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ABSTRACT

This dissertation includes my research works during Ph.D. career about three different
kinds of random walks in (dynamical) random environments. It includes my two published
papers “Functional weak limit of random walks in cooling random environments” [1] which
has been published in electronic communications in probability in 2020, and “Variable speed
symmetric random walk driven by the simple symmetric exclusion process” [2] which is
the joint work with Peterson and Menezes and has been published in electronic journals
of probability in 2021. This dissertation also includes my two other projects, one is the
joint work with Janjigian and Emrah about moderate deviation and exit time estimates
in integrable directed polymer models. The other one is the joint work with Peterson and
Conrado that extends the weak limit of random walks in cooling randon environments with
underlying environment is in the transient case with parameter x € (0,1) or k = 2. Previous
results show the weak limit in the cases where the environment is recurrent or transient but

with k > 2 or k € (1,2).



1. INTRODUCTION

Research on random walks in disordered environments has attracted a lot of attention by
mathematicians and physicists over the last few decades. The model of random walks in
random environments (RWRE) was first studied by Solomon in [3]. In this model the spatial
disorder in the environment is random?, but fixed for all time by the walk. Much of the sub-
sequent interest in this model was driven by the fact that RWRESs could exhibit a surprisingly
rich array of asymptotic behaviors such as transience with asymptotically zero speed [3], and
limiting distributions which are non-Gaussian and have non-diffusive scaling [4]-[6]. These
interesting phenomena can be understood as occurring because of the “trapping” effects of
the environment. See [7] for an overview of basic results in RWRE.

More recently, there has been interest in a generalization of RWRE called random walks
in dynamic random environments (RWDRE) in which the disorder of the environment is
random in both space and time. Omne can see that RWDRE interpolates between simple
random walk (SRW) and RWRE: If the dynamics are "frozen”, i.e. the environment is
not changing after initial set-up, then this is simply a RWRE. On the other hand, if the
environment is space-time i.i.d. then it is easy to see that the distribution of the RWDRE
(under the annealed measure) is the same as that of a SRW. For RWDRE models which are
between these two extremes there is an interplay between the trapping effects introduced
by the randomness of the environment and the rate at which the time dynamics of the
environment causes these traps to disappear. One might expect therefore that environments
with “fast” mixing time dynamics should have similar characteristics as a SRW (e.g. path
convergence to Brownian motion) while “slow” mixing time dynamics might retain some of
the strange behaviors of RWRE (e.g., non-Gaussian limiting distributions or transience with
sublinear speed).

Many of the results thus far in RWDRE have focused on dynamic environments which
are in some sense fast mixing, see [8]-[10]. For example, the environment may be assumed

to be a Markov chain with uniformly mixing time dynamics or which satifies a Poincaré

1A common assumption is that the randomness in the environment is i.i.d., though there also results where
weaker assumptions are used instead.



inequality. A variety of approaches have been used in these papers, but in all cases one can
obtain convergence to Brownian motion after centering and diffusive scaling.

Environments which are more slowly mixing present different problems as the trapping
effects of the environment may possibly be stronger. Examples of environments like conser-
vative particle systems have poor mixing rates [11], [12]. A particularly interesting example
is the case where the dynamic environment is given by a simple symmetric exclusion process.
Avena and Thomann [13] have made conjectures based on simulations that this model can
exhibit many of the same strange behaviors as that of RWRE (e.g., transience with zero
speed and non-diffusive scaling). However, the results for this model have been limited to
some cases where the parameters of the model are near their extremes and in these cases once
again the distribution of the walk converges under diffusive scaling to a Brownian motion.
Conjecture 3.5 in [13] shows the cases when the parameters are not near extreme, which can
allow the walk to have either super or sub diffusive scaling. But no math proof work is done
in those cases so far. Other examples of slow mixing environments for which the RWDRE
has been shown to converge to Brownian motion are [14]-[16].

All the above results for RWDRE have shown limiting behavior which is like that of a
SRW. Recently, however, Avena and den Hollander have introduced a new model of RWDRE,
random walks in cooling random environment(RWCRE), in which the dynamics can be slow
enough that the model retains some of the strange behavior of RWRE [17]. In this model
the environment is totally refreshed at some points called resampling times. Results for this
model have included a strong law of large numbers, a quenched large deviation principles,
sufficient conditions for recurrence/transience, and limiting distributions [17]-[19]. Most
relevant to the results of the present thesis, for certain cases of RWCRE they prove that the
limiting distributions are Gaussian but with non-diffusive scalings that interpolate between
the (logn)? scaling of recurrent RWRE and the diffusive y/n scaling of SRW [17], [19]. One
of the main goal of Section 2 is to determine the appropriate limiting distributions for the
path of the walk in these cases.

More recent works about RWCRE in [20] shows the weak limit of the walk when the
underlying random environment is such that the RWRE on it is transient. In this case a key

parameter k which characterizes the distribution of the environment will make different weak



limits of the walk. In the previous paper [19], the case where k > 2 is studied, whose weak
limit is always a mixture of independent Guassian random variable. While [20] discusses
the case when k € (1,2), depending on different cooling maps, the weak limit can vary
from stable to normal distribution or the mixture of those two kinds. One of the main
goals in Section 2 is to extend the previous result and study the cases where x € (0,1) and
xk = 2. In brief, when x € (0,1) the weak limit is a mixture of independent Mittag-Leffler’s
distribution and normal distribution due to the Ly convergence property of RWRE under
the corresponding environment condition. When x = 2, the weak limit is Gaussian under
slow and fast cooling regimes, but the variance of the walk may not converge to the one of
its limit distribution if the cooling is as slow as polynomial increasing, which reveals that in
this case the Ly convergence of RWRE fails.

In Section 3, we prove a quenched functional central limit theorem for a one-dimensional
random walk driven by a simple symmetric exclusion process. The model belongs to the class
of random walks in dynamical random environments. Recent works have studied examples
where the environment is an interacting particle system, including independent random walks
[12], the contact process [10] and the simple symmetric exclusion process (SSEP).

To define a random walk driven by the SSEP, one fixes parameters py,po,p € [0, 1],
Ao, A1 > 0 and makes the random walk jump from = € Z to x+1 at time ¢ at rate A\ypym;(z)+
Aopo(1 —ne(x)), where n: () is the state of the exclusion process (either 0 or 1) at site x and
time ¢, started from equilibrium at density p. The rate for a jump from = to x — 1 is
A (1 = p)ne(x) + Xo(1 — po)(1 — ne(x)). Several cases were studied. The results in [16] and
[15] that we are about to cite were proven for a discrete-time random walk, but we believe
that the continuous-time results we state are true as well. In [16], laws of large numbers
and Gaussian fluctuations are proven for \g = \; sufficiently large or sufficiently small and
appropriate assumptions on py and p;. When A\g = Ay, [21] proves that the limiting speed, if
any, is strictly between A\g(2pg — 1) and A1 (2p; — 1). In [15] it is proven that, for \g = A\; = 1
the law of large numbers holds for all p, with only two possible exceptions, and when the
speed is not zero a Gaussian central limit theorem holds. Moreover, when py = 1 — p;
(as in [22] and [16]) and p = 1/2 it was shown in [15] that the speed is zero, but it is an

interesting open problem to determine the scale of the fluctuations in this case and there
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are several competing conjectures: in [23] it is conjectured that under the scaling t3* the
limiting process is a fractional Brownian motion with Hurst index H = 3/4; in [24], it is
conjectured (for a related continuous model) that the fluctuations are either of order ¢'/2
(for a fast particle) or t¥? (for a slow particle); on the other hand in [25] and [26], it is
conjectured that for either fast or slow particle dynamics the fluctuations are always of order
t1/2 for time t sufficiently large.

Here we allow Ay # A\; but assume py = p; = % In this setting, the random walk is a
time-change of a simple symmetric random walk. The law of large numbers is immediate,
and the problem is to prove convergence to Brownian motion and compute the variance of
this limiting Brownian motion at time ¢. We perform this computation when the environ-
ment starts in equilibrium at density p € [0, 1]. With those assumptions, our model falls into
the class of balanced dynamic random environments. For this class of models an invariance
principle was proved in [27]. In this thesis we give an entirely different proof of the invariance
principle for this particular model. Since random walks in balanced environments are mar-
tingales, the key to proving an invariance principle is in proving that the quadratic variation
grows linearly. In all previous proofs of invariance principles for random walks in (static
or dynamic) environments this was accomplished by proving the existence of an invariant
measure for the environment viewed from the particle that was absolutely continuous with
respect to the initial measure on environments (see e.g., [27]-[30]). In this thesis, however,
we are able to prove the linear growth of the quadratic variation without any reference to
the existence of invariant measures for the environment viewed from the particle. Not only
does this give a simpler proof of the invariance principle for this particular model, but it also
enables us to compute explicitly the scaling constant in the invariance principle and allows
us to obtain quantitative estimates on the rate of convergence for the quadratic variation,
see (3.64).

Since the underlying dynamic environment in our model has only two types of sites (par-
ticles/holes), the key to analyzing the growth rate of the quadratic variation is to compute
the asymptotic fraction of time, lim, ,o t~! [y nx.(s)ds. We accomplish this by provid-
ing an explicit function ¢ and explicit constants a and b such that Ly ~ a&y + b, where

&:(t) == m(x + X;) and L denotes the generator of the process ({(t)):>0, the environment as
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seen by the walk. This technique of estimating additive functionals [} g(£(s)) ds by solving
the equation g(&) ~ a + bu(§) was introduced in [31]. In the context of random walks in
random environments, it has been used in [32], [33], and [34], among other works.

In Section 4, we discuss random polymer models which can also be viewed as a random
walk in random environments. The directed polymer in a random environment represents
a polymer (a long chain of molecules) by a random path that interacts with a random en-
vironment. This model was introduced in statistical physics literature by Huse and Henley
[35]. Imbrie and Spencer [36] formulated this model as a random walk in a random envi-
ronment. The random environment w = (w(s,u) : s € N,u € Z?) puts a real-valued weight
w(s,u) at space time point (u,s) € Z% x N. The random path (also can be viewed as a
random walk) X, with length n is given a weight by summing up all the vertex weights on
it: Hy(X,) =>r_;w(Xk, k). The quenched polymer distribution on paths, in environment

w and an inverse temperature (3, is the probability measure defined by

QAX,) = - xp{BHL(X,)), (1.1)

where the normalizing factor (partition function) Z = 37y =, exp{ SH,(X,)}. The sum is
taken over all directed simple paths of length n.

In recent decades, the importance of those models has become more popular due to the
belief that it belongs to Kardar-Parisi-Zhang (KPZ) universality class. The KPZ class is
characterized by two parameters, the fluctuation exponent 1/3 and the wandering exponent
2/3 and certain specified limit distributions on these characteristic scales. See for references
[37]-[40]. Tail estimates in models of surface growth in the KPZ class at the characteristic
scales and just past them, in the moderate deviation regime, have played a particularly im-
portant role in mathematical work seeking to make physically motivated heuristic arguments
about random growth models mathematically rigorous. For example, Emrah, Janjigian, and
Seppaldinen [41] studied the right tail moderate deviation in the exponential last passage
percolation which belongs to corner growth model that is also believed to be a member of

the KPZ class.
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We study four kinds of 1+1 dimensional directed polymer models. The log-gamma model
was introduced in [42]. The strict weak model was introduced in two independent papers,
[43], [44], with a slightly different path geometry. The beta polymer was originally introduced
in [45] and defines a random walk in a random environment. The inverse-beta polymer was
originally introduced in [46]. In [47], Chaumont and Noack define an integrability property
called Burke property that shared by log-gamma, strict-weak, beta, and inverse-beta models.
Meanwhile, those four models are the only models that possess this property. This property
implies a preservation in distribution of ratios of partition functions, as well as allows some
exact computations of interest, such as free energy (the log of partition function).

Our main goal is to find the upper and lower bound of the moderate deviation of the free
energy under the KPZ fluctuation exponent 1/3. The result shows that the upper bound of
the right tail moderate deviation of the free energy has the exponential leading order term
—4/35%? in the bulk model and —2/3s%? in the multi-parameter model. This result (in the
bulk model) coincides with the leading order of the right tail of the weak limit of the rescaled
free energy which is called Tracy-Widom GUE distribution. For the lower bound estimate
of the moderate deviation, we also believe that the leading order term is the same as the one
of the upper bound. The key step to this conclusion, is to generate a lower bound of the log
moment generating function at moment A of the normalized free energy with exponential
leading order term A®/12, which is exactly the Legendre transform of 4/3s3/2,

As a key step to the proof of the lower bound of the moment generation function of the
free energy, which is also one of our interests, we discover the tail estimate of the annealed
exit time of the polymer. The exit time Exit(m,n) of a polymer from (0,0) to (m,n) on
a random environment is defined as the time it exits the boundary. So the quenched tail
probability P¥(Exit(m,n) > k) will decay to zero as k > m V n. We generate an upper
bound of the annealed probability of the exit time that is more than s(m + n)Q/ 3 that is,
E[P*(Exit(m,n) > k)] where k = s(m+n)%?. The result shows that the upper bound decays
faster that exp{—cs®}, which means it is unlikely for the polymer to leave the boundary later

than (m + n)%? steps. 2/3 also reveals that the model we study belongs to KPZ class.
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2. WEAK LIMITS OF RANDOM WALKS IN COOLING
RANDOM ENVIRONMENT

2.1 Random walks in cooling random environment

We will use the same notations as in Avena and den Hollander [17]. Let Ny = N U {0}.
The classical one-dimensional random walk in random environment (RWRE) is defined as

follows. Let w = {w(x) : * € Z} be an i.i.d. sequence with probability distribution
p=a” (2.1)

for some probability distribution v on (0,1). We also assume that « is uniformly elliptic, i.e.

there exists ¢ > 0, such that
P(w(0) € (¢,1 —¢)) = 1. (2.2)

Remark 2.1.1. The uniform ellipticity is not necessarily required for all the results of RWRE
throughout this chapter. But for different results, they require some specific assumptions of a.
For example, proposition 2.2.1 requires E[log p(0)] is well defined, proposition 2.5.1 requires
E[p(0)*log p(0)] < co. For simplicity, a uniform ellipticity assumption will satisfy all the
extra assumptions of those results. Thus we assume it at the beginning of the introduction

of RWRE.

The random walk in the spatial environment w is the Markov process Z = (Z,)nen,

starting at Zy = 0 with transition probabilities

w(z), if e=1,
PY(Zpi1=x+elZ,=x) = n € Ny. (2.3)

1—w(z), ife=-—1,

The properties of Z are well understood, both under the quenched law P“(-) and the annealed

law

Bul) = [, PUOulde). (2.4)
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The random walk in cooling random environment (RWCRE) is a model where w is
updated along a growing sequence of determined times. Let 7: Ny — Nj be a strictly
increasing map such that 7(0) = 0 and 7(k) > k for k£ € N. Define a sequence of random
environments = (wy,)nen, as follows: At each time 7(k), & € No, the environment wy) is
freshly resampled from 1 = o and does not change during the time interval [r(k), 7(k+1)).
That is, w, = wyx) where k is such that 7(k) < n < 7(k +1). The random walk in the
space-time environment 2 is the Markov process X = (X,,)nen, starting at X, = 0 with

transition probabilities

wp (), ife=1,
PP (X =z +elX,=1)= n € Np. (2.5)

1 —wy(z), ife=-—1,

We call X the random walk in cooling random environment with resampling rule o and
cooling rule 7. The distribution P*7 of the random walk for a given space time environment
is called the quenched law. The annealed law of the walk {X,,},>0 is obtained by averaging
the quenched with respect to the distribution Q = Q,, . on €.

)= fg e PTORU) 20

2.2 Random walks in cooling random environment: Sinai’s regime

2.2.1 Slow and fast cooling: Gaussian fluctuations for recurrent RWRE

In Solomon’s seminal paper [3], he showed that the recurrence/transience of a RWRE is
determined by the sign of E,[log p(0)], where

~ 1—-w(0)

l0) =~ (2.7)

and E,[-] denotes expectations with respect to the measure «. In particular, if E,[log p(0)] =
0 then the RWRE is recurrent. Subsequently, the scaling limit in the recurrent case was iden-

tified by Sinai [6] and the explicit form of the limiting distribution by Kesten [5]. Moreover,

15



it was shown by Avena and den Hollander [17] that the convergence also holds in LP.The

next proposition summarises their results.

Proposition 2.2.1. [[6][5][17], Scaling limit RWRE: recurrent case| Let a be any
probability distribution on (0,1) satisfying E(log p(0)) = 0 and o2 = E[log? p(0)] € (0, 00).

Then, under the annealed law P, the sequence of random variables

Zn

21002 n’
o, log™n

n e N, (2.8)

converges in distribution and in LP to a random variable V on R that is independent of «.

The law of V' has a density p(x), © € R, with respect to the Lebesque measure that is given

by

= — R. 2.
pa) = 5 b [ ]| we 29)

2 . (~1)F [_(2k+1)2n2

In their initial paper on RWCRE Avena and den Hollander introduced several kinds of
cooling regimes that are interesting to research. For RWCRE in this thesis, following their
works, we focus on two kinds of growth regimes for 7(k). Let T, = 7(k) — 7(k — 1),

(R1) Slow cooling: Ty, ~ BBK~1, for some B € (0,00) and 8 € (1, 00).
(R2) Fast cooling: log Ty, ~ Ck, for some C € (0, 00).

When the distribution « is as in Proposition 2.2.1, Avena and den Hollander [17] proved
a limiting distribution for the walk under both the fast and slow cooling regimes. Later in
[19] they strengthened this to LP convergence. The following proposition summaries their
results. Note that here and throughout the remainder of this chapter we will use N'(u, o?)

to denote a Gaussian random variable with mean p and variance o?.

Proposition 2.2.2. [[19], Slow and fast cooling: Gaussian fluctuations for recur-
rent RWRE)| Let a be as in Proposition 2.2.1. In regime (R1) and (R2), under the annealed

law P,
X, —E(X,)

—E N(0,1), (2.10)
Xn(T)

16



where
1
(020 )2 (N4 ()5 log* n,  in regime (R1),
Xa(m) =3 " goE (2.11)
(o20v)*(565) log’ n, in regime (R2),
with O'Z the variance of the random variable log p(0) and o the variance of the random

variable with density (2.9). Moreover, in (R2) the centering part can be removed. That is,

Xy
Xn(T)

— N(0,1). (2.12)

Remark 2.2.1. In the most recent work [19], the authors have studied more general cooling
regimes and have found their limiting behavior. In fact, despite the sequence being always
tight, depending on the relative variance weight, the centered walk may not always converge.
In short, relative variance weight describes how significant the variance of the walk in a single
cooling interval over the variance of X,,. The results (Theorem 1.9 and Corollary 1.10 in
[19]) showed that for general cooling sequences there might be no limiting distribution for
Xn/\/m, but that one can identify a class of limiting distributions along subsequences
which are miztures of Kesten’s distribution and standard Gaussian. See Examples 5 and 6

in [19] for more details.

2.2.2 Functional weak limit under the slow and fast Cooling

In this section we will introduce our main results of the weak limit of (X / \/XT(T) , k=
1,2,...,n) where X; = Xj(w) —E(X}) is the centered walk'of X}, under both polynomial and
exponential cooling. Since the walk (X g, k=1,2,...,n) is a discrete time random walk and
we are considering the scaled (under both time and space parameters) weak limit of it, it is
reasonable to make this discrete-time-walk a continuous random walk X}' within the time
interval ¢ € [0, 1]. The simplest way to solve this is to make the process piecewise linear. To

this end, define

XP(w) = — e Ry (@) + (0 — tn])
o) e

)(Xunm (W) = Xtn) (W) (2.13)

LAll the ~ signs in this thesis mean the centered random variable under the annealed measure.
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Obviously X' is a random function in C[0, 1], the space of continuous functions on [0, 1],

equipped with the uniform topology. The main results are stated as follows.

Theorem 2.2.2. [Slow cooling: Functional weak limit for recurrent RWRE] Let «
be as in Proposition 2.2.1. In regime (R1), X" given in (2.13). Under the annealed law P,

(X7, t€[0,1]) =, (Bas, t€[0,1]), in regime(R1), (2.14)

where (By,t € [0,1]) is a standard Brownian motion. The limit in the right hand side means

a time-scaled Brownian motion. The convergence in law holds in the uniform topology on

oo, 1].

In the exponential cooling case, the result is slightly different. The functional weak limit
of X/ is a random constant function and the law of the random constant is a standard

Gaussian distribution.

Theorem 2.2.3. [Fast cooling: Functional weak limit for recurrent RWRE] Let «
be as in Proposition 2.2.1. In regime (R2), X[ given in (2.13). Under the annealed law P,
for any a € (0,1],

(X}, t€[a,1]) =, (N, tE]a,l]), in regime(R2), (2.15)

where Ny = N for all t € [a,1] and N ~ N(0,1). The convergence in law holds in the
uniform topology on Cla,1].

Remark 2.2.4. In Theorem 2.2.3 the convergence holds in space Cla, 1] for any a € (0, 1].
In fact, if we want to extend the convergence to then entire time interval [0, 1] then neither
continuous function space C[0,1] nor the Cadlag function space D|[0,1] (with the Skorohod
topology) will be sufficient since the sequence is not tight in either space. Moreover, one can
guess the limiting process on [0, 1] should be 0 when t =0 and Ny for t € (0, 1], which is not
a Cadlag function. So if we want to extend the convergence to a function space on [0, 1] then
a wider space would be required, e.g. LP[0,1], together with a corresponding topology where

the weak convergence holds.
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Remark 2.2.5. A heuristic thinking of the result in Theorem 2.2.3 is by the fact the expo-
nential increment is faster than any polynomial increment. If we let 5 go to infinity, then
the weak limit in Theorem 2.2.2 will become 0 at time 0 and By for t € (0,1]. This also

explains the guess in the above remark.

2.3 Random walks in cooling random environment: transient RWRE

In this section we will turn to take a look at RWCRE where « is transient. In this case,
the weak limit results have been shown in [19] where k£ > 2 and in [20] where k € (1,2).
We will resume their work by discovering the weak limits for k € (0,1) and k = 2. Briefly
speaking, under the case with x € (0, 1), a stronger L, norm convergence holds for RWRE.
While with x = 2, the Ly convergence fails and we will discuss more about the tail estimates
of RWRE. And then we turn to find the weak limit of the corresponding RWCRE under

both slow and fast cooling.

2.3.1 Transient RWRE with « € (0,1)

Consider Z,, as the random walk in random environment where the underlying environ-
ment has distribution p = o such that E,[log p(0)] < 0 and x € (0,1) where E,[p(0)%] = 1.
Classic RWRE shows that with some moment assumptions of «, under the annealed law P,
Zn/n" converges weakly to a random variable whose Laplace transform is the Mittag-Leffler

function (See [48] for more information about the Mittag-Leffler function). That is,

Proposition 2.3.1. [[4], Weak limit of transient RWRE: « € (0,1)] Let « be transient
with k € (0,1). Assume further that the support of the distribution of log p(0) is non-lattice
and suppose that E[p(0)*log p(0)] < co. Then under the annealed measure P, there exists a
constant b = b(a) > 0 such that

Z,
lim P ( < x) — 1 = Liy(@ V%) Loso, @ € R (2.16)

n—oo n
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where L, is the k-stable distribution with scaling parameter b, centered at zero and totally

skewed to the right. It’s characteristic function is

Ly(u) = exp [—b|u|" (1 - i|Z| tan(?)) . (2.17)

In order to find the weak limit of RWCRE along arbitrary cooling maps, based on the
proof of Theorem 1.9 in [19], it is enough to prove the L, norm convergence of Z,/n". The

theorem below shows this result.

