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ABSTRACT

Ferrofluids are remarkable materials composed of magnetic nanoparticles dispersed in a
carrier liquid. These suspensions exhibit fluid-like behavior in the absence of a magnetic
field, but when exposed to a magnetic field, they can respond and deform into a variety
of patterns. This responsive behavior of ferrofluids makes them an excellent material for
applications such as drug delivery for targeted therapies and soft robots. In this thesis, we
will focus on the interfacial dynamics of ferrofluids in Hele-Shaw cells. The three major
objectives of this thesis are: understanding the pattern evolution, unraveling the underlying
nonlinear dynamics, and ultimately achieving passive control of ferrofluid interfaces. First,
we introduce a novel static magnetic field setup, under which a confined circular ferrofluid
droplet will deform and spin steadily like a ‘gear’, driven by interfacial traveling waves.
This study combines sharp-interface numerical simulations with weakly nonlinear theory to
explain the wave propagation. Then, to better understand these interfacial traveling waves,
we derive a long-wave equation for a ferrofluid thin film subject to an angled magnetic field.
Interestingly, the long-wave equation derived, which is a new type of generalized Kuramoto—
Sivashinsky equation (KSE), exhibits nonlinear periodic waves as dissipative solitons and
reveals fascinating issues about linearly unstable but nonlinearly stable structures, such as
transitions between different nonlinear periodic wave states. Next, inspired by the low-
dimensional property of the KSE, we simplify the original 2D nonlocal droplet problem
using the center manifold method, reducing the shape evolution to an amplitude equation
(a single local ODE). We show that the formation of the rotating ‘gear’ arises from a Hopf
bifurcation, which further inspires our work on time-dependent control. By introducing a
slowly time-varying magnetic field, we propose strategies to effectively control a ferrofluid
droplet’s evolution into a targeted shape at a targeted time. The final chapter of this thesis
concerns our ongoing research into the interfacial dynamics under the influence of a fast time-
varying and rotating magnetic field, which induces a nonsymmetric viscous stress tensor in
the ferrofluid, requiring the balance of the angular momentum equation. As a consequence,
wave propagation on a ferrofluid interface can be now triggered by magnetic torque. A new

thin-film long-wave equation is consistently derived taking magnetic torque into account.
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1. INTRODUCTION

1.1 Ferrofluids and applications

Recently, there has been significant interest in the physics of active and responsive fluids
[1], [2]. For example, swimming bacteria can take a suspension of microscopic gears out of
equilibrium and extract rectified (useful) work out of an otherwise random system [3]. One
promising approach to creating active fluids with controllable properties and behaviors is
by suspending many mechanical microswimmers made from shape-programmable materials
[4] and actuating them with an external magnetic field [5], [6]. This actuation mechanism
is particularly enticing for biological applications due to the safe operation of magnetic
fields in the medical setting (for, e.g., targeted therapies and drug delivery in wivo) [7].
Even simpler than a suspension of magnetically-responsive mechanical microswimmers is a
suspension of ferrofluid droplets, which can also respond to an external magnetic field [8],
[9]. Ferrofluids are colloidal dispersion of ferromagnetic nanoparticles in a carrier liquid,
such as water, which can be immiscible when placed in another liquid. In the absence of a
magnetic field, these suspensions behave like Newtonian fluids. However, upon imposing an
external magnetic field H, the nanoparticles” magnetic dipoles align with the applied field,
and generate a magnetization field M, which further leads into a body force density in the
flow, and magnetic normal stress on the interface. These forces can be harnessed for remote
manipulation of ferrofluids, offering potential applications a wide range of technological and
engineering applications [10]. For instance, the versatility and unique properties of ferrofluids
make them a promising candidate for drug delivery systems [11] and mechanical measurement
in biological tissues [12], offering potential benefits in the fields of medicine, healthcare, and
biological research.

More recently, ferrofluids have also gained attention in the field of soft robotics due to
their responsive features. Fan et al. [13] report a method to actuate and control ferrofluid
droplets as shape-programmable magnetic miniature soft robots, which can navigate in two
dimensions through narrow channels. The droplets can also achieve multiple functions, in-
cluding on-demand splitting and merging for delivering liquid cargo. They can be controlled

to split into multiple subdroplets and complete cooperative tasks, such as mixing. Ahmed
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Figure 1.1. Wall-less magnetic confinement in a fluidic channel [15], reprinted
from Nature, volume 581, P. Dunne, et al., “Liquid flow and control without
solid walls,” pages 58-62, ©2020, with permission from Springer Nature.

et al. [14] used closed-loop shape control to achieve engulfment of particles, object manip-
ulation, and flow manipulation via ferrofluids. Dunne et al. [15] proposed a liquid-in-liquid
approach to transport delicate liquids, 7.e., human blood with very little damage due to low
shear stress of a liquid-walled channel contained in a ferrofluid medium. Specifically, they
utilized the interface between an aqueous liquid and an immiscible magnetic liquid as the
wall of the channel, as shown in Fig. 1.1. Then, manipulation of the external field provides
flow control, such as valving, splitting, merging, and pumping. In these cases, the effective
manipulation of ferrofluids offers promising avenues for creating flexible and programmable
soft robots adapted to be capable of performing a range of tasks and functions.

However, achieving these technological goals necessitates a deeper theoretical under-
standing, beyond the scope of recent experiments, to comprehensively reveal the underlying
mechanisms governing the behavior of ferrofluids. Furthermore, it is necessary to develop

effective control strategies.
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1.2 Ferrofluids in Hele-Shaw cells

Immiscible fluid flows confined in Hele-Shaw cells have been investigated extensively
during the past several decades [16]. Going back to the classical work by Saffman and Taylor
[17], interest has focused on the dynamics of the sharp interface between the fluids [18]. The
interface’s displacement, when the motion of the fluids is normal to the unperturbed interface
(Fig. 1.2(a)), has been of particular interest to most studies, specifically viscous fingering
instabilities and finger growth [19]. In contrast, the main flow direction in Hele-Shaw flows
is parallel to the fluid interface, such as Fig. 1.2(b). This case has received less attention.
Early work by Zeybek and Yortsos [20], [21] considered such a parallel flow in a horizontal
Hele-Shaw cell, both theoretically and experimentally. They found that, in the limit of
large capillary number and under the long-wave assumption, interfacial waves between the
two viscous fluids in this setup are governed by a set of coupled Korteweg—de Vries (KdV)
and Airy equations. Similarly, Charru and Fabre [22] investigated periodic interfacial waves
between two viscous fluid layers in a Couette flow, in which case the long-wave equation
was found to be of Kuramoto—Sivashinsky (KS) type. Subsequently, experimental work by
Gondret and co-workers [23], [24] demonstrated traveling waves in a parallel flow in a vertical
Hele-Shaw cell. In this case, the phenomenon is well-described by a modified Darcy equation
accounting for inertial effects, in which context a Kelvin—Helmholtz instability for inviscid
fluids was found [25], [26]. These prior studies considered fluids that are not responsive to
external stimuli.

When a ferrofluid drop is confined between two closely spaced glass plates, i.e., in a
Hele-Shaw cell, and subjected to an external magnetic field, the traditional Saffman—Taylor,
viscous fingering instability is modified by magnetic interactions. As a result, the ferrofluid’s
interface can evolve into a complex structure. The ferrofluid model in a Hele-Shaw cell can
be derived by including the magnetic body force density puoM - VH, so that the confined
flow is governed by a modified Darcy’s law [27] with gap-averaged velocity given by:

b2
- 12y

v =

1 b
<Vp—/ NOM.VHdz>, (1.1)
b Jo
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Figure 1.2. Schematic illustration of two types of Hele-Shaw cells (of small
gap thickness b) with the main flow direction v being (a) perpendicular and
(b) parallel to the unperturbed interface (dashed).

where b is the gap between the two plates, p is the pressure in the ferrofluid, ps is the
ferrofluid’s dynamic viscosity, po is the free-space permeability. For paramagnetic materials

and ‘not-too-strong’ fields, it is customary to assume a linear magnetization relation [8]:

M = yH, (1.2)

where the constant y is called the magnetic susceptibility. In addition, the magnetic field

satisfies the quasistatic Maxwell equations:

V-B = 0, (1.3)
VxH = 0, (1.4)
where B is the magnetic flux given by
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Equations (1.2) and (1.4) allow us to rewrite the magnetic body force as the gradient of
a scalar potential ¥ = uox|H|?/2, and the gap-averaged velocity (1.1) can also be rewritten

as the gradient of a single scalar potential p — U:

2

Vip—-V), (1.6)

v=—
124y

Employing the incompressible condition V - v = 0, the governing equation for the flow

reduces to Laplace’s equation:

Vi(p— W) =0. (1.7)

On the boundary, an application of Gauss’s law to Eq. (1.3) yields @s B -dS = 0 from
Eq. (1.3), which requires that the normal component of B is continuous across the interface.
Meanwhile, an application of Green’s theorem applied to Eq. (1.4) yields ¢ H-dl = 0, which
requires that the tangential component of H is continuous across the interface. In other

words:

[B-#7] =0, (1.8a)
[H- 4] =0, (1.8b)

where [¢] = & —&;, represents the difference (jump) of a quantity across the interface between
the two fluids, while nn and # are the normal and tangential unit vectors to the interface,
respectively.

The total Cauchy stress Tio of the ferrofluid can be written as [8]:

}{2
T =—  pI + [V + (Vo) ] - 22 1 1+ BH. (1.9)
~— 2
from hydrodynamic viscous —
pressure stress magnetic

stress

Combining the latter with the continuity conditions from Eq. (1.8b), we have

[ Tior - N = —ok = m+ %(Ml -n)? = ok, (1.10)
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where o is the surface tension between the fluids, x is the interface curvature, and we assume
p2 = 0, My = 0, so that fluid “2” is nonmagnetic (e.g., air) and fluid “1” is the ferrofluid.
The pressure boundary condition in Eq. (1.10) is a modified Young-Laplace law, in which
po(M-7)? /2 represents the magnetic normal stress on the interface. This equation, together

with the kinematic boundary condition on the normal interface velocity V/,,

2

Vi =

—12lus(p— 0) - A, (1.11)

can be used to solve the Laplace Eq. (1.7). In Chapter 2, the vortex-sheet method [28]-[30]
is be used to solve this system of equations numerically.

Pattern formation and evolution due to interfacial instability of magnetic fluid interfaces
have been investigated intensively [31]-[35]. One remarkable type of pattern emerged from
the so-called labyrinthine instability [33]. These highly branched structures are formed when
a magnetic fluid drop is confined in a Hele-Shaw cell and subjected to a uniform magnetic
field in the direction perpendicular to the Hele-Shaw cell’s plates. The different possible
configurations and nonuniformity of the magnetic field in this problem have motivated the
analysis of a number of pattern formation and stability analyses. For example, the interface
of a ferrofluid droplet subject to a radial magnetic field and confined in a Hele-Shaw cell
exhibits linear instability and evolves into a stationary starfish-like pattern, as shown ana-
lytically in [27], [36]. Interfacial instability of ferrofluid droplets subjected to an azimuthal
magnetic field in both rotating [37] and motionless [38] Hele-Shaw cells was also analyzed
using weakly nonlinear approximations. Most relevant to the present work, Jackson and
Miranda [39] introduced a “crossed” magnetic field (with an azimuthal component and the
one perpendicular to the plane) to influence the interfacial mode selection on the interface
of a confined ferrofluid drop.

The linear theory of the Kelvin—Helmholtz instability for unconfined ferrofluids was de-
veloped by Rosensweig [8]. His work revealed how the strength of the applied magnetic field
(in addition to the velocity difference and viscosity contrast between the fluids across the
interface) enters the threshold for instability. Miranda and Widom [40] extended this result

to a parallel ferrofluid flow in a vertical Hele-Shaw cell under three orientations of the ex-
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ternal magnetic field, including tangential and normal to the interface, and perpendicular to
the in-plane direction, and deduced that the magnetic field does not affect the propagation
speed of waves. Using a perturbative weakly nonlinear analysis, Lira and Miranda [41] fur-
ther extended the latter analysis by adopting an in-plane tilted magnetic field, showing that
the wave speed is sensitive to the inclination angle of the field. Interestingly, this magnetic
field configuration was shown to generate nonlinear traveling surface waves on the interface
between a ferrofluid and an inviscid, nonmagnetic fluid (such as air).

However, the formulations reviewed in this section are based on the linear magnetization
assumption, which enables the magnetic body force density to be written as the gradient of
a scalar potential. This assumption fails when the ferrofluid is subjected to a fast-varying
time-dependent magnetic field, which will be discussed in Section 1.4. In addition, a model
of a two-dimensional ferrofluid thin film subjected to a fast-varying field will be given in

Chapter 5.

1.3 Time-dependent interface control in Hele-Shaw cells

The manipulation of the rigid geometry of the Hele-Shaw cell [42], using elastic-walled
cells [43], and imposing an electric [44] or magnetic [45] field, are effective strategies for
passive control of interface dynamics and stability. Recently, “nonstandard” time-dependent
control strategies are also attracting attention [16]. Early theoretical and experimental
work by Cardoso and Woods [46] showed that the interfacial instabilities are suppressed
if the injection rate in a radial Hele-Shaw flow follows a power law in time. Their idea
was refined by Li, Lowengrub, Fontana, et al. [47], whose numerical and experimental study
manipulated fingering patterns by controlling the injection rate of the less viscous fluid. More
recently, Zheng, Kim, and Stone [48] proposed a time-dependent strategy for manipulating
the fingering pattern (instability can either be suppressed or a fingering pattern, with a
prescribed number of fingers, can be selected and maintained) using a time-varying gap
thickness in a lifting Hele-Shaw cell (see also [30]). Meanwhile, Anjos, Zhao, Lowengrub, et
al. [49] designed control protocols to produce self-similar patterns in electro-osmotic flow by

adjusting both the electric current and the flow rate. Similarly, time-varying external forcing
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is easy to achieve for ferrofluids, without altering the cell geometry. For example, Jackson,
Goldstein, and Cebers [34] proposed a simple model using a linearly increasing magnetic
field strength to achieve pattern selection.

A universal feature of time-dependent nonlinear dynamical systems is the phenomenon
of bifurcation delay. Examples include the Eckhaus instability of a stretching spatially peri-
odic pattern [50], [51] and the time-dependent dissipative Swift—Hohenberg model for crown
formation during the splashing of a drop onto a liquid film [52]. Finite-time evolution of a
dynamic instability is characterized by two instability onset times: (i) the time at which the
equilibrium loses its stability, and then (ii) the time at which the solution is repelled from the
equilibrium. The nonzero difference between these two times is termed the bifurcation delay.
Clearly, this phenomenon is expected to occur for ferrofluid interfaces under time-dependent
magnetic fields. However, it has not been discussed previously.

In order to gain insight into dynamical bifurcations exhibited by the governing equations
of ferrofluid interfaces, a reduced (approximate) model is needed. For example, a finite-
dimensional system of ordinary differential equations (ODEs) can reveal the stable and
unstable invariant objects in the phase space, such as steady states and periodic orbits.
Canonical examples of how the governing equations (typically, PDEs) can be reduced to
finite-dimensional systems of ODEs can be traced back to the development of low-dimensional
models of turbulence by Hopf [53] and of atmospheric convection by Lorenz [54]. In a Hele-
Shaw cell, the complex behaviors of the droplet’s evolution, including symmetry breaking,
bistability, and nontrivial transients, were reported by Franco-Gémez, Thompson, Hazel, et
al. [55]. These dynamics were subsequently investigated theoretically by Keeler, Thompson,
Lemoult, et al. [56], using a weakly nonlinear analysis in the physical domain, finding that
unstable periodic orbits are edge states. Weakly nonlinear analysis can also be applied in the
Fourier domain. Such a perturbative, second-order mode-coupling analysis was employed by
Miranda and Widom [57] to study the pattern-forming dynamics in a Hele-Shaw cell with
fluid injection and then followed by extensive analytical studies of different control strategies
(see, e.g., [27], [58], [59]). However, a complete characterization of the dynamics (i.e. the

stability of the orbits, and the type of bifurcations) is lacking.
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1.4 Ferrofluids under fast time-varying fields

In a static magnetic field, the nanoparticles in the ferrofluid tend to align their internal
dipole moments in the direction of the field, which is the process of magnetic relaxation.
The microscopic mechanism underlying the magnetic relaxation is due to either the particle
rotation in the carrier liquid or the rotation of the magnetic moments within the particles,
characterized by the Brownian 7 and Néel 7y relaxation times, respectively. These times
are typically on the order of 1 ps to 10 ps [8]. The effective relaxation time 7. can be defined

by considering that both the Brownian and Néel processes act simultaneously:

- L2\ (1.12)

In quasi-equilibrium ferrohydrodynamics, the magnetization field is assumed to instan-
taneously adjust to changes in the applied magnetic field, so that magnetization relaxation
time 7 = T.g is considered to be effectively zero. Then, in this quasi-equilibrium, a linear re-
lationship between the magnetic field and the magnetization is assumed: M = yYH. However,
the behavior of ferrofluids in alternating and rotating magnetic fields can be vastly different
than in direct current fields. When the magnetic field changes on a time scale comparable to
Tett, it Will lead to a lag between the magnetization and the applied field such that they are
not collinear. If M }f H, then a body-torque density is generated, given by oM x H. The
existence of body torques results from a nonsymmetric viscous stress tensor, which requires
the consideration of the balance of angular momentum equation and further leads to novel
flow behaviors, such as the “negative viscosity” phenomenon discussed by Shliomis [60] and
Shliomis and Morozov [61] under an alternating magnetic field. Another example is ferrofluid
pumping as a function of magnetic field amplitude, frequency, and direction, as discussed
by Zahn and Greer [62]. In pipe flows, Krekhov and Shliomis [63] predicted a transition
from an initially axial flow to steady swirling, revealing spontaneous core rotation. Even
without a time-dependent magnetic field, considerable vorticity in the flow can also cause
M to misalign from H, which gives rise to the magnetic torque. An example in which the

latter occurs is cavity flows [64]. The misalignment suppresses the vorticity field in the cav-
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Figure 1.3. Spiral pattern emerging from a labyrinthine instability of a fer-
rofluid droplet in a Hele-Shaw subjected to an in-plane rotating magnetic
field [66], reprinted from Journal of Magnetism and Magnetic Materials, vol-
ume 289, S. Rhodes, J. Perez, S. Elborai, S.-H. Lee, and M. Zahn, “Ferrofluid
spiral formations and continuous-to-discrete phase transitions under simulta-
neously applied DC axial and AC in-plane rotating magnetic fields,” pages
353-355, ©2005, with permission from Elsevier.

ity and reduces the average shear stress at the boundaries. In a Taylor-—Couette geometry,
the effect of the magnetic field frequency modulation on nonlinear ferrofluidic wavy vortex
dynamics was investigated via direct numerical simulations in [65], focusing on the resonance
phenomena characterized by period doubling and inverse period doubling.

A rotating magnetic field can induce rotation in a stationary fluid, and the earliest study
on this spin-up phenomenon can be dated back to 1967 when Moskowitz and Rosensweig [67]
reported the relation between the fluid rotation rate as a function of the applied field strength.
They were followed by Zaitsev and Shliomis’ theoretical work [68]. While Rosensweig, Pop-
plewell, and Johnston [69] found a connection between the direction of rotation of the fluid
and the shape of its free surface and concluded that “surface stress rather than volumet-
ric stress is responsible,” Chaves, Rinaldi, Elborai, et al. [70] experimentally showed the
existence of bulk flow. The mechanism governing the spin-up flow is still being debated.
Recently, Shliomis [71] developed a theory linking the rotation of a free surface layer to the
shape of the meniscus and linked the bulk flow with the release of heat in microvortices
generated by rotating magnetic particles. Another intriguing phenomenon caused by an
in-plane rotating magnetic field is pattern formation on the interface of a ferrofluid droplet
confined in a Hele-Shaw cell [66], [72]-[74]. After applying the rotating magnetic field, the

labyrinthine pattern, previously formed in response to a normal field, evolves into a spiral
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pattern as shown in Fig. 1.3. However, a deeper understanding of this interfacial evolution
(either from the point of view of theory or simulation) is still lacking.

Despite these complex dynamics observed in experiments, some interfacial models incor-
porating asymmetric stress have been proposed and investigated in different configurations.
Rannacher and Engel [75] found the Rayleigh-Taylor instability of a magnetic fluid su-
perimposed on a less dense nonmagnetic liquid can be suppressed by a uniform magnetic
field rotating in the plane of the undisturbed three-dimensional interface. More recently,
Soni, Bililign, Magkiriadou, et al. [76] incorporated the asymmetric stress into a generalized
Navier—Stokes equation and derived a model that can accurately capture the surface waves
observed in experimental studies of spinning colloidal magnets. Reynolds, Monteiro, and
Ganeshan [77] used the concept of the so-called “odd viscosity,” which breaks the symmetry
of the stress tensor, to predict how to stabilize the Saffman—Taylor instability of an interface
in a Hele-Shaw cell. Kirkinis [78] derived a long-wave thin-film equation and concluded that
the magnetic torque can suppress the van-der-Waals-driven thin-film rupture. In this case,
the surface torque is approximated as being constant, based on the conclusion of one study
focusing on the ferrofluid pumping in a planar duct [62]. Thus, the effect of the surface
deformation on the torque is neglected in [78]. While the long-wave equation serves as a
powerful model tool for these systems featuring wave propagation, so far none of these long-
wave equations have been derived from a consistent scaling, and perturbative reduction, of

the governing equations.

1.5 Knowledge gaps and organization of the thesis

Having summarized the basic types of ferrofluid problems that will be considered in this
thesis, the knowledge gaps identified by the above literature survey, which will be addressed

in different chapters in this report, are as follows:

« Previous work has addressed the linear stability of fluid-fluid interfaces [34], [79],
including stationary shapes [59], but not a ferrofluid droplet’s fully nonlinear dynam-
ics and controllable rotational motion. We demonstrate, using theory and nonlinear

simulation, that it is possible to “grow” linearly unstable ferrofluid interfaces into well-
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defined permanent shapes. These permanent shapes, which cannot be further deformed
without changing the forcing of the system, can then be considered as solitary waves,
in the sense of a “localized wave that propagates along one space direction only, with
undeformed shape” [80, p. 11]. In Chapter 2, we show that the resulting coherent
droplet shapes are reproducible and controllable via an external magnetic field. These
droplets can be set into rotational motion with velocities predictable by the proposed

theory, leading to the possibility of an externally-actuated active fluid suspension.

In Chapter 2, the investigation of the nonlinear droplet evolution primarily relied on
simulations. However, to gain a comprehensive understanding of interfacial waves,
it is essential to adopt a wave mechanics perspective. This motivates us to derive a
long-wave equation model to approximate the current system, and such a reduced-
order model would provide deeper insights into the nonlinear wave dynamics and the
underlying mechanisms that sustain them [81]. Despite the recent works and interest on
how a tilted magnetic field generates nonlinear waves on a ferrofluid interface, a model
long-wave equation, to describe these phenomena is still lacking. Thus, a knowledge
gap can be framed by the following research questions: How can we derive a long-wave
equation model to effectively reduce the complexity of the physical system in Chapter 2,
while capturing the main physics such as periodic traveling waves? Will these traveling
wave solutions exhibit similar wave characters, including stability and propagation
speed, as observed in Chapter 272 Will the long-wave equation mathematically explain
how the nonlinearity arrests linear instability, as well as shed light on why the system

is able to sustain solitary waves? These questions are addressed in Chapter 3.

A striking feature of pattern formation in confined ferrofluids, especially near the
threshold of linear instability, is the apparent low dimensionality of the dynamics as
shown in both Chapters 2 and 3. This observation suggests the possibility of de-
scribing the complicated fluid dynamics (in principle, infinite-dimensional) by a finite-
dimensional system of ODEs. Enabling such an approximation offers great potential
in revealing and characterizing stable and unstable invariant objects within the phase

space. Another observation is the similarity between the Hopf bifurcation and the
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rotating behavior of the droplet described in Chapter 2. In both the Hopf bifurca-
tion and the droplet, the rotation occurs beyond the threshold of linear instability.
These intriguing findings prompted us to explore the following questions: How can
we leverage the apparent low dimensionality of the ferrofluid interfacial dynamics to
further reduce the problem to a finite set of ODEs? How are these ODFEs related to
the Hopf bifurcation? Do these features persist under a time-dependent magnetic field?
If so, could we utilize techniques from the theory of dynamic bifurcations to achieve
time-dependent control of magnetic fluid interfaces? These questions are addressed in

Chapter 4.

