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ABSTRACT

This article is devoted to extend the recently developed rough path theory for Volterra
equations from [1] to the case of more rough noise and/or more singular Volterra kernels.
It was already observed in [1] that the Volterra rough path introduced there did not satisfy
any geometric relation, similar to that observed in classical rough path theory. Thus, an
extension of the theory to more irregular driving signals requires a deeper understanding of
the specific algebraic structure arising in the Volterra rough path. Inspired by the elements of
"non-geometric rough paths” developed in [2] and [3] tree rooted index is a simple description
of the Volterra rough path and the controlled Volterra process, and with this description the
existence and uniqueness of the solution to rough volterra equations driven by more irregular

signals are held.



1. INTRODUCTION

1.1 Introduction to rough paths

Rough paths analysis is a theory introduced by Terry Lyons in the pioneering paper [4]
which aims to solve differential equations driven by functions with finite p—variation with
p > 1, or by a—Holder continuous functions of order o € (0,1). Considering a (rough)

differential equations of the form
dY, = f(V)dX,,  Yo=CEW. (L.1)

Here, X : [0,T] — V is the driving or input signal, while Y : [0, 7] — W is the output signal.
As usual V and W are Banach spaces, and f: W — L(V,W). When dimV = d < oo, one
may think of f as a collection of vector fields (fi,--- , f4) on W. It is okay to think V' = R4
and W = R" but there is really no difference in the argument. Such equations are familiar
from the theory of ODESs, and more specifically, control theory, where X is typically assumed
to be absolutely continuous so that dX; = X,dt. The case of SDEs, stochastic differential
equations, with d.X interpreted as It0 or Stratonovich differential of Brownian motion, is also
well know. Both cases will be seen as special examples of RDEs, rough differential equations.
For convenience, one may discuss (1.1) on the unit time interval. Indeed, equation (1.1) is
invariant under time-reparametrization so that any (finite) time horizon may be rescaled to
[0,1]. Alternatively, global solutions on a larger time horizon are constructed successively,
i.e. by concatenating Y| (started at Y) with Y o (started at Y;) and so on. As a
matter of fact, one shall construct solutions by a variation of the classical Picard iteration
on intervals [0, 7], where T € (0, 1] will be chosen sufficiently small to guarantee invariance

of suitable balls and the contraction property.

In order to solve equation (1.1), the first thing is to make sense of the expression

/0 " (V)dX,, (1.2)



where Y is itself the as yet unknown solution. Actually, since the function Y solves (1.1), one
would expect the small-scale fluctuations of Y to look exactly like the small-scale fluctuation
of X in the sense. The simplest way for Y to look like X is when Y = G(X) for some
sufficiently regular function G. Despite what one might guess, it turns out that this particular
class of functions Y is already sufficiently rich so that knowing how to define integrals of
the form [j G(X,)dX, for (non-gradient) functions G allows to give a meaning to equations
of the type (1.1), which is the approach originally developed on [4]. The value of such an
integral does not depend on the parametrisation of X, which dovetails nicely with the fact

that the a-Holder of a function is also independent of its parametrisation.

To give a meaning of (1.2), it is necessary to define the space of rough path, more precisely

the space of Holder continuous rough path.

1.1.1 Rough path

A rough path on an interval [0,7] with values in a Banach space V' then consists of

a continuous function X : [0,7] — V, as well as a continuous second order process X :

[0, T]? - V ®V, subject to certain algebraic and analytic conditions. For any (s, u,t) € As,
X satisfy

Xis — Xys — Xy = Xy ® Xy, chen’s relation. (1.3)

And X is self similar, that is
X sy ~ A2 XK. (1.4)

The following definition is about a a-Holder continuous function.

Definition 1.1.1. For a € (0,1), define the space of a— Hdélder rough paths (over V'), in
symbols C*([0,T], V) such that

Xis
| X||la ;= sup X < 00. (1.5)
s#t€[0,T |t - 3|a
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With Definition 1.1.1 in mind, it is ready to discuss rough path lift of a a—Holder
continuous function. For a a—Hélder continuous function X : [0, 7] — V, define the iterated

integral as

t
Xss ::/ X, ® dX,. (1.6)

Regarding the definition (1.6), the behaviour of iterated integrals X : [0,7]? — V @ V
suggests to impose the algebraic relation (1.3) and the analytic relation (1.4). Note that
t — (X4, X0) determines the entire second order process X. In this sense, the pair (X, X)
is indeed a path, and not some two-parameter object, although it is often more convenient
to consider it as one. This discussion motivates the following definition of our basic spaces

of rough paths

Definition 1.1.2. For o € (0,1), define the space of a-Hélder rough path (over V), in
symbols C*([0,T),V), as those pairs (X,X) =: X such that

Xis X;s
IXa = sup 2l oo X = sup |it|2
s#telo,r) [t — s stefor] [t — s[>

< 00, (1.7)

and such that the algebraic constraint (1.3) is satisfied.

Notice that for an arbitrary path X € C'* with values in some Banach space V' it is far
from obvious that this path can indeed be lifted to a rough path (X,X) € C* Anyway,
assuming that we are provided with the data X = (X,X), then we know how to give
meaning to the integral of components of X against other components of X ([ X,dX,): this
is precisely what X encodes. Thanks to the Definition 1.1.1 of a-Ho6lder continuous, the

integral [ Y;dX, may be defined as a Riemann-Stieljes sums.

1.1.2 Young integral and Sewing lemma

Considering the Young integral [!Y,dX, (as in [5]). Define the integral [’Y,dX, as a

limit of Riemann-Stieltjes sums, that is

1
YidX; = lim Y Xis, 1.8
| viax, m, > VX (18)

11



where P denotes a partition of [0, 1] (interpreted as a finite collection of essentially disjoint
intervals such that UP = [0,1]) and |P| denotes the length of the largest element of P. The
sum (1.8) converges if X € C* and Y € CF, provided a + 3 > 1. And as a consequence of

Young’s inequality in [5], one has bound

t
[ YedX, = ViXe| < CIY [l X lalt = s, (1.9)

According to the definition (1.6) of the iterated integral. The definition of Yong integral (1.8)
can be extended to define 1—form integral fol Y;dX;. The main insight of the theory of rough
paths is that this seemingly unsurmountable barrier of a + 5 > 1 (which reduces to o > %
in the case a = (3) can be broken by adding additional structure to the problem. Indeed,
for a rough path X, we postulate the values X, of the integral of X against itself as given
n (1.6). It is then intuitively clear that one should be able to define [YdX in a consistent
way, consider Y; = F'(X}) for some sufficiently smooth F': V — L(V,W). Similarly to (1.8),
one have

1
/ F(X)dX, = lim Y F(X,)Xy + DF(X,)Xq, (1.10)
0 P20 qep

In the following, it is necessary to discuss when does the limit on the right hand side of (1.10)
exist. Following [6], Introducing the space C5”7([0,T], W) of functions = from the simplex
0<s<t<Tinto W such that =; = 0 and such that

1Zllas = 1=lla +10=]l5 < oo (1.11)

where ||Z]|, = sup,, ﬁl_% as usual, and also

- - — - 0=
(5:1&11,5 = s T Sus T St ||6\—||ﬂ = Sup ||t _tus||5 (].].2)

s<

Provided that § > 1, it turns out that such functions are almost of the form =;; = F;, — F,
for some a-Hélder continuous functions F' (they would be if and only if 6= = 0). Indeed, it
is possible to construct in a canonical way a function = with 6= = 0 and such that éts SR

for |t — s| < 1. It is now the time to introduce Sewing lemma.
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Lemma 1.1.3. (Sewing lemma) Let o and 5 be such that 0 < a < 1 < 5. Then there
exists a (unique) continuous map T : C5°°([0,T), W) — C*([0,T],W) such that (ZZ); = 0
and

(Z2) — Zu| < C |t —s]”, (1.13)

where C' only depends on 5 and ||0Z||s. (The a-Hélder norm of T= also depends on ||Z||,

and hence on ||=]|a.5-)

Applying the Sewing lemma 1.1.3 to the construction of (1.10), one can get

Theorem 1.1.4. (Lyons). Let X = (X, X) € C*([0,T],V) for some T > 0 and a > %, and
let F:V — L(V,W) be a C% function. Then, the rough integral defined in (1.10) exists and

one has the bound

t
/ F(X,)dX, — F(X,) X, — DF(X,)X,
0

S PNz (1502 + X allXllza) [t = sI*, (1.14)

where the proportionality constant depends only on «. Furthermore, the indefinite rough

integral is a-Holder continuous on [0, T| and we have the following quantitative estimate,

<CJFlg [(nxna +VIKla) v (1 + \/nxnm)”a] NRE)

where the constant C' only depends on T and o and can be chosen uniformly in T < 1.

H/O F(X)dX

Another important notion that is useful in our Paper [7] is controlled path Y, relative
to some reference path X. For the sake of the following definition, assuming that Y takes
values in some Banach space, say W. When it comes to the definition of a rough integral we

typically take W = L(V, W); although other choices can be useful.

Definition 1.1.5. Given a path X € C*([0,T],V), we say that Y € C*([0,T],W) is con-
trolled by X if there exists Y' € C*([0,T], L(V,W)) so that the remainder term RY given

implicitly through the relation
Vs = Y!Xys + R}, (1.16)
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satisfies | RY ||aa < 0o. This defines the space of controlled rough paths,
(Y,Y") € DX([0, 7], W).

Although Y’ is not, in general, uniquely determined from'Y (Gubinelli derivative of Y ).

With these notions at hand, it is now straight-forward to prove the following result, which

is a slight reformulation of [6, Propl]:

Theorem 1.1.6. (Gubinelli). Let T >0, let X = (X,X) € £L([0,T],V) for some o > g,
and let (Y,Y") € D¥([0,T],L(V,W)). Then there exists a constant C depending only on T
and o (and C' can be chosen uniformly over T' € (0,1]) such that

a) The integral defined in (1.10) exists and, for every pair s,t, one has the bound

t
/ Y, dX, — Y Xys — Ys,th <C (HXHa“RYH?a + HXH?aHY,”a) |t - S|3a' (1-17)

b)The map from D3([0, T], L(V,W)) to D3([0,T], W) given by
(V.Y e ([ VX, Y), (1.18)
0
18 a continuous linear linear map between Banach spaces and one has the bound

[ /0 YidXe, Yllx 20 < 1V lla + 1Yz X ]l2a + C (IXNlall R [l2a + [X]|20llY"]la) - (1.19)

And for the integral of composition with regular functions. Let W and W be two Banach
spaces and let ¢ : W — W be a function in C?. Let furthermore (Y,Y") € D¥([0,T], W)
for some X € C®. Then one can define a (candidate) controlled rough path (¢(Y), (Y)") €
DR ([0, 7], W) by

p(Y)e=9M), oY), =De(Y,)Y,. (1.20)

It is straightforward to check that the corresponding remainder term does indeed satisfy the

required bound. It is also straightforward to check that, as a consequence of the chain

14



rule, this definition is consistent in the sense that (¢ o ¥)(Y,Y') = p(¢(Y,Y’)). And
1o(Y), o(Y)'||x 24 satisfies

Lemma 1.1.7. Let ¢ € CZ, (Y,Y') € D3([0,T]),W) for some X € C* with |Y{| +

1Y,V | x20 < M € [0,00). Let (p(Y),o(Y)) € D3([0,T], W) be given by (1.20). Then,

there exists a constant C depending only on T > 0 and o > % such that one has the bound

le(Y), oY) llx20 < CarM el (1+1X1la)* (Y] + 1Y, Y|l x.20) -

At last, C' can be chosen uniformly over T' € (0, 1].

1.1.3 Solutions to rough differential equations

The aim of this section is to show that if f is regular enough and (X, X) € €” with 5 > 3.

Consider a differential equations driven by the rough path X = (X, X) of the type
dY = f(Y)dX.

Such an equation will yield solutions in D% and will be interpreted in the corresponding
integral formulation, where the integral of f(Y') against X is defined using (1.10). More
precisely, one has the following local existence and uniqueness result, which is from [8, Prop

8.3]

Theorem 1.1.8. Given ¢ € W, f € C3(W,L(V,W)) and X = (X,X) € C*(R,,V) with

B € (3,3), there exists a unique element (Y,Y") € DY ([0,1], W) such that

Y, =(+ /Ot FV)dX,,  t<r, (1.21)

for some T > 0. Here, the integral is interpreted in the sense of Theorem 1.1.6 and f(Y) €
D?f is built from Y by Lemma 1.1.7. Furthermore, one has Y' = f(Y) and, if f € C3,

solutions are global in time.

15



1.2 Introduction to Malliavin Calculus

Malliavin calculus is one of the main tools of modern stochastic analysis. In a nutshell,
this is theory providing a way of differentiating random variables defined on a Gaussian
probability space (typically Wiener space) with respect to the underlying noise. This allows
to develop an analysis on Wiener space, and infinite-dimensional generalisation of the usual
analytical concepts we are familiar with on R™. In this introduction, we will recall some

basic notions in Malliavin Calculus (mostly taken from [9]).

1.2.1 The Wiener Chaos Decomposition

The general setting for Malliavin calculus is a Gaussian probability space, i.e. a proba-
bility space (2, F,P) along with a closed subspace H of L*(Q2, F,P) consisting of centered
Gaussian random variables. It is often convenient to assume that H is isometric to an-
other Hilbert space H, typically an L?space over a parameter set 7. Recalling that a
real-valued random variable X, defined on a probability space (2, F,P) is called Gaussian
if its characteristic function px = e3t” for some g > 0. And a family (Xj)ics of real-valued
random variables is called Gaussian family or jointly Gaussian, if for any n € N and any
choice iy, - - , i, of distinct indices in I, the vector (Xj,,--,Xj,) is a Gaussian vector. The

definition of isonormal Gaussian processes is as follows.

Definition 1.2.1. We say that a stochastic process W = {W(h),h € H} defined in a
complete probability space (S, F, P) is an isonormal Gaussian process (or a Gaussian process
on H) if W is a centered Gaussian family of random variables such that E[W (h)W (g)] =
(h,g)y forall h,g € H.

Remark 1.2.2. For any real, separable Hilbert space H we have that:
(1) there exists an H-isonormal Gaussian process W.
(2) The map h — W (h) is an isometry, in particular, it is linear.

(3) W is a Gaussian family.

16



The range of the isonormal process W is the subspace H that was mentioned above. In

order to get Wiener chaos decomposition, it is worthy studing the structure of the range of

w.

For n € Ny, the ny, Hermite polynomial H,, is defined by Hy = 1 and

(%), (2.1)

for n > 1. It is easy to check that the Hermite polynomials have following basic properties:
(1) H(x) = Hya(2); (2) (n+ 1) Hpa(z) = aHy(2) — Hooa(2); (3) Hu(—2) = (=1)"Hy(2).

Inserting Gaussian random variables into Hermite polynomial, we get the following Lemma.

Lemma 1.2.3. Let X, Y be standard Gaussian random variables which are disjointly Gaus-

sian. Then for n,m > 0, we have

0, if n#m
%(E(XY))", if n=m

With Lemma 1.2.3 at hand, Wiener chaos is defined by

Definition 1.2.4. For each n > 0, we write H, to denote the closed linear subspace of
L*(Q, F,P) generated by the random wvariables of the type H,(W(h)),h € H, ||h| = 1.
These space H,, is called the nth Wiener chaos of W.

Note that Hy = 1, the 0-th Wiener chaos Hj is the set of all constant functions, whereas
Hy={W(h) : h € H}, since Hi(z) = x and W is linear. The next result shows that &5° H,,

coincides with L?(€), F,P): this result is known as the Wiener-It6 chaotic decomposition of

L3, P).

Theorem 1.2.5. The space L*(2, G, P) can be decomposed into the infinite orthogonal sum
of the subspaces H.,,:
L*(Q,G, P) = &% H,.

17



1.2.2 The derivative operator

Let S denote the set of all random variables of the form

where n > 1, f : R® — R is a C*°-function such that f and its partial derivative have at
most polynomial growth, and h; € H,i=1,...,n. A random variable belonging to S is said

to be smooth. The definition of Malliavin derivative is given by

Definition 1.2.6. The derivative of a smooth random variable F of the form (2.2), is the

H-valued random variable given by
i=1

Thanks to the Definition 1.2.6, Malliavin derivative D satisfies the following properties.

Remark 1.2.7. 1. For h € H and for F as in (2.2), observe that, almost surely,

(DF. by = Tim S [ (W (hy) + €(hr, By b+ W (hn) + €l B)gr) — F.

e—0 €

This shows that DF' may be seen as a directional derivative.

2. The operator D is closable from L (Q2) to L¥(Q; H).

Also, for a smooth random variable F, the iteration of the operator D, say D*F, is a
random variable with value in H®*. Then for a fix p > 1 and k& > 0, let D*? denote the

closure of S with respect to the norm || - ||,

SAL

1F ey = | EAFP) + > E(ID'Fllfe)| - (2.4)

=1

Note that this family of spaces verifies properties: (i) D**1? C D*? if k > 0 and p > ¢. (ii)
DO = LP(Q).

18



1.2.3 The divergence operator

This section is devoted to recall the divergence operator, defined as the adjoint of the
derivative operator. Thanks to the property of the derivative operator D in Remark 1.2.7,

divergence operator is defined by

Definition 1.2.8. We denote by § the adjoint of the operator D. That is, ¢ is an unbounded
operator on L*(Q2; H) with values in L*(Q) such that:

(i) The domain of §, denoted by Dom, is the set of H-valued square integrable random
variables u € L*(Q; H) such that

|[E(DF,u)n)| < c[[Fll2. (2.5)

for all F € DY2, where ¢ is some constant depending on u.

(ii) If u belongs to Dom d, then 6(u) is the element of L*(S) characterized by
E(Fi(u)) = E(DF, w)n), (2.6)

for any F € D2,

The operator 0 is called the divergence operator and is closed as the adjoint of an un-

bounded and densely defined operator. Divergence operator enjoys following property.

Proposition 1.2.9. The space DY2(H) is included in the domain of 6. If u,v € DY?(H),
then
E(5(u)d(v))) = E({(u,v)g) + E(Tr(Du o Dv)) (2.7)

As a consequence of relation (2.7), we obtain the estimate
E@©6(u)*) < E(llullz) + E(I1Dullien) = llullt o (2.8)

This implies that the space D'?(H) is included in the domain of §. In fact, if u € D"?(H),

there exists a sequence u" € S, converges to u in L*(Q) and Du™ converges to Du in

19



L*(; H ® H). Therefore, §(u™) converges in L?(Q) and its limit is §(u). Moreover, (2.7)
holds for any u,v € DY?(H). With Section 1.2.3 at hand, it is now the time to review the

definition of Skorohod and Stratonovich integral, and its relation.

1.2.4 The Skorohod integral and Stratonovich integral

Consider the separable Hilbert space H = L*(T, B, u), where yu is a o-finite atomless
measure on a measurable space (T,8). In this case the elements of Domd C L*(T x Q)
are square integrable processes, and the divergence §(u) is called the Skorohod stochastic

integral of the process u. Say:

d(u) :/Tut dWy. (2.9)

The space DV2(L?(T)), denoted by Y2, coincides with the class of processes u € L*(T x
Q) such that u(t) € DY? for almost all ¢, and there exists a measurable version of the
two-parameter process Dyu; verifying E| [ [7(Dsus)p(ds)u(dt)] < oo. If w and v are two

processes in the space L2, then Equation (2.7) can be written as
E(6(u)d(v)) = E(upv)p(dy) + E(Dsuy Dyvg) p(ds)pu(dt). (2.10)

Owing to Definition 1.2.3 of divergence operator in hand, one may find that Skorohod integral

is an extension of the It stochastic integral.

Proposition 1.2.10. Let W = {W;,t € [0,1]} be a one dimensional Brownian motion and
consider an adapted process u such that [} uZdt < oo a. s. Then 6(u) coincides with the Ito

stochastic integral fol ug dWy.

Next, to introduce the definition of Stratonovich integral. Let ® be an arbitrary partition
of the interval [0, 1] of the form m = {0 =ty < t; < --- < t, = 1} and a family of random
variables S™ by

57 = /01 wWrdt, (2.11)
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where
LW(t) — Wt
WrE=%" (tiv1) ( )ﬂ(tim(t). (2.12)
i=0 ti—f—l - ti

Definition 1.2.11. We say that a measurable process w = {u;,0 < t < 1} such that
fol lugldt < oo a.s. is Stratonovich integral if the family S™ converges in probability as

x| — 0, and in this case the limit will be denoted by [y u, o dW,.

In addition, assume that v € DV?(H) and the derivative D,u; exists and satisfies almost

surely

T T
/0 /o | Dguy||t — s|*2ds dt < oo, and E [||Du||%_1®l:| < o0.

Then the Stratonovich integral fOT uy o dW; exists, and Skorohod and Stratonovich stochastic

integrals have following relation:
T T T [T
/ uy o dW, :/ Uy dI/Vt+aH/ / Dy |t — s[*2ds dt. (2.13)
0 0 o Jo

Furthermore, recalling that Meyer’s inequality for the Skorohod integral: given p > 1 and an

integer k£ > 1, there is a constant ¢y, such that the k-th iterated Skorohod integral satisfies
(5% ()|, < Chp ||| Drp (308 for all u € DFP(H®F). (2.14)

1.2.5 Multiple Wiener-It6 integrals

Thanks to Section 1.2.1 and 1.2.3, the elements of the nth Wiener chaos H, can be

expressed as multiple stochastic integrals with respect to W.

Definition 1.2.12. Let m > 1 and f € H®™. The mth multiple integral of f is defined by
I (f) = 0" (f)-

It is easy to check that mth multiple integral I, satisfies the following properties:
(i) I, is linear,

(ii) Io(f) = In(f), where f denotes the symmetrization of f.
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(iii)
0, if m#q
m!<f7§>L2(Tm)7 if m=gq
Recalling the definition of the Hermite polynomials {H,, : m > 0} given in (2.1) and the
definition of ¢ in (2.9), one may get

Theorem 1.2.13. Let f be such that ||f||lg = 1. Then for any integer m > 1, we have

H,,(W(f)) = Ln(f*").

As a consequence, the liner operator I, provides an isometry from HP onto the mth Wiener

chaos H,, of W.

The next statement provides a useful reformulation of the Wiener-It6 decomposition:

Theorem 1.2.14. Every F € L*(Q, F, P) (recall that F denotes the o-field generated by
W) can be expanded as:

o0

F =" IL.(fm)

m=0
Here fo = E(F), and Iy is the identity mapping on the constants. Furthermore, we can
assume that the functions f, € L*(T™) are symmetric and, in this case, uniquely determined

by F'.

This section is closed by a fundamental hypercontractivity property for multiple integrals,

which shows that inside a fixed chaos, all the L™(2)-norm are equivalent.

Theorem 1.2.15. For every ¢ > 0 and every p > 1, there exists a constant 0 < k(q,p) < oo
such that

B[V < k(q,p)E[Y?]'?,
for every random variable Y with the form of a pth multiple integral.
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1.3 Summary of Volterra equations driven by rough signals

This section is a summary of the paper [1], which is devoted to give a meaning of the
theory of rough paths in a Volterra setting with singular kernels. The main idea in order to
achieve this goal is to extend the concept of a path t — z; to a two variable object (¢,7) +— 2]
for (t,7) € Ay, where A, is a simplex of two variables. This extension of the notion of path

is motivated from the generic form of a Volterra integral

t
th:/O k(r,r)dz,, (3.1)

for some (possibly singular) kernel k£ and a Holder continuous function . And then giving a
proper definition of the convolution product *, and arguing that the solution to a V-valued

Volterra equation

=6+ [ Ko, €€V (3.2)

That is, there are two goals in this paper:

(1) The path-wise construction of the Volterra paths in (3.1) as well as the algebraic and
analytical properties of the associated Volterra-signature (as generalized from the concept
of signatures in the theory of rough paths),

(2) Construction of solutions to (3.2).

In order to achieve these two goals, introducing the definition of Volterra rough paths is the

first step.

1.3.1 Volterra Rough Paths

To define the Volterra rough paths, There are some notations that are used in this

introduction (also in paper [1]) .

Notation 1.3.1. Let C > 0 be a constant, the relation a < Cb is defined by

a<b

23



Another notation is about simplex AZ.

Notation 1.3.2. Let T > 0 be a time horizon, and n > 2. Then the simplex AL is defined
by
AZ{(sl,...,sn) e0,7T)0<s1< <5, < T}.

When this causes no ambiguity, A, represents AL

Furthermore, operator ¢§ is well known in the theory rough paths, and given by

Notation 1.3.3. Let g be a path from Ay to R™, and consider (s,u,t) € As. Then the
quantity 6,9:s is defined by
5ugts = Ots — Gtu — Gus- (33)

With these notations at hand, it is ready to construct the Volterra signature over a
smooth path. In this way the Volterra type integrals will be trivially defined and their
algebraic and analytic properties can be checked. This constructions will rely on specific
assumptions about the power type singularity of the kernel k appearing in (3.2). The main

hypothesis are summarized as follows.

H Let k be a kernel £ : Ay — R. Assume that there exists v € (0,1) such that for all
(s,r,q,7) € Ay ([0,T]) and n, 5 € [0, 1] we have

W W
SIS

B
—~ —~ —~ —~
R
<
~— ~— ~— ~—
|
- o oy o =
—~ —~ —~ —~ —~
A
VA
~— ~ ~— ~— ~
N
=3
|
=
|
1
_=
=
|
&
3
—~ —~ —~ —~ —
w  w
~ (=]
~ ~— ~— ~— ~—

&
o0

In the sequel a kernel fulfilling condition (H) will be called Volterra kernel of order —+.

Thanks to these assumptions, it is now to state the definition of iterated Volterra integral.
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Definition 1.3.4. Consider a path x € C*([0,T]; E) and a Volterra kernel k : Ay — R
satisfying (H). The iterated Volterra integral of order n is a mapping z" : Az — E®™ given

by

n—1

(s,t,7) — zy = k(T,70) @ k (141, 15) . (3.9)

t>rp>>r1>8 =1

For (s,u,t,7) € Ay, it is not hard to check that z;;" as given in (3.9) satisfies

(], T = )"
I'(n(1=7))

Here I' is the Gamma function.

|2257| < (T —8) 77 (t =)0

Note that the Volterra signature does not have a multiplicative property (X, ® X,s = Xys)
similar to the classical signature. So it is necessary to introduce an integral product behaving
like a convolution extending the classical tensor product. It is not hard to check that this
convolution product is well defined for a large class of Volterra paths, and provide an analogue
of the extension theorem from the theory of rough paths (which guarantees in particular the
existence of a Volterra signature). For all 0 <i < n, defining the convolution product * as

Zp T % gl (3.10)

us
i+1 1

= ® k (Tj-&-l; Tj) dy?’j ® k (Ti+17 Ti) ® k (’f’j+1, Tj) d:L’TJ.,

t>rp > >rip1>u j=n USTi> - >1r1>8 j=i—1

then z;;" as given in (3.9) satisfies

n

n,T __ n—i, T i,
Zy, =) Zpy, | K Zy, (3.11)
i=0

Here the convention z° =1 and z" x 1 = 1 % z" = z".

