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ABSTRACT

Stochastic programs are standard models for decision-making under uncertainty and have
been extensively studied in the operations research literature. In general, stochastic program-
ming involves minimizing an expected cost function, where the expectation is with respect
to fully specified stochastic models that quantify the aleatoric or ‘inherent’ uncertainty in
the decision-making problem. In practice, however, the stochastic models are unknown
but can be estimated from data, introducing an additional epistemic uncertainty into the
decision-making problem. The Bayesian framework provides a coherent way to quantify the
epistemic uncertainty through the posterior distribution by combining prior beliefs of the
decision-makers with the observed data. Bayesian methods have been used for data-driven
decision-making in various applications such as inventory management, portfolio design,
machine learning, optimal scheduling, and staffing, etc.

Bayesian methods are challenging to implement, mainly due to the fact that the poste-
rior is computationally intractable, necessitating the computation of approximate posteriors.
Broadly speaking, there are two methods in the literature implementing approximate pos-
terior inference. First are sampling-based methods such as Markov Chain Monte Carlo.
Sampling-based methods are theoretically well understood, but they suffer from various
issues like high variance, poor scalability to high-dimensional problems, and have complex
diagnostics. Consequently, we propose to use optimization-based methods collectively known
as variational inference (VI) that use information projections to compute an approximation
to the posterior. Empirical studies have shown that VI methods are computationally faster
and easily scalable to higher-dimensional problems and large datasets. However, the the-
oretical guarantees of these methods are not well understood. Moreover, VI methods are
empirically and theoretically less explored in the decision-theoretic setting.

In this thesis, we first propose a novel VI framework for risk-sensitive data-driven decision-
making, which we call risk-sensitive variational Bayes (RSVB). In RSVB, we jointly compute
a risk-sensitive approximation to the ‘true’ posterior and the optimal decision by solving a
minimax optimization problem. The RSVB framework includes the naive approach of first

computing a VI approximation to the true posterior and then using it in place of the true
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posterior for decision-making. We show that the RSVB approximate posterior and the corre-
sponding optimal value and decision rules are asymptotically consistent, and we also compute
their rate of convergence. We illustrate our theoretical findings in both parametric as well
as nonparametric setting with the help of three examples: the single and multi-product
newsvendor model and Gaussian process classification. Second, we present the Bayesian
joint chance-constrained stochastic program (BJCCP) for modeling decision-making prob-
lems with epistemically uncertain constraints. We discover that using VI methods for pos-
terior approximation can ensure the convexity of the feasible set in (BJCCP) unlike any
sampling-based methods and thus propose a VI approximation for (BJCCP). We also show
that the optimal value computed using the VI approximation of (BJCCP) are statistically
consistent. Moreover, we derive the rate of convergence of the optimal value and compute the
rate at which a VI approximate solution of (BJCCP) is feasible under the true constraints.
We demonstrate the utility of our approach on an optimal staffing problem for an M/M/c
queue. Finally, this thesis also contributes to the growing literature in understanding sta-
tistical performance of VI methods. In particular, we establish the frequentist consistency
of an approximate posterior computed using a well known VI method that computes an
approximation to the posterior distribution by minimizing the Rényi divergence from the

‘true’ posterior.
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1. INTRODUCTION

Consider the following parameterized optimization problem:

minimize R(a,0) (TP)

st gi(a,0) <0, i€{1,2,3,...,m},

where a € A is the decision variable and # € © is the model parameter. The function
R(a,0) : A x © — R encodes the cost/risk and the functions g;(a,#) : A X © — R define the
constraints. Under certain regularity conditions on the cost and the constraint functions,
and for a given value of parameter #, we assume that (TP) can be solved to compute a set
of optimal decisions a*. These types of problems are studied in the OR/MS community as
stochastic programs [1], [2]. In particular, (TP) can be represented as the following general

stochastic program [3],

minimize R, [((a,§)] (SPP)

st Rhp,[:(a, €] <0, i€{1,2,3,...,m},

where R, (+), i € {0,1,2,...,m} are well-defined risk measures for a given distribution Py
that measures the aleatoric uncertainty in the random variable {. Compare (TP) and (SPP)
to note that R(a,0) = RY, [((a,&)] and gi(a,0) = R, [gi(a,§)] for appropriate measurable
functions £(-,-) and g;(-,-). Some of the popular risk measures are expectation, Value-at-
risk (VAR), Conditional Value-at-risk (CVAR), and entropic risk-measure [3].

To illustrate the (TP) with an example, consider the problem of optimally staffing a
stochastic system modeled as an M/M/c queue. A queueing system with exponentially
distributed inter-arrival times (7) and service times (S) with ¢ number of servers is denoted
as an M/M/c queue. We assume that the arrival and service rates are A and p respectively,

and they together constitute the model parameter 6 = {\, u}. The DM chooses the number
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of servers ¢ to ensure that the steady-state probability that the customer waits in the queue,

denoted as 1 — W, (¢, A, i), is no more than . The corresponding staffing problem is to

minimize ¢ (TP-Q)
subject to ({1 — Wy(e, \, )} — ) <0 (Quality of Service),

(A —cp) <0 (Stability),

where a € (0,1/2) is the desired efficiency. The second constraint is to ensure that the
queue is stable. This staffing problem and its variations are well studied in the queueing
literature [4]-[6].

In many applications, the constraint set defined by functions ¢; in (TP) does not depend
on the model parameter #. As an example, consider the newsvendor problem, a canonical
data-driven decision-making problem, which has been extensively studied in the stochastic
programming literature [1], [7]-[9]. Recall that the newsvendor loss function is defined as
l(a,&) = hmax(a — £,0) + bmax({ — a,0), where h (underage cost) and b (overage cost)
are given positive constants, £ € [0, 00) the random demand, and a the inventory or decision

variable. The optimal decision problem in this case is to
minimize,c 4 R(a, 0) = Ep,[{(a, )], (1.1)

where Py is the distribution over future random demands £. Stochastic programs with de-
terministic constraints are also common in machine learning applications such as Bayesian
regression and classification, and their variations incorporating regularization [10], [11]. For
instance, consider the problem of classifying an input pattern or features Y € [0, 1]¢ into one
of the two classes {—1, 1}, where £ € {—1,1} denote the class of Y. For a given Y, the clas-
sifier is modelled using a Bernoulli distribution p(¢|Y,60) = ¥¢(0(Y)), where 6 : [0,1]* — R is
a non-parametric model parameter in a separable Banach space © and measurable functions
Ui(z) = (14+e )t and ¥_y(z) =1 — ¥y(z). Assuming Y is independent of & and has
distribution v(-), the sequence of independent observations {Yn, Xn} ={("1,&), (Ys,&),. ..
, (Y, &,)} are generated from model Py(&,Y) = p(&|Y,0)v(Y). The loss function £(a, &) is

13



0 ifa=¢,cpif{a=41,{ = -1}, and c_ if {a = —1,§ = +1}, where ¢, and c_ are

known positive constants. Now the objective is to minimize the following model risk

c EL[U (6 ., a=+1,
R(a.6) = Eglt(ae) = {7 W= (1.2

B[V (0(y), a=-L

Notice that if the parameter 6 is known, then the optimal staffing, newsvendor, and binary
classification problems are deterministic optimization problems, assuming the risk functions
can be computed. We denote true model parameters by #,. In practice, however, the true
model parameters are unknown which further introduces epistemic uncertainty into the for-
mulation of the stochastic programs. Epistemic uncertainties can be reduced by estimating
the true model parameters from data. Plug-in estimators such as maximum likelihood esti-
mates typically produce sub-optimal or counterintuitive solutions in decision-making prob-
lems [12, Section 2]. This has spurred a significant body of research on decision-making and
optimization methodology that accounts for this epistemic uncertainty; for instance, dis-
tributionally robust optimization (DRO) methods [13], [14] optimize worst case deviations
from the empirical objective, while Bayesian decision-theoretic methods [12], [15] penalize
the predictive uncertainty from the Bayes posterior distribution over the parameters. The
authors in [16], [17] discuss other methods of modeling epistemic uncertainty. In this thesis,
we are interested in the Bayesian framework, which provides a coherent way to quantify
the epistemic uncertainty through the posterior distribution by combining prior belief of the
decision-maker (DM) with data. Bayesian methods have been used for data-driven decision-
making in various applications such as inventory management [18], [19], portfolio design [12],
machine learning [10], [11], engineering [20], simulation optimization [21]-[23], etc.

In general, the Bayesian inferential problem is hard owing to the intractable posterior
computation. Consequently, DM’s typically make restrictive modeling choices, such as as-
suming that the likelihood model has a conjugate prior. However, conjugate priors are not
available for many interesting and practical likelihood models, thereby limiting the use and
utility of the Bayesian framework. To mitigate this limitation of computational intractabil-

ity, there is a substantial body of work on approrimate Bayesian computation focused on
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the question of efficiently and accurately approximating the posterior distribution. Broadly,
these posterior approximation techniques are categorized into sampling and optimization-
based approaches. Markov Chain Monte Carlo (MCMC) is the canonical sampling method,
where the objective is to design an ergodic Markov chain whose invariant or stationary distri-
bution is precisely the posterior distribution. MCMC, however, is known to suffer from high
variance, complex diagnostics, and has poor scaling properties with the problem dimension
and size of the dataset [24].

Variational Inference (VI) or Variational Bayesian (VB) methods, in contrast, use opti-
mization to compute an approximation to the posterior distribution from a class of ‘simpler’
distribution functions (that does not, necessarily, contain the posterior) called the variational
family, by minimizing the divergence of distributions in the variational family from the pos-
terior distribution. Importantly, the posterior distribution being intractable, VI methods
optimize a surrogate objective that upper bounds the divergence measure, and the optimizer
of the surrogate is precisely the posterior distribution when the variational family includes
it. The Kullback-Leibler (KL) divergence is a standard choice in VI methods [25], though
there is increasing interest in other choices such as a-Rényi divergence as well [26] which
yield approximations that have better support coverage. Moreover, VI methods have been
empirically demonstrated to be a faster and easier-to-scale alternative to sampling-based
methods for Bayesian inference in various high-dimensional and complex hierarchical prob-
abilistic models with large datasets [25] . Despite their popularity in machine learning and
statistics community, the statistical performance of these methods were only studied re-
cently [27]-[30]. Nonetheless, VI methods are empirically and theoretically less explored in
the decision-theoretic setting.

Through this thesis, we develop VI methods to compute tractable approximations to
stochastic programs with epistemic uncertainty. More crucially, we analyze the statistical
inferential properties of these approximations and establish theoretical guarantees on the
predictive performance of inferred decision rules and values. We would also like to note that
the theoretical results established in this thesis also extends to the decision rules and values
computed using the true posterior, since VI posterior is identical to true posterior when

the variational family includes it. Furthermore, this thesis also contributes to the growing
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literature in understanding statistical performance of VI methods. In particular, we establish
the frequentist consistency of an approximate posterior computed using a well known VI
method that computes an approximation to the posterior distribution by minimizing the
Rényi divergence from the ‘true’ posterior.

In the next two sections, we first consider the class of stochastic programs where the
constraint set is known a priori or deterministic like newsvendor problem and then we study

stochastic programs with epistemically uncertain constraint set like optimal staffing problem.

1.1 Stochastic Programs with Deterministic Constraints

The stochastic programs with deterministic constraint set have been an active topic of
research among statisticians, economists, and engineers since early 20th century. Among var-
ious theories to model epistemic uncertainty in such stochastic programs, a seminal unifying
framework was proposed by Abraham Wald [31], [32]. In Wald’s general decision theory, the
unknown model parameter @ is treated as a random variable, defined on a probability space
(0, T,1I), where the set of possible values of a parameter is denoted by © with c—algebra T
and probability distribution II(-). In essence, the distribution II(-) measures the epistemic
uncertainty in 6. The decision space (known a priori) is denoted as A. Then for a fixed I1(-)

and a given cost/risk function R(-,-) the Wald’s decision making problem is defined as
minimize,c 4 En[R(a, 0)]. (1.3)

Recall that the model parameter is unknown but the DM has access to data which
can be used to quantify the epistemic uncertainty in 8. The DM can use data to forecast a
distribution over it. A natural question that arises in context of this formulation is, what is an
appropriate distribution 11 that facilitates data-driven decision making? Bayesian statistics
delineates natural principles to forecast distributions over parameters in a coherent way by
combining prior knowledge with the observed data. Now let us suppose that the DM observes

n samples from the stochastic model F;° denoted as X, = {&,&, ..., &}, with unknown
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0. In the Bayesian framework, we posit a prior distribution I1(f) and use the likelihood of

observing X,,, that is pg(f(n), to define the posterior distribution as

e dlOp(%)
Al = dUOK) = T Ko

(1.4)

The objective in 1.3 is popularly known as Bayes risk when II is the posterior distribution
in 1.3.

A second crucial question in relation to (1.3) is: Is expectation with respect to the posterior
distribution I1,, the most appropriate way of capturing uncertainty over the model parameters,
0¢ To answer this, recall that the expectation is a risk measure and it averages the risk
of uncertainty in the future costs in (1.3). In various applications, like portfolio design,
the decision-maker (DM) could be risk-averse and would like to use a risk measure that
reflects this risk attitude, unlike the risk-neutral expectation. Recently, there has also been
significant interest in the machine learning and operations research community in studying
models that are sensitive to tail and subgroups effects [12], [15], [33]-[35]. Therefore, to
facilitate the DM in making risk sensitive decisions, we investigate the use of a risk sensitive

measure known as the entropic risk measure, defined as

gam@mwzb%EMwmmwm» (1.5)

where v € R. The entropic risk models a range of risk-averse or risk-seeking behaviors in a

succinct manner through the parameter «. Suppose v — 0, then observe that

lim of; (R(a,0)) = En,(R(a,));

740

that is, there is no sensitivity to potential risks due large tail effects and the DM is risk

neutral. On the other hand,

lim oy (R(a,#)) = esssup(R(a, b)),

Y—00 H'n

17



where esssup is the essential supremum of the random function R(a,#) (almost surely). In
other words, a decision maker is completely risk averse and anticipates the worst possible
realization (almost surely). Similar conclusions can be drawn when v < 0, resulting in a
risk-seeking behavior.

Observe that (1.5) strictly generalizes the standard Bayesian decision-theoretic formula-
tion of a decision-making problem, where the goal is to solve mingec 4 Ep, [R(a, #)]. Further-
more, it also coincides with other risk-based Bayesian methods, such as the penalized poste-
rior variance method studied in [12] for solving the Markowitz portfolio optimization problem,
under certain parameterizations. More precisely, for R(a,0) = o, ({(a,&)) (for any loss func-
tion £(-,-)) and small, but strictly positive 7, a Taylor expansion of oy (R(a,#)) straight-
forwardly shows that (1.5) is equivalent to problem (3.1) in [12], that is ofy (R(a,)) =
Oy (000, €) = P Vargg ) [00, O] + Eqg [a,€)), where 7(€]X,) = [ p(€l6)dn1(o]%,)
is the posterior predictive distribution and Var[- | denotes the variance functional.

Our setting is most related to recent work on Bayesian risk optimization (BRO) in [15],
[36]. In BRO, the authors consider optimal decision-making using various risk measures
(other than the entropic risk measure) computed under the posterior distribution. The
authors establish several important results, including that the optimal value and decisions
are asymptotically consistent as the sample size tends to infinity, and central limit type
theorem for the optimal values. Moreover, they also assume that X,, are independent and
identically distributed (i.i.d.) samples from P;°, 6, € © C R%

In practice, Bayesian inference is challenging owing to the fact that computing the pos-
terior distribution is intractable. More precisely, computing the integral in the denominator
in (1.4) poses severe computational challenges, thereby rendering the inference problem
in (1.3) (with II as II,,) and (1.5) intractable in general. The works in [12], [15], [36] pre-
sumes that the posterior distribution is actually computable. The authors do not address the
critical computational questions surrounding Bayesian methods or the impact of (inevitable)
computational approximations. As motivated before, in this thesis we address the compu-
tational intractability of the posterior distribution by using an optimization-based posterior

approximation technique VI instead of sampling-based methods.
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In particular, in Chapter 2 we introduce a novel computationally tractable framework
which we call risk-sensitive variational Bayes (RSVB) to approximate (1.5) when the dis-
tribution over parameter 6 is the posterior distribution. The proposed general framework
can be used to extract computational methods for doing risk-sensitive approximate Bayesian
inference. We show that our general framework includes two well known computational al-
gorithms for doing approximate Bayesian inference viz. naive VI (NVB) and loss-calibrated
VI (LCVB) [10]. We also study the impact of RSVB computational approximations on the
predictive performance of the inferred decision rules and values. We show that the RSVB
approximate posterior and the corresponding optimal value and decision rules are asymptot-
ically consistent, and we also compute their rate of convergence. We establish these result
under regularity conditions that do not require X,, to be i.i.d. samples from Pg,0p € ©, and
where © can be any arbitrary model space with norm. We illustrate our theoretical findings
in both parametric as well as nonparametric setting with the help of three examples: the
single and multi-product newsvendor model and Gaussian process classification. Further-
more, in Chapter 3 we establish asymptotic guarantees on the decision rules computed using

LCVB approximation method under relatively milder set of assumptions when © C R

1.2 Stochastic Programs with Epistemically Uncertain Constraints

Recall (TP), stated here again,

minimize R(a,0) (TP)

st gi(a,0) <0, 1i€{1,2,3,...,m}.

Since the model parameters are unknown, we again adopt a Bayesian approach and model the

epistemic uncertainty over the parameters # by computing a posterior distribution II(6]X,,).
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We approximate the true problem (TP), using the posterior distribution, with the following

joint chance-constrained problem:

minimize Epy %, [R(a, 0)] (BJCCP)
st. 1 (gi(a,0) <0, i€ {1,2,3,...,m}|X,) > B,Va € A,

where 5 € (0,1) is the specified confidence level desired by the decision DM based on the
requirement, usually g > % We provide a supporting example in Chapter 4 to motivate
the chance-constrained formulation as opposed to using expectations, in which case the con-
straints are only satisfied on an average. To the best of our knowledge, Bayesian models
of data-driven chance constrained optimization have not been considered before in the lit-
erature. On the other hand, we note that there is precedence for Bayesian formulations of
data-driven stochastic optimization problems studied in [15], [37]-[39].

We would also like note that (BJCCP) is fundamentally different from the usual stochastic

programs with chance constraints [2]. In particular, the objective there is to solve the

following problem using samples from the unknown data generating distribution Py,

minimize Ep, [((a, )] (JCCP)

st Py, (Qi(a,f) <0,i€e{1,2,3,... ,m}|f(n) > a,Va € A,

for some fixed mappings gi(-,-) and a € (0,1). There is an extensive literature on data-
driven methods for solving (JCCP), specifically scenario-based (SB) approaches [40]-[42],
distributionally robust optimization (DRO) [40], [43]-[45] and sample average approxima-
tion (SAA) [46], [47]. We direct the reader to the excellent recent review paper [48] for
a comprehensive overview of the literature on data-driven chance constrained optimization
to solve (JCCP). In particular, we observe that the ambiguity set in DRO quantifies the
epistemic uncertainty when ‘centered’ (defined, for instance, through the Wasserstein met-
ric) around the empirical measure, which converges to the data-generating measure in the
large sample limit; see [49] which establishes the consistency of chance-constrained DRO

with Wasserstein ambiguity sets. This highlights an important difference with our current
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setting, where the posterior distribution (or its approximation) is used as a quantification of
the epistemic uncertainty about the ‘true’ parameter 6y, and is shown to weakly converge to
a Dirac delta distribution concentrated at 6y as the number of samples n tends to infinity.
Recall that computing posterior distributions is challenging and mostly intractable, and
is typically approximated using MCMC or VI methods. As noted before, MCMC methods
have their own drawbacks like poor mixing, large variance, and complex diagnostics, which
have been the usual motivation for using VI [50]. Here, we provide another important mo-
tivation for using VI in the chance-constrained Bayesian inference setting. In particular, we
present an example (motivated from [51]) where a sampling based approach to approximate
the chance-constrained convex feasibility set (constraint set) in (BJCCP), results in a non-
convex approximation; whereas an appropriate VI approximation retains its convexity (for
an appropriate choice of variational family). Therefore, we approximate (BJCCP) using a

VI approximate posterior Q*(0|X,,) to I1(|X,,) as:

minimize Eq. g x,)[R(a, 0)] (VBJCCP)
st Q* (gi(a,e) <0,i€e{1,2,3,... ,m}|)~(n> > 3,Va € A.

However, since VI posterior can be a biased approximation to the true posterior and thus
may result into an approximate feasible set which could include infeasible points. Therefore,
it is important to study the consistency properties of the feasible set, the optimal values
and solutions of (VBJCCP) with respect to the sample size n. Consequently, in Chapter 4
we study (VBJCCP) approximation of the true stochastic programming problem when the
model parameters are unknown. We show that the optimal value of (VBJCCP) are consistent
with the optimal value of (TP). More precisely, we show that the optimal value computed in
(VBJCCP) converges to the true optimal value as the number of samples tends to infinity.
We augment this by also establishing a probabilistic rate of convergence of the optimal
value. We also provide bounds on the probability of qualifying a true infeasible point (with
respect to the true constraints) as feasible under the VI approximation for a given number of
samples. Finally, we demonstrate the utility of our approach on an optimal staffing problem

for an M/M/c queueing model.
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1.3 Variational Bayesian Inference - Beyond KL divergence

Recall that the high level idea behind VI is to approximate the intractable posterior
I1(6|X,,) with an element Q(f) of some simpler class of distributions Q known as variational
family. The variational solution Q*(#|X,,) is the element of Q that is closest to II(6|X,,),
where closeness is measured in terms of the KL divergence. Thus, Q*(A|X,,) is the solution

to:
Q*(01X,) = argming o KL(Q(0)||11(0]X,)). (1.6)

Despite its popularity, classical VI (KLVI) has a number of well-documented limitations.
An important one is its tendency to produce approximations that under estimate the spread
of the posterior distribution [52]-[55]: in essence, the KLVI solution tends to match closely
with the dominant mode of the posterior. This arises from the choice of the divergence
measure KL(Q(0)||TI(A]X,)) := Eq[log(dQ(#)/dI1(#|X,,))], which does not penalize solutions
where dQ(6) is small while dI1(#|X,,) is large. While many statistical applications only focus
on the mode of the distribution, definite calculations of the variance and higher moments
are critical in predictive and decision-making problems.

A natural solution is to consider different divergence measures than those used in varia-
tional Bayes. Expectation propagation (EP) [54] was developed to minimize Ey, [log(I1,/Q)]
instead, though this requires an expectation with respect to the intractable posterior. Conse-
quently, EP can only minimize an approximation of this objective. Moreover, there are some
extensions of EP with alternate divergence measures [56], [57].The authors in [58] replaces KL
divergence in EP to xy?—divergence to compute variational approximations that significantly
improve upon the KLVI and EP in accurately approximating the posterior variance.

More recently, Rényi’s a-divergence [59] has been used as a family of parameterized
divergence measures for variational inference [52], [60]. The a-Rényi (o > 1) approximate

posterior Q*(6|X,,) is defined as

Q;(6]1X,.) = argmingo Do (T1(01X,)[Q(6))
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where D, (P(y)[|Q(y)) = =15 log [ dP(y) (Zggg;)a. Unlike KLVI approximate posterior, the
a—Rényi approximate posterior does not underestimate the posterior variance, resulting in
predictions that captures the high-risk regions in the support of the posterior [52]. Since,
a DM is ultimately interested in using a—Rényi approximate posterior for approximate
Bayesian inference, establishing its large sample properties will help in analyzing the pre-
dictive performance of the inferred decision rules. In fact, our statistical consistency results
in Chapter 4, for the KLVI approximate posterior can be easily extended to the a—Rényi
approximate posterior. Moreover, a-Rényi divergence minimization has empirically demon-
strated very promising results for a number of machine learning applications [52], [60].

In recent work, Zhang and Gao [61] have shown conditions under which a-Rényi vari-
ational methods are consistent when « is less than one. The setting with « greater than
1 is qualitatively different from both KL and Rényi divergence with o < 1 and the re-
sults in Zhang and Gao [61] does not extend to this setting. Consequently, in Chapter 5,
we address the question of asymptotic consistency of the approximate posterior distribu-
tion obtained by minimizing the a—Rényi divergence for « > 1. Our primary result
identifies sufficient conditions under which consistency holds, centering around the exis-
tence of a ‘good’ sequence of distributions in the approximating family. Furthermore, since
D, (H(9|Xn)||Q(9)) — KL (H(9|XH)HQ(9)), as @ — 1, we recover the asymptotic con-
sistency of the EP approximate posterior from our results on the consistency of a-Rényi

approximate posterior.
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2. RISK-SENSITIVE VARIATIONAL BAYES

This chapter focuses on a risk-sensitive Bayesian formulation of the data-driven decision-

making problem of the form

1
min oy, (R(a,)) = ;log En, [exp(vR(a,0))], (SO)

where A C R® (s > 1) is the decision/action space, 6 is a random model parameter lying
in an arbitrary measurable space (0,7) distributed according to I, the Bayesian poste-
rior distribution over the parameters II,(d) := II(|X,), and R(a,6) : A x © — R is a
problem-specific model risk function. The scalar v € R is user-specified and characterizes
the sensitivity of the decision-maker (DM) to the distribution II,,. A prior probability distri-
bution I1(#) capturing the subjective belief of the decision maker is posited over 6, and that
belief is updated according to Bayes rule to compute a posterior distribution II,,(0) over the
parameters using a set of n observations X,, = {&1,...,&,} sampled from a data-generating

distribution P with density py. Mathematically, the posterior distribution is defined as

X0) (2.1)

dII(0]X,,) = i ol

dI1(0)py
Jo dI1(0)
where p(X,,) is the likelihood of observing X,,.

The functional p? is also known as the entropic risk measure, and models a range of
risk-averse or risk-seeking behavior in a succinct manner through the parameter «. Consider
only strictly positive ~y, and observe that

lim i log En, [exp(7R(a, 0))] = En, (R(a.0));

70

that is, there is no sensitivity to potential risks due to large tail effects and the decision-maker

is risk neutral. On the other hand,

lim oy (R(a,#)) = esssup(R(a,0)),

y—+o00 I,
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where esssup is the essential supremum of the model risk R(a, ). In other words, a decision
maker is completely risk averse and anticipates the worst possible realization (II,-almost
surely). While similar conclusions can be drawn when ~ < 0, resulting in risk-seeking
behavior, we restrict ourselves to v > 0 in this thesis. Observe that (SO) strictly generalizes
the standard Bayesian decision-theoretic formulation of a decision-making problem, where
the goal is to solve minge 4 Epy, [R(a,0)]. Furthermore, it also coincides with other risk-
based Bayesian methods, such as the penalized posterior variance method studied in [12]
for solving the Markowitz portfolio optimization problem, under certain parameterizations.
More precisely, for R(a,8) = op, (£(a,§)) (for any loss function £(-,-)) and small, but strictly
positive v, a Taylor expansion of gf; (R(a,)) straightforwardly shows that (SO) is equivalent
to problem (3.1) in [12].

The risk-sensitive formulation (SO) is very general and can be used to model a wide
variety of decision-making problems in operations research/ management science [19], [62],
[63], simulation optimization [15], [64], and finance [12], [65], [66]. Moreover, it presents a
natural way to address epistemic model uncertainty by being Bayesian and risk sensitive. Our
approach can be an alternative to distributional robust optimization (DRO) framework [13],
where the decision maker models the ambiguity in the choice of distributions by being robust
against the unknown data generating distribution (or model).

Although versatile, solving (SO) to compute an optimal decision over A is challenging.
The difficulty mainly lies in computing the denominator in (2.1) for any given prior distri-
bution (except conjugate priors) that makes the posterior distribution intractable. The use
of conjugate priors is restrictive and moreover, for many important likelihood models, they
often do not exist. Canonically, posterior intractability is addressed using either a sampling-
or optimization-based approach. Sampling-based approaches, such as Markov chain Monte
Carlo (MCMC), offer a tractable way to compute the integrals and theoretical guarantees of
exact inference in the large computational budget limit. However, these asymptotic guaran-
tees are offset by issues like poor mixing, large variance and complex diagnostics in practical
settings with finite computational budgets.

In response, optimization-based methods such as variational Bayes (VB) or variational

inference (VI) have emerged as a popular alternative [67]. The VB approximation of the true
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posterior is a tractable distribution, chosen from a ‘simpler’ family of distributions (known as
variational family) by minimizing the discrepancy between the true posterior and members
of that family. Kullback-Liebler (KL) divergence is the most often used measure of the
approximation discrepancy, although other divergences (such as the a-Rényi divergence [30],
[52], [53]) have been used. The minimizing member (termed the VB approximate posterior)
can be used as a proxy for the true posterior. Empirical studies have shown that VB
methods are computationally faster and far more scalable to higher-dimensional problems
and large datasets. Theoretical guarantees, such as large sample statistical inference, have
been a topic of recent interest in theoretical statistics community. Asymptotic properties
such as convergence rate and asymptotic normality of the VB approximate posterior have
been established recently in [28], [68] and [27] respectively.

Our ultimate goal is not to merely approximate the posterior distribution, but to also
make decisions when that posterior is intractable. A naive approach would be to plug in the
VB approximation in place of the true posterior in (SO) and compute the optimal decision.
However, it has been noted in [10] that such a loss unaware (or ‘naive’) approach can be
‘suboptimal’. In particular, [10] demonstrated, through an example, that a naive posterior
approximation only captures the most dominant mode of the true posterior which may not
be relevant from decision-making perspective. Consequently, they proposed a loss-calibrated
variational Bayesian (LCVB) algorithm for solving Bayesian decision making problems where
the underlying risk function is discrete. [11] extended their approach to continuous risk func-
tions. Despite these algorithmic advances in developing decision-centric variational Bayesian
methods, their statistical properties such as asymptotic consistency and convergence rates of
the loss-aware posterior approximation and the associated decision rule are not well under-
stood. In fact, it is not even clear that the convergence rates of VB approximate posterior
established in [28], [68] can be used to establish statistical guarantees on the decision rules
learnt using the naive approach. With an aim to address these gaps, we summarize our

contribution in this chapter below:

1. We introduce a minimax optimization framework titled ‘risk sensitive variational Bayes’

(RSVB), extracted from the dual representation of (SO) using the so-called Donsker-
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Varadhan variational free-energy principle [69]. The decision-maker computes a risk-
sensitive approximation to the true posterior (termed as RSVB posterior) and the
decision rule simultaneously by solving a minimax optimization problem. Moreover,
for v — 0" and v = 1, we recover the naive and LCVB approaches as special cases of

RSVB.

2. We identify verifiable regularity conditions on the prior, likelihood model and the risk
function under which the RSVB posterior enjoys the same rate of convergence as the
true posterior to a Dirac delta distribution concentrated at the true model parameter
0y, as the sample size increases. Using this result, we also prove the rate of convergence
of the RSVB decision rule, when the decision space A is compact. Moreover, our
theoretical results directly imply the asymptotic properties of the LCVB posterior and
the associated decision rule. It is also worth noting that our results are applicable to
non-parametric problems such as Gaussian process classification, where the parameter
space is infinite-dimensional, as well as non independent and identically distributed
data generating processes. Moreover, our analysis also recovers consistency and rate of

convergence of decision-rules under the ‘true’ posterior distribution as a special case.
3. We demonstrate our theoretical results with help of three applications:

(a) First, we consider the classic single-product newsvendor problem and verify all
the regularity conditions required to establish the convergence rate of the RSVB
posterior and the decision rule. We recover the frequentist rate of convergence /n
upto logarithmic factor. Moreover, we present simulation results demonstrating

the interplay between the risk-sensitive parameter v and number of samples n.

(b) Second, we consider the multi-product newsvendor problem and establish the rate
of convergence of the corresponding RSVB posterior and decision rule. Here also,

we recover the frequentist rate of convergence /n upto logarithmic factor.

(c) Finally, we consider a binary Gaussian process classification problem, where the
model parameter  lie in a set of continuous functions on a compact subset of

RY. We construct a wavelet prior and prove all the regularity conditions and
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compute the rate of convergence of the RSVB posterior (on function space) and
the decision rule. The rate of convergence of the RSVB posterior matches to that
of the true posterior as established in Vaart and Zanten [70, Theorem 4.5] for the

same wavelet, prior.

In our theoretical analyses, we mainly establish three important results. First, in Theo-
rem 2.3.1, we compute a bound on the expected distance of a model from the true model,
where expectation is taken with respect to the RSVB posterior. The bound depends on the
risk sensitivity parameter v and the number of samples n, and is a sum of two terms: first one
quantifies the rate of convergence of the true posterior and the second one is a consequence of
the variational approximation. We further establish regularity conditions on the variational
family to compute the rate of convergence of the second term in the bound. In the next two
results, we use Theorem 2.3.1 to derive high probability bounds on the optimality gaps in
values (Theorem 2.3.2) and decisions (Theorem 2.3.3) computed using the RSVB approach.
We define optimality gap in decisions as the deviation of the true optimal decision (when
true model is known) from the RSVB decision and define optimality gap in values as the
absolute difference between oracle risk R(-,0y) evaluated at true and RSVB decision rules.
In our simulation results, we first demonstrate the consistency of the RSVB decision with
respect to n for various values of v. We then demonstrate the effect of changing v on the
optimality gaps and the variance of the RSVB posterior for a given n. In particular, we
observe that for smaller n, increasing v (after a certain value) result into a significantly more
risk-averse decision, however the effect of increasing v on risk-averse decision-making reduces
as n increases.

Here’s a brief roadmap for the rest of the chapter. In the next section we provide a liter-
ature survey of relevant results from machine learning, theoretical statistics and operations
research, placing our results in appropriate context. In Section 2.2, we present the problem
formulation and introduce RSVB framework with relevant notations, definitions and regular-
ity conditions. We develop our theoretical results in Section 2.3. Thereafter, in Section 2.4,
we discuss naive and loss-calibrated VB as special cases of RSVB. We then illustrate the

bounds obtained in Section 2.3 by specializing the results to the single and multi-product
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newsvendor problem and Gaussian process classification problem in Section 2.5 and also

present some numerical results. We end with concluding remarks in Section 6.

2.1 Existing literature and our work

Our work fits in with a growing body of work in operations research that lies at the
intersection of decision-making under uncertainty and statistical estimation. Our results are
also aligned with recent developments of a rigorous theoretical understanding of variational

Bayesian methods in statistics and machine learning.

2.1.1 Operations research literature

The primary goal in data-driven decision-making is to learn empirical decision-rules (or
predictive prescriptions as Bertsimas and Kallus [71] term them) a*(X,) that prescribes a
decision, given an observation of the covariates X,,. Early work in this direction, including
classic work by Herbert Scarf on Bayesian solutions to the newsvendor problem [72], focused
on two-stage solutions - estimation followed by optimization. Our setting is most related to
recent work on Bayesian risk optimization (BRO) in [15], [36]. In BRO, the authors consider
optimal decision-making using various coherent risk measures computed under the posterior
distribution. The authors establish several important results, including that the optimal
values and decisions are asymptotically consistent as the sample size tends to infinity, and
central limit theorems for these quantities. However, there are substantial differences with
our work. First, all of the analysis in Wu, Zhu, and Zhou [15] presumes that the posterior
risk measures are actually computable. The authors do not address the critical computa-
tional questions surrounding Bayesian methods or the impact of (inevitable) computational
approximations on BRO — indeed, this is not their focus. Second, extended coherent risk
measures are not considered (in particular, the log-exponential risk measure used here), and
it is unclear if the asymptotic results continue hold otherwise. Third, while we use a risk
measure to derive the computational framework (RSVB), the focus in Wu, Zhu, and Zhou

[15] is purely on the analytical properties of optimal decisions.
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More recently, there has been significant interest in methods that use empirical risk min-
imization (ERM) or sample average approximation (SAA) for directly estimating decision-
rules that optimize Monte Carlo or empirical approximations [71], [73]-[78]. The survey
by Homem-de-Mello and Bayraksan [79] consolidates recent results on Monte Carlo meth-
ods for stochastic optimization. It is important to note that this recent surge of work in
data-driven decision-making has largely focused on explicit black-box models. On the other
hand, there are many situations where optimal decisions must be made in the presence of
a well-defined parametrized stochastic model. Bayesian methods are a natural means for
estimating distributions over the parameters of a stochastic model; though, as noted before,
the computational complexity of Bayesian algorithms can be high. The interplay between
optimization and estimation, in the sense of discovering predictive prescriptions for Bayesian
models has largely been ignored. Furthermore, as Liyanage and Shanthikumar [80] show in
the newsvendor context, SEO methods can be suboptimal in terms of expected regret and
long-term average losses. Liyanage and Shanthikumar [80] introduced operational statistics
(OS) as an alternative to SEO (see [19], [81] as well), whereby the optimal empirical order
quantity is determined as a function of an optimization parameter that can be determined for
each sample size. OS has demonstrably better performance, especially on single parameter

newsvendor problems (though there is much less known about its statistical properties).

2.1.2 Statistics and machine learning literature

Lacoste-Julien, Huszar, and Ghahramani [10] observe that calibrating a Gaussian process
classification algorithm to a fixed loss function can improve classification performance over
a loss-insensitive algorithm — indeed, this is the first documented presentation of the LCVB
algorithm. Similarly, surrogate loss functions [82], [83] that are regularized upper bounds
that depend on the cost function, also implicitly loss-calibrate frequentist classification algo-
rithms. While standard VB methods for posterior estimation have been extensively used in
machine learning [67], it is only recently that the theoretical questions surrounding VB have
been addressed. In particular, we note [27] who prove asymptotic consistency of VB in the

large sample limit, Zhang and Gao [28] and Pati, Bhattacharya, and Yang [68] on the other
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hand establish bounds on the rate of convergence of the VB posterior to the ‘true’ posterior
providing a more refined analysis, and [30] where asymptotic consistency of a-Rényi VB
was demonstrated. Our analysis in this chapter, extends these results to establish conver-
gence rates of the approximate posterior and learnt decision rules in risk-sensitive variational
Bayesian decision-making framework. These bounds, in turn, are complementary to large

sample analyses in Jaiswal, Honnappa, and Rao [84].

2.2 Problem Setup

Let £ € X C R™ represent an R™-valued random variable, with density p(-|f) associated
with the distribution/model Py with parameter § € ©. Let (®, X,S™, P}') be a measure
space with sigma-algebra S™ generated by @,, X, where, in general, ®),, A denote the n-fold
product of a set A. Let X, := {&,...,&,} represent a set of n samples from the true model

B} with parameter 6, € ©. Denoting the likelihood of observing X, as pg(Xn) and the prior

P2 (X5, )dII(6)
e e also

write I1(|X,,) as II,, for brevity. Moreover, we denote the corresponding prior and posterior

distribution TI(6), we define the posterior distribution as dI1(0|X,) =

density (if they exist) as 7(-) and m(-| X,,).
As noted in the introduction, our objective is to optimize the posterior log-exponential

or entropic risk measure of R(a,f), that is

1
H’éi} ok (a) = —logEp, [e"*?)], where v € R. (SO)
@ v

In practical settings, the posterior H(G\Xn) typically cannot be easily computed, and
decision makers are often led to restrictive modeling choices such as assuming the likelihood
function has a conjugate prior. Indeed, one might argue that this is a predominant reason
Bayesian methods are not widely used in operations research and engineering. Nonetheless,
incorporating non-conjugate priors and complicated likelihood functions is critical for real-
izing the full utility of decision-theoretic Bayesian methods - however this entails the use
of computational approximations. Therefore, in the next paragraph we introduce a frame-
work from which can be extracted computational methods for approximately computing and

optimizing posterior decision risk.
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2.2.1 Risk-Sensitive Variational Bayes

Our approach exploits the dual representation of the log-exponential risk measure in (SO),
which is convex (or extended coherent) [85], [86]. From the Donsker-Varadhan variational

free energy principle [69], [87]-[89] we observe that,

mingea {Eo[R(a, 0)] — LKL(Q||IL, 0,
i ) = gem {EqlR(a,0)] - KL(Q|IT)} v < V)
maxqem {EqlR(a, 0)] = AKL(Q|IIL.)} 7 >0,

where M is the set of all distribution functions that are absolutely continuous with respect to
the posterior distribution II,, and ‘KL’ represents the Kullback-Leibler divergence. Formally,
for any two distributions P and ) defined on measurable space (0,7 ) , the KL divergence

is defined as

Jo dQ(8)log G it Q < P,

o0 otherwise ,

KL(Q||P) = (2.2)

where () < P denotes that measure () is absolutely continuous with respect to P. Notice
that this dual formulation exposes the reason we choose to use the log-exponential risk — the
right hand side provides a combined assessment of the risk associated with model estimation
(computed by the KL divergence KL(Q||II,)) and the decision risk under the estimated
posterior () (computed by Eg[R(a,0)]).

In this thesis, we restrict our analyses to the risk-averse case, that is v > 0. However, it
can be extended easily to the case when v < 0 to obtain similar theoretical insights.

As stated above, the reformulation presented in (DV) offers no computational gains.
However, restricting ourselves to an appropriately chosen subset @ C M, that consists
of distributions where the integral E,[R(a, )] can be tractably computed, we immediately

obtain a risk-sensitive variational Bayesian (RSVB) formulation of (DV):

ikgEnnkﬂqu;zggg{EQuameﬂ——iKL«muu>}=xfﬂu@0xxaxm, (RSVB)
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RSVB is our framework for data-driven risk-sensitive decision-making. The family of dis-
tributions @ is popularly known as the wariational family. The choice of the family Q,
disutility/ risk R, and parameter v encodes specific problem settings. Our analysis in subse-
quent Section 2.3.1 below reveals general guidelines on how to choose Q that ensures a small
optimality gap (defined below) with high probability.

With an appropriate choice of Q, the optimization on the RHS can yield a good approx-
imation to the log-exponential risk measurement on the left hand side (LHS). For brevity,

for a given a € A we define the RSVB approximation to the true posterior IT(6|X,,) as
Qs (01X,) == argmax{Q € Q: F(a; Q(-), Xn, 1)}
and the RSVB optimal decision as
aps = argmin,c 4 F(a; Q; (0] X,), Xo, 7).

Observe that QZ}7(0|X}L) and a’ are random quantities, conditional on the data X,,. Intu-
itively, it can be observed that the risk averseness of a;q increases with increase in v. To
observe this consider the RSVB formulation and note that KL > 0, therefore as v increases
there is more incentive to deviate from the true posterior and choose () € Q that maxi-
mizes expected risk for a given a € A. Consequently as 7 increases, the RSVB decision rule
becomes more risk-averse.

Examples of Q include the family of Gaussian distributions, delta functions, or the family
of factorized ‘mean-field’ distributions that discard correlations between components of 6.
The choice of Q is decisive in determining the performance of the algorithm. In general,
however the requirements on Q are minimal, and part of the analysis in this chapter is to
articulate sufficient conditions on Q that ensure small optimality gap (defined below) for
the optimal decision, azg. This establishes the “statistical goodness” of the procedure as
number of samples increase. In this chapter, we analyze the efficacy of the decision rules
obtained using the RSVB approximation, by providing finite sample probabilistic bounds on
the optimality gap. We define the optimality gap for any a € A with value V' = R(a, ) as,
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Definition 2.2.1 (Optimality Gap). Let V' := minge 4 R(a, 60y) and af := argming 4R(a, 6))
be the optimal value and decision respectively for the true model parameter 6y. Then, the
optimality gap in the value is the difference V- — V', and the optimality gap in decision

variables is ||afy, — al|, where || - || is the Euclidean norm.

A similar performance measure was used in [11], to measure the effectiveness of loss-
calibrated VB (LCVB) approach, which can be obtained by setting v = 1, as a special case
of our RSVB formulation. Nonetheless, in Section 2.4, we discuss two well-known variational
Bayesian algorithms (one of them is LCVB) for decision making, which are special cases of
RSVB. Moreover, we establish bounds on their respective optimality gaps as a corollary to
the bounds derived for RSVB.

Note that the RSVB algorithm described above is idealized — clearly the objective F(a;
Q(-), X,, ) cannot be computed since it requires the calculation of the posterior distribution
— the very object we are approximating! Note, however that optimizing F(a; Q(-), Xn,7) is
equivalent to optimizing {vEq[R(a, 0)]—KL(Q(0)||P(#, X,.))}, where P(0, X,,) is known, and
for which the optimizers are the same. Since our focus is on bounding the optimality gap,
in the remainder of the chapter any reference to the RSVB algorithm is an allusion to the
idealized objective F(a; Q(-), Xn, 7).

In the following section, we lay down important assumptions and definitions used through-

out the chapter to establish our theoretical results.

2.2.2 Notations and Definitions

We provide the definitions of important terms used throughout the chapter. First, recall

the definition of covering numbers:

Definition 2.2.2 (Covering numbers). Let P := {F,,0 € ©} be a parametric family of
distributions and d : P x P+ [0,00) be a metric. An e—cover of a subset Py := {Pp :
0 € K C ©} of the parametric family of distributions is a set K C K such that, for
each 0 € K there exists a 8 € K that satisfies d(FPy, Py) < €. The e—covering number of
Px is N(¢,Pk,d) = min{card(K) : K is an e—cover of K}, where card(-) represents the

cardinality of the set.
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Next, recall the definition of a test function [32]:

Definition 2.2.3 (Test function). Let X,, be a sequence of random variables on measurable
space (R1*™ S™). Then any S™-measurable sequence of functions {¢n}, ¢n : X, = [0,1] Vn €
N, is a test of a hypothesis that a probability measure on 8™ belongs to a given set against
the hypothesis that it belongs to an alternative set. The test ¢, is consistent for hypothesis
F§ against the alternative P™ € {Pj' : 0 € ©\{0o}} if Epn[dn] = ligcorio,31(0),V0 € © as

n — oo, where 1¢y is an indicator function.

A classic example of a test function is ¢X° = Liks,>k,}(6) that is constructed using
the Kolmogorov-Smirnov statistic KS,, := sup, |F,(t) — Fy(t)|, where F,(t) and Fy(t) are
the empirical and true distribution respectively, and K, is the confidence level. If the null
hypothesis is true, the Glivenko-Cantelli theorem [90, Theorem 19.1] shows that the KS
statistic converges to zero as the number of samples increases to infinity.

Furthermore, we define the Hellinger distance between two measures Py, and P, as

Definition 2.2.4 (Hellinger distance). The Hellinger distance h(601,6,) between the two prob-
1/2
ability distributions Py, and Py, is defined as dg(01,05) = ( (w/dPg1 \/dPQQ) >

We define the one-sided Hausdorff distance between sets A and B in R® as:
Definition 2.2.5 (Hausdorff distance). The one-sided Hausdorff distance H(A|B) between

sets A and B in a metric space D with distance function d is defined as:

H(A||B) = supdp(x, B), where d(x, B) = ireljf3 d(z,y).
y

T€EA

Next, we define an arbitrary loss function L, : © x © +— R that measures the distance
between models (Pg, Pl )V{0:1,0;} € ©. At the outset, we assume that L, (6, 0;) is always

positive. We use the following ‘control sequence’ to establish our probabilistic bounds.