While Chapter 4 provides insights into the time-dependent control of ferrofluid inter-
facial dynamics, its focus is primarily on slowly time-varying magnetic fields, where
the linear magnetization assumption remains valid. However, a deeper understand-
ing of the effects of fast time-varying fields, in which case the linear magnetization
assumption fails, is necessary, particularly for control applications in the field of soft
robotics. Extensive simulations and theoretical work have been conducted on bulk
flows of ferrofluids subjected to rotating magnetic fields [67], [68] (such as spin-up flow
in cylindrical containers, Couette flow [63], and pipe flow [82]). Despite these efforts,
a model for ferrofluid interfacial dynamics that accounts for the phase lag between
magnetization and the applied rotating field is still absent. In particular, it is not un-
derstood how the resulting nonsymmetric stress tensor and the existence of magnetic
torques affect the interfacial dynamics. To address this knowledge gap, several ques-
tions must be answered: How can we derive a simplified model (such as a long-wave
equation, as in Chapter 3) that incorporates the effect of magnetic torque (at the con-
tinuum level) on the ferrofluid interface? How does a magnetic torque on the interface
affect its stability characteristics, compared to the results from Chapter 2?2 Will the
magnetic surface and body torque induce nonlinear wave propagation on the interface
as in Chapter 3, or prevent it? If nonlinear waves still exist, are they stable? Do they

propagate and interact predictably or is there a possibility of using the magnetic torque
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to drive complex, even chaotic, dynamics as in the traditional KSE? These questions

will be addressed in Chapter 5 of this thesis.

1.6 Parameter tables

Tables 1.1 and 1.2 list, respectively, relevant physical quantities arising in ferrohydrody-

namics and certain dimensionless numbers introduced in this thesis.

Table 1.1. The definition of dimensional physical quantities that arise in

ferrohydrodynamics.

Variable

Name

SI Unit

p

My
ya

g

ferrofluid’s mass density
ferrofluid’s dynamic viscosity
moment of inertia density
surface tension

ferrofluid’s bulk viscosity
ferrofluid’s vortex viscosity
shear coefficient of spin viscosity
bulk coefficient of spin viscosity
magnetic susceptibility
free-space permeability
magnetic field rotating frequency
magnetic relaxation time

kg/m?
N s/m?
kg/m
N/m
N s/m?
N s/m?
N's
N's

ﬁ/m
1/s

hydrodynamic pressure
translation velocity
spin velocity

magnetic field density
magnetization
magnetic flux density

N/m?
m/s
1/s
A/m
A/m
T
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Table 1.2. The definition of dimensionless quantities.

Dimensionless number Name

Ng, Magnetic Bond number for radial component field
Nga Magnetic Bond number for azimuthal component field
Npy Magnetic Bond number for z-component field

Ngy Magnetic Bond number for y-component field

Np Magnetic Bond number for rotating field

Re Reynolds number

Re; Rotational Reynolds number

Sty Magnetization Strouhal number

Ca Capillary number
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2. INTERFACIAL WAVES ON A FERROFLUID DROPLET:
ANALYSIS AND SIMULATION

SUMMARY

Two-dimensional free surface flows in Hele-Shaw configurations are a fertile ground for ex-
ploring nonlinear physics. Since Saffman and Taylor’s work on linear instability of fluid—fluid
interfaces, significant effort has been expended to determining the physics and forcing that
set the linear growth rate. However, linear stability does not always imply nonlinear stability.
We demonstrate how the combination of a radial and an azimuthal external magnetic field
can manipulate the interfacial shape of a linearly unstable ferrofluid droplet in a Hele-Shaw
configuration. We show that weakly nonlinear theory can be used to tune the initial unsta-
ble growth. Then, nonlinearity arrests the instability, and leads to a permanent deformed
droplet shape. Specifically, we show that the deformed droplet can be set into motion with
a predictable rotation speed, demonstrating nonlinear traveling waves on the fluid-fluid in-
terface. The most linearly unstable wavenumber and the combined strength of the applied
external magnetic fields determine the traveling wave shape, which can be asymmetric.
The material in this chapter was published as [Z. Yu, I.C. Christov, “Tuning a magnetic
field to generate spinning ferrofluid droplets with controllable speed via nonlinear periodic
interfacial waves,” Phys. Rev. E, vol. 103, art. 013103, 2021] [83] (authors retain rights to
reproduce article in a thesis or dissertation). Both authors contributed to the analysis of the
problem and the derivation of the mathematical model, which was led by Z.Y. Z.Y. wrote
the Python scripts and conducted all the case studies and data analysis. Z.Y. and [.C.C.

jointly discussed the results, drafted and revised the manuscript for publication.
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2.1 Governing equations

We study the dynamics of an initially circular ferrofluid droplet (radius R) confined in a
Hele-Shaw cell with gap thickness b and surrounded by air (negligible viscosity), as shown in
Fig. 2.1, because “[iJf any [ferro|fluid mechanics problem is likely to be accessible to theory
and to direct comparison of theory and experiment it should be this one” [18]. Both fluids

are considered incompressible. We propose to apply the radially-varying external magnetic

field
I H,

H= "¢+ re,. 2.1
27t7’69+ Lre (2.1)
—
H, H,

A long wire through the origin, carrying an electric current I, produces the azimuthal com-
ponent H,. Anti-Helmholtz coils produce the radial component H,., where Hj is a constant
and L is a length scale [27], [59]. The combined magnetic field H = H, + H, forms an
angle with the initially undisturbed interface [58]. The droplet experiences a body force
x |M|V|H]|, where M is the magnetization. To study shape dynamics, we assume the fer-
rofluid is uniformly magnetized, M = yH, where y is its constant magnetic susceptibility.
So, V|H| # 0 is the main contribution to the body force, and the demagnetizing field is
negligible, as shown in previous work [27], [58], [84], [85].

Enforcing no-slip on the confining boundaries and neglecting inertial terms, the confined

flow is governed by a modified Darcy’s law [27] with gap-averaged velocity:

2

Vip-V), V.v=0, (2.2)

v =—
12py

where p is the pressure in the droplet, us is the ferrofluid’s viscosity, ¥ = uox|H|?/2 is a
scalar potential accounting for the magnetic body force, and g is the free-space permeability.
Here, v is the velocity field of the “inner” ferrofluid, while the viscosity of the “outer” fluid
is considered negligible (i.e., it is considered inviscid), so the flow exterior to the droplet is

neglected. The resulting model is thus, essentially, a one-phase model.
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Anti-Helmholtz

coils

\

straight wire

Figure 2.1. Schematic illustration of a Hele-Shaw cell confining a ferrofluid
droplet, initially circular with radius R. The azimuthal magnetic field H, is
produced by a long wire conveying an electric current I. The radial magnetic
field H, is produced by a pair of anti-Helmholtz coils with equal currents [4p
in opposite directions. The combined external magnetic field H deforms the
droplet, and its interface is given by h(f,t). In comparison, the fluid exterior
to the droplet (e.g., air) is assumed to have negligible viscosity and velocity.

At the boundary of the droplet, the pressure is given by a modified Young—Laplace law [8],
[9]:
p=or— (M- a2 (2.3)

where o is the constant surface tension, and « is the curvature of the droplet shape, given

by

. h% + 2h% — hgoh
(2 + h3)/2

(2.4)

The second term on the right-hand side of Eq. (2.3) is the magnetic normal traction [8], [9],

where

h h
2 ¢ (2.5)

n =
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denotes the outward unit normal vector at the interface. This contribution breaks the sym-
metry of the initial droplet interface, due to the projection of M onto n, and causes the

droplet to rotate. The kinematic boundary condition

2

Vi =

i V-V (2.6)

requires that the droplet boundary is a material surface.

2.2 Weakly nonlinear analysis
2.2.1 Formulation

We employ the weakly nonlinear approach [57] previously adapted to ferrofluid interfacial
dynamics (e.g., [27], [58], [59]). The droplet interface is written as h(0,t) = R+n(0,t), where

+o0
n(6,t) = _Z i (t)e’™? (2.7)

represents the perturbation of the initially circular interface, with complex Fourier ampli-
tudes 7y (t) € C and azimuthal wavenumbers k € Z. The velocity potential ¢ = p — U is

then expanded into a Fourier series as

6(r.0,) = 3 oul(t) (;) v, (2.8)

k£0

In polar coordinates (7, 6), the kinematic boundary condition can be written as

he = —(¢r)r=n + (7}2¢9h9>T ) (2.9)

=h

which can be expanded to second order in 1 and then Fourier transform gives 7, that can
be related with ¢, as:
R . , 1Y\,

k' #£0
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where sgn(z) = z/|z| for  # 0 and sgn(0) = 0. Substituting Egs. (2.10) into (2.3), to
replace the velocity potential ¢ with perturbation 7 and 7, keeping only terms up to second

order in 7, we find the dimensionless equations of motion (k # 0):

e = MK + > Fk, K Yqene—iy + G(k, K )iwmi—. (2.11)
k0

The mode-coupling functions in Eq. (2.11) are given by

F(k, k') = U{Rl {1\234& [3 — xK'(k —K")] + Np {1 + x[K'(k — k') + 1]}

1 K’ 2XVNBaNg; .
— — 1= —=(3K e ) 2.12
7 [ 2(3k +k)] + 72 ik’ b, (2.12a)
1
G(k, k') = E[(sgn(k‘k’) — )|k —1]. (2.12b)
From mass conservation, 1y = — > x-o|nx|?/R Vt > 0. Here,
k 2NBa 2X \Y% NBaNBr .
surface tension
denotes the (complex) linear growth rate, and
Np. — poxI? N — M (2.14)
B 82 L br 20 '

are the magnetic Bond numbers quantifying the ratio of azimuthal and radial magnetic forces
to the capillary force, respectively. Terms multiplied by x arise from the magnetic normal
stress. The time and length scales used in the nondimensionalization are 12u;L*/ob* and

L, respectively.

2.2.2 Linear regime

First, consider Eq. (2.11), neglecting quadratic terms in 7, then Re [A(k)] = A(k) governs

the exponential growth or decay of infinitesimal perturbations. For A(k) > 0, the interface is
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unstable. Specifically, Eq. (2.13) indicates that the radial magnetic field term o (1 + x)Ng,
is destabilizing, while the azimuthal term o« Np, and surface tension are stabilizing. The

most unstable mode k,, solves dA(k)/dk = 0:

1 INpa

b = | = |1 — 222 4+ 2(1 + x)Ng, R3|. (2.15)
3 R

This wavenumber characterizes the dominant | k,, |-fold symmetry of a pattern. Note that the

normal stress from the azimuthal magnetic field does not contribute to the linear dynamics.

The phase velocity of each mode,

v, = — Im [A(k)]/k = 2x\/NpNp:k/R? (2.16)

in the linear regime, is set by Im [A(k)]. A periodic shape on [0, 2x] forms a closed curve,
meaning wave propagation is manifested as rotation of the droplet. Motion is caused by
the magnetic normal stresses arising from the combined magnetic field. Intuitively, from
vector projection, we observe that only the combined azimuthal and radial magnetic field
can break the symmetry and cause a force imbalance leading to motion. This linear analysis
indicates that perturbations of the droplet interface can propagate (and, since v, = v,(k),
they also experience dispersion). Such wavepackets will either decay or blow-up exponentially
according to the sign of A(k). However, this is not the whole story, and nonlinearly stable

traveling shapes exist, as we now show.

2.2.3 Nonlinear regime

To demonstrate the possibility of nonlinear traveling waves in this system, we numerically
solve the weakly nonlinear mode-coupling equations (2.11) for five modes (i.e., k, 2k, ..., 5k).
The fundamental mode k£ = 7 is chosen to allow propagating solutions over a wider swath of
the (Nga, Np;, k) space (compared to choosing k < 7), while only requiring modest spatial
resolution for simulations (compared to k > 7). We verified that the amplitudes |c,| and
phases Z[c,] of modes saturate at late times, leading to permanent propagating profiles with
inw(k)t (

Mk (t) = cpe see below).
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2.3 Vortex-sheet Lagrangian numerical method

2.3.1 Formulation

Next, we perform fully nonlinear simulations to validate the weakly nonlinear predictions.

The vortex sheet method is a standard sharp-interface technique for simulating dynamics of

Hele-Shaw flows [86]. It is based on a boundary integral formulation in which the interface is

formally replaced by a generalized vortex sheet [28], as shown in Fig. 2.2, with a distribution

of vortex strengths v(s,t) = (v1 —v2) - §, where s is the arclength coordinate. We adapt this

approach to handle ferrofluids under imposed magnetic fields. First, we express the velocity

of the interface solely in terms of the interface position. To do so, it is convenient to identify

the position vector in R? with a scalar z(s,t) € C (* denotes complex conjugate) [28]-[30].

Second, to advance the interface, we solve the dimensionless equations

) v o1 (s, 1) :
= —— 4+ — d 2.1
“ 22, * 27&'73]{ z(s,t) — (8, 1) * (2.17a)
v Zs (s, t) , B e
S —Re {WP]{ o ™ } + [w(s.t) — (M- A)? 0], (2.17h)
Hf2s P2

Hf1,P1

Figure 2.2. Schematic of a vortex-sheet representation of a fluid—fluid interface.
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iteratively for the velocity z;, where (), = 0(+)/0t, (-)s = 9(+)/0s, i = /—1, and P represents

principal value integration. Here,
2
U = Ng,7 2+ Np,r?, and (M-n)’> =y [\/NBaT_l(ég -n) + /Np,7(é, - ﬁ)} (2.18)

are the dimensionless magnetic scalar potential and normal stress.
The principal value integration in Eqgs. (2.17) is performed numerically by a spectrally

accurate spatial scheme [29]:

_ 2As Vi

py, = 222
T omi

(2.19)

b
j+kodd 7i — K

where a j subscript denotes the evaluation of a quantity at the jth Lagrangian grid point
jAs with As = L/N, L = §ds, and N is the number of grid points. The parametrization of
the interface via its arclength reduces the stiffness of the numerical problem caused by the
presence of third-order spatial derivatives. A rearrangement of the grid points is conducted
with cubic interpolation, after each time step, to maintain uniform grid spacing As. The
uniform arclength spacing then allows the use of the second-order central differentiation
formulee for all derivatives. A fixed-point iteration scheme is used to resolve the implicit
Eq. (2.17b) to obtain ~; at each interface point z;, as shown schematically in Fig. 2.3. In
current study, the spatial discretization is implemented on an array of Lagrangian points
(N = 1024) with uniform As.

Time advancement (superscripts denote the time step number) is accomplished with a

Crank—Nicolson scheme:

At [ 4 n At
= B+ + H -5 [Pt Pyl (2:20)

where both of the nonlinear terms 7" /2271 and PV"*! are obtained by subiteration with
index m, as shown schematically in Fig. 2.3. Equation (2.20) converges and z"* = z™m*!

when 2™ — 2™|| < tol, with tol, = 0.1 max|z]'|At.
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if [|y"*! — 2|l < tol,
1 1
m=m-+1 Pvm:PVl+,’}/m:’yl+

At m n At
z*m—f—l — Z*n _ 7 [;;_m + 277] 4+ 7 [Pvm +Pvn]

S S

if || 2™ — 2™ < tol,

Zn—i—l — Zm+1

Figure 2.3. Flow chart of the vortex-sheet algorithm using Crank-Nicolson
for time advancement and fixed-point iteration for resolving the implicit non-
linear terms.

2.3.2 Grid convergence study

A grid convergence study with 4 levels of the grid resolution was conducted for two cases:
k., = 7and k,, = 9 with Ng, = 1. The most frequently used case is k,, = 7, while the sharper
peaks for k,, = 9 demand on the highest grid resolution. Figure 2.4(a) shows the spectral
energy content of harmonic modes (k, 2k, 3k, ...) of the propagating waveform, where the
“piling up” near the tail on the finest grid (N = 2048) is numerical noise. This plot supports
our decision to consider the N = 1024 grid as offering sufficient resolution. Figure 2.4(b)
shows the root-mean-squared error in the shape z itself, taking 2 as the “reference shape”
on the N = 2048 grid. The error decreases with grid refinement. The error at N = 256 for
k., = 9 is not shown for the propagating shape because the scheme is not even stable on

such a coarse mesh for this case.
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Figure 2.4 further shows the evolution of (¢) the skewness Sk and (d) the asymmetry
As. The skewness matches well on all grids used, showing it is a well-converged quantity,
while the asymmetry is seen to be more sensitive to the grid resolution. The differences
between N = 1024 and N = 2048 are small enough so that it is safe to use N = 1024 for the
simulations in this study, considering the significantly higher computational cost incurred

by using finer grids.

1 —
10 (a) x10 r3 (b)
10734

10t 102 103 3x 102 4x 102 6 x 102 108

1.0/ 0.3

0.8+

0.6 1
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0.4 1

0.2+

0.0
0.00 0.01 0.02 0.03 0.00 0.01 0.02 0.03

Figure 2.4. Grid convergence study for fundamental modes k,,, = 7 (black)
and k,, = 9 (blue) with Ng, = 1 and N = 256 (dotted), N = 512 (dot-dashed),
N = 1024 (dashed), and N = 2048 (solid). (a) Spectral energy of harmonic
modes (k, 2k, 3k, ...). (b) The root-mean-square error taking the N = 2048
solution % as “exact”. (¢) Grid convergence of the evolution of the skewness
Sk(t). (d) Grid convergence of the evolution of the asymmetry As(t).

2.4 Evolutionary dynamics

The evolution of perturbed harmonic modes 7, under the fully nonlinear simulation and
the weakly nonlinear approximation are shown in Fig. 2.5(a). Starting from small initial

values (ng|r=7= 0.002, n,x = 0 for n > 1) with Ng,, Ng,, R, x set so that the most unstable
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mode is equal to the fundamental mode (k,, = k = 7), they saturate at late times. The
perturbed circular interface grows exponentially in the linear regime and then matches the
weakly nonlinear approximation at intermediate times (¢ € [0,t,]). The nonlinear simula-
tions take longer to saturate (¢t € [t,,t.]) and do so at higher final amplitudes compared to
the weakly nonlinear result. The time-domain evolution is also shown in Fig. 2.5(b), evolving
from a nearly flat (unwound circular) interface into a permanent propagating profile.

The rotating droplet, shown in Fig. 2.5(¢), has a polygonal shape with the symmetry set
by the fundamental mode, k = 7. The fully nonlinear profile has a sharper peak compared
to the weakly nonlinear approximation, which is otherwise in good agreement. The key
discovery of the present work is the stable rotating shape, which we now seek to analyze as

a nonlinear wave phenomenon [80].

2.4.1 Stability diagram based on the first two harmonic modes

A deficiency of linear and weakly nonlinear analyses is that they do not provide sufficient
conditions for stability. Linearly stable base states can be nonlinearly unstable [87], and
vice versa. Importantly, however, our nonlinear traveling wave solution is a local attractor
(following the terminology from [47]); see Fig. 2.5(d).

Shapes in a neighborhood of the propagating profile, subject to small (7 2 /'r]};% < 1)
or intermediate (7 ok /nf;% = (O(1)) initial perturbations, converge to it. Larger perturba-
tions (shaded region) lead to nonlinear instability of the weakly nonlinearly stable profiles;
“fingers” continue to rotate and grow without bound under the effect of the radial magnetic
field oc Ng,, which increases with distance to the center of the droplet. Convergence to
the attractor is sensitive to the initial amplitude of the first harmonic mode 7. For the
chosen parameters, A(k) > 0 and A(2k) < 0: high wavenumbers decay and the fundamental
wavenumber grow in the linear stage. Consequently, for low 7/ 7],{ and high o/ ngk, the low
wavenumber modes grow and saturate, as high wavenumber modes decay exponentially in
the linear regime. With higher initial 7/ 77,’; , the perturbed droplet will not go through the
linear regime, and the amplitudes of both modes will rapidly increase to create a skewed

shape, with multivalued h(,t), for which harmonic modes can no longer be defined. Note
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Figure 2.5. (a) The evolution of the first 5 harmonic modes from fully non-
linear simulation (solid) and weakly nonlinear approximation (dashed), for
Np. = 1.0, Ng, = 37, R = 1, and x = 1 (same parameters for (b), (¢) and
(d)). (b) The fully nonlinear evolution of the interface from a small perturba-
tion of the flat base state into a permanent traveling wave (rotating droplet).
(¢) Comparison between the final shape from fully nonlinear simulation (solid)
and weakly nonlinear approximation (dashed); (d) Stability diagram based on
the first two harmonic modes of the final shape (marked with A) shown in (b);
o (resp. x) denotes the stable (resp. unstable) initial conditions, solid (resp.
dashed) curves tract the stable (resp. unstable) evolution trajectories. The un-
stable region is shaded, and the ‘f’ superscript represents the final harmonic
mode amplitude.

that Fig. 2.5(d) is a projection in the (ng,72;) plane, where the initial values of 93, 1,

N5k are set as the final amplitudes (and phases) from the weakly nonlinear equations. A
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fast Fourier transform was used to decompose the nonlinear profile into normal modes that
we plot in this figure. Note that even though Fig. 2.5(a) indicates 73, makes a non-trivial
contribution to the final shape, while n4, ns; play a smaller role, the projection is sufficient

to conclude that the propagating wave profile is an attractor.

2.4.2 Propagation velocity

A permanent traveling wave profile takes the form 7n(z,t) = ©(kz — wt), where vy = w/k
is its propagation (phase) velocity. The modes’ complex amplitudes can be expressed as

—w(k) with constant ¢, € C accounting for their relative phases. A nonlinear

ne(t) = cre
traveling wave profile would consist of a fundamental mode k; and its harmonics nky (n €
Z"), with w(nks) = nw(ky), so that the phase velocity can be evaluated as v,(nks,t) =
nw(ky)/nky = vy. The average v, of the first five harmonics is used to calculate v} for the
nonlinear simulation.

The Fourier modes comprising the nonlinear traveling wave profile are given by 7,x(t) =

c e—inw(k)t
n

, with constant ¢,, € C that account for their relative phases. The phase 9 (t; k) =
LNk, = Lep—nw(k)t can be computed trough a Fourier transform, as shown in Fig. 2.6(a). Its
rate of change, —di/dt = nw(k), is shown in Fig. 2.6(b). The phase velocity v, = nw(k)/nk
becomes independent of k when the permanent traveling wave solution is attained upon
nonlinear saturation of the unstable small-perturbation initial condition. In other words, all
modes propagate at the same velocity, as shown in Fig. 2.6(¢), in the final state. The mean
final phase velocities of first five harmonics are used to evaluate the propagation velocity as
vp = % >?_, vp(nk). Note that this approach can only be applied for the permanent traveling
wave solution; the initial transition time period in Fig. 2.6 (before the permanent profile is
attained) is a meaningless transient.

Meanwhile, vﬁ = v, as given by Eq. (2.16).For a quantitative comparison, three sets
of parameters are considered, fixing x = 1. Two sets (i) and (ii) are for k,, = 7, and the
variation of N, is according to Eq. (2.15). A third set (iii) explores the effect of k,, under the
same linear propagation velocity v]’% . Figure 2.7(a) compares the final propagating velocity

predictions. Both v} and v} are in relatively good agreement with vf for small velocities.
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Figure 2.6. (a) Evolution of the modes’ phases computed via a Fourier
transform. (b) The time-rate-of-change of the phases. (¢) Evolution of the
phase velocities of the first five harmonic modes.

When N, — 0 (the magnetic field becomes radial), only a stationary (non-rotating) droplet
(v = 0) exists [59]. For higher vy, the larger deviation in the predictions highlights the
importance of nonlinearity. Nevertheless, the linear and weakly nonlinear results follow a
similar trend. Importantly, U]’% and U}V help identify the key control factors: the coupled
magnetic field strength v/Np,Np, and the radius of the initial droplet R. The salient physics

uncovered is that the propagating velocity can be non-invasively tuned.

2.4.3 Traveling wave shape

The most unstable mode k,, sets the propagating profile, which has a sharper peak for
higher k,, [Fig. 2.7(¢)]. To quantify the shape change, we introduce the skewness

Sk(t) = <n<;7>3>/2 (2.21)

which is used to define the vertical asymmetry of nonlinear surface water waves [88], [89];
Sk > 0 corresponds to narrow crests and flat troughs. Here, (-) = im or(.)df. Fig-
ure 2.7(b) shows that Sk (for the fully nonlinear propagation) increases with k,,, as expected
from the sharper peaks in Fig. 2.7(¢). This observation also explains why U][c’ becomes a worse
approximation of v{ as k,, increases [inset of Fig. 2.7(a)]: smoother peaks (lower k,,) are

better captured by the linear theory based on harmonic modes.
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Figure 2.7. (a) Comparison of the propagation velocity predicted by lin-
ear theory v (dashed), weakly nonlinear theory v} (empty symbols), and
fully nonlinear simulation vf (filled symbols). The circles represent results
for case (i) R = 1 fixed and Ng, € [0,1072,1072,1071,1,3, 5], the triangles
represent results for case (ii) Np, = 1 fixed with Ng, varying according to
R € [0.8,0.9,1.1,1.2], and the squares represent case (iii) k, € [5,6,7,8,9],
R = 1 and Ng,, Np, determined so that U]’% = 85.16. (b) The skewness Sk of
the fully nonlinear profile. (¢) The permanent wave shape (only one wave-
length shown).

