)vit!, with 8 € (0,1), such that

U(ulit') = U(a*(25)) = VE(EN T (o™ — 27 (k) + G@A™) = Gla*(ah)).  (6.57)

To deal with the inner product term, we invoke the algorithmic update (6.7) and the first
order optimality condtion (6.30) (with z = z*(2£)):

(Vfw(@hisah) + Tyh - Vfiuleh)) | (o — ()
= (Vi (@ ak) + Iy — V() (6 — 2 (k) + (7 — V(@ — b))
< — (1 =) (Vi l(@h;oh) + Tk — V fin(ah) )T — ) + Gz (2h)) — G(@h).
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Therefore

Uvi) = Ua™(a3h))

= (VF(€) % (Vi (@hsah) + Ik — Vfu(ah)) ' (o — *(2h) + GiH) - Gla™(h)
< (VFiu(@h;ah) + Iyk — Vi (ah)) W — 2 (2h) + GOl™) - Gla* ()
+(Hw<&k> V(e (h) — 1ol k@ﬁ;xﬁ)—wik(x@)\ £ oo (o
Ry
<~ (=) (Vs ah) + Iyf — Vin(al) (@ - 2h) - (1 - 9)(@(Eh) - Glh) + R,
(6.58)

where in the last inequality we have used the convexity of G. We thus arrive at the following

bound on Tj:

-
T = (VF(ah) = (Vi @h; ah) + Tyh — Ve(ah))) (3 — k) + G@Eh) - Gah)
1 1
< - (U - UG ) + B
-7 1- (6.59)
(197 ot = Vsntatol] + 97t - 1] ) et
Ry
It remains to bound the remainder terms R; and Rs. Note that
oit —  (xh)|| = [[oit £k — 27 (k)| < dist(2f,
lex — ok < Bt — o @l + (1 = B ol — 2| < aistah, 07) + ]| ast]|
Applying Lemma 6.6.6 and Corollary 6.6.6.1, the following holds: for k > k,
(dist(xf’}@,lC*)) < K2 — proxg(zk — VF(x H <k (4 (1 +(1+1) ) HAx H + 5Ef> :

With the above inequalities and using the fact that v <1 we can bound R; as
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k+1

+(1+1) HAx H + 2 dist (¢, £)* 4 297 HAx

Ry <|VFE) - vEER) |2+ ||VF@h) - 1P

§L2H§k— AE
§(2L2+2) dist(zh, K*)?2 + EF + (2L2’y2+27 +(1+1) )HM H

< (8K2(L* + )(1+(l+l))+2L2+2+(l+l 1) At + (10s2(z2 + 1) + 1) B

c3 C4

Similarly, Ry can be bounded as

Ry < ||VF(ah) - W(Fh k) =V fa(ah F (1 (D) At

Substituting the bounds of R; and R, in (6.59) yields

T <~ (V) = U @) + B+ = (clac + amt) + (140 +D2) Jact]?

<~ (U0 - U k) + 1 (e adt e eomt)

es 2 8RAL2+ 1) (14+ (I + D)+ 2L +2+ (I + D>+ 1+ (1 +1)?
’ ( ) (6.60)
ce = 105%(L% 4+ 1) + 2.

6.9.3 Proof of Lemma 6.6.8

We know from Lemma 6.6.1 (ii): for all £ > 0, all elements in the first m columns of

WHHEL=LE are no less than 7. Since W E1=1FYF s nonnegative, we have for each i € [5]

HW}@—i-Kl—lclcEkHOO < ilrllaXS{l _ (1 _ 0(7))@{7}1311(1—1:19} <1-— (1 — a(fy))n.

=1l,...,

On the other hand, because 0 < ¥¥ < m for all k, we know (WZ)m:k < Wmk ¥k Vm >
k. Thus
H(Wz)k+[(1flzkuw < HWk+K1—1:k2kHOO <1-(1—-0a(7)n.
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Finally for any & > ¢ > 0,

k+1-—¢

-t I
s (I 109

04t Ky —1:04-(t—1) K,

Oo) H (Wz)kteﬂk}ll—ﬂ& HOO

— f+tK17113+(t71)K1
) .

| 1= k=t

<(i-(1-e(m)n) = <(1-(1 —10(7))77) %

= e (0 o))

where we defined [J_, ' = 1, for any sequence {x'}.
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7. SUMMARY

This dissertation provides a unified distributed algorithmic framework, which encapsulates
the majority of existing first-order distributed algorithms. We also propose optimal dis-
tributed optimization algorithm, to reach the min-max lower complexity bound of first-order
distributed algorithms. Finally, we break synchronism in the networked system and propose
asynchronous distributed algorithms for practical large-scale optimization. Extensive simu-
lation results validate our theoretical findings and the efficacy of the proposed algorithms.

Our accelerated distributed optimization algorithmic framework OPTRA provides a class
of algorithms which are optimal for smooth convex optimization. One research question
that remains open is, how to design distributed optimization algorithms which are optimal
in terms of both computation and communication, for strongly convex problems. Although
algorithms proposed in [51], [131] can achieve the optimal computation complexity, they are
not optimal in terms of the communication complexity.

For asynchronous distributed/decentralized algorithms, one question is whether one can
break the Assumption 4.3.2 of the partial asynchrony, and still design asynchronous dis-
tributed algorithms which converge linearly in the deterministic sense.

Note that an instance of particular interest to the Problem (P) is the distributed empirical
risk minimization: a training data set {(us,ys)}sep, with us being the input feature vector
and y, the outcome associated to item s, is partitioned into m subsets {D; }ic[m), each of which
is assigned to a machine i € [m]. The goal is to learn a mapping p(- ; x) parameterized by x €
R? using all samples in D by minimizing the empirical risk 3" cp £ (p(us; 7), ys) + G(z), with
each agent having access to only fi(z) = 1/|D| X sep, ¢ (p(us; ), ys). Real applications usually
impose high-dimensional variables, leading to the challenge of designing communication-
efficient distributed algorithms. In the meantime, when the data are i.i.d. among machines,
the Hessian matrices of local functions are related (cf. Sec. 2.5.4). As discussed partially in
Sec. 2.5.4 and Sec. 2.6.3, the statistical similarity /homogeneity of local functions significantly
impacts the convergence rate of distributed optimization algorithms. Therefore, another

promising research direction is to exploit such statistical similarity in the algorithmic design,
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and further study the accelerated/optimal distributed algorithms in such a setting, in order

to minimize the communication cost.
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