Definition 2.2.6 (Control Sequence). {¢,} is a sequence such that €, — 0 as n — 0o and

ne% > 1.
We also define
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Definition 2.2.7 (I'—convergence). A sequence of functions F, : U — R, for each n € N,

['—converges to F : U — R, if
o for every u € U and every {u,,n € N} such that u, — u, F(z) < liminf, . F,(u,);
o foreveryu € U , there exists some {u,,n € N} such that u,, — u, F(z) > limsup,,_, ., Fn(uy).
In addition, we define

Definition 2.2.8 (Primal feasibility). For any two functions f : U — R and b: U — R, a

point u* € U is primal feasible to the following constraint optimization problem
1r€1£f(u) subject to b(u) < c,
if b(u*) < ¢, for a given c € R.

2.2.3 Assumptions

In order to bound the optimality gap, we require some control over how quickly the
posterior distribution concentrates at the true parameter 6. Our next assumption in terms
of a verifiable test condition on the model (sub-)space is one of the conditions required to

quantify this rate.

Assumption 2.2.1 (Model indentifiability). Fiz n > 1. Then, for any ¢ > €, in Defini-
tion 2.2.6, 3 a test function ¢, : X, — [0,1] and sieve set O, () C © such that

(i) Epp[dn,e] < Coexp(—Cne?), and (i) sup Epp[l — ¢nel < exp(—Cne?).
{0€6,,(€):Ln(0,00)>Cine?}

Observe that Assumption 2.2.1(i) quantifies the rate at which a type 1 error diminishes
with the sample size, while the condition in Assumption 2.2.1(ii) quantifies that of a type 2
error. Notice that both of these are stated through test functions; indeed, what is required are
consistent test functions. Opportunely, [91, Theorem 7.1] (stated below in Lemma 2.3.1 for
completeness) roughly implies that a bounded model subspace { P, 0 € ©} (the size of which

is measured using covering numbers) guarantees the existence of consistent test functions,
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to test the null hypothesis that the true parameter is 6, against an alternate hypothesis —
the alternate being defined using the ‘distance function’ L, (6;,602). Subsequently, we will
use a specific distance function to obtain finite sample bounds for the optimality gap in
decisions and values. In some problem instances, it is also possible to construct consistent
test functions directly without recourse to Lemma 2.3.1. We demonstrate this in Section 2.5.1
below.

Next, we assume a condition on the prior distribution that ensures that it provides

sufficient mass to the set ©,(¢) C O, as defined above in Assumption 2.2.1.

Assumption 2.2.2. Fizn > 1. Then, for any € > €, in Definition 2.2.6 the prior distribu-

tion satisfies
I1(©¢ (¢)) < exp(—Cne?).

Notice that Assumption 2.2.2 is trivially satisfied if ©,(¢) = ©. The next assumption
ensures that the prior distribution places sufficient mass around a neighborhood — defined

using Rényi divergence — of the true parameter 6,.

Assumption 2.2.3 (Prior thickness). Fiz n > 1 and a constant A > 0. Let A, = {0 €

A
n n n mn o— ary n y 5, y
O : Dy (PP < anei}, where Dy (PY|Py) == log [ (dPZ”) dP} is the Rényi
Divergence between B and Py, assuming F§ is absolutely continuous with respect to Pp.

The prior distribution satisfies
II(A,) > exp(—nCye?).

Notice that the set A, defines a neighborhood of the distribution corresponding to #y in
the model subspace {FP} : § € ©}. The assumption guarantees that the prior distribution
covers this neighborhood with positive mass. This is a standard assumption and if it is
violated then the posterior too will place no mass in this neighborhood ensuring asymptotic
inconsistency. The above three assumptions are adopted from [91] and has also been used
in [28] to prove convergence rates of variational posteriors. Interested readers may refer

to [91] and [28] to read more about the above assumptions.
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It is apparent by the first term in (RSVB) that in addition to Assumption 2.2.1, 2.2.2,
and 2.2.3, we also require regularity conditions on the risk function R(a,-). Thus, the next

assumption restricts the prior distribution with respect to R(a, ).

Assumption 2.2.4. Fixn > 1 and v > 0. For anye > ¢,, a € A,

EH[l{wR(a,e)>C4(v)ne2}ewR(a’6)] < exp(—Cs(y)ne®),

where Cy(7y) and Cs(vy) are scalar positive functions of 7.

Note that the set {yR(a,6) > C4(y)ne*} represents the subset of the model space where
the risk R(a, d) (for a fixed decision a) is large, and the prior is assumed to place small mass

over such sets. Moreover, using Cauchy-Schwarz inequality observe that

a 1/2 a 1/2
Enl1(m0>crnere™ ] < (EulLpraoscimney]) - (Eule” )

S e—C’4 (W)nefl EH [GQWR(Q,H)} ’

which implies that if the risk function is bounded in (a,#), then above condition can be
trivially satisfied. Finally, we also require the following condition lower bounding the risk

function R.

Assumption 2.2.5. R(a,0) is assumed to satisfy

W := inf inf ef@9 > 0.
€O ac A

Note that any risk function which is bounded from below in both the arguments satisfies
this condition. Furthermore, following [92] we define a growth condition on the ‘true’ risk

function R(a,6)).
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Assumption 2.2.6 (Growth condition). Let ¥(d) : [0,00) — [0,00) be a growth function
if it is strictly increasing as d — oo and limg_,o W(d) = 0. Then for any A C A, R(a,0)

satisfies a growth condition with respect to V(-), if

R(a,by)) > inf R(z,0y) + ¥ (H (A,arg min R(z,90)>> : (2.3)
z€A zeA

The growth condition above is a generalization of strong-convexity. Indeed, if the true
risk is strongly convex, then this condition is automatically satisfied.
In the next, section we derive finite sample bounds on the optimality gap in values and

decisions, by proving a series of results.

2.3 Asymptotic Analysis of the Optimality Gaps

In this section, we establish high-probability bounds on the optimality gap in values
and decision rules computed using RSVB approach for sufficiently large n. Our results in
here identify the regularity conditions on the data generating model { P}, 6 € O}, the prior
distribution II(#), the variational family Q, the risk function R(a,6) to compute the bounds.

We can now state our first result, establishing an upper bound on the expected deviation
from the true model P,, measured using distance function L,(-,6), under the RSVB ap-
proximate posterior. We also note that the following result generalizes Theorem 2.1 of [28],
which is exclusively for the case when v — 0%. However, the proof techniques are motivated

from the proof of Theorem 2.1 in [28].

Theorem 2.3.1. Fiza € Aand~y > 0. Forany L,(0,0y) > 0, under Assumptions 2.2.1, 2.2.2, 2.2.3,
2.2.4, and 2.2.5, and for min(C, Cy(y) + C5(7)) > Cy 4+ C5 + Cy(y) + 2 and

W) = = dnk Ery [KL(QW)ITIOIX,)) — - inf EqlR(a,0)]]

the RSVB approximator of the true posterior QZ‘W(H\XTL) satisfies,

Ery | [, L0004, (61| <0 (M) + M) (24)
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for a positive mapping M(vy) = 2(Cy1 + MCy(v)) , where M = % , for sufficiently

large n.

First recall that €, is the convergence rate of the true posterior [91, Theorem 7.3]. Notice
that the additional term nZ(y) emerges from the posterior approximation and depends on the
choice of the variational family Q, risk function R(-,-), and the parameter 7. The appearance
of this term in the bound also signifies that, to minimize expected gap between true model
and any other model, defined using n~'L, (6, 6,), under the RSVB posterior, the average
(with respect to P') RSVB objective has to be maximized. Later in this section, we specify
the conditions on the family of distributions { P, 8 € ©}, the prior and the variational family
Q that ensure n*(y) — 0 as n — oo. Moreover, we also identify mild regularity conditions
on Q to show that nff(v) is O(€2). Furthermore, we show that as «y increases n%(~y) decreases.
We discuss this result and the bound therein later in the next subsection. Before that, we
establish our main result (the bounds on the optimality gap) using the theorem above.

Since the result in Theorem 2.3.1 holds for any positive distance function, we now fix

2
L,(0,00) =n (sg}i |R(a,0) — R(a, 90)’) : (2.5)
Notice that for a given 6, n='/2,/L,(6,6;) is the uniform distance between the R(a,6) and
R(a, ). Intuitively, Theorem 2.3.1 implies that the expected uniform difference %Ln(Q, 6)
with respect to the RSVB approximate posterior is O(M (y)e2 + MnZ(y)), and if M (y)e2 +
Mnf(y) — 0 as n — oo then it converges to zero at that rate.

Also, note that in order to use (2.5) we must demonstrate that it satisfies Assump-
tion 2.2.1. This can be achieved by constructing bespoke test functions for a given R(a,6).
We demonstrate this approach by an example in Section 2.5.2. Nonetheless, we also pro-
vide sufficient conditions for the existence of the test functions later in the section. These
conditions are typically easy to verify when the loss function R(-,-) are bounded, for instance.

Now, we first bound the optimality gap between R(ajg, 6p) and Vj'.
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Theorem 2.3.2. Fiz v > 0. Suppose that the set A is compact. Then, under Assump-
tions 2.2.1, 2.2.2, 2.2.3, 2.2.4, and 2.2.5, for min(C, Cy(y) + C5(7)) > Co + C5 4+ Cy(y) + 2

| (26)

is at least 1 — 771, for a positive mapping M(y) = 2(Cy + MCy(v)) , where M = %

and for any T > 0, the Pj'— probability of the following event

[N

{Xn : R(ags, 0o) — inf R(z,600) <27 [M(W)Ei + Mnff(v)]

for sufficiently large n.

Next, we bound the optimality gap between the approximate optimal decision rule agg
and the true optimal decision. The bound, in particular, depends on the curvature of R(a, 6;)

around the true optimal decision, defined using the growth condition in Assumption 2.2.6.

Theorem 2.3.3. Fiz v > 0. Suppose that the set A is compact and R(a,0y) satisfies the
growth condition in Assumption 2.2.6, with V(d) such that ¥(d)/d® = k, for any § > 0.
Then, under Assumptions 2.2.1, 2.2.2, 2.2.3, 2.2.4, and 2.2.5, for min(C, Cy(v) + C5(7)) >
Cy+ C3 4+ Cy(y) + 2 and for any 7 > 0, the PJ'— probability of the following event

2 [M()& + Myfi(y)]

K

X, H (a;S(Xn),arg min R(z,00)> <
z€A

is at least 1 — 771, for a positive mapping M(vy) = 2(Cy + MCy(v)) , where M = %
for sufficiently large n.

To fix the intuition, suppose § = 2 and ¥(d) = 5d?, then  represents the Hessian of
the true risk, R(a, ), near its optimizer. It is easy to see from the above result the rate of
convergence of ajg is scaled by a factor k~!. That is, higher the curvature near the optimizer,
the faster ajg converges.

Evidently, the bounds obtained in all three results that we have proved so far depends
on n2(v). Consequently, in the next section, with an aim to understand the properties of
the bounds in Theorem 2.3.1, 2.3.2, and 2.3.3, we prove some of the important properties of

n2(~) with respect to n and ~ under some additional regularity conditions.
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2.3.1 Properties of 7]5(7)

In order to characterize (), we specify conditions on variational family Q such that
nE(y) = O(é?), for some ¢, > ﬁ and €, — 0. We impose following condition on the

variational family Q that lets us obtain a bound on nZ(y) in terms of n and +.

Assumption 2.3.1. There exists a sequence of distribution {q,(-)} in the variational family

Q such that for a positive constant C,

1

n

KL (Qu(0)[IT1(0)) + Eq,0) |KL (dPg (Xa)[[dF5 (X)) || < Coer. (2.7)
If the observations in X,, are i.i.d, then observe that

1 n(y n(y

Equ ) [KL (4P5 (X)) 4P} (%,))] = Eq, o) [KL (dPy) [4P(€))]

Intuitively, this assumption implies that the variational family must contain a sequence
of distributions that converges weakly to a Dirac delta distribution concentrated at the
true parameter 6, otherwise the second term in the LHS of (2.7) will be non-zero. Also
note that the above assumption does not imply that the minimizing sequence QZW(9|X,1)
(automatically) converges weakly to a dirac-delta distribution at the true parameter 6.
Furthermore, unlike Theorem 2.3 of [28], our condition on Q in Assumption 2.3.1, to obtain
a bound on nf( v), does not require the support of the distributions in Q to shrink to the

true parameter 6, at some appropriate rate, as the numbers of samples increases.

Proposition 2.3.1. Under Assumption 2.3.1 and for a constant Cs = — infgeg inf,e 4 Eg[R(a, 0)]
and Cy > 0,
M (v) < yn”'Cs + Coer.

In Section 2.5, we present an example where the likelihood is exponentially distributed,
the prior is inverse-gamma (non-conjugate), and the variational family is the class of gamma
distributions, where we construct a sequence of distributions in the variational family that
satisfies Assumption 2.3.1. We also provide another example where the likelihood is mul-

tivariate Gaussian with unknown mean and variational family is uncorrelated Gaussian re-
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stricted to compact subset of R? with an uniform prior on the same compact set satisfy
Assumption 2.3.1.

By definition €2 — 0 and ¢, — 0 as n — oo, and therefore it follows from Proposition 2.3.1
that M(y)e2 + Mnf(y) — 0. However, the bound obtained in the last proposition might be

loose with respect to v, when Cg < 0. To see this, we prove the following result.

Proposition 2.3.2. If the solution to the optimization problem in nf*(v) is primal feasible

then nf(v) decreases as ~y increases.

Our next result shows that, under the RSVB approximate posterior distribution Q:77(9|X’n),
L,(-,) as defined in (2.5) converges to zero at the rate (€2 +n% (7)) in P—probability. Here,
Q: . (S|X,,) = [5dQ:_(01X,), for any S C ©.

Corollary 2.3.1. For any a € A,y > 0, and diverging sequence M, under Assump-
tions 2.2.1, 2.2.2, 2.2.3, 2.2.4, 2.2.5, and 2.3.1, for min(C,Cy(y) + Cs(v)) > Coy +
Cg -+ 04(’}/) + 2,

2
: . . 2 R |
lim Q7 [{9 €0O: (igg | R(a,0) — R(a,f)o)l> > M, (M(7y)e, + Mn, (7))} ’Xn] =0
in Py -probability, where M () = 2 (Cy + MCy(7)) , and M = —24

min(C,\,1) °

Observe that if Y7, 54 Mi < 00, then the first Borel-Contelli Lemma [93, Theorem 2.3.1]
implies that the sequence converges almost-surely. First, recall from Theorem 2.3.1 that
€n — 0 as n — oo and ne2 > 1. The diverging sequence M, can be chosen in three possible

ways. First, M, = 0(

e +1M77R (7))2,), for some b < 1, which ensures that the radius of the

ball in Corollary 2.3.1 decreases to 0 as n — co. Second, M,, = ( )>, in this case

1
M (y)ez,+Mnfi(y
ball will be of constant radius 1. Also observe that in the last two cases >-,,~; ﬁ = 00, since

2

e; is not summable, therefore we do not have almost-sure convergence in these cases. In the

final case, M, = 0(

(M(W)E%Jranﬁ(w))b) for any b > 1 is summable, since, nn?(y) < oo due to
Assumption 2.2.5 and Proposition 2.3.1. Note that, in this case the radius of the ball will

diverge and hence we obtain almost-sure convergence.
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2.3.2 Sufficient conditions on the risk function for existence of tests

To show the existence of test functions, as required in Assumption 2.2.1, we will use the
following result from Ghosal, Ghosh, and Vaart [91, Theorem 7.1], that is applicable only to

distance measures that are bounded above by the Hellinger distance.

Lemma 2.3.1 (Theorem 7.1 of [91]). Suppose that for some non-increasing function D(e),

some €, > 0 and for every € > €,,
N (; (P): e <m(6,0)) <26} m> < D(o),

where m(-,-) is any distance measure bounded above by Hellinger distance. Then for every

€ > €,, there exists a test ¢, (depending on € > 0) such that, for everyj > 1,

1

Ergl0n] < Dlejexp (—5ne?) — expl

_ 1,2
( 5TE

d
),an

1
sup Epp[l — ¢n] <exp (—ner) -
{0€0,,(¢):m(0,00)>je} 2

For the remaining part of this subsection we assume that © C R?. In the subsequent
paragraph, we state further assumptions on the risk function to show L,(-,-) as defined
in (2.5) satisfies Assumption 2.2.1. For brevity we denote n=/2,/L,,(0,6y) by d.(0,6,), that
is

dL(Ql, 092) = SUB |R(CL, 91) — R(CL, 62)’, V{Hl, 92} €0 (28)
ac

and the covering number of the set T'(¢) := {Py : d;.(0,00) < €} as N(9,T(¢),dr), where § > 0
is the radius of each ball in the cover. We assume that the risk function R(a,-) satisfies the

following bound.

Assumption 2.3.2. The model risk satisfies
dp(61,0:) < K1du(6,60),
where dy(01,02) is the Hellinger distance between two models Py, and Py, .
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For instance, suppose the definition of model risk is R(a,0) = [ ¢(x,a)p(y|0)dx, where
{(z,a) is an underlying loss function. Then, observe that Assumption 2.3.2 is trivially
satisfied if ¢(z,a) is bounded in z for a given a € A and A is compact, since dr (61, 60;) can
be bounded by the total variation distance dpv (61,02) = 5 [ |dPp, (x) — dPy,(x)| and total
variation distance is bounded above by the Hellinger distance [94]. Under the assumption
above it also follows that we can apply Lemma 2.3.1 to the metric di(-,-) defined in (2.8).

Now, we will also assume an additional regularity condition on the risk function.

Assumption 2.3.3. For every {61,605} € O, there exists a constant Ky > 0 such that
dp(01,02) < Ksl|h — O],

We can now show that the covering number of the set T'(¢) satisfies

Lemma 2.3.2. Given € > > 0, and under Assumption 2.5.5,

NG, T(e), dy) < (2; 4 2)d. (2.9)

Observe that the RHS in (2.9) is a decreasing function of 4, infact for § = €/2, it is a
constant in €. Therefore, using Lemmas 2.3.1 and 2.3.2, we show in the following result that

L,(0,6y) in (2.5) satisfies Assumption 2.2.1.

Lemma 2.3.3. Fizn > 1. For a given €, > 0 and every € > ¢,, such that ne2 > 1. Under

Assumption 2.5.2 and 2.3.3, L,(6,600) = n (sup,. 4 |R(a,0) — R(a, 6)|)* satisfies

Epn[¢n] < Coexp(—Cne?), (2.10)

sup Epp[l — ¢n] < exp(—Chne’), (2.11)
{0€0:Ly(0,00)>C1ne?}

where Cy = 2 % 10° and C' = for a constant Cy > 0.

O
2K2
Since L, (6,6y) = %d% satisfies Assumption 2.2.1, Theorem 2.3.1 implies the following

finite sample bound.
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Corollary 2.3.2. Fiza € A and v > 0. Let €, be a sequence such that €, — 0 as n — oo,

nez > 1 and

L,(0,60) =n (ilelg |R(a,0) — R(a, 90)’) :

Then under the Assumptions of Theorem 2.5.1 and Lemma 2.5.3 ; for C = ;’%, Co = 2%107,
1
C) > 0 such that min(C, Cy(7) + Cs(7)) > Co+ Cs+ Cu(y) + 2, and for nE(vy) as defined in

Theorem 2.3.1, the RSVB approximator of the true posterior QZV(QIX}L) satisfies,

Epy [ [ La(0.60)dQ; , (01%,) | < n(M(1)el + M (7)), (2.12)

for sufficiently large n and for a function M(y) = 2 (Cy + MCy(7)) , where M = % .

2.4 Special Cases of RSVB

Recall from the RSVB formulation that v encodes the risk sensitivity of the decision
maker. In this section, we show that RSVB generalizes two well-known variational Bayesian
approaches for decision making, ‘naive’ VB (NVB) and loss-calibrated VB(LCVB). In par-
ticular, the RSVB method is equivalent to NVB when v — 07 and LCVB for v = 1. In
what follows, we discuss NVB and LCVB briefly and demonstrate our theoretical results to

these settings.

2.4.1 Naive VB

The naive VB (NVB) method, summarized below in Algorithm 1, is a “separated esti-
mation and optimization” method wherein we use the VB approximation to the posterior
distribution as a plug-in estimator for computing the posterior predictive loss, and then
optimize the resulting approximate posterior predictive loss.

The NVB method completely isolates the statistical estimation problem from the decision-
making problem. Observe that as v — 0%, :’V(HDN(”) and aj converges to Q*(0|X,,) and

ayy respectively; that is
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Algorithm 1: Naive VB
Input : R(-,-), X,, Q
Output: ay,
Step 1. Compute approximate posterior:
Q"(0]Xy) := argmingeo KL(Q(-) [1I(-| Xy));
Step 2. Compute: ay, := arg minges Eg- g%, [12(a, 0)].

lim Q7 ()%,) = lim argmaxgeq {EQ[R(a,e)] _ iKL(QHHn)}

~y—0t y—0+

= argminQEQKL(Q(e)HH(9|)~(n)) = Q" (0] X,).
To see this, recall the RSVB formulation and multiply by v > 0 on either side to obtain:

log En, [exp(v(a, 0))] > max {7Eq[R(a, 0)] — KL(Q||IL.)} (2.13)

= — min {KL(Q[[Tl,) — 1Eq[R(a, 0)]} .

Note that, since KL(Q||II,,) — vEg[R(a, )] converges uniformly in v to KL(Q||IL,) as
v — 07, therefore former I'—converges to the latter and hence their respective minimizers
and minimum values [95]. In particular, to prove the uniform convergence, let {ry} be a
sequence of rational numbers on RT, such that {ry}, & € N is dense in R* and r, — 07 as
k — oo. Now observe that for every e > 0 and given a € A and 6 € O, there exists a K € N,
such that for all £ > K and Q € Q, |r,Eg[R(a,0)]| < €, hence uniform convergence follows.

Now taking limit v — 0, the equation (2.13) reduces to the well known evidence lower
bound [67] , that is
> _ = n(X > _ n(X
02 max {~KL(QIIL,)} = log [ AP} (X,)11(0)d0 = max {~KL(Q(O)TI(6) + EqldP(X,)]}

where I1(6) is the prior density. Therefore, it follows that for any v > 0

. 1 * Y Y : *
argming,e 4 {EQ*(9|X,L)[R(&7 0)] — gKL(Q (9’Xn)HH(9|Xn))} = argmin, e 4Eq. g %, [R(a, 0)] = ayy.

47



Since lim,_,o+ YR(-,-) = 0, we do not require Assumption 2.2.4 and 2.2.5 to obtain an analo-
gous result to Theorem 2.3.2 for NVB method. Therefore, the condition on the constants in
Theorem 2.3.2 ( min(C, Cy(7)+C5(7)) > Co+C3+Cy(y)+2 ) is simplified to C' > Co+C5+2
by choosing C4(7y) as a small and C5(7) as a large number.

Theorem 2.4.1. Let €, be a sequence such that €, — 0 and nei — 00 asn — 00 and

Lo(0,00) = n (i‘éﬁ IR(a,0) — R(a, eo)y>2 .

Then under Assumptions 2.2.1, 2.2.2, 2.2.3, 2.2.4, and 2.2.5, and for C' > Cy + C3+ 2 the

NVB approzimation of the true posterior satisfies,
Epy { /@ L (6, 00)dQ* (8] X.)| < Mn(€ + . (0)), (2.14)
where positive constant M depends only on C,Cy, Cy, and X, and

1(0) = 72(0) = - inf Epg [KL(QO)ITI(61%,)]

n

The next result establishes a bound on the optimality gap of the naive VB estimated

optimal value R(ajy,0o) from the true optimal value Vy = inf,c 4 R(z, 6)).

Theorem 2.4.2. Suppose that the set A is compact and Assumptions 2.2.1, 2.2.2, 2.2.8, 2.2.4,
and 2.2.5 are satisfied with C > Cy + C5 + 2. Then for any T > 0, the Py'— probability of

the following event

N

{Xn : R(ajy, 60) — inf R(z,00) < 2r (M (€ +n,(0))] } (2.15)

1

is at least 1 — 771, where M is a positive constant.

Next, we bound the optimality gap between the approximate optimal decision rule ay,
and the true optimal decision. The bound, in particular, depends on the curvature of R(a, )
around the true optimal decision. The growth function is denoted as W(-). The following

theorem is a special case of the general result for ajs in Theorem 2.3.3.
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Theorem 2.4.3. Suppose that the set A is compact and R(a,0y) satisfies the growth condi-
tion, with W' (d) such that ¥(d)/d’ = k, for a § > 0. Moreover, Assumptions 2.2.1, 2.2.2, 2.2.5, 2.2.4,
and 2.2.5 are satisfied with C > Cy + C5 4+ 2. Then for any 7 > 0 , the Pj— probability of

the following event

K

2 [M(& + (0]} ]°
zeA

X, H (a;;v(f(n),arg min R(z,90)> <

1

is at least 1 — 77+, where M is the positive constant as defined in Theorem 2.4.1.

2.4.2 Loss Calibrated VB

Algorithm 2 summarizes the Loss-calibrated VB (LCVB) method [10]. Observe that

Algorithm 2: Loss-calibrated VB
Input : R(-,-), X,,,Q
Output: aj,
Step 1. Compute: )
8o 1= arg minge 4 Maxgeo { —KL(Q()[|TI(-|X,.)) + Eq[R(a, 0)]}

this method combines the posterior approximation and decision-making problems into one
minimax optimization problem. The objective here can be directly contrasted with that in
Algorithm 1. Note that the inner maximization will result in an approximate (loss calibrated)
posterior distribution at each decision point a € A.

In this section, we compute a bound on the loss-calibrated optimal decision aj, and

optimal value.

Theorem 2.4.4. Fix ag € A and let €, be a sequence such that €, — 0 and nei — 00 as

n — oo and

L,(0,60p) =n <31€12 |R(a,0) — R(a, 90)|> .
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Then under Assumptions 2.2.1, 2.2.2, 2.2.3, 2.2.4, and 2.2.5, for some positive constants
C, Cy, C3,Cy(1), and C5(1) such that min(C, (Cy(1)+C5(1))) > Co+ C5+ Cy(1) +2, and for

1
R .
M (1) nCIQIelQ o

KL(QO)[IT(#]X.) ~ inf Eq[R(a.0)]].
the Loss calibrated VB approximation of the true posterior satisfies,

Ery | [ Ln(6.80)Q, (015 < m(M (1) + Mif(1), (2.16)

where M (1) =2 (Cy + MCy(1)) , and M = min%g,lm)'

Note that, the second term (inside the expectation) in the definition of n%(1) could result
in either 7,(0) > nf(1) or vice versa and therefore could play an important role in comparing
the LCVB and naive VB approximations to the true optimal decision.

The next result establishes a bound on the optimality gap of the LCVB estimated optimal

value R(afg,0o) from the true optimal value Vy = inf,c 4 R(2, 6)).

Theorem 2.4.5. Suppose that the set A is compact and Assumptions 2.2.1, 2.2.2, 2.2.3, 2.2.4,
and 2.2.5 are satisfied with min(C, (Cy(1) + C5(1))) > Cy + Cs + Cy4(1) + 2 for some posi-
tive constants C,Cy, Cs,Cy(1), and C5(1). Then, for any T > 0, the Py'— probability of the

following event

{Xn : Rlaj, 6) — inf R(z,60) < 2r [(M(1)e2 + Mnfju))}% } (2.17)

is at least 1 — 771, where M (1) = 2(Cy + MCy(1)) , and M = minfg;,l)-

Next, we bound the optimality gap between the approximate LC optimal decision rule

aj. and the true optimal decision.

Theorem 2.4.6. Suppose that the set A is compact and R(a,0) has a growth function V(d)
such that V(d)/d’® = k for a 6 > 0. Moreover, Assumptions 2.2.1, 2.2.2, 2.2.5, 2.2.4,
and 2.2.5 are satisfied with min(C, (Cy(1) + C5(1))) > Cy + C5+ Cy4(1) 4+ 2 for some positive
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constants C,Cy,Cs,Cy(1), and C5(1). Then, for any T > 0, the Py'— probability of the

following event

1
S

D=

H(aj,,argmin R(z,0y)) < 2T [(M(l)ﬁg + Mnff(l))}

z€A R

is at least 1 — 771, where M(1) = 2 (Cy + MCy(1)) , and M = %

2.5 Applications

We illustrate our theoretical findings with the help of three examples: the single and
multi-product newsvendor model and Gaussian process classification. In the examples, we
study the interplay between sample size n and the risk parameter 7, and their effect on the

optimality gap in decisions and values.

2.5.1 Single-product Newsvendor Model

In this section, we study a canonical data-driven decision-making problem with a ‘well-
behaved’ risk function R(a, 6), the data-driven newsvendor model. This problem has received
extensive study in the literature, and remains a cornerstone of inventory management [7]-[9].

Recall that the newsvendor loss function is defined as

l(a,8) =h(a—&)" +b¢—a)"

where h (underage cost) and b (overage cost) are given positive constants, £ € [0,00) the
random demand, and a the inventory or decision variable, typically assumed to take values
in a compact decision space A with @ := min{a : a € A} and a := max{a : a € A}, and
a > 0. The distribution over the random demand, Fj is assumed to be exponential with

unknown rate parameter 6 € (0,00). The model risk can easily be derived as

e—a@

R(a,8) :=Ep,[l(a,§)] = ha — Z +(b+h) 7 (2.18)
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which is convex in a. We assume that X'n = {&,&...&,} be n observations of the random
demand, assumed to be i.i.d random samples drawn from F,.

We fix the model space © = [T, 00) for some T > 0 and assume that 6, lies in the interior
of ©. We now assume a non-conjugate truncated inverse-gamma (Inv —I") prior distribution
restricted to ©, with shape and rate parameter o and 3 respectively, that is for a set A C O,
we define II(A) = Inv —T'g(4;, 8) = Inv —T'(ANO;a, B)/Inv —T'(O; «, 5) . We now verify
Assumptions 2.2.2, 2.2.1, 2.2.3, 2.2.5 and 2.2.4 (in that order) in this newsvendor setting.
The proofs of the lemmas are delayed to the electronic companion for readability.

First, we fix the sieve set O,(¢) = O, which clearly implies that the restricted inverse-
gamma prior I1(#), places no mass on the complement of this set and therefore satisfies
Assumption 2.2.2.

Second, under the condition that the true demand distribution is exponential with pa-
rameter 0y (and Py = Fp,), we demonstrate the existence of test functions satisfying As-

sumption 2.2.1.

Lemma 2.5.1. Fixn > 5. Then, for anye > €, := ﬁ with €, — 0, and ne > 1, there exists

a test function ¢, (depending on €) such that LNV (6,60) = n (sup,e 4 |R(a,0) — R(a,6))|)”

satisfies

Epn[¢n] < Coexp(—Chne?), (2.19)

sup Epn[1 — ¢p) < exp(—Cne?), (2.20)
(0O:LNV (0,00)>Cine?} '

2 9 1/2
h h e—aT e7590
|:(90_T) +(b+h)2(T_ 0 ) :|

where Cy = 20 and C = 2(1(0% for a constant Cy > 0 and K{VV = T (T00)
1 )

The proof of the above result follows by showing that dYV = n=%/2,/LNV(6,6,) can be
bounded above by the Hellinger distance between two exponential distributions on © (under
which a test function exists) in Lemma 2.7.8 in the appendix.

Third, we show that there exist appropriate constants such that the inverse-gamma prior

satisfies Assumption 2.2.3 when the demand distribution is exponential.
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Lemma 2.5.2. Fiz ny > 2 and any A > 1. Let A, := {0 € ©: D1, (P}|P}) < Csne?},
where Dy, (Py|| P}) is the Rényi divergence between Py and Py. Then for €2 = 10% and any

C3 > 0 such Cy = aCy > 2, the truncated inverse-gamma prior Inv — Ue(A; «, B) satisfies
II(A,) > exp(—nCye?),¥n > ny.

Fourth, it is straightforward to see that the newsvendor model risk R(a, ) is bounded

below for a given a € A.

Lemma 2.5.3. For any a € A and positive constants h and b, the newsvendor model risk

h e—a9 hQQQ*
R(a,0) = (ha— i (b+h) 7 ) > () )

(1+ ab*)

where a :== min{a € A} and 6* satisfies h — (b+ h)e™ (1 + af*) = 0.

This implies that R(a,f) satisfies Assumption 2.2.5. Finally, we also show that the

newsvendor model risk satisfies Assumption 2.2.4.

Lemma 2.5.4. Fixn >1 and vy > 0. For any € > €, and any a € A, R(a,0) satisfies
En[Lir(ao)r>cammeye’ @] < exp(=Cs(v)ne?),

for any Cy(y) > 2y (hd + %) and Cs(y) = Cy(y) — 2y (ha + %), where @ := max{a € A}.

Note that Lemma 2.5.1 implies that C' = 2([{?% for any constant €', > 0. Fixing o =1
and using Lemma 2.5.2 we can choose Cy = C3 = 2. Now, () can be chosen large enough
such that C' > Cy(vy) + Cs(v) for a given risk sensitivity v > 0. Therefore, the condition on
constants in Theorem 2.3.1 reduces to Cy(y) > 2+ Cy+ C3 = 5, and it can be satisfied easily
by fixing C5(v) = 5.1(say).

These lemmas show that when the demand distribution is exponential and with a non-
conjugate truncated inverse-gamma prior, our results in Theorem 2.3.2 and 2.3.3 can be used
for RSVB method to bound the optimality gap in decisions and values for various values of

the risk-sensitivity parameter v. Recall that the bound obtained in Theorem 2.3.3 depends

on €2 and nf(v).
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loi", but in order to get the complete bound we fur-

Lemma 2.5.2 implies that €2 =
ther need to characterize nf(). Recall that, as a consequence of Assumption 2.3.1 in
Proposition 2.3.1, for a given Cy = — infgeginfaeq Eg[R(a,0)] that Cy > 0 and nfi(y) <
yn1Cs + Cyé?.

Therefore, in our next result, we show that in the newsvendor setting, we can construct a
sequence {Q,(0)} C Q that satisfies Assumption 2.3.1, and thus identify ¢, and the constant

Cy. We fix Q to be the family of shifted gamma distributions with support [T', 00).

Lemma 2.5.5. Let {Q,(0)} be a sequence of shifted gamma distributions with shape pa-

rameter a = n and rate parameter b = then for truncated inverse gamma prior and

n
6o’

exponentially distributed likelihood model

1 n(y n(y
= [KL (QuO)IT6) + Equo [KL (4P (%) 4B (%,))]] < Cocl,
where €2 = 1"% and Cy = % -+ max (O, 2+ % — log V21 — log (FLZZ)) + alog 90) and prior

parameters are chosen such that Cy > 0.

As a specific instance, consider the naive VB case. Since v — 07, the term 7,,(0) in The-
orem 2.4.3 is bounded above by CoeZ , where Cy and €2 are derived in the result above. For
the LCVB case, observe that Lemma 2.5.3 implies that R(-, ) is bounded below and therefore
Cg < — (%), where h,a,a, and 0* are given to the modeler or are easily computable.
Now since Cg < 0, it is straight forward to observe that nZ(y) term in Theorem 2.4.6 is
bounded above by Cye?.

Now, using the result established in Lemmas above, we bound the optimality gap in

values for the single product newsvendor model risk.

Theorem 2.5.1. Fix v > 0. Suppose that the set A is compact. Then, for the newsvendor
model with exponentially distributed demand with rate 6 € © = [T,00), prior distribution

() =Inv—Te(;a,8) = Inv—T(ANO;a,B)/Inv—T'(O;a, B), and the variational family
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fized to shifted (by T > 0) gamma distributions, and for any T > 0, the Py'— probability of

the following event

~ logn 1/2
{Xn:R(a;;S,@O)—ig;R(z,@O)§27M(7)< 8 ) } (2.21)

n

is at least 1 — 771 for sufficiently large n and for some mapping M : R — R*, where R(-,0)

1s the newsvendor model risk.

Proof. The proof is a direct consequence of Theorem 2.3.2, Lemmas 2.5.1, 2.5.2, 2.5.3,2.5.4, 2.5.5,
and Proposition 2.3.2. O

Next, we bound the optimality gap between the approximate optimal decision rule azg
and the true optimal decision. The bound, in particular, depends on the curvature of R(a, )

around the true optimal decision, defined using the growth condition in Assumption 2.2.6.

Theorem 2.5.2. Fiz v > 0. Suppose that the set A is compact and R(a,6y) satisfies the
growth condition in Assumption 2.2.6, with V(d) such that ¥(d)/d® = , for any § > 0. Then,
for the newsvendor model with exponentially distributed demand with rate € © = [T, 0),
prior distribution T1(-) = Inv —Te(:;a, ) = Inu—T(ANO;a, B)/Inv—T(O; , 3), and the
variational family fixed to shifted (by T > 0) gamma distributions, and for any T > 0, the
PJ'— probability of the following event

1215
X, H (aés()?n),argmin R(z,90)> < [27_]\/[(7) (logn) ]

zeA K n

is at least 1 — 771 for sufficiently large n and for some mapping M : R™ — R, where R(-,0)

18 the newsvendor model risk.

Proof. The proof is a direct consequence of Theorem 2.3.3, Lemmas 2.5.1, 2.5.2, 2.5.3,2.5.4, 2.5.5,
and Proposition 2.3.2. O

Next, we demonstrate the effect of varying the risk-sensitivity parameter y. We fix
6 = 01, b =1, h =5 a = 1l,and § = 4.1. We run RSVB algorithm with v €
{0( naive ), 1,2,4.5,5,6} and repeat the experiment over 100 sample paths. We plot the
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Figure 2.1. Optimality gap in values and decisions, and the variance of the
RSVB posterior (mean over 100 sample paths) against the number of samples
(n) for various values of ~.

results in Figure 2.1. In Figure 2.1(a) and (b), we plot the optimality gap in values and
decisions, that is R(ajg(7),00) — R(a, 0p) and |ajs(y) — af| respectively, for various values
of v. We observe that the gap decreases when n increases. This observation supports our
results in Propositions 2.3.1 and 2.3.2 that establishes the properties of n%(~y) as n increases.
Lastly, in Figure 2.1(c), we plot the variance of the RSVB posterior as n increases for various
values of 7; as anticipated the variance reduces as n increases. To observe the effect of ~,
first recall that as 7 increases the decision maker become more risk averse and so is our
algorithmic framework RSVB. Indeed, from the rightmost variance plot in Figure 2.1 it is
evident that for larger value of v (> 4) the RSVB posterior is more concentrated on the
subset of ©, where risk is more and consequently we observe large optimality gaps in values
and decision (see first two plots in Figure 2.1 ). Moreover, as n increase the effect of larger
v reduces, since as n increases the incentive to deviate from the posterior reduces (due to

increased KL divergence dominance for larger n in RSVB).

2.5.2 Multi-product newsvendor problem

Analogous to the one-dimensional newsvendor loss function, the loss function in its multi-

product version is defined as



where h and b are given vectors of underage and overage costs respectively for each product
and mapping ()T is defined component-wise. We assume that there are d items or products
and ¢ € R? denotes the random vector of demands. Let a € A C R% be the inventory
or decision variable, typically assumed to take values in a compact decision space A with
a = {{min{a; : a; € A}}L, and a := {{max{a; : a; € A;}}L,, and a > 0, where A; is
the marginal set of i component of A. The random demand is assumed to be multivariate
Gaussian, with unknown mean parameter § € R? but with known covariance matrix .
We also assume that ¥ is a symmetric positive definite matrix and can be decomposed as
QTAQ, where (Q is an orthogonal matrix and A is a diagonal matrix consisting of respective
eigenvalues of 3. We also define A = maXie(12,.qp Aii and A = mineq1 9. gy Aii. The model

risk

R(a,8) = Ep, [{( Z Ep, [h &)+ bi(& — a)"]

(s = &) o), o
hi + b;) a@((jﬁ)—biai—f—ei(bi—hi)-l-aii h(I)EM))—Fbl((I)(@(Z)) ’

Oii

i

which is convex in a. Here Py, is the marginal distribution of ¢ for i product, ¢(-) and ®(-)
are probability and cumulative distribution function of the standard Normal distribution.
We also assume that the true mean parameter 6 lies in a compact subspace © C R?. We fix
the prior to be uniformly distributed on © with no correlation across its components, that
is m(A) = ey = = T1%, ey, Where m(B) is the Lebesgue measure (or volume) of B C R?
As in the previous example, we fix the sieve set ©,(¢) = O, which clearly implies that I1(6)
places no mass on the complement of this set and therefore satisfies Assumption 2.2.2.
Then under the condition that the true demand distribution has a multivariate Gaussian
distribution (with known ) and mean 6y (Py = Fp,), we demonstrate the existence of
test functions satisfying Assumption 2.2.1 by constructing a test function unlike the single-

product newsvendor problem with exponential demand..

Lemma 2.5.6. Fizn > 1. Then, for any € > €, := % with €, — 0, and nei > 1 and test

function ¢y, == LMNV(9,6,) = n (sup, 4 |R(a,8) — R(a,8)|)* satisfies

H{Xn:||én700”> 662};
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Epn[¢n] < Coexp(—Cne?), (2.22)

sup Epn[l — ¢n) < exp(—Cne?), (2.23)
{0€O:LMNV (9,00)>Cine?}

with Cy =1, Cy = 4K?C and C = 1/8 (% — 1) for sufficiently large C' such that C > 1 and

A = maxie(12..ay Aii, where K = sup 4 g |0y R(a,0)]|.

In the following result, we show that there exist appropriate constants such that prior dis-
tribution satisfies Assumption 2.2.3 when the demand distribution is a multivariate Gaussian

with unknown mean.

Lemma 2.5.7. Fiz ny > 2 and any X > 1. Let A, := {0 € ©: Dy, (PY|P}) < Csne’},

where Dy iy (PY|Py) is the Rényi Divergence between Py and Py. Then for ¢ = ©&n

n

and any C3 > 0 such that Cy = ad s72C3 > 2 and for large enough n, the

A(+1) (]‘[jl:1 m(@i))
uncorrelated uniform prior restricted to © satisfies

I1(A,) > exp(—anei).

Next, it is straightforward to see that the multi-product newsvendor model risk R(a,0) is
bounded below for a given a € A on a compact set © and thus it satisfies Assumption 2.2.5.

Finally, we also show that the newsvendor model risk satisfies Assumption 2.2.4.

Lemma 2.5.8. Fixn>1 and~y > 0. For any € > ¢, and a € A, R(a,0) satisfies
EH[1{G(a,0)'y>C4('y)neQ}e’YG(a’e)] < eXp<_C5<’y)n€721)7

for any Ca(y) > 2ysup preave G(a,0) and C5(y) = Ca(y) = 2ysupy, yeace Gla, 0).

Similar to single product example, in our next result, we show that in the multi-product
newsvendor setting, we can construct a sequence {Q,(f)} € Q that satisfies Assump-
tion 2.3.1, and thus identify €, and constant Cy. We fix Q to be the family of uncorrelated

Gaussian distributions restricted to ©.
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Lemma 2.5.9. Let {Q,(0)} be a sequence of product of d univariate Gaussian distribution
_%(G_Ni,n)Q

i o Nei i,n,0i,n)1e; i
defined as q'(0) x 21150_2 e *in lo, = W and fix 0y, = 1/\/n and 0; = 0,

for all i € {1,2,...,d}. Then for uncorrelated uniform distribution restricted to © and

multivariate normal likelihood model

LKL QuO)ITI(0)) + Eq,0) [KL (4P5 (X )dP5 (X,))]] < Coé

n
where €2 = 8" qnd Cy := ¢ + max (O, — > [log(v/2me) — log(m(6;))] + gAfl).

Now, using the result established in Lemmas above, we bound the optimality gap in

values for the multi-product newsvendor model risk.

Theorem 2.5.3. Fiz vy > 0. Suppose that the set A is compact. Then, for the multi-product
newsvendor model with multivariate Gaussian distributed demand with known covariance
matriz Y and unknown mean vector 0 lying in a compact subset © C R, prior II(-) =

d %&?i), and the variational family fized to uncorrelated Gaussian distribution restricted

to ©, and for any T > 0, the Py'— probability of the following event

- logn\ '
{Xn : R(ags, 00) — igﬁR(z,@o) < 2T7M(7) ( i > } (2.24)

is at least 1 — 771 for sufficiently large n and for some mapping M : RT™ — R*, where R(-,0)

is the multi-product newsvendor model risk.

Proof. The proof is a direct consequence of Theorem 2.3.2, Lemmas 2.5.6, 2.5.7, 2.5.8, 2.5.9,
and Proposition 2.3.2. O

Next, we bound the optimality gap between the approximate optimal decision rule azg

and the true optimal decision.

Theorem 2.5.4. Fiz v > 0. Suppose that the set A is compact and R(a,0y) satisfies
the growth condition in Assumption 2.2.6, with V(d) such that V(d)/d’ = k, for any § > 0.
Then, for the multi-product newsvendor model with multivariate Gaussian distributed demand

with known covariance matriz ¥ and unknown mean vector 0 lying in a compact subset
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© C R, priorII(-) = [IL { }m@ ) and the variational family fized to uncorrelated Gaussian

distribution restricted to @, (md for any T > 0, the Pj— probability of the following event

QHTM(v) (107%”)1/2] é}

is at least 1 — 71 for sufficiently large n and for a known function M(~), where R(-,0) is

{Xn - H (aﬁs(f(n),arg min R(z,@0)> <

z€A

the multi-product newsvendor model risk.

Proof. The proof is a direct consequence of Theorem 2.3.3, Lemmas 2.5.6, 2.5.7, 2.5.8, 2.5.9,
and Proposition 2.3.2. O

2.5.3 Gaussian process classification

Consider a problem of classifying an input pattern or features Y lying in measure space
([0,1]4, ¥, v) into one of two classes {—1,1}, where ¢ € {—1,1} denote the class of Y.
For a given Y, we model the classifier using a Bernoulli distribution p(§|Y,8) = V¢(6(Y)),
where 6 : [0,1]% — R is a non-parametric model parameter in a separable Banach space
(©,] - |) and measurable functions ¥(z) = (1 + e *)"' and ¥_;(x) = 1 — ¥;(x). Note
that Wy(-) is a logistic function. We denote 9 (-) as the derivative of ¥;(:). We assume
that v(-) is independent of &. Thus the sequence of independent observations {Y,,, X, } =
{(Y1,&), (Ys,&), ..., (Yn, &)} are assumed to be generated from model

By(&,Y) = p(E]Y, 0)v(Y).

In the above binary classification problem, the objective is to estimate #(-) using the
observation vector {Y,, X,}. We posit a Gaussian process (GP) prior II(-) on 6(:) € © (to
be defined later). We also assume that v(-) is known and we do not place any prior on it.
Consequently, the posterior distribution over #(-) given observations {Y;,, X,,} can be defined

dII(0) ITi=, Ve (0(Y))w(Yi) _ dII(0) TTiL, Yg (O(Y1))
ST, W (6(V))w(Yi)dII(6) — [ TI, We, (6(Y7))dII(6)

dI(O{Y,, Xa}) =
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Consider the loss function ¢(a, ) defined as

0, ifa=¢,
la,§) =1c,, ifa=+1¢=—1, (2.25)

c_, ifa=-186=+1,

where ¢, and c¢_ are known positive constants. The model risk is given by

R(a,0) = Ep, [((a, &)] = BN 0W)), a=+1, (2.26)

c_E,[¥1(0(y))], a=-—1.