It is the time to construct the Voterra rough paths. This means to generalize the processes

of the form

t
2 =/ k(r,r)dz,, (3.12)
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where z is an a-Holder path and k a possibly singular kernel of order —v. Consider the

Volterra spaces as follows.

Definition 1.3.5. Let E be a Banach space, and consider (o, ) € (0,1)* with a —~ > 0.
Define the space of Volterra paths of index (o, v), denoted by V@V (Ag;R?), as the set of
functions z : Ay — E, given by (t,7) — 2], with the condition z§ = zo € E for all T € (0,T],
and satisfying

”ZH(OW) = HZH(ow),l + ||ZH(O¢77),L2 < 0. (3.13)

In (3.13), the 1-norm and (1,2)-norm are respectively defined as follows:

i
HZH(OM/),I = sup 25| B ’
(stmens [T — 7t — s[o] AT — s[o—7

(3.14)

77/
”Z|’(a,w),1,2 = sup / 127 e |
(st mens T =TT =t THC([[T = Tt = S| AT = 8]
n€0,1],¢€[0,a—7)

(3.15)

. . / ! oy .
with the convention z[, = z[ — zI and 2] =z} — zI . In addition, under the mapping
20 2ol + 2l @)

the space V'®V)(Ay; E) is a Banach space.

The second goal is to construct a solution to rough Volterra equations like (3.2). Similar
to classical rough path, Volterra version of the Sewing Lemma is necessary. The Volterra
spaces V(@) plays a similar role in Volterra Sewing Lemma as €*(V) in classical Sewing

Lemma.

Definition 1.3.6. Let o € (0,1), v € (0,1) with o« —~v > 0, kK € (0,00) and 5 € (1,00).
Denote by VB (A3 [0;T); E), the space of all functions = : A3 ([0,T]) — E such that

1= lvenen = [1Z @) +10=1s.r < oo, (3.16)
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where § is the operator defined by (3.3) In (3.16), we also use the following convention: the

norm || = ||(ay) s given by (3.16), while we have

1620y = 6= a1 + 10Z ] @) 1,25

where the quantities || 0= || (s),1 and ||[0=]|(5,),1,2 are slight modifications of (1.5.5) respectively
defined by

[0m =

0= = sup 3.17
” H(ﬁﬁ)’l (sy;m,t,T)EAY ’7' - ﬂiﬂ‘t - S’ﬁ A ‘T - S’ﬁin ( )
_ | S
0= = . 3.18
N e T e o (o e e N e O R
n€l0,1]

In the sequel the space V@B will be our space of abstract Volterra integrands.

It is now ready to state Sewing Lemma adapted to Volterra integrands.

Lemma 1.3.7. (Volterra sewing lemma) Consider four ezponents € (1,00), k € (0,1),
a € (0,1) and v € (0,1) such that B —k > a—~ > 0. Let VNG qnd V@) be the spaces
defined in Definition 1.5.6 and 1.3.5 respectively. Then there exists a linear continuous map

T - VENBR) (Ag;: B) — V@) (Ag; E) such that the following holds true

(i) The quantity Z(Z7)ss := limyp| o Xy jep Sou €Tists for all (s,t,7) € Ay, where P is a

generic partition of [s,t] and |P| denotes the mesh size of the partition.

(ii) For all (s,t,7) € Ag we have that
(5., — 22l SU6Z (I — 1751t = sl Al — s, (3.19)
while for (s,t,7',7) € Ay we get
Z(=E™ e — EL

SUOZ gy ae [Im =711 =77 (|7 =t 7|t = s A7 = s]P7)] . (3.20)
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1.3.2 Convolution product in rough case: a — v > %

This section is devoted to define the first level and second level convolution product, which
is equivalent to Chen’s relation in Volterra context involves convolution type integrals. The

first level convolution product is defined as follows:

Theorem 1.3.8. Consider two Volterra paths z € V7 and y € V@) as given in Def-
inition 2.2.4, where we recall that «,v,a/,y" € (0,1), and define p = a — v > 0 and

o =a —+ > 0. Then the convolution product is a bilinear operation on V) given by

Y. = dzr @yf, = li T @Y 3.21
The integral is understood as a Volterra-Young integral for all (s,u,t,7) € Ay. Moreover,

the following inequality holds true,
17 * Vsl S 2l @mallyll@an s |7 =87 (= 9> A (7 = 5)%]. (3.22)

In addition to Theorem 1.3.8, the rough Volterra formalism relies on a stack of iterated
integrals verifying convolutional type algebraic identities. The other main assumption about
this stack of integrals which should be seen as the equivalent of Chen’s relation in our Volterra

context is stated as:

Hypothesis 1.3.9. Let z € V(@) be a Volterra path as given in Definition 1.8.5. For n such
that (n+1)p+~ > 1, assume that there exists a family {z97:j < n} such that z}] € (R™)®I,

z' = 2 and verifying

)T J—1L,T 1, __ J—1,T i,r
OuZyy = g Zy, *¥2Zy.= [ dz,. " @z, (3.23)

where the right hand side of (3.23) is defined in Theorem 1.5.8. In addition, forj=1,...,n,

In order to introduce the second level convolution product, the kind of topology for

1,2

functions of the form u"* is necessary.
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Definition 1.3.10. Let W) denote the space of functions u : Ay — L((RT)®2, RY) with a

fized initial condition ub? = ug, endowed with the norm

(3.24)

2l = I

any)

(ay),1 H 172”(06,7),1,2'

The right hand side of (3.24) is defined as follows, recalling the convention p = o — 7y:

1.2 |ug |
wr = sup - 3.25
| H("W” (stmens [|r =t 77|t =] Al — s (3.25)
and
172 PR 1,2 ]_72
HU H(a,’y),1,2 T H H(a,fy),1,2,> H H(a,'y),l,27< ) (326)
where the norms ||[u'?||(a) 12> and ||u"?||(aq) 1.2« are respectively defined by
( 7’7)7 1< ( 7’7)7 1<
T,r2 1"/,7”1
1,2 |Uts — Uy |
ur = su , 3.27
H H(Oéﬁ/),l,?,> (S,t,Tl,TQE/)€A5 hn’c(s’ t) Tl; 7n27 T/) ( )
776[0,1],46[07@—7)
T2, T1,T
[t S . (3.28)

N
(@7),1,2,< (s,t,r',r1,m2)EAS th(S, L, 11,72, )
n€l0,1],¢€[0,a—7)

where the function h is defined by

By (8,671, m9,7") = |ro — 1|7 jmin(ry, 72, r") — zf|777+<

X ([\min(rl, ro, ) — |7 |t — s|a} A |min(ry, ro, 1) — s\o‘_v_g) . (3.29)
With the above definition at hand, it is now ready to recall the construction of second
order convolution products in the rough case o — v > %

Theorem 1.3.11. Let z € V@) be as given in Definition 1.8.5 with o,y € (0,1) satisfying
p=a—7vy> % We assume that z fulfills Hypothesis 1.3.9 with n = 2. Consider a function
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y: Ay — LIRYHE2RY) with |y"?|| w12 < 00 and yo° = yo, for a fived initial condition
Yo € LI(RH®2 RY). For all fized (s,t,7) € As we have that

syt o= m YTz 4 (duzy]) gy (3.30)
P|—=0 [u,v]€P

is a well defined Volterra- Young integral. It follows that x is a well defined bi-linear operation

2

between the three parameters Volterra function z and a 3-parameter path y. Moreover, the

following inequality holds

2,7 1,2 2,7 3,8
‘Zts Y T s Ys

Sy 2 @2 <”Z2H(2p+%7),1 + Hzlu(aﬁ),lﬂuzl“(aﬁ)J)

< ([lr =t = s Alr =) (331)

Similar to classical rough paths, controlled Volterra paths is crucial for a proper definition

of rough Volterra equations.

Definition 1.3.12. Let z € V@) (E) for some p = a — v > 0. Assume that there exists
two functions y: Ao =V and y/ : A3 — L(E, V), such that y] = yo € E for any 7 € [0,T]

/7p7q

and yg7? =y, € E for any (q,p) € Ay, and satisfying the relation
Yis = 25 ¥ Yo+ R, (3.32)

where R € VS (V) and ' € W™ (Recall that the spaces V" and WS are
respectively introduced in Definition 1.3.5 and Definition 1.3.10). Whenever (y,y') satisfies
relation (3.32) we say that (y,y') is a Volterra path controlled by z (or controlled Volterra
path in general) and we write (y,y') € D (Ag; V). We equip this space with a semi-norm
1+ 1lz @) given by

19,9 |20 = 1Y @) + [ Rl 2029 (3.33)

Under the mapping (y,v') — |yol + [v5| + 1Y, V|| 2.0 the space DV (Ay; V) is a Banach
space. The remainder term R in (3.32) with respect to a Volterra path (y,y') € D) will
typically be denoted by RY.
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This leads to a rough integral given as a functional of the Volterra signature and the

Volterra controlled paths, combined through the convolution product.

Theorem 1.3.13. Let x € C* and k be a Volterra kernel satisfying (H) with a parameter ~
such that p =a — v > % Thanks to Theorem 2.2.20, define z] = [y k (7,7)dz, and assume
there exists a second order Volterra rough path z € V*7 (Aq; E) built from z according to
Definition 1.5.5. Additionally, suppose both components of z are uniformly bounded. Namely,

we assume there exists an M > 0 such that
”ZH(a,v) = ||Z1||(ow) + ||Z2||(2p+%7) < M, (3-34)

where the two norm quantities corresponds to the norms given in Definition 1.5.5 and Defini-
tion 1.5.10. We now consider a controlled Volterra path (y,y’) € @;ﬁw)(Az; L(E,V)). Then

the following holds true:

(i) The following limit exists for all (s,t,7) € Ag,

¢
Wy :/ k(t,r)y,dz, := lim Z qu)uT * 1., —|—zz;j )2, (3.35)
s [PI=0 [u,v]eP

(ii) Letw be defined by (3.35). There exists a constant C' = Cly o such that for all (s, t) € Ay

we have

T 1,7 . 2,7 /1,02
’wts T Zys KYg T Ly * Y

< C||y, y/Hz,(a,v)HZ”(an) [|T - t|_’y|t - 5’3p+’y A |T - 5’3p] : (3'36>

(iii) For all (s,t,p,q) € Ay and B € (0,1) we have

qp 1,qp . 2,qp /1,02
’wts 2y XYy — Ly K Y

< CHyvy/“z,(a,“y)HZH(aﬁ) ’p - Q|B [lq - t|7775’t - 5|3p+7 A |q - 5’3p76] . (3'37>

31



(iv) The couple (w,w") is a controlled Volterra path in D, (Aq, V'), where we recall that w
is defined by (3.35) and w;™" = yf.

The rough integral is then used in the construction of solutions to Volterra equations

driven by Holder noises with singular kernels.

Theorem 1.3.14. Let z € V) (E) with a — v > 1.
hypothesis as in Theorem 1.3.18 and suppose [ € Ci(V;L(E,V)). Then there exists a

Assume that z satisfies the same

unique Volterra solution in D77 (V) to the equation

W=yt [ R f@)dn, (67) € AR (0,T), o€ B, (3.39)

where the integral is understood as a rough Volterra integral given in Theorem 1.5.185.

1.4 Summary of results in Chapter 1 and Chapter 2

1.4.1 The result of Chapter 1: Volterra equations driven by rough signals 2:
higher order expansions

In this section, we will summarize the result in our first paper [7]: we extend rough path
theory for Volterra equations from [1] in the rough case a — v > % to the case a — v > %.
It was already observed in [1] that the Volterra rough path introduced there did not satisfy
any geometric relation, similar to that observed in classical rough path theory. Thus, an
extension of the theory to more irregular driving signals requires a deeper understanding of
the specific algebraic structure arising in the Volterra rough path. Inspired by the elements
of "non-geometric rough paths” developed in [2] and [3] we provide a simple description of
the Volterra rough path and the controlled Volterra process in terms of rooted trees, and
with this description we are able to solve rough volterra equations in driven by more irregular

signals.

Similar to the construction of the first and second level convolution product in [1], the

third level Volterra convolution product is defined by
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Theorem 1.4.1. Let z € V) with a, € (0,1) satisfying p = a — v > i, as given in

Definition 2.2.4. We assume that z fulfills Hypothesis 2.2.16 with n=3. Consider a function
Yy Ay — L((R™)®3R™) as given in Notation 2.3.3 such that ||[y">?||aqm123 < 00 and

Yo>® = yo, where ||y"?3|(an) 123 s defined by (3.17). Then with Notation 2.2.14 in mind,
we have for all fized (s,t,7) € Az that

370123 _ 1 3,7 wuu 3,7 1,2,3
zi kY, = g D0 Tyt (6207 ) yi™?, (4.1)
[u,v]€P
ZX’T * y;’Q’?’ = lim Z zZ{L’Tyg’“’“ + (5@2‘;’7) * y;’2’3. (4.2)
[P0 [u,v]eP

s a well defined Volterra-Young integral. It follows that x is a well defined bi-linear oper-
ation between the three parameters Volterra function z° and a 4-parameter pathy. Moreover,

we have that

3,7 1,2,3 3,7, 5,8,8
Zys * Y — Zys Y

S 15?2 (128 o + 12 lao2ll2 o

— 3 3
+ 12w a2llz ) ([I7 = 177 1= s A fr = s[*), (4.3)

s 1,2,3 va 8,8,

sT 5
Zts * ys - Zts ys

(2l

?
3ptr),1 T 12l (). 1.2012° [ ()1

S A P
~ (a”y)717273

2[l@ma) ([I7 =t [ = s A fr— ) (4.4)

+ ”Z.H%a,’y),1,2|

And then an integration of controlled processes [ k(7,7)dz,y enjoys following results:

Theorem 1.4.2. Let x € C* and k be a Volterra kernel satisfying Hypothesis 2.2.1 with a
parameter vy such that p = a—~y > i. Define 2] = [3 k (7,7) dv, and assume there exists a tree
indexed rough path z = {z°7;0 € T3} above z7 satisfying Hypothesis 2.4.53. Additionally,
suppose all components of z are uniformly bounded. Namely, we assume there exists an

M > 0 such that

?
. : : v
12l @) = 12 @) + 12 ot + 12 pt0) + 1127 3p170) < M- (4.5)
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We now consider a controlled Volterra path 'y € D (L(R™)), as introduced in Defini-
tion 2.4.7. Then the following holds true:

(a) The following limit exists for all (s,t,7) € Ag,
T t r . T . :T E . V’T oo
wy, = / k(t,r)dz,y, := lim Z AR T S A VW S A i S A s
(4.6)

(b) Letw be defined by (4.13). There exists a constant C' = Chyq, such that for all (s, t) € A,

we have

: Lo
T o T . . T o) . T o PO
wts - (Zts * ys + Zts * ys + Zts * ys + Zts * ys

?
<C H <y,y',y',y“)

| 12l] 0y ([l = 8177 £ = 8] Al = s*). (4.7)

z7 a?’y

(c) For all (s,t,p,q) € Ay, n € [0,1] and C € [0,4p) we have

wi — (z;f”*yﬁz“p*y;” T S L y)‘

<C H (y Y, yz,y”)

12ll@y P = al" la = ¢177 ([la =t ¢ =517 A g = s]7).
)

(4.8)

Z? a?’y

(d) The triple w = (w,w',wz,()) is a controlled Volterra path in D (Ay, R™), where we

recall that w is defined by (4.13), and where w*, wh are respectively given by

:THP

=y, and wy

7Q7p

w =Y

With Theorem 2.4.10 at hand, the composition of a Volterra controlled processes with a

smooth function is still a controlled process.

Proposition 1.4.3. Let f € C}(R™) and assume (y,y‘,yI,O) e D) as given in Re-

mark 2.4.12. Also recall our Notation 2.2.14 for matriz products. Then the composition
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f(y) can be seen as a controlled path f(y) = (¢, ¢*, gbz, ¢**), where ¢ = f(y) and where in the

decomposition (4.9) we have

ov =y (yl) (4.9)

and where the second derivative ¢: and ¢** are respectively defined by

.7» : r oo, 1 (] o r
S =y ) and G = S © (i) () (4.10)

Moreover, there exists a constant C' = Chpaq,| )4 > 0 such that
b

? ! ?
1616 6, Mo < CC+ lzlln)® x | (1981 + Il + 135755, Olaar)

. . 3
v (1681 + 481+ 1, 50 agan) |- (411)

Finally, the existence and uniqueness of Volterra type equations in the rough case p =

oa—ry > % is proved.

Theorem 1.4.4. Let z € V) with a —~ > i. Assume that z satisfies the same hypotheses
as in Theorem 2.4.10, and suppose f € Cp(R™; L(R™)). Recall that the space of controlled
processes D) (R™) is introduced in Definition 2.4.7. Then there exists a unique solution

in D) (R™) to the Volterra equation

=t [ REdnl @D), (1) €M (0.T), weR™,  (412)

where the integral is understood as a rough Volterra integral according to Theorem 2.4.10.

1.4.2 The result of Chapter 2: Volterra rough path driven by fractional brow-
nian motion

In this section, we are going to construct the Volterra rough path driven by a fractional

Brownian motion with Hurst parameter H > 1/2 and H = 3 so that it satisfies Defintion

3.2.8. It should be noticed that this regime leads to nontrivial rough paths development in

the Volterra case, due to the singularity of the kernel £ in (1.1). In order to show that the
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Volterra rough paths {z',z?} satisfies the algebraic and analytic properties that are stated in
Definition 3.2.8, the first step is to extend the classical Garsia-Rodemich-Rumsey inequality

to suit our Volterra paths.

Definition 1.4.5. Let z : As — R? be a continuous Volterra increment. Then for some

parameters p > 1 and o,y € (0,1), ¢ € [0, — ), n € [(, 1] we define

1

B %
Uz 0. () = / wy dvd 4.13
(@) (Z ! C) < (v,w)EAT |T - w|_2p(77_<)|¢é77+<(7-7 w, U)|2p|w - U|2 o ( )
|Z7"7"’ ’21) ﬁ
U’ 2) = / Wy dvdwdr'dr |
(@7, C)pi1,2 (2) (w1’ F)EAT |z/;i”2%m<(r, ' w,v)|Plw — v|?|r — 1|2

(4.14)
where recall that the functions ', {12 are respectively defined in (2.1) and (2.2).

With the Definition 1.4.5, the Volterra GRR inequality is stated as follows:

Proposition 1.4.6. Let z : A3 — R For (a,v) € (0,1)? with a —~v > 0, ¢ € [0, — ),

and n € [¢, 1], we assume that 5z € V@71 where V@1¢) 4s introduced in Definition 3.2.9.

Suppose k € (0,a). Then for any p > iﬂ Vv %, the following two bounds holds:

«

12l o)1 S Uey 1.0(2) + 102l ) 1, (4.15)

2+a—k—1
||Z”(H,%7LC)7172 5 Ugf,v,n,(),l,2,p(z) + ||5Z||(ﬁ,7,n+%,c+%),1,2 T P. (416>
It is now ready to construct the first level and second level of the Volterra rough path
driven by a fBm as introduced in Notation 3.4.1.

Definition 1.4.7. Consider a fractional Brownian motion B : [0,T] — R™ as given in

Notation 3.4.1 and a function h of the form hi,(r) = (7 —r) "1 4(r) with v < 2H — 1.

Then for (s,t,7) € As we define the increment z,;)”' = [* (t — )" dB' as a Wiener integral
of the form
z,;)"' = B\(h],). (4.17)
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The second level of the Volterra rough path can be constructed in a similar to the first

level of the Volterra rough path in Definition 1.4.7.

Definition 1.4.8. We consider a fractional Brownian motion B : [0,T] — R™ as given in
Notation 5.4.1, as well as the first level of the Volterra rough path z'™ defined by (4.13). As
in Definition 3.4.2, we assume that v < 2H — 1. Then for (s,r,t,7) € A4, we set

u;’i(r) =(r— r)‘”zl’r’i]l[s,t] (r). (4.18)

With this notation in hand, the increment z2 is given as follows: if i # j we define 72

as

zi, " = Bi(upy), (4.19)

where (conditionally on B') the random variable Bi(u}) has to be interpreted as a Wiener

integral. In the case i =j, we set

. t .
sz’l’l = | wu(r)dB, (4.20)

S

where the right hand side of (4.35) is defined as a Stratonovich integral like (4.11).

Once we get the Volterra rough path family {z!7,z*7}, it is now the time to verify that
{z"7,2z*7} satisfies Definition 3.2.8.

Proposition 1.4.9. The increment zY" introduced in Definition 3.4.2 is almost surely in
the Volterra space V@711 (Ag: R™) for any o € (v, H), ¢ € [0, — ) and n € [¢, 1], where
V@rnQ (Ag; R™) is introduced in Definition 2.2.4. In addition, for allp > 1 and o < H — %

we have that

£ [HZl”?gmmC)] < 00, (4.21)
(ii)
omzi =0, for all (s,m,t,7) € Ay a.s. (4.22)

For z>7, the analytic and algebraic properties is not hart to be checked.
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Proposition 1.4.10. Consider the second level z>7 of the Volterra rough path, as defined
in (4.34)-(4.35). Recall that §z*7 is a path defined on A4, and we refer to Definition 3.2.9
for the definition of V@119 (Ay;R™). We assume that H > 1/2, v < 2H — 1, o € (7, H),
C€10,2(a—7)) and n € [¢,1]. Then almost surely we have

(1)

5mzf;T’i’j = z};,:’j * z},;'sji, for all (s,m,t,7) € Ay a.s. (4.23)

(i)
5227 € YR (A R™), (4.24)

(iii) Moreover, for all p > 1 we have

E |[162° [$as )] < 00 (4.25)

where the norm above is understood as in (2.14).
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2. CHAPTER1
2.1 Introduction

2.1.1 Background and description of the results

Volterra equations of the second kind are typically given on the form

t t
Yt = Yo +/0 k1<t7 S)b(ys)ds +/0 k2(t7 5>U(ys>dxsv Yo € R? (11)

where b and o are sufficiently smooth functions, x : [0,T] — R? is a a-Hélder continuous
path with o € (0, 1), and k; and ko are two possibly singular kernels, behaving like |t — s|™7
for some 7y € [0,1) whenever s — ¢. Such equations frequently appear in mathematical
models for natural or social phenomena which exhibits some form of memory of its own
past as it evolves in time (see e.g. [10] and the references therein). Most recently, Volterra
equations of this form have become very popular in the modelling of stochastic volatility for
financial asset prices. In this case the kernels ki (¢, s) and ks(t, s) are typically assumed to
be very singular when s — ¢, and the path z is assumed to be a sample path of a Gaussian
process (see e.g. [11]-[13]).

Whenever the driving noise x is sampled from a Brownian motion (or some other con-
tinuous semi-martingale), one may use traditional probabilistic techniques from stochastic
analysis (see e.g. [14], [15]) in order to make sense of equations like (1.1). However, for
more general driving noise x with rougher regularity than a Brownian motion, very little is
known about solutions to Volterra equations. Inspired by the theory of rough paths [8], it
is desirable to solve equation (1.1) in a purely pathwise sense relying only on the analytic
behaviour of the sample paths of x. This would allow to remove the probabilistic restric-
tions imposed by classical stochastic analysis. However, due to the non-local nature of the
equations induced by the kernels k; and ko, the theory of rough paths can not directly be
applied in order to solve singular Volterra equations of the form of (1.1). Indeed, the funda-

mental algebraic relations satisfied by a a classical rough path do not hold when the signal
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is influenced by a possibly singular kernel. Let us mention at this point a few contributions

in the rough paths realm trying to overcome this obstacle:

(i) The articles [16], [17] handle some cases of rough Volterra equations thanks to an elabo-
ration of traditional rough paths elements. However, the analysis was only valid for kernels

with no singularities.

(ii) The paper [18] focuses on Volterra equations from a para-controlled calculus perspective.
This elegant method is unfortunately restricted to first order rough paths type expansions,
with inherent limits on both the irregularity of the driving process x and the singularity of

the kernel k.

(iii) The contribution [13] investigates Volterra equations through the lens of regularity
structures. Although only the strategy of the construction is outlined therein, we believe
that a mere application of regularity structures techniques would only yield local existence
and uniqueness results. It should also be mentioned that renormalization techniques are

invoked in [13].

As the reader might see, the rough paths analysis of Volterra equations is thus far from being

complete.

With those preliminary notions in mind, in the recent article [1] we initiated a rough

path inspired study of singular Volterra equations, in a reduced form of (1.1) given by

"y = g+ /Otk(t,r)f(ur)dxr, (1.2)

where f is a sufficiently regular function, x is a Holder continuous path, and k is a singular

kernel. To this end, we define
Ay =0, ([a,0]) = {(z1,...,2,) € [a,0]" | a <2y < -+ <z, <D} (1.3)

Next we introduce a class of two parameter paths z : Ay — R? needed to capture the

possible singularity and regularity imposed by the kernels £y and k5 and the driving noise z
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in (1.1). These paths will then constitute the fundamental building blocks of the framework.

The canonical example of such path is given by
t
2] = / k(t,s)dxs, where t <7 €|0,T]. (1.4)
0

For the moment, we may assume that z is a sufficiently regular path x : [0,7] — R%, and
k(t, s) is an integrable (but possibly singular) kernel when s — ¢, so that the above integral
makes pathwise sense. We observe in particular that ¢ — 2! is just a standard Volterra
integral (commonly referred to as a Volterra process in stochastic analysis). Heuristically
one may think that the regularity arising from the mapping 7 + 2] is induced by the
behaviour of the kernel k£ while the regularity of the mapping ¢ — 2] is inherited by the
regularity of x. By construction of a Volterra sewing lemma, we observed that this was
indeed the case, even when z is only a-Hélder continuous for some o € (0,1). In general,
we thus define a class of two variables paths in terms of the regularity in its upper and
lower variable. This lead us in [1] to introduce two modifications of the classical Holder

semi-norms. The corresponding processes were then called Volterra paths.

