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ABSTRACT

Applied topology is a rapidly growing discipline aiming at using ideas coming from al-
gebraic topology to solve problems in the real world, including analyzing point cloud data,
shape analysis, etc. Semi-algebraic geometry deals with studying properties of semi-algebraic
sets that are subsets of R™ and defined in terms of polynomial inequalities. Semi-algebraic
sets are ubiquitous in applications in areas such as modeling, motion planning, etc. Devel-
oping efficient algorithms for computing topological invariants of semi-algebraic sets is a rich
and well-developed field. However, applied topology has thrown up new invariants—such
as persistent homology and barcodes—which give us new ways of looking at the topology
of semi-algebraic sets. In this thesis, we investigate the interplay between these two areas.
We aim to develop new efficient algorithms for computing topological invariants of semi-
algebraic sets, such as persistent homology, and to develop new mathematical tools to make

such algorithms possible.



1. INTRODUCTION

In this thesis we address two main problems:

1.1

o First, we explore a weak version of one of the long-lasting problems in algorithmic

semi-algebraic geometry, namely designing an algorithm with a singly exponential com-
plexity for computing semi-algebraic triangulations of a given semi-algebraic set. In
particular, we present a singly exponential complexity simplicial replacement that is
(-equivalent (for any fixed ¢ = 0) to a given semi-algebraic set. As a result, we obtain a
reduction for the problem of computing the first £ homotopy groups of a semi-algebraic
set to the combinatorial problem of computing the first £ homotopy groups of a finite

simplicial complex.

Second, we address a more recent notion from Computational Topology known as per-
sistent homology. We present the first known singly exponential complexity algorithm
to compute the barcodes up to dimension ¢ of the filtration of a given semi-algebraic
set by the sub-level sets of a given polynomial. Our algorithm is a generalization
of the corresponding results for computing the Betti numbers up to dimension ¢ of

semi-algebraic sets where no filtration is present.

Real Algebraic Geometry

Algebraic Geometry is the study of geometric spaces that arise from solution sets of

systems of polynomials over algebraically closed fields. A simple example is the zero set of

a univariate polynomial of degree d with complex coefficients that always include d roots.

However, if we consider a univariate polynomial of degree d over the real numbers, different

situations concerning the zero set could arise. It is significant to notice that restriction to the

real closed fields could give rise to problems that do not have any counterpart in Algebraic

Geometry over the complex numbers. In practice, we are often interested in solution sets over



the real numbers; examples of that include the algebra of constrained motion in molecules and
robotic planning. Real Algebraic Geometry is a branch of Algebraic Geometry that focuses
on the solution sets of a finite system of polynomial inequalities over the real numbers, or
broadly a real closed field. In particular, Real Algebraic Geometry addresses algorithmic
and quantitative problems concerning semi-algebraic sets. Let R be a real closed field, a

basic semi-algebraic subset of R¥ is defined as
S={xeRF|P(x)>0o0r P(x)=0, Pe R[X,,... X}],1 <i<n},

where x = (z1,..., 7). A semi-algebraic set is a finite union of basic semi-algebraic sets.
Due to the fact that first-order theory of real closed fields admits quantifier-elimination,
we often assume S is presented as input to our algorithms in terms of a quantifier-free
formula ¢(Xy,..., Xx), that is a formula with atoms of the foom P = 0,P > 0,P < 0,
PeD[Xy,...,Xk], where D is an ordered domain contained in R. This assumption provides
us with a framework to effectively analyze the algorithms. In particular, by complexity of
an algorithm we mean the number of arithmetic operations and comparisons in the domain
D. Therefore, the concept of complexity depends on the choice of the domain D. If we let
D = R, then we can pick Blum-Shub-Smale machines to describe computations over the real
numbers [1]. If we let D = Z, we can use Turing machines to explain the complexity of our

algorithms by obtaining the bit-sizes of the coefficients of the input polynomials [2].

1.2 Computational Topology

Computational Topology provides mathematical tools from Algebraic Topology to deter-
mine the structure of the topological spaces. Topological properties encode connectivity and
measure the complexity of the space. Homology groups are important topological invariants.
Informally, in lower dimensions they are usually referred to as the connected components, the
holes, and the void spaces, respectively in dimensions 0, 1, and 2; in the higher dimensions,
they are known as p-dimensional holes. The rank of the p-th homology group, H,(S), of a
semi-algebraic set S defined over R, is known as the p-th Betti number, denoted by b,(.S).

10



More recently, the emerging field of Topological Data Analysis (TDA) has provided new
notions associated with a sequence of topological spaces, such as persistent homology and
barcode. TDA has shown promising results in data analysis by effectively filtering out
noisy data and capturing the underlying structure of the space (e.g., point cloud data) [3].
Extracted topological properties can be directly analyzed or used as features for downstream
prediction tasks to classify and distinguish the global differences between spaces.

Persistent homology groups generalize ordinary homology groups of a space X where
no filtration is present. Given a filtration F = (X;)«r of the topological space X, such
that for any s < t = X, < X, the p-th persistent homology groups of X is defined by
HY(F) = Im(i"), where 5" : Hy(X,) — H,(X,) is the homomorphism induced by the
inclusion map X, < X;. Persistent homology determines the lifetime of the homology classes
in the filtration. Homology classes that persist for a longer period, through the filtration,
best represent the properties of the underlying structure, and the rest are considered as noise.
This characteristic is the basic principle of the persistent homology frameworks. The output

of a persistent homology computation is usually expressed in the form of barcodes [4].

1.3 Algorithmic semi-algebraic geometry

One of the main problems in algorithmic semi-algebraic geometry is to design efficient
(singly exponential complexity) algorithms to compute the topological invariants of semi-
algebraic sets [5]. Given a closed and bounded semi-algebraic set S < R* described by
a quantifier-free formula involving s polynomials of degrees bounded by d, there exists an
algorithm that generates a semi-algebraic triangulation of S. As a result, there exists a finite
simplicial complex which is semi-algebraically homeomorphic to S, and hence has the same
topological properties as S. However, the complexity of the algorithm is doubly exponential
in k, ie., (5d)20(k) [2, Chapter 5]. Note that if we have the semi-algebraic triangulation of
S, then we can use linear algebra to compute Betti numbers in a polynomial time in the

number of simplices.
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Despite the tremendous effort to improve this upper bound, designing a singly exponen-
tial complexity algorithm to compute a semi-algebraic triangulation of S remains an open
problem.

In this thesis we first improve the current state of the art algorithm for the weak version
of the above problem, then we extend our result and explore a different direction, namely
persistent homology. Below, we briefly present the main contributions and leave the precise

statements of the results for their corresponding chapters.

1.3.1 Simplicial replacement of semi-algebraic sets

A semi-algebraic triangulation of the space encodes more information about the topology
of the space compared to that of homology groups. In particular, a semi-algebraic trian-
gulation determines the homeomorphism invariants, which are not easy to compute. More
precisely, determining whether two simplicial complexes are homeomorphic is an undecidable
problem [6]. Therefore, we relax the problem and consider a weaker equivalence—mamely
homotopies—instead of homeomorphism.

We will call a simplicial replacement of the semi-algebraic set .S to be a simplicial complex
K whose geometric realization |K| is homotopy equivalent to S, and more importantly its

KM Based on this notion, we will prove the following theorem,

complexity is bounded by (sd)
whose precise statements appear in Chapter 2.

In the statements below ¢ € Z- is a fixed constant.

Theorem (cf. Theorems 2.2.1 and 2.2.1' below). Given any closed semi-algebraic subset of
S < RF, there exists a simplicial complex K homologically (-equivalent to S whose size is
bounded singly exponentially in k (as a function of the number and degrees of polynomials
appearing in the description of S). If R = R, then K is (-equivalent to S. Moreover,
there exists an algorithm (Algorithm 3) which computes the complex K given S, and whose

complexity is bounded singly exponentially in k.

Previously, Basu et al. [7], [8] proposed algorithms to compute the first ¢ Betti num-

bers of the given semi-algebraic set with singly exponential complexity algorithms, (sd)’“o(l).

12



However, their algorithms only consider homology groups and disregard information about
homotopy invariants; moreover, they do not produce a simplicial complex.

We also obtain the following corollary that gives an algorithmic reduction of the problem
of computing the first £ homotopy groups of a given closed semi-algebraic set to a purely

combinatorial problem.

Corollary (cf. Corollaries 1 and 2 below). Let R = R, there exists a reduction having
singly exponential complexity, of the problem of computing the first £ homotopy groups of
any given closed semi-algebraic subset S < R¥, to the problem of computing the first ¢
homotopy groups of a finite simplicial complex. This implies that there exists an algorithm
with singly exponential complexity which given as input a closed semi-algebraic set S < R¥
guaranteed to be simply connected, outputs the description of the first £ homotopy groups of

S (in terms of generators and relations).

The algorithmic results mentioned above are consequences of a topological construction
which can be interpreted as a generalization of the classical “nerve lemma” in topology. We
state it here informally.

First, assume that there exists a “black-box” that given as input any closed semi-algebraic
set S < R¥, produces as output a cover of S by closed semi-algebraic subsets of S, which are

homologically ¢-connected.

Theorem (cf. Theorem 2.3.1 below). Given a black-boz as above, there exists for every
closed semi-algebraic set S a poset P(S) (see Definition 2.3.3 below) which depends on the
given black-bozx, of controlled complexity (both in terms of the description of S and the com-
plexity of the black-box), such that the geometric realization of the order-complex of P(S) is

homologically (-equivalent to S.

1.3.2 Persistent homology of semi-algebraic sets

In Chapter 3, we build on our previous results and initiate the algorithmic problem of
computing persistent homology groups of semi-algebraic sets equipped with a filtration of

the sub-level sets of a polynomial. Previous literature has focused on finite filtrations of

13



topological spaces, however, here we have filtrations of semi-algebraic sets by polynomials
which are continuous functions. Therefore, one intermediate contribution of our work is
that we reformulate the definition of barcode to extend to the continuous filtration, and
then present a reduction from a barcode of a continuous filtration to the barcode of a finite
filtration. This is possible since the topological type of the sub-level sets of a filtration of a
semi-algebraic set by a semi-algebraic function changes at only finitely many values of the
function.

We prove the following theorem stated below informally. The formal statement appears

later in Chapter 3.

Theorem (cf. Theorem 3.2.1). There exists an algorithm (Algorithm 8) that takes as input
a description of a closed and bounded semi-algebraic set S < R¥, and a polynomial P €
R[Xy,..., Xk], and outputs the “barcodes” (cf. Definition 3.2.5 below) in dimensions 0 to
¢ of the filtration of S by the sub-level sets of the polynomial P. The complexity of this
algorithm is bounded singly exponentially in k (as a function of the number and degrees of

polynomials appearing in the description of S).

14



2. EFFICIENT SIMPLICIAL REPLACEMENT OF
SEMI-ALGEBRAIC SETS

This chapter is organized as follows. In Section 2.1, we briefly review the previous works.
In Section 2.2 we give precise statements of the main results summarized above after in-
troducing the necessary definitions regarding the different notions of topological equivalence
that we use. In Section 2.3 we define the key mathematical object (namely, a poset that
we associate to any closed covering of a semi-algebraic set) and prove its main properties
(Theorems 2.3.1 and 2.3.1"). In Section 2.4 we describe algorithms for computing efficient
simplicial replacements of semi-algebraic sets thereby proving Theorems 2.2.1 and 2.2.1". In
Section 2.5, we explain the details of our implementation and report some of its results.
Finally, in Section 2.6 we state some open questions and directions for future work in this

area.

2.1 Background

Semi-algebraic subsets of R* have tame topology. In particular, closed and bounded
semi-algebraic subsets of R* are semi-algebraically triangulable (see for example [2, Chapter
5]). This means that there exists a finite simplicial complex K, whose geometric realization,
| K|, considered as a subset of R for some N > 0, is semi-algebraically homeomorphic to S.
The semi-algebraic homeomorphism |K| — S is called a semi-algebraic triangulation of S.
All topological properties of S are then encoded in the finite data of the simplicial complex
K.

For instance, taking R = R, the (singular) homology groups, H,(S)?!, of S are isomorphic
to the simplicial homology groups of the simplicial chain complex C,(K) of the simplicial

complex K, and the latter is a complex of free Z-modules having finite ranks.

11In this chapter, we assume all homology and cohomology groups are with coefficients in Z.
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The problem of designing an efficient algorithm for obtaining semi-algebraic triangu-
lations has attracted a lot of attention over the years. There exists a classical algorithm
which takes as input a quantifier-free formula defining a semi-algebraic set S, and produces
as output a semi-algebraic triangulation of S (see for instance [2, Chapter 5]). However,
this algorithm is based on the technique of cylindrical algebraic decomposition, and hence
the complexity of this algorithm is prohibitively expensive, being doubly exponential in k.
More precisely, given a description by a quantifier-free formula involving s polynomials of
degree at most d, of a closed and bounded semi-algebraic subset of S — R*, there exists
an algorithm computing a semi-algebraic triangulation of h : |K| — S, whose complexity
is bounded by (sd)Qo(k). Moreover, the size of the simplicial complex K (measured by the

number of simplices) is also bounded by (sd)2* .

2.1.1 Doubly exponential vs singly exponential

One can ask whether the doubly exponential behavior for the semi-algebraic triangulation
problem is intrinsic to the problem. One reason to think that it is not so comes from the fact
that the ranks of the homology groups of S (following the same notation as in the previous
paragraph), and so in particular those of the simplicial complex K, is bounded by (O(sd))*
(see for instance [2, Chapter 7]), which is singly exponential in k. So it is natural to ask if this
singly exponential upper bound on rank(H,(S)) is “witnessed” by an efficient semi-algebraic
triangulation of small (i.e. singly exponential) size. This is not known.

In fact, designing an algorithm with a singly erponential complexity for computing a
semi-algebraic triangulation of a given semi-algebraic set has remained a holy grail in the
field of algorithmic real algebraic geometry and little progress has been made over the last

thirty years on this problem (at least for general semi-algebraic sets).

2.1.2 Comparison with prior and related results

As stated previously, there is no algorithm known for computing the Betti numbers of
semi-algebraic sets having singly exponential complexity. However, algorithms with singly

exponential complexity are known for computing certain (small) Betti numbers. The zero-th

16



Betti number of a semi-algebraic set is just the number of its semi-algebraically connected
components. Counting the number of semi-algebraically connected components of a given
semi-algebraic set is a well-studied problem and algorithms with singly exponential com-
plexity are known for solving this problem [9]-[11]. In [7] a singly exponential complexity
algorithm is given for computing the first Betti number of semi-algebraic sets, and this was
extended to the first ¢ (for any fixed constant ¢) Betti numbers in [8]. These algorithms
do not produce a simplicial complex homotopy equivalent (or f-equivalent) to the given
semi-algebraic set.

In [12]-[14], the authors take a different approach. Working over R, and given a well-
conditioned semi-algebraic subset S — R¥, they compute a witness complex whose geometric
realization is k-equivalent to S. The size of this witness complex is bounded singly expo-
nentially in k. However, the complexity depends on the condition number of the input (and
so this bound is not uniform), and the algorithm will fail for ill-conditioned input when the
condition number becomes infinite. This is unlike the kind of algorithms we consider here,
which are supposed to work for all inputs and with uniform complexity upper bounds. So
these approaches are not comparable.

While the approaches in [7], [8] and those in [12]-[14] are not comparable, since the
meaning of what constitutes an algorithm and the notion of complexity are different, there
is a common connection between the results of these papers and those in the current chapter
which we elucidate below.

Separation of complexity into algebraic and combinatorial parts 2

In the definition of complexity given earlier we are counting only arithmetic operations
involving elements of the ring generated by the coefficients of the input formulas. Many
algorithms in semi-algebraic geometry have the following feature. After a certain number of
operations involving elements of the coefficient ring D, the problem is reduced to solving a

combinatorial or a linear algebra problem defined over Z.

21Note that this notion of separation of complexity into algebraic and combinatorial parts is distinct from
that used in [2], where “combinatorial part” refers to the part depending on the number of polynomials, and
the“algebraic part” refers to the dependence on the degrees of the polynomials.

17



A typical example is an algorithm for computing the Betti numbers of a semi-algebraic
set via computing a semi-algebraic triangulation. Once a simplicial complex whose geomet-
ric realization is semi-algebraically homeomorphic to the given semi-algebraic set has been
computed, the problem of computing the Betti numbers of the given semi-algebraic set is
reduced to linear algebra over Z. Usually, this separation of the cost of an algorithm into
a part that involves arithmetic operations over D, and a part that is independent of D, is
not very important since often the complexity of the second part is subsumed by that of
the first part. However, here the fact that we are only counting arithmetic operations in D
is more significant. In one application that we discuss, namely that of computing the ho-
motopy groups of a given semi-algebraic set (see Corollary 1), we give a reduction (having
single exponential complexity) to a problem whose definition is independent of D, namely
computing the homotopy groups of a simplicial complex. Note that the problem of deciding
whether the first homotopy group of a simplicial complex is trivial or not is an undecidable

problem (this fact follows from the undecidability of the word problem for groups [15]).

2.2 Precise statements of the main results

In this section we will describe in full detail the main results summarized in the Sec-

tion 1.3.1. We first introduce certain preliminary definitions and notation.

2.2.1 Definitions of topological equivalence and complexity

We begin with the precise definitions of the two kinds of topological equivalence that

here we are going to use.

Topological equivalences

Definition 2.2.1 ({-equivalences). We say that a map f: X — Y between two topological
spaces is an C-equivalence, if the induced homomorphisms between the homotopy groups fy :

mi(X) — m(Y) are isomorphisms for 0 < i < { [15, page 68].

18



Remark 1. Note that our definition of (-equivalence deviates a little from the standard one
which requires that homomorphisms between the homotopy groups fs : mi(X) — m(Y) are
isomorphisms for 0 < i < £ —1, and only an epimorphism fori = (. An (-equivalence in our

sense is an {-equivalence in the traditional sense.

The relation of f-equivalence as defined above is not an equivalence relation since it is

not symmetric. In order to make it symmetric one needs to “formally invert” /-equivalences.

Definition 2.2.2 (/-equivalent and homologically (-equivalent). We will say that X is (-
equivalent to Y (denoted X ~, Y ), if and only if there exists spaces, X = Xo, X1,..., X, =Y

and (-equivalences fy,..., f, as shown below:

X, X X,
y XQ// y \4// 7 &
X, X, X,

It is clear that ~; is an equivalence relation.

By replacing the homotopy groups, m;(-) with homology groups H;(:) (resp. cohomology
groups H' () with arrows reversed) in Definitions 2.2.1 and 2.2.2, we get the notion of two
topological spaces X,Y being homologically ¢-equivalent (denoted X Q@ Y') (resp. cohomo-
logically ¢-equivalent (denoted X L,y )).

This is a strictly weaker equivalence relation, since there are spaces X for which Hy(X) =
0, but m (X) # 0.

We extend the above definitions to ¢ = —1 by using the convention that X ~_1Y (resp.
Xt Y, X 2, Y), if and only if X,Y are both non-empty or both empty.

Definition 2.2.3 ({-connected and homologically ¢-connected). We say that a topological
space X is (-connected, for ¢ = 0, if X is connected and m;(X) =0 for 0 < i < . We will
say that X is (—1)-connected if X is non-empty. We say that X is homologically ¢-connected
if X is connected and H;(X) =0 for 0 <i < /.

Definition 2.2.4 (Diagrams of topological spaces). A diagram of topological spaces is a

functor, X : J — Top, from a small category J to Top.

19



We extend Definition 2.2.1 to diagrams of topological spaces. We denote by Top the

category of topological spaces.

Definition 2.2.5 (f-equivalence between diagrams of topological spaces). Let J be a small
category, and X,Y : J — Top be two functors. We say a natural transformation f: X — Y

is an € equivalence, if the induced maps,

FG)e s mi(X(5) = mi(Y'(5))

are isomorphisms for all j € J and 0 <1 < /.
We will say that a diagram X : J — Top is f-equivalent to the diagram Y : J — Top
(denoted as before by X ~, Y ), if and only if there exists diagrams X = Xo, X1,..., X, =

Y . J — Top and (-equivalences fi,..., f, as shown below:

X X5 X1
X, X, X,

It is clear that ~, is an equivalence relation.
In the above definition, by replacing the homotopy groups with homology (resp. cohomol-
ogy) groups we obtain the notion of homological (resp. cohomological) (-equivalence between

diagrams, which we will denote as before by 2, (resp. 9@).
One particular diagram will be important in what follows.

Notation 1 (Diagram of various unions of a finite number of subspaces). Let J be a finite

set, A a topological space, and A = (A;)jes a tuple of subspaces of A indexed by J.

20



For any subset J' = J 3, we denote

AT =] 4,

jleJ’

Ar = [ Ay,

j/eJ/

We consider 27 as a category whose objects are elements of 27, and whose only morphisms

are given by:

2‘]((]/”]”) _ @ Zf J/ ¢ J”,

27(J, J") {typn} if J' = J".

We denote by Simp” (A) : 27 — Top the functor (or the diagram) defined by
Simp”’ (A)(J') = A, J' € 27,

and Simp” (A) (v ) is the inclusion map A7 — A”".

P-formulas and P-semi-algebraic sets

Notation 2 (Realizations, P-, P-closed semi-algebraic sets). For any finite set of poly-
nomials P < R[X1,..., Xy], we call any quantifier-free first order formula ¢ with atoms,
P=0,P<0,P>0,PeP, to be a P-formula. Given any semi-algebraic subset Z < R,

we call the realization of ¢ in Z, namely the semi-algebraic set

R(¢,2) = {xeZ]¢(x)}

a P-semi-algebraic subset of Z.

If Z = R¥, we often denote the realization of ¢ in R* by R(¢).

31In this thesis A ¢ B will mean A n B = A allowing the possibility that A = B. Also, when we denote
«a < [ in a poset we allow the possibility a = 3, reserving a < 8 to denote o < 3, # 5.
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If ® = (¢;)jes is a tuple of formulas indexed by a finite set J, Z = R* a semi-algebraic
subset, we will denote by R(P, Z) the tuple (R(¢;j, Z))jes, and call it the realization of ® in
Z. For J c J', we will denote by ®|; the tuple (¢;)er -

We say that a quantifier-free formula ¢ is closed if it is a formula in disjunctive normal
form with no negations, and with atoms of the form P = 0,P < 0 (resp. P > 0,P < 0),
where P € D[Xq,...,Xy]. If the set of polynomials appearing in a closed (resp. open)
formula is contained in a finite set P, we will call such a formula a P-closed formula, and

we call the realization, R (¢), a P-closed semi-algebraic set.
We will also use the following notation.
Notation 3. Forn € Z we denote by [n] = {0,...,n}. In particular, [-1] = &.

