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ABSTRACT

Unlike matrix rank, hypermatrix rank is not lower semi-continuous. As a result, optimal
low rank approximations of hypermatrices may not exist. Characterizing hypermatrices
without optimal low rank approximations is an important step in implementing algorithms
with hypermatrices. The main result of this thesis is an original coordinate-free proof that
real 2 x 2 x 2 tensors that are rank three do not have optimal rank two approximations with
respect to the Frobenius norm. This result was previously only proved in coordinates. Our
coordinate-free proof expands on prior results by developing a proof method that can be
generalized more readily to higher dimensional tensor spaces. Our proof has the corollary
that the nearest point of a rank three tensor to the second secant set of the Segre variety
is a rank three tensor in the tangent space of the Segre variety. The relationship between
the contraction maps of a tensor generalizes, in a coordinate-free way, the fundamental
relationship between the rows and columns of a matrix to hypermatrices. Our proof method
demonstrates geometrically the fundamental relationship between the contraction maps of a
tensor. For example, we show that a regular real or complex tensor is tangent to the 2 x 2 x 2
Segre variety if and only if the image of any of its contraction maps is tangent to the 2 x 2

Segre variety.



1. INTRODUCTION

The maximum number of non-redundant rows of a two-way array of real numbers is always
equal to the maximum number of non-redundant columns. A column is redundant if it can
be written in terms of the other columns. For example, the fourth and fifth columns of the

4 x 5 matrix

o

(1.1)

S = O Nw

w = o O

[aw] o — —
— O N
ot — — o

can be written in terms of the first three columns.

0] 1] 3] 0] 0] 0] 0]
0 1 0 1 1 1 0
_ 3 + 1| |+ 3]|° =27+ 1
1 2 o 1 0 1 0 1
3] 0] 0 1 5] 1 3]

Each of the first three columns, however, cannot be written in terms of the other two, which
can be observed by considering the entries carefully. For example, both columns two and
three have a 1 in a position where the other two columns have 0’s, and thus cannot be written
in terms of the other two. By similar reasoning, the maximum number of non-redundant
rows of matrix (1.1) is also three. For example, the first three rows cannot be written in
terms of each other, but the fourth row can be written in terms of the first three.

2

[00135]2—2[13000}+2[10101}+3[01011}

Thus, the maximum number of non-redundant rows and the maximum number of non-
redundant columns of matrix (1.1) is three. It is a remarkable observation that this is in

fact always the case for matrices of real numbers. All real matrices have the same maximum



number of non-redundant rows and non-redundant columns. We prove this for matrices over
semirings in Theorem 5.

The equality of row rank and column rank makes it clear that a matrix is more than a
collection of numbers. There is a fundamental relationship between the rows and columns of
a matrix. Information encoded in this relationship is lost when data organized as a matrix
is reorganized as a vector. Similarly, if data can more naturally be viewed in three separate
but interconnected ways - as rows, columns, and pillars - then information is lost when the
data is organized as a matrix or as a collection of matrices. In this situation, the data would

be better organized as a 3-fold hypermatrix.

In Chapter 2, we show how matrix rank extends naturally to hypermatrices. The notion
of hypermatrix rank has a long history that goes back at least to the work of Terracini in 1911
[1]. In its modern formulation, hypermatrix rank first appeared in the work of Hitchcock in
1927 [2] [3], and was popularized in the 1960s by Tucker [4] [5] [6]. Since then, hypermatrix
rank has found many applications in machine learning [7] [8] [9] and phylogenetics [10] [11]
[12].

Questions about the rank of a d-fold hypermatrix are much more difficult than their
matrix analogues. For example, in [13] it is shown that computing the rank of a real 3-
fold hypermatrix is NP-hard. This illustrates how remarkable it is that the same Gaussian
elimination algorithm can compute the rank of a real or complex matrix of any dimensions
m X n in polynomial time. However, it should be expected that there is no polynomial
time algorithm that determines the rank of any n; x ny x n3 hypermatrix, as the properties
of the space of 3 x 3 x 3 hypermatrices, for example, are fundamentally different than the

properties of the space of hypermatrices of any other dimensions. Indeed, even the Gaussian



elimination algorithm needs to be modified with respect to the dimensions m xn to determine
the non-negative rank of a non-negative matrix.

Most practitioners working with hypermatrices choose to work with hypermatrices of
dimensions n; X ny X - -+ X ng because of some special property of those dimensions, rather
than because their data can naturally be represented as an ny xng X - - - X ng array. We believe
this is a mistake. Just as the rank, eigenvalues, and singular values of an n xn matrix are lost
when the same information is reorganized as a n? x 1 vector, essential information encoded in
a hypermatrix of dimensions n; X ng X - -+ X ng is lost when the same information is encoded
as a hypermatrix of any other dimensions. The dimensions of the space of hypermatrices
chosen to store information should be determined by the information itself, rather than
chosen to exploit some feature of those specific dimensions. In this thesis, we will study the
special properties associated with spaces of hypermatrices of dimensions 2 x 2 x 2.

Tensors are the coordinate-free counterparts of hypermatrices. Let V!, V2 and V? be
finite ny, ne, and ns-dimensional vector spaces over a common field, and let V'*, V?* and

V3* denote their dual spaces. The tensor p = v} @v?@v? in V@ V2@ V? induces the

le

three linear maps

2 (p

v 2 2 g 8 v 2yl s v B, g 2
o = Y o)) vf @0, 2*»—)2 ) v @ v}, and 3*+—>Z ) v} @7

These maps are called the mode-1, mode-2, and mode-3 contraction maps of p, respectively.
In Theorem 6 of Chapter 2, we prove that the contraction maps are indeed well-defined. The
relationship between the contraction maps of a tensor generalizes, in a coordinate-free way,
the fundamental relationship between the rows and columns of a matrix to hypermatrices.
The rank of a two-fold tensor p in V! ® V2 is equal to the dimension of the image of IT;(p),
which is also equal to the dimension of the image of Ily(p).

For a 3-fold tensor p in V! ® V2 ® V3, the rank of p is equal to the minimum number
n such that the image of any of its mode-i contraction maps is contained in the span of n
rank one tensors [14, p.68]. Although not often recognized as such, this theorem is actually

a generalization of the equality of row rank and column rank to hypermatrices. This gen-
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eralization as well as one other generalization of row rank equals column rank are discussed
in Section 2.5. When restricted to regular tensors, this generalization of row rank equals
column rank to 2 X 2 x 2 tensors takes on a more geometric form. A tensor is regular if
all of its contraction maps are full rank. In Section 3.4, we prove that the rank of a real or
complex 2 x 2 x 2 regular tensor is equal to the cardinally of the intersection of the projective
image of any of its contraction maps with the projective Segre variety. The Segre variety is
the variety of rank at most one tensors.

The rank of a tensor can best be understood geometrically in terms of the tangential
and secant varieties of the Segre variety. Despite being well-studied, the ideals of the secant
and tangential varieties of the Segre variety are only known in a few cases [15] [16]. In fact,
the maximal possible rank of the ny x ny X - -+ X ng tensor space and the dimensions of the
secant and tangential varieties of the n; X ny X - -+ X ng Segre variety are unknown in general.
To illustrate how the special properties of the space of n; X ng X - -+ X ng hypermatrices is
best understood geometrically in terms of the curvature of the Segre variety, we give an
example of the unique identifiability of rank one decompositions of 2 x 2 x 2 regular tensors
in Theorem 26.

In 1989, Kruskal brought attention to the remarkable fact that regular 2 x 2 x 2 real
hypermatrices could be written uniquely as the sum of rank one hypermatrices [17]. This
result is known as Kruskal’s Theorem, and was extended to regular 2 x m x m real hyper-
matrices by Ten Berge [18]. It was later realized that the 2 x m x m case was actually
implied by the work of Weierstrass and Kronecker [19]. In a modern formulation, Kruskal’s
Theorem states that real 2 x m x m hypermatrices of rank m have uniquely identifiable rank
one decompositions. However, n x n matrices of rank m do not have this property for any
m > 1. Geometrically, this is because the n x n Segre variety is curved in such a way that
every tensor on a secant line of the Segre variety is also on a tangent line. This is not true for
the Segre variety of real m x m x m hypermatrices for any m > 2. In Chapter 3, we illustrate
this geometric perspective. In Theorem 17, we give a geometric proof of the existence of an
open and dense set of rank two complex 2 x 2 x 2 tensors.

In Theorem 19 of Chapter 3 we prove the original corollary that a regular tensor is

tangent to the 2 x 2 x 2 Segre variety if and only if the image of any of its contraction
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maps is tangent to the 2 x 2 Segre variety. This is a geometric example of the fundamental
relationship between the contraction maps of a tensor. We also give a geometric proof that
a regular 2 x 2 x 2 real or complex tensor is rank two if and only if its contraction maps
intersect the 2 x 2 Segre variety at two distinct points. This characterization of rank two
regular tensors suggests that optimal rank two approximations cannot be regular. Indeed,
we will prove this in Theorem 31 in Chapter 5.

The problem of characterizing when low rank approximations of 2 x 2 x 2 real tensors
exist will be the primary topic of this thesis. Small perturbations of the entries of a matrix
will almost always result in a full rank matrix. Similarly, hypermatrices of real-world data
will be of erroneously large rank due to noise in the data. Thus, there is a need to find
optimal low rank approximations of hypermatrices.

Low rank approximations of hypermatrices are much less well-behaved than low rank
approximations of matrices. For example, subtracting an optimal rank one approximation
of a 3-fold hypermatrix may actually increase the rank of the hypermatrix [20]. In fact,
the problem of finding optimal low rank approximations of hypermatrices is often ill-posed,
for the set of real hypermatrices with no optimal low rank approximation often has positive
Lebesgue measure [21]. One reason for the nonexistence of low rank approximations is the
phenomenon of rank-jumping. A hypermatrix (a;j;) is said to be rank-jumping if there
is a sequence of rank s hypermatrices that converges to (a;j), but the rank of (a;;) is
greater than s. It is a classical observation dating back to at least Terracini [14, p.9] that

hypermatrices in the form
B=2RrR1 + 111301 + 11 Q1] Q1) (1.2)
are limit points of the sequence of rank at most two hypermatrices
o, Ly 2, 1 5 1 3 1 2 3
pn = n (x]+ ng) ® (a7 + g:cQ) ® (z7 + ﬁxQ) — nry @@y, n €N (1.3)

in the norm topology. Thus, when [ is rank three, it is an example of a rank-jumping

hypermatrix without an optimal rank two approximation. In Chapter 4, we will show that
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the sequence (1.3) is best understood as a sequence of difference quotients that converges
to the derivative of a smooth curve on the Segre variety. In [22], it is proved that all
rank-jumping tensors over C that are limits of a sequence of rank three tensors are also
derived from derivatives of smooth curves on the Segre variety. This suggests a fundamental
relationship between rank-jumping tensors and derivatives. In Chapter 4, we show that
a 2 X 2 x 2 real hypermatrix is rank-jumping if and only if it is a regular element of the
tangential variety of the Segre variety. We use this perspective to explain why rank-jumping
never occurs for non-negative real hypermatrices.

The main result of this thesis is a coordinate-free proof in Theorem 36 that in fact every
rank three 2 x 2 x 2 tensor has no optimal rank two approximation with respect to the
Frobenius norm, not just the rank-jumping tensors in the form of (1.2). General rank three
2 x 2 x 2 real tensors are not rank-jumping. Rather, we will show that their failure to have
optimal rank two approximations is due to the curvature of the Segre variety. Our proof has
the corollary that the nearest point of a rank three tensor to the second secant set of the
Segre variety is a rank three tensor in the tangent space of the Segre variety. Overall, this
thesis develops a coordinate-free, geometric proof method that uses the contraction maps of

a tensor to study the relations encoded in multiway arrays.
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2. ROW RANK EQUALS COLUMN RANK FOR
HYPERMATRICES

We define the rank of a hypermatrix and show that it is both a natural extension of matrix
rank and a natural measurement of a hypermatrix’s complexity. We introduce tensors and
contraction maps, and show that the relationship between the contraction maps of a tensor
generalizes, in a coordinate-free way, the fundamental relationship between the rows and
columns of a matrix to hypermatrices. We then give two generalizations of the equality of

row rank and column rank for hypermatrices.

2.1 The Rank of a Hypermatrix

Let F' be a fixed field.

Definition 1. A d-fold hypermatriz over F is a function from (1,2,...,n1) x (1,2,...,n9) X
o x (1,2,...,ng) to F, where ny, ngy, .., ng are natural numbers. The set of all hyperma-
trices of dimensions ny X ng X --- X ng forms a vector space with entry-wise addition and
scalar multiplication. The space of all such hypermatrices is denoted F™*"2**"d  qnd

hypermatrices are written as (@i, 4,), where each a;y, 4, € F.

We work with 3-fold hypermatrices of dimensions 2 x 2 x 2, but all of our definitions
easily extend to d-fold hypermatrices of arbitrary dimensions. The rank of a hypermatrix is
an example of information that is lost when a hypermatrix is reorganized as a matrix. To
define the rank of a hypermatrix, we first define the class of hypermatrices whose rank is less
than or equal to one. We call such hypermatrices simple. As motivation, we first consider

the case of 2 x 2 real matrices. If nonzero, the rank one matrix

T1Y1 T1Y2

T2Y1 T2Y2

14



has a row space spanned by the vector [y;,ys] and column space spanned by the vector
[x1,x5]. Hence, when studying the row and column spaces of matrices, it is natural to

consider the map

X1 y Y1 . T1Y1 T1Y2 ’ (2.1>

T2 Y2 L2Y1 T2Y2
which either sends two vectors to the zero matrix or to the rank one matrix with row and
column spaces spanned by those two vectors. In fact, every rank less than or equal to one
real 2 x 2 matrix is in the image of map (2.1). We use this characterization of rank less than

or equal to one matrices to define rank less than or equal to one hypermatrices.

Definition 2. The rank less than or equal to one hypermatrices in F?*?*2 are the hyperma-

trices in the image of the coordinate tensor map ®, defined as

S| To1z1 TaYize

‘ ToY2Z1 T2lY222

T1 n 21
F?2 x 2?2 x 2 & p2x2x2. X X oo P .
T Us Z 1Y121 T1Y1%2 K

T1Y221 T1Y222 |,/

An element in the image of the coordinate tensor map is called a simple hypermatrix,

and is denoted as

® ® = x x . (2.2)

A simple hypermatrix is rank zero if and only if all of its entries are zero. This hyper-
matrix is called the zero hypermatrix. All nonzero simple hypermatrices are rank one. The
vector [xq,xs] spans the pillar space of rank one hypermatrix (2.2). The pillar space of a
hypermatrix is the space spanned by its pillars. The pillars of hypermatrix (2.2) are circled
in Figure 2.1. Similarly, the vector [y, y»] spans the column space of hypermatrix (2.2), and

[21, 22] spans its row space. Hence, the rank one hypermatrices are precisely the hyperma-

15



TalY1%z1 & T
xly) ‘ / // //// //
Ilyz»ZQ - 2 2/

Figure 2.2. A visualiza-
tion of a rank one complex
2 X 2 x 2 hypermatrix with
its two co-dimension one
horizontal slices circled.

Figure 2.1. A visualiza-
tion of rank one hyperma-
trix (2.2) with its four pil-
lars circled.

trices whose row, column, and pillar spaces are one dimensional. It is in this sense that the
rank one hypermatrices are a natural class of simplest nontrivial hypermatrices, and, thus,
the rank of a hypermatrix is a natural measurement of its complexity. Every hypermatrix is
the sum of rank one hypermatrices, and the rank of a hypermatrix B, denoted rk(B), is the

minimum natural number n such that B is equal to the sum of n simple hypermatrices.

Definition 3. For B € F****2_ the rank of B is defined as

rk(B) =min{s e N| B =3 v} ®@v; @1} for some v} € F?}.

=1

The row space, column space, and pillar space of a hypermatrix are all one dimensional
if and only if the spaces of co-dimension one vertical, horizontal, and frontal slices are one
dimensional. Co-dimension one slices are illustrated in Figure 2.2. This observation is
our first example of the primary theme of this thesis. There are fundamental relationships
between the slices of a hypermatrix, and the rank of a hypermatrix encodes information

about these relationships.

16



2.2 How Rank Depends on Scalars

Real-valued hypermatrices have both a real rank and a complex rank. The real rank
of real hypermatrix C' is the minimum number n such that C' is equal to the sum of n
real-valued simple hypermatrices. The complex rank of real hypermatrix C', on the other
hand, is the minimum number n such that C' is equal to the sum of n complex-valued simple

hypermatrices. The complex rank may be strictly smaller than the real rank. For example,

the hypermatrix

0 —1
1 0
C=r
1 0 K
0o 1 |~

has real rank three but complex rank two. Since the row space of C' is not one dimensional

over R or C, C' is not rank one over R or C. It is, however, rank two over C, as the following

decomposition shows.

, i _1 ’ i 1
7 . // a - a
// O _1 // 2 2 // 2 2
g ‘ 1 i 1 i
/ 7/ = —_ Vi = =
I 1 0 . 2 2 % 2 2
/ 7
= o+ 7
. 1 i 1 i ,
L0 , 2 2 e 2 2 e
0 1|, i1 i1 |
2 2 .7 2 2 .7
1 1
2 1 1 2 1 1
= (%9 X + X X
i 7 —1 i —1 1
2 2

Each of the rank one summands in the above decomposition contains complex numbers. It

can be shown by contradiction that there is no rank two decomposition of C' with summands

17



of entirely real entries. Hence, the real rank of C' is greater than two. The real rank of C' is

in fact three, as demonstrated by the following decomposition.

