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ABSTRACT

Let Ky(Varg) be the Grothendieck group of varieties over a field k. We construct an exact
category, denoted Add(Vary)g, such that there is a surjection Ky(Var,) — Ko(Add(Var)s).
If we consider only zero dimensional varieties, then this surjection is an isomorphism. Like
Ky(Vary), the group Ko(Add(Vary)s) is also generated by isomorphism classes of varieties,
and we construct motivic measures on Ky(Add(Var)s) including the Euler characteristic if

k = C, and point counting measures and the zeta function if k is finite.



1. INTRODUCTION

Let k be a field. Let Var, be the category of varieties over k; that is, separated reduced
schemes of finite type over Spec k. The Grothendieck group of k-varieties, Ko(Vary), is the
free abelian group generated by the isomorphism classes of k-varieties, modulo the subgroup

generated by relations

where Z < X is a closed immersion and U := X \ Z is the open complement. The fiber
product of varieties, with the reduced structure, induces a ring structure, and the unit is the
class of Speck.

Let x be a function on the isomorphism classes of varieties into an abelian group, such
that x(X) = x(U) + x(Z), for all X, U, and Z as above. Important examples of such
functions include the Euler characteristic, the Hodge-Deligne polynomial, the Hasse-Weil
zeta function, the Kapranov motivic zeta function, and point counting measures. The ring
Ky(Vary) is universal amongst all such functions x. The Grothendieck ring is also of interest
in birational geometry: Larsen and Lunts show a certain quotient of Ky(Vary) detects stably
birational equivalence classes ([1]).

However, the ring structure of Ky(Varg) is complicated and difficult to understand. For
example, Poonen shows Ky(Varg) is not a domain if the characteristic of k is zero ([2]). If
k = C, then Borisov shows specifically that the class of the affine line is a zero divisor ([3]).
On the other hand, if & is algebraically closed of characteristic zero, then Bittner ([4]) gives
a convenient presentation of the group as generated by classes of smooth projective varieties
modulo the subgroup generated by relations [Bly X| — [E] = [X]| — [Y], whenever Bly X is
the blowup of a subvariety Y at X with exceptional fiber E. We refer to [5] for an excellent
introduction to the above theorems.

As with the case of the Grothendieck group of the exact category of vector bundles, we
desire a higher K-theory of varieties. However, there is an immediate obstruction and we

cannot proceed as usual: the category of varieties is not exact, let alone additive — there is



no natural addition of morphisms, and while products and coproducts (disjoint union) exist,
there are no biproducts. Others have overcome these difficulties and successfully define a
higher K-theory of varieties. In [6], Zakharevich defines a object called an assembler and
constructs a functor that assigns a spectrum to each assembler. It turns out the category
of k-varieties is an assembler, and she constructs a spectrum whose zeroth homotopy group
is Ko(Var). Campbell takes a similar approach in [7]. He defines the formalism of a SW-
category and adapts the Waldhausen S,-construction to SW-categories. He applies this to
the category of varieties and also constructs a spectrum whose zeroth homotopy group is
also Ko(Varg). In [8], Campbell and Zakharevich construct a more general CGW-category
which generalize both exact categories and the category of varieties. This machinery is used
to show there is a weak equivalence between the two spectra constructed above.

In this thesis, we pursue a different strategy to define higher K-theory of varieties. The
key observation motivating our approach is: while Ky(Varg) is named the “Grothendieck
group of varieties”, it is not the Grothendieck group associated with an exact category
(see Definition 2.2.28). Therefore our strategy is to find an exact category C such that its
Grothendieck group, Ko(C), is isomorphic to Ky(Varg). In this way, we will have access to
all the existing Ky-theory framework developed by Quillen and Waldhausen (see [9], [10] for
a survey). However, as we observed, there are obstructions. The first obstruction is there is
no natural addition of morphisms in Var,. The second obstruction is biproducts do not exist.
We address these issues by applying the following two universal constructions from category
theory. The first construction takes a category and associates to it a preadditive category.
This repairs the first problem. The second construction takes a preadditive category and
produces an additive category. This repairs the second problem. Both constructions also have
universal properties, detailed in Section 2.2.1. We subsequently apply these constructions
to Vary and obtain an additive category Add(Vary), which we view with the split exact
structure. We note, in Ky(Add(Vary)), biproducts split: [X @ Y] = [X]+ [Y]. However, the
group Ky(Add(Varg)) lacks the desired universal relations [X] = [U] + [Z]. To overcome this
difficulty, we forcibly make X and U@ Z isomorphic by localizing Add(Vary) at a appropriate
localizing set S. We put S the smallest set of morphisms in Add(Var), which



1. contains isomorphisms and morphisms U & Z — X given by the open immersion and

the closed immersion, and

2. is closed under direct sum and compositions.

Thus, in the Grothendieck group of the localized category Add(Vary)s, we have the desired

relation:
X]=[U®Zz]=[U]+[Z].

To establish some desirable properties of the Grothendieck group of Add(Vary)g, we restrict
to working with the faithful subcategory of k-varieties and locally closed immersions. Lastly,
we remark the construction is flexible and applies to other categories such as schemes, the
category Var; of at most n-dimensional varieties, topological spaces, or even sets.

The main results of this thesis are listed below.

1. The localizing set S described above is a left multiplicative system (Corollary 3.2.7).
This gives the localized category Add(Varg)s a more tractable construction, and it

follows that Add(Vary)s is additive (Proposition 2.2.24).

2. There are natural homomorphisms
Ko(Add(Var} ™) g) — Ko(Add(Var})s)

induced by inclusion, and we show the cokernel is the free abelian group of n-dimensional

birational classes (Theorem 4.3.5).

3. There is a surjective ring homomorphism
Ky(Var,) — Ko(Add(Varg)s) (1.1)

(Proposition 5.0.1).

4. If we restrict to zero dimensional varieties over an algebraically closed field, then the

surjection in Eq. (1.1) is an isomorphism (Proposition 5.0.3).
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5. We construct the following motivic measures on Ko(Add(Varg)s).

(a) If k is a finite field, then we construct the point counting measures (Exam-
ple 6.0.4), the Hasse-Weil zeta function (Example 6.0.7), and compactly supported
Euler characteristic given by f-adic étale cohomology (Proposition 6.0.11).

(b) If £ = C, then we construct the compactly supported FEuler characteristic given

by singular cohomology (Theorem 6.0.12).

This thesis is organized as follows. We begin in Chapter 2 with some of the required
background from category theory. Topics we review include: the free preadditive and additive
categorical constructions, localization of categories, exact categories, (symmetric) monoidal
structures, and the Ax—Grothendieck theorem.

Next in Chapter 3, we apply the free additive construction to the categories of varieties
and schemes, and study the resulting Ky-theory. We also construct the left multiplicative
system S described above and form the localization.

In Chapter 4, we consider two direct systems, indexed by dimension, whose direct limits
are Ko(Varg) and Ky(Add(Varg)s). We compute the cokernels of the connecting homomor-
phisms.

In Chapter 5, we compare Ky(Vary) and Ky(Add(Varg)s). We establish the homomor-
phism in Eq. (1.1) and show it is a surjection. If the base field is algebraically closed, then
we show the surjection is an isomorphism in dimension zero. We indicate a possible strategy
to prove the surjection is an isomorphism in all dimensions.

In Chapter 6, we recall the definition of motivic measure, and construct the motivic

measures listed above.

10



2. BACKGROUND

This chapter contains the background for this thesis. We begin with some notations and
definitions. Next, we proceed to a detailed review of some elements of category theory, with
an emphasis on the localization of a category at a multiplicative system and free (pre)additive
categories. We continue with some details on how localization of categories and free additive
categories respect symmetric monoidal structures. Finally, we record the Ax-Grothendieck

theorem for later use.

2.1 Notation and conventions

In this section, we fix notation and recall definitions for use throughout the rest of this

thesis.

Notation 2.1.1. 1. If X C Y is a locally closed subvariety, then ix: X — Y denotes

the inclusion map.

2. (a) If S is a set, then Z[S] denotes the free abelian group generated by the elements
of S.

(b) If C is a (essentially small) category, then Z[C] denotes the free abelian group

generated by the isomorphism classes of the objects of C.

3. Let S be a set (S will usually be a set of morphisms in a category). We shall assume
every element f in Z[S] is written as Y. n; f; in reduced form, meaning f; # f; for every

1 # j and all n; are nonzero integers.
4. If C is a category then Ob(C) denotes the objects of C.

5. If C is a category and x an object in C, then id, or 1, denotes the identity map on .

We occasionally drop the subscript if clear from context.
6. If X is a finite set, then #X is the cardinality of X.

7. Let k be a field. A k-variety is a separated reduced scheme of finite type over Spec k.

11



Definition 2.1.2. Let n € NU {o0o}.

1. Let Schr denote the category of schemes of finite type over a noetherian base scheme T’

and morphisms of finite presentation. We usually suppress the base scheme and write

Sch.

2. Let Vary denote the category of varieties over a field k of dimension at most n and
morphisms given by locally closed immersions. We usually suppress the base field k.
If n = oo we simply write Vary or Var. Note Var} is a faithful subcategory of the usual

category of varieties and regular maps.

3. Let Var, " denote the category of varieties of dimension exactly n and locally closed

immersions. We usually suppress the base field £ and write Var™".

4. Let FinSet denote the category of finite sets. For k an algebraically closed field, we
identify Var} with FinSet.

5. The prefix Irr indicates the full subcategory of irreducible varieties. For instance,
[rrVar™" denotes the full subcategory of Var~" whose objects are irreducible n-dimensional

varieties.

6. Let Bir" denote the category of irreducible varieties of dimension n and birational
maps. If X is a n-dimensional irreducible variety, then {X} (or just {X} if clear for
context) denotes the birational class of X. Note the set of isomorphism classes in Bir"

is the set of n-dimensional birational classes.

7. Let
Ly IrrVar™" — Bir",

be the functor which is the identity on objects and morphisms. Indeed, every locally

closed immersion of n-dimensional irreducible varieties is an open immersion.

12



Definition 2.1.3. Let n € NU{oo}. Let k be a field. The (classical) Grothendieck group of
(at most n-dimensional) varieties Ko(Vary) is the free abelian group generated by isomor-

phism classes of varieties in Var; modulo the subgroup generated by the relations

(X] = U] -12],

whenever Z is a closed subvariety of X € Var, and U is the open complement. Such relations
are known as scissor relations. If n = oo, we may also write Ky(Varg) or Ky(Var), depending

on context.

2.2 Review of selected topics from category theory

In this section, we give a detailed review of selected topics from category theory to be

used later.

2.2.1 Preadditive and additive categories

We recall the definitions and properties of preadditive and additive categories and direct

sums. See [11, page 198, #5, #6] and [Stacks, Section 09SE] for a reference.
Definition 2.2.1. A preadditive category is a category C where each set of morphisms is an
abelian group, and the compositions

Home(y, z) x Home(z,y) — Home(z, 2)

are bilinear, for all objects z, y, and z in C.

Definition 2.2.2. Let z1,--- ,z, be objects in a preadditive category C. A (finite) biproduct

or direct sum of xq,--- ,x, is the following data:
1. an object = in C,
2. morphisms i;: x; — x, for all 1 < 7 < n, called inclusions,
3. morphisms p;: v — x;, for all 1 < j < n, called projections,

13



such that
L. pjoi; =1id,,, forall 1 < j <mn,
2. pjoir =0, for all j # k between 1 and n, and
3. upr + - Fippy, = 1d,.
See [Stacks, Tag 0102, 0103].

Remark 2.2.3. Let = be the direct sum in the notation of Definition 2.2.2. The direct sum
carries a product and coproduct structure as follows.

For the product structure, let z be an object and let f;: 2 — z; be morphisms. Then
>.i;0 fj: 2 — x is the unique morphism that commutes with the f; and p;.

For the coproduct structure, let w be an object and let g;: x; — w be morphisms. Then

>.gjopj: x — w is the unique morphism that commutes with the g; and i;.