Motivated by processes of the form (1.4), we constructed Volterra signatures as a collec-
tion of iterated integrals with respect to two-parameters Volterra paths. We also introduced a
convolution product *, playing the role as the tensor product ® in the classical rough path sig-
nature. The signature is then given as a family three-variable functions {(s,t,7) — 2. }nen,

where, in the case of smooth z, each term is given by

S k(t,rn)...k(ra,m)de,, @ - @ dx,,, (1.5)
An([svt})

where we recall that A, ([s,t]) is defined by (1.3). The algebraic structure associated with
such iterated integrals resembles that of the tensor algebra of rough path theory, but where
the tensor product is replaced by the convolution product. Together with Volterra signatures,
we defined a class of controlled Volterra paths. Combining those two notions, it allowed to
give a pathwise construction of solutions to Volterra equations of the form (1.1). Similarly

to the theory of rough paths, the number of iterated integrals needed in order to give a
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pathwise definition of a rough Volterra integral is strongly dependent on the regularity of
the path z € c®([0,T]; R?) and the singularity of the kernel k. Under the assumption that
|k(t, s)| behaves like |t — s|77 when s — ¢, the investigation in [1] was limited to the case

when av — v > %, and thus only considers the first two components of the Volterra signature.

Our article [1] therefore left two important open questions, related to both the algebraic

and probabilistic perspectives on rough paths theory:

(i) Algebraic aspects: Are there suitable algebraic relations describing the Volterra signature

which are adaptable to prove existence and uniqueness of (1.1) in the case when o — v < %?

(ii) Probabilistic aspects: For what type of stochastic processes {z¢; ¢ € [0,7]} and singular
kernels k does there exist a collection of iterated integrals of the form of (1.5) almost surely

satisfying the required algebraic and analytic relations?

The current article has to be seen as a step towards the answer of the algebraic problem
mentioned above. Namely we investigate the case when a—~ < %, and leave the probabilistic

problem for a future work.

The rough Volterra picture gets significantly more involved when introducing a rougher
signal x or a more singular kernel k. Indeed, the main challenge lies in the fact that the
Volterra signature does not satisfy any geometric type property, in contrast with the classical
rough paths situation. That is, classical integration by parts does not hold for Volterra

iterated integrals, and therefore we do not have a relation of the form

2,1 2,\T _ _1,1 1,
Zys + (Zts ) = Zyg K Zyg,

L one needs

where (-)” denotes the transpose. Thus in order to consider v — y lower than g,

to resort to different techniques than what is standard in the theory of rough paths.

Inspired by Martin Hairer’s theory of regularity structures, we will in this article show
that the Volterra signature is given with a Hopf algebraic type structure. Hence with the
help of a description by rooted trees for the Volterra rough path, we are able to describe
the necessary algebraic relations desired for the Volterra rough stochastic calculus. We will

limit the scope of the current article to the case when oo — v > i, and show that in order
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to prove existence and uniqueness of (1.1) in a "Volterra rough path” sense, one needs to
introduce two more iterated integrals, as well as two more controlled Volterra derivatives
than what is needed in the case a — vy > % We believe that the techniques developed here
are an important stepping stone towards the goal of providing a rough paths framework for

Volterra equations of the form of (1.1) in the general regime ao — v > 0.

2.1.2 Organization of the paper

In section 2.2 we provide the necessary assumptions and preliminary results from [1]. In
particular, we give the definition of Volterra paths, recall the Volterra sewing lemma and
the convolution product between Volterra paths. Those results will play a central role for
our subsequent analysis. Section 2.3 is devoted to the extension of the sewing lemma from
the previous section to the case of two singularities, and we will apply this to create a third
order convolution product between Volterra rough paths. In Section 2.4 we motivate the
use of rooted trees to describe the Volterra rough path, and give a definition of controlled
Volterra processes analogously. With this definition we prove both the convergence of a
rough Volterra integral with respect to controlled Volterra paths, and that compositions of
(sufficiently) smooth functions with a controlled Volterra path are again controlled Volterra
paths. We conclude Section 2.4 with a proof of existence and uniqueness of Volterra equations

driven by rough signals in the rougher regime.

2.1.3 Frequently used notation

We reserve the letter E to denote a Banach space, and we let the norm on E be denoted
by | - |z. In subsequent sections, E will typically be given as R? or £L(R™,R?) (The space
of linear operators from R™ to R?). We will write a < b, whenever there exists a constant
C' > 0 (not depending on any parameters of significance) such that a < Cb. The space
of continuous functions f : X — Y is denoted by c(X,Y’). Whenever the codomain is not
important, we use the shorter notation c(X). To denote that there exists a constant C' which

depends on a parameter p, we write a S, b. For a one parameter path f : [0,7] — E, we
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write f;s :== f; — fs, with a slight abuse of notation, we will later also use this notation for
two variable functions of the form f : [0, T]> — R? where f;, means evaluation in the point
(s,t) € [0,T]*. We believe that it will always be clear from context what is meant. For
a € (0,1), we denote by c*([0,7]; E') the standard space of a-Holder continuous functions
from [0, 7] into E, equipped with the norm || f||ce := |fole + || f||a, Where || f||» denotes the

classical Holder seminorm given by

i
1= sup 2t

(s.t)eh, [t — sV

(1.6)

Whenever the domain and codomain is otherwise clear from the context, we will use the
short hand notation c¢*. We recall here that the n-simplex was already defined in (1.3).
Throughout the article, we will frequently use the following simple bounds: for (s, u,t) € As
and v > 0, then

lt—u]” <|t—s|” and |t—s|77 S|t —u|.

2.2 Assumptions and fundamentals of Volterra Rough Paths

We will start by presenting the necessary assumptions on the Volterra kernel k, as well as
the driving noise x in (1.2). A full description (together with proofs) for the results recalled

in this section can be found in [1].

Let us begin to present a working hypothesis for the type of kernels k, seen in (1.2), that

we will consider in this article.
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Hypothesis 2.2.1. Let k be a kernel k : Ay — R, we assume that there exists v € (0,1)
such that for all (s,r,q,7) € Ay ([0,T]) and n, 5 € [0,1] we have

n

k(7,7)
k(q,r)
—k(ms) S |r—r[ 7 |r =]
k(g 5)
k(q,s) T

In the sequel a kernel fulfilling condition the Hypothesis 2.2.1 will be called Volterra kernel

of order 7.

Remark 2.2.2. We limit our investigations in this article to the case of real valued Volterra
kernels k for conciseness. The Volterra sewing lemma, and most results relating to Volterra
rough paths are however easily extended to general Volterra kernels k : Ay — L(F) for some
Banach space E, by appropriate change of the bounds in 2.2.1, see e.g. [19], [20] where the

Volterra sewing lemma from [1] is readily applied in an infinite dimensional setting.

As mentioned in the introduction, one of the key ingredients in [1] is to consider processes
(t,7) — 2] indexed by A, (where we recall that the simplex A, was defined in (1.3)).
We begin this section with a recollection of the Holder space containing such processes
and introduce the Volterra sewing Lemma 2.2.11, we will then move on to introduce the

convolution product and discuss its relation with the Volterra signature.

2.2.1 The space of Volterra paths

We begin this section by recalling the topology used to measure the regularity of processes
like (1.4), and give a simple motivation for the introduction of this type of space. Before

defining the proper spaces quantifying this type of regularity, let us introduce a notation:
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Notation 2.2.3. Let (a,7) € (0,1)% be such that o > ~y. For (s,t,7) € Az, we set

o (Tots) = [T =t = s At — s (2.1)

Considering two additional parameters ¢ € [0,a — ) and n € [, 1], we also set

1,2 —(n— Y o ey
Ul ts) = | = 7l =t ([ =t = s A - st E) (22)

We are now ready to introduce some functional spaces called V(@779 which are also
used in the definition of V() in [1]. Those spaces are natural function sets when dealing

with Volterra type regularities.

Definition 2.2.4. Let E be a Banach space, and consider («,~y) € (0, 1)2 with o — v > 0,
and ¢ € [0,a — ), n € [¢,1]. We define the space of Volterra paths of index (c,v,n,(),
denoted by V@119 (Ay: E), as the set of functions z : Ny — E, given by (t,7) > 27, with

the condition z§ = zo € E for all 7 € (0,T], and satisfying

HZH(amn,C) = HZH(an),l + HZH(amn,C)JQ < 0. (2.3)

Recalling Notation 2.2.3, the 1-norms and (1,2)-norms in (2.3) are respectively defined as

follows:
|24l
Zll(aq)1 = Sup  ——— 2.4
H H( s (s,t,7)EA3 1%,7(7';1575) ( )
277
elornons = sup o] (25)

2
(S’tzT,aT)€A4 ¢a7'y777,<(7-7 7-/’ t? 8) ’

with the convention 2], = 27 — 27 and 217 = 2] — 2T’ . Notice that under the mapping
z = 20| + ||zl @m0

the space V@119 (Ay: E) is a Banach space.
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Whenever the domain and codomain is otherwise clear from the context, we will simply
write V(@110 .= plernd(A,: E). Throughout the article, we will typically let the Banach
space E be given by R? or £(R?).

Remark 2.2.5. As will be proved in Theorem 2.2.12 below, the typical example of path in
Y1) is given by 2] defined as in (1.4), with suitable assumption on k and z. Note also that
c*([0,1]; RY) C V@ m8) (Ay([0,1]); RY) for any v € [0,1). Indeed, for a path z € c®, define
z] = xy. Using that [t—s|* < |7—s|?, it is readily checked that |z],| < [7—t|7V|t—s|*A|T—s|*.
Furthermore, 277" = 0, and thus ||z||(aq.n.¢c) < 0o for any v € (0, 1).

Remark 2.2.6. We will also consider functions u : As — R which, with a slight abuse
of notation, will be denoted by the mapping (s,¢,7) — u],. We then define the space
V@rnQ)(Ag;RY) analogously as in Definition 2.2.4, but where the increments of the path
(t,7) = 2] in the lower variable, appearing in (2.4) and (2.5), is simply replaced by the
evaluation u], and u], — u], respectively.

Remark 2.2.7. Similarly as for the classical Holder spaces, we have the following elementary
embedding: for B < a € (0,1), with 8 —~v > 0, we have V(@710 < YPBE1O - Indeed,

suppose y € V(@110 it is readily checked that
il S =t = s A T = s ST (| =t Tt = s AT — 8|7,

and thus [|y|ls)1 < T“‘ﬁHyH(amJ. Similarly, one can also show that ||y|ls~m.012 <

TNyl @mme.1,2: and thus [yllsm0) < Tyl anne)-
The following lemma gives useful embedding results for V() related to variations in the

singularity parameter ~.

Lemma 2.2.8. Let a,v,n,¢ € (0,1) with a > ~, ( € [0, —7), n € [(,1], and recall that
p=oa—r. Then for the spaces V") given in Definition 2.2.4, the following inclusion holds

true:

PBotr1m0) — 1Bo+27,27m.0) — )(Bo+37,37.0.0) (2.6)

Proof. We will prove the second relation: V(3¢+27:27:1.0 < PBe+31.37m.0) the first relation

being proved in a similar way. Moreover, in order to prove that V3r+21:27:m.0) < PBer+37.370.0)
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we will show that |2 (3p+3v.3v.m.0) < 121l 3p+2v.29.m.0)» for the (o, 7, m, ()—norms introduced in
Definition 2.2.4. Also recall that the (a,,n,()—norms are defined by (2.4) and (2.5). For

sake of conciseness we will just prove that

12l p+3y.3m.0 < N2l 3p429,290.0, (2.7)

and leave the similar bound for the (1,2)—norm to the reader.

In order to prove (2.7), we refer again to (2.4). From this definition, it is readily checked

that (2.7) can be reduced to prove the following relation:
|7 — |72t — s AT = 8PP S| — 72 — s AT — 8] (2.8)

The proof of (2.8) will be split in 2 cases, according to the respective values of |7 — t| and

|t — s|. In the sequel C} designates a strictly positive constant.

Case 1: |7 —t| < Cy|t — s| . Let us write

|7 — s> = |7 — s]?TH |1 — 5|72,

Then if |7 — t| < Cy|t — s|, one has |7 — s> = |7 —t + ¢ — s|*™27 < |t — s> T2, Hence

we get
|7 — s S|t — 8P — |7 S|t — s — 872 (2.9)

Relation (2.8) is then immediately seem from (2.9).

Case 2: |t —t| > Ci|t — s| . In this case write

—t\”
‘t_8’3p+2'y‘7_t|—2fy — |t_8|3p+3'y‘7_t|—3'y <”Z ’|> )
— S

Then resort to the fact that |7 — ¢| > Ci|t — s| in order to get |7 — t|”|t — s|7” > C{. This

yields

6= PPt = 8|27 2 [t — s — 17,
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from which (2.8) is readily checked.

Combining Case 1 and Case 2, we have thus finished the proof of (2.8). As mentioned

above, this implies that (2.7) is true and achieves our claim (2.6). O

2.2.2 Volterra Sewing lemma

We begin with a recollection of the space of abstract Volterra integrands, to which the
Volterra sewing Lemma 2.2.11 will apply. The typical path in this space exhibits different
types of regularities/singularities in its arguments, similarly to Definition 2.2.4. As a neces-
sary ingredient in the subsequent definition we introduce a particular notation, which will

frequently be used throughout the article.

Notation 2.2.9. Recall that the simplex A, is defined by (1.3). For a path g : Ay — R?
and (s,u,t) € Az, we set

5ugts = Gts — Gtu — Gus (210)

We will consider 6 as an operator from C(As) to C(As), where C(A,) denotes the spaces of

continuous functions on A,,.

Definition 2.2.10. Leta € (0,1), v € (0,1) witha—~ > 0, and ¢ € [0,a—~), n € [(,1]. We
also consider two coefficients k € (0,00) and B € (1,00). Denote by V(@m0 ExnC) (Ag; Rd),

the space of all functions = : As — RY such that

HE||(am77,C)(/37mn,C) = ||5||(amn,é“) + ||5EH(6,W7,C) < o9, (2-11)

where ¢ is introduced in (2.10) and the norm ||=||(aymn.c) @5 given by (2.3) (see also Remark

2.2.6). Similar to Definition 2.2.4, the quantity ||0=||(g,xmc) s defined by

10= T (5.mmc) = 0= (8071 + 0= (8,000,125 (2.12)

and the 1-norms and (1,2)-norms in (2.12) are respectively defined as follows:
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_ |0m =7,
0= gyt := sup @ ————, 2.13
16= 1l (8.m),1 oS Tt s) (2.13)
— 10m =7
0= gmme)12 == sup : (2.14)

(S,m,t,T’,T)€A5 ¢é:i7n7c(7—7 T’? t’ 8) ’

where ' and Y% are given in Notation 2.2.3. In the sequel the space YV @VOBR1C) il be

our space of abstract Volterra integrands.

With these two Volterra spaces in hand, we are ready to recall the Volterra sewing Lemma

which can be found, together with a full proof, in [1, Lemma 21].

Lemma 2.2.11. Consider siz exponents 8 € (1,00), k € (0,1), a € (0,1), v € (0,1),
n € [0,1] and ¢ € [0,1] such that 5 —k > a—v>0,0< (< a—7v, and ( <n < 1.
Let V@rmQ@Brn) gnd Yerno) be the spaces given in Definition 2.2.10 and Definition
2.2.4 respectively. Then there exists a linear continuous map I : V(@110 Bk1.0) (Ag;Rd> —

PlaynC) (Ag;Rd) such that the following holds true.

(i) The quantity Z(Z7 )y := limjp|_0 Ljupjep oy exists for all (s,t,7) € A, where P is a
generic partition of [s,t] and |P| denotes the mesh size of the partition. Furthermore, we

define Z(Z7); == L(E7 )10, and we have that Z(Z7)s = Z(Z7), — Z(E7),.

(7i) Recalling the Notation 2.2.3 of ' and 2, for all (s,t,7) € Az we have
IZ (2715 — E0| SIOZ (50901 5,7, 5), (2.15)
while for (s,t,7',7) € Ay we get

2= ) - 5

— 1,2
SN0E N rmo) 12 Vg nc (T, 75 L, ). (2.16)

Lemma 2.2.11 is applied in [1] in order to get the construction of the path (¢,7) —
z] introduced in (1.4). We recall this result here, since z is at the heart of our future

considerations.
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Theorem 2.2.12. Let x € C*and k be a Volterra kernel of order —v satisfying Hypothesis
2.2.1, such that p = o — v > 0. We define an element =], = k(1,s)xs. Then the following
holds true:

(i) There exists some coefficients 5> 1,k >0,0<n<1and0 < (<1 withf—K=a—7,
0<(¢<a—7vand ¢ <n < lsuch that 5 € V@rmQWBrnO yhere YErmOBLnl) s given
in Definition 2.2.10. It follows that the element T (=7) obtained in Lemma 2.2.11 is well

defined as an element of V@19 and we set 2, =L (=7),, = [T k(,7)dz,.

(ii) According to the Notation 2.2.3 of ' and 2, for (s,t,7) € Az z satisfies the bound
|Zth - k(Tﬂ S)SL}S‘ f'S ¢éq(7’7 i 5)7

and in particular it holds that ||| (a1 < 0.

(iii) For any n € [0,1] and any (s,t,q,p) € Ay we have

|Zfsq| S Qﬂé’z,,n,g(p, q, ta 8)7

where 2y = 2 — z{ — 22 + 21, In particular it holds that ||z||(a,ymn.c)12 < 00

Remark 2.2.13. Thanks to Theorem 2.2.12, we know that a typical example of a Volterra
path in V(@77¢) is given by the integral [’ k(7,7)dz,, as mentioned in Remark 2.2.5.

2.2.3 Convolution product in the rough case a — v > %

A second crucial ingredient in the Volterra formalism put forward in [1] is the notion of
convolution product. In this section we show how this mechanism is introduced for first and
second order convolutions, where we recall that second order convolutions were enough to
handle the case p = a —~ > 5 in [1].

Let us first introduce a piece of notation which will prevail throughout the paper.
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Notation 2.2.14. In the sequel we will often consider products of the form ysz],, where y
and z" are increments lying respectively in c([0,T]) and c(Asy). For algebraic reasons due to

our rough Volterra formalism, we will write this product as
[(2)" yl]T (2.17)
For obuvious notational reason, we will simply abbreviate (2.17) into
Zis Ys
In the same way, products of 3 (or more) elements of the form f'(ys)yszf, will be denoted as

2lysf (ys) without further notice.

We now recall how the convolution with respect to 27 is obtained, borrowing the following

proposition from [1, Theorem 25].

Proposition 2.2.15. We consider two Volterra paths z € V(@71 (RY) and y € V@m0 (L(RY))
as given in Definition 2.2.4, where we recall that o,~,n,( € (0,1) with p = o — v > 0,
0<(<p,and ¢ <n<1. Then the convolution product of the two Volterra paths y and z

is a bilinear operation on V@71 (RY) given by

Tk, = ATy, = li T 2.18
’Ztu yus /t>'r>u Zryus |,Pl‘r£0 [u,%}:ep Zvuyus ( )

The integral in (2.18) is understood as a Volterra-Young integral for all (s,u,t,7) € Ay.

Moreover, the following two inequalities holds for any (s,u,t,7,7") € As:

20 * Yusl S 12l ll @)1, Yizpy 4 (T F: 5, (2.19)

' X 1,2
i * Yus SJ ||Z”(047’Yy77707172||yH(a7’Yﬂ77C)71a2 77Z)(2P+7)7’77"7:C<T7 7-,7 t’ S)? (220)

where P! and Y2 are given in Notation 2.2.3.

In addition to Proposition 2.2.15, the rough Volterra formalism relies on a stack of iterated

integrals verifying convolutional type algebraic identities. Thanks to Proposition 2.2.15 we
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can now state the main assumption about this stack of integrals, which should be seen as

the equivalent of Chen’s relation in our Volterra context.

Hypothesis 2.2.16. Let z € V(@779 be a Volterra path as given in Definition 2.2.4. For
n such that (n + 1)p + v > 1, we assume that there exists a family {z)7;j < n} such that

j?T

z;, € (R™)® z! = 2 and verifying
. -t t
JT I N R e F S
buZty =Y Zy, " * 17y, —/ dzy, " @z, (2.21)
i=1 s

where the right hand side of (2.21) is defined in Proposition 2.2.15. In addition, we suppose

that forj =1,...,n we have z € YUr+y7mC),

The last notation we need to recall from [1] is the concept of second order convolution

product. To this aim, we first introduce some basic notation about increments.

Notation 2.2.17. We will denote by u'? a function u : Az — L((RY)®2, RY) with two upper
indices, namely,

A3 3 (8,71, 72) — u?™ € R

The notation u? highlights the order of integration in future computations.

We now specify the kind of topology we will consider for functions of the form u!'?.

Definition 2.2.18. Let W™ denote the space of functions u : As — L((R)®2 RY) with

a fized initial condition uf? = ug, endowed with the norm

[y = "]

(e 7:m:6) + HU12H

(2.22)

(ayy),1 (ay.m)1,2 "

The right hand side of (2.22) is defined as follows, recalling the convention p = o —~y and
the definition (2.1) of *:

, _ Juss|
Hul 2 o (s,ts,'fl'l)I;Ag W, (2.23)
and
H 172”(%%%(),1,2 = HU1’2H(a7%n7C)71,2,> * Hum (rim€),1,2,< (2:24)
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where the norms |u'? || qno)1.2> and |u™?|(aymno.1.2< are respectively defined by

r!,ro 1
H 12” 12> sup i Uts | , (2.25)
(cv,m,¢),1,2,> (s,t,r1,m2,r")EAS hn,<(87 tu Ty, o, T )
2™ — |
T -
(ay7,m,6),1,2,< (s,t,r",r1,m2)EAS nC(S t 7/71771277”)

where the function h is defined by

B (s,t,r1, o, 7)) = |re — | min(ry, re, ") — | e

x ([ min(ry, r, vy = €777 = 5] A fmin(ry,r, 1) = 5|77 L (2.27)

Remark 2.2.19. In the sequel we will need to estimate differences of functions v : Az —
L((R™)®2 R™) of the form |u;? — u;*|. Those differences can be handled thanks to Defini-
tion 2.2.18 as follows:

T?q

Jug — ug”

+ |Ut0 - Uto

a—p"lp =t ([lo =t 1 A LRl (2.28)

—ug”| < ug? —up”

< llull@m.12
Since ¢ € [0, p) and 5 € [¢, 1], then we can set n = (, that is
[ul? = uf?| S ull @z ld =PI S Nl
we also have, for any 7 € [0, T1,

uf™ = ug”| < Nl [I7 = 77 1A ] S Nl (2.29)

With the above definition at hand, we are now ready to recall the construction of second

order convolution products in the rough case a — v > %
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Theorem 2.2.20. Let z € V@9 be as given in Definition 2.2.4 with a,,n,( € (0,1)
satisfying p = a — v > %, ¢ €[0,p) and n € [(,1]. We assume that z fulfills Hypothesis
2.2.16 with n = 2. Consider a function y : Ay — L(R?)®%,RY) with ||y*?|/(aqrmo)12 < 00
and yy” = yo, for a fired initial condition yo € L((RY)E% RY). For all fized (s,t,7) € Ag we
have that

zi #yt = lim > zZTylt + (Guz)) * Yt (2.30)
P|—=0 [u,v]eP

s a well defined Volterra- Young integral. It follows that x is a well defined bi-linear operation
between the three parameters Volterra function z* and a 3-parameter path y. Moreover, the

following inequality holds

2,7 1,2 2,7, 8,8
‘Zts * ys - Zts ys

Syt

(eeyy,m,6),1,2

X <||Z2||(2p+'y,'y),1 + ||Z1“(a,'y,n,(),l,?”zlH(a,’y),l) ¢%2p+7),7(77 ta S), (2'31)

where Y is given in (2.1)

Remark 2.2.21. By Hypothesis 2.2.16, the term (8,z%7) * y? in the right hand side of (2.30)
can be rewritten as

1,7, 1 1,2
Z’U’LL * ZUS * yS Y

where the convolution with z"" is defined through (2.18) and the inside integral concerns the
second variable in y»2. As an example, if k, z are smooth functions and z'7 = [? k(7 r)dz,,
then this convolution is understood in the following way

v

1,7 1, 1,2 __
Zvu *Zus*ys _/
u

k(r,r)dz,, ® /u k(ry,ro)dx,,yit".

Remark 2.2.22. Recalling that p = o —~, notice that Proposition 2.2.15 and Theorem 2.2.20
tell us how to define the n’th order convolution products under the condition p > é We
will follow a similar strategy to define third order convolution products and construct our

solution to equation (1.2) with p > } in the subsequent section.
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2.3 Volterra rough paths for o — v > i

This section is devoted to the generalization of the concepts introduced in Section 2.2 to
accommodate the case of Volterra rough paths with regularity p = a — v > i One of the
main issues encountered in this direction is to define third order convolution structures. To
this end, we will state a version of our Volterra sewing Lemma 2.2.11 extended to the case

of two types of Volterra singularities.

2.3.1 Volterra sewing lemma with two singularities

With the aim of extending the Volterra sewing Lemma 2.2.11 with one singularity to an

increment exhibiting two singularities, we first introduce a new space of abstract integrands.

Definition 2.3.1. Let a,v,n,¢ € (0,1) with p = o — v > %, 0<(<pand ( <n <

1. We also consider three coefficients (3,k,0), with (kx +60) € (0,1), 8 € (1,00), and
B—K—0>a—vy>0. Denote by V@ rmQB=InO (A RY) | the space of all functions of the

form Ay > (v,8,t,7) = (Z27)s € RY such that the following norm is finite:

HEHV(%%%C)(&N,&%C) = H‘—”:H(a,'y,r],g) + H(S‘—”:H(ﬁ,nﬁ,n,g) . (31)

In equation (3.1), the operator 6 is introduced in (2.10), the quantity ||=||(a,n.c) 5 given by

(2.3) and the term ||0Z||(gr.0..c) takes the double singularity into account. Namely we have

HéE'H(,B,quJ%C) = H(SEH(B,H,@),I + "5E||(57"£797n7<)7172 ’

where

—_ 5m EZ s
1650 pups = sup  omEed

, (3.2)
(v,8,m,t,7)EAS ¢237579<T7 l,s, U)
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and the term ||[6=||(g,x.0m.0),1,2 @5 defined by

‘5m(EZT/)ts

0= (Bromc)1e == sup , 3.3
H H ® <) (v,s,m,t, 7", T)EAg Qs;éi,@m,c(T, T/, t, S, U) ( )

where the function wé,&g(T,t, s,v) and 1/123’7179’77&(7', 7' t,s,v) are respectively given by
B o7t 5,0) = [l =17t = sl s — o] ] A Jr — 0] (3.4)

Oianc(r 7 tsw) = |7 = |r =t 7 ([l =0 = sl s — o] A =0T,
(3.5)
Notice that we will use V@ rmOBRIN0 o5 o space of abstract Volterra integrands with a

double singularity.

