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ABSTRACT

In this thesis, we focus on two challenges arising in kinetic equations, high dimensions and
uncertainties. To reduce the dimensions, we proposed efficient methods for linear Boltzmann
and full Boltzmann equations based on dynamic low-rank frameworks. For linear Boltzmann
equation, we proposed a method that is based on macro-micro decomposition of the equation;
the low-rank approximation is only used for the micro part of the solution. The time and
spatial discretizations are done properly so that the overall scheme is second-order accurate
(in both the fully kinetic and the limit regime) and asymptotic-preserving (AP). That is,
in the diffusive regime, the scheme becomes a macroscopic solver for the limiting diffusion
equation that automatically captures the low-rank structure of the solution. Moreover, the
method can be implemented in a fully explicit way and is thus significantly more efficient
compared to the previous state of the art. We demonstrate the accuracy and efficiency of
the proposed low-rank method by a number of four-dimensional (two dimensions in physical
space and two dimensions in velocity space) simulations. We further study the adaptivity of
low-rank methods in full Boltzmann equation. We proposed a highly efficient adaptive low-
rank method in Boltzmann equation for computations of steady state solutions. The main
novelties of this approach are: On one hand, to the best of our knowledge, the dynamic low-
rank integrator hasn’t been applied to full Boltzmann equation till date. The full collision
operator is local in spatial variable while the convection part is local in velocity variable. This
separated nature is well-suited for low-rank methods. Compared with full grid method (finite
difference, finite volume,...), the dynamic low-rank method can avoid the full computations
of collision operators in each spatial grid/elements. Resultingly, it can achieve much better
efficiency especially for some low rank flows (e.g. normal shock wave). On the other hand, our
adaptive low-rank method uses a novel dynamic thresholding strategy to adaptively control
the computational rank to achieve better efficiency especially for steady state solutions. We
demonstrate the accuracy and efficiency of the proposed adaptive low rank method by a
number of 1D /2D Maxwell molecule benchmark tests.

On the other hand, for kinetic equations with uncertainties, we focus on non-intrusive

sampling methods where we are able to inherit good properties (AP, positivity preserving)

12



from existing deterministic solvers. We propose a control variate multilevel Monte Carlo
method for the kinetic BGK model of the Boltzmann equation subject to random inputs.
The method combines a multilevel Monte Carlo technique with the computation of the
optimal control variate multipliers derived from local or global variance minimization prob-
lems. Consistency and convergence analysis for the method equipped with a second-order
positivity-preserving and asymptotic-preserving scheme in space and time is also performed.
Various numerical examples confirm that the optimized multilevel Monte Carlo method
outperforms the classical multilevel Monte Carlo method especially for problems with dis-

continuities.
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1. INTRODUCTION

Kinetic equations play an important role in describing the non-equilibrium dynamics of gas
or systems comprised of large number of particles from a statistical viewpoint [1]. At the
mesoscopic level, they can explain the macroscopic quantities and provide rich information
when the well-known fluid mechanical laws of Navier-Stokes and Fourier break down and
become inadequate to represent the system. There are various applications in fields such as
rarefied gas dynamics [2], plasma physics [3], semiconductor modeling [4] and biological and
social sciences [5]. The most fundamental example of kinetic equation, Boltzmann equa-
tion [6] bridges microscopic Newtonian mechanics and macroscopic continuum mechanics
by taking into account of particle transport and binary collisions. Denote the probability
distribution function by f(¢,x,v), where t is time, x is space, and v is (particle) velocity.

The dimensionless Boltzmann equation reads [1], [7]:
1
8tf—i—v-fo:gQ(f,f), x € Qx CRE v eRY, (1.0.1)

where ¢ is the Knudsen number, defined as the ratio of the mean free path and the typical
length scale. e varies from O(1), the kinetic regime to ¢ < 1, the fluid regime. When
e — 0, formally by Chapman-Enskog expansion, one can derive the compressible Euler
limit or Compressible Navier-Stokes limit depending on the leading order taken; d, and d,
are the dimensions of spatial and velocity domain respectively; and Q(f, f), is the collision
operator, a high-dimensional, nonlinear, non-local quadratic integral operator acting only in

the velocity space:

g, f) = /Rdv /de_1 B, (|v — v, cosx)[g(V.) f(V) — g(v.) f(Vv)] do dv., (1.0.2)

where f(v) and f(v') are short for f(¢,x,v) and f(¢,x,Vv’) (similarly for g(v}) and g(v.));

*

the post-collisional velocities (v/,v’,) are defined in terms of pre-collisional velocities (v, v.,)

through the conservation of momentum and energy during the collision:

,  VEV, \v—v*\a ,_V+v*_]v—v*]

1.0.
2 5 7V 2 2 7 (1.0.3)
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with o being a vector over the unit sphere S%~!: and B, is the Boltzmann collision kernel,
a non-negative function that depends on |v — v,| and cosine of deviation angle y (angle
between v — v, and v/ — v.): cosy =0 -V — v,.

It can be shown that Q(f, f) satisfies the conservation of mass, momentum, and en-

T
ergy. Denote ®(v) = [1, v, %|V|2} by collision invariants, then there hold the conservation

properties:
/Rdv Q(f, /)®(v) dv =0 (1.0.4)
p(t,x) p(t, x)
/Rdv ft,x,v)@(v) dv = |m(t,x)| = p(t,x)U (t,x) ,  (1.0.5)
E(t,x) Lop(t,x)T(t,x) + 2p(t,x)|U(t, x)|?

where p(t,x), U(t,x), T(t,x), m(t,x) and E(t,x) are the density, velocity, temperature,
momentum and total energy at time ¢ and position x.

Yet the numerical computations of full Boltzmann equation (1.0.1) pose great challenges,
which is mainly due to multidimensional structure of collision operators ((2d, — 1)-fold
integral). Historically, there are stochastic and deterministic approaches for the numerical
computations of collision operators. Stochastic methods are mainly based on the direct
simulation Monte Carlo (DSMC) method [8], [9] and are widely used due to the fact that
it can avoid the curse of dimensionality. However, it becomes extremely expensive to avoid
slow convergence and fluctuations in results in certain cases near the continuum-fluid regime,
especially when Mach number is small.

Deterministic methods rely on discretizations of governing differential equations on rep-
resentative grids and have undergone considerable developments [10]. One of the most pop-
ular methods is represented by the discrete velocity models of the Boltzmann equation. This
method uses a fixed set of discrete velocity quadrature points to approximate the continuous
velocity space [11], [12]. Another approach is the Fourier spectral methods [13], [14]. They

compute the collision operators in the frequency domain using Fourier transform technique.
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These methods can not only possess spectral accuracy, but also can reduce computational
complexity through fast Fourier methods.

Additionally, one can avoid the complexity of Boltzmann collision operator Q(f, f) by
introducing simplified full Boltzmann equation variants. The BGK model, initially proposed
by Bhatnagar, Gross, and Krook [15], has been widely used in many disciplines of science
and engineering [2], [5], [16]. It simplifies the full Boltzmann binary collision operator yet

possesses most of its key properties. In dimensionless form, the equation reads:
1
Of +v-Vyf = . (M[p,U,T] - f), x€Q CR* veR™, (1.0.6)

where ¢ is the Knudsen number, consistent with the one in full Boltzmann equation(1.0.1);

M|p,U,T] is the so-called Maxwellian function given by

,O(t,X) |V_ U(t,X)|2
Mp,U,T|(t,x,v) = —————-exp (— , 1.0.7
| K ) (2nT(t,x)) % 27°(¢,x) (107
where p,U,T are the density, velocity and temperature defined from (1.0.5). BGK model
preserves the compressible Euler limit as e — 0. It satisfies the conservation property (1.0.5)

and

/R MIf](t, %, v) (V) dv:/ F(t, %, v)®(v) dv (1.0.8)

R
There are other variants of simplified Boltzmann equation such as linearized Boltzmann
(LB) [17] and ES-BGK model [18] that consider different ways to simplify the full Boltz-
mann collision operators. However, the multi-dimensional nature still raise huge challenges
in computational complexities ((d, + d, dimensions in phase space)). For spatial discretiza-
tion, for example in full Boltzmann equation (1.0.1), historically there are works with finite
volume methods(FVM), finite difference methods(FDM) and finite element method [19]-]22].
Recently, the discontinuous Galerkin (DG) method are also applied in Boltzmann equations
to achieve high-order accuracy [23], [24]. However, these methods are all rely on the full grid
simulation (the collision operator need to evaluated at every spatial grid point or element),

which could be computational expensive as mesh refine.
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To deal with the expensive multi-dimensional structure, recently, a class of dynamic low
rank method have been applied to solving kinetic equations including the Vlasov equation
25], [26], Boltzmann-BGK equation [27], [28] and radiation transfer equation [29]. Employed
with the projection splitting approach (see, e.g.[30]), the numerical integrator approximates
the solution in a low rank manifold consisting of spatial and velocity basis. In this way,
it can reduce the computational complexity significantly because operators only need to be
evaluated in low rank manifold for every spatial/velocity basis.

Another challenging area of kinetic equations lies in the uncertain initial and boundary
conditions. During the last decade, research on kinetic theory are mainly focused on the de-
terministic part, both theoretically and numerically [7], [10], [31] on Boltzmann equation and
related kinetic models, while the uncertainty part are ignored. However, in reality, uncer-
tainties may arise in initial /boundary conditions and parameters for these kinetic equations
because of incomplete knowledge and imprecise measurement. Recently, there has been a sig-
nificant interest to study the impact of random inputs to the kinetic equations, see [32] for an
overview. To quantify the uncertainties mentioned above, works in solving kinetic equations
are mainly based on the generalized polynomial chaos based stochastic Galerkin (gPC-sG)
approximation, which has been successfully applied to many physical and engineering prob-
lems, see for instance, the overviews in [33], [34]. The gPC-sG method, essentially a spectral
method in the random domain, yields to a large deterministic systems of equations. However,
lack of regularity poses a serious problem in the loss of hyperbolicity of the resulting gPC-sG
system[35]. Despite that these deterministic methods show some promise, they suffer from
the disadvantage that they are highly intrusive. On one hand, existing codes for comput-
ing the deterministic kinetic problems need to be completely reconfigured to implement the
gPC based method. On the other hand, intrusiveness may induce some bad approximations
even for deterministic solvers with good properties. Due to Gibb’s phenomenon, gPc based
methods may induce approximations with negative density for problems with discontinuity,
where traditional deterministic solver fails for this case. Moreover, for kinetic equations with
high nonlinearity, like the BGK model, the Maxwellian (1.0.7) distribution function need to

be reconstructed repeatedly at each step, which is cumbersome.
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Another class of methods, statistical sampling methods, most notably based on Monte
Carlo(MC) sampling, are also widely used for computational uncertainty quantification in
numerical solutions of PDEs. The non-intrusiveness enables the approximation solutions to
inherit properties, like positivity preserving, of existing deterministic kinetic solvers, which
makes the parallel computing feasible for implementation. For discontinuous solutions, MC
type methods can help prevent from Gibb’s phenomenon. However, the asymptotic conver-

_1
gence rate N_ 2

sample 18 non-improvable by the central limit theorem, where Ngmple is num-

ber of samples. Variance reduction technique can be adopted like the Multilevel Monte
Carlo(MLMC) method [36], where the approximation of statistical expectation breaks up
into telescopic sums of expectations of consecutive mesh size, see [37] for an application
in scalar hyperbolic conservation law with random initial data. Moreover, as an improve-
ment of MLMC method, the control variate MC method, see from [38] made use of different
asymptotic models and reduced the variance by introducing a new parameter in MLMC.

The first contribution of this thesis is to develop an efficient numerical method to solve
the linear transport equation based on dynamic low rank approximation to achieve increased
computational efficiency as well as drastic reduction of memory. An additional goal in the
first contribution is to capture the corresponding asymptotic limit. Although it has been
shown in [39] that this can, in principle, be achieved within a low-rank approximation, it
comes at the cost of a fully implicit scheme. The key difference from previous works lies
therefore in that, instead of applying the low rank approximation to the unknown distribution
function directly, we start with a macro-micro decomposition of the equation and apply the
low rank method only to the micro part of the solution. This approach naturally captures
the diffusion limit using a more efficient implicit-explicit (IMEX) discretization strategy. In
addition, the micro part of the solution becomes low rank in the diffusion limit, hence the
method is particularly efficient in this regime.

We mention that the design of aforementioned numerical schemes that are consistent
with certain asymptotic limits falls into the general umbrella of the so-called asymptotic-
preserving (AP) schemes [40], which have been developed for various kinds of kinetic and
hyperbolic equations in the past decades, see [41]-[43] for an overview. In particular, for the

linear transport equation, the use of macro-micro decomposition to achieve the AP property
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in the diffusive regime first appeared in [44]. The stability of the scheme was proved in [45]
using energy estimates. Comparing to [44], the new difficulty arising in the context of the
dynamical low-rank method is to justify the asymptotic limit under the additional projection
operator splitting, which we carefully study in this paper. Furthermore, the usual way to
generalize the first order (in time) scheme to high order using IMEX Runge-Kutta (RK)
schemes, as in [40], [47], cannot be applied to the low rank case again due to the operator
splitting. Hence another contribution is to propose an AP dynamical low-rank method that
remains second order in both kinetic and diffusive regimes.

The second contribution of this thesis is to develop a highly efficient adaptive low rank
method in Boltzmann equation for computations of steady state solutions. The full Boltz-
mann collision operator is local in spatial variable, which is well-suited for low-rank meth-
ods. We employ the fast Fourier spectral method [30] to solve the Boltzmann collision
operator, which is the fastest algorithm been reported to date. With the proposed low-rank
method, the complexity can be reduced from O(N% MprN% log N,) to O(r®(r+ N+ N )+
r’Mp FN;lv log N,), where r is the computational rank; N, and N, are number of spatial /ve-
locity points in each dimension; My is the number of discretization points over S%~! and
Mpp < N&~1 Another novelty lies in the adaptivity with a dynamic thresholding strategy.
The fixed-rank dynamic low rank method [48] will pose a potential large computational com-
plexity for large initial rank r. The complexity is even worse for problems with increasing
ranks since a large initial rank is needed. Recently, the adaptive dynamic low rank method
[49] has been proposed with a fixed thresholding strategy for time dependent Boltzmann
equations. We developed a simple but efficient adaptive dynamic low rank algorithm with
dynamic thresholding especially for steady state solutions of Boltzmann equation. Because
of the special structure of steady state solutions, one only need that the boundary conditions
to be accurately enforced. This method can efficiently compute steady state solutions by
monitoring residual errors. It will automatically use a low rank solution with the same order
accuracy to replace the high-rank one. Compared with the fixed rank methods, this method
adaptively use small rank for low accuracy solutions and increase rank when high accuracy

solution is needed. The efficiency and accuracy can be verified in various 1D /2D benchmark
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tests including normal shock wave, Fourier flow, lid driven cavity flow and thermally driven
cavity flow problems.

The last contribution of this thesis is to propose a control variates multilevel Monte
Carlo method for BGK equation with randomness as well as the analysis for convergence
and consistency. Following the regularity results from [50], we construct a direct analogue
to the BGK model with randomness. Due to the non-intrusiveness of MC type methods,
approximations of statistical moments can preserve properties from deterministic solvers.
We adopted the Runge-Kutta IMEX scheme from [51] and proposed a second order positiv-
ity preserving, entropy decaying and asymptotic preserving scheme for the BGK equation.
We show the consistency and convergence results with MC, MLMC method coupled with
the above numerical scheme involving both discretization and statistical errors. Moreover,
the idea of control variate MC method [38] is extended to the MLMC method with some
convergence analysis. Lastly, we employ the Chu reduction [52] to increase computational
efficiency in spatial discretization.

The rest of this thesis is organized as follows. In Chapter 2, we introduce the dynamic
low rank method and present the proposed efficient numerical method in linear transport
equation. The dynamic low rank method is extended with adaptivity for full Boltzmann
equation in Chapter 3. Chapter 4 discusses the control variates multilevel Monte Carlo

method for BGK equation with randomness. The thesis is concluded in chapter 5.

20



2. ASYMPTOTIC DYNAMICAL LOW-RANK METHODS FOR
LINEAR TRANSPORT EQUATION

In this chapter, we focus on dealing with the high dimensional problem for kinetic equations
by employing the dynamic low-rank method. At the same time, we emphasize on preserving
the limiting behaviors of kinetic equations. We introduce the asymptotic-preserving dynamic
low-rank method in linear transport equation. The structure of this chapter is organized as
follows. In Section 2.1, we briefly describe the linear transport equation and its macro-micro
decomposition. Section 2.2 is the main part of the paper where we introduce the dynamical
low-rank method. Both the first and second order schemes along with their AP property
are discussed in detail. We further confirmed that in the fluid limit, the solution is low-
rank. Section 2.3 provides a simple Fourier analysis for the solution to the linear transport
equation. Section 2.4 presents several numerical tests for the two-dimensional equation,
where we carefully examine the accuracy, efficiency, rank dependence, and AP property of
the proposed method. The paper is concluded in Section 2.5. Most of the results in this

chapter are extracted from [53].

2.1 The linear transport equation and its macro-micro decomposition

In many circumstances, rather than binary particle-wise interactions, one is more inter-
ested in particles interacting with a background medium. Then the following linear Boltz-

mann equation is more appropriate

Of+v -Vxf = - (5(ve, V) f(v.) — 8(v,v.) f(V))dv,, x€Q CR* veR™ (21.1)

where s(v,v,) describes the transition rate from v to v, and may take various forms de-
pending on the approximation. The linear transport equation falls into this umbrella and

we focus in the following time dependent linear transport equation in diffusive scaling:

S

8tf+iv~fo:U<1<f>v—f>—aAf+G, (2.1.2)

2 \4m
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where position x = (z,y,2) € Q, C R3, and velocity v = (£,1,7) € S? which is confined

to the unit sphere’. Here, we take d, = 3 and d, = 2. ( ), denotes the integration over

S

S? with respect to v. 0%(x) > 0%, > 0 and 0”(x) > 0 are the scattering and absorption
coefficients, and G(x) is a given source term. Here, unlike the Knudsen number defined for
(1.0.1) and (1.0.6), in this chapter, ¢ is defined as the re-scaled collision length, which can
range between the kinetic regime € ~ O(1) and the diffusive regime ¢ < 1.

The density p = ﬁ( f)v is defined as the angular average of f. In the limit ¢ — 0, p
satisfies a diffusion equation which can be seen via the Chapman-Enskog expansion. Indeed,

(2.1.2) can be written as
= Lv.v 2L (5 Af-@) = SR WRNOTE 2.1.3
f—p—sﬁv- xf—5§<tf—l—a f— )—p—eﬁv- <P+ O(e%). (2.1.3)
On the other hand, taking +-( )y of (2.1.2) yields

1 A
Op + rﬂrevx A(vf)y=—0"p+G, (2.1.4)

which, upon substitution of (2.1.3), becomes
Op — Vi - (DVyp) = —0p+ G + O(e), (2.1.5)

with the diffusion matrix D given by

1

1
= 4750_3 <V®V>v = 7]3><3. (216)

305

Therefore, as ¢ — 0 the limit of (2.1.2) is the diffusion equation

1
atp_vx'<

14In the context of radiative transfer, v is usually referred to as angle or direction.
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In the macro-micro decomposition [44], we write f as
F(t,%,v) = p(t, %) + eglt,x,v), (2.18)

where p is the macro part of the solution and ¢ is the micro part. Note that (g), = 0.

