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ABSTRACT

This work aims to provide solutions to two significant issues in the effective use and
practical application of tensor completion as a machine learning method. The first solution
addresses the challenge in designing fast and accurate recovery methods in tensor completion
in the presence of highly sparse and highly missing data. The second takes on the need for
robust uncertainty quantification methods for the recovered tensor.

Covariate-assisted Sparse Tensor Completion
In the first part of the dissertation, we aim to provably complete a sparse and highly-
missing tensor in the presence of covariate information along tensor modes. Our motivation
originates from online advertising where users click-through-rates (CTR) on ads over various
devices form a CTR tensor that can have up to 96% missing entries and has many zeros
on non-missing entries. These features makes the standalone tensor completion method
unsatisfactory. However, beside the CTR tensor, additional ad features or user characteristics
are often available. We propose Covariate-assisted Sparse Tensor Completion (COSTCO)
to incorporate covariate information in the recovery of the sparse tensor. The key idea
is to jointly extract latent components from both the tensor and the covariate matrix to
learn a synthetic representation. Theoretically, we derive the error bound for the recovered
tensor components and explicitly quantify the improvements on both the reveal probability
condition and the tensor recovery accuracy due to covariates. Finally, we apply COSTCO to
an advertisement dataset from a major internet platform consisting of a CTR tensor and
ad covariate matrix, leading to 23% accuracy improvement over the baseline methodology.
An important by-product of our method is that clustering analysis on ad latent components
from COSTCO reveal interesting and new ad clusters, that link different product industries
which are not formed in existing clustering methods. Such findings could be directly useful
for better ad planning procedures.

Uncertainty Quantification in Covariate-assisted Tensor Completion
In the second part of the dissertation, we propose a framework for uncertainty quantification
for the imputed tensor factors obtained from completing a tensor with covariate information.

We characterize the distribution of the non-convex estimator obtained from using the algorithm
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COSTCO down to fine scales. This distributional theory in turn allows us to construct proven
valid and tight confidence intervals for the unseen tensor factors. The proposed inferential
procedure enjoys several important features: (1) it is fully adaptive to noise heteroscedasticity,
(2) it is data-driven and automatically adapts to unknown noise distributions and (3) in
the high missing data regime, the inclusion of side information in the tensor completion
model yields tighter confidence intervals compared to those obtained from standalone tensor

completion methods.
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1. INTRODUCTION

Low-rank tensor completion aims to impute missing entries of a partially observed tensor by
forming a low-rank decomposition on the observed entries. It has been widely used in various
scientific and business applications, including recommender systems [1]-[3], neuroimaging
analysis [4]-[6], signal processing [7], [8], social network analysis [9], [10], personalized medicine
[11], [12], and time series analysis [13]. We refer to the recent surveys on tensors for more
real applications [14], [15].

In spite of its popularity, it is also well known that when the percent of missing entries in
the tensor is very high, a standalone tensor completion method often fails to yield desirable
recovery results. Fortunately, in many real applications, we also have access to some side
covariate information. This dissertation focuses on the effective integration of this additional

information in the tensor completion problem.

1.1 Role of Side Information in Tensor Completion

Our motivation originates from online advertising applications, where advertisement (ad)
information is usually described by both users’ click behavior data and ad characteristics
data. More formally, the users click data, referred to as the click-through rate (CTR)
of the ads, quantifies the user click behavior on different ads, various platforms, different
devices or over time etc. The CTR data are therefore often represented as a tensor of three,
four or five dimensions, e.g., the user x ad x device tensor shown in Figure 1.1. The ad
characteristic data on the other hand is usually represented in the form of a matrix which
contains context information for each ad or background information for each user. Typically
in online advertising not all users are presented with all ads, thus creating many missing
entries in the CTR tensor. Moreover, users typically engage with only a small subset of the
ads presented to them. Low rates of ads engagement is a common phenomenon in online
advertising which begets a highly sparse CTR tensor (many zero entries) with high percentage
of missing entries. For instance, in our real data described in Section 3.6, the ad CTR tensor
has 96% missing entries and is highly sparse with only 40% of the revealed entries being

nonzero. We show in Chapters 3.5 and 3.6 that methods using a standalone tensor completion
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often fail at recovering the missing entries of a tensor with such high missing rate. On the
contrary the ad characteristic matrix is usually relatively complete and dense. It therefore
becomes advantageous to incorporate the ad characteristic information in a model to recover
the missing entries of the CTR tensor. The structure of the sparse CTR tensor with missing
entries coupled with the ad characteristic data is illustrated in Figure 1.1. As shown in Figure

1.1 the two sources of data; CTR tensor and ad covariates matrix are coupled along the ad

mode.
A. Sparse incomplete CTR tensor B. Coupled sparse incomplete CTR tensor
PN )
=
Ad
P — ]

0
[ ]

User g D Device

Figure 1.1. A. sparse (user x ad x device) CTR tensor with missing entries;
B. sparse CTR tensor with missing entries coupled with matrix of ad covariates.
The red cells represent missing entries; blue cells represent zeros, grey cells
represent non-zero entries.

In the first part of this dissertation, we aim to complete a sparse and highly-missing tensor
in the presence of covariate information along tensor modes. We propose Covariate-assisted
Sparse Tensor Completion (COSTCO) to recover missing entries in a highly sparse tensor with
a large percent of missing entries. Under the low-rank assumption on both the tensor and
covariate matrix, we assume the latent components corresponding to the coupled mode are
shared by both the tensor and matrix decomposition. This model encourages a synthetic
representation of the coupled mode by leveraging the additional covariate information into
tensor completion. We formulate the parameter estimation as a non-convex optimization with
sparsity constraints, and propose an efficient sparse alternating least-squares approach with

an extra refinement step. Our algorithm jointly extracts latent features from both tensor
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and covariate matrix and uses the covariate information to improve the recovery accuracy of
the unknown tensor components. We showcase, through extensive numerical studies, that
COSTCO is able to successfully recover entries for a tensor even with 98% missing entries.

In addition to the above methodological contributions, we also make theoretical contri-
butions to the understanding of how side covariate information affects the performance of
tensor completion. In particular, we derive the non-asymptotic error bound for the recovered
tensor components and explicitly quantify the improvements on both the reveal probability
condition and the tensor recovery accuracy due to additional covariate information. We show
that COSTCO allows for a relaxation on the lower bound of the reveal probability p compared
to that required in tensor completion with no covariates, see Assumption 5 for details. In
the extreme case where all tensor modes are coupled with covariate matrices, we can still
recover the tensor entries even when the reveal probability of the tensor is close to zero.
Moreover, we present the statistical errors for the shared tensor component (corresponding
to the coupled mode) and non-shared tensor components separately to demonstrate the gain
brought in through the coupling of covariates information in the model. We show that given
some mild assumptions on noise levels and condition numbers, our COSTCO guarantees an
improved recovery accuracy for the shared component. Unlike existing theoretical analysis
on low-rank tensors which assumes the error tensor to be Gaussian, we do not impose any
distributional assumption on the error tensor or the error matrix. Our theoretical results
depends on the error term only through its sparse spectral norm.

Finally, we apply our COSTCO to the advertising data from a major internet company
to demonstrate its practical advantages. COSTCO makes use of both ad CTR tensor and
ad covariate matrix to extract the latent component which leads to about 23% accuracy
improvement in recovering the missing entries when compared to the standalone sparse
tensor completion method. Moreover, an important by-product from our COSTCO is to use
the recovered ad latent components for better ad clustering. Ad clustering is an essential
task for targeted advertising that helps lead useful ad recommendation for online platform
users. Cluster analysis on our ad latent components reveals interesting and new clusters

that link different product industries which are not formed in existing clustering methods.
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Such findings could directly help the marketing team to strategize the ad planing procedure
accordingly for better ad targeting.

1.2 The Need for Uncertainty Quantification in Tensor Recovery

In addition to the recovery task in tensor completion, there is a need to assess the trust-
worthiness of these predictions in order to communicate the risk attached to the recovered
components. This can be done by characterizing the distribution of the recovered tensor
factors, which in turn can be used to construct confidence intervals for the recovered compo-
nents. However, due to the non-convexity of most tensor completion problems, combined
with the high missing entry rate, characterizing the distribution of the recovered components
is a challenging problem.

In the second part of this dissertation, we propose a robust uncertainty quantification
method for the recovered tensor components. We provide the theoretical work which charac-
terizes, under mild assumptions, the distribution of recovered tensor factors and we provide a
data driven method for constructing entry-wise confidence intervals for the unknown tensor
factors. We then show, both theoretically and through a series of simulations, the validity of
the constructed confidence intervals. This reveals the fact that our method generates shorter
confidence intervals compared to those obtained using standalone tensor completion methods,
primarily due to the fact that we are including covariate information.

Dissertation Outline: The remainder of the dissertation is organized as follows. We
begin in Section 2.1 with a review of work on tensor completion and map the gap that exists
for both tensor recovery and uncertainty quantification of tensor estimates in the highly
sparse and highly missing data regime. In Section 2.2, we review some notations and present
some preliminaries of tensor algebra. In Chapter 3, we propose COSTCO an algorithm for
tensor completion with side information and provide theoretical guarantees for the method
in Section 3.2, along with simulation and real data analysis results in Sections 3.5 and 3.6.
Section 3.7 contains proof details for the theoretical analysis of Chapter 3.

In Chapter 4 we characterise the distribution of the recovered tensor components and

propose a method for building confidence intervals. In Section 4.3 we text the validity of the
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confidence interval and their robustness to noise level and missing entry percentage through
simulations. Proof details for Chapter 4 are provided in Section 4.4.

Concluding remarks on the results derived in the dissertation as well as a discussion on
potential study extension and future research in the tensor completion field are provided in

Chapter 5.
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2. BACKGROUND ON TENSOR COMPLETION

In this section we provide a literature review on tensor completion, including some background

on tensor notation and tensor algebra.

2.1 Existing Tensor Completion Results

Low-rank tensor completion is a popular subject of theoretical study in a wide range of fields
such as statistics and mathematics [16]-[20] as well as computer science and engineering [20]-
[24]. In its most general form, the tensor completion problem aims at imputing missing entries
of a partially observed noisy tensor. The practical uses of tensor completion methods abound
and are pervasive in application driven studies in computer vision[25], [26], signal processing
7], [8], [27], recommender systems [1], [2], community detection [28] and personalized medicine
[11], [12]. For instance, in recommender systems, tensor completion methods have been
adapted for collaborative filtering when the scope of the dataset is beyond the traditional two
dimensional (user, item) pair [2]. These tensor-based recommender systems, not only allow
for an improved recommendation algorithm, but also make collaborative filtering feasible
on multidimensional data. At its origin, recommender systems methods relied on matrix
factorization, however recent studies have shown that tensor-based recommender systems
often outperform those matrix factorization methods provided the tensor is not highly sparse.
In the field of personalized medicine, the past lustrum has witnessed a marked increase in the
use of tensor completion to refine treatment protocols. In a 2019 study, Wang, Zhang, Chen,
et al. [12] use tensor completion to predict the onset of new chronic diseases for individual
patients. This is done by representing high-order interactions of patients, chronic diseases and
patient-specific characteristics as a tensor with missing data. Tensor completion is therefore
used in their work to reveal latent patterns of co-occurring chronic diseases which enables a
more effective prediction of the onset of chronic diseases in a patient.

The overwhelming majority of work in the tensor completion literature relies on a critical
low-rank assumption [14]. Solving the completion problem is therefore often formulated
as a rank constrained optimization problem which is known to be NP-hard [29], [30]. To

circumvent such a hurdle, researchers often relax the problem by assuming knowledge of the
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tensor rank, which allows the completion problem to be solved in polynomial time [23]. The
Alternating Least-Square methods (ALS) is an example of such tensor completion method
with rank relaxation. The ALS method approaches the tensor completion problem by simply
conducting the CANDECOMP /PARAFAC (CP) tensor decomposition on the tensor with
missing entries [31]. In their theoretical work on tensor completion, Jain and Oh [24] used the
ALS approach to derive theoretical guarantees for noiseless, symmetric, orthogonal tensors
with missing entries. However, their algorithm and theoretical analysis do not address the
case of the non-orthogonal and noisy tensor which completion problem is acknowledged to be
non trivial. Although the simplicity of the ALS method makes it an attractive option for
tensor completion, it is also well known that as the percent of missing entries increases, a
standalone ALS method often fails at yielding desirable recovery results.

On the other hand, Singh and Gordon [32] and Smilde, Westerhuis, and Boqué [33]
showed in their theoretical analysis of matrix completion that allowing side information along
with the observed matrix entries improved the convergence rate of the matrix completion
algorithm and reduced the required number of observed entries for perfect recovery for a
n x n matrix from O(nln (2n)) to O(In (n)). Therefore, it is natural to explore an ALS based
tensor completion algorithm that allows the inclusion of side information under the form of a

covariate matrix.

2.1.1 Tensor Completion with Side Information:

The simultaneous extraction of latent information from multiple sources of data can be
interpreted as a form of data fusion [34]-[45]. Among them, there are a few works related
to tensor completion with side information. The most related work to our approach is the
gradient-based all-at-once optimization method proposed by Acar, Kolda, and Dunlavy [36],
which updates the matrix and tensor components simultaneously. We assess its performance
to in our experiments in Section 3.5 and find that it is consistently inferior to COSTCO.
Zhou, Qian, Shen, et al. [39] proposed a Riemannian conjugate gradient descent algorithm
to solve the tensor completion problem in the presence of side information. However, their

procedure does not address the tensor completion problem in the presence of a high percent
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of missing entries combined with high sparsity. Choi, Jang, and Kang [42] developed a fast
and scalable algorithm for the estimation of shared latent features in coupled tensor matrix
model. However, their approach does not allow missing entries, therefore only works for
complete data.

Importantly, all the aforementioned works do not provide any theoretical analysis for
their methods. Kishan, Makoto, and Hiroshi [41] proposed a convex coupled tensor-matrix
completion method through the use of coupled norms and derived its excess risk bound.
In a more general setting, Huang, Liu, and Zhu [43] applied the tensor ring decomposition
method on the coupled tensor-tensor problem and derived the excess risk bound. However,
the methods considered in these two works do not account for noise in the tensor or matrix,
(i.e., their model is noiseless), nor do they consider the sparse tensor case. To the best of
our knowledge, our work is the first method with theoretical guarantee, that is tailored for

completing a highly sparse and highly missing tensor in the presence of covariate information.

2.1.2 Tensor Completion with Theoretical Guarantees:

Our theoretical analysis is related to a list of recent theoretical work in standalone tensor
completion that does not incorporate covariate information [16]-[18], [24], [46]. In particular,
Jain and Oh [24] provided recovery guarantee for symmetric and orthogonal tensors with
missing entries, but did not explore recovery for the tensor completion with coupled covariates
nor did they address the case of the non-orthogonal, noisy and sparse tensor. Zhang [18]
established a sharp recovery error for a special tensor completion problem, where the missing
pattern was not uniformly missing but followed a cross structure. Xia and Yuan [46] proved
exact recovery for the noiseless tensor completion problem under a uniform random sampling
schema. Unlike our analysis which is based on the CP model, they do not address the noisy
tensor case and analyze the completion problem under the Tucker model representation which
leads to different assumptions than those required in our case. In their recent work, Xia,
Yuan, and Zhang [16] proposed a two-step algorithm (a spectral initialization method followed
by the power method) for the noisy Tensor completion case and established the optimal

statistical rate in low-rank tensor completion. Different from our model, they assumed the
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error tensor to be sub-gaussian and did consider sparsity in tensor completion. Cai, Li,
Poor, et al. [17] also independently proposed a provable two stage algorithm (initialization
followed by gradient descent) for the noisy tensor completion problem. These two works
provide ground breaking theoretical contributions to tensor completion. Importantly, none of
the aforementioned work accommodates the inclusion of covariate information in the tensor
completion model. The coupled sparse tensor and matrix formulation in our COSTCO poses
unique difficulties in the theoretical analysis. The unequal weights of the tensor and matrix
prevent us from obtaining a close-form solution for the alternative least-squares problem
compared to the traditional tensor completion. Moreover, the presence of non-orthogonality,
general noise, and sparsity in our model introduce additional challenges. These make our
theoretical analysis far from a simple extension to the standard tensor completion problem

as it calls for new techniques and assumptions.

2.1.3 Tensor completion and uncertainty quantification

The problem of uncertainty quantification for recovered tensor factors and corresponding
tensor entries is quite challenging. This is reflected in the negligible numbers of works in
the literature that address this problem. Only in recent years have a couple works with
theoretical guarantees appeared on the subject. Due to the non-convexity of most tensor
completion problems, characterizing the distribution of the recovered components becomes
challenging. Cai, Poor, and Chen [47] take on this task for the case of the standalone tensor
completion, by proposing a construction technique for confidence intervals of the tensor factor
entries through the use of a debiased estimator obtained from their two-stage completion
algorithm [17]. Beside the aforementioned work, we are only aware of the work of Xia, Zhang,
and Zhou [48] who approach the inference task in tensor estimation through the use of tensor
regression estimation method under the Tucker model. They develop confidence regions
for the singular subspace of the tensor factors based on the asymptotic distribution of the
estimates obtained from alternating minimization algorithm. However, they do not address

the case of the high missing percent regime and the reliance on tensor matricization in their
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algorithm yields non-optimal sample complexity results.

2.2 Notation and Tensor Algebra

In this section, we introduce some notation, and review some background on tensors.
Throughout the dissertation, we denote tensors by Euler script letters, e.g., T, . Matrices
are denoted by boldface capital letters, e.g., A, B, C ; vectors are represented with boldface
lowercase letters, e.g., a, v, and scalars are denoted by lowercase letters, e.g., a, A. Further-
more, the n X n identity matrix I,, is simply written as I when the dimension can be easily
implied from the context.

Following Kolda and Bader [29], we use the term tensor to refer to a multidimensional
array; a concept that generalizes the notion of matrices and vectors to higher dimensions. A
first-order tensor is a vector, a second-order tensor is a matrix and a third-order tensor is
a three dimensional array. Each order of a tensor is referred to as a mode. For example a
matrix (second-order tensor) has two modes with mode-1 and mode-2 being the dimensions
represented by the rows and columns of the matrix respectively.

Let T € R™*"2X" he a third-order non-symmetric tensor. We denote its (i, j, k)th entry
as Tijr- A tensor fiber refers to a higher order analogue of matrix row and column and is
obtained by fixing all but one of the indices of the tensor(see Figure 2.1). For the tensor T
defined above, the mode-1 fiber is given by 7;;; the mode-2 fiber by 7;; and mode-3 fiber by
Tij:- Next the slices of the tensor 7 are obtained by fixing all but two of the tensor indices
(see Figure 2.2). For example the frontal, lateral and horizontal slices of the tensor T as
denoted as T, T;. and ..

We define three different types of tensor vector products. For vectors u € R™, v €
R™, w € R™, the mode-1, mode-2 and mode-3, tensor-vector product is a matrix defined
as a combinations of tensor slices: 7 x; u = X% wiTi., T Xov = X2 viTy, T Xz W =
>u3, wi T, The tensor multiplying two vectors along its two modes is a vector defined as:

T XovXxzw =73, viwp Ty, T X1 Xo v =737, w;vi Ty, T X1u xgw = ik uwy Tk
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Finally the tensor-tensor product is a scalar defined as 7 x1uxov xXgw = 37 5, wiviwy Tijg.

We denote ||M|| and |[M]|r to be the spectral norm and the Frobenius norm of a matrix M,

Mode-1 fibers Ty Mode-2 fibers Ty Mode-3 fibers Tj;.

Figure 2.1. Fibers of a third-order tensor. Image obtained from [29]

respectively. The spectral norm of a tensor 7 is defined as

171 = sup

’T><1u><2v><3w, (21)
[afl2=[vl2=llwl2=1

1/2
and its Frobenius norm is |7 ||F := (Zid’k ijk) " We define the sparse spectral norm of
a matrix M as [[M|[<q,> = Supjyj,=1,jujo=d; M X1 1|2 and the sparse spectral norm of a

tensor T as

[Tt = s [Txuxevxgw,
[lallz=[lv]2=|lw|2=1
llullo=d1,|lullo=d2,|lullo=ds

where d; < ny, dy < ng, d3 < ng. When dy = dy = d3 = d, we simplify || T||<a.d.a> as | T ||<d>-

Horizontal slices ;.. Lateral slices T Frontal slices T..j

Figure 2.2. Slices of a third-order tensor. Image obtained from [29]
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Given a third-order tensor 7 € R™*"2*"3 e denote its CP decomposition as

T = Z Aa, @b, ®c,, (2.2)
re[R]
where [R] indicates the set of integer numbers {1, ..., R}, and ® denotes the outer product

of two vectors. For example, the outer product of three vectors a, € R™, b, € R" and
c, € R™ forms a third order tensor of dimension n; x ny x ng whose (i,j, k)™ entry is equal
to asi X byj X ¢y where a,; is the i'" entry of a,. In (2.2), a,,b,,c, are of unit norm; that
is [|as|l2 = ||b,]la = |ler]]2 = 1 for all 7 € [R]; A\, € R is the " decomposition weight of
the tensor. We denote matrices A € R™* B € R™*% and C € R™*" whose columns are

a,, b, and c, for r € [R] respectively as,

A:[al,a2,...,aR] B:[bl,bg,...,bR] C:[Cl,Cg,...,CR].
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3. COVARIATE ASSISTED SPARSE TENSOR COMPLETION

In this chapter we propose COSTCO, an algorithm which aims to complete a sparse tensor
with missing data coupled to covariate information matrice(s) along mode(s) of the tensor.
The model, optimization problem and algorithm, along with procedures for initialization and
parameter tuning are provided in Section 3.1. Section 3.2 presents the main theoretical results.
Section 3.5 contains a series of simulation studies and Section 3.6 applies our algorithm to an
advertisement data set to illustrate its practical advantages. All proof details are provided in

Section 3.7.

3.1 Methodology

In this section we introduce our sparse tensor completion model when covariate information
is available and propose a non-convex optimization for parameter estimation. Our algorithm
employs an alternative updating approach and incorporates a refinement step to boost the
algorithm performance. For conciseness in the proofs derivations, we present this work for the
special case in which one covariate matrix is coupled along one mode of the tensor. However
our method can be generalised to the case in which all tensor modes are coupled to covariate

matrices as is the case in the second part of this dissertation in Chapter 4.

3.1.1 Model

We observe a third-order tensor T € R™*"2%X" and a covariate matrix M € R™ >
corresponding to the feature information along the first mode of the tensor 7. Here, without
loss of generality, we consider the case where the tensor has three modes and the tensor and
the matrix are coupled along the first mode. Our method can be easily extended to the case

where more than one mode of the tensor has a covariates matrix.
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Let €2 be the subset of indexes of the tensor 7 for which entries are not missing. We

define a projection function Po(7T) that projects the tensor onto the observed set €2, such that

T if (1,j,k) € Q

0 otherwise.

[Po (Tl = (3.1)

In other words P,(-) is a function that is applied element-wise to the tensor entries and
indicates which entries of the tensor are missing. We assume a noisy observation model,

where the observed tensor and matrix are noisy versions of their true counterparts. That is,

where Ep and &y, are the error tensor and the error matrix respectively; 7* and M* are
the true tensor and the true matrix, which are assumed to have low-rank decomposition

structures [29];
T => Ma'®@bi®c; M=) wa Qv (3.3)
r€[R] relR]
where \* and w € R, and af € R™,bX € R™ ¢ € R™ and v} € R™ with ||a’|l; =
Ibk|l2 = [[cille = ||vEi|la = 1 for all r € [R] with R representing the rank of the tensor and

matrix. As motivated from the online advertisement application, we impose an important

* *

c; and v such that they

sparsity structure on the tensor and matrix components a’, b’, c;

belong to the set S(n,d;) with i = 1,2, 3, v, where

=1

n
S(n,di) = {u € R™ LIHQ = 1, Z 1{uj7$0} S dl} . (34)
The values d; for i = 1,2, 3, v are considered to be the true sparsity parameters for the tensor
and matrix latent components.
Given a tensor 7 with many missing entries and a covariate matrix M, our goal is to
recover the true tensor 7* as well as its sparse latent components. We formulate the model

estimation as a joint sparse matrix and tensor decomposition problem. This comes down to
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finding a sparse and low-rank approximation to the tensor and matrix that are coupled in

the first mode.

amin, {IPa(T) = Pa(( X ha @b @)+ M= X war v, 3} (3.5)
R r€[R] r€[R)
subject to [Ja || = [[b, 12 = lle,ll = [1v+ll2 = L llallo < s1. by lo < s2. e llo < s, [V llo < 0.

Here s;, i = 1,2, 3, v, are the sparsity parameters and can be tuned via a data-driven way.
The problem in (3.5) is a non-convex optimization when considering all parameters at once,
however the objective function is convex in each parameter while other parameters are
fixed. Such multi-convex property motivates us to consider an efficient alternative updating

algorithm.

3.1.2 Algorithm

In order to solve the optimization problem formulated in (3.5), we use an Alternating
Least-Squares (ALS) approach and incorporate an extra refinement step as introduced in
Jain and Oh [24]. In each iteration of ALS, all but one of the components are fixed and the
optimization problem reduces to a convex least-squares problem. to order to enforce 3 norm
penalization in the optimization and therefore sparsity, we apply a truncation step after each
component update similar to that used in Sun, Lu, Liu, et al. [49], Zhang and Han [50],
and Hao, Zhang, and Cheng [51]. For a vector u € R" and an index set F' C [n] we define

Truncate(u, F) such that its i-th entry is

u; ifieF
[Truncate(u, F)}; =
0, otherwise.
For a scalar s < n, we denote Truncate(u, s)=Truncate(u, supp(u, s)), where supp(u, s)
is the set of indices of u which have the largest s absolute values. For example, consider
u = (0.1,0.2,0.5,—0.6) ", we have supp(u, 2) = {3,4} and Truncate(u, 2) = (0,0,0.5, —0.6)".