S0 -1 o0 =10 A .
1 0 0 1 0 0 1 -1
' = T4 F T+ F >
1 0 K 00| 1 0 K 0 0 %
0o 1 | 0 1 |/ 0 0 | 0 0 |/
1 0 0 1 1 1 0 1 1
= 2| |® + 2| |® + 2| |®
1 1 1 —1 0 0 1 1 —1

Expanding the set of scalars that a hypermatrix’s entries can vary over allows for more
possible rank one summands. This may decrease the rank of the hypermatrix, as it did for
hypermatrix C' above. This phenomena of a hypermatrix’s rank decreasing by considering
rank one summands from a larger set of entries may seem surprising since it never occurs
when considering the complex and real rank of real matrices. It is well-known that a real
matrix is real rank r if and only if it is complex rank r. This is equivalent to the fact that row
operations with complex numbers are never needed to reduce a real matrix to row echelon
form. Considering general hypermatrices thus reveals that this well-known fact is specific to
the real and complex rank of 2-fold real hypermatrices.

Indeed, the equality of the real rank of a real matrix and the complex rank of a real
matrix does not extend to non-negative matrices. The non-negative rank of non-negative
real hypermatrix D is the minimum number n such that D is equal to the sum of n non-

negative-valued simple hypermatrices. The non-negative rank of a non-negative real matrix

18



is not in general equal to its real rank. For example, it can be shown by contradiction [23,

p.153] that the non-negative matrix D below is rank four over R, but rank three over R.

1 100
1 010
D=
01 01
_0 01 1_

2.3 Hypermatrices as Coordinatizations of Tensors

It is often convenient to view a matrix as a coordinatization of a linear map. Hyper-
matrices also have coordinate-free counterparts - tensors. If {e!},”, is a basis of F™ for
j =1,2,3, then {e] ® F @ e} 721" is a basis of F™*"2*"_ Since a multilinear map on

F™ x F"2 x F™ is determined by its values on {e] x €3 x ef}]'721"*, it follows that the coor-
dinate tensor map ® is a multilinear map with the following property: For every multilinear
map ¢ : F™ x F" x ™ — F™ for some natural number m, there exists a unique linear

map ¢ : [MXm2xms — F'™ guch that the following diagram commutes.

Fn1 X FTLQ X FTL3 ® FTLl Xnga Xns
N i (]
¢ v
Fm
We use this characterization of the coordinate tensor map to define a coordinate-free

version of hypermatrices.

Definition 4. Let V* be finite n;-dimensional vector spaces over a common field. A tensor
product of V1 x V2 x V3 is a multilinear mapping @ : V' x V2 x V3 — W to a vector space
W such that for any multilinear mapping ¢ : V1 x V2 x V3 — H to some vector space H,
there exists a unique linear mapping ® : W — H such that ¢ = ®o®. That is, the following

diagram commutes.

VIXV2xV? 25 W

|
O i ® linear
¢ multilinear +

19



The above property is referred to the universal property of the tensor product [24, Ch.1].
The coordinate tensor map satisfies the universal property of the tensor product, which
proves that a map with such a property indeed exists. It also follows from the universal
property that any two tensor products of V! x V2 x V3 are unique up to a rank-preserving
isomorphism. The vector space W is denoted V! ® V2 ® V3 and its elements are called
tensors. We define the rank of a tensor just as we did for hypermatrices. The tensors in
the image of ® are called simple tensors. The simple tensor ®(v' x v* x v?) is denoted
v @02 ®@v3. Not every tensor is a simple tensor, but every tensor can be written as the sum
of finitely many simple tensors. The rank of a tensor p is the minimum number n such that

p is the sum of n simple tensors. That is,

S
rk(p) =min{s e N| p = v/ ® v} ® v} for some v} € V*}.
i=1
Once bases {el};7, of V7 are chosen, a tensor in V' ® V2 ® V? can be coordinatized as a

hypermatrix in F"1*"2*"3 by the following linear map, defined on simple tensors as

vl ® V2 ® V3 - Fn1 Xng Xn3

Nk
V'V ®@0 (i, = 4 a;al) where v" =Y " af ef for k=1,2,3.
i=1

For 2 x 2 x 2 real tensors, the isomorphism from V! ®@ V2 @ V3 to R?*2*2 acts on simple

tensors as

o123 1203
foaxaial azaia;

1.2.3 1.23
"] aga3ay  aga5a5

1.1 1.1 2 2 2 2 33 3.3 /
(aje] + asey) ® (aje] + aze;) @ (aje] + ayey) +—— ;
ajaial ajaiai |

1,23 1,23 |/
a;a5a; ajazas |

for some real constants aj.
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2.4 Proof of Row Rank Equals Column Rank Using Contraction Maps

Our definition of a hypermatrix and hypermatrix rank are well-defined in the general
setting of hypermatrices over semirings, and this general setting allows us to discuss hyper-
matrices of complex, real, and non-negative real numbers simultaneously. A semiring is a
generalization of a ring in which the requirement of the existence of an additive identity ele-
ment and the requirement that each element must have an additive inverse are both dropped.
This is also the appropriate setting for discussing hypermatrices because the relations en-
coded in multiway arrays exist in this generality. In this section, we present a proof of row
rank equals column rank for matrices over semirings. The key idea of this generalized proof
is based on the elegant proof in [25]. The proof in [25] does not work with semirings, but also
does not require additive inverses. We then adapt this proof to the coordinate-free setting
of contraction maps of tensors to demonstrate that contraction maps are an appropriate

method of studying the relations that are encoded in the slices of a hypermatrix.

Theorem 5. Let A = (a;;) be an m x n matriz over a semiring K. The size of a minimal

spanning set of rows of A is equal to the size of a minimal spanning set of columns of A.

Proof. If A= BC for some m x r matrix B = (b;;) and some r x n matrix C' = (¢;;),

ayip a2 a3 ... Qip bin bz bz ... by Ci1 Ci2 Ci3 ... Cin

Q21 QA22 Q23 ... Q2p bor  bay baz ... Do Ca1 Co2 C23 ... Cop

m1 Gm2 Gm3 ... Omp bml bm2 bm3 s bmr Cr1 G2 Cr3 ... Cpp
mXn mXr TXn

then the columns of A are linear combinations of the columns of B.

alj b11 b12 blr
ao; b b oy
The jth column of A = '2] = ¢y %1 + ¢y %2 + o+ oy ?
Ay bml bm2 bmr
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Thus, the size of a minimal spanning set of columns of A is the minimal number r such that
A = BC for some m x r matrix B and some r X n matrix C'. Additionally, the rows of A

are linear combinations of the rows of C.

The j row of A = (aﬂ ajy .. Gjn)
= bj (Cu Ci2 ... Cm) + bj2 <021 Coo ... c%)
+ .+ bjr (C'rl Cro ... Crn)

Thus, the size of a minimal spanning set of rows of A is also the minimal number r such that
A = BC for some m X r matrix B and some r X n matrix C. Hence, the size of a minimal

spanning set of rows of A is equal to the size of a minimal spanning set of columns of A. [

The proof of Theorem 5 does not require the existence of an additive identity or additive
inverses, and thus indeed holds for matrices over semirings. Over fields, a set is a minimal
spanning set if and only if it is a maximal independent set. Hence, for matrices over fields,
we have shown that the size of a maximal independent set of columns is equal to the size of
a maximal independent set of rows.

The connection between the theory of matrices and the theory of linear maps is sometimes
emphasized to the point where matrices are defined as coordinatizations of linear maps.
However, matrices can just as logically be thought of as coordinatizations of bilinear forms,
and the over-identification of matrices with linear maps obscures the fact that matrices
and linear maps are actually distinct structures. Matrices over semirings can no longer be
identified with linear maps, but, as we have shown, there is still a fundamental relationship
that exists between the rows and columns of a matrix over a semiring. Similarly, the theory
of hypermatrices over semirings is more general than the theory of tensors over vector spaces.
We return to working over fields now, but we will continue our study of hypermatrices over
semirings when we discuss the absence of rank jumping in non-negative hypermatrices.

Though elegant, the proof of Theorem 5 is difficult to generalize to hypermatrices. We
therefore now translate it into the coordinate-free setting of tensors, which lend themselves

more readily to generalization. Let V!, V2, and V3 be finite ni, n,, and ns-dimensional
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vector spaces over a common field, and let V*, V?* and V?* denote their dual spaces. The

tensor p=31_, v} @ v @ vl in V! ® V2 ® V? induces the three linear maps
Vl* 1 (p) V2 ® V3 V2* Vl ® V3 V3* Vl ® V2
o = > oM () vf @0, 2*»—)2 ) v @ v}, and 3*+—>Z ) v} @7

These maps are called the mode-1, mode-2, and mode-3 contraction maps of p, respectively.
Theorem 6. The mode-i contraction map 11; is well-defined.

Proof. Suppose that Y°_; v} @ vf @ v} =7 wy ® wi @ w} for vectors vj, wj € V. We
need to show that

I1; (Z v @V ® vf) (™) = II; (Z w QW ® wf) (v™)

t=1 t=1

for every v™* € V™ for i = 1,2 and 3. Choose bases {ei}}; of V' with corresponding dual

bases {e/*}}'i, for each i. It is sufficient to show that
(o e ot ) = 1 (ol o af out) )
t=1 t=1

for each e,* in our dual basis. Let af, and b;, be scalars such that v; = 3,2, a; e, and
i N mny,n2,ng o1 02 3 1
wi = YL, b ), for all ¢ and ¢. It follows that Yj_, vf ® vf ® v} = 720" ayaf;af, ef @
$,n1,m2,n3 11 12 el 2 3
e; ®ej, which must equal 35, w} @ wi @ wi = 37717721 bj,b7b7, ef ® e ®ejl. Since a tensor

is uniquely determined with respect to a basis, it follows that
> a;afjafk > biibfjbfk for all 4, 7, k. (2.3)
t=1 t=1

Hence, by the definition of the mode-1 contraction map

r 7,n2,N3
1 (thl ®Ut2 ®Uf> (ei*) = Z atuat]atk e ®ek

t=1 t,j,k=1

n2,n3 T
_ 3 2 3
= Z (Z%ﬂtﬂtk) ej®ek.

7,k=1
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Equation (2.3) now implies that

r n2,n3 S
1 2 3 ey _ 1123 2 3
I (Z v QU @ Ut) (e,) = Z (Z btubtjbtk> ej & ey
t=1 jk=1 \t=1
s$,n2,Nn3

_ 13213 .2 o 3
= > by, Ui; 0y € ® €y

t,5,k=1

= 1L (Z w, @ w; @ wf) (el*).

t=1
[

The rank of a two-fold tensor p € V! ® V? is equal to the dimension of the image of
I1;(p), which is also equal to the dimension of the image of II5(p). Hence, Theorem 5 can be

adapted to tensor spaces and contraction maps in the following way.

Theorem 7. Let V! and V? be vectors spaces over a common field, and let p € VI @ V2.

The dimension of the image of 111(p) is equal to the dimension of the image of Ily(p).

Proof. The dimension of the image of II;(p) is equal to the minimum number 7 such that
there exists an r-dimensional vector space U and linear maps g and h that make the following

diagram commute.
Vl* I (p) V2

0 Th dim(U) =r

g <
A

U

Similarly, the dimension of the image of II3(p) is equal to the minimum number s such
that there exists an s-dimensional vector space W and linear maps a and b that make the

following diagram commute.
b dim(W) = s

However, the existence of an r-dimensional vector space U and linear maps g and h that

make the first diagram commute implies the existence of an r-dimensional vector space U,
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the dual space of U, and linear maps 6~ og* and h* that make the second diagram commute,

where

U Lyl v o ViYL pie

(T (U1*|—>u*ogovl*), V2 (UI—>U2*ohou), and o' (v1*|—>vl*(vl)).

It follows that

11 (p) 2 (p)
Vl* V2 V2* Vl
N ~ AN ~
O = O Tt g
97 A N
U U~.

Since the dimension of U* equals the dimension of U, the dimension of the image of II5(p)

must be less than or equal to the dimension of the image of IT;(p). Similarly,

11 11
VQ* 2(p) Vl Vl* 1(p) V2
~ +~ ~ +~
\\\O }b e \\\O }@_1 o a*
a Ny ! AN
w W
where
* b* S
W?* i_> VQ** Vl* 2, W* V2 = V?**

*

w* (02*»—>w*oaov2*>, oM (wr—)vl*obow), and v?— (02*H02*(02)),

which implies the theorem. [

Unlike most proofs of row rank equals column rank [26, p.72] [27, p.37], our proof of
Theorem 7 never invokes the rank nullity theorem. Our proof use the contraction maps of a
tensor to derive relations between the slices of a hypermatrix. Thus, the relationship between
the contraction maps of a tensor generalizes, in a coordinate-free way, the fundamental

relationship between the rows and columns of a matrix to hypermatrices.
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2.5 Two Generalizations of Row Rank Equals Column Rank to Hypermatrices

Let V!, V2, and V3 be finite ni, ne, and ns-dimensional vector spaces, respectively,
defined over a common field. In addition to the mode-1, 2, and 3 contraction maps, the
tensor p = YI_; v} ® v? @ v? in V! @ V2 ® V3 induces the linear map IT*(p), which is defined

on simple tensors as

V2* ® VB* I (p) Vl

o o e 3 o () (o) ol

i=1
The maps I13(p) and II3(p) are defined similarly. Note that these maps are denoted with a
superscript rather than a subscript. In the case of 2-fold tensors, IT(p) is the transpose of
I1;(p)" for i = 1,2. In the 3-fold case and higher, equality does not hold. However, IT¢(p)
can still be identified isomorphically to the transpose of II;(p). Hence, in the 3-fold case, the
dimension of the image of I1;(p) is equal to the dimension of the image of IT*(p) for i = 1,2, 3.

In coordinates, this implies the following theorem.

Theorem 8. Let (a;j;) be a ny X ny X ng hypermatriz over some field.

dim( (ain) >?:11 = dim( (af:jk) >Z21€231
dim( (a:j:) >;Li1 = d1m< (az’:k) >Z}C,Z?i
dim( (a.x) )32y = dim( (ai;:) )25,

where (a.;) is ning X 1 vector of entries of (a;ji) with the third coordinate fived at t. That

is, (@) = (allt Qi2¢ G13¢ -+ A21¢ G2t Qo3¢ - an1n2t>' The ny x 1 vector (a:jk) 15

defined similarly.
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Proof. Let {(e})}}Z; be a basis of vector spaces V* for i = 1,2, 3, and let {(e}*)}}L, denote the
corresponding dual basis. Let B denote the collection of these bases. For pin V@ VZ® V3,

there exists scalars a;j; such that

1 2 3
p = Zaijk e; ®ej X e.
i7j7k

Let [p]p = (ai;x) be the hypermatrix defined by these scalars. The mode-3 contraction map

of p can also be coordinatized with respect to the same bases as

aiil aiz1 @131 " Qpinsl
a2  a122 @122 - Qping2
[HB(P>]B = | a1z G123 Q133 - Qpino3
allng al?ng a13n3 e an1n2n3
a:!l -
a’:!2 -
= = ai a19: anlng
a::n3

This demonstrates the desired relationship between the dimension-1 and co-dimension-1

slices of a hypermatrix. O

For 2-fold tensors, the equality of row rank and column rank of ny x ny matrix (a;j;) can

be expressed as
dim( (a;) )2y = dim( (a:j) >?i1-

Thus, Theorem 8 is indeed a generalization of row rank equals column rank to 3-fold hyper-
matrices. For our second generalization, we introduce the notion of simple dimension. For
a subset W of tensor space V! @ V2 ® V3, the simple dimension of W, denoted sdim(W), is

the minimum number of rank one tensors needed to span a space that contains W.
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Definition 9. Let V!, V2, and V3 be finite dimensional vector spaces over a common field.

For a subset W of tensor space VI @ V2 @ V3, the simple dimension of W is defined as

sdim(W)=min{n e N| W C (v @ v} @}, vy @vsQ@v3, ..., v} @2 Qv )

for some vF € V*1.

The simple dimension of a subspace may be strictly greater than its dimension as a vector
space. For example, let {z],z3} and {y{,ya} be linearly independent subsets of some vector
space V! and let {z%, 23} and {y?,y2} be linearly independent subsets of some vector space
V2. The subspace (z} ® 2% + 21 ® x2) is a one-dimensional vector subspace of V! @ V2 but
has simple dimension two, since it is not generated by any rank one tensor. The rank of a
tensor can be characterized in terms of the simple dimension of its contraction maps, which

is a theorem from [14, p.68].

Theorem 10. Let V!, V2, and V3 be finite dimensional vector spaces over a common field,
and let p be a tensor in V' @ V2 @ V3. It follows that vk(p) = sdim(im(I1;(p))) for anyi =1,
2, or 3.

Proof. Without loss of generality, we prove the theorem for the mode-1 contraction. First,
we show the inequality sdim(im(IL;(p))) < rk(p). Suppose rk(p) = r. There must then exist
vectors vf such that p = 37 v} @ v2 ® v3. Tt follows that II; (p)(v'*) = S0, o™ (v}) v? @ v}
for every v'* € V1* so im(I1;(p)) is contained in { v? @ v}, v ®@v3, ..., v2®v? ). Hence,
sdim(im(IT; (p)) < r.