Theorem 2.3.1 (L, Norm Convergence x € (0,1)). Let a be as in Proposition 2.3.1.
Assume further that there exists €g > 0 such that E[p(0)~%] < co. Denote I the weak limit

of Z,/n". Under the annealed measure P, the convergence holds in the sense of L, norm for

Vp > 0. i.e.
Zn |P
lim E|=2| = E[9m)?. (2.18)
n—r00 ne

Moreover, when p = 1, the convergence also holds for the expectation of Z,/n". Thus

Var(Z,/n") — Var(ON).
Remark 2.3.2. The extra assumption in Theorem 2.3.1 comes from [49].

Remark 2.3.3. Once the convergence of variance is obtained, one can use coupling to define
identically distributed copies of centered Z,/n" and 9 to make the convergence (of the
centered copy) holds in Ly. Then apply Chaper 3.1 in [19] to get the same mized fluctuation

result.

2.3.2 Transient RWRE with x =2

When k = 2, it is known that the walk is ballistic with velocity v and there exists b > 0
such that (Z, — nv)/(by/nlogn) converges weakly to @, a standard Gaussian. The main
result in this section shows that the L, norm convergence holds but not to the variance
of the limiting distribution, which means convergence in Ly fails. For p < 2, L, norm

convergence holds as well as its limit is also the L, norm of the standard Gaussian.
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Theorem 2.3.4 (L, Norm Convergence x = 2). Let a be transient with k = 2. Under

the annealed measure P, there exists o> > 0 that only depends on «, such that

Z, —on]?
lim E | “f——| = 0>+ 0% 2.19
A [,/nlogn] o ( )
For 0 < p <2,
Ly — p
lim E| 22— = | @, (2.20)
n—oo nlogn

When p = 1, the expectation of (Z, — vn)/+/nlogn converges to zero.

2.3.3 Slow and fast cooling: Gaussian fluctuations for transient RWRE with
K=2

Let X, be the random walk in cooling random environment and 7 be the cooling se-
quence. Under slow (polynomial) and fast (exponential) cooling, we are able to generate the
weak limit result of the walk along the cooling sequence. Let T = 7, — 7x_1 be the waiting
time. In polynomial cooling regime, we assume 7T}, ~ Bk°~! where 8 > 1. In such case, the

parameter § will affect the variance of the weak limit which is always a Gaussian.

Theorem 2.3.5 (Slow cooling: transient when x = 2). Let a be transient with k = 2,

and the cooling regime Ty, ~ BkP~'. Under the annealed measure P,

X, —EX,

o1y/nPlogn

= ¢ (2.21)

where

o2 =B(8—1) [b2+a2 (61_1/\1>

In exponential cooling, log T, ~ Ck for some constant C' > 0. We further assume that

. (2.22)

T, ~ e“Kto make the scaling parameter below an explicit one. In this case, the theorem

below shows that the weak limit of the walk along the cooling sequence converges to a

standard normal distribution, and the scaling parameter is exactly by/> ;_; T log 7.
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Theorem 2.3.6 (Fast cooling: transient when k = 2). Let a be transient with k = 2,

and the cooling regime T}, ~ e¢“K. Under the annealed measure P,

X, —EX,
" = P (2.23)

by / ZZ=1 Tk IOg Tk

Or equivanlently
X, —EX,

= o 2.24
o9V Cnefn ( )

C

2 __12_e
where o5 = b* ¢

2.4 Proofs

We begin by noting the following useful decomposition property of RWCRE. Let
k(n) = max{k € N: 7(k) < n} (2.25)

be the number of resamplings of the environment prior to time n. It’s easy to see k(n) ~
(n/B)Y? in (R1) and k(n) ~ (1/C)logn in (R2). Furthermore, X,, has a decomposition

that will be very useful in the following proof of the theorems,

X, =Y Yi+Y,, (2.26)

=1
where Y, = X;5) — Xog-1,] = 1,2,..,k(n), Y, = X, — X (k(n))- A simple fact is that all
terms in (2.26) are independent under the annealed measure. Moreover, under the annealed
measure, Yj has the same distribution as Zz, for j > 1, and Y,, has the same distribution as
Znp—r(k(ny) for n > 1, where {Z,}n>0 is a RWRE. Since we will deal with the remainder part
Y,, throughout the proof, we will use the notation 7}, = n—7(k(n)) and 7¢ = 7(k(n) +1) —n.

2.4.1 Slow cooling: Functional weak limit for recurrent RWRE

Proof of Theorem 2.2.2. We start by finding the weak limit of the finite dimensional random

vector (X7, XL, ..., Xi ). To start with, we will prove the weak convergence under the case
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k = 2, i.e. the weak limit of (X7, XM for 0 <t < s < 1. By [l7], XUHJ/W/XLMJ (1) =
N(0,1). Obviously lim X“"J =t/8 5o XLth/ Xn(T) = N(0,1/5). 1f 9),, ; is the rightmost
term in (2.13), then @Z)n,t =, 0 by the fact that all the numerators are bounded but x,(7)

goes to infinity. We have

1

(tha X;L - X}?) = (Xttnj (Cd), X[snj (Cd) - X[tnj (Cd)) + ('lvbn,ta 77Z}n,s - 'lvbn,t)- (227)

Xn(T)

To find the weak limit of (X lsn] — X 1tn])/\/ Xn(T), we will follow the approach of [17] in using

the following Lyapunov condition.

Lemma 2.4.1. (Lyapunov condition, Petrov [50])
Let U = (Ug)ren be a sequence of independent random variables (at least one of which has a

non-degenerate distribution). Let my, = E(Uy) and o3 = Var(Uy). Define

Xn =Y 0 (2.28)
k=1
Then the Lyapunov condition
. 1 & »
JLIQO?;E(’Uk—mH ) =0, (2.29)
for some p > 2 implies that
1 n
— > (U, —my) =, N(0,1). (2.30)
Xn k=
Recall X, has the decomposition
k(n) -
X, = Y, +Y,. (2.31)

1

.
Il
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Define the variance of X, — X4, (which is also the variance of X Lsn) — X 1tn)) for any s <t

and n large enough

X (T) = Z Var(Y;) + Va’r(}_ﬂw) + Var(fffmj) (2.32)

where V¢ = X, (4(n)+1) — Xn. Recall that Y = Y, — E(Y]), Y, = Y, — E(Y,), and Ye =
Ve —E(YF). For p > 2, let

—

K(sn)) ) i i
Xi(mp) = > E(YP) +E (Ve ) +E (150 P) - (2.33)
i=k((tn))+2

Since Y] has the same distribution as Zr,, then by Proposition 4 in [17] the following two
asymptotic estimates hold as j — oo.

Var(Y;) ~ (o20v)*1og* T}, E (V") = O(log™ 1), p > 2. (2.34)

Applying these to (2.32) and (2.33) we obtain

k(lsn]) k(Lsn])
> Var(y;) ~ (0 ov)? > log'T,

j=k(|tn])+2 j=k([tn])+2

2.35
k(Lsn]) . k(Lsn]) ( )
> E(WF)=0f > le”T).
i=k([tn])+2 =k([tn])+2
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Moreover, using that Zle log?j ~ [Flog® zdx ~ klog” k for all p > 2 and that k(n) ~
(n/B)Y8, we have

k(Lsn])
2

(O'MO'V)Q Z 10g4TJv_ -~ (UZUV)2(6 . 1)4 {(‘Sél)l/ﬁ 1Og4 <(?)l/ﬂ> _ (Z)l/ﬂ 10g4 ((?)Uﬁ)}
j=k([tn])+2

n 1
~ (Uia\/)2(5 - 1)4(5)1/B(B)4(51/ﬁ - tl/ﬁ) log* n
— Xn(T) (3% — t%) ,
k(lsn])
n 1
and > log® T~ (op0v)*(B — 1)2p(§)1/ﬁ(5)2p(5w — 17 log* n
j=k([tn])+2

(2.36)

Since Y,, has the same distribution as Z7,, we can again use Proposition 4 in [17] to obtain

that there exists C® >0, C® > 0, such that
Var ()_/n) <CPlog’T,, E (|§:/n|p) < CWlog” T, (2.37)

These upper bounds will be used to control Var(Y,?) and E (|§_/Tf - E(}_/nc)|p> For n large

enough,

Var(Y,$) = Var Yimy+1 — Yu) < 2Var(Yimy41) + 2Var(Y,) < 4 [(agav)z n c(z)} log” Th(n)+1,
E(1Y;17) = E (Vi1 = Yal?) <27 [E (Vi) + E (IVal?)| = Olog™ Tiguy1a).

(2.38)

From (2.37) and (2.38),

Var(f/’[snj) + Va'r’(YﬁnJ) < C@1og? TLan +4 [(Ui(f\/)Q + 0(2)} log? Th(ltn))+1 = O(log*n),
E ([Yon”) +E (V) [") < CP10g™ Tign) + O(log™ Ty(jinjy41) = O(log™ n).
(2.39)
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By (2.36) and (2.39), we can therefore give the asymptotic of x%*(7) and x%*(7; p),

X5 (7) ~ xnlr) (55 = 19)),

X5 (mip) =0 (X

2—p

(7) (s% —t7) <Z>B> L op>2

From these asymptotics it is easy to check that the Lyapunov condition holds, and thus

(2.40)

Sl

=, N(0,s/7 — t/5), (2.41)

In order to prove the vector (X', X' — X]) converges to a 2-d Gaussian vector with inde-
pendent components, it suffices to show that any linear combination of X' and X7 — X}
converges to the corresponding linear combination of the components of the limiting Gaus-
sian vector. To this end, the proof is quite similar to what we did above: Decompose
AX|tn| + (X |sn] — X|4n)) into independent sums and check the Lyapunov condition (2.29).
Notice that

k(ltn))
AX (i) + (X any = X)) =X D2 (Xe) = X)) + A (Xitn) = Xiqien)

j=1
k(Lsn])

+ p (Xk(Lth)H - XUnJ) DY (Xfm - Xru—l)) +p (XLan - Xkusnn)
j=k((tn))+2

k(|tn)) B ) k(Lsn)) B
=AY Vit (Wi +050y) + X Yi+ iV,
j=1 j=k([tn])+2

(2.42)

The key point to the proof is the expressions of the variance of AX |4, + (X sn) — Xtn])

k(|tn)) k(|sn])
VYar ()\XLtnj + N(XLsnj — XU”D) = )\? Z VCLT(Y;) + /J,2 Z VCLT’(YD
i=1 j=k((tn))+2 (2.43)

+12Var(Vien)) + Var (AW + 1Y)
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and the sum of centered p-th moments of the independent components in the above decom-
position,
k(Ltn]) k(Lsn]) - - -
¥ E(WP) e 3 E(NP) 4 wE (Vi) + E (1A + 0oy P) - (244)
=1 j=k([tn])+2
The last term in each expression above cannot be separated into two parts because those
two random variables are not independent under the annealed measure. But still, we can
estimate the last term by the fact that Var(X +Y) <2(Var(X) + Var(Y)) (and similarly,
E(|X +Y]P) < 2P"Y(E|X|P + E|Y|?) for the p-th moment) for any two random variables
X and Y. Thus, with the same approach, the last two terms in (2.43) and (2.44) will be
dominated by the first two sums. Moreover, the asymptotics of the first two sums in (2.43)
and (2.44) can be obtained using the same methods as in the first part of the proof above.
The result is for any A > 0, 1 > 0, AX] + (X — X7') converges weakly to N'(0, \2tY/7 +

p?(s'/8 —t1/8)). This also reveals the independence of the coordinates of the limit random
vector, i.e.

(X XS = XT) =0 (N1, Vo), (2.45)

where (N7, N,) is a Gaussian vector with mean (0,0) and variance (t'/7, s'/% —1/8) "also N,
and N, are independent.
It is natural to extend the weak convergence of 2-dimension vector into finite dimension

vector (X[, X}

t19 “Ntgs

GXDE), 0t <ty <..<tp <1lie
(Xﬁ,thQ, ,XZZ) =n (Bt}/ﬁ,Bt;/,(i’ .“’Btllc/ﬂ), (246)

where (By,t € [0,1]) is a standard Brownian motion. The proof of this statement follows
the same steps as what we did in dimension 2: Decompose S°F ; Ai(X|yn) — Xt_yn) into

independent sums where t; = 0. Then take the variance and the the sum of centered
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p—th moment of the independent components of the decomposition to check the Lyapunov

condition (2.29). The decomposition is

k k([tin]) k k([tin])
Z /\i(XLtinJ - XUFWJ) =X\ Z }/J + Z Ai Z }/J
i=1 j=1 i=2  j=k(lti-1n+2]) (2 47)
k-1 B - '
+ | DAY ) + A1 Yin)) + MY en)

i=1

So the variance and the sum of centered p—th moment of the independent components above

are
) k([tin]) k ) k([tin])
ALY Var(Y)+3 A Y Var(y))
j=1 i=2 j:k(\_ti_1n+2j) (2 48)
k—1 ~ _ _ '
+ [Z Var (AiYLtm |+ A Y, J) + A Var (Yin J)]

i=1

and

k(tin)) k k(| tin)) B
XOYE(TM YN Y E(T)

e =2 j=k(|ti_1n+2)) (2.49)

k-1 ~ ~ ~
[ S (¥l + M T b) + HE )]
i=1

All the terms in the big brackets are dominated by sums to the left of the brackets. To check
the Lyapunov condition holds in this case is nothing new but repeat our works (2.35) and
(2.36). The details are tedious and we omit them here.

To complete the proof of the theorem under the slow cooling case, the tightness of the
sequence X" is needed. To this end, by Theorems 7.3 and 7.4 in [51] it is enough to show that
forany e > 0, n > 0,30 > 0 and a sequence of numbers {t;}, where 0 = tq < t; < ... < t, =1,
s.t.

min (t; — ti-1) > 0, (2.50)

1<i<w
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and dng > 0, for all n > ny,

i]P’[ sup | X = Xp | > € <n. (2.51)
7 tioi<s<t;
Since (X7, t € [0,1]) is the continuous process of (X|im|/\/Xn(T), t € [0,1]), the biggest
difference in the continuous process within a given interval is, up to an error smaller than
2/ \/XT<7') , bounded by the biggest difference in the discrete time process. Hence we can check
the condition (2.51) by replacing X', s € [ti_1,t] and X7 by Xon/\/Xn(T), m € [tiin, tin)]

and X s, ,n)/\/Xn(T) separately.

Let m be | X, — X|iy 1n)| = SUDseft, 1n ] | X5 — Xt ynJ], i-e. the exact value of s to make

the biggest difference happens. If there are more than one candidates, choose one arbitrarily.

We have the following decomposition,

1

~ ~ 7(k(m _ -
Xm — XLtifan = Z Y; + Y ltiin]s (2.52)
j=T(k([ti—1n])+1)

or just 1:/m — }:/Ltiflnj if k([ticin]) = k(m).
Let’s deal with the decomposition above in two parts:
e Given g = || +1 > 1, define the martingale {M,;} as My = 0,
T(k([ti-in))+D)
M, = > Y;, [>1. (2.53)
j=r(k([ti-1n])+1)

Since the function x%? is convex, {M?} is a submartingale. By Doob’s Maximal

Inequality [52], for integer L > 0,

2q
P | sup | M| > < < %. (2.54)
1E[0,L] 1/ Xpn(T) 2 (5) IXn(T)

To estimate the order of E[M}9], notice that if we expand all the terms in M9, it is a
sum that several terms in it have zero mean. So by counting the number of non-zero

terms in E[M;?] will give us the order of it. In fact, any term that has non-zero mean
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cannot have a factor 173 of order only one, i.e. either it is not divided by }73 or it is

divided by 372. Thus, a rough upper bound of the number

of the non-zero terms in

E[qu] is >0, (1) 24, Since q is fixed, for L large enough, 3% ( ) 2 < q(s) q*.

For any nonzero term in the expansion of E[M;%], by (2.34),

it is bounded from above

by Cylog* n for some Cy > 0 since we are dealing with the case within the interval

[0,n]. So

L
E[M}] < CoQ(q)qu log*?n < Cyq®?™ L 10g* n.

Now back to the first part in (2.52),

P <P
1€[0,k(|

Combining with (2.54) and (2.55) and recalling (k(|tin])—k
tl/ﬂ)

€
> =
-2

| i e k([ ))+1) Vil
Xn(T)

sup
tin])—k(|ti—1n])]

we obtain that there exists C* > 0, depending only on

11»( )<c*(1—

€
> =
-2

~(k(m)) g
| ikl an) 4 Vil
Xn<7—>

« To deal with Ym, notice that |Y | is bounded by the maximum of |, — E(Y,
D) Yo =

n € [r(k(m)),7(k(m) + 1)]. Define YJ* = MaX,e[r(j

([t

(2.55)

) . (2.56)

i) ~ (n/B)YO !~
€, such that

| M|
Xn(T)

>

N |

(2.57)

)| where

E(Y,)|, then ]Ym\ <

~k*(m)+17 where k(m) can be from k([ti_1n]) to k([tin]). Hence,

Vo
Xn( )

>

A~ m

d

<P sup
J€lk([ti—1n])+1,k([tin])+1]

k(|tin])+1 Y*
< > P >
j=k([tn])+1 Xn(T)
Let Y]* = maXyer(—1),r(j)] |Ynl, we have
Yj* = max |V, —E(Y,)|< max |Y,|+ max
ne[r(j—1),7(j)] n€lr(j—1),7(j)] nelr(j-1),7
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Moreover, by the same proof of the Proposition 4 in [17] (both Z, > a and Z* > a
mean 7T'(a) < n), for all p > 0,

Y* p Y* p
sup E ( - > < sup E ( 5 ) < 0. (2.60)
1<j<k(n)+1 log™n 1<j<k(n)+1 log” T;

From (2.59), Chebyshev’s Inequality, and (2.60), there exists C' > 0 depending only

on e such that

Y* Y* 4+ EY*
P ( > E) <P (J—‘_J >
Xo(r) 4 Xn(T)

Now the upper bound of (2.58) is clear,

Vil €
P e
( Xn<7—) 4

The right hand side goes to zero as n goes to infinity since k(n) ~ (n/B)Y%.

R

) _E(y By

2

(Ltin])+1 ,
) < Z C'n 5 =C" (k([tin]) — k([tioin]))n" 5. (2.62)
=k([ti—1in])+1

v

Back to the tightness condition (2.51), for any given ¢ > 0,7 > 0, let 6 = 1/K, and
ti=i/K, i=0,1,..., K, the positive integer K to be determined. By (2.37), (2.52), (2.57),
and (2.62), there exists ¢ > 0 such that

ip (Supse[tim,tin} | Xs — Xltiqn” > 5) = Z (|X - Xltl 1"J| )
i=1 Xn(T) i=1 \/7

K [ 7(k(m)) V- ~ ~
SZ P (‘ Z‘]:T(k(\_ti—an)-ﬁ-l) J‘ > ;) 4P ( Y| fl) ( Y - z)]

i=1 | Xn(T) \/XT

o lorad _ b 2 16Var(Y, ,» 2.63
O =)+ C (k([tin]) — k([timin]))n™F + ar( (1 i) ] (2.63)

i=1 L

-

iNF /i 1\7
<C*K su () —( >
- 1315}([ K K

—C*K'F +cKn 8.
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Since g > [, by first choosing K large and then choosing n large enough the above bound is

less than 7. Hence the tightness condition holds, and (2.14) is proved. ]

2.4.2 Fast cooling: Functional weak limit for recurrent RWRE

Proof of Theorem 2.2.5. We do the proof in the same way as above. First we identify the
limits of the finite dimensional distributions and then we prove tightness of the process
(X}, t € [a,1]). In this case, however, the computation of the limiting finite dimensional
distributions is slightly easier. We show that in this case the variance x%*(7) is of smaller

order than x,(7) and thus, (X|s, — X[tnj)/\/xn<7_) = 0.
Given 0 < a <t < s <1, recall the variance of XLan — Xtth is

K(sn)) ) i
X)) = Y. Var(V;) + Var(Ym)) + Var(Y,)- (2.64)
j=k(lm))+2

Again by (2.34), since t > 0, for n large enough,
Var(y;) < 2(oiav)210g4Tj < 2(aiav)2 log* n (2.65)
holds for j € [k(|[tn]) + 2,k(|sn])]. Using the upper bound in (2.39) we obtain

Var(}_fLan) + Var(i_/ﬁnj) < C® og* TLan +4 [(aiav)Q + 0(2)} log* Th(|tn))+1 = O(log* n).
(2.66)
In the fast cooling case, since k(n) ~ (1/C)logn, the number of terms in the sum of (2.64)
is (1/C)[log sn + o(log sn) — logtn — o(logtn)] = (1/C)[log s/t + o(logn)]. Thus,

X5 (1) < 2(0%0v)? 1 log (j) + o(log n)} log*n + O(log* n). (2.67)

C

Since x,(7) is of order log® n, it is obvious (X s — X|m))//Xn(T) = 0. Moreover, notice
that X || (7) ~ Xn(7) for any ¢ € [a, 1], and 0 X || /\/Xn(T) =, N, where N is the standard

Gaussian random variable. Hence (X7, X7 — X}') =, (IV,0), or equivalently (X[, X?) =,
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(N, N). This argument easily extends to the weak convergence of finite dimension vectors

(XP, X7, X7, e,

t1o tor ot

(XP, X7

t1o to)

XY =, (N,N, .., N), (2.68)

where t; € [a,1],i=1,2,....,k, N ~ N(0,1).

To check the tightness condition, it is enough to show that for any ¢ > 0,

lim sup P < sup | X — X[ > e) =0, (2.69)
n—00 a<s<t<1
which is equivalent to
X, — X
lim sup P sup X = X >e]| =0. (2.70)
n—00 lan]<k<Ii<n Xn('r)

Since SUp| 4, <k<i<n X, — X1| < 2 8UD 4| <s<n | X — X{an|, we can deal with | X, — X || in
the following proof. Let m be |X,, — X|an|| = SUD | 4n | <s<n | X5 — X|an|- the decomposition
of it is "

X = Xanj =

(m))
j=7(k(lan])+1)

Y+ Vi — Yigul, (2.71)

or just }:/m - ?Lanj if k(lan|) = k(m). Similar to what we did in the proof of slow cooling,

> rllanpyen Vi Y
p [ [ Zi=rtsilanpy ) il > ) <p sup M| ) (2.72)
() 2 1€[0,k(n)—k(lan))] /X (T) 2

Combining (2.54) and (2.55) under the case ¢ = 1, recall that k(n) —k(|an]) ~ —(1/C) loga,

v

there exists C'y > 0, depending only on e,

7(k(m)) Y
- | itk (Lan +1) Vi S € o G ' (2.73)
Xn(T) —2) " logn

For }:/m, following all the steps from (2.58) to (2.62), there exists C” > 0, depending only on

€,

P( Yo z§>< O (kn) — k(lan))). (2.74)

Xn (7-) - log2 n
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and obviously the right hand side goes to zero as n goes to infinity. By (2.37), (2.73) and
(2.74),

Xs_Xan
IP’( sup |LJ|Z€)

[
==
T

.
3
|
S
&
S
V
(@)
N——————

lan]<s<n Xn(T) Xn(T)
<p (|Z;(’j'((?()l_)anj)+l)ﬁ| S 6) +IP’( D:/m| > 6) +IP>( |§/LanJ| > 6)
N Xn(7) 2 X"(T>,_ 4 Xa(r) 4 (2.75)
St o (k) — K(Lan]) + L)
1
:O<logn)'
The tightness condition holds. Hence (2.15) is proved. O

2.4.3 L, norm convergence for transient RWRE with « € (0,1)

Proof of theorem 2.3.1. Fix M > 1, write

E|Z,|P = EZY, + EZP = / P(ZP > z)da +/ P(ZP < —a)d
0 0

nP

MnPr nPr
- / P(Z, > 2'/P)de + [ P(Z, > VP)dz + / P(Z, < —2VP)dz  (2.76)
0 0

MnpPr
+/ P(Z, < —z'/P)dx = np“/

npr 0

M7
IP(" Zyl/p> dy+1+11+I11.

nfﬁ
Our next step is to bound I, 11,111 from above. Start with 7,

'z
1 = n" /0 P (” < —yl/p> dy. (2.77)

nl{

The probability inside the integral converges to 0 for any y > 0 since 91 is always non-
negative. Thus the integral converges to zero since it is an integral over finite range(y €
(0,1)). And one can conclude easily I1/n?* — 0.