Note that existing sparse tensor models encourage the sparsity either via a Lasso penalized
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approach [52], dimension reduction approach [53], or sketching [54]. We extend the truncation-
based sparsity approach in traditional high-dimensional vector models [55], [56] and tensor
factorization [49]-[51] to the tensor completion problem. Asshown in [49], [56], the truncation-

based sparsity approach often leads to improved estimation performance in practice.

Algorithm 1 COSTCO: Covariate-assisted Sparse Tensor Completion for Solving (3.5)

1: Input: Observed tensor Po(7T) € R"*"2X" ghserved matrix M € R"*"™  maximal
number of iterations 7, tolerance tol, rank R, and cardinality (si, S2, S3, Sy)-

2: Initialize (A\1,...,\.), (A, B,C), (w1,...w,), V.
3: a,, by, c,, v, « the 7" columns of A, B, C and V respectively, Vr € [R]
4: While t < 7 and (”ADM*AHF + [Boa=Bllp ”C"Z‘FC”F) > tol,
lAcigll 7 IBoiall 7 ICoallF
5: Aold — A, Bold < B, Cold — C, Vold —
6: Forr=1,...,R
7: resy < Po(T) — Po( X Mwan, ®b,®c,) and  resy + M— Y wpa, Qvy,
m#r m#r

) ~ ArresT (Ibr,cr)twrrespr vy
8 A TP ble )
9: a, < Truncate(a,, s;), a, < a,/||a,|2

. 1 rest(ar,L,cr) ~ rest (ar,br,I) o T
10: br - e & R@een 4 Vo Tesya
11: b, < Truncate(b,, s3) ¢, < Truncate(c,, s3), V, < Truncate(v,, s,)
12: A = lerllz,  wr = [Vl
13: b, <= b./[[b2, ¢ & /l[Cll2, v = Vi /[[Ve]l2

14: End For
15: End While

Our COSTCO in Algorithm 1 takes a matrix M and a tensor 7 with missing entries as input
and computes the components of the matrix and tensor. Due to the non-convexity of the
optimization problem, there could be multiple local optima. In our algorithm we initialize the
tensor and matrix components using the procedure in Section 3.1.3 which is shown through
extensive simulations to provide good starting values for the tensor and matrix components.
Line 6 of the algorithm has an inner loop on r € [R] which loops on each tensor rank. This
inner loop on r performs an “extra refinement” step that was first introduced in Jain and
Oh [24] for tensor completion; and is, therein, proved to improve the error bounds of tensor
recovery.

The main component updates are performed in Lines 8 and 10 which are solutions to
the least-squares problem while other parameters are fixed. Note that the horizontal double

line in Lines 8 and 10 indicate element-wise fraction and the squaring in the denominator
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’CR
® sbR

-+
Figure 3.1. Ilustration of COSTCO showing recovery procedure for missing
entries through joint tensor matrix decomposition; red cells represent missing

entries. The tensor and matrix are coupled along the first mode and the
components a,, r € [R] are shared by the tensor and matrix decomposition.

applies entry-wise on the vectors. After obtaining these non-sparse components, Lines 9 and
11 perform the truncation operator to encourage the sparsity on the latent components. The
detailed derivation of this algorithm is shown in Lemma 1 in the supplementary material.
Finally, the algorithm stops if either the maximum number of iterations 7 is reached or the
normalized Frobenius norm difference of the current and previous components are below a
threshold tol.

Figure 3.1 is an illustration of COSTCO that reveals the intuition behind the working of
Algorithm 1. As the percentage of missing entries in the tensor increases, recovering the
tensor components using only the observed tensor entries leads to a reduction in the accuracy
of the recovered tensor components. However, with COSTCO, we leverage the additional
latent information coming from the matrix of covariates on the shared mode. The signal
obtained from the matrix contributes in improving the recovery of the shared components
and indirectly that of the non-shared components as well. This observation is reflected on

Line 8 of Algorithm 1 for the shared component update, where we see in the denominator

30



that even when Pq(I, b2, c,?) is close to zero (meaning most entries of the tensor are missing)
the denominator remains a non-zero value due to the signal from the covariate matrix. In
this case we are still able to estimate the shared component a,. This would not be the case
without the addition of the covariates matrix information, where the denominator for the
update would only be Po(I, b2, c,.?) which is close to zero. Therefore, a standalone tensor
completion algorithm would become unstable. In the more general case where all three
modes of the tensor are coupled to their own covariates matrices, it is easy to see from the
illustration in Figure 3.1 that the missing percentage of the tensor could be close to 100%.
This is because in such case, the covariates matrix components could still be used in the
algorithm to recover the tensor components for all three modes and therefore recover the

tensor entries.

3.1.3 Initialization Procedure

This section presents details about the method used for the initialization procedure on
Line 2 of Algorithm 1. Unlike matrix completion, success in designing an efficient and accurate
algorithm for the tensor completion problem is contingent to starting with a good initial
estimates. In fact, the convergence rate of low-rank tensor algorithms is typically written as
a function of the tensor components weights as well as the initialization error [16], [17], [24],
[49], [57]. It is therefore imperative to design an initialization procedure efficient enough to
help rule out local stationary points and produce initial component estimates within a local
region of the global solution. However such initialization procedures should also be simple
enough so not to dominate the computation complexity of the main algorithm.

We use to our advantage, the fact that in our model, the tensor and matrix share at least
one mode and use the singular value decomposition (SVD) [58], [59] of the observed matrix M
to initialize the shared components of the tensor A along with the matrix weights wq, -+ ,wg
and matrix component V respectively. We then use the robust tensor power method (RTPM)
from Anandkumar, Ge, Hsu, et al. [57] to initialize the non-shared components B and C and
the tensor weights. This is done by setting all missing entries in the tensor to be zero before

running RTPM. In practice we show in our simulations in Section 3.5 that this is an adequate
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initialization procedure and produces much better initials compared to a random initialization
scheme. In the more general case where all tensor modes have covariate matrices, the SVD
on the covariate matrices can be used to initialize all the tensor components. In this case,

the RTPM for non-shared components initialization would not be needed.

3.1.4 Rank and Cardinality Tuning

Our COSTCO method relies on two key parameters: the rank R and the sparsity parameters.
It has been shown that exact tensor rank calculation is a NP-hard problem [29]. In this
section, following the tuning method in [49], [60], we provide a BIC-type criterion to tune
these parameters. Given a pre-specified set of rank values R and a pre-specified set of
cardinality values S, we choose the parameters which minimizes
1Po(T = ¥ Ma, @b, @c)} M- ¥ wa @v.|}
re[R] re[R)

BIC =log + (3.6)

ningng Ty

N log (n1neng + nin,)
(n1nans 4+ niny) E[JR](HaHo + [bllo + llcllo + [[vlo)

re

To further speed up the computation, in practice, we tune these parameters sequentially.
That is, we first fix s; = n; and tune the rank R via (3.6). Then given the tuned rank, we
tune the sparsity parameters. This tuning procedure works very well through simulation

studies in Section 3.5.

3.2 Theoretical Analysis

In this section, we derive the error bound of the recovered tensor components obtained
from Algorithm 1. We present the recovery results for the estimated shared components a,
and non-shared tensor components b, and c, separately to highlight the sharp improvement
in recovery accuracy resulting from incorporating the covariate information.

The theory is presented in two phases, first we focus on a simplified case in which the

true tensor and matrix components a’, by, c: and v are non-sparse and both tensor and

Ty or
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matrix weights are equal (i.e, w} = Af, Vr € [R]). Presenting this simplified case allows

us to showcase clearly the interplay between the reveal probability, the tensor and matrix

dimensions as well as how the noises in the tensor and matrix affect the statistical and

computational errors of the algorithm. In the second case, we then present the results for

the general scenario where the tensor and matrix weights are allowed to be unequal and the

tensor and matrix components are assumed to be sparse.

3.3 Case 1: Non-sparse Tensor and Matrix with Equal Weights

Before presenting the theorem for the simplified case, we introduce assumptions on the

true tensor 7* and matrix M* and then discuss their utility. Denote n := max (ny, no, ng, n,).

3.3.1 Assumptions

Assumption 1: (Tensor and matrix structure)

i

ii.

1ii.

Assume T* and M* are specified as in (3.3) with unique low-rank decomposition up to a

permutation, and assume rank R = o(n'/?) and \* = w? (equal weight), Vr € [R].

The entries of the decomposed components for both 7* and M* satisfy the p-mass

condition,

i
max{l|ay|sc, [Ib7 oo, [[C7floos [[Vrlloc} < NG
where g is a constant.

The components across ranks for both 7* and M* meet the incoherence condition,

max {|(aj 7)), |(b7.b7)1 l{ef.c). [ (v v}

< Q9
_\/ﬁ’

where ¢y is a constant.

Assumption (17) is a common assumption in the tensor decomposition literature to ensure

identifiability [24], [29], [49], [57]. It imposes the condition that the tensor admits a low rank

CP decomposition that is unique. This is the case of the undercomplete tensor decomposition,
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where the rank of the tensor is assumed to be lower than the dimension of the component.
The condition A} = w; is a simplification of the problem that allows us to simplify the
derivation and sharpen the convergence rate compared to that in the general non-equal
weight case (described in Section 3.4). Assumption (1) ensures that the mass of the tensor
is not contained in only a few entries and is necessary if one hopes to recover any of the
non-share components of the tensor with acceptable accuracy. Assumption (147) is related to
the non-orthogonality of the tensor components and imposes a soft orthogonality condition
on the tensor and matrix components. That is, the tensor components are allowed to be
correlated only to a certain degree. Anandkumar, Ge, and Janzamin [61] and [49] show that
such a condition is met when the tensor and matrix component are randomly generated from
a Gaussian distribution. Both the p-mass condition and the incoherence conditions have

been commonly assumed in low-rank tensor models [17], [24], [46], [47], [49], [57].

Assumption 2: (Reveal probability)

*
max

Denote \f . = m[lflzll{)\:} and A\ = mz[a%({/\ji}. We assume that each entry (i,j, k) of the
re re

tensor 7* for all i € [n4], j € [ng] and k € [ng] is observed with equal probability p which

satisfies,
CR2uPA2, log*(n)

max
(Nt + @iin)*n?/2

min

p=

where C' is a constant.

Assumption 2 guarantees that the tensor entries are revealed uniformly at random with
probability p. The lower bound on p is an increasing function of the tensor rank since
recovering tensors with a larger rank is a harder problem which requires more observed
entries. The bound on p is also an increasing function of the p-mass parameter since a larger
p-mass parameter in Assumption (147) indicates a smaller signal in each tensor entry and
hence more reveal entries for accurate component recovery would be needed. Moreover, the
bound on p is a decreasing function of the tensor component dimension n and relates as
n~3/2 up to a logarithm term. This is the optimal dependence on the dimension in tensor

completion literature [24], [46]. Most importantly, the lower bound on p is relaxed when

*
min

*
min

the minimal weight \*. of the tensor or the minimal weight w?. of the matrix increases.

34



This reflects a critical difference when compared to the lower bound condition required in

traditional tensor completion [24], [46] which corresponds to the case wy;, = 0. It shows the

advantage of coupling the matrix of covariates for the tensor completion. This new lower

bound on p translates to requiring less observed entries for the tensor recovery in the presence

*
min

of covariates. Note that in the present simplified case w) = A7, we still choose to write w
explicitly in the lower bound condition to showcase the effect of the covariate information.
The improvement on p over existing literature will be clearer in Assumption 5 for the general

non-equal weight case.

Assumptions 3 (Initialization error)

. o . . . I 0 * 0
Define the initialization errors for the tensor components as €, := max,cz/{|la, —a;||2, [|by —
A=A

T

N

* 0 * . oy . . . e
b2, |lc) — ¢z, } and the initialization error for the matrix components as €,, :=

max,cp{[|ve — V2, W%Tl} Assume that

w.

)\*

min Co

< — .
ot ST00RA 3

(3.7)

€0 := max{€o,,

Here the component ¢y/+/n is due to the non-orthogonality of the tensor factors. When
the components are orthogonal, we allow a larger initialization error. This observation aligns
with the common knowledge in tensor recovery as the problem is known to be harder for
non-orthogonal tensor factorization [61]. Similarly, a larger rank R of the tensor leads to a
harder problem and a stronger condition on the initialization error. Under Assumption (1i)
R = o(n'/?), when the condition number \*, /X% . = O(1), this initial condition reduces to

€0 = O(1/R). As shown in [24], [61], the robust tensor power method initialization procedure

used in our Algorithm satisfies O(1/R) error bound.

Assumptions 4 (Signal-to-noise condition)

We assume that spectral norm of the noise tensor and matrix satisfy the following condition

Ao (p+1)

1€l < mi"p and  |[En[] < A (0 + 1) (3:8)

min
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Assumption 4 can be considered a variant of the commonly used signal to noise ratio in

noisy tensor decomposition.

3.3.2 Main Theoretical Results

Theorem 3.3.1 (Non-sparse tensor and matrix components with equal weights). Assuming

Assumptions 1, 2, 3 and 4 are met. After running ) (log2 (;ﬁ;‘)‘fﬁg{m Vv Al%g;ﬁo)) iterations

of Algorithm 1 with s; = n;, fori=1,2,3,v, we have

e Shared Component a,:

et o (Pl £l
s (Ja, —aill) = 0 (e Il ), 39

where || Er||, [|En|| is the spectral norm of the error tensor and error matriz, respectively.

e Non-Shared Components b,, c,:

A = A7 €|
m b, — b, |lc, — ¢, ——— | = O : 3.10
TGE[%I%? (H 'r||2 ”C C'r||2 )\;f :nin ( )

Theorem 3.3.1 indicates that the shared component error is a weighed average of the
spectral norm of the error tensor and error matrix. Whereas the non-shared component error
is simply a function of the error tensor. In the extreme case in which the covariates matrix

M is noiseless, then the recovery error of the shared component becomes,

pllEr|
>kmin (p + 1)’
which is much smaller than the recovery error of the non-shared component ﬂfTH. Moreover

min

even in the case in which the coupled covariates matrix is not noiseless, since p < 1 we notice
an improvement in the statistical error of the recovered shared component compared to that
of the non-shared components as long as the spectral norm of the error matrix is no larger
than the spectral norm of the error tensor. To see why that is usually the case in practice,

recall that &y, € R™*™ and & € R™*"2*"3 hence when entries of £y, and Ep are of the
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same scale, ||€y|| is much smaller than ||Er|| as n, is much smaller than ny x ng in our real
application. In the next subsection, we consider the general weight case and will explicitly
showcase the improvement of the shared component over traditional completion methods due

to the additional covariate information.

3.4 Case 2: Sparse Tensor and Matrix with General Weights

We now present the result for the general case with low rank sparse tensor and matrix 7*
and M* and the weights of the tensor and matrix are allowed to be unequal. The theoretical
analysis for the general case is much more challenging than that covered in Theorem 3.3.1.
For example, unlike the setting in Case 1, we are no longer able to derive the closed form
solution to the optimization problem in (3.5) for the shared tensor component. Instead,
we construct an intermediate estimate in the analysis of the shared component recovery.
Fortunately, this general result allows us to explicitly quantify the improvement due to the

covariates on the missing percentage requirement and the final error bound.

The following conditions are needed for the general scenario. Recall that d = max{d;, ds, d3, d, }

is the maximal true sparsity parameter defined in (3.4) and define s := max{si, sa, s3, Sy}

3.4.1 Assumptions

Assumption 5 (sparse tensor and matrix structure)

i. Assume 7* and M* have the sparse structure in (3.3) and (3.4) with unique low-rank

decomposition up to a permutation, and assume rank R = o(d/?).

ii. The entries of the decomposed components for 7* satisfy the following p-mass condition

I
maxllarfoc, [1b7lloos llerlloe, V7 floe} < 7.

iii. The components across ranks for both 7* and M* meet the incoherence condition,

*ar * p* * oLk R Co
mave {] (@77 ;| (b 7)1, e el v]v7) < 2
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Notice that since the components of tensor and matrix are assumed to be sparse, the y-mass
and incoherence condition are functions of the maximum number of non-zero elements d in
the tensor and matrix components rather than the dimension n. In the case in which d < n,

this constitutes a milder assumption compared to Assumptions 1(ii) and 1(iii).

Assumption 6 (Reveal probability)
We assume that each tensor entry (i, ], k) for all i € [n4], j € [ng] and k € [n3] is observed

with equal probability p which satisfies,

CRYP N2, log?(d)

(Ain =+ Whnin) 2?2

min

p> (3.11)

Similar to the equal-weight case, the required lower bound on the reveal probability in
(3.11) improves the established lower bound for the tensor completion with no covariates

matrix. Specifically, [24], [62], [63] show that the lower bound for non-sparse tensor completion

. >\*2 1 2 . . )\*2 1 2
is of the order %ﬁ/@ while our lower bound is of the order o e = )(;23 ~ when the
min min min

components are not sparse (d = n). This highlights the fact that a weaker assumption on the
reveal probability is required in the presence of covariates matrix than in the case with no

covariates.

*
min

An interesting phenomenon is that when the minimal weight of the matrix w¥. is very
large, we could allow the reveal probability to be even close to zero. As demonstrated in our
simulations, our COSTCO is still satisfactory even when 98% of the tensor entries are missing,
while the traditional tensor completion method fails with more than 90% missing entries.
Moreover, in the sparse case, the lower bound is now a decreasing function of the sparsity
parameter d. This is intuitive as when d decreases, the non-zero tensor components will

concentrate on fewer dimensions which makes the tensor recovery problem harder.

Assumption 7 (Initialization error)

Assume that

95/96A:2, + w2 co

min

€0 = max{€o,, €0, } < . (3.12)
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with €y, and €,, as defined in Assumption 3.

Compared to that in Assumption 3, the initialization condition for Case 2 is slightly
stronger. This is reflected on two parts. First, the term ¢,/ V/d is due to the non-orthogonality
of sparse tensor components and is larger in the sparse case. This requires a stronger condition
on the rank R as shown in Assumption (1i) in order to ensure the positivity of the right-

hand side of (3.12). Second, the ratio (95/96\2, + w2 )/144(\2, . + wi?

min min max mazxr

)) is smaller than

Al /(100X ) in Assumption 3. Even when \* = w’ and d = n, this condition is still slightly

max

stronger than Assumption 3 since A% /A2 < Ao /% This additional term is due to

handling the non-equal weights. Fortunately, when condition numbers X’ ../A:. = O(1)
and w . /wi. = O(1), we have ¢g = O(1/R), which is again satisfied by the initialization

min

procedure in our algorithm.

Assumption 8 (Signal-to-noise condition)
We assume that the sparse spectral norm of the noise tensor and noise matrix satisfy

and  [[Enl<drs> <
N ’ Whaa

€7l <ats> < (3.13)

Assumption 8 can be considered a variant of the commonly used signal to noise ratio in
noisy tensor decomposition with the caveat that the tensor and matrix noise level should be

bounded by a function of the tensor and matrix signals (weights).

3.4.2 Main Theoretical Results

Theorem 3.4.1 (Sparse tensor and matrix components with general weights). Assuming as-

. . [p/\*Q- +w*2 leo X €o
sumptions 5, 6, 7 and 8 are met. After running ) ( lo min__—min mit
p » O ft g 82 \ pAnar el <atss T Wiz €ntll<arss © Terll<dtsser

iterations of Algorithm 1 with s; > d;, fori=1,2,3,v, we have

e Shared Component a,:

max ([la, — a[l2) = O

p)\:’LaxHETH<d+S> + w:’;zaxHSMH<d+S>
re(R] ’

*2 *2
p)‘min + Winin
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where ||Er||<ats>, [|Er||<drs> are the sparse spectral norm of error tensor Er and error

matrixz Eyr. Remind that the sparse spectral norm is defined in Section 2.2.

e Non-Shared Components b,,c,:

)\7” _ A: & s
max <||br . b;”Q, ||Cr . C:HQ, ‘ |> =0 (HTH*<d+>> ) (3.15)
r€[R) A*

r min
3.4.3 Discussion

Similar to that in Theorem 3.3.1, the statistical error for the shared tensor component in
Theorem 3.4.1 is a weighed average of the sparse spectral norm of the error tensor & and

* and w®._ and

max max

error matrix £y;. The key difference is that the weight is now related to A
the spectral norm is now much smaller than the non-sparse counterparts in Theorem 3.3.1
since typically d + s < n and hence ||Er||<grs> < [|Er]|. Similarly, the recovery error for the
non-shared tensor component in the general case is also smaller than that in (3.10) due to a
smaller spectral norm. This observation highlights the advantage of considering sparse tensor
components. In addition, we highlight a few important scenarios in Table 3.1 where the error
of shared tensor component is smaller than that of the non-shared component. Such scenario
indicates when the additional covariate information is useful to reduce the estimation error of
the tensor components. In summary, such improvement is observed when the sparse spectral

norm of the error matrix is smaller than or comparable to that of the error tensor. Otherwise,

it is not conclusive whether such improvement exists.

3.5 Simulations

In this section we evaluate the performance of our COSTCO algorithm via a series of
simulations. We compare it with two competing state of the arts methods: tenALSsparse by
Jain and Oh [24] and OPT by Acar, Kolda, and Dunlavy [36]. The algorithm tenALSsparse
is an alternating minimization based method for tensor completion which incorporates a
refinement step in the standard ALS method. In contrast to our method, tenALSsparse does

not incorporate side covariate information in tensor completion. Comparing our algorithm to

40



Table 3.1. Statistical error of shared tensor component in Theorem 3.4.1 under
various conditions. Improvement represent improvement over the recovery error
of the non-shared components

Condition Noise Statistical Error Improved?
Number
”5M||<d+s> =0 O p||‘fTH<dta> v

Moz _ __ [Er]<arss (pHD)

AT 0(1) ||5MH<d+s> - @ (m) v
€7 [l <dts>

iz = O(1) | [Enll<arss < | O (pA:m||5T||zat;;iu:@51||sﬂf|<d+s>> v
€7 [l <d+s>

1€l <dts> > DAL inconclusive
I€r[l<dts>

min min

O <p>‘7*naw”gT||<d+S> +w:naw||g]\/f‘|<d+s> )

tenALSsparse helps to highlight the impact of incorporating addition information through
coupling with a covariate matrix. It is also worth noting that the original algorithm from
Jain and Oh [24] was built for the recovery of non-sparse tensors. In order to allow a
fair comparison between our algorithm and theirs, we modify their original algorithm by
introducing the same truncation scheme presented in Algorithm 1 to generate the sparse
version of their algorithm.

The second comparison method is the OPT algorithm, which approaches the coupled
matrix and tensor component recovery by solving for all components simultaneously using a
gradient-based optimization approach. The all-at-once optimization method is known to be
robust to rank mis-specification [14], however it is computationally less efficient then ALS
based methods, especially when the tensor is highly missing [31].

In the previous sections, we discuss our models and theories via a third-order tensor
to simplify the presentation. Note that COSTCO is applicable to tensors with more than
three modes. For example, in the simulation studies, we generate a fourth-order tensor
T* € R4x30x30x30 and a matrix M* € R4*30. We assume that the matrix and the tensor
share components across the first mode just as is the case in the aforementioned sections. In
order to form the tensor 7* and the matrix M*, we draw each entry of A* € R1*F B* ¢

R39%E C* € R39%F D* € R3*E and V* € R3**%_ from the iid standard normal distribution.
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We enforce sparsity to the tensor components by keeping only the top 40% of the entries in
each column in B*, C* and D* and set the rest of the entries to zero.

In all of our simulations we consider the coupled modes A* to be dense to mimic the real

data scenario in Section 3.6 where the coupled matrix is dense. We define Aj,..., A} and
wi,...,wpr as the product of the non-normalized component norms in each mode, that is,
Ar = llarlle > (Ib7llz < lerlla > [ld7fle and wi = flagflz < [[vile.

We then normalize each of the columns of A*, B* ,C* ,D* ,V* to unit norm. To illustrate,

. * ax
the first mode component matrix A* becomes A* = [H;W’ cee ﬁ] The sparse tensor T *
T R

and matrix M* are then formed as 7" = > Ma'®@b'®c  ®@d; and M* = Y w'a®@v}.
re(R] re[R]

We then add noise to the tensor and matrix using the following setup 7 = T* + npNp L L

INTllF

and M = M* +ny Ny ||||J\1\;11;||||1Fv , where N7 and Ny, are a tensor and a matrix of the same size as

T* and M* respectively, whose entries are generated from the standard normal distribution.
A similar noise generation procedure has been considered in Acar, Kolda, and Dunlavy [36].
We simulate the uniformly missing at random pattern in the tensor data by generating entries
of the reveal tensor € R%1*30x30x30 from the binomial distribution with reveal probability
p. The sparse and noisy tensor Po(7) with missing data is finally obtained as Po(7) = T %2,
where % is the element-wise multiplication.

To assess the goodness of fit for the tensor and tensor components recovery, we use the
normalized Frobenius norm of the difference between the recovered component and the true
component. We compute the tensor estimation error, the tensor component error and tensor

weights error as:

tensor error = ||[T* — T||¢/||T*|lr; component error := |[U* — U||p/||U*||r;

weight error :=||A* — A|l2/||A*||2, (3.16)

where T, U, are the estimated tensor and tensor components with U € {A,B, C,D}, and
A= (A1,---,Ag)" is the vector of estimated tensor weights returned by Algorithm 1. In
all simulations we return the mean error of 30 replicas of each experiment. Throughout all
the experiments, we set the maximum number of iterations 7 to be 200, the tolerance tol in

Algorithm 1 is set to be le~7. To avoid bad local solutions, we conduct 10 initializations for
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each replicate in all methods. We set the tuning range for the rank R to be {1,2,3,4,5}.
The tuning range for the sparsity is set to be {20%, 40%, 60%, 80%, 90%, 100%}, each value

representing the percentage of non-zero entries in the latent components as performed on

Lines 9 and 11 of Algorithm 1.