Remark 2.2.4. Let C be a preadditive category. We show morphisms between two direct

sums can be expressed as a matrix of morphisms. Let X be a direct sum of X;,--- , X,, € C
with inclusions i1, - - - , %, and projections pq, - -+ ,p,. Let Y be a direct sum of Y7, ---,Y,, € C
with inclusions ji,- -, j, and projections ¢i, -+ ,¢n. The set of morphisms Home(X,Y)

and the set of m by n matrices {(fix) | fix € Home(Xy,Y;)} are in bijection. The bijection
is follows.
Given a morphism F': X — Y| we form the m by n matrix whose entries are the com-

posites

)

Xy B x Ly Ly,

Conversely, suppose we are given a matrix (f;;). We use the coproduct structure on X to

define F'. The morphisms

S gifm: Xy =Y
1

14



define the morphism

> Uifw)ope: X =Y,
Kl

for each 1 < k < n.
It follows from the definition of direct sum that these two operations are inverses. Indeed,
starting with a morphism F': X — Y, we have the matrix whose entries are ¢, o F' o i;. This

matrix defines the morphisms
ZjloqloFoik: X, —Y.
1
In turn, these morphisms define the morphism

ZjlquFOikpk:X—)Y
k,l

On the other hand,
(Zj@) oFo (Z ikpk> =idyoF oidy = F.
I k
Conversely, begin with a matrix (f;z). This defines the morphism

Zjloflkopk: X—>Y
kil

The k'l' entry of this matrix is

qu © (ij ° fik Opk) oy = fi,

k.l

as desired.
In view of this bijection, we implicitly identify a morphism between direct sums with
its associated matrix of morphisms. We refer to the entries f;; of the associated matrix

as components (of f). Under this bijection, composition of morphisms corresponds with

15



matrix multiplication. In particular, suppose the morphisms F': X — Y and G: Y — Z are

represented by matrices A and B. Then G o F': X — Z is represented by the matrix BA.

Definition 2.2.5. An additive category is a preadditive category C that admits a zero object
and all finite biproducts.

Convention 2.2.6. Let C be an additive category. For every finite ordered set of objects
of C, we assume C comes with a fixed choice of direct sum. That is, if {X;,---,X,} CC
is a finite ordered set, there is a canonical direct sum of Xi,---,X,,, which we denote by

X1®--- @ X, or @, X; (leaving the set and ordering implicit).

Definition 2.2.7. Let F': C — D be a functor between preadditive categories. We say F
is additive if each homomorphism Hom¢(C1, Cy) — Homp(F'Cy, FCy) is a group homomor-
phism.

There is an equivalent definition of an additive functor as follows ([Stacks, Tag 0DLP]).
Let x and y be objects in C and let z = x @ y. There are natural morphisms F(x) ® F(y) —
F(z) and F(z) — F(x) ® F(y), induced by applying F to the inclusions and projections of
z. Then F is additive if and only if these natural morphisms are isomorphisms, for all such

x, y, and z in C. In particular, additive functors send direct sums to direct sums.

Definition 2.2.8. Let A, B, and C be preadditive categories. We say a bifunctor F': AxB —

C is additive in each factor if,
1. for all objects A € A, the functor F(A,-) : B — C is additive, and

2. for all objects B € B, the functor F(—, B) : A — C is additive.

2.2.2 Free preadditive and additive categories

We recall the universal construction of the free preadditive category associated with a

category and the free additive category associated with a preadditive category.

Definition 2.2.9. Given a category A, the free preadditive category Z(.A) is the following

category.

16



1. The objects of Z(A) are the same as the objects of A:

ObZ(A) = Ob(A).

2. The morphisms of Z(.A) are the free abelian groups generated by morphisms in A:

Homz4)(X,Y) == Z[Hom4(X,Y)].

Remark 2.2.10 (Universal property of Z(A)). Let i: A — Z(A) be the faithful functor
which is the identity on objects, and on morphisms, the natural inclusion of a set into the
free abelian group on that set.

The functor 7 admits the following universal property: given a functor F': A — B where
B is a preadditive category, there exists a unique additive functor G: Z(.A) — B such that
Gi = F. Indeed, G is same as F' on objects and sends a morphism >, n;f; € Hom4(X,Y)
to >, niF f; € Homp(F X, FY). Uniqueness is clear.

Remark 2.2.11. In view of the universal property, Z(—) is a functor from the category of

categories and functors into the category of preadditive categories and additive functors.

Definition 2.2.12. Given a preadditive category B, the free additive category Add(B) is the

following category.

1. The objects of Add(B) are n-tuples of objects in B for each n > 0:

Ob(Add(B)) = | J{(X1, -, X,) | X1+, X, € B},

n>0

2. The morphisms of Add(B) are matrices of morphisms in B:

Hompqas) (X1, 5 Xn), (Y1, -+, Vi) = {(fiihi<icni<j<m | fii € Homp(X;, Y))}.

17



More explicitly, the jth row corresponds to the morphisms into Y; and the ith column
corresponds to the morphisms out of X;. Composition is given by matrix multiplication,
which makes sense because B is preadditive.

The tuple of length 0 is called the empty tuple (sometimes denoted @), and it is the distin-
guished zero object in Add(B). Given r many tuples (Xi 1, -+, X1n,), 5 (Xo1, -, Xpn,)
in B, a direct sum is the concatenation of all tuples (Xi 1, , X145 -, X1, , Xy, ). Inn

view of Convention 2.2.6, we shall fix this choice of direct sum.

Remark 2.2.13 (Universal property of Add(B)). Let i': B — Add(B) be the fully faithful
functor which sends an object of B to the 1-tuple whose entry is that object, and sends an
arrow to the 1 by 1 matrix whose entry is that arrow.

The functor ¢ admits the following universal property: if C is an additive category and
F': B — C an additive functor, then there exists an additive functor G': Add(B) — C such
that G'i’ = F’. Indeed, on objects, G’ sends a tuple (Xi,---,X,) to the fixed direct sum
@, F'X; in C. The empty tuple is sent to a zero object of C. On morphisms, G’ sends a
morphism represented by the matrix (f;;) to the morphism in C represented by the matrix

(G'(fji)) (recall Remark 2.2.4).

Definition 2.2.14. If C is a category, we form the additive category Add(Z(C)), or just
Add(C) for short. We say Add(C) is the additive completion of C.

Remark 2.2.15. Let C be a category. There is a functor |-| from Add(C) into the cat-
egory whose objects are Euclidean spaces and whose morphisms are matrices. For X =
(X1, -+, X,), declare | X| =R". If f = (f;;) is a morphism in Add(C), then |f| is the integer
valued matrix whose entry |f|;; is the sum of the coefficients of fj;.

Note the functor |-| may also be obtained in the following way. Let Vect denote the
category of pairs (V, B) where V is a real vector space with basis B, and whose morphisms
are real-valued matrices. Let F': C — Vect be the constant functor which sends every object
to the pair (R, {1}) and sends every morphism to the 1 by 1 identity matrix. Applying the
universal properties in Remarks 2.2.10 and 2.2.13 yields the functor |-|.

18



Lemma 2.2.16. Let C be a category. In Add(C), let X = (X1, -+, X,) andY = (Y1,---,Y5)
be two tuples. If A: X = Y and B:Y — X are inverse morphisms, then v = s, and the

matrices |A| and |B| are invertible.

Proof. Apply the functor || to see |A|: R” — R® and |B|: R®* — R" are invertible real valued

matrices, and r = s. ]

2.2.3 Localization of categories

We give an overview of localizations of categories, mainly to establish notation and record
lemmas for later use. We refer the reader to [12, Chapter 7], [13, Chapter 2|, [9, Chapter II,
Appendix], or [Stacks, Tag 04VB] for details on localizing a category. In this section, let C
be a category and S be a set of morphisms in C.

We recall the following theorem:

Theorem 2.2.17 ([14, Chapter 1]). There exists a category Cs (also written C[S™']), and
a functor Q): C — Cg with the following universal property: given a functor F: C — D such

that F(s) is an isomorphism for all s € S, there is a functor G: Cs — D such that GQ = F.

If S is a “left multiplicative system” (defined below), then Cg has a particularly tractable

construction, which we spend the rest of the section recalling.
Definition 2.2.18. S is a left multiplicative system if the following hold:

1. S is closed under composition and contains all identity morphisms.

2. Sis a left Ore set. That is, given a diagram

N

—
»

X

£

in C with s € S, there exist morphisms ¢t: W — X and W — Z with ¢t € S such that

the diagram

W ——Z
' l
X —Y

19
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commutes.

3. S is left cancellative. That is, given a commutative diagram in C,

/
X Y 4~ Z
g

with s € S, there exists a morphism ¢: W — X in S such that ft = gt.
In [Stacks|, a “right multiplicative system” is a “left multiplicative system” in our notation.

Definition 2.2.19. For XY € C, a left roof (from X to Y ) is a pair of morphisms X «+
Z — Y where Z — X liesin S. Two left roofs X <~ Z % Y and X 79y are equivalent

if there is a third left roof X ¢ 7" 2%y and morphisms u: Z” — Z and v: Z" — Z' such

that the following diagram commutes:

2N

X«mr=272"—g'»Y

A

It is true that the above equivalence is an equivalence relation on the set of left roofs.

!

—e I\

N +=—

Definition 2.2.20. When S is a left multiplicative system, let Cs = C[S™!] be the category
whose objects are the same as C, and whose morphisms are equivalence classes of left roofs.
There is a well-defined composition given by the Ore condition. Let Q): C — Cg be the functor
which is the identity on objects, and sends a morphism X — Y to the class of X L x oy,
Each object in Cg may be written as QX for an object X € C. If s: X — Y € S, then the
inverse of Q(s) is ¥ <> X % X. The class of a left roof X <= Y Ly 7 may be written as
Qf) 0 Qs)".

The following lemma characterizes isomorphisms in a localization.

Lemma 2.2.21 ([12, Proposition 7.1.20]). Let S be a left multiplicative system. Let P <
Z LW bea left roof. Then the class of left roof P < Z Iy W is an isomorphism if and
only if there exist morphisms h: X —Y and g: Y — Z such that fg and gh are in S.

20



The following lemma allows us to obtain “a common denominator” of left roofs.

Lemma 2.2.22 ([Stacks, Tag 04VI]). Let C be a category and S a left multiplicative system.
Given finitely many morphisms g;: X — Y; in Cg, there exists a morphism s: X' — X in S

and morphisms fi: X' — Y, such that each g; is represented by X < X' EIN Y;.

2.2.4 Localization of preadditive and additive categories

If C is (additive) preadditive and S is a left multiplicative system, then localization

respects the (additive) preadditive structure of C. We recall some details.

Proposition 2.2.23 ([Stacks, Tag 05QC]). If C is a preadditive category, and S is a left
multiplicative system, then there is a canonical preadditive structure on Cg such that the
localization functor Q: C — Cg is additive.

The addition is defined as follows. Suppose gi,92: X — Y are two morphisms in Cg.
Let s, f1, fo be as in Lemma 2.2.22. Define g, + go to be represented by the left roof X <&

X/ f1+f2 Y

Proposition 2.2.24 ([Stacks, Tag 05QE]). If C is additive and S is a left multiplicative
system, then Cg is an additive category, and QQ: C — Cg is an additive functor. The distin-

guished zero object is Q0. The direct sum of QX1, -+ ,QX, is QX1 ®---® X,,).

2.2.5 Exact categories

We do not recall the definition of exact category and exact functor, but instead refer the

reader to standard references, such as [15] or [9, Section IL.7].

Example 2.2.25. Every additive category admits the structure of an exact category by

declaring a sequence X — Y — Z to be exact if there exists a commutative diagram

R e



where the vertical morphisms are isomorphisms, and 74 and pp are the canonical inclusion

and projection of A ® B. This exact structure is called the split exact structure.

Convention 2.2.26. If C is additive and the exact structure on C is unspecified, we implicitly

assume C carries the split exact structure.

Remark 2.2.27. If C and D are additive categories with the split exact categories and

F': C — D is an additive functor, then [ is exact.

2.2.6 K, of an exact category and of an additive completion

We recall the definition of the Grothendieck group of an exact category. We also compute
the Grothendieck group of the additive completion of a category with a special property. We
shall see Var; has the special property in Chapter 3.

Definition 2.2.28. Let C be an exact category. The Grothendieck group Ko(C) is the free
abelian group on the isomorphism classes of C modulo the subgroup generated by relations
Y] — [X] — [Z], whenever X — Y — Z is an exact sequence.