Figure 2.7(c) reveals that the wave profile for k,, = 5 (Ng, = 1.9, N, = 19.5) is
more asymmetric than the one for k,, = 9 (N, = 0.60, Ng, = 60.8). Under a purely
radial magnetic field (Ng, = 0), the stationary shape has azimuthal symmetry [59]. For
the combined magnetic field, on the other hand, the dimensionless governing Eq. (2.2) and

pressure boundary condition in Eq. (2.3) can be rewritten as

1
v=-V (p —Npa— — NBrr2> : (2.22)
r

NBa A A A A A AN/ A A
p=K— [X - (ég-1)* + xNp,72(é, - 7)* + 2x\/NpaNp. (&g - 1) (&, - n)] , (2.23)




where

FUEA —hyg A h
69~n:m, er'n:m, (224)

and hy = Oh/0f. The magnetic scalar potential in Eq. (2.22) results from the body force,
and the terms pre-multiplied by x in Eq. (2.23) represent the magnetic normal stress. For
a droplet with symmetric azimuthal perturbation, the body force alone cannot break the
symmetry. Therefore, the asymmetry of shapes discussed is to be attributed to the magnetic
normal stress. This observation can be intuitively understood by considering one wavelength
of a symmetric waveform. The first three terms on the right-hand side of Eq. (2.23) are equal
on both sides of the peak, while the fourth term changes at the peak due to the sign of hy,
which requires different curvatures on either side of the peak to remain balanced. Therefore,
v/NBaNg, can be taken as the measure of the coupling effect between the magnetic field
components.

To further understand the asymmetry of propagating shapes induced by the combined
magnetic field, we extend the parameters of case (i) to a new case (iv): &k, =7, R =1 and
Npg, varying according to Ng, (see Fig. 2.8 caption). To quantify the fore-aft asymmetry of
the shape [88], [89], we introduce

(Hn)
As(t) = (2.25)
where H|[ - ] is the Hilbert transform. For As > 0, waves tilt “forward” (i.e., counter-

clockwise). Figure 2.8(a) shows As(t) for different \/Np,Ng,, which quantifies the coupled
field effect, starting with small symmetric perturbations. For a stable case, As(t) reaches a
maximum value (¢ & ;) during the initial unstable weakly nonlinear growth (dark shadow
region), and asymptotes to a value close to zero (t > tg). The differences in the final
propagating profile (under the same k,,) shown in Fig. 2.8(b) are hard to capture, which
is consistent with the observation in Fig. 2.7(b). For the unstable cases, “wave breaking”
occurs, which is highlighted by a change of sign of As. Also, now, As(t) no longer saturates
at late ¢. Instead As(t) crosses zero (at t 2 t3) and approaches a singularity. This unstable

example is shown in the second row of Fig. 2.8(¢). As its amplitude first grows, the wave tilts
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Figure 2.8. (a) Time evolution of the wave profile asymmetry for different
combination of Ng, € [0,0.1,1,3,5,6,7,8,9] and Ng, varying so that k,, = 7
for R = 1. Solid curves represent stable cases yielding a propagating profile;
dashed curves represent unstable cases in which the profile distorts and grows
without bound. (b) Permanent wave profiles that emerge and propagate in
a stable manner. (c¢) Stable (top, with Ng, = 1,Np, = 37) and unstable
(bottom, N, = 8 Np, = 41) evolution of the profile. The instants of time
(at which the shapes in (¢) are shown) are marked with white dots in (a),
superimposed on the asymmetry profiles.

forward (t = t5), but nonlinear effects restore its symmetry (¢ = t3). Subsequently, the wave
tilts backwards (¢t = t4,t5) and its amplitude continues to grow (¢t = tg). The calculation
of As then fails because H requires the perturbation 7(6,t) to be single-valued in #. The
distorted wave has a wider base and evolves into long unstable fingers.

Note that Ng,/Ng, also increases with /NBaNg, for our choices of Ng, and Ng,. Equa-
tion (2.13) shows that the radial magnetic field is destabilizing, while surface tension (k > 2
here) and the azimuthal field are stabilizing. However, the nonlinear simulations indicate
that, for the same k,,, increasing Ng,/Npg, can induce instability because it engenders a
larger vy (and As), leading to a global bifurcation with Fig. 2.5(d) as one stable slice. This
result has an analogy to solitary waves in equations of the Kortweg—de Vries (KdV) type.

Specifically, initial perturbations grow, deforming a shape until nonlinearity is balanced by
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dispersion, when a permanent wave emerges [90]. However, depending on the form of the
nonlinearity, not all such permanent waves are stable attractors, and conditions must be

placed on the wave speed [91].

2.5 Discussion

Although the manipulation of the linear growth rate of interfacial perturbations in Hele-
Shaw cells is well studied [16], including extensions based on the weakly nonlinear expansion
from Eq. (2.11) [92], the control of the dynamic, fully nonlinear, patterns is not. Our
approach harnesses the magnitude and the direction of coupled magnetic fields to generate
ferrofluid droplets, with well-characterized shapes and rotational speeds, by purely external
means.

Open questions remain: e.g., which fundamental modes evolve into propagating shapes?
Work on the stationary problem [27], [93] gives a hint, however, for a propagating shape the
Birkhoff integral equation [94] must be solved, making an extension of [27], [93] challeng-
ing. Interestingly, our simulations also reveal that patterns predicted as stable by weakly
nonlinear analysis can be unstable. Figure 2.9, shows an example of a perturbation with
k = 4 that will not evolve into either a stationary or a propagating shape (although both
are predicted to exist by weakly nonlinear analysis).

Additionally, does this system accommodate more than one propagating wave? If so, do
such waves keep their shapes upon collision, as with soliton interactions [90], [95]7 Previous
studies derived KdV equations for unidirectional small-amplitude, long-wavelength distur-
bances on fluid—fluid interfaces in Hele-Shaw [20] and axisymmetric ferrofluid configurations
[84], [96], demonstrating the celebrated “sech®” solitary wave. Instead, in our study with-
out such restrictions, we discovered periodic traveling nonlinear waves, which are akin to
the cnoidal solutions of periodic KdV, i.e., the fundamental nonlinear modes (“soliton basis
states”) [97]. Additionally, we observed wave breaking [Fig. 2.8(¢,bottom)].

Finally, it would be of interest to verify the proposed shape manipulation strategies by
laboratory experiments. Previous theoretical studies [27], [37], [98], [99] suggest that many

exact stationary droplet shapes are unstable, thus their relevance to experimental studies is
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Figure 2.9. The unstable evolution of the first five harmonic modes (k =
4,8,12,16,20) from fully nonlinear simulation (solid) and their stable evolution
from weakly nonlinear approximation (dashed) for (a) nonrotating (k,, = 4,
Ng. = 0) and (b) rotating (k,, = 4, N, = 1) shapes.

limited. On the other hand, the nonlinear simulations in our study, showing stable rotation,

pave the way for future experimental realizations.
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3. LONG-WAVE EQUATION FOR A CONFINED
FERROFLUID THIN FILM INTERFACE

SUMMARY

We study the dynamics of a ferrofluid thin film confined in a Hele-Shaw cell, and subjected
to a tilted nonuniform magnetic field. It is shown that the interface between the ferrofluid
and an inviscid outer fluid (air) supports traveling waves, governed by a novel modified
Kuramoto—Sivashinsky-type equation derived under the long-wave approximation. The bal-
ance between energy production and dissipation in this long-wave equations allows for the
existence of dissipative solitons. These permanent traveling wave’s propagation velocity and
profile shape are shown to be tunable via the external magnetic field. A multiple-scale anal-
ysis is performed to obtain the correction to the linear prediction of the propagation velocity,
and to reveal how the nonlinearity arrests the linear instability. The traveling periodic in-
terfacial waves discovered are identified as fixed points in an energy phase plane. It is shown
that transitions between states (wave profiles) occur. These transitions are explained via
the spectral stability of the traveling waves. Interestingly, multiperiodic waves, which are a
non-integrable analog of the double cnoidal wave, also found to propagate under the model
long-wave equation. These multiperiodic solutions are investigated numerically, and they
are found to be long-lived transients, but ultimately abruptly transition to one of the stable
periodic states identified above.

The material in this chapter was published as [Z. Yu and I.C. Christov, “Long-wave
equation for a confined ferrofluid interface: Periodic interfacial waves as dissipative solitons,”
Proc. R. Soc. A, vol. 477, art. 20210550, 2021] [L00] (authors retain rights to reproduce article
in a thesis or dissertation). Both authors contributed to the analysis of the problem and the
derivation of the mathematical model, which was led by Z.Y. Z.Y. wrote the Python scripts
and conducted all the case studies and data analysis. Z.Y. and [.C.C. jointly discussed the

results, drafted and revised the manuscript for publication.
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3.1 Mathematical model and governing equations

Building on the work in Chapter 2, we study the dynamics of interfacial waves on a
thin ferrofluid film, confined in the transverse direction within a Hele-Shaw cell with gap
thickness b, as shown in Fig. 3.1. In the reference configuration, the unperturbed interface
is at » = Ry + hg. The entire cell is subjected to a radially-varying external magnetic field
via a long wire carrying an electric current I through the origin. This current produces an

11

azimuthal magnetic field component H, = 5--€. Then, anti-Helmholtz coils can be used

to produce a radial magnetic field component H, = g—gréT, where Hj is strength of the
magnetic field at r = Ry [27], [59]. Now assume that Ry > hg, where hy is a characteristic
‘depth’ of the ferrofluid film at rest. Under this “small film curvature” assumption [101],
the nonuniform magnetic field H = H, + H, can be approximated in locally Cartesian

coordinates as:

I 1 Hy
Hx ————é,+ 5 (Ro+y)é,. 3.1
o (Ro + ) TR, o TV (31)

N

Figure 3.1. (a) Schematic illustration of a Hele-Shaw cell (width b) confining
a thin ferrofluid film, with unperturbed depth hy. An azimuthal magnetic field
H, can be produced by a long wire conveying an electric current I. A radial
magnetic field H, can be produced by a pair of anti-Helmholtz coils with equal
currents I,y in opposite directions. (In this schematic, the second coil would
be under the one shown.) (b) The external magnetic field H approximated in
the local Cartesian coordinates is tilted at angle ¢ with respect to the z-axis,
and it acts to deforms the interface at y = f(z,t) = ho + n(z,t). The fluid
exterior to the thin film is assumed to have negligible viscosity and velocity
(e.g., air).
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From Eq. (3.1), we understand that a magnetic body force o« |M|V|H| acts on the thin
film, where M is the magnetization vector of the ferrofluid. For the purposes of studying the
interface and shape dynamics [27], [58], [84], [85], we assume that the ferrofluid is uniformly
magnetized, and the magnetization is collinear with the external field, i.e., M = yH, where
X is the constant magnetic susceptibility. Since the applied field is spatially varying, .e.,
V|H]| # 0, then V|H| becomes the main contribution to the magnetic body force. According
to the prior literature, this observation leads us to neglect the effect of the demagnetizing
field in comparison.

It is straightforward to show by standard methods (see, e.g., [27] and the references
therein) that neglecting inertial hydrodynamic terms, enforcing the no-slip condition on the
confining boundaries (transverse to the flow) of the Hele-Shaw cell, and averaging across the

gap (i.e., over z) yields a modified “Darcy’s law” that governs this flow [27]:

b2

T Vip—-V), V.-v=0, —o<zr<oo, 0<y< f(zt). (3.2)
M

v =

Here, p is the hydrodynamic pressure in the film, pf is the ferrofluid’s dynamic viscosity,
U = 1ox|H|?/2 is a scalar potential accounting for the magnetic body force (such that p — ¥
is a modified pressure), and g is the free-space permeability. Both fluids at the interface are
considered incompressible. The viscosity of the “upper” fluid is considered negligible (i.e., it
is considered inviscid, as would be the case with air), so the flow outside the ferrofluid film
is not considered. We denote by v = u(x,y,t)é, + v(z,y,t)é, the z-averaged velocity field
in the “lower” fluid (the ferrofluid).

At the interface, having neglected the dynamics of the upper fluid, the pressure is given

by a modified Young-Laplace law [8], [9]:

p=on—2(M-A)" on y=f(r.1). (33)
where o is the constant surface tension, and k = — f,./(1 4+ f2)?/3 is the curvature of the sur-

face y = f(z,t) (x and ¢ subscripts denote partial derivatives). The second term on the right-

hand side of Eq. (3.3) is the magnetic normal traction [8], [9], where in = (—f,,1)/4/1 + f2
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denotes the upward unit normal vector to the interface. This contribution, due to the projec-
tion of M onto m, induces unequal normal stress on either side of the profile’s peaks on the
perturbed interface, thus breaking the initial equilibrium and leading to wave propagation,
as discussed in Chapter 2.

A kinematic boundary condition is also imposed at the interface:

v=fi+uf, on y= f(z1), (3.4)

which requires that the film boundary is a material surface. The no-penetration condition
v=0 on y=0 (3.5)

is imposed at the “bottom” of the layer, which is the material surface at r = Ry in the original
radial coordinates (Fig. 3.1), that maps to y = 0. Introducing the potential ¢ = p— ¥ — U,

where the constant

(Fo+ ho)*(1+x) — oy =1 (3.6)
2 " 4m? (RO + h0>2

o 12

Py =2
0 2 ‘' R2

accommodates the trivial solution, and combining the two equations in (3.2) together, the

governing equation becomes Laplace’s equation:
Vi =0, (3.7)

From Egs. (3.3) and (3.4), Eq. (3.7) is subject to the following boundary conditions on
y = flz,t):

pox H3(Ro +y)?  pox I?

d 3.8
oty T m 2 A (Ro+ g2 | (3:8)
gk fox r Iz Hi(Ro+y)?* 1 IHy [,
2 |4m2(Ry +y)? 1+ f2 R? L+ f2 TRy1+ f2]°
v=fi+ufs. (3.9)
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3.2 Derivation of the long-wave equation

3.2.1 Expansion of the potential and non-dimensionalization

To reduce the governing equations to a single partial differential equation (PDE) for the
surface deformation 7, we expand ¢ in a power series in y, a standard approach for small

amplitude surface deformations (see, e.g., [102]):

oz, y,1) Zy%n x,t). (3.10)

Substituting this expansion into Laplace’s equation (3.7) generates a recursion relation
Gnae + (n 4+ 2)(n + 1)d0 = 0. On the other hand, since ¢, = Y02, ny" ', (z,t), the
constraint at the bottom (i.e., Eq. (3.5)) requires that ¢; = 0, which eliminates the odd

terms from the expansion. Hence, we can simplify Eq. (3.10) as

00 _1>my2m . . om
Pz, y,t) mz_jo o) SV em g g, g () = ax%%(x’t)' (3.11)

Let a be the typical amplitude scale for the surface deformation n(z,t). Now, we introduce

the following non-dimensionalization:

12[/44
ob? o

u»—>(&> ab’ U v|—>< ) g o’ v qbl—><)gb H(a)a
ho) 120,02 ho) \ 0 ) 120,27 ho!) €9 7T \hy) 0%

where /¢ is the characteristic wavelength of the surface wave. Next, we define the small

x—lr, y — hoy, t— 7 — an,

(3.12)

parameters of the model

d = —, €= — €= — (3.13)

corresponding to a wavelength parameter, an amplitude parameter, and a magnetic field
gradient parameter, respectively. To implement the upcoming asymptotic expansion, a long
wavelength ¢ < 1 and small amplitude ¢ < 1 approximation is made [103]. (Although

it is possible to also derive arbitrary-amplitude long-wave equations [103], [104], Homsy
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[105] argued that the distinguished limit of € < 1 leads to the model equations capturing the
essential physics.) Note that € < 1 is determined by the geometric configuration; specifically,
Ry is chosen sufficiently large to allow the Cartesian approximation, but small enough to
ensure that V|H] is still the dominant term in the magnetic body force [27], [58], [84]. Note
that demagnetization can still be neglected because it can be made arbitrarily small via the
thickness b [85].

The scaled potential obeys:

bt by =0, w=—bu  v=—0, (314
and, to O(6?), scaled and truncated Eq. (3.11) yields:
¢=g— 52;y29m (3.15a)
u=—g, + ;52y29m, (3.15b)
U= YGar — éy352gxm, (3.15¢)

consistent with Eq. (3.14).

3.2.2 Boundary conditions and reduction of the governing equations

Keeping only terms up to O(e, &2, §?), the corresponding kinematic and dynamic bound-

ary conditions on the fluid—fluid interface become:

U=+ eun)y on y=1+en(zt), (3.16a)

¢ = B1n — 0Nye + 0Ban, + 652Bgni — B4e772 on y=1+en(zt), (3.16Db)
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where B,, are constants given by

By = 2e[ — Ny (1 + x) + Np,J — 2%[(1 + x)Npy + 3Np,], (3.17a)

BQ = ZXN/NBXNBya (317b)

B3 = x[Npy(1 + 2¢) — Npy(1 — 2¢) + (Npy — 3Np,)e?], (3.17¢)

By = *[(1 4 x)Npy + 3Ngy]. (3.17d)

Importantly, the constants are functions of the magnetic Bond numbers:
pox I* 1 ¢ oX 2!
Ny = —/————, Np, = —/—H{—, 3.18
b 2 Am2 R3 o By 2 V¢ (3.18)

which quantify the ratios of the magnitudes of the z and y components of the magnetic body
force to the surface tension force. Before proceeding further in the analysis, we rewrite the

boundary conditions from Eqs. (3.16) to hold at y = 1 through a Taylor series expansion of

u, v, and ¢:
v+ vyen = 1y + €(u + uyen)n, on y=1, (3.19a)
¢ + dyen = Bin — Mgy + Ban, + €6°Bsn} — Byen” on y=1. (3.19b)

With the relations in Eq. (3.14), Egs. (3.19) can be rewritten, within the assumed order, as

V=T —¢€ {[Blnx + 6<B2771x - nmsx)]n}x on Y= 1, (320&)
¢ = Bin + 5(Bany — New) — Baen? + €5*(Bsn? +nn;) on y=1. (3.20Db)
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Combining Egs. (3.15), evaluated at y = 1, and Egs. (3.20) allows us to eliminate g(x, ),
and the dynamics of the interface n(x,t), up to O(e, §2,€?), is governed by

e = (—ea — 20)Nex + (Buwe — Nue)

+ € {[(—EOé — 5219)7790 + 6(5”1‘%‘ - nxa:x)]n}m - 625219(772)1‘90
{ X } (3.21)

1
+ 552 nccazt - g(—{f& - 5219)77@’:1::51’

1 1
+ 652 {(’Wﬁ + nnt)xm - Z<_€O'/ - 5219) <n2)xwxx + 75219(772)@‘:1: )

12

where

a = 2[Np, (1 + x) — Npyl, (3.22a)
B = 2x/NpxNgy, (3.22b)
7 = X(Npy — Npx), (3.22¢)
¥ = 2[(1 4 x)Npy + 3Ng,], (3.22d)

are now the governing dimensionless parameters of the model, beyond the previously defined
small quantities in Eq. (3.13). Note that Eq. (3.21) is a general expression of the interface
dynamics without any assumption about the relation between the (three) small parameters
¢, 0, and €. To obtain a model equation, in sense of [105], we must consider the relevant

distinguished (asymptotic) limit.

3.2.3 The model long-wave equation

Next, we seek to simplify the governing Eq. (3.21) in the distinguished asymptotic limit(s)
of interest. For ¢ = O(6%), without loss of generality, we let ¢ = 6% and conduct another
rescaling:

n—n/e, t—t/6 (3.23)
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to describe the long-time evolution (as expected, since we focus on traveling wave solutions).

From Eq. (3.21), the interface evolution equation for e = O(§?) can be written as:

Setting ¢ = 0 and performing the same re-scaling as given in Eq. (3.23), the interface

evolution Eq. (3.21) for e = O(J) reads:

n = (—a — 519)779600 + BNece — Nwwwx + {[(—Oz —260)1, + BNaw — 771‘:817]77}1‘ + 57(779%)9600' (3.25)

Observe that, whether ¢ = O(4) or € = O(6?), the resulting nonlinear evolution equation has
a similar structure, since terms multiplied by ¢ are small in comparison with the dominant
a terms in Eq. (3.25) (a & 9 in the small-Np, regime within the scope of this study).

The main difference between the two scalings is the magnitude of individual terms, e.g.,
terms multiplied by « in Eq. (3.25) can be compared to those multiplied by da in Eq. (3.24).
In this study, we are interested in traveling wave solutions, so that the coefficients « in
Eq. (3.25) (and dav in Eq. (3.24)) are kept within a certain range. Therefore, since «, § and
7 are expressed in terms of Ny and Npy (via Eq. (3.22)), then the different ranges for « in
Eq. (3.25) and Eq. (3.24) necessarily leads to different ranges for 5 and 7 in these equations
(for given Npy and Npgy).

For example, in Eq. (3.24), the periodic wave with k,, = 4 requires o = 320 in Eq. (3.24)
and a = 32 in Eq. (3.25). If we stay within the small tilt angle assumption, i.e., ¢ = 0.01
according to Eq. (3.32), then to maintain similar stability, the system where ¢ = O(4?)
requires a stronger magnetic field, i.e., pl.—os2)= (1/0)p|-=0(5). Correspondingly, f|.—o(s2)~
16.1, while B|.—o@)~ 16.15. That means Eq. (3.25) is subjected to weaker dispersion, if
we require that the base states under Eq. (3.24) and Eq. (3.25) both have the same linear
stability properties.

Without losing generality, in this study we will focus on Eq. (3.24), which is a modified
generalized KS equation. The main difference lies in the dispersion and nonlinear terms.

Whereas the KS equation features the Hopf nonliterary nn, (as do the KdV and Burg-
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ers equations), Eq. (3.24) does not. Instead, the last two terms on the right-hand side of
Eq. (3.24) depict a more complicated nonlinearity introduced almost entirely by the magnetic
forces. Ome of the latter terms, o (1,7)., is similar to the term due to the Maragoni effect
in the so-called Korteweg—de Vries—-Kuramoto—Sivashinsky—Velarde equation [106, Eq. (6)].
We note in passing that this term, together with the term o (7,4.1). and nn,, also appear
in the nonlinear terms of the model equation for interfacial periodic waves in [22, Eq. (9)].
As in present study, the (17.4:7). nonlinearity arises from surface tension. However, while
(n2m) in [22, Eq. (9)] comes about from inertia, in our model equation this term arises from
magnetic forces. Meanwhile, the role of the linear terms is well known, as in KS: n,, is
responsible for the instability at large scales, while 7,,., term provides dissipation at small
scales. As in the generalized KS equation (and in KdV), the 7,,, term in Eq. (3.24) leads

to dispersion.

3.3 Stability of the flat state and nonlinear energy budget

3.3.1 Linear growth rate and weakly nonlinear mode coupling

Let n(z,t) = 332 ne(t)e™* be the Fourier decomposition of the surface elevation on
the periodic domain x € [0,2n]. Then, substituting the Fourier series into Eq. (3.24), we

immediately obtain:

ﬁk = A(k)nk -+ Z F(k, k/)ﬁk’nkfk', (326)
k;/

where the overdot denotes a time derivative, k # 0, k' # 0, n—o = 0, i = /—1, and

A(k) = dak® — k* — ipk?, (3.27a)
F(k,K) = Sakk’ —iBkk? — kK + 20 (k*k" — kE™). (3.27b)

Recalling the definition of a from Eq. (3.22a), the real part of the linear growth rate Re [A(k)]
indicates that the y-component of the magnetic field oc (1+ x)Npy is destabilizing, while the
x-component o< Npy and surface tension are stabilizing. Weakly-nonlinear mode coupling at

the second-order is accounted for by the function F. Note that the terms in Re [A(k)] from
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Eq. (3.27a) above are quite similar to Eq. (2.13) in Chapter 2 for a radial geometry, apart
from being multiplied by an additional power of k.
The most unstable mode k,,, satisfies:

dRe [A(K)]

_ 2 _
Ik =0 = 2k, = da, (3.28)

k=km

which implies the important role of da on stability. Figure 3.2(a) shows examples of how da
controls the most unstable mode and determines the range of linearly unstable modes (for
which Re [A(k)] > 0). We will show that k,, (and da) can be used to predict the possible
states (period of the nonlinear interfacial wave), and it is helpful for selecting suitable initial
conditions that evolve into (nonlinear) traveling wave solutions.

The imaginary part of the linear growth Im [A(k)] rate reveals the phase velocity of each
mode:

v,(k) = —Im [A(k)]/k = BE>. (3.29)

Perturbations to the flat base state of the film can propagate with velocity controlled by
the coupling term = X\/m (and, since v, = v,(k), they also experience dispersion).
Here, [ results from the magnetic normal stress due to the asymmetric projection of the x-
and y-components of the magnetic force onto the interface. Changing the direction of the
x-component of H will reverse the sign of these terms, i.e., § — —f. The linear analysis
indicates that such wavepackets will either decay or blow-up exponentially according to the
sign of Re[A(k)]. However, below we will show, through simulations of the governing PDE,

that this linear instability is arrested by nonlinearity.

