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ABSTRACT

The problem of system identification is to learn the system dynamics from data. While
classical system identification theories focused primarily on achieving asymptotic consistency,
recent efforts have sought to characterize the number of samples needed to achieve a desired
level of accuracy in the learned model. This thesis focuses on finite sample analysis for
identifying/learning dynamical systems.

In the first part of this thesis, we provide novel results on finite sample analysis for learn-
ing different linear systems. We first consider the system identification problem of a fully
observed system (i.e., all states of the system can be perfectly measured), leveraging data
generated from an auxiliary system that shares “similar” dynamics. We provide insights on
the benefits of using the auxiliary data, and guidelines on selecting the weight parameter
during the model training process. Subsequently, we consider the system identification prob-
lem for a partially observed autonomous linear system, where only a subset of states and
multiple short trajectories of the system can be observed. We present a finite sample error
bound and characterize the learning rate.

In the second part of this thesis, we explore the practical usage of finite sample analy-
sis under several different scenarios. We first consider a parameter learning problem in a
distributed setting, where a group of agents wishes to collaboratively learn the underlying
model. We propose a distributed parameter estimation algorithm and provide finite time
bounds on the estimation error. We show that our analysis allows us to determine a time
at which the communication can be stopped (due to the costs associated with communica-
tions), while meeting a desired estimation accuracy. Subsequently, we consider the problem
of online change point detection for a linear system, where the user observes data in an
online manner, and the goal is to determine when the underlying system dynamics change.
We provide an online change point detection algorithm, and a data-dependent threshold
that allows one to achieve a pre-specified upper bound on the probability of making a false
alarm. We further provide a finite-sample-based lower bound for the probability of detecting

a change point with a certain delay.
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Finally, we extend the results to linear model identification from non-linear systems. We
provide a data acquisition algorithm followed by a regularized least squares algorithm, along
with an associated finite sample error bound on the learned linearized dynamics. Our error
bound demonstrates a trade-off between the error due to nonlinearity and the error due to
noise, and shows that one can learn the linearized dynamics with arbitrarily small error given

sufficiently many samples.
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1. INTRODUCTION

Learning a predictive model from data is an important problem in many fields [1], includ-
ing machine learning, economics and control theory. Classical control theories are typically
model-based. When modeling from first principles is not possible, one can attempt to learn a
predictive model from data. The problem of system identification is to learn the parameters
of dynamical system, given the measurements of the inputs to and outputs from the system.
While classical system identification theories focused primarily on achieving asymptotic con-
sistency [2]-[4], these results may not directly translate into guarantees on the quality of
learned model, given a finite number of samples. Having a finite sample bound for the error
is not only of interest on its own, but also can be integrated with techniques like robust
control to come up with overall performance guarantees for the closed loop system, e.g., [5],
[6]. Consequently, we focus on studying the following problem:

Can we characterize the quality of the learned dynamics from a finite number of samples
collected from the system?

In this thesis, we attempt to systematically address the above problem. We present novel
non-asymptotic guarantees for learning the dynamics of systems under various settings. We
summarize our contributions below. The details and comparisons over existing results are

provided in the beginning of each chapter.

1.1 Overview and Contributions

1.1.1 Learning Dynamical Systems by Leveraging Data from Similar Systems

In Chapter 2, we study the problem of identifying the dynamics of a linear system when
one has access to samples generated by a similar (but not identical) system, in addition to
data from the true system. We use a weighted least squares approach, and provide a finite
sample error bound of the learned model as a function of the number of samples and various
system parameters from the two systems as well as the weight assigned to the auxiliary data.
We show that the auxiliary data can help to reduce the intrinsic system identification error

due to noise, at the price of adding a portion of error that is due to the differences between
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the two system models. We further provide a data-dependent bound that is computable
when some prior knowledge about the systems, such as upper bounds on noise levels and
model difference, is available. This bound can also be used to determine the weight that
should be assigned to the auxiliary data during the model training stage. Our analysis can
be applied to a variety of important settings. For example, if the system dynamics change at
some point in time (e.g., due to a fault), how should one leverage data from the prior system
in order to learn the dynamics of the new system? As another example, if there is abundant
data available from a simulated (but imperfect) model of the true system, how should one
weight that data compared to the real data from the system? Our analysis provides insights

into the answers to these questions.

1.1.2 Learning the Dynamics of Autonomous Linear Systems From Multiple
Trajectories

In Chapter 3, we consider the problem of learning the dynamics of partially-observed
autonomous linear systems (i.e., systems that are not affected by external control inputs)
from observations of multiple trajectories of those systems, with finite sample guarantees.
Existing results on learning rate and consistency of autonomous linear system identification
rely on observations of steady state behaviors from a single long trajectory, and are not
applicable to unstable systems. In contrast, we consider the scenario of learning system
dynamics based on multiple short trajectories, where there are no easily observed steady
state behaviors. We provide a finite sample analysis, which shows that the dynamics can
be learned at a rate O(\/LN) for both stable and unstable systems, where /N is the number
of trajectories, when the initial state of the system has zero mean (which is a common
assumption in the existing literature). We further generalize our result to the case where the

initial state has non-zero mean. We show that one can adjust the length of the trajectories

log N

8~ ) for strictly stable systems and a learning rate of

to achieve a learning rate of O(

O((lo\g/%)d) for marginally stable systems, where d is some constant.
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1.1.3 Finite Sample Guarantees for Distributed Online Parameter Estimation
with Communication Costs

In Chapter 4, we study the problem of distributed online parameter learning. Existing
distributed online optimization algorithms typically provide bounds on regret, which may
not be directly translated into bounds on error of the learned model. In this chapter, we
propose a distributed online learning algorithm in a networked setting, which enables each
agent to improve its learning accuracy by communicating with neighbors in the network. We
provide non-asymptotic bounds on the learning error, leveraging the statistical properties
of the underlying model. Our analysis demonstrates a trade-off between learning error and
communication costs. Further, our analysis allows us to determine a time at which the
communication can be stopped (due to the costs associated with communications), while

meeting a desired estimation accuracy.

1.1.4 Online Change Points Detection for Linear Dynamical Systems with F'i-
nite Sample Guarantees

In Chapter 5, we study the problem of online change point detection, where the goal
is to detect abrupt changes in properties of time series, ideally as soon as possible after
those changes occur. Existing work on online change point detection either assumes i.i.d
data, focuses on asymptotic analysis, does not present theoretical guarantees on the trade-
off between detection accuracy and detection delay, or is only suitable for detecting single
change points. In this chapter, we study the online change point detection problem for linear
dynamical systems with unknown dynamics, where the data exhibits temporal correlations
and the system could have multiple change points. We develop a data-dependent threshold
that can be used in our test that allows one to achieve a pre-specified upper bound on the
probability of making a false alarm. We further provide a finite-sample-based bound for
the probability of detecting a change point. Our bound demonstrates how parameters used
in our algorithm affect the detection probability and delay, and provides guidance on the

minimum required time between changes to guarantee detection.

17



1.1.5 Learning Linearized Models from Nonlinear Systems with Finite Data

In Chapter 6, we consider the problem of identifying a linearized system model from a
nonlinear system. This is different from many existing works on linear model identification,
where the underlying assumption is that the system is indeed linear. We provide a mul-
tiple trajectories-based deterministic data acquisition algorithm followed by a regularized
least squares algorithm, along with an associated finite sample error bound on the learned
linearized dynamics. Our error bound demonstrates a trade-off between the error due to
nonlinearity and the error due to noise, and shows that one can learn the linearized dy-
namics with arbitrarily small error given sufficiently many samples. We validate our results
through experiments, where we also show the potential insufficiency of linear system identi-
fication using a single trajectory with i.i.d random inputs (which is a common setup in the
literature), when nonlinearity does exist.

Finally, in Chapter 7, we conclude the thesis by summarizing our main results and dis-

cussing directions for future work.
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1.2 Mathematical Notation and Terminology

Vectors are taken to be column vectors unless otherwise specified. Let R and N denote
the sets of real numbers and natural numbers, respectively. Let o,(:) and 6,,:, () be the n-th
largest and smallest singular value, respectively, of a symmetric matrix. The eigenvalues of
a given matrix are ordered with nonincreasing magnitude, i.e., |\ (-)| > -+ > [Apin(+)]. The
spectral radius of a given matrix is denoted as p(-). A square matrix A is called strictly
stable if p(A) < 1, marginally stable if p(A) < 1, and unstable if p(A) > 1. For a given
matrix A, we use A(i,5) to denote the element in its i-th row and j-th column, A" to
denote its transpose, AT to denote its pseudoinverse, and vec(A) to denote its vectorization
(i.e., the vector obtained by stacking the columns of A from left). We use ||A]|, ||Al|: and
|Al|F to denote the spectral norm, 1-norm and Frobenius norm, respectively, of matrix
A. A Gaussian distributed random vector is denoted as u ~ N(u,X), where u is the
mean and X is the covariance matrix. We use [ to denote the identity matrix. We use
E to denote the expectation. We use tr(:) to denote the trace of a given matrix. Let 1,
denote a vector of dimension n with all of its elements equal to 1. The symbol [[/_; 4,
is used to denote the matrix product, A;A;11---A;. We use the symbol mod to denote
the modulo operator. The symbols U and N are used to denote the union and intersection
of sets, respectively. The symbol o(+) is used to denote the sigma field generated by the
corresponding random vectors. We use S"~! to denote the unit sphere in n-dimensional
space. The open [; ball in d-dimensional space with center at zy and radius r is denoted
by By(xo,7) = {v € RY: ||z — 0||1 < 7}. We denote ef as a d-dimensional vector with the
i-th component equal to 1 and all other components equal to 0. The symbols |-| and [-] are
used to denote the floor and ceiling functions, respectively. We use 0 to denote a zero vector

with dimension that is clear from the context.
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2. LEARNING DYNAMICAL SYSTEMS BY LEVERAGING
DATA FROM SIMILAR SYSTEMS

2.1 Introduction

The existing literature on finite sample analysis of system identification is typically either
single trajectory-based or multiple trajectories-based. The single trajectory setup assumes
that one has samples from a single trajectory from the system, which enables system iden-
tification in an online manner, i.e., there is no need to restart the system from an initial
state. This setup has been studied extensively over the past few years and is still an ongoing
research topic [7]-[12]. A key challenge in the analysis is addressing the dependencies of
samples from the single trajectory. The derived sample complexity results typically show
how the system identification error goes to zero by increasing the number of samples used in
the single trajectory. For the multiple trajectories setup, it is typically assumed that one has
access to data generated from multiple independent trajectories [13]-[17]. In practice, the
multiple trajectories setup has the advantage of being able to handle unstable systems, and
other cases where collecting a single long trajectory is infeasible. Technically, the assump-
tion of independence of data usually allows for more direct use of standard concentration
inequalities. Consequently, the derived results typically only show that the error goes to zero
by increasing the number of trajectories. The recent paper [18] carefully addresses learning
dynamical systems from a mix of both dependent and independent data, i.e., learning from
multiple trajectories each with a non-trivial length. The paper [18] provides sharp bounds
that hold in expectation, and shows that the error goes to zero at a rate that is determined
by the product of the number of trajectories and the number of samples used from these
trajectories.

We note that all of the above works make the assumption that the data used for system
identification are generated from the true system model that one wants to learn. However, in
many cases, collecting abundant data from the true system can be costly or even infeasible.
In such cases, one may want to rely on data generated from other systems that share similar
dynamics. For example, for non-engineered systems like animals, one may only have a limited

amount of data from the true individual animal one wants to model, due to the challenge of
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conducting experiments for such systems. On the other hand, it may be possible to collect
data from other animals in the herd or from a reasonably good simulator. Furthermore,
when the dynamics of a system changes (e.g., due to failures), one needs to decide whether
to discard all of the previous data, or to leverage the old information in an appropriate way.
In settings such as the ones described above, it is of great interest to understand how one can
leverage the data generated from systems that share similar (but not identical) dynamics.
This idea is similar to the notion of transfer learning in the machine learning community,
where one wants to transfer knowledge from related tasks to a new task [19]. However, in
contrast to system identification, most of the papers on transfer learning (in the context of
estimation) consider learning a static mapping from a feature space to a label space [20].
The recent works [21], [22] study joint learning of multiple dynamical systems, assuming all
systems are weighted equally in the training stage. However, an open question remains on
how to effectively utilize samples from other systems to enhance the accuracy of the model
for the true system of interest, especially when the number of samples from the true system
is limited.

Our conference paper [23] provides finite sample analysis of system identification with the
help of an auxiliary system, using a weighted least squares approach, under the assumption
of having access to multiple trajectories from both the true system and the auxiliary system.
The paper [23] decomposes the overall system identification error into the error due to noise
and the error due to model difference, and shows that the auxiliary data can help to reduce
the error due to noise by introducing a portion of constant error that is due to the difference
in the models between the true and auxiliary systems. However, although the algorithm in
[23] uses all samples from these trajectories (different from [13], where only two data points
from each trajectory are used, assuming all samples are generated from the same system),
the result is conservative in characterizing the effect of the trajectory length. In particular,
the error due to noise can only go to zero by increasing the number of trajectories from the
two systems.

In this chapter, we address the above problem. Our contributions are as follows.
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o We provide finite sample data-independent bounds for learning dynamical systems by
leveraging data from an auxiliary system, using a weighted least squares approach.
Again, we decompose the error into a portion due to noise and a portion due to model
difference. Different from [23], we show that the error due to noise can go to zero
by increasing either the number of trajectories or the trajectory length from the two
systems, or both.! Our analysis is general in that when the two systems have same
system matrices (such that we only have the error due to noise), our result qualitatively
matches the results in the recent paper [18], which characterizes how the expected error
goes to zero with respect to the number of trajectories and the trajectory length, given
samples from the same system. Importantly, our bounds provide insights on general
guidelines for assigning weights to the auxiliary system, when there is not enough prior

knowledge about the systems.

o We also provide a data-dependent bound that is computable when some prior knowl-
edge about the systems, such as upper bounds on noise levels and model difference,
is available (based on a regularized weighted least squares approach). The data-
dependent bound can be used in a data-driven scheme for selecting a good weight

parameter that provides better performance guarantees in practice.

To the best of our knowledge, our work in this chapter is the first to study finite sam-
ple analysis for weighted least squares-based system identification given different systems.
Technically, we overcome the challenges of addressing the dependencies of samples from in-
dependent system trajectories in a less conservative way, compared to [13], [23]. We carefully
analyze how different weights used in system identification and difference of system dynam-
ics affect the finite sample error. We provide a new upper bound of the sample covariance
matrix in the multiple trajectories setup for systems that have inputs. We also provide a new
lower bound for the smallest eigenvalue of the sample covariance matrix for non-Gaussian
time series in a more general context. This result could be of independent interest since it

can be used in the analyses of many regression-based problems.

14We note that the paper [23] also allows the auxiliary system to be time-varying. However, the derived
bound again degrades when the trajectory length becomes longer. In this chapter, we will assume the
auxiliary system is time-invariant.
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This chapter is organized as follows. Section 2.2 formulates the system identification
problem and introduces the algorithm we use. In Section 2.3, we present our main results. We
present various numerical examples capturing different scenarios in Section 2.4 to illustrate

our results, and conclude in Section 2.5. All of the proofs are included in Section 2.6.

2.2 Problem formulation and algorithm

Consider the following discrete time linear time-invariant (LTI) system

Tip1 = A%, + B, + Wy, (2.1)

where z; € R", u;, € RP, w; € R”, are the state, input, and process noise, respectively, and
A € R and B € R™? are the system matrices we wish to learn from data. In this chapter,
we also assume that both the input u; and state x; can be perfectly measured.

Suppose that we have access to N, independent experiments of system (2.1), in which
the system restarts from an initial state xy, and each experiment is of length T,. We call the
state-input pairs collected from each experiment a rollout (or trajectory), and denote the set
of samples we have as {(7!,4!) : 1 <i < N,,0 <t <T,}. Note that we use the superscript

to denote the rollout index and the subscript to denote the time index.

’

Let zi = {ji/ ai’} € R™? for ¢t > 0. For each rollout i, define X? = o 1k | €
RTr Zi = [Zi ., _1} € RO+p)xTr pi — {@i ek _1} € R Further, define
the batch matrices X = {Xl )_(Nr] e RN 7 — {Zl ZNT} € RN 17 —
[Wl V_[/*Nv} € R™NTr - Denoting © £ [[1 B} € R™(+P) e have

X=0Z+W.

Typically, one would like to solve the following optimization problem:

min HX’ — (:)ZH%,

OcRnx(ntp)
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and obtain an estimate O ¢ £ { A; S B; 5]7 of which the analytical form is
Ors = XZ(Z7)",

under the assumption that the matrix ZZ is invertible. The quality of the recovered estimate
will depend on N, and T; in particular, if both NV, and 7T, are small, the obtained estimate
could have large estimation error [7], [13].

Suppose that, in addition to samples from the true system, we also have access to samples
generated from an auxiliary system that shares “similar” (but unknown) dynamics to system

(2.1). In particular, consider an auxiliary discrete time linear time-invariant system
o1 = A%y + By + iy, (2.2)

where 7, € R”, u; € RP, w; € R™ are the state, input, and process noise, respectively, and

A e R™™ and B € R™ are system matrices.? The above dynamics can be rewritten as
T = (A+04)2 + (B + )0 + 0y, (2.3)

where 04, = A — A, 65 = B — B. Intuitively, the samples generated from the above system
will be useful for identifying system (2.1) if both ||04] and ||0g|| are small. For example,
suppose that we want to identify the dynamics of a vehicle, the auxiliary system could be
another vehicle of the same type produced by the same manufacturer. We also provide a
scenario involving a change in dynamics of a system where the true and the auxiliary systems
have the same state representation in our experiment section later in the chapter.?

Thus, suppose that we also have access to IV, independent experiments of system (2.2),
in which the system restarts from an initial state 2y, and each experiment is of length T,.
Let {(2},a) 1 <i < N0 <t < T,} denote the samples from these experiments. Let

2= {ﬁ;f @i’] € R™7 for t > 0. The matrices X € R™% Zi ¢ ROH2xTo )i ¢ RnxTe X

21In the terminology of transfer learning, system (2.1) can be referred to as a target system, and system
(2.2) can be referred to as a source system.

31In practice, the auxiliary system needs to share the same set of state variables to be considered “similar”,
although our results hold for general systems where the states are unrelated.
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R>NoTr 7 e ROHDXNTo 17 e R™*NoTe are defined similarly, using the signals @, 2%, @ from
system (2.2). Let X = {X X} € RN Tt NoTy) - 7 — [Z 2] e ROt x(Nr Tt NpTp) T/ —

[W W] € RN TN To) and g =

dA 53} € R™("*+P). Defining
Al — [5@% 5@2%1)1] e R,
forall i € {1,..., N,}, and denoting
A = |:0 .0 Al ... ANF:| c RnX(NrTT—i-Npr)’
where we use 0 to denote zero matrices with appropriate dimensions, we have the relationship

X =0Z+W + A. (2.4)

Letting ¢ € R be a design parameter that specifies the relative weight assigned to
samples generated from the auxiliary system (2.2), we can define Q) = diag(I,,,qIn,1,) €
RN et NpTp)x(NeTe+NpTy) — Setting the regularization parameter A > 0, we are interested in
the following (regularized-) weighted least squares problem:

. 1ox 1 =
_min {[|XQ? - 0ZQ>|% + A0} (2.5)
OcRnXx(n+p)
The well known (regularized-) weighted least squares estimate [24] is Oy g = [AW s Bw LS} ;

which has the form
Owrs = XQZ'(ZQZ' + Mysp) ™, (2.6)

when the matrix ZQZ' + A\, is invertible. Using (2.4), the system identification error can

be expressed as
1Owrs — Ol = || = A\O(ZQZ" + Ayp) ™

+WQZ'(ZQZ + M, i)™ (2.7)
+AQZ(ZQZ' + M,yp) M-
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In particular, when the regularization parameter is set to be A = 0, we recover the standard
weighted least squares estimate.

The above steps are encapsulated in Algorithm 1.

Algorithm 1 System Identification Using Auxiliary Data

1: Gather N, rollouts of samples (each of length 7,.) generated from the true system (2.1),
each starting from z for all 1 <i < N,.

2: Gather N, rollouts of samples (each of length 7},) generated from the auxiliary system
(2.2), each starting from #{ for all 1 <i < N,,.

3: Construct the matrices X, @, Z. Compute Owrs = XQZ'(ZQZ' + M,yp) "

4: Return the first n columns of Oy g as an estimated A, and the remaining columns of

Ow_rs as an estimated B.

Remark 1. The weight parameter q specifies how much we weight the data from the auxiliary
system relative to the data from the true system, and can depend on the number of samples
(N, T, and N,,T,) from each of those systems or the data available to us. The specific choice

of q will be discussed in detail later as we present our main results.
Our results will leverage the following definition of sub-Gaussian random vectors [25].

Definition 2.2.1. A real-valued random variable w is called sub-Gaussian with parameter
R? if we have
2R2

2)'

Va € R, Eexp(aw)] < exp(™

A random wvector v € R"™ is called R* sub-Gaussian if for all unit vectors v € S ! the

random variable v'x is R? sub-Gaussian.

We make the following assumption. Recall that the inputs u, @i; are known, while the

noise terms wy, w; are unknown.

Assumption 1. The random vectors wy, U, To, Wy, U, To are independent sub-Gaussian with

independent coordinates for all t > 0. Furthermore, they have positive definite covariance

2 2 2 2 2 2 :
02,05 04,008,035 , respectively.

matrices and sub-Gaussian parameters o 0> O Oy g s
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We note that independent random inputs are commonly used in the context of system
identification to provide excitation of the system dynamics [8], [13]. Studying the optimal
input for system identification is an active area of research [26]. Further, random initial
states can be easily obtained from deterministic initial states that are equal to zero. A
simple way to achieve this is to apply zero input and treat the first state as the initial state
for each trajectory (which is random due to noise). Our results could also be generalized to
include bounded deterministic initial states.

To ease the notation, we make some definitions now. We denote 6,4, = max(og, 04, 0z, )-

Letting v(j) denote the j-th component of a vector v, we define

Omin = min({E[w(i)], E[u(j)°], Blzo(i)"]}

)
o 2 e ([ BRG] E@G)] Bl
* Bl ()2 Bla()?2 Bleo(@)?? [ )

forallt > 0,1 <7 <mn,1 <j < p, where we omitted the time index t for the ease of

exposition. Further, define the following matrix for ¢ > 0:

t
Gy 2 A'A"+Y A'BB'A". (2.8)
=0

The terms G005 Omin, 0x and ét are defined similarly for the auxiliary system (2.2).

In the next section, we provide data-independent bounds (assuming A = 0) and a data-
dependent bound (assuming A > 0) of the system identification error in (2.7). We study the
case when A\ = 0 in the data-independent bounds to highlight our key insights (the benefits
of the auxiliary data and the role of the weight parameter ¢), and the results for A > 0
can be easily generalized. The data-independent finite sample upper bounds characterize
the error as a function of N,,T,, N,, T}, ¢, ||de| and other parameters from the true system
and the auxiliary system. While the data-independent error bounds provide insights on
the benefits of using the auxiliary samples, the derived results may not be used directly in
practice, since they involve unknown system parameters. To address that, we also provide
a data-dependent bound for the case when A > 0. The non-zero regularization parameter

A not only helps us to derive the data-dependent result, but also provides the user with
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more flexibility to tune the estimate in practice. One could set A to be small to reduce the
impact of regularization on the estimate. The derived data-dependent bound is computable,
applicable to more general input and noise, and can be used in real-world applications to
select the weight parameter ¢ (and regularization parameter A). More specifically, the bound
characterizes the error as a function of 04,04, q, |[0e]|, A, ||©||, and the available data. Both
our data-independent bounds and data-dependent bound will provide insights and guidance
on selecting an appropriate weight parameter ¢q. We will assume that system (2.1) and
system (2.2) have the same stability in our discussions, i.e., both p(A) and p(A) are less
than 1, or both p(A) and p(A) are equal to 1, or both p(A) and p(A) are greater than 1
(although p(A) does not need to equal to p(A)), but similar insights can be extended even
if they are different.

2.3 Finite Sample Guarantees of the System Identification Error

In this section, we provide data-independent bounds (assuming A = 0), and a data-
dependent bound (assuming A > 0) on the system identification error in (2.7). The proof of
the data-independent bounds follow by upper bounding the error terms |WQZ'(ZQZ") "z ||,
1(ZQZ')"z|), and |AQZ'|| separately. The proof of the data-dependent bound follows by
directly evaluating an upper bound of the term (2.7) from data, but with the replacement
of the noise-dependent term ||WQZ'(ZQZ' + Al,.,) 2 || by a high-probability upper bound.

All of the proofs are presented in section 2.6.