Substituting (2.1.8) into (2.1.2) and taking ;-( )v, we obtain
1 A
Op + HVX (vg)y =—0"p+G. (2.1.9)

Subtracting (2.1.9) from (2.1.2) yields

S

1 1 1 o B
09+ - (1 - >V> (v-Vag) + 5V Vap = =g o’y (2.1.10)

The coupled system (2.1.9) and (2.1.10) is the macro-micro decomposition of the linear

transport equation (2.1.2). In the limit € — 0, we have from (2.1.10):

1
g=——V"Vxp, (2.1.11)
o

which, when substituting into (2.1.9), yields the same diffusion equation (2.1.7).

2.2 The dynamical low-rank method for the linear transport equation

We first constrain ¢(t,x,Vv) to a low rank manifold M such that

9t % v) = 3 Xilt %) S5OV (V). (2.2.1)
ij=1
where 7 is called the rank and the basis functions {X;}1<i<, and {V;}1<;<, are orthonormal:

(Xi, Xi)y = Ok, (V3 Vi) = O, (2.2.2)

with (-, )5 and (-, ), being the inner products on L*(),) and L*(S?), respectively.
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With this low rank approximation, (2.1.9) becomes

1 s
Op = =7 2 Ve (XS (vVi)v) = oo +G. (22.3)
ij=1
For (2.1.10), we write
o __1<[_1<>>( \V4 )_i \V4 _Oj—A = RHS (2.2.4)
tg = c ATt v v x9 82V xp 829 0 g:= : e

Equation (2.2.4), however, does not uniquely specify the dynamics of the low-rank factors

Xi, Sy, and Vj. We therefore impose the following gauge conditions [54]:
((9,5X1,Xk>x = O, (@Vj, Vk>v - O (225)

Let us emphasize that the resulting dynamics of ¢ is independent of the specific gauge
conditions chosen. However, using (2.2.5) is convenient as it allows us to easily obtain
evolution equations in terms of the low-rank factors. To that end, we now project the right

hand side of (2.2.4) onto the tangent space of M:
0,9 = P,(RHS), (2.2.6)

where the orthogonal projector P, can be written as

P,(RHS) = i(VJ, RHS),V; — Zr: Xi(XiV;, RHS)x v Vi + zr:Xi<Xi, RHS). (2.2.7)

=1 ij=1 i=1
Using (2.2.7) and the gauge conditions we can in principle derive evolution equations for
Xi, Sy, and V;. However, this process requires inverting the matrix S = (S;). Since an
accurate approximation mandates that S has small singular values, the resulting problem is
severely ill-conditioned. Thus, we will use the projector splitting scheme introduced in [48].
For a corresponding mathematical analysis see [55]. This scheme has been extensively used

in the literature, see e.g. [25], [29], [56], and extensions to various tensor formats have also
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been proposed [56], [57]. The main idea is to split equation (2.2.6) into the following three

subflows

g = > _(Vi, RHS) V],

=1

Og = — Z X1<X1V3, RHS>x,ij,

i,j=1

atg = Z X1<Xiu RHS>X

i=1

This is particularly convenient as for the first subflow V; is constant (in time), for the third

subflow X; is constant, and for the second subflow both X; and V; are constant. Thus, we

can write
O K; = <V3,RHS>V, (2.2.8)
8tSij - —<X1VJT, RHS>X7V, (229)
atLi - <Xi, RHS>X, (2210)
where
Ki(t,x) =Y X(t,x)S5;(t), Li(t,v) = S(t)Vi(t,v). (2.2.11)
i=1 j=1

After solving each subflow we use a QR decomposition to obtain X; and Sj from Kj and Sj;

and Vj from L;, respectively.

2.2.1 A first order in time scheme

Our goal is to solve the coupled system (2.2.3) and (2.2.6) using the projector split-
ting integrator outlined in the previous section. We now proceed by deriving the evolution

equations corresponding to the subflows given by equations (2.2.8)-(2.2.10).
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« K-step: Solve 0,K; = (Vj, RHS), with {V}}1<j<, unchanged.

(Vihu(vVi) ) Vi, (2.2.12)

« L-step: Solve 0;L; = (X;, RHS)x with {X;}1<i<, unchanged.

8tLi :<X1aR'HS>
1
1 - o a
_572V‘<Xivxp>x_kz_:l X, 8—2—1—0 Xy ) Ly

« S-step: Solve 0,5; = —(X;V;, RHS)x v with both {X;}i<i<, and {V}}1<j<, unchanged.

0,5 = — (X;V;, RHS )y

1
e klzl ((V93VIh — RV ) - (O XS (2.2.14)
1 " o’ A
+ ?<vvj>v A(XiVxp)x + (X, =+ ) X)) Sk
k=1 X

Therefore, for the overall system, we can construct a simple first order in time scheme.
Suppose at time step t", we have (X7*, Vi", S, p"). To obtain the solution (X, VJ-”“, Sg“, Pt

at t"*! we proceed as follows:

1. K-step: Solve (2.2.12) for a full time step At, update from (X7, V;", S) to (X1, Vi SU )

» Mij

using p". Specifically, given Kj' = Ei:l X{'Si, we discretize (2.2.12) using a first order

IMEX scheme (i.e., forward-backward Euler scheme) as

n+1 n
O LS (i,
At v T

) NV ) -V

(2.2.15)
1
= (<V‘ rJn) . vxpn O’S anJrl) O'A F(n,

J
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where the term 0° Kj is treated implicitly to overcome the stiffness induced by a small €.
We then perform the QR decomposition of I(j"+1 to obtain the updated basis functions
X! and the matrix Si(jl):

K =3 xprisd, (2.2.16)

. L-step: Solve (2.2.13) for a full time step At, update from (X", V", Si(jl)) to (X7, Vi, Sigz))
using p". Specifically, given L' = 3 Si(jl)Vj”, we discretize (2.2.13) (similar to (2.2.12))
=1

as follows
Lt —n 1
B = I (v LI - G
At £
1

-5 <v XTI 0"+ Z (XrHoSxptt) L;;+1> - Z (XPlot Xpt) Ly
o T a1

We then perform the QR decomposition of L to obtain the updated basis V;"*' and

matrix 5182):

Lyt =3 5Py, (2.2.18)
j=1

. S-step: Solve (2.2.14) for a full time step At, update from (Xf”l,Vj"“,Si(jQ)) to
n+1 n+1 n+1 : n
(X7, VM SR using p”. Specifically, given S

i, we discretize (2.2.14) (similar
0 (2.2.12)) as follows

S§ - 3(2) (RS 1 1 1 1 1 1 1 (2)
P =2 3 (M) = O ) - (XY S
k=1
1 r
+ ? <<v‘/}n+1>v . <Xin+1vxpn>x + Z<Xin+10_SX]?+1>XSI:Lj+1>
k=1
+ XX S
k=1

(2.2.19)
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4. p-step: Solve (2.2.3) for a full time step At, update from p™ to p"! using (X7, V" SPH),

Specifically, given p™, we discretize (2.2.3) as

n+1 n
[

1 T
P e Y e (XS V) — o + G (2.2.20)

ij=1
For clarity, we will refer to the above scheme as the K-L-S-p scheme in the following.

2.2.2 AP property of the first order scheme

In this subsection, we analyze the AP property of the first order scheme introduced in

the previous section. Our conclusion is summarized in the following proposition.

Proposition 2.2.1. In the limite — 0, the first order IMEX K-L-S-p scheme (i.e., (2.2.15),
(2.2.17), (2.2.19), and (2.2.20)) becomes the forward Euler scheme for the limiting diffusion
equation (2.1.7), provided that for the initial value we have §,1,7~ € span({V’}i_,).

Remark 2.2.1. If, for a given initial value (X7, S0,V}"), one of the conditions &,y €

span({VjO}}":l) is not satisfied, we can simply add them to the approrimation space. For

example, if & & span({V°}_,), we consider

XOZ[X?,...,XS,h], SY = ) ‘70:[‘/107"-7‘/;07&7
0 0

where h is an arbitrary function. We then orthogonalize X° and V° (e.g. using the Gram-
Schmidt process) and use the result as the initial value in our algorithm. This increases the

rank to at most r + 3.

Proof. In the K-step, let ¢ — 0, we have from (2.2.15):

KrH = —(vVm, - (2.2.21)
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Without loss of generality, we assume that the three components of “x£": ep” 8y§n and
ag ag o

%—@n are linearly independent?. Then after the QR decomposition of Kj"+1, the span of the

. (o 8 n '
new basis {X/""'},<i<3 would be the same as span{ "’;;g , e 8;@ }. In other words, we can

write
Xn+1 = X{H_l ng—',—l ng—&—l Xzf—i-l X:,LJFI — [aggn 6ggn 8;§n XI—H . X:LJrl D17
=Xo
(2.2.22)
where D; is an invertible r X r matrix.
In the L-step, let ¢ — 0, we have from (2.2.17):
SUXH T XPTLE = —v - (X]T Vep™")x. (2.2.23)
k=1
Since the matrix A = (X" X)) i<icri<k<r is symmetric positive definite (since

0% > 0), hence invertible (whose inverse, say, is matrix B = (by;)1<p<r1<i<r), We have

Lt = —v. (Z bki<Xi”+1Vx,0")x> . (2.2.24)

i=1

After the QR decomposition of L} we can write (by a similar argument as above)

n+l . __ n+1 n+1 n+1 n+1 n+1
Ve =1 v Vi 1% N 74

=V
(2.2.25)

where D is an invertible r X r matrix.

In the S-step, let ¢ — 0, we have from (2.2.19):

S XS XIS = (V) (X
k=1 (2.2.26)

— _<Xin+lv . prnvjn+1>x’v_

241f they are linearly dependent, say, span{a;—‘s’n, ‘9;@", 8;—’;”} = span{ 8;‘S’n }, then one just needs to replace

the second and third components of X, by X5 and X7 and the same analysis carries over.
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We may write (2.2.26) as AS™™' = (. Since the matrix A is invertible, we know that the

matrix S"*! is unique. We next claim that the S"*! defined as

_I3><3 0
0 0

Smtt.= Dt D; T, (2.2.27)

satisfies (2.2.26), where the middle matrix is of size r X r, with —I343 in the first 3 x 3 block

and zero elsewhere. Indeed, using (2.2.22) and (2.2.25) we have

T -1 0 Vi p"
gn+1 _ Z X{L+1S§+1an+1 _ Xn+15n+1(vn+1)T - X, 3x3 VoT = —v- sp )
ij=1 0 0 g
(2.2.28)
Therefore,
(Xn—i-l)TUSXn-i-lSn—i-l(Vn+1)TVn+l — _(Xn—i-l)T(V . pr”)V”“, (2'2'29)
which, upon taking ( )x .y, yields
(X TS XmH), 8™ = (X (v Vg V"), (2:2:30)

which is precisely (2.2.26).
On the other hand, substituting (2.2.28) into (2.2.20) gives

pn+1 . pn 1 N
(vt ) — et G 2.2.31
A7 \% (305Vp) op"+ G (2.2.31)
which is the forward Euler scheme for the limiting diffusion equation (2.1.7). N

2.2.3 Some other first order schemes and their AP property

From the operator splitting point of view, the previously introduced K-L-S-p scheme is
certainly not the only first order scheme. In fact, one can switch the order of K, L, and S

steps arbitrarily and still obtains a first order scheme. For example, the L-K-S-p scheme is
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also first order and preserves the same asymptotic limit as the K-L-S-p scheme (since the
proof of Proposition 2.2.1 still holds if one switches the K and L steps). Nonetheless, for
some other first order schemes, such as L-S-K-p, S-L-K-p, K-S-L-p, and S-K-L-p schemes,
their AP property needs to be examined individually. Fortunately, as we will show in the
following, by slightly different arguments these schemes all have the same asymptotic limit

as the K-L-S-p scheme.

e L[-S-K-p scheme and S-L-K-p scheme.

After the first two substeps (L-S or S-L), the span of the updated basis {V/"*'}1<<,

will contain v. After the substep K, one has K"*' = —(vV"*), - Vxg” . Hence,
n - n n g n n prn vXpn
q +1 _ ZKJ +1Vj +1 _ _Z<ij +1>ij +1, 5 = —v- i (2.2.32)
=1 =1
Substituting ¢g"*! into the last p step recovers (2.2.31).
o K-5-L-p scheme and S-K-L-p scheme.
After the first two substeps (K-S or S-K), one has
X{H_l X:,H_l = |:3;gn 3(?;@” 8;@“ XZ‘H R X:L“'l Dy, (2233)

where D, is an invertible r x r matrix. After the substep L, one has
D AXT XL = v - (X", (2.2.34)

k=1

and {L}*!} <<, is uniquely determined since the matrix (X" "'o X", is invertible.

We now claim that {L}*!} <<, defined as follows

n+1 n+1
Ll . Lr

;:_[5 noy 0 - 0 DT (2.2.35)
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satisfies (2.2.34). Indeed, for such Ly, one has

T Vx 7
gt = Z Xt =y P

k=1

= > XTI = —v - V', (2.2.36)

5
g k=1

which, upon projection onto the space spanned by {X7""'},cic,, yields (2.2.34). On
the other hand, substituting ¢"*! into the last p step recovers (2.2.31).

Remark 2.2.2. The discussion in this subsection implies that one has the flexibility to choose
the updating order of K, L and S, while still maintaining the AP property. This flexibility is
crucial in designing second order schemes, where one needs to properly compose these steps

to achieve high order as well as preserve the asymptotic limit.

2.2.4 A second order in time scheme and its AP property

We now extend the first order scheme to second order. Due to the operator splitting
necessary in the low rank method, a straightforward application of the IMEX-RK scheme as
used in [46], [47] does not work (there a coupled system for p and g is solved simultaneously;
in the present work p has to be “frozen” while updating g). In the following, we propose
a scheme that maintains second order in both kinetic and diffusive regimes. It is a proper
combination of the almost symmetric Strang splitting [58], [59] and the IMEX-RK scheme.
Suppose at time step ¢", we have (X", V", Si, p"). To obtain the solution (X7, Vj”H, S{JT‘“, o

at "1, we proceed as follows:

1. p-step: Solve (2.2.3) for a half time step A¢/2, update from p” to p™*2 using (X7, Vin, SE).

n

2. K-step: Solve (2.2.12) for a half time step At/2, update from (X7*, Vi", Sf¥) to (X; Tz v, S

1

. 1
using p"t2.

ntd

3. L-step: Solve (2.2.13) for a half time step At/2, update from (X +2,V”,S-(-1)) to
n-i-% n+% . n+ L

(X7 VP S0 wsing o+t

1

1
4. S-step: Solve (2.2.14) for a half time step At/2, update from (Xin+2,V ,S-(-Q)) to
F O R |
(X2 Vv, +2,Sij+2) using p"te.

i s Vj
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5. S-step: Solve (2.2.14) for a half time step At/2, update from (X;'
(X212 S using pt

1
6. L-step: Solve (2.2.13) for a half time step At/2, update from (X-n+§ 7SaE: S~(-3)) to

i » Vj ) Mij
nt5 Ukl o)y +
(X; %, V", Sy7) using p" 2

1
7. K-step: Solve (2.2.12) for a half time step At/2, update from (X; 2, V:"*!, S~(-4)) to
(Xt Vj"+17 S§+1) using p"*%.

1 a4l
8. p-step: Solve (2.2.3) for a full time step At, update from p" to p" ! using (X; 2, Vn+2 S +2).

More specifically, in step 1, we use the forward Euler scheme to discretize (2.2.3):

pn+§ - pn nQn (Y n
N Uzlv (X7Sp(vV")y) = op" + G (2.2.37)

In steps 2-7, we use a second order IMEX-RK scheme to discretize the system for K, L or
S. Let us take step 2 for example,

K" Atp . d ny/n n n 1 n n+ i
Kj(p) Z&pq ( Z ( ‘/‘; ‘/E >V - 7<‘/‘] >v<v‘/2 >v) . VxKl(q) + g(VV >v . pr t3 + UAKJ(q)>

€13 :
(a)
_TZ%(] <52qu>,]9—1,...,5,

n TL At > a n n 1 n n 1 n Vs 1
Kt = pr ( 3 ( Ve = Vv >v) VR KP (V) V' +aAKj<p)>
=

1
_Atzwp< P>>7

(2.2.38)
where A = (dp,), Gpg = 0 for ¢ > p and A = (ay,), ap, = 0 for ¢ > p are s x s matrices. Along
with w = (w1, ...,0s)", w = (wy,...,w,)T, they can be represented by a double Butcher
tableau:

¢c| A c ‘ A
(2.2.39)
\ (4 ‘ w’
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where ¢ = (¢1,...,¢)%, c = (c1,...,c,)T are defined as
p—1 P

Cp =D Opgy Cp= Y Gpg (2.2.40)
q=1 q=1

Here we employ the ARS(2,2,2) scheme whose double tableau is given by

010 0 0 0]0 0 0
0 0 0 0 2 1
Y| v v 7:1_£7 §=1——. (2.2.41)
16 16 0 1]o 1-74 4 2 &
6§ 1-46 0 0 1=v v
Finally, in step 8, we use the midpoint scheme to discretize (2.2.3):
et sy, (X.”+5s.’.‘+§<vv”+5> ) — o+ @ (2.2.42)
At 47 * i ij ] v P ' o

i,j=1

Let us analyze the AP property of the above second order scheme. First, steps 2-4
(K-L-S) are (almost) the same as steps 1-3 in the first order K-L-S-p scheme (as discussed

in Section 2.2.2), hence as € — 0, one has

(2.2.43)

Furthermore, steps 5-6 (S-L-K) are (almost) the same as steps 1-3 in the first order

S-L-K-p scheme (as discussed in Section 2.2.3), hence as € — 0, one has

Vxp"t2
oS

T
n+1l __ n+lyn+l _ .
g = KT =

=1

(2.2.44)
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Finally, substituting (2.2.44) into (2.2.37) and (2.2.43) into (2.2.42), we have after the
first time step (n > 1):

n-+ n 1
“az Ve (g V) — oG
o i o 1“ (2.2.45)
At == vx ' <?W9vxpn+2) - UApn+§ + G7

which is a second-order explicit RK scheme for the limiting diffusion equation (2.1.7). There-

fore, the scheme is AP.

Remark 2.2.3. There are many other choices to construct the second order scheme by
altering the order of K, L and S, as long as the steps 2-4 are symmetric with respect to steps
5-7. Note that the AP property is always guaranteed due to the flexibility in the first order

scheme.

2.2.5 Fully discrete scheme

It remains for us to specify the discretization in the physical space and velocity space.

This is the purpose of this section.

Velocity discretization

For the velocity space S?, we adopt the discrete velocity method®. The velocity points
{vi}i=1..n, and weights {w;}i—1,_n, are chosen according to the Lebedev quadrature on S2.

Then all the integrals of the form (F(v)), are approximated as

(F(v))y ~ Z wiF(vy). (2.2.46)

31In the context of radiative transfer, this is usually referred to as discrete ordinates or Sy method.
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Spatial discretization

For the physical space €y, we assume the third dimension is homogeneous and the domain
is rectangular so that we consider x = (z,y) € [a, b] X|[c, d]. For simplicity, we assume periodic
boundary condition.

