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PREFACE

“Mathematics is the language with which God wrote the universe.”

— Galileo di Vincenzo Bonaiuti de’ Galilei

This dissertation is focused on the problem of Byzantine-resilient distributed optimiza-
tion, which arises in the context of multi-agent systems where agents must cooperate to
optimize a global objective function while facing the challenge of malicious or faulty agents.
The importance of this problem stems from its applicability in a wide range of domains,
including sensor networks, control systems, and machine learning, among others. In this
preface, I will provide some historical background on optimization, distributed systems, and

security, and then highlight the contribution of this work in the context of existing literature.

“True optimization is the revolutionary contribution of modern research

to decision processes.” — George Dantzig

The history of mathematical optimization can be traced back to ancient times, with
the Greeks using geometric methods to solve optimization problems such as finding the
maximum area of a rectangle given a fixed perimeter. In modern times, the development
of optimization algorithms has been driven by applications in engineering, economics, and
computer science, among other fields. With the advent of computers, it became possible to
solve large-scale optimization problems using numerical methods, leading to the emergence

of optimization as a core area of research in mathematics and computer science.

“Computer science has as much to do with computers

as astronomy has to do with telescopes.” — Edsger Wybe Dijkstra

Distributed systems have a long history, dating back to the 1960s with the development of
computer networks. Over the years, distributed systems have become increasingly important,
with the rise of the internet and the proliferation of mobile devices. Distributed optimization,
which involves solving an optimization problem across multiple agents in a network, has
been an active area of research since the early 2000s. The key challenge in distributed
optimization is to design algorithms that can effectively harness the computational power of

multiple agents while ensuring convergence to the optimal solution.



“The only truly secure system is one that is powered off, cast in a block of concrete and

sealed in a lead-lined room with armed guards.” — Gene Spafford

Security is a critical concern in any distributed system, and peer-to-peer networks in
which we consider are no exception. In the context of distributed optimization, security
is particularly important because malicious or faulty agents can undermine the integrity
of the optimization process and compromise the quality of the solution. Byzantine-resilient
distributed optimization is a variant of the problem that is designed to address this challenge
by ensuring that the optimization process remains robust in the face of Byzantine faults,

where agents can behave arbitrarily.

“If I have seen further, it is by standing on the shoulders of giants.”

— Sir Isaac Newton

Despite the significance of Byzantine-resilient distributed optimization, there has been
relatively limited effort in developing scalable algorithms with provable guarantees. Most of
the existing work in the literature focuses on the case where the number of decision variables
is small or even only a single variable. In this dissertation, we address the challenge of
large-scale resilient distributed optimization, where the number of decision variables and the
problem size are both substantial. We provide a comprehensive analysis of the problem and
propose a set of scalable algorithms that can converge to a neighborhood of the optimal

solution, even in the presence of Byzantine faults.

“All truths are easy to understand once they are discovered; the point is to discover them.”

— Galileo di Vincenzo Bonaiuti de’ Galilei

This dissertation is organized into four parts. The first part (Chapter 1) introduces each
of the works separately. The second part (Chapters 2 and 3) establishes the foundation for
resilient distributed convex optimization by analyzing the properties of the sum of convex
functions. The third part (Chapters 4 and 5) presents a set of scalable algorithms with
theoretical guarantees for different cases. Finally, Chapter 6 concludes our work and provides

directions for future research.
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ABSTRACT

The advent of advanced communication technologies has given rise to large-scale networks
comprised of numerous interconnected agents, which need to cooperate to accomplish various
tasks, such as distributed message routing, formation control, robust statistical inference, and
spectrum access coordination. These tasks can be formulated as distributed optimization
problems, which require agents to agree on a parameter minimizing the average of their
local cost functions by communicating only with their neighbors. However, distributed
optimization algorithms are typically susceptible to malicious (or “Byzantine”) agents that do
not follow the algorithm. This thesis offers analysis and algorithms for such scenarios. As the
malicious agent’s function can be modeled as an unknown function with some fundamental
properties, we begin in the first two parts by analyzing the region containing the potential
minimizers of a sum of functions. Specifically, we explicitly characterize the boundary of this
region for the sum of two unknown functions with certain properties. In the third part, we
develop resilient algorithms that allow correctly functioning agents to converge to a region
containing the true minimizer under the assumption of convex functions of each regular
agent. Finally, we present a general algorithmic framework that includes most state-of-the-
art resilient algorithms. Under the strongly convex assumption, we derive a geometric rate
of convergence of all regular agents to a ball around the optimal solution (whose size we

characterize) for some algorithms within the framework.
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1. INTRODUCTION

1.1 Motivation

Optimization has been an important tool in various fields, including machine learning [1],
signal processing [2], control theory, [3]-[5], and robotics [6]-[8]. Given an objective function
to be optimized, there are several standard algorithms that can be applied to find the optimal
variables [9]-[12]. However, recent advances in communication technologies have given rise
to the study of distributed optimization problems which can be traced back to the works
related to parallel and distributed computation [13], [14]. Their applications include machine
learning [9], [15]-[17], control of large-scale systems [18]-[20], and cooperative robotic systems
[21], [22]. In these settings, each node in a network has data which is commonly assumed
to be private and represented as a convex function. The objective of the network is to
collaboratively determine the minimizer of the sum of these functions. In order to tackle
the task, several algorithms have been proposed, including [23]-[28], under some common
assumptions on the functions such as strongly convexity or bounded gradients. However,
these existing works typically make the assumption that all agents are trustworthy and
cooperative (i.e., they follow the prescribed protocol) [29]; indeed, such protocols fail if even
a single agent behaves in a malicious or incorrect manner [30].

As security becomes a more important consideration in large scale systems, a handful
of recent papers have considered fault tolerant algorithms for the case where agent misbe-
havior follows specific patterns [31], [32]. Nevertheless, a more general (and serious) form
of misbehavior is captured by the Byzantine adversary model from computer science, where
misbehaving agents can send arbitrary (and conflicting) values to their neighbors at each
iteration of the algorithm. Under such Byzantine behavior, it has been shown that it is
impossible to guarantee computation of the true optimal point [30], [33]. Thus, it is crucial
to analyze properties of the solution and develop algorithms that are resilient to agents that

do not follow the prescribed algorithm.
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1.2 Related Works

In the situation when the network contains Byzantine nodes which arbitrarily deviate
from the prescribed algorithm, it is shown that all regular nodes will fail to achieve the true
minimizer regardless of the implemented algorithm [30], [34]. To overcome the issue, one
possible direction is to consider robust optimization, where the objective function contains
some parametric uncertainty, and the goal is to choose the optimization variable to be robust
to the possible realizations of the uncertainty [35]-[37]. The problem that we consider in
Chapter 2 and Chapter 3 also has a similar flavor, in that we assume that the optimization
objective is not fully known. However, rather than seeking to find a single solution that
is simultaneously robust to all possible realizations of the uncertain parameter (or learning
that parameter [37]), we instead seek to characterize the region where the minimizer could
lie for each possible realization of the uncertainty. This approach has the potential to yield
valuable insights into the nature of the possible solutions to the given uncertain optimization
problems. By identifying the region in which the true minimizer can lie (potential solution
region), we can better evaluate the effectiveness of resilient distributed optimization algo-
rithms. Moreover, this knowledge would offer central servers a way to combine machine
learning models in the context of federated learning setups [38], [39].

Another potential direction is to construct algorithms that allow the non-faulty nodes
to converge to a certain region (possibly containing the solution) [33], [40]. However, one
major limitation of the works in this direction [30], [34], [41] is that they make the assump-
tion of scalar-valued objective functions, and the extension of the above ideas to general
multi-dimensional functions remains largely open. In fact, one major challenge for minimiz-
ing multi-dimensional functions is that the region containing the minimizer of the sum of
functions is itself difficult to characterize. Specifically, in contrast to the case of scalar func-
tions, where the global minimizer always lies within the smallest interval containing all local
minimizers [30], the region containing the minimizer of the sum of multi-dimensional func-
tions may not necessarily be in the convex hull of the minimizers as shown in the analytical

characterization and numerical experiments from Chapter 2 and Chapter 3.
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There exists a branch of literature focusing on secure distributed machine learning in
a client-server architecture [42], [43], where the server appropriately filters the information
received from the clients. The papers [44], [45] consider a vector version of the resilient ma-
chine learning problem in a distributed (peer-to-peer) setting. These papers show that the
states of regular nodes will converge to the statistical minimizer with high probability (as
the amount of data of each node goes to infinity), but the analysis is restricted to i.i.d train-
ing data across the network. However, when each agent has a finite amount of data, these
algorithms are still vulnerable to sophisticated attacks as shown in [46]. The recent work [47]
considers a Byzantine distributed optimization problem for multi-dimensional functions, but
relies on redundancy among the local functions, and also requires the underlying communi-
cation network to be complete. These previous works assume either specific functions or a
restricted network topology. Hence, we consider developing resilient algorithms applicable
for functions with several variables with convergence guarantees under less restrictions on
both network topology and function properties in Chapter 4.

In addition to the issue of scalability, much of the existing research demonstrates only
asymptotic convergence results for proposed algorithms, or fails to provide any convergence
analysis at all. In particular, while some algorithms, such as those proposed in [48], [49],
have shown promising numerical results, they lack rigorous theoretical analysis. Others,
including [30], [33], [45], [50]-[52] which rely on a simple distributed gradient descent al-
gorithm equipped with extreme value-based filtering, provide only asymptotic convergence
results. To address these gaps, we propose an algorithmic framework that includes several
state-of-the-art resilient distributed optimization algorithms in the literature as well as our
algorithms in Chapter 4, and provide finite-time convergence analysis (including convergence
rate) for this set of algorithms, under a mild assumption on the local functions. Our analysis
not only provides finite-time convergence analysis for existing algorithms, but also proposes
a simple and easily-checkable sufficient condition for ensuring geometric convergence. This

work is presented in detail in Chapter 5.
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1.3

Main Contributions

1.3.1 The Minimizer of the Sum of Two Strongly Convex Functions

In Chapter 2, we first argue that identification of the region containing the minimizer of

multi-dimensional functions under mild assumptions on two unknown functions is challenging

as the potential solution region is neither contained in the smallest hyperrectangle contains

their local minimizers nor the convex hull of their local minimizers. Subsequently, we thor-

oughly study the potential solution region of the sum of two unknown multi-dimensional

functions. Our main contributions are summarized as follows.

(i)

(iii)

We characterize a region containing all valid minimizers for the sum of two arbitrary
strongly convex functions in which we call an outer approzimation (Section 2.4). In
fact, the outer approximation comes from a geometrical relationship derived by using

the first-order necessary conditions for minimizers.

We characterize a region where every point is a valid minimizer for the sum of two arbi-
trary strongly convex functions in which we call an inner approzimation (Section 2.5).
This inner approximation can be obtained from analyzing quadratic functions with
positive curvature (Section 2.5.1). Similar to the outer approximation case, we provide
the characterization for all distances between the minimizers of two strongly convex

function.

Lastly, we identify the region containing the minimizer of the sum of two arbitrary
strongly convex functions by noticing that the inner approximation essentially almost
coincides with the outer approximation. More precisely, we provide equations that

characterize the boundary of such region (Section 2.6).

1.3.2 On the Set of Possible Minimizers of a Sum of Known and Unknown

Functions

Since in many applications, it may be the case that the objective function is only par-

tially known, we instead seek to characterize the region where the minimizer could lie for

each possible realization of the uncertainty. This approach has the potential to yield insights
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regarding the nature of the possible solutions to the given uncertain optimization problem.
In contrast to Chapter 2, we shall consider the case of optimizing a sum of known and un-
known functions where only limited information about the unknown function is available in
Chapter 3. In this case, we are given some general characteristics of the unknown function,
namely a region containing the minimizer, and the strong convexity parameter of the func-
tion. Our goal is to determine necessary conditions for a point to be a minimizer of the sum.
In particular, we will determine a region where the potential minimizer of the sum can lie.
Thus, if a point from within this region is chosen as an estimate of the true minimizer of
the sum, the size of the region can be used to quantify how far the estimate can be from the

true minimizer. Our main contributions are summarized as follows.

(i) We provide a necessary condition for a point to be a potential minimizer of the sum
in the case that the uncertainty region is a compact set (Section 3.4). Essentially, the

analysis is based on the first-order necessary conditions for minimizers.

(ii) We provide a necessary condition for a point to be a potential minimizer of the sum
in the case that the uncertainty region is a ball (Section 3.5). In addition, it is com-

putationally cheaper to verify such condition than the previous case.

(iii) In Section 3.6, we present an algorithm (Algorithm 1) to provide an over-approximation

of the potential solution set in the case that the uncertainty region is a ball.

1.3.3 Scalable Distributed Optimization of Multi-Dimensional Functions De-
spite Byzantine Adversaries

While in Chapter 2 and Chapter 3, we consider the problems of potential locations of the
minimizer of the sum of functions, in Chapter 4, we consider Byzantine-resilient distributed
optimization algorithms. Most of the previous algorithms either are applicable to single-
dimensional functions [30], [34], [41] or require some restricted conditions on the functions
[44], [45] or communication network [47]. In this work, we focus on scalable Byzantine-
resilient distributed optimization algorithms (i.e., applicable to high-dimensional functions)
with mild assumptions on the network topology. Our main contributions are summarized as

follows.
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(i) We propose two multi-dimensional resilient distributed algorithms (Algorithm 2 and
Algorithm 3). Algorithm 2 employs two types of filters: a distance-based filter and

min-max filter while Algorithm 3 utilizes only a distance-based filter.

(ii) For the first algorithm (Algorithm 2), we show that the states of regular agents can
asymptotically reach consensus. Furthermore, we provide convergence guarantees for
both algorithms irrespective of the actions of Byzantine agents (Section 4.4). In par-
ticular, both algorithms have the asymptotic convergence to the same region and we
explicitly characterize to size of this region. Even though Algorithm 3 does not have
consensus guarantee, it requires a more relaxed condition on the network topology, and

thus, it is more scalable.

(iii) We demonstrate the performance of both algorithms by providing the results from a
synthetic quadratic functions task and a machine learning task (banknote authenti-
cation task) (Section 4.6) and empirically show that the states of the regular agents
can get reasonably closed to the optimal solution even in the presence of sophisticated

Byzantine agents.

1.3.4 On the Geometric Convergence of Byzantine-Resilient Distributed Opti-
mization Algorithms

In Chapter 5, we consider Byzantine-resilient (peer-to-peer) distributed deterministic
optimization problems as in Chapter 4. However, in this work, we consider different as-
sumptions on the local functions. Specifically, we examine smooth, strongly convex local
functions in Chapter 5 in contrast to general convex local functions with bounded gradients
in Chapter 4. Furthermore, we focus on analyzing convergence properties of existing algo-
rithms (including the algorithms proposed in Chapter 4) instead of proposing a new resilient

algorithm. Our contributions are as follows:

(i) We introduce an algorithmic framework called REDGRAF, a generalization of BRIDGE
in [45], which includes some state-of-the-art Byzantine-resilient distributed optimiza-

tion algorithms as special cases.
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(i)

(iii)

We propose a novel contraction property which we show provides a general method for
proving geometric convergence of algorithms in REDGRAF. To the best of our knowledge,
our work is the first to provide a geometric rate of convergence of all regular agents’
states to a ball containing the true minimizer for a class of resilient algorithms under the
strong convexity assumption. In addition, we explicitly characterize the convergence

rate and the size of the convergence region.

We introduce a general mixing dynamics property which is used to derive approximate
consensus results for algorithms in REDGRAF in which both the convergence rate and

the final consensus diameter are explicitly characterized.

Using our framework, we analyze the contraction and mixing dynamics properties of
some state-of-the-art algorithms, leading to convergence and consensus results for each
algorithm. Our work is the first to show the finite-time convergence result for some

existing resilient algorithms.

We demonstrate and compare the performance of the resilient algorithms through
numerical simulations to corroborate the theoretical results for convergence and ap-

proximate consensus.
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2. THE MINIMIZER OF THE SUM OF TWO STRONGLY
CONVEX FUNCTIONS

© 2022 IEEE. Reprinted, with permission, from [K. Kuwaranancharoen and S. Sundaram,
“On the Location of the Minimizer of the Sum of Two Strongly Convex Functions,” in
IEEE/2018 IEEE Conference on Decision and Control (CDC), pp. 1769-1774, Jan. 2019,
DOI: 10.1109/CDC.2018.8619735].

2.1 Introduction

The problem of optimizing a sum of functions arises in a variety of applications, including
machine learning [9], [15], [16], control of large-scale systems [18], [19], and cooperative
robotic systems [21], [22]. In these settings, each node in a network is assumed to possess
a convex function. There are many proposed algorithms to find the minimizer of the sum
of these functions [23]-[27], under some common assumptions such as the functions being
strongly convex and the gradients being bounded.

In some cases, the exact functions themselves may not be fully known, and only certain
characteristics (such as minimizer and convexity parameters) may be known. In this case, it
is of interest to understand the potential set of minimizers of the sum of functions, despite
this limited knowledge of the individual functions. For example, in resilient distributed
optimization settings [30], [40], the network contains malicious nodes that do not follow
the distributed optimization algorithm and one cannot guarantee that all nodes calculate
the true minimizer. Instead, one must settle for algorithms that allow the non-malicious
nodes to converge to a certain region [33], [53]. In such situations, knowing the region where
the minimizer can lie would allow us to evaluate the efficacy of such resilient distributed
optimization algorithms. Another example involves the scenario where two similar machine
learning models trained on similar data are combined to achieve a common goal. However,
due to privacy concerns [54], the datasets used to train these models may not available
directly, which means we know the minimizer of each function for inference but not the

function itself. In this case, it is of interest to obtain a potential new minimizer, i.e., a
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combined machine learning model, which could offer enhanced performance for the original
inference task. More specifically, consider a federated learning setup [38], [39] with two
clients, each with access to local data. Each client, denoted by 7, obtains a local optimal
parameter ; that minimizes its own loss function f;. Now, if each client only reports x; to
a server, can the server determine the set of potential optimal parameters for the combined
loss function f; + f5, based solely on the information it has (i.e., 3, 5, and knowledge of
the convexity properties of f; and f3)?

When the local functions f; at each node v; are univariate (i.e., f; : R — R), and
strongly convex, it is easy to argue that the minimizer of the sum must lie in the interval
bracketed by the smallest and largest minimizers of the functions [30]. This is because the
gradients of all the functions will have the same sign outside that region, and thus cannot
sum to zero. However, a similar characterization of the region containing the minimizer of
multivariate functions is lacking in the literature, and is significantly more challenging to
obtain. For example, the conjecture that the minimizer of a sum of convex functions is in the
convex hull of their local minimizers can be easily disproved via simple examples; consider
filz,y) = 2% —ay + %yQ and fo(z,y) = 2% + a2y + %yQ — 4x — 2y with minimizers (0,0) and
(2,0) respectively, whose sum has minimizer (1,1). In our recent work [55], we studied this
problem and provided an outer approximation on the region containing the minimizer of two
strongly convex functions in a specific case; this region is determined by the minimizers of
the individual functions, their strong convexity parameters, and the specified bound on the
norms of the gradients of the functions at the location of the minimizer.

In this chapter, our goal is to characterize an outer approximation (i.e., a region
containing all valid minimizers) as well as an inner approximation (i.e., a region
where every point is a valid minimizer) for the sum of two unknown strongly
convex functions. More specifically, we provide an outer approximation that is more
general than the one given in [55]. As we will see, the inner approximation essentially
almost coincides with the outer approximation. More precisely, the boundary of both outer
and inner approximations are the same under the assumption that the gradients of the
two original functions are bounded by a finite number at the potential minimizer of the

sum. Thus, our analysis in this chapter complements and completes the analysis in [55] by
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fully characterizing the region containing the minimizer of the sum of two strongly convex
functions. While the analysis is complicated even for this scenario involving two functions,
our analysis provides insights that could be leveraged in future work to tackle the sum of
multiple functions.

This chapter is organized as follows. The notations used throughout this chapter and
preliminaries are provided in Section 2.2. The problem formulation is in Section 2.3. Our
main results regarding the outer approximation are in Section 2.4, our analysis of the inner
approximation and potential solution region is in Section 2.5, and the conclusions follow in

Section 2.7.

2.2 Preliminaries

2.2.1 Sets

Let R denotes the set of real numbers. We denote by R"™ the n-dimensional Euclidean
space. For a subset £ of a topological space, we denote the complement, closure and interior
of a set € by £¢, £ and £°, respectively. The boundary of £ is defined as 9 = £ \ £°. We
also use dom(f) to denote the domain of function f. In addition, we use U to denote the

disjoint union operation. We will use this simple lemma later in this chapter.

Lemma 2.2.1. Let G and H be subsets of a topological space X such that G C H. Let P be
a partition of H. Then,

g =] ((6n2)\(9gn 2)).

ZeB

Proof. For Z € B, since GN ZN Z° = (), we have
GNZ=GNOG)N2YUGNZNZ)=(GNZ)N0OGNZ)X=(GNZ)\ (09GN Z2).
Using the above equation, we can write

g =Llgnz) = (Gn2)\(09n2).

Zop ZeP
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2.2.2 Linear Algebra

For simplicity, we often use (xi,...,2,) and [x; x5 --- x,]T to represent the column
vector . We use 0 to denote the all-zero vector with appropriate dimension and e; to
denote the i-th basis vector (the vector of all zeros except for a one in the i-th position).
We denote by (u,v) the Euclidean inner product of vectors w and v, i.e., (u,v) := uTv, by
|w|| the Euclidean norm of w, ie., ||u| := /{(u,u) = (3, u?)"/2. We define the functions

£ (R*\ {0}) x (R"\ {0}) — [0,7] and £ : (R?\ {0}) x (R*\ {0}) > [ — %, %] as

Z(u,v) := arccos ( (u,v) ) and 4A(u,v) := arcsin <u2vl—u1v2>’ (2.1)

[l [l

respectively. Note that Z(u,v) = Z(v,u) but £L(u,v) = —£(v,u). We use
B(xg,ro) :={x € R" : || — x| <710} (2.2)

and B(xg,70) to denote the open and closed balls, respectively, in R™ centered at x, € R"
and with radius ry € R.g. We use I to denote the identity matrix of appropriate dimension.
For square matrix A € R™", we use A\(A), Amin(A) and Tr(A) to denote an eigenvalue, the
minimum eigenvalue and the trace of matrix A, respectively. For A € R™*" we use R(A)

and N (A) to denote the column space and null space of matrix A, respectively.

2.2.3 Convex Sets and Functions

A set C C R” is said to be convex if, for all  and y in C and all ¢ in the interval (0, 1),
the point (1 —t)x +ty also belongs to C. A differentiable function f is called strongly convex

with parameter o € R (or o-strongly convex) if

(V@)= Vfy), z—y) > o]z -y (2.3)
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holds for all points &, y in its domain. We use S(x*, ) to denote the set of all differentiable
and o-strongly convex functions that have their minimizer at * € R". Define S™ to be the
set of symmetric matrices in R™*", and Q™ to be the set of all quadratic functions that map
R" to R. A quadratic function f € Q" parameterized by Q € S™, b € R", and ¢ € R is given
by

flz;Q,b,¢c) = ;:cTQa: +b'x +c.

For * € R" and ¢ € R+, define
oM (z*, o) := {f(x; Q.,b,¢) € Q" : A\uin(Q) =0, Q" = —b}. (2.4)

We will omit the superscript (n) of Q™ when it is clear from contexts. Note that every

function in Q(x*, o) is o-strongly convex quadratic and has the minimizer at «*, and

Q(z*,0) C |J Q(z*,5) C S(z*,0). (2.5)

g>0

The following lemma shows that the strong convexity of functions is invariant under
some particular affine transformations. This property will help us to simplify the analysis

throughout this chapter.

Lemma 2.2.2. Let A € R™™" be an orthogonal matriz and b € R™. Suppose f : R™ — R is
a differentiable function and define h(x) = f(Ax + b). Then, f is o-strongly convez if and

only if h is o-strongly convex.

Proof. By the definition of strongly convex functions in (2.3), we have that
(Vi(@)-Vfly), z—y) >ollz —y|* forall z,yeR"

Since A is invertible, we can replace  and y by Ax + b and Ay + b, respectively, and the

above inequality is equivalent to

(Vf(Az +b) — Vf(Ay+b), A(z —y)) > o|A(x —y)|* forall z,y €R".  (26)
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Since Vh(z) = ATV f(Ax + b), we can rewrite the LHS of (2.6) as <AT (Vf(Aa: +b) —
Vi(Ay + b)), x — y> = (Vh(x) — Vh(y), * — y). On the other hand, since A is an
orthogonal matrix, the RHS of (2.6) becomes ||z — y||*. O

2.3 Problem Formulation

Consider two (unknown) functions f; and fo. In order to investigate the minimizer of
the sum of two unknown functions f; + fo, we will impose the following assumptions on the

structure of both functions.

1. Given o1,09 € Ry, the functions f; : R® — R and f5 : R® — R are differentiable and

strongly convex with parameters oy and o5, respectively.
2. Given z7, x5 € R", the minimizers of f; and f, are at ] and x3, respectively.

3. Suppose * € R" is the minimizer of f; + f,. There is a finite (given) number L € R,

such that the norm of gradient of f; and f; evaluated at a* is less than L.

Assumption 1 and 2 will be captured using the notations introduced earlier: f; € S(x7,01)
and fy € S(x}, 09). For Assumption 3, since x* is the minimizer of f; + fo, we have that
Vfi(x*) = =V fy(x*). In addition, we can rewrite the bounded gradient at * condition as
IV fi(x*)]| = [V fa(x*)|| < L. Essentially, our goal is to estimate the region M containing
all possible values * satisfying the above conditions. More specifically, given x7, x; € R",

01,09 € Rog, and L € Ry, we wish to estimate the potential solution region

M(.’IJT,:B;,O},OQ,L) = {w < R™: E|f1 < S(.’BT,Ol), E'fg c S(CB;,O'Q),

Vh(x) = -Vh@), VA =|VA@)| <L} 27

For simplicity of notation, we will omit the argument of the set M(x}, x5, 01,09, L) and

write it as M.
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2.3.1 Discussion of Assumptions

Functions that satisfy both differentiable and strongly convex conditions (Assumption
1) are common in many applications. In machine learning applications, for example, linear
regression and logistic regression models with Lo-regularization are commonly used when
only a small amount of training data is available [1].

Assumption 2 can be generalized by assuming that for ¢ € {1,2}, the minimizer @] of
the function f; is not available but instead x is located in a known compact set A; C R" as
in [56]. However, the analysis will be more involved, so we defer these assumptions to our
future works.

Assumption 3 is a technical assumption. Given x}, x5 € R" such that x] # 3}, let
L= {iL‘ € R" : there exists k € R\ (—1,1) such that & — ] = k(a3 — az’{)}

Without Assumption 3, i.e., the norm of the gradient of each function at the minimizer of
the sum can be arbitrarily large, one can use the result from Proposition 2.5.1 to show that
M =R"\ L. We can see that for n € N\ {1}, the set £ has measure zero and hence, M
covers almost the entire space. In other words, almost all points can be minimizers. One
can think of imposing the bound on the gradients as one of the ways to implicitly limit
the functions that we can choose from S(x},01) and S(x3, 05). However, there might be
other ways to restrict the class of functions that we can select, for example, considering
the functions that have Lipschitz continuous gradients in addition to Assumptions 1 and
2. For now, we restrict ourselves to the simpler assumption, Assumption 3, and leave such

alternative assumptions for future work.

2.3.2 A Preview of the Solution

Recall the definition of the potential solution region M from (2.7). One way to charac-
terize the set M is to provide an explicit formula for the boundary O M in terms of =}, x3,
o1, 09 and L. In Fig. 2.1, we provide a preview of the boundary OM in R? given fixed param-

eters 0y = 1.5, 09 = 1, and L = 10, and a variable parameter r € R.o. Suppose &} = (—r,0)
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(a) For r = 2, OM consists (b) Forr =4, OM consists of 2 (¢) For r = 6, M consists of
of 1 curve (blue curve) and curves (blue and cyan curves) 3 curves (blue, cyan and ma-
{z}, x5} and {x]}. genta curves).

Figure 2.1. The boundary M in R? is plotted given minimizers x} = (—r,0)
and x5 = (r,0) and fixed parameters o1 = 1.5, 09 = 1, and L = 10. Different
colors denote different equations that combine together to yield the boundary

oM.

and x5 = (r,0). We illustrate OM for the case where r = 2,4, and 6 in Fig. 2.1a, Fig. 2.1b
and Fig. 2.1¢, respectively. The different colors in the figures indicate different equations
that combine together to yield the boundary (as we will explicitly characterize in the rest of

this chapter).

2.3.3 Solution Approach

Since the analysis of the case ] = x} is trivial (i.e., the potential solution region is
M = {x}}), without loss of generality, we assume that «} = (—r,0,...,0) € R" and
xy = (r,0,...,0) € R" with r = ||x} — | > 0.

To show this, given general xj, x5 € R" with &} # 3}, let the set of new bases J =

{e}, €, ... e} besuch that e] = % and {e), e}, ..., e, } is obtained by Gram-Schmidt
orthogonalization. Let
E=le e '] and b= (@t +
e 81 62 ... en an = 2(.’131 + wQ).

We let €7 = ET(x — b) be the coordinate transformation. One can verify that if z = x}
then z7 = (- 4[l@5 — 2|, 0) = (-1, 0) and if & = @ then z7 = (4||z5 —=i[|, 0) = (r,0).

For i € {1,2}, let f; : R® — R be the function such that fi(z;) = fi(x) for all x € R,
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ie., fi’s value at the coordinate of point & on the new bases J is the same as f; at point
x. We can write f;(x) = fi(Ex + b) for i € {1,2}. Applying Lemma 2.2.2, we have that
f; is o;-strongly convex for i € {1,2}. Once we attain the potential solution region M in
terms of 7, we can always use the transformation to obtain the region in terms of x, i.e.,
the original coordinate system.

For convenience, we introduce the shorthand notation of sets that will be encountered
throughout this chapter. Recall the definition of B from (2.2). For ¢ € {1,2}, define

B = B(a;;f, L). (2.8)

g;

Now, we introduce the functions that will be used to define the outer and inner approxima-
tions of M. For i € {1,2}, define the functions ¢; : B; — {0, g] to be such that

~ o

¢i(x) = arccos (LHa: — me), (2.9)

and the functions a; : R™\ {xf} — [0, 7] to be such that

Lxy —x), (2.10)

ai(x) = L(x —x
i.e., the angle between vectors ® — x; and 3 — x}. Note that as(x) > «a;(x) for all
x € R\ {x}, x5} due to the assumption that 7 = (—r,0) and x5 = (r,0). We define
¥ R\ {x}, x5} — [0, 7 to be the function such that

V(@) =7 — (oaf@) — as(x)). (2.11)

The interpretation of the angles ¢;(x) and ¢ (z) will be clarified later (in Fig. 2.2). In

addition, given xi, x5 € R", 01,05 € Ry, and L € R. g, we define

{ac ER™: ||lx—xf|| = JA for all i € {1,2}} if |25 — x}|| = L(U%‘f‘ U%)a

X = (2.12)

0 otherwise.
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Due to the assumption that 3 = (—r,0) and a3 = (r,0), for |xi — x}| = L(Ui1 + 0—12), we

L
have X = {(—r+ = O)}
With these definitions in place, given x7, 3 € R", 01,09 € Ry, and L € R, we define

the outer and inner approximations of M as
M (@}, @5, 00,00, L) = {x € R": () + do(m) > v(w) } (2.13)

and

M, (x], x5, 01,09, L) := {a: ER": ¢y(x) + do(x) > w(az)} UX, (2.14)

respectively. As before, we will omit the argument of the sets M'(z%, x5, 01,09, L) and

M, (x}, x5, 01,09, L), and write them as MT and M, respectively.

Remark 1. Recall the definition of ¢; for i € {1,2} and ¢ from (2.9) and (2.11), respectively.
Since M" and M, are defined using b1, ¢ and ¢, implicitly, they must be subsets of
dom(¢;) N dom(¢,) N dom(v)). In other words, the sets M C (By N By) \ {x%, z}} and
M, C (BiNBy) \ {x}, x;} where B; for i € {1,2} are defined in (2.8).

In order to characterize the potential solution region M, we proceed as follows. First,
in Proposition 2.4.1, we show that M C M by considering a property of strongly convex
functions. Then, we characterize the boundary and interior of the outer approximation
(OMT and (MT)°) for each value of r in Theorem 2.4.8. In Proposition 2.5.1, we consider
quadratic functions and show that M; C M in Proposition 2.5.2. We use a similar approach
as in Theorem 2.4.8 to characterize the boundary and interior of the inner approximation
(OM, and (M,)°) for each value of r which is presented in Theorem 2.5.2. Finally, by
observing that OIM" = OM and (M")° = (M,)° from Theorem 2.4.8 and Theorem 2.5.2, we
conclude the chapter by showing that, in fact, the boundary of the potential solution region,
outer approximation, and inner approximation are identical, i.e., IM = OM' = OM|, in

Theorem 2.6.1.
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2.4 Outer Approximation

In this section, we derive necessary conditions for a point to be in the potential solution
region M and show that M C M in Proposition 2.4.1. Then, we explicitly characterize
an important part of IMT (and also M) in Proposition 2.4.2. In Theorem 2.4.8, which is
the main result of this section, we identify OM" and (M), and also provide a property of
M. Other lemmas in this section are presented as tools that will be utilized in the proof of
Theorem 2.4.8 (and also Theorem 2.5.2).

We will be using the following functions throughout our analysis. For i € {1,2}, define
u; : R"\ {xf} — R" to be the function such that

*

ui(x) = (2.15)

le — ||
i.e., the unit vector in the direction of & — x}. Recall the definition of Z(-,-) from (2.1). For

i €{1,2}, we define ¢; : R"\ {z}} — [0, g] to be the function such that

¢i(x) = £(Vfi(x), wi(x)), (2.16)
and L; : R® — R to be the function such that

L.

=1

(z) == oyl|x — . (2.17)

(2

Note that for ¢ € {1,2}, the quantity L;(x) is a lower bound on the norm of the gradient of
fiatx e R"if f; € S(x},0:).

In Fig. 2.2, we illustrate the definition of w;, ¢;, ¢, a; for i € {1,2}, and 9. More-
over, we illustrate the inequality ¢ () + @2(2) > () which is used to describe the outer
approximation M" in (2.13).

In the following proposition, we show a crucial result that the set M covers the set that
we want to characterize, M. In other words, the points in the set M" satisfy necessary

conditions of a point to be a minimizer of the sum f; + f.
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Proposition 2.4.1. Suppose the sets M and M" are defined as in (2.7) and (2.13), respec-
tively. Then, M C M.

Proof. Recall the definition of the sets B; for i € {1,2}, the angles ¢; for i € {1,2}, and the
angle ¥ from (2.8), (2.9), and (2.11), respectively. First, we want to show that the necessary

conditions for a point & € R"\ {x}, 3} to be in M are

(1) T € Bl HEQ, and

(ii) ¢1(x) + P2(x) > Y(x).

From the definition of strongly convex functions in (2.3), we have

(V@)= Vily), ¢ —y) > oi|z -y’

for all z,y € R" and for ¢ € {1,2}. For i € {1,2}, recall the definition of u;(x) and
¢i(x) from (2.15) and (2.16), respectively. Since &} and xj are the minimizers of f; and f,

respectively, for © ¢ {x}, i}, we get

(V@) = Vfi(@)), z —}) > oil|lz — ],
& |Vh@)] cos(éi(@) = (Vfi(@), wi@)) > oif|@ — ;]| > 0. (2.18)

Suppose @ is a candidate minimizer. Then, we have that ||V f;(x)|| < L for i € {1,2} by our
assumption. Recall the definition of L; for i € {1,2} from (2.17). Inequality (2.18) becomes

cos(y(x)) > Ll — xt|| = ==L (2.19)

If Li(x) > L or Ly(x) > L, we have that & cannot be the minimizer of the function f; + f,
since there is no ¢;(x) that can satisfy inequality (2.19). Thus, a necessary condition for
x € R"\ {x}, x5} to be a minimizer of f;+ fs is that L;(x) < L for ¢ € {1,2} or equivalently,

x € By N By, yielding part (i) of the claim. We now prove part (ii).
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From the definition of ¢ () in (2.11) and that Z(—wui(x), —us(x)), ag(x) and T — as(x)
are the angles of the triangle formed by the points x, ] and x}, we can write that for all

x € R"\ {x], 23},
P(x) = (1 —as(®)) + u(z) =7 = L(—w (@), —us(®)) = L(wi(x), —us(x)).  (2:20)

Suppose that & € B; N By. Recall the definition of ¢; for i € {1,2} from (2.9). From
inequality (2.19), we have ¢;(x) < ¢s(x) for i € {1,2}. If ¢y () + do(x) < ¥(x), then using
(2.16) and (2.20), we have

Z(V (@), ui(z)) + £(=V fo(@), —us(x)) < Z(wi(2), —us(2)).

However, using [57, Corollary 12], we can write Z(ui(x), —uqz(x)) < Z(Vfi(x), ui(x))
+Z(V fi(x), —us(x)). Therefore, if ¢ (x) 4 do(x) < ¥(x), we have that V fi(x) # —V fo(x)
which implies that « is not the minimizer of f; + f». This means that one of the necessary
conditions is that ¢ (x) + ¢o(2) > 1 () which completes the proof of the claim.

In the above analysis, we considered the case when & € R™\ {x}, x5}. We are left with the

case when x € {x},z}}. From the definition of strongly convex functions, for all ¢,y € R™,

(V) = V(y), ©—y) > o]z —yl”

Since x} is the minimizer of f; and =] # x3, we get
(Vh(x}), @ —x5) = (V=) - Va(a), o7 — 23) > oaf|2] — @3> > 0,

and thus, V fo(x}) # 0. This implies that V fo(2])+V fi(2]) # 0 and @] is not the minimizer
of f1 + f>. By using similar approach, we can also conclude that a3 is not the minimizer of

i+ fo. O

Remark 2. The angle functions ¢; and o, for i € {1,2} defined in (2.16) and (2.10), respec-

tively, can be expressed as functions of the distances ||} — x}||, || — x|, and | — x}]|.
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Figure 2.2. (a) The figure illustrates the definition of w;, ¢;, and ¢; for
i € {1,2}. In particular, inequality (2.19) implies that ¢;(x) € [0, p;(x)]
for i € {1,2}, i.e., the gradient vectors V fi(x) and V fo(x) must lie in the
corresponding shaded regions. (b) The figure illustrates the definition of «;
for i € {1,2} and +. In addition, the inequality ¢ () + ¢o(x) > () in M*
means that there is an overlapping region (light green region in the figure)
caused by one shaded region and the mirror of the other shaded region.
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This means that the inequality ¢;(x) + ¢2(x) > ¥(x) depends only on the distance among
three points @, &} and x3. Since &} = (—r,0) and x5 = (r,0), we conclude that the shape

of M' (and M) is symmetric around z;-axis.