3.5.1 Missing Percent

In this first simulation we consider the case with varying levels of missing percentages.
We set the dimension of the couple mode to be d; = 30 and therefore generate Po(T) €
[R30%30x30x30° " \We set the rank to be R = 2 and the noise level 57, nyr to be both 0.001. We
measure the recovery error under four different settings of the reveal probability parameter
p=40.2,0.1,0.05,0.01}. In other words, 80%, 90%, 95% and 99% of the tensor entries are
missing in each setting.

Table 3.2 indicates that under all varying missing probability, our COSTCO algorithm
provides a better fit in tensor recovery relative to tenALSsparse and OPT. Notably, with a
higher level of missing data, missing percentage > 90 COSTCO significantly outperforms both
tenALSsparse and OPT methods of tensor recovery. This is more evident when we compare
our algorithm to tenALSsparse for the case where missing percentage ranges from 90% to
98%:; in these scenarios the recovery error of COSTCO is at least 10 folds better than that of
tenALSsparse. This agrees with the two advantages of incorporating covariate information
into tensor completion as we discussed in the theoretical results: (1) allowing higher missing
percentage; (2) reducing estimation errors. Moreover, we notice that the estimation error
for the shared component Comp A is better than that of the non-shared components. This
also aligns with the theoretical result which shows that the recovery of the couple component
improves over that of non-coupled components due to additional covariate information.
Finally, although OPT also uses coupling, it underperforms compared to COSTCO because
the all at once optimization method suffers with unstable gradient when the missing entry

percentage is large.
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Table 3.2. Estimation errors with varying missing percentages. Reported
values are the average and standard deviation (in parentheses) of tensor, tensor
components and weight recovery error based on 30 data replications. COSTCO:
the proposed method; tenALSsparse: sparse version of the tensor completion
method by [24]; OPT: the gradient based all at once optimization method of

[36]; symbol (A) used to put shared tensor-matrix component A in emphasis.

Estimation Error

Missing % Component COSTCO tenALSsparse OPT

80% T 3.38¢-05 (2.36e-12)  3.666-05 (2.73e-12)  3.56e-05 (2.31e-12)
Comp A | 1.52e-05 (2.37e-12)  2.22¢-05 (3.93¢-12)  1.52e-05 (2.36e-12)

Comp B | 2.12e-05 (4.39e-12)  2.13¢-05 (3.64e-12) 2.26e-05 (5.05e-12)

Comp C | 1.98e-05 (4.69e-12)  1.99e-05 (4.83e-12) 2.24e-05 (4.35e-12)

Comp D 2.17e-05 (2.92e-12) 2.18e-05 (2.78e-12) 2.26e-05 (2.99e-12)

A 1.18e-06 (4.67e-13) 1.17e-06 (4.95e-13) 1.18e-06 (4.67e-13)

90% T 3.93e-05 (6.12e-12)  4.47¢-02 (2.71e-11)  4.94¢-05 (6.07e-12)
Comp A | 1.80e-05 (2.79e-12)  5.65¢-02 (2.74e-11)  1.80e-05 (2.82e-12)

Comp B | 2.16e-05 (1.31e-11)  4.84e-02 (2.02¢-11)  3.17e-05 (1.31e-11)

Comp C | 2.12e-05 (9.54e-12)  4.96e-02 (3.22¢-11) 3.13e-05 (9.75e-12)

Comp D 2.17e-05 (1.38e-11) 5.79e-02 (2.00e-11) 3.18e-05 (1.39e-11)

A 1.65e-06 (7.98e-13) 4.84e-02 (8.31e-13) 1.65e-06 (7.98e-13)

95% T 5.69e-05 (1.92e-11)  1.10¢-01 (8.70e-03)  6.93¢-05 (1.90¢-11)
Comp A | 1.92e-05 (5.60e-12)  1.44e-01 (2.01e-02)  1.50e-05 (6.30e-12)

Comp B | 3.44e-05 (2.29e-11)  1.28¢-01 (1.61e-02)  4.45¢-05 (2.30e-11)

Comp C | 3.39e-05 (3.36e-11)  1.30e-01 (1.02e-02) 4.39e-05 (3.34e-11)

Comp D | 3.74e-05 (1.84e-11)  1.40e-01 (1.39e-02)  4.74e-05 (1.80e-11)

A 1.26e-06 (8.99e-13)  1.25¢-01 (1.08¢-02)  1.76e-06 (8.99¢-13)

98% T 2.36e-02 (3.50e-11) 5.05e-01 (1.75e-02) 5.02e-02 (1.98e-02)

Comp A | 2.17e-02 (1.18e-11)  6.58¢-01 (2.03¢-02)  6.87e-02 (2.61e-03)

Comp B | 2.63e-02 (5.60e-11)  6.18e-01 (1.29¢-02)  6.31e-02 (2.95¢-02)

Comp C | 2.58e-02 (5.81e-11)  5.89e-01 (1.49e-02) 6.27e-02 (3.86e-02)

Comp D 2.16e-02 (5.39e-11) 5.94e-01 (2.16e-02) 6.96e-02 (2.03e-02)

A 2.14e-02 (5.67e-13)  5.19¢-01 (1.75e-02)  5.00e-02 (2.14e-02)

99% T 7.13e-01 (5.93e-11) 9.99¢-01 (5.35e-02) 8.80e-01 (2.33e-02)

Comp A | 3.60e-01 (1.28e-10)  1.17e+00 (1.17e-01)  4.17e-01 (4.39¢-02)

Comp B | 7.40e-01 (1.04e-10)  1.14e+00 (9.65e-02) 7.94e-01 (3.70e-02)

Comp C | 8.25e-01 (3.75e-11)  1.17e+00 (9.15e-02) 9.14e-01 (3.65e-02)

Comp D 5.90e-01 (4.57e-11) 9.77e-01 (9.83e-02) 7.12e-01 (4.51e-02)

A 6.48e-01 (5.73e-11) 9.77e-01 (6.04e-02) 8.68e-01 (2.33e-02)

3.5.2 Noise Level

In the next set of experiments we vary the noise level parameter for the tensor nr and

noise level for the matrix 7, to test algorithms’ robustness to noise. These two parameters

control the signal-to-noise ratio in the model. The missing probability for these experiments
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is set to 90% and tensor rank and sparsity of the true tensor are set to R = 2 and 60%
respectively.

As can be seen in Table 3.3, when the tensor noise 7y is greater than that of the
matrix noise 1, our algorithm outperforms the two competing methods with a large gap
in recovery error. Even when the matrix has a slightly larger noise level than the tensor
(na = 0.01,m7 = 0.001), COSTCO still outperforms the other two algorithms. It shows that in
high missing data regime coupling a matrix that has a slightly larger noise than the tensor
still provides enough information to improve the tensor recovery rate. On the other hand,
when the matrix noise level is much higher than that of the tensor (), = 0.1,77 = 0.001 in
Table 3.3), we observe that our algorithm COSTCO and the other coupled algorithm OPT are
inferior compared to tenALSsparse. In this case, the recovery of the shared component A
suffers the most in COSTCO and OPT and is responsible for the inferior tensor recovery error
compared to tenALSsparse which does not use the coupled matrix. This is expected as a
matrix with much larger noise than that of a tensor no longer brings in enough signals in the
coupling and therefore makes the tensor completion problem harder than when the matrix is
completed omitted from the model. Finally, an interesting phenomenon is that the noise level
of the error matrix 7,, only affects the estimation error of the shared component but not
those of the non-shared components. To see it, in the last two settings in Table 3.3, when np
is fixed and 7, increases, only the recovery accuracy of the shared component A significantly
drops, but those of the non-shared components have no significant changes. However, in the
first two settings in Table 3.3, when 7)), is fixed and 7y increases, the recovery accuracy of
both shared and non-shared components significantly drops. These findings agree well with
our theoretical results in Theorem 3.4.1.

In the following two additional simulations, we focus solely on the recovery accuracy of
the shared and non-shared tensor components under our COSTCO to investigate the practical

effect of component dimensions size and the rank on our algorithm.
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3.5.3 Component Size

This part of the simulation considers the effect of varying the size of the coupled compo-
nents A* of the true tensor on the tensor recovery. We set the tensor missing entry percentage
to be 90%; the noise level parameters are set to be ny = 0.001 and 7, = 0.001 respectively
and the sparsity level is kept at 60%. The complete simulation results are presented in Table
3.4. The tensor completion error improves with increasing size of the shared dimension since
there is more information provided by the covariate matrix. With more and more information
provided from the covariate matrix, the latent structure of the shared component dominates

those of the non-shared components, making it easier to complete the whole tensor.

Table 3.4. Estimation errors of COSTCO with varying coupled dimension d;.

Estimation Error
Coupled Dimension d; T Comp A CompB Comp C Comp D A
20 5.64e-05 1.77e-05 3.67e-05 3.51e-05 3.68e-05 1.60e-06
(1.24e-11) (6.09e-12) (1.41e-11) (1.88e-11) (2.20e-11) (6.09e-13)
50 3.71e-05 1.72e-05 2.35e-05 2.39e-05 2.44e-05 1.25e-06
(3.29¢-12)  (2.66e-12) (2.59¢-12) (4.06e-12) (4.72e-12) (5.14e-13)
100 2.66e-05 1.73e-05 1.72e-05 1.76e-05 1.77e-05 7.65e-07
(1.43e-12) (5.69¢-13) (2.86e-12) (3.50e-12) (1.96e-12) (1.34e-13)

3.5.4 Rank

In this case we investigate the impact of the rank of the tensor and matrix on the tensor
recovery performance of our COSTCO algorithm. We set the missing percentage of the tensor
to 90%, the sparsity to be 60% and the tensor and matrix noise levels nr and 7, to be
both 0.001. We still tune the rank and cardinality using the procedure in Section 3.1.4. As
shown in Table 3.5, the recovery error is an increasing function of the tensor rank. It is well
documented that the noisy tensor completion problem in general gets harder as the rank
increases [14]. This result also aligns well with the theoretical derivation provided in Section
3.2. In Assumption 7, we see that the initialization error is a decreasing function of the rank
R. Hence tensor with larger R requires the initialization algorithm to be more accurate than

tensors with smaller ranks.

47



Table 3.5. Estimation errors of COSTCO with varying rank.

Estimation Error
Tensor Rank T Comp A CompB CompC CompD A
1 4.78e-05 2.76e-05 1.97e-06 2.77e-05 2.62e-05 5.31e-06
(1.34e-11)  (1.67e-11) (6.72e-14) (7.50e-12) (1.38e-11) (1.29e-11)
2 6.50e-05 6.78e-05 1.39e-05 6.63e-05 6.66e-05 1.26e-05
(1.04e-11)  (6.82e-11) (4.67e-11) (5.07e-11) (7.16e-11) (3.76e-11)
3 8.57e-05 7.82e-05 2.76e-05 7.99¢e-05 7.81e-05 1.32e-05
(2.52e-11)  (5.27e-11) (L.1le-10) (8.10e-11) (5.97e-11) (4.1de-11)

3.6 Real Data Analysis

We apply our COSTCO method to an advertisement (ad) data to showcase its practical
advantages. COSTCO makes use of multiple sources of ad data to extract the ad latent
component which is a comprehensive representation of ads. We demonstrate that the
obtained ad latent components are able to deliver interesting ad clustering results that are
not achievable by a stand-alone method.

Online advertising is a type of marketing strategy that uses the internet to promote a
given product to potential customers. Extracting patterns in data gathered from online
advertisement allows ad platforms and companies to churn data into knowledge, which is
then used to improve customer satisfaction. Clustering algorithms have been applied to the
ad data to discover ad or user clusters for better ad targeting. After computing the similarity
between the new ad and each ad cluster, the ad agency can determine whether a new ad
should be assigned to a specific user group. Most ad-user clustering research focuses on
a single correlation matrix. What makes our method different is that we not only have a
third-order user-by-ad-by-device click tensor data but we also possess additional information
which describe specific features of ads. Our COSTCO algorithm uses both click tensor data
and ad matrix data to extract the ad latent component for better ad clustering.

The data we analyze in this section is advertising data collected from a major internet
company for 4 weeks in May-June 2016. A user preference tensor was obtained by tracking
the behavior of 1000 users on 140 ads accessed through 3 different devices. The 1000 x 140 x 3

tensor is formed by computing the click-through-rate (CTR) of each (user, ad, device) triplet
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over the four weeks period; which is the number of times a user has clicked an ad from a
certain device divided by the number of times the user has seen that ad from the specific
device. As illustrated in Figure 3.2, this ad CTR tensor has 96% missing entries and is highly
sparse with only 40% of the revealed entries being nonzero. A missing entry in the ad CTR
data occurs when a given user is not presented with a certain ad from a specific device, while
zeros (sparsity) in the ad CTR data are used to represent user choosing not to interact with

an ad that was presented to them on a specific device.

Device type 1

Device type 2

Device type 3

Users
Users

Users

) Adsr } } Ads

Figure 3.2. Illustration of missing data and sparsity in our ad CTR tensor.

Beside the ad CTR tensor, we also have access to the ad text raw data that store the
content of all ads. We use Latent Dirichlet Allocation (LDA) [64] to process the ad text data.
LDA is an unsupervised topic modeling algorithm that attempts to describe a set of text
observations as a mixture of different topics. We first follow Blei, Ng, and Jordan [64] to tune
the parameters of LDA such as the number of topics and the Dirichlet distribution parameter
that give the best trade-off between low perplexity value and efficient computing time. The
best perplexity is obtained for 20 topics. This means that all the 140 advertisement data
can be considered as a combination of 20 topics. Due to space constraints, we illustrate an
example of 7 out of 20 topics in Table 3.6, and only display the top 10 words for each of the 7
topics returned by LDA. Each topic column was labeled based on overall meaning of the top
words. Once trained, LDA returns a matrix that contains the proportion of topics in each
ad. We use this matrix of proportions of dimension R49%20 a5 the ad covariate matrix that
will be used jointly with the ad CTR tensor to obtain ad latent components in our COSTCO
algorithm.
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Table 3.6. Top ten words for 7 chosen topics

. Top words were obtained through LDA.

Topics | Ride | Gaming | Security | Mortgage | Insurance | Online dating | Fashion retail

uber game vivint mortgage get single buy
pay controller home apr insurance pic sale

2 car experience front payment less man gilt

5 people | gameplay | security free see profile zulily

= weekly | accessory smart new month click lulus

& fare ebay call arm drive meet charlotterusse

= ride level control quotes day browse neimanmarcus
give time camera calculate miles look maurices
work joystick adt easy low free lastcall
drive wide look process qualify pay spring

We first evaluate the tensor recovery error by randomly splitting the observed tensor entries
into 80% training and 20% testing. Let 7 indicate the recovered tensor from the training
set. We use T for training and compute the recovery error on the testing set. The metrics
used to access the recovery error of the tensor is defined as ||Po,. (T — Tl #/|| Paye., (T r,
where Po,.,(T) = Qrest * T with Q7 being a binary tensor of the same size as T that has
ones on the test entries and zeros elsewhere. The tensor recovery error for COSTCO is 0.825,
leading to 23% accuracy improvement over the baseline tenALSsparse whose error is 1.083.
This again highlights the benefit of fusing the ad content matrix to the ad CTR tensor. The
OPT algorithm was not used for comparison as the algorithm optimization package failed with
error messages after multiple trials on this data. We conjecture this is due to the unstable
performance of the all at once optimization when the missing percentage is very high.

We then compare the ad latent components returned from COSTCO and tenALSsparse in
Figure 3.3. As a comparison, we also include the result of SVD which directly decomposes
the ad covariate matrix data. The ad clusters shown in Figure 3.3 are obtained by applying
the K-means clustering algorithm to the ad latent component data from each method. As
shown in Figure 3.3, the first two columns of the latent components returned from our COSTCO
show a clear clustering structure with 5 clusters. On the other hand, the ad components
extracted from tenALSsparse are all clustered around zeros. This is because the ad CTR

tensor is highly sparse and the latent components based on decomposing the tensor itself
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contain many small values. Therefore, ad clusters generated using tenALSsparse tend to

have very large and very small clusters.

CcoSsTCO

0.5 s TenALSsparse SVD

i

0.4 0.2 0 0.2 o4 0.2 0 0.2 0.4 0.2 0 0.2
Ad component 1 Ad component 1

S,

Ad component 2
>

Ad component 2
>

Ad component 2
>

Ad component 1

Figure 3.3. Scatter plot of the ad latent components obtained from three
methods. Different clusters are represented via different colors.

Finally, Figure 3.4 demonstrates some interesting ad clustering results obtained from
our COSTCO algorithm which links different ad industries into the same cluster. For example
based on cluster 1 from COSTCO, ads about male and female online dating are clustered
together with ads about women retail stores and man clothing accessories. In cluster 2 from
COSTCO, ads about weight lost and weight lost surgery are clustered together with ads about
gourmet cuisine and restaurant which indicates that users who interact with weight loss ads
are also interested in nutrition related ads. Cluster 3 of COSTCO contains ads about house
mortgage, home security devices, auto, home and auto insurance, house weather control
devices which indicates that users that are homeowners tend to be interested in home and
auto related things. These interesting clusters are not obtained in the SVD method nor the
tenALSsparse method. The clusters from SVD are solely related to the topic of each ad
as shown in Figure 3.4 and the clusters from tenALSsparse are highly unbalanced and do
not contain any understandable relationship between ads. These clustering results illustrate
the practical value of our COSTCO method. By incorporating ad covariate matrix into the
completion of the ad CTR tensor, we are able to obtain a more synthetic description of ads
and find interesting links between different advertising industries, which directly helps the

marketing team to strategize the ad planing procedure accordingly for better ad targeting.
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Figure 3.4. Result of ad clusters
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3.7 Proof of Main Theorems

In this section we provide the proofs of the main theoretical results presented in 3.3.1
and 3.4.1. As elaborated in the discussion paragraphs in section 3.2 proving first the
particular case in theorem 3.3.1 allows for a better presentation and explanation for the proof
technique used for the general case in theorem 3.4.1. For simplicity, in the following proofs
we consider the case where all tensor and matrix modes have the same dimensions n that
is ny = ngy = nz = n, = n. We also assume that the sparsity parameters for each mode are
equal (dy = dy = d3 = d, = d). It follows from the two simplification aforementioned that in
Algorithm 1 we let s; = sy = s3 = s, = s. Proving the case, in which the dimensions of the
tensor and matrix’ modes are allowed to be unequal is a trivial yet notation heavy extension
of the technique we use in the proof of Theorem 3.3.1 and Theorem 3.4.1. As defined in
equation (3.17), we use the euclidean distance between the component estimates and true
components to measure the error for component recovery. We also use the relative absolute
difference between estimated and true weights to capture the recovery error for the weights
as defined in equation (3.18). Define d,,, to be,

d,, = u,—u;, and [d,|2=|u,—u}ls, (3.17)

i

and
* *
Ar — AX Wy — W

—r]and A, = | (3.18)

A)\ I:|

r

where u, could be any of a,, b,,c,,v,, Vr € [R].

3.7.1 Proof of Theorem 3.3.1

Theorem 3.3.1 provides the sufficient conditions which guarantee that the shared tensor
components a, and non-shared components b,,c, recovered in Algorithm 1 converge to the
truth a¥ and b}, c’ respectively with the assumption that the tensor and matrix are dense
and their decomposition weights are equal in each mode i.e A¥ = w? Vr € [R]. The theorem
also provides the explicit convergence rates for the tensor components in Algorithm 1 and

highlights the difference in rates between the shared and non-shared components.
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Our proof consists of three steps. In Step 1 we use Lemma 1 to derive the close form
for the optimization problem presented in equation (3.5). This step is only specific to the
dense tensor and equal weights case as it makes it possible to derive a close form solution to
the optimization formula presented in equation (3.5). In Step 2, we derive a general bound
for the share and non-shared tensor estimates by proving Lemmas 2 and 3 given that the
components obtained from the initialization method satisfy a specific error constraint. In
Step 3, we simplify the error bound obtained in Lemma 2 and 3 to ensure that the share
and non-shared tensor component estimate contract at a geometric rate in one iteration.
Theorem 3.3.1 is then completed by showing that after enough iterations the contraction
error vanishes to only leave a statistical error.

Step 1: The next lemma accomplishes the first step in proving Theorem 3.3.1. Since the
tensor and matrix weights are assumed to be equal, without loss of generality we use A} and

A Vr € [R] to represent true and estimated weights respectively for both tensor and matrix.

3.7.2 Key Lemmas

Lemma 1. Let resyy = M — 3 \ja,, @ vy, and resy = Po(T) — Po( Y Apan, @b, ® ;)
be the residual matrix and res?jz:al tensor, respectively defined on line 7’7770]‘ Algorithm 1. In
each ALS update of Algorithm 1, the solution to the optimization problem in equation (3.5)
for the shared and non-shared components of the tensor and matriz in the r'* iteration of the
inner loop are,

Arrest (Ibr,cr)twrrespve (3 19)

Share Components: a, = Pl e

Tensor non-shared components: b, =b,/||b. |2, ¢ =&/|El2, A = [|E]]2,

(3.20)
Matriz non-shared components: v, =v,/||V.|2 and w, =||V,|2, (3.21)
where l~)r, C., V. have the following form
~ resp(ar,Ler)  ~ rest(ar,by,I) ~
br = ﬁ' r = 'ﬁ and V, = TreSra,. (322)
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Note that the horizontal double lines in the expressions above indicate element-wise
fraction and the squares in the denominator represent the element-wise squaring. The proof
of Lemma 1 is provided in Section 3.8. It involves deriving the close form of the optimization
problem presented in equation (3.5) in the non-sparse tensor case.

Step 2: The second step builds the error contraction results in one iteration of Algorithm
1. We achieve step two through Lemmas 2 and 3 which address the non-shared and shared

component cases respectively.

Cu2(14+/3)1 10 ., -
Sl 73//2)72&(” ) for some positive .

Lemma 2. Assume Assumption 1 holds and p >
Also assume estimates a,, b,, \. of our algorithm with s; = n;, i = 1,2,3,v, satisfy
max{||da, |, ||ds. ||, \iAN, } < e Vr € [R] with dg,,dp,, Ax,. defined in (3.17). Then, the

update for the non-shared tensor component c, satisfies with probability 1 — 2n=2,

16 R\" 3 1 &
maX||cr _ciHQ < maz TNAX (CO/\/*ﬁ—i_ €T77) €r + ( +7)H “
re[R] A (1 - 7)

min

(3.23)

The detailed proof of Lemma 2 is presented in Section 3.8. We later show in step 3 of
the proof of Theorem 3.3.1 that the upper bound in (3.23) can we written as the sum of a

contracting term and a non contracting statistical error term.

3(14~/3) logy (nt
3722

Lemma 3. Assume Assumption 1 holds and p > Gu ) for some positive . In
addition, assume estimators c,, b,, v,., \., w,. of our algorithm with s; =n;, 1 =1,2,3,0,
satisfy max{||d., ||, ||ds, ||, \fAN, } < er and {||dy, ||, wiAL. } < ex Vr € [R]. Then the update

for the shared tensor component a, satisfies with probability 1 — 2n=7,

1 p(1+ €| + [|Enl
r = . < ) ) 7R ) ’R
max [[a, — alls < g(p,er, ¢, R)er + f(ear, ¢, R)eas + T - q) + 1

(3.24)

. 16pRA}, 3er,y) . . 6RAua 3enr)e _
with g(p, er, ¢, R) i= *Qa SR f(eyy, ¢, R) = SamapCHOI and ¢ = co/ /.

The proof of Lemma 2 and Lemma 3 show that each iteration of Algorithm 1 results in
an error contraction for the estimates of the non-shared (b, and c,) and shared (a,) tensor
components respectively. Such results imply that after a sufficient number of iterations,

Algorithm 1 can yield good estimates for these components. The detailed proof of Lemma 3
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is discussed in Section 3.8.

Step 3: To complete the proof of the theorem, we carefully employ the assumptions on the
initialization in order to guarantee that expressions (3.23) and (3.24) in Lemmas 2 and 3 can
be written in the form eg + gey with ¢ < 1. This entails showing that for f(ex, ¢, R) and

g(€n, ¢, R) in the Lemma 3 adds up to less than % given the assumptions in Theorem 3.3.1.

= o 16BN (CH3c0) (1) o 16BN, (v £ (CH360))
v o= 64;\%’;};1. According to Assumption 3, we get that ¢ < p;;ﬁl;ﬁ < % Also g <

W + 2 < 1+ & < 4 since p < 1. This implies that ¢ := max{q, ¢2} < 1/2.