We define the distance function as LEF(6,60,) = n (sup,e4 |R(a,8) — R(a,8)])>. In antic-
ipation of demonstrating that the binary classification model with GP prior and distance
function LET satisfy the desired set of assumptions, we recall the following result, from [70],

which will be central in establishing Assumptions 2.2.1, 2.2.2, and 2.2.3.

Lemma 2.5.10. [Theorem 2.1 [70]] Let 0(-) be a Borel measurable, zero-mean Gaussian
random element in a separable Banach space (O, || -||) with reproducing kernel Hilbert space
(RKHS) (H, || ||n) and let 6y be contained in the closure of H in ©. For any € > €, satisfying
©p, (€) < ne? , where

oo (€) 1RI[E — log TI(|0]] < €) (2.27)

= in
heH:|[h—bg || <€

and any Cho > 1 with e=C1o"% < 1/2, there exists a measurable set ©,(e) C © such that

log N (3¢,0,(¢), | - ||) < 6C1one?, (2.28)
(0 & O,(c)) < e Crone, (2.29)
([0 — bo|| < 4e,) > e " (2.30)

The proof of their result can be easily adapted from the proof of Vaart and Zanten [70,

Theorem 2.1], which is specifically for € = ¢,. Notice that the result above is true for any
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norm || - || on the Banach space if that satisfies g, (€) < ne?. Moreover, if g, (€,) < ne? is
true, then it also holds for any € > ¢, since by definition ¢y, (¢) is a decreasing function of e.

All the results in the previous lemma depend on ¢y, (¢) being less than ne?. In particular,
observe that the second term in the definition of g, (€) depends on the prior distribution on
©. Therefore, Vaart and Zanten [70, Theorem 4.5] show that ¢y, (e,) < ne ( with || - || as
supremum norm) is satisfied by the Gaussian prior of type

Jo 2id

=> > i Zidi(), (2.31)

j=1k=1

where {f;} is a sequence that decreases with j, {Z;;} are i.i.d. standard Gaussian random
variables and {¥;;} form a double-indexed orthonormal basis (with respect to measure v),
that is E,[0;x01m) = Lijmikem}). Jo is the smallest integer satisfying 9Jad — pd/(2atd) for
a given a > 0. In particular, the GP above is constructed using the function class that is

supported on [0, 1]% and has a wavelet expansion,

oo 2id

=> > wixdix(-)

j=1 k=1

The wavelet function space is equipped with the Lo—norm: |Jw| = Y22, ( ¥ 2 1w k| )1/2
the supremum norm: [lwlle = 352, 29 max; <o [wjk|; and the Besov (f, 00, c0)—norm:
[w|gioc,00 = SUP<jene 27217 max; <pema [wik|. Note that W induces a measure over the
RKHS H, defined as a collection of truncated wavelet functions

Jo 2id

=> > wirdx(),

j=1k=1

2Jd w

with norm induced by inner-product on H as ||w||f = E G . The RKHS kernel

K :[0,1]¢ x [0,1]? = R can be easily derived as

K(z,y) = E[W (2)W(y) [(im Zs 1034y )(Z“Zuum )] $ Sty

j=1k=1 =1k=1 j=1k=1
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Indeed, by the definition of this kernel and inner product, observe that

Jo 2id

(K () w()) = 3 3wy Oyu(e) 5 = w(a)
=1 k=1 H;
Moreover, (K (z,-), K(y,-)) = ij;‘l Y2 ujzﬁm(x)ufz?j,k(y)% = K(z,y). It is clear from its
definition that W is a centered Gaussian random field on thje RKHS.
Next, using the definition of the kernel, we derive the covariance operator of the Gaussian
random field W. Recall that Y ~ v, which enables us to define the covariance operator,

following [20, (6.19)] as

Ch)) = [ K(zy)hy)dv(y).

[0,1]¢

Also, observe that {ujz, @jx} is the eigenvalue and eigen function pair of the covariance
operator C. Consequently, using Karhunen Loéve expansion [20, Theorem 6.19] the prior
induced by W on H is a Gaussian distribution denoted as N(0,C). We also recall the
Cameron-Martin space denoted as Im(C'/?) associated with a Gaussian measure A(0,C) on
H to be the intersection of all linear spaces of full measure under N(0,C) [20, (page 530)].
In particular, Im(C'/?) is the Hilbert space with inner product (-, )¢ = (C~1/2. . C~Y/2.).

Next, we show the existence of test functions in the following result.

Lemma 2.5.11. For any € > €, with €, — 0, ne2 > 2log2, and py,(€) < ne*, there exists
a test function ¢, (depending on €) such that LGF(6,60) = n (sup,4|R(a,0) — R(a,6)|)

satisfies

Epn[on] < Co exp(—Cne?), (2.32)

sup Epp[l — ¢n) < exp(—Cne?), (2.33)
{6€0:LEP(0,00)>Cine?}

where C' =1/6, Cy =2 and C; = (max(cy,c_))?.

Assumption 2.2.2 is a direct consequence of (2.29) in Lemma 2.5.10. Next, we prove
that prior distribution and the likelihood model satisfy Assumption 2.2.3 using (2.30) of

Lemma 2.5.10.
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Lemma 2.5.12. Forany A > 1, let A, :={0 € © : Dy, (PJ||Py) < Csne2}, where Dy (P Py)
is the Rényi Divergence between P} and PJ). Then for any € > €, satisfying g, (€) < ne
and C3 = 16(A + 1) and Cy = 1, the GP prior satisfies

[1(A,) > exp(—nCae;,).

Assumption 2.2.4 and 2.2.5 are straightforward to satisfy since the model risk function
R(a,0) is bounded from above and below.

Now, suppose the variational family Qgp is a class of Gaussian distributions on O,
defined as N (my, C,), m, belongs to © and C, is the covariance operator defined as C, =
C'/2(I — S)C'/2, for any S which is a symmetric and Hilbert-Schmidt (HS) operator on ©
(eigenvalues of HS operator are square summable). Note that S and m, span the distributions
in Qcp.

The following lemma verifies Assumption 2.3.1, for a specific sequence of distributions in

Q.

Lemma 2.5.13. For a given J € N, let {Q,} be a sequence variational distribution such
that Q is the measure induced by a GP, Wo(-) = 0J(y) + X, 2 > 1 G Z 105k (+), where
0() = XL 2k 2 1 0o 05(-) and ¢ = H:% Then for GP prior induced by W =

Zj]:1 Zijdluj Ziwix and py = 27342759 for some a > 0, ||0olp0oco < 00, and 6] (y) lie in

the Cameron-Martin space Im(C'/?), we have
1 nJ 1 n n 2
LKLV, C)INGO.0) + 1Eq KL 1P < o,
where

n~P/2atd) 1o ifa<p<a

n~/Cetd) Jog n ifa<a<p
€ = (2.34)

n~ o/ Qatd) (Jog )4/ Qatd)  jfo < o <

n~P/atd)(Jog )4/ Retd) jfo < B < a.
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2—20.72—2Ja—2a

=, 27/(24 - 1), C’), where C' is a positive constant sat-

and Cy := max (H%H%,oo,oo’

isfying 1|00(y) — 07 (y))II3, < C27%77.

Using the result above together with Proposition 2.3.2 implies that the RSVB posterior
converges at the same rate as the true posterior, where the convergence rate of the true pos-
terior is derived in [70, Theorem 4.5] for the binary GP classification problem with truncated
wavelet GP prior.

Finally, we use the Lemmas above to obtain bound on the optimality gap in values of

the binary GP classification problem.

Theorem 2.5.5. Fix~ > 0 and for a given J € N. For the binary GP classification problem
with GP prior induced by W = Zj]:1 Ziﬁl WiZ; V5, and py = 2-1d/2=ie for some a > 0,
1001 g:00.00 < 00, and 87 (y) lie in the Cameron-Martin space Im(C*/?), the variational family

Qcp, and for any T > 0, the Py'— probability of the following event
{X’n  R(ags, th) — inf R(z,6)) < 27’M(*y)6n} (2.35)

is at least 1 — 771 for sufficiently large n and for some mapping M : R™ — R, where R(-,0)
is defined in (2.26) and €, as derived in (2.34).

Proof. The proof is a direct consequence of Theorem 2.3.2, Lemmas 2.5.11, 2.5.12, 2.5.13,
and Proposition 2.3.2. O

2.6 Conclusion

Data-driven decision-making has received significant research interest in the recent lit-
erature, in particular since the nature of the interplay between data and optimal decision-
making can be quite different from the standard machine learning setting. While much of
the literature focuses on empirical methods, Bayesian methods afford advantages particu-
larly when making decisions in context of stochastic models. However, Bayesian methods
are also hampered by integration requirements that can be hard to satisfy in practice.

In this paper we presented the risk-sensitive variational Bayesian computational frame-

work for Bayes-predictive data-driven decision-making, and analyzed the statistical per-
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formance of any computational algorithm derived from this framework by providing non-
asymptotic bounds on the optimality gap. We also analyzed two specific algorithms, and for
both the naive VB (NVB) and loss-calibrated VB (LCVB) algorithms we provide statisti-
cal analyses of the ‘goodness’ of the optimal decisions in terms of the true data generating
model. We also compared the methods against the Bayes optimal solution on a newsvendor
problem.

Our current methodology essentially relies on optimizing lower bounds to the ‘true’ prob-
lem at hand. One of our future objectives is to obtain sharp upper bounds on the true
objective that can then provide a means of ‘squeezing’ the true optimal solution between
these bounds. A second objective is to fully understand the interplay between robustness
and our variational approximations. In some sense, robust methods aim to find the ‘worst’
distribution out of a set of distributions centered (in an appropriate sense) around a nominal
distribution. On the other hand, VB methods find the closest distribution from a family
that does not include the nominal distribution (if it did, then we could compute the poste-
rior). There is almost a sense of duality between these perspectives that is worthy of further
investigation. Third, from a methodological viewpoint, we are investigating the role of vari-
ational autoencoders ([96]) in the context of data-driven decision-making. Currently, our
decision-making model requires us to fully specify the likelihood and prior models, while in
practice it would be beneficial to make this fully data-driven — precisely where autoencoder
technology would be useful. To the best of our knowledge very little is known about the

statistical properties of these models, or their role in decision-making contexts.
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2.7 Proofs

2.7.1 Alternative derivation of LCVB

We present the alternative derivation of LCVB. Consider the logarithm of the Bayes

posterior risk,

log Enygyx, [exp(R(a, 0))] = log | exp(R(a,0))d11(6]X,)
4Q(6)
o dQ(0)

dQ(0) T O ¥
2 _/@dQ(@) o8 (R, 0)dIl(O1 %) Fla; Q0), Xn) (2.36)

— log exp(R(a, 6))dI1(0]X,.)

where the inequality follows from an application of Jensen’s inequality (since, without loss

of generality, exp(R(a,f)) > 0 for all a € A and 0 € ©), and Q € Q. Then, it follows that

min log Ep g ) [ exp(R(a, 6))] = min max F(a; Q(6), X»)

— min max — KL (Q(6)][T1(6]%,,)) + /@ R(a,0)dQ(0).

acA q€eQ
(2.37)

2.7.2 Proof of Theorem 2.3.1:

We prove our main result after series of important lemmas. For brevity we denote
p(Xnl0)
CRu0.00) = S0

Lemma 2.7.1. For anya € A, v >0, and ( > 0,

Ery

¢ [ 2al0:00) dQ; ,61%)|
<logEpn l / oCLn (0,60) @9 LR,(6,0,)dT1(0)

o R £, HO)dH( + inf Epy [KL 0)[|T1(0 X))

¢ QO)dH %) ] (2.38)

i N[ or@o LRl
UEEEQ[R(“’G)]] +logEr; l/@e f@ LR.(0, 00)dII(6)
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Proof. For any fixed a € A,y > 0, and ¢ > 0, and using the fact that KL is non-negative,
observe that the integral in the LHS of equation (2.38) satisfies,

¢ [ Ln(6,00) dQ;,(01%,) < [ toge M) dQ; (6]X.)

ean(eaGO)e'YR(afe) dH(9|Xn)
Jo €$n(0.00)e7R(@0) dT1(]X,,)

_ / logeSLn @) dQr_(6]X,) + log / eSLn(000) Y R(O) g1 (9| X,
© ’ ©

* ¥ dQZ,'y(0|Xn)
+/(9an,W(Q|Xn) log eCLn(GﬁO)e“/R(a»H) dH(@’Xn)

+ KL (d@;ﬂ(mf(n)

dQ; (61X,
S R qI1(6|X,)’

— log / SLn (000 YR@O) GI1(9| X)) + / dQ:.(0]X,,) 1o
S S] ’

Next, using the definition of QZW(0|)~(,L) in the second term of last equality, for any other
Q()eQ

dQ(6
C/ L, 9 90) anyw‘X <log/ e$Ln(8,00) oy R(a.0) dH 9’X /dQ log R(“ﬁ)%i_lze‘ff )

Finally, it follows from the definition of the posterior distribution that

¢ La0.00) 423, (01X,)

< log [ ectr0mgunten) LRal0,o)ATLO / aQ(0 o)
o Jo LR,(9, 00 dH e R@d) d11(0]X,,)
vYR(a,0) H
=log / oCLn(6,60) _© RafR (6, 60)d / dQ(o Q) __
o Jo e B@O LR, (6, 60) dH evR(@d) dT1(|X,,)

) LR(0,60)dI1(0)
Jo LR,.(0,60)d11(0)’

+ log/ e flad (2.39)
)
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where the last equality follows from adding and subtracting log [ €?®(@9 LR, (6, 60,)dI1(6).
Now taking expectation on either side of equation (2.39) and using Jensen’s inequality on

the first and the last term in the RHS yields

Ery [¢ [ La(6,00) 45, (01%,)

Lo T LR(0,0)dI0) | _doo)

<logEpn [/@e o @) LR, (6. 00)dT1(0) +clglelfQEP5L /edQ(Q)log dH(9|Xn)
LR (0, 00)dIL(0)

f@ﬁRn(eveo)dH(e) ,

— 7 inf /@ Q(O)R(a,@)d@} + log Epy [ /@ &R(@0) (2.40)

where in the second term in RHS of (2.39), we first take infimum over all a € A which upper
bounds the second term in (2.39) and then take infimum over all Q) € Q, since the LHS does
not depend on Q). n

Next, we state a technical result that is important in proving our next lemma.

Lemma 2.7.2 (Lemma 6.4 of [28]). Suppose random variable X satisfies
P(X >t) < ¢ exp(—cat),
forallt >ty > 0. Then for any 0 < 8 < c9/2,
E[exp(5X)] < exp(fBto) + ¢i.
Proof. Refer Lemma 6.4 of [28].

In the following result, we bound the first term on the RHS of equation (2.38).

Lemma 2.7.3. Under Assumptions 2.2.1, 2.2.2, 2.2.3, 2.2.4, and 2.2.5 and for min(C, Cy(y)+
Cs(7)) > Oy + C3 + Cy(y) + 2 and any € > e,

/ oL@y LR (6, 60)dI1(6)
e

<O 4 (1 at 2.41
oo eh LR (6. 0| = ¢ T G324

Epy

for 0 < ¢ < Ch0/2, where Cyg = min{\, C,1}/Cy for any A > 0.
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Proof. First define the set
B, — {Xn [ LR (0, 00)ami(6) > e<1+03>"62n<,4n)}, (2.42)
©

where set A, is defined in Assumption 2.2.3. We demonstrate that, under Assumption 2.2.3,
Py (B) is bounded above by an exponentially decreasing(in n) term. Note that for A, as

defined in Assumption 2.2.3:

1 2
n < —(1+C3)ne
P <H<An) /@cnn(e,eo)dn(e) <e )

1 2
< pn < —(14+C3)ne ) '
<Py << 5 /@mAn LR, (0,00)dlI(0) < e ) (2.43)

(0

Let dII(6) := %dﬂ(@), and use this in (2.43) for any A > 0 to obtain,

Pg < 1 /@ ERn(ea 90)dH(9) < e(1+03)n52> < Pg (/@ ﬁRn(@’ Qo)dﬁ(e) < e(1+03)n52>

II(An)
-

Then, using the Chernoff’s inequality in the last equality above, we have

_ 1A )
/ LRn(Q,HO)dH(Q)} > (1+C3)Ane ) .
o

_ -2
Pg( = ERn(G,Qo)dH(Q)Se(HCS)’“Q) <o (e, ([/ LRy (0, 0) 1) )
o S}

I1(A,)
< o~(1+Ca)ne? [/@ Epp ([%1 ) dﬁ(@)]

— o~ (14+C3)ne? [/ exp(ADy 41 (P§\|P9’L))dﬁ(9)]
e

< e—(1+C3))\n€Qe>\C3”€% < 6_)‘”627 (244)

where the second inequality follows from first applying Jensen’s inequality (on the term
inside [ - ]) and then using Fubini’s theorem, and the penultimate inequality follows from
Assumption 2.2.3 and the definition of I1().

Next, define the set K,, := {# € © : L,(0,6,) > Cine*}. Notice that set K, is the set
of alternate hypothesis as defined in Assumption 2.2.1. We bound the calibrated posterior
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probability of this set K, to get a bound on the first term in the RHS of equation (2.38).

Recall the sequence of test function {¢, .} from Assumption 2.2.1. Observe that

c [, €7@ LR, (6, 00)dI1(6)
B fo R LR, (6, 6,)dII(6)

ewRa@ 0
_E, l(%)f,( LR.(0,0 )dn(e)]

frc. evRae LR (0, 00)dII(6)
Jo @8 LR,(6,0,)dIL(0) ]

l( O R LR, (0. 60)d1I(0)
I, evRW) LR(6,60)dI1(0)

P erR@d) LR, (6, QO)dH(Q)]

" ., RO LR (0, 60)dIL(0)

B" f S R@O LR (6, 90)dn(e)]

S EPglqbn,e + EP(;I {( ane ]]-BC + EP" [ ane
)

< EP”¢n et EP” {ﬂBC} + EP" [( ¢n € (245)

where in the second inequality, we first divide the second term over set B,, and its comple-
Sy e R@O) LR, (6,00)dT1(6)

ment, and then use the fact that f@neWR(a’e) LR (6,00)dIL(6)

fact that ¢, . € [0,1]. Next, using Assumption 2.2.3 and 2.2.5 observe that on set B,

< 1. The third inequality is due the

[ O LR(0,60)d11(6) > W [ LR, (0, 60)dI1(6)
o (€]

> W’yef(lJngJng)ne% > W’yef(1+02+03)n62

Substituting the equation above in the third term of equation (2.45), we obtain

7RO LR(0,0,)dII(6
Epy [(1_ %)RBRIK,L (0,00)dI1( >]

Jo @0 LR,.(0, 0)dIL(0)
S Wf'ye(1+02+03)ne2 Ep(;t |:(1 — ¢n,6)ﬂBn/ eVR(a’a) £Rn<9, Go)dﬂ(ﬁ)}
Kn

< WelH G, [(1 ) / ¢F@0) LR (6, eo)dn(e)} . (%)
Ky
Now using Fubini’s theorem observe that,

(*) _ W—’ye(1+02+03)ne2/ e»yR(a,G)EPGn [(1 _ ¢n76)] dH(@)

n

< W CatCt Cam)ne? VK Epy [(1 — én,e)] dIL(0)

nN{eVR(a.6) <eCa(m)ne?y

1 e Caly)ne? / B dr1(9) |,
Knm{evR(a,9)>eC4(W)n62}
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where in the last inequality, we first divide the integral over set {# € © : e?f(@9) < 604(7)"62}
and its complement and then use the upper bound on %@ in the first integral. Now, it
follows that

(x) < W el Carine [/ Erp (1= 6, )] d1(0) + O | D ()
Ky

eYR(a,0) >eC4(’Y)’ﬂ52}

— W_’Ye(1+02+03+04(7))n52 [/K EPgL [(1 — ¢n,e)] dH(@) + Epen [(1 — ¢n,e)] dH(e)

mGn(e) Knﬁe)n(e)c

+ 6704(7)7162/ e’yR(a,G) dH(9>
{e’vR(a,B) >eC4('y)n52}

< WY e(1H+C2+Cs+Ca(7))ne [/
- K

ou Epp [(1 = )] dI1(6) + I1(O,(€)°)

+ e—C4(7)n62/{ e vR(a.0) dH(Q)} ’

evR(av9)>eC4(7)n€2}

where the second equality is obtained by dividing the first integral on set ©,(¢) and its
complement, and the third inequality is due the fact that ¢,. € [0,1]. Now, using the
equation above and Assumption 2.2.1, 2.2.2, and 2.2.4 observe that

[, €@ LR,(6, 05)dIL(6)

Epp [(1— )l
P ( ¢n,e) By f@ evR(a,0) ﬁRn<9,00)dH( ) B

W—’ye(l+Cg+C’3+C4('y))ne2 [26—07162 + e—(C’5('y)+C'4('y))ne2} )

Hence, choosing C, Cy, C5, Cy(y) and C5(7y) such that —1 > 14+Cy4+C5+Cy(y)—min(C, (Cy()+
Cs(v))) implies

fic, 7RO LR, (0, 0,)dTI(0)

Epr [(1— dpe)l
ry (L= Onlen = SR 2R (0, 00 )dTI(6)

< 3W e (2.46)

By Assumption 2.2.1, we have

EpéngmE < C’Oe_C”EQ. (247)
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Therefore, substituting equation (2.44), equation (2.46), and (2.47) into (2.45), we obtain

e i, €@ LR,(6, 00)dI1(6)
B eB@O) LR,(6, 6,)dII(0)

] < (14 Cp + 3W7)e Croline (2.48)

where C1y = min{\, C,1}/C}. Using Fubini’s theorem, observe that the LHS in the equa-

tion (2.48) can be expressed as pu(K,), where

LR,(0,00)
Jo €@ LR,(6,6,)dI1(6)

dp(0) = Epy [ ] I1(6)e" @9 gp.

Next, recall that the set K,, = {0 € © : L,(0,60y) > Cine*}. Applying Lemma 2.7.2 above
with X = Ln(9,90), C1 = (1 + C() + BW_,Y> , Cg = ClO 5 t() = CIHE?,L, and for 0 < C < 010/2,

we obtain

VR(@9) LR,.(0,00)I1(0) )
B [@e oo LR, (0. 00)ari@) 0| S ¢ H (L Cok 3. (2:49)

]

Further, we have another technical lemma, that will be crucial in proving the subsequent

lemma that upper bounds the last term in the equation (2.38).

Lemma 2.7.4. Suppose a positive random variable X satisfies
P(X >e") < crexp(—(cy + 1)1),

forallt >ty >0, ¢y >0, and co > 0. Then,

E[X] < exp(ty) + .
Co
Proof. For any Zy > 1,
EIX]<Zo+ [ P(X>a)de=2Z0+ [ PX>e)eldy < Zo+ cl/ exp(—cay)dy.
Zy In Zg n Zo

Therefore, choosing Zy = exp(ty),
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¢ c
E[X] < exp(to) + ;1 exp(—catg) < exp(to) + Ci
2 2

Next, we establish the following bound on the last term in equation (2.38).

Lemma 2.7.5. Under Assumptions 2.2.1, 2.2.2, 2.2.8, 2.2.4, 2.2.5, and for Cy(~)+Cs() >
Cy+ Cs + 2,

@0 LR,.(6,0,)dIL(0) ,
E n n ) < C4(’Y)?’L€,n 20 ' 250
" l o Jo LRA(0,00d1(0) | = ° +2C4(7) (2.50)
Proof. Define the set
M, ={0c©: eri(ed) - 604(7)”62}_ (2.51)

Using the set B, in equation (2.42), observe that the measure of the set M,,, under the

posterior distribution satisfies,

st L£Rn(0,00)d11(0)

Ep [ Jar. LR (0, 600)dI1(0)
° | Jo LRn(0,00)dIL(0)

" Jo LRn(0,00)dI1(6)

] < Epy [ILBﬁ] +Epy l]lB ] . (2.52)

Now, the second term of equation (2.52) can be bounded as follows: recall Assumption 2.2.3

and the definition of set B,,, both together imply that,

e [ S, LRu(8.60)d11(6)
PPy LR(6, 60)dIL(6)

] < oreramag [ILBn / cnn(e,eo)dn(e)}
My

< e(1+c2+c3)”EQEPgl { CRn(Q,Qo)dH(H)] : (3%)

Mp

Then, using Fubini’s Theorem (x%) = e(+C2+C)nT[(Af ). Next, using the definition of set

M,, and then Assumption 2.2.4, we obtain

fM ‘CRn(9> QO)dH(Q) (14C2+C3)ne? . —Cya(y)ne?
n < 24C3)ne 4 (y)ne vYR(a,0)
B0 LR (6, 00)dIl(d) | =€ ¢ / L&)

< e(1+C’2+Cg)n62 e—C4(7)ne2e—C5 (v)ne?

9
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Hence, choosing the constants Cy, C5, Cy(7) and C5(7) such that —1 > 1+ Cy + C5 — C5(7)

implies
Jar, LRn(0,00)dI1(0) _ 2
E 1 < e~ (1+Ca(M)ne 2.
g [ B LR (0, o)ti(8) | =€ (2:53)
Therefore, substituting (2.44) and (2.53) into (2.52)
Jar, LRn(0,00)dI1(0) i 2
E < 920~ Ca(M(Cr1(7)+1)ne 254
v | trc apamay ) <> ’ 2

where C1; = min{\, 1 + C4(7)}/Cys(vy) — 1. Using Fubini’s theorem, observe that the RHS

in (2.54) can be expressed as v(M,,), where the measure

LR,(0,600)
Jo LR,(6,00)d11(0)

dv(6) = Epy [ ] dI1(6).

Applying Lemma 2.7.4 for X = @0 ¢ =2 ¢, = C11(7) , to = Cy(y)nez and X >
1 + Cy(7), we obtain

RO LR (6 eo)dH(e)] Cane? 9 o
’ ’ < et 4 < €% 4+ 204(7). 2.55
P l@ f@ ﬁRn(Q,QO)dH(Q) - Cll(v) 4(7) ( )
0
Proof. Proof of Theorem 2.3.1: Finally, recall (2.38),
Erp [ [ 10(0.00) 23, (015%,)]
7R@0) LR,.(6,00)dI1(0)
SlogEpy | [ o= - £ Epr [KL(Q(0)I1(0] X
= 10g Py [@e f evR(a,0) LR (9 90>d1—1( Qr€1Q Py H ’ ))

6, 60)d11(0) ] (2.56)

o N[ or@s LR
UEEEQ[R(“’Q)]] +logEry Vee f@ LR,(0,00)dIL(0)
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Substituting (2.50) and (2.41) into the above equation and then using the definition of

nE(7), we get

Ery | [ Lal0,00) 4 (01%.)]

1
gE{bgé@mﬁ+(L+cb+3WFn>+bg@@““%+204w)+n%ﬂw}

1 1 14 Cy + 3W)elCCn) 90 (y)e=Calnne,
s<a+@mﬂné+mﬁw+( : : § 2 :
¢ ¢ ¢ ¢
where the last inequality uses the fact that logz < x — 1. Choosing ( = C1y/2 = min;g’l’\’l),

Epy

[ £a(0,00) 4@, (01%.)

2(1 + Cp + 3W 7 )el=Bned) . ACy ()~ Catmes
ClO ClO

< M(y)n(ey) + M (v) + (2.57)

where M (v) = C; + %04(7) and M = % depend on C, Cy, Cy(y), W and A. Since the last two
terms in (2.57) decrease and the first term increases as n increases, we can choose M large

enough, such that for all n > 1

200 +Coy +3W—7 4C
M) > (14 Co+ ) . 4(7)7
C(10 C'10
and therefore for M = 2M,
Erp | [ La(0,00) dQ;,(01%,)| < M(1)n(ed) + M), (2.58)

Also, observe that the LHS in the above equation is always positive, therefore M (v)e2 +
MnB(y) >0Vn>1and v > 0.
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2.7.3 Proof of Theorem 2.3.2 and 2.3.3

Lemma 2.7.6. Given a € A and for a constant M, as defined in Theorem 2.3.1

N

Epy [333 Eq: 015 [R(a,0)] — R(a, %)\] < |M(y)e2 + Mnf ()] (2.59)

Proof. First, observe that

(sup Eq: o5, [R(a,0)] - R(a,G)DQ < ( / sup |R(a,0) — R(a,90)|dQ:ﬁ(9|)~(n)>2

acA acA

2
</<sup\R a,0) R(a,90)|> dQZ77(9|Xn),

acA

where the last inequality follows from Jensen’s inequality. Now, using the Jensen’s inequality

again

(Ep" lSuP’E (61%0) [R(a,e)]—R(a,90>\D2

2
< EPET)I [(Sgﬁ ’EQZW(G\Xn)[R(av 0)] - R(CL, 60)‘) ] .

Now, using Theorem 2.3.1 the result follows immediately.

Proof of Theorem 2.3.2. Observe that

R(ags, 0o) — inf R(z,00)
— |R(as, 0) — inf R(z, 00)
= Rlags,00) — [ Rlas, 0)dQi ,(01%,) + [ Rlais 0)dQs, (01 %) — inf R(z, o)

< [Rlazo.b0) — [ Rlais: 0043, ,(61%,)

0)dQz;, (01 X,) — inf R(a, bo)

< 2sup
acA

/ R(a,0)dQ% . (01X,) — R(a,00)] .
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Given ajg € A and for a constant M (defined in Theorem 2.3.1), we have from Lemma 2.7.6

_ *
for a = agg

< [Me+ M) 2.60)

[ Bla.0)dQz, ,(01%.) — R(a.6,)

Epp |sup
acA

It follows from above that the P}'— probability of the following event is at least 1 — 7

D=

{Xn  Rlao,f0) — inf R(z,00) < 27 [M(1)é + M) } (261)

]

Proof of Theorem 2.3.3: Since, the above result holds for any a € A, fix a = aj5 and observe

that for any v > 0 and 7 > 0, the result in Lemma 2.7.6 implies that Fj'— probability of

> T} (2.62)

/R a,0)dQz. ,(01X,.) — R(a,0)

{ [M(€: +nf()] “sup
acA

is at most 771, For ajg, it follows from the definition of W¥(-) that

U (H(af{s, arg min R(a, 00))>
acA
< R(ags, bh) — Zigf\R(a, 0o)
— Rlaj,00) — [ Rlais, 00 ,(01%,) + [ Risis, 0)dQs (61X,) — inf R(z,00)
< | R(as,00) — [ Riais: 0)dQ2, ,(01%,) + | [ Rlais, 0)dQ%, ,(615,) — it R(a.b0)

/ R(a,0)dQ% (01X,) — R(a,00)]. (2.63)

< 2sup
acA

It follows from the above inequality that

{ [M(ei + nf(v))}_% v (H(al’gs, arg min R(a, 00))> > 27'}

z€A
1

g{[meiwﬁ(w How| [ rla 0dQz, ,(01%,) - Bla.0)

> b

(2.64)

acA
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Therefore, using the condition on the growth function in the statement of the theorem that,

v (H (aRS argmin R(a 00)>)
ach 4~ = K, the FJ'— probability of the following event is at least 1 — 7~
H<a;;s,arg riin R(a,00)>

ac

=

=

(2.65)

2 [M(7)e + MyR(y)]?
{H(aﬁaargmin R(a, b)) < [ ™) - N (7)] }
acA

This concludes the proof.

2.7.4 Proofs in Section 2.3.1

Proof of Proposition 2.3.1. Using the definition of nff(y) and the posterior distribution (6| X,,),

observe that

nif(7) = inf Ery [KL(Q(O)IN(EIX,) - 7 inf EqlR(a. 0)]

:inpr(;z[K (Q(O)|11(0) +/dQ 1g<de(;(T)‘>>—71nfEQ[R( 9)]]

Qce ( acA
= it lKL(Q(@)HH(@)) v inf Eq[R(a,0)] + Epy V 0) log (fdll((i%i%"’e)m .

Now, using Fubini’s in the last term of the equation above, we obtain

KL(Q()T1(#)) 7 inf Eq[R(a, 0)

/dH (X, |9)>1 ] (2.66)

! (7) = inf)

+Eq [KL (AP Ilp(X4l0)) — KL (dP”
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Observe that, [y. [ dII(0)p(X,|0)dX, = 1. Since, KL is always non-negative, it follows from

the equation above that

()
< L int [KLQ)I®) ~ 7 int EglR(a.0) + Eq [KL (a7 In(%. 10

< jl dnf [KL(Q(O)|11(9)) + Eq [KL (dFg [Ip(Xa10)) || - }ﬂ inf inf Eg[R(a,0)], (2.67)

where the last inequality follows from the following fact, for any functions f(-) and g(-),
inf(f — g) <inf f —infyg.

Recall €, > ﬁ Now, using Assumption 2.3.1, it is straightforward to observe that the first

term in (2.67),

~ int [KL(Q(0)|11(0)) + Eq [KL. (75 p(%,19))]| < Cocl (2.68)

Now consider the last term in (2.67). Notice that the coefficient of % is independent of n and
is bounded from below. Therefore, there exist a constant Cs = —infgeg inf,e 4 Eg[R(a, 0)],

such that with equation (2.68) it follows that nff(y) < yn='Cs + Cye? and the result follows.

O
Proof of Proposition 2.3.2. First recall that
R s ol s
iy (v) = iof Epp | KL(Q(O)[ITL(0]X)) — v inf Eg[R(a, 0)]
= inf Epy [KL(Q(O)[11(9]X,))] — v inf Eg[R(a.6). (2.69)
Observe that the optimization problem is equivalent to solving :
min Epg [KL(@QO)11(0]X,.)] st. — inf Eq[R(a,6)] <0. (2.70)
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Now for any v > 0, Q% () € Q that minimizes the objective in (2.69) is primal feasible if

— inf /@ dQ" (6)R(a,0) < 0.

Therefore, it is straightforward to observe that as «y increases nn%(vy) decreases that is

Epp [ [ aQ;()10p 7] =y ind [ d@x)R(. e)] |

dI1(0) X,

Proof. Proof of Corollary 2.3.1: For any 6 > 0, using Markov inequality

B (@i [{52000.00) > Ma(é + o) %] > 6) < 58 Qi [{ 21000 00) > Mol )
< T L, 000005, 015,
nM(e, +n/(7) _ M
= oM, + () oM,

2

where the last inequality follows from Theorem 2.3.2. Since M, is a diverging sequence,

convergence in Pj'-probability follows.

2.7.5 Proofs in Section 2.3.2

Proof of Lemma 2.3.1: Refer Theorem 7.1 of [91]. O

Proof of Lemma 2.5.2: For any positive k and e, let 6 € [0y — ke, 0y + ke]? C © C RY. Now
consider aset H; = {62, 0},...6/,0/"'} and H = ®, H; with J = | 2], where ! = 0y—ke-+id
for j = {0,1,...,J} and /™! = 6y 4 ke. Observe that for any 6 € [0y — ke, 0y + ke]?, there
exists a @ € H such that ||§ — /|| < §. Hence, union of the §—balls for each element in set
H covers [0y — ke, 0y + ke]?, therefore N (6, [0y — ke, Oy + ke], || - ||) = (J + 2)%

Now, due to Assumption 2.3.3, for any 6 € [0y — ke, Oy + ke]?

d(0,00) < Ka||0 — 0] < Kad,

81



For brevity, we denote n='L, (0, 0y) by dp(0,6y), that is

AL (61,02) = sup |R(a, 1) — R(a, Bo)], ¥{01, 02} € ©, (2.71)
ac

and the covering number of the set T'(€) := {Py : dp(0,0y) < €} as N(9,T(€),dr), where
0 > 0 is the radius of each ball in the cover.

Hence, d-cover of set [0y — ke, 0y + ke]? is K15 cover of set T'(€) with k = 1/K,. Finally,

2ke d 2¢ d
N(K20,T(€),dr) < (J+2)' < | == +2] = <+2)
) K50

which implies for 6 = K>0,
2€ s
NG T(e),de) < (5 +2)

[]

Proof of Lemma 2.3.3: Recall dp(0,600) = (sup,ca|R(a,0) — R(a,6)|) and T(e) = {Py :

dr(6,00) < €}. Using Lemma 2.3.2, observe that for every € > ¢, > 0,
N (; (0:e<dy(6,6) < 26},dL> <N (; (02 dy(0,00) < 26},dL> < 10°
Next, using Assumption 2.3.2 we have
dr(0,60) < K1dy(0,6,).

It follows from the above two observations and Lemma 2 that, for every € > ¢, > 0, there

exist tests {¢n } such that

—Cne?)

n < 1000 :
EPO [¢n,e] =~ 10 1_— exp(—CneQ)’ (2 72)
sup Epp[l — ¢n,e] < exp(—Cne?), (2.73)

{60€0©:d1,(0,00)>¢€}
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where C' = Since the above two conditions hold for every € > ¢,, we can choose a

1
KT
constant K > 0 such that for every € > ¢,

exp(—CK?ne?)
1 — exp(—CK?ne?)

sup Epp[l — ¢ne = sup Epp[l — ¢ne] < exp(—CK?ne®),  (2.75)
{6€0:L,(0,00)>K?%ne2} {60€0©:d1,(0,00)>Ke}

Epp[¢n, < 10 < 2(10%) exp(—CK?*ne®), (2.74)

where the second inequality in (2.74) holds Vn > ng, where ng := min{n > 1 : CK?ne* >
log(2)} Hence, the result follows for ¢} = K? and C' = CK?. O

Proof of Corollary 2.3.2: Using Lemma 2.3.3 observe that for any ©,(¢) C ©, L,(6,0o)
satisfies Assumption 2.2.1 with Cy = 2 % 10°, C' = £% and for any C; > 0, since

2K2
2
sup Epp[l — ¢ne < sup Epp[l — ¢ne < exp(—Chne,).
{0€6,,(€):Ln(0,00)>C1ne2 } {0€0:Ly(0,00)>C1ne2}
Hence, applying Theorem 2.3.1 the proof follows. m

2.7.6 Proof of Theorem 2.4.1, 2.4.2, and 2.4.3

Proof of Theorem 2.4.1: The proof follows immediately from Theorem 2.3.1 by taking limit

~v — 0T on either side of its main result, that is

Ery | [, Ln(6.80) dQ;, (01%,)] < Mu(el + nfi(3). (2.76)

Fix n > 1. Now first consider the LHS, use the fact that for any a € A, lim,_,o+ Q; 0] X,) =
Q*(0|1X,,) (2.13), the integrand is also non-negative , and nnf(y) < oo due to Proposi-
tion 2.3.2 (since a decreasing sequence is bounded given n%(0) < 0o), therefore, using Fatou’s

Lemma we have

/@ Ln(0,60) dQ:_ (0]X,,) (2.77)

Epy /@ Ln(6,60) dQ"(6]X,)| < liminf Epy
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On the other hand, using similar argument as used in (2.13) to show that QZW(9|X}L) —
Q*(0|1X,,) as v — 0%, it follows that

lim inf Y () = 7,(0).

~y—0*t

Thus the result follows.
O

Next, we obtain a finite sample bound on the regret, defined as the uniform difference
between the Naive VB approximate posterior risk and the expected loss under the true data

generating measure Fp.

Lemma 2.7.7. For a constant M as defined in Theorem 2./.1

Epy [sup [ Bla,0)4@°(01%) — R(a00)|| < [M(+na(0))]*. (2.78)

acA

Proof. The result follows immediately from the following inequalities

)2 < (/ sup | R(a, 0) — R(a,90>|dQ*(9an)>2

acA

/ R(a,0)dQ* (0] X,,) — R(a,0)

<sup
acA

</ (sup R(a,6) - R(a,eo>|) 40" (015,

acA

where the last inequality is a consequence of Jensens’ inequality. Now, using Jensen’s in-

o )

<Ep [(sup [ Ra.0)dQ" (61%.) - Rla.t0)

acA

equality again

sup ‘ [ R(a,0)d@"(61%,) - R(a,6,)
acA

)
Now the result follows immediately using Theorem 2.4.1. O

Proof of Theorem 2.4.2 and 2.4.5 . The proof is similar to Theorem 2.3.2 and 2.3.3 and

hence omitted.
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2.7.7 Proof of Theorem 2.4.4, 2.4.5 and 2.4.6

Proof of Theorem 2.4.4: The proof follows immediately from Theorem 2.4.4 by substituting
v =1
0

Proof. Proof of Theorem 2.4.5 and 2.4.6: The proof is similar to Theorem 2.3.2 and 2.3.3

and hence omitted.

2.7.8 Newsvendor Problem

We fix n=Y2,/LNV(0,0,) = (sup,c4 |R(a,0) — R(a,6)|). Next, we aim to show that

the exponentially distributed model P, satisfies Assumption 2.2.1, for distance function
LNV(6,6,). To show this, in the next result we first prove that dYV (0, 6y) = n='/2,/LNV (8, 6)

satisfy Assumption 2.3.2. Also, recall that the square of Hellinger distance between two ex-

ponential distributions with rate parameter § and 6y is d%(6,6,) = 1 — 2@ =1- 21V+ZZ§Z.

Lemma 2.7.8. For any 6 € © = [T, 0), and a € A,

1/2

)+ o+ (-
d%—I(Tv 90)

h
dYV (8, 6,) < {(“’ L dy(6,60)

where a := min{a € A} and a > 0 and 0y lies in the interior of ©.

Proof. Observe that for any a € A,
h h e~ emato
8 0 (b+h>< o 90>
ho h\° e=af  e=abo? h h e—af
= (2 2) £ (b+h) - o (2 -2 b+ h
(90 9>+(+)<9 ‘90>+<90 9><+)(9
hoo b\’ e gmato?
<|—=-= 2 — .
<(5-5) vorm (-5 (2.79
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|R(a,0) — R(a,8)|* =




ab e—aGO

where the last inequality follows since for 8 > 6y, (% - %) > 0 and (6_9 - % ) <0

and vice versa if 8 < 6y that together makes the last term in the penultimate equality

negative for all § € ©. Moreover, the first derivative of the upperbound with respect to 6 is

h h\ h e"  emabo 1 a
ol =2 )2 9 2 o —af |: :|
<90 9) g 20+ ( R )e ZRak

and it is negative when 6 < 6, and positive when 6 > 6, for all b > 0,h > 0, and a € A.

Therefore, the upperbound in (2.79) above is decreasing function of 0 for all § < 6, and
increasing function of @ for all § > ;. The upperbound is tight at 6 = 6,.
Now recall that the squared Hellinger distance between two exponential distributions

with rate parameter 6 and 6 is

6+90 1+90/9—1+(/90/9)2

Note that for 6§ < 6y, d%(6,6,) is a decreasing function of 6 and for all § > 6 it is an

d%(9790)=1—2\/9_90:1 ) bo/0 _<1_\/M)2

increasing function of 6. Also, note that as § — oo, the squared Hellinger distance as well

as the upperbound computed in (2.79) converges to a constant for a given h,b, 6y and a.

However, as 6 — 0, the d%(0,60y) — 1 but the upperbound computed in (2.79) diverges.
Since, © = [T, 00) for some T > 0 and T' < 6, observe that if we scale d%(0, 6y) by factor

by which the upperbound computed in (2.79) is greater than dy at § = T', then

Oy 0

2 efaT efaB 2
b oYy () ) H ORI 2 5R)
9 0o = d2,(T, 6o) HAZ> 70
2 e—aTl e—ad
(%‘% +(b+h)2< T 900
d%{(Ta 90)

2
) d2.(6,6o),

(2.80)

T 0o

a g\ 2
where a = inf{a : @ € A} and in the last inequality we used the fact that (e e 90)

is a decreasing function of a for any b, h, T, and 6, . Since, the RHS in the equation above
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does not depend on a, it follows from the result in (2.79) and the definition of LYV (6,6y)

T -a /
el :

that d¥V (60, 6y) < &2, (T 00)

Lemma 2.7.9. For any 0 € © = [T, 0), for sufficiently small T > 0, and 6y lying in the

interior of ©, we have

T12(0, 00) = e@ (T+90 ([ [))\e bol-

Proof. Observe that

ad2,(0,0,) 2(€+90) — V08 (0+00)V0 — 20vB0 _ 0vBo— 00Ty 6o ( Z

» (0 + 90> VIO +60)2 VO +6)2  (0+60) \ Vo
Observe that 6 — 0, (9 %) 5 0. Since,§ € © = [T, 00), therefore the supycq ad%’a(zﬁo) <

8d%—1 (9760)
a6

- ‘T+90 (\/; \/%)

( T 072 (ﬁ \/» )) Now the result follows immediately since the derivative of d% (6, 6y)
is bounded on ©, which implies that d% (6, 0,) is Lipschitz on ©. O

oo. In fact, for sufficiently small T > 0, supycq

Lemma 2.7.10. For any § € © = [T, 0), and a € A,
d¥V (6,6,) < 2|6 — 6
L (0,00) < ﬁ| — bo|.

Proof. Recall,

h e—a@
R(a,0) =ha— —+ (b+h) :
0 0
First, observe that for any a € A,
OR(a,0) h e e 1 —af h
o=@ —a(b+ h)~ 5= b+ h) =5 (h = (b+h)e (1 +af)) < g (281)
The result follows immediately, since supgcgq oR 8(9 ) < Ti O

Proof. Proof of Lemma 2.5.1

_\/97)
0



It follows from Lemma 2.7.8 that d¥V (60, 6y) for any § € © = [T, 00) and 6 lying the

1/2
2 —aT —ab 2
h h e = e 4%
(%_T) +(b+h)2<7:r_ % )
dfq(lﬂo)

interior of O, satisfies Assumption 2.3.2 with K; =

KNV, Similarly, it follows from Lemma and 2.7.10 that for sufficiently small 7' > 0, d¥V (6, 6,)
satisfies Assumption 2.3.3 with Ky = h/T? := KIV. Now using similar arguments as used
in Lemma 2.3.2 and Lemma 2.2.1, for a given €, > 0 and every € > ¢,, such that nez > 1, it

can be shown that , LNV(6,6y) = n (sup,e 4 |R(a,0) — R(a,6)|)* satisfies

Epn[¢n] < Coexp(—Chne?), (2.82)
sup Epp[l — ¢n] < exp(—Cne?), (2.83)
{6€0:LNV (0,00)>C1ne?}
where Cy = 20 and C' = W for a constant C; > 0. O

Proof. Proof of Proposition 2.5.2:

First, we write the Rényi divergence between Fj' and Fj,

. ap\t 1 a\" b 1 0

when (A + 1)0y — A0) > 0 and Dy, (P}||P}') = oo otherwise. Also, observe that, Dy, (P || Pf)
is non-decreasing in A (this also follows from non-decreasing property of the Rényi divergence

with respect to A). Therefore, observe that
6
(D (BN Py) < Caney,) > (Do (B (|1 Py') < Canep) =11 (0 < 10g§0 < O3€i> =1 <906_03€% <0< 90:

Now, recall that for a set A C © = [T, 00), we define I[I(A) = Inv—T'(ANO)/Inv —T'(O).

