
QUANTUM GEOMETRY OF TOPOLOGICAL PHASES OF
MATTER

by

YingKang Chen

A Dissertation

Submitted to the Faculty of Purdue University

In Partial Fulfillment of the Requirements for the degree of

Doctor of Philosophy

Department of Physics and Astronomy

West Lafayette, Indiana

December 2021



THE PURDUE UNIVERSITY GRADUATE SCHOOL
STATEMENT OF COMMITTEE APPROVAL

Dr. Rudro R. Biswas, Chair

Department of Physics and Astronomy

Dr. Gábor A. Csáthy

Department of Physics and Astronomy

Dr. Chris H. Greene

Department of Physics and Astronomy

Dr. Srividya Iyer-Biswas

Department of Physics and Astronomy

Approved by:

Dr. Gábor A. Csáthy

2



ACKNOWLEDGMENTS

First and foremost, I would like to express my sincere appreciation and gratitude to my

advisor, Prof. Rudro R. Biswas, for his continuous encouragement, guidance and especially

his patience. I have benefited a lot from his unique insights into physics and sometimes life.

Without his help, the work presented in this dissertation would have been impossible. I also

want to thank Prof. Srividya Iyer-Biswas, whose advice, enthusiasm and encouragement

have been invaluable.

I would also like to thank the rest of my committee members Prof. Gábor A. Csáthy,

Prof. Chris H. Greene and also Prof. Srividya Iyer-Biswas, for their time and for reviewing

my thesis and sitting through the oral presentation.

I would also like to thank Prof. Sherwin Love, whose Quantum Mechanics and Field

Theory courses were legendary. My friends had the good fortune of taking the course, and

I heard much from them about how awesome the classes were. Owing to being granted a

waiver, I did not have a chance to experience the classes. On the other hand, I benefited

greatly from having his all encompassing notes on QM and QFT. Thank you, Sherwin!

Over the years, I have benefited from discussions with my group members. I gratefully

acknowledge conversations with GuoDong Jiang, Rishabh Khare and Dewan Woods.

Many thanks to Sandy Formica for reminding me about every deadline and for help with

all the paper work. Without Sandy’s guidance, I would have been bankrupted by the late

fees!

During these years, I am lucky to have many good memories with my friends: WenHao

Zhang, Ying Wang, LingYi Dong, JingYi Yang, TaiLung Wu and ZeYong Cai. My sincere

gratitude to you all, for digging me out of many holes, for making me feel less isolated.

Last but not least, many thanks to my parents, without whose support and caring I

wouldn’t have become me.

3



CITATIONS TO PREVIOUSLY PUBLISHED WORK

Portions of the Abstract and most of Chapter 2 appear in the publication:

“Gauge-Invariant Variables Reveal the Quantum Geometry of Fractional Quantum Hall

States”, Y. Chen and R. R. Biswas, Phys. Rev. B, 102, 165313 (2020)

Portions of the Abstract and most of Chapter 3 appear in the publication:

“Geometric response of quantum Hall states to electric fields”, Y. Chen, G. Jiang and R. R.

Biswas, Phys. Rev. B, 103, 155303 (2021)

4



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7 

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  9 

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  10 

1.1 Quantum Hall Effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  10 

1.2 Topological quantization of Hall conductance . . . . . . . . . . . . . . . . .  13 

1.3 Gauge-invariant variables . . . . . . . . . . . . . . . . . . . . . . . . . . . .  18 

1.4 Microscopic origin of the fractional quantum Hall effect . . . . . . . . . . . .  20 

2 GAUGE-INVARIANT VARIABLES REVEAL THE QUANTUM GEOMETRY

OF FRACTIONAL QUANTUM HALL STATES . . . . . . . . . . . . . . . . . .  23 

2.1 Gauge-invariant variables, again . . . . . . . . . . . . . . . . . . . . . . . . .  23 

2.2 GIV coherent states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  26 

2.3 The Hamiltonian in GIV language . . . . . . . . . . . . . . . . . . . . . . . .  28 

2.4 GIV Schrödinger equation . . . . . . . . . . . . . . . . . . . . . . . . . . . .  29 

2.5 Example: Laughlin state . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  33 

2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  34 

3 GEOMETRIC RESPONSE OF QUANTUMHALL STATES TO ELECTRIC FIELDS  36 

3.1 Wavefunctions in the GIV formalism . . . . . . . . . . . . . . . . . . . . . .  37 

3.2 Motion in a non-uniform electric field . . . . . . . . . . . . . . . . . . . . . .  41 

3.2.1 Landau-level projection . . . . . . . . . . . . . . . . . . . . . . . . .  42 

3.2.2 Beyond Landau-level projection - an effective Hamiltonian . . . . . .  44 

3.3 Local observables in a non-uniform electric field . . . . . . . . . . . . . . . .  50 

3.3.1 Local current density - analytical approach . . . . . . . . . . . . . . .  51 

3.3.2 Local charge density - analytical approach . . . . . . . . . . . . . . .  54 

3.3.3 Numerical checks of analytical calculations . . . . . . . . . . . . . . .  57 

3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  60 

5



REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  62 

6



LIST OF FIGURES

1.1 Setup for measuring the Hall conductivity, σH = VH/I. . . . . . . . . . . . . . .  10 

1.2 Particle on a ring with magnetic flux, Φ, piercing the ring. . . . . . . . . . . . .  13 

1.3 Laughlin’s setup for showing the topological quantization of the Hall conductance.  14 

2.1 Comparing kinematic formulations of planar quantum mechanics in the presence
of a magnetic flux, B, using (a) conventional position and linear momentum, vs.
(b) gauge-invariant variables (GIVs), namely, the kinetic momenta, π, and the
guiding center coordinates, R. In (b), adding interactions is the only modification
to the simple ‘free’ picture necessary, for describing strongly correlated fractional
quantum Hall phases. In contrast, in (a), first the magnetic field needs to be
incorporated and then interactions are added in. . . . . . . . . . . . . . . . . . .  24 

3.1 A geometric summary of how a non-uniform electric field, E, deforms a cy-
clotron orbit. The changes can be expressed in terms of a vector field, ∆(R)
(Eq. (  3.25b )), and a shearing field, Λ(R) (Eq. (  3.28b )). The new orbit is shifted
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ABSTRACT

Quantum Hall states are prototypical topological states of matter whose Hall conduc-

tance is topologically quantized to an integer or rational fraction multiple of the fundamental

conductance quantum. A significant consequence of this quantization is that the Hall conduc-

tance value can be made independent of variations from device to device, within acceptable

limits. Such topologically quantized properties are thus highly desirable for metrology or

industrial purposes. Formulating a microscopic picture of fractional quantum Hall states and

the characterization of all topological responses of quantum Hall states are frontier areas of

condensed matter research, with far reaching technological consequences such as realizing

anyonic topological quantum computation. In this dissertation, I will present my research

on these topics.

We will begin with a brief review of integer and fractional quantum Hall effects, a recount-

ing of topological reasons underlying the universal quantization of the Hall conductance in

insulators and a presentation of basic quantum mechanical microscopic descriptions of these

states.

In Chapter 2, we introduce the framework of gauge-invariant variables to describe frac-

tional quantum Hall states, and prove that the wave function can always be represented by

a unique holomorphic multivariable complex function. As a special case, within the lowest

Landau level, this function reproduces the well-known holomorphic representation of wave

functions in the symmetric gauge. Using this framework, we derive an analytic guiding cen-

ter Schrödinger’s equation governing FQH states, establishing a new avenue for deriving the

properties of FQH states from first principles.

In Chapter 3, again using the language of gauge-invariant variables to analyze the quan-

tum mechanics of quantum Hall states, we provide tangible connections between the response

of quantum Hall fluids to nonuniform electric fields and the characteristic geometry of elec-

tronic motion in the presence of magnetic and electric fields. The geometric picture we

provide motivates the following ansatz: nonuniform electric fields mimic the presence of spa-

tial curvature. Consequently, the gravitational coupling constant also appears in the charge

response to nonuniform electric fields.
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1. INTRODUCTION

1.1 Quantum Hall Effect

The discovery of the quantum Hall effects[ 1 ], [  2 ], four decades ago, started a scientific

revolution whose effects remain undiminished in contemporary condensed matter physics

research. These effects and the states of matter they reveal have matured into the research

area of topological quantum materials and serve as paradigms for discovering new topological

phenomena. This dissertation is devoted to investigations of new techniques that reveal new

properties of the quantum Hall (QH) states, i.e., electronic states which display the quantum

Hall effect.

Figure 1.1. Setup for measuring the Hall conductivity, σH = VH/I.

First, a brief introduction to the quantum Hall effect (QHE), which is the observation of

quantized Hall conductance in two dimensional electronic gases (2DEGs). The measurement

setup for observing QHE is as shown in Figure  1.1 . A 2DEG (usually a quantum well inside

a semiconductor heterostructure) is placed in a perpendicular uniform magnetic field and

a current, I, passed through it, say in the x-direction. A non-Ohmic voltage drop appears

across the y-direction: this is the Hall voltage, VH . The Hall conductance is the ratio:

σH = I

VH

. (1.1)
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In a classical mechanical model of charged particles carrying current, with individual charges

e∗ and areal density ne∗ , the existence of the Hall voltage is necessary to balance the Lorentz

force that would bend the current otherwise, yielding the classical expression for the Hall

conductivity:

σ
(c)
H = e∗ne∗

B
. (1.2)

Such inverse variation with the magnetic field is indeed observed in usual experiments (small

magnetic fields, disordered materials, temperatures not too low). Thus, measuring the Hall

conductivity vs the inverse magnetic field yields the charge density of current carriers in the

material, a very useful characteristic of a material. In seminal experiments from 1980 [  1 ] and

1982 [  2 ], working with high magnetic fields and very clean 2DEGs, it was discovered that the

classical formula breaks down and quantized plateaus emerge as a function of the magnetic

field. At these plateaus, the Hall conductance is quantized at integer or certain rational

fraction multiples of the conductance quantum, e2/h, which is a combination of material-

agnostic fundamental constants (electric charge and Planck’s constant). Simultaneously, the

Ohmic conductance becomes zero, indicating the existence of a bulk energy gap for charge

carriers that precludes dissipation. This remarkable phenomenon is known as the Quantum

Hall Effect.

When the Hall conductance is an integer multiple of e2/h, the phenomenon is known as

the Integer Quantum Hall Effect (IQHE) and the 2DEG is said to be in an Integer Quantum

Hall (IQH) state. Such electronic states can be understood using a non-interacting yet

quantized picture of electrons moving in a magnetic field, which leads to the formation of

macroscopically degenerate Landau levels with spectral gaps separating successive levels. An

integer QH state can be modeled as a sequence of completely filled Landau levels, with a

Hall conductivity of e2/h per filled Landau level.

When the Hall conductance is an non-integer rational fraction multiple of e2/h, the

phenomenon is known as the Fractional Quantum Hall Effect (FQHE) and the 2DEG is

said to be in an Frational Quantum Hall (FQH) state. Understanding such states is more

difficult, since it requires incorporation of strong electronic correlations. The breakthrough in
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understanding the origins of FQHE was provided by Laughlin in a seminal paper from 1983

[ 3 ], wherein he constructed a sequence of strongly correlated many-electron wave functions

that characterize energetically gapped incompressible quantum ground states with electronic

charge densities that are rational fraction multiples of the Landau level charge density. A

2DEG in one of such Laughlin states, if it is a gapped ground state, would exhibit FQHE

with Hall conductivity e2/(ph), where p is an odd integer. Following this idea, many such

model wave functions have been conjured for describing other FQH states. While it is

widely believed that such wave functions are representative of FQH states observed in real

experiments, direct calculation of FQH state properties from first principles, necessary for

describing and predicting experimental details, is still a difficult task [ 4 ].

A subtle point: in two dimensions, such as in the 2DEGs mentioned above, the conduc-

tance and conductivity have the same units. Naïvely, the conductivity is fixed for a given

material but the conductance of a device is related to the conductivity by a device-dependent

factor. Remarkably then, it is the Hall conductance of a real-world device with disorder that

is quantized (fixed) in a quantum Hall experiment; the Hall conductance is found to be

equal to the bulk Hall conductivity of the corresponding clean quantum Hall state. We will

touch upon the topic of disorder in the last chapter when we deduce the response of a clean

quantum Hall state to weak non-uniform electric fields.