Finally, we are able to state the main results proved in this chapter.

2.2.2 Efficient simplicial replacements of semi-algebraic sets

Theorem 2.2.1. There exists an algorithm that takes as input
A. a P-closed formula ¢ for some finite set P < D[ X7, ..., X];
B. ,0<{<k;

and produces as output a simplicial complex Ng(¢) such that |Ay(¢)| 2o R(¢). The complexity
of the algorithm is bounded by (sd)*°"", where s = card(P) and d = maxpep deg(P).

More generally, there exists an algorithm that takes as input
A. a tuple ® = (¢, ..., ¢Nn) of P-closed formulas for some finite set P < D[ X7, ..., X];
B. (,0<l<k;

and produces as output a simplicial complex Ay(P), and for each J < [N] a subcomplex
Ay(P|y), such that
(J = [A(@],)])sepy) *¢ Simp(R(®)).

The complezity of the algorithm is bounded by (Nsd)**“, where s = card(P) and d =

max pep deg(P).
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Theorem 2.2.1 is valid over arbitrary real closed fields. In the special case of R = R, we
have the following stronger version of Theorem 2.2.1, where we are able to replace homological

(-equivalence by f-equivalence.

Theorem 2.2.1". Let R = R. There exists an algorithm that takes as input
A. a P-closed formula ¢ for some finite set P < D[ X7, ..., X];
B. ,0<l<k;

and produces as output a simplicial complex Ay(¢) such that |Ay(¢)| ~¢ R(¢). The complexity
of the algorithm is bounded by (sd)**", where s = card(P) and d = maxpep deg(P).

More generally, there exists an algorithm that takes as input
A. a tuple ® = (o, ..., oNn) of P-closed formulas for some finite set P < D[ X7, ..., X];
B. ,0<l<k;

and produces as output a simplicial complex Ay(P), and for each J < [N] a subcomplex
Ay(P|;) such that
(J = [2e(®]))sey) ~¢ SimpM (R()).

The complexity of the algorithm is bounded by (Nsd)ko(@, where s = card(P) and d =

max pep deg(P).

Remark 2. One main tool that we use is the Vietoris-Begle theorem (see proofs of Claims
2.8.1, 2.3.2). Since, there are many versions of the Vietoris-Begle theorem in the literature
we make precise what we use below.

It follows from [16, Main Theorem/ that if X < R™ Y < R™ are compact semi-algebraic
subsets (and so are locally contractible), and f : X — 'Y is a semi-algebraic continuous map
such that for every y € Y, f~1(y) is (-connected, then f is an (-equivalence. We will refer
to this version of the Vietoris-Begle theorem as the homotopy version of the Vietoris-Begle
theorem. Since, (-equivalence implies homological {-equivalence (see for example [17, pp.

124, §4.1B]), [ is a homological (-equivalence as well.
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Alternatively, if we assume that f=*(y) is only homologically (-connected for each y €Y,
then we can conclude that f is a homological (-equivalence (see for example, the statement
of the Vietoris-Begle theorem in [18]). This latter theorem is also valid for semi-algebraic
maps between closed and bounded semi-algebraic sets over arbitrary real closed fields, once
we know it for maps between compact semi-algebraic subsets over R. This follows from a
standard argument using the Tarski-Seidenberg transfer principle and the fact that homology
groups of closed bounded semi-algebraic sets can be defined in terms of finite triangulations.
We will refer to this version of the Vietoris-Begle theorem as the homological version of the

Vietoris-Begle theorem.

2.2.3 Application to computing homotopy groups of semi-algebraic sets

One important new contribution of the current work compared to previous algorithms
for computing topological invariants of semi-algebraic sets [7], [8] is that for any given semi-
algebraic subset S < R*. our algorithms give information on not just the homology groups
but the homotopy groups of S as well.

Computing homotopy groups of semi-algebraic sets is a considerably harder problem than
computing homology groups. There is no algorithm to decide whether the fundamental group
of a finite simplicial complex is trivial [15]. As such the problem of deciding whether the
fundamental group of any semi-algebraic subset S < R is trivial or not is an undecidable
problem.

On the other hand algorithms for computing topological invariants of a given semi-
algebraic set S = RF, defined by a P-formula where P < D[X,..., X}], usually involve

two kinds of operations.
(a) Arithmetic operations and comparisons amongst elements of the ring D;
(b) Operations that do not involve elements of D.

In our complexity bounds we only count the first kind of operations (i.e. those which involve

elements of D).
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From this point of view it makes sense to ask for any algorithmic problem involving
formulas defined over D, if there is a reduction to another problem whose input is independent
of D. Theorem 2.2.1" gives precisely such a reduction for computing the first ¢ homotopy
groups of any given semi-algebraic set defined by a formula involving coefficients from any

fixed subring D < R.

Corollary 1. For every fixed ¢, and an ordered domain D < R, there exists a a reduction
of the problem of computing the first £ homotopy groups of a semi-algebraic set defined by a
quantifier-free formula with coefficients in D, to that of the problem of computing the first £
homotopy groups of a finite simplicial complex. The complexity of this reduction is bounded

singly exponentially in the size of the input.

While the problem of computing the fundamental group as well as the higher homotopy
groups of a finite simplicial complex is clearly an extremely challenging problem, there has
been recent breakthroughs. If a simplicial complex K is 1-connected then Cadek et al.
[19] has given an algorithm for computing a description of the homotopy groups m;(|K]),
2 < i < {, which has complexity polynomially bounded in the size of the simplicial complex

K for every fixed £. This result coupled with Theorem 2.2.1" gives the following corollary.
Corollary 2. Let R =R,D c R and ¢ = 2. There exists an algorithm that takes as input
A. a P-closed formula ¢ for some finite set P < D[ X7, ..., X];
B. ,0<l<k;

such that R(¢) is simply connected, and outputs descriptions of the abelian groups m;(R(¢)),
2 <1 < L in terms of generators and relations.
The complexity of the algorithm is bounded by (sd)kom, where s = card(P) and d =

max pep deg(P).

Remark 3. Note that we do not have an effective algorithm for checking the hypothesis that

the given semi-algebraic set is simply connected.
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Covers

A standard method in algebraic topology for computing homology /cohomology of a space
X is by means of an appropriately chosen cover, (V,, € X),er, of X by open or closed subsets.
Suppose that X < R is a closed or open semi-algebraic set. Let V = (V,, © X)acr be a finite
cover of X by open or closed semi-algebraic subsets, such that for each non-empty subset

J < I, the intersection V; = (1) ., V4 is either empty or contractible. We will say that such

aeJ
covers have the Leray property and refer to them as Leray covers. One can then associate to
the cover V, a simplicial complex, N'(V), the nerve of V defined as follows.

The set of p-simplices of N (V) is defined by
NW), ={{ag,...,ap} <2/ [ Vg -V, # T

It follows from a classical result of algebraic topology that the geometric realization [N (V)|

is homotopy equivalent to X, and moreover for each ¢ > 0, the geometric realization of the

(¢ + 1)-st skeleton of N'(V),
skep1(NV(V)) = {o e N(V) | card(o) < £ + 2}.

is homologically (-equivalent (resp. f-equivalent) to X (resp. when R = R).

The algorithms for computing the Betti numbers in [12]-[14] proceeds by computing the
k-skeleton of the nerve of a cover having the Leray property whose size is bounded singly
exponentially in k, and computing the simplicial homology groups of this complex. However,
the bound on the size of the cover is not uniform but depends on a real valued parameter
— namely the condition number of the input — and hence the size of the cover can become
infinite. In fact, computing a singly exponential sized cover by semi-algebraic subsets having
the Leray property of an arbitrary semi-algebraic sets is an open problem. If one solves
this problem then one would also solve immediately the problem of designing an algorithm
for computing all the Betti numbers of arbitrary semi-algebraic sets with singly exponential

complexity in full generality.
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The algorithms in [7], [8] which are able to compute some of the Betti numbers in di-
mensions > 0 also depends on the existence of small covers having size bounded singly ex-
ponentially, albeit satisfying a much weaker property than the Leray property. The weaker
property is that only the sets V,,a € I (i.e. the elements of the cover) are contractible.
No assumption is made on the non-trivial finite intersections amongst the sets of the cover.
Covers satisfying this weaker property can indeed be computed with singly exponential com-
plexity (this is one of the main results of [7] but see Remark 5), and using this fact one is able
to compute the first £ Betti numbers of semi-algebraic subsets of R¥ for every fixed ¢ with
singly exponential complexity. The algorithms in [7] and [8] do not construct a simplicial
complex homotopy equivalent or f-equivalent to the given semi-algebraic set S unlike the

algorithm in [12].

Main technical contribution

The main technical result that underlies the algorithmic result of the current work is the
following. Fix 0 < ¢ < k. Suppose for every closed and bounded semi-algebraic set S one
has a covering of S by closed and bounded semi-algebraic subsets which are ¢-connected (see
Definition 2.2.3) and which has singly exponentially bounded complexity (meaning that the
number of sets in the cover, the number of polynomials used in the quantifier-free formulas
defining these sets and their degrees are all bounded singly exponentially in k). Moreover,
since it is clear that contractible covers with singly exponential complexity exists, this is not
a vacuous assumption. Using ¢-connected covers repeatedly we build a simplicial complex of
size bounded singly exponentially which is f-equivalent to the given semi-algebraic set. The
definition of this simplicial complex is a bit involved (much more involved than the nerve
complex of a Leray cover) and appears in Section 2.3. Its main properties are encapsulated
in Theorem 2.3.1.

Two remarks are in order.

Remark 4. 1. Firstly, the Leray property can be weakened to require that for every t-wise
intersection, Vy, card(J) = t is either empty or (¢ —t + 1)-connected [20]. We call this

the (-Leray property. The nerve complex, N'(V) is then (-equivalent to X [20]. However,
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the property that we use is much weaker — namely that only the elements of the cover are
{-connected and we make no assumptions on the connectivity of the intersections of two
or more sets of the cover. This is due to the fact that controlling the connectivity of the
intersections is very difficult and we do not know of any algorithm with singly exponential

complexity for computing covers having the (-Leray property for £ > 1.

2. Secondly, note that to be {-connected is a weaker property than being contractible. Unfor-
tunately, at present we do not know of algorithms for computing {-connected covers, for
¢ > 0 that has much better complezity asymptotically than the algorithm in [7] for com-
puting covers by contractible semi-algebraic sets. However, it is still possible that there
could be algorithms with much better complezity for computing £-connected covers (at least

for small £) compared to computing contractible covers.

2.3 Simplicial replacement in an abstract setting

We now arrive at the technical core of this chapter. Given a finite set J, a tuple, & =
(¢j)jes, of closed formulas with k free variables, and numbers ¢,m > 0, we will describe the
construction of a poset, that we denote by P,,;(®). We will assume that the realizations,
R(¢;),j € J, of the formulas in the tuple are homologically ¢-connected semi-algebraic
subsets of R* for some ¢ > 0. In case R = R, substitute “/-connected” for “homologically
(-connected”. The poset P,,;(®) will have the property that the geometric realization of
its order complex, A(P,,;(®)), is homologically (m — 1)-equivalent ((m — 1)-equivalent if
R = R) to R(®)’. More generally, for each J' < J, Py, ;(®|;) can be identified as a subposet
of P, ;(®), and the diagram of inclusions of the corresponding geometric realizations is
homologically (m — 1)-equivalent to the diagram Simp”’ (R(®)) ((m—1)-equivalent if R = R)
(cf. Theorems 2.3.1 and 2.3.1). The poset P, ;(®) will then encode in a finite combinatorial
way information which determines the first m homotopy groups of R(®)”" for all J' < J,
and the morphisms 7,(R(®)”") — 7,(R(®)”") induced by inclusions, for 0 < h < m — 1 and
J' < J" < J. (The significance of the subscript ¢ in the notation P,, ;(®) will become clear

later.)

28



2.3.1 Outline of the main idea

We begin with an outline explaining the main ideas behind the construction. First observe
that if the realizations of the sets in the given tuple, in addition to being /-connected, satisfies
the (-Leray property (i.e. each t-wise intersections amongst them is (¢ — ¢ + 1)-connected),
then it follows from [20] that the poset of the non-empty intersections (with the poset
relation being canonical inclusions) satisfies the property that the geometric realization of
its order complex (see Definition 2.3.1) is f-equivalent to R(®)”. The same is true for all the
subposets obtained by restricting the intersections to only amongst those indexed by some
subset J' < J. However if the ¢-Leray property fails to hold then the poset of canonical
inclusions may fail to have the desired property.

Consider for example, the tuple

d = (¢07¢1)7
where
g0 = (X{+X5-1=0)A(Xy20),
¢ = (XP+XI-1=0)A(Xy<0).

The realizations R(¢g), R(¢1) are the upper and lower semi-circles covering the unit circle
in the plane.

The intersection R(¢pg) N R(¢1) = R(¢o A ¢1) is the disjoint union of two points. The
Hasse diagram of the poset of canonical inclusions of the sets defined by ¢q, ¢1, and ¢g A ¢y

is:

G0 A 91
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and the order complex of the poset is the simplicial complex shown in Figure 2.1. The

geometric realization of the order complex is clearly not homotopy equivalent to the
R(®)H = R(y) U R(¢1)

which is equal to the unit circle. This is not surprising since the cover of the circle by the

two closed semi-circle is not a Leray cover (and in fact not ¢-Leray for any ¢ > 0).

%o o A\ 1 b

Figure 2.1. Order complex for non-Leray cover

One way of repairing this situation is to go one step further and choose a good (in this

case co-connected) cover for the intersection R(¢g) N R(¢1) defined by 1y, 11, where

vy = (X14+1=0)A(Xe=0),
1/}1 = (X1—1=0)/\(X2=0)

The Hasse diagram of the poset of canonical inclusions of the sets defined by ¢q, ¢1, 1o,

and

1]

and the order complex of the poset is shown in Figure 2.2. It is easily seen to have the same

homotopy type (homeomorphism type even in this case) to the circle.
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%o 1

U1

Figure 2.2. Order complex for modified poset

The very simple example given above motivates the definition of the poset P, ;(®) in
general. We assume that we have available not just the given tuple of sets, and the non-empty
intersections amongst them, but also that we can cover any given non-empty intersections
that arise in our construction using ¢-connected closed (resp. open) semi-algebraic sets (we
do not assume that these covers satisfy the stronger ¢-Leray property). The poset we define
depends on the choice of these covers and not just on the formulas in the tuple ® (unlike
the standard nerve complex of the tuple R(®)). The choices that we make are encapsulated
in the functions Zj; and Ci,; below. In practice, they would correspond to some effective

algorithm for computing well-connected covers of semi-algebraic sets.

Remark 5. There is one technical detail that serves to obscure a little the clarity of the
construction. It arises due to the fact that the only algorithm with single exponential com-
plexity that exists in the literature for computing well connected (00-connected or equivalently
contractible) covers is the one in [7]. However, the algorithm requires that the polynomials
describing the given set S be in strong general position (see Definition 2.4.1). In order to
satisfy this requirement one needs to initially perturb the given polynomials and replace the
given set by another one, say S, which is infinitesimally larger but has the same homotopy
type as the given set S (see Lemma 2.3.1). The algorithm then computes closed formulas
whose realizations cover S’ and moreover are each semi-algebraically contractible. While
there is a semi-algebraic retraction from S’ to S, this retraction is not guaranteed to restrict
to the elements of the cover. Our poset construction is designed to be compatible with the

fact that the covers we assume to exist actually are covers of infinitesimally larger sets (i.e.
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that of S” instead of S following the notation of the previous sentence). This necessitates the

use of iterated Puiseux extensions in what follows.

Of course, the introduction of infinitesimals could be avoided by choosing sufficiently
small positive elements in the field R itself and thus avoid making extensions. This would be
more difficult to visualize, and so we prefer to use the language of infinitesimal extensions.
In the special case when R = R, we prefer not to make non-archimedean extensions, since
we discuss homotopy groups, so we take the alternative approach. However, we believe that
the infinitesimal language is conceptually easier to grasp and so we use it in the general case.

Before giving the definition of the poset we first need to introduce some mathematical

preliminaries and notation.

2.3.2 Real closed extensions and Puiseux series

We will need some properties of Puiseux series with coefficients in a real closed field. We

refer the reader to [2] for further details.

Notation 4. For R a real closed field we denote by R{e) the real closed field of alge-
braic Puiseux series in € with coefficients in R. We use the notation R{ey, ..., en) to de-
note the real closed field R{e1){ea)---{emy. Note that in the unique ordering of the field
Rlet, . yem), 0<éepm Kepmo1 € - Kep < 1.

If &€ denotes the (possibly infinite) sequence (g1, €2, ...) we will denote by R{E) the real
closed field | J,,~oR<e1, ..., em).

Finally, given a finite sequence (&1, . .., &) we will denote by R{&1, ..., &ny) the real closed

field R{E1) (&) (Em).

Notation 5. For elements x € R {e) which are bounded over R we denote by lim. x to be the

image in R under the usual map that sets € to 0 in the Puiseux series x.

Notation 6. If R’ is a real closed extension of a real closed field R, and S = RF is a semi-
algebraic set defined by a first-order formula with coefficients in R, then we will denote by

ext(S,R’) = R* the semi-algebraic subset of R’* defined by the same formula. * It is well

41Not to be confused with the homological functor Ext(-,-) which unfortunately also appears in this paper.
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known that ext(S,R’) does not depend on the choice of the formula defining S [2, Proposition
2.87].

Notation 7. Suppose R is a real closed field, and let X < RF be a closed and bounded
semi-algebraic subset, and X+ < R<z—:>k be a semi-algebraic subset bounded over R. Let for
teR,t>0, )N(;r — R* denote the semi-algebraic subset obtained by replacing ¢ in the formula
defining Xt by t, and it is clear that for 0 < t « 1, )?;r does not depend on the formula
chosen. We say that X ™ is monotonically decreasing to X, and denote X+ N\, X if the

following conditions are satisfied.
(a) for all0 <t <t <1, X;t © )N(;f,

(b)
ﬂ;(;r =X;

t>0

or equivalently lim, X+ = X.

More generally, if X < RF be a closed and bounded semi-algebraic subset, and X+ <
Rdeq, . .. ,5m>k a semi-algebraic subset bounded over R, we will say X+ \, X if and only
if

X =X\ X XN XL XN X =X,

where fori=1,...,m, X;" = lim., X;%,.
Note that if € = (g1, €3,...) is an infinite sequence, and X+ < R()" is a semi-algebraic

subset bounded over R, then there exists m = 1, and semi-algebraic subset X, < Rleq, ... ,5m>k

closed and bounded over R, such that Xt = ext(X,}, R()).
In this case, if X < RF be a closed and bounded semi-algebraic subset, we will say

X+ N\ X if and only if
XT-;-"-I :X+ \X;’_L’ X:L\X;L—layX;\X+ :X7

where fori=1,...,m, X;" = lim,, X;\;.
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Finally, if &1,...,&n are sequences (possibly infinite), X < R¥ be a closed and bounded
semi-algebraic subset, and X+ < R{y,. .. ,§m>k a semi-algebraic subset bounded over R, we

will say X+ \, X if and only if
X;;-‘rl :X+\X'r-"r_m X’;—L\X;;—layX;\X—"_ :X7

where fori=1,...,m, X;" = lims, X},

The following lemma will be useful later.

Lemma 2.3.1. Let X < RF be a closed and bounded semi-algebraic subset, and X+ <
R¢ey, ... ,E_m>k a semi-algebraic subset bounded over R, such that X \, X. Then,

ext(X,R{E1,...,Em)) is semi-algebraic deformation retract of X+.
Proof. See proof of Lemma 16.17 in [2]. H

Notation 8. For x € R¥ and Re R, R > 0, we will denote by By(0, R) the open Euclidean
ball centered at O of radius R. We will denote by By (0, R) the closed Euclidean ball centered
at 0 of radius R. If R’ is a real closed extension of the real closed field R and when the
context is clear, we will continue to denote by By (0, R) the extension ext(Bg(0, R),R’), and

similarly for Bx(0, R). This should not cause any confusion. Similarly, we will denote by

S¥71(0, R) the sphere of dimension k — 1 in RF centered at 0 of radius R.

We refer the reader to [2, Chapter 6] for the definitions of homology and cohomology

groups of semi-algebraic sets over arbitrary real closed fields.

2.3.3 Definition of the poset P,, ;(P)

Simplified view of the definition of the poset P,, ;(P)

Before giving a precise definition of the poset P,, ;(®), we first give a simplified version.

We make the following two simplifications in order to illustrate the key idea.

(a) We ignore the role of the index 7 in what follows. The necessity of the extra parameter i is

due to the fact that the hypothesis we assume (Hypothesis 1 in the following paragraph)
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is slightly stronger than we are able to assume for designing effective algorithms for
computing the poset (see Remark 5). The actual hypothesis that we use is encapsulated

in Property 2 below.

(b) Secondly, in order to keep a geometric view of the construction, we will talk about tuples
S = (5;)jes of semi-algebraic sets, instead of tuples of formulas ® = (¢;),e; defining
them. As above, in order to give an effective algorithms, and analyzing its complexity,
we need to describe the poset in terms of formulas rather than sets, which we do in the

precise definition that follows this simplified version.
We make the following hypothesis.

Hypothesis 1 (Black-box hypothesis). There ezists a black-box (or algorithm) that given a
closed and bounded semi-algebraic set S = R¥ as input, produces a cover (Sa)accesy of S by

closed and bounded (-connected semi-algebraic sets.

Definition 2.3.1 (The order complex of a poset). Let (P, <) be a poset. We denote by

A(P) the simplicial complex whose simplices are chains of P.

Suppose S = (5;)es is a finite tuple of f-connected closed semi-algebraic subsets of R”.

Our goal is to define a poset P,,(S) such that:

Property 1.
(APL(S)| L 87

(see Definition 2.5.1). We will say that the poset P, (S) satisfies Property 1 for the pair
(m,S).