If F': C — D is an exact functor between exact categories, then there is a natural group

homomorphism

K()FZ Koc — K()D

which sends the class of X to the class of F/(X).
In this way, K is a functor from the category of exact categories and exact functors into

the category of abelian groups.

Definition 2.2.29. We say a category C has the permutation isomorphism property if, given
two isomorphic tuples (X, -+, X,) and (Yy,---,Y;) in Add(C), then r = s and there is a

permutation o on 7 letters and isomorphisms X; = Y, ;) in C, for all 1 <@ <.
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Proposition 2.2.30. Let C be a category with the permutation isomorphism property. Then

there is a group isomorphism

a: Ko(Add(C)) — ZI[C]

which sends the class of the tuple (Xq,--- , X,) to Y[ X;].

Proof. The homomorphism « is well-defined on the isomorphism classes of Add(C) by the
permutation isomorphism property. Also, a respects the relation: given an exact sequence
X =Y — Zin Add(C), in the notation of Eq. (2.1), the permutation isomorphism property

implies

alY)=a(A® B) =a(A)+ a(B) =a(X) +a(2).

Hence « is a well-defined surjective map. The left inverse is the map §: Z[C] — Ky(Add(C))
which sends the isomorphism class of X to the class of X in the Grothendieck group; this is

independent of representative of isomorphism class. O

2.3 Symmetric monoidal structures

We begin with technicalities of (symmetric) monoidal structures, and proceed to verify
the free additive construction and localization at a left multiplicative system respect the
(symmetric) monoidal structure. We refer to Section 1 and 7 in Chapter 7 of [11] or the

monoidial category article at [nLab].

Definition 2.3.1. A category M with
1. a bifunctor J: M x M — M,
2. a unit object 1 € M,

3. a natural isomorphism a between the functors

(-09)0- and -O(0-)
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from M x M x M to M, whose components are denoted a,, . (z0Oy)0z — 20(y0z),

4. a natural isomorphism A between the functors
10- and idyy

from M to M, whose components are denoted A, : 10x — z,

5. a natural isomorphism p between the functors
-1 and idy

from M to M, whose components are denoted p,: z[J1 — =z,
is said to be monoidal if the following diagrams in M commute, for all objects of M:

1. (triangle equality)
(z01)0y =21 20(10y)

m lmy (2.2)

xy
2. (pentagon equality)
(wOz)O(yOz)
((wOx)Oy)Oz wO(20(yOz)) (2.3)
Jaw,z,yljlz 1wDam,y,zT
(wO(z0Oy))Oz e wO((x0y)0z)

Definition 2.3.2. Let M be a monoidal category. If M is additionally equipped with a

natural isomorphism B (called a braiding) between the functors

r,y+—axly and x,y— yUx

from M x M to M and the following hold, then M is said to be symmetric monoidal:
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1. The equality
By o Byy = 1a0y (2.4)

holds for all x and y in M.
2. The equality p, = A\; o By holds for all z in M:

1 & 10z

N PI (2.5)

T

3. The following diagram, known as the hexagon equation, commutes, for all z, y, and 2
in M.

Bx,yDz

(z0y) 0z =225 20(y0z) —25 (yOz)0x
Bz,ymlzl J{ay,z,;c (26)
(yOz)8z ——— yO(20z) o5 Y O(=0x)

2.3.1 Symmetric monoidal structure on free additive categories

We verify taking additive completion respects (symmetric) monoidal structures, by first

defining the required bifunctor and then verifying the axioms.

Proposition 2.3.3. Let M be a category and L: M x M — M a bifunctor. There is a
bifunctor O: Z(M) x Z(M) — Z(M) which extends O on M x M, and another bifunctor
O: Add(M) x Add(M) — Add(M) which extends O on Z(M) x Z(M). Both bifunctors O
on Z(M) and Add(M) are additive in each factor.

Proof. We begin by defining 0J: Z(M) x Z(M) — Z(M) to be the same as [O0: M x M — M
on objects. If 37 n;f;: X — X" and Y7L, mjg;: Y — Y’ are morphisms in Z(M), then

declare

<i ”ifz‘) [ (i mjgj) = i inimj(filjgj)-

i=1j=1
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The functor [ is additive on Z(M) in each factor: fix an object Z. Let 37, mjg;: X — X'

be another morphism. Then, we compute:
1=1 7j=1 =1 j=1

i=1 j=1

= (i nifi>D idz + (i mjgj) Didg .

A similar argument holds for the second factor.

To define O: Add(M) x Add(M) — Add(M), put

(@ XZ-) O (@ Yj> = Ei?ximyj,

which is the tuple whose elements are X;[Y; in dictionary order!. If either @, X; or D;Y;
is the empty tuple, then we understand @, ; X;L1Y; to be the empty tuple. Given two

morphisms
f=i Xi=Y): @Xi = @Y, and  g=(gu: Zs > W): DZk — PW,,
‘ J k I

define the morphism

<@ XZ-) O (@ Y}) =P x,0v; - P z.Ow, = (@ Zk> OJ <@ Zl>
i j ij kl k 1

by the matrix whose entries are f;Ogy: X;0Y; — Z,OW;, where O is on Z(M). The
functor [J is additive in each factor: fix an object V. Then the matrices of the morphisms
(f+/f)0Oidy and (fOidy)+(f'Oidy) have the entries (f;;+f7;)0idy and f;;01idy +f7,01dy,
which are the same by definition of OJ on Z(M). O

14 Given two ordered sets (X1,<;) and (X»,<s), the dictionary order <3 on the product set X; x X, is
defined by (x1,x9) <3 (2], 25) if and only either x1 <; x2, or 1 = x2 and x| <5 5.
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Proposition 2.3.4. Let M be a (symmetric) monoidal category with product O: M x M —
M. The category Add(M), with the bifunctor O: Add(M) x Add(M) — Add(M) defined in

Proposition 2.3.3, has the structure of a (symmetric) monoidal category.

Proof. In Add(M), let z = @, i, y = @, ¥j, 2 = @k 2, and w = @, w;. The unit object is
1 € M C Add(M). The natural isomorphism a: Add(M) x Add(M) x Add(M) — Add(M)
is defined by the components a,, ,: (z0y)0z — 20(yOz), which is the morphism

D iy, 0 D (@i0y;)0z o P 2:0(y;Dz).

ijk ijk ijk

The natural isomorphism A: Add(M) — Add(M) is defined by the components A, : 10x —

x, which is the morphism

The natural isomorphism p: Add(M) — Add(M) is defined by the components p,: x1 —

x, which is the morphism

@pxi : @x,Dl = @xz
The following triangle diagram commutes by Eq. (2.2):

@z’j Az;,1,y
@, (z;,01)0y; —— @ij x;0(10y;)

1 Oy
@zgm la}w e

®;; ©:0y;

27



The pentagon diagram commutes by Eq. (2.3):

@lijk(wlmxi)lj(yjmzk)
Diijr GWW W}UZ’Z%WDH@
Duijr ((wiHz;)Uy;) Oz By wiO(z,0(y;0z))
J/@lz]k awlvzivyj Dlzk @ @lljk 1wl Dazi‘yj“sz
ij Aoy yeiOyg,z
D (wiD (i 0y;) ) Dz e Dijre i ((2:0y;)02)

Hence M is a monoidal category.
Suppose M is symmetric. Define the braiding B on Add(M) as follows. Suppose = =
@, z; and y = @, y; are in Add(M). Let the morphism

By: @xiDyj — @yj[jxi

i Ji

be given by components B, : v0y; — y;0r;. The category Add(M) is symmetric

monoidal:
1. We see B, , o B, = 1,0, by computing on components.

2. The following diagram commutes by Eq. (2.5):

B,
@, ;01 D, B @, 10z,

eh i@i A

3. The following hexagon diagram commutes by Eq. (2.6):

@zﬂc azi,yj,z B:L',yDz

@ijk(xiﬂyj)mzk R éijk z;0(y;02,) —— @jki(ijzk)Dxi
@jik(yjmxi)m% — @i y;0(x:02 ~ o, ki U O(z,0z;)

jik ayjaziazk;
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2.3.2 Symmetric monoidal structure on localized categories

In this subsection, let M be a category, and S C M a left multiplicative system. We show
a (symmetric) monoidal structure on M induces a (symmetric) monoidal structure on Mg
such that the localization functor M — Mg respects the (symmetric) monoidal structure.

We proceed by first defining the bifunctor and then verifying the axioms hold.

Proposition 2.3.5. Let [0: M x M — M be a bifunctor such that s10sq is in S, whenver s;
and sy are in S. Then [ extends to Mgx Mg — Mg. If M is preadditive and (1: MxM — M

is additive in each factor, then L1: Mg X Mg — Mg is also additive in each factor.
Proof. Define [J: Mg x Mg — Mg on objects to be the same as [J on M. For i = 1,2, let
b; &L ¢ ER a; be two left roofs in Mg. Put

g O
(b1 (ﬂ c1 — al)D(bg — Cy — a,g) = b0b, M e M arUas.

We show this definition is independent of representative of left roof equivalence class. Sup-

9 f1 . Dy .
pose by < ¢} = a; and by & il—> a1 are equivalent, which is the data of a diagram

g1 UT fi
1 1!

91 1
bl Clll aq

Hence, the second equality in

O d
(bl <£ C1 £> Cll)D(bg — Co — CLQ) = blljbg M ClDCQ M CL1D6L2

91092 J18f2
= bﬂ:lbg &= C/1|:|CQ R N aiUagy

= (bl (g—l Cll f—1> al)D(bg <g_2 Cy iQ—) (12),
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follows from the following diagram

C1 DCQ
gmg/ﬁcﬂ %fz
g70g2 g{0f2

blmbg — C/1,|:|CQ E— a1Da2

\ J{UD id/c/
91092 f10f2

i 0ey

A similar argument shows the definition is independent of representative of the second factor.
Suppose M is preadditive and [J: M x M — M is additive in each factor. Fix an object
d € M. The preadditive structure on Mg was given in Proposition 2.2.23. Let Fy, F|: by — a4
be two morphisms in Mg. By Lemma 2.2.22, we represent them by b, < ¢; ELN a; and
by < ¢ f—{> ay. Then O is additive in the first factor:
(Fy + F)Oidy = (b < oy 2505 ap)0(a &4 ¢ 14 )

(fi+f1)Bida
RS Y

— b,0d 294 04 a,0d

(AB81da)+(f10ida)

— b,0d <29 Od a,0d

AOidg

= (5,0d &L ;04 229 6,0d) + (b,0d S

a0d 2% o 0a)

= F0idy +F0idy .

A similar argument holds for the second factor.

]

Proposition 2.3.6. If M is (symmetric) monoidal and S is closed under the bifunctor, then

Mg is also (symmetric) monoidal under the product defined in Proposition 2.3.5.

Proof. Apply the localization functor @): M — Mg to the components of a, A, and p to
obtain the required natural isomorphisms a, A, and p on Mg in Definition 2.3.1. The required
diagrams commute because @ is a functor. Hence M is monoidal. A similar argument shows

M is symmetric monoidal. O]
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2.3.3 Ring structure on K,

We discuss a ring structure on K induced by a bifunctor. We begin with some definitions

and lemmas.

Definition 2.3.7. Let A, B, and C be exact categories. A functor F': A x B — C is biezact
if:

1. for all objects A € A, the functor F(A,-) : B — C is exact, and
2. for all objects B € B, the functor F'(—, B) : A — C is exact.

Remark 2.3.8. Let M be an additive category. Let J: M x M — M be a functor additive

in each factor. Then O is biexact.

Lemma 2.3.9 (]9, Lemma 7.4|). Let A, B, and C be exact categories. A biexact functor

F: Ax B — C induces a bilinear map
K(]A X K()B — K()C,

which sends a pair ([A],[B]) to [F(A, B)].
As a consequence, we have the following.

