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ABSTRACT

Quick and accurate predictions of equivalent properties for thin-walled composite struc-
tures are required in the preliminary design process. Existing literature provides analytical
solutions to some structures but is limited to particular cases. No unified approach exists to
tackle homogenization of thin-walled structures such as beams, plates, or three-dimensional
structures using the thin-walled approximation. In this work, a unified approach is pro-
posed to obtain equivalent properties for beams, plates, and three-dimensional structures for
thin-walled composite structures using mechanics of structure genome. The adopted homog-
enization technique interprets the unit cell associated with the composite structures as an
assembly of plates, and the overall strain energy density of the unit cell as a summation of the
plate strain energies of these individual plates. The variational asymptotic method is then
applied to drop all higher-order terms and the remaining energy is minimized with respect to
the unknown fluctuating functions. This has been done by discretizing the two-dimensional
unit cell into one-dimensional frame elements in a finite element description. This allows the
handling of structures with different levels of complexities and internal geometry within a
general framework. Comparisons have been made with other works to show the advantages

which the proposed model offers over other methods.
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1. INTRODUCTION

The preliminary design of aerospace structures requires quick and accurate prediction of
their mechanical behavior. For a particular class of structures which can be constructed
by repeating a fundamental building block (unit cell) many times, a multiscale approach
is usually adopted. A constitutive modeling is performed over the unit cell to obtain the
constitutive models for the structure which is to be used as inputs for the global structural
analysis. Various methods exist which range from using analytical formulations to using
two-dimensional (2D) or three-dimensional (3D) finite elements. Representative volume ele-
ment (RVE) analysis [1]-[3], mechanics of structure genome (MSG) [4], [5] and mathematical
homogenisation theory (MHT) [6], [7] are a few of the techniques used for multiscale mod-
eling. Within this class of structures that can be analyzed using the multiscale techniques
a niche class of structures exist, which can be considered as thin-walled structures because
the structure consists of members with small thickness.These structures can be classified
based on the type of global structural models under consideration into beams, plates, and

3D structures.

1.1 Thin-walled beams

Thin-walled beams are a particular class of structures for which the thickness of the walls
is much smaller than the overall cross-section of the structure, which is, in turn, small in
comparison to the overall length of the structure, i.e., all the three dimensions are of different
orders of magnitude. The previous statement can be written as ¢/l << 1, where ¢ is the
characteristic dimension of the cross-section and [ the wavelength of deformation along the
beam; h/c << 1, where h is the maximum thickness of the wall. A typical thin-walled beam
is shown in Figure 1.1 and the beam cross-sectional properties can be acquired by describing
the whole cross-section using a 2D solid model in MSG. As shown in Figure 1.1, thin-walled
approximations can also be used to obtain the cross-sectional properties by considering the
dotted lines as the plate reference line which are made of four segments A1 — A2, A2 — A3,
A3 — A4, and A4 — Al. Thin-walled beams have found use in applications such as wind

turbine blades, rocket motor casing, tennis rackets, fishing rods, offshore drilling bits etc.

11



)

Figure 1.1. Thin-walled beam.

[8]-[13]. Using the inherent small parameters present in the beam, ¢/l and h/c, researchers
have developed thin-walled beam theories which provide reasonably accurate results with
a significant decrease in computational effort. Thin-walled beam theories present in cur-
rent literature can be broadly divided into two different classes of approaches, the first one
invoking assumptions before the derivation [14]-[16] and the second one using asymptotic
methods based on dropping small terms which have small contributions to the overall strain
energy [17]-[20].

The assumptions which are based on engineering intuition in the first class of approaches
can be a certain form of the displacement field or integral of particular stress fields being zero,
or certain strain components being zero. Although this approach does provide reasonably
accurate results, depending on the choice of the displacement field or different approximations
the final results vary and hence the results cease to be consistent in nature. Especially for the
case of composite materials, where all the modes of displacement field could be potentially

coupled, the theories developed using these assumptions might fail.
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The second class of approaches use asymptotic methods to obtain beam models of dif-
ferent refinements, i.e., the higher order the terms incorporated, the higher the degrees
of refinement obtained. In this form of approach two sub-classes exist, formal asymptotic
method (FAM) [21] and variational asymptotic method (VAM) [22]. The author prefer the
use of VAM over FAM. The reason VAM was chosen over FAM is because it is much easier to
perform a finite element (FE) analysis on the weak form of the equations (which is inherently
used in the case of VAM) rather than having to convert a set of partial differential equations
into a weak form which is used in the case of FAM. VAM accounts for material anisotropy
in a systematic manner and the modes of deformation which contribute most significantly
to the energy emerge out of the formulation. VAM was first used for shell modelling in [22].
The concept was further enhanced for beam modelling in [23] and converted into a commer-
cial software called the Variational asymptotic beam sectional analysis (VABS). VABS takes
into consideration initial twist and curvatures of the beam, providing accurate beam proper-
ties which are inputs for its sister software — Geometrically exact beam theory (GEBT) for
performing the global beam analysis [24].

The case of thin-walled cross-sections for beams was first tackled in an analytical fashion
using VAM in [19], but since the shell bending terms were neglected, the beam stiffness ma-
trix obtained was stiffer in comparison to VABS. The shell bending terms were incorporated
into the formulation in [25] which increased the accuracy of the beam stiffness matrix in
comparison to VABS. Initial twist was introduced into the formulation in [18] and initial
curvatures were introduced in [17]. All the aforementioned works have strived towards ob-
taining an analytical solution to the beam cross-sectional analysis and provide reasonably
accurate results but are restricted to only open and single cell cross-sections. Developing a
practical multi-cell thin-walled beam theory poses a problem because finding a solution in
an analytical fashion requires stress components at the junctions to be continuous which can
be solved as shown in [26] but converting into a general-purpose code is challenging.

In the most recent publications related to this field, a thin-walled theory for restrained
warping of open sections has been introduced in [20]. The overall cross-section has been
considered as a collection of strips and the energy has been minimized for each strip individ-

ually. The method does provide accurate results for some cases, but as shown later in this
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work, the theory breaks down for some cases because of inadequate continuity constraints

at the junctions of each section.

1.2 Thin-walled plates

Thin-walled plates are a particular class of structures which have the unit cell repeating
itself in one or two directions and the transverse direction being much smaller than the overall
in-plane dimensions of the structure. The unit cell is, in turn, an assembly of plates or shells
where the thickness of these plates or shells are much smaller than the overall dimension
of the unit cell. A typical class of thin-walled plates is commonly referred to as corrugated
structures and Figure 1.2 shows the different types of corrugated structures which can be

classified into sheets, panels, and bi-directional panels.

L7 X

(a) Corrugated sheets [27]

(b) Corrugated panels [28]

(c) Bi-directional corrugated panels [29]

Figure 1.2. Types of corrugated structures.

Corrugated structures show the unique property of having an order of magnitude differ-
ence in stiffness values in different directions and are widely used in aerospace, automotive,
marine, and civil industry. They find applications such as decks, ship panels, and accom-

modation modules in the marine industry [30], as corrugated roofs and walls in the civil
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industry [31], [32], as energy absorbing structures in the packaging industry [33], and as
thermal protection systems in the aerospace industry [34], [35]. In recent years corrugated
panels have found applications for flexible wings or morphing wings [36]-[39].

Equivalent plate properties for corrugated structures can be obtained by the traditional
homogenisation techniques [5], [7] but since these amount to a large computational time
and effort, researchers use the thin-walled approximation to obtain the equivalent plate
properties [2], [3], [27], [40]-[45]. The methods to obtain equivalent plate properties can also
be classified based on the underlying methodology used, into axiomatic [2], [3], [27], [40]-[43]
and asymptotic [5], [7], [44], [45] approaches.

The theories in [5], [7] provide equivalent plate properties that replicate the original
structure very accurately, these methods use 3D or 2D solid elements to describe the unit cell
(FAM [7] and VAM [5]). Buannic et al. [2] and Biancolini [3] use 2D plate elements to describe
the unit cell by considering an RVE, which is an assembly of plates as seen in Figure 1.3.
The RVE used in this approach is 3D in nature, which makes it more computationally
expensive than the approach proposed in this work. The work in [3] uses a condensation
method to remove the internal nodes of the RVE by using a condensation matrix. Further
the work in [3], creates submatrices relating the degrees of freedom (dofs) of the external
nodes with the plate strain terms by applying the Kirchoff-Love assumption which decrease
the computational time in comparison to [2] but still requires the whole RVE to be described
with a finite element (FE) mesh. Moreover, this method assumes that the bending modes of
deformation are decoupled from the stretching modes which hinders the model to account
for all coupled deformation modes.

Xia et al.[27] is an axiomatic and analytical approach, which uses the equivalent force
method in conjunction with the RVE analysis to obtain equivalent properties but are lim-
ited to symmetrically layered plates and cannot provide the coupling terms associated with
membrane-bending response, i.e., the B matrix in the plate stiffness matrix. Further, [27] as-
sumes particular local strain field components to be zero for a particular global response. For
example, when é=1[0 0 1 0 0 0]7, ¢, and ¢, is assumed zero which inhibits in-plane

axial-shear coupling at the unit cell level.
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Figure 1.3. RVE model using plate elements [27].

Dayyani et al. [40] is also an axiomatic and analytical approach, which uses an innovative
method of obtaining the overall strain energy produced in the unit cell (made from isotropic
material) by virtual forces and then using the Castigliano’s second theorem to obtain the
force-displacement response. This model assumes the mode of deformations along both the
in-plane directions and the out-of-plane directions to be individually decoupled and hence
cannot capture the in-plane Poisson’s effect.

Talbi et al. [42] and Aboura et al. [43] are also axiomatic approaches, which have been
solved numerically and analytically. The work in [42] is an extension of [43], both these
methods obtain material properties in the reference coordinate systems by transforming local
material properties using tensor transformation laws and eventually use this information to
obtain equivalent properties by averaging them. The models are limited to only orthotropic
materials and provide a stiffer plate stiffness matrix because it assumes continuity of the
displacement field at every point of the core and face sheets and not just at the crests. This
assumption is outcome of the two-step homogenization process which has been used in the

work and is illustrated in Figurel.4. As shown in Figure 1.4, the core is considered to be
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a homogeneous solid, and in the next homogenization step the panel is approximated as a
laminate made of the face sheets with the homogeneous solid core hence assuming continuity

at all points of the core and face sheets.

-

Figure 1.4. Two-step homogenisation process.

Cheon and Kim [41] is an axiomatic and analytical approach and obtains equivalent
properties for corrugated panels by performing a two-step process of first calculating the
effective plate properties of the core using [27] and then using those properties to obtain
effective plate properties for the corrugated panel via a layer-wise theory. This method
provides a stiffer equivalent plate because the connection between the core and the facing is
assumed at every point of the core and face sheets and not just at the crests. This is again
an example of the two-step homogenization process which is illustrated in Figure1.4.

Although axiomatic approaches [27], [41]-[43] provide accurate results for some cases but
due to the inherent assumptions present in them, they are often unable to capture the cases
where all the modes of displacement field could be potentially coupled and cannot be easily

assumed.

1.3 Thin-walled 3D structures

Thin-walled 3D structures studied in this work are a particular class of structures that
have the unit cell being repeated in all three directions and the overall dimensions of the unit
cell being much smaller than the dimensions of the structure. The unit cells are, in turn, an
assembly of plates or shells where the thickness of these plates or shells are much smaller than

the dimension of the unit cells. These structures are also referred to as cellular solids and are
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widely used in applications where weight savings and multifunctional properties are critical.
Aerospace sandwich cores, vibration and sound insulators, compact heat exchangers, and
biomedical implants are a few application examples of these structures [46]-[51]. A typical

thin-walled 3D strucuture is shown in Figure 1.5.

Figure 1.5. Thin-walled 3D structure [52].

As mentioned in the case of beams and plates, during the prototyping phase of the struc-
ture it is often impractical to analyze the entire structure as a whole hence researchers have
made progresses towards obtaining equivalent or homogenized properties of the unit cells
which are in turn used as inputs for the global 3D analysis. Several analytical and numeri-
cal approaches have been proposed in the literature to determine the equivalent mechanical
properties of cellular materials [52]-[65]. Amongst these works, [52]-[56] obtain the equiva-
lent properties which can be used by the classical elasticity model where every material point
has 3 degrees of freedom (dofs) and [57]-[61] obtain the equivalent properties which can be

used by the Cosserat elasticity model where every material point has 6 dofs. It should be
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noted that [5] can also be used to obtain the equivalent properties which can be used by the
classical elasticity model.

As briefly described above, several methods exist in literature to model the mechanics
of cellular materials. Each method has its own assumptions, advantages and limitations.
Amongst the works presented above, [52], [54]-[56] obtain the effective properties in close-
form expressions and [5], [53], [66] obtain the effective properties numerically. As mentioned
earlier [5] uses VAM and [53] uses FAM to obtain the properties.

All the above mentioned works which provide closed-form solutions have inherent as-
sumptions associated with them. For example [52] only considers the bending deformation
as the mode of deformation in elements of the unit cell.