It remains to prove that rk(p) < sdim(im(Il;(p))). Suppose that the simple dimension
of im(Tl;(p)) is s. It follows that there exists w’ such that the image of II;(p) is a subset of
the span (w? @ wi, w3 @ w3, ..., w? @ w?). Choose a basis (e})}*; of V! with corresponding
dual basis (e}*)it, of V*. For each t € {1,2,...,n,}, there must exist scalars {c¢;;}_; such

that II;(p)(e;*) = 37_ iy w? ® w}. Note that

Ss,nq S
(Y e ®ciyw; @w))(e)”) =D ¢ip w) @w) =T (p)(e;”)
ig=1 i=1
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for every ef*, where t = 1,2,...,n,. Since II; is a vector space isomorphism, it follows that

s,n1
p= > ¢ ®ci; wi dw;
ij=1
S
=Y (@@ w@u) + (@ciyw;@w;) + ... + (&, @i, W] @W;)
=1
S
=Y (cre;@uw; @u)) + (caey@w; @w}) + ... + (Cin, €5, @ W; @ W)
=1
S ni

- Z(Z Ci,jegl') ® wiz & wf’, so rk(p) < s.

i=1 j=1
OJ

It follows that the simple dimensions of the row space, the column space, and the pillar
space of a 3-fold hypermatrix are all equal. Furthermore, the simple dimension of all these
spaces is equal to the rank of the hypermatrix. Since simple dimension and dimension are
equivalent concepts for vector spaces, Theorem 10 is indeed a generalization of row rank

equals column rank to hypermatrices.
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3. COMPLEX GENERIC RANK

We give a proof of the existence of an open, dense set of constant rank complex n; X ng X

- X ng tensors using Chevalley’s theorem. We then contrast this with a more geometric
proof of the same fact for complex 2 x 2 x 2 tensors. Our geometric proof shows that a regular
2 x 2 x 2 real or complex tensor is rank two if and only if its contraction maps intersect the
2 x 2 Segre variety at two distinct points. We further show that a regular tensor is tangent to
the 2 x 2 x 2 Segre variety if and only if the image of any of its contraction maps is tangent to
the 2 x 2 Segre variety. This is a geometric example of the fundamental relationship between

the contraction maps of a tensor.

3.1 Definition of Generic Rank

The observation that the number of solutions of a system of polynomial equations is
often invariant with respect to perturbations of the coefficients of the polynomials is at the
heart of algebraic geometry. We give an example of this phenomenon that can be visualized
geometrically. Let V!, V2, and V3 be finite n;, no, and ns-dimensional complex vector
spaces, respectively, and let V! ® V? ® V3 denote the tensor product of these spaces. The

2 and v?® are called simple tensors.

tensors in the form v!' ® v? ® v? for some vectors v!, v
The rank of a tensor p is the minimum number n such that p is the sum of n simple tensors.

It is a remarkable observation that there exists an open, dense set of constant rank
tensors. That is, there exists a unique natural number r such that there exists a set of rank
r tensors that is open and dense with respect to the norm topology. This r is called the
generic rank of the space V! @ V2 @ V3.

Characterizing a set as ‘open’ and ‘dense’ is a topological formalization that the set
contains ‘almost all” of the elements of the space. Intuitively, open sets reach in all directions
from their interior points, and dense sets approach all of the points in the space. The rank
of a tensor is a natural measurement of its complexity. Hence, the existence of an open

and dense set of rank r tensors implies that almost all tensors are of the same complexity.

The existence of a generic rank is true for complex tensor spaces of arbitrary dimensions
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niy X ng X - -+ X ng. However, it is particular to complex tensor spaces. There does not exist
such an open, dense set of constant rank tensors in real tensor spaces in general.

Once bases of the vector spaces V!, V2 and V3 are chosen, a tensor in V' @ V2 g V3
can be coordinatized as a hypermatrix in C™*"2*"3_ The generic rank of C?*™*" is n. For
the 2 x 2 x 2 case, the existence of a generic rank of two implies that there is an open, dense

set of 2 X 2 x 2 complex hypermatrices in the form

asaia? + bib3b3 ala?al + bibib .

1,23 | 317273 123 | 717213 .
asasa; + bybsby asazas + bsbsbs N

N 1,23 172273 1,23 17.21,3
N ajaiay + bybiby ajajas + bybiby

. 1,23 | p17213 123 | 111233
. ajasza; + bybzby  ajasas + bybsbs

for some complex numbers af and bg . Choosing the entries of a matrix independently and
‘randomly’ will almost always result in a matrix of maximal possible rank. This seems
intuitive, since choosing the entries of a matrix randomly and independently should almost
never result in a relation among the rows or columns. It is less intuitive, however, why
choosing the entries of a 2 x n x n hypermatrix randomly will almost always result in a
hypermatrix of rank n, which is in general not the maximal rank of 2 X n x n hypermatrices.

The fact that almost all complex tensors have the same rank is often stated without proof
in textbooks on tensors. We thus give a proof of this fact using Chevalley’s theorem. We
then give an alternative geometric proof that almost all 2 x 2 x 2 complex hypermatrices are
rank two. We show that a regular 2 x 2 x 2 complex tensor is rank two if and only if the
projective image of any of its mode-1 contraction maps intersect the 2 x 2 projective Segre
variety at two distinct points. Since the 2 x 2 projective Segre variety is degree two, Bézout’s
theorem implies this occurs generically, thus explaining the existence of a complex generic
rank. Our proof also illustrates an additional geometric relationship between the mode-1, 2,

and 3 contraction maps of regular tensors.
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3.2 The Sets of Constant Rank Complex Tensors are Constructible

We prove the existence of a unique complex generic rank by first showing that the sets
of constant rank tensors are constructible and then invoking Chevalley’s theorem on con-
structible sets. We present this proof to contrast it with our more geometric proof in later
sections.

The Zariski closed sets are the sets of solutions of polynomial equations over the com-
plex numbers. Zariski open sets are complements of Zariski closed sets. Constructible sets
are the Boolean algebra generated by Zariski open sets and Zariski closed sets. That is,
constructible sets are the closure of Zariski open and Zariski closed sets under finite union
and complementation. A set is constructible if and only if it is open in its closure. It is a
remarkable observation that constructible sets always contain an open, dense subset of their
closure. We will prove a version of this statement specifically for tensor spaces below.

Let ® : C? x C? x C? — C?*?*2 denote the 2 x 2 x 2 coordinate tensor map defined as

S| T2Y121 T2Yize

/ TalY2Z1 T2Y2Z22

Ty n 21

T1Y121 T1Y12 ’
Ty s 29 1Y121 T1Y122 /

T1Y221 T1Y222 |/

The elements in the image of the coordinate tensor map are called simple hypermatrices and
are denoted as

x1 Y1 21 X U1 21
® ® =Q® X X : (3.2)

T2 Y2 22 T2 Y2 22

The ny X ng X - -+ X ng coordinate tensor map is defined in the same way. The hypermatrix

(3.1) can thus be written as

al a? a? bt b? b?
Nol™ el & ["]e!"]e|™
ay a3 a3 b b3 b3
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Theorem 11. Let V', V2, .., V< be finite dimensional complex vector spaces. For each
natural number s, the set ME = {p € V'@ V2@ ---@V? | rk(p) = s} is constructible with

respect to the Zariski topology.

Proof. We prove this theorem in coordinates using hypermatrices instead of tensors. Cheval-
ley’s theorem on constructible sets implies that the image of a polynomial map defined on
a constructible set is also a constructible set [28, p.94]. It is thus sufficient to show that the
sets of constant rank complex hypermatrices can be defined in terms of polynomial maps
defined on constructible sets. We demonstrate this in the 2 x 2 x 2 case for readability. Let
¥ be the map from (C2? x C? x C?)* = C5 to C2***2 that sends the Cartesian product of

vectors
1 1 1 s s s
a111 121 112 a1 121 112
X X oo X X X
1 1 1 S S s
Qo171 291 as12 as11 299 as12

to the hypermatrix

1 1 1 s s s
a a a a a a
111 121 112 111 121 112
® X + ...+ ® ® ,

1 1 1 S S s
as11 291 as19 as11 291 as12

which is equal to

PR e s i q .
D1 A511A191A 19 D oi_q G511 Q19 Ao S

s i i i s i i
Doim1 U911 A591 Q%11 D o7_q Ao11 A9 Ao .

R s i i i s i i
R Doim1 011107910119 Doy A111G]91 0519

R s i i s i i i
R D1 (1110591 Q%1q D i_q G111 Qoo Ao

Hypermatrix (3.3) has polynomial entries, so ¥ is indeed a polynomial mapping. Hence,
by Chevalley’s theorem, the set MS, = {p € VI @ V2@ V3 | rk(p) < s} is constructible
as it is the image of the polynomial map %% defined on the constructible set C%. Moreover,
ME = ME,\ MS,_, is constructible since constructible sets are closed under set comple-

ments. O]
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We now show that Zariski constructible sets contain an open, dense subset of their Zariski
closure. This in fact implies the existence of an open, dense set of constant rank tenors in
the norm topology. Our proof modifies the proof in [29, Lem.2.1] to tensors spaces. We
will also use the following two facts. Firstly, Zariski open sets are open and dense in the
norm topology. Secondly, the tensor space V! ® V2 ® --- ® V¢ is irreducible with respect to
the Zariski topology. A set is irreducible if it cannot be written as the union of two proper
closed sets. The tensor space V! @ V2 ® ---® V? is irreducible as it can be identified with

the affine variety C™"2+"¢ when V* is n;-dimensional.

Theorem 12. Let VI @ V2 ®@---®@ V? be a complex tensor space endowed with the norm
topology. There exists a unique natural number r such that there exists an open, dense set

of rank r tensors.

Proof. Let V =V!'®@ V2 ® - --®@ V% and let m be the maximal possible rank of tensors in V.
Let ME denote the set of rank s tensors. Since V. = MF U MY U ... UME, it follows

that
V = MS U MS U ... U M,

where ]\Aﬂ/c denotes the Zariski closure of MT. Since V is irreducible with respect to the
Zariski topology, there must thus exist a unique r such that ]\7[751C = V. Furthermore, MF is
constructible by Theorem 11. There must thus exists sets Y7, Y5, ..., Y} that are each open
in their closure such that MC is equal to the union of all the Y;’s. It follows that the set

J

VAU (YY) (3.4)

=1
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is Zariski open, and thus open and dense in the norm topology. The set (3.4) is our open,
dense set of rank r tensors. It remains to show that (3.4) is in fact contained in MS, which

follows from the following equalities and inclusion.

3

MU EAY) = VU ()

:(91 v) \ZLLJI(YZ-\Yi)
:0(31 U Y;\Yi) \ O(E\Yi)

=1 =1

.

Cb.

(U uQ(Y\Y)) |
O -

1=

(7\%)

1

N

O

The proof of Theorem 11 is almost identical to the proof in [30, Thm.6.1] that the sets
MR are semialgebraic. The only difference is that Chevalley’s theorem is replaced by the
Tarski-Seidenberg theorem. An important difference, however, between constructible sets
and semialgebraic sets is that semialgebraic sets do not generally contain an open, dense
subset of their Zariski closure. This is what prevents us from extending the proof of Theorem
12 to real-valued hypermatrices. Indeed, there does not exist an open, dense set of constant
rank real-valued hypermatrices in general. In the following sections, we give a geometric

explanation for why no such set exists for real valued 2 x 2 x 2 hypermatrices.

3.3 Computing the Generic Rank and the Maximal Rank of Tensor Spaces

Determining the generic rank of the complex n; X ny X - -+ X ng tensor space is an open

problem in general. The following intuitive argument is often used to calculate the expected
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generic rank (for example, [14, p.70]). Choose a basis {ej}72, of V* for i = 1,2,3. A rank

one tensor v' @ V2 ® 13 in VI ®@ V2 ® V3 can be written as

(aje; + - +ap ey ) ® (aje] + -+ asel,) @ (afel + -+ +a) e))) (3.5)

1 2% and v® must contain

for some parameters a]. As a rank one tensor, each vector v
at least one nonzero coordinate. By multilinearity, one of the nonzero coordinates of each
vector v!, v?, and v® can be normalized to 1. For example, if a}, a2, and a? are all nonzero,

then (3.5) becomes

1 2 3

1+...+% 1 )®(2+&%2+...+%2)®<3+(§ 3+...+%3)
a162 al em el a262 aQ eTLQ el ageZ ag en3 )
1 1 1 1 1 1

1
b(e}#—@

where b = aja?a3. One thus expects the set of rank one tensors to be parameterized by
m—1)+me—1)+Mns—1)+1 = ny+ngy+n3—2

parameters. Similarly, one expects to need s(n; + ny + ng — 2) parameters for the set of

rank less than or equal to s tensors Mgs. Since the ascending chain

eventually stabilizes, the generic rank must be the minimum s such that the dimension of
ME, is equal to the dimension of V! @ V2 ® V3. Hence, one expects the generic rank to
be equal to the minimum natural number s such that s(n; + ny + ng — 2) = nyngns. The

expected complex generic rank of the space of n; X ny X ng complex tensors is thus

ninang
ny+ng+ns —2

1.

The generic rank for complex n X n x n tensors is indeed the expected rank for all n,
except for n = 3. The expected rank for 3 x 3 x 3 tensors is four, but the actual generic rank

is five [14, p.70]. The maximal rank is, in general, much larger than the generic rank. We
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will compute the maximal rank of 2 x 2 x 2 tensors now. We again let V% be two-dimensional
vector spaces over a common field for ¢ = 1,2, 3, and choose bases {e;'- ?:1 fori=1,2,3. For
a tensor p in V' @ V2 ® V3, there are constants a;j, such that p = 3,4 i ef @ ¢f ®@e}. The
multilinearity of the tensor product implies the rank of a 2 x 2 x 2 tensor is at most four,

since

1 2 3 3 1 2 3 3
p = e;®e;® (ar1e] + a1126;) + € ®e5 ® (are] + a12265)

1 2 3 3 1 2 3 3
+ S X €1 X (agnel + a21262> + S X €9 (%9 (a22161 + a222€2).

If the vectors (aji1€5+a112€3) and (ai9163+a;90€3) are dependent, then there exists a constant

k such that
(alglei’ + a122e§) = l{:(aule‘;’ -+ augeg).
It follows that

1 2 3 3 1 2 3 3
p= e ®e; R (aine] + a112€2) + e; ®e; ® k(ayie] + ajnne;)
1 2 3 3 1 2 3 3
+ ey ® e ® (agniey + azaey) + ey ® ey ® (agiey + azney)
1 2 2 3 3 1 2 3 3
= € X <81 + kez) X ((111161 + CL112€2) + S X €1 X (agllel + a21262)

1 2 3 3
+ e; ®e; ® (ag€e] + ane;).

Hence, p is at most rank three in this case. If the vectors (a111€}+a10€3) and (a121€} +ai20e3)
are independent, on the other hand, then they span V3, so there exists constants a, 3, 7, §

such that

(CLQHG? + CL212€§) = Oé(alne? -+ anzeg) + 5(@1216? + CL1226§), and

((1221811)) + (122283) = ’Y(flnle? + 6111263) + 5(G1218£1)) + a122e§).
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It follows that p is rank at most three by the not so obvious observation that

p = (o1 + (= Bley) @] @ (ar11€] + a112€5) (3.6)
+ (e1+ (0 —7)ey) ® €5 ® (a121€] + a12263)

+ eé ® (ﬁe% + 763) & ((aule:{’ + a112€§) + (a121€:{’ + a122€§)> .

We emphasize that relation (3.6) was not obvious, and the difficulty of finding such relations
is a good illustration of why determining the maximal rank of tensor spaces is a difficult and

open problem in general.

3.4 Characterizing Regular 2 x 2 x 2 Tensors over C in terms of Contraction
Maps

We will now give an alternative geometric proof that there is an open, dense set of rank
two tensors in the 2 x 2 x 2 complex tensor space. Let V1, V2 and V3 be two-dimensional
complex vector spaces, and let V*, V2 and V3* denote their dual spaces. Recall that the

tensor p=37_, vl @ v? @ v in V! ® V2 ® V3 induces the three linear maps

Vl* 1 P) V2 ® V3 VZ* ( Vl ® v3 v3* vl ® v2

N
U1*|—>Z Ul*(vil) 1}2@1}?7 2*._>Z U ®UZ, and 3*'_>Z U ®U

These maps are called the mode-1, mode-2, and mode-3 contraction maps of p, respectively.
A tensor is said to be regular if all of its contraction maps are full-rank. If the entries of
a hypermatrix are selected by independent random variables that are absolutely continuous
with respect to Lebesgue measure, then the set of hypermatrices with a nontrivial relation
among its codimension-1 slices is zero, as expected. Regular tensors are precisely those
tensors for which no such relations exist. Over C, the set of regular tensors indeed is open
and dense in the norm topology. Hence, in order to prove that there is an open, dense set of
rank two tensors in V! ®@ V2 ® V3, it is sufficient to prove that the set of regular rank two

tensors is open and dense in V! @ V2 @ V3,
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The relationship between the contraction maps of a tensor generalizes, in a coordinate-free
way, the fundamental relationship between the rows and columns of a matrix to hyperma-
trices. The rank of a two-fold tensor p € V! ® V2 is equal to the dimension of the image
of ITy(p), which is also equal to the dimension of the image of II5(p). This is generalizes to

three-fold tensors in the following way [14, p.68].

Theorem 13. Let V!, V2, and V3 be finite dimensional vector spaces over a common field.

Forpe Vi@ Vie Vs,

rk(p) = min{n € N | image(IL;(p)) C (v @ v @V}, v3 @V; @3, ..., v: V2RV )

for some vf € V*}

foranyi=1, 2, or3.

For regular 2 x 2 x 2 tensors, Theorem 13 becomes the geometric statement that the rank
of regular tensor p is equal to the cardinally of the intersection of the projective image of
any of its contraction maps with the projective Segre variety. The Segre variety is the image

of the map

VIxVExVE 5 VigV2ieV?
VP x vt x v = vl @@t
The Segre variety of the 2 x 2 x 2 complex tensor space is denoted X2**** and the Segre
variety of the 2 x 2 complex tensor space is denoted X2**. The 2 x 2 x 2 Segre variety over

X2><2><2

an arbitrary field is denoted , or simply as X if the dimensions are clear from context.

The tangent space of the Segre variety at a point v is denoted as T;,(X), and is characterized

in [31] as in the following theorem.