With this new space V(@7:1:0B#010) at hand, we are ready to state the Volterra sewing

Lemma with two singularities alluded to above.

Lemma 2.3.2. Consider seven exponents («,v,n,(), and (8,k,0,n,(), with 5 € (1,00),
(k+60) € (0,1), « € (0,1) andy € (0,1) such that B—k—0 > a—~ >0, € [0,a—~) andn €
[¢,1]. Let Y@rmOBm0m0) qnd YO e the spaces given in Definition 2.8.1 and Definition
2.2.4 respectively. Then there exists a linear continuous map I : V(@O Bk00,0) (A4; Rd) —
Pl (Ag;Rd> such that the following holds true.

(i) The quantity T(Z])ss := limyp| 0 Xy, wjep (7 )wu exists for all (v,s,t,7) € Ay, where P
is a generic partition of [s,t] and |P| denotes the mesh size of the partition. Furthermore,

we define Z(Z7); == I(Z] )w, and have Z(Z])ws = Z(Z] )i — Z(Z7)s0-

(ii) For all (v,s,t,7) € Ay we have

T (E])10 — (E)is] SUSZ N sumtrt B o (75,0, (3.6)
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while for (v,s,t,7',7) € A5 we get

IZ(Z7 e = (577 )is

- 1,2
5 Hé: ||(ﬂ7,€76)7172 ¢B,H’97n’<<7—’ T/, t, S, 'U), (37)

where ¢* and ¢Y? are the functions given by (3.4) and (3.5).

Proof. This is an extension of [1, Lemma 21]. Let us consider the n-th order dyadic partition
P of [s, t] where each set [u, w] € P™ has length 27"|t—s|. We define the n-th order Riemann

sum of =7, denoted Z"(=Z7);s, as follows

TNEDs = > (EDuwu-

[u,w)eP™

Our aim is to show that the sequence {Z"(=Z7);n > 1} converges to an element Z(=7) which
fulfills relation (3.6). To this aim we begin to consider the difference Z"*1(Z7) — Z"(Z7). A

series of elementary computations reveals that

In—H(EZ)ts _In(EZ)ts = = Z 5m(55)wuv (3'8)

[u,w]eP™

where m = “’TJ““ and where we recall that 0 is given by relation (2.10). Plugging relation

(3.2) into (3.8), it is easy to check that

> 10m(EDwd SN0Zlswon Do |7 —wl ™ — | ~fw —ul”. (3.9)

[u,w)eP™ [u,w]eP™
We will upper bound the right hand side above. Invoking the fact that 5 > 1 and |w — u| =

27"t — s|, for u,w € P" we write

S r—w M u—v|Pw—u|? <27 D)5t N e —w| T u—v| T lw—ul. (3.10)
[u,w]eP™ [u,w]eP™

With the definition of Riemann sums in mind, the term

Z |7 — w|™"|u — v|_9|w — ul
[u,w]eP™
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in the right hand side of (3.10) can be dominated by the following finite integral (recall that
K460 <1):
t
/ |7 — x| %z — v|%d.

In addition, some elementary calculations show that the above integral can be upper bounded

as follows,
t
/ I — 2|~z — o] Cda < |7 — t|"|s — v| Ot — s| A |t — 0|15, (3.11)
Plugging the inequality (3.11) into (3.10), we thus get
Z |7 —w|™"|u — U\_9|w — u]ﬁ

[u,w]eP™

S22 ([l =t s =0t = s Al — 0P 70)
Then taking (3.9) into account, relation (3.8) can be recast as

T HEDs — I(E])es]

—n(B— —_ —K —0 —k—0
S 282 oy ([Ir =t s — ol e = sl Alr =0 0) . (3.12)

Since 8 > 1, then (3.12) implies that the sequence {Z"(=Z7);n > 1} is Cauchy. It thus
converges to a quantity Z(=7);s which satisfies (3.6). The rest of this proof is the same as
8, Lemma 4.2], which means that the element Z(=7) has finite || - ||(5,x,6)1 norm. The proof
of relation (3.7) is very similar to (3.6), and left to the reader for sake of conciseness. We
just define an increment =77 instead of 57 and then proceed as in (3.8)-(3.12). The proof

is now complete. [

2.3.2 Third order convolution products in the rough case a — v > %

In this section we establish a proper definition of third order convolution products. Let

us first introduce the class of integrands we shall consider for those products.
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Notation 2.3.3. Similarly to Notation 2.2.17, we denote by u'?3 a function v : Ay —
L((RY)®3 RY) given by

T3,7T2,T
(8,7'1,7'2,7'3)'—)11,8 T

To motivate the upcoming analysis and in order to get a better intuition of what is
meant by third order convolution products, let us first give a definition of the third order
convolution product for smooth functions, and prove a useful relation for the construction

of this convolution.

Definition 2.3.4. Let x be a continuously differentiable function and consider a Volterra
kernel k which fulfills Hypothesis 2.2.1 with v < 1. Let also f : Ay — L((R™)®3 R™) be a
smooth function given in Notation 2.5.5. Then recalling our Notation 2.2.14 for 7 > t >

s > v the convolution z) x fL23 s defined by

zy) % 123 = /t> N k(T,r1)dz,, ® k(ry,re)de,,® k(re,rs)dx,, fit"". (3.13)

r1>7T2>8 ro>r3>8

Lemma 2.3.5. Under the same conditions as in Definition 2.8., let zy) * f1*® be the
increment given by (3.13). Consider (s,t) € Ay and a generic partition P of [s,t]. Then we

have

zp) x f22P = lim Y 237 f12 4 (5uzg’;) * fL23, (3.14)

Proof. Starting from expression (3.13), it is readily seen that

zy) * f133 = > / (1,71)d2,, ® k(ry,ro)de,, ® k(ry, r3)dx,, fIor2"s.

u ’U]E'P >rq >u r1>1r2>8 ro>1r3>8
Then for each [u,v] € P, divide the region {v > r; > u} N {ry > ry > r3 > s} into
{fv>ri>r>rm>utU{v>r>rm>u>ry>spU{v>r >u>ry>ry>sh
This yields a decomposition of z};” % f1%% of the form

z) x fr¥ = 3 AT+ B, +CI,
[u,v]€P
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T T T 1 3
where A7, B], , and (], are respectively given by
T T1,79,T
AT :/ k(r,r)dz,, ® k(ry,re)dx,, ® k(ro,rg)dx,, frtr?"s
v>ri>u r1>Tr2>U ro>r3>U
T T1,79,T"
Bl = / k(r,r)dz,, ® k(ry,re)dx,, ® k(re,rg)dx,, frrr"s
v>Tr1I>U r1>1r2>U u>rz>s
- T1,T9,T
cr, = / k(r,r1)dx,, ® k(ry,m)dr,, ® k(rg,r3)dx,, fI172"s.
v>ri>u u>ro>s r9>T3>8

We recognize the term A7 as the expression z>7 * f1%? given by Definition 3.13. Moreover,

T _ 52,7 1, 1,2,3 T _ 1,7 2, 1,2,3 : 3,7
we can check that B, = z7 *z,; * f,°°, and C}, = z,] * z;. * f;*°. Then since z

satisfies (2.21), we have B, +C7 = (6,237 ) f1?3. This finishes the proof of our claim (3.14).
0

In order to generalize the notion of convolution product beyond the scope of Defini-
tion 2.3.4 to accommodate rough signals x, let us introduce the kind of norm we shall con-
sider for processes with 3 upper variables of the form u!?3, and in that connection introduce

another Volterra-Holder space equipped with this new norm.

Definition 2.3.6. Let W™ denote the space of functions u : Ay — L((RY)®3 RY) as
given in Notation 2.3.3 with uy"™™ = uy € L((RY)®*,R?) and such that ||[u'??||(aqn.0) < 00,

where the norm |[ub*%|(a.n.0) is defined by

1,2,3 H
(a,7,m,¢)

|« ot

Hu1,2,3

(3.15)

(ey),1 (a7,m,€),1,2,3

More specifically, recalling the definition (2.1) for ' the || - ||(ay1 and || l@aqme)i.2.3 norms
in (3.15) are respectively defined by

ug, ™|
Hu1’2’3H = sup 4 —, (3.16)
(@)1 (s,t,7)EAS 7#&7,},(7', t, S)
and
[t =[] [t + [l SNCALY
(a,7,m,¢),1,2,3 (ay7,m,6),1,2 (a,7,m,¢),1,3 (a,7,m,¢),2,3
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In the right hand side of (3.17), similarly to (2.25)-(2.26), we have set ||u™**||(aq )12 aS

the sum [|u"**||(anmo 12> + 1052 l@rymo)12.<, with

Lo |ur rgr_u;",’rl,r|
s
Hu i = sup 3.18
(ayy,m,¢),1,2,> (s,t,r,r1,m2,7)EAG hn7<(87 t, r1,T9,T, 7“/) ’ ( )
urg,r RS url,r ;T
Hu1,2,3 — Sup | w7l (3.19)

(0’7,7]7C),172,< (St?”’/’ 7"1,7’2)6A6 h’l’] C(S t 7”1,’]"2,7“ 7")

Here we define h as follows:

hr],( (87 t? T, T2,T, 7’/) = ’7”2 - 7,1|77 |min(fr1, 2,7, Tl) - t‘_n—"_c

X (Umin(rl,rg, rr') =t — 3\0‘} A lmin(ry, ro, 7, 7") — s]a_7_<> . (3.20)

1,2,3”

Moreover, the norms ||u a2 ond [[ U2 (ayno3 @ (3.17) are defined similarly to

relations (3.18)-(3.19).

Remark 2.3.7. Notice that Definition 2.3.6 has been introduced so that the increments y***—
y""" can be controlled by (3.17). Indeed, we have for any n € [0, 1] and ¢ € [0, p)

U, U, U r,r,sTr U, uU,u u,r,r u,r,r YRYYS u,u,u u,r,v u,r,r rrr|

e T e e T e N T
< (Il @nmnor2s + 1Wl@nmenz) fu =" fr =t~ ([r =77 [t = s|*| Alr = 517)
S Ml @mmor2s =l [r =t ([fr =77 |t = s Ar = s17)

< 1Yll@mmcya,2 lu =l =t 77 = 7 (3.21)

Hence similarly to (2.29), we let n = ¢ and we obtain

u,u,u VRYNS

e = w7 S Yl amymo) 1,23 (3.22)

Thanks to Hypothesis 2.2.16 and Definition 2.3.6, we can now state a general convolution
product for functions defined on A4. As mentioned above, it has to be seen as a generalization

of Definition 2.3.4 to a rough context.
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Theorem 2.3.8. Let z € V19 with o, v,n,¢ € (0,1) satisfying p = o —~ > 1, ¢ €
[0, — ) and n € [(,1] as given in Definition 2.2.4. We assume that z fulfills Hypothesis
2.2.16 with n=3. Consider a function y : Ay — L((R™)®3 R™) as given in Notation 2.3.3
such that ||y"%?|(armoi2s < 0o and yg>® = yo, where |y |aqmoyi23 s defined by
(3.17). Then with Notation 2.2.14 in mind, we have for all fized (s,t,7) € Ag that

371,23 . 3,7, uu,u 3,7 123
* =1 + (0u2z2; = 3.23
Zts ys |'Pl|IE>10 Z 'Uu ys ( sz ) * ys ( )
[u,v]eP
is a well defined Volterra-Young integral. It follows that x is a well defined bi-linear operation
between the three parameters Volterra function z® and a 4-parameter path y. Moreover, we

have that

3,7 1,2,3 3,7, 5,8,8
‘Zts *ys Zts ys

S 1Y lanmo ,1,23(HZ lorvmna + 12" lammer1.2l 2]l @m

+ ||Z2||(047’77777C),172||Z1 H(a,’Y)J) ¢(13p+7),7(7—’ t 3)7 (3'24)
where Y is given in (2.1).

Remark 2.3.9. Similarly to Remark 2.2.21, the term (8,z>7) * y>*3 is defined thanks to the
fact that (according to relation (2.21))

87, 123 _ 27 1. 123 | 7, 2., 0123
Suz2T % y?? = 22T x gl P 4 zhT w2 x ! (3.25)

s

and the convolutions with respect to z'7, z?7 in (3.25) are respectively defined by Theo-

rem 2.2.15 and Theorem 2.2.20.

Proof of Theorem 2.3.8. We first prove (3.23). To this aim, for a generic partition P of [s, t]

let us denote by Zp the approximation of the right hand side of (3.23). Specifically we set
Ip = Z[u,v]eP(E;)UU7 where

(D) = gy + (0uz3] ) 5y, (3.26)
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We now compute 6,.(=7),, in order to check that the extended Volterra sewing Lemma 2.3.2

can be applied in our context. Recall that
0 (ZD) e =(ED)pw —(ED),, —(ED),,, foral 7>v>r>u>s.

Moreover, we know from Hypothesis 2.2.16 that

2,

3,7 27’ 1, 1,7
0pz =270 x 2z, + 2, %L

U

Therefore, a few elementary computations reveal that

b (237y2m ) =~ (7 — i)+ (23 wmly b2l wa2) it (3.27)

o, ((&in’;) * Y2 3) = (zfj[ ¥z 4z * zm) * yo?s, (3.28)
Combining (3.27) and (3.28), we thus get

00 (Z0) s = = (Qhyu + Q2 + Q3) (3.29)

where the quantities Q! are defined by

vrw) ’UTU’ ’UT"lL

VAVENS U, U,U

e = 207 (Yo" — gy

2 2,7 ) 1,2,3 U U U
vruiz *Z *(ys ys )

3 . ) 1,2,3 U, U, U
vru_z *Z *(ys ys )

We will bound each of the above terms separately.

Applying (3.21) with ¢ = 0, and invoking the definition of ||z*||(3p4y),1 in (2.4), and

using that r € [u, v] we have for any n € [0, 1]

lu — 8|77 — v| v — T, (3.30)

’Q’UT’U

< ot ||
(@,7,m,0),1,2,3 (Bp+v,7):1
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We then choose 1 such that 3p+ v+ n > 1 and at the same time 7+~ < 1, which is always

2

uru)?

possible since p > 0, to obtain the desired regularity. For the term @) we invoke the

bound in (2.31), and observe that

zy) x (Yoo =yt

2,7
Zoyr

2
‘eru

<

18l e (12" 1arme) + 122l @oivmar) I = ol o = a7 Al —uf* (3.31)

lLow3 _
S

where gh¥ =zl * ( y; "), and we will need to find a bound for [|§l|,. )12 Note

that convolution only happens in the first term of y-*? — y%%u, By (2.20) it follows that

S

19l @armoriz S 12ll@mally* lamme .2slv — ul"lu — s 7"

Furthermore, from (2.19) it is readily checked that

2,3 u,u,u) 2,3

1,r
Zpy * (ys —Ys

N Hle(an)JHy - yg7u’u||(ocmn,€“)71,2’r —ul’

We continue to investigate the first terms in (3.31). From the above regularity estimate it

follows that

2,7
or

< [ ||
(2p+y,7,m5¢) (a,y,m,¢

Z

1, 1,23 _ _uu,u

1Yl [ =0l o= fu—s| 7.

Combining our estimates for the different terms on the right hand side of (3.31), we have

that

2
‘ eru

< g2 I = ol =l — s, (3.32)

H || ||
(ayy,m,¢),1,2,3 2p+y7.m,¢) (ayy,m,¢

By similar computations as for the bound for Q?, we obtain a bound for Q? given by

|7 — | v — uPTy — 5|77 (3.33)

3
‘ eru

< [lv? 2] e |2
~ (a,y,m,¢),1,2,3 (a,y,m¢) (2p+7,7,m,€)
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Plugging (3.30)-(3.33) into (3.29), we have thus obtained

16, (Z1),u] S Cyalm — 0| — 8| 7o — w140 (3.34)

Joul S

where the constant C, , used above is given explicitly as

1,2,3H

||Z3H(3p+%“/ﬂho +2 HZQH(zpq_%%mg) HZlH(oa;y,n,C)> ’

¢y = |
U mn@0J23<

Starting from (3.34), one can now check that

1621l 1< (335)

3p+y+n,v.m)

where the norm in the left hand side of (3.35) is defined by (3.2). In the same way, we let
the patient reader check that ||=1|(3py4nm,1,2 < 00, where the || - [|(3p4y-4n7.m),1,2 DOIM is
introduced in (3.3). Since we have chosen 1 such that 3p+~v+mn > 1 and v+ 71 < 1, we
can apply Lemma 2.3.2 to the increment = and recall the Notation 2.2.3 of ¢!, ¥"2, which
directly yields our claims (3.6) and (3.7). O

Remark 2.3.10. The general convolution z>7 x y1%3 is given in (3.23), for a path y defined on
A,. If we wish to consider the convolution restricted to a path y!? defined on Aj, a natural

way to proceed is to define

3,7 12 . 37 ~1,23 : AT1,T2,T3 __ ) T2,T3
Zy, * Yy =12y, x QY , with ¢ =y .

This means that the path § has no dependence in r;. Therefore resorting to the notations

(2.23)-(2.24), and (3.16)-(3.17), it is not difficult to check that

@1,2,3 _ y1,2 Q1’2’3 -0
(a7,m,0),1,2,> (ay,m,0)1,2,<’ (a7,m,0),1,2,< ’

g1,2,3 _ y1,2 (QLZ’S -0
(a7,1,0),1,3,> (aymQ)1,2,> (av,m,6),1,3,< ’

3?1’2’3 _ y1,2 g1,2,3 _ H 1,2H
(a,7,1,0),2,3,> (a7,m,0)1,2,> (a7,1,0),2,3,< (a7,m,0)1,2,<
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Hence we have [[§2%°(/yn0125 S 19l anmn12, where [[§522]/ 00,125 18 given in
(3.17) and the norm ||y"?||(a,y.mc),1,2 is introduced in (2.24). This will be invoked for our
rough path constructions in the upcoming section.

Remark 2.3.11. In our applications to rough Volterra equations we will consider the case
p=a—7vE€ (i, %) Therefore it is sufficient to show that the convolution product * can be

performed on the third level of a Volterra rough path.

2.4 Stochastic calculus for Volterra rough paths

In this section we carry out some of the main steps leading to a proper differential calculus
in a Volterra context. That is, we show how to integrate a Volterra controlled process in

Section 2.4.1, and we solve Volterra type equations in Section 2.4.2.

2.4.1 Volterra controlled processes and rough Volterra integration

We begin with a proper definition of rough Volterra integration in rough case o — vy > %.
As usual in rough integration theory, one needs to specify a proper class of processes which
can be integrated with respect to the driving noise. As we will see, a non-geometric rough
path type theory based on tree type expansions are needed, in order to construct a well
defined rough Volterra integral. We therefore begin with some motivation for tree type

expansions for iterated integrals.

Tree expansions setting

In Hypothesis 2.2.16, we have introduced the notion of a convolutional rough path z above
z. While z satisfies the Chen type relation (2.21), it cannot be considered as a geometric
rough path (see e.g. [8]). The reader might check for instance that for a path z"" given by
the mapping (¢,7) = Ji k(7,7)dx,, the component z>" will not satisfy the component-wise

relation

67



Hence in order to define a rough path type calculus of order 2 related to 27, we have to
invoke techniques related to non geometric settings. The standard language in this kind of
context is related to the Hopf algebra of trees. We give a brief account on those notions in

the current section, referring to [3] for further details.

Let 73 be the set of rooted trees with at most 3 vertices, whose vertices are decorated

by labels from the alphabet {1,...,d}. A full description of the undecorated version of 73

is given by

To = { 1 1 v}. (4.1)
In the sequel we will use the operation [ -] on trees. Namely for oy,...,0, € T3 and
a € {l,...,d}. we define o = [0y - - - 04, as the tree for which oy, ..., 0, are attached to a

new root with label a. For instance in the unlabeled case we have

It is thus readily checked that any tree in 73 can be constructed iteratively from smaller

trees thanks to the operation [-]. Let us also mention that we always assume that the order
of the branches in each tree does not matter, in the sense that [0y - - - 0] = [og, - - - Ox,,]; for
all permutations 7 of {1,...,m}.

The set T3 can be turned into a Hopf algebra when equipped with a suitable coproduct
and antipode. This elegant structure is applied and discussed in detail in [3], but is not
necessary in our context. However, we shall use some of the notation contained in [3] for our

future computations.

Notation 2.4.1. For any tree o € T3, the quantity |o| denotes the numbers of vertices in

o. We call the set F5 a forest consisting of elements with 2 vertices or less. Namely, Fy is
defined by
.FQ :{o, I, oo}.

Remark 2.4.2. Note that the operation |- ] sends the set {1} U F; into 7s.
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Tree indexed rough path and controlled processes.

We have already introduced the family {z"",j = 1,2,3} in Hypothesis 2.2.16. These
objects will be identified with tree indexed objects below. On top of this family, our compu-
tations will also hinge on an additional function called 29, Similarly to (3.13), whenever x

is a continuously differentiable function and £ satisfies Hypothesis 2.2.1, the increment 2V

is defined by

zX’T = /st k(r,r) (/sr E(r, l)d:vl> ® </ST E(r, w)dxw> ® dx, . (4.2)

However, for a generic rough signal x we need some more abstract assumptions which are

summarized below.

Hypothesis 2.4.3. Let z € V@719 be o Volterra path as given in Definition 2.2.4. Recall
that o, 7y, n, ¢ satisfies 4p +~v > 1 where p=a —, ¢ € [0,p) and n € [(,1]. We assume the
existence of a family z = {z°7,0 € T3} such that z{;” € (R™)®I°l. This family is defined by

VT

1,7

where z'7, 2>, 237 are introduced in Hypothesis 2.2.16. Moreover the increment z *"" satisfies

the algebraic relation

0 (4.3)

?
T o, T o, o, 7T
5uzts - 2Ztu * Zus + Zyy * (Zus

where the right hand side of (4.3) is defined in Proposition 2.2.15. Analytically, we require

each z°7 to be an element of VU7IP+17) and we define

|||Z|||(am777<) = Z “ZJH(IUIPJr%%n,C)' (4.4)
c€eT3
Remark 2.4.4. Note that ||-||| does not define a seminorm of any sort, but is rather meant as

a convenient way to collect the seminorm terms concerning z° for o € T73.

Together with the elements in Hypothesis 2.4.3, we will also make use of the family

{z°;§ € F,} in the sequel. To this aim, let us now introduce the element z**.
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Notation 2.4.5. As stated in Hypothesis 2.4.3, we have set z%" = z'7. In addition, we also

define z°*7 as

z" _/ T d:vr/ k(7 l)dx = (23])%°. (4.5)

Therefore we can recast (4.3) as

ir

_ o, T oo, T
OuZpy | = 223, * 23, + 7y, * Ziy . (4.6)

Assuming Hypothesis 2.4.3 holds, similarly to Theorem 2.3.8, we now give a convolution

result for z V. .

Theorem 2.4.6. Let z € V719 with o, v,n,¢ € (0,1) satisfying p = o —~ > 1, ¢ €
[0, — ) and n € [(,1]. We assume that the Volterra rough path z over z fulfills Hypothesis
2.4.8. Consider a function y : Ay — L((R™)®3 R™) as given in Notation 2.5.3 such that
1923 | (@ morn23 < 00 and yy™* = yo, where ||y wrno)123 @5 defined by (3.17). Then

with Notation 2.2.14 in mind, we have for all fized (s,t,7) € Ag that

z;'; Tyl = lim > zw’Tyg o <5uz2‘£”) * yi??, (4.7)
Pl 0 [u,v]€P

is a well defined Volterra-Young integral. It follows that x is a well defined bi-linear operation

between the three parameters Volterra function z® and a 4-parameter path y. Moreover, we

have that

VT 1,2,3 .\0’7' S,8,8

19 17273
Zis" K Y Ty S

121G, ) ap s (75 5), (4.8)

(o7,m,6),1,2,3

where Y is defined by (2.1).

Proof. The proof goes along the same lines as the proof of Theorem 2.3.8, and is omitted

for sake of conciseness. O]

We are now ready to introduce the natural class of processes one can integrate with

respect to z, called Volterra controlled processes.
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Definition 2.4.7. Let z € V@19 for some p = a—~v > 0, ¢ € [0,p), n € [(,1], and
consider a Volterra path y : Ay — R We assume that there exists a family {y°;0 € Fy},
with Fo as in Notation 2.4.1, such that the following holds true.

(i) y° is a function from Apjse to LRI RY) | and y* has |o| + 1 upper arguments. The

initial conditions are respectively given by

o,D, ° I, ,q,T I ee.D,q,T o0
Yo" = b, Yo" = s, Yo =y, forall (r,q,p) € As.

(ii) The family {y°;0 € Fo} is related to the increments of y™ in the following way: for

(s,t,7) € Az we have

YL = B Ry BT T T kT 4 RYT (4.9)
and
T o, T : T,0, e, 7,D,* o, 7.
y;:e P = Zt7s * (ys7 P + st b ) + Rt; 7p? (410)

where yI,y”‘ € Y@rno R e W2(2p+2%2%"’0(£(Rd)) and RY € VErE3737mO(RY) (recall
that V@10 qnd WP qre introduced in Definition 2.2.4 and Definition 2.2.18

respectively).

I,y") satisfies relation (4.9)-(4.10), we say that y is a Volterra path

Whenever'y = (y,4°,y
controlled by z (or simply controlled Volterra path) and we write y € D719 (Ay: R™). We

equip this space with a semi-norm || - ||z (aqmc) given by

° I oo
oo = |(950)
:( 7777]7<) z,(a,'y,m()

= Hy‘”(amm@ + ||y"||(ocmn,é) + HRyH(3p+3%3%mC) + ||R.||(2p+2%2%n,0 (4.11)

where the norms in (4.11) are respectively defined by (2.3) and (2.22). Equipped with the

norm

)
z,(a,7,m,C)

: ? ?
y= <yyyy> = lyol + |yo| + 1ol + |v6°| + H(yyyy>
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the space D¢ s a Banach space.