Finally, we bound the error term of m%%: |la, — a’||2 by showing that it can be written as a
re
sum of a contracting term and a constant non-contracting term. Specifically, according to

(3.24) in each iteration we have,

" L p(t+ )] + €l
— <
gel?}%uar arHQ = Q(Pa €T07C7 R>€To +f<€M07(7R)EMO + rnin p(l _7> +1
1 p(65/64)[|Er] + [|Enm
min P(63/64) +1
1 65/64)|Er|| + |IE
< gy + - PLO/EDIEL] + |IEne]]
Y: p(63/64) + 1

min

< max{q, ¢ }eo +

(3.25)

where ¢ey is a contracting term and the term after it is non contracting. By iteratively

applying the above inequality, after 7 = () (log2 ( (65(/7”6(5)?;/‘%;ﬁ)”?M”)>, we get

*
— <
mrefa}i la, —ar| <O

( L (65/64)p|l x| +||8M||>
r p(63/64) + 1 ‘

Similar derivation can be applied on the upper bound of max llc, — ¢tz in (3.23) to get
re

a contracting and non contracting term. Then taking the maximun over all non-shared

components and tensor weights lead to getting after running 7 = (log2 ( G5 /60T

iterations of Algorithm 1,

) o e =] (65/64)[|€x |
b —b _ vl < —
%(u r =l ler =il =57 ) < O (e )

r min
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which completes the proof of Theorem 3.3.1. O

3.7.3 Proof of Theorem 3.4.1

In this section we establish the results for the analysis of Theorem 3.4.1 which is the
general and sparse case where the matrix and tensor weights are not assumed to be equal.
In order to prove the general case we make use of some of the intermediate results derived
in the analysis of Theorem 3.3.1. Namely, we follow the 3 three steps analysis approach
introduced in the analysis of Theorem 3.3.1 and highlight the key difference which makes
the analysis of Theorem 3.4.1 non trivial in comparison. As presented in the formulation of
the optimization problem in (3.5) we use the /° norm regularization as a mean to introduce
sparsity in the model. However, deriving a close form solution to this sparse optimization
problem becomes very difficult with this choice of regularization function. In step 1 of the
analysis, we circumvent this issue by using a greedy truncation method defined on lines (9)
and (11) of Algorithm 1 to approximate the sparse solution to the optimization problem in
(3.5). We show that using the truncation method to only preserve the s largest entries of the
components with the condition that s > d is suitable for accurate components recovery. In
practice for Algorithm 1 the parameter s can be tuned in a data-driven manner following the
sequential tuning schema presented in Algorithm 3.1.4. In step 2 of the analysis, we derive
a general bound for the shared tensor component through Lemma 4. In step 3 we simplify
the general bound derived in step 2 to show that one iteration of the algorithm results in a
geometric error contraction. Theorem 3.4.1 is then completed by showing that after enough

iterations the contraction error vanished to only leave a statistical error.

Lemma 4. Assume Assumptions 4, 5 and 6 hold, and that s > d. In addition, assume

lde, [ ArAN T < er and

estimators ¢, b,, v., A\, w, of our algorithm satisfy max{||d.,
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{l|do, ||, wiAL, } < ey ¥r € [R] and s; > d; fori=1,2,3,v. Then the update for the shared

tensor component a, satisfies with probability 1 — 2n=2,

ine?‘gj ||a7“ - a:”? S g(p7 €T, <7 R)ET + f(€M7 Ca R)EM

NrazP(L+ N Er || <avss + Whae|E0r || <drs>
NZap(L =) +wiz,

+ : (3.26)

3 24 R)‘:(r%a:c x(¢+3eryy) . gR'w:nan C+3e —
with g(pa er, Ca R) < p/\;fmp(lri?y)grw;‘fi: 7)7 f(€M7 Ca R) < M and where C - CO/\/E~

The detailed proof of Lemma 4 is discussed in Section 3.8.
Step 3: The last step in the proof of Theorem 3.4.1, consists in using the assumptions on the
initialization error in order to guarantee that expression (3.26) in Lemmas 4 can be written in
the form e 4 gep with ¢ < % Just like was the case in the proof of Theorem 3.3.1, this entails
showing that for f(eu, ¢, R) and g(enr, ¢, R) adds up to less than % given the assumptions in
Theorem 3.4.1.

Given the initialization condition in Assumption 6 we get

24pRA*2  max(C + 3ep, ) 9Rw;2 (¢ + 3enr)
R) < maxr ) . R) < mazx
9(p e, R) < AnP(1 =) + Wi, flean &, B) < AinP(1 =) + Wi,

24R(¢+3¢0) (ArtaaP+ 25 Whiaa) and ¢y 1= 24R(A\ 20 e PY T 35 Wias ((13¢0))

Denote ¢y := maxi{er , € =
0 { To> Mo}’ 0 A p(L=)+wr2 AinP(1=7)+wi%,

1/2)\min+1/2wmin

_ . . pARZ L +3/8wi2 . 1
We choose v = T According to Assumption 6 we get that ¢; < 5 (ST <3
. >\*2. w*Q. } 3w*2 3 1 3 1 .
Also gy < 2R g, s < —£ = . Hence ¢, < 7 + = < 5 since p < 1.
B2 = 402 pEiwr2 ) T Tz oz S A(pETT) 16 2=yt <3 P>

This implies that ¢ := max{q, ¢} < 1/2.

Finally, we bound the error term of m?% |la, — a’||2 by showing that it can be written as a
re
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sum of a contracting term and a constant non-contracting term. Specifically, according to

(3.24) in each iteration we have,

max Har - a:HQ < g(pv €Ty Ca R)€T0 + f(€M07 Ca R)EMO

re[R)
(Mg T €0)p(L+ 7| <arss + (Whow + ) [[1E0 || <ars>
(Min + €7)2p(1 = ) + (W, + €1)?
(97/96)p Ayl Er | <arss> + WinaellEnrll <ar s>
e
(97/96)p Ayl | €7 || <drss> + Wial | Enrl <ays>
%p)\*Q + W*Q

min min

+

< max{q, ¢ }eo +

< qéo +

, (3.27)

where gep is a contracting term. By iteratively applying the above inequality, after the

number of iterations stated in Theorem 3.4.1, we get

max ||a, —aj|, < O (

(97/96)p)‘jnarl|gT||<d+S> + wzwaz||gM||<d+S>>
r€[R)] ’

The proof for the non-shared component in Theorem 3.4.1 is very similar to that of the
non-share component in Theorem 3.3.1 we therefore leave it out. This completes the proof of

Theorem 3.4.1. ]

3.8 Additional Results

In this section we provide details of the derivation for the proofs of Lemmas 1-4.

3.8.1 Proof of Lemma 1

The dense version of the optimization problem in (3.5) can be formulated as follows:

Optimization: Non-Sparse formulation

min {HPQ(T) ~Ra( X Aa@booc) b+ M- Y wTaT®VTHQF} (3.28)

A B,CV
T r€[R) re[R)

subject to w,, A, € R,

29



Given resyy = M — Y wpa, ® v, and resy = Po(T) — Po( X Ara, @b, ® ¢,,) the residual
m#r mzr
matrix and residual tensor, respectively. In each ALS update of Algorithm 1 we need to solve

the following least-squares optimizations problem.
min {||resM — i, @ V|2 + [[resz — Pa(Ava, @ by cr)||%}. (3.29)

The optimization problem in (3.29) is convex in a,. Therefore, we can find a, by taking its
derivative and setting it to zero. In order to do this we first derive the equivalent of the
optimization function in (3.29) explicitly in terms of the entries of the tensor and matrix

components:

2

min { > (resMi’l — wra,(i) x Vr(l))

ar T -
17J

+ Y (resrign — Ma(i) x b() x e (k) } (3.30)
{i,j,k}eQ
where resy; ; 1. is the (i, ], k)™ entry of resy and resy;; is the (i, 1) entry of resy;. The notation
{i,j, k} € Q with Q defines in (3.1), guarantees that the summation only applies on the
observed entries of tensor resy; a,(i) is the i*" component of a, where i € [n].
Taking the derivative of (3.30) with respect to a.(i) for all i € [n] and setting it to zero

we get:

)\r %(reSTi,j,kbr(j)Cr(k)) + Wy Z reSMi,lVr(l)
N i
a(1) = X2 b2(3)e2 (k) + w2 5 v2(l)

l

ik

(3.31)

for all i € [n]. The first summation in the numerator of equation (3.31) is the definition of
the modes 2 and 3 tensor matrix product of resy with the matrix obtained from b, ® c,.

Following the notation provided in section 2.2 this product can be rewritten as:

resr(I,b,, c.) =resy X2 b, X3¢, (3.32)
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for all i € [n], where I is the identity matrix. It is worth noting that the vector tensor product
in (3.32) is a vector of length n. We can write the second term in the numerator as a matrix

vector left multiplication. The vector a, can therefore be written as:

Arrest (Ibr,cr)twrrespr vy
& = R (3:33)
where the double line fraction indicates element-wise division and (-) denotes elements-wise
power.

In order to solve the optimization problem for components other than the first component

that are not shared with the matrix we proceed similarly. We start from:
min {||resT ~ Py(hva, @ b,,)||;}, (3.34)

which is equivalent to

2
> (reszige — Aan(i) x by(i) x cp(k)) . (3.35)
{1,j,k}eQ
Taking the derivative of (3.35) with respect to b,.(j) or c,(k) then setting to them to zero
and solving for b,(j) or c,(k) we get the following update:

> (respijrar(i)e.(k)) > (resyijrar(i)b.(j))

TN o i k1eQ - L i Jen
D)= Ab) =T e mam o S = =T e

{,.k}eQ {i.j,-}eq
(3.36)
respectively. In vector form this is written as,
BT _ rest(ar,I,c,) and 67« _ rest(ar,by,I) (337>

PQ(aE,I,c%) Pﬂ(agvbgzl) ’

These are the un-normalized updates in line 10 of Algorithm 1. Since by definition b, and
¢, are unit vectors then |||z = ||\-c,||]2 = |\-| as defined in line 12 of Algorithm 1 and
¢, = C,./||¢||2 as in line 13 of the main algorithm. The update for b is obtained in a similar

manner. The above derivation corresponds to the non-sparse scenario, i.e., Algorithm 1
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without the truncation steps on lines 9 and 11. However for the sparse case, to incorporate
sparsity in the resulting update equations, we use the truncation scheme proposed in Sun, Lu,
Liu, et al. [49]. We get the estimate of the matrix component v,., using a similar derivation
and get,

V, = w,V, = resra,, (3.38)

and since v, is a unit vector we get w, = [|v,||2 and v, = v,./||V,||2 as in lines 12 and 13 of

Algorithm 1. This complete the proof of Lemma 1. O

3.8.2 Proof of Lemma 2

The main challenge in the proof of Lemma 2 lies in finding a tight upper bound for the
error of ¢,. In the following derivation only provide the analysis for the non-shared tensor
components ¢, since the proof of the other non-shared component b, is very similar.

In (3.20) we derived the close form formula for the update ¢, to be €,/||C.||2. To bound the
expression ||c, — c’||2 , we make use of the intermediate estimate ¢, which is define in (3.22)
as,

¢, = rest(ar,br,I) (339)

Po(a? b2 I)

From Lemma 1, notice that ¢, can be written as \.c,. That is, ¢, can be thought of

as the un-normalized version of the estimate c,. Proving Lemma 2 therefore consists in

*
r

deriving an error bound for |[c, — Aic||2, followed by using Lemma 10 which shows that

*

Cr — )\:CTHZ'

e, — il < 2

Let D, E, F, G, be n x n diagonal matrices with the following diagonal elements,

Dy = >0 (D7) 5 B = 3 oy ()b ()an(i)br(3);

1,j

Fr. = Y dgeay, ()b, ()a-()b,(j) 5 Grr = Y diram ()b (j)ar (i)br(j),

ij Lj
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where 45, is a Bernoulli random variable with success probability p and indicates whether
the ijk;, tensor entry is observed or not. Then the vector ¢, obtained after one pass of the

inner loop of Algorithm 1 can be written as

¢, =D (AjEc;t + 3 (\Fc, — AnGey) + Er(ay, br,I)) . (3.40)

me[R]\r

We make use of the fact that ||, — Aic*|s = ||c, — AD~'Dc}||2, to yield,

r

I, — Xicile = | D YE - D)ci + D! > (A Fer, — A\, Gepy) + D '&r(a,, b, 1) ||

me[R)\r

erry errs

erro

Applying the triangle inequality to the above expression is very convenient as it breaks its
into the three different error terms shown below, each characterizing different sources of error

affecting the non-shared component update,

1€, — Arerllz < [lerrill2 + [lerrafl2 + [lerrs2, (3.41)
where err; = X*D1(E — D)c? can be characterized as the error due to the power method.
This error is well understood and does not require meticulous bound control in order to yield
the desire result. Also if 7* was a rank 1 and noiseless tensor, the proof of Lemma 2 would
reduce to bounding this error term.

Unlike err; discussed above, bounding err, = D' 3 (\: Fe!, — \,,Gc,,) represents the
main challenge in the proof. It is worth noting thgf [51};2 is the error due to the deflation
method applied in Algorithm 1. Two issues arises with bounding this error, the first resides
in the non-orthogonality of the tensor 7*. If the tensor 7" was orthogonal then a deflation
algorithm would have little to no difficulty differentiating between the ranks of the tensor.
However with the non-orthogonality assumption we are left with a non disappearing residual
due to fact that for example two component vectors of the tensor ¢, and c; could be close

to parallel making it difficult for the algorithm to differentiate between the two. Moreover

erry exposes the relationship that exists between recovering a component c, and the error
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for the other mode components a;, b; and with j # r. If not carefully controlled, err, could
cause the estimate ¢, to diverge from c’. Assumption (1.7i7) is therefore used and required
to control the magnitude of errs.

The third error term erry = D™'&r(a,., b,, I) is simply the error due to the noise of the tensor
and can be easily bounded after standard assumptions are made about the spectral norm
of &r. Another challenge in bounding the error of the ¢, update comes from the fact that
the tensor has missing entries. As represented in equation (3.39) the operations involved
in computing the update c, is only carried on the observed entries of the tensor. This
computation caveat forces the use of concentration inequalities in the analysis of the error
bound of the component. Choosing the right concentration inequality becomes therefore very
important in order to guarantee a given convergence rate while allowing some reasonable
constraints on the tensor entry reveal probability to p. The rest of the proof consists in
finding a bound for each of the three errors discussed above. We start with bounding the
first error term. Using the fact that ||ci||2 = 1 and since D™'(E — D) is a diagonal matrix its

spectral norm is the maximum absolute value of its diagonal elements, we get

lerrilla < [ATDTH(E — D),

Next is finding an upper bound for the maximum of each of the random elements in the
equation above with high probability. To do that we first get an upper bound for each of the
diagonal elements with high probability and make use of the union bound method. This is

derived as:

(B = D)we| = | > digna ()b (5)ar ()b, (j) — Z Oy (1) ()]

= | Z 51Jka i)ds, (j) Z 51Jkdar ~(j)ar(i)b,(j)
- Z 5ij1€dar (l)dbr (J)ar(l)br (.])|
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The expression on the right side of the equality are obtained from the fact that a,(i) =
af(i) + d,, (i) and b,.(j) = bX(j) + ds, (j). Next Lemma 7 is used to bound the three random
elements inside the absolute value. Combined with the triangle inequality and the fact that

[(da,,a2)| = 3]|da, ||3 (Lemma 12) yields the following,

’(E - D)kk’ <p (’<a:7ar><dbr7br>| + |<daraar><b:7br>’ + ’<daraar><dbrab7">‘)

+ 7 (I da, [l2 + lldo, [[2 + l[da, [|2[lds, [[2)

|, [|2 2 4
< m 1-— —||d d d
— 6p (ure{gﬁibr}{ 2 || Ur 129 || Ur 2’7” ur||2}
=6p m | - iz g d,. |37 Id 42
= 6p max [du, Iz, [[du, 2.7 ] [[du, [l2- (3.42)
ure{av‘be} 2

The above inequality holds with probability 1 — 2n~!° provided the reveal probability

p > 0“3(173//32) log?(n1%) Using (3.42) and the bound from Lemma 6, we get

72
* du'r
opx; max (/1= 2, 7 )

ure{ar :b'r

erri|ls < , 3.43
Jerns i (3.3
with probability 1 — 2n=°.
Next we work on bounding err,. Note that
lerrsll = D" > (AL Fey, = AnGen) |2
mée[R]\r
<max D7 Y (A Fe), — AuGe,)s
me[R]\r
=N max D7y D ||Fck, — Gep + Ay, Genl|2
ok me[R]\r
< Aumax D7 >0 [[(F = G)epllz + Gde,, Iz + Ay, Gell2- (3.44)
me[R]\r
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We focus on bounding each of the four components in the last inequality above as

[Fc,, — Gemlla < [|(F = G)e, || + [|Gde,, ||

|2 + max |Gy |[|de,,[|2- (3.45)

= max [Fyi — G| e,

Just like we did for err; we bound each element |Fy, — Gyy| then apply the union bound to

get the bound its maximum,

|Frr — G| = |Zk:5ijka§2(i)b* m(j)a Z%kam m(3)ar(i)br(j)|
<| Z5ijkdam(i>b;kn(j)ar(i)br(j)| + | Z digea, (1)ds,, (j)a,(i)b,(j)|

+ ’ Z 6ijkdam (i)dbm (J)ar<1)br (J)‘

ik
< p ([{da,..ar)(by,.br)| + [(ag,.a,)(ds,,.br)| + [{da,,.ar){(ds,,.br)|)

+7(l[da, ll2 + e, 2 + [|da,, [[2]| e, |2)

< 6p ( ull2) !duH2,7||du||2) -
ue{am m av bT n

The last inequality above holds with probability 1 —2n71° provided the reveal probability p >

Cp®(14v/3) log? (n'?)
n372+2

. The second inequality is obtained by using Lemma 8 and the last inequality

is obtained using the incoherence assumption (1.iii) to get that max{|(a},,a.)|, |(b%,,b,)|} <

co
V()

+ max{||da,||2, [[dp,||2}. Using the union bound we get that

max [l — G| <6 max ( T ¥l )nduuz, (3.4
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with probability 1 — 2n="

Similarly using Lemma 8, and applying the union bound and the fact that,

l(@m,a,) (b, b,)| < max{(a,,,a,)?, (b,,b,)?} (3.47)

2
Co

< 3||d,, , 3.48

_( O r||2) (3.48)

yields the following inequality,

Gl < 3||d. 3.49

with probability 1 — 2n="
Putting equations (3.44), (3.45), (3.49) and using Lemma 6 to bound D! yields,

8 A (€0+du (o 4 3|d, 2,>du
poX AL max }(\ﬂn) | ||2)(\/ [dull2),7 ) |dull2

me[R\r  u€{am,bm,arbr, (n)

lerra|l2 <

I

(3.50)

p(1—7)

with probability 1 — 2n~Y provided p > 0“3(173/ /i)wl;)gz("m)_
Next we use Lemma 11, combined with Lemma 6 and apply the union bound to get the

bound on the tensor noise ||errs||s as

1 &
llerrs|ls < p(L+9)] T”7 (3.51)
p(1=7)
with probability 1 — 2n~? provided p > Cu? (1+;3/ /32) log*(n'?) .Combining the error bounds results

of ||erry|2, |lerrz||2, ||errs||e in equations (3.43), (3.50) and (3.51) respectively, yields

ler = Arerll

IId lldull2
SpRN e, max (V1 el (=

p(L+ €]
- p(1—7) '

o)y (2 + 3l 5, 7) 1l

<

p(l - 7)
(3.52)
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with probability 1 — 2n~?. The proof of Lemma 2 is then completed by applying the results

of Lemma 10 which shows that [|c, — ¢i[ls < &€, — Aici[2 and Lemma 9 (], — X}| <

|c, — Aick||2) and by letting max{||dyl|2} = €r. O

3.8.3 Proof of Lemma 3

We now prove the contraction result in one iteration of Algorithm 1 for the shared
components of the tensor and matrix a, in the special case where the tensor and matrix
weights are equal and both tensor and matrix are dense. When the tensor and matrix

weight are assumed to be equal, the close form solution for the update of the shared tensor

(resT (I, by,cr)+resp vr)
Ar(Po(L(br).2,(cr).2)+1) "

can still employ the same technique used in bounding the non-shared components by using

component derived in Lemma 1 simplifies to a, = In this special case we

(resp (I,by,cr)+resprvr)
PQ(Iv(br)-27(cr)'2)+1 )

This is the main advantage of restricting the problem to the equal tensor matrix weight case

the intermediate step of bounding the expression ||a, — Afa’|| where a, =

as it allows the proof technique derived for the non-shared component to be easily extended to
the case of the shared component. As we will show in the analysis of Lemma 4 this advantage
disappears when the weight of the tensor ans matrix are allowed to be different.

Let D, E, F, G, H, J, P be n x n diagonal matrices with diagonal elements,

D;i = Zéijkbf(j)03(k) +1; E;= Z5ijkb:(j)C:(k)br(j)cr(k);
ik

Fy = Z5ijkb;(j)C;(k>br(j)Cr(k) i Gy = Z5ijkbm(j)cm(k)br(j)cr(k)§

ik ik

Hi =) vi()vi(); Ju=>_vi(Ov,(1); Pu=>_ vul)v,(0).

l

Then the vector a, obtained after one pass of the inner loop of Algorithm 1 can be written as

a =D (A:Ea;f + Y (AL Fah — A,Gay,) + Po(Er(L b, cr))>
me[R]\r
+D™! ()\:fHa: + > (A Jalh, — A, Pay,) + EMV,,) : (3.53)

me[R)\r
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In the next steps we bound

&, = Narfl: < [NDTHE+H-D)a; [ +[|D™" > (A, Fa;, — AnGan)ll2
me[R]\r

erry

erro

+IDY > (A Jak, — AnPay) [l2 + | D Pa(Er(L by, c)) + Enrvy) o

me[R]\r

erry

errs

(3.54)

In the shared component case, the right hand side of equation (3.54) can be characterized
as the sum of 4 sources of errors, where err; = AX*D~! (E + H — D) a} can be characterized
as the error due to the power method applied to both the tensor and matrix. This error
is similar to err; discussed in the proof of Lemma 2 with the exception that it factors in
the contribution of the matrix. Again, if 7* was a rank 1, noiseless tensor, then proving
Lemma 3 would reduce to bounding this term. The second and third sources of error
err, = D71 Y (M Fa’, — \uGa,,) and err3 = D71 S (A Ja’, — A\, Pa,,) again

me|[R]\r me[R]\r
represents the main challenge in the proof. The challenge in bounding these two errors are
very similar to those exposed for erry in the analysis of Lemma 2 in addition to the fact that
we have an extra residual due to the matrix. If both the tensor and matrix components were
orthogonal this error would be non existent. We therefore partly control these errors magnitude
through the bound imposed on the components vector inner product namely Assumption
(1.447)the incoherence assumption. The fourth error term erry = D™} Po(Er(L, b, c,))+Ep vy
is simply the error due to the noise of the tensor and the matrix and can be easily bounded
after standard Assumptions are made about the spectral norms of &7 and &y,. At first glance
it might seem that right hand-side of the inequalities in equation (3.54) is larger than that
found in equation (3.41) making therefore the bound on the shared component larger than
that of the that of the non-shared component. However as we demonstrate in the proof

below, the component D! plays the role of a weight which averages the tensor and matrix

sources of error in equation (3.54).
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We start with bounding the first error term,

lerri[lz = [AYD™ (E + H — D) a|2
< \ID™ (E+H - D) 2/ lay]l2

< Aymax Dy "1({E+H-D), |,

where last inequality above is obtained by observing that D™ (E + H — D) is a diagonal
matrix whose spectral norm is the maximum absolute value of its diagonal elements and that
|lak|l2 = 1. We proceed to getting an upper bound for each of the maximum of each of the
random variable elements in the equation above with high probability. To do that we first
get an upper bound on each of the diagonal elements with high probability and make use of

the union bound method to get a high probability bound on the maximums.

(B +H —D)s| < [(vive) = 1[4 dubi()er (k)br(i)er (k) — 3 diby ()c; (k)]

ik

Hd ||2 + |Z(51Jka dbr( Zéukdar ) ( )br(J)

ij

3 G, (D), (e ()b, )]

1 . \
< SNl + p ([(c) ) (ds, . br)| + [{de,.c,) (bb,) | + [(de, c) (ds, ,by) )

+py (lde,[l2 + [|ds, [l2 + llde, [[2]ldb, |[2)

The expression on the right side of the equality is obtained by combining the triangle
inequality to the fact that c,(i) = ¢i(i) + d., (i) b.(j) = bj(j) + ds, (j) and using the results

from Lemma 12. We then use Lemma 7 to bound the three random elements inside the

Cp(147/3) log? (n'?)
n3/2+2

1 Il
|@+H—mmm+H—Dmsg@ﬁ+@(£g%hh e 3 1, 1,71k, 12}

Hdur\lz
||d I5+6p max ( - I, ll2, du, 15,7 | lIdu, [l2,

ur {Cr 7‘}

absolute value. Hence, provided the reveal probability p > we get,

| /\

(3.55)
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with probability 1 — 2n~1°. Using the union bound on the result in equation (3.55) combined
with the results of Lemma 6. We get,

(o0, o, (V1= T e ) i+ 172015

ure{ar,br
p(l—7)+1

lerri[[z < (3.56)

with probability 1 — 2n=7.

Next we proceed to bound |lerrs||s before coming back to ||errs|2,

lerrslla = D" D" (\nday, — AuPa)lo-
me[R]\r

We start by bounding the component inside the summation.