Now, observe that for sufficiently small T" and large enough n, we have
IT (fge™ %% < 0 < ) > Tnv — T (fpe™ % < 0 < 0y)

The cumulative distribution function of inverse-gamma distribution is Inv —T'({# € © : § <

8
t}) = ( ) where a(> 0) is the shape parameter, 5(> 0) is the scale parameter, I'(-) is

T'(a)
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the Gamma function, and T'(-,-) is the incomplete Gamma function. Therefore, it follows

for a > 1 that

2
foeC3en  _ _
B/00 e Txldy

I (a, 8/60) = T (@, B/0peh)

I —T(p —Cge%<0<0 _ _ B/6o
W =T (foe™% < 0.5 o) I(a) I(a)
—5/60ec3€%+a03e% @
> ¢ ﬁ {1 — e_o‘cyﬂ
al'(a) o
_ eCs [e
> ﬂ ﬁ [e—aczsnﬁi]
— al'(a) \ 6

where the penultimate inequality folows since 0 < €2 < 1 and the last inequality follows from
the fact that, 1—e—2Csen > g—aCane, for large enough n. Also note that, 1—e 036 > g-aCsne,
can’t hold true for €2 = 1/n. However, for €2 = 2% it holds for any n > 2 when aCj > 2.
Therefore, for inverse-Gamma prior restricted to O, C; = aC5 and any A > 1 the result

follows for sufficiently large n.

]
Proof. Proof of Proposition 2.5.3: Recall,
h —af
R(a,0) = ha — — + (b+ h)—.
0 0
First, observe that for any a € A,
OR(a,0) h e~ e”® 1 —af
iuinhd St A — = —(h— (1 . 2.84
0 g —albth) = = (b4 h)— = (h = (b+ h)e (1 + a0)) (2.84)

Using the above equation the (finite) critical point §* must satisfy, h — (b + h)e=2%" (1 +
af*) = 0. Therefore,

1 1 ha*6*
> *) . - | = -

Since h,b > 0 and af* > 0, hence



where ¢ := min{a € A} and a > 0.

Proof. Proof of Proposition 2.5.4:

First, observe that R(a, ) is bounded above in 6 for a given a € A

efaG

R(a,0) :ha—ﬁ+(b+h) 7

0
b
< ha+ -.
_a+0

Using the above fact and the Cauchy-Schwarz inequality, we obtain

1/2

1/2
R(a,0) 2vR(a,0)
/{e"YR<a79)>eC4(“/)nE%} ¢ n(‘g)de = <~/e ! E(Q)d&) </ 167R<a'0)>ec4mm%Tc(a)de)

, 1/2
< (/ e2’Y(ha+9)n(9)d9> (/ 1{ev(ha+g)>6C4(7>M%}n(9)d6’>
< o~ Canet ( / e%(’w%)n(e)de) , (2.85)

1/2

where the last inequality follows from using the Chebyshev’s inequality.
Now using the definition of the prior distribution, which is an inverse gamma prior
restricted to © = [T, 00), we have
/{e7R<a,9)>eC4(7)n€%} evR(a’g)’E(e)dQ = 6_04(7)716% (/ ezw<ha+g)n(6)d0>
< e~ Calnne; 2v(hatf)

> 1, we must fix Cy(7) such that e“() >

where @ := max{a € A} and @ > 0. Since ne?
62’7(’15*%)7 that is Cy(y) > 27 (hﬁ—i— %) and Cs(7y) = Cy(y) — 2y (hﬁ—f— %)
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Proof. Proof of Proposition 2.5.5: Since family Q contains all shifted-gamma distributions,

(6-T)
observe that {g,() € Q}Vn > 1. By definition, ¢,(0) = (9 —T)nte™ %°. Now

enr(

consider the first term; using the definition of the KL divergence it follows that

KL(n(O)|%(0)) = [~ an(0)108(0.(0))d0 — [~ qu(0) log(m(o))do.  (2:86)

Substituting ¢, (@) in the first term of the equation above and expanding the logarithm term,

we obtain

n n

/Too qn(0)1og(q,(0))dd = (n — 1)/ log(6 —T) T >(9 T)" e % df — n + log (93?(71)

T

(2.87)

Now consider the second term in the equation above. Substitute 6 = % +T into the integral,

we have

oo 0—T n» _ 1
1 M g— Ty e "Ode_/‘l L gty
/T °8 0o 65T (n) ( y i & ['(n)

< / (i — 1> F(ln)t”_le_tdt =0. (2.88)

Substituting the above result into (2.87), we get

/TOO 0,(0) log(g,(0))d0 < —log By — n + log (FT(L:L)>

nn
—logeo—n-i-log m

1
—log V21, + 3 logn, (2.89)
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=

where the second inequality uses the fact that v/2nnn"e™" < nl'(n). Recall n(0) = FB(Z)G*Q’IG_’.

Bl

Now consider the second term in (2.86). Using the definition of inverse-gamma prior and

expanding the logarithm function, we have

- /OO 4 (0) log(m(6))dd = — log ( p ) + (a+ 1)/ log 6 n @—T) e "% do+f— "
T T n

I'(a) 05T (n) (n — 1)
~log (g:;) + /T - logei 987;‘?”) O —T) e "% do
+ﬂ<n_nl)00 + (a+ 1) log by
< —log (rﬁ(Z)> + /TOO ¢ ;OTGSTFLZn) 0 —T)" e "% do
+6(n_”1)90 +(a+1)logby
~log (;a)) +6(n—1)9 + (a+ 1) log b, (2.90)

where the first inequlity is due to fact that E, [8/0] < E,[5/(0 —T)] for any § > T
and the penultimate inequality follows from the observation in (2.88) and the fact that
log% < % -1< % - % for any 6y > T. Substituting (2.90) and (2.89) into (2.86) and

dividing either sides by n, we obtain

7tKL(qn(G)Hn(é’)) ! ( log v/2mfy + = logn log (I‘fa)) + B(n _711)90 + (a+1)log 0())
_ llogn 1 B
=5 +5(n_1)90+n<—logﬁ—log<r >+(a)log(‘)0>.

(2.91)

Now, consider the second term in the assertion of the lemma. Since &,i € {1,2...n} are

independent and identically distributed, we obtain

V0 [KL (aP Ip(,10))] = Equi0) KL (dP]p(€]6))]
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Now using the expression for KL divergence between the two exponential distributions, we

have
1 il B Oy 0 n" o1 —nf=T n
—Eau0) KL (dFg(|p(X.10))| = /T (lo 89 T~ 1) ) 6—T)""e <

(2.92)

where second inequality uses the fact that logax <z -1 <z — % for 6y > T. Combined

together (2.92) and (2.91) for n > 2 implies that
1 . -
~ KL (6,(0)[7(8)) + Ey0) [KL (dFg) [p(X016) ) ]

llogn 1 26 6]
< = — 24— —logv2rn —1
—2n * n ( + o RGN (F(a)

@ log n

) + O./lOg 90) < Cg (293)

where Cy := %—i—max (O, 2+ Qﬁ —log V271 — log ( ) + alog 00) and the result follows. [

Proof. Proof of Proposition 2.5.5: Since family Q contains all gamma distributions, observe

that {g.(-) € Q}¥n > 1. By definition, ¢,(0) = nle™"%. Now consider the first

H”F(n)

term; using the definition of the KL divergence it follows that

KL(ga(0)[7(6)) = [ au(0)108(an(8))20 — [ g,(0)10g(n(6))db. (2.94)

Substituting ¢, () in the first term of the equation above and expanding the logarithm term,

we obtain

/qn ) log(gn(6))d6 = (n — 1) /1og9 g1 ‘”eode—n+1og< n )

05T (n) 51 (n)

= —logby + (n /10g909”712( >9” ! _n90d9—n+log< nn )
0
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to

Now consider the second term in the equation above. Substitute § = = into the integral,

we have

B ¢ o1
lo orLlo "% d@—/lo ot et
/ geo em ) & 0T (n)

< / (; - 1) F(ln)t”_le_tdt —0. (2.96)

Substituting the above result into (2.95), we get

| (0100040 <~ -+ 10 ()

n"
—log90—n+log m

= —log v2mb, + = logn (2.97)

=

where the second inequality uses the fact that v/2mnn"e™™ < nl'(n). Recall ©() = Fﬁ(z)ﬁfafle_ﬁ.

Now consider the second term in (2.94). Using the definition of inverse-gamma prior and

expanding the logarithm function, we have

—/qn(e) log(n(0))do = —log( i ) +(a+1) /10g9

o 1 —n00d9+ﬁ

I(c) (n) W
~ “log (Fﬁ(;» +(a+1) [log - a 08” T )enle—“e%de
+5<n_”1)90 4 (a+1)1og by
< —log (Fﬂ(a)> *5(71—1)9 + (a+ 1) log b, (2.98)

where the last inequality follows from the observation in (2.96). Substituting (2.98) and (2.97)

into (2.94) and dividing either sides by n, we obtain

iKL(qn(G)Hn(ﬁ)) S < log V21l + - L logn — log (Ffa)) + ﬁ(n _n1)90 + (v +1)log 90>

1logn 1 1 £
S “(—1ogv2m —1 1 .
5, —l—ﬂ(n_l)eo—l—n( og V2n og(ra>+(a) og90>
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Now, consider the second term in the assertion of the lemma. Since, &,i € {1,2...n} are

independent and identically distributed, we obtain

1 S

~Ey0) [KL (4P [p(X416))] = Equo) [KL (@R |p(¢]6))]
Now using the expression for KL divergence between the two exponential distributions, we
have
1 - 0y 60 n" 0 n 1
ZE, i [KL (dP?||p(X,,|0 :/1 7 - _ ,
nq<9>[ (P Ip(X:10)) ] <0g9+90 )egr(n) © “n—-1 n—1

(2.100)

where second inequality uses the fact that logz < z — 1. Combined together (2.100)
and (2.99) for n > 2 implies that

o [KL GO I7(0) + Eyn [KL (R (5,10) ]

11 1 23 o 1
<80, = (2 + 2%~ log V2m ~ log (f()) +alog 90> <y %" (2.101)
0 (0%

where Cy := %+max (O, 24 % —log V21 — log (F’B()Z ) + alog 00) and the result follows. [

2.7.9 Multi-product Newsvendor problem

In the multi-dimensional newsvendor problem, we fix n=1/2,/LMNV (9 6y) = (sup,c 4 | R(a,8)—

R(a,6y)]), where

d o((ai — 6;) /o) ¢((ai — 0;) /o)
; h —|—b aq) )—biai+9i(bi—hi)—l—aﬁ [h®<<ai_ei)/aii)+b1_®((ai_ei)/o_ﬁ)‘|‘|.

For brevity, we denote d}NV(0,0y) = n=Y/2/LMNV (0, 6,). First, we show that

Lemma 2.7.11. For any compact decision space A and compact model space O,

d ™ (0,00) < K10 — 6ol
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for a constant K depending on compact sets A and © and given b, h and 3.

Proof. Observe that

95, R(a,0) = (b — hy) + (a5 — 6) Joud((a — ) ow) l@((ai —hei)/o—ﬁ) - @((aib_ 91)/%)]

(ai — 91)) l ho((ai —0i)/ow)  bo((ai — 0i)/0w) ]

Oii Un(b((ai - 91)/011)2 Uﬁ(l - (I)(<ai - 91)/011))2

= b= b+ (o = 00 fngl(e — 1)/ ) [‘I)((@i —hei)/o’ii) s ‘I’((aib— 91)/011)]
(ai = 6)\ [ho((a; — 05)/03) bo((ai — 6;)/0w)

wo(“22)] |

Jij

+Uii¢<

@((ai — ei)/Uﬁ)Q (1 _ (P((ai — 01)/0_11))2 (2102)

Since, A and © are compact sets, therefore {(a; — 6;) /0y }, lie in a compact set. Con-
sequently, ¢((a; — 60;)/0yi) and ®((a; — 6;)/0y) also lie in bounded subset of R and thus
sup 4 e ||0s R(a,0)|| < K for a given b, h and X. Since , the norm of the derivative of R(a, )
is bounded on © for any a € A, therefore, d¥NV(0,0,) is uniformly Lipschitz in A with
Lipschitz constant K, that is

d™ (0, 60) < K1|0 — 6o]l.

]
Next, we show that the Py satisfies Assumption 2.2.1, for distance function LNV (0, 6y).

Proof. Proof of Lemma 2.5.6:

First consider the following test function, constructed using X,, = {&,&, ..., &}

Pne = Loz, ||du-0o||>vE2)

where 0, = % Note that 6, — 6y ~ N (|0, %2), where %2 is a symmetric positive
definite matrix. Therefore it can be decomposed as ¥ = QTAQ, where ) is an orthogonal
matrix and A is a daigonal matrix consisting of respective eigen values and consequently
0, — 0o ~ QN(-]0, LA). So, we have ||, — 6o|* ~ [N(-|0, LA)||%. Notice that [|A(-|0, 2A)|

is a linear combination of d X%1) random variable weighted by elements of the diagonal matrix
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LA. Using this observation, we first verify that ¢, satisfies condition (4) of the Lemma.

Observe that
Epelén] = B (Xn 6. o > 03) = By (K INCI0, A2 > Cne?)

Note that X%1) is T" distributed with shape 1/2 and scale 2, which implies X%1) — 11is a sub-

gamma random variable with scale factor 2 and variance factor 2. Now observe that for

A

A= maXie(1,2,...d} Ay,

gooe

n [ v n [ < 1 n (< 1
P} (Xn IV -1, A) |2 > CneQ) <P (Xn XG> dj\CnEQ) <P (Xn XG> dACn62)

~ 1
:P"(Xn: 2 —1>AC'ne2—1>
0 X(1) JA
(ﬁ0n6271)2

S 672(2+2<i0n62—1))

1 2 C 2
< o~ 1/855Cne*+1/8 < e—1/8(d—A—1)ne

Y

(2.103)

where in the third inequality we used the well known tail bound for sub-gamma random
variable (Lemma 3.12 [97]) assuming that C is sufficiently large such that (diACnGQ - 1) > 1
and in the last inequality follows from the assumption that ne® > ne > 1.

Now, we fix the alternate set to be {6 € R% : || — 6| > 2v/Ce2}. Next, we verify that

¢n, satisfies condition (#7) of the lemma. First, observe that

Eppll — 6] = P <Xn 6. - 0o < o&) < Py (Ko 16, — 01l = 6 - 60l - VC&),

(2.104)
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where in the last inequality, we used the fact that [|6 — 6, < ||6, — ]| + Hén — GOH. Now on
alternate set {6 € R?: [|0 — 6| > 2V Ce?},

Erg[1— ¢u] < B (X2 10— 6] 2 116 — 60l] — VO)
< Py (X : (16, — 6] > (16 — 60| — VC)
< Py (Xu s 0n— 0] > VCe) . (2.105)

Now, it follows from (2.103) and © C R? that

ol < EDE @100

—1/8(g—1)7’l62
sup Epr[l —¢n] < sup Epp[l —¢n] <e an . (2.107)
{0€0:]10—00||>2v/Ce?} {0ER:(19—0, | >2v/C e}

Using Lemma 2.7.11,
{6 €0 :n Y2 /LMNV (9 6,) > 2KVCe2} = {0 € © : dMNV(0,6,) > 2KV Ce2} C {0 € O : ||0—b,| > 2V/C
which implies that

sup Epp[l — ¢n] < sup Epp[l — ¢n].
{6€O:LMNV (9,00)>4K2Cne?} {6€0:|0—6o||>2VCe2}
Therefore, Py for § € O, satisifes Assumptions 2.2.1 for L,(0,0,) = LMYV (0,6,) for
Co=1,Cy =4K?C and C = 1/8 (5 —1). 0

Proof. Proof of Proposition 2.5.7:
First, we write the Rényi divergence between two multivariate Gaussian distribution with

known X as

A1

Dia(N(:180) [N (-16)) = == (6 — 60)"3(6 — 60), (2.108)

and Dy A(N(-|0)|IN(-]60)) < oo if and only if ¥~ is positive definite [98].
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Since, we assumed that the sequence of models are iid, therefore,

1 dpr\* 1 AP\ A1
D1+A(P61||P51> = Xlog/ (dPZ‘) dP(?:”)\IOg/<dPZ> dP0=n<2(9—90)T2(9—90)>,

when Y71 is positive definite and Dy, (P}||Py) = oo otherwise. Now observe that

(D1 (PRI < nCacd) = T1(((0 = 00)" (0 — 00) < 1= Cse?)
=11 ([0 - 0)QITAQ — 0)]) < 1 i)
T 2
> 11( (0 - Q10 - ) < A(Hl)cen),
T 2 2
~n{({e - e -a) < s o) @i

gooo

Y = QTAQ. Next, observe that,

where A = maXie(1 2,4 Aii and in the second equality we used eigen value decomposition of

N(Dson (PY1F) < nCac) =11 (0 - [0~ 00) < 52 Cac

where in the last equality we used the fact that the prior distribution is uncorrelated. Now,

the result follows immediately for sufficiently large n, if the prior distribution is uncorrelated
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and uniformly distributed on the compact set ©;, for each i € {1,2,...,d} . In particular

observe that for large enough n, we have

4 0+ A Cse2 — 6 + 2 Caer
(A—i—l) A 7o
I(Dyyx (B Fy) < nCsez) > [

/2
2d< A1) Cse, > 8 "
= = C3€i )

TEm©) A1) (1, meey) ™

(2.110)

where m(A) is the Lebesgue measure (volume) of any set A C R. Now if ¢ = loi", then

— 8 2
374 Csnes,

~ d 5.
for : 572C3 > 2, - . 72Cs€2 > e AOH)(HiZlM(O')) for all
Ao (T, meen) Ao (T, men)
n>2, therefore,

— Ad Csne2

n n 2 A+ (H?:l m(ei))Q/d
Dy (P ') < nCsey) = e

]

Proof. Proof of Proposition 2.5.9: Since family Q contains all uncorrelated Gaussian dis-

tributions restricted to ©, observe that {g,(-) € Q}Vn > 1. By definition, ¢\ (f) o
1 22 (9 ;U«ln) N(9|M1n0'1n1®

e in 1.:—1andﬁxam—1/\/ﬁand9 0y for all i €

2no? i N (©ipi,n,1,n)

i,n

{1,2,...,d}. Now consider the first term; using the definition of the KL divergence it

follows that

KL(ga(0)[7(0)) = [ au(0)108(an(6))0 — [ ,(0)10g(n(6))do. (2.111)
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Substituting ¢, () in the first term of the equation above and expanding the logarithm term,

we obtain
d . .
[ an(0)108(0.(0))80 = 3 [ 4,61 1og(a}(6)) 0
i=1
d
< Z /N(91|Mi,n7 Oin) log N (0| i, 01.,) d6;
= —Z log(v/2me) + log .,], (2.112)

where in the last equality, we used the well known expression for the differential entropy of

Gaussian distributions. Recall ©(0) = [IL, m(191)' Now consider the second term in (2.111).
It is straightforward to observe that,
d
- / 4n(0) log(m(0))d0 = 3 log(m(6y)). (2.113)
i=1

Substituting (2.113) and (2.112) into (2.111) and dividing either sides by n and substituting

Oin, We obtain

;KL(%( )|%(6) iZ [log(v/2me) — log(m(©;)) — ;logn]
_ ‘2“05 n_ iz og(v/216) — log(m(6))]. (2.114)

Now, consider the second term in the assertion of the lemma. Since &,i € {1,2...n} are

independent and identically distributed, we obtain

Ve 0 [KL (aP p(X,10))] = Equi0) KL (dP]lp(€]6))]
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Now using the expression for KL divergence between the two multivariate Gaussian distri-

butions, we have

1 - 1 -
Eguio) [KL (AP [p(X016))] = SEqo) [(6 — 00)7S7(0 — )]
it .
< 5 Euo) [(6 = 60)7(6 — 60)]
d A
< Ty .
S - (2.115)

where A = minieq 2,..qp Aji, and Y1 = QTA'Q, where Q is an orthogonal matrix and A is

gooo

a daigonal matrix consisting of the respective eigen values of 3. Combined together (2.115)

and (2.114) implies that

(KL (qu(®)]7(0)) + Eq) [KE (P9 1p(X10))]]
< gloi” - izdj [Hog(v27e) — log(m(©))] + ZA; < ogloi”. (2.116)

where Cy := ¢ + max (0, — 3% [log(v/2me) — log(m(6;))] + g/v\_l) and the result follows.

]
2.7.10 Gaussian process classification
Proof of Proposition 2.5.11. In view of Theorem 7.1 in [91], it suffices to show that
N (€,0,(¢), dry) < e,
for some C' > 0. Now, first observe that
1
drv(Pogy), Poot)) = 5B ([91(0(y)) = T1(00(y))] + [¥-1(6(y)) — -1(60(y))])
=E, (1W1(6(y)) — ¥1(6o(y))])
< E, (10(y) = 6o(y)]) < 10(y) — Oo(y)lloo, (2.117)
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where the second equality uses the definition of W_;(-). Since, total-variation distance is

bounded above by supremum norm, hence there exists a constant 0 < ¢ < 1/2, such that

N (€,0,(6), drv) < N (ce, 0,(e), || - ||oo) < e3“Crone’, (2.118)

where the last inequality follows from (2.28) in Lemma 2.5.10. Then if follows from Theo-
rem 7.1 in [91] that for every € > ¢,, there exists a test ¢, (depending on € > 0) such that,

for every j > 1,

Eppl6,] < edFCeted g
1—exp (—%neQ)
1
sup Epp[l — ¢n) <exp <—2n€2j) :

{0€0On (e):drv (Po,Poy)>je}

Now for all n such that ne?> > ne2 > 2log2 and Cjp = ¢72/4 > 1 and j = 1, we have

Epp ] < 2e*%”62, and (2.119)

w\»—A

sup Epp[l — ) < e 3" < e3¢ (2.120)
{0€On(€e):drv (Po,Pyy)>e}

Now observe that

sup [G(a, 0) — G(a, bo)| = max (¢4 |E,[V-1(0(y))] — E,[¥-1(00(y))]], c- B, [¥1(0(y))] — B [W1(60(y))]])

aeA
= max (¢4 By [¥1(6o(y))] — Eo[W1(0(w))]l, c-[Eo[¥1(0(y))] — Eo[¥1(6o(y))]])
ax( )EL[W1(60(y))] — Eu[T1(0(y))]]
ax(cy, - )Ey[|W1(6o(y)) — Y1(0(y))]]
(c4c-)dry (P, Pyy) (2.121)

I
=

Cy,C_

IN
[

IA

X(Cq, C

where the second equality uses the fact that ¥_;(-) = 1 — W (-).Consequently,

{0 € ©,(¢) : 21612 |G(a,0) — G(a,by)| > max(ci,c_)e} C {0 € ©,(¢) : dpv(Fy, Pa,) > €}
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Therefore, it follows from (2.119) and (2.120) and the definition of L, (6, 0y) that

Epp[n] < 2675 and (2.122)

2

ane, (2.123)

sup Epp[l — ) <e 2" <e
{0€64,(€):Ln(0,00)>(max(cy,c—))2ne2}

Finally, the result follows for C = 1/3, Cy = 2 and C; = (max(c,c_))>.

Proof of Proposition 2.5.12. The Rényi divergence

1 _ _
Dia(Fg||Fy) = ny In [ (W1 00) 01 (09) 7 + W1 (B0 () 1 (6()) ) vidy)
_ ”i I / A (¥ 00D P OW) Y 0o I OW)) y g).

Note that the derivative of the exponent in the integrand above with respect to 6(y) is

(—m(eo(y»wl<9<y>>—k—1w<9<y>>+w 1(Bo(1) Uy (B(y)) > (0(y)))
(U1 (B (1)) A (0(y)) > + U1 (Go(y) 1 (B(y) )

— 03 (B ()1 (O(y) 1+ T (B0(y)) AT (0(y) )
)~

B (
= M) Gy T 00)) > + T2 (8o(y)) 1 (00y)) )

e(oly)  (~al0o(y) e ((WW 1(Bo() 0 (0(y)) )
V() V1 (0(y)  (La(Bo(y) 1 (B(y) + <<y>>1+ H(6(y))
(=01 (00() T (0(y) ! + Ty (Bo()) A (B(y)) M

(W1 (00(y)) W _1(0(y))* + W_1(6o(y)) A, (9(y))A)
( ~OHDO) 4 (N0

(e e~ (A Dh®)) (1 + e~ 0)
e (1+/\)90( ) (1 — e—(A+1)(9(y)—9o(y)))
( M) 4 o= ADO©)) (1 + e~0®))
< A+ 1D(0(y) — bo(y))
(e MWD W) 4 1) (1 + e—9W))

< AA+D)I6(y) — 0o(y)l, (2.124)

where in the fourth equality we used definition of the logistic function and the penultimate

inequality follows from the well known inequality that 1 — e ™ < x. Consequently, using
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Taylor’s theorem it follows that the exponent in the integrand is bounded above by A(A +
1)|0(y) — 6o(y)|? and thus by A(A + 1)||6(y) — 0o(y)||%,. Therefore,

DyA(PY| Py = ni I [ (W1(00(y) 01 (0(1) > + W1 (B () 01 (0() ) w(dy)

< ”i I / AOHDIOw)=00IZ 1y

=n(A+ 1)[10(y) — bo(y)ll5-
Now using the inequality for C5 = 16(A + 1) above observe that

II(Ay) = I(Drax (PN F) < Csney)
> T(n(A + D]0(y) — bo(y) 1% < Csney)

11
T(16(y) = o(y) oo < den) > 7" (2.125)

and the result follows from (2.30) of Lemma 2.5.10.
[l

Proof of Proposition 2.5.13. Let us first analyze the KL divergence between the prior dis-
tribution and variational family. Recall that two Gaussian measures on infinite dimensional
spaces are either equivalent or singular. [20, Theorem 6.13] specify the condition required for

the two Gaussian measures to be equivalent. In particular, note that 87 (-) € Im(C/2). Now

d
observe that the covariance operator of (), has eigenvalues {CJ? jjzlijz |» therefore operator S
y o
in the definition of C, has eigenvalues {1 — ¢?/ NJQ}JJ:IZZ - For 72 = 272734 for any a > 0,

. 29—2ja—jd \ 2 . 2 5—2ja 2
Zj]:1 2id (M) = Zj]:1 2—id (M) < 00, therefore S is an HS operator.

1+ne22—2ja—jd I+ne22-2ja—id
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For any integer J < J, define 6] = [6](y)v(dy), where 6J(-) = =L, % 29 o r0in().
Since, 6] (-) € Im(C"/?) and S is a symmetric and HS operator, we invoke Theorem 5 in [99],

to write

KL (B, C)IN(0,€)) = ||c-1/29‘3||2—1logdet<f—s>+§tr<—s>,

1 L2562, L s 1lE
=522 o]l H (L=r) =52 >k
254 1 2 =1 k=1 2533
1 2id 93 J . 12
==Y Hl—/@ )2 = 2 22
25 MJQ =1 24 !
1 J 2id 92. J 1 J
= — Z O’S’J Z 0id log(1 — K; )— = Z 2Jd/£J2
255 M =1 23
Now for 1;21%/2 = 2739 and using the definition of Besov norm of 6 denoted as ||6o]3 . o,
and denoting 1 — &7 = ——5—, we have
n J
0 1 L ica26td 2 14 P TAp
KLV, CIN(0.0)) < 32202~ LS gitiog(1 - w2y - 1y~
j=1 j=1 j=1
1 J j(2a—26+d) 2 1 jd 2
=-%2 [ F— 22 (log(1 = 3) + 17
2 & 2 &
1. 1. ne, T’
_ = 2](2(1—2,8+d) 0 2 - 2jd 1 1 2_2
2‘]21 H OHB,OO,OO+ 2‘]2; Og( +n€ 7_ ) 1+n€% J2
1 1
< 5 Z 9j(2a—26+d) HQOH%,OO,OO + 5 Z 9id (n6272)

Il
I
[

I

J

where the last inequality follows from the fact that, log(1 + x) — <z for z > 0.

1+a: — 1+
Substituting 7'j = 272974 we have
1 nJ i(2a—2B8+d) 631 4 —2ja
ni5 j=1
SHGOH,BOOOQZZ]QG 25+d)+22 1—2 2Ja2

-, €. .
o o 2 1—22 "
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The summation in the first term above is bounded by €2 as derived in [70, Theorem 4.5].

Therefore,

1 ~ ) 92—2a _ 9 2Ja—2a )
EKL{N(907CQ)HN(O7C)> < max ||00||,8,oo,oo7 1 — 92-2a €n- (2126)

Now consider the second term

Le, KL(FIF)) ~ Eo, | <\If1(90(y))1 B0

< Eq, [(0y) — 00(y). 0(y) — bo(y)¥(dy)
—Eq, [ 16(s) = 03(%) — (6s() — 03 (1)) I3v(dy)
= Eq, / 10Cy) — 05 W12 + 180(y) — b (w))II2 — 2(0(y) — 65 (), 6o(y) — 05 () (dy)

< Eq, [ 16s) — 63 0)I13v(dy) + 16o(y) — 6 ()

J 2id

Ea, [ 132 Y GZudin)Pv(dy) + 10o(y) — 05 ()]
=1k=1
J 2
<Eq, Y. Y GZ2 [ Valy)uldy) + 106y) — 6 (w) %
=1k=1
J 21
=>_ > (Bl Z%] + 100(y) — 05 ()%
j=1 k=1
J 2
=2 > (=) + 160(y) — 5 ()%
i=1 k=1
I
= ;?(iw +1160(y) — 0 ()15
i=
1 J 92— 2ja J )
< @Z 10000 — B I
n j=1 j
ZQJdJr 160(y) — 05 (y)) I3
nJ 1
2d 2dJ —1
e i1 +160(y) — 05 (1)) 1%

220 1)
<7
(lognz v
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where in the second inequality we used the second assertion of Lemma 3.2 [70] for logistic
function, the fifth inequality uses the fact that 6(y) — 7 (y) is orthogonal to 6y(y) — 67 (y).
For any a < o fix J = J, otherwise J = J,, and then it is straight forward to check from the
definition of €, given in the assertion of the theorem that (2%/=!/ne2) < (logn)~2. The term

1600(y) — 64 (y))]|% is also bounded by C'¢2 as shown in the proof of Theorem 4.5 in [70]. [
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3. ASYMPTOTIC CONSISTENCY OF LOSS-CALIBRATED
VARIATIONAL BAYES

This chapter establishes the asymptotic consistency of the loss-calibrated variational Bayes
(LCVB) method, a special case of the RSVB approach discussed in Chapter 2. This method
of loss-aware posterior approximation was first proposed by [10]. Also, the theory in this
chapter is applicable only to parametric (finite-dimensional) likelihood models unlike Chap-
ter 2, where the theory was general enough to include non-parametric models. Here, we
establish the asymptotic consistency of both the loss-calibrated approximate posterior and
the resulting decision rules under relatively easy-to-verify regularity conditions than those
required for establishing the rate of convergence for RSVB method. We also establish the
asymptotic consistency of decision rules obtained from a “naive” two-stage procedure that
first computes a standard variational Bayes approximation and then uses this in the decision-

making procedure.

3.1 Introduction

Consider a loss function R(a,f) : A x © — R, where a € A C R® is a decision variable
and §# € © C R? is the model parameter. Given a set of observations X,, = {&,..., &}
drawn from a distribution with unknown parameter 6y, p(X,|f), our goal is to compute the

Bayes optimal decision rule

a*(X,) = arg min Ex, [R(a, 0)] = /@ R(a, 0)n(8|X,.)db, (3.1)

where m(#|X,,) is the posterior distribution. The latter results when a Bayesian decision-
maker places a prior distribution m(6) over the parameter space O, capturing a priori in-
formation about 6 such as location or spread. Given X,,, the prior and likelihood p(f(n\@)
together define a posterior distribution m(0|X,) o p(X,|0)n(d) =: p(d, X,,), the conditional
distribution over 6 given observations. The posterior distribution represents uncertainty
over the unknown parameter 6, and contains all information required for further inferences

or optimization.
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In general, under most realistic modeling assumptions, closed-form analytic expressions
are unavailable for n(9|)~(n), making the subsequent integration and optimization problems
intractable. In practice, therefore, one uses an approximation to the posterior in the inte-
gration in (3.1). It is easy to see that posterior computation can be expressed as a convex

optimization problem:

i KL(g(0)|m(6]X,)) = KL(q(0)llp(6, X,.)) + log p(X,,) (3.2)

= KL(q(0)||n(0)) — /@ log p(X,|0) q(0)d6 + log p(X.,)

where KL is the Kullback-Leibler divergence and M is the space of all distributions that are
absolutely continuous with respect to the posterior (or, equivalently, the prior). This problem
can be immediately recognized as minimizing the ‘variational free energy’ [100]. Variational
Bayesian (VB) procedures [101], in standard form, restrict the optimization in (3.2) to a
fixed subset @ C M. Here, we are interested in a generalized version of this procedure

where the posterior computation is calibrated by the loss function R(a, ) for each a € A:

min KL(g(0)]n(0]X,)) - |, 1og (a,0) q(6)d8 (3.3)

= KL(g(0)]lp(0. X,) +log p(X,) = [ 1og R(a,0)q(0)db.

Observe that the set Q need not be convex. Consequently, this optimization problem is
non-convex, in full generality, and practical algorithms for solving (3.3) can only guarantee
convergence to local minima. We leave the analysis of these optimization-related issues for
future work, and focus instead on the global solution and its associated asymptotics. As we
show later in Section 3.2.2 that the optimal value of this loss-calibrated VB objective turns
out to be a lower bound to log Ex[R(a, 8)], the logarithm of the loss in (3.1).
Loss-calibration was introduced in [10] as a method for approximately computing a gener-
alized Bayesian posterior, where the likelihood is re-weighted or calibrated by a loss function
over the parameter space ©. As with most VB methods, theoretical properties of the ap-

proximations present largely unanswered questions. Recently, the theoretical properties of
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the variational Bayesian methods have been studied extensively in [27], [29], [39], [61], [102],
[103]. [27] established the asymptotic consistency of the VB approximate posterior and also
proved a Bernstein-von Mises’ type result for the same. Whereas, the authors in [61] studied
the convergence rate of the VB approximate posterior. [39] presented a general framework for
computing a risk-sensitive VB approximation and also studies the statistical performance of
the inferred decision rules using these methods. Furthermore [30], [L04]-[106] studied theoret-
ical properties of variational Bayesian methods defined using Hellinger distance, Wasserstein
distance, and Rényi divergence respectively instead of Kullback-Liebler (KL) divergence. In
this chapter, we study the asymptotic consistency of the loss-calibrated approximate poste-
rior and the optimal decisions computed using the this approximate posterior, as the number
of samples n — oc.

More precisely, in Proposition 3.3.1, we show (for fixed a € A and an appropriate subset
of distributions Q) that as n — oo the optimizer of (3.3) weakly converges to a Dirac delta
distribution concentrated on the true parameter ¢, for almost every sequence generated from
the true data generating process. This result shows that the posterior concentrates for any
a € A. The reason for this is manifest: observe that R(a, §)n(d]X,)  (R(a,0)n(6)) p(X,|6).
Thus, the loss function can be seen as only changing the prior distribution in the posterior
computation. As the number of samples increases, we should anticipate that any calibration
effect is diminished. Extending this result, in Proposition 3.4.3 we show that the optimizers of
the approximate decision making problem, computed using the loss calibrated VB posterior,
are asymptotically consistent, in the sense that this set of optimizers will necessarily be
included in the optimizers of the ‘true’ objective R(a, 6y).

Finally, we illustrate our results on the so-called newsvendor problem, studied extensively
in the operations research literature as a prototypical decision-making problem. In this
problem, a newsvendor must decide on the number of newspapers to stack up before selling
any over a given day. We operate under the assumption that the newsvendor can observe
realizations of the demand, but does not know the precise data generation process. The goal
is to find the optimal number of newspapers to stack that minimizes losses. We conduct
numerical studies to show that both the loss calibrated and naive VB methods on this

problem are consistent.
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The remainder of the chapter is organized as follows. In Section 3.2 we formally introduce
decision-theoretic variational Bayesian methods. In Section 3.3 we prove that the LCVB
approximate posterior is asymptotically consistent. We build on this result and prove the
consistency of the optimal decisions, using both the LCVB and NVB methods, in Section 3.4.

Finally, we present our numerical results in Section 3.5.

3.2 Decision-theoretic Variational Bayes

3.2.1 The Naive Variational Bayes (NVB) Algorithm

The idea behind standard VB is to approximate the intractable posterior w(d]|X,,) with
an element ¢*(#) of a simpler class of distributions Q known as variational family. Popular
examples of Q include the family of Gaussian distributions, or the family of factorized ‘mean-
field” distributions that discard correlations between components of . A natural caveat to
the choice of Q is that these distributions should be absolutely continuous with respect to
the posterior (or equivalently, the prior). The variational solution ¢* is the element of Q

that is ‘closest’ to m(A|X,,) in the sense of the Kullback-Leibler (KL) divergence:

min KL(g(0)]2(61%,)) = KL(gllp(6, X)) + log p(X.) (3.4)

= KL((O)|I(0)) — [ logp(Xal6) q(0)d0 + log p(X..).

VB approaches allow practitioners to bring tools from optimization to the challenging prob-
lem of Bayesian inference, with expectation-maximization [100] and gradient-based [107]
methods being used to minimize equation (3.4). Note that this optimization problem is non-
convex, since the constraint set Q is non-convex in general. Also, observe that the objective
KL(q(8||n(0]X,,))) in (3.4) only requires the knowledge of posterior distribution m(A|X,,) up

to the proportionality constant, since the normalizing term log p(X,,) does not depend on gq.

112



The natural variational approximation to the optimization in (3.1) is to calculate the
variational approximate expected posterior loss of taking an action a, and then perform the

following optimization
aly(X,) := argmin Eye (0% [ 22(a, 0)]. (3.5)

We call this the naive variational Bayes (NVB) decision rule. This algorithm involves two
optimization steps in sequence, separating the approximation of the posterior in (3.4) from
the decision optimization (3.5). This sequential procedure, in general, involves a loss in
performance compared to (3.1). This creates the desideratum for a calibrated approach that

takes the loss function into consideration in computing an appropriate posterior.

3.2.2 Loss-Calibrated Variational Bayes (LCVB) Algorithm

A more sophisticated approach is to jointly optimize ¢ and a; one would expect this to out-
perform the naive two-stage NVB algorithm. Assuming that the objective inf, g R(a,6) > 0,
a loss-calibrated lower bound can be derived by applying Jensen’s inequality to the logarithm

of the objective in (3.1), obtaining

log Eg 1z, [R(a, )] = log A ZEZ;R(a, 0)m(0]X,)do > — /@ q(#) log Rl eq)(af()e\f( )dG Va € A.

In particular, it can be seen that

Hg‘l log B g%, [£2(a, 0)] > min max — KL(q(8)||m(6| X))

a€A q€EQ

+ /e log R(a,0)q(0)d0 =: F(a,q; X,.). (3.6)

We call (3.6) the loss-calibrated (L.C) variational objective. Since log(+) is a monotone trans-

formation, minimizing the logarithmic objective on the left hand side above is equivalent
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to (3.1). Now, for any given a € A we denote the (globally maximal) LCVB approximate

posterior as
0;(0]1X,) == argmax o F (a, q; X,,). (3.7)

If the risk function R(a,) is constant then ¢(A|X,), for every a € A, is the same as
¢*(0|X,). Akin to ¢*(0|X,) in (3.4), computing ¢’(#|X,) only requires knowledge of the
posterior distribution 75(9])2”) up to a proportionality constant. The corresponding LCVB

decision-rule is defined as

a;s( ~n) := arg min max F(a, g; Xn) (3.8)

acA  4€Q

Observe that the lower bound achieves the log posterior value precisely for ¢ such that

q(0)
R(a,0)

is proportional to the posterior m(f|X,,). Furthermore, (3.6) shows that the maxi-
mization in the lower bound computes a ‘regularized’ approximate posterior. Regularized
Bayesian inference [108] views posterior computation as a variational inference problem with
constraints on the posterior space represented as bounds on certain expectations with re-
spect to the approximate posterior. The loss-calibrated VB methodology can be viewed as
a regularized Bayesian inference procedure where the regularization constraints are imposed
through the logarithmic risk term [glog R(a, #)q(8)df. Observe, however, that our setting
also involves a minimization over the decisions (which does not exist in the regularized

Bayesian inference procedure).

3.3 Consistency of the LCVB Approximate Posterior

Recall the definition of the LCVB approximate posterior ¢(6|X,,) in (3.7) for any a € A.
In this section, we show regularity conditions on the prior distribution, the risk function, the
likelihood model, and the variational family, under which ¢*(#|X,,), for any a € A, converges
weakly to a Dirac-delta distribution at the true parameter 6,. We first assume that the prior

distribution satisfies
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Assumption 3.3.1. The prior density function m(0) is continuous with non-zero measure

in the neighborhood of the true parameter 6y and it is bounded by a positive constant M, that

is m(0) < M,V0 € ©.

The prior distribution with bounded density can be chosen from a large class of dis-
tribution, like the exponential-family distributions. The first condition, that the prior has
positive density at #y is a common assumption in Bayesian consistency analysis, otherwise
the posterior will not have any measure in the ball around the true parameter 6,.

We also assume the expected loss, or risk function, R(a, #) satisfies the following
Assumption 3.3.2. The risk function R(a,0) is
1. bounded from below by positive number W for any (a, @),

2. measurable and continuous for every a € A, and R(-,0) are continuous for almost

every 0 € ©.

3. R(-,0) is locally Lipschitz continuous in a with for almost every 6 € ©, such that for
ay, ay in compact set A, |R(ay,0) — R(as, 0)] < K4(0)|lz1 — 2| for some K4(0) < K4

for almost every 6 € ©.

4. uniformly integrable with respect to any q in the variational family Q, that is for any

€ >0 and a € A, there exist a compact set K. C ©, such that g\ R(a,0)q(0)d0 < e.

In order to analyze the consistency of the decisions in this case, we make a further

assumption on the log-likelihood function (which follows [27]):

Assumption 3.3.3. The likelihood satisfies the local asymptotic normality (LAN) con-
dition. In particular, fix 0y € ©. The sequence of log-likelihood functions {log P,(0) =

" logp(&0)} satisfies a local asymptotic normality (LAN) condition, if there exists a
sequence of matrices {r,}, a matriz 1(6y) and a sequence of random vectors {A, g,} weakly

converging to N'(0,1(0y)') as n — oo, such that for every compact set K C R?

1 n
sup [log P, (6 + 7, 'h) —log P, (6y) — hTI(QO)An,go + ihTI(Ho)h P—O> 0 asn— oo .
heK
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This LAN condition is typical in asymptotic analyses, holding for a wide variety of models
and allowing the likelihood to be asymptotically approximated by a scaled Gaussian centered
around 6y [109]. We use A,y = \/ﬁ(én — fp) in the proofs of our results, where 0, is the
maximum likelihood estimate of 6.

Next, we define the rate of convergence of a sequence of distributions to a Dirac delta

distribution.

Definition 3.3.1 (Rate of convergence). A sequence of distributions {q,(0)} converges

weakly to dg,, V01 € O at the rate of v, if
(1) the sequence of means {0, := [ 0q,(0)d0} converges to 0, as n — oo, and
(2) the variance of {q,(6)} satisfies

1

By olll0 = 0,2 = (7) |

We also define rescaled density functions as follows.

Definition 3.3.2 (Rescaled density). For a random variable £ distributed as d(§) with ex-

pectation &, for any sequence of matrices {t,}, the density of the rescaled random variable
o=t (€ =€) is
dn() = |det(t, ")]d(t, "+ E),

where det(-) represents the determinant of the matriz.
Next, we place a restriction on the variational family Q:
Assumption 3.3.4.

1. The variational family Q@ must contain distributions that are absolutely continuous with

respect to the posterior distribution T(0|X,,).

2. There exists a sequence of distributions {q,(0)} in the variational family Q that con-
verges to a Dirac delta distribution &y, at the rate of \/n and with mean [ 0q,(0)d0 = 0,,

the mazimum likelihood estimate.
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3. The differential entropy of the rescaled density of such sequence of distributions is

positive and finite.

The first condition is necessary, since the KL divergence in (3.4) and (3.6) is undefined
for any distribution ¢ € Q, that is not absolutely continuous with respect to the posterior
distribution. The Bernstein von-Mises theorem shows that under mild regularity conditions,
the posterior converges to a Dirac delta distribution at the true parameter 6, at the rate
of v/n, and the second condition is just to ensure that the KL divergence is well defined
for all large enough n. This condition does not, by any means, imply that the LCVB and
NVB approximate posterior converges to Dirac delta distribution at the true parameter 6,
as n — o0.

The primary result in this section shows that the loss-calibrated approximate posterior
¢ (6| X,,) for any a € A is consistent and converges to the Dirac-delta distribution at 6. We
establish the frequentist consistency of LCVB approximate posterior, extending and building

on the results in [27].
Proposition 3.3.1. Fiz a € A. Then, under Assumptions 8.5.1, 8.5.2, 8.5.8, and 3.3./

R(a, 0)n(0)]
Jo R(a, 0)m(0)|

)
)df

¢ (0]X,) € argmin KL (q(ﬁ)‘

qeQ

X,
X

) = dg, in By — probability as n — oo.

(3.9)

Some comments are in order for this result. Recall that loss-calibration of the posterior
distribution ‘weights’ it by the risk of taking decision a, R(a,#). The optimization then
finds the closest density functions in the family Q to this re-weighted posterior distribu-
tion. The posterior re-weighting has the effect of ‘directing’ the VB optimization to the
most informative regions of the parameter sample space for the decision problem of interest.
However, R(a,0), which does not involve the data X,,, effectively serves to change the prior
distribution, and in the limit, modulo our regularity assumptions, the consistency of the
approximate posterior is to be anticipated. The proof of the proposition is presented in the

appendix.
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Since for a constant risk function R(a,6), the LCVB approximate posterior ¢*(0]X,) is
same as NVB approximate posterior q*(9|Xn), we recover the result obtained in Theorem

5(1) of [27]. We rewrite the result as a corollary for completeness.

Corollary 3.3.1. Under Assumptions 3.3.1, 3.5.3, and 3.3.4

¢*(0X,) € argmin KL (q(@)”n(9|)~(n)) = dy, in By — probability as n — oco.  (3.10)
q€Q

3.4 Consistency of Decisions

In this section we prove that the optimal decision estimated by the LCVB and NVB
algorithms are consistent, in the sense that for almost every infinite sequence, the optimal

decision rules ay, and a;j, concentrate on the set of ‘true’ optimizers

A* = argrargll R(a,by) = /E(y,a)p(y[ﬁo)dy-

For brevity, we define H,(a) := E,[R(a,#)] for any distribution ¢(-) on § and Hy(a) :=
R(a,0y). We place a typical, but relatively strong condition on the decision space that

Assumption 3.4.1. The decision space A is compact.

Coupled with Assumption 3.3.2, this implies that the risk function is uniformly bounded
in the decision space.