3.3.2 Nonlinear energy balance and the dissipative soliton concept

The energy method [107] can be applied to any PDE to understand the stability of its
solutions. For example, the energy method was used to establish stability and uniqueness
of generic ferrofluid flows [108]. Here, we employ this approach to understand the stability

of the traveling wave in our model long-wave equation, which features both damping and
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Figure 3.2. (a) Real part of the linear growth rate Re[A(k)] as a function
of the wavenumber k for da = 8, 32, 72 and 128; the markers denote the
most unstable mode k,,. (b) The nonlinear evolution of the interface from a
small perturbation of the flat base state [n(z,0) = 0.01sin(4z)] into a perma-
nent traveling wave with da = 32, 8 = 16, and 7 determined by Eq. (3.22)
accordingly. (c¢) Energy budget of the nonlinear traveling generation process
shown in (b); the red curve represents the da term, the green line represents
the surface tension term, and the blue curve represents the g term from the
PDE (3.24). The contribution of the linear term is denoted by the solid curves
while the dashed curves represent the nonlinear term(s). The black curve in
(¢) shows the sum of these components, which is seen to approach zero as the
wave evolves into a dissipative soliton.

gain. Multiplying Eq. (3.24) by 7, and integrating by parts over x € [0, 2|, yields an energy
balance:

. om 1
E= [ baml—ni,+banin+ 5577? — 3, dz, (3.30)
0

where £(t) = % T n(x,t)? dv denotes the total energy of the wave field. The San? term on
the right-hand side of Eq. (3.30) produces energy, while the surface tension term —n?_ acts
as a sink. This result matches well with the observation regarding the linear growth rate,
i.e., that the destabilizing da term is balanced by the (stabilizing) surface tension (dak? > 0
and —k* < 0 in Eq. (3.27a)). The linear dispersion term conserves energy and thus drops
out of Eq. (3.30). Meanwhile the sign of the three remaining terms is indeterminate a priori.
Figure 3.2(c) show the evolution of the various terms on the right-hand side of Eq. (3.30)
for the solution n(x,t) shown in Fig. 3.2(b).

Eventually, all curves in Fig. 3.2(¢) become independent of time. In general, we expect

that, for some distinguished solutions n(x,t), £ = 0 holds exactly. If this is the case for one
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of the traveling wave solutions, then they are classified as dissipative solitons in the sense
of [106]. Dissipative solitons are expected to be long-lived stable structures. We wish to
address if such structures arise in our model of a ferrofluid interface subjected to a magnetic
field.

From the energy analysis in Eq. (3.30), we can conclude that «, 8, and 7 are the three key
parameters controlling the wave propagation and existence of the dissipative soliton. Recall
that these three parameters, which show up in Eq. (3.24), are given as combinations of the
physical parameters (i.e., x, Npx, Npy), as per Eq. (3.22). In particular, a and § in the
linear terms of Eq. (3.24) are expected to strongly affect the stability and the characteristics

of the traveling wave profile. We explore this issue next through numerical simulations.

3.3.3 Numerical simulation strategy for the governing long-wave PDE

To understand the nonlinear interfacial wave dynamics, in the upcoming sections below,
we solve Eq. (3.24) numerically using the pseudospectral method [109]. For the linear terms,
the spatial derivatives are evaluated using the fast Fourier transform (FFT) with N = 512,
while the nonlinear terms are inverted back to the physical domain (via the inverse FFT),
evaluated, and then transformed back to Fourier space. The modified exponential time-
differencing fourth-order Runge-Kutta (ETDRK4) scheme [110], which is stable and accurate
for stiff systems [109], is adopted for the time advancement. Figure 3.2(b) shows an example
evolution from the infinitesimal perturbation of the flat state, to the formation of a nonlinear
traveling wave.

A grid convergence study with three levels of the grid resolution was conducted to validate
the pseudospectral method with ETDRK4 time stepping introduced in Section 3.3.3 for our
model PDE (3.24). We demonstrate the grid convergence for the period-period traveling wave
at k,, = 4, which is the most frequently discussed case. Figure 3.3(a) shows that the energy
of harmonic modes decays with the wavenumber, and “piling up” occurs near the “tail” on
the grids with N = 512 and N = 1024. This phenomenon is due to hitting the limit of double
precision floating point arithmetic, which is indicative of spectral convergence. Additionally,

the results on the grid with N = 512 match well with those of N = 1024. Actually, the
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Figure 3.3. (a) Spectral energy of harmonic modes (k = ko, 2ko, 3ko, - . -,
connected as a curve to “guide the eye”) for the period-four traveling wave
with kg = 4 at k,, = 4, ¢ = 0.01, and At = 5 x 1078, (b) The numerically
computed dissipation rate error £y decreases with time step refinement for the
same physical parameters as (a) and N = 512.

grid with NV = 256 also provides a satisfactory result for the large scales (k € [4,128]) but
the grid with NV = 512 can resolve smaller scales better. Therefore, Fig. 3.3(a) supports our
decision to use N = 512 for our simulations.

When the traveling wave solution is obtained, the energy change rate is supposed to
reach a steady state, i.e., & = 0, and the right-hand side of Eq. (3.30) vanishes as well.
However, due to the numerical truncation, the sum of all the energy production/dissipation
terms on the right-hand side actually changes with the time step At. Specifically, denote as
En =& — JZESan? — 2, + damPn + %ﬁni — nm?, dx the error in the numerically computed
dissipation rate. Four time steps At = 5x 1072, 5x107%, 5x1077, 5x 108 were considered for
verification, and all give qualitatively consistent results. It is noteworthy that the time step
spans two orders of magnitude, while the ETDRK4 scheme is still stable for this fourth-order
stiff PDE. The dissipation rate error £y is shown in Fig. 3.3(b), and it exhibits fourth-order
convergence with respect to At. Since time-step-convergence has been demonstrated, for this
study, we use the intermediate time step size At = 5x 1078, which commits a dissipation rate
error of Ey = 1.91 x 107Y, as a compromise between numerical accuracy and computational

cost.
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3.4 Nonlinear periodic interfacial waves: propagation velocity and shape

As discussed in Section 3.3.2, @ and [ play an important role in the energy balance. In
this section, we will investigate their effects on the traveling wave’s propagation velocity and
the wave profile (shape). Before we start, it is helpful to discuss the physical meaning of
these parameters, which can be useful in designing control strategies in practice.

First, as explained above, (3 is the coupling term resulting from the asymmetry of the sur-
face force on the perturbed interface. This parameter is also closely related to the orientation

of the magnetic field. To understand this point better, let
p=Npx+Npy,  ¢=Np/p. (3.31)

Here, p oc |H|? relates to the magnitude of the magnetic field at Ry, and g = cos? ¢, where
¢ is the angle of H with respect to the flat interface (recall Fig. 3.1). With x = 1, the main

parameters can be rewritten as:

a=2p(2-3q), B=2p/e(1—q), v=p1-29). (3.32)

In this study, we restrict ourselves to magnetic fields with small xz-component magnitude,
with ¢ € [0,0.06], i.e., ¢ € [0.42m,/2]. For this choice, a = 4p, 8 ~ 2p,/q, and v = p.
Hence, controlling « is equivalent to controlling the magnitude of the magnetic field, while
[ is sensitive to the orientation. Note that two independent variables will set the dynamics,
and in this section we will control o and (3, with v determined by Eq. (3.32). Furthermore,
in the numerical studies below, we will use one initial condition, n(z,t = 0) = 0.01 sin(kox),
with an initial perturbation wavenumber ky = 4, and we will only consider 6 = 0.1. These
perturbations will first grow, then become arrested by saturating nonlinearity [111], and

finally lead to a permanent traveling wave. The latter is of interest in this section.
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3.4.1 Propagation velocity

Linear prediction and nonlinear expression

Lira and Miranda [41] reported that the propagation velocity of interfacial ferrofluid
waves in a Cartesian configuration in a vertical Hele-Shaw cell is sensitive to the magnetic
field’s angle. Chapter 2 further showed that this velocity can be well predicted by the linear
phase velocity, which is determined by the coupling term of azimuthal and radial magnetic
field components in that work. In this study, we examine how this coupling term, which
is captured by our parameter 5 (and closely related to the angle ¢ of the magnetic field),
controls the nonlinear wave propagation velocity.

A permanent traveling wave profile takes the form 7(z,t) = O(kx — wt), where vy = w/k
is its propagation (phase) velocity. The modes’ complex amplitudes can be expressed as
ne(t) = cee™ Wt with constant ¢, € C accounting for their relative phases. A nonlinear
traveling wave profile would consist of a fundamental mode k; and its harmonics nky (n €
Z*), with w(nkf) = nw(ks), so that the phase velocity can be evaluated as v,(nks,t) =
nw(ky)/nky = vs. The average v, of the first five harmonics is used to calculate v} for the
nonlinear simulation (same method as in Section 2.4.2). Meanwhile, the linear phase velocity
vf = v, is given by Eq. (3.29).

Figure 3.4(a) shows the comparison of the nonlinear propagation velocity and the linear
prediction for dac = 32. The fundamental mode, computed as k; = 4 from the simulation,
sets the linear propagation velocity as Uf = Bk® = 163. It is surprising to see that the
actual nonlinear propagation velocity can be well fit by the straight line U}V = 14.055 with
small variance o2 = 0.005, even if the wave profiles changes with 3 dramatically, as shown

in Fig. 3.4(¢). This curious correction is not as trivial as it looks, as the nonlinear phase

velocity can be evaluated a posteriori through Eqs. (3.27) as:

"N k P
vf =8 {k2 + 2K Re [Wl — 23" [Bak’ — K+ 269(kk” — k)] Im l”k ik 1 } |

m ur Bz ur
(3.33)

where the summation terms over k' represent the nonlinear effects. When a traveling wave

solution is obtained, nnk_g /M = Crcr_gr/cx becomes independent of time, and the non-
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linear phase velocity can be evaluated from Eq. (3.33), knowing ¢, from the propagation
profile’s Fourier decomposition. (This is equivalent to our approach in Section 2.4.2). That
approach is simpler, therefore the results hereafter follow the approach in Section 2.4.2 for
simplicity and clarity.)

The correction in Eq. (3.33) is an a posteriori result, and it is accurate but not obvious
how it changes the pre-factor k% = 16 into 14.05. Nevertheless, the strong, linear correlation

between U}V and [ for the chosen parameters of interest is the key point.

Multiple-scale analysis and velocity correction

To better understand the linear correlation between th‘v and [, an analytical approxi-
mation can be obtained via a multiple-scale analysis of the harmonic wave [112]. However,
when subject to the current parameters (i.e., k,, = 4 as the most unstable mode), the linear
instability poses difficulties when using a standard travailing wave ansatz. We introduce the
critical wave number k. so that Re [A(k.)] = 0 = k? = da. The linear theory predicts that
all £ < k. are unstable. Thus, we assume that the da in the linear term is slightly larger
than k7%, thereby making ky = 4 marginally unstable, and also the unique unstable mode. In
other words:

S = kf + ¢3¢, (3.34)

where ¢ < 1 is small perturbation parameter and > > 0 is independent of e. We first scale

Eq. (3.24) to a weakly nonlinear problem by introducing n = e}:

Next, we introduce the traveling wave coordinate { = kx — w,t of a harmonic wave, where
w, = k3 by the linear dispersion relation. We assume that ) has a multiple-scale expansion

of the form

Y =W(& ta) + e (& L) + 82372(5, ty) + 0(33), (3.36)
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where the slow time is t, = ¢?t, and we obtain the following transformations of partial

derivatives:

at = —Wpag + 62@2, 896 = 8& (337)

Next, substituting the derivative transformations from Eq. (3.37) and the dependent variable
expansion from Eq. (3.36) into the weakly nonlinear equation (3.35) gives rise to a series of

problems at each order of ¢ < 1.
e O(1):
Denoting the linear operator as L, the leading-order equation is given as:
L] = (—wp0: + k3K20Z — BK*0Z + k'0}) Vo = 0. (3.38)

In this study, we are interested in the phase velocity of a single harmonic wave with wavenum-
ber k, which is also subjected to weak linear instability if s > 0. So, we set ky = k and

wp, = k*B. Then, the general solution of Eq. (3.38) is
Vo(€,ta) = Ag(ta)e” + c.c., (3.39)

where c.c. stands for complex conjugate.

e Ofe):

At this order, we obtain an inhomogeneous PDE:

L] = [(—0adoe + BVoge — Vogee) Vol + 0(7 V5 )ee- (3.40)
Substituting Eq. (3.39) into Eq. (3.40) we have:

L[] = 2[0ak? — ifE® + (267 — 1)k A2 + c.c. (3.41)
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The general solution of this PDE, denoted ), can be written as
yl (f, tg) = Al (t2)€i£ + Alp(tQ)eQE + C.C., (342)

where Yy, = Ap,e'® + c.c. is the particular solution. Substituting Yy, into Eq. (3.41), we

obtain
[0 — ifk + (20 — 1)k2]

Ay = pAg, - with p = 6k2 + 310k

(3.43)

o O(e?):
At this order we obtain

L[o] = =V, + 2k* Vo e)
—60k* (V160 + Voeedr + 2V1.Voce)
B> (Vreee Vo + Vocee V1 + Vieedoe + Voeedre) (3.44)
—k' (Vigeee Vo + Vogeeer + VigeeVoe + VogeeVie)

+207k* (V1 gee Vo + VosceeVie + 2V eeDoee)

Substituting the previously obtained solutions ), and Y; into Eq. (3.44), we have

]LD}Q] = — (1407 — %k2A0)€i§
? | | | (3.45)
+ dOAlAEk) + dlAlpAS€Z€ + d2A1A0€ZZ£ + dgAlpAoeglg + c.c,

where d; are complex constant coefficients. We are only concerned with d; = [dak? — 5ik> —
(7 + 467)k%].

To eliminate the secular term in Eq. (3.45), we require that
—(A07t2 - %]{]2140) -+ dlAlpAS == O, (346)
which gives rise to the amplitude equation

140’)52 = %]{ZQAO — Q|A0|2A0, (347)
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which is known as the Landau equation, with Q = —d;p. Let Ay = ae®, where a and b are

real numbers. Then, the balance of the real and imaginary parts of Eq. (3.47) gives:

da _ »xk*a — Re[Q]a®, (3.48)
dts
do )

If Re[Q] > 0, which is true after substituting the simulation parameters, three fixed point
can be identified, with @ = 0 being an unstable equilibrium point and a = +,/sk?/ Re [Q)]
being stable. The long-time behavior, as ¢, — oo, is that a converges to these equilibrium
points, and

»k?

Re (]

Recall that Vy(€,t2) = Ag(ta)e® + c.c. = a(ty)e’E+0(t2) 4 e = 2a(ty) cos (5 + b(tQ)), with

b(tz) ~ —Im[Q)] ta+by as ty — oo. (3.50)

ty = ¢*t, then the solution at the leading order can be obtained as:

Mo = 2acos <ka: —wpt — kQEdeQ%t + bo> , (3.51)

which gives the phase velocity with the multiple-scales correction as

Im [Q]

MS = BL? ke 3.52
Uf /8 + Re [Q] 4 %7 ( )
where a = /sk?/ Re[Q] is the equilibrium amplitude, by is an integration constant, and
[5@ — Zﬂk + (25’}/ — 1)]{52] 2 . 3 4
Q= [ — dak” + 5iSk” + (7 + 467)k™]. (3.53)

6k2 + 3ifk

Equation (3.52) predicts the propagation velocity of the traveling wave solution when
ks = 4 is subjected to weak linear instability. The weak linear instability is important to
emphasize in this multiple-scales derivation because we assumed e¢?sc < 1. However, the
results of this analysis appear to hold even for stronger linear instability. As da in the
original formulation increases from k]% = 16, ¢%s¢ increases correspondingly. In Fig. 3.4(a),

we show two cases with da = 18 (e?sc = 2) and da = 32 (e?sc = 16). For the weakly linearly
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unstable case (da = 18), the propagation velocity U}VI 9 predicted by the multi-scale expansion
matches well with the nonlinear velocity U}V , with error less than 0.5%. For stronger linear
instability, i.e., da = 32, U}W 9 is still qualitatively corrected, but the error is now less than
26% for smaller 3, while the agreement improves for larger [, with the error reducing to
about 5%.

Another message obtained from Fig. 3.4 is that, even if the nonlinear propagation velocity
v}v shows a linear correlation with [, it is not necessarily linearly related to [ due to the
nonlinearities of the PDE. However, this note will not change the fact that such linear
correlation enables both UJI; and v}” S to be good predictors for the wave dynamics (and their
possible control via the imposed magnetic field). In this respect, another reason that v]% is
a good quantitative prediction is the lack of “inertia” in this system. In the classical model
equations, such as the KS, KdV, and Burgers, the nn, term accounts for nonlinear advection,
and thus the initial “mass” (/"7 dz) sets the velocity. In our system, the nonlinear terms
have a similar effect, while the initial “mass” 02n77dx = 0 due to the definition of n as
a periodic perturbation. Thus, the propagation velocity is well predicted directly by the

dispersion parameter 3.

600
500
400
<7300
200
100

Figure 3.4. The dependence of (a) the propagation velocity, (b) the asym-
metry and skewness on [ for da = 32 and v determined by Eq. (3.32), (¢)
example traveling wave profiles for § = 0, 10, 20, 40 for o = 32. In (a), the
“o” denotes the nonlinear velocity evaluated from the simulation; the dashed
line fits the nonlinear velocity with slope “c¢”, and the solid line marked with
“+4+7 is the velocity prediction from the multiple-scales expansion. Black sets
represent results with o = 32, while red ones are from da = 18.
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3.4.2 Traveling wave profile

In addition to setting the propagation velocity, the coupling term /3 (as the source of
asymmetry of the magnetic traction force) also strongly affects the shape of the traveling
wave. To explore the shape change, as in Section 2.4.3, we introduce the skewness Sk and
asymmetry As.

Figure 3.4(b) shows the effect of § on the wave profile for k,, = 4 (i.e., for da = 32). The
asymmetry is a concave function of f with a maximum around = 20. This implies the
existence of an “optimum” magnetic field angle that allows tuning of the wave profile shape.
For the parameters used in Fig. 3.4(¢), i.e., dae = 32 and 5 = 0, 10, 20, 40, correspondingly
we have ¢ = 0,3.9 x 1073, 0.015, 0.056, spanning two orders of magnitude of the magnetic
field angle parameter. For § = 0 (¢ = 0), the profile is symmetric, and we observe that even
a small angle of the magnetic field, breaks the fore-aft asymmetry of the wave profile. The
skewness, on the other hand, monotonically decreases with the angle, becoming negative
beyond S = 30.

Figure 3.5 shows how k,, (or, equivalently, « since § is fixed) affects the wave profile.
When the initial perturbation wavenumber ky = 4 is close to the most unstable mode k,,,
the traveling wave profile maintains the same period as the initial condition. For larger k,,,
the wave profile exhibits a sharper peak. This sharpening was also observed in Fig. 2.7(b,c)
in Chapter 2, wherein the skewness increases with k,,, and the profiles saturate for large
values of k,,. In Chapter 2, the possibly unstable evolution for k,, was not discussed, while
the wave studied therein shows “wave breaking” for large values of the dispersion parameter.
Therefore, an open problem that can be addressed with the present long-wave model is the
“asymptotic” behavior of the steepening wave profile (As and Sk) with k,,. This leads us to
a new question: is the range of k,, that allows such period-four waves bounded, or will the
shape eventually become unstable (and/or “break”)? Or, we can reframe the question as:
given k,,, which states (period of the traveling wave) exist in this system? What about their
stability? In the next section, we perform numerical investigations to shed light on these

questions.
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Figure 3.5. (a) The propagating wave profile with k,, = 4,5,...,9, ¢ = 0.01,
with the initial perturbation wavenumber ky = 4, and (,v determined by
Eq. (3.22). (b) The corresponding asymmetry and skewness.

3.5 State transition and stability of traveling waves

The KS equation is well known for the chaotic behavior of its solutions. It has been
thoroughly investigated within the scope of instability and bifurcation theory [113]-[116],
yielding a wealth of results on how different dynamical states can be “reached” from given
initial data, and the transition between such states. Specifically, as the ratio of coefficients of
the second- and fourth-order derivative terms (i.e., their relative importance, quantified by
da in our model (3.24)) increases, the KS equation’s steady profile exhibits more complexity
and dynamical possibilities, and finally the dynamics becomes chaotic. This feature can be
understood intuitively from Fig. 3.2(a), wherein higher d« allows a wider unstable band for
the long waves in the system.

Considering some of the similarities between our long-wave equation (3.24) and the gen-
eralized KS equation, a thorough examination of all the parametric dependencies of the
wave (including chaotic) dynamics is not of interest herein. Instead, we focus on showing
that the dissipative solitons emerging from perturbations in the linearly unstable band are
fixed points in an energy phase plane. Then, we analyze the state transitions via this phase
plane, and explain the stability of fixed points via the spectral stability of the wave profiles.
Finally, we highlight multiperiodic profiles analogous to “double cnoidal waves” of the KdV

equation.
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3.5.1 Fixed points in the energy phase plane

To reduce the parameter space exploration, in this section we fix ¢ = 0.01, with ¢
defined in Eq. (3.31), and focus on the dynamics for different k,, only, by controlling the
magnitude p = 5,20, 45, 80. Recall that (as discussed at the beginning of Section 3.4) there
are two independent physical dimensionless groups (i.e., Npyx and Ngy), so that fixing ¢ and
p determines all other parameters (i.e., «, which sets k,,, 5, and 7). In this subsection,
the energy phase plane (£,&) (see, e.g., [116]) will be used to identify the traveling wave

solutions, which emerge as fixed points with finite £ and £ = 0 (i.e., they are dissipative

solitons).
120 1
100 ] — k=l
80 — k=2
£ 60 — k=3
40 1 — ko=4
20 ] ko=5
0

Figure 3.6. The energy phase plane (&, £ ), showing dynamics in slices corre-
sponding to most unstable wavenumbers k,,, ~ 1,2,3,4 (p = 5, 20,45, 80) and,
within each slice, the trajectories emerging from initial perturbations with
wavenumbers kg = 1,2, 3,4, 5.

The wavenumber range, k € (0, k.|, of linearly unstable modes can be obtained by solving
Re[A(k.)] = 0 to obtain k. = v/2k,,. Figure 3.6 shows four slices of the energy phase plane at
km = 1,2,3,4. The corresponding maximal linearly unstable modes have wavenumbers are
|k.] =1,2,4,5. As before, the initial condition is selected as a small-amplitude single-mode

perturbation: n(z,t = 0) = 0.01sin(koz) with ky = 1,2,3,4,5 as the initial wavenumbers.
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From the nonlinear growth rate in Eq. (3.27b), we know that a nonlinear interaction exists
only between harmonic modes nky (n € Z) when initializing with the single mode kq. These
interacting modes will grow or decay and finally become balanced harmonic components of
the permanent traveling wave profile that emerges.

The fundamental mode ky contains the highest energy, ., nj ;o in the system. Physically,
the wave will exhibit a period-ky profile, or a “ks-state” For a period-ky traveling profile,
only the harmonic modes nky exist in the system. Therefore, the fixed points identified in
Fig. 3.6 are of different periods for a given k,,. In Fig. 3.6, kg # ky when ky =1, k,, = 3, 4.

For k,, = 1, only one initial mode, ky = 1, is linearly unstable, so that an initial per-
turbation with ky > 1 will decay exponentially back to base state (flat interface). On the
other hand, the linearly unstable mode ky = 1 will first grow, then saturate to a traveling
wave profile, and thus one fixed point can be identified in the (&, £ ) phase plane. Similarly,
picking k,, = 2 allows two linearly unstable modes, thus two fixed points in the energy phase
plane. One fixed point is a period-one state, and the other is a period-two state.

However, while four unstable modes exists for k,, = 3, only three fixed points are identi-
fied with periods two, three and four. When initialized with ky = 1, the period-one pertur-
bation evolves and converges to a period-two traveling wave, as can be seen from Fig. 3.6.
Note that kg = 1 is a special case in terms of the nonlinear interaction. For ky = 1, all
normal modes in the system are harmonic components, so that £ = 2, 3,4 will gain energy
from ky = 1 also. A similar phenomenon can be observed in the k,, = 4 slice of the energy
phase plane. The initial perturbations with modes ky = 2, 3,4, 5 will evolve into states with
corresponding ky = ko, while £y = 1 evolves into the period-three state.

Note that Fig. 3.6 shows only four slices at integer k,,, but &, does not necessarily have to
be an intege r (because it is set by the non-integer system parameter « via Eq. (3.28)). Thus,
our discussion only provides a representative view of the rich higher-dimensional dynamics.
It is evident, from the four slices in Fig. 3.6, that bifurcations of fixed points occur as the
parameter k,, is varied. The number of fixed points increases with k,,, or more accurately,
with the number of linearly unstable modes. Some fixed points move along the £ axis with
increasing k,,, such as the period-two and period-three states, while some disappear, like the

period-one state. This observation partially answers the question of whether the number of
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traveling wave states will increase with k,,, and whether for certain states there is a possibly
bounded ranged of k,, allowing them. However, what exactly is this bound for each state,
or each k,,, is beyond of the scope of this study. This question would be challenging, since
as k,, increases, more and more linearly unstable mode participate in the competition for

setting the fundamental mode, and likely the system approaches a chaotic state.

3.5.2 Spectral stability of the traveling wave

The tendency of a system to prefer a narrow set of states out of many possible ones is
known as wavenumber selection [117], [118]. In this section, we study this phenomenon by
addressing the stability of these fixed points in the energy phase plane, focusing on the case
of k,, = 4.

To this end, we perturb the traveling wave profile, and numerically track the evolution
of the perturbation via direct simulation of the PDE. We find that period-two and period-
three states behave like local attractors, while period-four and period-five states are saddle
points. We verify the type of fixed points through spectral (in)stability analysis [119], [120].