Corollary 2.3.10. Let (M,0) be a (symmetric) monoidal additive category. Suppose O is
additive in each factor. Then KoM has the structure of a (commutative) ring, where the

product is given by [x] - [y] = [xOy| and the unit is the class of the unit object in M.
Proof. The proof follows from Remark 2.3.8 and Lemma 2.3.9. O]

Corollary 2.3.11. Fori = 1,2, let (M;,[0;) be monoidal additive categories. Suppose both
Ul; are additive in each factor. Let F': My — My be a functor such that the diagram

M, x M, — M,

P |

MQXMQTMQ
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commutes. Then KoF is a ring homomorphism with respect to the ring structure defined in

Corollary 2.5.10.
Proof. We compute, for all objects X and Y in M:
(Ko F)([X] - [Y]) = (Ko F)([XThY])
= [F(X0hY)]
= [FXO,FY]

= [FX]-[FY]
= (KoF)([X]) - (Ko F)([Y])

2.4 The Ax—Grothendieck theorem

We record the Ax—Grothendieck theorem and a corollary for later use.

Theorem 2.4.1 (Ax—Grothendieck, [EGA4], 17.9.6). Let S be a scheme, and X a scheme
of finite presentation over S. FEvery S-endomorphism of X that is an monomorphism is a

isomorphism.

Corollary 2.4.2. Let F be an endomorphism of a k-variety X. If F is a locally closed

immersion, then F' is an isomorphism.
Proof. Follows from the following lemma. m

Lemma 2.4.3. Let i: Z — Y be a locally closed immersion of k-varieties. Then i is a

monomorphism in the category of schemes of finite presentation over Speck.
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Proof. Let fi, fo: X — Z be morphisms such that 7o f; = 70 f. The morphism i is injective
on the level of sets. Hence f; and f; are equal on the level of sets. As for the morphism of

sheaves, for every z € X, there is an equality of maps of stalks

#
- i mF
(io f1>f3 Oyify (x) AN Oz 11 (x) (% Ox .

#
; I R
(io f2)fi Oyifo () L0, O fa(x) % Ox

The maps i}f(x) and Z.?;(x) are equal (because 7 is injective) and surjective (because i is a
locally closed immersion). Hence (f1)# = (f2)¥, for all z € X. We conclude the morphisms

f1 and f5 are equal. m
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3. ADDITIVE COMPLETION OF VARIETIES AND SCHEMES

In this section, we undertake the strategy outlined in the introduction. Recall the idea:
we seek an exact category C whose Grothendieck group is isomorphic to Ky(Varg). The
first obstacle is the lack of a natural exact structure, or even additive structure, on Vary.
This leads us to take the additive completion of Vary to obtain Add(Varg). In Section 3.1,
we establish basic properties of Add(Vary) and compute its Grothendieck group. However,
there is a second problem: the desired scissors relations do not hold in Ky(Add(Varg)). We
shall force the relation by localizing Add(Vary) at a certain localizing set S, which makes
X and U @ Z isomorphic, for every closed immersion Z < X and U = X \ Z. We spend
Section 3.2 defining S and showing it is a left multiplicative system. Finally in Section 3.3,

we establish basic properties of Ky(Add(Varyg)s).

3.1 Properties of additive completions associated to varieties

In this section, we study the category Var™ of at most n-dimensional varieties and locally
closed immersions, and show isomorphisms in Z(Var") and Add(Var") imply isomorphisms

in Var". We also compute Ky(Add(Var")).

Theorem 3.1.1. If f: X — Y and g: Y — X are locally closed immersions of varieties,
then f and g are isomorphisms. Let n € NU{oo}. If X and Y are isomorphic in Z(Var"),

then X andY are isomorphic in Var.

Proof. We prove the first statement. The locally closed immersions gf: X <— X and
fg: Y — Y are isomorphisms by Corollary 2.4.2. Let o and g are inverses to ¢gf and

fg:

agf =idx =gfa and [fg=idy = fgpb.

Therefore, f and g have two sided inverses.
We prove the second statement. Suppose > ;e nifi: X — Y and >0, myg;0 Y — X

are inverses in Z(Var™). Neither index set I or J can be empty so there exist locally closed
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immersions from X to Y and from Y to X. We apply the first statement to conclude the
proof. O

Now we turn to Add(Var). The following definition and remark are gadgets meant to

facilitate the proofs of Theorem 3.1.4 and Proposition 3.1.5.

Definition 3.1.2. Let C be a category. Fix a n by m matrix N = (nj;). Let Ty € Add(C)
be the set of morphisms f = (f;;) such that f maps from a n-tuple (Xi,---,X,) to a m-
tuple (Y7,---,Y,,) and there exists a morphism X; — Y; in C whenever nj; # 0, despite fj;
possibly being zero. The equality n;; = 0 does not necessarily mean that there are no locally
closed immersions X; — Y or that f;; = 0.

For example, let C = Var. The morphisms (iy,iz) and (i, 0) from (U, Z) to X lie in
both 71,1y and T{op). The morphism (id,0): (Spec C,A') — SpecC is not in (1), since
there is no locally closed immersion A' — Spec C.

If M € Ty and M’ € Tys, then MM’ € Ty, provided the compositions make sense.

Recall the convention for composition in Remark 2.2.4.

Remark 3.1.3. If N = (b;;) is an invertible by r real matrix, then there exists a per-
mutation of the rows of N such that N has no zeros along its diagonal. If not, for each
permutation o on 7 letters, an entry b;,; would be zero for some 1 < ¢ < 7. Thus

det N = Y, (sgn(o) [Ti—; bi»@)) would be 0.

Theorem 3.1.4. Let n € NU {oo}. Let X = (Xy,---,X,) and Y = (Y1,---,Y;) be in
Add(Var™). Suppose A: X — Y and B:Y — X are inverse morphisms. Then r = s, and

there is a permutation o on r letters such that X; and Y,y are isomorphic, for all i.

Proof. Lemma 2.2.16 implies r = s, and |A| and |B| are invertible. By Ax-Grothendieck,
it suffices to construct two morphisms X — Y and Y — X in 7}, where I, is the r by r
identity matrix, to conclude X and Y are coordinate wise isomorphic. By Remark 3.1.3, we
may relabel Xi,---, X, such that |A| has no zeros along its diagonal. Hence A is in T7,.

The invertibility of |B| implies the morphism B is in T, for some permutation matrix F.

Therefore B = (BA)"'B is in T(g1,)—1p=1,- O
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Proposition 3.1.5. Let n € NU{oo}. Let X = (Xy,---,X,) and Y = (Y1, ---,Y;) be in
Add(Bir"). Suppose A: X =Y and B: Y — X are inverse morphisms. Then r = s, and

there is a permutation o on r letters such that X; and Y, ;) are birational, for each i.

Proof. Lemma 2.2.16 implies r = s, and |A| and |B| are invertible. By Remark 3.1.3, we
may relabel X, -+ | X, such that |A| has no zeros along its diagonal. This means there exist

birational maps X; — Y; for each i, as desired. O

Corollary 3.1.6. Let n € NU{oo}. There is a group isomorphism

Ko(Add(Var")) — Z[Var"],

which sends the class of the tuple (X1,---, X,) to >i_,[X;]. There is a group isomorphism

Ko(Add(Bir™)) — Z[Bir"),

which sends the class of the tuple (Xi,---,X,) to >;_{Xi}.

Proof. Theorem 3.1.4 and Proposition 3.1.5 show Var" and Bir" have the permutation iso-

morphism property (Definition 2.2.29), and the corollary follows from Proposition 2.2.30. [

3.2 A localization of additive completions associated to varieties and schemes

In this section, we define a left multiplicative system in Add(Var). The motivation is to
form a new localized exact category such that a variety is identified with the direct sum of

a closed subvariety and open complement in the Grothendieck group.

Definition 3.2.1. Let X be a variety. Let iz: Z — X be a closed immersion. Let i;;: U —
Z be the complement. In Add(Var), we call the morphism (iy,iz): (U, Z) — X an open
closed cover of X.

In Add(Var), define the following sets of morphisms:

1. Let Sy be the set of all open closed covers together with the set of all isomorphisms.
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2. Let S; be the set of direct sums of morphisms in Sy. For instance, given two open
closed covers (iy,iz): (U, Z) — X and (iyr,iz): (U, Z") — X', the direct sum map
(iU AR ): (U, Z,U',Z") — (X, X') is an example.

0 0 igs iy
3. Let S5 be the set of compositions of morphisms in S;. Put S := .5,.

Remark 3.2.2. The definition of S works equally well for other categories such as Var",
Sch, or even topological spaces. All of the results in the remainder of this section hold true

with similar proofs.
The remainder of this section is devoted to showing S is a left multiplicative system.
Lemma 3.2.3. The set S is closed under direct sum.

Proof. Let f,g € S. Write f = Xo =% X1 2% - 25 X, and g =Y, BV, & ... Iy vy,
where all s; and ¢; lie in S;. Assume without loss of generality m > r. The morphism
f®g: Xo®dYy — X, @Y, factors as

idx, ®tr+1 idx, ®tm
N

XO @ }/0 51Dt . sr@tr> Xr @ K XT @ Ym

Because each s; and t; is a direct sum of morphisms in Sy, each s; @ t; is in S;. Similarly,

each idx, @t; is in S;. Hence the composite lies in S. O

Recall the category of varieties is symmetric monoidal with respect to fiber product.
Let OJ: Add(Var) x Add(Var) — Add(Var) denote the fiber product bifunctor obtained from
Proposition 2.3.3.

Lemma 3.2.4. The set S is closed under fiber product bifunctor O on Add(Var). That is,

s1lsy is in S, for all sy and sg in S.

Proof. We proceed in steps.
Step 0: Let s € S. If W is the empty tuple @), then sCidy, and idy Os are both the
zero by zero matrix on (), which is the identity on () and lies in Sy C S. For the remainder

of the proof, we assume W is a nonempty tuple and write W = (Wy,--- | W,,).
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Step 1: Let s € Sy. We show sldidy and idy Us are in S, for all nonempty tuples
W € Add(Var). If s: X — Y is an isomorphism, then sOidy is the isomorphism

Psxidw,: PX xW, - PY x W,

which is in Sy € S. If s is the open closed cover (iy,iz): (U, Z) — X, then sOidy is the

direct sum of open closed covers:

@(iyxidwi,izxidwi): (UxWy,ooo JUXWo, Z X Wy, [ Zx W) — (X x W, . X X W,).

7

Hence sJidy, is in S € S. Similar remarks apply to idy Us.
Step 2: Let s € S;. We show slJidy and idy Us are in S, for all nonempty tuples
W e Add(Var). Write s = @ f;, where each f;: X; — Y; is in Sy. Then sOidy, is the direct

sum

@fz XideZ @Xz XW]‘—>@Y;‘ XW]‘
]

.3 .3

of morphisms f; x idy,. Step 1 and Lemma 3.2.3 show sUidy is in S. A similar argument
applies to idy, Us.
Step 3: Suppose s: X7 — Y7 and t: Xy — Y5 are in S. We show st is in S. Write

s=8,0---058; fors; € S;andt =t,,0---0t; for t; € §;. Then st is the composite
(sp,0idy,) o -+ 0 (s10idy, ) o (idx, Ot,,) o - - - o (idx, Oty).

By Step 2, each factor lies in S so the composite lies in S. O
Proposition 3.2.5. The set S is a left Ore set.

Proof. Suppose we are given the diagram

N

(3.1)

—
v

|
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in Add(Var) with s € S. We produce two maps W — Z and W — X in S such that the
diagram commutes.

Step 0: In general, X is a tuple, but we reduce to the case where X is a variety. If X
is the empty tuple, then the diagram

£

(3.2)

[ =
o
«—

v

£

commutes. Here 0: ) — () denotes the zero by zero matrix, which is the identity map on ()
and lies in Sy. The morphism 0: () — Z is also a zero dimensional matrix. Otherwise write

X = (Xy,---,X,). Suppose we have a diagram

(X1, X)) —2Y

and morphisms ¢; € S and g; such that the following diagram commutes:

N

w, —2

i

—
»

~

Then the diagram

(W, -, W) ) 7

ltl D Din J{s

<‘X'17 . Xn) (fly"'7f’n) Y

commutes, and t; ®- - - D, lies in S by Lemma 3.2.3. Assume for the remainder of the proof

X is the 1-tuple of a variety.
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Step 1: Suppose s € Sy. If s is an isomorphism, then the following diagram commutes:

sT1f

!/

S

—

X
Jo
X

—_
_r

b.<

Assume s is an open closed cover (U, Z) — Y

l(iniz) (3'3>

where f =" n;f;. Let U; and Z; be the pullbacks of U and Z along f;:

U, % U Z i 7
T
x Loy x Loy
Given a multi-index I = (i1, - ,4,) € {0,1}", consider the subvarieties of X:
U= () U
{4li;=0}
Zr= 1 %
{glij=1}

Wr=UNZ =U; xXx Zj.