The plan for the rest of this dissertation is as follows. In the following sections, we

will introduce universal reasoning showing why the Hall conductance is quantized, followed

by brief discussions of the language of gauge-invariant variables, a recurring theme in this

dissertation, and fractional quantum Hall states. In Chapter 2, we will introduce a new

framework of coherent states based on gauge-invariant variables, which will allow framing

the first principles calculation of FQH physics on an analytic footing. Finally, in Chapter 3,

we will use gauge-invariant variables, combined with the Wigner pseudoprobability function,

to derive a novel aspect of the response of QH states to non-uniform electric fields: this

response incorporates the quantized gravitational coupling coefficient characterizing local

charge response of QH states to real space curvature!
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1.2 Topological quantization of Hall conductance

We will now present Laughlin’s argument [ 5 ], [ 6 ] for the quantization of Hall conductance,

where the fundamental physics principles of gauge invariance and charge quantization play

central roles.

Figure 1.2. Particle on a ring with magnetic flux, Φ, piercing the ring.

A prototypical example that exhibits the topological thinking underlying Laughlin’s

thought experiment is that of a particle moving in a circle of radius R, in the presence a vari-

able magnetic flux, Φ, piecing through the center of the circle (see Figure  1.2 ). Parametrizing

the particle coordinate by the angle φ, the Hamiltonian is:

H = 1
2mR2

(
pφ + eΦ

2π

)2

= 1
2mR2

(
−i ∂
∂φ

+ Φ
Φ0

)2

,

where Φ0 = 2π~/e is the flux quantum. The energy eigenvalues are

En,Φ = 1
2mR2 (n+ Φ/Φ0)2 ,

while the corresponding energy eigenstates are

ψn,Φ = 1√
2π
einφ, n ∈ Z.

Suppose now that the particle is in a specific energy eigenstate and Φ = 0. Let us now

slowly increase the flux by one flux quantum (Φ0), on timescales much larger than the one

corresponding to the energy gaps between states. We can then use the adiabatic theorem,

which states that the particle continues to remain in the instantaneous quantum state.

At the end of the above process the final inserted flux, Φ0, can be removed by a gauge

13



transformation. Thus, the final energy spectrum is identical to the spectrum when the

flux was absent at the beginning of the process: the set of initial energies at zero flux,

{. . . , E−1,0, E0,0, E1,0, . . .}, is the same as the energies at unit flux {. . . , E−1,1, E0,1, E1,1, . . .},

where the flux is measured in units of the flux quantum. Does this mean that the particle

returns to its original state? No! Following the evolution of each energy eigenstate with Φ,

we can also see that each eigenstate shifts to the next eigenstate in the sequence: En−1,1 =

E±n,0 = E−n−1,1, ψn−1,0 → ψn−1,1, ψ−n−1,0 → ψ−n−1,1. This phenomenon is called spectral

flow. The particle is thus ‘pumped’ into the next energy eigenstate, a topologically nontrivial

outcome.

Figure 1.3. Laughlin’s setup for showing the topological quantization of the
Hall conductance.

We can now explicitly present Laughlin’s argument for Hall conductance quantization in

integer quantum Hall states. Instead of a ring threaded by a flux, we use a cylindrical surface

threaded by a flux Φ (Figure  1.3 ). There is a radial uniform magnetic field B penetrating

the cylindrical surface. The radius of the cylinder is R, the width is Lx. The x coordinate

is chosen to be along the longitudinal direction of the cylinder (opposite Φ), y coordinate is

along the circumference and we choose the Landau gauge for expressing the vector potential,

A = (Bx+ Φ/(2πR))ŷ. The Hamiltonian is:

H = 1
2m

(
p2

x +
(
py + eB x+ eΦ

2πR
)2
)

= 1
2m

(
p2

x + (eB)2
(
x+ pφ

eBR
+ Φ

Φ0 · eBR
)2
)
.
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Bulk eigenstates of this Hamiltonian are given by Gaussian-shaped strips running parallel

to the y direction:

ψn,m ∝ einy/Rϕm

(
x

`
+ n+ Φ/Φ0

R/`

)
,

where ϕm is the mth eigenstate of the quantum simple harmonic oscillator and ` =
√

~
eB

is

called magnetic length. We have assumed that Lx � ` for simplicity. The corresponding

energies are:

En,m = 1
2ωc

(
m+ 1

2

)
,

which are independent of n and so are degenerate. ωc =
√

eB
m

is called the cyclotron frequency.

These degenerate energy levels, separated by the cyclotron energy ~ωc, are the famed Landau

levels.

In x-direction, ψn,m is centered at − `2

R
(n+Φ/Φ0). Thus, increasing Φ results in the wave

function moving to smaller x. Specifically, increasing Φ by Φ0 makes each state move to its

neighbor’s spot in the lower x direction. This is the nature of spectral flow in this system.

For each Landau level m, there are at most N strips, where N is determined by the

condition that the wavefunction center should be located within the range (0, Lx). Thus,

N · `2/R = Lx, and so N = RLx/`
2 = (2πRLx)B/Φ0. In other words, the total degeneracy

of a Landau level is given by the number of flux quanta piercing the 2DEG and is thus

extensive (proportional to area)! Now, consider a completely filled Landau level with N

electrons (ignoring spin). This is a gapped state and does not exhibit Ohmic transport at

low temperatures. Suppose we now increase the flux Φ slowly and steadily from Φ = 0 to

Φ = Φ0. By the adiabatic theorem, because of the presence of the energy gap to excitations,

the electrons will continue to remain in the instantaneous ground state determined by the

spectral flow described above. Since all electronic states have to move one slot over in the

negative x direction, a total charge of e (positive) will effectively move across the cylinder in

the x direction. Since the EMF generated by this adiabatic change of magnetic flux in the
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y-loop is VH = (∂Φ/∂t) = (Φ0/T ) (where T is the time for adiabatic change), we see that

the total current in the x-direction is:

Ix = e

T
= (eΦ0)VH ≡ σHVH . (1.3)

Thus the Hall conductance of a filled Landau level, also equivalent to the Hall conductivity

because of uniformity of the filled Landau level charge density, is simply σH = eΦ0 = e2/h,

the universal conductance quantum.

If we consider a ground state with n fully filled Landau levels, then n electrons will be

transferred per flux quantum increase in Φ, therefore the Hall conductance is σH = ne2/h.

Such a quantum state thus provides a good model for the appropriate IQH state.

The key ingredient in above arguments is that the effect of the inserted flux Φ on a

gapped quantum state (i.e., an insulator) is periodic in integer multiples of flux quantum

Φ0, a consequence of the fundamental physical principle of gauge invariance. Thus, at the

end of Φ0 change in Φ, due to the principle of charge quantization, an integer number of

electronic charges need to flow across the 2DEG in the direction perpendicular to the electric

field, yielding a Hall conductance that is an integer multiple of e2/h. Thus the quantization

of the Hall conductance is a universal topological consequence of spectral flow in insulators,

relying only on fundamental physics principles.

If strong correlations yield multiple degenerate ground states of the 2DEG, the above

argument needs to be modified somewhat [  7 ]. Now, changing Φ by Φ0 brings the Hamiltonian

back to its original form, but the system may return to a different ground state that the

one it started from! Repeating this process q times, the system will finally come back to the

original ground state, by which time an integer p number of e charges have to be transported

across the system. The system thus has a Hall conductivity of (p/q) conductance quanta,

i.e., it exhibits the FQHE. Thus, we see that both types of quantization of Hall conductance,

integer of fractional, are consequences of universal physics principles.

We will now close with a formal topological description of the integer quantum Hall

effect, following Niu’s work [  7 ]. We have seen above that for a gapped insulator with a

unique ground state parametrized by the flux Φ, the parameter space is equivalent to a
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circle: Φ/Φ0 ∈ [0, 1). Instead of a cylindrical surface, consider placing the 2DEG on a torus,

with fluxes threaded through the two holes of the torus. (These fluxes can alternately be

replaced by phase twists across the two periodic directions of the torus.) Suppose the two

dimensions of the torus are given by Lx and Ly, then the vector potential in the Landau

gauge is

Ax = Φx

Lx

,

Ay = Φy

Ly

+Bx.

The two components of the current operator are given by Ji = − 1
Li
∂H/∂Φi. Denote the

many-body states, arranged in order of increasing n, by |ψn〉 (equivalently, |n〉) and assume

that the ground state, |ψ0〉, is not degenerate. The Kubo formula for Hall conductance

yields:

σxy = i~
∑
n6=0

〈0|Jy|n〉〈n|Jx|0〉 − 〈0|Jx|n〉〈n|Jy|0〉
(En − E0)2 .

Using the formula 〈m|∂Φi
|n〉 = 1

En−Em
〈m|(∂Φi

H)|n〉, we can simplify:

σxy = i~
∑
n6=0

〈∂Φyψ0|ψn〉〈ψn|∂Φxψ0〉 − 〈∂Φxψ0|ψ〉〈ψn|∂Φyψ0〉

= e2

h
· i

2π
(
∂θy〈ψ0|∂θxψ0〉 − ∂θx〈ψ0|∂θyψ0〉

)
,

where θi = Φi

Φ0
. Again, by gauge invariance, nothing changes if the changes of Φi are integer

multiples of Φ0. Thus, θi can be viewed as coordinate of a torus T2. Then the states |ψn〉

are sections on the torus T2. The expression inside the parenthesis is the Berry curvature

Fxy, therefore the conductance can be written in the form

σxy = e2

h
· i

2πFxy = e2

2π~ · c1(F ),
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where c1(F ) = i
2π
Fxy is the 1st Chern form. Since the process of turning on an electric field is

tantamount to the phases θi changing in time, the observed Hall conductance is an average

of the Kubo formula over the entire θ-torus:

σxy = e2

h

∫∫
T2
c1(F ) = e2

h
C, (1.4)

where C the 1st Chern number, an integer-valued topological index (a generalized winding

number) that characterizes the variation of the many-body ground state over the torus of

boundary conditions/fluxes. This formula thus explicitly and formally connects the Hall

conductance with the topology of the U(1) vector bundle, the ground state many-body wave

function defined over the torus T2.

1.3 Gauge-invariant variables

Consider a non-interacting 2DEG moving under the influence of an uniform magnetic

field perpendicular to the plain:

H = 1
2m (p + eA)2 = 1

2mπ2, (1.5)

where A gives the magnetic field B = ∇ × A = Bẑ. Contrary to the conventional approach

of choosing a gauge as described in the previous section, we will not assume any particular

gauge now. π is called the mechanical or kinetic momentum. Contrary to naive expectation,

the two components of π do not commute:

[πi, πj] = [pi + eAi, pj + eAj] = eεij[pi, Aj] = −ieεij∂iAj

= −ieεijB, (1.6)

which reminds us the commutation relation of the canonical coordinate and canonical mo-

mentum. Here, ε is Levi-Civita tensor in two dimensions. Thus, the Hamiltonian H can be

thought of as an harmonic oscillator (SHO) in the π-phase space. Choosing the dimensional

constant ` =
√

~
eB

(called magnetic length) as our unit of length and setting ~ to unity, we
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have [πy, πx] = i. Following standard treatment of the quantum SHO, we define creation

and annihilation operators

b = `√
2
(
πy + iπx

)
, (1.7)

b† = `√
2
(
πy − iπx

)
, (1.8)

1 = [b, b†] (1.9)

and recast the Hamiltonian in a familiar form

H = ωc

(
b†b+ 1

2
)
, (1.10)

where ωc = eB
m

is the cyclotron frequency. Thus, the energy spectrum of this Hamiltonian is:

En = ωc

(
n+ 1

2
)
. (1.11)

These energy levels are called Landau levels. It also appears that the original problem with

two degrees of freedom has been reduced to a simpler problem with only one degree of

freedom. This indicates that the Landau levels must be highly degenerate. How can we

describe this degeneracy arising from the missing degree of freedom?