2.3.1 Data-independent Bounds

Here, we present our first main result, a data-independent finite sample upper bound on
the weighted least squares estimation error in (2.7) when A = 0. In the following result, we

let ¢, ¢; denote some positive constants.*
Theorem 2.3.1. Fiz g > 0, 6 € (0, %), and let Assumption 1 hold. Denote ( = ‘ZT;" and

f = ‘Z’% Suppose that N, T, > maX{SCQ_Z(IOg% (n + p)log g?NiT())) + 1,33}, N1, >

max{8c6Z(log 2 + (n + p) log 42(7())) +1,33}, g(2) > C(N’ii?l), and §(3) > CNTy=1) (Nfigp_l)

41See Remark 6 and Remark 7 in section 2.6 for more discussions on the constants c, ¢;.
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Then with probability at least 1—56, the weighted least squares estimate Oy g from Algorithm
1 using A = 0 satisfies

20 max(0s, /Gow)y/log 5 + (n + p) log(¢)
VN TL.C2 + gN, (2
Error due to noise (2.9)
339(9)
N, T,¢? + qN, T),¢?

Error due to difference between true and auziliary systems

Owrs — O <

+ qllde

where

i 33(g(6) + qa(9))
¢ = d(N,;, T, Np, Ty, q) = N, T,C% + quTPQAQ

Tr—1

95) = No 3 (6r(G) + ) (- 08(3) + 1)

=0
Tp—1 X 1 9
35(0) = Ny 3 (11(G) +)( 108() + D

Remark 2. Interpretation of Theorem 2.3.1. Recall that N, is the number of rollouts
from the true system (2.1), T, is the length of each rollout of the true system (2.1), N, is
the number of rollouts from the auziliary system (2.2), and T, is the length of each rollout
of the auxiliary system (2.2). Consequently, the quantities N, T, and N,T, capture the total
number of samples from the true system and the auziliary system, respectively. Further, recall
that 0,04 capture the noise levels from the two systems, and ||dg|| captures the difference
between the two system models. For strictly stable systems (2.1)-(2.2), g(9) and §(6) grow at
most linearly with respect to T, and T,. For marginally stable systems, g(é) and §(5) grow
at most polynomially with respect to T,., T, (see Proposition 2.6.2 in section 2.6). The terms
g(0) and §(0) grow at most linearly with respect to N,, N,, irrespective of the spectral radius
of the systems. Consequently, the parameter ¢ remains bounded with respect to T,,T, for
strictly stable systems, grows at most polynomially with respect to T,.,'T,, for marginally stable
systems, and remains bounded with respect to N,, N,, irrespective of the spectral radius of

the systems. We discuss some further observations below.
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Error due to noise and error due to model difference: Theorem 2.3.1 decomposes the
overall estimation error into the error due to noise (or the intrinsic error) and the error
due to model difference. Suppose that ¢ = 1, and both systems are strictly stable for now.
The error due to noise depends on the noise levels from the true system and the auxiliary
system, and can be reduced by increasing the number of samples from the true system and the
auziliary system (increase N, T, or N,T,). Theorem 2.3.1 is an improvement over the result
in [23], since Theorem 2.3.1 shows that one can reduce the error due to noise by increasing
either the number of rollouts or the length of these rollouts (or both), whereas the result in
[23] only shows the error due to noise can be reduced by increasing the number of rollouts.
The dependence on /n+ p is due to the dimension of the system model we wish to learn.
The error due to model difference depends on how similar the two systems are, and becomes
smaller if the auzxiliary system is more similar to the true system (smaller ||dg||), or if there
are more samples from the true system than auzxiliary system (increase N, T, ). Consequently,
one can observe that increasing the number of samples from the auxiliary system helps to
reduce the error due to noise, at the price of adding a portion of error due to model difference
(note that the error due to model difference is always bounded when we increase N, or T, ).
In particular, when the two systems are exactly the same, i.e., ||0g|| = 0, Theorem 2.3.1
recovers the learning rate O(m), which qualitatively matches the learning rate as
reported in [18], when all samples are generated from the same system.

When the two systems are both marginally stable, one can see that the error due to noise
can still go to zero as T,,T,, increase, since the term ¢ grows at most polynomially with
respect to T,.,T,. However, the error due to model difference may amplify as T, increases.
We provide a slightly refined bound for large N)T,, in Theorem 2.3.2 to capture this case.

The benefits of collecting multiple trajectories: The existing literature has shown that the
multiple trajectories setup has the benefit of handling unstable systems (when all samples are
collected from the true system), since restarting the system from an initial state prevents the
system state from going to infinity over time [13]. This benefit is captured by our result. In
particular, fizing T,,T,,q, one can observe that the error due to noise always goes to zero
as we increase N, or N,, irrespective of the spectral radius of the two systems, since the

parameter ¢ is bounded. Further, the error due to model difference always goes to zero as
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we increase N,, and remains constant as we increase N,, again irrespective of the spectral
radius of the two systems.”

The selection of weight parameter q: In practice, selecting a good weight parameter q
based on Theorem 2.5.1 requires an oracle, since one has to know the specific values of the
different parameters in Theorem 2.8.1. Further, due to the different realizations of random
variables, the optimal weight might differ at each experiment. A commonly used approach
for tuning parameters in the training process is to leverage a cross-validation process (see
[27] for an overview). In section 2.3.2, we also provide a data-dependent bound, which is
computable and can help one to select a good value of q based on data. However, general
guidelines can be given based on the upper bound provided by Theorem 2.5.1 when N, or T,

is large and ||dg|| is small, supposing that the two systems are strictly stable (for simplicity):

o When N, T, is small, we can set q to be relatively large to make sure that the first term
in the error bound is small (use the auxiliary data to reduce the error due to noise).
Consequently, the error bound is essentially dominated by the second term, which is
small if the two systems are similar. This corresponds to the case where we have little
data from the true system, and thus there may be a large identification error due to
using only that data. In this case, it is worth placing more weight on the data from
the auxiliary system, up to the point that the reduction in estimation error due to the

larger amount of data is balanced out by the differences between the systems.

o When N,T, is large, we can decrease q to reduce the second term as well, since the
first term is already made small enough. This corresponds to the case where we have a
large amount of data from the true system, and only need the data from the auxiliary
system to slightly improve our estimates. In this case, we place a lower weight on the
auxiliary data in order to avoid excessive bias due to the difference in the dynamics of
the two systems.

Furthermore, Theorem 2.3.1 demonstrates how the weight parameter should scale. For ex-

ample, it can be verified that one can set q = O(ﬁ) to ensure consistency, when N, grows

54In fact, the literature has shown that unstable systems that satisfy a certain regularity condition can also
be consistently estimated using a single trajectory [11]. It would be interesting to capture that in our setup
in future work.
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linearly with respect to N, (when T,,T, are fived). These ideas will also be illustrated exper-

imentally in Section 2.4.

Finally, the following corollary of Theorem 2.3.1 provides a sufficient condition under
which using the data from the auxiliary system (setting g # 0) leads to a smaller error
bound compared to using data only from the true system (setting ¢ = 0), when both the

true system and the auxiliary system are strictly stable.

Corollary 1. Suppose that both system (2.1) and system (2.2) are strictly stable, i.e., p(A) <

A

1 and p(A) < 1. Consider the estimation error bound provided in Theorem 2.3.1. Suppose

that q satisfies the following inequality:

aw\/log %+ (n+p) log(]f’,ng(r‘?z +1)

VN, T,

N max(%2, aﬁ])\/log %+ (n+p)log(& +1) (2.10)
Npré\Q
y
+ |0 || —=,
| ®H20§2

where ( = min(@t, f), and v is any positive constant that satisfies

max (33(tr(G,) +p)(i log(?;) +1)0 000

33(tr(G) + ) (- 0g(3) + 1)5%,) <7

for all t > 0. Then the resulting error bound will be smaller than the error bound obtained

using q = 0.

Remark 3. Interpretation of Corollary 1. Note that v always exists since tr(Gy) and
tr(Gy) are bounded for strictly stable systems (see Proposition 2.6.2 in section 2.6). We
also note that the above condition might be conservative, and may not be easily checked in
practice since it involves unknown parameters. However, we describe the insights provided
by this condition here. One may observe that condition (2.10) is more likely to hold if ||del|

is small (the true system and the auziliary system shares “similar” dynamics), and N,T,, is
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large (one has abundant samples from the auziliary system), as these conditions can make
the right hand side of the inequality smaller. In other words, the auxiliary samples tend to
be more informative in such cases. In contrast, condition (2.10) is less likely to hold if N, T,
is large, since it will make the left hand side of the inequality smaller, i.e., if we already have
a lot of samples from the true system, then the auxiliary samples tend to be less informative.
The effect of the noise can be quite subtle, since it shows up in various places. However,
loosely speaking, having a smaller oy while assigning higher weight ¢ may still help to make
the right hand side of the inequality smaller by making the term max("—lf], o) smaller, when
the terms f and ¢ are not affected too much. In other words, we might be able to benefit
from the auziliary system if the auxiliary system is not too noisy, and if we attach enough

importance to the auziliary samples.
The following result is a slightly refined bound for large N,T,,.

Theorem 2.3.2. Under the same conditions in Theorem 2.53.1, with probability at least

1 — 56, the weighted least squares estimate Oyrrs from Algorithm 1 using A = 0 satisfies

20 max(0y, \/705)/log & + (n + p) log(9)

OwLs — O < = =
\/NrTrCQ + q]\/vapC2
Error due to noise (211)
339(9)
+ 10e[(1 + )

N,T,(2 4 gN,T,¢?

Error due to difference between true and auxiliary systems

Remark 4. Theorem 2.3.2 yields a tighter bound when N,T, is large. Fizing q > 0, it
can be observed that the error bound converges exactly to ||do|| as T, increases, when the
auziliary system is marginally stable or strictly stable (p(A) < 1), since the ¢ term grows
at most polynomially with respect to T, and the error due to model difference converges
to ||de||. Further, the bound converges exactly to ||d| as N, increases, irrespective of the
spectral radius of the system. In other words, one is essentially learning the dynamics of the

auxiliary system when we use a lot of auxiliary samples.
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2.3.2 Data-dependent Bound

In this section, we provide a data-dependent upper bound of the system identification
error using Algorithm 1, assuming A > 0. The regularized solution with strictly positive A
helps us to establish the data-dependent bound, and provides the user with more flexibility to
tune the estimate in practice. The bound is computable when some prior knowledge about
the systems (as will be discussed below) is available, and applies to more general input
and noise. One can also use it for the selection of weight parameter ¢ and regularization
parameter A in practice (by selecting the weight parameter ¢ and regularization parameter

A that give a smaller error bound).

Theorem 2.3.3. Consider the systems (2.1)-(2.2), where the random vectors wy, uy, To, Wy,
1y, Zo are independent, and W, W; are sub-Gaussian with parameters o2 and 0%, respectively,
forallt>0. Fizqg>0,A\>0, and § > 0. Let V = M,y, and V = (ZQZ' +V)V~1. With
probability at least 1 — 0, the reqularized weighted least squares estimate Oy s obtained from

running Algorithm 1 on the above systems satisfies

max(oa, /oo)y/ 2 (log % + §logdet(V))

Owrs — O <
VAmin(ZQZ + M,y)
A A _ 2.12
el Z21(2Q2Z + Muep) | (2.12)
A
e .

Remark 5. Practically, one can compute the error bound in Theorem 2.3.53 using various
different q and X\, and choose a value of ¢ and X\ that give the smallest error bound. We
will illustrate the selection of q in Section 2.4. Note that the model difference term ||de||
in (2.12) can be replaced by an upper bound on the difference between the models (if that
is available). In practice, an appropriate upper bound of the term ||dg|| could be obtained
using prior knowledge or previous estimates from data. For example, if one knows that
an auxiliary system is different from the true system only in certain subsystems, where the
entries are restricted to a fized range, that information can be used to compute an upper bound

of ||0el|. Also, the difference between the subsystems of the true system and the auxiliary can
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be estimated from data using any existing techniques (e.q., least squares method). This may
be helpful if doing experiments on the subsystems is easy. The bound on ||©|| can be obtained
similarly using prior knowledge (e.qg., using known range on entries). The noise distribution
of the two systems and their corresponding sub-Gaussian parameters can also be estimated

from data [28].

2.4 Numerical Experiments to Illustrate Various Scenarios for System Identi-
fication from Auxiliary Data

In order to validate our main results in Theorem 2.3.1 and Theorem 2.3.3 and gain more
insights, we now provide numerical examples of the weighted least squares-based system
identification algorithm (Algorithm 1). All of the numerical results are averaged over 10

independent experiments.

2.4.1 Predetermined weight

In this section, we provide numerical experiments using various predetermined weight
parameters ¢q. Such a situation may occur if we have a firm belief that the auxiliary system
has similar dynamics to the true system, but upper bounds on ||dg||,o05 and oy are not
available. Setting A = 0, the experiments are performed using the following true system and

auxiliary system:

0.6 05 04 1 05

A=10 05 04|, B=1lo5 1], (2.13)
0 0 04 05 0.5
07 05 04 11 05

A=10 05 04|, B=lo5 1. (2.14)
0 0 04 05 0.5

We set g, T, Uy, Uy, Wy, Wy to be zero mean Gaussian random vectors with covariance matrices
being identity matrices. The model difference of the above two systems is ||0g|| &~ 0.1414. The
numbers of rollouts NV, and N, are set to be 1. We provide experiments to illustrate various

scenarios, including those we mentioned earlier in Section 2.1. Note that the experiments in
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this section are conducted by varying the lengths of the trajectories from the two systems,
while the experiments in [23] are performed by varying the number of trajectories from the

two systems.

2.4.1.1 Scenario 1: Both 7, and 7}, are increasing

In the first experiment, we set the length of the trajectory from the auxiliary system be
T, = 3T,. In practice, one may encounter such a scenario when gathering data from the true
system is time consuming or costly, whereas gathering data from an auxiliary system (such
as a simulator) is faster or cheaper.

In Fig. 2.1, we plot the estimation error ||© — Oy 1g| versus 7T, using different weight
parameters ¢q. As expected, when one does not have enough data from the true system (7,
is small), setting ¢ > 0 leads to a smaller estimation error of system matrices. However,
the curve for ¢ = 1 and g = 10'° (corresponding to treating all samples equally and paying
almost no attention to the samples from the true system, respectively) eventually plateau
and incur more error than not using the the auxiliary data (¢ = 0). This phenomenon
matches with the theoretical guarantee in Theorem 2.3.1. Specifically, when ¢ is a nonzero
constant and both 7, and 7, are increasing in a linear relationship, it can be verified that
the upper bound in Theorem 2.3.1 will not go to zero as T, increases. In other words, there
is no need to attach high importance to the auxiliary data when one has enough data from
the true system. In contrast, setting ¢ to be diminishing with 7} could perform consistently
better than ¢ = 0 in this example, even when 7, becomes large. Indeed, one can choose
q= (’)(\/%) in the upper bound given by (2.9) in Theorem 2.3.1, and show that the upper
bound becomes O(\/%)

Key Takeaway: When T}, and 7, are both increasing linearly, having ¢ diminish with
T, with a rate of O(ﬁ) helps to reduce the system identification error when 7, is small
(by leveraging data from the auxiliary system), and avoids excessive bias from the auxiliary

system when T is large.
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T, and T}, increase over time
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Figure 2.2. Scenario 2: T,
is fixed, and T, increases over
time. Having ¢ diminish with
T, could reduce the error when
T, is small, and avoid un-
wanted bias from the auxiliary
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Figure 2.3. Scenario 3: T,
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2.4.1.2 Scenario 2: T, is fixed but 7, is increasing

For the second experiment, we fix the number of samples from the auxiliary system to
be T, = 2400, and look at what happens as the number of samples from the true system
increases. In practice, one may encounter such a scenario when the system dynamics change
at some point in time (e.g., due to faults). In this case, the true system we want to learn is
the one after the fault, and the auxiliary system is the one prior to the fault. Consequently,
while the data from the old (auxiliary) system may not accurately represent the new (true)
system dynamics, leveraging the old data might be beneficial in this case.

In Fig. 2.2, we plot the estimation error versus 7, for different weight parameters q.
As expected, setting ¢ > 0 leads to a much smaller error during the initial phase when
T, is small. This can be confirmed by Theorem 2.3.1 since the overall estimation error is
essentially the error due to the model difference. Namely, the auxiliary data helps to build
a good initial estimate when T; is small. When we set the weight to be ¢ = 10'°, we are
paying little attention to the samples from the true system, i.e., we are not gaining any new
information as we collect more data from the true system. Consequently, the error is almost
a flat line as 7, increases when ¢ = 10'°. As can be observed from Theorem 2.3.1, when
T, is fixed, we can always make the error go to 0 as we increase 7T;, using the weights we
selected in this experiment. However, when ¢ is set to be too large, it could make the error
even larger due to the model difference (or bias) introduced by the auxiliary system. This
is captured by Theorem 2.3.1 since when ¢ is set to be too large (such that ¢7), is large
compared to 7)), even when T, becomes larger, the second term in the error bound (2.9)
(capturing model difference) is still large.

Key Takeaway: When 7}, is fixed and large, and 7, increases over time, setting ¢ to
be nonzero builds a good initial estimate for the true system dynamics when we have little
data from the true system. Again, having ¢ diminish with 7, could reduce the system
identification error when T, is small, and avoid unwanted bias from the auxiliary system

when T, is large.
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2.4.1.3 Scenario 3: T, is fixed but 7, is increasing

In the last experiment, we fix the number of samples from the true system to be T, = 50.
As discussed earlier, one may encounter such a scenario when one has only a limited amount
of time to gather data from the true system. Consequently, leveraging information from other
“similar” systems (e.g., from a reasonably accurate simulator) could be helpful to augment
the data. This is the most subtle case, since Theorem 2.3.1 does not ensure consistency
when T, is fixed.

In Fig. 2.3, we plot the the estimation error versus 7}, using different weight parameters
q. As it can be seen, setting ¢ = 0 (not using the auxiliary samples) gives a flat line, which
represents the error we can achieve purely based on 7, = 50 samples from the true system.
When g = 10'°, we are paying little attention to the true system, and essentially learning
the dynamics of the auxiliary system. In contrast, the results for ¢ = 1,0.6, 0.3 suggest that
setting a relatively balanced weight ¢ to the auxiliary data could make the error smaller than
the two extreme cases (¢ = 0,10'°) in this example. However, in practice, one may want to
leverage a cross-validation process to tune the hyper-parameter ¢, when there is not enough
prior knowledge about the dynamics of the true system and the auxiliary system.

Key Takeaway: Although consistency cannot be guaranteed when 7, is fixed and T,
increases over time, a relatively balanced g could make the error smaller than the extreme

cases (¢ = 0,10').

2.4.2 Selecting weight based on Theorem 2.3.3

In this section, we study selecting the weight parameter ¢ using Theorem 2.3.3 using a
fixed regularization parameter A. We plot the true error ||© — Oy rg|| and the theoretical
data-dependent bound in Theorem 2.3.3 as a function of weight parameter ¢ varying from
0 to 2, where the increment is set to be 0.01. This corresponds to the situation where some
upper bounds on ||dg|,05 and oy, are available (as discussed in Remark 5). We set the
confidence parameter to be § = 0.01, and all other parameters in Theorem 2.3.3 are assumed
to be known exactly for simplicity. The system matrices of the true system and the auxiliary

system are set to be
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0.6 0.5 0.4 1 05

A=10 05 04|, B=105 1], (2.15)
0 0 04 05 0.5
07 05 0.4 1+A 05
A=10 05 04|, B=1] 05 1]. (2.16)
0 0 04 05 05

We set the regularization parameter to be A\ = 1. We set xg, Zq, Uy, Uy, Wy, W; to be zero
mean Gaussian random vectors, where the covariance matrices of xg, Zg, us, Uy are set to be
identity matrices. The trajectory lengths are set to be 7, = 10,7, = 50, and the number
of trajectories from the auxiliary system is set to be N, = 20. The covariance matrices of

wy, Wy are set to be 021,1,,031,.p, and the values of A, 0,04, N, are specified under the

figures.
0.70 0.70
0.60 0.60
0.50 0.50
0.40 0.40
030 0.30
——DBound in Theorem 3 ——DBound in Theorem 3
—||Owrs — © —||Owrs — ©
0.20\ 1Owe | 020 Owr I
0 0.5 1 1.5 2 0 0.5 1 15 2
q q
Figure 2.4. Baseline case 1: Figure 2.5. Baseline case
A =010 =04 = 1,N, = 2. A = 01l,05 = 1,04 =
20. An intermediate value of 1.1, N, = 19. An intermediate
weighting parameter ¢ is opti- value of weighting parameter ¢
mal is optimal

As can be seen in Fig. 2.4 and Fig. 2.5, setting ¢ to be non-zero could result in smaller
error bounds, which show the benefits of leveraging the auxiliary data. However, for the

values of the weight ¢ we plotted, the optimal weights that obtain the smallest error bounds
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1.00
——DBound in Theorem 3
1.00 — | Owis — 9|
——DBound in Theorem 3
—[Owis — O
0 0.5 1 1.5 2 0 0.5 1 15 2
q q

Figure 2.6. Large model dif- Figure 2.7. Noisy auxiliary
ference: A = 3,05 = 05 = system: A =0.1,05 = 1,04 =
1, N, = 20. In this case, it is 5, N, = 20. In this case, it is
optimal to not use data from optimal to not use data from
the auxiliary system (¢ = 0) the auxiliary system (¢ = 0)

in Theorem 2.3.3 do not align with the optimal weights ¢ that minimize the true error
|© — Owrs||. Such mismatches could be due to the conservativeness of the bound. On the
other hand, the optimal weight from the bound still captures how the true optimal weight
should scale. As can be seen in Fig. 2.6, Fig. 2.7, and Fig. 2.9, the optimal weight for both
the bound and the true error tend to be small when (1) the model difference is large; or
(2) the auxiliary system becomes much more noisy; or (3) when one has a large number of
samples from the true system. Such empirical results also match with our observations in
Corollary 1 when A = 0. In Fig. 2.8, both the optimal weight from our bound and the true
optimal weight are greater than 1, since the true system is very noisy and hence the data
from the true system tend to be less informative compared to the data from the auxiliary
system. We further note that, in practice, selecting the exact optimal weight ¢ that minimizes
|Owrs — ©]| is very hard, and one would instead focus on selecting a relatively good weight
q. The weight that results in a small error bound can be integrated with techniques like

robust control to improve the overall system performance guarantee.
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0.16
0.14
0.12
0.10 ——DBound in Theorem 3
1.00 0-08 — | Owis — 9|
——DBound in Theorem 3 0.06
—||Owis — O]
0.04 /
0 0.5 1 1.5 2 0 0.5 1 15 2
q q
Figure 2.8. Noisy true sys- Figure 2.9. Large number of
tem: A = 0.1,05 = 5,04 = true samples: A = 0.1,05 =
1, N, = 20. In this case, it is op = 1,N, = 1200. In this
optimal to assign higher weight case, it is optimal to not use
to the auxiliary system (¢ = 2) data from the auxiliary system

(g=0)

2.5 Chapter Summary

In this chapter, we provided finite sample analysis of system identification using a weighted
least squares approach, when one has an auxiliary system that shares similar dynamics as the
true system we want to learn. The analysis improves the result in [23] as we show the error
due to noise can be reduced by increasing either the number of trajectories or the trajectory
length of the true system and the auxiliary system, or both. Our analysis provides insights
on the benefits of using the auxiliary system, and how to weight the data from the auxiliary
system. We also provided a data-dependent bound that is computable when some prior
knowledge about the systems is available, which is tighter and can be used to determine the
appropriate weight parameter in the training process.

There are various directions for future research. First, as shown in [11], [12], the least
squares estimator is consistent for certain types of unstable systems even if multiple trajec-
tories of data are not available. It would be interesting to study how to capture that in our
analysis. Second, it would be of interest to relax the conditions on the full rankness of the

covariance matrix of noise/input in our setup such that one could handle systems with longer
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memory. Another interesting direction is to develop lower bounds for such transfer learning-
based system identification methods, which could potentially enable the development of an
optimal estimator. Some possible approaches are to leverage assumptions like sparsity [20]
or prior knowledge, e.g., known auxiliary system model. Finally, studying how to leverage
the idea of learning from similar systems/transfer learning in control-related problems would

also be a rich area for future research [29].

2.6 Proofs of Results

2.6.1 Intermediate Results

We will leverage the following Hanson-Wright inequality to upper bound the terms || ZZ'||
and || ZZ'|].

Lemma 1. [30, Theorem 1.1] Let X = {Xl ,,-Xn}, € R" be a random vector with
independent components X; which satisfy E[X;] = 0 and || X; ||y, < K, where || - ||y, denotes
the sub-Gaussian norm, i.e., | X;|ly, = inf{¢ > 0: E[exp(X?/¢?)] < 2}. Let A be an n x n
matriz. Then, for every t > 0, we have

12 t

P(|X'AX —E[X'AX]| > t) < 2exp(—comin , ,

where ¢y is some positive universal constant.

We have the following result.

Lemma 2. Let Assumption 1 hold. For any fized é € (0, %), each of the following inequalities

holds with probability at least 1 —§:

N, T,—1

132> Zz] < (o),

i=1 t=0

N, Tp—1

122> 220 < §(9),

i=1 t=0

where
T,—1

9(0) = N, 3= (1(G0) + ) 08 ) + 10
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T,-1

. < A 1 2 .