Remark 6. We use cohomological m-equivalence in Property 1. In the final construction
we will lose a dimension while passing from cohomological equivalence to (homological or
homotopical) equivalence because of the use of the universal coefficients theorem (see the

proof of Claim 2.3.5 inside the proof of Theorem 2.3.1), and we will end up with
(’A(Pm(s))"”m—l‘sj'
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The main idea is to approximate homotopically the diagram of sets

(S1)1ccard(ny<m+2
(see Notation 1), and the inclusion maps
Sp— S, 1T,
by a corresponding diagram of (the geometric realizations of the order complexes of) posets

(Pm—card(1)+1,l)lc Jcard(I)<m+2

(where the poset P,,_cara(r)+1,1 corresponds to Sy), and poset inclusions

/
Pm—card([’)+1,[’ - Pm—card(])+1,[7 Icrl.

The construction is by induction on m (we call this the global induction below).

1. (Base case of the global induction, m = —1.) Suppose S = (5})jes is a finite tuple of
(-connected closed and bounded semi-algebraic subsets of R*. We define the poset P_;(S)
to be just the index set J, with no non-trivial order relations. It is depicted in Figure 2.3a.

It is clear that P_;(S) satisfies Property 1 for the pair (—1,S).

2. (Induction hypothesis of the global induction.) We assume that for each m’, =1 <m’ < m,
and each finite tuple S = (5;) ;e of f-connected closed and bounded semi-algebraic subsets

of R*, we have defined a poset P, (S) satisfying Property 1 for the pair (m/,S).

3. (Inductive step of the global induction, going from < m to m.) Using the inductive
hypothesis, we now define a poset P,,(S) satisfying Property 1 for the pair (m,S), for

any tuple S of f-connected closed and bounded semi-algebraic subsets of RF.

Fix a finite tuple S = (5;) es of (-connected closed and bounded semi-algebraic subsets
of R¥. We will define P,,(S) below in steps. The poset P,,(S) as a set will be a disjoint

union of the index set J, and certain subposets P,_cara(r)+1,7, where I where I < J,2 <
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card(]) < m + 2. We define the subposets P,,_cara(r)+1,1 by downward induction (we call

this the local induction below) on card([), starting from the base case, card(I) = m + 2.

(a) (Base case of the local induction, card(l) = m + 2.) We first consider the semi-
algebraic sets Sy, card(]) = m+2. Associated to each such I, we define a poset, which
we denoted by P_; ; as follows: Using Hypothesis 1 applied to the semi-algebraic set
St we obtain a cover (S7a)aec(s;) of Sr by closed and bounded /-connected semi-

algebraic sets. We define

P—l,I = P—l((SI,a)QGC(SI)) = C(SI>

with no non-trivial order relation. It is depicted in Figure 2.3a. It is clear that P_; ;

satisfies Property 1 for the pair (=1, (S1.a)aec(s)))-
(b) (Going from m + 2 to m + 1.) Next we consider subsets I of cardinality m + 1. For
each such subset we construct a poset Py ; satisfying two conditions:
i. For each set I', with card(l") = card(I) + 1, and I < I’, the poset P_; i already
defined is isomorphic to a sub-poset of P r;
ii. |A(Po)| is cohomologically 0-equivalent to Sy.
We apply Hypothesis 1, to the semi-algebraic set §; as input and obtain a cover

(Sr,a)acc(s;) of St by closed and bounded ¢-connected semi-algebraic sets. We let

P11 =P_1((Sra)accis)-

Let J; be the union of the indexing set C(Sy), with the posets P_; i for each I’ with
I < I')card(I") = card(I) + 1. Notice that for each « € Jy, there is an ¢-connected
closed and bounded semi-algebraic set associated to it. Denote this set by D(«).

For every pair «, € J;, we again apply Hypothesis 1 to obtain a cover of D(a)nD([3)
by (-connected closed and bounded semi-algebraic sets, (Sra,8) er, s Where I g =
C(D(a) n D(B)). The poset Py is defined to be the set J; u |, s s, Lo, and the

non-trivial order relations are v < a, 8 for each y € I, g. It is depicted in Figure 2.3b.
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(c) (Local induction hypothesis.) We assume that we have already defined the posets
P, —card(r)+1,17, With card(l") > card([).

(d) (Inductive step in general for the local induction.) We construct the poset Py, _cara(r)+1,1
as follows. We apply Hypothesis 1 with the semi-algebraic set S; as input and obtain
a cover (Sy.a)aec(s;) of Sr by closed and bounded ¢-connected semi-algebraic sets. Let
Jr be the union of the indexing set C(S;), with the posets P, _cara(rry+1, for each
I" with I < I',card(l") = card(l) + 1. Notice that for each o € Jy, there is an (-
connected closed and bounded semi-algebraic set associated to it. Denote this set by
D(«).

We define the poset P, _cara(r)+1,r using the global induction hypothesis. The global
inductive hypothesis gives us that for any finite tuple of /-connected closed and
bounded semi-algebraic set (in particular, the tuple of sets (D(a))acs,) We have
defined a poset P,_cara(n+1((D(@))aes,), which satisfies Property 1 for the pair
(m —card(l) + 1, (D(«))aes,) (since m — card(l) + 1 < m).

We define

Pm—card(])+1,[ = Pm—card([)+1((D(a))aer)-

This finishes the local induction and we have defined P, _cara(r)+1,7, for each I <

J,2 < card(l) < m+ 2.

Finally, we define
Pm(S) =Ju U Pm—card([)-i—l,[- (21)

IcJ2<card(l)<m+2
The partial order in the poset P,,(S) is specified as follows. By the local induction, each

of the poset P, _cara(r)+1,7 comes with a partial order. We extend these orders as follows:

(a) For each I < I' < J, with 2 < card(/) < card(I’) < m + 2, there is a subposet of
P, —carda(n)+1,r canonically isomorphic to the poset P,,_cara(r)4+1,r7- For each element

« of the former and the corresponding element o’ of the latter we set o’ < a.

(b) For each j € J, and o € Py, _cara(r)+1,1,J € I, we set the element o < j.
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This ends the definition of the poset P,,(S) completing the global induction. Figure 2.3¢
depicts P,,,(S) in terms of subposets P _cara(n+1,7- In Claim 2.3.11 we will show that the
height of the poset P,,(S) is bounded by 2m + 2.

Notice that for any chain o < ax_1 < ... X o of elements in P,,(S), we have a sequence
of inclusion maps of semi-algebraic sets D(ay) < D(ag_1) < ... D(ag). It is depicted

in Figure 2.4 for a hypothetical space with four elements in the initial covering.

The following two examples are illustrative.

Example 1. Let { = co,m = 2, § = (51, 5:), where Sy, Sy are the closed upper and lower
hemispheres of the unit sphere in R® (see Figure 2.5a).
Using (2.1) we get
P.(S)={1,2} UP, 241019 (2.2)

Let C(Sp1,23) be the cover of Spgy by two closed semi-circles T3, Ty, and let T = (15,Ty).
Note that T5 nTy is a set containing two points Ws, Wy (say), and the only possibility for
C(T5 n'Ty), is the tuple W = (W5, Ws). Then,

Pm_l(T) = {3, 4} U Pm_27{374} (23)

and the subposet P,_5 (3 4y is isomorphic to the poset

P,,_s(W) = {5,6}. (2.4)

Substituting (2.4) into (2.3) and (2.3) into (2.2) we finally obtain that the Hasse diagram of
the poset P,(S) is

The order complex of this poset is homotopy equivalent (in fact, in this case is homeomorphic)

to the sphere.
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Q1 Q2 Qcard(C(S1))
o o . °

(a) P_17[ = P—l((SI,oz)ae(?(SI)): The ele-
ments of the poset, i.e. Jj, correspond to
the elements of the cover C(Sy), with no
non-trivial order relation.

(b) Po,r: At the top level, the elements of P ; corre-
spond to the cover C(S;) and elements of the posets
P_, 1, where card(l;) = card(I) + 1 and I < I,.
At the bottom level we have elements of the posets
P_1((SLQZ,’OLJvﬂ/),yec(D(ai)nD(aj)))fShOWIl as a box—
for every pair a; and oy at the top level. The order
relations are between the pairs and the elements of their
corresponding posets at the bottom level.

1 2

. .
[ | [ |
| o ! | -~
| Pm—Lle) | | Pm—],[éz) |
| | | |
[ | [ |
| | | |
i POJE"HA) i PO,Iéerl) i
| | | |
[ | 1Tt |
| | | |
‘ P—lJimH) ‘ P—l,ém”)\
| | | |

P0J<m+1> :
n

| m+1 |

(c) Pnu(S) = JuUIC.chmcl(l)gm+2 P, _cara(r)+1,1: The top level of the poset corresponds

to the elements of J. Next, we have elements of the posets P, = where Ii(2) c J

and card([i@)) = 2—denoted by the superscript (2).

Similarly at the lower levels, we

have elements of the posets corresponded to subsets I Z.(m/) < J with card([i(m/)) = m’ and

m’ < m + 2. The partial order relations are defined between j € {1,...,n} at the top level

and the elements of Pm—l,]fz)’

within each poset, if I;ml*l) c Ii(ml) then P

element o' of the P
m—m'+1,

we set o < a.

7(m) and the corresponding element « of the P

if j € Ii(Q). Furthermore, in addition to the order relations

(m/—1), hence for each
J

>
m—m’+1,[fm/) m—m’+2,

m—m’+2,I§m/71)

Figure 2.3. A simple illustration of the simplified view of the poset.
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e
\F\

1,2,3,4)

Figure 2.4. Poset Py, (S) such that |A(P,(S))| is m-equivalent to | J;c; S; with
m=2,J={1,2,3,4}.

Example 2. Now let { = m =2, § = (51, 52), where S1,Ss are the closed upper and lower
hemispheres of the unit sphere in R*, k > 5. That is Sy (resp. So) is the intersection of the
unit sphere in R*, with the set defined by Xy = 0 (resp. X;, <0).
Using (2.1) we get
P,(S)=1{1,2} UP, 911,012

Let C(Sq1,2y) be the cover of Sgi 9y by two closed semi-spheres Ts, Ty, (i.e. Ty (resp. Ty)
is the intersection of Sgi 2y with Xj—1 =0 (resp. Xj—1 <0), and let T = (13,T4).
Note that W5 = T3nTy is a (k—3)-dimensional sphere, and since k > 5, Wy is 2-connected

and we can take C(Ws5) = (Ws).

Py(T) = {34} v {5}
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with Hasse diagram
3 4
5
Finally we obtain that the Hasse diagram of the poset Po(S) is

1 2
>
3 4
NS
5
The order complex of this poset is contractible and is 2-equivalent (but in this case not

homotopy equivalent) to S*=' for k > 5.

With the definition of the poset P,,(S) it is possible to prove the following theorem. We

do not include a proof of this theorem since it is subsumed by Theorem 2.3.1".

Theorem. With the same notation as in the Definition of P,,(S) defined above:

APLS)~mi S

jed

More generally, we have the diagrammatic homological (m — 1)-equivalence
(‘]I — ’A<Pm(8‘J’)|)J’€2J ’Em—l SlmpJ(S)7

where S|y = (S;) e

We now return to the precise definition of the poset P, ;(®) that we are going to the

use.

Precise definition of P,, ;(®)

We begin with a few useful notation that we will use in the construction.
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Notation 9. We will denote by Fr i the set of quantifier-free formulas with coefficients in

R and k variables, whose realizations are closed in R*.
We also use the following convenient notation.

Notation 10 (The relation c,). For any n € Zsq, and sets A, B, we will write A c<,, B

to mean A < B and 0 < card(A) < n.

We are now in a position to define a poset associated to a given finite tuple of formulas
that will play the key technical role in the rest of the paper.
We first fix the following.

A. Let R =Ry c R; © Ry © -+ be a sequence of extensions of real closed fields.

B. We also fix two sequences of functions,
ik : Frok — Z>-1,

and

Cik: Fryp — U(FRM,k)[p],

p=>0

Remark 7. The definition of the poset P, ;(-) given below does not depend on any specific
properties of the functions Z; x(-) and C;x(-). Later we will prove key topological properties
of Ppi(+) (see Theorems 2.8.1 and 2.3.1" below) under certain assumptions on I, ;(-) and

Cix() (see Properties 2 and 2 below).

For each i > 0, and —1 < m < k, a non-empty finite set J, and ® € (Fg,x)”, we define a
poset (P, (P), <).
We first need an auxilliary definition which will be used in the definition of the underlying

set, P, ;(®), of the poset (P, ;(®), <).

Definition 2.3.2. Let J be a non-empty finite set, and ® € (Fr,)”. We first define for each

subset I Cepio J, a set Jyi10, and an element @, ;15 € (Fr,,, x)"™ 1% (using downward

i+1,

induction on card(I)).
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Base case (card(l) = m + 2): In this case we define,
Tmare =1} < [k /\ 2())]; (2.5)
jel

and for (1,p) € Jmi1.e,
(I)mz[J I p 1k /\(I)

jel
Inductive step: Suppose we have defined Jp, ;o and O, p 5 for all I' with card(l’) =
card(/) + 1. We define

Jm,i,[’,cby (26)

Imire = <{]} X [Izk(/\ ®(5)]

jel ) IcI'cJcard(I’)=card(I)+1

and

Prirs(@) = Cir(/\ @UG))(D), if o = (I,p) € {1} x [Tik( Ao ®())],

jel
= O py(a), ifa€ Jyipe for some I’ D1, with

card(I") = card(I) + 1.

The following properties of J,, ;¢ and ®,,; s are obvious from the above definition.
Using the same notation as in Definition 2.3.2:

Lemma 2.3.2. (a) card(J,;10) < © for each I Cpio J;

(b) For I,I' = J with card(I U I') < m + 2,
Imitore < Jmire O Imir o

(c) If I' I Canya J < J', then Jpize © Jpipe, and for a € Jpire, Puari(a) =
i1 (0).

Proof. Follows directly from Definition 2.3.2. [
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We now define the set P, ;(P).

Definition 2.3.3 (The underlying set of the poset (P, ;(®), <)). We define the set P, ;(P)
using induction on m.

Base case (m = —1): For each finite set J, and ® € (Fr. 1)’ we define

P_..(®) = )} x (@)

jeJ
Inductive step: Suppose we have defined the sets (P, #(®'), <) for allm’ with —1 < m’ < m,
i' =0, for all non-empty finite sets J' and all &' € (fRi,,k)Jl.

We complete the inductive step by defining:

P,.:(®) = [ J{{i}} x {&} v U {I} X Pr—cara(ne 141 (Prmirs).  (2.7)

jeJ IcJl<card(l)<m+2

We now specify the partial order on P,,;(®). For this it will be useful to have the
following alternative characterization of the elements of the poset P,, ;(®) as tuples of sets.
This characterization follows simply by unravelling the inductive definition of the set P,,, ;(®)

given above.

Characterization of the elements of the poset P,,;(®) as tuples of sets

The elements of P,,;(®) are all finite tuples of sets (of varying lengths)

([07 s 7[T'7 @)7

satisfying the following conditions.

1. Iy is a subset of Jy = J, card(ly) = 1 if r = 0, and 2 < card(ly) < m + 2 otherwise.
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2. I, is a subset of J; = (Jp) (see Eqn. (2.6), Definition 2.3.3) with

mo,i0,l0,Po

mo = m,
io = 1,
b, = @,

and

2 < card([;) < (mg — card(lp) + 1) + 2.

3. I, is a subset of Jy = (Jl)ml’“J1 ®,» Where
my = mgy— card(ly) + 1,
o= g+ 1,

CI)1 = ((I)O)mo,io,lo,Jm

and

2 < card(l2) < (my —card([y) + 1) + 2.

4. Continuing in the above fashion,

[r—l = Jr—l = (J’r—2)

My—2,ip—2,lr—2,Pr_2

where
Mo = my,_3—card(l,_3) + 1,
lp—g = ir—3+17
Q.5 = (Qr_g)mr7377;7'737['r73,‘]'r737
and
r—2

2<card(l,_1) <Kmp o+2=m+r—1-— Z card(l;)) + 2.

=0
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5. Finally,

IT < JT - <JT_1)mrflairflvlrflv(brfl ’

where

q)r—l = (®7’—2)mr—27ir727[7‘727‘]7‘72 ’

and

card(/,) = 1.

(We show later (see Claim 2.3.8) that for tuples (1o, ..., ., &) satisfying the above condi-

tions, r < m + 1.)

Definition 2.3.4 (Partial order on P,,;(®)). The partial order < on P, ;(®) is defined as
follows.

Foroa=(Ig,..., 18, @), 8 = (I, ... I£, &) € Py i(®),
B<as (ro<rg) and I[f < 17,0 < j <7, (2.10)

2.3.4 Main properties of the poset P, ;(®)

We will now state and prove the important properties of the poset P,, ;(®) that motivates

its definition.

Lemma 2.3.3. For each J < J" < J, and —1 < m' < m” < m, we have a poset inclusion,
Pm/,i((pL]/) —> Pm//7i(q)|l]//),

Proof. Follows from Definition 2.3.3 and Part (¢) of Lemma 2.3.2. O

We now state a lemma which will be useful later, that states a key property of the partial

order relation in P,, ;(®). Using the same notation as in Definition 2.3.3:
Lemma 2.3.4. Suppose that I' = I < J.

(a) The poset Py_card(n)+1,i+1(Prmii1,7) s a subposet of Pp_cara(rry+1,i+1(Prmsir,g)-
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(b) For each a, 0’ € Pm—card(I)+1,i+1((I)m,i,I,J>;

«Q <Pm—card(1)+1,i+1(q)m,i,I,J) O/ g (I7 O{) <Pm,i(q)) (Il? O/>'
Proof. Part (a) follows from the fact that J,,; 1.0 < Jimir.e, m—card(l)+1 < m—card(I")+1,
and Lemma 2.3.3.

Part (b) follows immediately from the definition of the partial order on P, ;(®) (see
Definition 2.3.4). O

Let R be a real closed field and R € R, R > 0. We say that the tuple

((Ri)iz0, R, k, (Zi k) i=0, (Cik)iz0)

satisfies the homological {-connectivity property over R if it satisfies the following conditions.

Property 2. 1. For each i = 0, R; = R{(&y,...,&;) where for j = 1,...,4, &; denotes the

SeqUENCE €51,E59, . - .-

2. For each ¢ € Fg, k-

(a) If R(¢, Br(0, R)) is empty then, I, ,(¢) = —1.
(b)
U RECx@)6), B0, B) |\ (R(9, B0, R))
JE[Zik(4)]
(see Notation 7). Notice that in the case R(¢, Bx(0, R)) is empty, Z;i(¢) = —1,

hence [Zix(¢)] = &, and s0 Ujez, o) R(Ci(#)(5), Br(0, R)) is an empty union,

and is thus empty as well.

(¢) For je |Zk(0)], R(Cir(0)(j), Bk(0, R))) is homologically £-connected.

Notation 11. Let ¢ be a quantifier-free formula with coefficients in R[g]. Then ¢ is defined
over R[&}, &, ..., &] where &} is a finite sub-sequence of the sequence &;. Fort = (t1,...,t;),
where for 1 < j < i, t; is a tuple of elements of R of the same length as g:, we will denote

by ¢ the formula defined over R obtained by replacing €} by t; in the formula ¢.
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For any finite sequence ¢t = (t1,...,ty), by the phrase “for all sufficiently small and

positive t” we will mean “ for all sufficiently small ¢; € R.(, and having chosen t;, for all

sufficiently small t5 € Roq, ... ”

We will say that
((Ri)i>07 R7 k> (Ii,k)i>07 (Ci,k>>0)

satisfies the (-connectivity property over R = R if it satisfies the following conditions.
Property 2. 1. Ry =R and for each , i >0, R; = R(&y,...,&).

2. For each ¢ € Fg, k-

(a) If R(¢, Br(0, R)) is empty then, I, ,(¢) = —1.
(b)
U RCu&)6), Bl0,R)) |\ (R(6, B0, 1))

JE[Zik(4)]

(¢c) For je|Z1(9)], and all sufficiently small and positive t,

R(Cir(¢)(3)e: Bi(0, 1))

s {-connected.

The following two theorems give the important topological properties of the posets defined

above that will be useful for us.

Theorem 2.3.1. Suppose that the tuple

((Ri)iz0, R, k, (Zi k) iz0, (Cik)iz0)

satisfies the homological (-connectivity property over R (see Property 2). Then, for —1 <

m < ¢, every finite set J, and ® € (Fyr,)”’, such that for each j € J, R(®(j), Br(0, R)) is

homologically ¢-connected,

AP, (®))| L1t R(®, Br(0, R))”. (2.11)
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More generally, we have the diagrammatic homological (m — 1)-equivalence
(' > [AP(@])]) yeas Lo s Simp? (R(®, By (0, R))). (2.12)

In the case R = R we can derive a stronger conclusion from a stronger assumption.

Theorem 2.3.1'. Suppose that
((Ri)iz0, B, K, (Zik)iz0, (Cik)iz0)

satisfies the (-connectivity property over R =R (cf. Property 2).
Then, for —1 < m < {, each finite set J, and ® € (Fry)’, such that for each j € J,

R(®(j), Br(0, R)) is {-connected,
[AP,,i(®)] ~m-1 R(®, Bi(0, R))”.
More generally, we have the diagrammatic (m — 1)-equivalence:
(J" = |APwi(®]s)]) sre2r ~m—1 Simp” (R(®, Bi(0, R))). (2.13)
Before proving Theorems 2.3.1 and 2.3.1" we discuss an example.

2.3.5 Example of the sphere S? in R?

In order to illustrate the main ideas behind the definition of the poset, P, ;(®), defined
above we discuss a very simple example. Starting from a cover of the two dimensional unit
sphere in R3 by two closed hemispheres, we show how we construct the associated poset.
We will assume that there is an algorithm available as a black-box which given any closed
formula ¢ such that R(¢) is bounded, produces a tuple of quantifier-free closed formulas as

output, such that

(a) the realization of each formula in the tuple is contractible;
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(D
@

D5 (®)(({a},0)) D30(®)(({a},0))

Dso(®)(({0},0)) D30(®)(({b},0))
Dy o(®)((o, {(To, 1)}, 0)) D3,0(®)((Lo, {10, 1)}, 9))
D3,0(®)((o; { (0, 0)}, 0)) Ds.0(®)((1o, { (10, 0)}, 1))

X T

[} [} [ ] [}
D o(®)((Lo, 11, {(11,0)},0)) D3 o(®)(({o, I, {(11, 1)}, 0)) D3 0(®)((Io, I, {(11,0)},0))  D3o(®)((Lo, [1,{(11,1)},0))

(b) (c)

y

- ()-AD-C
-0
e

Figure 2.5. (a) The ideal situation, (b) Dy, ;(®)(.), and (c) Dy, i(®)(.)