From this point, we will denote = (z1,%) € R" where 7 € Rand x = (29, 23,...,2,) €
R"~1. Next, we will provide an algebraic expression for a certain portion of 9M" (and M)
based on the geometric equation ¢;(x) + do(x) = ¥(z), where ¢; for i € {1,2} and ¢ are

defined in (2.9) and (2.11), respectively. For convenience, we define

di(x) = & — &[| = /(21 +7)2 + |%]? and

(2.21)
do(x) = ||z — 23| = /(21 — )2 + [|%]|2.

Define the set of points

Jz]> = r° 0102 1 o3 1 o3
= R™: = — == | = — == 5. 2.22
7 {‘” R B B@ T O \@@ I \&@ P (222)

Proposition 2.4.2. The set T defined in (2.22) can equivalently be written as T = {az €
R : 1(x) + ba(x) = v() }.

Proof. Based on the definition of ;(x) for i € {1, 2} in (2.10), for any point @ € R"\{x}, 3},

we have
x1 = di(x) cos(ay(x)) — r = da(x) cos(az(x)) + 1,
& cos(ag(x)) = le(;; and cos(as(x)) = :212(;; (2.23)
Similarly,
1% = di(x) sin(an () = da(z) sin(as(z)),
& sin(ai(x)) = d|1|)((:ﬂ) and  sin(aq(x)) = d|2|?a|3|) (2.24)
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Since ¢;(x) € [O, g} for i € {1,2}, we get ¢1(x) + do(x) € [0,n]. Recall from (2.11) that
¥(x) € [0,m]. Since the cosine function is one-to-one for this range of angles, equation

le(iv) + qzz(m) = (@) is equivalent to

cos (1) + d2()) = cos (7 — (az(@) — ar(x)) = — cos (a(x) — au(x)).

Expanding this equation and substituting (2.23), (2.24), and cos(¢;(x)) = Fd;(x) for i €
{1,2}, we get

Ti(@)- (@) - w - (?dﬂw))z : \/1 - (fdz(w)>2

_ o= omkr X[ [X]

T d(x) di(m)  dy(m) di(wm)

Dividing the above equation by d;(x) - d2(a) and rearranging it yields the result. O

The subsequent lemmas (Lemma 2.4.1 - 2.4.7) are useful ingredients for proving the
characterization of the outer approximation M" (defined in (2.13)) given in Theorem 2.4.8,
and their proofs are provided in Appendix A.1.

The following lemma provides a sufficient condition for the minimizers x} and =3 to be

on the boundary of the outer approximation M" and the inner approximation M.
Lemma 2.4.1. Let M" and M| be as defined in (2.13) and (2.14), respectively.
(i) If r € (0, 52| then z} € IM" and x} € OM,.
(i) If r € (0, TEJ then x5 € OM' and x5 € OM,.
In the next lemma, we provide a property of points in a particular set which will be
used to characterize the sets M" and M| defined in (2.13) and (2.14), respectively. Roughly

speaking, if € € M" and x; € [ — r, 7], then each point that has the same first component

and is closer to the z;-axis is also in M.

Lemma 2.4.2. Consider two points € = (x1,X) and y = (y1,¥). Suppose —r < x1 =1y <7
and K] > 5] 1f 62(2) + Ga(2) > () then cither d1(y) + da(y) > ¥(y) ory € {5, 23},
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Recall the definition of B from (2.8). Since &} = (—r,0) and x5 = (r,0) by our assump-

tion, we can explicitly write 0B; for i € {1,2} as follows:
* L n 2 112
0B, = 88(3}1,0) =<qx e R": (x; +7)° + ||x||* =
1

L
o8, = 05 (a3, L) - {m ER": (21— 1)+ K] =

02

For convenience, we define

L2
7= — for i€ {1,2} and fJ:=
o)

(2

02

01

By using the definitions above, we define

A1 1=(1+ﬁ>% ! and )\2::_(1‘1‘5>”Y2+

1+23)2r 1+283 2+ 3)2r

L2
=)
L2
)

br

2+

(2.25)

(2.26)

(2.27)

In the following lemma, we will show that if @ € {0B;, 0B}, the value of the first

component z; is necessary and sufficient to determine whether « is in M" and M, which are

defined in (2.13) and (2.14), respectively. In other words, the angle condition ¢y ()4 ¢y () <

¥ (x) can be simplified if we consider a point in 9By or 0Bs.

Lemma 2.4.3. Let \; and )y be as defined in (2.27). Consider x = (x1,%) € (By N Bsy) \

{x1, x5}
(i) If x € OBy then ¢1(x) + ¢o(x) S () if and only if x1 S .

(ii) If & € OBy then ¢y(x) + do(x) < U(x) if and only if 1 = Xs.

In the following lemma, we will show that the points in the set of intersection between T

and 0B; (resp. T and 0B5) have the same first component, if the intersection is non-empty.
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Moreover, the first component of these points is A; (resp. Ay) where \; for ¢ € {1,2} are

defined in (2.27). By using the definition of 71, 72 and 8 in (2.26), define

o aa (- 48)

vy = 2(2:5)\/ (Zj —4) ((1 +5)27§ —4).

Lemma 2.4.4. Consider the sets of points T and 0B; for i € {1,2} defined in (2.22) and

(2.28)

(2.25), respectively. Let \; and v; fori € {1,2} be as defined in (2.27) and (2.28), respectively.

(i) Forie{1,2}, ifr € (0,5, then TN 0B; = 0.

(i) Fori e {1,2}, ifr € ( B+ é)}, then T NOB; = {m ER": 2y =N\, ||X]| = l/i}.

Recall that A; and Ay are defined in (2.27). In the following lemma, for i € {1,2}, we

consider a relationship between ﬁ and ’\7 In particular, for r € (O, %(0—11 + ;12)}, recall from

Lemma 2.4.4 that if TNOB;y # () (resp. TNOBy # D), then every point in the intersection has
the first component equal to A; (resp. Az). The next lemma compares A\; to the maximum

value of the first component over all points of 0B; (which is —r+ L), and compares \; to the

minimum value of the first component over all points of 9By (which is r — L) respectively.

Lemma 2.4.5. Let \; for i € {1,2} be as defined in (2.27).
(i) If r € ( } then Ay > = — r, with equality only if r = 5=
(ii) r € (201 %(U% + ;2)) if and only if \y < = — .
(iii) If r € (0, i} then Ao <1 — U%, with equality only if r = %
(iv) r € (202, é( L+ 0—12)) if and only if Ay > r — U%
In the next lemma, we will consider a relationship between 7 and OMT (the boundary

of the outer approximation), and 7 and OM, (the boundary of the inner approximation).

In particular, we will show that 7 C M and T C M| for a particular range of r.
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Lemma 2.4.6. Let M, M| and T be defined as in (2.13), (2.14) and (2.22), respectively.
Ifr e (0, %(0—11 + 012)), then T C OMT and T C OM,.

For i € {1,2}, define half-planes
Hfi ={xeR":z; >N} and H; :={xeR":z; <\}, (2.29)

where \; for i € {1,2} are defined in (2.27). In the lemma below, we examine properties of

points © € OB; N H{ (resp. © € OBy NHy ).

Lemma 2.4.7. Let the sets B; for i € {1,2}, and H{ and H; be defined as in (2.8) and
(2.29), respectively.

(i) If r € (251’5(011 + 1)) then {)\1, —r 4+ ULJ C (—=r,r) and OBy NHT C (BN By) \

{x7, 25}
(ii) Ifr € (%52, %( 1 +1)> then {T—U%, /\2} C (—r,r) and OBsNHy C (BiNBo)\{x, x5}

o1 o2

In the theorem below, we give the characterization of the boundary M and interior

(M™)°, and also a property of the set M for each range of r. Define the set
T :={x e R": ¢(x) + dolx) > v(x)}, (2.30)

which will be used especially in Theorem 2.4.8 and Theorem 2.5.2.

Theorem 2.4.8. Assume o1 > 0o. Let the sets MT, T, T, and B; fori € {1,2} be defined as
in (2.13), (2.22), (2.30), and (2.8), respectively. Also, let the sets H; and H; fori e {1,2}
be defined as in (2.29).

(i) If r € (0, ﬁ} then MY U {x}, x5} is closed,

oMY =T u{xr, x5} and (MM =T.
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(i) If r € (%, i} then M LU {x}} is closed,

OM' = 0B, N ()| U T U{xi}  and
(M) = [Bin (M) U [T ).

(iii) If r € (%52, %(U% + é)) then MT is closed,
OM' = [0B, 0 (M) U [0By N (M) |UT  and
(M) = [Bon (M) U [Be 0 (M) U [T 0 (Hy )]

(v) If r = %((}l—l—é) then M" = {(S((}I—Uz), 0)}

(v) If r € (g(gll + 72)’ oo) then MT = 0.
Proof. For convenience, we define function ¢ : (B N By) \ {x}, x5} — [ — @, 7] to be such

that
p(x) = ¢1(x) + Po(x) — Y(), (2.31)

where ¢; for i € {1,2} and 1 are defined in (2.9) and (2.11), respectively.

Part (i): r € (O, } First, we want to show that

L
201
if £e€ed(BiNB;y) then xe{zecR":p(z)<0}U{x], x5} (2.32)

Suppose © € d(B; N By) and € 9B;. Since B; is closed and x; € [— r— U%, —r + U%],
from Lemma 2.4.5 part (i), we get x1 < g% —r < A If 21 < Aq, from Lemma 2.4.3 part (i),

we obtain ¢(x) < 0. On the other hand, if z; = Ay (i.e., U% —r = )\y), from Lemma 2.4.5

part (i), we get r = ﬁ Substituting into z; = U% — r, we obtain that x; = ﬁ = r. Since
x € 0B(x7,2r) and x; = r, we conclude that x = x; = (r,0).

From the assumption o; > o, and the inequality r < Tfl’ we get r < i We can

similarly show that if & € 0(B; N Bz) and & € 0B, then either p(x) < 0 or & = o] = (—r,0)
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by using Lemma 2.4.5 part (iii) and Lemma 2.4.3 part (ii). Since 9(B; N By) C 9B; U 9Bs,
we have proved our claim.

Since M C By N By from the definition of M in (2.13) and 9(B; N By) € (MT)¢ from
(2.32), we have MT C B; N B,. Recall the definition of ¢ in (2.31). Let R = (B; N By) \
{zf, x5}. We then partition the set R into 3 parts as follows:

Rlz{zER:gp(z)>0}, Rgz{zGR:gp(z)<O},
and RgZ{ZGRZ(,D(Z):O}:T,

where the last equality comes from Proposition 2.4.2. We will show that

R1 C (OMT)e,
Ry C (8MT)C,
R3 C OMT, (2.33)

By N By) \ {z}, x5} C (IMT)e,

(dom(y))\ {z, 3} C (OMT)".

Suppose € R;. Since ¢ is continuous, there exists € > 0 such that for all g € B(x, €),
we have £y € Ry and o(xg) > 0. Since Ry € M" and is open, we have Ry C (MT)°.
Similarly, we have Ry C (R \ M")°. Suppose x € Ry = 7. Using Lemma 2.4.6, we
have that Ry C OMT. Since (M")°, (R \ M")°, and OM! are disjoint, we conclude that
Ri C (OMM)¢ and R, C (OMT)e.

Consider & € 9(B;NB2) \{x}, x5}. From (2.32), we have € {z € R" : p(z) < 0}. Since
dom(p) = (B; N By) \ {x},x3} and ¢ is continuous, there exists ¢ > 0 such that for all z, €
B(z,e)Ndom(yp), we have p(xg) < 0. Thus, d(B1NB) \ {x}, x5} C ((M1)°)° which implies
that (B N By) \ {x}, x5} C (OMT). In addition, we have (dom(¢))°\ {xF, 3} C (MT)°)°
(since (dom(p))¢\ {x}, x5} C (M")° and is open) which implies (dom(p))® \ {z}, x5} C
(OM™). Therefore, we have proved the claim (2.33).

46



Since we can partition R™ into R, 9(B; N Bs) \ {x}, x5}, (dom(p))® \ {z],x} and
{@}, x5}, using (2.33), we obtain that OM' C R3 U {x}, x3}. However, we know that
R3 C OM?' from the above analysis and {z}, x5} C OM" from Lemma 2.4.1. Thus, we have
OM' =Ry U {x}, 3} = T U {x;, x;} by Proposition 2.4.2.

From Proposition 2.4.2, we have T = {z € R" : ¢(2z) = 0}. Using the definition of M in
(2.13) and OM' = T U {x*, 23}, we can write (M1)° = MT\ OM' = T where T is defined
in (2.30). Since 7 C M, this implies that OM" = T U {x}, x5} C MU {x}, x3}. Thus,
the set MU {x}, x5} is closed.

Part (ii): r € (Tfl’ %} We separately consider three disjoint regions: (H1 )¢, Hi NH7,

(H7)¢. For the first region, we want to show that
TNH) =0 and OIM' N (H) = 0B N (H)" (2.34)

From Lemma 2.4.7 part (i), we have 9By N (H7)¢ C 9B N‘HY C dom(y). Consider
x € 0By N (Hy)¢ and note that x; € ()\1, —r + U%} From Lemma 2.4.3 part (i), we
have ¢(x) > 0. Since {)\1, —r + Cﬂ C (—r,r) from Lemma 2.4.7 part (i), we can apply
Lemma 2.4.2 to get that for all € By N (H7 )¢, we have ¢(x) > 0. This implies that

BiN(H)*CT® and Byn(H)C M (H)S, (2.35)

by Proposition 2.4.2 and the definition of M" in (2.13), respectively. Since 7 C dom(¢),
we have (B;)°N (H;)¢ C T¢. Using this inclusion and the first inclusion in (2.35), we can

write

0=[70 (B0 H))] [T (BN (HD))] =T n(Hy), (2.36)

which completes the first part of claim (2.34). Next, note that since —r + a% < r, we have
x € Hi. However, we have M C B; from the definition of M in (2.13). Combine this

argument with the second inclusion in (2.35) yields

MO (H) = BN (Hy)“ (2.37)
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Since (H; )¢ is open, (2.37) implies that (MT)° N (H7)¢ = By N (H7)¢. Then, subtracting
this equation from (2.37), we obtain that AM™ N (H )¢ = 9By N (H; )¢, which completes the
second part of claim (2.34).

Next, consider the second region H NH; = {z € R" : 2; = \;}. Recall the definition

of vy in (2.28). Consider the following three cases.

o Suppose € {z € R" : 2y = Ay, ||Z|| > »1}. Then, & € (dom(p))°\ {x}, x5} which
implies that ¢ 7. Since (dom(p))®\ {x*, x5} C (MT)° and is open, we also have
x ¢ OM?.

e Suppose x € {z € R" : z; = A\, ||z|| = »1}. From Lemma 2.4.4 part (ii), we have
x € T. Using Lemma 2.4.6, we obtain that € oM.

o Suppose € {z € R": 2 = Ay, ||z]| <11}. Since {z € R" : 2z = Ay, ||Z|| =} C T,
from Lemma 2.4.2, we have ¢1(x) 4+ ¢o(x) > () which implies that ¢ T. Since
x € (ByNBy) \ {x],z} and ¢ is continuous, there exists € € Ry such that for all
xy € B(x,¢€), we have ¢y € M by the definition of M" in (2.13). This means that
x € (M")° and thus, = ¢ OM".

Combining the analysis of these three cases, we have that
OMIN(HINH)={zeR": 2z =\, |zl =} =T N (HT NH). (2.38)
Next, consider the third region (H{)¢=R"\ H;. First, we want to show that
if x€d(BiNBy)N(H ) then xe{zeR":p(z)<0}U{x]} (2.39)

Suppose & € O(B; N By) and & € dB; N (HT)e. Since r; < A, from Lemma 2.4.3 part (i), we
obtain p(x) < 0. By using the result from the proof of part (i), we have that if & € 9(B1NBs)
and & € 0B, then either p(x) < 0 or = a}. Combining the two results, we have proved
the claim.

Since MT C By N B, from the definition of M in (2.13) and 9(B; N By) N (H{ )¢ C (MT)e
from (2.39), we have M N (H{)¢ C (By N By) N (HT)e. Let R = RN (H{)°. We then
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partition the set R’ into R}, Rj, and R where R, = R; N (H)¢ for i € {1,2,3}. We can

use a similar argument as in the proof of (2.33) to show that

Ry C (OM)en (M),
Ry C (OM)en (H])F,

Rl C oM N (HT)e, (2.40)
(0(By N Ba) \ {=1}) N (HT)e € (OMT)en (HT)F,

((dom(p))°\ {=i}) N (H)° C (OMP)en (1),

Since we can partition (H; )¢ into R/, (O(B1NB2)\{xz;})N(HT), ((dom(gp))c\{w’{}) N(HT)e
and {x}}, using (2.40), we obtain that OMT N (H{)° C R4 U {x}}. However, we know that
Ry COM N (H{)® from (2.40) and {x}} € OMT N (HT)® from Lemma 2.4.1. Thus, using
Ry = R3 N (H)¢ and Proposition 2.4.2 we have

OMY O (H)e = Ry U {ai} = [T N (Hy)| U {ai} (2.41)
Since R™ = (H7) U (Hf NHT) U (H{)C, using (2.34), (2.38) and (2.41), we obtain that
OM" = [0B, 0 (M) U [T 0 (K nH)| U [T 0 (R u{zi} (2.42)

However, from (2.36), we can write T = [Tﬂ (Hi N 7—[{)} L [Tﬂ (Hf)c} which means that

we can rewrite (2.42) as
OM" = [0B, 0 (Hy)°| U T U {a}. (2.43)

From (2.37) and (2.43), we can write [M" 1 (Hy)°] \ [oM? 0 (Hy)e] = [Bin ()] \
[081 N (7—[1_)0] = By N (H7)¢. From the definition of M in (2.13) and equation (2.38), we
can write {MT N(HT ﬂ?—[f)} \ [8/\/1T N(HT ﬂ?—lf)} = T N(H NHy). From the definition of
MTin (2.13) and equation (2.41), we can write (MTN(H))\ (OMTN(HT)®) = T N (H)e.
Applying the above three equations to Lemma 2.2.1, we obtain the result of (MT")°. Consider
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the characterization of OMT in (2.43). Since OB; N (H; )¢ € M from (2.37), and T C M
from Proposition 2.4.2 and the definition of M", we can write IMT C M" U {x}} and thus,
MU {x1} is closed.

Part (iii): r € <2§2, %(U% + 012)) We can use a similar argument as in the proof of

part (ii) to show that

OMYN(H)=0B, N (Hy)¢ C M', (similar to proving (2.34))
OMI N (HF) = 0By N (HF)e C M, (similar to proving (2.34))
OMIN (MY NHy) =T N(H NH) S M',  (similar to proving (2.38))

OIMIN(Hy NHy) =T N (Hs NHy) €M, (similar to proving (2.38))

OMYN(HT UHS ) =T N (HT UHy ) C M. (similar to proving (2.41))

Similar to (2.36), in this case, we have that TN(H7 )¢ = 0 and TN(H3 )¢ = 0. This means that
the last three equations regarding M above can be combined into IMTN(HT NHy) = T.
Combining this equation with the first two equations regarding dM" above, we obtain the
characterization of 9M". For the characterization of (M), we can use the same technique
as shown in the analysis of part (ii) to obtain the result. From the five inclusions regarding
OM?™ above, we can write OIM! C M" and we conclude that MT is closed.

Part (iv): r = %(i + i). In this case, we have B;NBy = { (L (i - i), 0) } Suppose

o1 [ep) 2\ o1 o9

2\ o1 o9
we get ¢y () + do(x) = ¥(x) = 0 (since dy(x) = U%, do(x) = 0%, ai(z) = 0 and ay(x) = 7).
So, we conclude that MT = {(é (L — i), O) }

Part (v): r € (L(l—l— 1), oo). Since r > é(i—l—i), we have By N By = (). Since

2\ o1 o9 o1 o9

MT C By N By, we conclude that MT = 0. O

T = <L<1 - i), 0). Since MT C B; N Bs, we only need to check point . At this point,

Examples of the boundary M in R? for the first three cases of Theorem 2.4.8 are
shown in Fig. 2.3. We consider parameters c; = 1.5, 05 = 1 and L = 10. For r = 2, as
we can see from Fig. 2.3a, we have OMT = T U {x}, x3} (i.e., solid blue line + two red
dots) consistent with part (i) of Theorem 2.4.8. For r = 4, as we can see from Fig. 2.3b,

we have OMT = [881 N (’Hl_)c} U7 U{xi} (ie., solid cyan line + solid blue line + left red
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corresponds to Theorem 2.4.8 corresponds to Theorem 2.4.8 corresponds to Theorem 2.4.8
part (i). part (ii). part (iii).

Figure 2.3. The boundary OM" in R? with different values of r for two orig-
inal minimizers 7 = (—r,0) and z5 = (r,0) is plotted given fixed parameters
o1 =150, =1, and L = 10. The sets T, 0By N (H; )¢ and 0By N (H3 )¢ are
shown by solid blue, cyan and magenta lines, respectively. The vertical dotted
lines represent the equations x1 = A\ and 7 = Ay and note that the value of
A1 and Ay depends on r.

dot) consistent with part (ii) of Theorem 2.4.8. For r = 6, as we can see from Fig. 2.3¢c, we
have OM' = [881 N (Hf)c} L [882 N (7—[5’)6} LT (i.e., solid cyan line + solid magenta line
+ solid blue line) consistent with part (iii) of Theorem 2.4.8. Note that the solid blue line,
solid cyan line and solid magenta line in the figures indicate that the corresponding sets of
points are subsets of the outer approximation M', i.e., T C M 9B, N (H;)¢ € M and
OBy N (H3 )¢ € MT, respectively.

2.5 Inner Approximation and Potential Solution Region

In the previous section, we showed that the set M defined in (2.13) is an outer approxi-
mation for the desired set M defined in (2.7), in that M C M. We now turn our attention
to the set M, defined in (2.14). We will show that M; C M, and consequently, provide a
tight characterization of M.

Since we have Uzs, Q(x*,0) C S(x*,0) for all * € R™ and 0 € Ry from (2.5), we can
provide a region contained in the potential solution region M by restricting our consideration

to only some classes of quadratic functions. In Section 2.5.1, we analyze a sufficient and
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necessary condition for constructing a quadratic function with a given minimizer, gradient
and curvature. Then, using the result from Section 2.5.1, in Section 2.5.2, we prove a
relationship between the potential solution region M and the inner approximation M, and

also provide a characterization of M.

2.5.1 Quadratic Functions Analysis

In this subsection, first we consider an equivalent condition for the existence of a quadratic
function with a given minimizer, gradient at a specific point and the smallest eigenvalue
associated to the quadratic term in n-dimensional space (i.e., in R™) which is presented in
Proposition 2.5.1. Then, we present Corollary 2.5.1 in which we provide a similar equivalent
condition for the class Us>, Q(x*,5) for a given * € R" and o € R.,.

In the following proposition (whose proof is provided in Appendix A.2.1), we consider an
equivalent condition for the existence of a quadratic function with more than one independent

variable satisfying certain properties.

Proposition 2.5.1. Let Q be defined as in (2.4). For n € N\ {1}, suppose we are given
points x* € R™ and xy € R™ such that xg # x*, vector g € R™, and scalar o € R-y. Then,

there exists a function f € QU (x*, o) with a gradient V f(xo) = g if and only if
(i) xo € E(af:*, H%H) and
(i) Z(g,xo —x*) € {0} U {0, arccos (H%HHJJO — :c*||)>

Note that if ol|xg — x*|| = ||g||, then

0, arccos(7[|@o — zc*H)) = 0.

Recall from (2.5) that Uss, Q(z*,6) C S(x*, 0) for all z* € R" and o € R.y. One way to
characterize the inner approximation M is to utilize sufficient conditions for the construction
of a function f € Us;>, Q(x*,8). More generally, the following corollary presents necessary

and sufficient conditions for such construction.

Corollary 2.5.1. Let Q be defined as in (2.4). For n € N\ {1}, suppose we are given
points ** € R™ and xy € R™ such that xy # x*, a vector g € R", scalar L € Ry such

that ||g|| = L, and a scalar 0 € Rsq. Then, there exists a function f € Uz, Q(x*,5) with
Vf(xo) = g if and only if
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(i) xo € E(af:*, %) and
(i) Z(g, o —x*) € {0} U {O, arccos (%Hwo — a:*H))
Note that if o||lxg — x*|| = L, then [0, arccos(¥||zo — :I:*H)) =0.

Proof. From Proposition 2.5.1, we can write that there exists a function f € Us;>, Q(x*,5)

with a gradient V f(xy) = g and ||V f(xo)|| = L if and only if

2 e | B( Hg||) B(w*})’

6>0 o

and

(g, my—x*) e {0}u | [O, arccos (H || |lxo — ||>>

G>0

— {0}U [o, arceos (7 o w*H)).

2.5.2 Inner Approximation Characterization

In this subsection, we use results from Section 2.5.1 to derive a sufficient condition for
a point to be in the potential solution region M, defined in (2.7). In fact, the sufficient
condition is encapsulated in the description of the inner approximation M; therefore, M| C
M which is presented in Proposition 2.5.2. Then, in Theorem 2.5.2, we characterize the
boundary M, and interior (M)°, and provide a property of M similar to Theorem 2.4.8.

Recall the definition of L; for ¢ € {1,2} from (2.17). Given i € {1,2}, } € R", 0; € Ry,
and L € Ry, from Corollary 2.5.1, we define the set of gradient angles Z(V fi(x), * — x])
that we can choose to construct a quadratic function f; € Us,>,, Q(x;, 5;) with ||V fi(z)|| < L

as @, B(azf, L) — 2003) with

[eF7

arccos (2@ i (x
O,(z) = {0’ (% )) b Li=) <L, (2.44)

{0} if Ly(x)=L.
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Notice that the supremum of the set of angles ®;(x) is equal to ¢;(z) which is defined in
(2.9). That is, for ¢ € {1,2}, for all x € B(azf, GL), we have

sup ®;(x) = arccos (LZEB)) = o).

In two-dimensional space, for a given & € By N Boy, for i € {1,2}, the set of admissible
angles ®;(x) and the quantity ¢;(x) are shown in Fig. 2.4a. In the next proposition, using
Corollary 2.5.1, we show that the inner approximation M, is contained in the potential

solution region M.

Proposition 2.5.2. Suppose the sets M and M are defined as in (2.7) and (2.14), respec-
tively. Then, M 2O M.

Proof. Suppose & € (B; N By) \ {x},x5}. Recall the definition of X from (2.12). We want
to show that if ¢y () + ¢o(x) > ¥(x) or € X, then & € M. Recall the definition of u;(x)

for : € {1,2} from (2.15). Consider the following two cases.

o Suppose ¢y (x) + ¢o(x) > 1h(x). Since Y(x) = L(uy(x), —uy(x)) from (2.20), there ex-
ists a vector g € R” with ||g|| = L such that Z(g,ui(x)) < ¢1(z) and Z(g, —uy(x)) <
¢o(x). By the definition of ®; in (2.44), this means that Z(g,u;(x)) € ®;(x) and
Z(—g,us(x)) € Po(x).

e Suppose € X. Then, the point = (—r+ J%, 0) and —r + U% € (—r,r) as discussed

below (2.12). In this case, we choose g = Le| where €| = % This implies that
2 1
Z(g,u1(x)) = 0 € ¢y(x) and L(—g,uz(x)) = 0 € Oy(x) by the definition of ®; in

(2.44).

Using Corollary 2.5.1, for both cases, we have that for i € {1,2}, there exist functions
fi € Usso Q(a],6) such that g = Vfi(z) = =Vfo(z) and |[Vfi(2)]| = [Ve(2)]| = L.
Using (2.5), we have that there exist f; € S(x}, o) with |V f;(x)|| < L for i € {1,2} and x is
the minimizer of f; + fo. Therefore, © € M. Since M| C (B, N By) \ {x7, x5}, we conclude
that M D M,. O
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(a) (b)

Figure 2.4. (a) For given @, * and o, the figure illustrates the regions where
the vectors g, and g, with ||g,|| = ||g-|| = L must lie, so that we can construct
quadratic functions f; € Uss, Q(x*,¢) with V fi(x) = g, for i € {1,2}. Recall
the definition of ¢; and ®; from (2.16) and (2.44), respectively. In particular,
for ¢ € {1,2}, it is sufficient to have ¢;(x) € ®;(x) from Corollary 2.5.1, i.e.,
pictorially, the vectors g, and g, must strictly lie in the corresponding shaded
regions. (b) The figure illustrates the inequality ¢ (x) + ¢o(x) > () in the
description of M which means that there is an overlapping region (light green
region in the figure) caused by one shaded region and the mirror of the other
shaded region.
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In two-dimensional space, for a given & € (B; N By) \ {x}, x}}, the geometrical in-
terpretation of the inequality ¢ (z) + ¢o(x) > (), which is used to describe the inner
approximation M, is represented in Fig. 2.4b.

Before characterizing the set M, recall the definition of \; and v; in (2.27) and (2.28),

respectively. For i € {1,2}, we define
Ci={x e R 12y =N, [I%]| = v} (2.45)

Comparing the definition of M" in (2.13) to that of M, in (2.14), we see that the
description of M involves a strict inequality while it is not for M". Since the only difference
is the inequality sign, we could expect to see similar results as in Theorem 2.4.8. Specifically,
the following theorem provides a characterization of OM, and (M)° explicitly, and also a
property of M. Since most parts of the proof are similar to that of Theorem 2.4.8, we defer
the proof to Appendix A.2.2.

Theorem 2.5.2. Assume o1 > 09. Let the sets M|, T, T, and B; fori € {1,2} be defined as
in (2.13), (2.22), (2.30), and (2.8), respectively. Also, let the sets H; and H; fori € {1,2}
be defined as in (2.29), and the sets C; fori € {1,2} be defined as in (2.45).

(i) If r € (0, TEJ then M is open and

oM, =T Uu{x],z3} and (M) =T.

(ii) If r € (ﬁ, %} then (M UCy) NHT is closed while M| N (HT)¢ is open, and

OM, = [0B,n (M) | uTu{x;} and
(My)° = [Bin ()| U [T Ny ).
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M N (H{ UH3) is open, and

(iii) If r € < L L( L+ 012)) then (M UC) NHT and (M UCy) NH; are closed while

OM, = [0B, 0 (Hy)*| U [0B, 0 (HI)*|UT  and
(M)° = [Bin (M) U [Bo n (HE)| U [T 0 (Hy N

Examples of the boundary M| in R? for the first three cases of Theorem 2.5.2 are shown
in Fig. 2.5. Again, we consider parameters o; = 1.5, 0o = 1 and L = 10. For r = 2, as
we can see from Fig. 2.5a, we have OM| = T U {x}, x}} (i.e., dotted blue line + two red
dots) consistent with part (i) of Theorem 2.5.2. For r = 4, as we can see from Fig. 2.5b, we
have OM, = {(’381 N ("Hf)c} UT U{xi} (ie., solid cyan line 4+ dotted blue line + left red
dot) consistent with part (ii) of Theorem 2.5.2. For r = 6, as we can see from Fig. 2.5¢, we
have OM| = [0[5’1 N (Hf)c} L [882 N (7—[;)0} LT (i.e., solid cyan line + solid magenta line
+ dotted blue line) consistent with part (iii) of Theorem 2.5.2. Note that the dotted blue
line in the figures indicates that the corresponding set of points is not a subset of the inner
approximation M, i.e., T Z M, whereas the solid cyan line and solid magenta line indicate

that OB; N (Hy)® € M and 9By N (HF ) C M, respectively.

2.6 Potential Solution Region

In this section, using results from analyzing the outer approximation MT in Section 2.4
and the inner approximation M in Section 2.5.2, we derive relationships among the potential
solution region M (which is the set that we want to identify), outer approximation M and
inner approximation M.

Before stating the main theorem, we summarize the inclusions among the three sets.
Specifically, based on Proposition 2.4.1 and Proposition 2.5.2, we get M C M and M C

M, respectively, and we can state the following proposition.
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part (i). part (ii). part (iii).

Figure 2.5. The boundary M| in R? with different values of r for two orig-
inal minimizers x} = (—r,0) and x3 = (r,0) is plotted given fixed parameters
o1 =15, 090 =1, and L = 10. The set T is represented by blue dashed lines
since T C (M))¢, while the sets dB; N (H1 )¢ and B> N (H3 )¢ are represented
by cyan and magenta solid lines, respectively since they are both subsets of
M. The vertical dotted lines represent the equations z; = A\; and z; = Ay
and note that the value of \; and A\, depends on r.
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Proposition 2.6.1. Suppose the sets M, M and M| are defined as in (2.7), (2.13) and
(2.14), respectively. Then, M, C M C MT.

Since Theorem 2.4.8 and Theorem 2.5.2 are similar, we will see that, in fact, the boundary
of the outer approximation IMT and inner approximation dM, are equal to the boundary of
the potential solution region M for all values of r. This means that we obtain the explicit
characterization of OM from Theorem 2.4.8 or Theorem 2.5.2. We present this result in the

following theorem.

Theorem 2.6.1. Suppose M, M" and M| are defined as in (2.7), (2.13) and (2.14), re-
spectively. Then, OIM = OM' = OM,.

Proof. Recall from Proposition 2.6.1 that M; C M C M?". This entails that (M,)° C
(M)° C (M1)° and M; € M C M. On the other hand, we have (M)° = (M")° and
OM; = OM" from Theorem 2.4.8 and Theorem 2.5.2. Combine the facts regarding the
interiors to obtain that (M))° = (M)° = (MT")°. Then, we can write

M, = (M) UM, = (M LaM" = MT,

Combining the above equation with W CMC W, we can write W = M = M". Since
0E = E\E° for any subset £ in a topological space, we conclude that OM = OMT = oM. O

Recall the definition of M, T, {9B; for i € {1,2}} and {H;,H5} from (2.7), (2.22),
(2.25), and (2.29), respectively. Assuming that o; > 09, we summarize a characterization of

the potential solution region M as follows:

OM =T U{a], x5} it re(0, &,

OM = (0B, 0 (Hy)*| LT U {a}} it re(

OM = (0B, 0 (Hy)| U [0B,n (M) | uT if re (

M={(4(&- %) o)} it re (& L(E+2)),
(

M = if re
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where the first three equations are obtained by applying Theorem 2.4.8 and Theorem 2.5.2
to Theorem 2.6.1, and the last two equations are obtained by applying Theorem 2.4.8 and
Theorem 2.5.2 to Proposition 2.6.1. Examples of the boundary OM in R? with different
values of r are shown in Fig. 2.1. In particular, the solid blue, cyan and magenta curves in

the figure correspond to the sets T, 9By N (H7 )¢ and By N (H3)®, respectively.

2.7 Discussion and Conclusions

In this chapter, we studied the possible locations of the minimizer of the sum of two
strongly convex functions. Based on the location of the two minimizers of the individual
functions, strong convexity parameters and a bound on the gradients at the minimizer of the
sum, we established a necessary condition and a sufficient condition for a given point to be
a minimizer, and called the set of points that satisfies the conditions as the outer approx-
imation M" and inner approximation M, respectively. We then explicitly characterized
the boundary and interior of the outer and inner approximations. The characterization of
these boundaries and interiors turned out to be identical. Subsequently, we showed that the
boundary of the potential solution region d.M is also identical to those boundaries. In partic-
ular, we showed that it is sufficient to consider quadratic functions to establish (almost) the
entire set of potential minimizers. To visualize the boundary of the potential solution region
OM, we provided examples with different distances between the two original minimizers in
Fig. 2.1.

Our work in this chapter focused on the case of two functions. Future work could in-
clude identifying the region that the minimizer of the sum can lie for the case of multiple
strongly convex functions. One can also modify some assumptions, for example by consid-

ering strongly convex functions with Lipschitz continuous gradient condition.
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3. ON THE SET OF POSSIBLE MINIMIZERS OF A SUM OF
KNOWN AND UNKNOWN FUNCTIONS

© 2022 IEEE. Reprinted, with permission, from [K. Kuwaranancharoen and S. Sundaram,
“On the Set of Possible Minimizers of a Sum of Known and Unknown Functions,” in
IEEE /2020 American Control Conference (ACC), pp. 106-111, Jul. 2020,

DOTI: 10.23919/ACC45564.2020.9147407].

3.1 Introduction

As discussed earlier in this thesis, optimization is an important tool in various fields,
including machine learning [1], signal processing [2], control theory, [3]-[5], and robotics [6]-
[8]. Given an objective function to be optimized, there are several standard algorithms that
can be applied to find the optimal variables [9]-[12].

However, in many applications, it may be the case that the objective function is only
partially known. For example, such scenarios are central to the field of robust optimization,
where the objective function contains some parametric uncertainty, and the goal is to choose
the optimization variable to be robust to the possible realizations of the uncertainty [35]-[37].
The problem that we consider in this chapter also has a similar flavor, in that we assume
that the optimization objective is not fully known. However, rather than seeking to find
a single solution that is simultaneously robust to all possible realizations of the uncertain
parameter (or learning that parameter [37]), we instead seek to characterize the region where
the minimizer could lie for each possible realization of the uncertainty. This approach has
the potential to yield insights regarding the nature of the possible solutions to the given
uncertain optimization problem.

In the previous chapter (Chapter 2), we determined a region containing the possible
minimizers of a sum of two arbitrary strongly convex functions, given only the minimizers
of the local functions, their strong convexity parameters, and a bound on their gradients.
In contrast, in this chapter, we shall consider the case of optimizing a sum of known and

unknown functions where only limited information about the unknown function is available.
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In this case, we are given some general characteristics of the unknown function, namely a
region containing the minimizer, and the strong convexity parameter of the function. Our
goal is to determine necessary conditions for a point to be a minimizer of the sum. In
particular, we will determine a region where the potential minimizer of the sum can lie.
Thus, if a point from within this region is chosen as an estimate of the true minimizer of
the sum, the size of the region can be used to quantify how far the estimate can be from the

true minimizer. Below, we describe an example scenario to illustrate this problem.

An Example Scenario

In supervised machine learning problems, one uses labeled training data in order to
construct a model that can be used to perform regression or classification tasks. The training
data consists of pairs x; € R™ and y; € R which are the feature vector and label of the -
th example, respectively. For simplicity, assume that we have 2 training sets denoted by
D; = {ng),y§j> f-vzjl for j € {1,2}. We can write the aggregate loss function of the whole

dataset D = D; U Dy as

N1 N2
Liw;D) =3 t(w; &,y + 3 l(w; x4,
=1 =1

Li(w; Dr) La(w; D)

where w is a model parameter that we need to optimize and ¢(w; wz(j ), yZ(j )) is a loss function
for each sample. Assume that L(w;D) is a strongly convex function (which will be the
case when we consider linear regression problems or functions incorporating [, regularization
[58]). Suppose w* and w} are the minimizer of L(w; D) and Lq(w; Dy), respectively.