9(6) = N, > (tr(Gy) +p)(g 10%(5) +1)67 40
=0

and c is some positive constant.
Proof. We will only show the first inequality since the analysis for the second one is essentially

!
the same. Let Z%T = {le . ZN"/"} € ROFPINT: where Z = {56/

fori=1,...,N,.. We have

!
=i (n+p)Tr
Zp eR

Ny Tr—1 Ny Tp—1 N
—i i =il =i 7 Ny
| Z Z 77 || < Z Z Z 2 =1Ly 2y (2.17)
i=1 t=0 i=1 t=0
Note that we have
Zp/ 2 < ElZy 23] + |270 2 — B[22 (2.18)

Now we will upper bound the two terms after the inequality in (2.18). We consider the term
E[Z4y7 Z4"] first. Let

(n+p)Tr X (n+p)Tr

H:[Hl HQ}eR ,

where H; € RPT-xnTr jg defined as

1, 0 0 0 0 |
0 0 0 0 0
A I, 0 0 0
0 0 0 0 0
Hy = | A2 A I, 0 0 |,
0 0 0 0 0
AT—1  ATr—2  ATr—3 A I,
0 0 0 - 0 0 |
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and Hy € ROFPTxPTr ig defined as

0 0 0 0 0
I, 0 0 0 0
B 0 0 0 0
0 I, 0 0 0
Hy=| AB B 0 0 0 |,
0 0 I, 0 0
AT—2p AT—3B AP B 0
0 0 0 e 0 I, |

where we use 0 to denote zero matrices with appropriate dimensions. Further, let H =

/
diag(H, -+ ,H) € ROFPINTXMADNT and g = |41 g2 ... ¢M| € ROUPNT - where

/
g’ = |z wy - ”LT)%_Q upy - ﬂ%q € ROPT for j = 1,..., N,. With these defini-
!/
tions, we have Hg = [Zl' . ZNﬁ} = Zé\{:, and hence
Z%’CZ%’" = ¢H'Hg = tr(¢H'Hyg) = tr(g¢HH). (2.19)

Taking the expectation, and from the relationship tr(AB) < A4 (A) tr(B) for real symmet-
ric A and real B = 0 [31], we have

E[tr(g¢'HH)] = tr(E[gg' |H'H) < |[E[gg']|| tr(H'H)

=2 tr(HH) =52, N, tr(H' H)

max

=52 INo( TZ_(:) tr(Gy) + TX__: tr(1,)) (2.20)

Tr—1

= OmazNr D (t1(G) +p),

t=0
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where G is defined in (2.8). Now we consider the term |Z¥TT,Z%”' - E[Z%Z%”'] in
From (2.19), we have

(2.18).

|y 725 — B[Zy 72| = |¢ H'Hg — E[¢'H'Hg]|.

From [32], we have each component of g has sub-Gaussian norm that is upper bounded by
4G mar- We can apply Lemma 1 to the above term with the replacement of ¢q by min(1, ¢o)

to obtain
P(l¢H'Hg — E[¢'H'Hg]| > t)

C()t2 C()t ))
25607, |[HH|3 1652, |H'H|| (2.21)
Ct2 ct

HH[ 7, [H]

max

< 2 exp(— min(

< 2exp(— mln(

max |

(0]
where ¢ £ R

Fixing § € (0, 2) and setting ¢ = 1 log(3)a2,,, tr(H'H), we have

max

2 !
SRR = o vy, o)
> (10g(§))2 > 1og(§),
and .
rrmxthI_I/I_IH N log(2)tﬁ§{/H||) = log(i)

where we used the fact that |H'H| < |[H'H|r < |H||% = tr(H'H).
Combining the above inequalities with (2.21), we have with probability at least 1 — ¢

2328 — B(zy 23

= |¢H'Hg — E[¢'H'Hg]|

1 2
< —log(= HH
<- og<5> 2 tr(HUH)
1 Tr—1

Clog a2 N, Z (tr(G
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Consequently, considering the above inequality in conjunction with (2.20), and from

(2.18), we have with probability at least 1 — o

Tr—1
/ 4 - 1 2 _
Z 2 < Ny Y (1x(Gh) 4+ p)(C 10g(5) + 1)
t=0

]

Remark 6. The constant ¢ in Lemma 2 depends on the constant cy in the Hanson- Wright
inequality in Lemma 1. Attempts to explicitly characterize ¢y can be found in [83], [34]. One
can also derive similar upper bounds using the Markov inequality to get rid of the constant

¢, but at the price of having linear dependence on ¢ in the denominators of the bounds.

We will leverage the following definitions on e-net and the block martingale small-ball

conditions in [7].

Definition 2.6.1. Let (T,d) be a metric space. Consider a subset K C T and let e > 0. A
subset N C K is called an e-net of K if every point in K is within distance € of some point
of N, i.e.,

Ve e K 3rg € N :d(z.zp) <e.

Definition 2.6.2. [7, Definition 2.1]) Let {Z;}i>1 be a {Fi}i>1-adapted random process
taking values in R. We say {Z;}1>1 satisfies the (k, v, p)-block martingale small-ball (BMSB)

condition if, for any j >0, one has 1 S5y P(|Z;+:| > v|F;) > p almost surely.

The following result establishes a lower bound of the smallest eigenvalue of the sample
covariance matrix for general time series, leveraging the above definitions, a concentration
inequality in [35], and the ideas in [36]. Note that we use v(i) to denote the i-th component

of a vector v.

Lemma 3. Let {l;}+>0 be a sequence of random vectors that is adapted to a filtration {F}i>o,
where I, € RY.  Let {m}ti>1 be another sequence of random wvectors such that n is Fi-
measurable, where n; € R Further, suppose 11| F; has zero mean and independent co-

ordinates, where each coordinate has bounded fourth moment for all t > 0. Suppose that

Elne+1 ()4 Fe]

E[nt+177£+1|f.t] t 0_727[d7 and maxij<;<d W

< ¢, for all t > 0, where o,,c, € Ryy.
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Let ¢ = 72, where ¢ is a positive absolute constant. Define the sequence z;11 = l; + N1

cicy’

for t > 0, where zy € RY. Fiz § > 0 and a constant M > ¢ (Tlpﬁ Y such that it holds

I 120 zez]| < M with probability at least 1 — 5. Then, if T > 8cic2(log 2 +dlog C21(4£;41N[1))+ 1,

we have with probability at least 1 — 9,

¢G(T—1)

T-1
/
Z 2z = —————=1.
= 32
Proof. Note that for any fixed v € S~ ! and ¢ > 0, we have
V' 21| Fy = V'l | Fy + g |
From Proposition 2.6.3, we have

o] >y 21 F) > —
-V 2 T X ¢y

almost surely. Since the scalar process {v'z}:>1 is adapted to the filtration {F;}:>1, the

above inequality implies that v'z; satisfies the (1, V2o, ) BMSB condition (see Definition

2 ’c><c

2.6.2). Denoting m = <2(1T6 U we can now apply Lemma 11 to obtain

P(i@/zt)z <m) < eXp(ﬂ

t=1

8cic? )
¢(T - 1))d) (2.22)

)
< exp(log 3 + log( VLY

),

0. m

=32'on

where the last inequality is due to our assumption that T > 8c3c (log 5 +dlog 4214;]”1)) + 1.

Since M > m, we can let N(72-) be a {2~ net of S9! with the smallest cardinality (see

Definition 2.6.1). From Lemma 6, we know that there are at most (2£)? elements in N (22 ).
Applying a union bound to combine the events in (2.22) for all v € N(jj;), we have with
probability at least 1 — g

mm szt >m. (2.23)
4]%
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Note that for any realization of the matrix Y/ 22/, we can fix a v* € 8" such that

Amin(C1oy 2e21) = Yoo v* 2ezjv*, and let vy € N({2) be a vector such that [[v* — v < 2,

to obtain .
Aimin Z 22,) = Z vy + v* — vg) ze2; (v + v — )
=0
T-1 T-1
=Y vpzzve + Y vhzz (0" — vg)
t=0 t=0
T-1 T—1
+ > (0" = o) zzvo + (V5 — v) 2z (V" — o)
t=0 t=0
T-1
>
=4 (Uozt T oM || Z zez|
T-1
>
Z 2 (vp2e)? 2M|| Z zpz|

T-1 mTl

> min > (v'z)? —WHZth'tH
=0

veN(£57) 11
Applying a union bound to combine the event || S7°' 2,2/|| < M and the event in (2.23), we

have with probability at least 1 — ¢,

Amin Zztzt 2% C2(7;)2—1)
O
We have the following result.
Proposition 2.6.1. Let Assumption 1 hold. Denote ( = ‘Z’g: 5 ‘Z’g", where c1 s
a positive absolute constant. Fizing 6 € (0,1), suppose that N, T, > 8c3 (log% (n +

144g(2) A 1443(3) ] T
P)log mrry) + 1 NyT), = 8ci62(log 2 + (n +p) log masp) + 1, 9(3) 2 S50, and

9(%) > C(N’ii?’, where §(2),9(3) are defined in Lemma 2. Then, we have with probability

at least (1 — §)? )
(N, T, — 1)(* + q(N, T, — 1)¢?
32

ZQ7 - Lty
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Proof. We have

o R Nr Tr—1 , Np Tp—1 iy
Q7 =27'+q22' =3 % 25 +q3. % s (2.24)
i=1 t=0 7j=1 k=0

We now focus on the first summation in (2.24) since the analysis for the second one is

essentially the same. We can define the sequence {z}:>o as

z} if 0<t<T, -1
g if T, <t <27, -1
2 =

Zp o if 2T, <t < 3T, —1
where zj' for @ > N, and b = 0,...,7, — 1 are generated using the same way as z; for
a=1,...,N,and b =0,...,T, — 1. In words, z; is the sequence formed by concatenating
the sequence {z}}775", {22}, . . .. The sequences {w; };>0 and {u; };>o are defined similarly
using the signals w! and u!. Further, we define the sequence {;};>0 as ¥, = 74", where 7§
for a > N, are generated using the same way as z{j for a = 1,..., N,. With these definitions,
we have

N, Tr—1 N, T,—1

Z Z EZEZ/ = Z 242,
t=0

i=1 t=0

We now verify the conditions in Lemma 3. Note that for t satisfying ¢ > 0 and (¢ +

1) mod T, # 0, we have

®Zt Wt
241 = +
0 Utt1

For ¢ satisfying ¢ > 0 and (¢ + 1) mod T, = 0, we have

T+l
Zt4+1 =
Ut+1
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Oz w
Let [, = "| and Myl = " for ¢t satisfying ¢ > 0 and (t+1) mod T} # 0. Similarly,

0 Utt1
Xtt1
let [ = 0 and 1 = 7| for t satisfying ¢ > 0 and (¢t + 1) mod 7,, = 0. Define the
Utt1

filtration {F;}>0, where F; = o({li}i=o U {n;}’=1). We have [, is Fi-measurable for t > 0,

Ene41(1)*| 7]

Eines (0777 = 0 for

min

is Fy-measurable for ¢ > 1, E[ni1m; 1 |Fi] = 020 Intp and maxi<i<np)
t > 0 due to our assumption.

Fixing § € (0,1), from Lemma 2, we have || 770"~ 22| < () with probability at least

1 — 2. Consequently, letting N, T} > 8c?52(log 2 5+ (n+p)log ﬁ%ﬁ))) + 1, we can apply
Lemma 3 to get
i iy (N T, — 1)¢?
Z 32 In""p
i=1 t=0 t=0

with probability at least 1 — . Applying a similar procedure for the second summation in

(2.24) and leveraging the independence of data, we have with probability at least (1 — )2

N — N, Tp—1 _2 A2

2ol L (NT = 1)C A+ g(N,T, — 1)¢
IPIEEEED 3 SRS )z;pp)%p
i=1 t=0 7j=1 k=0

[]

We will use the following lemma, which provides an upper bound for self-normalized

martingales.

Lemma 4. ([37, Theorem 1] ) Let {Fi}i>0 be a filtration. Let {w;}i>1 be a real valued
stochastic process such that wy is Fi-measurable, and wy is conditionally sub-Gaussian on
Fi_1 with parameter R?. Let {zt}1>1 be an R™-valued stochastic process such that z; is Fp_1-
measurable. Assume that V' is a m x m dimensional positive definite matriz. For all t > 0,
define

V.=V + Z 2s2h, Sy = Z WeZg.

s=1

Then, for any 6 > 0, and for all t > 0,

N[

det(V,?) det(V 2

: y>1-4

_ 1
P(||V, 25> < 2R?log(

o1



The following lemma generalizes the above result to the case where w; is multi-dimensional,
and will be used to bound the error term |[WQZ'(ZQZ')"2|. The proof is similar to [36,
Proposition V.4].

Lemma 5. Let {F;}i>0 be a filtration. Let {w;}i>1 be a R"-valued stochastic process such
that wy is F;-measurable, and w, is conditionally sub-Gaussian on F,_, with parameter R2.
Let {z}1>1 be a R™-valued stochastic process such that z is Fi—i-measurable. Assume that

V' is a m x m dimensional positive definite matrixz. For allt > 0, define

t t
V.=V + >zl Sp =zl
s=1

s=1

Then, for any § > 0, and for allt >0,

_ 1 32 gn 1 B
PV, 28 < \/9R2(10g5 + §1ogdet(VtV_1)) >1—0.

Proof. We have

_ 1 _ 1 t I
Ve 28 = 1V; 2 Y- zawi]l = sup ||V %) zawiol.
s=1

s=1 vesSn—1

Note that for any fixed unit vector v € S*~!, the random variable w,v is conditionally sub-

1_

Gaussian with parameter R?. Let N(i) be a 1- net of §*~! with the smallest cardinality

(see Definition 2.6.1). From Lemma 6, we know that there are at most 9" elements in N ().
For any fixed 6 € (0,1) and v € N(i), we can apply Lemma 4 to obtain with probability at
least 1 — &

gn

0" det (V;2) det (V%)

_ 1 t
17,43 ol < 2R o

s=1

n 1 _
— 2R (log 95 + 5 logdet(ViV ™))
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Applying a union bound over all 9" events, from Lemma 7, we have with probability at

least 1 — ¢
— -1 ! 4 -1 /
1V, 2§:Zﬂ%Hf£§'SuQ 1V; %) zawg
s=1

s=1 UEN(Z)

2 noo1 —~
< \/3R2(log 95 + 3 log det(V;V—1).

9
[
2.6.2 Proofs of Theorem 2.3.1
Proof. Recall that the system identification error in (2.7) (using A = 0) satisfies
|Owzs — Ol < (2Q2))~: 2QW'||I[(2QZ") 2| .

+1AQZ'[I(2Q2") I,

under the invertibility assumption. Let N, T}, N, T}, 0 satisfy the conditions in Theorem 2.3.1,
and let V = %?‘W]%p. From Proposition 2.6.1, we have with probability at least
1—26

ZQZ =V, (2.26)

conditioning on which we have
_1 _1
12QZ") 2| < [IV™2], (2.27)

N, Tr—1)24q(Np Tp—1)E2

Ny TrC2+4qN, T, (2 .
5 53— when min{ N, T;,, N, T,,} >

v

where we used the relationship (
33 in (2.26), and Lemma 8 in conjunction with Lemma 9 for (2.27).

Further, conditioning on (2.26), we also have ZQZ' = V = 2ZQZ' = ZQZ' +V =
(ZQZ") 1 =22(ZQZ" + V)~ !, where we used Lemma 8. Applying Lemma 10, we have

1(Z2QZ) "2 Z2QW'|| < V2|[(2QZ' + V)~2ZQW'|. (2.28)
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Next, to use Lemma 2, we define a new pair of sequences {z:}+>1 and {w;}:>1 using the

signals used in the terms ZQZ' = YN STt zizd + qu-V:pl ZZQ_OI éiéi/ and ZQW' =

N, Tr—1 i i’ Ny Tp=1 55 ~j' ;
2t Xito Zwp a0 Yy Gy - That s,

Z it 1<t<T,
Zi 11 it T, +1<t<2T,
Z or 1 it 27, +1<¢<3T,
— J =N, .
S AN it (N,—1)T,+1<t<N,T,

V@i_N 11 it NI, +1<t<NT,+T,
V@ N1, i NI4T, +1<t < N,T. +2T,

VN1 —or,—1 i NI 42T, +1 <t < N, T, + 3T,

and
Wi, if 1<t<T,
WF_p 4 if T, +1<t<2T,
W_or, 1 if 2T, +1<t<3T,

in_T'(NT_l)TT_l if (N, —1)7T,.+1<t<N,T,
NG if NI, +1<t<NT.+1T,
VIO N _p, o i N 4T, +1 <t <N, T, 42T,

VA N g op, 1 if N T 42T, +1 <t < N, T, +3T,

where /g%y, \/qy for a > N, and b = 0,...,T, — 1 are generated using the same way as
Vacy, /qy fora=1,...,N,and b =0,...,T, — 1.

Consequently, we have
N, T, +N,T,

ZQZ' = > oz

t=1

and
Ny Tr4Np T

ZQW'= > zuw.

t=1

o4



Now define the filtration {F;}>0, Where F; = o({zi1}i—gU{w;}5—,). With these definitions,
we can see that the noise terms w; are F;-measurable, and wy|F;_; are sub-Gaussian with
parameter max (o2, qo2) for all ¢ > 1. Consequently, we can apply Lemma 5 to obtain with

probability at least 1 — ¢

V2(ZQZ' + V) 2 ZQW'|| < 3max(og, ﬁa@)\/log %n +logdet((ZQZ' + V)V 1.

(2.29)
Further, from Lemma 2, we have with probability at least 1 — 20
_ ZQZ' + V|tr
det((ZQZ' <!
eZQZHVIVT) < ™ 4aw)
r r—1 zi i’ Tp— Az'*z n
o Ui S s |+ ol S S S VD™ o

det(V)
33(900) +4900))  yyuen _ yuto,
N,T,.C? + qN,T,(?

Applying a union bound over the events in (2.28), (2.29), and (2.30), we have with probability
at least 1 — 59

1(2Q2")" 2QW'|| < 3max(oy, ﬁom)\/log ok (04 p) log() (231)

Next, conditioning on the event in Lemma 2, notice that we also have

Np Tp—1 Np Tp—1
1AQZI =113 > adezi | < alldellll " > 24|
i=1 t=0 i=1 t=0 (2.32)
< qlldell3(5).
Finally, combining (2.27), (2.31) and (2.32), we have the desired result. O
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2.6.3 Proof of Corollary 1

Proof. Setting ¢ = 0, from Theorem 2.3.1, we have with probability at least 1 — ¢

20011—,\/10g %ﬂ (n+p) log(f’f?‘?2 +1)

VN T,

When ¢ # 0, from Theorem 2.3.1, after some algebraic manipulations, we can show that

[Owrs — O < (2.33)

with probability at least 1 — 9

20 max( \/log (n+p)log(L +1)
V Nprg

The proof follows by setting the upper bound in (2.33) to be greater than the one in (2.34).
O

1OwLs — Ol < + ||6@||g2. (2.34)

2.6.4 Proof of Theorem 2.3.2

Proof. The proof follows the same procedure as the proof of Theorem 2.3.1. However, instead

of bounding the term ||AQZ (ZQZ')!| by |AQZ'||||(ZQZ')7||, we use the following bound

1AQZ'(Z2QZ') 7| =
Np Tp—1 ) N, Tr—1 Np Tp—1
||(Z Z qégéizk Z Z tht +qz Z %éljc 1||
7j=1 k=0 i=1 t=0 j=1 k=0
N, T,—1 N, Tp—1 Np Tp—1 (2.35)
< ”5®|H|In+p Z Z tht Z Z tht "‘qz Z %’%
=1 t=0 i=1 t=0 7=1 k=0
N, Tr—1 Ny Tr—1 N, Tp—1
<|ooll L+ 1> X #ZA NS Y 5z +aY. Y &)
i=1 t=0 i=1 t=0 =1 k=0

where we used the relationship AB = (C'+ A)B — CB for real matrices A, B, C' in the first
inequality. When the events in Proposition 2.6.1 and Lemma 2 happen, we can upper bound

the right hand side of the last inequality in (2.35) by ||de||(1 + %{%).
ritr ptp

o6



2.6.5 Proof of Theorem 2.3.3

Proof. From (2.7), note that the system identification error satisfies

1Owrs — O] < AIOI(ZQZ" + ALyyy) "l
+1(Z2QZ 4+ ALy) 2 ZQW | (ZQZ + ALuyy) 7 |
+ ||AQZ’(ZQZ’ + A]n+p)‘1||

Al (2.36)
= Min(ZQZ + A, )

(ZQZ' + M) 2 ZQW'|
\/Amm<ZQZ/ + )‘In+p)

+qll06ll|1 22" (2QZ" + Aip) Y.

N

Note that all terms in the above inequality can be evaluated from data, except for the
term |[(ZQZ' + M,1,) "2 ZQW'||. We can follow a similar procedure to apply Lemma 5 as
in the proof of Theorem 2.3.1. Fixing § > 0, from Lemma 5, we have with probability at

least 1 — 0
/ _1 , 32 gn 1 _
1(ZQZ" + M) 2 ZQW'|| < max(0g, /qow) j(log 5 + 5 log det(V)).
The result then follows. O

2.6.6 Auxiliary Results

Lemma 6. (/38, Corollary 4.2.13]) Let € > 0, and let N(S" ' ¢€) be the smallest possible

cardinality of an e-net of the unit Fuclidean sphere S"~1. We have the following inequality:

2
N(S" e < (g +1)"
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Lemma 7. ([38, Lemma 4.4.1]) Let A be an m by n matriz and € € [0,1). Then, for any
e-net N of the sphere 8", we have

] <

. Axl|.
T s sl

Lemma 8. (/59, Lemma 3]) Let A € R"™" and B € R™" be positive definite matrices. If
A =< B, then we have A=t = B~1.

Lemma 9. (/39, Theorem 2]) Let A € R™™ and B € R™ " be positive semidefinite matrices.
If A < B, then we have A3 =< B3,

Lemma 10. Let A € R™" and B € R™™" be positive semidefinite matrices. Let C' € R™ ™.
If A < B, then we have

|AzC|| < [|B2C].

Proof. From A < B, we have

C'AC =< C'BC,

which implies

JAZC|| = \/Amae(CTAC) < \/Amaa(C'BC) = || B2 C||.
O]
Proposition 2.6.2. Assuming that p(A) < 1 and p(A) < 1, we have both tr(Gy) and tr(G;)

are O(1). If p(A) = 1 and p(A) = 1, we have tr(G,) = O(t*) and tr(Gy) = O(t**), where &,

& are the largest Jordan blocks corresponding to the unit eigenvalues of A and fl, respectively.

Proof. We only consider the term tr(G,) as the term tr(@t) is essentially the same. Defining
F=|r 4 .. & B AB AB ... At—lg} € RP(ntptn) for ¢ > 0, we have Gy —
FtFt/. Further, we have

t t—1
tr(Gr) < nllGell < nll BIF < Q1A+ 20 1A BID*

=0 1=0

From [40, Lemma E.2.] (ie., Lemma 16), we have !, ||A%|| is O(1) for strictly stable

systems, and O(t*) for marginally stable systems. The result then follows. O]
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Lemma 11. [7, Proposition 2.5]) Suppose that {Z;}+>1 satisfies the (k,v,p)-BMSB condi-

tion. Denoting |-| as the floor function, we have
T 2,2 T 2
P(S 22 < "ERT /) < exp(- TP
i=1

Proposition 2.6.3. [55, Proposition C.2.] Let i € R and M € R¥? be a full rank matrix.
Let w € R? be a random vector such that each coordinate w(i) has positive variance and

finite fourth moment. Further, each coordinate w(i) is independent and zero-mean. Then,

for any fized v € 81,

1
C1Cw’

Pu(|(v, i+ Mw)| >\ Apin(MEM?) /2) >

where ¥ = E, [ww'], ¢; is an absolute constant, and C,, = max;<;<q ]Eﬁf(%);]]z.

Remark 7. The constant ¢, is due to the application of the Rosenthal’s inequality. As
suggested in [35, Proposition C.2.], one can take c; = 192.
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3. LEARNING THE DYNAMICS OF AUTONOMOUS LINEAR
SYSTEMS FROM MULTIPLE TRAJECTORIES

3.1 Introduction

% As mentioned in Chapter 2, non-asymptotic analysis of system identification based on a
single trajectory has been studied extensively over the past few years [7], [9], [11], [12], [42],
[43]. However, in practice, performing system identification using a single trajectory could
be problematic for many applications. For example, having the system run for a long time
could incur risks when the system is unstable. Furthermore, only historical snippets of data
about the system may be available, without the ability to easily observe long-run behav-
ior. Additionally, in settings where one has the ability to restart the system or have several
copies of the system running in parallel, one may obtain multiple trajectories generated by
the system dynamics [44]. The paper [13] studies the sample complexity of identifying a
system whose state is fully measured using only the final data points from multiple trajecto-
ries. Using a similar setup, the paper [14] explores the benefits of adding an ¢; regularizer.
The paper [15] studies the sample complexity of partially-measured system identification by
including nuclear norm regularization, again only using the final samples from each trajec-
tory. For partially-measured systems, the paper [16] allows for more efficient use of data. As
mentioned in [16], compared to the single trajectory setup, the multiple trajectories setup
usually allows for more direct application of concentration inequalities due to the assumption
of independence over multiple trajectories.