It turns out that there are another set of gauge-invariant coordinates [  8 ] that commute

with πi (and thus the kinetic energy), thus providing a way to describe states within a Landau

level. These are the guiding center coordinates:

R = r + `2

~
ẑ × π.

One can check that (restoring our unit convention):

[Ri, πj] = [xi − εikπk, πj] = i
(
δij + εikεkj

)
= 0, (1.12)

[Ri, Rj] = [xi − εikπk, xj − εjlπl] = i
(
2εij − εklεikεjl

)
= iεij. (1.13)
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These guiding center components thus define a new quantized canonical phase space and

provide the missing degree of freedom responsible for the degeneracy of Landau levels. In-

deed, observing that energy eigenstates have zero averages for the π-components, we find

〈R〉 = 〈r〉. Thus, the expectation value of the guiding center is nothing but the average

location of the electron. Since the classical motion of electrons in a magnetic field takes

the form of closed orbits known as cyclotron orbits, the gauge invariant variables directly

describe the quantized versions of these classical objects. Note that this quantization is

visually more appealing than the usual analysis of electronic motion in a magnetic field,

which requires gauge fixing and eigenstates that look like long strips, very different from

localized cyclotron orbits. For more details about this picture the reader is welcome to skip

to Chapter 3, where we will also describe how the quantum Hall effect arises from combining

the guiding center commutation relations and the classical drift of cyclotron orbits in crossed

electric and magnetic fields.

1.4 Microscopic origin of the fractional quantum Hall effect

The fractional quantum Hall states arise when we introduce interactions to the problem

of a 2DEG in a perpendicular magnetic field. Consider the situation without interactions,

but with the number of electrons such that the topmost Landau level is only partly full. The

electrons in the partly filled topmost level can be rearranged in a macroscopic number of

ways without changing the energy, thus the many-body ground state of the entire system is

highly degenerate! This manifold of ground states is sepearated by an energy gap, ~ωc, from

the excited states obtained by shifting electrons between different Landau levels.

When we incorporate interactions, the primary effect is that of splitting this large de-

generacy of the many-body ground state manifold. This problem cannot be solved by naïve

perturbation theory: because of the degeneracy, there is no relevant energy scale with respect

to which the interaction is ‘small’, i.e., there is no small perturbation parameter. This prob-

lem is thus intrinsically ‘strongly correlated’. However, the quasi-one-dimensional nature of

physics within a Landau level, as is evidenced by its essentially one-dimensional description

in terms of the canonical phase space defined by the guiding center coordinates, leads to
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(possibly complex) physics with apparently simple external manifestation: at specific filling

fractions given by a restricted set of rational fractions, the ground state is gapped and pos-

sesses fractional Hall conductance. (Specifically, since cyclotron orbits drift with a universal

speed of v = E/B perpendicular to the electric field, a gapped quantum Hall state with

filling fraction ν has a Hall conductance of simply ν times that of a single Landau level, i.e.,

its Hall conductance is σH = νe2/h.) The appearance of such strongly correlated gapped in-

compressible ground states at specific rational fractions can be captured by beautiful, though

approximate, descriptions in terms of highly symmetric model wave functions. In the next

chapter we will describe our contribution to improving tractability of this strongly correlated

problem, using the appealing language of gauge-invariant variables.

We will now briefly describe Laughlin’s seminal contribution, the formulation of a family

of wave functions, that has motivated one of two widely used paradigms for understanding

FQH physics via constructing model many-body wave functions. (The other paradigm is

Jain’s composite fermion approach[ 9 ].) Laughlin discovered an eponymous family of wave-

functions that describe FQH states occurring within the lowest Landau level (LLL), corre-

sponding to filling factors of the form ν = 1/p, p being an odd integer.

Instead of choosing the Landau gauge as done previously in this Chapter, we will now

choose the symmetric gauge to fix A: A = (B×r)/2. This makes the quadratic Hamiltonian

explicitly rotationally symmetric. The wavefunctions are circular strips centered at the

origin, with a very simple formula when considering states within the LLL:

ψm ∝ zme−zz/4, z = x+ iy,m = 0, 1, 2, . . . . (1.14)

Thus, any single particle wavefunction in the LLL, in the symmetric gauge, can be written

in the form ψ ∼ f(z)e−zz/4, where f(z) is a holomorphic function. It follows that a multi-

electron wave function in the LLL can be written as:

Ψ(z1, z2, . . . , zN) ∼ F (z1, z2, . . . , zN) × Gaussian factor, (1.15)
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where F is holomorphic in all arguments and also completely antisymmetric. This idea

inspired Laughlin to propose the following series of wavefunctions as representing the topo-

logical properties of a family of FQH ground states:

Ψp(z1, z2, . . . , zN) ∼
∏
i<j

(zi − zj)p × Gaussian factor, (1.16)

where p is an odd integer. Laughlin was able to find the properties of this wavefunction using

ideas from plasma physics, deriving that this wave function corresponds to a uniform droplet

with filling factor ν = 1/p and providing evidence that it represents an incompressible state

with fractionally charged quasiparticles whose charges are quantized at integer multiples of

e/p. This wave function provides remarkably good agreement with numerical calculations

involving a broad family of interactions and is widely accepted as describing the prominent

FQH states at ν = 1/3 and 1/5. Laughlin’s approach has been followed up with novel

constructions of FQH wavefunctions for many other filling fractions.

In the next Chapter we will show that such holomorphic construction of wavefunctions

is not unique to the symmetric gauge or the LLL. Using the language developed therein,

we will also derive an analytical form of the many-body Schrödinger’s equation describing

the dynamics of an interacting 2DEG in a magnetic field, projected into the ground state

manifold of the corresponding non-interacting problem.
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2. GAUGE-INVARIANT VARIABLES REVEAL THE

QUANTUM GEOMETRY OF FRACTIONAL QUANTUM

HALL STATES

In this Chapter, we will introduce the framework of gauge invariant variables (GIV) to de-

scribe fractional quantum Hall (FQH) states. To achieve this, we use the language of coherent

states [  10 ]–[ 14 ] to show that the many-body guiding-center wavefunction, which encapsulates

the physics of FQH behavior, can be expressed in terms of holomorphic functions. As a spe-

cial case, within the lowest Landau level, this function reduces to the well-known holomorphic

coordinate representation of wavefunctions in the symmetric gauge.

Using this framework, we derive an analytic guiding center Schrödinger’s equation gov-

erning FQH states, which has a novel structure. We show how the electronic interaction is

parametrized by generalized pseudopotentials, which depend on the Landau level occupancy

pattern. In contrast to ad hoc holomorphic FQH ground state wavefunctions inspired by

conformal blocks[ 4 ], [ 15 ], [ 16 ], our derivation of holomorphic many-body wave functions in

higher Landau levels is first-principles-based and straightforward. As a special case, we find a

simple relation between our holomorphic function and the well-known holomorphic function

representation of real-space wavefunctions in the lowest Landau level [ 9 ], [ 17 ].

We finally functionalize this new language by deriving an analytic energy eigenvalue

equation, Eq. ( 2.20 ), a qualitatively new form of the interacting many-body Schrödinger’s

equation.

2.1 Gauge-invariant variables, again

As introduced in previous Chapter, we will be using the language of gauge-invariant

variables (GIVs) to describe a 2DEG in a magnetic field. To motivate their use, we contrast

with the conventional kinematic description of two-dimensional motion of particles using

real-space coordinates and linear momenta (see Figure  2.1 ).

The intuition underlying the conventional description is that free particles should move

in straight lines. Upon introducing a perpendicular magnetic field, the Lorentz force causes
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Figure 2.1. Comparing kinematic formulations of planar quantum mechan-
ics in the presence of a magnetic flux, B, using (a) conventional position and
linear momentum, vs. (b) gauge-invariant variables (GIVs), namely, the ki-
netic momenta, π, and the guiding center coordinates, R. In (b), adding
interactions is the only modification to the simple ‘free’ picture necessary, for
describing strongly correlated fractional quantum Hall phases. In contrast, in
(a), first the magnetic field needs to be incorporated and then interactions are
added in.

these trajectories to bend into cyclotron orbits. Interactions add a second layer of complexity

to the already-modified picture. Thus, the description of interacting particles in a magnetic

field, namely, the physical situation where FQH states arise, is laborious in the conventional

framework.

Our proposal to remedy this situation is to instead use a language which naturally in-

cludes the magnetic field in the ‘free’ picture, thus leaving us to deal only with the addition

of interactions to the problem. This is accomplished by using GIVs. In this framework, the

‘free’ dynamical units are not the particles that move in straight lines, but rather, entire

cyclotron orbits which are static in the absence of external fields (other than the background

magnetic field). These orbits exhibit non-intuitive responses such as drifting perpendicularly

to an in-plane electric field with a universal drift velocity E/B [ 17 ], [  18 ]. This universal drift

velocity is fundamentally related to the quantization of Hall conductance.
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In what follows we consider electrons (with charge −e) moving in an infinite flat plane.

For this scenario, the GIVs are the well-known kinetic momenta and guiding center coordi-

nates [ 8 ], respectively,

π = p + eA(r), R = r +
(
`2/~

)
ẑ × π. (2.1)

Their commutation relation is

[Ri, πj] = 0, (2.2)

[Ri, Rj] = i`2εij. (2.3)

The commutation relation of the guiding center coordinates captures the quantum geometry

characterizing topological quantum systems. This is clear from analogous results in lattice

systems [ 19 ] where this commutator has been related to the Chern number.

For brevity, in what follows we have set the magnetic length (`), electronic charge (e)

and ~ to unity. In these units, the commutation relations between the GIVs are analogous to

the canonical commutation relations between the 2D coordinates and canonical momenta:

[x, px] = i, [y, py] = i, [(x, px), (y, py)] = 0.

Thus, the GIVs can be obtained from canonical coordinates and momenta via a canoni-

cal transformation. Therefore, a unitary transformation relates the orthonormal quantum

Hilbert space basis labeled by the coordinates, {|x, y〉}, to another labeled by {|Rx, πy〉},

the values of one operator from each of the canonical pairs in Eq. ( 3.1 ). Consequently, the

quantum wavefunction expressed in the GIV basis is a function of one component from each

canonical pair in Eq. ( 3.1 ), for e.g. ψ(Rx, πy). By straightforward generalization, the form of

the many-body electronic wavefunction in the GIV language is Ψ({Rx, πy}1 , {Rx, πy}2 . . .),

where the numerical subscripts label particles. This wavefunction is completely antisymmet-

ric under the permutation of every particle pair.
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2.2 GIV coherent states

Consider indexing the single-particle one-dimensional guiding center Hilbert space by an

orthonormal basis {|n〉}, where n is a non-negative integer. Since the renormalized inter-

action potential, V , is rotationally invariant, we will choose the particular basis given by

the eigenstates of R2: R2 |n〉 = (2n + 1) |n〉. These states are simple harmonic oscilla-

tor states in guiding center space. They are also eigenstates of the projected interaction,

V (
√

2|R|) |n〉 = Vn |n〉. The {Vn} are generalized pseudopotentials. For the special case when

only one Landau level is considered, they reduce to the standard Haldane pseudopotentials

[ 20 ]. If V has other symmetries, other choices for {|n〉} may be useful. Any quantum state

in this Hilbert space can be uniquely expressed as a complex vector sum: |ψ〉 = ∑
n ψn |n〉,

with ∑
n |ψn|2 = 1. The overcomplete basis of ‘coherent states’, labelled by the complex

variable z, is defined as follows [ 10 ]–[ 14 ]:

|z〉 = e−|z|2/2∑
n

φn(z) |n〉 , φn(z) = zn

√
n!
. (2.4)

The {φn} are holomorphic functions whose choice above is motivated by the fact that we

are considering motion in an infinite flat plane. e−|z|2/2 is a normalizing factor. Due to the

orthonormality of the φn states,
∫∫

C d
2ze−|z|2φ∗

m(z)φn(z) = πδmn, the coherent states satisfy

the well-known completeness relation:
∫∫

C d
2z |z〉 〈z| = πI  

1
 . Using the definition of coherent

states, we can map any quantum state in guiding center space, |ψ〉 = ∑
n ψn |n〉, to a unique

holomorphic function:

ψ(z) ≡ e|z|2/2 〈ψ|z〉 =
∑

n

ψ∗
nφn(z). (2.5)

For simplicity, here we consider a single fractionally-filled Landau level and focus on the

FQH physics induced by orbital interactions. The low-lying many-body energy eigenstates

of such a partly filled Landau level are of the form

Ψm({(Rx, πy)}) = η(πy,1)η(πy,2) . . .× ψm({Rx}). (2.6)

1
 ↑ For other useful properties of coherent states we refer the reader to [ 10 ]–[ 14 ].
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In this expression the braces denote the set of all particle coordinates, η is the single particle

Landau level kinetic momentum eigenfunction (it is a simple harmonic oscillator eigenfunc-

tion for isotropic dispersion [ 21 ], [  22 ]) and ψm is a completely antisymmetric function. By

over completeness of the tensor product coherent state |{zi}〉, we can expand the ψm({Rx})

in terms of |{zi}〉. Thus the wave function Ψm can be written in the form

Ψm = η(πy,1)η(πy,2) . . .× ψm({zi}), (2.7)

where ψm({zi}) is anti-symmetric in i.