Theorem 14. Let z7 ® 22 @ 23 be a rank one tensor in the Segre variety X. The tangent

space of X at x} @ 2 @ x3 is the space of all tensors in the form

T;RT:RT + 1 RT3QT + T} QT QTS (3.7)
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for some x} € V1, 22 € V2, and 23 € V3.

The projective Segre variety is the the projective image of the rank one tensors. That is,

it is the image of the injective Segre map defined as

P(VHY x P(VH xP(V?) — PV'e@VieV?)

'] x ] x o] = [0l @ @07,

where [v] indicates the projectivization of vector v, and P(V!) denotes the projectivization
of vector space V!. The 2 x 2 x 2 complex projective Segre variety is denoted as P(X2"***?).

Regular 2 x 2 x 2 complex tensors can be either rank two or three. We will show that
a regular tensor p is rank two if and only if P(imIl;(p)) intersects P(X2*?) at two distinct
points each with multiplicity one for any j = 1,2,3. Additionally, P(imlIl;(p)) intersects
P(X2*?) at one point with multiplicity two for any j = 1,2, 3 if and only if the rank of p is

three. This result is summarized in Figure 3.1 and proven in the following theorems.

Lemma 15. Let V!, V2, and V3 be two-dimensional vector spaces over a common field, and
let p e VI@ V2@ V3 be a reqular tensor. If P(imlIl;(p)) intersects P(X?*?) for any j, then

p is rank less than or equal to three.

Proof. Suppose P(imll;(p)) intersects P(X?*?) at some point [z? ® 23] for some vectors
2?2 € V% and 23 € V3. Extend these vectors to a basis {22, 23} of V? and a basis {23, 23} of
V3. There must also be a basis {z],z3} of V! with corresponding dual basis {z1*, z3*} such

that

o e et (3.8)
T3 a2 + bty + cri®a + das®a (3.9)

= 27 ® (ax} + bry) + 25 ® (ca} + da)
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P(imlI;(p)) intersects P(X2*?) at two distinct

points each with multiplicity one for any j =1, 2, 3.
P(imII;(p)) intersects P(XZ*?) at one point

with multiplicity two for any 7 = 1,2, 3.

<— r1k(p) =2

<~ 1k(p) =3

Figure 3.1. If p is a regular complex 2 x 2 x 2 tensor, then one of the above
two conditions holds.

for some scalars a, b, ¢, d. Equation (3.8) follows from the fact that 22 ® 23 is in the image of

2,2

IT;(p) by assumption, and equation (3.9) follows from the fact that {7 ® x3}7"._, is a basis

of V2 ® V3. Hence,
p = @@ + 130a] @ (az) +bry) + 13 @ x5 @ (cr} + dry),

as tensors are completely determined by the values of one of their contraction maps on a

basis. Thus, the rank of p is less than or equal to three. U

Lemma 16. Let V!, V2, and V3 be two-dimensional vector spaces over a common field,
and let p be a tensor in VI @ V2@ V3. If p is rank two and regular, then for any rank two
decomposition of p

p = v%@vf@vf + U%@U%@Ug’,
the sets {vi,vi} are linearly independent for i =1,2,3.
Proof. We will suppose for contradiction that the set {v{,vi} is not independent. Suppose
that there existed some scalar k such that vd = kv{. Extend the set {v{} to a basis {v], w3}

of V! for some vector w3, and let {v]*, wy*} denote the corresponding dual basis. The action

of the mode-1 contraction of p, I1;(p), on this basis is then

vi* = VU 4+ kvs ® vl

wy* = 0.

Thus, II;(p) is not rank two, contradicting our assumption that p is regular. [
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Theorem 17. Let V!, V2, and V3 be two-dimensional complex vector spaces. For a reqular

tensor p in VI @ V2@ V3, the following are equivalent:

(1) For some j =12, or 3, |P(imll;(p)) N P(XZ?) | = 2

(2) rhip) = 2

(8) Forall j =12, or3, |P(imll;(p)) N P(XZ?) | = 2
Proof. (1) = (2) : Suppose without loss of generality that p is a regular tensor such that
P(imlI;(p)) intersects P(X2"?) at the two distinct projective points [v? ® v?] and [v3 ® v3]
for some vectors vj. The projective line P(imlI;(p)) is then generated by these two points.

It follows that there exists an independent subset {v{,v3} of V! with dual basis {v{*, v3*

such that ITy (v}*) = v ® v} and I1; (v4*) = v3 ® v3. This implies that
p = v%@v%@vi’ + v%@v%@vg.

Hence, p is rank two.
2) = (3) : Suppose regular tensor p is rank two. This implies that there exists vectors
g P
v} such that p = v; ® v7 @ v} + v ® v3 ® v3. By Lemma 16, the sets {v], v} are a basis of

Vifori=1,2,3. Let {v{*, vi*} denote the corresponding dual bases. It follows that

{[vf @vil, [v3 @3} = {[Mi(p)(vr")], [Ma(p)(vy")]} € P(imlly (p)) NP(XE),
{lvr @7, [vy ® v3]} = {[Ma(p) (v")], [2(p)

{lv1 @07, [vy ® v3]} = {[5(p)

—

v} € P(imIly(p)) NP(XE*?), and

—

v} € P(imlls(p)) N P(XE?).

—~
S
=W
*
~—
—
w
—~
)
~
—~

Thus, P(imIT;(p)) N P(X&*?) contains at least two distinct points for each 4. It remains to
show that the intersection of P(imll;(p)) and P(X2*?) in fact contains only these two points.
Suppose for contradiction that a projective point [v2 ® v3] distinct from points [v? ® v] and
[v2 ® v3] was contained in P(imlII;(p)) NIP(X2*?). Since the line P(imll;(p)) is generated by

any two distinct points that lie on it, it follows that there exists scalars a and g such that

ViRV = avi®ul + B iR (3.10)
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If either o or 8 were zero, then [v3 ®v3] is not distinct from [v? ®v§] and [v3 ®v3] as projective
points. Furthermore, if both o and  were nonzero, then equation (3.10) is a contradiction,
since a rank one tensor cannot be equal to a rank two tensor.

Since the implication (3) = (1) is clear, the theorem is proved. O

Bézout’s theorem states that the number of intersection points with multiplicity of n
homogeneous polynomials in n + 1 variables with no common components is the product
of the degrees of the polynomials in complex projective space. For a regular 2 x 2 x 2
complex tensor p, P(imll;(p)) is a projective line generated by two degree one homogeneous
polynomials in four variables. Additionally, the projective 2 x 2 Segre variety P(X2*?) is
generated by the 2 x 2 matrix determinant, which is a degree two homogeneous polynomial in
four variables. Hence, if P(imlIlL;(p)) is not contained in P(X2*?), Bézout’s theorem implies
that the intersection of P(imIl;(p)) and P(X2*?) is generically two. This in turn implies that
a regular tensor p is generically rank two by Theorem 17. Thus, to show that there is an

open and dense set of rank two complex 2 x 2 x 2 tensors in the norm topology, it remains

to prove the following theorem.

Theorem 18. Let V!, V2, and V3 be two-dimensional complex vector spaces. If p € VI @ V2@ V3

is a regular tensor, then imll;(p) € X2** for j =1,2,3.

Proof. Segre varieties contain numerous vector spaces in general. For example, the plane

generated by the following two matrices as
< 1 0 0 0 >
00/ 10
is contained in the X2**. We now show that this does not happen for the plane IL;(p) when
p is regular for any j = 1,2, 3. Suppose for contradiction that the plane II;(p) was contained

in the variety X2*?. There would then exist a basis {el,el} of V! with corresponding dual

basis {e1*, e;*} and some vectors v!’s such that
Mi(p)(er) = vi @} and T(p)(ey") = v @ 3.
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It also follows that v{ @ v? +vi @ v2 = 22 @ 23 for some vectors 22, 23 since v} @ v? +vi @v2 €

X2*2. This implies that IT; (v} ® v +vi ®v2) is equal to I, (z? ®x$), and thus the set {v?, v3}

is linearly dependent. This, however, cannot occur when p is regular by Lemma 16. [

We could apply Bézout’s theorem in the 2 x 2 x 2 case as the ideal of Segre variety was
just the 2 x 2 determinant. Finding the ideal of the n; X ny X ng Segre variety is a much

more difficult problem in general.

3.5 Regular 2 x 2 x 2 Tensors Tangent to the Segre Variety

If p is a regular 2 x 2 x 2 real or complex tensor, then each of the three contraction
maps generate a projective line - the line that is the projectivization of the image of each
contraction map. If any of these lines are tangent to the Segre variety, then all of the
these lines are tangent to the Segre variety. Furthermore, these lines are tangent to the
Segre variety if and only if p itself is tangent to the Segre variety. This demonstrates the
fundamental relationship between a tensor and its contraction maps geometrically, and is

summarized in Figure 3.2.

Theorem 19. Let V!, V2, and V3 be two-dimensional complex or real vector spaces. For a
reqular tensor p in V! @ V2@ V3, the following are equivalent:

(1) For some j =1,2, or 3, P(imll;(p)) C T.(P(X?**?)) for some x €
]P(X2X2).

(2) [p] € T,(P(X?*?*2))  for some x € P(X?*2x2).
3) For all 3 = 1,2, or 3, P(imll; C T, (P(X?x? or some x €
i\pP
]P(XZXQ).
Each of these conditions also implies that the rank of p is three, and | P(imIL;(p)) NP(X?*?) |

= 1 for any j = 1,2,3. Furthermore, the intersection of the projective image of any mode-j

contraction of p with the 2 X 2 projective Segre variety is one with multiplicity two.
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Proof. (1) = (2) : Suppose P(imI1;(p)) C Tjy2g,3 (P(X?*?)) for some 27 @ § € X?*?. Since

p is regular, there must be a basis {1, z3} of V! with dual basis {z}*, z3*} such that

M(p) : 21 = 25 @2} (3.11)
Ty 15 @) + af @) for some vectors x5, 7. (3.12)

Equation (3.11) follows from the fact that 27 ® } must be in Ty2¢,3(X?*?). Equation (3.12)
follows from the fact that every element in T,2g,3(X**?) is in the form 23 ® 2% + 27 @ x3 by
1 1

Theorem 14. Hence,
p] = [p1@2ier] + 13l + 2)® 1] ® 23] € Thgee.(PX2).

(2) = (3) : Suppose p is a regular tensor contained in Tj,1g,26,3 (P(X?***?)) for some

simple tensor z} ® x? @ 3. The tensor p must be in the form
p = 01 R1 + 11+ 11 Q1) (3.13)

for some vectors 3, 32, and a3 by Theorem 14. By Lemma 15, p is rank three. Hence, the
sets {2}, x4} must be linearly independent for each 7, or else the rank of p would be less than

three. Let {x*, 2%} be the corresponding dual spaces. It follows that

I (p)(21%) = 23 @ 2} + 27 @ a3, IT; (p)(23°) = 27 @ 2,
Iy (p)(27) = 2 @ 2} + z] ® 3, Is(p)(23) = 21 @ f,
5(p)(2}) = 23 ® 2} + 2} ® 23, and I5(p)(25") = 21 ® 7.

Since the image of each of these maps is two-dimensional, we conclude that

P(imIL (p)) = ([23 ® ¢} + 23 @ 23], 23 ® 23]) C Thgeany(B(X>?)), (3.14)
P(imlL(p)) = (e © 0% + 2} @ 23], [} @ 23]) C Thyrguy (P(X??)),and (3.15)
P(imlL(p)) = ([} ® 2% + 2} @ 23], o} ® 22)) C Thosus)(B(X>?)). (3.16)
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P(imIl;(p)) € T,(P(XE))
for some x € (P(X2*?))
for any j =1,2,3.

o] € To(P(XE?))

for some z € P(X2***?)

Figure 3.2. If p is a regular complex 2 x 2 x 2 tensor, then the contraction
maps of p are tangent to the Segre variety if and only if p is tangent to the
Segre variety.

The set containments in Equations (3.14), (3.15), and (3.16) follow from the characterization
of the tangent space of the Segre variety in Theorem 14. This implies that each projective
line P(imIl;(p)) is tangent to the projective Segre variety.

(3) = (1) is obvious. Furthermore, by Bézout’s theorem, there cannot be any addi-
tional intersections, since a line and a degree two variety can have at most two intersec-
tion in three-dimensional complex projective space. Hence, | P(imlL;(p)) N P(X**?) | =
1 for any j = 1,2, 3.by the same reasoning, the intersection of the projective image of any
mode-j contraction of p with the 2 x 2 projective Segre variety is one with multiplicity two.
It can be shown by contradiction that any regular tensor in the form (3.13) is indeed rank

three. Hence, the theorem is proven. [

Let p be a regular real 2 x 2 x 2 tensor. The projective line generated by the image of
the mode-1 contraction map of p intersects P(X2*?) at one point with multiplicity two or
two points with multiplicity one. However, the projective line generate by imll;(p) could
possibly not intersect the real 2 x 2 Segre variety P(X2*?) at all. It is not possible for the
the projective line to intersect the projective Segre variety one point of multiplicity one,
since complex solutions to real polynomials come in complex pairs. Hence, over R, there
are three possible cases, which are summarized in Figure 3.3. This explains why there is no

generic rank for 2 x 2 x 2 real tensors, for non-intersection with the Segre variety is an open

condition.
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P(imlI;(p)) intersects P(Xg*?) at two distinct

<— r1k(p) =2
points each with multiplicity one for any j =1,2,3 2

rk(p) =3
= [p] € T.(P(XF*?))

for some z € P(X3***?)

P(imII;(p)) intersects P(Xz*?) at one point
with multiplicity two for any j =1,2,3

rk(p) =3
= [l ¢ T.(P(XR?)

for some z € P(X3***?)

P(imII;(p)) does not intersect P(Xz*?)
for any j =1,2,3

Figure 3.3. If p is a regular real 2 x 2 x 2 tensor, then one of the above three
conditions holds.
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3.6 Quantifier Elimination and the Importance of a Geometric Perspective

It follows from the quadratic formula that the existential statement
(3z)By)(z®* +bx+c=0)A (> +by+c=0)A(z #y)
is true over C if and only if the quantifier-free statement
—4c#0

is true. In fact, every statement in the language of algebraically closed fields is equivalent
to a statement without quantifiers. The statement ‘p € C**?*2 is a rank two tensor’ can be

formalized in the language of algebraically closed fields with the formula ¢(a;;x)

Fu} Fut Fob Fo? Fwi Fw? Juy Fui vy I3 Jwy Iw: (a1 = ujviw] + wRvPwiA
(a112 = U%U1w2 + u1v1w2) (a121 = u%'UQUJl + U%”S“’%) A (a1 = U%UQUQ + U%”SWS)A
(ag11 = ugviwy + usviwd) A (az = udviws + usviws) A (ag = usvawi + usvawi)A
(agen = ugvywy + usviws) A

—Jui ~F? —Fo] ~F? ~Fw; ~Fwi(ar; = ujviwi) A (a2 = ujviwy) A (a1 = uivgwy)
A (122 = utvawy) A (agi1 = usviwi) A (a1 = usviwy2)

1

A (@221 = upvpwy) A (azz = uyvyuwy).

This is the entry-wise equivalent of the informal statement in the ‘language of tensors’ of

1 2 1 2 1 2 1 1 1 2 2
U U v v w w U v w U v w
1 1 i 1 i 1 1 1 i 1 1 2
3 3 3 3 3 3 (= ® ® + ® ®
u u2 vl v2 wl w2 ulb vl wl ul v2 w
2 2 2 2 2 2| 2 2 2 2 2 2
1 2 1 1 1 1
Uy uy Uy Uy Uy wy
A —3 -3 -3 (0= ® ® )
1 2 1 1 1 1
U U Uy U | V2 Wy
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ma(aijk), and mg(ai;,) be the following quantifier-free formulas.

my(a;jr) = (a111a212 — az11a112 # 0)

a111A221 — G211A121 7’é 0

A111G221 — 42110122 7é 0

(1120222 — (2120122 7’é 0

We now construct a quantifier-free formula that is equivalent to ¢(a;i). Let mq(aije),

ma(a;jr) = (a111a122 — a121a112 # 0)

a111Q221 — Q1210211 7’é 0

A111G222 — Q1210212 7’£ 0

1120222 — 1220212 7é 0

v ( ) v ( )
v ( ) v ( )
V (ay12a991 — as12a121 # 0) V (ay12a991 — a120a211 # 0)
v ( ) v ( )
v ( ) v ( )

Q121222 — A2210122 7’é 0), 2110222 — Q2214212 7’é 0),

and mg((lijk) = (a111a122 — (1120121 7é 0)
V (ar11a212 — a112a211 # 0

V (a1110222 — a112a201 # 0

V (a121a222 — 1220291 # 0

( )
( )
V (a121a913 — G1220911 # 0)
( )
( )

V (az11a922 — agiaaza1 # 0).
Furthermore, let 6(a;j;) be the formula
O(aik) = (M1 VmgV—-ms) V (mqgVmgV-my) V (mgVmsV-my),
and let A(a;;1) be the polynomial

2 2 2 2 2 2 2 2

A(aijk) = (@y1,G399 + AT190591 + Q191515 + Al99051)
- 2(6111%12@221@222 + @111Q121A212G222 + G1116L122a211a222)
- 2(a112a121a212a221 + @112Q1220221G211 + a121a122a2120211)

+ 4(a1110122G2120221 + 11201210211 0222).