Specifically, we rewrite Eq. (3.24) in the moving frame with ( =z —vst, 7 =t as:

N — vpne = —0ance + Brcee — Neeee + [(—0ame + Bee — neee)nle + 6(vmd)ee, (3.54)

with the propagation velocity vs calculated numerically. The perturbed traveling wave so-
lution is written as n(¢,7) = Z(¢) + dW({)e*, where =(C) is the stationary solution of
Eq. (3.54) (hence, the traveling wave solution of Eq. (3.24)), and ? < 1 is an arbitrary
perturbation parameter. Substituting the perturbed n(¢, 7) into Eq. (3.54), and neglecting

nonlinear terms, we obtain a linear eigenvalue problem

4
AW = LW, L:=> C,D,. (3.55)

n=0

73



Here, the C, = C,(Do=, ..., D4=, vy) are vector-valued functions of the traveling wave profile

=(¢) and its gradients:

Co = 0aZ¢¢c + BEcce — Ececes Ci = vy + 200ZE¢ + PEcc — Zeect207,
Co=0a(1+Z)+ = + 4072, C3=pP(1+Z) — = +207=,, C,=—-(142).
(3.56)
The differentiation matrices D,, are discretizations of 9"/9¢"™ (Dy =1 is the N x N identity
matrix) evaluated by the Fourier spectral approach [109]. The eigenvalue problem Eq. (3.55)
is solved numerically with 1inalg.eig from the NumPy stack in Python [121]. The spectrum
was validated via a grid-independence study using grids with N = 256, 512, and 1024 points.
Next, we use this numerical spectral stability approach to understand the state transitions

and the stability of fixed points in the energy phase plane introduced in Section 3.5.1.

3.5.3 The state transition process

Figure 3.7(a,b) shows that the period-three and period-two fixed points, respectively, in
the (&, E ) phase plane are attractors. Small perturbations about them will decay, and the
evolution will converge back to the corresponding periodic traveling wave profiles. This obser-
vation can be confirmed by the spectral stability calculation, its results shown in Fig. 3.7(f),
which shows that all eigenvalues have negative real part, except for the zero eigenvalue,
which represents the translational invariance of the traveling wave solution.

On the other hand, Fig. 3.7(¢,d) show that the period-five and period-four fixed points,
respectively, are saddles. A small perturbation around the period-four fixed point will grow
and oscillate away, till the evolution converges to the period-three fixed point (an attractor),
black curve in Fig. 3.7(d). For a different perturbation, gray curve in Fig. 3.7(d), this
process can lead to convergence to the period-two attractor. The perturbation evolution
around the period-five fixed point, black curve Fig. 3.7(¢), is more interesting. It is featured
by a two-stage transition process. First, the perturbation will first oscillate and grow rapidly,
attracted to the neighborhood of the period-four fixed point. Then, it will oscillate away
again, until finally converging to the period-three attractor. These saddle point behaviors

can be confirmed from the linear eigenspectra shown in Fig. 3.7(f) as well. The period-four
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Figure 3.7. Stability diagram based on the energy phase plane. Perturbations
around the attractors corresponding to (a) the period-three and (b) the period-
two traveling wave solutions converge. State transitions are observed near the
saddle points corresponding to (c¢) the period-five and (d) the period-four
traveling wave profiles. The solid curves’ colors represent initial perturbations
with different wavenumbers, which lead to different dynamics (and outcomes).
The wave profiles are shown in (e), with the symbols in the corners of the plots
denoting the corresponding fixed points in the phase planes in (a,b,c,d). In
(f), the leading eigenvalues of the linearization about the corresponding wave
profile in (e) are shown.

profile has two pairs of conjugate eigenvalues with positive real part, while the period-five
profile has four pairs.

A closer examination of the state transition process is shown in Fig. 3.8 for three repre-
sentative perturbations around the period-five fixed point. Rapid oscillation of the modes’
energies can be observed during the transition process, indicating intense nonlinear interac-
tions. The space-time plot shows a similar phase shift feature as seen during the collision

of solitons [90], but the wave profile is completely modified here. Figure 3.8(b) shows a
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one-stage transition due to a single-mode perturbation W ({) = 0.02sin(k,(), k, = 3. This
mode’s energy |ns| increases exponentially, overtakes the initial |7;| value and converges to
the period-three attractor. Figure 3.8(a,c) show a two-stage transition with single-mode
perturbations k, = 1,4, respectively. Figure 3.8(a) shows higher level of oscillation than (c),
since all modes are harmonics of k, = 1, and higher |7;| can be observed for ¢ € [0.05,0.2].
The interaction between mode 5 and mode 1 (Fig. 3.8(a)) immediately excites mode 4, and
|n4| grows exponentially as the most unstable modes of the linear system. This results in a
similar transition process for k, = 1 and 4 in Fig. 3.8(a) and (c¢), respectively.

While such transition paths are complex and intriguing, we would like to emphasize the
existence of the transition depends on the spectral stability of the traveling wave profile itself,
which is interpreted as a saddle point or an attractor in the energy phase plane, and the
transition direction is determined by the perturbation W ((). After an immediate targeted
transition, whether another transition happens or not depends on the spectral stability of
the subsequent wave profile attained.

Another intriguing aspect of this topic is multi-mode perturbations to the unperturbed
flat interface, which is a more realistic situation that might arise in experiments, where the
mode of the ambient noise is hard to control in an experiment. The competition between all
possible states will finally select the observable pattern. Next we analyze this multi-mode
case and provide an explanation of the selection process leading to multiperiodic nonlinear

traveling waves.

3.5.4 Multiperiodic waves

An interesting observation from Fig. 3.8(a) is the coexistence of mode 1 and mode 4
during the transition, exemplified by the oscillations about the period-four fixed point in
the energy phase plane shown in Fig. 3.7(¢). The energy components of the wave profile are
harmonics of ky = 4, except the nontrivial |7;| &~ |ng|. During the time interval ¢ € [0.05,0.2],
the space-time plot of wave profile evolution shows that a period-four wave is modulated by
mode 1. This coexistence lasts for a relatively long time (compared to the total transition

time) until mode 3 ultimately becomes dominant. An even longer coexistence is found when
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Figure 3.8. Fourier mode energy evolution (mode competition and nonlinear
interaction) for a perturbed period-five traveling wave subjected to harmonic
perturbation with (a) k, = 1, (b) k, = 3, and (¢) k, = 4. The top row
shows the corresponding space-time plot of the transition process with color
representing the amplitude of the wave profile 7.

perturbing the period-four traveling profile with mode 2, as shown by the gray curve in
Fig. 3.7(d), leading to a period-four wave modulated by mode 2, as in Fig. 3.9(a). The
interaction between mode 2 and mode 4 occurs for ¢ € [0,0.6], an interval twice longer than
any complete transitions in Fig. 3.8.

These long-lived multiperiodic waves states, which we have identified numerically, can be
considered analogous to double cnoidal waves of the KdV equation. Double cnoidal waves
are the spatially periodic generalization of the well-known two-soliton solution of KAV [122].
They can be considered as exact solutions with two independent phase velocities [123]. The
evolution of the phase velocities v,(k) of modes k = 2 and 4 (of the Fourier decomposition of
n) are shown in Fig. 3.9(b). The phase velocity of mode 2 experiences more intense oscillation
than mode 4, which can be seen also from Fig. 3.9(a). These oscillations are caused by the
energy interaction between even modes, and a low pass filter can be applied to evaluate a
time-averaged phase velocity for mode 2, shown as the black curve (the jump around ¢t = 0
is a windowing effect). It is surprising to see that while |7|, the amplitude of mode 2, is
growing slowly, its phase velocity maintains around v,(k = 2) ~ 53.5, which is independent

of v,(k = 4) ~ 218.1. Haupt and Boyd [123] constructed double cnoidal solutions of KdV
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Figure 3.9. (a) Fourier modes energy interactions for a perturbed period-
four traveling profile with perturbation 9W (¢) = 0.02sin(2¢). (b) The phase
velocities of mode 4 and mode 2. The black solid line shows the filtered
vp(k = 2). (c¢) Space-time plot and the corresponding wave profiles of the
transition during ¢ € [0.65, 0.8], marked as the grey region in (a) and (b).

through a harmonic balance of lower modes. On the other hand, the sharper peak of the
quasi-double-cnoidal-waves in Fig. 3.9(¢) shows the importance of the balance among higher
harmonic modes in our model KS-type long-wave equation.

The rapid transition during ¢ € [0.65,0.8] is characterized by “wave chasing” in the
physical domain. Mode 2 and mode 4 become comparable in Fourier energy, with mode 4
propagating faster than mode 2. Visually, this observation is similar to soliton collisions:
when the peak of mode 2 is caught by that of mode 4, an elevation can be observed and then
a decrease as they separate, shown in the wave profiles in Fig. 3.9(¢) for t € [0.713,0.72].
However, while soliton collisions (in the sense of Zabusky and Kruskal [90]) leave the wave
profile and propagation velocity unchanged, the “chasing” (and interaction) in the current
study results in the waves ultimately merging into the period-two nonlinear traveling wave.
The phase velocity of mode 4 dramatically decreases, and all modes in the system merge
into a phase velocity v, ~ 55.8, which becomes the propagation velocity v; of the period-two
traveling wave. It is interesting to note that, in this process, the time-averaged propagation

velocity of mode 2 barely changes, except for the mitigation of the oscillations. This can
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be intuitively understood from the strong stability of the period-two traveling wave profile,
while a mathematical reason might emerge from the singular limit of a double cnoidal wave
(if it exists in this system).

In the end, this study answers one question posed in Chapter 2: when the energy of higher
modes is dominant, this confined ferrofluid system can accommodate multiperiodic traveling
waves, resembling a long-lasting, but non-integrable, double cnoidal wave field. When the
energy of the two component modes becomes comparable, a rapid transition happens and
the modulated propagating wave profile saturates to its envelope. In a sense, this means
that these periodic nonlinear waves lose their shapes upon “collision.” However, it would
be interesting to ask if a localized solitary wave also exists for our model equation, and to

address what would happen during the localized waves’ collisions.

3.6 Discussion

We identified the allowed wave states (specifically, their spatial periods), which bifurcate
as the most unstable linear mode k,, is varied, as fixed points in an energy phase plane,
using the dissipative soliton concept [106]. State transitions are observed when some trav-
eling wave profiles are perturbed, depending on their spectral stability, and the transition
“direction” (towards another fixed point in the energy phase plane) is determined by the per-
turbation. It would be of interest to realize the obtained traveling wave profiles (and their
transition dynamics) in laboratory experiments. The wave selection process with multi-mode
perturbations poses a challenge in that the initial perturbation must be carefully controlled,
especially for the spectrally unstable profiles.

Another novel feature of this study is that multiperiodic nonlinear waves (akin to the
double cnoidal wave of the KAV equation) were found numerically in the context of a (non-
integrable) long-wave equation of the modified KS type. Perturbations of spectrally stable
modes interact intensely with their harmonics, which are already present as part of the
original spectrally unstable traveling wave profile. Such interactions are long-lived, until an
abrupt transition to a final stable traveling wave occurs. As mentioned in Section 3.5.4,

we were unable to construct perturbative solutions in the sense of the double cnoidal waves
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[123], therefore a complete mathematical explanation of these multiperiodic nonlinear wave
dynamics (and the transitions between them) remains an open problem to be addressed in
future work. Finally, it would also be of interest to derive a 2D version of our model long-

wave equation, and the dynamics it governs could be compared and contrasted to resent

work on the 2D KS equation [116].
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4. DELAYED HOPF BIFURCATION AND
TIME-DEPENDENT CONTROL OF A FERROFLUID
INTERFACE

SUMMARY

In Chapter 2, fully nonlinear simulations revealed that the spinning gear emerges as a stable
traveling wave along the droplet’s interface bifurcates from the trivial (equilibrium) shape.
In this chapter, a center manifold reduction is applied to show the geometrical equivalence
between a two-harmonic-mode coupled system of ordinary differential equations arising from
a weakly nonlinear analysis of the interface shape and a Hopf bifurcation. The rotating com-
plex amplitude of the fundamental mode saturates to a limit circle as the periodic traveling
wave solution is obtained. An amplitude equation is derived from a multiple-time-scale
expansion as a reduced model of the dynamics. Then, inspired by the well-known delay
behavior of time-dependent Hopf bifurcations, we design a slowly time-varying magnetic
field such that the timing and emergence of the interfacial traveling wave can be controlled.
The proposed theory allows us to determine the time-dependent saturated state resulting
from the dynamic bifurcation and delayed onset of instability. The amplitude equation also
reveals hysteresis-like behavior upon time reversal of the magnetic field. The state obtained
upon time reversal differs from the state obtained during the initial (forward-time) period,
yet it can still be predicted by the proposed reduced-order theory.

The material in this chapter was published as [Z. Yu, I.C. Christov, “Delayed Hopf
bifurcation and control of a ferrofluid interface via a time-dependent magnetic field,” Phys.
Rev. E, vol. 107, art. 055102, 2023] [124] (authors retain rights to reproduce article in a
thesis or dissertation). Both authors contributed to the analysis of the problem and the
derivation of the mathematical model, which was led by Z.Y. Z.Y. wrote the Python scripts
and conducted all the case studies and data analysis. Z.Y. and [.C.C. jointly discussed the

results, drafted and revised the manuscript for publication.
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4.1 Problem formulation and governing equations

In Chapter 2, the nonlinear evolution of the stably rotating ferrofluid droplet was studied
mainly through fully nonlinear simulation. The low-dimensional ODEs, such as Eqs. (2.11)
and (4.1) to be discussed below, arising from a weakly nonlinear analysis can also serve
as a good approximation of the shape, but do not provide dynamical intuition beyond the
initial, linear growth regime. In this study, we first derive a simpler model, using weakly
nonlinear analysis, which allows us to gain dynamical insights. Then, we compare this new
model with the nonlinear simulations performed using the vortex-sheet solver introduced
and benchmarked in Chapter 2.

The simulations in Chapter 2 showed that the droplet shape exhibits a long-wave insta-
bility, and a finite number of harmonic modes can appropriately describe the dynamics. In
this study, we are interested in the dynamics around the critical point, 7.e., when the system
achieves Re [A(kf)] = 0, where ky is the fundamental mode (we set ky = 7 as in Chapter 2).
When the fundamental mode is marginally unstable, i.e., Re[A(ks)] 2 0, a small number
of harmonic modes is sufficient to approximate the fully nonlinear dynamics. Thus, we first
truncate Eq. (2.11) with four harmonic modes, k = ky, 2k, 3k, 4k, representing the inter-
actions with the fundamental mode. The representation using only four harmonic modes is
sufficient for the parameters used in this study. This fact will be demonstrated a posteriori
by comparison to the fully nonlinear simulation in Figs. 4.4, 4.7, 4.8, and 4.9. To obtain an
explicit-in-time system of equations for 7, we further eliminate 7 on the right-hand side of

Eq. (2.11) by reusing the equation itself. We thus obtain a system of four nonlinear ODEs:

T =ax+ ar™y + azy*z + asz*p, (4.1a)
U = by + b2 + bay*p + byz?, (4.1b)
Z=c1z 4 cx’p + c3ay, (4.1c)
p=dp + dyxz + dsy’, (4.1d)
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Figure 4.1. The evolution of the fundamental mode k¢ from a fully nonlinear
simulation with Ng, = 1 and N, = 13.

where © = ng,, Yy = Nok,, 2 = N3k, P = Nak,- Lhe superscript * denotes complex conjuga-
tion. The system (4.1) retains all second-order terms in the perturbation’s amplitude. The

expressions for the complex coefficients a;, b;, ¢;, and d; are given in Appendix 4.1.

4.2 Traveling wave solution and its stability

The system (4.1) can be conveniently written in polar form by setting j = r;(t)e?®)
where j € {x,y, z,p}. Under this transformation, the evolution equations for the amplitudes

r; € R and phase angles ¢; € R of the first four harmonic modes become decoupled, yielding
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separate ODEs for the real and imaginary parts of the complex ODEs. The complex ODEs

are written as:

Fo ot idhaTe = 1Tg + agraTy @@ 290) 4 qur @000 =02) 4 qup g im0 (4.2)
Ty + igz'ﬁyry = byry, + bor 1, (== be—0u) 4 bg’r’yrpe"(%*%y) + bﬁiei(%f%), (4.2b)
Py + QT = i1y + 027"mrpei(¢”*¢f¢z) + cgrxryei(‘z’z*‘by"z’z), (4.2¢)
T+ ippry = dyry + doryr,et et oemen) dgriei(wy_%). (4.2d)

For the original droplet problem in Chapter 2, the traveling wave solution on the periodic
domain [0,27] can be written as 7(6,t) = >7°° __ re’*® | where the real amplitudes 7y are
independent of time and related to the complex amplitudes in Eq. (2.7) via n, = rpe”*verttoor,
The phase depends on time as ¢ (t) = k(0 — vpt) + ¢ok, such that by = —kv, with v, being
the (right) propagation speed of the traveling wave. Here, the ¢ describe the relative phase
difference with respect to the fundamental mode. One example of a fully nonlinear simulation
is shown in Fig. 4.1, where the magnitude 7y, = |, ()| of the fundamental mode’s rotating

complex amplitude 7, () saturates to a constant as the traveling wave solution is achieved.

To understand this traveling wave solution, we set 7, =1, =7, =7, = 0 and

¢ZE = Qta ¢y =201t + ¢0,y7
¢z =30t + ¢O,z> pr =40t + ¢O,p>

(4.3)

where () = —kv, is the rate of change of the phase of the fundamental mode k;. Substituting
the traveling wave solution (4.3) into the system (4.1) (or in the polar form system (4.2))

gives rise to:
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where A = ¢p. — ¢oy, B = dop — 02, C = Pop — 2¢0, are the relative phase difference.
The latter three unknowns, together with r,, r,, 7, rp, and €2, characterize the nonlinear
traveling wave; note that D is calculated from A, B, and C as D =A+ B —C.

Equations (4.4) are solved using a Newton—Krylov method available in the SciPy li-
brary [125]. The solutions are shown in Fig. 4.2. Near the critical point of the system,
when Re(a;) = 0, the magnitudes of the higher-order modes (i.e., r, and r,) become small
(comparable to machine precision), and the Newton—Krylov method struggles to converge.

On the other hand, as the nonlinearity becomes weaker, the system can be approximated

by an even lower-order system. Taking z = p = 0, the system (4.1) reduces to

T = a1 + asx™y, (4.5a)

§ = by + baz?, (4.5b)
and the stationary solution 7, is found from (4.5) to satisfy
(bl — 2ZQ) (a1 - ZQ) = CLQb4T’§. (46)

This stationary solution is shown in Fig. 4.2. One immediate conclusion that can be drawn
from Eq. (4.6) is that at the critical point, when Re(a;) = 0, one solution is 2 = Im (a;)
and r, = 0. This solution corresponds to the non-hyperbolic equilibrium point. Along this
solution branch of Eq. (4.6), if Re(a;) were to further decrease (and become negative), then
r2 < 0, and thus there are no real solutions for r,. In other words, the traveling wave solution

does not exist (initial perturbation to the equilibrium state decay).
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Figure 4.2. The fundamental mode’s amplitude bifurcates with Ng,. The
circles mark the amplitude from the fully nonlinear simulations. The black
and gray solid curves show the solution of the four-mode coupling system (4.4),
while the gray curve (with negative amplitude) has no physical meaning. The
black dashed line represents the unstable trivial solution r; = 0, j € {z,y, z, p}.
The red curve shows the solution near the critical point obtained from the
reduced model (4.6). The green dashed line shows the result from the center
manifold reduction (4.15). The blue dotted line shows the multiple-time-scale
analysis result from Eq. (4.29). An azimuthal field with N, = 1 is used, and
to set the critical point of the system, i.e., Re(a;) = 0 for ky = 7, we must
take Ng, = 12.5.

Next, we address the question of the stability of the traveling wave solution. We perturb

the complex stationary solution by taking

2(t) = (e + rpc®r) e, (4.7a)
y(t) = (e +ryetov) e, (4.7b)
2(t) = (e + rae’0) (4.7¢)

(1) = ( )e )
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Figure 4.3. The real part of the four eigenvalues of the traveling wave solu-
tion’s stability matrix S.

The evolution of the perturbation € = [e,, €,,€.,€,] " is given by € = Se, where the matrix

S is given by

_al —i§) + aqry, aoTy + asr, asry + asRry aqr, ]
S — bQ’I"Z + 2()47‘3c b1 — 2iQ) + bg?"p bg’f‘x b3’l“y (48)
Ccorp + Ca1y CaTy (¢ — 3iQ2) CoTy
L dQTZ 2d37”y dg?”x d1 — 4ZQ_

We find that the real part of the four eigenvalues of S, given by {v; = Re[eig(S)]}iz1,2.3.4,
shown in Fig. 4.3, are always negative for the range of parameters considered in this study,
which indicates that the traveling wave is on the stable solution branch of the dynamical
system. This result agrees with the stability diagram numerically investigated in Chapter 2,
wherein the traveling wave profiles were found to be local attractors. Also, while Chapter 2
studied the stability of the droplet profile in the physical domain, the current study revises
and verifies the result in the Fourier domain.

The bifurcation of the amplitude r, with increasing Ng, is shown in Fig. 4.2. A stable
limit cycle emerging from the trivial solution beyond a critical value of the parameter is,

of course, the familiar Hopf bifurcation. The limit cycle is the traveling wave solution with
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complex amplitude rotating at a constant speed €2, which is also seen in Fig. 4.1. Next,
we wish to understand the details and implications of this Hopf bifurcation of the ferrofluid

droplet’s interface dynamics.

4.3 Supercritical Hopf bifurcation

The system (4.1) of four complex-valued nonlinear ODEs is challenging to analyze. In-
stead, to determine the properties of the observed bifurcation, we consider the reduced,
two-mode system (4.5). This reduction is supported by the fact that, around the critical
point (i.e., for weak nonlinearity), the dynamics can be well approximated by a small num-
ber of harmonic modes. Indeed, the fully nonlinear simulation in Fig. 4.4(a,b) shows that,
around the critical point (here, Ng, = 12.5 when Re(a;) = 0), the dynamics involves ef-
fectively only two harmonic modes (the fundamental mode k& = ky = 7 and its harmonic
k = 2ky = 14). For larger Np,, the “strength” of the instability also increases (since a,
increases with Ng,), and nonlinearity leads to the interaction of multiple harmonics modes,
as seen in Fig. 4.4(¢). However, around the critical point, as in Fig. 4.4(a,b), the system (4.5)
captures the leading-order behavior.

The linearization of the system (4.5) around the fixed point (x,y) = (0,0) is simply

T = ax, 7y = byy. (4.9)

Thus, the dynamics of x and y are decoupled. We are only interested in leading mode, for

which we have:

&, = Re(ay)z, — Im(ay)x;, (4.10a)

t; = Re(ay)z; + Im(ay) 2, (4.10b)

where x, = Re(z) and z; = Im(z). The linearized system (4.10) has a pair of eigenvalues
A+ = Re(ay) £iIm(aq). Thus, the non-hyperbolicity condition (i.e., that one conjugate pair
of imaginary eigenvalues exist at the critical point when Re(a;) = 0 and Im(a;) # 0), and

the transversality condition (i.e., that 0 Re(a;)/0Ng, # 0) of the Hopf bifurcation are easily
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verified. To satisfy the genericity condition, however, the first Lyapunov coefficient needs to
also be shown to be negative [126], such that the limit cycle is orbitally stable. However,
the calculation of this coefficient is not trivial for higher-dimensional systems [126], [127].
Instead, we turn to the center manifold method to further reduce the dimensionality of the

system (4.5) near the critical point and obtain a planar dynamical system.

4.3.1 Center manifold reduction

From the dynamics studied above, we expect the current system to have a parameter-
dependent center manifold on which the system exhibits the Hopf bifurcation. In contrast,
the behavior off the manifold is “trivial” (meaning that the leading mode dominates the
dynamics).