Thus, the guiding center part of the wavefunction, whose properties are critical for uncov-

ering FQH physics, can be described using holomorphic functions. This is true irrespective

of the filling fraction and which Landau levels are occupied.

Our results have connections with the following known results. In the symmetric gauge,

the quantum wavefunction in the lowest Landau level can be identified with a holomor-

phic function, ψ0(z), where z = x + iy (ignoring a fixed Gaussian factor) [ 9 ], [  17 ]. This

mathematical representation played a crucial role in identifying the Laughlin and related

trial wavefunctions for FQH states in the lowest Landau level. An independent approach

for generating real-space wavefunctions with desirable ground state characteristics involves

using conformal blocks, which also give rise to approximately holomorphic functions [ 15 ],

[ 16 ]. Our analysis demonstrates that holomorphic functions can also be used for describ-

ing states in the higher Landau levels, due to the quantum geometry encapsulated by the

commutation properties of the guiding center GIVs. We have also identified the precise

universal relationship between these holomorphic functions and the microscopic many-body

wavefunction in the coordinate basis. As a special case, in the lowest Landau level, our holo-

morphic function in the coherent state representation, ψ, has a straightforward relation to

the holomorphic wavefunction, ψ0, in the coordinate representation in the symmetric gauge:

ψ(z) = ψ0(−i
√

2z∗)∗.
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2.3 The Hamiltonian in GIV language

We consider the following interacting electronic many-body Hamiltonian in a magnetic

field:

H =
∑

α

K(pα + A(rα)) +
∑′

αβ

U(|rα − rβ|). (2.8)

The Greek indices label particles, and the prime on the second sum denotes a summation

over distinct pairs. K and V are respectively the single-particle kinetic energy and the

pairwise isotropic interaction potential.

The kinetic energy K(p + A(r)) ≡ K(π) is a function only of the kinetic momenta

and has a discrete spectrum. These discrete energies correspond to the well-known Landau

levels. The exact form of K and the presence of spin (or pseudospin) structure in the

Hamiltonian do not alter our narrative. Thus, we will ignore distinctions between orbital

and (pseudo)spin Landau level indices. In the absence of interactions, the single electron

Hilbert space corresponding to a Landau level is extensively degenerate due to the freedom

in choosing the guiding center part of the wavefunction, which does not affect the energy

since R commutes with π.

When the topmost Landau level is partially filled, weak interactions split the macroscopic

Landau-level degeneracy and give rise to FQH physics. In this regime, we can renormalize

the interaction by averaging over the fast motion of kinetic momenta:

〈U(|rα − rβ|)〉π = 〈U (|Rα − Rβ + ẑ × (πα − πβ)|)〉π

≡ V (|Rα − Rβ|). (2.9)

The renormalized interaction, V , depends on the Landau level structure and is a function

only of the guiding center coordinates. This renormalization procedure involves all Landau

levels and incorporates inter-Landau-level correlations, critical for accurately capturing the

physics at higher fillings [ 23 ]. For the simple case when inter-Landau-level correlations are
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neglected, and only the physics of the topmost Landau level is considered, this reduces to

the Landau level projection technique [ 20 ]. Here we focus on the renormalized Hamiltonian:

Hren =
∑

α

K(πα) +
∑′

αβ

V (|Rα − Rβ|). (2.10)

Since the kinetic and potential parts of this Hamiltonian commute, the energy eigenstates

are products of Landau level kinetic momentum eigenfunctions of individual particles and a

many-body wavefunction in guiding center space. When multiple Landau levels are involved,

antisymmetrization entangles both GIV spaces in straightforward but complex ways, leading

to interesting physics in states with filling fractions greater than one [ 9 ], [ 24 ], [ 25 ].

In this expression the braces denote the set of all particle coordinates, η is the single

particle Landau level kinetic momentum eigenfunction (it is a simple harmonic oscillator

eigenfunction for isotropic dispersion [  21 ], [ 22 ]) and ψm is a completely antisymmetric eigen-

function of the effective interaction:
∑′

αβ

V (|Rα − Rβ|)
ψm ≡ Ueffψm = εmψm. (2.11)

It is straightforward to incorporate the non-interacting energy contributed by the kinetic

part, EK . The many-body energies corresponding to Ψm are simply:

Em = EK + εm. (2.12)

The set {ψm({Rx}), εm} encodes the FQH physics arising due to interactions. This form

also explicitly demonstrates that FQH physics is of a 1 + 1 dimensional nature, arising from

guiding center dynamics [ 26 ]–[ 28 ].

2.4 GIV Schrödinger equation

We consider spinless electrons residing in the lowest Landau level. The kinetic momentum

wavefunction is symmetric and the guiding center wavefunction completely antisymmetric

under particle permutation. In terms of GIVs, the guiding center wavefunction corresponds
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to a single antisymmetric holomorphic function ψ({z}). The number of arguments equals

the number of particles in the partly-filled Landau level.

We now present how the GIV holomorphic representation can be put to practical use,

by deriving the corresponding Schrödinger equation for determining the energy eigenstates.

This is achieved by expressing Eq. (  2.11 ) in the coherent state representation, 〈ψ|Ueff| {z}〉 =

ε〈ψ| {z}〉 = εψ({z}).

Consider the pairwise interaction operator, V (|Ri−Rj|), which is an isotropic function of

the difference of guiding center coordinates of particles ‘i’ and ‘j’. Denote the components of

the guiding center coordinates, R, by (X,Y ). The components of R± = (Xi±Xj, Yi±Yj)/
√

2

are also canonical pairs, which commute between the ± labels, in the same sense as the

guiding center coordinates Ri,j. The corresponding annihilation operators are A± = (ai ±

aj)/
√

2, where ai is the annihilation operator for the coherent states generated for the guiding

center variables Rj. Consequently, ai,j = (A+ ± A−)/
√

2. The vacuum state, |0〉±, defined

via annihilation by both A± is the same as |0〉ij, the vacuum state defined via annihilation

by both ai,j.

The eigenstates of the interaction V (|Ri − Rj|) = V (
√

2|R−|) are the SHO states in

the guiding coordinate Hilbert space, since they are the same as the eigenstates of R2
−.

The eigenvalues of V (
√

2|R−|) are the Haldane pseudopotentials, {Vn}. The annihilation

operator relating the eigenstates are given by A− ∝ X− + iY−. The corresponding coherent

states are |z〉− = ezA†
−−z∗A− |0〉−, where the vacuum state is defined through A− |0〉− = 0.

Any coherent state defined through Ri,j is equal to another coherent state in the ± basis:

|zi, zj〉i,j = ezia
†
i −z∗

i aiezja†
j−z∗

j aj |0〉ij = e

(
zi+zj√

2

)
A†

+−
(

zi+zj√
2

)∗
A+
e

(
zi−zj√

2

)
A†

−−
(

zi−zj√
2

)∗
A− |0〉±

=
∣∣∣∣∣zi + zj√

2
,
zi − zj√

2

〉
+−

≡ |z+, z−〉+− . (2.13)

This is a remarkable result. In addition, the unnormalized coherent states, defined as ||z 〉 =

e|z|2/2 |z〉, are also equal,

||zi, zj 〉i,j =
∣∣∣∣∣
∣∣∣∣∣zi + zj√

2
,
zi − zj√

2

〉
+−

≡ ||z+, z− 〉+− . (2.14)
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We can also write:

〈w− ||V (|Ri − Rj|)|| z−〉 =
〈
w−

∣∣∣∣∣∣V (
√

2|R−|)
∣∣∣∣∣∣ z−

〉
=

∞∑
n=0

Vn

n!
(
w∗

−z−
)n

≡ Ṽ (w∗
−z−). (2.15)

Here, Vn are the generalized pseudopotentials.

By the coherent state overlap formula 〈w |||| z〉 = ew∗z, we find that

〈wi, wj ||V (|Ri − Rj|)|| zi, zj〉 = 〈w+, w− ||V (|Ri − Rj|)|| z+, z−〉 = ew∗
+z+Ṽ (w∗

−z−)

= ew∗
+z+

∞∑
n=0

Vn

n!
(
w∗

−z−
)n
. (2.16)

Every many-body guiding center quantum state, |ψ〉, corresponds to a multivariate analytic

function, ψ(z1, z2, . . .) = 〈ψ||z1, z2, . . .〉, in analogy to the single particle state. For identical

particles in the same Landau level, this function should be either completely symmetric

(Bosons) or antisymmetric (Fermions).

Denoting V (|Ri −Rj|) → Vij, the action of the full many-body potential, Ueff = ∑
i<j Vij,

on a many-body wavefunction can be calculated using Eq. ( 2.16 ).

〈ψ| Ueff ||{z}〉 =
∞∑

n=0

∑
i<j

Vn

n!

∫∫∫
{dµ(w)}ψ({w})e

∑
k 6=(i,j) w∗

kzkew∗
+z+

(
w∗

−z−
)n
, (2.17)

where we have used the general shorthand ξ± = (ξi ± ξj)/
√

2 and introduced the integration

measure on the complex plane, dµ(z) = d2ze−|z|2/π.

Using standard identities for coherent states, we simplify the integral appearing in the

sum above, for a fixed value of (n, i, j), as follows (k 6= (i, j) in all expressions below):
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∫∫∫
{dµ(w)}ψ({w})e

∑
k 6=(i,j) w∗

kzkew∗
+z+

(
w∗

−z−
)n

= (−1)Kij

∫∫
dµ(wi)dµ(wj)ψ(wi, wj, {zk})ew∗

+z+
(
w∗

−z−
)n

= (−1)Kij

(
∂

∂λ

)n ∫∫
dµ(wi)dµ(wj)ψ(wi, wj, {zk})ew∗

+z++λw∗
−z−

∣∣∣∣∣
λ=0

= (−1)Kij

(
∂

∂λ

)n ∫∫
dµ(w+)dµ(w−)ψ

(
w+ + w−√

2
,
w+ − w−√

2
, {zk}

)
ew∗

+z++λw∗
−z−

∣∣∣∣∣
λ=0

=
(
∂

∂λ

)n

ψ

({
ξk = zk, ξi = z+ + λz−√

2
, ξj = z+ − λz−√

2

})∣∣∣∣∣
λ=0

=
(
z−√

2

[
∂

∂ξi

− ∂

∂ξj

])n

ψ ({ξ})
∣∣∣∣∣{

ξk=zk,ξi=ξj=z+/
√

2
} (2.18)

In the above expression, (−1)Kijψ is a function that arises from moving the zi,j variables to

the first two slots of ψ (it is introduced to simplify notation and plays no significant role)

and we have used the remarkable fact that dµ(wi)dµ(wj) is equal to dµ(w+)dµ(w−).