Now suppose that the entity trying to find the optimal parameter w for L(w,D) can
only access the data set D;, but not Dy (or alternatively, can only access a corrupted or
poisoned version of Dy [59], [60]). In this case, the entity may only know certain properties
of the function Lo(w;Ds) (such as its general form, convexity parameters, etc.), and a

region containing the minimizer of Ls(w; D) (e.g., based on the statistical properties of the

underlying data). Given this limited information about Ly(w; Ds), and with L (w; Dy) fully

62



known, the entity could seek to find a region that is guaranteed to contain the minimizer of

the true function L(w; D). This is the problem tackled in this chapter.

3.2 Notation and Preliminaries

3.2.1 Sets

We denote the closure, interior, and boundary of a set £ by £, £°, and 9 = £ \ &°,

respectively.

3.2.2 Linear Algebra

We denote by R" the n-dimensional Euclidean space. For simplicity, we often use & =
(21,...,xy,) to represent the column vector |z, =z, ... z, T. We use e; to denote the i-th
basis vector (the vector of all zeros except for a one in the i-th position). We denote by
{(u,v) the Euclidean inner product of w and v i.e., (u,v) = u’v, by |- || the Euclidean norm

|| == (Z;22)"/? and by Z(u,v) the angle between vectors w and v. Note that
Z(u,v) = arccos ((u,'v>>
[ullllv]
We use B(xg,r) = {x € R" : ||& — x| < r} and B(xo,r) to denote the open and closed
ball, respectively, centered at @y of radius r. Moreover, the function u(x, x5) : (R* x R™)\

{(z1,22) € R" X R" : 21 = 25} — R™ denotes the unit vector in the direction of &; — @,

ie.,

Iy — T2

u(xy, x2) = with @1 # xs. (3.1)

|21 — 2|
3.2.3 Convex Sets and Convex Functions

A set C in R™ is said to be convex if, for all ; and x5 in C and all # in the interval (0, 1),

the point (1 — 0)x; + 0, € C.
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We say a vector g € R" is a subgradient of f : R” — R at « € dom f if for all z € dom f,
f(z) = f(x) + (9,2 — ).

If f is convex and differentiable, then its gradient at x is a subgradient; however, a
subgradient can exist even when f is not differentiable at . A function f is called subdif-
ferentiable at @ if there exists at least one subgradient at . The set of subgradients of f at
the point @ is called the subdifferential of f at @, and is denoted 0 f(x). The subdifferential
JOf (x) is always a closed convex set, even if f is not convex. In addition, if f is continuous
at @, then the subdifferential 0f(x) is bounded.

A function f is called strongly convex with parameter o > 0 (or o-strongly convex) if for
all points z,y € dom f, (g, — g,,x —y) > oz — y|* for all g, € f(x) and g, € If(y).
We denote the set of all convex functions by F, and the set of all o-strongly convex functions

with minimizer @} in the set A C R" and dom(-) = R" by S(A4,0).

3.3 Problem Statement

We consider a function of the form

flx) = fH(x) + [*(=), (3.2)

where f* and f* are convex functions. We assume that we know f* exactly, but do not
know f", other than some general properties described below.

We assume that f¥ € F and f* € S(A, o) where A is a compact set (i.e., we only know
that f* is o-strongly convex and that its minimizer lies in some set A). Our goal is to find
the set of points & € R" that could potentially be the minimizer of f(x) in (3.2). To this

end, we will seek to characterize the region
M(f* Ao) = {x e R": 3f* € S(A,0), 0 € dff(x) + of"(x)}. (3.3)

For simplicity of notation, we will omit the argument of the set M(f* A, o) and write it as
M. Note that M contains all points & € R” that can potentially be a minimizer of f, given

f*, and the quantity ¢ and the set A pertaining to f*.
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Remark 3. Returning to the regression scenario involving data that is not directly available
to the optimizing entity (described in the Introduction), the unknown function would be of
the form f%(x) = ||Ax — y||* where A is a matrix containing (unknown) training data and
y is the (unknown) vector of corresponding labels. When A has full rank, the loss function
is strongly convex. In addition, if some general underlying statistical properties of the data
are known to the optimizing entity, it could estimate a lower bound on the strong convexity
parameter o, and a region containing the possible minimizer of f“(x). Thus, using this
information, the central entity seeks to find the set of possible minimizers of the sum of this
unknown function and its own loss function (corresponding to data that it has access to

directly).

3.4 Analysis for General Uncertainty Region

In this section, we provide a necessary condition for a point * € dom f* to be the
minimizer of f in the general case where the uncertainty region A of the minimizer of the
unknown function is compact, but of arbitrary shape.

For any given point &* € R™ \ A, define the set

AA ") ={zcdAd: (1-0z+0z" ¢ A Vo€ (0,1)}. (3.4)

In words, A(A, x*) is the set of points x on the boundary of 4 such that the line joining x

to * does not intersect A (except at x).

Theorem 3.4.1. Suppose f* € F and A C dom f* is a compact set. A necessary condition
for a point ©* € R™ to be in M(f*, A ,0)\ A is

<g]ac:*7 u(:c*, wz»
ot — ]

min
vied, gk coft(z®) |

< —o. (3.5)

Furthermore, the above inequality (3.5) can be reduced to

k * *
min <g ,'U/(CU ? 'r'cu)> S —O', (36)
(@pg)ex(ffAe) e — x|
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where

XM Az = {(@.g) € AA &) x 0f*(x") : (g ulx’ @) <0} (37)
Proof. Suppose f* € S(A,0). For any @, y € R", let gj, € 9f*(x) and g, € df"(y). From

the definition of a strongly convex function, we have

(gs — g, x —y) > ollz — y|?

for all ,y € R".
Let ¥ € A be the true minimizer of f* and suppose x* is the minimizer of f = f* + f*.

Then, substitute * into  and ], into y to get
(g5 — g " — ) > ofjz” — x|

for all gz. € Of"(z*) and g3. € df*(x}). Since zj, is the minimizer of f*, we have 0 €
Of*“(x}). Consider * ¢ A, which implies * # x}, and rewrite the inequality above (with
gz = 0) to get

x* —x

Recall the definition of u(-,-) in (3.1). The inequality above becomes
(gae ul@®, @) = olle” — ] (3.8)

Using the fact that x* is the minimizer of f = f* + f% we get 0 € df*(x*) + df*(x*), so
there exists g~. € df*(x*) and g¥. € 9f*(x*) such that g. + g¥. = 0. Since the inequality
(3.8) is true for any g¥. € df%(x*), we can apply g% = —g*. to (3.8) and get

(ghe u(z", x7))

(b ula’ @) 2 ol —ay) o IEEE <
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Thus, if f* € S(A, o), we have a necessary condition that

if € M\ A then there exist x: € A and g". € OfF(x*)

k * *
such that <95E|*7 u(x”, aﬁ w) < —o.
R

Since the sets A and 9 f*(x*) are compact by the assumption that f* is convex, the necessary

condition above is equivalent to
<gi*a ’U,($*, wz»

min < —o. (3.9)
wheA, gk, coft(x*) |x* — |

Next, we will show that we can consider the minimum over the set X' (defined in (3.7))

instead of A x 0f*(x*). Define the set

D(f,a") = {(@.g5) € R x Of*(@") : (gh.,u(a",)) < 0}.

First, using the fact that o and ||* — || are positive, we have

(g ula @) _

. = (gk*,u(w*,w:;)) <0.
(B | ;

This means that we can consider the pair (x,g%.) inside the set (A x R") N D instead of
A x OfF(x*). Next, let

EA,x") ={xec A:30c(0,1), (1—-0)x+0x" € A}.

Suppose (21, gk.) € DN (€ x R™). We choose 0 so that § € (0,1) and {2 = (1 — §)x{V) +

(1)

Oz € A, ie., 2 is in between (1) and 2*, and also in the set A. We have

<gi*7 'u,(a:*, mvgl)» - <g:]::*7 u(a:*, 115‘2)» < O
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and so

(gt u(@, @?))  (gh. u(@, z))
e+ — 2 s — 2P|

ie., if (1) satisfies (3.10), then so does (2. This means that we can consider the pair

(x:,g".) inside the set ((A \ &) x R”) N D instead of A x df*(x*). However, we will show
that in fact the set

A\E={zecA: 1-0z+0z" ¢ A Ve (01)]

is contained in 0A, ie., A\ E C 0A. Suppose x € A° so there exists € > 0 such that
B(x,e) € A. By choosing 6 = o]
x* ¢ A. This implies that « ¢ A\ € and therefore A\ £ C dA. Using the definition of A

we get (1 — )z + 0x* € A and § € (0,1) since
in (3.4), we can then rewrite the set A\ £ as follows:
A\ E(A, z*) = A(A, x¥).
From the definition of X" in (3.7), we have
(A(A,z*) x R") ND(f*, 2%) = X(f*, A z").
Thus, the necessary condition (3.9) reduces to
(ga- u(z", x))

min < —o0.
(@595 eX(fF e [t — x|
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We can interpret the necessary condition in Theorem 3.4.1 as follows. To check whether
x* € R" can be a minimizer of f(x), we can follow the inequality (3.5) and search for a pair

(x:,g".) with € A and gF. € dfF(x*) such that the pair satisfies the inequality

<g§;*7u(w*7 wz»

—o. (3.10)
[l — 2]

However, the inequality (3.6) with X' (f*, A, x*) defined in (3.7) suggests that we do not have
to search throughout the space A x df*(x*). Instead, we can restrict our attention to be in
the set X. Now we have the variables z* and g*. that are coupled through the inequality
(g%.,u(z*, x)) < 0. That is, if we first choose g~. € df%(x*), then we can consider x? that
is in the set {x € A : (gF., u(z*,x)) <0, (1—-0)x+0x*¢ A, V0 € (0,1)}. Similarly,
if we first choose ) € {x € 0A: (1 —0)z +0x* ¢ A, VO € (0,1)}, then we can consider
gh. that is in the set {g € f*(x*) : (g, u(z*,z)) < 0}.

If the function f* is differentiable at x*, we have a single element in the set df*(x*),
namely V f*(z*), and we can search for &’ € 9A such that (Vf*(z*), u(z* x)) < 0.
However, if the set A is arbitrary, this search may be computationally expensive. In the

next section, we consider additional structure on the set A to simplify the search.

Remark 4. Note that the set A° C M(f*, A, o). To see this, note that for all * € A°, there
exists e > 0 such that B(z*,€) C A°. Suppose g € df*(x*). We can choose f*(x) = %
(s 2)

Vf“(x*) = —g, and o, > 0.

€T —

2
‘ where o, = % and k = max{l, 2|‘|’;”}. One can verify that X € B(x*¢),

3.5 Analysis for the Case where Uncertainty Region is a Ball

Here, we consider additional structure on the uncertainty set A in order to provide a

more specific characterization of the region M. In particular, we consider A = B(&, €),

*

» s, and €y is the maximum

where & € R" is the best guess of what the true parameter x
possible deviation of the true minimizer from our best guess.
We begin by investigating a property of the necessary condition (3.6) under a coordinate

transformation. Suppose ® = (zq), Z(), ..., 2Zw) € R" and «* ¢ B(Z,¢). Let T and R be
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the translation and rotation operators such that R(T(z)) = 0, R(T(z")) = (Z(;),0,...,0)

with Z{;) > 0, and R(g") = (401), §2),0,...,0) with gy > 0 while preserving the distance
between any two points. In other words, given the ball B(z, ¢), a point 2* and a vector g*,
we transform the coordinates so that the ball is centered at the origin, the point «* lies on

the x()-axis, and the vector g" lies on the T(1)-T(2) plane.

(g:u(z” @)
[ER|

Next, consider the expression . Notice that both numerator and denominator

can be written as inner products. Since R is a unitary operator, we have

(R(g), u(R(T(x"). R(T(z1)))  (g,u(z")

IR(T(z)) - R(T(z))| o —

This means that even though we use the coordinate transformation R(T(-)), we can still
apply Theorem 3.4.1. Therefore, for the purpose of deriving our main result, without loss
of generality, we can consider & = 0, x* = (xz‘l),O, ...,0) where zy) > €, and g (=g") =
(9(1): 92); 0, ..., 0), where g9 > 0.

Before going into the result, we introduce some definitions that will appear in the theorem.

For any given * € R", define z;(x*) € R" as

zi (") := argmin ||z — x*||. (3.11)
x€B(Z,¢0)
By our assumption that x* = (:cz‘l),O, ...,0), we have z1(x*) = (€,0,...,0). Since x* ¢

B(, €), the point z; is unique and is on AB(z, ¢y). If g # a(z* — x) = (ax(,),0,...,0) for
all « >0 (i.e., Z(g,x* — &) # 0), we define the set P to be such that

P(g,x") ;== argmin L(g,x — x"),

x€OB(Z,¢0)
the point zo € R™ to be such that
z9(g, ") := argmin ||z — 7|, (3.12)
z€P(g,x*)
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and the curve Cy(Z, €9, g, *) to be the shortest path on the surface OB(Z, €y) that connects
z, and z, together, i.e., Cy is the geodesic path between z; and z, on OB(Z, €).
To clarify these definitions, we introduce two more objects. Let L be the ray that starts

from the point * and runs parallel to the vector g i.e.,
L(g,z")={x€R": Jte€[0,00), x =x" + lg}.

If g # oz —x) = (axz‘l),o, ...,0) for all @ € R, let P, be the 2-dimensional plane that

contains the vectors g and * — @ as its bases, and contains the point x*, i.e.,

Pyz,g,2") :={x € R": Is,t € R such that x =x* + sg +t(z" — )}

:{LI}G]R": x(g):x(4):...:x(n):()},

where the second equality follows from the fact that

*

xTr :(:1:(1),0,0,...,0) and g:(g(l),g(g),o,...,O).

There are two possible cases:
(i) the ray L passes through the ball B(z, ¢) and
(ii) the ray L does not pass through the ball B(z, €).

In the first case, we have

min  Z(g,x —x*) =0,
x€0B(Z,e0)

and there are either one or two elements in the set P. The point z5 is the one that closer to
the point &*. Note that zo € P,. The illustration of the first case is shown in Figure 3.1.

In the second case, we have

min  Z(g,x —x*) > 0.
x€0B(Z,e0)
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15 - 1

2 3 -1

Figure 3.1. The points z; and 2z, and the curve Cy on the surface B(Z, €)
in the case that the ray L passes through the ball B(Z, €).

The vector zo — x* is a tangent vector at the point z5 on the ball B and has angle /(zg —
x*, & — x*) = arcsin (ﬁ) Furthermore, the point z5 is on the plane P, since z, — x*
and € — * must be on the same 2D-plane in order to minimize the angle between them.
The illustration of the second case is shown in Figure 3.2.

Since P, passes through the center x of the ball B(:E, €0), we can define the great circle
G C P, which is the intersection of 9B with P,. Since z; and z, are in G (and also in Ps),
the geodesic path Cy is in P,. The geodesic path in both cases is also shown in Figure 3.1
and Figure 3.2.

Before stating the theorem, define the open half-space

H(g,z*) :={x e R": (g,u(z", x)) < 0},

Note that Co(Z,e0,g,2*) N H(g,x*) # 0 as long as Z(g,z; — x*) < § or equivalently,

Z(g,x —x*) < § + arcsin (ﬁ) as shown in Figure 3.3 and Figure 3.4.

We now come to the main result of this section.
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-1.5 ~

Figure 3.2. The points z; and z,, and the curve Cy on the surface OB(Z, €)
in the case that the ray L does not pass through the ball B(z, ¢).
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Theorem 3.5.1. Suppose f* € F and ¢g > 0. A necessary condition for a point z* € R" to
be in M(fk,B(:E, €), 0) \ B(z, ) is

(g u(z* z;))

min < —o, (3.13)
(2.9 eX(fraea)  [[T* — x5
where
‘)E’(fk7 iu €0, CU*) = {(w7g) < CO(iv €0, 9, ',B*) X afk(w*)} (314>

Proof. For a given g¥. € 0f*(x*) with g. # 0, we consider the angle Z(g*., * — &) in two

disjoint cases:
(a) Suppose the gradient g¥. is colinear with the vector z* — Z.

(i) If g*. = a(x* —z) for some a > 0 (i.e., g¥. is pointing directly away from B(z, €)
on the z(yy-axis), then (gk.,u(z*, x)) > 0 for all x € B(Z, ). Thus, no points

in B(z, ¢y) can satisfy the inequality (3.10).

(ii) If gk, = a(x* — x) for some o < 0 (i.e., gk. is pointing directly toward B(z, ¢,)
on the x()-axis), then the ray L passes through the ball B(z,¢) at z;, and
thus {z1(x*)} = {22(g".,x*)} = Cy. Furthermore, B ¢ H. For simplicity of
notation, we will omit the arguments and write z;(z*) and z(g*., x*) as z; and

25, respectively. From (3.12), for all & € 0B, we have

Z(ga u(z2, ")) < Z(gye, u(x, "))
= Z(gp u(@", 22)) > Z(gy, u(a”, x))

4

cos Z(gk.,u(z*, z5)) < cos Z(gk., u(z*, x))

= (ga-,u(z", 22)) < (gpe, u(z”, T)). (3.15)
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Since zy, * € H, we have (gh., u(x*, 2z9)) < (gk.,u(z*,x)) < 0. In addition,
from (3.11), for all € 9B, we have 0 < ||z* — 2z;|| < ||x* — z||. Since 2; = 25 in

this case, we obtain

*

_Hg];;* _ <gl;:*7u<m 7z1>> S

lze—zill e — 2]

(g5 u(z, x))
o+ — x|

for all & € 0B. Thus, it suffices to only check z; € Cy to see if (3.10) is satisfied.

(b) Suppose the gradient g~. is not colinear with the vector * — . Then we can define
the points z; and z, as described earlier. If
_ T . €0
/(gk., & —x*) > 2 + arcsin (_),
2 |l — |
then B(x, eo) N H(gk.,z*) = () as shown in Figure 3.3, and no points in B(Z, €) can
satisfy the inequality (3.10). If
_ T . €0
Z(gk. .z — x*) <  + arcsin ()7
2 | — |
then B(z,e0) N H(gk.,x*) # 0 and z, € H(gk.,x*) as shown in Figure 3.4. In this

case, consider a point & € 0B(&, ) N H(gk.,z*) and = ¢ C,.

(i) Suppose ||z — x*|| > ||z2 — «*||. By the definition of z5 in (3.12), we have
Z(gh. u(zy, %)) < Z(gk., u(z,z*)). Since z,, T € H, using the same argument

as (3.15), we get (gh., u(z*, z2)) < (gk.,u(z*, x)) < 0. Therefore,

<g£*,u(az*, z2)> < <g;kn*’ ’U,(ZB*, CB))

122 — 2] [l — |

)

i.e., if @ satisfies (3.10), then so does zo. This means that we can consider z, € C

instead of any point in OB(z, ) N H(gk., z*) with greater distance from x*.
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(ii) Suppose || —x*|| < ||z2 — x*||. Since Cy is connected and h(y) = ||y — z*|| is a

continuous function, {h(y) : y € Cp} is connected. Then, we have
Iz = &l 122 = &l < {lly - @*l| : y € Co}.

Thus, there exists a z € Cy N H such that ||z — x*|| = || — «*||. However, since

Co C P, we get that
£(gh,u(z, ) < Z(gh., u(z, z")).
Furthermore, since z, * € H, using the same argument as (3.15), we get
(gh. u(z* 2)) < (gF. u(z* x)) <0.

In this case, we also have

<gl;:*7 U(CC*, Z)> < <gl;:*7'u’<w*7 $)>
lz =z —  [le—a

Y

i.e., if @ satisfies (3.10), then so does z.

Thus, we conclude that for each point @ € 9B N H, there is a point 2 € Cy such that

(k. (@ 2) gk ula” @)
==l = 7 Tet—al

Therefore, to check if there is a point & € 9B N H satisfying
(3.10), we only need to check points in Cy, yielding (3.13). ]

In fact, we can replace Co(Z, €, g, x*) in Theorem 3.5.1 by Co(Z, €9, g, x*) N H(g, x*).
However, for simplicity of exposition, we forego the discussion of this further reduction in
search space.

The set X(f*, z, e, £*) defined in (3.14) suggests that we do not have to search for a

pair (z*, g*) that satisfies the inequality

(g", u(z",x}))
|l — a7l
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Figure 3.3. The area above the black dotted line is H(g*., £*) and the blue
dotted line shows the angle arcsin (W) In this case, the angle Z(g~.,

x*) > T + arcsin (||w*—§:||)’ so B(z,e0) NH(gh., z*) = 0.

1.5

0.5

051

Figure 3.4. The area above the black dotted line is H(g*., z*) and the blue
dotted line shows the angle arcsin (W) In this case, the angle Z(g%., @

x*) < 7 + arcsin (H : _”) so B(z,e) NH(gk.,z*) # 0.
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throughout the set X (f*, A, *) defined in (3.7) but can instead restrict our attention to
be in the set X (f*,Z, ey, x*) in (3.14). Since the curve Cy depends on the vector g* that
we choose from df*(x*), we have to first select g* € 9f*(x*) and then we can consider the
points on the curve Cy to see if they satisfy (3.10). We will use this in the algorithm for

computing the region M in the next section.

3.6 Algorithm and Example

3.6.1 Algorithm

Consider the case from the previous section where the uncertainty set is a ball, i.e.,
A = B(Z,¢). In this subsection, we will give an algorithm (Algorithm 1) to identify the
region that satisfies the necessary condition (3.13). We provide a discussion of each of the

steps below.

Algorithm 1 Region M Identification (Ball Case)

Let X C dom f* be a set of points in the space
Input X, ffe F,z € R", ¢, >0, and 0 > 0
Output minimizer(X)

1: for x* € X do > Loop through the space
2: minimizer(x*) < false

3: d+ ||z —x*|

4: g <« V k()

5: a+— Z(g,x—x¥)

6: if o < % + arcsin (%0) then

7 for 0 € {O,arceos(%})} do

8: |le* — x| + \/dQ—I-eg—Qeodcosé)

9: (g, x* —xk) «— a+ [n — arcsin (;is_iif”ﬂ
10, (g.u(@", ) « lg]cos L(g.@* — @)
11: if W < —0 then
12: minimizer(x*) < true
13: end if
14: end for
15: end if
16: end for

17: return minimizer(X)
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Let X be a set of points; we wish to check whether each point in X is a potential
minimizer of f¥ + f*. For simplicity, we assume that the function f* is differentiable, i.e.,
OfF(x*) = {Vf*(x*)} and the set of points X C dom f*. For example, we can use linspace
in MATLAB to form a range for each axis, followed by using meshgrid to construct X. The
object minimizer is an array that keeps a Boolean value for each point in X to indicate
whether it is a potential minimizer. First, we loop through each point «* in the set X and
assign Boolean ‘false’ to that «*. In order to change the Boolean to be ‘true’, the point
x* has to satisfy the inequality (3.13). Before checking that inequality, we need to compute
several intermediate variables. In the algorithm, we compute the distance between the center
of the ball  and the point &* (d + [|Z — x*||), the gradient of f* at &* (g + Vf*(x*)),
and the angle between the gradient and reference (o < Z(g,x — «*)). Note that we can

compute a explicitly by

(g.¢ —x") )

a < Z(g,x —x*) = arccos ( — -
gl — |

We then verify the condition

_ I . €0
Z(g,x —x¥) < = + arcsin (_)
2 [l — |

(line 6); if this is not satisfied, no points in B(, ¢y) can satisfy the inequality (3.10) as argued
in the proof of Theorem 3.5.1 and illustrated in Figure 3.3. The next step is to compute
the path Cy, which we parametrize by using the variable . The variable 6 in the algorithm
corresponds to

0=/L(x, —x,x"—x) where x; €

as shown in Figure 3.5. So, we need to know the range of 6 that characterizes the path Cy.
This range can be computed by considering the points z; and z,, at which the angle 6 equals
0 and arccos(wjiﬂm*”), respectively, as shown in Figure 3.6. Consider Figure 3.5. For each

0 in the range (discretized to a sufficiently fine resolution), we can compute the distance
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Figure 3.5. Given ¢, d, and 6, we can compute ||z* — x|

Figure 3.6. Given ¢, and d, we can compute Z(z9 — &, x* — ).

||lz* — % || (line 8) by using the cosine law. Consider Figure 3.7. We can compute the angle

Z(g,x* — x) (line 9) by using

_ . €o sin 6
(g, x" —x!) = Z(g, " — x) + arcsin (—)
b [l — ]

and Z(g,x"—x)=(n— Z(g,x —x")).

After that we compute the inner product (g, u(x*,x})) (line 10). Finally, we can compute
the LHS of (3.13) and compare it to —o. If the inequality (3.13) is satisfied by the current

values * and 6, we set the Boolean associated to this * to be ‘true’.
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sin™ . G
llx™ = x|

Figure 3.7. Given ¢, 0, ||* — x}||, and «, we can compute Z(g, x* — x).
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3.6.2 Example

Consider the known function f*(x) = (x; —2)* + 23, and suppose the unknown function
f* has minimizer in the ball centered at & = (0,0). We vary the radius of the ball of
uncertainty (€p) among the values 0.1, 0.4, and 0.8, and the strong convexity parameter (o)
of the function f* among the values 0.25, 2.0, and 5.0. Examples of the region that contains
the possible minimizer of the sum f*+ f* are shown in Figure 3.8. In the figure, the function
f¥(x) is shown by using level curves and the uncertainty ball is shown by the beige circle.
The region containing the possible minimizers of f¥ + f* (i.e., the set of points = € R" that
satisfies (3.13)) is shown in blue (it contains the uncertainty set within it). Note that the

solution region shrinks with increasing ¢ and grows with increasing ¢.

3.7 Conclusions

In this chapter, we studied the properties of the minimizer of the sum of convex functions
in which one of the functions is unknown but the others are known. However, we assumed
that the unknown function is strongly convex with known convexity parameter, and that
we have a region A where the minimizer of this function lies. We established a necessary
condition for a given point to be a minimizer of the sum of known and unknown functions for
general compact set A. We then considered a special case where the region of the unknown
function’s minimizer is a ball. In this case, we simplified the necessary condition and provided
an algorithm to determine the region that satisfies the necessary condition.

Future work could focus on providing sufficient conditions for a given point to be a min-
imizer (to complement our necessary condition). Alternatively, one could analyze properties

of the set of solutions that satisfy the necessary condition.
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Figure 3.8. The function f*(x) = (v, —2)?+ 23 is shown by the level curves
while the balls B(Z, €y) with the center at (0,0) are shown by the beige circle.
The radius of the ball of uncertainty (&) and the strong convexity parameter
(o) of the function f,, are varied and the solution sets are shown by the dark
blue regions.
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4. SCALABLE DISTRIBUTED OPTIMIZATION OF
MULTI-DIMENSIONAL FUNCTIONS DESPITE BYZANTINE
ADVERSARIES

© 2022 IEEE. Reprinted, with permission, from [K. Kuwaranancharoen, L. Xin and S. Sun-
daram, “Byzantine-Resilient Distributed Optimization of Multi-Dimensional Functions,” in
IEEE /2020 American Control Conference (ACC), pp. 4399-4404, Jul. 2020,

DOT: 10.23919/ACC45564.2020.9147396].

4.1 Introduction

The design of distributed algorithms has received significant attention in the past few
decades [61], [62]. In particular, for the problem of distributed optimization, a set of agents
in a network are required to reach agreement on a parameter that minimizes the average of
their local objective functions, using information received from their neighbors [9], [63]-[65].
A variety of approaches have been proposed to tackle different challenges of this problem,
e.g., distributed optimization under constraints [25], distributed optimization under time-
varying graphs [27], and distributed optimization for nonconvex nonsmooth functions [66].
However, these existing works typically make the assumption that all agents are trustworthy
and cooperative (i.e., they follow the prescribed protocol); indeed, such protocols fail if even
a single agent behaves in a malicious or incorrect manner [30].

As security becomes a more important consideration in large scale systems, it is crucial to
develop algorithms that are resilient to agents that do not follow the prescribed algorithm.
A handful of recent papers have considered fault tolerant algorithms for the case where
agent misbehavior follows specific patterns [31], [32]. A more general (and serious) form of
misbehavior is captured by the Byzantine adversary model from computer science, where
misbehaving agents can send arbitrary (and conflicting) values to their neighbors at each
iteration of the algorithm. Under such Byzantine behavior, it has been shown that it is
impossible to guarantee computation of the true optimal point [30], [33]. Thus, researchers

have begun formulating distributed optimization algorithms that allow the non-adversarial

84



nodes to converge to a certain region surrounding the true minimizer, regardless of the
adversaries’ actions [30], [34], [41].

It is worth noting that one major limitation of the above works is that they all make the
assumption of scalar-valued objective functions, and the extension of the above ideas to gen-
eral multi-dimensional convex functions remains largely open. In fact, one major challenge
for minimizing multi-dimensional functions is that the region containing the minimizer of
the sum of functions is itself difficult to characterize. Specifically, in contrast to the case of
scalar functions, where the global minimizer! always lies within the smallest interval contain-
ing all local minimizers, the region containing the minimizer of the sum of multi-dimensional
functions may not necessarily be in the convex hull of the minimizers (Chapter 2).

There exists a branch of literature focusing on secure distributed machine learning in a
client-server architecture [42], [43], [67], where the server appropriately filters the information
received from the clients. However, their extensions to a distributed (peer-to-peer) setting
remains unclear. The papers [44], [45] consider a vector version of the resilient machine
learning problem in a distributed (peer-to-peer) setting. These papers show that the states of
regular nodes will converge to the statistical minimizer with high probability (as the amount
of data of each node goes to infinity), but the analysis is restricted to i.i.d training data across
the network. However, when each agent has a finite amount of data, these algorithms are still
vulnerable to sophisticated attacks as shown in [46]. The work [47] considers a Byzantine
distributed optimization problem for multi-dimensional functions, but relies on redundancy
among the local functions, and also requires the underlying communication network to be
complete. The recent work [68] studies resilient stochastic optimization problem. However,
the assumptions made are quite different, in that it considers non-convex smooth functions,
and the results do not ensure asymptotic consensus.

To the best of our knowledge, our conference paper [40] is the first one that provides
a scalable algorithm with convergence guarantees in general networks under very general
conditions on the multi-dimensional convex functions held by the agents in the presence of

Byzantine faults. Different from existing works, the algorithm in [40] does not rely on any

11We will use the terms “global minimizer" and “minimizer of the sum" interchangeably since we only consider
convex functions.
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statistical assumptions or redundancy of local functions. Technically, the analysis addresses
the challenge of finding a region that contains the global minimizer for multiple-dimensional
functions, and shows that regular states are guaranteed to converge to that region under
the proposed algorithm. The Distance-MinMax Filtering Dynamics in [40] requires each
regular node to compute an auxiliary point using resilient asymptotic consensus techniques
on their individual functions’ minimizers in advance. After that, there are two filtering steps
in the main algorithm that help regular nodes to discard extreme states. The first step is to
remove extreme states (based on the distance to the auxiliary point), and the second step is
to remove states that have extreme values in any of their components. On the other hand,
the algorithm in [40] suffers from the need to compute the auxiliary point prior to running
the main algorithm, since the fixed auxiliary point is only achieved by the resilient consensus
algorithm asymptotically.

In this chapter, we eliminate this drawback. The algorithms and analysis we propose here
expand upon the work in [40] in the following significant ways. First, the algorithms in this
chapter bring the computation of the auxiliary point into the main algorithm, so that the
local update of auxiliary point and local filtering strategies are performed simultaneously.
This makes the analysis much more involved since we need to take into account the coupled
dynamics of the estimated auxiliary point and the optimization variables. Second, the algo-
rithms make better use of local information by including each regular node’s own state as
a metric. In practice, we observe that this performs better than the approach in [40], since
each agent may discard fewer states and hence, there are more non-extreme states that can
help the regular agents get close to the true global minimizer. Again, we characterize the
convergence region that all regular states are guaranteed to converge to using the proposed
algorithm. Third, we present an alternate algorithm in this chapter which only makes use
of the distance filter (as opposed to both the distance and min-max filter); we show that
this algorithm significantly reduces the requirements on the network topology for our conver-
gence guarantees, at the cost of losing guarantees on consensus of the regular nodes’ states.
Importantly, our work represents the first attempt to provide convergence guarantees in a
geometric sense, characterizing a region where all states are ensured to converge to, without

relying on any statistical assumptions or redundancy of local functions.
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This chapter is organized as follows. Section 4.2 introduces various mathematical prelimi-
naries, and states the problem of resilient distributed optimization. We provide our proposed
algorithms in Section 4.3. We then state the assumptions and some important results related
to properties of the proposed algorithms in Section 4.4. In Section 4.5, we provide discussion
on the results. Finally, we simulate our algorithms to numerically evaluate their performance

in Section 4.6, and conclude in Section 4.7.

4.2 Mathematical Notation and Problem Formulation

Let N, Z and R denote the set of natural numbers (including zero), integers, and real
numbers, respectively. We also denote the set of positive integers by Z,. The cardinality of
a set is denoted by | -|. The set of subgradients of a convex function f at point x is called

the subdifferential of f at x, and is denoted Of ().

4.2.1 Linear Algebra

Vectors are taken to be column vectors, unless otherwise noted. We use 29 to represent
the (-th component of a vector &. The Euclidean norm on R? is denoted by || - ||. We denote
by (u,v) the Euclidean inner product of u and v, i.e., (u,v) = u’v and by Z(u,v) the
angle between vectors u and v, i.e., Z(u,v) = arccos <m) We use S to denote the set

of positive definite matrices in R?*¢. The Euclidean ball in d-dimensional space with center

at @y and radius r € Ry is denoted by B(zg,7) := {x € R?: ||z — =0 < 7}

4.2.2 Graph Theory

We denote a network by a directed graph G = (V, £), which consists of the set of nodes
V = {v1,v2,...,un} and the set of edges € C V x V. If (v;,v;) € &, then node v; can
receive information from node v;. The in-neighbor and out-neighbor sets are denoted by
NP ={v; €V: (vj,v;) € E} and NP™ = {v; € Vi (v;,v;) € E}, respectively. A path from
node v; € V to node v; € V is a sequence of nodes v, , Vg, . . . , U, such that vy, = v;, vy, = v,

and (v, v,,,) € € for 1 <r < 1—1. Throughout this chapter, the terms nodes and agents
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will be used interchangeably. Given a set of vectors {x, xs, ..., Ty}, where each x; € R? |
we define for all S C V,
{a)i}g = {m, S Rd TU; € S}

Definition 4.2.1. A graph G = (V,€) is said to be rooted at node v; € V if for all nodes
vj € V\{v;}, there is a path from v; to v;. A graph is said to be rooted if it is rooted at some

node v; € V.
We will rely on the following definitions from [69].

Definition 4.2.2 (r-reachable set). For a given graph G and a positive integer v € Z.,
a subset of nodes & C V is said to be r-reachable if there exists a node v; € S such that
NS =

Definition 4.2.3 (r-robust graph). For r € Z,, a graph G is said to be r-robust if for all

pairs of disjoint nonempty subsets Sy, Ss C V), at least one of Sy or Sy is r-reachable.

The above definitions capture the idea that sets of nodes should contain individual nodes
that have a sufficient number of neighbors outside that set. This will be important for
the local decisions made by each node in the network under our algorithm, and will allow

information from the rest of the network to penetrate into different sets of nodes.

4.2.3 Adversarial Behavior

Definition 4.2.4. A node v; € V is said to be Byzantine if during each iteration of the
prescribed algorithm, it is capable of sending arbitrary (and perhaps conflicting) values to
different neighbors. It is also allowed to update its local information arbitrarily at each

iteration of any prescribed algorithm.

The set of Byzantine nodes is denoted by A C V. The set of regular nodes is denoted by
R=V\ A

The identities of the Byzantine agents are unknown to regular agents in advance. Further-
more, we allow the Byzantine agents to know the entire topology of the network, functions

equipped by the regular nodes, and the deployed algorithm. In addition, Byzantine agents
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are allowed to coordinate with other Byzantine agents and access the current and previous
information contained by the nodes in the network (e.g. current and previous states of all
nodes). Such extreme behavior is typical in the study of the adversarial models [30], [33],
[44]. In exchange for allowing such extreme behavior, we will consider a limitation on the

number of such adversaries in the neighborhood of each regular node, as follows.

Definition 4.2.5 (F-local model). For F' € Z,, we say that the set of adversaries A is an
F-local set if IN* N A| < F, for allv; € R.

Thus, the F-local model captures the idea that each regular node has at most F' Byzantine

in-neighbors.

4.2.4 Problem Formulation

Consider a group of N agents V interconnected over a graph G = (V,€). Each agent

v; € V has a local convex cost function f; : R — R. The objective is to collaboratively solve
the minimization problem

1

i 3, o) ol

where € R? is the common decision variable. A common approach to solve such problems

is for each agent to maintain a local estimate of the solution to the above problem, which it

iteratively updates based on communications with its immediate neighbors. However, since

Byzantine nodes are allowed to send arbitrary values to their neighbors at each iteration of

any algorithm, it is not possible to solve Problem (4.1) under such misbehavior (since one is

not guaranteed to infer any information about the true functions of the Byzantine agents)

[30], [33]. Thus, the optimization problem is recast into the following form:
min = Y fi(®), (12)

i.e., we restrict our attention only to the functions held by regular nodes.
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Remark 5. The challenge in solving the above problem lies in the fact that no regular agent
is aware of the identities or actions of the Byzantine agents. Furthermore, in the worst-case
scenario, it is not feasible to achieve an exact solution to Problem 4.2, as the Byzantine
agents can modify the functions while still adhering to the algorithm, making it impossible

to differentiate them [30], [33].

In the next section, we propose two scalable algorithms that allow the regular nodes
to approximately solve the above problem, regardless of the identities or actions of the

Byzantine agents (as proven later in the chapter).

4.3 Resilient Distributed Optimization Algorithms

4.3.1 Proposed Algorithms

The algorithms that we propose are stated as Algorithm 2 and Algorithm 3. We start with
Algorithm 1. At each time-step k, each regular node® v; € R maintains and updates a vector
x;[k] € RY, which is its estimate of the solution to Problem (4.2), and a vector y,[k] € RY,
which is its estimate of an auxiliary point that provides a general sense of direction for each
agent to follow. Specifically, the auxiliary points y,[k] will be used to perform the distance-
based filtering step (Line 7) in which the neighbors’ states {x;[k]}, cnm far from y;[k] are

removed at time-step k. We now explain each step used in Algorithm 2 in detail.?

o Line 1: &} < optimize (f;)
Each node v; € 'R uses any appropriate optimization algorithm to get an approximate
minimizer & € R? of its local function f;. We assume that there exists ¢* € R such
that the algorithm achieves ||&; — x}| < €* for all v; € R where &} € R? is a true
minimizer of the function f;; we assume formally that such a true (but not necessary

unique) minimizer exists for each v; € R in the next section.