Remark 2.4.8. Tt is easily seen from (4.9) and (4.10) that if y € D@77 then y,y° €
V(@7:16) Indeed, we observe directly from (4.10) that

Y ° I o0 I o0 Y
ly H(a,%n,C) S |z ||(a,%n,é“)(|3/0’ + 5" + [ly H(m%m() + [ly H(a,%n,C)) + IR H(2P+2%2%7L07

where the quantities on the right hand side are finite by assumption. Furthermore, by

relation (4.9) we then have that

H?JH(a,%n,C) < ”ZH(amn,C) (|yf)| + |y8| + ’y(.),.| + ||y.||(0cmn£) + Hy‘”(a,%n@ + Hy.’.H(a,%n,C) + ||Ry||(3p+3%3w77€)> .
(4.12)

Remark 2.4.9. According to Definition 2.4.7, the function y* is defined on A3 and has two up-
3

per variables, while y* and y°** are defined on A4 and have three upper arguments. Therefore

eReB/Ne

in (4.11) the norm ||9*||(a,y.n.¢) has to be understood as a norm in WS ), while the norms

W) - The readers is re-

HyIH(a,M,C) and [|y**||(a,r.n,¢) have to be considered as norms in
ferred to Definition 2.2.18 and 2.3.6 for the definition of WA*7™) and W{* ") respectively.
We stick to the notation | - ||(a,ym¢) for the norm on those different spaces, for notational

case.

Integration of controlled processes

Our next step is to show that we may construct a Volterra rough integral in the rough

1

case o — 7y > 1,

and then prove that the Volterra rough integral of a controlled path with

respect to a driving Holder noise x € C* is again a controlled Volterra path.

Theorem 2.4.10. For «,(,n € (0,1), let x € C*([0,T];R?) and k be a Volterra kernel
satisfying Hypothesis 2.2.1 with a parameter v such that p = a — vy > i, 0< ¢ <p, and
¢ <n <1 Define 2l = [yk(r,7)dr, and assume there exvists a tree indexed rough path
z = {z77;0 € T3} above z satisfying Hypothesis 2.4.3. Let M > 0 be a constant such
that [zl . ey < M. We now consider a controlled Volterra path'y € DO (L(RY)), as
introduced in Definition 2.4.7. Then the following holds true:
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i, v,

(i) Define =7, :=z37 vy, + 257 Yoo 4z yi +z,, xyrro. The following limit exists

for all (s,t,7) € As,

t
wiy, = [ k(r,7)dz,y, = lim Zou 4.13
b= [ = i 3 (113

(ii) Let w be defined by (4.13). Recalling the Notation 2.2.3 of ¥' and "2, there exists a

positive constant C' = Cyp o such that for all (s,t,7) € Az we have

|HZ|H(a,'y,n,C) w(14p+'y),'y (T7 i S)' (414>

‘ths - Et;‘ < C H(yay.7y‘7y")

z,(a,7,m,C)
(i) There exists a positive constant C' = Cyr o~ such that for all (s,t,p,q) € Ay, we have

1,2

- L] I e
wlf = 221 < C| (v o) 2l o) Py P ti5)  (415)

z,(a,7,m,)

(iv) The triple w = (w,w',wI,O) is a controlled Volterra path in D7) (Ay, R™), where

we recall that w is defined by (4.13), and where w*, wh are respectively given by
Wi = yf, and W} =

Remark 2.4.11. From Theorem 2.4.10, we also can find a bound for ||R"||(3a,37.n,¢) and

||Rw.||(2a,2%n74)'
Specifically, according to Theorem 2.4.10 (%i) we have

(4.16)

w { ] : e
18 soirmey S | (9705 0) 12/l

z,(a,7,m,C)

Moreover, thanks to Theorem 2.4.10 (iv) we have w;™” = y. Recalling (4.9) together with
(4.16), we obtain

H .

12/l (0. .n.c) (4.17)

< (] I .‘)
(2a,2vm,¢) ~ H <y7 vy z,(a,y,m,¢
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Proof of Theorem 2.4.10. Let = be given as in (7). Thanks to Proposition 2.2.15, Theorem
2.2.20, Theorem 2.3.8, and Theorem 2.4.6, = is well-defined. Our global strategy is to show
that the Volterra sewing lemma can be applied to =. In order to do so, let us compute
=l for (u,m,v,7) € Ay. Owing to (2.21), as well as some elementary properties of the

operator 0, we get

where the quantities A7 = and B] . are given by
[ ] I [ ] V
AL = = | Zom  Yns F T * Yoo+ Zm % Y Zl * Y (4.19)
and .
B .= mzi; *yn 4+ 5mzi’; * yi + 5mz;i’7 Ys (4.20)

Due to the assumption that (y,y*, y:, y*) € D) we have that for any (s,t,7) € Ag
Yis = 7 % YL 2 R Y 2 RS+ R

and

i =iy e (2 ) R

Plugging the above two relations into (4.19), we obtain

o er L b1

T — %7 o, ) ) s T oo, 00, )y 9T Y,y
O R o P S LR Ly - (4.21)
vm mu yu vm mu yu vm mu ‘
E,T I:'»'f .\./'77- 00,5 "
T Zym FYmi T Zom K Y-
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Thanks to Hypothesis 2.2.16 and Hypothesis 2.4.3, plugging in the algebraic relations from
(2.21) and (4.3) into (4.20), we have

S N PRI SN SRR SRR % S R
L ]
T o, 00, ", T o \R2 00,

We now insert (4.21) and (4.22) into (4.18). Let us also recall that z** = (z%,)®? according

mu

to (4.5). Then some elementary algebraic manipulations and cancellations show that

?
=T — IuT I:'u'v' VzT 00,y I?T e,y o, T Y
5777« (‘_'”U’LL) = "Zym * Y T Zom *Ymi ' T Zym * Rmu — Zym * Rmu (423)

We now bound successively the 4 terms in the right hand side of (4.23). First we apply a

small variant of (3.24) and (4.8), which takes into account the fact that increments of the
!

mu

in (3.24) and (4.8). Resorting to (4.11) and the definition (2.1) of !, we get

I,u,u,u 00, U UL

form y; ., and yoe, are considered. We also bound the terms involving 3", yee"* properly

V,T 00, ",

?
T ®55%s"
va * ymu + ZUm * ymu

! o —~ 3

where we recall that [|zl], ) was defined in (4.4). Next invoking the fact that RY €

@,m,6
VYBr+37:37m.0) and Proposition 2.2.15, together with 1! as given in (2.1), we obtain

1257 Bl < IRV lgps3.390.0 127 @mo 1T — 077 | — m[ 47, (4.25)

2p+27,27,1,¢)
, We

Eventually, resorting to Theorem 2.2.20 and owing to the fact that R* € WQ(
can check that

! .- . 2 - 4
Zom * Boonl < 1R 2pt2v29m0) 122l (o iy |7 = 017 0 = a7 (4.26)
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Plugging (4.24), (4.25) and (4.26) into (4.23), we have thus obtained

T ° : (Y 2 —
nZnl S | (v oh) el ol = o1l w7 a2

z,(a,7,m,¢)

1
4

Recall that by assumption, p > %, and therefore § = 4p + v > 1. We have thus obtained
that ||[0=]|(5,),1 < 0o. Following along the same lines above, it is readily checked that also
1= l(8,4m.)1,2 < 00. Therefore we apply directly the Volterra sewing Lemma 2.2.11 in order
to achieve the claims in (4.13), (4.14) and (4.15).

We now proceed to prove the last claim, (4v) . To this aim, observe that the bound in (4.14)
together with the fact that ZE, z¥ € YErt3137m0) (R4), implies the existence of a function

R € YBr37:37:0.0 (R™) such that
wl, =7 vy, + 2 %yl + R (4.28)

From (4.28) it is readily seen that w” can be decomposed as a controlled Volterra path in

?
DO (Ay, R™) with wi™ = o7, wp™®? = 4P wi* P = (. This finishes our proof. [

Remark 2.4.12. From Theorem 2.4.10 (d), we know that the process w defined by (4.13)

satisfies

®,7,p

wt ®,D

_ D _
=Y = Wy -

Therefore w* depends on two variables instead of 3 variables in the general definition (4.9).

In the same way, we have

Lra, .. La.
WP = TP — 0P
that is, wh depends on three variables (vs 4 variables in the general definition (4.9)). There-

fore we can refine Theorem 2.4.10 and state that the Volterra rough integration sends
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(?/,?f,yz,y") € DrmO(RY) to a controlled process (w,w',w:,O) e DO (RY), where
the space D710 (RY) is defined by

im0 i { (,0,0,0) € D019 (38 a7

. .
w:7T7Q7p — w:(Lp, and w;.77—’q7p — O}‘

(4.29)

The composition of a Volterra controlled processes with a smooth function

With Remark 2.4.12 in mind, we will now prove that one can compose processes in

15;0"%’7’0 and still get a controlled process.

Proposition 2.4.13. Let f € CHR%R™) and assume (y, y°, yz, 0) € 15;%%%0 (RY) as given in
Remark 2.4.12. Also recall our Notation 2.2.14 for matriz products. Then the composition
f(y) can be seen as a controlled path (o, gb’,gbI, ¢**), where ¢ = f(y) and where in the

decomposition (4.9) we have

¢ =y f (i) (4.30)

1r ! , corap _ Lo oo . r
o =y (y),  and TP = 5(% D@ W) " (yr) - (4.31)

Moreover, there exists a constant C' = Cq ||f).. > 0 such that
b

o I LX) L] I L] I
16266 Moy < OO+ Welliarn)? | (18] + 11+ 157,57 O laarnc)
oo .1 ’
v (114 1+ 15 O htein)) ] (432
Proof. We separate this proof into two parts: in the first step we will find the appro-
priate expression for ¢°, (;5: and ¢** ( namely (4.30) and (4.31)), as well as proving that

(o, ¢, (b:,gb") € Dlem¢) . In the second step, we will prove relation (4.32). Without loss

of generality, we do the below analysis component-wise for f(y) = (fi1(v), ..., fm(y)), where
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each f; : R — R for i = 1,...,m. With a slight abuse of notation, we drop the subscript

notation, and still just write f(y) representing each component.

Step 1: Expression for ¢°, gbI and ¢**. An elementary application of Taylor’s formula enables

us to decompose the increment f(y7);s into

FW s = v f' (2) + ;(y;)@f”(yl) + T, (4.33)

where 7, = 1(y7)®3 [3 f®(c],(0))dO, where ¢f,(0) = 0yI + (1 — 0)y]. It is readily checked
from (4.33) that r € VB3¢ Indeed, it follows directly that

fllez-

||r||(3a,37),1 S ||?/||?a,»y),1|

Furthermore, for (s,t,7,7") € A4, we have

i< 31y wi) ™ + )P flleg
b

1Yoy Il (Qy 1+ Ly TDUT = 8771 = s|™ Al = s]7)°.
It is simply checked that the following inequality hold:
9271 S yol + 9l cammoyral ™ = 717l — s[7=¢[s*[ A ls|~],

and thus it follows that

Il asvaorie S (Wl @rmoa2lylliam s + 191G (vol + 19l @anoa2)l fllcp-

Combining the above estimates, we get

Il asvame) S (ol + 1¥ll@nne))*I1f ez (4.34)
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Now observe that (y,y‘,yz,O) € ﬁ;ammﬁ) where 25;0"“/”7’4) is the subset of the space
D719 as defined in Remark 2.4.12. In particular, y, y*, y: satisfy relation (4.9). Then

taking squares in the relation (4.9), we end up with
(Yf) % = (20 * yo™) ™ + 7L, (4.35)

where the reminder term 77, is defined by

R = (2 o+ )R (RET)ER 4 (2 ) @ (2 ™) + (2] + yn™) @ (2 % b

(2 % yy™) @ R+ RET © (237 ™) + (27 %3}™) © RET + R © (2l * 4F7).

(4.36)
Plugging (4.35) into (4.33), we get
PO Vee =8 ) + 5T *2) 21 00) + 57" 6) 7
We now invoke (4.9) in order to further decompose yj, above. We end up with
S e =2 5 S W) + 28 % ) + ;(Z?J Y ) (yD) + i (4.37)
where the reminder R? is defined by
RET = RS0 + 7" ) + . (1.38)

2

Thanks to (4.37) and the definition of the relations in (4.30)-(4.31), the proof of (¢, ¢*, ¢=, ) €

D719 are now reduced to proving the following two claims:

e Claim 1: The remainder term Ry, in (4.38) is of order 3. Specifically, due to (4.33)
and the fact that (y,y°, yI, 0) € D) relation (4.38) this is reduced to the following

claim:

7 e YBet3y3vn0). (4.39)
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o Claim 2: ¢ fulfills relation (4.10), which can be written as
¢o,-,- _ Zo,- * (¢:,-,-,- + 2¢oo,-,-,-> E W2(2p+2772'7’777<)7 (440)

where we recall that ¢°, qb:, ¢** are defined by (4.30)-(4.31).

In the following, we will prove those two Claims separately.

Proof of Claim 1. According to relation (4.36), there are eight terms to evaluate in 7. For
conciseness, we can consider one of these terms, say the increment I, defined by I/, = (zig
yif) ® (z3, *y»™), and the remaining terms will follow directly from similar considerations.
To this aim, a first observation is that since (y, y*, yI, 0) € 15(‘1’7”7’4) as given in (4.29), then

(ZisT * yi ") ® (zyy *y2'). Moreover,

both y* and yI don’t dependent on 7 and we have I}, =
due to the fact that I is part of the reminder 7, we have to evaluate ||11|(35+2+,2yn,c)- OWing

to Definition 2.2.4, this is equivalent to evaluate

HIH (3p+27,2v,n,C) ||I|| (3p+27,27),1 + ||I|| (3p+27,2v,n,(),1,2 (4-41)

In order to upper bound the right hand side of (4.41), it suffices to estimate |I7,| and |I}?|.

Some elementary computations reveal that

<

~

I, = 27 sy | |zgy *yl ], (4.42)

? ..
<zts *y) ® (zgy *y2)

and

?
1281 = 112 = T = | (o) @ ) — (2 i) @ a wai)
S| R B [ (443

To bound the right hand side of (4.42), thanks to a slight variation of Proposition 2.2.15 and
Theorem 2.2.20, we have

- 2
LS (031 + 1981+ 10 5% 55 Ol om0 212 ) Pliprzmy on (721 5).
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Similarly, we can bound |I/?] is the following way:

) . R . 2 7
]S (ol + 1a] + 1w 07", Olastanine) N2 io e Yz v @ a1, 8) — (444)

It follows by definition of the quantities ||1|(3p+2v,29),1 and ||1]|(3p+2y,2v.m0),1,2 &S given in

Definition 2.2.4, that

: . o« 3 2
1l sps2v.290 V I pr2v29morne S (W6l + 195 + 110,97 5% O @) N2l me) (445)

which implies I € VGr3737:m0 according to Lemma 2.2.8. Similarly, we let the patient

reader check that

T e, N S 3p427,2 I 1.a®2 4p+27,2 2 6p+67,6
(27 5y ) @(2e 5o ) € YErt27.27:m0) (375> )%2 € YUpt27,27:m,.0) (RY)%? ¢ P(6p+67.67.1.0)

(4.46)

as well as
(2] *yy) @ RY, € YWrririmnO) (g7 by @ RY € Yootindrng) (4.47)

In fact the appropriate norm for each of these terms is easily seen to be bounded by the

2 : . o 3 . 1
product (12l o) + 1201, (58] + 5] + 15,87 8%, 0)aym))?. Combining (4.45),
(4.46) and (4.47), we have thus obtained that # € V3¢+37:37:m9 "and it follows that

_ 2 ! . .« 1
17l 3p+3y7m0) S N2 0y mcy + N2 Moy (%01 + 1651+ 1%, 9797, Ollaamme)®  (4:48)

Proof of Claim 2. Before proving relation (4.40), we will give some algebraic insight on the

terms of ¢7 for o € Fy. Indeed, resorting to (4.37), we can safely set

ov =y (yl) (4.49)
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as stated in (4.30). According to (4.37), we also let

.T : r oo, 1 . ° r
ST =), = S © W ). (1.50)

With relation (4.9) in mind, we can rewrite (4.37) as
FD) = Fy) = 2l % 007 + 2l % ¢ + (20) %2 % 007 + RYT (4.51)

Let us briefly give a few details regarding the expressions on the right hand side of (4.51).
Specifically, we will explain how to compute zy, *¢%™ = z) *y% f'(yI). Referring to Notation
2.2.14, the expression zy, *y% f'(y7) can be rewritten as [(zg, )7 * (y2 f'(yI)T]T = f'(yD)ys *
z;, , where we have used also that y> f'(y7) can be rewritten as [(y2)T(f'(yI)T]T = f'(yD)y2.
In addition, notice that f'(y,) € R? y2 € L(R? RY) and z;, € RY. Therefore the quantity
zy, * y> f'(yI) has to be interpreted as an inner product, and we let the patient reader

perform the same kind of manipulation for the term zf’; * yI f'(yD). In the end we get that

both the left hand side and the right hand side of (4.51) are real-valued.

Now we are ready to prove (4.40). To this aim we set
= G — g (5T 20, (452)

Our claim (4.40) amounts to show that J € WA T2779) with WP H2121m¢) given in Defi-

nition 2.2.18. Thanks to (4.49) and (4.50), we first write
IS = (Fwl) = FWD) +yn F D) — 2 =y f (D) —zed oy @ f7 (yl) . (4.53)

We now invoke (4.10), recalling that y** = 0 since we have assumed that y € De17<).

Plugging this information in (4.53), we end up with

JT =" (f'(y]) — F i) + R f1 (D) — 22 v @97 f(yl). (4.54)
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Let us apply a Taylor expansion to the first term of right hand side of (4.54). Specifically

we write
T T T T 2),7
P = F'WD) — v f" WD) = B,
where the term Ft@)’ = (Ft(f) , Fa (2).7, d) is defined as a reminder in a Taylor expansion.
Namely consider multi-indices = (f1, ..., Bq) with §; € {0,1,2}. We set |B] = Zj?lzl B; and
18]! = . Then fori=1,...,d, F}?"™ is given by

7 )®Ie]
T - z S [0=n0 @50 + i) v (455)
With expression (4.55) in hand and recalling (4.54), we thus get

JET =y (') = WD) =y S WD) +ur Tyl S () —zn o« y @yt (D) + R f(yD)

=y FET 4 R P (D) oyl (D) — 2 sy @yt (D), (4.56)

Furthermore, we plug in identity (4.9) in the above expansion in order to expand the term

vy f"(y7) in (4.56). This yields

T, T o, T o, T IT T T DT T
Jts —yt Fts +R f( >—i_yt7 Zts *yiﬂfl(ys)—i_yt Rtsf”(ys)

+ oy zy w vyt M (yl) —zi o« @yt (D). (4.57)

Next we resort to the forthcoming identity (4.70) in order to handle the term zy] *y% ® yo™

.77- .7

f"(yI) above. One obtains that the last two terms in (4.57) combine into one term y7, z}, *

v " (yT). We end up with

T 2 o, T T o T _oT - T
Jts _yt F( b7 +Rt5 f,<ys) +yt Z:s *yi f,<ys)

+ RS (YD) + iz g (). (4.58)
In the same way, we let the patient reader check that we can rewrite JL7 — JEP a
th J’p,P Jqp + J'qp + Jqp Jz(llp + Jgﬁl” (459)
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where the terms J¥, JI¥ Ji¥¥ J¥ and J¥ are defined respectively by

TP = g PRI 4y (R - FDT)

= (yi’pZ§;"p f g T yz) F'(y8) + (?JZ”’Zi’f * yz> (f"(yd) = " (W8))

J3" = (" R + v R) £ (yd) + wi " RE (F () — 17 (42)) (4.60)
S = (e« + yrl 2 gl ) S ) + iz eyl (" (d) — £ ()

J¥ = Ry f(yd) + R (f'(yd) — ' (W5)) -

With (4.58)-(4.60) at hand, and recalling Definition 2.2.18 for the spaces W, it is readily
checked, using the information of the regularities in the different terms of J; fori=1,...,5
that J € Wfp 212716 We omit further details, as the arguments follows directly along the

same lines as in previous computations in the proof of claim 1.

Summarizing our analysis so far, we have now proved both Claim 1 and Claim 2 above.

Therefore we obtain that (¢, ¢°, (b:, ¢**) is an element of D{@7m<),

Step 2: Proof of relation (4.32). According to the definition (4.11) for the norm in D{®),

we have

? ? .
||(¢a ¢ 7¢ agb )Hz;(a;y,n,g) = ||§Z5 ||(a,'y,77,C) + ||¢ H(amn,C) + ||R¢||(3,0+3'y,3'y,77,€) + HR(ZS ||(2p+2'y,2'y,7774)'
(4.61)

In the following, we will bound four terms in the right hand side of (4.61) separately.

We begin to handle the term HqﬁIH(a,%mo in (4.61). We recall that gbz is given by (4.31),
and its («,)-norm is introduced in Definition 2.3.6. According to this definition, it is thus

enough to bound ||¢I||(,m),1 and ||¢I||(a7%n7<)71y273. Towards this aim, we write

I,T,T,T
ts

g (f'(yi) = f(y2)) + yf?”f’(yl )

? ?
S ez (ol + 19l @ + 19l anmeriz) Yaq (1.t 5), (4.62)

IT,T T :TT T
=" ) — T ()| =
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where psi! as given in (2.1). This yields

18"l @r S IFllez (196] + 19l @ya + 15 I @mon2)- (4.63)
b

We now wish to handle the norm ||¢:H(amn£),1,2,3 in (3.15). Otherwise stated, we wish to

bound the terms in the right hand side of (3.17) for gbI. For the term ||¢I||(a77,777¢),172,>, we

thus write
Lo/ p2.p 3o pip Spop g1y 0 Spop pr(, v Sovp pre o Sovp prg, o
ta P — ol = |y (e ) — P (s ) —uem P () P (R

! ! /
< ’(yt’f?’p — yg”) ')

+| (s = gEme) () - )|

In addition, owing to Remark 2.4.9 and (3.20) and since y € ZA);O"%”’O, we have y: € Wé%%m()'

Due to the fact that y is also an element of V(@< according to Remark 2.4.8, we get

30 e, 3o p, 3 ,
tSp b2:b - tSp prp S./ Hf”clgﬂyé‘ _'_ ”yH(O{,’\/),l _'_ ”y H(a7777]7<)71»2> ¢i,?y,n7<(p27pl7ta 8)7 (464)

where 91 as given in (2.2). We thus have

! ! !
H¢ H(%’Yﬂ%@):LQ S) Hf“C’g(’yo‘ + “yH(OL,’}’),l + Hy H(avfﬁn)g)zla2)' (465)

Moreover, it is easily seen that H¢:H(amn£),1,3 and H¢I|‘(amn,<),2,3 are bounded exactly in the

same way as (4.65). Hence we get the following bound for H¢:H(ammc)7l,2,3:

16" l@acrazs S Il (bl + Iyl ama + 19 lammori2): (4.66)
b

Eventually, plugging (4.63) and (4.66) into (3.15), we obtain the desired bound for ||¢:||(amn,<)3

? ? 3
19° (@ nmc) S I llez (196l + 19l @ + 19"l @rmor.2)- (4.67)

We let the reader check that the term [[¢**||(ay.n,¢) in (4.61) can be treated in a similar way.

Indeed, ¢** has to be considered as a process in Wj, exactly like qbz. Therefore owing to the
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definition (4.31) of ¢** and to the definition (3.17) of the (1,2,3)-norm in Ws, we get the

following bound along the same lines as (4.62)-(4.67):

.o ! 3
16** l@me) S I ez (190l + Null@m.a + 19l @mme12)- (4.68)

We are now ready to bound the fourth term || R?"||(2p+24,27.4.¢) in the right hand side of (4.61).

To this aim, recall that according to (4.10) we have
?
Ri? = i — o (e g

Comparing this expression to (4.52), we get R®" = .J. Now recall that J has been analyzed
through a decomposition in (4.58)-(4.60). Note that all the terms appearing in the decom-
position are directly bounded due to the fact that (y, 3, y:, 0) € 75;“’7). It is therefore readily
checked that

|’R¢.H(2p+2%2%n£) <C(1+ H‘Z|l|(a,%n,g))3|: (’3JB| + |y8| + (v, y’,y‘, O)Hz,(a,%n,é‘))
N . ’
v (It + 181+ 10,8 Ollsganc)) |
Eventually, we handle the term ||R?||(35+3+,3v.n¢) in (4.61). Recall that R? is given by (4.38),
and that we have already bounded the term 7 and 7 in (4.34) and (4.48) respectively. Fur-

thermore, it follows directly that ||RY||(35+3v,37.m.¢) < H(y,y',y:,O)HZ’(aﬂ.mo. Combining the

above considerations, we see that

; . ! .
180 5petrninc) S (1 Welliarin)*] (1ol + 18]+ 98] + 10 57,57, Ol arnc)

3
. : o 3
V (1ol + 1981 + 1581 + 10 . Ollaceianc)) |
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Gathering the bounds found above, it is now evident that

L] 3 [ [
H(¢7 ¢.7 (#7 qb")”Z;(Oé,"/,?],C) SJ (1 + H’Z‘H(a,%n,g)> [ (|y0| + ‘ZJ(‘)| + ’y8| + H(ya y.a y‘7 0)”z,(a;y,77,()>

. . 3
o (ol 156+ 11+ 100 Ol |

where the hidden constant depends on || f||¢s, c, and . The above relation is exactly (4.32),

which concludes our proof. O

Remark 2.4.14. In Proposition 2.4.13 we have obtained useful bounds on the composition map
from D719 (A ([0, T]); RY) to D@19 (Ay([0,T]); R™). Let us now choose a parameter
B such that § < a and we still have g — v > i. We will in the next section onsider the
composition map from D11 (A,([0, T]); RY) to D19 (Ay([0,T]); R™). Due to Remark

2.2.7, it is readily checked that there exists a constant C' = Chsa.8~.n.¢, Flles such that,
b

. 3 L] [
(o, 0", 925‘: Qﬁ")HZ;(ﬁmmC) <C (1 + ”ZH(a,%n,C)) ([|3/6’ + IySI +11(y, v, Z/‘a 0)”27(67%%()])

N, . L *\ -
o ([0 81+ 10 O o] ) 7. ca9)

We close this section by presenting a technical result which leads to some useful cancel-

lations in the rough path expansion (4.57).