Use the backtracking theorem (Theorem 1.4 in [49]) on 11, we have for n > N(a, k)
where N (o, k) > 0 only depends on « (since « determines k),

11 < / P(Z, < —n")dz < nPe""*. (2.78)

npr
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The right hand side converges to zero and thus /117 is done.
We use regeneration time method to estimate I. The regeneration time is defined as

follows, let Ry = 0, for R where k > 0,
Ry :=inf{n > Ry, : max < Zy < m>in I} (2.79)
Decompose part I by regeneration times,

I< / {IP’(ZR1 > an®) +P(Zg, — Zp, > 27 —an”) + P(R,, < n)} dx (2.80)
Mnpr

where @ < MY/ and m to be determined later. For the regeneration time { Ry };>1, we know
that(see Appendix B in [20] for more detail) { Ry — Ry_1}x>1 is a non-negative i.i.d sequence
with polynomial right tail with parameter k. Moreover, {Zg, — Zg, | }r>1 is another non-
negative i.i.d. sequence with exponential right tail thus LDP holds. Zg, also has exponential
tail but has another distribution. Now we use those properties to identify what value a and m

should satisfy in order to get our desired upper bound. Notice that Ry — Rj_1 is non-negative,

P(R,, <n) <P(Ryn— Ry <n) <P(Ry— Ry <n)™ ' =[1—-P(Ry — Ry >n)]™"
[ (2.81)

C(m—l)}

_]m—1
<|[1—-Cn } <exp{— e

for some C' = C(a) > 0. Meanwhile, by Large deviation principle upper bound, for a < M'/?,

1/p _ K
P(Zp, — Zn, > 27 — an®) < exp {—(m 1)1 (M‘) } (2.82)
m —

where I(-) is the rate function of Zg, — Zg,. As long as we pick m—1 = 2'/?/(2E[Zg, — Zg,])
and a = M'/?/3, then for x > MnP*,

P — an* 4
(") S 1 (2R Zg, — 2 . 2.
( — >_ (5B(Zn ~ Zn]) >0 (259
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Now back to (2.80), P(Zg, > an”) < exp{—cn”*} for some ¢ > 0 and after integration it
will still converge to 0. P(Zg,, — Zp, > /7 —an®) < exp {—coz'/?} < exp {—coM/Pn*} for
some other ¢y > 0 and hence after the integration it converges to 0 as well. P(R,, < n) <

eXP{—Cl,f%/p} where ¢; = C/(2E[Zg, — Zg,]) > 0 and thus

/n P(R,, < n)dz < nP" /OO exp {—c1y"/P}dy (2.84)
M

Mnpr

where the last integral converges to 0 as M goes to infinity since exp {—c;y*/?} is integrable
on (0, c0).

From decomposition (2.76) and the upper bound estimates of I, I, 111, we have

lim sup
n—oo

E(|Z, ] [M_/Z 0
i _/ P (n > yl/p) dy‘ < / exp {—c1y'/"}dy (2.85)
0 M

npr nk

for any M > 1. By bounded convergence theorem,

M sz M
le P <n > yl/p> dy = / P (im > yl/p) dy. (2.86)
n—oo 0 0

nl{

In the end, let M go to infinity and we will get the convergence of the L, norm. When p =1,
the convergence also holds for the expectation since EZ,_ = II + I11 = o(n"). [

2.4.4 L, norm convergence for transient RWRE with x = 2

Proof of Theorem 2.3.4. We will find the left and right tail estimates of Z,, —vn. For the right
tail upper bound, we use the regeneration time decomposition. Fix M > 1, let M/nlogn <

r<(l—vn,a=xz/2and m — 1= (vn+z/4)/(E(Zg, — Zr,)),
P(Z,—wvn>z)<P(Zgr, > a)+P(Zgr, — Zp, >vn+z—a)+P(R,— Ry <n). (2.87)

The first part inside the integral decays exponentially as a goes to infinity. For the second

part, by the choice of a and m,

P(Zp, — Zn, > vn+a—a)=P(Zp, — Zp, > %) (2.88)
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where Z R, = Zr, —EZp, means the centered random variable. Since 7 Ry — Z R, has exponen-
tial right tail, one can conclude by taking the Taylor expansion of A(t) = log E|exp{t(Zg, —
Zr,)}] for some small positive ¢, log of the moment generation function of Zg, — Zg,, up to

the second order to see that as t — 0,

E[e!(Zr~Zr)] — MO — o +oli?) (2.89)

where ¢ = E(Zg, — Zg,)?. Thus, by applying Theorem 15 in chapter III of [50], there exist
co > 0, § > 0 that only depend on a such that P(Zg, — Zg, > %) < exp {—coz?/(m — 1)}
for x < §(m — 1). Since m — 1 =< n, it’s fine if we replace m — 1 by n, the inequality still
holds for some other ¢y and 4.

For the last part in (2.87), notice that P(R,, — Ry < n) = P(R,, — Ry < —z/4v). In
order to bound this left tail, we need an upper bound for E(exp {—A(R,, — R;)}) which is

included in the next lemma.

Lemma 2.4.2. Assume & has mean zero, is bounded below by —L for some L > 0, and has
right tail decay P(&; > z) = O(x™2). Then, there exists a constant C' > 0 that depends on
the distribution of & such that

Ele™¢1] < @Vt (2.90)

for all A € (0,1/e).
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Proof. Define & = & + L so that & is non-negative and E[¢;] = L. Let K > 0 such that
P& > ) < Ka2

e’ALE[e”\&] = E[e’)‘él] = /OOO )\e’AyP(fl <ydy=1- /OO )\e”\yP(él > y)dy
<1- /OOO AL —min{\y, 1) P(& > y)dy =1 — AL + N2 /0A P(& > y)dy + A P(& > y)dy

1 . AL
“L=AL+ X [yPE =y + X [ yPE =y + [ PE = )y
-1

1 A
<1— AL+ )\2/ ydy + KAQ/ yldy + KAQ/ y~2dy
=1 — AL+ 2)\2 + KX log A| + KA? < exp {-\L + (2K + ))\2| log Al}.
(2.91)
The last inequality holds since [log A| > 1 and 1 + 2 < e” for x € R. O

We use Chebyshev inequality to estimate P(R,, — Ry < —z/4v). The parameter A < 1/e
will be determined later. By the above lemma, recall that P(Ry — Ry > x) ~ Cx™2,

IP>(Rm - R1 < —z/4v) < exp{— }E[ —A(m—1)(R2— Rl)]
A (2.92)
< eXp{—@ + C(m —1)A?|log A|}.

Let Allog A| = 2/(8Cv(m —1)). Since the function A|log A| is increasing for A € (0,1/e) and
reaches maximum 1/e when A = 1/e, in order to let such A exist, we need z/(8Cv(m—1)) <
1/e. Recall the choice of m and m — 1 =< n, this can be satisfied if we choose d; > 0 small
enough(only depends «) and let x < §;n. Moreover, With this extra restriction of x and the

choice of A, |log A\| < 2|log [8Cv(m — 1)/z]| by the monotonicity of A|log A|. Thus,

—z? —C4y2?

<
64cu2(m—1)|1ogA|}—eXp{( 1)/ log 21|

P(R,, — Ry < —x/4v) < exp { 1 (2.93)
holds for Cy,Cy > 0. Since m < n, we get P(R,, — R; < —x/4v) < exp {—c12%/(nlogn)}
for x < dyn and for some other constant ¢; > 0.

The following lemma concludes the above results and solves the right tail truncated L,

norm of Z,, — vn.
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Lemma 2.4.3 (Right tail estimates). Let « be transient with k = 2. Under the annealed
measure P, fit M > 0, there exists 05 > 0, ¢ > 0, as well as cg > 0 and ¢; > 0 mentioned

above, such that for all x € (M+/nlogn,don),

2

.’152 €T
P(Z,—vn>x)<e “4e n e “nlogn, (2.94)

By taking M — oo, the convergence holds for the right tail truncated L, norm for p € (0, 2],

|
M—00 n—oo

N 1
1m hm sup W]E |:‘Zn — U”lpl{zn—anMW}} = 0 (295)

Proof. Let constant d, = min{d,d,} > 0, (2.94) is immediately obtained by the arguments

above. Write

don
E {(Zn - vn)pl{znprMW}} :/ prP 'P(Z, —vn > z)dx
M@n (2.96)
+ prP'P(Z, — vn > x)dx.
dan

Inside the last integral when = > don, using LDP upper bound by [53], P(Z, —vn > z) <
P(Z, — vn > d9n) which decays exponentially in n. Thus after taking the integral it will
converge to zero as well. For z € (M+y/nlogn,dsn), by (2.94),

don 1 dom 1 dom . 22
/ paP T P(Z, —vn > x)dx < pxP" e “dr + pxP~ e O da

My/nlogn M+/nlogn M+/nlogn
5271 12
+ / paP e iioen dy
M+/nlogn
o0 2
<o(1) + np/Z/ pyP e dy
M+/logn

+ (nlogn)?/? /M pyP eV dy

=o(1) + o(np/Q) + (nlog n)p/2 /M pyp’lefcldey.
(2.97)

So lim sup,, ., . ( L_E [|Zn — U”|p1{Zn—sz\/W}} <[22 pyP~le=¥"dy, and letting M —

nlogn)r/2

oo finishes the proof. O
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For the left tail estimates of Z,, — vn, we already know some results like general left tail
estimates(first inequality of Lemma 4.3 in [20]) and precise left tail estimates(Theorem 1.2

in [54]) which are listed below.

Proposition 2.4.1 (General left tail estimates). Let o be transient with k = 2. Under

the annealed measure P, there exists constant C' > 0, for large n enough,
P(Z, —vn < —ty/n) < Ct 2 (2.98)

fort <wvy/n/2.

Proposition 2.4.2 (Precise left tail estimates). Let a be transient with k = 2. Under

the annealed measure P, there exists constant Ko(a) > 0,

P(Z, —vn < —t
lim sup ( on < 1)

— Kyl =0 2.99
n—00 o (nv _ t)tf2 0 ( )

where T',, = (v/nlog® n,nv — /nlog®n).

We will use those tail estimates to show the convergence of the left tail truncated L,

norm, which is the next lemma.

Lemma 2.4.4. Let o be transient with k = 2. Under the annealed measure P, there exists

0% > 0 such that for any M > 0,

. 1
Jim. nlognE [(Zn — vn)Ql{Zn,mS,MW}} = o2 (2.100)
For p € (0,2),
. 1 »
nh_)Iglo WE [|Zn — 'Un| 1{Zn7vn§fM\/W}} = O (2101)

Remark 2.4.5. Unlike the right tail truncated Lo norm, the left tail away from the stan-
dard M+/nlogn window contributes to a non zero variance. This is due to the heavy left

tail(polynomial decay as x=2) of Z,, — vn.
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Proof. Fix 6 > 0, write

(14v)n
E [|Zn — Un|p1{Zn7vn§fM\/W}] = /M nlognpxp_lP(Zn —on < —zx)dz
Vnlog®n nv—y/nlog®n (v+8)n (v+1)n
L e
M+/nlogn Vnlogdn nv—y/nlog3n (v+d8)n
(2.102)

Use proposition 2.4.1 in the first integral, there exists constant C' > 0, such that

Vnlogdn log® n
L b (2, = on <)o = pul® [ B(Z,— on < —tym)da
M+/nlogn M~/logn
s (2.103)
< p/Q/ =10t 2dt < O(n?’loglog ).
S LS < O(n”"loglogn)

The last inequality means that the order of the left hand side is nloglogn when p = 2. If
p < 2, the order is n?/2,

Use large deviation upper bound to the last integral in (2.102) which can imply that it
converges to zero exponentially fast. For the third integral, apply proposition 2.4.2 but only
on nv — y/nlog®n, since this is the furthest value of x that we can apply such estimate.
For the second integral in (2.102), apply proposition 2.4.2 as well. That is, there exists
Ky = Ky(a) > 0 such that for n large enough,

(v+0)n (v+d)n
/ prP 'P(Z, —vn < —x)dx < / prP'P(Z,, < /nlog®n)da
nv—y/nlog®n nv—y/nlog®n
+ 6)PnP
< 2Kyy/nlog®n (v = o(nP™1).
< 2Kov/nlog (nv — \/nlog®n)? (")
(2.104)
And for any € > 0,
nv—+/nlog>n nv—+/nlog®n
’/ prP 'P(Z, —vn < —x)dr — / prP  Ko(nw — x)x 2dx
Vnlog3n Vvnlog3n
nv—+/nlog®n
< o’ prP HP(Z, —vn < —z) — Ko(nv — x)22|dw (2.105)
nlog”n
nv—v/nlog®n
< o prPe(nv — 2)x2dx < eO((nlogn)?/?)
nlog”n
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holds for n large enough since the precise left tail estimates holds uniformly on (y/n log® n, nv—

Vv/nlog®n) and since

nv—+/nlog®n
n/f \ 2" ~3dz = O(nlogn)1gp—gy + O(n?/? log®#~? n)Lipe0,2)}- (2.106)
nlog®n

Finally, if p < 2, by the above equation,

1 nv—y/nlog®n C1 3(p—2)
lim 7/ prP T Ko(nv — )z~ 2dr < lim og—Qn =0. (2.107)
n—=o0 (nlogn)P/? Jymiogdn n=oo  ogP/?p
If p =2, define 0% > 0 as
5 ) 1 nv—y/nlog3n 5
o= lim / 2eKy(nv — x)z“dx = vK, (2.108)
n—oo nlogn Jy/mlogdn
and finish the proof. O

Finally, by combining the truncated L, norm estimates (2.95), (2.100), and (2.101),
together with the same proof techniques where k € (0,1) by letting M go to infinity, the

proof is done. O

2.4.5 Further discussion on the tail estimates with x = 2

Before we move on to solve the weak limit of RWCRE, we need extend our tail estimates
to the centered walk Z,, — EZ,. For the right tail estimates, simply define m = (EZ, +
z/4)/(E[Zg, — Zg,]) instead of (vn + x/4)/(E[Zr, — Zr,]). Since EZ, — nv = o(y/nlogn),
this new m =< n as well. Thus, we can conclude the same version of the right tail bound

lemma, that is,

Lemma 2.4.6 (Centered right tail estimates). Let o be transient with k = 2. Under
the annealed measure P, fix M > 0, there exists 65 > 0, ¢ > 0, as well as co > 0 and ¢; > 0
mentioned above, such that for all x € (M+/nlogn, dan),

2

P(Z, —EZ, > x) < e 4 e~% 4 algn | (2.109)
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By taking M — oo, the convergence holds for the right tail truncated L, norm for p € (0,2],

o 1
]\}ll)lloo hInTl_)Solélp WE |:|Zn — Eanpl{Zn—EZnZM\/W}} =0. (2110)

For the general and precise left tail estimates, we also have the same version of proposi-

tions but since EZ,, — vn = o(y/nlogn), the range of ¢ needs to be shortened.

Proposition 2.4.3 (Centered general left tail estimates). Let « be transient with k = 2.
Under the annealed measure P, there exists constant C > 0, such that for any fired M > 1
and for large n enough,

P(Z, —EZ, < —tyn) < Ct? (2.111)

for t € (M+/logn,v\/n/2 — M+/logn).

Proposition 2.4.4 (Centered precise left tail estimates). Let « be transient with k = 2.

Under the annealed measure P, there exists constant Ko(a) > 0,

_ P(Z,-EZ, < —t)
lim sup

— Kyl =0 2.112
n=o0 e, (nv —t)t=2 0 ( )

where T',, = (v/nlog* n,nv — /nlog*n).

Remark 2.4.7. The constants K in precise and centered precise left tail estimates are the

same.

From the above two centered left tail estimates, we also have the centered left tail trun-

cated L, norm lemma.

Lemma 2.4.8. Let a be transient with k = 2. Under the annealed measure P, there exists

0% > 0 such that for any M > 0,

Tim nlognE (Zn = EZ0)*1 (5, g2, <-mymTogmy] = 0> (2.113)
For p € (0,2),
: 1 »
T}Lrlgo WE |:|Zn — ]EZn| ]'{Zn—EZnS—M\/W} = O (2114)
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2.4.6 Slow cooling: Transient RWRE with x = 2

Proof of Theorem 2.3.5. Recall the notation X = X —EX. Decompose the cooling random

walk X, into independent sums Y7, Zp, and then truncate each term by A, = {|Z7,| <

VTPV That is,

=" (Znda, + Zrlag) = 3 [ Znda, —EZp 1| + Y [Znlas — EZnlag] . (2.115)

k=1 k=1 k=1
Check the Lindeberg condition of Y7, [ZTk la, — EZTklAJ /y/nflogn in order to apply
Lindeberg-Feller CLT. The Lindeberg condition

lm — Y ZIE | Zr1a, — EZTk1Ak}2 1{me} —0 (2.116)

n—oo nB log n

holds for all € > 0 since | - | is of order at most V'k# for large k. Thus the indicator becomes
zero for all large enough k£ and & < n which means the sum of the truncated variance is
bounded.

To find the limit of the variance of the truncated sum

1 - - 2
E[Z214] Y (EZr 14 ] (2.117)
nlogn |f Z T kzl( T '“>

first notice that

< E|Zg|1a: = o(y/Ti log T). (2.118)

Since M?T} log T, << TB/ A=Y for any M > 0 and T}, large enough, by (2.110) and (2.114),

|EZ7,14,| = |EZ7, 1ac

the last inequality holds. Therefore, by the choice of T}, and the fact that >°;_; T} log T} in

unbounded,

o(n?logn)

7 logn lz’l: (]EZTklAk)Q] _ ;O(Xn: Ty logTy,) = =o(1). (2.119)

= nflogn = nflogn
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It remains to find the limit of the truncated L, norm ]EZ%k 14,. Fix M > 1, decompose

the truncated L, norm into

=2 =2
EZTk 1Ak = EZTk (1{|2Tk|§M\/Tk Tog T% } + 1Akﬁ{ZTk<—M\/Tk Tog Tk } + 1Akﬁ{ZTk>M\/Tk long}) .
(2.120)

By (2.110) the last truncated Ly norm is oy (1)7} log Ty, where op/(1) means it converges to
zero as M — oo.

The middle indicator can be decomposed more precisely as By = {—1/T, ,;B /(B=1) < ZTk <
—Tilog* Ty} and Cy pr = {—VTlog* Th, < Zr, < —M /T log Ti}. By (2.111), EZ3 1¢,, ,, =
o(Ty log Ty,). By the similar argument in (2.105), if 5 > 2, \/T,f/(ﬁ_l) << Ty. Apply (2.112),

B fTp/B=D /r/ﬁ D i
‘EZ%lek / 2t Ko(vT), — 1) ‘th‘ 2t’IP[ZTk < —t] — Ko(vT), — t)t2|dt

VT log* Ty, VT log* Ty,
(2.121)
And with simple computation of the integral,
fpp/e=1) e
lim / 2 Ko(uT}, — t)t2dt = ——2. 2,122
kl—>00 Tk lOg Tk VT log* Ty, 0 ULk ) 5 —1 ( )

If 5 <2, \/T,f/(ﬁ_l) > 0Ty, — V/Tr log* Ty, then by the same argument in (2.102) (last two
integrals), EZ%kIBm{ZTkg—(ka—\/ﬁlog“ 7,1 = 0(Tklog Tj;) which means in this case the non
trivial truncated Lo norm within set By is dominant by {—(vT}, — T} log T, k) < ZTk <
—/T}, log* Ty} and its limit we already know is v K.

Hence,

N 1 N
Nl{linoo lll;crisoljp Tilog T, ]EZ%klAk — vKoTy log Ti( —3 A1) — EZ%k1{|ZTk|§M\/m} = 0.
(2.123)
Together with
li ! EZ2 1, ; E[®*1 =0 2.124
kl_{gom Ti H{| Z,, |<MbyTi Tlog Te} — [D°1jp)<m]| = (2.124)
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for any fixed M, we have

li Rk — 2 4K, Al 2.125
k*)ngoTklong +U 0(5_1 )7 ( )
and therefore
1 n
lim ———— Y E[Z2 14,] = b* + 0K, A1), 2.126
P S Tl Ty A A ] =V oG (2120

While T}, ~ k%71, we have Y7_, Ty log T), ~ (3 — 1)n” logn. By (2.126) and (2.119),

n

lz E[Z31a) — Y (EZg1a,)"

1
lim ———
n—oo nflogn

=B(B—-1) [52 + UK()(B i A 1)] . (2.127)

Finally, as long as we show that for any € > 0,

lim P

n—oo

Z(ZTklAC EZTk1A2>‘ 26
k=1

—0 (2.128)

\/nﬁlogn

which implies the remainder part in (2.115) converges to zero, the proof will be done. To

this end, apply L' norm Chebyshev inequality to (2.128),

E\zk (Znag ~ B2 L)

ey/nPlogn

iy B Zp1ag — EZp Lac

: ey/nPlogn

_ 2% Bl [l

ey/nPlogn

Instead of using the previous estimation E|Zy, |1 ae = o(y/Ty log Ty), we need a sharper bound

P

i (ZTklAi — EZTklA;) ’ > €

\/nﬁlogn

(2.129)

here. If B < 2, Af, = ¢ and the proof goes trivially. If 8 > 2, by the centered right tail
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estimates and the proof of (2.95), we can easily get rid of the L; norm truncated to the right
of 05T). And for the rest of the right tail, using (2.109),

/62Tk 62Tk 52Tk 52Tk

\/WP(ZH = z)dz < S dz + W ¥ da + W TR gy
— / —coy® —e1y?
_0(1)+ Tk/\/We 0 dy—|— Tklong/me 1 dy

=o(1)
(2.130)
because every term decays stretched exponentially fast.

For the bound of the left tail truncated L; norm, we only consider the nontrivial case
when 5 > 2. By the centered precise left tail estimates and the proof of (2.101), the truncated
Ly norm on (—(1 + v)Ty, —(vT), — /T log* Ty)) is o(1). For the rest of the left tail, for &
large enough, recall T}, ~ Bk5~1,

/UTk -V Tk 10g4 Tk ~ UTk \/ log Tk 2UKOTk

) o

Collect the above bounds of the L' norm on each truncated pieces, we have E|Zr, |1 Ar =

O(kP=2/2) 'With this sharpened bound, back to (2.129), the last line is O(1/+/logn) which

O(kP=2/%),

(2.131)

indeed decreases to zero. The weak convergence of the remainder term thus holds.

2.4.7 Fast cooling: Transient RWRE with x =2

Proof of Theorem 2.3.6. We will decompose the cooling random walk XTn one more time.
As a sum of independent RWRE;, X}n will not have a truncated decomposition this time,
but will be decomposed into the first n — M terms and the last M term, which means

n—M

X, = Zr,+ Y. Znp (2.132)
k=1 k=n—M-1
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for some fixed M > 0. We want to show that the dominant part of X, is the last M terms

of the sum for large M. To start with, we first show that for any ¢ > 0,

n—M Z
‘ ZkZl Tk Z €

A/ 2221 Tk log Tk

lim limsup P = 0. (2.133)

M—o00 n—oo

To see this, by Chebyshev inequality,

‘ Set! Zn,
Vo Tilog Ty

P (2.134)

n—M 7
D=
T T ey TrlogTy

We know that E[Z2,] ~ (b® + 0)T} log T, from previous proofs. Therefore, fix M and let
n — 0o, the numerator above is O(ZZ;{M Ty logTy). Recall that Ty ~ e“* in exponential

©“_Cne®. Hence, the RHS of (2.134) is bounded from

eC—1

cooling, we have Y}, T} log T}, ~
above by O(e=“M) which converges to zero as long as n — oo first and then M — oo.