A quadratic approximation is used to derive the finite-dimensional center manifold [126],
[127]. Specifically, we assume the dynamics on the center manifold can be related by a scalar

function y = V' (z,2*). To quadratic order, its Taylor series is
* 1 2 * 1 *2 3
V(z,z*) = 59202 + guza” + o goar™ + O(|x]). (4.11)

The unknown coefficient go9, 11, and goa can be found by substituting (4.11) into the reduced
system (4.5):

y = V;Dl’ + ‘/x*$* = CL1920Z‘2 + 2 Re(al)gnxx* + GT902$*2 + O(|l“3>, (412&)
b b
y = by + by = (21g20 + b4) 22 4 bignxxt + 519201'*2 + C’)(|x|3) (4.12Db)

The equivalence of the two equations in system (4.12) at O(|z|?) gives
goo = 2[)4/(2@1 — b1), and g11 = Jo2 = 0. (413)

Thus, for the system (4.5) near its critical point (z,y) = (0,0), we find the center manifold
to be:

WC—{(x,y):y—V(x) _ b 2}. (4.14)



Correspondingly, we have a locally topologically equivalent dynamical system [126]:

a2b4 2
4.1
20, — b, |z|“z, (4.15a)

Y = 2a1y. (4.15b)

i‘:&1$+

Now, the equations for x and y are decoupled and Eq. (4.15a) is the restriction [126] of
the system (4.5) to its center manifold W.. The dynamics of the system are essentially
determined by this restriction, i.e., Eq. (4.15a), since (4.15b) is linear and its dynamics is
trivial. Indeed, as shown in Fig. 4.4, Eq. (4.15a) accurately captures the evolution of = from
system (4.5) along the center manifold. It is also evident that Eq. (4.15a) even captures the
original fully nonlinear system’s dynamics (i.e., Eqgs. (2.2), (2.6), (2.3)). Further, the single
ODE (4.15a) from the center manifold reduction also accurately predicts the permanent
rotating droplet profile, especially near the critical point (Ng, = 12.5 as in Fig. 4.4(a,b)).
Notably, it takes four steps of reduction to obtain the single ODE (4.15a) from the
original Hele-Shaw problem. First, we performed the weakly nonlinear expansion (2.11)
in the Fourier domain. Second, the weakly nonlinear expansion was truncated at a finite
number of harmonic modes (four in the current study), to yield the system (4.1). Third,
we approximated the system (4.1) by the two-harmonic-mode system (4.5) near the critical
point. Fourth, along the center manifold, the system (4.5) becomes decoupled, and the
leading mode’s nonlinear evolution is accurately described by Eq. (4.15a). The second and
third steps can be combined since they only depend on how many modes we wish to retain.
In the physical system under consideration here, for weaker nonlinearity, a smaller number of
interacting modes is present. Note that the system (4.5) can also be obtained by restricting
the system (4.1) to its critical eigenspace {z = 0, p = 0}. This tangent approximation
does not always guarantee topological equivalence [126], [127]. In the present problem, the
specific meaning of the harmonic amplitudes, i.e., x, y, 2z, p, and the long-wave instability

feature of the Hele-Shaw problem ensure the tangent approximation is successful.
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Figure 4.4. Comparison of leading modes’ amplitude evolution for (a)
Ng, = 13, (b) Np, = 15, and (¢) Np, = 30. Shown are the center manifold re-
duction solution from Eq. (4.15) (black dotted curve), the multiple-time-scale
analysis solution from Eq. (4.29) (red dashed curve), and the fully nonlinear
simulation (solid curves). The orange dash-dotted curve shows the unstable
linear evolution. The corresponding permanent rotating droplet shapes are
shown on the right, produced via a fully nonlinear simulation (purple solid),
via the multiple-time-scale analysis (red dashed), and via the center manifold
method (white dotted).

4.3.2 Normal form of the Hopf bifurcation

Let a1 = p+ iw (w < 0) and 7 = —wt, then Eq. (4.15a) can be rewritten as:

dx woo aoby 9
_ e 4.1
dT ( > —(2a1 — bl)w |ZE| *: ( 6)

which is the normal form of a Hopf bifurcation [126] in which the motion along the limit

cycle is counterclockwise. The rotation direction of our ferrofluid droplet is determined by the
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direction of the magnetic field’s azimuthal component, and thus the sign of the imaginary
part of the linear growth rate, as discussed in Chapter 2. This sign does not change the
stability of the system. For a dynamical system in the form (4.16), the first Lyapunov

coefficient can be directly computed as Re {_( azb4 }, and shown to be always negative

2a1—b1)w
for the parameters chosen in this study. Thus, together with the condition —u/w > 0, the

existence of a supercritical Hopf bifurcation is proven. The corresponding stable limit cycle

_ —H
Ty = Re (2312%1). (4.17)

As expected, Fig. 4.2 shows that this radius can predict the amplitude of the traveling wave

has radius

solution near the critical point of the system, i.e., when the ferrofluid interface experiences
weak nonlinearity.

Equation (4.16) reveals that the linearly unstable but nonlinearly stable interfacial dy-
namics of the confined ferrofluid interface emerge via a Hopf bifurcation. We expect that
this analysis can also be applied to other Hele-Shaw problems involving interfacial dynamics
characterized by long-wave instability, such as the configuration in [41]. For systems exhibit-
ing a long-wave instability, a finite set of wavenumbers usually dominates the dynamics, and
thus the truncation to a finite-dimensional space, in the Fourier domain, is fruitful, reducing
the original infinite-dimensional partial differential equations to a low-dimensional system of
ODEs. Furthermore, in the weakly nonlinear regime, the number of unstable modes can be
controlled such that two-mode interaction (4.5) can be analyzed via a center manifold reduc-
tion, while still revealing important dynamical features of the original infinite-dimensional
problem, which has nonlocal dynamics as already hinted by the vortex-sheet formulation of
the problem [128].

The success of the center manifold reduction may appear surprising. The simple local
equation (4.15a) successfully captures the nonlocal dynamics. This feature can be understood
by considering the stationary pattern emerging from the balance of capillary and centrifugal
forces, discussed by Alvarez-Lacalle et al. For the stationary pattern, imposing the zero
vorticity condition, the vortex-sheet formulation is reduced to a single geometric ODE in

space. The solution of this geometric ODE is the well-known family of elasticas. Alvarez-
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Lacalle et al. build the connection between the elastica solutions of the Saffman—Taylor
problem and the bifurcation analysis of interfacial growth problems. The unstable branch
of the subcritical bifurcation diagram obtained from their amplitude equation is similar to
Eq. (4.15a) herein. It is interesting to note that while Ref. [99] shows the linearly stable
modes in the Saffman—Taylor problem are generically nonlinearly unstable (characterized
by a subcritical bifurcation), the current study finds patterns that are nonlinearly stable
(characterized by a supercritical bifurcation), even if linearly unstable. However, even though
the vortex-sheet formulation of the problem from [99] and the present study are similar, a
geometric ODE providing exact solutions cannot be obtained in the current work due to the
dynamic nature (i.e., the nonzero interface velocity and local vorticity).

Although the proposed model reduction process, starting with the leading-order weakly
nonlinear approximation and followed by the center manifold calculation, looks straightfor-
ward, it does not mean that the Hopf bifurcation result follows trivially. First, a complex
linear growth rate is necessary such that, near the critical point of the system, a simple
pair of complex-conjugate eigenvalues cross the imaginary axis when varying the control-
lable bifurcation parameter. The latter ensures the satisfaction of the non-hyperbolicity
and transversality conditions. For example, when the linear growth rate is purely real (e.g.,
when the interface is subjected to only a radial magnetic field as in [27], [36]), a supercritical
pitchfork bifurcation can be expected, from which a static gear-like pattern emerges. In
comparison, the propagating interfacial wave, driven by the tilted magnetic field introduced
in [41], is expected to be governed by a Hopf bifurcation. In addition, it must be prop-
erly shown that the physical configuration and parameters yield a negative first Lyapunov
coefficient, which ensures that a stable limit cycle emerges from the bifurcation.

Another possibility is a dynamical bifurcation, such as a delayed bifurcation [129], [130].
In a delayed Hopf bifurcation, the dynamics is infinitesimally slow with respect to the bifur-
cation parameter. The real part of the linear growth rate is initially negative until a critical
time, thereupon becoming positive, which causes the solution to abruptly begin to rotate
with a large amplitude. Next, we would like to understand if a delayed bifurcation can be
observed in the confined ferrofluid droplet problem. Further, we would like to determine how

well the critical (delay) time can be approximated. To answer these questions, we first con-
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duct a multiple-time-scale analysis of Eq. (4.5). Then, we analyze a time-dependent problem

with a slow-varying bifurcation parameter.

4.4 Multiple-time-scale analysis

Multiple-time-scale analysis allows for the calculation of the leading effect of nonlinearity
on the propagation of a harmonic wave [112]|. Following the approach used in Section 3.4.1,
to begin the multiple-time-scale analysis we perturb the bifurcation parameter with a; =
€25 + iw around its critical value Re(a;) = 0, where again € < 1 is a small perturbation
parameter, and s > 0 is independent of e. The assumption that the linear growth rate is
much smaller than the oscillation rate, 7.e., ¢ < 1 is supported by Fig. 4.1, in which the
envelope and oscillations are clearly evolving on disparate time scales. This perturbation
makes the leading mode marginally unstable and also the only unstable mode of the system.

We first rescale Eq. (4.5) to a small amplitude problem via z +— ex and y — ey:

&= (€23 +iw)w + earx™y, (4.18a)

y = by + ebyx”. (4.18Db)

Then, we assume that x and y have multiple-time-scale pertubation expansions in the form:

x(t, T1) = xo(t,Th) + ex1(t, T1) + 623:2(15, T)) + 0(63), (4.19a)

y(ta Tl) - yO(ta TI) + Eyl(t7 TI) + 5292(t, TI) + 0(63)' (4]‘9b)
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The slow time scale is Ty = €2¢, and the time derivative transforms as (-) = d(-)/dt =
I(+)/0t+€*0(-)0T}. Substituting the time derivative and the expansion (4.19) into the small

amplitude equation (4.18) gives rise to the system:

0 0 .
<(3t + 628T1> (zo + €x1 + 215) = (5¢€® 4 iw) (wo + exy + €229)

+ eas(xf + et + 33) (Yo + eyr + €2ya), (4.20a)

0 0
e (yo + ey + 6292) = bi(yo + ey + €*y2) + eba(wo + ey + x2)”. (4.20b)
ot oTy

By collecting terms at O(1), we obtain the leading-order equation (4.21)

0
% —wwxy = 0, (4.21a)
Yo
= b =0 4.21b
8t 1Yo 3 ( )
which has a solution of the form
zo(t, Th) = Ap(Th)e™, (4.22a)
yo(t, Tl) = Ay(Tl)eblt, (422b)

subjected to the initial conditions z¢(0,0) = A,(0) = X, 4(0,0) = A,(0) = Y, where
X,Y eC.
Then, at O(¢), the equation is

aa:? — iwr) = apxhyo = ag AL A, e T (4.23a)
aaytl — by = byxg = by AZe*™! (4.23b)
which can be solved as
v = blfzm (AzA et - Xryert), (4.24a)
Y = bl:b;w (Aie%wt - Xerlt) : (4.24Db)
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with initial condition x1(0,0) =0, y1(0,0) = 0.
Finally, at O(€?), we have

0 0

% — iWTy = _0;? + 2o + az(25y1 + 21Y0), (4.25a)
3y2 0

== ) 2b 4.25b
ot 1Y2 = 8T1 Yo + 204701, ( )

with initial condition x2(0,0) = 0, y2(0,0) = 0. The nonlinear term in Eq. (4.25a) can be

calculated as:

* * * —iw b W
royr +xiye = Ale t [bl 5 (A2 Ziwt _ X 26b1t)‘|
+ At 761* A, A* (bitiw)t _ xy*eiwty | 4.2
€ [b* 5 ( e ) ( 6)

To eliminate the secular term, we require that

0xg asby
720 A*AQ iwt 4.9
8T1 + »Tgy + %y — b 0, ( 7)
which yields the amplitude equation
dAx Clzb4
= %A, A% A, 4.2
dT1 % + 2%(4} — b1 | | ( 8)

The complex amplitude A,(77) describes the slow temporal modulation of the base periodic
(harmonic wave) solution.

Let A.(Ty) = o(Ty)e?™) | where a, 8 € R, then the real part of the amplitude equation
(4.28) is

a
T = xa + Qa?, (4.29)

where we defined Q) = Re(%). The amplitude equation (4.29) is also known as the
Landau equation [131]. Unsurprisingly, equation (4.29) agrees with the center manifold
reduction (4.15a). The only difference is the denominator of ). In the case of Eq. (4.15a),

the derivation is limited to dynamics near the critical point, i.e., in the neighborhood of
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Re(a;) = 0 with Re(a;) > 0 (see [126]), thus a; appears in the equation. Meanwhile,
Eq. (4.29) is derived by separating the real part s and imaginary part w of a; into different
orders of ¢, such that there is only iw in the denominator of ). However, this difference is
trivial. As seen in Fig. 4.2, the difference between the traveling wave amplitudes computed
from Eq. (4.29) and Eq. (4.15a) are barely distinguishable. Importantly, Eqgs. (4.15a) and
(4.29) are asymptotically equivalent as Re(a;) — 0 (at the critical point).

4.5 Time-dependent problem

A central question concerning pattern formation in time-dependent systems is how un-
steady external forces affect the phase space structures and their evolution. This question is
somewhat analogous to the question of how the quasistatic variation of a bifurcation parame-
ter affects local attractors. The key insight is provided by the supercritical Hopf bifurcation,
for which the instability onset (when the solution is repelled from the equilibrium) occurs
later than the instant when the equilibrium loses its stability.

Above, we have shown that the amplitude equation (4.29) can predict the permanent
rotating shape (traveling wave profile) seen in the nonlinear simulations of the confined
ferrofluid droplet. Now, we move on to the question of dynamics: using the bifurcation
delay feature to dynamically control the time evolution of the interface.

To start, we first reconsider the amplitude equation (4.29) for time-varying magnetic
fields. Above, we took a; = €23 + iw, where s € R. Now, instead, consider the slowly-

varying time-dependent real growth rate s = »(7T}) = 3 + T}, and thus

a; = al(Tl) = €2<%0 -+ [Tl) + iw, (430)

where €254 is the small initial growth rate, which can be either positive or negative. Here,
€21 is the slow evolution rate of Re(a;) on the long time scale Ty, i.e., d Re(ay)/dTy = €*1.
Physically, the linear variation of a; with 7} can be achieved by controlling the combination
of azimuthal and radial magnetic field strengths, or Ng,(t) and Ng,(t), respectively. For

example, we can take Ng, = 1 and set Np, () to be a suitable linear function of time.
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Next, the amplitude equation (4.29) can be shown, via the same analysis as before, to
take the form:
da

and its solution is given by

, ~1/2
a(T1) = exp (%0T1 + %ITf) X K—Q\/;e?o) erfi <%0\—;_[ITI> + c} : (4.32)

where ¢ = 1/X? + Q\/Tme_”g/f erfi(s6 /1) is a constant related to the initial value X =
a(Ty; = 0). The imaginary error function erfi is defined via erfi(z) = —ierf(iz) [132].

The solution (4.32) for s < 0 is shown in Fig. 4.5(a). For T} < T, the linear growth rate
is such that Re(a;) < 0, and the initial small perturbation decays, as shown in the inset. At
Ty =T, a;(T.) = 0 and the equilibrium loses its linear stability. Now, the amplitude starts
to grow, yet it remains infinitesimally small with respect to the initial perturbation. Next,
at T1 = T (> T.), the initial perturbation amplitude is recovered, and now the solution
starts to repel from the initial state. Subsequently, the amplitude increases abruptly due
to the positive linear growth rate. This exponential increase is also observed in the time-
independent problem, as shown in Fig. 4.4, which is followed by the saturation of the energy
(i.e., emergence of the permanent traveling wave profile).

Under the proposed time-dependent field, the exponential increase is followed by a slow
increase, which is identified as the quasistatic region, in which the solution slowly varies

with the bifurcation parameter. As seen from Fig. 4.5(a), the time-dependent solution (4.32)

o + ITl
= | 21 4.33
i—a (4.33)

which is obtained by setting da/dT) = 0 in Eq. (4.31). This saturation can be intuitively

saturates to the quasistatic solution

understood as the balance of the exponential factor e!7i/2

and the decay factor erfi[(sq +
IT)/VI|7'/? as Ty — oo in the time-dependent solution (4.32). This balance also provides

the possibility of predicting the delay time 7T, analytically.
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Figure 4.5. (a) The solution «(7}) from Eq. (4.32) (black) saturates to the
quasistatic solution «ay from Eq. (4.33) (red) as T} increases. (b) The ratio
a/ag approaches 1 during the same time period. Here, T, denotes the time
when a/as = p = 0.99. The remaining parameters are taken as 3y = —7.5,
I = 75, and the initial condition is X =5 x 107% <« 1.

4.5.1 Approximation of the bifurcation delay time

To approximate the delay time 7., we consider the equation

(4.34)

such that when T} > T., a/as > p. In this study, we take p = 0.99 without loss of
generality. Now, we would like to determine 7, from Eq. (4.34) and establish the quality of
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this approximation. To this end, we use the quasistatic solution (4.33) and time-dependent

solution (4.32) to calculate the ratio

o? 11 1 2
s __ I - vy -2 /1 —4
s —1+§;2 ( 5 €70 )e R+0O(x7), (4.35)
where the expansion is valid for » = sy + I} — oo. The following expansion of the

imaginary error function at infinity (as |z| — oo) [132] has been used:

2
z 1 3
erfi(z) = f/ﬁ (z_l + 52_3 + 12_5 +-- ) — 1. (4.36)
Further, the coefficient \/JW {erﬁ (%0 / VI ) + i} of the exponentially decaying term e/
is neglected when compared to terms of O(1/X?) for X < 1.

Note that Eq. (4.33) is valid only if s + IT; > 0 V11, i.e., 5 > 0. Thus, when ¢ > 0,
the time 7, can be evaluated via Eqs. (4.35) and (4.34). Specifically, T, solves
I 1 o+ ITe 1 _auriirz) 1

14+ = ~— 4.37
TGt T T 20 X2 ek (4:37)

For s4 < 0, T, can instead be written as T, = T, + 1,2, where T, = —3¢/I is the critical
time defined by requiring a vanishing linear growth rate (s(7.) = 0). When T} < T, 2 < 0,
and perturbations decay. Thus, we can use the approximation da/dTy = (39 + IT1)a. At

Ty = T,, the initial perturbation X decreases to its minimum value of .., where
Te —32/(21)
a. = X exp / o+ IT dTy | = Xe—8/CD, (4.38)
0

For T1 > T, s« > 0, Eq. (4.37) can be used to evaluate T 5, by substituting X, = . as the
initial value and s¢ o = 0.
When X2 > %QI(% + IT,)3e~@0TeH+IT2) the effect of the initial perturbation amplitude

is no longer important, and the delay time can be explicitly predicted by

TPl (4.39)

2i1—p?) 1
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Figure 4.6. Dependence of s + IT, on the initial perturbation strength
X, based on the prediction of the delay time 7T, via Eq. (4.37). The black
curve with ‘4’ markers represents the predicted time for different values of
I = 180, 200, 220, with an arrow pointing in the direction of increasing I. The
red curve with ‘o’ markers represents the predicted time for different values
of sy = —35,—40,—45. The dotted horizontal lines denote the asymptotic

values of /1p?/2(1 — p?).

or s = sy+1T, = \/1p?/2(1 — p?). Asshown in Fig. 4.6, for fixed > and I, the delay time T,
first decreases as the initial perturbation increases, and then starts to saturate (around 1073)
to the value determined by 7y and I only. Note that s and I are controllable parameters
corresponding to the external forces, and thus in the physical system, as long as the droplet
is perturbed by a perceivable amplitude (say, > 0.1% of its initial radius), the delay time
can be explicitly computed/controlled via Eq. (4.39).

Figure 4.7 shows that the delay time 7, evaluated from Eq. (4.37), based on the physical
parameters and initial perturbation can predict the bifurcation delay. Further, it is evident
that this prediction compares favorably with the delayed time observed in the multiple-
time-scale analysis and the fully nonlinear simulations. For example, T, can be taken as
the minimum time needed for the time-dependent evolution to saturate to a predictable

stationary state. When 77 < T, the dynamics is governed by exponential growth or decay.
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Figure 4.7. The delay time prediction (marked by the vertical dashed line)
from the multiple-time scale analysis, compared to the fully nonlinear sim-
ulations. In (a,b,c), the black (resp. purple) curves show the leading mode’s
amplitude evolution from the multiple-time-scale analysis (resp. fully nonlinear
simulations). The red curves (resp. purple circles) show the stationary solution
for the corresponding a;(t) from the multiple-time-scale analysis (resp. fully
nonlinear simulations). The amplitude ratio of the time-dependent evolution
and the corresponding stationary solution is shown in (d,e,f), with the black
curve (resp. purple circles) denoting the ratio from the multiple-time-scale
analysis (resp. fully nonlinear simulations).
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Subsequently, the amplitude experiences limited growth constrained by nonlinearity. Finally,
when 77 > T, the dynamics saturate to a state governed by the balance of nonlinearity and
dispersion, and the interface evolution is determined by the quasistatic variation of the bi-
furcation parameter, i.e. the system responds to the (slow) external forcing instantaneously.

Figure 4.8 shows fully nonlinear simulation examples using the value of T, to control
the droplet’s evolution. The azimuthal field’s strength is fixed via Ng, = 1, and the radial
field’s strength, set by Npg,, is determined through a; = s + It for t < T,g. For T} > Tog,
Ng:(71) = Ng:(Tog), i-e., both fields are static. Figure 4.8 shows three cases, for different
values of Tog but with the same initial perturbation strength X = 0.001, and the same
physical parameters (corresponding to I = 400, g = —40). In Fig. 4.8(a) Tog < T.. In
this case, the radial field’s strength stops increasing when the droplet amplitude is still in
the linear regime, so it grows exponentially. In Fig. 4.8(b,c), Tog > T., and the radial field’s
strength stops increasing when the droplet begins to settle into the permanent rotating state.
Note that, while T, is calculated through the multiple-time-scale analysis (which is a reduced
model involving only two harmonic modes), it can still effectively capture the saturated state
from the fully nonlinear simulations. The delay time 7, can be controlled via an external
magnetic field, which allows targeting the shape of the droplet, by evaluating the quasistatic
solution ay = 4/ —3¢/Q with the linear growth rate s at the targetted time Tig.

4.5.2 Irreversible dynamics under a time-reversed magnetic field

In the classic film Low Reynolds Number Flows [133], G. 1. Taylor explained the physical
meaning of reversibility — “low Reynolds number flows are reversible when the direction
of motion of the boundaries, which gave rise to the flow, is reversed.” The reversibility of
Stokes flow is due to its steadiness and the fact that inertial forces are negligible. In this time-
independent flow, the time-reversed problem solves the same equations as the original Stokes
flow. These equations are linear in Taylor’s example of Couette flow. The reversed fluid flow
is the result of reversing the direction of the external forcing (rotation of the cylinder in the

Couette flow example shown by Taylor). The reversibility is at first surprising, as it can be
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Figure 4.8. Control of the rotating droplet shapes (via the amplitude of the
interfacial traveling wave) for (a) Tog = 0.25, (b) Tog = T. ~ 0.348, and (c)
Tog = 0.45. The curves show the leading mode’s amplitude evolution from
the fully nonlinear simulations. The red dashed vertical line denotes the turn-
off time T,g; the black dotted vertical line denotes the delay time prediction
T.. The colored droplets are the real-time profiles from the fully nonlinear
simulations (up to the corresponding times), and the red dashed outlines show
the targetted profiles evaluated via Eq. (4.33). Here, I = 400, X = 0.001,
»y = —40, and N, = 1, which are also the values used to evaluate T.. For
the convenience of the comparison, € = 1 is taken such that 77 and ¢ can be
plotted at the same time scale. All other parameters are determined through
Eq. (2.13) and Appendix 4.1.
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used to show that the initial state of the fluid is recovered under flow reversal, which in some
ways may contradict intuition based on observations of everyday fluid flows.

In this study, the original problem is a Hele-Shaw flow, which in general is also expected to
be reversible like a Stokes flow. Yet, the reversibility of the dynamics of the confined ferrofluid
droplet is not an obvious consequence because nonlinearity arises from the surface forces
(capillary tension and magnetic traction) acting on the fluid—fluid interface. The interface
is also subjected to unsteady forcing by the time-dependent external magnetic field. And,
thus, time-reversing the magnetic field strengths does not return the fluid interface back to
its initial shape. This irreversibility is demonstrated in Fig. 4.9, in which the fully nonlinear
simulations show the perturbation amplitude upon time-reversing the magnetic field can be
(a) smaller, (b) similar, or (¢) larger than the initial perturbation.

The reversed process is initialized with the final state (T, af) from the forward process,
then Np, = 1 is fixed, and Ng, is manipulated such that the linear growth rate decreases
linearly. Specifically, T = Re(a;) = Yo — [T}, where Yo = s + [T}. This protocol achieves
the reversal process of the external field, and Y(t) = (T} —t), Vt € [0,7f]. Note that,
while the magnetic field is reversed, the external forces are not. The magnetic surface force
depends on the interface’s shape, and the irreversible evolution of the interface implies the
irreversibility of the external forces in this problem. Thus, it is of interest to determine how
to evaluate Y (7T7%), if the initial state corresponding to s(0) cannot be fully recovered in this
irreversible system.

To answer this question, we first utilize Eq. (4.29) from the multiple-time-scale analysis

to formulate the reverse problem as:

d
d;’i = (Yo — IT))a + Qa®. (4.40)

The solution for a can be calculated explicitly from

S(TLa)(Oi)Q + QQS(TM) = S(Tl,b)(oi)g + 2QS(T1,b)7 (4.41)
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where the subscripts a, b denote two arbitrary states and

S(t) = e2Yot=1t, (4.42a)

S(t) = /0 t S(t)dt' = ;ﬁefé/f erf (I t \;TT()) . (4.42b)

Taking T , = 0, g = a5, then the reversed initial amplitude oy, can be predicted at 17 , = T¥.

One quick approximation can be made on finding the final state (7%, af) when the forward
evolution (4.31) enters the quasistatic region, i.e., Ty > T,, and the amplitude ay can be
approximated by Eq. (4.33).