A dan, = AmPamlla = (X, (Vi Vi) ag, — A (Vin, Vi) a2

= )‘r*n||(<v;kn>vr> - <Vmavr>)a:z + Vi, Vi) da,, + Ay, <Vmavr>am||2
_G
V()

where the last inequality is due to the fact that (v,,,v,) < (-2

V()

< 3A,, max (|ldvm||27 + 3||dvr||2) [, [|2, (3.57)

+ 3||d,, ||2). This, combined
with the results of Lemma 6 to bound |[D™}| yields,

3 X /\;knmaX(Hde”?’\/)+3||d11r” 2)|d, |12
me[R|\r

|errsl2 <

p(l—7)+1 ’ (3.58)

with probability 1 — 2n=°.
The technique used to bound ||errs||s in this section is very similar to the one used to
bound expression in section. We therefore provide the bound and incite the reader to review

the section mention to understand the process involved. The main difference recedes in
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substituting the components c for a and finding a lower bound for D~! using Lemma 6. This

yields,

x; o+ dulla), (<5 -+ 31dull2)l ) I
S = e () (2 o)

mée[R)\r ue{cm,b
p(l—7)+1 ’
(3.59)

[errall2 <

with probability 1 — 2n=7.
Next |erryl|2 is bounded using Lemma 11, combined with Lemma 6 and the fact that
[Evella < ||€a]| since [[v,[|a=1 and by definition ||Er[| = supjy =y [Earulla. This therefore

yields
P+l + 1€l
p(l—7)+1

lerrallz < (3.60)

with probability 1 — 2n=?.
Combining the error bounds results of ||err||a, ||errs|e, |lerrsa||2, ||errs||2 in equations (3.56),

(3.59), (3.58) and (3.60) respectively, we get

- — Avarlla

* du C Ci
SN o (1 B o, (s ), (5 4 Bl a3, ) 1l

ue{cmybm7cr:

<
N p(l=7)+1
3N max ([ s =25+ 31 ) k12 + (1 +l1Er| + 1]
+ 3.61
pl—7)+1 (361

with probability 1 — 2n=".
The proof of Lemma 3 is then completed by applying the results of Lemma 10 which shows

that ||a, —a’||s <

/\% a, — Afaf|| and letting max{||dy|2} = e and max{||dy|]2} = ep. O
3.8.4 Proof of Lemma 4

We now prove Lemma 4 which establishes an error contraction result for the shared tensor
components in one iteration of Algorithm 1 when the input tensor and matrix are assumed to

be sparse and their respective components weight are allowed to differ. First, we introduce
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some notation below in order reveal how we address the sparse components in the analysis .
Define F, := supp(a’) Usupp(a,), I}, := supp(b?) Usupp(b,), F. := supp(c}) Usupp(c,) and
F, :=supp(v}) Usupp(v,) where supp(u) refers to the set of indices in a vector u that are
nonzero. Then let F' and F' be compositions of support sets defined as F := F, o F, o F,. and
F := F| o F, respectively. We use the notation TV = > me[R)\r Amay, ® b, ® c,, to repre-
sent the CP decomposition of the tensor 7 minus its r** rank 1 tensor element ()\,a, ®b,®c,).
Denote the truncated vectors u} and u, to be u} = Truncate(u?, F,,) and u, = Truncate(u,, Fy,)
with u € {a,b,c,v} andr=1,..., R.

Note that in the update of a, in our algorithm, we first obtain non-sparse estimator a, in
line (8) of algorithm 1 then update it by applying the truncation method and normalization
method in (9). We let a, be the update on line (8) of algorithm 1 before the truncation and
a, be the truncated update on line (9) of the algorithm. That is a, = ”:ﬁ with,

(Arresty (Lbyr,cr)+wrresarp vr)
A, —
" (A2Pq(L(br).2,(cr).2)+w?)

where resy, denotes the restriction of the residual tensor resy on the three modes indexed by

F,, F, and F, and resy, is the equivalent for the residual matrix res,,;. That is

resr, = Z )\*5 ®b* ®C Z )\mém@)f)m@éma

mée(R) mée[R)\r
resyr, = Z wrar, v, — Z Ay, @ V.
mée[R] me[R]\r

Proving Lemma 4 involves bounding ||a, — a’||s which we do in two steps. First we notice
that [|a, —af||2 < ||la, — a,||2 + ||&, — a||2> using the triangle inequality. Then we bound each

of the two norms in the expression above. As will be demonstrated in the proof,

lar — arlls < [lay —a.[ls + [la, — a;llz < 2(ja, — a2

While bounding ||a, — a|| directly is a challenge, getting relatively tight upper bounds for
|la, — a,||2 and ||&, — a||2 although challenging is feasible.

Stepl: We begin with bounding ||&, — a}||s.
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Let D, E, F, G, H, J, P be n x n diagonal matrices with diagonal elements,

D;; = /\3 Z 6ijkb3(j)c3(k) + WE ;o By = Z 5ijk6i(j)é:(k)br(j)cr(k);

ik jrk
Fyi = Z5ijk5;(j)6:n(k)br(j)cr(k) ;o Gy = Z5ijkBm(j)ém(k’)br(j)cr(k)?
Jik jk

Hi =) vi()ve(); Ja=>_vi(Ov,(1); Pu=>_ vul)v,().

l

Then the vector a, obtained after one pass of the inner loop of Algorithm 1 and before

normalization can be written as

a, = )\rD_l (A:Eé: + Z ()\;Fé; — )\mGém) + gTF X9 br X3 Cr)

me[R)\r

+w, D! (w:Hé;‘ + > (wJal, — w,Pa,) + 5MFVT) . (3.62)
me[R]\r

This means that

|a, —a|ls = | D' (AMNE +wwH —DI)ak ||, + || A\D™* > (A Fa), — M\,.Gay) |2
me[R]\r

erri

erry

+ lw.Dh > (whJak, — w,Pay) |2 + [| DTN AEre X2 by X3¢, 4 Wl vy) o
me[R]\r

erry

errs

(3.63)

The right hand side of the inequality above is split into four sources of errors where erry and
errs are due to tensor rank being greater than one, errs is the error associated tot the tensor
and matrix noise and err; is the error from the power iteration used in the algorithm. We
notice in the case where the tensor and matrix have different weight expression of a, contains
the estimated weights unlike when the tensor weights can be assumed to be equal. This
main difference requires careful derivation of the error bound for the update of the shared

components.
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We start with bounding the first error term

lerryflz = D™ (A NE + wiw;H — DI) a7l
< D™ (AWAE + w,w H — DI ][22

< max D' | (\MAE + w,wH — DI). |,
1 N—_——

erriy erria

where the third inequality is due to the fact that ||a’||; < ||a¥||s = 1 and since,

D' (\NE + w,w!H — DI) is a diagonal matrix hence its spectral norm is obtained by
taking the maximum absolute value of its diagonal elements. We therefore proceed to getting
an upper bound each of the maximum of each of the random variable elements in the equation
above with high probability. To do that we first get an upper bound on each of the diagonal
elements with high probability and make use of the union bound method to get a high

probability bound on the maximums.

erriz = [\ A D by ()€ (k)br () (k) + wrwf (Vive) — (N2 D bl ()cf () + )|

ik jk
< IAS Y dbr () (k)b (i)er (k) = A2 Y- dgebl (el (k)] + |wnwy (vi,v,) — w?)] .
& Ik I122
Ii21
We can bound 1121 and ]122 next
Lgo = |wrwy (V5 vy) — W?)‘
< wwy ([(viove) — 1]+ Ay,)
1
< @ (G l1dull3, +Au,) (3.64)
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where the first inequality is due to using the triangle inequality, the fact that w, = w, —w} 4w
and Lemma 13 by noting that supp(v,) C F,. The second inequality is obtained from the

results of Lemma 12. Next we also bound I;9;.

Lot = (MY Sibr()es (k)b () e, (k) — A2 Sb2(j)c2 (k)|

ik ik
<MY (3br(G)E; ()b, (e (k) — bl (el (k)) |+ Ay, Y- dbl(i)ey (k)
ik jk
<> dwbr()dz, (k)b (j)e (k)] + | > dyed;, (j)cr (k)br(j)er (k)]
ik ik
+12 dyd;, ()dz, (k)b (j)e, (k)]
ik
where the last inequality is obtained using the triangle inequality and the fact that b,.(j) =
b:(j) + db.(j) and c,(j) = c:(j) + d.,.(j) combined with the fact that F, = supp(b¥) C
supp(b?) = F and F, = supp(c’) C supp(c’) = F which means that b*(k) — b (k) = 0 and

*

ci(k) — ci(k) = 0. Next applying the results of Lemma 6 and Lemma 9, we get

Loy < XA ([(by,by)(de, ,c.)| + [(d, . b,)(c; cr)| + [{dy,,br)(de, ;)| + Ay,)

+ py(]|de, .)

* dur
swrp( mas {1~ ”2||dur||2,||du,n||2,Axr,vndurua,vmr}), (3.65)

2+ ||ds,

cr |12

urE{C'r 7br

where the last inequality above holds with probability 1—2d~1° provided the reveal probability

p > o (1+J3/ ?;)log (@) " Combining equations (3.64) and (3.65) followed by making use of

lemma (6) to bound the denominator of |lerr||s, we get

8A:Arp< max {1 = 252 d, |3, [, (15 An, Yl 20720, })m (Gl + AL)

ure Cr, b'r
ABp(L =) + w? ’
(3.66)

lerrfla <
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with probability 1 — 2d~°.

We now move on to bounding the expression |errs||s.

llerrs||2 < w,ﬂ||D_1 Z (wrJa’ —wnPay,)|2

me[R]\r

<w max D' Yo [l (V5.V0) &y, — win{Vin, Vi) a2
' me[R]\r

<wrmax D' >0 wy (1(95,,ve) = (Vi vl 2 + [(Vin,ve)[llda,, 12)
me[R]\r

S DY Y i (B | Fnvl ) (367
me[R|\r
where for inequality three, we use the fact that ||[(v,,v,.)ak |2 < |[(vE,,v,)alk |2 since ||ak,||s <
1 and that the truncation process is invariant to scaling. We also used the fact that
Wy = wy —w +w’. Next, since {supp(v?,),supp(v,,)} C F it follows that (v}, ,v,) — (v, v,) =
(dv,,vr). Then noticing that (v,,v;) < (7 + 3[|d,, [|2) and using the results of Lemma 6 to
bound max |D;; Y| yields

w T wh (v, ll2 + (5 + 3l[du, [|2)l|da,, |2 + A, (2 + 3]/ d, ||2))

< 3.68
Jerrsll < s - (369
with probability 1 — 2d~? provided the reveal probability p > 0“3(1?3//32);20 g*(d'?)
Next we bound the expression [|erryl|s as
||€T’T2||2 = ||/\7«]:)_1 Z )\:(n(Fé.; — GE_lm + A)\mGém>||2
me[R]\r
<MD > AL (I(F = Gayllz + |Gda,, |12 + [ Ax, Ganll)
me[R]\r
<MD Y0 A [ max|(F = G)il +(llda,,[l2 + Ax,,) max |Gyl |, (3.69)
me[R]\r ———

Iz Iz

where the second inequality is due to the triangle inequality and the third inequality is

due to the fact that ||aZ ||o < [[aX |l = 1 and ||a,||2 < ||an]l2 = 1 as well as the fact that
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the matrices ||F — G| and ||G||2 are diagonal matrices hence there spectral norm is their

maximum absolute diagonal value. We focus on bounding bounding I, and Iss next.

Igl = | Z 51ch j Z 51chm )CT(k)bT(J”

<12 diede,, (K)br, (G)er (k)br ()] + | D dignes, (K) b, (3)er (k)b (3)]

jk

+ | Z 5ijkdcm (k)dbm (J)Cr(k>br (.]>|

jk
< p (|(dep € (B, br)| + 1(€hscr) (s D) | + [(de, €0} (i by ) )
+’Y(||d07n 2 + ||db7n 2+ ||dcrn ||db7n )
Co
<6 max — + ||dy|]2), ||du||2, d,lls. 3.70
_zg%%%M@JQ¢3 Idall2), I MV)HHz (3.70)

The last inequality above holds with probability 1 —2d~!° provided the reveal probability p >

0“3(1+;,,//?;Z/12° 2@ The third inequality is due to Lemma 7 by noting that since supp(b? ) C F,

then Bjn(J) < %. Similarly using Lemma 8, and applying the union bound and the fact

2
that [{Cn,¢,)(bm,b,)| < max{{c,,c,)? (bn,b,)?}, < (\f + o nax 3||du, ||2> yields the

following inequality

Co 2
Iy < o 0 4 3)dy, [12)2 ) 3.71
wsp, s (s o) 371)

ur€{cr,br,cm,bm
with probability 1 — 2d~°.

Putting equations (3.69), (3.70),(3.71), and Lemma 6 together yields

A8p XA, max 7}((%+HduIIQ),(%+3||du||2)2,||du||2,7) |2

me[R]\r ue{am,bm,ar,br

<
ferrl < 1) + |

(3.72)

with probability 1 — 2d~9 provided p > €&20+1/3) log*(d™%)

d32

Next, we bound the error matrix and error matrix through |lerry||2 which is bounded by
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applying Lemmall, combined with Lemma 6 and the fact that ||Eav,lla < ||Ex] since

[v,[la=1 and by definition [|Ex|| = supy = [|Earul]2 yields,

AD(L 4+ )Er || <drs> + wrl|Enrl| <dts>

<

(3.73)

with probability 1 — 2d—° provided p > < 4(1+L/237)21°g2 @) Combining the error bounds results

of ||lerri||2, |lerrs|lz, |lerrsa||z, |lerrsl|2 in equations (3.66), (3.72), (3.68) and (3.73), lettings
|dull2 = er, for u € {a,,b,,c,}, |duoll2 = ear, Ay, = F and A, = & Vr € [R] and using

wr

the fact that Ay —ep < A\, < AN +ep and w) —er < w, § i+ er for all r € [R], yields

2, — a2

8pRN: .. (\:+€r) max (, /1= Fer, (& +er), (F+ 3er)?, er, 7, 1/)\mm)

ue{cm,bm,cr,br,}
(Ain — €7)?P(1 =) + (Whin — €11)?
3Rwinaq (W) + €37) max (eM, 1/wr ., = =+ 3€M>
(Aain — €7)?p(1 =) + (Wi, — €r)?
(Ar +er)p(L + VErll<ars> + (W) + er) |Em]| <ats>
(M — €7)20(1 =) + (Wipin, — €11)?

<

+

+

: (3.74)

with probability 1 — 2d~°. Simplifying the expression completes the proof for step 1 of the
Lemma 4.
Step2: We now get an upper bound for ||a, — a,||2. Note that

: a,
lar = a2 = |7 arls =
o larlls

Hence bounding ||a, — &,||2 simplifies to bounding |1 — ||&,||2|.Using the expression of &, in

(3.62) and applying the triangle inequality we get,

1= lla[l2] < |1 = [IA-D™'NEa; +w, D" \wHal|]o| + [[A.D™" > (A Fa;, — AnGap)ll2

Y me[R]\r
11
+ lw, D™ Y (Wi Jar, — wePay)|l2 + | X2 by X3¢ + Erp Vil (3.75)
me[R]\r R
111
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Bounds for elements (I1) (/1) and (IV) in the equation above are derived in (3.72), (3.68)

and (3.73) respectively. Hence we only focus on bounding elements (I).

I =||ajll2 = [[AD™'\Ea; + w, D~ wHa; ||
< [la; = DM ANE + wiw H)al |2
= D' (\MNE +w,w'H — DI)a’|,

= [lerrl2, (3.76)

where erry is the error component defined in (3.63) and bounded in (3.66). The first equality
is obtained by using the fact that ||a’||s = 1, vector norm property is then use to get the first
inequality and finally second equality is due to a* = D™!Da* and the fact that a* = a* since
F, = supp(a}) C supp(a}) = F. Hence combining the results in equations (3.76) and (3.75)
yields,

la, — & ||o < T+ IT+TIT+ 11T+ 1V

< [la, — a2, (3.77)
which ends step 2 of the proof. The proof of Lemma 4 is completed by combining results of step

1 and step 2 which shows that ||a, —a}||> < 2||&, —a}||2, and taking the maximum over all r.[]

3.9 Auxillary Lemmas

Lemma 5. Fiz r and let a,"™' be obtained by the update on line (9) of Algorithm 1 and .
Given the conditions in Theorem 3.4.1 hold, we get with probability 1 —n=? that a'*t! < SM/\/E.
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Proof: Let al™! be the update on line (8) of Algorithm 1, then we can decompose its

absolute valued in the following way.

_ 1 u
A0 < [ MEl L=+ Y AFL= Y G = |+
D \/_ mée[R]\r \/_ mée[R]\r \/ﬁ
—lﬂ =Ko
) P MRCANED SRRT " NICERD ON: i
D ' \/_ me[R|\r \/_ me[R)\r \/ﬁ
=K3 s
1 .
B | ZgT(si,j,kbr(J)cr<k)| + | ZEMVTUH ) (378)
i ik il
I=Ks5 ‘=ke

Using the results of Lemmas 20-22 along with the decomposition of d, = b—b* and d, = c—c*

and the incoherence condition on the tensor components we get the following bounds:

2
K1 < )\*p(\;% + ’7) Ko < (7“ — l)p)\mam <275 + 19Hd“ma$ + 27) \75
C
Ky < w*\;%, Ky < (T’ — 1)w;ax (2\/05 —I—4||d”ma$+> \;%
5 ST 7’pmaX(ET> +7]L' ke < 1 maX(SM)]L.
Vn vn' - NG

Using the initialization condition presented in Assumption 6 and letting d = ¢y we get that

1 Ap(L4+7v)+wr p
Ky < )
D; zr: - op(l=y)+1 \/ﬁ

where v = o(1). It now remains to show that k5 and kg are constants. To do so we use

impose the following condition

maz(&r)|  pA-—v)+1 . |Jmaz)| _p(L—7) +1

* - 3/2 * -
)\mm n / 2 Wnin n
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Using the condition above and the expression of |a®*!| in (3.78) and noting that

|att1(i)|\x > |a'™1(i)|; which completes the proof of the lemma. O

Lemma 6. Let u and w be unit vectors in R" such that |u(i)| < %
let 6; 5 be ii.d. Bernoulli random variables with P(dy, = 1) =p and 1 <i<n, 1 <j<mn,
1<k <n.

Then provided p > we have

Cp? B2 (14+/3) log(d')
dQ'YQ

| Z Sz (w2 (k)| < plu,u)(w,w) — p,

with probability 1 — d=1°.

Proof: Let Xy, =  (du®(j))w?(k) — E(dyu?(j)w?(k))). Using the bound on the elements

of u and w, we have | Xj;| = | (i —pa()wi(k)| < u;ﬁz- Also
1 . 252
S B = —(1—p) S ul)wit) < o

ik b ik pd

Applying Bernstein tail bound inequality we get:

—d*pt?/2

P <| §5iij3(j)W3(k) — pluu)(w,w)| > pt> < exp (m)-

Setting the right side of the inequality to be less than ¢ yields:

(\ > dieus (wi (k)| < pluu)(w,w) — m) >1-—gq,

for p > “252(1+§2/32) log(1/9) - Choosing ¢ < d~'° completes the proof of Lemma 6. O

Lemma 7. Let u*, u and w be unit vectors in R" such that |uf| <& =, Jul and |w| < f

Let d be another vector with ||d||s < 1. Also let 6;; be i.i.d. Bernoulli mndom variables with
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2 2,1 710
Py =1)=pand1<i<n,1<j<n,1<k<n. Provided p > Cub (173//3%1;’% (5d ), with

probability greater than 1 — 2d=1°, we have
| D dpa (j)d(k)u()w(k) — p{u”,u)(d,w)| < pyl|d|l2.
ik

Proof: Let Xj, = + (6Uku ()d(k)u(j)w(k) — E(6eu*(j)d(k)u(j)w(k))). Then we have

That is [ Xj| = 2 (i — p)u*()d(k)u)w(k) < 1(1 - p)&% | d]. Also,
2 1 2 2 pBdll3

Applying Bernstein tail bound inequality we get:

_d3/2pt2 )
pB2dl2(ld]l2 + 5¢)
(3.79)

r (! >_ oy (d(R)u(j)w(k) — p(u”,u){d,w)| > pt) < 2exp (

Setting the right side of the inequality to be less than ¢ and choosing ¢ < v||d||2 then solving
for p yields:

r (\ >_ oy’ (jd(R)u(i)w(k) — p(u”,u){d,w)| < p’YHsz> >1-2q,

2(14v/3)1
for p > % Choosing g < d~'° completes the proof of Lemma 7. U

Lemma 8. Let u*, w*, u and w be unit vectors in R"™ such that |u*(i)| and |w*(j)| < %,
B

lwi| and [wi| < 5. Let by, be Lid. Bernoulli random variables with P(0yx = 1) = p and

Cu?B%(1+7/3)log(1d'0)
d272

1 <i,j,k <n. Provided p > , with probability greater than 1 — 2d='°, we

have

[ 2 e ()w (K)u(w(k)] < pl(u”,u){w w)| + py.
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Proof: Let Xj;, = % (O™ (j)w*(k)u(j)w(k) — E(dypu*(j)w*(k)u(j)w(k))). Then we have
| Xir| = ( ik — p)ur(G)w(k)u(j)w(k) < %(1 —p) “Z’fz.Also

X2] = 1 -\ 2 2 0y2 N s
> BIXG] = (1 =p) 3 (@) w(k)u() w(k)?) < ~(1-p)=5
ik ik p

Applying Bernstein tail bound inequality we get:
—d*pt?

P (\ %:5uku*(j)d(k)U(j)W(k) — p{u,u)(d,w)| > pt) < 2exp ( ).

1221 —p)(1+ 5t)

Setting the right side of the inequality to be less than ¢ and choosing ¢t < ~ then solving for

p yields:
P (| S G ()w (Ru(i)w(k) — (u* uh{w*w)]| < m) >1-2
ik
2122 o 1
and p> £ d (14;,43)1 2). Letting ¢ < d='° completes the proof of Lemma 8. O

Lemma 9. Let \, be the update of the ™" weight of the tensor after one iteration of Algorithm
1 and let \* be the true ™" weight of the tensor decomposition in the dense tensor and dense
matriz case. Let € be as defined in (3.22) and ¢ as defined in (3.20) then with probability

greater than 1 — 2n~=2 we have

A= X < 6 = Aver e

Proof: We know that ||c’||s = ||c,||]2 = 1 hence we can write,

r T Ny = rCrll2 — +Cr |2
A = Al = [IArer ]2 = [[ATe: (2]
S ”)\T‘CT‘ - )\iCT*“Q

= [ler = Arer |l

The last equality above is obtained by observing that ¢, = \,c, as shown in the proof of

Lemmal. This complete the proof of the Lemma. Notice that the above Lemma can also be
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applied on w, to obtain |w, — w}| < ||V, — wivi||2. O

Lemma 10. Let ¢ be as defined in (3.22) and c as defined in (3.20). Also let A\, be the
update of the ™" weight of the tensor after one iteration of Algorithm 1 and let X be the true
™" weight of the tensor decomposition in the dense tensor and dense matriz case. Then with
probability greater than 1 — 2n~=" we have

ler —crlla <

e, —crll2 + Ay, < ller — Are, ™|,

where Ay, is as defined in (3.18).
Proof:
Aller = erllz = [[Aze, — Ate, |2
= [[Arer — Are" —exn.crlla < [N, — Ale o + len. el

= [ler = Al + [A = A

<2|ley — Are |, (3.80)

which proves the first inequality of the Lemma. The proof of the second inequality in the

lemma is obtained by combining (3.80) with the results of Lemma 9. 0

Lemma 11. For any tensor Ep € R™™™ and any vectors u and v € R" with
[ullz = [[v|l2 = 1, we have

[Er x1u Xy vy < |[E7],

where ||Er|| represents the spectral norm of the tensor defined in (2.1).
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Proof:

||ST X111 Xo VH2 = ||8T X1 u X VH%

||5T X111 Xo V||2

( Er X1u Xq9Vv ) ’

= |&r X1 u XV X3

[Er x1u %2 v

> sSup Er ><111X2V><3W‘
[al=lvi=lwl=1

= [1€x]]

The first inequality is due to |[uly = ||v|| = 1 and the fact that £2X18X2v_ — 1 The last

H5T><1u><2VH2

equality is obtained by applying the definition of the tensor spectral norm provided in (2.1). O

Lemma 12. Let u and w be unit vectors and let d be a vector such that d = u — w then
1 2
w, )] = 3

Proof: Note that [|u|2 = 3 (w(i) + d(i))®. Hence given that u is a unit vector we get

Sw(i)?+2> wi)di) + > di)* =1
2 w(i)d(i) + > d({i)* =0
23" w(i)d(i) = — Y d(i)?
w, )] = S,

Which completes the proof of the lemma. O

Lemma 13. Let u and w be unit vectors define Fy := supp(u), Fy := supp(w) be the support
sets for u and w respectively with F; C {1,---d} and F := F, U F,, be the union of the two

vectors’ support sets. Let u := Truncate(u, F') then it follows that
(u,w) = (u,w).
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Proof: Since by definition, u := Truncate(u, F'), then we can write (u, w) explicitly as

(u,w) = > u(i)w(i). Since u(i) # 0 only when i € F} and i € Fy, we get > u(i)w(i) =
ic[d] i€ld]

> u(i)w(i). However, we know that supp(w) = F, C F hence we get
ieF
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4. UNCERTAINTY QUANTIFICATION IN COVARIATE
ASSISTED TENSOR COMPLETION

In Chapter 3 we proposed COSTCO, an algorithm which aims to complete a sparse and highly-
missing tensor in the presence of covariate information along at least one tensor mode. Using
a low-rank assumption on both the tensor and a single covariate matrix, the methodology in
Chapter 3 assumes that the latent components corresponding to the coupled modes are shared
by both the tensor and matrix’s decomposition therefore leveraging the additional covariate
information to improve the accuracy of the recovered tensor. The parameter estimation in
COSTCO is formulated as a non-convex optimization with sparsity constraints, and employs a
sparse alternating least-squares approach to recover tensor components. It was shown that
COSTCO allows for a relaxation in the bound of the tensor entries reveal probability and enjoys
better recovery accuracy compared to stand alone tensor completion methods.