To obtain the asymptotic limit in a more compact stencil, we adopt the 2D staggered grid
proposed in [60]. We divide the = and y directions uniformly into N, and N, cells with size
Az = (b—a)/N,, Ay = (¢ — d)/N,, respectively. We denote the vertices by x; = a + kA,
y=c+IlAy (k=0,...,N,, 1 =0,...,N,), and the cell centers by Tppi =0+ (k + %)Ax,
Yier =c+ (I+3)Ay (k=0,...,N,—1,1=0,...,N, — 1). We then place the unknowns p

and ¢ as in Figure 2.1. Namely,

« pislocated at the vertices (zx,y;) and cell centers (kar%,yH%), i.e., the red dots in the

figure;

e ¢ (hence {Kj;, Xi}i—1,,) is located at the face centers (:vk+%, y) and (zg, yH%), i.e., the

blue diamonds in the figure.

Y+ L 4 L 4
-0 --
T
- ---O---
yl_-%k—l ¢ Ty ¢ Th+1

Figure 2.1. The staggered grids. p is located at the red dots; ¢ (hence
{Ki, Xi}iz1,..r) is located at the blue diamonds.

In the following, we describe a second order finite difference method in space. We use
simplified notations such as px; = p(zk, i), (Ki),ﬁ%’l = Ki(kar%,yl) to denote numerical
solutions evaluated at the corresponding grid points. We use the first order K-L-S-p scheme

in time. The discussion for other time discretization methods is similar.

o K-step
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Note that the system (2.2.15), in matrix form, can be written as

Kn+1 . Kn

A =-V'9,K"-V?*9,K"+ ..., (2.2.47)

where K" = [K7', K%, ..., K"]T and

Vi=—2 (7 = eV ) Vi=— (Vi = 0ty )

(2.2.48)
It is clear that the matrices V' and V? are not necessarily symmetric hence the
system might not be hyperbolic. Therefore, to get a reasonable spatial discretization
for (2.2.15), we propose to discretize the original equation (2.2.4) and then project the

resulting scheme.

Specifically, we first discretize (2.2.4) as

1

0=~ (1= On) (6 D59+ € D7g) = = (1= -()v) (" Dy + 7 D%)

1 T Y US A
(2.2.49)
where £ = max(0,&), & = min(0,&). A second order upwind operator is applied to
the spatial derivatives of g and a central difference operator is applied to the spatial

derivatives of p. More precisely, we use

39(z,y) —4g(x — Az, y) + g(z — 2Az,y)

Dig(x,y) = ;
28z (2.2.50)
. —39(z,y) +4g(x + Az,y) — g(x + 2Az,y)
D?g(x,y) = N ,
and
LAz ) — oz — LA
Dip(z,y) = plz ¥ 383,9) — plo = 3AT,y) (2.2.51)

Ax

Derivatives in y are defined similarly.
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We then project the equation (2.2.49) onto the space spanned by {V;}i<j<,, which
yields

<

(an+1)k+%,l - (an)k—i-%,l B
At B

S~
~
+
=3
3
S
<
|
/‘\
<
3
S
<
T
™~
J’_
=
3
S
<

_
Il
—

V1

_
Il
=

M= M= M|k M|k
i
i
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~
<
|
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<
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<
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<

|

|~

—

=3

S~

<

—

™

BE

~

<

i=1 4T
1 1
= VNI — VDI
S
O, .1
k+11 41 A
E22 (an )k+%,l - Uk+§,l(an>k+§,l-

(2.2.52)
Here the scheme is given at the grid points (z;,, 1 y1). The scheme at the grid points

(k; Yr4 1) is similar.

o L-step and S-step

One can add spatial discretization to (2.2.17) and (2.2.19) directly. First of all, we

approximate the inner product ( )x by a midpoint rule:

Nz‘ Ny

1
(F(z,y))x = /[a . Fdxdy =~ 5A$Ay > Z(Flﬁré,l + Fv1). (2.2.53)

k=11=1

Then we approximate the spatial derivatives of p and X; at (z;, 1 ) and (@, %)

by

(Xi)k+g,l - (Xi)k—%,l

axpk+%’l ~ W7 a.’E<Xi)k‘+%,l ~ 2A$ y (2254)
Pr+li+d = P14l (Xi)k+1,l+l - (Xi)k_LH_l
axpk,l+% R 2 ZALB : . ) ax(Xi)k’lJr% ~ QZAQ} = (2255)

Derivatives in y are treated similarly.

e p-step
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At the grid points (xx, y;), (2.2.20) is discretized as

n n r n+1 . n+1
pkjl — Pk _ i (X1 )k—&—%,l (Xl )k—%,l S',,.L+1<£Vn+1>
At am 52 Ax Y U
1 & (Xin—i-l)kl-l—% - (X{L+1)kl—%
_ ’ ’ Sin+1<nVn+l>v _ O’A pn + le_
AT = Ay j j kJIMEL )
(2.2.56)
The scheme at the grid points (z);1,¥;,1) is similar.
AP property of the fully discrete scheme
Similar to the semi-discrete case, in the limit ¢ — 0, the K-L-S steps yield
gn+1 _ XT: (Xn-i-l) L Sn-i—lvn-i-l _ 1 gpz-‘rl,l B pZ,l + anJr%’lJr% o pZJr%vl*%
L, = i Ly V5 = )
k+1 = k+5,070 Y Ulf—&-%,l Ax Ay
o = ZT: (XY, 0 Sy — 1 gpz%»”% ~ b n UPZ,ZH — Pk
1= i 1o vy =~ ,
k43 = kl+375 V] U]iH% Ax Ay
(2.2.57)

which, when substituting into (2.2.56), give

PZ,erl - Pz,z _1 1 (pZ—i-l,l - PZ,Z - PZ,Z - pZ—l,l) 11 (ﬂﬁ,m - PZ,Z - Pz,z - PZ,Z—1)

=— + —
2 S S 2 S S
At 3 Ax k1 3 Ay UkJ_,_% UM_%

T+, !

- Ui?,lpz,l + G-
(2.2.58)

This is an explicit standard 5-point finite difference scheme applied to the limiting diffusion
equation (2.1.7) at grid points (z, ;). The limiting scheme at grid points (mk+%, yH%) can

be considered similarly. Therefore, the fully discrete scheme is also AP.

2.3 A Fourier analysis of the low-rank structure of the solution

In this section, we analyze the behavior of the solution to the linear transport equation
by performing a simple Fourier analysis. Our focus is in the kinetic regime because the rank

is already proved to be small in the diffusive regime.
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For simplicity, we consider the 1D slab geometry z € [0,2w] with periodic boundary

condition, and v € [ —1,1] (so ( ), = [',- dv). Also we assume 0 = G = 0. Then the

macro-micro system of the linear transport equation reads:

g

o= (1= 200) wieg) — Sonp -
tg = e 2 v VOz9g 527} z 829'

Projecting the above system onto the Fourier space of x yields

1

Oipre = —§ik<vﬁk>v7
R 1. . 1, . 1. 1 & . .
O, = —glk‘ <U9k - 2<ng>v) - ;kapk = > Ok

ki=—0o0

where py(t), gx(t,v) and 6y are the Fourier coefficients of p, g and o, respectively.

For a constant o° we have

and the system (2.3.2) reduces to

R ., .
Oipr = —§1k3<vgk>v7

. 1, .1, 1. . 1 .
Orgr = —glk (ng: - 2<ng>v) — gwkpk ~ 57Ok
Hence all the frequency modes are decoupled. It is clear that if initially
mo

p(0,2) = > pr(0)e™,  g(0,2,0) Z (0, v)e*,

k=—myg k=—mg

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

i.e., p(0,z) and g(0, z,v) are band-limited, then the latter solutions will remain in the same

frequency range. In this case the solution is clearly low-rank.

This analysis is similar to the analysis conducted in [61], where it was shown that for the

linearized Vlasov-Maxwell equation the solution remains low rank if it is initially in a form

similar to (2.3.5). However, the present situation is different in the sense that if we have a
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non-constant ¢, as is commonly the case in practice, then even if the initial value is in that
form additional Fourier modes are excited gradually with time. This is as far as we can go
with such an argument.

However, it should not be taken to imply that performing a low-rank approximation is
necessarily futile in such a situation. In fact, the dynamical low-rank integrator makes no
assumptions that the space dependence has to take the form of a finite number of Fourier
modes; this is purely an artifact of the analysis done here. Hence, just because we have an
infinite number of Fourier modes does not necessarily imply the solution can not be captured
by a low-rank scheme. In fact, from the numerical tests in the next section, we can see that
the rank of the solution in the kinetic regime when o is not constant can be rather intricate,
but that often relatively small ranks are sufficient to obtain an accurate approximation to

the dynamics of interest.

2.4 Numerical results

In this section, we present several numerical examples to demonstrate the accuracy and
efficiency of the proposed low rank method. In all examples, we consider a two-dimensional
square domain in physical space, i.e. x = (x,y) € [a,b]* and periodic boundary conditions.
Note that in some of the examples (e.g., the line source problem), one has to choose a large
number of points in the angular direction to obtain a reasonable solution (for both the full
tensor and low rank methods). This is the well-known drawback of the discrete velocity or
collocation method. If a Galerkin rather than collocation approach is adopted, one could
potentially use fewer discretization points (or bases). As the focus of the paper is on the low

rank method, we leave the comparison of different angular discretizations to a future study.

2.4.1 Accuracy test

We first examine the accuracy of our method (in time and space) using a manufactured

solution. We choose

n+n’

3

ft 2z, y,€n,v) = exp(—t)sin?(2nz)sin? (2ny) (1 +e¢ ( )) , (x,y) €0,1)%. (2.4.1)
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The corresponding p and g are

p(t, z,y) = exp(—t)sin®(27r)sin®(2ny),

(2.4.2)
g(t7 z,Y, 57 m, 7) = eXp(—t)SiHQ(QTCQj)SjHQ(275:(/) (n + 7]3> ‘

Let the scattering and absorption coefficients be 0° = 1, ¢4 = 0, then the source term G is
given by

1 1
Gt 2.y, &m,7) = Ouf + v V[ + —g. (2.4.3)

We use this source term and the initial condition p(t = 0,2z,y) and g(t = 0,z,y,&,1,7) as
input for our low rank method and compute the solution up to a certain time. Note that the
source term here depends also on time and velocity, hence the scheme needs to be modified
accordingly to take into account this dependency. We omit the details.

We consider both the first order scheme in Section 2.2.1 and the second order scheme
in Section 2.2.4, coupled with the second order spatial discretization described in Section 3.
We always take N, = 590 Lebedev quadrature points on the sphere S? [62]. Since we know
a priori the rank of the exact solution g is 1, we fix r = 5 in the low rank method which is
certainly sufficient to obtain an accurate solution.

We vary the spatial size Ax and the value of £, and evaluate the error at t = 0.1 as

N 9 2
(A$2 Z (plow rank (xk+% 5 yl+%) — Pexact (kar%a yl+%)) ) . (244)
k=1

Since the proposed schemes are AP, we expect them to be stable under a hyperbolic CFL
condition when € ~ O(1) and a parabolic CFL condition when £ < 1. Specifically, we con-
sider three kinds of CFL conditions: mixed CFL condition At ~ ¢;Az? + cye Az, hyperbolic
CFL condition At ~ Az, and parabolic CFL condition At ~ Ax?.

The results of the first order (in time) scheme are shown in Figure 2.2. Under the mixed
CFL condition, we expect to see first order convergence in the kinetic regime (¢ ~ O(1)) and

second order in the diffusive regime (¢ < 1), which is clearly observed in Figure 2.2 (left).
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Under the parabolic CFL condition, we always expect second order convergence, which is

also clear in Figure 2.2 (right).

102 " 102

— — —First order
Second order
—4— First order Ir, e=1 5
—6—First order Ir, e= 0.1 10
First order Ir, e= 0.01
—&— First order Ir, e= 0.001

— — —First order
Second order

—4— First order Ir, e=1
—6—First order Ir, e= 0.1 1

First order Ir, e= 0.01
—&— First order Ir, e= 0.001

102 107 102 107
A x A x

Figure 2.2. Section 2.4.1: convergence order (first order low rank scheme).
[>-error v.s. Az. Left: mixed CFL condition At = 0.18Ax? + 0.1eAz. Right:
parabolic CFL condition At = 0.25A2%. Blue dashed line and black line are
reference slopes of 1 and 2, respectively.

For the second order (in time) scheme, we don’t expect order higher than two in the
diffusive regime since At ~ Az? and the error behaves as O(At* + Az?) = O(Az* + Az?).
Hence we only test its performance in the kinetic regime (¢ ~ O(1)) under the hyperbolic
CFL condition, where At ~ Az and the error is O(At* + Az?) = O(Az?). The result is
shown in Figure 2.3, where we can clearly see the uniform second order accuracy of the

scheme (in contrast to the first order scheme).

2.4.2 Test with Gaussian initial value

In this test case, we consider a smooth Gaussian initial condition:

1 «T2+y2 2 ) 2
f(t:()axag%fa?%’y):mexp _ng ;S =10 ) (l‘,y)E[—l,l] ) (245)

with zero absorption coefficient and source term ¢4 = G = 0.
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— — —First order
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—4}—First order Ir, e=1 E
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Figure 2.3. Section 2.4.1: convergence order (second order low rank scheme).
[>-error v.s. Azx. Hyperbolic CFL condition At = 0.4Az is used. Blue dashed
line and black line are reference slopes of 1 and 2, respectively. Result of the
first order scheme under the same CFL condition is plotted also for comparison.
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Constant scattering coefficient o°

We first consider o° = 1 and focus on the AP property of the proposed method. There-
fore, we set ¢ = 107% and compare our first order low rank method with the reference solution
obtained by integrating (2.2.58), which solves the limiting diffusion equation directly. In the
low rank method, we use N, = N, = 128, N, = 590 Lebedev quadrature points on S?, and
time step At = 0.1A2?+0.1eAx, and fix the rank as 7 = 5. In solving the diffusion equation,
we use N, = N, =512 and time step At = 0.75Az2.

The solutions at ¢ = 0.1 are shown in Figure 2.4, where they match very well. As the
theory predicts, in the limiting diffusive regime, the solution g should be become rank-2.
To confirm this, we track the singular values of the matrix S, see Figure 2.5. Clearly, the
effective rank is 2 (two singular values are above the threshold of 107, which is on the order

of the spatial error).

8 1 8 2 — — — T
. 45 08 16 18
06 16
14 14
04 14
12 12
02 12
1 1
> 0 1
08 0.8
0. 02 08
[0 06
0. 04 0.6
o, 04 g 04 g4
Y 02 g 02 02 O First order Ir, e=1.0c:6
Explicit limiting scheme
- 4 0
Bl 05 0 05 1 B 05 0 05 1
X X

-1 -08 -06 -04 -02 0 02 04 06 08 1
X

Figure 2.4. Section 2.4.2: constant scattering coefficient. Density profile of
the low rank solution (left), reference solution to the limiting diffusion equation
(middle), and comparison of two solutions with y = 0 (right).

Variable scattering coefficient o°

We then set € = 0.01 (an intermediate regime) and consider a spatially dependent scat-

tering coefficient

0.999¢ (e + v2) (e — V2)" +0.001, = Ja?+12 <1,
o”(w,y) = (2.4.6)
1, otherwise,
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Figure 2.5. Section 2.4.2: constant scattering coefficient. Singular values of
the matrix S for the low rank method.
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whose profile is shown in Figure 2.6. This is a challenging test as M varies in a large

range [0.1,100]. Our aim here is to investigate the rank dependence of the low rank method

and its performance compared with the full tensor method.

1
08r 0
061 .
0.4r X
02r .

or .
021 E
-0.4r1 .
-0.6 .

‘ ‘ 05 {

-0.8

0 1 1 1 . 1 1 1
-1 -08 -06 -04 -02 0 02 04 06 08 1
X

-1

-1 -0.5 0

Figure 2.6. Section 2.4.2: variable scattering coefficient. Profile of o (left)
and a slice with y = 0 (right).

Specifically, we compare the first order low rank method with the first order IMEX
method that solves the macro-micro decomposition of the linear transport equation directly
[44] (referred to as the full tensor method in the following). We use the same spatial mesh,
same CFL condition At = 0.1 min(0®)Az?+0.1eAx, and same N, = 2702 Lebedev quadra-
ture points on S? for both methods. In the low rank method, we choose different ranks from
20 to 120.

The comparison of the low rank solution and the full tensor solution on a 256 x 256 mesh
at different times is shown in Figure 2.7 (top). We can see that the low rank solution matches
well with the full tensor solution except for rank » = 20. To quantitatively understand the

rank dependence, we compute the difference of two solutions on the same mesh as follows

1
2

Ny 9
(Al’2 Z (plow rank (xk+%> yl—l—%) — Pfull tensor (xk+%> yl—l—%)) ) : (247)
k=1

and track how this evolves in time under certain fixed ranks r ranging from 20 to 120.
The results are shown in Figure 2.7 (bottom). The common trend is that once the rank is

increased to a certain level, the difference saturates. This is because then the spatial error
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dominants. Also it is clear that the rank of the solution in this problem increases gradually
with time.

In addition, we record the computational time needed to compute the solution to t =
0.012 for both methods on an i7-8700k @3.70 GHz CPU in Figure 2.8. The speedup of the

low rank method is significant, especially for a large number of spatial points N,.

45 1.4
= Full tensor
4 || —e— First order Ir, r = 20
—#— First order Ir, r = 40 12r
5.5 || —+— First order Iz, r = 60
46— First order Ir, r = 80
—#— First order Ir, 1 = 100 ir
31 | —&— First order Ir, r = 120
25 08
2r 06
sl —— Full tensor —— Full tensor
: 04l —©— First order Ir, r = 20 —©— First order Ir, r = 20
st order Ir, = 4 —%— First order Ir, r = 40
T —+—First order Ir, r = 60
02k 4— First order Ir, 4 First order Ir, r = 80
05 —#— First order Ir, r = 100 —#— First order Ir, r = 100
—A— First order Ir, r = 120 —A— First order Ir, r = 120
Skl
1 08 06 -04 -02 0 02 04 06 08 1 -1 08 -06 -04 02 0 02 04 06 08 1 -1 08 -06 -04 02 0 02 04 06 08 1
X X X
1071 T T 107 T T T 107 T
—6—Nx = 32 —6— Nx = 32 —6—Nx = 32
—8—Nx =64 —8—Nx =64 —8—Nx =64
—&—Nx = 128 —&—Nx = 128 —0—N: 128
—+—Nx = 256 —— Nx = 256 —+—Nx = 256
102 102 102

104
20 30 40 50 60 70 80 90 100 110 120 20 30 40 50 60 70 80 90 100 110 120 20 30
rank

40 50 60 70 80 90 100 110 120

rank rank

Figure 2.7. Section 2.4.2: variable scattering coefficient. Density profile
with y = 0 of the low rank solution and full tensor solution on a 256 x 256
mesh at time ¢ = 0.002 (top left), ¢ = 0.006 (top middle), and ¢ = 0.010 (top
right). Difference (2.4.7) between the low rank solution and full tensor solution
computed on different meshes and with different ranks at time ¢ = 0.002
(bottom left), ¢ = 0.006 (bottom middle), and ¢ = 0.010 (bottom right).

2.4.3 Two-material test

The two-material test models a domain with different materials with discontinuities in
material cross sections and source term. It is a slight modification of the lattice benchmark

problem for linear transport equation. Here we choose the computational domain as [0, 5>
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Figure 2.8. Section 2.4.2: variable scattering coefficient.
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time (in seconds) needed for the low rank method and full tensor method to
compute the solution at time ¢ = 0.012.
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with the absorption coefficient ¢ and scattering coefficient ¢ given as in Figure 2.9. The

source term is given by

1, (z,y) €[2,3
G(z,y) = (2.4.8)
0, otherwise.