In addition to the potential lack of single long trajectories, in many settings we may not
be able to actually apply inputs to the system in order to perform system identification;
this could be due to the costs of applying inputs, or due to the fact that we are simply
observing an autonomous system that we cannot control. The uncontrolled system may also
be serving as a subsystem connected to the main system that one wants to control, and having
a better model of the subsystem could be useful in controlling the main system. For partially-
measured systems, the characterization of finite sample error of purely stochastic systems

(systems that are entirely driven by unmeasurable noise) is more challenging as indicated in

64The material in this chapter was published at the 2022 American Control Conference [41]
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[40]. There, the goal is to estimate the system matrices as well as the steady state Kalman
filter gain of the corresponding system. The paper [40] shows that classical stochastic system
identification algorithm can achieve a learning rate of O(ﬁ) (up to logarithmic factors) for
both strictly stable and marginally stable systems, where N denotes the number of samples
in a single trajectory.

In this chapter, we are motivated by the challenge of system identification for partially-
measured and autonomous stochastic linear systems (with no controlled inputs) as in [40], but
for the case where a single long-run trajectory is unavailable. Existing results on consistency
and learning rate of stochastic system identification algorithms (including [40]) typically
convert the original system to a statistically equivalent form of the Kalman filter that is
assumed to have reached steady state [2], [40], [45]. The analysis is then performed by
assuming that the covariance matrix of the initial state of the system is the same as the
steady state Kalman filter error covariance matrix, which simplifies the analysis. We note,
however, that this assumption is invalid when one has no long run observation of the system
trajectory, since it is in general unclear how long one should wait until the Kalman filter
“converges” (even if it converges exponentially fast) for an unknown system. Furthermore,
the available short trajectories may not be long enough to guarantee that the underlying
filter has converged. Consequently, the single trajectory-based results cannot be directly
applied to the multiple (short) trajectories case. Our goal in this chapter is to estimate
the system matrices (up to similarity transformations) using only multiple trajectories of
transient responses of a partially-measured system that is entirely driven by noise.

Our work is inspired by recent work on stochastic system identification (with a single
long trajectory) [40], and system identification with multiple trajectories (but with controlled
inputs) [16], and extends them in the following ways. First, we provide results on the sample
complexity of learning the dynamics of an autonomous stochastic linear system using multiple
trajectories, without assuming that the associated Kalman filter has reached steady state
(i.e., the initial states can have arbitrary covariance matrix). Compared to [16] and [40], our
results neither rely on controlled inputs, nor rely on observations of steady state behaviors
of the system. Second, we provide the asymptotic learning rate of the multiple-trajectories-

based stochastic system identification algorithm. If N is the number of trajectories, we prove
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a learning rate of (’)(ﬁ) when the initial state in each trajectory has zero mean (which is
a common assumption in the existing literature). This rate is consistent with [16] and [40]
(up to logarithmic factors). We further generalize the result to the case when the initial
state in each trajectory has non-zero mean. In such case, we show that we can adjust the

length of the regressor to achieve a learning rate of O( %) for strictly stable systems and

a learning rate of O(%) for marginally stable systems, where d is some constant.

3.2 Problem Formulation

Consider a discrete time linear time-invariant system with no user specified inputs:

Tpy1 = Az +wi, yr = Cxp + vg, (3.1)

where x, € R", yp € R™, w, € R", v, € R™, A € R and C' € R™*". The noise terms
wy and vy are assumed to be i.i.d Gaussian, i.e., w; ~ N(0,Q), vy ~ N (0, R). The initial
state is also assumed to be independent of wy, and vy, and is distributed as zq ~ N (1, Xo).
In addition, whether p is zero or non-zero is assumed to be known. If i is non-zero, the
system matrix A is assumed to be strictly stable or marginally stable. The system order n
is also assumed to be known. We refer to the above system as an autonomous stochastic

linear system. We will make the following assumption.

Assumption 2. The output covariance matriz R is positive definite. The pair (A,C) is

observable and (A, Q2) is controllable.

Under the above assumption, the Kalman Filter associated with system (3.1) is a system

of the form

g1 = ATy + Kyep, yr = Oy, + ey, (3.2)

where Zj is an estimate of state xp, with the initial estimate being the mean of the initial
state in system (3.1), i.e., o = p. The sequence of matrices K € R™*™ is called the Kalman
gain, given by

K, = AP,C'(CP,C' + R}, (3.3)
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where the estimation error covariance P, € R™*" is updated based on the Riccati equation
Py = APLA +Q — AP,C'(CP,C' + R)"'CP,A,

with Py = ¥y. Finally, e, = yr — CZy are independent zero mean Gaussian innovations with

covariance matrix given by
R, =CP,C" +R. (3.4)

Since the outputs of system (3.1) and system (3.2) have identical statistical properties
[46], we will perform analysis on system (3.2). The subspace identification problem for
stochastic systems that we tackle in this chapter is to identify the system matrices (A, C') up
to a similarity transformation, given multiple trajectories of outputs of the system (3.1). As a
byproduct, we will also simultaneously learn the Kalman filter gain K}, of the corresponding
system, at some time step k. In particular, we are interested in the quality of the estimates

of (A, C) given a finite number of samples.

3.3 Subspace Identification Technique

Here we describe a variant of classical subspace identification algorithm [46] to estimate
(A, C') matrices (up to a similarity transformation). We will first establish some definitions.

Suppose that we have access to N independent output trajectories of system (3.1), each
of some length T' € N, and each obtained right after restarting the system from an initial
state zg ~ N(u,X0). We denote the data from these trajectories as {y; : 1 <i < N,0 <
k < T — 1}, where the superscript denotes the trajectory index and the subscript denotes
the time index. Let p+ f = T, where p, f are design parameters that satisfy p, f > n, where

n is the order of the system. We split the output samples from each output trajectory ¢ into
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past and future outputs with respect to p, and denote the past output and future output

vectors for trajectory ¢ as:

/

[yé v y;;l]’

>

Y?
(3.5)

/

lI>

vi

[y; Yprr T Yprson

Y

respectively. The batch past output and batch future output matrices are formed by stacking

all N output trajectories:

voelyt oy ooy v . (3.6)

Yj yf yiV

The past and future innovations E? | Ei, E_,E, are defined similarly, using the signals e},
rather than y;.
Let the batch matrix of initial states be X, £

2l #2 ... 2| . Define the largest norm

-----

For any | > 1, the extended observability matrix O; € R™>*" and the reversed extended

controllability matrix I, € R are defined as:

/

O & |C (CA) - (CA-YY,

(A=K, 1C) - (A= KiO)K,)'|

K, & /
((A - Kp—lc)Kp—2)
_ K, _
Define
G2 0K, (3.7)

Let K € R™™ be the steady state Kalman gain K = APC'(CPC' + R)™', where
P € R™" is the solution to the Riccati equation, P = APA +Q—APC' (CPC'+R)'CPA’.
From Kalman filtering theory, the matrix A — KC has spectral radius strictly less than 1
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[47]. Denote the reversed extended controllability matrix formed by the steady state Kalman
gain K as
K, = [(A- KCY 'K (A—KCP2K .- K|.

We further make the following assumption.
Assumption 3. We have rank(K,) = rank(K,) = n.

The rank condition on K, is standard, e.g., [4], [40]. The rank condition on K, is needed
to ensure that G has rank n, which can be satisfied in practice by choosing p to be relatively
large if the rank condition on K, is satisfied (see Proposition 3.6.4 in section 3.6).

Finally, for any integer a > 0 and b > 2, define the block-Toeplitz matrix 7,* € R™mb*mb

as:

L, 0 0
res| O L, 0
b =

CA?K, CA™K, - L

3.3.1 Linear Regression

The subspace identification technique first uses linear regression to estimate G from (3.7),
which will subsequently form the basis for the recovery of the system parameters.

For any output trajectory ¢ € {1,---, N}, by iterating (3.2), the future output matrix
Y} satisfies

Vi = Oz, + T/E'. (3.8)

Note that at any time step k, the state 2% can be expressed from (3.2) as

By, = Ay + Kea(y — C2py)

=Ki 1y, +(A—- K, 1C)2}_,.
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By expanding the above relationship recursively, we have

= Kpayp g+ (A= Kpa0) - (A= KiC) Koy + (A = Kp i C) -+ (A = KoO)iy,

p
=K,Y' +(A-K, ,C) - (A— Ky,C)3}.

By substituting the above equality into (3.8), the relationship between the batch output

matrices is given by
Y, =GY_ + Op(A— K, 1C) -+ (A— KoC) Xy + T} E-.
An estimate of G (motivated by the least squares approach) is
G=Y, Y (V.Y )™\ (3.9)

Consequently, the estimation error for matrix G can be expressed as

A

G—G=TPEY (YY) "'+ Op(A— K, 1C) -+ (A — KoC) XV (YY), (3.10)

where the second term can be dropped if || Xo|| = 0, i.e., the initial state of system (3.1)
has zero mean. When || Xy|| is known to be non-zero but the system is marginally stable
(p(A) < 1), we can leverage the fact that the norm [[(A — K, 1C)--- (A — K,C)|| converges
to zero exponentially fast with p (see Proposition 3.6.2 in section 3.6) by setting p = clog N
for some positive constant ¢, to make the second term go to zero asymptotically. The above

steps are encapsulated in Algorithm 2.

Algorithm 2 Linear regression to calculate an estimate G of G
Input N output trajectories {yi : 1 <i < N,0 < k < T — 1}, parameters p, f

1: For each output trajectory ¢ € {1,---, N}, construct the past output and future output
Y, Y] asin (3.5).

2: Construct the batch past output and batch future output Y_,Y, as in (3.6).

3: Return G =Y, Y (Y. Y')~L.
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Remark 8. Note that the matriz G itself can be used to predict future outputs from past
outputs. The value GY' represents the Kalman prediction of the next f outputs using the
past p measurements, assuming the initial state has zero mean. Its role is similar to the

Markov parameters that map inputs to outputs in the case when one has measured inputs.

3.3.2 Balanced Realization

The following balanced realization algorithm uses a standard Singular Value Decompo-

sition to extract the estimated system matrices (A, C, K,_;) from the estimate G.

Algorithm 3 Balanced realization to calculate estimates (fl, C, [A(p,l) of (A,C,K,_1) up to
a similarity transformation

Input The estimate G, parameters n,m, f

S DU TR N
1: Perform the Singular Value Decomposition: G' = [U1 UQ] ! ) All , where X, €
0 | |V

R"™*™ contains the n-largest singular values of G.

N

2: Compute the estimated observability matrix @f = Ulfll , and let the top m rows of @f
be C.

3: Compute the estimated reversed extended controllability matrix 16,, = il% ‘71', and let the
last m columns of /6,, be f(p_l.

4: Compute A = (@;)T@l , where @}‘ is the submatrix formed by the top m(f — 1) rows of
O ¢, and (’j} is the submatrix formed by dropping the first m rows of O Iz

5: Return (A,C, K, 1).

3.4 Main Results

In this section, we will present our main results on bounding the estimation error ||G— G|
from (3.10). We will show that the term [[(Y_Y")~!|| decreases with a rate of O(+ ), and then
upper bound the growth rate of other terms in (3.10) separately. Using recent results on the
balanced realization algorithm with the adjustments to accommodate the non-steady state
Kalman filter, we then show that the estimation error of the system matrices A, C, K, _; will

also be bounded when the error |G — G|| is small enough.
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First, denote the covariance matrix of the weighted past innovation 7;0Ei, 1 <2< N,

as:

EE é E[TOEZ,EI,/,];O/] = 7;0 diag(fio, s ,Rp_l)TO/.

p p

Let op & Omin(XEg). We first show that the weighted innovation covariance matrix Xp is

strictly positive definite. The proof is similar to [40, Lemma 2].
Proposition 3.4.1. Let op 2 0pin(Xg). We have 05 > 0min(R) > 0.

Proof. For any output trajectory i, its corresponding weighted past innovation 7;0Ei can be
written as

TOE =Y — 0,8 = O,(z) — &1) + TW' +V°,

p

where W and V* are the process and output noises respectively in system (3.1), and are
defined similarly as Y. Matrix T is a block-Toeplitz matrix which accounts for the weight
of the process noise in system (3.1), and its explicit form is omitted in the interest of space.

Since xf — 2§, V' and W' are independent, we have
Sp =E[TPELE TY] = E[VIV'] = diag(R, - - , R).
Hence, we have o > 0, (R) > 0, where the second inequality comes from Assumption
2. O
Next we will show that the term [(Y_Y")~!|| is decreasing with a rate of O(+). Since

Y = OPXO + 7;0E_, the explicit form of Y_Y is

Y.V = 0,X0 X0, + T'E_E_T" 1)
+ O, X0 E_TY + T'E_X,0,,
and we will bound these terms separately.

We will rely on the following lemma from [13, Lemma 2], which provides a non-asymptotic

lower bound of a standard Wishart matrix.
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Lemma 12. Let u; ~ N (0, L), i = 1,..., N be i.i.d random vectors. For any fized § > 0,

N

1

Amin(O_wiut) > VN — /mp — 210g5
i=1

with probability at least 1 — .

we have

Proposition 3.4.2. For any fired § > 0, let N > Ny = 8mp + 16 log %. We have
TEET = Nopl
p="="p =7y OELmp

with probability at least 1 — 6.

Proof. For any output trajectory i, note that the past innovation E? has the same dis-

tribution as a single Gaussian random vector, E* ~ N(0,diag(Ro, -, R,_1)), since the
innovations €, - - - ,6;71 are independent zero-mean Gaussian random vectors with covari-
ance matrices Ry, --- , R,_1, respectively. We can rewrite E? as

where u; are i.i.d random vectors with u; ~ N(0, I,,,,). Let U_ = {ul u, --- uy|. Fixing

0 > 0 and applying Lemma 12, with probability of at least 1 — §, we have

Amin(U_U") > VN — \/mp — 1/21og § (3.12)

4L

Considering the inequality 2(a? + b?) > (a + b)?® and the assumption that N > Ny =

2(mp + 2log 2) > (y/mp +1/2log ?)2,
:>\/2N > \/mp+ UQIOg?

8mp + 16 log %, we have
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In conjunction with (3.12), this yields \/Anin(U-U") > $/N with probability at least

1 — 9. Hence, we have

UU. > ]szp
with probability of at least 1 — §.
Finally, multiplying by 7;0 diag(]_%é, cee _Efl) from the left and diag(}_%oé, cee _571)7;0/
from the right gives ’7;0E,E/_’7;0/ = I%g = Jopl,, with probability at least 1 — 4. O

To bound the cross terms due to the possibly non-zero batch matrix of initial states in

(3.11), XoE', we will be using the following lemma from [42, Lemma A.1].

Lemma 13. Let M € R™*" be a matriz with m > n, and let n € R be such that | M| <n.
Let Z € R™F be a matriz with independent standard normal entries. Then, for all t > 0,

with probability at least 1 — 2exp(=L),

IM'Z|| < n(y/2(n + &) +1).

1
Proposition 3.4.3. For any fived § > 0, let 7, = R%(\/Q(n + mp) + \/2 log 2), and ¢
1
R%(\/Z(n +mf) + \/2 log 2). For N > n, each of these inequalities hold with probability at
least 1 —6:

[ XoE_[| < [[Xoll,

IXoEL || < 11 Kol

Proof. We will only show the first inequality as the second one is almost identical. We
_1 _1
can rewrite B_ = diag(Rg,--- , R, _;)U_, where U_ = [ul Uy - uN}, where u; are i.i.d
random vectors with u; ~ N(0, I,,,,). Applying Lemma 13, we obtain
N Ao, -1
[ XoE_|| = [ XoU_ diag(Rg, - - , Ry 4|

< | XolIRA(/2(n +mp) + 1)
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with probability at least 1—2 exp(’TtQ). Finally, setting § = 2 exp(’TtQ), we have t = /2 log %.
Plugging t into the above inequality, we get the desired form. O]

Now we are ready to show that [|(Y_Y")~!| is decreasing with a rate of O().

Lemma 14. Fiz any 6 > 0 and let N > max{Ny, N1}, where Ny = 8mp + 1610g%, and
N, & 16| T 11 Op 11 X0 [l Define ¢ 2 O, O.. We have
= ) =0, -

OE

8

YY) <

with probability at least 1 — 20.

Proof. Recall the explicit form of Y_ Y’ in (3.11). Letting u € R™ be an arbitrary unit

vector, we can write

WY Y u= u/Op)E'OX(I)O;u + u“]?E, u+ ulOpXOElﬁolu + ulﬁE,XéO;u

/ /

E_T)
A

> u' 0, X X Opu + u T)E- u =2 X E_[IT 1O,

where we used the Cauchy—Schwarz inequality. Fixing 6 > 0, letting N > Ny, applying

Proposition 3.4.2 and Proposition 3.4.3, and using a union bound, we have
! / ! g N / N A
WYY >0 0, %0 X0 + ow = 2O, 1Kol

with probability at least 1 — 20.

16| 211 Opll| Xolvp
oE

Conditioning on the above event and letting N > N; = , we have

I / ! A N I N
uwY.Y_ u>u OpXOXOOpu + gUE
/ !/ / /N
=u OpNpp Opu+u gaEImpu,

where the equality is due to the fact that 2 = p for all 4.

Consequently, we have

’ / / N
Y-V = OpNup O, + gO‘EImp.
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Taking the inverse we get the desired result. O]

To see that N will eventually be greater than Ny even if || Xp|| is non-zero, note that
when the system is strictly stable or marginally stable, || 7] and [|O,|| will grow no faster
than O(p?) for some constant d (see Proposition 3.6.1 for ||7.0]|, and [40, Corollary E.1] for
1O,]]). Further, 4, is O(pz), and || Xo| = vN|u|| = O(V/N). Thus if p = O(log N), N will
eventually be greater than N; as N increases.

Now we will show that the term ||E,E’ || is O(vV/N). We will leverage the following

Lemma from|[13, Lemma 1] to bound the product of the innovation terms.

Lemma 15. Let f; € R™, g; € R" be independent random vectors f; ~ N(0,3s) and
gi ~N(0,%,), fori=1,--- /N. Let N > 2(n+m)log%. For any fixred § > 0, we have

al " 1 1 9
1> fagi | < AlI%4[12 1212/ N(m +n) log 5
i=1

with probability at least 1 — 9.

Proposition 3.4.4. For any fized § > 0, let N > Ny = 2(m.f + mp) log %. We have

/ / — 9
775 BT < ATy N + ) o

with probability at least 1 — 9.

Proof. Note that the columns of E, are independent Gaussian random vectors, i.e., B ~
N(0, diag(}_%p, cee Rp+ 7—1)). Similarly, the columns of E_ are independent Gaussian random
vectors, i.e., B. ~ N(0,diag(Ro, -, Rp-1)). Further, E' and E’ are independent from
classical results of Kalman filtering theory [47]. Applying Lemma 15, we get the desired

result. O

With Proposition 3.4.4, we are now in place to prove the bound on the estimation error

of G .

Theorem 3.4.1 (Bound on estimation error of G). Consider the Kalman filter form (3.2) of
system (3.1) under Assumptions 2 and 3, and let G be defined as in (3.7). For any fized § > 0,
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let G defined in (3.9) be the output of the linear regression described in Algorithm 2 given

N trajectories of outputs, where N > max{Ny, Ny, No}, where Ny = 8mp + 1610g%,N1 =

16| T 11Ol X0 | vp N.
oE 5 4V2

=2(mf + mp)log %. We have:

€1 1 Xole2 + [[Xo|[%es

|G -G <

with probability at least 1 — 49, where

. 9
€1 = 32||7?!|||7;OHRT\/(mf +mp)log

e2 = 8 [ TENOpll + 8[I(A = KporC) -+ (A = KoO) [ T 1 O,
es = B[O [ Op[lI(A = KpaC) - - (A = Ko ),

. 2
o = RE20+ mp) + 12108 2),

— 1 2 /W
V5= Ri(Y2n+mf)+4[2log Z), (= Opupt Oy,

Proof. Recall the expression of the error G — G in (3.10). We first bound the error term
7'J?E+YL(Y_Y_/)*1. Using Y. = O, X, + TYE_, we have

ITPE Y (Y-Y) | < | TPE X O, I (Y-Y) |

+ITFE BT I (Y-Y) ™.

Fix § > 0 and let N > max{ Ny, N1, No}. Applying Proposition 3.4.3, Proposition 3.4.4

and Lemma 14 to the above inequality and using a union bound, we obtain

SIZollITF IO B2ATF NI TR IRy (mf + mp)log 3
No'min(O'E’]mp + 8<) \/No'mm(UEImp + 8()

IT7EY (v-Y') ) < (3.13)

with probability at least 1 — 44.
Second, we bound the error term O(A— K, 1C)--- (A — KoC) XY (Y_Y')~'. We have

1 XY || = H)A(O)A((I)O; + XOE,_EO,H-
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Conditioning on the event | XoE || < || X0y, from Proposition 3.4.3, we have

IXoYZ || < I XolPIOp ) + 1Kol I T,

8

Conditioning on the above event and the event ||(Y_Y')7!|| < e ey re7g

) from Lemma

14, we have
|OHA - K, ,C)--- (A — K, O) XY (Y_Y) 7Y <
1O4[[[(A = Kp—1C) -+ - (A — KoO)[[| XY ||| (Y_Y2) |
< BlIOAIIA = KpaC) - - (A = KoO)|| 1 X010, (3.14)
- Nopin(0pln, + 8C)
N BIOfI(A = K,—1C) -+ - (A = KoO) ||| Xoll I T2
N min(0pLny + 8C) .

Finally, we combine the two upper bounds from (3.13) and (3.14) to get the desired

form. O

Below, we present some interpretations of Theorem 3.4.1.

Learning rate when || Xo|| is zero, and the effects of trajectory length: When || Xo|| = 0,
i.e., the initial state of the system (3.1) has zero mean, the upper bound of the error will
not depend on €y, e3. Noting the dependencies on p, f in €, setting p and f to be small
will generally result in a smaller error bound of G, since we are estimating a smaller G.
However, p, f should be greater than the order n (and p should also be large enough such
that Assumption 3 is satisfied), so that Algorithm 3 can recover the system matrices from
G. The estimator G can achieve a learning rate of O (ﬁ) This rate is faster than the single
trajectory case reported in [40] in that there are no logarithmic factors, and it applies to
both stable and unstable systems. This confirms the benefits of being able to collect multiple
independent trajectories starting from g ~ N (0, ).

Learning rate when | Xo|| is nonzero, and the effects of trajectory length: When || Xo|| is

nonzero, the error bound will depend on e, €5. Note that || Xo|| = v/N||z|| when the initial

state of each trajectory has mean p. The term Naml)(?gj“p 5y is O(1) when p is fixed. In
such case, if the system is known to be marginally stable (p(A) < 1), we can leverage the

fact that the norm ||(A — K,_1C)--- (A — K(C)|| in €3 converges to zero exponentially fast
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with p (see Proposition 3.6.2 in section 3.6), by setting p = clog N for some sufficiently large
¢, to force the term ||(A — K,-1C)--- (A — K,C)|| to go to zero no slower than (9(\/%) The
term R is O(1) since the Kalman filter converges [47]. For the same reason, by fixing a
small f > n, ||[TF]l is O(1). In addition, ||7.°|| and [|O,|| are O(1) for stable systems, and
O(p?) for some constant d for marginally stable systems (see Proposition 3.6.1 in section 3.6
for | 7|, and [40, Corollary E.1] for [|O,||). As a result, the error will decrease with a rate
of (9(\/@) for strictly stable systems, and O(%) for some constant d for marginally
stable systems, even if || Xo|| is non-zero.

The next step shows that the realization error of system matrix estimates (121, C , Kp_l)
provided by Algorithm 3 is bounded. Based on our assumption that O and K, have rank
n, the true G also has rank n. The proof of the following theorem entirely follows [40,

Theorem 4], with the only difference being the replacement of steady state Kalman gain K

by non-steady state Kalman gain K,_;.

Theorem 3.4.2 (Bound on realizations of system matrices). Let G and G be defined in
(3.7) and (3.9). Let the estimates based on G using Algorithm 3 be @f,l&p,A, C, f(p_l, and
the corresponding matrices based on the true G using Algorithm 3 be @f, Iép,fl, C, f(p,l. If

G has rank n and |G — G| < #, then there exists an orthonormal matriz T € R™ ™ such

~ . 10n | A
_ < _ —
10~ 0,7l < 2\ 5116 = Gl

IC = CTI < 105 — O;T,

that:

L Gl+o, .
JA-7ar) < W0, — 0,7,
. - 10n | A

||Kp—1 - 7-11(10—1” <2 On(G) ||G - G”?

where o, = min(an(@?),an(@?)). Recall that the notation (’5}‘, @? refers to the submatriz

formed by the top m(f — 1) rows of the respective matriz.