(b) the union of the realizations is a semi-algebraic set infinitesimally larger than R(¢), and

such that R(¢) is a semi-algebraic deformation retract of the union.

Therefore, at each step of our construction the cover by contractible sets that we consider,
is actually a cover of a semi-algebraic set which is infinitesimally larger than that but with
the same homotopy type as the original set. As a result, the inclusion property — namely,
that each element of the cover is included in the set that it is part of a cover of — which is
expected from the elements of a cover will not hold.

We first describe the situation in the case when Part (b) above is replaced with:
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(b") the union of the realizations is equal to R(¢).

We call this the ideal situation. Figure 2.5a displays three levels of the construction in the
ideal situation for the sphere. In the first step, we have two closed contractible hemispheres
that cover the whole sphere. The intersection of the two hemispheres is a circle, and the
next level shows the two closed semi-circles as its cover. The bottom level consists of two
points which is the intersection of these semi-circles. Clearly, the inclusion property holds
in this case.

Unfortunately, as mentioned before we cannot assume that we are in the ideal situation.
This is because the only algorithm with a singly exponential complexity that is currently
known for computing covers by contractible sets, satisfies Property (b) rather than the
ideal Property (b’). In the non-ideal situation we will obtain in the first step a cover of
an infinitesimally thickened sphere by two thickened hemispheres where the thickening is
in terms of some infinitesimal 5,0 < ¢y « 1. The intersection of these two thickened
hemispheres is a thickened circle, and which is covered by two thickened semi-circles whose
union is infinitesimally larger than the thickened circle. The new infinitesimal is €; and
0 < €1 € g9 « 1. Finally, in the next level, the intersection of the two thickened semi-circles
is covered by two thickened points involving a third infinitesimal €5, such that 0 < g5 « g1 «
€0 < 1.

We associate to each element o € Py, ;(®) two semi-algebraic sets D, i(®)(), Dy, ;(®)(«).
The association D,,;(®)(-) is functorial in the sense that if o, 5 € Py, ;(®), then o < § <
Dy, i(®)(a) < Dy i(®)(8). This functoriality is important since it allows us to define the
homotopy colimit of the functor D,,;(®). The association o — D, ;(®)(c) does not have
the functorial property. However, it follows directly from its definition that D], ,(®) is con-
tractible (or f-connected in the more general setting). Finally, we are able to show that
Dy, ;(®)() is homotopy equivalent to D, ;(®)(a) for each a € Py, ;(®), and thus the functor
D, i(®) has the advantage of being functorial as well as satisfying the connectivity property.

In this example, we display D;, ,(®)(«) and D, ;(®)(c) for all different a € Py, ;(®) in
Figures 2.5b and 2.5¢.
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For the rest of this example we assume the covers of sphere are in the ideal situation.

This assumption will not change the poset P, ;(®) that we construct.

In order to reconcile with the notation used in the definition of the poset P, ;(®), we

will assume that the different covers described above (which are not Leray but co-connected)

correspond to the values of the maps Z; 3 and C; 3 evaluated at the corresponding formulas

which we describe more precisely below.

Step 1.

Step 2.

Let a, b denote the closed upper and lower hemispheres of the sphere S*(0,1) < R?,
defined by formulas

b = (XP+X5+X2—-1=0)1(X3=0),

o = (Xi+X5+X;-1=0)A(X3<0).

Let J = Jo = {a,b}, and ® € F 4 be defined by ®(a) = ¢q, ®(b) = ¢. Moreover,
since card(J) = 2,

P3o(®) = {({a}, @), ({0}, D)} v U {0} x Poa(®s0,50,0)-

IncJ,card(Ip)=2

Following the notation used in Definition 2.3.3, let Iy = Jy = J = {a, b}.

We suppose that Zy 3(¢dq A &) = 1, and Co3(pa A 0)(0) = e, Cos(da A Dp)(1) = b4,

where

¢ = (XP+XZ+XZ2-1=0)A(X3=0)A(Xy=0),

¢ = (XP+XZ+X2-1=0)A(X3=0)n(Xy<0),

denote the two semi-circles.
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J1 = Js0100 = {Lo} x [1] = {(10,0), (lo, 1)},
D = P30.15.0>
®1((Lo,0)) = ¢,
®1((Lo,1)) = ¢a.

P2.1(®1) = {({{0,0)}, @), {(lo, D}, &)} v U {11} x P1a((®1)2,1,1,0)-

IicJy,card(I1)=2

Now let I; = Jj.

Step 3. Suppose that Z; 3(¢e A ¢g) = 1, and Cy 3(dc A ¢4)(0) = ¢,
Ci3(¢c A ¢a)(1) = ¢f, where

b = (XP+X24X2-1=0)A(X3=0)A(X3=0)A(X;+1=0),

¢ = (XP+X3+X7-1=0)A(X3=0)A(Xo=0)A(X;—1=0).

Jr = (N2, = {1} x [1] = {(11,0), (11, 1)},
Py = (P1)2,1,1,,0,
D5((11,0)) = ¢,
Dy((11,1)) = ¢5-
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P12(®2) = {({(11,0)}, &), {(11, 1)}, @)} v g {I2} x Pos((P2)1,2,15,0)-

IQCJQ,Card(12)=2

Let [2 = Jg.

Step 4. Since Zy 3(¢e A ¢5) = —1, hence Py 3((P2)12.1,.0,) = &, and from Step 3

P12(®2) = {({(11,0)}, @), ({(11, 1)}, F)}-

Step 5. With these choices of the values of Z. 3 and C. 3 for the specific formulas described
above, and £ = oo, from Step 2 and Step 4, the Hasse diagram of the poset Py (®1)

is as follows.

({(o, %)}7 ®)><({(Io, ?}, )
(11, {(11,0)}, &) (11, {(11, 1)}, &)

Step 6. Finally, from Step 1 and Step 5, the Hasse diagram of the poset P3o(®) is shown

below.

({a}, ) ({b}, &)

| T ]

(1o, {(10,0)}, D) (1o, {(o, 1)}, &)

| =]

(Lo, 11, {(11,0)}, &) (Lo, 11, {(I1,1)}, &)
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The order complex, A(P3o(P)) is displayed below and clearly |A(P30(®))| is homeomor-
phic to S%(0, 1).

({a}.0)

’{(11’0)}70)

(IO’{(]Ovo)}j)) (107{(10’1)}7®)

({o, 11, {(11,1)

({63, 0)

Figure 2.6. The order complex, A(P3o(®))

2.3.6 Proofs of Theorems 2.3.1 and 2.3.1’

In this section we prove Theorem 2.3.1 as well as Theorem 2.3.1". We first give an outline

of the proof of Theorem 2.3.1.

Outline of the proof of Theorem 2.3.1

In order to prove that |A(P,, ;(®))] is homologically (m—1)-equivalent to R(®)’, we give
two homological (m — 1)-equivalences. The source of both these maps is a semi-algebraic set

which is defined as the homotopy colimit of a certain functor D,,; from the poset category

k

irms1- Lhe targets are

P,.;(®) to Top taking its values in semi-algebraic subsets of R
|A(P,,;(®))| and R(®)”. Taken together these two homological (m — 1)-equivalences imply

that |A(P,,;(®))| and R(®)” are homologically (m — 1)-equivalent.

In what follows, we first define the functor D,,; as well as an associated map Dj, ;, also
taking values in semi-algebraic sets, and prove the main properties of these objects that we

are going to need in the proof of Theorem 2.3.1.
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Definition of D,,;, D, ;

We now define for each o = (Io,..., 1., ) € P,,;(P), a closed semi-algebraic subset

Dpi(a) © Bi(0,R) © Rf,,,,,, and also a semi-algebraic set D/, (o) < RE, .

We define Dy, ;, D,,; by induction on m. For m = —1, we define for j € J,

D_1,(®)(({s}, D)) = D_1,(®)(({j}, &)) = R(®(j), Bx(0, R)) = RY.

We now define Dy, (®), D}, ;(®) : Py, ;(®) — Top, using the fact that they are already

defined for all —1 < m' < m. We define:

Dm,l<q)>(({j}7®)) = eXt(R(q)(j>7Bk<0>R))aRierJrl)U

U eXt(Dmfcard(l)Jrl,iJrl ((I)m,i,I,J) (Oé), R,ierJrl) ,
(La)epm,i(‘b),jel

Dmﬂ-((I))((], a)) = eXt(Dmfcard(I)+1,i+1((I)m,i,I,J)(a/)a Ri+m+1)a

I C<m+2 J7 C&I‘d(]) > ]-7 o€ Pm—card(1)+1,i+1(q)m,i,I,J)v

Dy, (@) ({7}, D)) = R(®(), Be(0, R)), (2.14)

and

D;n,i(q))(([7a)) = D;n—card(l)+1,i+1(q)mﬂ',LJ)(a)’
for 1 C<m+2 Ja card([) > 17 o€ mecard(I)Jrl,iJrl((I)m,i,I,J)'
The following lemma is obvious from the definition of D,, ;(a) given above.

Lemma 2.3.5. For each o, € P, ;(®) with o < 3, the morphism D,,;(®)(a < B) :
Dy, i(®)(a) = Dy i(P)(B) is an inclusion. So, Dy, ;(®) is a functor from the poset category
(P (®), <) to Top.
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Remark 8. Unlike D,,;, D,

m.i s mot necessarily a functor.

Lemma 2.3.6. For each a € P, (D),

Dyi(®)(@) \, Dl (@) ().
Proof. Let
o = ([g,...,[ﬁ; = {joz}a@)

with I} < J¥,0 < h < r, following the same notation as in Section 2.3.3 (with an added
superscript ).

First observe that

Dy i(®) () = ext(D;, () (), Rime1) U U D, i(®)(B). (2.15)

B=a

We now prove that for each a € Py, ;(P):
Dy i(®) () \ Dy, (@) (), (2.16)

and

L D i(®)(8) \, U lim D/, (®)(8) < D), (®)(). (2.17)

52+7‘ “+1
Bxa ¢

The proof is by induction on the maximum length, length(«), of any chain with « as the

maximal element.

We first note that if R" = R(¢), and X < R* is a semi-algebraic subset, then
limext(X,R’) = X.

This follows easily from the definition of ext(X,R’) and standard properties of limz. In

particular, if X is a closed semi-algebraic set, then

limext(X,R') = X.
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Base case of the induction, length(a) = 1: It follows from (2.15) and the fact that that
D}, ;(®)(a) is a closed semi-algebraic set, that (2.16) holds if a is a minimal element of the
poset P, ;(®) (and so length(a) = 1). In this case (2.17) is trivially true.

Induction hypothesis: We assume now that (2.16) and (2.17) is true for all « € P, ;(®), with
length(a) <t

Inductive step: Suppose that o € P,,;(®), with length(a) = ¢. The inductive hypothesis
implies that (2.16) and (2.17) both hold with « replaced by o for all o < «
Using the fact that Dy, ;(®)(«) is closed, it is easy to check that (2.17) implies (2.16). So

we need to prove only (2.17). Using the induction hypothesis we have for each § < «

U Duni(@)(8) | D3 i(@)(8). (2.18)

B=a B=a

Now observe that for any 3 € P,,;(®), 8 < « if and only if there exist j,, € I _|,j/, # Ja
and j2 € (J& )me io {ja.jn}®r - SUch that

Ta ) Ta?

ﬁ<7(jg):<[8(7"'7 Ta— 17{ja=ja} {j } @)

where we assume that /¢, = J.

Using the above observation we have that

Uo.@® = g ( v Daxéxm>, (2.19)

Bxa ]QEI"’ _1JaFja jlE (Jga)m?aqi?‘aﬁ(ja’j&}@ra B=<v(3%)

where

Vo) = g I 15 dar Jo}s Uat, D)-

Applying hypothesis (2.17) we have that

( J o >\\1m1 U D@ € D @600 (220

Eitr+2
B=v(i4) B=v(3%)
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Also observe that,
U DL @G |\ (Dhi(@)() n D, (@)() & Dy (@) (), (2:21)
Ja€ i, e )@

where

o = (I8, ... I8 L), ).

Finally, (2.17) now follows from (2.18), (2.19), (2.20), and (2.21).

Lemma 2.3.7.

OéEPmyi(q))

In particular, ext(R(®, Bx(0, R))’,R;) is a semi-algebraic deformation retract of

D, i(®)(a).

aeryi(q))

Proof. First note that for each j € J, ({j}, &) is a maximal element of the poset P, ;(®).

It now follows from Lemma 2.3.5 that

U Doel@®)(@) = Dus®)((11.2)

aeP,, ;(P) jeJ
The lemma now follows from Lemma 2.3.6 and Eqn.(2.14). O

Notation 12. We will denote the deformation retraction

U Dosl®)0) = ext(R(®. B0 R
a€P i (

in Lemma 2.5.7 by 7y, (D).

In the proof of Theorem 2.3.1 we need the notion of the homotopy colimit of a functor

which we define below.
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We fix a real closed field R in the following definition.

Definition 2.3.5 (The topological standard n-simplex). We denote by
n
A" = {(to, ... tn) e REF'| >t = 1}
i=0
the standard n-simplex defined over R. For 0 <1 < n, we define the face operators,

d,, A" — A",

d:(to, .. stn1) = (to,. . ti1, 0ty tn1).

Definition 2.3.6 (Homotopy colimit). Let (P, <) be a poset category and
D: (P,<) — Top

a functor taking its values in closed and bounded semi-algebraic subsets of R, and such that
the morphisms D(« < ) are inclusion maps. The homotopy colimit of D is the quotient

5
space

hocolim(D) = < ]_[ |AP| x D(%)) /’” ;

Qoo
where the equivalence relation ~ is defined as follows.
For a chain 0 = (ag < -+ < ), t € |AP], and x € D(ag), we denote by (t,z),, the
image of (t,x) under the canonical inclusion of |AP| x D(«p) (corresponding to the chain o)
|AP] x D(ay).

in the disjoint union Ha0<--.<ap

Using the above notation the equivalence relation ~ is defined by:

(d;(t)7a:)0' ~ (t?x)o’a (222)

5{which is a semi-algebraic set defined over R, being a quotient space of a proper semi-algebraic equivalence
relation, (see for example [21, page 166])
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for x € D(ay) and t € |AP7Y, where 0 = (g < -+ < ) and

(g -+ < ) if i =0,
o' = (g < L X<y if0<i<p,
(Oéoﬁ”'ﬁap—ﬂ if i =p.

We denote by 7P : hocolim(D) — |A(P)|, 7¥ : hocolim(D) — colim(D) the canoni-
cal maps, where |A(P)| is the geometric realization of the order complex of P (see Defini-

tion 2.5.1). More precisely, P is the map induced from the projection map

[1 1A% xDlag) » [] a7

apEFap agx-xap

after taking the quotient by ~, and 7% is the composition of the map induced by the projection

[1 1a71%x D(ag) =[] Dlaw).

aoxEap agx - Eap

and the canonical map to the colimit of the functor D, which in this case is simply the union
UaeP D(Oé)

The following example illustrates the definition given above.

Example 3. Consider the poset P = {a,b,c}, with three elements with ¢ < a,c < b as the

only non-trivial ordering relation (Hasse diagram shown below).

a\c/b
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Let D : P — Top be the functor, with

D(a) = R((X;+X;—-4=0)A(Xy=0)),
D(b) = R(X;+X;—4=0)A(Xy<0)),
D(¢) = D(a)n D(b)

= {(=2,0),(2,0)}.

The homotopy colimit of the functor D is then the quotient of the disjoint union of the

spaces

A" x D(a), A° x D(b), A° x D(c),
A' x D(c), A' x D(c)

corresponding to the chains (a), (b), (¢), (¢ < a), (¢ < b) by the equivalence relation defined in
Eqn. (2.22). The non-trivial identifications induced by the quotienting are given by (following
the notation introduced in Definition 2.5.6)

((0,1);(=2,0)) exa) ~ (1), (=2,0)) o),
((0,1),(2,0))(exa) ~ (1), (2,0))0);
((1,0), (=2,0)) (exa) ~ (1), (=2,0)) )
((1,0),(2,0))(eza) ~ (1), (2,0))(a),
((0,1),(=2,0)) ety ~ (1), (=2,0)) e,
((0,1),(2,0))(e=p) ~ (1), (2,0)) e
((1,0), (=2,0))exy ~ (1), (=2,0)) v
((1,0),(2,0))(e=ry ~ (1), (2,0)) )

The quotient space (as a semi-algebraic set) is shown below in Figure 2.7.

63



D(a)

Figure 2.7. Homotopy colimit of the functor D in Example 3.

Proof of Theorem 2.3.1. The theorem will follow from the following two claims.

Claim 2.3.1. The map Wf)m’i(q’) : hocolim(D,,, ;(®)) — |A(P:(®))| is a homological (-

equivalence (and so a homological (m — 1)-equivalence).

Claim 2.3.2. The map
Foni(®) = 1s(®) 0 7™ hocolim(Dy 4 () — ext(R(®, By (0, R))”, Ry)

is a homological (m — 1)-equivalence.

We first deduce the proof of the theorem from these two claims. The homological (m—1)-
equivalence in (2.11) now follows from Claims 2.3.1, 2.3.2 and Lemma 2.3.7.

The diagrammatic homological (m — 1)-equivalence in (2.12) follows from the commuta-
tivity of the following diagrams of maps.

For each pair J',J" < J, with J' < J” we have the following commutative diagram,
where the vertical arrows are inclusions, and the slanted arrows induce isomorphisms in the

homology groups up to dimension m — 1.
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hocolim (D, ;(®|,))

% Fon s(®]
1

[AP i (D)) ext(R(®, Bi(0, R))”, Ri)

hOCOhIﬂ m,i CI)|JN

%})\)

|A(P i (D] 5))] ext(R(®, Bi(0, R))”", Ry)

This implies that we have the following diagram of morphisms where both arrows are

homological (m — 1)-equivalences:

(J' +— hocolim (D, ;(P|))) yrears

P

(J" = |AP R (®]))]).re2s Simp” (R(®, Bi(0, R)))-

This proves that the diagrams

(J" = [AP i (P]5))]) yrear
and
Simp’ (R(®, B,(0, R)))

are homologically (m — 1)-equivalent.

We now proceed to prove Claims 2.3.1 and 2.3.2.

Proof of Claim 2.3.1. Let t € |A(P,,;(®))|. Then there exists a unique simplex o of the
simplicial complex A(P,,;(®)) of the smallest possible dimension such that ¢ € |o|. Let

ap X -+ X a, be the chain in P, ;(®) corresponding to o. Then,

(w7 (8) = {1} % Dya(@) (o).
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It is clear from its definition that D, ;(®)(c) is homologically {-connected. From Lemma 2.3.6

it follows that so is D,,;(®)(«). It now follows from the homological version of the Vietoris-

Begle theorem (see Remark 2) that ) ™

@ is a homological /-equivalence. O

Proof of Claim 2.3.2. The claim will follow from the following claims. Let

z € ext(R(®, By (0, R))’, Ry).

We will prove that the fiber (F,;(®))~(z) is homologically (m — 1)-connected which will

suffice to prove that £}, ;(®) is a homological (m — 1)-equivalence by the homological version

of Vietoris-Begle theorem (see Remark 2).

In order to study the fiber (F},;(®))~'(z) we define for each I <2 J the following

posets of P, ;(P).

We define

P](.’L') = {(I7 Ck) € {I} X mecard(I)Jrl,iJrl(q)m,i,I,J) |

S hg[n Dmfcard(I)Jrl,iJrl(q)m,i,I,J)(a)} - Pm,z(®)a

and

QI(fE) = U Pp(l‘).

Icl'c<mt2d

The motivation behind the definition of the posets P;(z), Q;(x) is as follows. First

observe that

and

(Fni(®) 7 () = | Qe ()] (2.23)
(N Qu(@) = Qs(x). (2.24)

jel

Our strategy for proving the homological (m—1)-connectedness of (Fy, ;(®))~!(x) is to use

the closed covering provided by (2.23) and then use the cohomological Mayer-Vietoris spec-

tral sequence to reduce the problem to studying the connectivity of the various |A(Q;(x))|

using (2.24). Finally, we prove (see Claim 2.3.5) that for each I, |A(P;(z))| is homologically
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equivalent to |A(Q;(z))|. This last fact allows us to use induction on the cardinality of I to
prove the required connectivity statement for the corresponding |A(Q;(x))|.

We now return to the proof of Claim 2.3.2. Since, for each I’, with [ ¢ I' c 40 J,

mecard(l’)Jrl,iJrl ((I)m,i,f/,J) - mecard(I)Jrl,iJrl ((I)m7i,I,J)a

there is an injective map,

Pr(z) - Pr(z),(I',a) — (I,«).

Thus there is a map

(9[(513’) . Q[(JZ‘) — P[(LC),

defined by
Or(x)((I', ) = (1, ),

for each (I', ) € Qr(x), where [ < I’ Cpya J.
It is obvious from the above definition and the definition of the partial order in P,, ;(®),
that the map 0;(z) is a map of posets (i.e. a map respecting the partial orders of the two

posets).

Claim 2.3.3. The map 0;(x) induces a simplicial map Or(zx) : A(Qs(x)) — A(P(x)).
Moreover, the corresponding map |O;(x)| : |A(Qr(x))] — |A(Pr(x))|, between the geometric

realizations, is a homological equivalence.

Proof. Since the map 0;(z) is a poset map, it carries a chain of Q;(z) to a chain of P(z).
This implies that ;(x) induces a simplicial map O(z) : A(Q(z)) — A(P(z)).

We now prove the second half of the claim. We are going to use the poset fiber theorem
proved in [22, Lemma 3.2] (also [23, Corollary 3.4]).