The quantified formula ¢(a;;x) is equivalent to the quantifier-free formula (A(a;;,) # 0) V

H(aijk).
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The rank of a hypermatrix can theoretically be determined algorithmically by computing
and then evaluating the equivalent quantifier-free formulas. However, such formulas are in-
comprehensible and often infeasible for high dimensional tensor spaces, as the above example
demonstrates. Hence, there is a need for a more geometric understanding of tensors. In this
chapter, we have given a geometric explanation for the existence of an open, dense set of

rank two tensors in the complex 2 x 2 X 2 tensor space.
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4. RANK-JUMPING

If a sequence of rank r real matrices converges to a matrix A in the norm topology, then the
rank of A is less than or equal to r. A sequence of real hypermatrices, however, can converge
to a hypermatrix of greater rank. The limit points of such sequences are called rank-jumping
hypermatrices. We show that a 2 x 2 x 2 real hypermatrix is rank-jumping if and only if
it is a regular element of the tangential variety of the Segre variety. We also explain why

rank-jumping never occurs for non-negative real hypermatrices.

4.1 Rank-Jumping Hypermatrices

Let V!, V2, and V? be finite ny, ny, and ns-dimensional real vector spaces, respectively,
and let V! ® V2 ® V3 denote the tensor product of these spaces. The tensors in the form

1 w2, and v? are called simple tensors. The simple tensors

vl @ v? ® v? for some vectors v
form a variety, which is denoted X and is called the Segre variety. The rank of a tensor p is
the minimum number n such that p is the sum of n simple tensors. A tensor p is said to be
rank-jumping if the rank of p is greater than s, and there exists a sequence of rank s tensors
that converge to p in the norm topology.

We denote by 7(X) the set of all tensors that lie on lines tangent to the Segre variety. It

is a classical observation that tensors of rank greater than two in 7(X) are rank-jumping. A

tensor f in 7(X) is in the form
B =50 + Q11 + 5 Q) (4.1)

for some vectors xz This is an immediate calculation, but can also be found in [31, Prop.2.6]

and [14, p.108]. The tensor J is the limit of the sequence of rank at most two tensors

1 1 1
pn = n (2] + Ex%) ® (27 + ﬁxg) ® (v3 + ﬁxg) — nr; @i}, n €N (4.2)
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in the norm topology. It follows from the observation

1 1
loa =Bl < > |@ai@al + tededd + deded| + 5 |deded

)

that the limit of p, is indeed equal to 5. The rank-jumping of tensors in the form (4.1)
is best understood in terms of secant lines of the Segre variety. A secant line of the Segre
variety is a line that intersects the Segre variety at two points. A real tensor is rank at most
two if and only if it is on a secant line of the Segre variety. We denote by 03(X) the norm
closure of the set of all tensors that lie on secant lines of the Segre variety. We define o5(X)
as the norm closure of the set of rank at most two tensors since the set of rank at most two
tensors is not closed, as sequence (4.2) demonstrates.

Tensors in 7(X) are on tangent lines of the Segre variety, which are limits of secant lines.
Hence, almost by definition, the rank-jumping tensors that are limits of rank two tensors
should be the rank greater than two elements in 7(X). In this chapter, we will prove this
characterization formally. We will prove that a 2 x 2 x 2 real tensor is rank-jumping if and
only if it is a regular element of 7(X).

Interestingly, rank jumping does not occur for non-negative real hypermatrices [32]. Re-
call that tensors can be coordinatized as hypermatrices. The 2 x 2 x 2 hypermatrices in the

form

S| TaY121 T2Y1R2

/ TalY2Z1 T2Ya22

Z1 Y1 21

’ T1Y121 T1Y12
Ty s 2 1Y121 T1Y122 K

T1Y221 T1Y222 |/

for some constants x;, y;, and z; are the simple hypermatrices, which are the coordinate
counterparts of simple tensors.

A non-negative hypermatrix (a;j;) has both a non-negative rank and a real rank. The
non-negative rank of (a;;) is the minimum number n such that (a;;;) is equal to the sum

of n non-negative-valued simple hypermatrices. The real rank of (a;;;), on the other hand,
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n(xl -+ %y1) 0% (.CL’Q + %yg) X ($3 + %yg) —Nnri Q Tos @ T3

VigVigVs
(N — 00

T1QTy R B=21QT2Qys+ 21 QY @ T3+ Y1 ® Ta @ T3

n(a:l + %y1) & (1‘2 < %yz) ® (1‘3 + %yg)

Figure 4.1. Tensor (8 is a rank three element on a tangent line of the Segre
variety that is the limit of rank two tensors on secant lines of the Segre variety.
Hence, § is a rank-jumping tensor. The sequence of rank two tensors that
converge to  contains a negative term. A negative term always appears in
such sequences of rank two tensors that converge to rank three tensors, since
rank-jumping never occurs for non-negative hypermatrices.
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is the minimum number n such that (a;;) is equal to the sum of n real-valued simple
hypermatrices. Tangent lines to the non-negative Segre variety still contain rank greater
than two non-negative hypermatrices. However, over the non-negative real numbers, rank
at most two tensors can no longer be identified with secant lines of the Segre variety. For

example, the non-negative real hypermatrix

50 16
/7 4
P 16 22
A= (£ ~
237 S
4 v
7 10 |

is on a secant line of the non-negative Segre variety. Indeed, A is on the secant line that

intersects the the non-negative Segre variety at the points

3 g 3 1 1 1
® ® and ® ®
6 2 2 1 1 1
since
3 : s 1 1 1
A = ® ® -2 ® &
6 2 2 1 1 1

Non-negative hypermatrix A is thus real rank two. It can be shown by contradiction, how-
ever, that A cannot be written as the sum of two simple non-negative hypermatrices. Thus,

the non-negative rank of A is greater than two.
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4.2 Rank Three Tensors On Tangent Lines Are Rank-Jumping

Let V!, V2, and V? be finite n;, ne, and ns-dimensional real vector spaces, and let V'1*
V2 and V?* denote their dual spaces. The tensor p =37, v! @ v? @ v} in VI @ V2@ V3

induces the three linear maps

Vl* II1(p) V2 ® V3 V2* Vl ® VS V3* Vl ® V2

|—>Z ) v @, '—>Z )v; ®@v), and 0* +—>Z ) v ® v

=1

These maps are called the mode-1, mode-2, and mode-3 contraction maps of p, respectively.
The relationship between the contraction maps of a tensor generalizes, in a coordinate-free
way, the fundamental relationship between the rows and columns of a matrix to hyperma-
trices. The rank of a two-fold tensor p € V! ® V2 is equal to the dimension of the image of
IT;(p), which is also equal to the dimension of the image of II5(p). We now use contraction
maps to show when tensors in the form (4.1) are rank three. First, we need the following

lemma.

Lemma 20. Let V! and V? be finite dimensional real vector spaces, let {z}}i_, and {y;} }i_,
be linearly independent subsets of V', and let {x?}_, and {y?};_, be linearly independent
subsets of V2. If Y I_xl @22 =35 yl @ y2, thenr = s.

Proof. Since {x;}j_, is independent, we can choose {zj*}7_; € V' such that z}*(z}) = d;;.
By taking the mode-1 contraction of the tensor with respect to each of the two representa-

tions, it follows that

T S

Z x;*(le) D Zx;*(yzl) y? forj=1,2,...,r

i=1 i=1

This implies x? =37 atjl*(yzl) y? for j =1,2,...,r, so each a:? is in the span of ¥, 3, ..y2,

which we denote by (y7);_;. Thus, we conclude that the linear space (z7)7_; is a subset of
(y7)i=y. Similarly, (y7);_; C (25)_,, so, by the independence of each set, r = s. O
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Theorem 21. Let V!, V2, and V3 be finite dimensional real vector spaces. If the sets
{z}, 23}, {x3, 23}, and {23,253} in V1, V2 and V3, respectively, are linearly independent,

then the tensor
B =1QrQr + 1R + 11®17R 1)

is rank three.

Proof. Suppose for contradiction that § were rank less than three. That is, suppose that
B=noyey + pnoy ey

for some vectors yi. Since the image of II;(5) is equal to (x},z3) and (yi,y3) for each i,
it follows that the sets {y{,v5} are independent for each i. Let z{* and zi* be the dual
vectors such that zj*(x}) = d; for 4, j = 1,2. By considering the mode-1 contraction of both

representations of 3, it follows that

M (B)(x3") = 23" (wp)7t @ 27 + 23"(w1)a; @i + a7 (27)a] ® a3, and

I (8)(25") = @™ (y1)vs @ ui + 25" (12)y5 ® v
This implies that
i@} = 2 (y)yi @y + 15 (y2)ys @ ys.

Since the sets {y%, 4} are independent, Lemma 20 implies that either x3*(yl) = 0 or 23*(yd) =
0. We consider the case when z3*(y3) = 0, and leave the remaining similar case to the reader.

It follows that

im Il ( 11 (8)(23") ) = imIs(2f @ 2F) = im To( 23" (y1)y; @ i ),
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which implies that (z?) = (y?). Let k be a scalar such that y? = kz?. Similarly,
im I (10 (8) (25") ) = im 1Ty (2] @ 27) = im T (25" (y1)y? @ 97 ),

so (z3) = (y3). Finally, we derive a contradiction by considering the mode-2 contraction of

both representations of /.

IL(B)(23") = z1 @2 = 23 (yD)y1 @y + 23°(3)y; ® vs
= 23" (ka))y; @ yi + 23°(¥3)y; @ ys

= 23" (13)yi ® vs.

However, this implies that y3 € (x3). This is a contradiction, since we have already shown

that y? € (23) and the set {y3,y5} is independent. We leave it to the reader to check the

similar case of z3*(yi) = 0. O

We have now shown that when V!, V2 and V? are finite dimensional real vector spaces

and the sets {z!, 25} C V" are linearly independent, then the tensor
B= 2,021 @17 + 2 Q13Q17 + 7] Q1] Q1
is rank three. However, it is also the limit of the sequence of rank at most two tensors

1 1 1
o= 1 (@1 + —wp) ® (2] + —a3) @ (2] + ~23) — nwy @2 @at, n €N

in the norm topology. Hence, such tensors are indeed rank-jumping.

4.3 Continuous Curves of Rank Two Hypermatrices

In the coordinate-free setting of tensors, the rank one summands of a 2 x 2 x 2 regular

tensor can be determined by considering the contraction maps of the tensors. A tensor is
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said to be regular if all of its contraction maps are full-rank. If p is regular and rank two,

then
p =1 RVRY + v;Qv; Qv

for some vectors v, and the sets {v{,v;3}, {v{,v3}, and {v},v3} are linearly independent.
Let {vi*,v3*} denote the dual basis of {v{,vi}. By considering the values of II;(p) on the

dual vectors v{* and v3*, we concluded that
M) = (@0, 1} ). (1.3

By similar reasoning, we can conclude that the vector v? is in the image of the map IT; (v? ®@v?)
and the vector v is in the image of the map Iy (v ®v?), where the contractions are now taken
with respect to two-fold tensors. We now translate these observations into the coordinate
setting of hypermatrices. Let B denote the collection of bases of {e}, e} of Vi for i =1, 2, 3,
and let {ef*, e5} denote their corresponding dual bases. The tensor p = 3,1, agre} ® € @ e}

is identified with the hypermatrix

Jag1r G212
/ a221 G222

(aijk) = K
G111 G112 )/

Q121 Q122 |/

with respect to bases B. The mode-i: contractions maps of p can also be coordinitized as

4 x 2 matrix unfoldings of (a;ji).

a111  A211 a111  Aa121 G111 A112

G112 A212 G112 A122 A121 A122
Hl(aijk) = HQ(aijk) = HS(aijk) =

121 Q221 @211 A221 a211 A212

a122 A222 a212 A222 A221 A222
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The matrices I1;(aijx), Ila(aijk), and I3(a;) are called the mode-1, mode-2, and mode-3
coordinate contractions of (a;j;), respectively. Hypermatrix (a;jx) is simple if and only if
all of the mode-i coordinate contraction maps are rank less than or equal to one. Hence,
hypermatrix (a;;;) is simple if and only if all the 2 x 2 minors of its mode-i coordinate
contraction maps are zero. This shows that the set of simple hypermatrices is indeed a
variety. It is in fact sufficient to show that two of the three mode-i¢ coordinate contraction
maps are simple, for this implies the third one is simple as well.

The columns of the contraction maps II;(a;;x) can also be unfolded into 2 x 2 matrices,

which are denoted as follows.

a111 Adii2 Q211 A212
ay., = ag.. =

aiz1 A122 (221 Q222

G111 d1i12 G121 A122
a.1. = Q9. =

a211 A212 Q221 A222

a111 A2 112 A122
a..1 = a..0 =

(211  A221 212  (A222

These matrices are referred to as the co-dimension one slices of hypermatrix (a;;). Hyper-
matrix (a;;;) is said to be regular if it is the coordinatization of a regular tensor. Thus, a
hypermatrix is regular if and only if all of its mode-i¢ coordinate contraction maps are full
rank. Thus, a 2 x 2 x 2 hypermatrix is regular if and only if II; (a;;x), Ha(asj), and I3(a;)
are all rank two. The 4 x 2 matrix IT; (a;;x) is rank two if and only if the set of 2 x 2 matrices
{a1.., as..} is linearly independent. Hence, a 2 x 2 x 2 hypermatrix is regular if and only if
there are no linear relations among its co-dimension one slices. Intuitively, generating the
entries of a 2 x 2 x 2 hypermatrix randomly and independently should result in a regular
hypermatrix. Indeed, the set of 2 x 2 x 2 hypermatrices form an open and dense set in R?*2*?2
with respect to the norm topology.

We prove that if regular 2 x 2 x 2 real hypermatrices are parameterized continuously,

then the rank one summands can also be parameterized continuously and semi-algebraically.

We will need the following generalization of Cramer’s rule.
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Theorem 22. Let (0, 1] — A(t) be a continuous curve of mxmn matrices, and let (0, 1] — b(t)
be a continuous curve of m x 1 wvectors. If there exists a to in the interval (0,1) such that
the linear system A(tog)x = b(ty) has a solution, then there exists a neighborhood (a,b) of tg

and a rational function p(t) from (a,b) to R™ such that A(t)p(t) = b(t) on (a,b).

Proof. First, recall that if A is a square matrix, and b be is a vector such that the linear
system Ax = b has a solution, then the solution z must be completely determined by the
coefficients of A and b. Cramer’s rule is the classical observation that the vector with 7

entry x; equal to
detA

r; =

is the solution to Az = b, where A; is the matrix obtained by replacing the i** column of A
with the column vector b. Cramer’s formula thus demonstrates that the solution of a square
system of equations Az = b is in fact determined by a ratio of polynomial functions in the
coefficients of A and b. If a polynomial is zero at a point, then it is zero on a neighborhood
of the point. Hence, if A(%) is a continuous curve of n x n matrices defined on (0, 1] and b(t)
is a continuous curve of n x 1 vectors defined on (0, 1], then if A(ty)z = b(ty) has a solution
for some ¢y € (0,1], there must exist a neighborhood of (a,b) of t, on which A(t)z = b(¢)
has a solution. Let (a,b) be the maximal neighborhood of ¢, such that detA(¢) is nonzero.
It then follows from Cramer’s rule that

e (dite(ﬁf))))

is the desired rational function p(t). Furthermore, Cramer’s rule can be extended to rectangu-
lar matrices. The solutions of rectangular systems of linear equations can still be determined

by rational functions [33]. This implies the theorem. O

Theorem 23. Let v : (0,1] — R?**?*2 be a continuous curve of reqular rank two hyperma-

7

trices. There exists (0, 1] 5y R? continuous and semi-algebraic for all ©,7 such that

Y(t) = vi(t) ®vi(t) @ vi(t) + vy(t) @ va(t) @ vy(t)
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for allt € (0,1].

Proof. Since (a;jx(t)) is a regular rank two hypermatrix for every ¢, we know that

nlt) — (a:h(t)) . (x'ﬁ(t)) . (ﬁh(ﬂ) . (xél(t)) . (xgl(t)) ) (.xgl(t))
x%z(t) x%(t) 5?2@) x%Q(t) 532@) x%Q@)

for some constants %, (t) for every ¢ in (0,1]. By translating Equation (4.3) into the lan-
guage of hypermatrices, we conclude that there exists two ordered pairs (o (t), 51(t)) and

(aa(t), Ba(t)) for every t such that the following equalities hold.

at (t) t (t) o

(%9 — 041<t)a1::(t) + Bl(t)GZ::(t) (44)
:17%2(25) fE?Q(t)
le(t) 2 wzl(t)) _ Ozg(t)ch;;(t) + ﬁ2<t)a2::(t) (4.5)
x%z(t) x%Q(t)

These pairs (a1 (t), £1(t)) and (az(t), B2(t)) are precisely the solutions to the equation det(xas..(t)+
yas..(t)) = 0. By similarly considering the mode-3 contraction maps, we conclude that there
also exists ordered pairs (as(t), B3(t)) and (ay(t), B4(t)) for every t such that the following

equalities hold.

1, (1) %, (1) o

® = az(t)a.a(t) + Bs(t)a.s(t) (4.6)
xb(t) x%2(t)
) ‘”21“)) = a()aalt) + Aulas() (4.7
x%Q(t) x32<t)

Choose a ty such that a;..(ty), as.(to), a.1(to), and a..5(tg) are rank all rank two. Thus, on
a neighborhood (¢, d) of ty, we can conclude that the solutions of (4.4), (4.5), (4.6), and

(4.7) do not have zero coordinates. The multilinearity of the determinant function then
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implies that for each t in (¢, d), there exists d1(t), d2(t), d5(t), and d4(¢) on (¢, d) such that

the following equations hold.

det (alz:(t) —f- (51 (t) CLQ::(t)) = 0 det (azzl(t) + (53(t) CL::Q(t)) = 0
det (ay..(t) + 02(t) az.(t)) =0 det (a.1(t) + 04(t) a.2(t)) =0

Note that det (a1..(t) + d1(t) az.(t)) = 0 implies §;(t)? A(t) + 6:(t) B(t) + C(t) = 0,

where A(t) = det (asg..(t))

B(t) = (tr(ai.(t))tr(az.(t)) — tr (a1 (t)az.(t)))
C(t) = det (a1..(1)) .