For instance, Unq0,1) = Uz, Zap1) = Z1 N Zs, and W1y = Uy N (Z1 N Zs). Put W =
@Drc(o1y» Wi the tuple of length 2", written in dictionary order.

We define two morphisms W — (U, Z) in Add(Var) and W — X in S that make Eq. (3.3)
commute. Fix a multi-index I = (i1, -+ ,i,) € {0,1}". The components of W — (U, Z) are

as follows. Let W; — U be the composite W; C U; — U where the morphism U; — U is
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> ¢jli;=0y ngs- Similarly, let W — Z be the composite Wy C Z; — Z where the morphism

Zr = 218 3_gjji;=1y Ny For example, the morphism W 1) — U is

n2g2

W01 €Unpy — U

and the morphism W 1) — Z is

h h
Waon € Zaon) 22 7,

This defines W — (U, Z).
Next, define s: W — X as the composite of a direct sum of open closed covers, obtained

by restricting to (U, Z;):

X « (U, Zy)
— (Uy N Us, Uy N Zy, Z1 N Us, Zy N Zs)
— (UNU;N U3, U NUs N Zs,
UynNZynUs, Ui NZyN Zs,
ZyNUsNUs, Zy N Us N Zs,
Z1 N Zo N Us, Z1 N Zo N Zs)
“ ...

~— W.

The two defined morphisms W — (U,Z) and W — X make Eq. (3.3) commute: the
morphism W; — X — Y is 3, n; fj|w,, and the morphism W; — (U, Z) — Y is

iy o ( > ”j9j|wf) +izo ( > njhj|W1> :

{4li;=0} {iliz=1}

which are the same.
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Step 2: Suppose s € 51, and write s as the direct sum
510 Psp: L1 D DL, > Y1D---DY,

where each s;: Y; — Z; € Sy. We proceed by induction on n. If n = 1, then we are done

by Step 1. Suppose n > 1. We abbreviate Z = Z, @ -+ @& Z,_1,Y = Y1 & --- @ Y,_1, and

S
By inductive hypothesis, there are morphisms s*: X* — X in S and f*: X* — Z such
that the diagram

=51 @ D s,_1. Label the arrow X — Y in Eq. (3.1) as f. We may write f as a matrix

~m

) where f: X — Y and f,: X — Y, are the components.

~

n

x* Lz

s*l :Lg

X —Y
f

commutes. Hence the diagram

J [ (3.4)

commutes, where M = (§ 9).

By Step 1, there are morphisms s : X*™ — X* in S and f*: X*™ — Z, such that the
diagram

f**

X —— 7,

|

X o Y,
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commutes. Hence the diagram

commutes, where N = (i{} s(i)-

Finally, stacking Eq. (3.5) over Eq. (3.4) completes the proof.

(3.5)

Step 3: Suppose s € S. Write s = s,,0---0s; where each s; € S;. By Step 2, we obtain

a commutative diagram for each s;, and we form a tower in a similar way to the proof of

Step 2 to obtain the required commutative diagram for s.
Proposition 3.2.6. The set S is left cancellative.

Proof. Suppose we are given the commutative diagram

f
X Y 2= Z
g

in Add(Var) with s € S. We produce a morphism ¢ in S such that ft = gt.
Step 1: Suppose s € Sy. Say s is an isomorphism, and Eq. (3.6) is the diagram

(flv"'afn)
X=X, X)) — Y 25 Y
(917"'7971)

Then sf; = sg;, for all 7, so f; = g;. Hence we let ¢t be the identity map on X.

Say s is an open closed cover, and Eq. (3.6) is the diagram

f i,
X=X, X)) —— (U,Z)MY

—
g

Write f = (]ﬁ, ;’,II,) and g = (Z,i, zf?). For each 1 < j < n, the equation
1 n 1 n

iv(fj —g;5) = iz(g; — f])
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holds in Z[Hom(X},Y)]. Both iy (f; —g;) and iz(gj — f}') equal zero because iy and iz have
disjoint image. It suffices to show fi — g% and gi — f" are zero so that the identity map on
X will do the job.

To that end, in general, if ¢: X — Z is in Z(Var) and i: Z — Y is a locally closed
immersion with i¢ = 0, then ¢ is zero. Indeed, write ¢ = > n,¢, in reduced form. If ¢ were
nonzero, there would be indices p # ¢ such that i¢, = i¢,. But Lemma 2.4.3 would absurdly
imply ¢p = ¢q.

Step 2: Suppose s € S, and Eq. (3.6) is the diagram

X vy 7, (3.7)
(91, ,9n)
where all s;: Y; — Z; are in S;. We proceed by induction on n. If n = 1, we are done by
Step 1. Ifn > 2, write f' = fi® - D fo1,d =G D DGn1, S =D D Sp_1,
Y=Y1¢®---®Y,,and Z' =72, ®--- P Z,_1. The diagram

X —y L.y

/

g

commutes so induction grants a morphism ¢': W’ — X in S such that f't’ = ¢'t’. Next, the

diagram
Lﬂ) Sn
w’ Y, —— Z,
gnt’

commutes so Step 1 gives a morphism t: W — W' in Sy such that f,t't = g,t't. Then the

morphism W LW Y X in S is the desired morphism; we compute:
ft= (@ f) o (t't) = fTt D ful't = gt't S gut't = gt't.
Step 3: Suppose s € S. Write s as
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where all s; € S;. We proceed by induction on n. If n = 1, we are done by Step 2. If n > 2,

write s’ = s,,_1 0 --- 0 s;. The diagram

/
S
—
X

!

sg

anl L Z

commutes so Step 2 gives a morphism ¢: W — X in S such that §'ft = s'gt. Therefore, the

diagram
ft
W _ i

Y L) Zn,1

commutes and induction gives a morphism ¢': W/ — W in S such that ftt’ = gtt’. Hence

the morphism W’ YW 4 X in S is the desired morphism. O]
Corollary 3.2.7. S is a left multiplicative system.

Proof. The set S contains all isomorphisms and all identities, and the corollary follows from

Propositions 3.2.5 and 3.2.6. O]

3.3 K, of the localized additive completion of varieties and schemes

Let T be a base scheme. By Propositions 2.2.24 and 2.3.6 and Lemma 3.2.4, the category
Add(Schr)s is additive and symmetric monoidal under fiber product. The same is true for
Add(Vary)g, for all n € NU{oo}. In the remainder of this thesis, we study the Ky-theory of
these split exact categories where the class of a scheme is indeed identified with the direct
sum of a closed subscheme and open complement.

In this section, we establish a few basic properties of Ky(Add(Schr)g). In Chapter 4, we
view the family { Ko(Add(Vary)s)},, as a direct system of groups, and compute the direct limit
and cokernels of the connecting morphisms. In Chapter 5, we compare this Ky-theory with

Ky(Varg). In Chapter 6, we show how to construct motivic measures on Ky(Add(Varg)sg).

n—1

Definition 3.3.1. The inclusion functor Var — Var” induces, by universal property of

additive completions and localizations, a functor

Jnm1: Add(Var"')g — Add(Var")s.
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Explicitly, it is the identity on objects and maps the class of a left roof to the same class.

Definition 3.3.2. Let
Gnn-1 = Ko(jnn_1): Ko(Add(Var")g) — Ko(Add(Var")s).

be the group homomorphism obtained by applying the functor Ky to the inclusion functors

jn,n—l‘
Lemma 3.3.3. The functor j, ,—1 is fully faithful.

Proof. Let X and Y be in Add(Var"™')s. Consider a morphism in Homagavar)s(X,Y)
represented by left roof X «+— P — Y. It suffices to show: if a morphism f: P — X in S
where X is in Add(Var"™'), then P also is in Add(Var" ™).

Let f € Syp. If f is an isomorphism, then Theorem 3.1.4 shows all the entries of P are
of dimension less than n. If f is the open closed cover (U,Z) — X, then the entries of
P = (U, Z) are of dimension less than n.

Let f € S;. Write f as the direct sum of the morphisms f;: P; — X; in Sg. The previous
step shows all P, are in Add(Var"™!), hence so is their direct sum.

Let f € S,. Write f as the composite f,_q0---0 fy where f;: Z; — Z;.1 is in S; and
Zy = P and Z, = X. Starting from f,_1: Z,_1 — Z, = X, we inductively conclude, from
the previous step, each Z; is in Add(Var"™1). ]

Proposition 3.3.4. The abelian groups Ko(Add(Schr)) and Ko(Add(Schr)[S™]) have the
structure of a commutative ring, induced by fiber product over T. Also, the localization

functor Q: Add(Schy) — Add(Schr)[S™ induces a ring homomorphism
K()QI K[)(Add(SChT)) — Ko(Add(SChT)[S_lD

Proof. The category Schr is a symmetric monoidal category under fiber product. By Propo-
sition 2.3.4, Add(Schy) is also symmetric monoidal with bifunctor described in Proposi-
tion 2.3.3. By Proposition 2.3.6, Add(Schr)g is symmetric monoidal with bifunctor described
in Proposition 2.3.5. Both bifunctors on Add(Schr) and Add(Schr)s are additive in each
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factor. Therefore by Corollary 2.3.10, both Ky(Add(Schy)) and Ky(Add(Schr)[S™Y]) are
rings. Corollary 2.3.11 implies K@) is a ring homomorphism.

[]

Remark 3.3.5 (Pullback). Let f: 7" — T be a morphism of schemes. The natural pullback
functor Schy — Schy induces an additive functor Add(Schr) — Add(Schy), which induces

a group homomorphism
1 Ko(Add(Schy)) — Ko(Add(Schy)).

It is easy to verify f* respects the ring structure.
The functor Add(Schr) — Add(Sch’.) — Add(Sch?.)s sends S into isomorphisms. There-

fore there is another group homomorphism
f*: Ko(Add(Schr)[S™Y]) — Ko(Add(Schy)[S™Y)),
which also respects the ring structure.

The pullback maps commute with the ring homomorphism in Proposition 3.3.4.

Remark 3.3.6 (Pushforward). Let f: 7" — T be a morphism of finite presentation. There
is a functor Schy» — Schy which maps a scheme X’ over 7" to X’ with structure morphism
X' — T — T, and sends a morphism over 7" to a morphism over 7. Note the morphism
X" — T"— T is also of finite presentation. This induces an additive functor Add(Schy/) —

Add(Schr), which induces a group homomorphism
fi: Ko(Add(Schr)) = Ko(Add(Schy)).

Usually, fi is not a ring homomorphism because it sends the unit 7" to 7" — T.
The functor Add(Schyv) — Add(Schr) — Add(Schr)g sends S into isomorphisms. There-

fore there is another group homomorphism

f[f Ko(Add(SChT/)[S_l]) — Ko(Add(SChT)[S_l]),
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compatible with K, applied to the localization functors and f; on the Ky-theory of the

unlocalized category.
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4. DIRECT SYSTEMS

In this chapter, we view the families {K,(Vary)}, and {Ko(Add(Vary))s}, as a direct sys-
tem of groups. In Sections 4.2 and 4.3, we show their direct limits are Ky(Var,) and
Ko(Add(Varg)s). We also compute the cokernels of the connecting homomorphisms. In
Section 4.4, we show a quotient category Add(Var})s/ Add(Vary ') exists, and we show the
Ko-theory of the quotient category is the cokernel of Ky(Add(Var}™")s) — Ko(Add(Var})s).

We begin this chapter with some technicalities.

4.1 Preliminary setup for proofs in later sections

In this section, we set up notations and define some functors for proofs in the following

sections of this chapter.

Remark 4.1.1. Let X be an n-dimensional variety. Let (U, Z) be a open closed cover of
X. We set up some notation for the irreducible decomposition of U and Z in terms of the

irreducible decomposition of X. Label the irreducible decomposition of X as follows:

1. Let Y7, .-+ ,Y; be the components of X of dimension less than n.
2. Let Y{,---,Y! be the components of X of dimension n that meet U.