In [54], a clear demarcation has been done as to when the elements have a bending
dominant behaviour and when the element have a stretching dominant behaviour which does
not make the theory general purpose to be used for composites as all modes of deformation
can potentially be coupled.

Mousanezhad et al. [67] uses the Castigliano’s second theorem to obtain the equivalent
2D properties in which the in-plane Poisson’s effect is not considered when representing the
overall strain energy associated with the unit cell and hence, the results obtained are less

accurate than the approach proposed in this dissertation, which considers these terms.

1.4 Motivation and objective

Based on the literature review, works available in current literature have the following

major drawbacks:

« Additional stress continuity condition need to be imposed for beams with closed sec-
tions which can be solved as shown in [26] but converting into a general-purpose code

is challenging.

» Cases of non-corrugated but arbitrary shaped composite cores has not been studied

(27], [41]-[44].
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o For the case of equivalent 3D properties, general anisotropic materials have not been
considered and out-of-plane properties [52]-[56] cannot be predicted, since these re-

searches have only considered in-plane properties.

o No unified theories exist which can account for general thin-walled structures which

might be modeled using a beam model, or a plate model, or an equivalent 3D model.

This need has been addressed in this work by using the mechanics of structure genome
(MSG). MSG is a framework developed in [5] to provide constitutive models for various
structures. MSG requires a structure gene (SG) to be defined as the smallest mathematical
building block of the structure. The SG can be a 2D planar structure for the case where we
have uniformity along one direction and hence MSG is more computationally efficient than
the traditional RVE analysis. To use MSG for multi-scale constitutive modeling we need
to answer the following three questions: 1) what is the model of the original structure? 2)
what is the macroscopic model desired for structural design and analysis? 3) what is the
structure gene? In the current work, the answer to the first question is a plate model for
every segment of the unit cell. The answer to the second question depends on the global

model desired and the answer to the third question is a 2D domain (see Figure 2.1).

1.5 Outline of this thesis

The report follows the following outline with Chapter 1 reviewing the related works and
presents the motivation for the current work. Chapter 2 presents the theory and the overall
framework for obtaining the equivalent properties of various structures. Chapter 3 presents
the results we have obtained using the present theory for modeling thin-walled structures as
beams, plates, and 3D solids. Chapter4 summarizes the work done and possible extension

of the work.
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2. FORMULATION

2.1 General formulation

According to MSG, we chose the original model to be the Kirchhoff-Love plate model
or the classical laminated plate theory (CLPT) which give the overall strain energy of the
SG in terms of plate stiffness matrices and plate strain terms defined in the plate coordinate
system. As seen in Figure 2.1, a thin-walled structure could externally look like a beam (the
left figure), a plate (the middle figure), or a 3D structure (the right figure). Such structures
can be homogenized using the regular formulation of MSG in [4] by describing each segment
using a solid model (named MSG Solid in this dissertation). Moreover as seen in Figure 2.1
if it is uniform along one direction, the corresponding SG can be a 2D domain in comparison
to a 3D domain. If the finite element method (FEM) is used for solving, 2D finite elements
should be used to discretize the 2D SG and 3D finite elements should be used to discretize
the 3D SG. However, if the thickness of each segment is small, it is possible for us to exploit
the thinness of the segment to construct a thin-walled version of MSG (named MSG-TW in
this dissertation). The corresponding SG retains its original dimension, however, it is formed
by an assembly of straight line segments for the case of 2D SG and an assembly of surface
elements for the case of 3D SG. The current work has only dealt with 2D SGs.

Since in the case of 2D SG it is a 1D problem, analytical solutions are possible for simple
configurations. However for general configurations (e.g. a SG with many interconnected line
segments), it is more convenient to use 1D finite elements to solve this problem. To facilitate

the formulation, four coordinate systems are set up (see Figure2.1):

« a global coordinate system x = (x1,x9,x3), the origin of which can be situated any-
where in the structure. For a beam-like structure, it is convenient to set the origin at
the geometric centroid of the cross-section. For a plate-like structure, it is convenient
to set the origin at the geometric center of the thickness of the plate. This choice
helps define the macroscopic displacements as the average of their counterparts of the

original model.
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Figure 2.1. Various structures and their corresponding SGs.
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« a global coordinate system along each segments xP = (zf, 4, 2%), which is the rotation
of x to align itself with the reference line of every segment. Here, x4 is the outward
normal to the reference line (for a 2D SG, z§ = z1.). 2} forms a right-hand system
with 2§ and 25. This coordinate is defined for each segment and changes from segment,

to segment.

« a local coordinate system y = (y1, y2,y3), which defines the SG. (y1,y2,y3) align with
(21, T2, x3), respectively. It is noted that the local coordinate corresponding to x; does

not exist when a 2D SG is considered and y = (¥, y3).

« a local coordinate system along each segment y? = (v, 4%, y%), which is rotation of
y to align itself with the reference line of every segment in the SG. (y7, 5, v%) align
with (2, 25, %) respectively. This coordinate system is defined for each segment and
changes from segment to segment within the SG. It is noted that the local coordinate

corresponding to 2} does not exist when a 2D SG is considered and yP = (y5, y%).

Since the SG is much smaller than the overall dimension of the structure, according to the
original formulation of MSG [5], we can define the local coordinates y; = x;/¢ and ¢} = 2% /e,
where ¢ is a small book-keeping parameter. Here the Latin indices assume value i = (1,2, 3).

Any function of the original thin-walled structure can be written as a function dependent
on x and y which are in turn dependent on x? and y?, f = f (z:(2%),v:(y2)) (here a = 1,2
because x4 has been eliminated when we represent every segment as a plate). The partial

derivative of this function with respect to 2 can be written as:

ozh 0xh 0z, 9zh oYk Oy;

_(omory (101
o 63:‘3 0362 oF ang 2P

of _ (3%‘ 3f> i (f)yﬁ Dy 3f>
v ™ (2.1)
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Figure 2.2. Local-global coordinate transformation.

For a 2D SG, f = f (21, z.(2h),y.(45)), with z = 2,3. The partial derivative of the function
with respect to 2} only depends on the global coordinate 2} = x; and the partial derivative

of the function with respect to 2 can be reduced as:

of  (Ox. 0f 10f
oxh (83:3 83:Z>yp + (8 8y§>xp (2.2)

In order to relate the local plate coordinate system with the global coordinate system, we

consider a position vector 7(xq,xe,x3) = (a1, 2}, 25), which can be defined in both the
local plate coordinate system as well as the global coordinate system (see Figure.2.2). Any

tangent vector along x; can be written as:

or
- 2.
i ox; (2:3)

and correspondingly any tangent vector along x! can be written as:
or or' dx; Ox;
/ép = — = 77‘7 = é J 24
e Zj Ox; Oxf Zj ok (2.4)

Eq. (2.4) can be explicitly be written in a matrix form as:
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/é;f 611 ﬁQl 631 é1

ég = (B2 P22 B3 G (2-5)
é§ Biz P2z P33 e3
here,
8£L‘i
5@‘:@

J

As (x4, 25, 2%) is obtained by rotating (x1, e, x3) by an angle 6 along x1, we have:

xh = cos Oxy + sin Oz
(2.6)

rh = —sin fxy + cos O3

from which it can be seen that j3; refer to the direction cosine matrix, transforming a vector
in the z; to 2¥. For a 2D SG, S, = 0 and B;; = 1. This transformation directly translates
to the local yP and y coordinate systems as well. We can represent the rotation matrix

associated with the 2D SG as:

el 1 0 0] e
Br=10 9 U3| & (2.7)
e 0 —9s ¥2| | &
Here () refers to the derivative of any quantity with respect to 5. It is noted:
0y . 0y .
oxh oy b2 (2.8)
O3 N Jys '

o= o = s
oxh  Oyh

7o and g3 vanish in this work since all the segments are discretized using straight lines. It
is noted that even if a segment is curved, we can approximate it using enough number of
straight line elements. Having defined the coordinate system, the next step in the formulation
is to define the strain energy density of the SG which would be minimized with respect to

the fluctuating functions to obtain the final equivalent properties and constitutive relations.
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2.2 Variational statement and kinematics

Since the ratio of height to length of the segment is considered small and the external
work done of the structure is one order smaller in comparison to the strain energy [5], we

can represent the overall strain energy of the SG as:

= ; (@) K (@) s (2.9)

where K represents the plate stiffness matrix obtained by modeling each segment using
MSG-based CLPT [5], and S denotes the domain of the global structural model. For the
case of beams the integral [¢ is only performed along x;. For the case of plates the integral
Jg is performed along z; and x5. For the case of equivalent 3D model the integral [q is
performed along x1, x5, and x3. K contains the well-known A, B, D matrices in CLPT. It is
noted that MSG-based CLPT can obtain a plate model of the same form as the conventional
CLPT without using ad hoc assumptions (Kirchhoff kinematic assumptions and plane stress
assumption) for a segment made of arbitrary anisotropic materials. For example, MSG-
based CLPT can model plates made of 3D woven composites. () represents an integral
along the reference lines for all the members within the SG. €” represents the plate strains
]T

in the (1,25, ¥%) coordinate system. € = [€]}, €5y, 2¢7o, K1, Ko, 2k75] , Where €, 5 represent

the in-plane strains and x5 represent the bending curvatures. They are defined as [5]:

, 1 <8u§ N 8u§l>

o8 =3\ 0ah " 02
° g (2.10)
a2up
Fapg = 5 7 317
0raTy

where o and § take values 1 and 2, u! = u}(x;(x}), y;(yr)) for the case of a 3D SG and uf =
uf (x1, xo(ah), x3(xh), y2(y5), ys(y5)) for the case of a 2D SG. uf represents the displacement
field along % direction, u} represents the displacement field along 5 direction, u} represents
the displacement field along 2% direction, of any point on the reference line of each segment.

Depending on the global model, we can define uy, us, and ugz as the displacement field along
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T1, To, and x3 respectively and u! are related to u; with the help of the rotation matrix

defined in Eq. (2.5):

U]f B Bar Ba Uy
uy ¢ = | P2 Paa Paz| | U2 (2.11)
U§ Bis Bz P33 Uus

For the case of 2D SG made of straight plate segments, the rotation matrix defined in
Eq. (2.7) can be employed and Eq. (2.11) reduces to:

uff 1 0 0] [u Uy
uy o =10 Yo Ys| Yu2p = Qq uy (2.12)
u§ 0 —ys ¥ us Uus

Having defined the plate strain terms in the global coordinate system, the next step in the
formulation is to define the 3D displacement field of the original structures. These depend
on the final global model and have been defined in [4]. In the subsequent sections we have
taken these displacement fields and written the plate strains corresponding to the original
structure in terms of the global model and small fluctuating functions. These plate strains
would eventually be used in Eq.(2.9) to formulate a minimization problem to obtain the

fluctuating fields in terms of the global strain fields.

2.3 MSG thin-walled beams

To model a thin-walled structure as a beam, we have taken the displacement field from
[4] and derived the local plate strain terms (Eq. (2.10)) for a 2D SG. According to [4] the

displacement field for thin-walled beams, u;(x1, y2(y5), y3(y5)), can be written as:

1(21) — eyotiy (1) — eysus(x1) + ewr (21, Y2, Y3)

I
|

wy (w1, y2(y5), y3(43))

Il
|

us (w1, Y2 (45), y3(y3)) = Ua(21) — eys® (1) + cwa (21, Yo, y3) (2.13)

us(ﬂﬂh y2(y§)>yz(y§)) = 7763(331) + 5y2¢)(331) + 5w3($1>y2, y3)
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where u; and u; denote the displacement field of the original structure and the displacement
field of the Euler-Bernoulli beam model respectively. ® represents the sectional rotation.
w; are the unknown fluctuating functions associated with the displacement field in each
direction of the coordinate system z;, and they are used to describe deformation that cannot
be described by the simpler kinematics of an Euler-Bernoulli beam model. Since we are
constructing a beam model out of the original model, the kinematic fields in the beam

model need to be defined in terms of the displacement field of the original model as:

(2.14)

The first three definitions physically mean that the beam displacements are averages of
the 3D displacements over the SG with an offset of the corresponding rotations. The last
definition physical means that the 1D rotation due to twist is the same as the true 3D twist
averaged over the SG. ()’ refers to the derivative with respect to x;.

As the equations on the right hand side of Eq. (2.13) is four times redundant in compar-
ison to the left hand side, we would require four constraints on the introduced fluctuating
functions. The definition of the beam displacements in Eq. (2.14) provides us with the nec-
essary constraints on w; which need to be imposed to solve the problem. The constraints

are:

(2.15)

where, it can be seen these constraints make sure that the overall rigid body translations
and rotations associated with the introduced fluctuating functions are zero. Due to the
complexity of implementing the last constraint, we have opted to impose a similar constraint

which was provided in [68] that can be written as:

<y2w3 - y3w2> =0 (2-16)
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This constraint changes the definition of ® to:

o (yaus — ysua) — (yY2)Us + (ys)uz (2.17)

e(ys +v3)

This definition can be physically interpreted as, the 1D twist associated with the SG is
combination of average twist in the SG because of pure rotation (the underlined term) and
the twist in the SG because of the offset of the origin in the SG.