In this chapter we focus on building tools to facilitate inference for the recovered tensor
components. In fact, recovery of the tensor components alone does not suffice to enable
practical use of the recovered tensor in real problems. A need to assess the trustworthiness
of these predictions arises if completion methods are to be used in practice. Due to the
non convexity of most tensor completion problems, this constitutes a challenge, with very
few methods providing theoretical guarantees. We therefore aims to: (1) characterize the
distributional property of the recovered tensor components, (2) propose a reliable risk
assessment method for the recovered components through the building of confidence intervals
and (3) demonstrate that the inclusion of side information in the tensor completion model
leads to shorter confidence intervals compared to those obtained from stand alone tensor
completion methods.

In Chapter 3 the methodology for COSTCO is formulated for an arbitrary rank, sparse
tensor and matrix. In this chapter, we focus on the rank one 3-way tensor case with covariate
matrices coupled alongside all three modes of the tensor (see Figure 4.1). Although this work
involves a much simplified tensor structure than that provided in Chapter 3, to our knowledge

this is the first work that aims to characterize the distribution and uncertainty quantification
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for tensor factors recovered using a tensor completion method which incorporates covariate
information.

The rest of the chapter is organized as follows. In Section 4.1 we revisit the model and the
optimization problem of COSTCO and present it in the special case of the rank one non-sparse
tensor with matrices coupled along all three modes of the tensor. Section 4.2 presents the
main theoretical results. Section 4.3 contains a series of simulation studies. All proof details

are provided in Section 4.4.

A. Incomplete tensor B. Coupled Incomplete tensor

Figure 4.1. A. Order-3 (user x ad x device) tensor with missing entries;
B. Order-3 tensor with missing entries coupled with matrices of ad, user and
device covariates M,, My, M. respectively. The red cells represent missing
entries; grey and white cells represent non-zero entries.

4.1 Methodology

In this section we revisit the non-convex optimization method for parameter estimation in
COSTCO for the case of the rank one non-sparse tensor with all three modes coupled to covariate
matrices. For ease of notation we also assume that the tensor and matrix components are of

equal dimension.

89



4.1.1 Model and Algorithm

Let T € R™™"™ and M, € R™", M € R"", M, € R™" be the observed third-order
tensor and covariate matrices corresponding to the feature information along the three modes
of the tensor 7. Let €2 be the subset of indexes of the tensor T for which entries are not

missing. Throughout this chapter, we shall let
Sy =I{(,j,k) € Q}, for 1 <i,j,k <n.

We assume a noisy observation model, where the observed tensor and matrices are noisy

versions of their true counterparts. That is,
Po(T) = Po(T +&r); My=M,+Eua; My=M; +Eup; Mo =M + Ene, (4.1)

where Er, Ena, Evp and £y, are the error tensor and the error matrices respectively; T,
M;, M; and M are the true tensor and the true matrices, which are assumed to have each
a rank one CP decomposition structure [29] represented as,

T =XNa"®@b*"®cy M,=wa" v, (4.2)

a

M} =w,b*®@vy; M =wic'® V], (4.3)

where \*, w* w;i and w*, € RT, and a* € R”,b* € R", c* € R", v} € R",v; € R" and
ve € R" with [la”[ls = [[b*[l2 = [lc*[l2 = [[Vill2 = [[Vill2 = IVEll2 = 1.

Given a rank one tensor 7 with missing entries and covariate matrices M,, M, and M.,
COSTCO recovers the true tensor 7* and its latent components using the following model

formulation.

_ min {HPQ(T) ~Py(da@b@c)|}+ M, —wa ® vaH%}+
a,n,Cc,vq,Vp, Ve

{||Mb — b @ Vo2 + M, — wee ® vl 2.

subject to [[allz = |[bll2 = [lclla = [[Vallz = [[volla = [vell = 1. (4.4)
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As shown in Chapter 3, the problem in (4.4) is a non-convex optimization when considering
all parameters at once. However the objective function is convex in each parameter, given
the other parameters are kept fixed.

The algorithm COSTCO is an alternative minimization procedure, which at each step fixes
all but one of the tensor components to be estimated. In its general form, COSTCO enforces
sparcity in the model via a truncation step. However, because in this chapter we only focus on
the dense case, we present the COSTCO algorithm without that truncation step in Algorithm
2. We also adjust the Algorithm 1 to reflect the fact that all three modes of the tensor are

coupled instead of one mode as presented in Chapter 3.

Algorithm 2 COSTCO: Covariate-assisted Tensor Completion (No truncation)

1: Input: Observed tensor Po(T) € R™™* ™ observed matrix M, € R"*"ve M, € R"*"b,
M. € R™™e maximal number of iterations 7, tolerance tol.

2: Initialize A, (a, b, c), (wq,ws, we), (Va, Vo, Ve)-

3: While t < 7 and ([8aalz y baa=plz y lcau=el) > 45,

llaciall2 Iborall2 llcotall2
4. Ayl < AQ, bold — b, Cold < C, (Va)old < Vg, (Vb>0ld — Vy, (Vc>0ld — v,
APq (T)(Ivb’c)""waMaVa
o NPo(Iblcd)ra? 0 A5 a/llall;
6: b ¢ MeD@batuMy, =y, 4 ip),

APo(a?Le?)4+w?
APqo(T)(a,b,I)+weMev,
7: C— ep@pinias 0 C ¢ c/|lcll2

vo<Mla, vy« M/b, v.< M/c

: A %a Wq ”Va”% Wp < ||Vb||27 We <— ||VC||2
10: Vg < Va/HVaH?a A Vb/”Vb”% A VC/HVCH2

11: End While

Initialization: In Chapter 3 we argued that there could be multiple local optima due
to the non-convexity of the optimization problem and propose a procedure to initialize the
tensor and matrix components. The procedure uses SVD decomposition as the initialization
method for the shared tensor components and the robust tensor power method proposed in
Anandkumar, Ge, Hsu, et al. [57] for the non-shared tensor components. Since we assume
in this chapter that all three modes of the tensor are coupled to a covariate matrix, we
apply the SVD initialization on all tensor and matrix components. This new initialization
procedure forces us to redefine the formula for updating the tensor tensor weight A. In fact,

in Algorithm 1, A was defined as the 2-norm of the un-normalized and non-coupled tensor
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component b. It is worth noting that the norm of the coupled component would not only
contain the tensor weight but also the matrix weight, therefore making it an inadequate
estimate for the tensor weight. Since we now focus on the case in which all three modes of
the tensor are coupled, we redefine the update of A\ to the formula provided on line 9 of the
Algorithm 2. This new update method produces an equivalent error bound for A compared
to that obtained when defining A\ as the 2-norm of the un-normalized non-coupled tensor

component.

".@\ b a.

VUp

Figure 4.2. Illustration of COSTCO showing recovery procedure for missing
entries through joint decomposition of a rank 1 tensor and rank 1 matrices; red
cells represent missing entries. The tensor and matrices M,, M, and M, are
coupled along mode 1, mode 2 and mode 3 respectively. The components a, b
and c are shared by the tensor and matrices M,, M, and M, decomposition
respectively.

Figure 4.2 illustrates COSTCO with a rank one decomposition and when all three modes
of the tensor are coupled each to a covariate matrix. It reveals how COSTCO, leverages the

additional latent information coming from the matrices of covariates on the shared modes. In
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the general rank and sparse case discussed in Chapter 3, a tuning procedure with BIC-type
criterion is employed in order to estimate the rank and sparsity parameters required in the
initialization of the algorithm. However, since we focus on the non-sparse and rank one case,

there is no more need for such tuning procedures in Algorithm 2.

4.2 Theoretical Analysis

In this section, we present the distributional theory for the recovered estimates of the
tensor factors using COSTCO. We also demonstrate how to conduct data-driven uncertainty
quantification for the affordmentioned estimates through the construction of confidence
intervals. We start with presenting a set of assumptions required for the main theoretical

results.

4.2.1 Assumptions

The theoretical analysis is built on the following assumptions:

Assumption 1 (Tensor and matrix structure):
Assume T*, M, M}, M? are rank one tensors and matrices respectively coupled along the
modes of the tensor and the entries of their decomposed components respect the py-mass

condition,

max{[|a”loo; [[b*[loo; [1€"[loos [1Valloo, 1V lloo: Vel } < ;ﬁ

where p is a fixed constant.

Assumption 1 here is a special case of Assumption 1 from Chapter 3. Notice, the fact
that the incoherence assumption, which was necessary to guarantee soft orthogonality of the
tensor and matrix factors is no longer required since we are working on the special case of
the rank one tensor and matrices. The p-mass condition is still required for this special case
as there is still a need to ensure that the mass of the tensor and the matrices are evenly

distributed and not centered around just a couple of entries.
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Assumption 2: (Tensor and matrix noise)

Assume {gi,j,k}lgi,j,kgm {(5Ma)i,l}1§i,l§n

{(Emm)iati<ii<ns {(Ec)kiti<ki<n are independent sub-Gaussian random variables satisfying:

Bkl =0, Var(&x) = (0F)ijn:  EllEma)i] =0, Var((Ema)it) = (071a)isi
E[(Emp)ial =0, Var((Ew)io) = (i) Elme) =0, Var((Ene)rt) = (031

Denote the maximum and minimum variance for the noise tensor and matrices as follows:

2 . 2 2 2
O = 1gir{lji>{gn(JT)i’j’k and o7, = | nin o also let
(03 ) maz = 12}%%(,1(0]2‘“)1’[ and (037, )min = 1?}}27:,(0-]2\4“)1’[ for ue {a,b,c}.
Then we also assume that o2, /o2, = O(1) and (03, )maz/ (03 )min = O(1),

for u € {a, b, c}.

Assumption 2 provides specification for the noise tensor and noise matrices. The key
elements for this assumption are the independence condition coupled with the possibility
for non-equal variance. In fact, the noise tensor and noise matrix entries are required to be
independent not only to each other but also to the true tensor entries. This specification is
important as it will be exploited later for decoupling the true tensor components from the
associated noise tensor and matrix noise entries.

Another important feature of Assumption 2 is the the fact that it allows for heteroskedas-
ticty in both the noise tensor and matrices. That is, the variance of each entry in the noise
tensor and noise matrices are allowed to be different. This represents a key advantage for
the theory derived in this chapter since, in practice, data often exhibit non equal variance
properties. Lastly the assumption that the largest variance and smallest variance be of the
same order is added to ease the presentation of the theoretical results. More general results

can be obtained without this specification however quite convoluted in form.

Assumption 3: (Reveal probability)

94



We assume that each tensor entry (i,j, k) for all i € [n], j € [n] and k € [n] is observed with
independent and equal probability p which satisfies,

Cr X2 1og?(d)

2\ : *)2.73/27
L 7

P2 ( (4.5)

where C' is a constant.

Assumptions 4: (Initialization error)

Define the initialization errors for the tensor components as €y, := m?u]c{HaO —a*||y, ||b° —
re(R

b*||2, [|c® — c*||, |’\0>\:’\*‘} and let the initialization error for the matrix components be defined

0_, ,x
as €o,, = uell{lfgfc}{]\vg — v, %} Assume that

€0 := max{€g,., €o,, } = O(1). (4.6)

Assumptions 3 and 4 are special cases of the corresponding assumptions provided in

Chapter 3 with the rank of the tensor and matrix being set to one.

Assumption 5 (Signal-to-noise condition)
We assume that tensor and matrices weights satisty the following condition,

2 2 2 2
< )\;kninp + w:;"bin and =< )\:;unp + w:nin

Omaz D 5 (UMu)max i
NazDy/P? log™ (1) Wihag\/ T 10g (R)

with u € {a,b,c},

(4.7)

where < is used to represent asymptotic inequality.

Assumption 5 is a special case of the signal to noise ratio condition which general form
was introduced in Chapter 3. In the special case in which the noise of the matrix and tensor
are assumed to be sub-Gaussian, as specified in Assumption 2. The signal-to-noise condition
takes the form presented above in Assumption 5. This derivation is obtained as a result

of concentration inequalities of sub-Gaussian random variables coupled with the fact that
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the spectral norm sub-Gaussian tensor scales as O(cknlog(k)) where k is the number of

dimensions of the tensor [65].

4.2.2 Distributional Guarantee of Tensor Factors

In this section we present the results of the distributional analysis for the tensor factors
recovered through Algorithm 2. We present the results for the factor estimate using the
first component a* as reference since the distributional guarantees for the other two factors
b* and c* are identical. Also for conciseness, we introduce the following additional vectors
and matrices notations. Let A € R” be a vector and QF € R"*"* and (Q%,); € R™" be

diagonal matrices with diagonal elements defined respectively as follows,
A :=vec(b* ® c"),

QDm0 = (07 )ije for 1<jk<n  (Qy)iu = (03, for 1<1<n,
where we use (j, k) to denote (j — 1)n + k.

Theorem 4.2.1 (Distributional guarantees for tensor factor estimates under Gaussian noise).
Provided Assumptions 1, 2, 8, 4 and 5 are met and given that {Er, , , }1<ijh<n, 1EMar, F1<ii<n,
{Emb, fr<jicn and {Eney, }1<hi<n are Gaussian, after running the require number of iterations

mentioned in Theorem 3.4.1, with high probability the following holds,

uy—u =Y +W,

where u € {a,b,c}, W] =0 (’\*paT"ﬁ\“*g;f;(*‘;M)m”), Yi ~ N(0,%;) and
B )\*QPA*TQTA* +w*2V*T<Q]*\/[>1V*

%
()\*2]7 + w*2)2

for 1<i<n. (4.8)

Theorem 4.2.1 reveals that the estimation error of the recovered tensor factor a can be
decomposed into a Gaussian component Y and a residual term W with the residual term

being dominated by the Gaussian term and hence can be neglected. Theorem 4.2.1 therefore
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reveals that the estimates of the tensor components a, b and ¢ are nearly un-biased estimates
of the true tensor factors a*, b* and c*, with estimation errors being approximately Gaussian.
Moreover, it is worth noting that the variance for the tensor factor errors derived in (4.8) is
always smaller than that derived in Cai, Poor, and Chen [47] when the noise of the matrix is
smaller or equivalent to that of the tensor noise. This property becomes more apparent in
the case where the reveal probability p gets smaller. We see in Chapter 4.2.3 and later in
the simulation results that this translate into tighter confidence intervals for tensor factors
compared to those derived through the use of a standalone tensor completion methods in the
high missing data regime.

Next, in Theorem 4.2.2 we show that the distributional properties presented in Theorem

4.2.1 can be extended to accommodate a broader family of noise beyond Gaussian noise.

Theorem 4.2.2 (Distributional guarantees for tensor factor estimates under general noise).
Assume that {ETLJA’,C}KLLK”, {SMW}KLK”, {5M5j71}1<j,l<n and {5Mck’l}1<k,l<n are not nec-
essarily Gaussian but still satisfy Assumption 2, then the statement in Theorem 4.2.1 still
holds, with the exception that Y is no longer necessarily Gaussian but instead satisfies the
following condition

[P{Y: € A} — P{gi € A} < o(1), (4.9)

for any convex set A C R, where g; ~ N(0, %) with variance ¥ defined as in (4.8).

4.2.3 Confidence Interval for Tensor Factors

The distributional guarantees highlighted in Theorem 4.2.1 and 4.2.2, gives us the tools to
tackle the problem of uncertainty quantification for the tensor factors. To do that, it remains
to be shown how to compute the variances ¥; in since its expression in (4.8) depends on the
true tensor and associated matrices components and weights a*, b*, c¢*, v*, A\* and w* as well
as the true variance (0%.);; and (03,);; of the noise tensor and noise matrices respectively
which in practice are all unknown. We show that despite the lack of knowledge of these
parameters we can still use a data driven approach to reliably estimate them using a simple
plug-in procedure.

Variance Estimation: Although we do not have the true parameters mentioned above, we
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still get reliable estimates of the variance parameter ;. The overall construction relies on
a plug-in estimation technique. Rather than trying to estimate the noise tensor and noise
matrix entry variances (07);;x and (03;);i .k, we rely on estimating the noise tensor and noise
matrix entries directly. These are then plugged into the formula of the ¥f provided in (4.8)
to produce an estimate of the factor error variance which we refer to as 5. The following

steps are taken for computing the variance of the estimated tensor factor errors.

1. Estimate the noise tensor and noise matrices {7, b1<ijr<ns {Emar, f1<ii<n;

{Emy s bi<jicn and {Enre,, f1<hi<n aS:

5 1 ) . 5 obs
Enyp = — (T — Tigw) with (i,j, k) € % (Ena)ig = MP)ije — (Ma)ijk,

i)

(Enp)ia = (M5 — (My)ign; (Enredia = (M2)ijh — (M- (4.10)
We then construct the estimates diagonal matrices Q* and Q3 as :

_ . - ~
Qi) .G = Ealiagmenrs  (Quea)it = (Ema)iys

Q)i = (Enn)}r (Quie)i)i = (Enre)iys

where we use (j, k) to denote (j — 1)n + k.

2. We estimate A*, using the plug-in estimator: A = b ® ¢, where b and c are estimated
using COSTCO. Similarly we use v, A and w to be the estimates of v* A* and w* obtained

from Algorithm 2 respectively.

3. We then use the above estimators to substitute into expression (4.8) to get an estimator
for X7,
& MNpATQA + wvT (Qu)iv
b (A% + w?)?

for 1<i<n. (4.11)

Confidence Interval: Given the important parameters plug-in estimates derived above we
construct an entry wise confidence interval for the tensor factors which serves as a procedure

for uncertainty quantification for the unknown tensor.
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For each 1 <1i,j,k < n, we construct a (1 — «)-confidence interval for the ith entry of the

tensor component u* as:

CIL = [+ /S0 71 (1 - 0/2), (4.12)

where u € {a,b,c}, ! is the inverse CDF of a standard Gaussian and ¥}; is as constructed

in (4.11). Next we prove the validity of the constructed confidence intervals in Theorem 4.2.3.

Theorem 4.2.3 (Validity of tensor factors confidence interval). Assuming all assumptions
required for Theorem 4.2.2 holds. For any 0 < o < 1 the confidence interval constructed in

(4.12) obeys:
P{u; € CIL-°} =1—a+o(l), ¥1<i<n and u€{ab,c}

Theorem 4.2.3 demonstrates the validity of the uncertainty quantification procedure we
proposed. In the following paragraph we highlight the properties of the proposed procedure

for constructing the confidence interval for tensor factors.

i. Entrywise uncertainty quantification: Our results enables valid uncertainty quantification

for each entry of the tensor factor. This allows us to assess the risk of the estimation

process at a factor entry level. To the best of our knowledge, this is the first work that

provides uncertainty quantification at an entry level for tensor completion in the presence

of covariate information.

ii. Heteroscedasticity compliance: The proposed procedure adapts to heterogeneous and

unknown noise distribution. The confidence intervals do not require knowledge of the

tensor or covariate matrices noise distribution and hence is a distributal-free procedure

which is highly desirable in practice.

iii. Tighter Confidence intervals: As mentioned in the discussion of Theorem 4.2.1, the

variance obtained in (4.8) is smaller than that produced using a standalone tensor

completion method which translates to tighter confidence intervals as illustrated in

Figure 4.5. Combined with the improvement in factors recovery accuracy proven in
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Chapter 3, tighter confidence intervals for the factor entries means overall a more

trustworthy and useful uncertainty quantification for the unknown tensor.

4.3 Simulations

€ R*50%x50x50 411q rank

In each simulation, we generate a third-order rank one tensor 7*
one matrices M € RV My € R0 M? € R°0*%0, We assume that the matrices M}, M
and M’ share components across the first, second and third mode of the tensor respectively
just as is the case in the theory section. In order to form tensor 7* and the matrices, we draw
each entry of a* € R b* € R*! ¢* € R and vi € R v} € R v € R from
the iid standard normal distribution. We define \* = ||a* x b* x ¢*||» and w} = [|]a* x v}||2,

* *

same goes for w; and w! . We normalize each of the vectors of a*, b* ,c* v}, v}, v to
unit norm. The tensor 7* and matrices are then formed as 7* = \a* ® b* ® c* and
M; = w*aj ® v;, same goes for My and M . We then add noise to the tensor and matrices
using the following setup 7 = T* + op Ny and M = M* + 03, Ny, where Ny and Ny, are a
tensor and a matrix of the same size as 7* and M* respectively, whose entries are generated
from the standard normal distribution. We simulate the uniformly missing at random pattern
in the tensor data by generating entries of the reveal tensor € R?%*59%50 from the binomial

distribution with reveal probability p. The noisy tensor Po(7) with missing data is finally

obtained as Po(7T) = T * Q, where * is the element-wise multiplication.

4.3.1 Empirical Distribution

Recall that in Chapter 4.2.2, we characterized the distribution of the tensor components
error as being Gaussian with variance parameter X*. In this section, we investigate through
simulation experiments whether this claim holds when the variance parameter X* is replaced
with the estimate 3 constructed in (4.11).

Define the normalized estimation error for each tensor component entry as follows

Ra; = ai _al; Rb; := —4——; Rcy, := CE .C for 1 <i,j,k <n,
Za(i) 2(1) Ze(1)
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where 3, (i) with u € {a, b, c} are constructed using the procedure proposed in (4.11).

Figure 4.3 represents the Q-Q plots of Ra;, Rb; and Rcy, where i,j, k € {1,25,50} plotted
against that of a standard Gaussian random variable (red line). Data for the figure were
obtained over 100 trials of estimating the tensor and matrix components using COSTCO
followed by computing 5 using (4.11). The reveal probability in this experiment was set
to p = 0.1 and the parameter for the tensor and matrix noise were oy = o) = 0.01. We
notice in Figure 4.3 that as demonstrated in the theory, the empirical distributions of the
normalized estimation error for tensor factor entries are all well approximated by a standard

Gaussian distribution.
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Figure 4.3. Q-Q (quantile-quantile) plots of normalized factor entry error
with p = 0.1 and or = o, = 0.01.
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4.3.2 Empirical Coverage Rate of Confidence Intervals

We have shown in Section 4.2 that the proposed construction of confidence intervals
for tensor factor entries are valid and we have also discussed the fact that under certain
condition, the variance for the tensor factors the estimation error ¥* using COSTCO is smaller
than that achieved using a standalone tensor completion method. We explore these properties
through a series of experiments where we compared the performance of COSTCO to that of a
standalone tensor completion method. We start by exploring the effects of tensor noise and
the reveal probability p on the coverage rate of the constructed confidence intervals.

We let C'D; denote the empirical coverage rate for the 95% confidence interval for a;
over 100 independent trials. That is, we compute the percentage of time the estimate Ra;
fall in the interval [ — 1.96,1.96]. We use the notation Mean(CD) and Sd(CD) to refer
to the mean and standard deviation of the coverage rate over all 100 replicates and over
1 <i < 50. Table 4.1 and Table 4.2 provide a side by side comparison of the coverage
rate of the constructed confidence intervals using COSTCO versus using a standalone tensor
completion method. In the case of COSTCO, both tensor and matrix factors where initialized
using SVD decomposition. For the standalone tensor completion method we use Jain and Oh’s
completion algorithm tenALS [24] where the RTPM method was used to initialized the tensor
factors (as recommended by the authors). In order to facilitate comparison of the results
from both algorithms, the number of iterations for both algorithms was set to 200 or iteration
stopped when the tolerance condition from Algorithm 2 tol < 107° was reached. In Table
4.1 the reveal probability was set to 0.1 and o,; = 0.01, while the tensor noise parameter op
was varied between {0.001,0.01,0.1,1,2}. Note that for sake of comparison between the two
algorithms we could not set a lower reveal probability as the tenAlS algorithm would fail to
converge when the reveal probability was lower than 0.1 unlike COSTCO.

Table 4.1 shows that the empirical coverage rate for confidence interval constructed using
COSTCO are mostly around 95% however, the coverage obtained using tenALS underestimates
the true coverage rate as the tensor noise level increases. These results highlight again the
need for including side information in the process of the tensor completion since the standalone

tensor completion method are very sensitive to noise level when the reveal probability is
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very low as is the case in this experiment. We then investigated the effect of the reveal

Table 4.1. Empirical coverage rate for 95% confidence interval of COSTCO
versus tenALS with varying tensor noise parameter o.

COSTCO tenALS
Tensor Noise level ¢ | Mean(CD) Sd(CD) Mean(CD) Sd(CD)
0.001 0.9576 0.0194 0.9370 0.0596
0.01 0.9542 0.0209 0.9310 0.0654
0.1 0.9558 0.0222 0.9370 0.0788
1 0.9538 0.0239 0.9350 0.0797
2 0.9440 0.0218 0.8980 0.0953

probability p on the coverage rate in a second experiment. In Table 4.2 the noise parameter
for both tensor and matrix were set to o = o3 = 0.01 and the reveal probability p was
varied from {0.01,0.05,0.1,0.2} which corresponds to {99, 95,90, 80,50} percent missing data
respectively. Again we notice that the coverage rate for COSTCO are all close to the true 95%
making it robust to the missing probability level. Yet the coverage rate for the standalone
tensor completion method tenALS is largely affected by the reveal probability. The results
in Table 4.2 highlights the benefit of including side information in the model of the tensor
completion problem. Indeed as the reveal probability decreases estimates obtained using
COSTCO remain reliable as proven in Chapter 3 and therefore provide a better estimate for
the estimation error variance used in the construction of the confidence intervals. Whereas
standalone tensor completion method do not have such an advantage, resulting in poor

estimation results leading to very bias variance estimates and poor coverage rates.

Table 4.2. Empirical coverage rate for 95% confidence interval of COSTCO
versus tenALS with varying tensor reveal probabilities p.