3. Let Y/",--- Y/ be the components of X of dimension n that avoid U.

We have
r t
U= (UUﬂY{)U(U UmYk>.
i=1 k=1

After deleting every empty U N Y}, what remains is the irreducible decomposition of U
because every nonempty open of an irreducible space is irreducible. The only n-dimensional
components of U are U NY}.

Next, we have

Z:(OZHYZ)U(OZQY}")U(OZQYO.

i=1 j=1 k=1
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We obtain the irreducible decomposition of Z by collecting the components of ZNY}, ZNY/,

and Z NY} into a poset, ordered by inclusion, and taking the maximal elements. Notice:

1. ZNY/ is a proper closed subvariety of Y, because U meets Y;. Therefore the components

of Z MY, are of dimension less than n.
2. ZNY] equals Y/ because Y} avoids U.
3. The components of Z N Y} are of dimension less than n.
The only n-dimensional components of Z are Y}".

Definition 4.1.2. We define a functor

comp,,: Var" — Add(IrrVar™),

which picks out the n-dimensional components of a variety. For every variety Y of dimension
n, fix, once and for all, an ordering of the n-dimensional components of Y. For X € Var",
put comp,, X = @,c; X;, where [ is the ordered set indexing the n-dimensional components
X; of X. If I is empty (X has no n-dimensional components), then comp,, X = 0.

Let f: X — Y be a locally closed immersion and write comp,, Y = @,c;Y;. Define

comp,, f: comp, X — comp,, Y as follows.

1. If dim X or dimY is less than n, then comp, X or comp, Y is zero, and we define

comp,, [ = 0.

2. Otherwise dim X = n = dimY’, and we define the components (comp,, f);;i: X; = Y;

of comp,, f as follows.

(a) If f does not map X; into Yj, then put (comp,, f);; = 0.

b) Otherwise f maps X; into Y;, and put (comp i = f. Note in this case f maps
J n J

X; into Y; as an open subvariety.

In other words, (comp f);; is nonzero if and only if f maps X; into Y;.
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Proposition 4.1.3. The above assignment makes comp,, into a functor.
We require a lemma before proving Proposition 4.1.3.

Lemma 4.1.4. Let f: X < Y be a locally closed immersion between varieties of dimension
n. This means f is an open immersion and we identify X with an open subvariety of Y.
If X' C X is a component of dimension n, then X' is contained in a unique n-dimensional

component of Y.

Proof of Lemma 4.1.4. The irreducible subvariety X’ in Y must be contained in some com-
ponent of Y. Also, X’ cannot be contained in two different components Y; and Y5 of Y, as
this would mean the n-dimensional subspace X’ would be contained in the lower dimensional

subspace Y; N Ys. ]

Proof of Proposition 4.1.3. We show comp,, is functorial. Let f: X — Y and g: Y — Z be
locally closed immersions. Write h = gf: X — Z. If any of X, Y, or Z are of dimension less
than n, then both comp,, h and comp,, g o comp,, f are zero. Assume n = dim X =dimY =
dim Z. Write comp, X = @,c; X;, comp, Y = @;c,; Y, and comp,, Z = @yex Z. Fixiel
and k € K. We verify the equality

(comp, h)k; = > _(comp,, g)k; o (comp,, f);;.
j

By Lemma 4.1.4, there is a unique index j € J such that f(X;) C Y}, or equivalently,

(comp,, f); is nonzero. Hence we are reduced to verifying

(comp,, h)y; = (comp,, g)x; © (comp,, f);ri- (4.1)

The following are equivalent:
1. (comp,, g)x; is nonzero
2. g maps Yy into Z,

3. h maps X; into Z
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4. (comp,, h)x; is nonzero

The first and second statements, and third and fourth statements, are equivalent by definition

of comp,,. The second statement implies the third statement because f(X;) C Yj so

hXi) = gf(Xi) C g(Yy) C Z.

Conversely, assume the third statement. Because f(X;) is open in Y; and g is continuous,

we have

as desired.

Finally we conclude, either

1. both (comp, ¢)i; and (comp, h)x; are zero, in which case both sides of Eq. (4.1) are

Zero, or

2. both (comp,, g);; and (comp, h)y; are nonzero, in which case Eq. (4.1) reduces to

h=gf.
Thus comp,, is a functor on Var". O
Definition 4.1.5. Consider the composite functor

bir,: Add(Var®) 2990 qq(irevar™) 299 Aqd(Birm),

where the functor ¢, was defined in Definition 2.1.2. We calculate bir,, explicitly. Let X =
(X1,--+,X;) be a tuple. Let {X;;},_; be the (ordered) set of n-dimensional components of
X;. Then bir, sends X to (@jes, X1;) @+ @ (Bjes, Xrj)-

Lemma 4.1.6. The functor bir,, extends to Add(Var")s.

52



Proof. We verify bir,, sends S into isomorphisms. Let f € Sy. If f is an isomorphism in
Add(Var™), then bir, f is an isomorphism by Theorem 3.1.4. Otherwise f is an open closed
cover (U, Z) — X. Then, in the notation of Remark 4.1.1, up to reordering,

bir, X = P Y/ ® EBY}" while  bir,, U = @U NY/ and Dbir, 7 = @Yj".
i j i j

The morphism bir, f: bir, X — bir,, U @ bir,, Z is a square matrix with two diagonal blocks.
One block consists of open immersions Y/ N U — Y/ along the diagonal, and the other

)

block has the identity maps Y;" — Y] along the diagonal. Hence bir, f is an isomorphism
in Add(Bir"). If f is a direct sum of morphisms in Sy, then bir, f is a direct sum of
isomorphisms. If f is a composition of morphisms in S;, then bir, f is a composition of

isomorphisms. Therefore bir,, extends to an additive functor on Add(Var")g. O

4.2 Direct system of classical Kj-theory of varieties

In this section, we consider the direct system {K,(Vary)}, , and compute the direct limit

and the cokernels of the connecting morphisms.

Definition 4.2.1. Define the direct system of groups
F"K = Ky(Var").

For a variety X in Var", let [X]X denote its class in F"K. We may also write [X]_ or [X],

it clear from context. For n < m, there are homomorphisms f,,,: F"K — F™K given by

fm,n[X]n = [X]m
Proposition 4.2.2. The direct limit of the direct system F"K is Ky(Var).

Proof. There is a compatible system of homomorphisms ¢;: F'K — Ky(Var) where ¢;([X],) =
[X]. We show Ky(Var) carries the universal property. Let 1;: F'K — H be a compatible

system of homomorphisms.
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We define a homomorphism u: Ky(Var) — H compatible with the 1. Send the class [X]
in Z[Var] to ¢, ([X],) in H, where k is any integer larger than dim X. This is independent
of choice of k: if | > k > dim X, then

e[ X, = Wifie[ X1, = Wi X,

This map on Z[Var| respects scissors relations: the relation [X] — [U] — [Z] is sent to
(X]=[U] - [Z2] = ¢k[X]k - ¢k[U]k - ¢k[Z]k - ¢k([X]k - [U]k - [Z]k) =0.

Therefore u is a homomorphism such that u o ¢; = ; for all .

Next, we show uniqueness. Suppose u': Ky(Var) — H is another homomorphism com-
patible with the v¢,. Consider a generator [X] in Ky(Var) and let £ > dim X. Then
uw([X]) = ve([X],) = v'or([X],) = ¢/([X]). The homomorphisms v and u’ agree on the
generators of Ky(Var). O

Proposition 4.2.3. There is a group homomorphism ¢,: F*"K — Z[Bir"], which maps the

class of a variety X to >.,{Y;}, where the Y; are n-dimensional components of X.

Proof. We show ¢,, respects scissors relations. Let (U, Z) be a open closed cover of X. In

the notation of Remark 4.1.1, we have:
0u(X) = YUV} + S0V} = SV AU+ 0} = 0,(0) + 6u(2).
7 J ? J

as desired. ]

Theorem 4.2.4. There is an exact sequence of groups
ol Dt prg On 70Bi) — 0.

Proof. Tt is clear ¢, is surjective, and the image of F""1K is in the kernel of ¢,,. We show

the kernel of ¢, is in the image of F" 'K in two steps.
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Step 1: Suppose
O (1 [Xa] + -+ + 1, [X,]) =0,

where each X is an irreducible variety of dimension n. We show the sum Y, n;[X;] lies in
the image of F"~'K. We proceed by induction on r. If » = 1, then X has no n-dimensional
components so n[X;] is in the image of F"~'. Assume r > 1. Fix {X;}, and relabel

{X1}, -+ ,{X,} such that:
1. X, is birational to X7, for all 1 <7 <'s. That is, {X;} = {Xj}.
2. X, is not birational to X7, for all i > s. That is, {X;} # {X1}.

This implies n; +--- +n, = 0. For each 1 <i < s, let U; C X; and V; C X, be isomorphic
opens. Let U be the open (N;_; U; contained in X;. Let W; be the image of U in V; under
the isomorphism U; — V;. Put Z; = X; \ W;. Then in F"K, we write

Because n; + - -+ +ng =0,
> ) = L n(U]+12) = 3 niz)

lies in the image of F"~1K. Thus

s

0= as@ X)) = 6O milZ] + Sl Xi) = 6u(3 malXi)).

i=1 i>s i>8

Since Y ;»,m;[X;] has fewer than r terms, we proceed by induction on r and conclude
"_,n;[X;] is a sum of terms in the image of F" 1K,

Step 2: Suppose
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where all the X; are arbitrary (possibly reducible) varieties. We will conclude Y- n;[X;] lies
in the image of F" 1K by reducing to Step 1. We may assume dim X; = n, for all 4.

In general, if Y is a n-dimensional variety, we may write [Y] as a sum of classes of
irreducible varieties of dimension n, plus terms from F" !K. Indeed, let Y = Z, U---U Z,
be an irreducible decomposition. For each 1 < < s, put Y; = Z; — U;; Z;. In other words,
Y; is the open in Z; consisting of points of Z; that lie only in Z;, and no other Z;. Let
U =, Y;. Since the Y; are disjoint, write

Y= Y \U)+ U] = Y\ U]+ 31V

i=1

Group the irreducibles Y; of dimension n together. The rest are in the image of F" K.
Now onto the proof of Step 2. Using the above argument, write each [X;] = A; + B;,
where A; is a sum of classes of n-dimensional irreducible varieties and B; is a sum of terms

in the image of F" K. Then
0= ¢n<nl[X1] + o+ nr[Xr]) = ¢n(n1A1 +---+ TLTAT).
Step 1 shows 3, n;A; is in the image of F" 1 K. O

4.3 Direct system of categorical Ky-theory of varieties

In this section, we consider the direct system {K,(Add(Vary))s},, , and compute the direct

limit and the cokernels of the connecting morphisms.

Definition 4.3.1. If X = (X3,---, X,) is a tuple in Add(Var"), the dimension dim X is the

integer max; dim X;.

Definition 4.3.2. Define the direct system of groups
F"G = Ky(Add(Var")s).

For a tuple (Xi,---,X,) in Add(Var")g, let [X1, -, X,]9 denote its class in F"G. We

may also write [Xy,---,X,]| or [Xy, -+, X,], if clear from context. Let n < m. Let the

n
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connecting homomorphism F"G — F™G be ¢,,, which was defined in Definition 3.3.2.
Explicitly, g, sends [ Xy, -+, X;], to [X4, -, X,],,-
Proposition 4.3.3. The direct limit of the direct system F"G is Ko(Add(Var)g).

Proof. The proof is similar to the proof of Proposition 4.2.2. m

Proposition 4.3.4. There is a group homomorphism 1, : F"G — Z[Bir"], defined by sending
the class of a tuple (Xu,---, X;) to 3; ;{Xi;}, where {Xi;},; is the set of n-dimensional

components of X;.

Proof. The homomorphism 1, is the composite
Ko(Add(Var)s) 220 o (Add(Birt)) S Z[Bir"),

where the isomorphism is in Corollary 3.1.6. Indeed, we compute

(X1, X (@ le) ®-- D (@Xm‘) — Z {Xi;}

i

Theorem 4.3.5. There is an exact sequence of groups
Frolg 2l prg B 7[Bir] — 0.