It follows that

—B(t) £ /B(t)? — 4A()C(t)

912(t) = 2A(D) )

so 01(t) and d2(t) are continuous and semialgebraic. Note that d1(¢) and d-(¢) are defined on
(¢,d) since as..(t) and a..o(t) are rank two on this interval. The functions d3(¢) and d4(t) are
continuous and semialgebraic on (c¢,d) by the same reasoning. Define the continuous and

semialgebraic functions Dy (t), Do(t), E1(t), and Fs(t) as follows.

Dy(t) = a1..(t) + 61(t) az.(t) Ey(t) = a.(t) + d5(t) a.a(t)

Dy(t) = a1..(t) + 62(t) az.(t) Es(t) = aq(t) + d4(t) a.o(t)
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We can thus compute the vector components of the rank one summands of (a;j;) as the

continuous and semialgebraic functions v;'»(t) defined as follows.

o = [} Z g [ am = 2 Z g !

Uﬁ(t) 0 U%2(t) 0
w2 = [ 2y [ 20 - [ 2y [

2 () 0 V3 (1) 0
V(L) = U?EZ :(<1 0) DQ(t))T w3(t) = U?Z; =<(1 0) Dl(t)>T

There must thus be some constant p;(t) and po(t) for every ¢ on our interval (¢, d) such that
(aizr) = pi(t) vi(t) @ vi(t) @ vi(t) + pa(t) va(t) ® v () @ v3(1).

By Theorem 22, there exists such p;(t) and py(t) continuous and semialgebraic on our interval
(¢,d). We leave it to the reader to check the similar case when one of the slabs of the
hypermatrix (a;;) is rank one, and to confirm that it is sufficient to find a continuous and

semialgebraic parameterization on a subinterval. [

4.4 The Sets of Constant Rank Real Hypermatrices are Semialgebraic

Let V!, V2 and V3 be two-dimensional real vector spaces. We denote the set of rank r
tensors by M, and the set of rank at most 7 tensors as MZ, .

MP = {peVieViaV’ | (p=r}

T

ME = {peV'aV?aV®| (p)<r}

It thus follows that in our 2 x 2 x 2 case, the tensor space V! ® V2 ® V3 is thus equal to
the disjoint union ME, U My LI Mg. The set ME, is closed in the norm topology, since a
tensor is simple if and only if all of its linear contraction maps are rank less than or equal

than one. It is well-known that set of linear maps that are rank less than or to one is closed
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in the norm topology. Hence, the only real 2 x 2 x 2 rank-jumping tensors are rank three
tensors that are limit points of a sequence of rank two tensors. That is, tensor fisa 2x2x 2
real rank-jumping tensor if and only if § is rank three and there exists a sequence of tensors
(Pn)nen such that

n—00

This is in general weaker than the statement that there exists a continuous mapping v such

that
7: 0,1]CR—= V'@ V*@V? and v(0) = 3,7(0,1] C My (4.9)

However, (4.8) does imply (4.9) if M} is semi-algebraic by the Curve Selection Lemma. In
the following theorem, which is modified from [30, Thm.6.1], we show that the sets M are
indeed semialgebraic by considering the map ¢& from (R? x R? x R?)" = R5" to R?*2*2 that

sends

1 1 r r r
a1 s Ay ay Qg1 Apy1
( X X ) X x X X )
1 1 T 1 T
) as o Ay, 2 ay9 as 9 )
to the tensor
1 1 1 r r T
a a a a a a
1,1 2,1 na,1 1,1 2,1 na,1
) ® ) & ) T ® . ®
T '
) Qs 9 Ap g2 Ay P Qp,2
Theorem 24. For any natural number r, the set M® is semialgebraic.
Proof. In coordinates, by the isomorphism (5.1), ¢¥ sends
1 1 r r
ai as1 Apgl ay g g1 pyl
( X X ) X X ( X )
1 1 r T
aj o aso Ay, 2 Ay as9 Q2
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to the hypermatrix

ri d i R R .
Dic1 A511A191A 19 Doiq G511 G19) Ao S

IR R B roi i
Dim1 (9110591 Q%11 D oiq G511 A9 Ao .

- — ) (4.10)

~ T (A T (A T KA A T
~o Doic1 011107910119 Doieg A111G191 0519

R A B I R
R Doim1 1110591 A%1q  Doiq G111 Gh21 Ao

Hypermatrix (4.10) has polynomial entries, so 15 is indeed a polynomial mapping. The
Tarski-Seidenberg theorem implies that polynomial maps over R preserve semi-algebraic sets
[34]. Hence, the set MET is semialgebraic as it is the image of ¥X, which has a semialgebraic
domain. Moreover, My = MZ, \ MZ, is semialgebraic as semialgebraic sets are closed under

set complements. O

4.5 A Coordinate-Free Characterization of Real 2 x 2 x 2 Rank-Jumping Tensors

We have shown that rank three tensors in 7(X) are rank-jumping. We now show that a

2 X 2 x 2 tensor is rank-jumping if and only if it is a rank three element in 7(X).

Theorem 25. Let V!, V2, and V? be two-dimensional real vector spaces. A tensor B in
VI®V?2® V3 is rank-jumping and the limit of rank two tensors if and only if it is an element

of 7(X) of rank greater than two.

Proof. Let 8 be a rank-jumping tensor that is the limit of rank two tensors. Since the set
of rank two tensors is semialgebraic by Theorem 24, the Curve Selection Theorem [35, p.3§]

implies there exists a continuous mapping ~ such that

v: 0, JCR—=V'@V*®V? and 7(0) =3 (4.11)

v(0,1] € M.
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By Theorem 23, we can further conclude that there exists continuous and semialgebraic

functions v, (t) and ~,(t) such that
A1) = nlt) + lt) forall e (0,1]

where v, (t) and 7»(t) are rank one tensors for all ¢ € (0,1]. We switch to working in the
projective space, since this space is compact. Denote the projectivization of a vector v as [v].
The functions ¢ — [y1(t)] and ¢ — [y2(t)] are thus continuous and semialgebraic functions
whose image is in a compact space. We can thus extend these functions continuously to
functions 77 and 7, that are defined on the entire closed interval [0, 1]. Similarly, let A(¢)
be the function from the half open interval (0, 1] to the space of lines in P(V! ® V2 @ V3)
defined as

At) = (@], )] ),

where ([y1(t)], [y2(t)]) denotes the projective line spanned by [y;(¢)] and [y2(¢)]. Theorem
23 also implies that A(¢) is continuous and semialgebraic, so it can also be continuously
extended to a function A(t) defined on the interval [0,1]. By the continuity of this function,
(8], 71(0), and 75(0) are all on the projective line A(0). Note that if 77(0) # 72(0), then these
two points would span the line 3\(0), which contains [3]. This would imply that ( is rank at
most two, contradicting our assumption that 3 is rank greater than two. Hence, 5\(0) is the
limit of secant lines that is tangent to the Segre variety at the point 77(0) = 742(0). Thus,
8] is contained in the tangent line A(0). O

4.6 Uniqueness of Low Rank Decompositions

Our characterization of rank two tensors in Theorem 17 in fact implies that rank two
2x2x2 tensors have unique decompositions as sums of rank one tensors. Such decompositions

are not unique in general for rank three 2 x 2 x 2 tensors. For example, let V!, V2 V3 be
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two-dimensional vector spaces over a common field, and let {z¢, 25} C V? for i = 1,2,3. Tt

can be shown that the tensor

1 2 3 1 2 3 1 2 3 1 2 3

is rank three, and can be decomposed as a sum of rank one tensors in the two following

distinct ways:

po= (w1+2)® (@ +23) ®a7 + (—a1) ® (27 + 23) @ (] — 2)
+ (2] —23) ® 27 @ (28 — 23), and

p = (27 +a3) @ (2 +23) @27 + 2, @ (2] +23) ® (25 — 27)

+ (71

T — 13) @ 1] @ (25 — 23).

Hence, the decomposition of p as three rank one summands is not unique. This does not

happen for rank two tensors.

Theorem 26. Let V1, V2, and V3 be two-dimensional real or complex vector spaces. If p is

a reqular tensor in V! @ V2 @ V3 such that

1o 2 o3 1o 2o 3
p = 0] QU QU] + v, ®v; V5, and
p = iRV + vl @R,

then there exists some permutation o € Sy such that
[v;] = [;Z] for all i, j.

That is, the set of rank one summands of p, {[vi ® vi ® v}], [v3 ® v3 @ v3]}, is unique as a

set of projective points.
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Proof. Since p is regular and rank two, by Theorem 17

P(imIT (p)) N X2 = { [} @], i @vl] } = { i@}, MBeu] },
P(imlly(p)) N X2 = { o} @], i @] } = { i@ }], pB@f] }, and

P(imll(p) N X2 = { i @], i@l } = { i@, 3@od }.

Each of the two elements of P(imIT3(p)) N X?*? induces a linear map from V?* to V! with

a well-defined and one dimensional kernel. Let f; and f5 be these two linear maps such that

ker(f1) = (v1) and ker(f2) = (vy).

v} must be in the kernel of one of these maps. Hence, [E] = [v]] or [QE] = [v]. The other
equalities follow similarly. ]

The uniqueness of low rank decompositions is an example of the usefulness of representing
data as a hypermatrix as opposed to a matrix. Consider the following set of data organized
as matrix A = (a;;), where a;; represents the i*" person’s score on test j. This example is
taken from [36]. What would it mean if the above matrix consistently had a good rank r
approximation for some r? If A were a rank one matrix, it would be reasonable to conjecture
that every person’s test performances are the same. Similarly, if A had a good rank r
approximation, that is if a;; ~ a}ﬁ} + a?ﬁ? + ...+ ;5] for all 4,j for some al’s and B;f’s,
then it would be reasonable to conjecture that the sampled exams are testing r abilities, o
represents the i*" person’s ¢ ability, and 5;. represents the degree to which exam j tests ability
t. It is a remarkable observation that many data sets do indeed consistently have good low
rank matrix approximations. However, one immediate obstacle to interpreting matrix rank

as above is that low rank matrix decompositions are not unique, so there is no way to recover
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the af’s and ’s. To see this, note that if m x m matrix A = ¥7_, u’(v*)", where v, v* € C™,

then

T

A=Y | (—— oy ——) = |ut e || <v?>t —

—_

i=1

=UV! for m x r matrices U = [ ¢! w2 - " |,V =o' 02 ... 0"
=UCC™ 'V for any invertible r xr C=|¢l 2 ... |, Cl'=|q" @ ... &
(dl)tvt
S—ET— |
= U U Uc ( . => | U <— (d)V? —>
=1
(dr)tvt

So A can also be written as I, Uc/(Vd")".

We have shown that hypermatrices often do not have this problem. If B € R?*"*2 is a
generic rank n hypermatrix such that B = 37, ' ® v' ® w' with {u'}_,, {v'}1_;, {w'}_,
linearly independent, then the u'’s, v"’s, and w'’s are uniquely determined up to scalar

multiple.
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4.7 Non-Negative Real Hypermatrices

The author’s of [30, p.21] cite a private correspondence with Landsberg that offers an
explanation of how the classical observation (4.1) could have been predicted. Let w(t) be

the continuous curve of rank one tensors
w(t) = (1 +toy) @ (2] + tad) ® (23 + ta3), t € R.

It follows from the Leibniz rule on derivatives of products that
dw(t d(z} + tz}
wlt) _ dlz; £ ty) ® (27 +tod) ® (23 + tad) (4.12)

dt dt
d(z? + ta3)
dt

® (23 4 tad)
d(z3 + ta3)

+ (27 +tay) ®

+ (21 +tr)) @ (22 +trd) ®

dt
= 2, @ (2] + te3) ® (¢} + ta)
+ (@) + tah) ® 25 @ (a7 + ta)
+ (21 +tz3) @ (2] + ta3) ® 5.
By evaluating (4.12) at 0, we conclude
dw(?) 1 2 3 1 2 3 1 2 3
— = 2, Q2Q1] + 11®r;01] + r1Q027®x; = L. (4.13)
t=0
On the other hand, by the definition of the derivative
dw(t t) —
0] wlt) — w(0)
dt |,_, =0 t—0
1 4ol 2 | 42 34 403 _ gl 2 3
_ ,lgl_{% (1 + tay) ® (21 + 1’2)®§£1+ 3) x1®x1®x1' (4.14)

70



We can write the limit (4.14) in terms of the natural numbers n as

oy (21 + L23) @ (a3 + L23) @ (2} + 223) — 2l @i @ a} N
= llgt 1 , n e
1 1 1
= Jim n(e) + —wy) ® (2] + —a3) @ (21 + —-2h) — nwy @y @y (4.15)

In fact, in [22], it is proved that all rank-jumping tensors over C are limits of a sequence
of rank three tensors also come from derivatives. That is, it is shown that if tensor 3 in the
complex tensor space V! ® V2 ® --- @ V¥ of arbitrary dimensions is the limit of rank three

tensors and rank greater than three, then ( is in one of the following forms:

1. 8 = 2/(0) + vy, for some smooth curve z(t) contained in X and some y € X.
2. 8 = 2/(0) + ¥'(0), for some smooth curves z(t) and y(t) contained in X.

3. B = 2/(0) + 2”"(0), for some smooth curve z(¢) in X.

This suggests a fundamental relationship between rank-jumping tensors and derivatives,
and perhaps explains why rank-jumping never occurs for non-negative real hypermatrices.
Like derivatives, rank-jumping tensors are limits of sequences of difference quotients, and it
is not possible to form difference quotients over the non-negative reals.

We summarize the formal proof in [32] that rank-jumping never occurs for non-negative
hypermatrices now. Choose a norm || - || on the tensor space V! @ V2@ V3. The components

vectors of a tensor in V! ® V2 ® V3 are not bounded, in general. For example,

for any real number n. Using the multilinearity of the tensor product, however, a rank r

tensor can always be written in the form

r

1 2 3
Z 0; Uy QU; QU
i=1
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for some constants o;, where ||v|| = 1 for all i, j. By imposing more conditions of the com-
ponent vectors, we can often make the values o; unique. The singular value decomposition
of matrices is a well-known example of this. Imposing the restriction on non-negativity is
sufficient to show that the non-negative rank one summands of non-negative hypermatrix
cannot be arbitrarily large. Hence, if the sequence of rank less than or equal to » non-negative

hypermatrices

T

_ 1 2 3
Pn = Z Un,i ® Un,i ® Un,i
i=1

converges to some non-negative hypermatrix p in the norm topology, then the sets {Uﬁz}n

k

n,i

must be bounded. Hence, each sequence (v¥,), contains a subsequential limit vf. This
implies that

T T
1 2 3 1 2 3 _
Z Vpi @V, QU — Z v; QU QUi = p,

i=1 i=1
and thus p must be rank less than or equal to r. As a result, rank jumping never occurs for
non-negative hypermatrices.

Another difference between real and non-negative real rank is the possible maximal rank.
Real 2 x 2 x 2 hypermatrices have a maximal real rank of three. Non-negative 2 x 2 x 2
hypermatrices, however, have a maximal non-negative rank of four. Let {e{,e}} be the
standard basis of R? for ¢ = 1,2,3. Any tensor p can be written in terms of the induced

basis on V! @ V2 @ V3 as

1 2 o o3 1 o 02 o o3 1 o 02 o o3 1 2 o o3
p =ajnn e ®e;®e] + ajpe;®e; ey, + agz €] Xe;®e;] + apn e ®e;®e,

1o 2o .3 1o 2 o o3 1o 2 o 3 1o 2 o 03
+ ao Qe el + a2 e, e ey + ag € Qe; ¥e] + ax e ®e)® e
for some scalars a;;;. By the multilinearity of the tensor product,

1o o2 3 3 1o o2 3 3
p =e ®e;® (a e +anp €;) + e ®e; ® (ar €] + aix €))

1 2 3 3 1 2 3 3
+ €9 X €1 (029 <a211 €1 + G212 62) + €5 X S X (a221 €1 + Q992 62).
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Hence, the rank of a 2 x 2 x 2 tensor is at most four. We now prove that four is indeed the

maximum possible rank in R;ﬁzw, which shows that rank of a 2 x 2 X 2 tensor cannot be

further bounded in general.

Theorem 27. Let {e!,eb} denote the standard basis of R* for i = 1,2,3. The non-negative

real 2 X 2 X 2 tensor which equals
p=c@eRe + R0 + aRERe + R0

is mon-negative real rank four.

Proof. Suppose for contradiction that p were rank less than or equal to three. There would

then exists vectors u; such that

_ 1 2 3 1 2 3 1 2 3
p = U QuiQuy + Uy Quy;Quy + Uz uz® us.