Now, suppose that the true posterior m(0|X,,)) is in the set Q. Then, the NVB approxi-
mate posterior in (3.4) ¢*(6|X,,) equals ©(6|X,,), so that the empirical decision-rule aj, (X,,)
coincides exactly with the Bayes optimal decision rule a* (Xn) The consistency of the true

posterior has been well-studied, and under Assumption 3.3.1 it is well known [110], [111]

that for any neighborhood U of the true parameter 6,

n(U|X,)) =1 Py,—a.s. asn— oo, (3.11)
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where P, represents the true data-generation distribution. Then, it follows from Assump-

tion 3.3.2 that

81613 ‘Hn(9|Xn)(a) - Ho(a)’ — 0 Py —a.s. as n — 0. (3.12)

It is straightforward to see that the limit result follows pointwise, and the uniform conver-
gence result follows from the uniform boundedness of the loss functions. In the following

section, we consider the typical case when the posterior n(0|X,)) & Q.

3.4.1 Analysis of the NVB Decision Rule

The first result of this section proves that the Bayes predictive loss, H,«(a) is (uniformly)

asymptotically consistent as the sample size grows. We relegate the proof to the appendix.

Proposition 3.4.1. Under the assumptions stated above, we have
sup |Hy«(a) — Ho(a)| = 0 in Py — probability as n — oco. (3.13)
acA

This proposition builds on [27, Theorem 5], which shows that modulo Assumptions 3.3.1,
3.3.3, and 3.3.4, the NVB approximate posterior distribution is asymptotically consistent(see
Corollary 3.3.1). Using the consistency of ¢*(A|X,,) and Assumption 3.3.2(1), we first estab-
lish the pointwise convergence of Hy-(a) to Hyp(a). Then we argue, using continuity of the
risk function R(a,#) in a and the compactness of set A, that uniform convergence follows.

A straightforward corollary of Proposition 3.4.1 implies that the optimal value V- :=

minge 4 Hy«(a) is asymptotically consistent as well; the proof is in the appendix.

Corollary 3.4.1. Under Assumptions 3.53.1, 3.3.2, 3.3.3, 8.3.4, and 3.4.1, with V, :=

minge 4 Ho(a), |V» — Vo| = 0 in B} — probability as n — oo.

The primary question of interest is the asymptotic consistency of the optimal decision-
rule ay,. Our main result proves that in the large sample limit ay; is a subset of the true

optimal decisions A* for almost all samples X,,.
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Proposition 3.4.2. Under Assumptions 3.3.1, 8.8.2, 3.8.8, 8.8.4, and 3.4.1 , we have
{aNV(X ) C A*} in Py — probability as n — oo. (3.14)

We use the uniform convergence of H,«(a) to Hyp(a) and argue that any decision which is
not in the true optimal decision set A*, must not exist in NVB approximate optimal decision
set az}v(f(n) for large enough n. Once again, we relegate the proof to the appendix. Conse-

quently, it follows that NVB optimal actions are asymptotically oracle regret minimizing:

Corollary 3.4.2. Under Assumptions 3.8.1, 3.8.2, 3.3.8, 3.3.4, and 5.4.1 for any a € A*
and a* € aiy(X,)), Ho(a*) — Hy(a) in Pp-probability as n — co.

The result above is a straightforward implication of the continuity of R(a,6) in a and

Proposition 3.4.2 and therefore the proof is omitted.

3.4.2 Analysis of the LCVB decision rule

Now, recall from (3.6) that the LC decision-rule is

a’o(X,) = argmin max —KL (q(&)]|n(0|)~(n)) + /@ q(0)log R(a, 0)do.

acA  qEQ

The next proposition shows that aj.(X,) is a subset of the true optimal decision set A*
in the large sample limit for almost all sample sequences. We use similar ideas as used in

Section 3.4.1.

Proposition 3.4.3. Under Assumptions 3.3.1, 3.3.2, 3.8.8, 3.8.4, and 3.4.1, we have
{aLc( n) C A*} in Py — probability as n — oo. (3.15)
The proof is in the appendix. This result naturally implies that the loss-calibrated VB

optimal decisions are also oracle regret minimizing

Corollary 3.4.3. For any a € A* and a** € aiy(X,), Ho(a*) — Hy(a) as in Py —

probability as n — oo.
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3.5 Numerical Example

In this section we present a simulation study of a canonical optimal decision making
problem called the newsvendor problem. This problem has been extensively studied in the
inventory management literature [7]-[9]. Recall that the newsvendor loss function is defined

as

l(a,§) =h(a—&)" +b¢—a)"

where £ € [0,00) is the random demand, a is the inventory or decision variable, and h and
b are given positive constants. We assume that the decision variable a take values in a
compact decision space A. We also assume that the the random demand ¢ is exponentially

distributed with unknown rate parameter 6, € (0,00). The model risk can easily be derived

as
h efaa

R(a,0) = Ep,[((a, )] = ha— 5 + (b+ 1)~ (3.16)

which is convex in a. Let X, := {&1,& ... &} be n observations of the random demand,

assumed to be independent and identically distributed. Next, we posit a non-conjugate
inverse-gamma prior distribution over the rate parameter 6 with shape and rate parameter
« and f respectively. Finally, we run a simulation experiment using the newsvendor model
described above for a fix p = 0.68, b = 0.1, = 1, and § = 4.1. We use naive VB and LCVB
algorithms to obtain the respective optimal decision ay, and aj, for 9 different values of
h € {0.001,0.002,...0.009} and repeat the experiment over 1000 sample paths. In Figure 1,
we plot the 50" quantile of the |a* — a}|, where a* € {a}y, aj} for this model. Observe that
the optimality gap decreases quite rapidly for both the naive VB (left) and the loss-calibrated
VB (right) methods.
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Figure 3.1. Optimality gap in decisions (the 50" quantile over 1000 sample
paths) against the number of samples (n) for ay, (left) and aj; (right).

3.6 Proofs

Proof of Proposition 3.3.1

Lemma 3.6.1. For any risk function R(a,0) that satisfies Assumption 3.3.2 and a given
sequence of distributions {q,(0)} that converges weakly to any distribution q(0) other than the

Dirac-delta distribution at 0y, the KL <qn(0) R(a,0)n(0)p(Xn]6)

Jo R(a,0)n(0)p(Xn|0)do

is undefined in the limit

asn — oo Py —a.s.

Proof. Using the definition of the posterior distribution m(6|X,,) = %, first ob-
© n

serve that
R(a, 0)n(0)p(X,.|6)
Kk (q"w) o Rla. 0)z(0)( yrew)
= KL (4.(0)[2(6].)) ~ [ 1og(R(a,6))g.(6)d6 — log | R(a. 6)n(6].,)de.
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where the last inequality uses the fact that logx < z. Now taking the liminf on either side,

we have

lim inf KL (qn(e)

R(a, 0)m(6)p(X.|0) )
Jo R(a, 0)n(0)p(X,|0)d6
> lim inf KL (g, (0)||m(6] X)) — lim sup /@ R(a,0)q,(6)d0 —limsup | R(a, 0 (0] X,,)d0.

(3.18)

Recall that the posterior distribution m(A|X,) converges weakly to dg, Py — a.s. Due to
[112, Theorem 16] we know that KL(q(0)||p(f)) is a lower semi-continuous function of the
pair (¢(#),p()) in the weak topology on the space of probability measures. Using lower

semi-continuity, it follows that the first term in (3.18) satisfies
lim inf KL (g,(0)[[%(6]X,,)) > KL(g(6)]|d,) = oo, (3.19)

where the last equality is by definition of the KL divergence, since q(6) # dg, (as ¢,(0) does
not weakly converge to dg,) and therefore it is not absolutely continuous with respect to dg,.
Since the last two terms are finite due to Assumption 3.3.2, we have shown that for any

sequence of distribution {g,(#)} that converges weakly to any distribution ¢(6) # dg,, the

KL (qn(G)‘ f@lj%(&?gfg)]’;();;l?)de) diverges in the limit as n — oo Py — a.s. O

Lemma 3.6.2. Let {K,,} C © be a sequence of compact balls such that for alln > 1, 6y € K,
and K, — © asn — oo. Then, under Assumption 3.4.1 and for any 6 > 0, the sequence of

random variables {f@\Kn n(0)R(a,0) (%) d@} is of order opn(1); that is

lim Py ( /@ . TOR@,0) (}%) do > 5) —0.

Proof. Using Markov’s inequality, it follows that,

P < /@ , TOR(,6) (%) do > 5) < éEpgz l /@ , TOR(.6) <m> d@] .
(3.20)
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Next, using Fubini’s Theorem in the RHS above and then the fact that Epp [( ﬁg"lz))))} <1,

observe that

Fy (/@\Knn(e)R(a, 0) (%) df > 5) < (15 i, TOIR(a, O)db. (3.21)

Since 6y ¢ ©\K, for all n > 1 and ©\K,, = 0 as n — oo, le\k, R(a,f) is monotonic,
and therefore using the monotone convergence theorem, [g\ 5, R(a,0)n(0)dd — 0 as n — oo.

Hence, taking limits on either side of (3.21) the result follows. O

Next, we show that for fixed a € A, the KL divergence between the LC approximate

R(a,0)%(0)p(Xnl0)
R(a,0)%(0)p(X]6)

posterior ¢*(#|X,,) and the rescaled posterior T -5 s finite in the limit. Also,
©

the following lemma uses similar proof techniques as used in [27].

Lemma 3.6.3. Fiz a € A. Then, under Assumptions 3.53.1, 3.5.2, 3.5.3, and 3.3.4,

R(a,0)n(0)p(X,|0) _
)dQ) < oo) =1.

Jo R(a, 0)m(0)p( X0

Jim Py <Iqrélé1 KL (q(@)
Furthermore, the LC variational posterior q*(0|X,) can converge only at the rate of \/n.

Proof. Following Assumption 3.3.4 there exists a sequence of distributions {¢,(f)} € Q that
converges to dy, at the rate of v, = y/n. Specifically, we consider the sequence where ¢, (0)

has mean 9n, the maximum likelihood estimate. It suffices to show that for such sequence

{(0)} C Q,

lim sup KL (qn(e)

n—oo

R(a,0)n(0) (12(;(:(:”900))) < 0.
Io R(a, 0)x(0) (p(Xn|9> ) df

p(anO)
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R(a,e)n(a)( (X 16) )

p(Xn\90)

(Xnl0)
Jo R(a,0)n(6) (p”(gnwo) ) do
for a compact set K C © containing the true parameter 6y, we have

For brevity let us denote KL (qn(e)

) as KL. First, observe that

p(Xn"g)
KL = [ 00 (6) a0 (008 [ 0,0 tox( 0. 0)m(0))a5 ~ [ 0105 ( 220 ) o

™ Joue qn(0) log <m> df + log </® R(a,0)n(6) (M) d@) . (3.22)

Now we approximate [, ¢,(6) log (%) df using the LAN condition in Assumption 3.3.3.
Let A, g, := /10, — 6), and reparameterizing the expression with 6 = 6, + n~"/2h and

denoting K as the reparameterized set K we have

p(an)
1o <p<f<n|eo>> v
_ . —1/2 —1/2 p(anO + nil/zh)
=V /an(eo 12 log< s arn )dh (3.23)

= 1/2 /K Gn (0 + n~V2h) (hI(HO)AnﬂO — ;hQI(QO) + oPg(1)> dh
~ (orp(0) [ aul®)dt + [ a,(6) (me — )T (60) A, — (0 - eomeo))de

= (57100 — 002+ 0rp (D) [ aal0)d0 — [ Sn1(O)an(0)(0 — .70, (3.21)

Now consider the last term in (3.22). Let {K,} C © be a compact sequence of balls such
that foralln > 1, 6y € K,, and K,, — © as n — oo. Next, using the same re-parametrization

we obtain,

/ R(a, 0)m(0) (p(X'” ) de:eOPaﬂ)e*“?“@”‘e“)Z/ R(a, 0)m(0)e= "5 =02’ gp.

p(anO) n
(3.25)
Now, Lemma 3.6.2 implies that
p(X.|6)
.. A0 00m(0) 220 0 = ong ) (3.26)
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Hence, by the results in (3.25) and (3.26), the last term in (3.22) satisfies

log ( /@ R(a, 0)n(6) (%) d@)
—log ( /K R(a.0)m(0) (%) do + /@ . Bla.0)(0) (%) d@)

1(6 90
N ( )@ +log/ L0007 4 4 opn (1), (3.27)

where a, ~ b, implies that lim,,_, i = 1. Now, by substituting (3.24) and (3.27) into
(3.22) we obtain,

@

Since, the ¢,(0) = dp, as n — oo and 6y € K,

@nl(eo)(én —00)* + OPg(l)) {1 - /an(@dﬂ ~org (1),

implying that,

KL~ / ¢n(0) 108 g (0)d0 — / log(R(a,0)m(0))q.(0)d0 — ;1ogn + ;1og <[(2;:'))>
+10g/ N (6, O, (nI(6p))~1)do + ;”[(90) /K(9 _ én>QQn(9>d0 +om (1),

(3.28)

where N (0;0,,, (nI(6y))™") represents the Gaussian density function. Since g,(f) has mean
0, and rate of convergence \/n, then by a change of variable to = \/n(6 — 6,)

[ @ oga.(6)i0 = - [ 0 (jﬁ " a) log g, (jﬁ n én) = Stogn+ [ 4,(n)log . ()
(3.29)
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where ¢, (1) is the rescaled density as defined in Definition 3.3. Substituting (3.29) into (3.28),

we obtain

I(6h)
+log / O)N(0: 0y, (nI(6)) )6 + ;nl(eo) [0 0,24,(0)d0 + oy (1)
(3.30)

KL ~ [iu(n) o i)y — / (R O)m(0)n(0)09 + 3 10 (17

Since, $n1(6o) [y (0 — 0,)2q,(0)d0 < tnI(6y) o(0 — 0,,)%qa(0)d0 < L1(6y), due to the specific
choice of g,(8) with variance O(n~')(see Definition 3.3.1), it follows from (3.30) that for

large enough n,

KL < () log g (1) — / o(x0))0(6)40 | (R, )n(0) + 3o 77

+log [ (Rla,0)(O)N(6: 0, (01 (60)) )0 + ;J(eo) o (1). (3.31)

Now take limsup on either side of the above equation. Observe that the first term is finite
by Assumption 3.3.4. The second term is finite since the prior distribution is continuous in
0 bounded due to Assumption 3.3.1, therefore using the the defintion of weak convergence,
lim, 00 Jo log(m(0))q,,(0)df = log m(6y) and ©(#) is non-zero in the neighbourhood of 6. The
third term is bounded by —log(W) due to Assumption 3.3.2(1). Since, 0y € K,Yn > 1, the

fifth term is bounded by Laplace’s approximation,

| (R, O)m(@)N ;0 (n1(60)) ™) ~ R(a, 60)m(6y).

n

Since the last term is finite in B —probability, therefore it follows that,

im min R(a, O)m(0)p ~n‘0) o0
nl%op (qeg KL( (0) Jo R(a, 0)m(0)p( n\@)d@) = )
i R(a, 0)n(0)p(X,0) _
= Jim Py (KL (q”@ A R(a,e)n(e)p()?nw)de) = oo) !
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Proof of Proposition 3.3.1. Recall from the Lemma 3.6.1 that for any risk function R(a,0)

that satisfies Assumption 3.3.2 and for a given sequence of distributions {¢,(¢)} that con-

R(a,0)n(0)p(Xn|0) di
o Ra,0)m(0)p(X,[0)d0

verges as n — 0o Py — a.s. On the other hand, Lemma 3.6.3 shows that for any a € A,

verges weakly to any distribution ¢(6) other than &y,, KL | ¢,(6)

o R(a, 0)x(6)p(5,/6)
tin 75 (e (o0 7o G0 ~n|e>de~> <)
- R(a, 0)x(6)p(X,/6) )
= M By (KL (q"w) o Ra, e)n(@)p@nww) < "°> -

Therefore, Lemma 3.6.1 and 3.6.3 combined together imply that for any a € A, and for
any risk function R(a,f) that satisfies Assumption 3.3.2, the LC approximate posterior
must converge weakly to dg, in PJ-probability as n — oo; that is ¢*(6|X,) = &, in P} —

probability as n — oo. O]

Proof of Proposition 3.4.1

Proof. First, we establish point-wise convergence using similar ideas as used in the proof
of [113, Theorem 3.7]. Fix a € A. Due to Assumption 3.3.2(3), R(a, 0) is uniformly integrable
with respect to any ¢ € Q, which implies that for q*(6|Xn) and for any € > 0, there exists a
compact set K such that for all n > 1 [q g, |R(a, 0)|q*(0]X,,)d6 < e.

Now fix v, := maxyek, |R(a,d)|. Note that v, < +o0, since K, is compact and R(a, -) is

a continuous mapping for any a € A. Define R.(a,f) be the truncation of R(a, ), that is

R(a,0) if |R(a,0)| < 7.
Rc(a,0) =<, if R(a,6) > 7. (3.32)

—Ye if R(a,0) < —..

It follows from the definition above that |R.(a,0)| < |R(a,0)|, which implies that

/e A 0)|q" (6] %) d0 < e (3.33)
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Note the R.(a,0) is bounded and continuous in 6, therefore, it follows using the definition

of weak convergence and Corollary 3.3.1 that

Pn
lim E .z, [Re(a,0)] = Re(a,b). (3.34)

n—oo

Next observe that

|Eq*(9|)2n) [R(a,0)] — R(a,0)]
= ‘Eq*(epzn)[R(aa 0)] — Eq*(9|Xn)[Re(a> 0)] + E,- (0] Xy )[Re(a, 0)] — Re(a, 0o)
+Rc(a,8y) — R(a,b))|

< ‘Eq*(9|Xn)[R(a, 0)] — Eg (015, [Be(a, 9)]‘ + ‘Eq*(mfcn)[Re(aa 0)] — Re(a, 90)‘
+ |R€(CL, 00) - R(CL, ‘90)|
= ‘Eq*(9|Xn)[R(a’7 0)] — Eq*(9|Xn)[R6(a7 9)]‘ + ‘Eq*(emn)[Re(a? 0)] — Re(a, 90)‘
+ \Re(a, 00) — R(CL, 90)’
(3.35)

Now using the definition of R.(a,f) note that

/9\K€(R(a7 0) = Re(a. 9))Q*(9|Xn)d9|

< (1% e o
< [ JR@O) @ do+ [ (B (a0)lq"(61K,)d8 <2

‘Eq*(Q\Xn)[R(a’ 0)] — Eq*(e\Xn)[Re(a’ 9)]‘ =

Similarly, |Re(a,0p) — R(a, 0)| < 2, since due to Assumption 3.3.2(4) [o\ . [R(a, 0)|q*(0]X,,)db <
€ is true for all n > 1 and consequently for dg, as well. Hence, substituting the above two

observations into (3.35) yields
|Eq*(9‘Xn)[R(a, 0)] — R(a,bh)| < 4e + ‘Eq*(mxn)[Rs(av 0)] — Re(a, 90)’ :
Consequently, it follows for any € > 0 that,
Py (IE o5, [R(a, 0)] = R(a, 00)| > 5¢) < P (| oy5,,) [Re(a, 0)] — Re(a, bo)] > €) . (3.36)
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Now taking limits n — oo on either side of the inequality above, the result follows straight-
forwardly using the observation in (3.34).

Since A is compact and R(a,0y) is continuous in a, using Corollary 2.2 in [114] the
uniform convergence follows from point-wise convergence if there exist a bounded sequence
B, and for all ay,as € A, |Epgx,)[R(a1,0)] — E gz, [R(az,0)]] < Byllai — az|. Since,
R(a,0) is locally Lipschitz in a due to Assumption 3.3.2(3), therefore for a,,ay € A,

|Eq*(9‘Xn)[R(ala 0)] - Eq*(e‘Xn)[R(CLQ, 0)” S Eq*(@\Xn)HR(al) 0) — R(CLQ, 9)”
< Ege o1, [Ka(0)][lar — azl| (3.37)

The uniform convergence follows since by Assumption 3.3.2(3) E . g%, [/ a(0)] < Ky O

Proof of Corollary 3.4.1

Proof. Let a, € ay(X,) and ag € A* then, by definition, V- = H,(a,) and Vo = Hy(ap).
Then,

Vi = Vo = [Hoe(ag) — Hofao)) < (B (00) — Hiolao)] < supl i (0) = Ho(a)l.  (3:39)
On the other hand, observe that
Vi = Vo 2 [y (o) = Fila)] 2 ~|Hy-(ag) ~ Holag)| 2 —suplHy-(a) =~ o). (3.39)
Therefore from (3.38), (3.39), and Proposition 3.4.1, it follows that

. . Py
dimy [Ver = Vol < lim suplHy(a, X) — Ho(a) = 0 in,

and the result follows. O
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Proof of Proposition 3.4.2

Proof. Equivalently, we can show that a € A\ A* implies that a ¢ aj,(X,) in PP —
probability as n — oo. Fix a € A\ A%, then we have Hy(a) > V4. Next define € :=

i}}\fA Hy(a) — Vp. Using Proposition 3.4.1, for any § > 0, there exists an nyg > 1 (depending
ac *

on €) such that Vn > ng, P} (Wq — Wl < %) > Py (sup\Hq*(a) — Hy(a)| < ;) > 1-6.
acA
Therefore, we have Py (V}] <Vo+ ;) > 1— ¢ for all n > ny. Using the definition of € and

Proposition 3.4.1, it also follows that for any a € A\ A* and for all n > ny

n € n : €
P} (Vb +e< Hp(a) + 2) =B <ael,£l\fA*HO(a) < Hy(a) + 2)

€

> pr <H0(a) < Hy(a) + 2)

€
> Py (sup|Hq*(a) — Ho(a)| < )
acA 2

v

1—0.

Therefore for any a € A\ A* |

Prad ai(X,) > PP (Ve < Hye(a) > P ({VO +5< Hq*(a)} " {VZJ* < Vot ;}) >1-6
Hence the proposition follows. O

Proof of Proposition 3.4.3

Proof. Fix a € A and recall from (3.6) that

Fla,q: X,) = =KL(g(0)|[m(6].%,)) + [ log R(a,0)q(6)ds.
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Also recall that the LC approximate posterior ¢X(|X,,) converges weakly to a Dirac delta
distribution at 6y due to Propostion 3.3.1. It now follows that, due to Assumption 3.3.2 (2)
on R(a,#) and using the definition of weak convergence

lim /@ log R(a, 0)¢:(8]X,,)d0 2 log R(a,8p) Ya € A. (3.40)

n—o0

Now since the set A is compact, logarithm function is continuous, and R(a, f) is contin-

uous in Va € A, it follows using similar arguments as used in Proposition 3.4.1 that for any

ac A,

sup

/ log R(a, 0)¢:(0]X,,)d60 — log R(a,80)| 280 asn — oc. (3.41)
acAlJO

Now again using similar arguments as in Proposition 3.4.2 and monotonicity of logarithm

function, we can show that the LC approximate decision rule for any a € A, that is

are(Xy,a) == argminaeA/Glog R(a,0)q:(0)X,,)db

is subset of the true decision set A* in Pj — probability as n — co. Since the result is true
for any a € A, it is true for any a that lies in LC approximate decision set a;; and therefore

the proposition follows. n
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4. BAYESIAN JOINT CHANCE CONSTRAINED
OPTIMIZATION

In this chapter, we consider data-driven chance-constrained stochastic optimization problems
in a Bayesian framework. Bayesian posteriors afford a principled mechanism to incorporate
data and prior knowledge into stochastic optimization problems. However, the computation
of Bayesian posteriors is typically an intractable problem, and has spawned a large literature
on approximate Bayesian computation. Here, in the context of chance-constrained opti-
mization, we focus on the question of statistical consistency (in an appropriate sense) of the
optimal value, computed using an approximate posterior distribution. To this end, we rig-
orously prove a frequentist consistency result demonstrating the convergence of the optimal
value to the optimal value of a fixed, parameterized constrained optimization problem. We
augment this by also establishing a probabilistic rate of convergence of the optimal value.
We also prove the convex feasibility of the approximate Bayesian stochastic optimization
problem. Finally, we demonstrate the utility of our approach on an optimal staffing problem

for an M/M/c queueing model.

4.1 Introduction
Consider a constrained optimization problem,

min  R(a,6)) (TP)

TEX

st gi(a,6p) <0, 1i€{1,2,3,...,m},

where a € A C RP is a decision vector in some convex set A and 6, € R? parametrizes
the problem. The function R : A x R? — R encodes the cost/risk and the functions g; :
A x R? — R define the constraints. We assume that such a nominal optimization problem
and its solution(s) exists, under suitable regularity conditions.

In practice, the parameter is often unknown beyond lying in some set © C R?. It is

natural, therefore, to assume the existence of a probability distribution P(-) with support
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© that quantifies the decision-maker’s (DM) epistemic uncertainty about the parameter,
leading to a joint chance constrained optimization problem

min  FEp[R(a,0)] (JCCP)

rzeX

st. Pl(gi(a,0) <0,1ie€{1,2,3,...,m}) > p.

Note that a solution to (JCCP) is feasible for (TP) with probability at least 5. Joint
chance constrained problems have been used extensively to model a range of constrained
optimization problems with parametric uncertainty [2], [115].

In this chapter we are interested in data-driven settings where only a dataset of n samples
—so-called ‘covariates’ — is available, and whose joint distribution P (-) depends on the ‘true’
parameter 6. For instance, consider a staffing problem in a queueing system, where the goal
is to compute the minimal number of servers required to ensure, with high probability, that
the typical customer applying for service waits no more than a fixed amount of time to
be served. The waiting time distribution for the typical customer depends on the arrival
and service rates, which are unknown in a data-driven setting. Datasets here might include
waiting times, inter-arrival and service times, whose distributions depend on the (unknown)
rates. Problems of this type are prevalent across operations management [18], [44], [116],
finance [117], and engineering [118].

In this data-driven setting, one might expect the epistemic uncertainty to diminish with
an increasing number of samples, with each additional sample providing ‘new information’
about the true parameter 6,. Bayesian methods provide a coherent way to quantify the devo-
lution of the epistemic uncertainty through a posterior density m(A|X,,) over the parameters
6 € ©.The latter is computed by combining a prior density, quantifying a prior: information
(and biases) about the parameters, and a likelihood function, quantifying the probability of
observed data under any parameter 6. Specifically, from Bayes’ formula, it is well known

that

r(0]%,) = 28 Kn) T (4.1)
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where 7(6) is the prior density, p#(X,) is the likelihood of observing X, and the denom-
inator is the so-called data evidence. Bayesian methods have the advantage of calibrating
uncertainty about hidden variables given partial observations. Further, in many applica-
tions, incorporating prior knowledge is preferable to straight empirics. For example, in the
queueing system design problem the prior distribution maybe specified by a modeler based
on expert input and require that the arrival rate be strictly less than the total system ca-
pacity (ensuring that the system is stochastically stable). Of course, in the absence of such
knowledge, uninformative priors (such as Jeffrey’s prior or uniform priors) can be used, but
the same calculus holds.

this chapter focuses on the formulation of a Bayesian joint chance constrained program
(BJCCP) model, wherein a posterior distribution is used as the measure of epistemic uncer-

tainty in (JCCP) to obtain,

min  Ep g x,)[1(a, 0)] (BJCCP)

reX

st I (gi(a,0) <0, i€{1,2,3,...,m}|X,) > 8,

where, for any set A C O, II(A|X,) = [,7(0|X,)dd. The (BJCCP) formulation provides
a principled way to combine data with parametric models of the uncertainty in (JCCP).
To the best of our knowledge, this formulation has not been considered in the literature on
data-driven chance constrained optimization before and, we believe, a useful addition to the
growing toolbox of methodology for solving such problems; see Section 4.1.1.

The posterior can be computed in closed-form under conjugacy assumptions. However,
these assumptions are restrictive and untenable for many application settings. The computa-
tion of the posterior under more general conditions is intractable, since the evidence cannot
be easily calculated. Consequently, there is a substantial body of work on approzimate
Bayesian computation focused on the question of efficiently and accurately approximating
the posterior distribution. Broadly speaking, there are two classes of methods in approximate
Bayesian computation: sampling methods and optimization-based methods. Markov chain
Monte Carlo (MCMC) is the canonical sampling method, where the objective is to design a

stationary Markov chain whose invariant distribution is precisely the posterior distribution.
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Initializing the Markov chain in an arbitrary initial state, after a ‘burn-in’ period the state
of the designed Markov chain is (roughly speaking) a sample from a distribution that closely
approximates the invariant/posterior distribution (where closeness is typically measured in
terms of the total variation distance). MCMC, however, is known to suffer from high vari-
ance, complex diagnostics, and has poor scaling properties with the problem dimension [25].
Furthermore, as we will show below, sample-based methods in chance constrained settings
can produce non-convex feasible sets, even when the ‘true’ problem is convex feasible. Cou-
pled with the high variance of the methods, it may not be appropriate to use MCMC (or
other sampling methods) to solve data-driven chance constrained problems like (BJCCP).

Variational Bayesian (VB) methods [25], in contrast, use optimization to compute an
approximation to the posterior distribution from a class of ‘simpler’ distribution functions
(that does not, necessarily, contain the posterior) called the wvariational family, by mini-
mizing divergence from the posterior distribution. Importantly, the posterior distribution
being intractable, VB methods optimize a surrogate objective that lower bounds the di-
vergence measure, and the optimizer of the surrogate is precisely the posterior distribution
when the class of distributions includes it. The Kullback-Leibler divergence is a standard
choice in VB methods [25], though there is increasing interest in a-Rényi divergence as
well [26] which yield approximations that have better support coverage. Broadly speaking,
VB methods trade variance for bias; specifically, there is no sampling variance, but since the
variational family does not contain the ‘true’ posterior, there is often an unavoidable bias
that is introduced. From the perspective of solving data-driven chance constrained stochastic
optimization problems, this trade-off may be appropriate, since the approximation (under
very general conditions, as we show) is often necessarily convex feasible. Consequently, we
focus on Kullback-Leibler divergence-based VB methods and consider the question of asymp-
totic consistency (in the large sample limit) of the variational approximation (VBJCCP) to
(BJCCP).

Besides proposing (BJCCP) and (VBJCCP) (see Section 4.3 below), our primary contri-

butions are to
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1. Demonstrate the convex feasibility of the joint chance constraint (VBJCCP) when the

posterior distribution belongs to a ‘nice’ class of distributions.

2. Establish the ‘frequentist’ statistical consistency of the value of both (BJCCP) and

(VBJCCP) in the limit of a large data-set and a single chance constraint.

3. Quantify the consistency results for the value of both (BJCCP) and (VBJCCP), by

establishing a probabilistic rate of convergence for a single chance constraint.

Frequentist consistency of Bayesian methods demonstrate that the Bayesian posterior
concentrates on the ‘true’ parameter 6, of the data generating distribution in the large sam-
ple limit. Typically this is demonstrated by showing that the posterior converges weakly to
a Dirac delta distribution concentrated at 6y in probability or almost surely under the data-
generating distribution [111]. Here, we consider the frequentist consistency of the value of
(VBJCCP), and establish convergence in probability results demonstrating the consistency
of VB approximations in Theorem 4.4.3 and a probabilistic rate of convergence in Theo-

rem 4.4.2. Furthermore, as direct corollaries, we can easily recover consistency and rates of

convergence for (BJCCP).

4.1.1 Relevant Literature

To the best of our knowledge, Bayesian models of data-driven chance constrained opti-
mization have not been considered before in the literature. At the outset, we note that there
is precedence for Bayesian formulations of data-driven stochastic optimization problems —
for instance, [15] develop the so-called Bayesian risk optimization (BRO) decision-making
framework and establish frequentist consistency of the optimal value in the large sample
limit; see recent follow-on work [37], [38] as well. In [39], an approximate Bayesian for-
mulation of the risk-sensitive decision-making problem is considered and, again, frequentist
consistency results are established. Neither of these papers consider the chance constrained
setting of this chapter.

Nonetheless, there is an extensive literature on data-driven methods for solving chance

constrained optimization problems, specifically scenario-based (SB) approaches [40]-[42],
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distributionally robust optimization (DRO) [40], [43]-[45] and sample average approximation
(SAA) [46], [47]. This is by no means a comprehensive literature review, but highlights
the range of approaches that have been explored. We direct the reader to the excellent
recent review paper [48] for a comprehensive overview of the literature on data-driven chance
constrained optimization.

Both scenario and SAA approaches use samples from the uncertainty probability measure
in (TP) to compute an estimate of the solution. However, this presumes that it is possible
to access the uncertainty measure, which may not be possible in practice. In the DRO ap-
proach, the uncertainty measure is assumed to belong to a pre-defined class of probability
measures and the chance constraints are required to be satisfied by every probability measure
in this ‘ambiguity set. In the data-driven setting, the ambiguity set is constructed ‘centered’
(defined, for instance, through the Wasserstein metric) around the empirical measure com-
puted using samples of the parameter, which in the large sample limit converges to the true
uncertainty measure; see [49] which establishes the consistency of chance-constrained DRO
with Wasserstein ambiguity sets. This highlights an important difference with our current
setting, where the posterior distribution (or its approximation) is used as a quantification of
the epistemic uncertainty about the ‘true’ parameter 6y, and is shown to weakly converge
to a Dirac delta distribution concentrated at 6, in the limit of a large covariate sample size
X,.

The rest of the chapter is laid out as follows. In the next section we introduce necessary
notation and definitions that will be used throughout the chapter. In Section 4.3 we detail
both (BJCCP) and (VBJCCP) providing a clean rationale for the modeling framework,
and demonstrate the convex feasibility of (VBJCCP). Next, in Section 4.4 we first establish
the asymptotic consistency of the optimal value and the optimizers of (VBJCCP) under
general conditions on the objective and constraint functions and then establish convergence
rates for values of (VBJCCP) and (BJCCP). We end in Section 4.5 with a simulation result

demonstrating the efficacy of our approach in solving an optimal staffing problem.
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4.2 Notations and Definitions

In this section, we introduce important notations and definitions used throughout
the chapter. We define an indicator function for any arbitrary set A as ls(t) =
lifte Aor0ift ¢ A. Let || - || denote the Euclidean norm. Let dp represent the Dirac
delta distribution function, or singularity, concentrated at the parameter . Given an en-
semble of random variables X,, distributed as P{ for any n > 1, following [91] we define the
convergence of a sequence of random mappings {f, : X, — R} to f in BJ- probability as
limy, 00 PJ(|fn — f| > €) = 0 for any € > 0. We also use the notation lim, ., fp B f or
fn i f as n — oo to denote convergence in Fj'- probability. Next, we define degenerate

distributions as

Definition 4.2.1 (Degenerate distributions). A sequence of distributions {q,(0)} converges
weakly to 6g that is, g,(0) = dg for a 0 € O, if and only if Vn > 0 limy, 00 [(g—p|j>yy 2 (0)d0 =
0.

Definition 4.2.2 (Rate of convergence). A sequence of distributions {q,(0)} converges

weakly to dg,, V01 € O at the rate of v, if
(1) the sequence of means {0, = [ 0q,(0)d0} converges to 0, asn — oo, and

(2) the variance of {qn(0)} satisfies Eq, 9)[||0 — 0,]2 = O ( : ) .

V2

We also define rescaled density functions as follows.

Definition 4.2.3 (Rescaled density). For a random wvariable & distributed as d(§) with ex-
pectation &, for any sequence of matrices {t,}, the density of the rescaled random variable
=t (€ — &) is dn(p) = |det(t;)|d(t; 4 ), where det(-) represents the determinant of

the matriz.
Next, recall the definition of a test function [110].

Definition 4.2.4 (Test function). Let X,, be a sequence of random variables on measurable
space (R 8™). Then any S"-measurable sequence of functions {¢n}, ¢n : X, — [0,1] Vn €

N, is a test of a hypothesis that a probability measure on 8™ belongs to a given set against
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the hypothesis that it belongs to an alternative set. The test ¢, is consistent for hypothesis
Py against the alternative P* € {Pg : 0 € ©\{0o}} if Epn[dn] — ljocor(a013(0), V0 € O as

n — oo, where lgy is an indicator function.

A classic example of a test function is ¢5° = lixg,~r,1(f) that is constructed using
the Kolmogorov-Smirnov statistic KS,, := sup, |F,(t) — Fa(t)|, where F,(t) and Fy(t) are
the empirical and true distribution respectively, and K, is the confidence level. If the null
hypothesis is true, the Glivenko-Cantelli theorem [109, Theorem 19.1] shows that the KS

statistic converges to zero as the number of samples increases to infinity.

4.3 Variational Bayesian Chance Constrained Optimization

Consider a parameterized joint probability distribution PJ' over R*™ where § € RY
and let pj(-) represent the corresponding density. We observe a random sample X, =
{X1,Xy,..., X} drawn from Fj = Fj. Note that X,, need not be an independent and
identically distributed (IID) sequence. Recall from (4.1) that the Bayesian approach com-
putes a posterior over the unknown ‘true’ parameter ,, giving rise to the Bayesian joint
chance-constrained optimization problem (BJCCP).

As noted in the introduction, there are the two significant challenges in solving (BJCCP):

(i) Computing the posterior distribution. While in some cases conjugate priors can be

used, this is not appropriate in most problems. In general, posterior computation is

intractable, and it is the common motivation for using approximate Bayesian inference

methods [25] .

(ii) Convexity of the feasible set. Observe that, even if the posterior distribution is com-

putable, to qualify (BJCCP) as a convex program, the feasible set,

{aGA:H(gi(a,Q) <0, i€ {1,2,3,...,m}|Xn) > G}

must be convex. However, it is possible that this set is not convex, even when the

underlying constraint functions ¢;(a,0),i € {1,2,...m} are (in a) and, thus, finding a
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global optimum becomes challenging [119]. This raises the canonical question of when

(VBJCCP) and (BJCCP) are convex feasible.

Note that, if the constraint function has some structural regularity and the posterior
distribution belongs to an appropriate class of distributions, then it can be shown that the

feasible set in (4.2) is convex. For instance,

Proposition 4.3.1. [2, Theorem 2.5] If the constraint functions ¢i(a,y),i € {1,2,...m}
fora € X andy € R? are quasi-convez in (a,y) and 0 is a random variable with log-concave

probability distribution, then the feasible set in (BJCCP) is conver.
Proof. The proof is a direct consequence of the result in Theorem 2.5 in [2]. O

Furthermore, [120] showed that if the constraint function g;(a, 6) is of the form {a’a < b},
where § = (a’,b)? and has a symmetric log-concave density then with 3 > % the feasible
set in (BJCCP) is convex.

To address the posterior intractability, Monte Carlo (MC) methods offer one way to
do approximate Bayesian inference with asymptotic guarantees. However, their asymptotic
guarantees are offset by issues like poor mixing, large variance and complex diagnostics in
practical settings with finite computational budgets [24], [121]. Apart from these common
issues, there is another important reason due to which any sampling-based method can-
not be used directly to solve (BJCCP): using the empirical approximation to the posterior
distribution (constructed using the samples generated from MCMC algorithm) to approxi-
mate the chance-constraint feasible set in (BJCCP), results in a non-convex feasible set [51].
To illustrate this, consider the following simple example of a chance-constraint feasible set

motivated by [51].

Example 4.3.1. Figure 4.1(a) plots the chance-constraint feasible set
{ae RN (0"a—1<0u=1[0,0",%4=[1,-0.1;-0.1,1]) > 8}, (4.3)

and its empirical approzimator using 8000 MCMC samples (Metropolis-Hastings with a

‘burn-in’ of 3000 samples) generated from the underlying correlated multivariate Gaussian
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Figure 4.1. Feasible Region : True Distribution vs Monte Carlo Approxima-
tion (5000 samples) vs. VB (mean field approximation).

distribution. We fix 8 = 0.9. We observe that the resulting MC' approzximate feasible set is
NON-CONVEL.

Next, we show that using the popular ‘mean-field variational family’ [25] to approximate
the correlated multivariate Gaussian distribution in the same example in (4.3), we obtain a
smooth and convex approzimation to the (BJCCP) feasible set. First, we compute mean-field
approximation qa(0) and qp(0) of N (9|,u = [0, 0]7, Z) for four different covariance matrices
3, with fized variance o117 = 099 = 1 but varying covariance o15 = {—0.1, —0.025,0.025,0.1}.
Then, we plot the respective approximate VB chance-constraint feasibility region in Fig-
ure 4.1. We observe that VB approximation provides a smooth convex approzimation to
the true feasibility set, but it could be outside the true feasibility region if the & and & are

positively correlated.

4.3.1 Variational Bayes

Variational Bayes (VB) methods are an alternative method for computing an approximate
posterior. Standard VB minimizes the Kullback-Leibler (KL) divergence measure to compute

q*, the element in a given class of distributions Q that is ‘closest’ to the posterior n(@]Xn):

(0X,) € argmin o KL(q(0)||n(6|X,,)) /q ) log ((2(|)~3 )d&. (4.4)
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Using this, we approximate (BJCCP) with,

min  Eq. g x,)[R(a,0)] (VBJCCP)

reX

st. Q" (gi(a,0) <0, i€ {1,2,3,...,m}X,) > 8,

where 3 is the confidence level and for any set A C O, Q*(A|X,,) = [4¢*(8]|X,,)dh. Observe
that the optimization problem (4.4) is infeasible, since the posterior is unknown. However,

unpacking the KL divergence, we see that

KLa(O)|7(01%,)) = [ a(0)1og 0o +1og [ si(Cmo)s. (4
Since, log [ pi(X,,)m(0)df is a constant (with respect to ¢), minimizing the KL divergence is
(0 X,L)

equivalent to maximizing [ q(6 )log df. Since, KL divergence is non-negative, it follows

that the log-evidence satisfies

log/pZ(Xn)n(H)de > /q(e) 1ng

— ~KL(q(0)[In(6)) + [ 1og(X) a(6)db, (ELBO)

and the bound is tight if and only if the optimizer ¢*(-) is the ‘true’ posterior distribution.
Thus, an approximate posterior can be computed by maximizing the so-called evidence lower

bound (ELBO) in the final expression above:

q*(9| ) € argmax/logpe q(0)do — KL(q(0)||m(6)). (4.6)

qeQ

Choosing the approximation to the posterior distribution from a class of ‘simple’ distri-
butions would facilitate in addressing the two critical problems associated with (BJCCP).
Besides the tractability of the posterior distribution, for instance, using the results in [2]
and [120] the choice of a log-concave family of distributions as the approximating family
could retain the convexity of the feasible set, if the constraint functions have certain struc-

tural regularity.
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As Example 4.3.1 shows, the VB approximation of the feasbility set could include in-
feasible points, in general. This raises the question of whether the VB approximation can
be consistent (in some appropriate sense) when the sample size n is large. In other words,
is there a notion of ‘frequentist’ consistency of the feasbility set, the optimal values and

solutions?” We address this question in the remainder of the chapter.

4.4 Asymptotic Analysis

In this section, we first identify regularity conditions on the prior distribution, the
likelihood model, the variational family, and the risk and constraint functions to establish
the rate at which the feasible region of (VBJCCP) coincides with the true feasible region.
Then, under similar regularity conditions, we derive the convergence rate of the optimal
value of (VBJCCP) to that of (TP), in the setting with a single constraint function (i.e.,
m = 1). We derive the convergence rate result under very mild conditions on the prior
distribution and the likelihood models that are, nonetheless, hard to verify in practice for
many problems of interest. Therefore, under more restrictive, but easily verifiable, regularity
conditions we show that the the optimal values Vi 5 of (VBJCCP) converges to the optimal
value V* of (TP) at @ = 6y (respectively), in Pj'—probability as the number of samples
converges to infinity, again in the setting with a single constraint function. Note that it
follows from the definition of the VB posterior ¢*(|X,,) in (4.4) that when the variational
family Q consists of all possible distributions then ¢*(6|X,) coincides with the true posterior
distribution. Consequently, all of our theoretical results for (VBJCCP) trivially extend to
(BJCCP).

4.4.1 Convergence rate and feasibility guarantee

We state the assumptions under which we establish the rate of convergence and feasibility
guarantee results. Let L,, : © X © — [0,00) be an arbitrary loss function that measures the

distance between parameters and also depends on n.
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Assumption 4.4.1. Let {¢,} C (0,00) be a sequence such that €, — oo and ne2 > 1
as n — oo. Fixn > 1. Then, for L,(0,0p) > 0 and any € > €,, 3 a test function
Gne X, — [0, 1] and sieve set ©,(¢) C © such that

(i) Epplon.c < Coexp(—=Cne®), and

(i1) sup Epp[1 — ¢n] < exp(—Cne?).

{60€64(€):Ln(6,00)>C1ne?}
Assumption 4.4.1(i) quantifies the rate at which a Type-1 error diminishes with the

sample size, while the condition in Assumption 4.4.1(ii) quantifies that of a Type-2 error.

Assumption 4.4.2 below ensures the prior distribution places ‘sufficient’ mass on the sieve

set O,,(¢) defined in Assumption 4.4.1.

Assumption 4.4.2. Let {¢,} C (0,00) be a sequence such that €, — oo and ne% > 1 as

n — oo. Fizn > 1. Then, the prior distribution satisfies En[lec (3] < exp(—Cne?).

Notice that Assumption 4.4.2 is trivially satisfied if ©,(¢) = ©. The next assumption
ensures that the prior distribution places sufficient mass around a neighborhood A,,, defined

using the Rényi divergence, of the true parameter 6,.

Assumption 4.4.3. Fix n > 1 and a constant A > 0. Let A, =

A
{0 € ©: D\ (P|F;) < Csnel}, where Diyy (PY||Fy) = 5 log [ (Zi%) dPjJ is the Rényi
0

divergence between Py and Py, assuming Py s absolutely continuous with respect to Py.

The prior distribution satisfies En[la,y] > exp(—nCae?).

Observe that the set A, defines a neighborhood of the distribution corresponding to 6,.
If Assumption 4.4.3 is violated then the posterior too will place no mass in this neighborhood
of 0y, implying asymptotic inconsistency. Assumptions 4.4.1, 4.4.2, and 4.4.3 are adopted
from [91] and has also been used in [122] to prove convergence rates of variational posteriors.
Our main result demonstrating the rate of convergence follows a series of lemmas. All
the proofs (except main results) can be found in Section 4.6. We first recall the following

result from [122],

Lemma 4.4.1 (Theorem 2.1 [122]). For any L,(0.6p) > 0 and 6 > 0, un-
der Assumptions 4.4.1, 4.4.2, and, 4.4.3, and for C > Cy + C3 + 2 and n? =
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%infqeg Epp [fe q(0) log n(g&) )dQ} , the VB approzimator of the true posterior, ¢*(0|X,,), sat-

isfies,

(@) (4.7

Py [/ Ln(0,00)q" (0] %) d0 > nd| <
0

for some constant M that depends on the C,Cy,Cy, and Cs.