If the geometrical centroid is chosen as the origin, we have (ys) = 0 and (y3) = 0, and
the 1D displacment fields are the average of the the corresponding 3D displacements and
the beam rotation corresponds to a pure rotation. If the geometrical centroid is not chosen
as the origin, u; and ¢ will assume a different meanings but the same constraints on the

fluctuating functions are used. Substituting Eq. (2.13) into Eq. (2.12), we get:

ul = Uy — eysliy — eysuy + cw
uh = Yoty + Yotz + £(Y3y2 — Y2y3) P + ePaws + eYzws (2.18)
uf = —yzliy + Yotiz + (Ya2y2 + Ys3y3) P — yzwy + ypws

Since for the thin-walled beam model we have, u; (21, y2(y5), y3(v5)), the local plate strain

terms definitions in Eq. (2.10) can be explicitly written as (using the partial derivative ex-

pression in Eq. (2.2)):

.o
11 — axl
,  1ouh
€hy = ——
2 eoyh
o, _ Ous | 10uj
27 0z e Ot
S (2.19)
=2
1=
ox?
» 1 0%
F22 = = 550,72
e 0(y3)

11 [ou
WPy = —2-— [ =2
2 g Oy (0:51)
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and then on inputting Eq. (2.18) into Eq. (2.19) we get the following plate strain expressions:
E1!1)1 = Y11 + EY3Ko — EYak3 + Lwll
€3y = Yotz + Y3t

2€ly = Wy + (ey2yis — €ysya) K1 + € (Yows + Yswy)

(2.20)
K1 = Yaka + Ysks + € (Yawy — owsy — (Y3ys + Yay2) KY)

1, . .
ng = g (yng - y2w3)

208y = —2 (k1 — yatish + izt
() refers to the second derivative with respect to y5 and ()" refers to the double derivative
with respect to x;. €}, physically represents the normal strain along the z; direction. €5,
physically represents the longitudinal strain along the z direction. 2¢}, physically represents
the shear strain along the z; — 2 plane. k¥, represents the out-of-plane bending curvature
along the x} direction. kb, represents the twist curvature along the x; direction. 2kx%,
represents the out-of-plane bending curvature in the x; — 25 plane.

In Eq.(2.20), the underlined terms in the in-plane local plate strain terms are of order
O(ée). And the underlined terms in the out-of-plane bending curvature terms are of order
O(ég?). On inputting this form of the plate strain terms into the overall strain energy we
see that the contributions of the underlined terms to the overall energy is of order O(é%ch?),
which is asymptotically smaller than the contributions of the non-underlined terms which
are of order O(¢2h?) and hence are dropped. Here, h refers to the characteristic dimension
of the cross-section.

The 1D beam strains in Eq. (2.20), € = [y11 k1 Ko kg|" are defined as:

—/ / =1 bt/
Y1 = Uy, k1= d', Ko = —Us, K3 = U (2.21)
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where 7, is the extensional strain, x; is the twist rate, k2 and k3 are the bending curvatures

along x5 and x3 respectively. Let us introduce new variables, w?, such that:

wy w1
wh ¢ =2 w, (2.22)
wh w3

because while performing the finite element implementation of theory the shape functions
will be defined along each segment in the (y4,y%) coordinate system, as the line integral in
Eq. (2.9) is along the reference line of each segment for 2D SGs.

From Eq. (2.22), we have:

wy = W
wh = Yows + Y3ws (2.23)
wh = —Yzws + Yows

After dropping of all the asymptotically small terms, Eq. (2.20) can be written as:

P _
€11 = V11 + EY3R2 — EY2k3
P :D
€29 = Wy

2€Ty = WY + (eyatis — €Yslia) K1

(2.24)
K1 = Yaka + Ysks
1
Kby = — =}
22 - Ws
2Ky = =2 (k1)
which can be written in a matrix form as:

e = Pye + I'w? (2.25)
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where

_]_ 0 T3 —(L’g_ 0 0 0

0
0 0 0 0 0 % 0
0 xoys—as3ys 0 0 2.0 0

P, = 23 = sl T, = | % (2.26)
0 0 Go s 0 0 0
1 0 el

0 0 0 0 0 0 1% (5%)
0 -2 0 0 0 0

Having defined the local plate strains in terms of the global beam strains, we move on to the
plate modeling, here it is shown that the expression for the local plate strains are similar to

the Eq. (2.26) with the exception of Py

2.4 MSG thin-walled plates

For the case of the plate model, we have taken the displacement field from [4] and derived
the local plate strain terms (Eq. (2.10)) for a 2D SG. According to [4] the overall displacement

field for the case of 2D SG and plate model, u;(z1, x2(25), y2(v5), y3(15)), can be written as:

uy = Uy (1, v2) — Y3tz 1 (T1, ¥2) + ewi (71, T2, Y2, Y3)
up = (21, T2) — eY3Us (@1, ¥2) + cwa (w1, T2, Y2, Y3) (2.27)

ug = ug(z1, v2) + cws(x1, T2, Y2, y3)

where u; and u; denote the displacement field of the original structure and the displacement
field of the Kirchhoff-Love plate model. w; are the unknown fluctuating functions associated
with the displacement field in each direction of the coordinate system, x;, and they are used
to describe deformation that cannot be described by the simpler kinematics of the Kirchhoff—

Love plate model. Since we are constructing a plate model out of the original model, the
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kinematic fields in the plate model need to defined in terms of the displacement field of the

original model as:

uy = (u1) + 5<y3>ﬂ3,1

?7/2 = <U2> — 5<y3>a3,2 (228)

(+).o refers to the derivative of () with respect to z,.

The physical meaning of these definition is that the 2D displacements are the average
of the original 3D displacements of the structure over the SG. If the origin of y3 is at the
geometrical centroid of the SG, u; are averages of the corresponding 3D displacements.
The definition of the plate displacement fields in Eq. (2.28), provides us with the necessary

constraints on w; which need to be imposed to solve the problem. The constraints are:

<wi> =0 (2.29)

These constraints remove the rigid body translations associated with the introduction of the
fluctuating functions. We would also have to impose periodic boundary conditions along the
o direction to respect the periodic nature of the SG. The imposing of the periodic boundary
condition makes sure that the rigid body rotation associated with the introduction of the
fluctuating functions is also zero. It should be noted that, if the geometrical centroid is not
chosen as the origin, u; will assume a different meaning but the same constraints on the
fluctuating functions are used. Now substituting Eq. (2.27) into Eq. (2.12), we obtain the 3D

displacement field in the local plate coordinate systems as:

uf = Uy (@1, x2) — eysuz (@1, T2) + ews (T1, T2, Yo, Ys3)

uh = Yoty + Y3y — EYoY3ls 2 + EYoWa + EY3w3 (2.30)
uf = —Ysly + Yol + €Y3Yslz 2 — EYsWa + EYowWs
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Since for the thin-walled plate model we have, u;(xy, 22, Y2, y3), the local plate strain terms
definitions in Eq. (2.10) can be explicitly written as (using the partial derivative expression

in Eq. (2.2)):

€ = %
8331
oub  10ub
po_ a2 2772
2= Oy + e Oy
oub ot 10u¥
2y = 22 4+ joa— + — 5
o0xq 0xy € 0yy
gy (2.31)
KV = — Ys
1=
0x?

OPul 1 O [O0u e O [Oub 1 0%ub
P |2 3 J92 3 g2 ¢ [ U3 S 3
oz = <y2 o0x3 + e Oxs (83/5) + e Oy ((%2) + e2 0(yh)?
0 out  10uk
2 P ) . 3 - 3
Rz 8x1 <y2 8332 + € 8y§>

and then on inputting Eq. (2.30) into Eq. (2.31) we get the local plate strains in each segment

as:

P __
€11 = €11 + €Y3R11 +EW 1

by = U5 (€22 + €Yzkan) + Yot + Yzt + € (w22 + Ysws o)

267172 = yg (2612 + EYs3 (2%12)) + u')1 + ¢ (ygwl,g -+ yngl + y'3w3,1)

p _ . . - - . .
K11 = Y2k11 + Y3 (U2,11 - 5y3U3,211) + e (Z/3w2,11 - yzws,n)

. . L, ) (2.32)
/‘612)2 = Y2 (1 + y§) Koo + - (y3w2 - yzw3) + ySys (U2,22 - €y3u3,222)
+ 20 (Y3tivg.2 — Yotiiz2) + Vs (Yswao — Yoz 29)
2Ky = 2K19 + 20273 (U212 — €Y3U3212)
+ 2 (Y31 — Yows1) + 2602 (Yswa 21 — YowWs 1)
where the 2D plate strains € = [e)1 €20 2€19 K11 Koy 2k19)?, are defined as:
€11 = U1,1, €20 = U2 2, 2612 = U2 + U1,
(2.33)

K11 = —U3,11, Ko = —U322, 2K19 = —2U3,12
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in which €17 , €99, and 2¢15 are the in-plane extensional and shear strains, k11 , koo, and 2k
are the out-of-plane bending curvatures. Here again the underlined terms in the in-plane
local plate strain terms are of order O(éc). And the underlined terms in the out-of-plane
bending curvature terms are of order O(é?). On inputting this form of the plate strain terms
into the overall strain energy we see that the contributions of the underlined terms to the
overall energy is of order O(¢%¢h?), which is asymptotically smaller than the contributions of
the non-underlined terms which are of order O(¢2h?) and hence are dropped. After dropping

the asymptotically smaller terms, Eq. (2.32) can be written as:

by = €11 + eyskn
€20 = Yo (622 + 6y3ﬁ22) + Ya2W2 + YsWs

2611)2 = yg (2612 + EYs (2:‘112)) + w1

(2.34)
/‘f]fl = Yok11
P . .2 1 . . . .-
Hag = Y2 (1 + y3) Faa + — (Ytz — yjatirs)
2/@1172 = 2%12
which can be written in a matrix form as:
® = Poe + [w? (2.35)
where ) )
1 0 0 z3 0 0
0 y% 0 0 :zzgg‘/% 0
0 0 9, O 0 T3y
P, — b2 32 (2.36)
0 0 0 g 0 0
00 0 0 g(l+g) O
00 0 0 0 L]

and I';, and w? remain the same as that of the MSG thin-walled (MSG TW) beam model in
Eq. (2.26) and Eq. (2.23).
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2.5 MSG thin-walled 3D structures

As done for the previous cases, for the case of thin-walled 3D structures, we have taken
the displacement field from [4] and derived the local plate strain terms (Eq.(2.10)) for a
2D SG. According to [4], the displacement field for the case of a 3D thin-walled structure,

wir, wa(28), 25(28), y2(48), ys(48)), can be written as:

Uy = ﬂl(wlﬁ IEQ,.T?,) + Ewl(xlax% xs, y27y3)
Uy = Up(T1, T2, T3) + Wa(T1, T2, T3, Y2, Y3) (2.37)

ug = Us(x1, T2, x3) + cws(x1, Ta, T3, Y2, Y3)

where u; and u; denote the displacement field of the original structure and the displacement
field of the equivalent 3D model. w; are the unknown fluctuating functions associated with
the displacement field in each direction of coordinate system, x;. Since we are constructing a
homogenized model out of the original model, the kinematic fields in the homogenized model

need to be defined in terms of the displacement field of the original model as:

l_l,l = <U1>
Uy = (uy) (2.38)
’EL3 = <U3>

The physical meaning of these definition is that the 3D displacements of the homogenized
structure are the average of the original 3D displacements of the structure over the SG. The
definition of the 3D displacement fields of the homogenized structure in Eq. (2.38), provides
us with the necessary constraints on w; which need to be imposed to solve the problem. The

constraints are:

<wi> =0 (239)

where, it can be seen that these constraints removes the rigid body translations associated
with the introduction of the fluctuating functions. We would also have to impose periodic

boundary conditions along the y, and y3 direction to respect the periodic nature of the SG.