UA

5 10 5. 1
45 4.5 0.9

4 4+ 0.8
3.5 351 0.7

3 3F 0.6
25 251 0.5

2 2r 0.4
1.5 15 . 0.3

1 1r 0.2
0.5 1 05f 0.1

0 0 0 - : - - ! 0

0 1 2 3 4 5

0 2 3 4 5
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s
"
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[N}

Figure 2.9. Section 2.4.3: two-material test. Profiles of absorption coeffi-
cient o (left) and scattering coefficient o (right). Each square block in the
computational domain is a 0.5 x 0.5 square. In the left figure, yellow square
blocks represent that o = 10 and for the rest blue region o = 0; in the right
figure, blue square blocks represent that ¢ = 0 and for the rest yellow region
o =1.

We set € = 1 and compare the first order low rank method with the first order full tensor
method. For both methods, we choose N, = N, = 250, Ny, = 2702 Lebedev quadrature
points on S%, and same mixed CFL condition At = 0.1 min(c®)Axz? + 0.1eAz. The initial

condition is given by

ft=0,z,9y,§n,7) =

1 (x —2.5) + (y — 2.5)?
exp | —
4me? 462

) . ¢2=10"2% (x,y) €[0,5%

(2.4.9)
We test different ranks from 40 to 300 in the low rank method and compare it with the full
tensor solution. The error and computational time are reported in Figure 2.10. It is clear
that at around rank r = 150, the spatial error dominates and increasing the rank further
will have no gain in solution accuracy. Moreover, at r = 150, the efficiency of the low rank

method is clearly better than the full tensor method. We then fix » = 150 and plot both the
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low rank solution and full tensor solution at t = 1.7 in Figure 2.11, where a good match is

obtained.
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Figure 2.10. Section 2.4.3: two-material test (¢ = 1). Difference (2.4.7)
between the low rank solution with different ranks and full tensor solution at
time ¢t = 1.7 (left). Computational time (in seconds) needed for the low rank

method with different ranks and full tensor method to compute the solution
at t = 1.7 (right).

In addition, we consider another scenario with ¢ = 0.1. The same parameters are used
as in the case of ¢ = 1, except we set the rank r = 100 in the low rank method (because
we expect the rank of the solution to decrease as ¢ decreases). The solutions of the low
rank method and full tensor method at time ¢ = 0.6 are shown in Figure 2.12, where we
again observe good agreement. An optimal (and possibly smaller) rank can be determined

similarly as in Figure 2.10, we omit the result.

2.4.4 Line source test

We finally consider the line source test which is another important benchmark test for
the linear transport equation. Here we approximate the initial delta function via (2.4.5) with
a much smaller ¢2 =4 x 107*. ¢% =1 and 04 = G = 0. We set ¢ = 1 and compare the
first order low rank method with the full tensor method. For both methods, we choose the
computational domain as [ — 1.5, 1.5]* with N, = N, = 150, N, = 5810 Lebedev quadrature
points on S?, and the same mixed CFL condition At = 0.025Az? + 0.025¢Az. We fix the
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Figure 2.11. Section 2.4.3: two-material test (¢ = 1). Contour plot of the
log density at time ¢ = 1.7 of the full tensor solution (top left) and low rank
solution (top right) on a 250 x 250 mesh. Density slice of both solutions along
x =1 (middle left), x = 1.5 (middle right), x = 2.5 (bottom left), and x = 3
(bottom right). r = 150 in the low rank method.
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Figure 2.12. Section 2.4.3: two-material test (¢ = 0.1). Contour plot of the
log density at time ¢ = 0.6 of the full tensor solution (top left) and low rank
solution (top right) on a 250 x 250 mesh. Density slice of both solutions along
x =1 (middle left), = 1.5 (middle right), = 2.5 (bottom left), and z = 3
(bottom right). » = 100 in the low rank method.
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rank as » = 600 in the low rank method. The density profiles of both methods at time
t = 0.7 are shown in Figure 2.13. We can see that the solutions match well.

We would like to mention that this is a difficult problem compared to the cases con-
sidered previously. Many more points are need on the sphere to get a reasonable solution.
Nevertheless, there are still oscillations in the solution (for both the full tensor and the low
rank method). This is a well-known artifact in the Sy method. In addition, we found that
a higher rank and a more stringent CFL condition is needed in the low rank method. We
believe part of the reason are the numerical oscillations, which can be tempered by apply-
ing a proper filter or using a positivity-preserving scheme. We refer to [63], and references

therein, for more details.
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Figure 2.13. Section 2.4.4: line source test. Density profile of the full tensor
solution (left) and low rank solution (middle) on a 150 x 150 mesh, and com-
parison of two solutions along y = 0 (right) at time ¢ = 0.7. r = 600 in the
low rank method.

2.5 Conclusions of this chapter

We have introduced a dynamical low-rank method for the multi-scale multi-dimensional
linear transport equation. The method is based on a macro-micro decomposition of the
equation and uses the low rank approximation only for the micro part of the solution. The key
feature of the proposed scheme is that it is explicitly implementable, asymptotic-preserving
in the diffusion limit, and maintains second order in both kinetic and diffusive regimes. A
series of numerical examples in 2D including some well-known benchmark tests have been

performed to validate the accuracy, efficiency, rank dependence, and AP property of the
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proposed method. Some interesting ongoing and future work includes adaptive rank selection

and the theoretical investigation of rank dependence of the solution in the kinetic regime.
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3. ADAPTIVE DYNAMICAL LOW-RANK METHODS FOR
FULL BOLTZMANN EQUATION

In this chapter, we will further study the rank dependence in kinetic regime (¢ ~ O(1)) and
explore the adaptive low-rank methods especially for steady-state solutions of full Boltz-
mann equation (1.0.1). This chapter is structured as follows. In Section 3.1, we introduce
the dynamic low rank method where the fully discrete schemes are discussed in detail. In
Section 3.2, we presents the adaptive rank selection strategy for low-rank methods. In Sec-
tion 3.3, we briefly analyze the low rank structure of normal shock wave problems. Section 3.4
presents several numerical tests using the adaptive low rank method in Boltzmann equation
where we carefully examine the efficiency, accuracy and rank dependence. This chapter is
concluded in Section 3.5. In this chapter, we set the Knudsen number ¢ = 1 to focus on
the kinetic regime. Most of the results in this chapter come from a working paper with

Dr. Jingwei Hu.

3.1 The dynamical low rank formulation and the fully discrete schemes

Similarly as in Section 2.2, we first rewrite (1.0.1) as
Of =—v-Vxf—Q(f, f) = RHS, (3.1.1)

and we constrain the probability density function f(¢,x,v) to a low rank manifold M such

that
Ftx,v) =Y Xi(t,x)S;()Vi(t, v), (3.1.2)

ij=1
where r is the representation rank and the basis functions { X; }1<i<, C L*(Qx) and {V; h1<j<, C
L?(€),) are defined similarly as in (2.2.6). Note here we consider a finite velocity domain €2,
rather than the whole space R% to avoid the complication in the infinite domain. This is a
reasonable assumption because the majority of the numerical methods for kinetic equations
need to first truncate the velocity domain and then perform the discretization. It can often

be done without much loss of accuracy since f decays sufficiently fast as v goes to infinity.
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We then project RHS onto the tangent space of Ml and use operator splitting to obtain

the following three sub-flows.

O f =Y _(Vi,RHS), V;, (3.1.3)
j=1
of ==Y Xi(XiV;, RHS)x V;, (3.1.4)
ij=1
O f = Xi(X;, RHS)x. (3.1.5)
i=1

Using orthogonality condition and gauge condition, we can further simplify each sub-flow
and proceed in the following three sub-steps:

o K-step: Define Kj(t,x) = fj Xi(t,x)S;(t) then f(t,x,v) = XT: K;(t,x)Vj(t,v). We can

i=1 =1
rewrite (3.1.3) as

(ZKV) S (0K Kjat%)=i<\/j,RHs>vvj. (3.1.6)

=1

Using the orthogonality of {Vj}i<j<, and (0;V}, Vi), = 0 for 1 <j, k < r, we have

0,k = (V;, RHS),
r (3.1.7)
==Y (VUVi), - VK, + Z Q (Vs Vi))y KKy, j=1,...,m,
=1 m,n=1
where the simplification of the last term relies crucially on the bilinearity of the collision
operator (1.0.2) as well as the fact that collisions act locally in the physical space. It
can be seen that (3.1.7) together with 9,Vj = 0 solve (3.1.6). Since the solution to the

sub-flow is unique, we thus know {Vj}i<j<, remains unchanged during this sub-step.

o S-step: We can argue similarly to obtain that the sub-flow (3.1.4) is equivalent to

¢Sy = —(XiVj, RHS)x v

(VViVi)v - (XiVaXi)xS — Y. (XX X)) (ViQ(Vin, Vi) )vSkemSins 1,j=1,...,1
k,l=1 k,l,mmn=1
(3.1.8)
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During this sub-step, both {V;}1<j<, and {X;}1<i<, remain unchanged.

1

o L-step: Define Li(t,v) = XT: Si(t)Vi(t,v) then f(x,v,t) = ) Xi(x,t)Li(v,t). By simi-
i=1 =1

lar arguments, the sub-flow (3.1.5) is equivalent to

8,5Li — <Xi, RHS)X,

. \ (3.1.9)
= S VXV X)L+ Y QL L) (X X X, i=1,...,7

=1 m,n=1

During this sub-step, {Xi}1<i<, remains unchanged.

Therefore, we have obtained a set of low rank equations (3.1.7)-(3.1.9) in the continuous
setting. The task remains is to apply the proper discretization to these equations in the

velocity space, physical space, and time, which we will detail in the following subsections.

3.1.1 Velocity space discretization

Examining the equations (3.1.7)-(3.1.9), we can see that all terms pertaining to the
collision operator have the form of Q(hy, hs), where h; and hy are some functions of v.
Luckily this isn’t much change from the original collision operator in (1.0.1) and we can
apply the well-developed fast Fourier spectral methods.

Specifically, for 2D Maxwell molecules (d, = 2 and B = const) and 3D hard spheres
(d, = 3 and B = const|v — v,|), we can use the algorithm proposed in [30] with complexity
O(MppN& log Ny ), where Ny is the number of points in each dimension of the velocity space
and Mpp is the number of points used on the sphere S%~!; for general collision kernels,
we can use the algorithm proposed in [64] with complexity O(MppN&*1log N,). Both
algorithms can be implemented as a discrete velocity method: one chooses an appropriate
velocity domain [— Ly, Ly]* and uniform grid points {v,}; the collision solver takes discrete
values {hi(v,)} and {ha(v,)} and outputs {Q(hy, he)(v,)} on the same set of grid points.

For more details, the readers can refer to [30], [64].
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3.1.2 Physical space discretization

There are various ways to discretize the equations (3.1.7)-(3.1.9) in the physical space,
for example, one can apply the Fourier spectral method [25] or the high resolution finite
difference scheme [27] directly to these equations. Generally speaking, the conventional
scheme used for the original equation needs to be tailored when solving the equations resulted
from the low rank projection. The issue also becomes a bit tricky when the boundary
condition is not periodic.

Here we adopt a “first discretize, then project” strategy, which is simpler because it follows
directly from the scheme for the original equation. We mention that this idea is similar to the
so-called kinetic flux vector splitting (KFVS) scheme [65], a well-known method for solving
the compressible Euler equations derived from the kinetic equation. For simplicity, we focus
on the first order upwind scheme in this work. To extend it to high order, similar strategy
for the KFVS scheme [66] can be considered.

We use the one-dimensional case (d = 1) to illustrate the idea. Extension to high di-
mension with rectangular grid is straightforward as implemented in our numerical examples.

Assume Qy = [ — L,, L,] with uniform grid points chosen as z, = —L, + (p — 3)Ax,

p=1,...,Ny, Ax = 2]65 Since the transport term in the Boltzmann equation (1.0.1) is

linear, it is very easy to apply the upwind scheme:

v fltxv) = [z — Az, v,1)

atf<t7xav): ) Az
— A t)— f(t
B v ‘Ulf(CC—Q— z,v, ) f( ;1'77)) + Q(f(t,x,v),f(t,:v,v)) (3110)
2 Ax
= U+D+f(t7$a U) - ’U_D_f(fE, U7t) + Q(f(t7$v U)a f(tv ZL‘,’U)),
where vt = ”j;‘vl, and D are first order upwind operators. f(t,z,v) is evaluated at spatial

uniform grid points {x,},—1. n,-
For (3.1.10), we can apply the same projection process as we did previously to (3.1.1) to

obtain (i.e., the analogs of (3.1.7)-(3.1.9)):
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o K-step:

r

O K;(t,x) = — Zr:(vﬂ/j(t, V)Vi(t,v)), Dy Ki(t, x) — Z(v’V}(t,v)Vl(t, V) D_K;(t,x)

= =1

£ (Vi 0) QVinlt, 0), Valts ) Ko () Kot 7).

A (3.1.11)
. S-step:
0,.S;(t) Zkél(vﬂ/j(t,U)Vz(t,v)>u<Xi(t,m)D+Xk(t,$)>x5kz
+ Mil(v‘vj(t, V)Vi(t,0)) o (Xi(t, ) D_ Xy (t, 2)) xSk
- N ;_1(&@, ) Xy (t, 1) Xi(t, ) (Vi(t,v) Q(Vin (£, ), Vi (£, 0))) 0 SkmSin-
(3.1.12)
e L-step:
oLy fjw Xi(t,2) Dy Xy (t, )Y Ly (t,v) — év‘(Xi(t,x)D_Xz(t,I)>xLz(t,v)
+ mZ;:l Q(L L, (t, 0))(Xi(t, ) X (£, 2) X0 (t, 2)) o
(3.1.13)

3.1.3 Treatment of the boundary condition

In the low rank framework, boundary condition for f(¢,x,v) need to be transformed to
the boundary condition of {Kj}i<j<,. In fact, this transformation has a non-trivial impact
on the fully discrete scheme which we shall describe in the next subsection.

For a boundary point x € 92, with outward pointing normal n(x) and boundary velocity
u,(x), general boundary conditions for Boltzmann equation (1.0.1) are defined through the

inflow direction:

f(t,x,v) = fray(t,x, V), (v—u,(x)) n(x)<0. (3.1.14)
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However, there are no prescribed inflow direction defined for {Kj}i<j<, and we need to
reconstruct the full boundary value by approximating the outflow values using values inside

the domain (extrapolation):

£t %, v) = Fut,) V= b)) <0 (3.1.15)

Jeatrap(t; %, V) (v = uy(x)) - 1(x) > 0.

Accordingly, we can project the full boundary value f°(t,x,v) to the space spanned by

{‘/j}lgjﬁr to obtain boundary values for {Kj}lgjgr:

K(t,x) =(f°(t,x,v), Vi(t, v))v
:<fbdy(ta X, V)ﬂ(v—uw(x))~n(x)<07 Vj(u V>>v + <feztrap(ta X, V)I]-(V—uw(x))~n(x)207 Vj(u V)>v

={ oy (£, %, V) Liv—u,y(x)) nix0<05 Vi(E: V))v + D Kt %) (Lv—u, () n(x) 20 Vit VIVi(E, V),
- (3.1.16)
where the K term appearing on the right hand side of (3.1.16) can be approximated by
extrapolation since the term results from the outflow.
Two typical boundary conditions used when solving the Boltzmann equation (1.0.1) are
inflow boundary and Maxwell diffusive boundary. For inflow boundary, we assume u,,(x) = 0

and the typical inflow boundary is given by:

in t7 — UWin ta 2
pin(t, ) eXp(_|v i (1, %)|

o T (1, %)) 2T, (2, %) ) ven(x) <0, (3.117)

Joay(t,x,v) = (

where pi,, uy, and T}, are the density, bulk velocity and temperature of the prescribed inflow.

The Maxwell diffusive boundary condition is given by:

. ’V — uw(t,x)|2
2T, (t,x)

Jody(t, %, V) = py(t,x) exp ( ) , (v—u,(x)) -n(x) <0, (3.1.18)

where T}, is the wall temperature, p,, is determined by conservation of mass through the

wall:

f(v—uw(x))n(x)ZO(V — Uy (X)) ’ H(X)f(t, X, V) dv
v—uy (t,x)]? .
o6y mg<ol¥ — a(x)) - () exp (—¥pmlT) gy

puw(t,x) = — (3.1.19)
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3.1.4 Time discretization and the fully discrete scheme

We now add the time discretization to (3.1.7)-(3.1.9) to obtain a fully discrete scheme.
Since most of the examples we are interested in this paper concern the stationary Boltzmann
equation, the first order time discretization suffices. For high order method in time, the
readers can refer to [53] and references therein.

Given the initial condition f(0,x,v) = f°(x,v), we first perform the singular value
decomposition fO(x,v) = Y7 XP(x)S7V°(v) to obtain (X, S5,V,%), where a fixed, rea-
sonable rank r is chosen and used in the following computation.

V;") are available. In order to obtain (X!, i+t V")

Suppose at time step t", (X[, S]!

ijo

at "1, we proceed as follows:
1. K-step.

(a) Construct K = >>{_; X['SH.
(b) Perform the forward Euler step in (3.1.7) to obtain KJ"*':
EP = K7 = ALY (VW) VKR + AL YD (VQ(Vi Vi) KKy, =1,
=1 m,n=1
(3.1.20)
(c) Compute the QR decomposition of K" = leXi”“Si(jl) to obtain updated

X and Si(jl).

The overall arithmetic complexity of this step is O (r2(rN\‘f“ +rN& + M N log Nv))

(suppose the algorithm in [30] is used).
2. S-step.

(a) Perform the forward Euler step in (3.1.8) to obtain Si(f):

SI(JQ) — Sj(jl) + Atz<v‘/3n‘/ln>v . <Xin+lvxKln+1>x

=1

— At Y <%"Q<V£,vn”>>vz(z (XXX, S50 s,<,?)7 =17
m,n=1 =1 \k=1
(3.1.21)
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Since some of the quantities have been computed in the K-step, they can be
reused in this step, for example, the term Q(V? V™). Note that we changed
the second term on the right hand side such that it uses VXKJ-T“rl rather than
VXXJ-"“. This is crucial because we have only available the boundary condition

expressed in terms of K j"+1 as seen in Section 3.1.3.
The overall arithmetic complexity of this step is O (r2 (rNd= + rQ)).
3. L-step.

(a) Construct L' = jT:1 5122)‘/jn and f(jmrl =iz XinHSi(jz)‘

(b) Perform the forward Euler step in (3.1.9) to obtain L™

LI = L} = At v - (XTI KT) W

=1
+ At Z V" V) Z (Z (XXX, S2)) qu)) Coi=1,...m
" o (3.1.22)
The term involving the collision operator is rearranged so that the previously
computed values can be reused. For the same reason as in the S-step, fo(j"H

is introduced to avoid using VX

(¢) Compute the QR decomposition of L™ = 7, SPHV"*! to obtain updated

‘/jn+1 and SiTjLJrl-
The overall arithmetic complexity of this step is O (rQ(foQC +rN& + r2)).

To simplify the notation, we treat x, v as the continuous variables in the above presentation.
The discretization in x and v can be added straightforwardly following the discussion in
Section 3.1.1 and Section 3.1.2. The inner products ( - )y, { - )x are evaluated using the
midpoint rule at the discrete velocity and spatial grid points.

If r is small, the computational complexity of the above algorithm will be dominated
by the evaluation of the collision operator O(r?MprN% log N, ), which can be much more

efficient than the full tensor method whose complexity is O(N& Mpp N2 log Ny).