21Byzantine nodes do not necessarily need to follow the above algorithm, and can update their states however
they wish.
3In the algorithm, X;[k], X&St[k], X™™[k], V;[k] and Y™™ (k] are multisets.
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Algorithm 2 Simultaneous Distance-MinMax Filtering Dynamics

Input Network G, functions {f;}Y,, parameter F
1: Each v; € R sets &; < optimize(f;)
2: Each v; € R sets x;[0] < & and y,[0] < &
3: for k=0,1,2,3,... do
4: for v; € R do
Step I: Broadcast and Receive

5: broadcast(N?™, x;[k], y;[k])
6: Xi[k], Vilk] + receive(N™)
Step II: Resilient Consensus Step
7: XEst k] < dist_filt(F, y,[k], X;[k])

XMk < x_minmax_filt(F, X5s[k])
z;[k] + x_weighted_ average(?(mm[ 1)
Step III: Gradient Update

10: x;[k + 1] < gradient(f;, z;[k])
Step I'V: Update the Estimated Auxiliary Point
11: yrmlk] < y_minmax_filt(F, V;[k])
12: y;lk + 1] + y_weighted_average(Y™™[k])
13: end for
14: end for

> Implement in parallel
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« Line 2: x;[0] < &; and y,[0] + &;
Each node v; € R initializes its own estimated solution to Problem (4.2) (x;[0] € R?)

and estimated auxiliary point (y,;[0] € R?) to be &;.

o Line 5: broadcast (N, x;[k], y,[k])
Node v; € R broadcasts its current state x;[k] and estimated auxiliary point y,[k] to

its out-neighbors N,

« Line 6: X[k, Vi[k] + receive(N/")
Node v; € R receives the current states a;[k] and y,[k] from its in-neighbors N;*. So,

at time step k, node v; possesses the sets of states*

X;[k] == {a:][k’] eR%:v; € N U {vz}} and
Yilk] {yj[k] eR:v; € M"U {Uz}}

The sets X;[k| and Y;[k] have an indirect relationship through the distance-based filter

(Line 7) as only y,[k] € V;[k] is used as the reference to remove states in X;[k].

o Line 7: Xd[k] < dist_filt(F, y,[k], X;[k])
Intuitively, regular node v; ignores the states that are far away from its own auxiliary
state y,[k] in L? sense. Formally, node v; € R computes the distance between each

vector in A;[k] and its own estimated auxiliary point y,[k]:

Dijlk] := |laej[k] — yi[K]l| for x;[k] € Xi[k]. (4.3)

Then, node v; € R sorts the values in the set {D;;[k] : v; € Nj* U {v;}} and removes
the F' largest values that are larger than its own value Dy[k]. If there are fewer than
F' values higher than its own value, v; removes all of those values. Ties in values

are broken arbitrarily. The corresponding states of the remaining values are stored in

“11n case a regular node v; has a Byzantine neighbor vj, we abuse notation and take the value x;[k] to be
the value received from node v; (i.e., it does not have to represent the true state of node v;).
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X35t [k]. In other words, regular node v; removes up to F of its neighbors’ vectors that

are furthest away from the auxiliary point y,[k].

Line 8: X™[k] + x_minmax_filt(F, XIs'[k])

Intuitively, regular node v; ignores the states that contains extreme values in any
of their components in the ordering sense. Formally, for each time-step k& € N and
dimension ¢ € {1,2,...,d}, define the set Vr*™°¢(¢{)[k] C N, where a node v; is in
yremove(0)[k] if and only if

— xy) [k] is within the F-largest values of the set {xg) (k] € R: x,[k] € xdist [k:]} and
xgz) (k] > z\“[k], or
2

97k is within the F-smallest values of the set {:& [k] € R : x,[k] € Xt [k]}

J
and xy) [k] < 2 [k].

Ties in values are broken arbitrarily. Node v; then removes the state of all nodes in

Ureqio,..ay Vicm"(£)[k] and the remaining states are stored in A" [k]:

Al = (sl € Ry VI U VO] G

where VIt [k] = {v; € R : a;[k] € X8 [k]}.
Line 9: z;[k] + x_weighted_average(X™™[k])

Each node v; € R computes

Zlhl= Y weglkl @k, (45)

aj[k]e X k]
where W ij [k] > () for all Z; [k?] c szm[k] and ij [k]exmm k] Wa,ij [k?] =1.
Line 10: z;[k + 1] + gradient (f;, z;[k])

Node v; € R computes the gradient update as follows:

ok + 1] = zi[k] — n[k] g,[K], (4.6)
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where g,[k] € 0f;(z;[k]) and n[k] is the step-size at time k. The conditions correspond-

ing to the step-size are given in the next section.

e Line 11: Y™ [k] «+ y_minmax_filt(F, Y;[k])
For each dimension ¢ € {1,2,...,d}, node v; € R removes the F highest and F
lowest values of its neighbors’ auxiliary points along that dimension. More specifically,
for each dimension ¢ € {1,2,...,d}, node v; sorts the values in the set of scalars
{y]('e) k] : y;[k] € Vi[k]} and then removes the F largest and F' smallest values that are
larger and smaller than its own value, respectively. If there are fewer than F' values
higher (resp. lower) than its own value, v; removes all of those values. Ties in values are
broken arbitrarily. The remaining values are stored in Y™™ [k](¢) and the set Y™™ [k]

is the collection of Y™™ [k]({), i.e., Y™™ [k] = {y;nm[k](f) 0e{l,2,... ,d}}.

o Line 12: y,[k + 1] < y_weighted_average(YV"™[k])

For each dimension ¢ € {1,2,...,d}, each node v; € R computes

4 V4 V4
vOlk+1= > wik Yk, (4.7)
O Ky k) (0)

where w'").[k] > 0 for all yj(-z) (k] € Y™ [k](¢) and 2,0k “) k] = 1.

Y.ij Jeymm k() Vysis

Note that the filtering processes x_minmax_filt (Line 8) and y_minmax_filt (Line 11)
are different. In x_minmax filt, each node removes the whole state vector for a neighbor
if it contains an extreme value in any component, while in y_minmax_filt, each node only
removes the extreme components in each vector. In addition, x_weighted_average (Line
9) and y_weighted_average_2 (Line 12) are also different in that x_weighted_average
designates agent v; at time-step k to utilize the same set of weights {w,;; € R : x;[k] €
Xk} for all components while y_weighted_average allows agent v; at time-step k to
use a different set of weights {wﬁj eR: y](-ﬁ) [k] € Y™™ [k|(¢)} for each coordinate ¢ (since
the number of remaining values in each component |Y™™[k](¢)| is not necessarily the same).

These differences will become clear when considering the example provided in the next

subsection.
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We also consider a variant of Algorithm 2 defined as follows.

Algorithm 3 Simultaneous Distance Filtering Dynamics
Algorithm 3 is the same as Algorithm 2 except that

e Line 8 is removed, and

o X™1[k] in Line 9 is replaced by XISk

Although Algorithms 2 and 3 are very similar (differing only in the use of an additional
filter in Algorithm 2), our subsequent analysis will reveal the relative costs and benefits
of each algorithm. We emphasize that both algorithms involve only simple operations in
each iteration, and that the regular agents do not need to know the network topology, or
functions possessed by another agents. Furthermore, the regular agents do not need to know
the identities of adversaries; they only need to know the upper bound for the number of local
adversaries. However, we assume that all regular agents use the same step-size n[k] (Line

10, equation (4.6)).

4.3.2 Example of Algorithm 2

Before we prove the convergence properties of the algorithms, we first demonstrate Al-
gorithm 2, which is more complicated due to the min-max filtering step (Line 8), step by
step using an example.

Suppose there are 8 agents forming the complete graph (for the purpose of illustration).
Let node v; have the local objective function f; : R> — R defined as f;(x) = (2 + )% +
(z® —i)% for all i € {1,2,...,8}. Let the set of adversarial nodes be A = {v4,vs} and thus,

we have R = {vy, vq, v3, 5, Ug, 7 }. Note that only the regular nodes execute the algorithm
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(and they do not know which agents are adversarial). Let F' = 2 and at some time-step

keN , each regular node has the following state and the estimated auxiliary point:®

. - 1T . - T
ml[k]: 4 2 9 yl[k]: O O )

“ - _T . - T
wli) = |1 1] . wlll =1 2 .

R :T . T
xslk] =3 3| , wslk]=|-2 1| ,

~ T R T
skl =12 1] . wyslkl=10 2| ,

. :T ~ T
xlk] = |1 4| , yslkl=1{1 3| ,

" :T ~ T
7kl =10 0| , y:kl=11 3

Let x, p[k| (resp. y,_,,[k]) be the state (resp. estimated auxiliary point) that is sent from
the adversarial node v, € A to the regular node v, € R at time-step k. Suppose that in
time-step /%, each adversarial agent sends the same states and the same estimated auxiliary

points to its neighbors (although this is not necessary) as follows:

T

wli =[5 2] watii=[-1 1]
b

for all i € {1,2,3,5,6,7}. We will demonstrate the calculation of wl[/% + 1] and yl[l% + 1],

x>

xs_i[k] = {0 5r, Ysil

computed by regular node v;.
Since the network is the complete graph, the set of in-neighbors and out-neighbors of
node vy is Ni* = N = V\ {v;} and X;[k] (resp. Y;[k]) includes all the states (resp.

estimated auxiliary points). Then, node v; performs the distance filtering step (Line 7) as

°1The number of agents in this demonstration is not enough to satisfy the robustness condition (Assump-
tion 4.4.4) presented in the next section. However, for our purpose here, it is enough to consider a small
number of agents to gain an understanding for each step of the algorithm.
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follows. First, it calculates the squared distances ij [/2:] (since squaring does not alter the

order) for all &;[k] € X;[k] as in (4.3). Node v; has

D%l [ff] = 20, D%z[]%] = 177 D%s[]%] = 18, D%4UA€] =13,

Di;[M] = 5, Dis[k] = 17, D[k] = 0, Dislk] = 25.

Since D2, [k] is the second largest, node vy discards only node vg’s state (which is the furthest
away from v,’s auxiliary point) and X35t contains all states except @glk] = @51 [k].

Then node v; performs the min-max filtering process (Line 8) as follows. First, consider
the first component of the states in X1*. The states of nodes v; and v, contain the highest
value in the first component (which is 4). Since the tie can be broken arbitrarily, we choose
2V k] to come first followed by M k] in the ordering, so none of these values are discarded.
On the other hand, the state of node v; contains the lowest value in its first component, while
node vg’s state contains the second lowest value in that component (since node vg has already
been discarded by the distance filtering process). Node v; thus sets Vremeve(1)[k] = {vg, vr}.
Next, consider the second component in which the states of vg and v3 contain the highest and
second highest values, respectively, and the states of v; and v5 contain the lowest and second

lowest values, respectively. Thus, node vy sets Vmve(2)[k] = {vs, vs, vg, v7}. Since node vy

removes the entire state from all the nodes in both Vrmeve(1)[k] and Viemeve(2)[k], according
to equation (4.4), we have X [k] = {wl[l%],wg[l%],wdl%]} = {[4 217,14 1)7,[3 Q]T}.

Next, node v; performs the weighted average step (Line 9) as follows, Suppose node v,
assigns the weights wq;,u[fﬂ] = 0.5, wmg[l;:] = 0.25 and wm714[l%] = 0.25. Node v; calculates
the weighted average according to (4.5) yielding z%l)[l%] = 3.75 and 252) [l%] = 1.75. In the
gradient step (Line 10), suppose n[k] = 0.1. Node v; calculates the gradient of its local
function fi at z1[k] which yields g,[k] = [9.5 1.5]7 and then calculates the state [k + 1]
as described in (4.6) which yields @[k + 1] = [2.8 1.6].

Next, we consider the estimated auxiliary point update of node v;. In fact, we can perform
the update (Line 11 and Line 12) for each component separately. First, consider the first

component in which vg and v; contain the largest and second largest values, respectively, and

vg and vy contain the smallest and second smallest values, respectively. Node v, removes these
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values and thus, Y™™ [k](1) = {y (1 [ |,y [l%],yél)[l%],yél)[ ]} =40,—-1,0,1}. Suppose node
vy assigns the weights wl(jf (k] = wgslﬁ[k] = wélfs[l%] = w?51%6[k] = 0.25. Then, the weighted
average of the first component according to (4.7) becomes y [k‘ + 1] = 0. Finally, for the
second component, vg and v; contain the largest values, and vy and v, contain the smallest
and second smallest values, respectively. Node v; removes the value obtained from v, vg
and v; and thus, the set Y™ [%](2) = {y\P[k], {2 [k], 2 [R], 2 [k], v @ (K]} = {0,1,1,2,2}.
Suppose node v; assigns the weights to each value in y;nm[k] (2) equally. The weighted average
of the second component becomes y\” [k + 1] = 1.2. Thus, we have y, [k + 1] = [0 1.2]7.

4.4 Assumptions and Main Results

Having defined the steps in Algorithms 2 and 3, we now turn to proving their resilience

and convergence properties.

4.4.1 Assumptions

Assumption 4.4.1. For all v; € V, the functions f;(x) are convex, and the sets arg min f;(x)

are non-empty and bounded.

Since the set argmin f;(x) is non-empty, let & be an arbitrary minimizer of the function
fi.
Assumption 4.4.2. There exists L € Ry such that ||g,(z)||s < L for all x € RY, v; € V,
and g;(x) € 0f;(x).

The bounded subgradient assumption above is common in the distributed convex opti-

mization literature [70]-[72].

Assumption 4.4.3. The step-size sequence {n[k]}32, C R-¢ used in Line 11 of Algorithm 2

is of the form

C1

kl —

n[ ] k? -+ Co

Note that the step-size in (4.8) satisfies [k + 1] < n[k] for all £ € N, and

for some ¢, ¢y € Ryg. (4.8)

lim n[k] =0 and in[k’] = 00 (4.9)

k—o0 =0
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for any choices of ¢, ¢ € Ry,.

Assumption 4.4.4. Given a positive integer F' € Z, , the Byzantine agents form a F-local

set.

Assumption 4.4.5. For all k € N and ¢ € {1,2,...,d}, the weights w, ;;[k] and wﬁ][k‘]
(used in Line 9 and Line 12 of Algorithm 2) are positive if and only if x;[k] € X™™[k]
for Algorithm 2 (and x;[k] € X3'[k] for Algorithm 3) and yj(»é) [k] € Y™ k] (), respectively.
Furthermore, there exists w € R such that for all k € Nand ¢ € {1,2,...,d}, the non-zero

weights are lower bounded by w.

Remark 6. In fact, the parameter F' in Assumption 4.4.4 can be an upper bound on the
number of local Byzantine agents. In exchange for guarding the system from powerful
Byzantine adversaries, we need to provide an upper bound on the number of them. In
particular, it is typical that in the design stage, one needs to determine the specifications of
the system, e.g. the type and the number of adversaries that the system can tolerate. Hence,
the assumption of knowing an upper bound on the number of adversaries is very common

in the literature on resilient distributed algorithms, e.g., [43], [44].

4.4.2 Analysis of Auxiliary Point Update

Since the dynamics of the estimated auxiliary points {y;[k]}r are independent of the dy-
namics of the estimated solutions {«;[k]}», we begin by analyzing the convergence properties
of the estimated auxiliary points {y,[k|}=.

In order to establish this result, we need to define the following scalar quantities. For
k€ Nand ¢ € {1,2,...,d}, let MO[k] := max,,cr yz-(e)[k:], mY[k] := min, cr yi(e)[k], and
DO] := MO[k] — m©O[k]. Define the vector D[] := [DW[k], DA[k], -, D [k}]T

The proposition below shows that the estimated auxiliary points {y,[k|}r converge ex-

ponentially fast to a single point called y[oo].

Proposition 4.4.1. Suppose Assumption 4 hold, the graph G is (2F + 1)-robust, and the
)

weights w, ;;[k] satisfy Assumption 4.4.5. Suppose the estimated auziliary points of the reg-

ular agents {y,[k]}r follow the update rule described as Line 11 and Line 12 in Al-
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gorithm 2. Then, in both Algorithm 2 and Algorithm 3, there exists y[oo] € R with
yoo] € {m(z)[k],M(f)[k]] for all k € N and ¢ € {1,2,...,d} such that for all v; € R,

we have

lys[k] — ylool| < Be™*,

WIRI-1
2

where a 1= W%llog% >0, f:= %HD[O]H, and y:=1—

The proof of the above proposition follows by noting that the updates for {y.[k]}r
essentially boil down to a set of d scalar consensus updates (one for each dimension of the
vector), Thus, one can directly leverage the proof for scalar consensus (with filtering of
extreme values) from [30, Proposition 6.3]. We provide the proof of Proposition 4.4.1 in
Appendix B.3.

Recall that {Z;}% is the set containing the approximate minimizers of the regular nodes’
local functions. Let & be a matrix in R¥/®! where each column of x is a different vector
from {&;}z. In addition, let Z and @ be the vectors in R? defined by Z; = max;<j<g| [€];;
and z; = miny<j<g| [x];;, respectively. Since we set y,[0] = &; for all v; € R according to

Line 2 in Algorithm 2, we can write
1 1.
p=ZIDO]} =~ |z — 2.
v g

4.4.3 Convergence to Consensus of States

Having established convergence of the auxiliary points to a common value (for the regu-
lar nodes), we now consider the state update and show that the states of all regular nodes
{x;[k]}» asymptotically reach consensus under Algorithm 2. Before stating the main the-
orem, we provide a result from [30, Lemma 2.3] which is important for proving the main

theorem.

Lemma 4.4.6. Suppose the graph G satisfies Assumption 4.4.4 and is ((2d+1)F +1)-robust.
Let G' be a graph obtained by removing (2d + 1)F or fewer incoming edges from each node
in G. Then G' is rooted.
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This means that if we have enough redundancy in the network (in this case, captured by
the ((2d + 1)F + 1)-robustness condition), information from at least one node can still flow
to the other nodes in the network even after each regular node discards up to F' neighboring
states in the distance filtering step (Line 7) and up to 2dF' neighboring states in the min-
max filtering step (Line 8). This transmissibility of information is a crucial condition for

reaching consensus among regular nodes.

Theorem 4.4.7 (Consensus). Suppose Assumptions 4.4.2, 4.4.3, 4.4.4, and 4.4.5 hold, and
the graph G is ((2d + 1)F + 1)-robust. If the regular agents follow Algorithm 2 then for all
v;,v; € R, it holds that

lim {|az;[k] — a;[k]|| = 0.

k—00

Proof. 1t is sufficient to show that all regular nodes v; € R reach consensus on each compo-
nent of their vectors x;[k] as k — oo. For all £ € {1,2,...,d} and for all v; € R, from (4.5)

and (4.6), the /-th component of the vector x;[k| evolves as

dOh+10= S weylk] 2Ok — nlk] gk,

J
x;[klex ™ (k]

From [30, Proposition 5.1], the above equation can be rewritten as

k1= Y @k 2Ok - ik gk, (4.10)
v EWPNR)U{v;}

where wg(fzz (k] + X0, eninnr wﬁfzj [k] =1, and wfzz[k] > w and at least |Nj®| — 2F of the other
weights are lower bounded by .

Consider the set X™™[k| which is obtained by removing at most F' + 2dF states received
from v;’s neighbors (up to F' states removed by the distance filtering process in line 7,
and up to 2F additional states removed by the min-max filtering process on each of the d

components in line 8). Since the graph is ((2d + 1)F + 1)-robust and the Byzantine agents

form an F-local set by Assumption 4.4.4, from Lemma 4.4.6, the subgraph consisting of
(0

regular nodes will be rooted. Using the fact that the term n[k] g, [k] asymptotically goes to
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zero (by Assumptions 4.4.2 and (4.9)) and equation (4.10), we can proceed as in the proof
of [30, Theorem 6.1] to show that

lim |29 k] — 2 [k]| = 0,

k—o0

for all v;,v; € R, which completes the proof. O

Theorem 4.4.7 established consensus of the states of the regular agents, leveraging (and
extending) similar analysis for scalar functions from [30], only for Algorithm 2. However,
this does not hold for Algorithm 3 since there might exist a regular agent v; € R, time-step
k € N and dimension ¢ € {1,2,...,d} such that an adversarial state z("[k] € {xée) [k] €
R : x;[k] € X¥'k],v; € A} cannot be written as a convex combination of {xy) [k] € R :
v; € N NR)U {vi}}, and thus we cannot obtain equation (4.10). On the other hand,
Proposition 4.4.1 established consensus of the auxiliary points, which will be now used to

characterize the convergence region of both Algorithm 2 and Algorithm 3.

4.4.4 The Region To Which The States Converge

We now analyze the trajectories of the states of the agents under Algorithm 2 and Algo-
rithm 3. We start with the following result regarding the intermediate state z;[k| calculated

in Lines 7-9 of Algorithm 2.
Lemma 4.4.8. Suppose Assumptions 4.4.4 and 4.4.5 hold. Furthermore:
o if the reqular agents follow Algorithm 2, suppose the graph G is ((2d+ 1)F + 1)-robust;

o otherwise, if the reqular agents follow Algorithm 3, suppose the graph G is (2F + 1)-

robust.

For all k € N and v; € R, if there exists R;[k] € R> such that ||x;[k] — y,[k]|| < Ri[k] for
allv; € (N NR)U{v;} then ||z;[k] — y,[k]l| < Ry[k].
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Proof. Consider the distance filtering step in Line 7 of Algorithm 2. Recall the definition
of Dyj[k] from (4.3). We will first prove the following claim. For each £ € N and v; € R,
there exists v, € (M*NR) U {v;} such that for all x;[k] € X3k,

o5 (K] = w3l k]| < [l k] = ik,

or equivalently, D;;[k] < D, [k].

There are two possible cases. First, if the set X5'[k] contains only regular nodes, we can
simply choose v, € (N NR) U {v;} to be the node whose state . [k] is furthest away from
y,[k]. Next, consider the case where X3 [k] contains the state of one or more Byzantine
nodes. Since node v; € R removes the F states from N/ that are furthest away from y,[k]
(Line 7), and there are at most F' Byzantine nodes in NV}®, there is at least one regular state
removed by node v;. Let v, be one of the regular nodes whose state is removed. We then
have Dy, [k] > D;;[k], for all v; € {vs € V : x k] € X [k]} which proves the claim.

If Algorithm 2 is implemented, let X;[k] = X™[k] and we have that X™™[k] C Xt (k]
due to the min-max filtering step in Line 8. If Algorithm 3 is implemented, let X; (k] =
Xdstk] since Line 8 is removed. Then, consider the weighted average step in Line 9. From

(4.5), we have
zilk] —yilkl = 3 weylk] (20K - wilk).

x; [k]€X; [K]

Since ||&;[k] — y;[k]|| < || [k] — y;[k]|| for all @;[k] € X;[k] (where v, is the node identified

in the claim at the start of the proof), we obtain

lzik] =gkl < D0 walk] [la[k] — w, (K]

@ ; [k] € X;[k]

Since v, € (N®*N'R)U{v;}, by our assumption, we have ||z,[k] —y;[k]|| < R;[k]. Thus, using
the above inequality and Assumption 4.4.5, we obtain that ||z;[k] — y,[k]|| < Ri[k]. O
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Lemma 4.4.8 essentially states that if the set of states {z;[k] : v; € (N" NR) U {v;}}
is a subset of the local ball B(y;[k], R;[k]) then the intermediate state z;[k] is still in the
ball. This is a consequence of using the distance filter (and adding the min-max filter in
Algorithm 2 does not destroy this property), and this will play an important role in proving
the convergence theorem.

Next, we will establish certain quantities that will be useful for our analysis of the con-

vergence region. For v; € R and € > 0, define

For all v; € R, since the set argmin f;(x) is bounded (by Assumption 4.4.1), there exists
d;(€) € (0,00) such that
Ci(e) C B(x}, d;(e)). (4.12)

The following proposition, whose proof is provided in the supplementary material, intro-
duces an angle ; which is an upper bound on the angle between the negative of the gradient

of f; at a given point & and the vector x} — x.

Proposition 4.4.2. If Assumptions 4.4.1 and 4.4.2 hold then for all v; € R and € > 0,
there exists 0;(¢e) € [0, E) such that for all x ¢ C;(¢) and g,(x) € 0fi(x),

2
Z(—=g;(x), =] —x) < 0;(e). (4.13)

Before stating the main theorem, we define
R; = ||z} — yloc]||. (4.14)

Furthermore, for all £ € R>( and € € R, we define the convergence radius

s*(€,€) := max { max{R; sec 0;(¢), R; + 51(6)}} +¢. (4.15)

V;ER
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where R;, 0;(¢) and 8;(¢) are defined in (4.14), (4.13) and (4.12), respectively. Based on the
definition above, we refer to B(y[oo], s*(&,€)) as the convergence ball.

We now come to the main result of this chapter, showing that the states of all the regular
nodes will converge to a ball of radius inf.~q s*(0, €) around the auxiliary point y[oo] under

Algorithm 2 and Algorithm 3.
Theorem 4.4.9 (Convergence). Suppose Assumptions 4.4.1-4.4.5 hold. Furthermore:
o if the reqular agents follow Algorithm 2, suppose the graph G is ((2d+ 1)F + 1)-robust;

o otherwise, if the reqular agents follow Algorithm 3, suppose the graph G is (2F + 1)-

robust.

Then regardless of the actions of any F'-local set of Byzantine adversaries, for all v; € R,

we have
lim sup ||z;[k] — y[oo]|| < inf s*(0, €).
k e>0

The proof of the theorem requires several technical lemmas and propositions, and thus,
we provide a proof sketch in Section 4.4.5 and a formal proof in the supplementary material.
The following theorem provides possible locations of the true minimizer *, which is in

fact inside the convergence region, even in the presence of adversarial agents.

Theorem 4.4.10. Let x* be a solution of Problem (4.2). If Assumptions 4.4.1 and 4.4.2
hold, then x* € B(y[oo], inf.-q s*(0, e))

Proof. We will show that the summation of any subgradients of the regular nodes’ functions
at any point outside the region B(y[oo], inf.~q s*(0, e)) cannot be zero.

Let @y be a point outside B(y[oo], inf.~o s*(0, e)) Since ||zo — y[oo]|| > max,,cr{R; +
di(e)} for some € > 0, we have that xy ¢ C;(e) for all v; € R. By the definition of C;(¢) in
(4.11), we have f;(xo) > fi(x}) + € for all v; € R. Since the functions f; are convex, we

obtain g,(xo) # 0 for all v; € R where g,(xo) € 0fi(xo).
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Consider the angle between the vectors @q — = and g — y[oo]. If R; = 0, from (4.14),
we have & = y[oo] which implies that Z(zo — x, o — y[oc]) = 0. Suppose R; > 0. Using
Lemma B.1.1, we can bound the angle as follows:

R
L(xg — x], xo — y[oo]) < arcsin <z)
2o — y[oo] |
Since ||zg — y[oo]|| > max,,cr{R;sech;(e)} for some € > 0 and arcsin(z) is an increasing

function in x € [ — 1, 1], we have

R
Voo at o  aresi <~Z)
(o — 7, To — y[oc]) < arcsin R; secb;(e)

T

and that arcsin(cos f;(€)) = § — 0;(¢). Using Proposition 4.4.2 and the inequality above, we

can bound the angle between the vectors g,(xo) and @y — y[oo] as follows:

Z(g;(x0), o —y[oo]) < Z(gi(x0), o — x7) + L(T0 — X7, TG — Y[00])

T

< 0,() + (2 - ei(e)> —

/
T
2

Note that the first inequality is obtained from [57, Corollary 12]. Let u = m Compute

the inner product

(X i@ u) = 3 llgi(@o)l|cos g, @), @0~ ylc)).

Vv, ER v;ER

The RHS of the above equation is strictly greater than zero since cos Z(g;(xo), xo—y[oo]) >
0 and ||g;(xo)|| > 0 for all v; € R. This implies that }°,.cr g;(€o) # 0. Since we can arbitrar-
ily choose g, (o) from the set 0f;(x¢), we have 0 ¢ Jf(xo) where f(x) = ﬁ Yuer filz). O

Theorem 4.4.9 and Theorem 4.4.10 show that both Algorithms 2 and 3 cause all regular
nodes to converge to a region that also contains the true solution, regardless of the actions
of any F-local set of Byzantine adversaries. The size of this region scales with the quantity
inf..s*(0,€). Loosely speaking, this quantity becomes smaller as the minimizers of the

local functions of the regular agents get closer together. More specifically, consider a fixed
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e € Rog. If the functions f;(x) are translated so that the minimizers x} get closer together
(i.e., R; is smaller while 6;(¢) and &;(¢) are fixed), then s*(0, ¢) also decreases. Consequently,
the state x;[k] is guaranteed to become closer to the true minimizer * as k goes to infinity.

Figure 4.1 illustrates the key quantities appearing in the main theorems.

Illustration of Each Key Quantity

X2

Figure 4.1. The local minimizers «; and the global minimizer * are shown
in the plot. The estimated auxiliary point y[oo] is in the rectangle formed by
the local minimizers (Proposition 4.4.1) whereas the global minimizer x* is
not necessarily in the rectangle [55]. However, the ball centered at y[oco] with
radius inf..( s*(0,€) contains both the supremum limit of the state vectors
x;[k] and the global minimizer * (Theorem 4.4.9 and 4.4.10).

4.4.5 Proof Sketch of the Convergence Theorem

We work towards the proof of Theorem 4.4.9 in several steps, which we provide an
overview below. The proofs of the intermediate results presented in this section are provided
in the supplementary material.

For the subsequent analysis, we suppose that the graph G
e is ((2d + 1)F + 1)-robust for Algorithm 2, and
e is (2F + 1)-robust for Algorithm 3.

Furthermore, unless stated otherwise, we will fix £ € Ryy and ¢ € R.(, and hide the

dependence of £ and € in §;(¢) and s*(, €) by denoting them as d; and s*, respectively.
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Gradient Update Step Analysis

First, we consider the update from the intermediate states {z;[k]} % to the states {x;[k +
1]}r via the gradient step (4.6) (i.e., Line 10). In particular, we provide a relationship
between ||z;[k] — y[oo]|| and ||x;[k + 1] — y[oo]|| for three different cases:

e Jlzilk] = ylod] | € [0, max,, iR +6;}].
o Jlzilk] — yloc]| € (max, en{R; + 0}, 7],
« Jlzilk] — yloo| € (5", 00).

The corresponding formal statements are presented as follows. Lemma 4.4.11 below
essentially says that if k is sufficiently large and z;[k] € B(y[oo], max,,cg{R; + 6;}), then
after applying the gradient update (4.6), the state a;[k + 1] will still be in the convergence
ball. To establish the result, let k% € N be a time-step such that n[k;] < £.

Lemma 4.4.11. Suppose Assumptions 4.4.2-4.4.5 hold. For all v; € R and k > k¥, if
z;[k] € B(y[oo], max,,er {1 + (5]-}) then x;[k + 1] € B(y[oo], s*).

Lemma 4.4.12, based on Proposition 4.4.2, analyzes the relationship between | z;[k] —
y[oo]|| and ||z;[k + 1] — y[oo]|| when ||z;[k] — y[oo]|| > R; + 6;. The result will be used to
prove Lemma 4.4.13.

For v; € R, define A, : []N%Z, 00) X R>¢p — R to be the function

Ai(p,l) == 2l(\/p2 — R2cosf; — R;sin 0i> -2 (4.16)

Lemma 4.4.12. Suppose Assumptions 4.4.1, 4.4.2, 4.4.4 and 4.4.5 hold. For all v; € R
and k € N, if ||z;[k] — y[oo]|| > R; + 0; then

lzilk + 1] = yloo][I* < flzi[k] — yloo]I* = A(llzilk] — yloalll, nlk] lg,[kII), — (4.17)

where g;[k] € RY is defined in (4.6).
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Similar to Lemma 4.4.11, Lemma 4.4.13 below states that if k is sufficiently large and
| z:[k] — y[oo]|| € (maxvien{]%i +4;}, s*} then by applying the gradient step (4.6), we have
that the state @;[k + 1] is still in the convergence ball.

To simplify the notations, define

af == —R;sinf; + \/(5*)2 — R2cos?6; and
b; = 2(\/ (s*)2 — R2 cos f; — R; sin 9i>. (4.18)
Let k3 € N be a time-step such that n[k;] < 1 min,er { min{a;, bl}}

Lemma 4.4.13. Suppose Assumptions 4.4.1-4.4.5 hold. For all v; € R and k > k3, if
|zilk] — ylod]|| € (maxyer{R; + 0}, 5| then @[k + 1] — y[oo]| € [0, 7).

The following lemma is useful for bounding the term A; appeared in (4.17) for the case
that ||z;[k] — y[oo]|| > s*.
Define the set of agents

k] = {vi € R : ||zi[k] — y[od]|| > s°1, (4.19)

and let k5 € N be a time-step such that n[k;] < 57 min,,er b

Lemma 4.4.14. If Assumptions 4.4.1-4.4.5 hold then for all k > k} and v; € T,[k],

Ai(llz:lk] = yloolll, nlk] lg:lKI1) > ;bmm[k],

where A; and g;[k] are defined in (4.16) and (4.6), respectively, and k; := 5@ > 0

Lemmas 4.4.11-4.4.14 collectively establish the complete relationship governing the up-
date from {z;[k]}r to {x;[k + 1]}r, which will be used to prove Lemma 4.4.15.
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Bounds on States of Regular Agents

Next, we consider the update from the states {x;[k]} » to the intermediate states {z;[k]}r
via two filtering steps (Lines 7 and 8) and the weighted average step (Line 9). In particular,

utilizing Lemma 4.4.8, we derive the following relationship.

Proposition 4.4.3. If Assumptions 4.4.4 and 4.4.5 hold, then for all k € N and v; € R, it
holds that

1zilk] = yloolll < max la; [k] — yloo]]| + 2|y k] — yloo]]|

By combining the above inequality with the relationship between ||z;[k] — y[oo]|| and
@i [k + 1] — y[oo]|| from Lemmas 4.4.11-4.4.14, and bounding the second term on the RHS,
|ly;[k] — y[oo]||, using Proposition 4.4.1, we obtain a relationship between ||x;[k + 1] — y[oo]||
and max,;cr ||z;[k] —y[oo]||. As a result, we can bound the distance max,,cr ||2;[k] — y[oo]||
by a particular bounded sequence defined below.

Define the time-step kg € N as ko := maxyeq1 23y k7. Recall the definition of a and 3

from Proposition 4.4.1. Let

ko—1 ko—1

¢lko] = max[|az;[0] — yloo]|| +26 ; e+ L ]; nlk], (4.20)

and define a sequence {¢[k]}2;, satisfying the update rule

1
g 577[1{:] min bmi}. (4.21)

Vi ER

1k + 1) = max { ()2, (8[k] + 28
Lemma 4.4.15. Suppose Assumptions 4.4.1-4.4.5 hold. For all k > kg, it holds that
max ||z;[k] — yloo]|| < ¢[k].

Vi ER -

Furthermore, there exists ¢ € R>q such that for all k > kg, the sequence ¢[k] can be uniformly
bounded as (k] < ¢.
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Convergence Analysis

Finally, we will utilize the following lemma to further analyze the sequence {¢[k]} defined

in (4.21).

Lemma 4.4.16. Consider a sequence {f[k]}i>, C Rso that satisfies Y50y N]k] = co. If
7 € Rsg, 72 € Ry and A € (—1,1), then there is no sequence {u[k]}3>, C R>¢ that satisfies

the update rule
w?lk + 1] = (ulk] + 1 A")? = y2A[k].

By employing Lemmas 4.4.15 and 4.4.16, Proposition 4.4.4 demonstrates that any re-
pulsion of the state z;[k] from the convergence ball B(y[oco], s*) due to inconsistency of the
estimates of the auxiliary point (Proposition 4.4.1 and 4.4.3) is compensated by the gradi-
ent term pulling the state x;[k] to the convergence ball. Consequently, the quantity ¢[k]
decreases until it does not exceed s*. In other words, the sequence analysis results in

max || x; k] — y[oo]|| < olk] < s* (4.22)

v, ER - -

for a sufficiently large time-step k. The crucial finite time convergence result is formally

stated as follows.

Proposition 4.4.4. Suppose Assumptions 4.4.1-4.4.5 hold. Then, there exists K € N such
that for all v; € R and k > K, we have x;[k] € B(y[oo], s*).

Since all the prior analyses valid for all £ € R.( and € € R+, the convergence result in

Theorem 4.4.9 follows from taking infg-q -0 and limsup, to (4.22).

4.5 Discussion

4.5.1 Redundancy and Guarantees Trade-off

An appropriate notion of network redundancy is necessary for any Byzantine resilient
optimization algorithm [30]; for both Algorithm 2 and Algorithm 3, this is captured by the

corresponding robustness conditions in Theorem 4.4.9. In particular, Algorithm 2 requires
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the graph to be ((2d + 1)F + 1)-robust since it implements two filters (a distance-based
filter (Line 7) and a min-max filter (Line 8)) while Algorithm 3 requires the graph to only
be (2F + 1)-robust as a result of only using the distance-based filter. Since each of these
filtering steps discards a set of state vectors, the robustness condition allows the graph to
retain some flow of information. Thus, while Algorithm 2 requires significantly stronger
conditions on the network topology (i.e., requiring the robustness parameter to scale linearly
with the dimension of the functions), it provides the benefit of guaranteeing consensus.
Algorithm 3 only requires the robustness parameter to scale with the number of adversaries
in each neighborhood, and thus can be used for optimizing high-dimensional functions with

relatively sparse networks, at the cost of losing the guarantee on consensus.

Remark 7. In the vector resilient consensus problem [73], [74], it has been established that
guaranteeing a non-empty interior for the convex hull, formed by the states of the regular
nodes, requires 2(dF’) neighboring nodes, which aligns with Algorithm 2. Moreover, for the
case where d > 4, the corresponding time complexity has been shown to be exponential in
d [74]. However, our algorithms offer the advantage of significantly reducing computational

requirements, as will be discussed next.

4.5.2 Time Complexity

Suppose the network is 7-robust and the number of in-neighbors |N"| is linearly propor-
tional to r for all v; € V. For the distance-based filter (Line 7), each regular agent v; € R
computes the L?-norm between its auxiliary state and in-neighbor states and then finds the
agent that attains the maximum value which take O(dr) operations. On the other hand, for
the min-max filter (Line 8), each regular agent v; € R is required to sort the in-neighbor
states for each dimension which takes O(drlogr) operations. For Algorithms 2 and 3, the

time complexities for filtering process are O(d?) and O(d), respectively.

4.5.3 Convergence Ball

Consider univariate functions (i.e., one-dimensional space) case. To facilitate the discus-

sion, we denote min,,cr z; and max,.cg ; by  and 7, respectively. For simplicity, assume
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that the local minimizer =} is unique for all v; € R so that §; defined in (4.12) can be chosen
arbitrary close to zero for all v; € R. In this case, we have that for all v; € R, 6; defined in
(4.13) is zero. Therefore, the convergence radius s* in (4.15) simplifies to max,,cr R; (where
R; defined in (4.14)). In the best case, we can have y[oc] = 5(z + ) which results in the
convergence region [z, T| as derived in [30]. In the worst case, (assuming approximation error
¢* in Line 1 is zero) we can have y[oo] = x or T which results in the convergence region
2z — T, 7] or [z, 2T — z|, respectively. In such worst case, the region is two times bigger than

the region derived in [30]. These results are due to our “radius analysis" which is uniform in

all directions from y[oo].