As noted before in Assumption 4.4.1, the distance function L, (6, 6) is arbitrary and it
quantifies the distance between model Py and BJ'. For instance, L, (¢, 6y) could be chosen to
be n||@ — 6]|. Also, note that the rate comprises of two sequences €2 and n?. The sequence
€, is the rate of convergence of the true posterior. In particular, [91] established €, as the
rate of convergence of the true posterior under Assumptions 4.4.1, 4.4.2, and 4.4.3. On the
other hand, evident from its definition, the second sequence in the VB convergence rate is
due to the variational approximation. Moreover, it is straightforward to observe that when
Q is the family of all possible distributions, n? is 0. Furthermore, under certain conditions
on the variational family Q (see Assumption 4.4.4 ), it can be shown that 72 is bounded
above by another convergent sequence €2. In fact, in Lemma 4.5.3 we show that ¢, = ¢, for
the prior, the likelihood and the variational family chosen for the optimal staffing problem
discussed in Section 4.5.

We first use the result above to prove the finite sample feasibility guarantee of the (VB-
JCCP) solution. Let us define the set where the true constraint i € {1,2,...m} is satis-
fied as F} := {a € A : {g(a,6y) < 0},}, and VB-approximate feasible set is denoted as
Fyp(X,) ={aec A: Q" (gi(a,O) <0,i€{1,2,3,... ,m}|)~(n) > [}. We show that the
solutions obtained for (VBJCCP) are feasible for (TP) with high probability. In particular,
we show that if a point does not satisfy any of the constraints, then the probability of that
point being in the VB approximate feasible set decays at a certain rate. We quantify that

rate in the following result.
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Theorem 4.4.1. For any i € {1,2,...,m} let a € A\Fy and L.(0,0,) :=
N SUP,e 4 l(0,00) (g1 (a, o) — gi(a, ) satisfies Assumption 4.4.1. Then under Assumptions 4.4.2
and 4.4.3, there exists a constant C; > 0 for each i€ {1,2,...m}, such that

Pla € Fyup(X,)] < %@+%»

where €2 — 0 as n — oo and n? = %infqeg Ep, {KL(Q(Q)HW(an))} :

Proof. Using Markov’s inequality observe that for any a € A,

PQ" (g1(a,0) <0, i € {1,2,3,...,m}|X,) = 8] < ZEo[Q" (N1 {gi(a,0) < 0}|X,)]

AN
@

=

Eo[Q" ({gi(a,6) < 0}/ X,,)] (4.8)

for any i € {1,...,m}. Fixingi € {1,...,m}, since a € A\F} implies that a € {gi(a,6y) >
0}, it follows that {gi(a,0) < 0} C {gi(a,0) < gi(a,B)}. Therefore, for all a € A\F}, it
follows from (4.8) that

R (a.0) 0. i€ {1,2.3,....m}X,) 2 B < SB[ ({n(a.0) < a0} 1) |

(4.9)

Now using [122, Theorem 2.1], it follows that if L} (0,6p) = nsupgel(0,00)(gi(a, 00) —
gi(a,0))  satisfies  Assumption 4.4.1, then there exists a constant
such  that  Eo[Q" ({gi(a,0) < gi(a, 00)}[Xn)] < CGi(2 + 72), where 72 =

n

%infqeg Enp, {fg q(0) log g‘(; )dé}. Finally, using Theorem 4.4.1 in (4.9), the assertion

follows immediately. O

Now, we state a straightforward corollary of the result above establishing feasibility

guarantee of the (BJCCP) solution.
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Corollary 4.4.1. For any i € {1,2,....,m} let a € A\F} and L.(0,0y) :=
N SUP,e 4 l(0,00) (g1 (a, o) — gi(a, ) satisfies Assumption 4.4.1. Then under Assumptions 4.4.2
and 4.4.3, there exists a constant C; > 0 for each i€ {1,2,...m}, such that

Pla € Fa(X,)] < (;

where Fg(X,) ={aec A:1I (gi(a,e) <0, ie {1,2,3,...,m}|Xn) > B}, €2 — 0 asn — oo.

Proof. The proof follows straightforwardly from Theorem 4.4.1 and the fact that ¢*(0|X,,)
is the same as the true posterior distribution and n? = 0, when the variational family Q is

fixed to the set of all possible distributions on ©. n

To leverage the result in Lemma 4.4.1 in establishing the rate of convergence of the
optimal value of (VBJCCP), we now fix L,(6,0y) to specific positive distance functions in
the following two lemmas. Lemma 4.4.2 establishes a rate of convergence of the VB posterior

constraint set to the true constraint set.

Lemma 4.4.2. If L}(0,6y) = nsupges |l(—o0,0(9(a, 0)) — l(—oo0)(9(a, b0))| satisfies Assump-

tion 4.4.1, then under the conditions of Lemma 4.4.1, for any § > 0, we have

- M
Py [sgg Q0 (9(a,6) < 01%,) — 19, 80)] > 6| < ZHE + ), (4.10)

for a positive constant M;.

In the following lemma, we establish the rate of convergence of the expected cost function

under VB posterior to the true cost function.

Lemma 4.4.3. If L2(0,00) = nsup,c 4 |R(a,0) — R(a, 6)| satisfies Assumption 4.4.1, then

under conditions of Lemma 4.4.1 for any 6 > 0,

(€ +n2). (4.11)

" M.
Fylsup By, [ (0, 0)] = R(a, 60)] > 0] < =

The next theorem proves a rate of convergence on the optimal value of (VBJCCP) as a

consequence of the lemmas above.
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Theorem 4.4.2. If L} (0,06y) = nsupge |l(—,0(9(a, 0)) — l(—oo)(g(a,bp))| and L2(0,06) =
nsup,ea |R(a,0) — R(a,00)| satisfy Assumption 4.4.1, then wunder Assumption 4.4.2
and 4.4.3, and when X is compact, for (fized) constants My > 0 and My > 0 , we have
for anyn >0 and 6 € (0, 3)

REVis(%0) ~ V| > 1] < |

M, % 2 2

where €2 — 0 as n — 0o and N2 := + inf,eq Ep, [fe q(&) log %df} :

Proof. Recall Sf5(X,) is the solution of (VBJCCP) and S* is the solution of (TP) with
0 = 6y. Observe that, since both Q* (g(a, 0) < O\Xn) and l(_0)(9(a, b)) are upper- semi-
continuous their corresponding super-level sets are closed, and since A is compact the corre-
sponding feasible sets are also compact. Also, if the corresponding feasible sets are non-empty
then the corresponding optimal sets S{;B(f(n) and S&* are too.

Next fix a point a* in the true solution set of (TP). Since A is compact, for any € > 0,
there is a € A such that for any ¢ > 0, there exists a € A such that |ja — a*|| < € and
g(a,0p) < 0. This implies that there exists a sequence {ay} C A such that ay — a* as
k — oo and g(ag,0p) < 0 for all £ > 1 Now fix a € A such that g(a,f;) < 0 and, using

Lemma 4.4.2, observe that for all n > ng

Fi11Q" (9(a,6) < 01X..) = l-oc)(9(a, 60))| > 9]

= B1Q" (9(0,0) < 1K) 1] > ] < “5H(E + 7).

Now, fix 5 € (0,1) and let 6 = 1— (. It follows from the above inequality that, for all n > ng

~ ~ M
Q" (9(a,0) < 01%,) < 1= 0] = BYIQ" (9(a.0) < 01X,) < 8] < $—5(€5 + o).

Notice that for a € A such that g(a,6y) <0, {a € X : Q* (g(a,@) < O|Xn) >fp} Clac X

E 0%, [1(a,0)] > Viip(X,)}. Hence, for all n > ny,

- M
Py oy [R(@ 0)] < V(X)) < 35 (€0 + o). (4.12)
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Next, using the result in part(1) of Lemma 4.4.3, for all n > ng, any = € A, and 6 > 0

" M.
PO [lEq*(0|Xn)[R(a7 0)] - R(a7 ‘90>| > 5] < 72

(€ +n?). (4.13)

Observe that, for any n > 0

Fy'[R(a,00) — Vi p(Xy) < —21]
< Pon[Eq*(an)[R(a, 0)] — VJB(Xn) < —n| + Fy'[R(a,00) — Eq*((,‘;(n)[R(a, 0)] < —n]

n . o M
< Iy [{Eq*(mfcn)[R(aa 0)] — Vip(Xa) < —n}l + TQ(Gi +17)

. o M
< PY{E oz [R(a, 0)] = Vip(X,) <0} + 72(% + ;)
M,

1—p

My
< et n)+ — (e +n) =
S )+ e )

M.
+ 2 ),
n
where the second inequality follows from (4.13) and the last inequality uses (4.12). Now,

since a can be chosen arbitrarily close to a*, it follows that

M, M,
- + ?7] (2 +n?). (4.14)

PRIV* = Vip(R) < =20 = PIV* = Vip(X,) < 2] < [

Next, let @, € Sy p; that is a, € A, Q* (g(&n,e) §0|)~(n> > B and Viig(X,) =
Ey 0%, [F(Gn, 0)]. Since A is compact, we assume that @, — ao (the limit point of the
sequence {d,} C A).

Recall that Lemma 4.4.2 holds uniformly over any a € A, therefore using the fact
that Q* (9(An, 8) < 0%0) = I oe)(9(am 60)) < 1Q° (9(30,6) < O1Xo) — I _aci)((an, 60))] <
SUPaeq |Q* (9(a,0) < 0|1X,,) — l—oe,01(9(a, 0p))|, we have for all n > ng and 6 > 0,

P (@ (9(0,0) < 01X0) < Va9l 00)) ] > 1= “5H(E +2). (4.15)

150



Next using the fact that Q* (g(&n, 0) < 0|X'n) > [3 for every n > 1, it follows that a,, is a feasi-
ble point of (TP) for 6 < f3, that is {a €X Q" (9(an,0) <01X,) < N —oo,0)(9(n, b)) + 5} C
{a € X : (o0 (9(an, 00)) + 6 > B}. Therefore, it follows that

{Q* (g(&me) S 0|Xn) S I(—oo70}(g(&n790>> + 6} g {I(—oo,O](g<&n790)) + d 2 6}

C {R(an,00) > V"}, (4.16)

since the penultimate condition implies that the a, is a feasible point of (TP). There-
fore, for any 6 < B, P [R(Gn,60) <V*] < (2 + p?). Since Lemma 4.4.3 holds
uniformly over all a and therefore using the fact that R(Gn,6h) — Eg gz, [R(an,0)] <
By 0% [E2(@ny )] — R(Gn, 00)| < supgea |E g%, [F2(a, 0)] — R(a, )], for any 6 > 0, we have
P(? [Eq*(e\f(n)[R(am 9)} +0 > R(am 90)} = P(;L [V$B(Xn) +4 > R(dnﬂ 00) >1- %(Ei + 77721)7

and therefore P} {V‘}"B(Xn) + 9 < R(ap, 6’0)} < M2(e2 4 p2). Observe that for any 7 > 0

BV = Vyp(Xa) = 2n]
< B V7 = R(an, 00) = ) + Fg' [R(an, o) = Vip(Xn) = 1]

< By [V = R(an, 00) = 0] + Fg' [R(an, 6o) — Virp(Xa) = 1]

M M- M M-

< @A)+ e +m) = | +—| (€& +nd), (4.17)
o n o n

where § < .

Combining equation (4.14) and (4.17), we obtain

M M. M M.
PRIV = Vi) 2 2] < e ([ 24 2] [ T 2y

) n 1-p
M,y M,

]

The next result establishes the convergence rate of the optimal value of (BJCCP) with

single constraint.
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Corollary 4.4.2. If L} (0,00) = nsup,e4 |l(—o0,0)(9(a, 0)) = l(—oo01(g(a, bp))| and L?(6,6y) =
nsup,ea |R(a,0) — R(a,00)| satisfy Assumption 4.4.1, then wunder Assumption 4.4.2
and 4.4.3, and when X is compact, for (fized) constants My > 0 and My > 0 , we have
for anyn >0 and 6 € (0, 3)

. M, M)
PMVEX,) =V > < | — L 1 22
VAR =V > 20 < | il £ T2

where Vi(X,,) is the optimal value of (BJCCP) with single constraint and €2 — 0 asn — 0o.

Proof. The proof is a direct consequence of Theorem 4.4.2 and the fact that Vi is the
same as V3 and 1> = 0, when the variational family Q is fixed to the set of all possible

distributions on ©. O

Characterizing 7>

In order to characterize n?, we specify conditions on variational family Q such that
n? = O(e2), for some ¢, > ﬁ and €, — 0 as n — oco. We impose following condition on the

variational family Q that lets us obtain a bound on 77721-

Assumption 4.4.4. There exists a sequence of distributions {q,(-)} C Q such that for a
positive constant Cy, L [KL (g (0)[|%(0)) + Eq 0 [KL (dPP(X)[[dPy(X,))]] < Cae?

If the observations in X, are ii.d, then observe that
LBy KL (dPP(X))[dPF (X)) = Eguwy [KL(dPy,)|ldPy(€))]. Intuitively, this as-
sumption implies that the variational family must contain a sequence of distributions
that converges weakly to a Dirac delta distribution concentrated at the true parameter 6,
otherwise the second term in the LHS of Assumption 4.4.4 will be non-zero. We demonstrate

the satisfaction of Assumption 4.4.4 for a specific variational family in Lemma 4.5.3.

Proposition 4.4.1. Under Assumption 4.4.4 and Cy > 0, n? < Coe?.

n
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Existence of Tests

Recall that our convergence rates and finite sample feasibility guarantee depend on exis-
tence of certain tests for the specified distance functions. We prove a general result which is
applicable to distance functions for which the set {6 € © : L,,(6,6y) > ne?*} is fixed for any
e € (0,1] and is a null set for any € > 1 (for example such distance functions should satisfy
ntL,(0,6y) € {0,1}). Notice that the distance functions L!(6,6,) in Theorem 4.4.2 and
L (6,6y) in Theorem 4.4.1 satisfy these conditions.

We recall the following result from [91, Lemma 7.2] which is due to Le Cam.

Lemma 4.4.4. Suppose that there exist tests w, such that for fixed sets Py and Py, of

probability measures

sup Epnlwn] — 0 and sup Epn[l —w,] — 0 as n — oo,
PyePo PrePy

then there exist tests ¢, and constants K > 0 such that

sup Eppl¢n] <e ™" and sup Epn[l — @] <e ™7

Py ePo Prepy
Proposition 4.4.2. Given © C R, if there exists a sequence of test function ¢, . for any
€ > 1, such that Epr |y, ] < e K1 then the distance functions L1 (0,60) in Theorem 4.4.1
for any i€ {1,...,m} and L.(0,00) in Theorem 4.4.2 satisfy Assumption 4.4.1.

For the distance function L2(6, 6y) in Theorem 4.4.2, we have to use [91, Lemma 7.1] or
construct an explicit test function to satisfy Assumption 4.4.1. Interested readers may refer
to [39], [91], [122] for further discussions on existence of tests and/or constructing bespoke

test functions.

4.4.2 Asymptotic consistency

Although, the rate of convergence result implies asymptotic consistency, it will be evident
from the application presented in Section 4.5 that the regularity conditions required to

compute the rate are difficult to verify in practice. Consequently, in this section, we identify
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slightly more restrictive, but more easily verifiable, conditions on the prior, likelihood, and
the variational family to guarantee asymptotic consistency of the optimal value and solution
of (VBJCCP). We assume that m = 1 in the remainder of this section.

First, we impose the following conditions on the prior distribution.

Assumption 4.4.5 (Prior Density).

(1) The prior density function ®(0) is continuous with non-zero measure in the neighbor-

hood of the true parameter 6y, and

(2) there exists a constant M, > 0 such that m(0) < M, V0 € © and Ez)[|0]] < oo.

Assumption 4.4.5 is satisfied by a large class of prior distributions. Next, we assume that
the likelihood function satisfies the following asymptotic normality property. Recall that
Py = Fy.

Assumption 4.4.6 (Local Asymptotic Normality). Fiz 6y € ©. The sequence of log-
likelihood functions {log Py(X,)} satisfies a local asymptotic normality (LAN) condition, if
there exists a sequence of matrices {r,}, a matriz 1(0y) and a sequence of random vectors
{A,9,} weakly converging to N'(0,1(0y)™') as n — oo, such that for every compact set
K cR?

. . 1 n
sup [log Py, 1, (Xa) — log Py (Xa) = h71(60) Mgy + 5h"T(80)h 50 asn— oo .

hek Oo+ry,

The LAN condition is standard, and holds for a wide variety of models. The assumption
affords significant flexibility in the analysis by allowing the likelihood to be asymptotically
approximated by a scaled Gaussian centered around 6y [109]. Any likelihood model that is
twice-continuously differentiable satisfies the LAN condition [109, Eq. 7.15].

Next, we place a restriction on the variational family Q:
Assumption 4.4.7.

1. The variational family Q@ must contain distributions that are absolutely continuous with

respect to the prior distribution.
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2. There exists a sequence of distributions {q,(0)} in the variational family Q that con-
verges to a Dirac delta distribution dg, at the rate of \/n and with mean [ 0q,(0)d0 = 0,,

the mazximum likelihood estimate.

3. The differential entropy of the rescaled density (Definition 4.2) of such sequence of

distributions is positive and finite.

The first condition ensures that the KL divergence in (4.4) is not undefined for all dis-
tributions in @, that is not absolutely continuous with respect to the posterior distribution.
The Bernstein von-Mises theorem [109] shows that under mild regularity conditions, the pos-
terior converges to a Dirac delta distribution at the true parameter ; at the rate of \/n, and
the second condition ensures that the KL divergence is well defined for all large enough n.
These three assumptions together imply that the VB approximate posterior weakly converges

to dg, as number of samples increases.

Lemma 4.4.5 ([27], [123]). Under Assumptions 4.4.5, 4.4.6, and 4.4.7

¢*(0|X,) € argmin KL (q(@)\|n(0|Xn)) = 0p, in Py — probability as n — oo.  (4.19)
q€Q

Proof. See [27, Theorem 5(1)] or [123, Corollary 1] for a proof. O

Now to establish asymptotic properties of the optimal value and optimal solution to
(VBJCCP), we assume that the following regularity conditions are satisfied by the cost and

the constraint functions.
Assumption 4.4.8. We assume that

1. R(a,-) and gi(a,-) are measurable and continuous for every a € A, and R(-,0) and

g(+,8) are continuous for almost every 6 € ©.

2. R(-,0) is locally Lipschitz continuous in a with for almost every 6 € ©, such that for
ay, ay in compact set A, |R(ay,0) — R(ay,0)| < K4(0)|lz1 — 22| for some K4(0) < K4

for almost every 0 € ©.
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3. R(a,-) is uniformly integrable with respect to any q in the wvariational family Q,
that is for any € > 0 and a € A, there exist a compact set K. C ©, such that
Jovk, R(a,0)q(0)do < e.

We first establish consistency of the constraint function, under the ‘true’ data generating

distribution.

Lemma 4.4.6. Under Assumptions 4.4.5, 4.4.6,and 4.}.7, we show that for any § > 0

>5>:0

The next lemma establishes the point-wise and uniform convergence of the expected cost.

Eq*(9|Xn) [H |~ 0,0 (91(%9)] - H l(—o00(9i(a; 00))
i=1

i=1

: n
2, By (ggg

Lemma 4.4.7. Under Assumptions 4.4.5, 4.4.6, 4.4.7, and 4.4.8, we show that,
1. For each a € A, E . g%, [R(a,0)] = R(a,bth) in Fy — probability as n — oo.

2. Suppose A is compact, then sup,e 4 [E g x,)[R(a, 0)] = R(a, 0p)| converges to 0 in Py —

probability as n — oo, that is for any § > 0
lim £ (sup ‘Eq*(gpgn)[R(a, 0)] — R(a, 60)‘ > 5) =0.
n—0o0 zeA

Using the results in Lemma 4.4.6 and 4.4.7, Theorem 4.4.3 establishes the asymptotic
consistency of the optimal values of (VBJCCP) and, as a consequence, (BJCCP) with single

constraint.

Theorem 4.4.3. Under Assumptions 4.4.5, 4.4.6, 4.4.7, and 4.4.8 and when A is a compact

~ _ pn
set, we have Viig(X,) = V* as n — oo.

Proof. Recall S} 5(X,,) is the solution set of (VBJCCP) and S* is the solution set of (TP).
Observe that since both Q* (g(a, 0) < 0|Xn) and (s 0)(g(a,6p)) are upper-semicontinuous,
their corresponding super-level sets are closed and, since A is compact, the corresponding
feasible sets are compact. Furthermore, if the corresponding feasible sets are non-empty then

the corresponding optimal sets S; B(f(n) and S8* are also non-empty.

156



Next fix a point a* in the true solution set S* of (TP). Since A is compact, for any € > 0,
there is a € A such that ||ja —a*|| < € and g(a, 0y) < 0. It follows that there exists a sequence
{ar} C A such that ay — a* as k — oo and g(ax, 6y) <0 for all £ > 1. Now fix a € A such
that g(a,6y) < 0. By Lemma 4.4.6, Q* (g(a, 0) < O]Xn) it l(—00,0(9(a,6p)) as n — oo, and
therefore there exists an ny depending on € > 0 such that for all n > ng and any n > 0, we

have for a given confidence level 5 € (0, 1),

Hence for all n > ny, a is a feasible solution of (VBJCCP) with PJ-probability of at least

1 — ¢, and therefore

Py (E oz [R(a, 0)] > Vip(Xa)) > Py (Q (9(a,60) < 0[X,) > 8) > 1 -

Now, since a can be chosen arbitrarily close to a*, it follows from the equation above and

the bounded convergence theorem that

i (B[R0, 0)) 2 Vip(Xa)) 2 1. (4.20)

for all n > ngy. For any 0 > 0 observe that
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By Lemma 4.4.7(1), for every a € A, E,. (g x,)[R(a,0)] ot R(a,0y) as n — oo. Therefore it

follows from the inequality above and (4.20) that
lim Py (Vip(X,) = R(a”,0p) > 6) = lim Py (Vip(X,) = V" >4) =0. (4.21)

We are left to show that lim, . P (V;B(f(n) — R(a*,6y) < —6) =
lim,, 00 P (V&‘B(Xn)—v*<—5) = 0 for any 6 > 0. Let a, € Syp; that is
Q* (g(&n,e) < O\Xn) > B and Viip(X,) = E,e01%.)[12(@n, 0)].  Since A is compact, we
assume that as n — 0o @, — ag € A (the limit point of the sequence {a,} C A).

Recall that Lemma 4.4.6 holds uniformly over all a € A. Therefore using the fact
that Q" (9(3,.0) < 0[Xu) — a0 (9 80)) < 1@ (9(in. 6) < 0]%,) — ooy, )| <
Upaca | @ (9(0,8) < 0]X,) — | _ewy(g(a,B0))], we have for any 7 > 0,

lim Py Q" (9(an, 0) < 01X0) < (oo 0(9(dn, 60)) + 1 = 1. (4.22)

n—o0

Next using the fact that Q* (g(dn, 0) < 0|X’n) > [3 for every n > 1, it follows that a,, is a feasi-
ble point of (TP) for n < §; thatis, {a € X : Q* (9(an, 0) < 0Xs) < l(oo0(9(n, 0)) + 1} C
{a € X : 1w 0(9(Gn,00)) +n > B} Therefore, it follows that

{Q" (9(80:0) < 01X,) < 1Cae)(9ins ) + 1} € {ICoe)(9(ins 60)) + 1 > B
C {R(an,00) > V'}, (4.23)

since the penultimate condition implies that a,, is a feasible point of (TP). Therefore, for any
n < B, limy, 00 P [R(an, 6p) < V*] = 0. Using the fact that R(Gn, 00) — E,«(gx,,)[L2(an, 0)] <
(0%, [ B0, 0)] — R(an,60)] < supyeu|Egeox,)[R(a,0)] — R(a,b)|, for any & > 0
Lemma 4.4.7(2) implies that

Tim P [E e gy, [R(@n, 0)] + 0 > R(an, 6)] = lim Py [VJB(X,L) + 6> R(an, 00)| =1,
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and therefore lim,,_,o, P} [V;B(X'n) + 0 < R(an, 00)} = 0. Observe that for any § > 0

BV = Vop(Xa) 2 0] < B [V7 = R(an, 60) > 0/2] + I [R(an, 60) — Virp(Xa) = 6/2]
< B[V = R(an, 00) > 0] + Py [R(an, 00) — Viip(X,) > /2]

Taking limit n — oo on either side of the inequality above, we have

lim P [V* — Vig(X,) > 6] = 0. (4.24)

n—oo

Combining equation (4.21) and (4.24), we conclude that for any § > 0,
T BRIV = Vip(X,)] 2 6] =0

]

Next, we state the corollary of the result above that guarantees asymptotic consistency

of the optimal value V}(X,,) of (BJCCP) with a single constraint.

Corollary 4.4.3. Under Assumptions 4.4.5, 4.4.6, 4.4.7, and 4.4.8 and when A is a compact

set, we have V5(X,,) Ty as n— oco.

Proof. The proof follows straightforwardly from Theorem 4.4.3 and the fact that Vf5(X,)

is the same as V}3(X,) when the variational family Q is fixed to the set of all possible

distributions on ©. O

4.5 Application

Data-driven chance constrained optimization problems abound throughout operations
research, finance, engineering and the sciences. In this section we present an example ap-
plication of Bayesian chance constrained optimization to solving a staffing problem in a

queueing system.
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4.5.1 Optimal Staffing

Consider a situation where a decision maker (DM) has to decide the optimal number
of servers in a multi-server M /M /c queueing system, using arrival times and service time
data. We assume that the rate parameters of the exponentially distributed inter-arrival and
service time distributions, denoted as A and p respectively, are unknown. Note that A and
i, together constitute the system parameter £ = {\, u} and the number of servers ¢ is the
decision/input variable. The DM collects n realizations of the random vector V := {T', S, E'},
denoted as X,, = {V1,...V,} where T, S, and E are the random variables denoting the
arrival, service-start, and service-end time of each customer i € {1,2,...n} respectively. We
also assume that the inter-arrival and service times are independent, that is T} — T;_; is
independent of E; — S for each i > 1. The joint likelihood of the arrival and departure times
for n customers is dPy(X,) = [, Ae A Ti=Ti1) o= n(Bi=5i)

Constraint functions: The DM chooses the number of servers ¢ to maintain a constant
measure of congestion. Congestion is usually measured as 1 — W, (c, A, ), where W,(c, A, p)

is the steady-state probability that the customer did not wait in the queue. A closed-form
expression for 1 — W (¢, A, p) for an M /M /c queue is known to be (see [5])

L Wle ) = AN
e T an=p /) \da=p) Tz n)

r

where r = 3 and p = £ with p < 1. p is also known as traffic intensity and p < 1 is a

necessary and sufficient condition for an M /M /c queue to be in steady-state (or stable).
The DM fixes «, the desired maximum fraction of customers delayed in the queue and

the smallest ¢ is chosen that satisfies (a« — {1 —W,(¢, A, t)}) > 0 and (cu— ) > 0. Referring

to the queueing literature, we will use the term the quality of service(QOS) constraint for
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the first constraint. In fact, the QoS constraint is only valid when p < 1. The corresponding

constraint optimization problem is

minimize c¢ (TP-Q)
subject to (a — {1 — W,(c,&)}) > 0(QO0S)

(cpp— ) > 0.

This so-called staffing problem and its variants are well studied in the queueing literature.
As noted before, we are interested in the data-driven setting where the parameters of the
problem are unknown. This data-driven staffing problem has been considered as well and
the interested reader may referred to [4] and [6].

Next, we fix a non-conjugate inverse Gamma (Inv — I'(+)) distribution prior on both A
and p, that is dII(\, p) = Inv — I'\(\; o, By)Inv — T (115 s, B5)dAdp. In our experiments,
we fix oy = s = 1 and 5, = B; = 1. We fix the variational family Q = {q()\, W)
g\, 5 ag, by, as, bs) = T'(X;ag, b)) (15 as, bs)}, where I'(+; a(.), b..y) denotes the Gamma distri-
bution with rate by and shape a(. In the simulation experiment, we fix A\g = 16 and g = 1
and generate 2000 samples of service and inter-arrival times. We then solve the (VBJCCP)
for 250 sample paths and denote its solution as Cy,5. We then solve the corresponding
(BJCCP) using a sample average approximation (SAA) of the chance constrained problem,
by generating samples from the posterior distribution using MCMC. We denote the optimal
staffing level computed using MCMC as C};cprc-

The results of this simulation experiment are summarized in Figure 4.2. We observe in
Figure 4.2(a) that C} 5 is consistent and moreover, for larger confidence level 3, C} 5 is more
conservative (i.e., the optimal number of servers is larger) as expected. In Figure 4.2(b), we
compare CY, 5 and Cj;op 0 for B = 0.7. We compute C};o,c at each n using two sequences of
MCMC samples from the ‘true’ posterior distribution generated using Metropolis—Hastings
algorithm [124]: 1) 1000 samples with 200 burn-in (magenta) and 2) 200 samples with 50
burn-in (cyan). Observe that, as n increases both C} 5 and C};0 o (magenta) converges to
the true solution almost at the same rate and there is no significant difference between the

two approaches. In fact, we will later show in Theorem 4.5.1 and Corollary 4.5.1 that the
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Figure 4.2. \y = 16,9 = 1, (a) Optimal Staffing Level (5, 50", and 95
quantile over 250 sample paths) for § = {0.7,0.8,0.9} (b) C{ 5 vs. Cirome
-Optimal Staffing Level (5", 50", and 95" quantile over 250 sample paths)
against the number of samples (n) , green line is the solution of (TP-Q) at

{)\0 No}'

optimal staffing levels computed using the (VBJCCP) and (BJCCP) approaches converge
at the same rate. Moreover, the average computation time taken by the VB and MCMC
(magenta) approaches to compute an optimal staffing level at a given n are of the same order
(30 seconds (average) on Sky Lake CPU @ 2.60GHz). Unsurprisingly, the computation time
in an MCMC approach can be reduced by reducing the number of samples; however, it may
result in computing a suboptimal solution. We observe that computing C},-p o (cyan) is
faster (8 seconds (on average) on Sky Lake CPU @ 2.60GHz) but suboptimal.

Next, we verify the conditions on the prior, the likelihood model and the variational family
to compute the convergence rate of Cy, 5. First note that the risk function f(c,6) = c in the
optimal staffing problem, therefore L2(0,6,) is 0. Hence, Lemma 4.4.5 is trivially true even
without existence of tests conditions (Assumption 4.4.1) defined using L, (6,6) = L2(6,6,).
Next, we consider L}(6,6y) and L! (6,6,) for i € {1,...,m} and recall Proposition 4.4.2.
We satisfy the conditions of Proposition 4.4.2 in the following result so that these distance

functions satisfy Assumption 4.4.1.
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Lemma 4.5.1. For the sequence of tests

—Xo

Pre = I{xn

- 9
- >\ nt2_oCne? Lnd X, | et —pio | > 42 oCne?
ST T, 0/ m—2)2 ST s TR )2

it can be shown that

EP(;L [¢n,e] S e_KnEZa
for C = K/2.

We assume that ©,,(¢) = © = (0, 00)%. Observe that Assumption 4.4.2 is trivially satisfied
by the product of Inverse Gamma priors on A and p. Next, we show that the prior and the

likelihood model satisfy Assumption 4.4.3.

Lemma 4.5.2. Fiz ny > 2 and any p > 1. Let A, := {0 € ©: D1y, (F}'|P}") < CsneZ},
where D1, (P}||Py) is the Rényi divergence between Py and Py. Then for € = 8 the

prior satisfies
I{A,} > exp(—nCse?),V¥n > ny

with Cs > 4max{a; ", o'} and Co = 0.5(as + ag) Cs.

The results above verify the conditions required to establish the convergence rate of the
optimal staffing level computed using (VBJCCP). However, to explicitly quantify the rate of
convergence, we also need to identify a bound on 7?2 using Proposition 4.4.1. Therefore, in
the next result, we identify a sequence of distribution in Q that satisfies Assumption 4.4.4

required for Proposition 4.4.1 to hold.

Lemma 4.5.3. Let {Q.(A\u)} be a sequence of distributions defined as
F(}\’ n, n/)\O)F(/“L7 n, n/u0)7 then

1

n

KL (Qu(\ w)TI(0)) + Eq,0) KL (dP5 (X)) APy (X))]| < Cocl,
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where €2 = 10% and Cy = 1+max(0,2+%—log\/2n—log(

n

Bq™4
Iaq)

—log v2m — log (Fﬁzi)) + a;log u0> and the parameters of the prior dis-

) + oy log )\0) +

max <0, 2+ 28

o
tribution are such that Cg > 0.

Lemmas 4.5.2 and 4.5.3, combined together, identify that the optimal staffing level com-
puted using (VBJCCP) converges at the rate of ¢, = 1/1"%. More formally,

Theorem 4.5.1. For L} (0,0)) = nsupecy|l—ooo(l — Wyle, A\, ) — @) — lZoog(1 —
W,(c, Ao, o) — @)| and L2(0,6p) = nsup.cqlc — c| = 0, where A is a finite set of posi-
tive integers, there ezists a constant M > 0 (that depends on all the fized hyper-parameters),
such that for any n > 0,

PUICY 5(Ra) — €] > 20] < M2,

where €2 = &1

Proof. The proof is a direct consequence of Lemmas 4.5.1, 452, 4.5.3, Proposi-

tions 4.4.1, 4.4.2, and Theorem 4.4.2. O

Using the result above, we can directly establish the following result that quantifies the

convergence rate of optimal staffing level computed using (BJCCP) approach.

Corollary 4.5.1. For L} (0,0)) = nsupgey|l(—ooo(l — Wyle, A\, ) — @) — l—oo0)(1 —
W, (e, Mo, o) — @)| and L2(0,0p) = nsup.cqlc — ¢| = 0, where A is a finite set of posi-
tive integers, there exists a constant M > 0 (that depends on all the fixed hyper parameters),

such that for any n > 0,
PylIC5(Xa) = C*| > 2] < Mey,

where C% is the optimal staffing level computed using (BJCCP) and €2 = &1

n

Proof. The proof follows straightforwardly from Theorem 4.5.1 and the fact that ¢*(#|X,,)
is the same as the true posterior distribution when the variational family Q is fixed to all

possible distributions. O

Next, we discuss that the prior, the likelihood model, and the variational family easily

satisfy Assumptions 4.4.5, 4.4.6, and 4.4.7, that are required to show consistency of CYy .
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Notice that the prior density II(A, i) = Inv — I'x(); oy, 5g)Inv — ' (1; a5, B5) is continuous
in § = {\, u} and places positive mass in the neighbourhood of the true parameter 6, and
moreover it is bounded, therefore it satisfies Assumption 4.4.5. The exponential models are
twice continuously differentiable therefore it satisfies the LAN condition in Assumption 4.4.6.
Moreover, the variational family, the product of Gamma distributions on A and pu, is abso-
lutely continuous with respect to the prior distribution and also consists of a sequence of
distribution that converges at the true parameter at the rate of \/n (refer the construction
in Lemma 4.5.3). Therefore, the Q satisfies Assumption 4.4.7. Under these assumptions, it
can be shown using the result in Theorem 4.4.3 that the optimal number of servers computed

using (VBJCCP) (and (BJCCP)) are consistent.

4.6 Proofs

Proof of Lemma 4.4.2. First observe that

/@ Li(@,@o)q*(mf(n)d@ = ”/ sup “ ooo]( (a,0)) — |(—oo,0](9(aa90))|q*(9|Xn)d9

O acA
> nsup [ 1wo(9(a,0)) = 1cn(gla,00))"(61,)ds
> nsup| [ (1 (9(0.0) = I (o(a ) (01K, )t
= nsup| [ 1o (900, 0)q" (015,00 — 1oy (9(a 00)
=nsup |Q (g(a,0) < 01X,) — l—a)(g(a, 60))|

acA

Now using Theorem 4.4.1 and the inequality above, it is straightforward to observe that

Palsup|Q" (9(a,6) < 01%,) ~ Iay(ale.60))| > ] < Po || LL(O,60)q" (61,)a0 > )

i

< T(Gi +12).
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Proof of Lemma 4.4.5. Proof is similar to Lemma 4.4.2 hence omitted. m

Proof of Proposition 4.4.1. The proof follows straightforwardly using the definition of n? and
Assumption 4.4.4. ]

Proof of Proposition 4.4.2. Note that consistent tests always exist for finite-dimensional
models on fixed null and alternate sets; for instance, the Kolmogorov-Smirnov test statis-
tic [109, Theorem 19.1]. Therefore, the condition of Lemma 4.4.4 is always satisfied for finite
dimensional (or parametric) models. Now for distance functions L! (6, 6y) in Theorem 4.4.2
and L (6,6,) in Theorem 4.4.1 fix Py = Py and P; = {Py : LL)(0,6y) > ne®}, where we use
LL) to reference either L. (6,6,) or Li (6,6,) for brevity. Note that for any e € (0,1], Py is

fixed. Therefore, it follows from Lemma 4.4.4 that for any € € (e,, 1],

Ep[dn] < e " < e and sup Ep[l — ¢,] < e K" < e,
PePy

For € > 1, by assumption in the assertion of the proposition we have,

Epy[fne] < e " and sup Ep[l — ¢n] = 0 <e <7,
PePy

where the second equality follows since P; is null set for € > 1. Therefore, it follows that
there exists a test ¢p.e = dnlicc(0,1))y + On,el{ec(1,00)} such that distance function L%) satisfies
Assumption 4.4.1. ]

Proof of Lemma 4.4.6. Lemma 4.4.5 implies that the VB approximate posterior ¢*(0|X,) is

consistent, and it follows from Definition 4.2.1 that for every n > 0

/ ¢ (6| X,)do 0 as n — oo. (4.25)
16—60]|>n
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In fact, ¢*(0|X,) converges pointwise to J5, almost everywhere with respect to Lebesgue
measure. Consequently, Scheffé’s lemma [109, Corollary 2.30] implies that ¢*(0]X,,) converges

to dg, in total-variation distance, that is
~ ~ P7L
drv(q* (01 X,), 0g,) = sup Q" (A|X,,) — g, (A)| =3 0 as n — o0, (4.26)
where for any set A C ©, Q*(A|X,)) = [, ¢*(0|X,,)df. Using this observation note that

sup
acA

T a0, 000 015,00 = T (a0, 00)
—sup Q" (NZ1{gi(a, 0) < 0} — b, (MiZ1{gi(a,0) < O}

= Q" (N2, {gi(a, 0) < 0} — dg, (N2, {gi(@,0) < O}
S dTV(q*(e‘Xn)a 500)7 (427)

for some a € A at which supremum is attained in the RHS of the first equality above. Now

the result follows straightforwardly from (4.26).
[

Proof of Lemma 4.4.7. Part 1: Point-wise convergence The proof uses similar ideas as
used in the proof of [113, Theorem 3.7]. Fix a € A. Due to Assumption 4.4.8(3), R(a,0) is
uniformly integrable with respect to any ¢ € Q, which implies that for ¢*(6|X,) and for any
€ > 0, there exists a compact set K such that for all n > 1 [q ¢, [R(a, 0)|q* (9 X,,)df < e.
Now fix 7, := maxyek, |R(a,0)|. Note that v, < +o0, since K, is compact and R(a, -) is

a continuous mapping for any x € A. Define R.(a, ) be the truncation of R(a,#), that is

R(a,0) if |[R(a,8)] < 7.

R(a,0) =3+, if R(a,0) > 7. (4.28)

—Ye if R(a,0) < —7..
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It follows from the definition above that |R.(a, )| < |R(a, )|, which implies that
/ IR.(a,0)|q"(0)X,)d6 < ¢ (4.29)
O\K.

Note the R.(a,#) is bounded and continuous in 6, therefore, it follows using the definition

of weak convergence and Lemma 4.4.5 that

. P
lim E . %, [Re(a,0)] = Re(a,b). (4.30)

.
n—oo 4

Next observe that

|Eq*(9|)2n) [R(a,0)] — R(a, )]
— ‘Eq*(m %) [R(a,0)] = Epe g5, [Re(a, 0)] + E e g5, [Re(a,0)] — Re(a, 6o)
+R€(a, 90) — R(CL, 90)‘

Now using the definition of R.(a,f) note that

/9\K€(R(a7 0) = Re(a. 9))Q*(9|Xn)d9|

‘Eq*(e\Xn)[R(aa 0)] — Eq*(e\Xn)[Re(a’ 9)]‘ =

< * % . ~ < 9%
< [ JR@O) @ do+ [ (B (a0)lq"(61K,)d8 <2

Similarly, |Rc(a,6y) — R(a,6))| < 2, since due to Assumption 4.4.8(3)
R(a,0)|q*(0|X,)d8 < € is true for all n > 1 and consequently for dy, as well.

f@\Ke

Hence, substituting the above two observations into (4.31) yields
By o5, [R(a, 0)] — R(a, 0)] < de+ [Ep g5,y [Re(a, 0)] — Re(a, b))
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Consequently, it follows for any € > 0 that,
Py (IE o015, [R(a, 0)] = R(a, 00)| > 5€) < Py (|E g5, [Re(a, 0)] — Re(a, 0p)] > €) . (4.32)

Now taking limits n — oo on either side of the inequality above, the result follows straight-
forwardly using the observation in (4.30).
Part 2: Uniform convergence:

Since A is compact and R(a,6y) is continuous in a, using Corollary 2.2 in [114] the
uniform convergence follows from point-wise convergence (Part 1) if there exist a bounded
sequence B, and for all ai,ay € A, [E g%, [R(a1,0)] — Epgx,)[F(az, 0)]] < Byllar — as].
Since, R(a,#) is locally Lipschitz in a due to Assumption 4.4.8(2), therefore for a;,ay € A,

By 0150 [R (@1, )] = By oy, [R(a2, 0)] < Eyoos, [1Rlar, 6) — Rlaa, )]
<EpsglFa@llar —arl.  (433)

The uniform convergence follows since by Assumption 4.4.8(2) E .y %, [Ka(0)] < Ky O

Proof of Lemma 4.5.1. Due to independence of arrival and service time distributions, first

note that

n 7’L—|— Cne
Epr [fn.d] :P()( ‘Z T T, —Xo| > Ao (n 2)2 )

~ n n+2 C 2
x P X, | —————— — > ne
O( | LB s M T 2t )

Denote & = T; — Ti_1. Using Chebyschev’s inequality observe that

n+2 ecn€2
(n —2)?

(N =22 Ly || m ?
=7 ne E - _ )\

Nn+2)° Bl g

(n—2)? ,one ( n )2 5 ( 2n\o >
= — ne E n e )\ - .
)\%(n +2) ¢ g i POHIRS T PRHERS
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Now using the fact that the sum of n i.i.d exponential random variable with rate parameter
Ao is Gamma distributed with rate and shape parameter Ay and n (respectively), we obtain

that the RHS in the equation above is bounded above by

(n B 2)2 e—20n62 2 n’ +1-— 2n _ (n B 2)2e—20n52 n+2
02(n + 2) Ol(n—1)(n—-2) n—2 n+2 (n—1)(n—2)
< o720 (4.34)
Now, choosing C' = K/2, we have
Epp[fn,d] < e~ K<,
and the proposition follows. O

Proof of Lemma 4.5.2. First, we write the Rényi divergence between Fj' and Py,

Pr\"? 1 dpPy \’ 1 apr, \”
Duy, (P2 P2 1 / 0 ) gpr = n-1 / o) 4P+ n-1 / ) gp
1+P( | 9 Og <dP9 > 0 np Og <dp)\> 0+np Og dP'LL 1]

=nllo &—i-llo Ao
R D N R N PRI ) R

po 1 Ho
+n|log— + —log ) ,
( poop (pt 1w —pp

when ((p+ 1)Ag — pA) > 0 and ((p+ 1)Ag — pA) > 0, otherwise Dy, (B)||Fj') = oo. Using
the straightforward inequality for two independent random variables A and B that P(A+B <
2¢) > PHA<c}U{B <c})=P{A <c})P{{B < ¢}), it follows that

T(Diy, (P P}) < Csne?) > Inv — Ty (Day, (PRIIP}) < 0.5Csnel)

Inv — Ty(Dyy (P IP3) < 0.5Csmel). (4.35)
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Now consider the first term of the product in the RHS of the equation above. Observe that,
D14, (P}||PY) is non-decreasing in p (this also follows from non-decreasing property of the

Rényi divergence with respect to p). Therefore, observe that

Inv — Ty (D14, (P PY) <0.5C3n€2) > Inv — T'y(Do (P || PY) < 0.5C3n62)

A
=Inv—-T, (0 < log 70 < O.5C’3€i>

=Inv — F/\ ()\()6_0'503621 < A < )\0) .