To find the weak limit of the dominant part of the decomposition, notice that

ZzznfMJrl ZTk _ i ZTk Tk log Tk
by/Sr_ Telog Ty hennr OV Tk 1og Ty V305 Ti log T

(2.135)

holds for fixed M. As n — oo, for each k € (n — M,n], Zr, /b(v/Tilog Ty) converges to a
standard Gaussian. Moreover, by the independence of the segments ZTk in RWCRE;, since

the sum only takes M terms, the weak limit of the sum is another Gaussian with variance

b2 lim Zz:n—M—}-l T/c 1Og Tk

=b}(1—e M 2.136

for T, ~ e,

Finally, combine (2.134) and (2.136), by Theorem 3.2 in [55], we finish the proof. O
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3. VARIABLE SPEED SYMMETRIC RANDOM WALK
DRIVEN BY SYMMETRIC EXCLUSION

3.1 Model and statement of the theorem

Let p, A € [0,1] and T > 0 be fixed throughout this section. Denote by u = @,z Ber(p)
the probability measure on {0,1}% under which the random variables {1, },ez are ii.d. of
mean p. We consider a nearest-neighbour random walk on Z, driven by the simple symmetric

exclusion process (SSEP) with initial distribution u. Define the joint law of the random walk

and the SSEP by the Markov generator

et fm,a) =30 [f (v x) = f (g, 2)] -
YEL 3.1

(L= Nme + (L =n)] [f(n, 2+ 1)+ f(n,2 — 1) = 2f(n, )]

acting on local functions f : Z x {0,1}% — R (a function f : {0,1}% — R is called local if
f(n) is a function of finitely many of the variables {1, }.cz). The random walk jumps from
a particle at rate 1 — X and from a hole at rate 1 to one of its neighbors.

For k € Z and n € {0, 1}2, let 61 denote the element of {0, 1}% defined by (6x1)s = Nuir-
We use this to define the environment process viewed from the walk £(t) = 6x,n(t). This is

a Markov process, and its generator L acts on local functions as follows:

LI(€) = L f(€) + [(1 = Néo + (1 = &) [f(62€) + F(8-1€) — 2f (&), (3.2)
where
L= f(e) =Y [£ (&) = £ ()] (3.3)

is the generator of the SSEP with rate 1.
Define the quenched probability P"(-) on Z x [0,00) as the probability measure of the

random walk on underlying environment n = {n;,t > 0}. By (3.1), we have for ¢, h > 0,

P (Xpn — Xy = £1[Xy) = B [(1 = A)nx, (8) + (1 = nx, (8)] + o(h). (3.4)
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Define the annealed measure P(-) on the same space as

P() = [ P dQu(m) (35)

where @), is the distribution of SSEP {n(t)}:>o with the initial distribution 7(0) ~ py,
Our main theorem gives a quenched invariance principle of the walk with explicit scaling

parameter(the variance).

Theorem 3.1.1. Let (X;,n(t))i>0 be the Markov process generated by L™ started from
Xo =0 and n(0) ~ p. Then, for Q,— almost every n, under the quenched measure P", the

sequence of processes

(U()p()"'ﬁ t e o, T]>nEN (3.6)

converges in distribution, with respect to the J; Skorohod topology, to a standard Brownian

motion, where
4\p

o?(p) =2 — oA =) (3.7)

This theorem will follow from the next one, which gives the asymptotic fraction of time

that the walk spent on top of particles.

Theorem 3.1.2. Keep the assumptions of Theorem 3.1.1. Let &(t) = Ox,n(t). Then, for

Q,—almost every n, under the quenched measure P",

1 ft
Jim n (2 = Xo(5))(&o(s) — p)ds = 0 in probability. (3.8)
%t Jo
Or equivalently,
2
Jim t/ ol(s =5 /\p+ o in probability. (3.9)

Theorem 3.1.2 shows the convergence under the quenched measure, which automatically
implies the same convergence result under the annealed measure. Moreover, the rate of
convergence under the annealed measure has an upper bound estimation, which is also a key

tool to prove Theorem 3.1.2. This rate of convergence result is shown as follows.
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Theorem 3.1.3. Keep the assumptions of Theorem 3.1.1. Let £(t) = Ox,n(t). For any
€ >0, there exist T =T(e) > 0 and C = C(e) > 0, such that for anyt > T,

P3| [ 6@l - pas

> e} <Ot . (3.10)

3.2 Proofs

The key observation is that X; is a mean-zero martingale with respect to the filtration

generated by (Xy,7(t)),5o Its predictable quadratic variation is given by the formula

t
(X), = / 2 — 2X&(s) ds. (3.11)
0
More explicitly, we have

P7—a.s. (3.12)

S s

E" [XE = (X),[(X,.n(r),r < s| = X2 = (X)

for any ¢t > s > 0 and all 7.

We claim that if lim;, ¢~ (X), = a in probability, for some positive a > 0, then the
sequence (% :t €0, T])neN converges in distribution to a Brownian motion of variance a,
with respect to the .J; Skorohod topology on the space D([0,7];R). This follows from the
Martingale Functional Central Limit Theorem, [56] Theorem 7.1.4. Therefore we only need
to prove that limy .t~ [i &(s) ds exists in probability. This follows from Theorem 3.1.2,
since if (3.8) holds, then

1 ft
tlim i (2 =X+ Ap)&o(s)ds = 2p in probability, (3.13)
%t Jo
whence lim; .t~ f§ &(s)ds = 2_§i/\p.

Although in Theorem 3.1.2 the convergence holds quenched, we will prove the convergence
in the annealed measure first. Our proof will yield a estimate on the rate of convergence

that is strong enough that allows us to deduce the quenched convergence from it.
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Before we start our proofs, we remind the readers that there are some technical lemmas
that will be used throughout the proofs. Those lemmas are introduced in section 4 as well
as their proofs. But we will use them in section 3 without mentioning too much in order to

make the proof less tedious.

3.2.1 Proof of the asymptotic limit of {(¢) under the annealed measure

Our goal is to prove the following theorem.

Theorem 3.2.1. Under the assumptions of Theorem 3.1.1, under the annealed measure P,

t

lim ! (2 = Ao (8))(&o(s) — p)ds = 0 in probability. (3.14)

t—oo t Jo
Given x € Z and ¢ € N, denote

%g :£z+1+"'+€x+£ <_g :émfl—i_"'_'—fxff

£a: 7 o o 7 (3.15)
For any choice of positive integers ¢ and n one can write
[ =6 2%(s) — 20)ds (3.16)
— [ 26(6)@(s) ~ 60(5) — En())ds (3.17)
1 rt — S
+;/0 (2 = A&o(5))(Enls) = & nls) +&-nls) = £2,.(s)) ds (3.18)
+ /(f<2 — M) (€4(5) + € hls) — 20) ds (3.19)

We are going to choose n and ¢ depending on ¢ in such a way that all three integrals on the

right-hand side converge to 0 in probability, as ¢ — co. It turns out one can choose

1 2 t
n = |t¢] for some a € (5, g), <l e (3.20)
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Proposition 3.2.1. Under the assumption of Theorem 3.1.1, assume (3.20). Under the

annealed measure

i [(2 = A6o())(260(5) — &0(5) — E-0())ds =0 (3.21)

t—oo ¢
in probability.

The proof strategy is to show that the integrand is in the range of the generator and use
this to rewrite the integral as the sum of a martingale and a vanishing term. The martingale
is then shown to vanish too, by means of an explicit bound on its quadratic variation.

Thus we seek a function v, , such that L, (&) = (2 — A\&) (26 — &, — €-n). We start

the search by computing

fo = [53&4—1 + 5:(:—1 - 253&] [50(1 - /\) + (1 - 50)] + (Sx—i-l - 53&) + (53[:—1 - g:c)

(3.22)
- (2 - )‘g())(gx—i—l + fz—l - 2€x)
Let £ > 0. Sum from z = —k+1toz =k — 1 to get
( Z 696) (2= Xo) (&k — o1 + &k — Eirr) - (3.23)
r=—k+1

Sum from k=1 to k = n to get

(Zn: Z fx) (2 = Ao) (=260 +&n +E-n) - (3.24)

k=1x=—k+1

Define

(s zn: Z (3.25)

k=1 :c—karl

the following process is a mean zero martingale with respect to the filtration generated by

5(5)520:

Mot e) = Une€(5) = Unel€(0)) = [ (2= X&) (260(r) = &ulr) = En(r) dr. (3.26)
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We need separate arguments to control the terms ¥ (EC) tw £EO) and Mt(wn 0)-

Lemma 3.2.2. Under the assumptions of Theorem 3.1.1, assume (3.20). With v, given
by (3.25),
lim EWM( (t))] = 0.

t—oo t

Proof. Rewrite 1y, ¢(§) = n(&o — p) + Xpoi(n — k)(§ + -k — 2p). It suffices to prove

lim E

t—oo t

i —p)|=o0. (3.27)

Notice that the trivial pointwise bound is of order n?, which is much bigger than ¢. The idea
is that when k is large the variables & (¢) — p are approximately independent and have mean
zero. Recall that &.(t) = n,1x,(t), where n(t) is a stationary SSEP and X, is the random
walk. Then

n

S (n—k)(&(t) — p)| <n’P(|X| >n) +E

k=1

sup 3 (n— k) (s — )| (328)

li|<n =1

E

By Lemma 3.3.3, the first term is of order t>n~*. Tt then follows from our assumption (3.20)
that limy .ot 'n*P (| X;| > n) = 0, as we need.

To bound the second term, write

Supz n—k) (me(t) — p)’

lilI<n g=1

7
:/OOOIP’< sup > (1 — k) (1o (1) — )’>Bt> a3

lil<n k=1

<5+Z/ (

lil<n

<(5+2Z/ exp

lil<n

5
nz 2 62

. 524230
=5+ 12351, exp (— 5 .

) (Mt () — )‘ > 575) dg
(3.29)

: ’52“)
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The fourth line is by Lemma 3.3.1, the fifth line is by lemma 3.75, and the last line is by
(3.20).
Now choose § = t~(3-%)_ we get an upper bound of IE’ Shoi(n—k)(&(t) — p)

n

>0 = B)(E(®) ~ )| < co (821 127F) (3.30)

1
-E
t k=1

for some constant ¢y > 0 and ¢ large enough. Let ¢ — oo, the right hand side converges to

zero, this finishes the proof of (3.27). O
The next lemma controls $M;(¢y,0).

Lemma 3.2.3. Under the assumptions of Theorem 3.1.1, assume (3.20). With 1, given
by (3.25) and M;(¢n,) given by (3.26),

Jim ¢7°E | M (vn)] = 0. (3.31)
Proof. There is an explicit formula for the predictable quadratic variation of M;(1y,,):

Mn)e= [ 3 [ne (€241()) = e (€05))]” s (3.32)

[ 0= 060() Wt (BE(S)) — e (€N ds (3.33)
[ U= 260(9) e (016(5)) — e (€I ds. (3.34)

Our goal is to prove lim; ot 2E (M.(¢ng)), = 0. To bound the first term, notice that
[thng (E5%F) — 0 (€)] = 0 if |2| > n and no greater than 1 if |z| < n, so the integrand is
much smaller than 2¢tn. The second term demands more work while the third term has the

similar proof as the second one. To start, we compute

n 0
~Une(01€) + ne(€ ka - > & (3.35)

k=—n+1
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It is enough to prove

lim supt™'E (zijgk(s)— > gk(s)) =0. (3.36)

t—o0 Sft [
The expectation above is small by the same reason that (3.27) is small: the random variables
&k(s), for large k, are approximately independent of mean p. We follow the same method of
proof.
n 0 2
t7'E (Z &l(s) — D &(S))
k=1 k=—n+1

(3.37)

2
<

|3

P(|X,| > n) +t'E |sup (i Mi(s) — D 77k+j(8))

By Lemma 3.3.3, the first term is of order é—i, so it vanishes as t — oo. The second term is

bounded, for any § > 0, by

2

5+Z/;OIP

lil<n

<6+2>° /;oexp (—&) dgs

lil<n

it 60n2 . ot
o0t
= P\ 100

6t1_a
=4 4 6021 — .
+ exp( 10 )

= fpt| dp

iﬁkﬂ(s)— Z 77k+j(3)
k=1

k=—n+1

(3.38)

The second line is by Lemma 3.3.1. Choose § = t‘l_Ta, we then get an upper bound

R (éfk(s)— 3 §k(s)) < (:;+t> (3.39)

k=—n+1

for some constant ¢; > 0 and ¢ large enough.

Collect all the above upper bounds we have

1 2 2 e o
SE Mo < 5+ <n4 - “1> =2 (P T). (340)
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By the assumption 3.20, the upper bound vanishes as ¢t — co.

]

Proof of Proposition 3.2.1. By Chebyshev inequality, for any ¢ > 0, notice that £(0) = 7n(0),

there exists some constant ¢y > 0 such that

e E[v7,(€0)] B[S —K)m©) - p)]

20— 2
- €212 N €212 - 62t (3.41)

NIME)
[

The last inequality uses the fact that {n;(0) — p}rez is an i.i.d mean zero sequence. The
cross terms above will vanish after taking the expectation.

Use this upper bound, together with (3.26), (3.30), and (3.40) for any € > 0,

P [ 26000 - 6) — alo)ds| 2 <Coorr

where constant Cy(e) > 0 and
vl:max{Qa—2,oz—1,a;1,2—4a,a—?)}<0 (3.43)
due to assumption (3.20). Hence Proposition 3.2.1 is proved. ]

The next proposition shows the limit of the second part of the decomposition (3.16).

Proposition 3.2.2. Under the assumption of Theorem 3.1.1, assume (3.20). Under the

annealed measure,

lim + [ (2= Ao())(En(s) — E4() +Eonls) — €L (5)ds =0 (3.44)

t—oo t Jo
in probability.

Proof. We show that the integrand is in the range of the generator and split the integral

into a martingale term plus a vanishing term. Notice that

/-1 g J
wE (Coti — Eotir1) (3.45)

j=0
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and

&= &=, g.(ﬁm—j—ﬁx—j—l)- (3.46)

From (3.23), we get

(2= 7o) (6 — €4+ 6= €4,) = —Lipne(©), (3.47)

where

— - 3.48
> ¢ (3.43)

The process

Mylpne) = onel€(5)) = na€0) = [ Lonel€(r) dr (3.49)

is a martingale with respect to the filtration generated by (£(s)),-,. To prove (3.44), we
show that |¢, | < ¢ and (M.(p,0)), < t*. For the first term,

|
—

¢ .
[, e()] < . QJ (2n+2j+1) < C (tn+ 2 (3.50)

o
Il
=)

for some C' > 0, so it follows from (3.20) that lim; o ¢~ pne(€)| = 0 for any € € {0, 1}Z.

It remains to prove that t ' M;(p,,) — 0 in probability. We prove this by controlling

the second moment of M;(p, ) through its predictable quadratic variation

M (en)y = [ 3 [one (€541()) = pns (O (5)] st

TE€Z

[ 0=260(5)) [ons (BEG)) — ons (€] ds (3:51)
[ 0= 26065 [ne (016()) — e (€] ds,

We claim that,

Jim t7(M.(pny)), = 0. (3.52)
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Let a; := Ef;; Z% Then

n /—1
Spn,f(f) = Qo Z gj + Z Qg (€n+k + g—n—kz) . (353)
j=—n k=1
It’s easy to see that
, -1
[tpn,e <§m+1> — Pt <§)] <D Lei=nirlar — apr)® <4 (3.54)
k=0
and
[Pne (61€) = @ne (O] < (2a0)* < CF (3.55)

for some C' > 0 independent of ¢ and n.
These bounds imply
(M.(pns)), < 3 (t1+Ct?) . (3.56)

Hence, by (3.49), (3.50), (3.56), for any € > 0,

I+ 1In+ 2

P3| [ 2alo)(€nls) = Ths) + Enlo) = T (o)) ds !

> e} < Cy(e) (3.57)

for some Cy(€) > 0. By (3.20) the right hand side of (3.57) indeed converges to zero. O

Remark 3.2.4. Proposition 3.2.2 gives the convergence under the annealed measure. But
one can see from the key upper bounds (3.50) and (3.56) are deterministic. This implies that
the convergence holds not only in the annealed sense, but also in the quenched sense, i.e.

under P for alln € [0,1]N x RT.

Proposition 3.2.3. Under the assupmtion of Theorem 3.1.1, assume (3.20). Under the

annealed measure

1 st —,
5 [@=2a()(€h(s) = pds =0 (3.58)
— —
in probability as t — oo. The same holds if €% is replaced by €°,.
Proof. Define, for m > 0, the event
A, = {mggc | Xs| < m} : (3.59)
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Then

E [(1 /Ot(Q - /\50(3))(?51(3) —p) ds) ] (3.60)

< 4]P’(A$n) + 1 /Ot E [1Am (2 — )\50<3))2(?£(3) — P)2] ds

We will prove that, for 2 < m < n, the upper bound in the last equation vanishes
as t — oo. To bound the second term, we apply the Lateral Decoupling Lemma ([15],
Proposition 4.1). To do so, we need the random variable inside the expectation to be a

function of the exclusion process only. Thus we rewrite the expectation as

E[14,(2 — Mo(9)(€4(s) — p)’]
= 3 E[2 = M(s)’E (La,, x.<tlF) (Thn(s) = 0)7]

|k|<m

(3.61)

where F; is the filtration generated by (1,)scpg- If m < n and (3.20) holds, we can apply
Proposition 3.3.1 with H = t, fi(n) = (2—k(s))?3E (14, x,=k|F:) and fo(n) = (7754 (s) —
p)? for all |k| < m. Note that the support of f; is contained in [—m,m] x [0,t] C [m—t,m| x
[0,t], and the support of f5 is contained in [n+k,n+k+/] x [0,t] C [n+k,n+k-+t] x[0,¢],
and by (3.20) and the assumption that t/2 < m < n the horizontal separation of these
boxes is n+k—m > t* for any o € (3, @). Therefore, applying Proposition (3.3.1) it holds
that

g

E [14,(2 = Ao(s))* (£ 4(s) — p)’]
= " E[2= ()’ (La,,, xo=klF2) (T i(s) = 0]

kl<m

I / (3.62)
<dm-exp (=27 + Y E[La, x=k(2 = M(9))?| E [(7h1(s) — p)?]

|[k|<m
<dm-exp (—£271) + 2
—_ g'
Using this bound in (3.61), together with Lemma (3.3.3), we get

E (1 /t<2 A& ()(El(s) — )ds>2 < dmexp (—22 )+ 2 4 et (3.63)
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for some c3 > 0 and ¢ large enough. If tz < m < n and (3.20) holds then the upper bound
vanishes as ¢ — oo. By Chebyshev inequality, this finishes the proof.

One can get Theorem 3.2.1 immediately from propositions 3.2.1, 3.2.2, and 3.2.3.

3.2.2 Proof of the asymptotic limit of {(¢) under the quenched measure

First recall (3.42), (3.57) and (3.63). By choosing adequate «, ¢ and m, one can get an

explicit upper bound on the rate of convergence in (3.8).

Proof of Theorem 3.1.3. Let a = 0.6, £ = t°2 and m = t%%. Then,for any ¢ > 0 and for

large enough ¢, one can check

P3| [ 26 @l - pas

> e} < Cle)t T (3.64)

for some C(e) > 0. O

The next lemma shows how to get the convergence in probability under the quenched

measure (), — a.s. from the annealed measure.

Lemma 3.2.5. Under the assumptions of Theorem 3.1.1, let Y; = [1(2— o (s))(&o(s) —p) ds
fort >0 and Q,, defined in section 2. Then for any €,§ > 0, there exists t,(e,0) > 0 such
that

Qu{P"(|Y;| > et) < &} forVt >t,(e,0)] = 1. (3.65)

Proof. Define a sequence {t;,}r>1 as tx = k', By (3.64), we have for k large enough,

16

P[|Yy,| > eti] < Ce)k™15. (3.66)
By Chebyshev inequality,
ks (3.67)

Qu [P [|Ye| 2 ety] > 0] < SP[[Yy, [ > ety]

IN

1
5

61



the upper bound is summable for k. Thus by Borel-Cantelli lemma,

QuH{P"[|Y:,| > ety] > d}io] =0. (3.68)

For any ¢ > 1, it must lie in the interval [ty,tx.1) for some k. Notice that Y; has bounded

increments, which means |Y; — Y,| < 2|s — r| for any s, > 0. This gives the upper bound

t te

Let k. > 0 satisfy 2(t 41—t )t} <€, for any k > k. and t € [ty, tyy1), {|Yi|/t > 2¢} implies
{IYe |/t > €}. Define A5 that A¢s = {{P"[|Y;,| > ety] > d}i.0.}. Choose any n € Ay,
there exists k, (e, 0) such that for all & > k, (e, )

P, | > ety] < 6. (3.70)

Pick t,(2¢,6) = ti, V tk, (5 then by the above argument we have for all ¢ € [tg,tr11),k >
ke V Ky (€, 6),
P"|Yy| > 2et] < P"[|Yy,| > ety] <9 (3.71)

which finishes the proof since P, (A.s5) = 1. O
In the last part of this section we prove Theorem 3.1.2.

Proof of Theorem 3.1.2. From Lemma 3.2.5, we just need one more step to reach our final

goal. To see this, for any ¢ > 0, let

Ac= A1 (3.72)
n=1

3=

We have P, (A.) = 1 since it is a intersection of countably many sets while each has proba-

bility 1. Choose any n € A, for any n > 1,

1
Py >ef] < - (3.73)
n
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holds for all ¢ > ¢,(e, +). Thus ¢~*|Y}| converge to zero in probability under P7. O

3.3 Technical lemmas

Lemma 3.3.1 ([57], Theorem 2.8). Let (1,(,... be i.i.d. random variables with |(1] < 1
and E¢; = 0. Then, for any A > 0,

“

Lemma 3.3.2. For any § > 0,

> biG

i<n

2
j<n Yj

2

/(Sexp <—29;2> do < V2mo? - exp (—52> . (3.75)

202

Proof. For any A > 0,

2

x 00 x
= < *M/ =
/Eexp ( 202) der <e : exp ()\:c 202) dz
\2g2 00 —\o2)?
< exp (—)\(5—|— 20 ) / exp (—M> dx (3.76)

202
)\2 2
= V2no? exp <—)\5 + 20 ) .

Choosing A\ = §/0? gives the desired bound. O

Lemma 3.3.3. For any positive v and t,

P <sup 1X,| > ’y) =0 (5;) . (3.77)

s<t

Proof. The first observation is that X is a martingale, so Doob’s LP—inequality gives

P (sup | X| > 7) < (g)ﬁ (X, (3.78)

s<t 76

To bound the sixth moment, we compare our random walk with a simple symmetric

walk: let Yj,...,Y, be iid. random variables with P(Y; = £1) = 1/2 and let J; denote

63



the number of times that X jumps during the time interval [0,¢]. Then X, = Y7, Y} in

distribution, whence

E(Xf)zﬁ(z VP15 3 VY00 3 WYJ-?YX)
i<J; i<j<Ji i<j<k<Ji (3.79)

<K (J+ 1507 +90J7) .

Since J; is stochastically dominated by a mean t Poisson random variable, the last expecta-

tion is bounded by a multiple of 3. ]

The next lemma comes from [15]. To get the version stated below, one only needs to

change the last line of the original proof, using (3.75).

Proposition 3.3.1 (Lateral Decoupling, [15] Proposition 4.1). Let fi, f> : {0,1}2 x R, —
0,1] be measurable functions and H,y,a > 0. Let By = [ — H,0] x [0,H] C R? and
By = [y,y + H| x [0, H] C R%. Assume fy is supported on By, that is, if the trajectories
n,n : Z xRy — {0,1} satisfy n.(s) = n.(s) for all (xz,s) € By then fi(n) = fi(n'). Assume
f2 is supported on By. Finally, denote by P, the law of SSEP started from equilibrium at
density p € (0,1), that is, started from the product measure ®zczBer(p). Let E, be the
expectation with respect to IP,.