4.5.4 Maximum Tolerance

Based on the robustness condition for each algorithm and a formula from [75], given the
number of agents NV in the complete graph and the number of dimensions for the optimization
variables d, the upper bound on the number of local Byzantine agents F' such that the

corresponding guarantees still hold, is as follows:

« F= L%J for Algorithm 2, and

« F E(N — 1)J for Algorithm 3.

From a practical perspective, the robustness property demonstrates a natural trade-off for
the system designer. A network that has a stronger robustness property can tolerate more

adversaries, but can also induce more costs.

4.5.5 Importance of Main States Computation

If we simply implement a resilient consensus protocol on local minimizers similar to the
auxiliary states, y,[k], computation (in Lines 11-12) and remove the main states, x;[k],
computation (in Lines 7-9), we would obtain that the states of the regular agents converge
to the hyper-rectangle formed by the local minimizers (for resilient component-wise consensus
algorithms [76]), or the convex hull of the local minimizers (for resilient vector consensus

algorithms [74], [77]). Even though this method works for the single dimension case due to the
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convergence to the same set as deploying a resilient distributed optimization algorithm [30],
[33], it might not give a desired result for the multi-dimensional case owing to several reasons.
First, it is possible that the minimizer of the sum lies outside both the hyper-rectangle
and convex hull [55], [56] as shown in Figure 4.1. Second, using only a resilient consensus
protocol, one ignores the gradient information which steers the regular agents’ states toward
the true minimizer. Third, we empirically show in Section 4.6 that implementing a resilient
distributed optimization algorithm (especially Algorithm 2) usually gives better results in

terms of both optimality gap and distance to the global minimizer.

4.6 Numerical Experiment

We now provide two numerical experiments to illustrate Algorithm 2 and Algorithm 3.
In the first experiment, we generate quadratic functions for the local objective functions.
Using these functions, we demonstrate the performance (e.g., optimality gaps, distances to
the global minimizer) of our algorithms. We also compare the optimality gaps of the function
value obtained using the states x;[k] and the value obtained using the auxiliary points y;[k],
and plot the trajectories of the states of a subset of regular nodes. In the second experiment,
we demonstrate the performance of our algorithm on a machine learning task (banknote
authentication task). Specifically, we compare the accuracy of the models obtained from our

algorithm (resilient distributed model) and that of a centralized model.

4.6.1 Synthetic Quadratic Functions

Preliminary Settings

e Main Parameters: We set the number of nodes to be n = 25 and the dimension of

each function to be d = 2.

o Adversary Parameters: We consider the F-local model, and set F' = 2 for Algo-

rithm 2 and F' = 5 for Algorithm 3.

Network Settings
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« Topology Generation: We construct an 11-robust graph on n = 25 nodes follow-
ing the approach from [69], [75]. This graph can tolerate up to 2 local adversaries
for Algorithm 2, and up to 5 local adversaries for Algorithm 3 according to Theo-
rem 4.4.9. Note that the same graph is used to perform numerical experiments for

both Algorithms 2 and 3.
Adversaries’ Strategy

« Adversarial Nodes: We construct the set of adversarial nodes .4 by randomly choos-
ing nodes in V so that the set of adversarial nodes form a F-local set. Note that in
general, constructing A depends on the topology of the network. In our experiment, we

have A = {vg, v16} for Algorithm 2 and A = {vs, v11, V12, V17, U2g, Va4 } for Algorithm 3.

e Adversarial Values Transmitted: Here, we use a sophisticated approach rather
than simply choosing the transmitted values at random. Suppose v is an adversary
node and v; is a regular node which is an out-neighbor of vy, i.e., vy € Ni®. First,
consider the state of nodes in the network at time-step k. The adversarial node v, uses
an oracle to determine the region in the state space for the regular node v; in which
if the adversarial node selects the transmitted value to be outside the region then the
value will be discarded by that regular agent v;. Then, vg chooses x_,;[k| (the forged
state sent from v, to v; at time k) so that it is in the safe region and far from the
global minimizer. In this way, the adversaries’ values will not be discarded and also
try to prevent the regular nodes from getting close to the minimizer. Similarly, for the
auxiliary point update, the adversarial node v, uses an oracle to determine the safe
region in the auxiliary point’s space for the regular node v;. Since the safe region is a
hyper-rectangle in general, v chooses y,_,;[k] (the forged estimated auxiliary point sent

from v, to v; at time k) to be near a corner (chosen randomly) of the hyper-rectangle.
Objective Functions Settings

« Local Functions: For v; € V, we set the local objective functions f; : R — R to be

1
fil@) = 327 Qu + b,
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where Q, € S§ and b; € R? are chosen randomly. Note that the same local functions

are used to perform numerical experiments for both Algorithms 2 and 3.

« Global Objective Function: According to our objective (4.2), we then have the

global objective function f : R¢ — R as follows:

1)~ (3 ( S @)+ (50)").

V,ER v, ER
where the set of regular nodes R =V \ A.

Algorithm Settings

« Initialization: For each regular node v; € R, we compute the exact minimizer x} =
—Q7b; and use it as the initial state and auxiliary point of v; as suggested in Line

1-2 of Algorithm 2.

 Weights Selection: For each time-step k£ € N and regular node v; € R, we randomly
choose the weights w, ;;[k], wz(fl)j [k] so that they follow the description of Line 9 and

Line 12, and Assumption 4.4.5.

» Step-size Selection: We choose the step-size schedule (in Line 11 of Algorithm 2)

to be nlk] = 7.

e Gradient Norm Bound: We choose the upper bound of the gradient norm to be
L = 10°. If the norm exceeds the bound, we scale the gradient down so that its norm

is equal to L, i.e.,

Vii(zilk]) it [[Vfi(z[k])] < L,
g;lk] =

m -V fi(zik]) otherwise.

Simulation Settings and Results

« Time Horizon: We set the time horizon of our simulations to be K = 300 (starting

from k = 0).
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o Experiments Detail: For both Algorithms 2 and 3, we fix the graph, local functions,
and step-size schedule. However, since the set of adversaries are different, the global
objective functions, and hence the global minimizers are different. For each algorithm,
we run the experiment 10 times setting the same states initialization across the runs.
The results from the runs are different due to the randomness in the adversaries’

strategy.

e Performance Metrics: We examine the performance of our algorithms by consid-
ering the optimality gaps evaluated at different points (Figure 4.2a), distances to the
global minimizer evaluated at different points (Figure 4.2b), and trajectories of ran-

domly selected regular agents (Figure 4.2¢).

o Algorithm 2’s Results: The lines corresponding to the optimality gap and distance
to the global minimizer evaluated using auxiliary points are almost horizontal since the
convergence to consensus is very fast. However, one can see that the optimality gap and
distance to the minimizer obtained from the regular states are significantly smaller than
that from the auxiliary points due to the use of gradient information (Line 10) and
extreme states filtering (Line 8) in the regular state update. In particular, at k& = 300,
the optimality gap and distance to the global minimizer at the regular states’ average
are only about 0.030 and 0.206, respectively. Moreover, the state trajectories converge
together and stay close to the global minimizer even in the presence of sophisticated
adversaries. Note that, from our observations, Algorithm 2 yields better results than

Algorithm 3 given the same settings.

o Algorithm 3’s Results: The optimality gaps and distances to the global minimizer
evaluated using the states are slightly better than the values obtained using the auxil-
iary points, and the state trajectories remain reasonably close to the global minimizer
showing that the algorithm can tolerate F' = 5 local adversaries (which is more than Al-
gorithm 2). Interestingly, the state trajectories seem to converge together even though

the consensus guarantee is lacking due to the absence of the distance-based filter.
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Optimality Gap at Each Time-step (Algorithm 1)
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(a) The optimality gap evaluated at the average of the regular nodes’ states
f(@®) — f* averaged over 10 runs (blue line), and the optimality gap evaluated
at the average of the regular nodes’ auxiliary points f(y) — f* averaged over 10

runs (red line).

Distance to the Minimizer at Each Time-step (Algorithm 1)
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(b) The distance between the average of the regular nodes’ states and the global
minimizer ||z—a*|| averaged over 10 runs (blue line), and the distance between the
average of the regular nodes’ auxiliary points and the global minimizer ||y — x*||

averaged over 10 runs (red line).

Trajectory of Regular States (Algorithm 1)
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(c¢) The trajectory of the states of a subset of the regular nodes. Different colors
of the trajectory represent different regular agents v; in the network.

Figure 4.2. The plots show the results obtained from (left) Algorithm 2 and
(right) Algorithm 3. In the first four plots, the shaded regions represent +1/-1
standard deviation from the mean. In the last two plots, the contour lines
show the level sets of the global objective function (in this case, a quadratic
function) and the red dots represent the global minimizer.
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4.6.2 Banknote Authentication using Regularized Logistic Regression

Dataset Information®

o Description: The data were extracted from images that were taken from genuine and

forged banknote-like specimens.
o Data Points: The total number of data is 1,372.

o Features: The dataset consists of four features: (1) the variance of a wavelet trans-
formed image, (2) the skewness of a wavelet transformed image, (3) the curtosis of a

wavelet transformed image, and (4) the entropy of an image.

« Labels: There are two classes: ‘0’ (genuine) and ’1’ (counterfeit).
Preliminary Settings

e Main Parameters: We set the number of nodes to be n = 50. Since there are four
features, the dimension of the states is d = 5 (one for each feature and the other one

for the bias).
e Adversarial Parameters: We use the F-local model with F' = 2.

o Dataset Partitioning: We randomly partition the dataset into three chunks: 1,000
training data points, 186 validation data points, and 186 test data points. We then
distribute the training dataset to the nodes in the network equally. Thus, each node

contains m = 20 training data points.

Network and Weights Settings

We construct the network and corresponding weight matrix using the same approach as
in the synthetic quadratic functions case.
Adversaries’ Strategy

We choose the set of adversarial nodes A and adversarial values transmission strategy
using the same method as in the synthetic quadratic functions case.

Objective Functions Settings

61https://archive.ics.uci.edu/ml/datasets/banknote+authentication
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« Notations: Let x;; € R be the feature vector of the j-th data points at node
T

v; € V, and Y;; € {0,1} be the corresponding label. We let &;; = {ajz; 1| to account

for the bias term.

e Local Functions: Since this is a classification task, we choose the logistic regression
model with Lo-regularization in which its loss function is strongly convex. For v; € V,

we set the local objective functions f; : R — R to be

= 8 S
F(W) = |R| ;10g (exp(~YiZ,W) +1) + SIWIE,
J:
where the set of regular nodes R =V \ A and ¢ € R is the regularization parameter

which will be chosen later.

« Global Objective Function: According to our objective (4.2), we then have the

global objective function f : R? — R as follows:

. g S
FW) =3 3 log (exp(—~Yy& W) +1) + SIWIE
v, ER j=1
« Regularization Parameter Selection: We consider ¢ € {107%,1073,...,105}. We
train our (centralized) logistic model using the global objective function above for each

value of ¢ and then we select the value of ¢ that gives the best validation accuracy.
Algorithm Settings

o Initialization: As suggested in Line 1 of Algorithm 2, we numerically find the min-
imizer of the local functions using the default optimizer of
sklearn.linear_model.LogisticRegression. Then, we use the minimizer of each

regular node to be the initial state and auxiliary point as in Line 2.

The methodology of step-size selection and gradient norm bound is the same as in the
synthetic quadratic functions case.

Simulation Settings and Results
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« Benchmark: We evaluate the performance (accuracy) of the (centralized) logistic

model with the selected regularization parameter, <.

o Time Horizon: We set the time horizon of our simulations of our distributed algo-

rithm to be K = 200 (starting from k = 0).

o Simulation: We run the simulations of Algorithm 2 by varying the parameter 7y from
—2 to 4 with increasing step of 1. We evaluate the performance of each model (i.e., each
1o) by considering the accuracy obtained by using the state W [K] = I%\ > vier Wil K]
for each 7y and the validation data. Then, we select the parameter 79 which provides
the best accuracy. Finally, with the selected value of ng, we evaluate the performance

(accuracy) of the corresponding model with the test data.

o Result: We repeat the whole process 5 times. In other words, each run uses differ-
ent realization of data partitioning (hence, different local functions and global func-
tion), network topology, and adversaries set. The result of each run is shown in Ta-
ble 4.1. The first three rows show the adversaries set, regularization parameter and
step-size parameter of each run. The next (resp. last) three rows show the train-
ing (resp. test) accuracy of the centralized model, distributed model evaluated at
W[K] = ﬁ > uer WK, and the minimum accuracy among the local model of reg-
ular nodes evaluated at its own state W;[K]. We can see that despite the presence
of adversaries with sophisticated behavior, the performance of our algorithm is just

slightly lower than the centralized model’s performance for this task.

4.7 Conclusion and Future work

In this chapter, we considered the distributed optimization problem in the presence of
Byzantine agents. We developed two resilient distributed optimization algorithms for multi-
dimensional functions. The key improvement over our previous work in [40] is that the
algorithms proposed in this chapter do not require a fixed auxiliary point to be computed

in advance (which will not happen under finite time in general). Our algorithms have low
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Table 4.1. Training/Test Accuracy of Centralized (C), Distributed (D) Mod-
els and Minimum among Regular Agents’ Models (MIN) for each Run of Ban-
knote Authentication Task

H ‘ Ist Run 2nd Run 3rd Run 4th Run 5th Run H

v €A 9,23 9,15 10,11 5,29 24,47

S 1.0 1.0 10 1.0 1.0

o 1 1 2 4 1
Train (C) | 9940 9920  99.00 9890  99.10
Train (D) | 98.10  97.90  97.70 9830  98.00
Train (MIN) | 9780  97.60  97.50  98.30  97.70
Test (C) 99.46 9839 9946 9946  98.92
Test (D) 9785 9570 9892 9785  98.39
Test (MIN) | 97.85 9570 9892 9785  97.85
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complexity and each regular node only needs local information to execute the steps. Algo-
rithm 2 (with the min-max state filter), which requires more network redundancy, guarantees
that the regular states can asymptotically reach consensus and enter a bounded region that
contains the global minimizer, irrespective of the actions of Byzantine agents. On the other
hand, Algorithm 3 (without the min-max filter) has a more relaxed condition on the network
topology and can guarantee asymptotic convergence to the same region, but cannot guaran-
tee consensus. For both algorithms, we explicitly characterized the size of the convergence
region, and showed through simulations that Algorithm 2 appears to yield results that are
closer to optimal, as compared to Algorithm 3.

As noted earlier, the consensus guarantee for Algorithm 2 comes at the cost of requir-
ing that the robustness of the network scale linearly with the dimension of the local func-
tions, which can be restrictive in practice. This seems to be a common challenge for re-
silient consensus-based algorithms in systems with multi-dimensional states, e.g., [47], [74],
[78]. Finding a relaxed condition on the network topology for high-dimensional resilient dis-
tributed optimization problems (with guaranteed consensus) would be a rich area for future

research.
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5. ON THE GEOMETRIC CONVERGENCE OF
BYZANTINE-RESILIENT DISTRIBUTED OPTIMIZATION
ALGORITHMS

5.1 Introduction

As discussed in Chapter 1 and Chapter 4, distributed optimization problems pertain to a
setting where each node in a network has a local cost function, and the goal is for all agents
in the network to agree on a minimizer of the average of the local cost functions. In the
distributed optimization literature, there are two main paradigms: client-server and peer-to-
peer. Motivated by settings where the client-server paradigm may suffer from a single point
of failure or communication bottleneck, there is a growing amount of work on the peer-to-peer
setting where the agents in the network are required to send and receive information only
from their neighbors. A variety of algorithms have been proposed to solve such problems
in peer-to-peer architectures (e.g., see [70], [71], [79]-[81]). The works [82], [29] and [83]
summarize the recent advances in the field of (peer-to-peer) distributed optimization.

These aforementioned works typically make the assumption that all agents are trustwor-
thy and cooperative (i.e., they follow the prescribed protocol). However, it has been shown
that the regular agents fail to reach an optimal solution even if a single misbehaving (or
“Byzantine”) agent is present [30], [33]. Thus, designing distributed optimization algorithms
that allow all the regular agents’ states in the network to stay close to the minimizer of
the sum of regular agents’ functions regardless of the adversaries’ actions has become a pre-
vailing problem. Nevertheless, as discussed in Chapter 4, the number of works addressing
Byzantine-resilient algorithms in the peer-to-peer setup is relatively limited when compared
to the client-server setting.

In contrast to Chapter 4, which addressed Byzantine-resilient distributed determinis-
tic optimization problems under a general convexity assumption, this chapter explores the
problem under a strong convexity assumption. Our contributions are as follows. (i) We
introduce an algorithmic framework called REDGRAF, a generalization of BRIDGE in [45],

which includes some state-of-the-art Byzantine-resilient distributed optimization algorithms
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as special cases. (ii) We propose a novel contraction property which we show provides a
general method for proving geometric convergence of algorithms in REDGRAF. To the best of
our knowledge, our work is the first to provide a geometric rate of convergence of all regular
agents’ states to a ball containing the true minimizer for a class of resilient algorithms under
the strong convexity assumption. In addition, we explicitly characterize the convergence rate
and the size of the convergence region. (iii) We introduce a novel mixing dynamics property
which is used to derive approximate consensus results for algorithms in REDGRAF in which
both the convergence rate and the final consensus diameter are explicitly characterized. (iv)
Using our framework, we analyze the contraction and mixing dynamics properties of some
state-of-the-art algorithms, leading to convergence and consensus results for each algorithm.
Our work is the first to show that these algorithms satisfy such properties. (v) We demon-
strate and compare the performance of the algorithms through numerical simulations to

corroborate the theoretical results for convergence and approximate consensus.

5.2 Related Work

The survey paper [84] provides an overview of some Byzantine-resilient algorithms for
both the client-server and peer-to-peer paradigms. Since we are focusing on resilient al-
gorithms for peer-to-peer settings, we discuss the following research papers attempting to
solve such problems. The papers [33], [30] and [50] show that using the distributed gradient
descent (DGD) equipped with a trimmed mean filter guarantees convergence to the convex
hull of the local minimizers under scalar-valued objective functions. Adopting a similar al-
gorithm, the paper [51] gives the same guarantee for scalar-valued problems under deception
attacks. The work [52] also considers the scalar version of such problems but relies on trusted
agents which cannot be compromised by adversarial attacks. To tackle vector-valued prob-
lems, the paper [44] proposes ByRDiE, a coordinate descent method for machine learning
problems leveraging the algorithm in [33], while the paper [45] presents BRIDGE, an al-
gorithm framework for Byzantine-resilient distributed optimization problems. Even though
[44] and [45] show the convergence to the minimizer with high probability (for certain specific

algorithms), they require that the training data is i.i.d. across the agents in the network.
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While resilient algorithms with the trimmed mean filter are widely used, e.g., [30], [33], [45],
[50]-[52], the convergence analysis for multivariate functions under general assumptions is
still lacking. The work [48] proposes RSGP, a resilient algorithm based on a Subgradient-
Push method [27] equipped with a maliciousness score for detecting adversaries. However,
the work requires that the regular agents’ functions have common statistical characteristics,
and does not provide any guarantees on the proposed algorithm. In Chapter 4, we propose
Algorithms 2 and 3 (referred in this chapter as SDMMFED and SDFD; respectively), resilient
algorithms for deterministic distributed convex optimization problems for multi-dimensional
functions, which have an asymptotic convergence guarantee to a proximity of the true mini-
mum. However, the work does not provide the convergence rate for the proposed algorithms.
The work [47] provides an algorithm with provable ezact fault-tolerance, but relies on redun-
dancy among the local functions, and also requires the underlying communication network
to be complete.

For distributed stochastic optimization problems, the paper [85] introduces a resilient
algorithm based on a total variation norm penalty motivated from [86]. The recent paper
[49] also considers stochastic problems, and proposes an algorithm utilizing a distance-based
filter and objective value-based filter, but does not provide any performance guarantees. The
recent paper [87] which also considers stochastic problems especially for machine learning,
proposes a validation-based algorithm for both i.i.d. and non-i.i.d. settings. In particular,
the work theoretically shows a convergence guarantee for the proposed algorithm under
convex loss functions and i.i.d. data. The recent papers [68] and [88] propose algorithms
which converge to a neighborhood of a stationary point for distributed stochastic non-convex
optimization problems.

As described earlier in our contributions section, our work in this chapter addresses the
gaps in the existing literature by showing geometric rate of convergence of all regular agents’
states to a ball containing the true minimizer for a class of resilient algorithms under the
strong convexity assumption, and explicitly characterizing the size of the ball. In particular,
our work provides the convergence analysis of resilient algorithms with the trimmed mean

filter studied in [30], [33], [45], [50]-[52] under mild assumptions.
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5.3 Background

Let N, Z and R denote the set of natural numbers (including zero), integers, and real
numbers, respectively. Let Z,, Ry and R., denote the set of positive integers, non-negative
real numbers, and positive real numbers, respectively. For convenience, for an integer N €
Z., we define [N] := {1,2,..., N}. The cardinality of a set is denoted by |-|. Given positive
integers F' € Z, and s > F, and a set of scalars X = {1, x9,..., 25}, define Mp(X) and

mp(X) to be the F-th largest element and F-th smallest element, respectively, of the set X.

5.3.1 Linear Algebra

Vectors are taken to be column vectors, unless otherwise noted. We use ) to represent
the (-th component of a vector . The Euclidean norm on R? is denoted by | - ||. We
use 1 and I to denote the vector of all ones and the identity matrix, respectively, with
appropriate dimensions. We denote by (u, v) the Euclidean inner product of vectors u and

v, i.e., (u,v) = ulv and by Z(u,v) the angle between vectors w and v, i.e., Z(u,v) =

arccos (HL"”’JZH). The Euclidean ball in R? with center at x, € R? and radius 7 € Rx is

denoted by B(xg,7) := {x € R? : ||z — x| < r}. For N € Z,, a matrix W € RV ig
(row-)stochastic if W1 =1 and w;; > 0 for all 4,5 € [N]. For N € Z,, we use SV to denote

the set of all N x N (row-)stochastic matrices.

5.3.2 Functions Properties

For a differentiable function f:R? — R and a point € R?, define the vector Vf(x) €
R? to be the gradient of f at point x.

Definition 5.3.1 (strongly convex function). Given a non-negative real number p € Rsq

and differentiable function f:R? — R, f is u-strongly convex if for all ;, s € R,
f(®1) 2 f(®2) + (V[(@2), @1 — 2) + %le — x|, (5.1)

Note that a differentiable function is convex if it is O-strongly convex.
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Definition 5.3.2 (Lipschitz gradient). Given a non-negative real number L € Rso and

differentiable function f : R — R, f has an L-Lipschitz gradient if for all &1, x5 € R?,

[V f(x1) = V()| < Ll|21 — 22| (5.2)

5.3.3 Graph Theory

We denote a network by a directed graph G = (V, &), which consists of the set of N
nodes V = {vy,vg,...,vn} and the set of edges € C V x V. If (v;,v;) € &, then node v,
can receive information from node v;. The in-neighbor and out-neighbor sets are denoted by
NP ={v; €V: (vj,v;) € E} and NP™ = {v; € Vi (v;,0;) € E}, respectively. A path from
node v; € V to node v; € V is a sequence of nodes v, , Vk,, . . . , U, such that vy, = v;, v, = v;
and (vk,,vk,,,) € € for r € [[ = 1]. Throughout this chapter, the terms nodes and agents
will be used interchangeably. Given a set of vectors {x,®s, ..., Ty}, where each z; € R?,

we use the following shorthand notation for all S C V: {x;}s = {x; € R? : v; € S}.

Definition 5.3.3. A graph G = (V, ) is said to be rooted at v; € V if for all v; € V \ {v;},

there is a path from v; to v;. A graph is said to be rooted if it is rooted at some v; € V.
We will rely on the following definitions from [69].

Definition 5.3.4 (r-reachable set). For a given graph G and a positive integer r € Z.,
a subset of nodes & C V is said to be r-reachable if there exists a node v; € S such that
N S| = 7

Definition 5.3.5 (r-robust graphs). For a positive integer r € Z,, a graph G is said to be
r-robust if for all pairs of disjoint nonempty subsets Sy,Sy C V), at least one of S or Sy is

r-reachable.

The above definitions capture the idea that sets of nodes should contain individual nodes
that have a sufficient number of neighbors outside that set. This will be important for
the local decisions made by each node in resilient distributed algorithms, and will allow

information from the rest of the network to penetrate into different sets of nodes.
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Next, following [89], we define the composition of two graphs and conditions on a se-
quence of graphs which will be useful for stating a mild condition for achieving approximate

consensus guarantees later as follows.

Definition 5.3.6 (composition). The composition of a directed graph G, = (V, &) with a
directed graph Gy = (V, &) written as Gy 0 Gy, is the directed graph (V, &) with (v;,v;) € € if

there is a vy € V such that (v;,vi,) € & and (v, v;) € &Es.

Definition 5.3.7 (jointly rooted). A finite sequence of directed graphs {Gi}reir] s jointly

rooted if the composition G o G _1 0---0 Gy is rooted.

Definition 5.3.8 (repeatedly jointly rooted). An infinite sequence of graphs {Gp}rez, is
repeatedly jointly rooted if there is a positive integer q € Z. for which each finite sequence

G141, - - - » Gk 1s jointly rooted for all k € Z...

For a stochastic matrix S € SV, let G(S) denote the graph G whose adjacency matrix is

the transpose of the matrix obtained by replacing all of S’s nonzero entries with 1’s.

5.3.4 Adversarial Behavior

Definition 5.3.9. A node v; € V is said to be Byzantine if during each iteration of the
prescribed algorithm, it is capable of sending arbitrary values to different neighbors. It is
also allowed to update its local information arbitrarily at each iteration of any prescribed

algorithm.

The set of Byzantine agents is denoted by Vg C V. The set of regular agents is denoted
by Vr = V \ V. The identities of the Byzantine agents are unknown to the regular agents
in advance. Furthermore, we allow the Byzantine agents to know the entire topology of the
network, functions equipped by the regular nodes, and the deployed algorithm. In addition,
Byzantine agents are allowed to coordinate with other Byzantine agents and access the
current and previous information contained by the nodes in the network (e.g. current and
previous states of all nodes). Such extreme behavior is typical in the field of distributed

computing [90] and in adversarial distributed optimization [30], [33], [44], [91], [92]. In
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exchange for allowing such extreme behavior, we will consider a limitation on the number of

such adversaries in the neighborhood of each regular node, as follows.

Definition 5.3.10 (F-local model). For a positive integer F' € Z,, we say that the set of

adversaries Vg is an F-local set if N[> N Vg| < F, for all v; € Vx.

Thus, the F-local model captures the idea that each regular node has at most F' Byzantine

in-neighbors.

5.4 Problem Formulation

Consider a group of N agents V interconnected over a graph G = (V, ). Each agent v; €
Y has a local cost function f; : R — R. Since Byzantine nodes are allowed to send arbitrary
values to their neighbors at each iteration of any algorithm, it is not possible to minimize
the quantity  3°,.cy fi(x) that is typically sought in distributed optimization (since one is
not guaranteed to infer any information about the true functions of the Byzantine agents)
[30], [33]. Thus, we restrict the summation only to the regular agents’ functions, i.e., the
objective is to minimize

f@)= 5 ¥ ffa) (5.3)

viEVR
A key challenge in solving the above problem is that no regular agent is aware of the identities
or actions of the Byzantine agents. In particular, solving Problem 5.3 exactly is not possible
under Byzantine behavior, since the identities and local functions of the Byzantine nodes
are not known (the Byzantine agents can simply change their local functions and pretend
to be a regular agent in the algorithms and these can never be detected). Therefore, one
must settle for computing an approximate solution to Problem 5.3 (see [30], [33] for a more

detailed discussion of this fundamental limitation).
Establishing the convergence (especially obtaining the rate of convergence) for resilient
distributed optimization algorithms under general assumptions on the local functions (i.e.,
not assuming i.i.d. or redundancy) is non-trivial as evidenced by the lack of such results in

the literature. We close this gap by introducing a “proper" intermediate step which is showing

the states contraction property (Definition 5.6.1) before proceeding to show the convergence
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Algorithmic Framework 1 Resilient Distributed Gradient-Descent Algorithmic Frame-
work (REDGRAF)

Input: Network G, functions {f;}y,, parameter F’

1: Step I: Initialization
Each v; € Vg sets z;[0] < init(f;)
2: for k=0,1,2,3,... do
3: for v; € Vx do > Implement in parallel
4: Step II: Broadcast and Receive
v; broadcasts z;[k] to N and receives z;[k] from v; € Nj®

Let Z;[k] = izj[k?] rv; € NP U {Uz}}

5: Step I1I: Filtering Step
T
(k] < £ilt(Z[k], F) > Note: %;[k] = &7 [k], 7 k]
6: Step IV: Gradient Update

x|k + 1] = &;[k] — a V fi(xi[k]),
yilk+1] = g,[k]  (if exists),

where aj, € Ry is the step-size

7: end for .
8 zk+1]= {a:;f[k: +1],yl' [k + 1]} for v; € Vp
9: end for

(Theorem 5.6.4). Importantly, the contraction property not only captures some of state-of-
the-art resilient distributed optimization algorithms in the literature (Theorem 5.6.8) but

also facilitates the (geometric) convergence analysis.

5.5 Resilient Distributed Optimization Algorithms

5.5.1 Our Framework

In this subsection, we introduce a class of resilient distributed optimization algorithms
represented by the Resilient Distributed Gradient-Descent Algorithmic Framework (RED-
Grar) shown in Algorithmic Framework 1. At each time-step k € N, each regular agent!
v; € Vx maintains and updates a state vector x;[k| € R¢, which is its estimate of the
solution to Problem 5.3, and optionally an auxiliary vector y,[k] € R? where the di-

mension d’ € N depends on the specific algorithm. In our algorithmic framework, we let

11Byzantine agents do not necessarily need to follow the above algorithm, and can update their states
however they wish.
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z; k] = {wﬂk],y;‘r[k‘]r € R4 and similarly, 2;[k] = [@T[k‘], '[/ZT[k‘HT € R4 In fact, RED-
GRrAF is a generalization of BRIDGE proposed in [45] in the sense that our framework allows
the state vector z;[k] to include the auxiliary vector y,[k]. In Algorithmic Framework 1,
the operation init(f;) initializes z;[0] = [:viT[O],yiT[O]]T, and the operation £ilt(Z;[k], F)
performs a filtering procedure (to remove potentially adversarial states received from neigh-

bors) and returns a vector 2z;[k|. These functions will vary across algorithms, and will be

discussed for specific algorithms later.

5.5.2 Definition of Some Standard Operations for Resilient Distributed Opti-
mization

To show that our framework (REDGRAF) captures several existing resilient distributed
optimization algorithms as special cases, we first define some operations that are used by
existing algorithms. Throughout, let V;[k] C Nj™ U{v;}, Xi[k] = {z;[k]} ninugo,y and Vilk] =
{yj (K] }J\fl-i"u{vi}'

e Vi[k] « dist_filt(V[k], Zi[k], F):
Regular agent v; € Vg removes F' states that are far away from y,[k]. More specifically,

an agent v; € V,[k] is in V;[k] if and only if
o2 [k] — v ]l < max{qu, [|2;[k] — y, (K]]I},

where gy = M ({ll.[k] — k][] }u,cvm)-

e Vi[k] + full mm £ilt(Vi[k], X[k], F):
Regular agent v; € Vi removes states that have extreme values in any of their
components. For a given k¥ € N and ¢ € [d], let ¢} = mF({xgg)[k]}w[k}) and
¢\ = MF({xge) [k]}vi[k]). An agent v; € Vi[k] is in V,[k] if and only if for all ¢ € [d],

min{g{y), 2" (]} < 2 [k] < max{g}?, 2" [k]}.

m 7
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o VO e + cw_mm_filt(Vi[k], Xi[k], F):
For each dimension ¢ € [d], regular agent v; € Vg removes the F' highest and F' lowest
values of the states of agents in V;[k] along that dimension. More specifically, for a
given k € N and ¢ € [d], let ¢\¥) = mF({xg) [/f]}vi[k]) and ¢\ = Mp ({mg) [k‘]}vi[k]). An
agent v; € V;[k] is in VO[k] if and only if

min{q, z{"[k]} < 2'7[k] < max{q{7, " [k]}.

%

o &;[k] + full_average(Vi[k], Xi[k]):

Regular agent v; € Vi computes

aik] = D wilk] x;k], (5.5)

v; €V;[K]
where 3=, ey, wij[k] = 1 and wi;[k] € Ry for all v; € Vi[k].

e @;[k] < cw_average({V\"[K] Yeera, Xilk]):

For each dimension ¢ € [d], regular agent v; € Vg computes

(¢ ¢ ‘
W= X w7, (5.6)
v; eV K]
where wg) [k] € Ry for all v; € % (k] and Zvj e wg) (k] = 1.

o &;[k] + safe_point(V[k], Xi[k], F):

Regular agent v; € Vi returns a state &;[k] which can be written as

zilk] = > wilk] @k, (5.7)

v EV;[k]NVR

where w;;[k] € Rxg for all v; € Vi[k] N Vg and 32, cy, e wislk] = 1. The works [74],

[77] discuss methods used to compute &;[k].
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5.5.3 Mapping Existing Algorithms into REDGRAF

Using the operations defined above, we now discuss some algorithms in the literature
that fall into our algorithmic framework.

Simultaneous Distance-MizMaz Filtering Dynamics (SDMMFD) and Simultaneous Dis-
tance Filtering Dynamics (SDFD) [93]: These two algorithms are captured in our framework
by defining z;[k] = [a:;f’[k;],y;r[k;]r where y,;[k] € R% 1In the initialization step z;[0] <
init(f;) (Line 1) of both algorithms, each regular agent v; € Vz computes an approximate
minimizer &, € R? of its local function f; (using any appropriate optimization algorithm) and
then sets x;[0] € R? arbitrarily and y,;[0] = ;. In the filtering step Z,[k] < £ilt(Z;[k], F)
(Line 5), SDMMFD executes the following sequence of methods:

1. VAstk] « dist_f£ilt(N U {v;}, Zi[k], F),

2. VIOUUE] < full_mm_filt(VIS[k], Xi[k], F),

3. @;[k] + full_average(V,""™[k], X;i[k]),

4. VO e < cw_mm_£i1t(N U {v;}, Vilk], F),
5. 4;[k] + cw_average({V{"[k]} s, Vilk])-

The first three steps compute the intermediate main state &;[k] while the last two steps
compute the intermediate auxiliary vector g,[k]. On the other hand, SDFD executes the
same sequence of methods except that step (ii) is removed and V,""™™[k] in step (iii) is
replaced by V{&st[k]. Then, for both algorithms, we set z;[k] = [} [k], 9! [K]]".
Coordinate-wise Trimmed Mean (CWTM) [30], [33], [45], [50]-][52] and Resilient Vector
Optimization (RVO) based on resilient vector consensus [74], [77]: These algorithms are
captured by setting z;[k] = x;[k] (i.e., y,[k] = 0). In the initialization step z;[0] +— init(f;)
(Line 1) of both algorithms, the regular agents v; € Vg arbitrarily initialize x;[0] € R?. In
the filtering step z;[k| <— £i1t(Z;[k], F') (Line 5), CWTM executes the following sequence

of methods:
LAV k] eeq < cw_mm_£ilt (N7 U {v;}, Xi[k], F),
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2. &;k] cw_average({Vi(e) (K] }eeray, XilR]),
whereas RVO executes
1. &;|k] + safe_point(N™ U {v;}, X;[k], F).

In fact, the algorithms proposed in [49], [85]-[87] also fall into our framework. However,
in this work, we focus on analyzing the four algorithms above since they share some com-
mon property (stated formally in Theorem 5.6.8), and we will provide a discussion on the

algorithms in the work [49], [85]-[87] in Section 5.6.4.

5.6 Assumptions and Main Results

We now turn to stating assumptions and definitions in Section 5.6.1 which will be used
to prove convergence properties in Section 5.6.2 and consensus properties in Section 5.6.3.
Finally, in Section 5.6.4, we analyze certain properties of each algorithm mentioned in the

previous section.

5.6.1 Assumptions and Definitions

Assumption 5.6.1. For all v; € V, given positive numbers u; € Ryy and L; € Ry, the
functions f; are p;-strongly convex and differentiable. Furthermore, the functions f; have

L;-Lipschitz continuous gradients.

The strongly convexity and Lipschitz continuous gradient assumptions given above are
common in the distributed convex optimization literature [29], [80], [94]-[96]. We define
L = max,cy, L; and fi := min, ey, ;. Since {fi}nep, are strongly convex functions,
let £ € R? be the minimizer of the function f;, i.e., fi(x}) = mingcga f;(x). Moreover,
let ¢ € R? and r* € Rsg be such that &} € B(c*,r*) for all v; € Vg. Let z* € R?

be the minimizer of the function f(x), i.e., the solution of Problem 5.3. In other words,

f(x*) = mingega f(x). For convenience, we also denote f* := f(x*) and g;[k] := V fi(&;[k]).

Assumption 5.6.2. Given a positive integer F' € Z,, the Byzantine agents form a F-local

set.
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Assumption 5.6.3. There exists a positive number w € R,y such that for all £ € N
and ¢ € [d], the non-zero weights w;;[k] in full_average and safe_point, and wgf) [k] in

cw_average (all defined in Section 5.5.2) are lower bounded by w.

Now, we introduce certain properties of the filtering step of our algorithmic framework.
These definitions will be important ingredients in proving the convergence result in Sec-

tion 5.6.2 and consensus result in Section 5.6.3.

Definition 5.6.1. For a vector x. € R, constant v € Rsg, and sequence {c[k]}ren C R, a
resilient distributed optimization algorithm A in REDGRAF is said to satisfy the (x.,~, {c[k]})-

states contraction property if it holds that limy_, c[k] = 0 and for all k € N and v; € Vg,
12:[k] = .|| < /7 max [l (k] = @[] + c[k]. (5.8)
v;EVR

In the above definition, the vector a. is called the contraction center and the constant
v is called the contraction factor. In general, we want the contraction factor v to be small
so that the intermediate state &;[k] remains close to the center x.. The sequence {c[k]}ren
captures a perturbation to the contraction term in each time-step. If an algorithm A in

REDGRAF satisfies the (x., 7, {c[k]})-states contraction property, we define

e 1= MAX |z — x| (5.9)

Definition 5.6.2. Suppose Assumption 5.6.1 holds, and a resilient distributed optimization
algorithm A in REDGRAF satisfies the (x.,y,{c[k|})-states contraction property (for some
z. € R4, v € Rsg, and {c[k]}ren C R). Then, algorithm A is said to satisfy the (v, a)-
reduction property if v € [0,1) and ap = « € (O, %}, or v € [1,1_12}> and o, = o €

(30-2)-4]

Let Vr = {vi,, vi,, - - . ’vi\VRI} denote the set of all regular agents. For a set of vectors
T
{u;}iey € R? and ¢ € [d], we denote ul) = ugf),ugf),...,ugfgm} € RIVrI the vector

containing /-th dimension of each vector u; corresponding to the regular agents’ indices. The
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following definition characterizes the dynamics of all the regular agents in the network which

will be a crucial ingredient in showing the approximate consensus result in Section 5.6.3.