63



3.2 An adaptive dynamical low rank method

The dynamical low rank method introduced in the last section uses a fixed rank r through-
out the entire time evolution. This turns out to be a bad strategy when solving the stationary
Boltzmann equation subject to inflow or Maxwell diffusive boundary conditions. The reason
is two-fold: 1) The boundary keeps sending new information to the interior of the domain
so that the basis Xj, Sj, Vj initialized according to the initial condition is not sufficient to
capture the solution at later time. Thus new basis needs to be injected to the solution over
time. 2) For many benchmark tests of the Boltzmann equation, the steady state solutions
are often low rank (see Section 3.3 for a partial justification). Therefore, keeping adding ba-
sis without dropping anything would unnecessarily increase the computational cost. In this
section, we provide an adaptive strategy to add and delete basis during the time evolution

of a dynamical low rank method.

3.2.1 Adding basis from the boundary

Assume that the full boundary values (3.1.15) are given by
ft,x,v) = fo(t,x,v), x¢& 0. (3.2.1)

Since the function f°(¢,x,v) does not necessarily belong to the space spanned by {V;}1<j<,
using a fixed set of basis will result in information loss.

We can fix this problem by explicitly adding boundary conditions as basis into {Vj}i<j<,.
For example, at the beginning of time step t", in the fully discrete scheme, suppose there are
Ny, spatial points on the boundary 9, N% velocity points over the velocity space €, and
Nd= spatial points over the physical space €. We can represent the full boundary values

fo(x, v, ") using a matrix F, € RNeaxNe" W then proceed as follows:

1. Compute SVD of F}, to obtain Fy, = Uy¥,Q7 where Uy, Qp are orthogonal and Y, is

diagonal with descending singular values.
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2. Drop singular values in ¥, that are smaller than 1.0e—10. Suppose there are r, singular

values remaining, set Q= Qu(:,1:1) € RN xr,
3. Concatenate a random matrix Xj, € R¥"*™ to X Q, to V" and extend S" with zero

padding:

S™ 0
0 0

o~

X =[X", X, € RNf”X(TJrTb), - e RU+m)x(r+7) V= o, Qb] c RN\F,I”X(TJrrb)’

(3.2.2)

4. Perform QR decomposition to X and V to orthonormalize new basis as X = XSz

and V =V,5,. Set S, = S,S5T.

Then (X, S,, V,) are the new basis and we proceed as in Section 3.1.4. Using SVD to get
representative basis Q, is crucial to increase computational efficiency by reducing number of
basis added ry. If fo(¢,x,v) = fb(v,t) is spatially homogeneous, then we can directly start

at step 3 and concatenate Fj, to V™.

3.2.2 Dropping basis adaptively

To avoid the rank accumulation from the above procedure, we can decrease the rank r
by dropping some small singular values of matrix (Si;)1<ij</-
At the end of time step t" as described in Section 3.1.4, we proceed as follows to adjust

the rank:

1. Compute the SVD of S"*! = (S, i<, to obtain S = UXQT, where U, Q € R™"

ij
are orthonormal and > € R™" is diagonal with descending singular values.

2. Drop singular values in ¥ that are less than some tolerance drop_tol. Suppose there
are r’ singular values remaining, we set U = U(:,1 : /), ¥ = (1 : 7,1 : 7') and
Q= Q(:,1: 7). Define S"*' = ¥ ~ S,

3. Update the basis as X7, Xot . X0H) = (X7 X0 0 XU and
[171"“, Voo Vﬁ“} = [V vt VT”H]Q where {X{LH}i:lMW and {‘Z”H}i:lww

are the updated spatial and velocity basis functions respectively.
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drop_ tol plays an important role in overall computational efficiency and accuracy. Large
drop_tol causes low accuracy for some high-rank solutions and small drop_tol suffers
from heavy computation by large computational rank. We dynamically choose drop_ tol

according to the accuracy of the current solution. More details are given in Section 3.4.1.

3.3 Normal shock problem and low rank property of the solution

Generally speaking, it is hard to predict or analyze the rank of the solution to the
Boltzmann equation due to its highly nonlinear structure. As such, the dynamical low rank
method introduced above is really like a black box solver since one cannot tell in advance the
rank of the solution until the actual simulation is run. If the rank turns out to be high, the
method becomes slow and might not be competitive to the full tensor method. Nevertheless,
in this section we identify a class of problems whose solutions are indeed low rank so that
we have confidence about the efficiency of the low rank method.

The normal shock problem [2] is a classical benchmark test in rarefied gas dynamics
and has been used to validate all kinds of numerical methods for the nonlinear Boltzmann
equation. Consider a plane shock wave perpendicular to a flow. The flow is in the x;
direction. The gas is uniform at upstream infinity (z; — —o0) and downstream infinity
(x1 — +00) and the whole flow is stationary. We are interested in the shock profile developed
in this setup with various Mach numbers.

The governing equation is the following 1D stationary Boltzmann equation:

010, [ = QS /), (3.3.1)

with boundary condition

PL (_(vl—uL)2+v§+...+v§>

xlli@oof@lav) = fL(v) = Mlpr,ur, Tp](v) = W Xp 2T,
. B . . PR _(vl—uR)2+v§+...+v§
:vlllg—loof(xl’ V) - fR(V) - M[PR: uRyTR] (V) - (QETR)d/ZeXp ( 2TR )

(3.3.2)
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where M|p, u, T is the Maxwellian distribution; (pr,ur,Tr) and (pg, ug, Tr) are the density,
bulk velocity and temperature of the upstream and downstream flows; and R is the gas
constant.

The net flow of mass, momentum and energy into the shock must be equal to the ones

out of the shock:

1 1
/vlfL(v) v | dv = /UlfR(V) vy | dv. (3.3.3)
v? v?

Rewriting (3.3.3) in terms of macroscopic quantities pr g, ur g and Ty, g, we have the follow-

ing Rankine-Hugoniot relations

PLUL = PRUR;
prui + piTL = pruf + prTr, (3.3.4)

PLUL (u% -+ (dv + Q)TL> = PRUR (u% + (dv + 2)TR) .

Given the upstream quantities (py, ur, Tr) and using the upstream flow Mach number defined

by

U dy + 2
Mp=——t5, y=-"7", (3.3.5)
QUIME v
we can solve (3.3.4) to obtain
(d, + 1) M} M} +d, ((dy +2)M3? — 1)(M? +d,)

(3.3.6)
In the following, we consider two scenarios where one can obtain some low rank approx-

imation to the solutions of (3.3.1)-(3.3.2).
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3.3.1 Weak shock wave: M, = O(1)

When M) =1, it is clear from (3.3.6) that there will be no jump hence no shock. When
My, = O(1) but bigger than 1, a weak shock will be developed. We assume

My =1+c¢, (3.3.7)

where ¢ is a small parameter. In fact, € is on the same order of the mean free path [67]. We

then rescale z; according to Z; = ezy. The (3.3.1) thus becomes

0 f = 2QUf, /). (3.3.8)

On the other hand, we can see from (3.3.6) that the macroscopic quantities of upstream flow

and downstream flow are very close:

PR dv(MJ% — 1)
—=l4 ———==1
oL + M+ d, + O(e),
UR dv(Mg — 1)
—=1-—=—>=1+0 3.3.9
uL (dv + 1)M£ + (8)’ ( )
Tr (dy + 1) (M} —1) + (M? —1)2
EL . | =1 .
i (dy + 1202 +00)
Hence
E =14+ 0(e). (3.3.10)
fr
Therefore, it is reasonable to assume
f(@1,v) = fu(v) + efi(@1,v) + O(e?), (3.3.11)

where f1(Z1, V) is yet to be determined.
The rest of the analysis is similar to the Hilbert expansion. Substituting (3.3.11) into
(3.3.8) and matching orders, we obtain at order O(¢):

O(fi, fo)+ Q(fr, f1) = vi0z, fr(v) = 0. (3.3.12)
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Using the linearized Boltzmann collision operator [6] defined by

1
La(f) = i (QM, M[) + QMf,M)), M is a Maxwellian, (3.3.13)
we can write (3.3.12) as
Ly, (fl> (Z1,v) = 0. (3.3.14)
fr
The kernel property of L, implies that }{—i must be a linear combination of collision invariants
1, v, |v|* and we may write
A(EL,v) = fo(v) (a(@) + b(@) - v + e(@)|v]?), (3.3.15)

where a, b and ¢ are functions of x; only. Together with (3.3.11), we have

f(@1,v) = f1(v)(1 4+ ca(z)) + eb(Zy) - v + ec(@))|v[*) + O(?). (3.3.16)

Therefore, up to order O(¢), the solution f(#;,v) is a low rank separated function in Z; and
\Z

We mention that the derivation of O(g) term does not require specific properties of the
collision kernel B. One can continue this process to derive O(g?) term, which is a low rank

function as well and depends on the kernel B, see [67] for details.

3.3.2 Strong shock wave: M; — oo

When M, is very large, a strong shock wave will develop and one cannot hope for any
asymptotic expansion as in the previous subsection. Over the years, people have tried to
find various approximations to the solution in this regime and it turns out many heuristic
solutions match well with the experiments, yet are low rank [2], [68]. Here we present
one such approximation due to Mott-Smith, who obtained the first solution of Boltzmann’s
equation for the shock structure problem in 1951. More sophisticated approximations exist

but they more or less follow a similar idea as Mott-Smith.
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The starting point is a bimodal distribution (and low rank) approximation of f as

fz1,v) = ay(x1) fr(v) + as(z1) fr(V). (3.3.17)

To satisfy the Rankine-Hugoniot equations, we must have a;(z1) + a2(z1) = 1. We thus
write a(z1) = ai(x1) and ag(z1) = 1 — a(z1). In order to determine a(x), one additional
condition is needed. The simplest way is to enforce the moment equation by multiplying

(3.3.1) by [- vidv:

/ W30, fdv = / V2Q(f, f) dv, (3.3.18)
which reduces to
d (1) (prus(uf +3TL) — prur(uf + 3Tk)) = aa(z:)(1 - a(x1)), (3.3.19)
with
o= /vl (fu, ) + O(fn, f1) dv. (3.3.20)

Using (3.3.4), (3.3.19) can be further simplified to
(d—1)prup(Ty — Tr)d (z1) = —aa(z1)(1 — a(zy)). (3.3.21)

This equation easily integrates to

1 5= «
exp(ﬁxl) + 17 a (dv — 1)pLuL(TL — TR) ’

a(zy) = (3.3.22)

Therefore, we have found a closed form solution in the form of (3.3.17). Note that to
evaluate a, we need to make use of specific properties of the collision kernel B. Accordingly,
we can see that the spatial change in p across the shock wave increases with increasing Mach

number M, of the upstream:

pler) 1+ G exp(Ba) .
oL 1 +exp(fz1) o
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3.4 Numerical examples

In this section, we evaluate the accuracy and efficiency of the proposed dynamical low
rank method by several classical benchmark tests in rarefied gas dynamics, including normal
shock wave (1D), Fourier flow (1D), lid driven cavity flow (2D), and thermally driven cavity
flow (2D). All these examples concern the steady-state solution of the Boltzmann equation
and we use the first order method in both time and space as described in Section 3.1, and
Fourier spectral method for 2D Maxwell molecules [30] to evaluate the collision operator.

The results are compared with full tensor method using the same discretization.

3.4.1 Convergence criterion

Unlike time dependent problems, we need a proper stopping criterion for solving the
steady state solutions.

For the full tensor method, we define the error as

1
_ n+1 n _ n+1 n n+1 n 2
CITfyll tensor — ”ffull tensor ffull tensor ||L2 - < full tensor ffull tensor’ J full tensor ffull tensor>x v’
(3.4.1)
For the low rank method, we define the error similarly as
1
_ n+1 n o n+1 n n+1 n 2
CITlow rank — ”flow rank ~ flow mnk”L2 - < low rank ~— flow rank’ Jlow rank ~ flow rank>x v’ (342>

n I r nqn n ] n
where fij ane = 21 =1 X{'S; V)", Rather than reconstructing fii, 1., the above error term

can be broke into three pieces:

T T

fzvtlrank — = .Zl héar Sf}HVj"H _ .Zl X{SEvir
i,j= ij=
= Z; (an+1 — Kj”) v+ .Zl Xt (Si(j?) — Si(jl)> V4 ;Xinﬂ (L;H—l _ L?)
j= = -

= Z AKJ‘/JH + Z Xin-i_lASij‘/jn + ZX{H_IALi
=1 i,j=1 i=1

(3.4.3)
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where the notation follows Section 3.1.4. By orthogonality of { X }1<i<, and {V} <</, (3.4.2)

can be simplified as

2 . n+1 n n+1 n
CITow rank — < low rank ~— flow rank> Jlow rank ~ flow rank>

X,V

- Z (AK;, AK;), + Z AS? + Z (ALi, AL), +1+ 11+ 111, 344
j=1 ij=1 i=1
where I, II and III are cross terms:
=2 Z (AK;, X[ ASy.
ij=1
I = 2 Zl (AL, V") AS. (3.4.5)
(=
I = 2 Z <AKj,Xfl+1>x : <AL1, Vj”>v.
ij=1

We emphasize that it is crucial to evaluate errioy rank using (3.4.4)-(3.4.5), since the cost of
reconstructing i, . is O(r?N&= N2 which is comparable to a full tensor method.
In general, we set a fixed convergence tolerance res__tol and terminate the time iteration

whenever errioy rank, €Tl tensor < res__tol for both the full tensor method and low rank

method.

For the adaptive low rank method discussed in Section 3.2, we have

= 1
|err10W rank — err?c?v? rank < Hff(l)vtlrank - lq(f;vtlrankHL2 < (7’ o T/)§ ’ dI‘OpitOl, (346)

fn+1

e — TP enkllz2s fEL s the solution at the end of time step "

ada _
where CIT 0w rank — ||

after adding and removing basis. We dynamically set drop_tol = ¢ - err?d? . and control

ada
erris® .k through

I S
L+ec(r—r")

1

1—c(r— r’)%

ada

€ITlow rank S €Il w rank S

€ITiow rank- (3.4.7)

N

In the following tests, we set ¢ = 0.2 and apply the adaptive dynamical low rank method

. . . ada
with convergence criterion errj<® . . < res__tol.
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3.4.2 Normal shock wave

We first consider the normal shock problem (3.3.1)-(3.3.2) with several different Mach

numbers.
The spatial domain is chosen as x; € [ — 30, 30] with Ny = 1000. The velocity domain is
(U17 UQ) S [ - LV; LV]Q-

For different Mach number M/, the initial condition is chosen as

a=05 =0
_ tanh(a(z — 3)) + 1

D o)
. tanhz((ozzgj_—ﬁg 1
) — (tanh;a(j_—i))) b1, 0) |
and
v =2,
us o) = (1 S

U
(ur, ugr) = (ﬁMu p;}f);

2yM7 — (v — 1)
(v+ 1)pr

When showing the numerical results, we are mainly interested in the macroscopic quan-

(T, Tr) = (1,

tities density p(z), bulk velocity v(x) (in first dimension) and temperature 7'(z). Their

normalized values will be presented, which are defined by

() = p(z) — PL7 (z) = v(z) — UR, f(w) _ T(x) —1Tf

P PR — PL up — UR Tr—Tp

Weak shock wave: Mach 1.4

In this subsection we consider Mach number to be My, = 1.4 and set N, = 32, L, = 13.11.

We set the reference solution f,.; as the solution from full grid method with convergence
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criterion res__tol = 4.0e — 10. To compare the efficiency and accuracy of the adaptive low
rank method, we vary convergence criterion res__tol and compare the L? error with reference
solution as || fret — fiest||z2 Where fiest is the solution from either the full grid method or the
low rank method. At the same time, we record the computational time needed for both
methods to reach the same convergence criterion as well.

From Figure 3.1, we can see that low rank method can achieve the same accuracy
much more efficiently compared to the full grid method. In Figure 3.2, we tracked the
rank evolution profile and normalized macroscopic quantities under convergence criterion
res_ tol = 3.0e — 7. For low rank method, the numerical rank grows slowly as time evolves
and is stabilized to 16 before reaching convergence criterion. Furthermore, both method

match well with the reference solution.

x10*

1072 . . 3 T T
—©6— full grid method —©— full grid method
—%—low rank method —%— low rank method

251 g
.
[) 2+r
£
5 E
o
= o
3 10° S15
o =
o
IS
8 1t
05
10 : ‘ 0
10 107 10 10 107 10°®
res_tol res_tol

Figure 3.1. Normal shock wave (Mach 1.4): L? with reference solution fief
(Left) and computational time in seconds (Right) for both full grid and low
rank method under the same convergence criterion res__tol.

Strong shock wave: Mach 3.8 & Mach 6.5

In this subsection we consider the strong shock wave problems with two different large
Mach numbers. For both cases, we consider the same convergence criterion res_ tol =

4.6e — 7.

74



12
15
1
14+
13+ » 0.8
>
s
12t z
N06
11 ]
£
o
101 S04
ol
02+t
sl
7 ‘ ‘ ‘ ‘ ‘ o
0 10 20 30 40 50 60 -

time

Figure 3.2.

r|—F%—lowrankt

Ref rho
Refu
Reft
—&—full grid rho
S full grid u
full grid t
—#——low rank rho
—k—low rank u

Normal shock wave (Mach 1.4): Rank evolution profile of

low rank method (Left); Normalized density, bulk velocity and temperature
(Right) profile of reference (res__tol = 4.0e — 10), full grid and low rank

method (res__tol = 3.0e — 7).
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For case M, = 3.8, we set Ny, = 32 and , L, = 20.97. We need computational time 18540
seconds for full grid method and 7556 seconds for low rank methods to reach convergence
criterion. For case My = 6.5, we set Ny, = 48 and L, = 34.08. We need computational time
44379 seconds for full grid method and 16157 seconds for low rank methods to reach conver-
gence criterion. In Figure 3.3, we track the rank evolution profile as well as the normalized
macroscopic quantities. The numerical rank for high Mach number shock wave behaves
similarly as the weak shock wave case, except that the growing is more rapidly. A similar
observation can be obtained that in both cases that the numerical ranks are stabilized before
reaching convergence criterion. We also obtain good matches in the normalized macroscopic

quantities profile plot.

3.4.3 Fourier flow

In the following, we will study the performance of our method with diffusive Maxwell
boundary condition. We consider a Fourier heat transfer problem and the spatial domain is
1D where x € [0, 2] and velocity domain is 2D where (vy,v9) € [ — Ly, L,]* where L, = 7.86.
We set Ny = 200 and Ny, = 32 in each velocity dimension. For initial condition, we consider
a spatially homogeneous Maxwellian with po(z) = 1, ug(z) = (0,0) and Ty(z) = 1. The
diffusive Maxwell boundary condition is assumed at x = 0 and x = 2 with wall quantities
u, = (0,0), T, =1 at x =0 and u,, = (0,0), T,, = 1.2 at z = 2. The convergence criterion
is res__tol = 2.0e — 7 for both full grid and low rank methods. For full grid method, we
need 925 seconds to reach convergence criterion while for low rank method, we only need
509 seconds. From the rank evolution profile in Figure 3.4, the numerical rank is stabilized
to 11 in a short time. We also plot the temperature profile as in Figure 3.4 and we can see

that both methods match well.