Thus,

〈ψ| Ueff ||{z}〉 =
∞∑

n=0

Vn

n!
∑
i<j

(
zi − zj

2

)n
(
∂

∂ξi

− ∂

∂ξj

)n

ψ ({ξ})
∣∣∣∣∣{

ξk=zk,ξi=ξj=
zi+zj

2

} . (2.19)

The eigenvalue equation, Ueff |ψ〉 = ε |ψ〉, thus yields the GIV Schrödinger’s equation in

the main text:

∞∑
n=0

Vn

n!
∑
i<j

(
zi − zj

2

)n
(
∂

∂ξi

− ∂

∂ξj

)n

ψ ({ξ})
∣∣∣∣∣{

ξk=zk,ξi=ξj=
zi+zj

2

} = εψ({z}). (2.20)

This equation is valid for any filling fraction, including cases when there are other com-

pletely filled Landau levels in the picture. In the context of coordinate basis wavefunctions,

applicable only to the lowest Landau level, such an operator representation has appeared

previously in [  29 ]. The GIV Schrödinger equation, Eq. ( 2.20 ), is also applicable to higher

Landau levels. The simple form of this result reflects the projection Hamilton used: we have
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ignored particle-hole excitations involving the filled lower and empty higher Landau levels,

an assumption relevant for most observed fractional quantum Hall states [ 4 ], [ 30 ].

2.5 Example: Laughlin state

To illustrate how Eq. (  2.20 ) can be utilized, we derive the following well known result:

the Laughlin state at filling fraction ν = 1/m is the exact unique most compact ground state

when the first m− 1 pseudopotentials (V1, V2 . . . Vm−1) are positive and the rest are zero.

The operator L̂ij
n multiplying the pseudopotential Vn in Eq. ( 2.20 ) is a projection operator

L̂ij
nψ({z}) = 1

n!

(
zi − zj

2

)n
(
∂

∂ξi

− ∂

∂ξj

)n

ψ ({ξ})
∣∣∣∣∣{

ξk=zk,ξi=ξj=
zi+zj

2

} . (2.21)

which satisfies relation (L̂ij
n )2 = L̂ij

n . By the definition of this operator, it selects out the

coefficient of (zi−zj)n. Since projection operators have eigenvalues 0 or 1, a sum of projection

operators with positive coefficients also has a non-negative expectation value.

Any antisymmetric holomorphic function ψ({z}) must be of the form

ψP ({z}) = ∆mP ({z})

where m is an odd integer, ∆ = Πi<j(zi − zj) is the Vandermonde determinant and P is

an arbitrary symmetric polynomial. This is because for any antisymmetric polynomial it

contains all zeros of the form (zi − zj) hence the polynomial factors at least for one power

of Vondermonde determinant, and since both ψP ({z}) and ∆m are antisymmetric, P must

be symmetric.

The Hamiltonian of the form H = ∑
k<m−1 Vk

∑
i<j L

ij
k with Vk > 0 has positive expec-

tation values (because Vk are positive and Lij
k has positive expectation values), then the

minimal possible eigenvalue of H must be non-negative. Then by the natural of opera-

tor L̂ij
n and antisymmetric polynomial of the form ψP ({z}) = ∆mP ({z}), we see that for

H · ψP ({z}) = 0. So the polynomial of the form ψP ({z}) = ∆mP ({z}) has to be a ground

state.
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We now define the filling fraction in the usual way for a droplet geometry. Following the

definition of coherent states in the main text, since the power zn corresponds to an orbital

defined at the guiding center radius |R| =
√

2n+ 1, the filling fraction of the polynomial

ψ({z}) should be calculated with respect to a droplet whose radius corresponds to the highest

individual power in ψ({z}). Thus, increasing the polynomial degree of P increases the size

of the droplet, which corresponds to a decreasing filling fraction since N is fixed. Among the

manifold of zero energy states ψP ({z}), the filling fraction reaches its maximum value (the

wavefunction reaches its most spatially compact form) when the polynomial P is a constant

(with the least possible degree of zero). Then for the given Hamiltonian, the unique compact

ground state is ∆m, i.e. the Laughlin wavefunction. The filling fraction is ν = 1/m, in the

limit of an infinite number of particles.

2.6 Summary

We have used the language of GIVs to derive a holomorphic representation of FQH

physics, which is valid for any Landau level filling pattern and for arbitrary forms of the

kinetic energy. The framework that we have developed can be generalized to accommodate

a variety of scenarios involving different real space manifolds and symmetries. We have

then considered the important case in which only one Landau level is partly filled and all

other levels are either full or empty. For this case we have shown that the quantum state

can be expressed by a single antisymmetric holomorphic function in the GIV coherent state

basis. Formulating the FQH problem in this language, on an infinite plane with arbitrary

isotropic pairwise interactions, ignoring all high-energy processes in the form of particle-hole

excitations between Landau levels, we have derived the analyic GIV Schrödinger equation,

Eq. ( 2.20 ). The FQH many-body ground and excited state wavefunctions and energies

correspond to the eigenstates and eigenvalues of this novel eigenvalue equation.

Eq. ( 2.20 ) provides a new route for deriving the properties of FQH states from microscopic

Hamiltonians, by recasting the quantum many-body calculation in the GIV representation.

Since the wavefunction corresponds to an antisymmetric holomorphic function, our formu-

lation also provides an avenue to exploit insights from diverse mathematical fields such as
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symmetric polynomials[  31 ], complex analysis, etc. We hope that a synthesis of our formalism

with these techniques will provide an accessible route for first-principles based predictions of

FQH state properties, starting from realistic microscopic Hamiltonians. Apparently distinct

descriptions of FQH physics, such as trial holomorphic wavefunctions in the lowest Landau

level [  3 ], [  9 ]; variational Laughlin wavefunctions describing the collective modes [ 32 ], [  33 ];

the conformal block picture from conformal field theory [  15 ], [ 16 ]; the composite fermion

approach [  9 ]; topological quantum field theory [ 34 ]; and matrix product states [ 35 ] may be

naturally unified in our coherent state GIV formulation in future works.
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3. GEOMETRIC RESPONSE OF QUANTUM HALL STATES

TO ELECTRIC FIELDS

Quantum Hall states [  1 ], [ 2 ] were the first examples and paradigmatic models of topolog-

ical quantum states of matter [  36 ], [  37 ] whose defining characteristic is the topologically

protected quantization of their eponymous conductance property. Less well known is the

quantization of their gravitational coupling constant, which characterizes charge response

to spatial curvature in the continuum [ 38 ] and on lattices [ 39 ]. There is an active quest

to understand the topological protection of the gravitational coupling constant in terms of

fundamental physical principles [ 40 ]. There have been researches using effective topological

field theory techniques, finding that the gravitational coupling constant is proportional to

the anomalous viscosity [  41 ], [  42 ] and appears in the current response to non-uniform electric

fields [ 43 ].

In this Chapter, we address the connection between gravitational coupling, local charge

response to nonuniform electric fields and anomalous viscosity. We provide tangible connec-

tions between the response of quantum Hall fluids to non-uniform electric fields, and the

characteristic geometry of electronic motion in the presence of magnetic and electric fields.

The geometric picture we provide motivates the following conjecture: non-uniform electric

fields mimic the presence of spatial curvature. Consequently, the gravitational coupling

constant also appears in the charge response to non-uniform electric fields.

To elucidate the characteristic geometry of electronic motion in a magnetic field we will be

using the explicitly gauge-invariant variables of Hall system, i.e. the kinetic momentum and

guiding center coordinates, and thus a calculational framework naturally suited for describing

attendant physics. Our formulation is based on the semiclassical description of quantum

Hall physics in terms of gauge invariant variables, and using phase space representation of

quantum mechanics (Wigner functions, Moyal formalism). We will be focusing on the single

particle physics of electrons in the presence of a magnetic field, and present a calculation

to conceptualize the shearing of cyclotron orbits in the presence of non-uniform electric

fields (Figure  3.1 ). We find that the Hall viscosity contribution in the current response

[ 41 ], [ 43 ] is a direct consequence of shearing of cyclotron orbits. Our formalism directly
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Figure 3.1. A geometric summary of how a non-uniform electric field, E,
deforms a cyclotron orbit. The changes can be expressed in terms of a vector
field, ∆(R) (Eq. (  3.25b )), and a shearing field, Λ(R) (Eq. (  3.28b )). The new
orbit is shifted by amount δ(R) = ẑ × ∆(R) with respect to the original
center, R, and acquires a drift velocity, vd = ∆(R). The orbit is also sheared
into an ellipse with aspect ratio λ2; see Eq. (  3.34 ) and accompanying text for
details. The guiding center coordinate, R, labels the field-free orbit center
while the kinetic momentum, π, gives the velocity of the electron (Eq. (  2.1 )).

connects the shearing of cyclotron orbits, i.e., a change in the effective Galilean metric, to

the non-uniformity of electric fields. We calculate the effective spatial curvature induced by

the electric field, Eq. (  3.26 ) and predict that the gravitational response of integer quantum

Hall states also appears in the charge response to non-uniform electric fields. We confirm

our predictions with numerical calculations and conclude with a conjecture regarding the

extension of these results to fractional quantum Hall states.

3.1 Wavefunctions in the GIV formalism

For brevity, we set the magnetic length (`), electronic charge (e) and ~ to unity. In places

where we consider a specific Hamiltonian we assume a quadratic dispersion for electrons with

unit mass (m) and ignore the effects of spin.

The commutation relations between the GIVs [ 8 ],

[Rx, Ry] = i, [πy, πx] = i, [πi, Rj] = 0, (3.1)
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are canonical and analogous to the canonical commutation relations between the 2D coor-

dinates and canonical momenta:

[x, px] = i, [y, py] = i, [(x, px), (y, py)] = 0. (3.2)

Thus, the GIVs can be obtained from the canonical coordinates and momenta via a canoni-

cal transformation: a unitary transformation exists from the orthonormal quantum Hilbert

space basis labeled by the coordinates, {|x, y〉}, to another labeled by the values of one

operator from each of the canonical pairs in Eq. (  3.1 ). For example, {|Rx, πy〉}, labeled by

the eigenvalues of the operators (Rx, πy), form one such orthonormal basis. It is well known

that the Hilbert space can be labeled by any of the following orthonormal bases: {|px, y〉},

{|x, py〉}, or {|px, py〉}. Analogously, alternate GIV representations are possible: {|Ry, πy〉},

{|Rx, πx〉} or {|Ry, πx〉}.

To illustrate use of this formalism, we derive the unitary transformation matrix elements

〈x, y|Rx, πy〉 ≡ χ(x, y), i.e., the wave function of a GIV basis state in the conventional

coordinate (Schrödinger) representation. By definition, χ(x, y) is the simultaneous eigenstate

of R̂x and π̂y, with eigenvalues Rx and πy respectively. Since the coordinate representation is

gauge-dependent, we will need to choose a gauge for the magnetic vector potential, A. First,

we consider the Landau gauge, ALan = xŷ (note that B = 1 in our units). The eigenvalue

conditions become:

i∂yχ = Rxχ, −i∂yχ+ xχ = πyχ. (3.3)

The (unnormalized) solution is

χLan(x, y) ∝ δ(x−Rx − πy)e−iRxy. (3.4)

Alternately, we can find χ(x, y) in the symmetric gauge, Asym = (−yx̂ + xŷ) /2:

χsym(x, y) ∝ δ(x−Rx − πy)e−iRxyei xy
2 . (3.5)
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Despite the necessity to gauge-fix {|x, y〉}, the GIV states {|Rx, πy〉} are themselves

invariant under gauge transformations. Consequently, χLan and χsym differ only by a GIV-

independent phase factor; the corresponding phase, φ = xy/2, satisfies ∇φ = ALan − Asym.

Within the GIV formalism, now consider the energy eigenstates of an electron in 2D

experiencing a perpendicular magnetic field. Assuming minimal coupling to the gauge field,

the Hamiltonian is of the form:

H = K(p + eA) − V (r) ≡ K(π) − V (R + π × ẑ). (3.6)

Here, K denotes the kinetic operator. V is the local electrostatic potential which includes

contributions both from externally applied fields and local electrostatic irregularities in the

material; the negative sign results from the sign of electronic charge. When V = 0, since

the Hamiltonian is only a function of the kinetic momenta, the eigenstates in the GIV basis

{|Rx, πy〉} can be found by separation of variables:

Ψ(Rx, πy) = ψ(Rx)η(πy). (3.7)

For quadratic dispersion, K(π) = π2/2, the commutation relations, Eq. ( 3.1 ), imply that

the Hamiltonian is equivalent to that of a quantum simple harmonic oscillator with energies

 

1
 and eigenfunctions  

2
 of the form:

K(π)ηn(πy) = χnηn(πy), n = 0, 1, . . . ,

χn = n+ 1
2 , ηn(πy) = e−π2

yHn(πy)√
2nn!