Figure 4.9 shows a comparison of the forward and reversed processes approximated by
Egs. (4.31) and (4.40). In the quasistatic region, the evolution is close to reversible, after
which the reverse evolution does not experience a sudden decrease in amplitude, which would
parallel the rapid increase during the forward process. The cycling process under the fully
nonlinear simulation shows similar dynamics. It is interesting to note that a; from the
simulation and Eq. (4.31) are different at ¢t = T}, yet the predictions of both during the
reverse process eventually coincide in the small-¢ region, meaning that Eq. (4.40) provides a
good approximation to the reversed “initial” amplitude.

This result is very similar to the one reported in the experimental work [134], wherein
the peak of a magnetic fluid interface attains different amplitudes at the same field strength
upon cycling the external magnetic field. This effect was attributed to the strong perme-
ability of the ferrofluid. While in our work, the hysteresis-like behavior is mainly due to
the time-dependent field’s interaction with the interfacial nonlinearity, which is captured by
the reduced models in Eq. (4.31) and Eq. (4.40). The difference between these evolution
equations highlights the hysteresis-like behavior.

On the one hand, Eq. (4.40) provides a tool for predicting the time-reversed process. On
the other hand, this equation also provides a new point of view on the observed irreversibility.
Solutions to Eq. (4.31) in the (7}, «) plane, and solutions to Eq. (4.40) in the (Ty—T, o) plane
are two families of curves that intersect at (7, ay). The initial condition (4.31) determines

a certain curve in the forward family, along which any arbitrary (7, ay) can be found as the
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Figure 4.9. Dynamics under a reversed-time magnetic field: comparison of
the prediction from the multiple-time-scale analysis and the fully nonlinear
simulations. The solid (resp. dashed) curves show the forward (resp. reverse)
process for which A(k;) > 0 (A(k;) < 0). The black (resp. purple) curve shows
the leading mode amplitude evolution from the multiple-time scale analysis
(resp. fully nonlinear simulations). The circle represents the (7, of) state. In
(a), Ty = 0.95, X = 0.001, and I = 200. In (b), Ty = 0.7, X = 0.001, and
I =400. In (¢), Ty = 0.4, X = 0.002, and I = 800. In all three simulations,
»y = —40, and € = 1 is taken such that 7} and ¢ can be plotted at the same
abscissa.
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intersection point with the curve in the reverse family determined by Eq. (4.40). Importantly,

these two curves intersect only at (7, o) and do not overlap.

4.6 Discussion

The intrinsic reason why a simple, local ODE can approximate the fully nonlocal dynam-
ics is discussed, also in the context of the static problem considered in [99]. However, unlike
the case in [99], we are unable to obtain a single curvature ODE for the dynamic problem,
due to the difficulty of eliminating the nonlocal term from the vortex-sheet formulation of
the full Hele-Shaw problem. This task remains an open question, specifically whether such
a single curvature ODE even exists to exactly describe the family of traveling wave solutions
discussed herein. To further understand that challenge, suppose that vortex elements on
the interface are subjected to rigid rotation. In this case, a moving frame transformation
would eliminate the relative velocity (and, thus, the nonlocal term). However, to perform
a moving frame transformation, the exact traveling wave velocity needs to be found, which
is still nontrivial. On the other hand, if the interface is not rotating as a rigid body, then
the elements on the interface have some local rotation rate, which collectively leads to the
interfacial wave. In this case, when the local velocity is nonuniformly distributed along the
interface, a moving frame transformation may not exist. The success of the approximations
in the present work might imply the existence of such a curvature equation, but how to
obtain it is left as an open question. Answering this question would surely provide further
examples of the relevance of elastica solutions.

In this work, the bifurcation parameter is controlled by a simple linear variation, which
allows for the explicit analytical solution of the amplitude equation, and the approximation
of the delay time. The linear variation with time is expected to be the simplest strategy that
can be realized in experiments, as it only requires increasing the magnetic field strength at
a constant rate. Thus, by explicitly predicting the delay time, our work enables the effective
design of the target control. Further, the selection of a linear variation scheme requires

minimal algebraic calculations to obtain a straightforward prediction.
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Figure 4.10. The time-dependent solution «(77) (black) and quasi-static
solution ay (red) evaluated from Eq. (4.29) with (a) s = 54 +201log (207} +1);
(b) 3¢ = 3¢9 + 0.081e™; and (c) s = s + 0.031 cos(30T}). I = 75 for all three
cases, and »y = 7.5 for (a,b), while ko = —7.5 for (¢).

Other control protocols, such as periodic forcing, can also be considered, providing a

to future work.
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different view on the accumulation of the time-dependent evolution. We show three examples:
a log-varying, an exponentially increasing, and an oscillating growth rate. We can observe
that for a log-varying or an exponentially increasing growth rate, as in Fig. 4.10(a) and (b),
respectively, o will saturate to the quasi-static solution ay,. This is not the case, however, for
the oscillating growth rate shown in Fig. 4.10(¢). This observation opens a series of follow-up
questions: (i) How do we prove the saturation mathematically, and how do we obtain the
explicit delay prediction like in Eq. (4.39)? (ii) How do we quantify the reliable prediction
time range (since the exponential variation will quickly break down the slow-time-variation
assumption)? (iii) How do we quantify the observed phase lag between the time-dependent

solution and the quasi-static solution for an oscillating growth rate? These questions are left



The proposed reduction method can be generally applied to other interfacial problems
governed by a finite number of harmonic modes. Our mode-reduction approach also allows
for the effective and computationally inexpensive prediction of the dynamics, as well as
for “reverse engineering” of time-dependent forcing schemes (i.e., choosing a forcing that
generates dynamics of interest), such as those aiming to achieve pattern stabilization [48] or

self-similar evolution [47], [49] of fluids confined in Hele-Shaw cells.

4.1 Appendix: Coefficients for the reduced model

The coefficients in the system of ODEs (4.1) are

k),

ke, —k) + F(k, 2k) + G(k, —k)A(—k) + G(k, 2k)A(2K),

ke, —3k) + F(k,4k) + G(k, —3k)A(=3k) + G(k, 4k)A(4k),

(
(
(k, —2k) + F(k, 3k) + G(k, —2k)A(—2k) + G(k, 3k)A(3k),
(
(

2k),
2k, —k) + F(2k, 3k) + G(2k, —k)A(—k) + G(2k, 3k)A(3k),

2k, —2k) + F(2k, 4k) + G(2k, —2k)A(—2k) + G(2k, 4k)A(4k),

(
(
(2k, k) + G(2k, k)A(k),
(

3k),

3k, —k) + F(3k, 4k) + G(3k, —k)A(—k) + G(3k, 4k)A(4k),

(
(3k, k) + F(3k, 2k) + G(3k, k)A(k) + G(3k, 2k)A(2k),
(

4k),

A
F
F
F
A
F
F
F
A
F
F
A
F
F

(4k, k) + F(4k, 3k) + G(4k, k)A(k) + G(4k, 3k)A(3K),
(4k, 2k) + G(4k, 2k)A(2k),

where the functions F' and G are given in Eqgs. (2.12).
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5. MAGNETIC TORQUE-INDUCED WAVE PROPAGATION
ON A FERROFLUID THIN FILM

SUMMARY

In this chapter, we extend our investigation to encompass fast-varying magnetic fields. Due
to the magnetic relaxation, a phase lag arises between the magnetization and the magnetic
field. Consequently, the linear magnetization assumption becomes invalid, resulting in the
emergence of a magnetic torque density, which means that the spin velocity and vorticity
no longer coincide. To study these new physical features, we develop a long-wave model
that incorporates a rotating magnetic field. Separating the slow flow time scale from the fast
magnetization relaxation time scale allows for an approximation of the magnetic torques and
forces, and thus the decoupling of the flow equations from Maxwell’s equations. A traveling-
wave Dirichlet boundary condition is imposed on the magnetic scalar potential, which gives
rise to the desired locally rotating magnetic field. Its spatial variation with the evolving
interface is found by solving Maxwell’s equations with an interface condition. The derived
model incorporates a surface boundary condition that highlights a shear force originating
from the surface torque. Through linear stability analysis, we identify the rotating field as
a new mechanism that can be both destabilizing and lead to wave propagation. The linear
stability predictions are subsequently verified through nonlinear simulations. The observed
behaviors hint at the emergence of complex and highly nonlinear phenomena, such as the

formation of “shock waves” and the transition to long-lasting “chaotic wave” states.
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5.1 Mathematical model and governing equations

In Chapters 2 and 3, we have shown that a static magnetic field can be used to generate
traveling waves on a ferrofluid interface, with predictable velocity. In Chapter 4, our work
was expanded to explore the dynamics of ferrofluid interfaces subjected to a quasistatic field
toward achieving real-time control. Beyond the focus in the previous chapters, it would also
be of interest to consider the time-dependent interface control using a fast-varying magnetic
field.

In a static magnetic field, the internal dipole moments of the nanoparticles in the fer-
rofluid align in the direction of the field. This process is referred to as magnetic relaxation.
Usually, this process occurs immediately, and we assume the magnetization is instantaneously
adjusted, being linearly proportional to the magnetic field M = yH. However, when the
magnetic field changes on a time scale comparable to the magnetization relaxation time, a
lag arises between the magnetization and the applied field, such that they are not collinear.
Therefore, a body-torque density, given by puoM x H, is created.

To understand the most basic effect of the magnetic torque, we employ a two-dimensional
configuration to derive a model in a Cartesian configuration. This configuration is simpler
than a Hele-Shaw cell, which is a good starting point for our first attempt at studying
the effect of magnetic torque on the interfacial dynamics. Figure 5.1 shows a schematic of
the configuration of a two-layer thin fluid film in the region 0 < y < fBhg, with hg being
a characteristic “depth” of the ferrofluid film at rest. The interface between the fluids is
denoted as y = f(x,t). The ferrofluid thin film (fluid “2”) is below the interface 0 < y < f,
while a nonmagnetic fluid (fluid “17) fills the remaining space f <y < [hy.

The magnetic field H is determined by the magnetic scalar potential as H = V1, which
is subject to a Dirichlet boundary condition on the top and bottom walls. On the bottom
wall, we apply a traveling-wave potential given by ¢|,—o = 1y cos(Kz/L + Qt). On the top
wall, ¥|,—gn, = 0. This configuration will give rise to a rotating magnetic field H, as we
will show in Section 5.3.1. Such Dirichlet boundary condition is also used in [135], wherein
a static and uniform magnetic scalar potential is imposed at the wall on the ferrofluid thin

film. In the remainder of this chapter, we will first introduce the basic equations governing
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Figure 5.1. Schematic illustration of a ferrofluid film, with unperturbed depth
ho, subjected to a magnetic field H with rotation frequency 2. This field is
generated by the traveling-wave Dirichlet boundary condition on the magnetic
scalar potential at the top and bottom boundaries. The interface, y = f(x,1),
separates the ferrofluid (fluid “2”) from the exterior fluid (fluid “17), which is
assumed to have negligible viscosity and velocity (e.g., air)

this model problem, including the balance of linear momentum, the balance of internal
angular momentum, the magnetization equation, Maxwell’s equations, as well as the suitable
boundary condition on the fluid—fluid interface. Then, we will reduce the problem to a long-
wave wave equation, followed by a discussion on linear instability and nonlinear dynamics
exhibited by this reduced-order model of a ferrofluid thin field subject to magnetic surface

torques.

5.1.1 Linear and internal angular momentum equation

The balances of linear and internal angular momentum in a ferrofluid can be derived

from the macroscopic momentum conservation statements [136] and, respectively, take the

forms:
ov
lat—i—(v V)v ]—V-T—i—F, (5.1a)
Il%:—i—(v V)w 1:V'C—€:T+G, (5.1b)
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where p is the density of the ferrofluid, v is its velocity, Z is the moment of inertia density,
w is the spin velocity of the particles in the ferrofluid, T' is the Cauchy stress tensor, C' is
the couple-stress dyadic, and € is the unit pseudo-isotropic triadic. For an incompressible
ferrofluid, the body force density is F' = oM - VH, and the body-couple density is G =
oM x H. The Cauchy stress is expressed as (see, e.g., [8], [136], [137]):

T = —pI + pf[Vo + (V)] + ppe - (V x v — 2w) + 1(V - 0)I, (5.2)

where I is the unit isotropic dyadic, and gy, pp, and p, are the coefficients of shear, bulk,
and the so-called vortex viscosity, respectively. The couple-stress dyadic C' characterizes the

diffusion of internal angular momentum, and it has the form [138]:
C = ps[Vw + (Vw) ']+ 1 (V - w)I, (5.3)

where 1y and jiy, are the shear and bulk coefficients of spin viscosity, respectively, but they
are both neglected in this study. Substituting the constitutive relations from Egs. (5.2) and
(5.3) into Egs. (5.1a) and (5.1b), and employing the continuity equation V - v = 0 for an

incompressible fluid, the linear and angular momentum balances become:

0
P [81; +(v- V)v] = —Vp+ poM - VH + 24,V X w + (g + p1,) V30, (5.4a)
Ow
z [(ﬁ?t + (v - V)w] = oM x H 4 21,(V x v — 2w). (5.4b)

The second term in Eq. (5.4b) results from the antisymmetric part of the Cauchy stress
in Eq. (5.2), and represents the interchange of between internal angular momentum and
macroscopic linear momentum. Physically, this term arises when there is a difference between
the rate of rotation of a fluid element, i.e., half the vorticity V x v/2, and the rate of internal
spin of the particles w [139].

In the two-dimensional problem considered in Fig. 5.1, the velocity field is v = (u,v,0)

and the spin velocity is in the out-of-plane direction, i.e., w = (0,0, w).
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We rewrite the Cauchy stress tensor from Eq. (5.2) using V - v = 0. Then, using the

Maxwell tensor T, = —“OTWI + BH, the total stress tensor for a ferrofluid (see, e.g., [8],
[82], [140]) is given by:

H2
Tioe = T + Ty = —pI + 11,[Vv + (V0) ] + pioe - (V x v — 2w) — " T + BH, (5.5)

Across the interface y = f(x), the stress balances in the normal and tangential direction
are given by

[0 - Tior - ] = ok, (5.6a)
[[ﬁ’ frtot +H = 07 (56b)

where 1 denotes the upward unit normal vector to the interface, 7 is the tangential vector,

and k is the curvature. These are given by

) (1.1.)

~ A\ ST :_%
J1+ 72 T_\/1+f3’ SN CE AL 51)

Equation (5.6a) is the expression of the Young-Laplace law, where o is the surface tension

at the fluid—fluid interface. Furthermore, the kinematic boundary condition is given by:

:E—Fua—x at y=f. (5.8)

Finally, on the bottom of the domain, we impose the no-slip boundary condition:

u=0 at y=0. (5.9)

5.1.2 Magnetization relaxation equation

The magnetization equation is a phenomenological equation describing, at the contin-

uum level, the effect of the collective motion of the magnetic particles suspended in the
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nonmagnetic medium [82]. The magnetization field M of the ferrofluid evolves according to

the classical model [141]:

aal\t/[—i—(v-V)M—wxM—f—i[M—Meq]:O, (5.10)

where the third term represents the generation of magnetization due to the “rotation” of the
magnetized particles and their dipoles, while the last term represents the relaxation of the
magnetization towards an equilibrium magnetization Me,. The relaxation time constant 7
is on the order of 107° seconds for the ferrofluid used in [82]. The equilibrium magnetization
M., is generally described by the Langevin equation. In the low magnetic field strength
limit, i.e., |H| < kgT/(V,Mpyuo), where kg is Boltzmann’s constant, 1" is the temperature,
V), is the magnetic particle’s volume, and M, is the domain magnetization for magnetite, the

equilibrium magnetization is approximately linear with H [8]:
M., ~ xH, (5.11)
where x is the constant magnetic susceptibility.

5.1.3 Maxwell’s equations

In the bulk flow, as introduced in Chapter 1, we have the quasistatic Maxwell’s equations:

V- -B =0, (5.12a)
V xH=0, (5.12b)

where B is the magnetic flux given by
B = (M + H). (5.13)
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Fluid 1 is non-magnetic, such that M; = 0. Applying Eq. (5.12a) to each phase, and

introducing the magnetic potential v, allows us to rewrite Maxwell’s equations as

Vi =0, Vg = =V - Mo, (5.14)

where V1), = H;. Across the interface, we have the jump conditions

[B-a]=0, [H-#]=0. (5.15)

5.2 Reduced model under the lubrication approximation

We seek to obtain a reduced-order model from the many coupled equations introduced
above. To this end, in this section, we apply the lubrication approximation to the linear
momentum and internal angular momentum equations. The magnetization and Maxwell’s
equations are scaled with respect to a long wavelength L, according to the longitudinal and
vertical disparity of scales embodied in a thin film.

Now, the dimensionless governing equations and boundary conditions (dimensionless vari-

ables are denoted by a tilde) are as follows:

'T:va y:h0g7 f:h’(].fv t:gi;
U UL

w=Ui, v=3Up W= —, e (5.16)
ho h2

1/) = ¢0,€Z7 H= HO((;-E[JH E[y)a M = HO((;MJ:’ My)v

where L is the (long) characteristic horizontal length scale, Hy = 19/ho, and the aspect ratio

5.2.1 Reduced linear and angular momentum equations

We first introduce the convective and rotational Reynolds numbers, respectively:

UL U
Re = 22~ , Re; = .
Hf Ly,

(5.17)
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The magnetic Bond number is
HL
Np = 2070752 (5.18)
Uy
representing the ratio of the magnetic body force to the viscous forces in the flow. Then,

the scaled linear momentum equation (5.4a), written in components, is:

Di op - 9H, - 0H Ly O fo\ <o
’Re—== = —— + N [ 0*M,——" + M,—— | + 22— + |1+ =2 | V* 5.19
B 85:+ B( (%-I— yag>+ Mfaz]+< +Mf a, (5.19a)
Di op - 0H, - OH Y O A
FRe=s = — 2L 4 Np (020, o8 + M, o | — 26220 20 52 (14 22} 925, (5.19D)
Dt 0y z a7 pr O [f
where DD(%) =% + g2 4 17%(;, and V2(:) = §? 88292(2 - %2@(;). The scaled balance of internal
angular momentum (5.4b) is:
D& Lf (e N , 00 Ou -
Rej—=— =Ng—~= (M xH)-€é,+2(0"— — — | — 4. 5.20
“pi BMU( xH) e+ ( oz o5) (5.20)

Neglecting terms of O(52,6%, 6°Re, §*Re, Rey), the linear momentum equations (5.19)

simplify to

op - OH, 0@ e\ 0%
— = NgMM, 2—— 1+ — 5.21
or " yaz?+uf3ﬂ+<+uf 03’ (5:21a)
op - OH
— = NgM,—* 5.21b
ag Bivly ag ) ( )
and the angular momentum equation (5.20) becomes:
N = ot
40 = Ng—T — 2—, (5.22)
Ho dy

where the magnetic torque is T = (1\7[ X ICI) - é,.
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At the interface, y = f(x,t), the stress balances in the normal and tangential directions
from Eq. (5.6), to leading order, yield:

1. -
— P+ =NgM2| = ——f" 2
|+ gvuie] =57 (5.230)
ot fiy (8@ ~>ﬂ
—t+t—|=t2|| =0, 5.23b
|[3y py \9y (5:285)
where the scaled capillary number Ca is given by
Ca—H1Y58 (5.24)
o

as is standard for thin films [142]. By combining Eq. (5.23b) and the angular momentum

equation (5.22), we see that the torque on the interface acts as a shear stress:

o1 Ng.-
T (5.25)

Finally, the scaled kinematic boundary condition has the same form as Eq. (5.8). Using

the continuity equation, the kinematic boundary condition can be rewritten as

of @ ([ f_ .
<9f+(%:</() udy)—O.

(5.26)
5.2.2 Reduced magnetization equation

Due to the fast relaxing of the magnetization, as discussed in Section 1.4 in the intro-

duction, it is necessary to choose a different time scale for the magnetization equation. The
relaxation time 7 is a reasonable option:

(5.27)
Note that different time scales in the flow equations and the magnetization equations will

be reconciled in Section 5.3.2, wherein we will calculate the time-averaged magnetic forcing
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terms over one rotating period, i.e., we will average over the fast ¢ time and eliminate it
from the equations.
Then, the scaled magnetization equation can be written as

oM 1 .
Y (5 VM —
o Ta, V)

1 - - .
G5 X M+ (M — xH) =0, (5.28)

where the magnetization Strouhal number is defined as

L
S = —. 5.29
M TU ( )

This Strouhal represents the relative magnitudes of the convective time scale, L/U, to the
characteristic time of magnetization evolution, 7. Assuming the convective time scale is
much larger than that of magnetization, i.e., 1/Sry; < 0, the changes of magnetization
due to rotation and convection are negligible, and the magnetization equation (5.28) can be
simplified as

881\;[ + (M — xyH) = 0. (5.30)

5.2.3 Reduced Maxwell’s equations

The scaled Maxwell’s equations (5.14) can be written as

52 82,‘7;1 6212}1

7= T op =0, (5.31a)
0%y 0%y oM, OM,

2 _ |52 x Y

) 5+ P = ) o T 5 ) (5.31b)

Keeping only the leading order terms, we obtain:

PP 0 Py OM,
o o 9y’

(5.32)
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with the boundary condition at the walls:

U =0
Uy = cos(Ki + Qf)

@]
=}
N
Il

g, (5.33a)
0 (5.33b)

o
=
<
|

On the interface, the leading-order boundary conditions (5.15) are

87;1 - 8122 ~
99 = 99 + M, on

V1 =

<
I
khz
—
\.HI
2
SN—

(5.34a)

(5.34b)

o
=
<
Il
kﬁz
—~
\.Hz
2
N—

5.3 Derivation of the long-wave equation

In this section, we will derive a long-wave equation out of the reduced model in Sec-
tion 5.2. Note that the time scale in the magnetization equation (5.30) is different from that
in other equations. Thus, we will first calculate the magnetic field and magnetization at the
instantaneous surface position § = f (7,1), and then calculate the time-averaged (over the
fast time scale of the magnetization equation) forcing terms that act on the linear momentum

and internal angular momentum equations.

5.3.1 Leading order solution of magnetic field and magnetization

In this section, we will first solve Eq. (5.30) using an arbitrary rotating magnetic field to
show the phase lag of the magnetization. Then, we will solve Eq. (5.32) for the magnetic field
corresponding to the configuration in Fig. 5.1, and derive the generalized relation between

the magnetic field and the magnetization.
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To start, we assume that the harmonic potential applied on the boundary can generate

the rotating magnetic field

H,(%,7,1)

ﬁ?J(j? g7 t)

Hoo(%,7) cos Z + Hyy(Z,7) sin Z, (5.35a)

H,.(%,7) cos E + H,(F,§) sin =, (5.35b)

where = = K7 + Qt, and Q = 7Q is the scaled external driving frequency. Then, the

magnetization can be solved from Eq. (5.30) as

M, (2,9,t) = X" [(Hyze — HmSQ) cos = + (chﬂ + H,4)sin Z], (5.36a)

M, (3,75,1) = X*[(Hye — HysQ) cos Z + (H,eQ + Hyq) sin =), (5.36b)

which can also be written as

M, (2,7,1) = xHye cos(Z — a) + xHys sin(Z — a), (5.37a)

M, (%,7,t) = xHyecos(Z — o) + xHys sin(Z — a), (5.37b)
where x* = x/(1 +Q?), and «a is the phase lag between the magnetic field and the magneti-
zation with tan o = Q. Note that the torque can then be calculated as

T=(MxH)-é =, y—MyH,,::liQ2(HmHys—HmHyc). (5.38)

Next, we solve Maxwell’s equations (5.32) in the proposed configuration Fig. 5.1. For
convenience, the () notation will be dropped henceforth.

We first assume 9M,/0Jy = 0, which will be proved later, and then integrate Eq. (5.32)
twice, using the boundary conditions (5.33) on the top and bottom walls to find the integra-

tion constants. We thus obtain a solution ansatz as

Uy =Ci(y — B)sin= + Ay (y — ) cos 2, (5.39a)
gy = CrysinZE + (Agy + 1) cos =, (5.39b)
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where unknown parameters Ay, As, C1, Cs are functions of x only, and are to be obtained by
applying the interface conditions (5.34) at y = f(x,t).
The solution from Eq. (5.39) gives rise to the magnetic field components in fluid 1 and

fluid 2:

H,, = %1/}1 =(CsinZ + A cos =, (5.40a)
Yy
0
Hy, = Ot = (Cysin= + Ay cos =, (5.40Db)
Jy
0
H,, = aw; = (ALy + KCyy) cos= + [Coy — K(Asy + A)] sin =. (5.40¢)

Using the relation between the magnetic field and magnetization derived in Eq. (5.36), we
obtain the magnetization in fluid 2:

M,

Y

= \*[(Ay — CoQ) cos E + (AxQ + Cy) sin =], (5.41)

which is indeed independent of y, as assumed.
Next, substituting Eqgs. (5.40) and (5.41) into the interfacial boundary condition (5.34a),
and Eq. (5.39) into Eq. (5.34b), we can obtain the following relations:

C1 = Oy + X (A0 + Oy), (5.42a)
Ay = Ay + x*(Ay — C,9), (5.42D)
Cof = Ci(f = B), (5.42¢)
Aof +1=A(f - B), (5.42d)
which can be solved by
Ay = X'(f—5) =8 , 5.43
*T (- B) - AP+ DU - AP 45
Cy = —S(/ = ) (5.43b)

D(f = B) = B2 + [Q(f = B
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Now, given the interface deformation y = f(x,t), the magnetic field and magnetization
can be obtained, by assuming that the time scale of the flow dynamics is significantly greater
than the time scale of the external forcing. In such cases, it is possible to approximate the
magnetic field forces by their time-averaged values over the forcing time scale (i.e., the time
scale of the rotating magnetic field. This approximation allows for a simplified representation
of the magnetic field forces and their impact on the film, and this time-scale separation and
time-averaged force evaluation approach is commonly used in studies of time-varying forcing

of ferrofluids [62], [66].