The cumulative distribution function of inverse-gamma distribution is Inv — I'y({\ <
I'a ,B—q

t}) = (F(qaq;), where a,(> 0) is the shape parameter, 5,(> 0) is the scale parameter, I'(-)

is the Gamma function, and T'(-,-) is the incomplete Gamma function. Therefore, it follows

for o > 1 that

I (0 Ba/%0) = T (g, B/ Ao 5)

Inv — Ty ()\06_0'5036% <A< )\0) =

F(aq)
0.5Cge2
fiq//AAooe T e a1y
F(O‘q)
e
gl () Ao
_ A 0.5C e
S e Ba/Aoe? >3 <5q> a {efaqO.E)ane%}
T ol (ay) Ao

where the penultimate inequality follows since 0 < €2 < 1 and the last inequality follows from
the fact that, 1—e~®0-5C0sen > ¢=a0-5Csne for |arge enough n. Also note that, 1—e~®a0-50sen >
e~ 05051, can’t hold true for €2 = 1/n. However, for ¢2 = 1"% it holds for any n > 2 when

a,Cs > 4. Using similar steps as above we can also bound

—Bs/p0e®5C3 as )
Inv — T,(Dis, (PR P2) < 05Cmed) > & (ﬁs ) emo00sne]

asI (o) Lo
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for a,C3 > 4 Therefore, substituting the above two results we have for the prior distribution
defined as the product of two inverse-Gamma priors on A and p, C3 > 4max(a; 1,ozq b,

Cy = 0.5(ay + a5)C3 and any p > 1 the result follows for sufficiently large n. O

Proof of Lemma 4.5.5. Since family Q contains all product Gamma distributions, observe

that {q,(-) € Q}¥n > 1. First, due to independence of queue and server data observe that

KL (g0 (\, 1) [7(8)) + Eg o) [KL (dP5 (X)) ldP5 (X5))]

= KL (ga(V[I(N)) + Eg, ) [KL (dP5 (Xn(@) [P (Xn(9)))] (4.36)
+ KL (gn (1) (1) + Eqg, y [KL (dP (Xo () AP (Xu(s)))] (4.37)

n O -

where ¢,() = GO )( )" te "0, X, (q) and X, (s) denote the data pertaining to arrival
0

and service times respectively, 7(-) denote the Inv — I'. prior. Now consider the first term

n (4.36); using the definition of the KL divergence it follows that

KL(gN)[70) = [ a0 10g(an(M)aA = [ ga(X) log(x(A))d (4:38)

Substituting ¢, (\) in the first term of the equation above and expanding the logarithm term,

we obtain

Jumtnn e [ ko)

—log Ao + (n /log)\ Nle” Aod)\—n—l—log<n>
0

I'(n)
(4.39)

AT (n)

Now consider the second term in the equation above. Substitute A = “\70 into the integral,

we have

Aon" t 1
log 2 A"l R d) = / log - te
/ %8 o T (n) ’ & T (n)

< / (Z — 1) F(ln)t”_le_tdt =0. (4.40)
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Substituting the above result into (4.39), we get

/qn(A) log(gn(\)dA < —log Ao — 1 + log (;Z;)

nn
S—log)\o—n—f—log m

1
= —log v2m\y + 3 logn, (4.41)

where the second inequality uses the fact that 2mnn"e™™ < nl'(n). Recall m(\) =

a 8
%)\_O‘q_le_%. Now consider the second term in (4.38). Using the definition of inverse-
q

gamma prior and expanding the logarithm function, we have

_/q”“) log(m(A))dA = —log( B! ) + (g + 1)/10g)\ T \nleTmRs g

P(ay) AT (n)
()t o
P, —nl)Ao + (ag + 1) log Ag
tog <rﬁ(iq)> By (@t Do o (4.42)

where the last inequality follows from the observation in (4.40). Substituting (4.42)
and (4.41) into (4.38) and dividing either sides by n, we obtain

CKL (V) [7(0V)

1 1 %
< - (—log V2 + Elogn —log < & ) + ﬁq(n + (0 + 1) log/\())
n

F(qu) n—1)A
11 1 o
B e () o
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Now, consider the second term in (4.36). Since the observations are independent and iden-

tically distributed, we obtain

Y o0 [KL (4P (% 10)] = g [KL (4P, [p(€])]

Now using the expression for KL divergence between the two exponential distributions, we

have
1 nl( ¥ _ Ao A n" 1 —n
By [KL (a7 Ip(%a)] = [ (log T 1> ISR CED
< 1—-2=
ST n—1

where second inequality uses the fact that logz < z—1. Combined together (4.45) and (4.43)
for n > 2 implies that

Lk <q<A>||n<A>> + By [KL (450 (%, 10)

11 “a 1
<z s —|— 2+ ﬂ — log V21 — log by + aylog Ao | < Cy 08T (4.45)
2 n n I'ay)

where Cy := % + max (O, 24 2/\69’ log /21 — ( ) + oy log /\0) Now using similar

arguments as used for (4.36), we can bound (4.36) as

KL () ) + By [KL (422 15, )]

] 1 o 1
8 ( f log\/2_—log<rﬁ( )>+a310guo>30905n- (4.46)

where Cy := % + max (0, 2+ 2}% — log v21 — log (rﬁ(:s)) + o log Mo)- Combining the above

two results the proposition follows with €, = k’%, and Cg = Cy + Cy. O
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5. ASYMPTOTIC CONSISTENCY OF a—
RENYI-APPROXIMATE POSTERIORS

In this chapter, we study the asymptotic consistency properties of a-Rényi approximate pos-
teriors, a class of variational Bayesian methods that approximate an intractable Bayesian
posterior with a member of a tractable family of distributions, the member chosen to mini-
mize the a-Rényi divergence from the true posterior. Unique to our work is that we consider
settings with a > 1, resulting in approximations that upperbound the log-likelihood, and
consequently have wider spread than traditional variational approaches that minimize the
KL divergence from the posterior. Our primary result identifies sufficient conditions under
which consistency holds, centering around the existence of a ‘good’ sequence of distributions
in the approximating family that possesses, among other properties, the right rate of conver-
gence to a limit distribution. We further characterize the good sequence by demonstrating
that a sequence of distributions that converges too quickly cannot be a good sequence. We
also extend our analysis to the setting where a equals one, corresponding to the minimizer of
the reverse KL divergence, and to models with local latent variables. We also illustrate the
existence of good sequence with a number of examples. Our results complement a growing

body of work focused on the frequentist properties of variational Bayesian methods.

5.1 Introduction

Recall that the idea behind VB is to approximate the intractable posterior m(6|X,,) with
an element ¢(#) of some simpler class of distributions Q. Examples of Q include the family of
Gaussian distributions, delta functions, or the family of factorized ‘mean-field” distributions
that discard correlations between components of . The variational solution ¢ is the element
of Q that is closest to T(A|X,,), where closeness is measured in terms of the Kullback-Leibler

(KL) divergence. Thus, ¢ is the solution to:

q(6) = argmingc oKL (q(0)|[n(6].X..)). (5.1)
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We term this as the KL-VB method. From the non-negativity of the Kullback-Leibler
divergence, we can view this as maximizing a lower-bound to the logarithm of the model
evidence, logp(X,) = log ( f p(Xn,G’)dQ). This lower-bound, called the variational lower-
bound or evidence lower bound (ELBO) is defined as

ELBO(q(#)) = log p(X,.) — KL(q(6)[[n(0]X.))- (5:2)

Optimizing the two equations above with respect to ¢ does not involve either calculating
expectations with respect to the intractable posterior n(@\f(n), or evaluating the posterior
normalization constant. As a consequence, a number of standard optimization algorithms
can be used to select the best approximation ¢(#) to the posterior distribution, examples in-
cluding expectation-maximization [100] and gradient-based [107] methods. This has allowed
the application of Bayesian methods to increasingly large datasets and high-dimensional
settings. Despite their widespread popularity in the machine learning, and more recently,
the statistics communities, it is only recently that variational Bayesian methods have been

studied theoretically [27], [29], [61], [102], [103].

5.1.1 Rényi divergence minimization

Despite its popularity, variational Bayes has a number of well-documented limitations.
An important one is its tendency to produce approximations that underestimate the spread
of the posterior distribution [52], [53]: in essence, the variational Bayes solution tends to
match closely with the dominant mode of the posterior. This arises from the choice of
the divergence measure KL(q(0)||7(0]X,)) = E,[log(¢(0)/m(0|X,.))], which does not penalize
solutions where ¢(6) is small while m(6|X,) is large. While many statistical applications
only focus on the mode of the distribution, definite calculations of the variance and higher
moments are critical in predictive and decision-making problems.

A natural solution is to consider different divergence measures than those used in vari-
ational Bayes. Expectation propagation (EP) [54] was developed to minimize E;[log(n/q)]
instead, though this requires an expectation with respect to the intractable posterior. Con-

sequently, EP can only minimize an approximation of this objective.
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More recently, Rényi’s a-divergence [59] has been used as a family of parametrized di-

vergence measures for variational inference [52], [60]. The a-Rényi divergence is defined as

log/ < (61X, >> dh.

The parameter « spans a number of divergence measures and, in particular, we note that as

Dy (n(0]X,)lla(6)) =

o — 1 we recover the EP objective KL(n(0|X,)||q(0)), we will call its minimizer 1—Rényi
approximate posterior. Settings of a > 1 are particularly interesting since, in contrast to

VB which lower-bounds the log-likelihood of the data (equation (5.2)), one obtains tractable

()

upper bounds. Precisely, using Jensen’s inequality,

= ([0 50 4 de) <,

Applying the logarithm function on either side,

alogp(X,) < logE, [(W) a] (5.3)
= alogp(X,) + logE, [(W)a] = Fa(q). (5.4)

Observe that the second term in the expression for Fy(q) is just (o — 1) Do (p(0]X,)]lq(6)).
Like with the ELBO lower bound, evaluating this upperbound only involves expectations
with respect to ¢(f), and only requires evaluating p(6, X,,), the unnormalized posterior dis-
tribution. Optimizing this upper bound over some class of distributions Q, we obtain the
a-Rényi approximation. As noted before, standard variational Bayes, which optimizes a
lower-bound, tends to produce approximating distributions that underestimate the posterior
variance, resulting in predictions that are overconfident and ignore high-risk regions in the
support of the posterior. We illustrate this fact in Figure 5.1 below that reproduces a result
from Li and Turner [52]. The true posterior distribution is an anisotropic Gaussian distribu-
tion and the variational family consists of isotropic (or mean field) Gaussian distributions.
Standard KL-VB, represented by the green curve titled (o = 0), clearly fits the mode of the

posterior, but completely underestimates the dominant eigen-direction. On the other hand,
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for large values of « (the teal shows @ — 400), the a-Rényi approximate posterior matches
the mode and does a better job of capturing the spread of the posterior. The figure also
presents results for the o = 1 (or EP) and the « — —oo cases. As an aside, we observe that
our parametrization of the Rényi divergence is different from Li and Turner [52], where the

upper-bounds considered in Li and Turner [52] emerge as & — —oo. We note, furthermore,

— True

—_— g

- 4 — 1

P

Figure 5.1. Isotropic variational a-Rényi approximations to an anisotropic
Gaussian, for different values of « (see also Li and Turner [52])

that in tasks such as model selection, the marginal likelihood of the data is of fundamental in-
terest [125], and the a-Rényi upper bound provides an approximation that complements the
VB lower bound. Recent developments in stochastic optimization have allowed the a-Rényi
objective to be optimized fairly easily; see Li and Turner [52] and Dieng, Tran, Ranganath,

et al. [60].

5.1.2 Large sample properties

Despite often state-of-the-art empirical results, variational methods still present a num-
ber of unanswered theoretical questions. This is particularly true for a-Rényi divergence
minimization which has empirically demonstrated very promising results for a number of ap-
plications [52], [60]. In recent work, Zhang and Gao [61] have shown conditions under which
a-Rényi variational methods are consistent when « is less than one. Their results followed
from a proof for the regular Kullback-Leibler variational algorithm, and thus only apply to

situations when a lower-bound is optimized. As we mentioned before, the setting with «
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greater than 1 is qualitatively different from both Kullback-Leibler and Rényi divergence
with a < 1. This setting, which is also of considerable practical interest, is the focus of this
chapter and we address the question of asymptotic consistency of the approximate posterior
distribution obtained by minimizing the Rényi divergence.

Asymptotic consistency [109] is a basic frequentist requirement of any statistical method,
guaranteeing that the ‘true’ parameter is recovered as the number of observations tends to
infinity. Table 5.1 summarizes the current known results on consistency of VI and EP, and
highlights the gap that this chapter is intended to fill. We also want clarify that in this
chapter, we are not analyzing the actual EP algorithm [126], but our analysis is a step

towards understanding the global minimizer of the EP objective.

Table 5.1. Known results on the asymptotic consistency of variational methods.

Methods Existing works
KL-VB Wang and Blei [27],Zhang and Gao [61]
a-Rényi (a < 1) Zhang and Gao [61]
a-Rényi (o > 1) This chapter
1-Rényi (v — 1, global EP ) This chapter

As we will see, filling these gaps will require new developments. This follows from two
complicating factors: 1) Rényi divergence with o > 1 upper-bounds the log-likelihood, and 2)
this requires new analytical approaches involving expectations with respect to the intractable
n(A|X,,). We thus emphasize that the results in this chapter are not a consequence of recent
analysis in Wang and Blei [27] and Zhang and Gao [61] for the KL-VB, and our proofs differ
substantially from these results.

We establish our main result in Theorem 5.3.1 under mild regularity conditions. First,
in Assumption 5.2.1 we assume that the prior distribution places positive mass in the neigh-
borhood of the true parameter 6, and that it is uniformly bounded. The former condition
is a reasonable assumption to make - clearly, if the prior does not place any mass in the
neighborhood of the true parameter (assuming one exists) then neither will the posterior.
The uniform boundedness condition on the other hand is attendant to a loss of generality.
In particular, we cannot assume certain heavy-tailed priors (such as Pareto) which might be

important for some engineering applications. Second, we also make the mild assumption that

179



the likelihood function is locally asymptotically normal (LAN) in Assumption 5.2.2. This
is a standard assumption that holds for a variety of statistical /stochastic models. However,
while the LAN assumption will be critical for establishing the asymptotic consistency results,
it is unclear if it is necessary as well. We observe that Wang and Blei [27] make a similar
assumption in analyzing the consistency of KL-VB. We note that any model Fy that is twice
differentiable in the parameter 6 satisfies the LAN condition [109]. The properties of the
variational family are critical to the consistency result. Assumption 5.2.3 is a mild condition
that insists on there existing Dirac delta distributions in an open neighborhood of the true
parameter 6. While it may appear that this condition is hard to verify, if the variational
family consists of Gaussian distributions, for instance, then Dirac delta distributions are
present at all points in the parameter space. Consequently, we assert that Assumption 5.2.3
is easy to satisfy in practice. Next, we assume that the variational family contains ‘good
sequences’, that are constructed so as to converge at the same rate as the true posterior (in
sequence with the sample size) and the first moment of an element in the sequence is pre-
cisely the maximum likelihood estimator of the parameter (at a given sample size). We also
require the tails of the good sequence to bound the tails of the true posterior. We provide
examples that verify the existence of good sequences in commonly used variational families,
such as the mean-field family.

The proof of Theorem 5.3.1 is a consequence of a series of auxiliary results. First, in
Lemma 5.3.1 we characterize a-Rényi minimizers and show that the sequence must have
a Dirac delta distribution at the true parameter 6, in the large sample limit. Then, in
Lemma 5.3.2 we argue that any convex combination of a Dirac delta distribution at the true
parameter 8y with any other distribution can not achieve zero a-Rényi divergence in the limit.
Next, we show in Proposition 5.3.1 that the a-Rényi divergence between the true posterior
and the closest variational approximator is bounded above in the large sample limit. We
demonstrate this by showing that a ‘good sequence’ of distributions (see Assumption 5.2.4)
has asymptotically bounded a-Rényi divergence, implying that the minimizers do as well.
Note that this does not yet prove that the minimizing sequence converges to a Dirac delta

distribution at 6,.
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The next stage of the analysis is concerned with demonstrating that the minimizing
sequence does indeed converge to a Dirac delta distribution concentrated at the true pa-
rameter. We demonstrate this fact as a consequence of Proposition 5.3.1, Lemma 5.3.1, and
Lemma 5.3.2. In essence, Theorem 5.3.1 shows that, a-Rényi minimizing distributions are
arbitrarily close to a good sequence, in the sense of Rényi divergence with the posterior in
the large sample limit.

In our next result in Theorem 5.3.2, under additional regularity conditions, we further
characterize the rate of convergence of the a—Rényi minimizers. We demonstrate that the
a—Rényi minimizing sequence cannot concentrate to a point in the parameter space at a
faster rate than the true posterior concentrates at the true parameter 6,. Consequently,
the tail mass in the a-Rényi minimizer could dominate that of the true posterior. This
is in contrast with KL-VB, where the evidence lower bound (ELBO) maximizer typically
under-estimates the variance of the true posterior.

Here is a brief roadmap of the chapter. In Section 5.2, we formally introduce the a-Rényi
methodology, and rigorously state the necessary regularity assumptions. We present our
main result in Section 5.3, presenting only the proofs of the primary results. In Section 5.4
we also recover the consistency of 1—Rényi, approximate posteriors, the global minimizer of
EP objective as a consequence of the results in Section 5.3. In Section 5.5, we generalize the
notion of good sequence to the models with local latent parameters and under some additional
regularity conditions we prove asymptotic consistency of the a-Rényi approximate posterior
over global latent parameters. All proofs of auxiliary and technical results are delayed to

the Appendix.

5.2 Variational Approximation using a—Rényi Divergence

We assume that the data-generating distribution is parametrized by § € © C R
d > 1 and is absolutely continuous with respect to the Lebesgue measure, so that the
likelihood function p(:|6) is well-defined. We place a prior ®(#) on the unknown 6, and
denote m(6|X,,) o p(#, X,,) as the posterior distribution, where X,, = {&,...,&,} are the n
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independent and identically distributed (i.i.d.) observed samples generated from the ‘true’
measure Py (= ) in the likelihood family.
In this chapter we will study the a—Rényi-approximate posterior ¢ that minimizes the

a—Rényi divergence between m(6|X,,) and §(-) in some set Q Va > 1; that is,

log/ ( 9|X)> d@}. (5.5)

01%) —argmmqeg{ . (=B i) =

Recall that

Definition 5.2.1 (Dominating distribution). The distribution Q dominates the distribution
P (P < Q), when P is absolutely continuous with respect to @Q; that is, supp(P) C supp(Q).

Clearly, the a—Rényi divergence in (5.5) is infinite for any distribution ¢(f) € Q that
does not dominate the true posterior distribution [59]. Intuitively, this is the reason why the
a-Rényi approximation can better capture the spread of the posterior distribution.

Our goal is to study the statistical properties of the a—Rényi-approximate posterior
as defined in (5.5). In particular, we show that under certain regularity conditions on
the likelihood, the prior and the variational family the a—Rényi-approximate posterior is
consistent or converges weakly to a Dirac delta distribution at the true parameter 6, as the

number of observations n — oo.

5.2.1 Asymptotic Notations

We first define asymptotic notations that frequently appear in our proofs and assump-
tions. We write a,, ~ b, when the sequence {a,} can be approximated by a sequence {b,}
for large n, so that the ratio §* approaches 1 as n — oo, a, = O(b,) as n — oo, when there
exists a positive number M and ng > 1, such that a,, < Mb, VYn > ng, and a,, < b, when

~

the sequence {a,} is bounded above by a sequence {b,} for large n.

5.2.2 Assumptions and Definitions

First, we assume the following restrictions on permissible priors.
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Assumption 5.2.1 (Prior Density).

(1) The prior density function m(0) is continuous with non-zero measure in the neighbor-

hood of the true parameter 0y, and
(2) there exists a constant M, > 0 such that m(6) < M, V0 € © and Ez)[|0]] < oo.

Assumption 5.2.1(1) is typical in Bayesian consistency analysis - quite obviously, if the
prior does not place any mass on the true parameter then the (true) posterior will not either.
Indeed, it is well known [110], [111] that for any prior that satisfies Assumption 5.2.1(1),

under very mild assumptions,

2(U[X,) = /U A(O1X,)d0 =1 Py—a.s. as n— oo, (5.6)

where P, represents the true data-generating distribution, U is some neighborhood of the
true parameter 6, and = represents weak convergence of measures. Assumption 5.2.1(2),
on the other hand, is a mild technical condition which is satisfied by a large class of prior
distributions, for instance, most of the exponential-family distributions. For simplicity, we
write g,(0) = ¢(f) to represent weak convergence of the distributions corresponding to the
densities {g,} and q.

We define a generic probabilistic order term, op, (1) with respect to measure Py as follows

Definition 5.2.2. A sequence of random variables {£,} is of probabilistic order op,(1) when

Jim Py(|€,| > 0) =0, for any §d >0 .
Next, we assume the likelihood function satisfies the following asymptotic normality

property (see [109] as well),

Assumption 5.2.2 (Local Asymptotic Normality). Fiz 6y € ©. The sequence of log-
likelihood functions {log P,(0) = > ,logp(&|6)} satisfies a local asymptotic normality

(LAN) condition, if there exists a sequence of matrices {r,}, a matriz 1(6y) and a sequence
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of random vectors {1, p, } weakly converging to N'(0, I(6y)™") as n — oo, such that for every

compact set K C R?

1 o
sup |log P, (0o + ;' h) — log P, (6) — h"1(00) A, 6, + ihTI(Ho)h B0 asn— oo .
heK

The LAN condition is standard, and holds for a wide variety of models. The assumption
affords significant flexibility in the analysis by allowing the likelihood to be asymptotically
approximated by a scaled Gaussian centered around 6y [109]. We observe that [27] makes a
similar assumption in their consistency analysis of the variational lower bound. All statistical
models Py, which are differentiable in quadratic mean with respect to parameter 6, satisfy
the LAN condition with r, = \/nI, where I is an identity matrix [109, Chapter-7]. Also, all
models Py which are twice continuously differentiable in 6 are also differentiable in quadratic
mean and thus satisfy LAN condition, for instance most of the exponential family model
satisfy LAN condition.

Now, let dg represent the Dirac delta distribution function, or singularity, concentrated

at the parameter 6.

Definition 5.2.3 (Degenerate distribution). A sequence of distributions {q,(0)} converges
weakly to 0 that is, q,(0) = 0 for some 6 € ©, if and only if ¥n > 0

lim qn(0)dl = 0.

n
o0 J{10-0]>n}

We use the term ‘non-degenerate’ for a sequence of distributions that does not converge
in distribution to a Dirac delta distribution. We also use the term ‘non-singular’ to refer to a
distribution that does not contain any singular components (i.e., it is absolutely continuous
with respect to the Lebesgue measure). And, conversely, if a distribution contains both
singularities and absolutely continuous components we term it a ‘singular distribution’ More

formally,
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Definition 5.2.4 (Singular distributions). Let d(0) be a distribution with support © and for
any i€ {1,...,K} and K < oo denote dp,, as the Dirac delta distributions at 0; for any

0; € O, then we define singular distribution q(6);
K .
q(0) == wd(0) + > _ w'dy,
i1
where w, {w'}X, € [0,1) and w+ XK, w' = 1 with at least one of the weights {w'}X, strictly

positive.

Finally, we come to the conditions on the variational family Q. We first assume that

Assumption 5.2.3 (Variational Family). The variational family @ must contain all Dirac

delta distributions in some open neighborhood of 6y € ©.

Since we know that the posterior converges weakly to a Dirac delta distribution function,
this assumption is a necessary condition to ensure that the variational approximator exists
in the limit. Next, we define the rate of convergence of a sequence of distributions to a Dirac

delta distribution as follows.
Definition 5.2.5 (Rate of convergence). A sequence of distributions {q,(0)} converges
weakly to dg,, V01 € O at the rate of vy, if

(1) the sequence of means {0, = [ 0q,(0)d0} converges to 0, as n — oo, and

(2) the variance of {q,(6)} satisfies

y 1
Eq [0 —0,°] =0 (72> :

A crucial assumption, on which rests the proof of our main result, is the existence of

what we call a ‘good sequence’ in Q.

Assumption 5.2.4 (Good sequence). For any M > 0, the variational family Q contains a

sequence of distributions {q,(6)} with the following properties:
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(1) there exists ny > 1 such that [g0G,(0)d0 = 0, where 0, is the mazimum likelihood

estimate, for each n > nq,

(2) there exists ny; > 1 such that the rate of convergence is v, = \/n , that is Eg,9)[|0 —

0,2 < % for each n > n,

(8) there exist a compact ball K C © containing the true parameter 0y and ny > 1, such
that the sequence of Radon-Nikodym derivatives of the Bayes posterior density with
respect to the sequence {@,} exists and is bounded above by a finite positive constant
M, outside of K for all n > ns ; that is,

n(60]X,)

@ < M,, V8 € ©\K andVn > ny, Fy— a.s.
Gn

(4) there exists n3 > 1 such that the good sequence {q,(0)} is log-concave in 0 for all

n > ns.
We term such a sequence of distributions as ‘good sequences’.

The first two parts of the assumption hold so long as the variational family Q contains
an open neighborhood of distributions around dy,. The third part essentially requires that
for n > ng, the tails of {g,(#)} must decay no faster than the tails of the posterior distribu-
tion. Since, the good sequence converges weakly to dg,, this assumption is a mild technical
condition. The last assumption implies that the good sequence is, for large sample sizes, a
maximum entropy distribution under some deviation constraints on the entropy maximiza-
tion problem [127]. Note that this does not imply that the good sequence is necessarily
Gaussian (which is the maximum entropy distribution specifically under standard deviation
constraints).

We note that this assumption is on the family Q, and not on the minimizer of the Rényi

divergence. We demonstrate the existence of good sequences for some example models.

Example 5.2.1. Consider a model whose likelihood is an m-dimensional multivariate Gaus-

stan likelihood with unknown mean vector g and known covariance matriz 3. Using an m-
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dimensional multivariate normal distribution with mean vector poy and covariance matric

as conjugate prior, the posterior distribution is

n T n
.1 &t _ .. &t
(n+1)m - M—L‘nif ) ® 1(#—2‘7#{ )

) =\ et (5° |

where exponents ‘I'" and ‘—1° denote transpose and inverse. Next, consider the mean-field
variational family, that is the product of m 1-dimensional normal distributions. Consider a

o . o2 |
sequence in the variational family with mean {,UJ%,J € {1,2,...,m}} and variance {7121,3 €

(1,2, ...,m}}:

m ,i ] 2 m
() = I Tn e 2%2(% bin) — Le—ﬁ(u—uqn)ﬁ;l(u—uqn)
i1\ 2o (2m)mdet(1,) ’

where g, = {,u}]n, ugn, e ,/LZZ} and I, is an m x m diagonal matriz with diagonal elements

{o},02, ...,0%}. Notice that v, is the rate at which the sequence {g,(p)} converges weakly.
It is straightforward to observe that the variational family contains sequences that satisfy

properties (1) and (2) in Assumption 5.2.4, that is

Y1 &+ o
'n — d = == .
ry \/ﬁ an MQn n + 1
; ~ _ Zin:lEH-lto . .
For brevity, denote fi, == p — pg, = p — ==5— . To verify property (8) in Assump-

tion 5.2.4 consider the ratio,

. ()T,

n(uX,) e T

Gn (1) 2 AT
(@n) ™ det(L,)

Using the fact that 7721 =n <n+ 1, the ratio above can be bounded above by
~ _ntl=Ts—1x
(| X,) < 2mdet(I,) e 2 1 n> 1”” _ deet(la>e—”T“ﬁZ(z—l—Igl)ﬁn.
an(p) — det () "5 811; fin det (%)
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Observe that if the matriz (X1 — I1) is positive definite then the ratio above is bounded

2mdet(1s)
b det(X)

and if Q s large enough it will contain distributions that satisfy this condition.
To fiz the idea, consider the univariate case, where the positive definiteness implies that the
variance of the good sequence is greater than the variance of the posterior for all large enough

‘n’ That is, the tails of the good sequence decay slower than the tails of the posterior.

Example 5.2.2. Consider a model whose likelihood is a univariate Normal distribution with
unknown mean p and known variance o. Using a univariate normal distribution with the

mean [y and the variance o as prior, the posterior distribution s

n+ 1 _(n+21) <M— #O+Z+:1L:l 51)2
% 20 n
(] X,) = \/;e : (5.7)

Next, suppose the variational family Q is the set of all Laplace distributions. Consider a

sequence {q,(p)} in Q with the location and the scale parameter k, and b, respectively, that

18
1 lu—kn|
(i) = e
anli) = 5
; ' ; ; p _ Mot &
To satisfy properties (1) and (2) in Assumption 5.2.4, we can choose k, = —=== and

1 n
_ ao—T1g2 . ~ “0+Zi: &i
b, = \/ T , Yao> 1. For brevity denote fi, = 1 — —=—

o . To verify property (3) in

Assumption 5.2.4 consider the ratio,

(n+1) =2
~ (n+1) ~2 — o
n+l ——5 Hn 1 n
T(p| Xn) Vo2 ® % < | 2 emeT2 ] 2 ol/2
= p > 1 > 1 )
qn (1) ——2nlin] Qa1 _|v20dDlinl QT
l 2{1 (S \/mﬁﬂ ail 2
2\ naa=T42 € e 7

22
where the last inequality follows due to the fact that e~ (T 1D < 1/2,
For the same posterior, we can also choose Q to be the set of all Logistic distributions.
Consider a sequence {q,(p)} in this variational family with the mean and the scale parameter

my, and s, respectively; that is



n
u0+2i:1 &i
n+1

_1_ n :
Sp =1/ W, Ya > 1. For brevity denote [i, = p — % To verify property (3) in
Assumption 5.2.4 observe that,

To satisfy properties (1) and (2) in Assumption 5.2.4, we can choose m,, = and

2
_(n41) (H— oty i & )

)\ X n+1e 202 n+1 1 o, i i 1
TC( | n) — 202 — e_(%) (6(2“97;) _|_e_(2kf::b)) S 261/167

_ _ —2 [ 1
qn(A) SL (eMZSTZn + e HQSTZN ) o a—1 va—1
n

where the last inequality follows due to the fact that o’ (ex/z + e_x/2> < 2e!/16,

Example 5.2.3. Finally, consider a univariate exponential likelihood model with the un-

known rate parameter \. For some prior distribution m(\), the posterior distribution is

PR, = AN
o fn(A)Ane_AZ;L:lfid)\'

Choose Q to be the set of Gamma distributions. Consider a sequence {g,(1)} in the varia-

tional family with the shape and the rate parameter k, and [, respectively, that is

q ()\) — ﬁﬁn )\kn—le—/\ﬂn

where I'(+) is the I'— function. To satisfy properties (1) and (2) in Assumption 5.2.4, we can
choose k, =n+1 and B, = Y¥I" &. To verify property (3) in Assumption 5.2.4 consider the

ratio,

(A X,,) T(A)Ame A it & T(M(n+ 1)

n() T N te M fr()Ne D ban (S &) R Are Dy

( in:1 &)nﬂ

TS e 2im b s the density of Gamma distribution with the

Now, observe that

2
mean Z"Tfrlg and the variance n%rl <fjlé‘> . Since, we assumed in Assumption 5.2.1(2) that
=15 i=1 6
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n+1
T(A) is bounded from above by M,, therefore for large n, % S (A" ne= A2 S\ ~
T ( e ) Hence, it follows that for large enough n

Zi:l &

nAK) _ M,
Qn()‘) N n(/\()),

n
=1 &

where ]

— = asn — 0o.
0

5.3 Consistency of a—Rényi Approximate Posterior

Recall that the a—Rényi-approximate posterior ¢ is defined as

log/ ( 9|X)> de}. (5.8)

We now show that under the assumptions in the previous section, the a—Rényi ap-

G01%,) = argmineq { D, (RO15,)1400)) =

proximators are asymptotically consistent as the sample size increases in the sense that
q; = 0p, Po — a.s. as n — oo. To illustrate the ideas clearly, we present our analysis assum-
ing a univariate parameter space, and that the model Fy is twice differentiable in parameter
6, and therefore satisfies the LAN condition with r,, = y/n [109]. The LAN condition to-
gether with the existence of a sequence of test functions [109, Theorem 10.1] also implies
that the posterior distribution converges weakly to dg, at the rate of \/n. The analysis can
be easily adapted to multivariate parameter spaces.

We will first establish some structural properties of the minimizing sequence of distribu-
tions. We show that for any sequence of distributions converging weakly to a non-singular

distribution the a—Rényi divergence is unbounded in the limit.

Lemma 5.3.1. Under Assumptions 5.2.1, 5.2.2, 5.2.3, and 5.2.4, the a— Rényi divergence
between the true posterior and the sequence of distribution {q,(0)} C Q can only be finite
in the limit if q,(0) converges weakly to a singular distribution q(0), with a Dirac delta

distribution at the true parameter 0.
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The result above implies that the a—Rényi approximate posterior must have a Dirac
delta distribution component at 6, in the limit; that is, it should converge in distribution
to dg, or a convex combination of dp, with singular or non-singular distributions as n — oo.
Next, we consider a sequence {¢,(0)} C Q that converges weakly to a convex combination

of dy, and singular or non-singular distributions ¢;(0), i € {1,2,...} such that for weights
{wi S (07 1) : 221 wi = l}a
4 (0) = wog, + > w'a(0). (5.9)
i=1,i#]

In the following result, we show that the a—Rényi divergence between the true posterior and

the sequence {g,(#)} is bounded below by a positive number.

Lemma 5.3.2. Under Assumption 5.2.1, the a— Rényi divergence between the true posterior

and sequence {q,(0) € Q} is bounded away from zero; that is
lim inf Do (n(0]X,)[|42(6)) > 7 >0 Py — a.s.

We also show in Lemma 5.6.5 in the appendix that if in (5.9) the components {¢(f) i €
{1,2,...}} are singular then

lim inf Dy (7(0|X,)||gn(0)) > 2(1 — w)? >0 Py — a.s,

n—oo

where w! is the weight of dg,.

A consistent sequence asymptotically achieves zero a—Rényi divergence. To show its
existence, we first provide an asymptotic upper-bound on the minimal a—Rényi divergence
in the next proposition. This, coupled with the previous two structural results, will allow us

to prove the consistency of the minimizing sequence.
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Proposition 5.3.1. For a given a > 1 and under Assumptions 5.2.1, 5.2.2, 5.2.5, and 5.2.4,
and for any good sequence G,(0) there exist ng > 1 and M > 0 such thatfor all n > ng, the

minimal a— Rényi divergence satisfies

eMI(QO)

aa

iy Dam(015,)4(0) < D (R(O1%,)1(0) < 5 = o

) +Op0n(1), (510)

where 1(6y) is defined in Assumption 5.2.2 and € is the Euler’s constant.

Now Proposition 5.3.1, Lemma 5.3.1, and Lemma 5.3.2 allow us to prove our main result

that the a—Rényi approximate posterior converges weakly to dg,.

Theorem 5.3.1. Under Assumptions 5.2.1, 5.2.2, 5.2.3, and 5.2., the a— Rényi approzi-
mate posterior qj(@]Xn) converges weakly to a Dirac delta distribution at the true parameter
0o; that is,

q, = dg, in-Fy' probability as n — oo.
Proof. First, we argue that there always exists a sequence {G,(0)} C Q such that for every
n>0

Jim By (Da(m(01X0)[13:(6)) <) = 1.

We demonstrate the existence of ¢,(#) by construction. Recall from Proposition 5.3.1(2)

that there exist 0 < M < oo and ng > 1, such that for all n > ng

GMI(Q())

Oéozfl

Da(m(6] X,)[13.(6)) < log +opp (1),

where g, () is the good sequence as defined in Assumption 5.2.4 and € is the Euler’s constant.

Now using the definition of opn (1), for every n > 0, it follows from the inequality above that

> _ 1 eM[(60> . n
lim £y (DQ(R(H\Xn)an(G)) ilog? n) < lim Py (opp(1) > n) =0. (5.11)
Now a specific good sequence can be chosen by fixing M = M := S 1(90 ° implying that
lim P (Da(r(01%,)[.(0)) > 1) = 0. (512)
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The above result implies that there exist a sequence in family @ such that
Do (n(01X,)|1dn(9)) — 0 in P} -probability.

Next, we will show that the minimizing sequence must converge to a Dirac delta distribution
in probability. The previous result shows that the minimizing sequence must have zero a-
Rényi divergence in the limit. Lemma 5.3.1 shows that the minimizing sequence must have
a delta at 0, since otherwise the a-Rényi divergence is unbounded. Similarly, Lemma 5.3.2
shows that it cannot be a mixture of such a delta with other components, since otherwise
the a-Rényi divergence is bounded away from zero.

Therefore, it follows that the a—Rényi approximate posterior g (9|Xn) must converge weakly
to a Dirac delta distribution at the true parameter 6y, in Fj'— probability, thereby completing
the proof. n

Note that the choice of M in the proof essentially determines the variance of the good
sequence. As noted before, the asymptotic log-concavity of the good sequence implies that it
is eventually an entropy maximizing sequence of distributions [127]. It does not necessarily
follow that the sequence is Gaussian, however. If such a choice can be made (i.e., the
variational family contains Gaussian distributions) then the choice of good sequence amounts
to matching the entropy of a Gaussian distribution with variance %.

We further characterize the rate of convergence of the a—Rényi approximate posterior
under additional regularity conditions. In particular, we establish an upper bound on the
rate of convergence of the possible candidate a«—Rényi approximators when the variational

family is sub-Gaussian. Additionally, we require that the posterior distribution satisfies the

Bernstein-von Mises Theorem, that is for any compact set K containing 6,
/ (6| X,.)d6 :/ N (8;6,, (nI(80))™1)d0 + opp(1). (5.13)
K K

According to Theorem 10.1 in [109], the Bernstein-von Mises Theorem holds under Assump-
tion 5.2.1, 5.2.2, and the following additional assumption on the existence of consistent test

functions:
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Assumption 5.3.1 (Consistent Tests). For every e > 0 there exists a sequence of tests

bn(X,) such that 1) lim,_ Epaz((bn(f(n)) = 0, and limy, o0 SUPg_g, > Epp (1 — dn(X,)) = 0.

A further modeling assumption is to choose a sub-Gaussian variational family Q that
limits the variance. We choose a sub-Gaussian sequence of distributions {¢,(0)} C Q, that

is for some positive constant B and any t € R,

b
Egole] < (5.14)
where 6, is the mean of g, (6) and =, is the rate (see Definition 5.2.5) at which ¢, (#) converges

weakly to a Dirac delta distribution as n — oo.

Lemma 5.3.3. Consider a sequence of sub-Gaussian distributions {q,(0)} C Q, with pa-
rameters B and t, that converges weakly to some Dirac delta distribution faster than the
posterior converges weakly to dg, (that is, v, > \/n), and suppose the true posterior distri-
bution satisfies the Bernstein-von Mises Theorem (5.13). Then, there exists an ng > 1 such

that the a— Rényi divergence Da(n(0]X,)|qn(6)) is infinite for all n > ny.

We use the above result to show that, when the variational family Q is sub-Gaussian,
then the a—Rényi appropriate posterior cannot converge at a rate -, faster than y/n, that

is the rate at which the posterior converges weakly to dg,.

Theorem 5.3.2. Under Assumptions 5.2.1, 5.2.2, 5.2.3, 5.2.4, and 5.3.1, and Q is a family
of sub-Gaussian distribution, then the rate of convergence, ,, of a—Rényi approrimate

posterior is bounded above by \/n, that is v, < \/n.

Proof. Since we choose the variational family to be sub-Gaussian, the a—Rényi approx-
imate posterior must be one of the sequences satisfying (5.14) and as a consequence of
Theorem 5.3.1, 6,, must converge to 6y as n — oco. On the other hand, using Lemma 5.3.3, it
follows that the rate of convergence =, of a—Rényi approximate posterior must be bounded

above by /n, that is v, < v/n. O
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5.4 Consistency of a— Rényi Approximate Posterior as o converges to 1

Our results on the consistency of a-Rényi variational approximators in Section 5.3 can
be a step forward in understanding the consistency of posterior approximations obtained

using expectation propagation (EP) [54], [55]. Observe that for any n > 1, as a — 1,
Do (n(0]X,)[1G(0)) — KL (=(0]X,)[14(0)) . (5.15)

where the limit is the EP objective using KL divergence. We define the 1-Rényi-approximate
posterior s as the distribution in the variational family Q that minimizes the KL divergence

between m(A|X,,) and 3(6), where 5(6) is an element of Q:

. . N o (61 X,)
sy () = argmingc o {KL (n(0|Xn)||s(0)) = /@n(é’]Xn) log <n§w)> d@} . (5.16)

We note that the EP algorithm [54] is a message-passing algorithm that optimizes an approx-
imations to this objective [126]. Nevertheless, understanding this idealized objective is an
important step towards understanding the actual EP algorithm. Furthermore, ideas from [52]
can be used to construct alternate algorithms that directly minimize equation (5.16). We
thus focus on this objective, and show that under the assumptions in Section 5.2, the 1-
Rényi-approximate posterior is asymptotically consistent as the sample size increases, in the
sense that s@ = dp,, Py — a.s. as n — oo. The proofs in this section are corollaries of the
results in the previous section.

Recall that the KL divergence lower-bounds the a—Rényi divergence when o > 1; that

KL (p(0)q(0)) < Do (p(0)|lq(0)) - (5.17)

This is a direct consequence of Jensen’s inequality. Analogous to Proposition 5.3.1, we
first show that the minimal KL divergence between the true Bayesian posterior and the

variational family Q is asymptotically bounded.
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Proposition 5.4.1. For a given o > 1, and under Assumptions 5.2.1, 5.2.2, 5.2.3, 5.2.4,
and for any good sequence @,(0) there exist ng > 1 and M > 0 such that the minimal KL

divergence satisfies

min KL (w(6]X,,)5(0)) < B = ; log )> +opn(1). (5.18)

where 1(6y) is defined in Assumption 5.2.2 and € is the Euler’s constant.
Proof. The result follows immediately from Proposition 5.3.1 and (5.17), since for any §(0) €
Q and a > 1,

KL (m(01X,)[15(0)) < Da (7(61X,)[3(6))

]

Next, we demonstrate that any sequence of distributions {s,(6)} C Q that converges
weakly to a distribution s(f) € Q with positive probability outside the true parameter 6,
cannot achieve zero KL divergence in the limit. Observe that this result is weaker than
Lemma 5.3.1, and does not show that the KL divergence is necessarily infinite in the limit.

This loses some structural insight.

Lemma 5.4.1. There exists an n > 0 in the extended real line such that the KL divergence

between the true posterior and sequence {s,(0)} is bounded away from zero; that is,
lim inf KL(r(0X,)||s.(0)) >n >0 Py —a.s.

Now using Proposition 5.4.1 and Lemma 5.4.1 we show that the 1-Rényi-approximate

posterior converges weakly to the dg,.

Theorem 5.4.1. Under Assumptions 5.2.1, 5.2.2, 5.2.3, and 5.2.4, the 1-Rényi-approximate

posterior sk (0) satisfies

s, = 0g, in-Py probability as n — oo.
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Proof. Recall (5.12) from the proof of Theorem 5.3.1 that there exists a good sequence G, (6),
such that

Do (m(0X,)||Gn(8)) — 0 in-PP probability as n — co.
Since the KL divergence is always non-negative, using (5.17) it follows that
KL(n(0]X,)||dn(#)) — 0 in-P? probability as n — co.

Consequently, the sequence of 1-Rényi-approximate posteriors must also achieve zero KL
divergence from the true posterior in the large sample limit with high probability. Finally,
as demonstrated in Lemma 5.4.1, any other sequence of distribution that converges weakly to
a distribution, that has positive probability at any point other that 6, cannot achieve zero KL
divergence. Therefore, it follows that the 1-Rényi-approximate posterior s} (f) must converge
weakly to a Dirac delta distribution at the true parameter 6y, in-Fj probability as n — oo,

thereby completing the proof. ]

5.5 Models with Local Latent Parameters

We generalize the model we have worked with so far to include a collection of n in-
dependent local latent variables zy., := {z1,29,...,2,} € 2™, one for each observation &;.
We assume these are distributed as m(z|0) for each i, with the observations distributed as
p(&ilzi,0). Recall that 6 is the global latent variable with prior distribution m(#). Denote by
zo and 6y the true local and global latent parameters respectively. In this section, P, denotes

the true model Py, .,. The posterior distribution over 6 and z;., is defined as

o\ m(0) [TiL, ©(2]0)p(&il 2, 0)
B, 21l X) = J T m(0) T 7(z:10)p(&i| 21, 0)dOd 1

197



We denote the denominator above as P(X,,), the model evidence, and the numerator as
p(0, X, z1.n). Since computing P(X,,) is difficult, an approximate posterior can be obtained

by minimizing the following objective over a carefully chosen variational family O:

75(9, Zl:n‘Xn)
Q(ev Zl:n)

Da (R0, 10 )0 2)) = 1o [ a6,

) dfdz.,, where a > 1.
a—1 Ox2Zn

This objective can be derived as an upper-bound to the model evidence similar to equa-
tion (5.4). It is common to assume that the variational family Q can be factorized into
subsets Q" (local) and Q (global), and define the Rényi approximate posterior over the

global latent parameter 6 as

p(ea AR Xn)

q(0)q(z1:) ) dfdzy.  (5.19)

[(01%,) = argminggeq min og [ q(®)a(zi
O1%,) = arginggeq v o [ a0

Notice that the objective above does not require computing the model evidence P(X,,).
In this section, we aim to show that ¢*(#|X,,) converges weakly to the Dirac delta distribution
at 6y. To show this we require the following additional assumptions:

First, we define the profile likelihood at 6 = 6y +n~'/2h,, for any bounded and stochastic
hn = opp(1) as p(X,|00 + n~'?hy,, 2,), where 28, = argmax,  p(X,|0p +n~?h,, 21.) i
the maximum profile likelihood estimate of 2., at § = 0y +n~/2h,,. Denote dg(z1m, 2}.,) ==
H(Py, .., P@mzlin) as the Helinger distance between models Py, .,,, and Fy, .» Furthermore,
for any p > 0 and for all bounded and stochastic hy, = opp (1), we define D(6g+n"/2h,,, p) =
{21 = dg(21m, 21.,) < p} as the Hellinger ball of radius p around 27,,.

Next we impose regularity conditions on the conditioned latent posterior p(zlm\f(n, o).

Following Wang and Blei [27, Proposition 10] and motivated by Bickel, Kleijn, et al. [128,

Theorem 4.2], we assume that

Assumption 5.5.1 (Conditioned latent posterior). The conditioned latent posterior

p(21;n|Xn, 0o) satisfies
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1. The conditioned latent posterior is consistent under n~'/?-perturbation at some rate
pn with p, | 0 and np? — oo; that is for all bounded, stochastic h, = Opr (1),

(21| Xns ) converges as

| Xn, 0 = 0+ n"Y2h,)dz1. = Opn(1).
/Dc(eo+n1/2hn,pn)p(zl' | 0+ n )dz1. pr(1)

2. The sequence {p,} as defined above should also satisfy the following conditions for all
bounded and stochastic h, = Opn(1):

= 0(1),

. Xol21m, 00 + n7%h,,
(i) sup Ery, ... P(Xn|21m, 0o )

Zl:ne{zl:n:dH (lenyzf:n)<,0n} p<Xn ’21577/7 00)

(ii) du (20, 21.n) = 0(pp)-

The first condition ensures that conditioned latent posterior converges slower than the
true posterior and the second condition is an additional regularity condition on the expected
likelihood ratio. Bickel, Kleijn, et al. [128, Lemma 4.3] identifies mild differentiablity condi-
tions on the likelihood ratio that imply condition 2(i) above. Also, Theorem 3.1 in Bickel,
Kleijn, et al. [128] provide the regularity conditions under which the the conditioned latent
posterior satisfies the first condition above.

The next assumption, adapted from Bickel, Kleijn, et al. [128], is an extension of LAN

condition in Assumption 5.2.2 to models with both global and local latent parameters.

Assumption 5.5.2 (Stochastic LAN (s-LAN)). Fiz 0y € © and recall that 2%, is the profile
likelihood maximizer. The sequence of log-likelihood functions {ngw’f;n = p(X,lo, 22.0)}
satisfies stochastic local asymptotic normality (s-LAN) condition if there exists a matriz
I(6o,20) and a sequence of random wvectors {A, (9,0} € La(Fy ., ) such that for every
bounded and stochastic sequence {h,}, that is h, = Opn (1), we have

P? 1

90+n*1/2hn,zf,n T
" = hn1(907 ZO)Anv(HO:ZO) -

P
ao’zlzn

hTI(HQ, Zo)hn + 0p61(1),

1 _
0g o'tn

where By = Py, , -
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Stochastic LAN is slightly stronger than the usual LAN property. In most of the ex-
amples, the ordinary LAN property often extends to stochastic LAN without significant
difficulties [128]. Also, Theorem 1 in Murphy and Vaart [129] identifies conditions under
which the above LAN assumption is satisfied by models with both global and local latent
variables. It must be noted that if 6, is an asymptotically efficient estimator of 6y, then
according to Lemma 25.25 in [109] /n (én - 00) = Ay (09,20) T 0pp (1).