Remark 9. Note that the matrices A, C’,Kp_l are equivalent to the original A,C, K,
matrices up to a similarity transformation. As p increases, |G| = [|OC,| is O(1) since

[ is fized, and ||IC,]| is also O(1) (see Proposition 3.6.3 in section 3.6). From Proposition
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3.6.4 in section 3.6, 0,(G) is lower bounded as p increases. As suggested in[40, Remark 3],

the random term Un(@}”) in o, can be replaced by a deterministic bound as

0u(0F) 2 0u(OF) = 05 — OfT|.

Hence o, will be lower bounded by w > 0 when the error ”@f — O;T]| is small enough,

where the inequality is due to the fact that we assumed the system is observable. Consequently,
the term 7””§Q+JO is always O(1).
As a result, all estimation errors of system matrices depend linearly on ||C¥ — G|, even

if p is increasing. Hence, the realization error will decrease at least as fast as O(ﬁ) when

| Xo|| = 0, and p is fized. When ||Xo|| is non-zero, the error can decrease at a rate of
O( longN) for strictly stable systems, and at a rate of 0(%) Jor some constant d for

marginally stable systems by setting p = clog N for some positive constant c. Note that as p
goes to infinity, the matriz [A(p,l estimates the steady state Kalman gain T K.

On the other hand, the dependencies on o,(G) and an(@?) also show that the estimation
error of system matrices depends on the “normalized estimation error” of G. Consequently,
although our bound suggests that setting p, f to be small could potentially reduce the estima-
tion error of G (when p = 0), it may not necessarily reduce the error of the system matrices.
A similar issue also appears in the recovery of system matrices from Markov parameters [16].
It is of interest to study how trajectory length directly affects the realization error in future

work.

3.5 Chapter Summary

In this chapter, we performed finite sample analysis of learning the dynamics of au-
tonomous systems using multiple trajectories. Our results rely neither on controlled inputs,
nor on observations of steady state behaviors of the system. We proved a learning rate that

is consistent with [16] and [40] (up to logarithmic factors).
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3.6 Proofs of Results

Lemma 16. ([40, Lemma E.2]). Consider the series Sy = St ||AY]|. If the matriz A is
strictly stable (p(A) < 1), then Sy = O(1); if the matriz A is marginally stable (p(A) = 1),
then S; = O(t9), where d is the largest Jordan block of A corresponding to a unit circle

eigenvalue |A|| = 1.

Proposition 3.6.1. The norm ||T?|| is O(p?) with p for some constant d when the system

matriz A is marginally stable, and is O(1) when the system matriz A is strictly stable.

.....

TN < Il + 1€ Eomae () + NN A Ko (p) + - -+ [CIIA? || Koo (p)
p—2
=1+ [|O Koax(p) D 1 A°)].
=0
From Kalman filtering theory, the Kalman gain K; converges to its steady state K under

Assumption 2. Hence K0, (p) = O(1). From Lemma 16, we have the above sum is O(1) if
A is strictly stable, and O(p?) when A is marginally stable. O]

Lemma 17. ([/8, Theorem 6.6]). Let U + Ay, U + As,--- be a sequence of n X n matrices.
Given € > 0, there is a 0(€) such that if ||Ag|| < d(€) for all k, then

(U + Ay) - (U + A)|| < o(p(U) + €)F

for some constant o.

Proposition 3.6.2. For any fixed integer k, where p — 1 > k > 0, we have
(A= KpaC) - (A= K CO)|| = O(e™P),

for some positive constant cy.

Proof. From Kalman filtering theory, the Kalman gain K; converges to its steady state K,

and the matrix A — KC' has spectral radius less than 1 under Assumption 2. Hence, we
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can write A — K;C = A — KC + n; for t > 0, where ||7:]| converges to 0. Pick e such that
e+ p(A—KC) < 1. To apply Lemma 17, let U = A — KC, and let k + t(€) be the smallest
index such that ||n;]| < d(e) for all ¢t > k + t(e). Letting p > k + t(e) + 1, we have

p—k—t(e) p—k

(A= FpiC)or-(A=FO < | TT WHndll IT U +nm0l
t=1 t=p—k—t(e)+1
p—k
<o(pU)+ P I (U +n-0)]
t=p—k—t(e)+1
= O(e P,
where the second inequality comes from Lemma 17. O

Proposition 3.6.3. The norm ||IC,|| is O(1) with p.

Proof. From Kalman filtering theory, the Kalman gain K,_; converges to its steady state
K, and the matrix A — KC has spectral radius less than 1 under Assumption 2. Hence
for any ¢t > 1 we can write A — K;C = A — KC + n;, where |n|| converges to 0. Let
such that € + p(A — KC) < 1. To apply Lemma 17, let U = A — KC, and let (¢) be the
smallest index such that [|n,]| < d(e) for all ¢ > t(e). Letting p > t(€) + 1, we have

p t
HIC;DH < Kmax( + Kmax Z || H U + Np—j+1 |
t=2 =2

P t p—t(e)+1 ¢
= Kmax(p) + Kma:fc(p) Z || H(U + 77p—j+1>H + Kmax(m Z || H(U + 77p—j+1)H-
t=p—t(e)+2 =2 =2 j=2
From Proposition 3.6.2, we have
P t
Kmaa(®) Y. | TIWU +mp-ji1) || = O(e™P). (3.15)

t=p—t(e)+2 J=2
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From Lemma 17, we have

p—t(e)+1 ¢ p—t(e)+1
Ko@) > N TIU + np—ji)ll < Knaa(p) o(p(U) + €)'
=2 j=2 . =2 (3.16)
Kmax p U
marlT 01

where the second inequality comes from geometric series.
Finally, combining (3.15) and (3.16), we obtain ||/C,|| = O(1).
O

Proposition 3.6.4. Assume that rank(Oy) = rank(K,) = n, where n is the order of the
system. Fix any positive integer k,n < k < p. Let Ky be the matriz formed by the last k
block columns of the reversed extended controllability matriz K,,. For sufficiently large p, we

have the following inequalities:

> Un(OfKSS)

on(G) > 5 > 0,
K
raliy) 2 20 - g

Proof. We will only show the first inequality as the second one is similar. Recall the definition
of G in (3.7). We can rewrite G = [M  O;K,,|, where Ky, is the matrix formed by the last

k block columns of K, and M is some residual matrix. We have
GG = 0;K.,K,,0;.
Hence, we have

O’n(G) > O’n(Of]CtU> = Un(OfKSS —+ Of’Ctv — Osts>
> 02 (OrKys) — [[Of || |IKew — Kssl,
where the last inequality comes from the application of [49, Theorem 3.3.16(c)]. From

Kalman filtering theory, the Kalman gain K, converges to its steady state K under Assump-

tion 2. Consequently, we have [|IC;, — K|l converges to zero as p increases. We see that
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n O KSS . .
% > () as p increases, where the inequal-

on(G) will eventually be lower bounded by
ity comes from the assumption that O; and K, have full rank and the Cayley-Hamilton

Theorem. 0
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4. FINITE SAMPLE GUARANTEES FOR DISTRIBUTED
ONLINE PARAMETER ESTIMATION WITH
COMMUNICATION COSTS

4.1 Introduction

7 In this chapter, we consider the system identification problem (or more generally, pa-
rameter estimation) in a distributed setting. In many cases, the available datasets are usually
split among multiple agents/learners and come in a streaming manner, which require on-
line processing. Coordination among the various agents to process their data also comes
with a communication cost, and thus algorithms must be designed to balance the amount of
communication with the speed and accuracy of learning.

The problem of distributed learning/optimization has been studied extensively over the
last few decades, e.g.,[51], [52]. These papers typically provide theoretical guarantees on the
convergence of local solutions to the optimizer of the sum of local functions over the network.
When it comes to distributed online parameter estimation, the existing literature typically
focuses on proving asymptotic convergence of the estimate to the true value, e.g., [53], [54].
There is another branch of research on distributed online learning that focuses on providing
bounds on regret, which is defined as the difference between the costs generated by the
sequence of local decisions and the true optimal costs obtained in hindsight, e.g., [55]-[57].
The bound on regret can be used as an appropriate metric to evaluate a proposed algorithm,
as a sublinear regret implies that the algorithm performs as well as its centralized counterpart
on average (over time). However, it is unclear how such bounds can be translated into the
bounds on the accuracy of the learned model after a finite number of time-steps. The paper
[58] studies distributed state estimation problem with finite time convergence guarantee
with a fixed observation matrix, and under Byzantine faults. In contrast, we consider the
problem where the observation/feature matrix is random, which is often encountered in

general machine learning problems.

"?The material in this chapter was published at the 2022 Conference on Decision and Control [50].
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In this chapter, we propose a distributed online parameter estimation algorithm in a
networked setting, which enables each agent to improve its estimation accuracy by commu-
nicating with neighbors in the network. Our algorithm can be viewed as an extension of the
distributed least squares method in [59] to an online setting. In our algorithm, each agent
stores two estimates of the true parameter: one computed purely based on local data and
one computed after communicating with neighbors in the network. We provide finite time
(or sample) upper bounds on the estimation errors of both of these two estimates, which
highlight the role of communication. Our results demonstrate a trade-off between estima-
tion error and communication costs. To balance such a trade-off, we discuss how we can
leverage our finite time error bounds to determine a time at which the communication can
be stopped (due to the costs associated with maintaining communications), while meeting a

desired estimation accuracy. We also provide a numerical example to validate our results.

4.2 Problem Formulation

Consider a group of m agents V interconnected over an undirected and connected graph
G =(V,E). An edge (i,j) € &€ is an unordered pair, which indicates a bidirectional com-
munication link between agents i and j. Let A = {j : (i,5) € £} be the set of neighbors
of agent 7. The goal of these agents is to collaboratively estimate an unknown parameter
© € R™" with finite time guarantees, under a finite number of communication steps. At
each time step ¢t = 1,2,---, each agent ¢ € V gathers the data pair (x;¢,y;;) generated by

the following model

Yit = O + Niy, (4.1)

where y;, € R’ is the label vector, x;; € R™ is the feature vector, and n;, € R! is the noise.

We make the following assumption.

Assumption 4. The feature vector x;; and noise n;; are Gaussian random vectors that are
independent over time and agents, where x;; ~ N(ui,t,ai_fn) and 1; 4 ~ ./\/'(0,072,.71). The

mean p;y € R™ is deterministic with sup{||pis]| : ¢ € V,t € Z>1} = 4 € Rxo.
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The above model can be used to capture many problems. For example, it can be used to
capture the problem of dynamical system identification via multiple independent trajectories
(assuming zero initial condition and without process noise), where y;; is the output of the
system in each trajectory, x;, is the input applied in each trajectory, and © is the Markov
parameter matrix of the system, e.g., [15]. We note that the z;; considered in our model
allows for time-varying and agent-dependent mean p,;, and hence is more general than
the analogous system identification problem, which typically considers zero-mean Gaussian
inputs. We also note that our algorithm does not require any parameters of the model to be
known in advance. However, we assume that there are known upper bounds on o, 0, 1, || © ],
and there is a known non-zero lower bound on o,. These bounds will facilitate the design of
certain user-specified parameters in our algorithm, which will become clear when we present

our results.

Remark 10. One may observe that a trivial solution to the above problem might be to
not communicate at all, i.e., each agent only updates based on its local dataset. However,
such a solution does not leverage the distributed nature of the problem, which provides each
agent with the potential to speed up the learning by communicating with the other agents in
the network. On the other hand, communications with the other agents should be carefully
designed, as information from others might become less useful when each agent already has
a good estimate based on the information it has so far. In the sequel, we study a distributed
algorithm that leverages the communication network, which allows all agents to learn the
model efficiently (when some upper/lower bounds on o4, 0., i, ||©| are available). More
specifically, the algorithm allows every agent to hold an estimate with an estimation error
comparable to that of the centralized solution throughout time, while saving communication

costs.
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4.3 Algorithm

In this section, we describe a two-time-scale distributed algorithm. At each time step
t=1,2,---, based on its local dataset, each agent ¢ € V wishes to solve the following least

squares problem:

_min Z lyig — O 1. (4.2)

Rlx

The least squares local estimate for agent 4, given its samples collected up to time step ¢, is

Ztﬂ Zy%]m” wax” ) (4.3)

assuming the matrix Z 1T ]x is invertible.
The above estimate can be updated iteratively with the arrival of new data pair (x;, i +),
through
Qi1 = Q¢ + yi,tx;,ta
Bitr1 = Big + IL‘i,tSU;,t, (4.4)

A _ T
@z’,t+1 = Oéi,t+1ﬁi,t+1>

where a;; = 0,81 = 0. Note that @T’t 11 = Big tlﬂ once f3; 441 becomes invertible. Also,
, can be updated iteratively usin e Sherman-Morrison formula , which states
1 be updated iteratively using the Sh Morrison f la [60], which stat
1 1 551501‘,#;7 ﬁ;l
5i,t+1 = B@',t - W
The algorithm enters the communication phase when the conditions ¢t mod ¢ = 0 and
t < S are satisfied, where ( € Z>; and S € Z>, i.e., when the current time step t is an
integer multiple of the pre-specified communication period ¢ and is less than the pre-specified
stopping time S. Letting the superscript k& denote the current communication time step, each

agent i € V sets a1 = Qizy1, By1 = Bigs1. At each communication time step k, each
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agent ¢ € )V broadcasts its current aﬁt 41 and Bft 41 to its neighbors j € N, and receives

ozf’tJrl and Bj’ftﬂ from j € N;. The update is given by

041];?;11 = W(i, @')O‘ﬁtﬂ + ZN W(iﬂj)a;?,ﬂrlv
JEN;

(4.5)
55;31 = W(iawﬁﬁwl + Z W(i7j)6;it+17
JEN;
for k =0,1,...,7 — 1, where T" € Z>; is the number of pre-specified total communication

steps whenever the algorithm enters the communication phase, and W € R™*™ is the matrix
where W (i,7) is the weight agent i € )V assigns to agent j € V. We make the following

assumption on W, which is commonly used, e.g., [61].

Assumption 5. The weight matriz W € R™*™ associated with the communication graph
G = (V,€) is assumed to satisfy: (1) W(i,j) € R and W(i,j) > 0 for all i,j € V,
and W(i,5) = 0 if 5 & N; and i # j; (2W1l, = 1,,; (3) W = W' and (4) p(W) £
max{ (W), =\, (W)} < 1.

The local estimate after communication is set to be 6,1 = a;{t 4 ;‘,Ft +1)1. If there is no
communication happened at the current time step ¢, agent 7 just keeps its estimate from the

previous time-step, i.e., ©;111 = ©;;.

The above steps are encapsulated in Algorithm 4.

Remark 11. Note that Algorithm 4 has two time scales. In practice, this can capture
the scenario where communication occurs at a much faster rate than obtaining samples.
Further, note that both éz’,t+1 (without communication) and C:)i,tﬂ (after communication)
are estimates of the true parameter ©. In the next section, we will provide bounds on the
finite time estimation errors ||©;,41 — ©|| and ||O;411 — O||. In practice, one could choose
the estimate with smaller (estimated) error bound as the “true” output of the algorithm. In
section 4.5, we will discuss how to choose the user-specified parameters (, S and T to enable

efficient learning.
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Algorithm 4 Distributed Online Estimation Algorithm
Input Weight matrix W, stopping time S, communication period ¢, number of communica-
tion steps T'

1: Bach v; € V initializes o1 = 0, 8;1 = 0, éi,l =0

2: fort=1,2,3,... do

3: for v; € V do > Implement in parallel

4: Gather the data pair (z;¢, i), where z;; ~ N (i, 021,)
5: Update O 11, 6@54_1, ®i,t+1 as in (44)

6: if tmod ( =0 and ¢t < S then

T Set a2t+1 = 41, 5?,t+1 = Bi

8: for k=0,1,..., 7T —1do

9: Broadcast aﬁtﬂ ftﬂ to j € NV;, and receive aﬁtﬂ Bj'ftﬂ from j € N;
10: Update afly, 851 as in (4.5)
11: end for
12: Oipr1 = a1 (Bly)
13: else B
14: Oit41 = Oy
15: end if
16: end for
17: end for
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4.4 Analysis of the Error

4.4.1 Local Estimation Error Without Communication

We will start with bounding the estimation error using only local samples. Note that for

any agent ¢« € V, we have

Héi,t—i-l -0 = ||ai,t+167:t1+1 — O

t t
’ ’ _
= ||(§ ,yzﬂ%])(E :x”x”) t— o
j=1 J=1

t / t o (4.6)
= || (Z m,m,j)(z mi,jxi,j)i |
j=1 j=1

t t
’ ’ 1
< an‘,jxi,j H(Z xi,sz‘,j) I,
j=1 j=1
assuming the the matrix Z;Zl :le’;-’j is invertible. The proof follows by upper bounding the
above terms separately.

Now we start with our first result.

Lemma 18. Let Assumption 4 hold. Fix § > 0 and let t > max(ty,t2), where t; =
. / P) ,
8n + 16log%,t2 = (16M(m+ 21Ogé))Q. For any i € V, letting j1;y = ézt Wit > With

Oz j=1

probability at least 1 — 26, we have both of the following inequalities:

! : 19 X
1D zigz ll < t(gai +07),
j=1

t / to? _
)\mzn(z xi,jxi’j) Z ?IAmmxln + ,ui,t)-
7=1

Proof. Fixing ¢ € V, we can rewrite x; j = o,u; j + p; j, where u; ; ~ N(0,1,,) for j = 1,... 1.

We have

t

t / / /
Z TijT; 5 = Z(Uxuz‘,j + ,ui,j)(Uin,j + Mi,j)
j=1 j=1

(4.7)

t t t t
. 2 / ! / !
= Z O Ui jU; 5+ Z Mgl j =+ Z Oz Wi, jf; 5 + Z O fbijUy ;-
j=1 j=1 j=1 j=1
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To derive the upper bound in Lemma 18, we start with upper bounding the norm of the
first term in the last equality of (4.7). Fixing § > 0 and applying Lemma 12, we have with

probability at least 1 — 6,

t
/ / 2
Jj=1

Further, we have

1 / 2
t 2.,
= ZZ(\/ﬁ—i- 21ogg).

Noting the inequality 2(a® + b?) > (a + b)?, we can write 2(n + 2log 2) > (v/n + /2log 2)2.
Letting ¢ > 8n + 161log %, one can then show that the following holds with probability at

least 1 — d:
t / 2 3
Al(zui,j“z‘,j) <Vt+vn+ 210g5 < 5\/;'
i=1

Consequently, we have with probability at least 1 — ¢,

t

, 9

| Zaiui,jui,jll < Zait- (4.9)
i=1

For the second term in the last equality of (4.7), from Assumption 4, we have
t
' 2
1D piguigll <t (4.10)
i=1

For the last two terms in the last equality of (4.7), since ¢t > n, we have

t , t ’
1>~ 0wt ll = | D owpigug
j=1 J=1
!

= 0, {Ni,l - 'Mz‘,t} [Ui,l - uzt:| |

< o, VHi(VaAn + ([ 21og ?), (4.11)
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with probability at least 1 — §, where the inequality comes from applying Lemma 13 and the
fact that || [:Ui,l . .,ui,t] | < Vti. Combining (4.9), (4.10) and (4.11) using a union bound,

; /2100 2
letting t > max{8n + 16log %, (16”(\/4;:: 2log 5))2}, we have with probability at least 1 — 20,

x

t , 9 / 2
| quxun < t(zai + %) 4 20, VEA(VAn + 1 [2]og 5)
=

9 o2
<t(Zo? 4 %) +t==
< (4% +4°) + 3

19
:t(gai‘i‘,ﬂ?),

which is of the desired form.
Now we prove the lower bound in Lemma 18. We first lower bound the smallest eigenvalue
of first term in the last equality of (4.7). Note that conditioning on the event in (4.8), we

also have

t
/ 2
J Amin(3_ it 5) > VE =/ —[2]og
j=1

from Lemma 12. Letting ¢t > 8n + 16log 2, we have \/)‘min(zé':l Uit ;) > 1V/t, which

implies

t
/ 1
> otuiju, = Zaitln. (4.12)
i=1

Further, from (4.7), note that

t t t t
Amin (32 @7 5) = Amin(Y 02w + D prity ;) — 2|1 D ot
=1

J=1 J=1 J=1

where the inequality comes from [49, Theorem 3.3.16(c)]. Now, conditioning on the event in

(4.11) and the event in (4.12), denoting ji;; = é Z;Zl ui,ju;j, we have

t t t
Amin (D Uiui,ju;,j +> /h',ju;,j) -2/ OwuiJ:u;,j |

to? — a2
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(16ﬂ(m+\/210g%))2

Ox

Hence, when t > , we have

E-zw

to? — 2, _to

Next, we will bound the error due to noise.

Proposition 4.4.1. Let Assumption 4 hold. Fiz 6 > 0 and let t > t3 = 2(n +1)log 3. For

any i € V, we have with probability at least 1 — 26,

HZ%:C”|<\/0U(4%W+M/ (I 4+n) +/2log = )

Proof. Fixing i € V, we can rewrite 1, ; = o,f;; and x;; = 0,0:;; + [i;, where f; ;. gi;
are independent Gaussian random vectors with f;; ~ N(0,1;) and g¢;; ~ N(0,1,), for
j=1,...,t. We have

t t
13 il = 112 00 fig(0agiy + i)l
7.7 7] 7]
=1

Jj=1

¢ t
! !
< E :O-no-xfi,jgi,jH + |l E :Unfi,j/ii,jH‘
i=1 j=1

Fixing 6 > 0 and letting ¢t > 2(n + () log %, applying Lemma 15, we have with probability at
least 1 — ¢

t
/ 9
1> 0000 fij9: ]| < Aowoyy[t(n +1)log < (4.13)

Jj=1 J

Next, notice that

/

t
I3 udistig = ol st | | for - fud]
j=1
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Using the fact that || {M’l e Mi,t} | < v/tfi and applying Lemma 15, we have with probability
at least 1 — ¢

HZanfwuw | < an\/—u (\V2(n+1)+ \/210g (4.14)

Applying a union bound over the events in (4.13) and (4.14), we get the desired form. [

Theorem 4.4.1. Let Assumption 4 hold. Fix § > 0 and let t > max(ty,1s,t3), where
; /7705 2
t; = 8n + 16log§,t2 = (16“(‘/R; 21°g5))2,t3 =2(n+1) log%. For any i € V, letting j1,; =

02 Z] 1 MZ],UZ], we have with probability at least 1 — 49,

C
\/go-;%)\mm<]n + ﬂi,t) ’

where Cy = 80, (40,+/(n + 1) 10@;% + ﬂ(\/Q(l +n)+ 2\/10g %))

Proof. Recall the expression of the estimation error in (4.6). Noting that ||(3}_, Ti Ty, D7 =

16;41 — O < (4.15)

1
Amin(zj 1 Zq ]r: ])
4.4.1 via a union bound to get the desired result. [

we can combine the second event in Lemma 18 and the event in Proposition

Remark 12. Theorem 4.4.1 shows that the error is O(%) Note that when the mean p;
is non-zero but invariant for all t, the bound could become more conservative when n > 1
(since the fi;; term will not make the denominator larger). If this is known in advance, one
could set §;y = Yioe—1 — Yioe and Tiy = Tioi—1 — Tie. One then has §;; = OF; + 0y, where
&g ~ N(0,2021,) and H;, ~ N (0, 207%][). The same bound will still apply to the least squares
solution using the transformed dataset, i.e., with the price of reducing the amount of samples
by one-half, one could force the mean-dependent terms in Theorem 4.4.1 to go to zero. Such

a transformation could result in a smaller bound when [i is large enough.
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4.4.2 Global Estimation Error

Next, we look at the estimation error of the least squares estimate supposing that one
has access to all samples across the network up to time step . The global estimate and its
associated estimation error are

ét+1 £ (i Z ymxlj)(z

i=1j=1 i=

= (Z Qi) (Z 5z‘,t+1)_1,
i=1 i=1

i)

t
=1

—_
<

(4.16)

/ —
xi,jxi,j) 1||7

m t
=1

m t
1©+1 = Ol = 132 D migi ) (D
i=1j5=1

=1

~

’

assuming the matrix 37", 320 25, ;

is invertible. The proof of the following theorem
entirely follows Theorem 4.4.1 due to Assumption 4, with slight adjustments to accommodate

possibly different means of x; ; across the network.

Theorem 4.4.2. Let Assumption 4 hold. Fiz d > 0, and let t > % max(ty, ta, t3), where t; =
; /2108 2
8n + 16log%,t2 = (16“(\#%; 210g5))27t3 =2(n+1)

log }. Letting fiy = s Sy S5y it
we have with probability at least 1 — 40,

Cy

O, — 0] < ,
[©02 =6l < VIt o2 Ain (I + [iz)

where Cy is defined in Theorem 4.4.1.