√
π
. (3.8)

Thus, the discrete nature of the eigenvalue spectrum of K(π) arises from the commutation

relations satisfied by the kinetic momenta GIVs and defines the familiar electronic Landau

levels (LLs). The kinetic operator does not affect the guiding center part of the wavefunc-

tion, ψ(Rx), an arbitrary function, resulting in the high degeneracy of the Landau levels.
1

 ↑  http://dlmf.nist.gov/18.39.E4 

2
 ↑  http://dlmf.nist.gov/18.39.E5 
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This degeneracy is countable; the countability arises from the canonical commutation rela-

tion satisfied by the guiding center variables. This degeneracy can be counted using von

Neumann’s result that the phase space density of quantum states is (2π)−1 [ 44 ]. Thus, in

the guiding center phase space, i.e., the 2D space spanned by (Rx, Ry), there is one quantum

state corresponding to each area of 2π. This area corresponds to an equal area in real space,

since the guiding center corresponds to the real-space location of the cyclotron orbit center.

Putting together these results and restoring units, we arrive at the well-known result: inside

a Landau level, there is an extensive degeneracy arising from the existence of one quantum

state per real space area of 2π`2 = (h/e)/B, i.e., the area pierced by one flux quantum,

φ0 = h/e.

The gauge-invariant nature of the GIV quantum basis allows for straightforward visual-

ization and representation of Landau level wavefunctions. The popularly-used wavefunctions

in the Landau (L) and symmetric (S) gauges in the LL with index n become simply [ 17 ]:

ΨL = δ(Rx −X)ηn(πy), (3.9)

ΨS = ηm(Rx)ηn(πy). (3.10)

These are respectively parametrized by X, the x-coordinate of the guiding center, and

m = 0, 1, . . ., the eigenvalue of the operator (R2
x+R2

y−1)/2. Note that the kinetic momentum-

dependent part of the wavefunction is the same for both: it is fixed for a given LL. Thus

written, these wavefunctions are gauge-independent. The corresponding Schrödinger wave-

functions in any gauge can be calculated using the appropriate unitary transformation. It is

straightforward to convert ΨS, the conventional wavefunctions used in the symmetric gauge,

to the Landau gauge using the unitary transform derived in Eq. ( 3.4 ):

ΨS(x, y) =
∫∫

dRxdπy χ(x, y)ηm(Rx)ηn(πy)

∝ e− x2+y2−2ixy
4 (x− iy)n−mLn−m

m

(
x2 + y2

2

)
. (3.11)
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Here, Lα
n are the associated Legendre polynomials  

3
 . This result can be verified by straight-

forward computation of the integral. Comparison with conventional wavefunctions in the

circular gauge [ 17 ] shows that the above expression differs only by a factor of eixy/2. This

is as expected since the gradient of xy/2 accounts for the difference between the symmetric

and Landau gauge vector potentials.

3.2 Motion in a non-uniform electric field

Consider the general Hamiltonian with quadratically dispersing kinetic energy, which

describes electronic motion in the presence of crossed uniform magnetic and non-uniform

electric fields:

H = (p + A)2

2 − V (r) ≡ π2

2 − V (R + π × ẑ). (3.12)

Our objective in this section is to calculate the local charge and current density operators

as linear gradient expansions in the electrostatic potential V . We will also relate a subset of

these expansion coefficients to apparently unrelated topological quantities, which describe

electronic response to geometrical real space (gravitational) perturbations to cyclotron mo-

tion [ 38 ], [ 43 ]. The local charge and current operators are expressed in terms of the GIVs

as follows. (Operators have been distinguished from c-numbers using carets in what follows.

However, ẑ is the unit vector along the z-direction.)

ρ̂(r) = δ(r̂ − r) = δ(R̂ + π̂ × ẑ − r), (3.13a)

ĵ(r) = {v̂, δ(r̂ − r)}
2 =

{
π, δ(R̂ + π̂ × ẑ − r)

}
2 . (3.13b)

Here v̂ = i [H, r] = π̂ is the velocity operator.

We assume that the potential V is weak and varies slowly in space; specifically, that

its variation over a magnetic length is negligible compared to the inter-Landau level energy

gap. This condition needs to be satisfied for the electronic motion to exhibit topological
3

 ↑  http://dlmf.nist.gov/18.5.E12 
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transport properties of the associated Landau level. In chosen units the inter-Landau level

energy gap is unity. (It is equal to ~ωc, where ωc = eB/m = 1 is the cyclotron frequency,

i.e., the angular frequency of classical cyclotron motion.) Thus, the condition that V is weak

and slowly varying is equivalent to the following set of conditions in our chosen units:

∂m
r V (r) � 1, m = 1, 2 . . . . (3.14)

The condition on V can be used to approximate the operator, V (r), by the first few terms

of the Taylor series,

V (r) ≡ V (R + π × ẑ)

= V (R) + (∂aV (R)) (εapπp) + 1
2(∂2

abV (R)) (εapεbqπpπq)

+ 1
6(∂3

abcV (R)) (εapεbqεcrπpπqπr) + . . . . (3.15)

We have used the Einstein convention for summation of repeated indices (over the two values

x and y) and the two dimensional Levi-Civita tensor εxx = εyy = 0, εxy = −εyx = 1. This

decomposition has two-fold utility. First, the derivatives of V are all small since V is weak

and slowly varying, thus allowing for the use of perturbation theory to calculate modifications

to the cyclotron motion. Second, within a Landau level the kinetic momenta, (πx, πy), are

rapidly oscillating relative to each other since they form a canonical pair governed by the

SHO Hamiltonian, K(π) = (π2
x + π2

y)/2. Consequently, the products of kinetic momentum

operators in the above expansion are either rapidly varying or static, thus allowing for a

clear separation of time scales.

3.2.1 Landau-level projection

In light of the Taylor expansion in Eq. ( 3.15 ), the simplest tractable approximation to the

full Hamiltonian, Eq. (  3.12 ), involves neglecting all perturbative terms in Eq. (  3.15 ). This
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crude approximation is equivalent to the standard procedure of Landau-level projection.

Within this approximation, the eigenstates of Eq. ( 3.12 ) can be written in the form:

Ψm,n(Rx, πy) = ψm(Rx)ηn(πy), Em,n = χn + vm, (3.16)

where ηn and χn are SHO eigen wavefunction and eigen energies

K(π)ηn(πy) = χnηn(πy), n = 0, 1, . . . ,

χn = n+ 1
2 , ηn(πy) = e−π2

yHn(πy)√
2nn!

√
π
. (3.17)

where Hn are hermitian polynomials and the guiding center eigenfunctions are determined

by

V (R̂) |ψm〉 = −vm |ψm〉 . (3.18)

This eigenequation is unusual because both canonically conjugate operators, R̂x and R̂y, are

a priori present with equal priority in V . However, the nature of the eigenfunctions can be

deduced from the well-known operator equations of motion:

Ṙ = i [H,R] = ẑ × ∇V (r) = −ẑ × E(r), (3.19)

where E(r) = −∇V (r) is the local electric field. Using our Landau-level projection approx-

imation, r ∼ R and so Ṙ ' −ẑ × ∇V (R), which implies that cyclotron orbits drift along

equipotentials [  17 ]. Consequently the (stationary) eigenstates of Eq. (  3.18 ) should also lie

along equipotentials and each cover an area of 2π`2.

In the presence of a random disorder potential with short range correlations, equipo-

tentials are closed in the bulk, thus localizing all bulk states as shown in Figure  3.2 . The

boundary, assumed to be a steep confining potential, has extended wavefunctions circulating

along the perimeter. These are the so-called edge states [  45 ]. What we have described here is

the standard non-interacting picture of bulk localization in a magnetic field. This accounts
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Figure 3.2. Equipotentials in a typical disordered material. The red dots
show random potential centers used to simulate this example. These equipo-
tentials are localized and closed in the bulk while those at the boundary run
along the entire perimeter of the material. Since guiding center eigenstates
run along these equipotentials (see accompanying text), those the bulk are lo-
calized. The extended guiding center states along the edge are the well-known
edge states, which account for the quantized Hall conductance of a filled Lan-
dau level.

for the existence of plateaus in the QHE since the filling up of the bulk localized states does

not change macroscopic transport coefficients. The quantized value of Hall conductance

can then be derived using standard techniques [  17 ] when the externally applied chemical

potentials at the boundaries differentially populate edge states belonging to the same set of

Landau levels.

3.2.2 Beyond Landau-level projection - an effective Hamiltonian

Next we take into account the second and higher order terms in Eq. (  3.15 ). These account

for the cyclotron motion induced ‘jitter’ in the electron’s position. Since we have assumed

that V (r) varies slowly, we can look upon the higher order terms in Eq. (  3.15 ) as location-

dependent perturbations to the cyclotron orbits. To mathematically articulate this picture
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we first fix the Landau level index, n, and the guiding center location, R, and then find the

new R-dependent kinetic momentum eigenfunction using perturbation theory. Thus, the

corrections take the form of a gradient expansion in the electric field; for the purposes of

connecting to the gravitational response of quantum Hall states, we need to keep only the

first few terms in Eq. ( 3.15 ).

Since we are mainly interested in response functions, we only need calculate the first

two moments of GIV operators. To this end we will use the following trick to compactly

organize the perturbation expansion. Consider a quantum harmonic oscillator Hamiltonian

perturbed by operators that are symmetrized polynomials of the canonical pair of momentum

and coordinate operators, (p, q). We keep perturbations till the third degree:

HHO = p2 + q2

2 + ε
3∑

k=0
Sk, (3.20)

where Sk is a real polynomial of degree k in p and q, and all terms that mix p and q are

symmetrized. For example, the general form of S3 is:

S3 = ap3 + b(p2q + pqp+ qp2) + c(q2p+ qpq + pq2) + dq3,

where (a, b, c, d) are real numbers. Consider, for a given SHO level index n, an effective

quadratic Hamiltonian, H(n)
HO, obtained by Wick-contracting each monomial to terms that

are either degree 1 or 2 (i.e., linear or quadratic) in q and p; each contraction is replaced by

the expectation value in the unperturbed energy level with index n. For example, following

this procedure, p3 → 3 〈p2〉n p = 3χnp, where

χn = n+ 1
2 (3.21)

is the expectation value of p2 (or q2) in the (n + 1)st energy eigenstate of the unperturbed

SHO. Clearly, only S3 is modified by this procedure.

The utility of this procedure is that the expectation values of all observables which are

linear or quadratic in q and p, in the perturbed eigenstate of Eq. ( 3.20 ) with index n,
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are obtained correctly to all orders in S0, S1 and S2, and only to linear order in S3, when

calculated using the (n+ 1)st eigenstate of the effective Hamiltonian, H(n)
HO. That this is true

can be checked by straightforward computation.