For n = 0, we denote by B, the complete Boolean lattice on a set with n elements. It
is a well known fact (see for example [24]) that |A(B,,)| is homeomorphic to [0,1]", and is

thus contractible.
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Let (I,a) € Py(x), and I’ C¢pie J be the unique maximal subset of J such that
(I';a)) € Pp(x) (see the schematic diagram in Figure 2.8 which depicts subposet of the poset

shown in Figure 2.4).

({1,2,3,4}, @)

Figure 2.8. 0;(x)"Y((I,«)) with I = {1,2}, and I’ = {1,2, 3,4}

Then,
0r(z) ((I,a)) ={(I",a) | IcI"cTI}.

Hence, the poset 0;(x)~'((I,@)) is isomorphic as a poset t0 Beard(1)—cara(r)- Thus,
|A(0;(x)"Y((I,)))] is contractible.
Moreover, for each (I”, ) € 07(z) 1 ((I, ),

0:(x) (1, 0))sray = {(I" @) | T I" I},

and hence 0;(2) ' ((1,@))s(17,a) is isomorphic to Beard(r7)—cara(ry- This proves that
|A(Or(x) (I, ))s(17,a))| is contractible for each (I”, ) € O;(x) (I, a)).
It now follows from the poset fiber theorem [22, Lemma 3.2] (also [23, Corollary 3.4]) that

the poset map 60;(z) induces a homological equivalence |O;(z)| : |[A(Q(z))| — |[A(P;(z))].
[
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Observe that Claim 2.3.3 implies in particular that if card(l) = 1, then |Q;(z)| is con-

tractible if non-empty.

Claim 2.3.4. For z € ext(R(®, B,(0, R))’", R;) = lim: | J Dy, i(®) (),

OéEP’,n’i(q)) m,

H((Fi(®) (@) = Z, forj =0, (2.25)

= 0, for0 <j <m.

Proof. The proof is by induction on m starting with the case m = 0. The case m = —1 is
trivial.

Base case (m = 0). We need to show that for

z € ext(R(®, Bx(0, R))’,Ri) =lim | ] Doi(®)(a),
‘ OAGPO,Z'(q?)
(Fo.:(®))~*(z) is connected.
First note that
Fos(®) = ro4(®) o my ™),

and ro;(®) is a semi-algebraic deformation retraction. Hence, ro;(®) () is closed and
semi-algebraically connected (in fact contractible).

Let J(z) = {j € J | Doi(®)(({j}, D))nro:(®) " (z) # &}. Since, the sets Do, (®)(({j}, &)),
J € J(x) is a covering of the closed and semi-algebraically connected set o ;(®) () by closed

sets, it follows that the union

U Dos@)((43). 2))

jel (@)
is semi-algebraically connected as well. It follows that given any j, j' € J(z), there exists a

sequence J = jo, J1,...,jn = j' such that for each h,0 < h < N — 1,

Doi(®)(({in}, D)) 0 Doi(@)(({jns1}: D)) N r04(P) ' (2) # .
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So there exists for each 7,0 < h < N =1 5" = ({Jn, Jn+1},P) € Jo,i,{jn,jns1},@ Such that

R(P G ns1} (P)) O T (®) 7 (2) # 2.

So there exists a = ({j"}, &) € P_1,41(Pj,.n.11}), Such that

Doi(®)(({7n: Jns1}; @) 0 moa(®@) () # 2,

and so

({ns Jnsa1}s @) € (Foa(®)) ™ (@).

Moreover,

({gns i1}, @) < ({Un}, @), ({naa}, D)

(using Lemma 2.3.4). This implies that ({j,}, &), ({Jns1}, &), and thus every pair of the form
({7}, D), {J'}, D) in (Fo:(®)) ' (x) belongs to the same connected component of (Fp;(P)) ! (z).

Since, for every element of the form ({j, jns1}, @) € (Fo:(®))~*(z) we have
({gn, dnir}, @) < ({dn}, @), ({nir ), @) € (Fou(@) (),
({4ns jns1}, @) belong to the same connected component of (Fp;(®)) () as

({jh}> @), ({jh-i-l}v @)

as well. Together, these facts imply that (Fp;(®))~*(z) is connected. This proves the claim

in the base case.

Inductive step. Suppose we have proved the theorem for all m’,0 < m’ <m, ¢ > 0, all finite

J', and @' € (Fpr,)”. We now prove it for m, i, J, ®.

z € ext(R(®, By (0, R))”, R;) = lim U Dmi(@)(a),

CXEPm,i (q:‘)
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Recall from (2.23) that

(Fni(®)) () =

UA(QU}(?E))‘-

Let
J={jel | Qul)* o).
So
(Fuil@®) (@) = | | Q)]

geJ’
It follows from the Mayer-Vietoris exact sequence in cohomology for closed subspaces

(see for example, [25, page 148]) that there exists a spectral sequence

)

ﬂA(Q{j}@))D .

jel

U AQ ()

geJ!

EP4 — [P (

whose E; term is given by

P = P HY (
)=p+1

IcJ’ card(I

Notice that

M Q@) = Qi(x),

jel
and it follows from Claim 2.3.3 that |A(Q;(x))| is homotopy equivalent to |A(P;(x))].

So we get,

EM= @ HYAP(2))).

IcJ card(I)=p+1

Now for I, with card(I) > 1, we can apply the induction hypothesis to deduce that

W(A(P;(2)))) = Z, for j =0,

= 0, for 0 <j <m—card() + 1.
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We can deduce from this that

BPY = S A
IcJ' card(I)=p+1
EP =~ 0, for0<qg<m-—p.
It follows that
B ~ 7,

EPY ~ 0,p>0

EP? ~ 0, forp=0,0<qg<m—np.

[]

Note that it follows from Claim 2.3.5 and the Mayer-Vietoris spectral sequence argument

used in its proof that ror any

Jc{jed | Quylx) # I},

{

U A(Q{j}(:p))D ~ Z, for j =0, (2.26)

jeJ’

= 0, for0<j<m.

Claim 2.3.5. For
e ext(R(®, By(0, R))”, R;) =lim | ] Dyi(®)(a),

(Fni(®))" () is homologically (m — 1)-connected.
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Proof. Let X = (Fy,;(®))"!(x). It follows from [26, Theorem 12, page 248] that there exists

a short exact sequence:
0 — Ext(H"™(X),Z) — Hy(X) — Hom(H!(X),Z) — 0.
Thus, for each ¢ > 0
HH(Fni(©)) 7 (7)) = HY((Fna(®)) () = 0

implies that H,((F},.:(®)) " (z)) = 0.
The claim now follows from (2.25). O

Claim 2.3.2 now follows from Claim 2.3.5 and the homological version of the Vietoris-

Begle theorem (see Remark 2). O
This completes the proof of Theorem 2.3.1. O

Proof of Theorem 2.3.1'. Since the proof closely mirrors that of the proof of Theorem 2.3.1
we only point out the places where it differs. For each a € Py, ;(®), we replace the infinites-
imals &, ...,&mn, by sequences of appropriately small enough positive elements t, ..., %,, of
R, in the formula defining the set D,,;(®)(«), and denote the set defined by the new for-
mula (which are semi-algebraic subset of R¥) by D, ;(®)(). Similarly, we will denote the

retraction

U Dumi(®)(e) > R(®, B(0, R))’

aer’i(q))

by 7,..i(®), and the composition

Tm.i(®) o WQDm’i(q)) : hocolim(ﬁm,i(q))) — R(®, Br(0, R))’

by Fri(®).
Claims 2.3.1 and 2.3.2 are replaced by:
Claim 2.3.1’. The map Wf)m’i(q)) . hocolim(Dy, (D)) — |AP,:(®))| is an (-equivalence

(and so an (m — 1)-equivalence).
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Claim 2.3.2'. The map

Fopi(®) = 7 i(®) 0 1™ ™)+ hocolim( Dy i (@) — R(P, By(0, R))”

is an (m — 1)-equivalence.

The proof of Claim 2.3.1" is the same as the proof of Claim 2.3.1 replacing homologically /-
connected by just ¢-connected, and using the homotopy version of the Vietoris-Begle theorem
(see Remark 2).

For the proof of Claim 2.3.2" we need an extra argument to deduce the (m—1)-connectivity
of the fibers of the map ﬁ’m,(@) from the fact that they are homologically (m — 1)-connected
which is already proved in Claim 2.3.5. In order to do this we apply Hurewicz’s isomorphism
theorem which requires simple connectivity of the fibers (F}, ;(®))~ (), which is the content

of the following claim.

Claim 2.3.6. For v € R(®, Br(0,R))’, and m > 1, (ﬁ’m7i(<l>))*1(x) is simply connected. In

other words, (f’mz(fb))_l(a:) is connected, and
71 (Foni())7 (1)) = 0.

Proof. Let
S ={ie] | Qulx)# T}

~

(Fni(®) " (2) =

U A(Q{j}(x))‘ :

jeJ’

We prove the stronger statement that for all non-empty subsets J” < J’,

U 2Qg (=)

jeJ

is simply connected.
We argue using induction on card(J"). If card(J”) = 1, then A(Qg;y(x)), where J” = {j},

is a cone and so |A(Q;y(x))| is contractible and hence simply connected.
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Suppose, we have already proved that the claim holds for all subsets of J’ of cardinality
strictly smaller than that of J”. Let j” € J”. Then, by the induction hypothesis, we have
that (e pn_gm A(Qg(2))] is simply connected.

We first show that

[AQm ()]

g A(Q{f}@))‘

j’EJ”—{j”}

is connected, which is equivalent to proving that

H(AQun ()~ | 1AQyy () = Z.

j’eJ”—{j"}

The Mayer-Vietoris exact sequence in cohomology gives the following exact sequence:

H(|J 1a@Qu()) = BAQun @) @B | 1AQu())) —

j’EJ” jIGJ”—{jN}
H(AQun @) | 18Qus @) — B ([ 1A(Quy ())D-
j/eJ//_{j//} j/EJ//
Applying (2.26) we have an exact sequence

Z—-ZLZ@L—H (!A(Q{j"}(x))l ~ U IA(Q{J"}(%)N) -0,

j’EJ”—{j”}

where the first map is the diagonal embedding. This implies that

H’ (IA(QU"}(%))I ~ U |A(Q{j/}($))|> = Z.

j/eJ//_{j//}

Finally, using the fact that |A(Qy;y(«))| is simply connected, it follows from the Seifert-
van Kampen’s theorem [26, page 151] that ‘Ujej,, A(Q{j}(x))‘ is simply connected. O

We also have the obvious analog of Lemma 2.3.7.
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Lemma 2.3.7'. The semi-algebraic set R(®, By.(0, R))” is a semi-algebraic deformation re-
tract of
D i (®)(),

aeryi(q))

and hence R(®, By(0, R))” and | ,ep, (@) §m7i(<b)(a) are semi-algebraically homotopy equiv-

alent.
Proof. Similar to proof of Lemma 2.3.7 and omitted. O
Proof of Claim 2.5.2. It follows from Claim 2.3.5, Claim 2.3.6, and Hurewicz isomorphism
theorem [26, Theorem 5, page 398], that for

r e R(®, Bx(0, R))’
and m > 1, (ﬁmz(q)))*l(x) is (m — 1)-connected. Claim 2.3.2" now follows from the previous
statement and the homotopy version of the Vietoris-Begle theorem (see Remark 2). O

Finally, Theorem 2.3.1’ follows from Claims 2.3.1’, 2.3.2" and Lemma 2.3.7’. O

2.3.7 Upper bound on the size of the simplicial complex A(P,, ;(®))

We now prove an upper bound on the size of the simplicial complex A(P,, ;(®)) assuming

a “singly exponential” upper bound on the function Z, x(-) and C; x(-).

Definition 2.3.7. For any closed formula ¢ with coefficients in a real closed field R, let the
size of ¢, Comp(¢) be the product of the number of polynomials appearing in the formula
¢ and the mazimum amongst the degrees of these polynomials. Similarly, if J is any finite
set, and ® € (Fry)?, we denote by Comp(®) the product of the total number of polynomi-
als appearing in the formulas ®(j),7 € J, and the mazimum amongst the degrees of these

polynomials.
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Theorem 2.3.2. Suppose that there exists ¢ > 0 such that for each ¢ € Fg, i,

Z,(¢) < (Comp(¢))",

C

max Comp(C,u(0)(j)) < (Comp(0))" (2.27)

Let J be a finite set and ® € (Fn,x)’. Then the number of simplices in A(P,;(®)) is
bounded by
(card(J)D)kO(m),

where

D = Comp(®).

Proof. Recall that the elements of P,, ;(®) are finite tuples

([07 s alra @)7

where for each, h,0 < h < r, I}, is a subset of a certain set J;, defined in Section 2.3.3.

We first bound the cardinalities of the various J,’s occurring in the sequence above.

Claim 2.3.7. For any i >0, m' > —1, finite set J', I' €0 J', and &' € (J:Riuk)y:

card(J]

m

o re) < (card(J))™ ™ (Comp(®'))*.
Proof of Claim 2.3.7. Let for each fixed i, k,

roAT o Y /
FM',N',m', D" = P caﬁ%?%:N’ card(Jy, ;v g1)-
I'c,ry9J card(I')=M',
®'eFR, k,Comp(®')=D’

Using Eqns. (2.5) and (2.6) and Eqn. (2.27), we obtain:

Fm'+2,N',D") < D*,

F(M',N,D") < D*¥ + (N —M)F(M'+1,N',D), for 1 <M <m/ +2.
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It follows that

F(M/,N/,D/) < D/kc(l + N/ + N/2 I N/m/+27M/)

< DFN™Ffor 1 < M <m/ +2.

The claim follows from the above inequality. n
Claim 2.3.8. For (Iy,...,I;,¢) € Py, ;(®), r <m + 1.

Proof of Claim 2.3.8. The claim follows from the fact that card(/ly),...,card(l,_1) = 2, and
hence it follows from Eqn. (2.9) that

2r < Z card(l;) <m + (r—1) + 2.
o<y<r

It follows that

r<m+ 1.

Claim 2.3.9. For every tuple (Io,..., 1., &) € Py i(P), 0 < h <7,

Comp(®,(a)) < D*", for a e Jy,

Card(Jh) < N(m+1)hD(k(m+1))Ch

Y

where Jy,, ®p,0 < j <1 are defined in Eqn. (2.8), and N = card(J).

Proof of Claim 2.3.9. The claim is obviously true for h = 0. Also, note that for each h,0 <
h<r,

mp < m.

The claim now follows by induction on h, using the inductive definitions of J,, @) (see

Eqn. (2.8)), Eqn. (2.27), and Claim 2.3.7. O

Claim 2.3.10.
kO(m)

card(P,,;(P)) < (card(J)D)
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Proof of Claim 2.3.10. In order to bound the cardinality of P,,;(®), we bound the number
of possible choices of Iy,..., I, for (Iy,..., I, &) € Pp ().
It follows from Eqn. (2.9), that for each h,0 < h <,

h—1

card(I) < m— Z card(l;) + h + 2
=0

< m—2h+ h+ 2 (since card(ly) = 2,0 <t <)
< m—h+2
< m+ 2.

Since by Claim 2.3.9 for 0 < h < r,
card(J,) < Nm+D" pm+ )T

the number of choices for I}, is clearly bounded by

m+2 (N(m+1)hD(k(m+1))Ch

2, h

t=2

O(h) kO(h)
)gNm DF"

noting that m < k. The above inequality, together with the fact that » < m + 1 (by
Claim 2.3.8), proves the claim. ]

Claim 2.3.11. The length of any chain in P, ;(®) is bounded by 2m + 2.

Proof of Claim 2.3.11. Suppose that o = (I¢,..., I, &), = (1(?, . ,Ifﬁ, ) € Ppi(P),
g < aand a # 5.
It follows from Eqn. (2.10) that

(ro <rg)and I < I7 0 < h < g
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In particular, this implies that 0 < > card(Ig) < Y7, card(I?). Since for any
(Io, ..., I, &) € Py, i(®), we have that

Z card(lp) < m+r + 2,

O<h<r
card(/,) = 1,
and
r<m+1,
it follows immediately that the length of a chain in P,,;(®) is bounded by 2m + 2. O
The theorem follows from Claims 2.3.8, 2.3.9, 2.3.10 and 2.3.11. O

2.4 Simplicial replacement: algorithm

We begin with describing some preliminary algorithms that we will need.

2.4.1 Algorithmic Preliminaries

The following algorithm is described in [2]. We briefly recall the input, output and
complexity. We made a small and harmless modification to the input by requiring that the
closed semi-algebraic of which the covering is being computed is contained in the closed ball
of radius R centered at the origin, rather than in the sphere of radius R. This is done to
avoid complicating notation down the road and is not significant since the algorithm can be

easily modified to accommodate this change without any change in the complexity estimates.
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Algorithm 1 (Covering by Contractible Sets)
Input:

A. a finite set of s polynomials P < D[][ X, ..., X}] in strong k-general position on
R*, with deg(P) < d for 1 <i < s,

B. a P-closed formula ¢ such that semi-algebraic set R(¢) < B(0, R), for some R > 0,
R e R.
Output:

(a) a finite set of polynomials H = D&, (][ X1, .., Xi], where ¢ = (C1, - . ., Cocard(3));

(b) a tuple of H-formulas (0, )aer such that each R(,, R(g, Q_“>k), a € I is a closed semi-

algebraically contractible set, and

(c)
JR(0as RE OF) = R(4, RE, OF).

ael

Complexity: The complexity of the algorithm is bounded by (card(P)('““)QDko(l), where

D = maxpep degy -(P). Moreover,

card(I), card(H) < (card(P)D) """,
deg?(H),degg(H)7degé(H) < DkO(l)_

Suppose that & = (e1,...,&;), and that each polynomial in P depends on at most
m of the g;’s. Then, each polynomial appearing in H depends on at most m(k + 1)? of

g;’s, and on at most one of the (;’s.

Remark 9. Note that the last claim in the complexity of Algorithm 1, namely that each
polynomial appearing in any of the formulas 0, depends on at most m(k + 1) of &;’s, and
on at most one of the (;’s, does not appear explicitly in [2], but is evident on a close ex-
amination of the algorithm. It is also reflected in the fact that the combinatorial part (i.e.
the part depending on card(P)) of the complexity of Algorithm 16.14 in [2] is bounded by
card(P)**D* . This is because the Algorithm 16.14 in [2] has a “local property”, namely that
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all computations involve at most a small number (in this case (k + 1)?) polynomials in the

mput at a time.

Notation 13. Let P = {Py,...,P;} c D[Xy,..., Xi]. For1<i<s, let

Hi=1+ ) #X¢.
1<j<k
where d' is the smallest number strictly bigger than the degree of all the polynomials in P.
For ¢ a P-closed formula, we will denote by ¢*(C) the formula obtained from ¢ by replac-
ing any occurrence of P; = 0 with P; > —(H;, and any occurrence of P; < 0 with P; < (H;,

for each i,1 <i < s.

Definition 2.4.1. Let P < R[X},..., Xk] be a finite set. We say that P is in (-general
position, if no more than ¢ polynomials belonging to P have a common zero in R¥.
The set ‘P is in strong (-general position if moreover any ¢ polynomials belonging to P

have at most a finite number of common zeros in R¥.

Lemma 2.4.1. The set
Def(P,¢) = {P, £ CH; | 1 <i < s}

is in strong k-general position.

Proof. See proof of Proposition 13.6 in [2]. O

Lemma 2.4.2. Let R € R,R > 0. The semi-algebraic set ext(R(¢, Bx(0, R)),R{()) is

semi-algebraically homotopy equivalent to R(¢*(¢), nBx(0, R)).
Proof. Follows from Lemma 2.3.1. O]
2.4.2 Algorithm for computing simplicial replacement

We now describe an algorithm that given a tuple of formula ® and m, ¢ > 0, computes the
corresponding poset P, ;(®), using Algorithm 1 to compute Z; x(¢) and C;x(¢) for different

7 and ¢ which arise in the course of the execution of the algorithm.
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Algorithm 2 (Computing the poset P, ;(®))
Input:

(a) L,L0<l<k m—-1<m</{i0<i<m+2.

(b) A finite set of polynomials P < D|&y,...,&][Xi,..., Xk]|, where D is an ordered

domain contained in a real closed field R.
(c) An element r € D, r > 0.

(d) For each 7,0 < j < N, a P-closed formula ¢;, such that R(¢;, B(0,1/r)) is homo-
logically ¢-connected (and (-connected if R = R).
Output:
The poset P, ;(®) (see Definition 2.3.3), where ® is defined by ®(j) = ¢;,7 € [N], and
the various Z. 4 (-) C. x(-) are obtained by calls to Algorithm 1.
Procedure:
1. J«<—[N].
2: if m = —1 then

3: Output
P_1:(®) = {({s},0) | j € J},

and the order relation to be the trivial one — namely for j, 7' € J,

<{]}7®) < ({]/}>®) <:>] = j/-

4: else
5:

k

P—Pu {T2ZX7;2—1}.

i=1
6: for j € J do
T

k

D(j) — D(5) A <rQZXi2 —1< o) .

i=0

8: end for
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9:

10:

11:

12:

13:

14:

15:
16:

17:

for each subset I c,,,2 J do
Use Definition 2.3.2 to compute J,,; 1.6 and @, s, using Algorithm 1 with in-

put Def(P, €), and the formula /\;.; ®(j)*(¢), (noting that R(/\;.; ®(j)*(¢)) is contained
in By(0,2/r)), to compute Zin(Njer (7)) and Cix((/\e; 2(4)))- The polynomials ap-
pearing in the formulas in C; x((/\ ;c; ®(j))) have coefficients in D[&, ..., &;, & 1], where
Eir1 = (¢,0), and ( is a new tuple of infinitesimals.

end for

for I « J,1 < card(I) < m+ 2 do

Use Algorithm 2 recursively with input ¢,m — card(l) + 1,7 + 1, Pr, ®pir.g, 7,

where Pr < DJéy, ..., &i11] is the set of polynomials occurring in ®@,,; 1.
Pm72(¢)> - {({j}7 ¢> | .] € J} Y U {]} X Pm—card(])+17i+1(q)m,i,I,J)-
IcJl<card(l)<m+2

Define partial order < on P,, ;(®) as in Definition 2.3.3.
end for

end if

Complexity: The complexity of the algorithm, as well as card(P,,;(®)), are bounded by

(Nsd)*"",

where s = card(P), and d = maxpep deg(P).