Then y > H® implies
E, [fifo] < B, [A]E, [fa] + Ce (3.80)

for some C' > 0.
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4. MODERATE DEVIATION AND EXIT POINT ESTIMATES
FOR SOLVABLE DIRECTED POLYMER MODELS

4.1 Model settings and basic properties

Consider 141 dimensional polymer models which can be embedded into N? lattice. We
will denote vectors and collections of vectors with bold letters and numbers with non-bold
letters. The standard coordinate basis of R? is denoted by e; = (1,0) and e; = (0,1). The
origin is denoted by 0 = (0,0). The site (1,1) = e; + e is denoted by 1. Given x € Z?

we denote the quadrant rooted at x via ZZZX ={y€Z’:y-e >x-€e,y e > X e}

2

We associate to each pair of nearest-neighbor edges of the form (x — e;, x), where x € Z2,

a weight Wy _o x = Wl. To each edge of the form (x — e;,x) where x € Z+o x {0}, we
assign weights Ix_e, x = Ix; to each edge of the form (x — ey, x), where x € {0} x Z-, we
assign weights J,_e, » = J,. In each of the models we consider, the collections of weights
{WEW2), Iy, J, : x € Z2,,y € Zso x {0},2 € {0} X Z+o} will be mutually independent.
We initially consider four families of weights, which are indexed by parameters p,v > 0
and z,w € J, where J is a model-dependent collection of parameters. One of these families,

the Beta polymer is split into two cases. The four models are as follows, the definition of

gamma and beta distributions are introduced in the appendix.

1. Log Gamma In the multi-parameter log Gamma model, abbreviated LG, the distri-

butions of the weights are given for z,w € J = (0, u) by

(WL W2 ~ (X, X), X ~InvGa(p,v), I~InvGa(y—w,v), J~ InvGa(z,pu).

2. Inverse Beta In the multi-parameter Inverse Beta model, abbreviated 1B, the distri-

butions of the weights are given for z,w € (0,) = J by

(WL W?) ~ (X, X — 1), X ~ InvBe(i, v), I ~ InvBe(p — w,v),J ~ Be(z,u+v —2) — 1.
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3. Gamma Also called strict-weak model. In the multi-parameter Gamma model, ab-

breviated G, the distributions of the weights are given for z,w € J = (0, 00) by

WL W ~ (X,1), X ~Ga(u,v), I~Ga(u+wv), J~InvBe(z,p).

4. Beta We consider two families of multi-parameter Beta models, parametrized by z, w €

(0,00) = J:

(a) In the first family of multi-parameter Beta models, which we abbreviate by BI,
WL W) ~ (X, 1-X), X ~Be(u,v), I~Be(p+wv), J~InvBe(z, pu).

(b) In the second family of multi-parameter Beta models, which we abbreviate by

BII

Y

WL W?) ~ (X, 1-X), X ~Be(u,v), I~InvBe(z,v), J~ Be(v+uw,u).

When 2z = w in the previous settings, we call the model increment-stationary instead of multi-
parameter because of the stationary increment property of the partition function which will
be introduced below. We will, at times, study the model in which the boundary weights are
replaced by the X variables instead of the I and J variables. This model is known as the
bulk model.

The directed polymer is an up-right path on Z? usually starts from 0. The weight of a
directed polymer is the product of all edge weights that it contains. The partition function

zZe

(ap)(m,n) is the sum of weights of all admissible directed polymers from (a,b) to (m,n).

Write Z**(m, n) if the staring point is 0 and write Z, ,(m, n) if w = z. In the bulk model,
Z(ap)(m,n) without superscript parameters is the partition function. The free energy is then
defined as the log of the partition function. Denote the increment of the partition function

to be
fx B Zw,z(x) j B Zw,z(X>

S .0 N S R ©.O 41
Zwi(x —eq)’ Zw3(x — eg) (4.1)
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Note that when x is on x-axis, fx = I and when x is on y-axis, jx = Jyx. By the definition

of the partition function, we have iterate relations of the increments as follows,

T j —e T ~x—e
Lo=W}+ W22 Jx:W,i‘{ L+ W2 (4.2)

X—e1 X—eg

From [47] and the similar argument (corner flipping method) of Theorem 3.1 in [58], we
know the following stationary-increment property holds for all the four models mentioned

above.

Proposition 4.1.1 ([47]). Given the above four models, when the parameters satisfy w = z,

we have that

(ij jX> < (Ix—egs Jx—e1) (4.3)

for x € Z2,. And alongside any down-right path Y, all the increment functions on edge

segments of the path are mutually independent.

With the above proposition in hand, we are able to conclude the law of large numbers
result of the free energy in increment-stationary models as well as the log of the moment
generation function at certain degree of the free energy in multi-parameter models. We omit
the proof here since it’s pure computing. The law of large number results are discovered by

different people in different independent papers.

Proposition 4.1.2 (LLN of the free energy). Fiz a direction (s,t) where s,t > 0 and

s+t > 0. The following limit holds for z € J,
log Z*(N's, Nt)

A}l_{rloo N =~*(s,t) a.s.. (4.4)

The explicit formulas for the shape function v*(s,t) = sE[log I] + tE[log J] in four models

where z € J and s,t > 0 are listed below, where Vo =1"/T" is the digamma function.
o Log-gamma model: v*(s,t) = s[logv — Wo(u — 2)] + t [logv — Wy(2)].

o Strict-weak model: v*(s,t) = s[Wo(p + 2) —logv] +t [Yo(pn + 2) — ¥o(2)].
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o Beta model: v*(s,t) = s[Wo(pu+ 2) — Vol + v+ 2)] + t[¥o(p + 2) — ¥o(2)] in BI
or v*(s,t) = s[Wo(v + 2) — Vo(2)] + t[Wo(v + 2) — Uo(u + v + 2)| in BIL

o Inverse-beta model: v*(s,t) = s[Vo(pu+v —2) — Yo(pu — 2)] +t[Wo(pu+v — 2) — Vo(2)].

Define L*#*(m,n) = log E {(Zw’z(m,n))sz] in all models but BII. In BII, L**(m,n) =
log B {(Z“”Z(m, n))w_z} . By Proposition 4.1.1 and a change of measure argument, the explicit

formulas for L*»*(m,n) are shown below.

Log-gamma model: L"*(m,n) = mlog r(( )) v 4+ nlog (("“:)) v,

P(pt2) s C(pt2)T(w)
Foam V" T nlog wnr )

Strict-weak model: L"*(m,n) = mlog

I (2 (e vw) L)l )
I'(p+w)I(p+v+2) T'(p+w)T'(z) in BI

I'(v+w)l(p+v+z) -
+n log m n BII

Beta model: L"*(m,n) = mlog + nlog

or L*#*(m,n) = mlog %

D (p+v—w)D(w)

[(ptv—w)l(p—
I'(p+rv—2)T(z) °

Inverse-beta model: L"*(m,n) = mlog 7T e

+nlog

By another simple computation, one can find the relation between the shape function v*(s, t)

and the lL.m.g.f. L"*(m,n).

/ A (m,n)dt = L**(m,n) (4.5)
in all but BII. In BII,
/ ~Hm,n)dt = L™ (m,n), (4.6)

Given the above key integrable equation, it is necessary to discover more properties of the
shape function in all four models. Since those properties are as important as our main
moderate deviation theorems, the next section shows the discussion of the shape function,
and the deviation estimates will come after it.

All edge weights for different parameters w, z on the same single edge discussed in this
chapter are assumed to be coupled together using the natural monotone coupling of random
variable, which we call the inverse-CDF coupling. In this coupling, first generate a uniform
random variable U on (0, 1), one realizes a real random variable X as X = Gx(U), Gx(u) =

inf{z : Fx(z) > u}, and Fx(-) is the cumulative distribution function of X. When the
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joint distribution of the random variables matters, we will elaborate on the coupling. In
this way, in any of the four models, by the lemma of the Radon-Nykodym derivative of the
Gamma and Beta distributions that is shown below, for the partition function of different
parameters, Z(m,n) < Z"*(m,n) holds for all w,z € J and (m,n) in the first quadrant.
Moreover, for w < z, we can also get Z**(m,n) < Z*(m,n) and Z**(m,n) < Z*(m,n) in

all models but BII. While in BII, the inequality goes the opposite direction.
Lemma 4.1.1. Fix w € R and z > 0. The following hold:

1. If0 <z <y, Xi~ Ga(z,z), and Xy ~ Ga(y, z), then P(X; > w) < P(Xy > w).
Therefore, if Y1 ~ InvGa(z,z) and Yy ~ InvGa(y, z), then P(Y; > w) > P(Yy > w).

2. If0 <z <y, Xi ~ Be(x,z), and Xy ~ Be(y, z), then P(X; > w) < P(Xy > w).
Therefore, if Y1 ~ InvBe(z, z) and Ys ~ InvBe(y, z), then P(Y] > w) > P(Ys > w).

3 If0<z<y<z Xy~ Be(r,z —x), and Xy ~ Be(y,z — y), then P(X; > w) <
P(Xs > w). Therefore, if Y1 ~ InvBe(x,z — xz) and Yo ~ InvBe(y,z — y), then
P (Y1 >w) > P (Y, > w).

Proof. A sufficient condition for the claimed stochastic dominance is that the listed distribu-
tions are likelihood ratio ordered, meaning in this case that the associated Radon-Nikodym
derivative is monotone where it is non-zero. See, for example, [59, Theorem 1.C.1]. Mono-

tonicity follows from the computation below,

dGaly, z

dGa(z, z; (t) = 2" 5 St Lo (B),

dBe(y,2) _ B(x,2),, .

dBe(w,) ~ B,y on(l) and
dBe(y7 2 ) B(l’, zZ — {L‘) t Yy—x
dBe(z,z —z) By, z—vy) (1 — t) Lio,)(t)

are increasing functions of ¢ where they are nonzero. The secondary claims in each part of
the statement follow from the primary claims and can also be proven directly with the same

argument. 0

69



4.2 Properties of the shape function

In all but Beta models, the shape function +*(s,t) has a unique minimum ~(s,t) :=
7Y(s,t) = inf,csv*(s,t) for all (s,t) in the first quadrant, where 6(s,t) is where shape
function reaches its minimum. In BI and BII, this unique minimum exists for (s,¢) in part
of the first quadrant. We also want our local minimum point away from the boundary, thus
we define S5 = {(z,y) : x > 0,y > 0,z/y > 6,y/x > 0} and assume s,t € S;. The lemmas

are shown below.
Lemma 4.2.1 (log-gamma). Let § > 0,

1. There exists € = €(0) > 0 such that for all (x,y) € S5, there exists a unique 0(x,y) €

(e, 0 — €).

2. cx+y) < o0 @y, = —aValn — &) —y¥s(€) < Cla +y) for £ € (e.n— o),

(z,y) € Ss, and some positive constants ¢, C" which only depend on 0.

3. 4 ht(x,y)]’t:g = aWs(u — &) —yP3(¢) < Ci(x +vy) for £ € (6,0 — €) and constant
Cy = C1(8) > 0.

Lemma 4.2.2 (strict-weak). Let § > 0,

1. There ezxist 0 < € = €(0) < €& = E(0) < oo such that for all (x,y) € Ss, there ezists a

unique 6(z,y) € (¢,€).

2 clrty) < Gyl _,, = oPali+0) +y[Talu+0) = Va(0)] < Cla +y) for

(z,y) € Ss, for some positive constants ¢, C' which only depend on §.

J. % [Wt(x,y)]'tzg = aW3(p+ &) +y [Vs(p+ &) — V3(8)] < Ci(z +y) for £ € (6,00) and
constant Cy = C1(6) > 0.

Lemma 4.2.3 (inverse beta). Let 6 > 0,

1. There exists € = €(0) > 0 such that for all (x,y) € Ss, there exists a unique 0(x,y) €

(6,0 — €).
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2. clat+y) < gz 'z, y)]\t:m p = TW2(u v = 0) = Va(p = O)] 4y [Vo(p + v — 0) = Vo(0)] <
C(z +vy) for (z,y) € Ss, and some positive constants ¢, C" which only depend on 0.

3. sz [V (=, y)]’t:$ =z [Us(p—&) —Ws(p+v =98] —y[Ws(§) + Vs +v—¢)] < Ci(z+
y) for & € (e, u — €) and constant C; = C1(6) > 0.

Define & = (§1,&3) = (15, 7%) and By (&) = {(v,y), 755 = & + 9}, By (&) =
{(z,y), 75 <& — ¢} For Bl and BII models,

Lemma 4.2.4 (beta). Let § > 0,

1. There exist 0 < e = €(0) < & = £() < o0, such that a unique 0(z,y) € (¢,&) exists, if
(x,y) € Ss N Bs(&*)" in BI or (x,y) € Ss N Bs(&*)™ in BIL.

2. c(z+vy) < 5722 [ (x, y)]‘t o) < C(z +y) for some positive constants ¢, C which only
=0(x,y
depend on 6, if (x,y) € Ss N Bs(§*)™ in SI Beta I or (z,y) € Ss N Bs(£*)™ in SI Beta

II.

3. % [ (z, y)]‘t:5 < Ci(x +y) for € € (e,00) and constant C; = C1(d) > 0.

Although there are differences between those lemmas, the major properties that we care
about are the same: Unique minimum and bounded third moment derivative away from the
boundary, bounded (from above and below) second moment derivative at the minimum.

Define £*(m,n) = infy, .e7,.—w=n L**(m,n) and Zy(m,n) = supyso{As — L*(m,n)}. By

the exponential Markov inequality and the pathwise inequality Z(m,n) < Z“*(m,n),
log P (log Z(m,n) > s) < —As + L*(m,n). (4.7)
This inequality holds for all A > 0, so
log P (log Z(m,n) > s) < —I,(m,n). (4.8)

Zs(m,n) also has a geometric meaning. Notice that Zy(m,n) = supyso{As — L*(m,n)} =

Sup)\ej{)\s - ‘C)\(m7n)} = Supw,zej,z—ll):)\{(z - w)s - Lw,z(m’ n)} = Supw,zej{<z - 'LU)S -
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Ji~yt(m,n)dt}. Therefore Zs(m,n) is the area bounded by y = s and y = 7%(m,n) as a
function of ¢.

Since we always consider ¢ away from the boundary, let J. be (e, u — €) in LG and 1B,
(€,00) in gamma and beta models. In the next lemma we give the lower bound estimation

of Z,(m, n) by using Taylor expansion centered at 6 up to the 2nd order of ~*(m,n).

Lemma 4.2.5. Let 6 > 0 and € = ¢(6) > 0, C; = C1(5) shown in the above lemmas. For

(m,n) € SsNZ2, (in BI and BII (m,n) should also be in their corresponding area) we have
7 (m,n) = M = ot — 0)2| < Ca(m +n)|t — 0 (4.9)

forte J. and

Z,(m,n) > sup {(S—M)(z—w)—a;{(z—&)?’—(w—é’)ﬂ—C’l(m—i-n) {(z—8)4+(w—9)4}},

w,z€Je,w<0<z

(4.10)
where M = y(m,n) and 20° = L [y (m, n)]‘t:{g(m,n).
Proof. The Taylor expansion centered at 6 up to the 2nd order of ~*(m,n) is
A (m,n) =M +o*(t — 0)* + (15 5; ['yt(m,n)] (t—0)° (4.11)
t=¢

for some £ lies in between t and 0. By assumption both ¢ and 6 are in the interval 7., so
does £. Together with the above lemmas, (4.9) holds. (4.10) can be checked by integrating
vt(m,n) from w to z which are both in 7. ]

Before we show the main theorems, let’s define the quenched exit time of the random
polymer. Define the probability measure Q™ *(-) on the set of path [L(0,0),(m,n) @s, for x. =

{70, 21, - Tmim) } € TL(0,0),(mm) Where zo = (0,0) and x4, = (m,n),

m+n

w,z i=1 W(zi_1,2i)
Q" ({x.}) = —az - (4.12)
Z(O:O)(m7n>
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we, is the weight of the edge e;. Then we are able to define the distribution of the quenched

exit time from the boundary Exit = Exit(m,n) which takes value in Z through

[Hik:1 I(i,O)} Z1.0) (m, n)

Q" *(Exit > k) = T (4.13)
Z(oio)(ma”)
and .
_1Jon| Z5 . (m,n
Q"*(Exit < —k) = i f?j ou (7). (4.14)
Z(O,O)<m>n>

i.e. the exit time takes integer values. With the (m,n) dependence suppressed, the event
{Exit = k} consists of admissible paths from (0,0) to (m,n) which exit the horizontal
boundary at (k,0). Similarly, the event {Exit = —k} consists of those paths which exit the
vertical boundary at (0, k).

4.3 Moderate deviation and exit time estimates

Our main result relies on a log moment generating function identity, which is an analogue
of an identity originally developed in the zero temperature setting by Rains [60, Corollaries
3.3-3.4] using integrable probability. Our methods extend the arguments of [41] to the setting
of solvable polymer models. This section marks the first time that identities of this type.

Our first result gives the upper bound of the right tail deviations of the free energy in bulk

models. The proof is very short so we present it right after the statement of the theorem.

Theorem 4.3.1. Fiz § > 0. There exist constant ¢ = ¢(6),C = C(d) > 0 so that, in the

models other than the Beta model, for all (m,n) € S5 and all s € [0, c(m + n)*3],

Wl

4 :
log P (log Z(m,n) > vy(m,n) +os) < _§S% + Cs*(m +n)7s. (4.15)

In BI, the same holds for (m,n) € Ss NZ2,N Bs(§*)", in BII, the same holds for (m,n) €
SsNZ2,N Bs().
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Proof. Consider Z,(y n)+0s(m, n) and take w =0 — \/s/o, z =0 + \/s/o. We can find ¢ > 0

such that as long as s < ¢(m+n)?3 0+ /s/0 € J. since ¢ is of order (m +n)'/3. Therefore

by (4.10),

45%2 20, (m + n)s?
3 ot '

z

~v(m,n)+os (ma n)=

(4.16)

Recall ¢ is of order (m + n)'/? again, there exists C' > 0, such that 2C)(m + n)/o* <
C/(m +n)'/3. By (4.8), the theorem is proved. O

Next theorem shows the upper bound of the right tail of the free energy log Z**(m,n)
in multi-parameter models. w, z are required to be close to the local minimum 6 in the

theorem.

Theorem 4.3.2. Fiz 6 >0, K >0, p > 0, and so > 0. There exists constants Co = Cy(9),
co = co(0), and Ny = No(0, K, p, s9) such that, with t = min{s, c(m + n)?/3},

. 93/2 CoKt Cot?
log P [log Z"*(m,n) > y(m,n) + os +1og 2] < —=———(s—t)Vt+log 2+ (m+n)P (m—+n)/3
(4.17)

whenever (m,n) € Sy N Zy, (also in Bs(§*)% in BI and Bs(&*)™ in BII), ¢ € [so(m +

n)~3 ¢o), s € Ry, and w, z € J with
max {|w — 8(m,n)|, |z — 8(m,n)|} < K(m +n)"Y/37P. (4.18)

For the quenched exit time bound, we focus on estimating the decay of the annealed exit
time event |Exit| > s(m + n)?/3, that is, the annealed probability of the random polymer

2/3

that exit the boundary later than s(m + n)%* steps.

Theorem 4.3.3. For 6 > 0, K > 0 there exist finite constants ¢ = ¢(6) > 0, Ny =
No(6,K) >0, so=s0(9, K) >0, and eg = ey(d, K) > 0 such that

E {Q“”Z(\Exiﬂ > s(m + n)g)} < exp{—cs®} (4.19)
for (m,n) € SsNZ%y, (also in B5(§*)* in BI and Bs(£*)™ in BII), s > sq, and w,z € (0, 00)
such that max{|w — 0(m,n)|, |z — O(m,n)|} < K(m +n)"V3 and |w — 2| < eg(m +n)~ 3.
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The last theorem gives the lower bound of l.m.g.f. of the free energy log Z(m,n) in bulk
models. This is the key step to figure out the lower bound of the moderate deviation of the
right tail of the free energy.

Theorem 4.3.4. Fiz § > 0, there exist positive constants Cy = Cy(9), co = co(9), No =
No(9), Ko = Ko(6), such that

log 2 [(Z(m,n))*| > £(m,n) — KoAT (m + n)* max{1, A(m +n)7} (4.20)

or equivalently,

A3o8

5 — KoAi(m+n)i max{l,A(m+n)i}  (4.21)

log 2 [(Z(m,n))| = My(m,n) +

whenever (m,n) € Ss NZ2y, (also in Bs(£*)* in BI and Bs(§*)™ in BII), and X € [Co(m +

~1/3

n) , Co)-

4.4 Proofs

4.4.1 Proof of properties of the shape function

Proof of Lemma 4.2.1. Recall v'(x,y) = s[logv — Wo(u — t)] + ¢ [logvy — Wo(t)], in order to

find the critical point, take derivative of ¢ on both sides, we have 6 solves the equation

where Uy (z) is trigamma function such that ¥, = ¥j. Moreover, ¥, is a positive decreasing
function with limit 0 for x — oo and limit co for + — 0. Therefore, for f(z) = Uy(p —
x)/Wq(z), it is increasing and f(0) = 0, f(u) = oo (in the limit sense). So when (z,y) € S;,
there always exists a unique # such that the equation holds. And it is indeed a global
minimum point by the monotonicity of f(z). The second and third statements in Lemma
4.2.1 is simply by the fact that both Wy(z) and W3(x) are bounded (from above and away

from zero from below) when z € (e, u — ¢). O
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Proof of Lemma 4.2.2. The upper bounds for both part 2 and 3 are obvious since if (z,y) €
Ss, then by part 1, 6 € (¢,€) which is also the range of £&. This will give the upper bound
estimation since the absolute value of U5 and W3 are all decreasing to zero.

In order to prove part 1, since 0(x,y) satisfies

z ‘1’1(0) .
y = 7\1/1(0 ) 1, (4.23)

Uy (z
Uy (z+

it is enough to show that the function g,(2) = )u) for z € (0,00) is a C*° decreasing
function and

lim g,(z) =00, lim g,(z)=1. (4.24)

z—07t Z—00

Notice that W3(2)¥;(z) > ¥3(z) by the integral representation of poly gamma functions and

C-S inequality(the equation can not be satisfied), we have

d o W(z) [Wa(z)  Va(z+p)
@g#(z) W () | W(z) Uiz p) <0 (4.25)

for all z € (0,00). Moreover, since lim, ,o+ ¥;1(2) = oo, lim, ,o+ g,(2) = oo can be get
immediately. In order to check the second half of (4.24), for poly gamma functions, we know
that

Uy(2) = Uy (= 4 1) + 212 (4.26)

Hence, U(z) = Uy(z + [u]) + S 5 < Uy(z + [p]) + LL; Use this upper bound,

together with the fact that 22U, (2) grows linearly as z — oo, we have

Wy (2) < Wz <14 (1]

iz = GG+ ) = 2 - (]

1<gu(z) = 1 (4.27)

as z — 0o, which finishes the proof of part 1 of the lemma.

To get the lower bound estimation in part 2, assume y = 1. Since 0(z, 1) solves
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take derivative over @ on both side, we have(treat = as a function of 0)

dv  (x+1)Ta(0 + p) — Ua(0) Mz, 1)]”

ot = ) 4.29
df 0,0+ ) 0,6+ ) (429)
Meanwhile, recall the definition of g we have g,(z) = 2 + 1 when y = 1, so £g,(6) = %.
Since (z,y) € S5, 0 € (¢,€) by part 1, there exists cog = ¢(d) > 0 such that
Moz, )] g
— 0 — 0. 4.30
— 01 (0 + p) d@g“( ) < —co < (4.30)

1"

In the end, [Me(a:, 1)} > coWi(0 4+ p) > gV (E+p) > %(CB +1) >0 forz € (&)

and y=1. The general case can be proved by scaling (z,y).

Proof of Lemma 4.2.5. Once again, the upper bound in part 2 and part 3 is simple by the

same reason in the proof of Lemma 4.2.2. To see part 1 is true, define

() + Wt —2)
gu,u<z) - ] ( Z) 1(/L+V—Z).