Definition 5.6.3. For a set of sequences of matrices {W O [k]}ren seiq) € SVRI and constant
G € R, a resilient distributed optimization algorithm A in REDGRAF is said to possess

WOk, G)-mizing dynamics if the state dynamics can be written as
xO[k +1] = WOk)lzO k] — arg9[k] (5.10)

for all k € N and ¢ € [d], the sequences of graphs {G(W(Z)[k])}keN are repeatedly jointly
rooted for all ¢ € [d], and limsupy, ||g;[k]||cc < G for all v; € Vg.

The matrix W [k] is called a mizing matriz which directly affects the ability of the nodes
to reach consensus [89] while the constant G quantifies an upper bound on the perturbation

(i.e., the scaled gradient azg“[k]) to the consensus process.

5.6.2 The Region To Which The States Converge

In this subsection, we will derive a convergence result for some particular algorithms
in REDGRAF (Theorem 5.6.4), and show that the minimizer &* which is the solution of
Problem 5.3 is, in fact, in the convergence region (Theorem 5.6.5). For convenience, if

Assumption 5.6.1 holds and the step-size o, = « for all k € N, we define

8:= yI—ap (5.11)

We now come to one of the main results of this chapter, showing that the states of all the
regular agents will converge to a ball for all algorithms in REDGRAF satisfying the reduction
(Definition 5.6.2) and the states contraction (Definition 5.6.1) properties. The proof is
provided in Appendix C.2.3.
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Theorem 5.6.4 (Convergence). Suppose Assumption 5.6.1 holds. If an algorithm A satisfies
the (7, a)-reduction property (for some v € Rs¢ and o € Ry ), then for all v; € Vg, it holds
that

reVal
1-8/7
where x., 1. and B are defined in Definition 5.6.1, (5.9) and (5.11), respectively. Further-
more, if c[k] = O(&¥) and & € (0,1) \ {8/}, then for all v; € Vg,

lim sup ||@;[k] — .|| < R, (5.12)
k

|l2i[k] — .|| < R + O((max{sy7,£})F). (5.13)

We refer to R* in (5.12) as the convergence radius, and B(x., R*) as the convergence
region. In particular, the convergence region is the ball which has the center at . and
the radius R* depending on the functions’ parameters p; and L;, the contraction factor ~,
the constant step-size «, and the constant capturing the position of the contraction center
r. (defined in (5.9)). We emphasize that the convergence region does not depend on the
contraction perturbation sequence {c[k]}ren as long as the sequence converges to 0.

Considering the expression of the convergence radius R* in (5.12), it should be noted
that R* is strictly decreasing with respect to v. In addition, applying Lemma C.1.4 in

s

Appendix C.1.3 (by setting % =ocand a = 2 in R*) and noting that R* is a continuous

function with respect to o, we can conclude as follows.

o For v €10,1), a small constant step-size « would yield a small convergence radius R*

(since R* = 0 and R*| | =r. %) Furthermore, we have R* < R* P
o= a=—= = -y
P 3
e L :
A=A 7 for all valid values of a.
o For v € [1,00), the optimal convergence radius is obtained by choosing a = % (due

to the condition on « in Theorem 5.6.4) and the corresponding radius is R*

Tc
1—/A4 /1—%

From (5.13), we can conclude that the states of the regular agents converge geomet-

oa==

=

rically to the convergence region B(x., R*). Furthermore, recall the definition of 8 from
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(5.11). For 3,/7 > &, the inequality (5.13) suggests that the convergence rate increases as
the constant step-size « increases.

Next, recall that =* € R? is the minimizer of the function ﬁ > veve Ji(x) which is
our objective function (Problem 5.3). The following theorem shows that, in fact, the true
minimizer x* is in the convergence region given that a certain condition on v and « holds

(proved in Appendix C.2.4).

Theorem 5.6.5. Suppose Assumption 5.6.1 holds. Then, x* € B(mc, %TC>. Furthermore, if
1 1 1 1 * *
v E [1,1%> andae(ﬂ(l—»,i},thena: € B(x., R*).

It is important to emphasize that Theorems 5.6.4 and 5.6.5 together implies that the
regular agents’ states converge geometrically to a neighborhood of the true minimizer x*,
which is impossible to determine exactly in the presence of Byzantine agents.

Our result from Theorem 5.6.4 offers a different approach to convergence proofs than
those typically found in the literature, which are often designed for specific algorithms. By
focusing on proving the state contraction property (Definition 5.6.1), rather than the details
of the functions involved, one can save a considerable amount of time and effort. However,
it is worth noting that this approach only provides a sufficient condition for convergence.
There may be resilient algorithms that do not satisfy the property but still converge geomet-
rically. In fact, finding general necessary conditions for convergence in resilient distributed

optimization remains an open question in the literature.

Remark 8. The work [68] introduces a contraction property which seems to be similar to
Definition 5.6.1. However, there is a subtle difference in that their contraction center is
time-varying (since it is a function of neighbors’ states) while it is a constant (but depends
on algorithms) in our case. However, it is unclear whether their notion of contraction allows

for the proof of geometric convergence, as demonstrated in Theorem 5.6.4.

Having established convergence of all regular agent’s values to a ball that contains the
true minimizer, we now turn our attention to characterizing the distance between the regular
agents’ values within that ball. Given the states contraction property in Definition 5.6.1,
using (5.12), we can simply obtain a bound on the distance between the values held by

different nodes as limsupy, ||z;[k] — =;[k]|| < 2R* for all v;,v; € Vx. However, this bound

139



is not meaningful since the quantity on the RHS can be large. As we will show in the next
subsection, the mixing dynamics (Definition 5.6.3) and a constant step-size are sufficient to

obtain a better bound on the approximate consensus.

5.6.3 Convergence to Approximate Consensus of States

The following theorem characterizes the approximate consensus among the regular agents
in the network under the mixing dynamics (Definition 5.6.3) and a constant step-size (proved

in Appendix C.3.2).

Theorem 5.6.6 (Consensus). If an algorithm A in RepGrar satisfies the ({WY[k]}, G)-
mizing dynamics property (for some {W k] }ren tefay € SVR! and G € Rsg) and ay, = «
for all k € N, then there exist p € Rsg and A € (0,1) such that for all v;,v; € Vg, it holds

that
Gvd
lin sup [ ] — 8] < 22V (5.14)
k 1—A
From the consensus theorem above, we note that max,, , ev, ||@:[k] — z;[k]|| = O(aVd)

if G does not depend on the constant step-size a and the dimension d.

Remark 9. According to [89], the quantity A € (0, 1) depends only on the network topology
(for each time-step) induced by the sequence of graphs {G(W¥[k])} while the quantity

p € R5o depends on the number of regular agents |V | and the quantity A.

In fact, the states contraction property (Definition 5.6.3) implies a bound on the gradient
19:[k]||oo (the formal statement is provided in Appendix C.3.1) which is one of the require-
ments of the mixing dynamics. Thus, we can achieve a similar approximate consensus result
as Theorem 5.6.6 given that an algorithm satisfies the states contraction property and the
associated sequence of graphs for each dimension is repeatedly jointly rooted as shown in

the following corollary whose proof is provided in Appendix C.3.3.

Corollary 5.6.7. Suppose Assumption 5.6.1 holds. If an algorithm A satisfies the (v, a)-

reduction property (for some v € Rsg and a € Ryy), and the dynamics of the regular states
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can be written as (5.10) where {G(WO[k]) Yren is repeatedly jointly rooted for all ¢ € [d],
then there exists p € Rsg and A € (0,1) such that for all v;,v; € Vg,

LVd VayL
lim sup|Ja[k] — @ K] < O‘p{_;/_ (1 n %) — D", (5.15)

where r. and 3 are defined in (5.9) and (5.11), respectively. Furthermore, if c[k] = O(&¥)
where £ € (0, 1)\{3\/7}, then there exists p € Rxq and A € (0,1) such that for allv;,v; € Vg,

(k] — a;[K]|| < D* + O((max{By/7,& A\})F). (5.16)

We refer to D* in (5.15) as the approzimate consensus diameter. To analyze the expres-

sion of D*, we simplify the expression as follows. Let dom(D? ) = {(0,7, &) € R :

normalized

1
o

o€ ll,00),y€[0,1)and & € (O,ﬂ, oro € [l,00),7 € [1,&) and & € (1—#,}}. Using

changes of variables o = ﬁ and & = afi and then normalizing the expression by ’”1"6_\@, we
have the (normalized) approximate consensus diameter D! . . dom(D} . a1ized) — R0

defined as

Voya
D (o, &) =061+ )
normallzed( Y ) ( 1— ﬁ . m

Note that the valid values of each variable are o € [1,00), v € [1 " ) and & € (1 -1 l}.

7 o—1 v’ o

*
normalized

It can be noted that D} .1i,eq 1S strictly increasing with both o and . However, D
is neither an increasing nor decreasing function with respect to &. The plots between the
(normalized) approximate consensus diameter D .. . and the (scaled) constant step-size
& for some values of o and v are given in Figures 5.1a, 5.1b, and 5.1¢c. The plots suggest
that for v < 1, small constant step-sizes a provide small approximate consensus diameters
D* while large constant step-sizes o may be preferable in the case that v > 1.

From (5.16), we can conclude that the distance between any two regular agents’ states
converge geometrically to the approximate consensus diameter D*. Furthermore, as sug-

gested by (5.16), for 5,/y > max{{, A}, the convergence rate increases as the constant

step-size o increases.
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Figure 5.1. The (normalized) approximate consensus diameter D . . for

different values of the contraction factor v and for legitimate values of the
(scaled) constant step-size &.
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5.6.4 Implications for Existing Resilient Distributed Optimization Algorithms

We now describe the implication of our above results (for our general framework) for
the specific existing algorithms discussed in Section 5.5.3: SDMMFD, SDFD [93], CWTM
[30], [33], [45], [50]-[52], and RVO [74], [77]. In particular, we show that the algorithms
satisfy the states contraction (Definition 5.6.1) and the mixing dynamics (Definition 5.6.3)
properties with different quantities which are determined in the following theorem whose
proof is provided in Appendix C.4.1.

Before stating the theorem, recall that d is the number of dimensions of the optimization
variable  in (5.3) and F' is the parameter in the F-local model. Since the step in RVO
depends on a specific implemented algorithm, we assume that there exists a function p :
Z, X Zy — Zy such that if the graph G is p(d, F')-robust then the step in RVO returns a

non-empty state.

Theorem 5.6.8. Suppose Assumptions 5.6.1-5.6.3 hold, o = « for all k € N, and r. and
B are defined in (5.9) and (5.11), respectively. Let {0[k]} = {0}ren.

o IfG is ((2d + 1)F + 1)-robust then there exists c1,co € Rsq such that the SDMMFD
from [95] satisfies the (y[oo], 1, {2cie~2F})-states contraction property and there exists
(WOl Yhenseig © SVR! such that the algorithm satisfies the ({WO[k]}, G)-mizing

dynamics property with G = Tci(l + 1—%)

o If G is (2F + 1)-robust then there exists ¢1,co € Rsqg such that the SDFD from [93]
satisfies the (y[ool, 1, {2c1e=2*})-states contraction property.

o If G is (2F + 1)-robust then the CWTM from [30], [33], [45], [50]-[52] satisfies the
(¢*,d, {0[k]})-states contraction property and there exists {W [k} renseq € SVRI
such that the algorithm satisfies the ({WW[k]}, G)-mizing dynamics property with G =

rci<1 + m)

1-pvd

o If G is p(d, F)-robust then the RVO from [74], [77] satisfies the (c*,1,{0[k]})-states
contraction property and there exists {W(Z) (k] b ren,eepa C SRl such that the algorithm
satisfies the ({WO[k]}, G)-mizing dynamics property with G = rci(l + \/OTL>

1=p
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Recall the definition of r. from (5.9). It is worth noting that the constant r. appears
in two important quantities: the convergence radius R* and approximate consensus diam-
eter D* defined in (5.12) and (5.15), respectively. In fact, r. can be upper bounded by a
quantity depending on the diameter of the minimizers of the regular agents’ functions r*
defined in Section 5.6.1. The formal statement is provided below and its proof is deferred to

Appendix C.4.2.

Lemma 5.6.9. Suppose Assumption 5.6.1 holds and for the initialization step of SDMMFD

and SDFD, there exists €* € Rsq such that ||& — x| < € for all v; € Vg.
« For SDMMFD and SDFD, we have r, < \/d(r* + €*) +r*.
o For CWTM and SCC, we have r. < r*.

Applying the lemma to (5.12), we can conclude that the convergence radius R* is O(v/dr*)
for SDMMFD and SDFD, and O(r*) for CWTM and RVO. In fact, even in the simple case
of univariate functions, the convergence radius of O(r*) is typical in the literature [30], [33],
and an additional assumption, e.g., i.i.d. training samples [44], [45] or redundancy among
the local functions [47] is needed to obtain R* = o(r*). Still, the question regarding a tight
lower bound on the convergence radius for the general case (whether it is (r*)) remains an

open problem.

Remark 10. It is worth noting that the algorithms proposed in [86] and [85] do not satisfy
the states contraction property (Definition 5.6.1). However, in fact, they satisfy inequality
(5.8) with the perturbation term being bounded by a constant, and thus it is not difficult to
use our techniques to show that they geometrically converge to a region with the contraction
center . but the region has the radius greater than R* given in (5.12). On the other hand,
the algorithms in [49], [87] do not satisfy the contraction property and may require other

techniques to establish convergence (if possible).

Having proved the states contraction and mixing dynamics properties of the algorithms
from [30], [33], [45], [60]-[52], [74], [77], [93], from Theorem 5.6.4, we can deduce that un-

der certain conditions on the graph robustness and step-size a4, the states of the regular
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agents geometrically converge to the convergence region with . and v determined by Theo-
rem 5.6.8. In addition, by Theorem 5.6.5, the convergence region B(x., R*) (which depends
on the implemented algorithm) contains the true minimizer &*. On the other hand, from
Theorem 5.6.6, we can deduce that the states of the regular agents geometrically converge
together at least until the diameter reaches the approximate consensus diameter D* (where
the parameters 7. and v depend on the implemented algorithm).

To the best of our knowledge, our work is the first to show the geometric convergence
results and characterize the convergence region for the resilient algorithms mentioned above.
Thus, our framework, defined properties, and proof techniques provide a general approach
for analyzing the convergence region and rate for a wide class of resilient optimization algo-

rithms.

5.7 Numerical Experiment

We now provide a numerical experiment to illustrate the behavior of the algorithms
discussed in Section 5.5, SDMMFD, SDFD, CWTM and RVO. In the experiment, we consider
quadratic functions with two independent variables as the local cost functions. We choose the
number of agents in the network to be 40 and construct an 11-robust graph. We consider the
F-local adversary model with /' = 2. Each Byzantine agent sends to each regular neighboring
agent, a random vector which is close to the other vectors received by the regular agent. For
all the algorithms, we set the constant step-size to be a = 0.02 or 0.04. Fixing the network,
local functions and Byzantine agents, we re-run the experiment for each algorithm 5 times
due to the randomness of the states initialization and adversarial behavior, and report the
average and standard deviation over all runs of the metrics described below.

In Figure 5.2a, each solid curve corresponds to the Euclidean distance from the average of
the regular agents’ states to the true minimizer, i.e., | Z[k] —x*||, and the dashed line labeled
as “min__local" corresponds to the minimum over all regular agents of the Euclidean distance
from the minimizers of the local functions to the true minimizer, i.e., min, ey, |2} — =¥
In Figure 5.2b, each solid curve corresponds to the optimality gap computed at the average

of the regular agents’ states, i.e., f(x[k]) — f* where &[k] = ﬁzvievn x;[k], and the
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SDFD (orange), CWTM (green), and RVO (red) for given constant step-sizes
a = 0.02 (left), and a = 0.04 (right).
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dashed line labeled as “min_ local" corresponds to the minimum over all regular agents of the
optimality gap computed at the minimizers of the local functions, i.e., min,, ey, f(xf) — f*
In Figure 5.2¢, each solid curve corresponds to the maximum Euclidean distance between
two regular agents’ states (or regular agents’ diameter), i.e., max,, ,;ev, ||Z:[k] — z;[k]||. In
Figures 5.2a, 5.2b and 5.2¢, the solid curves are the means over all the experiment rounds
and the shaded regions represent +1 standard deviation from the means.

As we can see from Figure 5.2a, for both cases, a = 0.02 and o = 0.04, the distances
to the true minimizer drop at geometric rates in the early time-steps. However, in the
later time-steps, the distances to the true minimizer hardly change (but oscillate with small
magnitudes) as the regular nodes’ states have entered the convergence region. In addition,
the convergence rates of all algorithms increase as the constant step-size a changes from
0.02 to 0.04 (as predicted by Theorem 5.6.4). Still, for each algorithm, the distances to the
minimizer at later time-steps are comparable for both constant step-sizes. The optimality
gaps shown in Figure 5.2b exhibit similar behaviors as the distance to the minimizer in
Figure 5.2a. For Figure 5.2¢, note that the plots show a shorter horizon for the time-
step k. We can observe that the diameters drop at geometric rates in the early time-steps
and then hardly change after that. In addition, as the constant step-size o changes from
0.02 to 0.04, the convergence rates of SDMMFD, SDFD and CWTM increase (as shown
in Corollary 5.6.7) and the diameters of all the algorithms at the later time-steps increase
(as discussed in Section 5.6.3). Note that even though in general, from Theorem 5.6.8, the
contraction factor of CWTM is v = d (and in this case d = 2), for most of the time-steps,
in this experiment, the states contraction property (5.8) for CWTM holds with v = 1.

From Figures 5.2a and 5.2b, in fact, we observe that the results from the algorithms are
usually better than the best value achieved by the local minimizers (i.e., comparing the solid
curves to the dashed line) even though all the local minimizers are inside the convergence
region B(x., R*). Besides, comparing the algorithms, SDMMFD, SDFD and CWTM achieve
comparable mean performance for both convergence rate and final value for all the metrics
but RVO performs worse than the other three algorithms in this case. Also, SDMMFD and
SDFD are more sensitive to the adversarial behavior than CWTM and RVO as we can see

from their standard deviations in Figures 5.2a and 5.2b.
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5.8 Conclusions

In this chapter, we considered the (peer-to-peer) distributed optimization problem in the
presence of Byzantine agents. We introduced a general resilient (peer-to-peer) distributed
gradient descent framework called REDGRAF which includes some state-of-the-art resilient
algorithms such as SDMMFD, SDFED (i.e., Algorithms 2 and 3) [93], CWTM [30], [33], [45],
[50]-[52], and RVO [74], [77] as special cases. We analyzed the convergence of algorithms
captured by our framework, assuming they satisfy a certain states contraction property. In
particular, we derived a geometric rate of convergence of all regular agents to the convergence
region under the strong convexity of the local functions and constant step-size regime. As we
have shown, the convergence region, in fact, contains the true minimizer (the minimizer of the
sum of the regular agents’ functions). In addition, given a mixing dynamics property, we also
derived a geometric rate of convergence of all regular agents to approximate consensus with a
certain diameter under similar conditions. Considering each resilient algorithm, we analyzed
the states contraction and mixing dynamics properties which in turn, dictate the convergence
rates, the size of the convergence region and the approximate consensus diameter.

Future work includes developing resilient algorithms satisfying both the states contraction
and mixing dynamics properties which give fast rates of convergences as well as a small
convergence region and small approximate consensus diameter, identifying other properties
for resilient algorithms to achieve good performance, analyzing the convergence property of
other existing algorithms from the literature, considering non-convex functions with certain

properties, and establishing a tight lower bound for the convergence region.
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6. SUMMARY AND FUTURE WORK

6.1 Summary

In this dissertation, we delved into the challenges of resilient distributed optimization,
where a network of benign agents collaboratively optimizes the sum of local functions while
contending with Byzantine agents that can behave arbitrarily and disrupt the optimization
process. To address this issue, we adopted the notion of unknown functions with shared
properties for Byzantine agents. In Chapters 2 and 3, we focused on characterizing the
potential solution region, which represents the feasible region for the minimizer of the sum. In
Chapter 2, we specifically considered the sum of two strongly convex functions and obtained
the closed-form equation of the boundary of the potential solution region (Theorem 2.6.1).
In Chapter 3, we explored the case where only one function is unknown, and we established
necessary conditions (Theorems 3.4.1 and 3.5.1) for a point to be a minimizer, along with
an algorithm (Algorithm 1) to determine the region satisfying these conditions.

Shifting our focus to resilient optimization algorithms in Chapters 4 and 5, one fundamen-
tal limitation is that it is not possible to determine the optimal solution under Byzantine
behavior. Therefore, we adopted alternative criteria to measure algorithm performance,
aiming for solutions reasonably close to the optimal solution. In Chapter 4, we proposed
two resilient optimization algorithms, Algorithms 2 and 3, based on distance-based and ex-
treme value filtering techniques, applicable to multi-variate functions. Under convexity and
bounded gradient assumptions, for Algorithm 2, we derived asymptotic convergence and
consensus theorems (Theorems 4.4.9 and 4.4.7, respectively), while Algorithm 3 provides
asymptotic convergence (Theorem 4.4.9) with significantly less redundancy, thus enabling
more scalability.

In Chapter 5, we introduced an algorithmic framework (Algorithmic Framework 1) that
encompasses several state-of-the-art resilient algorithms, including Algorithms 2 and 3. We
analyzed the convergence rate and identified the convergence region under strong convex-
ity and smoothness assumptions. Essentially, leveraging the novel concept of states con-

traction, we established geometric convergence of several resilient algorithms towards the
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convergence region (Theorem 5.6.4), which guarantees to encompass the optimal solution
(Theorem 5.6.5).

In conclusion, this dissertation makes significant contributions to the field of resilient dis-
tributed optimization by providing insights into the potential solution region, proposing re-
silient optimization algorithms with theoretical guarantees, and analyzing their convergence
properties. These findings contribute to advancing the understanding and development of

robust and scalable optimization algorithms in the presence of Byzantine agents.

6.2 Future Work

In this section, we list some potential research directions. Some of them may be jointly

considered.

(i) Analysis of the minimizer of the sum of multiple strongly convex functions:
In the first part of this work (Chapter 2), we considered the region containing the
minimizer of the sum of two strongly convex functions. In the case of two functions,
we obtained the explicit characterization of the region that contains the minimizer by
considering the necessary conditions (Section 2.5) and the sufficient conditions (Section
2.4) separately, and noticed the tightness of inner and outer approximations. However,
in the case of multiple functions, it might not be possible to use the same techniques as

in Chapter 2 and the resulted regions might be more under-estimated or over-estimated.

(ii) Analysis of the minimizer of the sum of two strongly convex functions with
Lipschitz continuous gradient: In the first part of this work (Chapter 2), we have
considered the region containing the minimizer of the sum of two strongly convex func-
tions where the gradient norm of both functions at the potential minimizer is bounded
by a specified constant. This condition, in particular, is not a common characteri-
zation of a strongly convex function and instead, a more popular characterization is
Lipschitz continuous gradient (or smoothness) [81]. It is of interest to characterize the
region containing the minimizer of the sum of two strongly convex functions given this

condition.
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(iii)

Byzantine-resilient distributed optimization algorithm with previous states
exploitation: In the third part of this work (Chapter 4), we have provided two
algorithms: Simultaneous Distance-MinMax Filtering Dynamics (Algorithm 2) and
Simultaneous Distance Filtering Dynamics (Algorithm 3). In the proposed algorithms,
in each time-step, each regular agent considers only its (main and auxiliary) states and
its neighboring states at that time-step. It might be possible to design an algorithm
that can leverage the knowledge of the states of the previous time-steps to obtain

better performance or even better theoretical guarantees.

Byzantine-resilient distributed optimization algorithm with gradient track-
ing: In the third part of this work (Chapter 4), the two provided algorithms are
constructed based on Distributed Gradient Descent (DGD) algorithm [70] which is one
of the most simplest distributed algorithm with a convergence guarantee. In the dis-
tributed optimization literature, one of the most popular approaches to improve the
convergence rate in the deterministic setting is to use the technique called gradient
tracking [80]. It might be of interest to modify an algorithm with gradient track-
ing to be resilient to Byzantine agents while maintaining the linear-rate convergence

guarantee.

Resilient distributed stochastic optimization: We have considered resilient dis-
tributed (deterministic) optimization problem in Chapters 4 and 5. However, popular
applications such as machine learning problems are framed as stochastic optimization
problems. Furthermore, safety training of a machine learning model is one of the most
important requirements for real-world applications [84]. Hence, it is of interest to
study the distributed stochastic optimization in the presence of adversarial agents and

provide a resilient algorithm that is invulnerable to the attack.

Lower bound on the convergence radius: In both Chapters 4 and 5, we have
provided the convergence radii R* for resilient optimization algorithms, and showed
that the convergence regions contains the true minimizer. In particular, we conclude

that the convergence radius R* = O(r*) where r* is the radius of a ball containing
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the local minimizers of the regular agents, is typical in the literature [30], [33] without
extra assumptions. However, a tight lower bound on the convergence radius for the

general case (whether it is Q(r*)) remains an open problem.
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A. SUPPLEMENTARY MATERIALS FOR CHAPTER 2

A.1 Proofs of Theoretical Results for Outer Approximation

A.1.1 Proof of Lemma 2.4.1

Proof of Lemma 2.4.1. Consider part (i) of the lemma. Suppose x. = @} + ce; for € € R.
We want to show that

(a) If r € (O, %} then for all € € <O, min{ L 27’}), we have qgl(azg) + Pa(xe) > P(xe).

o1’

(b) If r € (O, %) then for all € € ( — min {U%, L - 27"}, O), we have ¢y (x) + ¢o(x,) <
().

(c) If r = 5& then for all € € (=00,0), we have @, ¢ (By N By) \ {x}, 5}

First, consider case (a). Suppose € € (O, min {UL 27“}). Let z.; be the first component

of the point .. We have z.; € (— T, min{ —r+ a%, 7’}) Since r € (O, i}, we have
—r € [r — 0%,7’). Therefore, . € (By N Bs) \ {x}, x5}. By the location of x., from (2.10),
we get oy (x.) = 0 and as(x.) = w. Consequently, from (2.11), we obtain ¢ (x.) = 0. Since
x. ¢ OB, U 0By, from (2.9), we have that ¢;(z.) € (O, g} for i € {1,2}. This means that
(@) + da() > V(o).

Second, consider case (b). Suppose € € ( — min{o%, U% — 27“}, O). We have z.; €
(maX { —r— 0%, r— U%}, —7") which implies that . € (BN B2) \ {x}, z5}. By the location
of x., from (2.10), we get a;(x.) = ® and as(x.) = . Consequently, from (2.11), we obtain
Y(x.) = m. Since x, ¢ {x*, x5}, from (2.9), we have that ¢;(xz.) € [O, g) for i € {1,2}. This
means that ¢ (x.) + da(z) < ¥(x.).

Third, consider case (c). Suppose € € (—00,0). If & € By then z; € [r — 0%,7“ + J%} =
[ — r,3r]. However, we have x.; € (—oo, —r). This means that x. ¢ By which implies that
x. & (B1 N By) \ {x;, x5}. We complete the proof of our claim.

Recall the definition of M" and M| in (2.13) and (2.14), respectively. From our claim,
we can see that if r € (O, %} then for all § € R, there exist @, Zou, € B(x,d) such

that @y, € MT, @, € M|, o € M and @, ¢ M,. This implies that } € IMT and

x; € OM,. The analysis for part (ii) of the lemma follows in an identical manner. O

162



A.1.2 Proof of Lemma 2.4.2

Proof of Lemma 2.4.2. Recall from (2.10) that a;(x) = £(x — x}, x5 — x3) for i € {1,2}.

Suppose y ¢ {x],x3}. Since —r < z; = y; < r and ||xX|| > ||¥]|, we have oy (x) > a;(y) and

as(x) < as(y), which implies that

(@) =7 = (az(®) — u(x)) 2 1 = (Q2(y) — u(y)) = ¥(y). (A1)
On the other hand, since z; = y; and ||X|| > ||¥y]|, we get

| —x7]| > |ly — 21| >0 and [l — =3[ > |ly — 23] > 0.

Using the above inequalities and the definition of (2.9), we get that ¢;(x) < ¢;(y) for
i€ {1,2}. Applying ¢, () + ¢o(x) > ¥ (x) and inequality (A.1), we can write

P(y) < (@) < di(x) + da(x) < d1(y) + d2(y),

which completes the proof. O

A.1.3 Proof of Lemma 2.4.3

Proof of Lemma 2.4.5. Consider part (i) of the lemma. Since x € 0B, we get ||z —x}|| = U%
and thus ¢, () = 0 from (2.9). Consider the inequality ¢ (x) + ¢o(x) < (). Substitute
$1(x) = 0 and ¥(x) = T — (az(x) — a1 (x)), and take cosine of both sides of the inequality

(and use cos ¢a(x) = 22dy(z) from (2.9)) to get

Th(@) 2 —cos (ax(@) - en(a)

Expand the cosine and substitute the equations (2.23) and (2.24) to obtain

Cat x| —7“2'
di(zx) - dy()

2 y(a) 2

- (A.2)
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Since x € 0B, we have d;(x) = O_% and ||x]|* = 5—5 — (21 +7)? from (2.25). Also, from (2.21),

we have

~ LQ 2
d%(az) = (x; — 7“)2 + ||X||2 = (21 — 7’)2 + o (x1 + 7’)2 = —drx; + pot (A.3)
1 1

Multiply inequality (A.2) by di(x) - dz(x) and then substitute dy(x), ||X||?, and d3(x) to get

2

L
72 —4rzy + >22r2—|—2rx1—2,
o 01
L? 12
& x1(2 +4r><02 —2+—2—2r2,
0-1 0-1 0-1
1+ r
o 05 (R
1>\1523 1+28

where 77 and 8 are defined in (2.26). The proof of the second part is similar to the first
part. O

A.1.4 Proof of Lemma 2.4.4

Proof of Lemma 2.4.4. We will prove the case that ¢ = 1; however, the proof of the case
that ¢ = 2 can be obtained using the same approach. Suppose & € 0B;. Substituting
]2 = & — (21 +7)2, di(x) = £ and (A.3) into the expression of 7 in (2.22), we get

g7

2
i HXP =1 ooy cLTf = 2rzy — 2r? 0109

= +
d%(w) : d%(az) L? %( —drx, + %) L?

~0. (A4)

Multiply both sides of the above equation by g—z( —drxy + g—;) and then use the definition
1 1
of v1 and 8 in (2.26) to get

1
+5>71 r “ L

1428/ 2r

4Prxy — Py =y — 2re; — 27‘2, S = ( o 1120
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Then, substituting z; = (11;“2%);—7{ — 1135 back into the expression of 9By in (2.25), we get

- 1+ 8 \m r ’
2_ pR— —_— —
= l<1 T 25) o 1+23 J”"]
1

= _47‘2(1+25)2[(% —4r’)(n(1+B)* — 48°r)],

= 1= gy () (B 9 - 4) =

This equation is valid only when the term in the square root is a non-negative real number.

Equivalently,

2
o my

— r< — ===+ =).
(1+p5)2 = r2 — 200 — T 204 I6; 2\0o; o0y

Since we multiplied (A.4) by di(x) - d3(x) = 5—;( —dray + g—;) to obtain the result, &} or
1 1
a5 might appear in the intersection 7 N dB; even if {x}, x5} Z T. Therefore, we need to

verify that the intersection points are not ] or x3. Considering the solution of the equation

|X|| = v1 = 0 (i.e., x is on the x;-axis), we see that r = ﬁ and r = %(Uil + é) are the
candidates that we need to check. Substituting r» = Tfl into the equation x; = A\;, we get
Ty = % = r which is &} = (r,0) and therefore we conclude that there are no intersection
points when r = ﬁ Next, substituting r» = %(Uil + 0—12) into the equation x1 = Ay, we get
T, = %(U% — J%) which is a legitimate value of an intersection point. O]

A.1.5 Proof of Lemma 2.4.5

Proof of Lemma 2.4.5. To simplify notations in the proof, we define a new variable

L V/
o= =Y (A.5)
o1r r

First, consider part (ii) of the lemma. By the definition of A\; in (2.27), we can rewrite the

inequality A\; < U% —7ras (ﬂ) a1 < L 1 Using x; defined in (A.5), the inequality

1+28 ) 2r2 1428 o1r
becomes
LA1+8Y 5 1
- - < y; — L. A6
2(1+25>X1 1425 M (A.6)
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Multiplying both sides by 1 + 23 and then rearranging the resulting inequality, we get

=250+ 0u-8) <0 & <u<e

The last equivalence holds since

% < x1 becomes r < %((}1 + 0—2) and the inequality x; < 2 becomes r > %, which

i +,8 < 2. Substituting y; = 7 and § = 2, the inequality
completes the proof of part (ii).
Next, we can see that part (ii) of the lemma implies that if r € (O } then \; > aT —r.

By proceeding the algebraic simplification similar to (A.6) except using equality instead, we

L

7 201

L

can conclude that given r € (0 } we have A\ = = - only when r = —1. This completes

the proof of part (i).
The proof of part (iii) and part (iv) can be carried out using similar steps as the proof

given above. O]

A.1.6 Proof of Lemma 2.4.6

Proof of Lemma 2.4.6. Let © = (x1,%X) € T, and ey(x) = % where v(x) = (x — x}) —

(x — @}, e1) e;. Suppose §(x) = 1(ai(x) + az(x)) where a;(x) for i € {1,2} are defined in
(2.10) and

T =x+ 6(008(9(3:)) e; + sin(f(x)) e;(m)) for eeR. (A7)
Our claim is that if r € (0, %(U% + J%)) then

(i) for all
ce <max{im_%—2di< ) sin = (¢1( )+ da()), —\|>~<||csc(e(w))}, 0),

it holds that ¢ (z) + ¢o(x') > h(x!) (ie., . € M" and &, € M), and

(ii) for all € € (0,00), either ¢y (x.)+do(x!) < ¥(x), or ¢y(x.) or ¢o(a!) is not well-defined
(ie., . € (MM and =/ € (M))°).

Recall from Proposition 2.4.2 that 7 = {z ER": d1(2) + o(z) = w(z)}. First, we will

show that e} (x) is well-defined, i.e., v(x) # 0 if € 7. Note that v(x) = 0 if and only if
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x = x] + kep for some k € R. In fact, this is equivalent to & = (k/,0) for some £k’ € R since

x; = (—r,0). Suppose = (z1,0). Consider the following cases.

« Consider z; € (—oo, —r) U (r,00). Then, we have ¢)(x) = T (since ay(x) = ap(x) =7
when z; € (—oo,r), and a;(x) = az(x) = 0 when 27 € (r,00)). This implies that
d1(x) = do(x) = 7 since b; € {O, g} for i € {1,2}. Using the definition of ¢; for
i € {1,2} in (2.9), we obtain that @ = &} and @ = @} which contradicts the fact that

r= %Ha:; —xi|| > 0.

 Consider z; € (—r, 7). Then, we have ¥)(x) = 0 (since oy () = 0 and oy (x) = w). This
implies that ¢ () = ¢o(x) = 0 since ¢; € [O, g] for ¢ € {1,2}. Using the definition
of ¢; for € {1,2} in (2.9), we obtain that |z, + r| = U% and |x, —r| = U% Since
x1 € (—r,7), we have 1 = —r + a% and x; =r — a% This implies that r = g(o_—ll + ;12)

which contradict our assumption.

o Consider x; = —r or ; = r. We have that € = x] or = 3. However, ] ¢ T and

a3 ¢ T by the definition of 7.

Since x # (k,0) for all k£ € R, we conclude that e} (x) is well-defined.

Next, we will verify that for = (x1,%) € T and i € {1,2}, the statements —2d;(x) -
sin 2(¢1(z) + ¢o(x)) < 0 and —||X| - esc(f(z)) < 0, which are used to specify a range of
€¢’s value in our claim, hold. Since & ¢ {x}, x5}, we have d;(x) > 0 for i € {1,2}. In
addition, from the above analysis, since & ¢ span{e; }, we have ¢;(x) € (0, g) for i € {1,2}.
Therefore, it holds that 1(¢(z) + do(z)) € (0, g) and then combining the two facts, we
verify the first statement. Since x ¢ span{e;} from the analysis above, we have ||x|| > 0,
and o;(x) € (0,m) for i € {1,2} (from the definition of «; in (2.10)). Therefore, we have
csc(f(x)) = csc (%(al(a:) + ag(w))) € [1,00). Combining the two facts, we verify the second
statement.

Then, given a point @ € T, we consider the new set of bases J(x) = {e}(x), e5(x),

..,e.(x)} where €} (x) = ey, e)(x) = % (as discussed at the beginning of the proof),

and e5(x), e)(x),..., e (x) can be obtained by applying Gram-Schmidt procedure to the set

of standard bases. Note that (e, e5(x)) = 0 by our construction. We denote (-,-,...,") ()
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as the coordinate (or vector’s component) with respect to the set of new bases. Let &y =
|X]| € Rso. Then, by our construction, we have & = (21, Z2,0) (). Let the point

y= (xl — ZycotO(x), 0)j($).

Recall that @, is defined as given in (A.7). We can write y = @, with € = —Z5cscl(x).
We will show that y; = x7 — Zacot@(x) € (—r,7). Since as(x) > ai(x) (by the fact that
x ¢ span{e; }), we have

xry+r

A

X2

cotai(x) > cotb(x), < >cotf(x), < x1—Tocotf(x) > —r.

The last inequality is due to 5 > 0. Similarly, since as(x) > ai(x) (by the fact that

@ ¢ span{e; }), we have

cot ag(x) < cotf(x), < xlA_ T < cot O(x), < x1—Igcotf(x) <.
X2
For convenience, let
1,- -
a() = max { max —2d;(@) sin - (61 (@) + da(e)), —[I%] csc(;(m)}. (A.8)
ie{1,2} 2

Next, we will show that for all € € (a(x), 0), we have oy (x)) < ay(x) and as(x)) > as(x),
and for all € € (0, 00), we have ay () > oy (x) and as(x)) < as(x) which will lead to proving
parts (i) and (ii), respectively, of our claim. Consider the triangle formed by the points x7,
x, and y. Suppose € € (a(x), 0). Then, the point «. is on the line segment connecting
y and x. Since for a given z € R"\ {x}}, a1(z) = Z(z — x], e;) (from the definition of
a; in (2.10)) and y; > —r, we have ag(x.) < a;(x). Next, suppose € € (0,00). Then, the
point ! is on the ray from y to & but not on the line segment connecting y and & which
implies that aq(x.) > ay(x). Now, consider the triangle formed by the points x5, x, and y.
By using similar argument as before (with the fact that ay(z) = Z(z — x5, e;) for a given

z € R*\ {x}}, and y; < r), we can verify that as(x)) < as(x).
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We will show that for all € € (a(zx), 0) and i € {1,2}, we have ||z, — x}| < ||z — x|,
and for all € € (0,00) for i € {1,2}, we have |, — ]| > ||z — x}||. Suppose € € (a(x), 0).
Then, we have € > —2d; (x) sin %(qgl(w) +qz~52(m)) Using ¢y () + o () = 1 — (aa(x) — oy (x))

and sin (g — z) = cos z for all z € R, we can write

€ > —2dy(x) cos;(ag(m) - al(w)>, & €+ 2di(x) cos ((9(:1;) - al(w)) > 0.