5.3.2 Time-averaged equations

In this section, we introduce the decoupled governing equations by approximating the
magnetic body force, normal stress, magnetic torque, and spin velocity by their averaged

values on the rotating time scale:

dp OH, v O(w) fto ) O*u
- : — =N 2—7 1 — 44
r-momentum pe B< oy >+ ) +|1+— i) G (5.44a)
0 OH,
y-momentum: 85 = Np <My8yy> : (5.44b)
angular momentum: A w) = NBZf<T> - ng, (5.44c¢)
A A ]‘ ]' "
[n-T-n)=ok: P+ §NB<My2> :—af : (5.44d)
" . ou iy ( ou )
n-T-7|=0: —=— |- -2(w) |, 5.44e
T 7] 5= (-5 2 (5.44c)

where (-) = J3 & Q() dt represents the averaging over one rotating period 21t/ of the magnetic

field on the fast time scale ¢. By substituting Eqs. (5.40) into Eq. (5.41), we obtain

F, = <My a;;‘”> XZ[(AQ + CF) — 2KQ(A3 + CF) + 2Q( A0y — Oy Ab)], (5.45a)
Fy =(M) X; (14 Q%) (A2 + C3F)], (5.45b)
T, =(T) O [(CyAl — AsCh)y + K (A3 + Cy + KA. (5.45¢)
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Now, we can calculate the time-average body force Fj, time-averaged torque Tj, and time-
averaged magnetic normal stress F,. Note that 0H,/0y = 0, such that the pressure p is
independent of y according to Eq. (5.44b).

Next, we will derive the long-wave equation based on the time-averaged model (5.44).

5.3.3 Long-wave equation

Since dp/0y = 0, we can integrate the z-component linear momentum equation (5.44b)

with respect to y:

NB 6u
NgpF; — T, + — 4
BLyY + 5 b+ a9y + c(x), (5.46)

.
@xy—

where Fj, is independent of y as calculated in Eq. (5.45a), and ¢(x) is the integration constant.
As discussed in the previous section, the angular momentum equation (5.44¢) simplifies the

tangential stress balance condition (5.44¢) on the interface y = f(x,t) as du/dy = —NgT}/2.

This interfacial boundary condition determines ¢(x), and we have

oy

du Op Np
ox 2

Integrating Eq. (5.47) with respect to y once more, and imposing the no-slip condition (5.9),

we can obtain the velocity profile as

2

0 1 NpQy*
_ (ap _ NBFb> <y2 _ hy) _ Ntix {[@Ag — ACh+ K (A2 O L+ kA2y} ,
i 2 2 2
(5.48)

where Op/0x can be obtained by differentiating the normal stress balance condition (5.44d)
with respect to x.

Thus, we have derived a long-wave equation in the form:

0 0

a}}: £ =0,  with (5.49a)
1 N - N ~ N =

0= g 1" = XK+ XA — Coy) f — PR A, (5.49D)
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where Ay and Cy can be found from Eq. (5.43), and

1 2
*(f = B) = B2+ [x*Q(f — 5)]2}

A0l — CoAly = { Q' B. (5.50)

The first term in Eq. (5.49b) arises from surface tension, which is commonly obtained from
the thin film dynamics, such as in [143], while the second and third terms arise from the
combination of magnetic body force and torque. The fourth term arises from the magnetic
torque only. Clearly, the long-wave equation (5.49) is highly nonlinear, and the effect of each

physical force on the thin film evolution is not immediately clear due to their coupling.

5.4 Thin film evolution

In this section, using our long-wave equation (5.49), we study the effect of magnetic

torque on the linear and nonlinear dynamics of the thin film evolution.

5.4.1 Linear stability analysis

First, we carry out a linear stability analysis of the evolution equation (5.49), by perturb-

ing the flat film as f(z,t) = 1+en(x,t), where e < 1. Next, taking the Fourier decomposition

of the surface elevation as n(z,t) = 322 ne(t)e™*®, at leading-order we obtain 7, = A(k)n,

with

. NB(X*Q>25 1
Alk) = [4(m% + nj)? B 3Cak21 *

3KNpYy*2 Ngy*Q)
+l BX + BX

(5.51)

4 4(m3 + n

2x*mé + 2x*n0mOQ i
mé + nd ’

) <2m0 +1-—
where mg = [x*(ho — 8) — B, and ng = [x*Q(ho — B)].

The real part of the linear growth rate (5.51) is similar to the one in Section 3.3. Surface
tension stabilizes the film, while the rotation of the external field destabilizes it (the third
term of the flux ¢ in Eq. (5.49b)). The most unstable mode £, satisfies:

dRe [A(k)] B , _ 3CaNg(y*Q)%B
dk 70 = s 8(mg +ng)*

(5.52)



which is more sensitive to the change of rotation frequency  than the field strength Ng.
Figure 3.2(a) shows examples of how the linear growth rate, which is characterized by the
typical long-wave instability of thin-films [142]. The imaginary part of the growth rate
Im [A(k)], contributed by the second and fourth term of the flux ¢ from Eq. (5.49b), suggests
the possibility of nondispersive (coherent) wave propagation, as in Chapters 2 and 3. Indeed,
the phase velocity Im [A(k)]/k can be used to predict the nonlinear propagation velocity,

which will be discussed in Section 5.4.2.

RIA(K)]

Figure 5.2. Real part of the linear growth rate, Re [A(k)], as a function of
the wavenumber £ for different magnetic Bond numbers: Ng = 1000 (red) and
Ng = 3000 (black), with the rotating frequency set by Q = 0.03 (dashed) or
Q = 0.1 (solid). The most unstable mode k,, is marked with e.

5.4.2 Nonlinear evolution

To understand the nonlinear interfacial wave dynamics subjected to a fast-varying mag-
netic field, we solve Eq. (5.49) numerically using the pseudospectral method [109]. For the
linear terms, the spatial derivatives are evaluated using the fast Fourier transform (FFT)
with N = 256, while the nonlinear terms are inverted back to the physical domain (via
the inverse FFT), evaluated, and then transformed back to Fourier space. The fourth-order
Runge-Kutta scheme is used for time advancement. To stabilize the simulation, three-fifths

of the higher wavenumbers are filtered out. The parameters Ca = 100, y = 5, and K =1

127



will be used in this section, and the initial flat interface will be perturbed by mode k£ =1 as

f(x,0) =1+ 0.005sin(z).
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Figure 5.3. Interface evolution of the ferrofluid thin film subjected to a
magnetic field with Ng = 3000 and rotating frequency Q = 0.03. The Fourier
mode energy evolution is shown in (a), with the wave profile evolution shown
in (b), (¢), and (d).

Wave propagation, as suggested by the imaginary part of the linear growth rate, can be
observed in Figs. 5.3 and 5.4. However, due to the strong nonlinearities of the long-wave
equation, the range of validity of the linear analysis is limited. The simulations in Figs. 5.3
and 5.4 are both conducted with Ny = 3000, while the simulation in Fig. 5.4 is for a higher
forcing frequency Q = 0.1 (compared to Q = 0.03 used in Fig. 5.3). The most unstable mode
is k,, =~ 1.5 in Fig. 5.3, and k,, =~ 4.8 in Fig. 5.4. The mode k = 1 is linearly unstable, i.e.,
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Figure 5.4. Interface evolution of the ferrofluid thin film subjected to a
magnetic field with Ny = 3000 and rotating frequency Q = 0.1. The Fourier
mode energy evolution is shown in (a), with the wave profile evolution shown
in (b), (¢), and (d).

Re [A(k = 1)] > 0 in both simulations. It experiences a short growth (¢ € [0, 5] in Fig. 5.3
and ¢ € [0,1] in Fig. 5.4), followed by the decay.

Meanwhile, the other modes £ > 0 grow sequentially from zero due to the nonlinear
interactions. They reach a peak value on the same order as the first mode. The interface
deformation in this time period is shown in Fig. 5.3(b) and Fig. 5.4(b), where a “shock wave”
emerges from the initial flat interface with small harmonic perturbation. Subsequently,
however, the interface evolution under different forcing frequencies is not the same. For

a lower frequency Q = 0.03, the amplitude of the “shock wave” starts to decay around
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time ¢ ~ 5, as shown in Fig. 5.3(¢). The decay lasts for a long time, as indicated in the
Fourier components’ evolution shown in Fig. 5.3(a). Finally, this wave can be barely seen
in comparison with the initial perturbation, as shown in Fig. 5.3(d). However, for a higher
frequency Q = 0.1, this “shock wave” first decays and then evolves into a triple-peak wave,
as shown in Fig. 5.4(c). Figure 5.4(a) suggests a long-time wave interaction with finite
amplitude around |n;| ~ 107*. One time window for ¢ € [26,28] shown in Fig. 5.4(d)
highlights the disordered wave state.

In the remainder of this section, we will investigate separately these two observations:
(i) the similar formation of a propagating “shock wave” for both forcing frequencies and (ii)
the different long-time evolution for each forcing frequency. We will start with the effect

Y

of the parameters on the characteristic of the “shock wave,” such as the profile shape and
the propagation speed. Then, we will discuss the long-lasting disordered waves shown in

Fig. 5.4(d).

“Shock wave” propagation

The propagating “shock wave” emerges from the flat interface for all parameter values
considered in this study, including N = 1000, 3000 with rotating frequency Q = 0.03,0.1.
Figure 5.5 shows a comparison of the wave profile, for different parameter values, at the time
when the interface is achieving the largest amplitude during the “shock wave” evolution. For
larger rotating frequencies or a stronger magnetic field, the “shock wave” is steeper and has
a larger amplitude.

As shown in Figs. 5.3(a) and 5.4(a), the propagating “shock wave” consists of multiple
harmonic modes interacting nonlinearly. However, this waveform also shows the nondis-
persive feature indicated by the imaginary part of the linear growth rate (5.51). In this
section, we measure the propagation velocity in two ways. The most direct way is to trace
the velocity of one peak in the physical domain. Another way is to calculate the velocity
using the method described in Section 2.4.2, namely by tracing the phase change in the
Fourier domain. The latter may be suitable here since the “shock wave” propagates as a

coherent wavepacket for a substantial time. This behavior is evident from observing that
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Figure 5.5. Comparison of the propagating “shock wave” profile for different
magnetic Bond numbers: Ng = 1000 (red) and Ng = 3000 (black), with the
rotating frequency set by © = 0.03 (dashed) or Q = 0.1 (solid).

the propagation velocity is the same for the first five harmonic modes during the “shock
wave” evolution, as shown in Fig. 5.6(a). The velocity remains constant until the transient
to the disordered wave state occurs if there is one. The difference between these two velocity
measurement methods is less than 0.1%, which provides confidence in the estimate of the
nonlinear wave speed.

Figure 5.6(b) shows the comparison of the constant “shock wave” propagation speed
and the phase velocity evaluated from the imaginary part of Eq. (5.51), i.e., Im[A(k)]/k.
It is surprising that while the real part of the linear growth rate has limited predictive
power of the highly nonlinear evolution, the imaginary part makes a good prediction of the
propagation velocity of the “shock wave,” even though the steep front necessitates multiple
harmonic modes to capture (due to the nonlinear interactions between modes). In addition,
Fig. 5.6(b) shows, that despite the fact that the imaginary part of Eq. (5.51) is not a linear
function of the rotating frequency €, Im [A(k)] grows linearly over the frequency ranged
Q €[0,0.2] of interest.

Due to its constant propagation velocity, and slowly decaying amplitude, the “shock
wave” can be regarded as a quasi-coherent wave structure on a ferrofluid thin film subjected
to a rotating magnetic field. The main difference with the propagating interfacial wave
discussed in Chapter 3 is the wave profile itself. When the interface is subjected to a static,

tilt magnetic field, the coherent interfacial waves look like the so-called “cnoidal waves”
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Figure 5.6. (a) The evolution of the phase velocity of the first five harmonic
modes, which remain constant in the interval ¢ € [0, 2] during the “shock wave”
propagation. (b) The markers show the constant “shock wave” propagation
speed extracted from the numerical simulations at different rotating frequen-
cies Q for Ng = 1000 (red) and N = 3000 (black), while the solid curves show
the phase velocity predicted from the imaginary part of the linear growth rate,
Im [A(K)]/E.

discussed in Chapter 3, which are nonlinear periodic waves generalizing sines and cosine. On
the other hand, when the interface is subjected to a rotating magnetic field, the magnetic
torque and body force tend to drive a “shock wave” with a steep front. This observation also
indicates the different effects of the nonlinearity in these two long-wave thin-film equations.
While the waves induced by the static field are characterized by the low-dimensional property
(only the first few Fourier modes contain energy), as shown in Chapter 3 and discussed
in Chapter 4, the formation of the steep “shock wave” in this chapter necessitates more
harmonic modes to capture, as shown in Figs. 5.3(a) and 5.4(a). This difference naturally
leads to the question to be answered in future work: Without the low-dimensional property,
how do we identify the nonlinear structures behaving like the “shock wave” state? Is there

any unstable manifold that leads to further transient away from this state?
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Disordered wave interaction

While the “shock wave” propagation commonly exists for all parameter values investi-
gated in this study, the disordered wave interaction only emerges for relatively large forcing
frequency, i.e., Q = 0.1 with Ny = 1000, 3000.

Taking the definition of the total energy £(t) = 1 [*Fn(z,t)*dx of the wave field as in
Section 3.3.2, we can show the wave evolution in the energy phase plane (&, £ ) as in Fig. 5.7.
Different from Chapter 3, where the energy phase plane trajectories are attracted to fixed
points, the trajectories on Fig. 5.7 do not appear to reach any attractor, but rather oscillate in
a disorderly manner in the region £ € [2, 5] x 1075, This region corresponds to the disordered
wave interaction region ¢ € [4,32] seen in Fig. 5.4, which is featured by the long-time inter-
action and the bounded solution. This behavior is similar to the chaotic waves, which refers
to the phenomenon of bounded nonperiodic evolution in completely deterministic nonlinear
dynamical systems with sensitive dependence on initial conditions [102].

Thus, to better understand the disorder dynamics, we demonstrate the sensitive de-
pendence on initial conditions. To this end, we conduct the simulation starting at nearby
initial conditions. Figure 5.7(a) shows the trajectories in the energy phase plane for two
initial conditions with Ng = 3000, Q = 0.1. One trajectory (black curve) starts from
fa(z) = 1 4 0.0005sin(z), while the second trajectory (red dashed curve) from f(z) =
1+ 0.000501 sin(z). We see that the trajectories separate, displaying the divergence of dy-
namics emerging from nearby initial conditions. Figure 5.7(b) shows the norm of the relative
difference between the trajectories (that is, e = |(fo — fb)/fa])- We observe that the norm
le]l2(t) grows irregularly with time, clearly indicating the sensitive dependence of the dy-
namics on the initial conditions.

The chaotic behavior of ferrofluids is not as well known as its controllable pattern for-
mation. Nevertheless, chaotic dynamics of ferrofluids have been reported in several physical
systems. Laroze, Siddheshwar, and Pleiner [144] studied thermally-driven convection of fer-
rofluids in two dimensions subjected to a static magnetic field. They reduce the complex
dynamics to a generalized Lorenz model. Boyer and Falcon [145] reported the observation

of wave turbulence on the surface of a ferrofluid that is mechanically forced and subjected
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Figure 5.7. (a) Deviating trajectories in the energy phase plane show the
chaotic feature of the long-wave equation, with initial condition f,(z) =1+
0.0005sin(x) (black), and fy(z) = 1+ 0.000501sin(x) (red dashed). (b) The
norm of the difference between the dynamics f(z,t) with f(z,0) = f.(x) and

f(sc,O) = fb(x)

to a static normal magnetic field. Surface waves arise only above a critical field strength.
The turbulent flow of a ferrofluid in a channel subjected to an oscillating magnetic field
was studied by Schumacher, Riley, and Finlayson [146] using direct numerical simulation.
They concluded that the pressure drop required to maintain a constant flow rate is smaller
than that for a steady magnetic field. Meanwhile, Altmeyer, Do, and Lai [147] suggest that
turbulence can occur at low Reynolds numbers in rotating ferrofluids. This work shows how
a steady or time-dependent magnetic field can modify the dynamics. However, to the best of
our knowledge, the current work is the first time when the chaotic interfacial wave is induced
directly by the rotating, time-dependent magnetic field.

Kirkinis [78] also included the effect of the surface torque in a long-wave thin-film equa-
tion. In this case, the surface torque is approximated as constant, thus the impact of the
interface’s deformation on the torque is neglected. In this work, the permanent traveling
wave is reported to arise from the balance between the torque and the van der Waals forces.
Meanwhile, in this work, when the torque is balanced with surface tension and derived via a
consistent scaling of the governing equations, the effect of the magnetic torque in Eq. (5.49)
reveals more complicated dynamics in both space and time than observed in [78]. In future
work, we will further characterize the dynamics using different approaches, such as bifur-

cation diagrams and Lyapunov exponents. We plan to investigate an extensive parameters
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study and reveal the route to chaos, as has been done for the KSE and the generalized KSE
[113], [148].

5.5 Discussion

As discussed in Chapter 1, the configuration of the magnetic fields plays a crucial role in
determining the effect of the magnetic forces on a ferrofluid interface, specifically, these forces
can either stabilize or destabilize it. By harnessing these effects and balancing them with
other external forces, it is possible to achieve desired functionalities. While the forces from
various static magnetic fields have been investigated, the use of a time-dependent rotating
magnetic field remains relatively less explored. A rotating magnetic field introduces unique
features such as a shear-like torque on the surface, which can provide a new mechanism
for coherent wave propagation on a ferrofluid interface. It is intriguing to study how this
torque-induced motion interacts with other forces, such as viscous shear or gravity. An
investigation in this direction can be found in [149], wherein experiments were conducted
to demonstrate the sliding behavior of deformed ferrofluid droplets subjected to shear in a
channel. In another study [150], both experiment and theory were employed to showcase how
a nonuniform magnetic field can reverse the draining of a vertical magnetic soap film. In [151],
a long-wave equation is derived for a ferrofluid film flowing down an inclined substrate
with a nonlinear magnetization. Notably, the magnetic fields in these works were static.
Investigating how forces arising from a rotating magnetic field can compete against other
external forces, such as gravity or viscous shear, and understanding how the interaction
between magnetic torque and these forces affects the dynamic response of a ferrofluid, can
provide valuable insights into the development of novel functionalities in, e.g., soft robots.

Another promising direction worth pursuing is the exploration of nonlinear dynamics in
active colloidal systems. Ferrofluids consist of self-driven particles with individual dynamics
that collectively exhibit macroscopic coherent motions. Under time-varying magnetic fields,
the ferrofluid particles can be categorized as one type of active colloid, utilizing energy in-
put at the particle level to propel persistent motion at the continuum level. Other types of

active colloids can be driven by chemical reactions [152], [153] or electric fields [154], [155],
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and even motile bacteria in suspensions can be considered as active colloids [156], [157].
While agent-based (particle-level) simulations can be computationally expensive, the contin-
uum approach enables the study of large-scale systems. By generalizing the Navier—Stokes
equations to take into account the asymmetric stress, a model was developed that can cap-
ture the surface waves observed in experiments on active colloidal suspensions [76]. Another
model derived for Quincke spinners in an electric field reveals turbulence-like motion [155].
The emergence of similar behaviors in the current model of a ferrofluid thin-film subject to
magnetic torques, specifically the surface waves and chaotic states, motivates us to further
advance our understanding of their complex nonlinear dynamics. Active colloids represent a
vibrant area of research [1], [2], and the development of simple, interpretable models coupled
with the exploration of fundamental principles governing their behavior will accelerate the

progress in developing new technologies and materials with unique properties.

136



6. CONCLUSION

In this thesis, we proposed a novel magnetic field configuration that induces the deformation
and steady spinning of a confined circular ferrofluid droplet, resembling a “gear,” driven by
interfacial traveling waves. To investigate the nonlinear evolution of such ferrofluids inter-
faces, we employed a combination of numerical simulations and mathematical modeling. By
successive reduction of the fully nonlinear problem to different levels of simplification (while
keeping only the key physics), we uncovered rich dynamic features, which we analyzed from
various perspectives. In doing so, we developed long-wave models to study wave propagation
and amplitude equations to characterize bifurcations. In turn, these mathematical frame-
works enabled the design of time-dependent strategies for non-invasive control of ferrofluid
interfaces. Furthermore, we extend our work to explore the effects of fast time-varying
magnetic fields, characterized by new physics such as an asymmetric stress tensor and the
existence of magnetic point torques in the continuum model.

Specifically, the chapter-wise accomplishments of this thesis are:

o Chapter 2: This study demonstrated how a perturbed circular ferrofluid droplet can
evolve into a nonlinearly stable rotating shape. The most unstable mode sets how per-
turbations evolve into a permanent profile characterized by skewness and asymmetry.
Through the integration of weakly nonlinear theory and fully nonlinear simulations,
we uncovered the emergence of permanent rotating shapes driven by interfacial trav-
eling waves, with predictable propagation velocities. Additionally, our investigation
revealed how the coupling of magnetic field components alters asymmetry and non-
linear instability, giving rise to phenomena akin to “wave breaking.” The nonlinear
analysis conducted in this study lays the foundation for future design and experimen-

tal implementation of a stable rotating ferrofluid microswimmer system.

o Chapter 3: The dynamics of long, small-amplitude nonlinear waves on the interface
of a thin ferrofluid film was analyzed for the configuration of a horizontal Hele-Shaw
flow subjected to a tilted magnetic field. We showed that such ferrofluid interfaces

support periodic traveling waves governed by a modified KS-type equation. A lin-
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ear stability analysis and a nonlinear energy budget were employed to reveal that the
balance between stabilizing surface tension forces (energy sink/loss) and destabilizing
magnetic forces (energy source/gain) leads to the generation of dissipative solitons
on the ferrofluid interface. Our results lead to a quantitative understanding of these
nonlinear periodic traveling wave profiles, and how interfacial waves can be generated
and controlled (specifically, their propagation velocity and shape) non-invasively by
an external magnetic field. A multiple-scale analysis provides a weakly nonlinear cor-
rection to the propagation velocity of harmonic waves. This calculation also reveals
how the marginally unstable linear solution is equilibrated by weak nonlinearity and
tends to the permanent traveling wave solution. This long-wave equation has rich dy-
namics, such as transitions between different nonlinear periodic states and long-lived

multi-periodic wave profiles.

Chapter 4: In this study, we reduced the nonlinear system introduced in Chapter 2
to a finite set of ODEs, demonstrating that a periodic traveling wave on the droplet’s
interface is stable, and its dynamics is governed by a Hopf bifurcation at the critical
growth rate. A center manifold reduction shows the geometrical equivalence between
a two-harmonic-mode coupled ODE system describing the interface evolution and a
supercritical Hopf bifurcation. This reduction is supported by the amplitude (Landau)
equation derived from a multiple-time scale analysis. Both methods adequately predict
the fully nonlinear evolution, as demonstrated by comparisons between the theory and
fully nonlinear, interface-resolved simulations of the original PDE system. Next, with
the reduced model revealing the key dynamical features, we designed a slowly-varying
radial magnetic field such that the timing of the emergence of the spinning “gear”
can be controlled. This work is inspired by the well-known delay behavior of dynamic
Hopf bifurcations. In this study, the delay time is predicted based on the fact that the
time-varying amplitude equation finally saturates to the quasistatic amplitude. This
time can be manipulated purely via an external magnetic field by controlling the linear
growth rate and its rate of change. We also studied the evolution under a time-reversed

magnetic field. While we found that the evolution of the droplet is irreversible due to
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the nonlinearity in the interface condition, the reverse evolution, and the final stated

achieved under it, can still be well approximated by the reversed amplitude equation.

Chapter 5: In this work, we developed a long-wave equation model for a thin film
subjected to the in-plane rotating magnetic field. The model incorporates special
surface boundary conditions, where the viscous shear force is balanced by the surface
torque through consistent scaling. Through linear stability analysis, we identified the
rotating field as a mechanism of destabilization of the flat interface and a mechanism
for generating propagating waves. These predictions were validated through nonlinear
simulations of the governing long-wave, thin-film equation. We found that, beyond
the linear regime, the dynamics become increasingly complex, characterized by the
emergence of “shock waves” from small harmonic perturbations and the presence of
long-lasting “chaotic” states. These observations suggest the presence of something
akin to “active turbulence,” opening up exciting new avenues for further exploration.
For example, it may be that these dynamics could be observed in experiments with

active colloids.
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