(4.31)

It is easy to see lim, o+ gu.(2) = +oo0 and lim,_,,- g,.,(2) = 0. We need to check this
function is strictly decreasing for z € (0,u). Take the derivative of g, over z, after a

couple of steps of simplification, we have

[Wa(p = 2) = W+ v = 2 g (2) = W) (W (= ) — W 4w = 2)]

1 Vol —2) Walp+v—2)
+ 0 (2) [Palp — 2) = Wolp +v —2)] + Ui(p—2) 0 (p+v—2) [Ui(p—2) Yi(pt+v—2)
(4.32)

For all three terms on the right hand side in the above equation, it’s easy to see they are all
negative valued, thus the derivative is negative for all z € (0, ).
The proof of the lower bound in part 2 is similar to the proof of Lemma 4.2.2, thus we

omit here. O]
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Proof of Lemma 4.2.4. The proof of the upper bound in part 2 and part 3 is again obvious
since both 6 and £ are in (e,00) and make the coefficients of x and y have finite upper

bounds. To see part 1 is true, since 0(x,y) solves the equation

R O AE)
_ 4.33
z+y  U(0) — VU (u+v+0) (4:33)
in SI Beta I model or
x Ui(p+v+0)—VU(v+6) Uy (0) — V(v +0)
_ —-1— (4.34)
r+y Uy (pw+v+0)—Uy(0) Uy (0) — Wy (pu+v+0)
in SI Beta II model. Define the function
) -0

g(z) = 1(22 1+ 2) (4.35)

Wi (z) = Wa(p+v+2)

which is a decreasing function for z in (0, 00). Moreover, lim,_,0g(z) = 1 and lim,_,», g(2) =
&r. g(z) is decreasing can be seen by taking the derivative and using the convexity of the poly
gamma functions. The limit of g at zero is obvious. The limit of g at infinity is £&§ = p/(p+v)

can be seen by taking the Taylor expansion

Wy (g + 2) = Wi (2) + pWa(z) + o(Ws(2))

. (4.36)
Wy 40+ 2) = By(2) + (1 + 0)Wa(2) + 0(s(2)
Hence, notice that Wo(z) — 0 when z — oo, we have
. . pto(l) p \
lim g(z) o " atr O (4.37)

finish proving our statements. The lower bound in part 2 has the similar proof as the one of
Lemma 4.2.2. The only thing that needs to be clarified is both Wy (u + 6) — ¥y (u + v + 60)
and Uy (v +0) — ¥y (p + v + 6) are positive and has a lower bound since 6 € (¢, E). O
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4.4.2 Proof of Theorem 4.3.2

We will prove the theorem only in the log gamma model case. Since what matters the
proof is the properties of the shape function that we present before and will be given later
that all four models except BII share. For BII, it can be viewed as a coordinate-flipping model
of BI, thus it can be modeled as we replace the x,y coordinates in BI, the corresponding
proof also can be obtained in the same way.

Define

(e y) = inf log B [(2"(x,y))] (4.38)

u,WE(w,p),v—u=X\

L (zy) = inf  logE[(Z""(x,y))"], (4.39)

u,we(0,2),v—u=X\

LA (2, y) = LY (2,y) VLY (2, y). (4.40)
For A\ € [0, u) write ¢ (z,y) and (S (z,y) in (0, u) satisfying

GE— G =\ A5 (2,y) = 4 (2, ). (4.41)

Those definitions are well-defined since the shape function is continuous and decreasing up
to # and then increasing all the way after 6. These notations characterise when the infimum

is obtained in (4.38), see the lemma below.
Lemma 4.4.1. Let 2,y € Rog and A € [0, ), w € [0, u) and z € (0, pl,
1 LA (g ) = log B [(ZQ,C;(x,y))A] if w< ¢ and
LAwher (g ) = log B [(Z“”“’H‘(I,y))/\} if ( <w < p— A\, otherwise LNV (1, y) =
+00.
2 L5 (0,y) = log E| (255 (w,9) | i 2 2 ¢ and
LA (1) = log B {(ZZ_’\’Z(x,y))/\} if A<z < (F, otherwise L2V (z,y) = +o0.
Proof. To see the first argument is true, recall that

u+\
LU\ (1, n) = / VM, n)dt, (4.42)

u
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the derivative of L“%**(m,n) over u is just v***(m,n) —v%(m,n). To find the minimum of
Lt (m,n) for u € (w, p), simply solve v“**(m,n) —y*(m,n) = 0. The unique solution to
this equation is u = ¢, . If w < (), then v = ¢, is admissible. To see it is the minimum

u+A

point, notice that v***(m,n) — v*(m,n) is negative for u < ¢, and positive for u > (. If

¢y <w < p— A, then the global minimum cannot be obtained and the conditional minimum
u+A(

is obtained when u = w since the derivative of L“***(m,n), v***(m, n) —~*(m, n) is positive

for u > ¢, . The second argument is proved in the same way. [

Next lemma show the upper bound of l.m.g.f. of the free energy starts from (0,1) or
(1,0). Since only w matters the free energy if the polymer starts from (1,0) and z matters
the free energy if the polymer starts from (0, 1), we only use one superscript when writing

the free energy.
Lemma 4.4.2. Let m,n € Z~o and X\ € Rsq, w € [0, 1) and z € (0, u, then
w A Aw,hor
1. logE [(I(LO)Z(LO)(m,n)> ] < LYW (myn),

A
2. log E [(J(Oyl)Z(Zo’l)(m, n)) } < LY (myn).

Proof. To check the first inequality, we can only consider the case where A\ < u — w, or the

right hand side is 400 makes the inequality trivial.

Notice that I(1,0)Z{] 5)(m,n) < Zww A (m,n) and I1,0)Z{ gy)(m,n) < ](170)Z(<f70)(m,n)

when w < (, we have
A A
IOgE {(I(I,O)Zzllj,o)(rr%n)) ] < logE {(Zw,er)\(m,n)) ] (443)

and

log E {(1(1,0)2(“;,0) (m, n)))\] <logE [(ZCI < (m,n)) A} (4.44)

when w < (. Combine with part 1 in lemma 4.4.1, we have the first inequality holds. The

proof of the second inequality is almost the same.
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Define

Y (z,y) = sup { v—u)s / Vi, y dt} (4.45)
u,wE(w,p),u<v

;% (w,y) = sup { v—u)s / V(. y dt} (4.46)
u,w€(0,2),ulv u

2% (x,y) = I;”’hor(x, Y) NI (2, y). (4.47)

By this definition, together with Lemma 4.4.1, we have Z"o"(z, y) + LM " (2, y) > As and
T2 (2, y) + LY (x,y) > As immediately.
We also care about when the equations hold for the above two inequalities. For s >

V(z,y), define £ (z,y) and £ (z,y) in (0, p) such that

& <& A5 (,0) =15 (2,y) = 5, (4.48)

i.e. & is the smaller root of the equation ~*(z,y) = s and & is the larger root. The
definition of & is well-defined for all s > ~(x,y), while for £ it is defined for all s > 6 in all
but beta models. In beta model (BI and BIT with corresponding range of (z,y)), £ is only

defined for y(z,y) < s < 0 since the shape function v*(x,y) has limit zero as t — oo.
Lemma 4.4.3. Let x,y € Rog, A € Ryg, w € [0, 1), 2 € (0, ], and s € R,

1. T@hor(z,y) + LY (z,y) > As with equality holds iff s > infie@ V' (2, y), A =
=& Vw ors <infie v (z,y), A=0.

2. I (z,y) + LYV (z,y) > s with equality holds iff s > infe0.) 7 (2, y), A =& A

z— & ors <infie.) ¥ (z,y), A=0.

Proof. We prove part 1 of the lemma and part 2 is thus similarly proved. The sufficient
condition “<=” is easy to check. To see the other direction of the statement is true, if
s < infiew ) v (2, y), then inside the sup of Z"*" (z, y) is always non-positive and takes value
0 when u = v. While £} (2 y) > As as long as A > 0 since L " (x, ) is an integral
of v'(x,y) on some interval of ¢ with length A by Lemma 4.4.1 and the integrable equation

(4.5). So the only value for A to make equation holds in the case s < inf,e () 7' (2,y) is 0.
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If s > infeqm 7 (2, y), then u,v € (w, p) should satisfy u > ¢ and v < £} since if not,
we can adjust u or v closer to # to make the sup larger since we subtract a negative value.

If w <& which means u = ¢, and v = £ are admissible, then

er
Tohor (g ) = (&8 — €7)s — /5 ()t (4.49)

E]

And the equation of the lemma holds when LAWhor(z y) = [ & 7' (x,y)dt, which means
A =& — & by Lemma 4.4.1. If w > &, then the best value of u we can choose is u = w.

Therefore
+

0 (o) = (€6 —w)s — [ 7' (@y)d. (4:50)

And the equation of the lemma holds when LMhor(z y) = fi: v (x,y)dt, which means
A =& —w by Lemma 4.4.1. N

This lemma tells us for any s € R, we can find \**"(s) and A" () such that two equations

hold. We are now ready to give the upper bound of the right tail of the free energy.
Lemma 4.4.4. Let m,n € Z~g, w € [0,1), z € (0, ], and s € R,

1. log P {log (I(LO)Z&O)(m,n)) > s} < —Zwhor(m,n).

2. log P {log (J(O,l)Z(Zovl)(m,nD > s] < =I2""(m,n).

3. log P [log Z**(m,n) > s + log 2] < —=Z¥*(m,n) + log 2.

Proof. The first two inequalities hold by taking exponential Markov inequality for A = A" (s)
and A = A\""(s) then using Lemma 4.4.2 and lemma 4.4.3. To check the third inequality,

log P [log Z“*(m,n) > s + log 2] (4.51)
=log P {log | I(1.0)Z{; o) (m. 1) + Jo1)Z{y 1) (m,n)| > s + log 2} (4.52)
<log {P [log (I1.0)Z{; o)(m,n)) > s| + P [log (J1)Z{y 1) (m.m)) > 5|} (4.53)
<log 2+ log P [log (I(10) 2 5)(m,n)) > s| Vlog P [1og (JODZ(ZOJ)(m,n)) > 5| (4.54)
<log2 + (=¥ (m,n)) V (=Z?""(m,n)) = log2 — IT*(m, n). (4.55)
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]

Finally, to prove the main theorem in log-gamma model, let w' = w V 6(m,n), 2/ =
z A O(m,n). Define ¢y = ¢y(9) small enough and Ny = Ny(0, K, p, s9) large enough such that

for sp < s < co(m +n)?3 and m,n > Ny, the following condition holds,

K s

g S < A e (450

From the above condition, one can conclude that both w’ and w’ + /s/d are in (e, — €),

which means we can apply Lemma 4.2.1 and Lemma 4.2.5 to the shape function ~*(m,n) for

t € [w',w' + +/s/d]. Notice that

Titmm) = s {@- 0O+ o)~ [y mndt}
u,v€ (w,p),u<v u <4 57)
w'++/s/o '
> ﬁ(]\/[ +05) —/ vt (m,n)dt
g w’
holds by choosing uw = w" and v = w’' + /s/d. Thus
w'++/s/o
750 (mom) > V(M 4 0s) — / 7 (m, n)dt (4.58)
g w’

> 3% o { w' + i —0) — (w' — 9)3} (4.59)

—Ciy(m+n { 0)! + (w' — 9)4} (4.60)
2 o
e (ORI VA B
— Ci(m+n) { w'+ 4+(w'—0)4} (4.62)
33/2 s 52
2 00< mfin m+n)1/3) (4.63)

for some constant Cy = Cy(0, ¢o(6), C1(d)) > 0. The last inequality holds since 0 < w’ — 6 <

V3/5.
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When s > S = ¢(m + n)?/3 for some ¢ € [so(m + n)~2/3 ¢y, notice that

Iﬂi‘;rs(m,n) > @(M +0s) — v (m,n)dt (4.64)
g w’

::VE@—Sy+i?M4+osy—/wﬂ@M¢0mth (4.65)

3/2 2
>VS(s—S) + 25;) _q, <(mfi5n)p + i fn>1/3> . (4.66)

/w’+\/§/0

w/

Combine the above two bounds together, for t = s A S,

T (mom) = V(s + e gy (B (4.67)
MAos\T, 1) = S 3 0 (m+n)p (m+n)1/3 . .

The same bound holds for Z3;”, (m, n) via similar arguments. By Lemma 4.4.4, the desired

result is proved.

4.4.3 Proof of Theorem 4.3.3

In this subsection we try to give a uniform proof that can cover all models (SI Beta II
excluded, since it is a coordinate system-flip model of SI Beta I). First, three core lemmas

that are required in the main proof are given below.

Lemma 4.4.5. In all four models, let (x,y), (x+A,y) € Ss/2, then there exist co = co(6) > 0,
Co = Cy(9) > 0 such that

oAz +y) 7 <0z + A, y) — (z,y)] < CoA(z +y)™". (4.68)

Proof. Since (z,y), (x+ A,y) € S5z, by part 1 in Lemma 4.2.1 in LG or analogue lemmas
in the other models, there exist 0 < € = €(0/2) < £ = £(§/2) < oo such that 6(x,y), O(x +
A,y) € (e, —€) or O(x,y), O(x+ A,y) € (¢,E), depending on different models. Recall the

definition of € in every model,

hww@w»:%athw@+A»:fo. (4.69)
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where functions h,,,(z) in different models are shown below.

Model hyw(2)
LG RO
TR
B | S

Notice that for all z € (e, — €) in LG, IB or z € (¢,€) in gamma and beta models, there
exist ¢ = ¢(0) >0, C = C(d) > 0,
(o) <

b (2)] < c(0). (4.70)

Thus, there exists ¢y = ¢o(d) > 0, Cy = Cy(d) > 0 such that

1 1
1<(y— i >< — <(y— i )< -1
wda+y)™ < (2 L) - <) -0ty < (L - —L5) & < Codlaty)
(4.71)
[

Lemma 4.4.6. Let (x,y) € Ss2 and € = €(6) given in part 1 of Lemma 4.2.1 in LG or
analogue lemmas in other models, then there exists Cy = C1(0) > 0 and A = A(5) > 0 such
that for all0 < A < eNA,

A A
G (@) =0z, y) + 5| = 1 (@ y) = 0w, y) — S| < CN (4.72)

Proof. First notice that ¢ — ¢y = (0 + A\/2) — (0 — \/2) = ), so either 8 + \/2 < ¢ or
(v <6 —X/2 holds. Assume 0 + A/2 < ¢} holds, since (z,y) € Ss5/2 and A < €, we have
O(z,y) £ A/2 € (¢/2,€ + €/2) in gamma and beta models, or 0(x,y) £ \/2 € (/2,1 — €/2)
in LG and IB. The following inequality holds

+ - J—
’}/0+)\/2(:C7y) S ,-YC)\ (.T, y) = f}/c)\ (x7 y) S 79 /\/2(3;'7 y) (473>
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Moreover, by Lemma 4.2.5, there exists C' = C(4) > 0,

VN () =AM, y)‘ < Clz+y)X°. (4.74)
Recall that 0 + \/2 < ¢ and the derivative of 7!(z,y) is increasing in (0, o), we have

< 2 (,y) =4S (2,y)| S Cla+y)X°. (4.75)

d
+ t
Gt =032 g ()|
=6+1/2

Next, we need a lower bound for [(z, y)]“, notice that for all e <t < pu —e,

Wy ~ [ w)] | <36+l —ol[1es]. (4.76)

’ 1" 1"

"

Thus, let A = A(0) > 0 small enough such that as long as [t — 6] < A, |[V(z,y)] —

"

[V (2,y)]

LG or analogue lemmas in other models. This also implies

< ¢(x +y)/2 where c is defined as the lower bound constant in Lemma 4.2.1 in

d

— ("))

clx +y)A
dt ’

>
- 4

t=0+7/2

(4.77)

oo

(z+y) [Q—I—;—@] =

Combine (4.75) and (4.77), we have proved the lemma. O

Lemma 4.4.7. Under the same assumption as in Lemma 4.4.6, there exists Cy = C3(d) > 0,

such that
3,3

12

LMz, y) — My(z,y) — < Cy(z +y)A* (4.78)

+

Proof. Since L (z,y) = [ CCE v (z,y)dt, the lemma can be checked straightforwardly from
A

Lemma 4.2.5 and Lemma 4.4.6. 0

Now we turn back to the proof of Theorem 4.3.3. Let Ny = Ny(d, K) > 0 such that
whenever (z,y) € Ssp NRy,, |w — 0(z,y)] < K(z +y)~*/* implies w € (e, — €) or
w € (6,€), where 0 < e = ¢(6/4) < £ = E(§/4) < oo are functions of §/4 and are determined
by Lemma 4.2.1 in LG, Lemma 4.2.2 in gamma model, Lemma 4.2.3 in IB, or Lemma 4.2.4

in beta model. Let sp = s¢(d, K) large enough(to be determined later) satisfies (this is one
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of the condition) Cysg > 2K where Cj is the constant shown in Lemma 4.4.5. Notice that
if s > (m +n)'/? then the theorem is trivial. We will prove the theorem first under the case
so < 5 < co(m +n)3 where ¢y = co(d) > 0 small enough such that for all k = s(m + n)??,
(m —k,n) € Ss/a.

Let A = ns(m +n)~Y? < 1 where € (0,1) is small in a manner to be specified later.
0 < ey = eo(n,s0) < ns will also be specified later. Notice that as long as |[w — z| <
eo(m +n)"3 <\,

Q"*(Exit > k) < Q" (Exit > k). (4.79)
This is by the definition (4.13),

k+1

Q" (Exit > k) = [

j=1 ngl,o)(mv n)

L5020 (mn) ’“ﬁl [1 W(G-10),G-1) Zfo1n (M n)

NG } (4.80)

=1 (4-1,0)

w,z

If w is increased, then Z;~ ;(m,n) is also increased, so is Q""*(Ewit > k) by the inverse-
CDF coupling. By Chebyshev inequality, Holder’s inequality, and the independence of the

weights on edges, we have the following bound for the annealed exit time tail.

E[Q*(Exit > k)] < E [Q*"*(Exit > k)| = /0 p <[

)i

By shift invariance property, shift the coordinate to the left by k units, the second square

ijill [(1,0)} Z(Z,L)\Lo)(ma n)
Z+A,z 2t dt
Z(O,O) (m7 n)

1 A
g/ t3dt |E
0

(Ziay mam) .

(4.81)

A
(I (1.0 Z 3 1,0) (M ”)) } \/E

A
root term is the same as \/E {(I(LO)Z{Z;,FO)S(m —k, n)) ] Moreover, by part 1 in Lemma 4.4.2

in LG and analogue lemmas in other models, the explicit formula of l.m.g.f in section 1, and

the distribution of I, we are able to solve the value or bound the above terms as follows,

2log E [Q"*(Exit > k)] < —2log (1 - ;) +k (log E[I" +E[I ‘A]) (4.82)

F LYy — kon) 4+ LN (m— kyn).
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The first term in the above inequality requires 1 — A/2 > 0. Also a simple inequality holds

—log(1 —a) < 2a when a < 1/2, this can be achieved by taking n < 1. Hence, the first term

on the right hand side is bounded by 2\ for n sufficiently small.

The second term in the above inequality can be bounded by bykA? = byn?s® for some

by = bo(d) > 0 and for A < 7 small enough (depending only on ). This has already been

checked in the previous subsections.

To estimate the third and last term in (4.82), first we claim that for n small enough,

24+ A < (y(m—k,n). To check this, by the definition of Ny and the choice of ¢y, both (m,n)

and (m — k,n) are in Ss/2- Apply Lemma 4.4.5,
10(m,n) — 0(m — k,n)| > Cok(m +n)~" = Cos(m +n) 3.

Recall Cysg > 2K and s > sj, we have

OQS

2= 0(m — k)] > — 2
2(m +n)3

(4.83)

(4.84)

Moreover, it’s easy to see 8(m — k,n) > 6(m,n), so |z —0(m — k,n)| =0(m — k,n) — z. Let

n < Cy/4, then
O() S
O(m —k,n)—z—2X> (2—27}>( > 0.

m+n)s

Now combine Lemma 4.4.6 and let n < 1/(2C}), we have

z+A<O(m—k,n)— A< (m—k,n).
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By Lemma 4.4.1 in LG or analogue lemmas in other models, (4.86) shows that £+ (7 —
k,n) = L*(m — k,n). Next, use the estimations in Lemma 4.2.5 and lemma 4.4.7. There

exists constant C3 = C5(d) > 0, such that

3.3 _
E’\(m—k‘,n) _‘_Lz—i—/\,z(m_k’n) < (/\’y(m—k,n) 4 No (T?IZ k,n))

o3(m —k,n)

- l)\'y(m — k,n) + ;

((0(m — k,n) = 2)* = (O(m — k,n) — = — )\)3)] + Cs(m +n)A!

<o*(m = k,n) |[=AO(m — k,n) = 2)* + X(0(m — k,n) — 2)| + Cs(m + n)X!

o3(m — k,n)

< . [=A(0(m = k,n) — 2)] + Cs(m + n)A".

(4.87)
Last inequality holds since 6(m — k,n) — z > 2X\. Recall k = s(m + n)?? < co(m + n),
the definition of o(m — k,n), and the order of o(m — k,n) is (m — k + n)'/3, there exists

¢1 = ¢1(0) > 0 that only depends on 9§, let < ¢;, we have
LAm — k,n) + L7 (m — k,n) < —4Cy(m + n)X (0(m — k,n) — 2)* < —C4C2ns®  (4.88)

for some Cy = Cy4() > 0. Last inequality holds since (4.84).
Collect all the estimations of the upper bound of the right hand side in (4.82) together,

we have

2log E [Q"*(Exit > k)] < 2X\ + b(8)n?s® — C4Cins®. (4.89)

Let n small enough, such that 2bn? < C,Cyn. Meanwhile, collect all the previous restrictions
on 7, one can find that there exist 79 = 19(d) > 0 that only depends on 4, such that as long

as 1 < 19, all the previous restrictions on 7 are satisfied. By this choice of 1, we have

1 1 1
2log I7[Q"*(Exit > k)] < 2) — SCiCins’ < 20— SCiCins® = on (4-CuC3s®) . (4.90)

Now, let so(0, K) = max{2//C4C3,2K/Cy}, and let ¢ = ¢(8) = CyCZno/8 > 0, (4.90)
becomes

log E [Q"* (Exit > k)] < —cs® (4.91)

89



for sp < s < co(m + n)'/3 and for |w — 2| < A. Finally, let ey = eq(n0, S0) = oS0, then
obviously, |w — z| < eg(m +n)~1/3 < A

When cy(m +n)'/3 < s < (m + n)'/3, notice that

log £ [Qw’z(Ea:it > s(m + n)%)} <log E [Q“*(Ezit > co(m +n))] < —cci(m +n) < —ccys®

(4.92)

where cc§ > 0 is a constant only depends on ¢. In the end, the upper bound for the horizontal
exit time is proved for all s > sg.

The analogous upper bound for the vertical exit time can be proved by the similar

method. Notice that the value of eg = 1Sy might be changed, but it will be okay if we

finally choose the minimum one. Then a union bound completes the proof.

4.4.4 Proof of Theorem 4.3.4

Our aim is to find the lower bound of log E[(Z(m,n))*]. To reach our final goal, first we
need lower bound estimations of log E[(Z“*(m,n))?*], log E[(Z¥#!(m,n))*] where Z¥*k! is
the partition function of a truncated multi-parameter model, and upper bound estimations
of the exit time event E[Q"(Exit > 0)] and E[Q"(Exit < 0)]. We try to write one version of
all lemmas that can cover all 4 models(BII can be treated as a coordinate-flip model of BI,
thus we omit here since many conditions in BII is totally the reverse side of BI so that it’s

tedious to repeat it again).