Expanding the cosine and using d; (x) cos oy (x) = z1+7 and d; (x) sin oy (x) = I from (2.23)
and (2.24), respectively, we obtain € + 2(xy + ) cos 6(x) + 225 sin 6(x) > 0. Multiplying the
inequality by € (which is negative) and then adding (z; + r)? + 22 to both sides, we get

(w1 + ecosf(x) +7)* + (29 + esinb(x))? < (zy +7)* + 23,

which is ||zl — 27| < || — «}||. Next, suppose € € (0,00). Recall the definition of d;(x) for

i€{1,2} in (2.21). Since 0 < ay(x) < ag(x) < © (by the fact that « ¢ span{e;}), we have
cos (H(zc) - 041(:13)) >0, < di(x)cosay(x)cosbd(x)+ di(x)sin oy (x)sinb(x) > 0.

Since dy(x) cosa(x) = x1 + r and dy(x) sina(x) = 2o from (2.23) and (2.24), respectively,

we obtain (x4 1) cosf(x) + 3 sinf(x) > 0. Using the assumption that € > 0, we can write
% + (x1 + 1) cosb(x) + Zosinf(x) > 0.

Multiplying the above inequality by 2¢ (which is positive), then adding (z1 +7)%+ 43 to both
sides, and rearranging, we get ||z, — x| > || — }||. By using similar steps as above, we
can also show that ||, — x}|| < || — xi|| for € € (a(x), 0) and ||z, — x}|| > || — xi]| for
€ € (0,00).

Here, we will prove part (i) of our claim. Suppose € € (a(x), 0). From the above analysis,
we have oy (2)) < aq(x), as(xl) > as(x) and ||x. — xf|| < ||le — x| for i € {1,2}. Since

ap(xl) < aq(x) and as(x)) > as(x), we obtain that i (x.) < ¢(x) by the definition of ¢ in
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(2.11). For i € {1,2}, since ||z’ — x| < || — ||, we obtain that ¢;(x!) > ¢;(x) by the
definition of ¢; in (2.9). Therefore, it holds that

O1(x,) + do(@) > 61(@) + do(@) = v(x) > V(@)

Here, we will prove part (ii) of our claim. Suppose € € (0,00). From the above analysis,
we have a; () > ag(x), as(x)) < as(x) and ||zl — xf|| > ||z — x}|| for i € {1,2}. By using
similar argument as the proof of part (i), we get ¢ (x.) > ¥ (x). However, for i € {1,2},
|z! — || > ||z — x| implies that either ¢;(z!) < ¢;(x), or ¢;(x") is not well-defined. In

the case that ¢;(z') < ¢;(x) for i € {1,2}, it holds that
O1(,) + do(@) < d1(@) + o(@) = v(x) < (@),

/

Finally, suppose & € 7. Recall the quantity a(zx) from (A.8). For § € Ry, let x;, = .

with € = max {a(a:), —g} and oy = @, with € = 2. From our claim, we have that for
all § € Ry, it holds that @i, Tow € B(x,9), Tin € M, @, € M, Toue € (MT)°, and
Zous € (M))¢. Thus, we conclude that & € IM"T and & € OM,. O

A.1.7 Proof of Lemma 2.4.7

Proof of Lemma 2.4.7. Consider part (i) of the lemma. From Lemma 2.4.5 part (ii), we have
AN < a% —r. So, the interval [)\1, —r+ J%} is well-defined. From the definition of 5 and v,
in (2.26), we have (1 + )y > 0 and —48r? < 0. Combining the two inequalities, we get
(14 B)y1 > —4Br%. By subtracting 2r? from both sides and then rearranging the inequality,

we obtain

_ (148 \m r
)\1_(1+2ﬁ>2r 1+28° "

On the other hand, since r > %, we get —r + g% < r. Combining the two inequalities yields
[)\1, —r + (ﬂ C (—r,r).
For x € OBNH{, wehave z; € [)\1, —7’+U%} (from (2.25)) which from above, implies that

x € By \{x},z}}. It remains to show that € By. By examining the equation describing the
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set OBy in (2.25) and the inequality describing the set By = {z € R™ : (21 +7)? + ||2]|*> < 7}

where 79 is defined in (2.26), one can verify that

_ 1 L
881082: {zE@Bl 12 € —(71—72), —T—f—]}. (Ag)

4r ozl

On the other hand, by performing some algebraic manipulation and using the definition of

f and ~; for i € {1,2} in (2.26), one can verify that

L1 1 1+6\n 1
N R TE A\ RS S AR YA
' < 2 al+ag> = \t528)er T T w0

From the definition of H{ in (2.29) and equation (A.9), this means that 9B, N Hf C
OB1 N By C By. For part (ii) of the lemma, we can proceed in a similar manner as the above

analysis. [

A.2 Proofs of Theoretical Results for Inner Approximation

A.2.1 Proof of Proposition 2.5.1

Before proving Proposition 2.5.1, we consider an equivalent condition for the existence

of a quadratic function with two independent variables satisfying certain properties.

Lemma A.2.1. Let Q be defined as in (2.4). Suppose we are given x* € R?, xy € R? such
that ¢y # x*, g € R?, and 0 € Ryq. Then, there exists a function f € Q@ (x* o) with a
gradient ¥V f(xo) = g if and only if

(i) xy € B(w*, @) and
(ii) £(g, oy —x*) € {0} U {O, arccos (ﬁ”azo - :13*||)>
Note that if o|l@o — || = ||g|, then {0, arccos( -2z a:*u)) — .
Proof. For the forward direction, suppose that f € Q®(z* o) and Vf(xg) = g. Since
Q(x*,0) C S(x*,0), from (2.3), we have
lgll llwo — 2| = (V.f(@0), @0 — 2") = oll@e — 27" (A.10)
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We then have ||xzq — z*|| < ”%” (ie., xp € B(zc*, @)) which corresponds to part (i). On the

other hand, we can rewrite the second inequality of (A.10) as
lgll cos Z(g, @o — &%) > ol|lze — 27| > 0,

which implies that ||g|| € Rso and Z(g, xy — x*) € [0, g)
i () (g* ; _1 T _|Pu1 Pr2 9
Since f € Q¥ (x*,0), we can write f(x) = ;2T Px+b'x+c where P = € S?,
P12 P22
b € R? and c € R. The gradient of f is Vf(x) = Px + b. Since &* is the minimizer of the

quadratic function, by substituting &* into the gradient equation and using V f(x*) = 0,
we get b = —Px*, and we can rewrite the gradient as g = Vf(xg) = P(xg — *). Let

v = xg — x* and then rewrite the gradient equation into two equations as follows:

g1 = P11v1 + P12vs, P12V2 = —p11v1 + g1,
& (A.11)

g2 = P12V1 + P22vs, p22vg = v1(p11v1 — G1) + Gavo.

Since ¢ is an eigenvalue of matrix P, by expanding the equation det(cl — P) = 0 and

rearranging the resulting equation, we get

Py = 0% = (P11 + P22)0 + Pr1paa- (A.12)

Multiply (A.12) by v3, then substitute pjovy and paov3 from (A.11) into the resulting equation,

and rearrange it to get

(avf — g1 + O"Ug — GoU2)p11 = 0g1v1 + 0203 — 0goUy — g%. (A.13)

cosf —sind
Let the function R : (—, 1] — R?*? be such that R() = (i.e., a rotation

sinf cos®
matrix), d = ||v|| = ||zo — «*||, and ¢ = L(g, v) where £(-,-) is defined in (2.1). Since
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Z(g,v) € [O, g) from the above analysis, we have that ¢ € ( -3, g) and we can decompose

gradient g as

Ty — x” gl
9 =llgll RO) (o= ) = 1 Ro) v (A14)
For simplicity of notations, we let L= @ which can be viewed as the norm of the gradient

at xy (i.e., ||[Vf(xo)]|) normalized by distance from the minimizer (i.e., ||zo — x*||). Note
that since ||g|| > 0 and d > 0, we have L > 0. Then, rewrite the expression (A.14) into two

equations as follows:

g = L(v cos ¢ — vy sin @),
1= Lo 26i0.) (A.15)

A

g2 = L(vy sin ¢ + vy cos ¢).

We then substitute (A.15) into (A.13) to get
d*(Lcos ¢ — o)pyy = L(L cos ¢ — 0)(v? cos ¢ — 2010 sin ¢ — v2 cos @) + (L — o2)v2. (A.16)

Multiply pspv?’s equation in (A.11) by d?(Lcos¢ — o), then substitute (A.15) and (A.16)

into the resulting equation, and rearrange it yields
d*(L cos ¢ — 0)pay = (L cos ¢ — o) (ov? + 2Lvyvysin ¢ + Lo? cos ¢) + (Luysin¢)?. (A.17)
We then add (A.16) to (A.17) and simplify the expression to obtain

(Lcos ¢ — o) (pu1 + pa) = L? — o> (A.18)

A

Let u € R be the other eigenvalue of matrix P. We want to compute p in terms of o, L,

and ¢. Since Tr(P) = py1 + pae = 0 + u, using equation (A.18), we have
(Lcos¢ — o)y = L(L — o cos §). (A.19)

Consider the following cases on the term L cos ¢ — o.

« Suppose 0 = Lcos¢. Then, (A.19) becomes 0 = L%(1 — cos® ¢) which implies that
6= 0.
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o Suppose o # L cos ¢. Then, we can rewrite equation (A.19) as

A

L(L — ocos¢)
f/cosqb—a

= : (A.20)

Since Apin(P) = o, we have that y > ¢ where p is given in (A.20). Specifically, we
will show that

given y as expressed in (A.20) with L > 0 and o > 0,

it holds that > o if and only if L cos¢ — o > 0. (A.21)

For the forward direction, suppose u > ¢ and L cos ¢ — o < 0. We have

A

L(L — o cos ¢) 1/L o
W= —= >0, & Cos¢2(+A).
Lcos¢p —o 2\oc [

However, since L > 0 and ¢ > 0, we get %(5 + %) > 1. Therefore, we obtain that

cosp = %(% + %) = 1 which implies that ¢ = 0 and L =o. However, we get
ﬁcosgb — 0 = 0 which makes g undefined. For the converse, suppose p© < o and

f)cos¢—c7 > 0, we have

A A A

L(L — o cos ) 1(L 0)
= —= <o, & cosop>—(—+ =]
Lcosp— o 2\ L
However, this is not possible since %(f + %) > 1 tor ¢ > 0 and we have proved the
claim.
Since ||xg — x*|| € (O, @} (or equivalently ﬁ € (0,1]), the expression arccos (%) is well-

defined. Combining the two cases (o0 = L cos ¢ and o # L cos ¢), we have shown that if there
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exists f € Q(x*, o) with the gradient V f(xy) = g then from the definition of £(-,-) and
Z(+,+) in (2.1), we have

£(g,v) € {0} U ( — arccos <

& /(g,v) € {0} U {O, arccos(

) s (5))
)

SN

Sl 9

which corresponds to part (ii).
For the converse, let f(x) = 1&TPx — (x*)TPx and each entry of P will be specified
below. First, suppose that ¢ < L (ie., @, € B(m*,@)) and ¢ = Z(g, ®y — x*) €

[0, arccos (%)) This implies that f)cosqﬁ —0>0. Ifvg #0, let

(%1

P2 =— (Lv? cos ¢ — 2Lvyvg sin ¢ — Lo cos ¢)
V2

) R
- (LA 7)o, + L(Ul cos ¢ — sin gb) (A.22)
d*>(Lcos¢p — o) U2

We choose p11, p12, and paeg as given in (A.16), (A.22), and (A.17), respectively. Note that

P11, P12, and poo are well-defined since ﬁcosqb — 0o #0. If vg =0, we choose

. . Lsin ¢)?
pin = Lcos¢, pi2=Lsing, and pyp =0+ A(ﬂ
Lcosgp —o

In both cases (v2 # 0 and vy = 0), one can easily verify that Vf(xg) = Pv = g and
Vf(x*) = 0. In order to show that Ay, (P) = o, first, we check that pi1, pi2, and pay
satisfy (A.12) which means that o is an eigenvalue of P. Next, using the fact that the other
eigenvalue p = Tr(P) — 0 = (p11 + p22) — 0, we obtain p as expressed in (A.20) for both
cases. Since L cos¢ — o > 0, from the statement (A.21), we have u > o.

Now suppose that ¢ = L (i.e., @y € 88(33*,@)) and ¢ = Z(g, o — x*) = 0. Let
the orthogonal matrix T = {;’” ”Zi”} € R**? where v, # 0 is a vector perpendicular to
vector v and P = oTTT = oI. We have Vf(x) = Pv = ov = [|g| - ;7. However, since
Z(g, v) = 0, we have V f(xy) = g. We also have Vf(z*) = 0 and A\yuin(P) = o by our
construction of f. Thus, for both cases, we obtain that f € Q@ (x*,0) and Vf(xy) = g. O
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Proof of Proposition 2.5.1. For given points * € R", y € R" such that ¢y # x* and vector

g € R" let
* g—<g,6/1>€,1 3 !
To— T u where u € N'((€})T) otherwise,
and E = |e| e)| € R™2. We let &, = * + g to be the point generated by vector g and

Py={xcR":x=a"+ Es forsomesc R’} =z"+R(E)

to be a 2-D plane in R™. One can verify that e} and e}, are orthonormal, and {x*, ¢, x,} C
P,. We let T : R? — P, to be such that T'(s) = =* + Es. Since function T is bijective, we
then have T~' : P, — R? such that T~'(z) = E"(x — x*). Next, consider a property of the
norm and angle function which we will use in the subsequent analysis. Using ETE = I and

that T is bijective, we have that for all ¢ € {1,2,3,4}, s; € R? and x; € P,

o distance invariance: | T(s1) —T(s2)|| = ||s1 — 82| and || T x1) — T )| = ||z1 —

w2”7 and

o angle invariance: Z(T(s1) — T(sz2), T(s3) — T(s4)) = Z(s1 — 82, 83 — 84) and
Z(T‘l(ml) — T_1<$2>, T_1<$3> — T_l(zc4)) = /(1 — T2, T3 — X4).

For the forward direction, suppose f € Q" (x* o) and Vf(xy) = g. Let f(x) =
%wTPa} +b'x + ¢ for some P € &", b € R", and ¢ € R that satisfies the conditions. Let
f(s) = f(z* + Es). We then have

- 1 1
f(s) = isTETPES + (Px" +b)TEs + <2(33*)TP33* +bTx* + C>, (A.24)

and

V(T (o)) = ET(PET (o) + Pz’ + b) = E"(PT(T "' (x)) + b) = E'g,
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where the second and third equalities are obtained by using the transformation T'(s) =
x* + Es at s = T (o) and Vf(zo) = Pz + b = g, respectively. Similarly, we have
V(T '(x*)) = 0. Let ¢ be the strong convexity parameter of f. We conclude that f €
QT (x*), ) and V(T '(x,)) = ETg. However, from (A.24), we have that
sT(E"PE)s x"Px . xTPx

0 = Apin(ETPE) = min ——————— = min > min
sER? STs 2eR(E) xTax z€R" T

= 0. (A.25)

Using Lemma A.2.1, the distance invariance of T~ and (A.25), we have

1Egl _ 1T (mg) - T (=" _ llgll

_ ¥ — T—l _T—l * <
lzo — 27| = | T (20) (@) = — = <=

In addition, using Lemma A.2.1, the angle invariance of T-" and (A.25), we have

2(g, wo—x") = £(T (xg) — T ("), T (mo) - T ("))

= A(ETg, T '(x0) — T_l(w*))

€ {0} U [o, —— <||EC~: 1T @) T_l(ac*)||>>

c {0} U [0, arccos (” i o — x H))

which complete the proof of the forward direction of the proposition.

For the converse, suppose |[xyg — x*|| < @ and Z(g,xy — x*) € {O arccos( o —

a:*||)> U {0}. Using similar techniques as above, we can write
17 (0) — T4 (@) < 221 and

. L(E'g, T (o) — T \(z*)) € [o, arccos (o [T (@o) — T‘l(w*)H))U{O}.

Using Lemma A.2.1, we have that there exists a function f € Q@ (T '(x*), o) with the
gradient Vf(T~"(xo)) = Eg. Let f : R? — R be such that f(s) = 1sTPs+ b's + ¢ where
P c &%, b c R? and ¢ € R. To satisfy the conditions of f, we have 0 = V(T !(x*)) =

Vf(0) =

E'g=Vf(T '(x0) = VF(E™ (g — x*)) = PE"(xy — x*), (A.26)

177



and A\yin(P) = 0.
To construct a quadratic function f : R” — R satisfying f € Q) (x*,¢) and V f(x) = g,
recall the expression of €] and e, from (A.23). Let {¥y,?s,...,0,-2} be a set of unit

vectors in R™ for which

e, e, vy vy --- {}n_2:| € R™" is orthogonal. Let V =
vy Uy - @n_Q} e R™(=2) A = diag(61, 69, . . ., n_z) € RO2X(=2) guch that {5y, 6,

..., 0n_2} is chosen to satisfy A= oI, and f:R" — R be such that
¢ 1 * 1 * * *
flx) = ichQac + (—Qx" + Eb)'x + (2(:1; 'Qx" —b"ETx" + c),

where Q = EPE™ + VAV' € R™". Note that E'TE =1, V'V =TI and V' E = 0. Since
b =0, we also have Vf(x*) = Qz* + (—Qz* + Eb) = 0 and V f(xy) = Q(x, — x*). Using

BETg = B(E(z, ~ ")) = BT\ (z,) = T(T"\(z,)) ~a' = g,

V' (xo — x*) = 0 (since zg — z* € span({e}})) and (A.26), we can write
Vf(xo) = Qxo — x*) = EPE(xg — o) + VAV (g —x*) = EE'g = g.

It remains to show that A\ (Q) = 0.
Suppose P € &2 can be decomposed as P = VAVT where V' € R?*? is a matrix whose
i-th column is the (unit) eigenvector v; of P, and A is the diagonal matrix whose diagonal

elements are the corresponding eigenvalues. We can rewrite Q = EPET + VAV as

(A.27)

T

o 1 |A of |[VTET
Q=E(VAVHE + VAV = {EV V] .
0 Al| V

Since [EV V} is an orthogonal matrix (using the fact that (EV)TV = 0 and || Ev;|| = 1 for
i € {1,2}), we have that equation (A.27) is the eigendecomposition of Q. By our construction
of A and Amin(P) = o, we have A\p,in(Q) = 0. Thus, we conclude that feom (z*, o) with
Vi(xy) =g. O
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A.2.2 Proof of Theorem 2.5.2

Proof of Theorem 2.5.2. Part (i): r € (0, ﬁ} The proof of the characterization of the
boundary OM, can be carried out in the same manner as in the proof of part (i) of The-
orem 2.4.8. We are left to show the property related to the set M, and the characteri-
zation of (M,)°. By the definition of M in (2.14) and OM| = T U {x}, x3}, we have
that OM, C (M,)°. Therefore, we can conclude that M, is open. Since M, is open,
(M})° = My =T, where T is defined in (2.30).

Part (ii): r € (ﬁ, %} Consider points in the set (#; ). By proceeding the same

steps as in the proof of (2.36), we obtain that
TN (H ) =0. (A.28)

By using the same reasoning as in the corresponding part of the proof of Theorem 2.4.8

part (ii), we obtain the results, which are similar to (2.37) and (2.34), that
MNH) =BN(H)® and OM; N (Hy) = 0B N (Hy)". (A.29)

Then, recall the definition of \; and v; from (2.27) and (2.28), respectively. Consider points
in the set H{ NH;, ie.,, {z € R": 2y = \;}. Considering three disjoint regions in H{ NH; :
|z|| > 1, ||Z|| < v1, and ||z|| = v1, we obtain similar results as in the corresponding part of

the proof of Theorem 2.4.8 part (ii) summarized as follows:

(z€R": 2 =\, |2l > 11} C (M) NTe,

{zeR": 2 =\, ||z]| <} C (M) NTE (A.30)

{zeR":z1 =\, z]| =wn}=C oM, NT.

Combining these results, we get a similar result as in (2.38), i.e.,

OM NHINH)=Cr=TnNH NH). (A.31)
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From the first equation in (A.29), (A.30), and C; C (M) (since C; C T), we have

M NHT = [Myn ()] U M0 (1 0 )]

(A.32)
= {Bl N (H;)C} U{z eR": 21 = Ay, 2] < w1}

Next, consider points in the set (H;)¢. Recall the definition of ¢ from (2.31). By using the

same reasoning as in the proof of (2.39) and (2.41), we obtain that
OBiNB)N(H) C{zeR": p(z) <0}U{z}}, (A.33)
and
OM N (M) = [T N (H)| u{a), (A.34)

respectively. Using (A.28), we can write T = {Tﬁ (Hy ﬂ?—[f)} L [Tﬂ (Hf)c}, and combining
the second equation in (A.29), equation (A.31) and equation (A.34) together yields the

characterization of OM:

=T
OM, = |08y N ()| U [T 0 (M nHD)| U [T 0 (M) u{a)

For the characterization of (M)°, we can also use the same technique as in the proof of
Theorem 2.4.8 part (ii).

For the property related to the set M, recall the definition of C; from (2.45). Using
equation (A.32) and {z € R" : z; = Ay, ||Z|| < w1} = B1 N (H{ NH), we have

(MLUC)NHT = (M NHT)UC = [Bin (Hy)| U [Bin (Hf NH;)| = BinH{, (A.35)
which is closed. Next, from (A.33), we can write

My C{zeR" 1 p(z) 2 03\ {zi} € (A(B.NBy)) U (HT)"
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Using the fact that M| C By N Bay, the above inclusion implies that M| N (H{)¢ C (By N
By) N (H{)°. Suppose & € M| N (H{)°. However, from the definition of M| in (2.14), we

can write
MNH ) ={z€R": p(2) >0} N (H)° ={z € B NBy: p(z) >0} N (K. (A.36)

Since ¢ is continuous, and B; N By and (H])¢ are open, there exists € € Ry such that for
all ¢y € B(x,¢) such that ®y € {z € R" : ¢(2) > 0} N (By N By) N (HT) = M N (HT)“
Thus, we conclude that M| N (H{)® is open.

Part (iii): r € <2L, £(L + 1)) In this case, we can use similar argument as in the
o9 2\ o1 o9

proof of part (ii) to show the following statements.

OM N (Hy ) =0B1N(Hy), (similar to proving (A.29))
OM N (HF)=0ByN (HF)°, (similar to proving (A.29))
OM N (HfNHY)=TN(HI NHy), (similar to proving (A.31))

OM; N (HF NHy)=TN(Hy NHy), (similar to proving (A.31))

OM N (HT UH;) =T N(Hy UH; )" (similar to proving (A.34))

Combining these equations, we obtain the characterization of O M. For the characterization
of (M")°, we can use the same technique as shown in the proof of Theorem 2.4.8 part (ii).
For the property related to the set M, recall the definition of C; from (2.45). Using a similar

approach to part (ii), we can show that

(M, UC) NHT =By NHT which is closed, (similar to proving (A.35))
(M UC) NHy =By NH; which is closed, (similar to proving (A.35))
M N(HTUH) ={z€BiNBy:p(z)>0}N(HUH,)°

which is open. (similar to proving (A.36))
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Part (iv): r = g(i + ;12) In this case, we obtain that By N By = {(5(1 — i), O) }

o1 o1 o2
Suppose & = (L(+ — L), 0). Since M; C B; N B,, we only need to check the point .
I

2\ o1 o9
However, the point @ € X where X is defined in (2.12), and we obtain the result due to the
definition of M.
Part (v): r € (5(011 + 0—12), oo). Since r > é((}l + (}2), we have By N By = (). Since

M, C By N By, we conclude that M| = 0. O
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B. SUPPLEMENTARY MATERIALS FOR CHAPTER 4

B.1 Additional Lemma

We provide a lemma which is utilized in the proof of Theorem 4.4.10 and Lemma 4.4.12.

Lemma B.1.1. For given & € R and R > 0, if = ¢ B(&, R) then

max Z(x—y, x—& :arcsin(A)
yeB(#,R) (@-y ) |z — |

Proof. Since the angle is measured with respect to the vector  — &, consider any 2-D
planes passed through the center & and the point . Since the planes pass through z,
the intersections between of the ball B(&, R) and the planes are great circles of radius R.
Thus, all of the intersections generated from each plane are identical and we can consider
the angle using a great circle instead of the ball. From geometry, the maximum angle
¢ = Z(x —y*, *— &) only occurs when the ray starting from the point & touches the circle
at point y*. Therefore, Z(Z —y*, & —y*) = § and || — y*|| = R. We have

l¢ -yl _ R
[&—all ~ J& ]

sing =
and the result follows. O

B.2 Proof of the Auxiliary States Proposition
Proof of Proposition 4.4.1. For any S C V, ¢ € R and k, k € N with k > k, define the sets

«715?(371_@ k, C) = {vi €S: yy)[/}] > M“)[k] _ C},

Consider a fixed ¢ € {1,2,...,d} and any time-step k € N. Define Céf) = %D(@ [k]. Note that
the set TV, k, k, ¢\ N TOW, k, k, ¢y = 0.

By the definition of these sets, when D¥W[k] > 0, the sets jj\(f)(R,k,k,Cée)) # () and
TR, k, k, Cée)) # (). Since the graph is (2F + 1)-robust, at least one of j]\(f) (R, E, k, Cég))
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or IR, k, k, C(()é)) is (2F + 1)-reachable which means that at least one of them contains a
vertex that has at least 2F + 1 in-neighbors from outside it.

If such a node v; is in ]\(f) (R, k, k, g@), we claim that in the update, v; cannot use the
values strictly greater than M(©[k] and it uses at least one value from V \ TV, k, k, ¢{?).
To show the first claim, note that the nodes that possess the value (in {-component) greater
than M [k] must be Byzantine agents by the definition of M) [k]. Since the regular node
v; discards up to F-highest values and there are at most F' Byzantine in-neighbors, the
Byzantine agents that hold the value greater than M )[k] must be discarded. To show the
second claim, let SY[k] = T (A, k, k, ¢$?) and SO1k] = V\ TPV, k, k, ¢$?) to simplify

the notation. We have
« VNI Rk, ) = Sk U S (K], and
e SOKINSP K] = 0.

From Assumption 4.4.4, we have |Sl(é) [K]NN"| < F. Applying (2F +1)-reachable property of
v; and two above properties, we obtain that |S§Z) [K]NN®| > F+1. Let o (k] € N/ be the
set of nodes that v; € R discards their values in dimension ¢ at time-step k. From the fact
that v; € T\ (R, k, k, ¢3?), and Line 11 of Algorithm 2, we know that |S{”[k] NV [k]| < F.
Combining this with the former statement, we can conclude that v; uses at least one value
from S{V[k] in its update, i.e., (SSO[k] NN\ VO (K] £ 0.

Consider the auxiliary point update rule (4.7) (in Line 12 of Algorithm 2). We can

rewrite the update as

4 , e
v Ok +1] = > O 1] O
0y VO

vj€ (viu(JM(V,k,k,CéZ) )rw;n)) WO k]
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Since y(-ﬁ) [k] on the first and second terms on the RHS are upper bounded by M®[k]—¢ ) and

J
)

M©[E], respectively, and the non-zero weights w, ;;[k] are lower bounded by the constant w

(Assumption 4.4.5), the value of this node at the next time-step is upper bounded as
yOlk+ 1) < (MO = ¢§7) + (1= w)MO[k] = MO[k] — w(l?.

Note that the above bound is applicable to any node that is in R\ J, ]ff) V, k, k, Cée)), since such
a node will use its own value in its update. Similarly, if there is a node v; € jw(f) (R, E, k, g’é‘))
that uses the value of a node outside that set, then y](-e) [k+1] > mO[k] + w(i”. This bound
is also applicable to any node that is in R \ 7OV, k, k, (34)).

Now, define the quantity Cl(g) = w{é@. We have that the set j]\(f)(V,k’ + 1,k,<1(£)) N
TOW, k+1,k, Cl(é)) = (). Furthermore, by the bounds provided above, we see that at least

one of the following must be true:

TP Rk +1,k, () < [T Rk, b, (), or
TOR K+ 1.k, )] < [T (R, b, 6.

If jj\(f)(R, k+1, k:,de)) # 0 and JO(R, k + 1,k, df)) # (), then again by the fact that the
graph is (2F'+1)-robust, there is at least one node in one of these sets that has at least 2F +1
in-neighbors outside from the set. Suppose v; € J, ]ff) (R, k+1,k, (1(4)) is such a node. Then,
v; cannot use the values strictly greater than M“[k 4 1] and it uses at least one value from
V\J, J\(f) WV, k+ 1k, Cl(g)). Since at time-step k, all regular nodes cannot use values that are
strictly greater than M“[k] in the update, we have that MO [k + 1] < M®[k]. Therefore,

the value of node v; at the next time-step is upper bounded as
k42 < (MO = ¢(f7) + (1= w)MO[k + 1) < MO[k] - W

Again, this upper bound also holds for any regular node that is in R\ jj\(f)(V, k+1,k, Cl(z)).
Similarly, if there is a node v; € J9(R,k + 1, k,Cl(e)) that has 2F + 1 in-neighbors from
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outside that set then y]@[k + 2] > mO[k] + w2¢{?. This bound also holds for any regular
node that is not in the set R\ JOV, k + 1, k, ¢\9).

We continue in this manner by defining () = wsgé@ for s € N. At each time step k + s,
if both \7]\(;) (R, k+5,k,¢9) # 0 and TO(R, k+s,k, () # 0 then at least one of these sets
will shrink in the next time-step. If either of the sets is empty, then it will stay empty at the
next time-step, since every regular node outside that set will have its value upper bounded
by M [k] — ¢ or lower bounded by m@[k] + (). After |R| — 1 time-steps, at least one of
the sets j]\(f)(R, kE+|R|—1,k, C|(7£2)|—1) or TRk +|R| —1,k, C\(é)\_ﬂ must be empty since
the sets j]ff) (R, k, k,CéZ)) and J(R, k, k, Cée)) can contain at most R — 1 regular nodes.

Suppose the former set is empty; this means that
¢
MOk +|R| = 1] < MOK] - (7).

Since m¥[k + |R| — 1] > mY[k], we obtain

wIR‘fl

2

DOk +[R] = 1] < DO - ¢y = (1= L= ) DO =Dk, (B.)

The first equality comes from the fact that (¥ = wsgé‘) and Cég) = 1DW[k]. The same
expression as (B.1) arises if the set (R, k + |R| — 1, k, §|(7@|—1) = 0.
Using the fact that

(m Ok + 1], MOk +1]] € [m@[k], MO[k] (B.2)

%

for all £ € N and the inequality (B.1), we can conclude that for all v; € R, limg_, ylY k] =

Y9 [o0] exists and for all k, we have
y[oc] € [m“[k], MOLK]). (B.3)

This completes the first part of the proof.
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For the second part, let consider the quantity D[k] as follows. For all k¥ € N, we can

write

DOk] < DO Hymk—1J (IR| - 1)] < =] pogg < s@s-1p0). (B

The first inequality is obtained by using x > |x| and (B.2). To obtain the second inequality,

|R|L—1J times. The last inequality comes from the fact that

v < 1land || >z — 1 implies y1*) < 4#~1. From (B.3) and (B.4), for all v; € R, we have

we apply the inequality (B.1) {

k] — y9[o0]| < DO[K] < y®=T"'DO[0]. (B.5)

Since the inequality (B.5) holds for all £ € {1,2,...,d}, we have

|y [K] ool||? = Z|yZ [o0] |2 < (\R\l )i(D(e )

/=1

Taking square root of both sides yields
_k 1 1 __1 10g(l) k
lysk] — yi[oo]|| <™= |IDIO]]| = ;HD[OHI e RIFTEEATE,
which completes the proof. O

B.3 Proof of Proposition 4.4.2

Proof of Proposition 4.4.2. Consider a regular agent v; € R. From Assumption 4.4.1, for all
z, y € RY we have fi(y) > fi(x) + (g;(x), y — x), where g,(x) € dfi(xz). Substitute a

minimizer x; of the function f; into the variable y to get

—(9i(®), i —x) = fi(x) — fi(x]). (B.6)

Let 0;(x) = £(g,(z), ® — 2}). The inequality (B.6) becomes

lg:(@)] |z} — x| cos fi(x) = filx) — fil=).
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Fix € € R.y, and suppose that ¢ C;(¢). From Assumption 4.4.2, applying ||g,(x)| < L,

we have

(B.7)

Let &; € R? be the point on the line connecting «} and @ such that fi(&;) = fi(x}) +e. We

can rewrite the point x as

le—=l .,

r=x +t(x; —x;) where t= o =zt =

Consider the term on the RHS of (B.7). Since &; € C;(¢), and (4.12) holds, we have

file) — filx?) _ file] + (@ — x7)) — fi(2])
|z — ]| tle; — x|
o Jilxi + (@ — 7)) — [i(x])
t - maxyec,(o) |y — |
filz; + (@ — 7)) — fi(z])
t §;(e)

> . (B.8)

Jilx] +t(&i—=x))—fi(z])

; is non-decreasing in ¢t € [1,00) [97, Lemma 2.80], the

Since the quantity
inequality (B.8) becomes

fi(x) — fi(x7)

| — 7|

S ¥ S B A 5

Therefore, combining (B.7) and (B.9), we obtain

cos éz(zc) > (B.10)

However, from Assumption 4.4.1, we have

fi(®g) = [fi(®:) + (g;(®:), @] — Ti)
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where g,(&;) € 0f;(&;). Since ||g;(2;)|| < L by Assumption 4.4.2 and ||x} — &;|| < d;(¢€), we

%

get

e = [i(®:) — filx}) < —(g;(®;), &} — ;) < Loi(e).

From € € R.y and the above inequality, the inequality (B.10) becomes

0:(x) < arccos <L5j(e)) =0;(e) < g,
which completes the proof. O

B.4 Proof of Lemmas 4.4.11 - 4.4.14

Proof of Lemma 4.4.11. From Proposition 4.4.1, the limit point y[oo] € R? exists. Consider
a time-step k& € N such that £ > k7. Using the gradient step (4.6), we can write

5[k + 1] — yloo]|| = [[z:[k] — yloo] — n[k] g, (K]l

< |lzilk] = ylooll| + nlk] [|g,[K]]l-
Using Assumptions 4.4.2 and 4.4.3, and ||z;[k] — y[oo]|| < max,,er{R; + J;}, we obtain
l2: [k + 1] — y[oo]|| < g}rj_lg%{f?j +0;} + nlki] L.
By the definition of k} and s* in (4.15), the above inequality becomes
[k + 1] — yloo]|| < g?g%{fl’»j +0;}+E< s,

which completes the proof. O
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Proof of Lemma 4.4.12. From Proposition 4.4.1, the limit point y[oc] € R? exists. Consider

an agent v; € R and a time-step k € N for which the condition in the lemma holds. Since

x; € B(y[oo], R;) from (4.14), we have

Lx; = zilk], yloo] — zi[k]) < max  Z(u—zk], yloo] — zi[k])

ueB(y[oo], ki)

= arcsin : (B.11)

where the last step is from using Lemma B.1.1. Using the gradient step (4.6), we can write
L(xi[k + 1) — zi[k], yloo] — z[k]) = Z(—nlk]g;[k], yloo] — z;[k]). Since for all v; € R and
ke N,

Z(=n[klg,[k], yloo] = zi[k]) < Z(=nlk|g,[k], i — zi[k]) + L(x; — zi[k], yloo] — zi[k])

by [57, Corollary 12], applying Proposition 4.4.2 and inequality (B.11), we have

R;

Z(@;[k + 1] — z[k], y[oo] — zi[k]) < 0; + arcsin [|2:[k] — y[oo]|

1= [k]. (B.12)

Note that v¢;[k] € [0,7) since §; € {0, g) and arcsin”zz_[kﬁm € {O, g} Then, consider the

triangle which has the vertices at x;[k + 1], z;[k], and y[oo]. We can calculate the square of

the distance by using the law of cosines:

lzilk + 1] — yloo][I* = fl@i[k + 1] — 2i[k]||* + [ly[oo] — zi[k]]”

— 2[|ai[k + 1] — zi[K]|| - ly[oc] — z:[k][| cos Z(ai[k + 1] — zi[k], y[oo] — zi[k]).
Using the gradient step (4.6) and the inequality (B.12), we get

sl + 1] — yoo][I* < n*[k] I gilk]II* + Il 2i[K] — yloo]|”

= 2n[k] [lgi[K]|I - |z:[k] — yloo]|[ cos y[k].  (B.13)
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In addition, we can simplify the term | z;[k] — y[oo]|| cos¥;[k] in the above inequality using

the definition of ¢;[k] in (B.12). Regarding this, we can write

|2:[k] — yoo] || cos ¢i[k] = /|| zi[k] — y[oo][|> — B2 - cos b; — Ry sin6;.

Substituting the above equation into (B.13), we obtain the result. ]

Proof of Lemma 4.4.15. First, note that by the definition of s* in (4.15), we have a; > 0
and a; < 0 since s* > R; + &, and b; > 0 since s* > R; sec b +£.
For v; e R, let T'; : [}?i, o0) X Ry — R be the function

Fi(pa l) = p2 - Az(pv l)? (B14)

where function A; is defined in (4.16). Consider an agent v; € R and a time-step k& € N such

that k > k5. We can compute the second derivative of I';(p, ) with respect to p as follows:

0T,
Op?

= 2+ 20R*(p* — R?)™ 2 cos 0.