COSTCO tenALS
Tensor reveal probability p | Mean(CD) Sd(CD) Mean(CD) Sd(CD)
0.5 0.9520 0.0200 0.9560 0.0459
0.2 0.9562 0.0230 0.9520 0.0474
0.1 0.9572 0.0193 0.9380 0.0540
0.05 0.9572 0.0205 0.8310 0.0920
0.01 0.9588 0.0172 0.7520 0.1924
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4.3.3 Tightness of Confidence Intervals

In Chapter 4.2.2 we discussed the fact that provided the noise of the matrix does not
dominate that of the tensor the variance ¥* is smaller than what would be obtained using a
standalone tensor completion method. Leading to relatively tighter confidence interval for
the recovered tensor factor estimates. In the series of experiments to follow, we investigate
the effect of the tensor noise and tensor reveal probability on the length of the confidence
intervals obtained using the construction proposed in Subsection 4.2.3 for COSTCO and the
confidence interval obtained by using a standalone tensor completion method tenALS. The
set up for the experiments which results are presented in Figure 4.4 and Figure 4.5 are similar
to the set up for those provided in Table 4.1 and Table 4.2 respectively.

Figure 4.4 shows the effects of tensor noise on the length of the confidence interval for

0.16

—&— COSTCO ¥
0.14 |- =% - TenALS PR

0.12 [ I’
0.1 .7
0.08 r .

0.06 e

Width of Confidence Interval

0 0.5 1 1.5 2
Tensor Noise level o

Figure 4.4. Width of constructed confidence interval with varying tensor
noise level for COSTCO versus tenALS

the recovered tensor factor entries. We notice that for both algorithms, the width of the
confidence interval increases with an increasing noise tensor variance. However, the rate of
increase of the confidence interval is drastically different between COSTCO and tenALS with
the later exhibiting a must faster increase in the width of the confidence interval. Moreover,
we notice that at each value of the tensor noise, the confidence interval width for COSTCO is

much smaller than that of the standalone tensor completion method. This phenomenon is
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due to the addition of the matrices information in the the tensor completion problem. Since
the matrix noise was set to be smaller or equal to that of the tensor in this experiment, the
overall variance estimate in (4.8) which can be seen as a weighted average between matrix and
tensor noise becomes smaller than the variance obtained through a standalone completion
method.

Figure 4.5 showcases the relationship between the reveal probability p and the width of the
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Figure 4.5. Width of constructed confidence interval with varying tensor
reveal probability for COSTCO versus tenALS

confidence interval for the recovered tensor factors. Notice that the trends in the curves for
the two algorithms are very different, width the curve for COSTCO exhibiting a positive slope
while the curve for tenALS shows a negative slope. Although downward sloping, the width
of the confidence intervals for tenALS is always above that of COSTCO for every value of p.
Both curves then converge to an asymptote with the asymptote of the red line being greater
than that of the blue line. This shows that the width of the confidence interval using COSTCO
when the variance of the noise tensor and noise matrix a similar leads to tighter confidence

intervals than that obtained from a standalone completion method.
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4.4 Proof of Main Theorem

In this section we provide the proofs of the main theoretical results presented in Theorems
4.2.1, 4.2.2 and 4.2.3. For simplicity, in the following proofs we drop the subscript which
serves to differentiate the three covariate matrices M,, M, and M, and only refer to each as
M. Hence &, and n,, become &,; and n, respectively. We also consider the case where all
tensor and matrices modes have the same dimensions n that is n =n =n = n, = n. Recall

the definition of d, from Chapter 3,
d,=u—u", and |d,||2=[u—u’s, (4.13)

and

)\_)\* _ *
o and A, =< w”, (4.14)

A)\I:’

where u could be any of a, b, c,v.

4.4.1 Proof of Theorem 4.2.1: Gaussian Noise

The proof of Theorem 4.2.1 consists in showing that the estimate of tensor component
recovered at the end of Algorithm 2 can we written as a sum of a Gaussian random variable
and a vanishing residual. We provide the proof for the tensor component a since the proof
for the two other components b and c follow a similar analysis.

We start by recalling the expression for the update for a in Algorithm 2.

APq(T)(I,b,c)+waMave
A2 PQ (Izb2 ,CQ)Jr(ng

(4.15)

Tensor Components: a =

Note that the horizontal double lines in the expressions above indicates element-wise fraction
and the squares in the denominator represent the element-wise squaring. The expression of a

in (4.15) can be decomposed in the following way.

a = D (unfold(Po(A\er)A + wEyv) + D! (unfold(Po(AT*))A +wM™v)  (4.16)
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where D : is defind as D := (A2ATA + w?v'v); that is D is a n x n diagonal matrix with
diagonal elements Dy = A\? Z(SU kb?(j)c? (k) + w? and A is as defined in (4.16).

Let a be the estimate obtamed after the required number of iterations recommended in
Theorem 3.4.1 for estimating the tensor factors. We can express the error between the

estimate a and the true component a* as,

3
a—a* = D" (unfold(Po(\'Er)) A" +w'Eyv') + 3 W, (4.17)

i=1

=Y

with W; taking the following forms,

W, = unfold(Po(&r))(AD* A" — AD'A) (4.18)
W, = &y (w*D*_lv* - wD_lv) (4.19)
W,=a"-D! (unfold(PQ()\'T*))A + wM*v), (4.20)

where for the tensor 7 € R™™*"  the notation unfold(7) represent a R™*™* matrix obtained
from the mode 1 matricization of tensor 7 as defined in Kolda and Bader [29]. Given
the decomposition in (4.17), proving Theorem 4.2.1 then boils down to proving that Y is
approximately Gaussian and that ZSI W; can be bounded by a term which is dominated by
Y. We achieve that by stating anoi_;roving the following lemmas:

e Lemma 14 which reveals that under Gaussian noise, each entry of Y is approximately

a Gaussian random variable.

e Lemmas 15-17 which deliver upper bounds for the [, norm of the residual quantities
Wy, Wy and Wy respectively and show that these quantities are negligible compared to
a typical entry of Y.

Theorems 4.2.1 then follows immediately by combining the results of Lemma 14- Lemma 17.

Next we state the key Lemmas mentioned above.
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Lemma 14. Given the assumptions in Theorem 4.2.1 holds, with high probability the ex-
pression Y in (4.17) can be written as Y = Z + X + W such that for any 1 < i < n,
Z; + X; ~ N(0,%F) with variance matriz ¥ defined as in (4.8) and

A max /LQ lOg (n)
< . 4.21
Wolle < e (10 (@21

Lemma 14 shows that Y is approximately Gaussian where the Gaussian approximation
residual is characterized by Wy. The proof of the lemma involves bounding the infinite norm
of Wy and showing that the variance of Z; + Xj is well approximated by Y. This is done by
using various concentration inequality results as well as applying properties of sub-Gaussian
and sub-exponential random variables. Next we state the three other lemmas used to bound

the expressions of W1,Wy and Wij.

Lemma 15. Given the assumptions of Theorem 4.2.1 hold we have,

N Omaz|ldll21/nplog (n
W[l < Idl>ynplog (v) (4.22)

/\*2p + w*2 )

with probability 1 —n=2.

Lemma 16. Given the assumptions of Theorem 4.2.1 hold we have,

W (o r ) maz | dull21/m log (n
!|W3||oo§ (M) H Hz g(n) (4.23)

/\*2p + w*2 )

with probability 1 —n=?

Lemma 17. Given the assumptions of Theorem 4.2.1 after the number of interactions

recommended for Algorithm 2 in Theorem 3.4.1, we have with probability 1 — n=?,

pnls

Opldlz (lall + | Z28 ) + w2 I + A)

W < (4.24)

/\*2p + w*Q

Notice that given the condition of p in Assumption 3, the bounds in (4.22), (4.23) and
(4.24) are dominated by that of (4.21). Using this knowledge and recalling the fact that
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4
a—a*: =Y + > W, completes the proof of the theorem. O
i=1

4.4.2 Proof of Theorem 4.2.2: General Noise

Theorem 4.2.2 extends the normality result obtained in Theorem 4.2.1 to the case with a
tensor and matrices with non-Gaussian noise. Given Theorem 4.2.1 the proof of Theorem
4.2.2 consists in applying the results of Lemma 18 then showing that the bound derived in
(4.25) has a rate of o(1).

Lemma 18. Given the assumptions in Theorem 4.2.2, with probability at least 1 — n~°

Lemma 14 still holds excepts that Y obeys,

PIY € 4) - Ploc 4} < 2 (ﬁ(ﬁ;ﬁfz/ "y et ﬁ) )

for any convex set A C R, where g; ~ N(0,%F) where the variance X} defined as in (4.8).

Notice that when (07)maz = (07)min and (0a1)maz = (01 )min right side of the inequality
in (4.25) can be simplified to reveal a rate equal to o(n™!). The proof of Lemma 18 is provided
in section 4.5. This result shows that the estimation error for tensor factor is approximately
Gaussian even when the noise distribution is not necessarily Gaussian which completes the

proof of the theorem.

4.4.3 Proof of Theorem 4.2.3: Confidence Intervals for Tensor Factors

Given the results in Theorem 4.2.2 and using the continuous mapping theorem, it is true

that,

sup [P{a —a* < 7\/S} — (1)| = o(1). (4.26)

TER
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The proof of the theorem consists in showing that equation (4.26) still holds even after
substituting 3¢ with the plug-in estimate ¥; proposed in (4.11).

To do that, notice that the standardized error for each entry of a can be written as follows,

(4.27)

a—a a —af +ai—ai* _aj —aj
Vi Vo3 2> V!
=0;

We show in Lemma 19 that the residual 6; is negligible. More specifically that 6; = o(1) with

aj—

high probability. Using the decomposition of \/Ei above combined with the union bound

and making use of the property of the CDF of standard normal variables, we get that for

7 € R we have,

Pla—a’ <75} — ®(r) <Pla—a" < (r+€/Si} +P{l6, > e} — B(r)
< P(r4¢€) —D(7)+0o(1) + P{|6; > €}

< e+ o(1) + P{|6; > e},

where the second inequality is due to the bound in (4.27) and the third inequality is due to
the property of the standard normal CDF. Given that the bound on 6; proven in Lemma
19 holds with probability at least 1 —n_g, we can define € above to be equal to the upper

bound of 6;. If that is the case and using the union bound we get,

sup [P{a —a* < 7\/5} — &(7)| = o(1).

TER

which completes the proof the of theorem. O

Lemma 19. Given the assumptions of of Theorem 4.2.3, with probability 1 — n=° we have,

10:] = o(1). (4.28)
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The bound in Lemma 19 allows us to show that the estimate ¥; using the construction and
plug-in estimate proposed in Chapter 4.2.3 is close to the true error variance ;. Obtaining
this bound requires showing that the tensor variance estimate used in the construction of the
confidence interval SATJ,C = ]%(7:3’1’,‘3 — Tijk) with (i,j,k) € ©;  and
(EAMQ)LZ = (M%) — (M,)ix, are good enough so that the plug-in estimate ¥ is good
approximation of ¥f. Details of the proof of Lemma 19 are left for Chapter 4.5.

4.5 Additional Results

In this section we provide details of the derivation for the proofs of Lemmas 14- 19.

4.5.1 Proof of Lemma 14

Define {Zi,j,k:}lgi,j,kgn and {yi,l}lgi,lgn as follows:

Zijk = A*gi,j,kai,j,kA?jk)Dj*j_l for 1 S i,j, k S n, (429)

ziy = w*En,, vi D! for 1 <i,l <n, (4.30)

where recall the expression(jk) is defined as (jk) := (j — 1)n + k. Also define Qp € R***"*

and Q) € R™Mas :

Qi ()i = (03D for 1 <i,l <n, (4.32)

Then we can decompose Y in the following way,

Yi = Zi + Xi = Z Zijk + Z Xi,l- (433)
jk l
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Notice the form of the following expected values,

S5(1) == B(Z] Zi) = X*pD; AT (Q;);A* Dy, (4.34)
¥ () = B(X' X)) = w?Di v (Q})iviD; (4.35)

We define the following two variables S%.(i) and S%,(i) for 1 < i < n which conditional
of {0ijr}1<ijr<n meets the following property E(S%(i)) = ¥%(i) and E(S3,(1)) = 33,(1)

respectively in the following way,

jk

—w*ZZUIlD* ViTviDi (4.37)

It is then easy to see that conditional on {0;;x }1<ijk<n Zi is zero mean Gaussian with variance
parameter S%(i) and X is also zero mean Gaussian with variance S},(i) = X3,(i). We now
need to show that ¥%.(i) is a good approximation forS.(i).

*2 *2

Given the expression in (4.34) we can bound ¥%.(i) in the following way X Tpin g < Y1) <
p2Gpas “o4ier by using the fact that A*TA* = Zb*Qc = 1 since [|b*[|; = ||c* H2 = 1 and by
applylng the results of Lemma 20. Notice that (S7)(i) is positive hence we can take its square
root. Also since we have shown that Z; is Gaussian with mean zero and variance ¥74.(i), it
follows that the variable Zi(S?I/ E)(Zh Y *)(i) is also a Gaussian random variable with zero
mean and variance Y5 (1).

For convenience sake, in the rest of the proof of this lemma we use the following simplified

notations: (S%)(i) = S; and (X7 1/2)() = %72, We now prove that under the high
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probability event of Lemma 14, ZF and Z;“ka_l/ 29172 are very close. To accomplish that, we

1 1

bound their absolute difference as,

|Z; — 28, P < |zysy TR (8P - )|

1 1

<|Z||STV|S? — Bt

1
<|ZH1S )| || (S = %
< |Z]] IIS%1/2+ET,<1/2|I( )|

AN2po*2 4 w20

min

< |Z:|

— i

| (Si =) |,

min

with probability 1 — n~='*. Where the third inequality above is obtained using the fact that
for any positive real numbers a and b it holds that |(a — b)| = |(a'/? — b'/?)(a'/? + b/2)|. The
fourth inequality is obtained from the bound |S; -t 2[ derived using Lemma 26. Then using

the bound on on |Zf| and | (S; — %) | from Lemma 24 and 25 and applying the union bound
we get that

[Walo: := max |27 = 25725

(4.38)

with probability 1 —n=?, were the last inequality holds for p > % and oin = Omaz-
Hence Z; is well approximated by a Gaussian distribution with mean zero and variance
(Z5)(i).
Combining this result to the fact that X; is also Gaussian with mean zero and variance
(33,)(1) and defining (3*)(i) := (X%) (i) +(23,) (i) and the fact that Z; and X; are independent,
leads to the desired results. That is Y = Z + X + W, is approximately Gaussian with mean

zero and variance X*. O
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4.5.2 Proof of Lemma 15

Before we start the proof of Lemma 15 we visit the notion of the Leave-one-out method
first introduced in [47]. We adapt the method to the case of the coupled tensor and matrices
and use this new version of the method as an essential part in the proof of this lemma.
The method entails decoupling certain slides of the tensor, so that the entries used for
the estimation of a particular tensor entry is independent to the tensor and matrix noise.
Using this method allows us to circumvent the hurdle of using concentration inequalities
when the assumption of independence between the variables are not met. Full detail of the
Leave-one-out method for the couple tensor and matrix is provided in Chapter 4.7.1. We
refer the reader to that section before proceeding with the rest of the the lemma’s proof.
Given the expression of Wy in (4.18), we can fix i and decompose each entry of Wy in the

following manner,

Wa(i) :e?unfold(PQ(gT))()\*D*—lA* _ AD’IA)
= ¢ unfold(Po(&r))(AA — N"A")D ™" + ¢ unfold(Po(E7))\"A" (D™ — D™ ).

resy res2

We proceed with bounding |res;| and |ress| respectively. Since res; is a scalar it holds that

|resi| = ||res1||2 the same goes for ress. Hence we can write,

|resi||s = || unfold(Po(Er))(AA — A*A*)D ™|,
< |D7Y|2| e unfold(Pq(Er)) (AA — X*A*)|
= ID7Y2]e (APa(Er) x2b x5¢ — A Po(Er) X9 b* x5¢*) .

i=resi
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Given the definition of the estimate b® and ¢ introduced in Chapter 4.7.2, that is we let

m =i, we can decompose resy; as following,

resy; = | APo(Er) x2 bW x5¢cV — N*Py(Er) X2 b* x3¢* | +

i=resiil

/\PQ(ST) X9 b X3 C — )\*PQ(ST) X9 b(l) X3 C(i)

i=resiia

Recall the definition of d := b — b* and define d® := b® — b*, The ith element of the vector

resyy; can be written as:

resiii (i) = AbDT Py(Er)i..cY — Xb*T Po(Er);..c*
< AN AT Py(Ep)i.ct + 20 dDT Py(&r);..dD, (4.39)

where Po(Er)i.. represents the ith mode-1 slice of the tensor Po(Er). The inequality above
was obtained from the fact that ||[Ab — A*b®¥|| < 2A\*d.

Notice that by construction, d is independent of the ith mode-1 slice of Po(Er) ( refer to
the details of the leave-one-out method in Chapter 4.7.2). We can therefore write (4.39)
as the sum of independent zero mean random variables. That is

dOT Py(Ep);,.c* = §5m,kai,j,kd§”c;; and dOT P (&p);,.dY = %a,j,k(si,j,kdj‘i)dg)

Making use of the tJhe u-mass condition and using the fact thjat & is Gaussian, we get,

Ly = ||5i,j,k5i,j,kdj(i)CZ||¢1 < Omaz a

a0l
By := Zsmm (d{c;)? < po?,, 1AV |3
Ly = [|&540:5d A 4, < O [AD2,

Z &2 402 1 (dVeh)? < po?,,|ldD3,

where || * ||y, represents the sub-exponential norm and the first and third equations above

are obtained by applying the properties of sub-Gaussian and sub-exponential norms similar
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to that used in Lemma 25.
Applying Bernstein inequality on each of the random variables in (4.39) we get with probability

—11
1—n"",

Iresinn] < 6N Omas||d][2 ( 2plog (n) + \//% log n) (4.40)

Next we bound res;ip. Using the Cauchy-Schwartz inequality we get

[resiialla = |(Ab — AT Py (E7);..cV 4+ (Ab — ADbO) T Py (£7);..(Ab — ADBD)|

5

< [|(Ab = ADBWD) ||y Po(Ex)i eV l2 + [ Pa(Er)is |2 Ab — ADDW |3 (4.41)

We then make use of Lemmas 27 in order to bound the right hand side of the inequality

above, which yields with probability 1 — n~!1,

Iresiiz2ll2 < Omaz||(Ab — )\(i)b(i))HQ (( nplog (n) + \'I/% logn) + |[(Ab — )\(i)b(i))Hz(\/np + log n))

(4.42)

Combining the (4.40) and (4.42) and the bound in Lemma 20 for |D!|y we get that with

probability 1 —n=?,

1 .
lresi]|2 < W6)‘*0maw||d(l)||2 ( 2plog (n) + \//%logn> +
Tmaz[|(Ab = AUBO) 5 H
N nplog (n) + ﬁ logn) | +
Ormal| (A — AOBO) -
H(wp — I (IXb = ADBD |5 (y/np + logn) ) (4.43)

We move to bounding [|ress]|2 in the following way.

|ress s = | e unfold(Po(Er))A*A*(D™! — D*Y)|
< | ¢/ unfold(Po(Er))A*A*|o|(D™" — D*7)]
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We bound each of the terms on the right side of the inequality above. Notice that
e/ unfold(Po(E7)) N A* = \* 2 &y k03 Afjpyis the sum of independent random variables.
ik

Hence,

2

il
Ly := H}%X 1€5,101,5,6 Ay [l < Oz | Ay lloe < 0:“”?

maxp

Bs =) E(E},0% Al < on
ik

It follows from the Bernstein inequality that

2
||eiTunfold(PQ(ET)))\*A*Hg < XNo}..(vplog(n) + % logn) (4.44)

= O ez (\/P10g (n), (4.45)

with probability 1 — n=1!,

Next we have

D™ = D™ > < D72 D — D* [l D"l

< 6A%pldll2 + o(A"[|A]l2 + w*[|All2)
— (A*2p+w*2)2

(4.46)

with probability 1—n~?, were for the last inequality we applied Lemmas 20 and 21. Combining
(4.45) and (4.46) we get

. % 2 6 2plld]2 + o(N]|All2 + w*[|A
Iresll < X3 plog () + = togm) Pl LIS L IR gy
with probability 1 — n=Y.
The proof of the Lemma 15 is then completed by combining (4.43) and (4.47). O
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4.5.3 Proof of Lemma 16

Given the expression of W in (4.18) we get

Ws(i) =Eu (W*D*_IV* — wD_1V)
< eiTunfold(EM)(wV — w*V*)Dfl 4 eiTunfold(EM)w*v*(Dfl _ D*71>

respri Tesn2

We bound |resy;i| and |resysq| in what follows.

|lresan|z = HeiTunfold(EM)(wv - w*v*)D’ng
< ||D7Y|2| ¢ unfold (&) (wv — wv?|

= ||D_1||2| eiT (WE XV —w"Ey X V)|

respi1

Since we already have a bound for [|[D™!||; we proceed with bounding the term resys; in the

inequality above.

resy = | wEn X v — WE XV + |wEy x v—wEy X v(®

reSpi1l Tesi112

Recall the definition of d, := v — v* and define d{ := v() — v*. Then the ith element of the

vector above can be written as:

resar (i) = w(En)i v — w*(Epr)i, V"

= w*(Epp)s AV, (4.48)

(%

where we (€y);. represents the ith row slice of the matrix &€y.

By construction, d) is independent of the ith row of (£y7). We can therefore write (4.48) as
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the sum of independent zero mean random variables. That is (€ M)ij:#d(i) =Y & ldl(i). By
l :

applying the u-mass assumption we get

Lass = 1€, d [l < (03 max[dD]| o

Bus = Zgjzwi,ldl(i)2 < Ui/lmade(i)H%-
1

Applying Bernstein inequality on each of the random variables resy11(i) we get with

probability 1 —n~!

resan| < @ (0a)max (A0l + A oo Tog ) (4.49)

Next we bound res;jo by applying the Cauchy Schwartz inequality followed by the Bernstein
inequality to get,

[resamallz < [Jwv — wv® 2]l (Ear)i]|oo

< (030 max |Jwv — wv |2 (v/7 + log(n)). (4.50)
Combining the (4.49) and (4.50) and the bound on ||[D~!||, we get with probability 1 —n~!

W (03 max (1P [l2 + APl Tog ) + ((021)max|wv — wv®[l2(/ (1) + log(n)))
/\*2p + w*2 .

[resarlle <

(4.51)

We move on to bounding resy o

|lresae||2 = eiTé’Mw*v*(D’1 — D*’l)

< [lef Eyw v |J2|(D7 = D).
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Notice that eiTS MWV = w* Y & vy is the sum of independent random variables. Hence
]

Lage = 05 €01, ¥l < (@30)mas [V le < (0as)mas =

BM6 = Z]E(gf%/fi,z)via < (0]2\4)"“”‘
]
It follows from the Bernstein inequality that,

HeiTSMw*V*Hg < W (00 )max (1 + Ln logn),

NG

with probability 1 — n=1!,

Combining (4.52) and the bound on |[D~' — D*~1||, established in (4.46) we get

. 0 6A**plld|[2 + o(A*|A[]2 + w*[|Al2)
HTeSM2H2 <w O-maa:(l + ﬁ lOg Tl) (A*Qp + w*2)2 ’

(4.52)

(4.53)

with probability 1 —n~2. The proof of the Lemma is completed by combining (4.51) and

(4.53).

4.5.4 Proof of Lemma 17

Let E and H be n x n diagonal matrices with diagonal elements,

E;i =) dixb"())c’(k)b()e(k) ; Hi= XZ:V*U)V(Z)-

ik

We can then expresses |[W;|| as

[W1|| = la* — D™ (unfold(Po(AT™))A + wM*v)
= D' (ANE + ww*H — DI) a*||
< ID™(ANE + ww*H — DI) ||o]|a*|2

< max |D;'|| ANE + ww*H — DI), |,
1 N——

errii erri2
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where the third inequality is due to the fact D™ (ANE + ww*H — DI) is a diagonal matrix
hence its spectral norm is obtained by taking the maximum absolute value of its diagonal
elements. We therefore proceed to getting an upper bound each of the maximum of each of
the random variable elements in the equation above with high probability. To do that we
first get an upper bound on each of the diagonal elements with high probability and make

use of the union bound method to get a high probability bound on the maximums.

erriz = [AD 2 015b* (j)e” (k)b (j)e(k) + ww(v,v) — (A* 3 di5ub? (e (k) + w?)]

jk jk
< XS digb” () (R)B()e (k) — A2 3 8y b2 ()3 (k)] + " (v v) — ?)].

ik Ik T2

Ii21

We can bound Ij9; and ;99 next
Ly = |ww™(v*,v) — W2>|
<ww'([(viv) — 1]+ Ay)
. 1
w1 = A) (53, +A0) (4.55)

where the first inequality is due to using the triangle inequality, the fact that w = w —w* +w™.
The second inequality is obtained from the results of Lemma 23.

Next we also bound ;9.