Remark 13. Theorem 4.4.2 indicates that the global estimation error bound is approrimately
ﬁ of the local estimation error bound for agent i € V in Theorem 4.4.1 (when [, in
Theorem 4.4.2 is approzimately equal to ji;; in Theorem 4.4.1). Next, we will analyze the
local estimation error after finite communication steps, which shows how communication

could help agents benefit from the global dataset.

92



4.4.3 Local Estimation Error After Communication

To derive the error bound of the local estimate after communication, we first define
some quantities for notational simplicity. Recall the roles of the stopping time S and the
communication period ¢ in Algorithm 4. For ¢ satisfying t mod ¢ = 0 and ¢t < S (note that we

A1 m

. . . . . — A o)
will only consider such ¢ in this section), define ;1 = % Yty aigprand B = 30 B

For any 7 € V, note that

||C:)i,t+1 -0 = ||Oég:t+1(5¢T,t+1)71 - 0|
= HO‘zjt-H(Bi:,Ft-H)il - 0_4t+1B;|_11 + 0_4t+15f+11 — O (4.17)

< gy (Ble0) ™" = @t B4+ a8 = O,

under the invertibility assumption.

The second portion of the above inequality can be bounded using Theorem 4.4.2, since
1854 — O] = €441 — ©|. Now we will focus on bounding the first term, which corre-
sponds to the error due to network convergence at time step t, using 7" steps of communica-
tion. For ¢ satisfying t mod ( = 0 and ¢t < 9, fixing ¢ € V and defining €aT, = ozgtJrl — Q11

A (g7 -1 _ g1
and €gr -1 = (Bits1)”" — Big1, we have

||aZt+1( ;F,t—i-l)_l - @t+15_t_+11‘| = [[(Q41 + Eazt+1)(51;rl1 + E(ﬁftﬂ)*l) - 54t+15t_+11||
< laerrer,, yill + llear,, Bkl + llear, e, 1
< laellllegsr, oIl + llear, B4 + lear,  Mlegr,, )l
(4.18)

and we will bound the above terms separately.

Before we proceed, we will define some probabilistic events. Let t satisfy ¢t mod ¢ = 0
and ¢t < S. With the replacement of § by 9, let ¢ > max(t1,te,t3) defined in Lemma 18
and Proposition 4.4.1. Let E; be the event such that the event in Lemma 18 occurs for all
i €V at time step ¢, i.e., By = {{[| Xy zijz; ]l < (202 + 02)} 0 {hnin(Shey 2ij205) >
9 Nin (I + i) }} for all i € V, where Jiy; = ;& S0, pujpii ;. Similaly, let By be the

event such that the event in Proposition 4.4.1 occurs for all © € V at time step t, i.e.,
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Ey, 2 {| > 117”:1:”” < Vto, (4o, /(n+1) log% +[L(\/2(l+n) + \/210g %))} for all i € V.

Applying a union bound over all ¢ € V', we have
Es 2 B, NE, (4.19)

occurs with probability at least 1 — 4ms.

Proposition 4.4.2. Conditioning on event E3 in (4.19), we have

[Ges1]| < ter + Ve,

where ¢1 £ (|0]|(Lo2 + 2), o & 0,](40“/(71 +1) log% + ,&(\/Z(Z +n) + \/2 log %))

Proof. We have

H%M%%Z%mﬂ

S

— Yi .’L'

m i=175=1 !

1 m t
= =32 3O + mig)a

miz1 =
< — WWZZ%“MHQDMMU

=1 j=1 1=1j=1
9 2
< tH@H( a + 02) + Vto, (4o (n +1) logg + Aa(y/2(1 +n) +4/2log 3)),
where the last inequality is due to event Ej. O]

We will use the following result from [62].
Lemma 19. Consider a weight matriz W € R™*™ that satisfies Assumption 5. The follow-

ing inequality holds:

max ’WTZ]—<\/_(( ))

ie{l,-m e{l

where p(W) = max{ (W), =\, (W)}.
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Proposition 4.4.3. Let Assumption 5 hold. Conditioning on event E3 in (4.19), for all

1€V, we have
lear,, | < m2Vi(p(W))" (ter + Vi),

where ¢ and co are defined in Proposition 4.4.2.

Proof. Define Af,, = of ypseeesah | and Avi1 = |Gy, -, Qysq|- Foralli € V, we
have
lear Il < ”AtTH — Al (4.20)

it+1
since €57 is a submatrix of the matrix Al - Ayy1. Now, let W € R™™ be the weight ma-

trix associated with the communication graph, W € R™ ™ be a matrix with all components

equal to %, and

< m(p(W))".
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&ty = ar11(4,7)  c2e1(i, ) U e11(15 )
We have
1A = Ava|l < 14T — Avallr
= || vec(ALy — Al
wr-w 0 -0 |[aky]
0 Wt —w 0 &y (4.21)
0 0 wT—-w | & ]
< ||WT - W” H Q141 0241 A, t41
Now applying Lemma 19, we have
W =W = [|(WT) =W < Vm|(W") =W, (1.22)



Further, since the rank of the matrix [041 41 Qogel Qg t+1] is at most [, conditioning

on event E3, we have

H Qi1 Q241 - Qptd ‘F < \/ZH Qrir1 Q41 - Qmtd ‘
< me{r{lax }(H@i,tHH)
< \/_ ax (O]l vamfv il + 1 Zmﬂ il
< \/_(tH@H(*O’ + i)
+ Vo, (Ao [ (n + 1) 1og§ A0 1 1) + 210g 2)).
(4.23)
The result follows by substituting (4.22) and (4.23) into (4.21). O
Proposition 4.4.4. Conditioning on event E3 in (4.19), we have
1B < o2
Proof. Conditioning on event Ej in (4.19), we have
By = nl%g;ﬁi,tﬂ - Ogﬂn-
Taking the inverse we get the desired result. O

Proposition 4.4.5. Let Assumption 5 hold. Conditioning on event Es in (4.19), for all
1€V, we have

lecar

C
ol < o),

t+1

A A
where c3 = 152m2\/5n + 64m2\/5 M2
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Proof. Denote €pr | = ﬁgtH — Byy1. Letting W € R™ ™ be the weight matrix associated
with the communication graph, W & R”™*™ be the matrix with all components equal to %

Following the same procedure as in the proof of Proposition 4.4.3, for all ¢ € V), we have

||EB;'1:t+1|| < W' - W” H Bris1 Boi+1 0 Bmatt ‘F
3
< m?\/ﬁ(p(W))Tiegl?yX (1B z+11l) (4.24)
2 7,019 5 o
< (W) o 4 i),
where the last inequality is due to event Ej.
Further, for all 7 € V, we have
legor,y-sll = 108%™ = Bl
1 1 (4.25)

< V5 max{ 5

mzn( ij:tJrl)’ O?nin(BH-l)

Hiear,,., Il

7, t+1

where the inequality comes from [63].
Conditioning on event E3 and noting that Bgt 11 = ity G4 for some weights 0 <
q; <1and " ¢ =1, we have

00 \ﬁm

O—min(ﬁij:t-s-l = Omin Z %Bz t+1 Z t. (426)

Consequently, substituting the above inequality and Proposition 4.4.4 into (4.25), and

combining with (4.24), we obtain

64+/5

1) 1” — 4t2 H 5 t+1||

< S W)t P+ ).

lecar

Now we are ready to bound the local estimation error after communication.
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Theorem 4.4.3. Let Assumptions 4 and 5 hold. Fix 6> 0 and let t > max (1, to, t3), where

164(vVAn+, [21log 2)
t1 =8n+ 16l0g%,t2 = ( V2t =2(n+1) log%. Fortmod ( =0 andt < S, fix

Oz

0 > 0 and denote fi; = # >y Z§:1 Mz‘,j,LL;j. We have with probability at least 1 —4m3—45,

Cy
+ ;
Vmto2Amin (I + i) (4.27)

Error due to noise

183441 — O < (p(W))" Cy

Error due to network convergence

3 .
for alli € V, where Co = c3(c1 + t~Y2¢y) 4+ Sm2VHer e 4 (5 () T3 /ey (er + t12¢),

[

and C1, ¢y, c9, c3 are defined in Theorem 4.4.1, Proposition 4.4.2 and Proposition 4.4.5.

Proof. Recall the decomposition of error from (4.17) and (4.18). Note that the event Ej in
(4.19) occurs with probability at least 1 — 4mé when ¢ > max(t;, t, t3). Combine event Ej
and the event in Theorem 4.4.2 using a union bound. Applying Propositions 4.4.2, 4.4.3,
4.4.4 and 4.4.5, we get the desired result. [

Remark 14. Theorem 4.4.3 demonstrates a trade-off between estimation error and com-
munication costs. By choosing 5 small, as T tends to infinity, the first term in the bound
tends to zero, and agent © € V can almost recover the same performance guarantee as if it
had access to all samples across the network up to time step t (note that the second term in
the error bound reduces the local estimation error bound in Theorem 4.4.1 by approximately
ﬁ) The speed the first term goes to zero depends on the network topology. Further, this
result implies that by choosing T large such that the first term in the bound is small, commu-
nication becomes less important as t increases (i.e., as each agent keeps collecting samples),
since the the second term goes to zero more slowly. Consequently, the improvements of the
new local estimate after communication over the old estimates éi7t+1 and éz‘,t—i—l will become
smaller. In the next section, we discuss how to choose those user specified parameters to
balance the trade-off between estimation error and communication costs, leveraging the above

observation.
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4.5 Determining the communication period, the stopping time, and the number
of communication steps

In short, the communication can be stopped when the minimum between the largest local
error bound (over agents) in Theorem 4.4.1 and the error bound in Theorem 4.4.3 is less
than some pre-specified threshold value € € R.y. To achieve that, one needs to first specify
the communication period (. Note that larger { corresponds to sparser communication.
Further, one can specify how much error at most due to network convergence in Theorem
4.4.3 (first term in (4.27)) can be tolerated, denoted as ey € R-g. Smaller €y would require
more communication steps. Based on that, one can compute the number of communication
steps T that makes the error due to network convergence in Theorem 4.4.3 always less than
en. Consequently, one can then evaluate the bounds in Theorem 4.4.1 and Theorem 4.4.3
and determine the stopping time S. Note that the bounds in Theorem 4.4.1 and Theorem
4.4.3 involve parameters that may be unknown in practice. However, it suffices to replace
fit, fie by 0, and o4, 0y, [1, ||©|| by their corresponding estimated upper/lower bounds.

Although communication could still help to reduce estimation error after ¢ > S, even
infinite communication steps can only allow each agent to recover the same estimation error
bound as if it had access to the global dataset, under which the reduction of error could
be negligible in practice when ||(:)i,t+1 — 0] or H(:)i’tﬂ — 0| is already small enough. Con-
sequently, it might be preferable for these agents to start updating purely based on local
data, considering the communication costs. We will illustrate this idea in the next section

empirically.

4.6 Numerical Experiment

In this example, we consider a network of m = 6 agents trying to learn model (4.1),

where

1.6 0.3
= y Og = 37 Op = 17
0.8 0.3
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and p;; = 0 for all ¢ and ¢. The weight matrix associated with the communication graph is

1/3 1/3 0 0 0 1/3
1/3 1/3 1/3 0 0 0
0 1/3 1/3 1/3 0 0
0 0 1/3 1/3 1/3 0
0 0 0 1/3 1/3 1/3
1/3 0 0 0 1/3 1/3

We set ( = 20 and assume that all parameters in Theorem 4.4.1 and Theorem 4.4.3 are known
for simplicity. The number of communication steps is set to T' = 38, which is computed based
on the guidelines suggested in Section 4.5 such that the error due to network convergence
in Theorem 4.4.3 is always less than 0.01 (using § = 0.001). The communication is stopped
when the smallest error bound between the one in Theorem 4.4.1 (using § = 0.05) and the one
in Theorem 4.4.3 (using § = 0.05,6 = 0.001) is less than 0.5, which leads to S = 1620. We
plot the average (over agents) local estimation error without communication ||©; 4, —0)|, the
average local estimation error after communication ||©;,,1 — ©||, and the global estimation
error ||©,41 — O All results are averaged over 10 independent runs.

As expected, the error ||©; 4,1 — )| is almost the same as ||©;41 —©|| when communication
happens. Further, the error ||©;,,1 — ©|| decreases relatively rapidly, and is much smaller
than [|©;,41 — ©|| at the beginning. However, the error ||©;,4; — || decreases more slowly,
and its improvement over H(:)i,tﬂ — O|| becomes less obvious, as each agent gathers more
samples. Although the communication is stopped at ¢ = 1620, leveraging the global dataset
has only marginal improvements over the estimates éi,t+1, éz’,t+1 after t = 1620, implying
communication becomes less important, which confirms our observation in Theorem 4.4.3.
On the other hand, although the minimum between ||©; ;41 —©|| and [|©; 41 — ©)|| is less than
0.5 after ¢t = 1620, the simulation also implies that our finite time bound is conservative. It

is of interest to develop tighter bounds in future work.
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Figure 4.1. Average ||©;,.1— 0|, average ||©;,+1—0)|, and

16:41 — O||. The communication is stopped after ¢t = 1620.

4.7 Chapter Summary

In this chapter, we proposed an online distributed parameter estimation algorithm with
finite time performance guarantees. Our results demonstrate a trade-off between estimation
error and communication costs, and we show that one can leverage the error bounds to

determine a time at which the communication can be stopped.
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5. ONLINE CHANGE POINTS DETECTION FOR LINEAR
DYNAMICAL SYSTEMS WITH FINITE SAMPLE
GUARANTEES

5.1 Introduction

The problem of change point detection (CPD) is to detect when abrupt changes in prop-
erties of time series occur. This problem has wide application in various fields, including
monitoring of medical conditions, speech recognition, environmental surveillance, and image
analysis [64]. In an offline setting, the goal is to determine the change points by looking at
the entire dataset all at once [65]. In contrast, in an online (or sequential) setting, the goal
is to detect when changes occur as soon as possible based on new data points arriving in a
streaming manner [66].

Online CPD under the assumption of independence of samples over time has been studied
extensively over the past few decades [67]-[70], and many approaches have been proposed;
for example, [71], [72] leveraged Bayesian methods for online CPD, while [73], [74] explored
the use of neural networks. The CPD problem is more challenging when the data exhibits
correlations over time, and coming up with theoretical guarantees for such settings is an
active area of research [75]. Indeed, time-correlations between data are commonly observed
in practice. For example, data generated by dynamical systems is inherently correlated over
time; such systems commonly occur in control theory, machine learning and economics [76].
As a practical example, when learning system dynamics from observed data, one may want
to know if the system changes dynamics at some point of time to avoid using biased data
[23]. There are several papers that focus on CPD for dynamical systems [77]-[79]. However,
the existing works typically do not provide finite sample guarantees for the probabilities of
making false and true alarms, i.e., it is unclear how well these algorithms perform given a
finite number of data points.

A common approach used for online CPD is to compare a data-based statistic against a
given threshold, with an alarm being raised if the statistic is larger than the threshold. There

are some papers that provide threshold values that can achieve desired probabilities of false
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and true alarms, based on Bayesian approaches [80], [81]. However, these works typically
require a known probability distribution of the data prior to the change or do not have
a theoretical analysis that demonstrates the relationship between detection accuracy and
detection delay. Indeed, a rigorous characterization of the relationship between detection
accuracy and detection delay is rarely provided in the literature. The paper [82] studies
change point detection leveraging multivariate singular spectrum analysis, where the authors
model the time series data as being generated by a spatio-temporal model and theoretically
demonstrate the trade-off between detection delay and false alarm rate. However, the main
focus of their analysis is on how a user-specified threshold value used in their test affects
the performance of the algorithm in expectation. In contrast, our focus in this chapter is on
finite sample guarantees for the probabilities of making false and true alarms, and how the
number of samples used in our algorithm at each time step affects the detection accuracy
and detection delay.

Lastly, we note that all of the above mentioned works do not theoretically demonstrate
how the presence of multiple change points affects the performance of the CPD algorithms.
This aspect is captured in our algorithm and its associated analysis.

In summary, our contributions are as follows.

o We provide an online change point detection algorithm for linear dynamical systems
that is suitable for multiple change points. The algorithm is based on a least squares
approach and can be easily implemented. We develop a data-dependent threshold that
can be used in our test, which enables the user to achieve a pre-specified false alarm
probability (assuming certain prior knowledge about the system is available). We note
that the threshold does not require perfect knowledge of the system parameters at any
given time. This is different from many existing works on CPD, e.g., [80], [83], [84],
which usually require known distribution prior to the change (when there is only a

single change point).

o We provide a finite-sample-based lower bound for the probability of making a true

alarm after changes occur with a certain delay. Our result demonstrates the trade-off
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between accurate detection and detection delay, as well as the ability to detect fast

changes.

Our theoretical analysis and guarantees are demonstrated and validated via numerical

examples at the end of this chapter.

5.2 Problem formulation and algorithm

Consider the discrete time linear dynamical system

Thy1 = Aka + Bkuk + wg, (51)

where k£ € N is the time index, z;, € R" is the state, u; € RP is the input, w € R" is the
process noise, A, € R™*" and By € R™*? are system matrices. The input and process noise
are assumed to be i.i.d Gaussian, with ux ~ N(0,021,) and wy ~ N(0,021,). We define
Omin = min(o,,0,). The initial state zo is assumed to be independent of u; and wy. The
system matrices Ay, By are deterministic but unknown. Let ©, = {Ak Bk} We further
assume that there are known parameters b,, and bg that satisfy o, < by, and ||©]] < be
for all k > 0. We call a time index k € Nx; a change point if Ay 20, — 6] > 0. Our
goal is to determine the change points using observed data from system (5.1) in an online
fashion. From the perspective of control theory, one can treat the above model as a switched
system with unknown dynamics [85], where the goal is to detect when the system switches
dynamics and learn a model for each mode of the system, so that one can design a better
controller; one can also treat Ay in system (5.1) as a closed loop system under control, and
the input wuy as a small exploratory input (which is a common strategy used in the adaptive
control literature [5]).

Let N > 2 be a design parameter that corresponds to the length of the interval of
previously seen data we would like to use at each step to detect change points (our analysis
later will provide guidance on how to select N). Let {(x;,u;) : 0 <i < 2N —1,0 < j <

2N — 2} denote the initial dataset. At each time step k& > 2N — 1, a sample (xpy1, ug)
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generated by system (5.1) is observed. Let the label matrices for the reference window and

the test window at time step k be

e R(V-1), (5.2)

ref
Xk - [ZEk—QN+3 ot Tk—N+1

and

X]iest — c 1R11><(N71)7 (53)

Tp—N+3 = Tk+1

’

respectively. Let z, = [xgc ud € R for k > 0, and define the regressor matrices for the

reference window and the test window at time step k as

Z}ff = {Zk—2N+2 Zk—N] € R(HP)X(NA)’

(5.4)
Z]iest _ [Zk—N+2 Zk} e R+ x(N-1)

Furthermore, we denote the noise matrices for the reference window and the test window at

time step k as

Wzl"ef = {wkzNH wkN} € Rnx(N_l)v
(5.5)
Wliest _ {wk—N+2 wk] e R*(N-1)
Based on these data windows, we consider the following intuitive approach. Let C:)’,;ef
and (:)}ff‘gt be the estimated system models using the data from the reference window and the
test window, respectively. If the data from the reference window and the test window are
generated by the same dynamics, then their estimated models should be similar; if the data
from these windows are generated by different dynamics, i.e., if there is a change point, their
estimated models should be quite different, i.e., one may flag a change point if the metric
167¢/ — Gtest|| is larger than some user-specified threshold value. To find O and %t we

will solve the following regularized least squares problems at each time step &

omin X = 65T Z |3 4+ MO 17,
&7 R (n+p)
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and
min (X[ - S 73+ O,

é}fcest cRnx (n+p)

where \ > 0 is a regularization parameter. The closed-form solutions of the above problems
are given by

Oy = Xi NN (G (2T + M) 7 (5.6)

and

éZest _ X]iest(z]iest)’(Z;;est(Zliest)’ + )\In+p)_17 (5.7)

respectively. In this chapter, we will develop a data-dependent threshold 7, = 7%(J) that
has provable finite-sample guarantees, where ¢ € (0, 1) is a user-specified upper bound of the
false alarm probability. The specific expression of v, will be given later when we present our
results (Lemma 20).

Our guarantees will apply to change points that are sufficiently separated (in time) from

other change points. We make the following definition to make this formal.

Definition 5.2.1 (Sufficiently Separated Change Point). Suppose the system has ¢ € N>
change points. Let the sequence of change points be 0 < ky < --- < k,. We call a change
point k;, 1 <i < q— 1, sufficiently separated if k; — k;—1 > 4N — 1 and kjy1 — k; > 4N — 1,
where ky = 0. The change point k, is sufficiently separated if kg — kg—1 > 4N — 1.

If the system has infinitely many change points 0 < ky < ko < - -+, we call a change point
ki, i > 1, sufficiently separated if k; — k;_1 > 4N — 1 and k;11 — k; > 4N — 1, where kg = 0.

We let the value Sy represent the most recent change point predicted by the algorithm at
time step k > 2N — 1, where the initialization is given by Sony_o = 0. If the current metric
|67¢/ — ©test|| is greater than the threshold ~;, and k — Sp_1 > 2N — 2, then the algorithm
will predict a change point and set S, = k; otherwise, no change point will be predicted
and the algorithm will set S, = Si_;. The requirement of k — S,_; > 2N — 2 is needed in
addition to ||©;% — ©iest|| > ~, to deal with potentially multiple change points. Intuitively,
if the metric is larger than the threshold for some consecutive time steps, we may not want
to flag all of them as change points if all of the change points are sufficiently separated, so we

wait for a period of time to make sure that the current dynamics have settled before making
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the next prediction. In general, if there is no change point at time step k, i.e., ||Ag|| = 0, we
want the algorithm to output Sy # k; if there is a change point at time step k, we would like
the algorithm to detect that as soon as possible, i.e., if [|Ag|| > 0, we want the algorithm to
output S; > k for some ¢ > k, and the value ming,>,{S;} should be small.

The above steps are encapsulated in Algorithm 5.

Algorithm 5 Online Change Point Detection
Input False alarm probability 6 € (0,1), window size N > 2, parameters A > 0,0, , bo

1: Initialize Sopy_2 =0

9 for k=2N —1,2N,2N +1,... do

3: Gather the sample (zj41, uk)

4 Compute O} and 6! as in (5.6) and (5.7), respectively
5: Compute 7, as in (5.10)

6:  if |6 —©lest|| > ~, and k — Sk_; > 2N — 2 then

7 Set S, =k

8: Flag k as a change point
9: else

10: Set Sy = Sk—1

11: end if

12: end for

Remark 15. One can update the least squares solution using the Sherman-Morrison formula
[60], which provides an efficient way to update the matrixz inverse if the changes are ‘small’
(in our case, the change at each time step is the replacement of the oldest sample by the
most recent one). The threshold vy, will be provided in the next section, and depends on the
parameters b, and bg (which depend on prior knowledge of the system, or can be estimated
in practice). If those parameters are not available, one can replace vy, with any other positive
value, but at the cost of losing performance guarantees. In general, a smaller threshold would

lead to a higher probability of both false and true alarms.
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In the next section, we will present our main results showing that Algorithm 5 ensures
the false alarm probability will be less than §. We further provide a finite-sample-based lower
bound on the true alarm probability, which demonstrates the trade-off between detection

accuracy and detection delay.

5.3 Finite Sample Analysis of Algorithm 5

In this section, we present theoretical guarantees for Algorithm 5. Some of the proofs
are included in section 5.6. In Section 5.3.1, we present some intermediate results that are
used later. Our main results (the finite-sample bounds on the probabilities of making false
and true alarms) are presented in Section 5.3.2. We first make the following assumption on

system (5.1).
Assumption 6. There exists a constant > 0 such that tr(E[zyz}]) < 8 for all k > 0.

If we have p(Ag) < 1 for all £ > 0, i.e., all potential systems are strictly stable, As-
sumption 6 simply requires the dynamics to not change too frequently [86] (as a sufficient

condition) or that there are finitely many change points.

5.3.1 Intermediate results

The lemma below provides a value for the threshold 74, along with an associated proba-

bility bound on the recovered system matrices O and ©fest,

Lemma 20. Consider any time step k* > 2N — 1. Let Vil = (Z;(ZY + V)V and
Viest = (ZlesH(ZiY + V)V =L where V = A,4,. Suppose

Xi = O _on i Z + W (5.8)

and

X}iist — @k*_N+QZtiSt + W]ﬁfSt, (59)
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e., the system matrices at the start of the reference interval and the test interval are the

same throughout the interval, and that the threshold is chosen as

Do/ 2 (log %2 + L log det (Vi)
\/)\mm Z;;ff(ZTef) + /\]n-l-p)
Ab
+ ref reef
)\mm(Zk* (Z3) 4+ Mogp)
. bo,\/ 2 (log 52 + L log det(Vjet))
\/)\mm (ZEH (21 + M)
Abe
Mnin (ZEEHZEEY) + Mopyp)

Vex =

(5.10)

+

Then we have

P(|65 = Ope_ansall + 018" = Ope ol = ) < 6.