3.4.4 Lid driven cavity flow

We next consider the 2D lid driven cavity flow problem to study the performance of
our adaptive low rank method and the rank dependency. The spatial domain is rectangular

(z,y) € [0,0.5]% and velocity domain is (vi,vs) € [ — Ly, L,]? where L, = 7.86. We set
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Figure 3.3. Normal shock wave (Mach 3.8 & Mach 6.5) Rank evolution
profile of low rank method with Mach 3.8 (Top Left) and Mach 6.5 (Top
Right); Normalized density, bulk velocity and temperature profile of full grid
and low rank method (res__tol = 4.6e — 7) with Mach 3.8 (Bottom Left) and

Mach 6.5 (Bottom Right).
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Ny = 100 in each spatial dimension and N, = 32 in each velocity dimension. For initial
condition, we consider a spatially homogeneous Maxwellian with pg(z) = 1, ug(x) = (1,1)
and Ty(z) = 1. The diffusive Maxwell boundary condition is assumed at boundaries of
[0,0.5]>. We set the wall temperatures at y = 0 with u,, = (1,0), T, = 1 and while at
r =0,z =05and y =0, we all set u, = (0,0), To,p, = 1. The convergence criterion
is res_ tol = 2.0e — 7. For full grid method, we need 29043 seconds to reach convergence
criterion and for low rank methods, we only need 8323 seconds. We compare the temperature
and velocity profile in Figure 3.5 and a well match is obtained. We track the rank of low

rank method and compare the error decaying behavior of both methods as in Figure 3.6. We

ada

e ank 18 decreasing, the rank needed is increasing more

can see for low rank method, as err
rapidly than previous tests. Rank stabilization is not observed here. When time ¢ = 1.5, rank
needed for low rank method is as many as 100. However, low rank method can efficiently
evolve distribution to a relatively low accuracy solution efficiently. From the error decaying

behavior, we can see both error behaves similarly.

3.4.5 Thermally driven cavity flow

We now consider the effect of flow induced due to thermal gradients in 2D with the
thermally driven cavity flow problem. The spatial domain is rectangular (z,y) € [0,2]?
and velocity domain is (vy,v9) € [ — Ly, L,)> where L, = 6.55. We set N, = 100 in each
spatial dimension and N, = 32 in each velocity dimension. For initial condition, we consider
a spatially homogeneous Maxwellian with po(x) = 1, up(x) = (0,0) and To(x) = 1. The
diffusive Maxwell boundary condition is assumed at boundaries of [0,2]?. We set the wall
temperatures at y = 0, y = 2 with u,, = (0,0) and that T, follows a linear function ranging
from 1 to 1.2 as in Figure 3.7. At z = 0 and z = 2, we set u,, = (0,0), T, = 1. The
convergence criterion is res_ tol = 2.0e — 7. For full grid method, we need 19011 seconds to
reach convergence criterion and for low rank methods, we only need 7112 seconds. We plot
the temperature and velocity profile for both methods as in Figure 3.8 where we can see a
good match. We track the rank trajectory of low rank method and the error decay profile

as in Figure 3.9. Different from the lid driven cavity flow problem, the rank increases more

79



Temperature Temperature

0.45 1
0.4
0.35
03
>0251
0.2
015
0.1
0.05

0.45

0.4
035

03 1 03

> 025 1 >025f
02r 1 02
015 q 0151
0.1 1 0.1
0.05 - q 0.05
005 01 015 02 025 03 035 04 045 005 01 015 02 025 03 035 04 045
_: _:
-0.05 005 01 015 02 025 03 035 04 -0.05 005 01 015 02 025 03 035 04
i . y componenl of "e"’fﬂ’,’, _ — , . y component of velocny S

045} 7 045} e

04 F [ 041 ‘c

0.35 \ ( 0.35 \ ‘\

03 | 03 |

>~0.25F ) ( \ =025 ‘

02t \ \ 1 02f J/ ‘

0.15 | - ] . 1 0.15 | - '

01 7 ] o1} i ‘

0.05 q 0.05 L

005 01 015 02 025 03 035 04 045 005 01 015 02 025 03 035 04 045
X X
I ] I ]
0.15 0.1 0.05 0 0.05 0.1 0.15 0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

Figure 3.5. Lid driven cavity flow: Temperature profile of full grid (Top Left)
and low rank (Top Right); x-component velocity of full grid (Middle Left) and
low rank (Middle Right); y-component velocity of full grid (Bottom Left) and
low rank (Bottom Right) method. Convergence criterion is res_ tol = 2.0e—7
for both methods
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Figure 3.6. Lid driven cavity flow: Rank evolution profile of low rank method
(Left); Error decaying behaviors of full grid and low rank method (Right)

Figure 3.7. Thermally driven cavity flow: Wall temperature profile at y = 0 and y = 2
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rapidly and when reaching convergence criterion, rank is increasing to as many as 120. We
emphasize that for this problem, the current convergence criterion res__tol may not be small
enough to get a highly accurate solution because of the small-scale induced velocity. A more

efficient way would to be first use the low rank method to get an approximated solution and

then turn to full grid method to further increase the accuracy of the solution.
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Figure 3.8. Thermally driven cavity flow: Temperature profile of full grid
(Top Left) and low rank (Top Right) method; x-component velocity of full
grid (Middle Left) and low rank (Middle Right); y-component velocity of full
grid (Bottom Left) and low rank (Bottom Right). Convergence criterion is
res_tol = 2.0e — 7 for both methods.
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3.5 Conclusions of this chapter

We have introduced an adaptive low rank method in Boltzmann equations for compu-
tation of steady state solutions. This method employed the fast Fourier method and the
dynamic low rank method to obtain computational efficiency. Unlike the fixed-rank low
rank method, this method can adaptively control the computational rank by monitoring
residual errors of current solutions. A series of benchmark tests are conducted to show the
efficiency and accuracy of the proposed method. Some interesting future work would be to

analyze the theoretical rank dependency of general Boltzmann equations.
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4. UNCERTAINTY QUANTIFICATION FOR KINETIC BGK
EQUATION USING VARIANCE REDUCED MONTE CARLO
METHODS

It remains to discuss the kinetic equations with uncertainties. We focus on the BGK model
(1.0.6) of the Boltzmann equation with uncertainties. We propose an efficient control variate
multilevel Monte Carlo method that can effectively reduce the variance of approximation.
The rest of this chapter is structured as follows. In the next section, we introduce the
BGK equation with random inputs and establish the well-posedness of the equation. The
Monte Carlo methods and analysis are presented in Section 4.2, whereas in Section 4.3 we
discuss their multilevel extension in a standard and control variate setting. In Section 4.4 we
show the numerical results obtained with standard MC, MLMC and control variate MLMC
methods. Finally some conclusions are drawn in Section 4.5. In a separate Section 4.A we
report the details of the dimension reduction method and the numerical scheme adopted to

solve the deterministic BGK equation. Most of the results in this chapter are extracted from

[69].
4.1 The BGK equation with random inputs

In this section we formulate systematically the BGK equation with random inputs and

establish the well-posedness of the equation by extending the results in [50], [70].

4.1.1 Setup of the problem

In the BGK equation, due to uncertain initial- or boundary- conditions, the resulting
solution f would be a random variable taking values in the functional space, where the
solution of the BGK equation (1.0.6) lies in. In most circumstances, it is the physical
observables or macroscopic quantities (such as p, U, T') at certain time that are of interest,
hence we will mainly consider random variables taking values in L(€)), where Q, is the
physical domain. Following the discussion in [37], we first present some basic concepts from

probability theory and functional analysis.
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Let (Q2,.7,P) be a probability space with €2 being the set of elementary events, % the
corresponding o-algebra, and P the probability measure mapping Q into [0,1] such that
P(Q2) = 1. A random variable taking values in L'({,), a separable Banach space, is defined
to be a mapping X: Q — L'(Q,) such that for any A € ¢, the preimage X '(4) € Z,
where X 1 (A) = {w € Q: X(w) € A} and (L'(Qy),¥) is a measurable space.

To define the expectation and variance of random variables in L'(€), we need the con-
cept of Bochner integral by extending the Lebesgue integral theory. The strong measurable
mapping X : Q — L'(Q) is Bochner integrable if, for any probability measure P on the

measurable space (€2, %),

/Q||X(w)\|L1(Qx) dP(w) < oo. (4.1.1)

Moreover, any Bochner integrable random variable X : Q — L'(£2,) can be approximated

by a sequence of simple random variables { X, },en defined as follows,

N
X, = an,iXAn,ia A€ F, xy; € L'(Qy), N < c0. (4.1.2)

i=1

To get moments like expectation or central moments like variance, similar as the derivation
of the Lebesgue integral, the Bochner integral is defined by taking the limit of sequences of

simple random variables {X,,(w)}, for example, the k-th order moments is defined as

XH = /Q XE(w) dP(w) = lim / Xk (w (4.1.3)

n—o0

and the variance is defined as
VIX] :=E[(X - E[X])’] = /Q(X(UJ) —E[X])? dP(w) = E[X?] — (E[X])*. (4.1.4)

For the error analysis, we need to introduce the Banach space LP(Q, %, P; L'(Qy)) with the
norm

1
X ze (@) = BIIX L ])7 < oo, 1T <p < oo; (4.1.5)
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and L>(Q,.Z,P; L'(Q)) with the norm

||X||LOO(Q;L1(QX)) .— €SS SupwegHXHD(Qx). (416)

We consider the real physical case where d, = d, = 1 and the BGK equation with random

inputs hence reads

O f(wit,x,v)+v-Vyf(w;t,x,v) = i(/\/l[,o, U, T|(w;t,x,v) — f(w;t,x,Vv)),

(4.1.7)
weN xeQ CR veR3 t>0,
where
p(w;t, x) ( !V—U(w;t,X)\2>
Mlp, U, T|(w;t,x,v) = exp | — , 4.1.8
with
(wit) = [ fwitxv)dv,  Ulwitx) =~ [ vt xv)d
w;t,xX) = w;t,x,v) dv wit,x) = —— [ vf(w;t,x,v)dv
p » R?j P ) 7 PR p(w;t7x) RB P 9 9
. (4.1.9)
T(w;t,x) = S,z)(w;t,x)/RJV —U(w;t,x)|*f(w;t,x,v) dv.
The initial condition is given as
fw;0,x,v) = fo(w;x,v), we, xecQ, CR® veR: (4.1.10)

For the boundary condition, we consider one of the following:
o periodic boundary: f(w;t,x +a,v) = f(w;t,x,v) for x € 9 and some a € R?;
« Dirichlet boundary: f(w;t,x,v) = g(w;t,x,v) for x € 9€;

o purely diffusive Maxwell boundary: for x € 0€),

flw;t,x,v) = M|pw, 0, Ty|(w; t,x,v) = My (w;t,x,v), v-n <0, (4.1.11)
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where n is the outward normal of 92, and M,, is given by

puw(w; t, %) ( [v|? >
exp [ —— ) 41.12
(21T, (w;t,x))? P 2T, (w; t,x) ( )

My (w;t,x,v) =
where T, (w; t,x) is the wall temperature and p,,(w;t,x) is chosen such that
/ v-n f(w;t,x,V) dV:—/ v-nM,(w;t,x,v) dv. (4.1.13)
v-n>0 v-n<0

4.1.2 Well-posedness of the equation and some estimates of the macroscopic
quantities

In the following, we establish the well-posedness of the BGK equation (4.1.7) with random
inputs. We also obtain some estimates for the macroscopic quantities p, U and T. For
simplicity, we assume the periodic boundary condition and consider the uncertainty only
arising in the initial condition fj.

First of all, some general estimates on the macroscopic quantities can be obtained point-

wise in w following [50] for the deterministic BGK equation.

Proposition 4.1.1 ([50]). Suppose that f(w;t,x,v) > 0. Define p(w;t,x), U(w;t,x),
T(w;t,x) according to (4.1.9). Moreover, set

N,(f)(w;t) :==supsup f(w;t,x,v)|v|!, g >0. (4.1.14)

Then the following estimates hold:

X)), (4.1.15)

T(w;t,x)?

q—3

p(ws £, x) (BT (wi £,%) + [U(w; 6, x)P)E < CoNy(f), forg > 5, (4.1.16)
where Cy, Cy are some positive constants.

Based on the above estimates, one can obtain the existence and uniqueness of the solution

to (4.1.7) also following [50] in a point-wise manner in w.
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Theorem 4.1.1 ([50]). Set
N,(f)(w;t) := supsup f(w;t,x,v)(1+ |[v]?), (4.1.17)

then, by definition, Ny(f) < Ny(f). Suppose that the initial condition fo(w;x,v) > 0 and

that for some q > 5,

N, (fo)(w) = supsup fo(w;x,v)(L+ [v]?),
x v (4.1.18)
Sgqu(fo)(w) < Ay < o0,

and
y(w;t,x) = /fo(w;x — vt,v) dv,
R? (4.1.19)
igfigfil;lfy(w;t,x) > A >0,

then, for fized Knudsen number € > 0, there exists a unique mild solution of the initial-value
problem (4.1.7)-(4.1.10) with periodic boundary condition.
Moreover, for allt > 0, the following bounds hold:

No(f)(w:t) < Agexp (C;%) N (f)(wit) < Agexp (iqt) , (4.1.20)

t
inf p(w; t,x) > Aj exp (—) : (4.1.21)
x €
where Cy and C, are the same constants appearing in Proposition 4.1.1.

As a direct consequence of Proposition 4.1.1 and Theorem 4.1.1, we have the following

corollary on the upper bounds of the macroscopic quantities.

Corollary 4.1.2. Suppose that the conditions in Theorem 4.1.1 hold. We also assume the

Knudsen number € > ¢y > 0. Then for allt > 0, the following bounds hold:

supsup {p(w; t,x), |U(w;t,x)|, T(w;t,x)} < Cyexp (?t) , (4.1.22)
w X 0
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where Cy and Cy are positive constants depending only on Aoy, Ay, Cy and C,.

Proof. By (4.1.16), (4.1.20) and (4.1.21), we have

s C.N,(f) _ C,A C,+1
T(w: X)) < —ta) T (q ) 412
(BT (w;t,x) + [U(w; t,x)[7) S Switx) S A p— (4.1.23)
Hence
1 /C A\ 73 2(C, + 1) C,Ap\ 73 C,+1
T(w:t, <q) =1, |U(w,t, <<q> 1 t.
it 3 (S0 e (3. ool < (F420) e (£
(4.1.24)
By (4.1.15) and (4.1.24), we have
plw; t,x) < CoNo(f)T (w3 t,%)?
s 4 s B (4.1.25)
<320 C{ AT A P exp <3<Cq D+ 3)Cot> .
(g —3)e
O

4.2 Standard Monte Carlo method

In this section, we describe the basic Monte Carlo sampling method to solve the BGK
equation (4.1.7) and establish some error estimates. For simplicity, we will consider that
the uncertainty only comes from the initial condition. The case for the random boundary

condition is similar.

4.2.1 Monte Carlo method

Suppose we generate M independent and identically distributed (i.i.d.) random samples

fi,i=1,..., M, according to the random initial condition fo(w;x,v). Then each fi(w;x,V)
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will yield a unique analytical solution to (4.1.7) at time ¢, denoted by f'(w;t,x,v). From

fi(w;t,x,v), we can easily compute

p(w;t,x) :/ fllw;t,x,v)dv, m'(w;t,x) :/ vfi(w;t,x,v)dv,
R3 R3
V2 (4.2.1)

Bt = [ M psexvay,
R3 2
then U' and T" are given by

m'(w; t,x)

20! (w; t, %) E'(w; £, x) — |m' (w; ¢, x)|?
pi(w;t,x) '

Uiwit,x) = i %)

, Ti(w;t,x) =

(4.2.2)

Since it is the macroscopic quantities we are interested in, in the following, without further
notice we will use a single variable ¢ to denote p, |U| or T.

Given the samples ¢', i = 1,..., M, the MC estimate of the expectation E[q(w;t,x)] is
given by

Elq(w;t,x)] = Eylg(w; t,x)] := — (w; t,x) (4.2.3)

||M§

To estimate the error between E[q(w;t,x)] and Ejy[q(w;t, x)], we need the following lemma.

Lemma 4.2.1. For every finite sequence {YJ}JJZ1 of independent random variables with zero

mean in L*(Q; L*(Qy)),

2 M
HYHLQ AL2(00))- (4.2.4)

j=1

Proof. From independence of {Y;} and that E[Y;] = 0,

y y (4.2.5)
= [ vl dx=3 [ BN dx - Zuyum 20
j=1 j=1
[

We have the following consistency theorem.
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Theorem 4.2.2. For any M € NT, at time t = t,,
_1 1 1
[Elq(w; t1,x)] = Enxla(w; tr, x)] 12000 0,0) < M2 Q]2 [ V]g(w; 1, X)) | 71q,)- (4:2.6)

Proof. We interpret the M samples { fi}1, as unique realizations of M independent samples
of fo in the probability space (Q,.%,P). In other words, {fi}¥, are i.i.d. copies of fy €
L' (2, x R3). As a result, the corresponding copies of macroscopic quantities {q'(w; 1, X)}ij\il

derived from the initial data {fi}#, are also independent in L*(Q; L'(Qx)).
Denote E[q(w;t1,x)] — ¢'(w; t1,x) by Ag'(w, t1,x), then

E[A¢ (w,t1,%)] = 0, (4.2.7)
and
M .
IE[g(w; t1,x)] — Exlg(w; tr, x)]||l 2uriny = M| D A (w, t1,%) . (4.2.8)
i=1 L2 (L1 (2x))
Using the boundedness of domain {2,
M ) 2 M ) 2
> AG (w, t1,x) < W) AG (w, ty, x) . (4.2.9)
i=1 L1 () i=1 L2(0x)

Taking the expectation, noting that Aq' are independent and using Lemma 4.2.1, we have

M ) 1 M i
ZAql(w,tl,X) S |Qx|E ZAql(w7t7x1>
i=1 L2(;L () i=1 L2(L7 (0x))
M
) | ] L (4.2.10)
:|Qx|2\JZ [AG (w, t1, %) |72 (0. 22(0,)) = [x|2M 2 [|Ag'(w, t1, %) 120,120y
i=1
1.1 3
=] M2[[V[g(w; t1, x)][| 21,
O

As a direct result of Theorem 4.2.2 and Corollary 4.1.2, we have the following convergence

theorem.
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Theorem 4.2.3. Under assumptions of Theorem 4.1.1 and Corollary 4.1.2, for 0 < t; < oo,
as M — oo, the MC' estimate Eyq(w;ty,x)] converges in L*(Q; L' (Q)) to Elg(w;t1,x)].