36



The imposing of the periodic boundary condition makes sure that the rigid body rotation
associated with the introduction of the fluctuating functions is also zero. Now substituting

Eq. (2.37) into Eq. (2.12), we obtain the 3D displacement field in the local plate coordinate

systems as:
u) = uy + cun
uh = Yalls + Y3z + EY2Ws + EY3w3 (2.40)
Ul = —Ysly + Yolly — EY3W2 + £Yow3

Since for the thin-walled 3D model we have, u;(z1, x2, T3, Y2, y3), the local plate strain terms
definitions in Eq. (2.10) can be explicitly written as (using the partial derivative expression

in Eq. (2.2)):

p ouy
e =—
11 o,
ouly oub 10U
€22 = Y2 O Y3 D5 | 3y§
oub ouP o’ 1ou”
2 p e 2 _'_ y 1 + g 1 + - 1
€12 Oy Y2 07y Y3 Oy | 2O
0*ukb
p _ _Z 3
K11 = 022
= (320 T gy, OB gl 0 (OB s O (0 1 0%
22 2 01‘% 3 8x§ &vzxg 5 8y§ 0y c 8y§ 81_3 £2 8(y5)2
0 oub out  10uk
2 P __ _2 . 3 . 3 1 3
K1 Oz <y2 I o
(2.41)
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and then on inputting Eq. (2.40) into Eq. (2.41) we obtain the local plate strains in each

segment as:

E11)1 =TI +ewg
€y = U5T20 + Y3133 + Uay3(20a3) + Yotirg + Yatisa

+ 5[93“’2,2 + y§w3,3 + P2y3(wa 3 + w3 2)]

2ely = 12(2T12) + U3(2T13) + wy + e[go(wa1 + wi2) + Us(wr 3 + wsq)]

p . . - . - . .
K11 = Y3U2.11 — YoU3 11 + €[y3w2,n - y2w3,11]

L. .
Koy = z (Ytz — yj21is) (2.42)

+ Uatalingg — Y3Ualiz 33 — Ysiiz oo + Ustia 33 + 20203 (Ustiz g — Ualiz o3)

+e (9393102,22 — U3U2W3.33 — Yaws 29 + Ysws 33 + 20203 (Y3wa03 — 92w3,23))

+2 (?Jzy3w2,2 — Ytz + Yarinz — ?J3?)2w3,3>

2Ky =2 (9293 (U901 — Usz1) — y% (U231 + Us21) + U231 + Y31 — 92w3,1)

+ 2e (?J2?J3 (w21 — ws31) — yS (w31 + wso1) + w2,31>

where the 3D continuum strains € = [['y; Ty T'zz 2093 2013 20'5]7, are defined as:

'y =u,, oy = gy, [33 = u3 3,
(2.43)
293 = ug o + U3, 23 = ug + Uy 3, 2l = w10 + Uy

in which I'11, I'sa, and I's3 are the normal strains in the three directions of the equivalent
3D model, 2T'5, 2I'53, and 2I';3 are the shearing strains. Here again the underlined terms
in the in-plane local plate strain terms are of order O(é). And the underlined terms in
the out-of-plane bending curvature terms are of order O(ée?). On inputting this form of
the plate strain terms into the overall strain energy we see that the contributions of the

underlined terms to the overall energy is of order O(é%ch?), which is asymptotically smaller
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than the contributions of the non-underlined terms which are of order O(¢2h?) and hence are

dropped. After dropping off the asymptotically small terms, Eq. (2.42) can be written as:

5?1 =1
€hy = 15T 92 + 3033 + U203(2D23) + Yot + Y3tis3

2ely = 12(2112) + 93(2013) +

(2.44)
ki =0
1 ..
Rog = — (y3w2 - yzwa)
2Ky =
which can be written in matrix form as:
e’ = Poe + I'w” (2.45)
where,
1 0 0 0 0 O
0 3/% 3/:% yys 0 0
0O 0 O 0 )
P, — vs b (2.46)
0 0 O 0 0 O
0 0 O 0 0 O
0 0 0 0 0 0]

and ['y, and w? remain the same as that of the MSG-TW beam and MSG-TW plate model,
in Eq. (2.26) and Eq. (2.23).

Eq. (2.25), Eq. (2.35) and Eq. (2.45) have the same form with the only difference being in
P, and hence the same set of elements can be used to solve all the three models. As mentioned
earlier, the SG is divided into individual segments that have their own parameterization of 25
and correspondingly 15. Hence, at the junctions, it is required to have continuity conditions

imposed.
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2.6 Constraints and boundary conditions

As seen in Eq. (2.25), Eq. (2.35), and Eq. (2.45), the variables w} and w} have first-order
derivatives with respect to 1%, hence just C° continuity condition at the junction of two
intersecting segments has to be imposed on them. This continuity condition can be derived
from the fact that u; and uy are continuous at the junction. The variable w} has a second-
order derivative in 5, which implies that it requires C'* continuity conditions at the junction,

one of which can be derived from the fact that us is continuous at the junction.

After deformation

Figure 2.3. Slope contuniuty constraint Aa = 0.

Another condition can be derived from using the fact that no change in angle would
occur at the junctions due to shear effects, which can be imposed by the slope, i.e., % being
equal at the junctions which has been illustrated in Figure2.3. An in-depth derivation of
this boundary conditions, using position vectors, can be found in Appendix A. The above

statements provide the following continuity conditions:

o (2.47)
5eg) =0 |

where || refers to (-)1) — (+)(2) with (1) and (2) being the two intersecting members. The
first continuity equation in Eq. (2.47) translates to the following continuity conditions on w;

in all models, including the beam model, plate model, and 3D solid model:

lw;| =0 (2.48)
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The second continuity equation in Eq. (2.47) translates to the following continuity conditions

on w; (after dropping small terms):

| Yoti3 — Y312 + ®| =0 for a beam model
|t32 — Y293 (€22 + €Y3kiaz) + Yoz — ysws| = 0 for a plate model (2.49)

Lygwg, - ygwg + ygyg (F33 - FQQ) + yg (2F23) - ﬁgng =0 for a 3D structure

Eq. (2.49) can further be written as (after removing constant terms):

|07] = |6] =0 for a beam model
|07 — 92073 (€22 + €yskina) | = |6] = 0 for a plate model (2.50)

|07 + 3o (D33 — Do) + 3 (2T93) | = Léj =0 for a 3D structure

here,

0P = —y31g + Yog = Wh

Overall constraints on the fluctuating functions (Eq. (2.15), Eq. (2.16), Eq. (2.29), and Eq. (2.39))
along with periodic boundary conditions on the corresponding edges (y2 edges for the plate
model, and y, and y3 edges for the 3D structure) need to be imposed. It should be noted
that this periodicity is imposed on w; and 6 at the corresponding edges.

The strain energy density of the SG is written from Eq. (2.9) as:
U=t <; () K (ep)> (2.51)
In Eq.(2.51), w denotes the volume of the domain spanned by y; corresponding to the
coordinates z; remaining model. For the case of MSG TW beams, w = 1. For the case
of MSG-TW plates, w is equal to the size of the SG along ¥, direction. For the case of
MSG-TW 3D structures, w is equal to the area spanned by y» and ys.

The next step is to solve the Euler-Lagrange equation which is obtained from minimizing

the functional in Eq. (2.51) subject to constraints in Eq. (2.15), Eq. (2.16), Eq. (2.29), and
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Eq. (2.39). The finite element formulation used for solving the problem has been presented

in the next section

2.7 Finite element implementation

The next step in the formulation is to solve for the unknown functions w; by minimizing
the functional in Eq. (2.51). As the line integral performed for the strain energy density in
Eq. (2.51) is along every line segment, the shape functions have to be defined along (y5, y5)
and the nodal variables transformed into (ys,y3) as is done in the case of frame elements

[69]. The fluctuating functions w! can be written in the form:

wP (21,92 () ,y3 (€)) = S (Y2 (§) , y3 (£)) VP (21) (2.52)

where £ is the elemental coordinate system and runs from —1 to 1 while ¢4 runs from —[./2
to 1./2, & = 2y8 /1., l. being the length of the segment. y, and yz are functions of £ in the

following fashion:

— + — +
yz(i) _ Y22 . y21€ X Y22 . y217 yg(f) _ Y32 > y31£ 4 Y32 . Y31 (2.53>

and gp = ¥2421 gy = #2781 Here the extremities of the segment are (yo1, y31) and (22, y32)-
Each segment can be divided into one or more 1D elements. To ensure an exact solution for
the fluctuating functions, quadratic elements with three nodes are used. Figure 2.4 shows
a typical plate segment with its extremities and the corresponding 1D frame element and

dofs. Every element has 12 dofs and the node numbering has also been shown in Figure 2.4.

In Eq. (2.52), VP takes the form as [69]:

T
P _ |, P p p P P P P D P P P P
VP = wyy wy wyy 0] wiy wyy wiy Oy wiy wyy wiy 0O (2-54)

42



A0

QXT)

Figure 2.4. Elemental coordinates and dofs.
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Here w}; refers to the fluctuating function at the node j along direction i. Values of i =
(1,2,3) correspond to (x1, 44, y4) respectively. 6% refers to the rotation along z; direction at

node j. S[¢] in Eq. (2.52) has the following form:

NN O 0O ON, O 0O ON; 0 0 0
SEl=] oN O O ON, O O 0Ny 0O 0 (2.55)
0O 0 N, My 0 O Ny My 0 0 Ny M

where

le_(1—2§)§ s

B 5 4 3 ~ 5 4 3 2
RS ®e k(o889

5 4 3 5 4 3 2
N2:_§_£+§+£2 M2:le<5+€_§_£>

4 2 4

Ny =¢'—26 41 M3_§(§5—2§3+5)
These are the traditional quadratic Hermite polynomial shape functions which can be de-
rived from the basic concept of the finite element method [70]. The nodal values, VP, are
in the (z1,95,4%) coordinate system and need to be transformed into the SG coordinate
system, (z1,¥s,ys3), because the constraints in Eq. (2.15), Eq. (2.16), Eq. (2.29), Eq. (2.39),

and Eq. (2.47) are imposed in that coordinate system. Hence we introduce a transformation

matrix 7' [69], which is:

1 0 0 0
Q [0laxa  [0]axa o
~ ~ 0 9 ys O
T=100ixa @ [Olaxa| 9= - (2.57)
- 0 —ys y2 0
[0lsxa [Olaxa €
0o 0 o0 1
and
VP — TV (2.58)
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where V9 represents the nodal values in the (z1,ys,y3) coordinate system. On substituting
Eq. (2.58) into Eq. (2.52), wP can be represented in terms of V9 and a new shape function

matrix, S [69], is obtained.

w? = SV (2.59)
where,
Ny 0 0 0 N, 0 0 0 N3 0 0 0
S[¢] = 0 Ny Niygs 0 0 Noyo Noys 0 0 Nsya Niys 0
0 —Nigzs Nigo My 0 —Nojzs Nogo My 0 —Nsgys Naip M
(2.60

In order to ensure the continuity conditions in Eq.(2.50), a change of variable of V¥ is
introduced as:

VI =V9 4 ae (2.61)

where

[0]3
b
[0]3x
Do
[0]3

Bs |
and f; depends on the global model under consideration. For the case of the beam model,

i=4.

G=[0 0 0 0

For the case of the plate model 7 = 6.

Bi=10 9392 0 0 9ysgoxsl; O
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For the case of 3D solid model i = 6.
Bi=10 9392 —vs92 —¥2 0 0

Here z3|; represents the x3 value of node j numbered in the local elemental system. On ap-
plying the transformations in Eq. (2.59) and Eq. (2.61), we get the following nodal variables:
- B B a7
VIi=lwn wy wz; 01 wiz wp wiy O wiz wez wsz O3 (262)
where, w;; refers to the value of the fluctuating function at the node j along direction 4.
Values of i = (1,2,3) correspond to (z1,¥ys,y3) respectively. éj refers to the value of 6 in
Eq. (2.50) at node j.

The integral constraints are to be applied on w; which can be represented in terms of w?

as:
wy wh
T
wy b = Q7 up (2.63)
w3 wh

The integral constraints can be written in the following form:
(Jwy) =0 (2.64)

where w, = [w;  wy ws)T and ¥ for the case of the beam model is:

1 0 0 ]
0 1 0
U= (2.65)
0 0 1
0 —uslé] wal]]

and for the case of the plate model and the equivalent 3D model is a 3 x 3 identity matrix.
The Euler—Bernoulli beam model, the Kirchhoff-Love plate model, and the equivalent 3D
model are obtained from the zeroth-order approximation of the strain energy [5], hence

substituting Eq. (2.25) (or Eq. (2.35) or Eq. (2.45)), Eq. (2.52), and Eq. (2.58) in Eq. (2.51),

46



imposing the continuity conditions from Eq. (2.61), and the integral constraints in the form

of Lagrange multiplier, the overall functional to be minimized is:
2U0 == ‘_/TEV + QVTDhEE + GT]_)eeG + /\TDh)\‘? + )\TFhAG (266)

where V' contains the nodal values assembled from V9; E, Dy, D.., Dny, and Fy, are the
global stiffness matrix, global forcing matrix, global contribution of Py, global constraint

matrix and its corresponding forcing matrix respectively which are:

E = ([I',S]"K[[',9))

D = ([[4S]"KPo + (18] K[I'45)) )

D, = (P{KPy+a” ([[4S)"K[D4S]) a + o ([ThS]"KPy) + (PYK[T,S]) ) (2.67)
Dy = (Q7'9)

Fiy = ((275) a)

I';, needs to be transformed into the elemental coordinate system as:

0 0 0
0 %d% 0
2 d
2L 0 0
[y, = [l% (2.68)
0 0 0
2 0
00 —(2) @
00 0

The periodic boundary conditions can be imposed by setting the equality constraints on the
periodic edges before solving the system of linear equations.
Taking the variation of Eq.(2.66) with respect to V and A and imposing the periodic

boundary conditions, the following linear system of equations is obtained:

E DOw)’| |V B D {}

) (2.69)
Diny  [0]3x3 A Fu
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Eq. (2.69) is solved to find the solution for the zeroth-approximation of V9 which is
V = Vpe (2.70)

Having solved for V9, the final stiffness matrix can be found by plugging it back into
Eq. (2.66) and discarding the Lagrange multiplier term. The homogenized stiffness matrix

K is of the form:
K = V/Dy. + D.. (2.71)

The zeroth-order approximation of the strain energy density for the homogenized beam

model being:

Y11 Ci)l Cf2 Oi’?) C{)4 Y11

_ 1|k ct, Cb, Ch % K

My = ~"Ke = 3 1 12 Y22 Y23 Y24 1 (2.72)
k2 Cly C33 C33 C3yf | w2

b b b b
k3 _014 C3y O3y 044_ K3

The zeroth-order approximation of the strain energy density for the homogenized plate model

being:

€11 A A A B Bz Bie €11
€22 Ay Az A Bai Bax B €22
1o 126 A Ass Ass Ber Bs2 Bes| | 2€12
2 K11 Bin Bai Bsi Dii D1z Dis K11
K22 Bia Bsy Bgz Dia Doy Dag K22
2K19 Big Bas Bes Dig Do Des| |2K12

(2.73)
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The zeroth-order approximation of the strain energy density for the homogenized 3D solid

model being:

'y Cii Cip Cig Ciy Cis Cig 'y
Iy Cia Cp Cyg Cy Cy Oy Iy
1 - 1| I'ss Ciz Cy Oz O3y Oz Cse I's3

I, = 5eTKe =5 (2.74)
2F23 C’14 024 C(34 C(44 C’45 046 2F23

202 Cis Cos Cs6 Cuis Cse Cos| 2112
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3. RESULTS

For validation, the theory proposed has been implemented into a computer code called MSG
thin-walled (MSG-TW). Multiple examples have been presented, which have geometric and
material complexity associated with them. The results have been compared with existing
literature and equivalent properties obtained from MSG solid model. As MSG solid model
uses the 3D strain energy without the thin-walled approximation, the results obtained from

it have been used as the benchmark [71].

3.1 Equivalent beam properties

For the case of beam properties, in order to showcase the versatility of MSG-TW, we
have presented two different choices of reference lines, MSG-TW (Centric), and MSG-TW
(Off-Centric), for cases which can have both. MSG-TW (Centric) obtains results by choosing
the center of the segment as the reference line (a partially populated plate stiffness matrix)
and MSG-TW (Off-Centric) obtains results by choosing a reference line which does not

correspond to the center of the segment (a completely populated plate stiffness matrix)

3.1.1 Isotropic strip

The first example is an isotropic strip with width ¢ and thickness h. The material
properties are E the Young’s modulus and v the Poisson’s ratio. This example is chosen
to show that MSG-TW can obtain beam properties for trivial cases. The set of equations
obtained can be solved in an analytical fashion without the use of FEM mentioned previously,

yielding analytical expression for the stiffness properties which are:

Ech? - Ech?

Ech
6(1 4+ v) B2

Cb = FEch  C% = 5

024 = (3.1)
The geometric properties have been presented in Figure 3.1 and the results from the MSG-
TW code are shown in Table 3.1, where the material properties have the following values:

E =689 GPa, v =0.33, c=10 cm and A = 0.5 cm.
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Figure 3.1. Isotropic Strip.

Table 3.1. Stiffness value for an isotropic strip section: (a) MSG-TW (Cen-
tric), (b) Harursampath et al. [20], (c¢) Yu et al. [18], and (d) MSG solid.
Stiffness (a) (b) (c) (d)
CP(10'N)  3.445  3.445  3.445  3.445
Cb,(Nm?) 107926 107.926 107.926 107.657
C%(Nm?) 71770 71770 71770 71.770
Ct,(10°Nm?) 2.871 2871 2871 2871
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Table 3.2. Stiffness value for an isotropic I-section: (a) MSG-TW (Centric),
(b) MSG-TW (Off-Centric), (¢) Harursampath et al. [20], (d) Yu et al.[18],
and (e) MSG solid.
Stiffness (a) (b) (c) (d) (e)
CUI0°N)  2.067 1.998 2.067 2.067 1.098
Ch,(10°Nm?)  2.590 2.562 7.732 2.590 2.550
C5%(10°Nm?) 4.031 3.875 3.875 4.031 3.875
Ct,(10°Nm?) 1.154 1.153 1153 1.154 1.153

The results show good agreement with MSG solid for all cases and the analytical ex-
pression obtained can be found in a typical solid mechanics textbook. For performing the
sectional analysis in the proposed finite element method, 1 element with 3 nodes was used
and each node having 4 dofs which is computationally cheap in comparison to MSG solid
where 5 2D quadratic elements were used with a total of 28 nodes and each node having 3

dofs.

3.1.2 Isotropic I-section

The next example is an isotropic I-section with the flange and the web having length,
¢ = 10 cm and thickness A~ = 1 ¢m and having material properties £ = 68.9 GPa and
v = 0.33. The sectional properties obtained have been shown in Table 3.2 as MSG-TW
(Centric).

Errors associated with the values are significant in comparison to MSG solid which can
be attributed to the choice of the reference line. Such theories should converge to the original
value as the thickness decreases (c/h increases) which can be seen in the convergence trend
plotted in Figure 3.2. As the aspect ratio (¢/h) increases the value converges to the original
value but even at an aspect ratio of 1/40, the value of C%, still has an error close to 2%.

These errors are mainly due to the choice of the reference line of the plate segment. For
the case of MSG-TW (Centric) as shown in Figure 3.3, the red arrows show the directions
along which the laminate is stacked in the original 3D structure. It can be seen the shaded
areas are being added twice which causes more errors in C%; than in C%,. This is because

the double counted area has a smaller area moment of inertia in the ys direction than that
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Figure 3.2. Convergence study of isotropic I-section.
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Y3 r MSG—TW (Centric)
[ ]MSG-TW (Off-Centric)

C Y2

Cd

Figure 3.3. Overlaps in an isotropic I-section.

in y3 direction. As seen in Table 3.2 in MSG-TW (Off-Centric), the results improve a lot in
comparison to MSG-TW (Off-Centric). This is because no overlapping is present as seen by
the green arrows in Figure 3.3. This off-centric choice of reference line leads to a completely

populated plate stiffness matrix for each segments except the web.

3.1.3 Anisotropic I-section

The next example is a composite I-section which has been extensively studied in the
literature and can provide a benchmark comparison for the formulation. The anisotropic

I-section presented in [72] has been used as it has been compared in other works [19], [20].
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The schematic of the section is shown in Figure 3.4. The material properties used have been

- O
o 0
— 15
MSG—TW (Centric)

[————]MSG-TW (Ofi-Centric)

12.7 mm

Figure 3.4. Thin-walled anisotropic I section.

obtained from [72] as

E, = 141.963 GPa, B, = E; =9.79 GPa,

G12 = G13 = G23 =6.136 GPa, V19 = V13 = V93 = 0.42

The explicit orientations of the layers, in the (y,, y3) coordinate system, at different sections

are

Right side top flange: [(90°/0°)3 /(15°)q]

Left side top flange: [(0°/90°)3 /(15°)s]

Right side bottom flange: [(90°/0°)3 /(15°)s]

Left side bottom flange: [(0°/90°)3 /(15°)s]
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e Web: [(90°/0°),]

The layers are 0.127 mm thick and the total height and the width of the section are 12.7
mm and 25.4 mm respectively. The ratio of the height of each segment to the cross-sectional
dimensions is small which qualifies it as a thin-walled section. The results obtained from
using MSG-TW beam model are compared with the previous works in Table 3.3 and are in
better agreement with MSG solid, in comparison to [20]. Chandra et al. [72] assumes that the
in-plane axial strain along x%, €55, vanish. The results obtained are more stiffer in comparison
to other methods. It should be noted the results of MSG-TW (Centric) are exactly the same
as [19]. Here as well, the choice of reference line reflects the error associated with the final
results and it can be seen a careful choice of off-centric reference lines can provide better

results in comparison to keeping the center lines as the reference lines.

Table 3.3.  Stiffness value for an anisotropic I section: (a) MSG-
TW(Centric),(b) MSG-TW(Off-Centric) (c¢) Harursampath et al.[20], (d)
Chandra et al. [72], and (e) MSG solid.
Stiffness  (a) (b) (c) (d) (e)
C'.(10°N) 5134  5.055 5133 5525  5.022
Co,(Nm) 65347 60.975 15072 0.000  56.887
Ct,(Nm?) 0.178  0.176  0.178  0.193  0.177
(
(

m
m?) 155475 153.000 154.540 153.937 152.290
Ch(Nm?) 227.226 227.219 227.146 248.526 225.120

For performing the sectional analysis in MSG solid, 3,792 2D quadratic elements were
used with a total of 12,341 nodes and each node having 3 dofs. In contrast, for performing
the sectional analysis using the current approach, 8 1D elements were used to obtain the
plate stiffness matrices for the 5 different segments in the cross-section and 5 1D elements
were used, with each element having 3 nodes and each node having 4 dofs.

A clear computational advantage can be seen of the current approach over MSG solid,
and as seen from the sectional properties calculated in Table 3.3, it is in better agreement
as compared to existing thin-walled beam theories. The current theory also captures the

axial-bending coupling (C?,) which was not being captured in [72] and less accurate in [20].
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3.1.4 Circular tube

The next example is a composite circular tube. This example showcases the ability of
MSG-TW to obtain the effective beam properties of a cross-sections which have an inherent
curvature associated with their reference lines. The schematic of the circular tube has been

shown in Figure 3.5. The analytical solution to the cross-sectional properties considering that

?J3A

=\

—45° R

7

Figure 3.5. Thin-walled composite circular tube section.
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Table 3.4. Stiffness value for an isotropic I-section: (a) MSG-TW (Centric),
(b) Yu et al. [18], and (c¢) MSG solid.

Stiffness (a) (b) (c)

CUI0'N) 47727 47729  4.7738

C%,(10°Nm)  -9.3591 -9.3607 -9.3906

Cb (10°Nm?) 14943 1.4903 1.4932

Ct.(10°Nm?) 1.0705 1.0728 L0741

the tube section is made of a single shell can be explicitly obtained from the formulation

presented in [18] and written as:

A2
Cfl = 2R <A11 — 16)

Asgs
, TR
Cly = 1 (—3Bs2A16 — 2RA16 A% + 3B12Ass + 2RA12A66)
66
TR
Cs, Ay, (—3Bas(3Be2 + 2R Asg) + 9D3p Ags — 6R(Bsa s — 2B Ags) — 4R* (A3 — Az Ags))

Ch=Cla=— (Ap +2RA + R’B — 2R*C — R'D + 4R°E + 4R°A,)
(3.2)

The complete derivations and the expanded expressions for Ap, A, B, C, D, E and Ay
are presented in Appendix B. From Eq.(3.2), it can be seen that a circular tube with a
single type of composite layup has tension-torsion coupling associated with it. So in order
to showcase the capability of MSG-TW to capture this effect a single ply composite layup is
chosen which has a fiber angle of —45° and the material properties associated with the ply
is:

E, =37 GPa, Ey = FE3 =9 GPa,

Gio=Gi13=Gop3 =4 GPa,vi9 = 113 = 193 = 0.28.

The sectional properties obtained for the case of R = 7.15 cm and ¢t = 8.682 mm have been
shown in Table 3.4. Here we have only presented C%,, as for the case of a circular tube,
Cby = C?,. We can see that, MSG-TW model is able to capture the tension-torsion coupling
terms with high degree of accuracy.

As seen for the case of the Isotropic I section, the error percentage of the beam properties

with respect to MSG solid model decreases as the aspect ratio of 2R/t increases. This
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Figure 3.6. Convergence study of composite circular tube with respect to aspect ratio.

convergence trend can be seen in Figure 3.6. Since MSG-TW utilizes straight segments to
capture the curvature effects of a shell, we can see in Figure 3.7 that as we increase the number
of segments to describe the geometry of the shell, the difference between the numerical and
analytical values decreases. This plot was made keeping the values of R = 7.15 ¢cm and
t = 8.682 mm. This supports the claim that we can indeed represent a curved geometry
with sufficient straight line segments.

For performing the sectional analysis in MSG solid, 2880 2D quadratic elements were
used with a total of 6120 nodes and each node having 3 dofs. In contrast, for performing the
sectional analysis using the current approach, 1 1D elements was used to obtain the plate
stiffness matrix and 200 1D elements were used to obtain the results in Table 3.4, with each

element having 3 nodes and each node having 4 dofs.
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Figure 3.7. Convergence study of composite circular tube with respect to
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Figure 3.8. Realistic composite wind turbine multi-cell section [73].