Lot = AN 6i5b*()c* (k)b (j)e(k) — A2 Z Si5xb*(j)c? (k)|

< AN Z (654" ()e” ()b ()e(k) — 6ixb()e” (k) | + A Zk: 0i,xb?(j)c* (k)
<> diub ()d" (k)b(G)e(k)] + [ D 6ij.d" (G)e” (k)b(j)e(k)]

jk jk

+12_ digrd(5)d" (R)b(j)e(k)l,

jk
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where the last inequality is obtained using the triangle inequality and the fact that b(j) =
b*(j) +d(j) and c(k) = c*(k) + d(k) . Next applying the results of Lemma 20, we get

1121 S /\*2p(|<b*,b> <d,C>| + |<d7b> <C*,C>| + |<dvb> <d,C>| + AA)

3log (n
+ A% (||d||2 W)

3log (n
< 4X2p||d|, (Hde + “g”) , (4.56)

pn1.5

where the last inequality above holds with probability 1 — 2n~!! and holds for p > %.
Combining equations (4.55) and (4.56) followed by making use of lemma (20) to bound the
denominator of |lerr||2, we get

D2pldl (Il + /2802 ) + w241 + A.)

pnls

Wi <

4.57
)\*2]9 + w*2 ( )

with probability 1 — 2n=Y.
Provided the initialization error specified in Theorem 4.2.1 and after the number of iterations

specified in Theorem 2 of COSTCO we get that [|[W]|| = %, which completes the

proof of the lemma. 0

4.5.5 Proof of Lemma 18

The proof consists of showing that Y; converges in distribution to a Gaussian random
variable g; ~ N (0, 3¥). Specifically it involves quantifying the rate of the approximation error

and showing that under the assumption of Theorem 4.2.2 it is negligible. To do so we make
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use a Lyapunov-type theorem [66] stated in section 4.7.1. More specifically we look to bound

the value of p defined in (4.79). In our case the p takes the following form,

p= > E[I=YBE] < X B[S ZE] + X B[S )Xl

1sizn 1<i<n 1<i<n
< 3 E[IN(Enaduus(Sr A, D] + Y B[l iS5 )vi D]
1<i<n 1<i<n
< 30 ENUED sl NI AT LD + L Enn) IS5 ) v PID e
T ij, k i,j,k (jk), M il ; 7
1<i<n

where in the first inequality we made use of the triangle inequality and in the third inequality
we applied the Cauchy Schwarz inequality. We further simplify the right side of the inequality
above by making use of the derivation of the raw absolute moment of standard Gaussian

random variables from Winkelbauer [67] which yields,

N o 4 20k
> \/JTC \/E
5/2 3 2 3
- 2 <\/]_9(0'T)ma1’u /TL i (UM>max,U//\/ﬁ> 7 (458)

- \/7_'6 (U:?’F)min (‘ﬁ\/[)min

*—1/2 * _ *—1/2 * _
(27 )P A D! (Sh PP

The inequality in (4.58) is obtained by using the p-mass condition and the unit norm condition
on the normalized tensor and matrix factors. Given the bound on p in (4.58) and invoking

Theorem 4.78 with d = 1 completes the proof of the Lemma. 0

4.5.6 Proof of Lemma 19

We start with fixing 1 <i < n. We can decompose the expression of ; in the following

manner,

=P =02
oo aar a5
il o=

R mm e
)

(4.59)
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In what follows, we work on bounding (3, B, B3 and (4 defined above.

Bounding f;:

s — 2| < f]a—a'lla < Si(1 4+ logn), (4.60)

where the last inequality is obtained by using the bound on ||a — a*||; in Theorem 3.4.1
provided in Chapter 3 with both tensor and matrix noise being Gaussian.

Bounding 3 and 5;: We know that,

VA2D02, + w2 (00
/\*2p + w*2 ’

S > (4.61)

We claim that
VE =S VS - VS = VS - o(1)).

If that is the case then it follows that

By:= /S5 = (1 -o(1)) and  By:= S+ /S > 281 0(1).  (4.62)

It remains for us to show that |X; — 3¥| < o(1)Xf, which is done by bounding (.
Bounding fs:
Let A := A ® D!, where we recall that the symbol ® represents the element-wise product

operator. We can now decompose the expression of 35 in the following manner,

| — 27 = PATQA + WV (Qu)iV — MA T QA" — w2V T (Q)i V*
= NAT(Q — QA + VT ((Qu)i — (Qu))V +
Ba1
/\2ATQ\1A —|— W2VT (/Q\M)IV — /\*QA*TQTA* - w*Qv*T(Q}(\/j)iV* .
B22
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We proceed with bounding the two variables 357 and 25 above.
Bounding fs;:
We begin by decomposing 51 in the following way,

fo1 = )\*2A*T<Qi - /Q\i)A* + W*QV*T((QM)i - (QM)i)V* +

B211
2N (NA* = AA)T(Q — Q)A* 4+ W (W V* —wV) T ((Qur)i — (Qu)i) V* +
5212
(VA" = AA)T(Qi — Q)N A* — NA) + (W'V* — V)T ((Qu)i — (Quo)i) (W VF —wV).
B213
The expression of 311 can be written as
|Bara] = |A*? Z ( — &, k) 6i,j,kA>(kj2,k) +w?y ((51%4)11 - (5m)1,1) A%
l
S /\*2 r{ljak?(|givj7k ljk| ZéljkA(J +(JJ maX|( m 1[‘ ZV . (463)

Note that since max 1T5% = Tije — Eijkl < NT = T*|loo and max MY — My — (Em)ig] <
LJ, L
|IM — M*||», it follows that

I{}J.égl%,k —&ijkl SNT =T o and maXI( )it = (En)ial < M =Moo (4.64)
Also from the general results of Sub-Gaussian theory [68], we know that

||g||oo S Omax \/ log(n) and ||€M||oo S (UM)maX IOg(n)v (465)

with probability 1 — n~!!. Next we have |(dj, — p)A’(kj%k)| <(1-p)(u//n)*
and E(dj, — p) Z A*J4k) p(1 —p)(u/+/n)*. Using Bernstein inequality we get that

o | PP = D) (/i) log (m) + (1= p) 1/ v/) log (n) _ p(1 + g
S huntinl < (V2 w22 S e

(4.66)
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with probability 1 — n~'. Combining the results of (4.63) - (4.66) and using Bernstein

inequality to bound 7, 6i7j,kA>(kj2,k) we get

Umax\/log HT T*Hoo p(1+o(1 ))+W oM maac\/log ”M M*HOO

(A%p +w?)?

|Ba11] <

(4.67)

with probability 1 — n~'* and where the inequality hold for (A**p + w*?)? < )\2%.

Next we can express (212 as
[Bora] < |)\*Z( Ek — lJ’f) Oig Al gy (VAT = AA) |+
w3 ((E)i = Emit) Vi@V = w V)|

l
<|IT - T*\|m251JkA(Jk(A*A* M) + M — M*HOOZV;" WV —wV),

A 0maz/log ()| T = T*||solla = a*[lz # p + W™ (011 )maa/log (n) [ M — M*HooHV—Vllz

- (A%p+ w2)

(4.68)

with probability 1 — n~! and where the last inequality is obtained by applying the Berstein
inequality to bound Z5i,j,kA2} k)()\*A* - )\A)(j,k) and the fact that (b*,b — b*) + (c*,c —
ik ’

c*) +(b—b*,c—c*) <3 r?aéc }Hu — u*|| and we assumed for ease of notation that
u={a,b,c

la—a%f = max u-—u.
u={a,b,c}

Using a similar method as the one used to bound |f212] we get that

|Bras] << A Omaz\l0g (MIIT — T*|lsolla — a%[l5  p + @™ (041)maay/l0g (1) [M — Ml [v — v7[l5.
123 =

(A%p + wQ)
(4.69)
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Combining the bounds on (211,8212 and (213 in (4.67),(4.68) and (4.69) respectively we get

A20mazy/log (M T = T [leop (1 + [la — a"l2 + [la — a”[3 )

<
|Bon (N2p + w?)?
el GIIM = ML (14 I =Vt =)
(A2p + w?)? '

Bounding [55: We start by decomposing the expression of [y5 as follows,

’622’ _ |>\2AT/QlA _ )\*2A*TQ;|<A* + MQVT<Q\M)1V - w*QV*T(Q}k\/l)IV*’

2 (A*A*Tﬁi(AA — NAS) + w0 VT (Qyy)i(wV — w*V*)) +

ﬂ221
(AA = NA)TQIAA — XA + (WV —w* V) T (Qp )i(wV — w*V*) +
B222
A2ATT(Qi = QAT +w?V T (Qu)i — (Qi)) VT
B223

We bound the expressions [Ba91, £221 and [Bao1 in what follows. We invoke the Cauchy-Schwartz

inequality to bound the first expression

| Baa1| = | A" Z L0, kAZ}k)()\A — N A%y + w0 Y (Ex)uVi(WwV —w*VH)|
1

< A\a - QIIzZé"Jk&JkA(Jk +w?lv = vz Y (ERi Vi
l

cANPla—a ||2(u PO + 12 10g (1) /1) + W2V = V¥ |la(py/1(0 0 ) e + 14 (l0g (1) / /1))

— (A*2p+w*2)2
< )\*2”8 _ a*||2(lu2pn031ax + 0(1)) + w*2HV - V*HQ(/’L\/E(U]V[)EHGZ‘ + 0(1)) (4 71)
— ()\*2p+w*2)2 :

where the second inequality is obtained by using the inequality ||[Aa— A*a*||s = \*|]a—a*||s+
0(1) and the third inequality is obtained by noting that

2 2 4
2 A * Umax (/"L/\/ﬁ) 4 2 pamax
maXHgi,j,kéi,j,kA(jk)Hdn < (\2p + w*2)? and E Zgljk51J Jk) < (N2p + w2t
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and ||€]|co < Tmazy/log(n) with high probability, followed by applying Bernstein inequality.

The third and fourth inequality holds with probability 1 — n~!! In a similar manner we get
the following bounds for Bags and [aos.

AN2la — a*|3por,,, log (n) + w*?||[v — v*|[5(0a) 7,0, J0g (1) + 0(1)
| Baza| <

e . am
ol < X202, (1t (log(n) /pn?) + \/pt(log(n) /pn2)) + w™(03) ) mas (12 (log(n) /) + /2 (log(n) /n))
223] = (A 2p + w*2)? ’
(4.73)
Combining the results in (4.71),(4.72),(4.73), we get the bound on [y to be
V202, ([la — a*[lai*pn + & — a*[3plog (n) + (' (log (n) /pn?) + \/p*(log (n) /pn?)))
|B22| < ) 22
(A2p + w?)
w08 )mas (I[V = V¥[l2(v/n + [[v = v¥[[3 log (n) + (n*(log (n) /n) + /1 (log () /n)))
(V2p + w2)2 :
(4.74)

Finally combining the bounds on (315,312,512 ans simplifying the expression yields the following
bound on |¥; — X

| — [ < Xfo(1). (4.75)

With the bound on |¥; —Xf| established we then finish the proof of the lemma by combining the
results of (4.75), (4.59), (4.60), (4.61) and (4.62), which completes the proof of the Lemma. [J

4.6 Auxillary Lemmas

In this section we state an prove a series of helper lemmas.

Lemma 20. Let u and w be unit vectors in R" such that [u(i)] < 25 and |w(j)]

let 05 be iid. Bernoulli random variables with P(di5, =1)=p and1 <i<n,1<j<n,
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1<k<n.

Then provided p > 0“2/32(12;’43) 98(d®) e have

| Z&szu (k)| < pluu)(w,w) —py,

with probability 1 — d=1°.

Proof: Let Xy =  (0xu’(j)w?(k) — E(d;jxu’(j)w?(k))). Using the bound on the
|

elements of u and w, we have | Xj;| = |%(517j7k —pu?(j)wi(k)| < & 2/32 . Also
1 . °p
S EXG = (1 -p) D ul(wik) < B
ik P ik P

Applying Bernstein tail bound inequality we get:

—d*pt? /2

P (I §5i,j,ku2(j)w2(k) — plu,u)(w,w)| > pt) < exp (m)-

Setting the right side of the inequality to be less than ¢ yields:

(‘Z(Sleu (B)| < p(uu)(w,w) — m) >1-—gq,

for p > #252(1+32/33 log1/9) - Choosing ¢ < n~'° completes the proof of Lemma 20. O

Lemma 21. Let u*, u and w be unit vectors in R"™ such that |uf| <= =, [uf and [w| < f
Let d be another vector with ||d||s < 1. Also let 6;; be i.i.d. Bernoulli mndom variables with

1
PGip=1)=pand1<i<n, 1<j<n, 1<k<n. Providedp > C“”“*Tj:{j’ﬁk’g Gr)

—10

with probability greater than 1 —2n~"", we have

| Zk G500 (j)d(k)u(j)w(k) — p(u’,u){d,w)| < py[/d].
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Proof: Let Xj, = ;1) (015 p0*(j)d(k)u(j)w(k) — E(6i,u*(j)d(k)u(j)w(k))). Then we have
That is | Xjs| = £ (65 — p)u(d(k)u()w(k) < 2(1 - p)&7]ld],. Also,
2 1 2W 2 M@QHCZ”%
%;EXJ,€ p%} u(j)w(k)”) < DB

Applying Bernstein tail bound inequality we get:

— 3 ?p? )
pB2(dl2(lld]l2 + 5t)
(4.76)

P (I %:51,j,ku*(j)d(k)U(j)W(/f) —p(u’w){d,w)| > pt) < 2exp (

Setting the right side of the inequality to be less than ¢ and choosing ¢ < v||d||2 then solving
for p yields:

P (! §5i,j,ku*(J)d(k)U(j)W(/€) — p(u’,u){d,w)| < m||b||2) >1-2g,

2(1 3) lo;
for p > % Choosing ¢ < n_j9 completes the proof of Lemma 21. 0J

Lemma 22. Let u*, w*, u and w be unit vectors in R" such that [u*(i)| and [w*(j)| < 5,

lwi| and |w;| < f Let 6, be ii.d. Bernoulli random variables with P(0;;, = 1) = p and

Cu2B2(1+47/3) log(3d1°
dQ’YZ

, with probability greater than 1 — 2n_10, we

1 <i,j,k <n. Provided p >

have
[ 2_ dipa” (W (RJu(i)w(k)] < pl{u”,u)(ww)| + py.

Proof: Let Xj, = %((5i,j,ku*(j)w*(k)u(j)w(k) — E(6jeu*(j)w*(k)u(j)w(k))). Then we
have [ Xix| = L(6; — p)ur(i)w* (k)u()w(k) < 1(1 - p)£2 Also

gy _ 1 -\ 2% *2 1\ 2 2 1 s
Y EXG]=—(1=p) Y (u()"w(k)*u() w(k)*) < —(1—p)—-—.
ik p ik p d
Applying Bernstein tail bound inequality we get:
—d?pt?

P (r S s’ (R w(k) — plu ) (dw)] 2 pt> < 2exp )

12821 —p)(1+ 1)
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Setting the right side of the inequality to be less than ¢ and choosing ¢ < v then solving for

p yields:
P (I > dgpun(Hw(k)u(w(k) — (u*u)(ww)| < m) >1-2q,
ik
232 1
and p> £ d (IZ;/S) osly). Letting ¢ < n~!° completes the proof of Lemma 22. O

Lemma 23. Let u and w be unit vectors and let d be a vector such that d = u — w then
1 2
w, )] = .

Proof: Note that |[ul|? = 3 (w(i) + d(i))*. Hence given that u is a unit vector we get

Sw(i)?+2> wi)di) + D di)* =1
2) w(i)d(i) + > d({i)* =0
23 w(id(i) = —>_d(i)*
w, )] = S,

Which completes the proof of the lemma. O

Lemma 24. Let S and X5 be as defined in (4.36) and (4.34). Given the assumptions in

Lemma 14, with probability 1 — n'°, we have

VX272, (1= p) (1 + £ log(n))
(/\*2]9 + w*2)2 :

max [Sf — Xf| < (4.77)

Proof: Define Fy; as, Fy;, := U;ik(éhjvk—p)Aa;)A?jk)' Notice that |S;—X7| = \*2 Zk D:2Fy.
17\]7

Using the u-mass condition we get,

1t
Ly = [Fj| < 050, (1= p)

max
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and

By = ZE[ka] < 20':;1&%]9(1 _p)

4
M
2
ik n

Using Bernstein inequality we get

I —1/202
P()\*2|Si_zi|2t)§eXp< / >

By +1/3L,t

with probability 1 — n~1!. Using the results of Lemma 4.6 and as long as p < (1 — p) and p
meets the assumption provided in section 4.2 it follows then that with probability 1 — n=!!.
VN (L= D) (14 log(n)

SHF Y <
| i 1| — ()\*Qp_l_w*Q)Z

applying the union bound completes the proof of the lemma.

Lemma 25. Let ZF be as defined in (4.33). Given the assumptions of Lemma 14, with

0

probability 1 — n=1°, we have

N Oz (\/Q_p + 20/3%2 log(n))

7F <
| 1‘ — )\*2p+w*2

Proof: Recall the that Z; =} 2, and 25 := )\*517j,k(5i,j,kA6k)fol
ik
for 1 <i,j,k <n, Let z, = )‘*gi,j,kfsi,j,kA?jk)' Since & ;1 and d;; are both sub-Gaussian
random variables, it follows that Z;; s is a sub exponential random variable. Hence its sub

exponential norm 1, can be bounded in the following way,

2
1
Ly = 11500156 A (i llor <~ MEkllvall0ig o,
2
U
< C;U:naxuéi,j,kuoo

2
<ol
n

max?

where || * ||y,, represents the sub-Gaussian norm and C' is an absolute constant. The second
inequality above is obtained by using the pu-mass condition on the tensor factor entries

provided in Section 4.2 and also applying the property of sub-exponential and sub-Gaussian
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norms namely that the sub exponential norm of the product of two sub-Gaussian random
variables is less than the product of the sub-Gaussian norms of the two random variables.

Also, since 6;;; and & ; are independent we have
BQ _Z]E gjkéljkAJk)) ;faa:p

The above inequality is obtained by applying the y-mass condition of the tensor factor entries.

Using the Bernstein inequality and the results of Lemma 4.6 we get that with probability

1— nfll
7| < N O man <\/2_p + 20/3“—n2 log(n))
| i| — )\*2p+w*2 ’
Which completes the proof of the lemma. U

Lemma 26. Let S be as defined as in (4.36). Then given the assumptions in Lemma 14,

11

with probability 1 —n="" we have,

Sfs<1/2 \/A*ngmm + W*2<O-M)mm
1 — )\*2p+w*2 :

Proof: The expression of S} can be decomposed as

)\*2pg'r2nin + W*Q(U}k\;[)mm
(A*2p+w*2) )

S T
where the last inequality is obtained by applying the results of Lemma 24 as well as bounding

Y! using the p-mass condition stated in section 4.2. Since S} is positive, applying the square

root function to both side of the inequality yields the desired results for the lemma. 0
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Lemma 27. Given the assumption in Lemma 15. Let Po(Er)i.. and cW be as defined in

(4.41), then with probability 1 — n~" we have

||PQ<‘€T)1,:,: ||2 S O-max(\/ﬁn + IOg n) and

1P (Er)iic? 2 < Omaa (/1D + \//% log )

Proof: Given the construction of ¢ it follows that Po(Er);..c® is a sum of independents

random variables and can be written as PQ(8T>1,17:CI = > &k0iik6€p Tc®, We start by
ik

bounding the norms of these random variables. Using the u-mass assumption and property

of exponential norm we get

Lg := max 1€k llw1 < O

||C ”oo <o,

max — max \/_

L; = max 1€ g0 neien ey, < o
BG == Z E 7J, 7J k 0—7277,a:(;n2p

2
Br = ZE 51_]]652_] kcl(c) ) < Umaxnp

Hence by Bernstein inequality we have with probability 1 — n=!

||PQ(5T>1,:,:H2 S O-max(\/ﬁn + IOg n) and

| Po(Er)i. eV la < Omae(v/7D + ;ﬁ logn)

4.7 Additional Material

For convenience this section contain a list of TheoremS and mathematical derivations
which were used in the proofs of the paper. We refer the reader to the original papers for the

proof of these results.
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4.7.1 Lyapunov-type Bound

In the proof of Theorem 4.2.2 we use make use of the following Lyapunov-type bound
results which allows us to explicitly quantify the rate of convergence of the central limit
theorem. This done by establishing a bound on the maximal approximation error the
normal distribution and the true distribution of the sum of random variables. Al thought in
Theorem 4.2.2 the random variables of interest live in one dimension we still make use of
the d-dimensional version of the theorem as a way to allow us to extent our results to high

dimension in the future.

Theorem 4.7.1. Let {x;}i1<i<n be a sequence of independent zero-mean random vectors in
R? and let 3 be the covariance matriz of Y. x; and z ~ N(0,%) be a Gaussian vector in

1<i<n
R?¢. Then we have,

sup [P{ Y x; € A} —P{z € A}| < d'/*p, (4.78)

AeC 1<i<n

where C is the set of all convex subset of R and p is defined as follows,

pi= Y E[IExl3). (4.79)

1<i<n
4.7.2 The Leave-One-Out Method

In this section we present the details of the leave one out method which is used in the
proofs of various lemmas in the paper. We follow the procedure presented in Cai, Poor,
and Chen [47] but adjust their method to the case of the non-symmetric tensor coupled
to a matrix. This procedure is used in order to decoupled a given slice of the tensor and

matrix from the noise tensor and noise matrix, allowing us therefore to partially remove the
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statistical dependency that exists between the error tensor and error matrix with a given

tensor factor. We present the method based on the recovered of tensor component a.

T = Po_(T) 4 pPu(T*); MU™ = P (Ma) + P (M)

[

My = P (M) + Pu(Myp); M = P, (M) + P (M),

where Pq_,, and P_,, is the projection of the tensor onto the set {(i,j, k) € Q:i# m and j #
m and k # m} and the set {(i,1) : i # m and [ # m} respectively and P,, is there complement
sets. This means that the m — th slice along all three modes is independent tot he noise
tensor and noise matrices We use and example to illustrate the impact of this decomposition

on the tensor factor and tensor noise.

a. Tensor mode 3 slice 1 b. Tensor mode 3 slice 2 c. Tensor mode 3 slice 3

Tin T T T2 Tize Tis Ty Ties  Tiss

Tonw Ter Tom Tz © Tazs  Taso Tois Toss Thss

T3 Tsm Tam Tsi2  Tyz Tz Tois | Tz Thas
d. Matrix

Myt My
R
Moy Moo

Msi Mz

Figure 4.6. Illustration of the leave one out procedure applied to a third
order tensor and a matrix. The tensor was sliced along the third mode. The
green shades values represent tensor and matrix entries which still contain
some noise. Whereas the non shades values are replaced by the true value of
tensor. The missing probability is set to p = 1 for the sake of the illustration.
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5. CONCLUDING REMARKS

Tensor completion is a popular subject of theoretical and applied study in a wide range of
research fields such as statistics, mathematics, computer science and engineering. The method
offers great potential in application driven studies in computer vision, recommender systems,
community detection, personalized medicine etc. Due to the natural representation of high-
order interactions as tensor data it has been shown that tensor completion based algorithms
such as recommender systems generally outperform their matrix based counterparts. However,
in practice, high percents of missing entries and high sparsity levels often observed in real
tensor data, forbid the use of those tensor completion based algorithms. This is the case
for instance in online advertising where users click-through-rates tensors can have up to
96% missing entries in addition to being highly sparse, making standard tensor completion
algorithms fail to produce reasonable recovery results.

We effectively addressed this issue in the first part of the dissertation, by proposing
COSTCO, a framework for tensor completion, suited for very sparse tensors with high percent
of missing entries. Our method leverage the power of extra information often present under
the form of covariate data, beside the tensor data, to deliver ameliorated tensor recovery
results. COSTCO uses a joint latent components extraction mechanism along with a truncation
procedure to learn a synthetic representation of the tensor with missing entries and to enforce
sparsity. The proposed method is easy to implement and general enough to be applied to
tensors of various dimensions in the presence of any number of covariate matrices coupled
along the tensor modes.

Theoretically, we showed that the error bound derived for the recovered components using
COSTCO represents an improvement over known standard tensor completion methods, provided
the noise levels in the covariate matrices do not dominate that of the tensor. We also showed
that our method leads to a relaxation in the number of required tensor entries observed for
the completion algorithm to work. The performance of our method was illustrated through
several simulation studies which revealed COSTCO to outperform the state of the art tensor

completion methods. It was also demonstrated through a real data analysis on advertisement
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data that our method can be used to boost the performance of other machine learning
methods such as clustering.

The topic of uncertainty quantification in tensor completion is an area which lacks
theoretical research contribution. Therefore, beside proposing a powerful completion algorithm
for sparse and high missing tensors, in the second part of the dissertation we provided a
theoretical analysis for the uncertainty quantification for the tensor components recovered
using COSTCO. We focused our theoretical analysis to the case of the rank one tensor.
Theoretically, we characterized the distribution of the recovered tensor components under
various noise distribution assumptions and then proposed a simple yet valid confidence interval
construction technique for the recovered tensor components. The proposed construction
allows for heteroskedasticity in the tensor data entries and generate confidence intervals at
an entry level for the tensor components. We also proved the validity of the constructed
confidence intervals. We then showed through a series of simulation studies the improvement
in tightness of these proposed confidence intervals compared to those generated using standard
tensor completion methods.

Given the method proposed in the dissertation, numerous directions for further studies
naturally arise. One such interesting direction is in extending our method to work for the
online data setting. In fact, in real scenarios, tensor and/or covariate matrix information
are rarely available all at once and are rather revealed sequentially. In this case, the batch
updating algorithm proposed in this dissertation is no longer feasible as accessing the entire
data for every added observation is impractical. To fill this gap, it would be advantageous to
adapt our algorithm to the online setting. This could be done by utilizing stochastic gradient
decent (SGD) to solve the optimization problem proposed in our work by updating only one
row of the latent component matrix at a time. The proof for the recovery results for such a
method would then rely of non-convex SGD methods beside the proof techniques developed
in this work.

Another avenue for extending the work in this dissertation is to study the uncertainty
quantification of the recovered tensor components for the general rank R tensor case. Also
bootstrap methods represent a very popular and often hassle free technique for constructing

confidence intervals. It would be interesting to compared the properties of the confidence
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intervals generated using our proposed construction technique which first characterises the
distribution of the tensor components and engineers a variance estimation technique to the

confidence intervals obtained through the resampling approach used under boostrap methods.
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