Proof. Tt is clear v, is surjective and the image of F"~1G lands in the kernel of 1,,. Suppose

U (31, n;[Xi]) = 0 where X; = (X1, , X;n,) € Add(Var™). Then, in F"G, we have

YonilXil = Y mlXil.
i—1 1<i<m
1<5<n;

An argument similar to the proof of Theorem 4.2.4 shows Y., n;[X;] is in the image of

F 1@, [l
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4.4 The quotient category Add(Var")s/Add(Var"')s and its Ky-theory

We abbreviate V" := Add(Var") and V& = Add(Var")s. In this section, we show there
is a quotient category V&/Va~!, relate the Ky-theories of V&, V&~ and V&/VZ&™!, and

compute the Ky-theory of the quotient.

Proposition 4.4.1. There is an additive category VZ/VE™ and an additive, essentially

n—1

surjective functor Q: V& — VI /VE™ with the following properties:
1. if X is in V&, then QX =0 if and only if X € Vi,

2. (universal property) given an additive functor F: VI — D such that F(X) = 0 when-
ever X € VI there exists an additive functor G: V& /VE™ — D such that F = GoQ.

Ve o Vv

XJG

D

Proof. Let I be the set of morphisms of V& that factor through an object of V&' Let
I(X,Y) == INHomyy(X,Y). We show I(X,Y) is a subgroup of Homy» (X,Y). Fori = 1,2,
let fi: X = Y bein I(X,Y), and write f; as the composite X ENSA My v where Z; € Véfl’l.

Then f; + f5 is the composite

x 2, 7 g g, Uity
and Z; @ Z, lies in V&', Also the zero morphism 0: X — Y is the composite of the zero
morphism in and out of the empty tuple so 0 lies in 1(X,Y’). Hence I(X,Y) is a subgroup.
The set [ is an ideal; that is, if f € Homy,(X,Y), g € I(Y,Z), and h € Homyz (W, X), then
gf € (X, Z) and fh € I[(W)Y).
Define the additive category V&'/VE ™! as follows. The objects of V& /VE ™! are as the same
as V. Let Homvg/vgfl(X, Y’) be the quotient group Homyz(xy)(X,Y)/I(X,Y). Compo-

sition is well-defined because I is an ideal. The functor Q: V& — V&/V& ! is given by
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the identity on objects and the quotient map on morphisms. It is clear () is additive and
essentially surjective.

Let X € V. Suppose QX = 0. The isomorphism must be given by the classes of
the maps 0 — X and X — 0. Hence the zero map X — 0 — X is equivalent to the
identity map idx so idx € I(X, X). This means X has no terms of dimension n because we
cannot decompose the identity map of a n-dimensional variety into locally closed immersions
through a lower dimensional variety. Conversely, suppose X € V&~ !, Then idy is in I(X, X)
so idx and the zero map X — 0 — X are equivalent.

We verify the universal property. Given an object QX € V&/ V;—l, put G(QX) = FX.
For a morphism in Homvsn/vsnfl(X, Y) represented by f € Homyx(X,Y'), put G(f) = F(f).
This is independent of representative: if f' — f € I(X,Y), then f' — f factors through some
Z € V&1 so F(f' — f) factors through F(Z) =0, and F(f') = F(f' — f) + F(f) = F(f).

It is routine to verify G is an additive functor. O]

Proposition 4.4.2 ([Stacks, Tag 02MX]). There is an exact sequence
n—1y Kot ny KoQ n n—1
Ko(Vs™) = Ko(Vy') — Ko(Vs'/Vg™) = 0

of abelian groups, where the functor i: V&~ — V¥ is the localization of the additive functor
Vil 5 vn— Ve

Proof. The composition Ko(VE) — Ko(V#/VE1) is zero by construction of V& /VZ ™! and
the functor KyQ is surjective because the objects of V& and VZ/VZ ™! are the same. We
show the kernel of K@ is contained in the image of Ko(V&™).

Each element in Ky(V¥) may be written as [A] — [A'], for some objects A and A’ in
Vg Indeed, let X = 3,c;n;[X;] € Ko(Vg). Then the objects A = @yicrin, 03 D)y Xi and
A" = @ricrjn <0y D1 Xi in V¢ fit the bill.

Let [A] —[A'] be in the kernel of K@, and put B = QA and B’ = QA’. Since K Q([A] —
[A']) = 0, there exists

1. a finite set I = I" LI~ and
2. for each i € I, an exact sequence B; — B} — B!' in V& V&1,
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such that the equality

(Bl = [B]= > (B = [B] = [B]) = >_([B] = [Bi] = [B]])
iel+ iel~
holds in the free abelian group of isomorphism classes of objects of V& /VE™!. Rewrite this

as

(Bl + >_ (Bl +[B) + >_[Bi]l = [B1+ >_ (Bl + [B/]) + >_ [Bil.

el t el i€l~ el t

Thus, there is a bijection of sets

rABru [ {B}u [ {B/u {B} = {B}u [ {B:}u A{BIU U {B}
iel+ iel+ ier- iel- ier- iel+

such that, for all M in the domain of 7, there are isomorphisms M = 7(M) in V&/V& 1.

If i — F», — F3 is an exact sequence in V/ pr—l’ then there is an exact sequence £y —
Ey — E3in V¢ such that QF; = F;, for i = 1,2, 3. We are not asserting QEF; = QE; — QQE;
is isomorphic to F} — Fy, — Fj as an exact sequence, but rather there are only term-wise
isomorphisms. Since V& /VE ™! is split exact, there are objects X and Y in V&/VE™! such
that X ¥ F}, X©OY 2 Fy, and Y & F3 in V& /VE . The sequence X — X ®Y — Y in V¥
will do the job.

For each i € I, let A; — A, — A7 be such an exact sequence in V§ corresponding to

B; — B! — B!. Then there is a bijection of sets

m{A o Ao [ {Af o {4} = (Ao [ {Ad o [ {A7ru [ {43

el t el t iel— iel— iel— el t

such that, for all N in the domain of 7, the objects N and 7(/N) are isomorphic after passing

to V& /VE via Q. In Ko(VZ), we have the equality

Né€ domain of 7 ielt iel— iel— ielt

> IN=[r(V)] = ([A] + 2 (Al + AT + > [Aé]) - ([A’] + 2 ([A]+ AT + > [A2]>

= [4] - 4],
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where the cancellations are due to the exact sequences A; — A, — AY. It remains to see

each [N] — [r(N)] lies in the image of Ko(Va~'). This will be proved in Lemma 4.4.4. [
We record the following lemma for use in the proof of Lemma 4.4.4.

Lemma 4.4.3. The functor bir,: Add(Var")s — Add(Bir") descends to the quotient VE VI,

Proof. This follows from the universal property of the quotient. O

Lemma 4.4.4. Let X and Y be in V&. If QX and QY are isomorphic in VZ/VE™', then
the element [X] — [Y] in Ko(VE) is in the image of Ko(Va™1).

Proof. Let I denote the image of Ko(Va ™) in Ko(VF). We begin with two claims.

Claim 1. If M and N are n-dimensional birational varieties, then [M| — [N] lies in I.

Proof of Claim 1. If M O U C N is an isomorphic open, then

[M] = [N] = [UM\U] = [U,N\U] = [M\U] - [N\U] e I

Claim 2. Let W be a n-dimensional variety with irreducible decomposition

W = <UW> U (LJJWJ)

where all dim W; = n and all dim W < n. Then [W] — 3,[Wi] lies in I.

Proof of Claim 2. Let

Z?]

Z = (UWmW) U (Ummwj) U (UijWj,)
4,1’ 5] 7.3
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be the closed set in W consisting of points lying in at least two components of W. So W'\ Z
is the disjoint union of the opens W;\ Z and W\ Z. Then the element

W] - ﬁ;[vm — W\ 2]+ (2] - i;w
- (Z[W \ 2]+ il[vv; \ Z]) . izl[vm

of Ko(Vg') lies in I because W; \ Z and W; are birational for all i, and Z and each W} \ Z

are of dimension less than n — 1. O]

Now onto the proof of Lemma 4.4.4. Write X’ for the tuple consisting of terms of X
of dimension n, and X” for the tuple consisting of terms of X of dimension less than n;
similiarly for Y and Y”. There is a permutation isomorphism X = X' @ X”. In Ky(VZ),

we have
(X] = Y] = [X] = Y]+ [X"] = [Y"],
so it suffices to show [X'] — [Y”] lies in I. There are isomorphisms
OX2QX'®X") 20X and QY =QY' &Y") QY (4.2)

in V& /V&~!. Therefore the hypothesis gives an isomorphism QX' = QY in V& /VZ~'. Write
X'=(Xy,--, X)) and V' = (Y{,---,Y/), and let X],---, X;  be the n-dimensional
components of X}, and similarly for Y/, - Y/ . Let

M={@j)|1<i<pl<j<n} and N={(j)]l<i<ql<j<m}

be sets indexing the n-dimensional components of all the summands of X’ and Y’. By

Eq. (4.2) and Lemma 4.4.3, the tuples

bir, (QX") @ and  bir,(QY") @

(i,5)eM (i,j)eN
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in Add(Bir") are isomorphic. By Proposition 3.1.5, there is a bijection 7: M — N of index

sets such that X; ; is birational to Y/, , for all (4, j) € M. Lastly, in Ko(Vg)/1,

.)°

X-V)= ¥ X - X v (Claim 2)
(i.j)eM (i,j)EN
= > [rXipl = > Y] (Claim 1)
(i.j)eM (i,5)EN
=0. (7 is bijective)

Proposition 4.4.5. Consider the homomorphism
a: Ko(VE/ve—t) — Z[Bir"],

which sends the class of a tuple (X1, ,X,) in V&/VE to ¥, ;{Xy;}, where {Xij}jes s

the set of n-dimensional components of X;. Then « is a group isomorphism.
Proof. We may write « as the composite

Ko(

Ko(va jva-ty Kol e (Add(Bir)) 5 Z[Bir"),

where the last isomorphism is from Corollary 3.1.6. Hence « is well-defined.

Let B: Z[Bir"] — Ko(V&/VE 1) be the homomorphism which sends the birational class
{X} of a variety X to the class of X in the Grothendieck group. It follows from Claim 1 in
the proof of Lemma 4.4.4 that [ is well-defined on birational classes.

It is clear v o § is the identity on Z[Bir"]. Conversely, given a tuple (Xi,---,X,) in
Ve /VE~!, we have

Bal[X, -+, X.]) = BOZ{XH) = S[X] = S,

where the last equality holds by Claim 2 in the proof of Lemma 4.4.4. O]
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5. COMPARISONS BETWEEN K, (Var;) and Ky(Add(Vary)s)

In this chapter, we show there is a surjection from the classical Ky-theory of at most n-
dimensional varieties onto the Ky-theory of the localized additive completion of at most
n-dimensional varieties. If n = 0 and the base field k is algebraically closed, then the

surjection is an isomorphism, and we identify the Ky-theory of zero dimensional varieties

with Z.

Proposition 5.0.1. For all n € NU {oo}, there are surjective group homomorphisms
an: Ko(Var") — Ky(Add(Var")s),

which sends the class of a variety X to the class of 1-tuple of X. Both as and oy respect
the ring structure.

Proof. Let [X]| — [U] — [Z] in Ky(Var™) be a relation in Ky(Var™). This relation maps to
[ X] —[U] = [Z] in Kyo(Add(Var")s). But

X] =] -121=[U,2] - U] - [Z] = Ul + [Z] = [U] = [2] = 0.

It is clear oy and a, respect the ring structure. O
Note the first equality in the proof of Proposition 5.0.1 motivated the construction of S.

Remark 5.0.2. The diagram

Ko(Var"™h) L Ko(Var™) " 7 Bir"] —— 0

[
Jan,l Ja“ H (5.1)

Ko(Add(Var")g) L% Ko(Add(Var)s) —2 Z[Bir"] —— 0
commutes where the rows are from Theorems 4.2.4 and 4.3.5.

Proposition 5.0.3. Suppose the base field k is algebraically closed. In Eq. (5.1), the mor-

phisms ¢g, gy, and oy are isomorphisms.
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Proof. Since k is algebraically closed, the only object in the category Bir” is the point Spec k.
Hence Z[Bir"] is isomorphic to Z.