Proof of correctness. The algorithm follows Definition 2.3.3. O

Complexity analysis. The bound on card(P,,;(®)) is a consequence of Theorem 2.3.2. The

complexity of the algorithm follows from the complexity of the Algorithm 1 and an argument

as in the proof of Theorem 2.3.2.

There is one additional point to note that in the recursive calls algorithm the arithmetic

operations take place in a larger ring, namely - D[&y, ..., &n 2]

It follows from the complexity of Algorithm 1 that the number of different infinitesimals

occurring in each polynomial that is computed in the course of Algorithm 2 is bounded
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by k™ and these infinitesimals occur with degrees bounded by d¥°"™ . Hence each arith-
EO(m

metic operation involving the coefficients with these polynomials costs (dko(m>) = gk

arithmetic operations in the ring D. This does not affect the asymptotics of the complexity,

where we measure arithmetic operations in the ring D. O

Remark 10. Suppose we define (following the same notation as in Properties 2 and 2 and

Algorithm 2) for ¢ € Fr,,

Zip(®) = card() —1,

Cin(®) = (ba)aer

where (04)aer s the output of Algorithm 1 with input the set of polynomials appearing in the
definition of ¢*(¢), the closed formula ¢*(¢), and R set to 1/r (as in Line 10 of Algorithm 2).

Then it follows from the correctness of Algorithm 1, that (denoting by R; = R{&y, ..., &)
as in Algorithm 2) the tuple

((Ri)iz0, /1, k, (Zi & )iz0, (Cik)iz0)

satisfies the homological (-connectivity property over R (resp. {-connectivity property if R =

R) for every ¢ = 0 (see Property 2 and Property 2.
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Algorithm 3 (Simplicial replacement)

Input:

(a) A finite set of polynomials P < D[X,..., X;]| where D is an ordered domain

contained in a real closed field R.
(b) An integer N > 0, and for each i € [N], a P-closed formula ¢;.

(c) £,0 <l <k.

Output:

A simplicial complex A and for each I < [N] a subcomplex A; < A such that there is

a diagrammatic homological /-equivalence
(I = Ap)icn L, Simp™(R(®)),

where ®(i) = ¢;,i € [N]. In case R = R, then the simplicial complex A and the

subcomplexes A; satisfy the stronger property, namely:
(I — Ap)regn) ~¢ Simp™M(R(@)),

where ®(i) = ¢;,i € [N].

Procedure:

1:

2:

3:

Let 0 < g9 « 6 < 1 be infinitesimals.
for 0 <i< N do
Call Algorithm 1 with input Def(P, &¢), the formula ¢} (g9) A46%( X7+ -+ X2)—1 < 0
as input and let ®; = (¢;1,...,¢;n,) be the output.
P; — the set of polynomials appearing in the formula ®;.
end for
P Uie[N] Pi.
for 0 <i<ndo
Ji = {0, 7) |1 <j < Ni}.

end for
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11: Let U € (FR@,EO%;C)J be defined by ¥((4, 7)) = ¢ ;-
12: Call Algorithm 2 with input

(l+1,m+1,0,P, J0W),

and let P, o(¥) denote the output.
13: Output the simplicial complex A(P,, o(¥)), and for each subset I < [N], the subcomplex
AP, 0(T

Uie[ Jl))
Complexity: The complexity of the algorithm is bounded by (sd)**", where s = card(P)
and d = maxpep deg(P).

Proof of correctness. The correctness of the algorithm follows from the correctness of Algo-

rithm 2, Remark 10, and Theorems 2.3.1 and 2.3.1. H

Complezity analysis. The complexity bound follows from the complexity bounds of Algo-
rithms 1 and 2. [

Proofs of Theorems 2.2.1 and 2.2.1'. Both theorems now follows from the correctness and

the complexity analysis Algorithm 3. O]

2.5 Implementation

We implemented the construction corresponding to the simplified view of the poset,
P,.(S), and will report some of its results. Our implementation closely follows the construc-
tion; however, to facilitate implementation and not to work directly with semi-algebraic sets,

we made the following assumptions:

1. The input of the procedure is an index set J corresponding to the elements of a contractible

cover of §, and an integer m.

2. There exists a black-box that takes an index set I (I < J), and returns an index set J;

corresponded to the elements of C(Sy).
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One technical detail regarding the implementation (and the output) is the naming con-
vention of the elements of the poset, which is slightly different from what we described in
Definition 2.3.3. More precisely, in our implementation, the elements of the poset are tuples
of length two (tuples with length > 2 are divided into two parts using parenthesis, recur-
sively). That is because when the procedure begins with a given index set I, it first uses
the black-box to obtain a set of indices J; corresponding to the elements of C(S;). Then
the elements of the new cover are labeled by (I,7) for i € J;, and the procedure continues
recursively.

We incorporated SageMath ¢ Python modules to construct the order complex from the
poset and to compute the Betti numbers. The following simple examples demonstrate the

output of the program.

Example 4. (Sphere with a cover of size two)

In this exzample, similar to the ezample given in Section 2.3.5, we have a two-dimensional
unit sphere in R3 covered by two closed hemispheres labeled by 0 and 1. Below is the output
of the program with input J = {0, 1} and m = 3.

Spher
Betti numbers:{0: 1, 1: 0, 2: 1}
height of the poset: 38
width of the poset: 2
number of elements: 6
number of relations: 12
Elements :
(roj, [])
(117, 1]
(o, 17, ([c[o, 1], 0)], []))
(o, 1], ([clo, 1], 1)], []))
(o, 17, ([(lo, 1], 0), ([o, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 0)], [])))
(o, 1], ([(lo, 1], 0), ([o, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 1)], [])))
Order relations :
(o, 1], ([cfo, 1], 0)], [])) 7, ([0], [])’)
(’(lo, 1], ([cfo, 1], 1)], []))’, (0], [])’)
(o, 1y, ([c[o, 1], 0), ([0, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 0)], []))) ",
oy, (1))
(o, 1j, ([c[o, 1], 0), ([0, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 1)], [])))’,
oy, 11) )
(’(lo, 1], ([c[o, 1], 0)], [])) ",
[y 1))
(o, 1], ([c[o, 1], 1)], [])) ",
(17, 1))

61https://github.com/sagemath /sage
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(’clo, 1], ([(lo, 1], 0), ([o, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 0)], [])))
1y, 1))

(’clo, 1], ([clo, 1], 0), ([0, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 1)], [])))
s 11)7)

(:clo, 1], ([clo, 1], 0), ([fo, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 0)], [])))
(lo, 1], ([([o, 1], 0)], []))’)

(:clo, 1], ([clo, 1], 0), ([o, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 1)], [])))
(lo, 1], ([([o, 1], 0)], []))’)

(rclo, 1], ([clo, 1], 0), ([o, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 0)], [])))
lo, 1], ([cfo, 1], 1)], []))7)

(rclo, 1], ([clo, 1], 0), ([o, 1], 1)], ([([([o, 1], 0), ([0, 1], 1)], 1)], [])))
fo, 1p, ([([o, 1], 1)], [1))’)

Example 5. (Sphere with a cover of size four)
In this example again, we have a two-dimensional unit sphere in R3, however, covered
by four elements as shown in Figure 2.9. Below is the output of the program with input

J =1{0,1,2,3} and m = 3 (order relations are omitted).

Figure 2.9. A contractible cover of Sphere by four elements.

O© 00 JO Uk W+~

Spher
Betti numbers:{0: 1, 1: 0, 2: 1}
height of the poset: 38
width of the poset: 18
number of elements: 38
number of relations: 108
Elements :
oy, 1)
(1, [1)
(2], 1)
(8], 1)
(o, 1, 2], ([([o, 1, 2], 0)], []))
(o, 1, 2], ([(lo, 1, 2], 1)], []))
([(t, 2, 3], ([([1, 2, 3], 0)], []))
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Example 6. (Torus with a cover of size four)

In this example, let S be the two-dimensional torus embedded in R3, covered by four
elements in the following way. A horizontal cut slices torus into two pieces, followed by two
vertical cuts to form four contractible elements of the covering. Below is the output of the

program with input J = {0,1,2,3} and m = 2 (elements and the order relations are omitted).

Toru

1, 1:

Betti numbers:{0: 2, 2: 1, 3: 648, 4: 0}
height of the poset: &5

1520

2808

17400

width of the poset:
number of elements:

number of relations:

Example 6 demonstrates that the singly exponential size of the poset could be formidably

expensive for practical applications.
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2.6 Future work and open problems

We conclude this chapter by stating some open problems and possible future directions

of research in this area.

1. It is an interesting problem to try to make the poset P,, ;(®) in Theorem 2.3.1 smaller in
size and more efficiently computable. For instance, in Theorem 2.3.2 one should be able

to improve the dependence on card(J).

2. There are some recent work in algorithmic semi-algebraic geometry where algorithms have
been developed for computing the first few Betti numbers of semi-algebraic subsets of R*
having special properties. For example, in [27] the authors give an algorithm to compute
the first £ Betti numbers of semi-algebraic subsets of R* defined by symmetric polynomials
of degrees bounded by some constant d. The complexity of the algorithm is doubly
exponential in both d and ¢ (though polynomial in & for fixed d and ¢). This algorithm uses
semi-algebraic triangulations which leads to the doubly exponential complexity. It is an
interesting problem to investigate whether by applying the efficient simplicial replacement

of the current work the dependence on d and ¢ can be improved.
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3. PERSISTENT HOMOLOGY OF SEMI-ALGEBRAIC SETS

In this chapter, we consider the problem of computing persistent homology groups of semi-
algebraic sets by a filtration of the sub-level sets of a polynomial. We believe the previous
literature has not addressed this problem. First, in Section 3.1, we provide an overview of the
main contributions. Then in Section 3.2, we give the precise statements of the main result
after introducing the necessary definitions. In Section 3.3, we prove the key proposition
(Proposition 3.3.3) which allows us to efficiently reduce the filtration of the sub-level sets
of a polynomial to a finite filtrations. In Section 3.4, after introducing certain necessary
preliminaries, we describe our algorithm for computing barcodes of semi-algebraic filtrations
and analyze its complexity (thereby proving Theorem 3.2.1). Finally, in Section 3.5 we state

some open questions and directions for future work in this area.

3.1 Introduction

Persistent homology groups are associated to a filtration of topological spaces; hence, they
generalize ordinary homology groups where the filtration is trivial (i.e., constant). The cur-
rent state of the problem of computing homology groups of semi-algebraic sets was discussed
thoroughly in the previous chapter (see Section 2.1). We begin here with a motivational
example in Topological Data Analysis.

Given a subset X = {xM ... x(™} of R¥ and a distance function (e.g., Euclidean
distance)—X represents as the data points sampled from a sub-manifold M of R¥—the
goal is to infer the topological properties of the underlying structure of X (i.e., space M).
At a high level, a common approach to accomplish this is to construct a filtration of simpli-
cial complexes over X. One of the well-known filtration, is the filtration of Cech complexes

[3] which can be described as follows.
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Let S © R**! be the semi-algebraic set defined by the formula,

n

S(X1,. . X, T) = \/ (X =xYP =T <0),

i=1

where X = (X7,..., X;). We take the polynomial P = T, to construct the filtration. For
t = 0, we denote by .S; the union of closed Euclidean balls, m, of radius ¢ centered at
the points x. Notice that each S; is a semi-algebraic set indexed by ¢. In particular, Sy = X.
Also, for 0 < t < t/, we have that S; < Sy. Thus, F = (S;)i>0 is an increasing family
of semi-algebraic sets indexed by ¢ > 0. This is an example of a semi-algebraic filtration.
The main rationale for considering this filtration is that nerve complex of the family of
convex sets By(x,t), x € X approximates homotopically the underlying manifold A, and
each homology class of M would show up in the homology of S; for some values of ¢. Hence,
different homology groups would appear by varying the parameter t. A diagram known as
barcode is used to illustrate the lifetime of homology classes. In the barcode, each homology
class is represented as a horizontal line segment. The line segments span the period that the
corresponding topological properties exist along the parameter axis (i.e., t). The barcode
of the filtration (St)¢=0 is a tool for filtering out spurious homology (noise) from that which
genuinely reflects the topology of M (see [3], [4], [28]). In the semi-algebraic world, they play
a similar role—for example, as a measure of topological similarity of two given semi-algebraic
sets, which is much finer (because of the presence of the continuous parameters) to just the
sequence of Betti numbers.

As stated earlier, the main goal in this chapter is to design an efficient (singly exponential
complexity algorithm) that takes as input a quantifier-free formula describing a closed semi-
algebraic set S = R* as well as a polynomial P € R[Xj, ..., X], and outputs the barcodes
up to dimension ¢ for some fixed ¢ > 0 of the filtration of S by the sub-level sets of the
function P on S, thereby generalizing the algorithm in [8] for computing the first ¢ Betti
numbers with a similar complexity. There are several intermediate steps needed to achieve
this goal. These intermediate steps have been used recently in other applications (that we
mention in Section 3.1.1 below) and hence could be of independent interest. We outline

them below.
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3.1.1 Main contributions

The main contributions of our work are as follows.

1. We reformulate the definition of barcodes in order to treat continuous as well as finite
filtrations in a uniform manner. This is important in the current application since we
consider filtrations of semi-algebraic sets by polynomial functions which are by nature ex-
amples of continuous filtrations (since they are indexed by R). However, we show that the
barcode of this continuous filtration is equal to another finite one (see Propositions 3.3.1
and 3.3.3). In order for such an equality to make sense it is important that persistent
homology of a filtration should be defined in a uniform way for arbitrary ordered index
set. It is possible to have a completely categorical description of persistent homology
which applies to very general filtration [29]. We avoid categorical language and give an
elementary definition of barcodes directly in terms of sub-quotients of homology groups
(see Definition 3.2.5) which we believe could be useful in other applications as well. For
example, the definition given in this chapter is used in a crucial way in [30] to define
harmonic barcodes (which carry more information than the classical barcodes). In this
application it is very important to identify the persistent homology spaces with certain
subspaces of the chain spaces of the ambient simplicial complex. This is possible using

our definitions.

2. We give a definition of barcodes for semi-algebraic maps which are not necessarily proper
(Definition 3.2.8) generalizing the one for proper maps—and we believe that this could
form the basis of generalizing the results of the current papers to arbitrary semi-algebraic

sets and maps.

3. By an application of a standard theorem in real algebraic geometry (Hardt triviality
theorem [31]) we can deduce that the topological type of the sub-level sets of a filtration
of a semi-algebraic set by a semi-algebraic function changes at only finitely many values
of the function. This implies that the barcode of the original filtration is equal to that
of a finite filtration (after proper definition of barcodes encompassing both the finite

and the continuous case as mentioned earlier). However, an algorithm based on Hardt
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triviality theorem would inevitably lead to a doubly exponential sized filtration—since
the proof of this theorem (see for example proof of [2, Theorem 5.46]) depends on taking
semi-algebraic triangulations for which only a doubly exponential complexity algorithm is
known to exist. A second important contribution of the current work is an algorithm with
singly exponential complexity (see Algorithm 6 below) for reducing a given continuous
filtration of a semi-algebraic set by a polynomial to a filtration of simplicial complexes
indexed by a finite subset of R, such that the barcode of this finite filtration is equal to
that of the continuous filtration in dimensions up to £. The two main ingredients for this

algorithms are:

(a) mathematical techniques introduced in [32] for bounding the number of homotopy

types of fibers of a semi-algebraic map;

(b) the algorithm for efficiently computing simplicial replacements of semi-algebraic sets—

Theorem 2.2.1 in Chaper 2.

We note that Algorithm 6 has other applications as well. For example, it plays a key role
in a recent work on computing a homology basis of the first homology group of a given

semi-algebraic set with singly exponential complexity [33].

. The last (and perhaps the most important) contribution is an algorithm with a singly
exponential complexity that computes the barcodes of a semi-algebraic filtration up to
dimension ¢ for any fixed ¢ > 0. After having reduced to the case of finite semi-algebraic
filtration using Algorithm 6, we then compute the barcode of this finite filtration of finite
simplicial complexes (cf. Algorithms 7 and 8) using Definition 3.2.5 and standard algo-

rithms from linear algebra.

We remark that it is plausible that after ensuring the finiteness of the filtration, the
last step of computing the barcode could be achieved by an appropriate extension of the
algorithm for computing the first few Betti numbers of semi-algebraic sets described in [8].
However, this extension would be non-trivial and we prefer to use directly Algorithm 2

in Chapter 2 for which no extension is needed.
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The importance of the assumption that the input semi-algebraic subset be closed and

bounded is discussed in Section 3.2.2.

3.2 Precise definitions and statements of the main results

In this section, we define precisely persistent homology and barcodes of filtrations in
Section 3.2.1. Then in Section 3.2.2 we define semi-algebraic filtrations and state the main

algorithmic result of this section (Theorem 3.2.1).

3.2.1 Persistent homology and barcodes

Let T be an ordered set, and F = (X;)r, a tuple of subspaces of X, such that s <t =
X, < X;. We call F a filtration of the topological space X.

We now recall the definition of the persistent homology groups associated to a filtration
28], [34]. Since we only consider homology groups with rational coefficients, all homology

groups in what follows are finite dimensional Q-vector spaces.

Notation 14. For s,t € T,s < 't, and p = 0, we let i3 : Hy(X,) — H,(X}), denote the

homomorphism induced by the inclusion Xy — X;.

Definition 3.2.1. [28] For each triple (p,s,t) € Zso x T x T with s < t the persistent

homology group, H;’t(}" ) is defined by

HYY(F) = Im(i").

p

Note that Hy'(F) < Hy(X,), and H)*(F) = Hy(X,).
Notation 15. We denote by by'(F) = dimg(H)'(F)).

Persistent homology measures how long a homology class persists in the filtration, in
other words considering the homology classes as topological features, it gives an insight
about the time (thinking of the indexing set 7" of the filtration as time) that a topological
feature appears (or is born) and the time it disappears (or dies). This is made precise as

follows.
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Definition 3.2.2. For s <teT, andp > 0,

o we say that a homology class v € H,(X;) is born at time s, if v ¢ H;l’s(}"), for any

s < s;

o for a class v € Hy(X;) born at time s, we say that v dies at time t,

—if i;’t/ (v) ¢ H]‘j”t, (F) for all ', t" such that s < s <t <t,

st 8”7t
— but iy (y) € Hy (F), for some s" < s.

Remark 11. Note that the homology classes that are born at time s, and those that are
born at time s and dies at time t, as defined above are not subspaces of H,(Xs). In order to
be able to associate a “multiplicity” to the set of homology classes which are born at time s
and dies at time t we interpret them as classes in certain subquotients of Hy(X,) in what

follows.

First observe that it follows from Definition 3.2.1 that for all ' < s < t and p = 0,
H;l’t(]: ) is a subspace of H)*(F), and both are subspaces of H,(X;). This is because the
homomorphism if,/’t =ito if,/’s, and so the image of i;"t is contained in the image of . It

follows that, for s < ¢, the union of [ J

/ . . . .
s '(F) is an increasing union of subspaces, and

is itself a subspace of H,(X;). In particular, setting ¢t = s, | J HSI’S(]—" ) is a subspace of

H,(X5).

s'<s

With the same notation as above:

Definition 3.2.3 (Subspaces of H,(Xj)). For s <t, and p = 0, we define

MAMF) = |G (F),

s'<s

NAF) = U G ),

s'<s<t/ <t

Remark 12. The “meaning” of these subspaces are as follows.
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(a) For every fived s € T, M>*(F) is a subspace of Hy(X,) consisting of homology classes in
H,(X,) which are

“born before time s, or born at time s and dies at t or earlier”

(b) Similarly, for every fized s € T, N3'(F) is a subspace of Hy(X,) consisting of homology

classes in H,(X;) which are
“born before time s, or born at time s and dies strictly earlier than t”

The dimensions of M3*(F) and N3*(F) are given in Eqn. (3.10) and (3.11) in Proposi-
tion 3.8.4 below.

We now define certain subquotients of the homology groups of H,(Xs),s € T,p = 0, in

terms of the subspaces defined above in Definition 3.2.3.
Definition 3.2.4 (Subquotients associated to a filtration). For s <t, and p = 0, we define

PYUF) = MU (F)/N(F),

H,(X,)/ ) My (F).

s<t

Py(F)

We will call
(a) P3Y(F) the space of p-dimensional cycles born at time s and which dies at time ¢; and
(b) Py*(F) the space of p-dimensional cycles born at time s and which never die.

Remark 13. Notice that MJ'(F) < M;”t/(]:) for t < t', and hence \J,o, MJ'(F) is a
subspace of Hy(Xy), and NJ'(F) is a subspace of M3*(F). Therefore, these subquotients are

vector spaces and have well defined dimensions.

Finally, we are able to achieve our goal of defining the multiplicity of a bar as the

dimension of an associated vector space and define the barcode of a filtration.
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Definition 3.2.5 (Persistent multiplicity, barcode). We will denote for s€ T\t € T U {0},
o' (F) = dim PY(F), (3.1)

and call ,ufo’t(]: ) the persistent multiplicity of p-dimensional cycles born at time s and dying
at time t if ¢t # o0, or never dying in case t = 0.

Finally, we will call the set
By(F) = {(s.t, 11, (F)) | 11" (F) > 0} (3.2)

the p-dimensional barcode associated to the filtration F.

We will call an element b = (s, t, 5" (F)) € B,(F) a bar of F of multiplicity 5" (F).

Remark 14. Note that the notion of persistent multiplicity has been defined previously
in the context of finite filtrations (see [35]). The definition of py*(F) given in Egn. (3.1)
generalizes that given in loc.cit. in the case of finite filtrations, who defined it using Eqn. (3.9)
in Proposition 3.3.4 stated below. Our definition gives a geometric meaning to this number
as a dimension of a certain vector space (a subquotient of H,(Xs)), and we prove that it
agrees with that given in loc.cit. in Proposition 3.5.4. Also, it is important to note for what
follows that our definition of a barcode applies uniformly to all filtrations with index coming

from an ordered set, and we make no additional assumption on the indexing set.