Furthermore, for any M € N, there holds the error bound

c n
IElq(w; t1,%)] — Earlg(w: t1,%)]| 21 < Cil Q] exp (;“) M- (4.2.11)
0

Proof. Tt only needs to note that

1 1 1 C
[Vig(ws tr, )1 210 < NElg* (w; 1, %)][|71 0, < 19x2Cexp (502“> : (4.2.12)

4.2.2 Monte Carlo method with fully discrete scheme

To complete the error analysis, we need to consider the Monte Carlo method coupled
with the fully discrete scheme for the BGK equation, which includes discretization in time,
physical space and velocity space. The details are given in the 4.A. Simply speaking,
we are using Gauss quadrature in the velocity space, second order IMEX-RK scheme for
time discretization, and second order MUSCL finite volume scheme for spatial discretization
(under the hyperbolic CFL condition At < C'Ax). Overall, this leads to a second order
positivity-preserving and asymptotic-preserving scheme for the deterministic BGK equation.
In the following, we assume that the velocity discretization is accurate enough and ignore
the work and error in velocity space. It is then reasonable to assume the numerical solution
qaz.at(w;ty,x), computed with mesh size Az and time step At corresponding to initial data

fo(w;x,v) up to time ¢, satisfies the following error estimate point-wise in w:

Assumption 4.2.1. For fized time t; > 0, under the hyperbolic CFL condition At < C'Ax,

we have
la(w; t1,%) — gaeaiwi 1,9l o < Cw) (A + (AD?) < Cu(An)?,  (4.2.13)

where C., is some positive constant.
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The MC estimate of the expectation E[g(w;t,x)] is now given by

1 X
Elg(w;t, x)] % Bulgaear(wit, X)) i= 57> dagai(witx). (4.2.14)
i=1

We have
Theorem 4.2.4. For any M € NT, at time t = t,,
_1 1 1 9
[Elg(w; t1, x)] = Exlgaz,ac(w; ty, X)| 2 (esmoa00) < M 72 [Q[2[[Vg(w; tr, x)][|71 g, ) +Cu(Az)".
(4.2.15)
Proof.

|E[g(w; t1,%x)] = Exlgaz,as(w;ty, x)]|| 20 0.0) < 1Eld] — Emlalll 2001 @0

+ | Enla] = Envlgaeadlll iz ©0))-
(4.2.16)

It is enough to apply Theorem 4.2.2 and Assumption 4.2.1. [

The following corollary is a direct result of Theorem 4.2.4.

Corollary 4.2.5. Under assumptions of Theorem 4.1.1 and Corollary 4.1.2, for 0 < t; <
0o, as M — oo and Az, At — 0, the MC estimate En[gazat(w;ti,x)] converges in

L2(Q; LY (%)) to E[g(w; ty,x)]. Furthermore, for any M € N, there holds the error bound:

C. 1
|Elg(w; t1,x)] = Exlgaz,ac(w;ty, X)]|| 201 0,0)) < C1]Qx| exp (:h) M™% + C,(Ax)*.
0
(4.2.17)

4.3 Control variate multilevel Monte Carlo method

In this section we first introduce the multilevel Monte Carlo method and then follow-
ing [71] we discuss the use of control variate techniques to optimize its variance reduction

properties locally using two subsequent levels or globally among all levels.
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4.3.1 Multilevel Monte Carlo method

The MLMC method is defined as a multilevel discretization in x and ¢ with a level [
dependent number of samples M;. Suppose we have a nested triangulation {7;}%, of the
spatial domain 2, (L € N* is the number of levels) such that the mesh size Ax; at level [
satisfies

Ax; = sup{diam(K) : K € T;} \, asl /. (4.3.1)

Set ¢y A, (W3 t,X) := 0, then given a target level L of spatial resolution, the MLMC estimate

of the expectation E[g(w;t,x)] is given as follows

Elq(w;t,x)] ~ E* [GAwy At (W3 T, X)]

L

= ZEMZ {qulvAtl(w;t’X) o quthAtlfl(w;t’X)} (4.3.2)
=
L Ml 1 '

= Z ar I:qALEl Atl w t X) qlel_lyAtl_l(w;t,X)} .

=1 i=1 l

[y

Hence what we really sample is the difference of solutions at two consecutive levels. At each
level [, we separately generate M, i.i.d. samples f}, i =1,..., M, of the initial data f, on
meshes Ax; and Ax;_; respectively, and then use the fully discrete scheme for the BGK
equation (4.1.7) to advance solutions g, A, and inxH, A, B0 a certain time ¢.

To simplify the notation, we set gaz, s (w;t,x) := 0 and define the random variable
Y = Qagynn, (W36, X) = qag,  ar, (wit,X), and the specific samples Y;' := g, ay, (051, %) —
in:cH, A, (w;t,x). We have the following consistency and convergence results for the esti-

mator (4.3.2).

Theorem 4.3.1. For any M; e Nt [ =1,..., L, at time t = t,,

|Elg(w; t1,x)] — EL[QArL,AtL<w§t17 )21 00)) < Cu (AIL)2

L
1 _1 1
192 D M2 VY71 -

=1

(4.3.3)
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Proof.

IE[q] = E"[qaes.ae )l r2@irr 0) = 1Bld] = Y Ea Yilllz2@ini 00

=1
L L L
< |Elg] = > _ENilllza@.rr @) + 1132 Eag [Yi] = DBVl 2.
=1 =1 1=1 (4.3.4)
L
1
< Elq] — Elgac;.at. )20 + 1912 D _I1Ey, [Vi] — B[V L2022 20))
=1
=1+11.
For part I, Assumption 4.2.1 yields
I = |lq(w;t1, %) — qaeg,ae, (Wit X) | 1@ 0.) < Cuw(Azp). (4.3.5)
For part 11, using Lemma 4.2.1,
L L —LiyAd 1 L _1 i
[I = |Qx|2 Z Ml 2 ||Yl — ED/}]HL%Q;LQ(QX)) = |Qx|2 ZMZ 2 ||VD/2]||L1(QX) (436)
=1 =1

]

Theorem 4.3.2. Under the assumptions of Theorem 4.1.1 and Corollary 4.1.2, for 0 < t; <
o0, as M; — oo and Ax, At — 0, the MLMC estimate E*[qaz, ae, (w;t1,X)] converges in

L2(Q; LY (%)) to Elg(w;ty,x)]. Furthermore, there holds the error bound:

||E[q(w;t1,x)] - EL[qAxL,AtL (w; t1,X)]||L2(Q;L1(Qx))

1

1 C -
2 i 2 2 2
< Cy(Azp)” + (CwIQXIQ(Am) + C1|Qxlexp (a)t1>> M, (4.3.7)

L 1
+ 30 CulQul? ((Ax)* + (Azi1)?) M, 2.
=2
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Proof. From (4.1.4), we can see that V[X] < E[X?], then from Theorem 4.3.1 for [ = 1,

1Y) — EYVi]ll2@ir2.0) = 19any.a0 — Elohe, a0l lz2@i200)

< Nam, an 12205220000

i i i (4.3.8)
<N @azs,an — @ llzz@irz@w) + 14 122200
C
< C’w(Aatl)Q + |Qx|éCl exp (2t1> ,
€o
and similarly for [ > 2,
1Y) — E[Yill 2200 < 1Y/ 20522 (00))
= Hinml,Atl - inmlfl,Atlfl ||L2(Q§L2(QX)) (4 3 9)
<N an, — @2z + 16" = daean 22@s0200)
< Cw((A$l)2 + (A$l_1)2).
]

Remark 4.3.3. The summation term on the right hand side of (4.3.7) implies that, if
the mesh is refined by a factor of 2 as the level increases, then, to balance the errors in
different levels, the sample ratio across levels should be chosen as 2* = 16. Furthermore, it
should be noted that the above error estimate highly depends on the reqularity of the solution
and is valid when the solution is smooth (typical when the BGK equation is in the kinetic
regime). When the solution contains discontinuities/shocks (typical when the BGK equation
is close to the fluid regime), it is well-known that the numerical scheme will not maintain
its original order. A second order scheme as we considered here will generally degenerate to
first order or even worse [72]. Therefore, to balance the errors in different levels, the sample
ratio can be chosen smaller. Our numerical results in Section 4.4.2 (smooth solutions) and
Sections 4.4.5-4.4.4 (discontinuous solutions) indeed confirmed this prediction (the general
trend follows though the actual ratio value chosen may not be exactly the above predicted

number due to the non-negligible first two terms on the right hand side of (4.3.7)).
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4.3.2 Quasi-optimal and optimal multilevel Monte Carlo method

In this section we generalize the previous MLMC method following [71]. To start with,
take the 2 level MLMC method for example. Suppose we have a low fidelity (coarse mesh)
approximation ¢; and a high fidelity (fine mesh) approximation go, then the 2 level MLMC

method with control variate reads as follows
Elg] = Ewm, [Ag1] + En g2 — A1l (4.3.10)

where the multiplier A has to be determined in order to minimize the overall variance V|q| =
AN V[q1] + Vg2 — Aq1]. Tt can be shown that for independent samples the optimal value of A

is given by [ |
Covlq1, ¢

A= X (4.3.11)

When M, < M, the contribution from V[Aq] is negligible compared to V[gs — Ag1]. We
therefore can only focus on the minimization of the variance V[g; — Agz]. In this case, the

optimal value of A is given by

M2 . _ i _

~ Coviqi, ¢ N i;@l —q1)(a — 3©)

B Y ~ My B )
2] > (g — @)’

i=1

A

(4.3.12)

where q1 = En,[q1], @2 = Eu,lge] and in the above expression the covariance and variance
are estimated directly from the Monte Carlo samples.

Generally, suppose we have L levels of solutions {qau; at }ie1,..1, from coarsest level

.....

qAzy A1 to finest level gay, ¢, . Then the MLMC method with control variates is given by

Elg(w;t,x)] & Egy[aaz, ac,]
L L L (4.3.13)
= H /\iEM1 [qm;l,ml] + Z H /\iEMl [QAxl,Atl - /\l—lqAIz_hAtl—l]'

i=1 =2 i=l
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Note that {\}£, here are the coefficients to be determined and Ay, = 1. If we only consider
the variance reduction for each pair of consecutive levels, then we can easily get the analogy

of (4.3.11) to estimate {\;}, which we refer to as the quasi-optimal MLMC method:

M, .
i = i =
)\ . COV[qA.’EZ,At” qulfl,Atlfl] - i§1<qA$l7Atl qAthtl)(qu’l_l,Atl_l QAwl_l,Atl_l)
-1 — ~ 9
Vigae,_,.at_,] M -
-1 — 2
e (U NPT NV
1=

(4.3.14)
where qaz, Ay, = Enqaz, .at)-
However, if we focus on minimizing the overall variance of the estimator 4.3.13 and

assume that the levels are independent, then denoting
N=]]h 1=1,...,L, (4.3.15)

the optimality conditions yield a tridiagonal system for s

)\IV[qul,Atl] - >\l+1 COV[(]Ale,Ath QAxl,Atl]

5 My
B Vs
M; + M

_ M
My M (4.3.16)
COV[qA.Z’l_l,Atl_17 QAxl,Atl] = 07 l - ]'7 sy L - 17

where we assumed 5\0 = 0, 5\L = 1 and gaz,.a, = 0. A practical way to solve the above

tridiagonal system is to rewrite (4.3.16) in terms of original );. For simplicity, we denote

V(gaz,an) by Vi and Cov{gas,,,,at.1> 9am,at] by Cov; to get

M
MV, — ——1 Cov, =0,

Mq + M,
M, M,
AVy — ——2 Covy — Mg~ Cov, =0,
Myt M T My My
M3 M4
AV3 — ——"—Covz — ApAz———Covy = 0, (4.3.17)
3V3 M3+M4 3 23M3+M4 2
My, M
Ar—aVp_g — mCOVL—z - )\L—2)\L—1mCOVL72 =0,
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which can be easily solved by recursive substitution. This is what we refer to as the optimal
MLMC method.

Denote the correlation coefficient of gaz, Ay, and qaz,, .ar., by

C x ) Z
= oV[qaz, At 4 z+1,Atz+1] : (4.3.18)

(V[QAIHJ,AUH]V[QAiBz,Atz]) :

we can prove the following consistency and convergence results for the estimator (4.3.13):
Theorem 4.3.4. For any M; e NT, [ =1,... L, if {\} are quasi-optimal and ezxact, i.e.,

COU[qA:El LAt QAle 7Atl+1]

A = , 4.3.19
V[quzyAtl] ( )
then at time t = tq,
[Elq(w; tr, %)] = Efy [qae, ae, (w; 1, %)][| 220:01 ()
1 _1x 1
< Cu(Azr)” + |02 My 2 M | Vgaz, an 71 ) (4.3.20)

1 & 1z 1 1
+ |Qx’2 ZMI 2)‘1(1 - 7‘1271)2 ”V[QAthtl]Hzl(Qx)‘

1=2
Proof. The proof is similar to Theorem 4.3.1. All we need is to note that when X is quasi-

optimal, we have for [ > 2,

V[qﬁxuﬁtz - )\l_lqul—lvAtl—l] = V[qAJ»‘z,Atl] + )‘ZZ—IV[qul—l,Atl—l]
- ZAZ—ICOV[QAml,At“ quliletlil] (4321)

= (1 - TIZfl)V[Qsz,Atz]'
]

Theorem 4.3.5. Under the assumptions of Theorem 4.1.1 and Corollary 4.1.2, and if {\;}

are quasi-optimal and exact, we have for0 < t; < oo, as M; — oo and Az, At — 0, the quasi-
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optimal MLMC' estimate By [qaz, at, (w;t1,X)] converges in L*(Q; L' (Qy)) to E[g(w;ty,%)]

with the error bound

IE[q(w; t1,%)] — E&y[qac,ae, (wi t1, x)] | 20:21@40))

L 1 N
< Cy(Axp)® + 3 Cul AP A M (1 =1 ))% (Aw)” (4.3.22)
=2

1 C _1lx
 (Culonltan? + e (C0)) A,
0

Remark 4.3.6. Note that the computational cost for quasi-optimal and optimal MLMC' is
the same as the standard MLMC method. One can use the data from MLMC to estimate X\
using (4.3.14) or (4.3.17). Finally, we emphasize that in [73] one of the estimators, W-RDiff
estimator, in fact coincides with our optimal MLMC strategy (see also [71]). However, the
method has never been analyzed in the case of kinetic equations and additionally, the quasi-
MLMC method does not appear in the previous literature. Without solving a tridiagonal
system which may suffer from ill-conditioning, the quasi-MLMC method offers an efficient
and robust alternative to the optimal MLMC method.

4.4 Numerical results

In this section, we present several numerical examples for the BGK equation (4.1.7)
with random initial condition or random boundary condition. The details of the determin-
istic solver are provided in Section 4.A. Simply speaking, we are solving a reduced system
(4.A.6) and (4.A.7), which is equivalent to the full BGK equation in one spatial dimension.
We use the IMEX-RK scheme for time discretization and finite volume scheme for spatial
discretization so that the overall method is second order in both time and space. We choose
x € [0,1] and v € [ — 5,5], where 40 Legendre-Gauss quadrature points are used in the
velocity space to ensure that the error in velocity is negligible. The CFL condition is fixed

as At = 0.1Azx.
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4.4.1 Error evaluation

In the following, we assume the uncertainties come from either the initial condition or
boundary condition. Since the solution is a random field, the numerical error is a random
quantity as well. For error analysis, we therefore compute a statistical estimator by averaging
numerical errors from several independent experiments.

More precisely, for each method we perform K = 40 experiments, and get the correspond-
ing approximations {¢U(¢,z)},j=1,..., K, where q can be p, U or T. We approximate the

overall error in norm ||-|| L2(a;21(0,))) Via

E(t) = ZHq - Qref( )HLl (%)’ (4'4‘1)

where gef(t, z) is the reference solution obtained using the stochastic collocation method
[74] with 120 Legendre-Gauss collocation points and N, = 1280 spatial points. We are also

interested in the error at each spatial point:

1 K
Eng(t,x) = Z (qW(t, 2) — qee(t, 7))2. (4.4.2)
J=1

Sometimes to better evaluate the error from the random domain, we would like to ig-
nore the error induced by spatial discretization. To achieve so, we consider another kind of
reference solution, g.(¢, ), obtained again using the stochastic collocation with 120 collo-
cation points, while in the spatial domain we use the same finest mesh Az as that in the

corresponding MLMC method to obtain ¢ (t, 2). Therefore, we can assess the error as

K

Erans(t, z) = ;E(q(j)(t,x) — qra(t, )2 (4.4.3)

In each of the following tests, we perform two stages of computations. The experimental
stage is to determine the optimal sample allocation parameters (there are some guidance

from the theoretical estimates, see Remark 4.3.3, but we still choose to do a careful testing
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just as a way to verify the theory). The simulation stage is to perform various methods to

estimate the physical quantities of interest.

4.4.2 Test 1: Smooth random initial condition

We first consider the BGK equation subject to random initial condition:

fo(x,v,2) = 0.5M|[p,U,T] + 0.5M|p, -U, T}, (4.4.4)
with
o P(X, Z) < _’V_U(Xa Z)‘Q
Mp, U, T|(x,v,z2) = —(QTET(X, : exp ( k2 ) , (4.4.5)
where

2 + sin(2nx) +  sin(4nx)z
p(X’ Z) = 3 ’
3 + cos(2mx) + 5 cos(4nx)z

4 )

U(x) = (0.2,0,0),
(4.4.6)

T(x,z2)=

and the random variable z obeys the uniform distribution on [—1, 1]. The periodic boundary
condition is used and the Knudsen number ¢ = 1.

To determine the number of samples needed in MC and MLMC methods as well as the
sample ratio across levels in MLMC methods, we proceed as follows.

In the MC method, we consider a series of spatial discretizations: N = 10, 20, 30, 40,
and for each case, we vary the sample size as M = 5, 10, 15, ... The results are shown in
Figure 4.1 (left), where we plot the error (4.4.1). It can be observed that when the number of
samples is few, the statistical error dominates and when there are enough number of samples,
the spatial error dominates. Therefore, we can roughly determine the minimum number of
samples needed so that the statistical error O(M _%) balances with the spatial/temporal
error O(Az?):

e N =10, M =~ 40.
« N =20, M ~ 640.

« N =30, M ~ 3300.
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Figure 4.1. Test 1: Error (4.4.1) (density p) of MC method (left) and MLMC
method (right) v.s. number of samples (for MLMC, it is the number of samples
in the first level).

e N =40, M ~ 10240.

In the MLMC method, we consider three levels of spatial discretizations: N; = 10,
Ny = 20, N3 = 40 and the corresponding number of samples at each level are chosen as
My, My = % and M3 = %, where we test different ratios a = 2,4,8,16. We then vary
the starting sample size as M; = 16, 32, 48, ... The results are shown in Figure 4.1 (right),
where we can see that regardless of ratios, the statistical error and spatial /temporal error
are roughly balanced when M; &~ 10240 (the error saturates when the sample size further
increases).

In Figure 4.2 we combine all the previous MC and MLMC results under the scale of
workload. Since we are essentially solving 1D BGK problem, the workload for one determin-
istic run up to certain time with N spatial points is O(N?). Then for the MC method with
M samples, the total work is O(M N?). For the MLMC method with ratio a, the amount of
work is O(M;N? + My(NE + NZ) + M3(N3 + N2) = WMINIQ). As we can see clearly
from Figure 4.2, with the same workload, the MLMC methods can achieve better accuracy
compared to various MC. Among MLMC methods with different ratios, there is no signifi-
cant difference except for ratio a = 2. Therefore, we empirically set a = 4 for this smooth

random initial condition test.
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Figure 4.2. Test 1: Error (4.4.1) (density p) of MC and MLMC methods v.s.
computational workload.

Now we fix the mesh sizes N; = 10, Ny = 20, N3 = 40, and sample sizes M; = 10240,
M, = 2560, M3 = 640 in the MLMC method. We then find the number of samples in the
MC method such that they have the same workload. This means

N =10, M = 30720.

N =20, M = 7680.

N =30, M = 3413.

N =40, M = 1920.

Note that comparing with the numbers we found earlier, for N = 10 and 20, the number
of samples are far beyond the minimum number of samples needed, while for N = 30, M
is around the minimum number of samples needed. Finally for N = 40, the number of
samples here is not enough to balance the statistical error and numerical error in the MC
method. Using the above parameters, we compare the errors of the standard MC method
and three MLMC methods, namely, the standard MLMC, the quasi-optimal MLMC, and
optimal MLMC. The results are shown in Figure 4.3, from which we clearly see the better
accuracy of MLMC methods compared to standard MC for fixed workload. On the other

hand, the difference of three MLMC methods are not obvious in this example.
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Figure 4.3. Test 1: Time evolution of the errors (4.4.1) (density p) using MC
and various MLMC methods.