The surjectivity of ¢y was shown in Theorem 4.2.4. We begin with the injectivity of ¢y.
Suppose ¢o(>-n;[X;]) = 0. Recalling #X denotes the cardinality of a finite set X, we have

and

0= gbo(z n; - #X;[Speck]) = an - H#X;.

This concludes the proof of injectivity of ¢y.
A similar argument shows 1) is an isomorphism. The commutativity of Eq. (5.1) shows

Qp is an isomorphism. O

Fix an algebraically closed field k. There is an equivalence of categories between the
category of finite sets FinSet and the category of zero dimensional varieties Vary. Under this
equivalence of categories, let S C FinSet correspond to the left multiplicative system defined

for Var in Section 3.2.

Corollary 5.0.4. There is a ring isomorphism
#: Ko(Add(FinSet)s) — Z,

which sends the class of a tuple (X1, -+, X,) to >, #X.

Proof. The map # is the composite of ring isomorphisms
Ko(Add(FinSet)s) = Ko(Add(Var))s) <% Z[Bir’] = Z.

]

Question 5.0.5. We wish to show the surjective map Ky(Vary) — Ko(Add(Varg)s) is an

isomorphism. Here is a possible approach. It suffices to show the surjective maps in Propo-
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sition 5.0.1 are isomorphisms because we could pass to the direct limit, and conclude the
isomorphism from Propositions 4.2.2 and 4.3.3. We have already seen « is an isomorphism
if k is algebraically closed. Consider Eq. (5.1). If we could show the kernel of f, ,,_; surjects
onto the kernel of ¢, ,—1, then the Five Lemma would show us inductively each «,, is an

isomorphism, completing the proof.
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6. MOTIVIC MEASURES

Invariants such as the Euler characteristic or Hasse-Weil zeta function are important tools
for understanding the geometry of an algebraic variety. The classical Grothendieck group
of varieties Ky(Vary) is interesting because these invariants factor through Ky(Varg). In
this chapter, we show how to construct analogous functions on Ky(Add(Vary)s). If k is a
finite field, we construct the point-counting measures, the Hasse-Weil zeta function, and
(-adic Euler characteristic. If & = C, we construct the Euler characteristic given by singular
cohomology. We treat étale cohomology as a black box and refer the reader to standard

references such as [16].

Definition 6.0.1. Let G be an abelian group. A (motivic) measure (with values in G) is a

group homomorphism Ky(Add(Varg)s) — G.

Notation 6.0.2. Let X be a variety over a field k. Let ¢ a prime different from the charac-

teristic of k. Let X denote the base change of X to an algebraic closure of k.

1. Let H!

ét,c

(X, Q) denote the degree i compactly supported l-adic cohomology.

2. Let x&*(X) denote the (compactly supported) l-adic Euler characteristic:

C

Xcéztj(X) = Z(_l)i dim@e Hét,c(Xv @f)

Notation 6.0.3. Let X be a variety over C.

1. Let H/(X* Q) denote the degree i compactly supported singular cohomology of the

analytic space X®" with rational coefficients.

2. Let x.(X) denote the (compactly supported) Euler characteristic:

Xe(X) =3 (=1)" dimg H (X", Q).

i

Example 6.0.4. Let k be a finite field and K/k a finite extension field. There is a functor

—(K): Var,, — FinSet,
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which assigns a variety X to the finite set X (K) of its K-valued points. The point counting

motivic measure (associated to Kg) is the group homomorphism
#rc: Ko(Add(Var,)s) — Ko(Add(FinSet)s) 5 Z,

which sends the class of the tuple (X7, -+, X,.) to #X1(K)+- - -+#X,(K). The first arrow is
obtained by applying the functor Ky(Add(-)) to —(K). The second arrow is the isomorphism
in Corollary 5.0.4.

Definition 6.0.5. Let k = F,. Let X be a variety over k. Let #p,_.(X) be the cardinality

of X(Fym). The Hasse- Weil zeta function is the formal power series

2(X,1) = exp(z #Fq;;fX)tm) € 1+ 1Q[l]

m>1

Remark 6.0.6. If X is a variety over a finite field, the zeta function Z(X,t) is rational.
See, for instance, [17, Theorem 7.4.1].

Example 6.0.7. Let k£ = F,. We extend the zeta function to a motivic measure. Assemble

the above point counting measures into the group homomorphism

Z(=t): Ko(Add(Var)s) — (14 tQ[[t]], -),

which sends the class of (X1, -+, X,) to the power series
#F ’lIL(I:Xl?... 7XT]) m #F m ])
exp Z ! = exp Z Z
m>1 m i=1 m>1 m

— ﬁexp(z 7]qu([ ])tm)

m>1

_Hzxﬁ

=1
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Remark 6.0.8. Let f(¢) be a rational function (a quotient of polynomials over C) such that
f(0) = 1. Then we may uniquely write f as a finite product corresponding to the zeros and

poles of f:

f@&) =TI (1 ==2t),

zeCx

where —n(2) is the order of zero or pole of f at 1/z. The minus sign convention is required

for Proposition 6.0.10 to hold.

If k£ is a finite field, we will define a family of motivic measures, indexed by the integers,

which interpolate between the point counting measures and /-adic Euler characteristic.

Proposition 6.0.9. Fiz an integer m. Let (X1, -+ ,X,) be a tuple in Add(Vary)s. Let
n;(z) be the integers obtained from the decomposition of the rational function Z(X;t) in

Remark 6.0.8. Then there is a group homomorphism
U,.: Ko(Add(Var)g) — C,
which maps the class of a tuple (X1,---,X,) to the finite sum

> (na(z) + - 4 ne(2))2™,

zeCX

Proof. We will decompose V,, into two group homomorphisms.
Let G C (1+tQ[[t]], -) be the multiplicative subgroup of rational power series (power series
that can be written as a quotient of polynomials). The measure Z(—,t) in Example 6.0.7

lands in G by Remark 6.0.6. Define the group homomorphism

7: (G,:) = (C,+)
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as follows. Given a rational power series f in G, let ny(z) be the integers from the decomposi-
tion in Remark 6.0.8. Define 7(f) := Y. .ccx ng(2)z™. This is clearly a group homomorphism.

Therefore ¥, is the composite
Z(fat) T
Ky(Add(Var)s) — G — C.

[]

Proposition 6.0.10. Let k =F,. Let m > 1 be an integer. Then WV, is equal to the point

counting measure #y . in Example 6.0.4.

Proof. 1t is enough to show both measures agree on the class of a 1-tuple (X)), since these
generate Ko(Add(Var)s). Write Z(X,t) = [Lecx(1 — 2t)™™*). Recall the power series

expansion —log(l —x) = >,,>; ™/m. We compute:

mZ>1 #wm (X )j: =log Z(X,t) = GZC —n(z)log(1 — 2t)
_ - T X Sk
-5 (;C n(z)zm) i
— 2;1 \Ifm(X)t:.

]

Note we introduce the minus sign in Remark 6.0.8 to make the calculation in the proof

of Proposition 6.0.10 work.

Proposition 6.0.11. Let k be a finite field. Fix a prime ¢ different from the characteristic
of k. Then W, sends the class of a tuple (X1, -, X,) to 3; x¥9(X;). In view of this result,

C

6t,0

we sometimes denote Wy by X,
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Proof. 1t is suffices to verify the claim on the class of a 1-tuple (X). Abbreviate n(z) =
nzx(2). By [16, Theorem 13.1], we have

[T (1= 2t)" = Z(X,t) = [T det(id —tF | Hi (X, Q)"
zeCX i

where X is the base change of X to an algebraic closure of k, and F is the Frobenius on X.
The degree of the polynomial det(id —¢F | Hi .(X,Q;)) in variable ¢ is dimg, Hf (X, Qy).

Therefore,

]

The remainder of this section is devoted to constructing a measure on Ko(Add(Varg)g)

analogous to the Euler characteristic.

Theorem 6.0.12. Let X = (X1,---,X,) and Y = (Y,---,Y,) be isomorphic tuples in

, X
Add(Varc)s. Then Y, xe(X) = 325 xel ). In other words, there is a group homomor-
phism

Xec: K()(Add(var(c)s) — Z,

which maps the class of a tuple (X1, , Xp) to > xe(X2).

Proof. We collect two claims and then prove the proposition.
Claim 1: Let A be a finitely generated Z-algebra contained in C. Let U in Spec A be
nonempty open. Fix a prime £. Then there exists a closed point in U whose residue charac-

teristic is different from €.

Proof of Claim 1: The structure morphism F': Spec A — Spec Z maps a point to the prime
ideal generated by its residue characteristic. Hence the set of points in U with residue
characteristic different from ¢ is the open set V := F~(SpecZ \ {¢}) N U. We first argue V'

is nonempty, and V has a closed point.
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The Z-module A is flat by [Stacks, Tag 00HD]: the homomorphisms nZ ®; A — A, are
injective, for all n, because A is torsion free. By [18, Exercise I111.9.1], F' is an open map.
Hence F~1(¢) N U is a proper subset of U (otherwise U would map into {(¢)}, which is not
open in SpecZ.). In other words, V' is nonempty.

Spec A is a Jacobson space ([Stacks, Tag 01P1, 00GB]) so the set of closed points of

Spec A is dense. Hence there is a closed point in the open set V. O]

Claim 2: Let X be a variety over C. Then x%(X) = x.(X™).

c

Proof of Claim 2. By Artin comparison ([19, Section 4.2]), there is an isomorphism

H (X,Qp) = HI(X™, Q) ®g Q¢

of Qg-vector spaces. Since H:(X®", Q) is a finite dimensional vector space over Q, we have

dim(@é HZ

ét,c

(X, Qg) = dim(@ H2<Xan, Q)

The equality follows. m

Now onto the proof of the proposition. By Lemma 2.2.21, there is a diagram

Y

(6.1)

Xr(—wN‘

in Add(Varc) such that Z;, — Zs and Z, — Y are in S. There exists a finitely generated
Z-algebra A such that the diagram

Z1 Lo Z3 Y
| (6.2)
X

lies in Add(Schgpec 4), and whose base change to C is Eq. (6.1). Indeed, we can take A to be

Z: adjoined with all the coefficients of equations for all varieties appearing in the diagram.
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Write X = (Xy,---,X,) and Y = (Y3,---,Y5); in other words, X; Xgpeca Spec C = X; and
similarly for Y.

Step 1: Fix a prime ¢. Suppose W is a variety over Spec A. By [20, Proposition
10.1.17, 10.1.5], there exists a dense open set U C Spec A such that for every geometric
point Spec L — U, the étale cohomologies H%

ét,c

(Wp,Zy) are isomorphic, for all k. Let U;
and V; be such open sets corresponding to X; and Y. Put

(A7) {a)

By Claim 1, select a closed point P € U such that the characteristic of A/P is not ¢. Put
K = A/P. Then Spec K — Spec K — U is a geometric point in U. Also SpecC — U
is a geometric point in U (Spec C maps to the generic point of Spec A, which lies in every

nonempty open). Hence, for every summand W of X and Y, the groups HY, .(Wj,Z,) and

ét,c
Hz

% C(W, Zy) are isomorphic, and we conclude

X (W) = (7).
Step 2: Claim 2 and Step 1 give the equalities
ZZT;XC(X“ ZX‘“ er” = X" (X)
and
ixc(?an er” Y)) er” = xo" (Yio)-
=

To complete the proof, it remains to see the right hand sides are equal. Reducing modulo

P, we have the diagram

(Zl)K . (ZQ)K . (Z3)K — Yxg

|

Xk
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in Add(Vark). The morphisms (Z1)x — (Z3)k and (Z2)x — Yk are in S because open
and closed immersions, isomorphisms, direct sums, and compositions are closed under base
change. Therefore Xx and Yy are isomorphic in Add(Varg). Since P is a closed point of a
finitely generated Z-algebra, K is a finite field. Therefore we may apply Proposition 6.0.11
to conclude Y*"*(Xx) = x&(Yk). O

[

Remark 6.0.13. In Chapter 5, we only established a surjection from the classical Ky-theory
of varieties onto the Kjy-theory of our localized category. A priori, there is the possibility
that our Ky-theory is zero. However, in view of the measures we construct in this chapter,
our Ky-theory is nonzero, at least in the case where k is the complex numbers or a finite

field.
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