Remark 15 (Continuous vs finite filtrations). In most applications the filtration F is as-
sumed to be finite (i.e. the ordered set T is finite). Since we are considering filtration of
semi-algebraic sets by the sub-level sets of a polynomial function, our filtration is indexed
by R and is an example of a continuous (infinite) filtration. Nevertheless, we will reduce to
the finite filtration case by proving that the barcode of the given filtration is equal to that of
a finite filtration. A general theory encompassing both finite and infinite filtrations using a
categorical view-point has been developed (see [29], [56]). We avoid using the categorical def-
initions and the module-theoretic language used in [36]. We will prove directly the equality of
the barcodes of the infinite and the corresponding finite filtration(cf. Proposition 3.3.3) that is
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important in designing our algorithm, starting from the definition of persistent multiplicities

given above.
We now give a concrete example of a barcode associated to a (infinite) filtration.

Example 7. Let S be the two-dimensional torus (topologically S* x S') embedded in R?,
and F be the filtration of the torus by the sub-level sets of the height function (depicted in
Figure 3.1a). We denote by S<; the subset of the torus having “height” < t.

We consider homology in dimensions 0, 1 and 2.

Informally, one observes that a 0-dimensional homology class is born at time ty which
never dies. There are two 1-dimensional homology classes, the horizontal loop born at time
to and the vertical loop born at time ty, which also never die. Lastly, there is a 2-dimensional
homology class born at time ts5 which never dies. Since there are no homology classes of the
same dimension being born and dying at the same time, multiplicities in all the cases are 1.

More formally, following Definitions 3.2.53, 3.2.4 and 3.2.5, we obtain:
(Case p = 0) Ifty <t < o then (using Definition 3.2.3)
My (F) =0,
and hence (using Definitions 3.2.4 and 3.2.5)
PN F) =0, and p' (F) = 0.

On the other hand,
Poto,oc(f) = H0(5<t0)7

implying
po”" (F) = 1.

(Case p = 1) Forty <t < o,
M (F) =0,
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and hence

Moreover,

and therefore,

Forty <t < o,

and hence

Moreover,

and therefore

(Case p = 2) Forts <t < o,

and hence

Moreover,

and therefore

Pi*Y(F) =0, and pi*'(F) = 0.

P1t2700(‘/—-.) = H1<S<t2)’

e (F) = 1.

Mfél’t('r) = Nfél’t('F) = H1(5<t4)7

PI*Y(F) =0, and pi"*(F) = 0.

Pféhoo(f) = Hl(S<t4)/H1(S<t4)7

i (F) = L

My (F) =0,

PyY(F) =0, and p5'(F) = 0.

Py (F) = Ha(S),

ps " (F) = L.

Therefore the barcodes are as follows (using Eqn. (3.2)).
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Bo(F) = {(to,+o, 1)},
Bl(./.") = {(t2,+OO,1),(t4,+OO, 1)},
Ba(F) = {(ts5,+0,1)}.

Figure 3.1b illustrates the corresponding bars. Notice that even though the filtration F is an
infinite filtration indezed by R, the barcodes, B,(F), are finite.

»
>

ts

ty

t3

ty

e

(a)
b b t2 Ls la ts o
By
By
B, -
(b)

Figure 3.1. (a) Torus filtered by the sub-level sets of the height function, (b)
corresponding barcodes for homology classes of dimension 0, 1 and 2.

The main type of filtration that we consider in this work is filtration of semi-algebraic

sets by the sub-level sets of continuous semi-algebraic functions—which we define below.

3.2.2 Semi-algebraic filtrations

We consider the algorithmic problem of computing the dimensions of persistent homology
groups and barcodes of the filtration induced on a given semi-algebraic set by a polynomial

function.
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Definition 3.2.6. Let S = R* be a semi-algebraic set and P : S — R a continuous semi-
algebraic map.
Forte R u {fw}, let
Sp<t ={r eS| P(x) <t}

Then, (Sp<t)icru{roo} @5 a filtration of the semi-algebraic set S indexed by R U {+o0}, and
we will denote this filtration by F(S, P).

Notation 16. For p > 0, we will denote

B, (S, P) = B,(F (S, P)).

Remark 16. In the definition of B,(F (S, P)) we need to specify the homology theory we
are using. For a semi-algebraic set X defined over an arbitrary real closed field R we take
homology groups Hy(X) = H.(X,Q) as defined in [37, (3.6), page 141]. It agrees with

singular homology in case R = R.

Remark 17. Note also that the barcode of a polynomial function restricted to a semi-
algebraic set S gives important topological information about the function P on S. It al-
lows one to define a p-dimensional distance between two such polynomial functions restricted
to S, by defining a notion of distance between two barcodes. Various distances have been
proposed but the most commonly used one is the so called “bottle-neck distance” [35]. An
algorithm with singly exponential complexity for computing the barcode of a polynomial also
gives an algorithm with singly exponential complexity for computing such distances as well.
To our knowledge the algorithmic problem of computing barcodes of polynomial functions on

semi-algebraic sets have not been considered prior to our work.
We prove the following theorem.

Theorem 3.2.1. There exists an algorithm that takes as input:

1. a finite set of polynomials, P < D[ X7, ..., Xi];

2. a P-closed formula ¢ such that R(¢) is bounded;
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3. a polynomial P < D[X7, ..., X}];
4. 0=0;

and computes By(R(¢), P), for 0 < p < L. The complexity of the algorithm is bounded
by (sd)ko(e), where s = card(P), and d is the mazimum amongst the degrees of P and the

polynomials in P.

Barcodes of non-proper maps

Notice that in Theorem 3.2.1 we only consider semi-algebraic sets S which are closed and
bounded. In particular, this implies that any continuous semi-algebraic function on S is a
proper map S — R (i.e. the inverse image of a closed and bounded semi-algebraic set is
closed and bounded).

One reason to assume the properness is that for non-proper semi-algebraic maps P : S —
R, the barcode B,(S, P) may not reflect the topology of S as illustrated in the following

example.

Example 8. Let S < R? be the (unbounded) semi-algebraic set defined by the formula
¢I= (O<X1<1)/\(X1(X1—1)X2—1=O)

(depicted in Figure 3.2), and let P = X;. Consider the semi-algebraic filtration F(S, P).
Note that P restricted to S is not a proper semi-algebraic map (P~1([0,1]) is not bounded).
It is clear that for p > 0,
B,(S,P) = &.

We claim that even for p =0 (contrary to the expectation)

B,(S,P) = &.
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Figure 3.2. §= {($1,$2) ’ O<ax < 1,.’151(1‘1 — 1)1’2 —1= 0}

To see this observe that for all s < 0, t = s, we have that

My (F(S,P)) = ") (H(S))

HO(SPSS) = 0,
since Sp<s = & for s < 0. This shows that
pd (F(S,P)) = 0,5 <0,t>s.
For s >0, and t > s, it follows from Definition 3.2.5 that
MG (F(S, P)) = Ny (F(S, P)) = Ho(Sp<),

proving that
ud (F(S,P)) = 0,5 > 0,t > s.

Together Eqns. (3.3) and (3.4) imply that
By(S, P) = .
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In order to have a more reasonable definition of barcodes (and allow “bars” which have
open endpoints) we propose the following definition. We use two notions from real algebraic
geometry — that of the real spectrum and the real closed extension of R by the field of
Puiseux series.

Let S < R be an arbitrary semi-algebraic set and P : S — R a continuous semi-algebraic
function. We define a new filtration F (S, P) as follows.

The indexing set of the new filtration will the set

R = {—o0,+0} U U{$,,$,x+},

zeR

on which a total order is specified by
—0<T_ <Tr<Ty <Yy <y<y; <o,

for all z < y in R. (The ordered set R is the real spectrum of the ring R[X] — see for example
(38, page 134]).
We now define the filtration F(S, P).

Definition 3.2.7 (Filtration for semi-algebraic maps not necessarily proper). For t € R

define

8 = ext(S,RE)prre, = —on,

= ext(9,R(e)) pey =t_,teR,

( )P
( )
= ext(S,R(e))per, fE=teR,
= ext(S,R(e)) petse, fE=1ti,tER,
( )

= ext(S,R{e)) potje, if t = +o0.

(where R{e) is the field of algebraic Puisuex series in e, and ext(-, R{e)) denotes the extension

of a semi-algebraic subset of R¥ to R{e)* — see Notation 4 and Notation 6).
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Definition 3.2.8 (Barcode for filtration induced by a semi-algebraic map not necessarily
proper). For S < R* an arbitrary semi-algebraic set and P : S — R a continuous semi-

algebraic function, we define

~ ~

B,(S, P) = B,(F(S, P)).
It is easy now to verify that for the pair S, P in Example 8

~

By(S, P) = {(04, +o0,1)}.

Note that
B,(S,P) < R x R x Z,.

Using Hardt triviality theorem, one can deduce that gp(S, P) is a finite set. We will formally
prove this statement later for proper semi-algebraic maps (see Proposition 3.3.1).

The barcode for a proper semi-algebraic map takes its value in R x R x Z.( which is
properly contained in the R x R x Zo. It is not difficult to prove that in case P : S — R is
a proper semi-algebraic map, the new definition of barcode agrees with the previous one.

We record the above mentioned facts in the following proposition for future reference and

omit the proofs. We will not use it in here since we restrict ourselves to the proper case.

Proposition 3.2.1. For any continuous semi-algebraic map P : S — R and for all p = 0,

E(S, P) is a finite set. Moreover, if P is a proper semi-algebraic map, then for all p = 0,

~

B,(S,P) = B,(S, P).
Proof. Omitted. O

3.3 Continuous to finite filtration

In this section we describe how to efficiently reduce the problem of computing the barcode
of a continuous semi-algebraic filtration to that of a finite filtration of semi-algebraic sets.
The mathematical results are encapsulated in Propositions 3.3.1 and 3.3.3 stated and proved

in Section 3.3.1. Then in Section 3.3.2 we prove a formula used to compute the barcode of a
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finite filtration (Proposition 3.3.4). This formula is not new (see [35, page 152|[35]), however,
it is important to deduce that from our new definition of barcodes.

Recall that we are interested in the persistent homology of filtrations of semi-algebraic
sets by the sub-level sets of a polynomial. Recall also (cf. Definition 3.2.6) that for a closed
and bounded semi-algebraic set S = R¥, P e R[X1,..., X;], and t € R U {£00}, we denote
the filtration

(Sp<t ={re S| P(x) < t})teRu{ioo}

by F(S, P).
Our first observation is that, even though the indexing set R u {+00} is infinite, for each

p = 0, the barcode B,(F (S, P)) is a finite set (cf. Example 7).

Proposition 3.3.1. For each p = 0, the cardinality of B,(F(S, P)) is finite.

3.3.1 Reduction to the case of a finite filtration

We will now prove a result (cf. Proposition 3.3.3 below) from which Proposition 3.3.1
will follow. Our strategy is to identify a finite set of values {sg,..., sy} < R, such that
the semi-algebraic homotopy type of the increasing family Sp<; (as ¢ goes from —oo to
o), can change only when ¢ crosses one of the s;’s. This would imply that the barcode,
B,(F(S, P)), of the infinite filtration F(S, P), is equal to the barcode of the finite filtration
& < Spesy, © -+ C Spgs,, © 5 (cf. Proposition 3.3.3 below). In addition, we will obtain a
bound on the number M in terms of the number of polynomials appearing in the definition
of S and their degrees, as well as the degree of the polynomial P. The technique used in the
proofs of these results are adaptations of the technique used in the proof of the main result
(Theorem 2.1) in [32], which gives a singly exponential bound on the number of distinct
homotopy types amongst the fibers of a semi-algebraic map in [32]. We need a slightly
different statement than that of Theorem 2.1 in [32]. However, our situation is simpler since

we only need the result for maps to R (rather than to R" as is the case in [32, Theorem 2.1]).

108



Outline of the reduction

Before delving into the detail we first give an outline of the main idea behind the reduction
to the finite filtration case. The key mathematical result that we need is the following. Given
a semi-algebraic subset X < R¥*1 obtain a semi-algebraic partition of R U {£c0} into points
—0 =851 <8 <8 < <S8y < Sys1 = 0, and open intervals (s;,$;41), —1 < i < M,
such that the homotopy type of X; = X n W,;il stays constant over each open interval
(8i,8i+1) (here mry1 denotes the projection on the last coordinate). In our application the
fibers X; will be a non-decreasing in t (in fact, X; will be equal to Sp<;) but we do not need

this property to hold for obtaining the partition mentioned above.

The following example is illustrative.

Figure 3.3. Homotopy types of fibers

Suppose that X < R? is a singular curve shown in blue in Figure 3.3. We define a semi-
algebraic tubular neighborhood X*(¢) of X using an infinitesimal ¢ (shown in red), whose
boundary has good algebraic properties — namely, in this case a finite number of critical
values ty < t; < --- < t5 for the projection map onto the chosen coordinate Xj,; which is
shown as X in the figure. The ¢;’s give a partition of R{e) rather than that of R, and over
each interval (¢;,¢;;1) the semi-algebraic homeomorphism type of X*(g) (but not necessarily
the semi-algebraic homotopy type of ext(X, R{e))) stay constant. Clearly this partition does
not have the homotopy invariance property with respect to the set ext(X,R{e)). However,
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the intervals (t1,%2) N R = (so, 1) and (3,%4) N R = (s1, s2) does have the require property
with respect to X, and the points sg, s1, So gives us the require partition.

In the general case the definition of the tube X*(¢) is more involved and uses more
than one infinitesimal (cf. Notation 18). The set of points corresponding to the ¢;’s in the
above example is defined precisely in Proposition 3.3.2 where the important property of the
partition of R{¢) they induce is also proved. The passage from the ¢;’s to the s;’s and the
important property satisfied by the s;’s is described in Lemma 3.3.4. The finite set of values
{s0,...,8m} < R is then used to define a finite filtration of the given semi-algebraic set, and
the fact that this finite filtration has the same barcode as the infinite filtration we started
with is proved in Proposition 3.3.3. Proposition 3.3.3 immediately implies Proposition 3.3.1.

There are several further technicalities involved in converting the above construction
into an efficient algorithm. These are explained in Section 3.4. The complexity of the whole

procedure is bounded singly exponentially.

Proof of Proposition 3.3.1

We begin by fixing some notation.

Notation 17. For Q c R[ X}, ..., Xx| we will denote by

Z(Q.R*) = {z e R*| /\ Q(z) = 0}.

QeQ
For Q e R[X1,..., Xi], we will denote by Z(Q,R*) = {x € R* | Q(z) = 0}.

Definition 3.3.1. Let Q be a finite subset of R[X1,...,Xy]. A sign condition on Q is an
element of {0,1,—1}<. We say that Q realizes the sign condition o at x € R¥ if

/\ sign(Q(z)) = o(Q).
QeQ
The realization of the sign condition o is
R(0) = {z e R* | /\ sign(Q(z)) = 0(Q)}.
QeQ
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The sign condition o is realizable if R(o) is non-empty. We denote by Sign(Q) the set of

realizable sign conditions of Q.

Let R e R with R > 0, and let
P:{Po,Pl,...,Ps}CR[Xl,...,Xk],

with Py = X?+ -+ X? — R. Let P € R[X,..., X}], and also let ¢ be a closed (P — {F})-
formula, and ¢ be ¢ A (Py < 0) A (P —Y < 0), where Y is a new variable. So ¢ is a
(P U {P —Y})-closed formula. Let Py, 1 =P —Y.

Notation 18. Foré = (g, ...,&541), we denote by ¢*(€), the P*(€)-closed formula obtained
by replacing each occurrence of P, = 0 in ¢ by P, +¢; =0 (resp. P; <0 in 5 by Pi—¢;<0)
for 0 <i<s+1, where

P@) = |J {P+e P—a}

0<i<s+1
Observe that
S*(&) == R(¢*(8)) = R

is a P*(&)-closed semi-algebraic set, and we define ¥, = {—1,0,1}7"© by

s@= U Ro. (3.5)

0€X4,R(0)#

Lemma 3.3.1. For each Q c P*(&), Z(Q,R()"*") is either empty or is a non-singular (k+
1—card(Q))-dimensional real variety such that at every point (z1, ..., xx,y) € Z(Q, R(GEY),
the (card(Q) x (k + 1))-Jacobi matriz,

(513 @P)
0X; oY PeQ 1<i<k

has the mazimal rank card(Q).

Proof. See [32]. O
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Now let m,11 : R — R(Z) denote the projection to the last (i.e. the Y) coordi-
nate, and 7 4 : R — R()F denote the projection to the first (ie. (Xi,..., X)) k
coordinates.

k+1

For any semi-algebraic subset S < R(¢)""", and T' < R{(¢), we denote by Sy = 7 4(S N

i1 (T)). For t € R{e), we will denote by S<; = S(_co ), and Sy = Sgy.

Notation 19 (Critical points and critical values). For Q@ < P*(&), we denote by Crit(Q)
the subset of Z(Q,R(EYY) at which the the Jacobian matri,

()
0X;i PeQ,1<i<k

is not of the maximal possible rank. We denote crit(Q) = 7(Crit(Q)).

Lemma 3.3.2. The set

U crit(Q)

QcP*(g)
is finite.

Proof. Follows from Lemma 3.3.1 and the semi-algebraic Sard’s lemma (see for example |2,

Theorem 5.56]). O

Lemma 3.3.3. The partitions

RF+HL — U R(O’),

o€eSign(P*(2))

5@ = |JRo.

U€Z¢

are compatible Whitney stratifications of R**1 and S*(€) respectively.

Proof. Follows directly from the definition of Whitney stratification (see [39], [40]), and
Lemma 3.3.1. N

We are now in a position to prove the key mathematical result that allows us to reduce
the filtration of a semi-algebraic set by the sub-level sets of a polynomial to the case of a

finite filtration.
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Proposition 3.3.2. Suppose

U crit(Q) = {to, ..., tn},

QcCP* (&)

with tg < t; < -+ < ty (¢f. Lemma 3.8.2). Then for 0 < i < N, a,b € R such that

(a,b) < (t;,tiv1) N R, and for any c € (a,b), the inclusion
R((b(: a)) - R((b(? C))

is a semi-algebraic homotopy equivalence.

Proof. The proof is an adaptation of a proof of a similar result in [32] (Lemma 3.8), though

our situation is much simpler. It follows from Lemma 3.3.3 that the semi-algebraic set

S*(&) = S*(\mili({to, - -, )

is a Whitney-stratified set. Moreover, 71| 5 is a proper stratified submersion. By Thom’s
first isotopy lemma (in the semi-algebraic version, over real closed fields [40]) the map
6 is a locally trivial fibration.

Now let 0 < i < N. It follows that for o', € R(Z) with t; < @’ <V < t;;1, that there

Tk+1

exists a semi-algebraic homeomorphism
Ga/,b/ : S*(g)[a/7b/] — S*(g)a/ X [CL/, b/]

such that the following diagram commutes.

ea/,b/

S ()1 ) S*(E)ar x [a', V]

Thk+1 Th+1
R¢)

Let
Ta b - S*<§>b/ X [CLI, b/] — S*(é)a/,
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be the map defined by

Ta’,b’(x7 t) = ﬂ-[l,k] O 0(117(,/(3:’ t) 1f t < P(]I),

= x, else.

Notice, 74 is a semi-algebraic continuous map, and moreover for x € S*(€)y, oy (x,a') =
x. Thus, 7,y is a semi-algebraic deformation retraction of S*(£)y to S*(€)..

This implies that the inclusion

S (E)w = S (E)y (3.6)

is a semi-algebraic homotopy equivalence.
Now suppose that a,b € R with t; < a < b < t;41. S*(€), and S*(€), are closed and
bounded over R, and that S*(&), \, R(¢(-,a)), S*(£)s \y R(o(-,b)).

Then, it follows from Lemma 2.3.1 that the inclusions,

ext(R(¢(, a)), R(&)) = §7(€)a, (3.7)

and

ext(R(¢(- 1)), R(E)) — 5" (&), (3.8)

are semi-algebraic homotopy equivalences.

Thus, we have the following commutative diagram of inclusions

S*(€)a S*(E)e
J J

ext(R(4(-,a)), R(Z)) —— ext(R(¢(:,b)), R(E))

in which all arrows other than the bottom inclusion are semi-algebraic homotopy equiv-
alences, and hence so is the bottom arrow. This implies that the inclusion R(¢(,a)) —
R(o(-, b)) is a semi-algebraic homotopy equivalence by an application of the Tarski-Seidenberg

transfer principle (see for example [2, Chapter 2|).
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Now assume that a = t;. Using Lemma 2.3.1 we have that for all small enough ¢ > 0, the
inclusion R(¢(+,a)) < R(¢P(-,a + €)) is a semi-algebraic homotopy equivalence. Moreover,
from what has been already shown, the inclusion R(¢(-,a + €)) — R(¢(-,¢c)) is a semi-
algebraic homotopy equivalence. It now follows that R(¢(-,a)) — R(¢(-,¢)) is a semi-

algebraic homotopy equivalence. This completes the proof. O

Lemma 3.3.4. Let G < R[E]|[T] be a finite set of non-zero polynomials and

{to,- -, tn} = | J Z(G,R())

Geg

with tg < --- < ty. For Ge G, let G = ), mgoGa, with G, € R[T],mg, € R[E], and let
M(G) ={a | mga # 0} Let H = Ugeg aenr(p){Gat: and let

{s0,--su} = | 2(HR)

HeH

with sy < s1 < --- < sp. Then, for each 1,0 < i < M, there exists 7,0 < j < N, such that

(si,8i41) © R is contained in (t;,t;11) N R.

Proof. Notice that it follows from the definition of the set {s,..., sy} that for any i,0 <
i < M, the sign condition (cf. Definition 3.3.1) realized by H at ¢ stays fixed for all t € R,
such that t € (s;, $i41)-

Since for any t € R, the sign condition realized by H at ¢t determines the sign condition
of G realized at t, it follows that the the sign condition (cf. Definition 3.3.1) realized by G
at t also stays fixed for all ¢t € R, such that t € (s;, $;41)-

Suppose that t' € ext((s;, s;+1), R(¢)) such that G(¢') = 0 for some G € G. We claim that
this implies that limzt' € {s;, s;+1}. Suppose not. Then, limz#' € (s;, $;41), which contradicts
the fact that the sign condition (cf. Definition 3.3.1) realized by G at ¢ stays fixed for all
t € R, such that t € (s;, s;1+1), since G is a non-zero polynomial.