Note that a FZ > 0 for all p € (R;,00). This implies that

sup Fi(p, 1) < max I'(p,l) = max {F,-(Ri,l), Fi(s*,l)}. (B.15)

pe(maxvjen{f?j—l-dj}, s*] PE[R;, s*]

First, let consider I';(R;, 1). From the definition of T'; in (B.14), we have that
Ti(Ri, 1) < (s%)? <= l€]a;, al], (B.16)

7 7

where a; and a; are defined in (4.18). Using Assumption 4.4.2 and 4.4.3, and the definition

of k;, we have that

oK) g, K] < nlhIE < min {min{a], b,})} < af
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By the above inequality and statement (B.16), we obtain that
iR, nlk] llgi[K]ll) < (s%)%. (B.17)
Now, let consider I';(s*, 1). From the definition of I'; in (B.14), we have that
[i(s*,1) < (s%)? <= 1€]0, by, (B.18)

where b; is defined in (4.18). Using Assumption 4.4.2 and 4.4.3, and the definition of kj, we
have that
[k g, (k]| < nlk]L < min {min{a}, b;}} <

By the above inequality and statement (B.18), we obtain that
Li(s™, nlk] lg;[k]]) < (s7)%. (B.19)
Combine (B.17) and (B.19) to get that
mas {To(Fey (8] gk, Tols™(©), nli] g KD} < (52, (8.20)
From Lemma 4.4.12, we can write
laes ke + 1] — yloo]|* < Tu(llz[k] — yloc]ll, nlk] lg;[k]l)-

Applying (B.15) and (B.20), respectively to the above inequality yields the result. O

Proof of Lemma 4.4.14. Consider any time-step k > k% and agent v; € Z,[k]. By the defini-
tion of the function A; in (4.16), it is clear that if p; > ps > R; then A;(p1,1) > Ai(ps,1).

Then, we get

Ai(llzilk] = yloolll, (k] lg; (K1) > Ai(s™, n[k] [lg:[K][])- (B.21)
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Furthermore, the function A; satisfies

A;i(p, 1) > (\/p2 — R2cosb;,—R; sin9i>l = lc {O, \Vp? — R?cosb;—R;sinb;|. (B.22)

We restate inequality (B.9) obtained in the proof of Proposition 4.4.2 here:

fi(x) — fi(x}) €
le—ai] = oo

(B.23)

Recall the definition of C;(€) in (4.11). For & ¢ C;(¢), from the definition of convex functions,
we have —(g;(x), «f — x) > fi(x) — fi(x]). Using the inequality (B.23), we obtain

o= T 2 5

= K.
Using the above inequality, Assumption 4.4.2, and the definition of £, we have that
bi
nlklri < k] [lg[k]l < nlk]L < 3. (B.24)
Since n[k] ||lg;[k]|| € [0, %], we can apply (B.22) to get

2

n[k] [lg:[K][I (B.25)

| &

A5, 1l g, (411) =
Combine (B.21), (B.25), and the first inequality of (B.24) to obtain the result. O

B.5 Proof of Proposition 4.4.3 and Lemma 4.4.15

Proof of Proposition 4.4.5. From Proposition 4.4.1, the limit point y[oo] € R? exists. For

all v;, v; € R, we have

122 [K] = il K]l < [lae5[k] = yloolll + lly;[k] — yloo]]|
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Apply Lemma 4.4.8 to obtain that for all v; € R, we have
zilk] =y, K]l < max [l k] — ylooll + lly.[k] — yleo]ll
Substituting the above inequality into
1Zi[k] — yloo]l| < [[zi[k] — y, K| + lly:[k] — yloc]l],

we obtain the result. O

Proof of Lemma 4.4.15. Suppose max,,er ||@;[k] — y[oo]|| < ¢[k] for a time-step k > k.
From Proposition 4.4.1 and 4.4.3, we have that for all v; € R,

1i[k] = yloo]|| < d[k] +28eF, (B.26)

where o and [ are defined in Proposition 4.4.1.
Recall the definition of Z,[k] from (4.19). For all v; € Z,[k], from Lemma 4.4.12 and
4.4.14, we have

1
li[k + 1] — yloo][|* < l2:[k] — yloo]|]* — Sbirin[k].
Applying (B.26) to the above inequality, we obtain that for all v; € Z,[k],

ik + 1] - yloo]|> < (4[k] + 28e=*)" — “biman[H]

< ([k] +28e)

— Do =

’ k| min b
— 1lk] min ;.

On the other hand, for all v; € R \ Z,[k|, we have ||z;[k] — y[oo]|| < s* by the definition of
Z.[k]. From Lemma 4.4.11 and 4.4.13, we get ||z;[k + 1] — y[oo]|| < s* for all v; € R\ Z,[k].

Therefore, we conclude that for all v; € R,

il + 1] o]l < max { (57, (610] + 26e)" = ol iy by .

v ER
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Using the update rule (4.21), the above inequality implies that max,,er ||&;[k+ 1] —y[oo]|| <
ok +1].
Next, consider a time-step k& € N. From the gradient update step (4.6), for all v; € R,

we have

[2:[k + 1] = y[oo]|| = |[zi[k] — yloo] — nlklg, (K|

< |[zi[k] = yloolll + nlk] llgs[~]ll-
Since ||g,[k]|] < L from Assumption 4.4.2; we can rewrite the above inequality as
5[k + 1] — yloo]|| < ||z:[k] — yloo]l| + n[k] L. (B.27)
On the other hand, from Proposition 4.4.1 and 4.4.3, for all v; € R, we have
1zilk] = yloolll < max la; k] — yloo]]| + 2Be™ ", (B.28)

Combine the inequalities (B.27) and (B.28) together and apply the result recursively to

obtain

ko—1 ko—1
max [a; ko] — yloo]|| < max ||z;[0] — yloo]l| +28 3 e + L 3 nlk].
k=0 k=0

Vi€ V;ER

Since the RHS of the above inequality is ¢[ko], this completes the first part of the proof.
Consider a time-step k € N such that & > k. From the update equation (4.21), using

the fact that %n[k] min,,cr bix; > 0 for all k € N, we can write
ok +1] < max {s*, ¢[k]} +28e~*.

Applying the above inequality recursively, we can write that for all £ > k,

k-1
olk] < max {3*, gb[k;o]} +28 > e W,

k'=ko
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Substituting equation (4.20) into the above inequality and using the fact that Zg;lo e~ <

=0 e~k — 1761;% for all £k € N, we obtain the uniform bound as follows:
ko—1 25
o1k < max {*, max ll0] — yloc)l| + L 3 nlk)} + ——
v, ER V=0 1] —e @
Setting the RHS of the above inequality to ¢, we obtain the result. O

B.6 Proof of Lemma 4.4.16, Proposition 4.4.4 and Theorem 4.4.9

Lemma 4.4.16 is used to establish the proof of Proposition 4.4.4.

Proof of Lemma 4.4.16. Suppose that there exists a sequence {u[k]};2, C Rx( that satisfies
the given update rule. Since A[k] € Rxq for all k € N, we have u?[k + 1] < (u[k] + 11 A\F)%
Since u[k] > 0 for all k € N, it follows that

0 < ulk +1] < |ulk] + 1 A¥| < ulk] + y A%

Apply the above inequality recursively to obtain that for all k£ € N,

ulk] < ul0] + v Z: N < 0] +

"1 -7
1— A '

From the update rule, we can write

[k + 1] = w?[k] + 21 XPulk] + 42A% — 721 (K]

< WPk] + 29 A 0 + AT — yan[k).
Applying the above inequality recursively, we obtain

k k k
uz[k] < u2[0] + 27@2% + 7122)\% — 72277[6].

=0 =0 =0
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However, the first three terms on the RHS are bounded in k£ while the last term is unbounded.
This implies that there exists a time-step k& € N such that «?[k] < 0 which contradicts the

fact that u[k] € Rxo. O

Proof of Proposition 4.4.4. Let v = %minvieR b;r; to simplify the notations. Let k; € N be
a time-step such that n[k}] > %(q%e’akz - 66’20"“3). Note that k} € N exists since 7[k]
decreases slower than the exponential decay due to its form given in Assumption 4.4.3.
First, we will show that if the time-step k € N satisfies & > max{ko, k}} and ((b[/{:] +
266*0"“)2 —vnlk] > (s*)?, then
o[k + 1] < ¢[k]. (B.29)

Consider a time-step k > max{ko, kj }. Since (gb[k] +25e*ak)2—1/77[k] > (s*)2, the update

equation (4.21) reduces to
Gk + 1] = (¢[k] +28¢*) — wnlk]. (B.30)

Using the definition of kj, from k > kj, we can write nlk] > %(&e“"k + 66_20"“). Since
#[k] < ¢, we have that

nk]

> Llf(qb[k’]e“"k + Be2).

By multiplying v and adding ¢?[k] to both sides, and then rearranging, we can write ¢?[k] >
(gb[k‘] - 266*0‘]“)2 — vn[k], which is equivalent to ¢[k + 1] < ¢[k] by (B.30). This completes
our claim.

Next, we will show that there exists a time-step K € N such that Qﬁ[max{ko, Y+ K } =

Suppose that (gb[k:] +2ﬁe*ak)2 —vnlk] > (s*)? for all k > max{ko, k;}. Then, the update

equation (4.21) reduces to
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However, since ¢[k] is non-negative for all & € N by its definition, from Lemma 4.4.16,
there is no sequence {¢[k]}72, that can satisfy the above update rule. Hence, there exists

a constant K € N such that
N2
(6[K] +28eF)" — wplk] < ()%,

where k' = max{ko, ki} + K — 1, which yields gb[max{k:o, ki} + f(} = s* by the equation
(4.21). This completes the second claim.

Consider any time-step k € N such that k& > max{ko, 5} + K and ¢[k] = s*. Such a time-
step exists due to the argument above. Then, suppose (gb[k] +266*0‘k)2—m7[k] > (s*)2. From
(B.29), we have that ¢[k+ 1] < s* which is not possible due to the fact that ¢[k'] > s* for all
k' > ko from the update equation (4.21). Hence, we conclude that (qb[k] +25€_O‘k)2 —wnlk] <
(s*)?, and ¢[k + 1] = s* by (4.21). This means that ¢[k] = s* for all k > max{ko, k;} + K.
Then, by the definition of ¢[k|, we can rewrite the equation as max,,cr ||z;[k] — y[oo]|| < s*

for all k > max{ko, k;} + K := K which completes the proof, O

Finally, we utilize the finite-time convergence result from Proposition 4.4.4 to give a proof

for Theorem 4.4.9 presented below.

Proof of Theorem /4.4.9. From Proposition 4.4.4, for a fixed £ € Ry and € € R, we have
that for all £ > K,

max ||2;[k] — yloof|| < s7(¢, ).

Note that K is a function of £ and e. However, the above inequality implies that s*(£,€) >

lim sup,, max,,cr ||z;:[k] — y[oo]||. Since the inequality is valid for all £ > 0 and € > 0, and

infeso, 50 57 (€, €) = inf 0 5%(0, €) by the definition of s*(£, €) in (4.15), we have
hmksupg_lg%ﬂwz[k] ylool[| < inf 57(0, ¢),

which completes the proof. O
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C. SUPPLEMENTARY MATERIALS FOR CHAPTER 5
C.1 Additional Lemmas

C.1.1 Graph Robustness

We now state a lemma regarding transmissibility of information after dropping some

edges from the graph (from Lemma 2.3 in [30]).

Lemma C.1.1. Suppose r € Z, and G is r-robust. Let G’ be a graph obtained by removing

r — 1 or fewer incoming edges from each node in G. Then G is rooted.

This means that if we have enough redundancy in the network, information from at least
one node can still flow to the other nodes in the network even after each regular node discards

some neighboring states.

C.1.2 Series of Products

Lemma C.1.2. Suppose {b[k]}ren C R is a sequence such that limy ., >-F_, b[s] = b.

o If{a[k]}ren C R is a sequence such that limsup,, alk] = a*, then it holds that
k
limsup Y _ a[s]blk — s] < a*b. (C.1)
k s=0
o If{alk]}ken C R is a sequence such that liminfy, a[k] = a., then it holds that

k
limkinf > als)blk — s] > a,b. (C.2)
s=0
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Proof. Consider the first part of the lemma. Since limsup, alk] = a*, we have that for a
given € € Ry, there exists &’(¢) € N such that a[k] < a* + ¢ for all k > k’(¢). Suppose k € N

and k > k' (¢), and we can write

P PO ; )
dalsiblk—s] = Y alslblk—s]+ > )a[s]b[k: — 5]
s=0 s=0 s=k'(e
K (e)—1 ~ I;—k’(e)
< ;) a[s]b[k — s] + (a* +€) Z;) b[s] (C.3)

Since limy, o 3F_, b[s] = b, we have that limy_,, b[k] = 0. Taking lim sup; to both sides of
(C.3), we obtain that

K (e) k—k'(e)
lim sup Z — s < ZO kh_?;b — 5]+ (a* +¢) 1511—>I£lo Z@ b[s]
= (a* + €)b.

Since € € Ry can be chosen to be arbitrary small, we obtain (C.1).
For the second part of the lemma, since liminfy alk] = a., we have that for a given
€ € R.y, there exists k'(e) € N such that a[k] > a. + € for all & > k'(¢). By using this fact

and taking the steps same as the proof above, we obtain (C.2). [

Corollary C.1.3. Suppose {a[k]}ren C R is a sequence such that limy - alk] = 0 and
{b[k]}ren C R is a sequence such that limy_ ., S%_, b[s] is finite. Then, it holds that

lim Z —s]=0. (C.4)

k—)oo

Proof. Since limy,_,, a[k] = 0, we can write

lim sup a[k] = limkinf alk] = 0.
k
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Using Lemma C.1.2, we have that
k k
0 < lim inf > als]blk — s] < limsup »  a[s]b[k — s] < 0.
s=0 k s=0
The inequalities above implies that
k k
limkinf > als]blk — s] =limsup » _ a[s]b[k — s] =0,
s=0 k

s=0

and the result (C.4) follows. O

C.1.3 Function Analysis

Lemma C.1.4. Given a constant v € R, suppose h : (max {1 — %, O}, 1} — R>( such that

_ Vs
h(s) = =i

Then, the following statements hold.
o Ify€[l,00), then h is a strictly decreasing function.

o Ify€10,1), then h is strictly increasing on the interval (0,1—~] and strictly decreasing
on the interval (1 —~,1].

Proof. Compute the derivative of h with respect to s yields

. 1 21— WI=s V5

(s) <1—\/7y\/1——5>< NG 2\/1——3)
_ 1 2VI—s—/7
_<1—\/§\/ﬁ> (2\/5\/1——5 )

From the expression h/(s) above, we need to consider only the sign of /1 — s — V7. First,
consider the case that v > 1. We have s € (1 — %, 1} which implies that /1 — s — V7 <0.
Next, consider the case that v € [0, 1). We have that s € (0,1—] implies that v/1 — s—/7 >
0 with equality only if s =1 —, and s € (1 — 7, 1] implies that /1 —s — /7 < 0. O
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C.2 Proof of Convergence Results in Subsection 5.6.2

C.2.1 Convex Functions

From [98], an equivalent definition of a u-strongly convex differentiable function f is as

follows: for all &1, x5 € R?,
(V@) = V(@2), @1 — @2) > pil|2cy — aao”. (C.5)
We will use the following useful result from [98] regarding the convexity and Lipschitz

gradient of a function.

Lemma C.2.1. If f is convexr and has L-Lipschitz gradient then for all z,, x5 € RY,

f(x1) > f(x2) + (Vf(x2), 21 — ®2) + 21L||Vf($1) — V()] (C.6)

and

f(@1) < f(@2) + (Vf(x2), 1 — T2) + gle — |, (C.7)

C.2.2 The Reduction Property Implication

We first introduce the following lemma which is useful for deriving the convergence result

(Theorem 5.6.4).

Lemma C.2.2. Suppose Assumption 5.6.1 holds. If an algorithm A in REDGRAF satisfies
the (7, a)-reduction property, then 3,/7 < 1.

Proof. In the first case where v € [0,1) and o = v € (O, H, we have 3,/7 = /7-v1 —aji <

1. In the second case, since v € [1, 1_1#>, we have that 0 < %(1 — %) < % which indicates
L

1 1
2 7L

obtain that 3,/7 = /7 /1 — aji < 1. For both cases, we have that §,/7 < 1. [

that setting the step-size a, = a € ( (1 — %) 1} is valid. Since a > i(l — %), we also
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C.2.3 Proof of Theorem 5.6.4

We refactor Theorem 5.6.4 into Proposition C.2.1 and Corollary C.2.3 where Proposi-
tion C.2.1 mainly captures the final convergence radius and Corollary C.2.3 captures the

convergence rate.

Proposition C.2.1. Suppose Assumption 5.6.1 holds. If algorithm A in REDGRAF satisfies
the (x.,, {c[k]})-states contraction property (for some . € RY, v € Rsq and {c[k]}xew C R)
and o, = o € (0, %} then for all k € N and v; € Vg,

Jaalk] | < ()" ma [l [0 wdHﬁZﬁf cll—s—1 +rcﬁzﬁf C5)

where r. and  are defined in (5.9) and (5.11), respectively. Furthermore, if A satisfies the

(v, @)-reduction property, then for all v; € Vg, it holds that

reVal

| < W (C.9)

lim sup [|@;[k] — x|
K

Proof. Consider a regular agent v; € Vx. Since x;[k + 1] = &;[k] — agg,[k] from (5.4), we

can write
sk + 1] — a||” = [|@:[k] — || — 2(&:[k] — @, angilk]) + ollg[F]]>. (C.10)

Since f; is p;-strongly convex (from Assumption 5.6.1), from (5.1) we have that —(&;[k]

—x., g;[k]) < (filz.) — fi(@:[k]) —

to get

L\ z;[k] — x.||?. Substituting this inequality into (C.10)

ik + 1] = ac[l* < (1 — appua) [ @i[k] — 2el|* + allg; (]|
+ 205 (fi(ze) — fi(@i[k])). (C.11)
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Since f; has L;-Lipschitz gradient (from Assumption 5.6.1), from (C.6) we have that ||g,[k]||? <
2L;(fi(zi[k]) — fi(xF)). Substituting this inequality into (C.11) yields

laeilk + 1] — el|* < (1 — anpua) |23 K] — el|* — 200 (1 — e Ly) fi(:[K])

— 203 L fi(x}) + 2 fi(x.). (C.12)

Since f; has L;-Lipschitz gradient (from Assumption 5.6.1), from (C.7) we have that f;(x.) <
fi(x}) + L@ — x||>. Substituting this inequality into (C.12), we obtain

ik + 1] — @c]|* < (1 — awpua) @i [k] — ||

— 20,1 — i L) (fi(@i[k]) — fi(=])) + awLif|ze — 2} |*.
Since ap = a € (O, H, L; < L and ;i > ji, the above inequality implies that
ik + 1) = z|* < (1 — ap)|&:[k] — z.|* + oLz, — 2> (C.13)

Since the algorithm A satisfies the (x.,~, {c[k]})-states contraction property given in (5.8),
(C.13) becomes

2 ~
e+ 1) = el < (1= ) (V7 mas D) — el + clh]) + L max [l — a5,
v]‘EVR ’UjEVR
which implies that
lilk +1] = @ll < v7- V1 - af max |la;[k] -z
J
+ VI —ajclk] + Vol max |z, — x}]].
viEVR

Recall the definition of . and 8 from (5.9) and (5.11), respectively. Since the above inequality

holds for all v; € Vz, taking maximum over v; € Vx yields

max ik + 1] — .|| < By max \|:[k] — .|| + Belk] + roV L.
ViCVR

V;EVR
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Unfolding the recursive inequality above, we obtain that

max i k] — 2| < (BvA)" nax [|22:[0] — .||

—i—ﬁz::(ﬁﬁ)sc —s—1] +rc\/72 (BV7)°,

which completes the first part of the proof.

Consider the second part of the theorem. Since the algorithm A satisfies the (v, a)-
reduction property, from Lemma C.2.2, we have that §,/7 < 1. Considering the RHS of
(C.8), since limy_, Zgzo(ﬁﬁ)s is finite, using Corollary C.1.3, we have

lim WZL > (3v) + 8 (B elk = 1]

+ (5\/§)kv131€%?7<€ |2s[0] — .|| = W

The result (C.9) follows from taking lim sup, on both sides of (C.8) and then applying the

above equation. O]

Corollary C.2.3. Suppose Assumption 5.6.1 holds. If there exist constants ¢, € RY, v €
R>o and § € (0, 1)\ {5/} such that an algorithm A in REpGRAF satisfies the (., {c[k]})-

states contraction and (v, )-reduction properties with c[k] = O(£*), then for all v; € Vg,
k] = || < R* + O((max{5/7.€})"). (C.14)
Proof. Consider the second term on the RHS of (C.8). Since c[k] = O(¢F), we obtain that

ﬂi(ﬁﬁ)% o) (sklz(ﬁf))

o BV Y "
—0< N )—0(< {BVA.ED").

Using the above equation and the fact that 7.Vl - "3 (By7)* < R*, we have that (C.8)
implies (C.14). O
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C.2.4 Proof of Theorem 5.6.5
Proof of Theorem 5.6.5. Suppose  is a point in R? such that ||z — x| > %rc. In order to

conclude that x* € B(mc, %rc), we will show that >, o, Vfi(x) # 0.
In the first step, we will show that cos Z(V fi(x),x — x.) > 0 for all v; € V. For a
regular agent v; € Vg, consider the angle between the vectors * — x. and * — x;. Suppose
re > 0; otherwise, we have that Z(x —x.,x —x}) = 0. Using Lemma 9 in [93], we can bound

Te

> < arcsin (g) (C.15)

& — |

the angle as follows:
L(x—x., x—x)) = arcsin (

Lx—z,x—x]) < max
x) > w;l|x — x}||* which is equivalent to
Li||x — xf||. Substitute

zoEB(xc,re)
On the other hand, for a regular agent v; € Vg, since f; is p;-strongly convex, from (C.5),
(C.16)
% which implies that

we have (Vfi(x),z —
IV fi(z)|| cos Z(V filx), & — a7) > puill@ — ;]|
|

<
i
L =

(C.17)

Since f; has L;-Lipschitz gradient, from (5.2), we have ||V f;(x)
this inequality into (C.16) to obtain cos Z(V f;(x),x — x}) >
[

L

L(Vfi(x),x —x]) < arccos (~)

Using (C.15) and (C.17), we can bound the angle between the vectors V f;(x) and & — @, as

follows:
L(Vfi(x),x —x.) < L(Vfi(x),x —x)+ L(x —x.,,x — x])
i (@) m
< = = | ==
arccos (L) + arcsin (L) 5’
57]. This means that 0 <

where the first inequality is obtained from Corollary 12 in [

cos Z(V fi(x),x — x.) as desired.
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In the second step, we will show that |V f;(x)|| > 0 for all v; € Vg. For a regular agent
v; € Vg, consider the lower bound of the gradient’s norm ||V f;(z)|| in (C.16) which implies
that

IVfi(@)| > plle — 7] > (e — 2] — |2 — 2.]).

Since ||z — x| > %rc, the above inequality becomes

L
, i * —||xF — >
IV fi(z)[| > (/j max [|lzj — @] — || a:dl) >0,

where the second inequality is obtained by using L > fi.
In the last step, we will show that >, . Vfi(x) # 0. Consider the following inner

product

< Z Vfi(m),m—mc>:||az—mc|| Z IV fi(x)|| cos Z(V fi(x), x — x.).

v; EVR V;EVR

Since ||V fi(x)]| > 0 and cos Z(V fi(x),z —x.) > 0 for all v; € Vg, and ||z —x.|| > 0, we have
that <ZU¢EVR Vii(x),x — zcc> > 0. This implies that >, ¢y, Vfi(x) # 0 which completes
the first part of the proof.

For the second part of the theorem, in order to conclude that =* € B(x,., R*), we will

show that %rc < R* where R* is defined in (5.12). Since v > 1, we have that

. reVal
R > —— .
“1-V1—-an

Multiplying 1 4+ 4/1 — aji to both the numerator and denominator of the RHS of the above

inequality, we obtain that
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implies that — i , we can bound R* as follows:

H i) EGE )

Since L > i, we obtain that R* >

Since o < 4

hl\

=t

r. which completes the second part of the proof. n

C.3 Proof of Consensus Results in Subsection 5.6.3

C.3.1 Bound on Gradients

As we have claimed in the main text, the states contraction property (Definition 5.6.3)

implies a bound on the gradient ||g;[k]||o. The following lemma formally illustrates this fact.

Lemma C.3.1. Suppose Assumption 5.6.1 holds. If an algorithm A in REDGRAF satisfies the
(xe, v, {c[k]})-states contraction property (for some x. € R, v € R, and {c[k]}ren C R)
and oy, = o € (0, %} then for all k € N and v; € Vg,

ol < £ 5/ g 0] - )
+5§(ﬁﬁ)sc k—s—1] +r0ﬁz (Bv7) ]+Lc[ |+ r, (C.18)

where r. and  are defined in (5.9) and (5.11), respectively. Furthermore, if A satisfies the

(v, @)-reduction property, then it holds that for all v; € Vg,

. avyL
hmksup llg:[%]]| _rCL<1+ 1—5\/7) (C.19)

Proof. Consider a time-step k£ € N, and a regular agent v; € Vr. We can write

[@:[k] — 27| < [|2:[k] — .|| + [J27 — 2|

K3 — K3
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Since the algorithm A satisfies the (z., 7, {c[k]})-states contraction property, applying (5.8)

into the above inequality yields
12[k] — @1l < vy max [l [k] — @]l + c[k] + 7, (C.20)
J
where 7. is defined in (5.9). Since g,[k] = V fi(&;[k]), using Assumption 5.6.1, we can write

lg:[K1ll = IV fi(@i[k]) — V fil@})|| < Ll|@:[k] — |-

7

Substituting (C.20) into the above inequality and using the fact that ||g,[%]|l < |lg;[%]|l, we
obtain that

1gi[Flloe < iﬁyme‘@; l2j k] — || + Le[k] + reL. (C.21)

Substituting (C.8) from Theorem 5.6.4 into the above inequality yields (C.18).

To show the second part of the lemma, taking lim sup, to both sides of (C.21), we have

that
lim sup ||g;[£]|loe < L/7 limsup max ||&;[k] — .|| + L lim c[k] + r.L.
k k v;EVR k—o0
Using (5.12) from Theorem 5.6.4 and limy,_,, c[k] = 0 yields the result (C.19). O

C.3.2 Proof of Theorem 5.6.6

Here, we present a more general version of Theorem 5.6.6 which will be used to prove

Corollary 5.6.7.

Theorem C.3.2 (Consensus). If an algorithm A in REDGRAF satisfies the

(W]}, G)-mizing dynamics property (for some {W [k} ren, reig € SVR! and G € Rsg)
and oy, = « for all k € N, then there exist p € Rsg and X € (0,1) such that for all k € N
and v;,v; € Vg, it holds that

o] = ] < V(¥ e 0]+ 0 X4 me ol ). (C22

vrEVR 5—0
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Furthermore, there exist p € Rsg and X € (0,1) such that for all v;,v; € Vg, it holds that

apG\/_

limkSUPHwi[ | = [kl < (C.23)

Proof. Consider a time-step k € Z, and a dimension ¢ € [d]. Since the algorithm A satisfies
the ({W9[k]}, G)-mixing dynamics property in (5.10), we have that

2Ok = WOk — 12Ok — 1] — 19 [k — 1]. (C.24)

WONWOR —1]-. - W] if t > s, ‘
Let ®O[t, 5] = for s,t € N. We can expand (C.24)

1 if t<s,
as follows:

2Ok = Y[k — 1,0) Z a, @9k — 1,5 + 1)g“[s]. (C.25)

Let ¢ (s) € RV®l be such that lim,_,o. ®[t, s] = 1¢97[s], and let 2 [k] = 17 [k]xO[k].
We can write

21K - 2Okl |ow = [ (7 = 147 [1]) 2 1]

[e.e]

Applying (C.25) to the above equation, we obtain that

l 9K — 2Okl < |2k —1,0] - 1q“)T[0]HOO||w“)[0]||oo

—i—Z(as

~1s+1] - 1¢97s + 1]|_lg® [s]||oo>. (C.26)

From Proposition 1 in [89], we have that there exist constants p’ € Rsg and A € (0,1) such
that for all £ > s > 0,
S p/Ak—S'

(e 9]

ch k—1,5) - 1¢97s]

Thus, applying the above inequality, (C.26) can be bounded as

k—1

|2 1K) = 29 [klloe < PN 2O [0] oo + D o' N lg 5] e (C.27)

s=0
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Since a; =  for all s € N, and for s € N, £ € [d] and 29[s] = 2¥)[s] or g]s],

< = )
12 8]0 Igé%gg@ﬂz Is]] max |[;]s][|oo,

the inequality (C.27) becomes

£k — 5Ok < 63 max [0+ o > ¥ g felle (C25)
° s=0

Let 29[k] = ¢ [k]x9[k]. For v; € Vg, we can write

|@ilk] - 2[k]| = [ > |« [K][2 < )32 2 O[k] — 2Ok]|]2..

Le[d) Le(d)]

Using the above inequality, we have that for all v;,v; € Vg,

a2 (K] — a5 [K][| < ll2i[k] — Z[K]]| + [le5[K] — 2[k]]| <2 2{:} k] — 2 [k]]]%

Substituting (C.28) into the above inequality and letting p = 2p’, we obtain the result (C.22).
Taking lim sup,, to both sides of (C.22), we have

lim sup ||a; k] — @;[k]|| < apvd hmsupZAk = max ||g, [s][|oc.
k k s=0

Since for all v, € Vg, we have limsup ||g, k]l < G from Definition 5.6.3 and = =

k

limy 00 2F_o AF, using Lemma C.1.2, the above inequality becomes (C.23). O

C.3.3 Proof of Corollary 5.6.7

Proof of Corollary 5.6.7. From the inequality (C.19) in Lemma C.3.1, we have that the

algorithm A satisfies the ({W ®[k]}, G)-mixing dynamics property with
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Substituting G into (C.23) in Theorem 5.6.6 yields the result (5.15).
To show the second part of the theorem, consider the expression in the square bracket of

(C.18). Since c[k] = O(&¥) and ¢ € (0,1) \ {#,/7}, we have that

(B s 0] = el + 8 (53 el =5 1]+ rey/al 3 (5yA)
< R+ O((max{8y7,6})"),

where R* is defined in (5.12). Substituting the above inequality into (C.18), we obtain that

for all v; € Vg,

gkl < LA R + O((max{By/7,61)") | + 0(¢") +7.L
= R'Ly7 + 1oL+ O((max{y/7,£})").

Substituting the above inequality into (C.22) in Theorem 5.6.6, we have that there exist
p € Rsp and A € (0,1) such that for all v;,v; € Vg,

ol

ilk] — a; k]| < pVd|ONY) + —— 3 (re + B7V/7)

+a Z_% N0 ((max{B,/7, g})S)] . (C.29)

If X = max{f,/7,¢}, we can replace A in (C.29) with X = A + € where € € (0,1 — A). Thus,
without loss of generality, there exist p € Rxg and A € (0,1) \ {max{3,/7,£{}} such that
for all v;,v; € Vg, the inequality (C.29) holds. Consider the last term of (C.29). Since

A # max{3,/7,£}, we have that

k-1

> AO((max{8y/7,£})7) = O((max{B/7, €, AP*).
5=0
Substituting the above equality into (C.29) yields the result (5.16). O
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C.4 Proof of Algorithms Results in Subsection 5.6.4

C.4.1 Proof of Theorem 5.6.8

Before proving Theorem 5.6.8, we consider a property of SDMMFD (Algorithm 2) and
SDFD (Algorithm 3). Specifically, for SDMMFD and SDFD, since the dynamics of the
estimated auxiliary points {y;[k]}v, C R? are independent of the dynamics of the estimated
solutions {x;[k]}y, C R? we restate the convergence results of the estimated auxiliary points

{y,[k]}v, from Proposition 4.4.1.

Lemma C.4.1. Suppose the set of estimated auxiliary points {y;[k]}v, follow SDMMFD or
SDFD [93]. Suppose Assumption 5.6.2 hold, the graph G is (2F + 1)-robust, and the weights

wg) (k] satisfy Assumption 5.6.5. Then, there exists c; € Rsg, ca € R, and y[oo] € R with

) . (6) (f)
yloc] € | min y; k], max (k] (C.30)

for all k € N and ¢ € [d] such that for all v; € Vg, we have
;K] = yloo]|| < cre™". (C.31)

Essentially, the lemma above shows that the estimated auxiliary points {y;[k]}y, con-
verge exponentially fast to a single point called y[oo] € R%

We now provide a proof of Theorem 5.6.8

Proof of Theorem 5.6.8. We first show that each algorithm satisfies the states contraction
property with some particular quantities.

Consider a regular agent v; € Vz following SDMMFED or SDFD. From Lemma 2 in [93],
we have that

12:[k] — lklll < max lae; K] — ;i [k]]] (C.32)

From Lemma C.4.1, the limit point y[oo] € R exists, and we can write
o2 (k] = i k][] < [|oe;[k] = y[oo]]| + lly[oo] — wilk]l|
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Substitute the above inequality into (C.32) to get

12:[k] — yil kIl < max ;K] — yloo]l| + [lyloo] — wi[K]]] (C.33)

Thus, we can write

[[&:[k] — ylool|| < [ (k] — yilK]Il + [ly:[k] — y[oo]]

< max |[x;[k] — y[oo][| + 2(|y;[k] — y[od]]],

v;EVR

where the last inequality comes from substituting (C.33). Let ¢; € R.g and ¢ € R be the
constants given in Lemma C.4.1. By directly applying (C.31) to ||y;[k] — y[oc]|| in the above
inequality, we conclude that the algorithms satisfy (y[oo], 1, {2cie72F})-states contraction
property.

Consider a regular agent v; € Vg following CWTM. Since v; has at least 2F + 1 in-

neighbors, from Proposition 5.1 in [30], we have

vy €N VR)U{v:}

where 32, cvinnvg)ufvi} w“) [k] = 1. Thus, we can write

|:I:§é> k] — @ < > w,(?[/{;] yq;gz)[k] — | < max |x [k:] — ),
v; €NPNVR)U{v;} v;€VR

Using the above inequality, we obtain that

&k — 2 = Y [0k — O < 3 max [0k — O < Y max ;K] — e

¢€]d) tefd) VI€VR tefd) VI€VR

Thus, we have that ||&;[k] — ¢*|| < v/d max,,ev, ||#;[k] — ¢*|| which corresponds to the

(c*,d,{0[k]})-states contraction property in Definition 5.6.1.
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Finally, consider a regular agent v; € Vg following RVO. From (5.7), we can write

Zilk] —c" = > wi;lk] (z;[k] — ).
Uje(./\/;i“ﬁVR)U{Ui}

Since Y, c(vimrvg)ufey Wij[k] = 1, we have

lzik] -l < X wig k] [lae; K] — €| < max [lz;[k] — 7]
v; €N NVR)U{v;}

which corresponds to the (¢*, 1, {0[k]})-states contraction property in Definition 5.6.1.

Next, we show that SDMMFD, CWTM and RVO satisfy the mixing dynamics prop-
erty with some particular quantities. To this end, we need to show that there exists
(WO Veemeeiq € SYRI such that the state dynamics of each algorithm can be written
as (5.10), the sequences of graphs {G(W[k])}ren are repeatedly jointly rooted for all
¢ € [d], and there exists G € Rx( such that

limsup |g;[k]||lcc <G forall wv; € Vg.
k

For SDMMFD, since in the dist_filter step, each regular agent removes at most F
states and in the full mm_filter step, each regular agent removes at most 2dF states, from

Proposition 5.1 in [30], for all £ € N, £ € [d] and v; € Vg, the dynamics can be rewritten as

D= Y @l Pk - o g0,
vyeWNPNVR)U{v;}

where @\ [k] + > eNI VR wg(fz] (k] = 1, and @\”[k] > w and at least [N;"| — (2d+ 1)F of the
other weights are lower bounded by % (where w is defined in Assumption 5.6.3). For k € N,

¢ € [d] and v;,v; € Vg, let

(O @ (k] if vy € (VP NVR)U {ui},

0 otherwise,
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and we can write the dynamics of all regular agents as

2Ok +1) = W'

Kz Ok] — g O[k]. (C.34)
Following the proof of Theorem 6.1 in [30], we have that each regular agent v; € Vx removes
at most (2d + 1)F incoming edges (including all incoming edges from Byzantine agents).
Since the graph G is ((2d + 1)F + 1)-robust, applying Lemma C.1.1, we can conclude that
the subgraph G(/W/(Z) [k]) is rooted for all k£ € N and ¢ € [d] (which implies that the sequence
{G(W/(Z) [l{;])}keN is repeatedly jointly rooted for all ¢ € [d]). Since SDMMFD satisfies the
states contraction property with v = 1, substituting v = 1 into the inequality (C.19) in
Lemma C.3.1, we obtain the mixing dynamics result.

For CWTM, by noting that the graph G is (2F'+1)-robust and in the cw_mm_filter step,
each regular agent removes at most 2F states, we can use the same steps as in SDMMFD
case to show that there exists {W(e) k] }ren,eefq) such that the dynamics of all regular agents
can be written as (C.34) and G(/V\V/(Z) [k]) is rooted for all k € N and ¢ € [d]. Since CWTM
satisfies the states contraction property with v = d, substituting v = d into the inequality

(C.19) in Lemma C.3.1, we obtain the mixing dynamics result.

For RVO, from the safe_point step, for all £ € N and v; € Vi, we can write

x;lk + 1] = > wij[k]z;[k] — arg;[K],
vy ENIBNVR)U{vi}

where w;;[k] is defined as in (5.7). For k € N and v;, v; € Vg, let

Wij k if vj MianR U1y X
(WIk])i; = " a o

0 otherwise,

and we can write the dynamics of all regular agents as (5.10) using the above W k]| for all
¢ € [d]. Since p(d, F') > F from the definition of p in Section 5.6.4, the subgraph G(W[k]) is
rooted for all k € N (by Lemma C.1.1). Since RVO satisfies the states contraction property
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with v = 1, substituting v = 1 into the inequality (C.19) in Lemma C.3.1, we obtain the

mixing dynamics result. O]

C.4.2 Proof of Lemma 5.6.9

Proof of Lemma 5.6.9. First, consider the case where the regular agents follow SDMMFD
or SDFD. From (C.30), we have that for all ¢ € [d],

y o0 € { min yf )[O} max yz(é) [0]} (C.35)

(s EVR Vi EVR

Since in the initialization step, we set y,[0] = &; for all v; € Vg, we can rewrite (C.35) as

y o] € { min 27, max 2 (ﬂ
U»LEVR vZEVR

Using the above expression, we can write

y 0] — ¢ < max 7 0 _ 0,
ViEVR
Let vy € Vx be an agent such that :%:/( ) = mMaXy,ecyy, & ( . The above inequality becomes

y(z) [oo] O < ( *(f) ;(@) + (gj;(f) . C*(Z)).

Since ||Z), — ]| < € and ||x) — ¢*|| < r* from the definition of ¢* and r*, the above

inequality becomes

25O _ @ <€+t

)

Applying the above inequality, we have that

ly[oo] — €*[* = > |yVloc] — O < d(r™ + €)%,

Leld]

217



Consider a regular agent v; € Vg. Using the above inequality and the definition of ¢* and

r*, we obtain that
lz; — ylool[| < & — ' + [le” — yloo]|| < Vd(r™ +€) + 7.

The result follows from noting that x. = y[oc| for SDMMFD and SDFD.
Now, consider the case where the regular agents follow CWTM or RVO. Since in this

case, . = ¢, the result directly follows from the definition of ¢* and r*. n
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