7373 ]

Furthermore, there must be scalars {a,};;_, such that u] = aj,ei + aj 4¢3 for all 4, j since

the sets {el, el } are bases. It then follows from multilinearity that

1 2 3 1 2 3 1 2 3
11 1 1 2 2 2 2 3 3 3 3
= (ay,€) + a19€3) ® (aj €] + aj.3) @ (ay,e] + ajqe;)

1 1 1 1 2 2 2 2 3 3 3 3

+ (ag1€) + agyey) ® (ag,€] + a5ye3) @ (ay ey + apyes)

+ (aéle% + a%ﬁe%) ® (a%le% + a§2e§) ® (agle? + agﬁ%)

2 3
_ 1 .2 3 1 2 3
= Z <Z Ay; O atk> €; & e ® e.

i,k=1 \t=1
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Since T also equals e} @ e? ® e} + el ®el@el + et @e? @ed + el ®e2 ®ed, the following

eight equations must hold.

a%lafla’?l + a%laglagl + a’éla’glagl =1 (4.16)
a’%la’%la’?Z + a%l“%la?ﬁ + aélagla% =0 (4.17)
1,03203) + 05,0505, + agazag = 0 (4.18)
a%la%QG?Q + a%la%QCng + a§1a§2ag2 =1 (4.19)
a%2a%1a?1 + a%ﬂ%la% + aézagﬂgl =0 (4.20)
aiza%a?z + a%QCL%la%Q + a§2a§1a§2 =1 (4.21)
1903207, + 05505, + Ggyaseas; = 1 (4.22)
aba%ﬂi + a§2a§2a§2 + azl’)2a§2ag2 =0 (4.23)

It remains to show that these eight equations cannot hold simultaneously. Equation (4.16)
implies that at least one element in the set {a},a?,a},, aija3,a3,, ai,a%,a3,} does not equal
zero. Suppose ai,a?,a?; # 0, which would imply that al, # 0, a2, # 0 and a3, # 0.
ajy,a?; # 0 and (4.17) implies a}, = 0. a}y,a; # 0 and (4.18) implies af, = 0. a$;, a3, # 0

and (4.20) implies a}, = 0. Hence,
A1y, Ay, a3y = 0. (4.24)

Equations (4.24) and (4.19) further implies that one element in the set {al;a3,a3,, a;a3,a3,}
does not equal zero. Suppose a3 a3,a3, # 0, which would imply that al;, # 0, a3, # 0 and
a3y, # 0. aly,ad, # 0 and (4.17) implies a3, = 0. ad;, a2, # 0 and (4.18) implies a3, = 0.

a3y, a3y # 0 and (4.23) implies al, = 0. Hence,

a;m a%h a§1 = 0. (4.25)
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Equations (4.24), (4.25), and (4.21) now implies that al,a?,a3, does not equal zero, which
implies that a, # 0, a2, # 0 and a3, # 0. a3, a3, # 0 and (4.17) implies a}, = 0. aly,a3; #0
and (4.20) implies a3, = 0. a}y, a3, # 0 and (4.23) implies a3, = 0. Hence,

1 2 3

U39, U39, Az = 0. (4.26)

However, equations (4.24), (4.25), and (4.26) contradict equation (4.22). We leave it to the

reader to check that the remaining cases result in a similar contradiction. [
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5. LOW RANK APPROXIMATIONS

We provide a coordinate-free proof that real 2 x 2 x 2 rank three tensors do not have optimal
rank two approximations with respect to the Frobenius norm. This result was first proved in
[30, Thm. 8.1] by considering the GL(V?!) x GL(V?) x GL(V?3) orbit classes of V! @ V2 @ V3
and the 2 x 2 x 2 hyperdeterminant. Our coordinate-free proof expands on the result in [30]
by developing a proof method that can be generalized more readily to higher dimensional

n1 X ng X ng tensor spaces.

5.1 Optimal Low Rank Approximations May Not Exist

Let V!, V2, and V3 be two-dimensional real vector spaces, respectively, and let V! @ V2 @ V3
denote the tensor product of these spaces. The tensors in the form v! ® v? ® v3 for some

vectors v!

, v2, and v? are called simple tensors. Every tensor can be written as the sum of
finitely many simple tensors. The rank of a tensor p is the minimum number n such that p
is the sum of n simple tensors. Once a basis {e;}2_, of V* is chosen for s = 1,2,3, a tensor
in V! ® V2 ® V? can be coordinatized as a hypermatrix in R?*2*2 by the isomorphism from

Ve V2® V3 to R?*2*2 defined on simple tensors as

o123 1203
'aatal azaia;

I
1.2.3 1.2 3
"] aga3a7  aga5a5

!

1,23 1,23 |/
aaza; ajasas |

for some real constants aj. A lot of information about the rank of the 2 x 2 x 2 real

hypermatrix

/| ag11 G212
/ A221 222

(aik) = K
@111 A112 )/

a121 Q122 |/
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can be inferred from the sign of the polynomial

2 2 2 2 2 2 2 2

A(aijk) = (1110599 + AT19059; + G191 A515 + Al9905) ;)
- 2(a111a112a221a222 + @11101210212G222 + a111a122a211a222)
- 2(a112a121a212a221 + a11201220221 G211 + a121a122a212a211)

+ 4(a111a122(12126l221 + a112a12la211a222)-

The polynomial A is called the 2 x 2 x 2 hyperdeterminant. A(a;j;) > 0 implies hypermatrix
(a;jr) is rank two, and A(a;;,) < 0 implies (a;j;) is rank three. The existence of such a
polynomial is not particular to the 2 x 2 x 2 case. The sets of constant rank real hyper-
matrices are semialgebraic for any dimensions n; X ng X --- x ng by Theorem 24. Hence,
the rank of a real hypermatrix can always be computed by evaluating a finite number of
polynomial equalities and inequalities, where the variables of the polynomials are the entries
of the hypermatrix. Because of this, real tensors are usually studied in coordinates by rep-
resenting tensors as hypermatrices and then exploiting properties of these polynomials. The
polynomials that define the sets of constant rank 2 x 2 x 2 tensors are different, however,
from the polynomials that define the sets of constant rank n; x ny X ngz tensors for any other
dimensions n; X ny X n3. As a result, coordinate proofs about 2 x 2 x 2 tensors that rely on
these polynomials cannot be readily generalized to the arbitrary n; X ny X n3 case. In this
chapter, we take an alternative coordinate-free approach in our study of 2 x 2 x 2 tensors
that lends itself more readily to generalization. We prove that real 2 x 2 x 2 rank three
tensors do not have optimal rank two approximations with respect to the Frobenius norm
without relying on hypermatrices or the hyperdeterminant.

Matrix rank is lower semi-continuous for matrices of real numbers. That is, if a sequence
of rank r real matrices converges to a matrix A in the norm topology, then the rank of A is
less than or equal to r. This guarantees the existence of optimal low rank approximations
of real matrices. A sequence of real hypermatrices, however, can converge to a hypermatrix
of greater rank. As a result, optimal low rank approximations may not exist for real hy-

permatrices. In fact, the set of real hypermatrices with no optimal low rank approximation
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often has positive Lebesgue measure [21], so characterizing such real hypermatrices is an
important step in implementing algorithms with real hypermatrices.
Let p € V! @ V2 ® V3 be a tensor of rank r, and let s < r. An optimal rank s

approximation of p with respect to norm || - || is a tensor v such that

—vll = inf — .
lp =l verinbs o o — 'l
rk(v')<s
It is a classical observation that tensors in the form
B=2RrR1 + 111202 + 11 Q1] Q1) (5.2)

are limit points of the sequence of rank at most two tensors
1, L 2 1 o 3 1 3 1 2 3
pn = n(z;+ ﬁxz) ® (@7 + 5%) ® (=7 + ﬁ%) - nr @y, neN (5.3)

in the norm topology. It follows from the triangle inequality and the multilinearity of the

tensor product that
1 1 2 3 1 2 3 1 2 3 1 1 2 3

Hence, 7111}010 lon—25Il =0, so Jgrglo pn indeed equals 5. In Section 4.2, we gave a coordinate-free
proof that tensors in the form of (5.2) are in fact rank three when the sets {1, 23}, {#3, 23},
and {z3, 23} are independent. Thus, when {x}, 21}, {22 22}, and {z3, 23} are independent,
[ is an example of a rank three tensor without an optimal rank two approximation. The
main result of this chapter is a coordinate-free proof that in fact every rank three 2 x 2 x 2
tensor has no optimal rank two approximation with respect to the Frobenius norm, not just
the tensors in the form of (5.2). General rank three 2 x 2 x 2 real tensors are not limit points
of sequences of rank two tensors. Rather, we will show that their failure to have optimal
rank two approximations is due to the curvature of the Segre variety.

This result was first proved in coordinates in [30, Thm. 8.1]. The argument in [30] can

be summarized as follows. Suppose for contradiction that the 2 x 2 x 2 real hypermatrix
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B is an optimal rank two approximation of rank three 2 x 2 x 2 real hypermatrix A with
respect to the Frobenius norm. By considering properties of the polynomial A, it follows that
A(B) = 0. The polynomial A is invariant on the GL(V?!) x GL(V?) x GL(V3) orbit classes
of V1@ V?® V3, and only three of the eight orbit classes are zero on A. Hypermatrices
in these three orbit classes are equivalent up to an orthogonal change of coordinates to

hypermatrices in the form

o O
o O

(5.4)

S >
= o

for some real A and p. Since B is rank two, we may thus assume B is in form (5.4) with

both A and p nonzero. Finally, it is shown that if H is a 2 x 2 x 2 hypermatrix such that

A(B+eH) =0 (5.5)

for all real €, then A — B is orthogonal to H. By considering various hypermatrices H that

satisfy (5.5), the authors of [30] then conclude that

ap 0
S/ 0 —al
A-B = f :
0 0
0 0
for some constant a. This implies that
Sap 0
0 —al

o >
= o
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However, this hypermatrix is rank two, contradicting that A is rank three.

Our coordinate-free proof expands on the result in [30] by developing a proof method that
can be generalized more readily to higher dimensional tensor spaces. Our proof is also a proof
by contradiction. We suppose for contradiction that rank two tensor v in V! @ V2@ V3 is
an optimal rank two approximation of rank three tensor p. By considering the relationship
between the mode-1 contraction maps of p and v, we also derive the contradiction that p
is rank two. Our proof has the interesting geometric corollary that the nearest point of a
rank three tensor to the second secant set of the Segre variety is a rank three tensor in the

tangent space of the Segre variety.

5.2 A Characterization of Optimal Rank Two Approximations

The set of simple tensors is a variety, and it is called the Segre variety. It is the image of

the map
VixVIx Ve - VieV2eV?

vl ><v2><v3 — U1®U2®U3.

The Segre variety of the n; X ny X ns tensor space V! @ V2 ® V3 is denoted Xm1xn2%ns op
simply X when the dimensions are clear from context. The tangent space of the Segre variety

at a point v is denoted as T,(X), and is characterized in [31] as in the following theorem.

Theorem 28. Let V', V2, and V3 be finite ni, ne, ns-dimensional real vector spaces,
respectively, and let x1 @ 23 ® x3 be a rank one tensor in the Segre variety X. The tangent

space of X at x} @ 2 @ x3 is the space of all tensors in the form
T;RT:RT + T RT3QT + T} QT QTS (5.6)

for some z} € V1, 23 € V2, and x3 € V3.
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We have seen that the set of rank at most two tensors is not closed with respect to the
norm topology, which motivates the following definition of the 2"¢ secant set of the Segre

variety.

Definition 29. The 2"? secant set of the Segre variety, denoted o2(X), is the norm closure

of the set of all tensors that lie on secant lines of the Segre variety X.

If v is an optimal rank two approximation of p with respect to an inner product norm,
then v — p must be orthogonal to the tangent space of 09(X) at v, which we characterize in

the following theorem using Theorem 28 and Terracini’s Lemma [37].

Theorem 30. Let V', V2, and V3 be finite ni, ne, ng-dimensional real vector spaces,
respectively, and let v = r1 @ 13 @ 23 + 23 @ x5 ® x3 be a rank two tensor in V' @ V2@ V3.

The tangent space of oo(X) at v is the space of all tensors in the form

1 2 3 1 2 3 1 2 3
T3] + r; Q301 + ] Q1] ® X (5.7)
1 2 3 1 2 3 1 2 3
for some z},xy € V1, 22 27 € V2, and 23,23 € V3.

Until now, we have worked with n; X ny X ng tensors. The next theorem, however, is our

first statement that must be restricted to 2 x 2 x 2 tensors.

Theorem 31. Let V!, V2, and V3 be 2-dimensional real vector spaces, andletp € VI @ V2 @ V3
be of rank greater than two. If v € VI @ V2 ®@ V3 is an optimal rank two approximation of p
with respect to an inner product norm, then im I1;(v) is not dimension two for some i =1, 2,

or 3.

Proof. Suppose for contradiction that im II;(v) were dimension two for ¢ = 1,2, and 3. Then,

there would exist three linearly independent sets {x%, x5} in V? for i = 1,2, and 3, such that

1 2 3 1 2 3
v o= 2101 ®r] + 5 & 1 Q.
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It follows that the set {z} ® 22 ® 2}}777, is a basis of V! ® V2 ® V3, so there must exist

2,2,2 . .
constants c;;, such that p = > i k=1 Cijk T ® xf ® 3. By multilinearity,

1 1 2 3 1 2 3 1 2 3

p = (c117) + con23) @27 @ 2] + T ® 19175 @ T} + 2] @ TT @ €197

1 2 3 1 2 3 1 2 3 3
+ 1201 @5 Ry + Ty ® Co0r] @ Ty + Ty @ 5 ® (Co 2] + C22075).

Hence, p is in the form of (5.7), and, thus, it is in the tangent space of 05(X) at v. This implies
that v—p is both in T,,09(X) and orthogonal to T,,09(X), which implies that p = v. However,

this is a contradiction, since the rank of p is not equal to the rank of v by hypothesis. [

5.3 P-Norms

Once bases of vector spaces V!, V2, and V? are chosen, we can define explicit norms on
the tensor space V! ® V? ® V3. Choose basis {eé iy of Vifor i =1, 2, and 3, and denote
the corresponding dual basis as {e%* }}‘;1 also for i = 1, 2, and 3. Let B denote the collection

of these bases. For p € V@ V2 ® V3, we define the following class of norms for any positive

ni,n2,n3 %
lollBp = > Magel® |

integer p.

i k=111
where p = 30, 1 agi ¢ ® € @ e}. Similarly, for k € V" ® V* and v" € V" for 1 < r,5 <3,

we define

hSA

Nr,Ns Ny %
l6llp = | X2 llagll”]  and [jv"[|p, = (ZH%HP) ,
=1

ij=1,1

where k = 37, ; a;; €] ® e andv" =) a; €

7. These norms are a convenient choice for working

in tensor spaces as they work well with contraction maps.

Theorem 32. Let V!, V2, and V? be finite n1, ns, and nz-dimensional real vector spaces,

and let B be the collection of bases of V', V2, and V3 defined above. For p € VI @ V2@ V3,
oz, = > IML(p) ()5,
=1
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for any mode-i contraction 11; fori=1,2,3.

Proof. Without loss of generality, we prove the theorem for the the mode-1 contraction. Sup-
pose p=>"_, vl ® v? ® v3 for some vectors v’ and let a . be scalars such that v¢ = >}, ai’tei

for all 7 and s. It follows that

r ni,n2,mn3 T
1 2 3 _ 1 2 3
2 :Us ®Us ®U3 - 2 : (2 :G’S'L sgask> ei ®ej ®ek‘

s=1 i,j,k=1 \s=1
Hence,
ni,n2,n3 T p
||p||zl)3,p = Z ZaszGSJ sk
igik=1 lls=1
nip n2,n3 r
o!
= Z Z Zasz sgask ZHHl * ”p
i=1 j,k=1lls=1
O
Furthermore, when p = 2, the norm || - || 52 is induced by the inner product
(p,0)B2 = ayibijk,
igik
where p = Y, aijr f ® €5 ® e} and v = 3,1 bk €f ® €f @ ¢}. The norm || - |52 is called

the Frobenius norm with respect to bases B.

Theorem 33. The Frobenius inner product has the following property on rank one tensors.
(v @I @0 |1 @ vy ®@v3)p2 = (v1 | va)pp (V7 | 03)p2 (U7 | v3)pe

for any rank one tensors vi @ v @V}, vy VIRV € VIR V2R V3.
Proof. Let aj , be scalars such that v; = >0, af !, for i = 1,2,3 and t = 1,2. It follows that

ni,n2,n3
1o 02 03 1.2 3 1.2 .3
VRV @Y = Y ajay;ay, €; @ e; @ ey, and
i k=1
ni,n2,n3
1o 2,3 _ 1.2 3 1.2 .3
Vy ®Uy ®Uy; = Z 9 A5;0s), € Q€ & €.
ij.k=1
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Hence,

ni,n2,n3
1 2 30,1 2 3 _ 1.2 3 1 2 3
(V] @ VT @V} | vy @V ® V)2 = Z 130715015023 0g Aok,
i.jk=1

ni n2 n3
_ 11 2 2 3 3
= (Z alia2i> Z Ay50; (Z alka%)
i=1 j=1 k=1

= (1 [va)pa (v | ¥D)Ba2 (V7 | 03)Ba:

]

An optimal rank r approximation could be rank strictly less than r by our definition.
We now show that an optimal rank r approximations with respect to p-norms must be rank

r. This theorem is modified from [30, Lemma 8.2].

Theorem 34. Let V' be finite n;-dimensional real vector spaces, and let p € Vi@ Vi V3

have rank greater than r. If v is an optimal rank r approzimation of p with respect to |- || 5 p,

then v must be rank r.

Proof. Suppose for contradiction that there existed an optimal rank r approximation v with
rank strictly less than r. Let a;jx and by be scalars such that p = 37,5, asjr ei1 & e? X ez and
v =Y, bijk € ® € @ e} Since p and v have different ranks, there must exists some triple
(ar, B,7) such that aap, # bagy. The tensor v' = v + (Gagy — bapy)en @ €5 ® €3 is rank less

than or equal to r by construction. It follows that
o= ¢/llz = llo = (v + (@asy = bagy)eq ® o © €5 ||,

%
= > e —bill”
ijk#aBy

1
P
(Zﬂ%‘k - bz‘jk”p) = |lp— vl By,

ijk

A\

which contradicts that v is an optimal rank r approximation of p. [

If v is an optimal rank two approximation of p with respect to the Frobenius norm, then

the contractions of v must be related to the contractions of p in the following way.
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Theorem 35. Let V1, V2, and V3 be ny, ne, and ns-dimensional real vector spaces, respec-
tively. Let B denote the collection of bases {eé» iy oof Vi fori=1, 2, and 3. Furthermore,
denote the corresponding dual bases as {eé-*}?él fori=1,2,and3. Let pc VI @V?@ V3
be of rank greater than two, and let v € VI @ V2@ V3 be an optimal rank two approximation

of p with respect to the Frobenius norm || - ||p2. Let P, denote the projection onto the

image of the mode-i contraction of v. It follows that
Py (Ii(p) (€)= TL(v)(e]") for any i, j.
Proof. As v is rank two, there must exist vectors xé such that
v = x}@x%@x? + x%@m%@x%.