Proof. We will focus on bounding the term |7 — ©-_sno| as the analysis for the term

|61t — O _n 42| is almost the same. Recalling the expression of ©7 in (5.6), we have

165 = O —an s

= W (ZE Y (ZE () + M) ™ = A0y i (2L Y + M)

re re re re re re — (5]‘1)
< NIWEHZEN (ZE N (ZEY 4 M) M+ 1O —an 2 (ZE () 4 M) 7|

Abg
Min i (ZT) 4 My)

<NWEH(ZE V(2 (Y + M)+
For the first term after the last inequality of (5.11), we have

Wi (ZEV (i (23 )+ M)

< Wi (B (Zi (23 Y + M) PN ZE (25T ) 4+ M) ™)

WY (2 (2 )+ M) (5.12)
V Amin Z;;ff (ZY + AlLyy)

_ O + S v 22) A (i o 2wy |

v Amm (Zi(Z0TY + Moy)
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Now we will bound the numerator of the last equality of (5.12) using Lemma 5. Define the se-
quence pairs {Z; };>1 and {w; }y>1, where Z; = 2« _on 1144 and Wy = wgs_on414¢. Then we have
I(A Loy + i k*—2N+2 22) T3 f*k*—2N+2 2wl = (Mg + 2051 22) 720 Zey) |-
Further, define the filtration {F;};50, where F, = o({z};}} U {w;}'_;). With these defi-
nitions, we have the noise terms w; are F;-measurable, and w;|F;_; are sub-Gaussian with
parameter o2 for all ¢ > 1. Consequently, fixing § > 0, we can apply Lemma 5 to obtain

with probability at least 1 — g

M sy + S anaa 220) P (C e oo 2w} | < \/QU? (log %2 + } log det (Vi)

VAmin( ZEH (23T Y 4 ML) T VA G (Y + ML)
(5.13)

Combining the above inequality with (5.11), using o, < b,,, we have with probability at

least 1 — g

bowr/ 2 (log %2 + Llog det(V))) N o

\/)\mzn erf(erf)/ + )\I,H_p) )\mzn(Z]:ff<Z]:ff)/ + )\[ner) .
(5.14)

||@Tef Opr—an+2]| <

Following a similar procedure for the term ||(:)Zef — Op+_n12|, and applying a union bound,

we have the desired result. O

The following lemma bounds the probability of the metric ||(:);ef — (:)ZeStH being larger
than the threshold ~; if there is not a change point in both the reference interval and the

test interval.

Lemma 21. Consider any time step k* > 2N — 1. If it holds that O« = Ops_1 = ... =
Op_an+1, then we have

P(|67 ~

) <6,

Proof. Since O« = Op«_1 = ... = O+ _on11, We have

H@Tef

|| (@ref Gk*) <®test Gk*)

< H@ref @k* + H@test @k*

= |05 — Ops _ansal + 16" — O al-
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Further, note that we also have
X7 = Op o2 2 + W

Xi9 = Ope N2 25 + WS
Applying Lemma 20, we get the desired result. O

The following two lemmas are used to establish our finite-sample bound on the true alarm

probability, with proofs provided in section 5.6.

Lemma 22. Let k* be a time step such that k* > 2N — 1. For any fized § > 0, let N >
max(42,200(n + p) log(%’)). Then with probability at least 1 — 26, the following inequalities

hold simultaneously:

re re N072mn + 42)\

L L) + My = =,
No? . + 42\
ZZESt(ZIiiSt)/ + )\In—f—p - %Z;_In'i'p'

Lemma 23. Let k* be a time step such that k* > 2N — 1. For any fited § > 0, with

probability at least 1 — 20, the following inequalities hold simultaneously:

IN
s

125 v (Zi ) ||

IN
| Q

125 v 2 (Zi% o)l
where Cy = (N — 1)(8 + o2p).

The following result bounds the probability of the threshold value v; being small com-
pared to the magnitude of the change, and will be used later to lower bound the probability

of making an accurate detection.

111



Lemma 24. Let k* > 2N — 1 be a change point. Let Ny = 200(n + p)(log(Z) + | Ax-

+42) 168\bo C

m;” . Consider any N satisfying N > max(42, Ny
2500b w ) osoon .2 (n+p)(Namm+42/\)) (42, N1,
3363be 420 Purther let A < 401 where

Ag<lloy be 7
min mln
%= Aexp(]|A NoZ o +a2x_ [log(52)
EXPUIS %11\ 10000062, (ntp) ntp

Then we have

P({2vpin-2 < || Ap-

})21_5&

where Y« n_o 15 defined in Lemma 20, and Cy is defined in Lemma 25.

Proof. Fix § > 0. From Lemma 22, when N > max(42,200(n + p) log(%2)), we have with

probability at least 1 — 20 the following inequalities

NoZ,. + 42X

Min( Zih o (Z5 e 2) A+ M) > "”ZQ : (5.15)
No?,. +42)
Min( i n—o(Z3E N —2) + Mip) > % (5.16)
From Lemma 23, letting A < , we have with probability at least 1 — 2§
de (Vr*ef ) det(Zl:fiN 2(ZI:fiN—2)/ + V)
A det(V)
< (”ZTf{i[—N—Q(ZI:fiN—Q)I” + A" (5.17)
< ot
Cy 204
<(=+1)P < ntp,
(5t (¢ )
and
2C
det(Visthy ) < (50)"*7, (5.18)

SA
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where ‘_/krf_{ v and Vit are defined in Lemma 20. Applying a union bound, we have the

events in (5.15)-(5.18) occur simultaneously with probability at least 1 — 44, which implies

50, \/10g(%52) + 50, log (35 )/n + p
NoZ. 1 42\

n 168)\b@
NoZ,, + 42\

2V yn—2 <

where we used the relationship that va + b < \/a + Vb for positive a, b, and that A < % =
20 20 2c
5> e = /log(F) < log(5t)

Setting the right hand side of the above inequality to ||A-

, after some algebraic ma-

nipulations, we have

- 204
o= ; (5.19)
)\eXp(m)
where ¢ = ||Ap|[\/No2,;, + 42X — 168’\b9 bo,\/log(%?). When N > lls’?’fﬁ‘j@ — A
we have ¢ > 1241y NU”“"MQ)\ — 500, ,/log 9"2 . which implies § < %. Finally, recall that

we also required the conditions N > max(42,200(n + p)log($)) and A < & Substituting
(5.19) into these conditions, using 6 < f, and after some simplifications, we have the desired

result. O

Remark 16. In Theorem 5.3.2, we will show that a smaller o, corresponds to a higher
probability of true alarm. Note that N will be larger than Ny for sufficiently large N since

the term Cy grows linearly fast.

The following result lower bounds the probability of the metric ||©} — &t || being larger
than the threshold v, with some delay, when there is a change point.

Lemma 25. Consider any time step k* that is a sufficiently separated change point. Suppose

the conditions in Lemma 24 are satisfied. Then we have

k*JrN 2 R
(U {165 -t >~} >1-6—6.,
t=k*

where 0. is defined in Lemma 24.

113



Proof. Note that we have

k*+N-2
P( U {16 = 01| > %)) = PUIO n—z — Ot yoall = eesn—2})-
t=k

We will lower bound the probability after the above inequality now. We have

163, s — Oty Ll
= [|(Op—1 + O} vy — Ope1) — (O + Oy, — Op)
|

- ||@Z?;N—2 - @k:*—1|| - ||@2isijv—2 - @k*

| (5.20)

= || Ak + (@Z?LN72 — Ope—1) — (0% Ny 5 — Op)

> || Ags

Y

where the last inequality is due to the triangle inequality. Since £* is a sufficiently separated
change point, we have Oy« | = Oy« 9 = ... = O _yyy1and Ops = Ops 1 = ... = O yn_o.
Hence, we have

195 s = Ok 1l = 187 vy — Okl (5.21)
For the same reason, we have
Xith oo = O N2y + Wiy, (5.22)

and

XiEin 2 = O 28 Ny o + Wity s (5.23)

Applying Lemma 20, we can obtain that with probability at least 1 — ¢

167 o — Ope—n || + 108 vy — O || < e 4v—2, (5.24)

which implies that

167 o — O ol > 1Ak || = v (5.25)
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with probability at least 1 — 4 from (5.20) and (5.21). Furthermore, applying Lemma 24 and

a union bound, we have with probability at least 1 — d — 9,

103 s — 0%yl > (|12

— Vk*4+N-2

2> Vk*+N-2-

]

5.3.2 Main results: Finite-sample probability bounds on making false and true
alarms

Now, we state our first main theorem, which shows that the the probability of false alarm
is upper bounded by § (recall that setting S, = k is always associated with flagging time
step k as a change point).

Theorem 5.3.1 (Probability of False Alarm). Consider any time step k* > 2N — 1. If it
holds that Oy« = Oy« 1 = ... = Op«_on11, we have

Proof. From Algorithm 5, we have P(Sy. = k*) < P(||©;% —6!%!|| > 44-). Applying Lemma
21, we have P(Sp = k*) < 6. O

Remark 17. Note that ¢ is a user specified parameter that can be arbitrarily small. However,
a small O could reduce the true alarm probability, which will be discussed when we present
Theorem 5.3.2. We also note that although we assumed that both the input uy and the noise
wyg are i.i.d Gaussian, this result actually holds for independent sub-Gaussian noise and
arbitrary input that is independent of future noise. However, our finite-sample lower bound
of the true alarm probability, i.e., if there is a change point, requires the assumption of i.1.d
Gaussian input and i.1.d Gaussian noise. We leave the analysis of more general distributions

of input and noise to future work.

Next, we state our result that lower bounds the probability of making a true alarm (with

some delay).
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Theorem 5.3.2 (Probability of True Alarm). Consider any time step k* that is a sufficiently
separated change point. Suppose the conditions on N, \ in Lemma 24 are also satisfied. Recall

that Cy = (N — 1)(8 + o2p), and

0 = ’
No2 . 42X log(252)
Aexp(||Ag- 1000062, (n+p) =
Then we have
E*4N—2
P( U {St = t}) >1-— (2N + 1)5 - 567
t=k*

where the term (2N + 1)6 captures the uncertainty due to settling from the previous change

point, and the term d. captures the uncertainty due to noise.

Proof. Define the events By 2 S TN=2{||6% — ©!st|| > ~,} and By, £ N1, {165 —
Otest|| < ~,}. We have P(E;) > 1 — 6 — 6, by applying Lemma 25. Since k* is a sufficiently
separated change point, we also have Oy«_1 = Op«_o = ... = Op+_4n41. Hence we can apply
Lemma 21 and combine the 2N events in Ey using a union bound to obtain P(FE;) > 1—2NJ.
Recall the conditions for setting S, = ¢ in Algorithm 5. Conditioning on E; N Es, let £ be
the smallest time step such that [|©; — &est|| > ~, for t = k*,... k* + N — 2. Note that

on the event E; N Ey we also have

t—S; 1 > k" — Speon1 >k — (K —2N — 1)

> 2N — 2,

with probability 1, which implies S; = . Consequently, combining events E; and E, using

a union bound, we have
k* 4+ N—2
P( |J {Si=t})>P(ExNEy)>1— (2N +1)§ — 6.

t=k*

O

Remark 18. Interpretation of Theorem 5.3.2. Recall that setting S; = t implies

flagging time step t as a change point. Theorem 5.5.2 provides a high probability lower bound
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on true detection in the long run (i.e., predict the change point after k*, but within any pre-
specified large time steps), where the associated delay is bounded by N — 2. Note that the
term —2N0 is added to the probability lower bound in Lemma 25. This term is included due
to the need to deal with potentially multiple change points, since the algorithm may conclude
that the dynamics have settled by observing the event Ey = (1 on {105 — 6test|| < 4},
i.e., we want to make sure that the reason the metric is greater than the threshold is that
we have a new change point instead of that we are observing some residual effects from the
previous change point. Below we further discuss the effects of some parameters.
Discussions on the effects of 6, N: Suppose that the window size N 1is fized for
now. We see from Theorem 5.5.2 that a smaller false probability 6 would lead to a smaller
uncertainty due to the need to confirm the dynamics has settled from the previous change
point. However, if 0 is set to be too small, 6. may become very large and make the overall
lower bound small, which implies a potentially smaller probability of true detection in the long
run. To make the true alarm probability lower bound large and maintain a small false alarm

probability &, we can use a larger window size N. More specifically, by setting § = exp(“\/ﬁ)

for some constant a > 0, we see that a larger N corresponds to a smaller false alarm
probability, and ensures both a smaller uncertainty due to settling and a smaller uncertainty
due to noise, since the term Cy in the numerator of d. grows at most linearly with respect
to N, and the denominator of 6. grows exponentially fast with respect to the square root of
N. The price, on the other hand, is that the guaranteed delay is larger due to a larger N.
Consequently, this result demonstrates a trade-off between detection accuracy and detection
delay, i.e., to maintain both a low false alarm probability and a high true alarm probability
in the long run, one has to suffer from a potentially larger delay by using a larger N. Such
a non-asymptotic characterization is different from existing approaches, where algorithm
performance is typically measured in expectation, e.g., using Average Running Length [82].
Furthermore, as N becomes larger, there may be fewer change points that satisfy the sufficient
separation condition, i.e., the speed of the change of the dynamics may appear to be too fast
relative to the time interval we are monitoring. In other words, this result further implies
that a smaller N is suitable for more frequent changes, but at the price of being less likely to

predict the change accurately.
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Discussions on the effects of ||Ay+||: Finally, note that the denominator of d. also

grows exponentially fast with respect to the magnitude of change ||Ap|| (supposing that N is
large enough). Hence, a larger change in dynamics could lead to a higher probability (lower

bound) of detecting a change point (matching intuition).

Theorem 5.3.1 and Theorem 5.3.2 cover all possible situations if all change points are
sufficiently separated. More specifically, consider any time step k* > 2N — 1. If there is not
a change point over the past 2N time steps, Theorem 5.3.1 ensures that there will not be
a false alarm with high probability. If the current time step £* is a change point, Theorem
5.3.2 ensures that Algorithm 5 will detect it, i.e., predict exactly one change point, within
N — 1 time steps, with high probability. Furthermore, the design of Algorithm 5 ensures
that the Algorithm will not flag any change point at k* + N — 1,k* 4+ N,... k* + 2N — 2,
if a change point was predicted at k*,..., k* + N — 2 (note that the events {S, = ¢t} 2V ~2
are mutually exclusive, since it is necessary to have t — S, ; > 2N — 2 to set S; = t from
Algorithm 5). These properties imply that all time steps are covered by either Theorem
5.3.1 or Theorem 5.3.2.

5.4 Numerical experiment

In this section, we provide some numerical examples of the online change point detection
algorithm. In general, a threshold that has non-asymptotic guarantees can be conservative
in practice. However, as we will see, even if we use the exact theoretical threshold, Algorithm
5 can still achieve reasonably good performance, which indicates that the derived threshold
is not overly conservative in practice (and it does not require perfect knowledge of the
parameters at any time, unlike [80], [83], [84]).

The system we consider here is the linearized longitudinal dynamics of a UAV reported
in [87], where we set the sampling rate to be 0.1 seconds using zero-order hold. The system

has 5 states, representing inertial velocity components of the airframe projected onto a body
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frame axis, the pitch angle, the pitch angular rate, and the altitude. The input is the elevator

deflection. Assuming full state observation, the matrices Ay and By are given by

Ay =
-0.9371 +e  0.068 —0.9507 —0.0367 O_
—0.0085 0.2761 —0.0207 0411 0O
0.0035 —0.0164 0.9991 0.043 0},
0.0548 —0.1914 —0.0253 0.0593 O
I —0.0086 0.0726 —1.6984 —0.0146 1_

B =
/!

0.361 +¢P —4.8436 —0.3888 —5.6967 0.0492] ,

where €' and €2 are perturbations we added to to the system, and we set e = 0, —1, —1 for
0 <k <2499, 2500 < k < 4999, and k£ > 5000, respectively; ekB =10,2,0 for 0 < k£ < 2499,
2500 < k < 4999, and k£ > 5000, respectively. In other words, k& = 2500 and ky = 5000
are two change points. We set A = 0, = 0, = 1, and xy = 0. The parameters used in our
threshold value 7, are assumed to be tight bounds for simplicity, i.e., bo = maxy>o(||Okl|)
and b,, = o0,. We performed experiments using N = 50, 150, 250, 350, 450, each with 10
independent runs, where the length of each experiment is set to 9000 steps. The bound on
false alarm probability is set to § = Cxlsiofﬁ (as suggested in Remark 18).

In Figures 5.1-5.3, we plot the average |0 — ©st|| versus 75, for N = 50,250, 450.
In Table 5.1, we report the performance of the CPD algorithm. Here, AD1 refers to the
average detection time between k£ = 2500 and k& = 4999, AD2 refers to the average detection
time between k£ = 5000 and k£ = 8999, MD1 refers to the number of experiments where
no detection was made between k£ = 2500 and £ = 4999, and MD2 refers to the number
of experiments where no detection was made between k& = 5000 and £ = 8999. For all

experiments, none of them made a false alarm before k& = 2500. Further, we can see that

as N increases, the probability of true detection in the long run increases (captured by a
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smaller misdetection rate). However, the corresponding delay also increases accordingly.

These empirical observations are consistent with our theoretical findings in Theorem 5.3.2.

Table 5.1. Empirical Performance of Algorithm 5 Over 10 Independent Runs.

The bound on false alarm probability is set to § = exlp?i\/ﬁ'
| N 6 AD1 MD1 AD2 MD2 |
50 0.85 2550 9 N/A 10
150 4.8 x 107% 2629.3 1 N/A 10
250 1.3x10"* 2685.8 0  5218.9 1
350 7.5 x107% 2701.2 0 5280.9 0
450 6.1 x 1077 2755 0 5321.8 0

5.5 Chapter Summary

In this chapter, we studied online change point detection for linear dynamical systems,
where there are potentially multiple change points. Our analysis provides a data-dependent
dynamic threshold that allows the user to specify a desired upper bound of the false alarm
probability. We also provided a finite-sample lower bound on the probability of correctly
identifying the change point with some delay. Our analysis demonstrates the trade-off be-
tween detection accuracy and detection delay, and characterizes how frequently changes can
occur while still maintaining detection with a given probability. It is noted that our focus in
this chapter is on fully-observed systems, i.e., all system states can be perfectly measured. It
would be of interest to extend our analysis to partially-observed systems, where only a subset
of system states can be measured. Other promising directions for future work would be to
analyze different types of changes for dynamical systems, e.g., changes in noise distribution
or changes in models that are possibly state-dependent, and to consider nonlinear system

dynamics.

5.6 Proofs of Results

The following result is used to establish Lemma 22.
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Lemma 26. [88, Lemma 36] Let {z:}1>0 be a sequence of random vectors that is adapted to
a filtration {F;}i>0, where z € R? for all t > 0. Suppose z is conditionally Gaussian on
Fi1 with Blzz)| F,_1] = 0214 for allt > 1, where o, > 0. Then, for any fized § > 0 and any
T > 200d log(%), the following inequality holds with probability at least 1 —§:

=1 (T —1)0?

/ z
E 2y m ————=1] .
e 40

5.6.1 Proof of Lemma 22

Proof. We will only show the first inequality as the proof for the second one is almost the

same. Note that

s k*—N
re re ! /
t=k*—2N42
Rename the sequences 2, = zp_onyott, U = Up—aN424t, Wy = Wpe_any24¢, and Oy =

Op—ant2+¢ for t > 0. Define the filtration {F;}i>o, where F; = o(Z, 21, ..., 2) for t > 0.

Note that z;|F;_; is a Gaussian random vector for ¢t > 1, since

ét712t71|ft71 n W1 |Fi1

Z|Fi1 = -
0 Ut|~7:t—1
From the above equality, we also have
., o2l, 0 )
]E[tht|‘/—-;f—1] = = Umin]n+P'
0 o2,
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Consequently, after some algebraic manipulations, we can apply Lemma 26 to obtain with

probability at least 1 — &

N-2

i Y + Moy = . 22 4+ Moy
=0
(N B 2) min
- <4—0 + N oy
No?2, + 42\
T
when N > max(42,200(n + p) log(%)).
The result then follows by applying a union bound. O]
5.6.2 Proof of Lemma 23
Proof. Recall that we have
; ; k*—2
1Ziin 2 (Ziin ) =11 X2 =l (5.26)
t=k*—N
and
k* 4N -2
1ZiEin 2 (Ziin ) =11 D2 =zl (5.27)
t=k*

We will only show the first inequality, as the second one is almost identical. From the Markov

inequality, we have with probability at least 1 — 9

E[|| Simi?_w 2ol

5

125 3o (Zi v )l < (5.28)

Now we bound the term E[|| SF 2  22/||]. Since the term 22, has unit rank, we have

| ze2;]| = tr(z:2;), and hence
k2 o
Ell Y azll< Z E[||z:2;]]] = Z tr(E[2:2]) (5.29)
t=k*—N t=k*—N t=k*—
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Note that for all ¢ > 0, from Assumption 6, we have

, E[xz;] 0 )
tr(E[z2,]) = tr < B+ oip. (5.30)
0 021,

Hence, we have with probability at least 1 — §

re re (N B 1)(6 + Uz%p)
1Zi v o (Z )l < = : (5.31)

- )

Following a similar procedure for (5.27) and applying a union bound, we have the desired

result. O
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6. LEARNING LINEARIZED MODELS FROM NONLINEAR
SYSTEMS WITH FINITE DATA

6.1 Introduction

8 As indicated in above, system identification is an important problem in control theory
since a good model can facilitate model-based control design [90]. Although physical systems
are typically nonlinear, linear models are frequently used in practice due to their simplicity
[91], and their ability to approximate nonlinear systems around a given reference point.
Consequently, it is of interest to understand identification of appropriate linear models from
data generated by nonlinear systems. On the other hand, we note that when it comes to
finite sample analysis for linear system identification, almost all existing works that have
finite sample guarantees (including those in the previous chapters of this thesis) assume that
the underlying system is truly linear, except for [92]. Furthermore, independent Gaussian
random inputs are typically applied to ensure persistent excitation.

The study on nonlinear system identification is less well-understood, in general, as com-
pared to the case for linear system identification. Recent works on finite sample analysis
for nonlinear system identification include [93]-[95]. It is worth noting that to obtain finite
sample guarantees, the existing works on nonlinear system identification typically require
that a certain model structure to be known in advance. However, when the specific model
structure is unknown, a reasonable alternative goal is to learn a linearized model from the
nonlinear system, due to the well-studied techniques on linear system control as discussed
above.

There is a branch of recent research that focuses on learning a linear system representation
that completely captures the behaviours of a nonlinear system using the Koopman Operator
[96]. This approach typically requires carefully selected basis functions (e.g., leveraging
neural networks [97]), and the analysis focuses on the noiseless setting. In contrast, our
focus in this work is to learn a linearized system model, in the sense that the linear model
captures the linear part of the nonlinear system after Taylor expansion, and to provide finite

sample guarantees when the system has noise.

81The material in this chapter was published at the 2023 Conference on Decision and Control [89)].
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Most relevant to our work is the recent paper [92], which provides a finite sample error
bound for learning linear models from systems that have unmodeled dynamics that could
capture nonlinearities, using a single system trajectory. However, the method proposed in
[92] assumes the system is “well-behaved” by requiring the unmodeled dynamics/nonlinear
terms to be (globally) Lipschitz [98]. The method also requires the system to satisfy certain
additional properties to ensure consistent estimation, supposing the inputs are carefully
chosen. In contrast, we show in this work that one can learn a linearized system model from
a nonlinear system with arbitrarily small error without the Lipschitzness assumption, given
sufficiently many short trajectories, supposing that one has control over the initial conditions
of the experiments.

In summary, our contributions in this chapter are as follows.

o We provide a deterministic, multiple trajectories-based data acquisition algorithm that
ensures persistent excitation under the constraint of being close to the reference point.
Using this algorithm followed by a regularized least squares estimation algorithm, we
provide a finite sample error bound of the identified linearized dynamics of a nonlinear

system.

e Our bound shows that one can learn the linearized dynamics with arbitrarily small er-
ror, given sufficiently many experiments in the multiple trajectories setup, and demon-
strates a trade-off between the error due to noise and the error due to nonlinearity.
The bound further characterizes the benefits of using regularization. When the system
is perfectly linear, we show a learning rate that matches the existing results on learning

perfectly linear systems using random inputs.

o We provide numerical experiments to validate our results and insights, and show the
potential insufficiency of linear system identification using random inputs from a single

trajectory when nonlinearity does exist.

This chapter is organized as follows. Section 6.2 introduces the system identification

problem and the algorithms we use. In Section 6.3, we present our theoretical results. We
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present numerical examples in in Section 6.4 to validate our results, and conclude in Section

6.5.