Lemma 4.4.8 (first step exit time upper bound). Fiz d > 0. Let (m,n) € SsNZ2, (in
Beta models extra assumption (m,n) € Bs(£*)T in SI Beta I is needed, this extra assumption
will only be mentioned here and will be omitted in the rest of this section), = 8(m,n) and

w € (0,u) or w € (0,00), depending on the models. There exists a constant ¢ = c¢(0) > 0
and C = C(6) > 0 such that

log B[Q" (Exit > 0)] < —c(m +n)(0 —w)® if w+ Ll <, and
(m + )}

C

(m+n)s

(4.93)

log E[Q"(Exit < 0)] < —c(m +n)(w — 0)* if w— > 0.
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Proof. The proof is similar to the one in the previous subsection, and it’s even more simple
than that. To check the first inequality above, first we consider the case when w > €/2,
where € = €(¢) is the lower bound of 6 that is defined in all models previously. Under this
extra condition, we are able to use Taylor expansion estimations for v*(m,n) when ¢t > w.
Follow the previous step in the proof of exit time upper bound, let A = n(f — w) where
n =mn(d) > 0 is a small manner which will be determined later. We have

lao] Z55mm)

. | (] )
E[Q“(Exit > 0)] < E |QV(Exit > 0)| = | P ( P >t dt
[ } /0 Z50)" (m,m) (4.94)

! -2 w A w w —A
< /O ¢ 2dt\/E [(I(I,O)Z(ljg(m,n)) }\/E [(Z(Ofo;v (m.n)) .

Combine with the estimations on the two terms inside the square root, we have

2log E [Q" (Exit > 0)] < —2log (1 — ;) 4 LTNROT (g ) 4 LA (m ). (4.95)

Now, let n < 1/2, then {5 >0 — A > w + A and thus LY M0 (m n) = L2(m,n). Use the
fact that £*(m,n) < L%+ (m,n), there exists constant Cs = C3(8) > 0 such that

[,A(m, n) + Lw+)\,w(m,n) < LQ’QH‘(m,n) _ Lw’wH‘(m,n)

A3o?

g()\M+ )— l/\MnL(;((Q—w)g—(Q—w—/\)?’)}+Cg(m+n))\4

, (4.96)

<o? [—)\(9 —w)® + N0 — w)} + C3(m +n)A* < —%)\(9 —w)? + C3(m + n)\*
< — Cy(m+n)n(0 —w)>.

1/3 and for n small enough. Let 7 small

Last inequality holds since the order of ¢ is (m + n)
enough (e.g. n < 1/(2p) in LG and IB or n < 1/(2€) in gamma and beta models) such that
—log(1—XA/2) < A. Combine with the above upper bound estimation, let n = 179 = 19(5) > 0

that satisfies all the above requirements of 7, we have

2log E [Q"(Exit > 0)] < 2\ — Cy(m + n)no(0 — w)* <o [2(1V €) = Ca(m + n) (0 — w)* .
(4.97)
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Finally, let (0 — w)3(m +n) > C = C(§) > 0 such that 2(u V &) — Cy(m + n)(0 — w)? <
—Cy(m+n)(0 —w)?/2. This finishes the proof for w > ¢/2. When 0 < w < €/2, notice that
0 —w < pVE, by the monotonicity of Q%

log E [Q" (Exit > 0)] < log F [Q# (Exit > 0)]
. . (4.98)

< —clm+ o~ 5 <~ (5) o Em o)’

the desired inequality still holds after adjusting ¢ by a constant factor that depends only on
J.

The vertical first step exit time upper bound uses the similar proof. Under LG and IB,
consider w < p — €/2 first. Under the s-w and beta model, there is no need to separate the

range of w because the Taylor expansion estimation for 7*(m, n) holds for all ¢ € (¢,00). [
Lemma 4.4.9 (lower bound multi-para model). Let (m,n) € Zsg, w,z € (0,u) or
(0,00), depending on different models. X\ > 0 such that A > z —w. Then

log £ [(2"(m,n))"] > £>"*(m,n). (4.99)

Proof. First consider the case when A < min{y—w, z} in LG and IB or just A < z in gamma
and beta model, by the monotonicity of Z** and Lemma 4.4.1 for LG and the analogue

lemmas for all other models, we have

log £ {(Z”’Z(m,n))k} > max{log F {(Z”’w“(m,n))k] Jlog E [(ZZ_A’Z(m,n))A]}
= max{L“""(m,n), L*"*(m,n)} (4.100)

> max{ﬁ)\,w,hor (m’ n)’ £A,z,ver(m’ n)} — L:)\,w,z(,rn7 n)

When A > min{u —w, z} or A > z, it’s easy to see the left hand side is infinity, which makes

the inequality trivial. O
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Define the truncated multi-parameter model as follows,

b k+1
Zw,k,hor Z [ W(i,0),(i, 1)Z(1 1)(m n)} = [(1,0) Z(ULO) (m, n) — H 1(170)2&4_1,0) (m7 TL)
P i=1
l l I+1
2540 (. ) Z[ w1 2y (m, n)] = Jo)Zjp,n(mn) = T Loy Zio 1) (msn)
=1 =

Zw,z,k,l<m7n) — Zw,k,hor(m’ TL) + Zz,l,ver(m’ n)
(4.101)

Lemma 4.4.10 (lower bound truncated m-p model). Fiz 6 > 0, There exist positive

constants Cy = Cp(0) > 1, co = ¢o(0) < 1, Ko = Ko(0), and Ny = No(9) such that

log E {(Zw’z’k’l(m, n))A} > £ (m,n) — log3 (4.102)

whenever (m,n) € Ss NZ%y,, A € [Co(m +n)"3 ¢], w = ¢ (m,n), z = (F(m,n), and

E<m, | <n with

NI

min{k, [} > Ko(m—l—n) )z max{1, \>(m +n)z}. (4.103)

Proof. Set Cy = Cy(5), co = co(9) < 1, Koy = Ko(0), and Ny = Ny(0) to be determined later.
Let (m,n) € SsNZ2y,, A € [Co(m +n)~'3 ], w = ((m,n), z = (F(m,n). Ny large

enough to make sure the preceding intervals are non-empty. Define
Ryna = Ko(m +n)2A"7 max{1,\2(m +n)2}, (4.104)

and consider k,l € [Rynx 2Rmnn]. Let ¢g = (0, Ko) small enough, Ny = Ny(9, Co, Ko)
large enough such that both (m — k,n), (m,n — 1) are in Ss/,.
Notice that

k+1 I+1
Z*(m,n) = 2" (m,n) + ] 16.0)Z{s1,0)(msm) + T J0.)Z(0.41) (M, 1), (4.105)
i=1 j=1
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together with Lemma 4.4.9, Lemma 4.4.2 for l-g model and analogue lemmas for other three

models, recall A < ¢y < 1 we have

E)\,w,z(m’ TL) < log 3+ maX{lOg E l:(Zw,Z,k,l(m’ n)))\:| 7

klog E[I*] +log E

(f(k+1,0) Zy1,0) (M, n))k} ,Uog B[J*] +log E [(J(O,l+1)Z{ZO,l+1)(m7 ”))A} }
< max {log E [(Z“”z’k’l(m, n))A]  klog E[IM + LM (m — k,n), llog E[J*] + L (m,n — l)}
+ log 3.
(4.106)

Next step is to show both klog E[I*]|+ LMo (m —k, n) and [ log E[JA + LMY (m, n—1)
are less than £4%#(m,n) —log 3 for big enough k&, and small enough \. To check this, first
notice that if w = ¢, (m,n) and z = ¢ (m,n), then L>*(m,n) = L*(m,n) = L¥*(m,n),
and L“*(m,n)—klog E[I*] = L*(m—k,n) as well as L*?(m,n)—llog E[J*] = L*?(m,n—
l).

In order to get LYo (m —k,n) = LN(m — k,n), we need w = (; (m,n) < ¢ (m—k,n).
For all the four models ,there is a momotonicity for § with different parameters (m,n), that
is

O(m — k,n) > 0(m,n) > 0(m,n —1) (4.107)

as long as k,l > 0. This can be easily seen in the proof of the uniqueness of 6, that ¢ is
a decreasing function (This does not include the case in BII, but as we mentioned at the
beginning, BII is just a coordinate system-flip BI, hence we don’t consider it here).

Moreover, by Lemma 4.4.6, for A small enough (cy = ¢o(d) small enough), (i € [#—\/2—
C1A\%,0 — \/2 + C1)?]. Thus, to reach our goal, we need 6(m — k,n) — 6(m,n) > 2C1\%. By
Lemma 4.4.5, we need

> c\? (4.108)

m-+n

for some ¢ = ¢(d) > 0. This can be satisfied by letting A < ¢g = ¢o(0, K) small enough since
Ronn/(m+n) > Kg\3/2.
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Write § = 8(m,n), § = 6(m — k,n), and & = o(m — k,n). The last step is to check
LYm —k,n) — L"*(m — k,n) < —log3. (4.109)

In order to control w — @ and z — 6, by Lemma 4.4.5 again, there exists C' = C(d) > 0, as

long as

k
m-+n

< O, (4.110)

then § — 0 < X\ and thus max{|w — f],|z — 0]} < 2\. (4.110) can be satisfied as long as

Co = Cy(9, Ky) large enough and ¢y = ¢o(d, K) small enough since

2K0 1 _3 1
—_— — 2K 2t < 2K,C, %2 2K ¢ 4111
CETN S (m+n)%)\%, 0A2 } < max{2K,Cy *, 2Kocg } ( )

By Lemmas 4.2.5, 4.4.5, 4.4.6, and 4.4.7, we have

LMNm — k,n) — L“*(m — k,n)

- 0-w) s 02+ catm

53 | A3 _ AN /- A\
<7 . — — _ —
_3[4 (9 9+2>+<9 6 2)

= —&MN0 — 0)* + C3(m +n)\*
k2N
m+n

+ Cs(m +n)A?! (4.112)

<—-Cy

+ C3(m +n)A* < —2’4[(3

for some positive constants Cy = Cy(d), C3 = C5(5), Cy = Cy4(d). The last inequality holds
since if A < (m +n)~Y4 then let Ky = Ky(6) large enough, —CyKZ + C3 < —C,K2/2. If
A > (m+n)"Y/4, then

52
m+n

O4K?
—Cy + Cs(m + n)X' < [CuKG + Cs] (m+n)A* < — 42 0 (4.113)
for Ky = Ky(0) large enough and Cy > 1. Finally, let K,(d) large enough such that byK? >
log 3, which will finish our proof under the case k,l € [Rynx, 2Rmn ). When k,1 > 2R, , z,

by the monotonicity of Z**! (4.102) still holds. O
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Now we turn to prove Theorem 4.3.4. First, let Cy, co, Ko, Ng be constants that are
determined in Lemma 4.4.10, their values will be adjusted later in the proof. Introduce
parameter ¢ € [1,2] that will be determined later. Pick (m,n) € S; N Z%y, and X €
[Co(m +n)~"3q, coq]. Let Ay = /g, abbreviate (~ = (5, (m,n), ¢* = ¢ (m,n) and

k = [Ko(m +n) 2y ? max{1, \2(m + n)#}]. (4.114)

In the proof of Lemma 4.4.10, k is such a integer that both (m — k,n) and (m,n — k) are in

Ss/2. By the same lemma, we have

LY (m,n) —log3 <log [(ZC’C+’k’k(m, n))/\q]

< max{log £ {(Zc’k’hor(m,n))kq} Jog F {(Zﬁ’k’”er(m, n))/\q]} + log 2.
(4.115)

The last inequality holds since \; < ¢y < 1. Due to symmetry, we can assume that
_ A
log £ {(ZC ’k’hor(m,n)> } > LY (m,n) — log 6 (4.116)

holds.
Next step is to estimate the ratio between Z¢ *h"(m n) and Z(m,n). Introduce
increment-stationary model Z?(m,n) where z = § — R\,, R = R(d) > 1 to be determined

below. Couple this model with ST model Z¢™ (m,n) as follows. For (i,j) € N2 (s
Zyy(mon) = Zgp(m,n) = Z py(m+1—in+1-j). (4.117)

i.e. couple all the bulk weights inside the first quadrant in the way wl = Wint1,n41)—e-
Moreover, the boundary weights in Z7 is independent of the ones in SI model Z¢ . Decrease

co = ¢o(R) if necessary to make sure z € (0,6). Define the event

Ez = {1(170)Z(Zl’0)<m7n) S J(()’l)Z(ZO’l)(m, TL)} (4118)
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Then let Cy = Cy(R) large enough to apply Lemma 4.4.8, we have

P(Eg) = P ([(170)Z(2170)(m,n) > J([)’l)Z(ZOJ)(m,n))

1
_p (QZ(Exit > 0) > 2) < 2B [Q*(Exit > 0)] < 2exp{—c(m +n)(0 — 2)*}.
(4.119)
With the event E, defined above, simply separate the LHS in (4.116) into two parts,

£2(m,n) —log 12 < max{log I [1Ez (2¢ e (m, n))ﬂ Jog E {1@ (7€ H0or(m, n))ﬂ ).
(4.120)
We will prove, under the event E., Z¢ 5" (m n) and Z(m,n) are close to each other.

While under the event EY,
log E {1E§ (Zcf’k”wr(m, n))/\q] < L*(m,n) —log12. (4.121)

To check (4.121), apply Holder’s inequality with p = 1 + R™3, together with Lemma 4.4.1
and 4.4.2

_ Ag 1 — PAg —1 c
log B [1E§ (Z< ”“’h‘”"(mm)) ] < —logE [(—7(1,0)251,0)(7”7”)) } +pp log P(EY)

P
1 - 1
< S LPACR (mm) — Zc(m 4 n)A] (4.122)
p p
1 - 1
= —L¢ ¢ PN (m,n) — Zc(m + )AL
p p

The last equation holds since Cp_Aq <( N = (™. Apply Taylor expansion estimation on L by

taking co = ¢o(d) small enough, together with Lemma 4.4.6, we have

- p 1 1
log £ {1E§ <ZC ’k"h‘”(m,n))A } < LSS PAa(mon) — —c(m + n)/\g
D p
o? _ _ 1
<A\ M + 3 [(9 — (P —-(0-C¢ - p)\q)?’} + C1p’Xy(m +n) — Ec(m +n)A;
(4.123)
AP VD W

1
+—L@2p—1)(p—1) + CoXg(m + n) — —c(m + n)A2

< A\ M
_q+12 6 P

1
< LY(myn) + agR 73N (m +n) + Cahg(m+n) — §C(m +n)Ag.

97



Let R = R(9) large enough, then A\, < ¢y = ¢o(d, R) small enough, and Cy = Cp(9) large

enough, we have

_ q 1
log 2 1 (24 (m,m)) ™| < £29(m,m) = Celm + )X

° (4.124)
< LY(m,n) — gcC’S’ < LY (m,n) —log12,

which finishes the proof of (4.121).
The last step of the proof is to bound Z¢ %" (m, n)/Z(m,n) under the event E.. To

this end, notice that the following inequalities hold,

767 k;hor Z¢ (i, 0)wg0)6,1) Zg,1) (M, n)
Z(1,1) (m,n)

Z(Zm)(m +1-1in)

I
1~

H
Il
—

Z(Ll) <m7 n)

C_ (17 O)W(LO)(i,l)

Il
N

H
I
—

Z% (myn)
e , (4.125)

Zio1)(m;n)
k Zoo(m+1—1in)

<23 Z° (1,0)wi0)6.1) .
; Z(O,O) (m’ TL)

Z¢ (i, 0)wi0).1)

IN

Il
—

1

The second line is by the coupling of Z¢ and Z7, the third line is by “crossing lemma”

Lemma 4.4.11 (Crossing lemma for the positive temperature model). Let Z(m,n)
be the partition function of any positive temperature model(i.e. Z"*(m,n) is also allowed).
For any 4 integer points in the first quadrant vy, ve, v3, v4, as long as if we run the loop
V1 — Vg — U3 — Uy — V1, the loop does not intersect with itself and form a quadrilateral,

the following inequality holds.
Zp, (03) Zy (04) < Zy, (02) Zyg (04). (4.126)

The last inequality of (4.125) holds since in the event E., 2J(0,1)Z{ 1y(m,n) > Z(m,n).
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From (4.125), recall Z* is the partition function of a stationary- increment model, for

1 <i < m, define

M; = log Z(Cljo)(i,O)—(i E {logl(c )}%—log Z*(m+1—i,n)—log Z*(m,n)+(i—1)E [logl(z}

(4.127)
where 1¢¢7) and I® means the horizontal boundary weights in Z¢ and ZZ, respectively.
Then

AREL —y maxi<i<k Mit+k E[logl(@]_E[logI(C*)} k
7o S2iee W(i,0)(i,1) - 4.128
Zaay(m,n) = 700 2,606 ( )

Moreover, ]((0 3 , log Z 1y (m, n) + maxy<i<p M;, and wo)i,1) are independent of each other

(this is due to the coupling we construct). Combine (4.120), (4.121), and (4.128), recall

A¢ < A <1 then apply Jensen’s inequality, we have

A
LY (m,n) —log12 <log E {(Z(Ll)(m, n)) el max1<l<’“M} + log 2

flog 1¢9] — 2 [log 1€ ‘ +log B {([(cw)ﬂ (4.129)

Aq
+ 10g k+ log E |:(W(170)(171)) :| .

The terms Ak

E {log](Z)} —F [log[ )+logE [([(C ) ] +logE {( W10 )(1,1)))\1 can be
bounded by AgkR\,* for some Ay = Ay(d) large enough and ¢y = co(d) small enough such
that [(~ — 6| < A;. One can check with explicit distribution functions of all those weights
in all four models to see it is true. Using mean value theorem the first term is bounded by
AoAk|¢C™ — z|. The last two terms are of order \,, but with £\, >> 1 they can also be
bounded of order k\?.

By the definition of k it’s easy to check k)\g >> (m + n)P for some p > 0. Thus, let
No = No(co, Co, R, 0) large enough, logk < AgkRA?. Finally, with all the bounds we get,
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apply Holder’s inequality to the first term on the RHS in (4.129), together with simple

inequality Z 1y(m,n) < Z(m,n), we have

—1 i
logE eﬁmaxlgingl . (4130)

L2(m,n) — Ag(1 + kRA2) < ;logE [(Z(m,n))*] + q

Using Lemma 4.4.12 which is an estimate of the right tail of the maximum of a martingale
which will be shown at the very end of the proof, there exist by = by(d) and By = By(d) such
that

BokA2 BgkA2

Bok3\ Eow?
0 21 e@1? < Byel1? (4.131)

A ]
E eﬁ maxlSiSk J\Jl S BO +

provided that A\/(q — 1) < by. We will show later in this page with our choice of ¢, this
inequality will be satisfied. The last inequality holds after increase By and let Ny = Ny(co, 9)
large enough.

Combine the above two inequalities together, and apply Lemma 4.4.7,

~log E [(Z(m,n))*| = LY (m,n) — Ag(1 + kRA2) —
q qg—1
5 3 (4.132)
oM+ 207y (M(m +n) + 1+ kRX?) Bok X"
=7 12 0 qg—1

after replacing kRA2 by kRA? since A, < A < 2), and adjusting Ay = Ag(0). Multiply both
sides by ¢ € (1,2], apply Lemma 4.4.7 again with parameter A\, and use the choice of k to

obtain

qi\l + (g — 1))\3(m—|—n)]

log ¥ [(Z(m, n))’\} — LYm,n) > =Dy [N (m+n) +1+

A2 (m +n)?

>— Do [M(m+n)+1+(g—DN(m+n)+ max{l,)\g(ern)%}

(4.133)
for some constant Dy = Dy (0, Ag, By, Ko, R) > 0.

Now choose the value of ¢ and check it indeed satisfies our previous conditions. Let

3

g=1+X"1(m+n)"7max{l, A(m +n)i}, (4.134)
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=3/ (qeo)Y*} will guarantee ¢ < 2

then ¢ > 1 is obvious. Moreover, ¢ < 1 + max{(Cp)
once Oy large enough and ¢, small enough. After we 've checked ¢ € (1,2), ¢ > 14+ A4 >
1+ A(2¢o)~%* will let A/(q—1) < bg hold by choosing ¢y = ¢o(8) small enough. Thus (4.134)
gives an admissible value of ¢ that we use throughout the proof.

Back to (4.133), with the value of ¢ we choose, the last two terms inside the bracket on

the last line are equal, with lower bounds
AT (m 4 n)3 max{1L, A(m+n)i} > A7 (m+n) > X(m+n) (4.135)

provided ¢y < 1 and

AT (m 4 n)T max{1, A(m +n)i} > (Co)i > 1 (4.136)
provided Cj > 1. Hence,
log E [(Z(m,n))*| = £2(m,n) > —4DoA (m + n)7 max{1, A(m +n)7} (4.137)

for A € [2Co(m + n)~'/3 ¢y]. The equivalent statement in the theorem holds since (4.133)
still holds if we replace £(m,n) by AM + M\303/12 and adjusting Dy by applying Lemma
4.4.7.

The lemma that we mentioned above without clarify is

Lemma 4.4.12. Let n > 0 and {X;}]", be a collection of i.i.d. random variables with tail
distribution P(|X;| > x) < Ce™® for some positive constants C, I and for all x > 0. Define
My =0 and

M= [X - B(X) (4.139)

i=1

for 0 < k <mn. Then the following inequalities holds for some ¢ = ¢(C,I) > 0.

P (max M, > ;1:) < ecrmin{7,1} (4.139)

0<k<n
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forx >0 and

n2 A
E [ermesosien Mi] <1 4 ) [Hetie 4 Do (4.140)
c c—A
for 0 <\ <e.

Proof. Let \ < I, since the tail distribution of X; is bounded of order e/, then E[e*] is
finite as well as E[X]"] for all m > 1. Therefore,

E [e’\Mk} = [E(e’\Xl)]ke_kE[Xﬂ < 00. (4.141)

The sequence {e**}o ;. is a submartingale. Applying Doob’s maximal inequality leads
to
P <max M, > :1:) <K {e’\M’“} e

0<k<n

(4.142)
= exp{n [log E[e™'] = AE[X4]| — Ax}.

Consider log E[e*1] as a function of A, then use Taylor expansion up to the second order,

there exists A = A(C,I) > 0 such that for 0 < A <A

< Var(X;) + 1)\2‘

log B[e™] — AE[X,] < 5 (4.143)
Hence, write V = Var(X;) < oo,
1
P (01<n]?<x M, > x) < e:x:p{w/\2 — Az} (4.144)

given A < min{A, I/2}. Let A = min{A, /2, z/(nV + n)}, then there exists ¢ = ¢(C,I) > 0
such that

xl x?

1
P(max M, > 93) < —§min{Aa:, 5 ,m

0<k<n

} < —cmin{%, 1}, (4.145)

The last inequality needs V' < E[X?] < 2C/I? that can be checked by the tails bound of X.

(4.140) can be checked simply by taking integral of (4.139) from = = 0 to oo (since
My = 0, for z < 0 the probability is always equal to 1, that’s the reason why a 1 appears in
(4.140)). O

102



REFERENCES

[1] Y. Xie, “Functional weak limit of random walks in cooling random environment,” FElec-
tron. Commun. Probab., vol. 25, Paper No. 86, 14, 2020. DOI: 10.3390/mca25010013. [Online].
Available: https://doi-org.ezproxy.lib.purdue.edu/10.3390 /mca25010013.

[2] O. Menezes, J. Peterson, and Y. Xie, “Variable speed symmetric random walk driven
by the simple symmetric exclusion process,” Electron. J. Probab., vol. 27, Paper No. 6, 14,
2022. poI: 10.1214/21-€jp735. [Online]. Available: https://doi-org.ezproxy.lib.purdue.edu/
10.1214/21-cip735.

[3] F. Solomon, “Random walks in a random environment,” Ann. Probability, vol. 3, pp. 1-
31, 1975, 1sSN: 0091-1798. pOI: 10.1214 /aop /1176996444, [Online]. Available: https://doi.
org/10.1214/aop/1176996444.