Next we state a modified version of Assumption 5.2.4(3) for the models that contain local

latent variables:

Assumption 5.5.3 (Good Sequence-Local). For any M > 0, the variational family Q

contains a sequence of distributions {q,(0)} with the following properties:

(1) there exists ny > 1 such that [g0q,(0)d0 = én, where 0,, is the mazimum likelihood

estimate, for each n > ny,

(2) there exists ny; > 1 such that the rate of convergence is v, = \/n, that is Eg,@)[|0 —

énlz] < % for each n > nyy,

(3) there exist a compact ball K C © containing the true parameter 0y and ny > 1, such
that the sequence of Radon-Nikodym derivatives of the Bayes posterior density with
respect to the sequence {q,} exists and is bounded above by a finite positive constant

M, outside of K for all n > ny ; that is,

n(0]X,, 2°
(‘_w’)l'n) < M,, V8 € O\K and ¥n > ny, Py — a.s,
dn
where 23, is the first n components of the true local latent parameter 2.

(4) there exists n3 > 1 such that the good sequence {q,(0)} is log-concave in 6 for all

n > ns.
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Example 5.5.1 (Bayesian mixture model). Consider a mizture of uncorrelated L uni-variate
Gaussians, each with mean p;,i € {1,2,..., L} and unit variance. Fach observation & is

assumed to be generated using the following model:

,LLZNTC(,LLZ),VZG{LQ,...,L}
~ Cat z<11 1) Vie{1,2,.. . n}
ategorica o) J2,....m

&~ NG Ve (1,2, n)

Notice that p is the global and zy., are the local latent parameters. Now observe that

HlL:I () Ty p(2, &) _ Hlel () [Ty p(&lp, 27)
STy () Ty p(22, &l [ Ty m(m) TES p(&le, 20)dp
I, m(pm) H? (N (&2, 1)

n(ll’|Xn7 Z(l)n) =

= (5.20)
J Tz m(p) Ty V(& lpT 20, 1) dp
_HLhW)MN@%ﬂ (5.21)
ST m() T N (L, 1 dp '
where fjl is the j™" observation in the 1™ cluster and n; = 3", zgl is the total number of

observations in the I cluster . In practice, T() ~ N (w|m,o?)} is assumed to be Gaussian
(conjugate) with known mean (m) and variance (02 ) hyper-parameters, hence the distribution

n (5.21) can be computed analytically, that is

L n
pll 20 ) — T ®0) T P, i) HNQM

sz () Ty (2D, &l ) dpe =1

012i ( Z&)( —i—nl)l).

In practice Q is chosen to be a mean-field approzimate family, in particular it is a product

of L uni-variate Gaussians. Now consider the following sequence of distributions in Q, that

18
L
au(p) = [TV (s, o2,) -
=1
. l 2 - 1 -1 .
Clearly, by choosing m,; = +m (Ug +Z é’j) and o,, = (0_2 —l—nl) , the ratio
Ml X 2y) l;:'(‘;?:") is bounded by 1.
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The s-LAN assumption for finite miztures model follows from the finiteness of the support

of local latent variables [129], [130].

In the next result we show that a consistent sequence asymptotically achieves zero
a—Rényi divergence. To show its existence, we first provide an asymptotic upper-bound
on the minimum of the LHS in (5.25) in the next proposition. This will allow us to prove

the consistency of the minimizing sequence.

Proposition 5.5.1. For a given a« > 1 and under Assumptions 5.2.1, 5.2.8 (for
Q), 5.5.1, 5.5.2, 553, and for any good sequence there exist ng > 1 and M > 0 such

that for all n > ng, the minimal a— Rényi divergence satisfies

min min DOz(n(ea Zl:n|Xn> ||Q(9)Q(Zln)) S min Da (7'5((9, Zl:ann) |’q7n(0)Q(Zln))
QGQ Q(Zl n)eQn q(Zl:n)EQ"

1 eMI(0

510 (W) +top(l)  (5.22)

ya—1

<B=

where € is the Euler’s constant and I(0y, zo) is as defined in Assumption 5.5.2.

Since the term on the RHS above in (5.22) is non-negative for all n > ny, implying
_1

that M > éfzgoto) for all n > ng. Therefore, a specific good sequence can be chosen by
il

fixing M = %, implying that lim sup,,_,. ming,, yeon Da(7(0, zl:n])?n)||qn(9)q(zlm)) =

0 Vn > ng. Now analogous to the parametric case we are only left to show that the global
Rényi approximator necessarily converges to a Dirac delta distribution concentrated at the
true global parameter 6, to achieve zero Rényi divergence.

Now notice that for any n > 1,

drn)eon g/ <qu) /ZnQ(len) (W)adzmde
2o ) (30)” i ) (P250)
( )

”w))ad&, (5.23)
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where M(X,|) is the variational likelihood define as

M(X,|0) ::[ min / q(21m) (M>adzlmr/a. (5.24)

q(zlm)EQ" Z q(Zln)

Observe that subtracting the log P(X,,)* from either side of (5.23) yields:

min_ Do(1(0, 21| X0) [|4(8)a(21:0)) = Da(m*(8]X,0)lla(6)), (5.25)

(](Zl:n)EQn
where the ideal posterior m*(6|X,,) is defined as

ey WO)M(X,]6)
(0|1 X,) = EOT a0 (5.26)

In the subsequent lemma we show that under certain regularity conditions M(X,|6)
satisfies the LAN condition with the similar expansion as of the true likelihood model for a
given local latent parameter z;. The proof parallels that of Wang and Blei [27, Proposition

10].

Lemma 5.5.1. Fiz 0 € ©. Under Assumptions 5.5.1 and 5.5.2, the sequence of variational
log-likelihood functions {M,(#) := log M(X,|0) satisfies s-LAN condition, that is there ex-
ists a matriz 1(0y, z0) and a sequence of random vectors {An,(gmzo)} as defined in Assump-
tion 5.5.2, such that for every bounded and stochastic sequence {hy}, that is h, = Opnr(1),

we have

Mn(eo + n_l/th)
Mn(90>

1
log = hy1(80, 20) An, 00,20 = 5P 1 (B0, 20) P + 0pp (1).

Next, we will show that the minimizing sequence must converge to a Dirac delta distri-

bution at 6y using the results in Proposition 5.5.1 and Lemma 5.5.1.

Theorem 5.5.1. For a given o > 1 and under Assumptions 5.2.1, 5.2.5 (for Q} , 5.50.1,

and 5.5.3, the a—Rényi approximate posterior q,‘f(9|)§'n) over global latent parameters 0 as
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defined in (5.19) converges weakly to a Dirac delta distribution at the true parameter 0y; that
18,

¢ (0|1X,) = g, in PI — probability as n — co.

Proof. Using the result in Proposition 5.5.1 and following similar steps as used in Theo-
rem 5.3.1, we can show that the minimizing sequence must have zero a-Rényi divergence in

the limit with high probability. Recall the inequality in (5.25)

min_ Da(1(0, 210 Xo) [a(B)a(21:0)) > Da(m (6] X,0) | a(6)). (5.27)

q(zl:n)GQ"

Also note that ¢(|X,) is the minimizer of the LHS in the equation above. Since the
variational likelihood satisfies the LAN condition due to Lemma 5.5.1, under the consis-
tent testability assumption, the ideal posterior n*(9|)~(n) also degenerates to a Dirac delta
distribution at the true parameter 6, [131].

Now recall Lemma 5.3.1 and 5.3.2. Following the arguments in Lemma 5.3.1, and using
the inequality in (5.27) we can argue that any sequence of distributions in Q that minimizes
the LHS in (5.27) must converge weakly to a Dirac delta distribution at the true parameter
0o in the large sample limit, since otherwise the objective in the LHS of (5.27) is unbounded.
In addition, using Lemma 5.3.2 and the inequality in (5.27) we can also show that any
sequence of distribution in Q that converges weakly to a convex combination of a Dirac
delta distribution at 8y with any other distribution can not achieve zero a—Rényi divergence

in the limit. This completes the proof. n

5.6 Proofs

We begin with the following standard lemma.

Lemma 5.6.1. [Laplace Approximation of integrals] Consider an integral of the form

b
1= [ e
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where g(y) is a smooth function which has a local minimum at y* € (a,b) and h(y) is a

smooth function. Then

. 2
I ~ h(y*)e W) T asn— oo
ng(y*)
Proof. Readers are directed to Wong [132, Chapter-2] for the proof. O

Now we prove a technical lemma that bounds the differential entropy of the good se-

quence.

Lemma 5.6.2. For a good sequence 4,(0), there exist an ny > 1 and M > 0, such that for

alln > ny

- [ altonno) < o (26 ).

n

where € is the Euler’s constant.

Proof. Recall from Assumption 5.2.4 that the §,(0) converges weakly to dy, at the rate of
v/n. It follows from the Definition 5.2.5 for rate of convergence that,

A 1
E;00—0,*=0 () :

n
There exist an ny > 1 and M > 0, such that for all n > ny,

N M
Ez0)[(0 —0,)%] < o

Using the fact that, the differential entropy of random variable with a given variance is
bounded by the differential entropy of the Gausian distribution of the same variance [133,
Theorem 9.6.5]), it follows that the differential entropy of g, (x) is bounded by %log(Zné%),

where e is the FEuler’s constant. O

Next, we prove the following result on the prior distributions. This result will be useful

in proving Lemma 5.6.4 and 5.3.1.
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Lemma 5.6.3. Given a prior distribution m(6) with Exg[|0]] < oo, for any B > 0, there

exists a sequence of compact sets {K,} C © such that

/@\Kn n(y)dy = O(n~").

Proof. Fix 6, € O. Define a sequence of compact sets
K,={0€0:1]0 -6, <n’}Vs>0.

Clearly, as n increases K, approaches ©. Now, using the Markov’s inequality followed by

the triangular inequality,

n(v)d :/ n(y)dy < n PE -0
/@ G Ty = e MY <[y = O]

<07 (Ex)[I7]] + 164]) - (5.28)
Since, Ex(,)[[7]] < oo, it follows that V3 > 0, [g\x, T(y)dy = O(n=?). O

The next result approximates the normalizing sequence of the posterior distribution using

the lemma above and the LAN condition.

Lemma 5.6.4. There exists a sequence of compact balls { K, C ©}, such that 6y € K,, and

under Assumptions 5.2.1 and 5.2.2, the normalizing sequence of the posterior distribution

n

_ e<%nfwo><<én—0o>2>> <e0sz<l> [ RO G, (01 (00) )y + o<1>)' (5.29)

Proof. Let {K, C ©} be a sequence of compact balls such that 6y € K,,, where 6, is any

point in © where prior distribution ®(#) places positive density. Using Lemma 5.6.3, we can
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always find a sequence of sets {K,} for a prior distribution, such that 6y € K,, and for any
positive constant 3 > %

/@\Kn n(y)dy = O(n™"?). (5.30)

Observe that

“op(&l) B “op(&ily) = p(&ly)
@Ep@iwo)“w‘(Angp@wo)””)d” for PO I iy

) . (5.31)

Consider the first term in (5.31); following similar steps as in (5.49) and (5.50) and using
Assumption 5.2.2, we have

/ = p(&ily)
Kn iz p(§ &il0o)

w0 e (;nf(eo) (0. — 60) )) / () exp (—n[(@o) ((v- én)2)) dy

= e W exp (G () (0= 000%) ) [ [ RN G (I (00) )y, (532)

where the last equality follows from the definition of Gaussian density, N(+; 0y, (n1(65))

() dy

-1
).
Substituting (5.32) into (5.31), we obtain
51\7
d
/1 1p £1|90 ) 7
. 2 opn A .
—exp (g 00) (16, - 7)) || 2 (5 /K RN (358, (n1(00) )
B ooy 1) "~ pl&h)
—i—exp( 2n[(90) ((Qn ) )) G\Kn 1 €1|90)d ) (5.33)
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Next, using the Markov’s inequality and then Fubini’s Theorem, for arbitrary ¢ > 0, we

have

P(? ( n[(@o) /@ ﬁ p(fih/) R(V)d’y > 5) < n[(90) Ep(v)w [/@ ﬁ p(flh/) ( )d’}/]

2 Jevk, iz p(&ilbo) 622m VK =1 P(&ilbo)
7?22972 /@\Kn i [12[1 5(51”90))] m)dy
”5[229;; @\Kn (5:34)
since Epn { " 5((55:";0))} =1

Hence, using (5.30) for § > 3/2, it is straightforward to observe that

p(&ly) 1(6h) 1
< .
(V 27‘C e\Kn1 1 0(&16) mdy >0 ) < 6221 nf-1/2

Since the upper bound above is summable, using First Borel-Cantelli Theorem it follows

nd (f) " p(&l) B
e ovi, LL g gy 18y = o) Po —as. (5.35)

Since, exp <—%nl(60) ((én - 90)2)) < 1, it follows from substituting (5.35) into (5.33)
that

§1|7
d
/1 1p €1|00 ) 7

~ exp (;nl(ﬁo) (0 - 90)2)> . [2(’;0) <e"P€<” / RN, (01(680)) )+ 0(1)>.

that

[]

Next we prove Lemma 5.3.1, showing that the a—Rényi divergence between the posterior

and any non-degenerate distribution diverges in the large sample limit.

Proof of Lemma 5.3.1. Let K,, C © be a sequence of compact sets such that 6, € K,,, where

0o is any point in © where prior distribution 7(#) places positive density. Using Lemma 5.6.3,
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we can always find a sequence of sets {K,} for a prior distribution, such that 6, € K,, and

for any positive constant 5 > %,

/@\Kn n(y)dy = O(n™"?). (5.36)

Now, observe that

~ Liog ( [ 0 (";ig;))ade [ o) (néTg)”))adH)
> ;log (/K 4n(6) <n;i|£;)>a d9> , (5.37)

where the last inequality follows from the fact that the integrand is always positive.

Next, we approximate the ratio in the integrand on the right hand side of the above
equation using the LAN condition in Assumption 5.2.2. Let A, 4, := \/ﬁ(én —6y), such that
0, — 0o, Py — a.s. and A, 4, converges in distribution to N(0,1(6,)~"). Re-parameterizing

the expression with 6 = 6y + n~1/2h, we have

v 1\ @ — n il(Bo+n—1/20)) \ @
X (60 + n~V/2) [T, 2alCotn='/2h)
/ G (9) (n(m ")> o = n‘”/ Gn (B0 + n"/%h) ( o Y ) i
n KTL ’Y

qn(0) g (00 +n17D) fo T, HELLR(7)d
(0o + n~V/20) [T, P&l@otn 12\ ©
=02 [ (o +n2h) (% — ) Pl dh (5.38)
Kan Gn (0o +n12h) [o ThL, p(gil|90)n(7)d’7

hI(00)A, 0, — h?1(0 (1))\
=n '/ / ¢n(B0 +n"h) (n(90+n1/2h>exp< (o) By = 51 0100) & 0 )> dh.
Kn

qn(00 +n=12h) [o TTi, 5(({611‘570))7.5(7)&)/

(5.39)
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Resubstituting h = /n(# — 6y) in the expression above and reverting to the previous

parametrization,

Sy (n(e)exp (ﬁ(e_eo>f<eo>4n,90 %£(9—90)2[(90)+0p(¢(1))) y
" 4n(6) Jo T, ZERm(y)dy
eOPél(l)eX _ln 0 —0,)% — — 0, An— ) «a
:/K 4 (0) (n(g) p (—4n1(60) ((0 — 60)* — 2(0 — 60)( 9)))) ”

4:(9) Jo I, ;((511”970)75( )dy

Now completing the square by dividing and multiplying the numerator by
exp ( nl(0o) ((én - 00)2)) we obtain

4n(0) Jo Ty ey m(1)dy

P W exp (Lng (6o) — N 0:0,,, (nI(6, :
= [ 4.0 |(6) de »g,w e
Kn Gn(0 )f@ i= 1p(5 [60) ¢ n(y)dy

oD n (1) ~ _7n ) B An ) o
Ry (W esp (3 <<)9n ) s (bt @) (0 9)))) )

(5.40)

where, in the last equality we used the definition of Gaussian density, N(-; 6, (n1(6))™").
Next, we approximate the integral in the denominator of (5.50). Using Lemma 5.6.4 it

follows that, there exist a sequence of compact balls {K,, C ©}, such that 6, € K,, and

- p(&h
d
LI ey
21

— M(QO)e(émwo)((én_eop))<eopg<1>/ n(v)/\/(v;én,(n[(eo))—l)dwo(l)). (5.41)

n

Substituting (5.41) into (5.40) and simplifying, we obtain
W(ean)>a
(6 o
/ n )< ()

— / qn(9>1—a
Kn (eOP(’)VL(l

V(@) (8; 0, (n1(60))1)
) e 2N (3 O (n1(60)) )y + o<1>)

do.  (5.42)
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Observe that:

(N(G;ém(nl(%))l))a=< "]2(,?’)) (st ) A a6

Substituting this into the right hand side of (5.42)

1 RO (0: 6., (n1(60)) ") )

Liog [ (0 : i d

1% f, ((eOP€<  Jie, RN (3 60, (n1(80)) ")y + o<1>))

— log (eoP@(l) /K T(V)N (¥; bn, (01 (60)) " )dy + 0<1)) + 052;1 logn — 102?

4 0‘2;11 a1og / 4 (6)OR(0)° N (8: 61, (naT(8)) ). (5.43)

From the Laplace approximation (Lemma 5.6.1) and the continuity of the logarithm, we

have

—log ("5 [ (V)N (y; 0, (n1(80)) )y + 0(1) ) ~ —log (7% Vn(6,))
(),

Next, using the Laplace approximation on the last term in (5.43)

1
—log/ () (0) N (0: 0, (nal (60)) " 1)dO ~ & log

Substituting the above two approximations into (5.43), we have

R(OIN (60, (nI(6,)) ") )
—10 n —_ do
5, ol (( V)N(%@m(nf(ﬁo))l)d’y+0(1))>

op loga —1. I(6)

~—1 1

0og (e ) 0g o
—1 —1 R
+ %" logn — log qn(Gn) + logﬂ(Gn)
A logae a—1. I(6) a—1 a—1 A A

~—1 - 1 logn — 1 1 o (1
og (w(0)) = =2+~ —log = =+ = —logn 0gq(0) +logn(0) + opp (1)
logae a—1. I(6) a-—1 -1 -

—— 1 logn — log q(0 n (1 44
e T o 08—+ ——logn 0g q(th,) + opp (1), (5.44)
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where the penultimate approximation follows from the fact that

Gn(02) ~ q(0y,).

Note that 6, — 6y, Py — a.s. Therefore, if q(6p) = 0, then the right hand side in (5.44)
will diverge as n — oo because "‘2—;1 logn also diverges as n — oo. Also observe that, for
any q(#) that places finite mass on 6y, the a—Rényi divergence diverges as n — oco. Hence,
a—Rényi approximate posterior must converge weakly to a distribution that has a Dirac

delta distribution at the true parameter 6,. O

Next, we show that the a—Rényi divergence between the true posterior and the sequence

{g.(0)} € Q as defined in (5.9) is bounded below by a positive number.

Proof of Lemma 5.3.2. Van Erven and Harremos [59, Theorem 19] shows that, for any a >
0, the a—Rényi divergence D, (p(0)||q(f)) is a lower semi-continuous function of the pair
(p(0),q(#)) in the weak topology on the space of probability measures. Recall from (5.6)
that the true posterior distribution 7(A|X,,) converges weakly to 5, Py — a.s. Using this fact
it follows that

h%gg}f Da(n(mf(n)ﬂqn(@)) > Dq (690

wiog, + Y wiqi(G)) Py —a.s.

i=1,i%

Next, using Pinsker’s inequality [133] for o > 1, we have

D, (590

oo

i i . 1 ) .
wWog, + > wlqi(é’)) > 3 (/@ oo — Wy — > w'qi(6)

i=1,i%j i=1,i%]

2
dQ)

2
d0> .

[e.e]

B ; (/@ (1—w)dg — > w'a(0)

i=1,i%j
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Now dividing the integral over ball of radius € centered at 0y, B(6p,€) and its complement,

we obtain

lim inf Dy (1(0] X.1) [14(9))

2

1 ) ) . ) e .

> - / 1 — w)dy, — w6 d9+/ 1 — w)dy, — wi(6)| do
2 \ JB(bo,e) ( ) % i:lz,i;éj Q( ) B(00,€)¢ ( ) % i:lz,i;éj Q( ) )

2

1 . e .

> = 1 — w)dy — ig:(0)| do

S 2 /3(90#)(’ (=) i:%:;«éjwq( ) )
1 o i

== — w'q;(0)| db Py —a.s. 5.45
3\ Lo > ualt) ) ) (5.45)

Since, w' € (0, 1), observe that for any € > 0, there exists n(e) > 0, such that

)
2 \ JB(6o,e)¢

Therefore, it follows that

o0

— > w'g(9)

i=1,i%

d@) > n(e).

liminf Do (n(0]X,)[lga(0)) > () >0 Py — a.s.

]

In the following result, we show that if ¢;(0),i € {1,2,...} in the definition of {¢,(0)}
in (5.9) are Dirac delta distributions then

lim inf Do (n(0]X,)[|42(6)) > 2(1 = w!)* >0 Py — a.s,

where w’ is the weight of dp,. Consider a sequence {g,(6)}, that converges weakly to a convex

combination of dg,,1 € {1,2,...} such that for weights {w' € (0,1) : 3°, w' = 1},
@ (0) = Y w'dy, (5.46)
i=1
where for any j € {1,2,...} , 6; = 6y and for all i € {1,2,...}\{j}, 0; # bo.
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Lemma 5.6.5. The a—Rényi divergence between the true posterior and sequence {q,(0)} is

bounded below by a positive number 2(1 — w!)?; that is,
lim inf Do (n(0]X,)[142(6)) > 2(1 = w')* >0 By — a.s,

where w' is the weight of &g, in the definition of sequence {q,(0)}.

Proof. Van Erven and Harremos [59, Theorem 19] shows that, for any a > 0, the a—Rényi
divergence D, (p(9)]|q(#)) is a lower semi-continuous function of the pair (p(#),¢(d)) in the
weak topology on the space of probability measures. Recall from (5.6) that the true posterior
distribution w(6|X,,) converges weakly to dg,, Py — a.s. Using this fact it follows that

lim inf Dy, (1(0] X,)||¢n(6)) > Dq (590

n—oo

Zw159i> P() — a.S.
i=1

Next, using Pinsker’s inequality [133] for o > 1, we have

9
<590 d@)

o0

/@ (1—wj)<590— Z wiégi

i=1,i%j

Zw > ;(/ eo—iwi%

i=1

N | —

2
d@)
1 2
_ - 1 — w8, |do / — 5
2 /B(Ooe( w |00| +1§1:7ﬁ‘] | i’ )

= [ (1 —w)+ Z ) 2(1 = w')?, (5.47)

i=1,i#j

where B(6;,¢€) is the ball of radius € centered at 6;. Note that, there always exist an
€ > 0, such that N2, B(6;,€) = ¢. Since, by the definition of sequence {q,(0)}, v’ € (0,1),

therefore 2(1 — w/)? > 0 and the lemma follows. O

Now we show that any sequence of distributions {s,(0)} C Q that converges weakly to a
distribution s(f) € Q, that has positive density at any point other than the true parameter

6o, cannot achieve zero KL divergence in the limit.
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Proof of Proposition 5.3.1. Observe that for any good sequence {g,(6)}

min Da(m(0]X,)l1¢(0)) < Da(m(01X0)[13(6))-

Therefore, for the second part, it suffices to show that
Da(m(60]X1)[132(0)) < B + opp(1).

The subsequent arguments in the proof are for any n > max(ny, ng, ng, nys), where ny, no, and
ng are defined in Assumption 5.2.4. First observe that, for any compact ball K containing

the true parameter 6,

a—1

Da(m(0]X,)[1(6))

_ i log (/K G (6) (”;i'g;)>a @b+ [ 0) (“éig)"))a d9> . (5.48)

First, we approximate the first integral on the right hand side using the LAN condition
in Assumption 5.2.2. Let A, ¢, := \/ﬁ(én —6y), where 0, — 0o, Py —a.s. and Ay, 9, converges
in distribution to N(0, 1(6y)"). Re-parameterizing the expression with 8 = 6y +n~'/2h, we

have

AN (0 +n~2h) [T p&l(Bo+n=1/2h) \ @
/ Cjn(e) (n(0|Xn)> d@ = n_1/2/ QTL<90 —|' n_1/2h) ( ( 0 ) =1 p(&i\eo) dh
K K -

qn(0) G (0o +n12h) [o ThL, 5(%i||970))75(7)d

7(0y + n~V/2R) [, RElCtn 1 2h)
— n*1/2/ Gn(Bo +n7120) | — (o ) 1n p(z(f—;;%) "
K Gn (00 +n=12R) [o T, p(ﬁilleo)n(V)dW

hI(0p)Ang, — 2h21(0 n(1))\“
= n_l/Q/ qn (6o + n_l/Zh) <7l5(90 + n_l/zh) Pl (B0) Ango = 5hI(bo) + °F ( ))> dh.
K

Gn (B0 +1n71120) fo Ty 281 ()dy
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Resubstituting h = /n(# — 6y) in the expression above and reverting to the previous

parametrization,

) / ;. (TC(G)GXP (v - eozf(eo)An P —1 |(9 — 00)21(0,) + 0P3(1))> y
Gn(0) Jo Ty Heipm(y)dy
78 exp (—4nI(6o) ((9 — 00)2 = 2(0 — 0o) (6, — o)) i 0
Gn(0) Jo TIiy ZEAT(Y)dy '

= [ (n(@)

Now completing the square by dividing and multiplying the numerator by
exp ( nl(0o) ((én - 00)2)) we obtain

7 W exp ( nl(6) <(9n - 90)2)) xp (_%M(QO) ((9 — én)2)> ) a do
Gn(0) fo Ty 2S00
et exp (4n1(00) ((6, - %) )

0u(0) fo Ty ZE 5 m(7)dy

= [a) (n(@)

= K@L(‘g) (TC(H)

(5.50)

where, in the last equality we used the definition of Gaussian density, N(+; 6, (n1(6))™").

Next, we approximate the integral in the denominator of (5.50). Using Lemma 5.6.4 (in
the appendix) it follows that, there exist a sequence of compact balls {K,, C ©}, such that
0y € K,, and

(51!7
/1 L iclo (v)dy

= 2 e(%nI(Go)((én—eo)Q)) eopg,(l)/
nl(6)

RN (3 B, (n1(60)) )y + o<1>). (5.51)

Now, substituting (5.51) into (5.50), we obtain
o n(l) i
e "0 m(O)N(6; 0, 7711(190))

do.
D [ TN (3300, bV + o<1>)

(5.52)
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Now, recall the definition of compact ball K, n; and ny from Assumption 5.2.4 and fix
n > ng, where ng = max(ny, ny). Note that ny is chosen, such that for all n > ns, the bound
in Assumption 5.2.4(3) holds on the set ©\K. Next, consider the second term inside the
logarithm function on the right hand side of (5.48). Using Assumption 5.2.4(3), we obtain

oy (MOIX) N .
(0 w0 <M [ @O Ry as. 5.53
[ (") <tz [ a0 R - as (5.5

Recall that the good sequence {g,(-)} exists Py — a.s with mean 0,, for all n > ny and
therefore it converges weakly to dp, (as assumed in Assumption 5.2.4(2)). Combined with
the fact that compact set K contains the true parameter 6, it follows that the second term
in (5.48) is of o(1), Py — a.s. Therefore, the second term inside the logarithm function on

the right hand side of (5.48) is o(1):

/@ L 00) (“(9|X”)>a b = o(1) Py — as. (5.54)

0n(0)

Substituting (5.52) and (5.54) into (5.48), we have

D (015 3 (6)
~ Liog| [ autoy= "5 m(O)N(0: ., (0 (60)) ) & + of1)
g (e0P€<1> e RN (O, (I (60)) )y + o<1>)
— l 10g eopgl(l)/ 6n<0)17a E<Q)N(67 ém (nl(eo))_l)
o g (e"PW fie, TN (350 <nf<eo>>—1>dw+o<1>)
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Now observe that,

1

(o) ~ ~log | [ Gu(6)' ( T(O)N (0 0, (n1(60)~") y

8 f RN B 0 00) )+ o))

= tog ([ au(0) R0} N(0: 0 (n1(00) )0
tog (75 [ BN 0100) e+ o))
~ ~tog ([ an(0) w0 N (O: 0, (01(60)) )06

~tog (RNt (a1 60) ) )+ 1), (5.55)

Note that (N(0;6,, (nI(6)™"))" = ( f;“) (\/ oz ) N (0 0, (narI (60)) 7).
Substituting this into (5.55), for large enough n, we have

L D (r(01%,)13.(0))

1 1 1T 1 .
0‘2 logn — —8% L 27 " og (%) 1 log / Gn (0) R (0)°N (0 0, (nad (6))~")do
0] 0] K

2¢ 2w 21

~log ([ mO)N (s, (n1(60)) e ) (5.56)

n

From the Laplace approximation (Lemma 5.6.1) and the continuity of the logarithm, we

have

11—«

“10g [ Gul6) RO N (6; 0 (neT (60)) ) ~ +— log u(0,) + Tog(Fy).

Next, using the Laplace approximation (Lemma 5.6.1) on the last term in (5.56) yields

—log (/K (YN (¥ bn, (nf((?o))‘l)dv) ~ —log (1(6y)) -

218



Substituting the above two approximations into (5.56), for large enough n, we obtain

a—1 S
Da(m(0]X0)12:(0))
l—a, _ 4 A loga  a—1, I(6) a-—1 A
~ 1 1 — 1 1 —1 n(1
08 4n(0) + logm(0) — =~ 5 108~ + —5——logn —logm(6,) +ory (1)
l—a, _ 4 loga a—1, I(6) a-—1
= 1 — 1 1 n(1). .

Now, recall Assumption 5.2.4(4) which, combined with the monotonicity of logarithm

function, implies that log ¢,(-) is concave for all n > n3. Using Jensen’s inequality,

log u(00) = o [ 03.(6)d0) > [ G(6) log 4, (6)a0.

Since a > 1,

11—« o

-1 / G () log 4, (6)d6.

log G,(0,) < —
0g Gn(0n) < -

Now using Lemma 5.6.2 (in the appendix), there exists ny; > 1 and 0 < M < oo, such that

for all n > nyy

«

logn,

-1 a—1 M a—1 - o —
0. 0. < o— = e —
o /qn(ﬁ) log q,,(8)df < 500 log <27te " ) 500 log(2me M)

(5.58)

where e is the Euler’s constant. Substituting (5.58) into the right hand side of (5.57), we

have for all n > ng, where ng = max(ng, n3, nyy),

l—a, A logae  a—1_ I(6y) a-—1
log ¢, (0,,) — e + 50 log o + 5o logn.
a—1 - a—1 logae a—1_ I(6y) a-—1
< _ _
< log(2meM) logn o + 5 log o + 5 logn
a—1 - logae  a—1_ 1(6y)
= log(2me M) — 1
og(2meM) = 5 =+ e 18 Ty
—11, eMI(0
_a— 1L, eMI() (5.59)
2 aa-1
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Observe that the left hand side in (5.57) is always non-negative, implying the right hand

side must be too for large n. Therefore, the following inequality must hold for all n > ny:

M) o
o—1

Consequently, substituting (5.59) into (5.57), we have
+Op61(1) Vn Z Nno, (560)

and the result follows.

[]

Proof of Lemma 5.4.1. Posner [112, Theorem 1] shows that, the KL divergence
KL(p(0)||s(0)) is a lower semi-continuous function of the pair (p(#), s(0)) in the weak topol-
ogy on the space of probability measures. Recall from (5.6) that the true posterior distribu-

tion (0| X,,) converges weakly to dg,, Py — a.s. Using this fact it follows that
lim inf KL(n(0|1X,)||5n(0)) > KL (dg,||5(8)) Py — a.s.
Next, using Pinsker’s inequality [133] for o > 1, we have
1 2
KL (o 15(0)) = 5 ([ 10, — s0)] o)

Now, fixing € > 0 such that s(#) has positive density in the complement of the ball of radius

e centered at 6y, B(6y, €)¢, we have

1 2
- 0. — s(0)| dO 0o, — s(0)| db
3 ([ 0 =@+ [ o0, s0)]a0)
1 2

> _
1
2

( /B el 5O d&) Py — a.s. (5.61)

lim inf KL(n(0|X,,)||s.(6)) >

n—o0
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Since s(#) has positive density in the set B(f,€)¢, there exists n(e) > 0, such that

1 2
: ( I de) > (o)

completing the proof. O

Next, we state an important inequality, that is a direct consequence of Holder’s inequality.

We use the following result in the proof of Theorem 5.3.3.

Lemma 5.6.6. For any set K C © and o > 1 and any sequence of distributions {q,(0)} C Q,
the following inequality holds true

(0] X))\ (Jie =01 X,)d0)"
/eq”(@)< 0n(0) ) Y @)™ (562)

Proof. Fix a set K C ©. Since a > 1, using Holder’s inequality for f(6) = 0Xn) and

N qn(e)l_a
9(0) = g (0)" "=,

/Kn(9|)~(n)d0:/Kf(9)g(0)d9

< (/K dea); (/an(e)de)l_‘l’.

It is straightforward to observe from the above equation that,

/ n(@]f(n)ade . (fKW(9|Xn)d9>a'
K Gu(0)° T (fx qn(0)d0)*

Also note that, for any set K, the following inequality holds true,

01X, )\ 91X ) (0] X,)do)"
[ aal0) (“( | ”)> a> [ TOLXA)" gy > Ui (0 )a_)l , (5.63)
o qn(0) K gn(0) (Jx 4-(6)d0)
and the result follows immediately. O]
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Proof of Lemma 5.5.5. First, we fix n > 1 and let M, be a sequence such that M, — oo as
r — 00. Recall that 0, is the maximum likelihood estimate and denote 6, = Eq.0)0]. Define

a set

K, :={0€0:10-0,>M}J0co:0-10,> M}

Now, using Lemma 5.6.6 with K = K., we have

n(0) %)\ ([, ®2(61X,)d0)"
/eq"(e)< qn(0) ) W= (Ji, qn(e)de)“_l' (569

Note that the left hand side in the above equation does not depend on r and when r — oo
both the numerator and denominator on the right hand side converges to zero individually.
For the ratio to diverge, however, we require the denominator to converge much faster than
the numerator. To be more precise, observe that for a given n, since a — 1 < « the tails of
¢n(0) must decay significantly faster than the tails of the true posterior for the right hand
side in (5.64) to diverge as r — 0.

We next show that there exists an ng > 1 such that for all n > ng, the right hand side
in (5.64) diverges as » — o0o. Since the posterior distribution satisfies the Bernstein-von

Mises Theorem [109], we have

/ (0| X,.)do = / N(0; 0, (n1(05))~")d0 + opp (1).

T T

Observe that the numerator on the right hand side of (5.64) satisfies,

(f mo5.108) = ([ N 0500 00) 0+ 01 1)

> ( P (e;én,(nz(eo))1)d9+opg(1)>a
- < {6—0,>M,} N, én7(nl(00>>_l)d9+ {9—én§—MT}N<0;é”7(”](90))_1)d9+op‘?(1)>
> ( it N(0; en,(nl(eo))—l)dejuop&u)) : (5.65)
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Now, using the lower bound on the Gaussian tail distributions from [134]

(e}

(/TTE(H\XTL)M)Q = (/K N (6;0,,, (nI(60))")d6 + opbnu))

T

> (L L N o))
N \/ﬁ nI(GO)MT ( n[(QO)Mr)3 ’

1 1 _nl(6g) 32 *
~ e 2 T —|— 0PTL<1) s (5-66)
( V2T \/nI(00) M, ' )

where the last approximation follows from the fact that, for large r,

1 B 1 N 1
nl(00)M,  (\/nI(6)M,)3 nl(60)M,

Next, consider the denominator on the right hand side of (5.64). Using the union bound

a—1 a—1
(0 d&) < (0)do 0)de) . 5.67
(/qu () - </{0—§n|>Mr}q (6)d6 -+ {|9—9n|>Mr}q (6) > ( )

Since, 6, and 0, are finite for all n > 1, there exists an € > 0 such that for large n,

|9~n — én| < e. Applying the triangle inequality,
10— 0, < 10— 0] + 100 — 0, < 10— 0,] + .

Therefore, {|6 — 0,] > M,} C {|6 — 0,,| > M, — ¢} and it follows from (5.67) that

a—1

a—1
([ a0)de) < ( [ amder [ M@)d@)
T {|0—0n|>M,} {10—0n|>M,—€}

Next, using the sub-Gaussian tail distribution bound from [135, Theorem 2.1], we have

-1
2 m2 2 (Mp—e)?

@ a—1
< / ] qn(0)d0 + ) qn(e)cw) < <2e—""zsr 42”28 ) . (5.68)
{16—0n|>M;} {|0—0n|>M—€}
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For large r, M, ~ M, — ¢, and it follows that

a—1 2,2\ a—1
( / 0o+ / ~ qn(Q)d9> < (46_755) L (5.69)
{10—0,|> M, } {10—0,|> M, —€}
Substituting (5.66) and (5.69) into (5.64), we obtain

n1(90) M2

f, @) <E(G|X”)>ad9 > VB i, F +opp (1)

oafl
( 'Yn 1")

for large r. Observe that

1 —"I(QO)MZ
2

Lie T 2f a—1 72 nl(0q)
V2n nl(0o) M, 1 1 # M; (Tﬁi 7 ) . (570)
(4@”21”13 ) ot 4 a \/ 2n M (90)

Since 72 > n, choosing ng = min {n : (%% — "1(290)> > 0} implies that for all n > ny,

as r — 00, the left hand side in (5.70) diverges and the result follows.
O

Proof of Lemma 5.5.1. We prove the assertion of the Lemma for the class of local latent
parameters z; that have discrete and finite support. First observe that for a > 1, using

Jensen’s inequality

p(zlznaXnW) “ @

d n>[/ s X dz1m| . (5.71
q(z1:n)EQ™ q(Zl:n) > Z1in = an(Zl. ‘ ) 21 ( )

M(X,|0)® = min /Z" q(z1:m) (

Now since family O™ contains point masses, we choose a member of family O™ which is a

joint distribution of point masses at 21, := {21, 25, ..., 22} to obtain
\ : p(zlsm Xn|9) “ ~ o

M X”l o) = / i () d n < p‘naXn 0 ) 5.72

(Xn]0)* = min_f  a(z1n) ( e 21n < [p(h, Xal0)] (5.72)

where 27, is as defined in Assumption 5.5.1.
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Since, f(z) = z® is increasing for a > 1 and = > 0, it follows from (5.71), (5.72), and

monotonicity of the logarithm function that
log/ (21, X0 |0)d21. < log M(X,]0) < logp(22.,,, X,|0). (5.73)
Zn

Now using Assumption 5.5.1 (1) and (2(ii)), that is dy(z0, 27.,,) = 0(pn), it follows that

at some rate p, with p, | 0 and np? — oo; that is for all bounded, stochastic h,, = Opr(1),

/ p(zlzn’Xna 9 = 90 + n_l/zhn)dzlzn
{z1:n:dp (21:n,20)>pn }
< P(z1:0| X0, 0 = 00 + n_l/th)d'len
{z1:n:dg (21:0,28,)+dm (20,27.,) > pn}
< p(Zl:n|Xn7 0= 00 + n_l/th)dzlzn = Opg(l)a

B {Zl:nidH(len,Zf:n)an(l—e)}

where the first inequality follows from using the fact that dg(z1.,,,20) < dg(z1m, 20,) +
dy (20, 27.,,), the second inequality uses the fact that dg(zo,2%.,,) = o(pn), that is for some
e € (0,1), dy(20,2%,,) < epy, for sufficiently large n, and the last inequality is due to As-
sumption 5.5.1 (1).

Therefore, it can be observed from the above result that the conditioned latent posterior
p(zlzn|)~(n, 6p) concentrates at zy. Consequently, when the local latent parameters are discrete

it follows that

p(zlzn’Xnu 00)

K0 1 Ot = 089 ) + 08 (1)
np(zlzn’Xn,H())p(Zl. | 0) 21 ng(ZO | 0) OPO( )

10%/ p(zl:n7Xn|90)dzl:n = log
zn z

Now it follows that
log M (X,,|60) = log p(zo, Xn|f0) + opn(1) = log /Zn (210, X |60)dz1m + opp(1).  (5.74)

Subtracting log M (X,|6y) from (5.73) and using (5.74) yields

fZ” p(zlzTu Xn|0>dzlzn

. ; MI0) bl Xal6)
fZ” p<21:n7 Xn |90)d21:n

lo = < log =
M (X,|00) p(20, Xnlbo)

+ OPOn(l) < log -+ 0P5L<1)' (575)
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Now, substituting § = 0y+n~1/2h,, for all bounded and stochastic h,, = Opgt(l), and using the
result in Bickel, Kleijn, et al. [128, Theorem 4.2] under the conditions in Assumption 5.5.1
the RHS and LHS above have the same LAN expansion and the result follows. Notice
that, by definition, the s-LAN condition in Assumption 5.2.2 is also true at z1,, = 27,,.

Assumption 5.5.1 (2(ii)) implies dg (20, 27.,) = 0(p,) with p, } 0 and np? — oo, so that

n n

Bo+n—1/2h, 20 P9 —1/2p,

0 _ lin log o+nn ,20 4 O(1>‘
B P907Z0

90 zl mn

log

p(zo,Xn\Hngn’l/th)
P(20,Xn|00)

p(Xn‘20700+n71/2hn)
p(Xn|2:0790)

p(20]004+1 1/ %hy)
p(20/00)

Therefore, log = log + log

1/2 . . . ..
logw + o(1) also have the same expansion as given in the s-LAN condition
00,20

in Assumption 5.2.2. O]

Proof of Proposition 5.5.1. Observe that for any good sequence {g,(#)} and ¢(z1.,) as point

masses (discrete distribution) at the truth 20 = {2 29 ... 2%} we have

min  min_ D (n(0, 21| X0) 19(0)g(21:0))

qEQ (I(Zl n)eQn

_ 1 (0, 210, X))\
= min lo / 0)q(z1.n = dfdzy.,
10)eBalmeor a— 1 0 Joxzn 2(6)g(=: )< (Xn)q(0)q (Zl:n)> '

log / ( (8 1(5‘))( )> dh. (5.76)

IN

| N

Also note that, using the definition of 7(6, 20, |X,,), we have

(0,20 |X,) = n(0)n(20,10)p( Xl 20,) _ _ mO)n(eL,, |0)p(Xal6, £5,,)
o Joxzn MO)T(21:0]0)p(Xnl6, 210)d0d 210~ o R(O)T(21,,|0)p( X6, 21.,,)dE
(5.77)

226



where the second inequality follows from the fact that z;.,, is a discrete random variable.

Therefore substituting (5.77) into (5.76) yields

. : ROp(% 4,00\
Da 07 n Xn 0 n S l n = do
min v Du((0, 210l )la0)a(z1.) ok f[0.0) (g et

e (Q'X@;M)ade

=: Do (n(0] X, 20,,) 130(6)). (5.78)

Therefore, for the second part, it suffices to show that
Da(m(0| X, 20,)1|80(0)) < B + 0pp(1).

The subsequent arguments in the proof are for any n > max(ny, ny, n3, ny), where ny, no,
and ng are defined in Assumption 5.2.4. First observe that, for any compact ball K containing

the true parameter 6,

a—1

Do (n(6] X, 21.0) 10 (6))

= Llog ( [ @) (’t(e'qf’gé;?m)>ad9+ [ 8 0) (’t(e'qf’gé;?ﬁn))ade). (5.79)

First, we approximate the first integral on the right hand side using the LAN condition
in Assumption 5.2.2. Let A, (g,..0) = \/ﬁ(én — 6y), where 0, — 0y, Py — a.s. and A, (00,20)
converges in distribution to AN(0, I(6y, z0) ") [109, Lemma 25.23 and 25.25]. Now the proof

follows similar steps as used in the proof of Proposition 5.3.1. O
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6. CONCLUSION

Data-driven decision-making has received significant research interest in the recent literature,
in particular since the nature of the interplay between data and optimal decision-making can
be quite different from the standard machine learning setting. While much of the literature
focuses on empirical methods, Bayesian approaches afford advantages, particularly when
making decisions in the context of stochastic models. However, Bayesian methods also suffer
from an issue of posterior intractability, which is hard to resolve in practice.

This thesis proposed computationally tractable Bayesian methodologies to approximate
stochastic programs (SP) with deterministic and epistemically uncertain constraints. We first
proposed a novel VI framework for risk-sensitive data-driven decision-making in Chapter 2,
which we call risk-sensitive variational Bayes (RSVB) to approximate SP with determinis-
tic constraints. Thereafter, we introduced the Bayesian joint chance-constrained stochastic
program (BJCCP) for modeling decision-making problems with epistemically uncertain con-
straints and its VB approximation (VBJCCP) in Chapter 4. Broadly, such methodologies
can be theoretically studied under two categories: 1) statistical (accuracy) and 2) computa-
tional (speed). Statistical properties such as asymptotic consistency and convergence rates
provide theoretical guarantees on learning the truth, given an infinite (large) amount of
data. On the other hand, evaluating the computational performance is more towards under-
standing their algorithmic efficiency both in terms of the number of data points used and
computational time (or steps) required to optimize the risk/loss of quantifying the deviation
from the truth or taking a sub-optimal decision. In this thesis, we mainly focus on estab-
lishing the statistical performance of the proposed methods. The work in this thesis can be
extended to several directions as part of the future works.

First, an obvious set of open problems is to develop computational algorithms to solve
the minimax optimization in RSVB and the chance-constrained optimization in VBJCCP
efficiently and study its computational complexity for a given number of samples. It would
also be interesting to establish their theoretical properties to understand trade-offs between
statistical accuracy and computational complexity. Second, recall from Chapter 5 that using

KL divergence in the VB framework tends to produce an ‘overconfident” approximate poste-
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rior that underestimates the tails of the posterior, therefore it would be useful to extend the
theoretical results in the first three chapters of this thesis to divergence measures other than
the KL divergence. For instance, the a-Rényi divergence [26], [136] has been demonstrated
to provide better support coverage. Third, recall that our rate of convergence results in
Chapters 2 and 4 only hold for a large enough sample size. A sample complexity result is
significantly harder but can be immensely useful for applications where large datasets are
hard to collect (healthcare, for instance).

Furthermore, also note that the KL optimization problem in the VB method could be
a non-convex program either in measure-space or the parameterized case, and therefore
obtaining a global solution is difficult. On the other hand, to the best of our knowledge,
all the extant statistical inferential works establishing large sample properties of the VB
optimizer implicitly assume that the global optimizer is computable. Since in practice finding
global optima is difficult, it is an important problem to study the theoretical properties of
the local VB optimizer. In a similar vein, this problem arises in the RSVB objective too,
where we implicitly assumed that the inner optimization can be solved globally, which is not
true in general. Studying the statistical performance of the RSVB approach, while relaxing
this implicit assumption, would be an important analytical contribution.

Recently, [137] proposed likelihood-free variational inference, a VB algorithm to incorpo-
rate implicit probabilistic (likelihood) models which are defined using a simulation process.
These implicit probabilistic models usually represent some real-world physical systems and
are so rich in their structure to be represented by a tractable likelihood function. To the best
of our knowledge, all the extant theoretical work on the analysis of VB methods assumes
that the likelihood form is known a priori. Finally, extending the work in this thesis to
understand the inferential properties of such likelihood-free variational Bayesian algorithms

would be a significant contribution.
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