6.2 Problem Formulation and System Identification Algorithm

Consider the following discrete time nonlinear time invariant system

Tr = f(2e) + wy, (6.1)
where f: R"™P — R", 2, = [ac; ud € R"P 1, € R", u, € RP, and w;, € R™. Here, zy, uy
and wy, are the state, input, and process noise, respectively. The noise terms wy, are assumed
to be independent sub-Gaussian random vectors with parameter o2

Note that sub-Gaussian distributions are commonly used to model noise processes [12].
In particular, every Gaussian random vector is sub-Gaussian.

Assume that for each component function of f, all second order partial derivatives exist
and are continuous on R"*?. From Taylor’s theorem [99], system (6.1) using reference point

2z, = 0 can be rewritten as

Tpy1 = Axy + Bug + 0+ wy, + 1y, (6.2)

where A € R™" B € R"*P are system matrices that capture the linear part of f(z),
o= f(0) € R", and r; = h(zx) € R™ is a remainder vector that contains higher order terms
that are state/input dependent, where h : R"? — R"™. The above model is less studied in
the literature on finite sample analysis for system identification, and we will consider this
model in the sequel. Note that we assume o is possibly non-zero to capture scenarios where
the equilibrium points of the system are unknown. When the system is perfectly linear, we
have o = r, = 0, which is the commonly used model in the literature. In this chapter, we
assume that both the state x; and input w; can be perfectly measured. Suppose that we
can restart the system multiple times from an arbitrary initial state xq using arbitrary input
ug, and obtain multiple length 1 trajectories (i.e., state-input pairs obtained by running the

system for a single time step, as will be explained next). Using superscript to denote the
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trajectory index, we denote the set of samples we have as {(z%, z},u}) : 1 < i < N}. Our

goal is to learn the linear approximation system matrices © = |4 B 0} € R (tptl) jp

system (6.2) from the set of samples available to us.
Our result will leverage the following mild assumption on the remainder vector r, = h(zy)

in system (6.2).

Assumption 7. Let ;) denote the i-th component of ry. There exist ¢ > 0 and 5 = [(c)

such that |r; x| < Bllzxl|T for alli € {1,...,n} and all z, € B,1,(0,¢).

Remark 19. The above assumption is, in fact, a direct result of assuming that each com-
ponent function of the original nonlinear dynamics f has all second order partial derivatives
being continuous on R due to Taylor’s theorem for multivariable functions from [100,
Corollary 1]. Intuitively, this assumption says that the higher order terms are dominated
by the second order terms, if the arguments of the function are sufficiently close to the
origin. Note that it does not require the function h to be Lipschitz (which is the assump-
tion used in [92]). As an example, consider a scalar system with the dynamics given by
f(zx) = p +uy + 23 + 23, Here ry = 23 + 23 satisfies Assumption 7 for c =1 and 8 = 2
since |2 + 3| < |22| + |z3| < 2|xp|? < 2|23 for all zp € By(0,1), but the corresponding

function h is not Lipschitz. In general, a larger ¢ may lead to a larger 3.

Let ¢ > 0 be a (small) design parameter that constrains the magnitude of the initial
conditions zp, and N be the number of experiments to perform. We deploy a data collection

scheme specified in Algorithm 6.
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Algorithm 6 Data Acquisition
Input Norm constraint parameter ¢ > 0, number of experiments N > 0

1: Initialize s; =1
2: fort=1,...,N do
3: if 4 mod (n +p) # 0 then

’

Set Zé = [mg u})l] = 8§; X qe’“p

e

i mod (n+p)
5: Collect 2, where 2t = Azl + Bui + wjh + o+ r},
6: Set sj11 = 8;
7: else
8: Set zi = [af uil] = s X qelf?
9: Collect z, where 2t = Azl + Bui + wj+ o+ r}
10: Set s;11 = —s;
11: end if
12: end for

13: Output {(z},z{,u}) : 1 <i < N}

Remark 20. Intuitively, we want the initial conditions to stay as close to the reference
point (in this case, the origin) as possible, to avoid excessive bias from the higher order
terms. Hence, the reason of using of multiple length 1 trajectories is to prevent the noise
from driving the system too far from the reference point, and amplifying the effects from ry.
The key idea of Algorithm 6 is to ensure persistent excitation (i.e., the smallest eigenvalue of
the sample covariance matriz becomes larger as one gets more data), subject to the constraint
on bounded distance to the origin (specified by q). Later on in our theoretical result, we will

demonstrate how q will affect the finite sample estimation error bound for learning ©.

We establish some definitions now. Define the batch matrices

X:[x% a2 . 2 e RN
W:[wé Wl wgy} € MV (6.3)
R:{ré 7’8 réV}GRnXN.
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Let 25 = {zg 1} € R™*P+1. Define the regressor matrix

Zz[ég 52 ... zl| e ROVPFDXN, (6.4)

We have the following relationship

X =0Z+W +R. (6.5)

To learn the linear model ©, we would like to solve the following regularized least squares

problem

min {|[X — ©Z|[% + O},

(:)ERHX (n+p+1)

where A > 0 is a regularization parameter. The closed-form solution of the above problem
is given by
O =XZ(ZZ + Myipe1) ™, (6.6)

under the invertibility assumption [24]. The estimation error is then given by

16 =l = || = AO(ZZ' + Myipir) ™
+WZNZZ + Mpspi1) (6.7)

+RZ(ZZ" + Myypir) |-

For the ease of reference, the above steps are encapsulated in Algorithm 7.

Algorithm 7 System Identification Using Multiple Length 1 Trajectories

Input Dataset {(x%,z{,u}) : 1 <i < N}, regularization parameter A > 0

1: Construct the matrices X, Z. Compute © = XZ'(ZZ' + Myipr1)

A

2: Extract the estimated system matrices A, B, o from the estimate © = { A B 5}

In the next section, we will provide a finite sample bound of the system identification

error (6.7) using Algorithm 6 and Algorithm 7. The bound explicitly characterizes how the
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error depends on N, ¢, 0,, A, and other system parameters, and will provide guidance on

selecting g, \.

6.3 Theoretical Analysis

To upper bound the system identification error in (6.7) with high probability, we bound
the terms || = AO(ZZ" + Myuips1) | IWZ(ZZ' + M) 21 N(Z 2+ Migpan) 72,
|RZ'"(ZZ" + My pi1) "t || separately. We provide some intermediate results first in Section

6.3.1. Our main result is presented in Section 6.3.2.

6.3.1 Intermediate results

The following result shows the persistent excitation property of Algorithm 6. Note that

the requirement on N > 4(n + p) below is mainly used for numerical simplification.

Lemma 27. Suppose that Algorithm 6 is used to generate data. Let N > 4(n + p). Then

we have the following inequalities

2
1
Amin(Z2") > Nmin{2 }

B S
(n+p) 2
Amae(ZZ') < N max{ 24 2}

n—+p
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Proof. To ease the notation, we write e

as e; for i = 1,...,n + p in the sequel. We
focus on the lower bound first. Denote N; = Lﬁj x 2(n +p). Since the assumption

N > 4(n + p) implies Ny > 4(n + p), we have

N Y Nl . .
77 = Z%% >~ 22325
i=1 i=1
Ni—(n+p)+1 sie1q
- Z (sie1q)’ 1]
i=1,14(n+p),1+2(n+p),... | 1
N1—(n+p)+2 Si€2q
+ Z {(5102(1)/ 1}
i=2,24(n+p),24+2(n+p),... 1 (6.8)
+ ..
N Si€n4pq
+ > (si€ntpq) 1}
i=n+p,n+p+(n+p),... 1
M, M,
M;  M;

where M; € ROP)x(4p) A1, ¢ ROH)X1 and My € R

For the submatrix M;, we have

M, = ee.qgc = ee.q
j=1 i=1 s = ntp s (6.9)
. Nl N1
= dlag(7q27 Ty q2)7
n—+p n+p

where we used the property that s? = 1 for all 4, and the fact that N} mod 2(n + p) =0

For the submatrix M,, we have

Ni—(n+p)+1 Ny
M, = Z sieiq | + -+ Z Si€n+pq
(n+p),-..

i=1,1+(n+p), 1+2(n-+p),... i=n-+p,n+pt

(6.10)
~04+0+...+0=0,

132



where we used the property that s; = 1ifi € {j(n+p)+1,j(n+p)+2,...,j(n+p)+ (n+

p)ljiseven} and s; = —1ifi € {j(n+p)+1,j(n+p)+2,...,j(n+p)+ (n+p)|j is odd},
and the fact that Ny mod 2(n + p) = 0, i.e., the number of positive terms is exactly the same

as the number of negative terms for each summation.

Lastly, for the scalar matrix M3, we have

Ny
M;=> 1*=Nj. (6.11)
=1

Combining (6.9)-(6.11), we have

M, M,

My Ms (6.12)

. Nl 2
= Ny}
min{ =g?, M)

Using the property [ ]c > N — ¢ for any ¢ > 0, we have

Ny = Lmj x2(n+p)>N-2(n+p) > ];[, (6.13)

where the second inequality is due to our assumption that N > 4(n + p).

Hence, the above inequality in conjunction with (6.12) yields

2
1
)\min(ZZ/) > Nmin{?(?’fz—l—p)’ 5}, (6.14)

which is of the desired form.

Next, we show the upper bound. Denoting N, = [%1 X 2(n+p), using N < N, we

have
N Y N2 . .y

ZZ'= 25 <) A, (6.15)
=1 =1
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where 2}, 22, .. ., 2 are generated from Algorithm 6 with input parameter N. Since N, mod

2(n + p) = 0, we can follow a similar procedure as in the proof of the lower bound to obtain

Ny
)\ma:c 77" < 27N
(22) < max{ =2 " o)

N +2(n+p)
n+p

2 2
< N max{
n

q
727
—l—p}

< max{ ¢, N+2(n+p)} (6.16)

where the second inequality is due to the relationship Ny < N + 2(n + p), and the last
inequality is due to the assumption that N > 4(n + p). O

Leveraging Lemma 5, we have the following result that upper bounds the contribution

from noise.

Lemma 28. Suppose that Algorithm 6 is used to generate data. Let N > 4(n + p) and
q < \/n+p. Then for any fized 6 € (0,1), we have with probability at least 1 — §

gn 4(n +
V222 4 M) ) S 3085 49 Dl + )
where ¢ = W-

Proof. Denoting Viy = A4 py1 + ZZ', we have
IWZ(Z2Z + Nipin) 2] = [V 220,

Let Vy = (A+ 3 n+p))]n+p+1. When N > 4(n+p) and ¢ < /n + p, we can apply Lemma 27
to get Viv = V. Since Vy = Vy = 2Vy =V + Vi = Vit =22V + VN)_l, we can write
Vi 22wl < V2| (Vi + Vm—WZW'u

= \/_H(VN + Mypi1) + Z% A(Z) 12 Zzowo

=1

where the inequality is due to [101, Lemma 10].
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Denote V. = Vy + M, 1. Define the filtration {F;}i>o, where F; = o({25™}_, U
{wg}i-:l). Since the sequence of 2} generated by Algorithm 6 is deterministic, and the noise
terms are independent, for any fixed § € (0,1), we can apply Lemma 5 to obtain with

probability at least 1 — ¢

V2||(Viy + Vi) 2207 <30w\/log 95 logdet((V+ZZ’)V 1.

When ¢ < /n + p, we can apply the upper bound in Lemma 27 to obtain

det(V + 27’
det(V + 22"\ = W
1 \n+p+1
_ (2)\—|— n+p +||ZZ||) P
(21 + 2(n+p))n+p+1
< (1 + 2N >n+p+1
22+ 2(n+p)
4(n + p)
— 1+ R A n+p+1’
( 2 )

where we used the fact that the determinant is the product of eigenvalues. The result then

follows. o
Next, we bound the contribution from the higher order terms.

Lemma 29. Suppose that Algorithm 6 is used to generate data. Let N > 4(n + p) and

q < /n+p. Fix constants ¢ and (B that satisfy Assumption 7, and denote v = )‘(ﬁ;rf). Then

if ¢ < c, we have

_ 26%(n? + np) 2(n + p)vV/ANnF2¢*
RZ(ZZ' 4+ )\, b < + ) 6.17
IRZ( T T Ng o D) (6.17)
Proof. Note that
IRZ(ZZ" + Nyip) | S |RINIZ(ZZ" + Npi) - (6.18)
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For the term ||R||, using R;; to denote its (4, j) entry, we have

n N
SR, < \/Nnpg, (6.19)

i=1j=1

IR < [|R]lF =

where the second inequality is due to the fact that [[z}]y = ¢ for all ¢ = 1,..., N, the
assumption that ¢ < ¢, and Assumption 7.

For the term || Z/(ZZ' + Mqp11) ||, we have

12/(22 + Meyr) ™ | = 22"+ Muepra) 2222+ Myipin) I

Note that
(ZZ' + Myspi1) " ZZ(ZZ" + M) || =
(ZZ' + Moipi1) (ZZ' + Mipi1)(ZZ + Miypin) ™ (6.20)
— MZZ' 4+ Myipi)) (22 + Mipir) V|
< ZZ' + M) I+ AUZZ" + Moipin) I

From Weyl’s inequality [102], we have

1 1

ZZ' + Mpipi1) | = < :
122"+ Anipia) | Anin(ZZ 4+ Mspi1) — Amin(Z27) + X

Using the above inequality and (6.20), since N > 4(n + p) and ¢ < \/n + p, we can apply
Lemma 27 to get

2(n+p) 2vA(n + p)
N +2Xn+p) Ng+2\n+p)

HZ@Z+AMWH>WsJ
where we used the relationship that va + b < y/a + Vb for a,b>0.

Finally, combining the above inequality with (6.19), and after some algebraic manipula-

tions, we have the desired result. O
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6.3.2 Main Result

Now we present our main result, a finite sample upper bound of the system identification

error (6.7).

Theorem 6.3.1. Suppose that Algorithm 6 is used to generate data. Let N > 4(n + p)
and ¢ < \/n+ p. Fiz constants ¢, B that satisfy Assumption 7, and a confidence parameter
6 € (0,1). Then if g < ¢, with probability at least 1 — 0, the estimation error of Algorithm 7

satisfies

6ol 5crw\/10g96n +(n+p+1)log(l + 12i2))
- <

NG/ (n+p) + A

Error due to noise

2(n? + np)
St 6.21
T Bq (6.21)
Error due to nonlinearity
| 20+ DO + VANTER)

2A(n +p) + N¢? ’

Error due to regularization

_|_

A(n+p)

where v = NE -

Proof. Recall the estimation error in (6.7). We have

10 — O < NOIZZ' + Ayipir) ||+ |1RZ(ZZ' + Myipr) 'l

(6.22)
+IWZN(ZZ + M) PINZZ 4+ M) ™2
Noting that
1
(ZZ' + Moipa) 2| =
\/)\min(ZZ/ + Mypi1)
1 (6.23)

<

VAmin(ZZ') + X
from Weyl’s inequality [102], the result directly follows from applying Lemma 27, Lemma

28, and Lemma 29 after some algebraic manipulations. O

Remark 21. Interpretation of Theorem 6.3.1. Note that Theorem 6.3.1 holds irre-

spective of the spectral radius of the system matrix A, which captures a well known advantage
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of the multiple trajectories setup. Below we discuss other key insights provided by Theorem
6.5.1.

Trade-off between error due to noise and error due to nonlinearity: Suppose
that A = 0 for now. When the system is perfectly linear, one has § = 0. Consequently, the
upper bound in Theorem 0.5.1 only contains the error due to noise, which goes to zero with
a rate of O(\/iﬁ) This implies a consistent estimator of which the convergence rate matches
the results in the existing literature for learning perfectly linear system using random inputs
[12], [13]. When there does exist nonlinearity, i.e., B > 0, one can observe that the error due
to nonlinearity can be made arbitrarily small by choosing a smaller q used in Algorithm 6
(recall that q captures the magnitude of the initial conditions). On the other hand, a smaller q
would also make the denominator of the term capturing error due to noise small, thus leading
to a larger error due to noise. In other words, if one starts close enough to the reference
point (by setting q to be small), one would have less bias due to nonlinearity, at the cost of
having a smaller signal to noise ratio (thus a larger error due to noise). However, the error
due to noise can always be made almost zero by increasing the number of experiments N.
Consequently, if one can afford to generate a large amount of data, it is preferable to use a
small g due to the low bias introduced by the nonlinear terms, and the small error introduced
by the noise (which is due to the large amount of samples). These insights are different
from system identification for truly linear systems, where it is commonly believed that a
larger signal to noise ratio is always better. We will also illustrate these ideas empirically in
Section 6.4.

Role of regularization: Suppose that N,q are fized. As \ becomes larger, we can
observe that both the error due to noise and the error due to nonlinearity goes to zero, and
the error due to reqularization converges to ||©|]. This result implies that setting X to be
relatively large can be helpful if oy, is large (system is very noisy) or [ is large (system has
strong nonlinearity), while ||©|| is small. However, the optimal A\ can be hard to obtain if
(some upper bounds of) the parameters in (6.21) are unknown in advance. In practice, cross

validation techniques [27] are commonly used to select a good value of .
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6.4 Numerical Examples

In this section, we provide simulated numerical examples to validate the insights for
system identification using Algorithm 6 and Algorithm 7. We also compare the results against
the single trajectory setup, where the input is set to be independent zero mean Gaussian,
with slight adjustments to deal with the offset o in our setup (6.2), i.e., by appending ones
in the regressor matrix. More specifically, we still use Algorithm 7 in the single trajectory
setup, but the dataset is generated without restarting the system, see [6], [12] for examples.
Such comparisons are made since Gaussian inputs are commonly used in the literature on
linear system identification [8], [13]. For simplicity, we set A = 0 for all experiments. All

results are averaged over 10 independent experiments.

6.4.1 System with mild nonlinearity

In the first example, we investigate the performance of the system identification algo-
rithms under mild nonlinearity. The model we use here captures the dynamics of a nonlinear
pendulum.® The system states are the pendulum angle and its velocity, and the input is
the torque applied. We set the mass and length of the pendulum to be 1 kg and 1 meter,
respectively. After discretization using Euler’s method by setting the sampling time to be
0.05 seconds, the dynamics is given by

T1 1 Z1 + 0.0529 ) w (6.24)
== ks .

T2 k+1 —0.49 SiH(Q?L]{) + T2k + 0.05uk

where we set wy, to be independent Gaussian random vectors with zero mean and covariance

matrix given by 0.2515. The linearized system matrices around the origin are given by

1 005 0 0
A= B = o= 1. (6.25)
049 1 0.05 0

9thttps://courses.engr.illinois.edu/ece486 /fa2019 /handbook /lec02.html
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We plot the system identification error using Algorithm 6 and Algorithm 7 versus the number
of experiments N for ¢ = 1.2,0.9,0.6 in Fig. 6.1. As can be observed, a smaller g could lead
to a larger error when N is small, due to a smaller signal to noise ratio. However, a smaller
q can eventually result in a smaller error when N is large enough due to less bias, which
confirms our observations in Theorem 6.3.1.

In the single trajectory setup, we plot the error using i.i.d zero mean Gaussian inputs
with different variance 0%, where N here represents the number of samples used in the single
trajectory. A common heuristic is that one should apply small inputs to learn a good linear
approximation around a given reference point, i.e., the variance o2 should be small. However,
as shown in Fig. 6.2, the error plateaus at around 0.6, even for small variance inputs. The
key reason is that the random input and process noise can always drive the system states to
undesired regions and excite the higher order terms, unless the input is carefully designed.
In fact, the paper [92] shows that random inputs in the single trajectory setup could result

in inconsistent estimation under certain conditions even for Lipschitz nonlinearity.
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6.4.2 System with strong nonlinearity

In the second example, we investigate the performance of the system identification al-
gorithms under strong nonlinearity (where the assumption of lipschitzness used in [92] no

longer holds). The virtual model we use here is given by

T 0.9 0.5| |z 1 3, + 1
Lh1) el I el VR e Il O (6.26)
T2 k41 0 0.8 X2k 1 T1,kT2 K 1

where we again set wy to be independent Gaussian random vectors with zero mean and

covariance matrix given by 0.25/5.
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Again, we plot the system identification error using Algorithm 6 and Algorithm 7 versus
the number of experiments N for ¢ = 0.6,0.4,0.2. As can be observed, similar trends still
hold, i.e., a smaller ¢ results in a larger error when N is small, but is beneficial in the long
run, even for system with relatively strong nonlinearity.

In contrast, in the single trajectory setup, we applied i.i.d zero mean Gaussian inputs
with variance o2 = 0.12,0.012,0.0012. However, all of them fail to converge and result in
numerical issues since the noise and non-zero offset drive the system states to regions where

nonlinearity dominates.
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6.5 Conclusion and future work

In this chapter, we proposed system identification algorithms to learn the linearized
model of a system. Unlike existing works, we assume that the underlying dynamics could
be nonlinear. We presented a finite sample error bound of the algorithms, which shows that
one can learn the linearized dynamics with arbitrarily small error given sufficiently many
samples, and demonstrates a trade-off between the error due to noise and the error due to
nonlinearity. Our bound further characterizes the benefits of using regularization. As shown
in [103], initializing states at different locations might come at different costs. Consequently,
future work would focus on studying how to optimize the data collection procedure under

constraints on initial state/input.
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7. SUMMARY AND FUTURE WORK

In this thesis, we studied finite sample performance guarantees for learning the dynamics
of systems. In Chapter 2, we studied system identification of a fully observed system,
when one has access to data generated from a “similar” system. Our result shows that
one can leverage the auxiliary data to reduce the error due to the noise, at the cost of
adding a bias that depends on the difference between the true and auxiliary systems. In
Chapter 3, we studied the finite sample guarantees for learning a partially observed linear
autonomous system, under multiple trajectories of transient response of the system. We
proved a learning rate that is consistent with classical results, and extended the analysis to
the case where the initial state has possibly non-zero mean. In Chapter 4, we proposed a
distributed online parameter estimation algorithm in a networked setting. We provided finite
time estimation error bounds, and showed that our results allow one to determine a time
at which the communication can be stopped (due to the costs associated with maintaining
communications), while meeting a desired estimation accuracy. In Chapter 5, we studied
the online change points detection problem for linear dynamical systems. We proposed a
detection algorithm and a data-dependent detection rule that allows the user to achieve
a desired upper bound on the false alarm probability. We also provided a finite-sample-
based lower bound for the probability of making a true alarm with a certain delay. Finally,
in Chapter 6, we made a step toward learning the dynamics of a nonlinear system. We
proposed a data-acquisition algorithm followed by a regularized least squares algorithm to
enable the identification of the linearized model of the nonlinear system. We also provided
a finite sample error bound, which demonstrates a trade-off between the error due to noise
and the error due to nonlinearity.

Finally, we describe some directions for future work.

7.1 Developing Lower Bounds for Learning from Similar Systems

One interesting direction to explore is the establishment of lower bounds for the weighted
least squares-based system identification technique discussed in Chapter 2. These results

could help characterize the optimal performance achievable and potentially facilitate the
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development of improved estimators. Several potential approaches involve leveraging as-
sumptions, such as sparsity [20], or utilizing prior knowledge, such as a known auxiliary

system model.

7.2 Learning Controllers from Similar Systems

Our work in Chapter 2 studies the system identification problem for similar systems. We
are interested in exploring the possibility of integrating these techniques into control tasks.
For example, can we leverage pre-trained controllers designed for similar systems to enhance

the control of the target system?

7.3 Change Point Detection for Nonlinear Systems

Since many physical systems are nonlinear, developing change point detection algorithms
for nonlinear systems will be of great importance. One approach is to use a similar sliding
windows-based technique (as studied in Chapter 5), assuming that a certain model structure
is known. Nevertheless, an open question remains regarding the extent of guarantees that

can be provided in such cases.

7.4 Change Point Detection vs Sensor Fault Detection

Our techniques in Chapter 5 assume that all of the system states can be perfectly mea-
sured. However, in practice, it is typical that only a subset of the system states can be
observed (and the measurements are corrupted by noise). Our ongoing work leverages a
similar approach by estimating the Markov parameter matrix of the system in an online
manner. We are also interested in distinguishing between changes in system dynamics and

sensor faults.

7.5 Linear Control for Nonlinear Systems

An interesting and important question is to provide performance characterization of linear

control laws for nonlinear systems. In particular, since linearization around an equilibrium
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point is a commonly used technique in practice, we would like to understand how a controller
designed from an imperfect linearized model performs, when an upper bound on the error

of the learned model is available.

7.6 Federated Learning

Federated learning has been widely used in practice. We would like to explore if the
techniques we developed in Chapter 4 can be extended to the federated learning setup,

especially under heterogeneous data.

7.7 Real-World Problems

While our work is primarily theoretical, understanding how real world problems differ
from theories is crucial. Typically, the discrepancy between theory and practice comes at
the violation of assumptions. For example, the noise added to a system is not Gaussian,
which could break the guarantees one could provide. Consequently, it is always important
to study problems under general assumptions, e.g., sub-Gaussian noise instead of Gaussian

noise.
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