[4] H. Kesten, M. V. Kozlov, and F. Spitzer, “A limit law for random walk in a random
environment,” Compositio Math., vol. 30, pp. 145-168, 1975, 1SSN: 0010-437X.

[5] H. Kesten, “The limit distribution of Sinai’s random walk in random environment,”
Phys. A, vol. 138, no. 1-2, pp. 299-309, 1986, 1SSN: 0378-4371. DOI: 10.1016/0378-4371(86)
90186-X. [Online]. Available: https://doi.org/10.1016,/0378-4371(86)90186-X.

[6] Y. G. Sinati, “The limit behavior of a one-dimensional random walk in a random environ-
ment,” Teor. Veroyatnost. i Primenen., vol. 27, no. 2, pp. 247-258, 1982, 1SSN: 0040-361X.

[7] O. Zeitouni, “Random walks in random environment,” in Lectures on probability theory
and statistics, ser. Lecture Notes in Math. Vol. 1837, Springer, Berlin, 2004, pp. 189-312.
DOIL: 10.1007/978-3-540-39874-5_ 2. [Online]. Available: https://doi.org/10.1007/978-3-540-
39874-5_ 2.

[8] L. Avena, F. den Hollander, and F. Redig, “Law of large numbers for a class of random
walks in dynamic random environments,” Flectron. J. Probab., vol. 16, no. 21, 587-617, 2011.
DOI: 10.1214/EJP.v16-866. [Online]. Available: https://doi.org/10.1214/EJP.v16-866.

[9] O. Blondel, M. R. Hilario, and A. Teixeira, “Random walks on dynamical random envi-
ronments with nonuniform mixing,” Ann. Probab., vol. 48, no. 4, pp. 2014-2051, Jul. 2020.
DOL: 10.1214/19-A0P1414. [Online|. Available: https://doi.org/10.1214/19-A0P1414.

[10] F. den Hollander and R. S. dos Santos, “Scaling of a random walk on a supercritical
contact process,” Ann. Inst. Henri Poincaré Probab. Stat., vol. 50, no. 4, pp. 1276-1300, 2014,
1SSN: 0246-0203. DOI: 10.1214/13-ATHP561. [Online|. Available: https://doi.org/10.1214/13-
ATHP561.

103


https://doi.org/10.3390/mca25010013
https://doi-org.ezproxy.lib.purdue.edu/10.3390/mca25010013
https://doi.org/10.1214/21-ejp735
https://doi-org.ezproxy.lib.purdue.edu/10.1214/21-ejp735
https://doi-org.ezproxy.lib.purdue.edu/10.1214/21-ejp735
https://doi.org/10.1214/aop/1176996444
https://doi.org/10.1214/aop/1176996444
https://doi.org/10.1214/aop/1176996444
https://doi.org/10.1016/0378-4371(86)90186-X
https://doi.org/10.1016/0378-4371(86)90186-X
https://doi.org/10.1016/0378-4371(86)90186-X
https://doi.org/10.1007/978-3-540-39874-5_2
https://doi.org/10.1007/978-3-540-39874-5_2
https://doi.org/10.1007/978-3-540-39874-5_2
https://doi.org/10.1214/EJP.v16-866
https://doi.org/10.1214/EJP.v16-866
https://doi.org/10.1214/19-AOP1414
https://doi.org/10.1214/19-AOP1414
https://doi.org/10.1214/13-AIHP561
https://doi.org/10.1214/13-AIHP561
https://doi.org/10.1214/13-AIHP561

[11] F. den Hollander, H. Kesten, and V. Sidoravicius, “Random walk in a high density
dynamic random environment,” Indag. Math. (N.S.), vol. 25, no. 4, pp. 785-799, 2014, 1SSN:
0019-3577. por: 10.1016/j.indag.2014.04.010. [Online]. Available: https://doi.org/10.1016/j.
indag.2014.04.010.

[12] M. R. Hilario, F. den Hollander, R. S. dos Santos, V. Sidoravicius, and A. Teixeira,
“Random walk on random walks,” Electron. J. Probab., vol. 20, no. 95, 35, 2015. po1: 10.
1214/EJP .v20-4437. [Online|. Available: https://doi.org/10.1214/EJP.v20-4437.

[13] L. Avena and P. Thomann, “Continuity and anomalous fluctuations in random walks
in dynamic random environments: Numerics, phase diagrams and conjectures,” Journal of
Statistical Physics, vol. 147, no. 6, pp. 1041-1067, 2012.

[14] L. Avena, R. S. dos Santos, and F. Véllering, “Transient random walk in symmetric
exclusion: Limit theorems and an Einstein relation,” ALEA Lat. Am. J. Probab. Math. Stat.,
vol. 10, no. 2, pp. 693-709, 2013.

[15] M. R. Hilario, D. Kious, and A. Teixeira, “Random Walk on the Simple Symmetric
Exclusion Process,” Comm. Math. Phys., vol. 379, no. 1, pp. 61-101, 2020, 1ssSN: 0010-3616.
DOI: 10.1007/s00220-020-03833-x. [Online|. Available: https://doi.org/10.1007/s00220-020-
03833-x.

[16] F. Huveneers and F. Simenhaus, “Random walk driven by the simple exclusion process,”
FElectron. J. Probab., vol. 20, no. 105, 42, 2015. por: 10.1214 /EJP .v20-3906. [Online].
Available: https://doi.org/10.1214/EJP .v20-3906.

[17] L. Avena and F. d. Hollander, “Random walks in cooling random environments,” in
Sojourns in Probability Theory and Statistical Physics - 111, V. Sidoravicius, Ed., Singapore:
Springer Singapore, 2019, pp. 2342, 1SBN: 978-981-15-0302-3.

[18] L. Avena, Y. Chino, C. da Costa, and F. den Hollander, “Random walk in cooling
random environment: Ergodic limits and concentration inequalities,” FElectron. J. Probab.,
vol. 24, Paper No. 38, 35, 2019. por: 10.1214/19-EJP296. [Online]. Available: https://doi.
org/10.1214/19-EJP296.

[19] L. Avena, Y. Chino, C. da Costa, and F. d. Hollander, Random walk in cooling random
environment: Recurrence versus transience and mized fluctuations, 2019.

[20] L. Avena, C. da Costa, and J. Peterson, “Gaussian, stable, tempered stable and mixed

limit laws for random walks in cooling random environments,” arXiv preprint arXiv:2108.08396,
2021.

104


https://doi.org/10.1016/j.indag.2014.04.010
https://doi.org/10.1016/j.indag.2014.04.010
https://doi.org/10.1016/j.indag.2014.04.010
https://doi.org/10.1214/EJP.v20-4437
https://doi.org/10.1214/EJP.v20-4437
https://doi.org/10.1214/EJP.v20-4437
https://doi.org/10.1007/s00220-020-03833-x
https://doi.org/10.1007/s00220-020-03833-x
https://doi.org/10.1007/s00220-020-03833-x
https://doi.org/10.1214/EJP.v20-3906
https://doi.org/10.1214/EJP.v20-3906
https://doi.org/10.1214/19-EJP296
https://doi.org/10.1214/19-EJP296
https://doi.org/10.1214/19-EJP296

[21] R. S. dos Santos, “Non-trivial linear bounds for a random walk driven by a simple
symmetric exclusion process,” Electron. J. Probab., vol. 19, no. 49, 18, 2014. por: 10.1214/
ejp-v19-3159. [Online]. Available: https://doi.org/10.1214/ejp.v19-3159.

[22] L. Avena, F. den Hollander, and F. Redig, “Large deviation principle for one-dimensional
random walk in dynamic random environment: Attractive spin-flips and simple symmetric
exclusion,” Markov Process. Related Fields, vol. 16, no. 1, pp. 139-168, 2010, 1SSN: 1024-2953.

[23] M. Jara and O. Menezes, “Symmetric exclusion as a random environment: Invariance
principle,” Ann. Probab., vol. 48, no. 6, pp. 3124-3149, 2020, 1SSN: 0091-1798. por: 10.1214/
20-AOP1466. [Online|. Available: https://doi.org/10.1214/20-A0P1466.

[24] M. Gopalakrishnan, “Dynamics of a passive sliding particle on a randomly fluctuating
surface,” Physical Review FE, vol. 69, no. 1, p. 011105, 2004.

[25] F. Huveneers, “Response to a small external force and fluctuations of a passive particle
in a one-dimensional diffusive environment,” Physical Review FE, vol. 97, no. 4, p. 042116,
2018.

[26] F. Huveneers and F. Simenhaus, “Evolution of a passive particle in a one-dimensional
diffusive environment,” arXiw preprint arXiv:2012.08394, 2020.

[27] J.-D. Deuschel, X. Guo, and A. F. Ramirez, “Quenched invariance principle for random
walk in time-dependent balanced random environment,” Ann. Inst. Henri Poincaré Probab.
Stat., vol. 54, no. 1, pp. 363-384, 2018, 1SSN: 0246-0203. pOI: 10.1214/16-AIHP807. [Online].
Available: https://doi.org/10.1214/16-ATHP807.

28] G. F. Lawler, “Weak convergence of a random walk in a random environment,” Comm.
Math. Phys., vol. 87, no. 1, pp. 81-87, 1982/83, 1ssN: 0010-3616. [Online]. Available: http:
//projecteuclid.org/euclid.cmp/1103921905.

[29] X. Guo and O. Zeitouni, “Quenched invariance principle for random walks in balanced
random environment,” Probab. Theory Related Fields, vol. 152, no. 1-2, pp. 207-230, 2012,
1SSN: 0178-8051. por: 10.1007/s00440-010-0320-9. [Online]. Available: https://doi.org/10.
1007/s00440-010-0320-9.

[30] N. Berger and J.-D. Deuschel, “A quenched invariance principle for non-elliptic random
walk in i.i.d. balanced random environment,” Probab. Theory Related Fields, vol. 158, no. 1-
2, pp. 91-126, 2014, 1ssN: 0178-8051. pOT: 10.1007 /s00440-012-0478-4. [Online]. Available:
https://doi.org/10.1007/s00440-012-0478-4.

105


https://doi.org/10.1214/ejp.v19-3159
https://doi.org/10.1214/ejp.v19-3159
https://doi.org/10.1214/ejp.v19-3159
https://doi.org/10.1214/20-AOP1466
https://doi.org/10.1214/20-AOP1466
https://doi.org/10.1214/20-AOP1466
https://doi.org/10.1214/16-AIHP807
https://doi.org/10.1214/16-AIHP807
http://projecteuclid.org/euclid.cmp/1103921905
http://projecteuclid.org/euclid.cmp/1103921905
https://doi.org/10.1007/s00440-010-0320-9
https://doi.org/10.1007/s00440-010-0320-9
https://doi.org/10.1007/s00440-010-0320-9
https://doi.org/10.1007/s00440-012-0478-4
https://doi.org/10.1007/s00440-012-0478-4

[31] C. Kipnis and S. R. S. Varadhan, “Central limit theorem for additive functionals of
reversible Markov processes and applications to simple exclusions,” Comm. Math. Phys.,
vol. 104, no. 1, pp. 1-19, 1986, 1ssN: 0010-3616. [Online]. Available: http:/ /projecteuclid.
org/euclid.cmp/1104114929.

[32] L. Avena, “Symmetric exclusion as a model of non-elliptic dynamical random conduc-
tances,” Electron. Commun. Probab., vol. 17, no. 44, 8, 2012. por: 10.1214 /ECP.v17-2081.
[Online]. Available: https://doi.org/10.1214/ECP.v17-2081.

[33] G. Kozma and B. Téth, “Central limit theorem for random walks in doubly stochastic
random environment: H_4 suffices,” Ann. Probab., vol. 45, no. 6B, pp. 4307-4347, 2017, 1SSN:
0091-1798. por: 10.1214 /16- AOP1166. [Online]. Available: https://doi.org/10.1214 /16-
AOP1166.

[34] F. Rassoul-Agha and T. Seppéldinen, “An almost sure invariance principle for random
walks in a space-time random environment,” Probab. Theory Related Fields, vol. 133, no. 3,
pp. 299-314, 2005, 1sSN: 0178-8051. DOI: 10.1007 /$00440-004-0424-1. [Online|. Available:
https://doi.org/10.1007/s00440-004-0424-1.

[35] D. A. Huse and C. L. Henley, “Pinning and roughening of domain walls in ising systems
due to random impurities,” Physical review letters, vol. 54, no. 25, p. 2708, 1985.

[36] J. Z. Imbrie and T. Spencer, “Diffusion of directed polymers in a random environment,”
Journal of statistical Physics, vol. 52, no. 3, pp. 609-626, 1988.

[37] I. Corwin, “The Kardar-Parisi-Zhang equation and universality class,” Random Ma-
trices Theory Appl., vol. 1, no. 1, pp. 1130001, 76, 2012, 1SSN: 2010-3263. por: 10.1142/
S2010326311300014. [Online]. Available: https://doi-org.ezproxy.lib.purdue.edu/10.1142/
S52010326311300014.

[38] I. Corwin, “Kardar-Parisi-Zhang universality [reprint of MR3445162],” Fur. Math. Soc.
Newsl., no. 101, pp. 19-27, 2016, 1SSN: 1027-488X. por: 10.4171 /news /101 /6. [Online].
Available: https://doi-org.ezproxy.lib.purdue.edu/10.4171 /news/101/6.

[39] J. Quastel and H. Spohn, “The one-dimensional KPZ equation and its universality
class,” J. Stat. Phys., vol. 160, no. 4, pp. 965-984, 2015, 1ssN: 0022-4715. por: 10.1007/
$10955-015-1250-9. [Online|. Available: https://doi-org.ezproxy.lib.purdue.edu/10.1007/
$10955-015-1250-9.

[40] H. Spohn, “The 1 + 1 dimensional Kardar-Parisi-Zhang equation: More surprises,” J.

Stat. Mech. Theory Exp., no. 4, pp. 044001, 17, 2020. pOI: 10.1088 /1742-5468 /ab712a.
[Online]. Available: https://doi-org.czproxy.lib.purduc.cdu/10.1088 /1742-5468 /ab712a.

106


http://projecteuclid.org/euclid.cmp/1104114929
http://projecteuclid.org/euclid.cmp/1104114929
https://doi.org/10.1214/ECP.v17-2081
https://doi.org/10.1214/ECP.v17-2081
https://doi.org/10.1214/16-AOP1166
https://doi.org/10.1214/16-AOP1166
https://doi.org/10.1214/16-AOP1166
https://doi.org/10.1007/s00440-004-0424-1
https://doi.org/10.1007/s00440-004-0424-1
https://doi.org/10.1142/S2010326311300014
https://doi.org/10.1142/S2010326311300014
https://doi-org.ezproxy.lib.purdue.edu/10.1142/S2010326311300014
https://doi-org.ezproxy.lib.purdue.edu/10.1142/S2010326311300014
https://doi.org/10.4171/news/101/6
https://doi-org.ezproxy.lib.purdue.edu/10.4171/news/101/6
https://doi.org/10.1007/s10955-015-1250-9
https://doi.org/10.1007/s10955-015-1250-9
https://doi-org.ezproxy.lib.purdue.edu/10.1007/s10955-015-1250-9
https://doi-org.ezproxy.lib.purdue.edu/10.1007/s10955-015-1250-9
https://doi.org/10.1088/1742-5468/ab712a
https://doi-org.ezproxy.lib.purdue.edu/10.1088/1742-5468/ab712a

[41] E. Emrah, C. Janjigian, and T. Seppéldinen, “Right-tail moderate deviations in the
exponential last-passage percolation,” arXiv preprint arXiv:2004.04285, 2020.

[42] T. Seppéléinen, “Scaling for a one-dimensional directed polymer with boundary con-
ditions,” Ann. Probab., vol. 40, no. 1, pp. 19-73, 2012, 1ssN: 0091-1798. por: 10.1214/10-
AQOP617. [Online]. Available: http://dx.doi.org.ezproxy.library.wisc.edu/10.1214 /10-
AOPG617.

[43] I. Corwin, T. Seppéldinen, and H. Shen, “The strict-weak lattice polymer,” J. Stat.
Phys., vol. 160, no. 4, pp. 1027-1053, 2015, 18$N: 0022-4715. DOT: 10.1007/s10955-015-1267-0.
[Online]. Available: http://dx.doi.org.ezproxy.library.wisc.edu/10.1007 /s10955-015-1267-0.

[44] N. O’Connell and J. Ortmann, “Tracy-Widom asymptotics for a random polymer model
with gamma-distributed weights,” FElectron. J. Probab., vol. 20, no. 25, 18, 2015. poOI: 10.
1214/EJP v20-3787. [Online]. Available: https://doi.org/10.1214 /EJP.v20-3787.

[45] G. Barraquand and I. Corwin, “Random-walk in beta-distributed random environment,”
Probab. Theory Related Fields, vol. 167, no. 3-4, pp. 1057-1116, 2017, 18SN: 0178-8051. DOTI:
10.1007/s00440-016-0699-z. [Online|. Available: https://doi.org/10.1007 /s00440-016-0699-z.

[46] T. Thiery and P. Le Doussal, “On integrable directed polymer models on the square
lattice,” J. Phys. A, vol. 48, no. 46, pp. 465001, 41, 2015, 1SSN: 1751-8113. DOI: 10.1088/1751-
8113/48/46,/465001. [Online]. Available: https://doi.org/10.1088/1751-8113/48/46 /465001.

[47] H. Chaumont and C. Noack, “Characterizing stationary 1+1 dimensional lattice polymer
models,” Electron. J. Probab., vol. 23, Paper No. 38, 19, 2018. por: 10.1214 /18-EJP163.
[Online]. Available: https://doi.org/10.1214/18-EJP163.

[48] W. A. Shewhart and S. S. Wilks, Wiley Series In Probability and Mathematical Statis-
ticS. Wiley, 1975.

[49] A. Fribergh, N. Gantert, and S. Popov, “On slowdown and speedup of transient random
walks in random environment,” Probab. Theory Related Fields, vol. 147, no. 1-2, pp. 43—
88, 2010, 1ssN: 0178-8051. por: 10.1007 /s00440-009-0201-2. [Online]. Available: https:
//doi.org/10.1007/s00440-009-0201-2.

[50] V. V. Petrov, Sums of independent random variables. Springer-Verlag, New York-Heidelberg,

1975, pp. x+346, Translated from the Russian by A. A. Brown, Ergebnisse der Mathematik
und ihrer Grenzgebiete, Band 82.

[51] P. Billingsley, Convergence of probability measures, Second, ser. Wiley Series in Proba-
bility and Statistics: Probability and Statistics. John Wiley & Sons, Inc., New York, 1999,

pp. x+277, A Wiley-Interscience Publication, 1SBN: 0-471-19745-9. po1: 10.1002/9780470316962.

[Online]. Available: https://doi-org.ezproxy.lib.purdue.edu/10.1002/9780470316962.

107


https://doi.org/10.1214/10-AOP617
https://doi.org/10.1214/10-AOP617
http://dx.doi.org.ezproxy.library.wisc.edu/10.1214/10-AOP617
http://dx.doi.org.ezproxy.library.wisc.edu/10.1214/10-AOP617
https://doi.org/10.1007/s10955-015-1267-0
http://dx.doi.org.ezproxy.library.wisc.edu/10.1007/s10955-015-1267-0
https://doi.org/10.1214/EJP.v20-3787
https://doi.org/10.1214/EJP.v20-3787
https://doi.org/10.1214/EJP.v20-3787
https://doi.org/10.1007/s00440-016-0699-z
https://doi.org/10.1007/s00440-016-0699-z
https://doi.org/10.1088/1751-8113/48/46/465001
https://doi.org/10.1088/1751-8113/48/46/465001
https://doi.org/10.1088/1751-8113/48/46/465001
https://doi.org/10.1214/18-EJP163
https://doi.org/10.1214/18-EJP163
https://doi.org/10.1007/s00440-009-0201-2
https://doi.org/10.1007/s00440-009-0201-2
https://doi.org/10.1007/s00440-009-0201-2
https://doi.org/10.1002/9780470316962
https://doi-org.ezproxy.lib.purdue.edu/10.1002/9780470316962

[52] R. Durrett, Probability—theory and examples, ser. Cambridge Series in Statistical and
Probabilistic Mathematics. Cambridge University Press, Cambridge, 2019, vol. 49, pp. xii+419,
Fifth edition of [ MR1068527], 1SBN: 978-1-108-47368-2. por: 10.1017/9781108591034. [On-
line]. Available: https://doi-org.ezproxy lib.purdue.edu/10.1017/9781108591034.

[53] F. Comets, N. Gantert, and O. Zeitouni, “Quenched, annealed and functional large
deviations for one-dimensional random walk in random environment,” Probability theory
and related fields, vol. 118, no. 1, pp. 65—-114, 2000.

[54] D. Buraczewski and P. Dyszewski, “Precise large deviations for random walk in random
environment,” Flectron. J. Probab., vol. 23, Paper no. 114, 26, 2018. po1: 10.1214/18-EJP239.
[Online]. Available: https://doi.org/10.1214/18-EJP239.

[55] P. Billingsley, Convergence of probability measures. John Wiley & Sons, 2013.

[56] S. N. Ethier and T. G. Kurtz, Markov processes, ser. Wiley Series in Probability and
Mathematical Statistics: Probability and Mathematical Statistics. John Wiley & Sons, Inc.,
New York, 1986, pp. x+534, Characterization and convergence, ISBN: 0-471-08186-8. DOTI:
10.1002/9780470316658. [Online]. Available: https://doi.org/10.1002/9780470316658.

[57] S. Boucheron, G. Lugosi, and P. Massart, Concentration inequalities. Oxford University
Press, Oxford, 2013, pp. x+481, A nonasymptotic theory of independence, With a foreword
by Michel Ledoux, ISBN: 978-0-19-953525-5. DOI: 10.1093 /acprof:oso/9780199535255.001.
0001. [Online]. Available: https://doi.org/10.1093/acprof:0s0/9780199535255.001.0001.

[58] T. Seppalédinen, “Variational formulas, busemann functions, and fluctuation exponents
for the corner growth model with exponential weights,” arXiv preprint arXiv:1709.05771,
2017.

[59] M. Shaked and J. G. Shanthikumar, Stochastic orders, ser. Springer Series in Statistics.
Springer, New York, 2007, pp. xvi+473, 1SBN: 978-0-387-32915-4; 0-387-32915-3. poOI: 10.
1007/978-0-387-34675-5. [Online]. Available: https://doi.org/10.1007/978-0-387-34675-5.

[60] E. M. Rains, “A mean identity for longest increasing subsequence problems,” arXiv
preprint math/0004082, 2000.

108


https://doi.org/10.1017/9781108591034
https://doi-org.ezproxy.lib.purdue.edu/10.1017/9781108591034
https://doi.org/10.1214/18-EJP239
https://doi.org/10.1214/18-EJP239
https://doi.org/10.1002/9780470316658
https://doi.org/10.1002/9780470316658
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1007/978-0-387-34675-5
https://doi.org/10.1007/978-0-387-34675-5
https://doi.org/10.1007/978-0-387-34675-5

A. Gamma and Beta distributions

We denote Ga(a, 8) for a, 5 > 0 be the gamma distribution which has probability density

function
1 s
= ——[%° e Al
) = g e (A1)
supported on (0,00), where I'(a) = [°y*te ¥dy is the gamma function. We denote

InvGa(a, B) for a, 8 > 0 be the inverse gamma distribution which means if X ~ Ga(q, (),
then X! ~ InvGa(a, §). The probability density function of InvGa(a, §) is

Fz) = F(la)ﬁo‘x_a_lei (A2)

supported on (0, co).
We denote Be(a, 8) for a, 5 > 0 be the beta distribution which has probability density
function
f(z) = mxa_l(l — )t (A.3)
supported on (0,1). We denote InvBe(«, 5) for a,, 5 > 0 be the inverse beta distribution
which means if X ~ Be(a, 3), then X! ~ InvBe(a, 3). The probability density function of

InvBe(a, ) is

. ~ T(a+pB) 1\ o 1)1
0= for ) @D (A4)

supported on (1, 00).
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