This key insight allows us to write down the following effective quadratic Hamiltonian for

calculating properties of the (n+ 1)st eigenstate of Eq. (  3.12 ), using the gradient expansion

in Eq. ( 3.15 ) and keeping up to the third order in derivatives of V :

H(n) = πaπa

2 − V (R) − (∂aV (R)) (εapπp)

− 1
2(∂2

abV (R)) (εapεbqπpπq) −
1
2(∂3

abcV (R)) (εapεbqεcrχnδpqπr) . (3.22)

We have continued to use the Einstein summation convention for repeated indices, and

also exploited the commutative property of partial derivatives. Using the identity εapεbq =

δabδpq − δaqδpb, and substituting E = −∇V ,

H(n) = πaπa

2 − V (R)

+
[
Ea(R) + χn

2 ∂a(∇ · E(R))
]

(εapπp)

+ 1
2 [(∇ · E(R)) δab − ∂aEb(R)]πaπb. (3.23)

Note that we have used 2D divergence operators. Consequently, Gauss’ law cannot be

applied to replace ∇ · E with the charge density. Ignoring corrections that are nonlinear in

the electric field, the effective Hamiltonian can be compactly expressed as

H(n) = gab (πa − ∆a) (πb − ∆b)
2 − V (R). (3.24)
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In the preceding expression, the new position-dependent ‘metric’ and divergence-free ‘drift’

corrections are, up to third (linear) order in the derivatives of V ,

gab(R) = δab (1 + ∇ · E(R)) − ∂aEb(R), (3.25a)

∆a(R) = εab

[
Eb(R) + χn

2 ∂b(∇ · E(R))
]
. (3.25b)

As we show below, the determinant of g is responsible for a local modulation in the cyclotron

orbit energies, while the unimodular part shears the cyclotron orbit. Thus, we expect the

unimodular metric, G = g/
√

det g, to be the metric relevant for topological response of the

quantum Hall state [  38 ]. A Gaussian curvature field, KG(R), can be extracted from this

unimodular metric using the Brioschi formula [ 46 ]:

KG(R) = −∇2 (∇R · E(R))
4 . (3.26)

We will return to this expression for the curvature in a subsequent section. We note here

that an alternate line of reasoning suggests that since gab appears in the place of an inverse

mass matrix, the choice for the spatial metric is the inverse of G used above. This inverse

choice will change the sign of the curvature derived above, leaving its magnitude unchanged.

In the presence of a non-uniform electric field the metric is no longer proportional to iden-

tity. Instead, the cyclotron orbit is stretched and rotated in a location-dependent manner.

To see this note that the metric can be decomposed thus:

g =
√

det(g)
(
Λ−1

)T
Λ−1, (3.27)

where Λ−1 is a real matrix with unit determinant and composed of a shear and rotations

(see below). To the linear third order derivative of V ,

√
det(g)(R) = 1 + ∇ · E(R)

2 , (3.28a)

Λab(R) =
(

1 − ∇ · E(R)
4

)
δab + ∂aEb

2 . (3.28b)
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Eq. (  3.27 ) allows us to locally define a rotated and appropriately-rescaled pair of modified

kinetic momentum operators:

Π = Λ−1 (π − ∆) . (3.29)

These operators satisfy the same commutation relations as the original kinetic momenta.

The guiding center variables, R, also need modification to ensure that they commute with

the modified kinetic momenta:

Xa = Ra + (∂p∆a) πp − 1
2εarεps (∂rΛsq)πpπq, (3.30)

where ∆ and Λ are evaluated at R. To third order in derivatives of V , these modified guiding

center variables, X, commute with the modified kinetic momenta, Π, and satisfy the GIV

commutation relations, Eq. ( 3.1 ).

In terms of these modified GIVs, the effective quadratic Hamiltonian for calculating

properties of the (n+1)st eigenstate of Eq. ( 3.12 ) becomes that of a simple harmonic oscillator

with a position-dependent cyclotron frequency:

H(n) = ω(X)Π2

2 − V (X), (3.31)

where

ω(X) =
√

det(g(X)) = 1 + ∇ · E(X)
2 . (3.32)

To summarize, the (n + 1)st eigenstate of this Hamiltonian yields the correct linear and

quadratic kinetic momentum operator moments, up to linear order in the background po-

tential and the third order in derivatives of V (R) for a fixed value of R. The n-dependence of

this Hamiltonian is hidden in the definitions of the locally-varying parameters and definitions

of the altered GIVs. This approach automatically takes into account Landau level mixing
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by the electric field. For example, the local energy of a particle in the (n+ 1)st Landau level

is:

En(R) =
〈
H(n)

〉
n

= ω(R)
(
n+ 1

2

)
− V (R)

=
(

1 + ∇ · E(R)
2

)(
n+ 1

2

)
− V (R). (3.33)

The local Landau level spacing is thus modified by a non-uniform electric field. This ob-

servable effect takes into account Landau-level-mixing by the electric field and was predicted

earlier in [ 47 ], [ 48 ].

Before proceeding to calculate the response of other observables to the non-uniform

electric field, we use the effective Hamiltonian in Eq. ( 3.31 ) to derive a simple geometric

picture for the effect of the electric field on the cyclotron orbits. (See Figure  3.1 .) Clearly,

the form of Eq. ( 3.31 ) implies that the modified cyclotron orbits are circular in Π-space. The

Π coordinates were obtained from the original kinetic momenta via the linear transformation,

Eq. (  3.29 ), which is the combination of a shift by ∆ and a unimodular transformation, Λ−1.

The transformation Λ can be decomposed [ 49 ] as:

Λ = R(−θ) ·

 λ 0

0 λ−1

 ·R(θ), (3.34)

where θ is the angle by which the coordinate axes need to be rotated to ensure that ∂xEx −

∂yEy is maximized. λ = 1 + (∂xEx − ∂yEy)max /2, where the derivatives are evaluated in the

new orientation specified by θ. Thus, the cyclotron orbits in real space are sheared, with

the long axis aligned with the x-axis of the rotated coordinate frame in which ∂xEx − ∂yEy

is maximum. The ratio of the two axes of the elliptical orbit is given by λ2. There are

two additional modifications to the field-free cyclotron orbits. First, an orbit at the original

field-free location R is translated by an amount δ(R) = 〈r − R〉 = ẑ × ∆(R). Second,

these orbits are no longer stationary and acquire a drift velocity vd = 〈π〉 = ∆(R) which is

perpendicular to the shift, δ(R). Figure  3.1 summarizes these changes in the geometry of

cyclotron orbits, when placed in an external electric field.
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3.3 Local observables in a non-uniform electric field

Now we consider how different observable quantities change when a non-uniform field is

switched on. Using our geometric picture we can delineate these changes as arising due to

(i) displacement and drift i.e., (due to ∆) and (ii) shearing of the orbits (due to an effective

distorted real space metric, whose effect is encapsulated in the matrix Λ).

These calculations are succinct using the Wigner pseudoprobability formalism [  50 ]. The

central idea is to replace the quantum wavefunction, which is a function of one coordinate

from each independent canonically conjugate pair of variables, by the Wigner pseudoproba-

bility distribution, which is defined over the entire canonical phase space.

WΨ(R,p) =
∫∫ dR

2π
dπ

2πΨ∗(Rx +R/2, πy + π/2)×

Ψ(Rx −R/2, πy − π/2)ei(RyR+πxπ). (3.35)

This formalism provides a natural framework for calculations involving GIVs, since typical

observables expressed using GIVs do not favor any particular component in the canonical pair

of guiding center coordinates. Given an operator Ô(R,π), where the products of canonically

conjugate variables have been symmetrized, the expectation value of Ô in state Ψ is found

by simply integrating the product of the Wigner function and the classical function O(R,π)

over the Rx −Ry − πx − πy phase space.

Within the scheme of Landau-level projection, the Wigner function corresponding to the

product wavefunctions in ( 3.16 ) is also a product of Wigner functions in the guiding center

and kinetic momenta phase spaces:

Ψm,n(Rx, πy) = ψm(Rx)ηn(πy)

⇔ Wm,n(R,p) = Wm(R)wn(π).
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Using the effective Hamiltonian, Eq. (  3.31 ), we conclude that the energy eigenstates are

still of the form (  3.16 ), except that they are functions of the modified Π − X phase space

coordinate pairs (which were defined in Eqs. ( 3.29 ) and ( 3.30 )):

Wm,n(R,p) = Wm(X)wn(Π). (3.36)

Since the bulk guiding center wavefunctions, ψm, form a complete basis, we also have the

following completeness relation, correct to the third linear order in derivatives of V :

∑
m

Wm(R) = 1
2π =

∑
m

Wm(X). (3.37)

3.3.1 Local current density - analytical approach

Following Eq. (  3.13 ), we consider the local single particle charge current density at loca-

tion x,

ĵ(x) = −1
2 {π̂, δ (r̂ − x)} . (3.38)

Carets denote operators and we have used the fact that for quadratic dispersion the velocity

operator is simply the kinetic momentum.

Within a single filled Landau level with index n, the sum of the expectation values of

this operator in all single-particle states yields the total local current density, j(n)(x). In

component notation

j(n)
a (x) = −

∑
m

∫∫
d2Xd2Π Wm,n(X,Π)πaδ

2(r − x)

= −
∫∫ d2Xd2Π

2π wn(Π)πaδ
2(r − x). (3.39)
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The completeness relation, Eq. (  3.37 ), was used to eliminate the guiding center Wigner

function. In this expression, π and r are functions of X and Π, as defined in Eqs. (  3.29 )

and ( 3.30 ). Substituting these expressions,

j(n)
a (x) = −

∫∫ d2Xd2Π
2π wn(Π)(ΛΠ + ∆)a

× δ2 [r(Π,X) − x] , (3.40)

where

ra(Π,X) = Xa + εab∆b(X) + [εacΛcb(X) − ∂b∆a(X)] Πb

+ 1
2εarεps (∂rΛsq(X)) ΠpΠq. (3.41)

The delta function in Eq. ( 3.40 ) has a zero at X = X̃:

X̃a(x) = xa − εabΠb + . . . , (3.42)

where the ellipsis denote terms which are of the same order of smallness as the electric field.

Thus, for any function F ,

∫∫
d2Xδ2(r − x)F (X) = J−1(x)F (X̃(x)),

where J(x) is the Jacobian arising from the delta function integral:

J(x) =
∣∣∣∣∣det

(
∂ra

∂Xb

)∣∣∣∣∣
X=X̃(x)

= [εac∂a∆c(X) + εacΠp∂aΛcp(X)]X=X̃(x)

= 1 + εac∂a∆c(x) −
(
∂2

aa∆p(x) − εac∂aΛcp(x)
)

Πp+(
εabεcpεdq

2 ∂3
acd∆b − εacεbq∂

2
abΛcp

)
ΠpΠq. (3.43)
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The above expression is correct to third order in derivatives of E. Next,

j(n)
a (x)

= −
∫∫ d2Π

2π wn(Π)(Λ(X̃(x))Π + ∆(X̃(x)))aJ
−1(x)

= −∆a(x)
2π −

(
−εde∂dΛac + 1

2εbcεde∂
2
bd∆a

) 〈ΠcΠe〉n

2π

+
(
εdc∂dΛcb − ∂2

dd∆b

) 〈ΠaΠb〉n

2π

= −∆a(x)
2π − χn

2π

(3
2∂

2
dd∆a − 2εdc∂dΛac

)
. (3.44)

The current density can be separated into two contributions. First, a contribution arising

from the drift-displacement vector, ∆:

[
j

(n)
∆ (x)

]
a

= −∆a(x)
2π − 3

2∂
2
dd∆a

χn

2π
= −εab

2π [E + 2χn∇ (∇ · E)]b . (3.45)

Second, another contribution involving the shear matrix, Λ:

[
j

(n)
Λ (x)

]
a

= 2εdc∂dΛac(x)χn

2π = εab

2π
χn

2 [∇ (∇ · E)]b . (3.46)

Adding these, we obtain the total current density contributed by a filled Landau level with

index n:

j(n)
a (x) =

[
j

(n)
∆ (x)

]
a

+
[
j

(n)
Λ (x)

]
a

= −εab

2π

[
E + 3χn

2 ∇ (∇ · E)
]

b
. (3.47)

The preceding expression for linear response is correct up to the third order in derivatives

of the electrostatic potential and agrees with previous derivations [ 43 ], [ 51 ].

It is known from field theoretical approaches [  41 ], [  43 ] that the coefficient of the second

term in Eq. ( 3.47 ) arises from a combination of Hall viscosity and a term that originates from

the swirling motion of cyclotron orbits [ 43 ]. Since the motion of cyclotron orbits is given by
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the drift velocity, vd = ∆, which involves only ∆. We formulate the following conjecture:

the Hall viscosity contribution (which is related to the gravitational coupling constant of

quantum Hall states [ 38 ], [  41 ], [  43 ]) is given by j
(n)
Λ (x), the current density arising from the

shearing of cyclotron orbits. The magnitude of j
(n)
Λ (x) matches that obtained from the Hall

viscosity contribution, thus yielding the correct values for the Hall viscosity and gravitational

response coefficients.