3.1.5 Realistic wind turbine blade section

The next example is a realistic composite wind turbine blade with five varying skin
segments and two webs. This example has been taken from [73]. The schematic of a typical
wind turbine blade is shown in Figure 3.8 and the corresponding reference line used for MSG-
TW (Off-Centric) in Figure3.9. An MH 104 airfoil is used and the cross-sectional details
such as chord length, the web location, the y5 coordinates of representative points for defining
the skin segments as well as the material properties and orientation have been taken from
[73].

The lamination properties used for this example are the “Laminate layer schema for
station 1”7 mentioned in [73]. The only differences between the current example and the
one mentioned in [73] are the laminate thickness of each layer and origin of the coordinate
system. The thickness of all the layers are all 5 times smaller than that in [73] and the origin
is kept at Ogy.

The reference line chosen in the current example is the outside of the skin segments
which automatically means a MSG-TW (Off-centric) model is used. The results obtained
have been compared with MSG solid in Table 3.5. It can be seen here that the beam stiff-

ness is completely populated and the MSG-TW can capture all the diagonal as well as the
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Figure 3.9. MSG-TW model for realistic composite wind turbine multi-cell section [73].
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coupling terms to a reasonable amount of accuracy with the maximum difference being in
C%, (bending-torsion coupling), which is 7.69 %. Although MSG-TW induces an error in the
beam stiffness components in comparison to MSG solid, the enormous computational savings
achieved make MSG-TW more useful in critical applications such as preliminary design of

the cross-section.

Table 3.5. Stiffness value for realistic wind turbine blade section: (a) MSG
solid (b) MSG-TW(Off-Centric), and (c) Error %.

Stiffness (a) (b)) (¢

CUI0°N) 548 568 3.50

C%,(10°Nm) -8.28 -8.76 583
C?,(10'Nm) 1.60 1.65 3.29
C?,(10°Nm) 389 4.03 3.73
CL,(10°Nm?) 6.02 6.12 1.6
Ct.(10°Nm?) -3.45 -3.60 4.56
C?,(10°Nm?) 4.73 509 7.69
CL,(10°Nm?) 6.46 6.68 3.49
C?,(10°Nm?) -9.58 -9.89 3.37
Ct,(1°Nm?) 3.63 3.78 4.09

For performing the sectional analysis in MSG solid, 11,023 2D linear elements were used
with a total of 20,207 nodes and each node having 3 dofs. In contrast, for performing the
sectional analysis using MSG-TW, a maximum of 5 1D elements were used to obtain the
plate stiffness matrices for the 5 different segments in the cross-section and 128 1D elements

were used, with each element having 3 nodes and each node having 4 dofs.

3.1.6 Isotropic multi-cell box section

The final beam example is an isotropic multi-cell box section. This showcases the ap-
plication of MSG-TW to more than two cells which has been already presented in [26] but
because of the analytical nature of the work generalization of the theory was not easy. MSG-
TW works for more than two cells which are oriented in any arbitrary direction inside the
box beam. The material properties used for the example are the same as used for the pre-
vious isotropic cases and a schematic diagram of the beam cross-section has been shown in

Figure 3.10. The results obtained have been compared with MSG solid in Table 3.6.
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Figure 3.10. Isotropic multi-cell section.
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Table 3.6. Stiffness value for an isotropic multi-cell section: (a) MSG-TW
(Centric), (b) MSG solid, and (c) Error %.

Stiffness (a) (b)) (¢

C? (108N) 1.86 1.81 2.92

Ct,(10°Nm?) 952 955 0.3

CL,(10°Nm?) 1.55 152 1.54

C},(10°Nm?) 224 220 1.73

For performing the sectional analysis in MSG solid, 2,885 2D linear elements were used
with a total of 3,354 nodes and each node having 3 dofs. In contrast, for performing the
sectional analysis using MSG-TW, 1 1D elements was used to obtain the plate stiffness
matrices for the segment in the cross-section and 12 1D elements were used, with each

element having 3 nodes and each node having 4 dofs.

3.2 Equivalent plate properties

As done for the beam model, MSG-TW plate model also considers the off-centric reference
lines and the effects of this consideration are more staggering for the case of the plate model
as some results cannot be obtained by using centric reference lines which are assumed by

most method in the literature.

3.2.1 Isotropic corrugated plate

The first example is an isotropic corrugated plate, the dimensions and material properties
of the SG has been shown in Figure 3.11. This example has been studied in [27] and [44]. Xia
et al. [27] and Ye and Yu [44] provide analytical expressions for the equivalent plate properties
and are more computationally advantageous than MSG-TW but due to the choice of local
plate stiffness matrix in [27] and isotropic material in [44] they cannot be applied to general
cases. This example is chosen to show that MSG-TW can obtain values for simple cases.

The non-zero components of the equivalent plate stiffness matrix obtained are presented
in Table 3.7. It can be seen that MSG-TW provides results as accurate as the results obtained
from [27] and [44]. The stiffness properties associated with bending in both directions (D,
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Figure 3.11. Isotropic corrugated plate.

D15 and Dsy) are very close to the values obtained by the MSG solid and in [44] it has been
shown that these values replicate the original deformation of the structure to a high degree of
accuracy. The values obtained for the in-plane stiffness properties along the corrugation (Asy
and Ajp) have a 2% difference from the values obtained in [44]. This difference is because in
[44], the author has missed a constant while obtaining Eq. (52) from Eq. (50) in [44] and this
constant relates to €5. In order to perform the analysis using MSG-TW, 5 elements with 3
nodes each were used and each node having 4 dofs which is computationally much cheaper
in comparison to MSG solid model where 881 2D quadratic elements were used with a total

of 2,884 nodes and each node having 3 dofs.

3.2.2 Isotropic corrugated panel (with irregular thickness)

The next example is an isotropic corrugated panel as shown (along with the material
used) in Figure 3.12, the results of which have also been presented in [2]. This particular
example presents the case of having a discontinuity in the plate reference line if the center

of the segment is chosen as the reference line (as can be seen by the red dotted line in
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Table 3.7. Equivalent plate properties for an isotropic corrugated plate: (a)
MSG-TW, (b) Xia et al. [27], (c) Ye et al. [44] and (d) MSG solid.
Stiffness (a) (b) (c) (d)

A (MN/m) 161.332 161.332 161.479 160.91
App(MN/m) 1.215  1.216  1.245  1.380
Agpp(MN/m) 4.052  4.052  4.150  4.173
Ags(MN/m) 42488  42.489  42.489  42.278
D, (KN'-m) 16.242 17.809 16.251  16.473
Dip(N'm) 122375 122.375 122.375 138.34
Dyp(N-m)  407.913 407.917 407.917 419.21
Dgs(N-m)  208.033 208.032 208.033 203.94

Figure 3.3. The analytical methods adopted in [27] and [44] cannot deal with this situation
because these methods decouple the extension and bending behaviour for isotropic plates,
which translates to the center of the segment being the reference line.

MSG-TW can tackle this case by having an off-centric reference line as shown by the green
dotted lines in Figure 3.12 because a completely populated plate stiffness can be considered

in MSG-TW.

10.16 mm

I
: Material Properties: !
: FE =210 GPa :
| v=20.3 |
I I

77.12 mm

Figure 3.12. Isotropic corrugated panel (with irregular thickness).
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Buannic et al. [2] obtains the results by performing an RVE analysis using plate elements
and a 3D RVE. The results obtained from MSG-TW have been compared with [2] and also
with MSG solid in Table 3.8, where (E7*, ET', G™) are the membrane moduli and (E{, EJ,
G{Q) are the bending moduli. Here 2 is the direction of the corrugation. It should be noted
that instead of comparing the plate stiffness matrix, the membrane and bending moduli have
been compared for this case as presented in [2]. The results obtained are close to the ones
obtained from MSG solid. The value obtained for the membrane moduli in the corrugation

direction (E%") by the present method is more accurate than the one obtained in [2].

Table 3.8. Membrane and bending moduli for an isotropic corrugated panel
(a) MSG-TW, (b) Buannic et al. [2] and (¢) MSG solid.

Moduli (a) (b) (c)
E7(GPa) 209.77 208.1  208.08
E7(GPa) 256.55 252.8  257.09
G (GPa) 83506 8454 8427
244 0.245 0.2469 0.2434

E(10° GPa) 8261 8191 81.199
EJ(10° GPa) 87.44 8820 89.09
GJ,(10° GPa) 32.074 31.68 31.851
v, 0.274  0.2786 0.2767

In order to perform the analysis using MSG-TW, 8 elements with 3 nodes each were used
and each node having 4 dofs which is computationally much cheaper in comparison to MSG
solid where 3,143 2D quadratic elements were used with a total of 10,531 nodes and each
node having 3 dofs. Buannic et al. [2] used 26 2D quadratic plate elements with a total of

130 nodes which is computationally more expensive than the current method.

3.2.3 Anisotropic corrugated plate

The final example is an anisotropic corrugated plate, the geometry of which has been
shown in Figure 3.13. This particular example has been presented in [74], where an analytical

approach is used to obtain the equivalent plate properties. All the segments associated with
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Figure 3.13. Anisotropic corrugated sheet.

this SG have the same layup sequence which is [ £ 455 and the material used has the

following properties:

E1 = E3 =10.5 GP&, E2 = 148 GP&, G12 = G23 =5.61 GP&,

G13 = 317GP&, V19 = 00213, V13 = 059, V93 = 0.3

The non-zero components of the equivalent plate stiffness matrix obtained are presented
in Table 3.9. The stiffness values associated with the bending modes obtained by using
MSG-TW are close to the values obtained via MSG solid. MSG-TW is able to capture
the bending-torsion stiffness components (D¢ and Dgg) which were not being captured in
[74]. Dy is more accurately captured by MSG-TW than [74]. The model presented in [74]
assumes the bending-torsion stiffness terms at the SG level as zero, i.e., Dig and Dy are
zero, which is avoided in the present work.

The in-plane components, especially the off-diagonal terms A9, A1 and Asg, show devi-
ation from the values obtained via the MSG solid model. These terms are close to what has
been obtained in [74]. This difference can be attributed to the in-plane components having
contribution from transverse shear deformation of each segment. Since these terms are ne-

glected in CLPT, we see a discrepancy in the results. It is believed that if a higher-order
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Table 3.9. Equivalent plate properties for an anisotropic corrugated sheet:
(a) MSG-TW, (b) Park et al. [74] and (¢) MSG solid.
Stiffness (a) (b) (c)

A (MN/m) 26.688 26.684  26.543
A1p(MN/m) 93.539  92.023  51.393
Ai(MN/m) 0 0 -19
Agp(MN/m) 122.881 120.819 112.633
Ass(MN/m) 0 0 22.9
Ags(MN/m) 28.43  28.442  28.138
D (KN-m) 0.633 1.5 0.632
Di;(N-m) 2218 2219 291
Dig(N'm)  1.081 0 1.29
Doy (N-m) 2.913 2914  2.76
Dg(N'm)  1.081 0 0.998
Dgs(N-m)  4.297  4.297  4.18

plate theory like the Reissner-Mindlin (RM) theory is used to represent the strain energy
associated with the SG, the results will be more accurate.

To validate the existence of the bending-torsion coupling terms in the equivalent plate
stiffness matrix, a direct numerical simulation (DNS) was performed on a large corrugated
plate with dimensions much larger than the SG and compared with an equivalent plate (of
the same dimensions) for which plate properties were the ones presented in Table 3.9. The
mode shapes associated with the fundamental frequency was obtained from this analysis
and the mode shapes can be seen in Figure 3.14. The values of the fundamental frequencies

obtained from the various models are:

DNS: 10.901 Hz

e MSG: 10.752 Hz

e MSG-TW: 10.947 Hz

Park et al. [74]: 12.714 Hz

As seen in Figure 3.14a, the mode shape obtained from the DNS is that of a coupled
bending-torsion one, which is captured by the equivalent plate models associated with MSG

solid model and MSG-TW but the mode shape obtained from the equivalent plate model

70



(b) MSG solid

(c) MSG-TW (d) Park et al.[74]

Figure 3.14. Mode shape corresponding to fundamental frequency of the plate.

associated with Park et al. [74] is that of a pure bending one. This shows that the bending-
torsion coupling exists and it is captured by MSG solid and MSG-TW.

In order to perform the analysis using MSG-TW, 5 elements with 3 nodes each were used
and each node having 4 dofs which is computationally much cheaper in comparison to MSG
solid where 32,020 2D quadratic elements were used with a total of 98,261 nodes and each
node having 3 dofs.
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3.3 Equivalent 3D properties

For the case of equivalent 3D properties, as done for the case of beam and plates multiple
examples have been presented to showcase the versatility of MSG-TW. These examples have

been compared with existing literature results.

3.3.1 Isotropic cellular solid with varying flange angle

The first example is an isotropic honeycomb like cellular solid (Figure 1.5), the SG and
the associated geometric parameters of which have been shown in Figure 3.15. This example
has been presented in [52], [64], and [55]. Depending on the angle 6, in Figure 3.15, the SG
can give rise to a hexagonal lattice (0 > 0), a square lattice (f = 0) or a re-entrant lattice
(0 <0).