Lemma 2.4.15. Let f € C}(RY) and assume (y,y',yI,O) e DernO(RY) as given in Re-
mark 2.4.12. Also recall our Notation 2.2.14 for matriz products. Then for any (s,t,7) € As,

we have

y zy + e f(ys) = 2 2yt @t (D) (4.70)

Proof. Let L (respectively M) be the left hand side (respectively right hand side) of (4.70) .
Recalling the dimension considerations after equation (4.51), notice that both L and M are

elements of R¥9. For a € R?, we consider the matrix products aL and aM in the sense of
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Notation 2.2.14. In particular, our Notation 2.2.14 implies that aL has to be interpreted as

f"(yD)ye * 23, yo"a. Expressing this in coordinates we get

m m m
. (o Tij o,,ii1,, 97511 o, 7,ji1 J1
al = Y f"yD)V >yt Y yi™a

ij=1 =1 =1

_ Z f//(yDijy;,-,ihzzysﬂily;,‘njjlajl_ (4.71)

i7j7il7j1:1
Similarly, the product aM can be expressed as
s m .s .. . : .
aM = f"(yD) " @y w2 ca = Y f(y) Yy e (4.72)
ivjzilyjlzl

Comparing (4.71) and (4.72), it is clear that aL = aM for any a € R?. Thus L = M, which
finishes the proof. [

2.4.2 Rough Volterra Equations

In this section we gather all the element of stochastic calculus put forward in Sections
2.3.2-2.4.1, in order to achieve one of main goals in this paper. Namely we will solve Volterra
type equations in a very rough setting.

We start by introducing a new piece of notation.
Notation 2.4.16. Let us define a new space D;ﬁ;g’”’o (Ag ({O,TD ;]Rd), where yo is of the
form (yo, ys, yé,yg)’). For 0 <a <b<T we define a simplex type set AL([a,b]) as follows,

Af ([a, b)) = {(s,7) € [a,b] x [0, T] |a < s <7 < T}. (4.73)

Note that the first component of (s,7) € Al([a,b]) is restricted to [a,b] while the second
component is allowed to vary in the whole interval [0,T]. Without loss of generality, we
assume that ||zl < M € Ry, As in Remark 2.4.14, we choose a parameter 3 < a but

still satisfying B8 — v > 1/4. Let us also consider a time horizon T < T (this T will be
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made small enough to perform a contraction argument later on). We will work on a space

DY (AT([0,T));R™) defined by

z,Yo

DT (A ([0, T]); R™) = { (y,y‘,yz,y"> e DP9 (A] ([0,7]);R™) ’

T O,T I,T,T .O,T,T ° b o0
vo = {vd, v vs" T, vo }I{yo,yo,y?),yo}}- (4.74)

Notice that the norm on D;@g’"’o is still defined by (4.11). The only difference between
D;%,’g’”’g) and D$71C) in Definition 2.4.7 is that D;@g’"’o has an affine space structure, in

contrast with the Banach space nature of D7m¢),

We are now ready to solve Volterra type equations in the rough case a — v > i

Theorem 2.4.17. Consider a path x € c*([0,T]);RY), and let k : Ay — R be a Volterra
kernel of order ~y, with « —~ > 1. Define z € VErmO(Ag; RY) by 27 = [3 k(r,7)dz, and
assume there exists a tree indexed Volterra rough path z = {z”7;0 € T3} above z satisfying
Hypothesis 2.4.5. Additionally, suppose f € Cp(R™; L(R%;R™)). Then there exists a unique

solution in D<) (R™) to the Volterra equation

W=t [ REndnf (), (B0 EA DT, weR™ (@)

where the integral is understood as a rough Volterra integral according to Theorem 2.4.10.

Proof. We will proceed in a classical way by (i) Establishing a fixed point argument on
a small interval. (ii) Patching the solutions obtained on the small intervals. Since this

procedure is standard, we will skip some details.

We wish to solve (4.75) in a class of controlled processes. This means that the right hand
side of (4.75) has to be understood according to Theorem 2.4.10. In particular referring to
Theorem 2.4.10 (iv), the controlled process y will be of the form y = {y, v, y:, 0}. In the re-
mainder of the proof, we will consider a controlled path y € D7) (Ag ({O,T D ;Rm)
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as given in (4.74), that is a controlled processes y starting from an initial value y, =

(Yo, f(yo), f(yo)f' (v0),0). As in Remark 2.4.14, we consider a parameter [ such that

b <a, and f—v > le (4.76)
In addition, we introduce a mapping
Mg DY (AT ([0, 7)) sR™) = DYne) (AT ([0, 7)) sR™) (4.77)

such that for all (y, (N yI, ) € Dg’y M6 (R™), we have

Mz (y,y‘,yI,E))t

~{(w+ [ K dns @), 1605 D) F600) [ e A ((0.7])) ) @)

We are now ready to implement the first piece (i) of the general strategy described above.

Step 1: Invariant ball on a small interval. In this step, our goal is to show that there exists
a ball of radius 1 in D;%,?(Ag([o,f ]); R™) which is left invariant by My provided that T
is small enough. To this aim, we introduce some additional notation. Namely for y as in

(4.78) we define a controlled process w in the following way:

(5,8,7) = Wi, = (wts,wt!,wii, ) = M5z (y,y‘,yz, 0) , (4.79)

ts

where we recall that My is defined by (4.78). Next consider the unit ball B within the
space D319 (AT([0,T7); R™), defined by

By = {(y vy 0) e DY19 (A7 ([0,7]) :R™) ‘ 15" 5 Ol 37m0) < 1}‘ (4.80)

In order to bound the process defined by (4.79), notice that My is given as the Volterra
type integral of ¢ = f(y). Hence according to (4.69) there exists a constant C' such that

b 3 a—
1(6,6" ¢ &*Maane S (1+ 12l @ane) (1+Q%) T2, (4.81)
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where we have set

Q = £ o) + 17 w0 ' Wo) + 1%, 9", 5, 0) | 5.m0)- (4.82)

In addition, our process w is defined in (4.79) as

t
wp, = [ k(r,r)de, o],

Thus an easy extension of (4.14)-(4.17) to a process ¢ € D710 with 3 satisfying (4.76)

yields

o : (X ) 4 _Oé—
HW”Z,(/B,’YMC) < C“(¢7 OO )HL(@%%C)||Z||(a,’y,n,C) <C (1 + ||Z||(Oé7’y,77£)> (1 + QS) T ﬂ’
(4.83)
for a universal constant which can change from line to line. Furthermore, since we have

assumed that ||z][(a,q.¢c) < M, one can recast (4.83) as
Wz o) < C(1+M*Y) (1+Q°) 77, (4.84)

Considering T' < (C (1 4+ M*) (1 + QS))ﬁ and back to our definition (4.79), it is now easily

seen that By in (4.80) is left invariant by the map M. This completes the proof of step 1.
Next, we handle the second piece (ii) of the general strategy described above.

Step 2: Mg is contractive. The aim of this step is to prove that My is a contraction

mapping on D% (AT ([0, T]); R™). That is, we will show that there exists a small T<T

and a constant 0 < ¢ < 1 such that for two paths y = (y,y',yI,O) and ¥ = (g],gj‘,gz,O) in
D (AT ([0, T]); R™) we have

z,y0

T S
HMf(y—y,y—y,y—y,O)

T S
SqH<y—y,y—y,y—y,0) (4.85)

2,(B7.1,€) 2 (BmC)
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To this aim, we set F' = f(y) — f(¢), and consider the controlled path F = (F, F*, FI, Fe*) e
DP1O(AT([0,77); R™) defined through Proposition 2.4.13. According to expression (4.78),

we have

T

T S
Mf<y—y,y—y,y—y,0>t

t
_ {( / k(r,r) da, FT, FT, Ft0>

(s,1,7) € AT ([o,T])} . (4.86)

Hence in order to prove (4.85), it is sufficient to bound the right hand side of (4.86). Now
similarly to Step 1, thanks to Remark 2.4.11 and upper bounds (4.14)-(4.15), we obtain

T,
z,(8,7:n:C)
(4.87)
In the following, we will bound ||(F, F*, FI, F**)|2,(8,4.m,¢), that is, we need to find a bound

HMT (y G 0)

L] I L]
< Clelainc) | (B P F )
ACRENS)

for ||(F, F*, FI7 F**)\||2,(8,4.m¢) With respect to ||(y — 7,y* — °, y: - y~1, 0)||2,(8,4.m¢)- Recalling
that F' = f(y) — f(7) and the definition (4.30)-(4.31), we can rewrite F as

F= ()~ 1) S )7 ) ~ F@F @) ) W) )~ F@F @S )
ST W) ~ L DIGID). (189)

The strategy to bound ||F||, s+mc) = [|(F) F',FI,F“)||Z7(5¢,,,7,<) as given in (4.88) is very
similar to the classical rough path case as explained in [8]. Due to the fact that both y and
¥ sit in the ball By defined by (4.80), we let the patient reader to check that there exists a

constant C' = CN’M’am”f”C5 such that
b

|(FF P o) <C|(v-gw -4 -io) a8y
2,(8,7.m:€) z,(8,7:1,6)
Reparting (4.89) into (4.87), we thus get the existence of a constant C' such that
~ o ~e : ~: -~ (] ~e : ~: Aa—ﬂ
Miply=0,9y"=0.¢ =70 <CM|\y—0,y" =7y =70 s,
Z7(67’77777C) Za(BV%TLC)
(4.90)
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By choosing T small enough such that ¢ = CM TP < 1, we can recast (4.90) as

z,(8,7,m,¢)

My (=50 - 7f = 70) <q|(v-5.v -4 -0)
2,(8,7,:m:C)

It follows that My is contractive on D7 (AT ([0, T]); R™), which completes the proof of
Step 2.

Combining Step 1 and Step 2, we have proved that if a small enough T is chosen then M
admits a unique fixed point y = (y, 3°, yI, 0) in the ball B4 defined by (4.80). This fixed point
is the unique solution to (4.75) in Bs. In addition, owing to (4.82) plus the fact that f, f’
are uniformly bounded, it is easily proved that the choice of T can again be done uniformly
in the starting point yo. Hence the solution on [0, 7] is constructed iteratively on intervals

[kT', (k4 1)T). The proof of Theorem 2.4.17 is now finished. N
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3. CHAPTER?2

3.1 Introduction

In [1] we proposed a new methodology based on the theory of rough paths to treat

Banach-valued Volterra equations of the form

wo=m+ [ k) S, (L)

where k, defined on [0, T]? is possibly with a singularity on the diagonal of the form |t — s|~7
for some v > 0, and the driving signal x is only assumed to be Holder continuous (and with
Holder regularity possibly lower than %) The Volterra rough path framework is developed
around a splitting of the arguments in a Volterra process, in the sense that one lifts the
classical form of Volterra process z, = [i k(t,s)dr, defined on [0,T], to a two parameter

object defined on the simplex Ay[0,T] := {(s,t) € [0, T]?|s < t} given formally by
¢
z] ::/ k(t,s)dzs, t<T.
0

Clearly, when the two parameter object is restricted to the diagonal in [0,T]?, we have
z} = z, obtaining the classical type of Volterra process. The advantage of viewing the
Volterra process as this two parameter object is that one can easily distinguish between the
regularity contributed by the driving signal versus the possible singularity obtained from the
kernel k, thus making pathwise regularity analysis easier, and sewing based arguments more

straightforward.

In a similar spirit as for classical rough paths, the idea is to lift the Volterra signal
(t,7) — 2] to a signature type object, satisfying certain algebraic relations, which is called
the Volterra signature. In contrast to classical rough path theory, the Volterra signature
does not satisfy Chen’s relation with the tensor product, but a convolution type product
is required in order to obtain an equivalent algebraic relation. The Volterra signature, in
combination with certain ”controlled Volterra paths” is then used to construct solutions to

(1.1) in a purely pathwise manner.
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Although [1] provides the basic framework for Volterra rough paths as mentioned above,
several important questions relating to this theory was left open. On the analytic side, [1]
only deals with the case when o — v > 1/3 (where we recall that « is the regularity of
the signal, while 7 is the possible order of singularity from the kernel k). The problem of
extending this regime was dealt with in the article [7], where the algebraic framework was
described for aw — v > 1/4. In a very recent article [21], Bruned and Kastetsiadis extends
this even further to all « —~+ > 0 by invoking algebraic theories similar to that used for

non-geometric rough paths [2] and regularity structures [22].

Another important step for completeness of the framework for Volterra rough paths,
is to provide a complete probabilistic picture of how to lift a Volterra stochastic process
into a Volterra rough path, analogues to the rough path lift for stochastic processes. As
the framework for Volterra rough paths relies on spaces for Holder volterra paths with two
parameters (one corresponding to regularity and one to singularity), a direct application of
the classical Kolmogorov continuity theorem will not provide sufficient answers, and so new
arguments needs to be developed, specifically suited for the type of Holder spaces used. This

is what we will deal with in this article.

We begin with a recollection of the basic framework of Volterra rough paths, including
a construction of the so called convolution product, and describe the exact type of Holder
spaces we will work with. We then extend the classical Garsia-Rodemich-Rumsey inequality

to suit our Volterra paths. To this end, ....

3.2 Preliminary results

In [1] and [7], our Volterra rough formalism was based on certain spaces of functions
having specific regularity /singularity features. Before defining the proper spaces quantifying

this type of regularity, let us introduce some notation:

Notation 3.2.1. Let T > 0 be a time horizon, and n > 2. Then the simplex AL is defined

by
AZ{(sl,...,sn) €0,T]0< 5 < <sp ST}.
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When this causes no ambiguity, we will abbreviate AL as A,. For (s,t) € Ay, we designate
by P a generic partition of [s,t]. Two successive points in this partition are written as

[u,v] € P.
The functions quantifying our regularities are also labeled in the following notation.

Notation 3.2.2. Let (a,v) € (0,1)? be such that o > ~. For (s,t,7) € A3, we set

a7’y

A (Tits) = [Ir =t — 8|7 AfE— 8|2 (2.1)
Considering two additional parameters ¢ € [0,a — ) and n € [(, 1], we also set

Ul o(m ' ts) = r =71 =t 70O ([|7 =t = s A —sTC) (22)

We are now ready to introduce some functional spaces called V(@779 which are also
used in the definition of V(®?) in [1], [7]. Those spaces are natural function sets when dealing

with Volterra type regularities.

Definition 3.2.3. Let m > 1, (o, ) € (0,1)* with o —y >0, and ¢ € [0,a —~), n € [, 1].
Throughout the article we consider functions z : Ag — R™ of the form (s,t,7) v z],, such
that 2] = zo for all T € (0,T]. We define the space of Volterra paths of index (a,7,n,(),
denoted by V@119 (As; R™), as the set of such functions satisfying

HZH(a,%n,C) = HZH(a,'y),l + ||Z||(017777]:O7172 < 0. (2.3)

Recalling Notation 3.2.1 and 3.2.2, the 1-norms and (1,2)-norms in (2.3) are respectively
defined as follows:

|24l
2 (ay),1 = sup 5 24
Il W N (2.4)

B

Hz”(a,%n,C),L? = sup (2.5)

1,2 ’
(S,t,T/,T)€A4 f(/}a,'y;mc (7-7 TIJ t? S)
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with the convention 2], = 27 — 27 and 217 = 2] — 2T’ . Notice that under the mapping
z = 20| + ||zl @m0

the space V@71 s a Banach space.

Remark 3.2.4. This remark has to be changed according to our new version of [7]. The
spaces V(®7) defined in [1], [7] are based on a different norm than (2.3). Namely the norm

in V@) introduced therein could be spelled out as

120y = 12l (@)1 + sup 12| (@ym.0).1,2: (2.6)
CE[O#X—V)WE[CJ]

where the norms in the right hand side above are still defined by (2.4)-(2.5). However, the
sup in (¢, n in (2.6) is delicate to handle for the stochastic processes we shall consider in
this paper. We thus let the patient reader check the following assertion: all the theoretical

considerations in [1], [7] are still correct if we replace V(*7) by a space W of the form

M
W(Az; R™) = ﬂ V(Oéi/Yiy??i,Ci)(AS;Rm), with M < oo, (2.7)

i=1

for some specific values of (a4, i, 7, (). The norm on W is given by

M
”Z“W = Z ||ZH(0417’71,7717C1)‘ (2'8)

More specifically, in [1] we consider M = 2 and we use (a1, 71,m,C) = (a,7,1, () in Lemma
22, and (a1,71,m,¢) = (,7,n,0) in Theorem 32. In the current paper, in for example
Proposition 3.4.9, we consider M = 3, let (oq,v,m,¢() = (a,7,0,0), (ag,y2,m2,() =
(o, v,m,¢) and (as,73,m3,(3) = (o, v, n+ %, C+ %) for some fixed p determined in Proposition
3.4.9 and 3.4.13.
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Remark 3.2.5. As mentioned in [7, Remark 2.6], the spaces V(@77 enjoy embedding prop-
erties of the form V(@m0 c YB1n0) for 0 < o < f < 1. In addition, the norms defined by

(2.3)-(2.5) verify the following relation on [0, T7:
1Wln < T Plyll@nts Nulernore T yl@mnore  19lleano < T yl@mno-

Convolution products also played a crucial role for the considerations in [7]. Let us recall

a proposition establishing the existence of such convolution products in a general setting.

Proposition 3.2.6. We consider two Volterra paths z € V*7m)(RY) andy € V@110 (L(R9))
as given in Definition 3.2.3, where we recall that o,y € (0,1). Define p = o —y, and assume
that p > 0, ¢ € [0,p) and n € [(,1]. Then the convolution product of the two Volterra paths

y and z is a bilinear operation on V(@71 (R?) given by

Gt = [ dyn=lm Y 2 (2.9
t>r>u [ v']€P

where P is a generic partition of [u,t| for which we recall Notation 3.2.1. The integral

in (2.9) is understood as a Volterra-Young integral for all (s,u,t,7) € Ay. Moreover, the

following two inequalities hold for any n € [0,1], ¢ € [0,2p) and any tuple (s,u,t,7,7") lying

m As:

27 * Vsl S 12l @)t 19l @mymc) 1.2 Vaany o (T5 £, 5), (2.10)

T'r .
Ztu * yus

1,2
5 HZH (041%777071,2| y” (0‘7%71,0,1,2 1/}2047')/,')/,77,4.(7—7 T” t? 8) ° (211>

Let us also recall the definition of an operator ¢ acting on increments, which is useful for
rough paths constructions.

Notation 3.2.7. Let g be a path from As to R™, and consider (s,u,t) € As. Then the
quantity 6,9:s is defined by
6ugts = Gts — Gtu — Yus- (212>
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With Definition 3.2.3 and Proposition 3.2.6 in hand, we are now ready to state the main
assumption we have used in [7]. Namely our Volterra rough paths analysis relies on the
ability to define a stack {297;j < n} of Volterra iterated integrals according to the following

definition.

Definition 3.2.8. A Volterra rough path above z is a family {z"";j < n}, where n satisfies

n=|pt| for p=a—~>0. This family is assumed to enjoy the following properties:
(i) z' =z and 2] € (R™)®I,

(ii) For allj <n and (s,t,7) € A3 we have
S : o
OuZts =Y 7y, *Zh, = / dzy, " z)" (2.13)
i=1 5

where the right hand side of (2.13) is given by Proposition 3.2.6.

(iii) For allj=1,...,n, we have 0 € YUIrt7:7m0),

As the reader might have seen, our Definition 3.2.8 is a natural extension of the more
classical definition of rough path [23], adapted to our context with singularities at t = 7
and prominent role of convolution products.In the decomposition (2.13), we would like to
quantify the regularity of some paths depending on a variable (s,u,t,7) € Ay. We label a

small variation of Definition 3.2.3 in this sense (see also in [7, Definition 2.9]).

Definition 3.2.9. As in Definition 2.2.4, consider m > 1, (a,y) € (0,1)? with o — v > 0,
and ¢ € [0, —7), n € [(,1]. Let z : Ay — R™ be of the form (s,u,t,7) — z,. The
definition of V@11 (Az; R™) can be extended in order to define a space V@m0 (A, R™),
by using the same definition as (2.3). That is we have z € V@M (Ay; R™) if

12l (@rmo) = [12ll@m1 + 2l @nyme)n2 < oo (2.14)
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The quantities ||2||(ay,1 and ||2]|(@qymo)az2 @ (2.14) are slight modifications of (2.4) and
(2.5), respectively defined by

|27,
Zll ey = Sup ———, 2.15
|| ||( 7)1 (57u7t77—)6A4 Q/JClw(T,t,S) ( )
and
2
I2ll@rne)2 = sup | . (2.16)

(s,u,t, 7, T)EAS wi’,i,n,g (7-7 7-/7 t7 S)
3.3 An extension of Garsia-Rodemich-Rumsey’s inequality

This section is devoted to extend Garsia-Rodemich-Rumsey’s celebrated result [24] to
the Volterra space V(@779 introduced in Definition 3.2.3. To this aim, let us introduce an

integral norm which will quantify the regularity of our processes.

Definition 3.3.1. Let z : Az — R? be a continuous Volterra increment. Then for some

parameters p > 1 and o,y € (0,1), ¢ € [0, — ), n € [(, 1] we define

1

T |Z;v|2p 2
U(a,'y),p,l (Z; G C) - </(v,w)€Ag |7’ — w’_QP(W—C)W}éW_i_C(T, w, U)’2P|w — U|2dvdw> (31)
. i O\
Ularmoypiz (2) = (/(v,w,r’,r)eAZ ’¢;7’i7n7<(r, w0 PP — o r/‘dedwdr d?“) ,

(3.2)

where recall that the functions ', "2 are respectively defined in (2.1) and (2.2).
Remark 3.3.2. Notice that if we set

|2

| — w|E-O[L (7w, v) 2w — of?

D™ (w,v)

then we trivially have D7 (w,v) > 0. Plugging this information in relation (3.1), we get that

-
T Uamp,l

U(Io:,'y),p,l (Zﬂ 7, C)

(z;m, () is a non-decreasing function. Thus for 7 < T" we have U(Ta,’y),p,l(z; n,¢) <
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Remark 3.3.3. The quantity U7, ., (2;7,() evaluated at n = ¢ = 0, will be denoted by

U,y pa (2) for notational sake.

We now state and prove our extension of Garsia-Rodemich-Rumsey’s inequality, that is

a theorem relating the functional U and the regularity of processes in V(7).

Lemma 3.3.4. Let z : Az — R? be a continuous increment. Then for any x € (0,1),
v €10,k), C €10,k —7) and n € [(, 1] there exists a universal constant C' > 0 such that for
all (s,t,7) € As

75, < Clr =" O%L L (rt,) (Ul pn (i) + 1020105 0)1) (3.3)

where the quantity ||5z||£itw<) L 1s defined as

5 T
5 sup 021, (3.4)

w001 = SR T = oG] om0 s)

In particular, for n = ¢ =0, we have

|Z175—s‘ 5 1/};,7(7—7 t? S) (U(C;,y),p,l (Z) + H5Z||(Oé7’7)71) ’ (35)

where ||0z||(a,)1 @s given by (2.15).

Proof. Consider a tuple (s,t,7) € Az, witht —s < L

5. Let us first construct a sequence

of points (sg)k>0, such that s; € [0,7] and converging to s by induction. Namely we set

sp = t, we suppose that s, s1,. .., sy have been constructed, and let Dy = (s, S”S) We also

introduce a function I as follows:

]@p:/v 25 du. (3.6)

|7 — 0|72 (70, w)[Po — uf?
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According to the value of I, we define two subsets of the interval Dy:

T . 2
Ak — = Dk I(U) > 4<U(n,'y),p,1 (Z7777C)) P (37)
sl )
’Zs v‘Qp 4I(Sk) }
B, = vebD k > , 3.8
: { S e LI TTA X copey = oy E gl gy S

where we recall again that ! . .(7,v,u) is given by (2.1). We claim that A, U By C Dy,

Y +¢

where the inclusion is strict. Toward this aim, observe that the set of (u,v) such that

S+ S

s<u<v< 9

is included in [0, 7)*. Hence due to the definition (3.1) of Uf, ) (257, () we get

Therefore thanks to relation (3.7) defining Ay, we get

4 (U(/Q7fy)7p7]_(z; 777 C))
sk — s

(U7 (z:0,€ ))2p 1(Ayr), (3.10)

where p(Ay) denotes the Lebesgue measure of set Ag. It is thus readily checked from (3.10)

that

WAy < ‘S’fis‘ - “<§k). (3.11)

Let us argue similarly for the set By. Namely note that since the set By, defined by (3.8) is

a subset of (s, sy), we have

|zT

e
I(sy) > / v dv. 3.12
() 2 s B O, (52, 0)lss — o (3.12)

Thus plugging the definition (3.8) of By in the right hand side of (3.12), we get

4p(Br)

I > —=
(Sk) |5k _ S|

I(Sk)a
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from which we obtain again that

Combining (3.11) and (3.13), we have thus obtained

p(Ag) < M(é)k)a and  p(By) < M(é)k);
Thus we get
i(Ay) + p(By) < (D), (3.14)

from which we easily deduce that Ay U By, is a strict subset of D;. Then we can choose sj 1
arbitrarily in Dy \ (Ax U Bg). Summarizing our considerations so far, for all n we have been
able to construct a family {so,..., s,} such that for all 0 < k <n, we have 0 < s — s < t;—,f

and the following 2 conditions are met:

z7 o | 41 (s
AT i oy < A (3.15)
|7 — skl k(T 8ky 8k41) [P |58 — Sk sk — s
2p
4 UTN 1 (Z7 U C)
[(Sk+1) S ( ( 7"/)7p’ ) .
|5k — s
With (3.15) in hand, let us decompose zj, into
ZZS = Z;—n+1s + Z (Z§k5k+1 _I_ 65k+1Z;ks) : (316)
k=0
Let us now bound the term zg . in (3.16). To this aim, notice that since sgy1 € B, we
have ,
z, o 7P I
. 1| o . g ) (3.17)
|7 — sk 72PO=ONL (7T, Sk Sk41) P[5k — Skt sk — 5]
Moreover, we also have s ¢ Aj_;. Hence we obtain
4 (Ufy pa(2:0.0)) "
I(sy) < —L=0pl 0027 (3.18)

ESEE]
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Gathering (3.17) and (3.18), we thus get

T |2p
SkSk41

|7 — 81| 72O L (T, Sk k1) [P lsk — Sk |?