3.3.2 Local charge density - analytical approach

Following Eq. ( 3.13 ), the single particle charge density operator at location x is

ρ̂(x) = −δ (r̂ − x) . (3.48)

Within a single filled Landau level with index n, the sum of the expectation values of this

operator in all single-particle states yields the total local charge density, ρ(n)(x). Using

techniques introduced previously for calculating the current density operator, we find:

ρ(n)(x) = −
∑
m

∫∫
d2Xd2Π Wm,n(X,Π)δ2(r − x)

= −
∫∫ d2Xd2Π

2π wn(Π)δ2(r − x)

= −
∫∫ d2Π

2π wn(Π)J−1(x)

= − 1
2π

[
1 − εac∂a∆c(x)−

χn

(
∇2 (εab∂a∆b)

2 − εacεbp∂
2
abΛcp

)]
. (3.49)
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The expression above is correct to third order in derivatives of the electric field. Using

ρ0 = −(2π)−1 to denote charge density in the absence of electric field, the contributions

from ∆ and Λ can be separated as follows:

[
ρ(n)(x) − ρ0

ρ0

]
∆

= −εac∂a∆c(x) − χn

2 ∇2 (εab∂a∆b)

= ∇ · E(x) + χn∇2 (∇ · E) + . . . (3.50a)[
ρ(n)(x) − ρ0

ρ0

]
Λ

= χnεacεbp∂
2
abΛcp

= −χn

4 ∇2 (∇ · E) + . . . (3.50b)

Adding these contributions, the local fractional change in charge density becomes:

ρ(n)(x) − ρ0

ρ0
= ∇ · E(x) + 3χn

4 ∇2 (∇ · E) + . . . . (3.51)

Our result is consistent with previous calculations on the linear response of quantum Hall

states [ 51 ], [ 52 ].

The contribution (Eq. (  3.50a )) from the orbital shift field, ∆, can be interpreted simply in

terms of the geometric picture sketched in Figure  3.1 . The non-uniform electric field causes

the orbit at location X to shift by an amount δ(X) = ẑ × ∆(X). Ignoring the effects of

orbit shear, this induces a coarse-grained charge polarization field P (X) = ρ0δ(X). This

polarization field induces an excess charge ρ(x)−ρ0 = −
〈
∇ · P (X̃(x))

〉
, a standard result in

the study of electrostatics in continuous media; the angular brackets denote an average over

orbits which contribute to the charge at x while X̃(x) was defined in Eq. ( 3.42 ). Expressing

P in terms of ∆ and using Eq. ( 3.42 ), we arrive at the ∆-contributions in Eqs. ( 3.50a ) and

( 3.51 ).

We can obtain the contribution (Eq. (  3.50b )) from the shearing field, Λ, by exploiting

an apparently unrelated property of quantum Hall states. It is known that spatial curva-
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ture induces excess charge in quantum Hall states [  38 ], a phenomenon we term topological

gravitational response. For the fully filled Landau level with index n, this becomes:

δρG(x) = − κ

2πKG(x) ≡ ρ0χnKG(x), (3.52)

where KG(x) is the local Gaussian curvature and δρG denotes the change in charge density

arising due to topological gravitational response. χn is the value of the gravitational coupling

constant, κ, associated with a fully-filled Landau level with index n. κ is believed to be a

topologically-protected quantity which can only take up rational fraction values.

While there is no literal real-space curvature in the scenario we are considering, we have

already noted that the non-uniform electric field can induce a fictitious Gaussian curvature,

given by Eq. ( 3.26 ). Therefor, we conjecture that the introduction of this curvature has the

same effect as that of a spatial curvature with the same magnitude. Then it follows that the

physics of topological gravitational response contributes the following amount to the induced

charge:

δρG(x) = −ρ0
χn

4 ∇2 (∇ · E) . (3.53)

This is exactly the value obtained from the shear contribution, Eq. ( 3.50b ). We have thus

shown that topological gravitational response apparently contributes to the local charge

density response of quantum Hall states in non-uniform electric fields.

We conclude this section with the following conjecture, in analogy with the connection

between the current density response and the gravitational coupling constant [  41 ], [  43 ]. We

expect that the charge density response to a non-uniform electric field should have the form:

ρ(x) − ρ0 = −∇ · P (x) + κ

2π
∇2 (∇ · E)

4 + . . . , (3.54)

where ρ0 is the charge density in the absence of any electric field, κ is the gravitational

coupling constant and P (x) is the averaged polarization field caused by shifts in the guiding

centers.
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Figure 3.3. The variation of cyclotron orbit energy with orbit location, x.
The Landau levels are modeled by the lowest bands in a Hofstadter model
on a square lattice. The nonuniform electric field is generated by a sinusoidal
background potential, which is small compared to the inter-Landau-level en-
ergy gap, so that the system in the linear response regime. The brown circles
correspond to the cyclotron energies obtained via numerical diagonalization.
The dashed green curve is the sum of the Landau level energy and the local
potential energy, which is the correct energy when the electric field is uni-
form. The thick blue curve corresponds to Eqs. (  3.33 ) and (  3.55 ), correct up
to the second order in the derivatives of the electric field. For these plots,
V0/εc = 0.05, k` = 0.65.

3.3.3 Numerical checks of analytical calculations

Now we provide numerical checks for our analytical results on how local observables

change as a function of a spatially-varying electric field. To this end we construct a Hofstadter

model on a square lattice with nearest-neighbor hopping and periodic boundary conditions

in the x-direction. To this we add a sinusoidally-varying on-site electrostatic potential,

V (x) = V0 sin kx. We use the Landau gauge, A = Bxŷ, yielding eigenstates which are

extended in the y-direction but localized in the x-direction. In this system, it is natural to

set the hopping amplitude, the lattice spacing, Planck’s constant, h, and the magnitude of

electronic charge, e, to unity. In these units, we choose the magnetic field to be B = 1/q,

where q � 1. With this choice, the lowest few Landau levels have the same characteristics as

obtained for a continuum model with quadratically-dispersing particles. Diagonalizing the
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Figure 3.4. The spatial variation of local current density in a nonuniform
(sinusoidal) electric field. The Landau levels are modeled by the lowest bands
in a Hofstadter model on a square lattice. The nonuniform electric field is
generated by a sinusoidal background potential, which is small compared to the
inter-Landau-level energy gap so that the system in the linear response regime.
The brown circles correspond to the local current density values obtained via
numerical diagonalization. The dashed green curve is the quantized local Hall
response, which is correct when the electric field is uniform. The thick blue
curve corresponds to Eqs. ( 3.47 ) and ( 3.56 ), correct up to the second order in
the derivatives of the electric field. For these plots, V0/εc = 0.05, k` = 0.32.

Hamiltonian, we obtain the spatial variation of cyclotron orbit energies, the local charge-

current density and the charge density.

Below, we use slightly modified units better-suited for the Hofstadter model: the units

of length and energy are respectively set to the lattice spacing and the nearest-neighbor

hopping amplitude. In these units the magnetic length is ` =
√
q/2π and the inter-Landau

level (cyclotron) gap, in the continuum limit, is εc = 4π/q. For k` � 1 (slowly varying

potential) and V0 � εc (weak potential) our results can be written as follows.

The cyclotron orbit energies (from Eq. (  3.33 )) become the local energy of each quantum

state:

En(x) =
(
n+ 1

2

)
−
(

1 − (k`)2

2

(
n+ 1

2

)
+ . . .

)
V0 sin kx. (3.55)
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Figure 3.5. The spatial variation of local fractional charge density modula-
tion in a nonuniform (sinusoidal) electric field. The Landau levels are modeled
by the lowest bands in a Hofstadter model on a square lattice. The nonuni-
form electric field is generated by a sinusoidal background potential, which is
small compared to the inter-Landau-level energy gap so that the system is in
the linear response regime. The brown circles correspond to the local charge
density values obtained via numerical diagonalization. The dashed green curve
is the response obtained correct to the second derivative in the electric field,
Eq. (  3.50 ), corresponding to the nonuniform polarization induced by cyclotron
orbit shifts. The thick blue curve corresponds to Eqs. (  3.51 ) and ( 3.57 ), cor-
rect to the third order in the derivatives of the electric field. For these plots,
V0/εc = 0.05, k` = 0.49.

In this expression, x denotes the average x-position of the quantum state and n denotes the

index of the Landau level to which the orbit belongs. In Figure  3.3 , we have shown the

numerical verification for this relation for the lowest three Landau levels.

In the presence of a potential that varies only in the x-direction, only the y-component

of the local current density is nonzero. Its value for a filled Landau level with index n is

(using Eq. ( 3.47 )):

j(n)
y (x) = kV0 cos kx

(
1 − 3(k`)2

2

(
n+ 1

2

)
+ . . .

)
.
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A convenient observable is the total current denisty when the first N Landau levels are

completely filled. It is obtained by summing the preceding expression over n = 0, 1, . . . , N−1:

J (N)
y (x) = NkV0 cos kx

(
1 − 3N

4 (k`)2 + . . .
)
. (3.56)

We have used ∑N−1
n=0 χn = N2/2. The expression outside the brackets is the expected current

profile for uniform Hall conductance. In Figure  3.4 we have shown the numerical verification

of this result for the lowest three Landau levels.

Finally, our prediction (Eq. (  3.51 )) for the change in local charge density, δρ(n)(x) =

ρ(n)(x) − ρ0, becomes:

δρ(n)(x)
ρ0

= (k`)2
(

1 − 3(k`)2

4

(
n+ 1

2

)
+ . . .

)
V0 sin kx

εc

.

We have used the field-free cyclotron gap, εc = 4π/q, to scale quantities with dimensions

of energy. The second term in the bracket corresponds to the fourth-order derivative of the

potential. Previously, we provided a conjecture for the value of its coefficient by connecting

it to the topological gravitational response of quantum Hall states: as expected, it is found to

be half the gravitational coupling constant. Again, a convenient observable is the fractional

change in the total charge density, ρ(N)
tot (x), when the first N Landau levels are full:

δρ
(N)
tot (x)
ρtot,N

0
= (k`)2

(
1 − 3N

8 (k`)2 + . . .
)
V0 sin kx

εc

. (3.57)

In Figure  3.5 , we have shown the numerical verification of this relation for the lowest three

Landau levels.

3.4 Summary

In this chapter we have included a background electrostatic potential, which gives rise to

a non-uniform electric field, and ignored interactions. Using the GIV representation we have

derived a geometric picture of the response of cyclotron orbits to a non-uniform electric field,

as summarized in Fig.  3.1 . To recapitulate, the orbits get sheared, are shifted from their
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original position, and drift in a direction perpendicular to the shift. These modifications are

characterized by an effective shearing metric, g, and a vector field, ∆, which controls both

orbit drift and location shift; g and ∆ are defined in Eqs. ( 3.25a ) and ( 3.25b ), respectively.

We have combined this geometric picture and the Wigner quasiprobability formalism to

calculate the linear local responses to the nonuniform electric field, as gradient expansions

to the second order in derivatives of the electric field. Specifically, we calculated the local

cyclotron orbit energy (Eq. ( 3.33 )), the local current density (Eq. ( 3.47 )), and the local

charge density (Eq. ( 3.51 )).

These calculations provide mechanistic insights as to why the gravitational coupling

constant (defined as κ in Eq. ( 3.52 )) appears in the current response to a nonuniform electric

field [  41 ], [ 43 ]. Motivated by our calculation of the local current density response, we were

led to the conjecture that the current contribution from the shearing of the cyclotron orbit is

the same as the previously-obtained current contribution involving the gravitational coupling

constant [  43 ]. Following this, we pursued a stronger conjecture – that the metric induced by

non-uniform electric fields acts upon the quantum Hall state in the same way as a bona fide

real-space metric with a Gaussian curvature given by Eq. (  3.26 ) – in the context of charge

density response to a non-uniform electric field. We found that the gravitational coupling

constant appears in the local charge density response and enters the electric field gradient

expansion for charge response at the third order, Eq. ( 3.54 ).
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