Next we examine the errors of the three MLMC methods as defined in (4.4.2), (4.4.3).

The results are gathered in Figure 4.4. We can see that the three MLMC methods perform

equally well in this test (the differences of the three methods are not significant though the

optimal MLMC has the smallest error overall), largely because the solution is smooth.

To better understand this, we plot the values of A; and )y in the quasi-optimal and

optimal MLMC methods in Figure 4.5. We can see that almost all values are not far from

1, which means the methods are not far from the standard MLMC.

4.4.3 Test 2: Shock tube problem

In this test, we consider two kinds of shock tube problems with random initial condition.

The first one has uncertainty in the interface location:

pPr = 1, Ul = (0,0,0), T} = 1, fo = M[pl, Ul,T'l] x <05+ 0.052,

pr=0.125, U, =(0,0,0), T, =025 f,=M]p, U, T.] x>05+0.05z
(4.4.7)
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Figure 4.4. Test 1: Approximated expectation of density E[p] (left), veloc-
ity E[U] (middle) and temperature E[T] (right) using MLMC, quasi-optimal
MLMC and optimal MLMC methods at time ¢ = 0.1 (top row). Error (4.4.2)
of expectation of density (left), velocity (middle) and temperature (right) us-
ing three MLMC methods (middle row). Relative error (4.4.3) of expectation
of density (left), velocity (middle) and temperature (right) using three MLMC
methods (bottom row).

The second one has uncertainty in the state variables:

Pl:1+01(z‘|‘1)7 Ul:(())OaO)a ﬂzla fOZM[PhUl;Tl] $§05,

IT:
pr = 0.125, U,=(0,0,0), T,=0.25 fy=M]|p,U,,T,] x > 0.5.
(4.4.8)
The random variable z obeys the uniform distribution on [ — 1,1]. We set the Knudsen

number € = 107% so that the problem is close to the fluid regime.
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Figure 4.5. Test 1: Values of \; in quasi-optimal (left) and optimal (right)
MLMC methods (top row). Values of Ay in quasi-optimal (left) and optimal
(right) MLMC methods (bottom row).

For problem (I), similarly as the previous example, we perform a series of tests to de-
termine the optimal number of samples needed in MC and MLMC methods as well as the
sample ratio across levels. Figure 4.6 shows the analogous tests as those in Figure 4.1. The
main difference from the previous example is that the errors saturate much quicker as the
number of samples increases. This is due to the low regularity of the solution so that the error
from spatial/temporal discretization dominants easily. In Figure 4.7 we combine both MC
and MLMC results under the scale of workload. Similarly as what we observed in Figure 4.2,
with the same workload, the MLMC methods can achieve better accuracy compared to MC.
In addition, the MLMC methods with ratios a = 2,4 are more accurate than a = 8,16. This
is consistent to our earlier theoretical prediction, see Remark 4.3.3. From the right plot in
Figure 4.6, we also see that M; ~ 320 is the minimum number of samples needed for the
MLMC method to balance the statistical error and spatial/temporal error. Therefore, we

choose the following parameters in the MLMC methods: mesh sizes N; = 10, Ny = 20,
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Figure 4.6. Test 2 (I): Error (4.4.1) (density p) of MC method (left) and
MLMC method (right) v.s. number of samples (for MLMC, it is the number
of samples in the first level).

N3 = 40, and sample sizes M; = 320, My = 80, M3 = 20. In Figures 4.8-4.9, we report
the results obtained using the standard MLMC, quasi-optimal MLMC, and optimal MLMC
methods. We mainly examine the approximation to the expectation E[q] as the proposed
quasi-MLMC and optimal MLMC methods are especially designed to minimize the variance
in the estimation of E[g]. As a by-product, we also plot the approximation to the variance
Vlg| using the samples generated for expectation. Note that the MLMC methods are based
on the linearity of the expectation operator, not the variance operator. Hence to approxi-
mate the variance, we approximate separately two different expectations E[¢?] and E[q] and
use them to obtain V]q] = E[¢*] — (E[q])?. We refer to [75] for other approaches to variance
approximation including error control. The results clearly show that both control variate
MLMC methods outperform the standard MLMC in regions where the solution presents
strong variations, namely close to the shock position. Although the results are very close,
as expected, the optimal MLMC method performs slightly better than the quasi-optimal
MLMC.

For problem (II), we choose the following parameters: mesh sizes N7 = 10, No = 20, N3 =
40, and number of samples M; = 640, My = 160, M3 = 40 (these parameters are chosen based
on a similar test as problem (I) and we omit the detail). The results are shown in Figure 4.10

and Figure 4.11, where the same observation as problem (I) is obtained.
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Figure 4.7. Test 2 (I): Error (4.4.1) (density p) of MC and MLMC methods
v.s. computational workload.

To better see the difference of the three MLMC methods, we plot the values of A\; and A,
in the quasi-optimal and optimal MLMC methods for both problems (I) and (II) in (4.12)
and (4.13). It is clear that for these problems with shocks/discontinuities the values are
far from one in various regions of the computational domain. This is particularly true for
the temperature and velocity in agreement with the corresponding errors observed in the

previous figures.

4.4.4 Test 3: Sudden heating problem

In the last test, we consider a problem with random boundary condition. The gas is
initially in a constant state with py = 1, Ug = (0,0,0), Ty = 1 and fy(x,v) = M|po, Uy, Tp]-

At time t = 0, we suddenly change the wall temperature at left boundary x = 0 to

Tw(z) =3(Th + sz), s =0.2, (4.4.9)

where the random variable z obeys the uniform distribution on [ — 1,1]. We assume purely
diffusive Maxwell boundary condition at = 0 and homogeneous Neumann boundary con-
dition at x = 1. The Knudsen number is set as ¢ = 0.1. This is a classical benchmark test

in kinetic theory. With the sudden rise of the wall temperature, the gas close to the wall is
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Figure 4.8. Test 2 (I): Approximated expectation of density E[p] (left), veloc-
ity E[U] (middle) and temperature E[T] (right) using MLMC, quasi-optimal
MLMC and optimal MLMC methods at time ¢ = 0.15 (top row). Relative er-
ror (4.4.3) of expectation of density (left), velocity (middle) and temperature
(right) using three MLMC methods (bottom row).

heated and accordingly the pressure rises sharply and pushes the gas away forming a shock
propagating into the domain.

We compare the three MLMC methods using parameters: mesh sizes N; = 10, Ny =
20, N3 = 40, and number of samples M; = 1280, My = 320, M3 = 80 (these parameters
are chosen based on a similar test as in previous examples). The results are shown in
Figure 4.14 and Figure 4.15. Again the control variate MLMC methods outperform the
standard MLMC in all simulations and the optimal MLMC method yields slightly better
results than the quasi-optimal MLMC.

4.5 Conclusions of this chapter

We have introduced a control variate multilevel Monte Carlo method for the BGK model

of the Boltzmann equation with uncertainty. Well-posedness of the BGK equation with
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Figure 4.9. Test 2 (I): Approximated variance of density V|[p] (left), veloc-
ity V[U] (middle) and temperature V[T] (right) using MLMC, quasi-optimal
MLMC and optimal MLMC methods at time ¢ = 0.15 (top row). Relative
error (4.4.3) of variance of density (left), velocity (middle) and temperature
(right) using three methods (bottom row).

random parameters, consistency and convergence analysis for various MC type methods are
established. Extensive numerical results confirm that the MLMC methods perform much
better than the standard MC, and the control variate MLMC is capable to provide further
improvement over the conventional MLMC, in particular for problems close to fluid regimes
and in presence of discontinuities, where the fidelity degree of the various levels is reduced and
traditional gPC-SG based methods may fail (see [35]). In addition to an optimal strategy,
we have introduced a simplified quasi-optimal approach that does not require solving a
tridiagonal system of linear equations. In the numerical examples, this simplified approach
provided only slightly less accurate results than those obtained with the optimal strategy.
The control variate multilevel Monte Carlo methods here developed naturally extend to
other kinetic equations of Boltzmann type which combines deterministic discretizations in

the phase space with Monte Carlo sampling in the random space. In particular, even if
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Figure 4.10. Test 2 (II): Approximated expectation of density E[p] (left), ve-
locity E[U] (middle) and temperature E[T] (right) using MLMC, quasi-optimal
MLMC and optimal MLMC methods at time ¢ = 0.15 (top row). Relative er-
ror 4.4.3 of expectation of density (left), velocity (middle) and temperature
(right) using three MLMC methods (bottom row).

our study was limited to one space dimension, we expect the gains of MLMC methods over

standard MC to be even more significant in higher dimensions.

4.A Dimension reduction method and deterministic solver for the BGK equa-
tion

In this Appendix, we briefly describe the dimension reduction method adopted to reduce
the computational complexity of the BGK equation and the details of the numerical methods
used to discretize time, physical space and velocity space. Since the Monte Carlo methods

are non-intrusive, our discussion will be based on the deterministic equation (1.0.6) for

simplicity.
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Figure 4.11. Test 2 (II): Approximated variance of density V[p| (left), veloc-
ity V[U] (middle) and temperature V[T] (right) using MLMC, quasi-optimal
MLMC and optimal MLMC methods at time ¢ = 0.15 (top row). Relative
error (4.4.3) of variance of density (left), velocity (middle) and temperature
(right) using three methods (bottom row).

4.A.1 The Chu reduction method

The BGK equation (1.0.6) is formulated in a six-dimensional phase-space where compu-
tations can be extremely expensive. Under certain homogeneity assumptions, one can reduce
the dimension using the so-called Chu reduction [52].

Let x = (21, x2,23), Vv = (v1,09,v3), and U = (Uy, Us,, Us). If the solution f only varies
in one spatial dimension, then effectively we are solving a one-dimensional problem and it is

reasonable to assume the following:

8.7:2f = amg,f - O, U2 = U3 =0. (4A1)
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Figure 4.12. Test 2 (I): Values of \; in quasi-optimal (left) and optimal
(right) MLMC methods (top row). Values of Ay in quasi-optimal (left) and
optimal (right) MLMC methods (bottom row).

Then the equation (1.0.6) becomes
1
atf(ta Iy, V1, V2, U3) + Ulaxlf(ta Iy, V1, V2, U3) = g (M[pv U7 T] - f(tv xy, V1, V2, U3>) ) (4A2)
where

M[p7 UaT](tuxl’U17U27U3) =

o) (_ (v — Up(t,21))” + 03 + U§>
(2nT (¢, z1)) P 2T (t, 1) . (4A3)

The Chu reduction proceeds by introducing two distribution functions:

[SIY

(b(t 331,1}1 // t 33'1,7)1,'1]2,1)3) dvgdvg, (4A4)

W(t,x1,v1) = // ( V3 + v3> f(t, 1,01, v9, v3) dugdus. (4.A.5)
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Figure 4.13. Test 2 (II): Values of A; in quasi-optimal (left) and optimal
(right) MLMC methods (top row). Values of Ay in quasi-optimal (left) and
optimal (right) MLMC methods (bottom row).

It is then easy to derive that ¢ and v satisfy the following system:

Orp(t, x1,v1) + 0105, 0(t, x1,v1) = i (My(t, z1,v1) — o(t, x1,01)) , (4.A.6)

bt 0, 01) + 11D, b (E, 21, 01) = i (My(t, 21,01) — 0(t, 21, 01)) (4.A.7)

where

,_ _ plt) (= U (t, 1))
My(t,x1,01) := /R2 M|p, U, T|dvydvg = 72nT(t,m1) exp ( Tt 1) , (4.A8)

My(t, x1,01) == // ( vs + v3> Mp, U, T| dvodvs = T'(t, x1) My. (4.A.9)
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Figure 4.14. Test 3: Approximated expectation of density E[p] (left), veloc-
ity E[U] (middle) and temperature E[T] (right) using MLMC, quasi-optimal
MLMC and optimal MLMC methods at time ¢ = 0.1 (top row). Relative er-
ror (4.4.3) of expectation of density (left), velocity (middle) and temperature
(right) using three methods (bottom row).

Denoting [ -dvy = (-), it is easy to see the following relation holds

p:/¢dv1:/M¢dU1,
R R
m = pU; :/vaqﬁdvl :/RU1M¢,C1U1, (4.A.10)

1 3 1 1
E = EPUIQ + §pT = /R <Zv%¢+ @D) dv; = /R (20%M¢ + M¢) dv;.
Now our task is to solve the reduced 1D BGK system (4.A.6)-(4.A.7).

4.A.2 The fully discrete scheme

The fully discrete scheme used to solve (4.A.6)-(4.A.7) consists of three components:

velocity discretization, time discretization, and spatial discretization.
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Figure 4.15. Test 3: Approximated variance of density V]p| (left), veloc-
ity V[U] (middle) and temperature V[T] (right) using MLMC, quasi-optimal
MLMC and optimal MLMC methods at time ¢t = 0.1 (top row). Relative error
(4.4.3) of variance of density (left), velocity (middle) and temperature (right)
using three methods (bottom row).

Velocity discretization

In the velocity space, we follow the discrete velocity method (see Section 4.1.1 in [76] or
[21] for example), which satisfies a discrete entropy decay property.

We first truncate the infinite velocity domain into a bounded interval [ — R, R] and then
discretize it using N,-point Gauss quadrature with (&, wy), k = 1,2, ..., N, as abscissae and
weights. To obtain My, M, from ¢ and 1, normally one could use the relation in (4.A.10),
where the continuous integral is replaced by the Gauss quadrature. However, due to the
domain truncation error, the resulting moments are not sufficiently accurate. To remove

this error, we assume

1
M¢) = exp(al + vy + C(gU%), Mw = —ﬂM¢, <4A11)
3
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and determine aq, as, ag such that

(Mj) (9) p
(v1M) = (v10) = |m|, (4.A.12)
(01M + My) (v + 1) E
where (u(v1)) := Yo, u(&)wy denotes the quadrature sum in the interval [ — R, R]. The

above nonlinear system is solved by the Newton-Raphson algorithm.

Time discretization

Due to the possibly stiff collision term, we use the implicit-explicit Runge-Kutta (IMEX-
RK) scheme [77], [78] for the time discretization. In particular, we employ the second-order
IMEX-RK scheme proposed in [51], which is positivity preserving and asymptotic preserving
(preserving the Euler limit without At resolving ¢).

Specifically, we discretize (4.A.6) and (4.A.7) as

) i—1 ) i 1 . )
oW = ¢" — AtS 010y, 0V + AtS ay= (MY —¢W) . i=1,...
y 1 ) ¢
: g
=1

j=1

i—1 i
. . 1 : .
¢(1) = wn — At E dijvlaxll/J(J) —+ At E (lij* (ng) — 1/J(J)> y 1= 1, Lo, U
. g
j=1

j=1

(4.A.13)
1
o = o™ 4 ozAtZ—{_j2 (MZ;H — qﬁ"“) ,

1
n+l _ . (v) 2 n+l  n+l
P =)+l (Mw " )
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where the values of the coefficients a;;, a;j, o are given in Section 2.6.1 of [51]. To implement

the above scheme explicitly, we first solve the moment system fori=1,...,v
(60) (") (010, 89)
(v101) = | (ng") | ALY G (v10,,0V) )
) ) =1 ) .
(3070® + ) (376" +9") (50702, 0Y) + 019, 90)
- (4.A.14)
(¢ ) (6")
(vig" ™) = (16®) )
(guigtt+omth | [(Guie®) +9)

which is obtained by taking the moments of (4.A.13) and using (4.A.12). Hence we can
obtain p@, m® and E® first, and use them to define Mq(;) and Mg). Finally we solve
(4.A.13) to get ¢ and y®.

Spatial discretization

In the physical space, we use the second order MUSCL finite volume scheme [79].
Here we take the following first order in time scheme for ¢ as an illustration (suppose it
is evaluated at velocity point v; = &):

Ot (1) — p(x1)
At

6061 (0) = - (M (00) = 07 () (4.A.15)

Suppose x; € [a,b] and [a,b] is divided into N, uniform cells with size Az = (b — a)/N,,

where a = T, b= TN, 41 In the cell [ZL‘J-_%, xH%}, define the cell average as
n T
. / & (21) day. (4.A.16)

BT A .

Nl

Then integrating (4.A.15) over [:vj_%, xH%] yields

n+1 o n n FTL 1

ik ik T A S n n
J A7 J + JT3 Ax 173 _ g ((Mqﬁ)j,]:_l _qule)v (4A17)
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where (My)1' == (My)i*' (z;). Note that we have replaced the cell average of (My)p+!

by its point value at cell center z; (the error introduced by this is O(Az?) which does not

destroy the overall order of the method). F;jr 1, is the flux at interface ;, 1 and is defined
29

as

with the left interface and right interface values ¢7'; ., ¢, ), given by
n n 1 n
Pl = i + 58207,

2 (4.A.19)

1
n _n n
rik = Ok — 5 ATOG,

where o7 is the slope of the linear reconstruction and is chosen to be the MC limiter (¢ = 2):

U}?k’ — minmod ( jn+1,k - Qﬁjn—l,k : 0 <¢Jnk - ¢Jn—1,k> ’9 <¢}1+1,k; - Qb;fk)) ' (4.A.20)

2Ax Ax Az
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5. CONCLUDING REMARKS AND FUTURE WORKS

In this thesis, we’ve introduced works in dealing with the challenges in high dimensions and
uncertainty quantification problems for kinetic equations.
For high dimension problems, we focus on the dynamic low-rank method. Kinetic equa-

tions under dynamic low-rank frameworks have many remarkable properties:

« Collision operator (Boltzmann, BGK, Linearized-Boltzmann) are local in x while con-
vection part are local in v. This separated structure is well-suited for dynamic low-rank

methods.

e Dynamic low-rank methods can drastically increase computational efficiency as well as

reduce memory cost. Adaptivity strategy can further reduce computational cost.

e In the near fluid regime, kinetic equations are low-rank. In kinetic regime, there are

some low-rank flows (e.g. normal shock wave)

o Numerical methods under low-rank framework can be well-designed to achieve AP and

higher order.

We introduced works in linear transport and full Boltzmann equations. The rank depen-
dency are investigated in both the fluid regime and kinetic regime. The numerical schemes
are well-designed to achieve high orders and asymptotic preserving in linear transport equa-
tion. Adaptivity are also studied in the numerical computations of steady state solutions in
full Boltzmann equation with dynamic thresholding strategy to further increase computa-
tional efficiency. A series benchmark tests verified the accuracy and efficiency of the proposed
dynamic low rank methods in these equations.

On the other hand, in order to inherit good preperties from existing deterministic meth-
ods, we focus on the non-intrusive sampling method to tackle kinetic equations with uncer-
tainties. We have introduced a control variate multilevel Monte Carlo method as well as
theoretical analysis regarding the well-posedness, consistency and convergence analysis for
various MC type methods. Extensive numerical results confirm that the MLMC methods

perform much better than the standard MC, and the control variate MLMC is capable to
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provide further improvement over the conventional MLMC. Moreover, this method naturally
extend to other kinetic equations of Boltzmann type which combines deterministic discretiza-
tions in the phase space with Monte Carlo sampling in the random space.

Following works in this thesis, there are many relevant topics that worth investigating in-

cluding but not limited to:

Low-rank methods with AP properties in other types of kinetic equations

General rank dependence investigations in kinetic equations.

Adaptive low-rank methods for general time dependent kinetic equations.

Uncertainty quantification in other kinetic equations
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