16 (U,Q,Y)pl(z 1, C)) < (U(Tn,'y),p,l(Z;n’o)Qp

sk = sllsk-1—s] sk — s[?

|z

<

. (3.19)

where we have used the fact that |s; — s| < |sg_1 — s| for the second inequality. In addition,

thanks to |sp — sgr1| < |sk — s|, it is easily seen that we can recast (3.19) as

Z;ksk+1| 5 U(n v),p,1 (Z UB C) 770/@ 7+C(T Sk, S )|T - Sk|_(n_o' (320)
Next recall that n is assumed to be larger than (, and are we also supposing that 0 < ¢ <
k — 7. Thus owing to the fact that |7 — si| > |7 —t|, |sr, — s| < 27%(t — s), and recalling the
expression (2.1) for ¢!, we end up with

Uty pa (251, C) o
< (’;kfi; 5 Yratc(Ti s 8)|T — 1| (=)

r
SkSk+1

Summing this inequality over k (and using that kK — v — ¢ > 0), we get the following bound
for the right hand side of (3.16):

n

T
Z Z5k5k+1

k=0

5 U(F»J v),p,1 ( 31 g) ¢/~c 7+§(Ta ta 3)|7- - t|_(77—C)' (321)

Now we turn to bound the second term ¢ in the right hand side of (3.16). It is clear

Sk+1 SKS

that

st
6 | S0zl o I — 7T OwL (7, sk, 8),

3k+1 sks (kyy,m,¢),1

recalling that H(SZH(N’YT] o1 s given in (3.4). Hence similarly to (3.21), we obtain

n

’Z 58k+1 sks’ ~ ’

k=0

K’WYC |T B t| = Own '«/+§(7-7t75)' (322)
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Plugging (3.21) and (3.22) into (3.16), and letting n — oo, we get relation (3.3) thanks to
the continuity of z. This completes the proof. [

In preparation for the next proposition, we recall here the classical Sobolev embedding
inequality. The particular form of the inequality stated here is as a consequence of the
classical Garsia-Rodemich-Rumsey inequality [25], and can be found stated in the below

form in [26, pp. 2|.

Proposition 3.3.5. Let h : [a,b] — R be continuous. Then for any p > é the following

haw z
|hes| < Sap |t — s|* </ / | ||2+padvdu> , (3.23)

where we have set hys = hy — hg for (s,t) € As.

inequality holds

We follow up with a technical lemma, combining Proposition 3.3.5 with Lemma 3.3.4.

Lemma 3.3.6. Let z : A3 — R be continuous. Consider some parameters v, a € (0,1)
with v < a, ¢ € [0,a — ) and n € [(,1] as in Lemma 3.3.4. Recall that ¢¥'? is deﬁned
by (2.2) and the quantities U are introduced in Definition 3.2. Then for any p > ——, the
following inequality holds for any (s,t,7',r',7) € AL,

2\
S U zZ
¢1)2 (7_7 T 7t’ S) ~ (047%7]707177172< )

@,¥,m,¢
- ) er’ 2p
N / / sup [9uzty |
7' JT 0<s<u<v<r’ 1/)

T, v, 8)%Pr — r'|?

dr'dr. (3.24)

aan(

. . . . e . P . /
Proof. First, since z is continuous, we apply Proposition 3.3.5 to the increment z], —z],, and

we get
2p 1/2p

dr'dr : (3.25)

/
T
Zts

T T
I S L
|7 — 7|7 ™ /T/ 7 | — o |2+2en

Moreover, comparing (2.1) and (2.2) it is easily seen that

W2 Tt s) = |7 O WL (7t 8). (3.26)
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Plugging (3.26) in (3.25), we end up with

2p
277 | )
< I(r, 7t s), (3.27)
by )]~

w751, 8

where we have set

2p

/

Zts

dr’ dr.

7'7' ts // %
|7/ — t| =20 Q‘@/lecf ts‘ |7 — r/|2+2en

Invoking the fact that t < 7/ <1’ <7 and n— ¢ > 0 we have |7/ —¢[77¢ < |/ — ¢|"=¢. Hence
it immediately follows that

IZI

I(r,7't,s) / / dr' dr. (3.28)
™t — ] -2p(n- g)Wl ot s ‘ |y — /|22

We now fix 7 and apply inequality (3.3) to the Volterra path (r',¢,s) — z}7". We get

o ol (3.29)

Z;;, rg |T/ | (=0 77boc ¢ (T/,t, S) (U(a,'y),p,l(zrj.; n, ) + H(;Z Y1,6),1

We now plug (3.29) into (3.28), recall the definition (3.1) of U™, resort to (3.26) again and

[s,t]

oy i) . We end up with

use the expression of (3.4) for [|6z"[|

I(r, 7' t,8) S (7, 7') + L(1, 7', t, s), (3.30)

where [; and [, are respectively given by

|z, |7 ,
//// 5 dudv dr’ dr,
12 / P 2 /|2

Ve (T r,v,u)‘ v —ul?|r —r

[duzee |7

L1, 7' t,s) // 5 dr’ dr.
T 0<5<“<”<t ‘l/Ja (s, s)’ 7! — ] 201=C) |y — pr|2+2m
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Going back to (3.2), it is now readily checked that

2 2p

. p
Il(T’ T/) < (U(amn,é),p,l,Q (Z)> < (U(I;z,v,n74),p,1,2 (Z)) <3'31>
Furthermore, another application of (3.26) reveals that
: T [0z | :
L(r,7't,s) :/ / sup " dr’ dr. (3.32)
I 0<s<u<o<t Y o (17 v, u) 2P — 1|2

Plugging (3.31)-(3.32) into (3.30) and then back to in (3.27), this achieves the proof of our
claim (3.24). O

Now we will combine Lemma 3.3.4 and 3.3.6 to obtain a modified Garsia-Rodemich-

Rumsey inequality tailored to Volterra rough paths.

Proposition 3.3.7. Let z : A3 — R%. For (a,v) € (0,1)? with « —~v >0, ¢ € [0, — ),

and n € [¢, 1], we assume that 5z € V@71 where V@1C) 4s introduced in Definition 3.2.9.

Suppose r € (0,a). Then for any p > =V %, the following two bounds holds:

a—kK

121|501 S Ulhey,1.(2) + 1020 )1 (3.33)
a—r—2
||Z||(f§»%7h<)a1:2 5 U(j,;,'y,n,C),I,Q,p<Z) + ||5Z||(ﬁ,'y,n+%,§+%),l,2 T2+ . (334)

Proof. We begin by proving (3.33). It follows directly from (3.5) that for any 0 < k < «

25, S k(7. 8) (Ul (2) + 1102l (a1 )

Using that 7 — U7 is increasing (see Remark 3.3.2) and taking supremum over 7 on the right

hand side above, it is easily seen that (3.33) holds. We now move on to prove (3.34). To
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this aim, we shall spell out the right hand side of (3.24) in a slightly different way. Namely

note that for 6z € V@77<) and n < n/, we have

/
T pr |6 Al ’219
uTvs /
/T/ /T/ sup 5 dr” dr

o<s<u<v<t 72 (11,0, 8) 2P e — 1|2

1,2 2
wa77777+%74+% (r’ /r.,’ /U’ S) ’

T 'S8
< ||6z||?" // su
S b1z fo Lo oo B GE (et syl

dr'dr, (3.35)

where we have used the Definition 2.5 of the (1,2)-norm. Furthermore, since p > ﬁ and

s,v € [0, 7] it is readily checked that

1,2 / 2p
wa,’y,n-l-%,C-i—%(r’ ,v, S) < |U o 8|2p(a_ﬂ)_2 < TQp(a—H)—Q. (336)

@Zj’lﬁ:imv((rv lrla v, s)2p|,r. — ’I"/|2 ~

Hence the right hand side of (3.24) can be upper bounded by

2
CT,p,a,n ”5ZH (27%774_%,{4-%),172'

Plugging this information into (3.24), the proof of (3.34) is now easily achieved.

3.4 Volterra rough path driven by fractional Brownian motion

In this section, we are going to construct the Volterra rough path driven by a fractional
Brownian motion with Hurst parameter H > 1/2. In this paper we will focus on the case
H > 1/2 (see also the Brownian case H = 1 in the next section). It should be noticed that
this regime leads to nontrivial rough paths development in the Volterra case, due to the
singularity of the kernel k in (1.1). Let us first recall some basic facts about the stochastic

calculus of variations with respect to fractional Brownian motion.
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3.4.1 Malliavin calculus preliminaries

This section is devoted to review some elementary information of Malliavin calculus
(mostly borrowed from [9]) that we will use in Section 3.4.2 and Section 3.4.3. We first

introduce the notation for our main process of interest.

Notation 3.4.1. In the sequel we denote by B = {(Bl,...,B™), t € [0,T]} a standard
m-dimensional fractional Brownian motion with Hurst parameter H € (%, 1). Recall that B
is a centered Gaussian process with independent coordinates. For each component B!, the

covariance function R is defined by

R(s,t) = o ([t + |s]" — |t — s]*"") . (4.1)

N | —

We now say a few words about Cameron-Martin type spaces related to each component
B! in Notation 3.4.1. Namely let H be the Hilbert space defined as the closure of the set of

step functions on the interval [0, T'| with respect to the scalar product

1
(Lo, Ljo,s)m = 3 (tzH + 52— |t - 5\2H) :

Under our assumption H > 1/2, it is easy to see that the covariance of fBm (4.1) can be

written as

t rs
R(s,t) = aH/ / lu — v|* 2 dudv,
0 Jo

where the constant ay is defined by ay = H(2H — 1). This implies that

T T
(f,9)n = aH/ / fugolu — v|2H_2dudv, (4.2)
o Jo

for any pair of step functions f and g on [0,7]. Therefore H can also be seen as the

completion of step functions with respect to the inner product (4.2). We now introduce a
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family of additional spaces |#|®" which will be useful for our computations. Namely for [ > 1

we define ]7—[|®l as the linear space of measurable functions f on [0, 7] C R such that
1 e = aly /[0 - | full fellun = w1 P72 g — o2 dudy < oo, (4.3)

where we write u = (ug,--- ,w), v = (v1,...,v) € [0,T]. Notice that |H|* is a subset
of H®'. The main interest of the spaces |H| is due to the fact that while H®' contains
distributions, the space |H|®" is a space of functions.

For each component B', the mapping 1y, + Bj can be extended to a linear isometry
between H and the Gaussian space spanned by B'. We denote this isometry by h — Bi(h).

In this way, {B'(h),h € H} is an isonormal Gaussian process indexed by the Hilbert space

H. Namely, we have
E B'(f) B'(9)| = (f.9)n- (4.4)
It is also worth mentioning that the Wiener integral can be approximated by Riemann type

sums. Namely for i € H the following limit holds true in L?(£2):

B'(h) = lim [MZ];P By, h(r), (4.5)

where the Riemann sum is written similarly to (2.9) and we recall that B! = B! — Bl.

Let S be the set of smooth and cylindrical random variables of the form
F = f(Bs,,...,Bsy),

where N > 1 and f € C°(R™N). Foreachj=1,...,mand t € [0, T}], the partial Malliavin
derivative of F' with respect to the component B’ is defined for ' € S as the H-valued

random variable
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where ZL’JI stands for the j —th component of x. We can iterate this procedure to define higher
order derivatives D3 [ which take values in H®. For any p > 1 and integer k > 1, we

define the Sobolev space D¥? as the closure of S with respect to the norm

& m p/2
IFIE, = BIFP]+E |3 ( > [|Di- leua@) . (4.7)
i=1 \j1,edi

If V is Hilbert space, D*?(V) denotes the corresponding Sobolev space of V-valued random
variables.

For any j = 1,...,m, we denote by §° the adjoint of the derivative operator D). For a
process {us; t € [0,T]}, we say u € Dom 6% if there is a §*J(u) € L*(R™) such that for any
F € D¥P the following duality relation holds

E[(u, D'F)y| = E [0°(u)F] . (4.8)

The random variable §°J(u) is also called the Skorohod integral of u with respect to the fBm
B, and we use the notation 6%/ (u) = [ u;6°B). It is well known that DV?(#) C Dom (§°V)
forallj=1,...,m.

We now introduce a pathwise type integral defined on the Wiener space, called Stratonovich
integral. Namely let u = {u;,t € [0, 7]} be a continuous stochastic process, and let P be a

generic partition of [s,¢]. Following [9, Section 3.1], we define

. . t .
BP = Y Pwog 1), and SF = / . BiPdr. (4.9)

rojep ¥ T

Then the Stratonovich integral of u with respect to B! is defined as

t . .
/ u dBi = lim Si7, (4.10)
s |P|—0
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where the limit is understood in probability. On the other hand, assume that v is C*-Hoélder
with k + H > 1. Moreover we suppose that u € D'*(H) and the derivative Diu, exists and

satisfies almost surely
T T .
/ / | Dl ||t — s|*2ds dt < oo, and E {HDJUHle@z] < 0.
o Jo

Then the Stratonovich integral fOT wdB! exists, and we have the following relation between

Skorohod and Stratonovich stochastic integrals:
T , T , T T
/ wdB} = / u0° B} + aH/ / Diy|t — s|*H2ds dt. (4.11)
0 0 o Jo

We close this section by spelling out Meyer’s inequality for the Skorohod integral: given
p > 1 and an integer k& > 1, there is a constant ¢, such that the k-th iterated Skorohod

integral satisfies
1@V @ < cxpllulpenpery,  forall,  ue DEPFHE) (4.12)

3.4.2 First level of the Volterra rough path

In this section, we will construct the first level of the Volterra rough path driven by a

fBm as introduced in Notation 3.4.1. We start by defining our main object of study.

Definition 3.4.2. Consider a fractional Brownian motion B : [0,T] — R™ as given in
Notation 8.4.1 and a function h of the form hi(r) = (7 — 1) "1q(r) with v < 2H — 1.

1,7,

Then for (s,t,7) € Az we define the increment z,)"' = [ (7 —r) " dB! as a Wiener integral
of the form

z,;)"" = B'(h],). (4.13)

Remark 3.4.3. Note that for the particular type of integrand h considered in Definition 3.4.2,

the process B'(hj,) is additive in its lower variables, in the sense that

B'(hy,) = B'(hiy) — B'(h)- (4.14)
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Thus defining z,"” := z;;’ we have that z' is defined on the simplex A,.

With Definition 3.4.2 in hand, we now estimate the second moment of z™ and zy™

Lemma 3.4.4. Consider the Volterra rough path z' as given in (4.13). Then for (s,t,7) €

Az, we have

T,i 2
El(zi™)?) S [l (7:1:9)| (4.15)
While for (s,t,7',7) € Ay, (€ [0, H — ), and n € [(, 1], we get
Tl 2
El(z™ ")) S (it ame) (7o T t8)] (4.16)

where ¥* and Y*? are given in Notation 3.2.2.

Proof. We first prove relation (4.15). According to (4.13) and (4.4), we can compute
E[(z™")?) as
E[(z™)?] = B |B'(hf,) B\(h],)| = (B, hi,)y, (4.17)

Owing to relation (4.2) for the inner product in ‘H, we thus obtain
E[(z;")? = H(2H — 1) /[ . }(T — ) =D =127 dredl. (4.18)
s,t| X |s,t

Notice that the function (7 — )~ 7(r — )~ |r — I|*" 2

(4.18) as

is symmetric. Hence we can recast

. t ¢
E[(z-7)?) = 2H(2H — 1) / (r — ) "dr / (1 —1)=7(1 — r)2H-2dL. (4.19)
In the right hand side of (4.19), we first estimate the integral

/ = ) = )2 = (4.20)
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Since [ € (r,t) in (4.20), we proceed to a change of variable [ = r + (¢t — ). We obtain

=t | N — 0 — 1) 020 < (£ — )2 (r — ) / (1= 0)92H2gp

0 0 (4.21)
Recall that we have assumed that v < 2H —1 < 1. Moreover H > 1/2 and thus 2H -2 > —1.
Hence the right hand side of (4.21) can be expressed in terms of Beta functions in the

following way:

1
/ (1—6)776*"72d) = Beta(l —v,2H — 1) < oo.
0

Therefore the integral J as given in (4.20) can be bounded by
= "= ) — P2 < (= )2 — ) (4.92)
Plugging (4.22) into (4.18), we thus get
El(z ) S [ (=) - 0P (1.23)

We now bound the right hand side of (4.23) in two different ways. First since (1—r) > (t—7r),

we have

. t
Bl £ [ (- P S (- (4.24)
where we have resorted to the fact that v < 2H — 1 < H for the second inequality. Next we

also use the fact that (7 —7r) > (7 —t) in the right hand side of (4.23), which allows to write

Bl S (= 02 [ (6= P dr S (= 1) (- ). (4:25)

s

Combining (4.24) and (4.25), we end up with the following estimate for the second moment

17T?i .

of z;)'":
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where we have appealed to the definition (2.1) of 1! for the second identity. Relation (4.26)
is the desired result (4.15).

Next, we will prove the inequality (4.16). To this aim, we first note that owing to (4.13),

. . 1 /i
we have the following expression for z;)”" "

)
1,77/ 1,7 1,71 _ pigr T’
Zys =1z — 7] " = B'(hi; — hi). (4.27)

;.
1,771

Similarly to (4.19), we can thus rewrite E[(z"" ")?] as

El(zi”™ ")) = (hi, = hi, hiy = hi)u
= QH(QH B 1) /St [(7_/ . 7“)_7 _ (7- — 7“)_7] dr /rt [(7_/ . l)—w _ (7_ _ l)—v] (l - T)QH—le‘
(4.28)

We now recall an elementary inequality on increments of negative power functions. Namely

for 7> 7' > r and n € [0, 1] we have
(r=r) = (=) S (e =P = 1),

Plugging this upper bound into the right hand side of (4.28), we obtain

Bl V) < 7 [ = [ -y (w29)

S T

The expression (4.29) is now very similar to (4.19). Therefore with the same steps as for

(4.20)-(4.25), for some ¢ € [0, H — ) and n € [(, 1], we get
E((ze™ ")) S |7 — 77 = 207 ([(r = )77 (= ) A (1= 5)PTX) L (4.30)
According to the definition (2.2) of ¥'?, (4.30) is equivalent to

77l s 2
[z )] S [ty (T 7 s 9))
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This finishes the proof of (4.16). O

Remark 3.4.5. One can easily extend the computation of Lemma 4.15 in order to get more
general bounds for covariance functions. Namely for any (s,u,v,7) € A4, and recalling the

expression (2.1) for ¢! we have

ElzL7 2] S [l (720, 8)

us vSs ~

‘ 2

(4.31)

Similarly for any (s,u,v,7’,7) € Az and recalling our definition (2.2) for ¢!?, we obtain

2

: (4.32)

/s /s 1,2
E[ZigT ,1Z11):§TT 71] SJ ‘w(H,%mC) (7—7 7—,7 U: 8)

where 0 < ( < H—~vand ( <n <1

3.4.3 Second level of the Volterra rough path

In this section we turn our attention to the construction of a nontrivial Volterra rough
path above a fBm. More specifically our aim is to construct a family {z'7,z*"} verifying

Definition 3.2.8. Let us start with the definition of z%.

Definition 3.4.6. We consider a fractional Brownian motion B : [0,T] — R™ as given in
Notation 3.4.1, as well as the first level of the Volterra rough path zY™ defined by (4.13). As
in Definition 3.4.2, we assume that v < 2H — 1. Then for (s,r,t,7) € A4, we set

u[;i(r) = (1 — r)‘”z,ln;’"’iﬂ[s,t](r). (4.33)

With this notation in hand, the increment z:) is given as follows: if i # j we define z,™
as

z;," = Bi(u]}), (4.34)
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where (conditionally on B') the random variable Bi(uj}) has to be interpreted as a Wiener

integral. In the case i =j, we set

. t .
sz’l’l = [ wu(r)dB;, (4.35)

S

where the right hand side of (4.35) is defined as a Stratonovich integral like (4.11).

Remark 3.4.7. Having the Definition 3.4.2 of z''7 in mind when considering the process u™

in (4.33), we get that z*7 in (4.34)-(4.35) is formally interpreted as

.. t r . .
2= (=07 [ =07 dBjaB. (4.36)

Below we will show that z>™

(4.36).

can indeed be considered as the double iterated integral in

Similarly to what we did for z', we will now estimate the second moment of z>7.

Proposition 3.4.8. Consider the second level z>™ of the Volterra rough path, as defined in
(4.34)-(4.35). Recall that H, v satisfy H > 1/2 and v < 2H — 1. Then for (s,t,7) € A3 and

any i,j =1,...,d, we have

E [(z?;”’j)z} N | (4.37)

As far as the (1,2)-type increments are considered, for (s,t,7',7) € Ay, ¢ € [0,2(H — 7)),
and n € [(, 1], we get

2

2,777 1,j) 2 1,2
E |:(Zts J) :| 5 ‘¢(2H—%%"7:O(T’ 7—,7ta 8) ) (438)

where Y1 and %2 are given in Notation 3.2.2.

Proof. We will prove relation (4.37) in the following, (4.38) can be treated in a similar way
and is left to the reader, for sake of conciseness. According to Remark 3.4.7, we consider
2,7,1,j 2,7,1,i

z;,"" and z;""" as different integrals. Therefore we will split the proof of (4.37) into two

parts: i #jand i =].
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Step 1: Relation (4.37) for i # j. In this step, we will show that (4.37) holds for z;;"" as
given in (4.34). According to Definition 3.4.6, we consider the integral (4.34) as a conditional

Wiener integral. Namely due to the independence of B! and B’ we can write

E {(zfs’“’jﬂ _E {]E {(zfgvi’j)Q ‘ BiH —F {E [(BJ’ (uid))’ ‘Bi} } , (4.39)

where we recall that u]} is defined by (4.33). Furthermore, relation (4.39) for Wiener integral

reads
j 7,1 2 i 7,112
E|(Bwi)’ | 8] = (4.40)
and thus

E|(27)"] = E (I3 (4.41)

In order to bound the right hand side of (4.41), we resort to the expression (4.2) for the

inner product in ‘H. This yields

B [Ju; 1] = Bl uiiod = H@H - VB[ [ [ (0 =r) [" 0 - 1) 748

X ((T — 7"2)77 /TQ (’1"2 — l2>’ydBllz> ’7"1 — ’1"2’2H2d7“1d7“2] .

Thanks to an easy application of Fubini’s theorem, and invoking the symmetry of the inte-

grand like in (4.19) we get

. t rr1
E ol = 2H@H 1) [ [* (0 =r) 7 = r2) 7 — a2

<E| [~ 0)7dB], [ = )| dradr. (142

Moreover, owing to (4.31), and recalling the definition (2.1) of !, we have

18 ros ~

E [/m(ﬁ B ll)_WdBlil /7’2 (7“2 B l2>_’ydBli2:| - F {zl’”’izl’m’i} < |7,1 i s|2H_27. (4'43)
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Plugging (4.43) into (4.42), we thus get
HH / / T—1) (1 —r2) e = P — P drdrs. (4.44)

Similarly to what we did for (4.18)-(4.25) in the proof of Lemma 3.4.4, we evaluate the right
hand side of (4.44) thanks to elementary integral bounds and the use of Beta functions. We
let the patient reader check that we get

E([luf 3] S [Ir = 7]t = s[* 2] A |t — 5747, (4.45)
Plugging (4.45) into (4.40), we thus obtain

T,1,j 2 — — - 2
E [(z§; ) } Sl =t = P2 Afe = s = |oby o (rts)[*) (446)

where we have invoked the definition (2.1) of ¥'. This is the desired result (4.37).

Step 2: Relation (4.37) for i = j. In this step, we will show that relation (4.37) holds for
z;""" defined by (4.35). According to Definition 3.4.6, we consider (4.35) as a Stratonovich
integral like (4.11). We thus recast (4.35) as

. t _ t
22T / Wi (r)dB = / WH()SB+ H(2H — 1) / / Dj (ufy (r)) |r— 12 ~2dr dl, (4.47)
where u]; (r) as given in (4.33). Taking square and expectation on both sides of (4.47), we

E [( / t uZﬁ(r)dB,i)

where the terms J; and J; are respectively defined by

J=E [( / t u;i(r)dB;)Z] , (4.49)

Jo = (H(2H — 1)) K / / D (ufi () Ir = 1P =2dr dlﬂ . (4.50)

obtain
2

S i+, (4.48)

In the following, we will estimate .J; and .J; separately.
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t T,

In order to upper bound J;, we recall that the integral [ u;;(r)6°B. in the right hand
side of (4.49) is interpreted as a Skorohod integral of the form 6°(u;;). Resorting to (4.12),

we thus have

= 116° (uf ) 13 S NuiilBraen). (4.51)

Let us now handle the right hand side of (4.51). Owing to (4.7), we get
D SE([[uf 5] +E (1D (uf) 3] - (4.52)

Notice that the first term of the right hand side of (4.52) is what we upper bounded in Step
1. Thanks to (4.45), we obtain

E [lug 3] S [l =720 = sl ] Aft— s, (4.53)

In order to estimate the second term in the right hand side of (4.52), let us first compute the
partial Malliavin derivative Di(uy; (1)) of uy}(r) with respect to B'. Specifically, we gather
(4.13) and (4.33) in order to get

up () = (r =) B (W) g (), with  RL(0) = (r = 1)L (1),
Thanks to (4.6), we thus get
Dj (ug(r) = (7 =) "y (DT (r) = (7= 1) 77 (0 = )7 Lo (DL (). (4.54)

Plugging (4.54) into the second term of the right hand side of (4.52), and having the defini-

tion (4.3) of H®2-norms in mind, we obtain

X (7“1 — ll)*v(m — lz)i'y‘ll — l2‘2H72’7°1 — 7“2]2H*2dl1dl2d7°1d7“2. (455)
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The right hand side of (4.55) can be estimated by elementary calculus similarly to (4.18)-(4.26).
We let the patient reader check that

E | Diugil3es] S [Ir =177t — o2 A fe — 5|4 (4.56)
Eventually plugging (4.56) and (4.53) into (4.52), we end up with
Y [ e e Rt N (4.57)

Next we upper bound J; as given in (4.50). Recalling that we have computed Di(uy} (r)) in
(4.54) and plugging this identity into (4.50), we obtain

Jy = (H(2H — 1)) </t [ =07 =07 = 1P dl)2 .

Along the same lines as for the computations from (4.19) to (4.25), and recalling the fact
that v < 2H — 1 < 1, we get the following upper bound for Js,

T S Ir =72 — s A — s (4.58)

Eventually plugging (4.58) and (4.57) into (4.48) and recalling again the definition (2.1) of
Pt we get

2

t N\ 2
B ([ wat) | [ =721 s A= s = ol

This completes the proof of Step 2.