The models in [52], [64], and [55] provide analytical expressions for the equivalent 2D
properties and are more computationally advantageous than MSG-TW but due to the choice
of defining every segment as a beam they are unable to provide out-of-plane properties
associated with the structure. These models only consider isotropic material properties and
hence cannot be applied to general cases. The model in [62] uses a numerical approach but
chooses to define every segment as a beam and hence has the same short comings as [52],
[64], and [55].

The variation of the in-plane properties obtained using the proposed method with respect
to the angle 0, keeping the values of other geometric parameters as constants is presented
in Figures 3.16 - 3.19. In the example, [ = 10 cm, A = 10 cm and ¢t = 0.5 cm. The material
used in the example is aluminium which has Young’s modulus, £ = 68.9 Gpa, and Poisson’s
ratio, v = 0.33.

The in-plane properties in Figures 3.16 - 3.19 have also been compared with [52], [55], [62],
and the MSG solid model. The model proposed in Gibson and Ashby [52] only considers the
bending energy associated with the individual segments but as the value of angle # moves
close zero, the different segments have a stretching dominant behaviour in comparison to
bending and hence, a singularity is observed in the model for the value of equivalent Young’s

modulus in zy direction (Figure3.16) at zero value of #. The values of equivalent Young’s
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Figure 3.15. Cellular solid structure.
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Figure 3.16. Equivalent Young’s modulus of a cellular solid structure in x5 direction.
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Figure 3.17. Equivalent Young’s modulus of a cellular solid structure in x3 direction.
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Figure 3.18. Equivalent shear modulus of a cellular solid structure in x5 — x3 direction.
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Table 3.10. Equivalent 3D stiffness matrix of a cellular solid structure for
6 = 15° (a) MSG-TW, (b) MSG solid model, and (c) Error %.

Stiffness (MPa) (a) (b) (c)

Cu 4736.9 46789 1.23
Ch2 1089.4  1105.5 1.46
Cis 381.81  386.88 1.31
Cho 2446.39 24889 1.71
Cas 847.44  860.89 1.56
Css 306.99  311.48 1.44
Cu 43215  4.1919 2.99
Css 564.15  573.11 1.56
Cee 997.52  1000.1 0.26

modulus in z3 direction (Figure3.17) and equivalent shear modulus in zs — x3 direction
(Figure 3.17) are higher for the case of MSG-TW and MSG solid model in comparison to
[52], [62], and [55]. This is due to considering the additional segments (highlighted with blue
line in Figure 3.15) present in the SG of the MSG solid and MSG-TW models in comparison to
[52], [62], and [55]. The non-zero components of the equivalent 3D stiffness matrix obtained
using MSG-TW are compared with MSG solid model for § = 15° rad and # = —15° rad in
Table 3.10 and Table 3.11. It can be seen that MSG-TW model provides stiffness values close
to that obtained by the MSG solid model with the maximum error in the Cyy values. This
difference can be attributed to the shear modulus having contribution from the transverse
shear deformation of each segment. Since these terms are neglected in classical laminated
plate theory (CLPT), we see a discrepancy in the results. It is believed that if a higher-order
plate theory like the RM theory is used to represent the strain energy associated with each
segment in the SG, the results will be more accurate.

In order to perform the analysis using MSG-TW, 10 elements with 3 nodes each were
used and each node having 4 dofs which is computationally much cheaper in comparison to
MSG solid where 3,428 2D quadratic elements were used with a total of 11,587 nodes and

each node having 3 dofs.
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Table 3.11. Equivalent 3D stiffness matrix of a cellular solid structure for
0 = —15° (a) MSG-TW, (b) MSG solid model, and (c) Error %.

Stiffness (MPa) (a) (b) (c)

Chy 7507.4 73529 2.10
Cia 1094.1  1075.2 1.75
Cis -220.53 -213.94 3.08
Cao 4154.9 4080.0 1.83
Cos -847.45 -821.77 3.12
Css 180.75 173.48 4.19
Cyy 2.6775 24705 7.73
Css 332.17  346.01  4.00
Cés 1694.2 1706.4 0.71
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Figure 3.20. Schematic of a hierarchical square SG.

3.3.2 Hierarchical square

The next example is a hierarchical square which has been presented in [67]. Mousanezhad
et al. [67] uses the Castigliano’s second theorem to obtain the equivalent 2D equivalent prop-
erties. This method is a simplified use of the energy approach and provides good results
for SG with complex geometries but is only limited to isotorpic materials. The SG and the
associated geometric parameters have been shown in Figure 3.20.

As elaborated in [67], the ratio r/R is the de-facto measure of the magnitude of alter-

ation, the variations of the effective properties verses the ratio r/R have been presented
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Figure 3.21. Equivalent Young’s modulus of a hierarchical square.

in Figures3.21 - 3.23. The material used in this example is aluminium which has Young’s
modulus F = 68.9 GPa, and Poisson’s ratio v = 0.33. The geometric parameters of ¢t and R
have been kept fixed, having values of 5 mm and 10 cm respectively. These results have been
compared with the results obtained from [67]. The results obtained are close to the ones
obtained by the MSG solid model and also show the same behaviour which was provided by
the analytical solutions presented in [67]. Mousanezhad et al. [67] considers the beam energy
of each segment of the SG which assumes the local in-plane shear components of the energy
as zero but as MSG-TW takes these terms into consideration we see a small difference in
the elastic modulus obtained. It should be noted that since the SG shows symmetry in the
To — x3 plane the effective Young’s modulus in both the directions are the same and hence
only one of the components has been presented.

The individual components of the equivalent 3D stiffness matrix obtained for the case
of r =5 cm, keeping the other values fixed, have been presented in Table 3.12. The results
obtained are close to the ones obtained using the MSG solid model with the maximum error

being in Cy3. This difference can be attributed to the usage of the CLPT at the local level.
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Figure 3.23. In-plane Poisson’s ratio of a hierarchical square.
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Table 3.12. Equivalent 3D stiffness matrix of a hierarchical square for r = 5
cm (a) MSG-TW, (b) MSG solid model, and (¢) Error %.

Stiffness (MPa) (a) (b) (c)

Cu 5186.39 5099.03 1.71
Cho 24.83  26.75 7.16
Cis 24.83 26.75 7.16
Ca 47.13 50.46 6.60
Cas 27.94 30.59 8.65
Css 47.13 50.45 6.60
Cu 3.22 3.39 5.00
Css 650.00  670.92  3.12
Cee 650.00  670.93  3.12

CLPT does not capture the local out-of-plane shear components of the energy and due to

the inherent plate thickness associated with the segments we see the difference in Cls.

In order to perform the analysis using MSG-TW, 12 elements with 3 nodes each were
used and each node having 4 dofs which is computationally much cheaper in comparison to
MSG solid model where 3,362 2D quadratic elements were used with a total of 11,176 nodes

and each node having 3 dofs.

3.3.3 Composite square

The final 3D example is a composite square, the geometry and dimensions of which has
been shown in Figure 3.24. Every segment in this SG is made up of 8 layers of composite
laminate with thickness of 0.127 mm and each laminate has a fiber orientation of 15°. The

material used in the laminates has the following properties:

Ey = 141.96 GP&, by = E3 =9.79 GP&,

G12 = G23 = Glg = 6.136 GPa Vi = V13 = V23 — 0.42

This particular example has been chosen to showcase the full potential of MSG-TW

to obtain equivalent 3D stiffness matrices for a SG having anisotropic material properties.
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Figure 3.24. Schematic of a composite square SG.
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Table 3.13. Equivalent 3D stiffness matrix of a composite square (a) MSG-
TW, (b) MSG solid model, and (c) Error %.

Stiffness (MPa) (a) (b) (c)

Chy 16133.90 15518.11 3.97
Cia 1016.82  1008.76  0.80
Cis 468.38 459.01 2.04
Cis -1192.81 -1135.27 5.07
Cig 2589.74  2535.23  2.15
Cao 983.56 988.88 0.54
Cas 3.04E-06 20.44 100
Cas 317.09 311.80 1.7

Css 453.06 456.25 0.70
Css -146.06  -140.04 4.3

Clua 1.08 1.16 7.48
Css 047.32 545.43 0.35
Ces 1188.20  1188.30  0.01

The non-zero components of the equivalent 3D stiffness matrix obtained for this case are
presented in Table 3.13.

The values for the stiffness components obtained by using MSG-TW are close to the
values obtained via the MSG solid model except for Cs3. This difference can be attributed
to the in-plane components having contribution from transverse shear deformation of each
segment. Since these terms are neglected in CLPT, we see a discrepancy in the results. To
validate this claim, the variation of the 3D strain components of Fss and 2FE;3 (following
Abaqus conventions) for an applied global strain of I's3 = 0.01 were obtained using the MSG
solid model, as seen in Figure 3.25 and Figure 3.26. The plots of both the strain components
along the reference line of the top flange can be seen in Figure 3.27. As seen in Figures 3.25 -
3.27, the out-of-plane shear strain component (2E;3) is comparable in magnitude to the in-
plane axial strain component (Esy) but in the proposed model the out-of-plane shear strain
component is neglected by CLPT which leads to an error in Cy3. It is believed that if a
higher-order plate theory like the first-order shear deformation theory is used to describe the
strain energy associated with each segment within the SG, the results will be more accurate,

which will be studied in future works.
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Figure 3.25. Variation of 2F;3 to a global strain of I'33 = 0.01.
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Figure 3.26. Variation of Fs, to a global strain of I's3 = 0.01.
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Figure 3.27. Variation of Fy and 2FE)3 along the reference line of the top flange.
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In order to perform the analysis using MSG-TW, 8 elements with 3 nodes each were used
and each node having 4 dofs which is computationally much cheaper in comparison to the
MSG solid model where 54,159 2D quadratic elements were used with a total of 164,612

nodes and each node having 3 dofs.

88



4. CONCLUSION AND FUTURE PROSPECTS

4.1 Conclusion

In this dissertation, a general framework for obtaining equivalent properties of thin-
walled beams, plates and 3D structures has been presented. This has been achieved by
representing the structure gene (SG) as an assembly of straight members whose energy can
be adequately represented using the classical lamination plate theory (CLPT). The plate
stiffness matrix used to represent the strain energy of each segment of the SG is considered
to be fully populated, which makes the proposed model a general purpose theory which can
tackle geometrically complex SGs such as multi-cell beam sections and corrugated plates
with face sheets. The proposed theory can deal with anisotropic material properties present
in the SG and can used as an alternative to the MSG solid model, where quick results are
required without expensive modeling and computational efforts.

Several examples have been studied to demonstrate the versatility of the proposed theory
and the results are in good agreement with those available in the literature and the MSG
solid model. For the case of thin-walled beams, the results are in good agreement with the
cross-sectional properties obtained from VABS with a prominent computational advantage.
The present theory can be used as an alternative to VABS, where quick results are required.
The current framework does not use additional constraints for closed sections in comparison
to open sections hence it can be used for the design of arbitrary thin-walled sections.

For the case of thin-walled corrugated plates, the results are also in good agreement
with the equivalent plate properties obtained from the MSG solid model with a prominent
computational advantage by meshing the 2D SG using 1D line elements instead of 2D solid
elements. The present theory is able to capture the coupled modes of deformation which
may exist in corrugated plates made of composite materials.

For the case of thin-walled 3D structures, the results are also in good agreement with the
equivalent 3D properties obtained from the MSG solid model with a prominent computa-
tional advantage. The theory presented is able to capture the coupled modes of deformation
which are inherent to thin-walled SGs which use composite materials. The equivalent 3D

properties obtained using the proposed theory provides the out-of-plane properties using
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only a 2D SG which makes it more computationally efficient than using a 3D RVE and more

general purpose than theories which assume material orthotropy in a 2D RVE.

4.2 Future prospect: MSG-TW using RM plate model

The effective properties which are obtained using MSG-TW only provide accurate results
when the height of the plates are small in comparison to the length of the segments since
only CLPT is considered at the local segment level. As seen in Figure3.2 on increasing the
thickness of the segments the accuracy decreases. To account for thick segments higher-order
theory plate theory such as the Reissner-Mindlin (RM) plate model need to be used at the
local segment level.

In order to use the RM plate model, additional dofs are need to describe the energy of
each segment. These dofs account for the rotations associated with each material point on
the reference surface. The dependence of these additional dofs on the global variables can
be obtained by assuming that CLPT as a special case of the RM plate model where the
transverse strain are zero (2713 = 0, 2723 = 0). These out-of-plane strain terms can be

represented as:

P
260y = 05+ 5
oxy (A1)
» ,  Ouy ’
2653 = —¢7 + 9t
2

where, ¢ represents the rotational dof along 2 and ¢} represents the rotational dof along
al.
These have been illustrated in Figure4.1. Additionally the bending curvatures (x%;, kb,

2kY,) can be described in terms of ¢ and ¢} as:

K = %
ol
a p
KBy = —{ﬁ% (4.2)
2k} 0¢y _ 091

12 = a.p
ozh Ol
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Figure 4.1. Rotational kinematics variables.