Without loss of generality, we prove the theorem for ¢ and j both equal to 1. First, note
that the image of II; (v) contains vectors in the form az? @ 3 + bx3 ® 3 for some constants
a and b. If the set {x},z3} is independent, it can be extended to a basis {«}}}2; with dual
basis {zj*}7L,. It then follows that the image of IT;(v) is the span of II; (v)(z]*) = 27 ® 2}
and TI; (v)(z3*) = 23 ® a3, so every element in the image of II;(v) can indeed be written as
ar? @ o3 + br @ 23 for some constants a and b. On the other hand, if 2} = kz} for some
constant k, then the set {z]} can similarly be extended to a basis {z1,yj}jL, of V' with
the corresponding dual basis {z}*, yjl-* "y It follows that the image of II; (v) is the span of
I (v)(z}*) = 2 ® 23 + ka3 ® x3. Hence, in this case, it is also true that every element in
the image of IT;(v) can be written as az? ® x3 + br3 ® z3 for some constants a and b.

Suppose for contradiction that P, ) (ILi (p)(e1*)) # i (v)(ef*). Let o and j3 be scalars
such that

P Ii(p)(e1") = a i@ + B 23
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Furthermore, let a; and b; be scalars such that
I (v)(ej*) = a; 21 @2} + b; 73 @ 2

for i = 2,...,ny. Define v' € V! ® V2 ® V3 as the unique tensor with the following mode-1

contraction:

L(W)(er") = aai®@al + Ba3@a3 = PumeIhip)(er)),
IL(V)(e]*) = a2 ®@al + b xy@ay = i(v)(ef*) fori=2,...,n.

It follows that

/

ni ni

Vo= (aep 4 aje)) @2t @at + (Ber+ Y bjej) @ 73 ® 3,
j=2 j=2

so v’ is rank < 2. Furthermore,

lp =52 = i_? T2 (p) (o) — T (v') (e ) 1. (5:8)
= [Mip)(er”) — L () ()5, + illm(ﬂ)(e}*)—Hl(v)(ei*)llé,g (5.9)
< [M(p)(er”) = () (er) B + illﬂl(p)(ei*)—Hl(v)(ei*)l\%,z (5.10)

= llp = vll52-

Equation (5.8) follows from Theorem 32, and equation (5.9) follows from the fact that
I, (V) (e}*) = Ty (v)(el*) for i = 2,3,...,n;. Equation (5.10) follows from our hypothesis
that az? ® o + fr3 ® x5 is a better approximation of II;(p)(e;*) with respect to || - |52

than II;(v)(e;*). Hence, ||p — v'|lp2 < ||p — v||52, contradicting that v is a best rank two

approximation of p. O

86



Figure 5.1. In this figure, we consider the 2 x 2 x 2 case. Let v =
71 @1 @2} + 1) ® 13 @ 23 be an optimal rank two approximation of rank
three tensor p € V1 @ V2 ® V3. In this case, imII;(v) is a plane in V2 @ V3
that contains all the rank one tensors in the span of 23 ® % and z3 ® x3. This
plane is denoted as M in the figure. Theorem 35 shows that the projection of
I1,(p)(el*) onto the plane M must be IT;(v)(el*) for i = 1,2.
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5.4 Optimal Rank Two Approximations Do Not Exist With Respect to the
Frobenius Norm

In this section, we show that rank three 2 x 2 x 2 tensors over R do not have optimal
rank two approximations with respect to the Frobenius norm. Given any rank two tensor v
and rank three tensor p, we construct a rank two tensor v’ that is a better approximation of
p than v with respect to the Frobenius norm. Let V¢ be two-dimensional real vector spaces
for i = 1,2,3. As in the previous section, let B denote a collection of bases {ez- ?:1 of V' for

1 =1, 2, 3. Furthermore, denote the corresponding dual bases as {eé* ?:1 fort=1, 2, 3.

Theorem 36. If p € VI @ V2 ® V3 is rank three, then there does not exist an optimal rank

two approximation of p with respect to || - || p2-

Proof. Suppose for contradiction that there existed a tensor v that was an optimal rank two

approximation of p. By Theorem 31, we may assume
v = x%@x%@x? + x%@x%@x:{’

for some vectors . Since {ef, e} is a basis of V', there exists scalars a, b, ¢, and d such

that

x] = ae} +cey and xh = bej + dey.

It follows that

v = e} ® (ar] +br3) @27 + €3 ® (ca? +da3) @ .
If the set {z], 23} were linearly dependent, then v would be rank one by multilinearity, which
would contradict Theorem 34. Hence, {z],x} is independent, and is thus a basis of V1.
Let {z1*, 23*} denote its dual basis. The image of II;(v) is the span of II;(v)(z}*) = 23 @ 23
and IT; (v)(z3*) = 23 ® 3. These two tensors are linearly independent in V2 ® V3 since the

set {x?, 3} is independent, which also follows from the fact that v is rank two. Hence, the
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image of II; (v) is the plane spanned by the tensors 23 ® x3 and 23 @ 3. Let M denote this

plane and let P); denote the projection onto this plane. By Theorem 35,

Py(My(p)(er")) = i (v)(er") = (azi + ba3) ® 27, and

Pr(I(p)(eg")) = I (v)(eg") = (ca + dz3) ® 7.

Let 23 € V3 be a vector such that the set {x?, 23} is orthogonal with respect to (- | -)p.a.
The set {z? ® x5, x5 ® x5} spans the orthogonal complement of the plane M in V2 ® V3

since
(x? @ a3 | 2f @ al)pa = (27 | 23)pa (43 | 27)pa2 = 0 for 4,5 € {1,2},
by property (33). Thus, there must exist some constants r, s, p, and ¢ such that

IT; (p) (e1*) = (ax] + ba3) @ 2} + (rai + sa3) ® 3, and

IT; (p)(e5") = (cat + da3) ® o} + (pz] + qu3) ® 3.

It follows that p can be written in the form

p = & @ (az? +br3) @a] + e @ (rz} + s13) @ 7y

+ ey ® (ca] +da3) ® a7 + e, ® (prf + qu3) ® 3.

If we can show that

( (cx% + dx%) | (rxf + sx%) )B2 =0, (5.11)
( (ax? +bx3) | (px] + q23) )p2 =0, and (5.12)
( (ax% + ba:%) | (m:f + sx%) VB2 =0, (5.13)

then this would imply that

(pa? + qr3) = ki (ra® + s3) and (ca? + da3) = ky(ax? + br3)
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for some constants k1, ko, since these vectors are in a two-dimensional space. It then follows

by the multilinearity of the tensor product that

p = & @ (ar] +br3) @a] + e @ (rz} + s13) @ 75

+ e ® koaz] +b23) @ 27 + e3 ® ky(ra? + s23) ®

= (e] + koey) @ (ax] +br3) @ 27 + (e] + kiey) ® (ra] + sa3) ® 3,

contradicting that p is rank three.

We first prove equality (5.11) by considering the tensor
vi(e) = e3 ® (ca? +da3) @28 + el ® (az? +br3) @ 2 + e @ (cat + drd) ® exs.
Suppose for contradiction that (5.11) were not true. It would then follow that
( (raf +sz3) @ a3 | (cai +da3) @ @3 )po = ((ra] + s23) | (eai + dx3)) B2 |23]/5 2 # 0-
We can always choose a real € small enough in absolute value such that
Bi(e) = —2¢ { (raf + sz3) @ 3 | (cai +du3) @ 3 )p2 + € [[(ca] + dog) ® 23]/,

is negative. For example, if ( (rz? + sz3) ® x3 | (cx? + dz3) @ 23 )po < 0, an € < 0 small
enough in absolute value would result in a Bj(e) negative. Suppose such an € is chosen.

Observe that

I (v (€))(e1*) = (az? 4 ba3) @ 27 + e(ca? + dol) @ x5, and

Mi(v(e))(eg") = (et + da3) ® 2} = I (v)(ey").
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It thus follows that

lp=vi(e)lz2 = [Mi(p)(er”) — Mi(va(e))(er)B2 + [Mi(p)(ez”) — Mi(va(e))(ex) B
(5.14)

= [Mi(p)(er”) — Mi(va(e))(er)B2 + [Mi(p)(ez") — Ii(v)(ex") B2
(5.15)

Equation (5.14) follows from Theorem 32, and equation (5.15) follows from the fact that
I, (v)(ed*) = Iy (vy(€))(ed*). By the multilinearity of the tensor product and the multilin-

earity of the inner product, we conclude that

lp = vi()5, = (Th(p)(er) = Mi(vi(e))(er”) | Mi(p)(er”) — Mi(vie))(er”) )2
+ [[M(p)(e") — Mi(v)(ez") 152
= { (ra] +s23) @ a5 — e(ca] +dry) @y | (ra; + sx3) @ 25 — e(cat +dr3) @ 25 Vo
+ [[(p) (") — i (v)(e3") 1B
= [|(r2} + s23) @ 2305, — 2¢ { (rai+s23) ® a5 | (ca]+da3) @ 25 )pa
+ & |[(ext +day) @ a3lBo + Thp)(e;”) — Mi(v)(ey") 5,

= |[(ra + s23) @ 3[[5, + Bile) + [IThi(p)(e”) — Ii(v)(ey") 2.
Since € was chosen specifically to make Bj(€) negative, we can conclude that

lp—vi(@lpe = lI(raf + s23) @ 23], + Bile) + [[Mi(p)(ey") — Mi(v)(es")s.5
< (et +s23) @ 235 + Mip)(ex") — i(v)(ex")ll
= [|Mip)(er") — () (er) 52 + [Th(p)(ex") — i(v)(es") 5.2

= [lp—vll32-

Hence, vy (€) is a better approximation of p than v. The tensor v;(e) is also in the tangent
space of the Segre variety at e] ® (cx? + dr3) ® 3. Hence, there exists a sequence of rank

two tensors that converges to vi(e). Thus, there must be some rank two tensor in the
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sequence that is better approximation to p than v, contradicting that v is an optimal rank
two approximation.

Equality (5.12) can be proven in the same way by considering the tensor
va(€) = el ® (ax? +b23) @ 2% + e} ® (cot +drd) @28 + es ® (ax? + ba) ® ex,

which is in the tangent space of the Segre variety at e} ® (ax? + bz3) ® 3.
It thus remains to show equality (5.13), which we prove by considering the rank two

tensor

vs(e) = e1 @ (az? +brd) @ (28 + (2} + 23)) + e) ® (ca? + drd) ® 27,

It follows that the mode-1 contractions of vs(e) are as follows.

I (vs(e))(er") = (aaf+ba3) ® x} + e(aat + ba3) ® (7 + 23), and

M (vs(€))(ey") = (eat +da3) @27 = Th(v)(ey").
Suppose for contradiction that (5.13) were nonzero. It would then follow that
( (raf + s23) @25 | (a2t + ba3) @ (27 + 23) g2 = ( (ray + s23) | (az] +bx3) )pa [|25]/5, # 0.
We could then choose an € small enough in absolute value such that D(e) < 0, where
D(e) = —2¢ ((ray + s23) ® 7} | (azy + bx3) ® (2] + 23))p2 + € [|(aay + ba3) ® (2] + 25) |5

For example, if { (rz? + sz2) @ 3 | (az? +bx3) @ (23 + 23) )2 < 0, an € < 0 small enough

in absolute value will yield a negative D(¢e). Suppose such an € is chosen. Then,

lp —vs(e)l[z2 = Mi(p)(er") — Mi(vs(e))(er) B + [Mi(p)(ex") — Mi(vs(e))(ex")s.

= [Mi(p)(er”) — Mi(vs(e)) (e + [Milp)(ex") — i (v)(ex")ll5 -
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Observe that
I (p)(er") = i(va(e)(er) [z = Il(raf + sa3) @ a5 — e(aat + bag) @ (2] + 23) |5 -
Writing this as an inner product, we see that

lp = vs()llpo = [I(raf + sa3) @ a3l — 2€ ((raf + s23) ® 23 | (a2} +b23) @ (27 + 23)) 5.2
+ € |(azy +ba3) @ (27 + 25)[[5o + [Milp)(e”) — i (v)(e")ll5

= |[(raf + s23) @ 23][5, + D(e) + [[Mi(p)(ey”) — Thi(v)(ex") |52
Finally, since € was chosen so that D(e) would be negative, it follows that

lp—vs(@)lp < (rat +s23) @ 5l + [Mi(p)(ey") — Mi(v)(ey") 52
= [Mi(p)(er") — () (er)l52 + [Th(p)(er") — i(v)(es") 5.

= [lp = vll32-

Hence, the rank two tensor vs(e) is a better approximation of p than v, contradicting that

v is an optimal rank two approximation. [

We have thus shown that rank three 2 x 2 x 2 real tensors have no optimal rank two
approximations with respect to the Frobenius norm. This implies that the nearest point of
a rank three 2 X 2 x 2 tensor p to the second secant set o5(X) of the Segre variety X with
respect to the Frobenius norm must be rank three. In fact, our proof above demonstrates
that the nearest point of p to g2(X) is in fact on the tangential set 7(X) of the Segre variety,
which is the set of all tensors contained in the tangent space of the Segre variety at some

point v € X.

7(X) = {peV'eV?eV?|pe T,(X) for some u € X}
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From Theorem (28), we know that

T(X) = {peVIeVeV’ | p = nerer + nener + 1850

for some ' € V'}.

There is an open, dense subset of 7(X) of rank three tensors. However, there are rank two
elements in 7(X), and the fact that these rank two tensors can never be the the nearest
point on 7(X) of any rank three tensor implies there is an interesting curvature of 7(X) at
these points. We now consider an example of such a rank two tensor in 7(X). Let {z%, 2%}

be independent vectors in V? for i = 1,2,3. The tensor
v = x%@xf@x:{’ + x%@x%@xi’
is a rank two tensor in 7(X). For every € # 0, the tensor
ple) = ;@i @1} + 2, Q5@ 7 + e(r+13) @ (2] +123) ® 23

is rank three. Clearly, lg% p(€) = v. However, the nearest point to p(e) on 7(X) with respect
to the Frobenius norm is never v, even when ¢ is infinitesimally small, since the nearest point
to p(e) on 7(X) must be rank three. The tangential variety of the 2 x 2 x 2 Segre variety
must thus have significant curvature at its rank two points, which is already suggested by
the fact that v is tangent to the Segre variety at any tensors in the form z! ® 7? ® 33 and
r1 ® 23 @y} for some y? € V3. In contrast, the rank three tensors in 7(X) are tangent to

distinct point on the Segre variety up to a multiplicative constant.

Theorem 37. Let V1, V2, and V3 be two-dimensional real vector spaces. Let X denote the
Segre variety of simple tensors in V@ V2@V3, and let 7(X) denote the tangential variety of
X. If p € 7(X) is rank three, then it is tangent to a unique point of X up to a multiplicative

constant.
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Proof. Suppose p is tangent to both the tensors z1 ® 22 ® 23 and 2} @ 22 ® 23. Tt then
follows from Theorem 28 that

p = yorier + 1oy + ey, and (5.16)

p = hRI3QT + 1Ry DTh + 14 Q1R s, (5.17)

for some vectors y. Since p is rank three, the sets {y?,z}} must be independent for all 4, ;.
Let {y;*, m;*} be the corresponding dual bases. Considering the contraction maps of p with

respect to both of these representation (5.16) and (5.17), we conclude that

Mp)(yi") = at@a} = 23® (" (W)2d + ui"(@D)d) + vi™(xh) ® 2.

By Lemma 20, it follows that yi*(z3) = 0, so 22 @ 23 = yl*(yd) 22 @ 23. The fact that
yi*(xd) = 0 implies that 2} = kjz! for some constant k;. Furthermore, im ITy(2? ® 23) =
im I, (y* (y2) 23 @ o3) implies that 22 = koz2 for some constant ky, and imI1;(2? ® 23) =
im ITy (y1* (y3 )23 @ x3) implies that 23 = ksz? for some constant k3. Hence, zi ® 22 @ x3

Tangential sets with the property that a general point lies on a unique tangent line
is said to be strongly nondegenerate [38, p.2]. We have thus shown the 7(X) is strongly

nondegenerate.
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6. FUTURE WORK

We have shown that the nearest point of a rank three 2 x 2 x 2 real tensor p to the second
secant set oo(X) of the Segre variety X with respect to the Frobenius norm is in fact on
the tangential variety 7(X). We conjecture that the nearest point of a rank greater than
three 3 x 3 x 3 real tensor to the third secant set o3(X) of the Segre variety X is on the
second tangential set 75(X). The third secant set o3(X) is the norm closure of all rank three
tensors, and the second tangential set 75(X) is the norm closure of all the tensors p such
that p = «/(0) + £”(0) for some smooth curve x contained in the Segre variety. Notice that

such a tensor p is indeed the limit of rank at most three tensors, since

dr(t) d*k(t)

S R 1 S §
= lim (n—l—nz)/i(l) — (2n® —n)K(0) + n%(_l).
n—00 n n

Equation (6.1) follows from the finite difference formula for the second derivative. Our proof
method is well-suited to be generalized to this 3 x 3 x 3 case since it does not rely on the
specific polynomials that define the tangential and secant sets of the 2 x 2 x 2 of the Segre
variety. If true, this conjecture would suggest interesting curvature of 75(X) that would need

to be studied further.
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