Eventually, combining Step 1 and Step 2, relation (4.37) holds for the increment z;;” as

given in (4.34)-(4.35). This concludes the proof of (4.37). O]
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3.4.4 Properties of Volterra rough path family {z'7 z>7}

We have constructed a Volterra rough path family {z"7,z*"} and we have also upper
bounded their moment in Section 3.4.2 and Section 3.4.3. In this section, we will verify that
{z'7,z>7} satisfies Definition 3.2.8. We start by checking the analytic part of Definition
3.2.8 for zb7.

T introduced in Definition 3.4.2 is almost surely in

Proposition 3.4.9. The increment z"
the Volterra space V@7 (Ag: R™) for any o € (v, H), ¢ € [0, —7) and n € [¢, 1], where
V@m0 (Ag; R™) is introduced in Definition 8.2.3. In addition, for allp > 1 and o < H — %
we have that

E (12170 < oo (4.59)

(ay,m,¢

Proof. In this proof, we will turn to Proposition 3.3.7 in order to prove (4.59). Accord-
ing to the definition (2.3) of Volterra norms, it suffices to show that E[Hz1||?§ﬁ)7l] and

E[||z* H?g S o)a.2) are finite. We will separate the study of those two moments.

Step 1: Estimate for the 2p moment of 1-norm. Let us first upper bound E[Hle?gﬁ)’l].
Towards this aim, consider a fixed Volterra exponent v < a < H and a parameter p > 1 to
be determined later on. Relation (3.33) is then equivalent to

2p
N S (Uyap(@) + 162 ) (4.60)

||Z (a”\/)717p

Let us handle the term ||z “%50)71 in the right hand side of (4.60). Gathering the definitions
in (4.13) and (2.12), for (s,m,t) € A3 we have

(5mztlg’i = Bl<h;s) - Bl(th) - Bl(h’:ns) (461>

Moreover recalling that hi (r) = (7—r) 71}, 4(r), it is readily checked that h],—h], —h] = 0.
We thus get 6z"™ = 0 and (4.60) is reduced to

2p

1212 0 S (Ul an(2h) (4.62)
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Taking expectations on both sides of (4.62) and recalling the definition (3.1) of U, ,, we
obtain
112p < "217T|2p d d
E ||z E|f e vdw| . 4.63
1) = l (ww)eay YL (1, w,v)[?P|w — v]? (463)

Invoking Fubini’s theorem and the fact that z." is a Gaussian random variable, we thus get

E [|2L7]2]P
E [||z]% 2w dvdw. (4.64)

(a,v)vl} S/ - |l 2p(0p) — 12
(v,w)EAT ‘wa,,y(T,w,U)’ ’U) U‘

We can now apply (4.15), and hence relation (4.64) reads

1 2p
E (2" }5/( Wy w Ol (4.65)

(ay).1 v,w)EAY W}éxy(Ta w, U)’2p|w - U|2

Recalling the definition (2.1) of 1!, we obtain

T — w| 72w — vPPH | A jw — o|PE=)
B | (|7 = w| = |w — vH] AJw — |

dvdw. 4.66
ol 3 fourens T aT = o] = oy —gpote- - (469

In order to upper bound the right hand side of (4.66), we split set AJ into two subsets

E, = {(v,w) e A}

|T—w|>|w—v|}.

|7 —w| < |w —v|}, and Fy = {(v,w) € A}
Then relation (4.66) is equivalent to

E(l2'1%).] Sh+ I (4.67)
where I; and I, are respectively given by

A |w — v]2PH=)

72 dvdw, (4.68)

(|7 = w] =2 |w — v
[1:/
B |

|7 — w| =2 |w — v|2Pet2] A |w — v]2Ple—y

]
I [|T—w|_2p’7|w—v|2pH} A |w_,U|2p(H—'y) o i
2 /EQ HT - w|—2p’>”w — U|2pa+2] A |’U) _ ’U‘Qp(a—’Y)-i-Q vaw. ( . )

In the following, we will estimate I; and I, separately.
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In order to upper bound I, we first note that for any (v, w) € Ey, we have |7—w| < |w—v|.

Thus

w — 0P = | — v w — o P < |7 — w] P |w — 0P

and we trivially get

[|7. — w|"|w — v|2pH} A w — v|PHE = | — p2PH-),

In the same way, on E; we can write

[|7. — | |w — U|2pH+2] A w — v PHEDH2 = |y — p2PH-D+2,

Plugging (4.71) and (4.72) into (4.68), we get

lw — U|2p(H_ﬂ/) 2p(H—a)—2
I :/ :/ w — v|2PH==2 0,y
' e w = o2 T g, | |

Similarly, reverting the inequality in (4.70) we get that

— ap|=2PY |y — )|2PH
I, = / |7 — wl [w =] dvdw = / lw — v|2p(H_o‘)_2dvdw.
E. Es

o |7 — w| 72w — v|2rat?
Now gathering (4.73) and (4.74) into (4.67), we end up with
E |||z < / w — v|PHI =2y dw.
12 100 S e =)

The right hand side above is easily checked to be finite as long as a < H — =

2p°

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

Step 2: Estimate for the 2p moment of (1,2)-norm. Next, we will show that E[[|z'[|(a,y.n.¢).1,2]

is finite. Similarly to the proof for the 1-norm in Step 1, considering again p > 1. Then

resorting to (3.34), we get

E (2" |SE

(ayy,m,¢),1,2

<U£‘77aU»C),1,2,p<Z1>>2p:| .
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As in Step 1, recalling the definition (3.2) of U[, | 1 ,,(2), invoking Fubini’s theorem and

thanks to the fact that z7" is a Gaussian random variable, we obtain

) B ||z ?]
E[ zt||7? ] </
| H(a’%”’o’m ~ Jwwr ryeag |1pi’72%,m§(7’, ' w, v)|?Plw — vl|r —r|?

dvdwdr'dr.  (4.76)

In addition, owing to (4.16), relation (4.76) yields

’w;{’%/n_;'_l C_A'_l(?a?r/?w?/u)’Qp
> T p’> p

E[ 7|7 } </
Vo Wn132] = s TOTZ s, — oy = 7

dvdwdr'dr.  (4.77)
We now recall the definition (2.2) of ¢/ and plug this identity into (4.77). We get

2
E |:HZ1 H(£7'Y?"77<)7172:| 5 \/(\U,W,T’,T')EAZ g(H’afY?T]»cvp) (73 7’/7 w7 v) dvdwdr,dr? (478)

where g(m,a,ym.cp) (77, w,v) is given by

g(H7a7'Y»777<7p) (T7 r’? w7 U) = (479)

Ir— r/|2p(n+%)‘r/ _ w|72p(r]7C) ([|r’ _ w|—2p(’y+C+%)|w _ U|2pH} Alw — v|2p(H—fy—§—%))

|7 — /|2 |r" — w‘*QP(W*C) ([|r" — w|f2p(v+c)’w — v A |w — v|2pla=r=0)) lw — v|?|r — r/|2'
Thanks to cancellations, we can simplify the right hand side of (4.79) as

I JR—
g(H,a,'y,n,Qp)(r’r 7w7v) — (HT’ — w’_2p(7+<)|w — U|2pa] A ‘w — UPP(CY—’Y—C)) |w — UP. (480)

Plugging (4.80) into (4.78), we thus get

2
E [||Z1|I(§,%n,(j),l,2:|
|:’r/ — w’_Qp('YJ"C)_Q‘w — 'U’2PH:| /\ |w — UIQP(H_A/—C)_2
<
~ Jwwr mens ([[r — w| 7220+ w — v]2Pe] A Jw — v]2P@=7=0) |Jw — v|?

dvdwdr'dr. (4.81)
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Notice that the right hand side of (4.81) is now very similar to the right hand side of (4.66).
Therefore with the same steps as for (4.66)-(4.75), we obtain that

E [HZIH?Z,WLC)JJ] < /( e lw — vPE= A qydwdr’ dr < oo. (4.82)
w, ! r i

The right hand side of (4.82) is finite as long as p > %(H —a)~ !, or equivalently o < H — %.

Step 3: (4.59) holds for any p > 1. Invoking (4.60) we immediately have

E(I2'1E 0] SEZIE 0] +E 1213 00 - (4.83)

(a,7,m,)

Furthermore, combining (4.75) and (4.82) in the right hand side of (4.83). We end up with

E[|2'1{,, ] < oo, forany p>1. (4.84)

This is the desired result (4.59). And it is easy to check that (4.84) yields
12" (@) < 0O as.. (4.85)

This means that z' is almost surely in the Volterra space V(@776 (Ag: R™). O

With Proposition 3.4.9 in hand, we finish the study of z' by proving the algebraic relation

(2.13) for z"™ in more detail.

Proposition 3.4.10. The increment z,." as given in (4.13) satisfies relation (2.13), that is

Omzit =0, for all (s,m,t,7) € Ay a.s. (4.86)

Proof. For fixed (s,m,t,7) € A4, we have obtained in (4.61) that 8,2z, = 0 almost surely.

We will now prove that

(t,7) € Ay 27 € R™ is a continuous function. (4.87)
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By a standard argument, which consists in taking limits on rational points, this will achieve

our claim (4.86).

The proof of (4.87) relies on Lemma 3.4.4. Indeed, according to (4.15) for (s,¢,7) in Ag,
we have

2
E {(ztlg) } < Jt— s (4.88)

In the same way thanks to (4.16) applied with ( =7 = H — v — e with a small € > 0, we get

N 2
E {(z;) } <l — T — s (4.89)

~

Gathering (4.88) and (4.89), we end up with the following inequality, valid for (s,t,7/,7) €
A4I

e P e K ol R L (4.90)

~Y

Moreover ztls’”/ is a Gaussian random variable. Hence the upper bound (4.90) can be extended
to arbitrary norms in LP(Q). Therefore a standard application of Kolmogorov’s criterion

yields the continuity property (4.88) for z"7. This finishes our proof. O

We now turn to the analysis z»7. We start this study by verifying the algebraic relation
(2.13) for z*7.

Proposition 3.4.11. The increment z;, as given in (4.34)-(4.35) satisfies relation (2.13),
that s

Oz =z s zbl for all (s,m,t,T) € Ay aus. (4.91)

Proof. In order to show (4.91), we first prove that (4.91) holds for fixed (s, m,t) € Al.

According to Definition 3.4.6, we will separate the proof into two cases i # j and i = j.

Step 1: (4.91) holds for fized (s,m,t) € A] when i # j. In this step, let us handle the case
i #j. For any (s,m,t) € A], gathering (4.34) and (2.12), we have

bz = B (u;’i) — B (u;;l) — B (u:nls) , (4.92)
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where we recall that the process u is defined by (4.33). In order to calculate the right hand

T,i

side of (4.92), it is thus sufficient to compute Smtpy = up —upt —u7l . To this aim, according

to the definition (4.33) of u™ | we obtain

Sy (r) = i (r) — g (r) — upi(r)

= (1=1)" 2 y(r) = (7 =7) "2y Uy (r) — (7= 1) 7 200 Ly (7).

Resorting to the definition (4.13) of !/, we thus get

St (r) = (r = )7 (B Loy (r) = B Lpmg(r) = BY(R) Ly (1)) . (4.93)

where the expression for A is given in Definition 3.4.2. The right hand side of (4.93) can be

simplified by elementary calculus, we thus let the patient reader check that we have
Omups(r) = (r — 7)Y BU(R!,,) Lpm,g (7). (4.94)

Furthermore, according to the definition of & in Definition 3.4.2, we have that (7 — 7)™ 1, 4(r) =
h7. . (r). Hence (4.94) can be recast as

0w} (r) = hiy, (r) B (). (4.95)
Plugging (4.95) into (4.92), we thus have

omziy ™ = B (h, B (h},,)) - (4.96)
Resorting to the definition (4.5) of BI(h), the right hand side of (4.96) can be written as

2,7, .,- r
5o = i, 5% BL () BU,) (4.97)

where we recall that P is a generic partition of [m,t] whose mesh |P] is converging to 0,

and where the limit holds in L*(€2). We now consider a subsequence of partitions in order
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to get an almost sure convergence in (4.97). According to the definition (2.9) of convolution
product we end up with

5 277—717‘1 — I)ij

1,-i
mbis = Zyy *Z

ms

where we have used the definition (4.13) of z'7.

Step 2: (4.91) holds for fized (s,m,t) € AL when i = j. In this step, we will deal with
the case i = j for the the second level of the Volterra rough path. For any (s,m,t) € AI,

according to the definition (4.35) of ;"' we obtain

. t . .
6mzé‘r,1,1 =0 (/ u:él(’/’)dB;n) , (498)

where the integral above is understood in the Stratonovich sense. According to (4.10), we
have

t . : : o, .
/ ug (r)dB, = 71>i\r—r>lo SEP . where  SEF :/ ul, (r)B:Pdr.
S

| s

Now for a fixed P, elementary algebraic manipulations show that

P )
omSy, =z " ez (4.99)

ms?

where z;7"” is defined by (4.10). Taking limits on both sides of (4.99) as P — 0, we get

ms?

2,7ii _ pi T pifnr _ L7 1,
5mzts - B (h’th (hms)) = Zyy, *Z

which proves (4.91) for i = j.

Step 3: (4.91) holds for all (s,m,t) € AL. The proof of this fact, based on Kolmogorov’s crite-
rion for continuity of stochastic processes, is very similar to the considerations in Proposition

3.4.10. For sake of conciseness, it is omitted here. The proof of (4.91) is now complete. [

With Proposition 3.4.11 in hand, we are now ready to check the regularity of 6z>".

Proposition 3.4.12. Consider the second level z*7 of the Volterra rough path, as defined
in (4.34)-(4.35). Recall that §z*7 is a path defined on A4, and we refer to Definition 3.2.9
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for the definition of V@719 (Ay;R™). We assume that H > 1/2, v < 2H — 1, a € (7, H),
C€10,2(a—7)) and n € [¢,1]. Then almost surely we have

§z>" € V(QO‘_%V’”’O(AL R™). (4.100)
Moreover, for all p > 1 we have

E (62> 1% )] < o0, (4.101)

(2a—=y,7,n,¢
where the norm above is understood as in (2.14).

Proof. In this proof, we will show that (4.101) holds for any p > 1, and it is easy to check
that (4.100) is a direct result of (4.101). Toward this aim, according to the definition (2.14),
it is necessary to prove that E[H5ZQ’TH?§Q7%7),1] and E[H5Z2’TH?§Q7%V),1,2] are finite. Thanks
to (4.91), for any (s,u,t,7) € Ay we have

0uzy) =z %zl (4.102)
Hence resorting to (2.10), we get
‘5UZ?§T - ‘Z%&T * Z'}[s S ||Z1 ||(a,'y),1 ||Z1 ||(a,'y,77,(),1,2 ¢%a—%'y(7—7 t, 8)' (4103)

Dividing by 13, (7, t, s) on both sides of (4.103), and then taking supremum over (s, u,t,7) €
Ay, we obtain

102* | 2oyt < 12" @) 1 12" @rmo 2 - (4.104)

where we have used the definition (2.15) of 1—norm for the Volterra space V27719 (A y; R™).
Similarly, resorting to (2.11) and (2.16), for any (s,u,t,7,7) € As, ¢ € [0,2a — 2v) and
n € [¢, 1], we let the patient reader check that we have

||5z2||(2a_77777774)7172 S ||Z1||(a777777<)7172||zl||(0‘y77777<)7172' (4105)
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Combining (4.104) and (4.105), and recalling the definition (2.14) again, we thus obtain

‘|(5Z2H(2a—%%m€) = "522”(%—%7),1 + H‘SZ2H(204—%%77,C),1,2 ,S HZlH?a,'y,n,c)- (4-1O6>

Taking 2p moments on both sides of (4.106), we thus get

{"522”(204 ’Y'Yﬂ()} [HZIH avn()} (4.107)

According to (4.59), the right hand side of (4.107) is finite. This means that we have

{||5z )} < 00, for any p>1 (4.108)

2
” (2a—,7m,¢
This is the desired result. O]

Finally, let us close this section by giving the proof of the regularity result for z*7

Proposition 3.4.13. Under the same assumption as for Proposition 3.4.12, the second level
of the Volterra rough path z* introduced in (4.34)-(4.35) is almost surely an element of
VR3O (Ag; R™) for any o € (v, H), ¢ € [0,2(a — 7)) and n € [¢,1]. Furthermore, for
all p > 1 we have that

E 122185,y mo)] < oo (4.109)

Proof. Our strategy to prove this Proposition is the same as for the proof of Proposition
3.4.9, that is we will appeal to the Volterra GRR Lemma 3.3.7 to show that E[HZ2H o) 1

and El[||z 1 o] are both finite. Let us first show that E[”ZQH 50—~ 1S finite.

2
| | (204—%%7770, )

Consider a fixed Volterra exponent « € (v, H) and a parameter p > 1 to be determined
later, relation (3.33) reads

1220121 S (U1 @)™+ 162202, (4.110)

Taking expectation on both sides of (4.110), we obtain

E [I1220%_ ] SE |(Uhayrn(@) ]+E[H5z2!|<2a i) - (4.111)
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Recalling (4.101), the second term of the right hand side of (4.111) is finite. In order to
upper bound the left hand side of (4.111), it is thus sufficient to estimate the first term
E[(U

by 1p(2))?]. Toward this aim, we set

A=E {(U(ga—%v)ylap(f))w} '

Recalling the definition (3.2) of U(TQQ_M) we have

,1,p?

2,7|2p

E ]
e dvdw)| . 4.112
/(va)eAg |¢%a—’y,*y (7—7 w, U)|2p|w - UP ( )

A-E|

Observe that z27 is an element of the second chaos of the fBm B, on which all L” norms are

equivalent. Hence invoking Fubini’s theorem, we get

EP [|zes 1]

A SJ 1 2p 2
(v,w)eAT |¢2a7'y,'y(7_7 w, U)| |’LU - U|

dv dw. (4.113)

We now apply (4.37) to the right hand side of (4.113), we obtain

1 2p
A< / TG (4.114)

(v,w)EAT |¢%a77,'y(’ra w, U)|2p|w - 0’2

Notice that relation (4.114) is almost the same as (4.65). Hence we can carry out the same

procedure going from (4.65) to (4.75) in the proof of Proposition 3.4.9. We end up with
AS lw — v PH=972 dydu. (4.115)

(v,w)€AT

Eventually plugging (4.115) into (4.111), we get

(20‘_77’7)71 (204_’77’7)71

E |22 < lw — v[**E==2 dydw + E |||62°72 . (4.116)
(v,w)EAT
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Recalling (4.101) again, the right hand side above is easily checked to be finite as long as

2,7

7 admits moments of all

p > +(H — a)~'. Considering such a p (which is allowed since z
orders), we thus obtain

E (|22, )] < oo (4.117)

(20{7’77’7

Next we will show that EH|Z2|’?§a—v,v,n,§),1,2] is finite. Similarly to the steps going from (4.110)
to (4.116), we resort to (3.34) in order to get

E [||z2||2p } < / lw — v *PH=I qydwdr’ dr
(vw,r',r)eA]

(2a=7,7,m,6),1,2

+E |||02>7||7 . (4.118)

1 1
(20‘*’77%77+; 7(“”; )7172

Owing to (4.101), the right hand side of (4.118) is finite as long as p > . Eventually

_3
4(H—a)

combining (4.117) and (4.118), and recalling our definition (2.3) of (a,7,n,{)-norm, we
trivially get that
E [||2[I% | < oo (4.119)

(2&7’)/,7,7774)

This completes the proof. [
3.5 Volterra rough path driven by Brownian motion
3.5.1 Analysis on wiener space

The Malliavin calculus preliminaries for a Brownian motion are similar to what we wrote
in Section 3.4.1 for a fBm. Keeping most of our previous notation, let us just highlight the

main differences between the two situations.

(i) Our notation for the Brownian driving process is W = (W* ... WW™). The covariance

function for each independent component is

R(s,t) =sAt.
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(ii) The space H is L*([0,T]), with inner product
T
<f7 g>7—l = /0 fugudu.

(iii) Malliavin derivatives, Sobolev spaces and Skorohod integrals are defined similarly to
(4.6)-(4.7)-(4.8). However, for an adapted process u in DV?(H), the Skorohod integral 6°J(u)

coincides with Itd’s integral.

(iv) The Stratonovich integral can be defined as in (4.10). If Du enjoys suitable continuity

properties and is an adapted process, the conection formula (4.11) reads
T . T , T .
0 0 0

Notice that in a rough path setting the stochastic integrals with respect to W are naturally

understood in the Stratonovich sense.

3.5.2 Definition of the Volterra rough path

In this section we will deal with the case of a driving noise given by a m-dimensional
Brownian motion W. This case is rougher than in Section 3.4, although arguably already
addressed in the classical reference. Nevertheless, it should be noticed that a rough path
point of view on equation (1.1) driven by a Brownian motion is still useful, due to convenient

continuity properties with respect to the Volterra signature.

Definition 3.5.1. Consider a Brownian motion W : [0,T] — R™ and a function h of the
form hi(r) = (1 —r) L y(r) with v < 5. Then for (s,t,7) € Ay we define the increment

z;)" = [T (r — )V dW} as a Wiener integral of the form

2" = Wihy,). (5.1)

With Definition 3.5.1 in hand, let us find a bound for second moment of z'.
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Lemma 3.5.2. Consider the Volterra rough path z' as given in (4.13). Then for (s,t,7) €

As, we have
7,1 2
E[(z7)?) S |1 (7 ,5)] - (5.2)
While for (s,t,7,7) € Ay, C € (0,5 —7), and n € [(, 1], we get

2

Bl(2h ) S 6L, ) (7 7ot9)] (5.3)

where Y1 and "2 are given in Notation 3.2.2.

Proof. In this proof, we will show that (5.2) is held for any (s,¢,7) € As. (5.3) can be proved

in a similar way. Toward to this aim, according to (3.5.1), we have
1,7 ! i
El(z})] = El([ (7 =) awi)?] (5.4)
Recalling that B is a Brownian motion, resorting to isometry, (5.4) reads
1,7 ! 2
El(z7] = [ (- =) dr, (5.5)

Thanks to some elementary calculus, we obtain

Y

B[] S [l =771 = sl] Al = o' = ) (rt.5)] (5.6)

Notice that we have used the definition (2.1) of wiv(ﬂt,s). This is the desired result
27
(5.2). O

Next we turn our attention to construct the second level Volterra rough path over a

Brownian motion.

135



Definition 3.5.3. We consider a Brownian motion B : [0,T] — R™, and the first level of
the Volterra rough path z'7 defined by (5.1). As in Definition 5.5.1, we assume that v < %

Then for (s,r,t,7) € Ay, we set
up (r) = (1 — )z g (r). (5.7)
With this notation in hand, we define the increment z2" as a Ito-integral of the form

Z?L;T’i,j = Bj(Uth’i)> fOT any la.] S {L 27 e 7m}2' (58)

Similarly to what we did for z!, we will now estimate the second moment of z2.

Proposition 3.5.4. Consider the second level z>™ of the Volterra rough path, as defined in
(5.8). Recall that v satisfy v < &. Then for (s,t,7) € A, we have

2

E [(z?gﬂ < )%—w) (1,1, s)\ . (5.9)

As far as the (1,2)-type increments are considered, for (s,t,7',7) € Ay, ( € [0,2(% —-)),
and n € [(, 1], we get

E i

7\ 2 ,
(22 )]gngf NGRS i (5.10)

where ¥* and Y2 are given in Notation 3.2.2.

Proof. This proof is very similar to the proof of (3.5.2). We will prove (5.9), and let the
patient read show that (5.10) holds for (s,¢,7',7) € Ay.According to (5.8) , we have

E [(zfg)Q] _E [(Wi(u;;)ﬂ . (5.11)

Thanks to isometry for Brownian motion, we obtain

E((#)] = [&](w)] (5.12)
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Recalling the definition (5.7) of u, we get

E [(u;’i)z] _E [(T — ) (2 1y (r)} — (1 — 1) VE [(z,%»;vi)Q] Tog(r).  (5.13)

Similarly to proof of Proposition 3.5.2, we let patient reader check that we have
B [(st)] £ (- s (5.1

Plugging (5.14) into (5.13), we find a bound for E {(u[sl)? as follows

E [(u;if] < (=) — ) g (r). (5.15)

Eventually plugging (5.15) into (5.12), we thus get

E [(zfg)Q] < (= 1) — 5) D (5.16)

In order to get a bound for right hand side of (5.16), the process is very similar to (4.23)-(4.25)
as for Proposition 3.4.4. We finally obtain

E {(zfgﬂ Sl =t = sP2) Al = s = |oh oy (rts)[ (5.17)

We have appealed the definition (2.1) of ¢! at the second identity of above equation. We
completes the proof. O

We have constructed a Volterra rough path family {z!7,z*7} over a Brownian motion
and we have also upper bounded their moment. We will close this paper with verifying that
{z"7 2>} satisfies Definition 3.2.8. Let us first state that z'7 satisfies all properties that

mentioned in Definition 3.2.8.

Proposition 3.5.5. Consider the increment z"" introduced in Definition 3.5.1. Then for

any a € (7,3), ¢ € [0,a —~) and n € [(,1], we have
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(i) z'7 is almost surely in the Volterra space V@19 (Az; R™) where V(@718 (Ag; R™) is
introduced in Definition 3.2.3.

(ii) For all p > 1 we have that

E [|2'[E2, 0] < oo (5.18)
(iii)
Omzi =0, for all (s,m,t,7) € Ay a.s. (5.19)

The proof is very similar to the proof as for Proposition 3.4.9-3.4.10, we let the patient

reader check them. Similarly, we have following Proposition for z2.

2,7

Proposition 3.5.6. Consider the second level z*™ of the Volterra rough path as defined in

(5.8). Then the following properties hold for any v < 3, @ € (7,3), ¢ € [0,2(cx — 7)) and

3
nel¢1].
(i) Recalling the definition (2.12) of 9, then Smziy satisfies relation (2.13), that is
Oz = Z LTl z- . forall (s,m,t,T) € Ay a.s.. (5.20)
With (5.20) in hand, we get
6757 € VIO (ALR™) as.. (5.21)

In addition, for all p > 1 we have that

T2
E (162713, . 0] < o (5.22)

(ii) z>7 is almost surely an element of V2=v1C) - Furthermore, for all p > 1 we have that

E [||2[I% )] < o0, (5.23)

(2a—vy,7,m,¢
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