The lemma now follows from the hypothesis that {to,...,tx} € Ugeg Z(G, REE)). O

Let S = R(®) and P, ty,...,ty as in Proposition 3.3.2, and let G, H, and sy < --- < sy

as in Lemma 3.3.4. Let s_1 = —o0, 5741 = 0. Let F denote the finite filtration of semi-
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algebraic sets, indexed by the finite ordered set T' = {s; | =1 < i < M + 1}, with the element

of F indexed by s; equal to Sp<,,. We have the following proposition.

Proposition 3.3.3. For each p = 0,
B,(S, P) = B,(F).

Proof. 1t follows from Proposition 3.3.2 and Lemma 3.3.4 that for each 7, —1 < i < M and
s € (84, 8i+1), the inclusion Spes, < Spes is a semi-algebraic homotopy equivalence.

The proposition will now follow from the following two claims.

Claim 3.3.1. Suppose that s,t € [s_1,sm11],5 < t. Then, pd'(F(S,P)) # 0 = s,t €

{8—17 ) SM+1}'

Proof. We consider the following two cases.

1. s ¢ {s_1,...,8u+1}: Without loss of generality we can assume that s € (s;,s;41) for
some 7, —1 < ¢ < M. Now the inclusion Spcy < Spcs, is a semi-algebraic homotopy

. .ol . . .
equivalence for all s" € [s;, s), and hence i3 * is an isomorphism for all s’ € [s;, s).

It follows that for all s’ € [s;, ),

H? HF(S, P)) = Im(i") = Im(i%' o %) = Im(id") = Hf;t(f(S, P)),

p

which implies that

()M (S, P)) = )7 (H3(F (S, P)) = Hy(Spec):

p

Noting that

U@H EFE P) = | @47 Y (FS, P))),

s'<s s'e[si,s)
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it now follows that

MUF(S,P)) = |G (F(S, P)))

= HP(‘SPSs)a
NAFSP) = | @GN TEFES P)

p
s'<s<t/<t

= U @O EN(FS P))

s<t/<t

= Hp<SP§S)°

We have two sub-cases to consider.

(a) Ift < SM+1:
PYYF(S, P)) = M (F(S, P))/NHF(S, P)) = 0.

(b) If t = spp4q = o0

S, St _
P*(F(S,P)) = /Mgt (F — 0.
s<t
since
| M (F (S, P)) = | JHp(Sp<s) = Hy(Sp<s).
s<t s<t
cté¢{s_1,...,sms1}: Without loss of generality we can assume that ¢ € (s;, s;41) for some

i,—1 < i < M. The inclusion Sp<y < Spy, is a semi-algebraic homotopy equivalence
for all ¢’ € [s;, ), and hence it"t is an isomorphism for all ¢’ € [s;,t). This implies that for
all t' € [s4,t), and s" < t', Im(i7 ) can be identified with Im (i 1) using the isomorphism

Z‘t’,t

, - Furthermore, it is easy to verify that for every fixed s’ < s and s <t' <t”,

(i) (Hy (F(S, P))) < (i)~ (Hy " (F (S, P))),

p p
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and hence for each fixed s’ < s,

U GO EFEP)) = | @7 HE(FES, P).

s<t/<t s;<t/'<t

It follows that for t € (s;, s;11)

NAFS,P) = | @ (FS, PY))
= U(iZ’t)_l(HZI’t(f(&P)))

MSH(F(S, P)).

We have
P;’t(}"(S, P)) = M;’t(}"(S, P))/N;’t(}"(S, P))=0.

This completes the proof. O

Claim 3.3.2. For eachi,j,—1<i<j<M+1, " S](]:(& P)) = " SJ(]:)-

Proof. 1t suffices to prove that

Mo (F(S,P)) = M:5»(F),
Nso#i(F(S,P)) = N (F).

To prove the first equality we use the fact that s’ € [s;_1,s;), the inclusion Spes, | —
Sp<y 18 a semi-algebraic homotopy equivalence.
Hence,

Mpe(F(S,P)) = | ()~ (Hy 9 (F(S. P)))

p
s'<s;

= (i) F(SP)
— M (F).
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Using additionally the fact that ¢ € [s;_1,s;), the inclusion Sp<;, , = Sp<y is a semi-

1

algebraic homotopy equivalence, we have:

NS Py = GO EFS P)

P
s'<s; <t/ <s;

(15571 (|7 (F(S, P))

= N (F).
O
This concludes the proof of Proposition 3.3.3. O
Proof of Proposition 3.5.1. Follows immediately from Proposition 3.3.3. O]

3.3.2 Persistent multiplicities for finite filtration

In this section, we prove a formula for the persistent multiplicities associated to a finite
filtration F, which we later use in Algorithm 7 to obtain the barcodes of a finite filtration.
We deduce the formula from our definition of persistent multiplicity (cf. Eqn. (3.1) in
Definition 3.2.5). !

Proposition 3.3.4. Let F denote a finite filtration, given by Xog < -+ < Xy = Xpyyq =
-+ =X, such that rank of H,(X};) is finite for each p = 0. Then for 0 < j <k,

(B (F) = B = (74 — (), k<o

11 This formula already appears in [35, page 152], but what is meant by “independent p-dimensional classes
that are born at K;, and die entering K;” loc. cit. is not totally transparent. See also Remark 11.
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Proof. We first prove the case where k is finite. By Definition 3.2.4,

pH(F) = dim PJ*(F)
= dim MJ*(F) — dim NJ*(F).

Since F is finite, we have

MEHF) = (T ).

P

NIEF) = @ )

Note that (iZ%)~*(H.""*(F)) is a subspace of H,(X;), and hence the linear map #* :
H,(X;) — H,(X}) factors through a surjection f : H,(X;) — Hf;k(]-") followed by an in-
jection Hi;’k(]: ) — H,(X}) as shown in the following diagram.

7,k

H,(X;) u H,(Xk)
X /

ik
H" (F)

Now Hg_l’k(]—" ) is a subspace of Hg’k(]: ), and let

m : HJM(F) — H2*(F) /HI 5 (F)

p

be the canonical surjection. Let ¢ = m o f. Since f and m are both surjective, so is g.

H,(X;) —L— WH(F) —s HIH(F) / WV (F) |
g = mof

Now notice that

MHF) = (@7 )

p

- )

p

= ker(g).

120



Since g is surjective,

rank(g) = dim Hg_l’k(f) — dim Hg;k(]:),

and using the rank-nullity theorem we obtain
dim MJ*(F) = b,(X;) — (5" (F) = b~ (F))-
Using a similar argument we obtain
dim NJ*(F) = b,(X;) = (0" (F) = by 7 (F)).

Finally,

= BE) = B + RN E) - ()
= (G UF) B - () — b)),

If k = oo, then by Definition 3.2.4,

WH(F) = dim PJ*(F)
= dimH,(K;) — dim|_ M}*(F).

Since M3 (F) < M3"(F) for t < t', we have

MIYF) e MP"YF) <o MPM(F) = MPMHNF) = - = MI™(F)
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Therefore,

pWH(F) = dimH,(K;) — dim M) (F)
= by(X;) — (b(X;) — (BEM(F) — b M (F)))

p

— BM(F) = b M (F)

p p

3.4 Algorithms and proof of Theorem 3.2.1

In this section we describe our algorithmic results leading to the proof of Theorem 3.2.1.
We begin by stating some preliminary mathematical results in Section 3.4.1 that we will need
for our algorithms. We describe two technical algorithms that we will need in Section 3.4.2.
In Section 3.4.3 we describe Algorithm 6 for reducing the given continuous filtration to a
finite one. The proof of correctness of this algorithm relies on Proposition 3.3.3 proved
earlier. Finally, in Section 3.4.3 we describe our algorithm for computing the barcode of
a semi-algebraic filtration (algorithm 8), prove its correctness and analyze its complexity,

thereby proving Theorem 3.2.1.

3.4.1 Preliminaries

Notation 20 (Derivatives). Let P be a univariate polynomial of degree p in R[X]. We will
denote by Der(P) the tuple (P, P', ..., P®) of derivatives of P.

The significance of Der(P) is encapsulated in the following lemma which underlies our

representations of elements of R which are algebraic over D (cf. Definition 3.4.1).

Proposition 3.4.1 (Thom’s Lemma). Let f € R[X] be a univariate polynomial, and, let o

be a sign condition on Der(f) Then R(o) is either empty, a point, or an open interval.
Proof. See [2, Proposition 2.27]. O

Proposition 3.4.1 allows us to specify elements of R which are algebraic over D by means

of a pair (f,o) where f € D[X] and ¢ € {0,1, —1}Pe(),
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Definition 3.4.1. We say that z € R is associated to the pair (f,o), if o(f) = 0 and if

Der(f) realizes the sign condition o at x. We call the pair (f,o) to be a Thom encoding

specifying x.
We will also use the notion of a weak sign condition (cf. Definition 3.3.1).

Definition 3.4.2. A weak sign condition is an element of

{{0}7 {07 1}7 {07 _1}}

We say

-

sign(x) € {0} if and only if x = 0,

g sign(z) € {0,1}  if and only if x = 0,

sign(z) € {0, -1} if and only if v < 0.

A weak sign condition on Q is an element of {{0},{0,1},{0,—-1}}2. If o € {0,1,—1}<, its

relaxation @ is the weak sign condition on Q defined by 7(Q)) = o(Q). The realization of the

weak sign condition 7 s

R(r) = {zeR* | /\ sign(Q(x)) € 7(Q)}.

QeQ

Definition 3.4.3. We say that a set of polynomials F < R[X] is closed under differentiation
if 0 ¢ F and if for each f € F then f' € F or f' =0.

Lemma 3.4.1. ([2, Lemma 5.33]) Let F < R[X] be a finite set of polynomials closed under

differentiation and let o be a sign condition on the set F. Then
(a) R(o) is either empty, a point, or an open interval.

(b) If R(c) is empty, then R(T) is either empty or a point.

(c) If R(0) is a point, then R() is the same point.

(d) If R(o) is an open interval then R(7) is the corresponding closed interval.
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Remark 18. In what follows we will allow ourselves to use for P € R[ X1, ..., X], sign(P) =
0 (resp. sign(P) = 1, sign(P) = —1) in place of the atoms P =0 (resp. P >0, P <0) in
formulas. Similarly, we might write sign(P) € o, where ¢ is a weak sign condition in place
of the corresponding weak inequality P = 0 or P < 0. It should be clear that this abuse of

notation s harmless.

In addition to the mathematical preliminaries described above, we also need two technical

algorithmic results that we describe in the next section

3.4.2 Some preliminary algorithms

For technical reasons that will become clear when we describe Algorithm 6, we will need
to convert efficiently a given quantifier-free formula defining a closed semi-algebraic set, into
a closed formula defining the same semi-algebraic set. This is a non-trivial problem, since
the standard quantifier-elimination algorithms in algorithmic semi-algebraic geometry does
not guarantee that the output will be a closed formula even if it is known in advance that
the semi-algebraic set that the formula is describing is closed. Luckily we only need to deal
with formulas in one variable, where the problem is somewhat simpler. Note that even in
this case, it is not possible to obtain the description of the given closed semi-algebraic set as
a closed formula by merely weakening the inequalities in the original formula.

For example, consider the formula ¢(X) := (X*(X —1) > 0) A (X = 2) v (X <0)).
Then, R(¢) = [2,0) is a closed semi-algebraic set, but the formula obtained by weakening

the inequality X?(X — 1) > 0, namely
o= (XX -1)=0)A((X=2)v(X<0),

has as its realization the set {0} U [2,0) which is strictly bigger than R(¢).
Nevertheless, using Lemma 3.4.1 we have the following algorithm to achieve the above

mentioned task efficiently.

Proof of correctness. The correctness of the algorithm follows from the correctness of Algo-

rithm 13.1 (Computing realizable sign conditions) in [2], and Lemma 3.4.1. O
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Algorithm 4 (Make closed)

Input:
A quantifier-free formula 6(Y") with coefficients in D, in one free variable Y, such that
R(0) is closed.
Output:
A closed formula ¢(Y") equivalent to 8(Y).
Procedure:
: Let 0(Y) = Vigqen /\1<j<Ni(Sign(Fi,j) = 0ij)-
: for each (i, j) such that o, ; # 0 do
Call Algorithm 13.1 (Computing realizable sign conditions) in [2] with input Der(F; ;),
and obtain the set X, ; of realizable sign conditions of Der(F; ;).
4 E;’j —{oeXp|a(F,;) =0}
5: Ei,j <« {6' ’ o€ E,z,]}
6
7

W N =

. end for
. return the formula

v(V) = \/ ()\ (sign(F;;) =0)n /\ \/ (sign(F;;) € 7).

I<isM 04,;=0 0i,j#0 5e3%;

Complexity: The complexity of the algorithm is bounded by (sd)?") where s is the number
of polynomials appearing ¢ and d a bound on their degrees.

Complexity analysis. The complexity bound follows from the complexity of Algorithm 13.1

(Computing realizable sign conditions) in [2]. O

We will also need an algorithm that takes as input a finite set of polynomials G in
one variable with coefficients in D[£], and outputs a set of Thom encodings whose set of

associated points {so, ..., sy} satisfy the property stated in Lemma 3.3.4.
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Algorithm 5 (Removal of infinitesimals)

Input:
A finite set G < D[&][T] such that each P € G depends on at most k + 1 of the &;’s.
Output:
A finite set of Thom encodings F = {(fi,0:) | 0 < i < N}, with f; € D[T] with associated
points sg < --- < sy, such that letting sy = —o0,s);,1 = o0, for each 7,0 <1 < M,
there exists j,0 < j < N, such that (s;,s,41) < R is contained in (¢;,¢;11) n R, where
{to, .- tn} = Ugeg Z(G,R(E)), with g < -+ < ty.
Procedure:
1: for G e G do
2: 0<ip<--<ip<s+1besuchthat Ge Dle;,...,;,][T]
3: Write G = >, ma.a(€ig, - - -+ €iy,)Ga, With G € D[T],mg o € Dleiy, - -, i, |-
4: Let M(G) = {a | mg,o # 0}.
5: end for
6: Let H = Ugeg.acn(e){Gal-
7. Use Algorithm 10.17 from [2] with H as input to obtain an ordered list of Thom encodings
F.
8 return F.
Complexity: The complexity of the algorithm is bounded by sD°®) where s = card(G)

and D is a bound on the degrees of the polynomials in G in € and in T

Proof of correctness. The correctness of the algorithm follows from Lemma 3.3.4 and the

correctness of Algorithm 10.17 from [2]. O

Complexity analysis. The complexity bound follows from the complexity bound of Algorithm
10.17 from [2]. O
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3.4.3 Algorithm for reducing to a finite filtration

We are now in a position to describe our algorithm for reducing the problem of computing
the barcode of a filtration of a semi-algebraic set S by the sub-level sets of a polynomial P,
to the problem of computing the barcode of a finite filtration.

Algorithm 6 computes a finite subset of R, as Thom encodings (cf. Definition 3.4.1),
such that it includes the values of P at which the homotopy type of the sub-level sets of S
changes. The algorithm has singly exponentially bounded complexity.

Algorithm 6 (Reducing to a finite filtration)
Input:
(a) le Z)O.
(b) ReD,R> 0.
(c) A finite set P = {Py,..., P} < D[Xy,..., Xi].
(d) A P-closed formula ¢.
(e) A polynomial P € R[X7,..., X}].
Output:
(a) A finite set of Thom encodings F = {(f;,0;) | 0 < i < N}, with f; € D[T]
with associated points {3 < --- < tn, such that for ¢ € R, denoting by S; =

R(¢) N Br(0,R) n{z | P(x) <t}, for each i,0 <i < N —1, and all ¢ € [t;,t;11) the
inclusion maps S;, < S; are homological equivalences.

(b) A filtration of finite simplicial complexes
K()CKlC"'CKN

such  that  Simp™(S,,,...,S,,) is  homologically  l-equivalent  to
Slmp[N](‘KOL R |KND
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Procedure:
1. Py Yr X?-R
2: Pbyy<— P-Y.

3:
P'E) e U (Prenhi-c)
0<i<s+1
4:  Denote by ¢*(&), the P*(£)-closed formula obtained by replacing each occurrence of

P,=0ingby P,+¢e; 20 (resp. P, <0in¢by P,—¢; <0)for0<i<s+ 1.
5. for Q < P*(e),card(Q) < k do

0
Jac(Q) — Z det ¢
y . 0X;. 4
1<21<12<---<zcard<9/)<k 7/ QeQ,1<i<k
7. end for

8: for Q@ « P*(g),card(Q) =k + 1 do

9:
2(Q) « >, Q%
QeQ
10: end for
11:

H— {Jac(Q) | Q = P*(¢e),card(Q) < k} U {X(Q) | Q = P*(¢),card(Q) = k + 1}.

12: Call Algorithm 14.1 (Block Elimination) from [2] with the block of variables (X3, ..., Xj)
and H as input, and obtain G = BElimx(F) (following the same notation as in [2,
Algorithm 14.1 (Block Elimination)]).

13: Call Algorithm 5 with G as input and obtain an ordered list of Thom encodings F =
((f07 UO)? teey (fN; UN))
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14: for 0 < i< N do

15: Call Algorithm 14.5 (Quantifier Elimination) [2] with input the formula

~

B(Y) = VZ((fi(2) = 0) A (sign(Dex())(2) = 0:)) = (¥ < Z)

to obtain an equivalent quantifier-free formula @Z,(Y)

16: Call Algorithm 4 with ;(Y) as input to obtain a closed formula t;(Y).

17 i — 6 A U(Y),

18: Q; < the set of polynomials appearing in ;.

19: end for

20: Call Algorithm for simplicial replacement with input: the closed formulas ¢y, ..., ¢n, R
and ¢, and output the simplicial complexes K;,0 <7 < N.

Complexity: The complexity of the algorithm is bounded by (sd)’“ow, where s = card(P),
and d = maxpep deg(P).

Proof of correctness. The correctness of the algorithm follows from Proposition 3.3.3, and
the correctness of the following algorithms: Algorithm 14.1 (Block Elimination) in [2]),
Algorithm 5, Algorithm 14.5 (Quantifier Elimination) in [2], Algorithm 4, and the Algorithm

for simplicial replacement Theorem 2.2.1. O

Complexity analysis. The complexity bound follows from the complexity bounds of Algo-
rithm 14.1 (Block Elimination) in [2]), Algorithm 5, Algorithm 14.5 (Quantifier Elimination)
in [2], Algorithm 4, and the Algorithm 3. O

3.4.4 Computing barcodes of semi-algebraic filtrations

We can now describe our algorithm for computing the barcode of the filtration of a semi-
algebraic set by the sub-level sets of a polynomial. First we need an algorithm for computing

barcodes of finite filtrations of finite simplicial complexes.
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Algorithm 7 (Barcode of a finite filtration of finite simplicial complexes)

Input:
1. (e Z>0~

2. A finite filtration F, Ky < --- < Ky of finite simplicial complexes.
Output:
B,(F),0 <p<L.

Procedure:
1: K—l <« @
2: KN+1 — Ky.

3 for -1 <i<j<N+1ldo
4: Use Gaussian elimination to compute the persistent Betti numbers b;;j (F).
5. end for

6: for0<p</0<i<j<N+1ldo

8: if j = N+ 1 then
i 3 (F) = ()

9 else

Y O ) = B () = 097 ) — b ()

10: end if

(cf. Eqn. (3.9)).

11: end for
12: for 0 <p</{do
13: Output

By(F) = {(i,4, 1) | 0<i<j< N, >0

{(i,00,p57) | 0<i<j=N+1pu >0}

14: end for
Complexity: The complexity of the algorithm is bounded polynomially in N times the

number of simplices appearing in the complex K.
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Proof of correctness. The correctness of the algorithm follows from Eqn. (3.9). m

Complexity analysis. The complexity of the algorithm follows from the complexity of Gaus-

sian elimination. O

Algorithm 8 (Computing persistent homology barcodes of semi-algebraic sets)

Input:
A. A P-closed formula ¢, with P a finite subset of D[ X1, ..., X}], such that R(¢, R¥)
is bounded.
B. A polynomial P € D[ X, ..., X].
C. 1,0<l<k.
Output:
For each p,0 < p < ¢, B,(S, P), where S = R(¢).
Procedure:
P —Pule(Xi+ -+ X)) -1}
2 ¢ —pne(Xi+-+ X —-1<0).
3: R < R{e), D < D[e].
4: Call Algorithm 6 with input ¢,1/e, P’ ¢, P, to obtain a finite ordered set of Thom

encodings (fo,00), ..., (fy,on), and a finite filtration F = (Ko < --- < Ky), where Ky
is a finite simplicial complex.
5: Call Algorithm 7 with input ¢ and the finite filtration F, and output for each p,0 < p < ¢,
B,(F).
6: for each p,0 <p </
Output

B,(S, P) = U {((fis00). (fi,05), m)}o

(iyjnu')EBP (]:)70<Z$]<N

U {((fi,01), 00, 1)}

(Z‘7OO7H/)€BP (“F)

Complexity: The complexity of the algorithm is bounded by (sd)*°"”, where s = card(P),
and d = maxgepoipy deg(Q).

Proof of correctness. The correctness of the algorithm follows from the correctness of Algo-

rithms 6 and 7. [

Complexity analysis. The complexity bound follows from the complexity bounds of Algo-
rithms 6 and 7. O
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Proof of Theorem 3.2.1. The theorem follows from the correctness and the complexity anal-

ysis of Algorithm 8. O

3.5 Future work and open problems

We conclude this chapter by stating some open problems and possible future directions

of research in this area.

1. It would be very interesting (and challenging) to obtain an algorithm with singly expo-
nential complexity that computes the entire barcode of a semi-algebraic filtration, and
not restricted to dimension up to ¢. This would imply also an algorithm with singly
exponential complexity for computing all the Betti numbers of a given semi-algebraic set,

which is a challenging problem on its own [5].

2. Another open problem is to extend Algorithm 8 to the case of non-proper semi-algebraic
maps using the proposed definition of barcodes for non-proper semi-algebraic maps (see

Definition 3.2.8).

3. One very active topic in the area of persistent homology is the theory of multi-dimensional
persistent homology [36]. In our setting this would imply studying the sub-level sets of two
or more real polynomial functions simultaneously. While the so called persistence modules
and associated barcodes can be defined analogously to the one-dimensional situation (see
for example [36]), an analog of Proposition 3.3.1 is missing. It is thus an open problem to
give an algorithm with singly exponential complexity to compute the barcodes of “higher

dimensional” semi-algebraic filtrations.
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