For the case of beams, on setting these strain terms to zero we obtain the zeroth order

approximation for the displacement fields, uf = uf(x1, y2(y5), y3(v5)) and the rotations as:

p
1

uf = 1 (z1) — eyauy(xy) — eysusy(xq)

ub = Yotia(x1) + Ystusz(x1) + £(Y2ys — ysy)P(x1)
uy = —yY3tia(T1) + Yotiz(T1) + £(yY3ys + Y2i2) (1) (4.3)
05 = —gottz (1) + Ystiy(71) — (Y393 + yay) k1 (71)

¢ = ®(21)
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These kinematic variables can be perturbed using the fluctuating functions, w? = wf(x1, y2, y3)

and ¢gz = ¢§($17y2)y3)7 as:

Uy = Uy — eyally — EY3lly + EWY

us = Yol + Y3tz + £(yo¥s — y32) P + cwf

uh = —yliy + Yatiz + £(Y3ys + Yay2) P + wl (4.4)
¢h = —Totly + Yaty — €(Y3¥s + Yay)r1 + Uh

o1 =+ ey

Substituting Eq. (4.4) into Eq.(2.10), Eq. (4.1), and Eq. (4.2), using the partial derivative

expression in Eq. (2.2), the RM plate strains can be written as:

p
€11 = VY11 + EY3R2 — EY2k3

p . . .
K11 = YKo + Y3k3
D __ D
Koo = 1

2KYy = —2kK1 + l/)g

(4.5)

2€l3 = ey
Here we have discarded the asymptotically smaller terms. It should be noted in the above
equation ¢} and ¢} are treated as one order higher than w!, w}, and w} as they correspond to

the perturbation of the slope degrees of freedom. The overall strain energy density associated

with an isotropic segment can be written as:

H:i«gﬁK@> (4.6)
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here Ep — 6?1 612)2 2611)2 Hfl K/IQ)Q 2/111)2 2611)3 2612)3]T and

A A O 0 0
A Ay 0 0 0
0 Ag O 0
Dy Daa
Dyy Dy

0
(4.7)
0
0 0 0 Degg
0
0

o o o o O

0 0
0 0
0 0
0 0
0 0
0 0
0

0 0 0 G
0 0 0 0 Go

o O o o o O
o O o o O

where the additional terms, Gy5 and Gas, are the shear modulus of the material multiplied
by the thickness and the shear correction factor. It should be noted K assumes this specific
form in Eq. (4.7) for an isotropic plate segment. For a general composite segment we could
have a completely populated 8 x 8 stiffness matrix. On inputting Eq. (4.5) into Eq. (4.6), we

get the following strain energy density of the isotropic strip:

I = (711 — 5y2li3)2A11 + 2w (y11 — eyaks) Ara + (w§)2A22 + (U')If)QAG(s)
+ <(f€2)2D11 + 2¢fﬁ2D12 + (¢f)2D22 + (—2kK1 + ¢§)2D66> (4.8)

+ ((ev8)?Gis + (e} + 05)Gas)

The case of an isotropic strip has been solved analytically by minimizing Eq. (4.8) with

respect to the fluctuating functions to obtain the following fluctuating terms:

Wl =0

Wy = —v(y11 — €Y2k3)

Wy = Kol (4.9)
Yy = —iﬁszz

o = 14k sinh(Zc/2) sinh(Zs)

e Zsinh(Zc)
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where Z = 1/G13/Dgs. Eq. (4.9) can be substituted into Eq. (2.10), Eq. (4.1), and Eq. (4.2)

to obtain the plate strain terms:

P __
€11 = Y11 — €Y2k3

€hy = —V (711 — EYaks)
’#1)1 = Rag
. (4.10)
4k sinh(Zc¢/2)
2P = _9 h(Z
K12 K1 sinh(Zc) COos ( yz)
4Ky sinh(Zc/2) .
2613 = h(Z
B T sinh(Ze) (Z1)
2623 =0

It can be seen from Eq. (4.10), the terms associated with x; are different from the CLPT
approximation. To validate the solution, a specific case of aluminum strip is taken into
consideration, with material properties as £ = 68.9 GPa and v = 0.33. The height of the
strip has been kept constant at 4 cm and the effective torsional stiffness has been calculated.
Figure 4.2 shows the plot of the difference between torsional stiffness obtained from CLPT
and the RM model with respect to MSG Solid. As expected, the RM model provides a much
better value of torsional stiffness even at a aspect ratio of 1: 5 in comparison to the CLPT
model.

The recovered shear strain 2e;3 for a beam torsional strain (x;) of 0.01 is presented in
Figure4.3. It shows the solution of 2¢;3 perfectly follows the hyperbolic strain curve obtained
from the MSG Solid model.

The results shown in this section are very promising for an isotropic strip section. However
it was beyond the scope of this dissertation to develop this theory further as it required
additional continuity conditions to formulated for the new degrees of freedom (¥} and ¥%).
It is hoped that the model can be developed in the future by using the base idea presented

here.
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A. SLOPE CONTINUITY CONDITION

In order to derive the slope continuity condition, we have considered the initial position
vector of a point 7y before deformation, and the final position 7" after deformation. 7 can be

written in terms of 7y and the displacement field  as:
r=7y+u (A.1)

As illustrated in Figure A.1, we have two segments numbered 1 and 2 and we have defined

two coordinate systems, (z1,z2,x3) being the global coordinate system and (:pl,xg(i),xg(i))

being the global coordinate system for segment number 7. In the undeformed configuration,
212

Q)
b

Before deformation

After deformation

X1

Figure A.1. Slope continuity

definitions of direction cosines ¢» and 73 in Eq. (2.8) can be used to obtain the unit vectors

along the plate reference line and perpendicular to it as:

éig(i) _ .g(i)éz +yf}3’(i)ég

B = — Ve, + e

(A.2)
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(9

" is a unit vector along the each of the plate reference lines and ég(i)

Here, &) is a unit vector
perpendicular to the plate reference lines. Using Eq. A.2, we obtain the initial angle between

the two plates before deformation as:
cos ap = &5 . a5 (A.3)

Now using Eq. (A.1), a vector along the plate reference line in the deformed configuration

can be written as:

— | OF T AR
R [ T (A4)
0xy 0xy

(i

where, & ) refer to the unit vectors along (21, xg(i),xg(i)) for j = (1,2,3). Using this infor-

mation we obtain the final angle between the two plates after deformation as:

Gr(1) . Gp(2)

CosS 0 = ————=—— (A.5)
ESIRE]
On expanding Eq. (A.5), and dropping the small nonlinear terms, we get:
dub® ub™ .p(1) .p(2 .p(1) .p(2 ouP? ot
cos aup (1 4+ 2500 4 2B | (_gpgre) | gr) g0y (0 o)
COS O — O, O Oz Oy (A6)
|§p(1) | |§p(2) |
where (after dropping of small nonlinear terms):
p(2) p(1)
15| SP@)| = |1+ 8u2(2) + 8u2(1) (A7)
orh orh

Eq. (A.6) can be simplified as:

ous? | oup 20 9@ L a0 e (0w 0up
cos o —cos o) [ 1+ + ==Y Y3 +ys 'y -
( ) ( @:1712)(2) axlz?(l) ( 2 3 32 ) axg@) axig(l)
(A.8)

Based on the approximation that no shear strain exists in the plate, the initial angle, oy and
the final angle, o are the same which leads to the right hand side of the above expression
being zero. For the above equation to be valid, then, the partial derivative terms need to be

zero which give us the slope continuity condition presented in Eq. (2.47).
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For small angle changes, Ac«, where, a = ag + Acq, we can further write Eq. (A.8) as:

R 02
Aarsin ag (1+ R B O AR AR ARl AL [ N (A.9)

895]2)(2) 8x§(1) 8x§(2) a 8x§(1)

the above equation can be used to additionally obtain boundary conditions if we have small

changes in angles between the two plates.
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B. ANALYTICAL SOLUTION FOR A CIRCULAR TUBE

The analytical expression for the cross-sectional properties of a circular tube was derived
using the formulation in [18]. The methodology adopted in this work is similar to the MSG-
TW beam model, where the displacement field is perturbed by a small unknown function; the
shell strain terms are derived and after removing of asymptotically small terms the unknown
functions are solved for by minimizing the strain energy. In [18], the shell strain terms have

been expressed as:

€

= Pe+ Ty (B.1)
K
where,
1 0 Ys —Ya 0 00
0O 0 O 0 1 0 0
0O 0 O 0 0 1 0
P: T:
0 0 v ¥ 0 00
0 -2 0 0 b22/2 0 0
(B.2)
_0 0 O 0 | i 0 0 1_
11
26(1)2
K1
€= =9 e
Rg
"032
K3

The only unknowns which exist in 1) and we solve for ¢ by minimizing the overall strain

energy density which can be written as:

201y = (((Pe + TY)' K(Pe + Tw))) (B.3)

Here, K is the plate stiffness matrix associated with the composite layup. The above equation
can be minimized with respect to 1 for open section but for closed sections in ordered to

maintain stress continuity additional constraints need to be imposed, which are:

((wiz)) =0 (k) =0 (B.4)
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These constraints can be transformed into a matrix form as:

({(¢¢ — Le)) (B.5)

As presented in [18], these constraints can be imposed in the form of a langrange multiplier
and eventually the value of ¥ can be obtained which on plugging back Eq. (B.3), the overall
analytical expression for the beam stiffness matrix can be obtained.

For the case of a circular tube (Figure. 3.5) the different matrix mentioned previously

take the following form:

1 0 Rsin(#) —Rcos(f) 0 00
0 0 0 0 1 00
0 0 0 0 0 10
P = T =
0 0 sin(f) cos(6) 0 00
0 -2 0 0 -5z 00
2 (B.6)
0 0 0 0 | (0 0 1
10 0 | 0 0 0 0
0 —sin(f#) —Rsin(0) 0 RO0OO
= L=
0 cos(f) Rcos(6) 00 00
0 0 1 0 0 0 0
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where 6 is the angle made by the position vector of a point with respect to the positive
direction of y. On inputting the above expression into the formulation presented in [18] and

solving we get the expression, Eq. (3.2), where:

An A A Dy Dia Dis
Ay = Ay Agy Ao Ap = Dyy Dyy Dy
A Ags Ass D¢ Do Deg

A = — 2Bs3|Day| — Beg| Dg| — Br2| D12| + Bui|Di1| + 3Bag| Dag|
B =9B3sD11 — 8BagBss D11 + 4B12Bes D1a + 4B11 Bgg Dag — 6Bag Bia D1 — 12Bag Byy Dag
+ B}y Des + 8BasBi1 Dgg — A11| D1y | + 2A12| Dia| 4 2A16| D1g| — 4Ass| Doo| — 4Az6| Das|
— Ags| Des|
C = — Bgg(B7y 4 8B11Bas) + 9B11 B3 + A11(Bss Doz — 3BogDag + 2825 Dge)
— Ags(B11Dg2 + B12D1g + 2By D1y) + A12(4Bes D12 + 6 Bog D1 + 2B12Des)
+ Ag6(2B12D16 — 6B D11 + 4811 Dag) + A16(4 B2 D16 — BiaAzs — 3BagD12)
+ 4 A2 (Bes D11 — B11Des)
D =8D16| Arg| — 4Dgs| Ags| — 4D36] Azg| — Dao| Aso| + 4D 13| Ara| — 4Dy | Ay
+ A11(9B§6 — 8B99Bgs) — 8A19B12Bgs + 16 A29B11 Bgs + 6A16Bas Bio
— 2496 B11 Bag + Agg( By + 8Bz B11)
E =Bi3|A1a| — Baa| Aza| — 2Bas| Ags| + 2B11| A1 | + 3Bag| Azl
Z =|Dy1| + 4R* Ay1| — 2R(Bgs Doy — 3BaogDag + 2B22 D)
— 4R*(2Bgs A2z — 3BagAzs + Baz Ags)

+ R*(—9B3; + 8Boy Beg + 4D Agy — 4Dog Agg + Dy Age)
(B.7)

where, A, By and D;; correspond to the components of the A, B and D submatrices in the

plate stiffness matrix and |A;| is determinant of the minor of the A; element in:

An A Agg
A= Ag Agy A
A Az Ass

101



and | Dy is determinant of the minor of the D;; element in:

Di1 D1y Dy
D = Dyy Dyy Doy
D¢ Dy Des

For the case of symmetric laminates where the B matrix is a [0]3x3 matrix, we can reduce

Eq. (3.2) to:
b A%G
C}y=2nR (A — —
11 ( 1 A66>
b TR
012 e A766 (—2RA16A26 + 2RA12A66) (B 8)
TR |
Ch, = 2Aq (9D22A66 — 4R*(A3, — A22A66))
Cla=Cly =T (80 + BB~ B'D + 470
where,

B = — Ay1|D11| + 2A12|Dia| + 2A16| D1g| — 4As2| Dao| — 4As6| Dos| — Ags| Degl
D =8D15|A1g| — 4Dgg| Ags| — 4Dag| Aag| — Dog| Agg| + 4D1g| Ara| — 4D1y | Ay |

Z = |Dy| + 4R* Ay |
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